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The role of stability in protein evolution 

Abstract 

Amino acids have been tuned throughout evolution such that their interactions 

lead the overall protein to predominantly fold into the same structure at physiological 

conditions. How often a protein finds its native structure at equilibrium is measured by its 

change in the Gibbs free energy of the folding process (ΔG).  

This thesis explores biophysical constraints on and evolutionary consequences of 

proteins’ optimal ΔG values. We explore whether stability is likely to influence long-term 

evolution through mutations that cause a loss of function or gain in toxicity (Chapter 1). 

In Chapter 2, we fully develop the framework to understand the proteomic relationship 

between abundance and evolutionary rate. We assess the differences between ΔG and 

another stability proxy called melting temperature to determine whether conclusions 

reached with available experimental melting temperature data are transferable (Chapter 

3). Finally, in Chapter 4 we mathematically motivate an important assumption tying ΔG 

to evolution: the average change in ΔG from a single mutation.  

Through bioinformatically-tested mathematical modeling, we elucidate the role 

protein stability plays in explaining the universal protein abundance – sequence 
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evolutionary rate correlation and the Gaussian form of single mutant ΔG effects seen 

across proteins.  



 

 

v 

Table of Contents 

Acknowledgments.............................................................................................................. vi 

Introduction ..........................................................................................................................1 

Chapter I. Distribution of folding free energies from protein orthologs ..............................8 

Evolutionary dynamics of folding free energy ......................................................12 

Flux dynamics unlikely to explain folA orthologs folding free energies ..21 

Unfolding avoidance better explains rnhA and folA free energies............24 

Chapter II. Mathematical framework of the misfolding avoidance hypothesis .................31 

Closed-form evolutionary rate expression as a function of abundance .................34 

Misfolding avoidance could underly proteome-wide trends .....................44 

Chapter III. Melting temperature as a proxy for folding free energy ................................48 

Mathematical relationship between stability metrics .............................................50 

Limits of using melting temperature to capture folding free energy .........56 

Chapter IV. Single mutants have Gaussian distributed folding free energies ...................64 

Statistical mechanics of stability effects ................................................................65 

Per residue position stability effects are Gaussian distributed ...................74 

Per residue position to per protein stability effects ....................................80 

Conclusion .........................................................................................................................83 

Data availability. ProteomeVis: a protein evolution web application ...............................86 

References ..........................................................................................................................92 

 



vi 

 

Acknowledgments 

I decided to write this section last because any amount of time I spend is 

insufficient. There are so many people to thank that I will undoubtedly omit crucial 

people along my journey.  

First and foremost, I would like to thank Eugene Shakhnovich. He provided a lot 

of freedom to pursue wherever my interests led me. Moreover, he provided patient 

guidance to strengthen my research by proposing thorough controls and helped extend 

my preliminary results beyond what I had initially thought possible by proposing new 

theoretical perspectives. This is most aptly captured by Chapter 1 of this thesis, although 

examples abound from each chapter. I had initially resisted to study the evolutionary 

dynamics of ΔG (Equation 5), however by carefully reasoning its importance in deriving 

the evolutionary rate expression in Chapter 2 (Equation 41), and mentioning its 

possibility to compare with the unique experimental dataset published by the lab a couple 

of years ago (Figure 5), Eugene won me over. Looking back, I am not sure how many 

other people would have been so patient with such a stubborn student when they had a 

brilliant idea. I appreciate Eugene allowing me to go astray before convincing me of an 

interesting way forward when I finally came back around.  

I would also like to thank the two other members of my committee, Daniel Hartl 

and Alán Aspuru-Guzik. Despite both not currently being in the Harvard Chemistry 

department, I appreciate their willingness to be on my committee and offer their helpful 

comments year after year. I remember one meeting going over time and causing Dan to 



vii 

 

be late in picking up a family member from the airport. And another, in which I poorly 

set up Skype and Alán had trouble hearing my presentation. However, I appreciate both 

sticking with me and helping me get to this point. 

Shakhnovich group members have played a large role in me being where I am as I 

write this. Each member was willing to drop whatever they were doing to discuss a 

question that I had, and they were always willing to provide helpful feedback during 

group meetings to progress my projects. Special thanks goes out to Orit Peleg for getting 

me started in the group when I first joined; Eugene Serebryany, who taught me how 

protein biology is done in vitro; Michael Manhart, who instilled in me the fundamentals 

of population dynamics (Equation 24); Bharat Adkar introduced me to all things protein 

stability (Equation 45); Will Jacobs, who got the brunt of my interruptions by proximally 

being closest to my desk in the office, advised me on tractable models of protein folding 

and aggregation; Amy Gilson provided me the opportunity to work on ProteomeVis and 

introduced me to the curious abundance-evolutionary rate relationship that forms the 

backbone of this thesis; and Victor Zhao for being a great friend throughout the entirety 

of my Ph.D. and sharing his knowledge about computer programming.  

In addition, I would like to thank Mobolaji Williams, who inspired my attempts at 

mathematical derivations, rather than be satisfied with just a numerical solution. The 

math described in the thesis is the result of incredibly helpful discussions with Mobolaji 

that led to constructing well-defined problems reflecting a biological question and 

analytically solving for the solution. For example, work in Chapter 2 began when 

Mobolaji found me at my desk with heaps of scratch paper lying around trying to 

rederive a result from a published paper. After working through it together on the 



viii 

 

chalkboard and Mobolaji elucidating the method of steepest descent as the key 

approximation, I applied a similar approach to setup and solve Equation 28 to get a 

mathematical expression for evolutionary rate. 

 Saving the most important for last, I would like to acknowledge my family. Let 

me start with the newest member of my family, my fiancée, Xinyi Zhang. The most 

memorable event during my time at Harvard was spontaneously meeting Xinyi during my 

first week in my graduate studies at an ice cream social. Even if this whole Ph.D. thing 

does not pan out, I am content with the process because this is when I met the love of my 

life.  

 My sister, Golbarg, taught me confidence. From a young age, she was always 

fearless. Despite being one of the physically smallest students in her grade, no one dared 

to bully her (You might think that her tall big brother was the reason, but that was not the 

case.). Growing up, she took risks against my parents’ wishes whenever she thought she 

was right. It is difficult to imagine that I would have the same level of confidence as I 

currently have in myself to tackle my hardest obstacles or even begin considering 

pursuing a graduate degree at the tail end of my undergraduate studies without my sister’s 

influence.  

 The only reason you are reading these words are the sacrifices of my parents. It is 

difficult for me to fathom how much adversity my parents went through to raise my sister 

and I in the United States. They left their families and their homes; they mastered a new 

language and learned a new culture, so that their children can capitalize on amazing 

opportunities in the United States. Every decision they made, from the job they worked to 



ix 

 

the location of our home, was a selfless action to ensure the well-being of my sister and I. 

Maman and Baba, this thesis is a result of your tireless efforts. Khasteh nabashi 



1 

Introduction 

 

The advent of protein sequencing in the 1950s (Edman 1950; Sanger and Tuppy 

1951) led to the surprising discovery that the same protein in different organisms has 

different sequences (Margoliash 1963; Pauling and Zuckerkandl 1963; King and Jukes 

1969). Even proteins essential to organism survival were found to have varying sequence 

evolutionary rates (ERs1), some differing by more than 40% of their aligned amino acids 

(King and Jukes 1969)!  

The neutral theory of molecular evolution was developed to understand sequence 

variation by positing that although the occurrence of a beneficial mutation is rare, 

consistent with Darwinian evolution, neutral mutations at the molecular level are 

common (Kimura 1968). To explain the finding that some proteins evolve faster than 

other proteins, Kimura and Ota (1974) proposed the protein functional importance 

hypothesis. More functionally important proteins are hypothesized to have fewer neutral 

mutations because attempted mutation that even slightly disrupt function could be 

catastrophic. At the time, proteome-wide experimental data did not exist to test the 

functional importance hypothesis. Then in the late 1990s, newly developed gene deletion 

experiments could measure on a continuous scale the relative importance of a protein to 

the well-being of the cell (Hurst and Smith 1999; Winzeler et al. 1999). Contrary to 

 
1 In this thesis, ER is defined as the relative number of amino acid differences between orthologous 

proteins (the same protein in different organisms). We do not divide ER by the divergence time because 

when comparing multiple orthologous proteins at once, we make sure that they all originate from the same 

two organisms. Thus, accounting for the divergence time only changes ERs by a scaling constant. 
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predictions of the functional importance hypothesis, gene dispensability was found to 

only weakly constrain ER in S.cerevisiae proteins (Hirsh and Fraser 2001).  

More telling, mRNA abundance, another proteome-wide measurement that 

became possible around the same time (Holstege et al. 1998), was surprisingly shown to 

have a strong correlation with ER (Pál et al. 2001). No other proteome-wide 

measurement had a stronger correlation, and functional importance did not confound the 

relationship, i.e. more functionally important proteins were not more abundant (Pál et al. 

2003; Drummond et al. 2005; Drummond et al. 2006). By the mid-2000s, proteome-wide 

experiments falsified the protein functional importance hypothesis, and the reason mRNA 

abundance constrained ER was a mystery. Drummond et al. (2005) filled the void by 

proposing the protein translation robustness hypothesis, which has since been expanded 

to become the protein misfolding avoidance hypothesis (MAH) (Yang et al. 2010). MAH 

posits that more abundant proteins2 are more stable to avoid toxic misfolding (Drummond 

and Wilke 2008; Yang et al. 2010), and more stable proteins evolve slower because they 

have more destabilizing mutations (Serohijos et al. 2012). Stability is captured by protein 

folding free energy (ΔG), which can yield the probability that a protein is folded at a 

given temperature through equilibrium statistical mechanics (Equation 1). Stability 

effects from mutations are denoted by ΔΔG = ΔGmut – ΔGwt. We adopt the convention 

that ΔG < 0 refers to a stable protein, thus ΔΔG < 0 refers to a stabilizing mutation. 

Figure 1 summarizes expected MAH correlations and assumptions. 

 
2 When MAH was first proposed, protein abundances were hard to come by (Vogel and Marcotte 2012). 

Since then, studies have measured protein abundances on the proteome scale (Ghaemmaghami et al. 2003; 

Wang et al. 2015) and strong protein abundance-evolutionary rate correlations are seen as well (Drummond 

et al. 2006; Plata and Vitkup 2017; Razban et al. 2018).  
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Figure 1: The protein misfolding avoidance hypothesis. Horizontal arrows denote expected correlations between 

protein properties. Vertical arrows denote the assumptions underlying their respective horizontal arrow. Reproduced 

with permission from Molecular Biology and Evolution (Razban 2019)..  

 Although the feasibility of the hypothesis has been verified by extensive computer 

simulations (Drummond and Wilke 2008; Yang et al. 2010; Serohijos et al. 2012), MAH 

lacks robust experimental testing. At the level of individual proteins, tens of proteins with 

deposited experimental ΔGs, and proteome-wide studies with ΔG proxies, the jury is still 

out as to whether MAH is true. 

Previous experimental tests of the protein misfolding avoidance hypothesis 

1) Individual proteins 

Experimental studies of individual proteins have provided mixed results on the 

validity of MAH. Geiler-Samerotte et al. (2010) measured the growth rate of S.cerevisiae 

organisms expressing mutant yellow fluorescent proteins (YFPs) or mutant orotidine-5′-

phosphate decarboxylases and found a linear relationship between insoluble protein and 

growth rate. In contrast to this result, a slightly earlier study found E.coli organisms to be 

indifferent to overexpressed wild-type or destabilized β-galactosidase mutants, even 

though mutants were more likely to be misfolded (Plata et al. 2010). In their paper, 

Geiler-Samerotte et al. (2010) responded to this inconsistency with MAH by arguing that 

overexpressed proteins activate the protein homeostasis machinery, making misfolding 

events less likely. 
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Although the expression levels of YFP are consistent with expression levels of 

S.cerevisiae endogenous proteins, Geiler-Samerotte et al. (2010)’s results on YFPs or 

orotidine-5′-phosphate decarboxylases in the presence of excess uracil may also not be 

biologically relevant given that their experiments ignore protein function a priori by 

focusing on a protein non-endogenous to S.cerevisiae or the environment is manipulated 

such that the protein’s function is not required for the cell’s survival, respectively. A 

study expressing mutant dihydrofolate reductases (folAs) via chromosomal incorporation 

in E.coli, found that the cumulative parameter called catalytic capacity (A*catalytic 

activity) strongly determines growth rate (Bershtein, Choi, et al. 2015). This cumulative 

parameter fits more broadly into the flux dynamics hypothesis (Kacser and Burns 1981; 

Dykhuizen et al. 1987; Bershtein, Serohijos, et al. 2015), which can be thought of as a 

more quantitative form of the functional importance hypothesis (further discussed in 

Chapter 1). Only one of the four folA mutants studied exhibited protein misfolding 

toxicity, which the authors called a secondary effect (Bershtein, Choi, et al. 2015). In 

general, it is not clear whether MAH should hold robustly at the level of individual 

protein, or whether it can be only exhibited when pooling data from multiple proteins that 

are not necessary enzymes, where protein functional effects become irrelevant. 

2) Proteins with experimentally measured ΔGs 

Protein folding free energy can be experimentally measured by differential 

scanning calorimetry (Robertson and Murphy 1997) or denaturation curves (Pace and 

Shaw 2000). By mining the Protein Thermodynamic database (ProTherm) (Gromiha et 

al. 2016), 28 E.coli proteins (Plata et al. 2010; Usmanova et al. 2020), 5 S.cerevisiae 

proteins (Yang et al. 2010), and 47 H.sapiens proteins (Usmanova et al. 2020) were 
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identified with previously measured ΔGs. When correlating ΔG with protein abundance 

(A) or with evolutionary rate (ER), none of the organisms exhibited the MAH-expected 

negative and positive correlations, respectively. However, it is not clear that such a small 

sample size well-represents the proteome. With 28 experimental ΔGs, E.coli has the 

largest fraction of its proteome measured at less than 1%.  

3) Proteome-wide studies with ΔG proxies 

Making proteome-wide ΔG measurements has been a difficult endeavor, although 

progress is being made (Walker et al. 2018; Nisthal et al. 2019). Some studies employing 

ΔG proxies found indirect support for MAH. Highly expressed proteins in several 

proteomes, including E.coli, S.cerevisiae and H.sapiens, were shown to have sequences 

similar to those of thermophiles, whose proteins are assumed to be highly stable (Joshua 

L. Cherry 2010). Additionally, highly expressed proteins in S.cerevisiae also showed 

some enhanced features of proxies for ΔG, such as strength of hydrogen bonds and 

interatomic contacts, both calculated by the computational software Eris (Serohijos et al. 

2013). 

However, another study employing melting temperature (Tm) as a proxy for ΔG 

did not find support for MAH. Proteome-wide Tm measurements have recently become 

possible (Leuenberger et al. 2017) and provide the closest proxy for ΔG. Utilizing this 

dataset, Plata and Vitkup (2017) found only one MAH-consistent correlation among the 

four other organisms for which proteome-wide Tm was measured – E.coli, S.cerevisiae, 

H. sapiens, T.thermophilus – despite all four organisms demonstrated the universal 

negative correlation between A and ER. The one MAH-consistent correlation belonged to 

E.coli, where the A-Tm correlation was weakly significant. However, MAH as a whole is 
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still not supported by the E.coli proteome because the Tm-ER correlation was essentially 

nonexistent (Figure 1). 

Thesis statement 

We assess MAH by carefully deriving mathematical relationships among protein 

properties. As more proteome-wide stability data become available, it remains to be seen 

whether MAH is on the verge of being rejected, just like its predecessor, the protein 

functional importance hypothesis. Our approach in this thesis is to apply first-principles 

population dynamics and statistical mechanics to make sense of currently available data 

and reach a verdict. 

In the first chapter, we reinvestigate the role of protein function in evolution by 

treating function more quantitatively with the flux dynamics hypothesis, for a unique 

dataset of folA orthologs. We develop a master equation approach to predict ΔG 

distributions of orthologs at steady state, finding the MAH fitness function to be more 

consistent with the data, rather than the flux dynamics fitness function. In the second 

chapter, we go on to derive quantitative expressions among A, ΔG and ER in a 

monoclonal evolution framework to fully quantify MAH. Using our expressions, we are 

able to indirectly test MAH with already available A and ER data. In the third chapter, we 

carefully consider whether proteome-wide Tm can replace ΔG to test MAH. We first 

derive an approximately accurate, proteome-evaluable relationship between the protein 

stability metrics. Then, we apply our quantitative expressions derived in Chapter 2 to 

obtain resulting A-Tm and Tm-ER correlations. Finally, in the fourth chapter, we focus on 

testing the assumption underlying the ΔG-ER correlation (Figure 1). The distribution of 
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single mutant ΔGs is posited to take a universal form, which we motivate through first-

principles statistical mechanics.  
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Chapter I. 

Distribution of folding free energies from protein orthologs 

Previous studies have been able to quantitatively predict how biophysical 

properties of proteins, such as abundance, stability and catalytic activity, influence 

organisms’ growth rates (Dykhuizen et al. 1987; Geiler-Samerotte et al. 2010; Jiang et al. 

2013; Bershtein, Serohijos, et al. 2015; Adkar et al. 2017; Adkar et al. 2019) and their 

impact on the efficacy of protein-specific drugs (Rodrigues et al. 2016; Knies et al. 

2017). Intriguingly, different studies on different proteins have found different forms of 

fitness functions that predominantly explain growth rates. Examples of two fitness 

functions were discussed in the Introduction: the misfolding avoidance hypothesis 

(MAH) and the flux dynamics hypothesis (FDH) fitness functions. Overall, MAH posits 

that misfolded proteins cause fitness decreases by gain of toxicity while FDH posits that 

misfolded proteins cause fitness decreases by loss of function. 

Here, we study whether we can reconcile at longer timescales the two 

aforementioned fitness functions found to predominate at shorter timescales. Intuitively, 

one would expect the evolution of enzymes to be governed by its function, despite 

Geiler-Samerotte et al. (2010)’s contrary finding for one endogenous enzyme of 

S.cerevisiae in a particular environment making the protein nonessential. More 

comprehensively, protein function has been crudely measured proteome-wide in terms of 

growth rate effect upon gene knockout (Winzeler et al. 1999) and found not to dictate 

long-term evolutionary trends (Pál et al. 2003; Drummond et al. 2005; Wang and Zhang 
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2009). MAH on the other hand, is a leading hypothesis to capture long-term evolutionary 

trends because of its ability to explain in silico the bioinformatically observed result that 

protein abundance and protein sequence evolutionary rate correlate across proteomes of 

many organisms (Drummond and Wilke 2008; Yang et al. 2010; Serohijos et al. 2012; 

Zhang and Yang 2015). 

To check that previously reported results are not skewed by a crude metric for 

protein function and to directly assess MAH plausibility with experimental data, we 

quantitatively apply the FDH and MAH fitness functions to previously published 

experimental data from our group on folA orthologs. FolA is an essential protein in E.coli 

(Baba et al. 2006), catalyzing the reaction converting dihydrofolate to tetrahydrofolate, a 

precursor in DNA synthesis. To determine whether FDH sculps evolutionary dynamics 

over long timescales beyond immediate organismal growth rate, we use first-principles 

population dynamics to derive the distributions of stabilities for protein orthologs. Our 

group previously measured experimental stabilities of 33 folAs belonging to mesophilic 

bacteria. By comparing this data to our theory with parameter values that are 

experimentally measured, we can assess the validity of FDH at longer timescales.  

 Description Value 

1/β Thermal energy 0.59 kcal/mol (temperature = 25°C) 

sMAH Misfolding avoidance 

hypothesis selection coefficient 
≈ −cAtot𝑒βΔ𝐺(𝑒βΔΔ𝐺 − 1) (Equation 22) 

c Fitness cost to cell growth of a 

single misfolded protein 

8*10-7 (Geiler-Samerotte et al. 2010) 

Atot Total abundance of the protein 

in the cell 

folA: 4 copies (Krug et al. 2013) 

rnhA: 2 copies (Krug et al. 2013) 

sFDH Flux dynamics hypothesis 

selection coefficient 
≈ −

𝑏

𝐴tot(𝑘cat/𝐾M)
𝑒βΔ𝐺(𝑒βΔΔ𝐺 − 1)  

b Protein effects in enzymatic 

chain 

folA: 0.1 * A(E.coli) (Bershtein, 
Serohijos, et al. 2015) 

kcat/KM Catalytic activity folA: 8.1 (s*µM)-1 (Bershtein, Serohijos, 
et al. 2015) 
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p(ΔΔG) Distribution of sampled ΔΔGs 1

√2𝜋σ2
exp −

(ΔΔ𝐺−〈ΔΔ𝐺〉)2

2σ2
 (Equation 23) 

<ΔΔG> Average of ΔΔG distribution, 

b1*ΔG + b2  

-0.13*ΔG + 0.23 kcal/mol (Serohijos et al. 

2012) 

 Standard deviation of ΔΔG 

distribution 

1.7 kcal/mol (Serohijos et al. 2012) 

Pfix Probability mutation fixes in a 

monoclonal population 

1−𝑒−2𝑠

1−𝑒−2Ne𝑠
 (Equation 24) 

Ne Effective population size E.coli: 108, S.cerevisiae: 107, H.sapiens: 

104 (Lynch and Conery 2003) 
Table 1: Biophysical parameters relevant to our monoclonal evolutionary framework under the misfolding avoidance 

or flux dynamics hypothesis. Throughout this thesis chapter and Chapter 2, protein variables and expressions involving 

variables are in italics. 

Fitness functions and corresponding parameters 

How often a protein finds its native structure at equilibrium (Pnat) is captured by 

its free energy of folding (ΔG). Assuming two-state folding (Privalov and Khechinashvili 

1974),  

Equation 1 

𝑃nat(Δ𝐺) =
1

1 + 𝑒βΔ𝐺
 

The parameter 1/β is the thermal energy of the environment. We follow the 

convention throughout this text that stable proteins have ΔG < 0. 

The way Pnat can influence cell fitness and thus evolution is through abundance. 

At equilibrium, the soluble abundance of folded protein (A) is simply the total abundance 

of the protein (Atot) multiplied by Pnat. 

Equation 2 

𝐴(Δ𝐺) = Atot ∗ 𝑃nat(Δ𝐺) 

Experimental studies on individual proteins elucidated different fitness functions 

with different dependences on abundance. Geiler-Samerotte et al. (2010) found that the 

fitness function of the misfolding avoidance hypothesis (MAH) applies when measuring 

the growth rate of S.cerevisiae organisms expressing mutant yellow fluorescent proteins 
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(YFPs) and orotidine-5′-phosphate decarboxylases. The mathematical form of the MAH 

fitness function depends on the number of misfolded proteins (m) (Drummond and Wilke 

2008). 

Equation 3 

𝑓MAH(Δ𝐺) = 𝑒−c∗𝑚(Δ𝐺) 

𝑚(Δ𝐺) = 𝐴tot − 𝐴(Δ𝐺) 

The parameter c is the cellular cost of housing a misfolded protein. By finding an 

exponential relationship between insoluble YFPs and S.cerevisiae growth rates, c was 

fitted to be 8*10-7 (Geiler-Samerotte et al. 2010). 

Another study expressing mutant dihydrofolate reductases (folAs) via 

chromosomal incorporation in E.coli, found that the cumulative parameter called catalytic 

capacity (A*catalytic activity) to strongly determine growth rate (Bershtein, Choi, et al. 

2015). The fitness function follows from the flux dynamics hypothesis (FDH) and takes 

the following form (Kacser and Burns 1981; Dykhuizen et al. 1987; Bershtein, Serohijos, 

et al. 2015; Adkar et al. 2017). 

Equation 4 

𝑓FDH(Δ𝐺) =
𝐴(Δ𝐺) ∗ (𝑘

cat

𝐾M
⁄ )

b + 𝐴(Δ𝐺) ∗ (𝑘
cat

𝐾M
⁄ )

 

Note that kcat/KM is the parameter pertaining to the protein’s catalytic activity. The 

parameter b is related to effects from other proteins in the enzymatic chain (Kacser and 

Burns 1981; Dykhuizen et al. 1987). In addition to single, double and triple mutants of 

folA (Bershtein, Choi, et al. 2015), the FDH fitness function was also found to dictate 
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growth rates of E.coli organisms expressing folA orthologs (Bershtein, Serohijos, et al. 

2015). 

Evolutionary dynamics of folding free energy 

 We consider an ensemble of organism populations undergoing evolutionary 

dynamics for a given protein. We assume that mutations appear on a protein according to 

a Poisson distribution with some rate µ (Hogg et al. 2005). The parameter µ is the 

mutation rate per amino acid of the protein in the population (Equation 18). The 

distribution of ΔG at t+1 (Pt+1(ΔG)), or the master equation of ΔG, can be written as, 

Equation 5 

𝑃𝑡+1(Δ𝐺) = 𝑒
−μ𝑃𝑡(Δ𝐺)

+ μ𝑒−μ∫ 𝑑(ΔΔ𝐺)[1 − 𝑃fix(𝑠[Δ𝐺, ΔΔ𝐺])]𝑝(ΔΔ𝐺[Δ𝐺])
∞

−∞

𝑃𝑡(Δ𝐺)

− μ𝑒−μ∫ 𝑑(ΔΔ𝐺)𝑃fix(𝑠[Δ𝐺, ΔΔ𝐺])𝑝(ΔΔ𝐺[Δ𝐺])𝑃𝑡(Δ𝐺)
∞

𝛥𝛥𝐺=−∞,𝛥𝛥𝐺≠0

+ μ𝑒−μ∫ 𝑑(Δ𝐺∗)𝑃fix(𝑠[Δ𝐺, ΔΔ𝐺])𝑝(Δ𝐺 − Δ𝐺∗)𝑃𝑡(Δ𝐺
∗)

∞

−∞

 

Mutations only affect protein stability, where stability effects of a single mutant are 

denoted as ΔΔG = ΔGmut – ΔG. The probability that a single mutation fixes in the 

organism population is denoted by Pfix. Pfix is a function of the selection coefficient (s), 

which is a function of ΔG and ΔΔG (Equation 22). p(ΔΔG) is the probability distribution 

of attempted ΔΔGs, which is a function of ΔG to satisfy the assumption that more stable 

proteins have more destabilizing mutations (Equation 23). 

The first line of Equation 5 corresponds to staying at ΔG when either no mutation 

occurs, or a mutation occurs but does not fix. The second line corresponds to a fixed 
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mutation causing efflux from the ΔG state. The second line excludes the value of ΔΔG=0 

in the integral because such a mutation stays in the ΔG state. The third line corresponds 

to a fixed mutation on a ΔG* state, causing influx into the ΔG state. We ignore multiple 

mutations appearing at one time in our master equation because their occurrence is 

sufficiently rare that we can safely ignore them (µ << 1). For our extensive folA dataset, 

this seems reasonable as positive selection is not detected along any sites in the 

phylogenetic tree according to the Phylogenetic Analysis of Maximum Likelihood 

software (Yang 2007). 

Inserting MAH defined selection coefficient and p(ΔΔG) under a monoclonal 

evolution framework with experimentally measured parameters (Table 1), we 

numerically solve Equation 5 for a given initial condition across time. In Figure 2, we see 

that we reach a steady state solution regardless of initial conditions by 109/µ timesteps for 

a population size of 108.  

 
Figure 2: Solving the evolutionary dynamics equation (Equation 5) yields Pt(ΔG) distributions at steady state peaked at 

ΔG ~ -5 kcal/mol (dashed line) under the misfolding avoidance fitness function at Atot = 10. The left graph has an 

initial condition of Pt=0(ΔG=-7 kcal/mol) the right graph, Pt=0 (ΔG=0 kcal/mol). The green curve corresponding to 

timestep 109/µ, is hard to see because it overlaps with the red curve corresponding to timestep 1010/µ. Parameter 

values are listed in Table 1, with Ne = 108. The initial condition is Pt=0(ΔG=-7 or 0 kcal/mol) ~ 10, such that 

∫ 𝑃𝑡(𝛥𝐺)𝑑(𝛥𝐺) 
0

−∞
 = 1, and is outside the y-axis scale.  
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We can analytically solve for the steady state (ss) ΔG distribution (Pss(ΔG)) by 

first expressing Equation 5 as a differential equation and setting it to zero. Then, we 

apply the method of steepest descent to approximately obtain Pss(ΔG). 

To obtain a differential equation, we expand exponentials to first order in µ. This 

approximation is consistent with our assumption that populations evolve monoclonally by 

assuming that at most only one mutation occurs at a given time on a protein, when 

sampling single mutant ΔΔGs (µ << 1). 

Equation 6 

𝑃𝑡+1(Δ𝐺) ≈ (1 − 𝜇)𝑃𝑡(Δ𝐺) + 𝜇(1 − 𝜇)∫ 𝑑(ΔΔ𝐺)[1 − 𝑃fix]𝑝(ΔΔ𝐺)𝑃𝑡(Δ𝐺)
∞

−∞

− 𝜇(1 − 𝜇)∫ 𝑑(ΔΔ𝐺)𝑃fix𝑝(ΔΔ𝐺)𝑃𝑡(Δ𝐺)
∞

ΔΔ𝐺=−∞,ΔΔ𝐺≠0

+ 𝜇(1 − 𝜇)∫ 𝑑(Δ𝐺∗)𝑃fix𝑝(Δ𝐺 − Δ𝐺∗)𝑃𝑡(Δ𝐺
∗)

∞

−∞

 

𝑃𝑡+1(Δ𝐺) = 𝑃𝑡(Δ𝐺)

− 𝜇 {∫ 𝑑(ΔΔ𝐺)𝑃fix𝑝(ΔΔ𝐺)𝑃𝑡(Δ𝐺)
∞

−∞

+ ∫ 𝑑(ΔΔ𝐺)𝑃fix𝑝(ΔΔ𝐺)𝑃𝑡(Δ𝐺)
∞

ΔΔ𝐺=−∞,ΔΔ𝐺≠0

− ∫ 𝑑(Δ𝐺∗)𝑃fix𝑝(Δ𝐺 − Δ𝐺∗)𝑃𝑡(Δ𝐺
∗)

∞

−∞

} 

∂𝑃(Δ𝐺)

∂𝑡
≈ −𝜇 {∫ 𝑑(ΔΔ𝐺)𝑃fix𝑝(ΔΔ𝐺)𝑃(Δ𝐺)

∞

−∞

+ ∫ 𝑑(ΔΔ𝐺)𝑃fix𝑝(ΔΔ𝐺)𝑃(Δ𝐺)
∞

ΔΔ𝐺=−∞,ΔΔ𝐺≠0

− ∫ 𝑑(Δ𝐺∗)𝑃fix𝑝(Δ𝐺 − Δ𝐺∗)𝑃(Δ𝐺∗)
∞

−∞

} 

Setting the time derivative of P(ΔG) equal to zero, we obtain the following 

equation.  
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Equation 7 

𝑃ss(Δ𝐺)∫ 𝑑(ΔΔ𝐺)𝑃fix𝑝(ΔΔ𝐺) + 𝑃ss(Δ𝐺)∫ 𝑑(ΔΔ𝐺)𝑃fix𝑝(ΔΔ𝐺)
∞

ΔΔ𝐺=−∞,ΔΔ𝐺≠0

∞

−∞

= ∫ 𝑑(Δ𝐺∗)𝑃fix𝑝(Δ𝐺 − Δ𝐺∗)𝑃ss(Δ𝐺
∗)

∞

−∞

 

We solve for Pss(ΔG) by applying the method of steepest descent to 

approximately solve each integral. Briefly, steepest descent is a useful method to 

approximate integrals of exponentials at their maximum (Erdelyi 1956). We evaluate the 

integrals at ΔΔG = 0, or ΔG* = ΔG. Figure 3 demonstrates that this is a good 

approximation for ΔGs near its optimal ΔG value of ~-5 kcal/mol in this presented case.  

  
Figure 3: The method of steepest descent is a good approach to approximately solve individual integrals in Equation 7 

for ΔG* near its optimal value of -5 kcal/mol under the misfolding avoidance fitness function at Atot=10 and Ne = 108. 

Efflux corresponds to the left hand side of Equation 7; influx, the right hand side of Equation 7. Both integrals are 

evaluated at time = 109/µ, at which steady state has been shown to be reached (Figure 2). The efflux probabilities for 

ΔG* > -5 kcal/mol are outside the y-axis scale. 

Applying the method of steepest descent, Equation 7 becomes,  

Equation 8 

𝑃ss(Δ𝐺)√
2𝜋

𝑔′′(ΔΔ𝐺 = 0)
𝑒𝑔(ΔΔ𝐺=0) = √

2𝜋

ℎ′′(Δ𝐺∗ = Δ𝐺)
𝑒ℎ(Δ𝐺

∗=Δ𝐺) 

Note that the second term of the left-hand side of Equation 7 makes no 

contribution because it is zero at ΔΔG = 0. We define the functions g(ΔΔG) and h(ΔG) to 
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concisely capture integrands of the left hand and right hand side of Equation 7. g'’ 

represents the second derivative of g with respect to ΔΔG; h’’ represents the second 

derivative of h with respect to ΔG*. 

Equation 9 

𝑔(ΔΔ𝐺) = ln 𝑃fix + ln 𝑝(ΔΔ𝐺) 

ℎ(Δ𝐺∗) = ln 𝑃fix + ln 𝑝(Δ𝐺 − Δ𝐺∗) + ln𝑃ss(Δ𝐺
∗) 

We can further simplify Equation 8, because g(ΔΔG=0) + ln Pss(ΔG) = h(ΔG* = 

ΔG). 

Equation 10 

𝑔′′(ΔΔ𝐺 = 0) = ℎ′′(Δ𝐺∗ = Δ𝐺) 

Evaluating second derivatives are tricky, and we show how to do it in detail for 

g(ΔΔG) in the next chapter (Equation 33). Upon evaluation we get, 

Equation 11 

−
1

σ2
+ {−

1

3
(
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
)

2

+
β

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
}|

{ΔΔ𝐺=0}

= −
(1 + b1)

2

σ2

+ {−
1

3
(
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂Δ𝐺∗
)

2

+
β

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂Δ𝐺∗
}|

{Δ𝐺∗=ΔG}

+(ln𝑃ss(Δ𝐺
∗))′′|{Δ𝐺∗=ΔG} 

Since s’(ΔΔG=0) = - s’(ΔG* = ΔG), we can simplify Equation 11 to 
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Equation 12 

−
1

σ2
+ {−

1

3
(
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂Δ𝐺∗
)

2

−
β

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂Δ𝐺∗
}|

{Δ𝐺∗=Δ𝐺}

= −
(1 + b1)

2

σ2

+ {−
1

3
(
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂Δ𝐺∗
)

2

−
β

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂Δ𝐺∗
}|

{Δ𝐺∗=Δ𝐺}

+(ln 𝑃ss(Δ𝐺
∗))′′|{Δ𝐺∗=ΔG} 

0 = −
b1
2 + 2b1
σ2

+ 2
β

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂Δ𝐺∗
|
{Δ𝐺∗=ΔG}

+(ln𝑃ss(Δ𝐺
∗))′′|{Δ𝐺∗=ΔG} 

Evaluating (ln Pfix(ΔG* = ΔG))’ = cβNe𝐴
tot𝑒βΔ𝐺under MAH (Equation 37), we 

can solve the differential equation for Pss(ΔG) . 

Equation 13 

𝑃ss(Δ𝐺) =
1

𝑍
exp [

b1(2 + b1)

2σ2
Δ𝐺2 + DΔ𝐺 − 2cNe𝐴

tot𝑒βΔ𝐺] 

The same procedure can be easily applied to find the corresponding expression 

under FDH because MAH and FDH fitness functions are proportional in the limit that 

b/(Atot*kcat/KM) << 1. 

Equation 14 

𝑃ss
FDH(Δ𝐺) =

1

𝑍
exp [

b1(2 + b1)

2σ2
Δ𝐺2 + DΔ𝐺 − 2

b

𝐴tot (k
cat

KM
⁄ )

Ne𝑒
βΔ𝐺] 

Z is the normalization constant and D is an undetermined constant independent of 

ΔG. To pinpoint the value of D, we use the necessary condition to apply the method of 
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steepest descent that h’(ΔG* = ΔG) = 0. In other words, the integrand is indeed 

maximized at ΔG.  

Equation 15 

0 = ℎ′(Δ𝐺∗ = Δ𝐺) 

0 = −
b1Δ𝐺 + b2

σ2
(1 + b1) + βcNe𝐴

tot𝑒βΔ𝐺+(ln 𝑃ss(Δ𝐺
∗))′|{Δ𝐺∗=ΔG} 

0 = −
b1Δ𝐺 + b2

σ2
(1 + b1) + βcNe𝐴

tot𝑒βΔ𝐺 +
b1(2 + b1)

σ2
Δ𝐺 + D − 2βcNe𝐴

tot𝑒βΔ𝐺 

0 =
b1Δ𝐺

σ2
−
b2 + b1b2

σ2
− βcNe𝐴

tot𝑒βΔ𝐺 +𝐷 

By also utilizing the condition when setting g’(ΔΔG=0) = 0 that (ln Pfix)'|ΔΔG=0 = - 

(b1ΔGopt + b2)/2 (Equation 38), we finally obtain D.  

Equation 16 

0 =
〈ΔΔ𝐺〉

σ2
− βcNe𝐴

tot𝑒βΔ𝐺 −
2b2 + b1b2

σ2
+ 𝐷 

𝐷 ≈
2b2 + b1b2

σ2
 

Thus, our final Pss(ΔG) expression reads,  

Equation 17 

𝑃ss(Δ𝐺) ∝ exp [
b1(2 + b1)

2σ2
Δ𝐺2 +

b2(2 + b1)

σ2
Δ𝐺 − 2cNe𝐴

tot𝑒β𝚫𝑮] 

We test the accuracy of our Pss(ΔG) expression by comparing it to the numerical 

solution we find at steady state. Figure 4 demonstrates that we do a fairly good job of 

capturing numerical results. Around the optimal ΔG value of -5 kcal/mol, our distribution 

is a little depressed compared to numerical results. This can be explained by the 

inaccuracy of applying the method of steepest descent being greater at the large stability 

tail of the distribution. There is excess probability because our application of the method 
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of steepest descent starts to break down; ΔΔG is not very close to 0, or ΔG* is not very 

close to ΔG (Figure 3). We could also fit D to take a larger value (D ~ 0.5 (kcal/mol)-1) 

such that Pss(ΔG) becomes more sharply peaked. However, we find that the maximum of 

Pss(ΔG) becomes slightly right-shifted to that of the numerical solution by ~0.3 kcal/mol. 

 
Figure 4: Our theoretical expression for Pss(ΔG) fairly accurately captures numerical results. Parameter values are the 

same as those in Figure 2, Ne = 108 and A = 10 under the misfolding avoidance fitness function. The normalization 

constant Z was evaluated numerically. 

Our analytical expression for Pss(ΔG) will come in handy in Chapter 2 when we 

attempt to derive a closed form expression between abundance and evolutionary rate 

(Equation 28). 

In the next section, we will compare out steady state numerical solution with 

experimental data to assay fitness function feasibility. A quick back of the envelope 

calculation demonstrates that for the folA orthologs we extensively study, the number of 
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reproductions needed for our evolutionary dynamics framework to reach steady state is 

orders of magnitudes less than the number of reproductions estimated to have transpired 

from the orthologs last common ancestor. In Figure 2, we demonstrate that steady state in 

P(ΔG) is reached by 109/µ timesteps for a population size corresponding to E.coli. We 

can determine the number of reproduction events (nr) this corresponds to by expanding µ 

in terms of the baseline mutation rate of an amino acid residue, the protein length (L) and 

the population size (Ne). 

Equation 18 

nr =
109

µ0𝐿Ne
 

=
109

10−10 ∗ 100 ∗ 108
= 109 reproductions 

The baseline mutation rate of an amino acid residue is taken to be µ0 ~ 10-10 

mutations per residue (Drake et al. 1998) and the protein length ~ 100 residues (Zhang 

2000). We divide by the effective population size because Ne organisms are evolving in 

parallel. Although population sizes of bacteria organisms are not all 108, they have been 

shown to have values within a factor of 2 for those organisms with folA measurements 

that we study (Bobay and Ochman 2018). 

According to the TimeTree database (Kumar et al. 2017), the last common 

ancestor of the folA orthologs studied here existed around 1 billion years ago. If we take 

the doubling time of E.coli in the wild to be 15 hours (584 reproductions per year) 

(Gibson et al. 2018) and representative across 1 billion years of evolution, we estimate 

that more than 1011 reproductions have transpired. This number is more than two orders 

of magnitude larger than the number of reproductions required by our evolutionary 

framework to reach steady state (Equation 18).  
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Flux dynamics unlikely to explain folA orthologs folding free energies  

We focus on determining if MAH or FDH can capture experimental ΔG 

distributions. Previous work from our lab characterized melting temperatures for 33 

mesophilic bacteria folA orthologs (Bershtein, Serohijos, et al. 2015). By fitting a linear 

relationship between ΔG and Tm (motivated by Equation 46 in Chapter 3), to E.coli folA 

mutants measured in Bershtein, Serohijos, et al. (2015), we transform folA orthologs Tms 

to ΔGs. 

When applying our evolutionary framework, we first assume that all orthologs 

have the same total abundance and that catalytic activity is static and does not evolve 

(We will analyze the validity of these assumptions later). Surprisingly we find that MAH 

is more likely to capture folA’s ΔG distribution with a reasonable total abundance (Figure 

5), despite FDH having been found to explain growth rates for E.coli organisms 

expressing these very same orthologs (Bershtein, Serohijos, et al. 2015).  

 

Figure 5: The misfolding avoidance fitness function (right plot) is more likely than flux dynamics (left plot) to capture 

folA orthologs ΔG distribution according to our evolutionary framework. KS corresponds to the Kolmogorov-Smirnov 

test and in parenthesis is the p-value. Higher KS and lower p-values means that the theory and experimental 

distributions are more likely to be distinct. Parameter values are from experimental measurements listed in Table 1. 

We are aware of three studies that have measured E.coli folA abundance. Arike et 

al. (2012) found folA abundance to be 142 copies per cell; Taniguchi et al. (2011), 38; 



22 

and Krug et al. (2013), 4. Thus, the total abundance of 5 in Figure 5 is feasible, although 

on the low side. We further explore how well MAH captures the experimental ΔG 

distribution for different total abundances. There is a fairly narrow range of total 

abundances from 2 to 6 copies for which the theoretical ΔG distribution is 

indistinguishable from that of experiment according to the Kolmogorov-Smirnov test. In 

the next subsection, we will discuss that the range of permittable total abundances is 

larger when accounting for only the stability between the unfolded and intermediate state 

(Figure 10).  

We check whether the assumption that catalytic parameters are fixed, is 

responsible for FDH’s poor ability to match folA’s ΔG distribution. We find that the 

prefactor of the selection coefficient, b/(Atot kcat/KM), needs to be 5,000 times smaller than 

its current value to obtain a matching ΔG distribution. In principle, catalytic activity 

(kcat/KM) can evolve to take larger values than the static value we used. However, none of 

the 30+ orthologs are seen to have catalytic activities 5,000 times larger (Figure 6, left). 

At most, catalytic activity of the orthologs studied are 10 times larger than that of E.coli, 

which we used as the parameter value in our evolutionary framework (Table 1). Thus, 

even if catalytic activity evolved, we would still be unable to qualitatively capture the 

experimental ΔG distribution. 

We also consider whether Atot can vary enough to explain the discrepancy. Taking 

relative abundances of folA across all bacteria organisms deposited in the Protein 

Abundance database (Wang et al. 2015), we find that the relative abundance to vary at 

most by a factor of 50. For those proteomes which have the same number of relative 

abundances, the variation is a lot less with all folA abundances closely equaling 50 parts 
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per million (Figure 6, right). This is consistent with previous experimental studies finding 

abundance to be an evolutionary conserved quantity (Liao and Zhang 2006; Arthur and 

Ruvinsky 2011; Vogel and Marcotte 2012; Wang et al. 2015; Yang et al. 2017). Relative 

abundance measurements are sensitive to the number of total protein measurements in the 

proteome (Wang et al. 2015), thus the approximately two orders of magnitude in 

variation could just be an artifact of the relative abundance metric. Nonetheless, this 

multiplicative factor of 50 variation in abundance is still not large enough, even when 

also accounting for kcat/KM variation, to capture the 5,000 times difference necessary for 

our evolutionary framework to capture folA’s ΔG distribution under FDH. 

 
Figure 6: Model assumptions are not responsible for the poor agreement between flux dynamics fitness function and 

experimental stability data in Figure 5. Left plot: distribution of catalytic activities measured for the folA orthologs. 

Note that the E.coli catalytic activity value used in our evolution framework is 8.1 (s*µM)-1 (dotted vertical line). Right 

plot: relative abundances of all bacterial folAs listed in the Protein Abundance database. Relative abundance is 

sensitive to the number of proteins measured in the respective organism’s proteomes and is measured in parts per 

million (ppm) (Wang et al. 2015). M.tub is short for M.tuberculosis. 

Finally, we consider whether a more relevant stability metric for FDH should 

account for enzyme binding to any cofactors. Ionescu et al. (2000) found that NADP+ 

stabilizes folA by around 1 kcal/mol at room temperature. Assuming that all orthologs are 

stabilized by the same amount of 1 kcal/mol, in such a scenario the prefactor of the 

selection coefficient needs to only be 500 times smaller than its current value to obtain a 

matching ΔG distribution. Taking into account the upper limits in Atot and kcat/KM 
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discussed in the previous paragraphs, we can reach the threshold with a multiplicative 

factor of 50*10 = 500. However, as discussed before, it is dubious that Atot varies by 50 

times from species to species and seems to be an artifact of the relative protein abundance 

metric. Thus, even when accounting for ligand binding in the ΔG value, as well as 

variation in catalytic capacity (Atot * kcat/KM), flux dynamics still seems unlikely to 

capture folA orthologs ΔG distribution under our evolution framework. 

Unfolding avoidance better explains rnhA and folA free energies  

To corroborate our findings that MAH seems to be a plausible fitness function to 

capture folA’s long-term evolution, we apply MAH to another protein with measured 

stabilities. We employ ΔG measurements from Lim et al. (2016) for 5 reconstructed 

rnhAs along E.coli’s diverged branch from thermophilic organisms plus E.coli’s rnhA. 

Reconstructed rnhAs along the branch leading to the thermophiles are not included in our 

analysis because of variations in ambient temperature. Although not as extensive as the 

number of folA orthologs with available stability metrics, rnhA has enough ΔG 

measurements to make a statistical comparison with our theoretical distribution. 

Interestingly, we find MAH to only capture rnhA ΔG measurements for a large 

total abundance of 10,000 copies per cell (Figure 7, left). This value for Atot is 

unreasonable since rnhA is known to be less abundant than folA. We are only aware of 

one dataset that quantified the absolute number of rnhA proteins in E.coli. Krug et al. 

(2013) measured rnhA abundance at 2, compare to 4 for folA. Multiple relative 

abundance datasets deposited in the Protein Abundance database, corroborate the finding 

that folA is more abundant than rnhA (website assessed September 2020). 
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To try and explain the discrepancy between theory and experiment, we account 

for rnhA being a three-state folder across the orthologs considered (Lim et al. 2016). If 

MAH is valid in such a scenario, then the stability metric under selection is only that 

between the intermediate and native state (ΔGIN), rather than that between the unfolded 

and native state (ΔGUN) as considered before.  

unfolded (U)    
∆𝐺UI
↔      intermediate (I)     

∆𝐺IN
↔        native (N) 

Just as we wrote down the probability to be in the native state (Pnat) for a two-state 

folder (Equation 1), we can write down the corresponding Pnat for a three-state folder and 

insert it into our expression for the number of misfolded proteins (Equation 21). 

Equation 19 

𝑚(Δ𝐺) = Atot(1 − 𝑃nat(Δ𝐺)) 

= Atot (1 −
𝑒−β(∆𝐺UI+∆𝐺IN)

1 + 𝑒−β∆𝐺UI + 𝑒−β(∆𝐺UI+∆𝐺IN)
) 

= Atot (
1 + 𝑒−β∆𝐺UI

1 + 𝑒−β∆𝐺UI + 𝑒−β(∆𝐺UI+∆𝐺IN)
) 

= Atot (1 +
𝑒−β(∆𝐺UI+∆𝐺IN)

1 + 𝑒−β∆𝐺UI
)

−1

 

= Atot (1 +
𝑒−β∆𝐺IN

𝑒β∆𝐺UI + 1
)

−1

 

≈
Atot

1 + 𝑒−β∆𝐺IN
 

The approximation to yield the final line in Equation 19 requires the protein states 

relative to the unfolded state to be stable ΔGs < 0 kcal/mol. Note that m has the same 

form as when we assumed two-state folding, however instead of employing ΔG between 
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the unfolded and native states (Equation 21), we only need to employ the ΔG between the 

intermediate and native states. Swapping out this expression for m in Equation 22 yields 

the following selection coefficient, 

Equation 20 

𝑠MAH ≈ −cAtot𝑒βΔ𝐺IN
wt
(𝑒βΔ∆𝐺IN − 1) 

Employing direct ΔGIN measurements from Lim et al. (2016), we still find that the 

Atot needed to match the experimental ΔG distribution is unreasonable at 50 copies per 

cell (Figure 7, right), although much more feasible than the abundance found to capture 

the ΔGUN distribution. 

 

Figure 7: The misfolding avoidance fitness function under two state folding is unable to capture the ΔG distribution of 

rnhA orthologs with a reasonable total abundance under our evolutionary framework (left plot). In addition, 

accounting for rnhA being a three-state folder is still not enough to enable misfolding avoidance to capture the ΔG 

distribution of rnhA orthologs with a reasonable total abundance (right plot). 

Finally, we consider whether the stability metric under selection is that between 

the unfolded and intermediate state (ΔGUI). This situation corresponds to the unfolded 

state being toxic, while the intermediate state is harmless and also assumed to not be in 

equilibrium with the native state. Under the unfolding avoidance hypothesis (UAH), we 

are able to capture the experimental ΔGUI distribution with the most experimentally 

consistent total abundance of 1 copy per cell (Figure 8). 
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Figure 8: Under the unfolding avoidance fitness function, our evolutionary framework reproduces experimental ΔG 

measurements between the unfolded (U) and intermediate (I) state for rnhA orthologs with a reasonable total 

abundance. KS corresponds to the Kolmogorov-Smirnov test and in parenthesis is the p-value. 

We return to the folA dataset to investigate whether the unfolded state is also the 

only toxic state for folA. FolA, just like rnhA, is a three-state folder (Ionescu et al. 2000). 

Previous work from our lab characterized the melting temperature of folA’s intermediate 

state through the fluorescent molecular probe, bis-1-anilinonaphthalene-8-sulfonate 

(ANS) (Bershtein et al. 2013). We can transform the ANS melting temperature to ΔG by 

applying the Gibbs-Helmholtz equation with previously measured stability parameters for 

the intermediate state (Ionescu et al. 2000). Applying our evolutionary framework, we 

find that the same Atot = 5 for MAH in a two-state framework, is able to capture ΔGUI 

under UAH (Figure 9). We reason that both MAH and UAH can be accurate for folA but 

not for rnhA, because ΔGIN is smaller for folA. Also ΔGUN for folA may not exactly 
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correspond to the unfolded to folded transition because the data we use to transform Tm to 

ΔG only found a two state transition under urea denaturation (Bershtein et al. 2012). 

 
Figure 9: Our evolutionary framework reproduces experimental ΔG measurements between the unfolded and 

intermediate state for folA orthologs with a reasonable total abundance. ANS is a probe that detects the folA 

intermediate state (Bershtein et al. 2013). ΔGANS is a proxy for the ΔG between the unfolded and intermediate state. KS 

corresponds to the Kolmogorov-Smirnov test and in parenthesis is the p-value. 

We investigate Atot dependence on UAH’s ability to match experimental ΔGUI for 

folA. We find the range of permittable Atot to be much wider in Figure 10 than the 

corresponding figure for MAH. From 5 to 15 copy numbers, Atot can vary and still 

capture ΔGUIs; compared to the 2 to 6 copy numbers found for ΔGUNs. The weaker 

dependence on Atot for UAH compared to MAH in a two-state framework indicates that 

UAH is a slightly better fit to the experimental data. Protein expression in the cell is 

stochastic, thus it is unreasonable to assume that all orthologs have the exact same Atot. 

Assuming protein expression to be normally distributed, folA was found to have a mean 
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expression of 38 copies and a standard deviation of 14 copies per cell (Taniguchi et al. 

2011). If we rescale 38 to the 10 found to be the mean in our theory (Figure 10), the 

corresponding standard deviation would be 4 copies, which is well within the range of 

permittable Atot that we found can still capture ΔGUIs. It is reasonable that our Atot does 

not perfectly match that measured in Taniguchi et al. (2011) given that biophysical 

parameter values used in our framework, such as the cost of a misfolded protein to the 

cell (c), are not fitted but are from experimental measurements on different proteins 

(Table 1). 

 
Figure 10: ΔG distributions from the unfolding avoidance hypothesis are not as sensitive to the value of the total 

abundance parameter compared to the misfolding avoidance hypothesis for folA (discussed in the text). KS corresponds 

to the Kolmogorov-Smirnov test between theory and experimental ΔG distribution and the corresponding p-value is 

plotted on the y-axis. The dashed horizontal line corresponds to a p-value threshold of 0.05. ANS is the fluorescent 

probe used to characterize the stability of the intermediate state in Bershtein et al. (2013). 
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To further corroborate that unfolding avoidance is a reasonable fitness function to 

explain long-term evolution, we need to apply it to other proteins besides folA and rnhA. 

Unfortunately, we are unaware of other studies on multiple orthologs that directly 

measured ΔGs besides rnhA (Hart et al. 2014; Lim et al. 2016). We are aware of several 

studies that measured melting temperatures for ancestral proteins (Hobbs et al. 2012; 

Akanuma et al. 2013; Risso et al. 2015; Trudeau et al. 2016), however we cannot find 

corresponding papers that measured relevant thermodynamic parameters to transform 

them into ΔGs, like we did with folA orthologs melting temperatures. 

To extrapolate our evolutionary framework to other proteins such that it is 

experimentally testable, we derive a relationship between total abundance and 

evolutionary rate in the next chapter. Unlike protein stability data, abundance (A) and 

evolutionary rate (ER) measurements are widely available across proteins in their 

respective proteome (Wang et al. 2015; Zhang and Yang 2015). In addition, a robust A-

ER correlation is seen among organisms’ proteomes (Drummond and Wilke 2008; Zhang 

and Yang 2015; Razban et al. 2018). Thus, an accurate fitness function must be capable 

of quantitatively capturing this universal trend. Unfortunately, in this more global 

investigation, we cannot discriminate between misfolding avoidance or unfolding 

avoidance and simply assume that proteins fold in a two-state manner. 
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Chapter II. 

Mathematical framework of the misfolding avoidance hypothesis  

 Protein misfolding avoidance hypothesis predictions are mostly limited to 

correlation signs: we expect A-ΔG to negatively correlate and ΔG-ER to positively 

correlate (Figure 1). Deriving an equation relating protein properties under MAH 

assumptions would provide a fully quantitative description. Instead of just knowing the 

correlation sign, we would be able pinpoint the optimal ΔG given an abundance value, 

and the optimal ER given the optimal ΔG. We could then obtain an overarching equation 

relating ER directly to A and test the accuracy of the equation experimentally. 

Previous attempts have been made to fully quantify MAH (Wilke and Drummond 

2006; Serohijos et al. 2013; Agozzino and Dill 2018), however, they all have 

shortcomings that make the final comparison with experimental data difficult to interpret. 

First, no study explicitly accounted for the assumption that more stable proteins have 

more destabilizing mutations. Second, two previous studies had additional assumptions 

unrelated to the two MAH assumptions, such as a priori classifying protein residues as 

either neutral or non-neutral (Wilke and Drummond 2006), or capturing protein folding 

by a hydrogen-polar model (Agozzino and Dill 2018). One study fitted biophysical 

parameters to match experimental data (Agozzino and Dill 2018). And only one study 

actually derived a closed form expression between ER and A (Wilke and Drummond 

2006). These shortcomings make it difficult to assess the underlying physics when 

comparing with experimental data. Wilke and Drummond (2006) derived an expression 
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in disagreement with experimental data, while Agozzino and Dill (2018) numerically 

solved their expression with fitted parameters to match experimental evolutionary rates as 

a function of mRNA abundances. It is unclear whether one theory disproved MAH by 

showing that it does not correspond to reality, while another theory with different 

additional assumptions and fitted parameters proved its feasibility. 

Here, we derive analytical expressions between all three protein properties – A, 

ΔG and ER – according to MAH’s two assumptions with experimentally measured 

parameters (Geiler-Samerotte et al. 2010; Serohijos et al. 2012). We make only one 

additional assumption: organisms evolve monoclonally, which has bioinformatics support 

(Lynch and Conery 2003) (Equation 24). We also use experimental measurements for 

parameters, allowing us to confidently claim that any agreement with experimental trends 

is the result of the underlying physics. 

Mathematically, we can express MAH assumptions as follows. 

Assumption 1) Misfolded proteins are toxic (underlies A-ΔG relationship) 

We have already presented the definition of the MAH fitness function in the 

previous chapter (Equation 3). Here, we explicitly evaluate terms relevant to evaluating 

its selection coefficient. From equilibrium statistical mechanics and assuming two-state 

folding (Drummond and Wilke 2008), the number of misfolded proteins (Equation 3) can 

be evaluated as 

Equation 21 

𝑚 = 𝐴tot − 𝐴 

= 𝐴tot − 𝐴tot (
1

1 + 𝑒βΔ𝐺
) =

𝐴tot

1 + 𝑒−βΔ𝐺
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The variable A refers to the soluble protein abundance and is the abundance variable that 

is typically compared with ER in bioinformatics studies. Atot more generally encompasses 

soluble and insoluble protein abundance and is a constant independent of ΔG. Because 

almost all proteins have ΔG < -3 kcal/mol at room temperature (Zeldovich et al. 2007; 

Ghosh and Dill 2009), Pnat is very close to 1 and thus Atot and A are interchangeable in 

the final expression. 

We can now write down the equation for the selection coefficient which is 

defined as s = ln fmut – ln fwt (Sella and Hirsh 2005). The wildtype protein sequence is 

referred to as wt; mutant, mut. 

Equation 22 

𝑠 = −c𝐴tot (
1

1 + 𝑒−β(Δ𝐺wt+ΔΔ𝐺)
−

1

1 + 𝑒−βΔ𝐺wt
) 

≈ −c𝐴tot𝑒βΔ𝐺
wt
(𝑒βΔΔ𝐺 − 1) 

To go from the first to the final expression on the second line, we use the fact that most 

proteins have ΔG < -3 kcal/mol (Zeldovich et al. 2007; Ghosh and Dill 2009; Serohijos et 

al. 2012; Gromiha et al. 2016).  

Assumption 2) Distribution of stability effects (underlies ΔG-ER relationship) 

Theoretical studies originally approximated p(ΔΔG) by a Gaussian distribution 

based on deposited ΔΔG data for different proteins, with a mean of 1 kcal/mol and a 

standard deviation () of 1.7 kcal/mol (Zeldovich et al. 2007; Chen and Shakhnovich 

2009; Wylie and Shakhnovich 2011). However, a closer analysis with more data found 

that ΔΔGs are influenced by the wildtype protein’s ΔG. Serohijos et al. (2012) found that 

p(ΔΔG)’s mean is better described as <ΔΔG> = b1 * ΔG + b2, where b1 and b2 were 

empirically determined to be -0.13 and 0.23 kcal/mol, respectively. This ΔG-ΔΔG 
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anticorrelation is critical for recovering the MAH-expected ΔG-ER correlation, and thus 

the overall A-ER anticorrelation in simulations (Serohijos et al. 2012).  

Equation 23 

𝑝(ΔΔ𝐺[Δ𝐺]) =
1

√2𝜋σ2
exp [−

(ΔΔ𝐺 − [b1Δ𝐺 + b2])
2

2σ2
] 

We adopt the convention that more stable proteins have more negative ΔG values. Thus, 

ΔΔG < 0 refers to a stabilizing mutation. 

Probability of fixation (additional assumption of our theory) 

We define Pfix based on Kimura’s equation (Kimura 1962). 

Equation 24 

𝑃fix(𝑠) =  
1 − 𝑒−2𝑠

1 − 𝑒−2Ne𝑠
 

Kimura’s equation describes monoclonal populations evolving with an effective 

population size of Ne. The condition of monoclonality, Ne0 << 1, where 0 is the 

mutation rate per amino acid sequence, has been shown to be satisfied for many 

organisms (Lynch and Conery 2003).  

Closed-form evolutionary rate expression as a function of abundance  

We define ER for a given protein based on the relative number of amino acid 

changes between itself and an orthologous protein (Zhang and Yang 2015).3  

 
3 We do not define ER with respect to DNA sequences to avoid complications surrounding synonymous 

mutations being neutral (Wall et al. 2005; Zhou et al. 2010; Jacobs and Shakhnovich 2017; Bhattacharyya 

et al. 2018). 
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Equation 25 

𝐸𝑅 = 
𝑁subs

𝐿
 

Nsubs is the number of amino acid substitutions and L is the alignment length of the two 

proteins.  

The challenge in calculating ER is its inherent stochasticity. Beneficial mutations 

may be unlucky and not fix, while highly destabilizing mutations may beat the odds and 

fix by random chance. We first calculate the average ER at a given moment in time to 

smooth over the stochasticity. We express the average Nsubs at a given moment in time t 

by the normalized sum over probabilities that a single mutation fixes in the population 

(Pfix) over all possible single mutations (Nt
sample). This averaging approach smooths over 

the stochasticity involving mutation fixation. 

Equation 26 

〈𝐸𝑅𝑡〉 =
〈𝑁𝑡

subs〉

𝐿
 

=
1

𝐿

1

𝑁𝑡
sample

∑ 𝑃fix
𝑁𝑡
sample

𝑖

(𝑠𝑖) 

Equation 26 is still general and could be used with any selection coefficient. We 

now narrow down Equation 26 by having s dependent only on protein stability. We refine 

the summation term to be over stability effects (ΔΔG) or equivalently an integral over the 

ΔΔG probability distribution, assuming ΔΔGs are well sampled. Based on our 

investigation in the previous section, the time dependence comes into play by considering 

all possible ΔG states of the protein at time t. 
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Equation 27 

〈𝐸𝑅𝑡〉 =
1

𝐿

1

𝑁𝑡
state ∑

1

Nsample
∑ 𝑃fix(𝑠[Δ𝐺𝑗 , ΔΔ𝐺𝑘])

Nsample

ΔΔ𝐺𝑘

𝑁𝑡
state

Δ𝐺𝑗

 

=
1

𝐿
∫ 𝑑(Δ𝐺)
0

−∞

𝑃𝑡(Δ𝐺)∫ 𝑑(ΔΔ𝐺)𝑃fix(𝑠[Δ𝐺, ΔΔ𝐺])𝑝(ΔΔ𝐺[Δ𝐺])
∞

−∞

  

Normalization terms, Nt
state and Nsample, get subsumed by their respective probability 

distributions, Pt(ΔG) and p(ΔΔG). 

We can take advantage of our analytical expression for P(ΔG) at steady state (ss) 

(Equation 17) to estimate <ER>, the average evolutionary rate across time, by 

multiplying <ERss> by a scaling constant Natts.  

Equation 28 

〈𝐸𝑅〉 ≈ 𝑁atts〈𝐸𝑅ss〉 

=
𝑁atts

𝐿
∫ 𝑑(Δ𝐺)
0

−∞

𝑃ss(Δ𝐺)∫ 𝑑(ΔΔ𝐺)𝑃fix(s[Δ𝐺, ΔΔ𝐺])𝑝(ΔΔ𝐺[Δ𝐺])
∞

−∞

 

This approximation is key to getting an expression that we can compare to ER 

data. Natts is the number of attempted Nsamples throughout evolution. It will prove to be the 

only parameter with no experimental measurement because it is difficult to go back in 

time to determine when steady state is reached for a given protein. However, it will be 

shown to be a multiplicative constant of our final ER expression, thus not altering 

correlation coefficients to assess its applicability to experimental A, ER data. 

We can analytically solve Equation 28 by first using the method of steepest 

descent to approximately solve the ΔΔG integral.  
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Equation 29 

〈𝐸𝑅〉 =
𝑁atts

𝐿𝑍
∫ 𝑑(Δ𝐺)
0

−∞

𝑃ss(Δ𝐺)∫ 𝑑(ΔΔ𝐺)𝑃fix(𝑠(Δ𝐺, ΔΔ𝐺))𝑝(Δ𝐺, ΔΔ𝐺)
∞

−∞

 

≈
𝑁atts

𝐿𝑍

1

Ne
∫ 𝑑(Δ𝐺)
0

−∞

𝑃ss(Δ𝐺)√
2𝜋

𝑔′′(ΔΔ𝐺 = 0)
𝑒−〈ΔΔ𝐺〉

2/(2σ2) 

To further progress, we treat the second derivative term as a constant and expand 

the exponent around ΔG = ΔGopt to first order in ΔG. 

Equation 30 

〈𝐸𝑅〉 ≈
𝑁atts

𝐿𝑍

1

Ne
√

2𝜋

𝑔′′(ΔΔ𝐺 = 0)
∫ 𝑑(Δ𝐺)
0

−∞

𝑃ss(Δ𝐺)(𝑒
−(b1Δ𝐺

opt+b2)
2/(2σ2)

−
b1
2

σ2
Δ𝐺𝑒−(b1Δ𝐺

opt+b2)
2/(2σ2)) 

=
𝑁atts

𝐿𝑍

1

Ne
√

2𝜋

𝑔′′(ΔΔ𝐺 = 0)
𝑒−(b1Δ𝐺

opt+b2)
2/(2σ2) (𝑍 − ∫ 𝑑(Δ𝐺)

0

−∞

𝑃ss(Δ𝐺)
b1
2

σ2
Δ𝐺) 

We can solve the remaining integral by the fundamental theorem of calculus 

because (ln Pss(ΔG))’~ 2b1* ΔG/2. 

Equation 31 

〈𝐸𝑅〉 ≈
𝑁atts

𝐿𝑍

1

Ne
√

2𝜋

𝑔′′(ΔΔ𝐺 = 0)
𝑒
−
(b1Δ𝐺

opt+b2)
2

2σ2 (𝑍

−∫ 𝑑(Δ𝐺)
0

−∞

𝑃ss(Δ𝐺)
b1
2
(ln𝑃ss(Δ𝐺))

′) 

=
𝑁atts

𝐿𝑍

1

Ne
√

2𝜋

𝑔′′(ΔΔ𝐺 = 0)
𝑒−(b1Δ𝐺

opt+b2)
2/(2σ2) (𝑍 −

b1
2
𝑃ss(Δ𝐺)|−∞

0 ) 

Finally, we note that the second derivative term times the exponential term 

corresponds to the second derivative term of Pss(ΔG) if we were to apply the method of 



38 

steepest descent. Thus, we apply the ‘inverse’ method of steepest descent to obtain our 

final result and get rid of the normalization constant Z. 

Equation 32 

〈𝐸𝑅〉 ≈
𝑁atts

𝐿

1

Ne
(√

2𝜋

𝑔′′(ΔΔ𝐺 = 0)
𝑒−(b1Δ𝐺

opt+b2)
2/(2σ2) −

b1
2𝑍
∫ 𝑑(Δ𝐺)
0

−∞

𝑃ss(Δ𝐺)) 

=
𝑁atts

𝐿

1

Ne
(√

2𝜋

𝑔′′(ΔΔ𝐺 = 0)
𝑒−(b1Δ𝐺

opt+b2)
2/(2σ2) −

b1
2
) 

 Another approach we could have taken to get an analytical expression for <ER> 

is to do the method of steepest descent in two dimensions: ΔG and ΔΔG. The advantage 

of our current approach is that the normalization of Pss(ΔG) is removed from our final 

expression. Z is tricky to work with because we cannot solve for it analytically and it 

depends on the abundance.  

 We now begin to evaluate g’’(ΔΔG). 

Equation 33 

𝑔′′(ΔΔ𝐺 = 0) = −
1

σ2
+

∂

∂ΔΔ𝐺
{
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
}|

{ΔΔG=0}

 

 The challenge of evaluating g’’(ΔΔG = 0) lies the second term in Equation 33. 

Equation 34 

∂

∂ΔΔ𝐺
{
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
}

= −(
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
)

2

+
1

𝑃fix
∂2𝑃fix

∂𝑠2
(
∂𝑠

∂ΔΔ𝐺
)
2

+
1

𝑃fix
∂𝑃fix

∂𝑠

∂2𝑠

∂ΔΔ𝐺2
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 Instead of explicitly evaluating Equation 34, we evaluate second derivatives at 

ΔΔG = 0 in terms of first derivatives at ΔΔG=0. This approach yields the following two 

identities, 

Equation 35 

∂2𝑃fix

∂𝑠2
|

{ΔΔG=0}

=
2

3
(−3 +

2

Ne
+Ne) ≈

2

3

1

𝑃fix

∂𝑃fix

∂𝑠
|

{ΔΔG=0}

 

∂2𝑠

∂ΔΔ𝐺2
|
{ΔΔG=0}

= β
∂𝑠

∂ΔΔ𝐺
|
{ΔΔG=0}

 

Inserting these identities into Equation 34 evaluated at ΔΔG = 0, 

Equation 36 

∂

∂ΔΔ𝐺
{
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
}|

{ΔΔG=0}

= {−(
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
)

2

+
2

3
(
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
)

2

+
β

𝑃fix

∂𝑃fix
∂𝑠

∂𝑠

∂ΔΔ𝐺
}|

{ΔΔG=0}

 

= {−
1

3
(
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
)

2

+
β

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
}|

{ΔΔG=0}

 

 To finally evaluate Equation 36 in terms of protein properties, we take 

advantage of the condition that the integrand is indeed maximized at ΔΔG=0 

(g’(ΔΔG=0)=0), as is required by applying the method of steepest descent in this manner.  
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Equation 37 

𝑔′(ΔΔ𝐺 = 0) = −
ΔΔ𝐺 − 〈ΔΔ𝐺〉

σ2
|
{ΔΔG=0}

+
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
|

{ΔΔG=0}

 

0 =
b1Δ𝐺

opt + b2
σ2

+ Ne (
Ne − 1

Ne
) (−cβ𝐴tot𝑒βΔ𝐺

opt
) 

We approximate Ne-1 as Ne since the effective population size of many organisms is very 

large (Table 1). Then, we expand <ΔΔG> as b1ΔGopt + b2 and express Equation 37 in 

terms of ΔGopt. 

Equation 38 

0 =
b1Δ𝐺

opt + b2
σ2

− cβNe𝐴
tot𝑒βΔ𝐺

opt
 

→ Δ𝐺opt = −
b2
b1
−
1

β
𝑊 [
cβ𝐴totNeσ

2𝑒−βb2/b1

−b1
] 

W is the Lambert W function, also known as the product logarithm. We can check the 

accuracy of Equation 38 by first numerically solving the integral involving g(ΔΔG) over 

ΔΔG in Equation 9 and then taking the minimum value of the integral along the three 

dimensional surface (blue points in Figure 11). Those points correspond to the smallest 

ERs that can fix for a protein with given Atots and ΔGopts, where ΔΔG = 0. We find good 

agreement between our analytical expressions and numerical results (Figure 12). 
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Figure 11: Dependence of wildtype folding free energy (ΔGopt) and total abundance under the protein misfolding 

avoidance hypothesis. The three-dimensional surface is obtained by numerically solving the integral = 

∫ 𝑑(𝛥𝛥𝐺)𝑃fix𝑝(𝛥𝛥𝐺)
∞

−∞
 with parameter values listed in Table 1 and Ne = 107. For clarity, integral values were 

multiplied by Ne and those greater than two are cut off. This figure is the same ‘molecular clock surface’ presented in 

Serohijos et al. (2013). 

 

Figure 12: Our analytical expression between ΔGopt and Atot (red line) aptly capture numerical results at optimal 

integral values (blue points in Figure 11). 
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With Equation 38, we can now explicitly evaluate Equation 36 as 

Equation 39 

∂

∂ΔΔ𝐺
{
1

𝑃fix
∂𝑃fix

∂𝑠

∂𝑠

∂ΔΔ𝐺
}|

{ΔΔG=0}

= −
1

3
(
b1Δ𝐺

opt + b2
σ2

)

2

+ β
b1Δ𝐺

opt + b2
σ2

 

 This finally leads us to evaluating our <ER> expression (Equation 32) as, 

Equation 40 

〈𝐸𝑅〉 =
𝑁atts

𝐿

1

Ne

(

 
 
−

b1

2
+

𝑒−〈ΔΔ𝐺〉
2/(2σ2)

√1 +
〈ΔΔ𝐺〉2

3σ2
+ β〈ΔΔ𝐺〉

(Δ𝐺 = Δ𝐺opt)

)

 
 

 

 By utilizing the result that (ln Pfix)'|ΔΔG=0 = - (b1ΔGopt + b2)/2 (Equation 38), we 

can cast Equation 40 only in terms of Atot. 

Equation 41 

〈𝐸𝑅〉 ≈
𝑁atts

𝐿

1

Ne
(

 −
b1
2
+

𝑒−(𝐴
tot𝑌)2/2

√1 +
1
3
(𝐴tot𝑌)2 + 𝐴tot𝑌βσ)

  

Y is a dimensionless parameter that indirectly depends on abundance through ΔGopt. 

Equation 42 

𝑌 =
b1Δ𝐺opt + b2

σ2
σ

𝐴tot
 = cβNeσ𝑒

βΔ𝐺opt
 

 Figure 13 shows that our expression (Equation 41) is fairly accurate when 

compared with the exact numerical solution. 
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Figure 13: Our analytical expression (red line) aptly captures numerical results. Parameter values are listed in Table 

1. Natts/L was set to Ne, and Ne = 107. 

Just as when finding an analytical expression for Pss(ΔG) (Equation 14), we can 

find the corresponding analytical expression for <ER> as a function of Atot under FDH 

because the selection coefficients are proportional in the b/(Atot*kcat/KM) << 1 limit. The 

overall expression is the same as that of Equation 41 except the expression for ΔGopt 

changes, making the Y parameter different between FDH and MAH. 

Equation 43 

Δ𝐺FDH,opt = −
b2
b1
−
1

β
𝑊 [

cβbNeσ
2𝑒−βb2/b1

−𝐴tot (k
cat

KM⁄ )b1
] 

In the next section, we will not pursue whether experimental trends follow FDH 

predictions. Although kcat has been measured for more than a 100 E.coli proteins (Davidi 
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et al. 2016), the b parameter means largely unknown. We are only aware of one other 

study besides our research group’s work on folA (Bershtein, Serohijos, et al. 2015), that 

has determined the value of b experimentally (Jiang et al. 2013). If b was estimated to be 

roughly constant, FDH would predict a positive A-ER correlation, in complete contrast to 

what is experimentally observed. Thus, for FDH to have a chance at accurately capturing 

the A-ER anticorrelation observed across organisms’ proteomes, b would have to vary 

between proteins. However, we currently have very limited experimental data to 

investigate this point. 

Misfolding avoidance could underly proteome-wide trends 

Despite the lack of ΔG data, with Equation 41 we can assess whether MAH is 

consistent with experimental data by analyzing the A-ER relationship. By taking 

advantage of the ΔG distribution being at steady state for timescales at which the A-ER 

correlation is usually studied (> 10 million years, Equation 18), Equation 41 calculates 

the number of mutations that fix while still maintaining steady-state on average (Equation 

28). This is consistent with the neutral theory of molecular evolution (Kimura 1968; 

Koonin 2009; Zhang 2010), where we have quantitatively characterized neutral mutations 

based on biophysical parameters. It is worth emphasizing that our theory does not simply 

capture mutations that are only neutral. Beneficial mutations are accounted for within our 

framework but do not dictate trends at the steady state condition of mutation-selection 

balance because they are cancelled out by equally detrimental mutations that fix, making 

<ΔΔG>=0 (Figure 14) (Sella and Hirsh 2005; Mustonen and Lässig 2009; Serohijos and 

Shakhnovich 2014). 
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Figure 14: The ΔΔG distribution of fixing mutations (∫ 𝑑(𝛥𝐺)𝑃fix(𝛥𝐺, 𝛥𝛥𝐺)𝑝(𝛥𝛥𝐺)

∞

−∞
𝑃𝑡(𝛥𝐺)) reaches mutation-

selection balance at 108/µ timesteps and is centered at ΔΔG=0. The left graph has an initial condition of Pt=0(ΔG=-7 

kcal/mol); the right graph, Pt=0(ΔG=0 kcal/mol). Parameter values are the same as those in Table 1 for MAH with Ne 

= 107 and Atot = 100. 

We analyze A and ER data from E.coli, S.cerevisiae and H.sapiens deposited in 

the ProteomeVis database (Razban et al. 2018). Note that experiments typically measure 

soluble abundance (A), while our expression is for total abundance (Atot). Because almost 

all proteins have ΔG < -3 kcal/mol at room temperature (Zeldovich et al. 2007; Ghosh 

and Dill 2009), Pnat is very close to 1 and thus Atot and A are interchangeable. All 

parameters in Equation 41 are experimentally known except for Natts (Table 1). Although 

Natts is protein dependent, Natts/L is arguably protein independent because longer proteins 

have more attempted mutations - Natts  L. Since correlations are unaffected by 

multiplicative constants, the exact value of Natts/L is irrelevant in assessing MAH 

accuracy in this manner. 
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Figure 15: Our linearly fitted analytical expression, called MAH theory (red line), captures experimental trends for 

three organisms’ proteomes at least just as well as an empirical power-law fit (blue line). r refers to the Pearson 

correlation between predicted and experimental evolutionary rate, in parenthesis is the p-value. ρA,ER refers to the 

Spearman correlation between abundance and evolutionary rate, in parenthesis is the p-value. n refers to the number 

of proteins with abundance and evolutionary rate data, in parenthesis is the percentage of the proteome n captures. We 

only present the mean of binned datapoints for clarity; however, correlations are calculated by considering all 

datapoints.  

From Figure 15, we see that MAH predicted evolutionary rates (Equation 41) 

capture overall proteome-wide A-ER trends. Pearson correlations between predicted 

evolutionary rates and experimental evolutionary rates are significant for all three 

organisms’ proteomes tested (Figure 15). The correlation is strongest for S.cerevisiae, 

which is a result of its strong A-ER correlation. Likewise, the correlations for E.coli and 

H.sapiens are weaker because of the weaker A-ER correlation. The predictive power of 

our theory is limited by the A-ER correlation because A is the only variable on the right 

hand side Equation 41. 

For reference, we compare MAH theory (red line) to a power-law fit (blue line in 

Figure 15), the best known empirical relationship between A and ER (Drummond et al. 

2005). MAH theory has equivalent (E.coli and H.sapiens) or slightly better (S.cerevisiae) 

Pearson correlations than that of the power-law fit when including all datapoints in the 

correlation calculation. Matching correlation coefficients with empirical fits indicate that 
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the underlying physics of MAH could explain the universal A-ER correlation. Still, the 

corresponding curves are not identical and we are not aware of a way to mathematically 

reduce the MAH theory A-ER expression to a power-law form. Comparing best-fit 

curves, MAH theory always predicts larger ERs compared to a power-law fit for E.coli 

and H.sapiens proteins (red line above blue line in Figure 15). For S.cerevisiae, the trend 

is not as clear. For intermediate abundances, MAH theory predicts larger ERs; however, 

for small or large abundances, MAH theory predicts smaller ERs than those predicted by 

a power-law fit. When comparing with binned data, MAH theory is able to capture the 

non-linearity in mean ER across A bins in a log-log plot that a power-law fit cannot 

capture by definition (Figure 15). 

Through abundance and ER data, we find that MAH could be true given that 

trends are consistent with an analytical relationship between the two variables under 

MAH. In the next chapter, we will further use predicted analytical relationships between 

protein properties to quantitively determine whether a proxy for ΔG, called melting 

temperature, can take its place to assess MAH. Our analytical relationships enable us to 

test the control that if MAH is perfectly true, i.e. r(A, ΔG) ~ -1 and r(ΔG, ER) ~ 1 (Figure 

1), what would be the corresponding correlations with melting temperature? 
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Chapter III. 

Melting temperature as a proxy for folding free energy 

Proteome-wide data has opened the door for testing complicated hypotheses that 

were once thought limited to in silico verification. This last decade witnessed a 

breakthrough in proteome-wide Tm measurements. Starting with studies laying the 

groundwork (Molina et al. 2013; Feng et al. 2014), large scale Tm measurements are now 

possible by coupling some form of proteolysis with mass spectrometry (Leuenberger et 

al. 2017; Becher et al. 2018; Mateus et al. 2018; Jarzab et al. 2020). This culminated most 

recently in proteome Tm measurements across 13 organisms (Jarzab et al. 2020)! 

The advent of proteome-wide stability measurements provides an exciting 

opportunity to more conclusively test MAH. Leuenberger et al. (2017) demonstrated that 

MAH is validated when binning their proteome-wide data for E.coli. A more careful 

study treating each protein as a data point found a very weak correlation in support of the 

first-half of MAH: more abundant proteins are more stable for E.coli (Plata and Vitkup 

2017). However, no Tm-ER correlation was exhibited. Furthermore, when they analyzed 

data from 3 other proteomes, none exhibited either of the two MAH-expected 

correlations (Plata and Vitkup 2017).  

Before rushing to declaring MAH invalid with the data at hand, it is important to 

consider the difference between the two protein stability metrics. MAH assumes that ΔG 

underlies the A-ER correlation, not Tm. In general, just because x is correlated with y and 

y is correlated with z, does not mean that x is correlated with z. In other words, 

correlations are not transitive (Langford et al. 2001; Ellenberg 2014). Langford et al. 



 

49 

(2001) derived a relationship for the possible values of the Pearson correlations (r) 

between x and z (rxz), given that rxy and ryz are known, to be as follows. 

Equation 44 

𝑟𝑋𝑌𝑟𝑌𝑍 − √(1 − 𝑟𝑋𝑌
2 )(1 − 𝑟𝑌𝑍

2 ) ≤ 𝑟𝑋𝑍 ≤ 𝑟𝑋𝑌𝑟𝑌𝑍 +√(1 − 𝑟𝑋𝑌
2 )(1 − 𝑟𝑌𝑍

2 ) 

Utilizing Equation 44 to determine ΔG correlations from corresponding Tm 

correlations, we find that ranges in possible ΔG correlations are very large (Figure 16). 

We conclude that we cannot make any statement on the accuracy of MAH just based on 

Tm correlations alone, since resulting ΔG correlations could just as well be positive or 

negative across the E.coli, S.cerevisiae and H.sapiens proteomes. However, Equation 44 

does not account for any potential mathematical relationship between Tm and ΔG. For 

example, if Tm and ΔG were linearly related, then correlations involving Tm, have a direct 

one-to-one correspondence to correlations involving ΔG. We now commence to more 

carefully study the range in resulting ΔG correlations by considering the mathematical 

expression between ΔG and Tm according to statistical mechanics. 
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Figure 16: Wide ranges of Pearson correlation coefficients for ln -ΔG with ln A and ln ER from corresponding Tm 

correlations with ln A and ln ER demonstrate that Tm measured by Leuenberger et al. (2017) cannot assess the protein 

misfolding avoidance hypothesis. Ranges are obtained by evaluating Equation 44 with r(Tm, ln -ΔG) = 0.75 from 

Supplementary Figure 1a, and r(Tm, ln A) and r(Tm, ln ER), which are represented as dots, taken from Figure 1 and 2, 

respectively, of Plata and Vitkup (2017). Although r(Tm, ln -ΔG) is reported in Plata and Vitkup (2017), r(Tm, -ΔG) = 
0.76 is essentially identical to r(Tm, ln -ΔG) = 0.75. Therefore, ranges illustrated for r(ln -ΔG, ln A) and r(ln -ΔG, ln ER) 

are essentially identical to ranges for r(ln A, -ΔG) and r(-ΔG, ln ER) when r(Tm, -ΔG) is employed. 

Mathematical relationship between stability metrics 

Under the experimentally validated assumption that the change in heat capacity at 

constant pressure (ΔCp) is independent of temperature during protein folding, Becktel and 

Schellman (1987) derived a relationship between Tm and ΔG in terms of ΔCp and the 

change in enthalpy (ΔHm) at Tm, using the Gibbs-Helmholtz equation. 

Equation 45  

∆𝐺 = −∆𝐻m (1 −
T

𝑇m
) + ∆𝐶p (𝑇m − T + T ln

T

𝑇m
) 
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As seen in Equation 45, the dependence between ΔG and Tm involves two other 

protein-specific variables – ΔHm and ΔCp. In general, no simple monotonic relationship 

exists between ΔG and Tm. We find a weakly significant ΔG-Tm correlation r = -0.36 (p-

value = 0.02) when taking the Tm, ΔHm and ΔCp reported for 43 proteins in Rees and 

Robertson (2001) Table 1A and calculating ΔG according to Equation 45 (Figure 18A). 

As an attempt to obtain a simpler ΔG–Tm relationship that is physically 

motivated, we approximate Equation 45 by writing Tm = T + δm and Taylor expanding to 

first order around δm/T = 0. The approximation is not drastic because temperatures in 

Equation 45 are in Kelvin (T~300 K) and proteins have a mean stability of 333 K 

(Robertson and Murphy 1997), making δm/T << 1. 

Equation 46 

∆𝐺 = −∆𝐻m (1 −
T

T + 𝛿m
) + ∆𝐶p (𝛿𝑚 + T ln

T

T + 𝛿m
) 

= −∆𝐻m (1 − [1 +
𝛿m
T
]
−1

) + ∆𝐶p (𝛿𝑚 − T ln [1 +
𝛿m
T
]) 

≈ −∆𝐻m (1 − [1 −
𝛿m
T
]) + ∆𝐶p (𝛿𝑚 − T [

𝛿m
T
]) 

= −∆𝐻m
𝛿m
T
= −∆𝐻m

𝑇m − T

T
 

Equation 46 demonstrates that ΔCp can be neglected to first order in δm/T. When fitting 

ΔG to the right hand side of Equation 46 (which we define as x1) with the Rees and 

Robertson (2001) Table 1A dataset, we find r = 0.91 (2E-17) with a best-fit line of ΔG = 

0.43* x1 - 5.9 kJ/mol (Figure 18B). If Equation 46 is perfectly valid, ΔG = 1*x1 + 0. We 

reason that the imperfection is a result of the δm/T << 1 approximation. When only 

considering half the dataset with lower Tm, Equation 46 holds stronger with r(x1, ΔG) = 
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0.95 (5E-11) and a best-fit line of ΔG = 0.61*x1 + 0.08 kJ/mol. The slope in this case is 

closer to one and the intercept is nearly zero because the δm/T << 1 approximation is less 

severe for proteins with lower Tm. 

Although Equation 46 is simpler than Equation 45, Equation 46 still does not 

guarantee a monotonic relationship between Tm and ΔG because in the equation, ΔG still 

depends on one other protein property besides Tm – ΔHm. Moreover, ΔG cannot be 

evaluated explicitly because proteome-wide ΔHm values are currently unknown.4 A 

previous study found ΔH and ΔCp to scale with the number of residues (N) in a protein 

(Robertson and Murphy 1997) at 333 K, where ΔH(T=333K) = 2.92*N kJ/mol and ΔCp = 

0.058*N kJ/mol. Thus, ΔHm = ΔH(T=333K) + ΔCp (Tm - 333K) = 2.92*N + 0.058*N (Tm 

- 333K). For conciseness, we will use the symbols: h = ΔH(T=333K)/N, cp = ΔCp/N and 

T’ = 333 K. 

Compact and cubic lattice proteins, the simplest model that captures contacts 

present in globular proteins that are important for assuming native conformations 

(Shakhnovich 1997), can motivate the N dependence. The energy of folded lattice 

proteins scales with the number of contacts and the number of contacts can be shown to 

scale as 2N as N approaches infinity for compact and cubic lattice proteins. Take for 

example Figure 17, a specific conformation of 3*3*3 lattice protein. 

 
4 ΔHm are technically available by Leuenberger et al. (2017) for peptides, however, they are not consistent 

with Equation 45. In fitting experimental denaturant curves, Leuenberger et al. (2017) implicitly assumes 

that ΔH is temperature independent. 



 

53 

 

Figure 17: A compact 3*3*3 lattice protein. 

A contact in a lattice protein is defined as adjacent residues not connected by the 

backbone chain. The number of contacts (n) for a cubic and compact lattice protein of 

any size can be determined by noting that residues in the lattice protein can be broken up 

into 4 types that each have a unique n (Table 2). For simplicity, we ignore the first and 

last residue of the chain in tabulating Table 2, which would have one more added contact. 

 vertex vertex-center center-core core 

Corresponding 

residues in 

Figure 17 

0, 2, 4, 8, 12, 

16, 20, 26 

1, 3, 5, 7, 9, 11, 

13, 15, 17, 19, 

21, 25 

6, 10, 14,18, 

22, 24 

23 

n 1 2 3 4 

Table 2: Summary of the four residue types and their number of contacts. 
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By deducing how the number of each residue type grows with the number of residues on 

the side (L) of a lattice protein, i.e. L=3 for Figure 17, we can write the total n for an 

arbitrary compact and cubic lattice protein as  

Equation 47 

𝑛 =
1

2
[𝑁𝑣𝑒𝑟𝑡𝑒𝑥𝑛𝑣𝑒𝑟𝑡𝑒𝑥 + 𝑁𝑣−𝑐𝑛𝑣−𝑐 + 𝑁𝑐−𝑐𝑛𝑐−𝑐 +𝑁𝑐𝑜𝑟𝑒𝑛𝑐𝑜𝑟𝑒] 

=
1

2
[8 ∗ 1 + 12(𝐿 − 2) ∗ 2 + 6(𝐿 − 2)2 ∗ 3 + (𝐿 − 2)3 ∗ 4] 

= 4 + 12(𝐿 − 2) + 9(𝐿 − 2)2 + 2(𝐿 − 2)3 

N is the total number of residues in the protein and is equal to L3 because every position 

in the lattice must be occupied by a residue, otherwise known as a Hamiltonian walk. 

Thus, n/N = 2 as N approaches infinity. 

 We assume that ΔH ~ energy of the folded lattice protein (Gin et al. 2009; Best et 

al. 2013). The N scaling for ΔCp immediately follows because ΔCp is the temperature 

derivative of ΔH.  

Inserting the ΔHm(Tm, N) relationship into Equation 46, yields 

Equation 48 

∆𝐺 ≈ −𝑁 (h + cp (𝑇m −  T′))
𝑇m − T

T
 

When fitting ΔG to the right hand side of Equation 48 (which we define as x2) with 

Rees and Robertson (2001) Table 1A, we find r = 0.80 (9E-11) with a best-fit line of ΔG = 

0.38*x2 - 9.67 kJ/mol (Figure 18C). r(x2, ΔG) is not drastically smaller than the previous r 

corresponding to Equation 46 (r = 0.91). The slight loss in accuracy is acceptable given 

that ΔG no longer depends on ΔHm and depends on N, a protein property that is known 

proteome-wide. 
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A 

 

B 

 

C 

 
Figure 18: Workflow to find a simpler equation relating ΔG and Tm starting from Equation 45. After two 

approximations (B-C), an equation currently evaluable proteome-wide while still retaining accuracy, is obtained. 
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  In principle, we could omit the first approximation altogether, and plug in N-

dependent values directly into Equation 45. When doing so, the corresponding correlation 

with ΔG is similar to that seen for r(x2, ΔG), r = 0.82 (3E-11). This makes sense because 

Equation 46 only has one protein-specific value that is approximated by N, while 

Equation 45 has two. The inaccuracy from employing N as a proxy for both ΔHm and 

ΔCp terms in Equation 45 is similar to employing N as a proxy for just ΔHm in Equation 

46, which approximates Equation 45. Besides depending less on the assumption that 

thermodynamic properties making up ΔG scale with N, we keep the first approximation 

because the resulting equation relating ΔG and Tm is simpler and has the added benefit of 

being invertible, i.e. we can write Tm as a function of ΔG (Equation 49).  

Equation 49 

𝑇m =
1

2cp
(−h+ cp(T

′ + T) +√cpT2 (cp −
4∆𝐺

𝑁
) + 2cp(h − cpT′)T + (h − cpT′)

2
) 

Limits of using melting temperature to capture folding free energy  

The scarcity of proteome-wide data on ΔG limits the ability to test key predictions 

stemming from MAH. This situation seems to have changed with the recent advance of 

proteome-wide measurements of melting temperature across four organisms 

(Leuenberger et al. 2017). Here, we assess the accuracy of Tm as a proxy for ΔG with 

respect to testing MAH. We first focus on the limit of Tm measurements perfectly 

consistent with MAH by employing our previous analytical expressions capturing the 

analytical relationship between abundance-evolutionary rate under MAH (Equation 41). 

We can write the ER expression to be a function of ΔGopt, which we henceforth refer to 

ΔGMAH, by taking advantage of the g’(ΔΔG) = 0 identity (Equation 38). 
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It is possible to invert Equation 40 such that ΔGMAH is a function of ER. Then we 

insert the ΔGMAH expression into our Tm-ΔG expression, to obtain the corresponding 

Tm
MAH. In theory, there exists no Tm

MAH values that are in better agreement with MAH 

because the ΔGMAH that Tm
MAH approximates is constructed to yield r(ln A, -ΔGMAH) ~ 1. 

We analyze the ln A–Tm
MAH correlation and find a strong MAH consistent correlation 

across all three organisms (Figure 19). Even for S.cerevisiae and H.sapiens which exhibit 

negative ln A–Tm correlations with Leuenberger et al. (2017) data (dashed lines in bar 

plots Figure 19), MAH consistent positive ln A–Tm
MAH correlations are seen. 

Additionally, we find that all three organisms demonstrate significantly negative Tm
MAH–

ln ER , despite S.cerevisiae and H.sapiens insignificant correlations with Leuenberger et 

al. (2017) data. We conclude that perfectly accurate Tm could in principle yield MAH 

consistent correlations. 
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Figure 19: Utilizing our equation for ΔGMAH, our derived Tm

MAH recovers MAH expected correlations. Corresponding 

Tm correlations have dashed lines and are derived from our curated datasets, with Tm from Leuenberger et al. (2017). X 

marks and asterisks above or below bar plots denote p-value ranges: xx<10-50, x<10-10, ***<0.001, **<0.01, *<0.05. 

In light of finding Tm
MAH correlations consistent with MAH, does the lack of 

MAH consistent correlations in the Leuenberger et al. (2017) Tm dataset indicate that 

MAH is wrong? Leuenberger et al. (2017) reported that Tm from their study had a 

Pearson correlation coefficient of 0.36 (p-value = 3E-4) with experimental Tm 

measurements listed in ProTherm for E.coli proteins. Tm in ProTherm can be assumed to 

more accurately characterize a protein’s Tm in isolation because differential scanning 

calorimetry, the standard protocol for Tm measurement (Robertson and Murphy 1997), is 

used. Tm in Leuenberger et al. (2017) employs a novel technique to measure Tm 

proteome-wide by employing limited proteolysis coupled with mass spectroscopy in cell 

extracts. The relatively low correlation between Leuenberger et al. (2017) Tm values and 
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ProTherm Tm values signifies that Equation 49 is not valid as written for Leuenberger et 

al. (2017) Tm because of measurement uncertainties. To make our previous analysis 

comparable to the Leuenberger et al. (2017) Tm dataset, we explicitly account for the 

inaccuracy in Leuenberger et al. (2017) Tm measurements by defining,  

Equation 50 

𝑇m
α = 𝑇m

MAH + α𝒩(0,1) 

Tm
α represents Leuenberger et al. (2017) Tm, Tm

MAH refers to ideally accurate Tm 

consistent with MAH as described previously, and α*N(0,1) captures the inaccuracy 

between the two variables. N(0,1) is the Normal distribution with a mean of 0 and 

variance of 1. The noise strength α modulates the variance. The added α*N(0,1) term is 

appropriate because the histogram of residuals from linearly fitting Leuenberger et al. 

(2017) Tm to ProTherm Tm resembles a Gaussian centered at 0 (Leuenberger et al. 2017), 

a general property of accurate linear relationships (Anscombe 1973). 

We can analytically solve for α in terms of r(Tm
MAH, Tm

α) starting from the 

definition of the Pearson correlation coefficient and employing properties of the 

covariance (Cov) (Rice 2007). 

Equation 51 

r(𝑇m
MAH, 𝑇m

α) =
Cov(𝑇m

MAH, 𝑇m
α)

√Var 𝑇mMAH√Var 𝑇m
α
=

Cov(𝑇m
MAH, 𝑇m

MAH + α𝒩(0,1))

√Var 𝑇mMAH√Var [𝑇mMAH + α𝒩(0,1)]
 

=
Cov(𝑇m

MAH, 𝑇m
MAH)

√Var 𝑇mMAH√Var 𝑇mMAH + α2
=

1

√1 +
α2

Var 𝑇mMAH

 

→ α = √Var 𝑇mMAH (
1

r(𝑇m
MAH, 𝑇m

α)2
− 1) 
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We write down r(ln A, Tm
α) in terms of r(ln A, Tm

MAH) and insert our analytical 

solution for α that we solved for in Equation 51.  

Equation 52 

r(ln𝐴 , 𝑇m
α) =

Cov(ln 𝐴, 𝑇m
α)

√Var ln𝐴√Var 𝑇m
α
=

Cov (ln𝐴, 𝑇m
MAH + α𝒩(0,1))

√Var ln𝐴√Var [𝑇mMAH + α𝒩(0,1)]
 

=
Cov(ln𝐴, 𝑇m

MAH)

√Var ln𝐴√Var 𝑇mMAH + α2
=
r(ln 𝐴, 𝑇m

MAH)

√1 +
α2

Var 𝑇mMAH

 

=
r(ln 𝐴, 𝑇m

MAH)

√
1 +

Var 𝑇mMAH (
1

r(𝑇mMAH, 𝑇m
α)2

− 1)

Var 𝑇mMAH

 

= r(ln𝐴, 𝑇m
MAH) r(𝑇m

MAH, 𝑇m
α) 

Inserting r(ln A, Tm
MAH) = 0.33 (Figure 19) and r(Tm

MAH, Tm
α) = 0.36 

(Leuenberger et al. 2017) for E.coli into Equation 52, yields r(ln A, Tm
α) = 0.12. Our r(ln 

A, Tm
α) for E.coli is very similar to what we find for r(ln A, Tm) = 0.13 using the 

Leuenberger et al. (2017) dataset (Figure 19). The same procedure can be applied to the 

other half of MAH to find that E.coli r(Tm
α, ln ER) = -0.16, compared to r(ln A, Tm) = -

0.09 for the Leuenberger et al. (2017) dataset. Our analysis demonstrates the possibility 

that MAH may be completely true, however the imperfect Tm–ΔG relationship and 

inaccurate Leuenberger et al. (2017) Tm values reduce the magnitude of MAH expected 

correlations.  

It would be useful to expand results for the E.coli proteome to those of 

S.cerevisiae and H.sapiens, however it is difficult to repeat this analysis for these species 

because there are few reported S.cerevisiae and H.sapiens Tm measurements in 
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ProTherm. Regardless, our approach of adding noise to Tm
MAH (Equation 52) would not 

be able to recapitulate the opposite than MAH expected ln A–Tm correlations observed 

for S.cerevisiae and H.sapiens using Leuenberger et al. (2017) Tm (Figure 19). The 

addition of noise to a perfect MAH correlate cannot explain this result because added 

noise only erases any correlation present; it cannot recreate a significant correlation in the 

opposite direction. An important assumption is that Leuenberger et al. (2017) Tm must 

actually relate to ΔG according to Equation 45. The negative ln A–Tm correlation for 

S.cerevisiae and H.sapiens could be the result of some variable confounding the Tm 

measurement, rather than disproving MAH. The only way to definitively determine if that 

is true is to have enough ProTherm Tm for the respective organism to assess the accuracy 

of Leuenberger et al. (2017)’s Tm. 

We briefly investigate whether controlling for the number of protein-protein 

interaction (PPIs) partners could significantly change correlations between protein 

properties. Another study used a similar proteome-wide method as Leuenberger et al. 

(2017) to identity protein-protein interaction partners (Tan et al. 2018), indicating that Tm 

measurements could be influenced by PPIs. We find that the number of stable protein-

protein interactions (PPIs) are right-shifted for S.cerevisiae and H.sapiens compared to 

that of E.coli (median PPI for E.coli = 8, S.cerevisiae = 16, H.sapiens = 25), consistent 

with previous reports (Reid et al. 2010; Schad et al. 2011). E.coli Tm from Leuenberger et 

al. (2017) would more likely correspond to Tm in ProTherm because cellular PPI effects 

on stability are less prevalent than in S.cerevisiae and H.sapiens. In Figure 20, we 

reanalyze the Leuenberger et al. (2017) Tm dataset by only including proteins with PPIs 

less than or equal to the median PPI found for the proteome of the respective organism, 
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hoping to recover the weakly consistent MAH correlations seen in E.coli, in S.cerevisiae 

and H.sapiens as well. However, MAH consistent correlations are not recovered for 

S.cerevisiae and H.sapiens. For E.coli, the MAH-consistent ln A–Tm correlation is 

retained, however the MAH-consistent Tm–ln ER is lost. This seems to be the result of 

E.coli proteins with more PPIs evolving slower (Razban et al. 2018).  

 
Figure 20: MAH-consistent correlations are not recovered for S.cerevisiae and H.sapiens when only considering 

proteins with PPIs less than or equal to the median value of the given organism. Asterisks above or below bar plots 

denote p-value ranges: *** <0.001, ** <0.01, *<0.05. 

Overall, our results indicate the care required to interpretate correlations involving 

proxies of variables, despite Tm and ΔG both being metrics of protein stability. A 

common misconception is that Pearson correlation coefficients are transitive: if X and Y 

positively correlate, and Y and Z positively correlate, then X and Z must also positively 

correlate (Castro Sotos et al. 2009). If we want to do better than the general equation 



 

63 

providing bounds for a variable’s correlations based on those of its proxies (Equation 44), 

we can consider their mathematical relationship. In Equation 48, we demonstrate that 

despite several reasonable approximations, we cannot derive an accurate relationship that 

has ΔG and Tm linearly related. Instead, there is one other additional protein variable 

confounding the relationship between the two stability metrics.5 Inserting the values into 

the corresponding equations and accounting for current inaccuracies in measuring Tm 

proteome-wide (Equation 52), we conclude that proteome-wide Tm measurements are not 

accurate enough to assess MAH.6  

 

 
5 This additional variable becomes approximately constant when comparing stabilities only among protein 

orthologs because protein structures of orthologs are highly similar. Thus, we are justified in linearly 

transforming Tm into ΔG for folA orthologs in Chapter 1. 
6 This chapter is a slightly modified version of Razban (2019) published in Molecular Biology and 

Evolution and has been reproduced here with the permission of the copyright holder. 
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Chapter IV. 

Single mutants have Gaussian distributed folding free energies 

When calculating all possible single mutant stability effects (ΔΔG7) using FoldX 

(Guerois et al. 2002) – a fast and relatively accurate computational software that requires 

a Protein Data Bank (PDB) structure (Berman et al. 2000) – Tokuriki et al. (2007) made a 

curious observation. Across the 16 natural proteins studied, they found each ΔΔG 

distribution to take a universal bi-Gaussian form. They also pooled available 

experimental data and verified that this result was not an artifact of computational 

software and seemed to reflect reality (Tokuriki et al. 2007). A further study extended 

this initial observation across 5 organisms’ proteomes, finding that the same universal bi-

Gaussian form to hold generally for mesophilic proteomes (Faure and Koonin 2015). 

In light of the Introduction, the universality of the ΔΔG distribution is critical to 

the makeup of the protein misfolding avoidance hypothesis and understanding protein 

evolution across the proteome. As summarized in Figure 1 and mathematically modelled 

in Equation 23, ΔΔGs sampled throughout evolution are assumed to follow a Gaussian 

form with a mean dependent on its current protein folding free energy. Computational 

results (Tokuriki et al. 2007; Faure and Koonin 2015) and limited experimental data 

(Tokuriki et al. 2007; Zeldovich et al. 2007) seem to support a Gaussian form for the 

ΔΔG distribution. However, a mechanistic understanding for the universality is lacking 

 
7 In this thesis chapter, stating ‘ΔΔG’ always refers more broadly to all possible single mutant ΔΔGs 
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In this chapter, we apply first principles statistical mechanics to understand how a 

universal Gaussian form can arise to capture ΔΔG distributions despite the unique 

sequence and structure of individual proteins. We derive that per residue position ΔΔG 

distributions are accurately approximated by Gaussians with means and variances shaped 

by their local (in space) sequence and structure. Our derivation elucidates that the large 

number of amino acid types is responsible for the Gaussian being a good approximation, 

unlike previous arguments in the field which relied on the large number of pairwise 

contact energies making up protein folding free energy (Shakhnovich and Gutin 1990; 

Tiana et al. 2001). Indeed, we show that our derivation applies almost equally as well to 

those residues with fewer contacts for previously studied computational data on 16 

proteins (Tokuriki et al. 2007) and for newly released experimental data on a protein G 

domain (Nisthal et al. 2019). 

Statistical mechanics of stability effects 

We solve for the distribution of stability effects for a given residue position by 

first applying a continuous spin approximation to obtain the partition function of stability 

effects (England and Shakhnovich 2003) and then employing an inverse Laplace 

transform over inverse temperature to proceed from the partition function to the density 

of states (Horwitz 1983). 

Protein folding free energy expression 

The free energy of the protein (ΔG) is approximated as the sum over individual 

contact energies (Gō 1983). It assumes that two-body interactions in the native state make 

dominant contributions to protein stability. 
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Equation 53 

∆𝐺 ≈
1

2
∑𝐶𝑖𝑗𝑉𝑠(𝑖)𝑠(𝑗)

N

𝑖,𝑗

 

=
1

2
𝝈𝑇𝑼𝝈 

N is the number of amino acids in the protein. C is a N*N contact matrix whose 

elements can only take values of 1 (two residues spatially close in proximity, or in 

contact) or 0 (not in contact). V is a M*M interaction matrix, where M is the number of 

amino acid types (M = 20 standard amino acids), and an element of V is the pairwise free 

energy of two specific amino acids when they are in contact. The symbol s refers to the 

wildtype sequence; s(i) refers to the amino acid of position (i). 

Integrals will be simpler to perform with matrices, thus the rewrite of the 

summation by the equivalent matrix multiplication in the second line of Equation 53. σ is 

a NM dimensional vector, where M is the number of amino acid types. Each N block of σ 

has M elements, in which one element is equal to one while the other M − 1 elements are 

equal to zero. The index of the non-zero element sets the amino acid type. U is the 

Kronecker product (Laub 2005) between C and V (C ⊗ V), making U a NM ∗ NM 

dimensional matrix.  

In principle, V can capture residue-residue interactions, as well as energetic and 

entropic solvent effects (Miyazawa and Jernigan 1996). Equation 53 is still an 

approximation because terms such as the unfolded state and conformational entropy are 

not taken into account. We point out at the end of this section that the final form of the 

distribution is robust to the exact definition of ΔG as long interactions are one- or two-

body in σ. 
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Since we are interested in single mutant effects at a position (i), we want ∆∆G(i) = 

∆Gmut,(i) − ∆Gwt. We split up σ and U into the following blocks, 

Equation 54 

𝝈 = [

𝝈(𝒂)
𝜎(𝑖)
𝝈(𝒛)

]   𝑼 = [

𝑼(𝒂,𝒂) 𝑼(𝒂,𝑖) 𝑼(𝒂,𝒛)
𝑼(𝑖,𝒂) 𝟎(𝑖,𝑖) 𝑼(𝑖,𝒛)
𝑼(𝒛,𝒂) 𝑼(𝒛,𝑖) 𝑼(𝒛,𝒛)

] 

σ(a) corresponds to all σs numbered before position (i); σ(z), after position (i). U(i,i) = 

0(i,i) is a M ∗ M dimensional zero matrix because the contact matrix has zeros along the 

diagonal. In other words, residues cannot be in contact with themselves. In addition, U is 

symmetric because C and V are symmetric by definition.  

We commence to write the free energy (Equation 53) in terms of the defined 

matrix blocks,  

Equation 55 

Δ𝐺 =
1

2
(𝝈(𝒂)
𝑇 𝑼(𝒂,𝒂)𝝈(𝒂) + 2𝜎(𝑖)

𝑇 𝑼(𝑖,𝒂)𝝈(𝒂) + 2𝝈(𝒛)
𝑇 𝑼(𝒛,𝒂)𝝈(𝒂) + 2𝜎(𝑖)

𝑇 𝑼(𝑖,𝒛)𝝈(𝒛)

+ 𝝈(𝒛)
𝑇 𝑼(𝒛,𝒛)𝝈(𝒛)) 

Using Equation 55, ∆∆G(i) can be compactly expressed as, 

Equation 56 

∆∆𝐺(𝑖) = 𝜎mut,(𝑖)
𝑇 𝑼(𝑖,𝒂)𝝈(𝒂) + 𝜎mut,(𝑖)

𝑇 𝑼(𝑖,𝒛)𝝈(𝒛) − ∆𝐺wt,(𝑖) 

= 𝜎̇mut,(𝑖)
𝑇 𝑼̇(𝑖,𝒂)𝝈(𝒂) + 𝜎̇mut,(𝑖)

𝑇 𝑼̇(𝑖,𝒛)𝝈(𝒛) − ∆𝐺wt,(𝑖) 

Terms not involving (i) cancel because they are the same across mutant and wildtype. We 

also reduce σ(i) to only include amino acids that are non-wildtype in the second line of 
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Equation 56; σ̇(i) refers to a M-1 dimensional vector that does not include the wildtype 

amino acid. The same notation applies for 𝐔̇. 

Partition function 

We first transform the summation into an integral over σ̇mut,(i) space, picking out 

terms that correspond to amino acid types with Dirac delta functions. 

Equation 57 

𝑍(𝑖)(𝛽) = ∑ 𝑒−𝛽∆∆𝐺(𝑖),𝑚

M−1

𝑚

 

= ∫ 𝑑M−1𝜎̇mut,(𝑖)

∞

−∞

{∑ 𝛿(𝜎̇mut,(𝑖),𝑚 − 1)∏𝛿(𝜎̇mut,(𝑖),𝑛)

M−2

𝑛≠𝑚

M−1

𝑚

} 𝑒−𝛽∆∆𝐺(𝑖)  

The integral in the second line exactly corresponds to the discrete sum. That integral, 

however, is not analytically solvable, so we approximate each delta function with a 

corresponding Gaussian distribution with variance v (Piela 2013). We call this the 

continuous spin approximation. 

Equation 58 

𝑍(𝑖)(𝛽) ≈ ∫ 𝑑M−1𝜎̇mut,(𝑖)

∞

−∞

{∑ exp (−
1

2v
[𝜎̇mut,(𝑖),𝑚

M−1

𝑚

− 1]
2
)∏ exp (−

1

2v
𝜎̇mut,(𝑖),𝑛
2 )

M−2

𝑛≠𝑚

} 𝑒−𝛽∆∆𝐺(𝑖) 

= ∫ 𝑑M−1𝜎̇mut,(𝑖)

∞

−∞

{exp [−
𝜎̇mut,(𝑖)
𝑇 𝜎̇mut,(𝑖)

2v
] exp [−

1

2v
]∑ exp (

𝜎̇mut,(𝑖),𝑚
v

)

M−1

𝑚

} 𝑒−𝛽∆∆𝐺(𝑖) 
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If the variance approaches zero, then approximating the delta functions as 

Gaussians is accurate (Piela 2013). To test whether this approximation holds here, we 

write out the variance when referring to a single amino acid, 

Equation 59 

v = 〈𝜎̇mut,(𝑖)
2 〉 − 〈𝜎̇mut,(𝑖)〉

𝟐 

=
1

M − 1
∑ 𝜎̇mut,(𝑖),𝑚

2

M−1

𝑚

− (
1

M − 1
∑ 𝜎̇mut,(𝑖),𝑚

M−1

𝑚

)

𝟐

 

=
1

M − 1
−

1

(M − 1)2
 

For the standard set of amino acids, M = 20 is large enough such that the variance 

approaches zero. Thus, applying the continuous spin approximation is validated. 

To numerically substantiate the claim that qualitative accuracy is not lost by 

applying the continuous spin approximation, we calculate Z(i) exactly (Equation 57) and 

under the continuous spin approximation (Equation 58) for a designed 64mer lattice 

protein (Venev and Zeldovich 2015). We find that the exact and approximate Z(i) are 

significantly correlated across its 64 residues (Figure 21). 
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Figure 21: The continuous spin approximated and actual per residue position partition function has a significant 

Spearman correlation coefficient () with a p-value of 1E-12, for a 64mer lattice protein under the Miyazawa-Jernigan 

potential (Miyazawa and Jernigan 1996). We sample each summation term in Equation 58 100 times to estimate the 

continuous spin partition function. The wildtype sequence was chosen by first evolving a random sequence for a given 

lattice protein structure under the Miyazawa-Jernigan potential to have a folding probability > 0.99. 

By approximating each delta function as a Gaussian, we end up with a global 

constraint on 𝜎̇mut,(𝑖)
𝑇 𝜎̇mut,(𝑖), or the length of 𝜎̇mut,(𝑖). Still, having the term involving the 

summation of exponentials makes evaluating the integral over the vector 𝜎̇mut,(𝑖) tricky, 

so we employ Jensen’s inequality (Chandler 1987).  

Equation 60 

1

M− 1
∑ exp (

𝜎̇mut,(𝑖),𝑚
v

)

M−1

𝑚

≥ exp [
𝜎̇mut,(𝑖)
𝑇 1̇

v(M − 1)
] 

1̇ is a M-1 dimensional ones vector. Inserting Equation 60 into Equation 58, we finally 

obtain a solvable integral.  
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Equation 61 

𝑍(𝑖)(𝛽) ≥ ∫ 𝑑M−1𝜎̇mut,(𝑖)

∞

−∞

{exp [−
𝜎̇mut,(𝑖)
𝑇 𝜎̇mut,(𝑖)

2v
] exp [−

1

2v
] (M

− 1) exp [
𝜎̇mut,(𝑖)
𝑇 1̇

v(M − 1)
]} 𝑒−𝛽∆∆𝐺(𝑖) 

= (M − 1) ∫ 𝑑M−1𝜎̇mut,(𝑖)

∞

−∞

exp [−
1

2v
(𝜎̇mut,(𝑖) −

1̇

M − 1
)

2

] 𝑒−𝛽∆∆𝐺(𝑖) 

We begin solving the integral by completing the square of the exponent and 

pulling out constants in front. 

Equation 62 

𝑍(𝑖)(𝛽) = (M − 1)𝑒
𝛽∆𝐺wt,(𝑖) exp [−

𝛽

M − 1
1̇{𝑼̇(𝑖,𝒂)𝝈(𝒂) + 𝑼̇(𝑖,𝒛)𝝈(𝒛)}

+
1

2v
(𝛽v{𝑼̇(𝑖,𝒂)𝝈(𝒂) + 𝑼̇(𝑖,𝒛)𝝈(𝒛)})

2
] ∫ 𝑑M−1𝜎̇mut,(𝑖)

∞

−∞

exp [−
1

2v
(𝜎̇mut,(𝑖)

−
1̇

M − 1
+ 𝛽v{𝑼̇(𝑖,𝒂)𝝈(𝒂) + 𝑼̇(𝑖,𝒛)𝝈(𝒛)})

2

] 

The multidimensional integral represents M −1 identical Gaussian integrals and can be 

easily solved to be independent of β.  

Before moving on and obtaining the density of states, let’s do two things. We 

define a reduced partition function z(β) = Z(β)/Z(0), since constants will eventually 

cancel out when calculating the density of states and ensuring that it is normalized. Let’s 

also revert matrices back to the more intuitive summation notation. 

Equation 63 

𝑧(𝑖)(𝛽) =
𝑍(𝑖)(𝛽)

𝑍(𝑖)(0)
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= exp [𝛽∆𝐺wt,(𝑖) −
𝛽

M − 1
1̇{𝑼̇(𝑖,𝒂)𝝈(𝒂) + 𝑼̇(𝑖,𝒛)𝝈(𝒛)}

+
𝛽2v

2
(𝑼̇(𝑖,𝒂)𝝈(𝒂) + 𝑼̇(𝑖,𝒛)𝝈(𝒛))

2
] 

= exp [𝛽 (−
1

M − 1
∑ ∑ 𝐶𝑖𝑗𝑉𝑚,𝑠(𝑗)

M

𝑚≠𝑠(𝑖)

N

𝑗

+ ∆𝐺wt,(𝑖))]exp [
𝛽2v

2
∑ ∑ 𝐶𝑖𝑗𝑉𝑚,𝑠(𝑗)𝐶𝑖𝑘𝑉𝑚,𝑠(𝑘)

M

𝑚≠𝑠(𝑖)

N

𝑗,𝑘

] 

Density of states 

The density of states (n), which in our case is equivalent to the distribution of 

stability effects, is related to the partition function by an inverse Laplace transform 

(Horwitz 1983).  

Equation 64 

𝑛(𝑖)(∆∆𝐺) =
1

2𝜋
∫ 𝑑𝛽

∞

−∞

𝑒𝑖𝛽∆∆𝐺𝑧(𝑖)(𝑖𝛽) 

=
1

2𝜋
∫ 𝑑𝛽

∞

−∞

exp [−
𝛽2v

2
∑ ∑ 𝐶𝑖𝑗𝑉𝑚,𝑠(𝑗)𝐶𝑖𝑘𝑉𝑚,𝑠(𝑘)

M

𝑚≠𝑠(𝑖)

N

𝑗,𝑘

] exp [𝑖𝛽 (∆∆𝐺

−
1

M − 1
∑ ∑ 𝐶𝑖𝑗𝑉𝑚,𝑠(𝑗)

M

𝑚≠𝑠(𝑖)

N

𝑗

+ ∆𝐺wt,(𝑖))] 

The integral can be solved by completing the square. Skipping steps, it can be shown that 

the following Gaussian distribution (𝒩(mean, variance)) is exactly obtained (Smith 

2011).
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Equation 65 

𝑛(𝑖)(∆∆𝐺) = 𝒩(
1

M − 1
∑ ∑ 𝐶𝑖𝑗𝑉𝑚𝑠(𝑗)

M

𝑚≠𝑠(𝑖)

N

𝑗

−∑𝐶𝑖𝑗𝑉𝑠(𝑖)𝑠(𝑗)

N

𝑗

, v∑ ∑ 𝐶𝑖𝑗𝑉𝑚𝑠(𝑗)𝐶𝑖𝑘𝑉𝑚𝑠(𝑘)

M

𝑚≠𝑠(𝑖)

N

𝑗,𝑘

) 

The expressions for the mean and variance of the Gaussian in Equation 65 are intuitive; 

they are just what one would expect if fitting a Gaussian to data whose free energy is 

determined by Equation 53. The mean is < ΔΔG(i)> and the variance is < ΔΔG(i)
2> - 

<ΔΔG(i)>2 given that v = 1/(M-1) * [1-1/(M-1)] (Equation 59) and approximating 

<ΔΔG(i)>2 as <ΔΔG(i)
2>/(M-1) (Equation 66). 

Equation 66 

〈∆∆𝐺(𝑖)〉
2 = (

1

M − 1
∑ ∆∆𝐺(𝑖),𝑚

M−1

𝑚

)

2

 

=
1

(M − 1)2
∑ ∑ ∆∆𝐺(𝑖),𝑚∆∆𝐺(𝑖),𝑛

M−1

𝑛

M−1

𝑚

 

=
1

(M − 1)2
(∑ ∆∆𝐺(𝑖),𝑚

2

M−1

𝑚

+ ∑ ∑ ∆∆𝐺(𝑖),𝑚∆∆𝐺(𝑖),𝑛

M−2

𝑛≠𝑚

M−1

𝑚

) 

≈
1

(M − 1)2
∑ ∆∆𝐺(𝑖),𝑚

2

M−1

𝑚

=
1

M − 1
〈∆∆𝐺(𝑖)

2 〉 

In principle, the form of the distribution yielded by our framework is fairly robust 

to the precise definition of ΔG in Equation 53. As long as terms making up ΔG are no 

higher than quadratic in σ and per residue position terms cannot self-interact (U(i,i) = 

0(i,i)), a Gaussian distribution can be exactly derived within our theoretical framework. 
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In other words, after applying the continuous spin approximation and taking M>>1, the 

inverse Laplace transform of the partition function exactly yields a Gaussian (no high 

temperature approximation is needed). However, omitted terms from our definition of 

ΔG, like conformational entropy, probably cannot be approximated by just one-body or 

two-body interactions (D’Aquino et al. 1996; Jacobs and Shakhnovich 2016).  

In the next section, we assess whether our underlying assumptions are reasonable 

by testing predictions with computational and experimental ΔΔG data. Computational 

ΔΔG data comes from FoldX, a freely available software whose force field is much more 

complicated than the two-body interactions considered here. Among other terms, FoldX 

accounts for the unfolded state and conformational entropy to yield a final ΔΔG value 

(Schymkowitz et al. 2005). We posit that residue positions found to not have ΔΔGs that 

are Gaussian distributed represent a breakdown of the theory because higher-order 

interactions are non-negligible. 

Per residue position stability effects are Gaussian distributed 

Protein name acronym PDB length organism 

Recombinant serum paraoxonase PON 1v04 332 Oryctolagus cuniculus 

Lipase Lip 1ex9 285 Pseudomonas aeruginosa 

β-Lactamase TEM1 1btl 263 Escherichia coli 

Human carbonic anhydrase II CAII 1lug 259 Homo sapiens 

Dihydrofolate reductase  DHFR 1rx2 159 Escherichia coli 

Ribonuclease H  RNaH 2rn2 155 Escherichia coli 

Myoglobin Myo 1a6k 151 Physeter macrocephalus 

Staphylococcus nuclease  SNase 1stn 136 Staphylococcus aureus 

Human lysozyme  huLys 1rex 130 Homo sapiens 

Hen lysozyme henLys 1dpx 129 Gallus gallus 

Ribonuclease A RNaA 1fs3 124 Bos taurus 

Barnase Barn 1a2p 108 Bacillus amyloliquefaciens 

Acylphosphatase AcP 2acy 98 Bos taurus 

Ubiquitin Ubiq 1ubq 76 Homo sapiens 

Protein G, IgG-binding domain proG 2igd 61 Streptococcus sp. group G 

Cro repressor Cro 1orc 59 Escherichia phage lambda 



 

75 

Protein G, β1 domain Gβ1 1pga 56 Streptococcus sp. group G 
Table 3: Proteins whose ΔΔGs are studied. All protein ΔΔGs, except Gβ1, was computationally calculated via FoldX by 

Tokuriki et al. (2007). Gβ1 ΔΔGs were experimentally measured by Nisthal et al. (2019). Not all of Gβ1 ΔΔGs were 
measured because of experimental constraints. 

To test whether per residue position ΔΔG distributions are indeed Gaussian as 

predicted by Equation 65, we first organize ΔΔGs into groups of 19 ΔΔGs belonging to 

individual residue positions to obtain per position ΔΔG distributions. We then run the 

Shapiro-Wilk test (Shapiro and Wilk 1965) to analyze how well a Gaussian distribution 

fits the 19 ΔΔGs, with a mean and variance calculated from the data. Our null hypothesis 

is that the distribution is a Gaussian. As the Shapiro-Wilk test statistic decreases and the 

p-value subsequently decreases, we can be more confident that the distribution is not 

Gaussian, and our null hypothesis is wrong. For example, in Figure 22 we run the 

Shapiro-Wilk test on the first position of dihydrofolate reductase (DHFR) and find that 

the test statistic is small enough that we can reject the null hypothesis with a p-value 

threshold of 0.05. In other words, the 19 ΔΔGs pertaining to the first position of DHFR is 

not Gaussian distributed, at odds with our prediction (further discussed below).  

 
Figure 22: Example which demonstrates how we employ the Shapiro-Wilk test to determine whether the ΔΔG 

distribution across all mutants for a given residue position is Gaussian. We find that the first position of dihydrofolate 
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reductase has a ΔΔG distribution (blue bar plots) significantly different from that of a Gaussian (black line) according 

to the Shapiro-Wilk test. W is the Shapiro-Wilk test statistic. 

Running the Shapiro-Wilk test for all residue positions from 16 proteins for which 

FoldX data has been previously tabulated (Tokuriki et al. 2007) (Table 3), we find that a 

majority of positions have ΔΔG distributions indistinguishable from a Gaussian (Figure 

23). With a more stringent p-value threshold of 0.001, no protein rejects the null 

hypothesis for more than 4% of its residue positions (hatched bar plots in Figure 23). We 

can argue that a more stringent p-value threshold is necessary to address the multiple 

testing problem (Yoav and Hochberg 1995). 

 
Figure 23: Relatively few residue positions per protein fail to match our theoretical prediction that per position ΔΔGs 

are Gaussian distributed according to the Shapiro-Wilk test. Solid bar plots correspond to residues that reject the null 

at a p-value threshold of 0.05; hatched, reject the null at a p-value of 0.001. For protein acronyms please see Table 3. 

We further investigate the 10-25% of positions that do reject the null hypothesis 

at a p-value threshold of 0.05, like the first position of DHFR mentioned above. In Figure 

24, we show box plots of contacts for positions that reject the null and for all positions. 

For 11 proteins, the median number of contacts for positions that reject the null is less 

than the median number of contacts for all positions. For five proteins, the medians are 

equivalent; and for one protein, Ribonuclease A (RNaA), the median number of contacts 

for positions that reject the null is greater than the median number of contacts for all 
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positions. However, a more detailed analysis comparing the distributions of the number 

of contacts using the Kolmogorov-Smirnov test (Kolmogorov 1933), yields only human 

carbonic anhydrase II (CAII) to have significantly different contact distributions between 

those positions that reject the null and all positions (p-value = 0.037). The lack of a 

structural signature of those positions that reject the null makes sense in light of our 

derivation, which requires no assumption on the number of contacts. 

 
Figure 24: The distribution of contacts for residue positions found to reject the null hypothesis in Figure 23 at a p-

value threshold of 0.05 (solid box plots) is similar to that of all protein residue positions (hatched box plots). 

Horizontal black lines correspond to medians; diamonds correspond to outliers. 

When analyzing the wildtype amino acids of those residue positions that reject the 

null at a p-value threshold of 0.05 according to the binomial test, glycine is the most 

prominent among all 16 proteins studied (Figure 25). Glycine was found to be enriched at 

values significantly higher than its composition in the respective protein for five different 

proteins. Our model sometimes fails for glycine because it is the smallest amino acid and 

conformational entropy decreases for its mutants (D’Aquino et al. 1996). Positions with 

charged wildtype residues are also sometimes found to be outliers. For example, four 

proteins have lysine residues that reject the null at enriched values. Neglecting the 

unfolded state in our model may be the culprit, as long-range charge interactions may 
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greatly alter the unfolding for a non-charged amino acid mutant. Lysine is also known to 

entropically stabilize the native state (Berezovsky et al. 2005). However, it is worth 

noting that every major amino acid class: hydrophobic, polar and charged, has at least 

one amino acid not enriched for any of the 16 proteins studied (Figure 25). This indicates 

that our derivation does not systematically fail and lends credence to the form of our ΔG 

expression in Equation 53. 

 
Figure 25: Amino acids that are enriched among residue positions found to reject the null hypothesis in Figure 23 at a 

p-value threshold of 0.05 for all 16 proteins studied. An amino acid is considered enriched for that protein if it is 

rejected at a higher fraction than its respective protein composition at a p-value less than 0.05, according to the 

binomial test. Results are not biased by any one of the 16 proteins; the maximal number of different enriched amino 

acids for one protein is found to be 4 and each protein has at least one enriched amino acid. 

Experimental ΔΔGs 

A major caveat of the previous subsection is that ΔΔGs are generated by FoldX. 

Exhaustive studies of protein ΔΔG distributions have been limited to computational 

calculations because experiments are costly and difficult to perform in a reasonable 

timeframe. Recent developments have made protein-wide ΔΔG measurements feasible by 

developing an experimental protocol utilizing automated robotics for protein purification 



 

79 

and chemical denaturant curve measurements (Nisthal et al. 2019). With this protocol, 

Nisthal et al. (2019) quantitatively measured the ΔΔGs of almost all single mutants 

(78%) of the β1 domain of Streptococcal protein G (Gβ1).  

We find that per residue position ΔΔG measurements are mostly Gaussian 

distributed, but at a ratio on the high end of those found in Figure 23. Including all Gβ1 

residue positions with at least three measured ΔΔGs (54 out of 56 total residues), 13 

(24%) positions reject the null hypothesis at a p-value threshold of 0.05; 6 (11%), at a p-

value of 0.001 (Figure 26). We test whether having few ΔΔGs measured for some 

positions explains the relatively high percentages of null hypotheses rejected, however, 

this was not the case. When only analyzing positions with the maximal number of 17 

ΔΔGs measured (29 out of 56 total residues), 11 positions still reject the null at a p-value 

threshold of 0.05; 5, at a p-value of 0.001 (Figure 26). The contact distribution of those 

11 positions that reject the null does not matter either; its contact distribution is 

indistinguishable with those of all positions according to the Kolmogorov-Smirnov test 

(p-value = 0.40).  

When analyzing the amino acid types of the 11 residue positions with ΔΔGs that 

reject the null according to the binomial test, we find that alanine (p-value = 0.0037) and 

isoleucine (p-value = 0.016) reject the null at enriched fractions with respect to Gβ1’s 

amino acid composition. Given that alanine and isoleucine are small amino acids, we 

posit that our derivation is failing because configurational entropy is not accounted, as 

also seen for some of the 16 proteins computationally studied in the previous subsection 

(Figure 25).  
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Figure 26: Relatively few residue positions of β1 domain of Streptococcal protein G (56 total residues) fail to match 

our theoretical prediction that per residue position ΔΔGs are Gaussian distributed according to the Shapiro-Wilk test. 

Solid bar plots correspond to residue positions that reject the null at a p-value threshold of 0.05; hatched, reject the 

null at a p-value of 0.001. Positions that reject the null mostly have the maximal number of mutants measured in the 

study (right two-most bar plots). 

Per residue position to per protein stability effects 

Our derivation falls short from generally showing that the overall ΔΔG 

distribution of all single mutants across all residue positions (n(ΔΔG)) is Gaussian. By 

definition, n(ΔΔG) is the weighted sum of all N Gaussians from Equation 65 because it 

corresponds to sequentially picking a single mutant out of N residue positions, i.e. a 

statistical OR operation. 

Equation 67 

𝑛(∆∆𝐺) =
1

N
∑𝑛(𝑖)(∆∆𝐺)

N

𝑖

 

We are not aware of an approach using first principles to reduce the mixture of N 

Gaussians in Equation 67. Although the sum of two normally distributed random 

variables is normally distributed, it does not generally hold that the sum of two normal 
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distributions is another normal distribution (Lemons and Langevin 2002). However, we 

bioinformatically demonstrate that the N Gaussian model reduces to a bi-Gaussian 

(Figure 27 and Figure 28). Therefore, a more tractable Gaussian mixture model with 

fewer Gaussians can be employed with little loss in accuracy. 

 
Figure 27: Our derived N-Gaussian model (blue bar plots) fits the computational ΔΔG data just as well, or even better 

than a bi-Gaussian fit (orange bar plots). The Kolmogorov-Smirnov (K-S) test was employed to determine goodness-of-

fit. 

 
Figure 28: Our N-Gaussian model fits the experimental ΔΔG data of the β1 domain of Streptococcal protein G just as 

well as a bi-Gaussian fit. However, both curves poorly fit the ΔΔG data according to the Kolmogorov-Smirnov test, 

where D is the Kolmogorov-Smirnov test statistic. One possible reason for the poor fit may be that experimental ΔΔG 

measurements are bound by the wildtype stability of the protein. Because Gβ1’s ΔG = -4.0 kcal/mol, it is not possible 

to purify a mutant protein with ΔΔG > 4.0 kcal/mol and subsequently measure its ΔΔG. Assuming protein mutants 
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without quantitative measurements in Nisthal et al. (2019) fall into this category, they could account for as much as 

22% of Gβ1’s ΔΔGs. FoldX, on the other hand, is not bound by wildtype stability and can in principle yield large 

enough ΔΔGs that the mutant ΔG > 0 kcal/mol. For the 16 natural proteins, non-negligible density in the distribution is 

seen for ΔΔGs as large as 6 kcal/mol (Tokuriki et al. 2007). Experiments that measure ΔΔGs for other proteins with 

greater wildtype stability such that a greater proportion of destabilizing mutants can be measured, will more 

conclusively determine whether our N-Gaussian model not only matches FoldX ΔΔGs (Figure 27), but also matches 

experimentally measured ΔΔGs. 

Our results substantiate why a universal Gaussian distribution is empirically 

found for experimental and computational ΔΔG data (Tokuriki et al. 2007; Zeldovich et 

al. 2007; Faure and Koonin 2015). Regardless of protein structure, sequence, and to a 

certain extent the explicit ΔΔG expression (as long as it is dominated by pairwise 

interactions), we find that a Gaussian distribution is to be expected at the per residue 

position level based on first-principles statistical mechanics because of the large number 

of amino acid types. This helps substantiates the second assumption of the protein 

misfolding avoidance hypothesis (Figure 1 and Equation 23), which must apply to 

capture the abundance-evolutionary rate seen across proteins of all organisms.8 

 

 
8 This chapter is a slightly modified version of Razban and Shakhnovich (2020) published in Biophysical 

Journal and has been reproduced here with the permission of the copyright holder. 
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Conclusion 

 

Evolution explains everything in biology (Dobzhansky 1973). By identifying the 

biophysical factors influencing organismal fitness, we can begin to understand the 

curious observations from data collected on extant organisms. The biological factor we 

focus on in this thesis is protein stability. And the curious observations we attempt to 

explain is the stability distribution of orthologs (Chapter 1), the universal abundance-

evolutionary rate correlation seen across all organisms’ proteomes (Chapter 2, 3) and the 

universal Gaussian form of protein mutant stability effects seen across all single mutants 

of proteins (Chapter 4).  

The role of stability in all three observations is more precisely defined by the 

framework of the protein misfolding avoidance hypothesis (MAH). MAH is a leading 

hypothesis positing that misfolding toxicity is the universal force influencing protein 

evolution. Our mathematical modeling, based on first principles population dynamics and 

statistical mechanics, helps make sense of currently available data. We conclude that 

MAH may be true based on stability distribution of orthologs (Chapter 1) and abundance-

evolutionary rate trends (Chapter 2), despite proteome-wide melting temperature data not 

correlating as expected with abundance or evolutionary rate (Chapter 3). In Chapter 4, we 

more rigorously motivate MAH’s assumption that single mutant protein stability effects 

are universally distributed across proteins, regardless of structure or sequence. 
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Our results do not eliminate the need for proteome-wide protein free energies in 

order to conclusively test MAH and determine once and for all whether protein stability 

is a universal force in protein evolution. However, our results make progress in 

understanding currently available data, demonstrating that they fail to falsify MAH. If 

future data does conflict with MAH, there are numerous alternative hypotheses that may 

take its place (Zhang and Yang 2015). Here, we only tested one other alternative 

hypothesis, called flux dynamics theory, which quantitatively describes protein function. 

We determined that flux dynamics theory is unlikely to govern long term evolution for 

folA orthologs (Chapter 1). 

Other hypotheses can be broadly separated into two classes: protein expression 

cost (J. L. Cherry 2010; Plata et al. 2010; Kepp and Dasmeh 2014) and cell toxicity due 

to some biophysical property (Tartaglia et al. 2007; Yang et al. 2012; Park et al. 2013). 

An outstanding question is whether the validity of multiple hypotheses is the reason for a 

robust A-ER correlation, as the different properties constructively work together to cause 

abundance to constrain evolution. Or whether one hypothesis dominates evolution, and 

all others are negligible. The challenge of assessing other hypotheses besides MAH is 

that key experimental parameters have yet to be measured. As shown in Chapter 1, fitness 

functions of different hypothesis (MAH and FDH) can be proportional. Thus, parameter 

fitting will fail to discern whether one hypothesis more accurately describes the data 

because in such a scenario both will yield equally adequate results. Throughout this 

thesis, we attempt to always employ experimentally measured parameters in our 

mathematical expression to make a full quantitative assessment. Although this limits the 
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number of options considered, the conclusions reached are stronger because they more 

directly result from the underlying physics.  
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Data availability. 

ProteomeVis: a protein evolution web application 

Proteomic data employed in Chapter 2 and 3 are deposited in ProteomeVis 

(proteomevis.chem.harvard.edu). We developed this web application to facilitate protein 

evolutionary studies by bringing disparate data onto one user-friendly web application 

(Figure 29). Besides protein abundances and sequence evolutionary rates, there is data on 

protein-protein interaction partners, dosage tolerance and different protein structure 

metrics, obtained through analyzing PDB files. ProteomeVis can also provide comparison 

of proteins based on user-defined sequence identity and structure similarity scores, 

bridging the long timescale of protein structure evolution (~1 billion years) to the shorter 

timescales of protein sequence evolution. 

  
Figure 29: The ProteomeVis web app after exploration has occurred. Hovering over asterisks located in the top-right 

corner of each panel opens an informational window. Pressing the help button (question mark symbol) located to the 

right of the Control Strip at the top of the webpage leads to a quick tour. Pressing the download bottom, next to the 
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help button, allows users to download the underlying data. For a much more detailed introduction of the web app, 

please refer to Razban et al. (2018). 

To validate the data making up ProteomeVis, we attempted to reproduce well-

established results in the protein evolution field: protein structure similarities have a 

scale-free distribution and abundance is the strongest sequence evolutionary rate 

correlate. An interesting result in the field of protein structure evolution is that despite 

relatively high sequence divergence between two proteins, their structures can be the 

same (Chothia and Lesk 1986; Rost 1999; Gilson et al. 2017). To study this behavior 

quantitatively, people have plotted the distribution of such proteins and found the 

characteristic scale-free distribution of k-γ, where k is the degree of the node and γ is the 

scaling exponent (Dokholyan et al. 2002; Deeds et al. 2004). The scaling exponent for 

E.coli proteins was measured to be 1.56, which we are able to reproduce with data in 

ProteomeVis (Figure 30). Note that graphs are composed of protein pairs from the 

respective organism with template-modeling (TM) scores greater than 0.5 and sequence 

identities less than 0.25 (Xu and Zhang 2010).  

Moreover, ProteomeVis allows us to extend previous studies done only one 

bacteria proteomes by examining protein structures of the S.cerevisiae proteome in the 

same manner as we did for E.coli proteins. Both organisms exhibit scaling constants that 

fall within the 1.4–1.9 range of scaling constants output by Big Bang model simulations 

(Dokholyan et al. 2002). This model assumes the protein structure diversity results from 

divergence, rather than convergence. Although S.cerevisiae and E.coli belong to different 

kingdoms of life, their scaling constants are captured by the Big Bang model, indicating 

that the mechanism behind protein structure evolution may be inherent to the last 

universal common ancestor. 
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Figure 30: Degree distribution of the organismal protein chain universe graph (oPCUG) with its best-fit line on a log-

log plot. The slope of the best-fit line (scaling constant, γ) with its standard error and the Pearson correlation 

coefficient (r) with its P-value in parenthesis are calculated by Python SciPy’s linear regression function. Less 

S.cerevisiae datapoints are seen because its maximal degree is less than E.coli’s maximal degree. All degrees are 

horizontally shifted by 1 unit to allow viewing of orphans (degree=0) and be consistent with Deeds et al. (2004) in 

evaluating the scaling constant. 

Many protein properties have been proposed to constrain sequence evolution. In 

Figure 31, we reproduce various correlations involving sequence evolutionary rate (ER) 

with our extended dataset for E.coli and S.cerevisiae. For the most part, dashed bar plots 

(literature values) agree with solid bar plots (ProteomeVis values). One correlation that 

disagrees with previous values is that between length and ER for E.coli. Although 

ProteomeVis agrees with Zhou et al. (2008) regarding correlations between contact 

density and ER, they vary regarding the correlation between protein length and ER for 

E.coli. Methodological differences do not explain the discrepancy. Zhou et al. (2008) 

applied the same filter based on length to identify structures in the respective organism’s 

proteome as in ProteomeVis. As expected, the length versus ER correlation for 
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S.cerevisiae in ProteomeVis and Zhou et al. (2008) are consistent. Further studies are 

required to elucidate why inconsistent length-ER correlation are seen in E.coli but not 

S.cerevisiae. 

Our results go beyond replicating results by demonstrating that the mRNA 

abundance-ER correlation previously seen in the literature is roughly equivalent to the A-

ER correlation. This is nontrivial because the correlation between mRNA and protein 

abundance is far from perfect (Greenbaum et al. 2003; Taniguchi et al. 2011; Lahtvee et 

al. 2017). With respect to the protein misfolding avoidance hypothesis, this is an 

important result because protein abundance is the property of interest, not mRNA 

abundance (Figure 1).  

 
Figure 31: Spearman correlation coefficients (ρ)between evolutionary rate (ER) and five protein properties (x) in 

ProteomeVis and the literature. X marks and asterisks above or below bar plots denote p-value ranges: xxx = P-value< 

10100, xx< 1050, x< 1010, ***<0.001, **<0.01, *<0.05. Length (Zhou et al. 2008), contact density (Zhou et al. 2008) 

and (mRNA) abundance (Zhang and Yang 2015) correlations with evolutionary rate in the literature for both 

organisms are presented. PPI degree and dosage tolerance correlations with evolutionary rate in the literature for 

S.cerevisiae are from (Fraser et al. 2003) and (Vavouri et al. 2009), respectively; for E.coli, not available (N/A).  

By integrating data from three published papers, programmatically accessed from 

four databases and generated by running three software packages, ProteomeVis enables 

users to make quick insights with a disparate set of data. Once more detailed hypotheses 

are formulated throughout their web sessions, users can freely download the data to 
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further probe on their own (Figure 29). We recommend rigorous hypothesis testing rather 

than superficially scanning for significant p-values to avoid the multiple testing problem 

(Yoav and Hochberg 1995).9 

Data and code are available on GitHub 

Source code and scripts employed to collect the underlying data in ProteomeVis 

can be found at github.com/rrazban. The Django web framework encoding the 

ProteomeVis web app layout can also be assessed at github.com/rrazban/proteomevis. 

In general, data and data analysis scripts employed to reach conclusions reported 

in this thesis can also be accessed online through GitHub. An overview of repositories 

relevant to this thesis are summarized in Table 4. For example, to check the numerical 

expressions with our analytical expressions for Pss(ΔG) and ER(Atot) (Figure 4 and Figure 

13, respectively), please take a look at the dG_in_evolution repository. To further 

scrutinize computational or experimental ΔΔG data in Chapter 4, please check out 

‘ddG_distribution.’ Abundance and evolutionary rate experimental data used in Chapters 

2 and 3 can be found in the in proteomevis_scripts repository. Raw data relevant to 

Chapter 3 in assessing the accuracy of the approximate ΔG mathematical relationship as a 

function of melting temperature (Equation 46 and Equation 48) can be found in the 

Supplementary Material in Razban (2019). 

Repository name Description Thesis chapter 

dG_in_evolution 
Solves ΔG master equation and compares 

analytical expressions with numerical solutions 
1, 2 

ddG_distribution 
Performs statistical tests to determine how well 

Gaussian distribution fits ΔΔGs 
4 

 
9 This section is a slightly modified version of Razban et al. (2018) published in Bioinformatics and has 

been reproduced here with the permission of the copyright holder. 
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proteomevis_scripts 
Protein abundance, melting temperature and 

evolutionary rate data 
2, 3 

proteomevis 
Source code for web application that presents 

data collected in proteomevis_scripts 
 

Table 4: Repository names that can be found at github.com/rrazban. To access a repository online, simply insert the 

repository name after my GitHub directory, e.g. github.com/rrazban/dG_in_evolution.  
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