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Abstract

The modern world offers many examples and potential applications of mobile sensing
agents passively traversing networks. However, the dynamics of these systems and
their potential sensing power is relatively unexplored. In this paper, I examine
a model designed to simulate this kind of process for urban sensing, extending it
beyond urban street networks to general graphs. I calculate the number of visits,
the mean first passage time, and the expected return time in the simplest case, and
provide a bound and a scaling for the number of visits in more complex cases. Finally,
I examine the spatial predictiveness of the model on a dataset of New York City taxi
trips.
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1. Introduction

1.1 Urban Sensing

Cities are complex and dynamic environments, and the ability to design, govern, and
inhabit them effectively depends on hiqh-quality data about quantities of interest,
such as pollution, vehicular traffic, and foot traffic. This makes urban data, as well
as the sensors that collect it, vitally important. [12, 8]

Figure 1.1: An illustration of the space-time trade-
off for different sensing types (fig: [16])

Urban sensing is subject to
a space-time trade-off in reso-
lution. On one side are sta-
tionary sensors, such as traffic
cameras, that offer good tempo-
ral resolution but are limited in
space. On the other are aerial
sensors such as satellites and
plane flyovers, that offer excel-
lent spatial resolution but occur
infrequently [18]. These trade-
offs are enforced by the cost of
operating both methods – fre-
quent flights are expensive, as is
a comprehensive network of sta-
tionary sensors. In the middle
of this trade-off lie mobile (or
drive-by) sensors, which move
around a city and continuously
collect data. These might be
vehicular [13] systems, or they
may be handheld [15, 9] ones.
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1.2 Passive vs. Active Mobile Sensing

Mobile sensing can further be divided into active and passive paradigms. In active
sensing, the mobile agent traverses the network for the express purpose of gathering
data. A significant amount of work is being done on vehicular active sensing, both
as the express purpose of a fleet of vehicles or as a component of a larger suite
of capabilities [7, 2]. In contrast, passive sensors traverse the network for another
purpose and data-gathering occurs incidentally. While it lacks some of the power
and the scope of active sensing platforms, passive sensing is easier to adopt and less
intrusive because it requires less dedicated engineering and infrastructure.

1.3 Random Search

Not all search protocols need to be random. Two fundamental kinds of graph search,
depth-first search breadth-first search, are deterministic. In urban sensing, bus-
lane monitoring approximates a kind of deterministic search, as the agents follow
a predetermined path on a predetermined schedule [25]. In real systems, though,
even this kind of patrol-based search is subject to randomness. Additionally, more
explicitly random search is more robust to changes in the network, and can be more
easily adapted to cover areas of higher demand.

The simplest random search protocol is a random walk, in which the agent dif-
fuses around the network with equal probability of choosing any neighbor. In the case
with weighted edges, the probability of traversing an edge may be inversely propor-
tional to edge weight [14]. Other kinds of biases irrespective of edge weight might be
imposed on the movement of the walker as well [4]. Other random search protocols
are adaptations on random walks. In intermittent random walks, the agent proceeds
to some point deterministically, and begins a random walk around that point. Inter-
mittent random walks, when optimized correctly, can be superior to purely random
walks in blind search, in which an agent is searching for a stationary target that it
can only perceive when it is in near vicinity [17]. Another variety of random search
is a Lévy Flight, or a random walk in which each step distance is drawn from a
heavy-tailed Cauchy distribution [23]. Lévy flights have been compared to the way
animals [20, 11], and have also been suggested as a way to model human mobility
[19].

5



1.4 Preferential Return

The preferential return mechanism was developed to model patterns in human mo-
bility [21]. Analogously to preferential attachment in network formation, they incor-
porate an exponent that makes it more likely for humans to return to locations they
have already visited. This leads to an emergence of popular locations that is fit by
a power law [10].
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2. The ‘Taxi Driver’ Process

The ‘Taxi Driver’ Process is a random search process on graphs designed to simulate
drive-by sensing via cab-mounted sensors [16]. It incorporates a preferential return
mechanism and the variable step length given by Lévy walks and intermittent random
walks. As such, it has interesting implications for modeling and understanding search
on networks as well as human mobility.

2.1 Definition

Let G = (V,E) be a connected (without self-loops) directed graph with nodes V =
{1 . . . N} and weight function W . Let Rij be a set of routes from node i to node

j, where R
(k)
ij is the kth element in this set and 1 ≥ k ≤ rij, with rij being the

number of routes from node i to j and M being the total number of routes. By
the connectedness of G, the total number of sets Rij must be S = N(N − 1). In
the urban sensing problem, Rij is the set of geodesics between i and j and k is the
number of geodesics between i and j. In general, this need not be true.

Beginning at a node i, an agent (the ‘taxi driver’) selects a destination node j
(where i 6= j) according to the distribution

pj(t) ∼ vj(t)
β

Where vj(t) > 0 is the number of visits to node j for trip t, and β is a parameter
fit to the network in question. The agent chooses a route r at random from Rij and
traverses it. Upon arriving at j, the agent repeats this process.

2.2 As a Random Walk on a Network of Routes

On G itself, this process is not Markovian, as the next node visited depends on the
route currently being traversed. However, if the node popularities are constant it
can be transformed into a process that is by considering it as a random walk on a
network of routes. Enumerate all of the routes, and let xt = (x1t , x

2
t , . . . , x

M
t ) be a

row vector giving the probability distribution across all of them. This distribution
evolves according to the equation
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xt+1 = xtPt (2.1)

To calculate Pt, first find the probability that a given node is chosen as the next
destination. Define the M ×N matrix C = [Cmn] = [I(node n in route m)] and the

N ×M matrix V = [Vnm] =
[

1
rij
I(node n in route m)

]
, where rij is the number of

routes running from the same origin and leading to the same destination as m. Then,

pt =
1

K
(txtV )◦βV (2.2)

Where K is a normalizing constant and ◦β gives the element-wise (Hadamard)
exponentiation, i.e. a11 . . . a1n

...
. . .

...
an1 . . . ann


◦β

:=

a
β
11 . . . aβ1n
...

. . .
...

aβn1 . . . aβnn


a11 . . . a1n

...
. . .

...
an1 . . . ann


◦0

:= I

The transition matrix is then

Pt = K




...
pt{1=0}

...

 · · ·


...

pt{M=0}
...


 (2.3)

Where K is a diagonal matrix with normalizing constants for each row on the
diagonal:

K =

1/K1 · · · 0

0
. . . 0

0 · · · 1/Kn


and pt{i=0} is pt with the ith component set to zero. Then,

xt+1 = x0P0P1 · · ·Pt (2.4)

Or, with s0 being the distribution of start states on nodes
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xt+1 = s0CP0P1 · · ·Pt (2.5)

If we take the transition probabilities to be constant over all trips, then this
reduces to a Markov chain whose behavior for large t approaches that of the station-
ary distribution π, which given by the left eigenvector of the transition matrix with
eigenvalue 1 [6].

If β = 0, then all transition probabilities between nodes are equal. Imposing the
constraint Rij = Rji∀i, j, this further reduces to a random walk on an undirected
network of routes. The stationary distribution on these routes is then

π = (1/r1M, . . . , 1/rSM) (2.6)

and therefore for this case

lim
t→∞

xt =
Rs0C

M
(2.7)

Where R is the M ×M diagonal matrix with r1, . . . , rS on the diagonal.

2.3 Node Visits

The most important measure of a mobile sensor is the number of nodes it has visited
in a given time period. In their publication specifying the Taxi Driver process, the
authors introduce a new measure for betweenness, which I will also use here. In
this version of betweenness, the betweenness of a node i is given by the number of
routes for which there exists an edge (v, i) divided by the total number of routes. In
their paper, the authors demonstrated a connection between this betweenness and
the mean traversals an intersection receives, which I will generalize and elaborate on
here [16]

Define the N ×M matrix C = [cij] = [I(route j contains node i)] for the route
between nodes m and n Then, the number of visits each node has received at time
t, vt = (v1t , . . . , v

N
t ), is given by

txtC

Let Ci be the ith column of C. Then the number of visits of i is

txtCi

If the transition probabilities are constant over all trips, then the visits approach

9



ot = tπC

for large t, and the number of visits at i is

tπCi (2.8)

Approximation

For β = 0, we have π = (1/r1M, . . . 1/rMM) Assuming that rij = r ∀i, j, we
have π = (1/rM, . . . 1/rM). Notice that the total for the ith row of V is exactly
Mbetweenness(i). So, for large t

vit ≈ t
betweenness(i)

r
(2.9)

The Taxi Driver process was simulated on six different graph types: A Line
B Cycle C Circular Ladder D Lattice E Barabási-Albert [3] F Watts-Strogatz [24]
A and B had N = 100 nodes, C had 50 nodes in each ring for a total of 100, D was
10× 10, E had N = 100nodes and 4 new connections, and F had N = 100 nodes, 4
connections, and p = 0.1 of a new connection.

These graphs were chosen for their simplicity (A,B), their resemblance to road
systems (B, C), and their importance as a common motif in emergent networks (E,F).
The parameters were designed to make them as comparable as possible in both the
number of nodes and the number of edges, if the graph type allowed.

Comment

The approximation was qualitatively very good, but it tended to overestimate the
measured mean occupancy. This might have to do with the skewedness of visits on
a per-node basis from trial to trial. The one exception to this was the lattice graph,
which had much higher mean visits than predicted by the approximation. This likely
had to do with the simplification on r – of all of the graph types, the lattice by far had
the most variability in the number of equivalent paths between two nodes, making
this simplification the least appropriate for this case.

2.4 Mean First Passage

The mean first passage (< MFPv >) for a node v ∈ V is the amount of time it takes
to first encounter v, averaged over all the nodes in V . < MFPv > can be expressed

10



Figure 2.1: Simulation for node visits. 1000 iterations were performed per trial (with
the exception of the lattice, which was done with 100 iterations), which lasted 1000
time points.
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by adding an absorbing state F to the state space and connecting it to the subset
of the routes containing v via b intermediate states B = {B1, . . . Bb}, where b is
the number of routes in which v appears. Notice that b is exactly Mbetweenness(v)
times. The new transition probabilities are given by

P (Xt+1 = Ai|Xt = Ri) = 1, ∀Ri : v ∈ Ri

P (Xt+1 = F |Xt = Bi) = 1, ∀Bi ∈ B
P (Xt+1 = F |Xt = F ) = 1

The number of trips until v is encountered can be calculated by defining a matrix
N

N = lim
t→∞

t∑
i=1

i∏
j=1

Qj (2.10)

Where Qt is the (M+2b)×(M+2b) transition matrix of the transient states (i.e.
F is excluded)at time t [6]. Notice that in the case where β is positive, this may not
exist. If it does, the mean distance till absorbtion can be calculated by constructing
the N ×M + 2b matrix D = [Dnm], where

Dnm =

{
L(Rm) Rm begins with n

0 o.w.

Where L(Rm) is the sum of the edge weights along Rm until an edge ending in v is
encountered. If Rm doesn’t encounter v, this is merely the total length of the route.

Then, with s0 being the distribution on start states,

MFPv = s0DN (2.11)

If the probabilities are constant [6],

N = (I−Q)−1

Approximation

We take the formula for MFT iv, i.e. the mean first passage to v starting at i:

MFT iv =
1

NM − 1

 ∑
Rij∈Ci

L(Rij)

rij
+MFT jv +

∑
Ruw∈Ti

L(Ruw)

ruw


12



(a) Approximation of < MFT > for β = 0 (b) Simulated < MFT > for β = 0

Figure 2.2: Approximate versus simulated < MFT > for the networks over 1000
iterations (100 for the lattice)

Where Ti and Ci are the sets of routes beginning with j that respectively do and
do not encounter v. The cardinalities of these sets are NM − bv and bv, respectively

We make several simplifying assumptions: MFT iv = MFT jv = Mv ∀ i, j, L(Rij) =
l ∀Rij ∈ Ci, L(Ruw) = l

2
∀Ruw ∈ Ti, and rij = r ∀i, j. This gives us the equation

Mv =
1

NM − 1

[
(NM − bv)

(
l

r
+Mv

)
+
bvl

2r

]
With solution

Mv = −
l
∑

i,j
1
ri,j

(bv − 2NM)

2(bv − 1)(NM − 1)

Approximating bv with betweenness(v)NM , we have

< MFTv >≈ −
(betweenness(v)− 2)lNM

∑
i,j

1
ri,j

2(NM − 1)(betweeenness(v)NM − 1)
(2.12)

2.2 compares the predicted MFT to the observed one. Of note is the high MFT
for the endpoints of the line, as predicted by the model – these appear in only one
shortest-path route, so as the number of nodes increase it takes longer and longer to
visit them for the first time.
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2.5 Recurrence Time

The recurrence time for a node i (tiR) gives the expected amount of elapsed time
between visits to i. In the urban sensing application, this is useful because it gives
a sense of the currency of information about a given intersection. For large t, the
recurrence time for a given route j is [6].

1

πj

To go from a stationary distribution on routes to one on nodes, multiply by the
matrix V. So, with Vv representing the vth column of V

tiR =
1

πVi
(2.13)

Approximation

As again we have π = (1/r1M, . . . 1/rMM) for β = 0,

tiR = M

(
1∑
j
vij
rj

)
Assuming r1 = · · · = rM = r, we have

tiR ≈
r

betweenness(i)
(2.14)

Notice that this is in units of trips. To approximate clock time, multiply by the
average path length ¯̀.

Comment

For most of the graphs, the approximation above was reasonably accurate. However,
for the lattice graph it was much less so. This is likely because the simplifications
made in the approximation were not appropriate ones for the lattice. In particular,
the distribution of path lengths for the lattice is extremely variable and not well-
summarized by a single average path length. Because the estimate was multiplied
by the average path length at the end, this had a large adverse effect on the quality
of the approximation. Additionally, the distribution of rij is quite variable for the
lattice, and approximating it by a single number may not have been appropriate.
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(a) Approximation of tR for β = 0 (b) Simulated tR for β = 0

Figure 2.3: Approximate versus simulated tR for the networks over 1000 iterations
(100 for the lattice)

Nonetheless, the approximation even for the lattice was qualitatively quite good,
and would likely be better if a more appropriate measure than average path length.

2.6 Exploring the dynamics for β > 0

2.6.1 Scaling of Expected Node Visits

Let vt = (v1t , v
2
t . . . v

N
t ) be the visits each node has received after trip t. Then,

E[vit+1|vt] = vit +
N∑
j=0

(vtj)
β

||vt||ββ
I(i ∈ Rij) (2.15)

For β > 1, we can apply Hölder’s Inequality:

E[vit+1|vt] ≥ vit +
||vt||β1 (Nbetweenness(i))

β
β−1

||vt||β−1β

(2.16)

Applying Adam’s Law and the linearity of expectation,

E[vit+1 − vit] ≥ (Nbetweenness(i))
β
β−1E

[
||vt||β1
||vt||β−1β

]
(2.17)
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(a) Scaling of visits for β = 1.5 (b) Scaling of visits for β = 2.0

(c) Mean visits for β = 1.5 (d) Mean visits for β = 2.0

Figure 2.4: Visits predicted (top) and measured (bottom) for 1000 timesteps and
β = 1.5, 2.0

Then, letting K(t) =
∑t

j=0E

[
||vj ||β1
||vj ||β−1

β

]
E[vit+1] ≥ K(t)(Nbetweenness(i))

β
β−1 (2.18)

Thus demonstrating the scaling with (Nbetweenness(i))
β
β−1 .

2.4 shows some disparities between the predicted and the actual behavior. The
prediction overestimated the amount of visits for the Barabási-Albert graph, and
over-sharpened peaks in the Watts-Strogatz graph that were not as prominent in the
simulated trials. Additionally, the curve for the line graph is more pronounced in the
simulation results. Perhaps most notably, it underestimated the visits for the lattice
graph quite significantly.
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2.6.2 Lower Bound on the Expected Value of Node Visits

From the above scaling, we can also calculate a lower bound on the expected value
of visits for each node. By two further applications of Hölder’s Inequality:

||vj||β1
||vj||β−1β

≥

(
||vt||βN

−β
β−1

)β
||vt||β−1β

= ||vt||βN
−β2
β−1

≥ ||vt||1N
−(β+β2)
β−1

So,

K(t) ≥ N
−(β+β2)
β−1

t∑
j=0

E[||vt||1]

E[||vt||1] ≤ tlmin, where lmin is the minimum trip length

E[||vt||] = tE[`] = tlmin

Therefore

K(t) ≥ N
−(β+β2)
β−1

t(t+ 1)

2
lmin (2.19)

Altogether,

E[vit+1] ≥ lminbetweenness(i)
β
β−1N

−β2
β−1

t(t+ 1)

2
(2.20)

In practice, this bound is far too permissive and the scaling from which it is
derived is much more informative.

2.6.3 Dominance of k Nodes

Most of the previous analysis was done assuming the number of node visits was ini-
tially equal for every node in order to explore the effect of graph structure on the
evolution of these probabilities. However, for β > 0 the Taxi Driver process demon-
strates a great deal of sensitivity to an unequal distribution in visits. If the initial
distribution of node visits is unequal, this may even be in spite of the structure of
the graph. This is a useful feature of the model because in the urban sensing applica-
tion, and others, locations are popular for many reasons outside the connectivity of
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Figure 2.5: Example for r = 10 with a randomly-chosen subset of k = 5 nodes
(marked with ?) for 1000 timesteps at β = 1.5

the graph. This stage of analysis is dedicated to exploring the effects of an unequal
initial distribution of visits. To do this, we look at the difference in visits a required
for a group of k nodes to be r times more popular than the remainder.

k(v + a)β

||vt||ββ
≥ r

(N − k)vβ

||vt||ββ

a ≥ v

((
r

(N − k)

k

)1/β

− 1

)
With dimensionless parameter α = a

v
, this becomes

α ≥
(
r

(N − k)

k

)1/β

− 1 (2.21)

Discussion

Notice in 2.5 that the connectivity of the graph is still influential: though the chosen
cohort of nodes are the most-visited in all other network types, in the Barabási-
Albert graph they are not. This is because the most-visited node, 0, lies on the
shortest path between the selected nodes. The popularity of these nodes therefore
make 0 the most popular.

18



3. Spatial Prediction

It has previously been demonstrated that the Taxi Driver process is good at modeling
the distribution of node visits for taxis on urban street networks [16]. However, while
the overall distribution of visits matches that of the taxi traversals, it is unclear
whether there is a street-to-street correspondence. In this section, I attempt to
investigate this with a data set of Manhattan taxi trips. The dataset comprised a
week of trips, 147800095 in total, from 1/18/11 to 1/25/11, and recorded the pick-
up point, the drop-off point, and the intersections traversed in the duration of the
journey [22]

The procedure discussed in the previous portion of the paper immediately ran
into problems due to the size of the dataset involved. The taxi data set with which
I was working traversed a section of New York containing 19266 intersections [5].
The dataset itself represented 3874 intersections, and given that many shortest-path
routes might exist between two intersections, this became too much to handle. I
began by restricting the set of interesections in two different ways. For the first,
I chose the 500 most popular intersections by their frequency of occurance as an
origin or destination for a trip, accounting for 0.03271225646153308 of the visits in
the dataset. For the second, I instead considered the 500 most-visited intersections,
accounting for 0.4790159594760724 of the visits in the dataset. Even with this re-
striction, the dataset was prohibitively large: there were 11110739 all-pairs shortest
paths between the intersections in the first subset and 10772297 betweeen the in-
tersections in the second. So, rather than construct and diagonalize this matrix, I
instead modified my model.

I took

p =

 p1
...

p500


to be the proportion of trips in which the most-popular intersections appeared,

using the two methods above. Construct the 2500 × 500 matrix

R =

{
1

(
∑
j rij)rij

i 6= j

0 i = j

and theN×2500 matrix M = [Mn,x(i,j)] = number of times n appears in a route from i to j,

19



where x is a subsequence enumerating all pairs (i, j). Then, the popularities of in-
tersections represented by the subset is

p̂ = MRp

Then the predicted number of visits after t trips is v̂ = tp̂

Discussion

The best predictor of the actual proportion of visits was the sample of 100000 rides.
The other two methods had a higher SSE likely because they tended to overemphasize
the most popular routes as well as predict visits on nodes not in the dataset that
happened to lie on a shortest path. Additionally, the emphasis on shortest paths
eliminated most of the intersections in upper Manhattan from consideration, further
raising the SSE. The increased accuracy of the sampling based off of all visits indicates
that in reality the taxis are not taking the absolute shortest paths, but rather paths
that are ”trained” into the model by sampling from the most popular nodes. Further
work is needed to determine what measure best predicts the popularity of a given
path.
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(a) Predicted visits by ori-
gin and destination (SSE:
0.3886)

(b) Predicted visits by
most visits (SSE: 4.5834e−
04)

(c) Predicted visits from a
random sample of 100000
rides (SSE: 1.5581e− 05)

(d) Measured visits
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4. Conclusion

4.1 Limitations

One of the techniques that allowed us to calculate the quantities of interest for this
process, and to approximate them for others, was by considering it to be a random
walk on a network of routes. In doing this, we converted from clock time, where t
was linked to the length of edges the agent traverses, to trip time, which is decoupled
from this detail. To convert back to clock time, several times we multiplied by the
average path length. This is a slight simplification, but it could pose some problems
and impacted the accuracy of our predictions. A more precise approach might be
to model the path length with a random variable `(t) depending to the elapsed trip
time. It would be an interesting future step as well to compare the distribution of
this path length with the heavy-tailed Cauchy distribution used for Lévy walks.

4.2 Additional Applications

Outside of urban sensing, the Taxi Driver process might be useful in modeling passive
sensing in other applications. One of these is indoor mapping, which is comercially
important and academically interesting [27, 26]. In this application, the mobile
agents are humans and the passive sensors might be smartphones, which can use
wireless signals to map indoor spaces. The Taxi Driver process gives an idea for
the number of agents and the amount of time required to map an indoor space
completely.

A potential area of application outside of sensing is in workflow and process
management. Workflows can be represented by graphs, with one process leading
into another. If one process contains a flaw that causes some sort of global failure,
the MFT and the recurrence time for the Taxi Driver on the workflow graph might
give an idea of how long before that happens, as well as the expected amount of time
in between global failures [1].

4.3 Avenues for Further Inquiry

This process was characterized with a single agent in isolation. Provided the agents
do not interact, it is very straightforward to consider the process with more than
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one agent after it has been characterized this way. However, there are potentially
interesting situations for which this is not the case. If the cars belong to one fleet
where the agents coordinate to reduce travel time, the dynamics of passive sensing
for that fleet might be altered.

Another situation not captured by the current work is traffic and road link ca-
pacity. In addition to increasing travel time, traffic could have the effect of making
the shortest-path route the fastest rather than the shortest one. Traffic also changes
throughout the day, potentially necessitating re-routing and shortest-path sets that
depend on time.
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