DIGITAL ACCESS o0 HARVARD
SCHOLARSHIP sr HARVARD LIBRARY

DASH.HARVARD.EDU

Equivariant higher algebra

Citation
Stewart, Natalie. 2026. Equivariant higher algebra. Doctoral Dissertation, Harvard University
Graduate School of Arts and Sciences.

Link
https://dash.harvard.edu/handle/1/42740223

Terms of use

This article was downloaded from Harvard University’s DASH repository, and is made

available under the terms and conditions applicable to Other Posted Material (LAA), as set

forth at
https://harvardwiki.atlassian.net/wiki/external/NGY5NDE4ZjgzNTc5NDQzMGIzZWZhMGFIOWI2M2EwYTg

Accessibility

https://accessibility.huit.harvard.edu/digital-accessibility-policy

Share Your Story

The Harvard community has made this article openly available.
Please share how this access benefits youlSubmit a stary |



https://dash.harvard.edu/submit-story?publicationId=df60734e-53b2-47f9-88e2-08cd201a8b5e

HARVARD
Kenneth C. Griffin

=7

GRADUATE SCHOOL
OF ARTS AND SCIENCES

THESIS ACCEPTANCE CERTIFICATE

The undersigned, appointed by the

Department of __Mathematics

have examined a dissertation entitled

Equivariant higher algebra

presented by __ Natalie Stewart

candidate for the degree of Doctor of Philosophy and hereby

certify that it is worthy of acceptapce
Signature W / /‘ég

Byped name: Prof, Mgke Hopkms /

s ) A S T

TByped name: Prof Da&1 Freed

Signature M— W

Bped nang of. Jeremy Hahn

Date: __ April 21, 2026




Equvariant
higher algebra

Natalie Stewart

A dissertation submitted in partial fulfillment of
the requirements for the degree of

Doctor of Philosophy

in the subject of Mathematics

Harvard University
Cambridge, MA
April 2026



@ 2026 Natalie Stewart
All rights reserved.



DISSERTATION ADVISOR: MICHAEL HOPKINS NATALIE STEWART

Equivariant higher algebra

ABSTRACT. In this thesis, we set out foundations for a homotopy-coherently parameterized algebra
suited towards equivariant homotopy theory and algebraic topology. In particular, the first chapter after the
introduction introduces parameterized (oo, 2)-category theory and a theory of parameterized algebraic patterns
lifting the theory of Chu-Haugseng; intuivitvely, for base of parameterization the orbit co-category Og, a G-
(00, 2)-category is an co-category enriched in co-categories enriched in G-spaces (i.e. enriched in G-co-categories)
and Og-parameterized algebraic patterns are G-oco-categorical objects which functorially present G-(oo, 2)-
categories of generalized G-operads and G-symmetric monoidal co-categories via the fibrational perspective.
We present a Morita theory for such parameterized patterns lifting the approximation theory of Lurie (and
Barkan, Barkan-Haugseng-Steinebrunner) and apply it to identify many models for parameterized operads,
compatibly with the corresponding theories of parameterized symmetric monoidal categories (considered as
normed algebras in co-categories).

In the second chapter, we apply this to develop some rudiments of equivariant higher algebra. In
particular, we center the roles of (co)cartesian G-symmetric monoidal structures, parameterized Segal-object
models for algebras, Boardman-Vogt tensor products/homotopy-coherent interchange, and parameterized
distributivity. At the end of the day, we use these to understand a parameterized version of Lurie, Gepner-
Groth-Nikolaus, Harpaz, and Carmeli-Schlank-Yanovski’s theory of modes, giving existence and uniqueness
of a presentable G-symmetric monoidal structure on G-spectra when G is a compact Lie group (with unit
E‘X’SO) incorporating finite-index Hill-Hopkins-Ravanel norms.

In the final chapter, we use these developments to perform two important arguments regarding
interchange: we prove a parameterized version of Schlank-Yanovski’s co-categorical Eckmann-Hilton arguments
(realizing a mild generalization of Blumberg-Hill’s N -operads precisely as the G-operads arising from infinitely
iterated Eckmann-Hilton arguments), and we lift Dunn-Lurie additivity to little disk G-operads for finite G,

as well as versions with tangential structure specified by an arbitrary map of G-spaces B — BgO(n).
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CHAPTER 0

Introduction

A motivating conjecture from chromatic homotopy theory

Let MU denote the spectrum representing complex bordism; that is MU represents a homology theory
such that, for X a smooth manifold, MU (X) =~ 1t (MU ® £°X) is naturally equivalent to the Abelian group
of smooth maps M — X with complex structure on their stable normal bundle modulo structure-preserving
bordism. Unsurprisingly, the conjugation C,-action on stable normal bundles lifts to a C,-action on MU itself;
we refer to MUpR as the associated C,-spectrum, representing the associated C,-equivariant homology theory.
Each object is multiplicative in a strict way, and yields a strict commutative algebra object in suitably chosen
model categories of spectra and C,-spectra.

Through the advent of chromatic homotopy theory, the “rings” MU and MUpR have become a crucial
object within stable homotopy theory; roughly, the observation is that the associated graded diagram
MU, MU =3 MU, presents the moduli stack of (1-dimensional, commutative) formal groups, providing a lift of
MU.(-) to a cohomology theory valued in quasicoherent sheaves over My, . It turns out that the associated
descent spectral sequence over this presentation of My o (the Adams-Novikov spectral sequence) ends up
converging to stable homotopy (see [Hop99]), so knowledge of MU, (-) may be lifted to knowledge of 7St(-).
There is a corresponding theory of Real orientations and Real Adams-Novikov spectral sequences for MUp
[Ara79; HKO1].

Now, through the usual arithmetic fracture square, we may in principle recover all of this from what
occurs after localization to each prime. Here, a key observation is that, after choosing parameters, every
p-local formal group law admits a p-typical parameterization. On the spectral side, this corresponds with a
splitting of MU, to various suspensions of a p-local (and @-indecomposable) spectrum BP; in particular,
there is a split monomorphism BP — MU|,) which on homotopy represents p-typicalization of p-local formal

group laws.



Chromatic homotopy theory then arises from the observation that the height stratification of p-typical

formal group laws may be lifted to a sequence of spectra
BP —..-—>E(n+1)—>E(n)—---,

with the corresponding Bousfield localizations presenting Sp(p) as a sequence of recollement situations with
quotients having extraordinarily pleasant properties.! These spectra E(n) arise by taking localizations of a
sequence of quotients

BP = BP{(c0) — --- - BP{(n+1) > BP{(n) —> ---,

so one recovers a version of the Adams-Novikov spectral sequence by studying modules over BP{n),BP{n)-
comodules.

A question naturally arises: may the modules-and-sheaves program be lifted to BP{n)-modules? Now,
for this, BP{n) must have either a strict commutative algebra structure or its homotopy-coherent analog,
an Ei-algebra structure for some k € [2,00]. The former constructs the latter for k = co, so we may focus
on constructing an Eg-algebra structure; unfortunately, for n > 0, BP(n) is known to not even admit an
Ey(p242)-structure [Law18; Sen22|.

Luckily, it does attain some structure; Basterra-Mandell construct an essentially unique E4-structure on
BP [BM13], and Hahn-Wilson an E3-BP-algebra form of BP(n) [HW22], which is where the nonequivariant
story lands. The latter has been useful e.g. in the recent disproof of the telescope conjecture [BHLS23].

Now, while extending the universal property of MU in terms of complezx orientations to one of MU for
Real orientations, Araki constructed a C,-equivariant lift of the Quillen idempotent [Ara79], the resulting
summand BPr C MU playing an analogous role to BPg in a “Real-oriented” chromatic homotopy theory of
C,-spectra [HKO1].

Moving forwards, BPg itself admits a series of truncations

BPg = BPg (o) — -+ — BPy (1 +1) — BPg (n) — -+,

lifting the nonequivariant truncations, which are invaluable in chromatic homotopy theory. Unfortunately,
their multiplicative nature is quite mysterious; for instance, BPg (n)c2 is not even known to have a homotopy
associative multiplication, though it’s conjectured to admit an Eq-structure [HW22, Rmk. 1.0.14]. Indeed,
BDg (n) is obstructed from admitting any construction of any C,-equivariant multiplicative structure yielding
an Ej(y2,7)-structure on underlying spectra, so it certainly can not be made strictly commutative, or E,,. We
arrive at a question.

L These quotients are the K(n)-local categories; they are pleasant e.g. in that they admit only vanishing tate cohomology for finite
groups, and furthermore are co-semiadditive.



CHAPTER 0. INTRODUCTION

Question. What multiplicative structure does BPg attain? What about BBg (n)?

Experts share conjectural answers to this question, with a genuine-equivariant theory of little disk
algebras. That is, work of Hauschild [Hau80] and Rourke-Sanderson [RS00], repackaged by Guillou-May
[GM17], and modernized and generalized by Juran [Jur25a] identify preimages of a pointed G-space under
QY (-) ~ map, (S ~) with suitably grouplike algebra structures over a so-called G-operad Ey, where V is
an orthogonal G-representation and SV its one-point compactification; MUp is the Thom C,-spectrum of
a (QP*-map, so in a sensible theory, it would attain an [E,.-algebra structure with respect to a canonical
“Cy-symmetric monoidal” structure on C,-spectra. From here, the conjecture often shared by experts is the

following.

Conjecture. Bl admits an essentially unique Ey,-MURg-algebra structure, and there exists an Ky, |-BIg-
algebra form of BPg (n).

Work on this thesis began with the author attempting to prove this conjecture; this work is still in
progress, now jointly with Christian Carrick, Mike Hill, and Ryan Quinn.

Now, the lion’s share of work on Ej-algebras, including the construction of the Ej-structures on BP and

BP{n), eventually compiles down to two fundamental observations:

(i) There exists a natural equivalence Algg (=)= Algg Algg (-), and
(ii) E; has n-ary structure space which is a torsor over ¥,; equivalently, its free algebras are tensor

algebras, generalizing the 1-categorical associative situation.

This is miraculous; it can be said that Ej is complicated because it admits interesting power operations (i.e.
its n-ary structure space has homotopically interesting homotopy ¥,-orbits), but these together reduce study
of E-algebras to a case with no interesting power operations. This is by far the hardest part of establishing
the higher Hochschild (co)homology formula for Ej-centers and enveloping algebras of [HA], which is the
fundamental technical aspect of constructing the Es-structure on BP(n) in [HW22]; moreover, it may be used to
reduce the construction of the iterated bar construction presentation of Ei-derived indecomposables/cotangent
complexes which is fundamental to [BM13] (as well as the Galatius—Kupers—Randall-Williams Ej-cellularity
regime for homological stability [GKR23]).

Thus, to approach this conjecture, it may help to first answer the following question.

Question. Does there exist a theory of G-equivariant higher algebra wherein

(i) Spg admits a canonical “G-symmetric monoidal structure” such that Thom G-spectra of V -fold loop
spaces attain functorial By -algebras structures, and
(i) there exists a natural equivalence AlgEVAlg]EW(—) ~ AlgEV®W(—), all terms switably interpreted?

3



In this thesis, we will answer Statement (i) in the affirmative when G is a compact Lie group, and
Statement (ii) in the affirmative in the case that G is a finite group; this suffices to study BPg (n). The author
intends to approach Statement (ii) in the more general case of compact Lie groups in future work.

Now, an Ey -space X is given, for all closed subgroups H C G and finite H-sets S € Finy, actions

ps: ConfH (V)= Emb™V-Fr U H xg D(V),D(V) | —> Map®! ]_[ CoInd¥ X, X |,
[H/K]cCS [H/K]cS

compatible with restriction, action of the H-equivariant automorphism group of S, and “composition” of
equivariant little disk embeddings; here, the leftmost space is the space of H-equivariant embeddings of S
into V under the usual compact-open topology, the middle the space of pairs of an H-equivariant embedding
(under the C*®-topology) and homotopies making the distinguished trivializations of their H-equivariant
vector bundles compatible, and on the righthand side CoIndII? X is the right adjoint to restriction.

For instance, by taking fixed points, an Ey-space X receives a family of transfers

(Resfi V) . —> Map (XX, x")

(K)

parameterized by the K-isotropy points in the restriction of V to H, for all finite-index inclusions K ¢ H
between closed subgroups of G. This space (Resg V) ) is an interesting complement of central real hyperspaces;
the (co)homology of fixed points of Ey-spaces correspondingly acquires an action of an interesting Orlik-
Solomon algebra, i.e. an interesting collection of equivariant Dyer-Lashof operations. Moreover, each XH
receives an Eg;, yH-space structure, making this structure even richer.

The reader would be justified at worrying about Statements (i) and (ii) at this point. Among other
things, it involves the notions of restriction and coinduction, so it may only be applied to inputs sophisticated
enough to parameterize those. In G-spaces, at least, coinduction is right adjoint to restriction; however, the
functors X°: Sy — Spy do not intertwine the right adjoints to restriction. Instead, it takes coinduction
to the Hill-Hopkins-Ravanel norm of [HHR16], which is neither a left adjoint nor a right adjoint, and is
essentially only defined by this property, sifted continuity, and symmetric monoidality.

As a consequence, we will need heavy machinery; we will need a notion of families of categories (one for
each conjugacy class of subgroups), connected contravariantly along morphisms subgroup inclusions to describe
objects; we will need symmetric monoidal structures on the value of each orbit, with compatible covariant
norms along some class of “admissible” subgroup inclusions to describe algebras. Following pioneering work
of Hill-Hopkins [HH16], succeeded by Barwick-Dotto-Glasman-Nardin-Shah [BDGNS16a] and many others,
we will accomplish this by working in a carefully constructed form of parameterized higher category theory

and parameterized higher algebra.



CHAPTER 0. INTRODUCTION

Parameterized category theory

To understand our parameterization, recall Elmendorf’s theorem [Elm83|; a modern variant of it proves

that the restricted Yoneda embedding
op l* op
Sg — Fun(SG ,S) _— Fun(OG ,8)

is an equivalence of co-categories, where Sg denotes G-spaces (i.e. topological spaces with G-action, after
inverting equivariant homotopy), and Og C Sg is the full subcategory spanned by transitive G-spaces, called
the orbit category. Noting the equivalence Map® ([G/H], X) =~ XH with point-set fixed points, this can be said
to recover the fixed points of X, connected by restriction maps and conjugation actions, and no more.

It is easy to show that this yields an equivalence

(¢} (¢}
CSeg(Sg) ~ Fun (OGP, CSeg(S)) ~ Fun (OGP, Cat) ~ Cat;(‘;cg?,rt
between complete Segal objects in G-spaces and presheaves of co-categories on the orbit category, or
equivalently, cocartesian fibrations to the opposite orbit category. The value on or fiber over the orbit
[G/H] may be understood as the “category of H-equivariant objects,” connected by conjugation actions and
restriction functors; we will henceforth abusively refer to these conjugation actions themselves as “restrictions,”

thinking of restrictions as going along subconjugacy relations.

A canonical example of this is the restricted self-indexing

S6./(-
S OP >8P 0, cat,
Taking fibers over the identity coset underlies an equivalence Sg [c/m) — Sy (inverse to the topological
induction X + G xg X), under which the pullback along [G/H] — [G/K] indeed implements restriction from
H-spaces to K-spaces.
We eventually want to describe algebraic operations specified by finite H-sets, so we point out the “full

G-subcategory” (i.e. restriction-stable family of full subcategories) Fin; C S, specified by the value
F1_ng :=Finyg Cc Sy = Qg

This admits an interpretation from the perspective of self-indexing: the unstraightening TotS; C Ar(Sg) is
the full subcategory with transitive domain, and TotFin, C Ar(Sg) the further subcategory whose maps are

finite disjoint unions of orbit maps with finite fibers.



For the purpose of genuineness over families, proper equivariance, global equivariance, or any number of
other parameterized areas of topology admitting an analogy to the equivariant setting, we will boldly replace

S with a sufficiently similar co-topos:

Definition. If 7 is an co-category, then R C 7 is an orbital subcategory if the collection of disjoint unions of
R-maps | [; U; = V in S7 = Psh(7) is closed under base-change along morphisms of representable preseheaves.

We call R atomic if it consists of O-truncated maps when interpreted as a subcategory of in Sy <

We will generally refer to representable presheaves as orbits, and we will define S, Caty, restriction,
etc. similarly. We will write Fy for the analog of Fin.

Atomicity may seem mysterious, but it is quite a basic feature in the equivariant setting: it is equivalent
to the diagonal V — V xy; V being a monomorphism (equivalently, summand inclusion, as both are finite
disjoint unions of representables). This plays the role of the identity double coset, ensuring that it has
appropriate isotropy. It turns out that every oco-category 7 admits a maximal atomic orbital subcategory
0(7), so as long as we set out to internalize the notion Fp and other notions that come along the way in the
maximal case, we will usually safely push to the case R = 0(7). 0(Og) turns out to correspond with orbit
maps with finite fibers, so we safely write Finy :=F, 7).

Now, we automatically acquire an internal notion of induction and coinduction: they are the left
and right adjoint to restriction. More generally, we define a notion of parameterized colimits and limits in
terms of left and right adjoints between parameterized functor categories. For instance, under the inclusion
S7 < Caty induced by S < Cat, this causes all cocomplete 7 -co-categories to essentially be “tensored” over
S, by taking constant 7 -colimits.

This parameterized (co)limit notion allows us to define myriad internal versions of pointedness,
(semi)additivity, stability, etc. In particular, we acquire a 7 -pointing Fing , of Finy, whose V-value turns
out to just be the pointed objects Fing,, . for all V € T, functorially under restriction. Most interestingly, we
acquire a G-oo-category S_pG of G-spectra by “formally inverting” finite-dimensional representation spheres in
the formal pointing S, i.e. in the G-co-category of G-spaces.

This yields an internal analog to Segal’s category I', gotten by taking the fiberwise-opposite of Finy ..
We can correspondingly define internal notions of Segal objects. Following Chu-Haugseng [CH21]|, we do so

via a parameterized version of their theory of algebraic patterns.



CHAPTER 0. INTRODUCTION

Parameterized algebraic patterns, parameterized operads

We define a 7T -algebraic pattern to be a 7T -oco-category B, together with a 7 -factorization system
(Bint,l”)ad) of parameterized inert and active maps, and a full 7 -subcategory B¢ c Bt of elementary objects.
We call a 7 -functor B — C a Segal B-object if its restriction to B™ is T-right Kan extended from B¢l

Of course, Finy , admits a 7-algebraic pattern structure analogous to Fin,; viewing its V-fiber as a
span category on Finz,, whose backwards maps are summand inclusions and forward morphisms arbitrary,
the backwards V-morphisms are inert and forwards active, and the contractible V-object #y is elementary. It
turns out that the Segal objects for this structure are precisely the o(7")-semiadditive T -functors Finy — C
in the sense of [CLL23]|, in direct analogy to the non-parameterized case. In the case 7 = Og for G finite,
these agree with the construction shown to be equivalent to Mackey functors first in [Narl6], so we have

defined an interesting and useful parameterized algebraic structure. But a question arises once more:
Question. Can we describe Ey -algebras in G-spectra using G-algebraic patterns?

The short answer is that Segal objects are not rich enough to describe this theory; indeed, we have not
even constructed Hill-Hopkins-Ravanel norms yet. The long answer is more interesting.

We may take inspiration from the nonparameterized picture, from Lurie (who was clearly influenced
greatly by May-Thomason). Symmetric monoidal co-categories, as commutative monoids in Cat, are Segal
co-categories over Fin,, so they unstraighten to cocartesian fibrations C® — Fin, satisfying a Segal condition.
Operads (possibly with multiple colors) also admit a mirror here, as fibrations to Fin, admitting cocartesian
lifts for inert morphisms and a pair of custom-fit Segal conditions which themselves are described in terms of
inert morphisms and elementary objects. To wit, O-algebras in C® are identified with colored operad maps to
C®, i.e. functors over Fin, preserving inert-cocartesian lifts.

Following this, Chu-Haugseng defined a notion of weak Segal fibration to an algebraic pattern encapsu-
lating this [CH21]|; this was later riffed upon under the name fibrous patterns [BHS22] and recently under the
name algebrads [BLRQG].2 We define a parameterized version of this, creatively dubbed fibrous patterns. As a
formal corollary to the work of [BHS22], we find that these admit an envelope adjunction extending [HA],
giving a translation of these ideas into maps between Segal co-categories at the end of the day.

In the special case of Finy ,, we refer to Segal Finy ,-co-categories as 7 -symmetric monoidal co-categories
and fibrous Finy -patterns as 7 -operads. This matches [NS22| when applicable. In particular, we are led to
a definition of G-operads and G-symmetric monoidal co-categories. We will find that G-symmetric monoidal

oco-categories have exactly our desired functoriality, with norms along finite-index subconjugacy relations.

2 The author likes the name algebrad quite a bit, but the aformentioned paper was released too late for her to adopt its conventions in
this thesis.



We will eventually exhibit the space of suitably well-behaved G-symmetric monoidal co-categories of
G-spectra to be contractible; in particular, finite-index Hill-Hopkins-Ravanel norms and coherences making

them compatible will come essentially uniquely. We first study the primordial ooze of equivariant topology.

Equivariant manifolds and little disks

When G is a compact Lie group, we have a preferred setting for G-equivariant topology: smooth
G-manifolds. We’ll henceforth assume all G-manifolds smooth, i.e. we’ll consider smooth manifolds with a
distinguished action of a compact Lie group G through diffeomorphisms, and equivariant maps between them.

Following in the examples of factorization homology and embedding calculus, one expects C*-spaces of
embeddings between G-manifolds to play an outsized role in algebraic topology. We define a G-symmetric
monoidal co-category Mfld . whose H-objects are H-manifolds, whose H-equivariant mapping spaces are
C*-embedding spaces (under the strong C*-topology), whose tensor products are disjoint unions, and whose

norms take M — H xg M. This admits full G-symmetric monoidal subcategories

Disk c Mfld; c Mfld;

spanned by n-dimensional representation disks and n-dimensional manifolds, respectively.
More generally, given a G-space map ©: Bg — B;O(n), we define G-symmetric monoidal co-categories

Disk(g C Mﬂdg over Mfld, whose H-objects consist of H-manifolds M together with factorizations of their

maps M — By O(n) classifying their H-equivariant tangent bundles through Resg@). We show that Dl_Skg
arises as the G-symmetric monoidal envelope of an (essentially unique) G-operad Eg. In particular, in the
case that Bg is contractible and ©: * — B;O(n) classifies the representation V as an equivariant vector bundle
over the point, we acquire a G-symmetric monoidal co-category of V-framed G-manifolds and a G-operad
Ey; its “structure spaces” are V-framed little V-disk embedding spaces, which turn out to be equivalent to
configuration spaces in V.

Taking one-point compactifications of the underlying spaces (with their contravariant functoriality along
embeddings) yields a cocartesian By -coalgebra structure on SV € Sg,.; we find a corresponding cartesian Ey
structure on QY X ~ Map, (S V. X ) One correspondingly expects these structures to be abundant.

In the case that G is finite, this is retreading known ground; as a consequence, we already know there
is a recognition principle for Ey-spaces whose H-fixed points are grouplike whenever dim VH >0 [GM17;
Hau80; Jur25a; RS00]. We know in that case that we absolutely have the right structure.

From here, we may turn towards additivity: we define a closed Boardman-Vogt symmetric monoidal
structure on 7 -operads (satisfying a similar uniqueness result to [BS24a]), which allows us to prove the

following, as the final theorem of this thesis.



CHAPTER 0. INTRODUCTION
Theorem. If G is a finite group, then there exists a natural equivalence Ey @ Eyy ~ Eygw, i.c.
® ~
Algg Algp (=) ~Algg, (=),

where A_lgg (=) is the Boardman-Vogt internal hom G-operad structure, i.e. the pointwise structure.

We more generally construct equivalences Eg ® Ey and Diskg @Disk\é’ ~ Diskg@p, where ® is the

tensor product of G-symmetric monoidal co-categories; we will identify G-symmetric monoidal co-categories
with Mackey functors valued in co-categories in the case that G is finite, in which case this is the box product
structure. This is done by a disintegration and assembly procedure extending [HA], which recognizes Eg and
Dl_skg as Bg-indexed G-colimits of the fully-framed objects (with framing at a point given by the tangent
representation).

Having accomplished Statement (ii), we're left with the structure on G-spectra and Thom spectra of
V-fold loop spaces. Unlike the finite group case, this had not yet been done before this thesis, so we have the

opportunity to take such a construction seriously. Following [HA], we define it via a version of mode theory.

Parameterized modes

[Hil24; MW22| yield parameterized versions of presentable co-categories: a T -co-category is presentable

if it is 7 -cocomplete and there exists a regular cardinal « such that it factors as
T° — Prk — Cat.

We refer to the 7 -co-category of presentable 7 -co-categories as &é

Here is where we, as Nardin did [Narl7|, find ourselves at a subtlety: following the nonequivariant
case, we would like to define a 7 -symmetric monoidal structure on &% whose O-algebras can fairly be called
“presentably O-monoidal co-categories.” Nonequivariantly, these are the O-monoidal co-categories C whose
underlying co-category is presentable and such that O acts C through multi-functors which preserve colimits
separately in each variable. Equivariantly, the latter condition can’t be so simple: Hill-Hopkins-Ravanel
norms do not commute with all colimits, only sifted colimits.

Following Nardin [Narl7], we spend significant time developing such a structure, through what we call
distributive T -multifunctors. We show that its algebras agree with the distributive normed co-categories
described in [EH23; LLP25] in the parameterized case, so long as they have presentable underlying 7 -co-
categories. Moreover, we lift Lurie’s identification of smashing localizations and idempotent algebras to
R-symmetric monoidal smashing localizations and idempotent R-commutative algebras when R is an atomic

orbital subcategory (i.e. transfer system), exhibiting either emptiness or contractibility of such structures

9



extending a given idempotent Ejp-algebra. As a consequence, we attain a theory of R-modes, as those
idempotent R-commutative algebras in &%

We show that the parameterized formal inversion procedure of [Cno23; Robl15| is as parameterized-
multiplicative as those objects you invert; in particular, we find that S_p G is a G-mode.

We also independently develop parameterized Day convolution on this level of generality (noting that
[NS22] does not cover compact Lie groups). We use this to construct the structure on Thom spectra of

Ey-maps, hence of V-fold loop maps, finally fulfilling Statement (i).

Other things

The reader should be informed that this introduction has omitted many technical aspects that will
be sticking points throughout this thesis; many of them are explained in the introductions of the papers
which the author wrote and generalized into this thesis including [Ste24; Ste25a; Ste25b; Ste25¢; Ste26]
and some so-far unpublished work. In addition to this, we have not mentioned it, but much of the work
in parameterized higher algebra will be realized on the level of a functor from 7 -algebraic patterns to
right-adjoint functors between 7 -(co, 2)-categories; a theme throughout the text is that we lift Barkan and
Barkan-Haugseng-Steinebrunner’s lift [Bar23a] of Lurie’s approximation theory to identify morphisms of
T -algebraic patterns which become equivalences of pairs of 7 -co-categories, called strong Morita equivalences,
in terms of the category theory of “active arrow 7 -co-categories;” this and universal properties of (co)cartesian

structures comprise the main category theoretic difficulties of the proof of equivariant Dunn additivity.

Notation and conventions

Throughout this thesis, we assert an w + 2-indexed collection of Grothendieck universes

Ko ,C«-Kl g"'ng CKw+1'

=

We refer to xg-small objects (sets, spaces, categories, etc.) as small, 1-small objects as large, k,-small objects
as extremely large, x,-small objects for finite n as non-massive, x,-small objects as massive, and x,,1-small

objects as extremely massive. We moreover set the following size-related notation:

o Cat is the large oo-category of small co-categories,
e Cat is the extremely large oo-category of large oo-categories, and
e Cat is the massive co-category of non-massive co-categories, and

—

e Cat is the extremely massive co-category of massive co-categories.

We will use similar notation for set theoretically small, large, etc. objects in other contexts.

10
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All subcategories will be assumed replete, including wide subcategories. More generally, we will attempt
to speak the language of co-categories model-independently, assuming an ambient well-behaved (extremely
massive) oo-category of «;-small co-categories. For concreteness, this is incarnated in [HTT| and [kerodon].

Even more generally, we will assume a reasonably well behaved theory of (oo, 2)-categories, satisfying
e.g. the axioms of [BS20[; the unicity and nonzero number of examples exhibited in [BS20| ensure that
we do not lose anything by refusing to pick a model. We will generally refer to particular (co, 2)-categories
with all-capital roman font (such as CAT), and arbitrary ones with blackboard-bold (such as C); particular
oco-categories will be the usual roman font and arbitrary ones caligraphic (such as Cat and C), and particular
topological categories bold-face (such as Top).

For parameterized objects, when it helps avoid confusion, we will underline them; for instance, Cat, is
the T -co-category of small 7 -co-categories, and CAT the 7-(co,2)-category of them.

We will generally write algebraic patterns and 7 -algebraic patterns with fraktur font (such as €), and

we will decorate T-operads and 7 -symmetric monoidal co-categories with a tensor superscript (such as C®).

11



CHAPTER [

Parameterized category theory and Segal conditions

In this section, we exposit and expand upon a version of co-category theory which has recently gained
traction within equivariant homotopy theory. To motivate this, consider the following.

In nonequivariant higher category theory, there is a colocalizing (and localizing) full subcategory inclusion
S C Cat of spaces into co-categories; its essential image consists of those co-categories whose morphisms are
all equivalences, i.e. our theory satisfies Grothendieck’s homotopy hypothesis. Given an oco-category C and

space X, we then acquire an equivalence of spaces
Fun(X,C)”™ ~Map (X,C7);

in particular, local systems of C-objects are represented by the moduli space C=.

Many moduli spaces of interest in algebraic topology appear in this way; for instance, if Vect/4- denotes
the co-category of finite dimensional real vector spaces and linear isometric embeddings (say, arising from the
usual topological category, with the spaces underlying the usual manifold structure on hom spaces), choosing
bases yields an equivalence

Vect/ 4=~ UBGLn(R).
i€ER
Now, given G a compact Lie group, the equivariant homeomorphism classes of genuine G-equivariant real

vector bundles occur as path components in the mapping space Map(Y,][;cgr Bg GL,(R)). Working the

above idea in reverse, we may posit the following.

Hypothesis. There exists a localizing and colocalizing full subcategory inclusion from Sg into an oo-category
of “G-oco-categories,” so that B GL,(R) is the core of finite-dimensional real representations, and moreover

the various objects appearing in equivariant algebraic topology have G-categorical universal properties.

Now, Elmendorf’s theorem gives us a hint: as G-spaces are equivalent to presheaves of spaces on the
orbit category, perhaps G-oco-categories must be equivalent to presheaves of co-categories on the orbit category.
From this perspective, we may probe our example a bit further: the G-space Bg GL,(R) is assembled

from its H-fixed points for all closed subgroups H C G, together with restriction maps associated with each

12
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subconjugacy relation. In fact, we may interpret this via the equivalence

(U BgGL,(R)

H
ner

ner

= Rep/"/(R);

the analog of H-fixed points of a G-oo-category are its H-equivariant objects. Indeed, a G-oco-category will
consist of an H-equivariant co-category for all closed H C G, connected by restriction functors, and a G-functor
will simply be an H-equivariant functor for all H which coherently intertwines restrictions.

This perspective is greatly influenced by pioneering work of Hill-Hopkins [HH16] and ensuing work of
Nardin-Shah along with Barwick-Dotto-Glasman [BDGNS16a; BDGNS16b; Narl6; Narl7; NS22; Sha22;
Sha23], which aimed to create a homotopical theory encapsulating the multiplicative aspects of equivariant
stable homotopy theory that Hill-Hopkins had developed with Ravanel in their solution to the Kervaire
Invariant One problem away from dimension 126."

In this endeavor, additional data is needed to encapsulate the tensor product and Hill-Hopkins-Ravanel
norm, which were together to form a G-symmetric monodial co-category; following Hill-Hopkins once more,
Nardin-Shah developed such a theory for finite groups, showing it to be equivalent to Hill-Hopkins’ hopeful
model of (semi)-Mackey functors of co-categories [NS22]. None of this turned out to depend so strongly on
the group; rather, it only required that the orbit category Og could be modified into the effective Burnside
category Span(F), so Barwick-Dotto-Glasman-Nardin-Shah elected to work directly with such categories,
called orbital categories.

An obvious snag appears: the category of finite disjoint unions of G-orbits does not admit a span
category if G is positive-dimensional, as it does not admit pullbacks. The best one may say is that arbitrary
morphisms in Oz admit well-behaved pullbacks along finite index closed subcategory inclusions. A similar
snag makes the global homotopy theory of [Sch18] only almost accessible from the orbital setting.

Seeing this, Cnossen-Lenz-Linskens developed a framework generalizing the inclusion Ogi' c Og, called
atomic orbital subcategories, which can handle a higher algebra of G-equivariant homotopy admitting HHR
norms along finite-index closed subgroup inclusions [CLL24].

In another direction, Nardin-Shah furthered the study of equivariant higher algebra by developing
T -operads whenever 7 is an atomic orbital co-category [NS22|, though their framework notably compiled

down often to equivariant co-category theory. In an attempt to simplify this, Barkan-Haugseng-Steinebrunner

! There were some historical antecedents to this, for instance as far back as tom Dieck’s construction of the discrete fundamental group
category |Die87], which is easy to see as the result of applying the Grothendieck construction to the G-category whose H-equivariant
category is the fundamental group of the H-fixed point space.

13



SECTION I.1. PARAMETERIZED AND EQUIVARIANT CATEGORY THEORY

cast these objects into a much more lightweight framework of algebraic patterns in [BHS22|, enabling more
modern higher-categorical approaches to be applied.

In this section, we summarize the aspects of these developments which we need, as well as develop some
key new work. Indeed, in Section 1.1, we review the parameterized category theory, as well as develop some
rudimentary equivariant (oo, 2)-category theory, as many of our G-categories of interest will appear as functor
G-categories therein, and many of our boilerplate equivalences of G-categories boil down to adjunctions of
G-(00, 2)-categories. Additionally, we develop terminology roughly equivalent to Cnossen-Haugseng-Lenz-
Linsken’s weakly extensive categories [CHLL24b| and generalizing Blumberg-Hill’s indexing systems [BH15],
as well as some necessary rudiments of the corresponding theory of (incomplete) G-commutative monoids.

Moving on, in Section 1.2, we review the theory of algebraic patterns, relate it to Lurie’s theory of
categorical patterns, and express the variants of Chu-Barkan-Haugseng-Steinebrunner’s and Lurie’s results
which we will need throughout this text.

Additionally, in Section 1.3, we define a theory of parameterized algebraic patterns over an atomic orbital
subcategory, as it is needed in order to develop a necessary form of Barkan’s pattern Morita theory and
Lurie’s operad approximation theory; we develop a fair bit of this Morita and approximation theory for
parameterized patterns, as well as rudiments of several of the constructions of [HA, § 2] on this level of
generality.

Finally, in Section 1.4, we define and characterize the algebraic patterns which we will find foundationally
useful to equivariant higher algebra, mostly as variations on Segal’s I'-category and the effective Burnside

category.

I.1 Parameterized and equivariant category theory

We begin by working on parameterized (oo,1)- and (oo, 2)-category theory, with no assumptions on
the base, in Sections I.1.1 and I.1.2. Following this, in Section 1.1.3 we define our categorical model for the
finite-index and general orbit categories, called atomic orbital subcategories. Generalizing this somewhat, in

Section I.1.4 we introduce weak indexing systems.

I.1.1 Recollections of parameterized co-category theory We start with the basics.

1.1.1.1 The T -co-category of small T -co-categories We make the following definition.

Definition I.1.1. The co-category of small T -co-categories is

Caty := Fun(7 °P,Cat),

where Cat is the co-category of small co-categories. <

14
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Notation 1.1.2. Fix C € Caty. We refer to the value of C at V € 7°P as the V-value category of C, written as

CV; given f: V. —> W, we refer to the associated functor as restriction
Resy : "V — V. <

Remark I.1.3. The Grothendieck construction, imported to co-category theory as the straightening unstraight-

ening equivalence in [HTT, Thm. 3.2.0.1], produces an equivalence
Caty =~ Cat§35}",

the latter denoting the (non-full) subcategory of Cat,7op whose objects are cocartesian fibrations and whose
morphisms are functors over 7°P which preserve cocartesian arrows. Under this identification, the fiber
of TotC — T°P over V is identified with the V-value CV and the restriction functors are identified with

cocartesian transport, where Tot denotes the total co-category of the unstraightening. <

Given C,D a pair of T -oco-categories, we may define the 7 -functor category to be the full subcategory
Funz(C,D) := Funfg—%aprt (C,D) c Fun,7e(C,D)

consisting of functors over 7 °P which preserve cocartesian lifts of the structure maps.

Example 1.1.4. For any object V € T, the forgetful functor (7;;,)°? — 7°P is a cocartesian fibration classified
by the representable presheaf Map,(—, V). We refer to the associated T -co-category as V. This is covariantly

functorial in V, since postcomposition yields functors fi: 7,y — 7, for all maps f: V — W. <
These play an important role in equivariant higher category theory.

Notation I.1.5. Given C a 7 -oo-category, we define the restricted 7,y -category by
Res?, = C¥ = C xop (Ty)°P. <
Proposition I.1.6 ([BDGNS16b, Thm 9.7]). Caty has exponential objects Fun,(C, D) classified by the functor
V' Fung, (CZ’ DK)'

We refer to monomorphisms? in Caty as 7 -subcategories, and T-functors which are fiberwise-fully

faithful as full T -subcategories, or T -fully faithful functors.

2 Following [HTT, § 5.5.6], we refer to a morphism X — Y in C as a monomorphism if the canonical map X — X xy X is an equivalence,
or equivalently, if the pullback functor f*: C/y — C/y is fully faithful.
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Observation I.1.7. By the fiberwise expression for limits in functor categories (c.f. [HTT, Cor. 5.1.2.3]), a
T -functor F: C — D is a T-subcategory inclusion if and only if FV: C¥ — DV is a subcategory inclusion for

all VeT. <

Definition I.1.8. Let 7 be an oco-category. Then, a full subcategory F C 7 is a 7 -family if whenever V € F

and W — V is a map, we have W € F.? The poset of 7-families under inclusion is denoted Famy. <

Example I.1.9. The terminal 7 -co-category # is classified by the constant functor V + +. The poset of sub-
terminal objects in Caty (i.e. monomorphisms with codomain #;) is isomorphic to Famy; the 7 -co-category

*r associated with F is determined by the values

x VeF;
rv =
& otherwise.

In fact, the “co-groupoid” inclusion § < Cat induces an inclusion Sy < Cat7 sending the universal space
E‘F to f]:. <

The oco-category Caty participates in an adjunction
Tot: Cat; —— Cat: Coeff”
whose left adjoint Tot is the total category of cocartesian fibrations, and whose right adjoint has V-value
(Coeff”€)" = Fun ((T)v)*?,C)

where the functoriality on f is given by (fi)* [BDGNS16b, Thm 7.8|. We refer to Coeff” as the T -co-category

of coefficient systems in C.*
Example 1.1.10. There is an equivalence *; = Coeff’ + € Caty since right adjoints preserve terminal objects. <«

We may additionally construct the associated co-category
r’c:= Funz (% C),

whose objects consist of cocartesian sections of the structure functor C — 7°P. We refer to this as the

oo-category of T -objects in C. For instance, if 7 has a terminal object V, [BDGNS16b, Lemma 2.12] shows

3 These are named families after subconjugacy closed families of subgroups, which frequently occur in equivariant homotopy; these are
referred to as sieves in [BH15; NS22| and upwards-closed subcategories in [Glal7]|.

4 These are referred to as the cofree parameterization CoFree(C) in [Hil24] and as the T -co-category of T -objects Cy in [Narl7]. We
avoid the former for clarity (as we do not view Tot as a forgetful functor), and we avoid the latter as it conflicts with the 7 -co-category
of T -spectra SipT; instead, our name is chosen to evoke the coefficient systems used in equivariant cohomology.
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that we have an equivalence

r‘c~c";

more generally, this implies that 7 C ~ limyczop CY, ice. it is the 7 -fized points (or the limit of C viewed as

a 7T°P functor). Defining the 7 -inflation to have V-values
\%
(nfly D) =D

for any D € Cat and V € 7, the adjunction between limits and diagonals immediately yields the following.
Proposition I.1.11. The functor InﬂeT: Cat — Caty is left adjoint to TT : Caty — Cat.

Using this adjunction, given C € Cat, we define the co-category
Coeff” € := T Coeff” C ~ Fun(T°P,C);

then, we have Caty = CoeffTCat, and Elmendorf’s theorem states that Sg =~ CoeffPs s , motivating the
following.

Definition 1.1.12. The 7 -co-category of small T -co-categories is Caty := MT(Cat); the 7 -co-category of
T -spaces is S = MT(T), and the oo-category of 7 -spaces is St := CoeffT(S) ~ FT§T. <
Observation 1.1.13. The V-value of Cat; is (@T)V = Caty,,; we henceforth refer to this as Caty. The

restriction functor Res‘{/vz Caty, — Caty is presented from the perspective of cocartesian fibrations by the

pullback
Res%C —C

[
(Tv)? —— ()P
In particular, given a map U — V — W, abusively referring to (U — V) € 7y as U, this is characterized by
the formula
U
(Res%,/v C ) ~cY, <
I1.1.1.2 Join, slice, and (co)limits We now summarize some elements of [Sha22; Sha23].

Definition 1.1.14 ([Sha23, Def 4.1]). Let 1: T7°P x dA! < TP x Al be the evident inclusion. Then, the T -join
is the top horizontal functor

_* -
Cat% T > Caty

[ [

* T
Cat/TopxaAl l—) Cat/TopXI —') Cat/Top
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which exists by [Sha22, Prop 4.3]. We write
K™ := K*7 *7;
K® =27 %7 K. <

Definition I.1.15. If C,D € Caty ¢, are 7 -co-categories under &, the 7 -co-category of T -functors under & is

defined by the pullback of 7 -co-categories

Fun; ¢/(C,D) — Fun(C,D)

l : l(ﬂc)*
*r T) Fun(€,D)

The 7 -co-category of 7 -functors over £ is defined similarly. If p: K — C is a T -functor, then the 7 -

undercategory and T -overcategory are the functor 7 -co-categories

CP/ == Funy ¢, (K",C);

C/P = Fung ¢, (K*,C) <

In the case p: 7 — C corresponds with the 7-object X € I'7¢, we simply write CX/ := CP/ and similar
for overcategories. In general, the categories CP take part in a functor out of Caty g/. Of fundamental

importance is the adjoint relationship between these functors:

Theorem 1.1.16 ([Sha23, Cor 4.27]). The T -join forms the left adjoint in a pair of adjunctions

K7 —: Caty ——= CatTlK/ 2(—)(_’T)/,

—*7 K: Caty ———= Catr g, 2(—)/(7’7-).

We say a 7 -functor p: K® — C extends p: K — C if the composite K — K* — C is homotopic to p.

Definition I.1.17. Let C be a T -co-category. A T-object X € T7C is final if for all V € T, the object Xy, € CV
is final; a 7 -functor p: K* — C extending p: K — C is a limit diagram for p if the corresponding cocartesian
section oy : *7 — ¢/(PT) is a final T-object. <

The fiberwise opposite (or vertical opposite) functor op: Caty — Caty is the 7 functor induced under
Coeff” by the opposite category functor op: Cat — Cat; the notions of initial 7-objects and 7 -colimits are
defined dually as final 7 -objects and 7 -limits in the fiberwise opposite.

In many cases, these are familiar; for instance, trivially indexed (co)limits are non-equivariant.
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Proposition 1.1.18 ([Sha22, Thm 8.6]). A diagram p: (InﬂeTK)<1 — C is a limit diagram for p: InﬂeTK —Cif

and only if for all V, the associated diagram p,: K* — Cy is a limit diagram for py .
Similarly, indexed (co)limits in coefficient systems may be converted into non-equivariant colimits.

Proposition 1.1.19 ([Sha23, Prop 5.6-7]). Let T be an atomic orbital co-category and F: C — Coeff” (D) a

T -functor. Then, the indexed limit and colimit of F have values computed by ordinary limits and colimits:

L\
(colimF)V =~ colim (CV — Tot" C — Coeff¥ (D) L)——> D);

\V
(limF)" = lim(TotVC — Coeff” (D) Ll D).

Now, mirroring the nonequivariant story, cofinality is measured in 7 -spaces, which is a category of
coefficient systems. Thus, cofinality of a 7 -functor may be converted into a nonequivariant statement using

Proposition 1.1.19, which turns out to be particularly simply.

Proposition 1.1.20 ([Sha23, Thm. 6.7]). Let 7 be an atomic orbital co-category and F: C — D a T -functor.
The following conditions are equivalent:
(1) For all T -colimit diagrams p: D” — £, the composite functor po F*: C* — £ is a T -colimit diagram.

(2) For all V €T, the associated functor Fy: Cy — Dy is final.
For instance, the following corollary is immediate.

Corollary 1.1.21. If K has a terminal T -object #,, then every diagram K — C has a T -colimit, and a diagram
p: K*r {c} = C is a T -colimit diagram if and only if, for all V € K, the V-map p(+y) — p(cy) is an

equivalence.
We also record a useful special interaction of 7 -colimits and initial 7 -objects.

Proposition 1.1.22. Suppose a diagram p: K — C admits an initial full T -subcategory L C K such pl; is
constant with value on initial V-objects. If K’ C K is a complementary full T -subcategory to L, then Then,

an extension p: K — C is a T -colimit diagram if and only if its restriction to K™ is a T -colimit diagram.

PROOF. It suffices to note that the restriction 7 -functor C? — CPIc’/ is an equivalence. |

Definition 1.1.23. Let C be a T -co-category and let K, = (Ky)yer C Caty be a restriction-stable collection of
V-categories. We say that C strongly admits KC-shaped limits if for each V € T, each V-category K € Ky, and
each V-functor p: K — Cy, there exists a limit diagram for p. We say C is T -complete if it strongly admits

Catr-shaped limits.
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If C and D are 7 -co-categories which strongly admit all X-shaped limits and F: C — D is a 7, functor,
we say F strongly preserves K-shaped limits if for all V € 7 and all K € Ky, postcomposition with the
V-functor Fy: Cy — Dy sends K-shaped limits diagrams to limits diagrams.

If C c D is a full 7-subcategory whose inclusion strongly preserves K-shaped limits, we say that C is

strongly closed under K-shaped limits. <
An important class of examples is indexed (co)products.

Definition 1.1.24. Consider S € Fy, considered as a V-category under the inclusion Sety <> Caty extending
the representable V -category functor 7,; — Caty via coproducts. Then, we refer to S-shaped V-limits as
S-indezed products and S-shaped V-colimits as S-indexed coproducts.

If C c Fy is a full 7-subcategory, we refer to 7-colimits of the corresponding class as C-indexed
coproducts; similarly, following [Ste24], if I C Sets is a pullback-stable and core-full subcategory, we define

the full T-subcategory Set; C Set, of I-admissible T -sets by
(&I)V = Set; y = {s |Indfs > Vve 1} C Sety.

We refer to the class of Set;-indexed coproducts as I-indexed coproducts, and use the dual language for
I-indexed products. If D strongly admits Set;-shaped limits, we simply say D admits I-indezed coproducts;

we use the following language.

e Setr-indexed coproducts are small indezed coproducts;
e Fr-indexed coproducts are finite indexed coproducts;

e {V:n-S — S}-indexed coproducts are trivially indexed coproducts (or ordinary coproducts). <
Notation I.1.25. Given C a T -category and S € Sety, we write
CS = l_[ CU
UeOrb(S)

=~ Funy(S,C);

more generally, given S € Sety, we write Cg for CInd%' where Orb(S) is the set of orbits expressing S as
a disjoint union of elements of 7. Given S € Set; y, and (Xy) € Cs, we write the S-indexed products and

coproducts as

S S
s — 1 e, [ N
w w w w
s s
(Xu)veorb(s) —— l_U[XU (Xu)vueorb(s) —— LU[XU
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In particular, in the case that S has one orbit U, we write Ind‘{](—) and CoIndg(—) for S-indexed coproducts

and products, respectively. <
Given K C Cat a restriction-stable collection of V-categories and W € 7', we let Ky C Catyy, be the

corresponding restriction-stable collection V-categories, where V ranges over 7,y. We will use the following

notation for strongly (co)limit-presereving functors.

Notation I1.1.26. Let I C F7 be a pullback-stable subcategory. Following and slightly extending [Sha22,

Notn 1.15], we use the following notation for the described distinguished full 7 -subcategories of Fun,(C, D):

Fun?‘L (C,D): the V-functors which strongly preserve Ky-indexed colimits;
Fun?‘R(C,D): the V-functors which strongly preserve K, -indexed limits;

Fung(C,D): the V-functors which strongly preserve small V-colimits;

(1)

(2)

(3)

(4) M§(C,D): the V-functors which strongly preserve small V-limits;

(5) Fu_nIT_ H(C,D): the V-functors which (strongly) preserve I-indexed coproducts;
(6) Fu_nIT’ *(C,D): the V-functors which (strongly) preserve I-indexed products.

(7) Fu_n#(C,D): the V-functors which (strongly) preserve finite ordinary coproducts;
(8)

Fun’(C,D): the V-functors which (strongly) preserve finite ordinary products. <
1.1.1.8 Parameterized adjunctions Related to indexed colimits, there is a theory of parameterized adjunc-

tions.

Definition 1.1.27. A 7-functor L: C — D is left adjoint to R: D — C if the associated functors Ly : Cy — Dy

are left adjoint to Ry : Dy —» Cy for all Ve 7. <

These have a pointwise description:

Proposition 1.1.28 ([Hil24, Cor. 2.27]). A 7T -functor L: C — D admits a T -right adjoint if and only if the

following conditions hold:

(1) for each VeT,LV:CY — DV admits a right adjoint RV, and

(2) for all maps U — V| the Beck-Chevalley transformation RengV = RY Resg RY is an equivalence.

Remark 1.1.29. By [Sha22, Rmk 5.4], 7 -limits form a (partially defined) right 7 -adjoint lim: Fun(K,C) —» C
to the “diagonal” T-functor AK: C — Fun,(K,C), which itself may be computed as precomposition along the

canonical 7 -functor K — #7. <

21



SECTION I.1. PARAMETERIZED AND EQUIVARIANT CATEGORY THEORY

As observed in [Ste24], diagonals are functorial, so composing right adjoints to the diagonal of the “orbit

set” factorization Ind‘T,S — yeorbs) V — V thus yields natural equivalences

(1) ]i[XU: ]_[ Ind}, Xy; ﬁxuz ]_[ Colnd} Xy.
U U UeOrb(S)

We may construct many more 7 -adjunctions using Coeff” :
Lemma I.1.30. Suppose L: C 2 D: R is an adjunction of co-categories. Then,

Coeff! L: Coeff’ C = Coeff! D: Coeff’ R

18 an adjunction of T -co-categories.
PROOF. This follows from the fiberwise description of CoeffT(—); indeed, the V-values
L. : Fun (()y)°P,C) 2 Fun (Z)y)®, D) : R,

are adjoint. 0

Example I1.1.31. We may use Lemma 1.1.30 to realize the full 7-subcategory of 7 -spaces whose fixed points

are d-connected or d-truncated as (co)localizing T -subcategories

m /N
§T,zd + §T + §T,sd
K~ K 2

We will use this line of thought to understand truncatedness and connectedness of T -operads and T -symmetric

monoidal categories. <

Example 1.1.32. By Lemma 1.1.30, the classifying space and core double adjunction (—)~ 414 (=)~ yields a

double 7 -adjunction

We may construct even more adjunctions by slicing existing adjunctions; the following follows immedi-

ately from the case 7 = (which is well-known), applied fiberwise.

Proposition 1.1.33. Given L: C S D: R an adjoint pair of T -functors and C € C an object, the corresponding
lift
Lyc: Cc — Dyrc
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18 T -left adjoint to the composition

Ric n

v
Diic C/RLC

1%
e
where 1: C — RLC is the unit of the adjunction.
Additionally, we can make genuine adjunction non-genuine using [HA, Prop 7.3.2.1].

Proposition 1.1.34. IfL: C 2 D: R are adjoint T -functors, then TotL: TotC 2 TotD: TotR and [L: TC 2

I'D: TR are adjoint pairs.
PROOF. The adjunction on Tot is [HA, Prop 7.3.2.1], and it induces an adjunction
TotL,: Fun,;(7,TotC) ——= Fun,7(7,TotD): TotR,,
which restricts to the full subcategories of cocartesian sections, and hence yields an adjunction
I7L:T7¢C —=T17D: 7. 0.
We will need the following lemma and proposition later.

Lemma 1.1.35. Suppose a T -functor F: C — D has Fy : Cy — Dy conservative for all V € T ; then, TTF is

conservative.

PROOF. Suppose f, : X, — Y, is a map of 7-objects in C, i.e. a natural transformation of cocartesian
sections of TotC — 7°P. Then, f, is an equivalence if and only if fi, is an equivalence for each V; by
conservativity of Fy, this is true if and only if F, f, is an equivalence for each V, i.e. if and only if Ff, is an

equivalence, so TTF is conservative. O

Proposition 1.1.36. Suppose L: C 2 D: R is a T -adjunction such that Ry is monadic for all V € T ; Then,

ITR:TTD - T7C is monadic.

PRrROOF. We verify that TZ R satisfies the conditions of the co-categorical Barr-Beck theorem [HA,
Thm 4.7.3.5(c)|. First, by Proposition 1.1.34 and Lemma 1.1.35, T7 R is a conservative right adjoint. Second,
note that a simplicial object Z,(=) in IZ D corresponds to a family of simplicial objects Zy (=) in Dy, and
a T'7 R-splitting of Z,(—) corresponds with a restriction-stable family of Ry-splittings of Zy(-). Thus Ry
creates a colimit of Zy for all V, and the resulting cocartesian section creates a colimit for Z,, i.e. TZR

createss I'Z R-split simplicial colimits, so I'7 R is monadic by [HA, Thm 4.7.3.5(c)]. O
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1.1.1.4 Parameterized Kan extensions Fix a (not necessarily commuting) triangle of 7 -functors

c-ty¢
P

(p //
G

s
s

and x € Dy a V-object. Assume D has a final V-object. We define the composite V-functor

G5 (cl) L (o) E plrxal s py —Sey

where H’ takes the cone point to a V-final object and H is adjunct to the evident map D(}‘ — Ar(Dy).

Theorem 1.1.37 ([Sha22, Thm 2.13|). The pullback T -functor
¢": Fun;(D,€) - Funy (C,€)

has a partially defined left adjoint @, whose values are uniquely characterized by the property that (¢F)* is a

V-colimit diagram for all V€ T and x € Dy. We call this the T-left Kan extension of F along ¢.

For instance, 7 -left Kan extensions along C — 7 are precisely 7 -colimits. More generally, we will view

the above colimit formula via the shorthand

¢ F(y) = colim(p(x)_)yF(x).

Of course, 7 -right Kan extensions are defined dually, and denoted ¢,.

Lastly, we may describe of (co)limits in relative functor 7 -categories in the cocartesian case.

Proposition 1.1.38 ([Sha22, Thm. 4.16]). Fiz nw: X — B a cocartesian T -fibration, K a T -co-category, and
r: C— B a T -functor.
(1) A V-diagram
p: K*—Funy (Cv. xv)
is a V-limit if and only if, for all U e T'V, Be BY, and C € Cg, the composite T -functor
Res) P eve
Ky ——— Funy 5, (Cy, Xy) —— A
is a U-limit diagram; in particular, if X is fiberwise T -complete, then Funy /s (C,X) is T -complete.
(2) A V-diagram
p: K* —Puny 5, (Cy, Xy)
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is a V-colimit diagram if and only if, for all U € TV, Be BY, C € Cg, and C-arrows g: B— B, the

composite T -functor

Resgﬁ eve &
K&————) FunT,/BK(CK’XK) Xp Xp

is a U-limit diagram; moreover, if X is fiberwise T -cocomplete, then Funy /5 (C,X) is T -cocomplete.

In particular, we immediately acquire colimits in 7 -categories of cocartesian sections (c.f. [NS22,

Thm. 5.1.3] and [NS22, Thm. 5.1.4]).

Corollary 1.1.39. Suppose B™ c B is a wide T -subcategory, X — B is a cocartesian T -fibration, C — B a
T -functor with cocartesian lifts for arrows lying in B™, and K C Caty a collection of small T -co categories
such that cocartesian transport in X preserves K-colimits. Denote by Funib?t_Cocart (C,X) c Fung (C, X) the full

T -subcategory of V -functors compatible with cocartesian arrows over B,
(1) Furli}llt/_BCocart (C,X) Cc Fung (C,X) is closed under T -limits.

(2) FuniTn,t/_BCocart (C,X) Cc Fung (C,X) is closed under K-colimits.
Lastly, we note that this is yields to parameterized Kan extensions.

Lemma 1.1.40. Suppose F: C - D is a T -functor and L: C — & is T -left adjoint to R: £ — C. Then, FR is

the T -left Kan extension of F along L.

PRrROOF. Using [Sha23, Thm 10.5] we simply repeat the nonequivariant proof: Yoneda’s lemma yields

Naty(L,F, G) =~ Naty(F, GL)

~ Nat7(FR,G),

so another application of Yoneda’s lemma constructs a natural equivalence LF ~ FR. O

L.1.1.5 The parameterized Yoneda embedding [BDGNS16b, Def. 10.2] defined a Yoneda embedding:
k¢: C— Pshr(C) = Funy (C°P,S ).
We will need some properties of this:

Proposition 1.1.41 ([BDGNS16b, Prop. 10.3], [Sha23, Thm. 11.5], [Sha23, Cor. 11.10]). Fiz C € Cat, .

(1) For all V-presheaves F: Cy — Sy, there exists a natural equivalence

F(-)=Map, ., (&c(-)F);
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in particular, ¢ is fully faithful.
(2) ¢ factors through an equivalence f¢: C -;_)Fﬂi (C°P,C).
(8) ¢ preserves and detects T -limits.

(4) Pshz(C) is cocomplete; moreover, if D is a cocomplete T -co-category, we acquire an equivalence
ke Pun% (Psh7(C), D) —— Fun, (C,D).

We may view . as exhibiting Psh7(C) as the 7 -cocompletion of C. Hilman subsequently developed
a vast generalization of this, which we will eventually need within our discussions of distributivity and

presentability.

Proposition 1.1.42 ([Hil24, Thm. 6.4.2|). Suppose C is a T -co-category, K C Caty a full T -subcategory, and R

a collection of cocone diagrams lying in C with domains of the form K*> with K € K. Define the solid diagram

c
X
55 \ig ‘
r\l( \
K

where Psh’%(C) C Psh7(C) is the full T -subcategory generated under KC-colimits by X ¢(C) and L is the localization

which forces the image of R to consist of colimit cocones. Then, the composite functor
K kb L
Yer: C—— Pshk(C) —— Psh% 4 (C)
satisfies the following universal property:
Fun’ ™ (Psh » (C), D) —— Funf® (¢, D),

whose righthand side consists of those T -functors C — D taking elements of R to V -colimit cocones. Moreover,
a factorization exists as in the dashed arrow if and only if R consisted of cocone diagrams in the first place;

in particular, in this case, c):g = 8 fully faithful.

1.1.1.6 Parameterized localizations We use the following terminology.

Definition I.1.43. A 7 -functor F: C — D is a 7T -localization if it admits a fully faithful 7 -right adjoint. A full

T -subcategory D C C is localizing if its inclusion is right 7 -adjoint to a 7 -localization. <

Now, many of these are Dwyer-kan localizations in the following sense.
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Proposition I1.1.44 ([Hil24, Thm. 6.3.7]). Given a small T -set of morphisms B C C, there exists an essentially

unique accessible T -localization C — LgC satisfying the universal property
Fun (LgC,D) ——> Fun; 51 (C, D),

where the latter denotes B-inverting T -functors.

These are described by a closure property on 7 -classes of morphisms.
Definition 1.1.45 ([Hil24, Def. 6.3.5]). A T-class of morphisms B C B is strongly saturated if

(1) B is closed under cobase change,

(2) B c Ar(C) is closed under 7 -colimits, and

(3) B satisfies two-out-of-three for all V € 7.
We say that B is the strong saturation of B C B if it is the smallest strongly saturated class containing B. <

Note that whenever C admits 7 -colimits, this is equivalent to a strongly saturated class in CV for each

V, stable under restriction and induction. These are relevant for the following reason.

Proposition I1.1.46 ([Hil24, Prop. 6.3.6]). Given a T -localization L: C — D, the collection of arrows inverted

by L is a strongly saturated class; moreover, there exists an equivalence LgC ~ LgC under C.

1.1.1.7 Parameterized presentability T -left adjoints strongly preserve small 7 -colimits and 7 -right adjoints
strongly preserve small 7 -limits [Hil24, Thm 3.1.10], and they satisfy a parameterized version of the adjoint
functor theorem [Hil24, Thm 6.2.1]. To describe this fully, we make a few definitions.
Definition I.1.47. We say that a 7 -functor F: C — D is 7 -accessible if it preserves fiberwise x-filtered colimits

for some regular cardinal . <

We call a 7 -co-category presentable if it satisfies the following equivalent conditions:

Proposition I1.1.48 ([Hil24, Thm. 6.1.2]). The following conditions on a T -co-category C are equivalent:

(a) There exists a small idempotent complete T -co-category D and accessible T -localization Pshy (D) — C.

(b) C is cocomplete and there exists a regular cardinal x and factorization
C: T° — Prb* - Cat.

Now, for a convenient statement of Hilman’s parameterized adjoint functor theorem, we define the
following full 7 -subcategories:
(1) LFuny (C,D) C Funy (C,D): the 7 -left adjoints.

(2) FunP°(C,D) C Fun; (C,D): the accessible T -functors.
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Proposition 1.1.49 ([Hil24, Prop. 3.3.11] and [Hil24, Thm. 6.2.1]). Suppose C and D are presentable T -co-

categories. Then, taking adjoints and inclusions yield equivalences
Fun’ (C, D) —— LFun (C,D) ~ RFun; (D,C)? «—— Fun?acc (D,C)°P

Warning 1.1.50. Our notion of accessibility from skips an assumption of accessibility of the domain stipulated
in [Hil24, Def. 5.2.6], so as to avoid discussion of x-Ind-completion. This will not cause issues, as we will only
ever discuss accessible 7 -functors with presentable domain, and presentable 7 -co-categories are accessible by

[Hil24, Thm. 6.1.2]. <

Example 1.1.51. The following 7 -co-categories are presentable.

(1) Accessible T -localizations of presentable 7 -co-categories; that is, 7 -localizations C — LC with
Ce Pr]} whose codomain and 7 -right adjoint are accessible.”

Indexed products of presentable T -categories [Hil24, Lem. 6.6.1].

(2)
(3) Funy (C,D), whenever C is small and D is presentable [Hil24, Lem. 6.7.1].
(4) Fu_n]% (C, D) whenever C and D are presentable [Hil24, Lem. 6.7.4].

(5)

C/x, whenever X e T7C is a T-object of a presentable 7 -category [MW22, Cor. 2.4.2.8]. <

1.1.1.8 The parameterized pairing construction Now, one of the crucial and subtle constructions of [Sha22;

Sha23] is the parameterized pairing construction, based off of the following,.

Proposition 1.1.52 (Exponentiability is measured fiberwise). Given T -functor f: C — D, the following

conditions are equivalent.

a) The pullback T -functor f*: Cat — Cat admits a T -right adjoint f,.; and
~<7,/D ~ 7 =22T,/C
b) For all V €T, the pullback functor fV*: Cat,pv — Catjev admits a right adjoint f.V.
/D /C

In this case, there is a natural equivalence f,V ~ (ﬂ)v.

We call such 7 -functors exponentiable; this is equivalent to flatness by [kerodon, Tag 05N8§].

PrOOF. Note that the inclusion F(-) := Inﬂ;/(—) Xp(pv) D — D admits natural equivalences

Funy /p, (F(B),£) =~ Fun,pv (B,EV);

f*E(B)=F(fV"B).

5 This follows by Proposition 1.1.48 and transitivity of accessibility.
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In particular, in the case (b), we acquire a natural equivalence

Funyev (f*B,£") = Fung ¢, (F(f"*B),€)
~ FunT’/CX (f*F(B),E)
=Funy /p, (F(B), f.£)

~Fun,pv (B, (£.8)"),

so taking cores, Fun ev (f*(=),€) is representable by (ﬂé')v, i.e. that computes a right adjoint to fV~* for all
V, implying (a).
Now, assume condition (b) holds. In [Sha22, Thm. 4.2] it is shown how to modify [Sha23, Thm. 9.3.] to

prove that the span marked simplicial sets
Tot(D) « Ar® " (Tot(D)) xot(p) Tot(C) — Tot(C),

for cocartesian markings on the left and righthand side and pullback marking on middle, satisfies the
assumptions of [HA, Thm. B.4.2] in case (a) when given the categorical pattern structure when T everything
and no Segal conditions. The evident variation of [HA, Ex. B.0.21] shows that the corresponding fibrous
model structure of [HA, Thm. B.0.20] for the left and righthand side agrees with the partially cocartesian

model structure described in [Sha23, Thm. 2.13]; in particular, it induces a Quillen adjunction
T evy: sSet;rTot(D) pr— sSethot(C): evy, 10

with respect to these cocartesian model structures. The important observation is that there exists a natural

transformation of functors of relative marked simplicial sets
mevyE = Tot(f)*E,

which is an equivalence on fibrant-cofibrant objects; in particular, the left derived functor of 7tyevy, and the
right derived functor of Tot(f)*E agree. As a consequence, the associated right derived functor of ev, 7c*
supplies a right adjoint f, to the functor f*: Caty ,p — Caty . Restriction-stability of everything then
shows that the 7 -functor f* fiberwise admits right adjoints.

In sight of Proposition 1.1.28, we are left with verifying that the Beck-Chevalley transformation
Res‘é f. = ﬂResE is an equivalence; but this is a natural isomorphism on the level of marked simplicial

sets, so we are done. O

Along the way, the following was verified:
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Corollary 1.1.53. If f: C — D is exponentiable, then Tot f: TotC — TotD is exponentiable.
By combining |[kerodon, Tag 05MM] and [kerodon, Tag 05NJ], we immediately acquire the following.

Corollary I.1.54. A T -functor f: C — D is exponentiable if and only if, for all composable sequences of

V-arrows X = Y — Z in D and C-lifts of their composite X — Z, the co-category C%//Z xpy {Y} is weakly

contractible.

Now, an example of importance is the following.

Construction 1.1.55 ([Sha22, Thm 4.2]). Given p: X — B and q: Y — B a pair of 7 -functors, we define the

pairing construction 153;1}5 (X,)) :=p.p*Y € Catr s. <

The following result is quite important.
Proposition 1.1.56 ([Sha22, Prop. 4.5]). Given a functor ¢: A — B, the Beck-Chevalley natural transformation
Fun 4 (9"~ ¢*~) — ¢"Fung (-, -)
is an equivalence; in particular, given a V-object B € B, we acquire a natural equivalence
Funy, ((-)p, (-)p) = Fung (-,
where we write (=)g: Caty 53 — Caty for the fiber over X.

We will want to use the following desirable interaction of this with (co)cartesian 7 -fibrations.
Proposition I.1.57 ([Sha22, Thm 4.9] [Sha22, Rec. 4.3]). There exists a equivalence, natural in X, Y, and C,
Fung 5 (C,Fung (X,Y)) = Funy 5 (C x5 X, ).

Moreover, if X is cartesian over B and ) cocartesian, then @b (X,Y) is cocartesian. Under the equivalence

Funy, 5 (A!, Fung (X,)) = Fung 5 (A! x5 X, ),

a V-arrow of Fung (X,Y) is cocartesian if and only if the corresponding functor Al xg X — Y takes cartesian
V -arrows to cocartesian V -arrows; in particular, the cocartesian arrows are preserved under T -functors of

cartesian T -fibrations in X and cocartesian T -fibrations in ).

1.1.1.9 Language in the case T = Og When G is a finite group, the category Og has objects the

homogeneous G-sets [G/H]| and morphisms the G-equivariant maps [G/K] — [G/H|; tracking the image of
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the identity, the hom set from [G/K] to [G/H] may alternatively be presented as

N {a€G|aKa_1CH}

Hom([G/K],[G/H]) a~b when ab-leK

(see e.g. [Die09, Prop 1.3.1] for details). In particular, the endomorphism monoid of [G/K] is the Weyl group
WgH = Ng(H)/H. Using this, one may see that when G is a finite group, the map Indg: On — Og,/G/n) is
an equivalence of categories. Thus we may set the following notation without creating clashes.
Notation I.1.58. In the setting that 7 = Og, we use the following notation:
(1) we refer to [G/H] as H;
(2) we refer to Og-co-categories as G-oo-categories and %G as Cat-; we refer to Og-spaces as G-spaces
and §0c as Sg;
(3) we refer to Cg/p) as Cy and ResEgj?]] as Resg; the superscripts and subscripts of Ind, Colnd, T,
Coeff, *, (—)(”T)/ , and = are determined similarly.

(4) we refer to ]_[ESH/K] Xk as ]_[IS< Xk, and similar for ]_[S. <

I.1.2 Rudiments of parameterized (co,2)-category theory We now assume familiarity with the basics of
(o0, 2)-category theory.
Remark I.1.59. As much as possible, we will only reference objects in the (oo, 2)-category of (large) (oo, 2)-
categories, without specific details about the presentation for this (oo, 2)-category. Nevertheless the literature
almost always chooses a concrete presentation; as such, we will mean either a Cat-enriched co-category
in the sense of [GH15, Rmk. 5.7.13], a Cat-module in @E, or a doubly complete Segal space in the sense
of [BB25, Def. A.1.8] (i.e. a double co-category which happens to be an (oo, 2)-category). The first two
models are equivalent by [Hei23, Thm. 1.8], and the third to the first two by either by work of Haugseng
[Haulb, Cor. 7.21], ultimately relying on an extremely strong unicity result of Bariwck—Schommer-Preis
[BS20, Thm. 1.1]. This latter unicity result includes self-enrichment, and in particular, canonically lifts to

identifications of (oo, 3)-categories, yielding the claim on (—)<2. <

Construction I.1.60. Let CAT and CAT ) denote the (oo, 2)-categories of co-categories and (oo, 2)-categories;

these admit an adjunction of (oo, 2)-categories

we write Cat(q ) = CAT(S; 2 We define the (o0, 2)-categories of T -co-categories and T -(oco0,2)-categories as

CAT7 := FUN(7°P,CAT); CATT (w,2) = FUN(TP,CAT s 2)).
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We similarly write Caty (oo 2) = CATT,(oo,z)' <

1.1.2.1 The yoneda embedding We use naturality of Yoneda due to Ben-Moshe.

Proposition 1.1.61. There exists a functor

lax

Fun_): Cat(s 2) — Fun(Al,a(m,z)) X constcar}

evy ,E-a\t(mlz) {

whose composite functor Cat(y, ) — 65(00,2) is 1(—)°P x 1(=), and whose value on an (oo,2)-category is the

mate C°P x C — CAT to the Yoneda embedding.

ProoOF. Now, in sight of [Hei23, Thm. 1.8|, [Ben24, Thm. A] specializes to construction of a partial
left adjoint of the inclusion LModc,(Prl) < Eﬁ(wlz) defined on small (oo, 2)-categories whose unit is the

(00, 2)-categorical Yoneda embedding. This natural transformation

is mate to a lax natural transformation
F: (C)x(C)°® — CAT

i.e. a functor
1 = lax
FUN: Cat (g, 7) — Fun(A ,Cat(oo,z))

The desired properties follow straightforwardly by construction O

Lemma 1.1.62. There exists a natural equivalence
1
FUN(C,InflY D)™ =~ FUN(C, COEFF” D).
Construction 1.1.63. Currying this aggressively, we acquire a lax functor

1 rann T .
A = (C)xeg, , FUN(TP,Catieo2)) Xy, iy, {Infl7 CAT};

that is, we acquire a lax natural transformation C x C°P — A7opCAT. Now, we additionally have a natural

transformation AzopI'7 (Cx COP) => C x C°P, so we acquire a composite lax natural transformation
AzopT7T (C x CP) — AzopCAT,
which corresponds under the universal property of lax limits with a functor

FUN(—,—): T7CxT7 C% — CAT7;
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now, this entire procedure is natural in 7, so in particular it lifts to a functor of 7 -(co, 2)-categories
FUNL. (-, -): CxC% — CAT,,
which is in fact lax-natural in C; unwinding definitions, we find given V € 7 and B,C € Cy that
FUN((B,C)” ~FUNg, (B,C).
Finally, we may curry this procedure, yielding a Yoneda functor of 7 -(co, 2)-categories
&: € — FUNy (C°P,CAT; )

<

1.1.2.2 Parameterized (o0,2)-categorical adjunctions We will often access the associated functor 7 -

categories using adjunctions; importantly, these work as expected.

Proposition 1.1.64. Fiz F: C—> D a 7 (o0, 2)-functor. The following conditions are equivalent.

(a) F admits a right adjoint in CATT (o 2).
(b) For all V € T, the (c0,2)-functor Fy: Cy — Dy admits a right adjoint Ry and, for all maps U — V,

the Beck-Chevalley transformation
B: RUResg(—) = ResERV(—)

is an equivalence.
(¢) The unstraightening TotF: TotC — TotD admits an (oo, 2)-right adjoint TotR over T whose unit

x — Tot RTot Fx lies over an equivalence in T and which is unstraightened from a T -(co, 2)-functor.

By unstraightening we mean Nuiten—Abellan-Stern’s (oo, 2)-categorical straightening equivalence
FUN(C, CAT (o 5)) = CAT_9521";

indeed this follows from the d = 3 case of [Nui23, Thm. C] in the special case that C is a 2-category or from
[AS23, Cor. 3.90]

PRrROOF. The equivalence between conditions (1) and (2) is [AGH24, Cor. 5.2.12]. Moreover, (1) is seen by
[AGH24, Prop. 5.2.2] to correspond with existence of a (co,2)-right adjoint TotR over 7 whose unit lies over
an equivalence and such that TotR lies in Caty (,2) C Cat (o 2) /7; this is precisely the remaining stipulated

condition. 0
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In particular, we find a familiar notion of 7 -adjunctions here.
Corollary 1.1.65. A 7 -functor F: C — D is a T -left adjoint if and only if it is a left adjoint in CATT.

PROOF. Since CATy <> CAT7 (o,2) is full, we may instead prove this in CAT7 (o, 2); then, we may simply

identify condition Proposition 1.1.64 with Definition 1.1.27. ]

Now, we may use this to identify this in terms of representability.

Corollary 1.1.66. A functor of T -(c0,2)-categories L: A — B is a left adjoint if and only if for every Ve T
and A € By, the V-presheaf

FunResgB (L-,B): Resg B°? — CAT,,
is representable, i.e. equivalent to & (RyB) for some RyB € By, .

PRrROOF. First, suppose this holds, and let Ry B € By, be the representing object. Then, composing with

fixed points yields a natural equivalence
Fung, (L—, B) ~ Funy, (-, Ry B),

so in particular, RV B is the value of a right adjoint to LY for each V € T by [AGH24, Cor. 5.1.2]. Now,
naturality of the above natural equivalence in V moreover shows that the mate transformation Res‘{] RV »RU
is an equivalence, so these indeed assemble to a 7 -right adjoint R to L. The converse follows by reversing the

above argument. O
In particular, this provides a natural equivalence of functors of 7 -(co, 2)-categories
Fung (L—,—) ~Fun, (—,R-): A’ xB — CAT,

which we will find generally useful.
Lastly, we will need to describe the relative situation in the same way: following [Sha22, Def. 4.13],

refer to the following notion as B-relative T -adjunctions.

Corollary 1.1.67. Given a pair of T -functors F: X S Y: G over a T -co-category BB, TotF is a Tot B-relative

left adjoint to TotG if and only if F is a left adjoint to G in CATr /5.

Proor. Since CATy ;5 — CAT 1455 is locally fully faithful, it suffices to prove this in the nonequivariant

case; this is a specialization of [AGH24, Prop. 5.2.2] (c.f. [HA, Prop. 7.3.2.1]). O
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I.1.3 Atomic orbital subcategories and admissible maps

Definition I.1.68. Given a small co-category 7, the co-category of small 7 -co-categories is given by
Caty = Fun(7 °P, Cat)
and the oo-category of 7 -spaces is the presheaf category
Sy =Fun(7°P,S).

We refer to the objects in the image of the Yoneda embedding 7 — Sy as orbits. The category of orbit-finite
T -spaces is the coproduct completion
n
Fr = {]_[ U |U eT,ne N} c Fun(7°P,S).
i=0

It is routine to verify that this is disjunctive, i.e. it satisfies the condition that

Fr /sur = Fr s xFr /7,

Given a wide subcategory R C 7, we define the wide subcategory Fp C F7 spanned by the morphisms of the

form

L

i€l

UUj_>Vi

j€li

|Vi,j€]i, U]—)VIER ;

that is, all maps of orbit-finite 7 -spaces are induced under disjunctiveness and the universal property of
coproducts by maps between orbits, and Fg collects those built out of orbit maps lying in R.

We say that a morphism of 7-spaces f: X — Y is R-admissible if, for each fiber square

fHS) — v

sl fl

S —— X
such that S is a orbit-finite 7 -space, f5 is in Fg.
A wide subcategory R C 7 is said to be an orbital subcategory if Fr C F7 consists precisely of the
R-admissible maps; R is additionally atomic if all maps in R which admit a section in 7 are equivalences.

A category T is orbital (resp. atomic orbital) if T C T is an orbital (atomic orbital) subcategory. <
Given a T -category C € Fun(7°P,Cat) and an orbit T € 7, we write CT for the value of C at T.

Remark 1.1.69. Choosing ¢ to be the identity, it follows that all R-admissible maps between orbit-finite

T -spaces lie in Fz regardless of orbitality; in particular, our definition recovers [CLL23, Def. 4.2.2] by [CLL23,
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Lem. 4.3.2]. That is, R C T is orbital if and only if, for all V.c W Fr ,y — Sy w takes values in F7 ;i and

moreover for all 7-diagrams
U ——U

L)

vV — Vv

with f in 7 and the induced map U’ — f*U a summand inclusion, U’ — V’ lies in R. <

Example 1.1.70. For G a compact Lie group, we can choose 7 to be the orbit category Og of G and R to be
fli

the wide subcategory O the class of maps with finite fibers. This is an atomic orbital subcategory, and an

example of primary interest. <

Now, we review a variant of a characterization of atomic orbitality due to Cnossen-Lenz-Linskens.

Lemma I1.1.71. An orbital subcategory R C T is atomic if and only if, for all composable sequences of maps

K LR T L S between orbit-finite T -spaces such that f is R-admissible, the associated map 1

K\ g

A
KXST T
b Jgf Y
K——S

is a summand inclusion, with pullback formed in Sy; moreover, it suffices to verify this in the case g is an

equivalence.

ProOF. [CLL23, Lem. 4.3.2] shows that atomic orbitality is equivalent to the condition in the case g is

an equivalence, so it suffices to show that atomic orbitality implies this condition.
In the case K = @, the statement is obvious, so we may assume K is nonempty. In this case the trick
is that colimits in Sy are universal, as it is a topos [HTT, Thm. 6.1.0.6]; in particular, given a coproduct

expression K = K’ LIK”, the lefthand triangle decomposes as a direct sum

K - s KxgT u s K
(14 12 1
K’UK,,#)K,XSTUK”XS’T%K’UK”
This shows that the statement for 1" and 1” implies that of 1, so we may assume that K has one summand, i.e.

it lies in the Yoneda image 7°P C S7. In particular, letting K’ C K x5 T be the orbit in the image of 1, the

lefthand triangle restricts to a sequence

K—IHK'—H—)K
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whose composite is the identity; by atomicity, 7t is an equivalence, so 1 is as well, implying that : is a summand

inclusion. O

Remark 1.1.72. Said another way, Lemma [.1.71 characterizes atomicity equivalently as 0-truncatedness of
‘R-admissible maps between orbit-finite 7 -spaces. But given an arbitrary R-admissible map f: X — Y Pulling
back along the canonical effective epimorphism || vos and applying [HTT, Prop. 6.2.3.17] shows that f is
O-truncated if and only if its fibers along maps fronel orbits are 0-truncated. Applying the lemma, we find

that an orbital subcategory is atomic if and only if every R-admissible map is O-truncated. <

Using this, we may identify the universal atomic orbital subcategory.

Proposition 1.1.73. Fix 7 an oco-category.

(1) Let o(T)C T be the wide subcategory spanned by arrows f: V — W such that the postcomposition
arrow f*: Fr ,w — St v takes values in Fr ;y. Then, o(T) C T is the terminal object within the
poset of orbital subcategories of T .

(2) Let o(T) C'0(T) be the wide subcategory of maps f: V. — W which are O-truncated as maps lying in
the oo-topos St. Then, o(T) C T is an atomic orbital subcategory, and R C T an orbital subcategory

s atomic if and only if RC T .

ProOF. If 0(7) C T is orbital, then it is obviously terminal. To show that it is orbital, by Remark 1.1.69
we are tasked with proving that Fz7) C S7 is pullback-stable along maps from orbit-finite 7 -spaces. To do

so, draw a cube in Sy

T > fraT

\g,T
|
S
\f

Q g \R

7

now, the bottom and right faces are defined in order to be cartesian, so the left face is cartesian if and only if
the top is. The left face is also cartesian, so the top is as well; but T — g T is simply an equivalence in S7,
so f*T — f*g T is an equivalence in Sy.

Now, if f lies in Fg7), and Q,T in F7, we have T € Fr jr so f*¢T € Fr s, i.e. T €Fr ps.
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For (2), using Remark 1.1.69 and (1), to show that o(T) is orbital it suffices to prove given a square

such that f is O-truncated and ! is a summand inclusion, the composite map U’ — V’ is 0-truncated; but
summand inclusions are (—1)-truncated (and hence 0-truncated), so this is just composition-stability of

truncatedness. Now, to show that it represents atomicity is simply Lemma I1.1.71. |

Example 1.1.74. 7= C 7 is the minimal orbital subcategory, and it is atomic. <

Example 1.1.75. If G is a compact lie group, then 0(Og) is the wide subcategory OfG'i' C Og of maps G/K — G/H
with finite fibers, i.e. maps whose closed subconjugacy relations that admit a model K C H which is finite
index; indeed, this follows by the double coset formula. Moreover, every surjective closed subgroup inclusion
is an isomorphism, so Oé’i' is atomic, i.e. Og' =0(Og) as well.

Similarly, let Glo be the global indexing co-category, e.g. as recalled in [CLL23, Ex. 4.2.7]; its objects
are compact lie groups G and its morphism spaces are Homr,pcrp(G, H)prr, where H acts via conjugation.
Let Orb C Glo be the wide subcategory of finite-index injective homomorphisms. We claim that Orb =~ o(Glo).
Indeed, the same argument as [CLL23, Ex. 4.3.3] shows that all Sgj,-0-truncated morphisms between
representables classify closed subgroup inclusions, and the previous example shows that orbitality requires
them to be finite-index.

This specializes to finite groups well: the full subcategory Glo™ c Glo spanned by finite groups similarly
has U(Gloﬁn) = Orb™ the wide subcategory of injective group homomorphisms, and O itself is atomic orbital

whenever G is a finite group. <
Notation I.1.76. We write ]F;g C Sy for the full subcategory spanned by R-admissible maps X — V. <

We will need several niceness properties of R-admissible maps, so we establish them now.

Lemma I.1.77. Let R C T be an orbital subcategory.

(1) Equivalences are R-admissible.
(2) If X L Y &, Z is a composable sequence of R-admissible maps, then gf is R-admissible.

(8) Given a pullback diagram in St

ZxxY — Y
f,\l/ - f\L
zZ — X
such that f is R-admissible, f’ is R-admissible.
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(4) The inclusions IF% C Sy assemble to a full T -subcategory Fp C S
(5) Fr is a T -1-category if and only if R is atomic.
(6) Fr C Sy is closed under binary products.

(7) If f: X>Y and f': X’ > Y’ are R-admissible, then the external product
Fxf i XxX —YxY

is R-admissible. Hence R-admissible maps form a product-closed wide subcategory S;z cSr.

(8) B C Sy is closed under Fr -indexed coproducts. Hence Fr admits finite indexed coproducts.

PRrROOF. Statement (1) follows by noting that each fs is an equivalence and R contains all equivalences
between orbit-finite 7 -spaces by assumption. Statement (2) follows by compositing pullback squares; indeed
we have (gf)s = g7-1(5)fs, and f71(S) is an orbit finite 7-space by assumption, so (gf)s is a composition
of maps in Fg, implying it lies in Fr. Statement (3) also follows by pasting pullback squares, noting that
fs = fs. Statement (4) follows immediately from Statement (3); Note that the restriction functor IF% — IF% is
given by pulling back along the morphism U — V. For Statement (5), this follows by Remark 1.1.72, as each
is equivalent to each object in each F% being O-truncated.

For Statement (6), note that the proof of [NS22, Prop. 3.25] goes through without modification to show
that non-parameterized products in S[7 ] preserve T -colimits separately in each variable. In particular, given

S, Te IF%, we have

SxT=§x ]_[ U=~ ]_l Ind}; Res};
UeOrb(T) UeOrb(T)

Now, Fr € §[7] is closed under restrictions and coproducts by fiat, and closure under induction along
R-admissible maps follows by unwinding definitions. This implies that S x T lies in FY, proving the claim.

For Statement (7), note that each fiber square extends to a pair of fiber squares

(fxf)HS) — FUS)x fH(S) — Y=Y

l ’ fs st’l : l
S

> SxS (nxi'nx,i)> XxX’

It suffices to prove that fgxfgs liesin F. In particular, picking two orbits U, V C S and applying disjunctiveness
shows that it suffices to prove that the left hand arrow of the following lies in Fy for all maps 1yyy: W —» U

and 1yy: W — V.

twof HU) xw Gy f7H (V) — IO fH(V) — YT/

W s UxV ——— Xx X’
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Now, f~1(U) and f~1(W) lie in Fp, by fiat, so t}‘NUf’l(U) and t“{/vvf”l(V) lie in Fy, by Statement (4). The
product lies in Fj by Statement (6), and unwinding definitions, this says that the lefthand arrow lies in Fg.

For Statement (8), note that every object in Fy is a finite index of orbits; in particular, it suffices to
prove that Fp C S is closed under finite coproducts and induction along R-maps. For finite coproducts,
this follows immediately by definition. For induction along R-maps, note that induction Sy =Sy ;y — Sy is
simply postcomposition along the map U — V; if S — U is R-admissible and U — V is R-admissible, then

S — V is as well by Statement (2), i.e. Ind;S € IFX. O

From this, we set some important notation.
Definition 1.1.78. The T -co-category of finite T -sets is Fing = F ). <

An occasionally useful lemma is the following.
Lemma 1.1.79. Suppose R C T is an atomic orbital subcategory. Then, R is atomic orbital as an co-category.

PrOOF. First, assume we have a square in Fg; since R C 7 is an orbital subcategory, we may extend

our square to a pullback diagram F+

T Xg S/ __77_7"_> T
I

: Ttg/ B lf

S,T>S

To prove that R is orbital, it suffices to verify that the inner square is a pullback diagram lying in R; to check
that it lies in R we are tasked with verifying that g, and 77 are in R and to check that it’s a pullback we
are tasked with verifying that h lies in R. In fact, 7tg, and mp are in R since R C 7 is an orbital subcategory;
h is then in R since atomic orbital subcategories are left cancellable by [CLL23, Lem. 4.3.5].

We’ve proved that R is orbital. Moreover, atomicity follows from atomicity in 7. |

Example 1.1.80. Given X a space considered as an oco-category, X is atomic orbital; by [Glal8, Thm 2.13|, the
associated stable co-category is the Ando-Hopkins-Rezk co-category of parameterized spectra over X (c.f.

[ABGHR14|). In particular, for X = BG, this recovers spectra with G-action. <

I.1.4 Weak indexing systems and weak indexing categories
1.1.4.1 Definitions We say that a full T-subcategory C C Finy is closed under self-indexed coproducts if it

is closed under C-indexed coproducts.
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Definition I.1.81. A 7 -weak indexing system is a full T-subcategory F; C Finy with V-values IE‘Y = (EI)V

satisfying the following conditions:

IS-a) whenever FY # &, we have »y € FY; and
I I

(IS-b) F; is closed under self-indexed coproducts.

We denote by windexy C FullSubz(Finy) the embedded sub-poset spanned by weak indexing systems.

Moreover, we say that a I has one color if it satisfies the following condition:
(IS-i) for all V €7, we have F} = ;
We say that a I-weak is almost-unital if it has one color and satisfies the following condition:
(IS-ii) for all V-sets SLIS" € IFY such that S,S’ = &y, we have §,5” € IF‘}/
We say that I is unital if it has one color and satisfies the following condition"
(IS-iii) for all V-sets SUS’ € F}, we have S,S" € F; y.
Lastly, we say a I is an indexing system if it satisfies the following condition:
(IS-iv) F} IF% is closed under finite coproducts for all V € 7.

We denote the resulting posets by

Indexs C wIndex‘}ni C wIndex“Tuni C windexy C windexy. <

Remark 1.1.82. The indexing systems of [BH15] are seen to be equivalent to ours when 7 = Og by unwinding
definitions and noting that Og itself is atomic orbital. The weak indexing systems of [BP21; Perl8] are

equivalent to our unital weak indexing systems when 7 = Og by [Perl8, Rem 9.7] and [BP21, Rem 4.60]. <

Observation 1.1.83. Denote by Indgs — V the map corresponding with a finite V-set S under the equivalence

Fy ~F7 ;v. This equivalence implies that a full 7-subcategory C C Finy is determined by the subgraph

1(C) = {]_[md@is,- -V

Vi, S GCV,-} c Fr.
In other words, the construction I yields an embedding of posets
I(-): windexy <> Subgaph (hoFy7)). <
Our main result about this construction is the following.

Proposition 1.1.84. The image of I(—) consists of the subcategories I CFy satisfying the following conditions

(IC-a) (restrictions) I is stable under arbitrary pullbacks in Fr, and all such pullbacks exist;
(IC-b) (segal condition) the pair T — S and T' — S" are in I if and only if TUT’ >SS’ is in I; and
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Moreover, for all numbers n, condition (IS-n) of Definition I.1.81 is equivalent to condition (IC-n) below:

(IC-i) (one color) I is wide; equivalently, I contains F7.

(IC-ii) (almost unital) I is wide, and if S is non-contractible then & — S is in I.
(1C-iii) (unital) for all S, @ — S is in I.
(IC-iv) (indexing category) the fold maps n-V —V are in I for allneN and VeT.

We refer to the image of I(~) as the weak indering categories windexCaty C Subcae(Fy7)). In general,

we will refer to a generic weak indexing category as I and its corresponding weak indexing system as [;.
Definition 1.1.85 ([Barl4, Def. 5.2]). An adequate triple is a pair of wide subcategory inclusion X?, X/ c X

b
subject to the condition that all cospans X L Y —Z with feX f and b € XY extend to X-pullback diagrams

X Xy Z
2N
X Z
\/‘ /
Y
such that f’ € X/ and b’ € XP. In the case X = X?, following [CHLL24b; EH23| we call (Xf,X) a span

pair. <

Remark 1.1.86. Condition (IC-a) is equivalent to the condition that (Fz,I) is a span pair, and Condition (IC-b)
is easily seen to be equivalent to the conditions of [CHLL24b, Def. 2.2.1] in the case C = F7, so our weak
indexing categories are equivalent to weakly extensive span pairs (C,I) such that C = F7 and I C Fyq).
Moreover, we will see in Lemma 1.1.96 shows that indexing categories are equivalent to extensive span pairs

as defined in loc. cit. <
The following observations motivate and help to prove Proposition 1.1.84.
Observation I.1.87. By a basic inductive argument, Condition (IC-b) is equivalent to the following condition:
(IC-b") T—>Sisin I ifand only if Ty =T xg U — U is in I for all U € Orb(S).
In particular, I is uniquely determined by the maps to orbits. <

Observation 1.1.88. By Observation 1.1.87, in the presence of Condition (IC-b), Condition (IC-a) is equivalent

to the following condition:

(IC-a’) for all Cartesian diagrams in Fr

)ﬂ

TXVU—)

(2) l“' -
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with U,V €7 and a €I, we have a’ €1. <

Now, given D a 7 -oco-category, we use the term collection to mean the data of, for each V € 7, a full

subcategory CV ¢ DV, without compatibility assumptions. Our candidate inverse to I is the following.

Construction 1.1.89. Given I C F7) a subcategory, define the class of I-admissible objects
F} :={S | Ind};S - V eI} c Finy.

Taken altogether, we refer to the associated collection as F; C Fin. <

Observation 1.1.90. Given C C Fin, a collection, we have E}/(C) ~ C; conversely, if a subcategory I C FyT)

satisfies Condition (IC-b), then I(F;) =1. <

Observation 1.1.91. By definition, the restriction functor Res}//v: Fw — Fy is implemented by the pullback

Ind? Res}) S — Ind{,$S
L
Vv —m—Ww
thus I satisfies Condition (IC-a’) if and only if Res{/,v IF}N C IFY for all orbit maps V — W; in particular, in

this case, {FY} corresponds with a unique full 7 -subcategory F; C Fy,. <

VeT
The following is fundamental to passing between weak indexing categories and weak indexing systems.
Observation 1.1.92. Let (Ty) € IE‘7Sa be an S-tuple of elements of F for some S € IE% Then, the indexed

coproduct of (Tyy) corresponds with the composite arrow

S
(3) ndy | |[Ty= || WdiindjTy= || Ind}Ty —Indjs - v;
U UeOrb(S) UeOrb(S)

in particular, if I C Fy7) is a subcategory satisfying Condition (IC-b) and (Ty) and S are I-admissible,
both arrows in Eq. (3) lie in I, so the structure map of ]_[% Ty is in I, i.e. ]_[f] Ty € F;. In other words,
Condition (IC-b) and the condition that I C Fg is a subcategory together imply that [F; satisfies Condition (IS-
b).

On the other hand, if I C Fg(7) is a collection of arrows satisfying Condition (IC-b) such that F;
satisfies Condition (IS-b), then taking coproducts of Eq. (3) shows that I is closed under composition. If I
additionally is closed under equivalence (such as being closed under pullback), this implies that I C Fyr) is a

subcategory. <

We are now ready to verify that I(-) and F_) restrict to maps between windexs and windexCaty.

Lemma 1.1.93. IfC C Finy is a weak indexing system, then 1(C) is a weak indexing category.
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PROOF. By Observations 1.1.87 and 1.1.88, it suffices to verify that I(C) C Fy7) is a subcategory
satisfying Conditions (IC-a’) and (IC-b’). Condition (IC-a’) is verified by Observation 1.1.91; Condition (IC-
b’) follows immediately from construction; these together with Observation 1.1.92 verify that I(C) C Fy7) is a

subcategory. O
Lemma 1.1.94. If I CFy7) is a weak indexing category, then F| is a weak indexing system.

Proor. Observation 1.1.91 verifies that F; C Finy is a full T-subcategory, and the fact that the identity
arrow on V corresponds with the contractible V-set implies that whenever EY 20 (le. VeI), »y € E/. Thus

it suffices to verify that F; is closed under self-indexed coproducts; this is Observation 1.1.92. O

Having done this, we’re poised to conclude that I(—) and F_ are inverse equivalences. To handle the
conditions, we introduce some invariants. Write

n-fold

Lemma 1.1.95. Given F; a T -weak indexing system, the following are T -families:

c(I) ::{VGTI*VE]FY}
v(I) ::{VeTIQVeIFY}

V(I):: {V€T|2'*V GIFI}

Proor. This follows by noting that Resg Ne%y = 0. %y |

We call ¢(I) the color family of I, v(I) the unit family, and V(I) the fold map family. Note that
c(I) < v(I)NV(I); that is, Condition (IS-a) implies that whenever F; prescribes a unit or a fold map over V,

it possesses a color over V. We will use the following lemma ubiquitously.

Lemma 1.1.96. Let F; be a T -weak indexing system.

(1) F; has one color if and only if c(I)=T.
(2) F; is unital if and only if v(I)=T.
(3) F; is an indexing system if and only if v(I)NV(I)=T.
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Proor. (1) follows immediately by unwinding definitions. For (2), if F; is unital, then choosing

Sy Uy € IE‘Y yields @y € IF}/ Conversely, if v(I)=7 and SUS’ € IE‘f, then

Sus’

*U UeS
S = ]_l xs(U), where xg(U) =
U

oy UegS

so S €Fy, i.e. F; is unital.

For (3), note that F; an indexing system implies that v(I) N V(I) =7 by taking nullary and binary
coproducts of *y € Fy . Conversely, if v(I)NV(I) =T, then by iterating binary coproducts (n —1)-times, we
find that n-+y = (+y U(n—-1)-#+y) €Fyy for all V€7 and n e N. Applying Condition (IS-b), we find that

IF; v is closed under n-ary coproducts for all n € N, i.e. F; is an indexing system. ]

PrOOF OF PROPOSITION 1.1.84. By Lemmas 1.1.93 and 1.1.94, I: windex; 2 windexCats :F_) are
well defined monotone maps; by Observation 1.1.90, they are inverse to each other, so they are equivalences.
What remains is to verify that (IC-n) is equivalent to (IS-n) in Definition 1.1.81 and Proposition 1.1.84.

For n =1, this follows immediately by noting that Vel < idy €l < *y € IF}/ — F}/ # Q. For n=1ii
and n = iii, this follows by unwinding definitions using Condition (IC-b’). For n = iv, this follows by noting

that the fold map n-V — V corresponds with the element n -, € Fy. ]

In the case of indexing systems, I bears significant resemblance to Fr. We bear this out in the following.

1.1.4.2 Example: transfer systems Given I a weak indexing category, we define R(I):=1NT

Proposition 1.1.97. R restricts to a map wIndexCat%ni — AtmOrbSubs with fully faithful right adjoint given

by the assignment R — Fr; moreover, the essential image of this adjoint consists of the indexing categories.
To prove this, we use the following important lemma about indexing categories.

Lemma 1.1.98. If I C Fy7) is an indering category, then f: T — S lies in I if and only if, for each orbit
UeT, the induced map U — f(U) lies in R(I); moreover, any one-color weak indexing category satisfying

this is an indexing category.

Proor. Given f: T — S lying in I, and an orbit U C T, unitality guarantees that the composition
U=UU@—->UU(T-U)— S lies in I, and Condition (IC-b) then implies that U — f(U) lies in I. The
converse follows by noting that there is a composition T — [ [jer f(U) — S, whose second map is a coproduct
of fold maps and hence lies in I. The converse follows simply by noting that each fold map satisfies the above

condition. 0
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PROOF OF PROPOSITION 1.1.97. First we must show that R(I) C 7 is atomic orbital; by definition, if it

is orbital, it is atomic. Given a pullback square in Sy

S — VU
L© b
W—1V
such that f lies in I NR and an orbital summand X C S, we're tasked with proving that the composite arrow
X — W lies in [I; this is precisely unitality.
Now, the fact that Fp is an indexing category follows directly by definition, as does the fact that
R =Fr NT; moreover, it follows fairly straightforwardly by combining Proposition 1.1.84 and Lemma 1.1.98
that I = Fn7 if and only if I is an indexing category.
To verify that F(_) is fully faithful right adjoint with specified image, all that is left is to prove that it’s
a right adjoint, i.e. I CFg if and only if 7 NI C Fx. The forward direction is obvious, so assume 7 NI C Fg;

applying Lemma 1.1.98 directly shows I C Fy. ]

Remark 1.1.99. These are not apriori equivalent to Rubin and Balchin-Barnes-Roitzheim’s transfer systems

[BBR21; Rub21]; however, Proposition 1.1.97 confirms that they recover equivalent posets. <
1.1.4.8 Joins of weak indezxing systems The following construction will be used often.

Construction I.1.100. Given collections D,C C Finy, we inductively define Clp ((C) := C and

3
Clp,.(C)y = {]_[ Ty
T

with Clp (C) := U, Clp,,(C) and Cl,(C) := Cl¢ ,(C). We call this the n-step closure of C under D-indexed

(TU) € Clnfl (C)S: Se D}r

coproducts, or just the closure of C under D-indexed coproducts when n = co. <

Proposition 1.1.101. windex$ is a lattice; the meets are intersections, and the joins are

2n-fold
—_—

F;VF, = U C1,Cl; ---Cl,Cl, {7}
neN

Remark I.1.102. If D is a weak indexing system, then the dual statement to Eq. (4) the canonical inclusion
Clp,(C) cClp(C)

is an equality for all collections C; in particular each of the closures in Proposition 1.1.101 can be equivalently

replaced with Clj; or Clj ;. <
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Remark 1.1.103. Proposition 1.1.101 holds without the one-color assumption, but the expression of closures is

marginally more complicated, so we omit it. See [Ste24]. <

Observation I1.1.104. If D is a one-color collection, then by taking *y,-indexed coproducts for all V € ¢(C), we
find that C c Clp(C). Similarly, if C is a one-color collection, by taking indexed coproducts of (+;;), we find
that C c Clg (D). <

Let FullSub’-(Finy) C FullSubz (Fin;) denote the full subposet of one color full subcetegories.
Lemma 1.1.105. The fully faithful map 1: windexy < FullSub’ (Finy) is right adjoint to Cl,,.

Proor. If Cl(C) is a one-color weak indexing system, then it is clearly minimal among those containing

C, so it suffices to prove that it’s a one-color weak indexing system. By Observation 1.1.104, Cl(C) has one
color so it suffices to verify that it’s closed under self-indexed coproducts.

In fact, by the dual to Eq. (4), we find that Cl;(C)-indexed coproducts of elements of Cl;(C) are

Cl;;1(C)-indexed coproducts of elements of Cl;_1(C); applying this j-many times, we find that Cl;(C)-indexed

coproducts of elements in Cl;(C) are in Cl,(C), and the result follows. |

PRrROOF OF PrOPOSITION 1.1.101. By Lemma 1.1.105, windexs has meets computed in FullSub’(F;),
which are clearly given by intersections. Furthermore, Lemma [.1.105 implies that F; VF; = Cl(F; UE)).
Note that, for arbitrary C,D, &, we have

2n-fold
—_—

Cleup(€) = |_JCleClp-+-CleClp(€),
neN

and set C =}, D =F;, and £ =F; UF}; the result then follows by noting that F; UF; c Cl;Cl;(+7) by

Observation 1.1.104. O

Remark 1.1.106. Since R: wIndexCat‘%ni — AtmOrbSuby7 is a left adjoint, it preserves joins; moreover,
R(Cle (D) = R(Cly)R(D)),

as an indexed coproduct of nonempty 7 -spaces is an orbit iff its indexing 7 -space is an orbit and the input
is also an orbit. Lastly, note that indexing categories are closed under joins. Said altogether, the join of
atomic orbital subcategories P,Q is given by the wide subcategory of 7 spanned by alternating compositions
Vo Fo, Vi Ao, Ay Vy such that each p; lies in P and each g; lies in Q; moreover, R(F; VEF;) =~ RE; vV RE;
and Fpyg =Fp Vv Fp. <

1.1.4.4 Indezed semiadditivity One central source of weak indexing categories is indexed semiadditivity,

which only makes sense to evaluate in the pointed setting.
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Definition 1.1.107. Given F C 7 a 7 -family, we say that D is F -pointed if Dy is pointed for all Ve F. <

Given S € Finy a finite V-set with a distinguished orbit W € Orb(S), D a 7y -pointed 7T -co-category
admitting S-indexed products and coproducts, and (Xy;) € Dg a S-tuple in D, [Narl6, Cons 5.2| constructs a

map
S

Xw: Res}//vuXU — Xw
U

by distinguishing an “identity coset” Xp/-summand on the left hand side and dictating the map to be the

indentity on this summand and 0 elsewhere; then, the Wirthmiiller map

S S
WS,(XU): ]_IXU —> ]_[XW
U U

has projected map ]_[SU Xy — CoInd“,/vXW adjunct to xw. Schematically, this is a “diagonal matrix”

WU1,X1 0 0
0 Wyx, - 0 S S
Wl-lle Ui(Xy;) = . .2 ’ . . : ]_[Xi - ]_[Xi
: : i : U; Ui
0 0 - Wy ox,

where Wy, x, : IndEiX,- — CoInd‘L/]iX,- is the “norm map” comparing induction and coinduction.

Definition 1.1.108. Given D a 7 -co-category and S € Finy, a finite V-set, we say that S is D-ambidextrous if
D admits S-indexed products and coproducts, is 7y -pointed, and for all (Xy) € Dg, the norm map is an

equivalence
S S
o ——]x
U U
Given I a weak indexing category, we say that D is I-semiadditive if S is D-ambidextrous for all S e F;. <«

Remark I.1.109. We'’ve given an elementary presentation of this notion; this has been generalized to encapsulate
Hopkins-Lurie’s higher semiadditivity in [CLL24|. In particular, we find that T — S is D-ambidextrous in the
sense of [CLL24] if and only if the U-set T xg U is D-ambidextrous for all orbits U C S, so we adpot their
language for ambidextrous maps. In particular, by [Cno23, Prop 3.13, Prop 3.16], ambidextrous maps are

closed under composition and base change. <

Given D a T -co-category, we define the semiadditive locus

s(D)={f: T — S| f is D-ambidextrous} C Fy).
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This is closed under composition by Remark 1.1.109; furthermore, it’s clear that an equivalence T ~ S is

D-ambidextrous if and only if D is 7cy-pointed, so 5(D) C Fy7) is a subcategory. In fact, we may say more.
Proposition 1.1.110. s(D) is a weak indexing category and D is I-semiadditive if and only if I < s(D).

PROOF. By Observation 1.1.87 and Remark 1.1.109, (D) satisfies Condition (IC-b). In fact, by Re-
mark 1.1.109, ambidextrous maps are closed under base change, i.e. s(D) satisfies Condition (IC-a). We're
left with verifying that D is I-semiadditive if and only if I < s(D), but this follows immediately by unwinding

definitions. O
Corollary I.1.111. D is I V J-semiadditive if and only if it is I-semiadditive and J-semiadditive.

1.1.4.5 Restrictions of weak indexing categories

Construction 1.1.112. Given C C IFy7) a subcategory and V € 7 an object, we write

i
s—L 1 | =
cv=1{f: >3 o feclcry;

\%

that is, maps in Cy are maps over V whose underlying map in Fy7) lies in C. For every map V — W, this
yields a map (=)y : Subcyy,, (Fyw) — Subcyy, (Fy), compatibly with composition. We let SubCatT (F7) be the

resulting 7 -poset <
Proposition 1.1.113. If I CFy7) is a T -weak indexing category, then Iy CFy is a Ty -weak indexing category.

Proor. Condition (IC-b) for I, follows by unwinding definitions, noting that Ind‘T,: Fy — Fr is
coproduct-preserving; Condition (IC-a) follows by unwinding definitions, noting that the pullback functor

Fy — Fy is pullback-preserving for each W — V. ]

Proposition I.1.113 lifts windexCatz C Subc,y, (F7) to an embedded 7 -subposet

windexCat, C SubpatT (Fr).

Given a T-poset P : 7°P — Poset, we denote by I'7 P the associated limit. There is a monotone map
7 Subca(Fr) — TSubc, (F7)

defined by y(C)y :=Cy. We may use ¥ to recover windexCaty from windexCat.

Proposition 1.1.114. ¥ restricts to an equivalence

y: windexCat; — I'windexCat
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ProoF. Proposition 1.1.113 implies that y restricts to a monotone map of posets y: windexCaty —
FTWIndexCatT, so it suffices to prove that this is fully faithful and essentially surjective. Given yI C yJ,
then for a map f: T — V, the canonical 7,y-map T — #y lying in Iy must lie in Jy, so f lying in I implies
that it if it lies in J; thus Condition (IC-b’) implies that I C ], so y is fully faithful.

It remains to prove that y is surjective, so we fix I, € FTwIndexCatT. Define the subcategory
[={T - S|YU €Orb(S), TxsU —U e€ly}CFy7)

By definition, yI =1, so it suffices to verify that I is a weak indexing category. First note that I satisfies
Condition (IC-b’) by definition. Moreover, Condition (IC-a’) is precisely the condition that I(_) is an element

of windexCat. Hence I is a T-weak indexing system, proving that y is an isomorphism. O

1.1.4.6 Parameterized commutative monoids Let I C Finy be the y-preimage of I. The wide T -subcategory
inclusion I Cc Fy is fiberwise given by a (one object) weak indexing category so the inclusion corresponds

with a functor 7°P — SpanPair under Remark 1.1.86. We define the composite 7T -category
o ICF+ . Span
SpanI (F;): T°° ——— SpanPair ——— Cat,

where Span denotes Barwick’s effective Burnside category construction [Barl4].

Example 1.1.115. If C is a 7-co-category admitting I-indexed products, then the 7 -co-category of I-

commutative monoids in C is

CMon, (C) := Fun)™ (Span (F;),C).

The oo-category of I-commutative monoids is CMon;(C) := T7 CMon(C) ~ Funé—_>< (Spanl (ET),C).
It is shown in [CLL24, Thm B]| that this is universal for the property that it is I-semiadditive and its
forgetful 7 -functor to C is I-product preserving; we will (mostly) independently reprove this, In particular,

we will conclude in Remark II1.1.11 that
s(CMon,(S7)) =1;

hence s surjects onto one-color weak indexing categories. We may read this as saying that windexCats is
the poset of all notions of < 0-semiadditivty for T -categories determined by push-pull adjunctions between

categories of finite T -sets. <
For the rest of the paper, we will take the following innocuous proposition as input.’

6 Strictly speaking, [CLL23, Prop. 4.6.11] only covers the case that I is an indexing category; alternatively, together [CLL24, Thm. 6.9]
and [CLL24, Thm. 7.4] do cover this result, but they are quite strong results to assume. For the sake of completeness, we will not
assume these, and instead we suggest to the reader that the proof of [CLL23, Prop. 4.6.11] applies to the case of a general almost-unital
weak indexing category mutatis-mutandis. Indeed, since [-semiadditivity is detected under restriction to v(I), we may restrict to the
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Proposition 1.1.116 ([CLL23, Prop. 4.6.11]). If C,D are T -categories with I-indexed products and I-indexed

coproducts, then FunITfEB (C,D) is I-semiadditive.

1.1.4.7 Compatible pairs of weak indexing systems We finish the section with a discussion of compatible

pairs of weak indexing systems, generalizing the setting of [BH22].

Definition I.1.117. A pair of one-object weak indexing categories (I, I,,) is compatible if F, c Sy is closed

under I,,-indexed products. <
We’d like to compare these with the notions from [CHLL24b|, beginning with the following.

Observation I.1.118. Orbitality implies that (Fy,Fr) is extensive in the sense of [CHLL24b, Def. 2.2.1].
Furthermore, a subcategory I C Fg furnishes a span pair (Fc),I) if and only if it satisfies Condition (IC-a);
thus a span pair (), I) with I C Fg is weakly extensive in the sense of [CHLL24b, Def. 2.2.1] if and only if I
is a weak indexing category. Furthermore, by Lemma 1.1.96, a weakly extensive pair (Fr),I) with I CR is

extensive if and only if I is an indexing category. <
They have their own notion of compatibility, which generalizes ours.

Observation I.1.119. A bispan triple (C,I,,,,1,) with C extensive (i.e. disjunctive) and whose span pairs are
weakly extensive is called a semiring context in [CHLL24b, Def. 4.1.1] when the right adjoint f,: Fy ,x — Fr vy
to pullback along a map f: X — Y in I, exists and preserves morphisms whose image in Fp lies in I;;
unwinding definitions, this is precisely the condition that (I,,I,,) is a compatible pair of one-object weak

indexing systems. <

Note that (I,,I,,) is a compatible pair of indexing categories in the sense of [BH22, Def 3.4] if and only
if it is a compatible pair of weak indexing categories such that I, and I, are both indexing categories. In this
setting, we have argued that the triple (Fz,I,,,I,) is a semiring context in the sense of [CHLL24a|. This is
useful, as [CHLL24a, Thm 4.2.4] yields an operadic presentation for the associated theory of bi-incomplete
Tambara functors valued in cocomplete cartesian closed oco-categories.

Our main contribution to this is to concretely characterize the terminal (weak) indexing category m(I)

such that (I,m(I)) is a compatible pair, generalizing [BH22, Cor 6.19]:

Construction I.1.120. Given I C Fy a weak indexing category, we define the collection
IFI‘T/I(I) = {S eFy |F; c S7 is closed under S-indexed products};
we define the multiplicative hull m(I) == I(Em(”).

unital case, in which case [-semiadditivity implies pointeness; once one has that, the proof of [CLL23, Prop. 4.6.11] and its antecedents

apply verbatim after replacing the notation ]FPT with I, and mostly amount to painstaking diagram chases.
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Moreover, given I a one-object weak indexing category, we say that a map of 7-spaces f: X - Y is
I-admissible if, for all maps g: K — Y with K orbit-finite, the map ¢*X — K lies in I. We write S; C S for
the wide subcategory of I-admissible maps.

We say that an R-admissible map f: T — S of orbit-finite 7 -spaces is compatible with I if, for all
compositions Y LN Z — T with g I-admissible, the map f,Y — Z is I-admissible; the composition-stability
and automorphism-inclusion of Lemma [.1.77 implies that these span a wide subcategory m(I) C Fr, which

we call the big multiplicative hull. <

Proposition 1.1.121 (Multiplicative hull). Fiz I a one-object weak indezxing category.

1) m(I) is a unital weak indexing category.
(1)
(2) (I,m(I)) is compatible.
3) given ] € windexCat%, (I,]) is compatible if and only if ] c m(I).
T
(4) m(I) is an indexing category.
5) (S7,81, S ) is a semiring context.
m(I)

(6) given J € WIndexCat? the triple (ST,SI,SI) is a semiring context if and only if ] C m(I).

PROOF. First note the #y,-indexed product functor is the identity, so *y € FI‘I/I( I)ﬂIF XI( N for all V. Moreover,
empty products are terminal objects (i.e. =y), so @y € Fl‘,ﬁ([) ﬂIF;(I) for all V € T. Now, for (1), we claim

that there exists a natural equivalence

LIy Rw S R
(4) ]_[ Ty = H ]_[ Ty;
U W U
indeed this is obvious for binary coproducts and on induction this follows from
IndY;$
]_[ Ty = ]_[ CoInd}, Ty
u UeOrb(Ind}, S)

= [ Condj,ColndyTy
UeOrb(S)

=Colndj, [ ] CommdffTy
UeOrb(S)

S
= Colndy, [ | 7w
U

Now if S and each Ry lie in Em(I) and each Ty in [, applying the aformentioned compatability twice
shows that ]_[SW ]_[IEIW Ty lies in [y, i.e. ]_[f,\, Rw € Epypy, proving (1). (2) and (3) follow directly by unwinding
definitions.
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For (4), note that 2-xy € Fgy by Lemma L1.77, so it suffices to show that m(I) is closed under

self-induction. This is similar to (1), using Eq. (4), i.e.

~ \4 .
¢Ind¥v5’* ~ Colndyy, ¢s.;

in particular, if S - V and W — V lie in m(I), this expresses that lrblnd“,(,s . breserves I-admissible maps,

which is exactly closure under self-induction. (5) and (6) similarly follow simply by unwinding definitions. O

1.2 Algebraic patterns

An algebraic pattern is a collection of data encoding Segal conditions for the purpose of homotopy-
coherent algebra. Given an algebraic pattern O and a complete co-category C, there is an oco-category of
Segal O-objects in C, which we view as some analog of “O-monoids in C” generalizing [HA, Def. 2.4.2.1];
these are presented as functors © — C satisfying a Segal condition that an “inert” subdiagram is right Kan
extended from an “elementary” further subdiagram.

We may view Segal O-objects in Cat (aka Segal O-co-categories) as O-monoidal co-categories; these
straighten to cocartesian fibrations over © satisfying conditions. As in [HA, § 2|, the condition of being
a cocartesian fibration may be relaxed to construct a form of operads parameterized by O, called fibrous
O-patterns.

We summarize some elements of the theory of algebraic patterns and fibrous patterns in Section 1.2.1.
The author would like to emphasize that the program surrounding algebraic patterns has achieved many
results not mentioned here; for a significantly more thorough and elegant treatment, we recommend [BHS22;
CH21].

Those familiar with [HA] will likely notice similarity with the model structure for fibrations over a
categorical pattern; in contrast to the categorical patterns of [HA, § B], algebraic patterns are manifestly
oco-categorical and their Segal conditions derived canonically from their definitional “inert-active” factorization
system and elementary objects. Nevertheless, we may view algebraic patterns as a functorial presentation
of particularly nice categorical patterns; in Section 1.2.2, we characterize of maps of categorical patterns to
algebraic patterns which induce Quillen equivalences from Lurie’s model structure to a model structure on
Segal co-categories or fibrous patterns, therein called sufficient sets of generalized (fibrous) Segal conditions. 7

Moving on, in Section 1.2.3, we translate Lurie’s result on push-pull Quillen adjunctions to algebraic
patterns. Last, in Section 1.2.4, we use algebraic patterns to classify the monomorphisms of 7 -(co, 2)-categories,

i.e. to classify the parameterized (oo, 2)-subcategories.

7 the name “fibrous pattern” itself is derived from Lurie’s fibrous maps € — &, where € has a distinguished approximation map to an
oo-operad O%; see the proof of [HA, Prop. 2.3.3.30].
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I.2.1 Recollections of algebraic patterns The following definition is central.

Definition 1.2.1. An algebraic pattern is a triple (B, (1B, 32t), 13¢1), where (B3, B32<!) is a factorization system
on B and B¢ ¢ BI" is a full subcategory.® The co-category AlgPatt C Fun(Q, Cat) is the full subcategory

spanned by algebraic patterns, where
(5) Q=e—>e 0o <

We refer to the morphisms in B as “inert morphisms,” morphisms in B as “active morphisms,” and
objects in B¢ as “elementary objects.” When it is clear from context, we will abusively refer to the quadruple
(B,(Bin, B»ach, Bel) simply as B.

1.2.1.1 Segal objects Algebraic patterns provide a general framework for algebraic structures satisfying

the associated Segal conditions, which are encoded in the notion of Segal objects.

Definition I.2.2. Let C be a complete co-category and © an algebraic pattern. Then, the oo-category of Segal
O-objects in C is the full subcategory Seg(C) C Fun(®,C) consisting of functors F: O — C such that, for
every object O € O, the natural map

F(O)— lim F(E)
Ee©g,

is an equivalence, where (Deol /= o X@in ey, (Dig/ is the co-category whose objects consist of inert morphisms
from O to an elementary object. We will call Segal O-objects in S and Cat Segal spaces and oo-categories,

and identify such objects with their unstraightenings in Caty whenever doing so will not cause confusion. <

Remark 1.2.3. By [CH21, Lem. 2.9], a functor F: ©® — C is a Segal O-object if and only if the associated

functor F|pine is right Kan extended from F|pe along the inclusion O - int, <
We include the following example in order to convince the reader, but we will use none of its cases.
Example 1.2.4. Each of the following oco-categories admit pattern structures with the indicated Segal objects:

e A°P admits a pattern structure whose Segal objects are monoid objects [CH21, Ex. 3.3];

e A°P admits another pattern structure whose Segal objects are traditional Segal objects [CH21,
Ex. 3.3];

e Rezk’s category ©,, admits a pattern structure whose Segal spaces are ©,,-spaces, i.e. (oo, n)-categories
[CH21, Ex. 3.5];

e Moerdijk-Weiss’ dendroidal category admits a pattern structure whose Segal objects are dendroidal

Segal spaces [CH21, Ex. 3.7];

8 Throughout this paper, we adopt the definition of factorization system used in [CH21, Rmk. 2.2], which does not assert any lifting
properties; that is, a factorization system on C is a pair of wide subcategories ctcRce satisfying the condition that, for all maps

f

1 r
X = X’, the space of factorizations X — Y — X’ with [ € CL and r € CR is contractible.
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e the category of correspondences between m-finite spaces with (m — 1)-truncated backwards leg
Span,, ,(S,,) = SM-1 admits a pattern structure whose Segal objects are the m-commutative
monoids of [Har20, Def. 5.10];

e the category of correspondences between m-finite spaces Span(S,,) admits a pattern structure whose
Segal objects are the m-finite limit preserving functors; and

e there will be several algebraic patterns which present I-commutative monoids (see Section 1.4).
The penultimate and antepenultimate examples present equivalent Segal objects [Har20, Prop. 5.14]; this will
eventually fit in a general Morita theory for patterns (see Example 1.2.18 and Corollary 1.4.10). <

One benefit of the framework of Segal objects is the following monadicity result.

Proposition 1.2.5 (|[CH21, Cor. 8.2|). If © is an algebraic pattern and C a presentable co-category, then the
forgetful functor
U: Seg(C) — Fun(©¢,0)

is monadic; in particular, it is conservative.

Another benefit of Segal objects is a rich framework for functoriality.

Definition I.2.6. Suppose P, © are algebraic patterns. A functor f: P — © is compatible with Segal objects if
it preserves the inert-active factorization system and f*: Fun(®,C) — Fun(P,C) preserves Segal objects in

any complete co-category C. Moreover, a morphism of algebraic patterns f: P — © is a called a:

e Segal morphism if it is compatible with Segal objects, and a

e strong Segal morphism if the associated functor f)‘g} D‘g(l ;) (D;I(X) / is initial for all X € P. <

Observation 1.2.7. The conditions for Segal morphisms and strong Segal morphisms are each compatible with

compositions and equivalences; that is, there are wide subcategories
AlgPatt>8, AlgPatt>'To"875¢8  AlgPatt

whose morphisms are the Segal morphisms and strong Segal morphisms, respectively. <
Remark 1.2.8. [CH21, Lem. 4.5] concludes that f is a Segal morphism if f* preserves Segal spaces. <

Limits of patterns construct a large number of examples according to the following lemma.

Lemma I.2.9 ([CH21, Cor. 5.5]). AlgPatt C Fun(Q,Cat) is a localizing subcategory; in particular, AlgPatt has

small limits.
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Example 1.2.10. By [CH21, Ex. 5.7], the binary products in AlgPatt have Segal objects

Seg 1y (C) =~ SegSegyy (C). <
Cartesian products of patterns also play nicely with well-structured maps of patterns.
Lemma 1.2.11. Suppose f: © - P and f': O — P are (resp. strong) Segal morphisms. Then,
fxf:OxO ->PpxP
is a (strong) Segal morphism.

PROOF. The case of Segal morphisms follows immediately from Example 1.2.10, so we assume that f, f’

are strong Segal. Then, the induced map

Febx fisy = (f % f)xry 1O X Ok xy = (PP )b

is a product of initial maps; it follows that it is initial, since limits in product categories are computed

pointwise. O

1.2.1.2 An interlude on soundness and extendability We will move on to describe the theory of operads
corresponding with an algebraic pattern, but to do so, we make some technical assumptions. Let © be an

algebraic pattern and w: X — Y an active map. Define the pullback square

(Del( ) s Ar(@mt)

L

(De}z/l/ % (D ( (- >) @mt (Dmt

where w(_ (DY/ — @‘m sends a : Y — E to the inert map w, of the inert-active factorization of X %SYSE.

Definition 1.2.12. © is sound if, for all w: X — Y active, the associated map O (w) — (Dg(l/ is initial. A
sound pattern © is soundly extendable if g = Ar*Y(©) 4 © is a Segal O-co-category, where Ar®{(®) c

Ar(©) = Fun(Al,©) is the full subcategory spanned by active arrows. <

Soundness as a condition allows one to simplify Segal conditions. A condition of extendability was
originally introduced in [CH21, Def. 8.5] for the sake of explicit formulas for the free Segal O-object monad,
and is equivalent to sound extendability in the presence of soundness [BHS22, Rmk. 3.3.17]. Now, sound
extendibility reduces many instances of relative Segal objects in the sense [BHS22, Def. 3.1.8] to a morphism
with Segal domain by [BHS22, Obs. 3.1.9].

To transfer soundness, around, we will use a strengthening of [BHS22, Lem. 3.3.7].
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Proposition 1.2.13. Suppose ¢: O — P is a strong Segal morphism.

(1) If @ is iso-Segal and P is sound, then © is sound.
is essentially surjective, each map : - is essentially surjective, an is sound,
2) If g i tially surjecti h map @j': OFF — Pl i tially surjecti dO i d

then P is sound.
To prove this, we import an observation of Barkan-Haugseng-Steinebrunner.

Lemma 1.2.14 ([BHS22, Obs. 3.3.6]). The cartesian fibration evy: O (w) — (DE{,I/ has unstraightening given
05 )
. 1\oP ¢
by the composite ((D‘;,/) ——— Cat.

PRrROOF OF PROPOSITION 1.2.13. Claim (1) is [BHS22, Lem. 3.3.7]; we must give our own proof of the
converse, as we have strengthened it. By the dual of [Sha23, Rmk. 6.10], a morphism of cartesian fibrations
whose straightening is pointwise-initial is initial; applying this and Lemma 1.2.14 shows that the induced

functor ¢!(w): O(w) — P(@(w)) is initial. Thus we may draw the diagram

©l(w) % pel(pw)

eVO\L eVol

el
el Px/ s el
©X/ D((JX/

whose top, bottom, and left arrow are initial in the situation of claim (2); initiality of the righthand arrow
then follows by cancellation for initial functors [kerodon, Tag 02N6]. Our essential surjectivity assumptions

guarantee that all active arrows in P arise in such away, giving claim (2). O

1.2.1.83 Span patterns The following is our primary source of examples.

Construction 1.2.15 ([BHS22, Def. 3.2.6]). An adequate quadruple is the data of an adequate triple X?, X/ c X
in the sense of Definition 1.1.85 together with a full subcategory &y C X'; the co-category of adequate quadruples
is the full subcategory

Quad?®?¢d ¢ Fun(Q, Cat)

spanned by adequate quadruples, where Q is defined by Eq. (5).

Given an adequate quadruple (X T, xb ;XO) let XboP ¢ Span,, f(X ) be the wide subcategory spanned
by the spans X & R ¢—f> Y with i; an equivalence, and similarly X fc Span,, f(X ) the wide subcategory of
spans with 1, an equivalence.

This yields a factorization system [HHLN23, Prop. 4.9]

xboP s Span, ¢(X) < X/t
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We define the span pattern Spanb’f (X;Xgp) via the data

e underlying oco-category Spanb’f()( ),

e inert morphisms X?°P c Span(X),

e active morphisms X/ c Span(X), and

e elementary objects Xg’OP = Xé)p N xboP ¢ xbop,
Given a map of adequate quadruples (X, (Xb,Xf), XO) — (y, (yb, yf), yo) the associated functor Spanb,f(X) -
Spanh’f())) preserves inert morphisms, active morphisms, and elementary objects by definition; hence the

functor Span__(—;-): Quad?¥®d — Fun(Q, Cat) descends to a functor
Span__(—-): Quad?®ed - AlgPatt. <

Barkan-Haugseng-Steinebrunner supply conditions for span patterns to be sound(ly extendable).

Proposition 1.2.16 ([BHS22, Prop. 3.3.23|). If (X, X%, X/;X,) is an adequate quadruple. Then, Spanbrf (X5 X0)
(1) sound if X}; — X, is fully faithful and the inclusion Xé”/x — Xy is final for all x e X, and
(2) soundly extendable if and only if it is sound and the functor X/{f): XUOP s Cat is right Kan extended
from Xob’()p.
In particular, it is sound if X¥ = X, and soundly extendable if Xy =X and X}; — X, is fully faithful (e.g. if
Xy=xb=x).

Now, we will often construct maps of patterns via maps of adequate quadruples, for which the following

lemma is useful, and becomes obvious by unwinding definitions.

Lemma I.2.17. Fiz ¢: (X,Xh,Xf;XO) — (y,yb,yf;yo) a map of adequate quadruples classifying an algebraic
pattern map @: Spanh’f (X; X)) — Spanb‘f (V;M)- Then, @ is a strong Segal morphism if and only if the
induced functor Xé”/x - yg’/(px 18 final for all X € X, and an iso-Segal morphism if and only if this functor is

an equivalence.

Example 1.2.18. Let S, C S be the full subcategory of m-finite spaces for some m < co, where m = oo
is interpreted as m-finite spaces. Let S, , C S, be the wide subcategory of n-truncated maps. The
algebraic pattern Span, (S,,) := Spanallrsm’n (Sy;#) is described implicitly in [Har20]. In particular, in the
case n € {m—1,m}, it has Segal C-objects the functors Span,, (S,,) — C whose subdiagram X: SyF — C whose
coassembly map

(6) X(A) — lim X (%)

*—A
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is an equivalence by the pointwise formula for right Kan extension, as we have that * — A is n-truncated if
and only if A is (n+ 1)-truncated).

In the case that m = n, this has a more elementary presentation: by the dual to [Har20, Cor. 2.16] a
pre-Segal C-object Span(S,,)°P ~ Span(S,,) — C is m-finite limit preserving if and only if its restriction to
SyF is m-finite limit preserving, which by the dual to [Har20, Lem. 2.16] is equivalent to Eq. (6) being an

equivalence for each A. <

To illustrate the application of Proposition 1.2.16, we may characterize this further.

Corollary 1.2.19. Span(S,,) is soundly extendable and Span,,_;(S,,) = Span(S,,) an iso-Segal morphism.

PROOF. It has all backwards maps, so it is automatically sound. For extendability, we are tasked with
proving that the coassembly functor
Sx — ]_[5/* ~ Fun(X, S)
XEX
is an equivalence. This may be identified with the functor taking fibers, i.e. the straightening functor, which is
an equivalence. The iso-Segal condition follows by noting that every map = — A for A m-finite is automatically

(m —1)-truncated. O

1.2.1.4 Fibrous patterns Unstraightening realizes Segy(Cat) as a non-full subcategory of Cat,q consisting
of cocartesian fibrations satisfying Segal conditions; we relax this for the following definition, which is

equivalent to the original definition stated in [BHS22, Def. 4.1.2] by [BHS22, Prop. 4.1.6].

Definition 1.2.20. Let 1 be a sound algebraic pattern. A fibrous B-pattern is a functor 7 : O — B such that

(1) (inert morphisms) © has m-cocartesian lifts for inert morphisms of 1,
(2) (Segal condition for colors) For every active morphism w: Vy — V; in B, the functor

(DVO—) lim (Dwa,lvl

el
aEBvl/

induced by cocartesian transport along w, is an equivalence, where w_y: 35‘;1/ — Bl)?/t is the inert

morphism appearing in the inert-active factorization of a o w, and
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(3) (Segal condition for multimorphisms) for every pair of objects Vi, V, € 15 and colors X; € Oy, the

commutative square

Mapy (X, X1) — lim  Mapg(Xo, 1 Xq)

l a: V1—>Ee]3$,ll/

Mapy(Vy, V1) —— lim Mapy(Vy, E)
a:Vp —>Ee]5f/ll/

is cartesian.

We denote by Fbrs(B) C Cati/rg’cocm the full subcategory spanned by the fibrous B-patterns, where the latter
category has objects the functors to 1 possessing cocartesian lifts over inert morphisms and morphisms the

functors preserving such cocartesian lifts. <

Remark 1.2.21. As noted in [BHS22, Rmk. 4.1.8], in the presence of condition (3) above, condition (2) may be
weakened to assert that the functor Oy, — lim aebﬁ}l/ Ou,,v, 18 a Mp-surjection without changing the resulting
notion. To match [BHS22, Prop. 4.1.6], we may even take the intermediate assumption that this functor
induces an equivalence on cores.

There are a few more equivalent statements of conditions (2) and (3); first, [BHS22, Obs. 4.1.3] and
[BHS22, Prop. 4.1.7] show that they are equivalent to the condition that the envelope map Envy(0) := O xp
oy — &fyy is unstraightened from a so-called relative Segal B-category, i.e. the following square is cartesian:

In the case that B is soundly extendable, [BHS22, Rmk. 4.1.4] notes that functors to Segal O-categories
are relative Segal O-categories if and only if their domains are Segal O-categories; that is, in the soundly
extendable case, conditions (2) and (3) are equivalent to the fact that O xy3 2% is a Segal O-category, i.e.

t . t . .
the functor P xp Of5 — lim, o, Oj' is an equivalence for all O € ©. <
Example 1.2.22. Fibrous F, = Span_, (Sy)-patterns are equivalent to co-operads (c.f. [HA, Rmk. 2.1.1.14]). <

Remark 1.2.23. [BHS22, Obs. 4.1.10] shows that a cocartesian fibration to B is a fibrous pattern if and only
if it is a Segal 1-co-category. <

The fully faithful functor U: Fbrs(13) — Cat}5i~°" is a reflective subcategory inclusion.

Proposition 1.2.24 ([BHS22, Cor. 4.2.3]). U participates in an adjunction

Lrbrs

. /N
Cat}rg—cocart N Fbrs(1)

&ﬁ/
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Construction 1.2.25. We write define the co-category of prefibrous B-patterns
PFbrs(B) = Cati/rg—cocart’

so that Fbrs(1) c PFbrs(1) is the localizing subcategory of prefibrous B-patterns satisfying the fibrous Segal
conditions. Given © — B a prefibrous B-pattern, we define the swide subcategory O™ ¢ © spanned by
cocartesian lifts of inert arrows, ©¢ c O™ the full subcategory of arbitrary lifts of elementary objects and
O3t ¢ © the wide subcategory of arbitrary lifts of active arrows. We refer to this as the B-prefibrous pattern

structure on ©. <

Now, the following lemma is straightforward.

Lemma 1.2.26. The B-prefibrous pattern structure lifts to a functor
Py PFbrs(B) — AlgPatt s,

which is natural in prefibrous patterns O — B which are Segal morphisms.

PRrROOF. It follows by definition that morphisms of prefibrous B-patterns preserve the pattern structure,
so this functor exists. Given ¢: © — B a prefibrous B-pattern which is a Segal morphism, we're left with

constructing a lift making the following diagram commute:

PFbrs(13) — 5 PFbrs(O©)

. * .
AlgPatt 5 -~ R AN AlgPatt
+ 1

Cat/B e Cat/@

Unwinding definitions, it is equivalent to prove that qo*Bint consists of the cocartesian lifts for inert O-
morphisms and that (p*BaCt(p*Bel the arbitrary lifts of active morphisms and elementary objects. The latter

is immediate, and the former follows by is cancellation for cocartesian arrows [kerodon, Tag 01TU]. O

Importantly, in the fibrous case, these are soundly extendable.

Proposition 1.2.27 ([BHS22, Lem. 4.1.15]). If O is a fibrous B pattern and B is sound (resp. soundly

extendable), then © is sound (soundly extendable).
Now, we may explicitly describe the fibrous patterns for this structure in this case.

Proposition 1.2.28 (|[BHS22, Cor. 4.1.7]). Given © — B a fibrous B-pattern, P induces an equivalence

Fbrs(©) ~ Fbrs(1) .
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Now, we conclude quite a lot of naturality as follows.
Proposition 1.2.29 (|[BHS22, Obs. 4.1.14]). Fibrous patterns are strong Segal morphisms.
Lastly, we note that fibrous patterns are quite functorial in general.

Proposition 1.2.30. Suppose @: © — P is functor which is compatible with the inert-active factorization

system, and P is soundly extendable. Then,

(1) If the precomposition functor ¢*: Fun(P,Cat) — Fun(©,Cat) preserves Segal objects, then the
pullback functor ¢*: Cat,p — Catp preserves fibrous patterns.

(2) If ¢ is an inert-cocartesian fibration and the left Kan extension functor ¢;: Fun(®,Cat) —
Fun(P,Cat) preserves Segal objects, then postcomposition @: Cat,py — Cat;p preserves fibrous

patterns.

In particular, if @ is an inert-cocartesian Segal morphism with soundly extendable codomain whose left Kan
extension preserves Segal categories, then pullback and postcomposition restrict to an adjunction on fibrous
patterns

@,: Fbrs(©O) 2 Fbrs(P): ¢*

PROOF. Our argument is only a minor variation of [BHS22, Lem. 4.1.19], so we temporarily assume
close familiarity with the language used In either case, the property of being an inert-cocartesian fibration is
always preserved, either by assumption or by [BHS22, Obs. 2.2.6].

We prove statement (1) first. Fixing % € Fbrs(P), by [BHS22, Obs. 4.1.3], it suffices to prove that the

left vertical arrow in the following pullback diagram is a relative Segal (D-co-category.

St (@ F) —— qo*StiI‘)‘tf

Lo

Gy ——— Q@ Ip
By [BHS22, Lem. 3.1.10], relative Segal O-oco-categories are pullback-stable, so it suffices to prove that the
right vertical arrow is a relative Segal O-co-category. By sound extendability @7 is a Segal P-co-category,
and since ¢ preserves Segal co-categories, @@/ is a Segal O-co-category; by [BHS22, Obs. 3.1.18], it then
suffices to prove that @*St%‘tﬁ is a Segal O-co-category. Since @* preserves Segal co-categories, it suffices to
prove that Stif;tgZ is a Segal P-category, which follows by the assumption that .% is a fibrous pattern.

Statement (2) is similar; this time, by taking left adjoints to the commutative square of [BHS22,

Prop. 4.2.5], it suffices to prove that the composition

(pISti(gtf — @ — p
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is relative Segal; since P is soundly extendable, [BHS22, Obs. 3.1.8| again reduces this to verifying that (p!Sti(Bty

is Segal; this follows from the facts that % is a fibrous pattern and ¢, preserves Segal co-categories. O

1.2.1.5 The Segal envelope We would like to describe adjunctions relating fibrous patterns to Segal objects,

but to do so, we need a few constructions.

Definition I.2.31. Given © — 1 a pattern map, the Segal envelope of © is the horizontal composite

EnviyO —— Ar®(B) SRALENSS
U Jevo

O —DH

where Ar*{(3) c Ar(B) = Fun(A!, B) is the full subcategory spanned by active arrows. We denote the

envelope of the terminal B-pattern as

evo

@y = ArY(B) ——— B, <
Given f: P — O a Segal morphism, we define the composite functor
f* ez

f®: Segg{@ — Segg*%) XN Seg

where ¢q is the map fitting into the following diagram:

eQ/f
[ o 70
1 - r
P—— O

This participates in the following theorem, which was proved under a strong Segal assumption which is

rendered unnecessary by Proposition 1.2.30.

Theorem 1.2.32 ([BHS22, Prop 4.2.1, Prop 4.2.5, Thm 4.2.6, Rem 4.2.8]). Let © be a soundly extendable

pattern. Then, Envy participates in an adjunction

Envgp
—
Fbrs(©) + Segg(Cat).
_

Un
By taking slice categories, this induces an adjunction

I
Env®

—
Fbrs(©) + Segg(Cat)
—_
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whose left adjoint is fully faithful. Furthermore, if f: O — P is a Segal morphism between soundly extendable
patterns, the following diagram commutes:

/o7

E
Seg(Cat,,) — o Fbrs(©) an—Q) Segp(Cates ) ey —Un Fbrs(©)
(

i : | i
SegD(Catoo) T) Fbrs(P) W SegD(Catm)/'dD T> Fbrs(P)
Env,,

Remark 1.2.33. The lefthand commutative square of Theorem 1.2.32 induces a Beck-Chevalley condition
B: Envyf* = f*Envyp

which is not in general an equivalence. Indeed, in sight of horizontal left-adjointability of the righthand

square, we instead find that g is the transformation
* * 1 T( *
Enve f'Q = f'EnvpQ X o g ¥p — [ Envp@Q;

for B to be an equivalence, it suffices to check the nontrivial condition that q is an equivalence. <
Under the following language, the square is left-adjointable if a is strongly BC.

Definition I.2.34. A strong Segal morphism @: : © — P is strongly BC if the Beck-Chevalley transformation
q: “p —' @ o/p is an equivalence. <

We have a quick but useful result of this.

Proposition 1.2.35. If ¢: © — P is strongly BC, © is sound, and P is soundly extendable, then © is soundly

extendable.

PROOF. ¢ is a Segal morphism so @y ~ @*.o7p is a Segal O-co-category. a

We will make frequent use of product patterns, so we observe their interaction with Segal envelopes.

Observation 1.2.36. If O, P are fibrous B-patterns, then their Segal envelopes satisfy

Enviss (O x P) = (O x D) xaps AP (3% B)
= (O xp Ar (1)) x (P A (1))

=~ Envyy(O) x Envy(P) <

1.2.1.6 Equifibrations We will frequently make use of an explicit identification of the essential image of

Envgf‘D in terms of Barkan-Haugseng-Steinebrunner’s theory of equifibrations.
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Definition 1.2.37. A natural transformation a: F = G of functors C — D is an equifibration if each naturality

square is cartesian:
F
Fx) — Y B(y)

Jax » Jav

G(X) — G(Y)
More generally, given B C C a class of morphisms, we say that a is an equifiberation over B if naturality
squares are cartesian for all f € B.
A morphism of Segal B-objects in C is an equifibration if its corresponding natural transformation of

functors B — C is equifibered over B3¢t <

Proposition 1.2.38 ([BHS22, Prop. 4.2.1]). The essential image of Env’/: Fbrs(13) — Segy(Cat)qp, is the

equifibrations.
To identify these and study envelopes of fibrous pattern maps, we note the following easy properties.

Proposition 1.2.39. Fiz B CC a class of arrows and a: F = G a natural transformation of functors C — D.

(1) If B’ C B is a subclass which generates B under composition, then then a is an equifibration over B’
if and only if it is equifibered over B.
B
(2) If F="= G /= H is a composable sequence of natural transformations such that  is an

equifibration over B, then a is an equifibration over B if and only if foa is.

PROOF. These arguments are simple and already appear in [BHS22|; indeed, we may draw the diagram

HX) — s By

In situation (1), if f and g lie in B’, then the top two squares are cartesian, so the top outer rectangle is
cartesian by pullback pasting; hence the locus of arrows over which « is an equifibration is closed under
composition, and the claim follows.

In situation (2), the bottom square is cartesian, so the top is if and only if the outer square is by

pullback pasting; quantifying over all morphisms f yields the claim. O

Corollary 1.2.40. Fix F: © — P a Segal B-functor.
(1) If ©,P arise as envelopes of fibrous B-patterns, then every Segal B-functor © — P over oty is

equifibered.
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(2) F is an equifibration if and only if it is an equifibration over all active arrows with elementary

codomain.

Proor. Claim (1) is gotten by applying the two out of three claim of Proposition 1.2.39 to the image
expression of Proposition 1.2.38. For Claim (2) fix an active arrow F: X — Y. Under the equivalence

®Y x~ hm (DEI
Ee@‘i}/

cartesian squares taken equivalently onto diagrams of cartesian squares. Unwinding definitions, the naturality

square is taken onto a diagram of naturality squares, which are cartesian by assumption, yielding the claim. O

1.2.2 Generalized Segal conditions and categorical patterns For this section, fix € an algebraic pattern.
We will need flexibility in what precisely we mean by Segal conditions for Segal objects and fibrous patterns.

To discuss these for Segal objects, we use the following notion.

Definition 1.2.41. A diagram p: K* — (L‘ecl/ extending p is a generalized C-Segal condition if for all C-Segal
spaces F: € —» S, Fop is an F o p-limit diagram. A set of generalized C-Segal conditions {p,} is sufficient if

every functor F: € — &S sending F op, to p-limit diagrams is a Segal space. <
The conventional Segal conditions are the following.

Example 1.2.42. Any set of generalized €-Segal conditions containing a sufficient set is sufficient, and the set

of diagrams (E%l , — C is sufficient; hence the set of all generalized C-Segal conditions is sufficient. <

Segal spaces were chosen for concreteness; we can choose other value categories.

Lemma 1.2.43. Fiz C an algebraic pattern.
(1) If p: K* = €™ 4s a generalized C-Segal condition and C is a C-complete co-category, then every
Segal C-object F: € — C has Fop an F o p-limit diagram.
(2) If {ﬁa: K; — (Eint} is a sufficient set of generalized C-Segal conditions and F: € — C satisfies the

condition that each Fop, is an F o p,-limit diagram, then F is a Segal C-object.

Proor. Each statement is a straightforward modification of the proof of [BHS22, Prop. 2.19]; indeed,
Yoneda’s lemma shows that it suffices to prove this for C a presheaf topos, after which the result follows
by identifying Seg (Fun(B,S)) ~ Fun(B,Seg¢ (S)) and using the pointwise expression for limits in functor

categories. |

We will mostly need this to identify fibrous patterns. Unfortunately to utter sentences such as “to check

2

that © — € we may check on a set of conditions satisfying...,” we need a more careful notion than what

we’ve just defined:
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Definition 1.2.44. A functor p: K* — €™ is a generalized fibrous C-Segal condition if for all relative C-Segal

objects F — G, the associated square

E(p(V)) — limycx F(W)

l l

G(p(V)) —— limpyex G(W)

is cartesian. A set of generalized fibrous C-Segal conditions {f?a: K; — (Ei“t} is sufficient if:

(GS-a) it is a sufficient as a set of generalized C-Segal conditions,”

GS-b) each w(p, is a generalized C-Segal condition, and

( Pg 52 g g

(GS-c) given objects C,D € €, active maps w € (E’;‘g, and inert-cocartesian fibration @ — € subject to the

condition that for all for all cocartesian sections s, of p,, the corresponding square

Map®(D, C) —— limpycx Map(D, s, (W))

! l

Map¢(r(D,T(C) — limy g Map(nD, p,(W))
is cartesian, we have for each cocartesian section s, ¢ of wy: (@ecl/ x¢ O — €) that the square

Map,(D,C) —— limEececl/ Map(D, s, cE)

| !

Map (D, nC) —— limEeQ%l/ Map(ntD, w E)

is also cartesian. <
Example 1.2.45. If € itself is a sound pattern, then [BHS22, Prop. 3.3.8] shows that {(Eecl/} is a sufficient set of
generalized fibrous C-Segal conditions. <

The proof of [BHS22, Prop. 4.1.7], extends easily to the following.

Proposition 1.2.46 (c.f. [HA, Def. B.0.19]). Suppose {}_Jai K*— (Eint} is a sufficient set of generalized fibrous
C-Segal conditions and © — € is an inert cocartesian functor. Then, © is a fibrous pattern if and only if the
following conditions hold for all a:

(b) the unstraightening of O™ — €Nt composes to a limit diagram K — "t — Cat, and

(c) for all cocartesian sections sc: K3 — K3 x¢ O, the composite functor K — © is a ng-limit diagram.

Proor. By [BHS22, Obs. 4.1.3|, we find that pg: Enve (O) — EnvgCommyg is a relative Segal O-
category if and only if © is a fibrous pattern; the same proof as [BHS22, Prop. 4.1.6] reduces the relative
p-Segal condition for pg¢ to the disjunction of

9 To see that generalized fibrous Segal conditions are Segal conditions, simply fix G = *.

67


https://arxiv.org/pdf/2208.07183v2#thm.3.3.8
https://arxiv.org/pdf/2208.07183v2#thm.4.1.7
https://people.math.harvard.edu/~lurie/papers/HA.pdf#theorem.B.0.19
https://arxiv.org/pdf/2208.07183v2#thm.4.1.3
https://arxiv.org/pdf/2208.07183v2#thm.4.1.6

SECTION I.2. ALGEBRAIC PATTERNS

(b’) the absolute w,p-Segal condition for O for all active w, and
(¢’) a relative wyp-Segal condition for Map, (Y,s,(~)) = Mapg (1o Y, pp,(—)) for each cocartesian

section s, c.

Conditions (GS-a) and (GS-b) identify conditions (b) and (b’); Condition (GS-c) identifies (¢) with condition

(¢’) applied to all of the canonical Segal conditions, and the proposition follows. (|

Corollary 1.2.47. Ifp: K* — C'™ is a fibrous generalized C-Segal condition such that w\p, 5 a generalized
C-Segal condition and © — C is a fibrous pattern over a sound algebraic pattern, then the conditions of

Proposition 1.2.46 hold for p.

ProOF. Apply Proposition 1.2.46 to the sufficient set {p}U {@flc |Ce C}. O

Now, our main tool to construct these sufficient sets is via pasting.

Lemma 1.2.48 (Segal condition pasting). Fiz {ﬁa} and {%} are sets of functors to ™. Suppose for all indices
B and active maps W — qg(vg) that there exists exists an index a with functor y: Kg — K, as well as for
each k € K, an index ay with functor o: K;k — K, such that the wypg-assembly map factors naturally as a

composition of limits of a and ay-coassembly maps

F(vp) o > limpe, Flwib)
1 . B
. Ca . . limg ¢, . .
V' F(va) —= limgeg, y*F(k) —F limgeg, 7*F(vgy)

(1) If {ﬁa} is a set of generalized C-Segal conditions, then so is {ﬁﬁ}
(2) If {[_)a} is a set of generalized fiborous C-Segal conditions, then so is {ﬁﬁ}
(3) If {ﬁﬁ} is sufficient as generalized Segal conditions, then so is {;_)a}.
(4) If {ﬁﬁ} is sufficient as generalized fibrous Segal conditions, then so is {ﬁa}.

Now, suppose instead that each ap € B, i.e. the righthand coassmebly maps correspond with {%}-Segal

conditions.

(1) If {ﬁﬂ} is a set of generalized C-Segal conditions, then so is {ﬁa}
(2°) If {ﬁﬂ} is a set of generalized fibrous C-Segal conditions, then so is {;_)a}
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ProoOF. Given a natural transformation #7: F = G: K; — C, naturality of everything in sight allows to

construct a commutative diagram

c
F(vp) r > limyek, F(b)
¥ R Ca . . limkcak | \ .
V'F(vg) —— hmkeKa Y F(k) > hmkeKa V4 F(vaK)
Cﬂ . \l/
G(vp) > hmbeKﬁ G(b)
M . Co . . limkcak \ .
V'G(vg) —— limge, y*G(k) > limgex, 7" G(vay )

In particular, if the front right square is cartesian, then the back face is cartesian if and only if the front
left square is by pullback pasting. Said another way, if #’s precomposed natural transformations already
satisfy the ay-Segal conditions, then it satisfies the f-relative-Segal condition if and only if it satisfies the
a-relative-Segal condition.

Now, if this underlies a natural transformation of C-Segal objects with G = *, then each ¢, and c,,
are equivalences, so cg is an equivalence as well, giving (1). Sufficiency is similar; if F satisfies each a-Segal
condition then by the above it must satisfy each p-Segal condition, so it must be a Segal object. The fibrous

cases and apostrophe cases follow mutatis mutandis. O

Remark 1.2.49. If {ﬁﬁ} are closed under the w, construction, then the condition of Lemma 1.2.48 may be

specialized to w = id; this is a strict soundness condition on {ﬁﬁ}, related to sound algebraic patterns. <

Remark 1.2.50. Suppose {p, — o} is a set of initial functors over ¢, Then, the conditions of Lemma 1.2.48
are satisfied for {p,} and {g,}. For instance, given a G-operad O®, the initial subcategory inclusions
S* < Tot O/eé or T* < Tot Totg O/e}g give the sets of generalized fibrous Segal conditions considered in [BHS22].
One thus view Lemma 1.2.48 as an elaboration on Barkan-Haugseng-Steinebrunner’s fibrous pattern model

for G-operads expression of their Segal objects with the variation of Lurie’s O-monoids used in [Ste25¢]. <
We develop this notion in order to utilize Lurie’s notion of categorical patterns.

Definition I1.2.51 ([HA, Def. B.0.19]). A categorical pattern with all 2-cells P is a simplicial set S, a collection
of 1-cells Mg C S1, and a collection of diagrams K; — S whose 1-cells land in Mg. Given such a categorical

pattern P, a P-fibered object is a map of marked simplicial sets (X, M) — (S, Mg) such that:

1) the underlying map f: X — S is an inner fibration.

2) Every element of M is f-cocartesian, and every f-cocartesian lift of an edge of Mg lies in M.

(1)
(2)
(5) For all @, the induced map f,: X xg K3 — K, unstraightens to a limit diagram K — Cat.

(6) For every index a and cocartesian section s of f,, s is an f-limit diagram in X. <
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We find many examples in our study of algebraic patterns.

Construction 1.2.52. An algebraic pattern 1 has an associated categorical pattern

CatPatt(B) = (B, inert, all, {Beol/}odg)

Given {f)a: K; — (Eim} a set of generalized C-Segal conditions, we define the categorical pattern structure P

on € to have the same inert arrows as CatPatt(C), all 2-cells, and Segal diagrams exactly {;_Ja}. <

Lurie uses this notion to construct a model category.

Proposition 1.2.53 ([HA, Thm. B.0.20|). There exists a left-proper combinatorial simplicial model structure
on sSet;’(X M) uniquely characterized by the fact that its cofibrations are the monomorphisms and its fibrant

objects are the P-fibered objects.

This may be viewed as a joint generalization of the model structure on co-preoperads and the cocartesian

model structure, and it often presents a familiar co-category:

Proposition 1.2.54. Lurie’s model structure on sSet;’CatPatt(B) presents Fbrs(1).

Now, this follows immediately from a more general proposition.

Proposition 1.2.55. Suppose P is a categorical pattern with all 2-simplices such that Mg is closed under

equivalence, and hence defines a wide subcategory S™ < S. Then, the identity underlies a left Quillen functor
id;: sSet/s — sSet)y,

whose right adjoint has total derived functor a subcategory inclusion whose objects are the P-fibered objects

up to homoto and whose morphisms are the functors over N preserving inert-cocartesian lifts.
P Y P p g

PRrROOF. That id, is a left Quillen functor and id* a right Quillen functor follows from [HA, Prop. B.2.9].
Now, to prove that N"id* is a subcategory inclusion, we must prove that it is acts on mapping spaces
between fibrant object as a summand inclusion, which surjects onto the path components of equivalences; but

this follows by unwinding the fact that the marked arrows are precisely the inert-cocartesian lifts. |

We would like more general presentations of our categories, for which we use the following.

Lemma 1.2.56. Suppose p,, is a soundly sufficient set of generalized C-Segal conditions for € a soundly
extendable algebraic pattern. Then, a functor 7: © — € is a fibrous pattern if and only if it possesses a

(nessentially unique) model as a map of marked simplicial sets making it P-fibered.
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ProoFr. Condition (1) is assured by the word “functor;” condition (2) is equivalent to 7 being an
inert-cocartesian fibration. We're left with showing that (5) and (6) together are equivalent to fibrousnes;

this is Proposition 1.2.46. O

From this, we find categorical pattern versions of Segal morphisms and Morita equivalences.

Proposition 1.2.57. Let € be a soundly extendable algebraic pattern and {ﬁa} a set of diagrams.
(1) if {f?a} is a set of generalized fibrous Segal conditions then the identity on a model for € underlies a

left Quillen functor id,: sSet/Il — sSet/CatPatt(c), and

(2) if {;_)a} is sufficient then id, is an equivalence of model categories.

PROOF. The identity always preserves and reflects monomorphisms of simplicial sets, i.e. cofibrations;

hence statement (2) follows from Lemma 1.2.56.
Now, in the situation of (1), let {ﬁﬁ} be the set of all sound generalized C-Segal conditions (which is

sufficient by Examples 1.2.42 and 1.2.45si=pkOkRhagZKpimp8r) and consider the commutative diagram

sSet/p —— sSet,catpatt(e)

~ |

sSet/@

where each arrow is the identity on underlying functors. The vertical arrow is an equivalence of model
categories by (2), so the diagonal arrow is a left Quillen functor if and only if the horizontal arrow is; [HA,

Prop. B.2.9] affirms this for the diagonal arrow. (]

Now, we will need a variation of this purely for categorical patterns. Given P = (S, M) a categorical
pattern and p: K® — M, we say that p is a P-fibered Segal condition if the conditions of Definition 1.2.51
for p hold for all P-fibered Segal objects. i.e. the modified algebraic pattern P” on the same S and M with

K*— S an added Segal condition, the identity functor sSett,, — sSet% is an equivalence of model categories.

Lemma 1.2.58. Suppose ¢: D" — P is a map of categorical patterns with all 2-cells such that for all a € A,
the composite functor
q,: Ky —>8S8 -8

is a P-fibered Segal condition. Then, composition with f induces a left Quillen functor f: sSet;rD — sSet;rD,.

PROOF. After replacing P with the modified categorical pattern P” on (M, S) defined above (which
adds all ) and composing with the equivalence of model categories sSet;'D ~ sSet;rD,,, this follows from [HA,

Prop. B.2.9]. O
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1.2.3 Push-pull adjunctions between algebraic patterns We now make Lemma 1.2.58 right-handed.

Definition 1.2.59. A span of algebraic pattern maps 1B & O5Cis pairable if @ is an exponentiable functor
and the functor *¢,: Cat,¢ — Cat/jy restricts to a right adjoint 7*¢,Fbrs(C) — Fbrs(B) to Lpysm@”. In
the case that 7 is an equivalence, we call ¢ ezponentiable, and in the case that ¢ is an equivalence, note that

this is equivalent to 1t being a Segal morphism. <

Proposition 1.2.60. Suppose B & (0) i) C is a span of functors such that B and C are algebraic patterns and

{ﬁa} is a sufficient set of generalized fibrous 1-Segal conditions such that the following conditions hold:

(p-1) The functor ¢: © — B is exponentiable.
(p-4) The functor ¢: © — 1 is an inert locally-cartesian fibration.
(p-5) For each a € A, the projection @),: K3 x5 © — K, is a cocartesian fibration.

(p-6) For each a € A and cocartesian section s, of L, the composition

Ky —s K xp 0 —— 00— @
is a generalized fibrous C-Segal condition.
(p-7) Given a composable pair of arrows X L Y5 Z in © such that g s locally mp-cartesian, P(g) s
inert, and P(f) is an equivalence, f is inert if and only if gf is inert.
(p-8) Given an index a € A and a diagram X i> Y3 Zin K3 x5 © such that f is @,,-cocartesian and

©,(g) is an equivalence, 11(g) is inert if and only if 7(gf) is.

Then, the span B & (0) i C is pairable.
This mostly boils down a variation on Lurie’s categorical pattern pairing:

Lemma 1.2.61. Suppose P and P’ are categorical patterns on co-categories and we have a span of marked
simplicial sets

(€, M) —=— (K, M) —— (', M)

satisfying the conditions of [HA, Thm. B.4.2], except that condition (6) is replaced with the condition that for

all @ € A and cocartesian section s of 1t,, the composite functor
K:—2 S Kixe K —K—s(’

is a P’-fibered Segal condition. Then, the construction (=) xm,) (K, M) determines a left Quillen functor
sSet/, — sSet/y,,.
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PROOF. The same proof as [HA, Thm. B.4.2| applies; the only modification is to cite Lemma I1.2.58
instead of [HA, Lem. B.2.9], O

PROOF OF PROPOSITION 1.2.60. Let Py be the categorical pattern induced by the indicated generalized
Segal conditions under Construction 1.2.52 and let Py be the categorical pattern structure on © from
the proof of [HA, Thm. B.4.2]. We know from Proposition 1.2.57 that id;: sSet;rDB — Sset7CatPatt(B) is an

equivalence of model categories, so to conclude by composition of left Quillen functors, it suffices to prove

that each of the following functors are left Quillen functors

@ Py
sSet;rDB — SSet;ip@ — Sset;rCatPatt(@)

Now, we have matched up numbers so that every condition becomes obviously equivalent to a condition of
[HA, Thm. B.4.2] applied to this diagram, with the exception of Condition (p-6), which is matched with the
modified condition of Lemma 1.2.61; identifying these conditions is straightforward by unwinding definitions.
Moreover, (2) compiles down to verifying that inert morphisms are a wide subcategory, and (3) is automatic

as T and T’ contain all 2-simplices. O

Remark 1.2.62. In the case that ¢ is an equivalence, all of the above conditions except for (p-6) become
automatic; (p-6) then becomes a condition lying in between the conditions that ¢ is Segal or strong Segal.
Note that the condition for nontrivial ¢ does not imply the same for ¢ =id, e.g. ¢ need not be strong Segal
for a pattern structure on the middle to apply the pairability result; likewise ¢ need not be exponentiable for

a pattern structure on the middle for the span to be pairable. <

Remark I.2.63. By definition the image of every morphism in K is inert; the description of preservation of
cocartesian arrows under pullback of [kerodon, 01UF]| then reduces Condition (p-5) to the following stronger

condition:

(p-5’) @ is an inert-cocartesian fibration. <

Observation 1.2.64. Suppose B, B’ are soundly extendable algebraic patterns. A variation on this concludes

that cartesian products furnish a distributive bifunctor
Fbrs(13) x Fbrs(1d’) — Fbrs(1B x 1B’);

the restriction Fbrs(1) =~ Fbrs(1) x {13’} — Fbrs(1d x 1’) is then seen to be both equivalent to pullback along

the projection p: B x B’ — 1 and a left adjoint [HA, Rmk. B.2.5]. We will write p, for its right adjoint. The
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same result applies for Segal B-co-categories using the pattern

CatPatt®(13) := (1,all,all, {155 } o)

1.2.4 Digression: parameterized (oo, 2)-subcategories We now use Segal categories as a convenient ambient
framework to describe parameterized (oo, 2)-subcategories.

1.2.4.1 (00, 2)-subcategories First, the non-parameterized story.

Proposition 1.2.65. Let F: C— D be a functor of (co,2)-categories. Then, F is a monomorphism in Cat (s,
if and only if the following conditions hold:

(a) F=: C* - D~ is a summand inclusion,

(b) For all objects C,C’" € C, the induced map Func(C,C’)¥ — Funp(FC,FC’)* is a summand inclusion.

(¢) For all objects C,C’;€ C and f,g € Fung(C,C’), the induced map
Func(C,C’)(f,g)™ — Funp (FC,FC’)(Ff,Fg)~
is a summand inclusion.

To prove this, we note the following.

Lemma 1.2.66. Suppose B is an algebraic pattern and F: C — D a morphism of Segal B-objects in £.
Then, F is a monomorphism in Segy(E) if and only if, for all B € B, the induced map C(B) — D(B) is a

monomorphism.

. (evg) . T . .
PROOF. Since Segy(€) -, [ Ige1zet € is a conservative limit-preserving functor, it preserves and reflects

monomorphisms, and these are measured elementwise in product co-categories. O

PRrROOF OF PROPOSITION [.2.65. Using the pattern Agp’h of [BHS22, Ex. 3.2.1], we find a full subcategory
embedding Cat(q, 2) <> Segpopiypops (Cat) spanned by those C,, such that C, , and C, ,, are complete for all
n,m >0 and Cqy, is a constant simplicial space [BB25, Rmk. A.1.11]; the constant value of this simplicial
space is identified with C=. This condition is closed under limits, so applying Lemma 1.2.66, it suffices to
show that the conditions are equivalent to showing that C;; — D;; is a summand inclusion for 0 <i,j <1.

Now, the cases i = 0 is identified in an obvious way with (a), so we may assume I = 1; then, [BB25,

Rmk. A.1.26] provides a natural pullback diagram

Fun(C(C, C’). e (Cl,'
{(C,C")} — C?

,®

74


https://arxiv.org/pdf/2208.07183v2#thm.3.2.1
https://arxiv.org/pdf/2410.20504v2#theorem.A.1.11
https://arxiv.org/pdf/2410.20504v2#theorem.A.1.26

CHAPTER I. PARAMETERIZED CATEGORY THEORY AND SEGAL CONDITIONS

so under (a), being monic is equivalent to all of the functors Func (C,C’) — Funp (FC, FC’) being monic for
all C,C’; if the claim holds for co-categories, then this is identified with (b) and (c). That is, we may reduce
to the co-categorical case.

In this case, the same argument reduces to showing that the corresponding natural transformation
of simplicial spaces is monic in degree 0 and 1; (a) is still equivalent to being monic in degree 0, and the
same natural pullback square (with e = 0) then shows that being monic in degree 1 is the same as inducing

summand inclusions on mapping spaces, as desired. O

1.2.4.2 Parameterized (oo, 2)-subcategories Applying Lemma 1.2.66 for any pattern structure on 7 °P with

all objects elementary yields the following.

Corollary 1.2.67. A T -(c0,2)-functor F: C — D is a monomorphism if and only if, for each V € T, the

(c0,2)-functor EV: CV - DV is a monomorphism.

We say that FV is locally fully faithful if it is a monomorphism and condition (c)’s maps are equivalences,
and full if additionally condition (b)’s maps are equivalences; we say that F has these properties if F V has

these properties for all V € 7. Now, the following follows by unwinding definitions using Proposition I1.2.65.

Corollary 1.2.68. Given C € Caty (), the following maps are equivalences of posets

LocFullSub(C) —— Sub(C=!) ——— Sub(hoC=!)
FullSub(C) —— FullSub (C=!) ——— Sub(C*) ——— 2(m,C)

The lower row consists of subsets DV c wyCV for all V € T satisfying the condition that ResgDV c DV
for all maps U — V; the upper row consists of those data together with subsets D;(/’Y C gMap(X,Y) for all

X, YeDV and Ve T, subject to the condition that D}"/,Z o D}‘(/,Y - D;(/’Z.

Now, we point out these properties primarily for the reason of the following observations.

Observation I.2.69. Let f be an arrow lying in a locally fully faithful (oo, 2)-subcategory C < D. Then, the

following conditions are equivalent:

(1) f admits an internal right adjoint in C.

(2) f admits an internal right adjoint ¢ in D such that g lies in C. <

Observation 1.2.70. Given a 7 -(c0,2)-functor F: B — D and a locally fully faithful 7 -(eo, 2)-subcategory
C < D, F factors through C if and only if FS! factors through C=!; moreover, this is true if and only if

hoF=! factors through hoC=!, i.e. if F takes objects to C-objects and morphisms to C-morphisms. <
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1.2.4.3 Relative T -subcategories For discussions around suboperads, we point out a fiberwise perspective

on relative subcategories. First, a factorization fact.

Observation I.2.71. Given a subcategory inclusion F: C < D, F admits an essentially unique factorization
F: C < EssIm(C) < D of a wide subcategory inclusion followed by a full subcategory inclusion; moreover, all
such compositions are subcategory inclusions.

If instead F is a 7 -functor, note that the full subcategories EssIm(C") c DV are closed under restriction,
so this defines a full 7 -subcategory inclusion; that is, 7 -subcategory inclusions are precisely the compositions

of wide 7 -subcategory inclusions with full 7-subcategory inclusions. <

As such, to simplify the discussion of relative 7 -subcategories, we may break it down into the wide and

full case. The full case is relatively simple:

Proposition 1.2.72. Fiz F: C — B a T -funtcor. Taking fibers yields an equivalence
~ 1 1%
FullSubr (C) = lim ]_[ FullSub(Cy ).
BET(()BV

PROOF. In sight of Corollary 1.2.68, we may assume that C is a (large) 7 -set; passing through the core
adjunction, we may also assume that B is a (large) 7-set. Now, of course we have 2 (C) ~limycr Z2(CY), so
we may pass to the case 7 = «; that is, we're left with accepting the obvious fact that subsets of C are in

bijection with products of subsets of its fibers over B5. O

The wide case is slightly more complicated, but still essentially obvious.

Proposition 1.2.73. Fiz F: C — B a T -functor. Taking mapping fibers yields a fully faithful embedding

. . f i en).
WideSubr () > lim ] [1 y(noMapc (C,C )),
f: B=B'emoAr(BY) (C,C")eCk xC},

the essential image consists of those subsets {Map{)‘, (C,C’)} which are closed under restriction, contain all

equivalences, and admit factorizations

Map’;v (C,C")xMapf,, (C’,C") =====--=----= 5 MapgD"vf(C,C”)
4 1
Map/,, (C,C’) xMapf, (C’,C”) —— Mapl, (C,C’) xMap$y/ (C’,C”)

for all BL B 5 B” and (C,C",C7) eCY xC xCY.
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PROOF. The same reduction as Proposition 1.2.72 allows us moreover to assume that 7 ~*. Now, we

certainly have a full subcategory inclusion

WideSub (C) < [ [T 2m0(Mape(C,C) xmapy(s ) BAUL(F));
f: B>BenyAr(B)(C,C")eCpxCp/

as we are simply decomposing over the summand decomposition of the mapping spaces Mapg(B, B’). Thus we
may reduce to proving that, given a map of spaces X — Y with Y connected, subsets of 7tgX are in bijection
with subsets of X xy {#}, i.e. 1 (X Xy {*}) = ®(X is a bijection. This is pullback-stability of 0-connected

maps. (I

Together, these characterize the monomorphisms in Caty /5. We care mostly for the sake of factorization,

so we will explicitly describe that here.

Corollary 1.2.74. Suppose D < C is a B-relative T -subcategory. Then, a T -functor F: A — C over B factors

through D if and only if the following conditions hold for all V €T :

(a) For all Ac AV, F(A)e D", and

(b) for all maps f: B— B’ in BY and lifts (A,A’) € Ag XAE‘;/,, there exists a factorization

Mapl,, (FA,FA’)

Mapﬁv (A A) —— Mapgv (FA,FA’)

Moreover, this factorization may be checked on path-components.

PRrROOF. By taking a wide-full factorization, we may prove this in either the wide or full case. The full
case is obvious, so we pass to the wide case, where condition (a) is automatic.

Note that, if FV factors through DV for all V € 7, then F factors through D; hence we may pass to the

case 7 =+. That is, we're tasked with proving that there exists the desired factorization if and only if there

exists a factorization
Map,v (FD,FD’)

Mappv (D, D) —— Mappgv (B, B’)
i.e. factorizations through relative subspaces may be checked fiberwise; but this is obvious by unwinding

definitions. O
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1.3 Parameterized algebraic patterns

Many Segal object descriptions of constructions in parameterized higher algebra will occur more naturally
in terms of parameterized right Kan-extensions. For this reason, in Section 1.3.1 we generalize the rudiments
of some the above work to a version of algebraic patterns living within parameterized higher category theory,
as well as developing some parameterized (oo, 2)-categorical aspects of the framework.

As this will frequently be useful, we develop essentially all of our new perspectives on fibrous patterns
directly in the parameterized setting; non-parameterized results are immediate corollaries. First, in Section 1.3.2
we lift Barkan and Barkan-Haugseng-Steinebrunner’s Morita theory for patterns to parameterized patterns,
incorporating some perspectives of Harpaz [Har| and Lurie [HA, § 2.3.3] along the way, chiefly centered
on a notion of Morita approximation and strong Morita equivalence, the latter inducing equivalences of
parameterized (oo, 2)-categories of Segal co-categories and fibrous patterns.

Following this, in Section 1.3.3 we use parameterized pattern Morita theory to give a new perspective
on Lurie’s theory of disintegration of generalized co-operads, working on the level of so-called disintegrable
T -algebraic patterns. Similarly, in Section 1.3.4 we characterize the notion of monomorphisms in the (oo, 2)-
category of fibrous patterns, and in Section 1.3.6 we characterize an internal variant of localizing subcategories
in the (oo, 2)-category of Segal categories. Along the way, we develop a doctrinal adjunction in Section 1.3.5
We finish with a useful construction: in Section 1.3.7 we develop the rudiments for a theory of Boardman-Vogt

tensor products of fibrous patterns, depending on a magma structure on the underlying 7 -pattern.

1.3.1 Rudiments of parameterized algebraic patterns

1.3.1.1 Basic definitions The following definition is central.

Definition 1.3.1. A 7 -algebraic pattern is a functor 7°P — AlgPatt. Given a 7 -algebraic pattern 1 and a

complete 7 -co-category C, we define the 7 -co-category of B-Segal objects in C

S_egB(C) = FLHT (BI C) XFUJT(Bim,C),RKE FLHT (Bel,c);

we also write Segy (C) :=I'7 Segy (C). <

Our central motivation for this formalism is the following easy proposition.

Proposition 1.3.2. AlgPatt, C Fun(A%,CatT)xCatT Ar(Caty) is closed under products, and the product pattern
has Segal V -objects
Seguxwy (C) = SegnSegy (C).
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PRrROOF. Closure under products follows from the observation that wide and full 7 -subcategory inclusions

are closed under products. Now, of course, we acquire a natural fully faithful 7 -functor
Seg (1% ') (C) > Funy (B x B,C) ~ Fun (B, Funy (/,0));

to see that the essential image agrees with SegySegyy (C), apply the pointwise presentation for 7 -limits of

Proposition 1.1.57 exactly as in [CH21, Ex. 5.7]. O

Construction I.3.3. Given 1 a 7 -algebraic pattern, we define its totalization pattern Tot1 to have under-
lying category Tot B, inert arrows the arrows f: (U,X) — (V,Y) who correspond with inert V-morphisms
under cocartesian transport, active arrows the arrows (U, X) — (V,Y) whose corresponding orbit-map is an
equivalence V ~ U and whose V-map X — Y is active, and elementary objects those lying over elementary

V-objects for some V. <

Note that (Tot B)int ~ Tot B™, and the same for the elementary subcategory. The same is not true of
active arrows. This allows one to prove the following.
Proposition 1.3.4. Postcomposition with fized points furnishes an equivalence
Segy (CoeffTD) — Segrotn (D)

PROOF. In sight of [Sha23, Prop. 3.10], we’re tasked with proving that the left diagram is a 7 -right Kan

extension if and only if the right is a right Kan extension:

1B — 5 Coeff’ D Tot B¢ — Coeff! D —— D
13int / Tot Bt

Indeed, this follows by the same proof as [Sha23, Prop. 10.10], using [Sha23, Prop. 5.6] in place of [Sha23,
Prop. 5.5]. O

This is functorial, in the following sense.
Lemma 1.3.5. Given a map of orbits U — V, the functor TotY B — TotV B is a Segal morphism.

PROOF. Apply restriction-stability of 7-right Kan extensions [Sha23, Rmk. 10.2]. O
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In particular, restricted totalization yields a functor making the following diagram commute

Top Segyy(Coeff? C) . Cat
~ 5
Tot* 1 Seg,(C)
(AlgPattseg )OP

We would like to apply other similar constructions, for which we need a naming meta-convention.

Convention 1.3.6. Suppose P denotes a property of algebraic patterns. A 7 -algebraic pattern 1 has property
P if each Tot" has property P, and it fiberwise has property P if each value BY € AlgPatt has property P.

Properties and fiberwise-properties of maps are defined similarly. <

In particular, we define sound and soundly extendable T -algebraic patterns to have each TotV(—) sound

and soundly extendable.

Construction 1.3.7. Given B a soundly extendable 7 -algebraic pattern, the 7 -category of fibrous B-patterns

is the composite functor

Fbrs(B): 7°P _Tot'® | Fbrs(e). <

1.3.1.2 Envelopes These admit an equifibered perspective, which follows formally from that of [BHS22].

Corollary 1.3.8. Given B a soundly extendable T -algebraic pattern, there exists a T -adjunction
Env: Fbrs(B) ——— Segy;y(Caty): ¢

whose associated sliced T -adjunction over the terminal object Commyy vy € FbrsV(B) ezhibits the lefthand

side as a colocalizing T -subcategory

M(B) — &gB(ET)/Env%CommTotgb

identified with the 1B-Segal V -functors C® — EHV%COIanotBB whose totalizations are Tot” B-equifibrations.

Now, to prove this, we need a Beck-Chevalley condition.

Lemma 1.3.9. The morphism : TotY B — TotV B induces an equivalence

q: “Q{TotUB _— lp*ﬂTotVB
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PROOF. g is the coassembly functor for the top square of the following:

ArAct (TotU B) —— Arie (TotV B)

. .
TotYBD —— s Tot" B
- 1
Ty > Ty

In particular, by pullback pasting it suffices to prove that the outer rectangle is cartesian. Now, the coassembly
arrow Ar®ct (TotU B) — Res[; Ar*t (Totv B) is a functor of cocartesian fibrations over 7y, i.e. a U-functor,
so we may check that it is an equivalence fiberwise. The result follows by noting that the fibers of each side

over W admit compatible equivalences with the full subcategory of Ar(BV) spanned by active arrows. [

PrOOF OF COROLLARY [.3.8. Of course, we have an unstraightening 7 -functor

int—cocart.

Segy (@T) — Catr ey

this fiberwise-factors through the full subcategory Fbrs(Tot” B) < Cati;t/_Tcé’tc‘f‘% as Segal objects unstraighten
to fibrous patterns, so it factors through the associated full 7-subcategory Fbrs(Tot” B) < @?‘ff&‘?ﬁ. To
construct a left 7-adjoint to ¢, in light of the dual to Proposition 1.1.28 it suffices to prove that ¢ pointwise

admits left adjoints and they Beck-Chevalley natural transformation
Envo Resg = Resg oEnv

is an equivalence. The pointwise left adjoints are given by Theorem 1.2.32, and Remark 1.2.33 shows that
Lemma 1.3.9 implies this Beck-Chevalley condition.
This leads to a sliced 7 -adjunction under Proposition 1.1.33. To verify that the right adjoint is fully

faithful, it suffices to prove that it is fully faithful fiberwise, which follows from Theorem 1.2.32. O

Now, note that this implies presentability of Fbrs by the same argument as [BHS22, Cor. 4.2.2].

Corollary 1.3.10. Fbrs(B) is a presentable T -co-categrory, and so is Segyy(C) whenever C is presentable. In

particular, they are T -complete and T -cocomplete.

ProOOF. First, note for all 7-functors X: 1 — C that the fully faithful inclusion Segy; (C) C Funy (C, 1)
admits an accessible left adjoint by the same argument as [BHS22, Lem. 3.1.11]; in particular, :: Segy (C) C
Fun; (C,B) fiberwise admits an acessible left adjoint. The codomain is presentable by Example 1.1.51, so to
prove that Segyy (C), it suffices to prove that the fiberwise left adjoints satisfy the Beck-Chevalley condition;

this follows by restriction-stability of the collection of morphisms appearing in [BHS22, Lem. 3.1.11]. In
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particular, by Example 1.1.51, we find that Segy (%T) is presentable. A similar argument, this time

A

lifting [BHS22, Prop. 2.3.7], shows that the inclusion %ij‘}tfgoca“ < FunT(E, %T)/w« is an accessible
, =i s

localizing T -subcategory. Now, applying [BHS22, Cor. 4.2.2] fiberwise yields a cartesian square of fully

faithful accessible 7 -functors

Fbrs(B) ———Mm SﬁgB (@T)/’be
Caprn < Fun (5 Caty

st

In fact, this square lives in Pr? by [MW22, Prop. 2.4.4.11], yielding the claim. |

Variant 1.3.11. Following the results of [BHS22, § 5.3|, we may indeed upgrade the formation of Segal objects

and fibrous patterns to a pair of functors valued in Cat-modules, and hence (oo, 2)-categories
SEG(CAT), FBRS(-): AlgPattS®5¢8°P — Cat, ,);
In particular, our constructs lift to a pair of functors
SEG,_,(CAT7),FBRS(-): AlgPatty ***" — Cat(e, 2,75
these are connected by a 7 -(co,2)-natural transformation, i.e. a functor
HA(-): AlgPattsTE'SQg'OP — ArCat (o 2) 7
taking 13 to the 7-(co, 2)-functor SEG;(CAT) — FBRS(13). We will use the special notation

Alg ()= Fﬁm@s) (=-); Fu_n% (=-):= Fu_n%b(CAT) (=-).

We will omit the B from the lefthand notation when it is clear. <

For our last variation, we may lift Theorem 1.2.32 to a parameterized (oo, 2)-adjunction.

Corollary 1.3.12. Unstraightening underlies the right adjoint in a T -(co, 2)-adjunction

FBRS(13) 2 SEG 4 (CAT),

in particular, it yields a natural equivalence of T -(co, 2)-functors FBRS(1)°P x SEGyy (CAT) — CAT -

Algo/ (€) = Fun (Env0,C).
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PROOF. Again, we may construct the 7-(co,2)-adjunction fiberwise and verify the Beck-Chevalley
condition by virtue of Proposition 1.1.64. Fiberwise, this occurs by taking the (oo, 2)-categorical adjunction
arising from the lax Cat-tensored adjunction of [BHS22, Cor. 5.3.13] under [Hei23, Thm. 1.8]. The Beck-

Chevalley conditions follow from the same argument as Corollary 1.3.8. |

1.8.1.3 Prefibrous structures Now, we note a souped up version of the identification of fibrous patterns
over prefibrous structures.
Construction 1.3.13. As in Construction 1.2.25, given © — Tot” B a prefibrous pattern, define the prefibrous
T -pattern structure on © to have inert V-arrows the cocartesian lifts of inert 13" -arrows and active V-arrows

and elementary V-objects the arbitrary lifts of active V-arrows and elementary V-objects. <

Note that there exists a canonical locally fully faithful 7-(co, 2)-functor FBRS(13) <> CAT; 5. Using

this, we can phrase a unique identification of fibrous patterns over the prefibrous structure in the fibrous case.

Proposition 1.3.14. If © — B is a fibrous B-pattern there exists an essentially unique equivalence
FBRS(1B),p =~ FBRS(O)

lying over the equivalence (CATT /1), = CATT /-

Of course, we will prove this by reduction to the nonequivariant case. We use the following lemma.

Lemma 1.3.15. Tot” © — Tot” B is a prefibrous B-pattern, and Tot” © has the prefibrous pattern structure.

ProoOF. Note that the inert morphisms in Tot” B are precisely the compositions of a 7 °P-cocartesian
arrow and an inert arrow in some fiber BY c Tot” B. In particular, to prove that Tot” O is a prefibrous
B-pattern, it suffices to prove that each of these have cocartesian lifts; cocartesian lifts over 7°P are due to
the fact that our functor is unstraightened from a 7 -functor, and fiberwise inert arrows by definition, so the
result follows by composition-stability of cocartesian arrows.

Moreover, this argument shows that the cocartesian lifts of inert morphisms in Tot” B are precisely the
compositions of cocartesian lifts from fibers of BY and 7 °P-cocartesian arrows; these are precisely the inert
arrows for the prefibrous pattern structure. The active arrows and elementary objects are defined fiberwise,

so the claim follows immediately for them as well. O

Lemma 1.3.16. TotY B — TotV B is a prefibrous B-pattern and TotY B has the prefibrous pattern structure.

83


https://arxiv.org/pdf/2208.07183v2#thm.5.3.13

SECTION 1.3. PARAMETERIZED ALGEBRAIC PATTERNS
Proor. We have a pullback square

TotV B —— Tot" B
(Tjy)® —— (Ty)®
and the bottom arrow is a cocartesian fibration, so the top is as well. The result then follows by unwinding

definitions using the description of cocartesian arrows in pullbacks. (Il

PRrROOF OF PrROPOSITION 1.3.14. It suffices to construct an equivalence Fy, natural in V € 7, making

the solid subdiagram of the following commute:

FBRS(B)f ~---======mm=mmmmmmmmmmmmee > FBRS ()"
~ . ~~
— | —
FBRS(Tot" B)_ ., | Fy l » FBRS(Tot" ©)
(CATY 3) 0 > CATY
\
(CAT7 7017 ) o’ © > (CATL vy )/TotV o

But by Lemma 1.3.15, it suffices to lift the nonparameterized equivalence of Theorem 1.2.32 to the (oo, 2)-
categorical setting and show it to be natural under the morphisms TotY 15 — Tot” B. Now, by Lemma 1.3.16,
these morphisms exhibit TotV 1 as having the B-prefibrous structure of Tot" B, so it suffices to lift Proposi-
tion 1.2.28 to the (oo, 2)-categorical setting with the same functoriality; but indeed, this follows by noting

that the implicit argument of [BHS22, Cor. 4.1.7] indeed induces equivalences on mapping oco-categories. [

1.8.1.4 Push-pull adjunctions, upgraded

Proposition 1.3.17. Suppose B & O i C is a span of T -functors with distinguished T -pattern structures on

B and € such that the Tot-span of patterns is pairable. Then, there exists a restricted T -(oo, 2)-adjunction

FBRS(B3) T .Y~ FBRS(C)

I
— " —
CATT /otB ¢ yrg, — CALT Tore

In particular, it induces a natural equivalence of T -co-categories

Alg g,y 0/¢ (P) = Algeis (¥ 9.C).

ProOOF. By assumption, Tot @ is exponentiable, so the bottom adjunction indeed exists. Moreover to

show that the top left 7-(co, 2)-functor exists, since the righthand vertical arrow is locally fully faithful, we
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only need verify that a factorization exists on objects and equivalence classes in functor categories; this may be
verified fiberwise, where it follows from pairability. The same argument constructs ¢*¢@, as a 7 -(co, 2)-functor,

and the adjunction data comes for free by local fully-faithfulness of both vertical arrows. O

1.5.1.5 Parameterized overcategory patterns Fix € a fibrous B-pattern. Given a functor p: K — Alg 4y (C)

we define a functor €/, — Tot1 to have the universal property

YxK — s vYxko -2 sy
Fun/TotB<Y: (f/pb) ~q  lifts nyxidl/ | l

<+

TotBx K T> TotC —— Tot1
where p: K — Tot1d — TotC is mate to the functor K — Fun,rqq3 (Tot B, Tot €) underlying p; this exists
by [HA, Lem. 2.2.2.6]. The proof of the following theorem will involve essentially no new ideas over [HA,
Thm. 2.2.2.4].

Proposition 1.3.18. q” exhibits Csp, as a fibrous B pattern, which is Segal if C is.

PROOF. We apply [HA, Lem 2.2.2.7-9] on opposite categories. In particular, given an arrow g: X — ¢”(Y)

in Tot B over which TotC has a cocartesian lift, [HA, Lem. 2.2.2.8] supplies a relative colimit

Y
LI

//\T ”
s

*” /T) Tot B

i.e. by [HA, Lem. 2.2.2.7] a q”-cocartesian lift of g. Since TotC has inert-cocartesian lifts, so does TotC,,
and when ¢ is a cocartesian fibration, so is q”.

We're left with verifying the Segal conditions. As in [HA, Thm. 2.2.2.4], it follow from a simple
application of [HA, Lem. 2.2.2.9] that each of the relevant diagrams are relative limit diagrams, as they

project to relative limit diagrams in C. O

Remark 1.3.19. As in [HA, Thm 2.2.2.4.(2)], it follows from the above diagram that, given an arrow f in C/p,,
such that € admits a g”(f)-cocartesian arrow, f is q”’-cocartesian if and only if its image in € is g-cocartesian.
In particular the inert arrows in €, are the preimages of the inert morphisms of €, and if € is Segal, then

the cocartesian arrows in €, are the preimages of cocartesian arrows in C. <

It is worthwhile to explicitly record following immediate corollary of Remark 1.3.19, in part because it

establishes the “pointwise” nature of the coherences for slice O-monoidal structure.

Corollary 1.3.20. If C is a Segal 1-co-category, then the unslicing functor Cs,y — € is a Segal B-functor.
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Note that this recovers ordinary slice T -categories by [HA, Rmk. 2.2.2.2].

1.3.2 Approximations and Morita theory for parameterized patterns We may now say our aim with
Morita theory: characterize Seg,(C)-equivalences of T-patterns (called Morita equivalences), its strengthening
to HA-equivalences (called fibrous Morita equivalences), its further strengthening to fibrous-pullback stable
HA-equivalences (called strong Morita equivalences), and its weakening to the internal notion of localization
(called Morita T -localization).

1.3.2.1 Morita equivalences, fibrous Morita equivalences, strong Morita equivalences

Definition I.3.21. A Segal morphism of 7 -patterns ¢: © — P is a Morita equivalence if the pullback functor
Segp (Sy) — Sego (Sr)
is an equivalence. If O, P are soundly extendable, we say ¢ is a fibrous Morita equivalence if the pullback
FBRS(P) — FBRS(O)

is also an equivalence of 7-(c0, 2)-categories. Finally, we say that ¢ is a strong Morita equivalence if, for all

fibrous P-patterns Q, the canonical map ¢*Q — @ is a fibrous Morita equivalence. <

Remark 1.3.22. If ¢ is a fibrous Morita equivalence, ¢”: ¢*@Q — Q may not be a strong Morita equivalence for
Q@ a fibrous P-pattern. Nevertheless, the equivalence of Proposition 1.3.14 shows that it yields a pullback on
FBRS(-), so for ¢ to be a strong Morita equivalence, it suffices to prove that it is a fibrous Morita equivalence

such that each ¢’ is a Morita equivalence. 4

Remark 1.3.23. It follows from Proposition 1.3.4 that ¢ is a (resp. fibrous, strong) Morita equivalence if and

only if each totalized pattern map Tot" @: TotV © — TotV P is a (strong, fibrous) Morita equivalence. <

A key property of Morita equivalences is that they lift to equivalences on Segal objects in 7 -co-categories

which are not described by Proposition 1.3.4:

Proposition 1.3.24. If ¢ is a Morita equivalence, then, for all complete T -co-categories C, pullback
Segp(C) — Segop (C)
is an equivalence; moreover, the pullback T -(oo, 2)-functor
QOZOQ’Z)Z SEGy (CAT7) — SEG, (CAT7)

s an equivalence.
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PROOF. For the first statement, we use Barkan’s proof [Bar23a, Prop. 2.19]; this time, the equivalence
Seg, (FU_HT (A:ﬁf)) =~ Fun, (A,&g, (-A’éT))
shows the claim in the case that C is a presheaf category, and since the Yoneda embedding
k1 A< Fung (AP,S;)

is fully faithful and creates 7 -limits (by Proposition 1.1.41), the equivalence for Seg, (FLHT (.AOP,§T))
preserves and reflects the X-essential image of Segal objects; the claim follows.

Now, for the 7-(co,2)-categorical statement, morita equivalence may be checked totwise via Re-
mark 1.3.23; moreover, there exists a factorization of inclusions

«V
Ploo,2)

SEGy(CAT7)” ———=— SEG, (CAT7)"
$ 1

: Toty @~ ;
int—cocart Ve \ int—cocart
CAT/ Toty P CAT/TOtV O

Indeed, Toty ¢* is an equivalence, since Toty ¢ is an equivalence on (—)<! by the first claim and each

(o0, 2)-category comes from Cat-cotensoring, giving the result. ]

In some higher-algebraic settings, we will find these notions of Morita equivalence quite well-behaved.
To say how, say that B admits a cartesian structure on C (or more accurately, its fibrous Morita equivalence

class does) if the composite 7 -functor
Seg(-(C)
Fbrs(13)°P —> AlgPatt&SE.p ", Cat,.
is representable by an object C?_X € Fbrs(1). Given ¢: O — P a map of fibrous B-patterns, we find

Algp/o (7o S7 ) = Algps (S77) = Segp(S7)-

In particular, we find the following.

Proposition 1.3.25. If I admits a cartesian structure on S and © is a fibrous B-pattern, then O admits a

cartesian structure on S given by Q?_X = 71*©§?_X.
We may conclude the following.

Corollary 1.3.26. Suppose ¢: O — P is a fibrous Morita equivalence and P admits a cartesian structure on

S1. Then, @ is a strong Morita equivalence.
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PROOF. Since the property of admitting a cartesian structure on 7 -spaces is a fibrous Morita invariant,
© admits this as well; given QQ € Fbrs(©), Proposition 1.3.25 then shows that Q and ¢*@Q do as well. Now, the

equivalence FBRS(Q) = FBRS(O),q of Proposition 1.3.14 shows that ¢’: ¢*Q — Q is a FBRS(~)-equivalence.

But since Seg_(Sy) is representable in each category, this implies that ¢’ is a Segal equivalence, completing

the claim. O

Remark 1.3.27. Corollary 1.3.26 is a form of rigidity result on a fibrous Morita class of pattern, which
indeed identifies its fibrous and strong Morita classes; we will find in Theorem II.2.1 that this applies to
the parameterized fibrous Morita class appearing in equivariant homotopy theory. Indeed, these satisfy the
additional assumption that the composite functor Seg_)(S): Fbrs(1)°P — Cat; is conservative; under this
assumption, Morita equivalences of fibrous B-patterns are automatically equivalences (and hence strong

Morita equivalences). <

While fibrous Morita equivalences induce equivalences under HA(-), even strong Morita equivalences
do not necessarily induce equivalences under PFbrs(—). This is a feature, rather than a bug; a model B for
the Morita class [B] gives rise to a homotopy theory of prefibrous B-patterns enveloping fibrous B-patterns
which is sensitive to the pattern equivalence class of B, and models B will give rise to such homotopy theories
which are convenient in some settings and inconvenient in some others. In particular, in the setting of
Remark 1.3.27, one may produce an equivalence of fibrous B-patterns ©® — P by instead resolving each ©
and P by prefibrous B-patterns, and showing the morita equivalence there.

This strategy will be central to our eventual strategy for equivariant Dunn additivity. In that case, these
resolutions will not end up being a Morita equivalence, but rather a Morita-theoretic version of reflective
localizations for prefibrous patterns. As such, we study this now for prefibrous patterns over a general
parameterized algebraic pattern.

1.3.2.2 Weak approzimations for T -algebraic patterns We recognize a form of exponentiability.

Definition 1.3.28. We say that a strong Segal morphism of 7 -algebraic patterns a: P — & is BC in the sense

of Barkan if, for all X € Seg(C) with C complete, the Beck-Chevalley map
(. X) |gint—> aint (X |'Dint)
is an equivalence. <

Proposition 1.3.29. If a is BC in the sense of Barkan, then a, preserves Segal T -objects; if moreover a®!

admits a fully faithful right adjoint B, then a” is the inclusion of the coreflective T -subcategory of Segal

D-objects Y: P — C whose elementary T -functor Y¢': P — C factors through B.
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We refer to such Segal P-objects as a-locally constant; we say that an arbitrary 7 -pattern map «a is a

Morita T -localization if the conclusion of Proposition 1.3.29 holds for a.

PRrROOF. For compatibility of a, with Segal objects, the same proof as [CH21, Prop. 6.3] works: given a

Segal T-object X: E — C, we have a chain of natural equivalences

(O(*X) |Eint—-——>0(im (X |‘Dint)
~a™ip, (X |pa)
21’5*&51(}( |’De1)

~ige ((@X) [ge ),

so a, X is a Segal T -object. This yields a fiberwise left adjoint to a*, and the Beck-Chevalley condition follows

from the same for the slice category push-pull adjunction; hence we have a 7 -adjunction
o : Sege (C) = Segp(C): a.

The remaining statements are checked fiberwise, so we may replace Seg with Seg. We must show that the
unit of the adjunction on Seg(_)(C ) is always an equivalence, and the counit an equivalence precisely on locally
constant Segal objects.

Now, note by the BC assumption that the unit of this adjunction restricts to elementaries as

X — (a,a*X)"

:afl (a/x-X)el

:aflael,*xel

:ﬁ*ael,*xel

:(ael Oﬂ)*xel

with composite transformation given by functoriality of pullbacks along the counit of the adjunction a® 4 B
this is an equivalence by fully-faithfulness of 5, and (—)e1 is conservative, so the unit is an adjunction, implying
that a” is fully faithful.

Now, given Y a Segal P-object, a similar argument shows that the counit of the adjunction a* 4 «,
restricts on elementaries to an arrow equivalent to the transformation ( po ad)* yel - yel given by pullback
along the unit of the adjunction a¢! 4 B; this is an equivalence if and only if Ye! factors through B, as

desired. 0
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We may recognize this condition via active arrow 7 -categories.

Proposition 1.3.30 (Unique lifting for active morphisms). Suppose a: P — K is a strong Segal morphism of

T -algebraic patterns. The following conditions are equivalent and imply that a is BC in the sense of Barkan.

(a) for every P € P, the homotopy fibers of
ot B — 5

are weakly contractable, where PI5t = Ar*(P) xp {P}.
(b) The inclusion D}I}’; < P/ is initial, and
(c) for every P €D, the map

aip™: (PIF) — (Efsh)

s an equivalence.
To be consistent with [CH21, Def. 6.1], we will say that a has unique lifting for active morphisms.

PROOF. Note that the condition that a is BC in the sense of Barkan is detected fiberwise, as is condition

(c); conditions (a) and (b) are as well by [Sha23, Thm. 6.7] and the dual to [kerodon, Tag 03LR]. We may
henceforth pass to the nonequivariant case. In this case, the implications (b) <= (c) are [CH21, Prop. 6.3].
Now, condition (a) is equivalent to the condition that the functor © xp Di}?/t — O xp Ppy is initial; Joyal’s
Theorem A [kerodon, Tag 02NY] shows that this is moreover equivalent to proving that, for all O € © and

f: P — @(O), the corresponding oco-category

— int
X7 =00 XDsp(0) ( p/ )/f
is weakly contractible. This fact that Xy is weakly contractible under (a) is shown under unnecessary
assumptions in [Har, Prop. 4.2.19], so we repeat a version of their proof here.
Now, an object of Xy may be viewed as a morphism gp: O” — O together with a factorization f ~ gpoh,

where gp is inert; a morphism in Ay of such things is the data of a diagram

P
; 4 f\
O -mmmmime e y 07 y o @(O) -—=2a-| -m- - > @(0”)
NS ~NL 7
0 ®(0)
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whose hooked arrows are inert. In particular, unwinding definitions we find that the full subcategory inclusion

int

Xf = OJ6 Xpyi0) (Dllgl/t)/f C O/0Xp400) (DP/ )/f =Y

admits a left adjoint given by the essentially unique diagram

whose squiggly arrows are active and hooked arrows are inert; hence it is a weak equivalence. Thus it suffices

to show that X ; is weakly contractible. Now, we have a commutative diagram

X B

! |

int act act
(E’/q)(P))/f e BE) — Ejpep)
where the bottom left term consists of the inert-active factorizations of f. We make two claims:

Claim i (Ei/r(;t(P)) xg,, B3} is contractible, and

/f

Claim 1 the above square is cartesian.

Indeed, combining the two will show that X JZ is equivalent to a homotopy fiber of D?lit — E,?gt; this will show
that (a) = (b). Indeed, also, in the case of (c), we find that a}‘]ﬁt is essentially surjective, so in particular
each element of Ej‘;tp admits a lift P’ — P”, which projects to a morphism ¢(P’) — a(P”) = a(P); thus all
homotopy fibers arise in this way, implying that (¢) = (a). Thus we'’re left with verifying the claims.
Luckily, for Claim i this follows simply by unwinding definitions.

The assumption that EM, E2t ¢ £ is a factorization system is Claim i after taking cores, i.e. we are

tasked with proving that the given category is a space; unwinding definitions, we're tasked with proving that

T
.

whose squiggly arrows are active and hooked arrows are inert must have f an equivalence. Cancellation on

all diagrams

the lefthand triangle shows that f is inert and cancellation on the righthand triangle shows that f is active,

so in fact f is an equivalence, showing the claim. O
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We acquire a corollary recognizing Morita localizations and Morita equivalences, which in the nonequiv-
ariant case is essentially due to Barkan [Bar23a, Cor. 2.64] and Barkan-Haugseng-Steinebrunner [BHS22,

Thm 5.1.1], generalizing and strengthening Harpaz [Har, Prop. 4.2.18], generalizing Lurie [HA, Thm 2.3.3.23|.

Corollary 1.3.31. Suppose a: P — E is a strong Segal morphism of T -algebraic patterns such that

(ML-a) a has unique lifting for active morphisms, and

(ML-b) a®': P! — E€ is a reflective T -localization.
Then a is a Morita T -localization. In particular, if a® is an equivalence, then a is a Morita equivalence;
if moreover either of P or & is extendable and any of the following conditions hold, then both P and & are

soundly extendable and a is a strong Morita equivalence:

(i) P is sound and « is essentially surjective;
(i) E is sound and a is iso-Segal; or

(ii1) both of P and E are sound.
We will do this via an analogous equifibered proof to [BHS22, Thm. 5.1.1].
Lemma 1.3.32 (|[BHS22, Lem. 5.1.4]). Under Conditions (ML-a) and (ML-b) a is strongly BC.

PROOF. Everything may be checked fiberwise, so we may check this in the nonequivariant case, which is

[BHS22, Lem. 5.1.4]. O
Lemma 1.3.33. Under Conditions (ML-a) and (ML-b) a® reflects equifibrations.

PROOF. Equifibrations are determined fiberwise, so this may be verified in the nonequivariant case; this

is the last paragraph of the proof of [BHS22, Thm. 5.1.1]. O

For fibrousness of the Morita equivalence, we will use the following.

Proposition 1.3.34. If ¢: © — P is a Morita equivalence which is strongly BC and P is soundly extendable,

then @ is a fibrous Morita equivalence if and only if ¢® reflects equifibrations.

PROOF. For general ¢ we have a commutative diagram

FBRS(P) —————— FBRS(P) ——— FBRS(O)

[ | Jeavs

SEGp(CAT ), % SEG, (CAT, ), .~ SEG,(CAT, )

/(p*.!fp /o

When ¢ is strongly BC, g* is an equivalence, so by cancellation of fully faithful 7-(co,2)-functors, ¢* is

fully faithful. Essential surjectivity is then equivalent to the condition that the essential image of Env/®
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has preimages in the essential image of Env?p; Corollary 1.3.8 shows that this is equivalent to reflecting

equifibrations. |

PrROOF OF COROLLARY 1.3.31. The fact that « is a Morita equivalence follows from Proposition 1.3.30;
Lemmas 1.3.32 and 1.3.33 and Proposition 1.3.34 then shows that it is a fibrous Morita equivalence. To show
sound extendability under our additional assumptions, note by Propositions .2.13 and 1.2.35 and Lemma 1.3.32
that all patterns in sight are sound, and if £ is soundly extendable, then so is P. For the converse, note
that % ~ a,a® o ~ a,4% under our assumptions; a, preserves Segal objects by Proposition 1.3.29, so this
implies that o7 is a Segal object, yielding sound extendability.

Now to show that @ is a strong Morita equivalence, it suffices to show that, given a fibrous P-pattern
@, the associated morphism ¢’: ¢*Q — @ satisfies the conditions of Corollary 1.3.31. Since each condition
is verified fiberwise, and pullbacks are computed fiberwise, we may henceforth pass to the nonequivariant

case. Now, Condition (ML-b) for ¢; follows by pullback stability of equivalence under the observation

9 (@ = ¢ Q.

Note that ((Qj‘)c(t): is the space of Q-active arrows Y — X, and ((QaCt) the space of pairs of active P-arrows

/X’
p: P — 1y X and lifts of ¢p to an active Q-arrow Y’ — X. In particular, Condition (ML-a) implies that
the fiber of this over the active @Q-arrow Y’ — X is contractible, and this combined with Condition (ML-b)

implies that it is 7ry-surjective, so we are done. O

I1.3.3 Disintegration for parameterized patterns As found throughout [HA], we will find it occasionally
useful to have a pattern presentation for families of fibrous patterns or Segal categories. In loc. cit., allowing
the “shape” of the family to vary, this was implemented via the theory of generalized co-operads.

Now, sometimes this shape-varying formalism is expedient, and some other times it pays instead to fix
the shape and work with a simpler formalism there. The meta-procedure of passing from the former to the
latter will be called disintegration, and is the subject of this section.

1.3.83.1 The pattern structures for families We begin with the fixed-shape theory for general 7 -patterns.

Example 1.3.35. Given C a T -category, we define the trivial T -algebraic pattern structure on C
Patt7 (C)¢! = Patt7(C)™ = C=; Patt (C)* = C.
Similarly, given C a 7T -category, we define the cocartesian T -algebraic pattern structure on C
Patt5(C)! = Patts(C)'™ = C; Patts (C)*' = C~. <
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Proposition 1.3.36. Fiz C a 7T -co-category.

(1) There exists a natural equivalence Tot® Patty (C) = Patt{*(Tot*C).

(2) The forgetful T -functor &gpattgg(c)(l)) — Fun; (C,D) is an equivalence.

(3) Patt(C) is soundly extendable.

(4) The associated inclusion SEGPatthf(C)(CATT) ~ CATCTO%rt < FBRS(Patt$(C)) is an equivalence.
(5) There exists an equivalence of patterns Tot" Patty(C) ~ Spanwcm’nc_dgen (TotVC;TotVC).
(6) Pattr(C) is soundly extendable.

(7) The forgetful T -functor Segpa, () — Funy (C,D) is an equivalence.

(8) The forgetful T -(co,2)-functor FBRS (Pattr (C)) — CAT, » is an equivalence.

PROOF. Statement (1) follows by noting that each have all morphisms inert, all objects elementary, and
only equivalences active. Statement (2) follows straightforwardly by unwinding definitions. Now, Statement (1)
reduces Statement (3) to the case 7 = #; in this case, sound extendability follows under the equivalence
C =~ Span,; .(C;C) from the sound extendability criterion of Proposition 1.2.16.

For Statement (4), we may again reduce to the nonequivariant case using Statement (1); then, it follows
by noting that all inert-cocartesian fibrations to PattS(C) are cocartesian and applying Remark 1.2.23.
Statements (5) and (7) follow by unwinding definitions. From this, for Statement (6) we are tasked with

Tot C;Tot" C ) is soundly extendable. Under Proposition 1.2.16 it suffices to

proving that Spanmcm'nc_dgm(

note that whenever go f is cocartesian and f is cocartesian, g is cocartesian [kerodon, Tag 01TS].

Finally, for Statement (8), since every inert morphism of Patt7(C) is an equivalence, every 7 -functor to
C is an inert-cocartesian fibration and all functors over C are functors of inert-cocartesian fibrations [kerodon,
Tag 01TT], so this functor is fully faithful; to see that it is an equivalence, note that a fibrous pattern over a
strongly extendable 7 -pattern B is precisely an inert-cocartesian fibration whose unstraightening is a Segal

B-category by Remark 1.2.23 and Proposition 1.3.4. But this condition is automatic by Statement (7). O

Remark 1.3.37. There exists an equivalence Patt®(C) ~ Patt(C) if and only if C is a 7 -space; on fibrous patterns,

this lifts the fact that all 7 -functors to C are cocartesian fibrations if and only if C is a T -space. <

We acquire a kind of straightening-unstraightening equivalence for fibrous patterns:

Proposition 1.3.38. Let B be a T -algebraic pattern and C a T -co-category. The T -(co,2)-functor

FBRS (Patt**(C) x ) —2*® , FUN,, (C, FBRS(13))

is an equivalence.

We prove this via the equifibered perspective, for which we explicitly use the following.
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Lemma 1.3.39. There is an equivalence @pyec(c)xs = C X @y over Cx 1, under which the T -(co,2)-functor

equi

p: %BxPatt“(C) (%T) — FUN7 (C’ SEGB (CATT )/mfb)

/ﬂPatt(C)xB

18 fully faithful with image the T -functors with equifibered values.

PROOF. We may construct the equivalence via a string of relative equivalences

MPatt“(C)xB ~ Ardct (PattCC(C) X b)
~ Ar®ct (Patt®(C)) x Ar® (B)
~C x Ar*Y(B).
Now, applying Proposition 1.3.2 and Proposition 1.3.36 shows that P is fully faithful; we’re left with showing
that a cocartesian 7 -fibration of Segal 1 x Patt®“(C)-oco-categories D — C x &/ is an equifibration if and only

if its fibers over C are equifibrations. That is, we're tasked with proving that every square on the left is

cartesian if and only if every square on the right is cartesian:

D xexpy (Cx{X}) —— Dxcxps (Cx{Y}) D xexy ({C) x {X}) —— D xexs ({C} x{Y})
Cx By ———— Cx B {CIx B ———— [C)x B

Here, the left side quantifies over active 1 morphsims X — Y, and the right side additionally over V-objects

C €C. But the righthand side is just the fibers of the lefthand side over orbits, so the claim follows. O

PROOF OF PrROPOSITION [.3.38. Unwinding definitions, the following diagram commutes:

FBRS(1 x C) > FUN,, (C,FBRS(1))

| !

%BXC (%T) — EUN7 (C’ SEGB (CATT )/EnvCommB )

/EnvCommysye

To conclude, Corollary 1.3.12 shows that the vertical functors are fully faithful and Lemma 1.3.39 shows that
the bottom horizontal functor takes the essential image of FBRS(C x 1) equivalently onto the essential image

of FUN, (C,FBRS(1)), so we are done. O

1.3.3.2 Disintegrable parameterized patterns We would like to internalize the previous study to the category
of fibrous B-patterns, i.e. give a fibrous B-pattern representing the fibrous Morita class of 1 x Patt®“(C).

We'll do so in the following setting.
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Definition 1.3.40. A T-algebraic pattern B is weakly disintegrable if it is soundly extendable and BI™ has
an initial 7-object which lies in B¢ and receives empty spaces of inert V-morphisms from any non-initial

elementary V-objects; 1 is disintegrable if this inert-initial 7-object is terminal in 133t <

We write @, ; € BNt for the inert-initial 7-object. Our fibrous patterns for families are as follows.
Proposition 1.3.41. Given a weakly disintegrable T -pattern 1, O, . is classified by an Segal morphism
1: Patt(»7) > B

whose pullback T -(co, 2)-functor shy, == *: FBRS(D) — CAT has fully faithful right T -adjoint consty(C);

moreover, there exists a natural equivalence of T -patterns consty(C) =~ Patt(C) x B over B.
Now, the categorical reason that the const construction works is the following pair of lemmas.

Lemma 1.3.42. Suppose © is a soundly extendable T -algebraic pattern such that, for all O € Oy, the category
((D%I)O/ is weakly contractible. Then, the projection constp(C) :=CxO — O is a fibrous pattern, and the

induced T -pattern map is equivalent to Patt(C)x © — ©.

PROOF. consty(C) — O is obviously a cocartesian fibration, so we’re left with verifying the Segal
1
condition. Now, given O € Oy, note that (@“"})O/ - (TotV @)Z/ is initial, so we may rewrite Remark 1.2.21 as

stating that the composite arrow is an equivalence

t . t [4 . t
TOtC X7op Tot @?8 e TOtC X7 op llmEe(q)(‘e/l)O/ Tot @?E e hmEE(@;])O/ TOtC X7op Tot @?E )
where ¢ is coassembly. Now, since ((D%,l)o/ is weakly contractible, commutation of limits with limits precisely
says that c is an equivalence, and the lefthand arrow is an equivalence since © is extendable.
What’s left is to understand the 7 -pattern structure. Note that the prefibrous inert V-arrows in C x ©
are precisely cocartesian lifts of inert V-arrows of O, and lifts of V-arrows are cocartesian if and only if their

projection to C is an equivalence;
(C x (D)int ~ Cint x (Dint ~ Patt(c)int x @int ~ (Patt(C) x (D)int

for active V-arrows and elementary V-objects, it suffices to note that the projection C x © — © preserves

and reflects each property for each pattern structure. O

Note that existence of the (elementary) initial 7-object in B implies that each (B?})O/ is weakly

contractible, so Lemma 1.3.42 constructs the 7-functor consty: Cat; — Fbrs(1).
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Lemma 1.3.43. Suppose B is a weakly disintegrable T -pattern, © a fibrous Tot? B-pattern, and C is a

T -co-category. The following conditions on a T -functor ¢: O — C are equivalent:

(a) @ carries inert arrows to equivalences,
(b) for all O € Oy, @ carries the inert V-arrow Og, — O with 1pOg, = Dy ;. to an equivalence, and

(c) @ is right Kan-extended from shyy ©.

Moreover, every T -functor shiy© — C admits a T -right Kan extension along shpy © — ©.

ProOF. Condition (a) obviously implies Condition (b); the converse follows for a Bi‘}‘t—map B — C and

V-object O € ch_ol( C) by two-out-of-three applied to the factorization
Og, — Op

N

where every morphism is cocartesian. Now, note that there is an initial V-object
! int
(00, 0) € [sh@xo (OF) ) ;

the latter is precisely the 7 -oco-category appearing in the pointwise formula for 7 -right Kan extension along
sh® — O of Theorem 1.1.37, so the equivalence of Conditions (b) and (c) and existence of such right 7-Kan

extensions follows directly from Theorem 1.1.37 in sight of Corollary 1.1.21. ]

PROOF OF PROPOSITION [.3.41. Lemma 1.3.42 constructs the 7 -(co, 2)-functor constyy and verifies the
relative natural equivalence of 7 -patterns Patt(C) x 13. In order to prove that consty is a fully faithful right
T -adjoint to shyy, we may check this on V-value category using Proposition 1.1.64; by restriction, we only
need to prove that consty: CAT7 — FBRS(1) is a fully faithful right adjoint to shys.

Now, the standard natural equivalence C x 1 xy *7 =~ C yields a natural equivalence
1+ shy consty(C) — C.
It suffices to prove that composition with this yields a natural equivalence
Algp/xs (consty(C)) — Funy (sh P, sheonsty(C)) ~ Funy (shP,C);

again, we may check this on V-values, and hence remove the underline. Then, this follows directly from
Lemma 1.3.43. |
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1.3.3.3 Disintegration of families When X is a 7 -space, we’ve constructed a natural equivalence
(7) &RS(B)/constB(X) = MT (X,%(B))

Now, T -space shaped fibrous B-patterns come equipped with canonical morphisms down to some consty(X),
which may be recognized as the sh-equivalences with codomain lying in the essential image of consty |§T.
We would like to unstraighten the corresponding restriction Eq. (7) to some explicit 7-(oco, 2)-category of
families of fibrous patterns on the righthand side. To do so, we define another 7 -pattern, for which we will

begin the convention of writing B for our disintegrable pattern.

Construction I.3.44. Now, note that the initial object in B! exhibits an equivalence
Bh,el ~ (Bb,el )<1

for B¢ ¢ Bl the full 7-subcategory of non-initial V-objects. Let B <> B¥ be the 7 -subpattern with the

same inert and active T -categories and elementary 7 -objects 1. <

Lemma 1.3.45. Suppose B is disintegrable. An inert-cocartesian T -fibration © — B is a fibrous Bb—pattem

if and only if it is a fibrous Bi-pattern such that sh(®) is contractible; this yields an equivalence
FBRS (1) —— FBRS (B?) Xgh,cat, {*7)-

PRrROOF. To see that the equivalence follows from the statement before, it suffices to note that B and 1P

have the same inert morphisms. We now prove the first clause.

bel

Now, for an object W € T, our assumptions guarantee that the category Tot" B/(W Zw)

is empty. In
particular, if © is a fibrous Bb—pattern, then Og, is contractible, i.e. sh(®) is contractible.
From this, in either case, Proposition 1.1.22 implies that the coassembly maps

lim O — lim O

bel b,el
EeD,y, Eeb)),

is an equivalence, so the Segal condition for colors are equivalent to each other. Now, moreover, our
assumptions ensure that every morphism to @y is inert, so in particular given a prefibrous BH-pattern ©

satisfying Og, =, we find
Map v (X, Dy) = Mapginev (X, Ty ) = Mapgine (X, D) = *

where @y is used to refer to the element of Oy ; that is, the two Segal conditions for multimorphisms are

equivalent. O
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Example 1.3.46. Given BY a weakly disintegrable pattern and © — B a fibrous pattern, we claim that the
associated fibrous pattern structure Of > B s weakly disintegrable. Indeed, Lemma 1.3.45 shows that
sh(®) = #7; it thus follows from the fact that inert arrows in © are cocartesian over inert arrows in 1 and &,
is inert-initial that the unique lift @,: 7 — B is also an initial 7-object. The fact that it receives empty
spaces of inert V-morphisms from non-initial elementary V-objects is automatic, as such spaces live over the
empty space of such maps in B.

Moreover, a similar argument shows that Of is disintegrable whenever B is (c.f. the mapping space

triviality in the proof of Lemma 1.3.45), and O~ as patterns. <

Construction I.3.47. Under Proposition 1.3.36, we have a composite 7 -(co, 2)-functor
sh™"(C) <> FBRS(1) constyy () — FBRS(1)constys(c=) — FUN7 (C=, EBRS (13));

moreover, shy is compatible with pullback, so this in fact lands in FUN - (C:, sh™! (*7)) ~FUN, (C:, FBRS(Bb)).

We refer to the associated 7 -(oo,2)-functor as disintegration
5: sh™!(C) — FUN (C* FBRS(1B")). <

This yields a disintegration equivalence extending [KK24, Thm. 2.2] and [HA, § 2.3].

Proposition 1.3.48. If 13 is a disintegrable T -pattern, then disintegration yields an equivalence of cartesian

T -fibrations over S,

Fbrs(B) Xsp,cat, S7 = L s Funy (X'M(Bb))'
€or

To prove this, the author tried and failed to find the following lemma recorded somewhere.

Lemma 1.3.49. Suppose L: C — D is a localization functor with the condition that localization maps X — 1LX
are closed under pullback between morphisms in D. Then, L is a cartesian fibration with fibers described by
the full subcategories

LH(d) cCrya)

spanned by localization maps. In particular, this holds if L is compatible with pullbacks.

PROOF. Now, first note that we have an essentially unique factorization

evy

Ar(C) ——

1

C—1—

Y- 0
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where i fully faithfully embeds C as the localization maps. Our assumption shows that, given an object C € C
and a D-map D — LC, the ev;-cartesian transport map f’: f*C — C lies in i; it is then straightforward
to verify that it satisfies the universal property for L-cartesian arrows. The fiber computation similarly

follows. O

PROOF OF PROPOSITION 1.3.48. First note that shyy is compatible with pullback, and so it satisfies the
conditions of Lemma 1.3.49. In particular, after straightening, the proposition reduces to proving that the
natural assignment

sh™(X) — Funy (X, Fbrs(13'))

is an equivalence when X is a 7 -space. But in fact this follows by combining Propositions 1.3.38 and 1.3.41,

Remark 1.3.37, and Lemma 1.3.45. O

1.3.3.4 Disintegrable fibrous Segal conditions Before moving on, we point out a mild generalization to the
argument of Lemma 1.3.45, phrased in terms of generalized fibrous Segal conditions. The proof is identical,

SO we omit it.

Proposition 1.3.50. Suppose B is disintegrable.

(1) If p: K* — B™ is a generalized fibrous Bi-Segal condition and L C K a terminal full subcategory
such that p|; is constant on @,, and K’ C K is a complementary full T -subcategory, then p’ = Plic
s a generalized Bb-Segal condition.

(2) If {;_)a} is a sufficient set of generalized fibrous BP-Segal conditions of the above form, then {[_);} U

{{@V} — Bim} is a sufficient set of generalized Segal B°-conditions.

1.3.4 Parameterized fibrous subpatterns Fix 1 a soundly extendable 7 -algebraic pattern. For convenience,

we collect several facts about parameterized subpatterns into one theorem.

Theorem 1.3.51. Let ¢: © — P be a morphism of fibrous B-patterns.
(1) @ is a monomorphism in Fbrs(B) if and only if its corresponding T -functor Toty © — Tot7 P is a
T -subcategory inclusion.
(2) The associated poset map Subpyrg(1)(P) — Subcay, (Toty P) is fully faithful with image those T -
subcategories Totr O C Toty P satisfying the following conditions:
(a) every inert V-arrow of Totr P with domain in © lies in ©, and
(b) the composite functor Totr © — B is a fibrous pattern.

(8) If @ is a monomorphism, then for all @Q € Fbrs(B), the induced T -subcategory inclusion

Alg@ (O) = Algg/n (P)
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has 1mage with
e objects the algebras Q — P whose associated BEP-functor QO — P factors through O and
such that, for all active B-arrows w: X — E with elementary codomain and pairs (O, P) € Qx X

QO there exists a factorization

Mapg (9O, ¢P)

-
.
.
.
.
§
.

Mapg, (O, P) SN Map3 (9O, pP)

where Mapa (O,P):= Map, (O,P) XMap s (X,E) {w}, and
e morphisms the natural transformations X — Y: Q — P whose elementary natural transfor-
mations X&' = Y® land pointwise in OF.
(4) If © and P are Segal B-co-categories and ¢ lifts to Segy(Cat), then is a monomorphism in Segy(Cat)
if and only if it is a monomorphism in Fbrs(B).
(5) The associated poset map Subgeg () (P) — SubcatBel,op (Del) 18 fully faithful, with essential image
those BEYOP _subcategories which, for all active B-arrows w: X — E with elementary codomain, the

corresponding functor admits a factorization

ifts to a monomorphism tn Se at), then for a € Se at), the 1 -subcategory
6) If @ lift hi in Segyy (Cat), then f Il € € Segy(C he T -sub
Funf (€, 0) < Fung (T, P)

has
e objects the & — P whose associated B°P-functor O — P factors through O, and
e morphisms the natural transformations X = Y: € — P whose elementary natural transfor-

mations X&' = Y® land pointwise in OF.

We call these fibrous B-subpatterns and Segal B-subcategories. We also study the full case.

Definition I.3.52. A fibrous subpattern ¢: O — P is full if Totp O C Toty P is full. A Segal B-subcategory is

full if its underlying fibrous subpattern is full; equivalently, ©O¢' < P is full. <

These are classified in analogy to [HA, § 2.2.1].
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Corollary 1.3.53. The poset map
(=) FullSubppey(as)(P) — FullSub e ()

is an equivalence. If P is a Segal B-co-category, then an object in FullSubyyel (Del) lifts to a Segal full
B-subcategory if and only if, for all objects O € Ox and active arrows w: X — E active with E elementary,

PROOF. For the first claim, we begin by constructing a section; indeed, given ©¢ c Pl a full Bel-

subcategory, we define the full B-relative T-subcategory S(®) <> Toty P by the fiber over X € 3¢l
S(O)x = lim O C Py.
Fel‘)‘;g/
The claim that this is closed under inert-cocartesian transport (i.e. contains all inert arrows of Toty P
with codomain in ©) reduces to observing this in each element of the limit diagram, where this is the
observation that Tot O — Tot P¢ is a cocartesian fibration; the Segal condition for colors follows immediately
by definition, and the Segal condition for multimorphisms is simply a specialization of the same condition for
P. The fact that O¢ recovers our input follows by the fact that E € B%l/ is initial.
For the first claim, given O C P, we are thus reduced to proving that S ((Del) and O resent equal full

T -subcategories of Tot7 O, i.e. that

Oy = lim O C Px;
Febil/

this is simply the fact that the inclusion @ C P is a fibrous pattern map.
For the second claim, note that the lift to a Segal full B-subcategory is equivalent to the condition that
Tot7 O C Toty P is closed under cocartesian transport; the Segal condition for colors reduces this to transport

with elementary codomain, giving the claim. O
Full sub-patterns moreover recieve the expected algebras.

Corollary 1.3.54. If ¢: © — P is a fibrous full B-subpattern, then the inclusion

Alggi (O) = Algg/n (P)

is fully faithful, with image those Q-algebras X such that, for all Q € Q¢, X(Q) € P! lies in O, If moreover

@ is a Segal full B-subcategory, then

Fun§, (€, 0) = Funj (€, P)
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is fully faithful with image those Segal B-functors satisfying the same condition.
PROOF. We may check each condition fiberwise, i.e. remove the underline. For fully faithfulness, simply
note that the condition that a natural transformation lands in ©O¢ is automatic, since © < P is full. Our

image condition follows by Theorem 1.3.51, noting that our objectwise factorization condition is equivalent to

the factorization condition of Theorem 1.3.51 by fully faithfulness. ]

We now move back to the general case and prove Theorem 1.3.51. First, an obvious lemma.

Lemma 1.3.55. Suppose C is a T -(co,2)-category such that each CV admits tensors by A in the sense of
[BB25, Def. A.2.22] and f: X —> Y a monomorphism in I7C=!; for instance, C = FBRS(B) or SEG(CAT 7).

Then, postcomposition along f yields a natural T -subcategory inclusion
fo: Funp (Z,X) = Func (Z,Y).

Proor. After Corollary 1.2.67, we may pass to fixed points and prove this for 7 =*. We see that f, is a
monomorphism on cores by the defining property of nomomorphisms, and that f, is a monomorphism on
Ar(Fung (Z,-))™ by replacing Z with A ® Z, so the result follows by Proposition 1.2.65.

To see that FBRS(1) and SEGyy are tensored over A', note that this is a straighforward consequence of

the fact that they come from Cat-modules. O

ProOF OF THEOREM 1.3.51. We perform proof by a thousand cuts. Statement (1) follows by noting
that Toty : Fbrs(B) — Caty ;3 — Caty is a limit-preserving subcategory inclusion conservative right adjoint'?,
so it preserves and reflects monomorphisms, and Corollary 1.2.67 identifies monomorphisms in Caty with
T -subcategory inclusions. Statement (2) then follows by observing that a 7 -subcategory inclusion Toty © C
Tot7 P is a fibrous pattern map if and only if Toty © is a pattern whose inert-cocartesian lifts agree with
that of Toty P, i.e. the two conditions hold.

For Statement (3), after Lemma 1.3.55 since FBRS(3) < CAT i%"t/_)gocart is fully faithful, applying transi-
tivity of inert-cocartesian fibrations [kerodon, Tag 01TU], for objects it suffices to prove that such @Q — P
factors through O if and only if the above conditions hold. They are certainly necessary; that they are
sufficient is implied by applying the Segal conditions of Definition 1.2.20 together with Corollary 1.2.74. For

morphisms the same argument applies, this time noting that the data of the natural transformation must

itself lie in the fibers, hence the Segal condition for colors reduces them to fibers over elementary objects.

10 This follows by applying [BHS22, Cor. 2.1.5] to the collection of inert lifts of 7°P-maps to B for the first functor, and taking 7 -limits
for the second functor.
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Statement (4) follows from the fact that Segy(Cat,) — Fbrs(1) is a conservative right adjoint; moreover,
the functor Segyy(Cat;) — Catye is a conservative right adjoint, so it preserves and reflects monomorphisms

as well, yielding the desired poset map. Thus for Statement (5), we're tasked with proving that

Claim i if Segal B-subcategories O, O’ C P have ©¢ ¢ ©"¢, then © c ©’, and
Claim ii the essential image is as described.

For Claim i, note that factorizations © C @’ in Segy(Cat;) are detected in Catf%ﬁﬁ%, where they are described

as fiberwise factorization of subobjects; the Segal condition for colors reduces this to factorization of fibers
over elementary objects, which by reversing this argument is equivalent to factorization ©¢' c ©”!. For
Claim ii, our condition is certainly necessary (for the inclusion ® — P to be a Segal B-functor), and the
Segal condition for colors shows that it is sufficient.

Lastly, for Statement (6), since every cocartesian arrow of P with domain lying in © lies in ©, given a
factorization € LR 0> P, of lax Segal B-functors, F is a Segal B-functor if and only if 10 F is; hence the
essential image in question is precisely those € — © which factor through @ as lax Segal B-functors, i.e.
those satisfying the conditions of Statement (3). But the mapping space factorization is transported to a
mapping space factorization for mapping spaces in a fiber over B°P by cocartesian transport in our case,
so it is implied by the condition that F¢! factors through ©¢, yielding the essential image. The morphism

description is automatic from Statement (3). O

1.8.5 The doctrinal adjunction for parametrized patterns For convenience, we set the notation
SEGYS* (CAT ) := EssIm (SEG, (Cat; ) <> FBRS(13)).

Now, note that the theory of Segal B-functors has a vertical opposite involution coming from a factorization

SEGy, (CAT; ) ——— FUNy (13,CAT; )

Jop Jor-
SEGy, (CAT; ) —— FUN (13,CAT,)

We likewise define the oplax 7 (o0, 2)-category For convenience, we set the notation

SEGY¥'™ (CAT ) := EssIm (&B (CAT, ) —=— SEGy (CAT, ) = FBRS(B)).

Given F: € — D a lax Segal B-functor f: P — O an active V-arrow in B, and X € Cp a P-object in €, we

refer to the dashed arrow

FX Fesx
Cf,FXl/ \
Crfx
JoFx —----==-- > FfgX
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supplied by the universal property for cocartesian arrows as the f-indexed laz structure map of F at X; here,
fo 1s cocartesian transport along f and ¢y y is the cocartesian arrow lifting f with domain Y. Note that the
7T -(00, 2)-functor

SEGy, (CAT; ) — SEG* (CAT)

is essentially surjective and locally fully faithful, with image consisting of the lax Segal 13-functors such that

Ck, £,x 1s an equivalence for all f,X. Likewise, an oplax Segal B-functor F: € — D is a Segal B-functor if and

only if the f-indexed oplax structure map of F at X, o r x: FfgX — fgFX, is an equivalence for all f,X.
We refer to adjunctions in SEG%"(% 7) as lax Segal B-adjunctions, and oplax Segal B-adjunctions

and Segal I-adjunction similarly. These occur quite frequently:

Proposition 1.3.56 (Doctrinal adjunction for parameterized patterns). Suppose F: D — € is an oplaz Segal
B-functor between Segal B-co-categories whose underlying BEYOP -functor F map admits an BEY°P-right adjoint

Re. Then, there is a B-relative right adjoint R+ F lifting R® which is oplaz, and such that

(a) For all O € ©, the following commutes;

R
Co 9 > Do

2 R
limp e Cp ———— limp_ya D
EeOjo " F " jim Rl Ee0jp ~F

(b) given f: P — O in O, the f-indexed lax structure map of R at X € Cp is an adjunct arrow

14
foRX oo M TS RfpX

OF,f RX fe€rx

FfgRX —L—— fuFRX

> foX
where €px is the counit of the adjunction Rp v Fp and of, ¢ rx is the oplax structure map of F.

Moreover, if F is a Segal B functor then this is a lax Segal B-adjunction, and if R is also a Segal B-functor,

then this is a Segal B-adjunction.

PROOF. Again, since SEG}&* (@7) — CATIft et s CAT)qoy is full and locally fully-faithful it
suffices to construct a B-relative right adjoint to F which preserves inert-cocartesian arrows. Now, our formula
from condition (a) does supply fiberwise right adjoints with unit given by limpg #g; these units do lie in the
fiber, yielding a relative right adjoint satisfying (a). Moreover, unwinding the definition shows that this is

compatible with inert-cocartesian transport, i.e. it is a lax Segal B-functor.
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To prove condition (b), it suffices to note that the specified mate indeed makes the triangle diagram
commute; the universal property for cocartesian arrows then constructs a homotopy between (g r x and the
adjunct to fg, € x.

The remaining properties follow by the fact that the inclusions
FUN7 (13,CAT, )  SEGIE¥(CAT; ), SEG ™ (CAT; ) c SEGys (CAT, )

are locally fully faithful, so lifting adjunctions along them is equivalent to lifting each adjoint. O

The oplax case follows immediately by applying op. We acquire the following.

Corollary 1.3.57. If 1: € < D is a full Segal B-subcategory, which is localizing as a BE°P-category, then its

localization BEYOP-functor admits an essentially unique oplaxz Segal B-functor making it left adjoint to 1.

1.3.6 Localizing parameterized Segal subcategories Often, full Segal B-subcategories come equipped with

a localization adjoint, in which case they have an approachable mapping-out property.

Theorem 1.3.58. Suppose P is a Segal B-co-category and @: O — P a fibrous full B-subpattern inclusion.
Then, the following conditions are equivalent:

(a) O c P admits a BEOP-left adjoint L such that, for all morphisms f in limpepg(l/ Or whose
component fr is an L' -equivalence for all F and active B-maps w: X — E with elementary codomain,
wef is an Le'-equivalence.

(b) P admits a Segal B-co-category structure and a Segal B-functor such that L: P — © which is left
adjoint to ¢ in FBRS(1B).

In this case, the image of the inclusions

L*: Algp/ (C) = Algp (T)

L*: Fun§ (O,¢) < Fun (P, C)

is those P-algebras (resp. Segal B-functor maps) P — € whose underlying B"°P-functor factors through
Ll If @ s additionally a Segal B-subcategory inclusion, then the induced structure on © agrees with the

localization structure, and this adjunction lifts to SEGy(CAT ).

We refer to Segal B-functors L arising in this way as Segal B-localizations, and when ¢ satisfies these

conditions and is a full Segal B-subcatory, we call © a localizing Segal 1-subcategory.

PROOF. First assume (b). Since FBRS(B) — CAT7 y3 is locally fully-faithful, this adjunction takes place

equivalently in CAT7 /3, and under Corollary 1.1.67, this is equivalent to a relative adjunction of co-categories

106



CHAPTER I. PARAMETERIZED CATEGORY THEORY AND SEGAL CONDITIONS

over Tot B. Applying this in reverse upgrades this to a relative 13e°P-adjunction over B, which restricts to
the desired parameterized adjunction on el.

To finish proving (a), it suffices to prove that L-equivalences are closed under cocartesian transport; but
this follows directly by the fact that L is compatible with cocartesian transport.

Now assume condition (a) holds. We first construct a Tot B-relative left adjoint TotL to Tot¢ over
TotB. Indeed in order to do so, applying the well known-variant to [HTT, Prop. 5.2.7.8], it suffices to prove
for all P € P that that there exists a localization map f: P — LP, in the sense that LP € © and this induces

an equivalence
(8) Map, (LP, 0) — Mapy (P, O)

for all O € ©. Such maps exist when P € P¢; moreover, the Segal condition for colors for © and P guarantee,
that under the equivalence Pp =~ limEe?pj}/ Pg, a diagram of localization maps corresponds with a single map
such that Eq. (8) is an equivalence whenever 7O = 1tP.

The Segal condition for multimorphisms in this case guarantees that to check Eq. (8), for all O € ©, it
suffices to check in the elementary case; using the universal property for cocartesian arrows, it then suffices to
check given an arrow w: P — E that w,P — w,LP is an L-equivalence. Writing w as a composition of an inert
and active arrow, the inert case follows by assumption that L is a 13¢°P-left adjoint, and the active case by
the assumed closure property of L¢l-equivalences under active cocartesian transport. Hence the Tot B-relative
left adjoint TotL 4 Tot ¢ exists.

Now, since L preserves fibers, L-equivalences are B-trivial, so [HA, Lem. 2.2.1.11] (for trivial localization
on B) guarantees that Tot® — Tot B is a cocartesian fibration such that Tot L preserves cocartesian edges.
That is, © is a Segal B-co-category and TotL lifts to a B-relative 7 -left adjoint to Tots L 4 Toty C, which is
additionally a Segal B-functor. Since FBRS(1B) — CATr 33 is locally fully-faithful, under Corollary 1.1.67,
this adjunction takes place in FBRS(13), i.e. we have shown (b).

To describe the essential images, note by 7 -(co, 2)-functoriality of pullback along the inclusion B¢ < B
that the Be°P-functor condition is necessary in both cases. We're tasked with proving that it is sufficient,
i.e. that P-algebras X satisfying this condition admit an equivalence X ~ L*¢*X. Now, of course, we may
pullback along the counit natural transformation Lo = id, and we claim that this is an equivalence if and
only if X satisfies this factorization condition; to see this, simply note that this performs L¢-localization on

each color.
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Finally, since SEGy(CAT) <> FBRS(1) is locally fully faithful, the assumed lift of ¢ to SEGy (CAT; )
lifts the entire adjunction. In particular, this exhibits ¢ as a split monomorphism in SEGy (CATT), SO

agreement with the Segal full I-subcategory structure follows by the classification of Corollary 1.3.53. [

1.3.7 Boardman-Vogt tensor products of fibrous patterns

Definition 1.3.59. A magmatic T -pattern is the data of a soundly extendable 7 -algebraic pattern 1 together

with a Segal morphism A: Bx 1B — B. <

Construction 1.3.60. Let (1B, A) be a magmatic 7 -pattern. Then, the B-Boardman-Vogt tensor product is the
bifunctor — %Z\)/ —: Fbrs(B) x Fbrs(B) — Fbrs(B) defined by

BV 3 A
(D®D::LFbrS((D><D—>B><B—>B). «

We defined this in order to have a mapping out property with respect to the following construction.
Definition 1.3.61. Let (1, A) be a magmatic 7 -pattern and O, P,Q fibrous B-patterns. Then, a bifunctor of

fibrous B patterns O x P — @ is a commutative diagram in Caty

OxP —— QO

L

BxB Lo B
whose top horizontal arrow lies in AlgPatt,'! where O x P — B x B is induced by the structure maps of ©
and P. The collection of bifunctors fits into a full subcategory

BiFuny (O, P; Q) € Fun(A! x Al, Cat). <

Example 1.3.62. Let O, P be fibrous B-patterns, and consider B to be a fibrous B-pattern via the identity.
Then, the oco-category of bifunctors O x P — 1 is contractible, as it is equivalent to composite arrows

OxP-DHBxHB-D. <

Observation 1.3.63. There are natural equivalences

BiFuny (O, P; Q) =~ FunP02 (O x P, A°Q)
=~ Fun 7 (A (O % D), Q)

~ Funint—cocart(® B@Y D (Q) A
- 7,/% [t

H The lift to AlgPatt is unique, since each structure map in an algebraic pattern is a replete subcategory inclusion, hence a monomorphism
in Cat.
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As in [BV73, Prop 2.19] and the variety of recontextualizations of their ideas (e.g. [HA; Weill]), we
z . . BV . . .
recognize this as ©O-algebras in P-algebras, making ® into a closed tensor product, using the following.

Construction 1.3.64. Fix (1B, A) a magmatic 7 -pattern, let F: O xP — @Q be a bifunctor of fibrous B-patterns,

and let € be a fibrous Q-pattern. We have a diagram
F
0oloxpS@;

admitting push-pull adjunctions p* 4 p, and Lg,Fi 4 F* on fibrous patterns, with compatible adjunctions on

Segal objects by Propositions 1.2.28 and 1.2.29 and Observation 1.2.64. We define the pattern
ng%/@((ﬁ) = p,.F*C € Fbrs(O);

this is the fibrous O-pattern of P-algebras in C over @Q. In most cases, we will have Q = © =B, in which
case the information of a bifunctor B x P — 1 is simply that of a fibrous B-pattern P by Example 1.3.62. In
this case, we simply write

Alg§(C) = AlgF 3 (C) € Fbrs(1);
this is the fibrous B-pattern of P-algebras in C. <

In the case @Q = O = 1B, the above diagram refines to

BEBXP LT 3,

so the functor P — ilg%((f) has a left adjoint computed by Lgpes Ay (id x70), p*; explicitly, this is computed on

P’ by the fibrous localization of the diagonal composite

P'xPp = j
-~ RQXid l
BxP
raxmy s :
BxBH B

A

By definition, this is precisely P’ ®BV P, so we’ve proved the following.
BV
Proposition 1.3.65. The functor (-) ® ©: Fbrs(B) — Fbrs(B) is left adjoint to A_lg%(—).

BV
We additionally spell out a few useful characteristics ® and A_lg%(—) here. First, functoriality.

Observation 1.3.66. Fix the fibrous B-pattern Q. Suppose we have bifunctors of fibrous B-patterns

F:OxP—Q—0OxDP:G
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together with a morphism of fibrous B-patterns ¢: P — P’ making the following diagram commute:

p CDXD F
(D/ y \@
S~ v g
Oxp

The left triangle possesses a Beck-Chevalley transformation
p*w! : id! p/* — p’*,

which possesses a mate natural transformation p, = p,¢"*; precomposing with G*, this yields a “pullback”

natural transformation
Alg$ o () = Alg§ () <
.We observe that, in all of the work above, we may have instead assumed that € € Segy(Cat), in which

case all of our constructions land in Segy(Cat). Spelled out, this yields the following.

Proposition 1.3.67. Fiz O,P,Q,C as in Construction 1.5.64. Then

(1) if € is a Segal Q-co-category, then ng%/@((t) is a Segal O-co-category;

(2) if € - D is a morphism of Segal QQ-co-categories, then the induced map A_lg%/@((ll) — ilg%/Q(D)
18 a morphism of Segal ©-co-categories, i.e. it preserves cocartesian arrows; and

(8) if P— D’ is a morphism of fibrous B-patterns and C is a Segal QQ-co-category, then the induced

map of fibrous patterns
A_lg%//ql((]:) - ilg%/a((t)

is a functor of Segal ©-co-categories.
In analogy to [BS24a] we show that this tensor product is compatible with Segal envelopes.

Proposition 1.3.68. The following diagram commutes

Fbrs(B)? ® > Fbrs(B)

lEnv lEnv

Lge
Funz (13, Cat;)> —— Fung (13, Cat) —» Segy(Caty)
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PrOOF. Fix € a Segal B-co-category. Then, there are natural equivalences

Funseg, (Cat (Env (@ 3 D), @) ~ Funifl-<t (A, © x P, @)
~ Funi 0™ (O x P, A'C)
~ Fun$% (Envys,as (O x P), A°C)
(9) ~ Funf%e2l (Envyy (O) x Envys (D), A*C)
~ Funf™ (Lseg A1 (Enva (O) x Envy (D)), €)
(10) ~ Fungeg, (cat) (Lseg (Envys(O) @ Envys(P)), €)

Equivalence Eq. (9) is Observation 1.2.36; Eq. (10) follows by symmetric monoidality of the Grothendieck

construction [Ram22, Thm B]. The result then follows by Yoneda’s lemma. (]

BV
We derive a uniqueness statement for ® by an analogous argument to [BS24a].

BV
Corollary 1.3.69. ® is the unique bifunctor on Fbrs(B) making the following diagram commute:

BV

Fbrs(1B)? ® > Fbrs(1)

Env{li 1Env

2
(Fun(ﬁcat)/wb) —5— Fung (B, Caty)/cp,0m, o Funz (13, Caty), e, Tg) Seg(1),.,

BV
ProoFr. Commutativity of the diagram follows by Proposition 1.3.67 and uniqueness of ® follows from

the fact that the right vertical functor is fully faithful, hence a monomorphism in Cat. O

1.4 The algebraic patterns of equivariant homotopy theory

At this point, we are finally ready to specialize to our distinguished theory of parameterized higher
algebra. From here, pattern Morita theory awards us with as many perspectives as elements we can construct

in the graph of patterns modeling T -operads and strong Morita equivalences. We draw an expansive graph:

~

Fr, ——— Spany (Ey) Spany ) (S7)

A A

(11) .
1g
Frs

bi
SpanD(T) (ETlg)

PN e v

Spano(T) (FTj\ > spano(T) (ST)A

RN N

o
Span, 7, (§Tlg)

RN SN
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Theorem 1.4.1. All of the algebraic patterns in Eq. (11) are soundly extendable, and all of the morphisms are
strong Morita equivalences after applying Tot; moreover, the top row consists of strong T -Morita equivalences

and the middle row strong Fr-Morita equivalences.

The pattern TotF, describes T-operads in the sense of [NS22| in the case that 7 itself is atomic
orbital, and the leftmost diagonal arrow totalizing to a Morita equivalence is due to Nardin-Shah in that case.
The composite Morita equivalence TotF; , — Span7(F7) is due to [BHS22| in the case 7 = Og for G finite.

Now, we will see the following corollaries.

Corollary 1.4.2. The pullback natural transformations
Fun)™ (Span; (F7),-) — Fun’-®(F; ., -)
are natural equivalences; hence CMon,(C) is I-semiadditive.

On one hand, this cements I-commutative monoids as 7 -parameterized sheaves with [-admissible
transfers, and on the other, as an I-indexed and 7 -parameterized version of special I -objects.

We prove a number of general strong Morita equivalences in Section 1.4.1, preparing for Theorem 1.4.1;
then, in Section 1.4.2 we pause to characterize fibrous subpatterns of span patterns, giving a significant
generalization of Blumberg-Hill’s N -operads [BH20], Nardin-Shah and the author’s generalizations [NS22;
Ste25b|, and Barrero’s global N -operads [Bar23b|. We finally prove Theorem 1.4.1 in Section 1.4.3. Then,
we describe modifications of these patterns for generalized T -operads in Section 1.4.4, ultimately describing
generalized fibrous Segal conditions for that pattern, and acquiring generalized fibrous Segal conditions for

T -operads along the way.

I.4.1 Strong Morita equivalences between span patterns We now repeatedly apply Corollary 1.3.31 to
span 7 -patterns, forming a general basis for Theorem 1.4.1.

1.4.1.1 Fibers of span T -patterns Often we may change base of parameterization via fibers.

Definition I.4.3. We say that an adequate T -quadruple (X, X?,X7;X,) admits induction if X admits transitive
T -colimits; we say that it admits inert-induction if moreover X? c X is closed under induction and strongly
admits inert-induction if the mate IndEX — Y to an inert map X — Resg Y is inert. We define admits
active-induction similarly. <
Construction I.4.4. We define the fiber pattern structure on Span,, f (X V) to have inert and active morphisms

the elementary and active V-arrows, and elementary objects the inductions of elementary V-objects. <
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Proposition 1.4.5. If (X, X, X/, X,) strongly admits inert-induction, then for all V € T , the inclusion
1: Spany ¢ (XV) — Tot" Spanb’f(é’_()

is a Morita equivalence; moreover, both patterns are soundly extendable under the assumptions of Conditions (i)

to (i1i), in which case 1 is a strong Morita equivalence.

PROOF. We verify the conditions of Corollary 1.3.31 in parts, after which the claim will follow.

e To show that i is a strong Segal morphism, we’re tasked verifying that /'\,’g’/‘% — (TotVXb)O/lX is

final; by Joyal’s Theorem A [kerodon, Tag 02NY] this is in turn equivalent to verifying for all maps
E — X in TotV Xt with E elementary, the slice category X(f'};///x is weakly contractible. We claim
that, if E € X>U | then Indz/]E € X(i’EV//X is initial, i.e. Indz/]f is the unique map making the following

diagram commute

(IndjE, V)
\",Indv
y (Y, V) U7\g~

f / ’ N
(E,U) — g S (X, V)

where f: E — Res‘,_/, Y is a map, # is the unit of the induction adjunction, and g is the mate,

which lies in X? by the strong inert-induction assumption; indeed, existence and uniqueness of the
factorization is simply the universal property for induction.

e Condition (ML-a) follows simply by noting that all active arrows in Tot" Span,, ,(X) have domain
lying in Span,, , (X V), S0 we acquire an equivalence on active arrow categories.

e Condition (ML-b) is obvious by construction. O

In the case that our adequate 7 -quadruples come from self-indexing, we have a similar statement.

Proposition 1.4.6. Suppose (X,Xb,Xf;Xo) admits inert-induction and active-induction, and moreover satisfies

the property that each XU has a terminal object such that the induced functor IndEXU — X/‘I/ndv s an
U*

equivalence. Then, there exists a retract s: Tot" Spanbyf(/'\?) - Spanb,f(XV) of 1 which is a Morita equivalence;

moreover, both patterns are soundly extendable under the assumptions of Conditions (i) to (iii) for s, in which

case s is a strong Morita equivalence.
PRrOOF. Taking successive inductions yields an object V e I7 X for each V such that (I‘TX )/V ~ XV and

such that induction is postcomposition, so that s can be chosen to be the unslicing functor. The assumption

that X admits active induction guarantees that s is a map of algebraic patterns, which is automatically a
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. .. . V vb bV .
retract of 1 in AlgPatt. Now, the strong Segal condition asks that s: Tot Xo/ X,U) XO Jind! X is final, i.e.
bV . . . _
(Tot XO I, X)) :/‘1/ x XO E//ind) X is weakly contractible. This may be viewed as the choices of f and lifts
as the dashed arrow
Ind F<----E
Ind}} X

Of course, the map E — Ind}/JVX exhibits an equivalence E ~ IndyE ' and it follows by unwinding definitions
that (E’,U) — (X, U) and the lift witnessing the universal property of induction yields an initial object in
this co-category, giving the strong Segal condition.

The conditions of Corollary 1.3.31 follow similarly to Proposition 1.4.5. 0

1.4.1.2 Concentration in certain isotropy We now study reparameterization over a full subcategory.

Construction 1.4.7. Given F C 7 a full subcategory, and 1 a 7 -pattern, we define the modified totalization
pattern Tot”7~¢1 13 to have the same active and inert morphisms as Tot” B but only elementary objects

living in fibers over F; in particular, this is connected by a pattern map
1: Tot” B - Tot? 7¢I, <

Corollary 1.4.8. Suppose F C T is a full subcategory and (X,Xb,Xf;XO) an adequate T -quadruple strongly
admitting inert inductions such that T has a terminal object which is contained in F. Then, the associated
pattern map 1: Tot” Spanb’f (X) - Tot? 7 ¢l Spanb’f (X) is a Morita equivalence; moreover, both patterns
are soundly extendable under the assumptions of Conditions (i) to (iii), in which case 1 is a strong Morita

equivalence.

PRrROOF. Once more this is just Corollary 1.3.31.

e The condition that : is a strong Segal morphism follows by cancellation of finality under two
applications of the argument in Proposition 1.4.5.
e Condition (ML-a) follows from the fact that active arrows are fiberwise, and

e Condition (ML-b) is obvious by construction. O

1.4.1.83 Redundant inert morphisms We now address change of inert morphisms.

Proposition 1.4.9. Fiz (X, X", Xf;X,) is an adequate T -quadruple and XV Xt g wide T -subcategory s.t.
(a) Xé’, :Xé’, and

(b) Xé”,/ X o/x @8 final.
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Then, the associated pattern map i: Spanb,'f(/\,’) — Spanbrf(.?() is a Morita equivalence. Moreover, both
patterns are soundly extendable under the assumptions of Conditions (i) to (iii), in which case 1 is a strong

Morita equivalence.

PROOF. We again verify the conditions of Corollary 1.3.31 for i:

e Condition (b) is equivalent to the condition that ! is strong Segal,
e Condition (ML-a) is automatic, and

e Condition (ML-b) is Condition (a). O
For instance, we acquire a lift of a proposition of Harpaz concerning m-commutative monoids.

Corollary I.4.10. The inclusion Span,,_; (S,,) < Span(S,,) of Example 1.2.18 is a strong Morita equivalence,

and both patterns soundly extendable; in particular, pullback yields a natural equivalence
Fun®n (Span (S,,),—) ~ CMon,,(-)

ProoF. Condition (a) is obvious and Conditions (b) and (ii) are verified in Corollary 1.2.19. O

If the reader ever needs a theory of higher algebra whose corresponding theory of “symmetric monoidal
categories” is m-commutative monoid co-categories, this shows that the two obvious definitions for such a
theory agree. The reader should not interpret it as an interesting proof of the equivalence on Segal objects,
as we have essentially used all of Harpaz’s proof of this fact as input.

1.4.1.4 Restriction to spans over a full subcategory Lastly, we handle restriction to a full subcategory.

Proposition 1.4.11. Fiz (X,Xbe;Xo) an adequate T -quadruple and Xy CY C X a full T -subcategory s.t.
(a) given a X5V -morphism X — Y with Y € YV, we have X € YV, and
(b) Xy ).
Then, writing Y* = X' NY and similar for Y/ and Yo = Xy, the adequate full T -subquadruple inclusion
(y,yb,yf;yo) - (X,Xb,)(f;/'\f'o) induces a Morita equivalence

1: Spany ¢ V;Vp) = Span,, (X;X0).

Moreover, if Spanbrf (X;X) is sound and one of the two patterns is extendable, then both are soundly

extendable and 1 is a strong Morita equivalence.

PROOF. This is once again Corollary 1.3.31 and Condition (ii).

e The condition that Yy =&, and Y C X is fully faithful implies that yé’ Y Xé’ sy 1s an equivalence,

and hence 1 is iso-Segal.
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e Condition (ML-b) is equivalent to the condition that Xy =), i.e. Condition (b)
o I ()//fy)_ — (X/{Y)_ fully faithful since Y C X is fully faithful, and its essential surjectivity is

equivalent to Condition (a). O

1.4.2 Weak N -patterns Before specializing to the effective Burnside case, we point out that we may
carry out the program for (weak) N,-patterns on the level of generality of span patterns such that X b—x.

I1.4.2.1 The classification of weak N -patterns . Fix X an co-category.

Definition 1.4.12. Given I C X' a wide subcategory closed under base change and X, c X' a full subcategory.

An (I, Xy)-weak indexing category is a subcategory J C I such that:

(a) J C X is closed under base change, and

(b) for all X € X, the following square is cartesian:

IxiI)x —— lim | Jxplg
E—X

- XeX)y
(12) J l

Ix ——— lim ; I
E—X
EEXO

We write windexCat(j x,) C Sub(I) for the poset of (I, Xp)-weak indexing categories and inclusions. <

Remark 1.4.13. In Eq. (12), both vertical arrows are full subcategory inclusions; on the lefthand side this is
the inclusion of the full subcategory of arrows D — X which lie in J (and arbitrary I-maps over X between
them, and on the righthand side diagrams of | maps D — E which are compatible with base change along
I-maps.

Pullback-stability of full subcategory inclusions reduces Eq. (12) to the following condition:

(b’) Given an I-map f: D — X such that each base-changed map g*D — E along an I-map E — X with

E € X} lies in J, the map f itself lies in J. <

Remark 1.4.14. We may view Eq. (12) as reminiscent of an I-relative version of the definition of weakly
extensive span pairs of [CHLL24b, Def. 2.2.1]. In particular, if I satisfies the property that I'x ~limg_,cI/x
always (i.e. Span;(X;X)) is soundly extendable) then Eq. (12) is further equivalent to the condition that
JxpI;x ~limg_,x ] x; I;p. When I satisfies this property, we call it soundly extendable.

To make this analogy with weakly extensive span pairs precise, we need X to be freely generated under
finite coproducts, i.e. it must be of the form F4; in this case if I C Fy is already weakly extensive, it follows
by unwinding definitions and setting Xy = 7 C Fz that (I,7 )-weak indexing categories which contain all

objects of Fy are precisely weakly extensive subcategories of F7 contained within I.
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As noted in Remark 1.1.86, this additionally agrees with the poset of one-color weak indexing cate-
gories; by the usual argument, this implies whenever [ is a 7 -weak indexing category, that windexCat; ~
windexCaty ;5. In particular, choosing the terminal 7-weak indexing category o(7), we pass the sanity check

windexCat,(7) ~ windexCatr. <

As with its namesake [BH15], these classify subterminal fibrous patterns.

Theorem 1.4.15. Under the morphism Subc, (I) — Cati/%;;;’f(a)g%), J maps to a fibrous Span;(X)-pattern if

and only if | is an (I, Xy)-weak indexing category; moreover, the corresponding functor of (oco,2)-categories
2(C)eo : windexCatr y,) — FBRS(Span;(C))
1s fully faithful with essential image spanned by the subterminal objects.
PrOOF. Note that the non-full subcategory inclusion
Fbrs(Span; (X)) C Cat/SpanI(X)

is compatible with limits, and in particular, it preserves and reflects monomorphisms and the terminal
object. In particular, the subterminal objects of Fbrs(Span;(X’)) are precisely the (—1)-truncated objects of
Cat/span, () which are fibrous patterns, i.e. the fibrous patterns © — Span,(C) which are also subcategory
inclusions.

Let ¢(X) C C be the full subcategory corresponding with the objects in the essential image of mp. By
restriction to Span;q ) (c(®)), it suffices to reduce to the case of monic essential surjections © — Span;(X),
i.e. wide subcategory inclusions (henceforth called one color weak indexing categories).

Now, in a general co-category D with factorization system D, DR c D, intersecting with DL and DR

yields a full sub-poset embedding
Subyyide(D) = Subyige(D") x Subyige(D”)

with image those pairs of wide subcategories which are closed under taking alternating compositions of the
left- and right-handed parts and then factorization. Now, restricting to wide subcategories of D containing
DL, this condition simplifies: instead, it says that, for all R-maps in the wide subcategory f and L-maps g,
the R-part of f o g lies in the wide subcategory.

In our case, the result reduces to the following claims.

Claim i © lies in Cati/‘;tp_acr‘l)c(acr)t if and only if it contains all backwards morphisms, i.e. it consists of a wide
1

subcategory a(®) C I closed under base change in C;
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Claim it There exists a factorization © — P — Span;(C) if and only if a(®O) C a(P); and

Claim it © is a fibrous Span;(C)-pattern if and only if a(®) is an I-weak indexing system.

Claim i is obvious by virtue of the fact that all lifts of backwards maps in this setting are cocartesian; Claim

ii is immediate. For Claim iii, it suffices to note that Eq. (12) is precisely the square stipulating that

0) XSpan, (X) JZ‘(Spanl(/\’) =Xl — /g = JZ{SpanI(X)
is a relative Segal Span;(X’)-co-category, which is precisely fibrousness by Remark 1.2.21. |

1.4.2.2 Trivial fibrous patterns We now handle an important special case of this.

Proposition 1.4.16. Suppose X admits inductions and Xy, C X is soundly extendable such that X has one

T -object. Then, there is an initial one-color (Xf'V,(ZV)Op)- weak indexing category and a factorization

Patt® (Tot V) —— TotVSpanf (X;Xp)

(13) Ml/ TM

Span,;, (XV;TotZ) T) Spanf (XV;TotZ)

such that M and M’ are strong Morita equivalences and N is a weak Ny, -pattern inclusion.

PRrROOF. The fact that the map M’ is a strong Morita equivalence with soundly extendable domain is
Proposition 1.4.5. Now, a one-color (X f ’V,Totz)—weak indexing category is the data of a wide subcategory
I c XV such that

Ix = lim Lg;

since this condition holds for the terminal wide subcategory, it also holds for the core by conservativity
of equivalences, and we may define "V := XV= yielding N (with soundly extendable domain by Proposi-
tion 1.2.27). This is obviously initial among one-color weak indexing categories, so we're left with constructing
a strong Morita equivalence M making the diagram commute.

By compatibility of M’ and N with elementary morphisms, the morphism M classifying the elementary
subcategory of Span,;, (X v ;Totz) makes the diagram commute. We're left with verifying that M is a strong
Morita equivalence. Now, it is presented by a subquadruple inclusion in the sense of Proposition 1.4.11 along

Itriv, \%4

the full subcategory inclusion VP < X'V so we're tasked with verifying that, given an -morphism

X — Y with Y € 7°P, X € T°P; this is obvious since all such morphisms are equivalences. O

We internalize parameterized higher category theory within parameterized higher algebra.
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Corollary 1.4.17. In the situation of Proposition 1.4.16, writing U = *: %(Spanf (/'\,’;XO)) — CAT -, there
exists a fully faithful T -(oco,2)-left adjoint
triv(—)®
CAT, /LTLB_M(Spanf (X5 X))
—

U
whose V -essential image consists of the fibrous Span,,, (XV;ZOP)—pattems,
PRrROOF. Since cores are restriction-stable, we may define a 7-subpattern Span,;, (X;A)) C Spanf (X; X))

whose active V-morphisms are only equivalences; note that, on V-fibers, this presents the functor N of

Eq. (13). We acquire a diagram

N,
—
CAT; +——— FBRS(Spany;, (X;Xp)) = FBRS(Span; (¥;p));
triv &—/
N*

under which U =~ Uy, o N*. Thus it suffices to prove that Uy, is an equivalence; but this is detected fiberwise,

and fiberwise it follows from Proposition 1.4.16. O

1.4.3 Applications to the patterns for parameterized operads

1.4.3.1 Construction of the diagram Let Q?g denote the self-indexing Fz-oco-category of Sr; that is,
(s2%) =15,
with pullback functoriality. Defining El}ig similarly, we acquire adequate 7 -subquadruple inclusions
(e ) s (55 ) 5555

Now, the inclusion 7,y < Fr /v satisfies the condition of Corollary 1.4.8, yielding a diagram of patterns
(14)
Tot” Finy, s Tot” Span,1 (IE‘T) — Tot” Span, (ST)

o V

tIFTT elspa ( blg) Z\/

Totfr 7—elpin?8 1 T Tot]FT T—el Span, )(

Hng,
- N I
Fingy , §itas > Span,r IB‘Tk)/ > Spany (874)/

We will prove that the solid arrows are strong Morita equivalences.

s‘;ig)

Warning 1.4.18. The dashed arrows are emphatically not Morita equivalences; indeed applying two-out-of-three

one is a morita equivalence if and only if the other is a morita equivalence, and as recognized in [BHS22,
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Rmk. 5.2.17] in the case T = Og, one should not ezpect the vertical one to be a Morita equivalence when 7 is

not a space, as the vertical arrow fails to be an el-equivalence in that case. <

1.4.3.2 Providing the equivalences We begin with enough soundness to propagate everywhere.
Lemma 1.4.19. Every algebraic pattern in the middle and righthand column of Eq. (14) is sound.
This indeed follows immediately from a much more general claim.

Lemma 1.4.20. If (X, X", X/;X,) is an adequate T -quadruple such that X}, = X, then Spanf(X; Xy) is a sound

T -pattern.

PROOF. Letting Tot X'V be the cartesian unstraightening of the cocartesian straightening of Tot X (i.e.

its dual cartesian fibration), note that Tot Spanf (X;Xy) occurs as a span pattern
TotSpan (X5 Xy) = Span y; ;e r (Tot X; Tot Xp),

where all backwards morphisms are included and the forward morphisms are morphisms lying in the fibers
over 7 and which are identified with X/V-morphisms for some V. Soundness follows immediately from

Proposition 1.2.16. (]

We will propagate extendability from one well-chosen example.
Proposition I1.4.21. Spanu(T)(]FT) 1s a soundly extendable algebraic pattern.
To prove this, we will need a more approachable sufficient set of generalized Segal conditions.

Lemma 1.4.22 ([BHS22, Obs 5.2.9]). Fiz S € Fy. Then, under the equivalence

el \OP op .
((SpanD(T)(IFT))S ) ~ TP Xpin, Fing /5
the full subcategory of (T XT IF?—’/S )Op consisting of morphisms f: T — S such that f itself is the inclusion of

an orbit is an initial subcategory equivalent to the set Orb(S).

PROOF. The inclusion of the indicated full subcategory has a right adjoint given by taking images, so it

is initial. O

ProOF OoF PROPOSITION 1.4.21. It is sound by Lemma 1.4.19. To see that it is extendable, it is equivalent
to prove that %panD(T(FT) is a Segal SpanU(T)(FT)—oo-category, i.e. for every S € SpanU(T)(IFT), the associated
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functor ¢ of

Span, ) (Fr St s Fing AN ]_[ Finy

l l VeOrb(S)
/

lim  Span, (Fr)%f —— lim  Finy
VeSpan(Fr)s, oT)E IV VeT e, Fr s

is an equivalence. In fact, it is an equivalence by Corollary 1.4.35. |

Now, the following lemma simply follows by unwinding definitions.

Lemma 1.4.23.

(1) The middle and righthand vertical arrows of Eq. (14) satisfy the conditions of Proposition 1.4.5.

(2) The middle and righthand downward diagonal arrows of Eq. (14) satisfy the conditions of Corol-
lary 1.4.8 for the inclusion Ty < Fr ;y.

(8) The top left horizontal arrow of Eq. (14) satisfies the conditions of Proposition I.4.9.

(4) Every righthand horizontal arrow of Eq. (14) satisfies the conditions of Proposition I.4.11.

Finally, we’re able to conclude.

PROOF OF THEOREM 1.4.1. After Lemma 1.4.19, applying Lemma [.4.23 repeatedly together with
Corollary 1.3.31 shows that SpanD(T) (F7) is soundly extendable, then SpanU(T) (Ek}lg ), then SpanD(T) (§l;g)
Now, all solid arrows of Eq. (14) are generated under two-out-of-three by arrows shown to satisfy the
conditions of Corollary 1.3.31 via Lemma 1.4.23 under two-out-of-three; moreover, the top left horizontal
arrow is iso-Segal, so its domain is soundly extendable, and as a consequence, every pattern connected by

solid arrows is soundly extendable. Applying two-out-of-three to strong Segal equivalences then yields the

claim. |
I.4.4 The algebraic pattern for generalized parameterized operads We now define a disintegrable 7 -
pattern describing a parameterized version of Lurie’s generalized co-operads [HA, § 2.3].

Definition 1.4.24. The 7 -algebraic pattern E?,* has the same active and inert V-morphisms, but elementary
V-objects {@y,*y}. <

The following proposition is immediate.
Proposition 1.4.25. Fl_ng— , s disintegrable and FﬂbT Er

Given O® € Fbrs(Finy ), define Tot? © and Tot” O for its corresponding prefibrous 7 -pattern structures

over FﬁhT . and Finy , so that Tot’ O ~ Tot7 ©. We moreover acquire the following from Example 1.3.46.

b
Corollary 1.4.26. Tot? O is disintegrable and (TotuO) ~ Tot’ 0.
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From here, we will be able to derive results for Tot’© by studying Tot?©, which is independently useful.
1.4.4.1 Segal conditions for generalized T -operads In particular, we will describe a sufficient set of fibrous

generalized Segal conditions for it.

Example 1.4.27. Given V € T, a pushout square of orbit-finite V-subspaces

Q —R

S A

S — RugS$

and an RLg S-color X, we acquire an essentially unique square diagram I_7R|_|Q $.X" A'x Al 5 Tot? O lying over
o with beginning point X and all arrows cocartesian over the associated inert morphisms. In the case O has

one color, we simply write T’RuQ S- <

Proposition 1.4.28. Fix O® € Fbrs (Fl_an *).

(1) {ﬁRuS,X} is a sufficient set of fibrous generalized TotuO—Segal conditions.

(2) {T’RuQS,X} s a sufficient set of fibrous generalized TotuO—Segal conditions.

Now, to remove pesky w terms, we note the following lemma, which may be thought of by algebraic

pattern theorists as a form of soundness for these conditions.
Lemma 1.4.29. The set {ﬁRuQS,X} is closed under w(-).

Proor. Fix an active arrow w: Y — X. The entire inert-active factorization diagram for w and pg 05X

looks as follows on arity

g H(Q°),

— e
N
N\

\

A

g§H(S°),

The middle square is WIPR Q5 and noting that g=1(Q) = g"'(R)Nng~1(8), it is equivalent to z_)g—l(R)u g ()
g

In particular, we find that w!l_JRI_lQS,X is a cocartesian lift of some ﬁR’uQrS/’ which is what we wanted to

show. O

This powers the following observation, which reduces us to the first case.
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Observation 1.4.30. In general, pullback pasting applied to the diagram

F(Xg) «—— F(Xg) +—— F(Xyp)

l | |

F(Xsugr) ¢ F(Xs) ¢—— F(Xs_0)

expresses a natural equivalence of coassembly maps

CRU(S-Q),X

F(XRI_Ig(SfQ)) > F(XR)XF(XQ)F(XS—Q)
1 1
CRUQS.X id xidcQu(s-Q)x
F(Xrups) F(XR) Xp(xq) F (Xs) ————5 F(Xr) Xg(x,) F (Xa) xp(x,) F(Xs-0)
By wi-closure, this covers all of the Segal conditions considered in the second part of Lemma 1.2.48 and so by

Lemma 1.2.48 and the fact that the conditions in (1) are a subset of the conditions in (2), it suffices to prove

(2) of Proposition 1.4.28. <
Now, to characterize {pg 5}, we will find it helpful to place it in a more general setting.
Construction 1.4.31. Given a finite set I, an I-indexed tuple of finite V-sets (R;), and a LI; R;-multicolor X, we

define the subdiagram

Kk, x € Tot' O

to consist of the inert maps lying over either the identity, the inclusion R; <> R for some i, or the inclusion

Dy <> R; that is, it is the I®-indexed diagram of inert maps
/ ) \
Xk, XR]-
\ /
%]
Let PR, X" KLR,»,X — Toth(’)}r}‘(t be the composite functor, so that pp s x is as previously defined. <
Observation 1.4.32. By the same argument as Lemma [.4.22, the inclusion K.y, x <> TothO}31 U, is intial; by

Ui

Remark 1.2.50, this implies that {I_JI-IZ-UZ-} is a sufficient set of generalized fibrous Segal conditions. <
Lemma 1.4.33. Each p g, x is a generalized TotuFi_nT’*-Segal condition.

ProoF. We induct on the weight n =} ; (|(Ri)G) - 1), with base case n = 0 covered by Observation 1.4.32,
so assume this is true for weight < n for some n > 0, and assume that Zi'(:o R; has weight n > 0; since n > 0,

some R; has at least 2 orbits, so assume WLOG that’s Ry and choose a nontrivial decomposition Ry = S LI P.

123



SECTION I.4. THE ALGEBRAIC PATTERNS OF EQUIVARIANT HOMOTOPY THEORY

We may apply Lemma 1.2.48: pullback pasting yields an equivalence of coassembly arrows

F(LIiZoR:) > F(Ro) XF(zy) -+ XE(oyy) F(Rk)
1 1R
(15 F(SuPULIL, ki) F(S) %E(yy) E(P) XE(2yy) F(RY) X3y - XF(2ry) F(R)

T

F(S) %p(ay) F(PULI, R;)

Each of the bottom arrows are limits of coassembly arrows for generalized fibrous Segal conditions by the

inductive hypothesis, so the top arrow is as well. O
Finally, we're ready to conclude.

PROOF OF PROPOSITION 1.4.28. As observed in Observation 1.4.30, it suffices to prove (2), i.e. we may
assume Q = &. Lemma [.4.33 proves that this is a set of generalized fibrous Segal conditions, so we just need
to prove it’s sufficient. We will see this by running the argument of Lemma [.4.33 backwards.

To do so, we introduce auxiliary terminology; say that a set of generalized fibrous C-Segal conditions
{ﬁa} generates {qﬁ} if finitely many applications of the first part of Lemma 1.2.48 connect {ﬁa} to {ﬁﬁ}

Of course, statement (4) of Lemma 1.2.48 shows that it suffices to prove that {puieIRi»X ] < n} is
generated by {prus, x} for all n, as the former set is sufficient by Observation 1.4.32. We prove this inductively
on n, with base case n = 2 tautologically true and n—1 trivially true. Indeed, Eq. (15) directly generates an

arbitrary p,,_ g, x with i € I by cases p,_,r,,x’ with |[I'| <n, completing the proof. O

1.4.4.2 Generalized segal conditions for T -operads Propositions 1.3.50 and 1.4.28 imply the following.

Corollary 1.4.34. Fiz O® € Fbrs (Fl_an*) The following are sufficient sets of generalized fibrous TotO-Segal

conditions.

(1) The diagrams Xp > X <> Xg for all V€T, R,Se€Fr, and X € Og 5.
(2) The diagrams Xv,,..., Xy, <> X for all V; €T and X € O,y,.

We may additionally prove the following.

Corollary 1.4.35. Fix C a T -co-category and D an co-category.

(1) There is an equality S_egEM (C) ~ Fu_nIT_EB (EL*,C) of subcategories of Funy (EL*,C).

(2) There is an equality SegSpan,(FT)(D) ~ Fun* (Span,(F7), D).

PROOF. The second claim follows by Proposition 1.4.21 under Theorem 1.4.1, under the usual reduction

of product-preservation to binary and nullary product-preservation and semiadditivity of Span;(Fz).
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For the first claim, note analogously to Proposition 1.4.21 that the inclusion
S < e

=Lx*/S,

is initial, so these together form a sufficient set of parameterized generalized Segal conditions for E’ .; the

corresponding assembly map demands an equivalence
(16) F(s,) — | [Fw.)

forall S, € F; .. Noting that S, ~ \/% U, is an I-indexed coproduct, this is certainly implied by I-semiadditivity;
that it implies [-semiadditivity follows from a simple inductive argument using associativity of indexed

coproducts (i.e. that g fi ~ ¢fi for maps of orbit-finite 7-spaces T i) s R). O
PrROOF OF COROLLARY [.4.2. Combine Corollaries 1.4.2 and 1.4.35. |
1.4.4.3 Operadic coefficient systems We now note the following result.

Proposition 1.4.36. The map ¢: Patt® (7 °P) x Span(F) — SpanU(T)(]FT) factors essentially uniquely through a
strong Morita equivalence

Patt® (7 °P) x Span(F) _OME Span;. (Fr),

where [ is the minimal indexing category.

Proor. We already know that the codomain is soundly extendable by Theorem 1.4.1, and it is easy to
see that gael and (@78)2 are equivalences. Following Corollary 1.3.31, we’re left with verifying that ¢ is a

strong Segal morphism, i.e. it induces an initial functor
Patt“ (T°P)5, x Span(F)5}, — Span « (F7)5).y 5
this becomes obvious after unwinding the definitions. |
Corollary 1.4.37. The forgetful functor
CMon (Coeff” (D)) —> Coeff” CMon(D)

18 an equivalence.

PRrROOF. Combine Corollary 1.4.35 and Proposition 1.4.36. O
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1.4.4.4 Inflated I-operads From this, when [ is an indexing category, we have a fixed point procedure

\V
(-)V : EBRS(Span, (F7)) —> FBRS (Span;« (F7)) ~ COFR” (OP) — . OP.

In particular, taking a limit, this admits a fully faithful 7-(oco,2)-left adjoint, by the following immediate

corollary.

Corollary 1.4.38. Taking constant values yields exists a fully faithful (co,2)-left adjoint

InﬂgT E
T
oP + COFR7(OP) ~ OPj» =+ OP;
’\_/ <~ ~

r’ Bor

In particular, this yields a natural equivalence
Algy a7 (P) =~ Algg (r7P).

Here, we’ve written E 4 Bor for the push-pull adjunction along the monomorphism Span;.(Fr) —
Span,(F7). When O® is an operad, we will often write O® := InflZ O® when it is not likely to cause confusion.
This will allow us to import tools from higher algebra into our setting seamlessly.

1.4.4.5 The Boardman-Vogt tensor product We may now prove the following.

Proposition 1.4.39. The 7 -algebraic pattern map
A= Spang; (x): Finy  xFiny  — Fing

s a Segal morphism.

PrOOF. We're tasked with proving that, given a o(7)-semiadditive 7-functor F: Finy, — C, AF is

0(7 )-semiadditive separately in each variable. This follows by distributivity of products and 9(7 )-coproducts
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in each Finy; indeed, we have

F(YxUugXy),

[ +;\/XU+,

1

F ResUYxXU)

+

1R

FI\/ (Resf) Yo A Xy )

L)
[y

1R

F(Res}, Y, AXy,,)

1

[
U
S

]_[ A'F(Res) Y, Xy . ). 0
U

Remark I.4.40. We've used crucially here that the 7-functor (=), : Finy — F1_n§ . Is symmetric monoidal.

After extending this to S; — S ., we will show in Corollary I1.3.69 that this uniquely characterizes the smash

symmetric monoidal structure on 7 -spaces, under which Fl_n% . will turn out to be a symmetric monoidal

subcategory. <

This endows Fr . with the structure of a magmatic 7 -algebraic pattern, yielding a Boardman-Vogt

tensor product on fibrous patterns in the setting of any of the patterns of Theorem I1.4.1.
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Parameterized higher algebra

Throughout this section, we will carry out much of the program of higher algebra, e.g. as incarnated
in [HA], in the context of I-operads and I-symmetric monoidal co-categories; that is, we study objects in
HA(D), for B the I-admissible effective Burnside pattern, or any other elements of its strong Morita class via
Theorem 1.4.1.

Special to this strong Morita class, we will define an underlying I-symmetric sequence functor on one
colored I-operads, as well as a highly-colored variant, valued in appropriately indexed diagrams of spaces; we
note in Proposition I1.1.29 that I-operad maps are equivalences if and only if they are essentially surjective
on colors and induce an equivalence on appropriately colored I-symmetric sequences. That is, we recognize
I-operad equivalences as those maps which are fully faithful and essentially surjective. As a result, we acquire
a homotopy theory of I-operads which may be reduced conservatively to a homotopy theory of diagrams of
spaces.

Using this, in the almost-unital case, we are able to construct I-symmetric monoidal categories and
I-operads of immense categorical importance, called cartesian and cocartesian structures. For the former, we
find that the strong Morita class of 7-for I-higher algebra admits a cartesian structure for C in the sense of
Section 1.3.2 whenever C admits I-indexed products, satisfying a strong rigidity result as those I-symmetric
monoidal co-categories whose I-tensor products are I-products and a strong conservativity result that taking
algebras in S7 detects fully faithful I-operad maps.

As a consequence, we will enter a regime where questions about O-algebras in arbitrary I-operads (or
I-symmetric monoidal co-categories) may be expressed as writing a map ¢: O® — P® to some other I-operad
and detecting that it is an equivalence, which is equivalent to ¢ being a Morita equivalence in the sense of
Section 1.3.2, and hence amenable to a Morita localization theory lifting Lurie-Harpaz-Barkan-Haugseng-
Steinebrunner’s approximation theory.

For the latter universal structure, we find an adjunction U 4 (-)" of 7 -(oo,2)-categories in the unital

case; a version of the assembly regime of [HA, § 2.3] follows. Moreover, we acquire a canonical lifts C- € Cat?
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whenever C admits I-indexed coproducts, essentially uniquely so that the I-tensor products of CU are
I-coproducts. Consequentially, we find /\ffzo intimately intertwined with I-semiadditivity.

Of course, the pattern SpanU(T)(ST) is magmatic via Proposition 1.4.39, yielding an A,-structure on
Op; via Boardman-Vogt tensor products as in Section 1.3.7; it was shown in [Ste25b] that CMony(C) is
an A,-monoidal localization of Fun(SpanD(T)(ST)) as well, and Env an A,-monoidal subcategory inclusion.
Following [BS24a|, we saw in [Ste25b| that CMon(S) € Pr]} is idempotent as an Ej-algebra in the sense
of [HA], and in particular, it admits an essentially unique distributive symmetric monoidal structure with
7T -unit the free algebra on *7; we eventually find that the terminal 7 -operad Comm? is Eg—idempoten‘c,
yielding a canonical presentably symmetric monoidal structure on Cat?-r Sty under which Op; is a symmetric
monoidal full 7-subcategory. As a consequence, Qpp%? come equipped with extremely rigid compatible
presentably symmetric monoidal structures.

We take the perspective that the bulk of higher algebra outside of the theory of fibrous patterns may
be studied from these perspectives: the cartesian regime and Boardman-Vogt tensor products create a rich
landscape of universal mapping-out properties for I-operads which are detectable via tractable simple higher
category theory.

This is made into a relatively complete theory when it is augmented by a theory of distributivity and
presentability, which we study in Section I1.3. The highlight of this is a normed version of the mode theory
regime of [HA]; for instance, this allows us to prove existence and uniqueness of a well-behaved G-symmetric

monoidal structure on G-spectra (with finite-indexr HHR norms), as well as its various localizations.

I1.1 First characterizations

We begin by reviewing various corollaries of parameterized pattern structures and the work of Sections 1.3
and [.4 in Section I1.1.1. We follow this up by developing the underlying 7T -symmetric sequence in Section I1.1.2,
showing one-color 7 -operads to be monadic over 7 -symmetric sequences. Absent coherence, we understand the
monad explicitly; consequentially, in Section I1.1.3 we review a nerve functor extending that of Bonventre and
Nardin-Shah [Bon19; NS22] for explicitly constructing topological models of 7 -operads. Last, in Section I1.1.4

we review the Boardman-Vogt tensor product in this setting.

I1.1.1 Parameterized operads and symmetric monoidal co-categories

11.1.1.1 Basic definitions We make the following definitions.

Definition I1.1.1. The 7 -(co, 2)-category of 7 -operads is

OP7 = FBRS (Spanm(T)(ET))-

129
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More generally, when I C Fy7) is a weak indexing category, the co-category of I-operads is
OP, := FBRS (Span, (F7)).
In particular, we acquire a pair of forgetful (7 -)functors
Tot: OP; ~ FBRS(Span, (7)) — CAT/span, (k)
Toty: OP; =~ %(EL*) —_— %T/Eu

Given O® an [-operad and P,Q — O® [-operad maps, we define the O-relative algebra (T -)oo-category as the
associated mapping 7 -co-category in Opr joe, i.e.
Algp/0(Q) =~ Fu_nar—“/‘f;%@ (Toty P%, Toty P®)
Algp,0(Q) ~T7 Algp/o (Q)
~ Funint—cocart (TOt P®, Tot P®)

/ TotO®

If O® is an I-operad, then the 7T -co-category of small O-monoidal co-categories is

CATS := SEGy,,, o (CAT; ),

so that CATg) := FTCAT% ~ SEGroto (CAT). If C®,D® are O-monoidal co-categories, then the co-category of

O-monoidal functors from C® to D® is the functor 7 -co-category in CAT®, i.e.
Funf(C, D) ~ Funsa™ (C®, D).

A lax O-symmetric monoidal functor is a functor of I-operads C® — D® over O%. <

Note that a lax I-symmetric monoidal functor is an I-symmetric monoidal functor if and only if it is a
morphism in Cat?, i.e. if and only if it preserves cocartesian lifts for arbitrary maps in Span;(Fr).

We can recover the case of I-operads from the universal case:

Proposition II.1.2. The pattern map Span;(Fr) — SpanU(T)(]FT) s a fibrous pattern, and moreover outlines a
fully faithful T -(oco, 2)-functor

®
Ne)

«: WindexCat; < OP,
with essential image the sub-terminal objects. In particular, we acquire an equality of colocalizing full
T (o0, 2)-subcategories

OP, ~ QT,//\/;3 — OP7.
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If O® ~ N2 arises from Proposition IL.1.2, we say that O® is a weak N, T -operad (or simply a weak

N-operad), and if I is an indexing category, then we say that NIQ?;O is an N -operad; in either case, we write
CAlg(C) := Algy,,(C)

for the 7 -co-category of I-commutative algebras in C.

PROOF OF PROPOSITION II.1.2. Since Fy7) C F7 is extensive by Remark 1.1.86, Remark 1.4.14 identifies
(Fy(7), T °P)-weak indexing systems and 7 -weak indexing systems. Theorem [.4.15 then shows fully faithfulness

of /\ffio and computes the image; the remaining claim follows by unwinding definitions. O

We may also quickly internalize a naive notion of parameterized operads.

Proposition I1.1.3. There exists an equivalence of adjoint pairs of T -(oco,2)-categories

Env ®
——
OP.. & CAT},

l COEFF? Eny l

COEFF? (OP) | * COEFF? (CAT®)
COEFF7

PRrROOF. This is a straightforward combination of Proposition 1.4.36 with Proposition I1.3.36. (Il
Remark I1.1.4. After Proposition I1.1.3, one sees that it is specifically I*°-operads that are described when

one specializes Martini-Wolf’s internal higher algebra [MW22, § 2.5] to presheaf toposes; consequentially, our

work is strictly more general, and we may not cite their higher algebra directly to characterize ours. <
11.1.1.2 The structure of I-operads We now explicitly describe I-operads.
Construction II.1.5. Given 7p: TotO® — Span,(F7) a functor and S € F7 a finite 7 -set, we define
Os =1, (S).

In the case that 1y is a prefibrous pattern (i.e. a I-preoperad), inert arrows endow on (Oy)yer the structure
of a T-co-category UQ, formally given by the pullback

TotUO —— O®

L7
TP —— Span(F7)

We call this the underlying T -co-category of O®, and refer to it as O when this won’t cause confusion. <

The following proposition is an immediate corollary to Corollary 1.4.34.
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Proposition IL.1.6. A functor p: Toty O® — Span,(Fr) is an I-operad if and only if the following hold:

(a) O® has m-cocartesian lifts for backwards maps in Span;(Fr);
(b) (Segal condition for colors) for every S € Fr, cocartesian transport along the T-cocartesian lifts lying
over the inclusions (S « U = U | U € Orb(S)) together induce an equivalence

Os ~ l_[ Oy;
UeOrb(S)

(¢) (Segal condition for multimorphisms) for every map of orbits T — S in I and pair of objects
(C,D) € Or x Oy, postcomposition with the Tt-cocartesian lifts D — Dy lying over the inclusions

(S« U=U|UEe€O0rb(S)) induces an equivalence
— T<Ty—U
Map(g@ S(C;D) = I_[ Map Y77(C,Dy).
UeOrb(S)

where Ty =T xg U.

Furthermore, if T is a cocartesian fibration, then it is an I-operad if and only if its unstraightening

Span;(F7) — Cat is an I-symmetric monoidal co-category.

Remark I1.1.7. Cocartesian lifts over backwards maps furnish an equivalence

T—Ty—U

Ty—U
Map e (C,Dy) ~Maps  (

CTU?DU)’

where Cr,, € Or, is the Ty-tuple of colors underlying C. Hence in the presence of Conditions (a) and (b),
Condition (c¢) may equivalently stipulate that the map

Mapfs*(CD) > | ] MapTUHU (Cr,,Dy)
UeOrb(S

is an equivalence. We will generally prefer this version, as the data of a 7 -operad is most naturally viewed as

living over the active (i.e. forward) maps. <

Remark II.1.8. Practitioners of [HA, Def 2.1.10] should note that, by Remark 1.2.21, we may weaken

Condition (b) to assert only that cocartesian transport induces a 7p-surjection Og — [ Oyp. <
UeOrb(S)

We also point out an immediate corollary of Corollary 1.4.17.
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Corollary I1.1.9. If I has one color, then there exists an equality of colocalizing T -(co, 2)-subcategories

CATr triv(-)®
‘_‘\\
U

E triv
/ >
OP Jtriv B 1

or triv

In particular, there exists a natural equivalence
Algivic) (P) = Funs (C,UP).

As a corollary, U is 7 -continuous; we thus are somewhat justified in fixing a 7-co and studying

T -operads with those colors. Proposition I1.1.6, grants access to the structure spaces of such 7 -operads.

Notation I1.1.10. Following [BP22] We will refer to tuples (V € 7,S € Fy,(C;D) € Og x Oy) as O-profiles,
and we will often abusively refer to the profile (V,S,(C;D)) as (C; D). Additionally, if : T — S is a map
of finite V-sets, we will write Ty := T xy S; we refer to a composable datum over ¢ as the data of a O-
profile (V, S, (C; D)) together with an S-tuple of profiles (U, Ty, (By, CU)))UeOrb(S)? in this case, (By)yecorb(s)

assemble into a T-tuple B, and we refer to (V,T,(B; D)) as the composite O-profile. <

Construction I1.1.11. Let O® be a T-operad. Given an O-profile (V,S,(C; D)), we write

Indj‘;S—>V

TotO (C’D)

O(C; D) :=Map

We will sometimes refer to Muléb9 (C; D) for the same construction in the case that 7D is not an orbit. Similarly,
given S € Fy,, we write

0(S) = U O(C; D);
(C,D)EOS XOV

we refer to this is the space of S-ary operations in O. <
This simplifies in a particular setting:

Definition I1.1.12. A 7 -operad OP is:

e at most one-colored if Oy € {@,+} for all V€T, ie. O(xy)€{d,+} forall VeT,
e at least one-colored if Oy # @ for all V €T ie. O(+y)= @ for all VeT, and

e one-colored if O® is at least one-colored and at-most one colored.

>o0c

We denote the associated full subcategories by OpS* € Op7°¢,0p3° € Opy-. <

One-color 7 -operads admit a simpler description: they are functors TotO® — SpanD(T)(IFT) with:
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(a’) cocartesian lifts of backwards maps,
(b’) contractible fibers, and

(¢’) for whom cocartesian transport induces an equivalence

Map(TQ_’S iT,iS) ]_[ (9 (Ty),
UeOrb(S

where 71 (T)={iT} and Ty = T xg U — U, considered as a U-set.

For most applications, algebras over one-color 7 -operads suffice. For now, we describe the general setting.

Construction I1.1.13. Given O® € Op; and (S, V,(C;D)) an O-profile, for any T « Indgs, we find

T(—Indg S—-V
o

O(C;D) ~Map (C;D)

due to the existence of cocartesian lifts for inert morphisms. Given a map U — V in 7 and a finite V-set

S € Finy,, postcomposition with the cocartesian lift of the backwards map V < U = U yields a restriction

map
Resx v v
O(G;D) > O(ResUC; ResUD)
(17) N 2
Ind%S—)V Ind€S<—Ind€S><VU—>U v v
Mapy, """ (C,D) — Mapy, (Res(; C, Res}; D)

where the right hand side corresponds with the profile (U, Resg S,(Res‘é G Resg D)) induced by restriction.
Moreover, given a composable datum ((CJD);(BUJCU)errb(S)) lying over a map of V-sets ¢rg: T — S,
writing @ty for the structure map of T, composition in O® restricts to a map
O(C; D) x ]_[ O(By;Cy) —X—3 O(B; D)

UeOrb(S)

(18) R
R

Maphs' (C, D) x Mapg!* (B,C) —— Map/L¥ (B, D)

Lastly, define the color preserving automorphism group to be the subgroup Auty (C) C Auty(S) consisting of
automorphisms o such that C; ~ C,y for all U € Orb(S). Note that 1tp-cocartesian lifts of Auty (C) with

domain C are endomorphisms of C; cocartesian transport then yields an action
(19) ps : Auty (C) xO(C; D) — O(C; D).

We refer to Resg as restriction, y as the composition, and pg as X-action. <
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Example I1.1.14. Let I be a weak indexing category. Recall the example /\ffzo = (Span;(F7) — Span(F7)) of
Proposition II1.1.2. It follows by definition that UN I?;o ~ *¢(q); that is, Nl always has at most one color, and

it has one color if and only if I has one color. Moreover, we have

= Se IFY;
Nloo(s) =
o SeF/.
Each of the maps Resg, 7,ps are uniquely determined by their domain and codomain. <

For the following observation, we restrict to the one-color case simply for notational clarity; the general

case follows identically.

Observation I1.1.15. The structures of Eqgs. (17) to (19) are compatible in the following ways:

(1) The restriction maps are Borel Auty (S)-equivariant, i.e. the following commutes:

{cocart lifts of Auty (S xMap(PSV(ls iV) ° Map(PSV(zS iV)
\ p /
Auty (S)xO(S) > O(S)
ResW l/ReSW lRes“,/\, Res),

tW(Res S) x O(ResWS) —r O(Resg\, S)

\
/

{cocart lifts of Auty (Resy; S) xMap(PSV(lRes% S,iW) o 5 Map(PSV(lResWS iW)

Here we write Og = {iS}.
(2) The composition maps are Borel Auty(S)x [] Auty(Ty)-equivariant in an analogous way.
UeOrb$S
(3) The identity map on *y yields an element 1y € O(*y) which is taken to 1y by Resg.

(4) The composition maps are unital, i.e. the following commutes.

Map(PSV (iS,iV) (id, {id}) Map(’)SV iS,iV) ><Map (iS,iS)
/ ) (id,({1u}) O(S)x [T O *U)
UeOrb(S)
({id},id) {lv}ld )'/
%
O(xy) x O(S) y S O(S

MapiS, (iV,iV) x Map{y' (iS,iV) o ap((gf;/ iS,iV)
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(5) The map y is compatible with restriction, i.e. given a composable pair of morphisms

_— Prv
Ind] T —grs — Indgm v

and W — V a map in 7, the following diagram commutes, where T := ]_[f] Ty:

Maphs' (iS,iV) x Mapbs' (iT, iS) 0 > Maphs' (iT,iV)
O(S)x [ O(Ty) > O(T)
UeOrb(S)
w
Resyy lRes{/}/ lRes Res)y

ResWS)x [T O(Ty) —r O(Res% T)
U*eOrb(ResK, S)

N\

\%4
MapReSW(pSV 1ResWS 1W x Ma O®W¢TS(1ResWT iRes}y S) pReSWqTV( Resy, T,iW)

o®

(6) The composition maps are associative, i.e. given a collection of maps and composites

PRV —

// Prv
T T / T\
IndvR —— QRT —> Indv?—‘_ﬁ Il’ldVS — Psv V,

[ — PRS

the following commutes, where R := ]_[f_, %’ Ry:

Mapbs’ (iS,iV) x Mapb’ (iT,iS) x Map T (iR, iT) ° » Mapbs' (iT,iV)xMapgs' (iR,iT)
[O(S)X [1 O(TU)]X [T O(Rw) ——— O(T)x ] O(Ry)
UeOrb(S) UeOrb(S) WeOrb(T)
WeOrb(Ty)

| b

T
: O(5)x T1 [O(me I O<Rw>] O(URW) :
UeOrb(S) WeOrb(Ty) w
ly
Ty
o) x 1 O(]_[RW) y s O(R)
UeOrb(s)\ W \
Maple' (iS,iV) x Map{s® (iR, iS) ° > Map?s' (iR,iV)

This is a version of monoids in T -symmetric sequences in hoS.
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11.1.1.3 I-symmetric monoidal co-categories We also explicitly describe objects of Cat?.

Notation I1.1.16. Fix some S € IFY and some I[-symmetric monoidal co-category C. Associated with the

structure map ¢: Ind‘T,S — V we have functors

(%):cs—wv, AS:CcV =8
U
called the S-indexed tensor product and S-indexed diagonal. More generally, given f: T — S, we write
fo: CT — CS for the covariant functoriality of C® on f, and call this the f-indeved tensor functor.
We refer to the composite (—)®5: Cy As—> cs EE[—) CV as the S-indexed tensor power. In the case

Indgs =W is an orbit (i.e. S is a transitive V-set), we write

w

Nv‘\// ::®: ¢V v,
U

In general, we will use the inset notation —® — for ®%}*V, and when @y € [}, we will refer to the @y-ary

operation * — Cy as the V-unit and denote its essential image as 1y. <

Observation II.1.17. Suppose S, |Orb(S)|-*y, and all orbits of S are I-admissible V-sets. Then, the following

path lies in

Ind$ ] (U—!>V
T UeOrb(S) \Y
Ind% S |orb($)|- V ——— M — V,

In algebra, this yields the commutative diagram

S

&
cs = s CV
(Ngh\ /
CV,xOrb(S)

S
i.e. @XU ~ ®UeOrb(S)NL‘;XU' Thus, when I is an indexing category, the indexed tensor products in an

I-symmetric monoidal co-category is are determined by their binary tensor products and norms. <

The functoriality in categories of correspondences gives a version of the double coset formula

U><VW
Resy, N}y Z ~ ® ResY Z
X

for all cospans U - V « W in 7 such that U — W is in I. Moreover, Resy and N“ﬁv preserve applicable
trivially indexed tensor products.

A construction we will use quite liberally is the fized points.
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Construction I1.1.18. Right Kan extensions preserve product preserving functors; applying this to the orbits

functor Fr: Fr — F yields a functor
I :=Span(Fr),: Fun*(Span(F7),C) — Fun*(Span(F),C).

In particular, T' is right adjoint to InﬂeT := Span(F7)*. When C = Cat, the counit of this adjunction is a
natural 7 -symmetric monoidal functor.

InflZ TC® — C®

We refer to the (symmetric monoidal) V-value of this as the symmetric monoidal V -evaluation
evy: IC® — Y. <

11.1.1.4 Envelopes For convenience, we spell out an immediate corollary to Corollary 1.3.12.

Corollary I1.1.19. If P® — O® is a map of T -operads, then the top horizontal composte of the following is an

O-monoidal co-category:
EnvpP® —— Ar® (0®) Ly 0@
L devo
7)@ 3 O®

This underlies a T -(c0, 2)-functor

Envp: OP; j0e — CATS

which is left adjoint to the inclusion of O-monoidal co-categories into T -operads over O%, and the induced
7T (o0, 2)-functor

/90 . ®
Envo : QT’/OQQ - CATO,/&{@

18 fully faithful, with image spanned by equifibrations; in particular, we find
Algp/o (C) ~ Fun®9 (Envop®,C).

To be specific about equifibrations, we prove the following.

Proposition I1.1.20. Suppose I is an indexing category. Then, an I-symmetric monoidal functor F: C® — D®

18 equifibered if and only if the following diagrams are cartesian, where U — V is an orbit map lying in I:

NV
cVxcl —& ¢ cv —Y ¢V
! I | I
NV
DVxDV —& s D pv Y ,pv
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ProOF. It suffices to note that Span;(F7)*" =1 is generated under composition and disjoint union by
binary fold maps, nullary fold maps, and orbit maps, and that the equifibration square for nullary fold maps

is always satisfied. |

We will simply write Envy(-) := Env,,_(-) and Env(-) := Enveomm, (-)-

Example I1.1.21. Let I be a weak indexing category. Then, unwinding definitions, we find that
EnVI NI‘?;O = E§7|—l;

is a structure on F; whose I-indexed tensor products are I-coproducts. <

We record a convenient property of Env;(—) here, which follows by unwinding definitions.

Lemma II1.1.22 ([HA, Rmk 2.4.4.3]). If O® € Op; and : T — S is a map of V-sets, then there is an

equivalence

Ar(Envy (0)) Xar(pV )" (P} = U Map(lg®—>5pan(ﬂ4‘7)(c’ D)
(C,D)GOT XOS

~ U I_l O(Cy;Dy)
(C,D)cOrxO5 UeOrb(S)

In particular, if O® has one color, then

P
MapEnv,(O)V—>]1<‘1 (iT,iS) =~ I_[ OTU

11.1.1.5 Preoperads Now, we’ve defined I-operads in a Morita-invariant way, but we will often want
to resolve them by prefibrous patterns, which are nmot Morita-invariant. We correspondingly define the

(00, 2)-category of I-preoperads

POP; := PFBRS(Span, (Fr) ~ CAT/R <osirt |

and the 7 -(oo, 2)-category of I'-I-preoperads

Pre0p£ = PFBRS(F, ) ~ C ATiYI_I’t/—Fclocart'

These admit Op; and Opy as localizing (7 -)subcategories; we write the localization as Loy r

I1.1.2 The underlying 7 -symmetric sequence We now study a forgetful functor to symmetric sequences.

We begin in Section II.1.2.1 by defining the multi-colored variant of 7 -symmetric sequences, then move on in

139



SECTION II.1. FIRST CHARACTERIZATIONS

Section I1.1.2.2 to construct the underlying C-symmetric sequence, verifying that it is monadic in the one-color
setting. We reframe this somewhat in Section I1.1.2.3 to introduce the n-ary By X, -space construction.

I1.1.2.1 C-symmetric sequences We define the symmetric T -space category X = Fin7.

Definition I1.1.23. Let D be a 7 -co-category. The co-category of T -symmetric sequences in D is Funy(X,,D).
In the case C = S, we refer to Funy(X,,S;) =~ Fun(TotX,,S) simply as the co-category of T -symmetric
sequences.

More generally, if € is a 7 -coefficient system of sets, we set the notation X = Tot triv(C); we refer
to Fung (X, D) and Fun(TotX,,S) as the co-categories of C-symmetric sequences in D and C-symmetric

sequences, respectively. <

Observation I1.1.24. For any adequate 7 -triple (X, A}, X), the inclusion
X — Spanbyf(/'\f)
induces an equivalence on cores; in particular, we acquire an equivalence
Finz ~Finy ~¥;.
In particular, unwinding definitions, we find that

Ty =3 ~Fin} ~ ]_I BAuty S

SeFiny
and the restriction map Xy — Xy is induced by the forgetful maps BAuty S — BAuty S. <
Remark II.1.25. By unwinding definitions, one finds that ¥, ~¥, . <

We may similarly explicitly understand X.

Observation I1.1.26. A map of coefficient systems € — D induces a map of 7 -operads triv(C)® — triv(D)®,

i.e. a cocartesian fibration of 7-co-categories ¥, — Y. Applying this in the case D = *7, we acquire a

canonical natural cocartesian fibration of 7 -co-categories
Lo = L7

taking V-values yields a natural cocartesian fibration
Yev—2Xy

whose straightening has discrete values
ST xeV
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with functoriality along S-automorphisms given by permuting the factors of the €5 part. In particular, the
classical Grothendieck construction describes Yy as having;

e Objects: profiles (V,S € Fy,(C;D) e €5 x ") with orbit V

e Morphisms: V-equivariant automorphisms of S whose action fixes C, i.e. color-preserving S-

automorphisms.
In short, we find that
TY = ]_I BAuty(C).
SeFy
(C;D)eCS xcV

Moreover, unwinding definitions, we find that the restriction functor Res%,/v: ):(‘1:/ — ):év is induced from the
forgetful maps BAuty (C) — BAuty (C). <

11.1.2.2 The underlying C-symmetric sequence We will restrict to the following setting.

Definition I1.1.27. Given C: 7°P — Set a coefficient system of sets, we define full subcategory of C-colored

T -operads as the pullback

Op%r — Opt

(20) l : anU

(€} — Coeff” (Set)

For instance, Op5® C Op’-. The following construction recovers an underlying T -symmetric sequence on

one-color 7 -operads.

Construction I1.1.28. Given O® ¢ Opé:r, there is a structure map
Envotriv(C) = triv(€)® xpe ArtY¢(0O®) - triv(C)®,

where Ar®%¢l(0®) c Ar*(0®) is the full subcategory of active arrows whose codomain is elementary; this is
an inert-cocartesian fibration by pullback-stability of inert-cocartesian fibrations [BHS22, Obs. 2.1.7]. The

underlying C-symmetric sequence of O® is the unstraightening

08, = Unyiy(e)Envotriv(C) € Fun(Tot £, Cat).

sseq *

Unwinding definitions, we find that there exists a cartesian square

O(C;D) — Envptriv(€) == TotZ¢ xpe Ar**/¢(0)
{(C;D)} —— triv(C)® === Tot%,
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so that O?;eq is indeed an C-symmetric sequence. The associated functor is denoted
sseq: Op%r — Fun(Tot X, S). <

We will often use the following to reduce questions about 7 -operads to 7 -symmetric sequences.

Proposition I1.1.29. A 7 -operad map ¢: O® — P® is an equivalence if and only if it satisfies the following:

(a) @ induces surjective maps 1gOy — 1oPy for all V€T, and
(b) for all VeT, allS €Fy, all C€Og, and all D € Oy, the map @ induces equivalences ¢ : O(C; D) =
P(pC; D).

In particular, the underlying C-symmetric sequence is a conservative functor
sseq: Op7@. — Fun(TotX,,S)

In particular, specializing to € = 7, we find out that {O(S)|S € F;} is jointly conservative on one-color

T -operads.

PROOF OF PROPOSITION I1.1.29. The second statement follows immediately from the first, since mor-
phisms of C-colored 7 -operads are mg-isomorphisms by assumption. Moreover, conditions (a) and (b) are
certainly necessary, as an inverse to ¢ induces inverse maps to both of the maps in question.

Fixing @ satisfying (a) and (b), we are left with prove that ¢ is an equivalence of 7 -operads. Since
Tot: Op; — Cat/spanom is a subcategory inclusion, it is conservative, so it suffices to prove that Tot is an
equivalence of co-categories.

By the Segal condition for colors, we have an equivalence of arrows

700s = [lyeors(s) ToOv

l(ﬂs e

oPs = [lveorb(s) TPy

Since 19O ~| [ oOs, (a) implies that @ is essentially surjective. Now, given C,D € TotO, we have a diagram

¢(CD)

Map,n(C,D) <

\ /
MapSpanD(T) (IFT)

MapTotP(QDC,([)D);

to prove that Tot @ is fully faithful and conclude, it suffices to prove that the horizontal arrrow is an equivalence

of spaces, or equivalently, it induces an equivalence on fibers over every span f: nC « S — ntD; the Segal
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condition for colors provides an equivalence of arrows

Map/(C;D) ~ ] Mapg(cf‘;l;Dv) ~ [1O(Cs1y;Dy)

VeOrb(r(D)) 1%
l(pf(C;D)

lr[@fv (5000 l”‘P(CfIV‘DV)

Mapf»(@C;@D) ~ ]I Mapfa(fpcf—lv,va) = [[P(¢Cs-1y;9Dy).
VeOrb(S) 1%

the right arrow is an equivalence by (b), so the leftmost arrow is an equivalence, completing the proof. [

The author learned the U, portion of the following argument from Thomas Blom.
Corollary I1.1.30. The functor sseqy: Op7 — Fun(Tot X, S) is monadic and preserves sifted colimits.

Proor. By Corollary 1.3.10, Op; is presentable; moreover, in view of Corollary I1.1.9 in the case € =+,
the bottom right horn of Eq. (20) lies in PrR, so by [HTT, Thm. 5.5.3.18] Op’ is presentable. By [HTT,
Prop. 5.5.3.6] Fun(TotX,,S) is presentable as well, so by Barr-Beck [HA, Thm. 4.7.3.5] and the adjoint
functor theorem [HTT, Cor. 5.5.2.9], it suffices to prove that sseq is conservative and preesrves limits and
sifted colimits.

Conservativity is Proposition 11.1.29, and (co)limits in functor categories are computed pointwise by
[HTT, Prop. 5.1.2.2], so it suffices to prove that O+ O(S) preserves limits and sifted colimits. We separate

this into manageable chunks via the following diagram:

. 0-0(S)
Op* > i
lUSeg evlndgs,v
I

T
Int—cocart,core—iso  Ucocart core—iso Resy, core—iso Us, ~\X2
Cat/gpan(ry) — 7 Qg 7 Catganm,) T 7 Fun((Span(]F v)?) ’S)

7 and evy, dls,y breserve (co)limits since they are evaluation of functor categories [HTT, Prop. 5.1.2.2].
Ucocart preserves limits and sifted colimits by [BHS22, Cor. 2.1.5]. Useg preserves limits and sifted colimits,
as each commute with finite products. Res‘T, preserves (co)limits, as it is a left and right adjoint.

By [Hau20, Prop 3.12], U, is equivalent to the forgetful functor

Alg(S/span(Fr)=,Span(Fr)~) = S/Span(Fr)*,Span(Fr)=s

where S% y is a monoidal structure on Syy y ~ Syyy = Fun(Y xY,S). This functor preserves limits and sifted

colimits by [HA, Prop. 3.2.3.1], completing the argument. |

In particular, this constructs a left adjoint

Fr: Funy(X7,S7) =Fun(TotX,,S) — Op%
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to sseq.

11.1.2.3 Other persiectives on T -symmetric sequences

Remark I1.1.31. Let Ogyy, 1, C Ogxy,, be the full subcategory spanned by [G x X, /Ts] for ¢s: H — X, a map
with associated graph subgroup I's = {(h, ¢s(h)) |h e H} C HxX, C GxX,. This possesses an evident forgetful
functor ooGli):,,/rs — (’)OGP taking [Gx X, /Ts] — [G/H]; in [NS22, Ex. 4.3.7], this was shown to be a cocartesian

fibration factoring through an equivalence

op ~ op
]_[ O s, =TotEg — OF

nerR
taking [G x X,/Ts] + (H,S), and hence taking the G-space presented by Ogyy, m, equivalently onto the
summand BgY, C X, the classifying G-space for equivariant principal X, -bundles.
More generally, we say that an atomic orbital co-categories 7 is EI if the inclusions Aut(V) < End(V)
are equivalences. If 7 is EI and admits a weakly initial object e € 7', we may define the T-subspace By, C X,
as corresponding with the 7 -sets S whose restriction ReseT S is a set with n elements; then, we acquire a

splitting

PO UBT)Zn.

ner

Under the above equivalence, given O® € Op%, we define the n-ary By X, -space

@)
O(n): By, C Xy 5.

For instance, if F C Og is a family of subgroups, then F is EI with a weakly initial object, and Bf¥,

is the classifying F-space for F-genuine G-equivariant principal X,-bundles. In the case 7 = Og, O(n) is

characterized by its Is-fixed points O(n)'s =~ O(S), with restriction functors along rResl’j s CIs corresponding

with restriction map O(S) — O(Reslg S). <
We will see in Remark I1.1.37 that this intertwines with a nerve functor from operad objects in topological

G-spaces. We will also need the following notation.

Notation I1.1.32. Given an orbit V € 7, and a finite V-set S € Fy,, we may define a natural “S-ary” V-space

in 7 -symmetric sequences

evg

Q(S): Op¥ — Funy(X7,87) = Funy (X, Sy) — Sy.
More generally, we may define the analogous V-space for an O-profile:

_ . . ¢ ev(c;D)
Q(C,D). Opy — Funy (X4, 87) — Funy (Xsy,Sy) —— Sy <
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I1.1.3 The genuine operadic nerve In this subsection, we assume that 7 is an atomic orbital 1-category.
II.1.3.1 The 1-categorical nerve Recall the T-space L, of Definition I1.1.23. [Bonl9] introduced a

specialization of the following.

Definition I1.1.33. A C-colored genuine 7 -operad in a 1-category V with finite products is the data of:

(1) a C-symmetric sequence O(—;—): TotXs —V,
(2) for all V€7 and C € Cy, a distinguished “identity” element 1 € O(C;C), and

(3) for all composable data ((C;D), (B U;CU)errb(S)) lying over a map T — S, a “composition” map

y: O(C; D) x |_[ O(By;Cy) — O(B;D)
UeOrb(S)

subject to the following compatibilities:

(a) y is Borel Auty(S)x[yecorb(s) Auty(Ty)-equivariant,

(b) (restriction-stability of the identity) for all U — V and C € €y, the restriction map
Res[;: O(C;C) — O(Resg C;Res[, C)

sends 1¢ to 1ResL",C5

(c) (restriction-stability of composition) for all U — V, the following commutes

OCGD)x 1 O(By;Cy) . » O(B;D)
UeOrb(S)

J,Resy lRes‘V/V

O(Resg\,C;Resg\,D)x Il O(Res“,/vBU;CU);)O(Res‘V/vB;D)
UeOrb(S)

(d) (unitality) for all S € Fy,, the following diagram commutes

o(c;p) U oepyx [T O(Cy;Cy)

U€Orb(s)
| — "

O(D; D) xO(C; D) y—— O(C;D)

145



SECTION II.1. FIRST CHARACTERIZATIONS

S T
(e) (associativity) For all S € Fy, (Ty) € Fs writing T := [ [Ty, and (Ry) € Fp writing R := ][Ry, the
U w

following diagram commutes

(mc;D)x I O(BU;cm]x [T O(Aw;Bw) ——= OB;D)x [I O(Aw;By)

UeOrb(Sy) UeOrb(S) WeOrb(T)
WeOrb(Ty)
|
oGD)x I [@(BUZCU)>< [T O(Aw;Bw) y
UeOrb(S) WeOrb(Ty)
rd
OGD)x [1 O(Ay;Cy) 4 > O(A;D)
UeOrb(S)

A morphism of C-colored discrete 7 -operads in V is a map of C-symmetric sequences in V preserving each
1¢ and intertwining y; we refer to the resulting 1-category as gOp;:r(V). <
Construction I1.1.34. Given a map of coefficient systems f: € — C’, there is an induced map of T -operads

triv (€)% — triv(¢’)® yielding a 7 -functor f: Xs — X, and hence a precomposition functor
f*: Fun(TotZ, V) — Fun(Tot £, V).

These are the cocartesian transport functors of a cocartesian fibration, which we call SSeq%-. A morphism of
colored discrete operads O® — P® is a morphism of their underlying objects of SSeq% which is compatible

with identities and composition. We refer to the resulting 1-category as gOp,(V). <

We write sOp%r = gOpg(sSet) and sOpy := gOp(sSet). In [BP21], a model structure was given to
sOp¢'; this was later shown to be Quillen equivalent to several other model categorical variations on G-operads
(e.g. [BP20, Tab 1]). Complementarily, [Bonl9| constructed a genuine operadic nerve functor of 1-categories

®. +
N®:s0pg; — sSet/(TotEGNNe)

whose restriction gOp(Kan) lands in fibrant objects in Nardin-Shah’s model structure [NS22, § 2.6], and
hence presents G-operads.
Moreover, gOps(Kan) agrees with the fibrant simplicial colored T -operads of [NS22, Def 2.5.4]; Nardin-

Shah [NS22] construct an analogous nerve functor
N®: gOpT(Kal’l) - SsetéatPatt(

TotFiny)

whose specialization to 7 = Og agrees with Bonventre’s nerve.
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These nerve functors can be understood as taking O € gOpgj—(Kan) to the Kan-enriched category over

TotFiny , with Ob(Os) = Cs and with mapping spaces

Mapos(CD) = | | [ owcuby)
S—npC—-mnpD UeOrb(np(D))

with evident composition and mapping down to MapTotFinT (toC, tpD) via the evident forgetful map.

I1.1.3.2 The conservative co-categorical lift N® has homotopical properties.

Proposition I1.1.35. N® preserves and reflects weak equivalences between one-color genuine G-operads in Kan

complezes.

ProoF. By [BP21, Thm II, Prop 4.31], the functor U : sOp¢y — Fun(X,sSet) is monadic and sOpgy
admits the transferred model structure from the projective model structure on Fun(TotgG,sSetQuiHen); in
particular, U preserves and reflects weak equivalences.

It is not hard to see that sseq is right-derived from a functor

+,
ssseq : sSet; "\, — Fun (TOtEGr sSetquillen )Proj

setting Osseq(S) = Tc(}l(lndgs — G/H); by Proposition I1.1.29 sseq is conservative, so ssseq preserves and
reflects weak equivalences between fibrant objects. Hence it suffices unwind definitions and note that the

following diagram commutes
N® +,0¢
sOpy ——— sSet/(EG’Ne)
x lssseq
Fun(Tot X, sSet)
O

In fact, the one-color assumption was unnecessary. We say that a map of genuine simplicial G-operads
@: O — P is a weak equivalence if it is an isomorphism on coefficient systems and for all profiles (C; D), the
map O(C; D) — P(pC; D) is a weak equivalence. These weak equivalences satisfy two-out-of-three (in fact,

two-out-of-six) by the same property for isomorphisms and for weak equivalences of simplicial sets.

Proposition I1.1.36. N® preserves and reflects weak equivalences between arbitrary genine G-operads in Kan

complezes.

PROOF. It is not hard to see that N® preserves and reflects the property of inducing isomorphism on

coefficient systems of colors, so we may fix a coefficient system of sets of colors € and verify that

.
NgZ: gOp¢(Kan) — Ssetj(EG,ﬂNE)
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preserves and reflects weak equivalences. Thankfully, we have the same tools as in the one-color case;

+C

Proposition I1.1.29 constructs a functor ssseq : SSEt/@T,Ne) - Fun(TotEosSetQuﬂlen)

_ which preserves
Proj

and reflects weak equivalences between fibrant objects, and Nfg is a functor over Fun (TotgosSetQuﬂlen);
by two-out-of-three for weak equivalences, N® preserves and reflects weak equivalences between fibrant

objects. O

Remark I1.1.37. In [BP21], another nerve functor 1,: gOp2(sSet)’¢ — gOp&(sSet) was constructed and

e

shown to furnish a Quillen equivalence for a model structure on gOp9°

(sSet)BG whose weak equivalences
and fibrations are preserved and reflected by the graph subgroup fixed points [],cr {(’)(n)r [T e Oze,,,r} for
the Quillen model structure on sSet. In particular, under the equivalence Unp Ogyy, r = BGX,, an object
O € gOp,(sSet)BC has an n-ary BgX, space O(n). In fact, unwinding definitions using [BP21, Rmk 4.38], we

find that there is an equivalence

N®,0(n) =~ O(n). <

I1.1.4 Boardman-Vogt tensor products of parameterized operads

BV
Construction I1.1.38. Fix an object V € 7. The Boardman-Vogt tensor product ® is the tensor product
associated with the magmatic structure on Finy , of Proposition 1.4.39, and the pointwise T -operad structure

on algebras is the associated internal hom via Proposition 1.3.67. <

Proposition 1.3.67 immediately implies the following.

Corollary I1.1.39. Fiz O® — P® a map of I-operads and C® — D® a map of I-symmetric monoidal co-categories.

Then, ilg%((]) s a I-symmetric monoidal co-category, and the canonical lax I-symmetric monoidal functors
Alg3(C) — Alg¥(C), Alg¥(C) — Algé(D)
are I-symmetric monoidal.

BV
Using this, in the one-color case we view O® ® P®-algebras as homotopy-coherently interchanging

O-algebra and P-algebra structures on a common T -object. Now, Proposition 1.3.68 specializes to the following.

Corollary I1.1.40. The V -symmetric monoidal envelope intertwines with the localized Day convolution structure
BV
Env ((’)® ® 77®) ~ Env(0®) ®Env (P‘g’).

In particular, [BS24a, Thm E] shows that this property identifies the non-equivariant Boardman-Vogt

tensor product, so we acquire the following.
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Corollary 11.1.41. When 7 ~ =, %v is naturally equivalent to the Boardman-Vogt tensor product of [BS24a;
HM23; HAJ.

BV
Additionally, we may characterize the ® -unit.

BV
Proposition I1.1.42. For all O® € Opy,, we have O® ~0® @ triV%; hence there exists a natural equivalence
jilgﬁiw((?) — 0%,
PROOF. The first statement implies the second by the usual folklore argument:

Map(O®,A_lg§iVV (P)) ~ Map (O® ® trivy, P®),

~ Map(O®, P?%),

so Yoneda’s lemma yields a natural equivalence A_lgfr’iVV('P) ~ P® The same argument in reverse shows that
the second statement implies the first.

By the definitional equivalences
trivy = Ly (1 Patt(+7)) = Lop, (+7 — Span(Fr)),

bifunctors triv?i x O — P correspond canonically with functors of 7 -operads O — P; put another way, using

the bifunctor presentation of Observation 1.3.63, this demonstrates that the forgetful natural transformation
AlgO@trivT(P) — Algy(P)
is a natural equivalence for all P® € Op;; Yoneda’s lemma then demonstrates that O%® %/ triv?i ~ 08, O
Using this, we have a sequence of natural equivalences

UAIgS(P) = Algyiy, Algd)(P)
= A_lg(9®trivv (P)

= Algo(P);
in particular, we’ve proved the following corollary.
Corollary I1.1.43. There exists a natural equivalence

UAIg%(P) =~ Algo(P).
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BV
We’ve shown in Proposition 1.3.68 that Env intertwines ® with ®, and we’ve now seen that triv?} is

BV
the ®-unit. In fact, Env intertwines units.
Proposition I1.1.44. Env;(trivy) is the ®-unit in CMon;(Cat)®.

PrOOF. By symmetric monoidality of the Day convolution structure, , when C* is cartesian, the free

object Fry(x) € CMonj(C) is the ®-unit, so we may apply Yoneda’s lemma to the equivalence.

Funf (Env(trivy)®, D®) ~ Alg,;, (D%) 11.1.19
~17D
~ Fun?(Frl +, D®)

:Fun?(léD,D@). O

I1.2 Basic examples

We now introduce a large number of basic examples of I-symmetric monoidal co-categories and [-operads.
As in the classical case, a good first step is cartesian and cocartesian structures; we introduce such structures
in Section I1.2.1 and characterize algebras in the cartesian case in terms of Segal 7 -objects over the associated
T -pattern; notably, this yields fairly simple presentations for the free O-algebra monad in cartesian cases
without any serious considerations about distributivity, allowing us to prove early that evaluation on 7 -spaces
detects “fully-faithfulness” of 7 -operad maps.

Moving on from this, we recognize in Section I1.2.2 that the cocartesian structure exists for all 7 -
categories C as a unital [-operad characterized by mapping-in and mapping-out properties, which is [-symmetric
monoidal precisely when C has I-indexed coproducts. By relating I-cocartesianness to I-semiadditivity, we
use this to prove that C_Alg?(D) is universal for the property that it is I-cocartesian and lies I-symmetric
monoidally over D®; we recover Cnossen-Lenz-Linskens’ semiadditive closure expression of CMon; as a
consequence.

Moving on to operad-leaning examples, we quickly move on to lift Lurie’s disintegration and assembly
procedure to 7 -operads in Section 11.2.3. The major upshot is that we may reduce ]g—computations of
T -space-colored unital I-operads to the reduced case. Following this, we take a short detour in Section I1.2.4
to describe the I-operad and I-symmetric monoidal incarnations of Sections 1.3.4 and 1.3.6; notably, in
Section I1.2.5 we recognize a type of localization of I-operads lifting the Morita 7 -localizations of Section 1.3.6,
ultimately strengthening the expression in terms of locally constant algebras from the cartesian case to

algebras in arbitrary 7 -operads.
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Then, we move on to a concrete source of examples in equivariant homotopy theory; in Section I1.2.6
we review a construction from joint work of the author with Juran of a G-symmetric monoidal co-category of
G-manifolds with arbitrary tangential structure and C*-embedding spaces, ultimately exhibiting the full
G-symmetric monoidal subcategory spanned by disks as the envelope of a G-operad Eg. In the fully framed
case, E% we exhibit a natural Ey-structure on V-fold loop spaces extending a well-known construction in
the finite group case and state a recognition principle due to Juran in the finite group case.

Crucially, in Section I1.2.7, we use the disintegration and assembly procedure to assemble Eg (and hence
Mg,u) as a Bg-indexed G-colimit of the fully framed case. As such, we recover Eg-algebras as Bg-indexed
diagrams of Egy)-algebras, with nontrivial action of the loop G-spaces in Bg jointly on the algebras and
operads. This will form the basis of reducing analysis of such objects to the fully framed case.

Indeed, following this, in the case of a finite group G, in Section I1.2.8 we establish a concrete topological
model for Ey in the realm of rectilinear embeddings of little polydisks; this interpolates between “affine” and
linear little cube embeddings in the nonequivariant case, and it is custom-fit as a model to exhibit later
additivity phenomenon.

Finally, in Section I1.2.9 we extend the notion of prefactorization algebras to this setting, in preparation
for later work on additivity of equivariant little disk operads. The upshot is that Ey-algebras embed fully
faithfully into U-prefactorization algebras as locally constant algebras, if U C M( V) is a reasonably nice
open cover; we show that decomposable little polydisks form such a cover, encapsulating the main topological

phenomenon behind little disk additivity.

I1.2.1 Parameterized Cartesian structures and O-monoids For the following two subsections, fix [ an

almost-unital weak indexing category. Denote by CATI™Y,CAT!™ c CAT the locally fully-faithful 7-

(00, 2)-subcategories with V-objects the V-co-categories with I-indexed coproducts (resp. products) and

V-morphisms the V-functors which preserve I-indexed coproducts (products). We will prove the following.

Theorem I1.2.1. There are fully faithful embeddings (=)=, (=)™ making the following commute:

_\-u _\-x
carl-w Ly car® T caTlx

v b o

CAT,

The image of (=)™ is the I-symmetric monoidal co-categories whose v(I)-units are initial and whose ®-

Wirthmiiller transformations

vll-
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are equivalences, and (=)™ their fiberwise opposites. Moreover, there exists a natural transformation

Toty C'™ — C such that postcomposition factors through a natural equivalence
Algo (C'™) —— Sego (C);
wm particular, we acquire an equivalence
CAlg; (€)= CMon (C).

We refer to I-symmetric monoidal co-categories satisfying the above condition for coproducts as
cocartesian, and for products as cartesian. Many similar definitions have been made in the literature. Luckily,

they all agree.

Remark IT.2.2. [NS22] constructed a pair of structures cU, ¢l which, after unwinding definitions, satisfy
the conditions of Theorem II1.2.1 in the case I =7 . In particular, there are unique I-symmetric monoidal
equivalences BorITC]—[ ~CI"Y and Bor?Cn ~ CI=* lying over the identity whenever C admits finite indexed
(co)products.

Moreover, [CHLL24b] introduced another structure, specifically a cartesian I-symmetric monoidal
structure on Fin,, and conjectured it to be equivalent to Nardin-Shah’s construction; this conjecture was
recently verified in [CLR25] by verifying universality of the unfurling construction used in Nardin-Shah’s
construction. We acquire an independent proof of this result without serious (oo, 2)-category theory: Cnossen-
Haugseng-Lenz-Linsken’s construction satisfies the condition of Theorem I1.2.1, so there is a unique pair of
I-symmetric monoidal equivalences BorITFi_ng[ ~ Fl_néf X~ Finy , lying over the identity.

Moreover, after drafts of this result were made public, [LLP25, Def. 2.15] constructed another structure,
which specializes to a cocartesian I-symmetric monoidal structure C'-L; by [LLP25, Lem. 2.16], in the
case that C has I-indexed coproducts, C!"U satisfies the conditions of Theorem I1.2.1, so there is a unique

I-symmetric monoidal equivalence C!~Ll ~ ¢I=Y lying over the identity. <

Remark I1.2.3. It follows from Theorem I1.2.1 that, given an inclusion J C I, the following diagram commutes

CATIY —— CAT® «—— CATL™

Bor}l Borfl Borfl

CATY —— CAT® «— CAT/ ™

ie. Bor}(—)l"-' ~ (=))7H. As a consequence, when it will not cause confusion, we will simply refer to ()" and

(—=)* and leave the ambient weak indexing category (which is almost always Fr= or Fy7)) implicit. <
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11.2.1.1 Semiadditivity as an I-symmetric monoidal equivalence We call I-symmetric monoidal co-
categories of the form CI™Y cocartesian, and C'™ cartesian. Now, by ®Wirthmiiller maps, we are referring to

the following construction.

Construction I1.2.4. Let C® be an I-symmetric monoidal co-category satisfying the property that 1, € T*0¢

is initial and let (Xy) € Cs be an S-tuple for some S € F;. The ®- Wirthmdller map for (Xy) is the map

S S
WS (Xy) ]_[XU —> @XU
U U
classified by the summand maps
Ws,(xy)u’ S
XW cl > RSSE ®WXW
1 1
Res); S-W id;! Res); S-W ’
)(W® UE‘:SU 1U’ (1—)> Xw® UP;SU RGS?](,U )Xo(U')

where o(U’) € Orb(S) is the orbit whose restriction contains U’. 1 exists and is initial by almost-unitality.
Dually, if C® is an I-symmetric monoidal co-category such that 1, € U the ®-coWirthmiiller map
WSCjXU): ®?JXU — ]_[?J Xy is the Wirtmiiller map for (Xgy)g in the fiberwise opposite C®VoP.

Note that, in the case that C® has all ® Wirthmiiller maps equivalences, the ® coWirthmiiller maps

are the ordinary Wirthmiiller maps; similarly, if the ®-coWirthmiiller maps are equivalences, then the

®-Wirtmiiller maps instead are the ordinary Wirthmiiller maps. <

This identification of (co)Wirthmiiller maps allows us to incarnate the ostensibly parameterized higher

categorical property of I-semiadditivity within the framework of parameterized higher algebra.

Corollary I1.2.5. An I-symmetric monoidal category is I-semiadditive if and only if it admits I-products and

coproducts and there exists an equivalence C'™5 =~ CI= lying over the identity.

PRrROOF. Employing the remarks in Construction I1.2.4, note that are assumption is equivalent to either
the condition that C'= lies in the essential image of (=)™ or that C'= in (-=)/=*. Under this assumption, it
follows immediately from Theorem II.2.1 that the essential image of Fu_n?D (CI -u.c! _X) — Funy (C,C) contains
the identity; conversely, if CI™ ~ CI"Y then C'™* satisfies both the x-Wirthmiiller and x-coWirthmiiller

isomorphims, so by the remarks in Construction I1.2.4 give the claim. ]

11.2.1.2 Detecting equivalences of G-operads by their algebras We postpone the proof of Theorem I1.2.1
until the end of the section, instead first focusing on its applications. First, combining it with with

Theorem 1.4.1 immediately yields the following.
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Corollary I1.2.6. Given O® € Op; and D an oo-category with finite products, there exists a natural equivalence
Alg, (MG(D)X) = SegrotTot; 0° (D).
In particular, we acquire a natural equivalence
CAlg, (Coeff®(D)*) ~ CMon;(D).

Now, for expositional reasons, we may use this to understand free O-algebra G-spaces far before free

O-algebras in other G-symmetric monoidal categories. Explicitly, we find the following.

Theorem 11.2.7 (“Equivariant [HM23, Thm 4.1.1]"). A map of T -operads ¢: O® — P® is an equivalence if

and only if it satisfies the following conditions:

(a) the T -functor Ugp: UO — UP is essentially surjective, and

(b) the pullback functor @*: Algp(Sy) — Algn(Sy) is an equivalence of co-categories.
In fact, we will prove the following stronger result.

Proposition I1.2.8. Suppose a map of T -operads ¢: O® — P® induces a 1y-bijection Up: O — P and an
equivalence Algp (CoeffTC) — Alg, (CoeffTC) for C a presentable and cartesian closed category. Then, the
induced C-map Fro O(B; C) — Fre P(@B; C) is an equivalence for all O-profiles (B; C).

Note that Propositions I1.1.29 and I1.2.8 together immediately prove Theorem I1.2.7. Now, we tem-

porarily import the following result of Chu-Haugseng.

Lemma I1.2.9 ([CH21, Cor. 8.2, Cor. 8.12]). Suppose © is an extendable algebraic pattern satisfying the
condition that (Df)l/ admits a zigzag of initial functors to a finite set for all O € © and C is a presentable and
cartesian closed category. Then, the forgetful functor Segy(C) — Fun(©¢,C) is monadic, and the associated
free Segal object endofunctor on Fun(©%,C) has value on F given by
FI‘@(F)(O) =] COhmO’e(O;‘g): Elelol’lgl1 F(E)
o’/

PROOF OF PROPOSITION I1.2.8. According to Corollary 1.4.35 and Theorem I.4.1 we are in the situation

of Lemma I1.2.9 for the pattern Tot O®. Now, note in this case that the essentially unique G-product-preserving

and G-colimit preserving functor §; — C sends

Fro (Fre X)) = Frooos (Fre X)) (D, V) = Fre Fryoos (X) (D, V) = Fre Fro (X))
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by the formula of Lemma I1.2.9. In particular, for each profile (C;D), it suffices to provide a diagram

Yc;p): UO — S and a natural splitting
14
Fro (y(c;D))D ~0O(C;D)U]c;p),v,0
for some junk space Jc;p),v; applying the monad to Frey(c;p) will then yield an equivalence
Fre O(C; D) UFre Jic;p)v,0 — Fre P(9C; D) U Fre Jic,py v, p

respecting the summand decomposition; in particular, it will yield the desired equivalence.
Now we embark on our goal. Write € = tqUO =~ 1ty UP. Note that we acquire, for each 7 -diagram

X: UO — S and V-equivariant color D, a natural equivalence of spaces

Fro X" (D) = Frro00 (X, V)(D)

1) = || |oscroix || xYicy)

(CD)EXe,y UenC hAuty C

~ . %4

= || (0(CfD)xmapg, s, (CX) )hAuth
(C.D)EX g, v

Now, for a profile (C; D), let &¢(C;D) be the somewhat-constant functor
map(—,(C;D))
UO—>C—X;y —S;
Indeed, now by definition there is a free Autg C-summand

Aut(C) cEnd" (C;D) = £¢(C;D)Y,

and the rest of the proposition follows as argued above. |

11.2.1.3 Pointwise indexed tensor products of O-monoids We will use Theorem I1.2.7 to study interchange,

for which we need the following.

Proposition I1.2.10. IfC has I-indezed products and O® is an I-operad, then the pointwise structure A_lg% (CI‘X)

18 cartestan.
Now, to prove this, we first need the following lemmas.

Lemma I1.2.11. U: Algy(D) — Fun, (UO,UD) creates T -limits.
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PROOF. We claim that each of the forgetful functors
Algo(D) — Funy /1o o (Toty O, D) — Funy, (UO,UD)

preserves 7 -limits; indeed the second follows immediately from Proposition 1.1.38, and for the latter, it suffices
to note that limits are defined pointwise by Proposition 1.1.38, and hence take diagrams of inert-cocartesian

arrows to inert-cocartesian arrows (see [NS22, Thm. 5.1.3]). O
Lemma I1.2.12. For all T -categories B,C such that C has [-indexed products, A—lgﬁiv(s) (CI—X) is cartesian.

PRrROOF. Under Theorem I1.2.1, simply apply Yoneda’s lemma to the natural equivalence

AlgOA_lgﬁiv(B) (C) = Algtriv(B)ilg% (C)
= Funy (B,Segon(C))

~ Sego (Funy (5,C))

= AlgO (A_lgtriv(b’) (C)I_X ) . 0

Lemmas 11.2.11 and II.2.12 reduce Proposition I1.2.10 to part (4) of the following lemma.

Lemma I1.2.13. Fiz F: D® — C® an I-symmetric monoidal functor.

(1) If F is I-coproduct preserving then there is a homotopy FWs x, )~ Ws r(x,)-
N N N co co
(2) If F is I-product preserving then there is a homotopy FWS,(XU) WS,F(XU)'
(8) If F is I-coproduct-preserving and conservative and C® is cocartesian then D® is cocartesian.

(4) If F is I-product preserving and conservative and C® is cartesian then D® is cartesian.

PROOF. For (1), since F is I-coproduct preserving, we’re tasked with constructing a homotopy making

the following diagram commute

vS— id;! VS—
F(XU® hesu S Ulw) _ F(XU® hesu'S UXW)
1 1R
Res) S-U id;! Res! S-U
Fxpo a1, — 1 5 Exy e QNS EXy

In fact, there is a contractible space of such choices. (2) follows by applying fiberwise-opposites.
For (3), applying (1) shows that FWs x, ) is an equivalence for all S € F; and (Xyy) € Dg, so conservativity

implies that W (x,,) is an equivalence, i.e. D® is cocartesian. (4) follows similarly from (2). O
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11.2.1.4 The trivial O-algebra A toy case for the study of interchange is interchange of Eg-algebras. We
now show how to use Theorem I1.2.1 to give a relatively elementary proof of the sharp version of [NS22,

Thm. 5.2.11], without use of [NS22, Thm. 5.2.10].

Definition II.2.14. We say that an I-operad O® is unital if O(@y;C) == for all C € Oy with V € v(I), and
reduced if also O(+y) = * for all V € ¢(I). More generally if F C v(I) is a family, we say that O® is F-unital
if O(@y;C) =« for all C € Oy and V € F and F -reduced if also O(+y) = * for all V € F; equivalently, O® is

F-unital (resp. F-reduced) if and only if BorfmFFO® is unital (reduced). <
A minimal example is the following.

Example II.2.15. Given the almost-unital weak indexing category Iy r corresponding with the weak indexing

system

{@y,+v} VeF
FY .
T,0F
{*v} otherwise,

we define the 7 -operad IE‘(?}. = NI?;' )

Corollary I1.2.16. Given O® a T -operad, the following conditions are equivalent:

(a) O® is F-unital,

(b) the map O® =~ O® ® trivy — O% ® Efi}- is an equivalence, and

(¢) the forgetful T -functor Algg, (O) — UO is an equivalence.

(d) for all T -operads C® such that UC admits a terminal F-object, A_lgg(C) is F -unital.
If these are satisfied for F =T, and moreover C® underlies an O-monoidal co-category, then the full T -
subcategory of V-objects A € Alg;n(C)V whose unit U-maps 1y — A(X) are equivalences for all X € UOY and
U — V is contractible.

Finally, if C underlies an I-symmetric monoidal category and O has one color, then under the equivalence

Alg,n(C) ~ Algn(C), the trivial V -algebra and unit V -object agree.

We refer to the algebra described in this corollary as the trivial O-algebra in C. Before proving it, we

note an immediate corollary which will become useful later.

BV
Corollary II.2.17. Eg’f € Ops is an ® -idempotent Ey-algebra under the unique map triv?ﬁ — ng,' a

T -operad is an ]Eg’lf-module if and only if it is F -unital.

The following lemma follows by unwinding definitions, noting that all V-objects lying over S, for S

nonempty admit empty spaces of inert arrows to the object lying over @y ..
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Lemma I1.2.18. O® is F-unital if and only if Toty O admits initial V -objects for all V € v(F); in this case,

these V-objects lie in the (contractible) fibers Co,, C (Totr oV,

Motivated by [HA, Rmk. 3.2.1.3], we see that triviality is witnessed by cocartesianness of the corre-

sponding arrows from this initial object.

Lemma I1.2.19. Given an object X € Alg/o (C), the following conditions are equivalent:
(a) X is trivial,
(b) the corresponding section Toty O — Toty C sends the unique V-arrow uc: 0y — C to a cocartesian
arrow for all CeCV, and

(c) the corresponding section Toty O — Toty C is cocartesian.

PrOOF. Since 0y € (Toty O)V is initial, (b) is made equivalent to (¢) by noting that, for all V-arrows

f: C - D, cancellation for cocartesian arrows [kerodon, Tag 01V5] applied to the factorization X(0) —
X(C) — X(D) of the map X(0) — X(D) shows that Xy is cocartesian.

Now, the claim is that X, . is cocartesian if and only if the unit map X, — Xc is an equivalence; this

follows by uniqueness of cocartesian arrows. O

The category of such things turns out to be contractible (c.f. [NS22, Prop. 5.2.8]).

Lemma I1.2.20. If O® is unital and C® is an O-monoidal co-category, then FuncToﬁaTr;tTO (Toty O, Tot7 C) is

contractible.

PROOF. As noted in [NS22, Lem. 5.2.7] (which does not use orbitality of 7), since 0 € Tot7 O is an initial

T -object, evaluation at 0 induces an equivalence
Fun®@,  (Toty O, Toty C) —— Cy;
the Segal conditions for O-operads confirms that this is contractible. O
Using this, we immediately acquire the following.
Corollary I1.2.21. Suppose O® is unital. Then, Algn (§T) XFung (U0,57) {7} is contractible.

PrOOF OF COROLLARY I1.2.16. Applying Theorem I1.2.7 and Theorem I1.2.1, to exhibit (a) and (b) as

equivalent, it suffices to prove that the postcomposition functor

Algg, Sego, (S) = Segol(S)* — Sego, (S)
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is an equivalence for all V € F, i.e. the righthand oco-category is pointed. By restriction-stability of our
assumptions, we may assume that V € 7 is terminal. Then, we explicitly use the monad description of
Eq. (21); note that

Frp @V (D)~ O(@;D),

by x-absorption and colimit-closure of {@}; this is terminal in Sy for all (V,D) if and only if O is unital.
Since U: Seg, (S) — Funy (UO, §T) is conservative and preserves limits, this is further equivalent to Frp @
being terminal in Seg, (S); it is the image of an initial object under a left adjoint, and hence initial, so this is
equivalent to pointedness, i.e. (a) & (b).

Note that the adjunction InﬂX 4(=)V provides an equivalence
1% 1%
Algg, -(0)" =~ Algg (O7)

for all V € F; in particular, F-unitality is detected fiberwise, so to identify (b) and (c), we are reduced to the
nonequivariant unital case. Moreover, applying the arity Borelification adjunction for Iy C F constructs an
equivalence

Algg, (0) = Algg (O x5, TotE).

Now, it is easy to see that the strong Morita class of E is presented by the algebraic pattern structure on A
with no morphisms inert and {0} elementary (and this is claimed as [HA, Ex. 2.1.4.9]), so we are reduced to
proving that

evg: Fun/a (Al,(’) XF, Al) — Oxp, {1}
is an equivalence if and only if the contractible subcategory O xg {0} C O xp_ A! is initial; but using the Segal
condition for multimorphisms, this is equivalent to it being initial in O, i.e. O being unital via Lemma I1.2.18,
so (b) = (¢).
Now, after these equivalences, (b) < (d) is easy:
Algg(C) is F-unital YC =  Algg, , Algo(C) —— Algp(C) ¥ C via (c)
& Algg, ,50(C) —— Algo(C) VC

= 0®— Eor®0 Yoneda’s lemma.

Contractibility of the space of trivial algebras follows by combining Lemmas I1.2.19 and 11.2.20. The final

statement follows by unwinding definitions. O
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I1.2.1.5 The I-symmetric monoidal category CI™% . We now focus on the algebra statements within
Theorem I1.2.1. Define the (non-full) 7-subcategory I} C Ar(F;,) to have V-objects given by summand
inclusions of pointed V-sets S, <> S, and morphisms of V-objects given by maps a: S, — T, with the

property that a~! (T+) cSs,.
Lemma I1.2.22. Under the natural equivalence
{Sitxp, LT = 2v(S),

where Py (S) is the V-poset with U-value given by U-subsets of ResES ordered under inclusion, a V-arrow

f:(TcT)— (S CS) is cartesian if and only if T = f‘l(g); in particular, I — F; . is a cartesian T -fibration.
As a consequence, we can use this for a clever pairing construction.

Proposition I1.2.23. Given C a T -co-category, the exists a cocartesian T -fibration p: Totr > - F;.

characterized by a natural equivalence
Funy » (K, Toty C') =~ Funz (K xg, I},C).
Moreover, given a V-arrow f: Sy — T, in F; ., under the equivalence
Funy /p, (él,TotT Ej_x) ~ Funys (él XfF,, [T,C),
a V-arrow a from F: 2(S) — Cy to G: P(T)— Cy corresponds with a V-natural transformation
a: F = 2(f)G,
which is cocartesian if and only if, for all T’ C Resg T, the associated U-map
ap: E(a™(T")) — G(T')
s an equivalence.
PROOF. We simply make the definition

Toty C'™* = Fung, (L},CxE,.),

i.e. writing p: I} — F;, and 7: F;, — #7, we define

Toty CI ™ := p,p*1*C,
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using cocartesianness (hence exponentiability) of p via Lemma I1.2.22. Note moreover that C xF;, —F; s
cocartesian, with cocartesian V-arrows those which project to equivalences in C; the mapping property and

cocartesianness then follows by combining Proposition 1.1.57 with the natural equivalence equivalence
Fung s (= 7*C) =~ Funy (1,-,C).

The description of cocartesian arrows also follows by combining the above descriptions of cartesian arrows of

T} and cocartesian arrows of 7*C with the description of cocartesian arrows from Proposition 1.1.57. O

We’re ready to make the correct construction.

Construction I1.2.24. We define the full 7 -subcategory Toty CI™ c Tots C1> spanned by V-objects over S,
corresponding with V-functors #(S) — Cy satisfying the property that, for all U —» V and T C Res{/] S, the

maps Res% F(T)— F(W) associated with orbits W C T exhibit as F(T) as a T-indexed product

T
F(T)—— [ [F(W)
w

in C; since we’ve quantified over restrictions, this is manifestly restriction stable, and hence a well defined full

7T -subcategory. <

Proposition I1.2.25. Tot; C/™ — F; . is a cocartesian T -fibration; moreover, it is an I-symmetric monoidal

oo-category if and only if C admits I-indezed products.

PROOF. For the first statement, it suffices to observe that the cocartesian VOarrows described in
Proposition 11.2.23 lie in Tot7 C!™*. For the second, note by unwinding definitions that cocartesian transport

induces a fully faithful functor

this is essentially surjective if and only if C admits [-indexed products, as desired. ]

We CI=* for the I-symmetric monoidal co-category of Proposition 11.2.25. For the time being, we only

characterize one direction of the essential image.
Lemma I11.2.26. C'™* satisfies the condition that Ws is a natural equivalence for all S elF;.

PROOF. Inert-cocartesian transport to orbits is precisely the arrows F(T) — Res% F(W); these altogether

classify an equivalence ®Tw F(W)=~F(T) — ]_[71,;, F(W) by assumption. (]

I1.2.1.6 Algebras in C'™* We now do painful category theory.
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Observation 11.2.27. The section 1: F; , — I'Y induces a natural transformation

K~K XEI,* EL* — K XEI,* E}(,

which induces a natural transformation Tots C!=* - C under Yoneda’s lemma. <

We will first prove the following proposition:

Proposition I1.2.28. Given O® a I'-I-preoperad, the composite T -functor
Algo (@_X) cFuny p (TotT O®, Toty CI_X) —> Fun, (TotT O®,C)

18 an equivalence.

To prove this, we first make the following observation:

Observation I1.2.29. Given a 7 -operad, the projection
P: Toty o® XF, . E; — Toty o®

admits a 7 -left adjoint L sending X € Og to (X,S C S); the unit map of this adjunction is evidently an

equivalence, so L is additionally fully faithful. <

Now, the proposition reduces immediately to the following lemma.

Lemma I1.2.30. The following conditions are equivalent for @: Totyr P — TotTg a map with corresponding
map ¢’: Totr O xp, Iy —cC:
(a) @ is a map of T'-I-preoperads.
(b) For all V-morphisms « in Toty O® g, , I} whose image in Toty O is inert, ¢’(a) is an equivalence.
(c) If f: (S.,S,F,X)—(S,,S,F,X) is a cocartesian lift of the corresponding inert V-morphism, then
@(f) is an equivalence.
(d) The composite Toty O% 2, Toty C1™% — C is homotopic to Q.

(e) The composite Toty O® 2, Toty CI™% — C is T -right Kan extended from @’ along L.

PROOF. Proposition I1.2.23 immediately implies that (a) & (b) < (¢) < (d). (d) = (e)

follows from Lemma 1.1.40. O

We're ready to characterize algebras.

Proposition I1.2.31. The composite functor

Algo (CI_X) — Algp (@_X) ~Fun; (Tot;— (’)®,C)
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is fully faithful with image spanned by the Segal Toty O-spaces.

PROOF. Since Toty CI™ < Tot, 1> id s monomorphism of 7 -co-categories, it is a monomorphism of
I-I-preoperads, giving fully faithfulness. It suffices to prove that an algebra ¢: Tot; O%® — CI factors
through C'= if and only if it is a Segal object; but this follows immediately by comparing Construction 11.2.24

with the Segal conditions of Corollary 1.4.35. ]
We will continue putting off the proof of Theorem II.2.1 for a bit longer.

I1.2.2 Parameterized cocartesian structures and commutative algebras As in Construction I1.2.24, we will
construct an extension of (—)/~ to all input 7 -categories. In the cartesian setting, this produced cocartesian
fibrations T-I-preoperads, with the Segal conditions encoding existence of I-products; in the cocartesian
setting, we will instead construct an I-operad, with cocartesian lifts for active morphisms encoding existence

of I-coproducts.

Theorem 11.2.32. The color T -(co,2)-functor U: Q‘Imi —> CAT; admits a fully faithful T -right adjoint

(=)= making the following diagram commute

CAT ™ —— CAT?

| !

CAT; < OPp™

In particular, when O® is a unital I-operad, the forgetful T -functor
Algo (€'™) — Fun, (UO,C)
s an equivalence.

Essential uniqueness of the square is automatic from the fact that all of the arrows involved are locally
fully faithful, and hence monomorphisms; moreover, the horizontal arrows are fully faithful, with essential
image of the top one quite explicitly described in Theorem I1.2.1. As a consequence, our strategy will be to
perform another explicit construction (=)™, use it to conclude the proof of Theorem I11.2.1, and explicitly
compute its 7 -oco-categories of algebras in analogy with the parts of the Theorem II.2.1 we have already
developed.

Of course, before we do any of that, we first explore further corollaries.

11.2.2.1 Pointwise tensor products of I-commutative algebras are coproducts Theorem I1.2.32 shows that
every object in a cocartesian I-symmetric monoidal structure bears a canonical I-commutative algebra algebra

structure, i.e. CAlg;(C) — C is an equivalence. In fact, we may show a converse.
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Corollary I1.2.33. The following are equivalent for C® € Cat?.

(a) C® is cocartesian.
(b) For all unital I-operads O%, the forgetful functor Alg,(C) — Funy (UO,C) is an equivalence.
(¢) The forgetful T -functor CAlg;(C) — C is an equivalence.

(d) There exists an [-symmetric monoidal co-category D® and an equivalence CAlg?(D) —C®.

The implications (a) = (b), (c) are simply Theorem I1.2.32. For the implication (b) = (a), note
that Corollary I1.2.16 implies that C® is unital; hence Yoneda’s lemma applied to Op‘Imi constructs an I-operad
equivalence C® ~ C!™Y, which is automatically I-symmetric monoidal. The implication (c) = (d) follows by

neglect of assumptions. To summarize, we’'ve arrived at the implications
(d)
(22) \
(b) = (2) = (@

Our workhorse lemma for closing the gap is the following.

Lemma I1.2.34. The following are equivalent for P® € Opy:
(e) The T -co-category Algp(Sy) is I-semiadditive.

(f) For all O® € Op}mi, the forgetful functor

A1g0®p(§7— ) = Algoilg%(éf) - AlgtriV(UO)A_lg%(§7—) ~Fungy (UO, Algp(S7))

is an equivalence.
. BV BV
g) For all O® € Op™™ | the map triv(0)® ® P® - 0% ® P® is an equivalence.
Pr

(h) For all O® € Op¥™ and Q® € Opy, the forgetful T -operad map

Algdp(Q) = AlgoAlgh(Q) — Algh (0 AlgH(Q)

is an equivalence

PRrROOF. Since Proposition I1.2.10 shows that Bor%’A_lgg(§T) is cartesian, Corollary I1.2.5 identifies
the bi-implication (¢) <= (f) with (a) <= (b) applied to Bor?A_lg%(QT). (f) = (g) follows from

Theorem I1.2.7, and the implications (g) = (h) = (f) are obvious. O

PROOF OF COROLLARY I1.2.33. After the implications illustrated in Eq. (22), it suffices to show for all

D® € Cat? that CAlg;(D) satisfies (b), i.e. (d) = (b); by Lemma I1.2.34, it suffices to prove that CAlg;(S;)
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is I-semiadditive. But in fact, Theorems [.4.1 and I1.2.1 and Corollary 1.4.35 construct equivalences
=
CAlg/(S7) = Segrot, A, (S7) = Segy, (S7) ~Funf®(F;,,S7),

and the latter is I-semiadditive by Proposition 1.1.116. O
In the cartesian setting, we have reproved a result of Cnossen-Lenz-Linskens. To state it, let CATIf ®c
CAT; be the locally fully faithful 7-(co, 2)-subcategory spanned by 7 -co-categories with I-indexed products

and I-semiadditive 7-functors (see [CLL24, Def. 3.18]). The following is a specialization of [CLL24, Thm. B|

to the < 0-semiadditive parameterized case.

Corollary I1.2.35. The construction CMon, : CATIT_>< — CATIT_EB s right T -adjoint to the fully faithful

. , I-® I
inclusion CAT ™ < CAT X,

Proor. We have a counit natural transformation CMon;(C) — C which is an equivalence if and only if

C is I-semiadditive. This construction is cosmashing, so this is enough. (|

Remark I1.2.36. This, for instance, provides an absorption natural equivalence CMon,CMon,(—) =~ CMon,(-)

whenever | C I; for instance, CMon;CMon(-) = CMon,(-) whenever I is an indexing category. We will

explore this more in Section III.1, as a form of Eckmann-Hilton argument. <

I1.2.2.2 The construction of C'™Y Now, we move on to the proof. First, define the full 7-subcategory

r ::{U+i>s+

Ue Ty} Ar(E,);

that is, the V-objects of ['; are pointed I-admissible V-sets with a distinguished orbit, and the V-morphisms

of ['7 preserve distinguished orbits. This possesses a target forgetful 7-functor ¢: I'7 — F; .

Proposition I1.2.37. t is exponentiable; hence, given C a T -co-category, there exists a T -co-category Toty CI~H

over TotF; . satisfying the universal property that there is a natural equivalence
Fung g, (K, Toty Cz—u) ~ Funy (D X, I7.C);

Proor. By Corollary 1.1.54, given a composable sequence of pointed V-set maps R, L S, LR T, and
orbits Ug C R and Up C T, such that gf(Ug) = Ur, we’re tasked with proving that the category of orbits
Ug C S such that f(Ug) = Us and g(Ug) = Ur is weakly contractible; indeed, it is just {Ug}, which is
contractible. O
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A V-object of Toty CI™Y may be viewed as S, a pointed V-set and C = (Cyy) € Cg an S-tuple of elements

of C, and a V-morphism f: C — D a map of pointed V-sets S, — T, together with a collection of maps
{fw: Indf},Cy - Dy | W € f1(U))

for all U € Orb(T). Unwinding the universal property for cocartesian arrows, we find the following.

Proposition I1.2.38. A map f: C — D is 1t-cocartesian if and only if {fw} witness Dy as the indexed coproduct
fHw)
]_I CW — DU
w

for all U € Orb(T). In particular, f is inert if and only if the following conditions are satisfied:

(a) The projected morphism 1(f):S — T is inert.

(b) The associated map Cr-1(yy — Du is an equivalence for all U € Orb(T).

Hence 1t: Toty CI7H — F; . presents a I'-I-preoperad cl-u,

Corollary 11.2.39. C'"Y is an I-operad which is an I-symmetric monoidal co-category if and only if C admits

I-indexed coproducts.

ProOF. It follows from Proposition 11.2.38 that Toty CI™" — F; . is a cocartesian fibration if and only if

C admits I-indexed coproducts, so it suffices to verify the following conditions:

(b) cocartesian transport yields an equivalence

Cs ~ ]_I Cu;
UeOrb(S)

(c) cocartesian transport yields an equivalence

N Ty—U
Mapii3o(CD)= | | Mapyig (Cu.D).
UeOrb(S)
In fact, each condition follows from Proposition I1.2.38. ]

Observation I1.2.40. It follows from the above discussion that U(C)=C. Moreover, it follows from Proposi-

tion I1.2.38 that C'™Y is cocartesian when C has I-indexed coproducts. <

L1t is here that we use almost-unitality for the cocartesian setting; if I was not almost essentially unital, then there would exist some S

whose I-admissible orbits do not together cover S, so cl-u Tot[F; , would not be an inert-cocartesian fibration.
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Given O® a unital I-operad, define a diagram of Cartesian squares in Caty.

UO —— Tot;y O — Tot; O
| |

*T < > E; > E[,*

The V-objects of Toty Or consist of triples (S,, U, X) where U € Orb(S) and X € Og, and the image of 1 is
equivalent to the triples where S € 7/, hence U = S.

Further note that cocartesian transport along the inert morphism U, < S, induces an equivalence
Mapry,, ov (1Y, (S, U, X)) = Mapry, or (1Y, (Uy, U, Xy)))
for all Y € UOV .2 In particular, 1 witnesses UQ as a colocalizing T -subcategory, with colocalization 7 -functor
R(S,,U,X)=(U,U,Xy).
This interacts with Kan extensions via the following lemma.

Lemma I1.2.41. Fiz a 7T -functor A: Tot7 Or — C. Then, the following are equivalent
(a) The corresponding map Toty O — CI™Y is a map of I-operads.
(b) For all V-morphisms a in Toty Or whose image in Totr O is inert, A(a) is an equivalence in C.
(c) If f: (S,,U,X)— (U, U,Xy) is a cocartesian lift of the corresponding inert V-morphism, then A(f)
is an equivalence.

(d) A is T -left Kan extended from O.

Furthermore, every T -functor F: UO — C admits a left Kan extension along UO < Toty Or; in particular,

the forgetful functor Algn(C) — Fun(O,C) is an equivalence.

PrOOF. (a) < (b) follows immediately from Proposition 11.2.38. (b) <= (c) is immediate by

definition. (¢) & (d) and the remaining statement both follow by Lemma I.1.40. O

11.2.2.3 Putting together the proofs The following observation is crucial.

Observation I1.2.42. Let F: D® — £® be a lax I-symmetric monoidal functor. Then, the universal property

for cocartesian arrows constructs, for each active arrow Indgs — V, an arrow

S S
ns: RF(-) = F[@—

U U

2 This utilizes unitality of O®, as we implicitly use that, for each orbit U’ € Orb(S) other than U, the space O(Dy/; Xy) is contractible.
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such that F is I-symmetric monoidal if and only if pg is an equivalence for all S € F;. In particular, in the
case of the lax I-symmetric monoidal functor F: D® — CI7! classified by a functor G: D — C, the arrow %
has the type

o~ )

U

moreover, unwinding definitions, in the case that D® is an I-symmetric monoidal structure on C and, G is
the identity, and 1, € T*(DO is initial, this map is precisely the ® Wirthmiiller map constructed in Construc-
tion I1.2.4. In particular, we’ve observed that the identity classifies an [-symmetric monoidal equivalence
C® — CI"Y if and only if C® is I-cocartesian, i.e. it has I-admissible ® Wirthmiiller isomorphisms.
Alternatively, if D® is cocartesian, then the arrow p is the assembly map for S-indexed coproducts; that

is, F is I-symmetric monoidal if and only if G is I-coproduct preserving. <

PrOOF OF THEOREM I1.2.1. Let C C CAT? be the full (oco,2)-subcategory spanned by cartesian I-

symmetric monoidal co-categories, and consider the composite 7 -(oo, 2)-functor
@: C <> CAT? — CAT;.

It follows by Observation 11.2.42 that ¢ is locally fully faithful, with image the locally fully faithful 7 -(co,2)-
subcategory CATIT’ *. The corresponding section CAT, ~ C < CAT?9 is the desired embedding. Moreover,
the expression on algebras simply follows by combining Proposition 11.2.31 and Theorem 1.4.1. The dual

embedding of CAT%"‘I follows by taking fiberwise opposites. O

PrROOF OF THEOREM I1.2.32. The algebras statement is a straightforward corollary of the existence of
the right 7 -adjoint, so we prove that and construct the commutativity. Indeed, the construction (=)™ =
t.t'm(—): CAT; — CAT /F,. lands in the locally fully faithful subcategory @}mi and makes the requested
square commute by Corollary 1.1.21 and Observations I1.2.40 and I1.2.42; moreover, it is fully faithful and

left adjoint to the inclusion by Lemma I1.2.41. |

I1.2.3 Disintegration and assembly of parameterized operads This section concerns various notions of
families of T -operads, together with a convenient model for them, called generalized T -operads.

I1.2.3.1 Disintegration for generalized T -operads We will generalize [HA, § 2.3.2] as follows. Recall from
Section 1.3.3 that we have a 7 -algebraic pattern TothT F; with the same underlying category and factorization

system as Tot[F7 ., but elementary objects (S, V) such that S € {@y,*y}.

Definition I1.2.43. The (oo, 2)-category of generalized T -operads is

Op$e" := FBRS(Tot' FY ). <
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Applying Proposition 1.4.28 gives the following concrete description.

Proposition 11.2.44. A functor np: TothTotT 0® — TothET'* presents a generalized T -operad if and only if

the following conditions hold:

(1) TothTotT O%® has inert-cocartesian lifts.
(2) For each orbit V € T and finite V-set S ~ Uy U--- U U,, inert-cocartesian transport supplies an
equivalence

OS — OU1 onav XOZV OUn

(8) Inert-cocartesian transport yields an equivalence

ficD) ~ . .
Mul,(C; D) =~ O(CUI ; Dy, ) XMapgyo(Cay.Doy) ™ *Mapg,o(Coy Doy ) O(CU,,'DUn)

Now, TotﬁIF‘T,* is disintegrable by Corollary 1.4.26, yielding the following corollary to Proposition 1.3.41

and Lemma 1.3.45.

Corollary 11.2.45. Fiz O® a T -operad. There exists a fully faithful T -(co,2)-right adjoint

Sh@

— T

G
OP7%0e — CAT,

constp(=)®=(-xToth 0)

Moreover, the fibers of P® — constpsh(P)® are T -operads over O®, assembling to an equivalence

G
OP7jo Xsh,Cat, ST = J Fun; (X,0p7,0)-
XeeSr
in the case that UO ==7. In particular, there exists a factorization of full subcategory inclusions

i Gen int—cocart .
OPT,/O® E— OPT,/O® C CATT,/TotTO’

yielding an equivalence OPr j08 ~ sh(_g1 (*7).

11.2.3.2 Reduced endomorphism I-operads We will also disintegrate unital 7 -operads along maps to
cocartesian structures, generally reducing the study of them to reduced 7 -operads in the 7 -space colored

case. The relevant construction is the following.
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Proposition I1.2.46. The inclusion Opreol ~ OpreOl ;= Opurll / has a right adjoint given by pullback

Endy*4(0)® —— 0®

(23) |- ln

NE, —}>U(9U

In the case that C® is a unital I-symmetric monoidal co-category and X € Cy is a V-object, mapping in from

BV
the free unital I-operad Frop(S) ® Eq 1) on an operation in arity S € Fyy yields a pullback

Endy"? (0)(S) — Map, (X*%,X)

l J i

(V) ——— Mapg, (X“5,X)
i.e. EndI jred (0)(S) is equivalent to the space of lifts as in the following dashed arrow in CV

XI_ISL)X

P
Ws,xl e l,

X®S ' -
PRrROOF. We will apply the general reduction procedure of [SY19, Prop. 2.1.5] to the sliced adjunction

U*:Op?’%g /———>E Catr ,: 11*(—)1_'—',

whose right adjoint is (-=)/™" together with the precomposed structure map

LN® LU el

E® 7

0,v(I)

Indeed, Caty , admits an initial object *7 ~ UE ;1) and OpI E® admits all limits, which are preserved

0 11(1)/

red js initial by Corollary I1.2.16, there is a unique

by U since it is a right adjoint. Moreover, Eg (1) € Op]
equivalence N[, ® ~ *I Y by Theorem I1.2.32, and O® € Opunl o/ corresponds with a reduced I-operad if and
only if UO® € Caty, is initial, so the first claim follows by [SY19, Prop. 2.1.5].

To acquire the second pullback square, one need only note the natural equivalences

BV
MapOpT (FrOp(S> ® EO,U(I)I C®) ~ Mapcv (X®S,X),

BV
Mapg,, (FrOp(S) ® Eo,u(1) Nfio) =%

The result follows by noting that # induces W§’X and the bottom arrow includes the fold map V. O
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[SY19, Prop. 4.2.8] introduced a result on connectivity of such spaces of lifts, immediately yielding the

following corollary, which we will need later.

Corollary 11.2.47. If X €CY is a (k+ €+ 2)-truncated object and the Wirthmiiller map Ws x: XS — X®S s

C-connected, then the space Endgéred(C)(S) 18 k-truncated.
Given a reduced I-operad P® and a V-object X € Oy, applying P-algebras to Eq. (23) yields a pullback

,red
Alggesr p Endy(0) — Algp(0)"

(24) | - lu

X} —— vo¥

In the case that UQ is a 7 -space, U is automatically a cocartesian fibration; thus the entire 7 -category
Algp(O) is recoverable from its algebras with fixed underlying V-object. We’ll exploit this to assemble
O® from its reduced endomorphism operads soon; before then, we see that we still recover quite a lot of

information in the general case.

Proposition I1.2.48. Suppose P® — Q% is a morphism of I-operads inducing an equivalence of spaces
* I,red ~ I,red ~
Py : AlgResggEndx 0 — AlgResngndX (0)

for all V€T and X € UOy. Then, the induced map of T -spaces

Algo(0)” — Algp(0)~
18 an equivalence; in particular, passing to T -fixed points, the induced map of spaces
Alg(0)” — Algp(0)~
18 an equivalence.

PrOOF. Taking cores of Eq. (24), we find that that ¢y~ is the induced map on the homotopy fiber over

X of the following map of 7 -spaces over UQ:

Algo(0)* 5 Algp(0)*

\}/

*

@~ is an equivalence if and only if its V-fixed points are an equivalence for all V € 7, and the homotopy
fibers of ¢*>"V are contractible by the above argument, so ¢ is an equivalence for all V. Hence ¢~ is

an equivalence, proving the proposition. O

171


https://arxiv.org/pdf/1808.06006v3#page=30

SECTION II.2. BASIC EXAMPLES
11.2.83.3 Assembly for unital T -operads We will conclude the following.

Corollary 11.2.49. Taking reduced endomorphism operads yields an equivalence
ngni XU,Caty Sr= j Fun, (X:Qli’g?d);
T XeSt

the restricted inclusion Fun (X,Qp%‘?d) — Qp%ni takes an X-indexed T -colimit, i.e. witnesses an equivalence

0® ~ colim,_;; End’*4(0)

whenever O% is T -space colored.

In particular, this identifies generalized 7 -space shaped 7 -operads with reduced fibers equivalently as
unital 7 -operads. This will be powered by disintegrating along maps to cocartesian structures, for which we
need the following.

Construction I1.2.50. Fix C a 7 -co-category. Then, pullback along the projection (—) XE, , I} — () determines

a natural transformation
Funy /g | (—, Totr CI_"') ~Fungs (— XF,, B,C) «— Funr (-,C) ~Funz s, (—,C X EI,*)'

which corresponds with a 7 -functor y: CxF;, — Toty C'~Y under Yoneda’s lemma. Note that ¥(C,S)~ASC.

Moreover, this is compatible with T-I-preoperadic structure in the case C = Toty P®:

id x7t
F; , x Toty P® L

so in particular, y becomes a bifunctor under the alternative structure map p. <

We will eventually use ¥ to describe wreath products. First, disintegration.

Lemma II.2.51. When X is a T -space, the T'-I-preoperad map y: Patt(X)xF; — Totr XU s a strong

Morita equivalence; in particular, it is an Lop, localization map.

Proor. We must verify the conditions of Corollary 1.3.31. By unwinding definitions we find that Tot y

is an iso-segal morphism, and in particular it is a strong Segal morphism; Condition (ML-b) is obvious.
act

/y(x,S)
in Fy together with elements (yy)r € XT with distinguished paths yy ~ x within XY; in particular, by

For Condition (ML-a), note that the V-elements of (XI_'-') correspond with maps f: T — S
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oy he subspace F 7
( 75)) onto the subspace 15 ©

contracting paths, we may construct a deformation retract of ((TotT xI=u )/y N

((TotIXI“—')

act
/y(x,

Similarly, we may perform a deformation retract of ((X XEL*)

S))_ of identity paths.
act

/(X’S)) onto the summand IFI:,/S C

t >~
((X x[F;, )j(cx S)) of identity paths. It follows by unwinding definitions that these are taken isomorphically onto
each other; alternatively, one may note that the induced endomorphism of IFI: /5= ]_[errb( s) ]_[TeIFI U BAut;(T)
is a product of coproducts of maps classified by torsor maps Auty(T) — Auty(T), which are automatically

isomorphisms, implying that our map of 1-truncated spaces is an isomorphism on 7ty and on 777 at all

basepoints. 0

Warning I1.2.52. A closely related analog of Lemma I1.2.51 is claimed in [HA, Rmk. 2.4.3.6] in the case T =*
without the assumption that C is a space; as pointed out in [KK24, Rmk 2.3] Lurie’s claim (and hence proof)

is incorrect in general, but the claim was verified in loc. cit. when C is a space. <

As a consequence, we may define the assembly T -functor
a=Lop,y: Funy (X,Qp‘[mi) =~ Fbrs"M (Patt(X) X ELT) — Op¥™i.
This is not such a strange construction:

Lemma I1.2.53. « is naturally equivalent to the T -colimit T -functor.

*

Proor. LOpITCXI—u!)/g 4 )/*T(X1_u,

and the latter is equivalent to A: Op; — Funy (X, Opy). ]

Following this, the author suspects there may be some more general disintegration and assembly picture
centered on unstraightening/laz colimits which will allow X to have non-invertible morphisms. We won’t

discuss this further, instead concluding here.

PrOOF OF COROLLARY 11.2.49. As in the proof of Proposition 1.3.50, we must verify the conditions of
Lemma 1.3.49 for the U < (—=)!™Y adjunction of Theorem I1.2.32. That is, we must verify given a cartesian

square
P — O®

XI—u s Uol—l_l
that P® — XY classifies an equivalence UP —— X;; this follows by the fact that U itself is a right adjoint
by Corollary II.1.9.
In particular, this yields an equivalence

Qp}lnl XU’%T §T ~ J‘ U_l (X)
XeSr
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The result then follows by noting that colimits provide a natural equivalence
Fun; (X,0p}d) —— UH(X)

by Lemmas 11.2.51 and 11.2.53. (]

I1.2.4 Parameterized symmetric monoidal subcategories, localization, slices The following is an immediate

consequence of Theorem 1.3.51, and allows us to construct many examples.

Proposition I1.2.54 (Suboperads). Let P® be a T -operad and iiy: UO < UP a T -subcategory.

(1) The space of monomorphisms iyy: O® — P® such that Ui =1y is contractible, and every monomor-
phism of T -operads arises in such a way.

(2) In this case, for all T -operads Q®, the associated T -subcategory inclusion
Algg (0) = Algo (P)

has image with V -objects the maps @: (Q?—) Dg whose
(a) color V-functor UQy — UPy factoring through Oy, and
(b) structure space maps Q(C; D) — O(pC; pD) which factor through P(pC;@D),
and morphisms those whose color T -natural transformation lies in UOy .
(3) If P® is an I-symmetric monoidal co-category, then iy lifts to a monomorphism of I-symmetric
monoidal co-categories if and only if UO C UP is closed under I-indexed tensor products; every
monomorphism of I-symmetric monoidal co-categories arises in this way.

(4) If 1 is I-symmetric monoidal, then the subcategory
Fun? (C®, (’)®) < Fun? (C®, P®)

consists of the objects and morphisms which lie in the associated subcategory of algebra maps;

moreover, Condition (2)b is automatic in this case.

In the situation of Statement (3), we say that O® is an I-symmetric monoidal subcategory. Now,

uniqueness of this structure gives an invariant, called the multiplicativity of 1.

Proposition I1.2.55. Write m(iyy) = {f T -S| 0T c OS}. Then, m(1yy) is a one-color weak indexing category

such that O® is an I-symmetric monoidal subcategory if and only if I C m(iy).

PROOF. So long as m(iy) is a weak indexing category, its universality is true by fiat. Compositionality

of fg shows that m(iy) C Fy(7) is indeed a wide subcategory. The Segal condition is obvious by unwinding
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definitions. For pullback-stability, by Observation 1.1.87, it suffices to prove that, in the case S is orbital,

m(iy) is closed under base change along orbit maps W — V; this follows by noting that the resulting functor

is (ResK,f)@. O

In the case that Toty O® < Toty P® is full, we call O® a full I-suboperad (or full I-symmetric monoidal
subcategory).

Another important source of examples will be localizations, per a corollary to Theorem 1.3.58:

Proposition I1.2.56. Given 1: O® < P® g full I-suboperad, the following are equivalent:

(a) Ui admits a left adjoint UL such that, for all S-tuples of UL-equivalences (fy | U € Orb(S)), the
map (X)?]fu is a UL-equivalence.
(b) O® admits an I-symmetric monoidal structure and L lifts to an I-symmetric monoidal functor whose

underlying T -operad map is left adjoint to 1.

In this case, the image of the full subcategory inclusions

L*: Algp (C) = Algp(C);

L*: Fun (0,C) = Funf (P,C)

consists of P-algebras (resp. I-symmetric monoidal functors) whose color T -functors factor through UO.
We likewise acquire an invariant measuring mutliplicativity of localizations.

Proposition I1.2.57. Let L: D — C be a T -localization, and let m(L) C Fr denote the collection of maps

f: T —S such that fg preserves L-equivalences. Then, m(L) is a one-color weak indexing category.

PROOF. Once again, compositionality and the Segal condition follow by an obvious argument, and

restriction-stability follows by noting that fg restricts to (ResK, f®) and restriction preserves L-equivalences. [

For example, we may describe the interaction between coinduction and connectivity this way.

Example I1.2.58. Following Lewis [Lew92, Def. 1.1], we define a 7 -dimension function as a function v: 11¢7 —
7, where Z = {+co} UZ is the extended integers.
These admit a poset structure under pointwise <. Additionally, given v a V-dimension function and

f: U — V an orbit map we may define

f v

Res‘{] Vv 7'(077[] 77\/ Z;
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this respects <. Given two dimension functions v <v’, we define the 7 -spaces concentrated in [v,v’] as
v U
SY =X eSyIVU -V, XY e S0, );

that is v and v’ specify fiberwise connectivity and truncatedness requirements. In the case v’ = co we write

S75ys and when v = —co we write St <. <

Given v a dimension function, we define the wide subcategory

Rm(v,v) = {U -V ‘ VYV’ =V, orbits U e Orb(Uxy V'), vY' <vY" and vV < v’U'};

we define m(v) = Fyy(,). For convenience, we prove the following in the equivariant case, though it applies

more generally.

Proposition I1.2.59. Fiz v,v’ a pair of dimension functions for the co-category T = Og. Then,
m(QG’[V’v,] < §é) =m(v,v’).
PRrROOF. For (1), we define the connectiveness dimension function connt(e): T,y x Sy — 7Z by the value
connt? (X) = inf{n |xYe Szn}?

the truncatedness dimension function trunc is defined similarly. We make two crucial observations:

Observation i. X € 8, ) if and only if connt(X) > v and trunc(X) <v’, and

v’ ’
Observation ii. the double coset formula (CoIndEX) ~ nU’eOrb(UxVV’)XU (e.g. from 7 -symmetric monoidality

of the cartesian structure) expresses

conntV,CoIndE(X) = min conntU’(X);
U’€Orb(Uxy V')
truch’CoIndg(X) ~ max truncU'(X).

U’e0rb(Uxy V)

Combining these two observations immediately shows that m(QT ] < Q;) c m(v,v’); for the opposite
inclusion, given some U — V « V’ and orbit U’ € Orb(U xy V’), such that vY" >v"’, Elmendorf’s theorem

allows us to construct a pathological U-space with fixed points
* (H) S (U)
XM= 1Kk(zvY) (H)=(U)

%] otherwise,
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with trivial Weyl-group action on K (Z, VU,). By the above observations, we have X € Sy [,,,7], but CoIndEX ¢
SV,[V,V’]- U

For instance, in the case that G is a compact Lie group, we define the V-connected locus
Shoy={X €Sy |YW cRes{ V, moMapX(S™,X) =+}.

It’s a result of Lewis-Waner that this is connectivity for a dimension function, so we may conclude.
Corollary I1.2.60. §é,zv C 8¢ is a full G-symmetric monoidal subcategory.

PROOF. Let V(e): 1100Og — Z be the dimension function setting V(K) = dim VK. Lewis (extending an
unpublished result of Waner) shows that Sg>v ~ Sg>v(e) [Lew92, Lem. 1.2], so this follows immediately

from Proposition 11.2.59. ]

This follows a more general pattern: often G-symmetric monoidal co-categories will fall into multiplicative
recollement situations expressing them as glued together from a nonequivariant object for each conjugacy
class, and we will be able to use this to lift symmetric monoidal full subcategories or localizations from the
nonequivariant situation to the equivariant one; the multiplicaitivity of the resulting situation will often be
describable in terms of compatibility of the various fiberwise localizations.

Before moving on, we point out the relationship with weak indexing categories, which is immediate

from definitions.

Proposition I1.2.61. If I C F7 is a pullback-stable wide subcategory, then I is a weak indexing category if and
only if m (EI — §#) =1; moreover, &'7—'— C Q# is a T -symmetric monoidal localizing subcategory admitting a

. . LI (] U
factorization F7 — Set; < S—.

I1.2.5 Reflective localizations and Morita localizations of parameterized operads
11.2.5.1 Localizations of T -operads We make the following construction.

Construction II1.2.62. Given O® a T -operad and UL: UO — UP a T -localization, we define the associated

localization
triv(0)® —— triv(P)®

O® s 7)@
so that P® satisfies the mapping property

Algp (C) = Algo (C) Xpun, (vo,uc), 1 Funy (UP, UC). <

The following proposition follows immediately by comparing universal properties.
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Proposition 11.2.63. If O%® is I-symmetric monoidal and UL compatible with the I-symmetric monoidal

structure, then P® is the I-symmetric monoidal localization constructed in Proposition II.2.56.
More importantly, we note the following.

Proposition I1.2.64. Suppose ¢: O® — P®isa T -operad map lying over a T -localization UP — UQO. Then,

the following conditions are equivalent:

(a) Totr @ is a Morita T -localization,
(b) Tote is a Morita localization, and

(¢) The associated map P® — P® is an equivalence.

In particular, @ satisfies the universal property
Alg5 (C) = Algo (C) Xpun, (vo,uc), 1 Fung (UP, UC).

PrOOF. Theorem II1.2.7 shows that Condition (c) may be verified on pullback between algebras in
T -spaces, which is equivalent to it inducing an equivalence on Segal spaces on Tot or on Segal 7 -spaces
by Theorems 1.4.1 and II.2.1. Comparing universal properties shows this is equivalent to Conditions (a)

and (b). O

That is, algebras over Morita localizations are locally constant algebras. Following the classical results
of factorization algebras, this will be quite useful to us, so we now study how to recognize such localizations.

I1.2.5.2 Recognizing T-Morita localizations of T -preoperads We need a variation of [HA, Cor. 2.3.3.16]:

Proposition I1.2.65. Suppose a: P® — £® is a map of T -preoperads such that E® is a one-color T -operad.
Then, Condition (ML-a) of Corollary 1.3.31 for the associated T-T -preoperad map is equivalent to the condition

that, for all P € Tot P® and active Spanm(T)(IFT)—maps f: D — npP, the induced map of spaces

tf of f
@p" : BPy " — Mapy, o (D;pP).

act,f act

is an equivalence, where P)p ™ =P XEo(1)mpp {f}. If moreover, P® is a T -operad, then it suffices to verify

this condition when mpP is an orbit.
Proor. Fixing some p € Mulé (D;mpP), draw the diagram

. P t,f N
F— » Pl — i
1 1 1
(F} —— Maply,e (DspP) —— €15,

4 ’ +

{f} ————— Fing/np
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We're tasked with verifying that F is weakly contractible. But we may apply the adjunction between B and

S < Cat to construct a fiber square

BF —— BPs"
- ¢
{f} — e

In particular, weak contractibility of F for all {]“-} is equivalent to contractibility of the homotopy fibers of
&?;t'f for all f, which is equivalent to c“t?;t'f being an equivalence for all (f,P), giving the main claim.
For remaining claim, note that pullback along inert morphisms constructs a commutative diagram:

l_[ ,Pact,fU 7)act,f
UeOrb(rpP) P /P

I |

[T &(Dy) «— Mull(D;mpP)
UeOrb(rnpP)

The Segal condition for multioperations implies that the bottom horizontal arrow is an equivalence, so to
conclude, it suffices to prove that the top horizontal arrow is an equivalence; fully faithfulness and essential

surjectivity both follow by unwinding the Segal conditions for P®. O

I1.2.6 G-manifolds and equivariant little disk algebras Fix G a compact Lie group. Generalizing the
nonequivariant picture, a regime of of central importance in G-equivariant homotopy theory is that of little
disk G-operads, G-symmetric monoidal co-categories of manifolds, and equivariant factorization homology.

11.2.6.1 G-manifolds The author developed some rudiments of the parameterized higher algebra of
G-manifolds in ongoing joint work with Juran, but is obstructed from using text from that project here, as it

appears in Juran’s thesis [Jur25b]; as such, we will omit some proofs in this subsubsection.
Construction II.2.66. Define the simplicial topological category Mfld, g: A°P — Catr,, so that Mfld, ¢ has
e objects the sequences of topological G-space maps M — Sy — --- — §,, such that M has a distin-

guished smooth G-manifold structure and each S; is an orbit-finite G-space, and

e morphisms the natural transformations

M-— Sy —> - —3 S,
mlo sl al
N > Ty > e > T,

such that fj; is a smooth G-equivariant map and each f; is a G-equivariant map such that:
— Each map §; — S;;1 x7,,, T; is an equivalence, and
— the map M — N x1, Sy is an embedding,
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topologized as a subspace of C*®(M,N)x[]i, MapTOpG (S;, Ty);
the simplicial structure is exactly as in the nerve of Tops. The simplicial topological category Span, ¢ is

defined similarly, but without M and N (or equivalently, M = Sg and N = Tp). <

Proposition I1.2.67. Given G a compact Lie group, the evident natural transformation p: MfldS = Span®
satisfies the following:

(i) The homotopy-coherent nerve of Span? is a factorization double co-category in the sense of [Jur25c/
which, under the correspondence of [Jur25c, Thm. A] classifies Spang; (Fg) with its canonical
factorization system.

(i) p acts on mapping spaces as Serre fibrations.

(i1i) The homotopy-coherent nerve of p is a (cocart, right)-fibration in the sense of [Jur25c], and the
corresponding op-gray fibration TotVM_ﬂdé — Spang; (Fg) is a cocartesian fibration which straightens

to a G-symmetric monoidal co-category.

(iv) tgMfldy is in bijection with dimensional manifolds with distinguished smooth H-action, with

mapping spaces the topological subspaces
Mapyqq,, (M,N) =~ Emb" (M,N) c C*(M,N),

consisting of equivariant smooth embeddings under the (strong) C*-topology.

(v) The binary tensor product on Mfldy; takes disjoint unions; the norm takes
NEM =M xx H
K = K41

Construction I1.2.68. Let M_ﬂclg"I C M_ﬂd'é be the full G-symmetric monoidal subcategory spanned by n-
dimensional G-manifolds. Let Emb, — Mfld . be the G-functor classified by the topological nonfull topological
subcategories Emb? C Mﬂd,G whose objects are diffeomorphic to D(V) — --- for some V and whose morphisms
are only codimension-0 embeddings; that is, there is a canonical equivalence Emb; ~| |, Embg compatible

with the subcategories of Mﬂdg’u.

The tangent classifier G-functor is the restricted Yoneda embedding
J: *
7: Mfld, —— Fun, (Mﬂd'é,§G) — Fun, (Embg,ﬁc) ~ éG,/@E' <
Now, we will eventually prove the following, but first postpone it.

Proposition I1.2.69. There exists an equivalence Emb; ~ B5O(n) and the composite functor U o t: Mfld{, —

§G,/BGO(n) ~ S~ takes the underlying G-space.
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Corollary I1.2.70. © admits a contractible space of lifts to G-symmetric monoidal functors Mﬂd‘é - §é,/BgO(n)

PROOF. Theorem I1.2.32 shows that the space of lax G-symmetric monoidal structures on 7 is contractible,

with lax structure map the assembly map

113 Re(Mx) > Re('—'[H/K]CSH XK MK)

I

Emby,

where Re is the underlying G-space functor. That this is an equivalence follows by unwinding the fact that

disjoint unions in Sg are coproducts and M +— H xx M is left adjoint to restriction. (Il

Following Horev [Horl9], we may define G-symmetric monoidal co-categories of G-manifolds with

distinguished tangential structure.

Construction II.2.71. Given ©: Bg — B;O(n), we define the G-symmetric monoidal co-category of ©-framed

G-manifolds as the pullback

M_ﬂdg)’u SN M_ﬂdg""

Lo

§|E|;,/B@ T) §é,/BGO(n)
where O, is given its essentially unique G-symmetric monoidal structure via Theorem I1.2.1 in view of the
fact that it is a G-left adjoint, and hence preserves G-coproducts.

Informally, a G-object of M_ﬂdg) is a O-framed G-manifold, i.e. a pair of M a G-manifold and T®M a

lift of its equivariant tangent bundle

B
oM -1 ©

TR e

M “——— BGO(n)

with mapping spaces the C*-embedding spaces together with lifts of their tangent factorization

Emb®%(M,N) —— Emb® (M, N)

g I I’

G G
Map/B(9 (M,N) R—)esg 3 Map/BGO(n) (M,N)

with the expected restriction. In the case of the map {V} < B;O(n) classifying a representation V, we write

Mﬂdgit’u, and refer to these as V-framed G-manifolds. <

I1.2.6.2 Self-embeddings Let Diff®(V,0) denote the topological group of smooth origin-preserving diffeo-
morphisms of V under the strong C*-topology and Embg(V, V) the self-embedding space under the strong
C®-topology. Let O¢(V) c O(dim V) and GL%(V) c GL(dim V) be the topological subgroups of equivariant

181



SECTION II.2. BASIC EXAMPLES

linear isometries and isomorphisms, respectively. Note that, by the same argument as Remark 11.2.94,
these agree with the strong C* subspace topologies, and in particular, we acquire a diagram of topological

submonoid inclusions

Emb§(V, V) -2 EmbS(V, V)
Y- %o

~ ~
~o ~o
~ ~

(26) b Diff®(v,0) —2% , Diff%(V)

///

0S(V) —— GLO(V) —2 5 EmbSAf(V, V)

Proposition 11.2.72. All of the maps in Eq. (26) are equivalences.

PRrROOF. It suffices to prove that the solid arrows are equivalences, after which the dashed arrows become
equivalences by two out of three. s is an equivalence by the Gram-Schmidt procedure. agyp admits a
deformation retract by h;(1) = 1 —t-1(0); this restricts to deformation retracts of ap;g and asg. To finish, we
simply note that the deformation retract constructed in [Kupl7, Thm. 2.4] restricts to a deformation retract

for lEmb and IDiff- ([

11.2.6.3 Little disk G-operads For now, we will value this in part for its relationship with little disks.

Construction I1.2.73. We define Diskg"‘I C Mﬂdg"‘I to be the G-symmetric monoidal subcategory generated

by ©-framed G-manifolds whose underlying G-manifolds are representation disks. <

As in [Hor19] this ought to occur as the envelope of a ©-framed little disks G-operad. We can recognize

this directly via the equifibered perspective.

Proposition I1.2.74. There exists an essentially unique factorization 1@ making the following commute

o,u T L
Disks™ —=----mmmmmm e > Fg
o,u T 9 \ o \

Moreover, 1t is an equifibration of G-symmetric monoidal co-categories.

PrOOF. In light of Propositions I1.2.54 and I1.2.61, the factorization exists up to contractible ambiguity

if 1ty of every ©-framed H-disk is a finite H-manifold; this follows by definition.
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Now, to prove the equifibration condition, by Proposition II.1.20, we must verify the following conditions:

—)xgH
Disk® x Disk® ——2— Disk? Disk® — <, pigk®
ﬂol ﬂol lﬂo lﬂo
U Ind?
FoxFg ——% 5 Fg Fx — % 4 Fy

This is a straightforward verification we leave to the reader, highlighting the fact that H-manifolds with a
map to 2-*y are canonically H-equivariantly diffeomorphic to the coproduct of their fibers, and over H/K

canonically equivalent to H Xg F, where F is the fiber over the identity coset eK. ]

We let Eg be the G-operad classified by this equifibration under Theorem 1.2.32; that is, it is the full
G-suboperad spanned by ©®-framed G-manifolds of the form D(V).
11.2.6.4 The structure on loop spaces Ey is perhaps most important because it describes the structure on
V-fold loop spaces. This is for a simple reason: V-fold loops is corepresentable by SV, which is the one-point
compactification of the manifold D(V), and hence acquires a coalgebra structure over the proper self-maps of

D(V), which restricts to an Ey-coalgebra structure as embeddings are proper. We bear this out now.

Construction I1.2.75. Let Og be the topological orbit category of G. Define the pullback topological functor

Mfld® —— Mfld§
O — SpanoG
so that the homotopy-coherent nerve of Mfld® straightens to the G-co-category Mfld;. We may extend the
lefthand side to a diagram

G
Mfld® —— Topproper T opleP

N

where TopG — Og is the target functor from the topological category of arrows of topological G-spaces
with transitive codomain (which presents S.), Topgroper is the wide topological subcategory of proper
maps, and Top,? P the opposite topological category of pointed G-spaces decorated with a morphism from
the complement of the basepoint to a transitive G-space, and (=)* denotes one-point (i.e. Alexandroff)
compactification with its proper-functoriality. After homotopy-coherent nerves and unstraightening, this
presents a G-functor

(-)": MAdY — Sg,.. <
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Proposition I1.2.76. The space of G-symmetric monoidal lifts Mﬂdé’Op — S of (=) is contractible, where

%

the domain has the fiberwise opposite G-symmetric monoidal structure.
PROOF. In sight of Theorem II1.2.1, we must verify that assembly
. +
Hxgx M™ — (U[H/K]CSH XK M) ,
[H/K]cS

is an equivalence where the lefthand fiber product is taken in pointed G-spaces. Indeed, this follows from the

basic observation that (—)* takes disjoint unions to wedge products. O

As a consequence, we may restrict this to a G-symmetric monoidal functor

v . 4 V-Fr,L,op V-Fruop U Lop ()F U
S": Disk., — Mfld — Mfld,"" —— 8¢

we call this the conventional Ey -coalgebra structure on SV .

Remark I1.2.77. This lifts to a coalgebra structure over the full suboperad Egow) spanned by the G-object of
B;O(n) classifying the representation V, but we will not need this, so we do not consider it further. <
Construction IL.2.78. Given a G-co-category C with finite G-products and coproducts and X € CY, the

associated representable G-functor

Map , (-, X): C? = S

is, by definition, G-continuous; in particular, it lifts canonically to a G-symmetric monoidal functor

Map ,: (—,X)(Cu)0p -85

that is, it transforms cocartesian coalgebras to cartesian algebras. We refer to the associated composite

Map ., (-X)
V. picp V-Fru SV u\eP G U
Q" X: Disk/ (QG) 86 86
and its corresponding element QY X € Mong,, (§ G) as the conventional Ey -structure on loop spaces. <

I1.2.7 Assembly to equivariant little disk algebras Note that the full 7-suboperad §é /g Spanned by
transitive G-sets is equivalent to BY; indeed cocartesianness is closed under passing to full 7-suboperads per
Proposition 11.2.54 and Theorem I1.2.32, and the statement on underlying 7 -categories follows by unwinding
definitions. In particular, we acquire a canonical pullback diagram

® [}
E§ —— BY

Lo
Ef, —— BgO(n)"
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where f classifies UIE%” ~ Embg’ ~ B;O(n).

In particular, given an orbit inclusion [x]: [G/H] < Bg, we have an H-equivariant diagram

EiesHG) (Resg B® )u

EE ——— ByO(n)

In particular, this yields a reduction

P BY , — End B

In this subsection, we will prove the following.

Theorem I1.2.79. The map p*4: E§ = —— End’ed E§ is an equivalence.

(x)

The disintegration and assembly procedure will immediately yield the following.

Corollary II.2.80. Pullback along the maps ¢, yields a natural G-limit presentation

ilgﬂ‘:@ (C) = li_mxeBG)A_lg]E@(x) (C)

This underlies an equivalence of G-symmetric monoidal co-categories

FrI_I

Diskg'u =~ colim eBo D1sk

11.2.7.1 Germs of embeddings It is a classical fact that, up to homotopy, the space germs of open
embeddings k-R" — M differs from the configuration space of k points in M by O(n)*. We will equivariantize

this, for which we need the following definition.

Definition I1.2.81. An S-indexed multidisk is a smooth G-manifold D admitting a sequence of maps
D<—E-»S,

where E - S is an equivariant vector bundle and D C E is the open unit disk. Given [G/H]C S an orbit,
we write Dy for the corresponding path orbit lying over [G/H], and we write Dy for the corresponding

H-representation over the identity coset, so that

]_[ Dig/n) = ]_[ G xy Dy <

[G/H]cS [G/H]cS
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These are the local type about a configuration. Indeed, writing eg ¢ : DV < DV for the “shrink by a

factor of €” self-embedding, we will find the following.

Proposition I1.2.82. Given a G-manifold M, the point-set sequential colimit

&
0,

&
0,

Germ$ (M) := colim | Emb® (D, M) —— Emb® (D, M)

1
)

Nl—=

Conf¢ (M)

admits the structure of a fiber bundle over its image with fiber ]_[[H/K]CS OK(Dyg).
We prove local triviality by an equivariant lift of the usual argument.

Lemma I1.2.83 (Isotopy extension). If N is compact, then every continuous DiffG(M)-equivam'ant map

X - EmbG(N,M) s a fiber bundle over its image.

PRrROOF. By [Pal60, Thm. A], we must check that all 1 € Emb®(N, M) admit a neighborhood 1 € U and
map x: U — Diff¢(M) such that 1/ = x(¢')- 1. The proof of [Lim64| straightforwardly shows this, by choosing

equivariant tubular neighborhoods using [Bre72].? O

To see this as a form of isotopy extension, consider the case of i: N < N’ a compact invariant
submanifold, in which case we find that /*: EmbG(N’,M) - EmbG(N,M) is a fiber bundle onto its image;
since C®(N, M) is metrizable when N is compact, its subspaces are paracompact, and hence 1* is a Serre
fibration, and one may extend isotopies using the associated lifting property.

Now, to identify germs with embeddings, we note the following.

Lemma I1.2.84 (Isototopy to sub-disk). Given any € € (0,1], the precomposition embedding of topological
spaces

¢je: Emb® (D, M) — Emb® (D, M)
admits a deformation retract; in particular, it is an acyclic Serre cofibration.

PROOF. It suffices to construct an equivariant isotopy eg . ~idpv; we choose hy . = €g t4(1-t).e- ]

PROOF OF PROPOSITION I1.2.82. Choosing N =S in Lemma I1.2.83 shows that ¢ is a fiber bundle over
its image and Lemma I1.2.83 shows that it is the Germg(M) is the homotopy colimit in S/Conf?(V)’ and that
Germg(M) — Emb®(D, M) is an equivalence.

We're left with computing the point-set fiber F. over a configuration c¢, showing that the derivative map
d: F, — I_[ oKX (D).
[H/K]cS

3 The author will explain this in more explicit detail in forthcoming work with Branko Juran.
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admits an inverse given by precomposing a fixed embedding with well-chosen elements of ]_[[ H/K]CS GLX(Dg).

This argument is routine, so we omit it. O

Remark I1.2.85. Let Confg (M) c Confg(M) be the image of Germg (M) under c. We claim three things:
(1) Confg (M) c Confg;(M) is a disjoint union of path-components.
(ii) A configuration c: S <> M lies in Confg(M) if and only if, for each point p € S with stabilizer H,
there exists an equivalence of H-representations Ty(,)M = Dy.
(iii) In the case that M admits a V-framing (such as M = PV), we have

Conf$(M) D=~S-DV,
Conf$(M) =

@ otherwise.
Claim (iii) follows straightforwardly from Claim (ii), and Claim (ii) follows by noting that the derivative
of an embedding S-D(V) < M at p is such an equivalence, and conversely by taking equivariant tubular
neighborhoods using [Bre72].

For Claim (i), note that we may express configurations spaces homeomorphically as products

Conf$ (M) ~ |_[ Conf§, (M)
(H)cG

~ G
~ | | ConfS, (M),
(H)cG

where M) C M denotes the topological subspace of points x such that (stab(x)) = (H), compatible with our
distinguished subspaces. As such, it suffices to prove this in the case that S and M have fixed isotropy (H).
Now, in this case, note that the representation T,M is locally constant in x; Claim (ii) then implies that

all paths in Confg;(M ) beginning in Confg(M ) must end in Confg(M ), which is what we wanted to show. <

Before moving on, we acquire a useful technicality about embedding spaces.

Corollary I1.2.86. The following diagram consists of homotopy-cartesian squares:

Emb®(D, M) ~ Germ$§ (M) —— Conf§(M)

| | !

[T Emb”(Dy,M) =~ [] Germ} (M) —— [ MY
[G/H]cS [G/H]cS [G/H]cS

Proor. By [HTT, Lem. 4.4.2.1], the lefthand square is homotopy-cartesian, so it suffices to prove the
same for the righthand square. Since MY and Confg(M ) are smooth manifolds, they are paracompact, and

so each fiber bundle ¢ is a Serre fibration. Hence it suffices to prove that this is a point-set cartesian square;
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equivalently, it suffices to prove that it induces a homeomorphism on point-set fibers. Indeed, each of the

vertical maps are embeddings, and the bottom horizontal map takes image homeomorphically onto image. [J

11.2.7.2 Germs with tangential structure Given D a ©O-framed S-indexed multidisk, we have a map
¢y : Emb™® (D, M) — Emb® (D, M) — ConfH (M).

We may bootstrap a generalization of a result of Horev to compute its homotopy fibers.

Proposition I1.2.87. The homotopy fibers of ty are computed by

-1 H
O ]_[ Qp,,, BY.
G/HCS

In particular, any ©-framed embedding f: M < N induces an equivalence ijl(L) — E;\]l (fo).

PrOOF OF ProOPOSITION I1.2.87. Consider the diagram

[T Qoyc/mBE — Emby(S,M) —— [] Emby°(G/H,M)

G/HeS l y G/HcS
{} ——— ConfS(M) ———— [] MY
G/HcCS

The righthand square is cartesian by Corollary 11.2.86; by pullback-pasting, it suffices to prove that the outer
diagram is cartesian. By commuting limits past limits, we may thus assume that S ~[G/H]; then, the claim
results from an identical argument to [Horl9, Prop. 3.8.9] and [Horl9, Ex. 3.8.10], simply assuming that G is

a compact Lie group instead of a finite group. (Il
In particular, when Bg is contractible, we get a strong corollary.

Corollary I1.2.88. If M is a V-framed G-manifold, then the center map
¢: EmbY et (S ‘DV,M) — Conf?(M)

is an equivalence.
This allows us to perform the main step in proving Theorem I1.2.79.
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Corollary I1.2.89. The following diagram consists of homotopy-cartesian squares:

Emb®""(s-D¥,DV) — [] Emb™V(s.-DY,DV) ———— «

. [G/H]cS
; [T |

Emb®(s-DY,DV) ——— [ Emb”(DV,DV) —L— T[] O#(v)
[G/H]cS [G/H]cS

PRrOOF. Both arrows marked ¢ are equivalences by Corollary 11.2.88 and Proposition 11.2.72, so the
righthand square is homotopy-cartesian by pullback pasting; another application of pullback pasting shows

that it suffices to prove that the lefthand square is homotopy-cartesian. Now, note that the sequence

Emb&V " (s . DV,DV) — 5 EmbC (s . DV,DV) — Germ®

S-DV(V) — Confg(V)

is natural in S and has composite and middle arrow an equivalence; hence it has a coassembly natural

transformation

EmbG'V_‘(S-DV,DV) 3 EmbG(S ~DV,DV)

Confg;(V) ¢ l GerngV(V)

[T Emb”(DY,D")

l—[ EmbH,V*Fr (DV,DV)

~

[G/H]cS [G/H]cS
m ”\,\,\W\:\\\\
[T Conff, (V) < [1 Germi, (V)
[G/H]cS [G/H]cS

whose back face is exactly the square in question. Here, the squiggly double headless arrows are equivalences
by Proposition I1.2.82, so the left and right faces are homotopy-cartesian by [HTT, Lem. 4.4.2.1].

Again, pullback pasting shows that it suffices to prove that the front face is homotopy-cartesian; that is,
our square admits a retract (as an arrow in the arrow category), so we may check that the retraction square

is homotopy-cartesian. But this is Corollary I1.2.86. O
We're ready to conclude.

PROOF OF THEOREM I1.2.79. Passing to restrictions, we may assume H = G. % is the coassembly

map for the diagram

® v R® v R®
IE:®(x) 4 E@ . 4 IE:idn

4 1 +

Comm® —— Bg — BgO(n)
so by pullback pasting, it suffices to prove that the outer square is cartesian, i.e. we may also assume © =1id,,.

Now, 1 is a map of one-color G-operads so it suffices to prove that it is an equivalence on S-ary structure
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spaces for each S € Fy; this is the coassembly map for the outer square of the following diagram.

R

Emb®VF(s.PV,PV) — T[] Emb™VF(s.pV,PY) *

l [G/H]cS . l

Emb®(S-PY,PV) ——— [] Emb®(PY,PV) == I Emb°(P",P")
[G/H]cS [G/H]cS

The righthand square is (homotopy)-cartesian as its vertical arrows are equivalences and the left by Corol-

lary 11.2.89, so the claim follows by pullback pasting. O

I1.2.8 The linear model for equivariant little disks When G is a finite group, we have a preferred
topological model for G-operads; we will construct more traditional topological models for E?} in this case,
using rectlinear little disk embeddings.

11.2.8.1 Rectilinear little V -polydisks Our geometry admits the following as its local types.

Definition I1.2.90. An orthogonal G-polyrepresentation V, = (V1,...,V,) is a finite list of finite-dimensional

orthogonal representations of G. The polydisk in V, is the open sub-G-manifold

pYe = ﬁDVi c ]ilv,- zévi.
i=1 i=1 i=1

When it will not cause confusion, we will write V := @?:1 V;, omit the bullet, and write PV := PV, <

Note that the inclusion PY c V is a G-isotopy equivalence; indeed, this follows by taking products of
Lemma I1.2.84. Crucially, little V-polydisks will provide a homotopy-equivalent theory to little V-disks. For

additivity, we need the following.

Construction I1.2.91. Given two polyrepresentations V, and W,, we write V, @ W, for the orthogonal G-

polyrepresentation given by the concatenation (Vy,...,V,, Wy,...,W,,). Note that
PVEW =pVxPW c VxW=VeWw. <

We henceforth fix (V,, W,) a pair of orthogonal G-polyrepresentations.

Construction I1.2.92. Given H C G a closed subgroup and S € Finy a finite H-set, we let

SPVi= | | HxgpRekV
[H/K]cS

denote the S-indexed copower of PV; we refer to H-manifolds of this form as V,-multi-polydisks. <

11.2.8.2 Rectilinear embedding spaces The embeddings for little disks will generally be the following.
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Definition I1.2.93. We refer to embeddings D"i < DVi of the form v — Av + v for some A € Ry and vy € DV
as equidiameter embeddings and more generally, we refer to embeddings PV < PV given by products of
equidiameter embeddings as rectilinear embeddings.

Given a map of fintie G-sets f: T — S, we refer to a smooth map H-equivariant map 1: T-PV — S.PV

as an f-indezed little V -polydisk multiembedding if

(a) the induced map mgt: nO(T-Pv) =T—>S= 710(5 -PW) is f,
(b) 1 is an embedding of H-manifolds, and

(c) for each orbit [H/K]C T, the mate PReSKY , PRS{W ¢4 the restricted map /g of

HH/K]

G G
H XK PResK v s PResH 1%

$ 1

1

T-PV —t v s5.pV

is a rectilinear embedding.

The topological subspaces satisfying Conditions (a) to (c), Conditions (a) and (b), and Condition (a) are

written

Emb?’ReCt(T-PV,S _PV) c Emb?(T'Pv,S -PV) c C?"H(T'PV,S .PV) C COO(T.PV,S .PV),

the latter having the (strong) C*-topology. In the case S = #y is the terminal H-set, we simply write
Emb"Rect (T . PV, PV) := Emby " (T - PV, 4 - PV),

and we write Emb™ (T . PV,PV) and CH (T . PV,PV) similarly. <

Remark I1.2.94. Tracking diameters and centers under the diffeomorphism V ~ PV yields an injection
(c,0): EmbRe (7. P, 5. PV ) o (R xR") .

Moreover, the codomain admits a structure as a real sub-vector space
®R"xR)cCc®(T-v,$-V)=~C=(T-P",S-PY),

and its subspace topology endows it with the structure of a finite dimensional Hausdorff real topological
vector space, under which (c,t) is a topological subspace embedding. But a Hausdorff topological structure
exists on a finite dimensional real vector space uniquely up to linear homeomorphism; hence (c,t) is also a

topological subspace embedding for the (homemorphic) standard topological structure on the codomain. <«
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Warning I1.2.95. In the case of the one-term polyrepresentation V = V7, these are called affine in [BH15;
Bon19; GM17; Hil22; Hor19]; to avoid confusion with the more common definition of affine transformations,

we will avoid this term. <

Remark II1.2.96. In the case of an n-step polyrepresentation of the trivial group, R®" = R@---® R, this

recovers May’s open little disk embeddings [May72, Def. 4.1]. In the nonequivariant case of a one-term

polyrepresentation R” = R", these are equidiameter embeddings in the sense of [May72, Thm. 4.8]. <
Now, first off, note that these behave well with respect to restriction.

Observation I1.2.97. Given K C H a subgroup inclusion, we acquire a restriction factorizations

Emb?’ReCt(T-PV,S .pV) _____ g__) Embﬁ::flc}(T ~PV,S .PV)
— = \
J [>% Co(T-PY,5-PV).
//
C;O’H(T-PV,S'PV) ___________ N COO’K (T'PV,S'PV)/

Res!! Resi! f
We refer to the associated operation as restriction. <
Additionally, we observe that rectilinear embeddings satisfy a Segal condition.
Observation I1.2.98. By restricting and pulling back along the inclusion of the identity coset summand
g = [K/eKe '] C ]_[ [K/hKh™'] ~ Resi[H/K].
KhKe[K\H/K]

we acquire a chain of homeomorphisms

co,H 14 VY ~ oo, H Hp  pV . pV
cot(T-pY,s P )_[H]/;]ICsCIHdETK*[H/K](IndKTK PY,[H/K]-P)

~ ]_[ cK(Ty - PY,PY),
[H/K]cS

where we Indlfg Tx = T xg [H/K]. Moreover, note that the composite homeomorphism preserves and reflects

Conditions (b) and (c) of Definition I1.2.93, restricting to another homeomorphism

Emb[" % (T PV, . PV)= [ ] EmbSFe(Tc- PV, PY). <
[H/K]cS

11.2.8.3 Composition An essential structure on rectilinear embedding spaces is composition.

Lemma I1.2.99. Composition of continuous maps restricts uniquely to operations

y: Emby"Re (s PV, R- PV ) x Embi/ "¢ (T - PV, - P¥) — Emby 5 (T-PY,R-PV),
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compatible with inclusions of structures. Moreover, y is compatible with restriction, i.e. the following diagram

commutes.

Emby et (S - PV, R- PV ) x Bmb[e (T PV, § - PV) —L— Emb[2(T - PV, R-PV).

lRes? lResg
Embé(,Rect (S ~PV,R . PV) « Emb?Rect (T . PV,S -PV) L> Embi’(;gc{ect (T . pV’R . PV),

PROOF. Since 7 is functorial, we’re tasked with verifying that Conditions (b) and (c) are closed under
composition; unwinding definitions, this follows by taking products of the fact that equidiameter embeddings
are closed under composition. Restriction compatibility follows from restriction compatibility of composition

of smooth equivariant maps. O

We will use this as a G-operadic composition map, so we must observe associativity.

Observation I1.2.100. Given V an orthogonal G-representation, the following diagram commutes.

Embf’ReCt (R . PV,PV) x Emb?’Red (S . PV,R X PV) « EmbH,Rect (T . pV’ S .pV)

f
14
y Embys (S - PV, PV ) x Emb[" ! (T - PV, 5. PV)
Emb;, *¢(R- PV, PV) x Emby ¥ (T - P¥,R-PV) %
\ Embﬁ;gf;t (T . PV,PV)

Indeed, this admits a natural monomorphism of topological spaces to the same square for C* mapping spaces,
which commutes by the fact that smooth manifolds form a topological category, so the property follows by
unique factorization through monomorphisms. <

11.2.8.4 External products We now define a staple of the additivity phenomenon.

Construction II.2.101. Given X, X’,Y,Y’ a quadruple of connected H-manifolds and composable morphisms

f

T>S 4R we define the external product map

p: CPH(S -X,R-Y)XC?’H(T-X’,S‘Y’)H c;f(T-(xXX’),R.(ny'))

elementwise by the composition

T-(XxX') o(8f)
(27) R s i R
Xx(T-X) —48 o xu(5-v) =~ (5-X)xy — LY o (R.y)xy’
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Now, note that this restricts uniquely to a map

Emb}Rect (. PV, R PV) x Emb/ "' (T . PW,§ .PW) SN Emb!i2e (T . pYOW R. pvewW)

f gof
¢ 1
oo,H v v oo, H w w ¢ oo, H VoW Vew
Ce(s-PY,R-PY)xCP(T-PW, 5. PW) Covf (T -PVEW,R.PVOW)
We refer to @ as the external product map. <

We see that ¢ behaves well with respect to restriction and composition.

Observation I1.2.102. Eq. (27) is manifestly restriction-stable, i.e. the following diagram commutes

Embf et ($ - PV, R- PV ) x Bmb["Re (T PW,§ . PW) —Ly Emb[-AT(T . pVOW, R. pVOW),

Res?l lResz

K,Rect .pV .pV K,Rect _pW pW K,Rect pVew LVew
Emby g (S+PY R PV ) Bmby g (TP, 5 - PY) —5os Bmby (e (T PN, R-PYEI).

Moreover, it is compatible with composition, i.e. the top horizontal composite

p.pVv o (hid) s T.pVew #(&f) s R.pVewW M) Q.pvew
I (id,h) I (id,8)
pVxp.pW s pVur.pW 28, pVyg.pW

f ) . %
_ -
5.pVxpw LY p opv o pw ) Q-PVxPW

clearly agrees with qo( Gohjof ) Here, for visual clarity, we’ve denoted equivalences as squiggly headless
double arrows. Moreover, Eq. (27) is associative, in the sense that we may define an element ¢(f;g;h) making

following diagram commute

T . pUsVew PUf38h) . p.pUsVew
f .
PU xT - PVEBW (id,@(g:h) N PU X R- pVGBW
i
PUxS.-PYxPW — 5 PUxR-PYxPW
b (idgid) b
id,id,h
PUxpPV xT.pW WM pu pv g pw R-PUxPYxPW — 5 p.pUxpV.pW
(f idid)
4 A 4
S-pVeW x pW s p.pVeU y pW

(p(f;8)id)

We moreover see that “products with the identity self-embedding” yields a map

7 Emb?’ReCt (5 .PV,R-PV) — Embe’R“t (s .pUeV R. PU@V),

194



CHAPTER II. PARAMETERIZED HIGHER ALGEBRA

which makes the following diagram commute

Emby e (S - PV, R- PV) x Emb "R (T . PW, 5. W) —F— EmbIIXet (T . pVOW, R. pVel)

l(t,id) lt
HRect(c pUsV p.pUsV HRect (4 pW ¢ pW 4 HRect (1 pUsVeW p . pUsVeWw
Bmby"Re ($ - PUOY, R- PUSY) x Emb**! (T - P, 5. PW) —— Emb (T - P ,R-P )
Moreover, ! intertwines with restriction and composition in the obvious way. <

11.2.8.5 The definition and the comparison We may now define our linear model.

Construction I1.2.103. We define the topological G-symmetric sequence
K}, (S) := EmbRect (5. pYe, p¥s),

with Auty S acting by precomposition and restriction as in Observation I1.2.97; note that restriction is Borel

Auty S-equivariant by Lemma I1.2.99. <

Note that the Segal condition of Observation I1.2.98 characterizes Eﬁ,—multioperations:

Mulé,v.(T;S) ~ BmbiRec (7. V5 pV).

In particular, the composition map y yields a composition operation
y:Mulf, (S;R)xMull, (T;S)— Muls (T;R).
Ve Ve Ve
Proposition I1.2.104. (Eﬁ/ ,(idpv),y) is a genuine topological G-operad.

Proor. We're tasked with verifying Conditions (a) to (e). To start, note that Conditions (b) and (d) (i.e.
unitality and restriction-stability of units) are obvious. Moreover, Condition (e) is simply Observation I11.2.100
and Condition (c) is verified in the second statement of Lemma I1.2.99. Lastly, equivariance of y follows from

the same property for composition of equivariant maps. O

Using this, we define E?} = N®E§, . Now, let Emb{, C Mfldj, be the topological subcategory spanned

by disks and with only after restriction. We have the following.

Proposition I1.2.105. There exists an embedding of topological genuine G-operads ]E’;/. < Emb!} whose

homotopy-coherent nerve factors through an equivalence

EY - > ES

n
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PRroOF. Unwinding all of the definitions, we are tasked with constructing a weak equivalence of topological

spaces d, equivariant and compatibly with restriction and composition, making the diagram commute

Emb?'ReCt(T’PV’S'PV) 4 > Emb?vj(T.PV,S.Pv)
\ /
Emb” (T-PY,S-PV)
1
Mirxies Mix/jer, Emb® ((K/7]-PY,PY)

To construct the map is easy: just take derivatives. To verify that it is an equivalence, we may factor though

¢ to construct a triangle

Emb{ (T PV,5.PY) d > Embi"" (T -PY,$.PY)
T ) —
n[H/K]cS ConfTK (P V)
The righthand diagonal is an equivalence by Corollary 11.2.88, so by two-out-of-three, it suffices to show that
the lefthand diagonal is a weak equivalence. Indeed, the usual argument (e.g. as in [May72, Thm. 4.8]) shows

this. We will generalize this later on, so we don’t elaborate more for now. O

11.2.8.6 Juran’s recognition principle From this we may state a recognition principle in the finite group

case, for which we need the following.

Observation I1.2.106. A linear isometric embedding V <> W induces a map E?} - E%V by taking products

with a complementary subrepresentation; this yields an H-operad map ig: E?im vH Resg E?} ~ Eﬁesg v

Since taking fixed points is symmetric monoidal under the cartesian structure, we acquire a lift

G
Resp

AlgEV (§G) E— AlgEReS dim VH

lU (- lU

Se x)

;i (-
(Su) — Algg, . (Su) —— Algs . (S)

G
gV

We refer to the top composition simply as (=)F. <

We say that an Ey-G-space X is grouplike if, for all H € G such that dim V! > 1, the Ey;,, yu-space

XH is grouplike. Juran proved the following.
Proposition I1.2.107 ([Jur25a, Thm. A]). Fiz G a finite group. Then, there exists a factorization

ilgEv (§G)
® Ul
Se. — v S = Algg, (§G)
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Such that the restriction of ¢ to Sg, 5y is fully faithful, with essential image the grouplike Ey -G-spaces.

This easily entails quite a powerful corollary.

Corollary I1.2.108. If G is a finite group, then there exists an equivalence of G-co-categories over Sg 5q

Algg,. (Sgs1 ). — Alge, Alge,, (S¢ 1)

ProoF. First note that Proposition I1.2.107 implies this in the case W =0, i.e. the grouplike condition
is not necessary when restricted to G-connected G-spaces; this is because each fixed point is connected, and
hence all E,-structures on a fixed point space are automatically grouplike.

To conclude, we claim that the following diagram commutes, and ~-marked arrows are equivalences

Algg, Algg, (Sgs1)
o l
/
Algg, (Sgswer ) — v Alse, (S621)
T l l
SGasvewel — v S6uswel oW > Szl
[ |
§G,*,ZV€BW€B1 QVew ’ §G,*,Zl
\ T
I A—lg]EVe;w (§G,21)

Indeed each the bottom and lefthand triangle diagram are simply Proposition I1.2.107 and the righthand one
follows by noting that each of the arrows in Proposition I1.2.107 attain an essentially unique G-symmetric
monoidal structure under the cartesian structure by Theorem I1.2.1, which agrees with the relevant pointwise
structure on algebras by Proposition I1.2.10. The lower rectangular diagram is the obvious equivalence
Q"o QV =~ QWeV coming from the equivalence SV A SW ~ SV8W ' The upper right square diagram is
G-continuity of U from Lemma I1.2.11, under the observation that Q" is a constant S"-indexed limit. The

result follows by composing the inverse of the bottom equivalence with the top equivalences. (|

I1.2.9 Equivariant prefactorization algebras We now give a further presentation of Ey -algebras as locally
constant prefactorization algebras.
11.2.9.1 Configuration spaces and Weiss covers For now, fix X a topological space with G-action. We will

study configurations in X in the following sense.
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Definition I1.2.109. Given S a finite H-set, we write CoanS{(X) C Map (S, X) for the topological subspace of
H-equivariant embeddings of S into X under the compact-open topology.* We let C,(X) be its X,,-orbits. <«
These satisfy a type of codescent, for which we need the following notions.

Definition I1.2.110. Let Open(X) C #(X) denote the poset of open subspaces of X under inclusion. The poset

of H-invariant open subspaces of X is the fixed points
OpenH(X) = Open(X)H,

i.e. the collection of open subspaces U C X such that hu € U for all u € U and h € H. These naturally
assemble into a G-poset Open(X) such that Open(X)” ~ Open'(X). An open G-precover of X is a G-subposet
U c Open(X).

We additionally make the following definitions.

e A G-invariant open cover of X is a subposet U C OpenG(X) C Open(X) which is an open cover. An
open G-cover of X is a G-subposet U C %(X) such that UH c OpenH (X) is an H-invariant open
cover for all H C G.

e A subposet U C Open(X) is a Weiss cover if, for all finite configurations S C X, there exists a single
open U € U such that S C U; G-invariant Weiss covers and G-Weiss covers are defined similarly.

e A subposet U C Open(X) is a complete Weiss cover if, for all finite subsets {U; |i €I} C U,

N N

iel i€l

Un,., u; = Open NU c Open

is a Weiss cover. G-invariant complete Weiss covers and complete G-Weiss covers are defined
similarly.

e A subposet U C Open(X) is a complete separating cover if, for all finite subsets {U; | i € I} CU, and
all configurations c: [n] <> (;¢; U; the poset of opens Un _ y, contains a neighborhood im(c) c U
such that the induced map [n] — myU is a bijection. Complete separating G-invariant covers and

complete separating G-covers are defined similarly. <

Importantly, these yield a sort of hyperdescent for configuration spaces.

Proposition I1.2.111. Given a complete G- Weiss cover U C Open(X) and finite H-set S, the assembly map

colimy¢y Confsstab(U)( U)— Conf?(X)
s an equivalence.

4 Given a smooth structure on X, it follows by triviality of tangent spaces on a O0-manifold that this agrees with the strong C*-topology.
We will implicitly use this later.
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PRrROOF. It follows by unwinding definitions that (Confsc(U)) C OpenG (Confg;(M)) is a complete cover

in the sense of [DI04], so [DI04] yields the claim. O

Construction I1.2.112. Given a configuration c: S — PV and a separating neighborhood ¢ ¢ U, we let
Conf§ (V) c Conf{ (V)

be the (contractible) subspace of configurations ¢’: S — U — PV subordinate to U such that, for all [G/H] C S,
the points ¢([G/H]) and ¢’([G/H]) lie in the same component of U.

This is compatible with inclusions, and thus defines a strict diagram
USH (V)" — Top

with cone point CoanS{ (V) for any V-disk G-precover U. In particular, taking coherent nerves, the universal

property for colimits then yields a map
Q14 Conf BL{SH ~ colimy¢y Conng(V) — Conflsq(V). <
We also have the following.
Lemma I1.2.113. If U is a complete separating G-cover, then ay conf 5 an equivalence.

ProoF. Note that {Conng(V)} C Open(Conf?(V)) is a complete cover and apply [DI04]. |

11.2.9.2 V -polydisk G-precovers and (de)composition Our G-precovers will generally come as follows.

Construction I1.2.114. Let RPDisk¢(V) C Open(PV) denote the images of little polydisk embeddings S -

PV < PV and define the G-precover
RPDisk(V) := U RPDisk (V).
Sefg
We refer to sub-G-precovers of RPDisk(V') as V -polydisk G-precovers. <

The following proposition is our entire reason for considering polydisks.
Proposition I1.2.115 (Factorization decomposability). ¢ underlies an embedding of posets
PrpDisk - RPDisk(V) Xy 0bF U RPDisk(W)T —s RPDisk (V& W);

TeObFg

that is, factorizations of decomposable rectilinear little V & W -polydisk embeddings factor if and only if their

decomposed V - and W -polydisk embeddings factor.
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PROOF. A rectilinear embedding 1: S-PY — PV, by definition, consists of an equivariant configuration

c,: S < PV together with a function t,: S x ny, — R subject to an injectivity condition. Given a point
p €S, let 1, denote the restricted stab(p)-equivariant little disk embedding PV —»PpV.

We may explicitly describe factorization of another embedding //: T -PY < PV through i: §-PV — PV

via amap f: T — S on a per-representation basis: " factors through  via f if and only if, for all i € [ny]

and peT,

(a) 7y,c,(f(p) €im (ry,1,), and

(b) dy, (rv,c.(f(p), Ty, (p)) + to(p, i) < t,(f (p),)-

That is, the center of 1 lies within the f-corresponding components of the image of 1" after projection to each
V;, and the diameters are small enough to land within each projected image of ¢’.

Now, suppose we have a pair of decomposed arity data g: T — S,¢": T’ — S’ in Fy together with
decomposed little disk embeddings 1y, 1y, 1y, 1},. We are tasked with proving that qo(t@,t{,v) factors through

@ (1y, 1) via some f if and only if there exist some (unique) extension diagram

T fs

b
T 255
such that 1}, factors through 1y via h, and for each [H/K]C S, l;/rf(K) through 1y g via fx.
Suppose such a factorization of (p(l;/;l;/v) through ¢@(1y;1) via f exists. Define the map h taking
p €S’ to the unique h(p) € S such that 7y (c,,, (p)) € immy iy, (p)). Note that Condition (a) applied to the
summand V; C V@ W is identical to the same condition for V; C V applied to factorization of ¢, through iy

via f, and similarly Condition (b) for V; C V@& W agrees with the same condition for V; ¢ V. Similar logic

identifies these conditions for W; C V @ W with those for W; € W, so @grppisk is full. Faithfulness follows by

reversing this logic. O

Remark I1.2.116. We chose polydisk models precisely so that Conditions (a) and (b) in the proof of Proposi-
tion I1.2.115 were measured independently for each of the summands V and W. This does not hold for disk

models. <

We refer to the G-poset essential image of Uy Xy obr; Lreobr, Z/Ig{/ under @rppisk as Uy | Uy; in
particular, we will write

RPDisk(V | W) := RPDisk(V) | RPDisk(W).

For the purpose of deformation, we also note a weak convexity property of RPDisk(V | W).

200



CHAPTER II. PARAMETERIZED HIGHER ALGEBRA

Proposition I1.2.117. Suppose 1,1': S - PVOW < PVOW e decomposable rectilinear little disk embeddings with

the same center. Then, for all t € [0,1], the linear combination
h(n, ) w) =t-1(v)+ (1 =t)/(v)

18 a rectilinear decomposable little disk embedding.
This follows immediately from the following lemma, which itself is obvious.

Lemma I1.2.118. An S-indexed general little V & W -polydisk embedding 1 is decomposable precisely when the

following conditions hold for all distinct points p#p’ €S:

(a) If myc,(p) = myc, (p’), then we have try i, = try iy, and

(b) if myc,(p) =y, (p’), then for all i € [ny], we have

dy, (v,c.(p), 7y, (p) 2 1, )iy, + 100, )

Intuitively, this says that V -cocentric disks have identical V -data and V -noncocentric disks have disjoint
projections to V, each part of which has the desired convexity property.

I1.2.9.8 Factorization and topology We now somewhat systematize the strategy of [May72, Thm. 4.8].

Definition I1.2.119. Given a configuration i: [n] < V¢ and a sufficiently small number ¢ € R.,, we define the
equidiameter embedding

eie(v)i=1+e€-v.

This assembles to an Aut’(S)-equivariant continuous map
e: Confg(V) xRy — C°°’H(S -PV,V)

landing on maps which are componentwise-rectilinear, but which may not be embeddings or land within
PV. Given a V-disk G-precover U, an equidiameter datum for U is, for each n, a one parameter family of
continuous maps,

&()(=): (0,1) > Map (Cy(X)g, Rso),
(with righthand side having the compact-open topology) such that
(1) (infinitesimal values) lim,_,g &, = 0, and

(2) (admissibility) for all s € (0,1), all £ € [0,1], and all /-admissible ¢, the linearly interpolated map

hs,tl(v) =t €c(r),e5(c(r)) T (1 - t)[(v)
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is a U-admissible embedding.”
If U admits such € for all n, we say that it is an equidiameterizable V -disk G-cover. <
Observation I1.2.120. Equidiameter G-covers are automatically complete separating G-covers. <
Now, we may set up a comparisons between embedding spaces, factorization, and configuration spaces.

Construction I1.2.121. Given an S-indexed little V-polydisk embedding i: S - PV < PV with image U, there
is a natural inclusion of t-subordinate embeddings and i-subordinate configurations making the following

commute
Embi; ! (S - PY,U) — Emb"Re<t(s. PV, pVY)

| l

Conf{ (V) —————— Conf{ (V)

Conf?’ (V) is contractible and the above is natural under inclusion, so this yields a diagram

. H,R a ’
colimyerppisks(v) Embiyr (S - PV, U) — Emb™Ret(s. ¥, pV)

(28) fl . l

BRPDiskg (V) —— colimyerppisks(v) Confh (V) ———<— Conf§ (V)
and similar for . Here, acons is the map of Lemma 11.2.113 in the case ¢ = RPDisk(V). <

We find that, in good cases, these comparison maps are actually equivalences.

Proposition 11.2.122 (c.f. [May72, Thm. 4.8]). Every map in Eq. (28) is an equivalence. Moreover, if U is an
equidiameterizable V -disk G-cover, then taking centers yields a commutative diagram of weak equivalences
Buf — s EmbARetd (5. D(V),D(V)) —— Conft (V)
+ 1 l
BRPDisk (V) —— EmbReet (5. D(V),D(V)) —— ConfH(V),

Now, for the first statement to follow from the second, it suffices to prove the following.
Lemma I1.2.123. RPDisk(V) is equidiameterizable.

PrOOF. Take the equidiameter datum ¢ := s- e™@* defined as follows.

d(xp,x4)

gmax {

X GS}:: min<{ min , min(l— Ty, X )
P |p pP#q 2 i<ny | Vi P|
peSs

This is clearly continuous, as it’s a polynomial, so to verify that this is an equidiameter datum, we’re tasked
with verifying that h, (1, A - €™@) is an embedding landing in P"; as it’s rectilinear, if it is injective then it is

5 Here, we’ve implicitly lifted € to a G x ¥ ,-equivariant map Conf|5‘(V) — Ry, then restricted to CoanS_I(V),
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an immersion, so it suffices to check that it’s injective and lands in PY. But these are the defining properties

of e™max, ]

PROOF OF PROPOSITION I1.2.122. Choose an equidiameter datum ¢ for &/. We begin with each map c.

The (essentially unique) lifted AutH(S)-equivariant map s of

Conff (V) ----2---3 Emb"Rett (5. pV, pV)
(id,.s)l l
Conf (V) xRyg ——5——% C®(S-P,V)

is a section of ¢, and h; is a deformation retract of Confgl(V) onto im(s), so ¢ is an equivalence.

This and Observation I1.2.98 construct a composite equivalence

EmbiIé,SRect(S 'PV,S .PV) ~ I_[ ConffK(V) ~ I_[ VK ~ %,
[H/K]cS [H/K]cS

In particular, the map Embgl’sReCt (S -PY, U) — Coan; y(V) is an equivalence, which allows us to construct

the commutative diagram and note that ¢ o @y is homotopic to ayyconf; Lemma I1.2.113 shows that this is an

equivalence, so ay, is as well. The remaining equivalences follow from Lemma I1.2.123 and two-out-of-three. [

Now, our main example to which we’ll apply Proposition 11.2.122 is the following.
Proposition I1.2.124. RPDisk(V | W) is equidiameterizable; hence we have an equivalence
a: BRPDisk{ (V | W) —— Emb!TRect (5. pvoW pvew),
VW

By Proposition 11.2.117 it suffices to prove the following and use the datum e;,=5-¢

Lemma I1.2.125. Define the map ¢VW: C,(V) — Ry by

d(rty (x;), Ty (x;
sV|W{x1,...,xn} = min{emax{xl,...,xn}, min (e (i) 7ev ]))}.
oy %)y (x;) 2
Then, the equidiameter embedding e, . is decomposable if and only if € < eV (c).

PRrROOF. This is a straightforward application of Lemma I1.2.118. O

We'd like to discuss change of decomposition, for which we need a variant.

Variant 11.2.126. Given U a V-polydisk G-precover satisfying the property that {/-admissible embeddings are

closed under composition, we acquire a topological suboperad Eﬁ,ﬂu C ]Eﬁ/. described on structure spaces by

Emby et ¥(T. PV, S PV) c Bmby*(T - PV, PV). <
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Proposition I1.2.127. If U is closed under composition and equidiameterizable, then the inclusion Eﬁ,!u - Eﬁ,

1s a weak equivalence of genwine topological G-operads.

PRrOOF. This follows immediately from Proposition 11.2.122. O

Using this, we are free to choose convenient decompositions, arriving at the same G-operad regardless.

Corollary 11.2.128. If V and V’ are polyrepresentations with the same direct sum, then there exists a zigzag

: ‘ t t
of equivalences connecting Ey, and Ey,,.

PrOOF. After Proposition I1.2.127, it suffices to construct equidiameterizable V- and V’-polydisk G-
covers U and U’ and an equivalence Eﬁ/,u — Eﬁ,,’u,. Indeed, we let U be the equidiamter V-polydisk
embeddings whose corresponding equidiameter V’-polydisk map (with the same diameter and center) is an
embedding, and we define 4’ to be the corresponding V’-polydisk embeddings.

It is obvious that this correspondence yields an equivalence Ei/,u — Eﬁ,,’u,, and U and U’ are

tautologically equidiameterizable. O

The reader is now free to assume V, and W, are one-step polyrepresentations.

11.2.9.4 Prefactorization algebras and self-similarity prefactorization algebras Let Open (X) C Open(X)

denote the G-subposet of connected open subsets.

Construction I1.2.129. Given a topological space X with G-action, we define the factorization r,Open (X)-
symmetric sequence

+ 1 disjoint factorization]_[i Yk > Z > X;
Open(X)((Yk)s; Z) =

@& otherwise.

By “disjoint factorization,” we mean that ]_[IS'< Yy < Z itself is an embedding. Note that the factorization is

unique, if it exists. <

Proposition I1.2.130. There exists an essentially unique 1t,Open-colored G-0-operad Open(X)® with 1t,Open-

symmetric sequence Open(X)(—;—).

PROOF. Since M(X)(—;—) has O-truncated structure spaces, there is at most one choice of maps 1.
and of y, and if they exist, the associativity, unitality, equivariance, and restriction-stability diagrams all
commute.

For existence of 1, it suffices to note that %( U; U) is nonempty. For y, we're tasked with verifying
that, whenever %(X)(U’; U”)x H[H/K]CEOU’ %(X)(UK; UI’<) is nonempty, so is m(X)(U;U”) where
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U =g Uk. Each arrow in U — U’ — U” is injective, so the composite is injective, which is what we wanted

to show. O

More generally, given a G-precover U, we define the G-subpreoperad U® C %(X )® to have objects
U, — EO%*(X ) and an operation of signature (U, U’) when such an operation exists in Open(X ) and the
composite embedding U C X is U-admissible. This encodes a genuine equivariant version of prefactorization
algebras.

We would like to use this to exercise fine control over different versions of Ey/, as locally constant
prefactorization algebras, but to do so, we this must be realized as all spaces of active arrows in our

corepresenting object. To do so, we introduce a variant.

Construction I1.2.131. Given a V-polydisk G-precover U C RPDisk(V), we define the G-subpreoperad
P}, C RPDisk(V)®

with colors the G-subposet U, € RPDisk, (V) and operations

» U’ erUd cOpen(U) c Open(V),

Py (U U) =
& otherwise;

That is, the operations with target U correspond with tuples of operations with terminal target in Resgab(U‘) ue®

under the diffeomorphism U; ~ Resgab(v) for each path orbit U; C V. <

Indeed, the following proposition is immediate and establishes our desired property.

Proposition I1.2.132. Given U CU’ a related pair of V -polydisk G-precovers, the inclusion U C U’ underlies
an essentially-unique G-preoperad map ]P’g - ]P’g,; gwen U CV an U-admissible embedded little V -polydisk,
the induced map

~ Tpact act ~ /
Upv =Py =Py = /pV

1s the inclusion U CU’.

Remark I1.2.133. If a V-polydisk G-precover U C RPDisk(V) satisfies the property that U’ € i*i/ if and only
if U elU, then IP’S =U® as G-suboperads of Open(X), and in particular, Pg is a G-operad. <
Example 11.2.134. The G-cover U = RPDisk(V) satisfies the property called for in Remark 11.2.133; we define

® ._ m®
the G-operad Py, := P

RPDisk(V) ~ RPDisk(V)®. In the case G = e, these are called D,, in [Har, Def. 5.2.3]. We

. ® . p®
also write PVlW =P <

RPDisk(V|W)
. . ® ®
11.2.9.5 Locally constant prefactorization algebras We now need to define a map Py, — Ey,.
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Variant I1.2.135. We start by defining a “fattened” version of Ei, Consider the evident inclusion RPDisk (V) <
Mf1dC. Let Cf ¢ Mfld® be the full topological G-suboperad spanned by its essential image. We define the

wide topological G-suboperad Eﬁ, C C! to have operations
E!, (U’;U) ~ EmbRect (U7, U),

where here we write Emb/Re" (U’ U) for those embeddings which become rectilinear under the pre-
postcomposition homeomorphism Emb!? (U, U) ~ Emb (S 'PV,PV). Of course, we acquire a topological full

G-suboperad embedding ¢: Eﬁ, - Eﬁ/ by including in PV. <

Proposition 11.2.136. The map ¢: Ei, —>E§, presents an equivalence of G-operads.

PRrOOF. First note that UE’%, is a connected G-space; moreover, its loop space is Emb/TRect (PV,PV) %,

) Eﬁ, has one color. Hence it suffices to prove that ¢ induces equivalences on operation spaces, i.e. the map
EmbH,ReCt (U/, U) N EmbH,ReCt (S . PV,PV)

is an equivalence; this follows from the fact that S-PY — U’ and U — PV are isotopy equivalences. ]

Construction I1.2.137. Given a rectilinear little V-polydisk embedding 1: U — U’, the tautological point
1 € EmbfRect (U, U’) is compatible with G-operadic composition in Eﬁ/, and so it constructs a wide topological
G-suboperad

~. 1t Tt .

a: P, cEy;
such that N®IP’§, ~ IP"?}. We refer to the G-operad map under Proposition 11.2.136 as ay,: IP’?[ — ]P’% - IE?}. <

Remark I1.2.138. It is unclear to the author how to interpret the construction called for in [Har, Eqn. (5.8)]
directly; to define a topological operad map P{, — E!, lying over the unique map f: Disk,(V) — * would
require choices of points x € EmbH’Red(S -PV,PV) for each S-indexed U, which must be strictly compatible
with composition and strictly agree along rectilinear isotopy equivalences U’ < U. Instead, our construction

appears closely related to Lurie’s map ¥ used in [HA, Rmk. 5.4.5.8]. <
Our central observation about a; is the following.

Observation 11.2.139. Suppose PV € ¢{. Under Proposition 11.2.132, a; induces on active arrow categories
the functor L{éq — EmbH'ReCt(S -PV,U) whose restriction to U’ =< U is equivalent to the inclusion of
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U’-subordinate U-admissible embeddings:

| | |

~ EmbH,ReCt (S X PV, U) —— Emb.l_é’SReCt'u(S 'PV, U’)

1

Tract
IEV,S//a(U)

In particular, if I/ is equidiameterizable, then under Proposition I1.2.122 we find that a;; induces an equivalence
. act ~ Tract
a: BFy ¢,y — BEy s//0(u): <

We have already observed the difficult step of the following proposition.

Proposition I1.2.140. Given an equidiameterizable V -polydisk G-cover U c RPDisk(V) such that PV e UC,
ay: Py —EY
1s a Morita localization. In particular, it yields natural equivalences
Alg, (€) —— Alggs, (C) —— Algg, (C).

PRrOOF. The fact that PV € U/ implies that UP;, has a terminal G-object, giving Condition (ML-b).
Moreover, applying Proposition 11.2.65 for C = *g, we find that Observation I1.2.139 implies Condition (ML-
a). O

Corollary 11.2.141. The maps ]P’%'W - IE%@W and IF’?}@W - IE%@W are Morita localizations.

PRrROOF. These each satisfy the conditions of Proposition 11.2.140 by Proposition 11.2.124. ]

I1.3 Distributivity and its consequences

We now delve into a topic which is decidedly more complicated in the equivariant setting than the
nonequivariant setting: distributivity. In Section I11.3.1, we develop this condition into a definition of a
7T -suboperad of Prlf® C EE;, which is 7 -symmetric monoidal, yielding a parameterized version of the Lurie
tensor product and an associated norm; this extends work of Nardin [Narl7], filling in some gaps along the
way. In Section I1.3.2, we show this theory of distributivity to be equivalent to a special case of that of
Elmanto-Haugseng and Lenz-Linskens-Piitzstiick [EH23; LLP25]; then, in Section I1.3.2 we use this to extract
a construction of 7 -operadic left Kan extension from Lenz-Linskens-Piitzstiick’s work, ultimately showing
algebras to be monadic over objects in the distributive setting.

Following this, we return to the hunt for examples: in Section I1.3.4, we develop a parameterized Day

convolution extending that of Nardin-Shah [NS22] and fully develop its functoriality. Then, in Section II.3.5,
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we study idempotent I-commutative algebras and the corresponding theory of I-modes, i.e. idempotent
I-commutative monoids in Pr,L[‘®; for instance, we use Day convolution to exhibit pointed spaces as a 7 -mode.

Following this, in Section I1.3.6 we extend Robalo-Cnossen’s formal inversion to constructions of
I-modes, including G-spectra as a G-mode, for G a compact Lie group. In Section I1.3.7 we conclude by

describing sharp version of a result of Hill on chromatic localizations in our setting.

I1.3.1 The distributivity 7-symmetric monoidal co-category Fix M C Cat, a full 7-subcategory, i.e.
a restriction-stable class of equivalence classes of V-categories for all V € 7. We will refer to the S-tuples

Catg = @g— as S-categories and M® the S-categories in M.

Definition II.3.1. Let f: T — S be an R-admissable map of orbit-finite 7-spaces. Let C be a T-category, and
let D be an S-category. An f-multifunctor is an S-functor F: f,C — D. We write Funy(C, D) = Funs(£.C,D).

Given an T-colimit diagram m: K™ — C, we say that F distributes m if the S-functor

£ 2 e tup

can

(£K)

is an S-colimit diagram, where can: (£,K)” — £, (K”) is adjunct to the lifted counit map
fHUEKY = (f K —— K

for f* 4 f..

We say that an f-multifunctor F is weakly M-distributive if it distributes T-colimit diagrams m: K* — C
whenever K € MT. Moreover, we say that F is (strongly) M-distributive if for all maps of orbit-finite T-spaces
S’ — S and pullback diagrams in S,

R

T
s 255
the induced f’-multifunctor
§'F: f(g)C=g"f.C—¢gD

is weakly M-distributive. We write Funj(\/l_é(C,D) C Fung(C,D) for the full subcategory of M-distributive
f-multifunctors.

We say that an R-symmetric monodial 7 -co-category C is M-distributive if, for each map R-admissible
map S — V with V € T, the indexed tensor V-functor f i f.CL — Y is M-distributive as an f-multifunctor.’

If M = Cat, we simply say that C® is distributive. <

6 Here, the f-indexed tensor multifunctor is given by the functoriality along f of the corresponding F; .-Segal T -co-category.
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Remark I1.3.2. Assume C and D both admit colimits for M-indexed diagrams. We can describe weak
M-distributivity more informally: the fact that the f-multifunctor F: f,.C — D distributes them is equivalent

to the stipulation that the assembly map
B colim(fJC S et D) — F(colim(K — C))

for parameterized colimits is an equivalence for any functor m: K — C with K € M. Now, by construction,
this map is the value at m of the Beck-Chevalley transformation for horizontal left-adjointability of the

following square of co-categories

DfiK) A ps)

TN

Cf* 1K) = LC(£K) E

fe A
C(K) <

Here, we have written C(€) := Fung (£,C) whenever E and C are S-categories. We will eventually use this to

— o(T)

compare our notion with that appearing in [EH23]. <

The purpose of this section is to prove the following.

—5 —
Theorem I1.3.3. There exists an essentially T -suboperad Cat, C @; (the latter denoting the cartesian
T -symmetric monoidal structure) whose V -colors are the non-massive V -co-categories admitting small colimits

and whose multi-operation spaces over an active map f: T — S are

Mapf (C,D) ~ Fun™° (C,D)~;

=0

Caty f

-0 . . . . =5 .
moreover, Caty is a massive T -symmetric monoidal co-category, and the full T -suboperad &%‘8 CCaty s

T -symmetric monoidal.
Now, Theorem 1.3.51 applied to Span;(F7) immediately describes the corresponding algebras.

Corollary I1.3.4. The forgetful functor
Algo (Caty"* | — Algo (Caty ) = Cat

is a subcategory inclusion, with image having objects the M-distributive O-monoidal co-categories and
morphisms the O-monodial functors whose underlying natural transformations of diagrams UO — Cat are

pointwise M-cocontinuous.

11.3.1.1 Composition-stability We begin on the proof, first verifying that we have defined a 7 -suboperad.
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Construction I1.3.5. Given T i) s%Ra composable sequence of 0(7 )-admissible maps of orbit-finite 7 -spaces,

and C,D,€ a T, S, and R-category, we define the composition operation

Fun,(D,€) x Funy(C, D) = > Fung(C, &)
l l
Fung(g.D,€) x Fung(f.C,D) Fung(gf.C,&)
\idxg*$ /o%

Fung(g.D, ) x Fung(gf.C, g.D)

Unwinding definitions, this is the operadic composition operation in @;— <

Proposition I1.3.6. Composition restricts to a functor of the full subcategories of M-distributive multifunctors:

Fun?'-%(D,€) Funf“(c,p) NN Fun;\’ft_é(c,é’)

[ [

Fun, (D, ) x Funy(C,D) ———— Fungs(C,&)

PROOF. We show this for weakly M-distributive multifunctors; composition is compatible with restriction,
so this implies the desired statement.
Let F: f.C —» D and G: gD — £ be weakly distributive parameterized functors. Suppose we start with

a T-colimit diagram m: K* — C, and let
» can

(KPS ey I pe B

be the composite functor. This is an S-colimit by weak distributivity of F. Consider the following diagram:

(ngC)P can )gf*(lcb) gfm >gﬁC GF y £
R B R
g (fhf 2 g k) T g fe 2 oD
> can ” > &n ” G
(§fK) —— &.(£.K) > ¢.D y E

The lower diagram commutes by definition of 77. The upper diagram obviously commutes. The right diagram
commutes by the definition of composition. To see that the left diagram commutes, note that each composite

is mate to a map
8 (§LK) = (gf gf.K) — K7

one is gotten by applying > to the gf” 4 gf.-counit, and other to the composite of the f* 4 f,-counit and the
g" 4 g-counit. Commutativity follows by composing adjunction data.
Weak distributivity of G then implies that the bottom horizontal composite is a colimit diagram,

implying that the top horizontal composite is a colimit diagram, yielding weak distributivity of GF. ]

210



CHAPTER II. PARAMETERIZED HIGHER ALGEBRA

From here, we are able to make a definition.
Proposition I1.3.7. There exists an essentially unique SpanU(T)(]FT)—relative subcategory
0 X
TotCat; < TotCat
with objects over S the cocomplete S-categories and with relative morphism spaces

g _f g _f
Map]i:T_)S (C, D)= Fun? (8°C,D) C Fung (¢°C,D) = Mapli:T_)S (C,D);

Caty

moreover, this is an inert-cocartesian fibration.

Proor. We will apply Propositions 1.2.72 and 1.2.73. Now, a connected component F of Mapa«t; (C,D)

may be identified with a span R &r i) S together with a functor f,g°C — D, i.e. an f-multifunctor

Fact: ¢*C —» D. We define the summand
Map@; (C,D) = {P ( F3 is a distributive nFaCt—multifunctor} C Map@; (C,D);

this satisfies the above formula by fiat. To verify that it is a relative wide subcategory, it suffices to note
that it contains all equivalences by assumption and is closed under composition by Proposition I1.3.6. The
fact that it contains all inert arrows with domain in TotCat; reduces to observing that equivalences are

distributives. 0

11.3.1.2 Constructing norms The difficult remaining statement is the 7 -symmetric monoidality statement,

so we begin constructing locally-cocartesian arrows.

——9
Proposition 11.3.8. TotCaty has locally cocartesian lifts cge: C — foC for active morphisms satisfying

8o feC = gfsC.

Before we dive into this, we need the following auxiliary lemma;:

Lemma II.3.9. Let D — C be a left fibration of T-categories, straightening to a functor D — St and let
f: T—S a map of orbit-finite T -spaces. Then f,D — f,C straightens to f,D — f,S1 — Sg where the last

morphism is the limit functor f.f*S¢ — Sg.

PROOF. It is enough to verify the claim for the universal right fibration (S1);, — Sr. Applying f, yields
the right fibration f,(St)r, = (ﬂQT)f r, — f.8s. This straightens to the functor taking maps out of the

terminal object in f,§¢ which indeed represents taking the limit. O
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Now, we will extend Proposition 1.1.42 to indexed products of presheaf 7 -categories.

Proposition I1.3.10 (c.f. [Narl7, Prop. 3.19]). Let f: T — S be an o(T )-admissible map of orbit-finite T -
spaces. Given A a T-oo-category, R a collection of colimit cocones in A, and D a cocomplete S-oo-category,

precomposition with f. & 4r yields an equivalence Fun? (Pshrz(A), D) ~ Fun;_R (A,D).

PRrROOF. We elaborate Nardin’s proof. The inverse functor will be given by 7 -left Kan extension along

fika. K is fully faithful by Proposition 1.1.42 and f, preserves fully-faithfulness, so
(£ X ar),: Funf® (A, D) — Fun, (Pshy z(A), D)

is fully faithful. We need to identify its image precisely with the distributive f-multifunctors.
The forward direction. To verify that an arbitrary distributive f-functor F: f,Pshy z(A) — D is T-left

Kan extended along & 4, it is equivalent to verify that the counit S-natural transformation

e (fkarh(fe kar)'F—F

is an equivalence. This in turn can be checked after pulling back along an each orbit V < S; as everything
in sight commutes with restriction, we may further reduce to the case that S = V. Now, that € can also be

checked pointwise, i.e. we must check for each V-object X € ( f*PshT,R(A))V that the counit is an equivalence
ex: (ﬁ otA,R)! (ﬁ J:A,R)*F(X) — F(X).
Recall that the T-colimit of A/;x — A — Pshr(A) is &4 (X), so that we have a colimit cocone
m: colim(f,A/x)” — Pshy z (f.A).

Consider the following commutative diagram of V-categories

((fA)x) — fPshrr(4) —> D

I [

(£ (Ax)” === £((Ax))

It follows from the commutativity of the lower diagram and distributivity of F that the upper horizontal

composite is a colimit cocone. Next, unwinding definitions, this expresses that F(X) is the colimit of
feFar F
(fA),x — A ———— f.Pshr g (A) — D

In turn this is precisely the pointwise formula for 7-left Kan extension of (f, & 4 z)°F along f, X 4z at X.
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The backward direction. We are left to show that any f-multifunctor Pshg (A) — D which is S-left Kan
extended along f, & 4 is automatically distributive. We start in the case that D ~Pshg (f..4) and the S-functor
we are extending is the Yoneda embedding & 4 rr: fid — Pshg ¢z (f.A).

Now, restriction along D — f,.A°P for D some orbit-finite S-space gives a family of S-colimit preserving
S-functors out of Pshg (% (f..A) which jointly detects colimits, so the claim in this case reduces to showing
that the composition with all those functors is distributive. Verifying the claim also for the restriction, we

may further reduce to D =S, i.e. we want to show that for any A: S — f,.A°P, the composite
ev
fPshrg(A) — Pshs, £z (f.A) —— S;

is distributive. As we already verified that any distributive f-multifunctor is Kan extended along X 4%, it
suffices to provide a distributive f-multifunctor which has the same restriction along f, & 4 z; thinking of A

as T-object in A°P, such a distributive f-multifunctor is

F: fPshpg(A) LS st

SS.

First of all, this f-multifunctor is distributive by Proposition 11.3.6, as ev4 preserves colimits and the limit

f-multifunctor is distributive by Proposition I1.3.19. Second, F| f£.A 1s given by

f-(Map ,(A,-)

f.A

fSr — Ss.

We are left to argue that this agrees with with Map . (A, —) where we instead regard A as an S-object in f,.A.

fA
But this follows from Lemma I1.3.9 by taking the left fibration Ay, — A.

This finishes the argument for Kan extending &7 4. The general case follows: any f,R-cocontinuous
S-functor f,A — D factors, via S-left Kan extension, through the Yoneda embedding f,A — Pshg ¢z (f.A)
via a cocontinuous S-functor Pshg z(f,) = D by the parameterized Yoneda lemma Proposition I.1.41. Post-

composition with this preserves Kan extension, so we have a commutative diagram

f;A _— PShS,f,,R (ﬂA) D

| )/

f.Pshrr(A

where the two diagonal functors are the left Kan extensions. The lower right triangle express the left Kan
extension f,Pshr z(A) — D as a composition of a distributive f-multifunctor and an S-left adjoint, so it is

f-distributive by Proposition II.3.6. ]
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Construction I1.3.11. Applying Proposition I1.3.10 to D = Pshg(f,C) identifies the modified Yoneda embedding
Fafcet oA — Pshg 1, (C) with a distributive f-multifunctor,

nyct C— PShS,ﬁ,C@ (ﬂC)

where Ce consists of the colimit diagrams in C. Correspondingly, we write fgC := Pshg ¢ ¢, (£.C). <
PROOF OF PROPOSITION I1.3.8. In sight of [kerodon, Tag 01U8|, local cocartesianness is equivalent to

asking that pullback cs ¢ implements a natural equivalence

Fun$ (Pshr(£.C), D) —— Fun} (C, D);

this is exactly Proposition 11.3.10. We’re left with compositionality, for which we apply the sequence of

natural equivalences

FunILQ (82/eC, D) ~ Fun§ (8:/eC, D)
~ Fun$ (g.Pshs ¢, (£.C), D)
~ Funy; (¢.£.C,D)
~ Fungf (gf.C,D)

= Fun (¢fsC, D),

where each equivalence except for the penultimate one is Proposition I1.3.10. ]

Before moving on, we note a useful corollary.
Corollary I1.3.12. There exists a natural equivalence fgPshp(C) = Pshg (£.C); in particular, (& — S)g* =S .

PROOF. Apply Yoneda’s lemma to the equivalence

Fun (fPshr(C), D) = Fun§ (Pshr (C), D)
= Fﬁf (C, D)
= Fun, (£.C,D)

=~ Fun{ (Pshs(£.C), D). O

11.3.1.8 Norms and Bousfield localizations The last thing we will need to do is prove that fgC is presentably
whenever C is. To do so, we will show how the Bousfield localizations constructed in Proposition 1.1.44 (i.e.

[Hil24, Thm. 6.3.7]) interact with norms.
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Proposition I1.3.13. Suppose C — fgC is an active locally-cocartesian arrow, B C C is a small set of arrows
in C, and Cy C C is a small full subcategory generating C under T -colimits. Then, the corresponding active

arrow LgC — Lf®(Bch)f®C 1s locally cocartesian.

Lemma I1.3.14. Let C,D € Prlf and Cy CC a small subcategory which generates C under T-colimits. Let B be

a small set of morphisms in C. Then the evident inclusion yields an equivalence

Fﬁ?,ﬁ(lguc:) (C,D)c Fu_l‘lé (C,D)

f.£(BUCS)

PROOF. Fix some F € Funf f.(Buc=) (C,D). We need to show that it also inverts morphisms in f, (BUC).
The collection of arrows inverted by F is closed under composition with equivalences, so we may equivalently
prove that it inverts f, (B U Cid); moreover, the collection of morphisms inverted by F is closed under colimits

by Proposition 1.1.46, so this reduces to checking that it inverts ﬁ(B UC(i)d), as desired. (]
Lemma I1.3.15. If BCC is a T -set of arrows, then there exists an equivalence L;f.C ~ f.LgC under f.C.

PROOF. f, is an (oo, 2)-functor and preserves fully faithfulness, so each side is a localization functor; that
is, it suffices to characterize the morphisms B inverted by f.L as the strong saturation of f,/3. Now, note
that ﬂg C El, the lefthand side has the same strong saturation as B, and the latter is strongly saturated, so
it will suffice to prove that B C f*El

But every morphism in f,C is expressed as an f-indexed product of morphisms in C; this morphism lies

in B if and only if its factors lie in B, giving the claim. |
The following lemma is a straightforward rephrasing of this, in combination with Proposition 1.1.44.

Lemma I1.3.16. Let B be a class of morphsims in a presentable T-co-category C with strong saturation B and

let D be a presentable S-co-category. Then, pullback along f.L induces an equivalence
(£L)": Fun} (LC, D) —— Fun} ;4 (C, D).

PROOF OF PROPOSITION I1.3.13. This now follows by the computation

Funt (L (suep) o€ D) = Funl o) (f,€,D) 1144
= Fu_n?f®(3w3) (C,D) assumption
~Fun} o 50+ (C.D) 11.3.14
= Fﬁ? (Lf®BUC=CrD) 11.3.16
~ Fun$ (Ly,5C, D). 0
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11.3.1.4 Putting together the proof We are almost ready to conclude. First, to save us some trouble, we

give an obvious lemma.

Lemma I1.3.17. Fiz D an co-category with a factorization system DL, DR c D, and suppose 1: C — D is a
functor with cocartesian lifts over DE. Then, T is a cocartesian fibration if and only if the following conditions

hold.

(a) 7 has locally cocartesian lifts for morphisms in DX.
(b) If f,g are composable 1t-locally cocartesian such that 7if € DL and g € DR, then f o g is n-locally
cocartesian.

(c) If f,g are composable 1t-locally cocartesian such that 7t f, g € DR then f og is m-locally cocartesian.

PROOF. These conditions are obviously necessary, so suppose they hold. By composing properties
(b) and (c), we find that our locally cocartesian lifts of active morphisms remain locally cocartesian after
precomposition along arbitrary locally cocartesian morphisms, so [kerodon, Tag 01V5] shows that they
are cocartesian. Since cocartesian arrows are closed under composition and DY and DR generate D under

composition, this implies the claim. O
We are finally ready to conclude.

Proor or THEOREM II1.3.3. Proposition I1.3.7 constructs a SpanU(T)(IE‘T)—relative subcategory
—0 —X
TotCat, C TotCat;

to lift this to a (massive) 7 -suboperad, by Proposition I1.2.54, we simply need to show that Tot@(;- isa
T -operad; in fact, we need to prove that it’s a (massive) 7 -symmetric monoidal co-category, so we just prove
this.

First, we must prove that Tot@; — SpanD(T)(IFT) is a cocartesian fibration. Now, it is an inert-
cocartesian fibration by Proposition I1.3.7, and it has locally cocartesian lifts of active morphisms by
Proposition I1.3.8. We must verify conditions (b) and (c) of Lemma I1.3.17; composition with inert morphisms
is baked into our restriction-stability assumption, and composition with active arrows is Proposition I1.3.8.
We're left with the Segal condition that

& —— [] G
UeOrb(T)

this follows by the pointwise expression for 7 -limits in indexed products Proposition 1.1.57.
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Under Proposition 11.2.54, we’re left with showing that fgC is presentable whenever C is a presentable T-
oo-category. But taking a presentation C ~ LgPsht(.A) via Proposition 1.1.48, we may apply Corollary 11.3.12

and Proposition 11.3.13 to arrive at an equivalence
feLPshr(A) = Lgy . (4)= fePshr(A) = Ly y (4)=Pshs(A),

which is again presentable by Proposition 1.1.48. O

. . ——0 .
11.3.1.5 Some basic properties of Cat; Before continuing, we prove some assorted facts.

Corollary I1.3.18. Suppose C is an R-symmetric monoidal T -category such that for any orbit Ve T

(1) for each binary fold map V: VUV — V| the tensor V-bifunctor
®: Res?, CxRes?, C — Res?,C

is weakly distributive, and

(2) for each R-admissable map f: U — V, the norm f-multifunctor
N} : CoInd}; Res?,C —> Res?, C

is weakly distributive.

Then, C is distributive.

PROOF. Let f: T — S be an R-admissable map of orbit-finite 7 -spaces. First, note that the restriction

of fg: f,,Res?C — Ress C along a map g: S” — S with pullback

R

ol
, 8
S —— S
is the map (f’)g: ReSYTr,C - Resg,(,', so it suffices to prove that all indexed tensor multifunctors of C are
weakly distributive. Using the Segal condition, we can moreover reduce to the case where the target is a
single orbit. Indeed, using associativity of tensor products, the proof of Proposition I1.3.6 implies that all
n-ary tensor multifunctors of C are weakly distributive; applying the orbit factorization

]_[ U— U VoV

UeOrb(T UeOrb(T

to decompose i@ as a composition of n-ary tensor multifunctors with norm multifunctors, the result follows

by another application of Proposition II1.3.6. O
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This powers an example; the proof of [NS22, Prop. 3.2.5] applies verbatim.

Proposition 11.3.19. Let C be a cocomplete T -category and D € Cat be a cocomplete cartesian closed category.

Then, Coeff’ (C)R*X 18 distributive.
Lastly, we have the following.
Proposition I1.3.20. The unit of Prl%® is S7, and the binary tensor product computed by CQD =~ Fun§ (C°P, D).

PROOF. The unit was proved in Corollary 11.3.12. The binary case was pointed out under mildly more
restrictive circumstances in [Hil24, Prop. 6.7.5], but the proof applies verbatim: apply Yoneda’s lemma to the

natural equivalence

Funé (C®D,—) =~ FungéTﬁ*T (CxD,-)
~ Fun’ (C, Fun’ (D, -))
~ Funf (C°P, Fun’*** (-, D))"

~ Funéz—'aCC (—, FunX (C°P, D))Op

~ Funlf (Fun§ (C°P, D), —),
where every equivalence after the second is an application of Proposition 1.1.49. O

11.3.1.6 Monoidality of the Yoneda embedding We point out that we’ve essentially proved a generalization

of the main result of [NS22, § 6] from our perspective.
Corollary I1.3.21. The Yoneda embedding underlies a lax T -symmetric monoidal left adjoint
— —5
Pshy: @; ——Cat;: 5

moreover, X is T -symmetric monoidal. In particular, if C is O-monoidal, then there exists an essentially
unique O-monoidal structure on & : C — Pshy(C) such that Pshz(C) is distributively O-monoidal and pullback

along X yields an equivalence
X": Fun&" (Psh7(C), D) —— Fun$ (C, D).

PROOF. Note that & is, by Proposition 1.1.41, a fiberwise 7 -left adjoint over SpanU(T)(IFT) to 1, with
unit the Yoneda embedding, which lies in a fiber; hence it assembles to a SpanU(T)(IFT)—relative left adjoint to

1, which attains a canonical oplax structure under Proposition 1.3.56. Unwinding this oplax structure map, it
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has the form of the cocontinuous S-functor
Pshg(£.C) — fePshr(C),
induced under the universal property of S-presheaves by the canonical functor
f.€ — fgPshr(C);

this is an equivalence by Corollary 11.3.12, so & is 7-symmetric monoidal. The lax 7-symmetric monoidal
adjunction then follows by Proposition 1.3.56, and the resulting universal property follows by applying Algn(—)

to this lax 7 -symmetric monoidal adjunction. O

I1.3.2 Equivalence with the Elmanto-Haugseng definition of distributivity Following Remark I1.3.2, our

next goal is to verify that distributivity is equivalent to a notion given the same name in [EH23|:

Construction I1.3.22. Given a pair of arrows A Ny L S in 87 such that f is o(7 )-admissible, we acquire an

essentially unique distributivity diagram (in the sense of [EH23, Def. 2.4.1]):

z?/R =0
(29) Amp = A ¢J‘ p=fom
>\ f
T — S

exhibiting ¢ as the value of the right adjoint to f* at m under f*, i.e. inducing an equivalence

M@mww%ﬁMwﬁGWwWi¥MwNUWm)

for all maps ¢: P — S. Given C a T-symmetric monoidal co-category, we acquire a commutative diagram

c(Q <= c(s)
hJ
(30) W,r=  C(R) %

C(A) < C(T)
If C admits left adjoints 1, 4 ¢p* and m, 4 m*, we acquire a Beck-Chevalley transformation
ﬁm,f . l‘[)!h®€)e —> f®m!. <

Definition I1.3.23 (c.f. [EH23, Def. 2.4.10]). Given a collection of 7 -spaces M C S closed under R-indexed

products, we say C € Cat% is M-distributive in the sense of Elmanto-Haugseng if

219


https://www.sas.rochester.edu/mth/sites/doug-ravenel/otherpapers/EH21.pdf#thm.2.4.1
https://arxiv.org/pdf/2010.15722v3#thm.2.4.10

SECTION II.3. DISTRIBUTIVITY AND ITS CONSEQUENCES

(a) C fiberwise admits sifted colimits and its restrictions and indexed tensor functors preserve them;
(b) C admits M-colimits; and
(c) for every distributivity diagram A, 7, the Beck-Chevalley transformation f,, ¢ is an equivalence.

If M =S8, we simply say that C is distributive in the sense of Elmanto-Haugseng. <

The goal of this subsection is to prove the following comparison theorem.

Theorem I1.3.24. An R-symmetric monoidal co-category C® is distributive in the sense of Elmanto-Haugseng

if and only if it is distributive.

This enables us to use [EH23| and descendent works, such as [LLP25]; for instance, [EH23, Thm. 1.4.1]

yields a bispan presentation for distributive R-symmetric monoidal co-categories.

Remark I1.3.25. Condition (b) can be unwound to existence of left adjoints to pullback along the maps in M
and the Beck-Chevalley conditions for restrictions thereof; hence it is equivalent to conditions (2) and (3) of
[LLP25, Def. 3.12]. In particular, under Theorem 1.4.1, our distributive R-symmetric monoidal co-categories
are identified with distributive Sp-normed Sy-categories in their sense. Hence [LLP25, Thm. 3.31] and
[LLP25, Prop. 3.44] provide a miraculous identification of distributive R-symmetric monoidal co-categories
with U_SXT—cocomplete Spang (S7)-co-categories as defined in [LLP25, Def. 3.24]. We will later use this to

interpret [LLP25, Thm. 3.39] as constructing R-operadic left Kan extensions. <

11.8.2.1 Distributivity is compositional in the diagram We must show that distributivity is equivalent to
distributivity for (nonparameterized) sifted diagrams and 7 -spaces. This will be powered by a version of

distributivity for 7 -left Kan extensions:

Definition I1.3.26. Let f: T — S be an R-admissable map of orbit-finite 7 -spaces, C a cocomplete T-category,
D a cocomplete S-category, and F: C — D an f-multifunctor. Moreover, let i: K — £ be a T-functor. We say

that F weakly distributes left Kan extensions along i if the following diagram is horizontally left-adjointable.

(i)'
D(fK) L —— Difp)
T N
(31) C(f£.K) ~ £C(£.K) F
TE* /f
C(K) < e C(L)
In particular, the case £ = T recovers distributivity via Remark I1.3.2. <

Proposition I1.3.27. In the situation of Definition I1.3.26, assume that the T-functor i: KK — L is such that
F is M-distributive for M C Caty a subcategory containing K, for all 1 € L. Then F distributes left Kan

extensions along i.
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PROOF. Let I: S — f.L be an S-object, i.e. a T-object of L. Consider the lax-commutative cube

D(£Ln) < D(S)
o
D(f.K) < T D(£.L)
T o C(Ky) < T = C(T)
C(K) % C(L)

where the top and bottom square only commute up to lax natural transformation coming from the projection
of the slice onto both factors and the front and back square are the ones from definition of distributivity.

The back square is horizontally left-adjointable by distributivity. The top and bottom square are as
well, by the pointwise formula for 7 -left Kan extension. For the upper square, we additionally use that
£ (K1) = (£.K) 1, as f. commutes with pullbacks and taking arrow categories.

This shows that the natural transformation of functor C(K) — D(f.L) is an equivalence when restricted
along an arbitrary map S — f,£. Applying restriction-stability of everything involved shows that the front
square’s Beck-Chevalley transformation for horizontal left-adjointability is an equivalence after restriction to

all V-objects for all V — S; these are jointly conservative, yielding the claim. ([l

We also point out a simple enough property of this.

Lemma I1.3.28. Suppose F: C — D is an f-multifunctor and K525 T a composable pair of T-functors

such that F weakly distributes i and i’. Then, F weakly distributes i’ oi.

PRrROOF. Compose horizontally left-adjointable diagrams. O

Now, we may re-express this in a manner closer to our original framing.

Corollary I1.3.29. An f-multifunctor F: C — D is M-distributive if and only if, for all diagrams

> f.C FE_+p

such that the inner triangle is f, applied to a T-left Kan extension whose pointwise formulas K, € M for all

A € A, the outer triangle is an S-left Kan extension.

Proor. Unwinding definitions, the assembly natural transformation (f,i),(Fo f,p) = Fo f.(wF) is
precisely the Beck-Chevalley transformation for horizontal left adjointability of Eq. (31) applied to p: K — C;
in particular, our condition is equivalent to the conclusion of Proposition I1.3.27 always holding, and hence it
is implied by M-distributivity. Specializing to £ =7 shows that it implies M-distributivity. a
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11.8.2.2 Sifted distributivity To apply this, the correct notion of siftedness is the following.

Definition I1.3.30. Given f: T — S a map of orbit-finite 7 -spaces and K an S-category, we say that K is
f -sifted if the diagonal S-functor
A K— f.fK

is cofinal. More generally, we say that K is R-sifted if it is f-sifted for all R-admissible maps f: T —S. <

If R =7 (requiring 7 itself atomic orbital), these are the T -sifted T -categories of [Sha22, Def. 8.14].
Let @?_Sift C Cat; be the full 7-subcategory of R-sifted categories. Moreover, let InﬂeTCatSift C Cat be the

category of non-parameterized/constant 7 -categories with sifted value.

Proposition I1.3.31. Let f: T — S be an R-admissable map of orbit-finite T -spaces and F: C — D an

f-multifunctor.

(1) Supposem: K* — f.C is an S-colimit diagram such that IC is f-sifted. Then, the S-functor underlying
F preserves m if and only if f distributes the mate diagram f*K* — C.

(2) F distributes non-parameterized sifted colimits if and only if the S-functor underlying F fixed-pointwise
preserves sifted colimits.

(8) Suppose M contains all non-parameterized sifted categories, M’ C M is a collection of T -spaces which
generate M under non-parameterized sifted colimits, and that F is M’-distributive and preserves

(non-parameterized) sifted colimits. Then, F is M-distributive.

PRrROOF. For Statement (1), we closely mirror [Sha22, Prop. 8.19]: indeed, given an S-colimit diagram
m: K” — f.C, the mate diagram p: (f*K)” — C is a T-colimit diagram. Consider the diagram
> 05 x1\>  can R F
K* ——= (LK) = f(fK) —— fC — D

K* " y 0 5D

Siftedness guarantees that the diagonal functor #: K — f, f*K is cofinal, so the top composite is an S-colimit if
and only if the composite (f,f*K)” — D is an S-colimit; We are left with verifying that the lefthand rectangle
commutes, after which we see that the bottom composite is a colimit diagram if and only if D distributes
the designated colimit. But this follows by a routine application of the triangle identity. Statement (2)
is a straightforward application of this, as non-parameterized sifted diagrams are R-sifted by the evident
extension of [Sha22, Thm. 8.15].

For Statement (3), let  — C be a diagram with K € MT. Then, by assumption, K is a 7-space
valued colimit over a sifted diagram £. Using parameterized unstraightening, there is cocartesian T-fibration

K — Infl" £ such that the slices Resy K/, are spaces in M’ for all | € £ = (Infl2’" £)V. Now it follows from
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Proposition I1.3.27 that F distributes the left Kan extension along K — InﬂeT/Tﬁ. It also follows from our
assumption and Statement (2) that F distributes the left Kan extension along InﬂeT/TK — T. Lemma II.3.28

then implies that F distributes the left Kan extension along IC — *, which is what we had to show. |
We immediately acquire the following corollary.

Corollary I1.3.32. Suppose C is a cocomplete R-symmetric monoidal T -category.
(1) Cis InﬂeTCatSift-distributive if and only if, for each R-admissible map of orbit-finite T -sets f: T — S,

f-tensor functor preserves sifted colimits:
fo: CT —C°

(2) C is Q?‘Sift-distributive if and only if, for each R-admissible map of orbit finite T -sets f: T — S,

the S-functor preserves R-sifted T -colimits:

11.3.2.8 Comparing the notions To extend Theorem 11.3.24, we actually prove the following.

Proposition I1.3.33. Suppose C is an R-symmetric monoidal T -category and M C St is a collection of

G-spaces which is closed under restrictions and indexed products. Then, C is MU InﬂeTCatSift—dz'stm'butive if

and only if it is M-distributive in the sense of Elmanto-Haugseng.

This immediately applies Theorem I1.3.24 under Corollary I1.3.32 and Proposition 11.3.31. Now, in

order to start, we simplify Definition 11.3.23.(c).

Lemma I1.3.34. Suppose C satisfies Definition I1.3.25.(a) and Definition I1.5.25.(b) and Bm,f is an equivalence

whenever S is an orbit. Then, C is M-distributive in the sense of Elmanto-Haugseng.

PrROOF. Given a map from an orbit U — S and a diagram A RN L S with m € M(T) and f R-admissible,

we acquire a diagram
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where every square is a pullback diagram and the front and back house-shaped faces are distributivity
diagrams; that is, we acquire a natural transformation A, » — Ay ¢. This yields a natural transformation

\PmurfU il ‘Ilm,fa ie.

vy
C(Qu) < — C(U)
C(Q) +—- T L4 (s)
hJ C(Ry) fue
C(R) ebT fo
T » L Clay) < Y — C(Ty)
C(A) < C(T)

We claim that the two Beck-Chevalley conditions are directly related:

1

(32) " hge’ ————— i"hhgem m PPt fom, —————— i fgm
R R R R
Yu hugey]” — Yuthugeymymy,j” Yu vy fuemu it —— fuemu,i’®

1

Here, the top composite is i*B,, r and the bottom is B, r,j*; commutativity follows by commutativity of
Equation (32) together with the fact that C admits M-indexed colimits.

By assumption, each B, ¢,j" is an equivalence, implying that i*B,, r is an equivalence for each U — S.
The Segal condition that the i assemble to an equivalence

C(S) — lljiin)s C(U)

then implies that B, r is an equivalence, completing the result. O

PROOF OF PROPOSITION 11.3.33. First suppose C is MU InﬂeTCatSift—distributive. By assumption, C
satisfies Definition I1.3.23.(b) and the cocompleteness part of Definition I1.3.23.(a), and Proposition I1.3.31.(1)
shows that it satisfies the full Definition I1.3.23.(a). Moreover, Remark I1.3.2 shows that B, r is an equivalence
whenever S is an orbit, so C is M-distributive in the sense of Elmanto-Haugseng by Lemma 11.3.34.

Now, suppose C is M-distributive in the sense of Elmanto-Haugseng. By assumption, C admits
MuInfl? Cat*_colimits, and by Proposition I1.3.31.(1), the indexed tensor functors of f distribute Infl7 Cat®ft-
colimits. Moreover, Remark I1.3.2 shows that the indexed tensor functors of f distributive M-colimits. The
result then follows by Proposition I1.3.31.(3).

For the remaining statement, set M = S;. In light of Proposition I1.3.31.(1), it suffices to prove
that S, generates Cat; under sifted colimits. But this follows by [Sha22, Thm. 8.6] by noting that their

corepresentable T -left fibrations are T -spaces. O
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11.8.2.4 Application: transfer ring examples This language makes the following corollary convenient.

Corollary I1.3.35. Fiz ¢: C® — D® a conservative O-monoidal functor which creates T -colimits.

(1) C?® is distributive if and only if the essential image of @ is distributive.

(2) If D® is distributive, then so is C®.

PrOOF. The assumptions guarantee that W, ¢ of Eq. (30) is left adjointable in C if and only if the
restriction of W, ¢ to the essential image of C is left adjointable, giving the first claim. The second claim is
clear, as left adjointability of W, ¢ is closed under restriction along 7 -cocontinuous fully faithful O-monoidal

functors. O

In particular, we immediately acquire the following technique for extending examples.

Corollary I1.3.36. Suppose D® is a distributive O-monoidal co-category.

(1) If C® C D® is a T -colimit closed O-monoidal full subcategory, then C® is distributive.
(2) If D® — £ is an O-monoidal localization, then E® is distributive; if moreover D® is presentable
and the underlying T -localization L: D — £ is accessible, then E® is presentable.

(3) If p: K — Alg/n (D) is a diagram of O-algebras, then the slice structure on C}e;] is distributive.
Now, we will need the following extension of this in our discussion of formal inversion modes.

Proposition I1.3.37 (Sifted generation and distributivity). Fiz IC C Caty containing all nonequivariant sifted
diagrams. Suppose @: C® — D® is an O-monoidal left T -adjoint such that there exists a sifted diagram

0: K — Dipy xFunéi (C,D) whose composite diagram
K — Funy (C,D) x Dipy LN Funy (D, D) x Dipy 2, Funy (D, D)

has colimit the identity, where Dy, C D is the full T -subcategory of ®-invertible objects. If C® is K-distributive

and D® is Infl? Cat*ft-distributive, then D® is K-distributive.

ProoF. We must show that, for f: T — V a map of orbit-finite 7 -spaces with V an orbit,

fo: f,ff'D—D

weakly distributes all K-indexed diagrams for all K € KT; by restriction-stability of the assumptions, this will
imply K-distributivity.
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By assumption, fg weakly distributes all diagrams factoring through f*¢@; moreover, as i@ is G-symmetric

monoidal, for each X € Di‘rllv we have a commutative diagram

D Ly p

ﬂ(*@xi l-®x®f

f;f*D f® D

where the vertical 7 -functors are equivalences. From this we learn that, if the f-norm weakly distributes a
-®X
diagram m: K — f*D, then it weakly distributes K LN f*D N f*D.
Now, the weak distributivity condition for f-indexed tensors of K-indexed diagrams is equivalent to the

Beck-Chevalley condition for horizontal left adjointability of the following square

Fun(£K, D)V « A" pv

" -

Fun(fK, f.f*D)"

NT(P fe

Fun (f*f.K, f*D)"

o

Fun(K, F*D)T <25 (£.D)"

i.e. it stipulates that
: colimy g *— colims g “AR colimg =~ colim g AFK colimg — fgcolimg.
f.K JoPN f.K JoP1 f. ® ®

is a natural equivalence (see Remark I1.3.2). This is a natural transformation between sifted-cocontinuous
functors, and in particular, we find that fg distributes all diagrams K — f*D which can be written as sifted
colimits of functors factoring through X ® ¢ for some invertible X. But applying ¢ pointwise always gives

such a sifted-colimit expression. O

I1.3.3 Parameterized operadic left Kan extension In this section, we use Theorem I1.3.24 to apply the

distributed left Kan extension results of [LLP25] to our setting, as well as describe monoidality.

Theorem I1.3.38. Suppose ¢: O® — P® is a morphism of R-operads and C is a distributive R-symmetric

monoidal co-category. Then, @* preserves R-sifted T -colimits and admits a T -left adjoint

P

T
Algp (C) . Algp (C).
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if for every P € Py, the slice V-category Envg(O)y /p is R-sifted, then the doctrinal adjunction oplax R-

symmetric monoidal structure on @, is R-symmetric monoidal.
An important and immediate corollary is the following.

Corollary I1.3.39. If ¢: O® — P® is a 1g-equivalence of R-operads and C® is a distributive R-symmetric
monoidal co-category, then

¢: Algp (C) — Algo (C)
is a monadic right T -adjoint; in particular, this is true of U: Algp (C) — Fun, (UP,C).
I1.3.3.1 Colimits of algebras We start with 7 -colimits in Algp(C), following [NS22, Thm. 5.1.4].

Proposition I1.3.40. Suppose Q® — O® is a morphism of R-operads, K a collection of R-sifted diagrams, and

A a K-distributive O-symmetric monoidal co-category. Then each of the following preserve K-sifted colimits.
Algg/o (A) — Fung /g, o (Totr O, Toty A) — Funy ;0 (UO, U A);

moreover, in the case K contains InﬂZCatSift, the T -co-category Algn(C) is cocomplete.

PROOF. First note that each of the relative functor 7 -categories is cocomplete by Proposition 1.1.38,
and the second arrow preserves all 7-colimits by Proposition 1.1.38. The first arrow is fully faithful, so it

suffices to prove that

Claim i. Algg/o(A) C Funy jp o (Tot7 Q, Totr A) is closed under K-sifted colimits, and

Claim 1. Algo,o(A) admits finitary indexed coproducts.

Claim i follows by applying Proposition I1.3.31 to conclude that cocartesian transport Toty C® preserves
K-colimits and applying Corollary 1.1.39.

We will not use this proposition to construct operadic left Kan extensions, so we may safely assume
they exist; that is, we have already proved that U: Algo/o(A) — Funy ;0 (UQ, UA) is a monadic 7 -right

adjoint. As a result, we acquire a natural simplicial resolution
colim -+ 3 TAX 3 ToX) —— X,

where Tp is the monad associated with Uj; in particular, Algg,n(A) is generated under nonequivariant sifted
colimits by free algebras.

Now, the collection of S-tuples in an arbitrary 7 -oco-category admitting a coproduct is closed under
nonequivariant sifted colimits by commutativity of nonoequivariant sifted colimits with finite indexed

coproducts; in particular, it suffices to prove that Algy/»(A) admits finitary indexed coproducts by free
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objects. Indeed, the universal property for free objects guarantees that 1 (]_[?,v XW) ~ ]_[f, iotay (Xyy), where

1: triv(UO)® — OP classifies the identity on UQ, yielding the claim. |

Now, we can conclude presentability.
Corollary I1.3.41. If C is presentably O-monoidal, then Algo,0(C) is presentable.
Now, to prove this, following Nardin-Shah following Lurie, we import the following.

Lemma I1.3.42 (c.f. [HTT, Prop. 5.4.7.11] and [HTT, Rmk. 5.4.7.13]). Let C — D be a cocartesian T -fibration
to a small T -co-category, such that each fiber Cp and each covariant transport T -functor Cp — Cp/ is

k-accessible. Then, given a set of edges D™ c D, the T -co-category Funi}“/_DcoCart (D,C) is x-accessible.

ProOOF OF COROLLARY I1.3.41. Fix x such that C is x-presentable, in the sense that the factorization
of Proposition 1.1.48 factors through Prk. Using R-sifted (hence filtered) cocontinuity of cocartesian transport
in C® via Proposition 11.3.31, Lemma 11.3.42 applies to Toty C® — Toty O®; as a consequence, we find that
Algo/0(C) is fiberwise x-accessible.

We must find some x’ such that each functor Resgz P;ng/O(C)V — Algo/o (C)U preserves k’-compact
objects; equivalently, CoIndX, must commute with x’-colimits. Fiberwise accessibility allows us to find such a
cardinal for each map U — V, so we may take an even larger cardinal to find such a x’ uniformly.

Now, Acc,r C @ for the subcategory of x’-accessible co-categories and x’-compact object preserving
x’-accessible functors and write @L C @ for the wide subcategory of cocontinuous functors. It follows by

.. —L . L.
the adjoint functor theorem that Pri, ~ Acc X5 Cat ', so we're provided a factorization
11.3.42
Pri, — Accy

Lo

Gat' —— Cat

whose diagonal functor classifies Algy/»(C). Combining this with the cocompleteness of Proposition II.3.40

yields presentability under Proposition 1.1.48. |

Warning 11.3.43. In the case O = Comm?-, Algs(C) is presentable and jilgg(c ) is 7 -symmetric monoidal, but
A_lgg(C) is seldom presentably T -symmetric monoidal.

A simple example is when Q = Comm?ﬁ as well; then, CAlg®(C) is cocartesian. Distributivity for binary
tensor products then implies for any object X that 3- X ~ (X UX)UX = (XUX)U(XUX)=~4-X, which is

almost never true. <
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11.3.5.2 Operadic Kan extensions To start, given F: C® — D® an R-symmetric monoidal functor, write
S ._ S S
We start by importing the import result of [LLP25], for which we need the following.

Proposition I1.3.44. The following conditions on F: C® — D® R-symmetric monoidal are equivalent:

(a) F is equifibered in the sense of Definition 1.2.37,
(b) for all R-admissible maps f: T — S of orbit-finite T -spaces and T-tuples (Xy) € CT, the functor fg

induces an equivalence fg: ﬁ(Cg(U |UC T) —cY and

fe(XylUCT)’

(c) Condition (b) holds when f is either a binary fold map or an orbit map.

Proor. It suffices to prove this locally, i.e. that F is equifibered over f if and only if Condition (b)
holds for f. Then, Conditions (a) and (b) are made equivalent by unwinding definitions and Conditions (a)

and (c) by using the reduction to elementary codomains and composition-closure of Proposition 1.2.39

and Corollary 1.2.40. (]

Remark I1.3.45. This is a mirror for non-cartesian structures of disjunctiveness; the reader would be justified

in remembering this as a notion of disjunctive R-symmetric monoidal functors. <

Now, Lenz-Linskens-Piitzstiick essentially prove the following.

Proposition I1.3.46 (Modified and specialized [LLP25, Thm. 3.39]). Let F: C —» D be an R-symmetric

monoidal equifibration and € a distributive R-symmetric monoidal co-category. Then F* admits a left adjoint
Fy
® - ®
Funy, (C,€) L Funy, (D, €)

\’7/

Moreover, the Beck-Chevalley transformation

Fun$(C,€) —— Fun(D,¢)

L=

Fun;(UC,€) — Fun,(UD,£)

18 an equivalence.

PRrooFr. It suffices to verify the assumptions of [LLP25, Lem. 3.40] under the identification with Sg-
normed Sy-categories of Remark 11.3.25. We’ve already identified the appropriate cocompleteness assumption

on &£ over Spang (Sr), so we are left with verifying their condition for slice categories.
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We may proceed as in the proof of [LLP25, Lem. 3.42], in which case we have T = E = Spany (S7) and
M = S7. They show that the assumption of the previous lemma is fulfilled if the family of functors they

denoted by (11) is an equivalence
(33) C(C) xp(c)y ArD(C) xp(c) {y*d} — C(B) xp(p) ArD(B) xp(p) {¢"yd}

for all d € D(C). Unwinding definitions, this is exactly the map appearing in Condition (b). O

PROOF OF THEOREM I1.3.38. By Corollary 1.2.40 we know that Envg (O)® — Envg (P)® is equifibered,

so Proposition I1.3.46 proves that the diagram of 7 -co-categories

Algo(©) < — Algp(C)
1R 1

Fun?’(EnvI(O)@’, BorfC@’) <(P—* Fun?(Envl(P)QBor}C@)

lUEnV lUEnv

Fun; (Env;(0),C) < Envr(o) Fun(Env;(P),C)

is horizontally left adjointable, providing the desired left 7 -adjoint.
Now, this proves that ¢ is accessible, but we would like to show that it further commutes with R-sifted

colimits. First, we may draw a pair of diagrams

po P o® Algp (C) —— Algo(0)

T T Alg((0)

L L FAAAAAAAS l*l/ [l/
trivy (UP)® <22~ trivy (UO)® Fun, (UP,C) 2 Fun, (UO,C)

whose right side is algebras in C taken along the left side. R-sifted cocontinuity is automatic for the bottom
arrow by Proposition 1.1.38. Moreover, the vertical arrows are conservative; by cancellation, it suffices to
prove that the vertical arrows are R-sifted cocontinuous. This is simply Proposition II.3.40.

All that is left is to consider R-symmetric monoidality. Of course, the oplax structure is supplied by
Proposition 1.3.56; by the Beck-Chevalley condition, the underlying natural transformation of the oplax

structure map, UEDVO((J!,II‘lngA)V,(XU) (P), is given by the map

UeOrb(S)

S S
U U

adjunct the unit of the adjunction Env;(¢), 4 Envj(¢)*; unwinding definitions, it is the assembly map for
the indicated 7 -colimits in C along the functor ®°. This is an equivalence by the R-sifted assumption and
Proposition 11.3.31, so conservativity of U implies that o ouInd? S V,(Xy) is a natural equivalence for all S, (Xy),

as desired. 0
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I1.3.4 Parameterized Day convolution We lift an important technical theorem of Nardin-Shah (generalizing

Lurie, generalizing Glasman) to our setting, as well as functoriality reminiscent of [BS24b, § 3].

Definition I1.3.47. We say that a map of 7-operads ¢: C® — O® ezhibits C® as an O-promonoidal co-category
if the associated 7 -functor

Toty @*': Toty C*' — Toty O

is exponentiable; for instance, this holds if C® is O-monodial. <

Theorem I1.3.48 (Day convolution). If ¢: C® — O% is O-promonoidal, then pullback admits a right adjoint

o
—_ 3

@7, JO® + @T,/cxn .
— -

Px

Writing Day(C,-) := @.@*: OPr 00 — OPr 08, if E® is a distributive (resp presentable) O-monoidal oo-

category, then so is Day, (C,E); moreover, when O® has one color, this assembles to a lift

10,0 Dayy(—,-)
OppT’/Op x Alg o (Pr%) ——— > Alg, (Pr]})
L lv
F =
CatOTp X Pr% funr (-) > Pr%

contravariantly natural in O, characterized by the formula for algebras for p: P® — O%:

AlgpoDay (C,€) = Algyec/p (P*E).

This last equation specifies that Day(C,€) is the O-monoidal structure on Funz ;1 (C,&) whose P-
algebras are the lax P-monoidal functors; the commutative diagram specifies that it is functorial under
T -cocontinuous O-monoidal functors in £ via postcomposition and under arbitrary 7 -operad maps in C under
T -left Kan extension. The contravariant functoriality in O specifies that the Day convolution P-monoidal
structure underlies the Day convolution O-monoidal structure; in particular, when £ is 7 -symmetric monoidal,

one may simply study the undecorated Day (C,€) = Daycomm, (C,E).

Remark II.3.49. Exponentiability of ¢ under promonoidality was recently proved for more general algebraic
patterns [BLR26|. For completeness, we will still prove it.

Moreover, this was shown to be sharp for fibrous pattern maps over an algebraic patterns © satisfying
the property that (08 , admits an initial functor from a finite set for every O € © (i.e. it is a weak co-operad

in the sense of [Har|) in [BLR26, Cor. 5.23]. We may see that this applies to TotFiny, by unwinding
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Corollary 1.4.34 (or directly applying [Ste25b, Lem. A.2]);7 in particular, the first sentence Theorem I1.3.48
may be strengthened to say this exponentiability is true if and only if C is O-promonoidal. <

Our approach for Theorem 11.3.48, influenced greatly by [NS22] (which is turn influenced greatly by

[HA]), is the following expression for ¢*.

Observation I1.3.50. Consider the span

int b b
(34) Ar'™(Tot’ O) Xev, Tot? O Tot’C
evy — B U%
TottO < T Totbe
Then, there is a natural equivalence
Uil EVB
—
Cat/Totb (@] U‘: Cat/ Tot’C
¢

In particular, to construct ¢,, it suffices to prove that the Eq. (34) is a pairable span or algebraic patterns. <

We will postpone our proof of pairability until the end of the section, where it will follow mostly the

same way as the proof in [NS22].
Proposition I1.3.51. In the situation of Theorem 11.3.48, Eq. (34) is a pairable span of algebraic patterns.

Before then, we will go through the rest of the proof, together with a number of examples.
11.3.4.1 Monoidality of Day convolution Our next task is distributivity, which we also prove by noting
that Nardin-Shah’s proof generalizes.
In general, a V-arrow A! — Toty, Day, (C,€) = @.¢" Toty £ corresponds under the universal property

of star-pushforward with a V-functor
A" x1or, 0 Ar™ Toty O x1or, 0 Toty C = A" — Toty &;

its underlying Toty O-arrow corresponds with the postcomposition to Toty O, and its domain (resp. codomain)

correspond with its two pullbacks to Ar'™ Toty O XToty 0 Toty C.

Notation I1.3.52. Given C an O-operad and x € Oy, we define the V-co-category

Cy = Toty C X1, 0 {x};

7 To compare 7 -exponentiability with exponentiability, note that the active arrows in TotTot7 O lie in fibers; that is, the active wide
subcategory is a natural disjoint union of the fiber V-categories of the active wide 7 -subcategory, so the two exponentiability statements
are equivalent.
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more generally, if y: x — p is an arrow in Oy, we define the V-co-category

. 1
C” = é Xp,TotVOTOtV C.

We prove the following mostly the same way as [NS22, Prop. 3.2.2].

Proposition I1.3.53. Let ¢: C® — O% be an O-promonoidal co-category and E2 an O-monodial co-category.

Let py: x >y be an active arrow in O of arity f.

(1) There exists a natural equivalence UDay (C,&) ~ 151‘1?1U0(UC, UE) over UO.

(2) An active V-arrow in Toty Dayy,(C,E) lying over p: x =y corresponds with a diagram

{ } xTotVO Al'm TOtV ] XTOtVO TOtV 7 TOtV
(35) ! Jre

A th TOtVO Arm TOtVoXTOtVC TOth —) TotvO

1 is locally cocartesian if and only if this is a weak mg-relative V-left Kan extension diagram.

(3) W is locally cocartesian if and only if it restricts to a V-left Kan extension diagram

(Fy) H
fCo == f&x ——— &y
ﬂ@l
C, HeoFu

. . . . . HeoFu
in this case, covariant transport is the composite arrow pgFy: C, = C, SN &y

(4) If UE — UO has cocomplete fibers, then e is a locally cocartesian T -fibration.
(5) If 2 is a distributive O-monoidal co-category, then so is Dayy(C,E).

(6) If @: E2 — D® is a T -cocontinuous map of distributive O-monoidal co-categories, then so is

Day,(C, @): Day,, (C,£) — Day, (C,D).

(7) In the case that E® is distributive and C is O-monodial, covariant transport is V -left Kan extension:

f.F
f.Cy > fix — &
ﬂ@l

C HoF
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Lemma I1.3.54. Suppose we have a cartesian square of T -functors

(N
L
whose vertical arrows are exponentiable and whose horizontal arrows are fully faithful. Then, the Beck-

Chevalley natural transformation

7 1%

I'F, = F1

18 a natural equivalence.

PRrOOF. Given 7 -functors D — A and D’ — B’, we have natural equivalences

Funy /4 (D,"F,D’) ~Funy /5 (F'1yD,D’)

Funy ;4 (D,F,/"D’) ~Funr /5 (l!'F'*D, D’),
under which the Beck-Chevalley transformation corresponds with the Beck-Chevalley transformation
B: F* = F'y;

we’re tasked with proving that § is a natural equivalence. But this is obvious. O

PROOF OF PrOPOSITION 11.3.53. For Statement (1), as in the proof of [NS22, Prop. 3.1.9], noting that

every inert arrow in Toty O with elementary domain is an equivalence, we acquire a diagram

uc uc —— uo

B e Joo

uo XTot; O Arint (Toty O) XTot; O Tot7 C —l) Arint (Toty O) XTot; O Tot7 C ﬁ Tot7 C ?) Totr O

lﬂ uo evol

uo : > Tot7 O
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and apply the Beck-Chevalley equivalence of Lemma I1.3.54 to acquire an equivalence over UQO

UDay, (C,&) ~ 1" evo, @ E®
=~ nyo.d @ E®
~ nU@*L’E]C(p*é'@
=1y U@ i};nE®
~Up,Up*'UE

~ Fun,, (UC, UE).

For Statement (2), the correspondence between diagrams of the form of Eq. (35) and V-morphisms
a: F — F’ lying over a was described above; in particular, for @ to be locally cocartesian (i.e. initial among
all such lifts) is equivalent to @ being initial among all such fillers. [Sha22, Thm. 6.2] establishes this as
precisely the universal property of weak Te-relative V-kan extension diagrams, giving the claim.

For Statement (3), we will show that the two have the same pointwise formulas. Indeed, write FC; and FC;
for the top and bottom term of the lefthand side, so that the pointwise formula demands a weak mg-relative

V-colimit diagram
aég e TOtV £

: e

(CF) == (G} — ¢y — Toty O

Now, 7t¢ is a cocartesian V-fibration by assumption, so [Sha22, Prop. 5.8] gives a pointwise formula for this
relative colimit diagram: informally, we may apply cocartesian transport along every morphism pointing to

the cocone point to replace this with a diagram

E;e > Tot v 5

+ / Jre

(CEY = ) — Toty O

Then, [Sha22, Lem. 5.6] identifies weak relative colimits over constant diagrams as colimits in the fiber, i.e.

this is a weak relative colimit diagram if and only if it is refines to a V-colimit diagram

ey > £ — Toty &

I / 1 lng

(CY — v} — Toty O
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Now, we may employ an observation mentioned in [NS22]: whenever € € CI“ we acquire equivalences:

gt = > €& > Toty &
: P I
(Y = () — ) — Toty O

Moreover, this composite lifting problem is precisely that for the pointwise formula for our distinguished
V-left Kan extension, yielding the “only if” direction. To prove the “if” direction, we have to prove that
Eq. (35) is a weak mg-relative V-left Kan extension diagram whenever it satisfies the pointwise formula for

le e 5,,. To do so, as in [NS22, Prop. 3.2.2], note that a W-object in FC; comes in one of three forms:

(i) a W-object of 8;,
(ii) a W-object of CK’ or

(iii) a pair of a morphism y — p(e) and a lift e € £, () such that mp(e) = .

In the first case there is nothing to do; in the third case, £, is contractible, so the pointwise formula is
always satisfied. In the second case, we have already assumed that the pointwise formula is satisfied, giving
Statement (3). Then, Statement (4) follows from the pointwise formula for V-left Kan extension.

To conclude Statement (7), again following [NS22, Prop 3.2.2|, we perform the usual trick for expressing
arbitrary Kan extension as Kan extension along full subcategory inclusions: the projection C, — él is a
cocartesian V-fibration whose fibers over {0} and {1} are f.C, and C,, so [Sha22, Rmk. 2.14] shows that the

inclusions create V-Kan extensions, in the sense that given a diagram

fiCy =—— fiC, —% D
[ y

the assembly transformation pgG = 1,yG o1, is an equivalence. The claim then follows by applying
two-out-of-three to identify the assmebly transformations for the two triangle diagrams.
Now, for Statement (5), O-monoidality is equivalent to compositionality of locally cocartesian arrows;

applying Statement (3), we're tasked with verifying that the outer triangle in the following diagram is a
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V-left Kan extension diagram, where f is the arity of A:

KE g

SO —— & fb
gl\l: & /

fﬂ@F
/ gx-cp Agofpior
A2 XA,y,TotVO TOtvc l \\’
\ .

Ao

Aopel

By composing parameterized left Kan extensions, it suffices to prove that coassembly is a natural equivalence

u(Ago fipg o fiF) = Agou(fipgo f£.F);

this is implied by distributivity of £® via Corollary 11.3.29.

Now, we have an O-monoidal structure on Day,, (C,£), and we must argue that it is distributive. Applying
Proposition I1.3.31, it suffices to prove that it distributes R-sifted 7 -colimits and R-indexed coproducts
separately. R-sifted distributivity is easy; by Proposition I1.3.31 it is equivalent to sifted cocontinuity of the
tensor multifunctors, and it follows by unwinding definitions that f, is R-sifted cocontinuous and the relevant
pre- and post-composition functors 7 -cocontinuous.

For Fj-distributivity, draw the diagram

fS —) FunUo (uc,ue), —> Funv —) Fun,, (CZ’EZ)

mp

L oly:of mp)
Then, the distributivity arrow is the assembly transformation
(feP); (1;014@,! oﬁp) = 1y o g, o f(mp);

of course, ty is V-colimit-preserving, so it suffices to prove that the transformation

(fp) (Ho, 0 fiP) = pgio f.(Tip)

is an equivalence. The universal property for pairing identifies this with the assembly arrow for a triangle

’

(UCxS) —2 > & —— &,
fﬂl \(T(VP
fUC V@Oﬂ(“f!")
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whose inner triangle is f, applied to an S-left Kan extension diagram. Indeed, this transformation is an
equivalence by Corollary I1.3.29.
Lastly, for Statement (6), using Statement (4) we find that the lax structure map of @ is given by the

assembly arrow, restricted to C,, of the following diagram

He@F
said another way, to verify O-monoidality, it suffices to show that postcomposition with @, preserves V-left

Kan extensions; 7 -cocontinuity of @ suffices. O

I1.5.4.2 Functoriality of Day convolution in the base Now, in general given a map 1: P® — 0% we may

expand this into a cartesian square
P — P8

bk

Lemma I1.3.55. Given a map : P® — 0% and an O-promonoidal co-category C, »*C® is a P-promonoidal

oco-category.

act

PROOF. ¢’ restricts on active arrows to the pullback of @<, so it suffices to prove that exponentiable

arrows are closed under pullback. But exponentiability is measured fiberwise by Corollary 1.1.54, so it reduces

to the nonequivariant case, which is [kerodon, Tag 05MQ). ]
Applying right adjoints to pullback on horizontal arrows yields a Beck-Chevalley transformation

(36) Dayp (§°C, ") = @l ¥ (=) = Pl ¢"(-) — 2 " pup"(-) = Y Dayp (€, ).

We use this to show naturality of Day convolution in the base.

Proposition 11.3.56. Suppose ¢: P® — O% is a U-equivalence and E® is a distributive O-monoidal co-category.

Then the lax P-monoidal functor
y: Dayp ('€, §°€) — p*Dayo (C.€)

of Eq. (36) is an equivalence of P-monoidal co-categories.
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ProOF. Applying Statement (3) and unwinding definitions shows that y is P-monoidal, so it suffices to
prove that it is a U-equivalence.
Now, note for a general O-operad P® that the map UP — UQ classifies a 7 -operad map triv(UP)® — O®,

and moreover that the following square is cartesian:

triv(UP)® —— P®
triv(U0)® —2 0%
That is, the sliced underlying 7 -category functor Opz ,0e — Catr yo is given by iy, under the equivalence

Catr juo ~Opr, Jriv(UO)- Applying compositionality of Beck-Chevalley conditions to the above square yields

a diagram
Vi " ~
Day iy p)(C,€) i » inDayy(C,E) —————— UDayp(C,€)
li%)’w UV#)\L
Viriv(U ) 1;31I)*DayO(C, S) ;) Ul,b*DayO(C, 5)

1
triv( Ul,b)*Daytriv(O) (C, S)tmo triv(Uy)*i;Day(C, €)

where we have suppressed internal star-pullbacks for readability. Applying two-out-of-three, it then suffices

to prove our claim in two cases:

Case i the case that P® ~ triv(UO)®, or

Case i the case that P® and O® are trivial.

By our previous analysis, the first case corresponds with the claim that UDay,, (C,&) = Funyo (UC,UE) of

Statement (1). Moreover, under this equivalence, the second case amounts to verifying an equivalence
Funyp (UC xyo UP, UE xyo UP) = *Funye (UC, UE)
for C,&,P € Caty ;y; this is Proposition 1.1.56. |

11.8.4.3 Algebras and functoriality of Day convolution in the domain This Beck-Chevalley condition

allows us to describe algebras in this case.

Corollary I1.3.57. If P® — O%® is a U-equivalence and £® a distributive O-monoidal co-category, then

Algp/oDayy (C,€) = Algyc/p (T°E),
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naturally in P. In particular, we have a commutative diagram of equivalences

Alg,pDayy(C,E) ———— Alge/o(€)

o| |

UDay (C,€) —— Funy 0 (UC, U€)

PRroor. After Proposition 11.3.56 it suffices to prove this in the case P® ~ O®. But this follows by

abstract nonsense, as

Alg/op. € = Algy, 00

~ Alge/of. O

Now having addressed functoriality in two of the three variables for Day convolution, we are left with
discussing functoriality in the third, the promonoidal one. This is not too hard; by the previous corollary, to

construct a natural lax O-monodial functor
Day(C,—) — Day,(B,-),
it is equivalent to construct a natural transformation

Alge/o () = Algp/o(-);
following Theorem I1.3.38, we may choose O-operadic left Kan extension.

Proposition I1.3.58. The O-operadic left Kan extension lax O-monoidal functor F,: Day, (C,€) — Day, (B,£)

18 O-monoidal.

PROOF. Once more, this follows by examining Statement (3); unwinding definitions and using commuta-
tivity of the lefthand diagram, the lax structure map for p is the assembly transformation of outer triangle

for the following diagram

F
( U)> fE, J) N gg;

fiCx
2 S
fBy Cg/ X
N

Of course, this is an equivalence by transitivity of V-left Kan extensions. O

11.3.4.4 Pairability, and putting the proof together
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PROOF OF PROPOSITION I1.3.51. As in [NS22]|, we have a morphism of spans

Tot’ O +——evo Ar™(Tot? 0) x evy,Tot’ O Tot’C e — Tot’C

! J 1

Tot* 80 <—evo— Ar™(Tot™80) x, 1 big, Tot8C e — TotPi8C

evy,To

whose left and right vertical morphisms are Morita equivalences by Theorem 1.4.1. In particular, it suffices to
prove that the upper span is pairable.

To prove this, we verify the conditions of Proposition I.2.60, mostly by analogous proofs to the paragraphs
of the same numbers appearing in [NS22, Prop. 3.1.4]. For completeness, we include those proofs here,
improving or simplifying whenever possible.

For Condition (p-1), Shah wrote his work on promonoidal Day convolution to be sufficiently general. In
particular, we may simply apply [Sha22, Lem. 10.1] for the inert-active factorization system on Tot Tot®'8 0.

Likewise for Condition (p-4), part (1) of [Sha22, Prop. 3.5] shows that evy: Ar™ Tot*8 O — Tot®8 O
is a cartesian fibration with cartesian edges those squares who evaluate to active arrows (equivalently, to
equivalences) under ev.

Now, Condition (p-5’) demonstrates why we (and Nardin-Shah) chose big parameterization: drawing

the diagram
Ar™ Tot?8 O —— Ari™ TotPis F,r
{ 1

Tot* 80 ——— Tot"8F, ,
and noting that each horizontal arrow has cocartesian lifts for inert morphisms, cancellation for cocartesian
morphisms implies that it suffices to verify Condition (p-5’) in the case O% = Comm?ﬁ. Indeed, TotbigEijr—"t* C
Ar(F7)°P is the wide subcategory whose morphisms are pointwise summand inclusions and Ari"t TotPi8 F.rcC
Fun(A' x AL,F7)°P the full subcategory of squares whose horizontal arrows are summand inclusions; ev-

cocartesian arrows then correspond with cubes
Q — Q XT T’

\T/ |
l {
—’R’XSs’
S <

> T7

N

whose top and bottom face are cartesian, which exist in ArAr(F7) by atomic orbitality and in Ar'™Ar (Fy)

T~

35’

by pullback-stability of summand inclusions. Note that R xg S’ is not in general an orbit, which is why we

passed to the Fr-parameterized pattern for 7 -operads.
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For Condition (p-6), we must cleverly choose a sufficient set of generalized Tot®8 O-Segal conditions.
We suggest a simpler choice than Nardin-Shah: following Lurie’s convention, choosing the sufficient set
of generalized Segal conditions {pg 5 x} of Corollary 1.4.34 (and using Theorem I1.4.1 to transfer them to
Tot?8 0), a generic evj-cocartesian section of @g s x looks as follows, where each dotted — arrow denotes

cocartesian lifts, each C_ lives in C, X_ in O, and the rest in F7, or Fy as appropriate.

Cpp e Crusy «—— Cy

The other diagonal arity quadrilaterals are also pullback diagrams. Now, the summand decomposition of
R’U S’ induced by its morphism to RIS under disjunctiveness of F7 has inclusion maps the arities of the
middle (or top) top horizontal morphisms. In particular, the lower back squares together and outer back
squares form the generalized Segal conditions prriys/ X, o+ a0d PRIUS/,Chr o3 the later yields Condition (p-6).

For Condition (p-7), this is easy; we find ourself in the situation

C——c " .p

~ ~
XRqo—nf)X

> 4

Unwinding definitions, we’re tasked with asking that the arrows lying over f are inert if and only if the
composite arrows are inert; both are equivalent to @ f being inert.

Lastly, Condition (p-8) is similarly easy; we have a diagram

\
4

Cr < yrf . C prg

|U

M <

~ ~
Xg — X
whose hooked arrows are inert, and we’re asking that g is inert if and only if tg o tf is inert; this is just

cancellation for inert arrows. O

We’ve proved every part of the claim, so we may now put them together.

242



CHAPTER II. PARAMETERIZED HIGHER ALGEBRA

PROOF OF THEOREM I1.3.48. Proposition I1.3.51 proves pairability of a span underlying a span of
T -algebraic patterns; we may apply Proposition 1.3.17 to acquire an adjunction of 7 (oo, 2)-categories, whose
left adjoint is ¢* by Observation 11.3.50.

The distributivity and presentability statements are Proposition 11.3.53, as is the fact that equivalence
UDayy(—,—) = Funs (U-, U-) in the one color case. The functoriality in the codomain and domain called
for are established in Proposition I1.3.53 and Proposition 11.3.58 respectively; functoriality in the base
is Proposition 11.3.56, and the desired naturality square follows by applying this along the unique map

triv? — O%®. The formula for algebras is Corollary 11.3.57. ]

I1.3.5 Idempotent parameterized commutative algebras and parameterized mode theory
11.8.5.1 Idempotent algebras We may now approach parameterized modes via idempotence. Fix, for this

section, I a unital weak indexing category.

Definition I1.3.59. We say that an Ej-algebra 1 — Y is idempotent if the induced map
den: Y=Y®1l —Y®Y

is an equivalence. More generally, we say that an I-commutative algebra X is idempotent if, for all I-admissible

maps of finite 7-spaces f: T LUS — S whose underlying map S — S is identity, the structure map
e X®T ®X®S N X®S

is an equivalence. We write CAlgiIdem(C ) € CAlg,(C) for the full subcategory of these. <

We extend the main beats of idempotent algebras to our setting. For convenience, assume that I is an

indexing category; equivalently, replace it with an atomic orbital subcategory R C 7.
Proposition I1.3.60. Let C be an R-symmetric monoidal co-category. The composite functor
U: CAlg®™ (C) < CAlgg (C) ~ CAlg Alg® (C) — Algg, (C)

18 fully faithful with image those 1 —> Y satisfying the following equivalent conditions:

a or a -aamaissiole finite -sets 1, e unit map rensors 1o an equivalence
Il R-admissibl ite V-sets T, th it t t wal
Y®V ~ Y®V ® 1®T -~ Y®T|_|V

(b) Y is idempotent and, for all R-admissible finite V-sets T, Y®V admits the structure of a module
over the unique idempotent commutative algebra lifting Y®T,

c) Y is idempotent and —® Y : C — Mody (C) is an R-symmetric monoidal T -localization, or
Mody
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(d) Y is idempotent and admits an R-commutative algebra structure.

Moreover, CAlg;gem’g’(C) C CAIg%(C) s a symmetric monoidal full subcategory which is a poset with relation
(37) Y <Y & Y €Mody/ (C).

and with tensor product determined by the property

(38) Mody gy (C) = Mody (C) "Mody (C) c T7C.

We refer to these as R-idempotents. Throughout, by Mody (C) we mean Alg; a7y, 4(C) Xalg(c) {Y}, and
likewise for Mody (C), where LMod is the left-modules operad of [HA, § 4.2.1]. We begin as follows.

Lemma I1.3.61. If 1 — Y is an idempotent Ey-algebra, then so is 1 ~ 19T — y®T

ProOF. This is the image of 1 — Y under the composite symmetric monoidal functor

T
foCV A cT _@;_) cv,

and symmetric monoidal functors preserve idempotence of E-algebras.® O

Lemma I1.3.62. Given X, X’ € CAlg;gem(C) whose underlying Eq-algebra satisfies (a) through (d), we have

, * X e MOdX (C)
Mapcajg,c(X, X) =
& otherwise.

ProOOF. The proof of [HA, Prop. 4.8.2.9] generalizes; now, note that the second case is clear by the
existence of the functor CAlg;gem (C) — AlgE§> (C) and the same property (due to Lurie) for idempotent Ey-
algebras, so we're tasked with proving that the mapping space is contractible in the case that X’ € Mody (C);
for this, we simply use that the image of the unit under the free Y-module functor Y ~ 1QY € CAlgr (ModY(C)

is initial, as 1 € CAlgg (C) is initial by Corollary I1.2.16. |

PRrOOF OF PrROPOSITION 11.3.60. We first prove that the above conditions are equivalent. Now, (a)
< (b) is obvious in light of the characterization of modules over idempotent algebras [HA, Prop. 4.8.2.10].

Assuming (b), suppose f: A — b is an —® Yy-equivalence; then, under the naturality square
v v NyfeNjY v
NjA®Ny Yy ——— Ny BN Yy
1 1
NY(f®Y)
NY(A®Y) ol NY (B®Y)

8 To get the symmetric monoidal structure on fg, pass through the equivalence CMong (Cat) ~ CMong CMon(Cat).
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we find that NJ f is a —@ N}, Yy-equivalence, and hence an —® Yy-equivalence under (b), i.e. (b) = (c).

Now, (¢) = (d) follows by the fact that Y is the image of the normed algebra 1 under the R-symmetric
monoidal localization —® Y (see Proposition 11.2.57). Finally, the equivalence CAlgr (C) ~ CAlgrCAlgC
constructs an E -structure on the T-indexed multiplication map Y®T — Y, yielding a structure of a Y®T-
algebra (hence module) on Y, i.e. showing that (d) implies (b).

Now, for the essential image, note that the trick of [HA, Prop. 4.8.2.9] lifts to the parameterized world,;
indeed by the Segal condition for R-symmetric monoidal C-categories we may assume S = V in the defining
property for C_Algigem (C), and unitality shows that the T LI V — V-indexed multiplication map is split by
the tensored unit map, so one is an equivalence if and only if the other is. In particular, the essential image
is precisely those E%—algebras satisfying (a). Moreover, Equations (37) and (38) follows directly from the
same statements non-parameterized, which are shown in the proof of [HA, Prop. 4.8.2.9] and in [CSY20,
Prop. 5.1.8].

We are left with verifying that our functor is fully faithful. Combining the mapping space formula with
Lemma I1.3.62 shows that the morphism of mapping spaces is always an endomorphism of * or &; these are

all equivalences, as desired. U

Going in the other direction, fixing ¥ we have a fixed quantity (i.e. element of the poset of atomic

orbital subcategories) characterizing how normed Y is as an idempotent:

Corollary I1.3.63. Fiz C an R-symmetric monoidal co-category, and R’,R” C R atomic orbital subcategories.
IfYe AIgE0 (C) is R’ -idempotent and R”-idempotent, then Y is R’V R”-idempotent; in particular, there

exists a mazximal atomic orbital subcategory Rm(Y) C R such that Y is m(Y)-idempotent.

ProOOF. By Propositions 11.2.57 and 11.3.60 it follows that the unital weak indexing category m(C —
Mody (C)) is maximal among weak indexing categories I such that Y admits an I-commutative algebra
structure. But %gidem@((}) - jilggo (C) is an R-symmetric monoidal full subcategory by Proposition 11.3.60
and Lemma I1.3.61, and so an idempotent I-commutative algebra interchanges with the underlying E-
structure in an essentially unique way, lifting it to an idempotent I N I%-structure, so m(C — Mod(C)) is an

indexing category. Rm(Y) is the corresponding atomic orbital subcategory under Proposition 1.1.97. ]

idem

We refer to elements of CAlgy ﬂ’% as R-modes, or T -modes in the case R ~ 0(7). The following

crucial corollary follows immediately.

Corollary I1.3.64. If M: S+ — M witnesses M as an idempotent Ey-algebra in &%—, then the following
conditions are equivalent.

(a) M witnesses M as an R-mode,
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(b) M and M jointly extend to distributive R-symmetric monoidal structures, and

(c) the smashing localization on ﬂ% classified by M is R-symmetric monoidal.

In this situation, the space of distributive R-symmetric monoidal structures on M with unit classified by M is

contractible; otherwise it is empty.

11.58.5.2 Localization of modes We begin by lifting [CSY20, Prop. 5.2.10]. Morally, if M is a mode,
then M-modules are canonically enriched and tensored over M, and LM becomes a mode measuring which

M-modules have L-local mapping objects, as multiplicative as L itself.

Proposition I1.3.65. Suppose M — LM is an R-symmetric monoidal accessible localization of an R-mode.
Then, the composite functor S — LM exhibits LM as an R-mode; moreover, for C € &,L[, C is an LM-module

if and only if it is an M-module whose M-enriched Yoneda embedding
£ €= Fun®(C%P, M) — Funy (C°P, M)

factors through the inclusion Fun (C°P,LM) < Fun (C°P, M).

PROOF. Our proof is extremely similar to [CSY20, Prop. 5.2.10]; indeed, since LM admits a presentably
R-symmetric monoidal structure under S, by Corollary I11.3.36, it suffices to prove that S; — LM exhibits
it as an idempotent algebra classifying the described property. This follows mutatis mutandis from loc. cit.,
but we include a minor variation of that proof here for completeness.

Now, we're tasked with proving that the tensored unit 7 -functor
N LM~IM®S; — LM®LM

is an equivalence; since LM admits a presentably symmetric monoidal structure, it admits a retract in Pré
given by binary tensor product, and hence a retract in Caty. Now, moreover note that # is equivalent to the
composition

IM=~IMaM—L I MeLM;

in particular, applying the right adjoint to L yields a section to #” in Caty. It suffices to note that every
morphism in a 1-category (in this case, hoCatz) which is a section and retract is an isomorphism.

To conclude, we’re tasked with characterizing LM-modules. Now, note that

Funj (C°P, LM) ~ Funf (C°P, M) Xgun, (cop, ;) Funz (C°P, LM);
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that is, for a general M-module C,
C® LM =~ Fun® (C°P,LM) c Funf (C°P, M) ~C

is the full subcategory spanned by 7 -continuous M-valued presheaves which are pointwise L-local. The result

follows. O

Example I1.3.66. S _, is a 7-mode; it classifies the property of a presentable 7 -co-category that each of its

fixed points is an (n + 1)-category. <

11.8.5.3 Pointed T -spaces We have a canonical inclusion
AlcinfllScS;;
its essential image has V-objects the initial or terminal V-objects.

Lemma I1.3.67. Al C Sy is a T -symmetric monoidal full subcategory

PROOF. It suffices to note that the tuples of initial and terminal V-spaces are closed under arbitrary
finite 7 -products; indeed initial V-objects are absorptive since they have empty mapping spaces from all

other V-objects, and terminal V-spaces preserve this class as they are the 7 -symmetric monoidal unit. [

Now, we may lift an easy result of Nardin-Shah.

Proposition 11.3.68. The localization
L: Day(aL8;) — &7,

is T -symmetric monoidal, and the resulting T -symmetric monoidal co-category S/ is presentable.

PROOF OF PROPOSITION I1.3.68. 7 -symmetric monoidality of the localization follows by applying the

argument as [NS22, Ex. 3.2.8] verbatim. For accessibility, it suffices to note that

Sz, CFuny (AL, 87 ) Xevys, 1*7)

is closed under weakly contractible 7 -colimits by 7 -cocontinuity of evy Proposition 1.1.38, and filtered

T -colimits are weakly contractible. Presentability then follows by Corollary I1.3.36. ]
Corollary I1.3.69. (-),: Sy — S, witnesses pointed T -spaces as a T -mode classifying pointedness.

PRrROOF. If we know that it exhibits it as a 7 ~-mode classifying pointedness, then by Proposition I1.3.68,
the associated symmetric monoidal structure extends to a presentable 7-symmetric monoidal structure, so

the result follows by Corollary I1.3.64.
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The 7 =-mode property and its corresponding property is well-known: one simply notes that C ~C, if

and only if C is pointed [CLL23, Cor. 4.16], that S, is pointed, and that

C®S7, ~Funf (CP,Funy ®(A', 87 )
~Fun? ®(A!, Funf (CP,S))
~ Funy®(A',C)

~C,. ]

I1.3.6 Parameterized formal inversion modes Following the theme that we are simply describing multi-
plicativity of constructions well known to experts, we now describe multiplicativity of Cnossen’s parameterized

lift of Robalo’s formal inversions. We’ll use the following terminology.

Definition I1.3.70. A full 7-subcategory B C C is generated in top-degree if, for all maps U — V and X € BY

there exists some Y € BY and equivalence Res}_/, Y~X. <

Cnossen-Robalo’s relevant results are the following [Cno23].

Proposition I1.3.71. Suppose € C C is a small-generated full T -subcategory of a presentably symmetric monoidal
T -co-category which is generated in top degree. Then, the assignment C[S_l] Vs CY [EV’_l] constructs a

presentably symmetric monoidal T -co-category under C satisfying the universal property that precomposition
Fun;:®(C [5*1],13) — Funk®(C, D)

with essential image those symmetric monoidal T -left adjoints whose restriction to £ has ®-invertible values.
Our theorem concerning this is the following; the case R =7 = is alluded to in [Cno23].

Theorem I1.3.72. Suppose £ C M is a small-generated symmetric monoidal full T -subcategory of an R-mode
Then the E-inversion map £ M — M[E‘l] exhibits the codomain as an 7 ~-mode such that C is an

“t-module if and only if it is an M-module such that, for a € &Y, the composite endofunctor
MET dule if and only if M dul h that, for all X € Y, th dofi
¢V ~cVx(X) sV x MV -2 ¢v

is invertible. Suppose moreover that the following conditions hold for each X € EV :

(a) (symmetric) there exists some n € N such that X®3 ® X®" € Fun(BX3,£") has trivial action.

(b) (accessible) X is x-compact for some regular cardinal x.
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Then multiplicativity of the formal inversion agrees with that of the subcategory:
-1

m(M[e7]) =~ m({M eM ] (zeM) e M[s—l]}),.
i.e. the multiplicativity of those M becoming invertible in M[(ﬁ"l].

Before proving this, we prove our main corollary to it, using the following definition.

Definition I1.3.73. An R-multiplicative G-universe is a G-universe V admitting a linear isometric embedding

N II(i Resg V< Resg V for all R-admissible inclusions K C H. <

Corollary I1.3.74. Given G a compact Lie group and V an R-multiplicative G-universe, SpV is an R-mode;

in particular, SpG is a G-mode.

Proor. By Corollary 11.3.69, we already know that Q/C\;* is a G-mode; the uniqueness of the Mode
structure ensures that the smash product and smash norm are the indexed tensor functors for this structure,
so8V = {SW | 3 embedding W — Resg V} cS g’* is a small R-symmetric monoidal full G-subcategory. Hence
Corollary I1.3.74 implies that S5, [S_V] is a 7~-mode, and this agrees with S_pV by definition.

Condition (a) is routine, and addressed e.g. in [Hoy17, Lem. 5.21]. All that remains is Condition (b),
for which we note that each S" is compact; indeed, as orbits are obviously compact, every finite G-CW

complex is a finite colimit of compact objects, and hence itself compact. O

Remark I1.3.75. This is often sharp; to see so, fix V a G-universe. If W C V is a finite-dimensional K-
subrepresentation, SpG is an R-mode, and K — H lies in R, then yoogIndi{W o N}?E‘X’SW is ®-invertible
since NI? admits a symmetric monoidal structure. That is, replacing V with V' = @ SWespy W and writing

m(V’) =max{R | V’ is R-multiplicative}, we find that
m(V)=m(Sp, );

in particular, whenever V =V’ and R = m(V”’), Corollary 11.3.74 is sharp. <

Remark I1.3.76. In the case 7 = Pro(FinGpd) is the category of profinite groupoids and R consists of finitely-
presented maps, our construction agrees with that of [BH21, § 9], and in particular demonstrates their normed
structure to underly a Pro(FinGpd)-parameterized fp-mode. In particular, restricting to the finite group case,
we have demonstrated their S_p‘?; to be a G-mode. This was already done in Nardin’s thesis [Narl7| via a
different argument, which had notable gaps.

More generally, [GM23, § C] identifies the underlying symmetric monoidal co-category Sp% with the
symemtric monoidal co-category presented by orthogonal G-spectra, and X 4 Q* the derived adjunction of

a pointset model. <
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Before moving on, we construct Ey -structures on Thom G-spectra of V-fold loop maps.

Construction I1.3.77. Since (-)~: Cat;y — S5 is a G-right adjoint, it is G-continuous, and hence lifts to a
cartesian G-symmetric monoidal functor under Theorem I1.2.1; applying a similar argument constructs a
G-symmetric monoidal functor (—)*: Alg(S;) — AlgéP(S;). We define the G-symmetric monoidal Picard

space functor Pic: @?ﬁ E, S+ as the pullback G-symmetric monoidal functor

Pic(C) —— C~

yCY —— 1pC™
In particular, given a 7-operad O®, O ®E;-T -space maps X — Pic(C) are in correspondence with OQE;-
functors X — C in the case that X has grouplike underling E;-7 -space. We define the O-algebra Thom object

functor as the object

Map ujg (s, (X, Pic(C)) —— AlgpDayy (€)™ —;— Algp(C)

o il )
Mapg_(X,Pic(C)) ——— Fung(X,0)" ——— C

colim

and in the case of loop maps, using the recognition principle, we acquire a composition

Mapg_ (BVX,BVPic(C)) = MapAlgEv(éc)(X,Pic(C)) — Algg, Dayy,o (€)” —5— Algg, (C)

\
o )| i
\ .
Map§c (X,Pic(C)) ———— Fung(X,0)~ B r— C
We refer to this as the conventional Ey -structure on V-loop Thom spectra. <

We will not study this further, but the author believes a strategy akin to that of [QZ25] will be helpful
to raise this to 7-symmetric functoriality functoriality out of S /Pic(C) and express a universal property
relating it to more traditional notions of equivariant Thom spectra.

11.3.6.1 The T=-mode Now, we will prove this via the same trick as always: prove it is a 7 ~-mode in
an essentially nonequivariant manner, then construct a distributive m(&)-symmetric monoidal lift. For the
firststep , we give a parameterized analog to Robalo’s (nonparameterized) co-categorical lift of a result of

Tabuada [Rob15, Prop. 2.2]

Proposition I1.3.78. Let M® be a presentably symmetric monoidal T -co-category and £ C M a symmetric

monotidal full T -subcategory small-generated in top degree.

250



CHAPTER II. PARAMETERIZED HIGHER ALGEBRA

(1) Base-change along X : M® — M[5_1]® implements a fully faithful functor
2" Mod M[S,I](@T) <> Mod ,((Catr)

with essential image spanned by those M-modules € satisfying the condition that, for all V€T and

E e &Y, the action V-functor yields an automorphism
Me(-): Y ~{E}xCY — MV xcV — V.
(2) Base-change along X : M® — M[S_ll implements a fully faithful functor
T Mod ye-1)(Pry) <> Mod u(Pr7)

with essential image spanned those M-modules which are M[E_l]—modules n EET.

PrOOF. Applying the natural equivalence
Algy qr,Coeff” (D)* = Coeff” Alg,(D*)

to O® ~ LMod® and noting that formal inversion is defined fiberwise reduces the first claim immediately to
the nonequivariant case, where it becomes [Rob15, Prop. 2.2] after universe expansion. The second claim

follows from the fact that ﬂ%@’ C (@T)X is a T-suboperad under Theorem 1.3.51. ]

We also need a fairly standard lemma in nonequivariant higher algebra.

Lemma I1.3.79. If D® is a presentably symmetric monoidal co-category, then the following conditions on a
commutative algebra X € CAlg(D) are equivalent:

(a) The underlying Eqy-algebra of X is idempotent, and

(b) The forgetful functor Modx(C) — C is fully faithful.

PRrOOF. The fact that (a) implies (b) is [HA, Prop. 4.8.2.10]. Conversely, (-)®X: C — C agrees with the
free X-module monad by [HA, Cor. 4.2.4.8] and [HA, Prop. 4.5.1.5], so (b) implies (a) under part (2) of [HA,
Prop. 4.8.2.4]. O

We may conclude the following.
Proposition 11.3.80. In Theorem I11.5.72, ¥ exhibits M[S’l] as a T=-mode with the indicated modules.

PRrROOF. Proposition I1.3.78 and Lemma I1.3.79 shows that the forgetful functor

00, %

) U
Mod ye-1](Prf) ——— Mod (Prf) —— Pry
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is fully faithful, so M[g_l] € PrIY“— is an idempotent algebra via Lemma I1.3.79; Proposition I1.3.78 provides

the correct formula for its modules. O

11.3.6.2 Norms on formal inversion modes For multiplicativity, we use a trick reminiscent of [LLP25]:

there exists a fully faithful embedding
CMonRCoeffTD>< ~ SegSpanR(FT)(D) < CoeffspanR(]FT)(D),

so R-commutative monoids in D may be viewed just as a mildly special kind of parameterized D-object. In
particular, under the equivalence CMong (Cat®ift) ~ CMongz CMon(Cat®ft) of Remark 11.2.36, nonequivariantly

sifted-distributive R-symmetric monoidal co-categories embed into Coeff>P2"=(F7) (CMonCatSift).

Lemma I1.3.81. If £2 ¢ M® is an R-symmetric monoidal full subcategory small-generated in top degree, then

the full Spang (Fr)-subcategory EcM spanned by S-objects (. s—v f*E is small-generated in top degree.
VeT

PROOF. Suppose &) C € is a small full 7-subcategory of generators; it follows by unwinding definitions
that 5~’0 c € is a small full Spang (F7)-subcategory of generators. Generation in top degree is automatic by

definition. O

From this, we define the Spany, (F7)-parameterized formal inversion
fg": M—M [g_l]
This is exactly the R-symmetric monoidal structure we want:
Proposition I1.3.82. E? M- M[E‘l] underlies an R-symmetric monoidal functor whose corresponding
symmetric monoidal T -functor is ¥.g°.

ProoOF. Unwinding definitions, the formal inversion is curried from a composition

Ero M
Spang (F7) oM, Catl,g — 1 ArCat®,

where Cat‘f’ug ~ Cat® xcyy Cat,yg and Cat,,g C Ar(Cat) consists of the full subcategories and 7. is the unit
of the adjunction corresponding with the left adjoint £ to (-)ipy: Cat® — Cat® constructed by an evident
variation of [Cno23, Lem. 2.42].

To prove that Eg" is R-symmetric monoidal, it suffices to prove that #, is product preserving, i.e. the

left adjoint £ is product-preserving. That is, we must prove that

CxD[eex&pt| =[x D[R],
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i.e. the righthand side satisfies the universal property of formal inversion of & x £p. Indeed, this follows
by unwinding the definitions. It moreover follows by naturality of everything involved that the underlying

symmetric monoidal 7 -functor of our construction is 2. |
Crucially, this preserves distributivity in the setting where we care for multiplicativity.

Proposition I1.3.83. If M® is K-distributive and £ satisfies Conditions (a) and (b), then the induced structure

on M[E_l] is KC-distributive.

PrOOF. Applying Proposition 11.3.37, it suffices to prove that there exists a sifted diagram
(¢, E): K — Fung (M[E7'], M) x Miny

such that colimycr @(k)® E(k) ~ id v4; following the discussion in [Hoy17, § 6.1], we may reduce to the case
that the subcategory £ C M consists of a single 7-object X.
Now, it suffices to construct (@, E) in the nonequivariant case, naturally in M and X, so specialize to

that case. [Rob15, Cor. 2.22] yields a limit diagram
X X
M[x] :lim(--- M m

by Condition (a) where QX ~ map (X, —) is the internal hom from X, and the right adjoint Qg + X2 is the
corresponding functor to the last element. This lies in PrR by Condition (b) and the adjoint functor theorem.

The argument of [HTT, Prop. 5.5.7.6] then naturally expresses id M[x-1] 85 & filtered colimit
id [ x-1] = colimy; e rXERQRQ T,

yielding the claim. (I

PRrRoOOF OF THEOREM II.3.72. Proposition I1.3.80 proves the first sentence. Write N for the desired
multiplicativity. For the remaining statement, by Proposition I1.3.60, it suffices to do the following;:
(i) construct an N-symmetric monoidal structure on X3 such that M [5‘1] is distributive, and
(ii) prove that m ():Zf’) CN.
Now, replacing £ with {E ’ (E?E)_l € M[S_l]}, (i) follows immediately from Proposition I1.3.83. For (ii),

given an orbit map f: U — V lying in m(E?), we acquire a commutative diagram

MUy ]

lNl‘]/ lNg,’
MY mle]”
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Symmetric monoidality of Nl‘]/ then implies that whenever E € MY has Y2E admitting ®-inverse F, the

V-object N}E admits ®-inverse N F, i.e. f € N. O

I1.3.7 Digression: the equivariant chromatic localizations Now, we will work out some examples arising
in chromatic equivariant homotopy theory, following Hill [Hil17]; we do not claim to any originality. First, a
description of multiplicativity of localizations via their quotients.

I1.3.7.1 Multiplicativity via kernels Let Ker(L) := L™!{0}.

Proposition I1.3.84. Suppose C is a fiberwise-stable distributive R-symmetric monoidal co-category subject
to the condition that, for all R-maps U — V, there exists a sifted diagram p: K — Fun (CV,CV), pointwise
factoring through N[‘J/CU, such that colimp =id. Then, given L: C — LC a symmetric monoidal T -localization,

we have m(Ker(L) — C) =m (C — LC).

PrROOF. A V-morphism f: A — B is an L-equivalence if and only if cof(f) € Ker(L) by the fact that L is
a left adjoint, and hence righ-exact; moreover, every V-object of the kernel arises in such a way, for instance
as a cofiber of the null map to itself.
Now, sifted-cocontinuity of C shows that Nl}/ preserves cofibers of split maps, such as the null map; if
all L-equivalences of f are taken to L-equivalences under N [\J/ , then preservation of the L-equivalence 0 — A
shows that L preserves the kernel, i.e. m(C — LC) Cc m(Ker(L) < C).
For the other direction, we may simply resolve a map A — N[‘;cof(f) by norms of maps Ay — cof(fy),
where Ay is L-acyclic, by sifted-cocontinuity of Ng and whenever f € m)Ker(L) < C); this shows that such

maps are null, ie. f e m(C — LC). O

Corollary I1.3.85. In the situation of Proposition 11.3.84, suppose additionally that
(a) C — LC is a fiberwise-finite localization in the sense that Ker(L) is fiberwise generated under colimits
by its compact objects Ker(L)*, and
(b) C¥ CC is an R-symmetric monoidal full subcategory.

Then, m(C — LC) = m (Ker(L)? — C%).
To prove this, we write down an easy lemma.

Lemma I1.3.86. Suppose £, D CC is a pair of symmetric monoidal full T -subcategory inclusions such that

(a) C has a distinguished distributive R-symmetric monoidal structure,
(b) D is closed under sifted colimits,
(c) € is an R-symmetric monoidal subcategory, and

(d) DNE generates D under sifted colimits.
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Then, m(D —C)=m(DNE — ().

PROOF. The lefthand side is obviously contained within the right by R-symmetric monoidality of £, so
assume that DN E is closed under norms along the R-admissible map U — V. Given an object D € DY,
write a sifted resolution D =~ colimycx Ex such that Ex € DY NEY for all k; then, distributivity guarantees
that NL‘J/D =~ colimyex N[‘]/Ek' This is a sifted colimit of objects in DV NEY by assumption, and hence it lies

in DV, as desired. (|

PrOOF OF COROLLARY I1.3.85. Compact objects are closed under finite colimits, so our assumption
is equivalent to the condition that Ker(L) is generated fiberwrise under filtered (hence sifted) colimits by
compact objects. We find ourselves in the situation of Lemma 11.3.86 for D = Ker(L) and £ =C® and the

result follows. 0O

11.3.7.2 Norms on equivariant chromatic localizations Fix G a compact Lie group. To stay relatively

self-contained, we construct geometric fixed points without residual Weyl-group action.

Construction I1.3.87. Under Proposition I1.3.71, define the geometric fized points as the essentially unique

symmetric monoidal left adjoint making the following diagram commute:

SG.r _x Spe

|
lFG ol
g

S —= 3 sp

More generally, we define ®H := ®H o Resg: Spe — Sp. <
We use this to give an important invariant of chromatic localizations:

Construction I1.3.88. Suppose X' C Sp(’ ) is a p-local thick ®-ideal. The vanishing function of X is the

function v*(X): 1oOg — [0, 00] defined by
o(X)=sup{teN | VX ex, K)o X" = 0}. <

Now, Balmer-Sanders recognized that a standard isotropy separation argument shows that every prime
tensor ideal must have geometric fixed points concentrated at some conjugacy class (H) C G; this was extended
to compact Lie groups by Barthel-Greenlees-Hausmann [BGH19|. Hence the Hopkins-Smith thick subcategory
theorem identifies these with an extended integer denoting minimal index ¢ at which of K(€)-homology is
nonvanishing for the elements of X. In particular, taking prime decompositions shows that X is recoverable
from vu(X), as

x={xespg, | Y(H)cG, K(u(x))ex® =0};

)
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see [BGH19, Thm. 1.3]. Hill [Hil17] noted that the double coset formula for interaction of norms and geometric
fixed points gives a straightforward characterization of norm-closure of X. We may use it to prove the

following.

Proposition I1.3.89. The multiplicativity of the finite localization L{Y: SpG(p) — Sp ¥ associated with X s

an indexing category associated with the transfer system
Rm(L{Y) = {K < H ’ VKcJcH, v(X)< UhKhilm(X)};
in particular, L;-local G-stability is an Rm (Lﬁ;)-mode.

We need a few extremely routine lemmas about geometric fixed points to prove this. We will mostly

prove them for completeness. Let EP be the unique G-subspace of #5 characterized by its fixed points

Under ¥, this extends to a cofiber sequence of G-spectra EP, — S — EP.
e G
Lemma I1.3.90. There exists a natural equivalence (EP@X) ~ XPG,
PROOF. As in [GM23, § C], note that Sp is the colimit in the co-category Eﬁ‘(‘;’ of compactly-generated
(large) oco-categories and compact object-preserving left adjoints of the diagram
ZV
Sg =~ colim (SG,* —_ SG#),

as V ranges across the finite-dimensional subrepresentations of some fixed complete G-universe. In particular,

the space of factorizations

Se. 250S N S
G G* 7 OP¢
I
Fcl FG O |
ydimV v
Sx- 4 * > 2 Sp

whose rightmost vertical arrow is cocontinuous and preserves compact objects is also contractible, and contains
— G
®C. Thus it suffices to prove that the cocontinuous and compact object-preserving functor (EP@X ) makes

256



CHAPTER II. PARAMETERIZED HIGHER ALGEBRA

this diagram commute; indeed, we have

(EP@3=X)” = cof (2% (EP, A X)¢ — (2°X)€)

:z“’(xc),

where the second equivalence is the tom-Dieck splitting. O

This confirms that our geometric fixed points agree with the classical notion, say, from [Sch18, Prop. 3.3.8].

We acquire an immediate corollary, e.g. from [Sch18, Prop. 3.3.10].
Lemma I1.3.91. The functor [1y<c®": Spg — [1y<gSp is conservative.

More importantly, it confirms that our vanishing function agrees with the type functions of [BGH19].

We will also need the following well-known property of norms.
Lemma I1.3.92. There exists a natural equivalence NI?CDH ~ @K,

Proor. All of the functors in sight have distinguished symmetric monoidal structures, so this is easy:
we first note that the following diagram commutes, and the bottom horizontal composite is determined up to

contractible ambiguity as a symmetric monoidal left adjoint by the universal property of formal inversion

Colndf FH
S = Sy > S,
1 4 {
SPK NI? 7 SpH of 7 Sp

By composing right adjoints, we find that the top horizontal composite is equivalent to FX, so the bottom

horizontal composite is equivalent to ®X, completing the proof. O

PRrROOF OF PrOPOSITION I1.3.89. Since LQ is by definition given fiberwise by a fiberwise-finite smashing
localization, it is symmetric monoidal, i.e. m (Li) is an indexing category. Note that the Lj;(—local objects are
generated under sifted colimits by (norms of) local spheres and Spg is distributive, so we are in the situation
of Proposition I1.3.84 and Corollary I1.3.85, yielding an equality Rm (Lj;() = Rm (X); thus we’re tasked with

proving that X is closed under N }g if and only if the above condition holds. Indeed this follows immediately
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by the straightforward computation

1R

K()®d/NEX ~K(£)® D/ Res/ N}/ X

~ J J H
=KOe® @ N Resh X
KhJe[K\H/J]

INT H
KO® B N, Resphan, X
Khje[K\H/]]

1R

R

Rest

hKh-ln]X

K(€)®®/N]
Khje[K\H/]]

Kh=1nJ

= P kel Iy
Khje[K\H/J]

the first term is contractible if and only if each term in the final direct sum is contractible. O
Applying Propositions 11.3.60 and 11.3.84 immediately yields the following corollary.

Corollary I1.3.93. The space of R-commutative algebra structures on LQS with unit L: S — L;S is either

empty or contractible; it is nonempty if and only if R C Rm (Lg)

11.3.7.8 Chromatic realizability Now, we will briefly speak on the inverse problem of characterizing which
transfer systems arise in this way. A version of the following input was obtained for finite abelian groups,
conditioned on a Logp-conjecture by Balmer-Sanders [BS17, Cor. 10.6]; this conjecture was disproved and
corrected to a rank,-theorem for by Barthel-Hausmann-Naumann-Nikolaus-Noel-Stapleton [BHNNNS19,
Cor. 1.4], then extended to all compact Lie groups by Barthel-Greenlees-Hausmann in [BGH19, Thm. 1.3],

completing the result.

Proposition I1.3.94. v provides an embedding of posets
v: Thick - - Ideal (Spfy ., | < [0, 0012

the essential image is those sequences v such that, for all indices 1 <j <k <n, we have o <uk+1.
For instance, we may exhibit that this problem is nontrivial as follows.

Corollary I1.3.95. A Cyn-transfer system is realizable as the multiplicativity of a finite localization of S if it

satisfies two-out-of-three.
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PrOOF OF COROLLARY I1.3.95. If R is saturated, we may simply write the increasing recurrence

l; Cpi g Cpi+1 eR;
lip =
¢; +1 otherwise.
It follows by unwinding definitions that ¢ is chromatically realizable and that it encodes the same index-p
transfers as R; moreover, the transfers correspond with equalities of indices, which satisfy two-out-of-three,

so ¢ encodes a saturated transfer system. Two saturated C,n-transfer systems agree if they agree on index-p

inclusions, so we are done. O

This condition is not necessary; for instance, the following sz—transfer system (illustrated in Rubin’s

dot notation [Rub21]) does not satisfy two-out-of-three, but it is realizable via the sequence (1,0,1):

Indeed for the sequence to admit these transfers, it would require v; < v, < vz < vy to hold, but such a
sequence can not be realizable, as vy > vy + 1. The author is not sure precisely which transfer systems are

chromatically realizable.
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Boardman-Vogt tensor product computations

We finish with more computations of Boardman-Vogt tensor products of parameterized and equivariant
operads. In particular, in Section III.1, we lift Schlank-Yanovski’s co-categorical Eckmann-Hilton argument
[SY19] to arbitrary atomic orbital subcategories, and in Section III.2 we extend Dunn-Lurie to be genuine-

equivariant over arbitrary finite groups.

IT1.1 The equivariant Eckmann-Hilton argument

We say that a 7-operad O is k-connected if O(S) is k-connected or empty for all S € Finy. In this

section, we prove the following analog of the Eckmann-Hilton argument.

Theorem III.1.1 (Equivariant Eckmann-Hilton argument). If O® and P® are k and £-connected almost-unital

T -operads with a0 = aP, then O® ® Pe s (k + € + 2)-connected.

All nonempty 7 -operads will be (—1)-connected yielding a stabilization result.

Corollary III.1.2 (Equivariant stabilization hypotheses). If O® is a nonempty almost-unital T -operad, then
O®+1) s (n—1)-connected; in particular, for any T -symmetric monoidal n-category C®,
(n+1)-fold

——

U: CAlg,(C) —— Algg -~ Alg5(C),
where the (n+ 1)-fold tensor product is taken as a colimit (and composition as limit) in the case n = co.

For instance, this immediately implies a version of the Baez-Dolan stabilization hypothesis, in this
case stating that (n+ 2)-tuply Ey-monoidal n-categories are equivalent to E.,-monoidal n-categories, i.e.
aEy-semi-Mackey functors valued in n-categories.

Now, we may remove the assumption a0 = aP in Theorem III.1.1, but we will need a more refined

notion of connectivity. In general, given a weak indexing category I, we say that O® is k-connected at I if, for
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all T € [F;, the structure space O(T) is k-connected. We define the connectivity function

conng : windexCat®™ —s Z U {co}

by the formula connp(I) := inf{k | O® is k-connected at I}.

auni
Now, (Z U {co})VIndeXCtG™ fo1ms a pointwise commutative monoidal poset, i.e.

f<g < VI f(I)<g) f+g(l)=f(I)+g().

In this language, we will actually prove the following strengthening of Theorem III.1.1.
Theorem III.1.3. Given O®,P® a pair of almost-unital G-operads, we have conng + connp + 2 < connpgp.

The degenerate case of functions concentrated on {—2} U {oco} demands a tensor product of almost-unital
weak N -operads, so we begin there in Section II1.1.1; specializing to the case 7 = Og and indexing categories,
this affirms a conjecture of Blumberg-Hill [BH15, Conj. 6.27].

In Section I11.1.2, we define I-symmetric monoidal d-categories and I-d-operads in preparation for our

theorems; we prove Theorems II1.1.1 and III.1.3 in Section ITI.1.3.
II1.1.1 Tensor products of equivariant commutative operads and their consequences
BV
Proposition IIL1.4. The morphism N, ~trivi @ N2, — NZ ® N2, is an equivalence.

PROOF. On algebras in 7 -spaces, this implements the forgetful 7 -functor
CMon, CMon, (8 ) — CMon, (S7),

which is an equivalence by Corollary I1.2.35. O

Thus N, 1%0 is an idempotent algebra. We will make heavy use of this in this subsection.
BV
111.1.1.1 Distributivity and coherences of ® Since Env is symmetric monoidal, Proposition III.1.4 renders
E? ~ EnvComm?ﬁ as an idempotent Ej-algebra under the localized Day convolution structure. Using this,

we acquire coherences canonically.

Corollary III.1.5. Opy C Cat?i /pu s a symmetric monoidal T -colimit closed full T -subcategory with tensor
SET
BV
product operation ® wunder the localized Day convolution structure on the righthand side; in particular, the

resulting symmetric monoidal T -co-category Qp?ﬂ is presentable.

PrOOF. It is a fully faithful 7 -left adjoint by Corollary 11.1.19 which inertwines binary tensor products
by Corollary I11.1.40, so it is a symmetric monoidal 7 -colimit preserving full 7-subcategory. Moreover, the

underlying 7 -category Opy is presentable by Corollary 1.3.10, so it suffices to prove that it is distributive.
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Distributivity is closed under symmetric monoidal 7 -cocontinuous fully faithful 7 -functors, local-
izations, and slicing by Corollary I1.3.36, so it suffices to prove that the Day convolution structure on
Fun, (Span1(§7-)’\, @;) is distributive; indeed the cartesian structure on coefficient systems on a pre-
sentable co-category is presentable by Proposition I11.3.19, which implies that the Day convolution structure

for 7 -functors into such things is distributive by Theorem I1.3.48. ]

The following corollary is immediate and extremely useful.

Corollary II1.1.6. . Suppose @: O® Be’@V P® — Q% is a functor of T -operads such that O®,P®,0% are each

unital and T -space colored. Then ¢ is an equivalence if and only if the following conditions hold.

(a) the induced T -space map UOX UP — UQ is an equivalence, and

(b) for all V€T and (x,y) € UOY x UPV, ¢ restricts to an equivalence
End™d 0 ® End®P — End™d 0
x y Pplry) =
II1.1.1.2 The smashing localization for N2,. N, classifies algebraic Wirthmiiller isomorphisms:

Theorem III.1.7. Let I be an almost-unital weak indexing system. Then, an at-least one color T -operad O%

BV
possesses an equivalence P® ® ./\/I@;o ~P? if and only if Algp(Sy) is I-semiadditive.

PROOF. Just as in the proof of Lemma I1.2.34, note that Corollary I1.2.33 implies that the conditions of

Lemma I1.2.34 are equivalent to the additional condition
j) The forgetful 7-functor Al »(S,) ~ CAlg;Alg®(S,) — Algp(S,) is an equivalence.
SN ®P 2T g1agplor gpier

But this is equivalent to the desired equivalence by Theorem I1.2.7. ]

Thus we may answer a conjecture of Blumberg-Hill [BH15, Conj. 6.27].
Corollary II1.1.8. When I and | are almost-unital, there is an equivalence NIQZQ %V /\/'8;0 ~ NI%]OO,

BV
Proor. By Lemma I1.3.62, ./\ffio ® J\/'@;o € Opy = OpT'mV?/ is an idempotent Eq-algebra classifying
the conjunction of the properties which are classified by N I%o and ./\ffio; that is, 7-operad O® is fixed by
BV BV
(-)® N2 ® ./\/']8;o if and only if Algp(S;) is I-semiadditive and J-semiadditive. Corollary I.1.111, identifies

BV
this with the property that Algn(Sy) is IV J-semiadditive , i.e. O® is fixed by (-) ® NI‘%/]' Thus, we have
® © BV .o BV BY ® BV
Nivieo = Nivjeo ® N ® Nigg = Nigg ® Njo: 0

Following Corollary III.1.8, we may go on to reframe Theorem III.1.7, motivated by the following.
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Observation ITI.1.9. The computation of [HA, § 2.3.1] and resulting theory may be stated simply: the operad

IEZ%9 is an idempotent Ey-algebra in Op® under the unique map triv® — E%’, and the corresponding smashing

localization classifies unitality. In particular, a symmetric monoidal co-category C® is a E?—module with
BV

respect to ® if and only if the unit object 1, € C® is initial, i.e. for all X € C, the unique map X"Z — X®9 is

BV
an equivalence; that is, (-) ® E? classifies Iy-cocartesianness in the symmetric monoidal case. <

We say that a T-operad O%® is I-cocartesian if it is v(I)-unital and idyp classifies an equivalence

BorIT(’)® — UO'™H. We have an I-operadic variant of Corollary 11.2.33 and Theorem II1.1.7.

Proposition II1.1.10. Given I almost-unital, the following are equivalent for P® € Opy.

(a) P® is I-cocartesian.

(b) For all unital I-operads O®, the forgetful functor Alg,(P)— Funy(IO,P) is an equivalence.
(¢) The forgetful T -operad map CAlg?(P) — P® is an equivalence.

(d) There exists a T -operad Q% and an equivalence of T -operads CAlg®(Q) — P®.

BV
(k) The canonical map P® —P® ® N7, is an equivalence.

PRrOOF. The proof of the equivalence between Conditions (a) to (d) is identical to Corollary 11.2.33, so we
omit it. Now, by a standard two-out-of-three argument, P® is local for the smashing localization associated
with /\/'fio if and only if pullback along the localization map O® — O® ]g /\/’f; induces an equivalence
Alg,CAIg?(P)~ ~ Algpgn, (P)~ — Alg,(P)= for all O® € Op, which is equivalent to the condition that

CAlg®(P) — P?® is an equivalence by Yoneda’s lemma. O

Remark III.1.11. Said another way, we understand semiadditivty of Segal 7 -objects over almost-unital
T -operads:
I < 5(Segrot, 0(S7)) & Borf O° =(UO)'™.

In particular, this computes that

s(CMon, (S7)) = 5 (Segroty . (S7)) =T )

Given a related pair of weak indexing categories I C J, let Op}_c"Cart C Op; be the full subcategory of

BV
I-cocartesian J-operads. We find that Op}_Cocart is absorptive under ® and the internal hom.

Corollary II1.1.12. Suppose O®, P® are at-least-one-color J-operads such that either O® or P® are I-cocartesian.

BV
Then, O® ® P® and A_lg%(P) are I-cocartesian; in particular, there exists an equivalence

cl & DI~ (e x D)
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BV
PROOF. I-cocartesianness of O® ® P® follows from Proposition 1I1.1.10. If P® is I-cocartesian, then

Proposition II1.1.10 constructs equivalences
CAlg;Algs (P) = AlgoCAlg? (P) = Algy (P),

so the result follows from another application of Proposition II1.1.10. If O® is I-cocartesian, the result follows

from two more applications of Proposition II1.1.10. as we acquire equivalences
(39) CAlg Algp(P) = Alg; s0(P) = Algo(P). O

Finally, we vastly extend the results of [HA, § 2.3.1].

Corollary IT1.1.13. Suppose I C ] is a related pair of almost-unital weak indexing categories. Then, Op}_Cocart C

Op; is a smashing localization and a cosmashing colocalization:

NER ()

TN
Opf—cocart < - ; Op]

<
CAlg®(-)

PROOF. Proposition II1.1.10 exhibits the top adjunction and Corollary I1.2.33 shows that C_Alg?: Op; —

I—cocart

Op, factors through Op] C Op;. Moreover, applying I'7(-)* to Eq. (39) yields a natural equivalence
Mapop] (O®, P®) = Mapop;—cocart (O®, C_Mg}@(,})))

for all J-operads O®, P® such that O® is I-cocartesian, yielding the bottom adjunction. O
111.1.1.8 The mapping-out property for cocartesian structures

Corollary II1.1.14. There exists a triple adjunction of T -(co,2)-categories

) BV.
triv(-)® ® E?,v([)

CAlg(-)

whose leftmost and third-leftmost adjoint are fully faithful. In particular, there is a natural equivalence

Algei-u (P) = Funz (C, CAlg; (P)).
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PRrROOF. The top adjunction follows by composing the localization adjunction E‘O“Li( I)®(—): [6) = @}mi .y
of Corollary I1.2.17 with the triv-adjunction of Corollary II.1.9. The middle is Theorem I1.2.32. The bottom

adjunction is equivalent to the indicated natural equivalence, which we construct as follows:

A_lgcl—u (P) =~ A—lgclfLI@NIoo (P) I11.1.10
~ AlgeruCAIg? (P)

~ Funy (C,CAlg}(P)) 11.2.32. 0

IT1.1.2 [-symmetric monoidal d-categories, [-d-operads, and arity-support Recall that a space is (-2)-
truncated if it is empty, (—1)-truncated if it is empty or contractible, and for d > 0, a space X is d-truncated
if it is a disjoint union of connected spaces (X,)qea such that 7, (X,) =0 for all m>d and a € A.

II1.1.2.1 I-symmetric monoidal d-categories Recall that a (d + 1)-category is an co-category C such that
the space Map(X,Y) is d-truncated for all X,Y € C. We say that an oco-category is a (—1)-category if it is
either * or empty. In general, we write Cat; C Cat for the full subcategory spanned by the co-categories with

the property that they are d-categories.

Definition ITI.1.15. The 7 -co-category of small 7 -d-categories is
Caty ;= %TCatd.

If I ¢ F7 is pullback-stable, the 7T -co-category of small I-symmetric monoidal d-categories is
@%d = CMon,Caty.

We write Catr q :=I7 Cat; ; and Cat}, :=T7 Cat?,. <

By the following lemma, Caty ; is a 7-(d + 1)-category and Catr 4 is a (d + 1)-category.

Lemma ITI.1.16 ([HTT, Cor 2.3.4.8, Prop 2.3.4.12, Cor 2.3.4.19]). Cat, is a (d + 1)-category and the inclusion

Cat, <> Cat has a right adjoint h;: Cat — Caty.

Construction I11.1.17. By Lemmas 1.1.30 and I11.1.16, the functor Caty ; <> Caty is an inclusion of a localizing
T -subcategory; let h,: Caty — Caty ; be the associated 7 -left adjoint.
The mapping spaces in a product of categories are the product of the mapping spaces; in particular, the

inclusion Cat, < Cat is product-preserving. Hence we acquire a 7 -adjunction

hy
—
Cat? n Cat? d
— > !
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whose right adjoint is fully faithful. We refer to h; as the homotopy I-symmetric monoidal d-category. <

The remainder of this subsection will be dedicated to recognition results for 7-symmetric monoidal
d-categories, which will be useful throughout the remainder of the paper. We first reduce this consideration
to that of plain 7 -co-categories; the following proposition follows by unwinding definitions and noting that

Cat,; <> Cat is closed under products.

Proposition II1.1.18. If I C Fy is a one-object weak indexing system, then C® € Cat? 15 a I-symmetric

monoidal d-category if and only if its underlying T -co-category C is a T -d-category.

Often in equivariant higher algebra, we will find that our objects come with natural 7 -functors to

7T -1-categories, and we’d like to develop a recognition theorem in this case in terms of mapping spaces.
Proposition I11.1.19. A 7 -co-category C is a T -d-category if and only if

Mory (C) := Fun(A',Cy)~
is (d — 2)-truncated for all V €T .

PRrOOF. By definition, it suffices to prove this in the case 7 = . Fix f,g € Mory(C). Then, we may

present Map(f, g) as a disjoint union over a,b of homotopies

R
i

—

8

<<=
N 4

For fixed a,b, this is either empty or equivalent to the component of the space Map(S!,Map(W, Z)) whose
underlying map is homotopic to bf. If C is a d-category, then this is (d — 2)-truncated; conversely, choosing
a,b=id and f = g, if this is (d — 2)-truncated for all f, then the mapping spaces of Cy are (d — 1)-truncated

for all V, i.e. C is a 7 -d-category. ]

Given a 7-functor F: C = D and a map : A! = Cy, define the pullback space

Mor?(C) —— Mory/(C)
L
BAuty, —— Mory(D)
so that Morg(C) is the disjoint union of the connected components of Mory (C) whose image in Mory (D) is

equivalent to 1. We say that F has (d — 1)-truncated mapping fibers if Mor;’:b(C) is (d — 2)-truncated for all

V €T and ¢ € Mory(C).
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Corollary I11.1.20. Suppose F : C — D is a T -functor and D is a T -1-category. Then, the following are

equivalent for d > 1:

(1) F has (d —1)-truncated mapping fibers.
(2) C is a T -d-category.
Additionally, the following are equivalent.
(1’) F=: C¥ — D~ is fully faithful and F has (—1)-truncated mapping fibers.

(2°) F includes C as a (replete) T -subcategory of D.

PRrOOF. After Proposition I11.1.19, the only remaining part is the equivalence between (1’) and (2’).
Note that BAuty, is (=1)-truncated by Proposition I1I.1.19, so (1’) is equivalent to the conditions that C is
a T-1-category and Fy : Cy — Dy is a faithful functor which is fully faithful on cores, i.e. it is a (replete)

subcategory inclusion. O
Lastly, we take note of the following useful fact.
Corollary IT1.1.21. Suppose Ay is a T -co-category, A, and B are T -d-categories, Ci® is an I-symmetric

monoidal co-category, and C‘? and D% are I-symmetric monoidal d-categories. Fiz T -functors A; — B and

I-symmetric monoidal functors C? — D®. Then, the relative functor co-categories
Funy /5(A;p, Ay) and Fun?i’/D® (C?, C?)
are d-categories.
To prove this, we make use of a lemma which follows nearly directly from [HTT, Cor. 2.3.4.19].
Lemma IT1.1.22. A 7 -space X is d-truncated if and only if it’s a T -d-category; moreover, we have hyX ~14X.

PROOF. The first statement follows by applying [HTT, Cor. 2.3.4.19] fiberwise. Similarly, since each
functor is defined fiberwise, it suffices to prove the second statement in the case 7 = =. Now, [kerodon, Tag

057W] constructs a commutative diagram

St<a — St

1 1

Caty .y —— Catr
and the claim follows by taking left adjoints to each arrow. |

PRrROOF OF COROLLARY III.1.21. The same oo-categories arise when A; and C? are replaced with h;.A;

and th?, so we may assume without loss of generality that A; is a 7 -d-category and C? an [-symmetric
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monoidal d-category. We employ a trick; Fun?iy /D®(C‘f’, C?) is equivalent to the relative functor category for
Span(F;)-co-categories, so we may simply prove the claim for the first category without assuming that 7°
is atomic orbital. Moreover, Funy /5 (A, A;) = *7 XFun, (A;,5) Fun;(A;, A,) is a pullback of 7 -categories
covered by the first case; 7 -d-categories are closed under pullback, so it suffices to prove that Fun,(A;, A;)
is a 7 -d-category.

We can verify this by a standard strategy: given a (d — 1)-connected 7 -space X, we have

Fun, (XrFu_nT (InﬂeTAl:FU_nT(Al,Az))) ~Fun, (ALFET (X’FU_HT (InﬂeTAl’Az)))
(40) ~ Funy (Al,Fu_nT (InﬂZAl,Az))

~ Funy (InﬂeTAl,Fu_nT(Al,Az)).

For Eq. (40), we've used Lemma II1.1.22 and the natural equivalence Funy(+7,C) ~ C. Now, writing

Mor(C) := Fu_nT(InﬂeTAl,C): and taking cores then implies that
map (X, Mo (Fun (A, A,))) ~ Mor (Funy (A;,45)),

i.e. Mor (Fun;(A;, Ay)) is a (d — 2)-truncated 7 -space. But this implies that Fun,(A;, A,) is a T-d-category

by Proposition I11.1.19. O

111.1.2.2 T -d-operads We may extend this program to 7 -operads:

Proposition I11.1.23. Let O® be a T -operad and let d > —1. Then, the following conditions are equivalent:

(a) O(S) is d-truncated for all S € Fy, .

(b) The T -functor EnvO — F has d-truncated mapping fibers.

PROOF. Let ip: T — S be a map of 7-sets over V. Then, by Lemma II.1.22, we have a equivalences

Y ~ P
MorEnvO—)ET (EHVO) - ]_I MapEnvOaET (C’ D)
CEOT,DEOS

~ 4
(41) - I_l ]_[ MapEnVOHET (Cy,Dy)
CeO7,De0g UeOrb(S)

~ ]_l ]_[ OCU,DU

CeO7,DeO0s UeOrb(S

natural in O®. First, in the case d = —1, note that conditions (a) and (b) both imply that O has at most one
color, so Eq. (41) specializes to

P
Mory, WO, (EnvO) ~ ]_[ O

UeOrb(S
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Thus it suffices to note that a product is —1-truncated if and only if its factors are.

Next, in the case d > 0, note that a coproduct of spaces is d-truncated if and only if its factors are;
hence Eq. (41) shows that (b) is equivalent to the condition that [Tycorms)O(CysDy) is d-truncated for all
S,C,D. In fact, the equation

o)~ || ocb)
(C,D)e0sxOy

shows that this (b) equivalent to the condition that O(S) is d-truncated for all S € Fy,, as desired. ]

We define the full subcategory of d-operads Opz ; C Opz to be spanned by 7 -operads satisfying the
condition that O(S) is (d — 1)-truncated for all S € Fy as in Proposition I111.1.23. The following corollary

follows from Proposition II1.1.23 and the mapping fiber truncation characterizations of Corollary III1.1.20.

Corollary III.1.24. Let O® be a T -operad and let d > 1. The following conditions are equivalent:

(a) O® is a T -d-operad, and

(b) EnvO® is a T -symmetric monoidal d-category.
Furthermore, the following conditions are equivalent:

(a’) O is a T-0-operad, and

(b’) the T -functor EnvO — F is a T -subcategory inclusion.
In general, these form a well-behaved subcategory.
Corollary II1.1.25. The inclusion Opz ;<> Opz has a left adjoint hy satisfying
(haO)(S) = 1<410(S).
Furthermore, when d > 1, this fits into the following diagram
hq
Opr —— Opr4
+ \ 3
® _ha ®
Caty —— Caty
When C® is a T -symmetric monoidal d-category, the map O® — hyO® induces an equivalence

Algp(C) = Algy, 0(C).

PRrOOF. We separately argue in the case d > 1 and d = 0 that equifibrations are closed under hy 4; this
will imply that hyEnv/ET O® corresponds with a 7-d-operad h;O®, which computes the left adjoint to the

inclusions Op; ; C Opy by fully faithfulness of Env/E7 O®. In particular, the counit £: O® — h;O® will induce
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the counit EnvO — h;EnvO, which by Eq. (41) shows that O(S) — h;O(S) is the Postnikov (d —1)-truncation
map.

In the case d > 1. In this case, since hy 4 : Cat?i - Cat?i, ; 1s applied pointwise, it preserves equifibrations,
so hr 4Env/ET O® corresponds with a d-operad hy 4O®.

The case d = 0 is similar, except that we are tasked with replacing equifibered 7 -symmetric monoidal
functors with an equifibered subcategory inclusions. In fact, subcategories are precisely (—1)-truncated maps
in Caty, so we may do this by taking the pointwise (—1)-truncation functor and applying [HA, Prop. 5.5.6.5]

to see that the result is equifibered. O

We easily acquire compatibility of h,, with cocartesian structures.
Corollary II1.1.26. Given C a T -category, there exists an equivalence h,, (CI"-') = (h,,C)I_"'.

PRrOOF. Take left adjoints to all arrows in the following diagram.

CAlg;(—
OpT,d 7_%1()) CatT,d

[ l

CAlg (-
Ops 7—>g1( ) Caty

Corollary II1.1.27. Let P® be a T -d-operad.
(1) if d 21, then Algy(P) is a d-category; hence Opr 4 is a (d + 1)-category.

(2) if d =0, then Algy(P) is either empty or contractible; hence Opr  is a poset.

PROOF. In each case, the second statement follows from the first by noting that the mapping spaces in

Opy are Alg,(P)~. For the first statements, note that

Algy(P) = Algy, o(P) = Fun?’@?u (EnvhyO®, EnvP®);

if d > 1, then this is a d-category by Corollaries II1.1.21 and II1.1.24. If d = 0, then this category is either

empty or contractible since Corollary 111.1.24 shows that EnvP® — Eg:_'—' is monic. O

Moreover, we may identify the hz-equivalences exactly as in Theorem I1.2.7.

Corollary I11.1.28. Let ¢: O® — P® be a my-bijective T -operad map. The following are equivalent for d > 1.
(a) hy@ is an equivalence.
(b) For all C® € Cat?i,d, the pullback map Algp(C) — Algp(C) is an equivalence.
(¢) The pullback map Mony (§T,s(d—1)) %mo(éj',s(d—l)) is an equivalence.

270


https://people.math.harvard.edu/~lurie/papers/HA.pdf#theorem.5.5.6.5

CHAPTER III. BOARDMAN-VOGT TENSOR PRODUCT COMPUTATIONS

PRrROOF. (a) implies (b) since hyEnv = Envhy,, and (b) implies (c) by neglect of assumptions. Taking
coproducts of Proposition II.2.8 shows that (c) implies that t<_1)@(S) is an equivalence for all S, implying

(a) via Corollary I11.1.25. O
Corollary II1.1.29. P® is a T -0-operad if and only if it’s a sub-terminal object of Opy.

PRrROOF. The mapping space criterion of monomorphisms equates the latter with the condition that
AlghOO(P): =~ AlgH(P)™ — Alg,(Comm?%)™ ~

is a monomorphism, i.e. Alghoo(P): € {@,=}; this follows from Corollary II1.1.27.
On the other hand, Corollary I1.1.30 (together with Kan extensions) constructs a free T -operad on g
characterized by the property
Algp, (,(O) =O(S);

thus the mapping space criterion for a subterminal 7 -operad O® implies that O(S) is either empty or

contractible for all S, so O® is a 7 -0-operad. O

In particular, in sight of Proposition I1.1.2, h.y yields a left adjoint to the construction of weak

N -operads. We may combinatorially describe this as follows.

Construction III.1.30. Given O € Opy, the arity support of O is the collection of maps a(O) C Fr defined by

20)={p:T>S I_[ O(Txy S)=2 b cFr p
UeOrb(S)

Corollary I11.1.31. There exists an essentially unique equivalence hogO® ~ /\/f(’o)oo; in particular, a is a
T -(o0, 2)-categorical left adjoint
d

h
windexCat, - OP,

<~
Moo

PrOOF. To construct the fiberwise adjunctions, it suffices to note that a(MNj.) =1 and that a(h;0) =

a(0O) and apply Proposition I1.1.2. We’re left with restriction-stability of a, which is obvious. a

111.1.2.8 The smashing localization on T -n-operads associated with ./\ffio Note the following.

Proposition II1.1.32. If ¢: O® — P? is an h,-equivalence and Q% is a T -operad, then the induced map
BV BV BV
®°®p:0°® 0°—0Q% @ P®

is an h,-equivalence.

271



SECTION III.1. THE EQUIVARIANT ECKMANN-HILTON ARGUMENT
Proor. By Corollary I11.1.28, pullback along ¢ ® Q® yields an equivalence

MongMon (S<,,) — MongMon,, (S<;,)
1 1
Monggp (S<) ——— Monggo (S<n)

Noting that 7oU¢ is an equivalence, applying Corollary I11.1.28 shows that ¢ ® Q% is an h,-equivalence. [J

In particular, Propositions I1.2.56 and II1.1.32 construct a symmetric monoidal structure on Opz ,
BV
together with a symmetric monoidal structure on h,. The tensor product for this structure is O® ® , P® ~
BV
h,, ((’)® ® P®), and in particular, Corollary III1.1.8 shows that NIQ?;O € Opz, is an idempotent algebra. It’s

easy to identify its smashing localization, and in fact, its h,-preimages.

Corollary IT1.1.33. Suppose O® is an almost-unital T -operad. Then, the following conditions are equivalent:
(a’) The map Bor?@‘g’ — (h, UO)I_"I is an h,-equivalence.
(e’) For all T -(n+ 1)-operads P®, the T -operad ilg?}(P) 18 cocartesian at I.
(f’) For all AO-symmetric monoidal (n+ 1)-categories C®, the AO-symmetric monoidal (n+ 1)-category
ilg%((}) 1s cocartesian at I.
(9°) The T -(n+ 1)-category Mon, (S<,) is I-semiadditive.

(5°) The unit map tensors to an h,-equivalence
h, (id@!): h,0% ~h, (0® %Vtriv?-) =, (o® ® NI?;O).

ProoF. The implication Condition (a’) = Condition (e’) is Theorem 11.2.32 and Corollary I11.1.25; the
implication Condition (¢’) = Condition (f’) is obvious; the implication Condition (f’) = Condition (g’)
is Corollary I1.2.5. The implication Condition (g’) = Condition (j’) follows straightforwardly from
Corollaries 11.2.5 and II1.1.28 and Theorems I1.2.1 and I1.2.32. Lastly, the implication Condition (j’) =

Condition (a’) follows from the following:

h,Bor? ((9®) ~ h,Bor’ (O® ® Nlm) Condition (j)
~h, (UO)™ Corollary I11.1.12
~ (h,u0)™ Corollary II1.1.26. O

IT1.1.3 Connectivity of parameterized Boardman-Vogt tensor products Along the way to prove Theo-

rems II1.1.1 and III.1.3, we will characterise connectivity of 7 -operads as follows.

Theorem II1.1.34. Let P® be a T -operad, I an almost-unital weak indexing category, and € a natural number.
Then, the following conditions are equivalent:
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(a) P® is {-connected at I.
b) For all n-toposes C (with n < o), I-admissible V-sets S € FY, and S-tuples of P-monoids (Xy) €
1

[TueorvsyMonp, (C), the S-indexed P-monoid Wirthmiiller map

S S
WS,(XK): UXU —> ]_[XU
U U

1s {-connected.

(¢) For all I-admissible V-sets S € F{ and S-tuples of P-monoids (Xy) € [TueorbsyMonp, (S), the

S-indezed P-monoid space Wirthmiller map

S S
WS,(XU): ]_[XU —> l_[XU
U U

1s {-connected.

Remark III.1.35. Note the following.

(1) When G = e, only the implication (a) = (b) is argued in [SY19], but (b) = (c) is obvious and,
other than a diagram chase, the core idea of our argument that (c) = (a) is already present in
[SY19].

(2) In the case that C is an n-topos for some 0 < n < oo, the above definitions are equivalent to ¢-
truncatedness and (€ — 1)-connectiveness in the sense of [HTT, Def. 6.5.1.10] by [SY19, Lem. 4.2.6]
and [HTT, Props. 6.5.1.12, 6.5.1.19].

(3) While proving Theorem I11.1.34, we will verify that Condition (b) is further equivalent to the
condition that the Coeff! C-map underlying W5, (x,) is pointwise £-connected; moreover, Condition (c)
is equivalent to the condition that the underlying H-space map is ¢-connected, i.e. its associated

maps on J-fixed point spaces are surjective on path components with ¢-connected fiber for each

JCH. <

111.1.83.1 Connectivity of algebras can be detected in the value topos Fix C an n-topos for some #n < oco.

Lemma I11.1.36. A map f: C — D in Coeff’ C is -connected if and only if, for all V € T°P the fized point

map CV — DV is €-connected.

PRrROOF. Per Remark II1.1.35, it is equivalent to prove that ¢-connectiveness of a morphism in Fun(7 °P,C)
is measured elementwise. Indeed, since (co)limits in Fun(7 °P,C) are computed elementwise, effective epi-
morphisms and diagonals are as well. The former proves the statement for (—2)-connectiveness, and the
latter together with the diagonal presentation of [HTT, Prop. 6.5.1.18] shows that the statement for (€ —1)-

connectiveness implies the statement for ¢-connectiveness, so the lemma follows by induction. ]
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Proposition III.1.37. Given a map f: X — Y in Segp,o(C), if the underlying map Uf in Coeff’ C is

{-connected, then f is €-connected.

PROOF. In view of [SY19, Lem. 4.4.1], it suffices to verify that the monad Tp: Coeff’ C — Coeff? C
preserves {-connected morphisms; by Lemma II1.1.36, it suffices to verify that whenever each C-diagram
XV — YV is €-connected, each induced map TpX"W — TpXW is f-connected. But by the monad formula of
Eq. (21), it suffices to note that ¢-connected morphisms in an co-topos are closed under cartesian products

and colimits [HTT, Cor. 6.5.1.13, Prop. 5.2.8.6]. O

For instance, U preserves the terminal object and is conservative, so it also reflects the property of being

terminal; applying Proposition II1.1.37 in the case Y = shows that U reflects n-connectivity of objects.
Remark III.1.38. Since U is a right adjoint, it preserves n-truncatedness and n-truncated objects. <
Warning I11.1.39. Proposition II1.1.37 is delicate for a few reasons.

(1) 1f O is not n-connected, then the free O-algebra monad Tp: Cyy — Cy may itself may fail to preserve
n-connected objects; indeed, we have Tp*y =~ USGFV Fre O(S)p auty s, Which is often not much more
highly connected than the individual spaces O(S)jauty s-

(2) U does not generally preserve £-connectivity of objects or morphisms for instance, given an £ > (k+1)-
connected space X, the equivalence QF: Sesk+l - Alg]Ek (S>1) of the recognition principle exhibits
QX as an ¢-connected Ei-algebra such that UQ"X is only in general (£ — k)-connected.

(3) For a similar reason, U does not usually reflect ¢-truncatedness of morphisms or objects. <

111.1.5.2 The proof of Theorem II1.1.34 We now begin to reduce Theorem I11.1.34 to the case n <€ +1

with the following.

Lemma III.1.40. The truncation functor t<p: C — 1<,C extends to a T -functor
10 SegTot; 0(C) = Segrot, 0(T<(C)

satisfying toWs x = Ws ¢,x. Moreover, the inclusion 1: 1<,C — C extends to a fully faithful T -functor
10 SegTot; 0(T<(C) > Segrot, 0(C)

such that toWs,,,x = Ws x.

PROOF. Since 7, is product-preserving [HTT, Lem. 6.5.1.2], 1<: Coeff’ ¢ — COCffT’[SgC is a 7T-

symmetric monoidal left adjoint for the cartesian structure Theorem II.2.1; everything other than the

equalities involving Wg x then follows straightforwardly from the doctrinal adjunction.
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In particular, 7o is a 7-functor which preserves indexed products and coproducts; this implies that

toWs,x = Ws ,x- The remaining equality follows from fully faithfulness by noting that
toWs,iox = Ws1p10x = Ws,x- O

We say that a map f: X — Y in an n-topos is an €-equivalence if it is a T.p-equivalence; if f admits
a section, this is equivalent to f being {-connected (see [SY19, Prop. 4.3.5] or note that this follows by
splitting the long exact sequence in homotopy). In general, it is implied by -connectedness, as T, preserves
¢-connectedness and ¢-connected maps between ¢-truncated objects are equivalences. We apply this by

equivariantizing [SY19, Lem. 5.1.1].

Lemma I11.1.41. If C'™% is a Cartesian I-symmetric monoidal co-category for I = a0 and S €y, then the

image of the O-algebra Wirthmiiller map Wy g: ]_[“?] Xy — ﬂ“?] Xy under U: Alg,(C)y — Cy admits a section.

PRrROOF OF LEMMA III.1.41. Let iy: Yy — Res‘é]_[S , Yy be mate to the inclusion IndeU — ]_[%/ Yy

and fix an operation p € O(S). We verify commutativity of the following diagram, giving a section pj|x,01f

for Wx s.
S v S xS S
v 01 Mlixy

H(RESUUXU) = > (]_[XU) > ]_[XU

U U U U

lh:( WResYJ XRes); § )UeOrb(S) lWx,s

S xS X S
f=(iv)uecorbs) (ﬂ XU) Xy > [TXy

U U

- H

S 8§=(tu)ueorb(s) S xRes}; S (Resy) puxy, )UeOrb(S) S

nXU > l_[XU > l_[XU
U

\_/U_///U

Here, px: X% — X is the structure map corresponding with u for a Resg O-algebra X.
Note that the top right square is commutative by the fact that Ws x is an O-algebra morphism and

the bottom right follows by unwinding definitions. Moreover, po g is the external product of a collection of

. Res}; S Lo . . .
endomorphisms Xy v, X; eus B Xy, the first of which is the inclusion of a unit on all but one factor:
ResV s ResY,
Xy v Xy U vt Xy
14 1
Res!; S—{a} (idn) Res}; S—{a}
XU X ]_[ 1W _ XU X l_[ XW

w w

in particular, p o1y is homotopic to the identity by unitality, so yo g ~id and the bottom triangle commutes.

275


https://arxiv.org/pdf/1808.06006v3#page=32
https://arxiv.org/pdf/1808.06006v3#page=35

SECTION III.1. THE EQUIVARIANT ECKMANN-HILTON ARGUMENT

To characterize the composite morphism of the left rectangle, we may equivalently characterize the
\%4
S ResV S ResY S Res/; S
composite map ntyohoy f: [[ Xy — CoInd‘,_/,X;} “u ; in fact, under the expression X; CU° o I Resyv Xy,
U w
it suffices to characterize the composite morphism ]_[% Xy — CoInd% Res% Xy and verify that it is homotopic
to the relevant projection of g for each W, U.

In particular, the relevant projection of g is the composite morphism
S ouy,w
]_[XU - CoInd‘éXU — CoIndK, Res‘[,]v Xy
U

where oy, is a Kronecker delta!

) id U=W;
oyw =
0 otherwise.

5 Res) S
Moreover, note that the projection tyyoyhor: [[ Xy — XE U itself factors as
U

\%

]il {Res‘{] UXU
U U

so we're tasked with verifying that ﬁ] is homotopic to oy, . Indeed, this follows by examining the following

- CoIndEXU f—U> CoInd% Res[vjv Xy,

diagram:
S f S % S x§ , s xS S \ResVs
MXy ——— H(Resg]_[xU) ~ (L[XU)  — (l‘[XU) ~ Ix, Y
U U U U U U
" T v
Colnd}i V. Colnd},W 4 Vg
Colndy; Xy o > CoIndEReSKIL—][XU = CoIndXzReSEl[_][XU ~ X[XJReSU

T v

5
e Colndyy ResY, Xys

PROOF OF THEOREM II1.1.34. Assume P® is {-connected at I, i.e. Condition (a). Writing X for an

S-tuple in Segoi, p(C), we chase Wg x around the following commutative diagram:

A T
Segtot, P(T<(C) —— Segrot, p(C) —— Segrot, p(T<(C)

[ ls v

CoeffTTSgC — Ly Coefffc —= CoeffTTgC

L Here, 0 is the image under U of the zero map in the (pointed) oco-category Mon (ResEC).

\%4
Resf; O
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In particular, by Corollary TI1.1.33 and Lemma II1.1.40, Tp Wg x ~ Ws  x is an equivalence, so
UcrtpWs x ~ T<cUWs x

is an equivalence, i.e. UWs x is an f-equivalence. In turn, by Lemma III.1.41 this implies that UWs x is
{-connected, so Proposition II1.1.37 implies that Ws x is {-connected, i.e. Condition (b).

The implication Condition (b) = Condition (c) is immediate, so assume Condition (c), i.e. fix the
case C := § and assume that that Wg x is {-connected for all X € Alg,S and S € F;. We may invert the above

argument: this time, since 7p is a left adjoint, it preserves £-connectedness, so T7p Ws x is £-connected. Hence
U<etpWs x = t<cUWs x

is an equivalence, i.e. UWs x is an ¢-equivalence. We’ve shown that Condition (c) implies the following.

(d) For all I-admissible V-sets S € F;y and S-tuples of P-monoids X = (Xg) € Segrot, p(S)s, the

underlying V-space map of the S-indexed P-monoid space Wirthmiiller map

UWs UGXK — UﬁXK ~ ﬁUXK
K K K

is an f-equivalence.

We're left with showing that Condition (d) implies Condition (a); indeed, choosing X =1»Y, the map
T<tUWs oy = U<¢toWs 1,y = U<¢Ws 1y = Wsy
is an equivalence, i.e. Segrot, 0(T<C) is I-semiadditive. Thus Corollary II1.1.28 implies Condition (a). O

111.1.3.8 The proof of Theorems I11.1.1 and II1.1.3 Note the following.

Proposition I11.1.42. If P® is {-connected at I, then for all (k+ €+ 2)-toposes C, the reduced endomorphism

I-operad Endy (&gTotTp(C)I_X) is an I-(k +1)-operad.

PrROOF. Since C is a (k + € + 2)-category, X is (k + € + 2)-truncated, and Theorem I11.1.34 implies that

Wy s is £-connected, so the result follows from Corollary 11.2.47. ]

We quickly acquire a slightly weakened version of Theorem III.1.3.

Corollary II1.1.43. Suppose T is an atomic orbital co-category, O® and P® are unital T -operads and I is
BV

a unital weak indexing category. If O% is k-connected at I and P® is €-connected at I, then O® ® P® is

(k+€+2)-connected at 1.
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PROOF. By Proposition I11.1.42, we know that End™? (Segrot, P(C)T ) = End’ed (Segrot, p(O)1) is
an I-(k + 1)-operad for C a (k + £+ 2)-topos; by Corollary II1.1.33 this shows that Alg,Endx (S_egp(C)T_X) is

I-cocartesian, so Proposition I1.2.48 shows that
CMon;AlgoAlg?(C)™ — AlgpAlgp(C)™.

By Corollary I11.1.28, this implies that the map

BV BV BV | id®ide! BV __ BV
0@ PP~0% @ P® ® trivd ——— > 0° @ P® @ N&,

BV
is an hy¢.o-equivalence, so Corollary I11.1.33 shows that O® ® P® is (k + £ + 2)-connected at I. O

PrROOF OF THEOREMS III.1.1 AND III.1.3. Restriction assembles to a symmetric monoidal equivalence
Op2 ~ lim Op¥
Pr VeT Pv

such that, given a morphism V. — W in 7 and S a finite V-set, Resg O(S) = O(S). In particular, Theo-
rems II1.1.1 and III.1.3 may be verified after restriction to each to V € 7, in which case the base co-category
7,y has a terminal object.

Moreover, each O(S) and P(S) are easily determined by arity support except in the case V € v(O0) = v(P),
and arity support is additive in the predicted way by [Ste25¢, Prop. 1.44]; thus Theorems III.1.1 and I11.1.3
may be verified after restriction to each V € v(0O), in which case Resg O® and Resz; P® are unital. This and

Corollary II1.1.43 together yield Theorem II1.1.3, and Theorem III.1.1 follows by setting I := aO. ]

II1.2 Additivity of equivariant little disk operads

For this section, fix G a finite Lie group. Given a pair of G-equivariant smooth tangential structures

©: Bg — B;O(k) and W: By — BgO(k’) we write
oOxWV , o ,
OeVW: Bg x By —— BgO(k) x BO(k") —— B5O(k + k')
for the direct sum structure. We will prove the following.
Theorem II1.2.1. The natural G-operad maps Eg,E@ - E8®W extend to an equivalence
® e ~ ne
Eg ® Eg — Eggy-

In particular, the tensor product product of G-symmetric monoidal co-categories acts additively on disks:

X Diskg @Disk\é’ SN Disk(gee\y.
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We will use disintegration and assembly to bootstrap from the case that Bg and Bg, are contractible,

which is the following.

Theorem II1.2.2. The natural G-operad maps E®,]E% — E?}@W extend to an equivalence

BV ~
® ® ®
Ey @ Eyy — Eygw-

I11.2.1 Wreath products and related bookkeeping We will define a Wreath product operation on 7 -

preoperads which is easy to map out of and prove the following theorem.

Theorem III1.2.3. Fiz algebraic pattern maps a;, ¢, and @p over Span(Fy) making the following commute

P 2, PP

ay Zazl/ QSl

£91e9 — 4 &%

and satisfying the following conditions:

(BK-a) Each a; is a Morita localization;
(BK-b) @p is a T-Morita equivalence; and
(BK-c) each E? is a reduced T -operad.

Then, the map 8?28? - E_S? induces an equivalence
BV ~
Si@ ® E? —_ 5?.

For this theorem, we define a I'-Morita equivalence of T -preoperads to be a morphism of 7 -preoperads
which presents a Morita equivalence after pullback along the map s: Finy , — Spano(T)(FT).

1I1.2.1.1 The definition of the wreath product model We first define a parameterized version of 2.

Construction ITI.2.4. Following Construction I1.2.50, we define the diagram
. id XTtp . .
Toty O xToty P —— Fingy , x Toty P > Finy xFing
~, ~ N
\ . \,L
®,P® LU :

O gp _— TOt’]' (TOtT P) m TOt’]' Fl_nT,* E} FI_I'IT’*

l l”(TmT Py

Toty O ———-—— Fing,
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We refer to O®(P® as the I-wreath product of O® and P®, and note that M is a bifunctor, and so presents a

morphism
BV
(42) M’: Tot; O® ® P® — O%:P®. <
We will eventually prove the following.
Proposition I1L.2.5. The map M’ of Eq. (42) is an Loy -equivalence.

Before then, we make heavy use of the following observation.

Observation III.2.6. O®!P?® is a pullback of a cospan of algebraic patterns pulled back from 7 -operads, and

hence 7 -preoperads; in particular, writing

O@ p 7)® ~ TOtO Xspann TOt (TOtT P)u ’

)(Fr)
limit-preservation of the pullback s* along s: TotFings, — Span(Fg) yields an equivalence
O%P® = 5*(0%10°).

We will generally work directly with . <

Now Proposition III.2.5 indeed implies the following important corollary:
Corollary II1.2.7. If O?ZO‘? — O? is a I'-Morita equivalence, then it induces an equivalence
® BV h® _~ . n®
o7 ® 0O — 05

111.2.1.2 How do we use wreath products? Now, to understand these better, note the following proposition.

Proposition I11.2.8. Let O®, P® be T -operads. Then, the fiber co-categories of O® 1 P® are given by
(02:P®) = | | Os xPr.
Moreover, given a multi-arity g: T' — T, the multimorphism spaces of O®UP® over ¢ are

Mul, (' T/ = §/,C, D’ h: T - 8,C,D)= | | Mul},(C’;C) x Mulf, (D'; D).
f: 8-S
fh=h'g
The wreath product construction is of a nontrivial combinatorial nature; for simplicity’s sake, we

pre-macerate these combinatorics, yielding recognition results which will provide our interface for working
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with wreath products going forward. First, we describe how to compute wreath products of 7 -operads with

contractible structure spaces.

Proposition I11.2.9. Suppose T is an atomic orbital 1-category and O, P!, Q! are genuine topological T -operads
such that Q' has contractible structure spaces. Then, a relative pattern map O' 1Pt — QF is uniquely specified

by a map of coefficient systems of sets

P: ]_[ 19O0s X 1o Pr — 10Q71
T—S

such that for all data
Vs g
T"—— T , ,
1 1 ((C;C),(B;B)) € Og» x Oy x Pr» x Pr.
S ——V
such that O(C’;C) x Mul’,(B’;B) # @, we have Mul’y(B’;B) = .
Moreover, the resulting map satisfies Condition (ML-b) if and only if @ is an equivalence; in this case,

@ s a I'-Morita equivalence if the converse to the above compositionality statement holds.

PROOF. First note that ¢ is a map Ob(O" ! P!)r — Qr; by Proposition I11.2.8, to specify a topological
functor O' 1 P! — Q! over Span(F7) it then suffices to define the data on mapping spaces. Indeed, we

determine this canonically via the factorization

Mapgz,ps ((C',B’), (B’,B)) —— Mapge (¢(C’,B’, ¢(B’; B))

1 I

Mulls s ((C',B');(C,B)) ----> Mull), (¢(C’, B'); (B’,B))

There exists an essentially unique filler as in the dashed arrow since whenever the domain is nonempty, the
codomain is contractible by assumption. To verify functoriality, we must verify a that a collection of diagrams
among products of multimorphism spaces of Q% commute; however, since Q% has contractible nonempty
structure spaces, all terms in such diagrams are either empty or contractible, so all such diagrams commute.

The remaining statement follows by unwinding definitions to find that our assumption implies contractible

(not just weakly contractible) fibers on active arrow categories. O

Now, we cover the case of maps to one-color 7 -operads.

Proposition II1.2.10. Suppose T is a I-category and O, Pt,Q! are genuine topological T -operads such that Q'
has one color. A relative pattern map O 1Pt — Q! is uniquely specified by the data of, for each composable

arities Indz,’T — Indﬂ‘gs — V and compatible P and O (multi-)profiles (B’;B) and (C’;C), a homotopy class
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of continuous map

@: O(C’;C) x Mul,(B’;B) — Q(T)

sending @1 =1 and such that the following diagrams commute:

O(C’;C) xMuls, (B’;B) > Q(T)

(43) Jres J/Res

O(Resg C’;ResEC) xMuI;esgg(Resg B’;ResEB) L} Q(Resg T)

(O(C’;€) x Mully (C75C')) x (Muli (B’;B) x Mul/, (B”; B')) Y o(c”; ) x Mull® (B7;B)
1
(44) (O(C’;C) x Mull, (B’;B)) x (Mully (C”;€") x Mul$, (B”; B)) 0
(PN
Q(T) x Mull® (T;T) 4 > Q(T)

The associated functor acts on active mapping spaces via @.

PROOF. Since Q" — Span(F7) is bijective on objects, there is exactly one map Ob((’)t ZPt) — ObQ! over
ObSpan(F7): (C,B)+— T’. To construct such a functor which is compatible with inert arrows, we then must

determine the data on mapping spaces, uniquely via the factorization

Maporpr ((C',B’), (B',B)) <—— Mull,  ((C',B');(C,B)) — O(Cj; Cx) x Mul’,(Bj;Bx)

| l

Mapg: (T, T) ——————— Mull, (T, T) > Q(Ty)

We're left with functoriality; this follows by unwinding definitions. ]

111.2.1.8 Wreath products vs tensor products We now compare ! with %/, closely following [Har]|, via the
following construction. For clarity, we will conflate O® with Toty O, for now.
Construction II1.2.11. Define the 7 -algebraic pattern P := Patt® (Tot7 P) over F .. We define the mized
wreath product (O®g7>®)mi" of O® and P® as the same T -co-category over Span(Fy) and inert arrows as

O2P® and the same elementary objects as O®!P¢, i.e.

mix—el

(45) (0=P2)" = 0t x P c Ot x pint = (02" .
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There is a commutative diagram

whose solid arrows are maps of patterns lying over M, and whose dotted arrows lie over the identity. We
want to verify that the rightmost vertical arrow is a Morita equivalence, which we will try to deduce from the

fact that leftmost vertical arrow is a Morita equivalence, which is the following lemma.
Lemma II1.2.12. M€ 4s q Morita equivalence.
ProoF. All active arrows in P¢ are equivalences, so including identities induces an equivalence
(0% xP)jiep) — (O%P)jig psp)
1 1
Ol ———03

confirming Condition (ML-a). We're left with verifying the strong form of Condition (ML-b), i.e. that

O x Toty P~ (0°x 7<) — (0%
is an equivalence. This follows by unwinding definitions. |

Now, to make comparisons along horizontal arrows, we use a version of a lemma due to Harpaz.

Lemma II1.2.13. Suppose O, are T -algebraic pattern structures on the same T -co-category such that
Ot c O and O c O
(1) Suppose that O = 0 and they satisfy the additional property that, for every V-path X i> vz
such that go f lies in Q" f lies in O™ and Z is elementary, Y is also elementary. Then, ©
and O’ have the same Segal T -objects.
(2) Suppose instead that O™ = O™ Then, X: © — C is a Segal O-object if and only if it is a Segal

O’-object such that Flger is T -right Kan extended from F|gel.

PROOF. The proof of [Har, Lem. 4.2.21] extends mutatis mutandis, but we reproduce the idea here. For
the first, it follows from Joyal’s Theorem A |kerodon, Tag 02NY] that this condition implies that (Df)1 , C (DS}

is initial, yielding the claim. The second is pasting for 7 -right Kan extensions. O

We separate out the map c first.

Lemma I11.2.14. c¢ satisfies the condition of part (1) of Lemma II1.2.13
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PROOF. We must verify that, for all coarse-inert composite arrows
f/
f:(C;(Dy)s) = (C”;5(Djr)s») — (C'5(Dyp)sr)
with f” mixed-inert and (C’;(Dy-)s) mixed-elementary such that f and f’ lie in the initial subcategory of inert
morphisms with nonempty domain, (C”;(D{},)s») is coarse-elementary. The assumptions guarantee that C’
lies over a transitive G-set, which implies the same of C by coarse inertness of f, and C” by mixed-inertness

of f’, which is the desired coarse-elementary property. O

PrROOF OF PrOPOSITION II1.2.5. Lemmas I11.2.12 to II1.2.14 and two-out-of-three construct, for each

complete 7 -category C, a commutative diagram of fully faithful functors

SegpSegp(C) = Segp,p(C) < > Segoyp(C)

ool !

SegpFun,(P,C) = Segy,pc(C) = Segom(C) = Seg(oy,)mix(C)
It suffices to verify that imy, Cimu,. By Lemma II1.2.13, the image of M“#™¢*;, is those coarse Segal objects
F: O® x P® — C such that
(a) F|(0®£P®)mix—el is 7 -right Kan extended from F|(0®£P®)el,
and the image of 1, is those F such that
(b) for all O € 0%, the T -functor {O} x P® — C is a Segal object.

We're tasked with verifying that Conditions (a) and (b) are equivalent. Now, in sight of Eq. (45), this compiles
down to verifying that a 7-functor is 7 -right Kan extended along a base changed functor C xp & — C xp &’ if
and only if, for all C € C, the associated functor is right Kan extended along the functor {C}x& — {C}xE’; but

this follows from the fact that 7 -limits in product 7 -categories are products of 7 -limits in the factors. [

11.2.1.4 A bookkeeping theorem We now prove Theorem I11.2.3. Now, the following lemma follows by

compatibility of products with pullbacks and equivalences.

Lemma I11.2.15. In the situation of Theorem II1.2.3, the map ay x ay is a weak approximation of T -algebraic

patterns.

PRrROOF OF THEOREM II1.2.3. We may pull back our data to construct the 7 -algebraic pattern diagram

p

M
PExPE —— PRIPY —— PY

P ] s

M Ye
EPxEP y EQIET y EF
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and in sight of Corollary I11.2.7 and two-out-of-three, we’re tasked with proving that Peo M is a Morita
equivalence.

By Lemma I11.2.15 we know that a3 and a; x @, are Morita 7 -localizations, by Proposition I11.2.5 that
each arrow marked M is a Morita equivalence, and by Corollary 1.3.31 that 5 is a Morita equivalence. By
two-out-of-three for Morita equivalences, ?p oM is a Morita equivalence, so by Corollary 1.3.31, applying

Seg(_) to the outer diagram yields a diagram of fully faithful inclusions

SegTOtT Pr S_egTOtT P> (S) = SegTotT Ps (8)
T )
Se8roty &, 5€8Toty £,(S) < Segryr, £, (S);
It suffices to verify that the images of (a; X a,)* and @eaj agree. In fact, by Corollary 1.3.31 they correspond

with P} x P,-monoid 7 -spaces attaining solutions to the inner and outer lifting problem, respectively:

UOIXUOZ ’,_—} ST

,”’ /X
-~ s
_- e
-

- .
UP, x UP, —225 UP;

Ugp is an equivalence by assumption, so the images agree, yielding the result. O

I11.2.2 Additivity of little disk G-operads Fix V, and W, polyrepresentations and G a finite group.
Following Lurie’s proof of nonequivariant additivity with tangential structure, a convenient construction

for the additivity map with the universal tangential structure would be as a restriction of the canonical map
LBy u u_® U
B;O(k)- ® B;O(¢)= =~ (BgO(k) x BGO(£))- ——— BgO(k +¢)~;

then, the fact that it disintegrates to the map we study in the linear setting will be automatic. Unfortunately,

we run into two large problems:

Problem i. The putative map on structure spaces EmbH‘RECt(S -PV,PV) = [ia/kies EmbX(PY,P") is not a
monomorphism homotopically, only a topological subspace inclusion; hence factorizations through
the putative associated G-operad map E?} — BgO(k)” will only possibly be unique if models are
chosen on both sides.

Problem ii. We have not topologically modelled the map & above, but instead derived it from homotopical

formal properties.

To solve these problems, we will topologically model the cocartesian structure. The following construction is

enabled by the fact that we’ve restricted so that Og is an atomic orbital 1-category.
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Construction II1.2.16. X*: Og — Caty,, a coefficient system of topological categories and TotX — Og the
associated topologically enriched unstraightening.

We may define a topological functor TotX" — TotFing , as follows:

(1) The objects in the fiber over S, € Finy . are []y/k)cs s X.

(2) The topological space of morphisms (x, Ty, H) — (v, Sy, K) lying over amap (T,, H) — (S, K) classified
by a map f: Resg T, — S, is the space H[K/]]cs ]_[U/L]Cf_l([K/]])Mapg((xL,y]).

(3) Composition in TotX" is extended by composition of paths under rearranging the above product

factorizations.

Note that TotX" x1.; Fing, Og ~ TotX. This extends to a diagram

TotX"TotYY —— (TotY")” ——— TotFin\ TotFing,
J_/ B \L Totmp I ”mﬂu[# —r

TotX n—@) TOtFi_l’lG'*
Now, given a map of coefficient systems f: X xY — Z, claim that this may be extended as follows:

fs/ TotZ"

TotX"!TotYY —— (TotY")” ——— TotFin;, —— TotFing,
L . Totrmp - nFiﬁn%‘.* -
! ! '
TotX” ———— TotFing,
0] —0,
Indeed, viewing an object of TotFi_né as a choice of H C G, S € Fy, and T € Fy /5, viewing an object of TotY"
over this as a further choice of points y, € YT, and an object of TotX!TotZ over this as a further choice of
points x,inX5, on objects the map f, takes the object (x,,,) lying over (H,S,T — S) to the T-object taking
an orbit [H/K]C T to f(xn([H/K]),y[H/K]); the map on mapping spaces is extended from f in an essentially
unique way so that this restricts to f under the evident map TotX x TotY — TotX:TotY Xt Fing., Og and is
compatible with pullback along the evident topological lifts of inert morphisms.

In particular, on homotopy-coherent nerves, this presents a G-preoperad map
NhCXugNhCYU N (NhCZ)u

: he u heyeu BY nrheyu he 7U : he :
whose associated G-operad map N" (X xY)- ~ N" XY @ N"YY — N"Z restricts to N"f, and hence is
classified by N"¢f under Theorem I1.2.32. <

Now, note that there are evident inclusions of topological categories over Og

t t k
EV, — Eidk — EmbG,
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compatible with the evident topological preimages of inert morphisms. In particular, we acquire the solid

subdiagram diagram of the following, as a diagram of topological functors over Og:

t ot t
d — Ey By, — Eidk-
| | | |
| PP 52 | PE | Pid lﬁB
e

v e v
t =t t t k+¢
]Pv.|w, — ]Ev.e;w, \—MW Emb;

and, unwinding definitions, this extends essentially uniquely (by virtue of the fact that topological subcategory

t k ¢
Z]Eid(f — Emb;Emb,

inclusions are monomorphisms in CatTOp) to fill in the dashed arrows, the resulting diagrams also preserving
the evident topological preimages of inert morphisms. In particular, taking homotopy-coherent nerves yields

a commutative diagram of G-preoperad maps

Q ,m® Kl ® ,m® ® ®
PS . P§, —> ESES, —— Ef, (EY,

(46) lw l |

® PE ® a ®
IP)V|W ? IEV@BW } IEidk+€

We're ready to conclude equivariant Dunn-Lurie additivity.

PROOF OF THEOREM III.2.2. We are left with verifying that the lefthand square of Eq. (46) satisfies
the conditions of Theorem II1.2.3. Certainly each (one color) little disk G-operad E, is reduced, and the
fact that each «; is a Morita localization is Corollary 11.2.141. We're left with proving that ¢p is a I'-Morita
equivalence, which we verify using Corollary 1.3.31.

In general, under Proposition 11.2.115, @p yields an equivalence
® ,p® ).~ T
U (P§, 1P5, ) =Uy Xobr, ]_luw.
T
Under Proposition I11.2.9, we're left with checking the dashed equivalence of the following conditions

Muld ((Uy;Uw); (U5 Uy ) =+ <====> Mulg,uV (Uvs U} ) x Py, (Uw; Uy ) =+

B !

(P(UV;UW) e (Z/[V | UW) Uy € l*uV and Uy € L*UW

Now, the vertical equivalences follow simply by definition and the bottom horizontal by the fact that ¢ is an

equivalence (see Proposition I1.2.115), so the desired implication follows by two out of three. O
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Now, to approach Theorem III.2.1, we must construct a map which disintegrates to the maps we know

to be equivalences via Theorem II1.2.2. We may do so via the following diagram:

E% ® ]E®
BV

> .
- ldk ldg

(P\ \(Pid

VGBW
P(xy) \\; | \l
L 20
Pxy) <
S~ \ . B% By —— oo BcO(k)” ® B;O(€)"

S
B@ ><BI_I ©,¥) > BGO(k)XBGO(g)
Px ®Py \ O

\M Beg XB‘% Clohd BGO(k+€)'-'

We're ready to conclude equivariant Dunn additivity with tangential structure.

Proor or THEOREM III.2.1. Note that 1y, 1, and iy y) reduce to equivalences under Theorem I1.2.79,
BV
so the upper left quadrilateral shows that ¢: Eg ® E@ — Eg@y disintegrates to an equivalence at each point;

Corollary II1.1.6 shows that this implies that ¢ is an equivalence. (|

I11.2.3 A dream for the future We offer a vision, hypothetical as of yet, for the placement of our additivity

theorem within the isotopy theory of G-manifolds, for G potentially a compact Lie group.

Question I11.2.17. Given G a compact Lie group, does there exist a categorical Green functor
Mfld ™ € CAlgCMong(Cat)

whose “additive” G-symmetric monoidal structure agrees with Mﬂdé admits a G-symmetric monoidal full

subcategory embedding Mﬂd(g"‘I — MﬂdaG”""7 whose multiplicative structure takes (M,N)+— M x N, and

whose multiplicative binary tensor product induces an equivalence

(47) x: Disk’s "™ @ Disk& " —— Disk 2

Moreover, does there exist a morphism of categorical green functors my: Mﬂdé’><

— Fing™ lifting the
equifibration Mfld¢, — Fing? <
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The author strongly believes that, once such a structure is constructed, similar techniques to that of

Theorem I11.2.1 will yield an equivalence

x: Disk&" @ Disk ** —— Disko P,
underlying an equivalence Eg @Eg. Other than extending Theorem III.2.1 to compact Lie groups, this
promises to cohere Dunn additivity with products of manifolds, hopefully for the purpose of matching Fubini’s
theorem in factorization homology to the additivity phenomenon.

There is also a harder question, which the author does not know how to approach.

Question III.2.18. Given a finite-index closed subgroup inclusion H C G, is CMon(S) a G-mode? If so,

. : : . V- . Ind§ V-1,
given an orthogonal H-representation V, does there exist an equivalence N g Dlsk‘{l vH Disk - H , where

the norm is taken with respect to the mode structure? <

This would give a non-geometric reason that Ey appears in equivariant homotopy theory whenever V
is a permutation representation: all such G-operads would occur as indexed tensor powers of the inflation of

the associative operad.
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