
Equivariant higher algebra

Citation
Stewart, Natalie. 2026. Equivariant higher algebra. Doctoral Dissertation, Harvard University
Graduate School of Arts and Sciences.

Link
https://dash.harvard.edu/handle/1/42740223

Terms of use
This article was downloaded from Harvard University’s DASH repository, and is made
available under the terms and conditions applicable to Other Posted Material (LAA), as set
forth at
https://harvardwiki.atlassian.net/wiki/external/NGY5NDE4ZjgzNTc5NDQzMGIzZWZhMGFlOWI2M2EwYTg

Accessibility
https://accessibility.huit.harvard.edu/digital-accessibility-policy

Share Your Story
The Harvard community has made this article openly available.
Please share how this access benefits you. Submit a story

https://dash.harvard.edu/submit-story?publicationId=df60734e-53b2-47f9-88e2-08cd201a8b5e




Equivariant
higher algebra

Natalie Stewart

A dissertation submitted in partial fulfillment of
the requirements for the degree of

Doctor of Philosophy
in the subject of Mathematics

Harvard University
Cambridge, MA

April 2026



@ 2026 Natalie Stewart
All rights reserved.



Dissertation advisor: Michael Hopkins Natalie Stewart

Equivariant higher algebra

Abstract. In this thesis, we set out foundations for a homotopy-coherently parameterized algebra

suited towards equivariant homotopy theory and algebraic topology. In particular, the first chapter after the

introduction introduces parameterized (∞,2)-category theory and a theory of parameterized algebraic patterns

lifting the theory of Chu-Haugseng; intuivitvely, for base of parameterization the orbit ∞-category OG, a G-

(∞,2)-category is an∞-category enriched in∞-categories enriched in G-spaces (i.e. enriched in G-∞-categories)

and OG-parameterized algebraic patterns are G-∞-categorical objects which functorially present G-(∞,2)-

categories of generalized G-operads and G-symmetric monoidal ∞-categories via the fibrational perspective.

We present a Morita theory for such parameterized patterns lifting the approximation theory of Lurie (and

Barkan, Barkan-Haugseng-Steinebrunner) and apply it to identify many models for parameterized operads,

compatibly with the corresponding theories of parameterized symmetric monoidal categories (considered as

normed algebras in ∞-categories).

In the second chapter, we apply this to develop some rudiments of equivariant higher algebra. In

particular, we center the roles of (co)cartesian G-symmetric monoidal structures, parameterized Segal-object

models for algebras, Boardman-Vogt tensor products/homotopy-coherent interchange, and parameterized

distributivity. At the end of the day, we use these to understand a parameterized version of Lurie, Gepner-

Groth-Nikolaus, Harpaz, and Carmeli-Schlank-Yanovski’s theory of modes, giving existence and uniqueness

of a presentable G-symmetric monoidal structure on G-spectra when G is a compact Lie group (with unit

Σ∞S0) incorporating finite-index Hill-Hopkins-Ravanel norms.

In the final chapter, we use these developments to perform two important arguments regarding

interchange: we prove a parameterized version of Schlank-Yanovski’s∞-categorical Eckmann-Hilton arguments

(realizing a mild generalization of Blumberg-Hill’sN∞-operads precisely as the G-operads arising from infinitely

iterated Eckmann-Hilton arguments), and we lift Dunn-Lurie additivity to little disk G-operads for finite G,

as well as versions with tangential structure specified by an arbitrary map of G-spaces B→ BGO(n).
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Chapter 0

Introduction

A motivating conjecture from chromatic homotopy theory

Let MU denote the spectrum representing complex bordism; that is MU represents a homology theory

such that, for X a smooth manifold, MUk(X) ≃ πk (MU⊗Σ∞+ X) is naturally equivalent to the Abelian group

of smooth maps M→ X with complex structure on their stable normal bundle modulo structure-preserving

bordism. Unsurprisingly, the conjugation C2-action on stable normal bundles lifts to a C2-action on MU itself;

we refer to MUR as the associated C2-spectrum, representing the associated C2-equivariant homology theory.

Each object is multiplicative in a strict way, and yields a strict commutative algebra object in suitably chosen

model categories of spectra and C2-spectra.

Through the advent of chromatic homotopy theory, the “rings” MU and MUR have become a crucial

object within stable homotopy theory; roughly, the observation is that the associated graded diagram

MU∗MU⇒MU∗ presents the moduli stack of (1-dimensional, commutative) formal groups, providing a lift of

MU∗(−) to a cohomology theory valued in quasicoherent sheaves over Mf .g.. It turns out that the associated

descent spectral sequence over this presentation of Mf .g. (the Adams-Novikov spectral sequence) ends up

converging to stable homotopy (see [Hop99]), so knowledge of MU∗(−) may be lifted to knowledge of πst
∗ (−).

There is a corresponding theory of Real orientations and Real Adams-Novikov spectral sequences for MUR

[Ara79; HK01].

Now, through the usual arithmetic fracture square, we may in principle recover all of this from what

occurs after localization to each prime. Here, a key observation is that, after choosing parameters, every

p-local formal group law admits a p-typical parameterization. On the spectral side, this corresponds with a

splitting of MU(p) to various suspensions of a p-local (and ⊕-indecomposable) spectrum BP ; in particular,

there is a split monomorphism BP →MU(p) which on homotopy represents p-typicalization of p-local formal

group laws.
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Chromatic homotopy theory then arises from the observation that the height stratification of p-typical

formal group laws may be lifted to a sequence of spectra

BP → ·· · → E(n+ 1)→ E(n)→ ·· · ,

with the corresponding Bousfield localizations presenting Sp(p) as a sequence of recollement situations with

quotients having extraordinarily pleasant properties.1 These spectra E(n) arise by taking localizations of a

sequence of quotients

BP = BP ⟨∞⟩→ ·· · → BP ⟨n+ 1⟩ → BP ⟨n⟩ → · · · ,

so one recovers a version of the Adams-Novikov spectral sequence by studying modules over BP ⟨n⟩∗BP ⟨n⟩-

comodules.

A question naturally arises: may the modules-and-sheaves program be lifted to BP ⟨n⟩-modules? Now,

for this, BP ⟨n⟩ must have either a strict commutative algebra structure or its homotopy-coherent analog,

an Ek-algebra structure for some k ∈ [2,∞]. The former constructs the latter for k =∞, so we may focus

on constructing an Ek-algebra structure; unfortunately, for n≫ 0, BP ⟨n⟩ is known to not even admit an

E2(p2+2)-structure [Law18; Sen22].

Luckily, it does attain some structure; Basterra-Mandell construct an essentially unique E4-structure on

BP [BM13], and Hahn-Wilson an E3-BP -algebra form of BP ⟨n⟩ [HW22], which is where the nonequivariant

story lands. The latter has been useful e.g. in the recent disproof of the telescope conjecture [BHLS23].

Now¸ while extending the universal property of MU in terms of complex orientations to one of MUR for

Real orientations, Araki constructed a C2-equivariant lift of the Quillen idempotent [Ara79], the resulting

summand BPR ⊂MUR playing an analogous role to BPR in a “Real-oriented” chromatic homotopy theory of

C2-spectra [HK01].

Moving forwards, BPR itself admits a series of truncations

BPR = BPR ⟨∞⟩→ ·· · → BPR ⟨n+ 1⟩ → BPR ⟨n⟩ → · · · ,

lifting the nonequivariant truncations, which are invaluable in chromatic homotopy theory. Unfortunately,

their multiplicative nature is quite mysterious; for instance, BPR ⟨n⟩C2 is not even known to have a homotopy

associative multiplication, though it’s conjectured to admit an E1-structure [HW22, Rmk. 1.0.14]. Indeed,

BPR ⟨n⟩ is obstructed from admitting any construction of any C2-equivariant multiplicative structure yielding

an E2(p2+2)-structure on underlying spectra, so it certainly can not be made strictly commutative, or E∞. We

arrive at a question.

1 These quotients are the K(n)-local categories; they are pleasant e.g. in that they admit only vanishing tate cohomology for finite
groups, and furthermore are ∞-semiadditive.
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CHAPTER 0. INTRODUCTION

Question. What multiplicative structure does BPR attain? What about BPR ⟨n⟩?

Experts share conjectural answers to this question, with a genuine-equivariant theory of little disk

algebras. That is, work of Hauschild [Hau80] and Rourke-Sanderson [RS00], repackaged by Guillou-May

[GM17], and modernized and generalized by Juran [Jur25a] identify preimages of a pointed G-space under

ΩV (−) ≃map∗(S
V −) with suitably grouplike algebra structures over a so-called G-operad EV , where V is

an orthogonal G-representation and SV its one-point compactification; MUR is the Thom C2-spectrum of

a Ωρ∞-map, so in a sensible theory, it would attain an Eρ∞-algebra structure with respect to a canonical

“C2-symmetric monoidal” structure on C2-spectra. From here, the conjecture often shared by experts is the

following.

Conjecture. BPR admits an essentially unique E2ρ-MUR-algebra structure, and there exists an E2ρ−1-BPR-

algebra form of BPR ⟨n⟩.

Work on this thesis began with the author attempting to prove this conjecture; this work is still in

progress, now jointly with Christian Carrick, Mike Hill, and Ryan Quinn.

Now, the lion’s share of work on Ek-algebras, including the construction of the Ek-structures on BP and

BP ⟨n⟩, eventually compiles down to two fundamental observations:

(i) There exists a natural equivalence AlgEk+1
(−) ≃ AlgE1

AlgEk (−), and

(ii) E1 has n-ary structure space which is a torsor over Σn; equivalently, its free algebras are tensor

algebras, generalizing the 1-categorical associative situation.

This is miraculous; it can be said that Ek is complicated because it admits interesting power operations (i.e.

its n-ary structure space has homotopically interesting homotopy Σn-orbits), but these together reduce study

of Ek-algebras to a case with no interesting power operations. This is by far the hardest part of establishing

the higher Hochschild (co)homology formula for Ek-centers and enveloping algebras of [HA], which is the

fundamental technical aspect of constructing the E3-structure on BP ⟨n⟩ in [HW22]; moreover, it may be used to

reduce the construction of the iterated bar construction presentation of Ek-derived indecomposables/cotangent

complexes which is fundamental to [BM13] (as well as the Galatius–Kupers–Randall-Williams Ek-cellularity

regime for homological stability [GKR23]).

Thus, to approach this conjecture, it may help to first answer the following question.

Question. Does there exist a theory of G-equivariant higher algebra wherein

(i) SpG admits a canonical “G-symmetric monoidal structure” such that Thom G-spectra of V -fold loop

spaces attain functorial EV -algebras structures, and

(ii) there exists a natural equivalence AlgEV AlgEW (−) ≃ AlgEV⊕W (−), all terms suitably interpreted?

3



In this thesis, we will answer Statement (i) in the affirmative when G is a compact Lie group, and

Statement (ii) in the affirmative in the case that G is a finite group; this suffices to study BPR ⟨n⟩. The author

intends to approach Statement (ii) in the more general case of compact Lie groups in future work.

Now, an EV -space X is given, for all closed subgroups H ⊂ G and finite H-sets S ∈ FinH , actions

µS : ConfHS (V ) ≃ EmbH,V−Fr

 ∐
[H/K]⊂S

H ×K D(V ),D(V )

 −→MapH
 ∏

[H/K]⊂S
CoIndHKX,X

 ,
compatible with restriction, action of the H-equivariant automorphism group of S, and “composition” of

equivariant little disk embeddings; here, the leftmost space is the space of H-equivariant embeddings of S

into V under the usual compact-open topology, the middle the space of pairs of an H-equivariant embedding

(under the C∞-topology) and homotopies making the distinguished trivializations of their H-equivariant

vector bundles compatible, and on the righthand side CoIndHKX is the right adjoint to restriction.

For instance, by taking fixed points, an EV -space X receives a family of transfers

(
ResGH V

)
(K)
−→Map

(
XK ,XH

)
parameterized by the K-isotropy points in the restriction of V to H , for all finite-index inclusions K ⊂ H

between closed subgroups of G. This space
(
ResGH V

)
(K)

is an interesting complement of central real hyperspaces;

the (co)homology of fixed points of EV -spaces correspondingly acquires an action of an interesting Orlik-

Solomon algebra, i.e. an interesting collection of equivariant Dyer-Lashof operations. Moreover, each XH

receives an EdimVH -space structure, making this structure even richer.

The reader would be justified at worrying about Statements (i) and (ii) at this point. Among other

things, it involves the notions of restriction and coinduction, so it may only be applied to inputs sophisticated

enough to parameterize those. In G-spaces, at least, coinduction is right adjoint to restriction; however, the

functors Σ∞+ : SH → SpH do not intertwine the right adjoints to restriction. Instead, it takes coinduction

to the Hill-Hopkins-Ravanel norm of [HHR16], which is neither a left adjoint nor a right adjoint, and is

essentially only defined by this property, sifted continuity, and symmetric monoidality.

As a consequence, we will need heavy machinery; we will need a notion of families of categories (one for

each conjugacy class of subgroups), connected contravariantly along morphisms subgroup inclusions to describe

objects; we will need symmetric monoidal structures on the value of each orbit, with compatible covariant

norms along some class of “admissible” subgroup inclusions to describe algebras. Following pioneering work

of Hill-Hopkins [HH16], succeeded by Barwick-Dotto-Glasman-Nardin-Shah [BDGNS16a] and many others,

we will accomplish this by working in a carefully constructed form of parameterized higher category theory

and parameterized higher algebra.
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CHAPTER 0. INTRODUCTION

Parameterized category theory

To understand our parameterization, recall Elmendorf’s theorem [Elm83]; a modern variant of it proves

that the restricted Yoneda embedding

SG ↪→ Fun
(
Sop
G ,S

) ι∗−−−−−→ Fun
(
Oop
G ,S

)
is an equivalence of ∞-categories, where SG denotes G-spaces (i.e. topological spaces with G-action, after

inverting equivariant homotopy), and OG ⊂ SG is the full subcategory spanned by transitive G-spaces, called

the orbit category. Noting the equivalence MapG ([G/H],X) ≃ XH with point-set fixed points, this can be said

to recover the fixed points of X, connected by restriction maps and conjugation actions, and no more.

It is easy to show that this yields an equivalence

CSeg(SG) ≃ Fun
(
Oop
G ,CSeg(S)

)
≃ Fun

(
Oop
G ,Cat

)
≃ Catcocart

/Oop
G

between complete Segal objects in G-spaces and presheaves of ∞-categories on the orbit category, or

equivalently, cocartesian fibrations to the opposite orbit category. The value on or fiber over the orbit

[G/H] may be understood as the “category of H-equivariant objects,” connected by conjugation actions and

restriction functors; we will henceforth abusively refer to these conjugation actions themselves as “restrictions,”

thinking of restrictions as going along subconjugacy relations.

A canonical example of this is the restricted self-indexing

SG : Oop
G ↪→Sop

G

SG,/(−)
−−−−−−−−−−→ Cat.

Taking fibers over the identity coset underlies an equivalence SG,[G/H]
∼−−−−−→ SH (inverse to the topological

induction X 7→ G ×H X), under which the pullback along [G/H]→ [G/K] indeed implements restriction from

H-spaces to K-spaces.

We eventually want to describe algebraic operations specified by finite H-sets, so we point out the “full

G-subcategory” (i.e. restriction-stable family of full subcategories) FinG ⊂ SG specified by the value

FinHG B FinH ⊂ SH ≃ SHG .

This admits an interpretation from the perspective of self-indexing: the unstraightening TotSG ⊂ Ar(SG) is

the full subcategory with transitive domain, and TotFinG ⊂ Ar(SG) the further subcategory whose maps are

finite disjoint unions of orbit maps with finite fibers.

5



For the purpose of genuineness over families, proper equivariance, global equivariance, or any number of

other parameterized areas of topology admitting an analogy to the equivariant setting, we will boldly replace

SG with a sufficiently similar ∞-topos:

Definition. If T is an ∞-category, then R⊂ T is an orbital subcategory if the collection of disjoint unions of

R-maps
∐
iUi → V in ST B Psh(T ) is closed under base-change along morphisms of representable preseheaves.

We call R atomic if it consists of 0-truncated maps when interpreted as a subcategory of in ST ◁

We will generally refer to representable presheaves as orbits, and we will define ST , CatT , restriction,

etc. similarly. We will write FR for the analog of FinT .

Atomicity may seem mysterious, but it is quite a basic feature in the equivariant setting: it is equivalent

to the diagonal V → V ×U V being a monomorphism (equivalently, summand inclusion, as both are finite

disjoint unions of representables). This plays the role of the identity double coset, ensuring that it has

appropriate isotropy. It turns out that every ∞-category T admits a maximal atomic orbital subcategory

o(T ), so as long as we set out to internalize the notion FR and other notions that come along the way in the

maximal case, we will usually safely push to the case R = o(T ). o (OG) turns out to correspond with orbit

maps with finite fibers, so we safely write FinT B Fo(T ).

Now, we automatically acquire an internal notion of induction and coinduction: they are the left

and right adjoint to restriction. More generally, we define a notion of parameterized colimits and limits in

terms of left and right adjoints between parameterized functor categories. For instance, under the inclusion

ST ↪→ CatT induced by S ↪→ Cat, this causes all cocomplete T -∞-categories to essentially be “tensored” over

ST , by taking constant T -colimits.

This parameterized (co)limit notion allows us to define myriad internal versions of pointedness,

(semi)additivity, stability, etc. In particular, we acquire a T -pointing FinT ,∗ of FinT , whose V -value turns

out to just be the pointed objects FinT/V ,∗ for all V ∈ T , functorially under restriction. Most interestingly, we

acquire a G-∞-category Sp
G

of G-spectra by “formally inverting” finite-dimensional representation spheres in

the formal pointing SG,∗, i.e. in the G-∞-category of G-spaces.

This yields an internal analog to Segal’s category Γ , gotten by taking the fiberwise-opposite of FinT ,∗.

We can correspondingly define internal notions of Segal objects. Following Chu-Haugseng [CH21], we do so

via a parameterized version of their theory of algebraic patterns.
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CHAPTER 0. INTRODUCTION

Parameterized algebraic patterns, parameterized operads

We define a T -algebraic pattern to be a T -∞-category B, together with a T -factorization system(
Bint,Bact

)
of parameterized inert and active maps, and a full T -subcategory Bel ⊂Bint of elementary objects.

We call a T -functor B→C a Segal B-object if its restriction to Bint is T -right Kan extended from Bel.

Of course, FinT ,∗ admits a T -algebraic pattern structure analogous to Fin∗; viewing its V -fiber as a

span category on FinT/V whose backwards maps are summand inclusions and forward morphisms arbitrary,

the backwards V -morphisms are inert and forwards active, and the contractible V -object ∗V is elementary. It

turns out that the Segal objects for this structure are precisely the o(T )-semiadditive T -functors FinT →C

in the sense of [CLL23], in direct analogy to the non-parameterized case. In the case T = OG for G finite,

these agree with the construction shown to be equivalent to Mackey functors first in [Nar16], so we have

defined an interesting and useful parameterized algebraic structure. But a question arises once more:

Question. Can we describe EV -algebras in G-spectra using G-algebraic patterns?

The short answer is that Segal objects are not rich enough to describe this theory; indeed, we have not

even constructed Hill-Hopkins-Ravanel norms yet. The long answer is more interesting.

We may take inspiration from the nonparameterized picture, from Lurie (who was clearly influenced

greatly by May-Thomason). Symmetric monoidal ∞-categories, as commutative monoids in Cat, are Segal

∞-categories over Fin∗, so they unstraighten to cocartesian fibrations C⊗→ Fin∗ satisfying a Segal condition.

Operads (possibly with multiple colors) also admit a mirror here, as fibrations to Fin∗ admitting cocartesian

lifts for inert morphisms and a pair of custom-fit Segal conditions which themselves are described in terms of

inert morphisms and elementary objects. To wit, O-algebras in C⊗ are identified with colored operad maps to

C⊗, i.e. functors over Fin∗ preserving inert-cocartesian lifts.

Following this, Chu-Haugseng defined a notion of weak Segal fibration to an algebraic pattern encapsu-

lating this [CH21]; this was later riffed upon under the name fibrous patterns [BHS22] and recently under the

name algebrads [BLR26].2 We define a parameterized version of this, creatively dubbed fibrous patterns. As a

formal corollary to the work of [BHS22], we find that these admit an envelope adjunction extending [HA],

giving a translation of these ideas into maps between Segal ∞-categories at the end of the day.

In the special case of FinT ,∗, we refer to Segal FinT ,∗-∞-categories as T -symmetric monoidal ∞-categories

and fibrous FinT ,∗-patterns as T -operads. This matches [NS22] when applicable. In particular, we are led to

a definition of G-operads and G-symmetric monoidal ∞-categories. We will find that G-symmetric monoidal

∞-categories have exactly our desired functoriality, with norms along finite-index subconjugacy relations.

2 The author likes the name algebrad quite a bit, but the aformentioned paper was released too late for her to adopt its conventions in
this thesis.
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We will eventually exhibit the space of suitably well-behaved G-symmetric monoidal ∞-categories of

G-spectra to be contractible; in particular, finite-index Hill-Hopkins-Ravanel norms and coherences making

them compatible will come essentially uniquely. We first study the primordial ooze of equivariant topology.

Equivariant manifolds and little disks

When G is a compact Lie group, we have a preferred setting for G-equivariant topology: smooth

G-manifolds. We’ll henceforth assume all G-manifolds smooth, i.e. we’ll consider smooth manifolds with a

distinguished action of a compact Lie group G through diffeomorphisms, and equivariant maps between them.

Following in the examples of factorization homology and embedding calculus, one expects C∞-spaces of

embeddings between G-manifolds to play an outsized role in algebraic topology. We define a G-symmetric

monoidal ∞-category MfldG whose H-objects are H-manifolds, whose H-equivariant mapping spaces are

C∞-embedding spaces (under the strong C∞-topology), whose tensor products are disjoint unions, and whose

norms take M 7→H ×KM. This admits full G-symmetric monoidal subcategories

DisknG ⊂MfldnG ⊂MfldG

spanned by n-dimensional representation disks and n-dimensional manifolds, respectively.

More generally, given a G-space map Θ : BΘ → BGO(n), we define G-symmetric monoidal ∞-categories

DiskΘ
G ⊂MfldΘ

G over MfldnG whose H-objects consist of H-manifolds M together with factorizations of their

maps M→ BHO(n) classifying their H-equivariant tangent bundles through ResGHΘ. We show that DiskΘ
G

arises as the G-symmetric monoidal envelope of an (essentially unique) G-operad EΘ . In particular, in the

case that BΘ is contractible and Θ : ∗ → BGO(n) classifies the representation V as an equivariant vector bundle

over the point, we acquire a G-symmetric monoidal ∞-category of V -framed G-manifolds and a G-operad

EV ; its “structure spaces” are V -framed little V -disk embedding spaces, which turn out to be equivalent to

configuration spaces in V .

Taking one-point compactifications of the underlying spaces (with their contravariant functoriality along

embeddings) yields a cocartesian EV -coalgebra structure on SV ∈ SG,∗; we find a corresponding cartesian EV

structure on ΩVX ≃Map∗
(
SV ,X

)
. One correspondingly expects these structures to be abundant.

In the case that G is finite, this is retreading known ground; as a consequence, we already know there

is a recognition principle for EV -spaces whose H-fixed points are grouplike whenever dimV H > 0 [GM17;

Hau80; Jur25a; RS00]. We know in that case that we absolutely have the right structure.

From here, we may turn towards additivity: we define a closed Boardman-Vogt symmetric monoidal

structure on T -operads (satisfying a similar uniqueness result to [BS24a]), which allows us to prove the

following, as the final theorem of this thesis.
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Theorem. If G is a finite group, then there exists a natural equivalence EV ⊗EW ≃ EV⊕W , i.e.

AlgEV Alg⊗EW (−) ≃ AlgEV⊕W (−) ,

where Alg⊗O (−) is the Boardman-Vogt internal hom G-operad structure, i.e. the pointwise structure.

We more generally construct equivalences EΘ ⊗ EΨ and DiskΘ
G ⊛DiskΨ

G ≃ DiskΘ⊕Ψ
G , where ⊛ is the

tensor product of G-symmetric monoidal ∞-categories; we will identify G-symmetric monoidal ∞-categories

with Mackey functors valued in ∞-categories in the case that G is finite, in which case this is the box product

structure. This is done by a disintegration and assembly procedure extending [HA], which recognizes EΘ and

DiskΘ
G as BΘ-indexed G-colimits of the fully-framed objects (with framing at a point given by the tangent

representation).

Having accomplished Statement (ii), we’re left with the structure on G-spectra and Thom spectra of

V -fold loop spaces. Unlike the finite group case, this had not yet been done before this thesis, so we have the

opportunity to take such a construction seriously. Following [HA], we define it via a version of mode theory.

Parameterized modes

[Hil24; MW22] yield parameterized versions of presentable ∞-categories: a T -∞-category is presentable

if it is T -cocomplete and there exists a regular cardinal κ such that it factors as

T op −→ PrLκ −→ Ĉat.

We refer to the T -∞-category of presentable T -∞-categories as PrLT .

Here is where we, as Nardin did [Nar17], find ourselves at a subtlety: following the nonequivariant

case, we would like to define a T -symmetric monoidal structure on PrLT whose O-algebras can fairly be called

“presentably O-monoidal ∞-categories.” Nonequivariantly, these are the O-monoidal ∞-categories C whose

underlying ∞-category is presentable and such that O acts C through multi-functors which preserve colimits

separately in each variable. Equivariantly, the latter condition can’t be so simple: Hill-Hopkins-Ravanel

norms do not commute with all colimits, only sifted colimits.

Following Nardin [Nar17], we spend significant time developing such a structure, through what we call

distributive T -multifunctors. We show that its algebras agree with the distributive normed ∞-categories

described in [EH23; LLP25] in the parameterized case, so long as they have presentable underlying T -∞-

categories. Moreover, we lift Lurie’s identification of smashing localizations and idempotent algebras to

R-symmetric monoidal smashing localizations and idempotent R-commutative algebras when R is an atomic

orbital subcategory (i.e. transfer system), exhibiting either emptiness or contractibility of such structures

9



extending a given idempotent E0-algebra. As a consequence, we attain a theory of R-modes, as those

idempotent R-commutative algebras in PrLT .

We show that the parameterized formal inversion procedure of [Cno23; Rob15] is as parameterized-

multiplicative as those objects you invert; in particular, we find that Sp
G

is a G-mode.

We also independently develop parameterized Day convolution on this level of generality (noting that

[NS22] does not cover compact Lie groups). We use this to construct the structure on Thom spectra of

EV -maps, hence of V -fold loop maps, finally fulfilling Statement (i).

Other things

The reader should be informed that this introduction has omitted many technical aspects that will

be sticking points throughout this thesis; many of them are explained in the introductions of the papers

which the author wrote and generalized into this thesis including [Ste24; Ste25a; Ste25b; Ste25c; Ste26]

and some so-far unpublished work. In addition to this, we have not mentioned it, but much of the work

in parameterized higher algebra will be realized on the level of a functor from T -algebraic patterns to

right-adjoint functors between T -(∞,2)-categories; a theme throughout the text is that we lift Barkan and

Barkan-Haugseng-Steinebrunner’s lift [Bar23a] of Lurie’s approximation theory to identify morphisms of

T -algebraic patterns which become equivalences of pairs of T -∞-categories, called strong Morita equivalences,

in terms of the category theory of “active arrow T -∞-categories;” this and universal properties of (co)cartesian

structures comprise the main category theoretic difficulties of the proof of equivariant Dunn additivity.

Notation and conventions

Throughout this thesis, we assert an ω+ 2-indexed collection of Grothendieck universes

κ0 ⊊ κ1 ⊊ · · ·⊊ κω ⊊ κω+1.

We refer to κ0-small objects (sets, spaces, categories, etc.) as small, κ1-small objects as large, κ2-small objects

as extremely large, κn-small objects for finite n as non-massive, κω-small objects as massive, and κω+1-small

objects as extremely massive. We moreover set the following size-related notation:

• Cat is the large ∞-category of small ∞-categories,

• Ĉat is the extremely large ∞-category of large ∞-categories, and

• C̃at is the massive ∞-category of non-massive ∞-categories, and

• ̂̃Cat is the extremely massive ∞-category of massive ∞-categories.

We will use similar notation for set theoretically small, large, etc. objects in other contexts.
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All subcategories will be assumed replete, including wide subcategories. More generally, we will attempt

to speak the language of ∞-categories model-independently, assuming an ambient well-behaved (extremely

massive) ∞-category of κi-small ∞-categories. For concreteness, this is incarnated in [HTT] and [kerodon].

Even more generally, we will assume a reasonably well behaved theory of (∞,2)-categories, satisfying

e.g. the axioms of [BS20]; the unicity and nonzero number of examples exhibited in [BS20] ensure that

we do not lose anything by refusing to pick a model. We will generally refer to particular (∞,2)-categories

with all-capital roman font (such as CAT), and arbitrary ones with blackboard-bold (such as C); particular

∞-categories will be the usual roman font and arbitrary ones caligraphic (such as Cat and C), and particular

topological categories bold-face (such as Top).

For parameterized objects, when it helps avoid confusion, we will underline them; for instance, CatT is

the T -∞-category of small T -∞-categories, and CATT the T -(∞,2)-category of them.

We will generally write algebraic patterns and T -algebraic patterns with fraktur font (such as C), and

we will decorate T -operads and T -symmetric monoidal ∞-categories with a tensor superscript (such as C⊗).
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Chapter I

Parameterized category theory and Segal conditions

In this section, we exposit and expand upon a version of ∞-category theory which has recently gained

traction within equivariant homotopy theory. To motivate this, consider the following.

In nonequivariant higher category theory, there is a colocalizing (and localizing) full subcategory inclusion

S ⊂ Cat of spaces into ∞-categories; its essential image consists of those ∞-categories whose morphisms are

all equivalences, i.e. our theory satisfies Grothendieck’s homotopy hypothesis. Given an ∞-category C and

space X, we then acquire an equivalence of spaces

Fun(X,C)≃ ≃Map(X,C≃) ;

in particular, local systems of C-objects are represented by the moduli space C≃.

Many moduli spaces of interest in algebraic topology appear in this way; for instance, if Vectf .d. denotes

the ∞-category of finite dimensional real vector spaces and linear isometric embeddings (say, arising from the

usual topological category, with the spaces underlying the usual manifold structure on hom spaces), choosing

bases yields an equivalence

Vectf .d.,≃
∼−−−−−→

∐
i∈R

BGLn(R).

Now, given G a compact Lie group, the equivariant homeomorphism classes of genuine G-equivariant real

vector bundles occur as path components in the mapping space MapG(Y ,
∐
i∈RBGGLn(R)). Working the

above idea in reverse, we may posit the following.

Hypothesis. There exists a localizing and colocalizing full subcategory inclusion from SG into an ∞-category

of “G-∞-categories,” so that BGGLn(R) is the core of finite-dimensional real representations, and moreover

the various objects appearing in equivariant algebraic topology have G-categorical universal properties.

Now, Elmendorf’s theorem gives us a hint: as G-spaces are equivalent to presheaves of spaces on the

orbit category, perhaps G-∞-categories must be equivalent to presheaves of ∞-categories on the orbit category.

From this perspective, we may probe our example a bit further: the G-space BGGLn(R) is assembled

from its H-fixed points for all closed subgroups H ⊂ G, together with restriction maps associated with each
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CHAPTER I. PARAMETERIZED CATEGORY THEORY AND SEGAL CONDITIONS

subconjugacy relation. In fact, we may interpret this via the equivalence∐
n∈R

BGGLn(R)

H ≃MapH
∗H ,∐

n∈R
BH GLn(R)


≃ RepH,f .d.(R)≃;

the analog of H-fixed points of a G-∞-category are its H-equivariant objects. Indeed, a G-∞-category will

consist of an H-equivariant∞-category for all closed H ⊂ G, connected by restriction functors, and a G-functor

will simply be an H-equivariant functor for all H which coherently intertwines restrictions.

This perspective is greatly influenced by pioneering work of Hill-Hopkins [HH16] and ensuing work of

Nardin-Shah along with Barwick-Dotto-Glasman [BDGNS16a; BDGNS16b; Nar16; Nar17; NS22; Sha22;

Sha23], which aimed to create a homotopical theory encapsulating the multiplicative aspects of equivariant

stable homotopy theory that Hill-Hopkins had developed with Ravanel in their solution to the Kervaire

Invariant One problem away from dimension 126.1

In this endeavor, additional data is needed to encapsulate the tensor product and Hill-Hopkins-Ravanel

norm, which were together to form a G-symmetric monodial ∞-category ; following Hill-Hopkins once more,

Nardin-Shah developed such a theory for finite groups, showing it to be equivalent to Hill-Hopkins’ hopeful

model of (semi)-Mackey functors of ∞-categories [NS22]. None of this turned out to depend so strongly on

the group; rather, it only required that the orbit category OG could be modified into the effective Burnside

category Span(FG), so Barwick-Dotto-Glasman-Nardin-Shah elected to work directly with such categories,

called orbital categories.

An obvious snag appears: the category of finite disjoint unions of G-orbits does not admit a span

category if G is positive-dimensional, as it does not admit pullbacks. The best one may say is that arbitrary

morphisms in OG admit well-behaved pullbacks along finite index closed subcategory inclusions. A similar

snag makes the global homotopy theory of [Sch18] only almost accessible from the orbital setting.

Seeing this, Cnossen-Lenz-Linskens developed a framework generalizing the inclusion Of.i.
G ⊂ OG, called

atomic orbital subcategories, which can handle a higher algebra of G-equivariant homotopy admitting HHR

norms along finite-index closed subgroup inclusions [CLL24].

In another direction, Nardin-Shah furthered the study of equivariant higher algebra by developing

T -operads whenever T is an atomic orbital ∞-category [NS22], though their framework notably compiled

down often to equivariant ∞-category theory. In an attempt to simplify this, Barkan-Haugseng-Steinebrunner

1 There were some historical antecedents to this, for instance as far back as tom Dieck’s construction of the discrete fundamental group
category [Die87], which is easy to see as the result of applying the Grothendieck construction to the G-category whose H-equivariant
category is the fundamental group of the H-fixed point space.
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cast these objects into a much more lightweight framework of algebraic patterns in [BHS22], enabling more

modern higher-categorical approaches to be applied.

In this section, we summarize the aspects of these developments which we need, as well as develop some

key new work. Indeed, in Section I.1, we review the parameterized category theory, as well as develop some

rudimentary equivariant (∞,2)-category theory, as many of our G-categories of interest will appear as functor

G-categories therein, and many of our boilerplate equivalences of G-categories boil down to adjunctions of

G-(∞,2)-categories. Additionally, we develop terminology roughly equivalent to Cnossen-Haugseng-Lenz-

Linsken’s weakly extensive categories [CHLL24b] and generalizing Blumberg-Hill’s indexing systems [BH15],

as well as some necessary rudiments of the corresponding theory of (incomplete) G-commutative monoids.

Moving on, in Section I.2, we review the theory of algebraic patterns, relate it to Lurie’s theory of

categorical patterns, and express the variants of Chu-Barkan-Haugseng-Steinebrunner’s and Lurie’s results

which we will need throughout this text.

Additionally, in Section I.3, we define a theory of parameterized algebraic patterns over an atomic orbital

subcategory, as it is needed in order to develop a necessary form of Barkan’s pattern Morita theory and

Lurie’s operad approximation theory; we develop a fair bit of this Morita and approximation theory for

parameterized patterns, as well as rudiments of several of the constructions of [HA, § 2] on this level of

generality.

Finally, in Section I.4, we define and characterize the algebraic patterns which we will find foundationally

useful to equivariant higher algebra, mostly as variations on Segal’s Γ -category and the effective Burnside

category.

I.1 Parameterized and equivariant category theory

We begin by working on parameterized (∞,1)- and (∞,2)-category theory, with no assumptions on

the base, in Sections I.1.1 and I.1.2. Following this, in Section I.1.3 we define our categorical model for the

finite-index and general orbit categories, called atomic orbital subcategories. Generalizing this somewhat, in

Section I.1.4 we introduce weak indexing systems.

I.1.1 Recollections of parameterized ∞-category theory We start with the basics.

I.1.1.1 The T -∞-category of small T -∞-categories We make the following definition.

Definition I.1.1. The ∞-category of small T -∞-categories is

CatT B Fun(T op,Cat),

where Cat is the ∞-category of small ∞-categories. ◁
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Notation I.1.2. Fix C ∈ CatT . We refer to the value of C at V ∈ T op as the V -value category of C, written as

CV ; given f : V →W , we refer to the associated functor as restriction

ResWV : CW →CV . ◁

Remark I.1.3. The Grothendieck construction, imported to ∞-category theory as the straightening unstraight-

ening equivalence in [HTT, Thm. 3.2.0.1], produces an equivalence

CatT ≃ Catcocart
/T op ,

the latter denoting the (non-full) subcategory of Cat/T op whose objects are cocartesian fibrations and whose

morphisms are functors over T op which preserve cocartesian arrows. Under this identification, the fiber

of TotC → T op over V is identified with the V -value CV and the restriction functors are identified with

cocartesian transport, where Tot denotes the total ∞-category of the unstraightening. ◁

Given C,D a pair of T -∞-categories, we may define the T -functor category to be the full subcategory

FunT (C,D)B Funcocart
/T op (C,D) ⊂ Fun/T op(C,D)

consisting of functors over T op which preserve cocartesian lifts of the structure maps.

Example I.1.4. For any object V ∈ T , the forgetful functor (T/V )op→T op is a cocartesian fibration classified

by the representable presheaf MapT (−,V ). We refer to the associated T -∞-category as V . This is covariantly

functorial in V , since postcomposition yields functors f! : T/V →T/W for all maps f : V →W . ◁

These play an important role in equivariant higher category theory.

Notation I.1.5. Given C a T -∞-category, we define the restricted T/V -category by

ResTV B C
V B C ×T op (T/V )op . ◁

Proposition I.1.6 ([BDGNS16b, Thm 9.7]). CatT has exponential objects FunT (C,D) classified by the functor

V 7→ FunT/V
(
CV ,DV

)
.

We refer to monomorphisms2 in CatT as T -subcategories, and T -functors which are fiberwise-fully

faithful as full T -subcategories, or T -fully faithful functors.

2 Following [HTT, § 5.5.6], we refer to a morphism X→ Y in C as a monomorphism if the canonical map X→ X×Y X is an equivalence,
or equivalently, if the pullback functor f ∗ : C/Y →C/Y is fully faithful.
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Observation I.1.7. By the fiberwise expression for limits in functor categories (c.f. [HTT, Cor. 5.1.2.3]), a

T -functor F : C →D is a T -subcategory inclusion if and only if FV : CV →DV is a subcategory inclusion for

all V ∈ T . ◁

Definition I.1.8. Let T be an ∞-category. Then, a full subcategory F ⊂ T is a T -family if whenever V ∈ F

and W → V is a map, we have W ∈ F .3 The poset of T -families under inclusion is denoted FamT . ◁

Example I.1.9. The terminal T -∞-category ∗T is classified by the constant functor V 7→ ∗. The poset of sub-

terminal objects in CatT (i.e. monomorphisms with codomain ∗T ) is isomorphic to FamT ; the T -∞-category

∗F associated with F is determined by the values

∗F ,V ≃


∗ V ∈ F ;

∅ otherwise.

In fact, the “∞-groupoid” inclusion S ↪→ Cat induces an inclusion ST ↪→ CatT sending the universal space

EF to ∗F . ◁

The ∞-category CatT participates in an adjunction

Tot : CatT −−−−−−−−→←−−−−−−−− Cat : CoeffT

whose left adjoint Tot is the total category of cocartesian fibrations, and whose right adjoint has V -value

(CoeffT C)V ≃ Fun
(
(T/V )op ,C

)
where the functoriality on f is given by (f!)

∗ [BDGNS16b, Thm 7.8]. We refer to CoeffT as the T -∞-category

of coefficient systems in C.4

Example I.1.10. There is an equivalence ∗T = CoeffT ∗ ∈ CatT since right adjoints preserve terminal objects. ◁

We may additionally construct the associated ∞-category

Γ T CB FunT (∗,C),

whose objects consist of cocartesian sections of the structure functor C → T op. We refer to this as the

∞-category of T -objects in C. For instance, if T has a terminal object V , [BDGNS16b, Lemma 2.12] shows

3 These are named families after subconjugacy closed families of subgroups, which frequently occur in equivariant homotopy; these are
referred to as sieves in [BH15; NS22] and upwards-closed subcategories in [Gla17].
4 These are referred to as the cofree parameterization CoFree(C) in [Hil24] and as the T -∞-category of T -objects CT in [Nar17]. We
avoid the former for clarity (as we do not view Tot as a forgetful functor), and we avoid the latter as it conflicts with the T -∞-category
of T -spectra SpT ; instead, our name is chosen to evoke the coefficient systems used in equivariant cohomology.
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that we have an equivalence

Γ T C ≃ CV ;

more generally, this implies that Γ T C ≃ limV ∈T op CV , i.e. it is the T -fixed points (or the limit of C viewed as

a T op functor). Defining the T -inflation to have V -values

(
InflTe D

)V
BD

for any D ∈ Cat and V ∈ T , the adjunction between limits and diagonals immediately yields the following.

Proposition I.1.11. The functor InflTe : Cat→ CatT is left adjoint to Γ T : CatT → Cat.

Using this adjunction, given C ∈ Cat, we define the ∞-category

CoeffT CB Γ T CoeffT C ≃ Fun(T op,C);

then, we have CatT = CoeffT Cat, and Elmendorf’s theorem states that SG ≃ CoeffOGS , motivating the

following.

Definition I.1.12. The T -∞-category of small T -∞-categories is CatT B CoeffT (Cat); the T -∞-category of

T -spaces is ST B CoeffT (T ), and the ∞-category of T -spaces is ST B CoeffT (S) ≃ Γ T ST . ◁

Observation I.1.13. The V -value of CatT is
(
CatT

)
V

= CatT/V ; we henceforth refer to this as CatV . The

restriction functor ResWV : CatW → CatV is presented from the perspective of cocartesian fibrations by the

pullback
ResVW C C

(T/V )op (T/W )op

⌟

In particular, given a map U → V →W , abusively referring to (U → V ) ∈ T/V as U , this is characterized by

the formula (
ResVW C

)U
≃ CU . ◁

I.1.1.2 Join, slice, and (co)limits We now summarize some elements of [Sha22; Sha23].

Definition I.1.14 ([Sha23, Def 4.1]). Let ι : T op ×∂∆1 ↪→T op ×∆1 be the evident inclusion. Then, the T -join

is the top horizontal functor

Cat2
T CatT

Cat/T op×∂∆1 Cat/T op×I Cat/T op

−⋆T −

ι∗ π!
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which exists by [Sha22, Prop 4.3]. We write

K▷ B K ⋆T ∗T ;

K◁ B ∗T ⋆T K. ◁

Definition I.1.15. If C,D ∈ CatT ,E/ are T -∞-categories under E, the T -∞-category of T -functors under E is

defined by the pullback of T -∞-categories

FunT ,E/ (C,D) FunT (C,D)

∗T FunT (E ,D)

⌟
(πC)∗

{πD}

The T -∞-category of T -functors over E is defined similarly. If p : K → C is a T -functor, then the T -

undercategory and T -overcategory are the functor T -∞-categories

Cp/ B FunT ,K/ (K▷,C) ;

C/p B FunT ,K/ (K◁,C) ◁

In the case p : ∗T →C corresponds with the T -object X ∈ Γ T C, we simply write CX/ B Cp/ and similar

for overcategories. In general, the categories Cp/ take part in a functor out of CatT ,K/ . Of fundamental

importance is the adjoint relationship between these functors:

Theorem I.1.16 ([Sha23, Cor 4.27]). The T -join forms the left adjoint in a pair of adjunctions

K ⋆T − : CatT −−−−−−−−→←−−−−−−−− CatT ,K/ : (−)(−,T )/ ,

− ⋆T K : CatT −−−−−−−−→←−−−−−−−− CatT ,K/ : (−)/(−,T ).

We say a T -functor p : K◁→C extends p : K →C if the composite K → K◁→C is homotopic to p.

Definition I.1.17. Let C be a T -∞-category. A T -object X ∈ Γ T C is final if for all V ∈ T , the object XV ∈ CV

is final; a T -functor p : K◁→C extending p : K →C is a limit diagram for p if the corresponding cocartesian

section σp : ∗T →C/(p,T ) is a final T -object. ◁

The fiberwise opposite (or vertical opposite) functor op: CatT → CatT is the T functor induced under

CoeffT by the opposite category functor op: Cat→ Cat; the notions of initial T -objects and T -colimits are

defined dually as final T -objects and T -limits in the fiberwise opposite.

In many cases, these are familiar; for instance, trivially indexed (co)limits are non-equivariant.

18
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Proposition I.1.18 ([Sha22, Thm 8.6]). A diagram p :
(
InflTe K

)◁
→C is a limit diagram for p : InflTe K →C if

and only if for all V , the associated diagram p
V

: K◁→CV is a limit diagram for pV .

Similarly, indexed (co)limits in coefficient systems may be converted into non-equivariant colimits.

Proposition I.1.19 ([Sha23, Prop 5.6-7]). Let T be an atomic orbital ∞-category and F : C → CoeffT (D) a

T -functor. Then, the indexed limit and colimit of F have values computed by ordinary limits and colimits:

(colimF)V ≃ colim
(
CV → TotV C → CoeffV (D)

(−)V
−−−−→D

)
;

(limF)V ≃ lim
(
TotV C → CoeffV (D)

(−)V
−−−−→D

)
.

Now, mirroring the nonequivariant story, cofinality is measured in T -spaces, which is a category of

coefficient systems. Thus, cofinality of a T -functor may be converted into a nonequivariant statement using

Proposition I.1.19, which turns out to be particularly simply.

Proposition I.1.20 ([Sha23, Thm. 6.7]). Let T be an atomic orbital ∞-category and F : C →D a T -functor.

The following conditions are equivalent:

(1) For all T -colimit diagrams p : D▷→E, the composite functor p ◦F▷ : C▷→E is a T -colimit diagram.

(2) For all V ∈ T , the associated functor FV : CV →DV is final.

For instance, the following corollary is immediate.

Corollary I.1.21. If K has a terminal T -object ∗•, then every diagram K→ C has a T -colimit, and a diagram

p : K ⋆T {c•} → C is a T -colimit diagram if and only if, for all V ∈ K, the V -map p(∗V ) → p(cV ) is an

equivalence.

We also record a useful special interaction of T -colimits and initial T -objects.

Proposition I.1.22. Suppose a diagram p : K → C admits an initial full T -subcategory L ⊂ K such p|L is

constant with value on initial V -objects. If K′ ⊂ K is a complementary full T -subcategory to L, then Then,

an extension p : K→ C is a T -colimit diagram if and only if its restriction to K′▷ is a T -colimit diagram.

Proof. It suffices to note that the restriction T -functor Cp/ →Cp|K′ / is an equivalence. □

Definition I.1.23. Let C be a T -∞-category and let KT = (KV )V ∈T ⊂ CatT be a restriction-stable collection of

V -categories. We say that C strongly admits K-shaped limits if for each V ∈ T , each V -category K ∈ KV and

each V -functor p : K →CV , there exists a limit diagram for p. We say C is T -complete if it strongly admits

CatT -shaped limits.
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If C and D are T -∞-categories which strongly admit all K-shaped limits and F : C →D is a T , functor,

we say F strongly preserves K-shaped limits if for all V ∈ T and all K ∈ KV , postcomposition with the

V -functor FV : CV →DV sends K-shaped limits diagrams to limits diagrams.

If C ⊂ D is a full T -subcategory whose inclusion strongly preserves K-shaped limits, we say that C is

strongly closed under K-shaped limits. ◁

An important class of examples is indexed (co)products.

Definition I.1.24. Consider S ∈ FV , considered as a V -category under the inclusion SetV ↪→ CatV extending

the representable V -category functor T/V → CatV via coproducts. Then, we refer to S-shaped V -limits as

S-indexed products and S-shaped V -colimits as S-indexed coproducts.

If C ⊂ FT is a full T -subcategory, we refer to T -colimits of the corresponding class as C-indexed

coproducts; similarly, following [Ste24], if I ⊂ SetT is a pullback-stable and core-full subcategory, we define

the full T -subcategory SetI ⊂ SetT of I-admissible T -sets by

(
SetI

)
V
B SetI,V B

{
S
∣∣∣ IndTV S→ V ∈ I

}
⊂ SetV .

We refer to the class of SetI -indexed coproducts as I-indexed coproducts, and use the dual language for

I-indexed products. If D strongly admits SetI -shaped limits, we simply say D admits I-indexed coproducts;

we use the following language.

• SetT -indexed coproducts are small indexed coproducts;

• FT -indexed coproducts are finite indexed coproducts;

• {∇ : n · S→ S}-indexed coproducts are trivially indexed coproducts (or ordinary coproducts). ◁

Notation I.1.25. Given C a T -category and S ∈ SetT , we write

CS B
∏

U∈Orb(S)

CU

≃ FunT (S,C);

more generally, given S ∈ SetV , we write CS for CIndTV S
. where Orb(S) is the set of orbits expressing S as

a disjoint union of elements of T . Given S ∈ SetI,V , and (XU ) ∈ CS , we write the S-indexed products and

coproducts as

CS CV CS CV

(XU )U∈Orb(S)

S∏
U
XU (XU )U∈Orb(S)

S∐
U
XU

∏S ∐S

∈ ∈ ∈ ∈
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In particular, in the case that S has one orbit U , we write IndVU (−) and CoIndVU (−) for S-indexed coproducts

and products, respectively. ◁

Given K ⊂ CatT a restriction-stable collection of V -categories and W ∈ T , we let KW ⊂ CatW be the

corresponding restriction-stable collection V -categories, where V ranges over T/W . We will use the following

notation for strongly (co)limit-presereving functors.

Notation I.1.26. Let I ⊂ FT be a pullback-stable subcategory. Following and slightly extending [Sha22,

Notn 1.15], we use the following notation for the described distinguished full T -subcategories of FunT (C,D):

(1) FunK−LT (C,D): the V -functors which strongly preserve KV -indexed colimits;

(2) FunK−RT (C,D): the V -functors which strongly preserve KV -indexed limits;

(3) FunLT (C,D): the V -functors which strongly preserve small V -colimits;

(4) FunRT (C,D): the V -functors which strongly preserve small V -limits;

(5) FunI−⊔T (C,D): the V -functors which (strongly) preserve I-indexed coproducts;

(6) FunI−×T (C,D): the V -functors which (strongly) preserve I-indexed products.

(7) Fun⊔T (C,D): the V -functors which (strongly) preserve finite ordinary coproducts;

(8) Fun×T (C,D): the V -functors which (strongly) preserve finite ordinary products. ◁

I.1.1.3 Parameterized adjunctions Related to indexed colimits, there is a theory of parameterized adjunc-

tions.

Definition I.1.27. A T -functor L : C →D is left adjoint to R : D→ C if the associated functors LV : CV →DV

are left adjoint to RV : DV →CV for all V ∈ T . ◁

These have a pointwise description:

Proposition I.1.28 ([Hil24, Cor. 2.27]). A T -functor L : C → D admits a T -right adjoint if and only if the

following conditions hold:

(1) for each V ∈ T , LV : CV →DV admits a right adjoint RV , and

(2) for all maps U → V , the Beck-Chevalley transformation ResVU R
V =⇒ RU ResVU R

U is an equivalence.

Remark I.1.29. By [Sha22, Rmk 5.4], T -limits form a (partially defined) right T -adjoint lim: FunT (K,C)→C

to the “diagonal” T -functor ∆K : C → FunT (K,C), which itself may be computed as precomposition along the

canonical T -functor K → ∗T . ◁
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As observed in [Ste24], diagonals are functorial, so composing right adjoints to the diagonal of the “orbit

set” factorization IndTV S→
∐
U∈Orb(S)V → V thus yields natural equivalences

(1)
S∐
U

XU ≃
∐

U∈Orb(S)

IndVUXU ;
S∏
U

XU ≃
∏

U∈Orb(S)

CoIndVUXU .

We may construct many more T -adjunctions using CoeffT :

Lemma I.1.30. Suppose L : C⇄D : R is an adjunction of ∞-categories. Then,

CoeffT L : CoeffT C⇄ CoeffT D : CoeffT R

is an adjunction of T -∞-categories.

Proof. This follows from the fiberwise description of CoeffT (−); indeed, the V -values

L∗ : Fun((T/V )op,C)⇄ Fun((T/V )op,D) : R∗

are adjoint. □

Example I.1.31. We may use Lemma I.1.30 to realize the full T -subcategory of T -spaces whose fixed points

are d-connected or d-truncated as (co)localizing T -subcategories

ST ,≥d ST ST ,≤d

⊣ ⊣

We will use this line of thought to understand truncatedness and connectedness of T -operads and T -symmetric

monoidal categories. ◁

Example I.1.32. By Lemma I.1.30, the classifying space and core double adjunction (−)≃ ⊣ ι ⊣ (−)≃ yields a

double T -adjunction

CatT ST

(−)≃

(−)≃

⊣
⊣

◁

We may construct even more adjunctions by slicing existing adjunctions; the following follows immedi-

ately from the case T = ∗ (which is well-known), applied fiberwise.

Proposition I.1.33. Given L : C⇆D : R an adjoint pair of T -functors and C ∈ C an object, the corresponding

lift

L/C : C/C −→D/LC
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is T -left adjoint to the composition

D/LC
R/LC−−−−−−−−→ CV/RLC

η∗

−−−−−−→ CV/C ,

where η : C→ RLC is the unit of the adjunction.

Additionally, we can make genuine adjunction non-genuine using [HA, Prop 7.3.2.1].

Proposition I.1.34. If L : C⇄D : R are adjoint T -functors, then TotL : TotC⇄ TotD : TotR and ΓL : Γ C⇄

ΓD : ΓR are adjoint pairs.

Proof. The adjunction on Tot is [HA, Prop 7.3.2.1], and it induces an adjunction

TotL∗ : Fun/T (T ,TotC) −−−−−−−−→←−−−−−−−− Fun/T (T ,TotD) : TotR∗,

which restricts to the full subcategories of cocartesian sections, and hence yields an adjunction

Γ T L : Γ T C −−−−−−−−→←−−−−−−−− Γ
T D : Γ T . □.

We will need the following lemma and proposition later.

Lemma I.1.35. Suppose a T -functor F : C →D has FV : CV →DV conservative for all V ∈ T ; then, Γ T F is

conservative.

Proof. Suppose f• : X•→ Y• is a map of T -objects in C, i.e. a natural transformation of cocartesian

sections of TotC → T op. Then, f• is an equivalence if and only if fV is an equivalence for each V ; by

conservativity of FV , this is true if and only if Fvfv is an equivalence for each V , i.e. if and only if Ff• is an

equivalence, so Γ T F is conservative. □

Proposition I.1.36. Suppose L : C⇄D : R is a T -adjunction such that RV is monadic for all V ∈ T ; Then,

Γ T R : Γ T D→ Γ T C is monadic.

Proof. We verify that Γ T R satisfies the conditions of the ∞-categorical Barr-Beck theorem [HA,

Thm 4.7.3.5(c)]. First, by Proposition I.1.34 and Lemma I.1.35, Γ T R is a conservative right adjoint. Second,

note that a simplicial object Z•(−) in Γ T D corresponds to a family of simplicial objects ZV (−) in DV , and

a Γ T R-splitting of Z•(−) corresponds with a restriction-stable family of RV -splittings of ZV (−). Thus RV

creates a colimit of ZV for all V , and the resulting cocartesian section creates a colimit for Z•, i.e. Γ T R

createss Γ T R-split simplicial colimits, so Γ T R is monadic by [HA, Thm 4.7.3.5(c)]. □
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I.1.1.4 Parameterized Kan extensions Fix a (not necessarily commuting) triangle of T -functors

C E

D

F

ϕ
G

and x ∈ DV a V -object. Assume D has a final V -object. We define the composite V -functor

Gx :
(
C/xV

)▷ ϕ
−−−−→

(
D/xV

)▷ (H ′ ,π)
−−−−−→D/xV ×∆

1 H−−−−→DV
G−−−−→ EV

where H ′ takes the cone point to a V -final object and H is adjunct to the evident map D/xV → Ar(DV ).

Theorem I.1.37 ([Sha22, Thm 2.13]). The pullback T -functor

ϕ∗ : FunT (D,E)→ FunT (C,E)

has a partially defined left adjoint ϕ! whose values are uniquely characterized by the property that (ϕ!F)x is a

V -colimit diagram for all V ∈ T and x ∈ DV . We call this the T -left Kan extension of F along ϕ.

For instance, T -left Kan extensions along C → ∗T are precisely T -colimits. More generally, we will view

the above colimit formula via the shorthand

φ!F(y) = colimϕ(x)→yF(x).

Of course, T -right Kan extensions are defined dually, and denoted ϕ∗.

Lastly, we may describe of (co)limits in relative functor T -categories in the cocartesian case.

Proposition I.1.38 ([Sha22, Thm. 4.16]). Fix π : X →B a cocartesian T -fibration, K a T -∞-category, and

r : C → B a T -functor.

(1) A V -diagram

p : K◁→ FunV ,/BV
(
CV ,XV

)
is a V -limit if and only if, for all U ∈ T /V , B ∈ BU , and C ∈ CB, the composite T -functor

K◁U
ResVU p−−−−−−−−−→ FunT ,/BV

(
CV ,XV

) evC−−−−−−−→XB

is a U -limit diagram; in particular, if X is fiberwise T -complete, then FunT ,/B (C,X ) is T -complete.

(2) A V -diagram

p : K▷→ FunV ,/BV
(
CV ,XV

)
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is a V -colimit diagram if and only if, for all U ∈ T /V , B ∈ BU , C ∈ CB, and C-arrows g : B→ B′, the

composite T -functor

K▷U
ResVU p−−−−−−−−−→ FunT ,/BV

(
CV ,XV

) evC−−−−−−−→XB
g!−−−−−−→XB′

is a U -limit diagram; moreover, if X is fiberwise T -cocomplete, then FunT ,/B (C,X ) is T -cocomplete.

In particular, we immediately acquire colimits in T -categories of cocartesian sections (c.f. [NS22,

Thm. 5.1.3] and [NS22, Thm. 5.1.4]).

Corollary I.1.39. Suppose Bint ⊂ B is a wide T -subcategory, X → B is a cocartesian T -fibration, C → B a

T -functor with cocartesian lifts for arrows lying in Bint, and K ⊂ CatT a collection of small T -∞ categories

such that cocartesian transport in X preserves K-colimits. Denote by Funint−cocart
B (C,X ) ⊂ FunB (C,X ) the full

T -subcategory of V -functors compatible with cocartesian arrows over Bint.

(1) Funint−cocart
T ,/B (C,X ) ⊂ FunB (C,X ) is closed under T -limits.

(2) Funint−cocart
T ,/B (C,X ) ⊂ FunB (C,X ) is closed under K-colimits.

Lastly, we note that this is yields to parameterized Kan extensions.

Lemma I.1.40. Suppose F : C →D is a T -functor and L : C → E is T -left adjoint to R : E → C. Then, FR is

the T -left Kan extension of F along L.

Proof. Using [Sha23, Thm 10.5] we simply repeat the nonequivariant proof: Yoneda’s lemma yields

NatT (L!F,G) ≃NatT (F,GL)

≃NatT (FR,G),

so another application of Yoneda’s lemma constructs a natural equivalence L!F ∼ FR. □

I.1.1.5 The parameterized Yoneda embedding [BDGNS16b, Def. 10.2] defined a Yoneda embedding :

よC : C −→ PshT (C)B FunT
(
Cop,ST

)
.

We will need some properties of this:

Proposition I.1.41 ([BDGNS16b, Prop. 10.3], [Sha23, Thm. 11.5], [Sha23, Cor. 11.10]). Fix C ∈ ĈatT .

(1) For all V -presheaves F : CV →SV , there exists a natural equivalence

F(−) ≃Map
PshV (CV )

(
よC(−),F

)
;
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in particular, よC is fully faithful.

(2) よC factors through an equivalence よC : C ∼−−−−−→ FunRT (Cop,C) .

(3) よC preserves and detects T -limits.

(4) PshT (C) is cocomplete; moreover, if D is a cocomplete T -∞-category, we acquire an equivalence

よ
∗
C : FunLT (PshT (C),D)

∼−−−−−→ FunT (C,D) .

We may view よC as exhibiting PshT (C) as the T -cocompletion of C. Hilman subsequently developed

a vast generalization of this, which we will eventually need within our discussions of distributivity and

presentability.

Proposition I.1.42 ([Hil24, Thm. 6.4.2]). Suppose C is a T -∞-category, K ⊂ CatT a full T -subcategory, and R

a collection of cocone diagrams lying in C with domains of the form K▷ with K ∈ K. Define the solid diagram

C

PshKT ,R (C) PshKT (C) PshT (C)

PshKT (C)

よ
K
C,R よ

K
C

よC

L

where PshKT (C) ⊂ PshT (C) is the full T -subcategory generated under K-colimits byよC(C) and L is the localization

which forces the image of R to consist of colimit cocones. Then, the composite functor

よ
K
C,R : C

よ
K
C−−−−−−−→ PshKT (C)

L−−−−−→ PshKT ,R (C)

satisfies the following universal property:

FunL−KT
(
PshKT ,R (C) ,D

) ∼−−−−−→ FunL−RT (C,D) ,

whose righthand side consists of those T -functors C →D taking elements of R to V -colimit cocones. Moreover,

a factorization exists as in the dashed arrow if and only if R consisted of cocone diagrams in the first place;

in particular, in this case, よKC,R is fully faithful.

I.1.1.6 Parameterized localizations We use the following terminology.

Definition I.1.43. A T -functor F : C →D is a T -localization if it admits a fully faithful T -right adjoint. A full

T -subcategory D ⊂ C is localizing if its inclusion is right T -adjoint to a T -localization. ◁

Now, many of these are Dwyer-kan localizations in the following sense.
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Proposition I.1.44 ([Hil24, Thm. 6.3.7]). Given a small T -set of morphisms B ⊂ C, there exists an essentially

unique accessible T -localization C → LBC satisfying the universal property

FunT (LBC,D)
∼−−−−−→ FunT ,B−1 (C,D) ,

where the latter denotes B-inverting T -functors.

These are described by a closure property on T -classes of morphisms.

Definition I.1.45 ([Hil24, Def. 6.3.5]). A T -class of morphisms B ⊂ B is strongly saturated if

(1) B is closed under cobase change,

(2) B ⊂ Ar(C) is closed under T -colimits, and

(3) BV satisfies two-out-of-three for all V ∈ T .

We say that B is the strong saturation of B ⊂ B if it is the smallest strongly saturated class containing B. ◁

Note that whenever C admits T -colimits, this is equivalent to a strongly saturated class in CV for each

V , stable under restriction and induction. These are relevant for the following reason.

Proposition I.1.46 ([Hil24, Prop. 6.3.6]). Given a T -localization L : C →D, the collection of arrows inverted

by L is a strongly saturated class; moreover, there exists an equivalence LBC ≃ LBC under C.

I.1.1.7 Parameterized presentability T -left adjoints strongly preserve small T -colimits and T -right adjoints

strongly preserve small T -limits [Hil24, Thm 3.1.10], and they satisfy a parameterized version of the adjoint

functor theorem [Hil24, Thm 6.2.1]. To describe this fully, we make a few definitions.

Definition I.1.47. We say that a T -functor F : C →D is T -accessible if it preserves fiberwise κ-filtered colimits

for some regular cardinal κ. ◁

We call a T -∞-category presentable if it satisfies the following equivalent conditions:

Proposition I.1.48 ([Hil24, Thm. 6.1.2]). The following conditions on a T -∞-category C are equivalent:

(a) There exists a small idempotent complete T -∞-category D and accessible T -localization PshT (D)→C.

(b) C is cocomplete and there exists a regular cardinal κ and factorization

C : T op→ PrL,κ→ Ĉat.

Now, for a convenient statement of Hilman’s parameterized adjoint functor theorem, we define the

following full T -subcategories:

(1) LFunT (C,D) ⊂ FunT (C,D): the T -left adjoints.

(2) Funacc
T (C,D) ⊂ FunT (C,D): the accessible T -functors.
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Proposition I.1.49 ([Hil24, Prop. 3.3.11] and [Hil24, Thm. 6.2.1]). Suppose C and D are presentable T -∞-

categories. Then, taking adjoints and inclusions yield equivalences

FunLT (C,D)
∼−−−−−→ LFunT (C,D) ≃ RFunT (D,C)op ∼←−−−−− FunR,acc

T (D,C)op

Warning I.1.50. Our notion of accessibility from skips an assumption of accessibility of the domain stipulated

in [Hil24, Def. 5.2.6], so as to avoid discussion of κ-Ind-completion. This will not cause issues, as we will only

ever discuss accessible T -functors with presentable domain, and presentable T -∞-categories are accessible by

[Hil24, Thm. 6.1.2]. ◁

Example I.1.51. The following T -∞-categories are presentable.

(1) Accessible T -localizations of presentable T -∞-categories; that is, T -localizations C → LC with

C ∈ PrLT whose codomain and T -right adjoint are accessible.5

(2) Indexed products of presentable T -categories [Hil24, Lem. 6.6.1].

(3) FunT (C,D), whenever C is small and D is presentable [Hil24, Lem. 6.7.1].

(4) FunLT (C,D) whenever C and D are presentable [Hil24, Lem. 6.7.4].

(5) C/X , whenever X ∈ Γ T C is a T -object of a presentable T -category [MW22, Cor. 2.4.2.8]. ◁

I.1.1.8 The parameterized pairing construction Now, one of the crucial and subtle constructions of [Sha22;

Sha23] is the parameterized pairing construction, based off of the following.

Proposition I.1.52 (Exponentiability is measured fiberwise). Given T -functor f : C → D, the following

conditions are equivalent.

(a) The pullback T -functor f ∗ : CatT ,/D→ CatT ,/C admits a T -right adjoint f∗; and

(b) For all V ∈ T , the pullback functor f V ,∗ : Cat/DV → Cat/CV admits a right adjoint f V∗ .

In this case, there is a natural equivalence f V∗ ≃ (f∗)
V .

We call such T -functors exponentiable; this is equivalent to flatness by [kerodon, Tag 05N8].

Proof. Note that the inclusion F(−)B InflVe (−)×F(DV )D→D admits natural equivalences

FunT ,/DV (F(B),E) ≃ Fun/DV
(
B,EV

)
;

f ∗F(B) ≃ F(f V ,∗B).

5 This follows by Proposition I.1.48 and transitivity of accessibility.
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In particular, in the case (b), we acquire a natural equivalence

Fun/CV
(
f V ,∗B,EV

)
≃ FunT ,/CV

(
F(f V ,∗B),E

)
≃ FunT ,/CV (f ∗F(B),E)

≃ FunT ,/DV (F(B), f∗E)

≃ Fun/DV
(
B, (f∗E)V

)
,

so taking cores, Fun/CV (f ∗(−),E)≃ is representable by (f∗E)V , i.e. that computes a right adjoint to f V ,∗ for all

V , implying (a).

Now, assume condition (b) holds. In [Sha22, Thm. 4.2] it is shown how to modify [Sha23, Thm. 9.3.] to

prove that the span marked simplicial sets

Tot(D)← Arcocart(Tot(D))×Tot(D) Tot(C)→ Tot(C),

for cocartesian markings on the left and righthand side and pullback marking on middle, satisfies the

assumptions of [HA, Thm. B.4.2] in case (a) when given the categorical pattern structure when T everything

and no Segal conditions. The evident variation of [HA, Ex. B.0.21] shows that the corresponding fibrous

model structure of [HA, Thm. B.0.20] for the left and righthand side agrees with the partially cocartesian

model structure described in [Sha23, Thm. 2.13]; in particular, it induces a Quillen adjunction

π! ev∗0 : sSet+
/Tot(D)

−−−−−−−−→←−−−−−−−− sSet+
/Tot(C) : ev0∗π

∗

with respect to these cocartesian model structures. The important observation is that there exists a natural

transformation of functors of relative marked simplicial sets

π! ev∗0E =⇒ Tot(f )∗E ,

which is an equivalence on fibrant-cofibrant objects; in particular, the left derived functor of π! ev∗0 and the

right derived functor of Tot(f )∗E agree. As a consequence, the associated right derived functor of ev0∗π
∗

supplies a right adjoint f∗ to the functor f ∗ : CatT ,/D → CatT ,/C. Restriction-stability of everything then

shows that the T -functor f ∗ fiberwise admits right adjoints.

In sight of Proposition I.1.28, we are left with verifying that the Beck-Chevalley transformation

ResVU f∗ =⇒ f∗ResVU is an equivalence; but this is a natural isomorphism on the level of marked simplicial

sets, so we are done. □

Along the way, the following was verified:
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Corollary I.1.53. If f : C →D is exponentiable, then Totf : TotC → TotD is exponentiable.

By combining [kerodon, Tag 05MM] and [kerodon, Tag 05NJ], we immediately acquire the following.

Corollary I.1.54. A T -functor f : C → D is exponentiable if and only if, for all composable sequences of

V -arrows X→ Y → Z in D and C-lifts of their composite X→ Z, the ∞-category CV
X//Z
×DVX//Z {Y } is weakly

contractible.

Now, an example of importance is the following.

Construction I.1.55 ([Sha22, Thm 4.2]). Given p : X →B and q : Y →B a pair of T -functors, we define the

pairing construction F̃unB (X ,Y )B p∗p
∗Y ∈ CatT ,/B . ◁

The following result is quite important.

Proposition I.1.56 ([Sha22, Prop. 4.5]). Given a functor ϕ : A→B, the Beck-Chevalley natural transformation

F̃unA (ϕ∗−,ϕ∗−) −→ ϕ∗F̃unB (−,−)

is an equivalence; in particular, given a V -object B ∈ B, we acquire a natural equivalence

FunV
(
(−)B, (−)B

)
≃ F̃unB (−,−)B ,

where we write (−)B : CatT ,/B → CatV for the fiber over X.

We will want to use the following desirable interaction of this with (co)cartesian T -fibrations.

Proposition I.1.57 ([Sha22, Thm 4.9] [Sha22, Rec. 4.3]). There exists a equivalence, natural in X , Y , and C,

FunT ,/B
(
C, F̃unB (X ,Y )

)
≃ FunT ,/B (C ×B X ,Y ) .

Moreover, if X is cartesian over B and Y cocartesian, then F̃unB (X ,Y ) is cocartesian. Under the equivalence

FunV ,/B
(
∆1, F̃unB (X ,Y )

)
≃ FunT ,/B

(
∆1 ×B X ,Y

)
,

a V -arrow of FunB (X ,Y ) is cocartesian if and only if the corresponding functor ∆1 ×B X →Y takes cartesian

V -arrows to cocartesian V -arrows; in particular, the cocartesian arrows are preserved under T -functors of

cartesian T -fibrations in X and cocartesian T -fibrations in Y .

I.1.1.9 Language in the case T = OG When G is a finite group, the category OG has objects the

homogeneous G-sets [G/H] and morphisms the G-equivariant maps [G/K]→ [G/H ]; tracking the image of
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the identity, the hom set from [G/K] to [G/H] may alternatively be presented as

Hom([G/K], [G/H]) ≃

{
a ∈ G | aKa−1 ⊂H

}
a ∼ b when ab−1 ∈ K

(see e.g. [Die09, Prop 1.3.1] for details). In particular, the endomorphism monoid of [G/K] is the Weyl group

WGH =NG(H)/H . Using this, one may see that when G is a finite group, the map IndGH : OH →OG,/(G/H) is

an equivalence of categories. Thus we may set the following notation without creating clashes.

Notation I.1.58. In the setting that T = OG, we use the following notation:

(1) we refer to [G/H] as H ;

(2) we refer to OG-∞-categories as G-∞-categories and CatOG as CatG; we refer to OG-spaces as G-spaces

and SOG as SG;

(3) we refer to C[G/H] as CH and Res[G/H]
[G/K] as ResHK ; the superscripts and subscripts of Ind, CoInd, Γ ,

Coeff, ⋆, (−)(−,T )/ , and ∗ are determined similarly.

(4) we refer to
∐S

[H/K]XK as
∐S
K XK , and similar for

∏S . ◁

I.1.2 Rudiments of parameterized (∞,2)-category theory We now assume familiarity with the basics of

(∞,2)-category theory.

Remark I.1.59. As much as possible, we will only reference objects in the (∞,2)-category of (large) (∞,2)-

categories, without specific details about the presentation for this (∞,2)-category. Nevertheless the literature

almost always chooses a concrete presentation; as such, we will mean either a Cat-enriched ∞-category

in the sense of [GH15, Rmk. 5.7.13], a Cat-module in Ĉat, or a doubly complete Segal space in the sense

of [BB25, Def. A.1.8] (i.e. a double ∞-category which happens to be an (∞,2)-category). The first two

models are equivalent by [Hei23, Thm. 1.8], and the third to the first two by either by work of Haugseng

[Hau15, Cor. 7.21], ultimately relying on an extremely strong unicity result of Bariwck–Schommer-Preis

[BS20, Thm. 1.1]. This latter unicity result includes self-enrichment, and in particular, canonically lifts to

identifications of (∞,3)-categories¸ yielding the claim on (−)≤2. ◁

Construction I.1.60. Let CAT and CAT(∞,2) denote the (∞,2)-categories of ∞-categories and (∞,2)-categories;

these admit an adjunction of (∞,2)-categories

CAT CAT(∞,2)

(−)≤1

⊣

we write Cat(∞,2) B CAT≤1
(∞,2). We define the (∞,2)-categories of T -∞-categories and T -(∞,2)-categories as

CATT B FUN(T op,CAT); CATT ,(∞,2) B FUN
(
T op,CAT(∞,2)

)
.
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We similarly write CatT ,(∞,2) B CAT≤1
T ,(∞,2). ◁

I.1.2.1 The yoneda embedding We use naturality of Yoneda due to Ben-Moshe.

Proposition I.1.61. There exists a functor

Fun(−) : Cat(∞,2) −→ Fun
(
∆1, Ĉat(∞,2)

)lax
×ev1,Ĉat(∞,2)

{constCAT}

whose composite functor Cat(∞,2) → Ĉat(∞,2) is ι(−)op × ι(−), and whose value on an (∞,2)-category is the

mate Cop ×C→ CAT to the Yoneda embedding.

Proof. Now, in sight of [Hei23, Thm. 1.8], [Ben24, Thm. A] specializes to construction of a partial

left adjoint of the inclusion LModCat(PrL) ↪→ Ĉat(∞,2) defined on small (∞,2)-categories whose unit is the

(∞,2)-categorical Yoneda embedding. This natural transformation

よ : ι(C) =⇒ Fun(ι(C)op,CAT)

is mate to a lax natural transformation

F : ι(C)× ι(C)op =⇒ CAT

i.e. a functor

FUN: Cat(∞,2) −→ Fun
(
∆1, Ĉat(∞,2)

)lax

The desired properties follow straightforwardly by construction □

Lemma I.1.62. There exists a natural equivalence

FUN
(
C, InflTe D

)lax
≃ FUN

(
C,COEFFT D

)
.

Construction I.1.63. Currying this aggressively, we acquire a lax functor

∆1→ {C} ×ĈatT ,(∞,2)
FUN

(
T op, Ĉat(∞,2)

)
×ev1,ĈatT ,(∞,2)

{
InflTe CAT

}
;

that is, we acquire a lax natural transformation C×Cop =⇒ ∆T opCAT. Now, we additionally have a natural

transformation ∆T opΓ T (C×Cop) =⇒ C×Cop, so we acquire a composite lax natural transformation

∆T opΓ T (C×Cop)→ ∆T opCAT,

which corresponds under the universal property of lax limits with a functor

FUNC(−,−) : Γ T C× Γ T Cop→ CATT ;
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now, this entire procedure is natural in T , so in particular it lifts to a functor of T -(∞,2)-categories

FUNC (−,−) : C×Cop→ CATT ,

which is in fact lax-natural in C; unwinding definitions, we find given V ∈ T and B,C ∈ CV that

FUNC (B,C)V ≃ FUNCV (B,C) .

Finally, we may curry this procedure, yielding a Yoneda functor of T -(∞,2)-categories

よ : C→ FUNT
(
Cop,CATT

)
◁

I.1.2.2 Parameterized (∞,2)-categorical adjunctions We will often access the associated functor T -

categories using adjunctions; importantly, these work as expected.

Proposition I.1.64. Fix F : C→ D a T -(∞,2)-functor. The following conditions are equivalent.

(a) F admits a right adjoint in CATT ,(∞,2).

(b) For all V ∈ T , the (∞,2)-functor FV : CV → DV admits a right adjoint RV and, for all maps U → V ,

the Beck-Chevalley transformation

β : RU ResVU (−) =⇒ ResVU RV (−)

is an equivalence.

(c) The unstraightening TotF : TotC → TotD admits an (∞,2)-right adjoint TotR over T whose unit

x→ TotRTotFx lies over an equivalence in T and which is unstraightened from a T -(∞,2)-functor.

By unstraightening we mean Nuiten–Abellán-Stern’s (∞,2)-categorical straightening equivalence

FUN
(
C,CAT(∞,2)

)
≃ CAT2−cocart

(∞,2),C ;

indeed this follows from the d = 3 case of [Nui23, Thm. C] in the special case that C is a 2-category or from

[AS23, Cor. 3.90]

Proof. The equivalence between conditions (1) and (2) is [AGH24, Cor. 5.2.12]. Moreover, (1) is seen by

[AGH24, Prop. 5.2.2] to correspond with existence of a (∞,2)-right adjoint TotR over T whose unit lies over

an equivalence and such that TotR lies in CatT ,(∞,2) ⊂ Cat(∞,2),/T ; this is precisely the remaining stipulated

condition. □
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In particular, we find a familiar notion of T -adjunctions here.

Corollary I.1.65. A T -functor F : C →D is a T -left adjoint if and only if it is a left adjoint in CATT .

Proof. Since CATT ↪→ CATT ,(∞,2) is full, we may instead prove this in CATT ,(∞,2); then, we may simply

identify condition Proposition I.1.64 with Definition I.1.27. □

Now, we may use this to identify this in terms of representability.

Corollary I.1.66. A functor of T -(∞,2)-categories L : A→ B is a left adjoint if and only if for every V ∈ T

and A ∈ BV , the V -presheaf

FunResTV B (L−,B) : ResTV Bop −→ CATV

is representable, i.e. equivalent to よ (RVB) for some RVB ∈ BV .

Proof. First, suppose this holds, and let RVB ∈ BV be the representing object. Then, composing with

fixed points yields a natural equivalence

FunBV (L−,B) ≃ FunAV (−,RVB) ,

so in particular, RVB is the value of a right adjoint to LV for each V ∈ T by [AGH24, Cor. 5.1.2]. Now,

naturality of the above natural equivalence in V moreover shows that the mate transformation ResVU R
V → RU

is an equivalence, so these indeed assemble to a T -right adjoint R to L. The converse follows by reversing the

above argument. □

In particular, this provides a natural equivalence of functors of T -(∞,2)-categories

FunB (L−,−) ≃ FunA (−,R−) : Aop ×B −→ CATT ,

which we will find generally useful.

Lastly, we will need to describe the relative situation in the same way: following [Sha22, Def. 4.13],

refer to the following notion as B-relative T -adjunctions.

Corollary I.1.67. Given a pair of T -functors F : X ⇆ Y : G over a T -∞-category B, TotF is a TotB-relative

left adjoint to TotG if and only if F is a left adjoint to G in CATT ,/B .

Proof. Since CATT ,/B → CAT/TotB is locally fully faithful, it suffices to prove this in the nonequivariant

case; this is a specialization of [AGH24, Prop. 5.2.2] (c.f. [HA, Prop. 7.3.2.1]). □
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I.1.3 Atomic orbital subcategories and admissible maps

Definition I.1.68. Given a small ∞-category T , the ∞-category of small T -∞-categories is given by

CatT = Fun(T op,Cat)

and the ∞-category of T -spaces is the presheaf category

ST = Fun(T op,S) .

We refer to the objects in the image of the Yoneda embedding T → ST as orbits. The category of orbit-finite

T -spaces is the coproduct completion

FT =

 n∐
i=0

Ui |Ui ∈ T ,n ∈ N

 ⊂ Fun(T op,S).

It is routine to verify that this is disjunctive, i.e. it satisfies the condition that

FT ,/S⊔T ≃ FT ,/S ×FT ,/T ,

Given a wide subcategory R⊂ T , we define the wide subcategory FR ⊂ FT spanned by the morphisms of the

form 
∐
i∈I

∐
j∈Ji

Uj → Vi

 | ∀i, j ∈ Ji , Uj → Vi ∈ R

 ;

that is, all maps of orbit-finite T -spaces are induced under disjunctiveness and the universal property of

coproducts by maps between orbits, and FR collects those built out of orbit maps lying in R.

We say that a morphism of T -spaces f : X→ Y is R-admissible if, for each fiber square

f −1(S) Y

S X

fS
⌟

f

ι

such that S is a orbit-finite T -space, fS is in FR.

A wide subcategory R ⊂ T is said to be an orbital subcategory if FR ⊂ FT consists precisely of the

R-admissible maps; R is additionally atomic if all maps in R which admit a section in T are equivalences.

A category T is orbital (resp. atomic orbital) if T ⊂ T is an orbital (atomic orbital) subcategory. ◁

Given a T -category C ∈ Fun(T op,Cat) and an orbit T ∈ T , we write CT for the value of C at T .

Remark I.1.69. Choosing ι to be the identity, it follows that all R-admissible maps between orbit-finite

T -spaces lie in FR regardless of orbitality; in particular, our definition recovers [CLL23, Def. 4.2.2] by [CLL23,
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Lem. 4.3.2]. That is, R⊂ T is orbital if and only if, for all V ⊂W FT ,/V →ST ,/W takes values in FT ,/W and

moreover for all T -diagrams
U ′ U

V ′ V

f

with f in T and the induced map U ′→ f ∗U a summand inclusion, U ′→ V ′ lies in R. ◁

Example I.1.70. For G a compact Lie group, we can choose T to be the orbit category OG of G and R to be

the wide subcategory Of .i.G the class of maps with finite fibers. This is an atomic orbital subcategory, and an

example of primary interest. ◁

Now, we review a variant of a characterization of atomic orbitality due to Cnossen-Lenz-Linskens.

Lemma I.1.71. An orbital subcategory R⊂ T is atomic if and only if, for all composable sequences of maps

K
g
−→ T

f
−→ S between orbit-finite T -spaces such that f is R-admissible, the associated map ι

K

K ×S T T

K S

ι

g

π ⌟ f
gf

is a summand inclusion, with pullback formed in ST ; moreover, it suffices to verify this in the case g is an

equivalence.

Proof. [CLL23, Lem. 4.3.2] shows that atomic orbitality is equivalent to the condition in the case g is

an equivalence, so it suffices to show that atomic orbitality implies this condition.

In the case K = ∅, the statement is obvious, so we may assume K is nonempty. In this case the trick

is that colimits in ST are universal, as it is a topos [HTT, Thm. 6.1.0.6]; in particular, given a coproduct

expression K = K ′ ⊔K ′′, the lefthand triangle decomposes as a direct sum

K K ×S T K

K ′ ⊔K ′′ K ′ ×S T ⊔K ′′ ×S T K ′ ⊔K ′′

ι

≃

π

≃ ≃

ι′⊔ι′′ ι′⊔ι′′

This shows that the statement for ι′ and ι′′ implies that of ι, so we may assume that K has one summand, i.e.

it lies in the Yoneda image T op ⊂ ST . In particular, letting K ′ ⊂ K ×S T be the orbit in the image of ι, the

lefthand triangle restricts to a sequence

K
ι−−−−−→ K ′

π−−−−−−→ K
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whose composite is the identity; by atomicity, π is an equivalence, so ι is as well, implying that ι is a summand

inclusion. □

Remark I.1.72. Said another way, Lemma I.1.71 characterizes atomicity equivalently as 0-truncatedness of

R-admissible maps between orbit-finite T -spaces. But given an arbitrary R-admissible map f : X→ Y Pulling

back along the canonical effective epimorphism
∐

V→S
V ∈T

and applying [HTT, Prop. 6.2.3.17] shows that f is

0-truncated if and only if its fibers along maps from orbits are 0-truncated. Applying the lemma, we find

that an orbital subcategory is atomic if and only if every R-admissible map is 0-truncated. ◁

Using this, we may identify the universal atomic orbital subcategory.

Proposition I.1.73. Fix T an ∞-category.

(1) Let õ(T ) ⊂ T be the wide subcategory spanned by arrows f : V →W such that the postcomposition

arrow f ∗ : FT ,/W →ST ,/V takes values in FT ,/V . Then, õ(T ) ⊂ T is the terminal object within the

poset of orbital subcategories of T .

(2) Let o(T ) ⊂ õ(T ) be the wide subcategory of maps f : V →W which are 0-truncated as maps lying in

the ∞-topos ST . Then, o(T ) ⊂ T is an atomic orbital subcategory, and R⊂ T an orbital subcategory

is atomic if and only if R⊂ T .

Proof. If õ(T ) ⊂ T is orbital, then it is obviously terminal. To show that it is orbital, by Remark I.1.69

we are tasked with proving that Fõ(T ) ⊂ ST is pullback-stable along maps from orbit-finite T -spaces. To do

so, draw a cube in ST

f ′∗T f ∗g!T

T g!T

f ∗S S

Q R

g ′

f ′ f

g

now, the bottom and right faces are defined in order to be cartesian, so the left face is cartesian if and only if

the top is. The left face is also cartesian, so the top is as well; but T → g!T is simply an equivalence in ST ,

so f ′∗T → f ∗g!T is an equivalence in ST .

Now, if f lies in Fõ(T ), and Q,T in FT , we have g!T ∈ FT ,/R so f ∗g!T ∈ FT ,/S , i.e. f ′T ∈ FT ,/f ∗S .
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For (2), using Remark I.1.69 and (1), to show that o(T ) is orbital it suffices to prove given a square

U ′

f ∗U U

V ′ V

ι

⌟

such that f is 0-truncated and ι is a summand inclusion, the composite map U ′ → V ′ is 0-truncated; but

summand inclusions are (−1)-truncated (and hence 0-truncated), so this is just composition-stability of

truncatedness. Now, to show that it represents atomicity is simply Lemma I.1.71. □

Example I.1.74. T ≃ ⊂ T is the minimal orbital subcategory, and it is atomic. ◁

Example I.1.75. If G is a compact lie group, then õ (OG) is the wide subcategory Of.i.
G ⊂ OG of maps G/K → G/H

with finite fibers, i.e. maps whose closed subconjugacy relations that admit a model K ⊂H which is finite

index; indeed, this follows by the double coset formula. Moreover, every surjective closed subgroup inclusion

is an isomorphism, so Of .i.G is atomic, i.e. Of.i.
G = o(OG) as well.

Similarly, let Glo be the global indexing ∞-category, e.g. as recalled in [CLL23, Ex. 4.2.7]; its objects

are compact lie groups G and its morphism spaces are HomTopGrp(G,H)hH , where H acts via conjugation.

Let Orb ⊂Glo be the wide subcategory of finite-index injective homomorphisms. We claim that Orb ≃ o(Glo).

Indeed, the same argument as [CLL23, Ex. 4.3.3] shows that all SGlo-0-truncated morphisms between

representables classify closed subgroup inclusions, and the previous example shows that orbitality requires

them to be finite-index.

This specializes to finite groups well: the full subcategory Glofin ⊂Glo spanned by finite groups similarly

has o
(
Glofin

)
= Orbfin the wide subcategory of injective group homomorphisms, and OG itself is atomic orbital

whenever G is a finite group. ◁

Notation I.1.76. We write FVR ⊂ SV for the full subcategory spanned by R-admissible maps X→ V . ◁

We will need several niceness properties of R-admissible maps, so we establish them now.

Lemma I.1.77. Let R⊂ T be an orbital subcategory.

(1) Equivalences are R-admissible.

(2) If X
f
−→ Y

g
−→ Z is a composable sequence of R-admissible maps, then gf is R-admissible.

(3) Given a pullback diagram in ST

Z ×X Y Y

Z X
f ′ ⌟ f

such that f is R-admissible, f ′ is R-admissible.
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(4) The inclusions FVR ⊂ SV assemble to a full T -subcategory FR ⊂ ST .

(5) FR is a T -1-category if and only if R is atomic.

(6) FR ⊂ ST is closed under binary products.

(7) If f : X→ Y and f ′ : X ′→ Y ′ are R-admissible, then the external product

f × f ′ : X ×X ′ −→ Y ×Y ′

is R-admissible. Hence R-admissible maps form a product-closed wide subcategory SRT ⊂ ST .

(8) FR ⊂ ST is closed under FR-indexed coproducts. Hence FR admits finite indexed coproducts.

Proof. Statement (1) follows by noting that each fS is an equivalence and R contains all equivalences

between orbit-finite T -spaces by assumption. Statement (2) follows by compositing pullback squares; indeed

we have (gf )S = gf −1(S)fS , and f −1(S) is an orbit finite T -space by assumption, so (gf )S is a composition

of maps in FR, implying it lies in FR. Statement (3) also follows by pasting pullback squares, noting that

f ′S = fS . Statement (4) follows immediately from Statement (3); Note that the restriction functor FVR→ FUR is

given by pulling back along the morphism U → V . For Statement (5), this follows by Remark I.1.72, as each

is equivalent to each object in each FVR being 0-truncated.

For Statement (6), note that the proof of [NS22, Prop. 3.25] goes through without modification to show

that non-parameterized products in S[T ] preserve T -colimits separately in each variable. In particular, given

S,T ∈ FVR, we have

S × T ≃ S ×
∐

U∈Orb(T )

U ≃
∐

U∈Orb(T )

IndVU ResVU S

Now, FR ⊂ S[T ] is closed under restrictions and coproducts by fiat, and closure under induction along

R-admissible maps follows by unwinding definitions. This implies that S × T lies in FVR, proving the claim.

For Statement (7), note that each fiber square extends to a pair of fiber squares

(f × f ′)−1 (S) f −1(S)× f ′−1(S) Y ×Y ′

S S × S X ×X ′

⌟
fS×fS′

⌟

∆ (πX i,πX′ i)

It suffices to prove that fS×fS ′ lies in FR. In particular, picking two orbitsU,V ⊂ S and applying disjunctiveness

shows that it suffices to prove that the left hand arrow of the following lies in FR for all maps ιWU : W →U

and ιWV : W → V .

ι∗WU f
−1(U )×W ι∗WV f

′−1(V ) f −1(U )× f ′−1(V ) Y ×Y ′

W U ×V X ×X ′

⌟ ⌟
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Now, f −1(U ) and f −1(W ) lie in FR by fiat, so ι∗WU f
−1(U ) and ι∗WV f

′−1(V ) lie in FR by Statement (4). The

product lies in FR by Statement (6), and unwinding definitions, this says that the lefthand arrow lies in FR.

For Statement (8), note that every object in FR is a finite index of orbits; in particular, it suffices to

prove that FR ⊂ ST is closed under finite coproducts and induction along R-maps. For finite coproducts,

this follows immediately by definition. For induction along R-maps, note that induction SU ≃ SV ,/U →SV is

simply postcomposition along the map U → V ; if S→U is R-admissible and U → V is R-admissible, then

S→ V is as well by Statement (2), i.e. IndVUS ∈ FVR . □

From this, we set some important notation.

Definition I.1.78. The T -∞-category of finite T -sets is FinT B Fo(T ). ◁

An occasionally useful lemma is the following.

Lemma I.1.79. Suppose R⊂ T is an atomic orbital subcategory. Then, R is atomic orbital as an ∞-category.

Proof. First, assume we have a square in FR; since R ⊂ T is an orbital subcategory, we may extend

our square to a pullback diagram FT

T ′

T ×S S ′ T

S ′ S

h

g ′

f ′
πT

πS′
⌟

f

g

To prove that R is orbital, it suffices to verify that the inner square is a pullback diagram lying in R; to check

that it lies in R we are tasked with verifying that πS ′ and πT are in R and to check that it’s a pullback we

are tasked with verifying that h lies in R. In fact, πS ′ and πT are in R since R⊂ T is an orbital subcategory;

h is then in R since atomic orbital subcategories are left cancellable by [CLL23, Lem. 4.3.5].

We’ve proved that R is orbital. Moreover, atomicity follows from atomicity in T . □

Example I.1.80. Given X a space considered as an ∞-category, X is atomic orbital; by [Gla18, Thm 2.13], the

associated stable ∞-category is the Ando-Hopkins-Rezk ∞-category of parameterized spectra over X (c.f.

[ABGHR14]). In particular, for X = BG, this recovers spectra with G-action. ◁

I.1.4 Weak indexing systems and weak indexing categories

I.1.4.1 Definitions We say that a full T -subcategory C ⊂ FinT is closed under self-indexed coproducts if it

is closed under C-indexed coproducts.
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Definition I.1.81. A T -weak indexing system is a full T -subcategory FI ⊂ FinT with V -values FVI B (FI )
V

satisfying the following conditions:

(IS-a) whenever FVI ,∅, we have ∗V ∈ FVI ; and

(IS-b) FI is closed under self-indexed coproducts.

We denote by wIndexT ⊂ FullSubT (FinT ) the embedded sub-poset spanned by weak indexing systems.

Moreover, we say that a I has one color if it satisfies the following condition:

(IS-i) for all V ∈ T , we have FVI ,∅;

We say that a I-weak is almost-unital if it has one color and satisfies the following condition:

(IS-ii) for all V -sets S ⊔ S ′ ∈ FVI such that S,S ′ ,∅V , we have S,S ′ ∈ FVI .

We say that I is unital if it has one color and satisfies the following condition"

(IS-iii) for all V -sets S ⊔ S ′ ∈ FVI , we have S,S ′ ∈ FI,V .

Lastly, we say a I is an indexing system if it satisfies the following condition:

(IS-iv) FVI ⊂ FVR is closed under finite coproducts for all V ∈ T .

We denote the resulting posets by

IndexT ⊂wIndexuni
T ⊂wIndexauni

T ⊂wIndexoc
T ⊂wIndexT . ◁

Remark I.1.82. The indexing systems of [BH15] are seen to be equivalent to ours when T = OG by unwinding

definitions and noting that OG itself is atomic orbital. The weak indexing systems of [BP21; Per18] are

equivalent to our unital weak indexing systems when T = OG by [Per18, Rem 9.7] and [BP21, Rem 4.60]. ◁

Observation I.1.83. Denote by IndTV S→ V the map corresponding with a finite V -set S under the equivalence

FV ≃ FT ,/V . This equivalence implies that a full T -subcategory C ⊂ FinT is determined by the subgraph

I(C)B

∐
i

IndTViSi → Vi

∣∣∣∣∣∣∣ ∀i, S ∈ CVi

 ⊂ FT .

In other words, the construction I yields an embedding of posets

I(−) : wIndexT ↪→ Subgraph(hoFo(T )). ◁

Our main result about this construction is the following.

Proposition I.1.84. The image of I(−) consists of the subcategories I ⊂ Fo(T ) satisfying the following conditions

(IC-a) (restrictions) I is stable under arbitrary pullbacks in FT , and all such pullbacks exist;

(IC-b) (segal condition) the pair T → S and T ′→ S ′ are in I if and only if T ⊔ T ′→ S ⊔ S ′ is in I; and
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Moreover, for all numbers n, condition (IS-n) of Definition I.1.81 is equivalent to condition (IC-n) below:

(IC-i) (one color) I is wide; equivalently, I contains F≃T .

(IC-ii) (almost unital) I is wide, and if S is non-contractible then ∅→ S is in I.

(IC-iii) (unital) for all S, ∅→ S is in I.

(IC-iv) (indexing category) the fold maps n ·V → V are in I for all n ∈ N and V ∈ T .

We refer to the image of I(−) as the weak indexing categories wIndexCatT ⊂ SubCat(Fo(T )). In general,

we will refer to a generic weak indexing category as I and its corresponding weak indexing system as FI .

Definition I.1.85 ([Bar14, Def. 5.2]). An adequate triple is a pair of wide subcategory inclusion X b,X f ⊂ X

subject to the condition that all cospans X
f
−→ Y

b←− Z with f ∈ X f and b ∈ X b extend to X -pullback diagrams

X ×Y Z

X Z

Y

b′ f ′⌟

f b

such that f ′ ∈ X f and b′ ∈ X b. In the case X = X b, following [CHLL24b; EH23] we call
(
X f ,X

)
a span

pair. ◁

Remark I.1.86. Condition (IC-a) is equivalent to the condition that (FT , I) is a span pair, and Condition (IC-b)

is easily seen to be equivalent to the conditions of [CHLL24b, Def. 2.2.1] in the case C = FT , so our weak

indexing categories are equivalent to weakly extensive span pairs (C, I) such that C = FT and I ⊂ Fo(T ).

Moreover, we will see in Lemma I.1.96 shows that indexing categories are equivalent to extensive span pairs

as defined in loc. cit. ◁

The following observations motivate and help to prove Proposition I.1.84.

Observation I.1.87. By a basic inductive argument, Condition (IC-b) is equivalent to the following condition:

(IC-b’) T → S is in I if and only if TU = T ×S U →U is in I for all U ∈Orb(S).

In particular, I is uniquely determined by the maps to orbits. ◁

Observation I.1.88. By Observation I.1.87, in the presence of Condition (IC-b), Condition (IC-a) is equivalent

to the following condition:

(IC-a’) for all Cartesian diagrams in FT

(2)
T ×V U T

U V

α′
⌟

α
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with U,V ∈ T and α ∈ I , we have α′ ∈ I . ◁

Now, given D a T -∞-category, we use the term collection to mean the data of, for each V ∈ T , a full

subcategory CV ⊂ DV , without compatibility assumptions. Our candidate inverse to I is the following.

Construction I.1.89. Given I ⊂ Fo(T ) a subcategory, define the class of I-admissible objects

FVI B
{
S

∣∣∣ IndTV S→ V ∈ I
}
⊂ FinV .

Taken altogether, we refer to the associated collection as FI ⊂ FinT . ◁

Observation I.1.90. Given C ⊂ FinT a collection, we have FV
I(C) ≃ C; conversely, if a subcategory I ⊂ Fo(T )

satisfies Condition (IC-b), then I(FI ) = I . ◁

Observation I.1.91. By definition, the restriction functor ResWV : FW → FV is implemented by the pullback

IndTV ResWV S IndTW S

V W

⌟

thus I satisfies Condition (IC-a’) if and only if ResWV FWI ⊂ FVI for all orbit maps V →W ; in particular, in

this case,
{
FVI

}
V ∈T

corresponds with a unique full T -subcategory FI ⊂ FR. ◁

The following is fundamental to passing between weak indexing categories and weak indexing systems.

Observation I.1.92. Let (TU ) ∈ FSR be an S-tuple of elements of FR for some S ∈ FVR. Then, the indexed

coproduct of (TU ) corresponds with the composite arrow

(3) IndTV

S∐
U

TU =
∐

U∈Orb(S)

IndTV IndVUTU =
∐

U∈Orb(S)

IndTUTU → IndTV S→ V ;

in particular, if I ⊂ Fo(T ) is a subcategory satisfying Condition (IC-b) and (TU ) and S are I-admissible,

both arrows in Eq. (3) lie in I , so the structure map of
∐S
U TU is in I , i.e.

∐S
U TU ∈ FI . In other words,

Condition (IC-b) and the condition that I ⊂ FR is a subcategory together imply that FI satisfies Condition (IS-

b).

On the other hand, if I ⊂ FO(T ) is a collection of arrows satisfying Condition (IC-b) such that FI

satisfies Condition (IS-b), then taking coproducts of Eq. (3) shows that I is closed under composition. If I

additionally is closed under equivalence (such as being closed under pullback), this implies that I ⊂ Fo(T ) is a

subcategory. ◁

We are now ready to verify that I(−) and F(−) restrict to maps between wIndexT and wIndexCatT .

Lemma I.1.93. If C ⊂ FinT is a weak indexing system, then I(C) is a weak indexing category.
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Proof. By Observations I.1.87 and I.1.88, it suffices to verify that I(C) ⊂ Fo(T ) is a subcategory

satisfying Conditions (IC-a’) and (IC-b’). Condition (IC-a’) is verified by Observation I.1.91; Condition (IC-

b’) follows immediately from construction; these together with Observation I.1.92 verify that I(C) ⊂ Fo(T ) is a

subcategory. □

Lemma I.1.94. If I ⊂ Fo(T ) is a weak indexing category, then FI is a weak indexing system.

Proof. Observation I.1.91 verifies that FI ⊂ FinT is a full T -subcategory, and the fact that the identity

arrow on V corresponds with the contractible V -set implies that whenever FVI ,∅ (i.e. V ∈ I), ∗V ∈ FVI . Thus

it suffices to verify that FI is closed under self-indexed coproducts; this is Observation I.1.92. □

Having done this, we’re poised to conclude that I(−) and F− are inverse equivalences. To handle the

conditions, we introduce some invariants. Write

n · S B

n-fold︷     ︸︸     ︷
S ⊔ · · · ⊔ S .

Lemma I.1.95. Given FI a T -weak indexing system, the following are T -families:

c(I)B
{
V ∈ T | ∗V ∈ FVI

}
υ(I)B

{
V ∈ T |∅V ∈ FVI

}
∇(I)B {V ∈ T | 2 · ∗V ∈ FI }

Proof. This follows by noting that ResVU n · ∗V = n · ∗U . □

We call c(I) the color family of I , υ(I) the unit family, and ∇(I) the fold map family. Note that

c(I) ≤ υ(I)∩∇(I); that is, Condition (IS-a) implies that whenever FI prescribes a unit or a fold map over V ,

it possesses a color over V . We will use the following lemma ubiquitously.

Lemma I.1.96. Let FI be a T -weak indexing system.

(1) FI has one color if and only if c(I) = T .

(2) FI is unital if and only if υ(I) = T .

(3) FI is an indexing system if and only if υ(I)∩∇(I) = T .
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Proof. (1) follows immediately by unwinding definitions. For (2), if FI is unital, then choosing

∅V ⊔ ∗V ∈ FVI yields ∅V ∈ FVI . Conversely, if υ(I) = T and S ⊔ S ′ ∈ FII , then

S =
S⊔S ′∐
U

χS (U ), where χS (U )B


∗U U ∈ S

∅U U < S

so S ∈ FI , i.e. FI is unital.

For (3), note that FI an indexing system implies that υ(I)∩∇(I) = T by taking nullary and binary

coproducts of ∗V ∈ FI,V . Conversely, if υ(I)∩∇(I) = T , then by iterating binary coproducts (n− 1)-times, we

find that n · ∗V = (∗V ⊔ (n− 1) · ∗V ) ∈ FI,V for all V ∈ T and n ∈ N. Applying Condition (IS-b), we find that

FI,V is closed under n-ary coproducts for all n ∈ N, i.e. FI is an indexing system. □

Proof of Proposition I.1.84. By Lemmas I.1.93 and I.1.94, I : wIndexT ⇄ wIndexCatT :F(−) are

well defined monotone maps; by Observation I.1.90, they are inverse to each other, so they are equivalences.

What remains is to verify that (IC-n) is equivalent to (IS-n) in Definition I.1.81 and Proposition I.1.84.

For n = i, this follows immediately by noting that V ∈ I ⇐⇒ idV ∈ I ⇐⇒ ∗V ∈ FVI ⇐⇒ FVI ,∅. For n = ii

and n = iii, this follows by unwinding definitions using Condition (IC-b’). For n = iv, this follows by noting

that the fold map n ·V → V corresponds with the element n · ∗V ∈ FV . □

In the case of indexing systems, I bears significant resemblance to FR. We bear this out in the following.

I.1.4.2 Example: transfer systems Given I a weak indexing category, we define R(I)B I ∩T

Proposition I.1.97. R restricts to a map wIndexCatuni
T → AtmOrbSubT with fully faithful right adjoint given

by the assignment R 7→ FR; moreover, the essential image of this adjoint consists of the indexing categories.

To prove this, we use the following important lemma about indexing categories.

Lemma I.1.98. If I ⊂ Fo(T ) is an indexing category, then f : T → S lies in I if and only if, for each orbit

U ∈ T , the induced map U → f (U ) lies in R(I); moreover, any one-color weak indexing category satisfying

this is an indexing category.

Proof. Given f : T → S lying in I , and an orbit U ⊂ T , unitality guarantees that the composition

U ≃ U ⊔∅→ U ⊔ (T −U )→ S lies in I , and Condition (IC-b) then implies that U → f (U ) lies in I . The

converse follows by noting that there is a composition T →
∐
U∈T f (U )→ S, whose second map is a coproduct

of fold maps and hence lies in I . The converse follows simply by noting that each fold map satisfies the above

condition. □
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Proof of Proposition I.1.97. First we must show that R(I) ⊂ T is atomic orbital; by definition, if it

is orbital, it is atomic. Given a pullback square in ST

S U

W V

⌟
f

such that f lies in I ∩R and an orbital summand X ⊂ S, we’re tasked with proving that the composite arrow

X→W lies in I ; this is precisely unitality.

Now, the fact that FR is an indexing category follows directly by definition, as does the fact that

R = FR ∩T ; moreover¸ it follows fairly straightforwardly by combining Proposition I.1.84 and Lemma I.1.98

that I = FI∩T if and only if I is an indexing category.

To verify that F(−) is fully faithful right adjoint with specified image, all that is left is to prove that it’s

a right adjoint, i.e. I ⊂ FR if and only if T ∩ I ⊂ FR. The forward direction is obvious, so assume T ∩ I ⊂ FR;

applying Lemma I.1.98 directly shows I ⊂ FR. □

Remark I.1.99. These are not apriori equivalent to Rubin and Balchin-Barnes-Roitzheim’s transfer systems

[BBR21; Rub21]; however, Proposition I.1.97 confirms that they recover equivalent posets. ◁

I.1.4.3 Joins of weak indexing systems The following construction will be used often.

Construction I.1.100. Given collections D,C ⊂ FinT , we inductively define ClD,0(C)B C and

ClD,n(C)V =

 S∐
U

TU

∣∣∣∣∣∣∣ (TU ) ∈ Cln−1(C)S , S ∈ D

 ,
with ClD,∞(C)B

⋃
nClD,n(C) and Cln(C)B ClC,n(C). We call this the n-step closure of C under D-indexed

coproducts, or just the closure of C under D-indexed coproducts when n =∞. ◁

Proposition I.1.101. wIndexoc
T is a lattice; the meets are intersections, and the joins are

FI ∨FJ =
⋃
n∈N

2n-fold︷              ︸︸              ︷
ClIClJ · · ·ClIClJ {∗T } .

Remark I.1.102. If D is a weak indexing system, then the dual statement to Eq. (4) the canonical inclusion

ClD,1(C) ⊂ ClD(C)

is an equality for all collections C; in particular each of the closures in Proposition I.1.101 can be equivalently

replaced with ClI,1 or ClJ,1. ◁
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Remark I.1.103. Proposition I.1.101 holds without the one-color assumption, but the expression of closures is

marginally more complicated, so we omit it. See [Ste24]. ◁

Observation I.1.104. If D is a one-color collection, then by taking ∗V -indexed coproducts for all V ∈ c(C), we

find that C ⊂ ClD,1(C). Similarly, if C is a one-color collection, by taking indexed coproducts of (∗U ), we find

that C ⊂ ClC,1(D). ◁

Let FullSub∗T (FinT ) ⊂ FullSubT (FinT ) denote the full subposet of one color full subcetegories.

Lemma I.1.105. The fully faithful map ι : wIndexoc
T ↪→ FullSub∗T (FinT ) is right adjoint to Cl∞.

Proof. If Cl∞(C) is a one-color weak indexing system, then it is clearly minimal among those containing

C, so it suffices to prove that it’s a one-color weak indexing system. By Observation I.1.104, Cl∞(C) has one

color so it suffices to verify that it’s closed under self-indexed coproducts.

In fact, by the dual to Eq. (4), we find that Cli(C)-indexed coproducts of elements of Clj (C) are

Cli+1(C)-indexed coproducts of elements of Clj−1(C); applying this j-many times, we find that Cli(C)-indexed

coproducts of elements in Clj (C) are in Cl∞(C), and the result follows. □

Proof of Proposition I.1.101. By Lemma I.1.105, wIndexT has meets computed in FullSub∗T (FT ),

which are clearly given by intersections. Furthermore, Lemma I.1.105 implies that FI ∨FJ = Cl∞(FI ∪FJ ).

Note that, for arbitrary C,D,E, we have

ClC∪D(E) =
⋃
n∈N

2n-fold︷                ︸︸                ︷
ClCClD · · ·ClCClD(E),

and set C = FI , D = FJ , and E = FI ∪ FJ ; the result then follows by noting that FI ∪ FJ ⊂ ClIClJ (∗T ) by

Observation I.1.104. □

Remark I.1.106. Since R : wIndexCatuni
T → AtmOrbSubT is a left adjoint, it preserves joins; moreover,

R (ClC (D)) ≃R
(
ClR(C)R(D)

)
,

as an indexed coproduct of nonempty T -spaces is an orbit iff its indexing T -space is an orbit and the input

is also an orbit. Lastly, note that indexing categories are closed under joins. Said altogether, the join of

atomic orbital subcategories P ,Q is given by the wide subcategory of T spanned by alternating compositions

V0
p0−−→ V1

q0−−→ ·· ·
qn−−→ Vn such that each pi lies in P and each qi lies in Q; moreover, R(FI ∨FJ ) ≃ RFI ∨RFJ

and FP∨Q ≃ FP ∨FQ. ◁

I.1.4.4 Indexed semiadditivity One central source of weak indexing categories is indexed semiadditivity,

which only makes sense to evaluate in the pointed setting.
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Definition I.1.107. Given F ⊂ T a T -family, we say that D is F -pointed if DV is pointed for all V ∈ F . ◁

Given S ∈ FinV a finite V -set with a distinguished orbit W ∈Orb(S), D a T≤V -pointed T -∞-category

admitting S-indexed products and coproducts, and (XU ) ∈ DS a S-tuple in D, [Nar16, Cons 5.2] constructs a

map

χW : ResVW

S∐
U

XU −→ XW

by distinguishing an “identity coset” XW -summand on the left hand side and dictating the map to be the

indentity on this summand and 0 elsewhere; then, the Wirthmüller map

WS,(XU ) :
S∐
U

XU −→
S∏
U

XW

has projected map
∐S
U XU −→ CoIndVWXW adjunct to χW . Schematically, this is a “diagonal matrix”

W⊔ni=1Ui ,(XUi )
=



WU1,X1
0 · · · 0

0 WU2,X2
· · · 0

...
...

. . .
...

0 0 · · · WUn,Xn


:

S∐
Ui

Xi →
S∏
Ui

Xi

where WUi ,Xi : IndVUiXi → CoIndVUiXi is the “norm map” comparing induction and coinduction.

Definition I.1.108. Given D a T -∞-category and S ∈ FinV a finite V -set, we say that S is D-ambidextrous if

D admits S-indexed products and coproducts, is T≤V -pointed, and for all (XU ) ∈ DS , the norm map is an

equivalence
S∐
U

XU
∼−−−−−−→

S∏
U

XU .

Given I a weak indexing category, we say that D is I-semiadditive if S is D-ambidextrous for all S ∈ FI . ◁

Remark I.1.109. We’ve given an elementary presentation of this notion; this has been generalized to encapsulate

Hopkins-Lurie’s higher semiadditivity in [CLL24]. In particular, we find that T → S is D-ambidextrous in the

sense of [CLL24] if and only if the U -set T ×S U is D-ambidextrous for all orbits U ⊂ S, so we adpot their

language for ambidextrous maps. In particular, by [Cno23, Prop 3.13, Prop 3.16], ambidextrous maps are

closed under composition and base change. ◁

Given D a T -∞-category, we define the semiadditive locus

s(D) = {f : T → S | f is D-ambidextrous} ⊂ Fo(T ).
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This is closed under composition by Remark I.1.109; furthermore, it’s clear that an equivalence T ≃ S is

D-ambidextrous if and only if D is T≤V -pointed, so s(D) ⊂ Fo(T ) is a subcategory. In fact, we may say more.

Proposition I.1.110. s(D) is a weak indexing category and D is I-semiadditive if and only if I ≤ s(D).

Proof. By Observation I.1.87 and Remark I.1.109, s(D) satisfies Condition (IC-b). In fact, by Re-

mark I.1.109, ambidextrous maps are closed under base change, i.e. s(D) satisfies Condition (IC-a). We’re

left with verifying that D is I-semiadditive if and only if I ≤ s(D), but this follows immediately by unwinding

definitions. □

Corollary I.1.111. D is I ∨ J-semiadditive if and only if it is I-semiadditive and J-semiadditive.

I.1.4.5 Restrictions of weak indexing categories

Construction I.1.112. Given C ⊂ Fo(T ) a subcategory and V ∈ T an object, we write

CV B

f :
S T

V

f̃
∣∣∣∣∣∣∣∣ f̃ ∈ C

 ⊂ FV ;

that is, maps in CV are maps over V whose underlying map in Fo(T ) lies in C. For every map V →W , this

yields a map (−)V : SubCatW (FW )→ SubCatV (FV ), compatibly with composition. We let SubCatT
(FT ) be the

resulting T -poset ◁

Proposition I.1.113. If I ⊂ Fo(T ) is a T -weak indexing category, then IV ⊂ FV is a T/V -weak indexing category.

Proof. Condition (IC-b) for IV follows by unwinding definitions, noting that IndTV : FV → FT is

coproduct-preserving; Condition (IC-a) follows by unwinding definitions, noting that the pullback functor

FV → FW is pullback-preserving for each W → V . □

Proposition I.1.113 lifts wIndexCatT ⊂ SubCatT (FT ) to an embedded T -subposet

wIndexCatT ⊂ SubCatT
(FT ).

Given a T -poset P : T op→ Poset, we denote by Γ T P the associated limit. There is a monotone map

γ̃ : SubCat(FT )→ Γ SubCatT
(FT )

defined by γ̃(C)V B CV . We may use γ̃ to recover wIndexCatT from wIndexCatT .

Proposition I.1.114. γ̃ restricts to an equivalence

γ : wIndexCatT
∼−→ ΓwIndexCatT
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Proof. Proposition I.1.113 implies that γ̃ restricts to a monotone map of posets γ : wIndexCatT →

Γ T wIndexCatT , so it suffices to prove that this is fully faithful and essentially surjective. Given γI ⊂ γJ,

then for a map f : T → V , the canonical T/V -map T → ∗V lying in IV must lie in JV , so f lying in I implies

that it if it lies in J; thus Condition (IC-b’) implies that I ⊂ J, so γ is fully faithful.

It remains to prove that γ is surjective, so we fix I• ∈ Γ T wIndexCatT . Define the subcategory

I B {T → S | ∀U ∈Orb(S), T ×S U →U ∈ IU } ⊂ Fo(T ).

By definition, γI = I•, so it suffices to verify that I is a weak indexing category. First note that I satisfies

Condition (IC-b’) by definition. Moreover, Condition (IC-a’) is precisely the condition that I(−) is an element

of wIndexCatT . Hence I is a T -weak indexing system, proving that γ is an isomorphism. □

I.1.4.6 Parameterized commutative monoids Let I ⊂ FinT be the γ-preimage of I . The wide T -subcategory

inclusion I ⊂ FT is fiberwise given by a (one object) weak indexing category so the inclusion corresponds

with a functor T op→ SpanPair under Remark I.1.86. We define the composite T -category

Span
I
(FT ) : T op I⊂FT−−−−−−−→ SpanPair

Span
−−−−−−−→ Cat,

where Span denotes Barwick’s effective Burnside category construction [Bar14].

Example I.1.115. If C is a T -∞-category admitting I-indexed products, then the T -∞-category of I-

commutative monoids in C is

CMonI (C)B FunI−×T
(
Span

I
(FT ),C

)
.

The ∞-category of I-commutative monoids is CMonI (C)B Γ T CMon(C) ≃ FunI−×T
(
Span

I
(FT ),C

)
.

It is shown in [CLL24, Thm B] that this is universal for the property that it is I-semiadditive and its

forgetful T -functor to C is I-product preserving; we will (mostly) independently reprove this, In particular,

we will conclude in Remark III.1.11 that

s
(
CMonI (ST )

)
= I ;

hence s surjects onto one-color weak indexing categories. We may read this as saying that wIndexCatT is

the poset of all notions of ≤ 0-semiadditivty for T -categories determined by push-pull adjunctions between

categories of finite T -sets. ◁

For the rest of the paper, we will take the following innocuous proposition as input.6

6 Strictly speaking, [CLL23, Prop. 4.6.11] only covers the case that I is an indexing category; alternatively, together [CLL24, Thm. 6.9]
and [CLL24, Thm. 7.4] do cover this result, but they are quite strong results to assume. For the sake of completeness, we will not
assume these, and instead we suggest to the reader that the proof of [CLL23, Prop. 4.6.11] applies to the case of a general almost-unital
weak indexing category mutatis-mutandis. Indeed, since I-semiadditivity is detected under restriction to υ(I), we may restrict to the
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Proposition I.1.116 ([CLL23, Prop. 4.6.11]). If C,D are T -categories with I-indexed products and I-indexed

coproducts, then FunI−⊕T (C,D) is I-semiadditive.

I.1.4.7 Compatible pairs of weak indexing systems We finish the section with a discussion of compatible

pairs of weak indexing systems, generalizing the setting of [BH22].

Definition I.1.117. A pair of one-object weak indexing categories (Ia, Im) is compatible if FIa ⊂ ST is closed

under Im-indexed products. ◁

We’d like to compare these with the notions from [CHLL24b], beginning with the following.

Observation I.1.118. Orbitality implies that (FT ,FR) is extensive in the sense of [CHLL24b, Def. 2.2.1].

Furthermore, a subcategory I ⊂ FR furnishes a span pair (Fc(I), I) if and only if it satisfies Condition (IC-a);

thus a span pair (Fc(I), I) with I ⊂ FR is weakly extensive in the sense of [CHLL24b, Def. 2.2.1] if and only if I

is a weak indexing category. Furthermore, by Lemma I.1.96, a weakly extensive pair (Fc(I), I) with I ⊂R is

extensive if and only if I is an indexing category. ◁

They have their own notion of compatibility, which generalizes ours.

Observation I.1.119. A bispan triple (C, Im, Ia) with C extensive (i.e. disjunctive) and whose span pairs are

weakly extensive is called a semiring context in [CHLL24b, Def. 4.1.1] when the right adjoint f∗ : FT ,/X → FT ,/Y

to pullback along a map f : X → Y in Im exists and preserves morphisms whose image in FR lies in Ia;

unwinding definitions, this is precisely the condition that (Ia, Im) is a compatible pair of one-object weak

indexing systems. ◁

Note that (Ia, Im) is a compatible pair of indexing categories in the sense of [BH22, Def 3.4] if and only

if it is a compatible pair of weak indexing categories such that Ia and Im are both indexing categories. In this

setting, we have argued that the triple (FT , Im, Ia) is a semiring context in the sense of [CHLL24a]. This is

useful, as [CHLL24a, Thm 4.2.4] yields an operadic presentation for the associated theory of bi-incomplete

Tambara functors valued in cocomplete cartesian closed ∞-categories.

Our main contribution to this is to concretely characterize the terminal (weak) indexing category m(I)

such that (I,m(I)) is a compatible pair, generalizing [BH22, Cor 6.19]:

Construction I.1.120. Given I ⊂ FR a weak indexing category, we define the collection

FV
m(I) B

{
S ∈ FV | FI ⊂ ST is closed under S-indexed products

}
;

we define the multiplicative hull m(I)B I
(
Fm(I)

)
.

unital case, in which case I-semiadditivity implies pointeness; once one has that, the proof of [CLL23, Prop. 4.6.11] and its antecedents
apply verbatim after replacing the notation FPT with I , and mostly amount to painstaking diagram chases.

51

https://arxiv.org/pdf/2301.08240v2#theorem.4.6.11
https://arxiv.org/pdf/2407.08399v1#thm.2.2.1
https://arxiv.org/pdf/2407.08399v1#thm.2.2.1
https://arxiv.org/pdf/2407.08399v1#thm.4.1.1
https://arxiv.org/pdf/2301.08240v2#theorem.4.6.11


SECTION I.1. PARAMETERIZED AND EQUIVARIANT CATEGORY THEORY

Moreover, given I a one-object weak indexing category, we say that a map of T -spaces f : X → Y is

I-admissible if, for all maps g : K → Y with K orbit-finite, the map g∗X→ K lies in I . We write SI ⊂ SR for

the wide subcategory of I-admissible maps.

We say that an R-admissible map f : T → S of orbit-finite T -spaces is compatible with I if, for all

compositions Y
g
−→ Z→ T with g I-admissible, the map f∗Y → Z is I-admissible; the composition-stability

and automorphism-inclusion of Lemma I.1.77 implies that these span a wide subcategory m(I) ⊂ FR, which

we call the big multiplicative hull. ◁

Proposition I.1.121 (Multiplicative hull). Fix I a one-object weak indexing category.

(1) m(I) is a unital weak indexing category.

(2) (I,m(I)) is compatible.

(3) given J ∈wIndexCatRT , (I, J) is compatible if and only if J ⊂m(I).

(4) m(I) is an indexing category.

(5)
(
ST ,SI ,Sm(I)

)
is a semiring context.

(6) given J ∈wIndexCatRT , the triple
(
ST ,SI ,SJ

)
is a semiring context if and only if J ⊂m(I).

Proof. First note the ∗V -indexed product functor is the identity, so ∗V ∈ FVm(I)∩F
V
m(I) for all V . Moreover,

empty products are terminal objects (i.e. ∗V ), so ∅V ∈ FVm(I) ∩F
V
m(I) for all V ∈ T . Now, for (1), we claim

that there exists a natural equivalence

(4)

∐S
W RW∏
U

TU ≃
S∏
W

RW∏
U

TU ;

indeed this is obvious for binary coproducts and on induction this follows from

IndVW S∏
U

TU =
∏

U∈Orb(IndVW S)

CoIndVUTU

=
∏

U∈Orb(S)

CoIndVWCoIndWU TU

= CoIndVW
∏

U∈Orb(S)

CoIndWU TU

= CoIndVW

S∏
U

TU .

Now if S and each RW lie in Fm(I) and each TU in FI , applying the aformentioned compatability twice

shows that
∏S
W

∏RW
U TU lies in FI , i.e.

∐S
W RW ∈ Fm(I), proving (1). (2) and (3) follow directly by unwinding

definitions.
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For (4), note that 2 · ∗V ∈ Fm(I) by Lemma I.1.77, so it suffices to show that m(I) is closed under

self-induction. This is similar to (1), using Eq. (4), i.e.

ψIndVW S,∗
≃ CoIndVWψS∗;

in particular, if S → V and W → V lie in m(I), this expresses that ψIndVW S,∗
preserves I-admissible maps,

which is exactly closure under self-induction. (5) and (6) similarly follow simply by unwinding definitions. □

I.2 Algebraic patterns

An algebraic pattern is a collection of data encoding Segal conditions for the purpose of homotopy-

coherent algebra. Given an algebraic pattern O and a complete ∞-category C, there is an ∞-category of

Segal O-objects in C, which we view as some analog of “O-monoids in C” generalizing [HA, Def. 2.4.2.1];

these are presented as functors O→C satisfying a Segal condition that an “inert” subdiagram is right Kan

extended from an “elementary” further subdiagram.

We may view Segal O-objects in Cat (aka Segal O-∞-categories) as O-monoidal ∞-categories; these

straighten to cocartesian fibrations over O satisfying conditions. As in [HA, § 2], the condition of being

a cocartesian fibration may be relaxed to construct a form of operads parameterized by O, called fibrous

O-patterns.

We summarize some elements of the theory of algebraic patterns and fibrous patterns in Section I.2.1.

The author would like to emphasize that the program surrounding algebraic patterns has achieved many

results not mentioned here; for a significantly more thorough and elegant treatment, we recommend [BHS22;

CH21].

Those familiar with [HA] will likely notice similarity with the model structure for fibrations over a

categorical pattern; in contrast to the categorical patterns of [HA, § B], algebraic patterns are manifestly

∞-categorical and their Segal conditions derived canonically from their definitional “inert-active” factorization

system and elementary objects. Nevertheless, we may view algebraic patterns as a functorial presentation

of particularly nice categorical patterns; in Section I.2.2, we characterize of maps of categorical patterns to

algebraic patterns which induce Quillen equivalences from Lurie’s model structure to a model structure on

Segal ∞-categories or fibrous patterns, therein called sufficient sets of generalized (fibrous) Segal conditions. 7

Moving on, in Section I.2.3, we translate Lurie’s result on push-pull Quillen adjunctions to algebraic

patterns. Last, in Section I.2.4, we use algebraic patterns to classify the monomorphisms of T -(∞,2)-categories,

i.e. to classify the parameterized (∞,2)-subcategories.

7 the name “fibrous pattern” itself is derived from Lurie’s fibrous maps E → E, where E has a distinguished approximation map to an
∞-operad O⊗; see the proof of [HA, Prop. 2.3.3.30].
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I.2.1 Recollections of algebraic patterns The following definition is central.

Definition I.2.1. An algebraic pattern is a triple (B, (Bin,Bact),Bel), where (Bin,Bact) is a factorization system

on B and Bel ⊂ Bin is a full subcategory.8 The ∞-category AlgPatt ⊂ Fun(Q,Cat) is the full subcategory

spanned by algebraic patterns, where

◁(5) QB •→ •→ •← •.

We refer to the morphisms in Bin as “inert morphisms,” morphisms in Bact as “active morphisms,” and

objects in Bel as “elementary objects.” When it is clear from context, we will abusively refer to the quadruple(
B, (Bin,Bact),Bel

)
simply as B.

I.2.1.1 Segal objects Algebraic patterns provide a general framework for algebraic structures satisfying

the associated Segal conditions, which are encoded in the notion of Segal objects.

Definition I.2.2. Let C be a complete ∞-category and O an algebraic pattern. Then, the ∞-category of Segal

O-objects in C is the full subcategory SegO(C) ⊂ Fun(O,C) consisting of functors F : O→ C such that, for

every object O ∈O, the natural map

F(O)→ lim
E∈Oel

O/

F(E)

is an equivalence, where Oel
O/ BOel ×Oin,ev1

Oin
O/ is the ∞-category whose objects consist of inert morphisms

from O to an elementary object. We will call Segal O-objects in S and Cat Segal spaces and ∞-categories,

and identify such objects with their unstraightenings in CatO whenever doing so will not cause confusion. ◁

Remark I.2.3. By [CH21, Lem. 2.9], a functor F : O→ C is a Segal O-object if and only if the associated

functor F|Oint is right Kan extended from F|Oel along the inclusion Oel→Oint. ◁

We include the following example in order to convince the reader, but we will use none of its cases.

Example I.2.4. Each of the following ∞-categories admit pattern structures with the indicated Segal objects:

• ∆op admits a pattern structure whose Segal objects are monoid objects [CH21, Ex. 3.3];

• ∆op admits another pattern structure whose Segal objects are traditional Segal objects [CH21,

Ex. 3.3];

• Rezk’s category Θn admits a pattern structure whose Segal spaces are Θn-spaces, i.e. (∞,n)-categories

[CH21, Ex. 3.5];

• Moerdijk-Weiss’ dendroidal category admits a pattern structure whose Segal objects are dendroidal

Segal spaces [CH21, Ex. 3.7];

8 Throughout this paper, we adopt the definition of factorization system used in [CH21, Rmk. 2.2], which does not assert any lifting
properties; that is, a factorization system on C is a pair of wide subcategories CL,CR ⊂ C satisfying the condition that, for all maps

X
f
−→ X′ , the space of factorizations X

l−→ Y
r−→ X′ with l ∈ CL and r ∈ CR is contractible.
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• the category of correspondences between m-finite spaces with (m − 1)-truncated backwards leg

Spanm−1(Sm) = Sm−1
m admits a pattern structure whose Segal objects are the m-commutative

monoids of [Har20, Def. 5.10];

• the category of correspondences between m-finite spaces Span(Sm) admits a pattern structure whose

Segal objects are the m-finite limit preserving functors; and

• there will be several algebraic patterns which present I-commutative monoids (see Section I.4).

The penultimate and antepenultimate examples present equivalent Segal objects [Har20, Prop. 5.14]; this will

eventually fit in a general Morita theory for patterns (see Example I.2.18 and Corollary I.4.10). ◁

One benefit of the framework of Segal objects is the following monadicity result.

Proposition I.2.5 ([CH21, Cor. 8.2]). If O is an algebraic pattern and C a presentable ∞-category, then the

forgetful functor

U : SegO(C)→ Fun(Oel,C)

is monadic; in particular, it is conservative.

Another benefit of Segal objects is a rich framework for functoriality.

Definition I.2.6. Suppose P,O are algebraic patterns. A functor f : P→O is compatible with Segal objects if

it preserves the inert-active factorization system and f ∗ : Fun(O,C)→ Fun(P,C) preserves Segal objects in

any complete ∞-category C. Moreover, a morphism of algebraic patterns f : P→O is a called a:

• Segal morphism if it is compatible with Segal objects, and a

• strong Segal morphism if the associated functor f el
X/ : Pel

X/ →Oel
f (X)/ is initial for all X ∈ P. ◁

Observation I.2.7. The conditions for Segal morphisms and strong Segal morphisms are each compatible with

compositions and equivalences; that is, there are wide subcategories

AlgPattSeg,AlgPattStrong−Seg ⊂ AlgPatt

whose morphisms are the Segal morphisms and strong Segal morphisms, respectively. ◁

Remark I.2.8. [CH21, Lem. 4.5] concludes that f is a Segal morphism if f ∗ preserves Segal spaces. ◁

Limits of patterns construct a large number of examples according to the following lemma.

Lemma I.2.9 ([CH21, Cor. 5.5]). AlgPatt ⊂ Fun(Q,Cat) is a localizing subcategory; in particular, AlgPatt has

small limits.
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Example I.2.10. By [CH21, Ex. 5.7], the binary products in AlgPatt have Segal objects

SegB×B′ (C) ≃ SegBSegB′ (C). ◁

Cartesian products of patterns also play nicely with well-structured maps of patterns.

Lemma I.2.11. Suppose f : O→ P and f ′ : O′→ P′ are (resp. strong) Segal morphisms. Then,

f × f ′ : O ×O′→ P×P′

is a (strong) Segal morphism.

Proof. The case of Segal morphisms follows immediately from Example I.2.10, so we assume that f , f ′

are strong Segal. Then, the induced map

f el
X/ × f

′el
X′ / = (f × f ′)el

(X,X′)/ : (O ×O′)el
(X,X′)/ → (P×P′)el

(f x,f x′)/

is a product of initial maps; it follows that it is initial, since limits in product categories are computed

pointwise. □

I.2.1.2 An interlude on soundness and extendability We will move on to describe the theory of operads

corresponding with an algebraic pattern, but to do so, we make some technical assumptions. Let O be an

algebraic pattern and ω : X→ Y an active map. Define the pullback square

Oel(ω) Ar(Oint
X/ )

Oel
Y / ×O

el
X/ Oint

X/ ×O
int
X/

⌟
(s,t)

(ω(−),id)

where ω(−) : Oel
Y / →Oint

X/ sends α : Y → E to the inert map ωa of the inert-active factorization of X
ω−→ Y

a−→ E.

Definition I.2.12. O is sound if, for all ω : X → Y active, the associated map Oel(ω)→ Oel
X/ is initial. A

sound pattern O is soundly extendable if AO B Aract(O)
t−→O is a Segal O-∞-category, where Aract(O) ⊂

Ar(O) = Fun(∆1,O) is the full subcategory spanned by active arrows. ◁

Soundness as a condition allows one to simplify Segal conditions. A condition of extendability was

originally introduced in [CH21, Def. 8.5] for the sake of explicit formulas for the free Segal O-object monad,

and is equivalent to sound extendability in the presence of soundness [BHS22, Rmk. 3.3.17]. Now, sound

extendibility reduces many instances of relative Segal objects in the sense [BHS22, Def. 3.1.8] to a morphism

with Segal domain by [BHS22, Obs. 3.1.9].

To transfer soundness, around, we will use a strengthening of [BHS22, Lem. 3.3.7].
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Proposition I.2.13. Suppose ϕ : O→ P is a strong Segal morphism.

(1) If ϕ is iso-Segal and P is sound, then O is sound.

(2) If ϕ is essentially surjective, each map ϕact
/X : Oact

/X → Pact
/ϕX is essentially surjective, and O is sound,

then P is sound.

To prove this, we import an observation of Barkan-Haugseng-Steinebrunner.

Lemma I.2.14 ([BHS22, Obs. 3.3.6]). The cartesian fibration ev0 : Oel(ω)→Oel
Y / has unstraightening given

by the composite
(
Oel
Y /

)op
Oel
ω(−)(−)

−−−−−−−→ Cat.

Proof of Proposition I.2.13. Claim (1) is [BHS22, Lem. 3.3.7]; we must give our own proof of the

converse, as we have strengthened it. By the dual of [Sha23, Rmk. 6.10], a morphism of cartesian fibrations

whose straightening is pointwise-initial is initial; applying this and Lemma I.2.14 shows that the induced

functor ϕel(ω) : O(ω)→ P(ϕ(ω)) is initial. Thus we may draw the diagram

Oel(ω) Pel(ϕω)

Oel
X/ Pel

ϕX/

ϕel(ω)

ev0 ev0

ϕel
X/

whose top, bottom, and left arrow are initial in the situation of claim (2); initiality of the righthand arrow

then follows by cancellation for initial functors [kerodon, Tag 02N6]. Our essential surjectivity assumptions

guarantee that all active arrows in P arise in such away, giving claim (2). □

I.2.1.3 Span patterns The following is our primary source of examples.

Construction I.2.15 ([BHS22, Def. 3.2.6]). An adequate quadruple is the data of an adequate triple X b,X f ⊂ X

in the sense of Definition I.1.85 together with a full subcategory X0 ⊂ X ; the∞-category of adequate quadruples

is the full subcategory

Quadadeq ⊂ Fun(Q,Cat)

spanned by adequate quadruples, where Q is defined by Eq. (5).

Given an adequate quadruple
(
X ,X f ,X b;X0

)
let X b,op ⊂ Spanb,f (X ) be the wide subcategory spanned

by the spans X
ψb←−− R

ψf
−−→ Y with ψf an equivalence, and similarly X f ⊂ Spanb,f (X ) the wide subcategory of

spans with ψb an equivalence.

This yields a factorization system [HHLN23, Prop. 4.9]

X b,op ↪→ Spanb,f (X )←↩ X f .
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We define the span pattern Spanb,f
(
X ;X op

0

)
via the data

• underlying ∞-category Spanb,f (X ),

• inert morphisms X b,op ⊂ Span(X ),

• active morphisms X f ⊂ Span(X ), and

• elementary objects X b,op
0 = X op

0 ∩X b,op ⊂ X b,op.

Given a map of adequate quadruples
(
X , (X b,X f ),X0

)
→

(
Y , (Yb,Y f ),Y0

)
the associated functor Spanb,f (X )→

Spanb,f (Y ) preserves inert morphisms, active morphisms, and elementary objects by definition; hence the

functor Span−,−(−;−) : Quadadeq→ Fun(Q,Cat) descends to a functor

Span−,−(−;−) : Quadadeq→ AlgPatt. ◁

Barkan-Haugseng-Steinebrunner supply conditions for span patterns to be sound(ly extendable).

Proposition I.2.16 ([BHS22, Prop. 3.3.23]). If (X ,X b,X f ;X0) is an adequate quadruple. Then, Spanb,f (X ;X0)

is:

(1) sound if X b/x ↪→X/x is fully faithful and the inclusion X b0,/x ↪→X0,/x is final for all x ∈ X , and

(2) soundly extendable if and only if it is sound and the functor X f/(−) : X b,op→ Cat is right Kan extended

from X b,op
0 .

In particular, it is sound if X b = X , and soundly extendable if X0 = X and X b/x ↪→X/x is fully faithful (e.g. if

X0 = X b = X ).

Now, we will often construct maps of patterns via maps of adequate quadruples, for which the following

lemma is useful, and becomes obvious by unwinding definitions.

Lemma I.2.17. Fix ϕ̃ :
(
X ,X b,X f ;X0

)
→

(
Y ,Yb,Y f ;Y0

)
a map of adequate quadruples classifying an algebraic

pattern map ϕ : Spanb,f (X ;X0)→ Spanb,f (Y ;Y0). Then, ϕ is a strong Segal morphism if and only if the

induced functor X b0,/X →Y
b
0,/ϕX is final for all X ∈ X , and an iso-Segal morphism if and only if this functor is

an equivalence.

Example I.2.18. Let Sm ⊂ S be the full subcategory of m-finite spaces for some m ≤ ∞, where m = ∞

is interpreted as π-finite spaces. Let Sm,n ⊂ Sm be the wide subcategory of n-truncated maps. The

algebraic pattern Spann (Sm) B Spanall,Sm,n (Sm;∗) is described implicitly in [Har20]. In particular, in the

case n ∈ {m− 1,m}, it has Segal C-objects the functors Spann (Sm)→C whose subdiagram X : Sop
m →C whose

coassembly map

(6) X(A) −→ lim
∗→A

X(∗)
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is an equivalence by the pointwise formula for right Kan extension, as we have that ∗ → A is n-truncated if

and only if A is (n+ 1)-truncated).

In the case that m = n, this has a more elementary presentation: by the dual to [Har20, Cor. 2.16] a

pre-Segal C-object Span(Sm)op ≃ Span(Sm)→ C is m-finite limit preserving if and only if its restriction to

Sop
m is m-finite limit preserving, which by the dual to [Har20, Lem. 2.16] is equivalent to Eq. (6) being an

equivalence for each A. ◁

To illustrate the application of Proposition I.2.16, we may characterize this further.

Corollary I.2.19. Span(Sm) is soundly extendable and Spanm−1(Sm) ↪→ Span(Sm) an iso-Segal morphism.

Proof. It has all backwards maps, so it is automatically sound. For extendability, we are tasked with

proving that the coassembly functor

S/X −→
∏
x∈X
S/∗ ≃ Fun(X,S)

is an equivalence. This may be identified with the functor taking fibers, i.e. the straightening functor, which is

an equivalence. The iso-Segal condition follows by noting that every map ∗ → A for A m-finite is automatically

(m− 1)-truncated. □

I.2.1.4 Fibrous patterns Unstraightening realizes SegO(Cat) as a non-full subcategory of Cat/O consisting

of cocartesian fibrations satisfying Segal conditions; we relax this for the following definition, which is

equivalent to the original definition stated in [BHS22, Def. 4.1.2] by [BHS22, Prop. 4.1.6].

Definition I.2.20. Let B be a sound algebraic pattern. A fibrous B-pattern is a functor π : O→B such that

(1) (inert morphisms) O has π-cocartesian lifts for inert morphisms of B,

(2) (Segal condition for colors) For every active morphism ω : V0→ V1 in B, the functor

OV0
→ lim

α∈Bel
V1/

Oωα,!V1

induced by cocartesian transport along ωα is an equivalence, where ω(−) : Bel
Y / →Bint

X/ is the inert

morphism appearing in the inert-active factorization of α ◦ω, and
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(3) (Segal condition for multimorphisms) for every pair of objects V1,V2 ∈B and colors Xi ∈OVi , the

commutative square

MapO(X0,X1) lim
α : V1→E∈Bel

V1/

MapO(X0,α!X1)

MapB(V0,V1) lim
α : V1→E∈Bel

V1/

MapB(V0,E)

is cartesian.

We denote by Fbrs(B) ⊂ Catint−cocart
/B the full subcategory spanned by the fibrous B-patterns, where the latter

category has objects the functors to B possessing cocartesian lifts over inert morphisms and morphisms the

functors preserving such cocartesian lifts. ◁

Remark I.2.21. As noted in [BHS22, Rmk. 4.1.8], in the presence of condition (3) above, condition (2) may be

weakened to assert that the functor OV0
→ limα∈Bel

V1/
Oωα,!V1

is a π0-surjection without changing the resulting

notion. To match [BHS22, Prop. 4.1.6], we may even take the intermediate assumption that this functor

induces an equivalence on cores.

There are a few more equivalent statements of conditions (2) and (3); first, [BHS22, Obs. 4.1.3] and

[BHS22, Prop. 4.1.7] show that they are equivalent to the condition that the envelope map EnvB(O)BO×B

AB→AB is unstraightened from a so-called relative Segal B-category, i.e. the following square is cartesian:

In the case that B is soundly extendable, [BHS22, Rmk. 4.1.4] notes that functors to Segal O-categories

are relative Segal O-categories if and only if their domains are Segal O-categories; that is, in the soundly

extendable case, conditions (2) and (3) are equivalent to the fact that O ×B AB is a Segal O-category, i.e.

the functor P×O Oact
/O → limE∈Oel

O/
Oact
/E is an equivalence for all O ∈O. ◁

Example I.2.22. Fibrous F∗ = Span−1(S0)-patterns are equivalent to ∞-operads (c.f. [HA, Rmk. 2.1.1.14]). ◁

Remark I.2.23. [BHS22, Obs. 4.1.10] shows that a cocartesian fibration to B is a fibrous pattern if and only

if it is a Segal B-∞-category. ◁

The fully faithful functor U : Fbrs(B)→ Catint−cocart
/B is a reflective subcategory inclusion.

Proposition I.2.24 ([BHS22, Cor. 4.2.3]). U participates in an adjunction

Catint−cocart
/B Fbrs(B)

U

LFbrs

⊣
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Construction I.2.25. We write define the ∞-category of prefibrous B-patterns

P Fbrs(B)B Catint−cocart
/B ,

so that Fbrs(B) ⊂ P Fbrs(B) is the localizing subcategory of prefibrous B-patterns satisfying the fibrous Segal

conditions. Given O→ B a prefibrous B-pattern, we define the swide subcategory Oint ⊂O spanned by

cocartesian lifts of inert arrows, Oel ⊂Oint the full subcategory of arbitrary lifts of elementary objects and

Oact ⊂O the wide subcategory of arbitrary lifts of active arrows. We refer to this as the B-prefibrous pattern

structure on O. ◁

Now, the following lemma is straightforward.

Lemma I.2.26. The B-prefibrous pattern structure lifts to a functor

PB : P Fbrs(B)→ AlgPatt/B,

which is natural in prefibrous patterns O→B which are Segal morphisms.

Proof. It follows by definition that morphisms of prefibrous B-patterns preserve the pattern structure,

so this functor exists. Given ϕ : O→B a prefibrous B-pattern which is a Segal morphism¸ we’re left with

constructing a lift making the following diagram commute:

P Fbrs(B) P Fbrs(O)

AlgPatt/B AlgPatt/O

Cat/B Cat/O

ϕ∗

ϕ∗

Unwinding definitions, it is equivalent to prove that ϕ∗Bint consists of the cocartesian lifts for inert O-

morphisms and that ϕ∗Bactϕ∗Bel the arbitrary lifts of active morphisms and elementary objects. The latter

is immediate, and the former follows by is cancellation for cocartesian arrows [kerodon, Tag 01TU]. □

Importantly, in the fibrous case, these are soundly extendable.

Proposition I.2.27 ([BHS22, Lem. 4.1.15]). If O is a fibrous B pattern and B is sound (resp. soundly

extendable), then O is sound (soundly extendable).

Now, we may explicitly describe the fibrous patterns for this structure in this case.

Proposition I.2.28 ([BHS22, Cor. 4.1.7]). Given O→B a fibrous B-pattern, P induces an equivalence

Fbrs(O) ≃ Fbrs(B)/O.
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Now, we conclude quite a lot of naturality as follows.

Proposition I.2.29 ([BHS22, Obs. 4.1.14]). Fibrous patterns are strong Segal morphisms.

Lastly, we note that fibrous patterns are quite functorial in general.

Proposition I.2.30. Suppose ϕ : O → P is functor which is compatible with the inert-active factorization

system, and P is soundly extendable. Then,

(1) If the precomposition functor ϕ∗ : Fun(P,Cat) → Fun(O,Cat) preserves Segal objects, then the

pullback functor ϕ∗ : Cat/P→ Cat/O preserves fibrous patterns.

(2) If ϕ is an inert-cocartesian fibration and the left Kan extension functor ϕ! : Fun(O,Cat) →

Fun(P ,Cat) preserves Segal objects, then postcomposition ϕ! : Cat/O → Cat/P preserves fibrous

patterns.

In particular, if ϕ is an inert-cocartesian Segal morphism with soundly extendable codomain whose left Kan

extension preserves Segal categories, then pullback and postcomposition restrict to an adjunction on fibrous

patterns

ϕ! : Fbrs(O)⇄ Fbrs(P) : ϕ∗

Proof. Our argument is only a minor variation of [BHS22, Lem. 4.1.19], so we temporarily assume

close familiarity with the language used In either case, the property of being an inert-cocartesian fibration is

always preserved, either by assumption or by [BHS22, Obs. 2.2.6].

We prove statement (1) first. Fixing F ∈ Fbrs(P), by [BHS22, Obs. 4.1.3], it suffices to prove that the

left vertical arrow in the following pullback diagram is a relative Segal O-∞-category.

Stint
O

(ϕ∗F ) ϕ∗Stint
P

F

AO ϕ∗AP

⌟

By [BHS22, Lem. 3.1.10], relative Segal O-∞-categories are pullback-stable, so it suffices to prove that the

right vertical arrow is a relative Segal O-∞-category. By sound extendability AP is a Segal P-∞-category,

and since ϕ∗ preserves Segal ∞-categories, ϕ∗AP is a Segal O-∞-category; by [BHS22, Obs. 3.1.18], it then

suffices to prove that ϕ∗Stint
P

F is a Segal O-∞-category. Since ϕ∗ preserves Segal ∞-categories, it suffices to

prove that Stint
P

F is a Segal P-category, which follows by the assumption that F is a fibrous pattern.

Statement (2) is similar; this time, by taking left adjoints to the commutative square of [BHS22,

Prop. 4.2.5], it suffices to prove that the composition

ϕ!Stint
O F → ϕ!AO→AP
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is relative Segal; since P is soundly extendable, [BHS22, Obs. 3.1.8] again reduces this to verifying that ϕ!Stint
O

F

is Segal; this follows from the facts that F is a fibrous pattern and ϕ! preserves Segal ∞-categories. □

I.2.1.5 The Segal envelope We would like to describe adjunctions relating fibrous patterns to Segal objects,

but to do so, we need a few constructions.

Definition I.2.31. Given O→B a pattern map, the Segal envelope of O is the horizontal composite

EnvBO Aract(B) B

O B

⌟

ev1

ev0

where Aract(B) ⊂ Ar(B) = Fun(∆1,B) is the full subcategory spanned by active arrows. We denote the

envelope of the terminal B-pattern as

AB B Aract(B)
ev0−−−−−−−→B. ◁

Given f : P→O a Segal morphism, we define the composite functor

f ⊛ : Seg/AO

O

f ∗

−−→ Seg/f
∗AO

O

q∗

−−→ Seg
/AP

O

where q is the map fitting into the following diagram:

AP

f ∗AO AO

P O

Af

p
p

f

q

⌟

This participates in the following theorem, which was proved under a strong Segal assumption which is

rendered unnecessary by Proposition I.2.30.

Theorem I.2.32 ([BHS22, Prop 4.2.1, Prop 4.2.5, Thm 4.2.6, Rem 4.2.8]). Let O be a soundly extendable

pattern. Then, EnvO participates in an adjunction

Fbrs(O) SegO(Cat).

EnvO

Un

⊣

By taking slice categories, this induces an adjunction

Fbrs(O) SegO(Cat)

Env
/AO
O

⊣
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whose left adjoint is fully faithful. Furthermore, if f : O→ P is a Segal morphism between soundly extendable

patterns, the following diagram commutes:

SegO(Cat∞) Fbrs(O) SegO(Cat∞)/AO
Fbrs(O)

SegP(Cat∞) Fbrs(P) SegP(Cat∞)/AP
Fbrs(P)

f ∗ f ∗

Un

Un

Env
/AO
O

Env
/AP

P

f ⊛

Un

Un

f ∗

Remark I.2.33. The lefthand commutative square of Theorem I.2.32 induces a Beck-Chevalley condition

β : EnvOf
∗ =⇒ f ∗EnvP

which is not in general an equivalence. Indeed, in sight of horizontal left-adjointability of the righthand

square, we instead find that β is the transformation

EnvOf
∗Q ≃ f ∗EnvPQ×f ∗AO ,q AP

π−−−−−−→ f ∗EnvPQ;

for β to be an equivalence, it suffices to check the nontrivial condition that q is an equivalence. ◁

Under the following language, the square is left-adjointable if α is strongly BC.

Definition I.2.34. A strong Segal morphism ϕ : : O→ P is strongly BC if the Beck-Chevalley transformation

q : AO→′ ϕ∗AP is an equivalence. ◁

We have a quick but useful result of this.

Proposition I.2.35. If ϕ : O→ P is strongly BC, O is sound, and P is soundly extendable, then O is soundly

extendable.

Proof. ϕ is a Segal morphism so AO ≃ ϕ∗AP is a Segal O-∞-category. □

We will make frequent use of product patterns, so we observe their interaction with Segal envelopes.

Observation I.2.36. If O,P are fibrous B-patterns, then their Segal envelopes satisfy

EnvB×B(O ×P) ≃ (O ×P)×B×B Aract(B×B)

≃
(
O ×B Aract(B)

)
×
(
P×B Aract(B)

)
≃ EnvB(O)×EnvB(P) ◁

I.2.1.6 Equifibrations We will frequently make use of an explicit identification of the essential image of

Env/AO

O
in terms of Barkan-Haugseng-Steinebrunner’s theory of equifibrations.
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Definition I.2.37. A natural transformation α : F =⇒ G of functors C →D is an equifibration if each naturality

square is cartesian:

F(X) F(Y )

G(X) G(Y )

F(f )

αX
⌟

αY
G(f)

More generally, given B ⊂ C a class of morphisms, we say that α is an equifiberation over B if naturality

squares are cartesian for all f ∈ B.

A morphism of Segal B-objects in C is an equifibration if its corresponding natural transformation of

functors B→C is equifibered over Bact. ◁

Proposition I.2.38 ([BHS22, Prop. 4.2.1]). The essential image of Env/ : Fbrs(B) → SegB(Cat)/AB
is the

equifibrations.

To identify these and study envelopes of fibrous pattern maps, we note the following easy properties.

Proposition I.2.39. Fix B ⊂ C a class of arrows and α : F =⇒ G a natural transformation of functors C →D.

(1) If B′ ⊂ B is a subclass which generates B under composition, then then α is an equifibration over B′

if and only if it is equifibered over B.

(2) If F G Hα β
is a composable sequence of natural transformations such that β is an

equifibration over B, then α is an equifibration over B if and only if β ◦α is.

Proof. These arguments are simple and already appear in [BHS22]; indeed, we may draw the diagram

F(X) F(Y ) F(Z)

G(X) G(Y ) G(Z)

H(X) H(Y )

F(f )

αX

F(g)

αY αZ

G(f )

βX

F(g)

βY
H(f )

In situation (1), if f and g lie in B′, then the top two squares are cartesian, so the top outer rectangle is

cartesian by pullback pasting; hence the locus of arrows over which α is an equifibration is closed under

composition, and the claim follows.

In situation (2), the bottom square is cartesian, so the top is if and only if the outer square is by

pullback pasting; quantifying over all morphisms f yields the claim. □

Corollary I.2.40. Fix F : O→ P a Segal B-functor.

(1) If O,P arise as envelopes of fibrous B-patterns, then every Segal B-functor O→ P over AB is

equifibered.
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(2) F is an equifibration if and only if it is an equifibration over all active arrows with elementary

codomain.

Proof. Claim (1) is gotten by applying the two out of three claim of Proposition I.2.39 to the image

expression of Proposition I.2.38. For Claim (2) fix an active arrow F : X→ Y . Under the equivalence

OY ≃ lim
E∈Oel

Y /

OE ,

cartesian squares taken equivalently onto diagrams of cartesian squares. Unwinding definitions, the naturality

square is taken onto a diagram of naturality squares, which are cartesian by assumption, yielding the claim. □

I.2.2 Generalized Segal conditions and categorical patterns For this section, fix C an algebraic pattern.

We will need flexibility in what precisely we mean by Segal conditions for Segal objects and fibrous patterns.

To discuss these for Segal objects, we use the following notion.

Definition I.2.41. A diagram p : K◁→Cel
C/ extending p is a generalized C-Segal condition if for all C-Segal

spaces F : C→S , F ◦ p is an F ◦ p-limit diagram. A set of generalized C-Segal conditions {pα} is sufficient if

every functor F : C→S sending F ◦ pα to p-limit diagrams is a Segal space. ◁

The conventional Segal conditions are the following.

Example I.2.42. Any set of generalized C-Segal conditions containing a sufficient set is sufficient, and the set

of diagrams Cel
C/ →C is sufficient; hence the set of all generalized C-Segal conditions is sufficient. ◁

Segal spaces were chosen for concreteness; we can choose other value categories.

Lemma I.2.43. Fix C an algebraic pattern.

(1) If p : K◁→ Cint is a generalized C-Segal condition and C is a C-complete ∞-category, then every

Segal C-object F : C→C has F ◦ p an F ◦ p-limit diagram.

(2) If
{
pα : K◁α→Cint

}
is a sufficient set of generalized C-Segal conditions and F : C→C satisfies the

condition that each F ◦ pα is an F ◦ pα-limit diagram, then F is a Segal C-object.

Proof. Each statement is a straightforward modification of the proof of [BHS22, Prop. 2.19]; indeed,

Yoneda’s lemma shows that it suffices to prove this for C a presheaf topos, after which the result follows

by identifying SegC (Fun(B,S)) ≃ Fun
(
B,SegC (S)

)
and using the pointwise expression for limits in functor

categories. □

We will mostly need this to identify fibrous patterns. Unfortunately to utter sentences such as “to check

that O→ C we may check on a set of conditions satisfying...,” we need a more careful notion than what

we’ve just defined:
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Definition I.2.44. A functor p : K◁→Cint is a generalized fibrous C-Segal condition if for all relative C-Segal

objects F→ G, the associated square

F(p(V )) limW∈K F(W )

G(p(V )) limW∈K G(W )

is cartesian. A set of generalized fibrous C-Segal conditions
{
pα : K◁α→Cint

}
is sufficient if:

(GS-a) it is a sufficient as a set of generalized C-Segal conditions,9

(GS-b) each ω!pα is a generalized C-Segal condition, and

(GS-c) given objects C,D ∈C, active maps ω ∈Cact
/C , and inert-cocartesian fibration O→C subject to the

condition that for all for all cocartesian sections sα of pα, the corresponding square

MapO(D,C) limW∈K Map(D,sα(W ))

MapC(πD,πC) limW∈K Map(πD,pα(W ))

is cartesian, we have for each cocartesian section sω,C of ω! : (Cel
C/ ×CO→C) that the square

MapO(D,C) limE∈Cel
C/

Map(D,sω,CE)

MapC(πD,πC) limE∈Cel
C/

Map(πD,ω!E)

is also cartesian. ◁

Example I.2.45. If C itself is a sound pattern, then [BHS22, Prop. 3.3.8] shows that
{
Cel
C/

}
is a sufficient set of

generalized fibrous C-Segal conditions. ◁

The proof of [BHS22, Prop. 4.1.7], extends easily to the following.

Proposition I.2.46 (c.f. [HA, Def. B.0.19]). Suppose
{
pα : K◁→Cint

}
is a sufficient set of generalized fibrous

C-Segal conditions and O→C is an inert cocartesian functor. Then, O is a fibrous pattern if and only if the

following conditions hold for all α:

(b) the unstraightening of Oint→Cint composes to a limit diagram K◁α→Cint→ Cat, and

(c) for all cocartesian sections sC : K◁α→ K◁α ×CO, the composite functor K◁α→O is a πC-limit diagram.

Proof. By [BHS22, Obs. 4.1.3], we find that ρC : EnvC (O) → EnvCCommC is a relative Segal O-

category if and only if O is a fibrous pattern; the same proof as [BHS22, Prop. 4.1.6] reduces the relative

p-Segal condition for ρC to the disjunction of

9 To see that generalized fibrous Segal conditions are Segal conditions, simply fix G = ∗.
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(b’) the absolute ω!p-Segal condition for O≃ for all active ω, and

(c’) a relative ω!p-Segal condition for MapO (Y ,sα(−)) =⇒ MapC (πOY ,πOpα(−)) for each cocartesian

section sω,C .

Conditions (GS-a) and (GS-b) identify conditions (b) and (b’); Condition (GS-c) identifies (c) with condition

(c’) applied to all of the canonical Segal conditions, and the proposition follows. □

Corollary I.2.47. If p : K◁→Cint is a fibrous generalized C-Segal condition such that ω!pα is a generalized

C-Segal condition and O→ C is a fibrous pattern over a sound algebraic pattern, then the conditions of

Proposition I.2.46 hold for p.

Proof. Apply Proposition I.2.46 to the sufficient set {p} ∪
{
Cel
/C | C ∈ C

}
. □

Now, our main tool to construct these sufficient sets is via pasting.

Lemma I.2.48 (Segal condition pasting). Fix
{
pα

}
and

{
qβ

}
are sets of functors to Cint. Suppose for all indices

β and active maps W → qβ(vβ) that there exists exists an index α with functor γ : Kβ → Kα as well as for

each k ∈ Kα an index αk with functor δ : K◁αk → Kα such that the ω!pβ-assembly map factors naturally as a

composition of limits of α and αk-coassembly maps

F(vβ) limb∈Kβ F(ω!b)

γ∗F(vα) limk∈Kα γ
∗F(k) limk∈Kα γ

∗F(vαK )

cω!β

≃ ∼
cα limk cαk

(1) If
{
pα

}
is a set of generalized C-Segal conditions, then so is

{
qβ

}
.

(2) If
{
pα

}
is a set of generalized fiborous C-Segal conditions, then so is

{
qβ

}
.

(3) If
{
qβ

}
is sufficient as generalized Segal conditions, then so is

{
pα

}
.

(4) If
{
qβ

}
is sufficient as generalized fibrous Segal conditions, then so is

{
pα

}
.

Now, suppose instead that each αk ∈ B, i.e. the righthand coassmebly maps correspond with
{
qβ

}
-Segal

conditions.

(1’) If
{
qβ

}
is a set of generalized C-Segal conditions, then so is

{
pα

}
.

(2’) If
{
qβ

}
is a set of generalized fibrous C-Segal conditions, then so is

{
pα

}
.
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Proof. Given a natural transformation η : F =⇒ G : K◁α→C, naturality of everything in sight allows to

construct a commutative diagram

F(vβ) limb∈Kβ F(b)

γ∗F(vα) limk∈Kα γ
∗F(k) limk∈Kα γ

∗F(vαK )

G(vβ) limb∈Kβ G(b)

γ∗G(vα) limk∈Kα γ
∗G(k) limk∈Kα γ

∗G(vαK )

cβ

≃ ∼
cα

cβ

≃ ∼
cα limk cαk

limk cαk

In particular, if the front right square is cartesian, then the back face is cartesian if and only if the front

left square is by pullback pasting. Said another way, if η’s precomposed natural transformations already

satisfy the αk-Segal conditions, then it satisfies the β-relative-Segal condition if and only if it satisfies the

α-relative-Segal condition.

Now, if this underlies a natural transformation of C-Segal objects with G = ∗, then each cα and cαk

are equivalences, so cβ is an equivalence as well, giving (1). Sufficiency is similar; if F satisfies each α-Segal

condition then by the above it must satisfy each β-Segal condition, so it must be a Segal object. The fibrous

cases and apostrophe cases follow mutatis mutandis. □

Remark I.2.49. If
{
qβ

}
are closed under the ω! construction, then the condition of Lemma I.2.48 may be

specialized to ω = id; this is a strict soundness condition on
{
qβ

}
, related to sound algebraic patterns. ◁

Remark I.2.50. Suppose {pα→ qα} is a set of initial functors over Cint. Then, the conditions of Lemma I.2.48

are satisfied for {pα} and {qα}. For instance, given a G-operad O⊗, the initial subcategory inclusions

S◁ ↪→ TotOel
/S or T ◁ ↪→ TotTotGOel

/S give the sets of generalized fibrous Segal conditions considered in [BHS22].

One thus view Lemma I.2.48 as an elaboration on Barkan-Haugseng-Steinebrunner’s fibrous pattern model

for G-operads expression of their Segal objects with the variation of Lurie’s O-monoids used in [Ste25c]. ◁

We develop this notion in order to utilize Lurie’s notion of categorical patterns.

Definition I.2.51 ([HA, Def. B.0.19]). A categorical pattern with all 2-cells P is a simplicial set S, a collection

of 1-cells MS ⊂ S1, and a collection of diagrams K◁α→ S whose 1-cells land in MS . Given such a categorical

pattern P, a P-fibered object is a map of marked simplicial sets (X,M)→ (S,MS ) such that:

(1) the underlying map f : X→ S is an inner fibration.

(2) Every element of M is f -cocartesian, and every f -cocartesian lift of an edge of MS lies in M.

(5) For all α, the induced map fα : X ×S K◁α→ K◁α unstraightens to a limit diagram K◁α→ Cat.

(6) For every index α and cocartesian section s of fα, s is an f -limit diagram in X. ◁
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We find many examples in our study of algebraic patterns.

Construction I.2.52. An algebraic pattern B has an associated categorical pattern

CatPatt(B)B
(
B, inert,all,

{
Bel
O/

}
O∈B

)
Given

{
pα : K◁α→Cint

}
a set of generalized C-Segal conditions, we define the categorical pattern structure P

on C to have the same inert arrows as CatPatt(C), all 2-cells, and Segal diagrams exactly
{
pα

}
. ◁

Lurie uses this notion to construct a model category.

Proposition I.2.53 ([HA, Thm. B.0.20]). There exists a left-proper combinatorial simplicial model structure

on sSet+
/(X,M) uniquely characterized by the fact that its cofibrations are the monomorphisms and its fibrant

objects are the P-fibered objects.

This may be viewed as a joint generalization of the model structure on ∞-preoperads and the cocartesian

model structure, and it often presents a familiar ∞-category:

Proposition I.2.54. Lurie’s model structure on sSet+
/CatPatt(B) presents Fbrs(B).

Now, this follows immediately from a more general proposition.

Proposition I.2.55. Suppose P is a categorical pattern with all 2-simplices such that MS is closed under

equivalence, and hence defines a wide subcategory S int ↪→ S. Then, the identity underlies a left Quillen functor

id! : sSet/S → sSet+
/P,

whose right adjoint has total derived functor a subcategory inclusion whose objects are the P-fibered objects

(up to homotopy) and whose morphisms are the functors over N hc preserving inert-cocartesian lifts.

Proof. That id! is a left Quillen functor and id∗ a right Quillen functor follows from [HA, Prop. B.2.9].

Now, to prove that N hc id∗ is a subcategory inclusion, we must prove that it is acts on mapping spaces

between fibrant object as a summand inclusion, which surjects onto the path components of equivalences; but

this follows by unwinding the fact that the marked arrows are precisely the inert-cocartesian lifts. □

We would like more general presentations of our categories, for which we use the following.

Lemma I.2.56. Suppose pα is a soundly sufficient set of generalized C-Segal conditions for C a soundly

extendable algebraic pattern. Then, a functor π : O→ C is a fibrous pattern if and only if it possesses a

(nessentially unique) model as a map of marked simplicial sets making it P-fibered.
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Proof. Condition (1) is assured by the word “functor;” condition (2) is equivalent to π being an

inert-cocartesian fibration. We’re left with showing that (5) and (6) together are equivalent to fibrousnes;

this is Proposition I.2.46. □

From this, we find categorical pattern versions of Segal morphisms and Morita equivalences.

Proposition I.2.57. Let C be a soundly extendable algebraic pattern and
{
pα

}
a set of diagrams.

(1) if
{
pα

}
is a set of generalized fibrous Segal conditions then the identity on a model for C underlies a

left Quillen functor id! : sSet+
/P→ sSet+

/CatPatt(C), and

(2) if
{
pα

}
is sufficient then id! is an equivalence of model categories.

Proof. The identity always preserves and reflects monomorphisms of simplicial sets, i.e. cofibrations;

hence statement (2) follows from Lemma I.2.56.

Now, in the situation of (1), let
{
qβ

}
be the set of all sound generalized C-Segal conditions (which is

sufficient by Examples I.2.42 and I.2.45si=pkOkRhagZKpimp8r) and consider the commutative diagram

sSet/P sSet/CatPatt(C)

sSet/Q

where each arrow is the identity on underlying functors. The vertical arrow is an equivalence of model

categories by (2), so the diagonal arrow is a left Quillen functor if and only if the horizontal arrow is; [HA,

Prop. B.2.9] affirms this for the diagonal arrow. □

Now, we will need a variation of this purely for categorical patterns. Given P = (S,M) a categorical

pattern and p : K◁→M, we say that p is a P-fibered Segal condition if the conditions of Definition I.2.51

for p hold for all P-fibered Segal objects. i.e. the modified algebraic pattern P′′ on the same S and M with

K◁→ S an added Segal condition, the identity functor sSet+
P′′ → sSet+

P
is an equivalence of model categories.

Lemma I.2.58. Suppose ϕ : P′ → P is a map of categorical patterns with all 2-cells such that for all α ∈ A,

the composite functor

qα : K◁α→ S ′→ S

is a P-fibered Segal condition. Then, composition with f induces a left Quillen functor f : sSet+
/P −→ sSet+

/P′ .

Proof. After replacing P with the modified categorical pattern P′′ on (M,S) defined above (which

adds all qα) and composing with the equivalence of model categories sSet+
/P ≃ sSet+

/P′′ , this follows from [HA,

Prop. B.2.9]. □
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I.2.3 Push-pull adjunctions between algebraic patterns We now make Lemma I.2.58 right-handed.

Definition I.2.59. A span of algebraic pattern maps B
ϕ
←−O π−→C is pairable if ϕ is an exponentiable functor

and the functor π∗ϕ∗ : Cat/C→ Cat/B restricts to a right adjoint π∗ϕ∗Fbrs(C)→ Fbrs(B) to LFbrsπ!ϕ
∗. In

the case that π is an equivalence, we call ϕ exponentiable, and in the case that ϕ is an equivalence, note that

this is equivalent to π being a Segal morphism. ◁

Proposition I.2.60. Suppose B
ϕ
←−O

ψ
−→C is a span of functors such that B and C are algebraic patterns and{

pα
}
is a sufficient set of generalized fibrous B-Segal conditions such that the following conditions hold:

(p-1) The functor ϕ : O→B is exponentiable.

(p-4) The functor ϕ : O→B is an inert locally-cartesian fibration.

(p-5) For each α ∈ A, the projection ϕ′α : K◁α ×BO→ K◁α is a cocartesian fibration.

(p-6) For each α ∈ A and cocartesian section sα of ϕ′α, the composition

K◁α
sα−−−−−−→ K◁α ×BO

π−−−−−−→O
ψ

−−−−−−→C

is a generalized fibrous C-Segal condition.

(p-7) Given a composable pair of arrows X
f
−→ Y

g
−→ Z in O such that g is locally πO-cartesian, ψ(g) is

inert, and ψ(f ) is an equivalence, f is inert if and only if gf is inert.

(p-8) Given an index α ∈ A and a diagram X
f
−→ Y

g
−→ Z in K◁α ×B O such that f is ϕ′α-cocartesian and

ϕ′α(g) is an equivalence, π(g) is inert if and only if π(gf ) is.

Then, the span B
ϕ
←−O

ψ
−→C is pairable.

This mostly boils down a variation on Lurie’s categorical pattern pairing:

Lemma I.2.61. Suppose P and P′ are categorical patterns on ∞-categories and we have a span of marked

simplicial sets

(C,MC)
π←−−−−− (K,M)

π′−−−−−→ (C′ ,MC′ )

satisfying the conditions of [HA, Thm. B.4.2], except that condition (6) is replaced with the condition that for

all α ∈ A and cocartesian section s of πα, the composite functor

K◁α
sα−−−−−−→ K◁α ×C K −→K

π−−−−−−→ C′

is a P′-fibered Segal condition. Then, the construction (−)×(C,MC) (K,M) determines a left Quillen functor

sSet+
/P −→ sSet+

/P′ .
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Proof. The same proof as [HA, Thm. B.4.2] applies; the only modification is to cite Lemma I.2.58

instead of [HA, Lem. B.2.9], □

Proof of Proposition I.2.60. Let PB be the categorical pattern induced by the indicated generalized

Segal conditions under Construction I.2.52 and let PO be the categorical pattern structure on O from

the proof of [HA, Thm. B.4.2]. We know from Proposition I.2.57 that id! : sSet+
/PB
→ sSet+

/CatPatt(B) is an

equivalence of model categories, so to conclude by composition of left Quillen functors, it suffices to prove

that each of the following functors are left Quillen functors

sSet+
/PB

sSet+
/PO

sSet+
/CatPatt(C)

ϕ∗ ψ!

Now¸ we have matched up numbers so that every condition becomes obviously equivalent to a condition of

[HA, Thm. B.4.2] applied to this diagram, with the exception of Condition (p-6), which is matched with the

modified condition of Lemma I.2.61; identifying these conditions is straightforward by unwinding definitions.

Moreover, (2) compiles down to verifying that inert morphisms are a wide subcategory, and (3) is automatic

as T and T ′ contain all 2-simplices. □

Remark I.2.62. In the case that ϕ is an equivalence, all of the above conditions except for (p-6) become

automatic; (p-6) then becomes a condition lying in between the conditions that ψ is Segal or strong Segal.

Note that the condition for nontrivial ϕ does not imply the same for ϕ = id, e.g. ψ need not be strong Segal

for a pattern structure on the middle to apply the pairability result; likewise ϕ need not be exponentiable for

a pattern structure on the middle for the span to be pairable. ◁

Remark I.2.63. By definition the image of every morphism in K◁α is inert; the description of preservation of

cocartesian arrows under pullback of [kerodon, 01UF] then reduces Condition (p-5) to the following stronger

condition:

(p-5’) ϕ is an inert-cocartesian fibration. ◁

Observation I.2.64. Suppose B, B′ are soundly extendable algebraic patterns. A variation on this concludes

that cartesian products furnish a distributive bifunctor

Fbrs(B)×Fbrs(B′)→ Fbrs(B×B′);

the restriction Fbrs(B) ≃ Fbrs(B)× {B′} → Fbrs(B×B′) is then seen to be both equivalent to pullback along

the projection p : B×B′→B and a left adjoint [HA, Rmk. B.2.5]. We will write p∗ for its right adjoint. The
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same result applies for Segal B-∞-categories using the pattern

CatPatt⊗(B)B
(
B,all,all,

{
Bel
O/

}
O∈B

)
. ◁

I.2.4 Digression: parameterized (∞,2)-subcategories We now use Segal categories as a convenient ambient

framework to describe parameterized (∞,2)-subcategories.

I.2.4.1 (∞,2)-subcategories First, the non-parameterized story.

Proposition I.2.65. Let F : C→ D be a functor of (∞,2)-categories. Then, F is a monomorphism in Cat(∞,2)

if and only if the following conditions hold:

(a) F≃ : C≃→ D≃ is a summand inclusion,

(b) For all objects C,C′ ∈ C, the induced map FunC(C,C′)≃→ FunD(FC,FC′)≃ is a summand inclusion.

(c) For all objects C,C′ ;∈ C and f ,g ∈ FunC(C,C′), the induced map

FunC(C,C′)(f ,g)≃→ FunD (FC,FC′) (Ff ,Fg)≃

is a summand inclusion.

To prove this, we note the following.

Lemma I.2.66. Suppose B is an algebraic pattern and F : C → D a morphism of Segal B-objects in E.

Then, F is a monomorphism in SegB(E) if and only if, for all B ∈Bel, the induced map C(B)→D(B) is a

monomorphism.

Proof. Since SegB(E)
(evB)
−−−−−−−→

∏
B∈Bel E is a conservative limit-preserving functor, it preserves and reflects

monomorphisms, and these are measured elementwise in product ∞-categories. □

Proof of Proposition I.2.65. Using the pattern ∆
op,♮
2 of [BHS22, Ex. 3.2.1], we find a full subcategory

embedding Cat(∞,2) ↪→ Seg∆op,♮×∆op,♮ (Cat) spanned by those C•• such that Cn,• and C•,m are complete for all

n,m ≥ 0 and C0,• is a constant simplicial space [BB25, Rmk. A.1.11]; the constant value of this simplicial

space is identified with C≃. This condition is closed under limits, so applying Lemma I.2.66, it suffices to

show that the conditions are equivalent to showing that Cij → Dij is a summand inclusion for 0 ≤ i, j ≤ 1.

Now, the cases i = 0 is identified in an obvious way with (a), so we may assume I = 1; then, [BB25,

Rmk. A.1.26] provides a natural pullback diagram

FunC(C,C′)• C1,•

{(C,C′)} C2
0,•

⌟
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so under (a), being monic is equivalent to all of the functors FunC (C,C′)→ FunD (FC,FC′) being monic for

all C,C′; if the claim holds for ∞-categories, then this is identified with (b) and (c). That is, we may reduce

to the ∞-categorical case.

In this case, the same argument reduces to showing that the corresponding natural transformation

of simplicial spaces is monic in degree 0 and 1; (a) is still equivalent to being monic in degree 0, and the

same natural pullback square (with • = 0) then shows that being monic in degree 1 is the same as inducing

summand inclusions on mapping spaces, as desired. □

I.2.4.2 Parameterized (∞,2)-subcategories Applying Lemma I.2.66 for any pattern structure on T op with

all objects elementary yields the following.

Corollary I.2.67. A T -(∞,2)-functor F : C → D is a monomorphism if and only if, for each V ∈ T , the

(∞,2)-functor FV : CV → DV is a monomorphism.

We say that FV is locally fully faithful if it is a monomorphism and condition (c)’s maps are equivalences,

and full if additionally condition (b)’s maps are equivalences; we say that F has these properties if FV has

these properties for all V ∈ T . Now, the following follows by unwinding definitions using Proposition I.2.65.

Corollary I.2.68. Given C ∈ CatT ,(∞,2), the following maps are equivalences of posets

LocFullSub(C) Sub
(
C≤1

)
Sub

(
hoC≤1

)
FullSub(C) FullSub

(
C≤1

)
Sub(C≃) P(π0C)

The lower row consists of subsets DV ⊂ π0CV for all V ∈ T satisfying the condition that ResVU D
V ⊂ DU

for all maps U → V ; the upper row consists of those data together with subsets DV
X,Y ⊂ π0Map(X,Y ) for all

X,Y ∈DV and V ∈ T , subject to the condition that DV
Y ,Z ◦D

V
X,Y ⊂D

V
X,Z .

Now, we point out these properties primarily for the reason of the following observations.

Observation I.2.69. Let f be an arrow lying in a locally fully faithful (∞,2)-subcategory C ↪→ D. Then, the

following conditions are equivalent:

(1) f admits an internal right adjoint in C.

(2) f admits an internal right adjoint g in D such that g lies in C. ◁

Observation I.2.70. Given a T -(∞,2)-functor F : B → D and a locally fully faithful T -(∞,2)-subcategory

C ↪→ D, F factors through C if and only if F≤1 factors through C≤1; moreover, this is true if and only if

hoF≤1 factors through hoC≤1, i.e. if F takes objects to C-objects and morphisms to C-morphisms. ◁
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I.2.4.3 Relative T -subcategories For discussions around suboperads, we point out a fiberwise perspective

on relative subcategories. First, a factorization fact.

Observation I.2.71. Given a subcategory inclusion F : C ↪→D, F admits an essentially unique factorization

F : C ↪→ EssIm(C) ↪→D of a wide subcategory inclusion followed by a full subcategory inclusion; moreover, all

such compositions are subcategory inclusions.

If instead F is a T -functor, note that the full subcategories EssIm(CV ) ⊂ DV are closed under restriction,

so this defines a full T -subcategory inclusion; that is, T -subcategory inclusions are precisely the compositions

of wide T -subcategory inclusions with full T -subcategory inclusions. ◁

As such, to simplify the discussion of relative T -subcategories, we may break it down into the wide and

full case. The full case is relatively simple:

Proposition I.2.72. Fix F : C → B a T -funtcor. Taking fibers yields an equivalence

FullSubT (C) ≃ lim
V ∈T

∏
B∈π0BV

FullSub
(
CVB

)
.

Proof. In sight of Corollary I.2.68, we may assume that C is a (large) T -set; passing through the core

adjunction, we may also assume that B is a (large) T -set. Now, of course we have P(C) ≃ limV ∈T P(CV ), so

we may pass to the case T = ∗; that is, we’re left with accepting the obvious fact that subsets of C are in

bijection with products of subsets of its fibers over B. □

The wide case is slightly more complicated, but still essentially obvious.

Proposition I.2.73. Fix F : C → B a T -functor. Taking mapping fibers yields a fully faithful embedding

WideSubT (C) ↪→ lim
V ∈T

∏
f : B→B′∈π0Ar(BV )

∏
(C,C′)∈CVB ×C

V
B′

P
(
π0MapfC (C,C′)

)
;

the essential image consists of those subsets
{
MapfDV (C,C′)

}
which are closed under restriction, contain all

equivalences, and admit factorizations

MapfDV (C,C′)×MapgDV (C′ ,C′′) Mapg◦fDV (C,C′′)

MapfCV (C,C′)×MapgCV (C′ ,C′′) MapfCV (C,C′)×Mapg◦fCV (C′ ,C′′)◦

for all B
f
−→ B′

g
−→ B′′ and (C,C′ ,C′′) ∈ CVB ×C

V
B′ ×C

V
B′′ .
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Proof. The same reduction as Proposition I.2.72 allows us moreover to assume that T ≃ ∗. Now, we

certainly have a full subcategory inclusion

WideSub(C) ↪→
∏

f : B→B′∈π0Ar(B)

∏
(C,C′)∈CB×CB′

Pπ0

(
MapC (C,C′)×MapB (B,B′) BAut(f )

)
;

as we are simply decomposing over the summand decomposition of the mapping spaces MapB(B,B′). Thus we

may reduce to proving that, given a map of spaces X→ Y with Y connected, subsets of π0X are in bijection

with subsets of X ×Y {∗}, i.e. π0 (X ×Y {∗})→ π0X is a bijection. This is pullback-stability of 0-connected

maps. □

Together, these characterize the monomorphisms in CatT ,/B . We care mostly for the sake of factorization,

so we will explicitly describe that here.

Corollary I.2.74. Suppose D ↪→C is a B-relative T -subcategory. Then, a T -functor F : A→ C over B factors

through D if and only if the following conditions hold for all V ∈ T :

(a) For all A ∈ AV , F(A) ∈ DV , and

(b) for all maps f : B→ B′ in BV and lifts (A,A′) ∈ AVB ×A
V
B′ , there exists a factorization

MapfDV (FA,FA′)

MapfAV (A,A′) MapfCV (FA,FA′)

Moreover, this factorization may be checked on path-components.

Proof. By taking a wide-full factorization, we may prove this in either the wide or full case. The full

case is obvious, so we pass to the wide case, where condition (a) is automatic.

Note that, if FV factors through DV for all V ∈ T , then F factors through D; hence we may pass to the

case T = ∗. That is, we’re tasked with proving that there exists the desired factorization if and only if there

exists a factorization
MapCV (FD,FD ′)

MapDV (D,D ′) MapBV (B,B′)

i.e. factorizations through relative subspaces may be checked fiberwise; but this is obvious by unwinding

definitions. □
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I.3 Parameterized algebraic patterns

Many Segal object descriptions of constructions in parameterized higher algebra will occur more naturally

in terms of parameterized right Kan-extensions. For this reason, in Section I.3.1 we generalize the rudiments

of some the above work to a version of algebraic patterns living within parameterized higher category theory,

as well as developing some parameterized (∞,2)-categorical aspects of the framework.

As this will frequently be useful, we develop essentially all of our new perspectives on fibrous patterns

directly in the parameterized setting; non-parameterized results are immediate corollaries. First, in Section I.3.2

we lift Barkan and Barkan-Haugseng-Steinebrunner’s Morita theory for patterns to parameterized patterns,

incorporating some perspectives of Harpaz [Har] and Lurie [HA, § 2.3.3] along the way, chiefly centered

on a notion of Morita approximation and strong Morita equivalence, the latter inducing equivalences of

parameterized (∞,2)-categories of Segal ∞-categories and fibrous patterns.

Following this, in Section I.3.3 we use parameterized pattern Morita theory to give a new perspective

on Lurie’s theory of disintegration of generalized ∞-operads, working on the level of so-called disintegrable

T -algebraic patterns. Similarly, in Section I.3.4 we characterize the notion of monomorphisms in the (∞,2)-

category of fibrous patterns, and in Section I.3.6 we characterize an internal variant of localizing subcategories

in the (∞,2)-category of Segal categories. Along the way, we develop a doctrinal adjunction in Section I.3.5

We finish with a useful construction: in Section I.3.7 we develop the rudiments for a theory of Boardman-Vogt

tensor products of fibrous patterns, depending on a magma structure on the underlying T -pattern.

I.3.1 Rudiments of parameterized algebraic patterns

I.3.1.1 Basic definitions The following definition is central.

Definition I.3.1. A T -algebraic pattern is a functor T op −→ AlgPatt. Given a T -algebraic pattern B and a

complete T -∞-category C, we define the T -∞-category of B-Segal objects in C

SegB(C)B FunT (B,C)×FunT (Bint,C),RKE FunT
(
Bel,C

)
;

we also write SegB (C)B Γ T SegB (C). ◁

Our central motivation for this formalism is the following easy proposition.

Proposition I.3.2. AlgPattT ⊂ Fun
(
Λ2

2,CatT
)
×CatT Ar(CatT ) is closed under products, and the product pattern

has Segal V -objects

SegB×B′ (C) ≃ SegBSegB′ (C) .
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Proof. Closure under products follows from the observation that wide and full T -subcategory inclusions

are closed under products. Now, of course, we acquire a natural fully faithful T -functor

Seg(B×B′) (C) ↪→ FunT (B×B,C) ≃ FunT (B,FunT (B′ ,C)) ;

to see that the essential image agrees with SegBSegB′ (C), apply the pointwise presentation for T -limits of

Proposition I.1.57 exactly as in [CH21, Ex. 5.7]. □

Construction I.3.3. Given B a T -algebraic pattern, we define its totalization pattern TotB to have under-

lying category TotB, inert arrows the arrows f : (U,X)→ (V ,Y ) who correspond with inert V -morphisms

under cocartesian transport, active arrows the arrows (U,X)→ (V ,Y ) whose corresponding orbit-map is an

equivalence V ≃U and whose V -map X→ Y is active, and elementary objects those lying over elementary

V -objects for some V . ◁

Note that (TotB)int ≃ TotBint, and the same for the elementary subcategory. The same is not true of

active arrows. This allows one to prove the following.

Proposition I.3.4. Postcomposition with fixed points furnishes an equivalence

SegB
(
CoeffT D

) ∼−−−−−→ SegTotB (D)

Proof. In sight of [Sha23, Prop. 3.10], we’re tasked with proving that the left diagram is a T -right Kan

extension if and only if the right is a right Kan extension:

Bel CoeffT D TotBel CoeffT D D

Bint TotBint

Indeed, this follows by the same proof as [Sha23, Prop. 10.10], using [Sha23, Prop. 5.6] in place of [Sha23,

Prop. 5.5]. □

This is functorial, in the following sense.

Lemma I.3.5. Given a map of orbits U → V , the functor TotUB→ TotV B is a Segal morphism.

Proof. Apply restriction-stability of T -right Kan extensions [Sha23, Rmk. 10.2]. □
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In particular, restricted totalization yields a functor making the following diagram commute

T op Cat

(
AlgPattSeg

)op

SegB(CoeffT C)

Tot•B Seg•(C)

We would like to apply other similar constructions, for which we need a naming meta-convention.

Convention I.3.6. Suppose P denotes a property of algebraic patterns. A T -algebraic pattern B has property

P if each TotV has property P , and it fiberwise has property P if each value BV ∈ AlgPatt has property P .

Properties and fiberwise-properties of maps are defined similarly. ◁

In particular, we define sound and soundly extendable T -algebraic patterns to have each TotV (−) sound

and soundly extendable.

Construction I.3.7. Given B a soundly extendable T -algebraic pattern, the T -category of fibrous B-patterns

is the composite functor

Fbrs(B) : T op Tot•B−−−−−−−−−→ Fbrs(•). ◁

I.3.1.2 Envelopes These admit an equifibered perspective, which follows formally from that of [BHS22].

Corollary I.3.8. Given B a soundly extendable T -algebraic pattern, there exists a T -adjunction

Env: Fbrs(B) −−−−−−−−→←−−−−−−−− SegB(CatT ) : ι

whose associated sliced T -adjunction over the terminal object CommTotV B ∈ FbrsV (B) exhibits the lefthand

side as a colocalizing T -subcategory

Fbrs(B) −−−−−−−−→←−−−−−−−− SegB(CatT )/Env⊗
B

CommTotBB

identified with the B-Segal V -functors C⊗→ Env⊗
B

CommTotBB whose totalizations are TotV B-equifibrations.

Now, to prove this, we need a Beck-Chevalley condition.

Lemma I.3.9. The morphism ψ : TotUB→ TotV B induces an equivalence

q : ATotU B

∼−−−−−→ ψ∗ATotV B
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Proof. q is the coassembly functor for the top square of the following:

ArAct
(
TotUB

)
ArAct

(
TotV B

)
TotUB TotV B

T/U T/V

⌟

In particular, by pullback pasting it suffices to prove that the outer rectangle is cartesian. Now, the coassembly

arrow Aract
(
TotUB

)
→ ResVU Aract

(
TotV B

)
is a functor of cocartesian fibrations over T/U , i.e. a U -functor,

so we may check that it is an equivalence fiberwise. The result follows by noting that the fibers of each side

over W admit compatible equivalences with the full subcategory of Ar
(
BV

)
spanned by active arrows. □

Proof of Corollary I.3.8. Of course, we have an unstraightening T -functor

SegB
(
CatT

)
−→ Catint−cocart

T ,/Tot•B ;

this fiberwise-factors through the full subcategory Fbrs(TotV B) ↪→ Catint−cocart
V ,/TotV B

as Segal objects unstraighten

to fibrous patterns, so it factors through the associated full T -subcategory Fbrs(TotV B) ↪→ Catint−cocart
T ,/Tot•B . To

construct a left T -adjoint to ι, in light of the dual to Proposition I.1.28 it suffices to prove that ι pointwise

admits left adjoints and they Beck-Chevalley natural transformation

Env ◦ResVU =⇒ ResVU ◦Env

is an equivalence. The pointwise left adjoints are given by Theorem I.2.32, and Remark I.2.33 shows that

Lemma I.3.9 implies this Beck-Chevalley condition.

This leads to a sliced T -adjunction under Proposition I.1.33. To verify that the right adjoint is fully

faithful, it suffices to prove that it is fully faithful fiberwise, which follows from Theorem I.2.32. □

Now, note that this implies presentability of Fbrs by the same argument as [BHS22, Cor. 4.2.2].

Corollary I.3.10. Fbrs(B) is a presentable T -∞-categrory, and so is SegB(C) whenever C is presentable. In

particular, they are T -complete and T -cocomplete.

Proof. First, note for all T -functors X : B→C that the fully faithful inclusion SegB (C) ⊂ FunT (C,B)

admits an accessible left adjoint by the same argument as [BHS22, Lem. 3.1.11]; in particular, ι : SegB (C) ⊂

FunT (C,B) fiberwise admits an acessible left adjoint. The codomain is presentable by Example I.1.51, so to

prove that SegB (C), it suffices to prove that the fiberwise left adjoints satisfy the Beck-Chevalley condition;

this follows by restriction-stability of the collection of morphisms appearing in [BHS22, Lem. 3.1.11]. In
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particular, by Example I.1.51, we find that SegB
(
CatT

)
/AB

is presentable. A similar argument, this time

lifting [BHS22, Prop. 2.3.7], shows that the inclusion Catint−cocart
T ,/B ↪→ FunT

(
B,CatT

)
/AB

is an accessible

localizing T -subcategory. Now, applying [BHS22, Cor. 4.2.2] fiberwise yields a cartesian square of fully

faithful accessible T -functors

Fbrs(B) SegB
(
CatT

)
/AB

Catint−cocart
T ,/B FunT

(
B,CatT

)
/AB

⌟

In fact, this square lives in PrRT by [MW22, Prop. 2.4.4.11], yielding the claim. □

Variant I.3.11. Following the results of [BHS22, § 5.3], we may indeed upgrade the formation of Segal objects

and fibrous patterns to a pair of functors valued in Cat-modules, and hence (∞,2)-categories

SEG(CAT),FBRS(−) : AlgPattSE,Seg,op→ Ĉat(∞,2);

In particular, our constructs lift to a pair of functors

SEG(−)(CATT ),FBRS(−) : AlgPattSE,Seg,op
T −→ Cat(∞,2),T ;

these are connected by a T -(∞,2)-natural transformation, i.e. a functor

HA(−) : AlgPattSE,Seg,op
T −→ ArCat(∞,2),T

taking B to the T -(∞,2)-functor SEGB(CAT)→ FBRS(B). We will use the special notation

Alg(−)/B (−)B FunFbrs(B) (−,−) ; Fun⊗
B

(−,−)B FunSEGB(CAT) (−,−) .

We will omit the B from the lefthand notation when it is clear. ◁

For our last variation, we may lift Theorem I.2.32 to a parameterized (∞,2)-adjunction.

Corollary I.3.12. Unstraightening underlies the right adjoint in a T -(∞,2)-adjunction

FBRS(B)⇄ SEGB (CAT) ,

in particular, it yields a natural equivalence of T -(∞,2)-functors FBRS(B)op × SEGB (CAT)→ CATT :

AlgO/B (C) ≃ Fun⊗
B

(EnvBO,C) .
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Proof. Again, we may construct the T -(∞,2)-adjunction fiberwise and verify the Beck-Chevalley

condition by virtue of Proposition I.1.64. Fiberwise, this occurs by taking the (∞,2)-categorical adjunction

arising from the lax Cat-tensored adjunction of [BHS22, Cor. 5.3.13] under [Hei23, Thm. 1.8]. The Beck-

Chevalley conditions follow from the same argument as Corollary I.3.8. □

I.3.1.3 Prefibrous structures Now¸ we note a souped up version of the identification of fibrous patterns

over prefibrous structures.

Construction I.3.13. As in Construction I.2.25, given O→ TotT B a prefibrous pattern, define the prefibrous

T -pattern structure on O to have inert V -arrows the cocartesian lifts of inert BV -arrows and active V -arrows

and elementary V -objects the arbitrary lifts of active V -arrows and elementary V -objects. ◁

Note that there exists a canonical locally fully faithful T -(∞,2)-functor FBRS(B) ↪→ CATT ,/B. Using

this, we can phrase a unique identification of fibrous patterns over the prefibrous structure in the fibrous case.

Proposition I.3.14. If O→B is a fibrous B-pattern there exists an essentially unique equivalence

FBRS(B)/O ≃ FBRS(O)

lying over the equivalence
(
CATT ,/B

)
/O ≃ CATT ,/O.

Of course, we will prove this by reduction to the nonequivariant case. We use the following lemma.

Lemma I.3.15. TotT O→ TotT B is a prefibrous B-pattern, and TotT O has the prefibrous pattern structure.

Proof. Note that the inert morphisms in TotT B are precisely the compositions of a T op-cocartesian

arrow and an inert arrow in some fiber BV ⊂ TotT B. In particular, to prove that TotT O is a prefibrous

B-pattern, it suffices to prove that each of these have cocartesian lifts; cocartesian lifts over T op are due to

the fact that our functor is unstraightened from a T -functor, and fiberwise inert arrows by definition, so the

result follows by composition-stability of cocartesian arrows.

Moreover, this argument shows that the cocartesian lifts of inert morphisms in TotT B are precisely the

compositions of cocartesian lifts from fibers of BV and T op-cocartesian arrows; these are precisely the inert

arrows for the prefibrous pattern structure. The active arrows and elementary objects are defined fiberwise,

so the claim follows immediately for them as well. □

Lemma I.3.16. TotUB→ TotV B is a prefibrous B-pattern and TotUB has the prefibrous pattern structure.

83

https://arxiv.org/pdf/2208.07183v2#thm.5.3.13


SECTION I.3. PARAMETERIZED ALGEBRAIC PATTERNS

Proof. We have a pullback square

TotUB TotV B

(T/U )op (T/V )op

⌟

and the bottom arrow is a cocartesian fibration, so the top is as well. The result then follows by unwinding

definitions using the description of cocartesian arrows in pullbacks. □

Proof of Proposition I.3.14. It suffices to construct an equivalence FV , natural in V ∈ T , making

the solid subdiagram of the following commute:

FBRS(B)VO FBRS(O)V

FBRS
(
TotV B

)
TotV O

FBRS
(
TotV O

)
(
CATVT ,/B

)
/O

CATVT ,/O

(
CATT ,/TotV B

)
/TotV O

(
CATT ,/TotV B

)
/TotV O

∼ ∼

FV

But by Lemma I.3.15, it suffices to lift the nonparameterized equivalence of Theorem I.2.32 to the (∞,2)-

categorical setting and show it to be natural under the morphisms TotUB→ TotV B. Now, by Lemma I.3.16,

these morphisms exhibit TotUB as having the B-prefibrous structure of TotV B, so it suffices to lift Proposi-

tion I.2.28 to the (∞,2)-categorical setting with the same functoriality; but indeed, this follows by noting

that the implicit argument of [BHS22, Cor. 4.1.7] indeed induces equivalences on mapping ∞-categories. □

I.3.1.4 Push-pull adjunctions, upgraded

Proposition I.3.17. Suppose B
ϕ
←−O

ψ
−→C is a span of T -functors with distinguished T -pattern structures on

B and C such that the Tot-span of patterns is pairable. Then, there exists a restricted T -(∞,2)-adjunction

FBRS(B) FBRS(C)

CATT ,/TotB CATT ,/TotC

ϕ∗ψ!

ψ∗ϕ∗

ϕ∗ψ!

ψ∗ϕ∗

In particular, it induces a natural equivalence of T -∞-categories

Algϕ∗ψ!O/C (P ) ≃ AlgO/B (ψ∗ϕ∗C) .

Proof. By assumption, Totϕ is exponentiable, so the bottom adjunction indeed exists. Moreover to

show that the top left T -(∞,2)-functor exists, since the righthand vertical arrow is locally fully faithful, we
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only need verify that a factorization exists on objects and equivalence classes in functor categories; this may be

verified fiberwise, where it follows from pairability. The same argument constructs ψ∗ϕ∗ as a T -(∞,2)-functor,

and the adjunction data comes for free by local fully-faithfulness of both vertical arrows. □

I.3.1.5 Parameterized overcategory patterns Fix C a fibrous B-pattern. Given a functor p : K→ Alg/B (C)

we define a functor C/pB → TotB to have the universal property

Fun/TotB

(
Y ,C/pB

)
≃


lifts

Y ×K Y ×K▷ Y

TotB×K TotC TotB

πY ×id

pr1

p̃


where p̃ : K → TotB→ TotC is mate to the functor K → Fun/TotB (TotB,TotC) underlying p; this exists

by [HA, Lem. 2.2.2.6]. The proof of the following theorem will involve essentially no new ideas over [HA,

Thm. 2.2.2.4].

Proposition I.3.18. q′′ exhibits C/pO as a fibrous B pattern, which is Segal if C is.

Proof. We apply [HA, Lem 2.2.2.7-9] on opposite categories. In particular, given an arrow g : X→ q′′(Y )

in TotB over which TotC has a cocartesian lift, [HA, Lem. 2.2.2.8] supplies a relative colimit

∗ TotC/pO

∗▷ TotB

{Y }

q′′g

g

i.e. by [HA, Lem. 2.2.2.7] a q′′-cocartesian lift of g. Since TotC has inert-cocartesian lifts, so does TotC/pO ,

and when q is a cocartesian fibration, so is q′′.

We’re left with verifying the Segal conditions. As in [HA, Thm. 2.2.2.4], it follow from a simple

application of [HA, Lem. 2.2.2.9] that each of the relevant diagrams are relative limit diagrams, as they

project to relative limit diagrams in C. □

Remark I.3.19. As in [HA, Thm 2.2.2.4.(2)], it follows from the above diagram that, given an arrow f in C/pB

such that C admits a q′′(f )-cocartesian arrow, f is q′′-cocartesian if and only if its image in C is q-cocartesian.

In particular the inert arrows in C/pB are the preimages of the inert morphisms of C, and if C is Segal, then

the cocartesian arrows in C/pB are the preimages of cocartesian arrows in C. ◁

It is worthwhile to explicitly record following immediate corollary of Remark I.3.19, in part because it

establishes the “pointwise” nature of the coherences for slice O-monoidal structure.

Corollary I.3.20. If C is a Segal B-∞-category, then the unslicing functor C/pO →C is a Segal B-functor.
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Note that this recovers ordinary slice T -categories by [HA, Rmk. 2.2.2.2].

I.3.2 Approximations and Morita theory for parameterized patterns We may now say our aim with

Morita theory: characterize Seg•(C)-equivalences of T -patterns (called Morita equivalences), its strengthening

to HA-equivalences (called fibrous Morita equivalences), its further strengthening to fibrous-pullback stable

HA-equivalences (called strong Morita equivalences), and its weakening to the internal notion of localization

(called Morita T -localization).

I.3.2.1 Morita equivalences, fibrous Morita equivalences, strong Morita equivalences

Definition I.3.21. A Segal morphism of T -patterns ϕ : O→ P is a Morita equivalence if the pullback functor

SegP
(
ST

)
→ SegO

(
ST

)
is an equivalence. If O,P are soundly extendable, we say ϕ is a fibrous Morita equivalence if the pullback

FBRS(P)→ FBRS(O)

is also an equivalence of T -(∞,2)-categories. Finally, we say that ϕ is a strong Morita equivalence if, for all

fibrous P-patterns Q, the canonical map ϕ∗Q→Q is a fibrous Morita equivalence. ◁

Remark I.3.22. If ϕ is a fibrous Morita equivalence, ϕ′ : ϕ∗Q→Q may not be a strong Morita equivalence for

Q a fibrous P-pattern. Nevertheless, the equivalence of Proposition I.3.14 shows that it yields a pullback on

FBRS(−), so for ϕ to be a strong Morita equivalence, it suffices to prove that it is a fibrous Morita equivalence

such that each ϕ′ is a Morita equivalence. ◁

Remark I.3.23. It follows from Proposition I.3.4 that ϕ is a (resp. fibrous, strong) Morita equivalence if and

only if each totalized pattern map TotV ϕ : TotV O→ TotV P is a (strong, fibrous) Morita equivalence. ◁

A key property of Morita equivalences is that they lift to equivalences on Segal objects in T -∞-categories

which are not described by Proposition I.3.4:

Proposition I.3.24. If ϕ is a Morita equivalence, then, for all complete T -∞-categories C, pullback

SegP (C) −→ SegO (C)

is an equivalence; moreover, the pullback T -(∞,2)-functor

ϕ∗(∞,2) : SEGP (CATT ) −→ SEGO (CATT )

is an equivalence.

86

https://people.math.harvard.edu/~lurie/papers/HA.pdf#theorem.2.2.2.2


CHAPTER I. PARAMETERIZED CATEGORY THEORY AND SEGAL CONDITIONS

Proof. For the first statement, we use Barkan’s proof [Bar23a, Prop. 2.19]; this time, the equivalence

Seg•
(
FunT

(
A,ST

))
≃ FunT

(
A,Seg•

(
A,ST

))
shows the claim in the case that C is a presheaf category, and since the Yoneda embedding

よ : A ↪→ FunT
(
Aop,ST

)
is fully faithful and creates T -limits (by Proposition I.1.41), the equivalence for Seg•

(
FunT

(
Aop,ST

))
preserves and reflects the よ-essential image of Segal objects; the claim follows.

Now, for the T -(∞,2)-categorical statement, morita equivalence may be checked totwise via Re-

mark I.3.23; moreover, there exists a factorization of inclusions

SEGP (CATT )V SEGO (CATT )V

CATint−cocart
/TotV P

CATint−cocart
/TotV O

ϕ∗,V(∞,2)

TotV ϕ∗

Indeed, TotV ϕ∗ is an equivalence, since TotV ϕ∗ is an equivalence on (−)≤1 by the first claim and each

(∞,2)-category comes from Cat-cotensoring, giving the result. □

In some higher-algebraic settings, we will find these notions of Morita equivalence quite well-behaved.

To say how, say that B admits a cartesian structure on C (or more accurately, its fibrous Morita equivalence

class does) if the composite T -functor

Fbrs(B)op −→ AlgPattSeg,SE,op
T

Seg(−)(C)
−−−−−−−−−−−→ CatT .

is representable by an object CB−×T ∈ Fbrs(B). Given ϕ : O→ P a map of fibrous B-patterns, we find

AlgP/O
(
π∗OS

B−×
T

)
≃ AlgP/B

(
SB−×T

)
≃ SegP

(
ST

)
.

In particular, we find the following.

Proposition I.3.25. If B admits a cartesian structure on ST and O is a fibrous B-pattern, then O admits a

cartesian structure on ST given by SO−×T ≃ π∗
O
SB−×T .

We may conclude the following.

Corollary I.3.26. Suppose ϕ : O→ P is a fibrous Morita equivalence and P admits a cartesian structure on

ST . Then, ϕ is a strong Morita equivalence.
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Proof. Since the property of admitting a cartesian structure on T -spaces is a fibrous Morita invariant,

O admits this as well; given Q ∈ Fbrs(O), Proposition I.3.25 then shows that Q and ϕ∗Q do as well. Now, the

equivalence FBRS(Q) ≃ FBRS(O)/Q of Proposition I.3.14 shows that ϕ′ : ϕ∗Q→Q is a FBRS(−)-equivalence.

But since Seg−(ST ) is representable in each category, this implies that ϕ′ is a Segal equivalence, completing

the claim. □

Remark I.3.27. Corollary I.3.26 is a form of rigidity result on a fibrous Morita class of pattern, which

indeed identifies its fibrous and strong Morita classes; we will find in Theorem II.2.1 that this applies to

the parameterized fibrous Morita class appearing in equivariant homotopy theory. Indeed, these satisfy the

additional assumption that the composite functor Seg(−)(ST ) : Fbrs(B)op −→ CatT is conservative; under this

assumption, Morita equivalences of fibrous B-patterns are automatically equivalences (and hence strong

Morita equivalences). ◁

While fibrous Morita equivalences induce equivalences under HA(−), even strong Morita equivalences

do not necessarily induce equivalences under P Fbrs(−). This is a feature, rather than a bug; a model B for

the Morita class [B] gives rise to a homotopy theory of prefibrous B-patterns enveloping fibrous B-patterns

which is sensitive to the pattern equivalence class of B, and models B will give rise to such homotopy theories

which are convenient in some settings and inconvenient in some others. In particular, in the setting of

Remark I.3.27, one may produce an equivalence of fibrous B-patterns O→ P by instead resolving each O

and P by prefibrous B-patterns, and showing the morita equivalence there.

This strategy will be central to our eventual strategy for equivariant Dunn additivity. In that case, these

resolutions will not end up being a Morita equivalence, but rather a Morita-theoretic version of reflective

localizations for prefibrous patterns. As such, we study this now for prefibrous patterns over a general

parameterized algebraic pattern.

I.3.2.2 Weak approximations for T -algebraic patterns We recognize a form of exponentiability.

Definition I.3.28. We say that a strong Segal morphism of T -algebraic patterns α : P→ E is BC in the sense

of Barkan if, for all X ∈ SegO(C) with C complete, the Beck-Chevalley map

(α∗X) |Eint−→ αint
∗

(
X |Pint

)
is an equivalence. ◁

Proposition I.3.29. If α is BC in the sense of Barkan, then α∗ preserves Segal T -objects; if moreover αel

admits a fully faithful right adjoint β, then α∗ is the inclusion of the coreflective T -subcategory of Segal

P-objects Y : P→C whose elementary T -functor Y el : Pel→C factors through β.
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We refer to such Segal P-objects as α-locally constant ; we say that an arbitrary T -pattern map α is a

Morita T -localization if the conclusion of Proposition I.3.29 holds for α.

Proof. For compatibility of α∗ with Segal objects, the same proof as [CH21, Prop. 6.3] works: given a

Segal T -object X : E→C, we have a chain of natural equivalences

(α∗X) |Eint
∼−−−−→αint

∗
(
X |Pint

)
≃αint
∗ iP∗

(
X |Pel

)
≃iE∗αel

∗
(
X |Pel

)
≃iE∗

(
(α∗X) |Eel

)
,

so α∗X is a Segal T -object. This yields a fiberwise left adjoint to α∗, and the Beck-Chevalley condition follows

from the same for the slice category push-pull adjunction; hence we have a T -adjunction

α∗ : SegE(C) −−−−−−−−→←−−−−−−−− SegP(C) : α∗.

The remaining statements are checked fiberwise, so we may replace Seg with Seg. We must show that the

unit of the adjunction on Seg(−)(C) is always an equivalence, and the counit an equivalence precisely on locally

constant Segal objects.

Now, note by the BC assumption that the unit of this adjunction restricts to elementaries as

Xel −→ (α∗α
∗X)el

≃αel
∗ (α∗X)el

≃αel
∗ α

el,∗Xel

≃β∗αel,∗Xel

≃
(
αel ◦ β

)∗
Xel

with composite transformation given by functoriality of pullbacks along the counit of the adjunction αel ⊣ β;

this is an equivalence by fully-faithfulness of β, and (−)el is conservative, so the unit is an adjunction, implying

that α∗ is fully faithful.

Now, given Y a Segal P-object, a similar argument shows that the counit of the adjunction α∗ ⊣ α∗

restricts on elementaries to an arrow equivalent to the transformation
(
β ◦αel

)∗
Y el→ Y el given by pullback

along the unit of the adjunction αel ⊣ β; this is an equivalence if and only if Y el factors through β, as

desired. □
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We may recognize this condition via active arrow T -categories.

Proposition I.3.30 (Unique lifting for active morphisms). Suppose α : P→ E is a strong Segal morphism of

T -algebraic patterns. The following conditions are equivalent and imply that α is BC in the sense of Barkan.

(a) for every P ∈ P, the homotopy fibers of

αact
/P : Pact

/P −→ Eact
/αP

are weakly contractable, where Pact
/P = Aract(P)×P {P }.

(b) The inclusion Pint
/E ↪→ P/E is initial, and

(c) for every P ∈ P, the map

αact,≃
/P :

(
Pact
/P

)≃
−→

(
Eact
/αP

)≃
is an equivalence.

To be consistent with [CH21, Def. 6.1], we will say that α has unique lifting for active morphisms.

Proof. Note that the condition that α is BC in the sense of Barkan is detected fiberwise, as is condition

(c); conditions (a) and (b) are as well by [Sha23, Thm. 6.7] and the dual to [kerodon, Tag 03LR]. We may

henceforth pass to the nonequivariant case. In this case, the implications (b) ⇐⇒ (c) are [CH21, Prop. 6.3].

Now, condition (a) is equivalent to the condition that the functor O×PPint
P / →O×PPP / is initial; Joyal’s

Theorem A [kerodon, Tag 02NY] shows that this is moreover equivalent to proving that, for all O ∈O and

f : P → ϕ(O), the corresponding ∞-category

Xf = O/O ×P/ϕ(O)

(
Pint
P /

)
/f

is weakly contractible. This fact that Xf is weakly contractible under (a) is shown under unnecessary

assumptions in [Har, Prop. 4.2.19], so we repeat a version of their proof here.

Now, an object of Xf may be viewed as a morphism gO : O′→O together with a factorization f ∼ gP◦h,

where gP is inert; a morphism in Xf of such things is the data of a diagram

P

O′ O′′ ϕ(O′) ϕ(O′′)

O ϕ(O)

j ϕ(j) f
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whose hooked arrows are inert. In particular, unwinding definitions we find that the full subcategory inclusion

X ′f BOact
/O ×P/ϕ(O)

(
Pint
P /

)
/f
⊂O/O ×P/ϕ(O)

(
Pint
P /

)
/f

= Xf

admits a left adjoint given by the essentially unique diagram

P

O′ O′′ ϕ(O′) X

O ϕ(O)

whose squiggly arrows are active and hooked arrows are inert; hence it is a weak equivalence. Thus it suffices

to show that X ′f is weakly contractible. Now, we have a commutative diagram

X ′f Pact
/P

(
Eint
/ϕ(P )

)
/f
×EE/ E

act
E/ Eact

/ϕ(P )

where the bottom left term consists of the inert-active factorizations of f . We make two claims:

Claim i
(
Eint
/ϕ(P )

)
/f
×EE/ E

act
E/ is contractible, and

Claim ii the above square is cartesian.

Indeed, combining the two will show that X ′f is equivalent to a homotopy fiber of Pact
/P → Eact

/E ; this will show

that (a) =⇒ (b). Indeed, also, in the case of (c), we find that αact
/P is essentially surjective, so in particular

each element of Eact
/αP admits a lift P ′ → P ′′, which projects to a morphism ϕ(P ′)→ α(P ′′) = α(P ); thus all

homotopy fibers arise in this way, implying that (c) =⇒ (a). Thus we’re left with verifying the claims.

Luckily, for Claim ii this follows simply by unwinding definitions.

The assumption that Eint,Eact ⊂ E is a factorization system is Claim i after taking cores, i.e. we are

tasked with proving that the given category is a space; unwinding definitions, we’re tasked with proving that

all diagrams
R

X Y

S

f

whose squiggly arrows are active and hooked arrows are inert must have f an equivalence. Cancellation on

the lefthand triangle shows that f is inert and cancellation on the righthand triangle shows that f is active,

so in fact f is an equivalence, showing the claim. □
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We acquire a corollary recognizing Morita localizations and Morita equivalences, which in the nonequiv-

ariant case is essentially due to Barkan [Bar23a, Cor. 2.64] and Barkan-Haugseng-Steinebrunner [BHS22,

Thm 5.1.1], generalizing and strengthening Harpaz [Har, Prop. 4.2.18], generalizing Lurie [HA, Thm 2.3.3.23].

Corollary I.3.31. Suppose α : P→ E is a strong Segal morphism of T -algebraic patterns such that

(ML-a) α has unique lifting for active morphisms, and

(ML-b) αel : Pel→ Eel is a reflective T -localization.

Then α is a Morita T -localization. In particular, if αel is an equivalence, then α is a Morita equivalence;

if moreover either of P or E is extendable and any of the following conditions hold, then both P and E are

soundly extendable and α is a strong Morita equivalence:

(i) P is sound and α is essentially surjective;

(ii) E is sound and α is iso-Segal; or

(iii) both of P and E are sound.

We will do this via an analogous equifibered proof to [BHS22, Thm. 5.1.1].

Lemma I.3.32 ([BHS22, Lem. 5.1.4]). Under Conditions (ML-a) and (ML-b) α is strongly BC.

Proof. Everything may be checked fiberwise, so we may check this in the nonequivariant case, which is

[BHS22, Lem. 5.1.4]. □

Lemma I.3.33. Under Conditions (ML-a) and (ML-b) α⊛ reflects equifibrations.

Proof. Equifibrations are determined fiberwise, so this may be verified in the nonequivariant case; this

is the last paragraph of the proof of [BHS22, Thm. 5.1.1]. □

For fibrousness of the Morita equivalence, we will use the following.

Proposition I.3.34. If ϕ : O→ P is a Morita equivalence which is strongly BC and P is soundly extendable,

then ϕ is a fibrous Morita equivalence if and only if ϕ⊛ reflects equifibrations.

Proof. For general ϕ we have a commutative diagram

FBRS(P) FBRS(P) FBRS(O)

SEGP

(
CATT

)
/AP

SEGO

(
CATT

)
/ϕ∗AP

SEGO

(
CATT

)
/AO

Env/
P

ϕ∗

Env/
O

ϕ∗/AP q∗

When ϕ is strongly BC, q∗ is an equivalence, so by cancellation of fully faithful T -(∞,2)-functors, ϕ∗ is

fully faithful. Essential surjectivity is then equivalent to the condition that the essential image of Env/
O
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has preimages in the essential image of Env/
P
; Corollary I.3.8 shows that this is equivalent to reflecting

equifibrations. □

Proof of Corollary I.3.31. The fact that α is a Morita equivalence follows from Proposition I.3.30;

Lemmas I.3.32 and I.3.33 and Proposition I.3.34 then shows that it is a fibrous Morita equivalence. To show

sound extendability under our additional assumptions, note by Propositions I.2.13 and I.2.35 and Lemma I.3.32

that all patterns in sight are sound, and if E is soundly extendable, then so is P. For the converse, note

that AE ≃ α∗α⊛AE ≃ α∗AP under our assumptions; α∗ preserves Segal objects by Proposition I.3.29, so this

implies that AE is a Segal object, yielding sound extendability.

Now to show that ϕ is a strong Morita equivalence, it suffices to show that, given a fibrous P-pattern

Q, the associated morphism ϕ′ : ϕ∗Q→Q satisfies the conditions of Corollary I.3.31. Since each condition

is verified fiberwise, and pullbacks are computed fiberwise, we may henceforth pass to the nonequivariant

case. Now, Condition (ML-b) for ϕ; follows by pullback stability of equivalence under the observation

ϕ∗ (Q)el ≃ ϕel,∗Q.

Note that
(
Qact
/X

)≃
is the space of Q-active arrows Y → X, and

(
Qact

)
/X′

the space of pairs of active P -arrows

µ : P → πϕ∗QX and lifts of ϕµ to an active Q-arrow Y ′→ X. In particular, Condition (ML-a) implies that

the fiber of this over the active Q-arrow Y ′→ X is contractible, and this combined with Condition (ML-b)

implies that it is π0-surjective, so we are done. □

I.3.3 Disintegration for parameterized patterns As found throughout [HA], we will find it occasionally

useful to have a pattern presentation for families of fibrous patterns or Segal categories. In loc. cit., allowing

the “shape” of the family to vary, this was implemented via the theory of generalized ∞-operads.

Now, sometimes this shape-varying formalism is expedient, and some other times it pays instead to fix

the shape and work with a simpler formalism there. The meta-procedure of passing from the former to the

latter will be called disintegration, and is the subject of this section.

I.3.3.1 The pattern structures for families We begin with the fixed-shape theory for general T -patterns.

Example I.3.35. Given C a T -category, we define the trivial T -algebraic pattern structure on C

PattT (C)el = PattT (C)int = C≃; PattT (C)act = C.

Similarly, given C a T -category, we define the cocartesian T -algebraic pattern structure on C

PattccT (C)el = PattccT (C)int = C; PattccT (C)act = C≃. ◁
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Proposition I.3.36. Fix C a T -∞-category.

(1) There exists a natural equivalence Tot•PattccT (C) ≃ Pattcc∗ (Tot•C).

(2) The forgetful T -functor SegPattccT (C)(D) −→ FunT (C,D) is an equivalence.

(3) PattccT (C) is soundly extendable.

(4) The associated inclusion SEGPattccT (C)(CATT ) ≃ CATcocart
T ,/C ↪→ FBRS(PattccT (C)) is an equivalence.

(5) There exists an equivalence of patterns TotV PattT (C) ≃ Spancocart,πC−dgen
(
TotV C;TotV C

)
.

(6) PattT (C) is soundly extendable.

(7) The forgetful T -functor SegPattT (C) −→ FunT (C,D) is an equivalence.

(8) The forgetful T -(∞,2)-functor FBRS(PattT (C))→ CATT ,/C is an equivalence.

Proof. Statement (1) follows by noting that each have all morphisms inert, all objects elementary, and

only equivalences active. Statement (2) follows straightforwardly by unwinding definitions. Now, Statement (1)

reduces Statement (3) to the case T = ∗; in this case, sound extendability follows under the equivalence

C ≃ Spanall,≃(C;C) from the sound extendability criterion of Proposition I.2.16.

For Statement (4), we may again reduce to the nonequivariant case using Statement (1); then, it follows

by noting that all inert-cocartesian fibrations to PattccT (C) are cocartesian and applying Remark I.2.23.

Statements (5) and (7) follow by unwinding definitions. From this, for Statement (6) we are tasked with

proving that Spancocart,πC−dgen
(
TotV C;TotV C

)
is soundly extendable. Under Proposition I.2.16 it suffices to

note that whenever g ◦ f is cocartesian and f is cocartesian, g is cocartesian [kerodon, Tag 01TS].

Finally, for Statement (8), since every inert morphism of PattT (C) is an equivalence, every T -functor to

C is an inert-cocartesian fibration and all functors over C are functors of inert-cocartesian fibrations [kerodon,

Tag 01TT], so this functor is fully faithful; to see that it is an equivalence, note that a fibrous pattern over a

strongly extendable T -pattern B is precisely an inert-cocartesian fibration whose unstraightening is a Segal

B-category by Remark I.2.23 and Proposition I.3.4. But this condition is automatic by Statement (7). □

Remark I.3.37. There exists an equivalence Pattcc(C) ≃ Patt(C) if and only if C is a T -space; on fibrous patterns,

this lifts the fact that all T -functors to C are cocartesian fibrations if and only if C is a T -space. ◁

We acquire a kind of straightening-unstraightening equivalence for fibrous patterns:

Proposition I.3.38. Let B be a T -algebraic pattern and C a T -∞-category. The T -(∞,2)-functor

FBRS(Pattcc(C)×B)
pullback

−−−−−−−−−−−→ FUNT (C,FBRS(B))

is an equivalence.

We prove this via the equifibered perspective, for which we explicitly use the following.
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Lemma I.3.39. There is an equivalence APattcc(C)×B ≃ C ×AB over C ×B, under which the T -(∞,2)-functor

P : SEGB×Pattcc(C)

(
CATT

)equi

/APatt(C)×B
−→ FUNT

(
C,SEGB

(
CATT

)
/AB

)
is fully faithful with image the T -functors with equifibered values.

Proof. We may construct the equivalence via a string of relative equivalences

APattcc(C)×B ≃ Aract (Pattcc(C)×B)

≃ Aract (Pattcc(C))×Aract (B)

≃ C ×Aract(B).

Now, applying Proposition I.3.2 and Proposition I.3.36 shows that P is fully faithful; we’re left with showing

that a cocartesian T -fibration of Segal B×Pattcc(C)-∞-categories D→ C ×AB is an equifibration if and only

if its fibers over C are equifibrations. That is, we’re tasked with proving that every square on the left is

cartesian if and only if every square on the right is cartesian:

D×C×B (C × {X}) D×C×B (C × {Y }) D×C×B ({C} × {X}) D×C×B ({C} × {Y })

C ×Bact
/X C ×Bact

/Y {C} ×Bact
/X {C} ×Bact

/Y
ω ω

Here, the left side quantifies over active B morphsims X→ Y , and the right side additionally over V -objects

C ∈ C. But the righthand side is just the fibers of the lefthand side over orbits, so the claim follows. □

Proof of Proposition I.3.38. Unwinding definitions, the following diagram commutes:

FBRS(B×C) FUNT (C,FBRS(B))

SEGB×C
(
CATT

)
/EnvCommB×C

FUNT

(
C,SEGB

(
CATT

)
/EnvCommB

)
To conclude, Corollary I.3.12 shows that the vertical functors are fully faithful and Lemma I.3.39 shows that

the bottom horizontal functor takes the essential image of FBRS(C ×B) equivalently onto the essential image

of FUNT (C,FBRS(B)), so we are done. □

I.3.3.2 Disintegrable parameterized patterns We would like to internalize the previous study to the category

of fibrous B-patterns, i.e. give a fibrous B-pattern representing the fibrous Morita class of B × Pattcc(C).

We’ll do so in the following setting.
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Definition I.3.40. A T -algebraic pattern B is weakly disintegrable if it is soundly extendable and Bint has

an initial T -object which lies in Bel and receives empty spaces of inert V -morphisms from any non-initial

elementary V -objects; B is disintegrable if this inert-initial T -object is terminal in Bact. ◁

We write ∅•,+ ∈Bint for the inert-initial T -object. Our fibrous patterns for families are as follows.

Proposition I.3.41. Given a weakly disintegrable T -pattern B, ∅•,+ is classified by an Segal morphism

ι : Patt(∗T )→B

whose pullback T -(∞,2)-functor shB B ι∗ : FBRS(B) −→ CATT has fully faithful right T -adjoint constB(C);

moreover, there exists a natural equivalence of T -patterns constB(C) ≃ Patt(C)×B over B.

Now, the categorical reason that the const construction works is the following pair of lemmas.

Lemma I.3.42. Suppose O is a soundly extendable T -algebraic pattern such that, for all O ∈OV , the category(
Oel
V

)
O/

is weakly contractible. Then, the projection constO(C)B C ×O→O is a fibrous pattern, and the

induced T -pattern map is equivalent to Patt(C)×O→O.

Proof. constO(C) → O is obviously a cocartesian fibration, so we’re left with verifying the Segal

condition. Now, given O ∈OV , note that
(
Oel
V

)
O/
⊂

(
TotV O

)el

O/
is initial, so we may rewrite Remark I.2.21 as

stating that the composite arrow is an equivalence

TotC ×T op TotOact
/O TotC ×T op limE∈(Oel

V )O/
TotOact

/E limE∈(Oel
V )O/

TotC ×T op TotOact
/E ,

c

where c is coassembly. Now, since
(
Oel
V

)
O/

is weakly contractible, commutation of limits with limits precisely

says that c is an equivalence, and the lefthand arrow is an equivalence since O is extendable.

What’s left is to understand the T -pattern structure. Note that the prefibrous inert V -arrows in C ×O

are precisely cocartesian lifts of inert V -arrows of O, and lifts of V -arrows are cocartesian if and only if their

projection to C is an equivalence;

(C ×O)int ≃ Cint ×Oint ≃ Patt(C)int ×Oint ≃ (Patt(C)×O)int

for active V -arrows and elementary V -objects, it suffices to note that the projection C ×O→O preserves

and reflects each property for each pattern structure. □

Note that existence of the (elementary) initial T -object in Bint implies that each
(
Bel
V

)
O/

is weakly

contractible, so Lemma I.3.42 constructs the T -functor constB : CatT −→ Fbrs(B).

96



CHAPTER I. PARAMETERIZED CATEGORY THEORY AND SEGAL CONDITIONS

Lemma I.3.43. Suppose B is a weakly disintegrable T -pattern, O a fibrous TotT B-pattern, and C is a

T -∞-category. The following conditions on a T -functor ϕ : O→C are equivalent:

(a) ϕ carries inert arrows to equivalences,

(b) for all O ∈OV , ϕ carries the inert V -arrow O∅V
→O with πOO∅V

= ∅V ,+ to an equivalence, and

(c) ϕ is right Kan-extended from shBO.

Moreover, every T -functor shBO→C admits a T -right Kan extension along shBO ↪→O.

Proof. Condition (a) obviously implies Condition (b); the converse follows for a Bint
V -map B→ C and

V -object O ∈ π−1
O

(C) by two-out-of-three applied to the factorization

O∅V
OB

O

where every morphism is cocartesian. Now, note that there is an initial V -object

(
O∅V

!−→O
)
∈
(
shO ×O

(
Oint
V

)
/O

)
V

;

the latter is precisely the T -∞-category appearing in the pointwise formula for T -right Kan extension along

shO→O of Theorem I.1.37, so the equivalence of Conditions (b) and (c) and existence of such right T -Kan

extensions follows directly from Theorem I.1.37 in sight of Corollary I.1.21. □

Proof of Proposition I.3.41. Lemma I.3.42 constructs the T -(∞,2)-functor constB and verifies the

relative natural equivalence of T -patterns Patt(C)×B. In order to prove that constB is a fully faithful right

T -adjoint to shB, we may check this on V -value category using Proposition I.1.64; by restriction, we only

need to prove that constB : CATT −→ FBRS(B) is a fully faithful right adjoint to shB.

Now, the standard natural equivalence C ×B×B ∗T ≃ C yields a natural equivalence

η : shB constB(C)
∼−−−−→ C.

It suffices to prove that composition with this yields a natural equivalence

AlgP/B (constB(C)) −→ FunT (shP,shconstB(C)) ≃ FunT (shP,C) ;

again, we may check this on V -values, and hence remove the underline. Then, this follows directly from

Lemma I.3.43. □
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I.3.3.3 Disintegration of families When X is a T -space, we’ve constructed a natural equivalence

(7) FBRS(B)/constB(X) ≃ FUNT (X,FBRS(B)) .

Now, T -space shaped fibrous B-patterns come equipped with canonical morphisms down to some constB(X),

which may be recognized as the sh-equivalences with codomain lying in the essential image of constB |ST .

We would like to unstraighten the corresponding restriction Eq. (7) to some explicit T -(∞,2)-category of

families of fibrous patterns on the righthand side. To do so, we define another T -pattern, for which we will

begin the convention of writing B♮ for our disintegrable pattern.

Construction I.3.44. Now, note that the initial object in B♮,el exhibits an equivalence

B♮,el ≃
(
B♭,el

)◁
for B♭,el ⊂B♮,el the full T -subcategory of non-initial V -objects. Let B♭ ↪→B♮ be the T -subpattern with the

same inert and active T -categories and elementary T -objects B♭. ◁

Lemma I.3.45. Suppose B♮ is disintegrable. An inert-cocartesian T -fibration O→B is a fibrous B♭-pattern

if and only if it is a fibrous B♮-pattern such that sh(O) is contractible; this yields an equivalence

FBRS
(
B♭

) ∼−−−−−→ FBRS
(
B♮

)
×sh,CatT {∗T } .

Proof. To see that the equivalence follows from the statement before, it suffices to note that B and B♭

have the same inert morphisms. We now prove the first clause.

Now, for an object W ∈ T , our assumptions guarantee that the category TotV B
♭,el
/(W,∅W ) is empty. In

particular, if O is a fibrous B♭-pattern, then O∅V
is contractible, i.e. sh(O) is contractible.

From this, in either case, Proposition I.1.22 implies that the coassembly maps

lim
E∈B♮,el

/V

OE −→ lim
E∈B♭,el

/V

OE

is an equivalence, so the Segal condition for colors are equivalent to each other. Now, moreover, our

assumptions ensure that every morphism to ∅V is inert, so in particular given a prefibrous B-pattern O

satisfying O∅V
= ∗, we find

MapOV (X,∅V ) ≃MapOint,V (X,∅V ) ≃MapB♮,int(πX,∅V ) ≃ ∗

where ∅V is used to refer to the element of O∅V
; that is, the two Segal conditions for multimorphisms are

equivalent. □
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Example I.3.46. Given B♮ a weakly disintegrable pattern and O→B♭ a fibrous pattern, we claim that the

associated fibrous pattern structure O♮ → B♮ is weakly disintegrable. Indeed, Lemma I.3.45 shows that

sh(O) = ∗T ; it thus follows from the fact that inert arrows in O are cocartesian over inert arrows in B and ∅•

is inert-initial that the unique lift ∅• : ∗T →Bint is also an initial T -object. The fact that it receives empty

spaces of inert V -morphisms from non-initial elementary V -objects is automatic, as such spaces live over the

empty space of such maps in B.

Moreover, a similar argument shows that O♮ is disintegrable whenever B♮ is (c.f. the mapping space

triviality in the proof of Lemma I.3.45), and O♭ ≃O as patterns. ◁

Construction I.3.47. Under Proposition I.3.36, we have a composite T -(∞,2)-functor

sh−1(C) ↪→ FBRS(B)/constB(C) −→ FBRS(B)/constB(C≃) −→ FUNT (C≃,FBRS(B)) ;

moreover, shB is compatible with pullback, so this in fact lands in FUNT
(
C≃,sh−1(∗T )

)
≃ FUNT

(
C≃,FBRS(B♭)

)
.

We refer to the associated T -(∞,2)-functor as disintegration

δ : sh−1(C) −→ FUNT
(
C≃,FBRS

(
B♭

))
. ◁

This yields a disintegration equivalence extending [KK24, Thm. 2.2] and [HA, § 2.3].

Proposition I.3.48. If B is a disintegrable T -pattern, then disintegration yields an equivalence of cartesian

T -fibrations over ST ,

Fbrs(B)×sh,CatT ST ≃
∫
X∈ST

FunT
(
X,Fbrs

(
B♭

))
.

To prove this, the author tried and failed to find the following lemma recorded somewhere.

Lemma I.3.49. Suppose L : C →D is a localization functor with the condition that localization maps X→ ιLX

are closed under pullback between morphisms in D. Then, L is a cartesian fibration with fibers described by

the full subcategories

L−1(d) ⊂ C/ι(d)

spanned by localization maps. In particular, this holds if L is compatible with pullbacks.

Proof. Now, first note that we have an essentially unique factorization

Ar(C) C

C D

ev1

i

L

ι
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where i fully faithfully embeds C as the localization maps. Our assumption shows that, given an object C ∈ C

and a D-map D → LC, the ev1-cartesian transport map f ′ : f ∗C → C lies in i; it is then straightforward

to verify that it satisfies the universal property for L-cartesian arrows. The fiber computation similarly

follows. □

Proof of Proposition I.3.48. First note that shB is compatible with pullback, and so it satisfies the

conditions of Lemma I.3.49. In particular, after straightening, the proposition reduces to proving that the

natural assignment

sh−1(X) −→ FunT
(
X,Fbrs

(
B♭

))
is an equivalence when X is a T -space. But in fact this follows by combining Propositions I.3.38 and I.3.41,

Remark I.3.37, and Lemma I.3.45. □

I.3.3.4 Disintegrable fibrous Segal conditions Before moving on, we point out a mild generalization to the

argument of Lemma I.3.45, phrased in terms of generalized fibrous Segal conditions. The proof is identical,

so we omit it.

Proposition I.3.50. Suppose B♮ is disintegrable.

(1) If p : K◁→Bint is a generalized fibrous B♮-Segal condition and L ⊂ K a terminal full subcategory

such that p|L is constant on ∅•, and K′ ⊂ K is a complementary full T -subcategory, then p′ = p|K′◁

is a generalized B♭-Segal condition.

(2) If
{
pα

}
is a sufficient set of generalized fibrous B♮-Segal conditions of the above form, then

{
p′α

}
∪{

{∅V } ↪→Bint
}
is a sufficient set of generalized Segal B♭-conditions.

I.3.4 Parameterized fibrous subpatterns Fix B a soundly extendable T -algebraic pattern. For convenience,

we collect several facts about parameterized subpatterns into one theorem.

Theorem I.3.51. Let ϕ : O→ P be a morphism of fibrous B-patterns.

(1) ϕ is a monomorphism in Fbrs(B) if and only if its corresponding T -functor TotT O→ TotT P is a

T -subcategory inclusion.

(2) The associated poset map SubFbrs(B)(P)→ SubCatT (TotT P) is fully faithful with image those T -

subcategories TotT O ⊂ TotT P satisfying the following conditions:

(a) every inert V -arrow of TotT P with domain in O lies in O, and

(b) the composite functor TotT O→B is a fibrous pattern.

(3) If ϕ is a monomorphism, then for all Q ∈ Fbrs(B), the induced T -subcategory inclusion

AlgQ/B (O) ↪→ AlgQ/B (P)
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has image with

• objects the algebras Q→ P whose associated Bel,op-functor Qel→ Pel factors through Oel and

such that, for all active B-arrows ω : X→ E with elementary codomain and pairs (O,P ) ∈QX ×

QE there exists a factorization

Mapω
O

(ϕO,ϕP )

Mapω
Q

(O,P ) Mapω
P

(ϕO,ϕP )
ϕ

where Mapω
Q

(O,P )BMapQ (O,P )×MapB(X,E) {ω}, and

• morphisms the natural transformations X =⇒ Y : Q→ P whose elementary natural transfor-

mations Xel =⇒ Y el land pointwise in Oel.

(4) If O and P are Segal B-∞-categories and ϕ lifts to SegB(Cat), then is a monomorphism in SegB(Cat)

if and only if it is a monomorphism in Fbrs(B).

(5) The associated poset map SubSeg(B)(P) −→ SubCat
Bel,op

(
Pel

)
is fully faithful, with essential image

those Bel,op-subcategories which, for all active B-arrows ω : X→ E with elementary codomain, the

corresponding functor admits a factorization

limF∈Bel
X/
OF OE

limF∈Bel
X/
PF PX PE≃

ω⊗

(6) If ϕ lifts to a monomorphism in SegB(Cat), then for all C ∈ SegB(Cat), the T -subcategory

Fun⊗
B

(C,O) ↪→ Fun⊗
B

(C,P)

has

• objects the C→ P whose associated Bel,op-functor Qel→ Pel factors through Oel, and

• morphisms the natural transformations X =⇒ Y : C→ P whose elementary natural transfor-

mations Xel =⇒ Y el land pointwise in Oel.

We call these fibrous B-subpatterns and Segal B-subcategories. We also study the full case.

Definition I.3.52. A fibrous subpattern ϕ : O→ P is full if TotOO ⊂ TotT P is full. A Segal B-subcategory is

full if its underlying fibrous subpattern is full; equivalently, Oel ↪→ Pel is full. ◁

These are classified in analogy to [HA, § 2.2.1].
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Corollary I.3.53. The poset map

(−)el : FullSubFbrs(B)(P)→ FullSubBel,op

(
Pel

)
is an equivalence. If P is a Segal B-∞-category, then an object in FullSubBel

(
Pel

)
lifts to a Segal full

B-subcategory if and only if, for all objects O ∈OX and active arrows ω : X→ E active with E elementary,

ω⊗O ∈OE.

Proof. For the first claim, we begin by constructing a section; indeed, given Oel ⊂ Pel a full Bel-

subcategory, we define the full B-relative T -subcategory S(O) ↪→ TotT P by the fiber over X ∈Bel

S(O)X B lim
F∈Bel

X/

OE ⊂ PX .

The claim that this is closed under inert-cocartesian transport (i.e. contains all inert arrows of TotT P

with codomain in O) reduces to observing this in each element of the limit diagram, where this is the

observation that TotOel→ TotPel is a cocartesian fibration; the Segal condition for colors follows immediately

by definition, and the Segal condition for multimorphisms is simply a specialization of the same condition for

P. The fact that Oel recovers our input follows by the fact that E ∈Bel
E/ is initial.

For the first claim, given O ⊂ P, we are thus reduced to proving that S(Oel) and O resent equal full

T -subcategories of TotT O, i.e. that

OX = lim
F∈Bel

X/

OE ⊂ PX ;

this is simply the fact that the inclusion O ⊂ P is a fibrous pattern map.

For the second claim, note that the lift to a Segal full B-subcategory is equivalent to the condition that

TotT O ⊂ TotT P is closed under cocartesian transport; the Segal condition for colors reduces this to transport

with elementary codomain, giving the claim. □

Full sub-patterns moreover recieve the expected algebras.

Corollary I.3.54. If ϕ : O→ P is a fibrous full B-subpattern, then the inclusion

AlgQ/B (O) ↪→ AlgQ/B (P)

is fully faithful, with image those Q-algebras X such that, for all Q ∈Qel, X(Q) ∈ Pel lies in Oel. If moreover

ϕ is a Segal full B-subcategory, then

Fun⊗
B

(C,O) ↪→ Fun⊗
B

(C,P)
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is fully faithful with image those Segal B-functors satisfying the same condition.

Proof. We may check each condition fiberwise, i.e. remove the underline. For fully faithfulness, simply

note that the condition that a natural transformation lands in Oel is automatic, since O ↪→ P is full. Our

image condition follows by Theorem I.3.51, noting that our objectwise factorization condition is equivalent to

the factorization condition of Theorem I.3.51 by fully faithfulness. □

We now move back to the general case and prove Theorem I.3.51. First, an obvious lemma.

Lemma I.3.55. Suppose C is a T -(∞,2)-category such that each CV admits tensors by ∆1 in the sense of

[BB25, Def. A.2.22] and f : X→ Y a monomorphism in Γ T C≤1; for instance, C = FBRS(B) or SEGB(CATT ).

Then, postcomposition along f yields a natural T -subcategory inclusion

f∗ : FunC (Z,X) ↪→ FunC (Z,Y ) .

Proof. After Corollary I.2.67, we may pass to fixed points and prove this for T = ∗. We see that f∗ is a

monomorphism on cores by the defining property of nomomorphisms, and that f∗ is a monomorphism on

Ar(FunC (Z,−))≃ by replacing Z with ∆1 ⊗Z, so the result follows by Proposition I.2.65.

To see that FBRS(B) and SEGB are tensored over ∆1, note that this is a straighforward consequence of

the fact that they come from Cat-modules. □

Proof of Theorem I.3.51. We perform proof by a thousand cuts. Statement (1) follows by noting

that TotT : Fbrs(B)→ CatT ,/B→ CatT is a limit-preserving subcategory inclusion conservative right adjoint10,

so it preserves and reflects monomorphisms, and Corollary I.2.67 identifies monomorphisms in CatT with

T -subcategory inclusions. Statement (2) then follows by observing that a T -subcategory inclusion TotT O ⊂

TotT P is a fibrous pattern map if and only if TotT O is a pattern whose inert-cocartesian lifts agree with

that of TotT P, i.e. the two conditions hold.

For Statement (3), after Lemma I.3.55 since FBRS(B) ↪→ CATint−cocart
T ,/B is fully faithful, applying transi-

tivity of inert-cocartesian fibrations [kerodon, Tag 01TU], for objects it suffices to prove that such Q→ P

factors through O if and only if the above conditions hold. They are certainly necessary; that they are

sufficient is implied by applying the Segal conditions of Definition I.2.20 together with Corollary I.2.74. For

morphisms the same argument applies, this time noting that the data of the natural transformation must

itself lie in the fibers, hence the Segal condition for colors reduces them to fibers over elementary objects.

10 This follows by applying [BHS22, Cor. 2.1.5] to the collection of inert lifts of T op-maps to B for the first functor, and taking T -limits
for the second functor.
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Statement (4) follows from the fact that SegB(CatT )→ Fbrs(B) is a conservative right adjoint; moreover,

the functor SegB(CatT )→ CatBel is a conservative right adjoint, so it preserves and reflects monomorphisms

as well, yielding the desired poset map. Thus for Statement (5), we’re tasked with proving that

Claim i if Segal B-subcategories O,O′ ⊂ P have Oel ⊂O′el, then O ⊂O′, and

Claim ii the essential image is as described.

For Claim i, note that factorizations O ⊂O′ in SegB(CatT ) are detected in Catcocart
/TotB, where they are described

as fiberwise factorization of subobjects; the Segal condition for colors reduces this to factorization of fibers

over elementary objects, which by reversing this argument is equivalent to factorization Oel ⊂ O′el. For

Claim ii, our condition is certainly necessary (for the inclusion O→ P to be a Segal B-functor), and the

Segal condition for colors shows that it is sufficient.

Lastly, for Statement (6), since every cocartesian arrow of P with domain lying in O lies in O, given a

factorization C
F−→O

ι−→ P, of lax Segal B-functors, F is a Segal B-functor if and only if ι ◦ F is; hence the

essential image in question is precisely those C→O which factor through Q as lax Segal B-functors, i.e.

those satisfying the conditions of Statement (3). But the mapping space factorization is transported to a

mapping space factorization for mapping spaces in a fiber over Bel,op by cocartesian transport in our case,

so it is implied by the condition that Fel factors through Oel, yielding the essential image. The morphism

description is automatic from Statement (3). □

I.3.5 The doctrinal adjunction for parametrized patterns For convenience, we set the notation

SEGlax
B

(
CATT

)
B EssIm

(
SEGB

(
CatT

)
↪→ FBRS(B)

)
.

Now, note that the theory of Segal B-functors has a vertical opposite involution coming from a factorization

SEGB

(
CATT

)
FUNT

(
B,CATT

)
SEGB

(
CATT

)
FUNT

(
B,CATT

)op op∗

We likewise define the oplax T -(∞,2)-category For convenience, we set the notation

SEGoplax
B

(
CATT

)
B EssIm

(
SEGB

(
CATT

) op
−−−−−−→ SEGB

(
CATT

)
↪→ FBRS(B)

)
.

Given F : C→D a lax Segal B-functor f : P →O an active V -arrow in B, and X ∈CP a P -object in C, we

refer to the dashed arrow
FX

f⊗FX Ff⊗X

cf ,FX

Fcf ,X

ℓF,f ,X
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supplied by the universal property for cocartesian arrows as the f -indexed lax structure map of F at X; here,

f⊗ is cocartesian transport along f and cf ,Y is the cocartesian arrow lifting f with domain Y . Note that the

T -(∞,2)-functor

SEGB

(
CATT

)
−→ SEGlax

B

(
CATT

)
is essentially surjective and locally fully faithful, with image consisting of the lax Segal B-functors such that

ℓF,f ,X is an equivalence for all f ,X. Likewise, an oplax Segal B-functor F : C→D is a Segal B-functor if and

only if the f -indexed oplax structure map of F at X, oF,f ,X : Ff⊗X −→ f⊗FX, is an equivalence for all f ,X.

We refer to adjunctions in SEGlax
B

(CATT ) as lax Segal B-adjunctions, and oplax Segal B-adjunctions

and Segal B-adjunction similarly. These occur quite frequently:

Proposition I.3.56 (Doctrinal adjunction for parameterized patterns). Suppose F : D→C is an oplax Segal

B-functor between Segal B-∞-categories whose underlying Bel,op-functor F map admits an Bel,op-right adjoint

Rel. Then, there is a B-relative right adjoint R ⊢ F lifting Rel which is oplax, and such that

(a) For all O ∈O, the following commutes;

CO DO

limE∈Oel
/O
CE limE∈Oel

/O
DE

RO

≃ ≃

limE R
el
E

(b) given f : P →O in Oact, the f -indexed lax structure map of R at X ∈CP is an adjunct arrow

RX

f⊗RX Rf⊗X

Ff⊗RX f⊗FRX f⊗X

c
gc

ℓR,f ,X

oF,f ,RX f⊗ϵF,X

where ϵF,X is the counit of the adjunction RP ⊢ FP and oF,f ,RX is the oplax structure map of F.

Moreover, if F is a Segal B functor then this is a lax Segal B-adjunction, and if R is also a Segal B-functor,

then this is a Segal B-adjunction.

Proof. Again, since SEGlax
B

(
CATT

)
→ CATint−cocart

/TotB ↪→ CAT/TotB is full and locally fully-faithful it

suffices to construct a B-relative right adjoint to F which preserves inert-cocartesian arrows. Now, our formula

from condition (a) does supply fiberwise right adjoints with unit given by limE ηE ; these units do lie in the

fiber, yielding a relative right adjoint satisfying (a). Moreover, unwinding the definition shows that this is

compatible with inert-cocartesian transport, i.e. it is a lax Segal B-functor.
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To prove condition (b), it suffices to note that the specified mate indeed makes the triangle diagram

commute; the universal property for cocartesian arrows then constructs a homotopy between ℓR,f ,X and the

adjunct to f⊗,ϵF,X .

The remaining properties follow by the fact that the inclusions

FUNT
(
B,CATT

)
⊂ SEGlax

B

(
CATT

)
,SEGoplax

B

(
CATT

)
⊂ SEGB

(
CATT

)
are locally fully faithful, so lifting adjunctions along them is equivalent to lifting each adjoint. □

The oplax case follows immediately by applying op. We acquire the following.

Corollary I.3.57. If ι : C ↪→D is a full Segal B-subcategory, which is localizing as a Bel,op-category, then its

localization Bel,op-functor admits an essentially unique oplax Segal B-functor making it left adjoint to ι.

I.3.6 Localizing parameterized Segal subcategories Often, full Segal B-subcategories come equipped with

a localization adjoint, in which case they have an approachable mapping-out property.

Theorem I.3.58. Suppose P is a Segal B-∞-category and ϕ : O ↪→ P a fibrous full B-subpattern inclusion.

Then, the following conditions are equivalent:

(a) Oel ⊂ Pel admits a Bel,op-left adjoint Lel such that, for all morphisms f in limF∈Pel
X/
OF whose

component fF is an Lel-equivalence for all F and active B-maps ω : X→ E with elementary codomain,

ω⊗f is an Lel-equivalence.

(b) P admits a Segal B-∞-category structure and a Segal B-functor such that L : P→O which is left

adjoint to ϕ in FBRS(B).

In this case, the image of the inclusions

L∗ : AlgO/B (C) ↪→ AlgP/B (C)

L∗ : Fun⊗
B

(O,C) ↪→ Fun⊗
B

(P,C)

is those P-algebras (resp. Segal B-functor maps) P→ C whose underlying Bel,op-functor factors through

Lel. If ϕ is additionally a Segal B-subcategory inclusion, then the induced structure on O agrees with the

localization structure, and this adjunction lifts to SEGB(CATT ).

We refer to Segal B-functors L arising in this way as Segal B-localizations, and when ϕ satisfies these

conditions and is a full Segal B-subcatory, we call O a localizing Segal B-subcategory.

Proof. First assume (b). Since FBRS(B)→ CATT ,/B is locally fully-faithful, this adjunction takes place

equivalently in CATT ,/B, and under Corollary I.1.67, this is equivalent to a relative adjunction of ∞-categories
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over TotB. Applying this in reverse upgrades this to a relative Bel,op-adjunction over B, which restricts to

the desired parameterized adjunction on el.

To finish proving (a), it suffices to prove that L-equivalences are closed under cocartesian transport; but

this follows directly by the fact that L is compatible with cocartesian transport.

Now assume condition (a) holds. We first construct a TotB-relative left adjoint TotL to Totϕ over

TotB. Indeed in order to do so, applying the well known-variant to [HTT, Prop. 5.2.7.8], it suffices to prove

for all P ∈ P that that there exists a localization map f : P → LP , in the sense that LP ∈O and this induces

an equivalence

(8) MapO (LP ,O)
∼−−−−→MapP (P ,ϕO)

for all O ∈O. Such maps exist when P ∈ Pel; moreover, the Segal condition for colors for O and P guarantee,

that under the equivalence PP ≃ limE∈Pel
P /
PE , a diagram of localization maps corresponds with a single map

such that Eq. (8) is an equivalence whenever πO = πP .

The Segal condition for multimorphisms in this case guarantees that to check Eq. (8), for all O ∈O, it

suffices to check in the elementary case; using the universal property for cocartesian arrows, it then suffices to

check given an arrow ω : P → E that ω!P →ω!LP is an L-equivalence. Writing ω as a composition of an inert

and active arrow, the inert case follows by assumption that Lel is a Bel,op-left adjoint, and the active case by

the assumed closure property of Lel-equivalences under active cocartesian transport. Hence the TotB-relative

left adjoint TotL ⊣ Totϕ exists.

Now, since L preserves fibers, L-equivalences are B-trivial, so [HA, Lem. 2.2.1.11] (for trivial localization

on B) guarantees that TotO→ TotB is a cocartesian fibration such that TotL preserves cocartesian edges.

That is, O is a Segal B-∞-category and TotL lifts to a B-relative T -left adjoint to TotT L ⊣ TotT C, which is

additionally a Segal B-functor. Since FBRS(B)→ CATT ,/B is locally fully-faithful, under Corollary I.1.67,

this adjunction takes place in FBRS(B), i.e. we have shown (b).

To describe the essential images, note by T -(∞,2)-functoriality of pullback along the inclusion Bel ↪→B

that the Bel,op-functor condition is necessary in both cases. We’re tasked with proving that it is sufficient,

i.e. that P-algebras X satisfying this condition admit an equivalence X ≃ L∗ϕ∗X. Now, of course, we may

pullback along the counit natural transformation Lϕ =⇒ id, and we claim that this is an equivalence if and

only if X satisfies this factorization condition; to see this, simply note that this performs Lel-localization on

each color.
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Finally, since SEGB(CATT ) ↪→ FBRS(B) is locally fully faithful, the assumed lift of ϕ to SEGB

(
CATT

)
lifts the entire adjunction. In particular, this exhibits ϕ as a split monomorphism in SEGB

(
CATT

)
, so

agreement with the Segal full B-subcategory structure follows by the classification of Corollary I.3.53. □

I.3.7 Boardman-Vogt tensor products of fibrous patterns

Definition I.3.59. A magmatic T -pattern is the data of a soundly extendable T -algebraic pattern B together

with a Segal morphism ∧ : B×B→B. ◁

Construction I.3.60. Let (B,∧) be a magmatic T -pattern. Then, the B-Boardman-Vogt tensor product is the

bifunctor −
BV
⊗ − : Fbrs(B)×Fbrs(B)→ Fbrs(B) defined by

O
BV
⊗ PB LFbrs

(
O ×P→B×B ∧−→B

)
. ◁

We defined this in order to have a mapping out property with respect to the following construction.

Definition I.3.61. Let (B,∧) be a magmatic T -pattern and O,P,Q fibrous B-patterns. Then, a bifunctor of

fibrous B patterns O ×P→Q is a commutative diagram in CatT

O ×P Q

B×B B
∧

whose top horizontal arrow lies in AlgPatt,11 where O ×P→B×B is induced by the structure maps of O

and P. The collection of bifunctors fits into a full subcategory

BiFunB(O,P;Q) ⊂ Fun(∆1 ×∆1,Cat). ◁

Example I.3.62. Let O,P be fibrous B-patterns, and consider B to be a fibrous B-pattern via the identity.

Then, the ∞-category of bifunctors O × P → B is contractible, as it is equivalent to composite arrows

O ×P→B×B→B. ◁

Observation I.3.63. There are natural equivalences

BiFunB(O,P;Q) ≃ Funint−cocart
T ,/B×B (O ×P,∧∗Q)

≃ Funint−cocart
T ,/B (∧!(O ×P),Q)

≃ Funint−cocart
T ,/B (O

BV
⊗ P,Q). ◁

11 The lift to AlgPatt is unique, since each structure map in an algebraic pattern is a replete subcategory inclusion, hence a monomorphism
in Cat.
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As in [BV73, Prop 2.19] and the variety of recontextualizations of their ideas (e.g. [HA; Wei11]), we

recognize this as O-algebras in P-algebras, making
BV
⊗ into a closed tensor product, using the following.

Construction I.3.64. Fix (B,∧) a magmatic T -pattern, let F : O×P→Q be a bifunctor of fibrous B-patterns,

and let C be a fibrous Q-pattern. We have a diagram

O
p
←−O ×P F−→Q;

admitting push-pull adjunctions p∗ ⊣ p∗ and LFbrsF! ⊣ F∗ on fibrous patterns, with compatible adjunctions on

Segal objects by Propositions I.2.28 and I.2.29 and Observation I.2.64. We define the pattern

Alg⊗
P/Q(C)B p∗F

∗C ∈ Fbrs(O);

this is the fibrous O-pattern of P-algebras in C over Q. In most cases, we will have Q = O = B, in which

case the information of a bifunctor B×P→B is simply that of a fibrous B-pattern P by Example I.3.62. In

this case, we simply write

Alg⊗
P

(C)B Alg⊗
P/B(C) ∈ Fbrs(B);

this is the fibrous B-pattern of P-algebras in C. ◁

In the case Q = O = B, the above diagram refines to

B
p
←−B×P id×π−−−−→B×B ∧−→B,

so the functor P 7→ Alg⊗
P

(C) has a left adjoint computed by LFbrs∧! (id×π)!p
∗; explicitly, this is computed on

P′ by the fibrous localization of the diagonal composite

P′ ×P p∗P′

B×P

B×B B

πQ×id

πQ×πP

≃

id×πP

∧

By definition, this is precisely P′ ⊗BV P, so we’ve proved the following.

Proposition I.3.65. The functor (−)
BV
⊗ O : Fbrs(B)→ Fbrs(B) is left adjoint to Alg⊗

O
(−).

We additionally spell out a few useful characteristics
BV
⊗ and Alg⊗

O
(−) here. First, functoriality.

Observation I.3.66. Fix the fibrous B-pattern Q. Suppose we have bifunctors of fibrous B-patterns

F : O ×P −→Q←−O ×P′ : G
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together with a morphism of fibrous B-patterns ϕ : P→ P′ making the following diagram commute:

O ×P

O Q

O ×P′

p F

ϕ

Gp′

The left triangle possesses a Beck-Chevalley transformation

p∗ϕ! =⇒ id!p
′∗ = p′∗,

which possesses a mate natural transformation p′∗ =⇒ p∗ϕ
∗; precomposing with G∗, this yields a “pullback”

natural transformation

Alg⊗
P′ /Q(−) =⇒ Alg⊗

P/Q(−). ◁

.We observe that, in all of the work above, we may have instead assumed that C ∈ SegB(Cat), in which

case all of our constructions land in SegB(Cat). Spelled out, this yields the following.

Proposition I.3.67. Fix O,P,Q,C as in Construction I.3.64. Then

(1) if C is a Segal Q-∞-category, then Alg⊗
P/Q(C) is a Segal O-∞-category;

(2) if C→D is a morphism of Segal Q-∞-categories, then the induced map Alg⊗
P/Q(C)→ Alg⊗

P/Q(D)

is a morphism of Segal O-∞-categories, i.e. it preserves cocartesian arrows; and

(3) if P→ P′ is a morphism of fibrous B-patterns and C is a Segal Q-∞-category, then the induced

map of fibrous patterns

Alg⊗
P′ /Q(C)→ Alg⊗

P/Q(C)

is a functor of Segal O-∞-categories.

In analogy to [BS24a] we show that this tensor product is compatible with Segal envelopes.

Proposition I.3.68. The following diagram commutes

Fbrs(B)2 Fbrs(B)

FunT (B,CatT )2 FunT (B,Cat) SegB(CatT )

BV
⊗

Env Env

⊛ LSeg
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Proof. Fix C a Segal B-∞-category. Then, there are natural equivalences

FunSegB(Cat)

(
Env

(
O

BV
⊗ P

)
,C

)
≃ Funint−cocart

/B (∧!O ×P,C)

≃ Funint−cocart
/B×B (O ×P,∧∗C)

≃ Funcocart
/B×B (EnvB×B(O ×P),∧∗C)

≃ Funcocart
/B×B (EnvB(O)×EnvB(P),∧∗C)(9)

≃ Funcocart
/B

(
LSeg ∧! (EnvB (O)×EnvB(P)) ,C

)
≃ FunSegB(Cat)

(
LSeg (EnvB(O)⊛EnvB(P)) ,C

)
(10)

Equivalence Eq. (9) is Observation I.2.36; Eq. (10) follows by symmetric monoidality of the Grothendieck

construction [Ram22, Thm B]. The result then follows by Yoneda’s lemma. □

We derive a uniqueness statement for
BV
⊗ by an analogous argument to [BS24a].

Corollary I.3.69.
BV
⊗ is the unique bifunctor on Fbrs(B) making the following diagram commute:

Fbrs(B)2 Fbrs(B)

(
Fun(B,Cat)/AB

)2
FunT (B,CatT )/AB⊛AB

FunT (B,CatT )/AB
Seg(B)/AB

BV
⊗

Env2 Env

⊛ Env(∧)! LSeg

Proof. Commutativity of the diagram follows by Proposition I.3.67 and uniqueness of
BV
⊗ follows from

the fact that the right vertical functor is fully faithful, hence a monomorphism in Cat. □

I.4 The algebraic patterns of equivariant homotopy theory

At this point, we are finally ready to specialize to our distinguished theory of parameterized higher

algebra. From here, pattern Morita theory awards us with as many perspectives as elements we can construct

in the graph of patterns modeling T -operads and strong Morita equivalences. We draw an expansive graph:

(11)

FT ,∗ Spano(T ) (FT ) Spano(T )

(
ST

)
Fbig
T ,∗ Spano(T )

(
Fbig
T

)
Spano(T )

(
Sbig
T

)
Spano(T ) (FT ) Spano(T ) (ST )
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Theorem I.4.1. All of the algebraic patterns in Eq. (11) are soundly extendable, and all of the morphisms are

strong Morita equivalences after applying Tot; moreover, the top row consists of strong T -Morita equivalences

and the middle row strong FT -Morita equivalences.

The pattern TotFT ,∗ describes T -operads in the sense of [NS22] in the case that T itself is atomic

orbital, and the leftmost diagonal arrow totalizing to a Morita equivalence is due to Nardin-Shah in that case.

The composite Morita equivalence TotFT ,∗→ Spano(T )(FT ) is due to [BHS22] in the case T = OG for G finite.

Now, we will see the following corollaries.

Corollary I.4.2. The pullback natural transformations

FunI−×T (SpanI (FT ) ,−) −→ FunI−⊕T
(
FT ,∗,−

)
are natural equivalences; hence CMonI (C) is I-semiadditive.

On one hand, this cements I-commutative monoids as T -parameterized sheaves with I-admissible

transfers, and on the other, as an I-indexed and T -parameterized version of special Γ -objects.

We prove a number of general strong Morita equivalences in Section I.4.1, preparing for Theorem I.4.1;

then, in Section I.4.2 we pause to characterize fibrous subpatterns of span patterns, giving a significant

generalization of Blumberg-Hill’s N∞-operads [BH20], Nardin-Shah and the author’s generalizations [NS22;

Ste25b], and Barrero’s global N∞-operads [Bar23b]. We finally prove Theorem I.4.1 in Section I.4.3. Then,

we describe modifications of these patterns for generalized T -operads in Section I.4.4, ultimately describing

generalized fibrous Segal conditions for that pattern, and acquiring generalized fibrous Segal conditions for

T -operads along the way.

I.4.1 Strong Morita equivalences between span patterns We now repeatedly apply Corollary I.3.31 to

span T -patterns, forming a general basis for Theorem I.4.1.

I.4.1.1 Fibers of span T -patterns Often we may change base of parameterization via fibers.

Definition I.4.3. We say that an adequate T -quadruple (X ,X b,X f ;X0) admits induction if X admits transitive

T -colimits; we say that it admits inert-induction if moreover X b ⊂ X is closed under induction and strongly

admits inert-induction if the mate IndVUX → Y to an inert map X → ResVU Y is inert. We define admits

active-induction similarly. ◁

Construction I.4.4. We define the fiber pattern structure on Spanb,f
(
XV

)
to have inert and active morphisms

the elementary and active V -arrows, and elementary objects the inductions of elementary V -objects. ◁
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Proposition I.4.5. If (X ,X b,X f ,X0) strongly admits inert-induction, then for all V ∈ T , the inclusion

ι : Spanb,f
(
XV

)
→ TotV Spanb,f (X )

is a Morita equivalence; moreover, both patterns are soundly extendable under the assumptions of Conditions (i)

to (iii), in which case ι is a strong Morita equivalence.

Proof. We verify the conditions of Corollary I.3.31 in parts, after which the claim will follow.

• To show that ι is a strong Segal morphism, we’re tasked verifying that X b,V0,/X →
(
TotV X b

)
0,/ιX

is

final; by Joyal’s Theorem A [kerodon, Tag 02NY] this is in turn equivalent to verifying for all maps

E→ ιX in TotV X b with E elementary, the slice category X b,V0,E//X is weakly contractible. We claim

that, if E ∈ X b,U , then IndVUE ∈ X
b,V
0,E//X is initial, i.e. IndVU f is the unique map making the following

diagram commute (
IndVUE,V

)
(Y ,V )

(E,U ) (X,V )

IndVU f

g̃
η

f
g

where f : E → ResVU Y is a map, η is the unit of the induction adjunction, and g̃ is the mate,

which lies in X b by the strong inert-induction assumption; indeed, existence and uniqueness of the

factorization is simply the universal property for induction.

• Condition (ML-a) follows simply by noting that all active arrows in TotV Spanb,v(X ) have domain

lying in Spanb,v
(
XV

)
, so we acquire an equivalence on active arrow categories.

• Condition (ML-b) is obvious by construction. □

In the case that our adequate T -quadruples come from self-indexing, we have a similar statement.

Proposition I.4.6. Suppose
(
X ,X b,X f ;X0

)
admits inert-induction and active-induction, and moreover satisfies

the property that each XU has a terminal object such that the induced functor IndVUXU → XV/IndVU ∗
is an

equivalence. Then, there exists a retract s : TotV Spanb,f (X )→ Spanb,f (XV ) of ι which is a Morita equivalence;

moreover, both patterns are soundly extendable under the assumptions of Conditions (i) to (iii) for s, in which

case s is a strong Morita equivalence.

Proof. Taking successive inductions yields an object V ∈ Γ T X for each V such that
(
Γ T X

)
/V
≃ XV and

such that induction is postcomposition, so that s can be chosen to be the unslicing functor. The assumption

that X admits active induction guarantees that s is a map of algebraic patterns, which is automatically a
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retract of ι in AlgPatt. Now, the strong Segal condition asks that s : TotV X b0,/(X,U )→X
b,V
0,/IndVUX

is final, i.e.(
TotV X b0,/(U,X)

)
×X b,V

0,/IndVUX

X b,V
0,E//IndVUX

is weakly contractible. This may be viewed as the choices of f and lifts

as the dashed arrow
(F,W ) IndVWF E

(X,U ) IndWU X

f

Of course, the map E→ IndWU X exhibits an equivalence E ≃ IndWU E
′, and it follows by unwinding definitions

that (E′ ,U )→ (X,U ) and the lift witnessing the universal property of induction yields an initial object in

this ∞-category, giving the strong Segal condition.

The conditions of Corollary I.3.31 follow similarly to Proposition I.4.5. □

I.4.1.2 Concentration in certain isotropy We now study reparameterization over a full subcategory.

Construction I.4.7. Given F ⊂ T a full subcategory, and B a T -pattern, we define the modified totalization

pattern TotT ,F −elB to have the same active and inert morphisms as TotT B but only elementary objects

living in fibers over F ; in particular, this is connected by a pattern map

ι : TotF B→ TotT ,F −elB. ◁

Corollary I.4.8. Suppose F ⊂ T is a full subcategory and
(
X ,X b,X f ;X0

)
an adequate T -quadruple strongly

admitting inert inductions such that T has a terminal object which is contained in F . Then, the associated

pattern map ι : TotF Spanb,f (X )→ TotT ,F −el Spanb,f (X ) is a Morita equivalence; moreover, both patterns

are soundly extendable under the assumptions of Conditions (i) to (iii), in which case ι is a strong Morita

equivalence.

Proof. Once more this is just Corollary I.3.31.

• The condition that ι is a strong Segal morphism follows by cancellation of finality under two

applications of the argument in Proposition I.4.5.

• Condition (ML-a) follows from the fact that active arrows are fiberwise, and

• Condition (ML-b) is obvious by construction. □

I.4.1.3 Redundant inert morphisms We now address change of inert morphisms.

Proposition I.4.9. Fix (X ,X b,X f ;X0) is an adequate T -quadruple and X b′ ↪→X b a wide T -subcategory s.t.

(a) X b′0 = X b0 , and

(b) X b′0,/X ↪→X
b
0,/X is final.
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Then, the associated pattern map ι : Spanb′ ,f (X ) → Spanb,f (X ) is a Morita equivalence. Moreover, both

patterns are soundly extendable under the assumptions of Conditions (i) to (iii), in which case ι is a strong

Morita equivalence.

Proof. We again verify the conditions of Corollary I.3.31 for ι:

• Condition (b) is equivalent to the condition that ι is strong Segal,

• Condition (ML-a) is automatic, and

• Condition (ML-b) is Condition (a). □

For instance, we acquire a lift of a proposition of Harpaz concerning m-commutative monoids.

Corollary I.4.10. The inclusion Spanm−1 (Sm) ↪→ Span(Sm) of Example I.2.18 is a strong Morita equivalence,

and both patterns soundly extendable; in particular, pullback yields a natural equivalence

FunKm (Span(Sm) ,−) ≃ CMonm(−)

Proof. Condition (a) is obvious and Conditions (b) and (ii) are verified in Corollary I.2.19. □

If the reader ever needs a theory of higher algebra whose corresponding theory of “symmetric monoidal

categories” is m-commutative monoid ∞-categories, this shows that the two obvious definitions for such a

theory agree. The reader should not interpret it as an interesting proof of the equivalence on Segal objects,

as we have essentially used all of Harpaz’s proof of this fact as input.

I.4.1.4 Restriction to spans over a full subcategory Lastly, we handle restriction to a full subcategory.

Proposition I.4.11. Fix
(
X ,X bX f ;X0

)
an adequate T -quadruple and X0 ⊂ Y ⊂ X a full T -subcategory s.t.

(a) given a X f ,V -morphism X→ Y with Y ∈ YV , we have X ∈ YV , and

(b) X0 ⊂ Y .

Then, writing Yb = X b ∩ Y and similar for Y f and Y0 = X0, the adequate full T -subquadruple inclusion(
Y ,Yb,Y f ;Y0

)
⊂

(
X ,X b,X f ;X0

)
induces a Morita equivalence

ι : Spanb,f (Y ;Y0) ↪→ Spanb,f (X ;X0) .

Moreover, if Spanb,f (X ;X0) is sound and one of the two patterns is extendable, then both are soundly

extendable and ι is a strong Morita equivalence.

Proof. This is once again Corollary I.3.31 and Condition (ii).

• The condition that Y0 = X0 and Y ⊂ X is fully faithful implies that Yb0,/Y ↪→X
b
0,/ιY is an equivalence,

and hence ι is iso-Segal.
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• Condition (ML-b) is equivalent to the condition that X0 = Y0, i.e. Condition (b)

• ι :
(
Y f/Y

)≃
→

(
X f/ιY

)≃
fully faithful since Y ⊂ X is fully faithful, and its essential surjectivity is

equivalent to Condition (a). □

I.4.2 Weak N∞-patterns Before specializing to the effective Burnside case, we point out that we may

carry out the program for (weak) N∞-patterns on the level of generality of span patterns such that X b = X .

I.4.2.1 The classification of weak N∞-patterns . Fix X an ∞-category.

Definition I.4.12. Given I ⊂ X a wide subcategory closed under base change and X0 ⊂ X a full subcategory.

An (I,X0)-weak indexing category is a subcategory J ⊂ I such that:

(a) J ⊂ X is closed under base change, and

(b) for all X ∈ X , the following square is cartesian:

(12)

J ×I I/X lim
E
I−→X

X∈X0

J ×I I/E

I/X lim
E
I−→X

E∈X0

I/E

⌟

We write wIndexCat(I,X0) ⊂ Sub(I) for the poset of (I,X0)-weak indexing categories and inclusions. ◁

Remark I.4.13. In Eq. (12), both vertical arrows are full subcategory inclusions; on the lefthand side this is

the inclusion of the full subcategory of arrows D→ X which lie in J (and arbitrary I-maps over X between

them, and on the righthand side diagrams of J maps DE → E which are compatible with base change along

I-maps.

Pullback-stability of full subcategory inclusions reduces Eq. (12) to the following condition:

(b’) Given an I-map f : D→ X such that each base-changed map g∗D→ E along an I-map E→ X with

E ∈ X0 lies in J, the map f itself lies in J. ◁

Remark I.4.14. We may view Eq. (12) as reminiscent of an I-relative version of the definition of weakly

extensive span pairs of [CHLL24b, Def. 2.2.1]. In particular, if I satisfies the property that I/X ≃ limE→C I/X

always (i.e. SpanI (X ;X0) is soundly extendable) then Eq. (12) is further equivalent to the condition that

J ×I I/X ≃ limE→X J ×I I/E . When I satisfies this property, we call it soundly extendable.

To make this analogy with weakly extensive span pairs precise, we need X to be freely generated under

finite coproducts, i.e. it must be of the form FT ; in this case if I ⊂ FT is already weakly extensive, it follows

by unwinding definitions and setting X0 = T ⊂ FT that (I,T )-weak indexing categories which contain all

objects of FT are precisely weakly extensive subcategories of FT contained within I .
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As noted in Remark I.1.86, this additionally agrees with the poset of one-color weak indexing cate-

gories; by the usual argument, this implies whenever I is a T -weak indexing category, that wIndexCatI ≃

wIndexCatT ,/I . In particular, choosing the terminal T -weak indexing category o(T ), we pass the sanity check

wIndexCato(T ) ≃wIndexCatT . ◁

As with its namesake [BH15], these classify subterminal fibrous patterns.

Theorem I.4.15. Under the morphism SubCat(I)→ Catint−cocart
/ SpanI (X ;X0), J maps to a fibrous SpanI (X )-pattern if

and only if J is an (I,X0)-weak indexing category; moreover, the corresponding functor of (∞,2)-categories

N(−)∞ : wIndexCat(I,X0)→ FBRS(SpanI (C))

is fully faithful with essential image spanned by the subterminal objects.

Proof. Note that the non-full subcategory inclusion

Fbrs(SpanI (X )) ⊂ Cat/ SpanI (X )

is compatible with limits, and in particular, it preserves and reflects monomorphisms and the terminal

object. In particular, the subterminal objects of Fbrs(SpanI (X )) are precisely the (−1)-truncated objects of

Cat/ SpanI (X ) which are fibrous patterns, i.e. the fibrous patterns O→ SpanI (C) which are also subcategory

inclusions.

Let c(X) ⊂ C be the full subcategory corresponding with the objects in the essential image of πO. By

restriction to SpanI∩c(O) (c(O)), it suffices to reduce to the case of monic essential surjections O→ SpanI (X ),

i.e. wide subcategory inclusions (henceforth called one color weak indexing categories).

Now, in a general ∞-category D with factorization system DL,DR ⊂ D, intersecting with DL and DR

yields a full sub-poset embedding

Subwide(D) ↪→ Subwide(DL)× Subwide(DR)

with image those pairs of wide subcategories which are closed under taking alternating compositions of the

left- and right-handed parts and then factorization. Now, restricting to wide subcategories of D containing

DL, this condition simplifies: instead, it says that, for all R-maps in the wide subcategory f and L-maps g,

the R-part of f ◦ g lies in the wide subcategory.

In our case, the result reduces to the following claims.

Claim i O lies in Catint−cocart
/ SpanI (C) if and only if it contains all backwards morphisms, i.e. it consists of a wide

subcategory a(O) ⊂ I closed under base change in C;
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Claim ii There exists a factorization O→ P→ SpanI (C) if and only if a(O) ⊂ a(P); and

Claim iii O is a fibrous SpanI (C)-pattern if and only if a(O) is an I-weak indexing system.

Claim i is obvious by virtue of the fact that all lifts of backwards maps in this setting are cocartesian; Claim

ii is immediate. For Claim iii, it suffices to note that Eq. (12) is precisely the square stipulating that

O ×SpanI (X ) ASpanI (X ) ≃ J ×I I/• −→ I/• ≃ASpanI (X )

is a relative Segal SpanI (X )-∞-category, which is precisely fibrousness by Remark I.2.21. □

I.4.2.2 Trivial fibrous patterns We now handle an important special case of this.

Proposition I.4.16. Suppose X admits inductions and X0, I ⊂ X is soundly extendable such that X has one

T -object. Then, there is an initial one-color
(
X f ,V , (T/V )op

)
- weak indexing category and a factorization

(13)

Pattcc (TotV ) TotV Spanf (X ;X0)

Spantriv

(
XV ;TotV

)
Spanf

(
XV ;TotV

)
ι

M

N

M ′

such that M and M ′ are strong Morita equivalences and N is a weak N∞-pattern inclusion.

Proof. The fact that the map M ′ is a strong Morita equivalence with soundly extendable domain is

Proposition I.4.5. Now, a one-color
(
X f ,V ,TotV

)
-weak indexing category is the data of a wide subcategory

I ⊂ X f ,V such that

I/X ≃ lim
E→X

I/E ;

since this condition holds for the terminal wide subcategory, it also holds for the core by conservativity

of equivalences, and we may define I triv B XV ,≃, yielding N (with soundly extendable domain by Proposi-

tion I.2.27). This is obviously initial among one-color weak indexing categories, so we’re left with constructing

a strong Morita equivalence M making the diagram commute.

By compatibility of M ′ and N with elementary morphisms, the morphism M classifying the elementary

subcategory of Spantriv

(
XV ;TotV

)
makes the diagram commute. We’re left with verifying that M is a strong

Morita equivalence. Now, it is presented by a subquadruple inclusion in the sense of Proposition I.4.11 along

the full subcategory inclusion V op ↪→ XV , so we’re tasked with verifying that, given an I triv,V -morphism

X→ Y with Y ∈ T op, X ∈ T op; this is obvious since all such morphisms are equivalences. □

We internalize parameterized higher category theory within parameterized higher algebra.
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Corollary I.4.17. In the situation of Proposition I.4.16, writing U = ι∗ : FBRS
(
Spanf (X ;X0)

)
−→ CATT , there

exists a fully faithful T -(∞,2)-left adjoint

CATT FBRS
(
Spanf (X ;X0)

)triv(−)⊗

U

⊣

whose V -essential image consists of the fibrous Spantriv

(
XV ;V op

)
-patterns.

Proof. Since cores are restriction-stable, we may define a T -subpattern Spantriv (X ;X0) ⊂ Spanf (X ;X0)

whose active V -morphisms are only equivalences; note that, on V -fibers, this presents the functor N of

Eq. (13). We acquire a diagram

CATT FBRS(Spantriv (X ;X0)) FBRS
(
Spanf (X ;X0)

)
;

Utriv

N!

N ∗

⊣

under which U ≃Utriv◦N ∗. Thus it suffices to prove that Utriv is an equivalence; but this is detected fiberwise,

and fiberwise it follows from Proposition I.4.16. □

I.4.3 Applications to the patterns for parameterized operads

I.4.3.1 Construction of the diagram Let Sbig
T denote the self-indexing FT -∞-category of ST ; that is,

(
Sbig
T

)S
≃ ST ,/S ,

with pullback functoriality. Defining Fbig
T similarly, we acquire adequate T -subquadruple inclusions

(
Fbig
T ,s.i.,Finbig

T ;∗T
) (

Fbig
T ,Fbig

T ,Finbig
T ;∗T

) (
Sbig
T ,Sbig

T ,Sbig
o(T );∗T

)
Now, the inclusion T/V ↪→ FT ,/V satisfies the condition of Corollary I.4.8, yielding a diagram of patterns

(14)

TotT FinT ,∗ TotT Spano(T ) (FT ) TotT Spano(T )

(
ST

)
TotFT ,T −el Finbig

T ,∗ TotFT ,T −el Spano(T )

(
Fbig
T

)
TotFT ,T −el Spano(T )

(
Sbig
T

)
FinT ,∗ Spano(T ) (FT ) Spano(T ) (ST )

We will prove that the solid arrows are strong Morita equivalences.

Warning I.4.18. The dashed arrows are emphatically not Morita equivalences; indeed applying two-out-of-three

one is a morita equivalence if and only if the other is a morita equivalence, and as recognized in [BHS22,
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Rmk. 5.2.17] in the case T = OG, one should not expect the vertical one to be a Morita equivalence when T is

not a space, as the vertical arrow fails to be an el-equivalence in that case. ◁

I.4.3.2 Providing the equivalences We begin with enough soundness to propagate everywhere.

Lemma I.4.19. Every algebraic pattern in the middle and righthand column of Eq. (14) is sound.

This indeed follows immediately from a much more general claim.

Lemma I.4.20. If (X ,X b,X f ;X0) is an adequate T -quadruple such that Xb = X , then Spanf (X ;X0) is a sound

T -pattern.

Proof. Letting TotX∨ be the cartesian unstraightening of the cocartesian straightening of TotX (i.e.

its dual cartesian fibration), note that TotSpanf (X ;X0) occurs as a span pattern

TotSpanf (X ;X0) ≃ Spanall,tdeg∩f (TotX ;TotX0) ,

where all backwards morphisms are included and the forward morphisms are morphisms lying in the fibers

over T and which are identified with X f ,V -morphisms for some V . Soundness follows immediately from

Proposition I.2.16. □

We will propagate extendability from one well-chosen example.

Proposition I.4.21. Spano(T )(FT ) is a soundly extendable algebraic pattern.

To prove this, we will need a more approachable sufficient set of generalized Segal conditions.

Lemma I.4.22 ([BHS22, Obs 5.2.9]). Fix S ∈ FT . Then, under the equivalence

((
Spano(T )(FT )

)el

S

)op
≃ T op ×FinT FinT ,/S

the full subcategory of
(
T ×T FPT ,/S

)op
consisting of morphisms f : T → S such that f itself is the inclusion of

an orbit is an initial subcategory equivalent to the set Orb(S).

Proof. The inclusion of the indicated full subcategory has a right adjoint given by taking images, so it

is initial. □

Proof of Proposition I.4.21. It is sound by Lemma I.4.19. To see that it is extendable, it is equivalent

to prove that ASpano(T (FT ) is a Segal Spano(T )(FT )-∞-category, i.e. for every S ∈ Spano(T )(FT ), the associated
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functor ϕ of

Spano(T )(FT )act
/S FinS

∏
V ∈Orb(S)

FinV

lim
V ∈Span(FT )el

S/

Spano(T )(FT )act
/V lim

V ∈T ×FT FT ,/S
FinV

∼ ∼

ϕ
∼

is an equivalence. In fact, it is an equivalence by Corollary I.4.35. □

Now, the following lemma simply follows by unwinding definitions.

Lemma I.4.23.

(1) The middle and righthand vertical arrows of Eq. (14) satisfy the conditions of Proposition I.4.5.

(2) The middle and righthand downward diagonal arrows of Eq. (14) satisfy the conditions of Corol-

lary I.4.8 for the inclusion T/V ↪→ FT ,/V .

(3) The top left horizontal arrow of Eq. (14) satisfies the conditions of Proposition I.4.9.

(4) Every righthand horizontal arrow of Eq. (14) satisfies the conditions of Proposition I.4.11.

Finally, we’re able to conclude.

Proof of Theorem I.4.1. After Lemma I.4.19, applying Lemma I.4.23 repeatedly together with

Corollary I.3.31 shows that Spano(T ) (FT ) is soundly extendable, then Spano(T )

(
Fbig
T

)
, then Spano(T )

(
Sbig
T

)
.

Now, all solid arrows of Eq. (14) are generated under two-out-of-three by arrows shown to satisfy the

conditions of Corollary I.3.31 via Lemma I.4.23 under two-out-of-three; moreover, the top left horizontal

arrow is iso-Segal, so its domain is soundly extendable, and as a consequence, every pattern connected by

solid arrows is soundly extendable. Applying two-out-of-three to strong Segal equivalences then yields the

claim. □

I.4.4 The algebraic pattern for generalized parameterized operads We now define a disintegrable T -

pattern describing a parameterized version of Lurie’s generalized ∞-operads [HA, § 2.3].

Definition I.4.24. The T -algebraic pattern F♮I,∗ has the same active and inert V -morphisms, but elementary

V -objects {∅V ,∗V }. ◁

The following proposition is immediate.

Proposition I.4.25. Fin♮T ,∗ is disintegrable and Fin♭T ,∗ = FT ,∗.

Given O⊗ ∈ Fbrs(FinT ,∗), define Tot♮O and Tot♭O for its corresponding prefibrous T -pattern structures

over Fin♮T ,∗ and FinT ,∗, so that Tot♭O ≃ TotT O. We moreover acquire the following from Example I.3.46.

Corollary I.4.26. Tot♮O is disintegrable and
(
Tot♮O

)♭
≃ Tot♭O.
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From here, we will be able to derive results for Tot♭O by studying Tot♮O, which is independently useful.

I.4.4.1 Segal conditions for generalized T -operads In particular, we will describe a sufficient set of fibrous

generalized Segal conditions for it.

Example I.4.27. Given V ∈ T , a pushout square of orbit-finite V -subspaces

Q R

σ :

S R⊔Q S

⌟

and an R⊔Q S-color X, we acquire an essentially unique square diagram pR⊔QS,X : ∆1×∆1→ Tot♮O lying over

σ with beginning point X and all arrows cocartesian over the associated inert morphisms. In the case O has

one color, we simply write pR⊔QS . ◁

Proposition I.4.28. Fix O⊗ ∈ Fbrs
(
Fin♭T ,∗

)
.

(1)
{
pR⊔S,X

}
is a sufficient set of fibrous generalized Tot♮O-Segal conditions.

(2)
{
pR⊔QS,X

}
is a sufficient set of fibrous generalized Tot♮O-Segal conditions.

Now, to remove pesky ω terms, we note the following lemma, which may be thought of by algebraic

pattern theorists as a form of soundness for these conditions.

Lemma I.4.29. The set
{
pR⊔QS,X

}
is closed under ω!(−).

Proof. Fix an active arrow ω : Y → X. The entire inert-active factorization diagram for ω and pR⊔QS,X

looks as follows on arity

g−1(Q◦)+ Q+

g−1(R◦)+ R+

g−1(S◦)+ S+

πY g−1
(
R◦ ⊔Q◦ S◦

)
+

R⊔Q S+g

The middle square is ω!pR⊔SQ, and noting that g−1(Q) = g−1(R)∩g−1(S), it is equivalent to pg−1(R)⊔g−1(Q)g
−1(S).

In particular, we find that ω!pR⊔QS,X is a cocartesian lift of some pR′⊔Q′S ′ , which is what we wanted to

show. □

This powers the following observation, which reduces us to the first case.
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Observation I.4.30. In general, pullback pasting applied to the diagram

F (XR) F
(
XQ

)
F (X∅)

F
(
XS⊔QR

)
F (XS ) F

(
XS−Q

)
expresses a natural equivalence of coassembly maps

F
(
XR⊔∅(S−Q)

)
F (XR)×F(X∅) F

(
XS−Q

)
F
(
XR⊔QS

)
F (XR)×F(XQ) F (XS ) F (XR)×F(XQ) F

(
XQ

)
×F(X∅) F

(
XS−Q

)
cR⊔(S−Q),X

≃ ≃

cR⊔QS,X id×idcQ⊔(S−Q),X

By ω!-closure, this covers all of the Segal conditions considered in the second part of Lemma I.2.48 and so by

Lemma I.2.48 and the fact that the conditions in (1) are a subset of the conditions in (2), it suffices to prove

(2) of Proposition I.4.28. ◁

Now, to characterize {pR⊔S }, we will find it helpful to place it in a more general setting.

Construction I.4.31. Given a finite set I , an I-indexed tuple of finite V -sets (Ri), and a ⊔iRi-multicolor X, we

define the subdiagram

K◁⊔iRi ,X ⊂ Tot♮Oint
/X

to consist of the inert maps lying over either the identity, the inclusion Ri ↪→ R for some i, or the inclusion

∅H ↪→ R; that is, it is the I◁▷-indexed diagram of inert maps

X

XRi · · · XRj

∅

Let p⊔iRi ,X : K◁⊔iRi ,X → Tot♮Oint
/X be the composite functor, so that pR⊔S,X is as previously defined. ◁

Observation I.4.32. By the same argument as Lemma I.4.22, the inclusion K⊔iUi ,X ↪→ Tot♮Oel
/⊔iUi is intial; by

Remark I.2.50, this implies that
{
p⊔iUi

}
is a sufficient set of generalized fibrous Segal conditions. ◁

Lemma I.4.33. Each p⊔iRi ,X is a generalized Tot♮FinT ,∗-Segal condition.

Proof. We induct on the weight n =
∑
i

(∣∣∣(Ri)G∣∣∣− 1
)
, with base case n = 0 covered by Observation I.4.32,

so assume this is true for weight < n for some n > 0, and assume that
∑k
i=0Ri has weight n > 0; since n > 0,

some Ri has at least 2 orbits, so assume WLOG that’s R0 and choose a nontrivial decomposition R0 = S ⊔ P .
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We may apply Lemma I.2.48: pullback pasting yields an equivalence of coassembly arrows

(15)

F
(∐k

i=0Ri
)

F(R0)×F(∅H ) · · · ×F(∅H ) F(Rk)

F
(
S ⊔ P ⊔

∐k
i=1Ri

)
F(S)×F(∅H ) F(P )×F(∅H ) F(R1)×F(∅H ) · · · ×F(∅H ) F(Rk)

F(S)×F(∅H ) F
(
P ⊔

∐k
i=1Ri

)

≃ ≃
Each of the bottom arrows are limits of coassembly arrows for generalized fibrous Segal conditions by the

inductive hypothesis, so the top arrow is as well. □

Finally, we’re ready to conclude.

Proof of Proposition I.4.28. As observed in Observation I.4.30, it suffices to prove (2), i.e. we may

assume Q = ∅. Lemma I.4.33 proves that this is a set of generalized fibrous Segal conditions, so we just need

to prove it’s sufficient. We will see this by running the argument of Lemma I.4.33 backwards.

To do so, we introduce auxiliary terminology; say that a set of generalized fibrous C-Segal conditions{
pα

}
generates

{
qβ

}
if finitely many applications of the first part of Lemma I.2.48 connect

{
pα

}
to

{
qβ

}
.

Of course, statement (4) of Lemma I.2.48 shows that it suffices to prove that
{
p⊔i∈IRi ,X | |I | ≤ n

}
is

generated by
{
pR⊔S,X

}
for all n, as the former set is sufficient by Observation I.4.32. We prove this inductively

on n, with base case n = 2 tautologically true and n− 1 trivially true. Indeed, Eq. (15) directly generates an

arbitrary p⊔i∈IRi ,X with i ∈ I by cases p⊔i′∈I ′R′i′ ,X′ with |I ′ | < n, completing the proof. □

I.4.4.2 Generalized segal conditions for T -operads Propositions I.3.50 and I.4.28 imply the following.

Corollary I.4.34. Fix O⊗ ∈ Fbrs
(
Fin♭T ,∗

)
. The following are sufficient sets of generalized fibrous TotO-Segal

conditions.

(1) The diagrams XR ↪→ X←↩ XS for all V ∈ T , R,S ∈ FT , and X ∈ OR⊔S .

(2) The diagrams XV1
, . . . ,XVn ↪→ X for all Vi ∈ T and X ∈ O⊔iVi .

We may additionally prove the following.

Corollary I.4.35. Fix C a T -∞-category and D an ∞-category.

(1) There is an equality SegFI,∗(C) ≃ FunI−⊕T
(
FI,∗,C

)
of subcategories of FunT

(
FI,∗,C

)
.

(2) There is an equality SegSpanI (FT )(D) ≃ Fun× (SpanI (FT ),D).

Proof. The second claim follows by Proposition I.4.21 under Theorem I.4.1, under the usual reduction

of product-preservation to binary and nullary product-preservation and semiadditivity of SpanI (FT ).
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For the first claim, note analogously to Proposition I.4.21 that the inclusion

S ↪→ F♭,el
I,∗,/S+

is initial, so these together form a sufficient set of parameterized generalized Segal conditions for F♭I,∗; the

corresponding assembly map demands an equivalence

(16) F(S+)
∼−−−−−→

S∏
U

F(U+)

for all S+ ∈ FI,∗. Noting that S+ ≃
∨S
U U+ is an I-indexed coproduct, this is certainly implied by I-semiadditivity;

that it implies I-semiadditivity follows from a simple inductive argument using associativity of indexed

coproducts (i.e. that g!f! ≃ gf! for maps of orbit-finite T -spaces T
f
−→ S

g
−→ R). □

Proof of Corollary I.4.2. Combine Corollaries I.4.2 and I.4.35. □

I.4.4.3 Operadic coefficient systems We now note the following result.

Proposition I.4.36. The map ϕ : Pattcc (T op)× Span(F)→ Spano(T )(FT ) factors essentially uniquely through a

strong Morita equivalence

Pattcc (T op)× Span(F)
SME−−−−−−−−→ SpanI∞ (FT ) ,

where I∞ is the minimal indexing category.

Proof. We already know that the codomain is soundly extendable by Theorem I.4.1, and it is easy to

see that ϕel and
(
ϕact
/O

)≃
are equivalences. Following Corollary I.3.31, we’re left with verifying that ϕ is a

strong Segal morphism, i.e. it induces an initial functor

Pattcc (T op)el
/V × Span(F)el

/n −→ SpanI∞ (FT )el
/n·V ;

this becomes obvious after unwinding the definitions. □

Corollary I.4.37. The forgetful functor

CMonI∞
(
CoeffT (D)

)
−→ CoeffT CMon(D)

is an equivalence.

Proof. Combine Corollary I.4.35 and Proposition I.4.36. □
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I.4.4.4 Inflated I-operads From this, when I is an indexing category, we have a fixed point procedure

(−)V : FBRS(SpanI (FT )) −→ FBRS(SpanI∞(FT )) ≃ COFRT (OP)
(−)V

−−−−−−−−→OP.

In particular, taking a limit, this admits a fully faithful T -(∞,2)-left adjoint, by the following immediate

corollary.

Corollary I.4.38. Taking constant values yields exists a fully faithful (∞,2)-left adjoint

OP COFRT (OP) OPI∞ OPI

InflTe

Γ T

≃

E

Bor

⊣ ⊣

In particular, this yields a natural equivalence

AlgInflTe O
(P ) ≃ AlgO

(
Γ T P

)
.

Here, we’ve written E ⊣ Bor for the push-pull adjunction along the monomorphism SpanI∞(FT ) →

SpanI (FT ). When O⊗ is an operad, we will often write O⊗ B InflTe O⊗ when it is not likely to cause confusion.

This will allow us to import tools from higher algebra into our setting seamlessly.

I.4.4.5 The Boardman-Vogt tensor product We may now prove the following.

Proposition I.4.39. The T -algebraic pattern map

∧B Spans.i.(×) : FinT ,∗ ×FinT ,∗ −→ FinT ,∗

is a Segal morphism.

Proof. We’re tasked with proving that, given a o(T )-semiadditive T -functor F : FinT ,∗ → C, ∧∗F is

o(T )-semiadditive separately in each variable. This follows by distributivity of products and o(T )-coproducts
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in each FinV ; indeed, we have

∧∗F

Y+,
S∨
U

XU,+,

 ≃ F (
Y ×⊔SUXU

)
+

≃ F

 S∐
U

(
ResVU Y ×XU

)
+

≃ F

 S∨
U

(
ResVU Y+ ∧XU,+

)
≃

S∏
U

F
(
ResVU Y+ ∧XU,+

)
≃

S∏
U

∧∗F
(
ResVU Y+,XU,+

)
. □

Remark I.4.40. We’ve used crucially here that the T -functor (−)+ : Fin×T −→ Fin∧T ,∗ is symmetric monoidal.

After extending this to ST →ST ,∗, we will show in Corollary II.3.69 that this uniquely characterizes the smash

symmetric monoidal structure on T -spaces, under which Fin∧T ,∗ will turn out to be a symmetric monoidal

subcategory. ◁

This endows FT ,∗ with the structure of a magmatic T -algebraic pattern, yielding a Boardman-Vogt

tensor product on fibrous patterns in the setting of any of the patterns of Theorem I.4.1.
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Parameterized higher algebra

Throughout this section, we will carry out much of the program of higher algebra, e.g. as incarnated

in [HA], in the context of I-operads and I-symmetric monoidal ∞-categories; that is, we study objects in

HA(B), for B the I-admissible effective Burnside pattern, or any other elements of its strong Morita class via

Theorem I.4.1.

Special to this strong Morita class, we will define an underlying I-symmetric sequence functor on one

colored I-operads, as well as a highly-colored variant, valued in appropriately indexed diagrams of spaces; we

note in Proposition II.1.29 that I-operad maps are equivalences if and only if they are essentially surjective

on colors and induce an equivalence on appropriately colored I-symmetric sequences. That is, we recognize

I-operad equivalences as those maps which are fully faithful and essentially surjective. As a result, we acquire

a homotopy theory of I-operads which may be reduced conservatively to a homotopy theory of diagrams of

spaces.

Using this, in the almost-unital case, we are able to construct I-symmetric monoidal categories and

I-operads of immense categorical importance, called cartesian and cocartesian structures. For the former, we

find that the strong Morita class of T -for I-higher algebra admits a cartesian structure for C in the sense of

Section I.3.2 whenever C admits I-indexed products, satisfying a strong rigidity result as those I-symmetric

monoidal ∞-categories whose I-tensor products are I-products and a strong conservativity result that taking

algebras in S×T detects fully faithful I-operad maps.

As a consequence, we will enter a regime where questions about O-algebras in arbitrary I-operads (or

I-symmetric monoidal ∞-categories) may be expressed as writing a map ϕ : O⊗→P⊗ to some other I-operad

and detecting that it is an equivalence, which is equivalent to ϕ being a Morita equivalence in the sense of

Section I.3.2, and hence amenable to a Morita localization theory lifting Lurie-Harpaz-Barkan-Haugseng-

Steinebrunner’s approximation theory.

For the latter universal structure, we find an adjunction U ⊣ (−)⊔ of T -(∞,2)-categories in the unital

case; a version of the assembly regime of [HA, § 2.3] follows. Moreover, we acquire a canonical lifts C⊔ ∈ Cat⊗I
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whenever C admits I-indexed coproducts, essentially uniquely so that the I-tensor products of C⊔ are

I-coproducts. Consequentially, we find N ⊗I∞ intimately intertwined with I-semiadditivity.

Of course, the pattern Spano(T )(ST ) is magmatic via Proposition I.4.39, yielding an A2-structure on

OpT via Boardman-Vogt tensor products as in Section I.3.7; it was shown in [Ste25b] that CMonT (C) is

an A2-monoidal localization of Fun
(
Spano(T )(ST )

)
as well, and Env an A2-monoidal subcategory inclusion.

Following [BS24a], we saw in [Ste25b] that CMonT (S) ∈ PrLT is idempotent as an E0-algebra in the sense

of [HA], and in particular, it admits an essentially unique distributive symmetric monoidal structure with

T -unit the free algebra on ∗T ; we eventually find that the terminal T -operad Comm⊗T is
BV
⊗ -idempotent,

yielding a canonical presentably symmetric monoidal structure on Cat⊗T ,/AT under which OpT is a symmetric

monoidal full T -subcategory. As a consequence, OpT ,Cat⊗T come equipped with extremely rigid compatible

presentably symmetric monoidal structures.

We take the perspective that the bulk of higher algebra outside of the theory of fibrous patterns may

be studied from these perspectives: the cartesian regime and Boardman-Vogt tensor products create a rich

landscape of universal mapping-out properties for I-operads which are detectable via tractable simple higher

category theory.

This is made into a relatively complete theory when it is augmented by a theory of distributivity and

presentability, which we study in Section II.3. The highlight of this is a normed version of the mode theory

regime of [HA]; for instance, this allows us to prove existence and uniqueness of a well-behaved G-symmetric

monoidal structure on G-spectra (with finite-index HHR norms), as well as its various localizations.

II.1 First characterizations

We begin by reviewing various corollaries of parameterized pattern structures and the work of Sections I.3

and I.4 in Section II.1.1. We follow this up by developing the underlying T -symmetric sequence in Section II.1.2,

showing one-color T -operads to be monadic over T -symmetric sequences. Absent coherence, we understand the

monad explicitly; consequentially, in Section II.1.3 we review a nerve functor extending that of Bonventre and

Nardin-Shah [Bon19; NS22] for explicitly constructing topological models of T -operads. Last, in Section II.1.4

we review the Boardman-Vogt tensor product in this setting.

II.1.1 Parameterized operads and symmetric monoidal ∞-categories

II.1.1.1 Basic definitions We make the following definitions.

Definition II.1.1. The T -(∞,2)-category of T -operads is

OPT B FBRS
(
Spano(T )(FT )

)
.
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More generally, when I ⊂ Fo(T ) is a weak indexing category, the ∞-category of I-operads is

OPI B FBRS(SpanI (FT )) .

In particular, we acquire a pair of forgetful (T -)functors

Tot : OPI ≃ FBRS(SpanI (FT )) −→ CAT/ SpanI (FT )

TotT : OPI ≃ FBRS
(
FI,∗

)
−−−−−−−−−−−→ CATT ,/FI,∗

Given O⊗ an I-operad and P ,Q→O⊗ I-operad maps, we define the O-relative algebra (T -)∞-category as the

associated mapping T -∞-category in OpT ,/O⊗ , i.e.

AlgP /O(Q) ≃ Funint−cocart
T ,/TotT O⊗(TotT P⊗,TotT P⊗)

AlgP /O(Q) ≃ Γ T AlgP /O (Q)

≃ Funint−cocart
/TotO⊗ (TotP⊗,TotP⊗)

If O⊗ is an I-operad, then the T -∞-category of small O-monoidal ∞-categories is

CAT⊗O B SEGTotT O
(
CATT

)
,

so that CAT⊗O B Γ T CAT⊗P ≃ SEGTotO (CAT). If C⊗,D⊗ are O-monoidal ∞-categories, then the ∞-category of

O-monoidal functors from C⊗ to D⊗ is the functor T -∞-category in CAT⊗O, i.e.

Fun⊗O(C,D) ≃ Funcocart
/O⊗

(
C⊗,D⊗

)
.

A lax O-symmetric monoidal functor is a functor of I-operads C⊗→D⊗ over O⊗. ◁

Note that a lax I-symmetric monoidal functor is an I-symmetric monoidal functor if and only if it is a

morphism in Cat⊗I , i.e. if and only if it preserves cocartesian lifts for arbitrary maps in SpanI (FT ).

We can recover the case of I-operads from the universal case:

Proposition II.1.2. The pattern map SpanI (FT )→ Spano(T )(FT ) is a fibrous pattern, and moreover outlines a

fully faithful T -(∞,2)-functor

N ⊗(−)∞ : wIndexCatT ↪→OPT

with essential image the sub-terminal objects. In particular, we acquire an equality of colocalizing full

T -(∞,2)-subcategories

OPI ≃OPT ,/N ⊗I∞ ↪→OPT .
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If O⊗ ≃N ⊗I∞ arises from Proposition II.1.2, we say that O⊗ is a weak N∞ T -operad (or simply a weak

N∞-operad), and if I is an indexing category, then we say that N ⊗I∞ is an N∞-operad ; in either case, we write

CAlgI (C)B AlgNI∞(C)

for the T -∞-category of I-commutative algebras in C.

Proof of Proposition II.1.2. Since Fo(T ) ⊂ FT is extensive by Remark I.1.86, Remark I.4.14 identifies

(Fo(T ),T op)-weak indexing systems and T -weak indexing systems. Theorem I.4.15 then shows fully faithfulness

of N ⊗I∞ and computes the image; the remaining claim follows by unwinding definitions. □

We may also quickly internalize a naive notion of parameterized operads.

Proposition II.1.3. There exists an equivalence of adjoint pairs of T -(∞,2)-categories

OPI∞ CAT⊗I∞

COEFFT (OP) COEFFT
(
CAT⊗

)
Env

∼

ι

∼
COEFFT Env

COEFFT ι

Proof. This is a straightforward combination of Proposition I.4.36 with Proposition I.3.36. □

Remark II.1.4. After Proposition II.1.3, one sees that it is specifically I∞-operads that are described when

one specializes Martini-Wolf’s internal higher algebra [MW22, § 2.5] to presheaf toposes; consequentially, our

work is strictly more general, and we may not cite their higher algebra directly to characterize ours. ◁

II.1.1.2 The structure of I-operads We now explicitly describe I-operads.

Construction II.1.5. Given πO : TotO⊗→ SpanI (FT ) a functor and S ∈ FT a finite T -set, we define

OS B π−1
O (S).

In the case that πO is a prefibrous pattern (i.e. a I-preoperad), inert arrows endow on (OV )V ∈T the structure

of a T -∞-category UO, formally given by the pullback

TotUO O⊗

T op Span(FT )

⌟

We call this the underlying T -∞-category of O⊗, and refer to it as O when this won’t cause confusion. ◁

The following proposition is an immediate corollary to Corollary I.4.34.
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Proposition II.1.6. A functor πO : TotT O⊗→ SpanI (FT ) is an I-operad if and only if the following hold:

(a) O⊗ has π-cocartesian lifts for backwards maps in SpanI (FT );

(b) (Segal condition for colors) for every S ∈ FT , cocartesian transport along the π-cocartesian lifts lying

over the inclusions (S←U =U |U ∈Orb(S)) together induce an equivalence

OS ≃
∏

U∈Orb(S)

OU ;

(c) (Segal condition for multimorphisms) for every map of orbits T → S in I and pair of objects

(C,D) ∈ OT ×OU , postcomposition with the π-cocartesian lifts D→ DU lying over the inclusions

(S←U =U |U ∈Orb(S)) induces an equivalence

MapT→SO⊗ (C,D) ≃
∏

U∈Orb(S)

MapT←TU→UO⊗ (C,DU ).

where TU B T ×S U .

Furthermore, if πO is a cocartesian fibration, then it is an I-operad if and only if its unstraightening

SpanI (FT )→ Cat is an I-symmetric monoidal ∞-category.

Remark II.1.7. Cocartesian lifts over backwards maps furnish an equivalence

MapT←TU→UO⊗ (C,DU ) ≃MapTU→UO⊗ (CTU ,DU ),

where CTU ∈ OTU is the TU -tuple of colors underlying C. Hence in the presence of Conditions (a) and (b),

Condition (c) may equivalently stipulate that the map

MapT→SO⊗ (C,D)→
∏

U∈Orb(S)

MapTU→UO⊗ (CTU ,DU )

is an equivalence. We will generally prefer this version, as the data of a T -operad is most naturally viewed as

living over the active (i.e. forward) maps. ◁

Remark II.1.8. Practitioners of [HA, Def 2.1.10] should note that, by Remark I.2.21, we may weaken

Condition (b) to assert only that cocartesian transport induces a π0-surjection OS →
∏

U∈Orb(S)
OU . ◁

We also point out an immediate corollary of Corollary I.4.17.
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Corollary II.1.9. If I has one color, then there exists an equality of colocalizing T -(∞,2)-subcategories

CATT

OPI

OPI triv

triv(−)⊗

U

BorI
Itriv

EI
Itriv

⊣
⊣

In particular, there exists a natural equivalence

Algtriv(C) (P ) ≃ FunT (C,UP ) .

As a corollary, U is T -continuous; we thus are somewhat justified in fixing a T -∞ and studying

T -operads with those colors. Proposition II.1.6, grants access to the structure spaces of such T -operads.

Notation II.1.10. Following [BP22] We will refer to tuples (V ∈ T ,S ∈ FV , (C;D) ∈ OS ×OV ) as O-profiles,

and we will often abusively refer to the profile (V ,S, (C;D)) as (C;D). Additionally, if ψ : T → S is a map

of finite V -sets, we will write TU B T ×U S; we refer to a composable datum over ψ as the data of a O-

profile (V ,S, (C;D)) together with an S-tuple of profiles ((U,TU , (BU ,CU )))U∈Orb(S); in this case, (BU )U∈Orb(S)

assemble into a T -tuple B, and we refer to (V ,T , (B;D)) as the composite O-profile. ◁

Construction II.1.11. Let O⊗ be a T -operad. Given an O-profile (V ,S, (C;D)), we write

O(C;D)BMap
IndTV S→V
TotO (C,D).

We will sometimes refer to MulψO (C;D) for the same construction in the case that πD is not an orbit. Similarly,

given S ∈ FV , we write

O(S)B
∐

(C,D)∈OS×OV

O(C;D);

we refer to this is the space of S-ary operations in O. ◁

This simplifies in a particular setting:

Definition II.1.12. A T -operad O⊗ is:

• at most one-colored if OV ∈ {∅,∗} for all V ∈ T , i.e. O(∗V ) ∈ {∅,∗} for all V ∈ T ,

• at least one-colored if OV ,∅ for all V ∈ T , i.e. O(∗V ) ,∅ for all V ∈ T , and

• one-colored if O⊗ is at least one-colored and at-most one colored.

We denote the associated full subcategories by Opoc
T ⊂Op≥oc

T ,Op≤oc
T ⊂OpT . ◁

One-color T -operads admit a simpler description: they are functors TotO⊗→ Spano(T )(FT ) with:
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(a’) cocartesian lifts of backwards maps,

(b’) contractible fibers, and

(c’) for whom cocartesian transport induces an equivalence

MapT→SO (iT , iS) ≃
∏

U∈Orb(S)

O(TU ),

where π−1(T ) = {iT } and TU = T ×S U →U , considered as a U -set.

For most applications, algebras over one-color T -operads suffice. For now, we describe the general setting.

Construction II.1.13. Given O⊗ ∈OpT and (S,V , (C;D)) an O-profile, for any T ← IndTV S, we find

O(C;D) ≃Map
T←IndTV S→V
πO (C;D)

due to the existence of cocartesian lifts for inert morphisms. Given a map U → V in T and a finite V -set

S ∈ FinV , postcomposition with the cocartesian lift of the backwards map V ← U = U yields a restriction

map

(17)

O(C;D) O
(
ResVU C; ResVU D

)

Map
IndTV S→V
πO (C,D) Map

IndTV S←IndTV S×VU→U
πO

(
ResVU C, ResVU D

)
≃

ResVU

≃

where the right hand side corresponds with the profile
(
U,ResVU S,

(
ResVU C; ResVU D

))
induced by restriction.

Moreover, given a composable datum
(
(C;D), (BU ;CU )U∈Orb(S)

)
lying over a map of V -sets ϕT S : T → S,

writing ϕT V for the structure map of T , composition in O⊗ restricts to a map

(18)

O(C;D)×
∏

U∈Orb(S)

O(BU ;CU ) O(B;D)

MapϕSVO⊗ (C,D)×MapϕT SπO (B,C) MapϕT VO⊗ (B,D)

γ

≃ ≃

◦

Lastly, define the color preserving automorphism group to be the subgroup AutV (C) ⊂ AutV (S) consisting of

automorphisms σ such that CU ≃ CσU for all U ∈Orb(S). Note that πO-cocartesian lifts of AutV (C) with

domain C are endomorphisms of C; cocartesian transport then yields an action

(19) ρS : AutV (C)×O(C;D) −→O(C;D).

We refer to ResVU as restriction, γ as the composition, and ρS as Σ-action. ◁
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Example II.1.14. Let I be a weak indexing category. Recall the example N ⊗I∞ = (SpanI (FT )→ Span(FT )) of

Proposition II.1.2. It follows by definition that UN ⊗I∞ ≃ ∗c(I); that is, NI∞ always has at most one color, and

it has one color if and only if I has one color. Moreover, we have

NI∞(S) ≃


∗ S ∈ FVI ;

∅ S < FVI .

Each of the maps ResVU ,γ,ρS are uniquely determined by their domain and codomain. ◁

For the following observation, we restrict to the one-color case simply for notational clarity; the general

case follows identically.

Observation II.1.15. The structures of Eqs. (17) to (19) are compatible in the following ways:

(1) The restriction maps are Borel AutV (S)-equivariant, i.e. the following commutes:

{cocart lifts of AutV (S)} ×MapϕSVO⊗ (iS, iV ) MapϕSVO⊗ (iS, iV )

AutV (S)×O(S) O(S)

AutW (ResVW S)×O(ResVW S) O(ResVW S)

{
cocart lifts of AutW (ResVW S)

}
×MapϕSVO⊗ (iResVW S, iW ) MapϕSVO⊗ (iResVW S, iW )

◦

ResVW ResVW

ρ

ResVW ResVW
ρ

◦

Here we write OS = {iS}.

(2) The composition maps are Borel AutV (S)×
∏

U∈OrbS
AutU (TU )-equivariant in an analogous way.

(3) The identity map on ∗V yields an element 1V ∈ O(∗V ) which is taken to 1U by ResVU .

(4) The composition maps are unital, i.e. the following commutes.

MapϕSVO⊗ (iS, iV ) MapϕSVO⊗ (iS, iV )×Mapid
O⊗(iS, iS)

O(S) O(S)×
∏

U∈Orb(S)
O(∗U )

O(∗V )×O(S) O(S)

Mapid
O⊗(iV , iV )×MapϕSVO⊗ (iS, iV ) MapϕSVO⊗ (iS, iV )

(id,{id})

({id},id) ◦

(id,({1U }))

({1V },id) γ

γ

◦

135



SECTION II.1. FIRST CHARACTERIZATIONS

(5) The map γ is compatible with restriction, i.e. given a composable pair of morphisms

IndTV T IndTV S VϕSVϕT S

ϕT V

and W → V a map in T , the following diagram commutes, where T B
∐S
U TU :

MapϕSVO⊗ (iS, iV )×MapϕT SO⊗ (iT , iS) MapϕT VO⊗ (iT , iV )

O(S)×
∏

U∈Orb(S)
O(TU ) O(T )

O
(
ResVW S

)
×

∏
U ′∈Orb(ResVW S)

O(TU ′ ) O
(
ResVW T

)

Map
ResVW ϕSV
O⊗

(
iResVW S, iW

)
×Map

ResVW ϕT S
O⊗ (iResVW T , iResVW S) Map

ResVW ϕT V
O⊗ (iResVW T , iW )

◦

ResVW ResVW

γ

ResWV
ResWV

γ

◦

(6) The composition maps are associative, i.e. given a collection of maps and composites

IndTVR IndTV T IndTV S V ,ϕRT

ϕRS

ϕRV

ϕT S

ϕT V

ϕSV

the following commutes, where RB
∐S
U
∐TU
W RW :

MapϕSVO⊗ (iS, iV )×MapϕT SO⊗ (iT , iS)×MapϕRTO⊗ (iR, iT ) MapϕT VO⊗ (iT , iV )×MapϕRTO⊗ (iR, iT )

O(S)×
∏

U∈Orb(S)
O(TU )

× ∏
U∈Orb(S)

W∈Orb(TU )

O(RW ) O(T )×
∏

W∈Orb(T )
O(RW )

O(S)×
∏

U∈Orb(S)

O(TU )×
∏

W∈Orb(TU )
O(RW )

 O
(
T∐
W
RW

)

O(S)×
∏

U∈Orb(S)
O

(
TU∐
W
RW

)
O (R)

MapϕSVO⊗ (iS, iV )×MapϕRSO⊗ (iR, iS) MapϕRVO⊗ (iR, iV )

◦

◦ ◦

γ

γ

γ

γ

◦

This is a version of monoids in T -symmetric sequences in hoS . ◁
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II.1.1.3 I-symmetric monoidal ∞-categories We also explicitly describe objects of Cat⊗I .

Notation II.1.16. Fix some S ∈ FVI and some I-symmetric monoidal ∞-category C. Associated with the

structure map ϕ : IndTV S→ V we have functors

S⊗
U

: CS →CV , ∆S : CV →CS

called the S-indexed tensor product and S-indexed diagonal. More generally, given f : T → S, we write

f⊗ : CT →CS for the covariant functoriality of C⊗ on f , and call this the f -indexed tensor functor.

We refer to the composite (−)⊗S : CV
∆S−−→ CS

⊗SU−−−→ CV as the S-indexed tensor power. In the case

IndTV S =W is an orbit (i.e. S is a transitive V -set), we write

NV
W B

W⊗
U

: CW →CV .

In general, we will use the inset notation −⊗− for ⊗2·∗V
U , and when ∅V ∈ FI , we will refer to the ∅V -ary

operation ∗ → CV as the V -unit and denote its essential image as 1V . ◁

Observation II.1.17. Suppose S, |Orb(S)| · ∗V , and all orbits of S are I-admissible V -sets. Then, the following

path lies in I

IndTV S

IndGH
∐

U∈Orb(S)

(
U

!−→V

)
−−−−−−−−−−−−−−−−−−−→ |Orb(S)| ·V ∇−−−−−−−−−−−−−−−−−→ V ,

In algebra, this yields the commutative diagram

CS CV

CV ,×Orb(S)

S⊗
U

(NV
U −) ⊗

i.e.
S⊗
U
XU ≃

⊗
U∈Orb(S)N

V
U XU . Thus, when I is an indexing category, the indexed tensor products in an

I-symmetric monoidal ∞-category is are determined by their binary tensor products and norms. ◁

The functoriality in categories of correspondences gives a version of the double coset formula

ResVW N
V
U Z ≃

U×VW⊗
X

ResUX Z

for all cospans U → V ←W in T such that U →W is in I . Moreover, ResWV and NW
V preserve applicable

trivially indexed tensor products.

A construction we will use quite liberally is the fixed points.
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Construction II.1.18. Right Kan extensions preserve product preserving functors; applying this to the orbits

functor FT : FT → F yields a functor

Γ B Span(FT )∗ : Fun×(Span(FT ),C)→ Fun×(Span(F),C).

In particular, Γ is right adjoint to InflTe B Span(FT )∗. When C = Cat, the counit of this adjunction is a

natural T -symmetric monoidal functor.

InflTe Γ C⊗→C⊗

We refer to the (symmetric monoidal) V -value of this as the symmetric monoidal V -evaluation

evV : Γ C⊗→C⊗V . ◁

II.1.1.4 Envelopes For convenience, we spell out an immediate corollary to Corollary I.3.12.

Corollary II.1.19. If P⊗→O⊗ is a map of T -operads, then the top horizontal composte of the following is an

O-monoidal ∞-category:
EnvOP⊗ Aract (O⊗) O⊗

P⊗ O⊗
ev0

⌟

ev1

This underlies a T -(∞,2)-functor

EnvO : OPT ,/O⊗ → CAT⊗O

which is left adjoint to the inclusion of O-monoidal ∞-categories into T -operads over O⊗, and the induced

T -(∞,2)-functor

Env/AOO : OPT ,/O⊗ → CAT⊗O,/AO

is fully faithful, with image spanned by equifibrations; in particular, we find

AlgP /O (C) ≃ Fun⊗O
(
EnvOP⊗,C

)
.

To be specific about equifibrations, we prove the following.

Proposition II.1.20. Suppose I is an indexing category. Then, an I-symmetric monoidal functor F : C⊗→D⊗

is equifibered if and only if the following diagrams are cartesian, where U → V is an orbit map lying in I:

CV ×CV C CU CV

DV ×DV D DU DV

⊗

F F

NV
U

F F

⊗ NV
U
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Proof. It suffices to note that SpanI (FT )act = I is generated under composition and disjoint union by

binary fold maps, nullary fold maps, and orbit maps, and that the equifibration square for nullary fold maps

is always satisfied. □

We will simply write EnvI (−)B EnvNI∞(−) and Env(−)B EnvCommT (−).

Example II.1.21. Let I be a weak indexing category. Then, unwinding definitions, we find that

EnvIN ⊗I∞ ≃ FI−⊔I ,

is a structure on FI whose I-indexed tensor products are I-coproducts. ◁

We record a convenient property of EnvI (−) here, which follows by unwinding definitions.

Lemma II.1.22 ([HA, Rmk 2.4.4.3]). If O⊗ ∈ OpI and ψ : T → S is a map of V -sets, then there is an

equivalence

Ar
(
EnvVI (O)

)≃
×Ar(FVI )≃ {ψ} ≃

∐
(C,D)∈OT ×OS

MapψO⊗→Span(FT )(C,D)

≃
∐

(C,D)∈OT ×OS

∏
U∈Orb(S)

O(CU ;DU )

In particular, if O⊗ has one color, then

MapψEnvI (O)V→FI,V
(iT , iS) ≃

∏
U∈Orb(S)

O(TU ).

II.1.1.5 Preoperads Now, we’ve defined I-operads in a Morita-invariant way, but we will often want

to resolve them by prefibrous patterns, which are not Morita-invariant. We correspondingly define the

(∞,2)-category of I-preoperads

POPI B PFBRS(SpanI (FT ) ≃ CATint−cocart
/ SpanI (FT ),

and the T -(∞,2)-category of Γ -I-preoperads

PreOpΓ

I
B PFBRS(FI,∗) ≃ CATint−cocart

T ,/FI,∗
.

These admit OpI and OpI as localizing (T -)subcategories; we write the localization as LOpT .

II.1.2 The underlying T -symmetric sequence We now study a forgetful functor to symmetric sequences.

We begin in Section II.1.2.1 by defining the multi-colored variant of T -symmetric sequences, then move on in
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Section II.1.2.2 to construct the underlying C-symmetric sequence, verifying that it is monadic in the one-color

setting. We reframe this somewhat in Section II.1.2.3 to introduce the n-ary BT Σn-space construction.

II.1.2.1 C-symmetric sequences We define the symmetric T -space category ΣT B Fin≃T .

Definition II.1.23. Let D be a T -∞-category. The ∞-category of T -symmetric sequences in D is FunT (ΣT ,D).

In the case C = ST , we refer to FunT (ΣT ,ST ) ≃ Fun(TotΣT ,S) simply as the ∞-category of T -symmetric

sequences.

More generally, if C is a T -coefficient system of sets, we set the notation ΣC B TotT triv(C); we refer

to FunT (ΣC,D) and Fun(TotΣC,S) as the ∞-categories of C-symmetric sequences in D and C-symmetric

sequences, respectively. ◁

Observation II.1.24. For any adequate T -triple (X ,Xb,Xf ), the inclusion

X ↪→ Spanb,f (X )

induces an equivalence on cores; in particular, we acquire an equivalence

Fin≃T ≃ Fin≃T ,∗ ≃ ΣT .

In particular, unwinding definitions, we find that

ΣV B ΣVT ≃ Fin≃V ≃
∐

S∈FinV

BAutV S

and the restriction map ΣV → ΣW is induced by the forgetful maps BAutV S→ BAutW S. ◁

Remark II.1.25. By unwinding definitions, one finds that ΣT ≃ Σ∗T . ◁

We may similarly explicitly understand ΣC.

Observation II.1.26. A map of coefficient systems C→D induces a map of T -operads triv(C)⊗→ triv(D)⊗,

i.e. a cocartesian fibration of T -∞-categories ΣC → ΣD. Applying this in the case D = ∗T , we acquire a

canonical natural cocartesian fibration of T -∞-categories

ΣC→ ΣT ;

taking V -values yields a natural cocartesian fibration

ΣC,V → ΣV

whose straightening has discrete values

S 7→CS ×CV
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with functoriality along S-automorphisms given by permuting the factors of the CS part. In particular, the

classical Grothendieck construction describes ΣV as having;

• Objects: profiles (V ,S ∈ FV , (C;D) ∈CS ×CV ) with orbit V

• Morphisms: V -equivariant automorphisms of S whose action fixes C, i.e. color-preserving S-

automorphisms.

In short, we find that

ΣV
C

=
∐
S∈FV

(C;D)∈CS×CV

BAutV (C).

Moreover, unwinding definitions, we find that the restriction functor ResVW : ΣV
C
→ ΣW

C
is induced from the

forgetful maps BAutV (C)→ BAutW (C). ◁

II.1.2.2 The underlying C-symmetric sequence We will restrict to the following setting.

Definition II.1.27. Given C : T op→ Set a coefficient system of sets, we define full subcategory of C-colored

T -operads as the pullback

(20)
OpC
T OpT

{C} CoeffT (Set)

⌟
π0U

◁

For instance, Opoc
T ⊂Op∗T . The following construction recovers an underlying T -symmetric sequence on

one-color T -operads.

Construction II.1.28. Given O⊗ ∈OpC
T , there is a structure map

EnvOtriv(C) ≃ triv(C)⊗ ×O⊗ Aract,/el(O⊗)→ triv(C)⊗,

where Aract,/el(O⊗) ⊂ Aract(O⊗) is the full subcategory of active arrows whose codomain is elementary; this is

an inert-cocartesian fibration by pullback-stability of inert-cocartesian fibrations [BHS22, Obs. 2.1.7]. The

underlying C-symmetric sequence of O⊗ is the unstraightening

O⊗sseq BUntriv(C)EnvOtriv(C) ∈ Fun(TotΣC,Cat).

Unwinding definitions, we find that there exists a cartesian square

O(C;D) EnvOtriv(C) TotΣC ×O⊗ Aract,/el(O)

{(C;D)} triv(C)⊗ TotΣC

⌟
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so that O⊗sseq is indeed an C-symmetric sequence. The associated functor is denoted

sseq: OpC
T → Fun(TotΣC,S). ◁

We will often use the following to reduce questions about T -operads to T -symmetric sequences.

Proposition II.1.29. A T -operad map ϕ : O⊗→P⊗ is an equivalence if and only if it satisfies the following:

(a) ϕ induces surjective maps π0OV → π0PV for all V ∈ T , and

(b) for all V ∈ T , all S ∈ FV , all C ∈ OS , and all D ∈ OV , the map ϕ induces equivalences ϕ : O(C;D)
∼−→

P (ϕC;ϕD).

In particular, the underlying C-symmetric sequence is a conservative functor

sseq: OpC
T → Fun(TotΣC,S)

In particular, specializing to C = ∗T , we find out that
{
O(S) | S ∈ FT

}
is jointly conservative on one-color

T -operads.

Proof of Proposition II.1.29. The second statement follows immediately from the first, since mor-

phisms of C-colored T -operads are π0-isomorphisms by assumption. Moreover, conditions (a) and (b) are

certainly necessary, as an inverse to ϕ induces inverse maps to both of the maps in question.

Fixing ϕ satisfying (a) and (b), we are left with prove that ϕ is an equivalence of T -operads. Since

Tot : OpT → Cat/ Spano(T )
is a subcategory inclusion, it is conservative, so it suffices to prove that Totϕ is an

equivalence of ∞-categories.

By the Segal condition for colors, we have an equivalence of arrows

π0OS
∏
V ∈Orb(S)π0OV

π0PS
∏
V ∈Orb(S)π0PV

ϕS

≃ ∏
ϕV

≃

Since π0O ≃
∐
S π0OS , (a) implies that ϕ is essentially surjective. Now, given C,D ∈ TotO, we have a diagram

MapTotO (C,D) MapTotP (ϕC,ϕD);

MapSpano(T )
(FT )

ϕ(C;D)

to prove that Totϕ is fully faithful and conclude, it suffices to prove that the horizontal arrrow is an equivalence

of spaces, or equivalently, it induces an equivalence on fibers over every span f : πC← S→ πD; the Segal
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condition for colors provides an equivalence of arrows

MapfO(C;D)
∏

V ∈Orb(π(D))
MapfVO (Cf −1

V
;DV )

∏
V
O(Cf −1V ;DV )

MapfP (ϕC;ϕD)
∏

V ∈Orb(S)
Mapf

′

P (ϕCf −1V ,ϕDV )
∏
V
P (ϕCf −1V ;ϕDV ).

ϕf (C;D)

≃

∏
ϕfV

(
C
f −1
V ;DV

)
≃

∏
ϕ
(
Cf −1V ;DV

)
≃ ≃

the right arrow is an equivalence by (b), so the leftmost arrow is an equivalence, completing the proof. □

The author learned the U◦ portion of the following argument from Thomas Blom.

Corollary II.1.30. The functor sseqT : Op∗T → Fun(TotΣT ,S) is monadic and preserves sifted colimits.

Proof. By Corollary I.3.10, OpT is presentable; moreover, in view of Corollary II.1.9 in the case C = ∗,

the bottom right horn of Eq. (20) lies in PrR, so by [HTT, Thm. 5.5.3.18] Op∗T is presentable. By [HTT,

Prop. 5.5.3.6] Fun(TotΣT ,S) is presentable as well, so by Barr-Beck [HA, Thm. 4.7.3.5] and the adjoint

functor theorem [HTT, Cor. 5.5.2.9], it suffices to prove that sseq is conservative and preesrves limits and

sifted colimits.

Conservativity is Proposition II.1.29, and (co)limits in functor categories are computed pointwise by

[HTT, Prop. 5.1.2.2], so it suffices to prove that O 7→ O(S) preserves limits and sifted colimits. We separate

this into manageable chunks via the following diagram:

Op∗T S

CatInt−cocart,core−iso
/ Span(FT ) Catcore−iso

/ Span(FT ) Catcore−iso
/ Span(FV ) Fun

(
(Span(FV )≃)×2 ,S

)
O7→O(S)

USeg

Ucocart ResTV U◦

ev
IndTV S,V

π and evIndTV S,V
preserve (co)limits since they are evaluation of functor categories [HTT, Prop. 5.1.2.2].

UCocart preserves limits and sifted colimits by [BHS22, Cor. 2.1.5]. USeg preserves limits and sifted colimits,

as each commute with finite products. ResTV preserves (co)limits, as it is a left and right adjoint.

By [Hau20, Prop 3.12], U◦ is equivalent to the forgetful functor

Alg(S/ Span(FT )≃,Span(FT )≃ )→S/ Span(FT )≃,Span(FT )≃ ,

where S⊗/Y ,Y is a monoidal structure on S/Y ,Y ≃ SY×Y ≃ Fun(Y ×Y ,S). This functor preserves limits and sifted

colimits by [HA, Prop. 3.2.3.1], completing the argument. □

In particular, this constructs a left adjoint

Fr: FunT (ΣT ,ST ) = Fun(TotΣT ,S)→Op∗T
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to sseq.

II.1.2.3 Other persiectives on T -symmetric sequences

Remark II.1.31. Let OG×Σn,Γn ⊂ OG×Σn be the full subcategory spanned by [G×Σn/ΓS ] for φS :H → Σn a map

with associated graph subgroup ΓS = {(h,φS (h)) | h ∈H} ⊂H ×Σn ⊂ G×Σn. This possesses an evident forgetful

functor Oop
G×Σn/ΓS →O

op
G taking [G×Σn/ΓS ]→ [G/H]; in [NS22, Ex. 4.3.7], this was shown to be a cocartesian

fibration factoring through an equivalence

∐
n∈R
Oop
G×Σn/ΓS ≃ TotΣG→O

op
G

taking [G × Σn/ΓS ] 7→ (H,S), and hence taking the G-space presented by OG×Σn/ΓS equivalently onto the

summand BGΣn ⊂ ΣG, the classifying G-space for equivariant principal Σn-bundles.

More generally, we say that an atomic orbital ∞-categories T is EI if the inclusions Aut(V ) ↪→ End(V )

are equivalences. If T is EI and admits a weakly initial object e ∈ T , we may define the T -subspace BT Σn ⊂ ΣT

as corresponding with the T -sets S whose restriction ResTe S is a set with n elements; then, we acquire a

splitting

ΣT ≃
∐
n∈R

BT Σn.

Under the above equivalence, given O⊗ ∈Opoc
T , we define the n-ary BT Σn-space

O(n) : BT Σn ⊂ ΣT
sseqO
−−−−−→ ΣT .

For instance, if F ⊂ OG is a family of subgroups, then F is EI with a weakly initial object, and BF Σn

is the classifying F -space for F -genuine G-equivariant principal Σn-bundles. In the case T = OG, O(n) is

characterized by its ΓS -fixed points O(n)ΓS ≃ O(S), with restriction functors along ΓResHK S
⊂ ΓS corresponding

with restriction map O(S)→O(ResHK S). ◁

We will see in Remark II.1.37 that this intertwines with a nerve functor from operad objects in topological

G-spaces. We will also need the following notation.

Notation II.1.32. Given an orbit V ∈ T , and a finite V -set S ∈ FV , we may define a natural “S-ary” V -space

in T -symmetric sequences

(−)(S) : Opoc
T → FunT (ΣT ,ST )→ FunV (ΣV ,SV )

evS−−−→ SV .

More generally, we may define the analogous V -space for an O-profile:

(−)(C;D) : OpC
T → FunT (ΣC,ST )→ FunV (ΣC,V ,SV )

ev(C;D)
−−−−−−→ SV . ◁
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II.1.3 The genuine operadic nerve In this subsection, we assume that T is an atomic orbital 1-category.

II.1.3.1 The 1-categorical nerve Recall the T -space ΣC of Definition II.1.23. [Bon19] introduced a

specialization of the following.

Definition II.1.33. A C-colored genuine T -operad in a 1-category V with finite products is the data of:

(1) a C-symmetric sequence O(−;−) : TotΣC→V ,

(2) for all V ∈ T and C ∈CV , a distinguished “identity” element 1C ∈ O(C;C), and

(3) for all composable data
(
(C;D), (BU ;CU )U∈Orb(S)

)
lying over a map T → S, a “composition” map

γ : O(C;D)×
∏

U∈Orb(S)

O(BU ;CU )→O (B;D)

subject to the following compatibilities:

(a) γ is Borel AutV (S)×
∏
U∈Orb(S) AutU (TU )-equivariant,

(b) (restriction-stability of the identity) for all U → V and C ∈CV , the restriction map

ResVU : O(C;C)→O
(
ResVU C;ResVU C

)
sends 1C to 1ResVU C

;

(c) (restriction-stability of composition) for all U → V , the following commutes

O(C;D)×
∏

U∈Orb(S)
O(BU ;CU ) O(B;D)

O
(
ResVW C;ResVW D

)
×

∏
U∈Orb(S)

O
(
ResVW BU ;CU

)
O

(
ResVW B;D

)
γ

ResWV
ResWV

γ

(d) (unitality) for all S ∈ FV , the following diagram commutes

O(C;D) O(C;D)×
∏

U∈Orb(S)
O(CU ;CU )

O(D;D)×O(C;D) O(C;D)

(id,({1U }))

(1V ,id) γ

γ
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(e) (associativity) For all S ∈ FV , (TU ) ∈ FS writing T B
S∐
U
TU , and (RW ) ∈ FT writing RB

T∐
W
RW , the

following diagram commutesO (C;D)×
∏

U∈Orb(SU )
O (BU ;CU )

× ∏
U∈Orb(S)

W∈Orb(TU )

O (AW ;BW ) O (B;D)×
∏

W∈Orb(T )
O (AW ;BW )

O(C;D)×
∏

U∈Orb(S)

O(BU ;CU )×
∏

W∈Orb(TU )
O(AW ;BW )


O(C;D)×

∏
U∈Orb(S)

O (AU ;CU ) O (A;D)

γ

γ

γ
γ

A morphism of C-colored discrete T -operads in V is a map of C-symmetric sequences in V preserving each

1C and intertwining γ; we refer to the resulting 1-category as gOpC
T (V ). ◁

Construction II.1.34. Given a map of coefficient systems f : C→C′, there is an induced map of T -operads

triv(C)⊗→ triv(C′)⊗ yielding a T -functor f : ΣC→ ΣC′ , and hence a precomposition functor

f ∗ : Fun
(
TotΣC′ ,V

)
→ Fun

(
TotΣC,V

)
.

These are the cocartesian transport functors of a cocartesian fibration, which we call SSeq•T . A morphism of

colored discrete operads O⊗→P⊗ is a morphism of their underlying objects of SSeq•T which is compatible

with identities and composition. We refer to the resulting 1-category as gOpT (V ). ◁

We write sOpC
T B gOpC

T (sSet) and sOpT B gOpT (sSet). In [BP21], a model structure was given to

sOpoc
G ; this was later shown to be Quillen equivalent to several other model categorical variations on G-operads

(e.g. [BP20, Tab 1]). Complementarily, [Bon19] constructed a genuine operadic nerve functor of 1-categories

N⊗ : sOpG→ sSet+
/(TotFG,∗,Ne)

whose restriction gOpG(Kan) lands in fibrant objects in Nardin-Shah’s model structure [NS22, § 2.6], and

hence presents G-operads.

Moreover, gOpT (Kan) agrees with the fibrant simplicial colored T -operads of [NS22, Def 2.5.4]; Nardin-

Shah [NS22] construct an analogous nerve functor

N⊗ : gOpT (Kan)→ sSet+
CatPatt(TotFinT )

whose specialization to T = OG agrees with Bonventre’s nerve.
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These nerve functors can be understood as taking O ∈ gOpC
T (Kan) to the Kan-enriched category over

TotFinT ,∗ with Ob(OS ) = CS and with mapping spaces

MapO⊗(C,D)B
∐

S←πOC→πOD

∏
U∈Orb(πO(D))

O(CU ;DU ),

with evident composition and mapping down to MapTotFinT ,∗
(πOC,πOD) via the evident forgetful map.

II.1.3.2 The conservative ∞-categorical lift N⊗ has homotopical properties.

Proposition II.1.35. N⊗ preserves and reflects weak equivalences between one-color genuine G-operads in Kan

complexes.

Proof. By [BP21, Thm II, Prop 4.31], the functor U : sOpoc
G → Fun(ΣG,sSet) is monadic and sOpoc

G

admits the transferred model structure from the projective model structure on Fun
(
TotΣG,sSetQuillen

)
; in

particular, U preserves and reflects weak equivalences.

It is not hard to see that sseq is right-derived from a functor

ssseq : sSet+,oc
/(FT ,Ne)

→ Fun
(
TotΣG,sSetQuillen

)
Proj

setting Osseq(S) := π−1
O (IndGHS → G/H); by Proposition II.1.29 sseq is conservative, so ssseq preserves and

reflects weak equivalences between fibrant objects. Hence it suffices unwind definitions and note that the

following diagram commutes

sOpoc
G sSet+,oc

/(FG ,Ne)

Fun(TotΣG,sSet)

N⊗

U
ssseq

□

In fact, the one-color assumption was unnecessary. We say that a map of genuine simplicial G-operads

ϕ : O → P is a weak equivalence if it is an isomorphism on coefficient systems and for all profiles (C;D), the

map O(C;D)→P (ϕC;ϕD) is a weak equivalence. These weak equivalences satisfy two-out-of-three (in fact,

two-out-of-six) by the same property for isomorphisms and for weak equivalences of simplicial sets.

Proposition II.1.36. N⊗ preserves and reflects weak equivalences between arbitrary genine G-operads in Kan

complexes.

Proof. It is not hard to see that N⊗ preserves and reflects the property of inducing isomorphism on

coefficient systems of colors, so we may fix a coefficient system of sets of colors C and verify that

N⊗
C

: gOpC
G(Kan)→ sSet+

/(FG,∗,NE)
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preserves and reflects weak equivalences. Thankfully, we have the same tools as in the one-color case;

Proposition II.1.29 constructs a functor s sseq : sSet+,C
/(FT ,Ne)

→ Fun
(
TotΣC,sSetQuillen

)
Proj

which preserves

and reflects weak equivalences between fibrant objects, and N⊗
C

is a functor over Fun
(
TotΣC,sSetQuillen

)
;

by two-out-of-three for weak equivalences, N⊗ preserves and reflects weak equivalences between fibrant

objects. □

Remark II.1.37. In [BP21], another nerve functor ι∗ : gOpoc
e (sSet)BG → gOpoc

G (sSet) was constructed and

shown to furnish a Quillen equivalence for a model structure on gOpoc
e (sSet)BG whose weak equivalences

and fibrations are preserved and reflected by the graph subgroup fixed points
∏
n∈R

{
O(n)Γ | Γ ∈ OG×Σn,Γ

}
for

the Quillen model structure on sSet. In particular, under the equivalence UnOGOG×Σn,Γ ≃ BGΣn, an object

O ∈ gOpe(sSet)BG has an n-ary BGΣn space O(n). In fact, unwinding definitions using [BP21, Rmk 4.38], we

find that there is an equivalence

N⊗ι∗O(n) ≃ O(n). ◁

II.1.4 Boardman-Vogt tensor products of parameterized operads

Construction II.1.38. Fix an object V ∈ T . The Boardman-Vogt tensor product
BV
⊗ is the tensor product

associated with the magmatic structure on FinT ,∗ of Proposition I.4.39, and the pointwise T -operad structure

on algebras is the associated internal hom via Proposition I.3.67. ◁

Proposition I.3.67 immediately implies the following.

Corollary II.1.39. Fix O⊗→P⊗ a map of I-operads and C⊗→D⊗ a map of I-symmetric monoidal∞-categories.

Then, Alg⊗O(C) is a I-symmetric monoidal ∞-category, and the canonical lax I-symmetric monoidal functors

Alg⊗P (C)→ Alg⊗O(C), Alg⊗O(C)→ Alg⊗O(D)

are I-symmetric monoidal.

Using this, in the one-color case we view O⊗
BV
⊗ P⊗-algebras as homotopy-coherently interchanging

O-algebra and P -algebra structures on a common T -object. Now, Proposition I.3.68 specializes to the following.

Corollary II.1.40. The V -symmetric monoidal envelope intertwines with the localized Day convolution structure

Env
(
O⊗

BV
⊗ P⊗

)
≃ Env

(
O⊗

)
⊛Env

(
P⊗

)
.

In particular, [BS24a, Thm E] shows that this property identifies the non-equivariant Boardman-Vogt

tensor product, so we acquire the following.
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Corollary II.1.41. When T ≃ ∗,
BV
⊗ is naturally equivalent to the Boardman-Vogt tensor product of [BS24a;

HM23; HA].

Additionally, we may characterize the
BV
⊗ -unit.

Proposition II.1.42. For all O⊗ ∈OpV , we have O⊗ ≃ O⊗
BV
⊗ triv⊗V ; hence there exists a natural equivalence

Alg⊗trivV
(O)→O⊗.

Proof. The first statement implies the second by the usual folklore argument:

Map(O⊗,Alg⊗trivV
(P )) ≃Map

(
O⊗

BV
⊗ triv⊗V ,P

⊗
)
,

≃Map(O⊗,P⊗),

so Yoneda’s lemma yields a natural equivalence Alg⊗trivV
(P ) ≃ P⊗. The same argument in reverse shows that

the second statement implies the first.

By the definitional equivalences

triv⊗T ≃ LFbrs (ι!Patt(∗T )) ≃ LOpT (∗T → Span(FT )),

bifunctors triv⊗T ×O → P correspond canonically with functors of T -operads O → P ; put another way, using

the bifunctor presentation of Observation I.3.63, this demonstrates that the forgetful natural transformation

AlgO⊗trivT
(P )→ AlgO(P )

is a natural equivalence for all P⊗ ∈OpT ; Yoneda’s lemma then demonstrates that O⊗
BV
⊗ triv⊗T ≃ O

⊗. □

Using this, we have a sequence of natural equivalences

UAlg⊗O(P ) ≃ AlgtrivV Alg⊗O(P )

≃ AlgO⊗trivV (P )

≃ AlgO(P );

in particular, we’ve proved the following corollary.

Corollary II.1.43. There exists a natural equivalence

UAlg⊗O(P ) ≃ AlgO(P ).
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We’ve shown in Proposition I.3.68 that Env intertwines
BV
⊗ with ⊛, and we’ve now seen that triv⊗V is

the
BV
⊗ -unit. In fact, Env intertwines units.

Proposition II.1.44. EnvI (trivT ) is the ⊛-unit in CMonI (Cat)⊛.

Proof. By symmetric monoidality of the Day convolution structure, , when C× is cartesian, the free

object FrI (∗) ∈ CMonI (C) is the ⊛-unit, so we may apply Yoneda’s lemma to the equivalence.

Fun⊗I (EnvI (trivT )⊗,D⊗) ≃ AlgtrivT
(D⊗) II.1.19

≃ Γ T D

≃ Fun⊗I (FrI ∗,D⊗)

≃ Fun⊗I
(
1⊛,D⊗

)
. □

II.2 Basic examples

We now introduce a large number of basic examples of I-symmetric monoidal∞-categories and I-operads.

As in the classical case, a good first step is cartesian and cocartesian structures ; we introduce such structures

in Section II.2.1 and characterize algebras in the cartesian case in terms of Segal T -objects over the associated

T -pattern; notably, this yields fairly simple presentations for the free O-algebra monad in cartesian cases

without any serious considerations about distributivity, allowing us to prove early that evaluation on T -spaces

detects “fully-faithfulness” of T -operad maps.

Moving on from this, we recognize in Section II.2.2 that the cocartesian structure exists for all T -

categories C as a unital I-operad characterized by mapping-in and mapping-out properties, which is I-symmetric

monoidal precisely when C has I-indexed coproducts. By relating I-cocartesianness to I-semiadditivity, we

use this to prove that CAlg⊗I (D) is universal for the property that it is I-cocartesian and lies I-symmetric

monoidally over D⊗; we recover Cnossen-Lenz-Linskens’ semiadditive closure expression of CMonI as a

consequence.

Moving on to operad-leaning examples, we quickly move on to lift Lurie’s disintegration and assembly

procedure to T -operads in Section II.2.3. The major upshot is that we may reduce
BV
⊗ -computations of

T -space-colored unital I-operads to the reduced case. Following this, we take a short detour in Section II.2.4

to describe the I-operad and I-symmetric monoidal incarnations of Sections I.3.4 and I.3.6; notably, in

Section II.2.5 we recognize a type of localization of I-operads lifting the Morita T -localizations of Section I.3.6,

ultimately strengthening the expression in terms of locally constant algebras from the cartesian case to

algebras in arbitrary T -operads.
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Then, we move on to a concrete source of examples in equivariant homotopy theory; in Section II.2.6

we review a construction from joint work of the author with Juran of a G-symmetric monoidal ∞-category of

G-manifolds with arbitrary tangential structure and C∞-embedding spaces, ultimately exhibiting the full

G-symmetric monoidal subcategory spanned by disks as the envelope of a G-operad E⊗
Θ

. In the fully framed

case, E⊗V , we exhibit a natural EV -structure on V -fold loop spaces extending a well-known construction in

the finite group case and state a recognition principle due to Juran in the finite group case.

Crucially, in Section II.2.7, we use the disintegration and assembly procedure to assemble E⊗
Θ

(and hence

DiskΘ,⊔
G ) as a BΘ-indexed G-colimit of the fully framed case. As such, we recover EΘ-algebras as BΘ-indexed

diagrams of EΘ(x)-algebras, with nontrivial action of the loop G-spaces in BΘ jointly on the algebras and

operads. This will form the basis of reducing analysis of such objects to the fully framed case.

Indeed, following this, in the case of a finite group G, in Section II.2.8 we establish a concrete topological

model for EV in the realm of rectilinear embeddings of little polydisks; this interpolates between “affine” and

linear little cube embeddings in the nonequivariant case, and it is custom-fit as a model to exhibit later

additivity phenomenon.

Finally, in Section II.2.9 we extend the notion of prefactorization algebras to this setting, in preparation

for later work on additivity of equivariant little disk operads. The upshot is that EV -algebras embed fully

faithfully into U -prefactorization algebras as locally constant algebras, if U ⊂Open(V ) is a reasonably nice

open cover; we show that decomposable little polydisks form such a cover, encapsulating the main topological

phenomenon behind little disk additivity.

II.2.1 Parameterized Cartesian structures and O-monoids For the following two subsections, fix I an

almost-unital weak indexing category. Denote by CATI−⊔I ,CATI−×I ⊂ CATT the locally fully-faithful T -

(∞,2)-subcategories with V -objects the V -∞-categories with I-indexed coproducts (resp. products) and

V -morphisms the V -functors which preserve I-indexed coproducts (products). We will prove the following.

Theorem II.2.1. There are fully faithful embeddings (−)I−⊔, (−)I−× making the following commute:

CATI−⊔I CAT⊗I CATI−×I

CATT

(−)I−⊔

U
U

(−)I−×

U

The image of (−)I−⊔ is the I-symmetric monoidal ∞-categories whose υ(I)-units are initial and whose ⊗-

Wirthmüller transformations

W :
S∐

=⇒
S⊗
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are equivalences, and (−)I−× their fiberwise opposites. Moreover, there exists a natural transformation

TotT CI−×→C such that postcomposition factors through a natural equivalence

AlgO
(
CI−×

) ∼−−−−−→ SegO (C) ;

in particular, we acquire an equivalence

CAlgI
(
CI−×

)
≃ CMonI (C).

We refer to I-symmetric monoidal ∞-categories satisfying the above condition for coproducts as

cocartesian, and for products as cartesian. Many similar definitions have been made in the literature. Luckily,

they all agree.

Remark II.2.2. [NS22] constructed a pair of structures C
∐
,C

∏
which, after unwinding definitions, satisfy

the conditions of Theorem II.2.1 in the case I = T . In particular, there are unique I-symmetric monoidal

equivalences BorTI C
∐
≃ CI−⊔ and BorTI C

∏
≃ CI−× lying over the identity whenever C admits finite indexed

(co)products.

Moreover, [CHLL24b] introduced another structure, specifically a cartesian I-symmetric monoidal

structure on FinT , and conjectured it to be equivalent to Nardin-Shah’s construction; this conjecture was

recently verified in [CLR25] by verifying universality of the unfurling construction used in Nardin-Shah’s

construction. We acquire an independent proof of this result without serious (∞,2)-category theory: Cnossen-

Haugseng-Lenz-Linsken’s construction satisfies the condition of Theorem II.2.1, so there is a unique pair of

I-symmetric monoidal equivalences BorTI Fin
∏
T ≃ FinI−×T ≃ FinT ,× lying over the identity.

Moreover, after drafts of this result were made public, [LLP25, Def. 2.15] constructed another structure,

which specializes to a cocartesian I-symmetric monoidal structure CI−
∐

; by [LLP25, Lem. 2.16], in the

case that C has I-indexed coproducts, CI−
∐

satisfies the conditions of Theorem II.2.1, so there is a unique

I-symmetric monoidal equivalence CI−
∐
≃ CI−⊔ lying over the identity. ◁

Remark II.2.3. It follows from Theorem II.2.1 that, given an inclusion J ⊂ I , the following diagram commutes

CATI−⊔T CAT⊗I CATI−×T

CATJ−⊔T CAT⊗J CATJ−×T

BorIJ BorIJ BorIJ

i.e. BorIJ (−)I−⊔ ≃ (−)J−⊔. As a consequence, when it will not cause confusion, we will simply refer to (−)⊔ and

(−)× and leave the ambient weak indexing category (which is almost always FT ≃ or Fo(T )) implicit. ◁

152

https://arxiv.org/pdf/2503.02839v1#theorem.2.15
https://arxiv.org/pdf/2503.02839v1#theorem.2.16


CHAPTER II. PARAMETERIZED HIGHER ALGEBRA

II.2.1.1 Semiadditivity as an I-symmetric monoidal equivalence We call I-symmetric monoidal ∞-

categories of the form CI−⊔ cocartesian, and CI−× cartesian. Now, by ⊗-Wirthmüller maps, we are referring to

the following construction.

Construction II.2.4. Let C⊗ be an I-symmetric monoidal ∞-category satisfying the property that 1• ∈ Γ υ(I)C

is initial and let (XU ) ∈ CS be an S-tuple for some S ∈ FI . The ⊗-Wirthmüller map for (XU ) is the map

WS,(XU ) :
S∐
U

XU −→
S⊗
U

XU

classified by the summand maps

XW ResVU
⊗S

W XW .

XW ⊗
⊗ResVU S−W

U ′ 1U ′ XW ⊗
⊗ResVU S−W

U ′ Reso(U ′)
U ′ Xo(U ′)

WS,(XU ),U ′

≃ ≃

(id;!)

where o(U ′) ∈Orb(S) is the orbit whose restriction contains U ′. 1U exists and is initial by almost-unitality.

Dually, if C⊗ is an I-symmetric monoidal ∞-category such that 1• ∈ Γ υ(I)C the ⊗-coWirthmüller map

W co
S,(XU ) :

⊗S
U XU →

∏S
U XU is the Wirtmüller map for (XU )S in the fiberwise opposite C⊗,vop.

Note that, in the case that C⊗ has all ⊗-Wirthmüller maps equivalences, the ⊗-coWirthmüller maps

are the ordinary Wirthmüller maps; similarly, if the ⊗-coWirthmüller maps are equivalences, then the

⊗-Wirtmüller maps instead are the ordinary Wirthmüller maps. ◁

This identification of (co)Wirthmüller maps allows us to incarnate the ostensibly parameterized higher

categorical property of I-semiadditivity within the framework of parameterized higher algebra.

Corollary II.2.5. An I-symmetric monoidal category is I-semiadditive if and only if it admits I-products and

coproducts and there exists an equivalence CI−⊔ ≃ CI−× lying over the identity.

Proof. Employing the remarks in Construction II.2.4, note that are assumption is equivalent to either

the condition that CI−× lies in the essential image of (−)I−⊔ or that CI−⊔ in (−)I−×. Under this assumption, it

follows immediately from Theorem II.2.1 that the essential image of Fun⊗I
(
CI−⊔,CI−×

)
→ FunT (C,C) contains

the identity; conversely, if CI−× ≃ CI−⊔, then CI−× satisfies both the ×-Wirthmüller and ×-coWirthmüller

isomorphims, so by the remarks in Construction II.2.4 give the claim. □

II.2.1.2 Detecting equivalences of G-operads by their algebras We postpone the proof of Theorem II.2.1

until the end of the section, instead first focusing on its applications. First, combining it with with

Theorem I.4.1 immediately yields the following.
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Corollary II.2.6. Given O⊗ ∈OpT and D an ∞-category with finite products, there exists a natural equivalence

AlgO
(
CoeffG(D)×

)
≃ SegTotTotT O⊗ (D) .

In particular, we acquire a natural equivalence

CAlgI
(
CoeffG(D)×

)
≃ CMonI (D).

Now, for expositional reasons, we may use this to understand free O-algebra G-spaces far before free

O-algebras in other G-symmetric monoidal categories. Explicitly, we find the following.

Theorem II.2.7 (“Equivariant [HM23, Thm 4.1.1]”). A map of T -operads ϕ : O⊗→P⊗ is an equivalence if

and only if it satisfies the following conditions:

(a) the T -functor Uϕ : UO→UP is essentially surjective, and

(b) the pullback functor ϕ∗ : AlgP (ST )→ AlgO(ST ) is an equivalence of ∞-categories.

In fact, we will prove the following stronger result.

Proposition II.2.8. Suppose a map of T -operads ϕ : O⊗ → P⊗ induces a π0-bijection Uϕ : O → P and an

equivalence AlgP
(
CoeffT C

)
→ AlgO

(
CoeffT C

)
for C a presentable and cartesian closed category. Then, the

induced C-map FrCO(B;C)→ FrC P (ϕB;ϕC) is an equivalence for all O-profiles (B;C).

Note that Propositions II.1.29 and II.2.8 together immediately prove Theorem II.2.7. Now, we tem-

porarily import the following result of Chu-Haugseng.

Lemma II.2.9 ([CH21, Cor. 8.2¸Cor. 8.12]). Suppose O is an extendable algebraic pattern satisfying the

condition that Oel
O/ admits a zigzag of initial functors to a finite set for all O ∈O and C is a presentable and

cartesian closed category. Then, the forgetful functor SegO(C)→ Fun(Oel,C) is monadic, and the associated

free Segal object endofunctor on Fun(Oel,C) has value on F given by

FrO(F)(O) = colimO′∈(Oact
/O )≃ lim

E∈Oel
O′ /

F(E).

Proof of Proposition II.2.8. According to Corollary I.4.35 and Theorem I.4.1 we are in the situation

of Lemma II.2.9 for the pattern TotO⊗. Now, note in this case that the essentially unique G-product-preserving

and G-colimit preserving functor SG −→ C sends

FrO (FrCX)VD ≃ FrTotO⊗ ((FrCX)) (D,V ) ≃ FrC FrTotO⊗ (X) (D,V ) ≃ FrC FrO (X)VD
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by the formula of Lemma II.2.9. In particular, for each profile (C;D), it suffices to provide a diagram

y(C;D) : UO −→ SG and a natural splitting

FrO
(
y(C;D)

)V
D
≃ O(C;D)⊔ J(C;D),V ,O

for some junk space J(C;D),V ; applying the monad to FrC y(C;D) will then yield an equivalence

FrCO(C;D)⊔FrC J(C;D),V ,O
∼−−−−→ FrC P (ϕC;D)⊔FrC J(C;D),V ,P

respecting the summand decomposition; in particular, it will yield the desired equivalence.

Now we embark on our goal. Write CB π0UO ≃ π0UP . Note that we acquire, for each T -diagram

X : UO → ST and V -equivariant color D, a natural equivalence of spaces

FrOX
V (D) ≃ FrTotO⊗(X,V )(D)

≃
∐

(C,D)∈ΣC,V

O(f C;f D)×
∏
U∈πC

XU (CU )


hAutV

C
C

≃
∐

(C,D)∈ΣC,V

(
O(f C;f D)×mapFunT (C,ST )(C,X)V

)
hAutV

C
C

(21)

Now, for a profile (C;D), let よC(C;D) be the somewhat-constant functor

UO −→C −→ ΣC,V

map(−,(C;D))
−−−−−−−−−−−→ SG

Indeed, now by definition there is a free AutV
C

C-summand

AutV
C

(C) ⊂ EndV (C;D) ≃よC(C;D)V ,

and the rest of the proposition follows as argued above. □

II.2.1.3 Pointwise indexed tensor products of O-monoids We will use Theorem II.2.7 to study interchange,

for which we need the following.

Proposition II.2.10. If C has I-indexed products and O⊗ is an I-operad, then the pointwise structure Alg⊗O
(
CI−×

)
is cartesian.

Now, to prove this, we first need the following lemmas.

Lemma II.2.11. U : AlgO(D)→ FunT (UO,UD) creates T -limits.
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Proof. We claim that each of the forgetful functors

AlgO(D)→ FunT ,/TotT O (TotT O,D)→ FunT (UO,UD)

preserves T -limits; indeed the second follows immediately from Proposition I.1.38, and for the latter, it suffices

to note that limits are defined pointwise by Proposition I.1.38, and hence take diagrams of inert-cocartesian

arrows to inert-cocartesian arrows (see [NS22, Thm. 5.1.3]). □

Lemma II.2.12. For all T -categories B,C such that C has I-indexed products, Alg⊗triv(B)

(
CI−×

)
is cartesian.

Proof. Under Theorem II.2.1, simply apply Yoneda’s lemma to the natural equivalence

AlgOAlg⊗triv(B) (C) ≃ Algtriv(B)Alg⊗O (C)

≃ FunT (B,SegO(C))

≃ SegO (FunT (B,C))

≃ AlgO
(
Algtriv(B) (C)I−×

)
. □

Lemmas II.2.11 and II.2.12 reduce Proposition II.2.10 to part (4) of the following lemma.

Lemma II.2.13. Fix F : D⊗→C⊗ an I-symmetric monoidal functor.

(1) If F is I-coproduct preserving then there is a homotopy FWS,(XU ) ∼WS,F(XU ).

(2) If F is I-product preserving then there is a homotopy FW co
S,(XU ) ∼W

co
S,F(XU ).

(3) If F is I-coproduct-preserving and conservative and C⊗ is cocartesian then D⊗ is cocartesian.

(4) If F is I-product preserving and conservative and C⊗ is cartesian then D⊗ is cartesian.

Proof. For (1), since F is I-coproduct preserving, we’re tasked with constructing a homotopy making

the following diagram commute

F
(
XU ⊗

⊗ResVU S−U
W 1W

)
F
(
XU ⊗

⊗ResVU S−U
W XW

)

FXU ⊗
⊗ResVU S−U

W 1U FXU ⊗
⊗ResVU S−U

W FXW

(id;!)

≃ ≃

(id;!)

In fact, there is a contractible space of such choices. (2) follows by applying fiberwise-opposites.

For (3), applying (1) shows that FWS,(XU ) is an equivalence for all S ∈ FI and (XU ) ∈ DS , so conservativity

implies that WS,(XU ) is an equivalence, i.e. D⊗ is cocartesian. (4) follows similarly from (2). □
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II.2.1.4 The trivial O-algebra A toy case for the study of interchange is interchange of E0-algebras. We

now show how to use Theorem II.2.1 to give a relatively elementary proof of the sharp version of [NS22,

Thm. 5.2.11], without use of [NS22, Thm. 5.2.10].

Definition II.2.14. We say that an I-operad O⊗ is unital if O(∅V ;C) = ∗ for all C ∈ OV with V ∈ υ(I), and

reduced if also O(∗V ) = ∗ for all V ∈ c(I). More generally if F ⊂ υ(I) is a family, we say that O⊗ is F -unital

if O(∅V ;C) ≃ ∗ for all C ∈ OV and V ∈ F and F -reduced if also O(∗V ) = ∗ for all V ∈ F ; equivalently, O⊗ is

F -unital (resp. F -reduced) if and only if BorII∩FF O
⊗ is unital (reduced). ◁

A minimal example is the following.

Example II.2.15. Given the almost-unital weak indexing category I0,F corresponding with the weak indexing

system

FVT ,0,F B


{∅V ,∗V } V ∈ F

{∗V } otherwise,

we define the T -operad E⊗0,F BN
⊗
I0,F

. ◁

Corollary II.2.16. Given O⊗ a T -operad, the following conditions are equivalent:

(a) O⊗ is F -unital,

(b) the map O⊗ ≃ O⊗
BV
⊗ triv⊗T −→O

⊗ BV
⊗ E⊗0,F is an equivalence, and

(c) the forgetful T -functor AlgE0,F (O)→UO is an equivalence.

(d) for all T -operads C⊗ such that UC admits a terminal F -object, Alg⊗O(C) is F -unital.

If these are satisfied for F = T , and moreover C⊗ underlies an O-monoidal ∞-category, then the full T -

subcategory of V -objects A ∈ Alg/O(C)V whose unit U -maps 1U → A(X) are equivalences for all X ∈UOU and

U → V is contractible.

Finally, if C underlies an I-symmetric monoidal category and O has one color, then under the equivalence

Alg/O(C) ≃ AlgO(C), the trivial V -algebra and unit V -object agree.

We refer to the algebra described in this corollary as the trivial O-algebra in C. Before proving it, we

note an immediate corollary which will become useful later.

Corollary II.2.17. E⊗0,F ∈ OpT is an
BV
⊗ -idempotent E0-algebra under the unique map triv⊗T → E⊗0,F ; a

T -operad is an E⊗0,F -module if and only if it is F -unital.

The following lemma follows by unwinding definitions, noting that all V -objects lying over S+ for S

nonempty admit empty spaces of inert arrows to the object lying over ∅V ,+.
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Lemma II.2.18. O⊗ is F -unital if and only if TotT O admits initial V -objects for all V ∈ υ(F ); in this case,

these V -objects lie in the (contractible) fibers C∅V
⊂ (TotT C)V .

Motivated by [HA, Rmk. 3.2.1.3], we see that triviality is witnessed by cocartesianness of the corre-

sponding arrows from this initial object.

Lemma II.2.19. Given an object X ∈ Alg/O (C), the following conditions are equivalent:

(a) X is trivial,

(b) the corresponding section TotT O → TotT C sends the unique V -arrow uC : 0V → C to a cocartesian

arrow for all C ∈ CV , and

(c) the corresponding section TotT O→ TotT C is cocartesian.

Proof. Since 0V ∈ (TotT O)V is initial, (b) is made equivalent to (c) by noting that, for all V -arrows

f : C → D, cancellation for cocartesian arrows [kerodon, Tag 01V5] applied to the factorization X(0)→

X(C)→ X(D) of the map X(0)→ X(D) shows that Xf is cocartesian.

Now, the claim is that XuC is cocartesian if and only if the unit map X0→ XC is an equivalence; this

follows by uniqueness of cocartesian arrows. □

The category of such things turns out to be contractible (c.f. [NS22, Prop. 5.2.8]).

Lemma II.2.20. If O⊗ is unital and C⊗ is an O-monoidal ∞-category, then Funcocart
T ,/TotT O (TotT O,TotT C) is

contractible.

Proof. As noted in [NS22, Lem. 5.2.7] (which does not use orbitality of T ), since 0 ∈ TotT O is an initial

T -object, evaluation at 0 induces an equivalence

Funcocart
T ,/TotT O (TotT O,TotT C)

∼−−−−−→ C0;

the Segal conditions for O-operads confirms that this is contractible. □

Using this, we immediately acquire the following.

Corollary II.2.21. Suppose O⊗ is unital. Then, AlgO
(
ST

)
×FunT (UO,ST ) {∗T } is contractible.

Proof of Corollary II.2.16. Applying Theorem II.2.7 and Theorem II.2.1, to exhibit (a) and (b) as

equivalent, it suffices to prove that the postcomposition functor

AlgE0
SegOV (S) ≃ SegOV (S)∗ −→ SegOV (S)
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is an equivalence for all V ∈ F , i.e. the righthand ∞-category is pointed. By restriction-stability of our

assumptions, we may assume that V ∈ T is terminal. Then, we explicitly use the monad description of

Eq. (21); note that

FrO∅V (D) ≃ O(∅;D),

by ×-absorption and colimit-closure of {∅}; this is terminal in SV for all (V ,D) if and only if O is unital.

Since U : SegO (S)→ FunT
(
UO,ST

)
is conservative and preserves limits, this is further equivalent to FrO∅

being terminal in SegO (S); it is the image of an initial object under a left adjoint, and hence initial, so this is

equivalent to pointedness, i.e. (a) ⇐⇒ (b).

Note that the adjunction InflVe ⊣ (−)V provides an equivalence

AlgE0,F (O)V ≃ AlgE0
(OV )

for all V ∈ F ; in particular, F -unitality is detected fiberwise, so to identify (b) and (c), we are reduced to the

nonequivariant unital case. Moreover, applying the arity Borelification adjunction for I0 ⊂ F constructs an

equivalence

AlgE0
(O) ≃ Alg/E0

(
O ×F∗ TotE0

)
.

Now, it is easy to see that the strong Morita class of E0 is presented by the algebraic pattern structure on ∆1

with no morphisms inert and {0} elementary (and this is claimed as [HA, Ex. 2.1.4.9]), so we are reduced to

proving that

ev0 : Fun/∆1

(
∆1,O ×F∗ ∆

1
)
→O×F∗ {1}

is an equivalence if and only if the contractible subcategory O×F∗ {0} ⊂ O ×F∗ ∆
1 is initial; but using the Segal

condition for multimorphisms, this is equivalent to it being initial in O, i.e. O being unital via Lemma II.2.18,

so (b) ⇐⇒ (c).

Now, after these equivalences, (b) ⇐⇒ (d) is easy:

Alg⊗O(C) is F -unital ∀ C ⇐⇒ AlgE0,F AlgO(C)
∼−−−−−→ AlgO(C) ∀ C via (c)

⇐⇒ AlgE0,F ⊗O(C)
∼−−−−−→ AlgO(C) ∀ C

⇐⇒ O⊗ ∼−−−−−→ E0,F ⊗O Yoneda’s lemma.

Contractibility of the space of trivial algebras follows by combining Lemmas II.2.19 and II.2.20. The final

statement follows by unwinding definitions. □
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II.2.1.5 The I-symmetric monoidal category CI−× . We now focus on the algebra statements within

Theorem II.2.1. Define the (non-full) T -subcategory Γ ×I ⊂ Ar(FI,∗) to have V -objects given by summand

inclusions of pointed V -sets S+ ↪→ S+ and morphisms of V -objects given by maps α : S+ → T+ with the

property that α−1
(
T +

)
⊂ S+.

Lemma II.2.22. Under the natural equivalence

{S+} ×FI,∗ Γ
×
I ≃PV (S),

where PV (S) is the V -poset with U -value given by U -subsets of ResVU S ordered under inclusion, a V -arrow

f : (T ⊂ T )→ (S ⊂ S) is cartesian if and only if T = f −1(S); in particular, Γ ×I → FI,∗ is a cartesian T -fibration.

As a consequence, we can use this for a clever pairing construction.

Proposition II.2.23. Given C a T -∞-category, the exists a cocartesian T -fibration p̃ : TotT C̃I−× → FI,∗

characterized by a natural equivalence

FunT ,/FI,∗(K,TotT C̃I−×) ≃ FunT (K ×FI,∗ Γ
×
I ,C).

Moreover, given a V -arrow f : S+→ T+ in FI,∗, under the equivalence

FunV ,/FI,∗
(
∆1,TotT C̃I−×

)
≃ FunT

(
∆1 ×f ,FI,∗ Γ T ,C

)
,

a V -arrow α from F : P(S)→CV to G : P(T )→CV corresponds with a V -natural transformation

α : F =⇒ P(f )∗G,

which is cocartesian if and only if, for all T ′ ⊂ ResVU T , the associated U -map

αT ′ : F
(
α−1(T ′)

)
−→ G(T ′)

is an equivalence.

Proof. We simply make the definition

TotT C̃I−× B F̃unFI,∗

(
Γ ×I ,C ×FI,∗

)
,

i.e. writing p : Γ ×I → FI,∗ and π : FI,∗→ ∗T , we define

TotT C̃I−× B p∗p
∗π∗C,
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using cocartesianness (hence exponentiability) of p via Lemma II.2.22. Note moreover that C ×FI,∗→ FI,∗ is

cocartesian, with cocartesian V -arrows those which project to equivalences in C; the mapping property and

cocartesianness then follows by combining Proposition I.1.57 with the natural equivalence equivalence

FunT ,/B (−,π∗C) ≃ FunT (π!−,C) .

The description of cocartesian arrows also follows by combining the above descriptions of cartesian arrows of

Γ ×I and cocartesian arrows of π∗C with the description of cocartesian arrows from Proposition I.1.57. □

We’re ready to make the correct construction.

Construction II.2.24. We define the full T -subcategory TotT CI−× ⊂ TotT C̃I−× spanned by V -objects over S+

corresponding with V -functors P(S)→CV satisfying the property that, for all U → V and T ⊂ ResVU S, the

maps ResVW F(T ) −→ F(W ) associated with orbits W ⊂ T exhibit as F(T ) as a T -indexed product

F(T )
∼−−−−−→

T∏
W

F(W )

in C; since we’ve quantified over restrictions, this is manifestly restriction stable, and hence a well defined full

T -subcategory. ◁

Proposition II.2.25. TotT CI−×→ FI,∗ is a cocartesian T -fibration; moreover, it is an I-symmetric monoidal

∞-category if and only if C admits I-indexed products.

Proof. For the first statement, it suffices to observe that the cocartesian V 0arrows described in

Proposition II.2.23 lie in TotT CI−×. For the second, note by unwinding definitions that cocartesian transport

induces a fully faithful functor

CS →
∏

U∈Orb(S)

CU ;

this is essentially surjective if and only if C admits I-indexed products, as desired. □

We CI−× for the I-symmetric monoidal ∞-category of Proposition II.2.25. For the time being, we only

characterize one direction of the essential image.

Lemma II.2.26. CI−× satisfies the condition that WS is a natural equivalence for all S ∈ FI .

Proof. Inert-cocartesian transport to orbits is precisely the arrows F(T )→ ResVW F(W ); these altogether

classify an equivalence
⊗T

W F(W ) ≃ F(T )
∼−−−−−→

∏T
W F(W ) by assumption. □

II.2.1.6 Algebras in CI−× We now do painful category theory.
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Observation II.2.27. The section ι : FI,∗→ Γ ×I induces a natural transformation

K ≃ K ×FI,∗ FI,∗→ K ×FI,∗ Γ
×
I ,

which induces a natural transformation TotT C̃I−×→C under Yoneda’s lemma. ◁

We will first prove the following proposition:

Proposition II.2.28. Given O⊗ a Γ -I-preoperad, the composite T -functor

AlgO
(
C̃I−×

)
⊂ FunT ,/FI,∗

(
TotT O⊗,TotT CI−×

)
−→ FunT

(
TotT O⊗,C

)
is an equivalence.

To prove this, we first make the following observation:

Observation II.2.29. Given a T -operad, the projection

P : TotT O⊗ ×FI,∗ Γ
×
I → TotT O⊗

admits a T -left adjoint L sending X ∈ O⊗S+
to (X,S ⊂ S); the unit map of this adjunction is evidently an

equivalence, so L is additionally fully faithful. ◁

Now, the proposition reduces immediately to the following lemma.

Lemma II.2.30. The following conditions are equivalent for ϕ : TotT P → TotT C̃ a map with corresponding

map ϕ′ : TotT O ×FI,∗ Γ
×
I →C:

(a) ϕ is a map of Γ -I-preoperads.

(b) For all V -morphisms α in TotT O⊗ ×FI,∗ Γ
×
I whose image in TotT O is inert, ϕ′(α) is an equivalence.

(c) If f : (S+,S,F,X)→ (S+,S,F,X) is a cocartesian lift of the corresponding inert V -morphism, then

ϕ(f ) is an equivalence.

(d) The composite TotT O⊗
ϕ
−−−−→ TotT C̃I−×→C is homotopic to ϕ′.

(e) The composite TotT O⊗
ϕ
−−−−→ TotT C̃I−×→C is T -right Kan extended from ϕ′ along L.

Proof. Proposition II.2.23 immediately implies that (a) ⇐⇒ (b) ⇐⇒ (c) ⇐⇒ (d). (d) ⇐⇒ (e)

follows from Lemma I.1.40. □

We’re ready to characterize algebras.

Proposition II.2.31. The composite functor

AlgO
(
CI−×

)
−→ AlgO

(
C̃I−×

)
≃ FunT

(
TotT O⊗,C

)
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is fully faithful with image spanned by the Segal TotT O-spaces.

Proof. Since TotT CI−× ↪→ TotT C̃I−× id s monomorphism of T -∞-categories, it is a monomorphism of

Γ -I-preoperads, giving fully faithfulness. It suffices to prove that an algebra ϕ : TotT O⊗ → C̃I−× factors

through CI−× if and only if it is a Segal object; but this follows immediately by comparing Construction II.2.24

with the Segal conditions of Corollary I.4.35. □

We will continue putting off the proof of Theorem II.2.1 for a bit longer.

II.2.2 Parameterized cocartesian structures and commutative algebras As in Construction II.2.24, we will

construct an extension of (−)I−⊔ to all input T -categories. In the cartesian setting, this produced cocartesian

fibrations Γ -I-preoperads, with the Segal conditions encoding existence of I-products; in the cocartesian

setting, we will instead construct an I-operad, with cocartesian lifts for active morphisms encoding existence

of I-coproducts.

Theorem II.2.32. The color T -(∞,2)-functor U : OPuni
I −→ CATT admits a fully faithful T -right adjoint

(−)I−⊔ making the following diagram commute

CATI−×T CAT⊗I

CATT OPuni
I

In particular, when O⊗ is a unital I-operad, the forgetful T -functor

AlgO
(
CI−⊔

)
−→ FunT (UO,C)

is an equivalence.

Essential uniqueness of the square is automatic from the fact that all of the arrows involved are locally

fully faithful, and hence monomorphisms; moreover, the horizontal arrows are fully faithfuļ with essential

image of the top one quite explicitly described in Theorem II.2.1. As a consequence, our strategy will be to

perform another explicit construction (−)I−⊔, use it to conclude the proof of Theorem II.2.1, and explicitly

compute its T -∞-categories of algebras in analogy with the parts of the Theorem II.2.1 we have already

developed.

Of course, before we do any of that, we first explore further corollaries.

II.2.2.1 Pointwise tensor products of I-commutative algebras are coproducts Theorem II.2.32 shows that

every object in a cocartesian I-symmetric monoidal structure bears a canonical I-commutative algebra algebra

structure, i.e. CAlgI (C)→C is an equivalence. In fact, we may show a converse.
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Corollary II.2.33. The following are equivalent for C⊗ ∈ Cat⊗I .

(a) C⊗ is cocartesian.

(b) For all unital I-operads O⊗, the forgetful functor AlgO(C)→ FunT (UO,C) is an equivalence.

(c) The forgetful T -functor CAlgI (C)→C is an equivalence.

(d) There exists an I-symmetric monoidal ∞-category D⊗ and an equivalence CAlg⊗I (D)
∼−−−→ C⊗.

The implications (a) =⇒ (b), (c) are simply Theorem II.2.32. For the implication (b) =⇒ (a), note

that Corollary II.2.16 implies that C⊗ is unital; hence Yoneda’s lemma applied to Opuni
I constructs an I-operad

equivalence C⊗ ≃ CI−⊔, which is automatically I-symmetric monoidal. The implication (c) =⇒ (d) follows by

neglect of assumptions. To summarize, we’ve arrived at the implications

(22)
(d)

(b) (a) (c)

Our workhorse lemma for closing the gap is the following.

Lemma II.2.34. The following are equivalent for P⊗ ∈OpT :

(e) The T -∞-category AlgP (ST ) is I-semiadditive.

(f) For all O⊗ ∈Opuni
I , the forgetful functor

AlgO⊗P (ST ) ≃ AlgOAlg⊗P (ST ) −→ Algtriv(UO)Alg⊗P (ST ) ≃ FunT (UO,AlgP (ST ))

is an equivalence.

(g) For all O⊗ ∈Opuni
I , the map triv(O)⊗

BV
⊗ P⊗→O⊗

BV
⊗ P⊗ is an equivalence.

(h) For all O⊗ ∈Opuni
I and Q⊗ ∈OpI , the forgetful T -operad map

Alg⊗O⊗P (Q) ≃ AlgOAlg⊗P (Q) −→ Alg⊗triv(UO)Alg⊗P (Q)

is an equivalence

Proof. Since Proposition II.2.10 shows that BorTI Alg⊗O(ST ) is cartesian, Corollary II.2.5 identifies

the bi-implication (e) ⇐⇒ (f) with (a) ⇐⇒ (b) applied to BorTI Alg⊗P (ST ). (f) =⇒ (g) follows from

Theorem II.2.7, and the implications (g) =⇒ (h) =⇒ (f) are obvious. □

Proof of Corollary II.2.33. After the implications illustrated in Eq. (22), it suffices to show for all

D⊗ ∈ Cat⊗I that CAlgI (D) satisfies (b), i.e. (d) =⇒ (b); by Lemma II.2.34, it suffices to prove that CAlgI (ST )
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is I-semiadditive. But in fact, Theorems I.4.1 and II.2.1 and Corollary I.4.35 construct equivalences

CAlgI (ST ) ≃ SegTotT NI∞(ST ) ≃ SegFI,∗(ST ) ≃ FunI−⊕T
(
FI,∗,ST

)
,

and the latter is I-semiadditive by Proposition I.1.116. □

In the cartesian setting, we have reproved a result of Cnossen-Lenz-Linskens. To state it, let CATI−⊕T ⊂

CATT be the locally fully faithful T -(∞,2)-subcategory spanned by T -∞-categories with I-indexed products

and I-semiadditive T -functors (see [CLL24, Def. 3.18]). The following is a specialization of [CLL24, Thm. B]

to the ≤ 0-semiadditive parameterized case.

Corollary II.2.35. The construction CMonI : CATI−×T −→ CATI−⊕T is right T -adjoint to the fully faithful

inclusion CATI−⊕T ↪→ CATI−×T .

Proof. We have a counit natural transformation CMonI (C) −→ C which is an equivalence if and only if

C is I-semiadditive. This construction is cosmashing, so this is enough. □

Remark II.2.36. This, for instance, provides an absorption natural equivalence CMonICMonJ (−) ≃ CMonI (−)

whenever J ⊂ I ; for instance, CMonICMon(−) ≃ CMonI (−) whenever I is an indexing category. We will

explore this more in Section III.1, as a form of Eckmann-Hilton argument. ◁

II.2.2.2 The construction of CI−⊔ Now, we move on to the proof. First, define the full T -subcategory

Γ ∗I B
{
U+

s.i.−−→ S+

∣∣∣∣∣ U ∈ T/V }
⊂ Ar(FI,∗);

that is, the V -objects of Γ ∗I are pointed I-admissible V -sets with a distinguished orbit, and the V -morphisms

of Γ ∗I preserve distinguished orbits. This possesses a target forgetful T -functor t : Γ ∗I → FI,∗.

Proposition II.2.37. t is exponentiable; hence, given C a T -∞-category, there exists a T -∞-category TotT CI−⊔

over TotFI,∗ satisfying the universal property that there is a natural equivalence

FunT ,/FI,∗(K,TotT CI−⊔) ≃ FunT (D×FI,∗ Γ
∗
I ,C);

Proof. By Corollary I.1.54, given a composable sequence of pointed V -set maps R+
f
−→ S+

g
−→ T+ and

orbits UR ⊂ R and UT ⊂ T+ such that gf (UR) = UT , we’re tasked with proving that the category of orbits

US ⊂ S such that f (UR) = US and g(UR) = UT is weakly contractible; indeed, it is just {US }, which is

contractible. □
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A V -object of TotT CI−⊔ may be viewed as S+ a pointed V -set and C = (CW ) ∈ CS an S-tuple of elements

of C, and a V -morphism f : C→D a map of pointed V -sets S+→ T+ together with a collection of maps

{
fW : IndUWCW →DU |W ∈ f −1(U )

}
for all U ∈Orb(T ). Unwinding the universal property for cocartesian arrows, we find the following.1

Proposition II.2.38. A map f : C→D is π-cocartesian if and only if {fW } witness DU as the indexed coproduct

f −1(U )∐
W

CW
∼−−−−→DU

for all U ∈Orb(T ). In particular, f is inert if and only if the following conditions are satisfied:

(a) The projected morphism π(f ) : S→ T is inert.

(b) The associated map Cf −1(U )→DU is an equivalence for all U ∈Orb(T ).

Hence π : TotT CI−⊔→ FI,∗ presents a Γ -I-preoperad CI−⊔.

Corollary II.2.39. CI−⊔ is an I-operad which is an I-symmetric monoidal ∞-category if and only if C admits

I-indexed coproducts.

Proof. It follows from Proposition II.2.38 that TotT CI−⊔→ FI,∗ is a cocartesian fibration if and only if

C admits I-indexed coproducts, so it suffices to verify the following conditions:

(b) cocartesian transport yields an equivalence

CS ≃
∏

U∈Orb(S)

CU ;

(c) cocartesian transport yields an equivalence

MapT→STotO⊗(C,D) ≃
∏

U∈Orb(S)

MapTU→UTotO⊗
(
CU ,D

)
.

In fact, each condition follows from Proposition II.2.38. □

Observation II.2.40. It follows from the above discussion that U (C) = C. Moreover, it follows from Proposi-

tion II.2.38 that CI−⊔ is cocartesian when C has I-indexed coproducts. ◁

1 It is here that we use almost-unitality for the cocartesian setting; if I was not almost essentially unital, then there would exist some S
whose I-admissible orbits do not together cover S, so CI−⊔→ TotFI,∗ would not be an inert-cocartesian fibration.
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Given O⊗ a unital I-operad, define a diagram of Cartesian squares in CatT .

UO TotT OΓ TotT O

∗T Γ ∗I FI,∗

ι

⌟ ⌟

The V -objects of TotT OΓ consist of triples (S+,U,X) where U ∈ Orb(S) and X ∈ OS , and the image of ι is

equivalent to the triples where S ∈ T/V , hence U = S.

Further note that cocartesian transport along the inert morphism U+ ↪→ S+ induces an equivalence

MapTotT OVΓ
(ιY , (S+,U,X))) ≃MapTotT OVΓ

(ιY , (U+,U,XU )))

for all Y ∈UOV .2 In particular, ι witnesses UO as a colocalizing T -subcategory, with colocalization T -functor

R(S+,U,X) ≃ (U+,U,XU ).

This interacts with Kan extensions via the following lemma.

Lemma II.2.41. Fix a T -functor A : TotT OΓ →C. Then, the following are equivalent

(a) The corresponding map TotT O→ CI−⊔ is a map of I-operads.

(b) For all V -morphisms α in TotT OΓ whose image in TotT O is inert, A(α) is an equivalence in C.

(c) If f : (S+,U,X)→ (U+,U,XU ) is a cocartesian lift of the corresponding inert V -morphism, then A(f )

is an equivalence.

(d) A is T -left Kan extended from O.

Furthermore, every T -functor F : UO → C admits a left Kan extension along UO ↪→ TotT OΓ ; in particular,

the forgetful functor AlgO(C)→ FunG(O,C) is an equivalence.

Proof. (a) ⇐⇒ (b) follows immediately from Proposition II.2.38. (b) ⇐⇒ (c) is immediate by

definition. (c) ⇐⇒ (d) and the remaining statement both follow by Lemma I.1.40. □

II.2.2.3 Putting together the proofs The following observation is crucial.

Observation II.2.42. Let F : D⊗→E⊗ be a lax I-symmetric monoidal functor. Then, the universal property

for cocartesian arrows constructs, for each active arrow IndTV S→ V , an arrow

µS :
S⊗
U

F(−) =⇒ F

 S⊗
U

−


2 This utilizes unitality of O⊗, as we implicitly use that, for each orbit U ′ ∈Orb(S) other than U , the space O(∅U ′ ;XU ′ ) is contractible.
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such that F is I-symmetric monoidal if and only if µS is an equivalence for all S ∈ FI . In particular, in the

case of the lax I-symmetric monoidal functor F : D⊗→CI−⊔ classified by a functor G : D→ C, the arrow µ

has the type
S∐
U

G(−) =⇒ G

 S⊗
U

−

 ;

moreover, unwinding definitions, in the case that D⊗ is an I-symmetric monoidal structure on C and, G is

the identity, and 1• ∈ Γ υ(I)O is initial, this map is precisely the ⊗-Wirthmüller map constructed in Construc-

tion II.2.4. In particular, we’ve observed that the identity classifies an I-symmetric monoidal equivalence

C⊗ ∼−−−−−→ CI−⊔ if and only if C⊗ is I-cocartesian, i.e. it has I-admissible ⊗-Wirthmüller isomorphisms.

Alternatively, if D⊗ is cocartesian, then the arrow µ is the assembly map for S-indexed coproducts; that

is, F is I-symmetric monoidal if and only if G is I-coproduct preserving. ◁

Proof of Theorem II.2.1. Let C ⊂ CAT⊗I be the full (∞,2)-subcategory spanned by cartesian I-

symmetric monoidal ∞-categories, and consider the composite T -(∞,2)-functor

ϕ : C ↪→ CAT⊗I −→ CATT .

It follows by Observation II.2.42 that ϕ is locally fully faithful, with image the locally fully faithful T -(∞,2)-

subcategory CATI−×T . The corresponding section CATT ≃ C ↪→ CAT⊗I is the desired embedding. Moreover,

the expression on algebras simply follows by combining Proposition II.2.31 and Theorem I.4.1. The dual

embedding of CATI−⊔I follows by taking fiberwise opposites. □

Proof of Theorem II.2.32. The algebras statement is a straightforward corollary of the existence of

the right T -adjoint, so we prove that and construct the commutativity. Indeed, the construction (−)I−⊔ B

t∗t
∗π∗(−) : CATT −→ CATT ,/FI,∗ lands in the locally fully faithful subcategory OPuni

I and makes the requested

square commute by Corollary I.1.21 and Observations II.2.40 and II.2.42; moreover, it is fully faithful and

left adjoint to the inclusion by Lemma II.2.41. □

II.2.3 Disintegration and assembly of parameterized operads This section concerns various notions of

families of T -operads, together with a convenient model for them, called generalized T -operads.

II.2.3.1 Disintegration for generalized T -operads We will generalize [HA, § 2.3.2] as follows. Recall from

Section I.3.3 that we have a T -algebraic pattern Tot♮T FT with the same underlying category and factorization

system as TotFT ,∗, but elementary objects (S,V ) such that S ∈ {∅V ,∗V }.

Definition II.2.43. The (∞,2)-category of generalized T -operads is

OpGen
T B FBRS(Tot♮Fel

T ,∗). ◁
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Applying Proposition I.4.28 gives the following concrete description.

Proposition II.2.44. A functor πO : Tot♮TotT O⊗→ Tot♮FT ,∗ presents a generalized T -operad if and only if

the following conditions hold:

(1) Tot♮TotT O⊗ has inert-cocartesian lifts.

(2) For each orbit V ∈ T and finite V -set S ≃ U1 ⊔ · · · ⊔Un, inert-cocartesian transport supplies an

equivalence

OS
∼−−−−−→OU1

×O∅V · · · ×O∅V OUn

(3) Inert-cocartesian transport yields an equivalence

MulfO(C;D) ≃ O
(
CU1

;DU1

)
×MapshO(C∅V ,D∅V ) · · · ×MapshO(C∅V ,D∅V )O

(
CUn ;DUn

)
Now, Tot♮FT ,∗ is disintegrable by Corollary I.4.26, yielding the following corollary to Proposition I.3.41

and Lemma I.3.45.

Corollary II.2.45. Fix O⊗ a T -operad. There exists a fully faithful T -(∞,2)-right adjoint

OPGen
T ,/O⊗ CATT

shO

constO(−)⊗=(−×Tot♮O)

⊣

Moreover, the fibers of P⊗→ constO sh(P )⊗ are T -operads over O⊗, assembling to an equivalence

OpGen
T ,/O ×sh,CatT ST ≃

∫
X∈∈ST

FunT
(
X,OpT ,/O

)
.

in the case that UO = ∗T . In particular, there exists a factorization of full subcategory inclusions

OPT ,/O⊗
i−−−→OPGen

T ,/O⊗ ⊂ CATint−cocart
T ,/TotT O ;

yielding an equivalence OPT ,/O⊗ ≃ sh−1
O (∗T ).

II.2.3.2 Reduced endomorphism I-operads We will also disintegrate unital T -operads along maps to

cocartesian structures, generally reducing the study of them to reduced T -operads in the T -space colored

case. The relevant construction is the following.
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Proposition II.2.46. The inclusion Opred
I ≃Opred

I,E0,υ(I)/
↪→Opuni

I,E0,υ(I)/
has a right adjoint given by pullback

(23)
EndI,red

X (O)⊗ O⊗

N ⊗I∞ UO⊔

⌟
η

{X}

In the case that C⊗ is a unital I-symmetric monoidal ∞-category and X ∈ CV is a V -object, mapping in from

the free unital I-operad FrOp(S)
BV
⊗ E0,υ(I) on an operation in arity S ∈ FI,V yields a pullback

EndI,red
X (O) (S) MapCV

(
X⊗S ,X

)

{∇} MapCV
(
X⊔S ,X

)
⌟

W ∗S,X

i.e. EndI,red
X (O) (S) is equivalent to the space of lifts as in the following dashed arrow in CV

X⊔S X

X⊗S ∗

∇

WS,X !

!

Proof. We will apply the general reduction procedure of [SY19, Prop. 2.1.5] to the sliced adjunction

U∗ : Opuni
I,E⊗0,υ(I)/

−−−−−−−−→←−−−−−−−− CatT ,∗ : η
∗(−)I−⊔,

whose right adjoint is (−)I−⊔ together with the precomposed structure map

E⊗0,υ(I)

η
−→N ⊗I∞ ≃ ∗

I−⊔
T →CI−⊔.

Indeed, CatT ,∗ admits an initial object ∗T ≃ UE0,υ(I) and Op⊗
I,E⊗0,υ(I)/

admits all limits, which are preserved

by U since it is a right adjoint. Moreover, E0,υ(I) ∈ Opred
I is initial by Corollary II.2.16, there is a unique

equivalence N ⊗I∞ ≃ ∗
I−⊔
T by Theorem II.2.32, and O⊗ ∈Opuni

I,E0,υ(I)/
corresponds with a reduced I-operad if and

only if UO⊗ ∈ CatT ,∗ is initial, so the first claim follows by [SY19, Prop. 2.1.5].

To acquire the second pullback square, one need only note the natural equivalences

MapOpT

(
FrOp(S)

BV
⊗ E0,υ(I), C⊗

)
≃MapCV

(
X⊗S ,X

)
,

MapOpT

(
FrOp(S)

BV
⊗ E0,υ(I), N ⊗I∞

)
≃ ∗

The result follows by noting that η induces W ∗S,X and the bottom arrow includes the fold map ∇. □
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[SY19, Prop. 4.2.8] introduced a result on connectivity of such spaces of lifts, immediately yielding the

following corollary, which we will need later.

Corollary II.2.47. If X ∈ CV is a (k + ℓ + 2)-truncated object and the Wirthmüller map WS,X : X⊔S → X⊗S is

ℓ-connected, then the space EndI,red
X (C)(S) is k-truncated.

Given a reduced I-operad P⊗ and a V -object X ∈ OV , applying P -algebras to Eq. (23) yields a pullback

(24)

AlgResTV P
EndI,red

X (O) AlgP (O)V

{X} UOV

⌟
U

In the case that UO is a T -space, U is automatically a cocartesian fibration; thus the entire T -category

AlgP (O) is recoverable from its algebras with fixed underlying V -object. We’ll exploit this to assemble

O⊗ from its reduced endomorphism operads soon; before then, we see that we still recover quite a lot of

information in the general case.

Proposition II.2.48. Suppose P⊗→Q⊗ is a morphism of I-operads inducing an equivalence of spaces

ϕ∗,≃X : AlgResTV Q
EndI,red

X (O)≃ −→ AlgResTV P
EndI,red

X (O)≃

for all V ∈ T and X ∈UOV . Then, the induced map of T -spaces

AlgQ(O)≃→ AlgP (O)≃

is an equivalence; in particular, passing to T -fixed points, the induced map of spaces

AlgQ(O)≃→ AlgP (O)≃

is an equivalence.

Proof. Taking cores of Eq. (24), we find that that ϕ∗,≃X is the induced map on the homotopy fiber over

X of the following map of T -spaces over UO:

AlgQ(O)≃ AlgP (O)≃

UO

ϕ∗,≃

ϕ∗,≃ is an equivalence if and only if its V -fixed points are an equivalence for all V ∈ T , and the homotopy

fibers of ϕ∗,≃,V are contractible by the above argument, so ϕ∗,≃,V is an equivalence for all V . Hence ϕ∗,≃ is

an equivalence, proving the proposition. □
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II.2.3.3 Assembly for unital T -operads We will conclude the following.

Corollary II.2.49. Taking reduced endomorphism operads yields an equivalence

Opuni
T ×U,CatT ST ≃

∫
X∈ST

FunT
(
X,Opred

T
)
;

the restricted inclusion FunT
(
X,Opred

T

)
↪→Opuni

T takes an X-indexed T -colimit, i.e. witnesses an equivalence

O⊗ ≃ colimx∈UO Endred
x (O)

whenever O⊗ is T -space colored.

In particular, this identifies generalized T -space shaped T -operads with reduced fibers equivalently as

unital T -operads. This will be powered by disintegrating along maps to cocartesian structures, for which we

need the following.

Construction II.2.50. Fix C a T -∞-category. Then, pullback along the projection (−)×FI,∗ Γ
∗
I → (−) determines

a natural transformation

FunT ,/FI,∗
(
−,TotT CI−⊔

)
≃ FunT

(
−×FI,∗ Γ

∗
I ,C

)
←− FunT (−,C) ≃ FunT ,/FI,∗

(
−,C ×FI,∗

)
,

which corresponds with a T -functor γ : C×FI,∗→ TotT CI−⊔ under Yoneda’s lemma. Note that γ(C,S) ≃ ∆SC.

Moreover, this is compatible with Γ -I-preoperadic structure in the case C = TotT P⊗:

FI,∗ ×TotT P⊗ FI,∗ ×FI,∗

(TotT P⊗)I−⊔
(
FI,∗

)I−⊔
FI,∗

FI,∗

id×πP

γ

pr1

∧

πI−⊔P

π

∨

so in particular, γ becomes a bifunctor under the alternative structure map ρ. ◁

We will eventually use γ to describe wreath products. First, disintegration.

Lemma II.2.51. When X is a T -space, the Γ -I-preoperad map γ : Patt (X) × FI,∗ → TotT XI−⊔ is a strong

Morita equivalence; in particular, it is an LOpI localization map.

Proof. We must verify the conditions of Corollary I.3.31. By unwinding definitions we find that Totγ

is an iso-segal morphism, and in particular it is a strong Segal morphism; Condition (ML-b) is obvious.

For Condition (ML-a), note that the V -elements of
(
XI−⊔

)act

/γ(x,S)
correspond with maps f : T → S

in FV together with elements (yU )T ∈ XT with distinguished paths yU ∼ x within XU ; in particular, by
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contracting paths, we may construct a deformation retract of
((

TotT XI−⊔
)act

/γ(x,S)

)≃
onto the subspace FV ,≃I,/S ⊂((

TotI XI−⊔
)act

/γ(x,S)

)≃
of identity paths.

Similarly, we may perform a deformation retract of
((
X ×Fi,∗

)act

/(x,S)

)≃
onto the summand F≃I,/S ⊂((

X ×Fi,∗
)act

/(x,S)

)≃
of identity paths. It follows by unwinding definitions that these are taken isomorphically onto

each other; alternatively, one may note that the induced endomorphism of F≃I,/S ≃
∏
U∈Orb(S)

∐
T ∈FI,U BAutU (T )

is a product of coproducts of maps classified by torsor maps AutU (T )→ AutU (T ), which are automatically

isomorphisms, implying that our map of 1-truncated spaces is an isomorphism on π0 and on π1 at all

basepoints. □

Warning II.2.52. A closely related analog of Lemma II.2.51 is claimed in [HA, Rmk. 2.4.3.6] in the case T = ∗

without the assumption that C is a space; as pointed out in [KK24, Rmk 2.3] Lurie’s claim (and hence proof)

is incorrect in general, but the claim was verified in loc. cit. when C is a space. ◁

As a consequence, we may define the assembly T -functor

α = LOpIγ! : FunT
(
X,Opuni

I

)
≃ Fbrsuni

(
Patt(X)×FI,T

)
−→Opuni

I .

This is not such a strange construction:

Lemma II.2.53. α is naturally equivalent to the T -colimit T -functor.

Proof. LOpIπXI−⊔!γ! ⊣ γ∗π∗XI−⊔ , and the latter is equivalent to ∆ : OpI → FunT (X,OpI ). □

Following this, the author suspects there may be some more general disintegration and assembly picture

centered on unstraightening/lax colimits which will allow X to have non-invertible morphisms. We won’t

discuss this further, instead concluding here.

Proof of Corollary II.2.49. As in the proof of Proposition I.3.50, we must verify the conditions of

Lemma I.3.49 for the U ⇆ (−)I−⊔ adjunction of Theorem II.2.32. That is, we must verify given a cartesian

square
P⊗ O⊗

XI−⊔ UOI−⊔

⌟

that P⊗→ XI−⊔ classifies an equivalence UP
∼−−−−→ X; this follows by the fact that U itself is a right adjoint

by Corollary II.1.9.

In particular, this yields an equivalence

Opuni
I ×U,CatT ST ≃

∫
X∈ST

U−1(X).
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The result then follows by noting that colimits provide a natural equivalence

FunT
(
X,Opred

I

) ∼−−−−−→U−1(X)

by Lemmas II.2.51 and II.2.53. □

II.2.4 Parameterized symmetric monoidal subcategories, localization, slices The following is an immediate

consequence of Theorem I.3.51, and allows us to construct many examples.

Proposition II.2.54 (Suboperads). Let P⊗ be a T -operad and ιU : UO ↪→UP a T -subcategory.

(1) The space of monomorphisms ιU : O⊗→P⊗ such that Uι = ιU is contractible, and every monomor-

phism of T -operads arises in such a way.

(2) In this case, for all T -operads Q⊗, the associated T -subcategory inclusion

AlgQ (O) ↪→ AlgQ (P )

has image with V -objects the maps ϕ : Q⊗V → P⊗V whose

(a) color V -functor UQV →UPV factoring through OV , and

(b) structure space maps Q (C;D)→O (ϕC;ϕD) which factor through P (ϕC;ϕD),

and morphisms those whose color T -natural transformation lies in UOV .

(3) If P⊗ is an I-symmetric monoidal ∞-category, then ιU lifts to a monomorphism of I-symmetric

monoidal ∞-categories if and only if UO ⊂ UP is closed under I-indexed tensor products; every

monomorphism of I-symmetric monoidal ∞-categories arises in this way.

(4) If ι is I-symmetric monoidal, then the subcategory

Fun⊗I
(
C⊗,O⊗

)
↪→ Fun⊗I

(
C⊗,P⊗

)
consists of the objects and morphisms which lie in the associated subcategory of algebra maps;

moreover, Condition (2)b is automatic in this case.

In the situation of Statement (3), we say that O⊗ is an I-symmetric monoidal subcategory. Now,

uniqueness of this structure gives an invariant, called the multiplicativity of ι.

Proposition II.2.55. Write m(ιU ) =
{
f : T → S | f⊗OT ⊂ OS

}
. Then, m(ιU ) is a one-color weak indexing category

such that O⊗ is an I-symmetric monoidal subcategory if and only if I ⊂m(ιU ).

Proof. So long as m(ιU ) is a weak indexing category, its universality is true by fiat. Compositionality

of f⊗ shows that m(ιU ) ⊂ Fo(T ) is indeed a wide subcategory. The Segal condition is obvious by unwinding
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definitions. For pullback-stability, by Observation I.1.87, it suffices to prove that, in the case S is orbital,

m(ιU ) is closed under base change along orbit maps W → V ; this follows by noting that the resulting functor

is
(
ResVW f

)
⊗
. □

In the case that TotT O⊗ ↪→ TotT P⊗ is full, we call O⊗ a full I-suboperad (or full I-symmetric monoidal

subcategory).

Another important source of examples will be localizations, per a corollary to Theorem I.3.58:

Proposition II.2.56. Given ι : O⊗ ↪→P⊗ a full I-suboperad, the following are equivalent:

(a) Uι admits a left adjoint UL such that, for all S-tuples of UL-equivalences (fU |U ∈Orb(S)), the

map
⊗S

U fU is a UL-equivalence.

(b) O⊗ admits an I-symmetric monoidal structure and L lifts to an I-symmetric monoidal functor whose

underlying T -operad map is left adjoint to ι.

In this case, the image of the full subcategory inclusions

L∗ : AlgO (C) ↪→ AlgP (C) ;

L∗ : Fun⊗I (O,C) ↪→ Fun⊗I (P ,C)

consists of P -algebras (resp. I-symmetric monoidal functors) whose color T -functors factor through UO.

We likewise acquire an invariant measuring mutliplicativity of localizations.

Proposition II.2.57. Let L : D → C be a T -localization, and let m(L) ⊂ FT denote the collection of maps

f : T → S such that f⊗ preserves L-equivalences. Then, m(L) is a one-color weak indexing category.

Proof. Once again, compositionality and the Segal condition follow by an obvious argument, and

restriction-stability follows by noting that f⊗ restricts to
(
ResVW f⊗

)
and restriction preserves L-equivalences. □

For example, we may describe the interaction between coinduction and connectivity this way.

Example II.2.58. Following Lewis [Lew92, Def. 1.1], we define a T -dimension function as a function ν : π0T →

Z, where Z = {±∞}∪Z is the extended integers.

These admit a poset structure under pointwise ≤. Additionally, given ν a V -dimension function and

f : U → V an orbit map we may define

ResVU ν : π0T/U
f!−−−−−−→ T/V

ν−−−−−→ Z;
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this respects ≤. Given two dimension functions ν ≤ ν′, we define the T -spaces concentrated in [ν,ν′] as

SVT ,[ν,ν′] =
{
X ∈ SV | ∀U → V ,XU ∈ S[νU ,ν′U ]

}
;

that is ν and ν′ specify fiberwise connectivity and truncatedness requirements. In the case ν′ =∞ we write

ST ,≥ν , and when ν = −∞ we write ST ,≤ν′ . ◁

Given ν a dimension function, we define the wide subcategory

Rm(ν,ν′) =
{
U → V

∣∣∣ ∀V ′→ V , orbits U ′ ∈Orb(U ×V V ′) , νU
′
≤ νV

′
and ν′V

′
≤ ν′U

′ }
;

we define m(ν) = FRm(ν). For convenience, we prove the following in the equivariant case, though it applies

more generally.

Proposition II.2.59. Fix ν,ν′ a pair of dimension functions for the ∞-category T = OG. Then,

m
(
SG,[ν,ν′] ↪→S

×
G

)
= m(ν,ν′).

Proof. For (1), we define the connectiveness dimension function connt(•) : T/V ×SV → Z by the value

conntU (X) = inf
{
n | XU ∈ S≥n

}
;

the truncatedness dimension function trunc is defined similarly. We make two crucial observations:

Observation i. X ∈ S[ν,ν′] if and only if connt(X) ≥ ν and trunc(X) ≤ ν′, and

Observation ii. the double coset formula
(
CoIndVUX

)V ′
≃

∏
U ′∈Orb(U×V V ′)X

U ′ (e.g. from T -symmetric monoidality

of the cartesian structure) expresses

conntV
′
CoIndVU (X) ≃ min

U ′∈Orb(U×V V ′)
conntU

′
(X);

truncV
′
CoIndVU (X) ≃ max

U ′∈Orb(U×V V ′)
truncU

′
(X).

Combining these two observations immediately shows that m
(
ST ,[ν,ν′] ↪→S

×
T
)
⊂m (ν,ν′); for the opposite

inclusion, given some U → V ← V ′ and orbit U ′ ∈Orb(U ×V V ′), such that νU
′
> νV

′
, Elmendorf’s theorem

allows us to construct a pathological U -space with fixed points

XH B


∗ (H) ⊊ (U ′)

K
(
Z,νU ′

)
(H) = (U ′)

∅ otherwise,
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with trivial Weyl-group action on K
(
Z,νU ′

)
. By the above observations, we have X ∈ SU,[ν,ν′], but CoIndVUX <

SV ,[ν,ν′]. □

For instance, in the case that G is a compact Lie group, we define the V -connected locus

SHG,≥V B
{
X ∈ SH | ∀W ⊂ ResHK V , π0MapK (SW ,X) ≃ ∗

}
.

It’s a result of Lewis-Waner that this is connectivity for a dimension function, so we may conclude.

Corollary II.2.60. S×G,≥V ⊂ S
×
G is a full G-symmetric monoidal subcategory.

Proof. Let V (•) : π0OG→ Z be the dimension function setting V (K) = dimV K . Lewis (extending an

unpublished result of Waner) shows that SG,≥V ≃ SG,≥V (•) [Lew92, Lem. 1.2], so this follows immediately

from Proposition II.2.59. □

This follows a more general pattern: often G-symmetric monoidal∞-categories will fall into multiplicative

recollement situations expressing them as glued together from a nonequivariant object for each conjugacy

class, and we will be able to use this to lift symmetric monoidal full subcategories or localizations from the

nonequivariant situation to the equivariant one; the multiplicaitivity of the resulting situation will often be

describable in terms of compatibility of the various fiberwise localizations.

Before moving on, we point out the relationship with weak indexing categories, which is immediate

from definitions.

Proposition II.2.61. If I ⊂ FT is a pullback-stable wide subcategory, then I is a weak indexing category if and

only if m
(
FI ↪→S

⊔
T
)

= I; moreover, Set⊔T ⊂ S
⊔
T is a T -symmetric monoidal localizing subcategory admitting a

factorization F⊔T ↪→ Set⊔T ↪→S
⊔
T .

II.2.5 Reflective localizations and Morita localizations of parameterized operads

II.2.5.1 Localizations of T -operads We make the following construction.

Construction II.2.62. Given O⊗ a T -operad and UL : UO→UP a T -localization, we define the associated

localization
triv(O)⊗ triv(P )⊗

O⊗ P⊗

⌟

so that P⊗ satisfies the mapping property

AlgP (C) ≃ AlgO (C)×FunT (UO,UC), L∗ FunT (UP ,UC) . ◁

The following proposition follows immediately by comparing universal properties.
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Proposition II.2.63. If O⊗ is I-symmetric monoidal and UL compatible with the I-symmetric monoidal

structure, then P⊗ is the I-symmetric monoidal localization constructed in Proposition II.2.56.

More importantly, we note the following.

Proposition II.2.64. Suppose ϕ : O⊗→ P̃⊗ is a T -operad map lying over a T -localization UP →UO. Then,

the following conditions are equivalent:

(a) TotT ϕ is a Morita T -localization,

(b) Totϕ is a Morita localization, and

(c) The associated map P̃⊗→P⊗ is an equivalence.

In particular, ϕ satisfies the universal property

AlgP̃ (C) ≃ AlgO (C)×FunT (UO,UC), L∗ FunT (UP ,UC) .

Proof. Theorem II.2.7 shows that Condition (c) may be verified on pullback between algebras in

T -spaces, which is equivalent to it inducing an equivalence on Segal spaces on Tot or on Segal T -spaces

by Theorems I.4.1 and II.2.1. Comparing universal properties shows this is equivalent to Conditions (a)

and (b). □

That is, algebras over Morita localizations are locally constant algebras. Following the classical results

of factorization algebras, this will be quite useful to us, so we now study how to recognize such localizations.

II.2.5.2 Recognizing Γ -Morita localizations of T -preoperads We need a variation of [HA, Cor. 2.3.3.16]:

Proposition II.2.65. Suppose α : P⊗→E⊗ is a map of T -preoperads such that E⊗ is a one-color T -operad.

Then, Condition (ML-a) of Corollary I.3.31 for the associated Γ -T -preoperad map is equivalent to the condition

that, for all P ∈ TotP⊗ and active Spano(T )(FT )-maps f : D→ πP P , the induced map of spaces

α̃
act,f
/P : BP act,f

/P −→MapfTotE (D;πP P ) .

is an equivalence, where P act,f
/P B P act

/P ×Fo(T ),/πP P
{f }. If moreover, P⊗ is a T -operad, then it suffices to verify

this condition when πP P is an orbit.

Proof. Fixing some µ ∈MulfE (D;πP P ), draw the diagram

F P act,f
/P P act

/P{
f̃
}

MapfTotE (D;πP P ) Eact
/αP

{f } FinT ,/πP

⌟ ⌟

⌟
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We’re tasked with verifying that F is weakly contractible. But we may apply the adjunction between B and

S ↪→ Cat to construct a fiber square

BF BP act,f
/P{

f̃
}

Eact,f
/αP

⌟

In particular, weak contractibility of F for all
{
f̃
}
is equivalent to contractibility of the homotopy fibers of

α̃
act,f
/P for all f , which is equivalent to α̃act,f

/P being an equivalence for all (f ,P ), giving the main claim.

For remaining claim, note that pullback along inert morphisms constructs a commutative diagram:

∏
U∈Orb(πP P )

P act,fU
/Pu

P act,f
/P

∏
U∈Orb(πP P )

E (DU ) MulfE (D;πP P )

α
α

The Segal condition for multioperations implies that the bottom horizontal arrow is an equivalence, so to

conclude, it suffices to prove that the top horizontal arrow is an equivalence; fully faithfulness and essential

surjectivity both follow by unwinding the Segal conditions for P⊗. □

II.2.6 G-manifolds and equivariant little disk algebras Fix G a compact Lie group. Generalizing the

nonequivariant picture, a regime of of central importance in G-equivariant homotopy theory is that of little

disk G-operads, G-symmetric monoidal ∞-categories of manifolds, and equivariant factorization homology.

II.2.6.1 G-manifolds The author developed some rudiments of the parameterized higher algebra of

G-manifolds in ongoing joint work with Juran, but is obstructed from using text from that project here, as it

appears in Juran’s thesis [Jur25b]; as such, we will omit some proofs in this subsubsection.

Construction II.2.66. Define the simplicial topological category Mfld•,G : ∆op→ CatTop so that Mfldn,G has

• objects the sequences of topological G-space maps M → S0→ ·· · → Sn such that M has a distin-

guished smooth G-manifold structure and each Si is an orbit-finite G-space, and

• morphisms the natural transformations

M S0 · · · Sn

N T0 · · · Tn

fM f0 fn

such that fM is a smooth G-equivariant map and each fi is a G-equivariant map such that:

– Each map Si → Si+1 ×Ti+1
Ti is an equivalence, and

– the map M→N ×T0
S0 is an embedding,
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topologized as a subspace of C∞ (M,N )×
∏n
i=0 MapTopG

(Si ,Ti);

the simplicial structure is exactly as in the nerve of TopG. The simplicial topological category Span•,G is

defined similarly, but without M and N (or equivalently, M = S0 and N = T0). ◁

Proposition II.2.67. Given G a compact Lie group, the evident natural transformation p : MfldG• =⇒ SpanG•

satisfies the following:

(i) The homotopy-coherent nerve of SpanG• is a factorization double ∞-category in the sense of [Jur25c]

which, under the correspondence of [Jur25c, Thm. A] classifies Spanf.i.(FG) with its canonical

factorization system.

(ii) p acts on mapping spaces as Serre fibrations.

(iii) The homotopy-coherent nerve of p is a (cocart, right)-fibration in the sense of [Jur25c], and the

corresponding op-gray fibration Tot∨Mfld⊔G→ Spanf.i.(FG) is a cocartesian fibration which straightens

to a G-symmetric monoidal ∞-category.

(iv) π0MfldH is in bijection with dimensional manifolds with distinguished smooth H-action, with

mapping spaces the topological subspaces

MapMfldH
(M,N ) ≃ EmbH (M,N ) ⊂ C∞ (M,N ) ,

consisting of equivariant smooth embeddings under the (strong) C∞-topology.

(v) The binary tensor product on Mfld⊔H takes disjoint unions; the norm takes

NH
K M ≃M ×K H.

Construction II.2.68. Let Mfldn,⊔G ⊂ Mfld⊔G be the full G-symmetric monoidal subcategory spanned by n-

dimensional G-manifolds. Let EmbG→MfldG be the G-functor classified by the topological nonfull topological

subcategories EmbG• ⊂MfldG• whose objects are diffeomorphic to D(V )→ ·· · for some V and whose morphisms

are only codimension-0 embeddings; that is, there is a canonical equivalence EmbG ≃
∐
nEmbnG compatible

with the subcategories of Mfldn,⊔G .

The tangent classifier G-functor is the restricted Yoneda embedding

τ : MfldnG
よ

−−−−−−→ FunG
(
MfldnG,SG

) ι∗−−−−−→ FunG
(
EmbnG,SG

)
≃ SG,/EmbnG

. ◁

Now, we will eventually prove the following, but first postpone it.

Proposition II.2.69. There exists an equivalence EmbG ≃ BGO(n) and the composite functor U ◦ τ : MfldnG→

SG,/BGO(n) ≃ SG takes the underlying G-space.
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Corollary II.2.70. τ admits a contractible space of lifts to G-symmetric monoidal functors Mfld⊔G→S
⊔
G,/BGO(n)

Proof. Theorem II.2.32 shows that the space of lax G-symmetric monoidal structures on τ is contractible,

with lax structure map the assembly map

∐S
K Re(MK ) Re

(
⊔[H/K]⊂SH ×KMK

)
EmbnG

where Re is the underlying G-space functor. That this is an equivalence follows by unwinding the fact that

disjoint unions in SG are coproducts and M 7→H ×KM is left adjoint to restriction. □

Following Horev [Hor19], we may define G-symmetric monoidal ∞-categories of G-manifolds with

distinguished tangential structure.

Construction II.2.71. Given Θ : BΘ → BGO(n), we define the G-symmetric monoidal ∞-category of Θ-framed

G-manifolds as the pullback

MfldΘ,⊔
G Mfldn,⊔G

S⊔G,/BΘ S⊔G,/BGO(n)

⌟

Θ!

where Θ! is given its essentially unique G-symmetric monoidal structure via Theorem II.2.1 in view of the

fact that it is a G-left adjoint, and hence preserves G-coproducts.

Informally, a G-object of MfldΘ
G is a Θ-framed G-manifold, i.e. a pair of M a G-manifold and T ΘM a

lift of its equivariant tangent bundle
BΘ

M BGO(n)

Θ

TΘM

TM

with mapping spaces the C∞-embedding spaces together with lifts of their tangent factorization

(25)

EmbΘ,G (M,N ) EmbG (M,N )

MapG/BΘ (M,N ) MapG/BGO(n) (M,N )

⌟
d

ResGH Θ!

with the expected restriction. In the case of the map {V } ↪→ BGO(n) classifying a representation V , we write

MfldV−r,⊔G , and refer to these as V -framed G-manifolds. ◁

II.2.6.2 Self-embeddings Let DiffG(V ,0) denote the topological group of smooth origin-preserving diffeo-

morphisms of V under the strong C∞-topology and EmbG0 (V ,V ) the self-embedding space under the strong

C∞-topology. Let OG(V ) ⊂O(dimV ) and GLG(V ) ⊂GL(dimV ) be the topological subgroups of equivariant
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linear isometries and isomorphisms, respectively. Note that, by the same argument as Remark II.2.94,

these agree with the strong C∞ subspace topologies, and in particular, we acquire a diagram of topological

submonoid inclusions

(26)

EmbG0 (V ,V ) EmbG(V ,V )

DiffG(V ,0) DiffG(V )

OG(V ) GLG(V ) EmbG,Aff(V ,V )

aEmb

aDiff

s

ιEmb

ιDiff

aAff

Proposition II.2.72. All of the maps in Eq. (26) are equivalences.

Proof. It suffices to prove that the solid arrows are equivalences, after which the dashed arrows become

equivalences by two out of three. s is an equivalence by the Gram-Schmidt procedure. aEmb admits a

deformation retract by ht(ι) = ι− t · ι(0); this restricts to deformation retracts of aDiff and aAff. To finish, we

simply note that the deformation retract constructed in [Kup17, Thm. 2.4] restricts to a deformation retract

for ιEmb and ιDiff. □

II.2.6.3 Little disk G-operads For now, we will value this in part for its relationship with little disks.

Construction II.2.73. We define DiskΘ,⊔
G ⊂MfldΘ,⊔

G to be the G-symmetric monoidal subcategory generated

by Θ-framed G-manifolds whose underlying G-manifolds are representation disks. ◁

As in [Hor19] this ought to occur as the envelope of a Θ-framed little disks G-operad. We can recognize

this directly via the equifibered perspective.

Proposition II.2.74. There exists an essentially unique factorization π making the following commute

DiskΘ,⊔
G F⊔G

MfldΘ,⊔
G S⊔G,/BΘ S⊔G Set⊔G

π

τ U π0

Moreover, π is an equifibration of G-symmetric monoidal ∞-categories.

Proof. In light of Propositions II.2.54 and II.2.61, the factorization exists up to contractible ambiguity

if π0 of every Θ-framed H-disk is a finite H-manifold; this follows by definition.
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Now, to prove the equifibration condition, by Proposition II.1.20, we must verify the following conditions:

DiskΘ
G ×DiskΘ

G DiskΘ
G DiskΘ

K DiskΘ
H

FG ×FG FG FK FH

⊔

π0 π0

(−)×KH

π0 π0

⊔ IndHK

This is a straightforward verification we leave to the reader, highlighting the fact that H-manifolds with a

map to 2 · ∗H are canonically H-equivariantly diffeomorphic to the coproduct of their fibers, and over H/K

canonically equivalent to H ×K F, where F is the fiber over the identity coset eK . □

We let E⊗
Θ

be the G-operad classified by this equifibration under Theorem I.2.32; that is, it is the full

G-suboperad spanned by Θ-framed G-manifolds of the form D(V ).

II.2.6.4 The structure on loop spaces EV is perhaps most important because it describes the structure on

V -fold loop spaces. This is for a simple reason: V -fold loops is corepresentable by SV , which is the one-point

compactification of the manifold D(V ), and hence acquires a coalgebra structure over the proper self-maps of

D(V ), which restricts to an EV -coalgebra structure as embeddings are proper. We bear this out now.

Construction II.2.75. Let OG be the topological orbit category of G. Define the pullback topological functor

MfldG MfldG0

OG SpanG0

⌟

so that the homotopy-coherent nerve of MfldG straightens to the G-∞-category MfldG. We may extend the

lefthand side to a diagram

MfldG TopGProper TopG,op
∗

TopG

OG

Re

(−)+

where TopG → OG is the target functor from the topological category of arrows of topological G-spaces

with transitive codomain (which presents SG), TopGproper is the wide topological subcategory of proper

maps, and TopG,op
∗ the opposite topological category of pointed G-spaces decorated with a morphism from

the complement of the basepoint to a transitive G-space, and (−)+ denotes one-point (i.e. Alexandroff)

compactification with its proper-functoriality. After homotopy-coherent nerves and unstraightening, this

presents a G-functor

(−)+ : Mfldop
G →SG,∗. ◁
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Proposition II.2.76. The space of G-symmetric monoidal lifts Mfld⊔,op
G →S⊔G,∗ of (−)+ is contractible, where

the domain has the fiberwise opposite G-symmetric monoidal structure.

Proof. In sight of Theorem II.2.1, we must verify that assembly

∨
[H/K]⊂S

H ×KM+→
(
⊔[H/K]⊂SH ×KM

)+
,

is an equivalence where the lefthand fiber product is taken in pointed G-spaces. Indeed, this follows from the

basic observation that (−)+ takes disjoint unions to wedge products. □

As a consequence, we may restrict this to a G-symmetric monoidal functor

SV : DiskV−Fr,⊔,op
G ↪→MfldV−Fr,⊔,op

G
U−−−−→Mfld⊔,op

G

(−)+

−−−−−−→ S⊔G,∗;

we call this the conventional EV -coalgebra structure on SV .

Remark II.2.77. This lifts to a coalgebra structure over the full suboperad E⊗BO(V ) spanned by the G-object of

BGO(n) classifying the representation V , but we will not need this, so we do not consider it further. ◁

Construction II.2.78. Given a G-∞-category C with finite G-products and coproducts and X ∈ CG, the

associated representable G-functor

Map
C

(−,X) : Cop→SG

is, by definition, G-continuous; in particular, it lifts canonically to a G-symmetric monoidal functor

Map
C

: (−,X)
(
C⊔

)op
→S×G;

that is, it transforms cocartesian coalgebras to cartesian algebras. We refer to the associated composite

ΩVX : DiskV−Fr,⊔
G

SV−−−−−−−→
(
S⊔G

)op
Map

S⊔G,∗
(−,X)

−−−−−−−−−−−−−−−−→ S×G,∗
U−−−−−−→ S×G,

and its corresponding element ΩVX ∈MonEV

(
SG

)
as the conventional EV -structure on loop spaces. ◁

II.2.7 Assembly to equivariant little disk algebras Note that the full T -suboperad S⊔G,/B spanned by

transitive G-sets is equivalent to B⊔; indeed cocartesianness is closed under passing to full T -suboperads per

Proposition II.2.54 and Theorem II.2.32, and the statement on underlying T -categories follows by unwinding

definitions. In particular, we acquire a canonical pullback diagram

E⊗
Θ

B⊔
Θ

E⊗idn BGO(n)⊔

⌟

f
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where f classifies UE⊗idn ≃ EmbGn ≃ BGO(n).

In particular, given an orbit inclusion [x] : [G/H] ↪→ BΘ , we have an H-equivariant diagram

E⊗
Θ(x)

E⊗
ResGH Θ

(
ResGH BΘ

)⊔
E⊗idn BHO(n)⊔

ψx

x

px ⌟

f

In particular, this yields a reduction

ψred
x : E⊗

Θ(x)→ Endred
x E⊗

Θ
.

In this subsection, we will prove the following.

Theorem II.2.79. The map ψred
x : E⊗

Θ(x)
∼−−−−−→ Endred

x E⊗
Θ

is an equivalence.

The disintegration and assembly procedure will immediately yield the following.

Corollary II.2.80. Pullback along the maps ψx yields a natural G-limit presentation

AlgEΘ
(C) ≃ limx∈BΘAlgEΘ(x)

(C).

This underlies an equivalence of G-symmetric monoidal ∞-categories

DiskΘ,⊔
G ≃ colimx∈BΘDiskΘ(x)−Fr,⊔

G .

II.2.7.1 Germs of embeddings It is a classical fact that, up to homotopy, the space germs of open

embeddings k ·Rn→M differs from the configuration space of k points in M by O(n)k . We will equivariantize

this, for which we need the following definition.

Definition II.2.81. An S-indexed multidisk is a smooth G-manifold D admitting a sequence of maps

D ↪→ E↠ S,

where E↠ S is an equivariant vector bundle and D ⊂ E is the open unit disk. Given [G/H] ⊂ S an orbit,

we write D[G/H] for the corresponding path orbit lying over [G/H], and we write DH for the corresponding

H-representation over the identity coset, so that

D ≃
∐

[G/H]⊂S
D[G/H] ≃

∐
[G/H]⊂S

G ×H DH . ◁
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These are the local type about a configuration. Indeed, writing e0,ϵ : DV ↪→ DV for the “shrink by a

factor of ϵ” self-embedding, we will find the following.

Proposition II.2.82. Given a G-manifold M, the point-set sequential colimit

GermG
D (M)B colim

EmbG (D,M)
e∗

0, 12−−−−−−→ EmbG (D,M)
e∗

0, 12−−−−−−→ ·· ·

 c−−−−−→ ConfGS (M)

admits the structure of a fiber bundle over its image with fiber
∏

[H/K]⊂SO
K (DK ).

We prove local triviality by an equivariant lift of the usual argument.

Lemma II.2.83 (Isotopy extension). If N is compact, then every continuous DiffG(M)-equivariant map

X→ EmbG(N,M) is a fiber bundle over its image.

Proof. By [Pal60, Thm. A], we must check that all ι ∈ EmbG(N,M) admit a neighborhood ι ∈U and

map χ : U →DiffG(M) such that ι′ = χ(ι′) · ι. The proof of [Lim64] straightforwardly shows this, by choosing

equivariant tubular neighborhoods using [Bre72].3 □

To see this as a form of isotopy extension, consider the case of ι : N ↪→ N ′ a compact invariant

submanifold, in which case we find that ι∗ : EmbG(N ′ ,M)→ EmbG(N,M) is a fiber bundle onto its image;

since C∞(N,M) is metrizable when N is compact, its subspaces are paracompact, and hence ι∗ is a Serre

fibration, and one may extend isotopies using the associated lifting property.

Now, to identify germs with embeddings, we note the following.

Lemma II.2.84 (Isototopy to sub-disk). Given any ϵ ∈ (0,1], the precomposition embedding of topological

spaces

e∗0,ϵ : EmbG (D,M) −→ EmbG (D,M)

admits a deformation retract; in particular, it is an acyclic Serre cofibration.

Proof. It suffices to construct an equivariant isotopy e0,ε ∼ idDV ; we choose ht,ε = e0,t+(1−t)·ε. □

Proof of Proposition II.2.82. Choosing N = S in Lemma II.2.83 shows that c is a fiber bundle over

its image and Lemma II.2.83 shows that it is the GermG
D (M) is the homotopy colimit in S/ConfGS (V ), and that

GermG
D (M)→ EmbG(D,M) is an equivalence.

We’re left with computing the point-set fiber Fc over a configuration c, showing that the derivative map

d : Fc −→
∏

[H/K]⊂S
OK (DK ).

3 The author will explain this in more explicit detail in forthcoming work with Branko Juran.
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admits an inverse given by precomposing a fixed embedding with well-chosen elements of
∏

[H/K]⊂S GLK (DK ).

This argument is routine, so we omit it. □

Remark II.2.85. Let ConfGD (M) ⊂ ConfGS (M) be the image of GermG
D (M) under c. We claim three things:

(i) ConfGD (M) ⊂ ConfGS (M) is a disjoint union of path-components.

(ii) A configuration c : S ↪→M lies in ConfGD (M) if and only if, for each point p ∈ S with stabilizer H ,

there exists an equivalence of H-representations Tc(p)M ≃DH .

(iii) In the case that M admits a V -framing (such as M = P V ), we have

ConfGD (M) =


ConfGS (M) D ≃ S ·DV ,

∅ otherwise.

Claim (iii) follows straightforwardly from Claim (ii), and Claim (ii) follows by noting that the derivative

of an embedding S ·D(V ) ↪→M at p is such an equivalence, and conversely by taking equivariant tubular

neighborhoods using [Bre72].

For Claim (i), note that we may express configurations spaces homeomorphically as products

ConfGS (M) ≃
∏

(H)⊂G
ConfGS(H)

(M)

≃
∏

(H)⊂G
ConfGS(H)

(M(H)),

where M(H) ⊂M denotes the topological subspace of points x such that (stab(x)) = (H), compatible with our

distinguished subspaces. As such, it suffices to prove this in the case that S and M have fixed isotropy (H).

Now, in this case, note that the representation TxM is locally constant in x; Claim (ii) then implies that

all paths in ConfGS (M) beginning in ConfGD (M) must end in ConfGD (M), which is what we wanted to show. ◁

Before moving on, we acquire a useful technicality about embedding spaces.

Corollary II.2.86. The following diagram consists of homotopy-cartesian squares:

EmbG(D,M) GermG
D (M) ConfGD (M)

∏
[G/H]⊂S

EmbH (DH ,M)
∏

[G/H]⊂S
GermH

DH
(M)

∏
[G/H]⊂S

MH

≃ c

≃ c

Proof. By [HTT, Lem. 4.4.2.1], the lefthand square is homotopy-cartesian, so it suffices to prove the

same for the righthand square. Since MH and ConfGD (M) are smooth manifolds, they are paracompact, and

so each fiber bundle c is a Serre fibration. Hence it suffices to prove that this is a point-set cartesian square;
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equivalently, it suffices to prove that it induces a homeomorphism on point-set fibers. Indeed, each of the

vertical maps are embeddings, and the bottom horizontal map takes image homeomorphically onto image. □

II.2.7.2 Germs with tangential structure Given D a Θ-framed S-indexed multidisk, we have a map

cM : EmbH,Θ (D,M) −→ EmbH (D,M) −→ ConfHD (M).

We may bootstrap a generalization of a result of Horev to compute its homotopy fibers.

Proposition II.2.87. The homotopy fibers of cM are computed by

c−1
M (ι) ≃

∏
G/H⊂S

ΩDG/HB
H
Θ .

In particular, any Θ-framed embedding f : M ↪→N induces an equivalence c−1
M (ι)

∼−−−−→ c−1
N (f ι).

Proof of Proposition II.2.87. Consider the diagram

∏
G/H∈S

ΩΘι(G/H)B
H
Θ

EmbΘ,G
M (S,M)

∏
G/H⊂S

EmbΘ,G
M (G/H,M)

{ι} ConfGD (M)
∏

G/H⊂S
MH

⌟
⌟

The righthand square is cartesian by Corollary II.2.86; by pullback-pasting, it suffices to prove that the outer

diagram is cartesian. By commuting limits past limits, we may thus assume that S ≃ [G/H]; then, the claim

results from an identical argument to [Hor19, Prop. 3.8.9] and [Hor19, Ex. 3.8.10], simply assuming that G is

a compact Lie group instead of a finite group. □

In particular, when BΘ is contractible, we get a strong corollary.

Corollary II.2.88. If M is a V -framed G-manifold, then the center map

c : EmbV−Fr,H
(
S ·DV ,M

)
−→ ConfHS (M)

is an equivalence.

This allows us to perform the main step in proving Theorem II.2.79.
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Corollary II.2.89. The following diagram consists of homotopy-cartesian squares:

EmbG,V−Fr
(
S ·DV ,DV

) ∏
[G/H]⊂S

EmbH,V−Fr
(
S ·DV ,DV

)
∗

EmbG
(
S ·DV ,DV

) ∏
[G/H]⊂S

EmbH
(
DV ,DV

) ∏
[G/H]⊂S

OH (V )

ι
⌟

t

ι
⌟

t

Proof. Both arrows marked t are equivalences by Corollary II.2.88 and Proposition II.2.72, so the

righthand square is homotopy-cartesian by pullback pasting; another application of pullback pasting shows

that it suffices to prove that the lefthand square is homotopy-cartesian. Now, note that the sequence

EmbG,V−r
(
S ·DV ,DV

)
−→ EmbG

(
S ·DV ,DV

)
−→GermG

S·DV (V ) −→ ConfGS (V )

is natural in S and has composite and middle arrow an equivalence; hence it has a coassembly natural

transformation

EmbG,V−r
(
S ·DV ,DV

)
EmbG

(
S ·DV ,DV

)
ConfGS (V ) GermG

S·DV (V )

∏
[G/H]⊂S

EmbH,V−Fr
(
DV ,DV

) ∏
[G/H]⊂S

EmbH
(
DV ,DV

)
∏

[G/H]⊂S
ConfHG/H (V )

∏
[G/H]⊂S

GermH
DV

(V )

whose back face is exactly the square in question. Here, the squiggly double headless arrows are equivalences

by Proposition II.2.82, so the left and right faces are homotopy-cartesian by [HTT, Lem. 4.4.2.1].

Again, pullback pasting shows that it suffices to prove that the front face is homotopy-cartesian; that is,

our square admits a retract (as an arrow in the arrow category), so we may check that the retraction square

is homotopy-cartesian. But this is Corollary II.2.86. □

We’re ready to conclude.

Proof of Theorem II.2.79. Passing to restrictions, we may assume H = G. ψred
x is the coassembly

map for the diagram
E⊗
Θ(x) E⊗

Θ
E⊗idn

Comm⊗G B⊔
Θ

BGO(n)⊔

⌟

so by pullback pasting, it suffices to prove that the outer square is cartesian, i.e. we may also assume Θ = idn.

Now, ψ is a map of one-color G-operads so it suffices to prove that it is an equivalence on S-ary structure
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spaces for each S ∈ FH ; this is the coassembly map for the outer square of the following diagram.

EmbG,V−Fr
(
S · P V , P V

) ∏
[G/H]⊂S

EmbH,V−Fr
(
S · P V , P V

)
∗

EmbG
(
S · P V , P V

) ∏
[G/H]⊂S

EmbG
(
P V , P V

) ∏
[G/H]⊂S

EmbG
(
P V , P V

)
≃

The righthand square is (homotopy)-cartesian as its vertical arrows are equivalences and the left by Corol-

lary II.2.89, so the claim follows by pullback pasting. □

II.2.8 The linear model for equivariant little disks When G is a finite group, we have a preferred

topological model for G-operads; we will construct more traditional topological models for E⊗V in this case,

using rectlinear little disk embeddings.

II.2.8.1 Rectilinear little V -polydisks Our geometry admits the following as its local types.

Definition II.2.90. An orthogonal G-polyrepresentation V• = (V1, . . . ,Vn) is a finite list of finite-dimensional

orthogonal representations of G. The polydisk in V• is the open sub-G-manifold

P V• B
n∏
i=1

DVi ⊂
n∏
i=1

Vi ≃
n⊕
i=1

Vi .

When it will not cause confusion, we will write V B
⊕n

i=1Vi , omit the bullet, and write P V B P V• . ◁

Note that the inclusion P V ⊂ V is a G-isotopy equivalence; indeed, this follows by taking products of

Lemma II.2.84. Crucially, little V -polydisks will provide a homotopy-equivalent theory to little V -disks. For

additivity, we need the following.

Construction II.2.91. Given two polyrepresentations V• and W•, we write V• ⊕W• for the orthogonal G-

polyrepresentation given by the concatenation (V1, . . . ,Vn,W1, . . . ,Wm). Note that

P V⊕W = P V × PW ⊂ V ×W ≃ V ⊕W. ◁

We henceforth fix (V•,W•) a pair of orthogonal G-polyrepresentations.

Construction II.2.92. Given H ⊂ G a closed subgroup and S ∈ FinH a finite H-set, we let

S · P V B
⊔

[H/K]⊂S
H ×K P ResGK V

denote the S-indexed copower of P V ; we refer to H-manifolds of this form as V•-multi-polydisks. ◁

II.2.8.2 Rectilinear embedding spaces The embeddings for little disks will generally be the following.
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Definition II.2.93. We refer to embeddings DVi ↪→DVi of the form v 7→ λv +v0 for some λ ∈ R>0 and v0 ∈DV

as equidiameter embeddings and more generally, we refer to embeddings P V ↪→ P V given by products of

equidiameter embeddings as rectilinear embeddings.

Given a map of fintie G-sets f : T → S, we refer to a smooth map H-equivariant map ι : T · P V → S · P V

as an f -indexed little V -polydisk multiembedding if

(a) the induced map π0ι : π0

(
T · P V

)
= T → S = π0

(
S · PW

)
is f ,

(b) ι is an embedding of H-manifolds, and

(c) for each orbit [H/K] ⊂ T , the mate P ResGK V → P ResGKW to the restricted map ι[H/K] of

H ×K P ResGK V P ResGH V

T · P V S · P V

ι[H/K]

ι

is a rectilinear embedding.

The topological subspaces satisfying Conditions (a) to (c), Conditions (a) and (b), and Condition (a) are

written

EmbH,Rect
f

(
T · P V ,S · P V

)
⊂ EmbHf

(
T · P V ,S · P V

)
⊂ C∞,Hf

(
T · P V ,S · P V

)
⊂ C∞

(
T · P V ,S · P V

)
,

the latter having the (strong) C∞-topology. In the case S = ∗H is the terminal H-set, we simply write

EmbH,Rect
(
T · P V , P V

)
B EmbH,Rect

!

(
T · P V , ∗H · P V

)
,

and we write EmbH
(
T · P V , P V

)
and C∞,H

(
T · P V , P V

)
similarly. ◁

Remark II.2.94. Tracking diameters and centers under the diffeomorphism V ≃ P V yields an injection

(c,t) : EmbH,Rect
f

(
T · P V ,S · P V

)
↪→

(
R|V | ×Rn

)|T |
.

Moreover, the codomain admits a structure as a real sub-vector space

(Rn ×R)|T | ⊂ C∞ (T ·V ,S ·V ) ≃ C∞
(
T · P V ,S · P V

)
,

and its subspace topology endows it with the structure of a finite dimensional Hausdorff real topological

vector space, under which (c,t) is a topological subspace embedding. But a Hausdorff topological structure

exists on a finite dimensional real vector space uniquely up to linear homeomorphism; hence (c,t) is also a

topological subspace embedding for the (homemorphic) standard topological structure on the codomain. ◁
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Warning II.2.95. In the case of the one-term polyrepresentation V = V1, these are called affine in [BH15;

Bon19; GM17; Hil22; Hor19]; to avoid confusion with the more common definition of affine transformations,

we will avoid this term. ◁

Remark II.2.96. In the case of an n-step polyrepresentation of the trivial group, R⊕n = R ⊕ · · · ⊕R, this

recovers May’s open little disk embeddings [May72, Def. 4.1]. In the nonequivariant case of a one-term

polyrepresentation Rn = Rn, these are equidiameter embeddings in the sense of [May72, Thm. 4.8]. ◁

Now, first off, note that these behave well with respect to restriction.

Observation II.2.97. Given K ⊂H a subgroup inclusion, we acquire a restriction factorizations

EmbH,Rect
f

(
T · P V ,S · P V

)
EmbK,Rect

ResHK f

(
T · P V ,S · P V

)
C∞

(
T · P V ,S · P V

)
.

C∞,Hf

(
T · P V ,S · P V

)
C∞,K

ResHK f

(
T · P V ,S · P V

)

ResHK

ResHK

We refer to the associated operation as restriction. ◁

Additionally, we observe that rectilinear embeddings satisfy a Segal condition.

Observation II.2.98. By restricting and pulling back along the inclusion of the identity coset summand

∗K = [K/eKe−1] ⊂
∐

KhK∈[K\H/K]

[K/hKh−1] ≃ ResHK [H/K].

we acquire a chain of homeomorphisms

C∞,Hf

(
T · P V ,S · P V

)
≃

∏
[H/K]⊂S

C∞,H
IndHK TK→[H/K]

(
IndHK TK · P

V , [H/K] · P V
)

≃
∏

[H/K]⊂S
C∞,K

(
TK · P V , P V

)
,

where we IndHK TK = T ×S [H/K]. Moreover, note that the composite homeomorphism preserves and reflects

Conditions (b) and (c) of Definition II.2.93, restricting to another homeomorphism

EmbH,Rect
f

(
T · P V ,S · P V

)
≃

∏
[H/K]⊂S

EmbK,Rect
(
TK · P V , P V

)
. ◁

II.2.8.3 Composition An essential structure on rectilinear embedding spaces is composition.

Lemma II.2.99. Composition of continuous maps restricts uniquely to operations

γ : EmbH,Rect
g

(
S · P V ,R · P V

)
×EmbH,Rect

f

(
T · P V ,S · P V

)
−→ EmbH,Rect

g◦f

(
T · P V ,R · P V

)
,
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compatible with inclusions of structures. Moreover, γ is compatible with restriction, i.e. the following diagram

commutes.

EmbH,Rect
g

(
S · P V ,R · P V

)
×EmbH,Rect

f

(
T · P V ,S · P V

)
EmbH,Rect

g◦f

(
T · P V ,R · P V

)
.

EmbK,Rect
g

(
S · P V ,R · P V

)
×EmbK,Rect

f

(
T · P V ,S · P V

)
EmbK,Rect

g◦f

(
T · P V ,R · P V

)
.

γ

ResHK ResHK

γ

Proof. Since π0 is functorial, we’re tasked with verifying that Conditions (b) and (c) are closed under

composition; unwinding definitions, this follows by taking products of the fact that equidiameter embeddings

are closed under composition. Restriction compatibility follows from restriction compatibility of composition

of smooth equivariant maps. □

We will use this as a G-operadic composition map, so we must observe associativity.

Observation II.2.100. Given V an orthogonal G-representation, the following diagram commutes.

EmbH,Rect
h

(
R · P V , P V

)
×EmbH,Rect

g

(
S · P V ,R · P V

)
×EmbH,Rect

f

(
T · P V ,S · P V

)

EmbH,Rect
h◦g

(
S · P V , P V

)
×EmbH,Rect

f

(
T · P V ,S · P V

)

EmbH,Rect
h

(
R · P V , P V

)
×EmbH,Rect

g◦f

(
T · P V ,R · P V

)

EmbH,Rect
h◦g◦f

(
T · P V , P V

)

γ

γ

γ

γ

Indeed, this admits a natural monomorphism of topological spaces to the same square for C∞ mapping spaces,

which commutes by the fact that smooth manifolds form a topological category, so the property follows by

unique factorization through monomorphisms. ◁

II.2.8.4 External products We now define a staple of the additivity phenomenon.

Construction II.2.101. Given X,X ′ ,Y ,Y ′ a quadruple of connected H-manifolds and composable morphisms

T
f
−→ S

g
−→ R we define the external product map

ϕ : C∞,Hg (S ·X,R ·Y )×C∞,Hf (T ·X ′ ,S ·Y ′)→ C∞,Hg◦f (T · (X ×X ′),R · (Y ×Y ′))

elementwise by the composition

(27)
T · (X ×X ′) R · (Y ×Y ′)

X × (T ·X ′) X × (S ·Y ′) (S ·X)×Y ′ (R ·Y )×Y ′

ϕ(g̃;f̃ )

≃ ≃

(id,g̃)
≃

(f̃ ,id)
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Now, note that this restricts uniquely to a map

EmbH,Rect
g

(
S · P V ,R · P V

)
×EmbH,Rect

f

(
T · PW ,S · PW

)
EmbH,Rect

g◦f

(
T · P V⊕W ,R · P V⊕W

)
C∞,Hg

(
S · P V ,R · P V

)
×C∞,Hf

(
T · PW ,S · PW

)
C∞,Hg◦f

(
T · P V⊕W ,R · P V⊕W

)
ϕ

ϕ

We refer to ϕ as the external product map. ◁

We see that ϕ behaves well with respect to restriction and composition.

Observation II.2.102. Eq. (27) is manifestly restriction-stable, i.e. the following diagram commutes

EmbH,Rect
g

(
S · P V ,R · P V

)
×EmbH,Rect

f

(
T · PW ,S · PW

)
EmbH,Aff

g◦f

(
T · P V⊕W ,R · P V⊕W

)
.

EmbK,Rect
ResHK g

(
S · P V ,R · P V

)
×EmbK,Rect

ResHK f

(
T · PW ,S · PW

)
EmbK,Rect

ResHK g◦f

(
T · P V⊕W ,R · P V⊕W

)
.

ϕ

ResHK ResHK

ϕ

Moreover, it is compatible with composition, i.e. the top horizontal composite

P · P V T · P V⊕W R · P V⊕W Q · P V⊕W

P V × P · PW P V × T · PW P V × S · PW

S · P V × PW R · P V × PW Q · P V × PW

ϕ(h̃;id) ϕ(g̃;f̃ ) ϕ(id;j̃)

(id,h̃) (id,g̃)

(f̃ ,id) (j̃ ,id)

clearly agrees with ϕ
(
g̃ ◦ h̃; j̃ ◦ f̃

)
. Here, for visual clarity, we’ve denoted equivalences as squiggly headless

double arrows. Moreover, Eq. (27) is associative, in the sense that we may define an element ϕ(f ;g;h) making

following diagram commute

T · P U⊕V⊕W P · P U⊕V⊕W

P U × T · P V⊕W P U ×R · P V⊕W

P U × S · P V × PW P U ×R · P V × PW

P U × P V × T · PW P U × P V × S · PW R · P U × P V × PW P · P U × P V · PW

S · P V⊕W × PW P · P V⊕U × PW

ϕ(f ;g;h)

(id,ϕ(g;h))

(id,g,id))

(id,id,h)

(f ,id,id)

(ϕ(f ;g),id)

We moreover see that “products with the identity self-embedding” yields a map

ι : EmbH,Rect
f

(
S · P V ,R · P V

)
−→ EmbH,Rect

f

(
S · P U⊕V ,R · P U⊕V

)
,
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which makes the following diagram commute

EmbH,Rect
g

(
S · P V ,R · P V

)
×EmbH,Rect

f

(
T · PW ,S · PW

)
EmbH,Rect

g◦f

(
T · P V⊕W ,R · P V⊕W

)

EmbH,Rect
g

(
S · P U⊕V ,R · P U⊕V

)
×EmbH,Rect

f

(
T · PW ,S · PW

)
EmbH,Rect

g◦f

(
T · P U⊕V⊕W ,R · P U⊕V⊕W

)
ϕ

(ι,id) ι

ϕ

Moreover, ι intertwines with restriction and composition in the obvious way. ◁

II.2.8.5 The definition and the comparison We may now define our linear model.

Construction II.2.103. We define the topological G-symmetric sequence

EtV•(S)B EmbH,Rect
(
S · P V• , P V•

)
.

with AutH S acting by precomposition and restriction as in Observation II.2.97; note that restriction is Borel

AutH S-equivariant by Lemma II.2.99. ◁

Note that the Segal condition of Observation II.2.98 characterizes EtV -multioperations:

MulfEtV•
(T ;S) ≃ EmbH,Rect

f

(
T · P V ,S · P V

)
.

In particular, the composition map γ yields a composition operation

γ : MulgEtV•
(S;R)×MulfEtV•

(T ;S) −→Mulg◦fEtV•
(T ;R).

Proposition II.2.104. (EtV• , (idP V ),γ) is a genuine topological G-operad.

Proof. We’re tasked with verifying Conditions (a) to (e). To start, note that Conditions (b) and (d) (i.e.

unitality and restriction-stability of units) are obvious. Moreover, Condition (e) is simply Observation II.2.100

and Condition (c) is verified in the second statement of Lemma II.2.99. Lastly, equivariance of γ follows from

the same property for composition of equivariant maps. □

Using this, we define E⊗V• BN⊗EtV• . Now, let EmbnG ⊂MfldnG be the topological subcategory spanned

by disks and with only after restriction. We have the following.

Proposition II.2.105. There exists an embedding of topological genuine G-operads EtV• ↪→ Emb⊔n whose

homotopy-coherent nerve factors through an equivalence

E⊗V• E⊗V

Emb⊔n

∼
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Proof. Unwinding all of the definitions, we are tasked with constructing a weak equivalence of topological

spaces d, equivariant and compatibly with restriction and composition, making the diagram commute

EmbH,Rect
f

(
T · P V ,S · P V

)
EmbH,V−rf

(
T · P V ,S · P V

)
EmbH

(
T · P V ,S · P V

)
∏

[H/K]⊂S
∏

[K/J]⊂TK EmbK
(
[K/J] · P V , P V

)

d

To construct the map is easy: just take derivatives. To verify that it is an equivalence, we may factor though

c to construct a triangle

EmbH,Rect
f

(
T · P V ,S · P V

)
EmbH,V−rf

(
T · P V ,S · P V

)
∏

[H/K]⊂S ConfHTK
(
P V

)
d

The righthand diagonal is an equivalence by Corollary II.2.88, so by two-out-of-three, it suffices to show that

the lefthand diagonal is a weak equivalence. Indeed, the usual argument (e.g. as in [May72, Thm. 4.8]) shows

this. We will generalize this later on, so we don’t elaborate more for now. □

II.2.8.6 Juran’s recognition principle From this we may state a recognition principle in the finite group

case, for which we need the following.

Observation II.2.106. A linear isometric embedding V ↪→W induces a map E⊗V → E⊗W by taking products

with a complementary subrepresentation; this yields an H-operad map ιH : E⊗dimVH
→ ResGH E⊗V ≃ E⊗

ResGH V
.

Since taking fixed points is symmetric monoidal under the cartesian structure, we acquire a lift

AlgEV
(
SG

)
AlgE

ResGH V

(
SH

)
AlgEdimVH

(SH ) AlgEdimVH
(S)

SG S

ResGH

U

ι∗H (−)H

U

(−)H

We refer to the top composition simply as (−)H . ◁

We say that an EV -G-space X is grouplike if, for all H ⊂ G such that dimV H ≥ 1, the EdimVH -space

XH is grouplike. Juran proved the following.

Proposition II.2.107 ([Jur25a, Thm. A]). Fix G a finite group. Then, there exists a factorization

AlgEV
(
SG

)
SG,∗ SG,∗ AlgE0

(
SG

)U
ϕ

ΩV
≃
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Such that the restriction of ϕ to SG,∗,≥V is fully faithful, with essential image the grouplike EV -G-spaces.

This easily entails quite a powerful corollary.

Corollary II.2.108. If G is a finite group, then there exists an equivalence of G-∞-categories over SG,≥1

AlgEV⊕W
(
SG,≥1

)
.

∼−−−−−→ AlgEV AlgEW
(
SG,≥1

)
Proof. First note that Proposition II.2.107 implies this in the case W = 0, i.e. the grouplike condition

is not necessary when restricted to G-connected G-spaces; this is because each fixed point is connected, and

hence all En-structures on a fixed point space are automatically grouplike.

To conclude, we claim that the following diagram commutes, and ∼-marked arrows are equivalences

AlgEV AlgEW
(
SG,≥1

)
AlgEV

(
SG,≥W⊕1

)
AlgEV

(
SG,≥1

)
SG,∗,≥V⊕W⊕1 SG,∗,≥W⊕1 SG,∗,≥1

SG,∗,≥V⊕W⊕1 SG,∗,≥1

AlgEV⊕W (SG,≥1)

∼

ΩW

∼

ΩV ΩW

ΩV⊕W

∼

Indeed each the bottom and lefthand triangle diagram are simply Proposition II.2.107 and the righthand one

follows by noting that each of the arrows in Proposition II.2.107 attain an essentially unique G-symmetric

monoidal structure under the cartesian structure by Theorem II.2.1, which agrees with the relevant pointwise

structure on algebras by Proposition II.2.10. The lower rectangular diagram is the obvious equivalence

ΩW ◦ΩV ≃ ΩW⊕V coming from the equivalence SV ∧ SW ≃ SV⊕W . The upper right square diagram is

G-continuity of U from Lemma II.2.11, under the observation that ΩW is a constant SW -indexed limit. The

result follows by composing the inverse of the bottom equivalence with the top equivalences. □

II.2.9 Equivariant prefactorization algebras We now give a further presentation of EV -algebras as locally

constant prefactorization algebras.

II.2.9.1 Configuration spaces and Weiss covers For now, fix X a topological space with G-action. We will

study configurations in X in the following sense.

197



SECTION II.2. BASIC EXAMPLES

Definition II.2.109. Given S a finite H-set, we write ConfHS (X) ⊂Map(S,X) for the topological subspace of

H-equivariant embeddings of S into X under the compact-open topology.4 We let Cn(X) be its Σn-orbits. ◁

These satisfy a type of codescent, for which we need the following notions.

Definition II.2.110. Let Open(X) ⊂P(X) denote the poset of open subspaces of X under inclusion. The poset

of H-invariant open subspaces of X is the fixed points

OpenH (X)BOpen(X)H ,

i.e. the collection of open subspaces U ⊂ X such that hu ∈ U for all u ∈ U and h ∈ H . These naturally

assemble into a G-poset Open(X) such that Open(X)H ≃OpenH (X). An open G-precover of X is a G-subposet

U ⊂Open(X).

We additionally make the following definitions.

• A G-invariant open cover of X is a subposet U ⊂OpenG(X) ⊂Open(X) which is an open cover. An

open G-cover of X is a G-subposet U ⊂Open(X) such that UH ⊂OpenH (X) is an H-invariant open

cover for all H ⊂ G.

• A subposet U ⊂Open(X) is a Weiss cover if, for all finite configurations S ⊂ X, there exists a single

open U ∈ U such that S ⊂U ; G-invariant Weiss covers and G-Weiss covers are defined similarly.

• A subposet U ⊂Open(X) is a complete Weiss cover if, for all finite subsets {Ui | i ∈ I} ⊂ U ,

U⋂
i∈I Ui BOpen

⋂
i∈I
Ui

∩U ⊂Open

⋂
i∈I
Ui


is a Weiss cover. G-invariant complete Weiss covers and complete G-Weiss covers are defined

similarly.

• A subposet U ⊂Open(X) is a complete separating cover if, for all finite subsets {Ui | i ∈ I} ⊂ U , and

all configurations c : [n] ↪→
⋂
i∈I Ui the poset of opens U⋂

i∈I Ui contains a neighborhood im(c) ⊂U

such that the induced map [n]→ π0U is a bijection. Complete separating G-invariant covers and

complete separating G-covers are defined similarly. ◁

Importantly, these yield a sort of hyperdescent for configuration spaces.

Proposition II.2.111. Given a complete G-Weiss cover U ⊂Open(X) and finite H-set S, the assembly map

colimU∈U Confstab(U )
S (U ) −→ ConfHS (X)

is an equivalence.
4 Given a smooth structure on X, it follows by triviality of tangent spaces on a 0-manifold that this agrees with the strong C∞-topology.
We will implicitly use this later.
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Proof. It follows by unwinding definitions that
(
ConfGS (U )

)
⊂OpenG

(
ConfGS (M)

)
is a complete cover

in the sense of [DI04], so [DI04] yields the claim. □

Construction II.2.112. Given a configuration c : S→ P V and a separating neighborhood c ⊂U , we let

ConfHS,U (V ) ⊂ ConfHS (V )

be the (contractible) subspace of configurations c′ : S→U → P V subordinate to U such that, for all [G/H] ⊂ S,

the points c([G/H]) and c′([G/H]) lie in the same component of U .

This is compatible with inclusions, and thus defines a strict diagram

UHS (V )▷→ Top

with cone point ConfHS (V ) for any V -disk G-precover U . In particular, taking coherent nerves, the universal

property for colimits then yields a map

αU ,Conf : BUHS ≃ colimU∈U ConfHS,U (V ) −→ ConfHS (V ). ◁

We also have the following.

Lemma II.2.113. If U is a complete separating G-cover, then αU ,Conf is an equivalence.

Proof. Note that
{
ConfHS,U (V )

}
⊂Open(ConfHS (V )) is a complete cover and apply [DI04]. □

II.2.9.2 V -polydisk G-precovers and (de)composition Our G-precovers will generally come as follows.

Construction II.2.114. Let RPDiskS (V ) ⊂ Open
(
P V

)
denote the images of little polydisk embeddings S ·

P V ↪→ P V , and define the G-precover

RPDisk(V )B
⋃
S∈FG

RPDiskS (V ).

We refer to sub-G-precovers of RPDisk(V ) as V -polydisk G-precovers. ◁

The following proposition is our entire reason for considering polydisks.

Proposition II.2.115 (Factorization decomposability). ϕ underlies an embedding of posets

ϕRPDisk : RPDisk(V )×π0,ObFG

∐
T ∈ObFG

RPDisk(W )T −→ RPDisk(V ⊕W ) ;

that is, factorizations of decomposable rectilinear little V ⊕W -polydisk embeddings factor if and only if their

decomposed V - and W -polydisk embeddings factor.
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Proof. A rectilinear embedding ι : S · P V → P V , by definition, consists of an equivariant configuration

cι : S ↪→ P V together with a function tι : S × nV → R>0 subject to an injectivity condition. Given a point

p ∈ S, let ιp denote the restricted stab(p)-equivariant little disk embedding P V → P V .

We may explicitly describe factorization of another embedding ι′ : T · P V ↪→ P V through ι : S · P V → P V

via a map f : T → S on a per-representation basis: ι′ factors through ι via f if and only if, for all i ∈ [nV ]

and p ∈ T ,

(a) πVicι (f (p)) ∈ im
(
πVi ιp

)
, and

(b) dVi
(
πVicι(f (p)), πVicι′ (p)

)
+ tι′ (p, i) ≤ tι(f (p), i).

That is, the center of ι lies within the f -corresponding components of the image of ι′ after projection to each

Vi , and the diameters are small enough to land within each projected image of ι′.

Now, suppose we have a pair of decomposed arity data g : T → S,g ′ : T ′ → S ′ in FH together with

decomposed little disk embeddings ιV , ιW , ι′V , ι
′
W . We are tasked with proving that ϕ

(
ι′V , ι

′
W

)
factors through

ϕ (ιV , ιW ) via some f if and only if there exist some (unique) extension diagram

T ′ S ′

T S

g ′

f h
g

such that ι′W factors through ιW via h, and for each [H/K] ⊂ S ′, ι′V ,f (K) through ιV ,K via fK .

Suppose such a factorization of ϕ
(
ι′V ; ι′W

)
through ϕ(ιV ; ιW ) via f exists. Define the map h taking

p ∈ S ′ to the unique h(p) ∈ S such that πW (cιW (p)) ∈ imπW (ιw,h(p)). Note that Condition (a) applied to the

summand Vi ⊂ V ⊕W is identical to the same condition for Vi ⊂ V applied to factorization of ι′V through ιV

via f , and similarly Condition (b) for Vi ⊂ V ⊕W agrees with the same condition for Vi ⊂ V . Similar logic

identifies these conditions for Wi ⊂ V ⊕W with those for Wi ⊂W , so ϕRPDisk is full. Faithfulness follows by

reversing this logic. □

Remark II.2.116. We chose polydisk models precisely so that Conditions (a) and (b) in the proof of Proposi-

tion II.2.115 were measured independently for each of the summands V and W . This does not hold for disk

models. ◁

We refer to the G-poset essential image of UV ×π0 ObFG
∐
T ∈ObFG U

T
W under ϕRPDisk as UV | UW ; in

particular, we will write

RPDisk(V |W )B RPDisk(V ) | RPDisk(W ).

For the purpose of deformation, we also note a weak convexity property of RPDisk(V |W ).
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Proposition II.2.117. Suppose ι, ι′ : S · P V⊕W ↪→ P V⊕W are decomposable rectilinear little disk embeddings with

the same center. Then, for all t ∈ [0,1], the linear combination

ht(ι, ι
′)(v) = t · ι(v) + (1− t)ι′(v)

is a rectilinear decomposable little disk embedding.

This follows immediately from the following lemma, which itself is obvious.

Lemma II.2.118. An S-indexed general little V ⊕W -polydisk embedding ι is decomposable precisely when the

following conditions hold for all distinct points p , p′ ∈ S:

(a) If πV cι(p) = πV cι (p′), then we have tπV ιp = tπV ιp′ , and

(b) if πV cι(p) , πV cι (p′), then for all i ∈ [nV ], we have

dVi
(
πVicι(p), πVicι (p

′)
)
≥ tι(i,p)πVi + tι′ (i,p

′)

Intuitively, this says that V -cocentric disks have identical V -data and V -noncocentric disks have disjoint

projections to V , each part of which has the desired convexity property.

II.2.9.3 Factorization and topology We now somewhat systematize the strategy of [May72, Thm. 4.8].

Definition II.2.119. Given a configuration i : [n] ↪→ V e and a sufficiently small number ε ∈ R>0, we define the

equidiameter embedding

ei,ϵ(v)B ι+ ϵ · v.

This assembles to an AutH (S)-equivariant continuous map

e : ConfHS (V )×R>0 −→ C∞,H
(
S · P V ,V

)
landing on maps which are componentwise-rectilinear, but which may not be embeddings or land within

P V . Given a V -disk G-precover U , an equidiameter datum for U is, for each n, a one parameter family of

continuous maps,

ε(−)(−) : (0,1)→Map(Cn(X)G,R>0) ,

(with righthand side having the compact-open topology) such that

(1) (infinitesimal values) lims→0 εs = 0, and

(2) (admissibility) for all s ∈ (0,1), all t ∈ [0,1], and all U -admissible ι, the linearly interpolated map

hs,tι(v)B t · ec(ι),εs(c(ι)) + (1− t)ι(v)
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is a U -admissible embedding.5

If U admits such ε for all n, we say that it is an equidiameterizable V -disk G-cover. ◁

Observation II.2.120. Equidiameter G-covers are automatically complete separating G-covers. ◁

Now, we may set up a comparisons between embedding spaces, factorization, and configuration spaces.

Construction II.2.121. Given an S-indexed little V -polydisk embedding ι : S · P V ↪→ P V with image U , there

is a natural inclusion of ι-subordinate embeddings and ι-subordinate configurations making the following

commute
EmbH,Rect

idS

(
S · P V ,U

)
EmbH,Rect

(
S · P V , P V

)

ConfHS,U (V ) ConfHS (V )

ConfHS,U (V ) is contractible and the above is natural under inclusion, so this yields a diagram

(28)

colimU∈RPDiskS (V ) EmbH,Rect
idS

(
S · P V ,U

)
EmbH,Rect

(
S · P V , P V

)

BRPDiskS (V ) colimU∈RPDiskS (V ) ConfHS,U (V ) ConfHS (V )

αV

c c

∼ αConf

and similar for U . Here, αConf is the map of Lemma II.2.113 in the case U = RPDisk(V ). ◁

We find that, in good cases, these comparison maps are actually equivalences.

Proposition II.2.122 (c.f. [May72, Thm. 4.8]). Every map in Eq. (28) is an equivalence. Moreover, if U is an

equidiameterizable V -disk G-cover, then taking centers yields a commutative diagram of weak equivalences

BUHS EmbH,Rect,U (S ·D(V ),D(V )) ConfHS (V )

BRPDiskHS (V ) EmbH,Rect (S ·D(V ),D(V )) ConfHS (V ),

αU c

αV c

Now, for the first statement to follow from the second, it suffices to prove the following.

Lemma II.2.123. RPDisk(V ) is equidiameterizable.

Proof. Take the equidiameter datum εs B s · εmax, defined as follows.

εmax
{
xp | p ∈ S

}
Bmin

min
p,q

d(xp,xq)

2
, min

i≤nV
p∈S

(
1−

∣∣∣πVixp∣∣∣)


This is clearly continuous, as it’s a polynomial, so to verify that this is an equidiameter datum, we’re tasked

with verifying that ht (ι,λ · εmax) is an embedding landing in P V ; as it’s rectilinear, if it is injective then it is

5 Here, we’ve implicitly lifted ε to a G ×Σn-equivariant map Conf|S |(V )→ R>0, then restricted to ConfHS (V ).
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an immersion, so it suffices to check that it’s injective and lands in P V . But these are the defining properties

of εmax. □

Proof of Proposition II.2.122. Choose an equidiameter datum ε for U . We begin with each map c.

The (essentially unique) lifted AutH (S)-equivariant map s of

ConfHS (V ) EmbH,Rect,U
(
S · P V , P V

)

ConfHS (V )×R>0 C∞ (S · P ,V )

s

(id,ε)

e

is a section of c, and ht is a deformation retract of ConfHS (V ) onto im(s), so c is an equivalence.

This and Observation II.2.98 construct a composite equivalence

EmbH,Rect
idS

(
S · P V ,S · P V

)
≃

∏
[H/K]⊂S

ConfK∗K (V ) ≃
∏

[H/K]⊂S
V K ≃ ∗.

In particular, the map EmbH,Rect
idS

(
S · P V ,U

)
→ ConfHS,U (V ) is an equivalence, which allows us to construct

the commutative diagram and note that c◦αU is homotopic to αU ,Conf; Lemma II.2.113 shows that this is an

equivalence, so αU is as well. The remaining equivalences follow from Lemma II.2.123 and two-out-of-three. □

Now, our main example to which we’ll apply Proposition II.2.122 is the following.

Proposition II.2.124. RPDisk(V |W ) is equidiameterizable; hence we have an equivalence

α : BRPDiskHS (V |W )
∼−−−−−→ EmbH,Rect

(
S · P V⊕W , P V⊕W

)
.

By Proposition II.2.117 it suffices to prove the following and use the datum εs = s · εV |W .

Lemma II.2.125. Define the map εV |W : Cn(V )→ R>0 by

εV |W {x1, . . . ,xn}Bmin
{
ϵmax {x1, . . . ,xn} , min

πV (xi ),πV (xj )

d(πV (xi),πV (xj ))

2

}
.

Then, the equidiameter embedding eε,c is decomposable if and only if ε ≤ εV |W (c).

Proof. This is a straightforward application of Lemma II.2.118. □

We’d like to discuss change of decomposition, for which we need a variant.

Variant II.2.126. Given U a V -polydisk G-precover satisfying the property that U -admissible embeddings are

closed under composition, we acquire a topological suboperad EtV•,U ⊂ EtV• described on structure spaces by

EmbH,Rect, U
f

(
T · P V ,S · P V

)
⊂ EmbH,Rect

f

(
T · P V ,S · P V

)
. ◁
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Proposition II.2.127. If U is closed under composition and equidiameterizable, then the inclusion EtV ,U → EtV
is a weak equivalence of genuine topological G-operads.

Proof. This follows immediately from Proposition II.2.122. □

Using this, we are free to choose convenient decompositions, arriving at the same G-operad regardless.

Corollary II.2.128. If V and V ′ are polyrepresentations with the same direct sum, then there exists a zigzag

of equivalences connecting EtV and EtV ′ .

Proof. After Proposition II.2.127, it suffices to construct equidiameterizable V - and V ′-polydisk G-

covers U and U ′ and an equivalence EtV ,U
∼−−−−−→ EtV ′ ,U ′ . Indeed, we let U be the equidiamter V -polydisk

embeddings whose corresponding equidiameter V ′-polydisk map (with the same diameter and center) is an

embedding, and we define U ′ to be the corresponding V ′-polydisk embeddings.

It is obvious that this correspondence yields an equivalence EtV ,U
∼−−−−−→ EtV ′ ,U ′ , and U and U ′ are

tautologically equidiameterizable. □

The reader is now free to assume V• and W• are one-step polyrepresentations.

II.2.9.4 Prefactorization algebras and self-similarity prefactorization algebras Let Open
∗
(X) ⊂Open(X)

denote the G-subposet of connected open subsets.

Construction II.2.129. Given a topological space X with G-action, we define the factorization π0Open
∗
(X)-

symmetric sequence

Open(X) ((YK )S ;Z) =


∗ ∃ disjoint factorization

∐S
K YK ↪→ Z ↪→ X;

∅ otherwise.

By “disjoint factorization,” we mean that
∐S
K YK ↪→ Z itself is an embedding. Note that the factorization is

unique, if it exists. ◁

Proposition II.2.130. There exists an essentially unique π0Open-colored G-0-operad Open(X)⊗ with π0Open-

symmetric sequence Open(X)(−;−).

Proof. Since Open(X)(−;−) has 0-truncated structure spaces, there is at most one choice of maps 1C

and of γ, and if they exist, the associativity, unitality, equivariance, and restriction-stability diagrams all

commute.

For existence of 1C , it suffices to note that Open(U ;U ) is nonempty. For γ , we’re tasked with verifying

that, whenever Open(X) (U ′ ;U ′′)×
∏

[H/K]⊂π0U
′ Open(X)

(
UK ;U ′K

)
is nonempty, so is Open(X) (U ;U ′′) where
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U =
⋃
KUK . Each arrow in U →U ′→U ′′ is injective, so the composite is injective, which is what we wanted

to show. □

More generally, given a G-precover U , we define the G-subpreoperad U⊗ ⊂Open(X)⊗ to have objects

π0U∗ ↪→ π0Open
∗
(X) and an operation of signature (U,U ′) when such an operation exists in Open(X) and the

composite embedding U ⊂ X is U -admissible. This encodes a genuine equivariant version of prefactorization

algebras.

We would like to use this to exercise fine control over different versions of EV , as locally constant

prefactorization algebras, but to do so, we this must be realized as all spaces of active arrows in our

corepresenting object. To do so, we introduce a variant.

Construction II.2.131. Given a V -polydisk G-precover U ⊂ RPDisk(V ), we define the G-subpreoperad

P⊗U ⊂ RPDisk(V )⊗

with colors the G-subposet U∗ ⊂ RPDisk∗(V ) and operations

PU (U ′ ;U ) ≃


∗ U ′ ∈ ι∗U ⊂Open(U ) ⊂Open(V ),

∅ otherwise;

That is, the operations with target U correspond with tuples of operations with terminal target in ResGstab(Ui )
U⊗

under the diffeomorphism Ui ≃ ResGstab(V ) for each path orbit Ui ⊂ V . ◁

Indeed, the following proposition is immediate and establishes our desired property.

Proposition II.2.132. Given U ⊂ U ′ a related pair of V -polydisk G-precovers, the inclusion U ⊂ U ′ underlies

an essentially-unique G-preoperad map P⊗U → P⊗U ′ ; given U ⊂ V an U -admissible embedded little V -polydisk,

the induced map

U/P V ≃ Pact
U ,/U → Pact

U ′ ,/U ≃ U
′
/P V

is the inclusion U ⊂ U ′.

Remark II.2.133. If a V -polydisk G-precover U ⊂ RPDisk(V ) satisfies the property that U ′ ∈ i∗U if and only

if U ′ ∈ U , then P⊗U = U⊗ as G-suboperads of Open(X), and in particular, P⊗U is a G-operad. ◁

Example II.2.134. The G-cover U = RPDisk(V ) satisfies the property called for in Remark II.2.133; we define

the G-operad P⊗V B P⊗RPDisk(V ) ≃ RPDisk(V )⊗. In the case G = e, these are called Dn in [Har, Def. 5.2.3]. We

also write P⊗V |W B P⊗RPDisk(V |W ). ◁

II.2.9.5 Locally constant prefactorization algebras We now need to define a map P⊗V → E⊗V .
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Variant II.2.135. We start by defining a “fattened” version of EtV . Consider the evident inclusion RPDisk∗(V ) ↪→

MfldG. Let Ct ⊂MfldG be the full topological G-suboperad spanned by its essential image. We define the

wide topological G-suboperad ẼtV ⊂ C
t to have operations

ẼtV (U ′ ;U ) ≃ EmbH,Rect (U ′ ,U ) ,

where here we write EmbH,Rect (U ′ ,U ) for those embeddings which become rectilinear under the pre-

postcomposition homeomorphism EmbH (U ′ ,U ) ≃ EmbH
(
S · P V , P V

)
. Of course, we acquire a topological full

G-suboperad embedding φ : EtV → ẼtV by including in P V . ◁

Proposition II.2.136. The map φ : EtV → ẼtV presents an equivalence of G-operads.

Proof. First note that U ẼtV is a connected G-space; moreover, its loop space is EmbH,Rect
(
P V , P V

)
≃ ∗,

so ẼtV has one color. Hence it suffices to prove that φ induces equivalences on operation spaces, i.e. the map

EmbH,Rect (U ′ ,U )→ EmbH,Rect
(
S · P V , P V

)
is an equivalence; this follows from the fact that S · P V →U ′ and U → P V are isotopy equivalences. □

Construction II.2.137. Given a rectilinear little V -polydisk embedding ι : U → U ′, the tautological point

ι ∈ EmbH,Rect (U,U ′) is compatible with G-operadic composition in ẼtV , and so it constructs a wide topological

G-suboperad

α̃ : PtV ⊂ ẼtV ;

such that N⊗PtV ≃ P⊗V . We refer to the G-operad map under Proposition II.2.136 as αU : P⊗U → P⊗V → E⊗V . ◁

Remark II.2.138. It is unclear to the author how to interpret the construction called for in [Har, Eqn. (5.8)]

directly; to define a topological operad map PtV → EtV lying over the unique map f : Disk∗(V )→ ∗ would

require choices of points χU ∈ EmbH,Rect(S · P V , P V ) for each S-indexed U , which must be strictly compatible

with composition and strictly agree along rectilinear isotopy equivalences U ′ ↪→U . Instead, our construction

appears closely related to Lurie’s map ψ used in [HA, Rmk. 5.4.5.8]. ◁

Our central observation about αU is the following.

Observation II.2.139. Suppose P V ∈ U . Under Proposition II.2.132, αU induces on active arrow categories

the functor UHS → EmbH,Rect
(
S · P V ,U

)
whose restriction to U ′ ↪→ U is equivalent to the inclusion of
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U ′-subordinate U -admissible embeddings:

Pact
U ,S//U US {U ′ ↪→U }

Ẽact
V ,S//α(U ) EmbH,Rect

(
S · P V ,U

)
EmbH,Rect,U

idS
(S · P V ,U ′)

≃

∼

≃ ι

In particular, if U is equidiameterizable, then under Proposition II.2.122 we find that αU induces an equivalence

α : BPact
U ,S//U

∼−−−−−→ BẼact
V ,S//α(U ). ◁

We have already observed the difficult step of the following proposition.

Proposition II.2.140. Given an equidiameterizable V -polydisk G-cover U ⊂ RPDisk(V ) such that P V ∈ UG,

αU : P⊗U → E⊗V

is a Morita localization. In particular, it yields natural equivalences

AlgEV (C)
∼−−−−−→ Alglc

PV (C)
∼−−−−−→ Alglc

PU (C).

Proof. The fact that P V ∈ U implies that UPU has a terminal G-object, giving Condition (ML-b).

Moreover, applying Proposition II.2.65 for C = ∗G, we find that Observation II.2.139 implies Condition (ML-

a). □

Corollary II.2.141. The maps P⊗V |W → E⊗V⊕W and P⊗V⊕W → E⊗V⊕W are Morita localizations.

Proof. These each satisfy the conditions of Proposition II.2.140 by Proposition II.2.124. □

II.3 Distributivity and its consequences

We now delve into a topic which is decidedly more complicated in the equivariant setting than the

nonequivariant setting: distributivity. In Section II.3.1, we develop this condition into a definition of a

T -suboperad of PrL,⊗T ⊂ Ĉat
×
T , which is T -symmetric monoidal, yielding a parameterized version of the Lurie

tensor product and an associated norm; this extends work of Nardin [Nar17], filling in some gaps along the

way. In Section II.3.2, we show this theory of distributivity to be equivalent to a special case of that of

Elmanto-Haugseng and Lenz-Linskens-Pützstück [EH23; LLP25]; then, in Section II.3.2 we use this to extract

a construction of T -operadic left Kan extension from Lenz-Linskens-Pützstück’s work, ultimately showing

algebras to be monadic over objects in the distributive setting.

Following this, we return to the hunt for examples: in Section II.3.4, we develop a parameterized Day

convolution extending that of Nardin-Shah [NS22] and fully develop its functoriality. Then, in Section II.3.5,
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we study idempotent I-commutative algebras and the corresponding theory of I-modes, i.e. idempotent

I-commutative monoids in PrL,⊗T ; for instance, we use Day convolution to exhibit pointed spaces as a T -mode.

Following this, in Section II.3.6 we extend Robalo-Cnossen’s formal inversion to constructions of

I-modes, including G-spectra as a G-mode, for G a compact Lie group. In Section II.3.7 we conclude by

describing sharp version of a result of Hill on chromatic localizations in our setting.

II.3.1 The distributivity T -symmetric monoidal ∞-category Fix M ⊂ CatT a full T -subcategory, i.e.

a restriction-stable class of equivalence classes of V -categories for all V ∈ T . We will refer to the S-tuples

CatS = CatST as S-categories and MS the S-categories in M.

Definition II.3.1. Let f : T → S be an R-admissable map of orbit-finite T -spaces. Let C be a T -category, and

let D be an S-category. An f -multifunctor is an S-functor F : f∗C →D. We write Funf (C,D) = FunS (f∗C,D).

Given an T -colimit diagram m : K▷→C, we say that F distributes m if the S-functor

(f∗K)▷
can−−−−−→ f∗ (K▷)

f∗m−−−−−−→ f∗C
F−−−−→D

is an S-colimit diagram, where can: (f∗K)▷→ f∗ (K▷) is adjunct to the lifted counit map

f ∗ (f∗K)▷ ≃ (f ∗f∗K)▷
ϵ▷−−−−→K▷

for f ∗ ⊣ f∗.

We say that an f -multifunctor F is weaklyM-distributive if it distributes T -colimit diagrams m : K▷→C

whenever K ∈MT . Moreover, we say that F is (strongly)M-distributive if for all maps of orbit-finite T -spaces

S ′→ S and pullback diagrams in ST
T ′ T

S ′ S

g ′

f ′ f

g

⌟

the induced f ′-multifunctor

g∗F : f ′∗ (g ′)∗C ≃ g∗f∗C −→ g∗D

is weakly M-distributive. We write FunM−δf (C,D) ⊂ Funf (C,D) for the full subcategory of M-distributive

f -multifunctors.

We say that an R-symmetric monodial T -∞-category C isM-distributive if, for each map R-admissible

map S→ V with V ∈ T , the indexed tensor V -functor f
⊗

: f∗CT →CV isM-distributive as an f -multifunctor.6

If M = CatT , we simply say that C⊗ is distributive. ◁

6 Here, the f -indexed tensor multifunctor is given by the functoriality along f of the corresponding FI,∗-Segal T -∞-category.
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Remark II.3.2. Assume C and D both admit colimits for M-indexed diagrams. We can describe weak

M-distributivity more informally: the fact that the f -multifunctor F : f∗C →D distributes them is equivalent

to the stipulation that the assembly map

βm,f : colim
(
f∗K→ f∗C

F−−−−→D
)
−→ F (colim(K→ C))

for parameterized colimits is an equivalence for any functor m : K→ C with K ∈M. Now, by construction,

this map is the value at m of the Beck-Chevalley transformation for horizontal left-adjointability of the

following square of ∞-categories

D(f∗K) D(S)

C(f ∗f∗K) f∗C(f∗K)

C(K) C(T )

∆f∗K

F

≃

F

ϵ∗
f∗

F

∆K

Here, we have written C(E)B FunS (E ,C) whenever E and C are S-categories. We will eventually use this to

compare our notion with that appearing in [EH23]. ◁

The purpose of this section is to prove the following.

Theorem II.3.3. There exists an essentially T -suboperad C̃at
δ
T ⊂ C̃at

×
T (the latter denoting the cartesian

T -symmetric monoidal structure) whose V -colors are the non-massive V -∞-categories admitting small colimits

and whose multi-operation spaces over an active map f : T → S are

Mapf
C̃at

δ
T

(C,D) ≃ FunM−δf (C,D)≃ ;

moreover, C̃at
δ
T is a massive T -symmetric monoidal ∞-category, and the full T -suboperad PrL,⊗T ⊂ C̃at

δ
T is

T -symmetric monoidal.

Now, Theorem I.3.51 applied to SpanI (FT ) immediately describes the corresponding algebras.

Corollary II.3.4. The forgetful functor

AlgO

(
C̃at
M−δ
T

)
−→ AlgO

(
C̃at
×
T
)
≃ C̃at

⊗
O

is a subcategory inclusion, with image having objects the M-distributive O-monoidal ∞-categories and

morphisms the O-monodial functors whose underlying natural transformations of diagrams UO→ CatT are

pointwise M-cocontinuous.

II.3.1.1 Composition-stability We begin on the proof, first verifying that we have defined a T -suboperad.
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Construction II.3.5. Given T
f
−→ S

g
−→ R a composable sequence of o(T )-admissible maps of orbit-finite T -spaces,

and C,D,E a T , S, and R-category, we define the composition operation

Fung (D,E)×Funf (C,D) Fungf (C,E)

FunR(g∗D,E)×FunS (f∗C,D) FunR(gf∗C,E)

FunR(g∗D,E)×FunR(gf∗C, g∗D)

◦

id×g∗ ◦

Unwinding definitions, this is the operadic composition operation in C̃at
×
T . ◁

Proposition II.3.6. Composition restricts to a functor of the full subcategories ofM-distributive multifunctors:

FunM−δg (D,E)×FunM−δf (C,D) FunM−δgf (C,E)

Fung (D,E)×Funf (C,D) Fungf (C,E)

◦

◦

Proof. We show this for weakly M-distributive multifunctors; composition is compatible with restriction,

so this implies the desired statement.

Let F : f∗C →D and G : g∗D→ E be weakly distributive parameterized functors. Suppose we start with

a T -colimit diagram m : K▷→C, and let

n : (f∗K)▷
can−−−→ f∗(K▷)

f∗m−−−→ f∗C
F−→D

be the composite functor. This is an S-colimit by weak distributivity of F. Consider the following diagram:

(gf∗K)▷ gf∗ (K▷) gf∗C E

g∗ (f∗K)▷ g∗f∗ (K▷) g∗f∗C g∗D

(gf∗K)▷ g∗ (f∗K)▷ g∗D E

can gf∗m

≃

GF

≃

g∗can g∗f∗m g∗F

can g∗n G

The lower diagram commutes by definition of n. The upper diagram obviously commutes. The right diagram

commutes by the definition of composition. To see that the left diagram commutes, note that each composite

is mate to a map

gf ∗ (gf∗K)▷ ≃ (gf ∗gf∗K)▷ −→K▷;

one is gotten by applying ▷ to the gf ∗ ⊣ gf∗-counit, and other to the composite of the f ∗ ⊣ f∗-counit and the

g∗ ⊣ g∗-counit. Commutativity follows by composing adjunction data.

Weak distributivity of G then implies that the bottom horizontal composite is a colimit diagram,

implying that the top horizontal composite is a colimit diagram, yielding weak distributivity of GF. □
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From here, we are able to make a definition.

Proposition II.3.7. There exists an essentially unique Spano(T )(FT )-relative subcategory

TotC̃at
δ
T ↪→ TotC̃at

×
T

with objects over S the cocomplete S-categories and with relative morphism spaces

MapR
g
←−T

f
−→S

C̃at
δ
T

(C,D) = Funδf (g∗C,D) ⊂ Funf (g∗C,D) ≃MapR
g
←−T

f
−→S

C̃at
δ
T

(C,D) ;

moreover, this is an inert-cocartesian fibration.

Proof. We will apply Propositions I.2.72 and I.2.73. Now, a connected component F of MapC̃at
×
T

(C,D)

may be identified with a span R
g
←− T

f
−→ S together with a functor f∗g∗C → D, i.e. an f -multifunctor

Fact : g∗C →D. We define the summand

Map
C̃at

δ
T

(C,D)B
{
F

∣∣∣ Fact is a distributive πFact-multifunctor
}
⊂MapC̃at

×
T

(C,D) ;

this satisfies the above formula by fiat. To verify that it is a relative wide subcategory, it suffices to note

that it contains all equivalences by assumption and is closed under composition by Proposition II.3.6. The

fact that it contains all inert arrows with domain in TotC̃at
δ
T reduces to observing that equivalences are

distributives. □

II.3.1.2 Constructing norms The difficult remaining statement is the T -symmetric monoidality statement,

so we begin constructing locally-cocartesian arrows.

Proposition II.3.8. TotC̃at
δ
T has locally cocartesian lifts cf ,C : C → f⊗C for active morphisms satisfying

g⊗f⊗C ≃ gf⊗C.

Before we dive into this, we need the following auxiliary lemma:

Lemma II.3.9. Let D → C be a left fibration of T -categories, straightening to a functor D → ST and let

f : T → S a map of orbit-finite T -spaces. Then f∗D → f∗C straightens to f∗D → f∗ST → SS where the last

morphism is the limit functor f∗f ∗SS →SS .

Proof. It is enough to verify the claim for the universal right fibration (ST )T / →ST . Applying f∗ yields

the right fibration f∗(ST )T / ≃ (f∗ST )f∗T / → f∗SS . This straightens to the functor taking maps out of the

terminal object in f∗SS which indeed represents taking the limit. □
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Now, we will extend Proposition I.1.42 to indexed products of presheaf T -categories.

Proposition II.3.10 (c.f. [Nar17, Prop. 3.19]). Let f : T → S be an o(T )-admissible map of orbit-finite T -

spaces. Given A a T -∞-category, R a collection of colimit cocones in A, and D a cocomplete S-∞-category,

precomposition with f∗よA,R yields an equivalence Funδf
(
PshT ,R(A),D

)
≃ FunL−Rf (A,D) .

Proof. We elaborate Nardin’s proof. The inverse functor will be given by T -left Kan extension along

f∗よA. よA,R is fully faithful by Proposition I.1.42 and f∗ preserves fully-faithfulness, so

(
f∗よA,R

)
!
: FunL−Rf (A,D) −→ Funf

(
PshT ,R(A),D

)
is fully faithful. We need to identify its image precisely with the distributive f -multifunctors.

The forward direction. To verify that an arbitrary distributive f -functor F : f∗PshT ,R(A)→D is T -left

Kan extended along よA,R, it is equivalent to verify that the counit S-natural transformation

ε : (f∗よA,R)!(f∗よA,R)∗F −→ F

is an equivalence. This in turn can be checked after pulling back along an each orbit V ↪→ S; as everything

in sight commutes with restriction, we may further reduce to the case that S = V . Now, that ε can also be

checked pointwise, i.e. we must check for each V -object X ∈
(
f∗PshT ,R(A)

)V that the counit is an equivalence

εX :
(
f∗よA,R

)
!

(
f∗よA,R

)∗
F(X)→ F(X).

Recall that the T -colimit of A/X →A→ PshT ,R(A) is よA,R(X), so that we have a colimit cocone

m : colim(f∗A/X )▷ −→ PshV ,R (f∗A) .

Consider the following commutative diagram of V -categories

(
(f∗A)/X

)▷
f∗PshT ,R(A) D

(f∗ (A/X ))▷ f∗ ((A/X )▷)

≃

F

can

It follows from the commutativity of the lower diagram and distributivity of F that the upper horizontal

composite is a colimit cocone. Next, unwinding definitions, this expresses that F(X) is the colimit of

(f∗A)/X −→ f∗A
f∗よA,R−−−−−−−−−−−→ f∗PshT ,R(A)

F−−−−−→D

In turn this is precisely the pointwise formula for T -left Kan extension of (f∗よA,R)∗F along f∗よA,R at X.
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The backward direction. We are left to show that any f -multifunctor PshS (A)→D which is S-left Kan

extended along f∗よA is automatically distributive. We start in the case that D ≃ PshS (f∗A) and the S-functor

we are extending is the Yoneda embedding よf∗A,f∗R : f∗A −→ PshS,f∗R (f∗A) .

Now, restriction along D→ f∗Aop for D some orbit-finite S-space gives a family of S-colimit preserving

S-functors out of PshS,f∗R (f∗A) which jointly detects colimits, so the claim in this case reduces to showing

that the composition with all those functors is distributive. Verifying the claim also for the restriction, we

may further reduce to D = S, i.e. we want to show that for any A : S→ f∗Aop, the composite

f∗PshT ,R(A) −→ PshS,f∗R(f∗A)
evA−−−−−−−−→ SS

is distributive. As we already verified that any distributive f -multifunctor is Kan extended along よA,R, it

suffices to provide a distributive f -multifunctor which has the same restriction along f∗よA,R; thinking of A

as T -object in Aop, such a distributive f -multifunctor is

F : f∗PshT ,R (A)
f∗(evA)

−−−−−−−−−−→ f∗ST
f∗−−−−−−→ SS .

First of all, this f -multifunctor is distributive by Proposition II.3.6, as evA preserves colimits and the limit

f -multifunctor is distributive by Proposition II.3.19. Second, F|f∗A is given by

f∗A
f∗(Map

A
(A,−))

−−−−−−−−−−−−−−−−−−→ f∗ST −→ SS .

We are left to argue that this agrees with with Map
f∗A

(A,−) where we instead regard A as an S-object in f∗A.

But this follows from Lemma II.3.9 by taking the left fibration AA/ →A.

This finishes the argument for Kan extending よf∗A,R. The general case follows: any f∗R-cocontinuous

S-functor f∗A→D factors, via S-left Kan extension, through the Yoneda embedding f∗A→ PshS,f∗R(f∗A)

via a cocontinuous S-functor PshS,R(f∗)→D by the parameterized Yoneda lemma Proposition I.1.41. Post-

composition with this preserves Kan extension, so we have a commutative diagram

f∗A PshS,f∗R (f∗A) D

f∗PshT ,R(A)

where the two diagonal functors are the left Kan extensions. The lower right triangle express the left Kan

extension f∗PshT ,R(A)→D as a composition of a distributive f -multifunctor and an S-left adjoint, so it is

f -distributive by Proposition II.3.6. □
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Construction II.3.11. Applying Proposition II.3.10 to D = PshS (f∗C) identifies the modified Yoneda embedding

よA,f∗CC : f∗A→ PshS,f∗CC (C) with a distributive f -multifunctor,

cf ,C : C −→ PshS,f∗CC (f∗C)

where CC consists of the colimit diagrams in C. Correspondingly, we write f⊗CB PshS,f∗CC (f∗C). ◁

Proof of Proposition II.3.8. In sight of [kerodon, Tag 01U8], local cocartesianness is equivalent to

asking that pullback cf ,C implements a natural equivalence

Funδf (PshT (f∗C),D)
∼−−−−−→ FunLf (C,D) ;

this is exactly Proposition II.3.10. We’re left with compositionality, for which we apply the sequence of

natural equivalences

FunLR (g⊗f⊗C,D) ≃ Funδg (g∗f⊗C,D)

≃ Funδg
(
g∗PshS,f∗CC (f∗C) ,D

)
≃ Funδgf (g∗f∗C,D)

≃ Funδgf (gf∗C,D)

≃ FunLR (gf⊗C,D) ,

where each equivalence except for the penultimate one is Proposition II.3.10. □

Before moving on, we note a useful corollary.

Corollary II.3.12. There exists a natural equivalence f⊗PshT (C) ≃ PshS (f∗C); in particular, (∅→ S)⊗∗ ≃ ST .

Proof. Apply Yoneda’s lemma to the equivalence

FunLS (f⊗PshT (C),D) ≃ Funδf (PshT (C),D)

≃ Funf (C,D)

≃ FunS (f∗C,D)

≃ FunLS (PshS (f∗C),D) . □

II.3.1.3 Norms and Bousfield localizations The last thing we will need to do is prove that f⊗C is presentably

whenever C is. To do so, we will show how the Bousfield localizations constructed in Proposition I.1.44 (i.e.

[Hil24, Thm. 6.3.7]) interact with norms.
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Proposition II.3.13. Suppose C → f⊗C is an active locally-cocartesian arrow, B ⊂ C is a small set of arrows

in C, and C0 ⊂ C is a small full subcategory generating C under T -colimits. Then, the corresponding active

arrow LBC → Lf⊗(B∪C≃0 )f⊗C is locally cocartesian.

Lemma II.3.14. Let C,D ∈ PrLT and C0 ⊆ C a small subcategory which generates C under T -colimits. Let B be

a small set of morphisms in C. Then the evident inclusion yields an equivalence

Funδf ,f∗(B∪C≃) (C,D) ⊂ Funδ
f ,f∗(B∪C≃0 ) (C,D)

Proof. Fix some F ∈ Funf ,f∗(B∪CP0≃) (C,D). We need to show that it also inverts morphisms in f∗ (B ∪C≃).

The collection of arrows inverted by F is closed under composition with equivalences, so we may equivalently

prove that it inverts f∗
(
B ∪Cid

)
; moreover, the collection of morphisms inverted by F is closed under colimits

by Proposition I.1.46, so this reduces to checking that it inverts f∗
(
B ∪Cid

0

)
, as desired. □

Lemma II.3.15. If B ⊂ C is a T -set of arrows, then there exists an equivalence Lf∗Bf∗C ≃ f∗LBC under f∗C.

Proof. f∗ is an (∞,2)-functor and preserves fully faithfulness, so each side is a localization functor; that

is, it suffices to characterize the morphisms B′ inverted by f∗L as the strong saturation of f∗B. Now, note

that f∗B ⊂ B
′
, the lefthand side has the same strong saturation as B, and the latter is strongly saturated, so

it will suffice to prove that B ⊂ f∗B
′
.

But every morphism in f∗C is expressed as an f -indexed product of morphisms in C; this morphism lies

in B′ if and only if its factors lie in B, giving the claim. □

The following lemma is a straightforward rephrasing of this, in combination with Proposition I.1.44.

Lemma II.3.16. Let B be a class of morphsims in a presentable T -∞-category C with strong saturation B and

let D be a presentable S-∞-category. Then, pullback along f∗L induces an equivalence

(f∗L)∗ : Funδf (LBC,D)
∼−−−−−→ Funδf ,f∗B (C,D) .

Proof of Proposition II.3.13. This now follows by the computation

FunL
(
Lf⊗(B∪C≃0 )f⊗C,D

)
≃ FunL

f⊗(B∪C≃0 ) (f⊗C,D) I.1.44

≃ Funδ
f ,f⊗(B∪C≃0 ) (C,D) assumption

≃ Funδf ,f⊗(B∪C≃) (C,D) II.3.14

≃ Funδf
(
Lf⊗B∪C≃C,D

)
II.3.16

≃ Funδf
(
Lf⊗BC,D

)
. □
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II.3.1.4 Putting together the proof We are almost ready to conclude. First, to save us some trouble, we

give an obvious lemma.

Lemma II.3.17. Fix D an ∞-category with a factorization system DL,DR ⊂ D, and suppose π : C →D is a

functor with cocartesian lifts over DL. Then, π is a cocartesian fibration if and only if the following conditions

hold.

(a) π has locally cocartesian lifts for morphisms in DR.

(b) If f ,g are composable π-locally cocartesian such that πf ∈ DL and πg ∈ DR, then f ◦ g is π-locally

cocartesian.

(c) If f ,g are composable π-locally cocartesian such that πf ,πg ∈ DR then f ◦ g is π-locally cocartesian.

Proof. These conditions are obviously necessary, so suppose they hold. By composing properties

(b) and (c), we find that our locally cocartesian lifts of active morphisms remain locally cocartesian after

precomposition along arbitrary locally cocartesian morphisms, so [kerodon, Tag 01V5] shows that they

are cocartesian. Since cocartesian arrows are closed under composition and DL and DR generate D under

composition, this implies the claim. □

We are finally ready to conclude.

Proof of Theorem II.3.3. Proposition II.3.7 constructs a Spano(T )(FT )-relative subcategory

TotC̃at
δ
T ⊂ TotC̃at

×
T ;

to lift this to a (massive) T -suboperad, by Proposition II.2.54, we simply need to show that TotC̃at
δ
T is a

T -operad; in fact, we need to prove that it’s a (massive) T -symmetric monoidal ∞-category, so we just prove

this.

First, we must prove that TotC̃at
δ
T → Spano(T )(FT ) is a cocartesian fibration. Now, it is an inert-

cocartesian fibration by Proposition II.3.7, and it has locally cocartesian lifts of active morphisms by

Proposition II.3.8. We must verify conditions (b) and (c) of Lemma II.3.17; composition with inert morphisms

is baked into our restriction-stability assumption, and composition with active arrows is Proposition II.3.8.

We’re left with the Segal condition that

C̃at
δ
T

∼−−−−−→
∏

U∈Orb(T )

C̃at
δ
U ;

this follows by the pointwise expression for T -limits in indexed products Proposition I.1.57.
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Under Proposition II.2.54, we’re left with showing that f⊗C is presentable whenever C is a presentable T -

∞-category. But taking a presentation C ≃ LBPshT (A) via Proposition I.1.48, we may apply Corollary II.3.12

and Proposition II.3.13 to arrive at an equivalence

f⊗LBPshT (A) ≃ LB∪よ(A)≃f⊗PshT (A) ≃ LB∪よ(A)≃PshS (A),

which is again presentable by Proposition I.1.48. □

II.3.1.5 Some basic properties of C̃at
δ
T Before continuing, we prove some assorted facts.

Corollary II.3.18. Suppose C is an R-symmetric monoidal T -category such that for any orbit V ∈ T

(1) for each binary fold map ∇ : V ⊔V → V , the tensor V -bifunctor

⊗ : ResTV C ×ResTV C −→ ResTV C

is weakly distributive, and

(2) for each R-admissable map f : U → V , the norm f -multifunctor

NV
U : CoIndVU ResTU C −→ ResTV C

is weakly distributive.

Then, C is distributive.

Proof. Let f : T → S be an R-admissable map of orbit-finite T -spaces. First, note that the restriction

of f⊗ : f∗ResTT C → ResTS C along a map g : S ′→ S with pullback

T ′ T

S ′ S

g ′

f ′ f

g

⌟

is the map (f ′)⊗ : ResTT ′ C → ResTS ′ C, so it suffices to prove that all indexed tensor multifunctors of C are

weakly distributive. Using the Segal condition, we can moreover reduce to the case where the target is a

single orbit. Indeed, using associativity of tensor products, the proof of Proposition II.3.6 implies that all

n-ary tensor multifunctors of C are weakly distributive; applying the orbit factorization

T =
∐

U∈Orb(T )

U →
∐

U∈Orb(T )

V → V

to decompose f
⊗

as a composition of n-ary tensor multifunctors with norm multifunctors, the result follows

by another application of Proposition II.3.6. □
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This powers an example; the proof of [NS22, Prop. 3.2.5] applies verbatim.

Proposition II.3.19. Let C be a cocomplete T -category and D ∈ Cat be a cocomplete cartesian closed category.

Then, CoeffT (C)R−× is distributive.

Lastly, we have the following.

Proposition II.3.20. The unit of PrL,⊗T is ST , and the binary tensor product computed by C⊗D ≃ FunRT (Cop,D) .

Proof. The unit was proved in Corollary II.3.12. The binary case was pointed out under mildly more

restrictive circumstances in [Hil24, Prop. 6.7.5], but the proof applies verbatim: apply Yoneda’s lemma to the

natural equivalence

FunLT (C ⊗D,−) ≃ Funδ2∗̇T→∗T (C ×D,−)

≃ FunLT
(
C,FunLT (D,−)

)
≃ FunRT

(
Cop,FunR,acc

T (−,D)
)op

≃ FunR,acc
T

(
−,FunRT (Cop,D)

)op

≃ FunLT
(
FunRT (Cop,D) ,−

)
,

where every equivalence after the second is an application of Proposition I.1.49. □

II.3.1.6 Monoidality of the Yoneda embedding We point out that we’ve essentially proved a generalization

of the main result of [NS22, § 6] from our perspective.

Corollary II.3.21. The Yoneda embedding underlies a lax T -symmetric monoidal left adjoint

PshT : C̃at
×
T −−−−−−−−→←−−−−−−−− C̃at

δ
T : ι;

moreover, よ is T -symmetric monoidal. In particular, if C is O-monoidal, then there exists an essentially

unique O-monoidal structure on よ : C → PshT (C) such that PshT (C) is distributively O-monoidal and pullback

along よ yields an equivalence

よ
∗ : Fun⊗,LO (PshT (C),D)

∼−−−−−→ Fun⊗O (C,D) .

Proof. Note that よ is, by Proposition I.1.41, a fiberwise T -left adjoint over Spano(T )(FT ) to ι, with

unit the Yoneda embedding, which lies in a fiber; hence it assembles to a Spano(T )(FT )-relative left adjoint to

ι, which attains a canonical oplax structure under Proposition I.3.56. Unwinding this oplax structure map, it
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has the form of the cocontinuous S-functor

PshS (f∗C)→ f⊗PshT (C),

induced under the universal property of S-presheaves by the canonical functor

f∗C → f⊗PshT (C);

this is an equivalence by Corollary II.3.12, so よ is T -symmetric monoidal. The lax T -symmetric monoidal

adjunction then follows by Proposition I.3.56, and the resulting universal property follows by applying AlgO(−)

to this lax T -symmetric monoidal adjunction. □

II.3.2 Equivalence with the Elmanto-Haugseng definition of distributivity Following Remark II.3.2, our

next goal is to verify that distributivity is equivalent to a notion given the same name in [EH23]:

Construction II.3.22. Given a pair of arrows A
m−→ T

f
−→ S in ST such that f is o(T )-admissible, we acquire an

essentially unique distributivity diagram (in the sense of [EH23, Def. 2.4.1]):

(29)

R Q

∆m,f A

T S

h
ϵ

ψ′
⌟

ψ=f∗mB

m f

exhibiting ψ as the value of the right adjoint to f ∗ at m under f ∗, i.e. inducing an equivalence

Map/S (ϕ,ψ) −→Map/T (f ∗ϕ,ψ′)
ϵ∗−−−−→Map/Y (f ∗ϕ,m)

for all maps ϕ : P → S. Given C a T -symmetric monoidal ∞-category, we acquire a commutative diagram

(30)

C (Q) C (S)

Ψm,f B C (R)

C (A) C (T )

ψ∗

h⊗

ϵ∗

f⊗

m∗

If C admits left adjoints ψ! ⊣ ψ∗ and m! ⊣m∗, we acquire a Beck-Chevalley transformation

βm,f : ψ!h⊗ϵ
∗ −→ f⊗m!. ◁

Definition II.3.23 (c.f. [EH23, Def. 2.4.10]). Given a collection of T -spaces M⊂ST closed under R-indexed

products, we say C ∈ Cat⊗R is M-distributive in the sense of Elmanto-Haugseng if
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(a) C fiberwise admits sifted colimits and its restrictions and indexed tensor functors preserve them;

(b) C admits M-colimits; and

(c) for every distributivity diagram ∆m,f , the Beck-Chevalley transformation βm,f is an equivalence.

If M = ST , we simply say that C is distributive in the sense of Elmanto-Haugseng. ◁

The goal of this subsection is to prove the following comparison theorem.

Theorem II.3.24. An R-symmetric monoidal ∞-category C⊗ is distributive in the sense of Elmanto-Haugseng

if and only if it is distributive.

This enables us to use [EH23] and descendent works, such as [LLP25]; for instance, [EH23, Thm. 1.4.1]

yields a bispan presentation for distributive R-symmetric monoidal ∞-categories.

Remark II.3.25. Condition (b) can be unwound to existence of left adjoints to pullback along the maps in M

and the Beck-Chevalley conditions for restrictions thereof; hence it is equivalent to conditions (2) and (3) of

[LLP25, Def. 3.12]. In particular, under Theorem I.4.1, our distributive R-symmetric monoidal ∞-categories

are identified with distributive SR-normed ST -categories in their sense. Hence [LLP25, Thm. 3.31] and

[LLP25, Prop. 3.44] provide a miraculous identification of distributive R-symmetric monoidal ∞-categories

with U×ST -cocomplete SpanR (ST )-∞-categories as defined in [LLP25, Def. 3.24]. We will later use this to

interpret [LLP25, Thm. 3.39] as constructing R-operadic left Kan extensions. ◁

II.3.2.1 Distributivity is compositional in the diagram We must show that distributivity is equivalent to

distributivity for (nonparameterized) sifted diagrams and T -spaces. This will be powered by a version of

distributivity for T -left Kan extensions:

Definition II.3.26. Let f : T → S be an R-admissable map of orbit-finite T -spaces, C a cocomplete T -category,

D a cocomplete S-category, and F : C →D an f -multifunctor. Moreover, let i : K→L be a T -functor. We say

that F weakly distributes left Kan extensions along i if the following diagram is horizontally left-adjointable.

(31)

D(f∗K) D(f∗L)

C(f ∗f∗K) f∗C(f∗K)

C(K) C(L)

(f∗i)∗

F

≃

F

ϵ∗
f∗

F

i∗

In particular, the case L = T recovers distributivity via Remark II.3.2. ◁

Proposition II.3.27. In the situation of Definition II.3.26, assume that the T -functor i : K→L is such that

F is M-distributive for M⊂ CatT a subcategory containing K/l for all l ∈ L. Then F distributes left Kan

extensions along i.
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Proof. Let l : S→ f∗L be an S-object, i.e. a T -object of L. Consider the lax-commutative cube

D(f∗K/l) D(S)

D(f∗K) D(f∗L)

C(K/l) C(T )

C(K) C(L)

where the top and bottom square only commute up to lax natural transformation coming from the projection

of the slice onto both factors and the front and back square are the ones from definition of distributivity.

The back square is horizontally left-adjointable by distributivity. The top and bottom square are as

well, by the pointwise formula for T -left Kan extension. For the upper square, we additionally use that

f∗(K/l) ≃ (f∗K)/l , as f∗ commutes with pullbacks and taking arrow categories.

This shows that the natural transformation of functor C(K)→D(f∗L) is an equivalence when restricted

along an arbitrary map S→ f∗L. Applying restriction-stability of everything involved shows that the front

square’s Beck-Chevalley transformation for horizontal left-adjointability is an equivalence after restriction to

all V -objects for all V → S; these are jointly conservative, yielding the claim. □

We also point out a simple enough property of this.

Lemma II.3.28. Suppose F : C → D is an f -multifunctor and K i−→ L i′−→ J a composable pair of T -functors

such that F weakly distributes i and i′. Then, F weakly distributes i′ ◦ i.

Proof. Compose horizontally left-adjointable diagrams. □

Now, we may re-express this in a manner closer to our original framing.

Corollary II.3.29. An f -multifunctor F : C →D is M-distributive if and only if, for all diagrams

f∗K f∗C D

f∗L

f∗p

f∗i

F

f∗(µ!F)
G◦f∗(µ!F)

such that the inner triangle is f∗ applied to a T -left Kan extension whose pointwise formulas K/l ∈M for all

A ∈ A, the outer triangle is an S-left Kan extension.

Proof. Unwinding definitions, the assembly natural transformation (f∗i)! (F ◦ f∗p) =⇒ F ◦ f∗ (µ!F) is

precisely the Beck-Chevalley transformation for horizontal left adjointability of Eq. (31) applied to p : K→ C;

in particular, our condition is equivalent to the conclusion of Proposition II.3.27 always holding, and hence it

is implied by M-distributivity. Specializing to L = T shows that it implies M-distributivity. □
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II.3.2.2 Sifted distributivity To apply this, the correct notion of siftedness is the following.

Definition II.3.30. Given f : T → S a map of orbit-finite T -spaces and K an S-category, we say that K is

f -sifted if the diagonal S-functor

∆f : K −→ f∗f
∗K

is cofinal. More generally, we say that K is R-sifted if it is f -sifted for all R-admissible maps f : T → S. ◁

If R = T (requiring T itself atomic orbital), these are the T -sifted T -categories of [Sha22, Def. 8.14].

Let CatR−sift
T ⊂ CatT be the full T -subcategory of R-sifted categories. Moreover, let InflTe Catsift ⊂ Cat be the

category of non-parameterized/constant T -categories with sifted value.

Proposition II.3.31. Let f : T → S be an R-admissable map of orbit-finite T -spaces and F : C → D an

f -multifunctor.

(1) Suppose m : K▷→ f∗C is an S-colimit diagram such that K is f -sifted. Then, the S-functor underlying

F preserves m if and only if f distributes the mate diagram f ∗K▷→C.

(2) F distributes non-parameterized sifted colimits if and only if the S-functor underlying F fixed-pointwise

preserves sifted colimits.

(3) SupposeM contains all non-parameterized sifted categories,M′ ⊂M is a collection of T -spaces which

generate M under non-parameterized sifted colimits, and that F is M′-distributive and preserves

(non-parameterized) sifted colimits. Then, F is M-distributive.

Proof. For Statement (1), we closely mirror [Sha22, Prop. 8.19]: indeed, given an S-colimit diagram

m : K▷→ f∗C, the mate diagram p : (f ∗K)▷→C is a T -colimit diagram. Consider the diagram

K▷ (f∗f ∗K)▷ f∗ (f ∗K)▷ f∗C D

K▷ f∗C D

δS can f∗p̃ F

m F

Siftedness guarantees that the diagonal functor η : K→ f∗f
∗K is cofinal, so the top composite is an S-colimit if

and only if the composite (f∗f ∗K)▷→D is an S-colimit; We are left with verifying that the lefthand rectangle

commutes, after which we see that the bottom composite is a colimit diagram if and only if D distributes

the designated colimit. But this follows by a routine application of the triangle identity. Statement (2)

is a straightforward application of this, as non-parameterized sifted diagrams are R-sifted by the evident

extension of [Sha22, Thm. 8.15].

For Statement (3), let K → C be a diagram with K ∈ MT . Then, by assumption, K is a T -space

valued colimit over a sifted diagram L. Using parameterized unstraightening, there is cocartesian T -fibration

K→ InflT/Te L such that the slices ResVT K/l are spaces in M′ for all l ∈ L = (InflT/Te L)V . Now it follows from
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Proposition II.3.27 that F distributes the left Kan extension along K→ InflT/Te L. It also follows from our

assumption and Statement (2) that F distributes the left Kan extension along InflT/Te L→ T . Lemma II.3.28

then implies that F distributes the left Kan extension along K→ ∗, which is what we had to show. □

We immediately acquire the following corollary.

Corollary II.3.32. Suppose C is a cocomplete R-symmetric monoidal T -category.

(1) C is InflTe Catsift-distributive if and only if, for each R-admissible map of orbit-finite T -sets f : T → S,

f -tensor functor preserves sifted colimits:

f⊗ : CT −→ CS

(2) C is CatR−sift
T -distributive if and only if, for each R-admissible map of orbit finite T -sets f : T → S,

the S-functor preserves R-sifted T -colimits:

f
⊗

: f∗CT →CS

II.3.2.3 Comparing the notions To extend Theorem II.3.24, we actually prove the following.

Proposition II.3.33. Suppose C is an R-symmetric monoidal T -category and M ⊂ ST is a collection of

G-spaces which is closed under restrictions and indexed products. Then, C is M∪ InflTe Catsift-distributive if

and only if it is M-distributive in the sense of Elmanto-Haugseng.

This immediately applies Theorem II.3.24 under Corollary II.3.32 and Proposition II.3.31. Now, in

order to start, we simplify Definition II.3.23.(c).

Lemma II.3.34. Suppose C satisfies Definition II.3.23.(a) and Definition II.3.23.(b) and βm,f is an equivalence

whenever S is an orbit. Then, C is M-distributive in the sense of Elmanto-Haugseng.

Proof. Given a map from an orbit U → S and a diagram A
m−→ T

f
−→ S withm ∈M(T ) and f R-admissible,

we acquire a diagram

RU QU

AU R Q

A TU U

T S

fU∗mU

mU

m

fU

f

f∗m
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where every square is a pullback diagram and the front and back house-shaped faces are distributivity

diagrams; that is, we acquire a natural transformation ∆mU ,fU → ∆m,f . This yields a natural transformation

ΨmU ,fU → Ψm,f , i.e.

C (QU ) C (U )

C (Q) C (S)

C (RU )

C (R)

C (AU ) C (TU )

C (A) C (T )

ψ∗U

i∗

hU,⊗

h⊗

ϵ∗U

fU,⊗

m∗U
ϵ∗

j∗

m∗

f⊗

ψ∗

We claim that the two Beck-Chevalley conditions are directly related:

(32)
i∗ψ!h⊗ϵ

∗ i∗ψ!h⊗ϵ
∗m∗m! i∗ψ!ψ

∗f⊗m! i∗f⊗m!

ψU,!hU,⊗ϵ
∗
U j
∗ ψU,!hU,⊗ϵ

∗
Um
∗
UmU,!j

∗ ψU,!ψ
∗
U fU,⊗mU,!j

∗ fU,⊗mU,!j
∗

≃ ≃≃ ≃ ≃

≃

Here, the top composite is i∗βm,f and the bottom is βmU ,fU j
∗; commutativity follows by commutativity of

Equation (32) together with the fact that C admits M-indexed colimits.

By assumption, each βmU ,fU j
∗ is an equivalence, implying that i∗βm,f is an equivalence for each U → S.

The Segal condition that the i assemble to an equivalence

C(S)
∼−−−→ lim

U→S
C(U )

then implies that βm,f is an equivalence, completing the result. □

Proof of Proposition II.3.33. First suppose C is M∪ InflTe Catsift-distributive. By assumption, C

satisfies Definition II.3.23.(b) and the cocompleteness part of Definition II.3.23.(a), and Proposition II.3.31.(1)

shows that it satisfies the full Definition II.3.23.(a). Moreover, Remark II.3.2 shows that βm,f is an equivalence

whenever S is an orbit, so C is M-distributive in the sense of Elmanto-Haugseng by Lemma II.3.34.

Now, suppose C is M-distributive in the sense of Elmanto-Haugseng. By assumption, C admits

M∪InflTe Catsift-colimits, and by Proposition II.3.31.(1), the indexed tensor functors of f distribute InflTe Catsift-

colimits. Moreover, Remark II.3.2 shows that the indexed tensor functors of f distributiveM-colimits. The

result then follows by Proposition II.3.31.(3).

For the remaining statement¸ set M = ST . In light of Proposition II.3.31.(1), it suffices to prove

that ST generates CatT under sifted colimits. But this follows by [Sha22, Thm. 8.6] by noting that their

corepresentable T -left fibrations are T -spaces. □
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II.3.2.4 Application: transfer ring examples This language makes the following corollary convenient.

Corollary II.3.35. Fix ϕ : C⊗→D⊗ a conservative O-monoidal functor which creates T -colimits.

(1) C⊗ is distributive if and only if the essential image of ϕ is distributive.

(2) If D⊗ is distributive, then so is C⊗.

Proof. The assumptions guarantee that Ψm,f of Eq. (30) is left adjointable in C if and only if the

restriction of Ψm,f to the essential image of C is left adjointable, giving the first claim. The second claim is

clear, as left adjointability of Ψm,f is closed under restriction along T -cocontinuous fully faithful O-monoidal

functors. □

In particular, we immediately acquire the following technique for extending examples.

Corollary II.3.36. Suppose D⊗ is a distributive O-monoidal ∞-category.

(1) If C⊗ ⊂ D⊗ is a T -colimit closed O-monoidal full subcategory, then C⊗ is distributive.

(2) If D⊗→ E⊗ is an O-monoidal localization, then E⊗ is distributive; if moreover D⊗ is presentable

and the underlying T -localization L : D→ E is accessible, then E⊗ is presentable.

(3) If p : K → Alg/O (D) is a diagram of O-algebras, then the slice structure on C⊗/p is distributive.

Now, we will need the following extension of this in our discussion of formal inversion modes.

Proposition II.3.37 (Sifted generation and distributivity). Fix K ⊂ CatT containing all nonequivariant sifted

diagrams. Suppose ϖ : C⊗ → D⊗ is an O-monoidal left T -adjoint such that there exists a sifted diagram

δ : K →Dinv ×FunLT (C,D) whose composite diagram

K → FunT (C,D)×Dinv
R∗−−→ FunT (D,D)×Dinv

⊗−−−−−→ FunT (D,D)

has colimit the identity, where Dinv ⊂ D is the full T -subcategory of ⊗-invertible objects. If C⊗ is K-distributive

and D⊗ is InflTe Catsift-distributive, then D⊗ is K-distributive.

Proof. We must show that, for f : T → V a map of orbit-finite T -spaces with V an orbit,

f⊗ : f∗f
∗D −→D

weakly distributes all K-indexed diagrams for all K ∈ KT ; by restriction-stability of the assumptions, this will

imply K-distributivity.
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By assumption, f⊗ weakly distributes all diagrams factoring through f ∗ϕ; moreover, as f
⊗

is G-symmetric

monoidal, for each X ∈ DVinv we have a commutative diagram

f∗f
∗D D

f∗f
∗D D

f∗(−⊗X)

f⊗

−⊗X⊗f

f⊗

where the vertical T -functors are equivalences. From this we learn that, if the f -norm weakly distributes a

diagram m : K → f ∗D, then it weakly distributes K
m−−−→ f ∗D −⊗X−−−−→ f ∗D.

Now, the weak distributivity condition for f -indexed tensors of K-indexed diagrams is equivalent to the

Beck-Chevalley condition for horizontal left adjointability of the following square

Fun(f∗K,D)V DV

Fun(f∗K,f∗f ∗D)V

Fun(f ∗f∗K,f ∗D)T

Fun(K, f ∗D)T (f∗f ∗D)V

∆f∗K

f⊗

∼ ϕ

η∗

f⊗

∆K

i.e. it stipulates that

β : colimf∗K f⊗ϕη
∗ −→ colimf∗K f⊗ϕη

∗∆K colimK ≃ colimf∗K ∆
f∗Kf⊗ colimK −→ f⊗ colimK .

is a natural equivalence (see Remark II.3.2). This is a natural transformation between sifted-cocontinuous

functors, and in particular, we find that f⊗ distributes all diagrams K → f ∗D which can be written as sifted

colimits of functors factoring through X ⊗ϕ for some invertible X. But applying δ pointwise always gives

such a sifted-colimit expression. □

II.3.3 Parameterized operadic left Kan extension In this section, we use Theorem II.3.24 to apply the

distributed left Kan extension results of [LLP25] to our setting, as well as describe monoidality.

Theorem II.3.38. Suppose ϕ : O⊗→ P⊗ is a morphism of R-operads and C is a distributive R-symmetric

monoidal ∞-category. Then, ϕ∗ preserves R-sifted T -colimits and admits a T -left adjoint

AlgO (C) AlgP (C).

ϕ!

ϕ∗

⊣
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if for every P ∈ PV , the slice V -category EnvR(O)V ,/P is R-sifted, then the doctrinal adjunction oplax R-

symmetric monoidal structure on ϕ! is R-symmetric monoidal.

An important and immediate corollary is the following.

Corollary II.3.39. If ϕ : O⊗→ P⊗ is a π0-equivalence of R-operads and C⊗ is a distributive R-symmetric

monoidal ∞-category, then

ϕ∗ : AlgP (C) −→ AlgO (C)

is a monadic right T -adjoint; in particular, this is true of U : AlgP (C)→ FunT (UP ,C).

II.3.3.1 Colimits of algebras We start with T -colimits in AlgO(C), following [NS22, Thm. 5.1.4].

Proposition II.3.40. Suppose Q⊗→O⊗ is a morphism of R-operads, K a collection of R-sifted diagrams, and

A a K-distributive O-symmetric monoidal ∞-category. Then each of the following preserve K-sifted colimits.

AlgQ/O (A) −→ FunT ,/TotT Q (TotT O,TotT A) −→ FunT ,/UQ (UO,UA) ;

moreover, in the case K contains InflTe Catsift, the T -∞-category AlgO(C) is cocomplete.

Proof. First note that each of the relative functor T -categories is cocomplete by Proposition I.1.38,

and the second arrow preserves all T -colimits by Proposition I.1.38. The first arrow is fully faithful, so it

suffices to prove that

Claim i. AlgQ/O (A) ⊂ FunT ,/TotT Q (TotT Q,TotT A) is closed under K-sifted colimits, and

Claim ii. AlgQ/O (A) admits finitary indexed coproducts.

Claim i follows by applying Proposition II.3.31 to conclude that cocartesian transport TotT C⊗ preserves

K-colimits and applying Corollary I.1.39.

We will not use this proposition to construct operadic left Kan extensions, so we may safely assume

they exist; that is, we have already proved that U : AlgQ/O (A)→ FunT ,/UO (UQ,UA) is a monadic T -right

adjoint. As a result, we acquire a natural simplicial resolution

colim
(
· · ·⇒ T 2

OX⇒ TOX
) ∼−−−−−→ X,

where TO is the monad associated with U ; in particular, AlgQ/O(A) is generated under nonequivariant sifted

colimits by free algebras.

Now, the collection of S-tuples in an arbitrary T -∞-category admitting a coproduct is closed under

nonequivariant sifted colimits by commutativity of nonoequivariant sifted colimits with finite indexed

coproducts; in particular, it suffices to prove that AlgQ/O(A) admits finitary indexed coproducts by free
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objects. Indeed, the universal property for free objects guarantees that ι!
(∐S

W XW
)
≃

∐S
U iota! (XW ), where

ι : triv(UO)⊗→O⊗ classifies the identity on UO, yielding the claim. □

Now, we can conclude presentability.

Corollary II.3.41. If C is presentably O-monoidal, then AlgQ/O(C) is presentable.

Now, to prove this, following Nardin-Shah following Lurie, we import the following.

Lemma II.3.42 (c.f. [HTT, Prop. 5.4.7.11] and [HTT, Rmk. 5.4.7.13]). Let C →D be a cocartesian T -fibration

to a small T -∞-category, such that each fiber CD and each covariant transport T -functor CD → CD ′ is

κ-accessible. Then, given a set of edges Dint ⊂ D, the T -∞-category Funint−cocart
T ,/D (D,C) is κ-accessible.

Proof of Corollary II.3.41. Fix κ such that C is κ-presentable, in the sense that the factorization

of Proposition I.1.48 factors through PrLκ. Using R-sifted (hence filtered) cocontinuity of cocartesian transport

in C⊗ via Proposition II.3.31, Lemma II.3.42 applies to TotT C⊗→ TotT O⊗; as a consequence, we find that

AlgQ/O(C) is fiberwise κ-accessible.

We must find some κ′ such that each functor ResVU : AlgQ/O(C)V → AlgQ/O (C)U preserves κ′-compact

objects; equivalently, CoIndVU must commute with κ′-colimits. Fiberwise accessibility allows us to find such a

cardinal for each map U → V , so we may take an even larger cardinal to find such a κ′ uniformly.

Now, Accκ′ ⊂ C̃at for the subcategory of κ′-accessible ∞-categories and κ′-compact object preserving

κ′-accessible functors and write C̃at
L ⊂ C̃at for the wide subcategory of cocontinuous functors. It follows by

the adjoint functor theorem that PrLκ′ ≃ Accκ′ ×C̃at C̃at
L
, so we’re provided a factorization

T op

PrLκ′ Accκ′

C̃at
L

C̃at

II.3.42

II.3.40 ⌟

whose diagonal functor classifies AlgQ/O(C). Combining this with the cocompleteness of Proposition II.3.40

yields presentability under Proposition I.1.48. □

Warning II.3.43. In the case O = Comm⊗T , AlgQ(C) is presentable and Alg⊗Q(C) is T -symmetric monoidal, but

Alg⊗Q(C) is seldom presentably T -symmetric monoidal.

A simple example is when Q = Comm⊗T as well; then, CAlg⊗(C) is cocartesian. Distributivity for binary

tensor products then implies for any object X that 3 ·X ≃ (X ⊔X)⊔X ≃ (X ⊔X)⊔ (X ⊔X) ≃ 4 ·X, which is

almost never true. ◁
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II.3.3.2 Operadic Kan extensions To start, given F : C⊗→D⊗ an R-symmetric monoidal functor, write

CS/d B C
S ×DS DS/d .

We start by importing the import result of [LLP25], for which we need the following.

Proposition II.3.44. The following conditions on F : C⊗→D⊗ R-symmetric monoidal are equivalent:

(a) F is equifibered in the sense of Definition I.2.37,

(b) for all R-admissible maps f : T → S of orbit-finite T -spaces and T -tuples (XU ) ∈ CT , the functor f⊗

induces an equivalence f⊗ : f∗
(
CU/XU |U ⊂ T

)
−−−−−→ CVf⊗(XU |U⊂T ), and

(c) Condition (b) holds when f is either a binary fold map or an orbit map.

Proof. It suffices to prove this locally, i.e. that F is equifibered over f if and only if Condition (b)

holds for f . Then, Conditions (a) and (b) are made equivalent by unwinding definitions and Conditions (a)

and (c) by using the reduction to elementary codomains and composition-closure of Proposition I.2.39

and Corollary I.2.40. □

Remark II.3.45. This is a mirror for non-cartesian structures of disjunctiveness; the reader would be justified

in remembering this as a notion of disjunctive R-symmetric monoidal functors. ◁

Now, Lenz-Linskens-Pützstück essentially prove the following.

Proposition II.3.46 (Modified and specialized [LLP25, Thm. 3.39]). Let F : C → D be an R-symmetric

monoidal equifibration and E a distributive R-symmetric monoidal ∞-category. Then F∗ admits a left adjoint

Fun⊗R (C,E) Fun⊗R (D,E)

F!

F∗

⊣

Moreover, the Beck-Chevalley transformation

Fun⊗R(C,E) Fun⊗R(D,E)

FunT (UC,E) FunT (UD,E)

is an equivalence.

Proof. It suffices to verify the assumptions of [LLP25, Lem. 3.40] under the identification with SR-

normed ST -categories of Remark II.3.25. We’ve already identified the appropriate cocompleteness assumption

on E over SpanR(ST ), so we are left with verifying their condition for slice categories.
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We may proceed as in the proof of [LLP25, Lem. 3.42], in which case we have T = E = SpanR (ST ) and

M = ST . They show that the assumption of the previous lemma is fulfilled if the family of functors they

denoted by (11) is an equivalence

(33) C(C)×D(C) ArD(C)×D(C) {γ∗d} −→ C(B)×D(B) ArD(B)×D(B) {e∗γ∗d}

for all d ∈ D(C). Unwinding definitions, this is exactly the map appearing in Condition (b). □

Proof of Theorem II.3.38. By Corollary I.2.40 we know that EnvR(O)⊗→ EnvR(P )⊗ is equifibered,

so Proposition II.3.46 proves that the diagram of T -∞-categories

AlgO(C) AlgP (C)

Fun⊗J
(
EnvJ (O)⊗,BorIJC

⊗
)

Fun⊗J
(
EnvJ (P )⊗,BorIJC

⊗
)

FunT (EnvJ (O),C) FunT (EnvJ (P ),C)

ϕ∗≃ ≃

ϕ∗

UEnv UEnv

EnvI (ϕ)∗

is horizontally left adjointable, providing the desired left T -adjoint.

Now, this proves that ϕ∗ is accessible, but we would like to show that it further commutes with R-sifted

colimits. First, we may draw a pair of diagrams

P⊗ O⊗ AlgP (C) AlgO (C)

trivT (UP )⊗ trivT (UO)⊗ FunT (UP ,C) FunT (UO,C)

ϕ ϕ∗

ι∗ ιι ι

Uϕ Uϕ∗

Alg(−)(C)

whose right side is algebras in C taken along the left side. R-sifted cocontinuity is automatic for the bottom

arrow by Proposition I.1.38. Moreover, the vertical arrows are conservative; by cancellation, it suffices to

prove that the vertical arrows are R-sifted cocontinuous. This is simply Proposition II.3.40.

All that is left is to consider R-symmetric monoidality. Of course, the oplax structure is supplied by

Proposition I.3.56; by the Beck-Chevalley condition, the underlying natural transformation of the oplax

structure map, UEnvoϕ!,IndTV S→V ,(XU )U∈Orb(S)
(P ), is given by the map

colimO∈EnvJ (O)V ,/P

S⊗
U

XU (O) −→
S⊗
U

colimO∈EnvJ (O)V ,/P
XU (O)

adjunct the unit of the adjunction EnvJ (ϕ)! ⊣ EnvJ (ϕ)∗; unwinding definitions, it is the assembly map for

the indicated T -colimits in C along the functor ⊗S . This is an equivalence by the R-sifted assumption and

Proposition II.3.31, so conservativity of U implies that oϕ!,IndTV S→V ,(XU ) is a natural equivalence for all S, (XU ),

as desired. □
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II.3.4 Parameterized Day convolution We lift an important technical theorem of Nardin-Shah (generalizing

Lurie, generalizing Glasman) to our setting, as well as functoriality reminiscent of [BS24b, § 3].

Definition II.3.47. We say that a map of T -operads ϕ : C⊗→O⊗ exhibits C⊗ as an O-promonoidal ∞-category

if the associated T -functor

TotT ϕ
act : TotT Cact −→ TotT Oact

is exponentiable; for instance, this holds if C⊗ is O-monodial. ◁

Theorem II.3.48 (Day convolution). If ϕ : C⊗→O⊗ is O-promonoidal, then pullback admits a right adjoint

OPT ,/O⊗ OPT ,/C⊗ .

ϕ∗

ϕ∗

⊣

Writing DayO(C,−) B ϕ∗ϕ
∗ : OPT ,/O⊗ → OPT ,/O⊗ , if E⊗ is a distributive (resp presentable) O-monoidal ∞-

category, then so is DayO (C,E); moreover, when O⊗ has one color, this assembles to a lift

Oppro,op
T ,/O ×AlgO

(
PrLT

)
AlgO

(
PrLT

)

Catop
T ×PrLT PrLT

DayO(−,−)

U U

FunT (−,−)

contravariantly natural in O, characterized by the formula for algebras for ψ : P⊗→O⊗:

AlgP /ODayO (C,E) ≃ Algψ∗C/P (ψ∗E) .

This last equation specifies that DayO(C,E) is the O-monoidal structure on FunT ,/UO (C,E) whose P -

algebras are the lax P -monoidal functors; the commutative diagram specifies that it is functorial under

T -cocontinuous O-monoidal functors in E via postcomposition and under arbitrary T -operad maps in C under

T -left Kan extension. The contravariant functoriality in O specifies that the Day convolution P -monoidal

structure underlies the Day convolution O-monoidal structure; in particular, when E is T -symmetric monoidal,

one may simply study the undecorated Day(C,E)BDayCommT
(C,E).

Remark II.3.49. Exponentiability of ϕ under promonoidality was recently proved for more general algebraic

patterns [BLR26]. For completeness, we will still prove it.

Moreover, this was shown to be sharp for fibrous pattern maps over an algebraic patterns O satisfying

the property that Oel
O/ admits an initial functor from a finite set for every O ∈O (i.e. it is a weak ∞-operad

in the sense of [Har]) in [BLR26, Cor. 5.23]. We may see that this applies to TotFinT ,∗ by unwinding
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Corollary I.4.34 (or directly applying [Ste25b, Lem. A.2]);7 in particular, the first sentence Theorem II.3.48

may be strengthened to say this exponentiability is true if and only if C is O-promonoidal. ◁

Our approach for Theorem II.3.48, influenced greatly by [NS22] (which is turn influenced greatly by

[HA]), is the following expression for ϕ∗.

Observation II.3.50. Consider the span

(34)
Arint(Tot♭O)×ev1,Tot♭O Tot♭C

Tot♭O Tot♭C
ev0 πC

Then, there is a natural equivalence

Cat/Tot♭O Cat/Tot♭ C

πC! ev∗0

ϕ∗

∼

In particular, to construct ϕ∗, it suffices to prove that the Eq. (34) is a pairable span or algebraic patterns. ◁

We will postpone our proof of pairability until the end of the section, where it will follow mostly the

same way as the proof in [NS22].

Proposition II.3.51. In the situation of Theorem II.3.48, Eq. (34) is a pairable span of algebraic patterns.

Before then, we will go through the rest of the proof, together with a number of examples.

II.3.4.1 Monoidality of Day convolution Our next task is distributivity, which we also prove by noting

that Nardin-Shah’s proof generalizes.

In general, a V -arrow ∆1 −→ TotV DayO (C,E) ≃ ϕ∗ϕ∗TotV E corresponds under the universal property

of star-pushforward with a V -functor

∆1 ×TotV O Arint TotV O ×TotV O TotV C ≃ ϕ!ϕ
∗∆1→ TotV E;

its underlying TotV O-arrow corresponds with the postcomposition to TotV O, and its domain (resp. codomain)

correspond with its two pullbacks to Arint TotV O ×TotV O TotV C.

Notation II.3.52. Given C an O-operad and x ∈ OV , we define the V -∞-category

Cx B TotV C ×TotV O {x} ;

7 To compare T -exponentiability with exponentiability, note that the active arrows in TotTotT O lie in fibers; that is, the active wide
subcategory is a natural disjoint union of the fiber V -categories of the active wide T -subcategory, so the two exponentiability statements
are equivalent.
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more generally, if µ : x→ y is an arrow in OV , we define the V -∞-category

Cµ B ∆1 ×µ,TotV O TotV C. ◁

We prove the following mostly the same way as [NS22, Prop. 3.2.2].

Proposition II.3.53. Let ϕ : C⊗→O⊗ be an O-promonoidal ∞-category and E⊗ an O-monodial ∞-category.

Let µ : x→ y be an active arrow in O of arity f .

(1) There exists a natural equivalence UDayO (C,E) ≃ F̃unUO (UC,UE) over UO.

(2) An active V -arrow in TotT DayO(C,E) lying over µ : x→ y corresponds with a diagram

(35)

{x} ×TotV O Arint TotV O ×TotV O TotV C TotV E

∆1 ×α,TotV O Arint TotV O ×TotV C TotV C TotV O

F

πEµ

µ

µ is locally cocartesian if and only if this is a weak πE-relative V -left Kan extension diagram.

(3) µ is locally cocartesian if and only if it restricts to a V -left Kan extension diagram

f∗Cx f∗Ex Ey ;

Cµ

(FU )

µ⊗

µ⊗

µ̃⊛FU

in this case, covariant transport is the composite arrow µ⊛FU : Cy ↪→Cµ
µ̃⊛FU−−−−−−−→ Ey .

(4) If UE →UO has cocomplete fibers, then πE is a locally cocartesian T -fibration.

(5) If E⊗ is a distributive O-monoidal ∞-category, then so is DayO(C,E).

(6) If ϖ : E⊗→D⊗ is a T -cocontinuous map of distributive O-monoidal ∞-categories, then so is

DayO(C,ϖ) : DayO (C,E) −→DayO (C,D) .

(7) In the case that E⊗ is distributive and C is O-monodial, covariant transport is V -left Kan extension:

f∗Cx f∗Ex Ey ;

Cy

f∗F

µ⊗

µ⊗

µ⊛F
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Lemma II.3.54. Suppose we have a cartesian square of T -functors

A′ B′

A B

ι′

F′
⌟

F

ι

whose vertical arrows are exponentiable and whose horizontal arrows are fully faithful. Then, the Beck-

Chevalley natural transformation

ι∗F∗ =⇒ F′∗ι
′∗

is a natural equivalence.

Proof. Given T -functors D→A and D′→B′, we have natural equivalences

FunT ,/A (D, ι∗F∗D′) ≃ FunT ,/B′ (F
∗ι!D,D′)

FunT ,/A (D,F′∗ι′∗D′) ≃ FunT ,/B′
(
ι′!F
′∗D,D′

)
,

under which the Beck-Chevalley transformation corresponds with the Beck-Chevalley transformation

β : ι′!F
′∗ =⇒ F∗ι!;

we’re tasked with proving that β is a natural equivalence. But this is obvious. □

Proof of Proposition II.3.53. For Statement (1), as in the proof of [NS22, Prop. 3.1.9], noting that

every inert arrow in TotT O with elementary domain is an equivalence, we acquire a diagram

UC UC UO

UO ×TotT O Arint (TotT O)×TotT O TotT C Arint (TotT O)×TotT O TotT C TotT C TotT O

UO TotT O

∼
Uϕ Uϕ

ιUC ιUO

i

πUO

πC

ev0

ϕ

ι
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and apply the Beck-Chevalley equivalence of Lemma II.3.54 to acquire an equivalence over UO

UDayO (C,E) ≃ ι∗ ev0∗π
∗
Cϕ
∗E⊗

≃ πUO∗i∗π∗Cϕ
∗E⊗

≃ πUO∗ι∗UCϕ
∗E⊗

≃ πUO∗Uϕ∗ι∗UOE
⊗

≃Uϕ∗Uϕ∗UE

≃ F̃unUO (UC,UE) .

For Statement (2), the correspondence between diagrams of the form of Eq. (35) and V -morphisms

α̃ : F→ F′ lying over α was described above; in particular, for α̃ to be locally cocartesian (i.e. initial among

all such lifts) is equivalent to α̃ being initial among all such fillers. [Sha22, Thm. 6.2] establishes this as

precisely the universal property of weak πE -relative V -kan extension diagrams, giving the claim.

For Statement (3), we will show that the two have the same pointwise formulas. Indeed, write C̃x and C̃µ

for the top and bottom term of the lefthand side, so that the pointwise formula demands a weak πE -relative

V -colimit diagram

C̃/ℓx TotV E(
C̃/ℓx

)▷ (
C̃/ℓµ

)▷
C̃µ TotV O

πE

Now, πE is a cocartesian V -fibration by assumption, so [Sha22, Prop. 5.8] gives a pointwise formula for this

relative colimit diagram: informally, we may apply cocartesian transport along every morphism pointing to

the cocone point to replace this with a diagram

C̃/ℓx TotV E(
C̃/ℓx

)▷
{y} TotV O

πE

Then, [Sha22, Lem. 5.6] identifies weak relative colimits over constant diagrams as colimits in the fiber, i.e.

this is a weak relative colimit diagram if and only if it is refines to a V -colimit diagram

C̃/ℓx Ey TotV E

(
C̃/ℓx

)▷
{y} TotV O

πE
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Now, we may employ an observation mentioned in [NS22]: whenever ℓ ∈ Cµ, we acquire equivalences:

C/ℓx C̃/ℓx Ey TotV E

(
C/ℓx

)▷ (
C̃/ℓx

)▷
{y} TotV O

≃

πE

≃

Moreover, this composite lifting problem is precisely that for the pointwise formula for our distinguished

V -left Kan extension, yielding the “only if” direction. To prove the “if” direction, we have to prove that

Eq. (35) is a weak πE -relative V -left Kan extension diagram whenever it satisfies the pointwise formula for

ℓ ∈ Cµ ⊂ C̃µ. To do so, as in [NS22, Prop. 3.2.2], note that a W -object in C̃µ comes in one of three forms:

(i) a W -object of C̃x,

(ii) a W -object of Cµ, or

(iii) a pair of a morphism y→ p(e) and a lift e ∈ Ep(e) such that πp(e) = ∅W .

In the first case there is nothing to do; in the third case, Ep(e) is contractible, so the pointwise formula is

always satisfied. In the second case, we have already assumed that the pointwise formula is satisfied, giving

Statement (3). Then, Statement (4) follows from the pointwise formula for V -left Kan extension.

To conclude Statement (7), again following [NS22, Prop 3.2.2], we perform the usual trick for expressing

arbitrary Kan extension as Kan extension along full subcategory inclusions: the projection Cµ → ∆1 is a

cocartesian V -fibration whose fibers over {0} and {1} are f∗Cx and Cy , so [Sha22, Rmk. 2.14] shows that the

inclusions create V -Kan extensions, in the sense that given a diagram

f∗Cx f∗Cx D

Cy Cµ

µ⊗

G

ιx

ιy

the assembly transformation µ⊗!G =⇒ ιx!G ◦ ιy is an equivalence. The claim then follows by applying

two-out-of-three to identify the assmebly transformations for the two triangle diagrams.

Now, for Statement (5), O-monoidality is equivalent to compositionality of locally cocartesian arrows;

applying Statement (3), we’re tasked with verifying that the outer triangle in the following diagram is a
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V -left Kan extension diagram, where f is the arity of λ:

g∗f∗Cx g∗f∗Ex g∗Ey Ez

g∗Cµ

∆2 ×λ,µ,TotV O TotV C

Cλ◦µ

f∗F

ι

f∗µ⊗ λ⊗

f∗µ⊛F
λ⊗◦f∗µ⊛F

◦ λ⊛µ⊛F

By composing parameterized left Kan extensions, it suffices to prove that coassembly is a natural equivalence

ι! (λ⊗ ◦ f∗µ⊗ ◦ f∗F) =⇒ λ⊗ ◦ ι! (f∗µ⊛ ◦ f∗F) ;

this is implied by distributivity of E⊗ via Corollary II.3.29.

Now, we have an O-monoidal structure on DayO (C,E), and we must argue that it is distributive. Applying

Proposition II.3.31, it suffices to prove that it distributes R-sifted T -colimits and R-indexed coproducts

separately. R-sifted distributivity is easy; by Proposition II.3.31 it is equivalent to sifted cocontinuity of the

tensor multifunctors, and it follows by unwinding definitions that f∗ is R-sifted cocontinuous and the relevant

pre- and post-composition functors T -cocontinuous.

For FR-distributivity, draw the diagram

f∗S F̃unUO (UC,UE)x FunV

(
Cµ,Ey

)
FunV

(
Cy ,Ey

)

∗V

f∗p

f∗π

ιx,! ι∗y

f∗(π!p)

ι∗x◦ιy!◦f∗(π!p)

Then, the distributivity arrow is the assembly transformation

(f∗p)!

(
ι∗y ◦µ⊗,! ◦ f∗p

)
=⇒ ι∗y ◦µ⊗,! ◦ f∗ (π!p) ;

of course, ι∗y is V -colimit-preserving, so it suffices to prove that the transformation

(f∗p)!
(
µ⊗,! ◦ f∗p

)
=⇒ µ⊗,! ◦ f∗ (π!p)

is an equivalence. The universal property for pairing identifies this with the assembly arrow for a triangle

f∗ (UC × S) Ex Ey

f∗UC

p′

f∗π
′

µ⊗

f∗(π′!p′)

µ⊗◦f∗(π′!p′)
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whose inner triangle is f∗ applied to an S-left Kan extension diagram. Indeed, this transformation is an

equivalence by Corollary II.3.29.

Lastly, for Statement (6), using Statement (4) we find that the lax structure map of ϖ is given by the

assembly arrow, restricted to Cy , of the following diagram

f∗Dy

f∗Cx f∗Ex Ey Dy

Cy Cµ

µ⊗

F

ϖx

µ⊗ ϖy

µ⊛F

µ⊛ϖF

said another way, to verify O-monoidality, it suffices to show that postcomposition with ϖy preserves V -left

Kan extensions; T -cocontinuity of ϖ suffices. □

II.3.4.2 Functoriality of Day convolution in the base Now, in general given a map ψ : P⊗→O⊗ we may

expand this into a cartesian square
ψ∗C⊗ P⊗

C⊗ O⊗

ϕ′

ψ′ ψ

ϕ

Lemma II.3.55. Given a map ψ : P⊗→O⊗ and an O-promonoidal ∞-category C, ψ∗C⊗ is a P -promonoidal

∞-category.

Proof. ϕ′ restricts on active arrows to the pullback of ϕact, so it suffices to prove that exponentiable

arrows are closed under pullback. But exponentiability is measured fiberwise by Corollary I.1.54, so it reduces

to the nonequivariant case, which is [kerodon, Tag 05MQ]. □

Applying right adjoints to pullback on horizontal arrows yields a Beck-Chevalley transformation

(36) DayP (ψ∗C,ψ∗−) ≃ ϕ′∗ϕ′∗ψ∗(−) ≃ ϕ′∗ψ′∗ϕ∗(−)
βϕ∗

−−−−−−−−→ ψ∗ϕ∗ϕ
∗(−) ≃ ψ∗DayP (C,−) .

We use this to show naturality of Day convolution in the base.

Proposition II.3.56. Suppose ϕ : P⊗→O⊗ is a U -equivalence and E⊗ is a distributive O-monoidal ∞-category.

Then the lax P -monoidal functor

γ : DayP (ψ∗C,ψ∗E) −→ ψ∗DayO (C,E)

of Eq. (36) is an equivalence of P -monoidal ∞-categories.
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Proof. Applying Statement (3) and unwinding definitions shows that γ is P -monoidal, so it suffices to

prove that it is a U -equivalence.

Now, note for a general O-operad P⊗ that the map UP →UO classifies a T -operad map triv(UP )⊗→O⊗,

and moreover that the following square is cartesian:

triv(UP )⊗ P⊗

triv(UO)⊗ O⊗

⌟

iO

That is, the sliced underlying T -category functor OpT ,/O⊗ → CatT ,/UO is given by i∗O under the equivalence

CatT ,/UO ≃OpT ,/triv(UO)⊗ . Applying compositionality of Beck-Chevalley conditions to the above square yields

a diagram

Daytriv(P )(C,E) i∗PDayO(C,E) UDayP (C,E)

i∗Pψ
∗DayO(C,E) Uψ∗DayO(C,E)

triv(Uψ)∗Daytriv(O)(C,E) triv(Uψ)∗i∗ODayO(C,E)

γiP

γtriv(Uψ)

∼

i∗Pγψ Uγψ

∼

≃

triv(Uψ)∗γiO

where we have suppressed internal star-pullbacks for readability. Applying two-out-of-three, it then suffices

to prove our claim in two cases:

Case i the case that P⊗ ≃ triv(UO)⊗, or

Case ii the case that P⊗ and O⊗ are trivial.

By our previous analysis, the first case corresponds with the claim that UDayO (C,E) ≃ F̃unUO (UC,UE) of

Statement (1). Moreover, under this equivalence, the second case amounts to verifying an equivalence

F̃unUP (UC ×UO UP ,UE ×UO UP ) ≃ ψ∗F̃unUO (UC,UE)

for C,E ,P ∈ CatT ,/UO; this is Proposition I.1.56. □

II.3.4.3 Algebras and functoriality of Day convolution in the domain This Beck-Chevalley condition

allows us to describe algebras in this case.

Corollary II.3.57. If P⊗→O⊗ is a U -equivalence and E⊗ a distributive O-monoidal ∞-category, then

AlgP /ODayO (C,E) ≃ Algψ∗C/P (π∗E) ,
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naturally in P . In particular, we have a commutative diagram of equivalences

Alg/ODayO(C,E) AlgC/O(E)

UDayO (C,E) FunT ,/O (UC,UE)

∼

U U

∼

Proof. After Proposition II.3.56 it suffices to prove this in the case P⊗ ≃ O⊗. But this follows by

abstract nonsense, as

Alg/Oϕ∗ϕ
∗E ≃ Algϕ!ϕ∗O/OE

≃ AlgC/OE . □

Now having addressed functoriality in two of the three variables for Day convolution, we are left with

discussing functoriality in the third, the promonoidal one. This is not too hard; by the previous corollary, to

construct a natural lax O-monodial functor

DayO(C,−)→DayO(B,−),

it is equivalent to construct a natural transformation

AlgC/O (−) =⇒ AlgB/O (−) ;

following Theorem II.3.38, we may choose O-operadic left Kan extension.

Proposition II.3.58. The O-operadic left Kan extension lax O-monoidal functor F! : DayO (C,E)→DayO (B,E)

is O-monoidal.

Proof. Once more, this follows by examining Statement (3); unwinding definitions and using commuta-

tivity of the lefthand diagram, the lax structure map for µ is the assembly transformation of outer triangle

for the following diagram

f∗Cx f∗Ex Ey ;

f∗Bx Cµ

Bµ

(FU )

ρ

µ⊗

µ̃⊛FU

Of course, this is an equivalence by transitivity of V -left Kan extensions. □

II.3.4.4 Pairability, and putting the proof together
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Proof of Proposition II.3.51. As in [NS22], we have a morphism of spans

Tot♭O Arint(Tot♭O)×ev1,Tot♭O Tot♭C Tot♭C

TotbigO Arint(TotbigO)×ev1,TotbigO TotbigC TotbigC

ev0 πC

ev0 πC

whose left and right vertical morphisms are Morita equivalences by Theorem I.4.1. In particular, it suffices to

prove that the upper span is pairable.

To prove this, we verify the conditions of Proposition I.2.60, mostly by analogous proofs to the paragraphs

of the same numbers appearing in [NS22, Prop. 3.1.4]. For completeness, we include those proofs here,

improving or simplifying whenever possible.

For Condition (p-1), Shah wrote his work on promonoidal Day convolution to be sufficiently general. In

particular, we may simply apply [Sha22, Lem. 10.1] for the inert-active factorization system on TotTotbigO.

Likewise for Condition (p-4), part (1) of [Sha22, Prop. 3.5] shows that ev0 : Arint TotbigO → TotbigO

is a cartesian fibration with cartesian edges those squares who evaluate to active arrows (equivalently, to

equivalences) under ev1.

Now, Condition (p-5’) demonstrates why we (and Nardin-Shah) chose big parameterization: drawing

the diagram

Arint TotbigO Arint TotbigF∗,T

TotbigO TotbigF∗,T

and noting that each horizontal arrow has cocartesian lifts for inert morphisms, cancellation for cocartesian

morphisms implies that it suffices to verify Condition (p-5’) in the case O⊗ = Comm⊗T . Indeed, TotbigFint
T ,∗ ⊂

Ar(FT )op is the wide subcategory whose morphisms are pointwise summand inclusions and Arint TotbigF∗,T ⊂

Fun(∆1 ×∆1,FT )op the full subcategory of squares whose horizontal arrows are summand inclusions; ev0-

cocartesian arrows then correspond with cubes

Q Q ×T T ′

T T ′

R R′ ×S S ′

S S ′

whose top and bottom face are cartesian, which exist in ArAr(FT ) by atomic orbitality and in ArintAr(FT )

by pullback-stability of summand inclusions. Note that R×S S ′ is not in general an orbit, which is why we

passed to the FT -parameterized pattern for T -operads.
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For Condition (p-6), we must cleverly choose a sufficient set of generalized TotbigO-Segal conditions.

We suggest a simpler choice than Nardin-Shah: following Lurie’s convention, choosing the sufficient set

of generalized Segal conditions
{
pR⊔S,X

}
of Corollary I.4.34 (and using Theorem I.4.1 to transfer them to

TotbigO), a generic ev0-cocartesian section of ϕR⊔S,X looks as follows, where each dotted 7→ arrow denotes

cocartesian lifts, each C− lives in C, X− in O, and the rest in FT ,∗ or FT as appropriate.

CR′ CR′⊔S ′ CS ′

CR C CS

R′+ XR′ XR′⊔S ′ XS ′

R+ XR X XS

T T T T

V V V V

⌟

The other diagonal arity quadrilaterals are also pullback diagrams. Now, the summand decomposition of

R′ ⊔ S ′ induced by its morphism to R⊔ S under disjunctiveness of FT has inclusion maps the arities of the

middle (or top) top horizontal morphisms. In particular, the lower back squares together and outer back

squares form the generalized Segal conditions pR′⊔S ′ ,XR′⊔S′ , and pR′⊔S ′ ,CR′⊔S′ ; the later yields Condition (p-6).

For Condition (p-7), this is easy; we find ourself in the situation

C C D

XR X X

ψπg

ϕπf

Unwinding definitions, we’re tasked with asking that the arrows lying over f are inert if and only if the

composite arrows are inert; both are equivalent to ϕπf being inert.

Lastly, Condition (p-8) is similarly easy; we have a diagram

CR C D

XR X X

ψπf ϕπg

ϕf

whose hooked arrows are inert, and we’re asking that πg is inert if and only if πg ◦πf is inert; this is just

cancellation for inert arrows. □

We’ve proved every part of the claim, so we may now put them together.
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Proof of Theorem II.3.48. Proposition II.3.51 proves pairability of a span underlying a span of

T -algebraic patterns; we may apply Proposition I.3.17 to acquire an adjunction of T -(∞,2)-categories, whose

left adjoint is ϕ∗ by Observation II.3.50.

The distributivity and presentability statements are Proposition II.3.53, as is the fact that equivalence

UDayO(−,−) ≃ FunT (U−,U−) in the one color case. The functoriality in the codomain and domain called

for are established in Proposition II.3.53 and Proposition II.3.58 respectively; functoriality in the base

is Proposition II.3.56, and the desired naturality square follows by applying this along the unique map

triv⊗T →O
⊗. The formula for algebras is Corollary II.3.57. □

II.3.5 Idempotent parameterized commutative algebras and parameterized mode theory

II.3.5.1 Idempotent algebras We may now approach parameterized modes via idempotence. Fix, for this

section, I a unital weak indexing category.

Definition II.3.59. We say that an E0-algebra 1→ Y is idempotent if the induced map

id⊗η : Y ≃ Y ⊗ 1 −→ Y ⊗Y

is an equivalence. More generally, we say that an I-commutative algebra X is idempotent if, for all I-admissible

maps of finite T -spaces f : T ⊔ S→ S whose underlying map S→ S is identity, the structure map

µ : X⊗T ⊗X⊗S −→ X⊗S

is an equivalence. We write CAlgidem
I (C) ⊂ CAlgI (C) for the full subcategory of these. ◁

We extend the main beats of idempotent algebras to our setting. For convenience, assume that I is an

indexing category; equivalently, replace it with an atomic orbital subcategory R⊂ T .

Proposition II.3.60. Let C be an R-symmetric monoidal ∞-category. The composite functor

U : CAlgidem
R (C) ↪→ CAlgR (C) ≃ CAlgRAlg⊗E0

(C) −→ AlgE0
(C)

is fully faithful with image those 1→ Y satisfying the following equivalent conditions:

(a) for all R-admissible finite V -sets T , the unit map tensors to an equivalence

Y ⊗V ≃ Y ⊗V ⊗ 1⊗T
∼−−−−→ Y ⊗T⊔V ,

(b) Y is idempotent and, for all R-admissible finite V -sets T , Y ⊗V admits the structure of a module

over the unique idempotent commutative algebra lifting Y ⊗T ,

(c) Y is idempotent and −⊗Y : C →ModY (C) is an R-symmetric monoidal T -localization, or
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(d) Y is idempotent and admits an R-commutative algebra structure.

Moreover, CAlgidem,⊗
R (C) ⊂ CAlg⊗R(C) is a symmetric monoidal full subcategory which is a poset with relation

(37) Y ′ ≤ Y ⇐⇒ Y ∈ModY ′ (C) .

and with tensor product determined by the property

(38) ModY ′⊗Y (C) = ModY ′ (C)∩ModY (C) ⊂ Γ T C.

We refer to these as R-idempotents. Throughout, by ModY (C) we mean AlgInflTe LMod(C)×Alg(C) {Y }, and

likewise for ModY (C)̧ where LMod is the left-modules operad of [HA, § 4.2.1]. We begin as follows.

Lemma II.3.61. If 1→ Y is an idempotent E0-algebra, then so is 1 ≃ 1⊗T → Y ⊗T .

Proof. This is the image of 1→ Y under the composite symmetric monoidal functor

f⊗CV
∆T−−−−−→ CT

f⊗−−−−→ CV ,

and symmetric monoidal functors preserve idempotence of E0-algebras.8 □

Lemma II.3.62. Given X,X ′ ∈ CAlgidem
R (C) whose underlying E0-algebra satisfies (a) through (d), we have

MapCAlgRC
(X,X ′) ≃


∗ X ′ ∈ModX (C)

∅ otherwise.

Proof. The proof of [HA, Prop. 4.8.2.9] generalizes; now, note that the second case is clear by the

existence of the functor CAlgidem
R (C)→ AlgE⊗0 (C) and the same property (due to Lurie) for idempotent E0-

algebras, so we’re tasked with proving that the mapping space is contractible in the case that X ′ ∈ModX (C);

for this, we simply use that the image of the unit under the free Y -module functor Y ≃ 1⊗Y ∈ CAlgR (ModY C)

is initial, as 1 ∈ CAlgR (C) is initial by Corollary II.2.16. □

Proof of Proposition II.3.60. We first prove that the above conditions are equivalent. Now, (a)

⇐⇒ (b) is obvious in light of the characterization of modules over idempotent algebras [HA, Prop. 4.8.2.10].

Assuming (b), suppose f : A→ b is an −⊗YU -equivalence; then, under the naturality square

NV
U A⊗N

V
U YU NV

U B⊗N
V
U YU

NV
U (A⊗Y ) NV

U (B⊗Y )

NV
U f ⊗N

V
U Y

≃ ≃

NV
U (f ⊗Y )

8 To get the symmetric monoidal structure on f⊗, pass through the equivalence CMonR(Cat) ≃ CMonRCMon(Cat).
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we find that NV
U f is a −⊗NV

U YU -equivalence, and hence an −⊗YV -equivalence under (b), i.e. (b) =⇒ (c).

Now, (c) =⇒ (d) follows by the fact that Y is the image of the normed algebra 1 under the R-symmetric

monoidal localization − ⊗ Y (see Proposition II.2.57). Finally, the equivalence CAlgR (C) ≃ CAlgRCAlgC

constructs an E∞-structure on the T -indexed multiplication map Y ⊗T → Y , yielding a structure of a Y ⊗T -

algebra (hence module) on Y , i.e. showing that (d) implies (b).

Now, for the essential image, note that the trick of [HA, Prop. 4.8.2.9] lifts to the parameterized world;

indeed by the Segal condition for R-symmetric monoidal C-categories we may assume S = V in the defining

property for CAlgidem
R (C), and unitality shows that the T ⊔V → V -indexed multiplication map is split by

the tensored unit map, so one is an equivalence if and only if the other is. In particular, the essential image

is precisely those E⊗0 -algebras satisfying (a). Moreover, Equations (37) and (38) follows directly from the

same statements non-parameterized, which are shown in the proof of [HA, Prop. 4.8.2.9] and in [CSY20,

Prop. 5.1.8].

We are left with verifying that our functor is fully faithful. Combining the mapping space formula with

Lemma II.3.62 shows that the morphism of mapping spaces is always an endomorphism of ∗ or ∅; these are

all equivalences, as desired. □

Going in the other direction, fixing Y we have a fixed quantity (i.e. element of the poset of atomic

orbital subcategories) characterizing how normed Y is as an idempotent:

Corollary II.3.63. Fix C an R-symmetric monoidal ∞-category, and R′ ,R′′ ⊂R atomic orbital subcategories.

If Y ∈ AlgE0
(C) is R′-idempotent and R′′-idempotent, then Y is R′ ∨R′′-idempotent; in particular, there

exists a maximal atomic orbital subcategory Rm(Y ) ⊂R such that Y is m(Y )-idempotent.

Proof. By Propositions II.2.57 and II.3.60 it follows that the unital weak indexing category m(C →

ModY (C)) is maximal among weak indexing categories I such that Y admits an I-commutative algebra

structure. But CAlgidem,⊗(C)→ Alg⊗E0
(C) is an R-symmetric monoidal full subcategory by Proposition II.3.60

and Lemma II.3.61, and so an idempotent I-commutative algebra interchanges with the underlying E∞-

structure in an essentially unique way, lifting it to an idempotent I ∩ I∞-structure, so m(C →ModY (C)) is an

indexing category. Rm(Y ) is the corresponding atomic orbital subcategory under Proposition I.1.97. □

We refer to elements of CAlgidem
R PrLT as R-modes, or T -modes in the case R ≃ o(T ). The following

crucial corollary follows immediately.

Corollary II.3.64. If M : ST →M witnesses M as an idempotent E0-algebra in PrLT , then the following

conditions are equivalent.

(a) M witnesses M as an R-mode,
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(b) M and M jointly extend to distributive R-symmetric monoidal structures, and

(c) the smashing localization on PrLT classified by M is R-symmetric monoidal.

In this situation, the space of distributive R-symmetric monoidal structures on M with unit classified by M is

contractible; otherwise it is empty.

II.3.5.2 Localization of modes We begin by lifting [CSY20, Prop. 5.2.10]. Morally, if M is a mode,

then M-modules are canonically enriched and tensored over M, and LM becomes a mode measuring which

M-modules have L-local mapping objects, as multiplicative as L itself.

Proposition II.3.65. Suppose M→ LM is an R-symmetric monoidal accessible localization of an R-mode.

Then, the composite functor ST → LM exhibits LM as an R-mode; moreover, for C ∈ PrLT , C is an LM-module

if and only if it is an M-module whose M-enriched Yoneda embedding

よ
M
C : C ≃ FunRT (Cop,M) −→ FunT (Cop,M)

factors through the inclusion Fun(Cop,LM) ↪→ Fun(Cop,M).

Proof. Our proof is extremely similar to [CSY20, Prop. 5.2.10]; indeed, since LM admits a presentably

R-symmetric monoidal structure under ST by Corollary II.3.36, it suffices to prove that ST → LM exhibits

it as an idempotent algebra classifying the described property. This follows mutatis mutandis from loc. cit.,

but we include a minor variation of that proof here for completeness.

Now¸ we’re tasked with proving that the tensored unit T -functor

η′ : LM≃ LM⊗ST −→ LM⊗LM

is an equivalence; since LM admits a presentably symmetric monoidal structure, it admits a retract in PrLT

given by binary tensor product, and hence a retract in CatT . Now, moreover note that η is equivalent to the

composition

LM≃ LM⊗M id×L−−−−−−−−→ LM⊗LM;

in particular, applying the right adjoint to L yields a section to η′ in CatT . It suffices to note that every

morphism in a 1-category (in this case, hoCatT ) which is a section and retract is an isomorphism.

To conclude, we’re tasked with characterizing LM-modules. Now, note that

FunRT (Cop,LM) ≃ FunRT (Cop,M)×FunT (Cop,M) FunT (Cop,LM) ;
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that is, for a general M-module C,

C ⊗LM≃ FunRT (Cop,LM) ⊂ FunRT (Cop,M) ≃ C

is the full subcategory spanned by T -continuousM-valued presheaves which are pointwise L-local. The result

follows. □

Example II.3.66. ST ,≤n is a T -mode; it classifies the property of a presentable T -∞-category that each of its

fixed points is an (n+ 1)-category. ◁

II.3.5.3 Pointed T -spaces We have a canonical inclusion

∆1 ⊂ InflTe S ⊂ ST ;

its essential image has V -objects the initial or terminal V -objects.

Lemma II.3.67. ∆1 ⊂ ST is a T -symmetric monoidal full subcategory

Proof. It suffices to note that the tuples of initial and terminal V -spaces are closed under arbitrary

finite T -products; indeed initial V -objects are absorptive since they have empty mapping spaces from all

other V -objects, and terminal V -spaces preserve this class as they are the T -symmetric monoidal unit. □

Now, we may lift an easy result of Nardin-Shah.

Proposition II.3.68. The localization

L : Day
(
∆1,ST

)
−→ ST ,∗

is T -symmetric monoidal, and the resulting T -symmetric monoidal ∞-category S∧∗ is presentable.

Proof of Proposition II.3.68. T -symmetric monoidality of the localization follows by applying the

argument as [NS22, Ex. 3.2.8] verbatim. For accessibility, it suffices to note that

ST ,∗ ⊂ FunT
(
∆1,ST

)
×ev0,ST {∗T }

is closed under weakly contractible T -colimits by T -cocontinuity of ev0 Proposition I.1.38, and filtered

T -colimits are weakly contractible. Presentability then follows by Corollary II.3.36. □

Corollary II.3.69. (−)+ : ST →ST ,∗ witnesses pointed T -spaces as a T -mode classifying pointedness.

Proof. If we know that it exhibits it as a T ≃-mode classifying pointedness, then by Proposition II.3.68,

the associated symmetric monoidal structure extends to a presentable T -symmetric monoidal structure, so

the result follows by Corollary II.3.64.
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The T ≃-mode property and its corresponding property is well-known: one simply notes that C ≃ C∗ if

and only if C is pointed [CLL23, Cor. 4.16], that ST ,∗ is pointed, and that

C ⊗ST ,∗ ≃ FunRT
(
Cop,FunI0−⊕T

(
∆1,ST

))
≃ FunI0−⊕T

(
∆1,FunRT

(
Cop,ST

))
≃ FunI0−⊕T

(
∆1,C

)
≃ C∗. □

II.3.6 Parameterized formal inversion modes Following the theme that we are simply describing multi-

plicativity of constructions well known to experts, we now describe multiplicativity of Cnossen’s parameterized

lift of Robalo’s formal inversions. We’ll use the following terminology.

Definition II.3.70. A full T -subcategory B ⊂ C is generated in top-degree if, for all maps U → V and X ∈ BU ,

there exists some Y ∈ BV and equivalence ResVU Y ≃ X. ◁

Cnossen-Robalo’s relevant results are the following [Cno23].

Proposition II.3.71. Suppose E ⊂ C is a small-generated full T -subcategory of a presentably symmetric monoidal

T -∞-category which is generated in top degree. Then, the assignment C
[
E−1

]
: V 7→ CV

[
EV ,−1

]
constructs a

presentably symmetric monoidal T -∞-category under C satisfying the universal property that precomposition

FunL,⊗I∞
(
C
[
E−1

]
,D

)
−→ FunL,⊗I∞ (C,D)

with essential image those symmetric monoidal T -left adjoints whose restriction to E has ⊗-invertible values.

Our theorem concerning this is the following; the case R = T ≃ is alluded to in [Cno23].

Theorem II.3.72. Suppose E ⊂M is a small-generated symmetric monoidal full T -subcategory of an R-mode

Then the E-inversion map Σ∞E : M → M
[
E−1

]
exhibits the codomain as an T ≃-mode such that C is an

M
[
E−1

]
-module if and only if it is an M-module such that, for all X ∈ EV , the composite endofunctor

CV ≃ CV × {X} ↪→CV ×MV ⊗−−−−−→ CV

is invertible. Suppose moreover that the following conditions hold for each X ∈ EV :

(a) (symmetric) there exists some n ∈ N such that X⊗3 ⊗X⊗n ∈ Fun(BΣ3,EV ) has trivial action.

(b) (accessible) X is κ-compact for some regular cardinal κ.
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Then multiplicativity of the formal inversion agrees with that of the subcategory:

m
(
M

[
E−1

])
≃m

({
M ∈M

∣∣∣∣ (
Σ∞E M

)−1
∈M

[
E−1

]})
, .

i.e. the multiplicativity of those M becoming invertible in M
[
E−1

]
.

Before proving this, we prove our main corollary to it, using the following definition.

Definition II.3.73. An R-multiplicative G-universe is a G-universe V admitting a linear isometric embedding

NH
K ResGK V ↪→ ResGH V for all R-admissible inclusions K ⊂H . ◁

Corollary II.3.74. Given G a compact Lie group and V an R-multiplicative G-universe, Sp
V

is an R-mode;

in particular, Sp
G

is a G-mode.

Proof. By Corollary II.3.69, we already know that S∧G,∗ is a G-mode; the uniqueness of the Mode

structure ensures that the smash product and smash norm are the indexed tensor functors for this structure,

so SV =
{
SW | ∃ embedding W ↪→ ResGH V

}
⊂ S∧G,∗ is a small R-symmetric monoidal full G-subcategory. Hence

Corollary II.3.74 implies that SG,∗
[
S−V

]
is a T ∼-mode, and this agrees with Sp

V
by definition.

Condition (a) is routine, and addressed e.g. in [Hoy17, Lem. 5.21]. All that remains is Condition (b),

for which we note that each SW is compact; indeed, as orbits are obviously compact, every finite G-CW

complex is a finite colimit of compact objects, and hence itself compact. □

Remark II.3.75. This is often sharp; to see so, fix V a G-universe. If W ⊂ V is a finite-dimensional K-

subrepresentation, Sp
G

is an R-mode, and K → H lies in R, then Σ∞SIndHKW ≃ NH
K Σ∞SW is ⊗-invertible

since NH
K admits a symmetric monoidal structure. That is, replacing V with V ′ =

⊕
S−W ∈SpV

W and writing

m(V ′) = max {R | V ′ is R-multiplicative}, we find that

m(V ′) = m
(
Sp

V

)
;

in particular, whenever V = V ′ and R = m(V ′), Corollary II.3.74 is sharp. ◁

Remark II.3.76. In the case T = Pro(FinGpd) is the category of profinite groupoids and R consists of finitely-

presented maps, our construction agrees with that of [BH21, § 9], and in particular demonstrates their normed

structure to underly a Pro(FinGpd)-parameterized fp-mode. In particular, restricting to the finite group case,

we have demonstrated their Sp⊗
G

to be a G-mode. This was already done in Nardin’s thesis [Nar17] via a

different argument, which had notable gaps.

More generally, [GM23, § C] identifies the underlying symmetric monoidal ∞-category Sp⊗G with the

symemtric monoidal ∞-category presented by orthogonal G-spectra, and Σ∞ ⊣Ω∞ the derived adjunction of

a pointset model. ◁
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Before moving on, we construct EV -structures on Thom G-spectra of V -fold loop maps.

Construction II.3.77. Since (−)≃ : CatT → ST is a G-right adjoint, it is G-continuous, and hence lifts to a

cartesian G-symmetric monoidal functor under Theorem II.2.1; applying a similar argument constructs a

G-symmetric monoidal functor (−)× : Alg(ST )→ Alggp(ST ). We define the G-symmetric monoidal Picard

space functor Pic : Cat⊗T ,E1
→ST as the pullback G-symmetric monoidal functor

Pic(C) C≃

π×0C≃ π0C≃

⌟

In particular, given a T -operad O⊗, O ⊗E1-T -space maps X → Pic(C) are in correspondence with O ⊗E1-

functors X→C in the case that X has grouplike underling E1-T -space. We define the O-algebra Thom object

functor as the object

MapAlgO(SG) (X,Pic(C)) AlgODayX/O (C)≃ AlgO(C)

MapSG (X,Pic(C)) FunG(X,C)≃ C

U

p!

U U

colim

and in the case of loop maps, using the recognition principle, we acquire a composition

MapSG

(
BVX,BV Pic(C)

)
MapAlgEV (SG) (X,Pic(C)) AlgEV DayX/O (C)≃ AlgEV (C)

MapSG (X,Pic(C)) FunG(X,C)≃ C

∼

ΩV U

p!

U U

colim

We refer to this as the conventional EV -structure on V -loop Thom spectra. ◁

We will not study this further, but the author believes a strategy akin to that of [QZ25] will be helpful

to raise this to T -symmetric functoriality functoriality out of ST ,/Pic(C) and express a universal property

relating it to more traditional notions of equivariant Thom spectra.

II.3.6.1 The T ≃-mode Now, we will prove this via the same trick as always: prove it is a T ≃-mode in

an essentially nonequivariant manner, then construct a distributive m(E)-symmetric monoidal lift. For the

firststep , we give a parameterized analog to Robalo’s (nonparameterized) ∞-categorical lift of a result of

Tabuada [Rob15, Prop. 2.2]

Proposition II.3.78. Let M⊗ be a presentably symmetric monoidal T -∞-category and E ⊂M a symmetric

monoidal full T -subcategory small-generated in top degree.
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(1) Base-change along Σ∞E : M⊗→M
[
E−1

]⊗
implements a fully faithful functor

Σ
∞,∗
E : ModM[E−1](ĈatT ) ↪→ModM(ĈatT )

with essential image spanned by those M-modules E satisfying the condition that, for all V ∈ T and

E ∈ EV , the action V -functor yields an automorphism

M ⊗ (−) : CV ≃ {E} × CV ↪→MV ×CV −→ CV .

(2) Base-change along Σ∞E : M⊗→M
[
E−1

]
implements a fully faithful functor

Σ
∞,∗
E : ModM[E−1](PrLT ) ↪→ModM(PrLT )

with essential image spanned those M-modules which are M
[
E−1

]
-modules in ĈatT .

Proof. Applying the natural equivalence

AlgInflTe O
CoeffT (D)× ≃ CoeffT AlgO(D×)

to O⊗ ≃ LMod⊗ and noting that formal inversion is defined fiberwise reduces the first claim immediately to

the nonequivariant case, where it becomes [Rob15, Prop. 2.2] after universe expansion. The second claim

follows from the fact that PrL,⊗T ⊂
(
C̃atT

)×
is a T -suboperad under Theorem I.3.51. □

We also need a fairly standard lemma in nonequivariant higher algebra.

Lemma II.3.79. If D⊗ is a presentably symmetric monoidal ∞-category, then the following conditions on a

commutative algebra X ∈ CAlg(D) are equivalent:

(a) The underlying E0-algebra of X is idempotent, and

(b) The forgetful functor ModX(C)→C is fully faithful.

Proof. The fact that (a) implies (b) is [HA, Prop. 4.8.2.10]. Conversely, (−)⊗X : C → C agrees with the

free X-module monad by [HA, Cor. 4.2.4.8] and [HA, Prop. 4.5.1.5], so (b) implies (a) under part (2) of [HA,

Prop. 4.8.2.4]. □

We may conclude the following.

Proposition II.3.80. In Theorem II.3.72, Σ∞E exhibits M
[
E−1

]
as a T ≃-mode with the indicated modules.

Proof. Proposition II.3.78 and Lemma II.3.79 shows that the forgetful functor

ModM[E−1](PrLT )
Σ
∞,∗
E−−−−−−−−→ModM(PrLT )

U−−−−−−→ PrLT
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is fully faithful, so M
[
E−1

]
∈ PrLT is an idempotent algebra via Lemma II.3.79; Proposition II.3.78 provides

the correct formula for its modules. □

II.3.6.2 Norms on formal inversion modes For multiplicativity, we use a trick reminiscent of [LLP25]:

there exists a fully faithful embedding

CMonRCoeffT D× ≃ SegSpanR(FT )(D) ↪→ CoeffSpanR(FT )(D),

so R-commutative monoids in D may be viewed just as a mildly special kind of parameterized D-object. In

particular, under the equivalence CMonR(Catsift) ≃ CMonRCMon(Catsift) of Remark II.2.36, nonequivariantly

sifted-distributive R-symmetric monoidal ∞-categories embed into CoeffSpanR(FT )
(
CMonCatsift

)
.

Lemma II.3.81. If E⊗ ⊂M⊗ is an R-symmetric monoidal full subcategory small-generated in top degree, then

the full SpanR(FT )-subcategory Ẽ ⊂ M̃ spanned by S-objects
⋂

f : S→V
V ∈T

f ∗E is small-generated in top degree.

Proof. Suppose E0 ⊂ E is a small full T -subcategory of generators; it follows by unwinding definitions

that Ẽ0 ⊂ Ẽ is a small full SpanR(FT )-subcategory of generators. Generation in top degree is automatic by

definition. □

From this, we define the SpanR (FT )-parameterized formal inversion

Σ̃∞E : M̃ −→ M̃
[
Ẽ−1

]
This is exactly the R-symmetric monoidal structure we want:

Proposition II.3.82. Σ̃∞E : M̃ → M̃
[
E−1

]
underlies an R-symmetric monoidal functor whose corresponding

symmetric monoidal T -functor is Σ∞E .

Proof. Unwinding definitions, the formal inversion is curried from a composition

SpanR (FT ) Cat⊗aug ArCat⊗,
(E•↪→M•) ηL

where Cat⊗aug ≃ Cat⊗ ×Cat Cataug and Cataug ⊂ Ar(Cat) consists of the full subcategories and ηL is the unit

of the adjunction corresponding with the left adjoint L to (−)inv : Cat⊗→ Cat⊗ constructed by an evident

variation of [Cno23, Lem. 2.42].

To prove that Σ̃∞E is R-symmetric monoidal, it suffices to prove that ηL is product preserving, i.e. the

left adjoint L is product-preserving. That is, we must prove that

C ×D
[
EC ×E−1

D
]
≃ C

[
E−1
C

]
×D

[
E−1
D

]
,
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i.e. the righthand side satisfies the universal property of formal inversion of EC × ED. Indeed, this follows

by unwinding the definitions. It moreover follows by naturality of everything involved that the underlying

symmetric monoidal T -functor of our construction is Σ∞E . □

Crucially, this preserves distributivity in the setting where we care for multiplicativity.

Proposition II.3.83. IfM⊗ is K-distributive and E satisfies Conditions (a) and (b), then the induced structure

on M
[
E−1

]
is K-distributive.

Proof. Applying Proposition II.3.37, it suffices to prove that there exists a sifted diagram

(ϕ,E) : K −→ FunT
(
M

[
E−1

]
,M

)
×Minv

such that colimk∈Kϕ(k)⊗E(k) ≃ idM; following the discussion in [Hoy17, § 6.1], we may reduce to the case

that the subcategory E ⊂M consists of a single T -object X.

Now, it suffices to construct (ϕ,E) in the nonequivariant case, naturally in M and X, so specialize to

that case. [Rob15, Cor. 2.22] yields a limit diagram

M
[
X−1

]
≃ lim

(
· · · Ω

X

−−−→M ΩX

−−−→M
)

by Condition (a) where ΩX ≃mapM(X,−) is the internal hom from X, and the right adjoint Ω∞E ⊢ Σ
∞
E is the

corresponding functor to the last element. This lies in PrR by Condition (b) and the adjoint functor theorem.

The argument of [HTT, Prop. 5.5.7.6] then naturally expresses idM[X−1] as a filtered colimit

idM[X−1] ≃ colimn→∞Σ−nXΣ∞XΩ
∞
XΩ

−nX ,

yielding the claim. □

Proof of Theorem II.3.72. Proposition II.3.80 proves the first sentence. Write N for the desired

multiplicativity. For the remaining statement, by Proposition II.3.60, it suffices to do the following:

(i) construct an N -symmetric monoidal structure on Σ∞E such that M
[
E−1

]
is distributive, and

(ii) prove that m
(
Σ∞E

)
⊂N .

Now, replacing E with
{
E

∣∣∣∣ (
Σ∞E E

)−1
∈M

[
E−1

]}
, (i) follows immediately from Proposition II.3.83. For (ii),

given an orbit map f : U → V lying in m
(
Σ∞E

)
, we acquire a commutative diagram

MU M
[
E−1

]U

MV M
[
E−1

]V
Σ∞E

NV
U NV

U

Σ∞E
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Symmetric monoidality of NV
U then implies that whenever E ∈ MU has Σ∞E E admitting ⊗-inverse F, the

V -object NV
U E admits ⊗-inverse NV

U F, i.e. f ∈ N . □

II.3.7 Digression: the equivariant chromatic localizations Now, we will work out some examples arising

in chromatic equivariant homotopy theory, following Hill [Hil17]; we do not claim to any originality. First, a

description of multiplicativity of localizations via their quotients.

II.3.7.1 Multiplicativity via kernels Let Ker(L)B L−1 {0}.

Proposition II.3.84. Suppose C is a fiberwise-stable distributive R-symmetric monoidal ∞-category subject

to the condition that, for all R-maps U → V , there exists a sifted diagram p : K→ Fun
(
CV ,CV

)
, pointwise

factoring through NV
U C

U , such that colimp = id. Then, given L : C → LC a symmetric monoidal T -localization,

we have m (Ker(L) ↪→C) = m (C → LC).

Proof. A V -morphism f : A→ B is an L-equivalence if and only if cof(f ) ∈ Ker(L) by the fact that L is

a left adjoint, and hence righ-exact; moreover, every V -object of the kernel arises in such a way, for instance

as a cofiber of the null map to itself.

Now, sifted-cocontinuity of C shows that NV
U preserves cofibers of split maps, such as the null map; if

all L-equivalences of f are taken to L-equivalences under NV
U , then preservation of the L-equivalence 0→ A

shows that L preserves the kernel, i.e. m(C → LC) ⊂m(Ker(L) ↪→C).

For the other direction, we may simply resolve a map A→NV
U cof(f ) by norms of maps Ak → cof(fk),

where Ak is L-acyclic, by sifted-cocontinuity of NK
U and whenever f ∈m)Ker(L) ↪→C); this shows that such

maps are null, ie. f ∈m(C → LC). □

Corollary II.3.85. In the situation of Proposition II.3.84, suppose additionally that

(a) C → LC is a fiberwise-finite localization in the sense that Ker(L) is fiberwise generated under colimits

by its compact objects Ker(L)ω, and

(b) Cω ⊂ C is an R-symmetric monoidal full subcategory.

Then, m (C → LC) = m (Ker(L)ω ↪→Cω).

To prove this, we write down an easy lemma.

Lemma II.3.86. Suppose E ,D ⊂ C is a pair of symmetric monoidal full T -subcategory inclusions such that

(a) C has a distinguished distributive R-symmetric monoidal structure,

(b) D is closed under sifted colimits,

(c) E is an R-symmetric monoidal subcategory, and

(d) D∩E generates D under sifted colimits.
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Then, m(D ↪→C) = m(D∩E ↪→C).

Proof. The lefthand side is obviously contained within the right by R-symmetric monoidality of E, so

assume that D∩E is closed under norms along the R-admissible map U → V . Given an object D ∈ DU ,

write a sifted resolution D ≃ colimk∈KEk such that Ek ∈ DU ∩EU for all k; then, distributivity guarantees

that NV
UD ≃ colimk∈KN

V
U Ek . This is a sifted colimit of objects in DV ∩EV by assumption, and hence it lies

in DV , as desired. □

Proof of Corollary II.3.85. Compact objects are closed under finite colimits, so our assumption

is equivalent to the condition that Ker(L) is generated fiberwrise under filtered (hence sifted) colimits by

compact objects. We find ourselves in the situation of Lemma II.3.86 for D = Ker(L) and E = Cω and the

result follows. □

II.3.7.2 Norms on equivariant chromatic localizations Fix G a compact Lie group. To stay relatively

self-contained, we construct geometric fixed points without residual Weyl-group action.

Construction II.3.87. Under Proposition II.3.71, define the geometric fixed points as the essentially unique

symmetric monoidal left adjoint making the following diagram commute:

SG,∗ SpG

S∗ Sp

Σ∞

FG ΦG

Σ∞

More generally, we define ΦH B ΦH ◦ResGH : SpG→ Sp. ◁

We use this to give an important invariant of chromatic localizations:

Construction II.3.88. Suppose X ⊂ SpωG,(p) is a p-local thick ⊗-ideal. The vanishing function of X is the

function v•(X ) : π0OG→ [0,∞] defined by

vH (X ) = sup
{
ℓ ∈ N

∣∣∣ ∀X ∈ X , K(ℓ)⊗XΦH , 0
}
. ◁

Now, Balmer-Sanders recognized that a standard isotropy separation argument shows that every prime

tensor ideal must have geometric fixed points concentrated at some conjugacy class (H) ⊂ G; this was extended

to compact Lie groups by Barthel-Greenlees-Hausmann [BGH19]. Hence the Hopkins-Smith thick subcategory

theorem identifies these with an extended integer denoting minimal index ℓ at which of K(ℓ)-homology is

nonvanishing for the elements of X . In particular, taking prime decompositions shows that X is recoverable

from v(X ), as

X =
{
X ∈ SpωG,(p)

∣∣∣∣ ∀ (H) ⊂ G, K
(
vH (X )

)
⊗XΦH , 0

}
;
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see [BGH19, Thm. 1.3]. Hill [Hil17] noted that the double coset formula for interaction of norms and geometric

fixed points gives a straightforward characterization of norm-closure of X . We may use it to prove the

following.

Proposition II.3.89. The multiplicativity of the finite localization LfX : Sp
G,(p)
→ Sp

G,X
associated with X is

an indexing category associated with the transfer system

Rm

(
L
f
X

)
=

{
K ↪→H

∣∣∣∣ ∀K ⊂ J ⊂H, vJ (X ) ≤ vhKh
−1∩J (X )

}
;

in particular, LfX -local G-stability is an Rm

(
L
f
X

)
-mode.

We need a few extremely routine lemmas about geometric fixed points to prove this. We will mostly

prove them for completeness. Let EP be the unique G-subspace of ∗G characterized by its fixed points

EPH ≃


∗ H ⊊ G

∅ H = G.

Under Σ∞+ , this extends to a cofiber sequence of G-spectra EP+→ S→ ẼP .

Lemma II.3.90. There exists a natural equivalence
(
ẼP ⊗X

)G
≃ XΦG.

Proof. As in [GM23, § C], note that SpG is the colimit in the ∞-category Ĉat
ω
G of compactly-generated

(large) ∞-categories and compact object-preserving left adjoints of the diagram

SG ≃ colim
(
SG,∗

ΣV−−−−−−−→ SG,∗
)
,

as V ranges across the finite-dimensional subrepresentations of some fixed complete G-universe. In particular,

the space of factorizations

SG,∗ SG,∗ · · · SpG

S∗ S∗ · · · Sp

ΣV

Σ∞

FG

Σ∞

FG ΦG

ΣdimV

Σ∞

Σ∞

whose rightmost vertical arrow is cocontinuous and preserves compact objects is also contractible, and contains

ΦG. Thus it suffices to prove that the cocontinuous and compact object-preserving functor
(
ẼP ⊗X

)G
makes
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this diagram commute; indeed, we have

(
ẼP ⊗Σ∞X

)G
≃ cof

(
Σ∞ (EP+ ∧X)G→ (Σ∞X)G

)
≃ Σ∞

(
XG

)
,

where the second equivalence is the tom-Dieck splitting. □

This confirms that our geometric fixed points agree with the classical notion, say, from [Sch18, Prop. 3.3.8].

We acquire an immediate corollary, e.g. from [Sch18, Prop. 3.3.10].

Lemma II.3.91. The functor
∏
H≤GΦ

H : SpG→
∏
H≤G Sp is conservative.

More importantly, it confirms that our vanishing function agrees with the type functions of [BGH19].

We will also need the following well-known property of norms.

Lemma II.3.92. There exists a natural equivalence NH
K ΦH ≃ ΦK .

Proof. All of the functors in sight have distinguished symmetric monoidal structures, so this is easy:

we first note that the following diagram commutes, and the bottom horizontal composite is determined up to

contractible ambiguity as a symmetric monoidal left adjoint by the universal property of formal inversion

SK,∗ SH∗ S∗

SpK SpH Sp

CoIndHK FH

NH
K ΦH

By composing right adjoints, we find that the top horizontal composite is equivalent to FK , so the bottom

horizontal composite is equivalent to ΦK , completing the proof. □

Proof of Proposition II.3.89. Since LfX is by definition given fiberwise by a fiberwise-finite smashing

localization, it is symmetric monoidal, i.e. m

(
L
f
X

)
is an indexing category. Note that the LfX -local objects are

generated under sifted colimits by (norms of) local spheres and Sp⊗
G

is distributive, so we are in the situation

of Proposition II.3.84 and Corollary II.3.85, yielding an equality Rm

(
L
f
X

)
= Rm (X ); thus we’re tasked with

proving that X is closed under NH
K if and only if the above condition holds. Indeed this follows immediately
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by the straightforward computation

K(ℓ)⊗ΦJNH
K X ≃ K(ℓ)⊗ΦJ ResJNH

K X

≃ K(ℓ)⊗ΦJ
⊕

KhJ∈[K\H/J]
N J
hKh−1∩J ResHhKh−1∩J X

≃ K(ℓ)⊗
⊕

KhJ∈[K\H/J]
ΦJN J

hKh−1∩J ResHhKh−1∩J X

≃
⊕

KhJ∈[K\H/J]
K(ℓ)⊗ΦJN J

hKh−1∩J ResHhKh−1∩J X

≃
⊕

KhJ∈[K\H/J]
K(ℓ)⊗Φ(hKh−1∩J)X :

the first term is contractible if and only if each term in the final direct sum is contractible. □

Applying Propositions II.3.60 and II.3.84 immediately yields the following corollary.

Corollary II.3.93. The space of R-commutative algebra structures on L
f
XS with unit L : S→ L

f
XS is either

empty or contractible; it is nonempty if and only if R⊂Rm

(
L
f
X

)
.

II.3.7.3 Chromatic realizability Now, we will briefly speak on the inverse problem of characterizing which

transfer systems arise in this way. A version of the following input was obtained for finite abelian groups,

conditioned on a Logp-conjecture by Balmer-Sanders [BS17, Cor. 10.6]; this conjecture was disproved and

corrected to a rankp-theorem for by Barthel-Hausmann-Naumann-Nikolaus-Noel-Stapleton [BHNNNS19,

Cor. 1.4], then extended to all compact Lie groups by Barthel-Greenlees-Hausmann in [BGH19, Thm. 1.3],

completing the result.

Proposition II.3.94. v provides an embedding of posets

v : Thick−⊗− Ideal
(
Spω(p),Cpn

)
↪→ [0,∞]n≤;

the essential image is those sequences v such that, for all indices 1 ≤ j ≤ k ≤ n, we have vj ≤ vk + 1.

For instance, we may exhibit that this problem is nontrivial as follows.

Corollary II.3.95. A Cpn-transfer system is realizable as the multiplicativity of a finite localization of S if it

satisfies two-out-of-three.
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Proof of Corollary II.3.95. If R is saturated, we may simply write the increasing recurrence

ℓ0 = 0;

ℓi+1 =


ℓi Cpi → Cpi+1 ∈ R;

ℓi + 1 otherwise.

It follows by unwinding definitions that ℓ is chromatically realizable and that it encodes the same index-p

transfers as R; moreover, the transfers correspond with equalities of indices, which satisfy two-out-of-three,

so ℓ encodes a saturated transfer system. Two saturated Cpn -transfer systems agree if they agree on index-p

inclusions, so we are done. □

This condition is not necessary; for instance, the following Cp2-transfer system (illustrated in Rubin’s

dot notation [Rub21]) does not satisfy two-out-of-three, but it is realizable via the sequence (1,0,1):

• • •

We claim that the following Cp3 -transfer system is not chromatically realizable

• • • •

Indeed for the sequence to admit these transfers, it would require v1 < v2 < v3 ≤ v0 to hold, but such a

sequence can not be realizable, as v0 > v1 + 1. The author is not sure precisely which transfer systems are

chromatically realizable.
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Chapter III

Boardman-Vogt tensor product computations

We finish with more computations of Boardman-Vogt tensor products of parameterized and equivariant

operads. In particular, in Section III.1, we lift Schlank-Yanovski’s ∞-categorical Eckmann-Hilton argument

[SY19] to arbitrary atomic orbital subcategories, and in Section III.2 we extend Dunn-Lurie to be genuine-

equivariant over arbitrary finite groups.

III.1 The equivariant Eckmann-Hilton argument

We say that a T -operad O⊗ is k-connected if O(S) is k-connected or empty for all S ∈ FinT . In this

section, we prove the following analog of the Eckmann-Hilton argument.

Theorem III.1.1 (Equivariant Eckmann-Hilton argument). If O⊗ and P⊗ are k and ℓ-connected almost-unital

T -operads with aO = aP , then O⊗
BV
⊗ P⊗ is (k + ℓ + 2)-connected.

All nonempty T -operads will be (−1)-connected yielding a stabilization result.

Corollary III.1.2 (Equivariant stabilization hypotheses). If O⊗ is a nonempty almost-unital T -operad, then

O⊗(n+1) is (n− 1)-connected; in particular, for any T -symmetric monoidal n-category C⊗,

U : CAlg⊗AO(C)
∼−−−−−→

(n+1)-fold︷          ︸︸          ︷
Alg⊗O · · ·Alg⊗O(C),

where the (n+ 1)-fold tensor product is taken as a colimit (and composition as limit) in the case n =∞.

For instance, this immediately implies a version of the Baez-Dolan stabilization hypothesis, in this

case stating that (n+ 2)-tuply EV -monoidal n-categories are equivalent to E∞V -monoidal n-categories, i.e.

aEV -semi-Mackey functors valued in n-categories.

Now, we may remove the assumption aO = aP in Theorem III.1.1, but we will need a more refined

notion of connectivity. In general, given a weak indexing category I , we say that O⊗ is k-connected at I if, for
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all T ∈ FI , the structure space O(T ) is k-connected. We define the connectivity function

connO : wIndexCatauni
T −→ Z∪ {∞}

by the formula connO(I)B inf
{
k | O⊗ is k-connected at I

}
.

Now, (Z∪ {∞})wIndexCatauni
G forms a pointwise commutative monoidal poset, i.e.

f ≤ g ⇐⇒ ∀I, f (I) ≤ g(I); f + g(I) = f (I) + g(I).

In this language, we will actually prove the following strengthening of Theorem III.1.1.

Theorem III.1.3. Given O⊗,P⊗ a pair of almost-unital G-operads, we have connO + connP + 2 ≤ connO⊗P .

The degenerate case of functions concentrated on {−2} ∪ {∞} demands a tensor product of almost-unital

weak N∞-operads, so we begin there in Section III.1.1; specializing to the case T = OG and indexing categories,

this affirms a conjecture of Blumberg-Hill [BH15, Conj. 6.27].

In Section III.1.2, we define I-symmetric monoidal d-categories and I-d-operads in preparation for our

theorems; we prove Theorems III.1.1 and III.1.3 in Section III.1.3.

III.1.1 Tensor products of equivariant commutative operads and their consequences

Proposition III.1.4. The morphism N ⊗I∞ ≃ triv⊗T ⊗N
⊗
I∞ −→N

⊗
I∞

BV
⊗ N ⊗I∞ is an equivalence.

Proof. On algebras in T -spaces, this implements the forgetful T -functor

CMonICMonI
(
ST

)
−→ CMonI

(
ST

)
,

which is an equivalence by Corollary II.2.35. □

Thus N ⊗I∞ is an idempotent algebra. We will make heavy use of this in this subsection.

III.1.1.1 Distributivity and coherences of
BV
⊗ Since Env is symmetric monoidal, Proposition III.1.4 renders

F⊔T ≃ EnvComm⊗T as an idempotent E0-algebra under the localized Day convolution structure. Using this,

we acquire coherences canonically.

Corollary III.1.5. OpT ⊂ Cat⊗T ,/F⊔T
is a symmetric monoidal T -colimit closed full T -subcategory with tensor

product operation
BV
⊗ under the localized Day convolution structure on the righthand side; in particular, the

resulting symmetric monoidal T -∞-category Op⊗T is presentable.

Proof. It is a fully faithful T -left adjoint by Corollary II.1.19 which inertwines binary tensor products

by Corollary II.1.40, so it is a symmetric monoidal T -colimit preserving full T -subcategory. Moreover, the

underlying T -category OpT is presentable by Corollary I.3.10, so it suffices to prove that it is distributive.
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Distributivity is closed under symmetric monoidal T -cocontinuous fully faithful T -functors, local-

izations, and slicing by Corollary II.3.36, so it suffices to prove that the Day convolution structure on

FunT
(
SpanI (ST )∧,Cat×T

)
is distributive; indeed the cartesian structure on coefficient systems on a pre-

sentable ∞-category is presentable by Proposition II.3.19, which implies that the Day convolution structure

for T -functors into such things is distributive by Theorem II.3.48. □

The following corollary is immediate and extremely useful.

Corollary III.1.6. . Suppose ϕ : O⊗
BV
⊗ P⊗ →Q⊗ is a functor of T -operads such that O⊗,P⊗,Q⊗ are each

unital and T -space colored. Then ϕ is an equivalence if and only if the following conditions hold.

(a) the induced T -space map UO ×UP →UQ is an equivalence, and

(b) for all V ∈ T and (x,y) ∈UOV ×UPV , ϕ restricts to an equivalence

Endred
x O

BV
⊗ Endred

y P −→ Endred
ϕ(x,y)Q.

III.1.1.2 The smashing localization for N ⊗I∞. N ⊗I∞ classifies algebraic Wirthmüller isomorphisms:

Theorem III.1.7. Let I be an almost-unital weak indexing system. Then, an at-least one color T -operad O⊗

possesses an equivalence P⊗
BV
⊗ N ⊗I∞ ≃ P

⊗ if and only if AlgP (ST ) is I-semiadditive.

Proof. Just as in the proof of Lemma II.2.34, note that Corollary II.2.33 implies that the conditions of

Lemma II.2.34 are equivalent to the additional condition

(j) The forgetful T -functor AlgNI∞⊗P (ST ) ≃ CAlgIAlg⊗P (ST )→ AlgP (ST ) is an equivalence.

But this is equivalent to the desired equivalence by Theorem II.2.7. □

Thus we may answer a conjecture of Blumberg-Hill [BH15, Conj. 6.27].

Corollary III.1.8. When I and J are almost-unital, there is an equivalence N ⊗I∞
BV
⊗ N ⊗J∞ ≃N

⊗
I∨J∞.

Proof. By Lemma II.3.62, N ⊗I∞
BV
⊗ N ⊗J∞ ∈ OpT ≃ OpT ,triv⊗T /

is an idempotent E0-algebra classifying

the conjunction of the properties which are classified by N ⊗I∞ and N ⊗J∞; that is, T -operad O⊗ is fixed by

(−)
BV
⊗ N ⊗I∞

BV
⊗ N ⊗J∞ if and only if AlgO(ST ) is I-semiadditive and J-semiadditive. Corollary I.1.111, identifies

this with the property that AlgO(ST ) is I ∨ J-semiadditive , i.e. O⊗ is fixed by (−)
BV
⊗ N ⊗I∨J . Thus, we have

N ⊗I∨J∞ ≃N
⊗
I∨J∞

BV
⊗ N ⊗I∞

BV
⊗ N

BV
⊗
J∞ ≃N

⊗
I∞

BV
⊗ NJ∞. □

Following Corollary III.1.8, we may go on to reframe Theorem III.1.7, motivated by the following.
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Observation III.1.9. The computation of [HA, § 2.3.1] and resulting theory may be stated simply: the operad

E⊗0 is an idempotent E0-algebra in Op⊗ under the unique map triv⊗→ E⊗0 , and the corresponding smashing

localization classifies unitality. In particular, a symmetric monoidal ∞-category C⊗ is a E⊗0 -module with

respect to
BV
⊗ if and only if the unit object 1C ∈ C⊗ is initial, i.e. for all X ∈ C, the unique map X⊔∅→ X⊗∅ is

an equivalence; that is, (−)
BV
⊗ E⊗0 classifies I0-cocartesianness in the symmetric monoidal case. ◁

We say that a T -operad O⊗ is I-cocartesian if it is υ(I)-unital and idUO classifies an equivalence

BorTI O
⊗ ∼−−−−−→UOI−⊔. We have an I-operadic variant of Corollary II.2.33 and Theorem III.1.7.

Proposition III.1.10. Given I almost-unital, the following are equivalent for P⊗ ∈OpT .

(a) P⊗ is I-cocartesian.

(b) For all unital I-operads O⊗, the forgetful functor AlgO(P )→ FunT (IO,P ) is an equivalence.

(c) The forgetful T -operad map CAlg⊗I (P )→P⊗ is an equivalence.

(d) There exists a T -operad Q⊗ and an equivalence of T -operads CAlg⊗I (Q)
∼−−−→ P⊗.

(k) The canonical map P⊗→P⊗
BV
⊗ N ⊗I∞ is an equivalence.

Proof. The proof of the equivalence between Conditions (a) to (d) is identical to Corollary II.2.33, so we

omit it. Now, by a standard two-out-of-three argument, P⊗ is local for the smashing localization associated

with N ⊗I∞ if and only if pullback along the localization map O⊗ → O⊗
BV
⊗ N ⊗I∞ induces an equivalence

AlgOCAlg⊗I (P )≃ ≃ AlgO⊗NI∞(P )≃
∼−−−−→ AlgO(P )≃ for all O⊗ ∈OpT , which is equivalent to the condition that

CAlg⊗I (P )→P⊗ is an equivalence by Yoneda’s lemma. □

Remark III.1.11. Said another way, we understand semiadditivty of Segal T -objects over almost-unital

T -operads:

I ≤ s
(
SegTotT O

(
ST

))
⇐⇒ BorTI O

⊗ ≃ (UO)I−⊔ .

In particular, this computes that

s
(
CMonI (ST )

)
≃ s

(
SegTotT NI∞

(
ST

))
≃ I. ◁

Given a related pair of weak indexing categories I ⊂ J, let OpI−cocart
J ⊂OpJ be the full subcategory of

I-cocartesian J-operads. We find that OpI−cocart
J is absorptive under

BV
⊗ and the internal hom.

Corollary III.1.12. Suppose O⊗,P⊗ are at-least-one-color J-operads such that either O⊗ or P⊗ are I-cocartesian.

Then, O⊗
BV
⊗ P⊗ and Alg⊗O(P ) are I-cocartesian; in particular, there exists an equivalence

CI−⊔
BV
⊗ DI−⊔ ≃ (C ×D)I−⊔ .
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Proof. I-cocartesianness of O⊗
BV
⊗ P⊗ follows from Proposition III.1.10. If P⊗ is I-cocartesian, then

Proposition III.1.10 constructs equivalences

CAlgIAlg⊗O(P ) ≃ AlgOCAlg⊗I (P ) ≃ AlgO(P ),

so the result follows from another application of Proposition III.1.10. If O⊗ is I-cocartesian, the result follows

from two more applications of Proposition III.1.10. as we acquire equivalences

□(39) CAlgIAlg⊗O(P ) ≃ AlgNI∞⊗O(P ) ≃ AlgO(P ).

Finally, we vastly extend the results of [HA, § 2.3.1].

Corollary III.1.13. Suppose I ⊂ J is a related pair of almost-unital weak indexing categories. Then, OpI−cocart
J ⊂

OpJ is a smashing localization and a cosmashing colocalization:

OpI−cocart
J OpJ

N ⊗I∞
BV
⊗ (−)

CAlg⊗I (−)

⊣
⊣

Proof. Proposition III.1.10 exhibits the top adjunction and Corollary II.2.33 shows that CAlg⊗I : OpJ →

OpJ factors through OpI−cocart
J ⊂OpJ . Moreover, applying Γ T (−)≃ to Eq. (39) yields a natural equivalence

MapOpJ

(
O⊗,P⊗

)
≃MapOpI−cocart

J

(
O⊗,CAlg⊗I (P )

)
for all J-operads O⊗,P⊗ such that O⊗ is I-cocartesian, yielding the bottom adjunction. □

III.1.1.3 The mapping-out property for cocartesian structures

Corollary III.1.14. There exists a triple adjunction of T -(∞,2)-categories

OPuni
I CATT

CAlgI (−)

U

(−)I−⊔

triv(−)⊗
BV
⊗ E⊗0,υ(I)

whose leftmost and third-leftmost adjoint are fully faithful. In particular, there is a natural equivalence

AlgCI−⊔ (P ) ≃ FunT (C,CAlgI (P )) .
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Proof. The top adjunction follows by composing the localization adjunction Euni
0,υ(I)⊗(−) : OPI ⇆OPuni

I : ι

of Corollary II.2.17 with the triv-adjunction of Corollary II.1.9. The middle is Theorem II.2.32. The bottom

adjunction is equivalent to the indicated natural equivalence, which we construct as follows:

AlgCI−⊔ (P ) ≃ AlgCI−⊔⊗NI∞ (P ) III.1.10

≃ AlgCI−⊔CAlg⊗I (P )

≃ FunT
(
C,CAlg⊗I (P )

)
II.2.32. □

III.1.2 I-symmetric monoidal d-categories, I-d-operads, and arity-support Recall that a space is (−2)-

truncated if it is empty, (−1)-truncated if it is empty or contractible, and for d ≥ 0, a space X is d-truncated

if it is a disjoint union of connected spaces (Xα)α∈A such that πm (Xα) = 0 for all m > d and α ∈ A.

III.1.2.1 I-symmetric monoidal d-categories Recall that a (d + 1)-category is an ∞-category C such that

the space Map(X,Y ) is d-truncated for all X,Y ∈ C. We say that an ∞-category is a (−1)-category if it is

either ∗ or empty. In general, we write Catd ⊂ Cat for the full subcategory spanned by the ∞-categories with

the property that they are d-categories.

Definition III.1.15. The T -∞-category of small T -d-categories is

CatT ,d B CoeffT Catd .

If I ⊂ FT is pullback-stable, the T -∞-category of small I-symmetric monoidal d-categories is

Cat⊗I,d B CMonICatd .

We write CatT ,d B Γ T CatT ,d and Cat⊗I,d B Γ T Cat⊗I,d . ◁

By the following lemma, CatT ,d is a T -(d + 1)-category and CatT ,d is a (d + 1)-category.

Lemma III.1.16 ([HTT, Cor 2.3.4.8, Prop 2.3.4.12, Cor 2.3.4.19]). Catd is a (d + 1)-category and the inclusion

Catd ↪→ Cat has a right adjoint hd : Cat→ Catd .

Construction III.1.17. By Lemmas I.1.30 and III.1.16, the functor CatT ,d ↪→ CatT is an inclusion of a localizing

T -subcategory; let hd : CatT → CatT ,d be the associated T -left adjoint.

The mapping spaces in a product of categories are the product of the mapping spaces; in particular, the

inclusion Catd ↪→ Cat is product-preserving. Hence we acquire a T -adjunction

Cat⊗I Cat⊗I,d

hd

ι

⊣
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whose right adjoint is fully faithful. We refer to hd as the homotopy I-symmetric monoidal d-category. ◁

The remainder of this subsection will be dedicated to recognition results for T -symmetric monoidal

d-categories, which will be useful throughout the remainder of the paper. We first reduce this consideration

to that of plain T -∞-categories; the following proposition follows by unwinding definitions and noting that

Catd ↪→ Cat is closed under products.

Proposition III.1.18. If I ⊂ FT is a one-object weak indexing system, then C⊗ ∈ Cat⊗I is a I-symmetric

monoidal d-category if and only if its underlying T -∞-category C is a T -d-category.

Often in equivariant higher algebra, we will find that our objects come with natural T -functors to

T -1-categories, and we’d like to develop a recognition theorem in this case in terms of mapping spaces.

Proposition III.1.19. A T -∞-category C is a T -d-category if and only if

MorV (C)B Fun(∆1,CV )≃

is (d − 2)-truncated for all V ∈ T .

Proof. By definition, it suffices to prove this in the case T = ∗. Fix f ,g ∈MorV (C). Then, we may

present Map(f ,g) as a disjoint union over a,b of homotopies

W X

Y Z

f

a b

g

For fixed a,b, this is either empty or equivalent to the component of the space Map(S1,Map(W,Z)) whose

underlying map is homotopic to bf . If C is a d-category, then this is (d − 2)-truncated; conversely, choosing

a,b = id and f = g, if this is (d − 2)-truncated for all f , then the mapping spaces of CV are (d − 1)-truncated

for all V , i.e. C is a T -d-category. □

Given a T -functor F : C →D and a map ψ : ∆1→CV , define the pullback space

MorψF (C) MorV (C)

BAutψ MorV (D)

⌟

so that MorψF (C) is the disjoint union of the connected components of MorV (C) whose image in MorV (D) is

equivalent to ψ. We say that F has (d − 1)-truncated mapping fibers if MorψF (C) is (d − 2)-truncated for all

V ∈ T and ψ ∈MorV (C).
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Corollary III.1.20. Suppose F : C → D is a T -functor and D is a T -1-category. Then, the following are

equivalent for d ≥ 1:

(1) F has (d − 1)-truncated mapping fibers.

(2) C is a T -d-category.

Additionally, the following are equivalent.

(1’) F≃ : C≃→D≃ is fully faithful and F has (−1)-truncated mapping fibers.

(2’) F includes C as a (replete) T -subcategory of D.

Proof. After Proposition III.1.19, the only remaining part is the equivalence between (1’) and (2’).

Note that BAutψ is (−1)-truncated by Proposition III.1.19, so (1’) is equivalent to the conditions that C is

a T -1-category and FV : CV →DV is a faithful functor which is fully faithful on cores, i.e. it is a (replete)

subcategory inclusion. □

Lastly, we take note of the following useful fact.

Corollary III.1.21. Suppose A1 is a T -∞-category, A2 and B are T -d-categories, C⊗1 is an I-symmetric

monoidal ∞-category, and C⊗2 and D⊗ are I-symmetric monoidal d-categories. Fix T -functors Ai →B and

I-symmetric monoidal functors C⊗i →D
⊗. Then, the relative functor ∞-categories

FunT ,/B(A1,A2) and Fun⊗T ,/D⊗
(
C⊗1 ,C

⊗
2

)
are d-categories.

To prove this, we make use of a lemma which follows nearly directly from [HTT, Cor. 2.3.4.19].

Lemma III.1.22. A T -space X is d-truncated if and only if it’s a T -d-category; moreover, we have hdX ≃ τ≤dX.

Proof. The first statement follows by applying [HTT, Cor. 2.3.4.19] fiberwise. Similarly, since each

functor is defined fiberwise, it suffices to prove the second statement in the case T = ∗. Now, [kerodon, Tag

057W] constructs a commutative diagram

ST ,≤d ST

CatT ,≤d CatT

and the claim follows by taking left adjoints to each arrow. □

Proof of Corollary III.1.21. The same ∞-categories arise when A1 and C⊗1 are replaced with hdA1

and hdC⊗1 , so we may assume without loss of generality that A1 is a T -d-category and C⊗1 an I-symmetric
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monoidal d-category. We employ a trick; Fun⊗T ,/D⊗(C⊗1 ,C
⊗
2 ) is equivalent to the relative functor category for

Span(FG)-∞-categories, so we may simply prove the claim for the first category without assuming that T

is atomic orbital. Moreover, FunT ,/B (A1,A2) ≃ ∗T ×FunT (A1,B) FunT (A1,A2) is a pullback of T -categories

covered by the first case; T -d-categories are closed under pullback, so it suffices to prove that FunT (A1,A2)

is a T -d-category.

We can verify this by a standard strategy: given a (d − 1)-connected T -space X, we have

FunT
(
X,FunT

(
InflTe ∆

1,FunT (A1,A2)
))
≃ FunT

(
A1,FunT

(
X,FunT

(
InflTe ∆

1,A2

)))
≃ FunT

(
A1,FunT

(
InflTe ∆

1,A2

))
(40)

≃ FunT
(
InflTe ∆

1,FunT (A1,A2)
)
.

For Eq. (40), we’ve used Lemma III.1.22 and the natural equivalence FunT (∗T ,C) ≃ C. Now, writing

Mor(C)B FunT (InflTe ∆
1,C)≃ and taking cores then implies that

map(X,Mor(FunT (A1,A2))) ≃Mor(FunT (A1,A2)) ,

i.e. Mor(FunT (A1,A2)) is a (d −2)-truncated T -space. But this implies that FunT (A1,A2) is a T -d-category

by Proposition III.1.19. □

III.1.2.2 T -d-operads We may extend this program to T -operads:

Proposition III.1.23. Let O⊗ be a T -operad and let d ≥ −1. Then, the following conditions are equivalent:

(a) O(S) is d-truncated for all S ∈ FV .

(b) The T -functor EnvO→ FT has d-truncated mapping fibers.

Proof. Let ψ : T → S be a map of T -sets over V . Then, by Lemma II.1.22, we have a equivalences

MorψEnvO→FT
(EnvO) ≃

∐
C∈OT ,D∈OS

MapψEnvO→FT
(C,D)

≃
∐

C∈OT ,D∈OS

∏
U∈Orb(S)

MapψEnvO→FT
(CU ,DU )

≃
∐

C∈OT ,D∈OS

∏
U∈Orb(S)

O(CU ;DU ),

(41)

natural in O⊗. First, in the case d = −1, note that conditions (a) and (b) both imply that O has at most one

color, so Eq. (41) specializes to

MorψEnvO→FT
(EnvO) ≃

∏
U∈Orb(S)

O(S).
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Thus it suffices to note that a product is −1-truncated if and only if its factors are.

Next, in the case d ≥ 0, note that a coproduct of spaces is d-truncated if and only if its factors are;

hence Eq. (41) shows that (b) is equivalent to the condition that
∏
U∈Orb(S)O(CU ;DU ) is d-truncated for all

S,C,D. In fact, the equation

O(S) ≃
∐

(C,D)∈OS×OV

O(C;D)

shows that this (b) equivalent to the condition that O(S) is d-truncated for all S ∈ FV , as desired. □

We define the full subcategory of d-operads OpT ,d ⊂OpT to be spanned by T -operads satisfying the

condition that O(S) is (d − 1)-truncated for all S ∈ FV as in Proposition III.1.23. The following corollary

follows from Proposition III.1.23 and the mapping fiber truncation characterizations of Corollary III.1.20.

Corollary III.1.24. Let O⊗ be a T -operad and let d ≥ 1. The following conditions are equivalent:

(a) O⊗ is a T -d-operad, and

(b) EnvO⊗ is a T -symmetric monoidal d-category.

Furthermore, the following conditions are equivalent:

(a’) O⊗ is a T -0-operad, and

(b’) the T -functor EnvO→ FT is a T -subcategory inclusion.

In general, these form a well-behaved subcategory.

Corollary III.1.25. The inclusion OpT ,d ↪→OpT has a left adjoint hd satisfying

(hdO) (S) ≃ τ≤d−1O(S).

Furthermore, when d ≥ 1, this fits into the following diagram

OpT OpT ,d

Cat⊗T Cat⊗T ,d

hd

hd

When C⊗ is a T -symmetric monoidal d-category, the map O⊗→ hdO⊗ induces an equivalence

AlgO(C) ≃ AlghdO(C).

Proof. We separately argue in the case d ≥ 1 and d = 0 that equifibrations are closed under hT ,d ; this

will imply that hdEnv/FT O⊗ corresponds with a T -d-operad hdO⊗, which computes the left adjoint to the

inclusions OpT ,d ⊂OpT by fully faithfulness of Env/FT O⊗. In particular, the counit ε : O⊗→ hdO⊗ will induce
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the counit EnvO→ hdEnvO, which by Eq. (41) shows that O(S)→ hdO(S) is the Postnikov (d −1)-truncation

map.

In the case d ≥ 1. In this case, since hT ,d : Cat⊗T → Cat⊗T ,d is applied pointwise, it preserves equifibrations,

so hT ,dEnv/FT O⊗ corresponds with a d-operad hT ,dO⊗.

The case d = 0 is similar, except that we are tasked with replacing equifibered T -symmetric monoidal

functors with an equifibered subcategory inclusions. In fact, subcategories are precisely (−1)-truncated maps

in Cat1, so we may do this by taking the pointwise (−1)-truncation functor and applying [HA, Prop. 5.5.6.5]

to see that the result is equifibered. □

We easily acquire compatibility of hn with cocartesian structures.

Corollary III.1.26. Given C a T -category, there exists an equivalence hn
(
CI−⊔

)
≃ (hnC)I−⊔.

Proof. Take left adjoints to all arrows in the following diagram.

OpT ,d CatT ,d

OpT CatT

CAlgI (−)

CAlgI (−)

□

Corollary III.1.27. Let P⊗ be a T -d-operad.

(1) if d ≥ 1, then AlgO(P ) is a d-category; hence OpT ,d is a (d + 1)-category.

(2) if d = 0, then AlgO(P ) is either empty or contractible; hence OpT ,0 is a poset.

Proof. In each case, the second statement follows from the first by noting that the mapping spaces in

OpT are AlgO(P )≃. For the first statements, note that

AlgO(P ) ≃ AlghdO(P ) ≃ Fun⊗
T ,/FT −⊔T

(EnvhdO⊗,EnvP⊗);

if d ≥ 1, then this is a d-category by Corollaries III.1.21 and III.1.24. If d = 0, then this category is either

empty or contractible since Corollary III.1.24 shows that EnvP⊗→ FT −⊔T is monic. □

Moreover, we may identify the hd-equivalences exactly as in Theorem II.2.7.

Corollary III.1.28. Let ϕ : O⊗→P⊗ be a π0-bijective T -operad map. The following are equivalent for d ≥ 1.

(a) hdϕ is an equivalence.

(b) For all C⊗ ∈ Cat⊗T ,d , the pullback map AlgP (C)→ AlgO(C) is an equivalence.

(c) The pullback map MonP
(
ST ,≤(d−1)

)
→MonO

(
ST ,≤(d−1)

)
is an equivalence.
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Proof. (a) implies (b) since hdEnv = Envhd , and (b) implies (c) by neglect of assumptions. Taking

coproducts of Proposition II.2.8 shows that (c) implies that τ≤(d−1)ϕ(S) is an equivalence for all S, implying

(a) via Corollary III.1.25. □

Corollary III.1.29. P⊗ is a T -0-operad if and only if it’s a sub-terminal object of OpT .

Proof. The mapping space criterion of monomorphisms equates the latter with the condition that

Algh0O(P )≃ ≃ AlgO(P )≃→ AlgO(Comm⊗T )≃ ≃ ∗

is a monomorphism, i.e. Algh0O(P )≃ ∈ {∅,∗}; this follows from Corollary III.1.27.

On the other hand, Corollary II.1.30 (together with Kan extensions) constructs a free T -operad on ∗S

characterized by the property

AlgFrS (∗)(O)≃ ≃ O(S);

thus the mapping space criterion for a subterminal T -operad O⊗ implies that O(S) is either empty or

contractible for all S, so O⊗ is a T -0-operad. □

In particular, in sight of Proposition II.1.2, h≤0 yields a left adjoint to the construction of weak

N∞-operads. We may combinatorially describe this as follows.

Construction III.1.30. Given O ∈OpT , the arity support of O is the collection of maps a(O) ⊂ FT defined by

a(O)B

ψ : T → S

∣∣∣∣∣∣∣∣
∏

U∈Orb(S)

O(T ×U S) ,∅

 ⊂ FT ◁

Corollary III.1.31. There exists an essentially unique equivalence h≤0O⊗ ≃ N ⊗a(O)∞; in particular, a is a

T -(∞,2)-categorical left adjoint

wIndexCatT OPT

N ⊗(−)∞

a

⊣

Proof. To construct the fiberwise adjunctions, it suffices to note that a (NI∞) = I and that a (h≤dO) =

a (O) and apply Proposition II.1.2. We’re left with restriction-stability of a, which is obvious. □

III.1.2.3 The smashing localization on T -n-operads associated with N ⊗I∞ Note the following.

Proposition III.1.32. If ϕ : O⊗→P⊗ is an hn-equivalence and Q⊗ is a T -operad, then the induced map

Q⊗
BV
⊗ ϕ : Q⊗

BV
⊗ O⊗ −→Q⊗

BV
⊗ P⊗

is an hn-equivalence.
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Proof. By Corollary III.1.28, pullback along ϕ ⊗Q⊗ yields an equivalence

MonQMonP (S≤n) MonQMonO (S≤n)

MonQ⊗P (S≤n) MonQ⊗O (S≤n)

≃ ≃

Noting that π0Uϕ is an equivalence, applying Corollary III.1.28 shows that ϕ ⊗Q⊗ is an hn-equivalence. □

In particular, Propositions II.2.56 and III.1.32 construct a symmetric monoidal structure on OpT ,n

together with a symmetric monoidal structure on hn. The tensor product for this structure is O⊗
BV
⊗ n P⊗ ≃

hn

(
O⊗

BV
⊗ P⊗

)
, and in particular, Corollary III.1.8 shows that N ⊗I∞ ∈ OpT ,n is an idempotent algebra. It’s

easy to identify its smashing localization, and in fact, its hn-preimages.

Corollary III.1.33. Suppose O⊗ is an almost-unital T -operad. Then, the following conditions are equivalent:

(a’) The map BorTI O
⊗→ (hnUO)I−⊔ is an hn-equivalence.

(e’) For all T -(n+ 1)-operads P⊗, the T -operad Alg⊗O(P ) is cocartesian at I.

(f ’) For all AO-symmetric monoidal (n+ 1)-categories C⊗, the AO-symmetric monoidal (n+ 1)-category

Alg⊗O(C) is cocartesian at I.

(g’) The T -(n+ 1)-category MonO (S≤n) is I-semiadditive.

(j’) The unit map tensors to an hn-equivalence

hn (id⊗!) : hnO⊗ ≃ hn
(
O⊗

BV
⊗ triv⊗T

)
∼−−−−−→ hn

(
O⊗

BV
⊗ N ⊗I∞

)
.

Proof. The implication Condition (a’) =⇒ Condition (e’) is Theorem II.2.32 and Corollary III.1.25; the

implication Condition (e’) =⇒ Condition (f’) is obvious; the implication Condition (f’) =⇒ Condition (g’)

is Corollary II.2.5. The implication Condition (g’) =⇒ Condition (j’) follows straightforwardly from

Corollaries II.2.5 and III.1.28 and Theorems II.2.1 and II.2.32. Lastly, the implication Condition (j’) =⇒

Condition (a’) follows from the following:

hnBorTI
(
O⊗

)
≃ hnBorTI

(
O⊗

BV
⊗ NI∞

)
Condition (j’)

≃ hn (UO)I−⊔ Corollary III.1.12

≃ (hnUO)I−⊔ Corollary III.1.26. □

III.1.3 Connectivity of parameterized Boardman-Vogt tensor products Along the way to prove Theo-

rems III.1.1 and III.1.3, we will characterise connectivity of T -operads as follows.

Theorem III.1.34. Let P⊗ be a T -operad, I an almost-unital weak indexing category, and ℓ a natural number.

Then, the following conditions are equivalent:
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(a) P⊗ is ℓ-connected at I.

(b) For all n-toposes C (with n ≤∞), I-admissible V -sets S ∈ FVI , and S-tuples of P -monoids (XU ) ∈∏
U∈Orb(S) MonPU (C), the S-indexed P -monoid Wirthmüller map

WS,(XK ) :
S∐
U

XU −→
S∏
U

XU

is ℓ-connected.

(c) For all I-admissible V -sets S ∈ FVI and S-tuples of P -monoids (XU ) ∈
∏
U∈Orb(S) MonPU (S), the

S-indexed P -monoid space Wirthmüller map

WS,(XU ) :
S∐
U

XU −→
S∏
U

XU

is ℓ-connected.

Remark III.1.35. Note the following.

(1) When G = e, only the implication (a) =⇒ (b) is argued in [SY19], but (b) =⇒ (c) is obvious and,

other than a diagram chase, the core idea of our argument that (c) =⇒ (a) is already present in

[SY19].

(2) In the case that C is an n-topos for some 0 ≤ n ≤ ∞, the above definitions are equivalent to ℓ-

truncatedness and (ℓ − 1)-connectiveness in the sense of [HTT, Def. 6.5.1.10] by [SY19, Lem. 4.2.6]

and [HTT, Props. 6.5.1.12, 6.5.1.19].

(3) While proving Theorem III.1.34, we will verify that Condition (b) is further equivalent to the

condition that the CoeffHC-map underlyingWS,(XK ) is pointwise ℓ-connected; moreover, Condition (c)

is equivalent to the condition that the underlying H-space map is ℓ-connected, i.e. its associated

maps on J-fixed point spaces are surjective on path components with ℓ-connected fiber for each

J ⊂H . ◁

III.1.3.1 Connectivity of algebras can be detected in the value topos Fix C an n-topos for some n ≤∞.

Lemma III.1.36. A map f : C→D in CoeffT C is ℓ-connected if and only if, for all V ∈ T op, the fixed point

map CV →DV is ℓ-connected.

Proof. Per Remark III.1.35, it is equivalent to prove that ℓ-connectiveness of a morphism in Fun(T op,C)

is measured elementwise. Indeed, since (co)limits in Fun(T op,C) are computed elementwise, effective epi-

morphisms and diagonals are as well. The former proves the statement for (−2)-connectiveness, and the

latter together with the diagonal presentation of [HTT, Prop. 6.5.1.18] shows that the statement for (ℓ − 1)-

connectiveness implies the statement for ℓ-connectiveness, so the lemma follows by induction. □
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Proposition III.1.37. Given a map f : X → Y in SegTotO(C), if the underlying map Uf in CoeffT C is

ℓ-connected, then f is ℓ-connected.

Proof. In view of [SY19, Lem. 4.4.1], it suffices to verify that the monad TO : CoeffT C → CoeffT C

preserves ℓ-connected morphisms; by Lemma III.1.36, it suffices to verify that whenever each C-diagram

XV → Y V is ℓ-connected, each induced map TOXW → TOX
W is ℓ-connected. But by the monad formula of

Eq. (21), it suffices to note that ℓ-connected morphisms in an ∞-topos are closed under cartesian products

and colimits [HTT, Cor. 6.5.1.13, Prop. 5.2.8.6]. □

For instance, U preserves the terminal object and is conservative, so it also reflects the property of being

terminal; applying Proposition III.1.37 in the case Y = ∗ shows that U reflects n-connectivity of objects.

Remark III.1.38. Since U is a right adjoint, it preserves n-truncatedness and n-truncated objects. ◁

Warning III.1.39. Proposition III.1.37 is delicate for a few reasons.

(1) 1f O is not n-connected, then the free O-algebra monad TO : CV →CV may itself may fail to preserve

n-connected objects; indeed, we have TO∗V ≃
∐
S∈FV FrCO(S)hAutV S , which is often not much more

highly connected than the individual spaces O(S)hAutV S .

(2) U does not generally preserve ℓ-connectivity of objects or morphisms for instance, given an ℓ ≥ (k+1)-

connected space X, the equivalence Ωk : S∗,≥k+1
∼−−→ AlgEk (S≥1) of the recognition principle exhibits

ΩkX as an ℓ-connected Ek-algebra such that UΩnX is only in general (ℓ − k)-connected.

(3) For a similar reason, U does not usually reflect ℓ-truncatedness of morphisms or objects. ◁

III.1.3.2 The proof of Theorem III.1.34 We now begin to reduce Theorem III.1.34 to the case n ≤ ℓ + 1

with the following.

Lemma III.1.40. The truncation functor τ≤ℓ : C → τ≤ℓC extends to a T -functor

τO : SegTotT O(C)→ SegTotT O(τ≤ℓC)

satisfying τOWS,X =WS,τOX . Moreover, the inclusion ι : τ≤ℓC → C extends to a fully faithful T -functor

ιO : SegTotT O(τ≤ℓC) ↪→ SegTotT O(C)

such that τOWS,ιOX =WS,X .

Proof. Since τ≤ℓ is product-preserving [HTT, Lem. 6.5.1.2], τ≤ℓ : CoeffT C → CoeffT τ≤ℓC is a T -

symmetric monoidal left adjoint for the cartesian structure Theorem II.2.1; everything other than the

equalities involving WS,X then follows straightforwardly from the doctrinal adjunction.
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In particular, τO is a T -functor which preserves indexed products and coproducts; this implies that

τOWS,X =WS,τOX . The remaining equality follows from fully faithfulness by noting that

τOWS,ιOX =WS,τO ιOX =WS,X . □

We say that a map f : X→ Y in an n-topos is an ℓ-equivalence if it is a τ≤ℓ-equivalence; if f admits

a section, this is equivalent to f being ℓ-connected (see [SY19, Prop. 4.3.5] or note that this follows by

splitting the long exact sequence in homotopy). In general, it is implied by ℓ-connectedness, as τ≤ℓ preserves

ℓ-connectedness and ℓ-connected maps between ℓ-truncated objects are equivalences. We apply this by

equivariantizing [SY19, Lem. 5.1.1].

Lemma III.1.41. If CI−× is a Cartesian I-symmetric monoidal ∞-category for I = aO and S ∈ FI , then the

image of the O-algebra Wirthmüller map WX,S :
∐S
U XU →

∏S
U XU under U : AlgO(C)V →CV admits a section.

Proof of Lemma III.1.41. Let iU : YU → ResVU
∐S
U ′ YU ′ be mate to the inclusion IndVUYU ↪→

∐S
U ′ YU ′

and fix an operation µ ∈ O(S). We verify commutativity of the following diagram, giving a section µ∐
XU σ1f

for WX,S .

S∏
U

(
ResVU

V∐
U
XU

) (
S∐
U
XU

)×S S∐
U
XU

(
S∏
U
XU

)×S S∏
U
XU

S∏
U
XU

S∏
U
X
×ResVU S
U

S∏
U
XU

∼
σ1 µ∐XU

h=
(
WResVU X,ResVU S

)
U∈Orb(S)

WX,S

µ∏XU

σ2 ∼

f =(iU )U∈Orb(S)

g=(ιU )U∈Orb(S) (ResVU µXU )U∈Orb(S)

Here, µX : XS → X is the structure map corresponding with µ for a ResTV O-algebra X.

Note that the top right square is commutative by the fact that WS,X is an O-algebra morphism and

the bottom right follows by unwinding definitions. Moreover, µ ◦ g is the external product of a collection of

endomorphisms XU
ιU−−→ X

×ResVU S
U

µ
−→ XU , the first of which is the inclusion of a unit on all but one factor:

XU X
×ResVU S
U XU

XU ×
ResVU S−{α}∏

W
1W XU ×

ResVU S−{α}∏
W

XW

ιU

≃

ResVU µ

≃

(id,η)

in particular, µ◦ ιU is homotopic to the identity by unitality, so µ◦ g ∼ id and the bottom triangle commutes.
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To characterize the composite morphism of the left rectangle, we may equivalently characterize the

composite map πUσ2hσ1f :
S∏
U
XU → CoIndVUX

×ResVU S
U ; in fact, under the expression X

×ResVU S
U ≃

ResVU S∏
W

ResUW XU ,

it suffices to characterize the composite morphism
∏S
U XU → CoIndVW ResUW XU and verify that it is homotopic

to the relevant projection of g for each W,U .

In particular, the relevant projection of g is the composite morphism

S∏
U

XU ↠ CoIndVUXU
δU,W−−−−→ CoIndVW ResUW XU

where δU,W is a Kronecker delta1

δU,W =


id U =W ;

0 otherwise.

Moreover, note that the projection πUσ2hσ1 :
S∏
U
XU → X

×ResVU S
U itself factors as

S∏
U

ResVU

V∐
U

XU

↠ CoIndVUXU
f̃U−−−−→ CoIndVW ResUW XU ,

so we’re tasked with verifying that f̃U is homotopic to δU,W . Indeed, this follows by examining the following

diagram:

S∏
U
XU

S∏
U

(
ResVU

V∐
U
XU

) (
S∐
U
XU

)×S (
S∏
U
XU

)×S S∏
U
X
×ResVU S
U

CoIndVUXU CoIndVU ResVU
V∐
U
XU CoIndVU ResVU

V∏
U
XU X

×ResVU S
U

CoIndVW ResUW XU

f
≃ h ≃

CoIndVU iU

δU,W

CoIndVUW ≃

□

Proof of Theorem III.1.34. Assume P⊗ is ℓ-connected at I , i.e. Condition (a). Writing X for an

S-tuple in SegTotT P (C), we chase WS,X around the following commutative diagram:

SegTotT P (τ≤ℓC) SegTotT P (C) SegTotT P (τ≤ℓC)

CoeffT τ≤ℓC CoeffT C CoeffT τ≤ℓC

ιP

U≤ℓ

τP

U U≤ℓ

ι τ≤ℓ

1 Here, 0 is the image under U of the zero map in the (pointed) ∞-category MonResVU O
(ResVU C).
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In particular, by Corollary III.1.33 and Lemma III.1.40, τPWS,X ∼WS,τOX is an equivalence, so

U≤ℓτPWS,X ∼ τ≤ℓUWS,X

is an equivalence, i.e. UWS,X is an ℓ-equivalence. In turn, by Lemma III.1.41 this implies that UWS,X is

ℓ-connected, so Proposition III.1.37 implies that WS,X is ℓ-connected, i.e. Condition (b).

The implication Condition (b) =⇒ Condition (c) is immediate, so assume Condition (c), i.e. fix the

case CB S and assume that that WS,X is ℓ-connected for all X ∈ AlgPS and S ∈ FI . We may invert the above

argument: this time, since τP is a left adjoint, it preserves ℓ-connectedness, so τPWS,X is ℓ-connected. Hence

U≤ℓτPWS,X = τ≤ℓUWS,X

is an equivalence, i.e. UWS,X is an ℓ-equivalence. We’ve shown that Condition (c) implies the following.

(d) For all I-admissible V -sets S ∈ FI,V and S-tuples of P -monoids X = (XK ) ∈ SegTotT P (S)S , the

underlying V -space map of the S-indexed P -monoid space Wirthmüller map

UWS,X : U
S∐
K

XK −→U
S∏
K

XK ≃
S∏
K

UXK

is an ℓ-equivalence.

We’re left with showing that Condition (d) implies Condition (a); indeed, choosing X = ιOY , the map

τ≤ℓUWS,ιOY =U≤ℓτOWS,ιOY =U≤ℓWS,τO ιOY =WS,Y

is an equivalence, i.e. SegTotT O(τ≤ℓC) is I-semiadditive. Thus Corollary III.1.28 implies Condition (a). □

III.1.3.3 The proof of Theorems III.1.1 and III.1.3 Note the following.

Proposition III.1.42. If P⊗ is ℓ-connected at I, then for all (k + ℓ + 2)-toposes C, the reduced endomorphism

I-operad EndX
(
SegTotT P (C)I−×

)
is an I-(k + 1)-operad.

Proof. Since C is a (k + ℓ + 2)-category, X is (k + ℓ + 2)-truncated, and Theorem III.1.34 implies that

WX,S is ℓ-connected, so the result follows from Corollary II.2.47. □

We quickly acquire a slightly weakened version of Theorem III.1.3.

Corollary III.1.43. Suppose T is an atomic orbital ∞-category, O⊗ and P⊗ are unital T -operads and I is

a unital weak indexing category. If O⊗ is k-connected at I and P⊗ is ℓ-connected at I, then O⊗
BV
⊗ P⊗ is

(k + ℓ + 2)-connected at I.
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Proof. By Proposition III.1.42, we know that EndI,red
X

(
SegTotT P (C)T −×

)
≃ EndI,red

X

(
SegTotT P (C)I−×

)
is

an I-(k + 1)-operad for C a (k + ℓ + 2)-topos; by Corollary III.1.33 this shows that AlgO EndX
(
SegP (C)T −×

)
is

I-cocartesian, so Proposition II.2.48 shows that

CMonIAlgOAlg⊗P (C)≃
∼−−−→ AlgOAlgP (C)≃.

By Corollary III.1.28, this implies that the map

O⊗
BV
⊗ P⊗ ≃ O⊗

BV
⊗ P⊗

BV
⊗ triv⊗T

id⊗ id⊗!−−−−−−−−−−−−→O⊗
BV
⊗ P⊗

BV
⊗ N ⊗I∞

is an hk+ℓ+2-equivalence, so Corollary III.1.33 shows that O⊗
BV
⊗ P⊗ is (k + ℓ + 2)-connected at I . □

Proof of Theorems III.1.1 and III.1.3. Restriction assembles to a symmetric monoidal equivalence

Op⊗T ≃ lim
V ∈T

Op⊗V

such that, given a morphism V → W in T and S a finite V -set, ResTV O(S) ≃ O(S). In particular, Theo-

rems III.1.1 and III.1.3 may be verified after restriction to each to V ∈ T , in which case the base ∞-category

T/V has a terminal object.

Moreover, each O(S) and P (S) are easily determined by arity support except in the case V ∈ υ(O) = υ(P ),

and arity support is additive in the predicted way by [Ste25c, Prop. 1.44]; thus Theorems III.1.1 and III.1.3

may be verified after restriction to each V ∈ υ(O), in which case ResTV O
⊗ and ResTV P

⊗ are unital. This and

Corollary III.1.43 together yield Theorem III.1.3, and Theorem III.1.1 follows by setting I B aO. □

III.2 Additivity of equivariant little disk operads

For this section, fix G a finite Lie group. Given a pair of G-equivariant smooth tangential structures

Θ : BΘ → BGO(k) and Ψ : BΨ → BGO(k′) we write

Θ ⊕Ψ : BΘ ×BΨ
Θ×Ψ−−−−−−−−→ BGO(k)×BGO(k′)

⊕−−−−−→ BGO(k + k′)

for the direct sum structure. We will prove the following.

Theorem III.2.1. The natural G-operad maps E⊗
Θ
,E⊗

Ψ
→ E⊗

Θ⊕Ψ extend to an equivalence

E⊗
Θ

BV
⊗ E⊗

Ψ

∼−−−→ E⊗
Θ⊕Ψ .

In particular, the tensor product product of G-symmetric monoidal ∞-categories acts additively on disks:

× : DiskΘ
G ⊛DiskΨ

G
∼−−−−−→DiskΘ⊕Ψ

G .
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We will use disintegration and assembly to bootstrap from the case that BΘ and BΦ are contractible,

which is the following.

Theorem III.2.2. The natural G-operad maps E⊗V ,E
⊗
W → E⊗V⊕W extend to an equivalence

E⊗V
BV
⊗ E⊗W

∼−−−→ E⊗V⊕W .

III.2.1 Wreath products and related bookkeeping We will define a Wreath product operation on T -

preoperads which is easy to map out of and prove the following theorem.

Theorem III.2.3. Fix algebraic pattern maps αi , ϕE , and ϕP over Span(FT ) making the following commute

P⊗1 ≀ P
⊗
2 P⊗3

E⊗1 ≀ E
⊗
2 E⊗3

ϕP

α1≀α2 α3

ϕE

and satisfying the following conditions:

(BK-a) Each αi is a Morita localization;

(BK-b) ϕP is a Γ -Morita equivalence; and

(BK-c) each E⊗i is a reduced T -operad.

Then, the map E⊗1 ≀ E
⊗
2 →E

⊗
3 induces an equivalence

E⊗1
BV
⊗ E⊗2

∼−−−−→ E⊗3 .

For this theorem, we define a Γ -Morita equivalence of T -preoperads to be a morphism of T -preoperads

which presents a Morita equivalence after pullback along the map s : FinT ,∗→ Spano(T )(FT ).

III.2.1.1 The definition of the wreath product model We first define a parameterized version of ≀.

Construction III.2.4. Following Construction II.2.50, we define the diagram

TotT O ×TotT P FinT ,∗ ×TotT P FinT ,∗ ×FinT ,∗

O⊗≀P⊗ TotT (TotT P )⊔ TotT Fin⊔T ,∗ FinT ,∗

TotT O FinT ,∗

M

pr1

id×πP

γ ∧

⌟ TotT πP πFin⊔T ,∗
π(TotT P )⊔

πO
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We refer to O⊗≀P⊗ as the Γ -wreath product of O⊗ and P⊗, and note that M is a bifunctor, and so presents a

morphism

◁(42) M ′ : TotT O⊗
BV
⊗ P⊗ −→O⊗≀P⊗.

We will eventually prove the following.

Proposition III.2.5. The map M ′ of Eq. (42) is an LOpT -equivalence.

Before then, we make heavy use of the following observation.

Observation III.2.6. O⊗≀P⊗ is a pullback of a cospan of algebraic patterns pulled back from T -operads, and

hence T -preoperads; in particular, writing

O⊗ ≀ P⊗ ≃ TotO ×Spano(T )(FT ) Tot(TotT P )⊔ ,

limit-preservation of the pullback s∗ along s : TotFinG,∗→ Span(FG) yields an equivalence

O⊗≀P⊗ ≃ s∗
(
O⊗ ≀ O⊗

)
.

We will generally work directly with ≀. ◁

Now Proposition III.2.5 indeed implies the following important corollary:

Corollary III.2.7. If O⊗1 ≀ O
⊗
2 →O

⊗
3 is a Γ -Morita equivalence, then it induces an equivalence

O⊗1
BV
⊗ O⊗2

∼−−−−→O⊗3 .

III.2.1.2 How do we use wreath products? Now, to understand these better, note the following proposition.

Proposition III.2.8. Let O⊗,P⊗ be T -operads. Then, the fiber ∞-categories of O⊗ ≀ P⊗ are given by

(
O⊗ ≀ P⊗

)
T
≃

∐
T→S
OS ×PT .

Moreover, given a multi-arity g : T ′→ T , the multimorphism spaces of O⊗ ≀ P⊗ over g are

MulgO≀P (h′ : T ′→ S ′ ,C′ ,D′ ; h : T → S,C,D) ≃
∐

f : S′→S
f h=h′g

MulfO (C′ ;C)×MulgP (D′ ;D) .

The wreath product construction is of a nontrivial combinatorial nature; for simplicity’s sake, we

pre-macerate these combinatorics, yielding recognition results which will provide our interface for working
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with wreath products going forward. First, we describe how to compute wreath products of T -operads with

contractible structure spaces.

Proposition III.2.9. Suppose T is an atomic orbital 1-category and Ot ,P t ,Qt are genuine topological T -operads

such that Qt has contractible structure spaces. Then, a relative pattern map Ot ≀ P t→Qt is uniquely specified

by a map of coefficient systems of sets

ϕ :
∐
T→S

π0OS ×π0PT → π0QT

such that for all data

T ′ T

S ′ V

g

; ((C′ ;C), (B′ ;B)) ∈ OS ′ ×OV ×PT ′ ×PT .

such that O(C′ ;C)×MulgP (B′ ;B) ,∅, we have MulhQ(B′ ;B) ,∅.

Moreover, the resulting map satisfies Condition (ML-b) if and only if ϕ is an equivalence; in this case,

ϕ is a Γ -Morita equivalence if the converse to the above compositionality statement holds.

Proof. First note that ϕ is a map Ob(Ot ≀ P t)T →QT ; by Proposition III.2.8, to specify a topological

functor Ot ≀ P t → Qt over Span(FT ) it then suffices to define the data on mapping spaces. Indeed, we

determine this canonically via the factorization

MapO⊗≀P⊗ ((C′ ,B′), (B′ ,B)) MapQ⊗ (ϕ(C′ ,B′ ,ϕ(B′ ;B))

MulfO⊗≀P⊗ ((C′ ,B′); (C,B)) MulfQ⊗ (ϕ(C′ ,B′);ϕ(B′ ,B))

There exists an essentially unique filler as in the dashed arrow since whenever the domain is nonempty, the

codomain is contractible by assumption. To verify functoriality, we must verify a that a collection of diagrams

among products of multimorphism spaces of Q⊗ commute; however, since Q⊗ has contractible nonempty

structure spaces, all terms in such diagrams are either empty or contractible, so all such diagrams commute.

The remaining statement follows by unwinding definitions to find that our assumption implies contractible

(not just weakly contractible) fibers on active arrow categories. □

Now, we cover the case of maps to one-color T -operads.

Proposition III.2.10. Suppose T is a 1-category and Ot ,P t ,Qt are genuine topological T -operads such that Qt

has one color. A relative pattern map Ot ≀ P t→Qt is uniquely specified by the data of, for each composable

arities IndTV T → IndTV S→ V and compatible P and O (multi-)profiles (B′ ;B) and (C′ ;C), a homotopy class
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of continuous map

ϕ : O(C′ ;C)×MulgP (B′ ;B)→Q(T )

sending ϕ1 = 1 and such that the following diagrams commute:

(43)

O (C′ ;C)×MulgP (B′ ;B) Q (T )

O
(
ResVU C′ ;ResVU C

)
×Mul

ResVU g
P

(
ResVU B′ ;ResVU B

)
Q

(
ResVU T

)
ϕ

Res Res

ϕ

(44)

(
O(C′ ;C)×MulhO (C′′ ;C′)

)
×
(
MulgP (B′ ;B)×MulfP (B′′ ;B′)

)
O (C′′ ;C)×Mulf ◦gP (B′′ ;B)

(
O (C′ ;C)×MulfP (B′ ;B)

)
×
(
MulhO (C′′ ;C′)×MulgP (B′′ ;B′)

)
Q (T )×Mulf ◦gQ (T ′ ;T ) Q (T ′)

(γ,γ)

≃

ϕ

(ϕ,ϕ)
γ

The associated functor acts on active mapping spaces via ϕ.

Proof. Since Qt→ Span(FT ) is bijective on objects, there is exactly one map Ob
(
Ot ≀ P t

)
→ObQt over

ObSpan(FT ): (C,B) 7→ T ′. To construct such a functor which is compatible with inert arrows, we then must

determine the data on mapping spaces, uniquely via the factorization

MapOt ≀P t ((C′ ,B′), (B′ ,B)) MulfOt ≀P t ((C′ ,B′); (C,B)) O(C′K ;CK )×MulgP (B′K ;BK )

MapQt (T ′ ,T ) MulfQt (T ′ ,T ) Q(T ′K )

ϕ

We’re left with functoriality; this follows by unwinding definitions. □

III.2.1.3 Wreath products vs tensor products We now compare ≀ with
BV
⊗ , closely following [Har], via the

following construction. For clarity, we will conflate O⊗ with TotT O, for now.

Construction III.2.11. Define the T -algebraic pattern P c B Pattcc (TotT P ) over FT ,∗. We define the mixed

wreath product (O⊗≀P⊗)mix of O⊗ and P⊗ as the same T -∞-category over Span(FV ) and inert arrows as

O⊗≀P⊗ and the same elementary objects as O⊗≀P c, i.e.

◁(45)
(
O⊗≀P⊗

)el
= Oel ×P el ⊂ Oel ×P int =

(
O⊗≀P⊗

)mix−el
.
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There is a commutative diagram

O⊗ ×P c O⊗ ×P⊗

O⊗≀P c (O⊗≀P⊗)mix O⊗≀P⊗

t

Mcoarse M

c m

whose solid arrows are maps of patterns lying over M, and whose dotted arrows lie over the identity. We

want to verify that the rightmost vertical arrow is a Morita equivalence, which we will try to deduce from the

fact that leftmost vertical arrow is a Morita equivalence, which is the following lemma.

Lemma III.2.12. Mcoarse is a Morita equivalence.

Proof. All active arrows in P c are equivalences, so including identities induces an equivalence

(O⊗ ×P c)act
/(C;D) (O⊗≀P c)act

/(C;∆SD)

Oact
/C Oact

/C

≃ ≃

confirming Condition (ML-a). We’re left with verifying the strong form of Condition (ML-b), i.e. that

Oel ×TotT P ≃
(
O⊗ ×P c

)el
→

(
O⊗≀P c

)el

is an equivalence. This follows by unwinding definitions. □

Now, to make comparisons along horizontal arrows, we use a version of a lemma due to Harpaz.

Lemma III.2.13. Suppose O,O′ are T -algebraic pattern structures on the same T -∞-category such that

Oint ⊂Oint′ and Oel ⊂O′el.

(1) Suppose that Oel = Oel′ and they satisfy the additional property that, for every V -path X
f
−→ Y

g
−→ Z

such that g ◦ f lies in Qint, f lies in Q′int, and Z is elementary, Y is also elementary. Then, O

and O′ have the same Segal T -objects.

(2) Suppose instead that Oint = O′int; Then, X : O→C is a Segal O-object if and only if it is a Segal

O′-object such that F|Qel′ is T -right Kan extended from F|Qel .

Proof. The proof of [Har, Lem. 4.2.21] extends mutatis mutandis, but we reproduce the idea here. For

the first, it follows from Joyal’s Theorem A [kerodon, Tag 02NY] that this condition implies that Oel
O/ ⊂O′el

O/

is initial, yielding the claim. The second is pasting for T -right Kan extensions. □

We separate out the map c first.

Lemma III.2.14. c satisfies the condition of part (1) of Lemma III.2.13
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Proof. We must verify that, for all coarse-inert composite arrows

f : (C; (DU )S )
f ′

−−→ (C′′ ; (D′′U ′′ )S ′′ )→ (C′ ; (D′U ′ )S ′ )

with f ′ mixed-inert and (C′ ; (DU ′ )S ) mixed-elementary such that f and f ′ lie in the initial subcategory of inert

morphisms with nonempty domain, (C′′ ; (D′′U ′′ )S ′′ ) is coarse-elementary. The assumptions guarantee that C′

lies over a transitive G-set, which implies the same of C by coarse inertness of f , and C′′ by mixed-inertness

of f ′, which is the desired coarse-elementary property. □

Proof of Proposition III.2.5. Lemmas III.2.12 to III.2.14 and two-out-of-three construct, for each

complete T -category C, a commutative diagram of fully faithful functors

SegOSegP (C) SegO×P (C) SegO≀P (C)

SegOFunT (P ,C) SegO×P c (C) SegO≀P c (C) Seg(O≀P )mix(C)

ι×

≃

ι≀

≃ ≃ ≃

It suffices to verify that imι≀ ⊂ imι×. By Lemma III.2.13, the image of Mcoarse∗ι≀ is those coarse Segal objects

F : O⊗ ×P⊗→C such that

(a) F|(O⊗≀P⊗)mix−el is T -right Kan extended from F|(O⊗≀P⊗)el ,

and the image of ι× is those F such that

(b) for all O ∈ O⊗, the T -functor {O} × P⊗→C is a Segal object.

We’re tasked with verifying that Conditions (a) and (b) are equivalent. Now, in sight of Eq. (45), this compiles

down to verifying that a T -functor is T -right Kan extended along a base changed functor C ×D E → C×D E ′ if

and only if, for all C ∈ C, the associated functor is right Kan extended along the functor {C}×E → {C}×E ′; but

this follows from the fact that T -limits in product T -categories are products of T -limits in the factors. □

III.2.1.4 A bookkeeping theorem We now prove Theorem III.2.3. Now, the following lemma follows by

compatibility of products with pullbacks and equivalences.

Lemma III.2.15. In the situation of Theorem III.2.3, the map α1 ×α2 is a weak approximation of T -algebraic

patterns.

Proof of Theorem III.2.3. We may pull back our data to construct the T -algebraic pattern diagram

P⊗1 ×P
⊗
2 P⊗1 ≀P

⊗
2 P⊗3

E⊗1 ×E
⊗
2 E⊗1 ≀E

⊗
1 E⊗3

M

α1⊙α2

ϕ
P

α3

M ϕ
E
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and in sight of Corollary III.2.7 and two-out-of-three, we’re tasked with proving that ϕE ◦M is a Morita

equivalence.

By Lemma III.2.15 we know that α3 and α1 ×α2 are Morita T -localizations, by Proposition III.2.5 that

each arrow marked M is a Morita equivalence, and by Corollary I.3.31 that ϕ
P

is a Morita equivalence. By

two-out-of-three for Morita equivalences, ϕ
P
◦M is a Morita equivalence, so by Corollary I.3.31, applying

Seg(−) to the outer diagram yields a diagram of fully faithful inclusions

SegTotT P1
SegTotT P2

(S) SegTotT P3
(S)

SegTotT E1
SegTotT E2

(S) SegTotT E3
(S);

≃

It suffices to verify that the images of (α1 ×α2)∗ and ϕ∗Eα
∗
3 agree. In fact, by Corollary I.3.31 they correspond

with P1 ×P2-monoid T -spaces attaining solutions to the inner and outer lifting problem, respectively:

UO1 ×UO2 ST

UP1 ×UP2 UP3∼
UϕP

UϕP is an equivalence by assumption, so the images agree, yielding the result. □

III.2.2 Additivity of little disk G-operads Fix V• and W• polyrepresentations and G a finite group.

Following Lurie’s proof of nonequivariant additivity with tangential structure, a convenient construction

for the additivity map with the universal tangential structure would be as a restriction of the canonical map

BGO(k)⊔
BV
⊗ BGO(ℓ)⊔ ≃ (BGO(k)×BGO(ℓ))⊔

⊕−−−−−→ BGO(k + ℓ)⊔;

then, the fact that it disintegrates to the map we study in the linear setting will be automatic. Unfortunately,

we run into two large problems:

Problem i. The putative map on structure spaces EmbH,Rect
(
S · P V , P V

)
↪→

∏
[H/K]⊂S EmbK (P V , P V ) is not a

monomorphism homotopically, only a topological subspace inclusion; hence factorizations through

the putative associated G-operad map E⊗V → BGO(k)⊔ will only possibly be unique if models are

chosen on both sides.

Problem ii. We have not topologically modelled the map ⊕⊔ above, but instead derived it from homotopical

formal properties.

To solve these problems, we will topologically model the cocartesian structure. The following construction is

enabled by the fact that we’ve restricted so that OG is an atomic orbital 1-category.
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Construction III.2.16. X• : OG→ CatTop a coefficient system of topological categories and TotX→OG the

associated topologically enriched unstraightening.

We may define a topological functor TotX⊔→ TotFinG,∗ as follows:

(1) The objects in the fiber over S+ ∈ FinH,∗ are
∏

[H/K]⊂S π
K
0 X.

(2) The topological space of morphisms (x,T+,H)→ (y,S+,K) lying over a map (T+,H)→ (S+,K) classified

by a map f : ResHK T+→ S+ is the space
∏

[K/J]⊂S
∏

[J/L]⊂f −1([K/J]) MapLX(xL, yJ ).

(3) Composition in TotX⊔ is extended by composition of paths under rearranging the above product

factorizations.

Note that TotX⊔ ×TotFinG,∗ OG ≃ TotX. This extends to a diagram

TotX⊔≀TotY ⊔ (TotY ⊔)⊔ TotFin⊔G,∗ TotFinG,∗

TotX TotFinG,∗

⌟
TotπP πFin⊔T ,∗

πO

Now, given a map of coefficient systems f : X ×Y → Z, claim that this may be extended as follows:

TotZ⊔

TotX⊔≀TotY ⊔ (TotY ⊔)⊔ TotFinG,∗ TotFinG,∗

TotX⊔ TotFinG,∗

f≀

⌟
TotπP πFin⊔T ,∗

πO

Indeed, viewing an object of TotFin⊔G as a choice of H ⊂ G, S ∈ FH , and T ∈ FH,/S , viewing an object of TotY ⊔

over this as a further choice of points y• ∈ Y T , and an object of TotX≀TotZ over this as a further choice of

points x•inXS , on objects the map f≀ takes the object (x•, y•) lying over (H,S,T → S) to the T -object taking

an orbit [H/K] ⊂ T to f
(
xπ([H/K]), y[H/K]

)
; the map on mapping spaces is extended from f in an essentially

unique way so that this restricts to f under the evident map TotX ×TotY → TotX≀TotY ×TotFinG,∗ OG and is

compatible with pullback along the evident topological lifts of inert morphisms.

In particular, on homotopy-coherent nerves, this presents a G-preoperad map

N hcX⊔≀N hcY ⊔→
(
N hcZ

)⊔
whose associated G-operad map N hc (X ×Y )⊔ ≃N hcX⊔

BV
⊗ N hcY ⊔→N hcZ⊔ restricts to N hcf , and hence is

classified by N hcf under Theorem II.2.32. ◁

Now, note that there are evident inclusions of topological categories over OG

EtV• ↪→ Etidk ↪→ EmbkG,
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compatible with the evident topological preimages of inert morphisms. In particular, we acquire the solid

subdiagram diagram of the following, as a diagram of topological functors over OG:

PtV• ≀P
t
W•

ẼtV• ≀Ẽ
t
W•

EtV• ≀E
t
W•

Etidk ≀E
t
idℓ

EmbkG≀EmbℓG

PtV• |W• ẼtV•⊕W• EtV•⊕W• Etidk+ℓ
Embk+ℓ

G

ϕP ϕ̃ ϕE ϕid ⊕

and, unwinding definitions, this extends essentially uniquely (by virtue of the fact that topological subcategory

inclusions are monomorphisms in CatTop) to fill in the dashed arrows, the resulting diagrams also preserving

the evident topological preimages of inert morphisms. In particular, taking homotopy-coherent nerves yields

a commutative diagram of G-preoperad maps

(46)

P⊗V ≀P
⊗
W E⊗V ≀E

⊗
W E⊗idk ≀E

⊗
idℓ

P⊗V |W E⊗V⊕W E⊗idk +ℓ

α1≀α2

ϕP

ϕE α

We’re ready to conclude equivariant Dunn-Lurie additivity.

Proof of Theorem III.2.2. We are left with verifying that the lefthand square of Eq. (46) satisfies

the conditions of Theorem III.2.3. Certainly each (one color) little disk G-operad E⊗V is reduced, and the

fact that each αi is a Morita localization is Corollary II.2.141. We’re left with proving that ϕP is a Γ -Morita

equivalence, which we verify using Corollary I.3.31.

In general, under Proposition II.2.115, ϕP yields an equivalence

U
(
P⊗UV ≀P

⊗
UW

)
≃ UV ×ObFg

∐
T

UTW .

Under Proposition III.2.9, we’re left with checking the dashed equivalence of the following conditions

MulgPUV |UW

(
(UV ;UW ) ;

(
U′V ;UW

))
= ∗ MulgPUV

(
UV ;U′V

)
×PUW

(
UW ;U ′W

)
= ∗

ϕ(UV ;UW ) ∈ ι∗ (UV | UW ) UV ∈ ι∗UV and UW ∈ ι∗UW

Now, the vertical equivalences follow simply by definition and the bottom horizontal by the fact that ϕ is an

equivalence (see Proposition II.2.115), so the desired implication follows by two out of three. □

287



SECTION III.2. ADDITIVITY OF EQUIVARIANT LITTLE DISK OPERADS

Now, to approach Theorem III.2.1, we must construct a map which disintegrates to the maps we know

to be equivalences via Theorem III.2.2. We may do so via the following diagram:

E⊗V
BV
⊗ E⊗W

E⊗
Θ

BV
⊗ E⊗

Ψ
E⊗idk

BV
⊗ E⊗idℓ

E⊗V⊕W

E⊗
Θ⊕Ψ E⊗idk+ℓ

B⊔
Θ

BV
⊗ B⊔

Ψ
BGO(k)⊔ ⊗BGO(ℓ)⊔

BΘ ×B⊔Ψ BGO(k)×BGO(ℓ)⊔

BΘ ×B⊔Ψ BGO(k + ℓ)⊔

ψx⊗ψy

ϕ

p(x,y)

ϕ
ϕid

Θ⊗Ψ

∼ ∼

(Θ,Ψ )

⊕

Θ⊕Ψ
px

BV
⊗ py

ψ(x,y)

We’re ready to conclude equivariant Dunn additivity with tangential structure.

Proof of Theorem III.2.1. Note that ψx,ψy and ψ(x,y) reduce to equivalences under Theorem II.2.79,

so the upper left quadrilateral shows that ϕ : E⊗
Θ

BV
⊗ E⊗

Ψ
→ E⊗

Θ⊕Ψ disintegrates to an equivalence at each point;

Corollary III.1.6 shows that this implies that ϕ is an equivalence. □

III.2.3 A dream for the future We offer a vision, hypothetical as of yet, for the placement of our additivity

theorem within the isotopy theory of G-manifolds, for G potentially a compact Lie group.

Question III.2.17. Given G a compact Lie group, does there exist a categorical Green functor

Mfld⊔,×G ∈ CAlgCMonG(Cat)

whose “additive” G-symmetric monoidal structure agrees with Mfld⊔G admits a G-symmetric monoidal full

subcategory embedding MfldΘ,⊔
G ↪→ Mfldall,⊔G , whose multiplicative structure takes (M,N ) 7→M ×N , and

whose multiplicative binary tensor product induces an equivalence

(47) × : Diskk−r,⊔G ⊛Diskℓ−r,⊔G
∼−−−−−→Diskk+ℓ−r,⊔

G ?

Moreover, does there exist a morphism of categorical green functors π0 : Mfld⊔,×G → Fin⊔,×G lifting the

equifibration MfldnG→ Fin⊔G? ◁
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The author strongly believes that, once such a structure is constructed, similar techniques to that of

Theorem III.2.1 will yield an equivalence

× : DiskΘ,⊔
G ⊛DiskΨ ,⊔

G
∼−−−−−→DiskΘ⊕Sp,⊔

G ,

underlying an equivalence E⊗
Θ
⊕E⊗

Ψ
. Other than extending Theorem III.2.1 to compact Lie groups, this

promises to cohere Dunn additivity with products of manifolds, hopefully for the purpose of matching Fubini’s

theorem in factorization homology to the additivity phenomenon.

There is also a harder question, which the author does not know how to approach.

Question III.2.18. Given a finite-index closed subgroup inclusion H ⊂ G, is CMonG(SG) a G-mode? If so,

given an orthogonal H-representation V , does there exist an equivalence NG
HDiskV−r,⊔H ≃Disk

IndGHV−r,⊔
G , where

the norm is taken with respect to the mode structure? ◁

This would give a non-geometric reason that EV appears in equivariant homotopy theory whenever V

is a permutation representation: all such G-operads would occur as indexed tensor powers of the inflation of

the associative operad.
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