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Perverse mod p Sheaves on Affine Flag Varieties

Abstract

We prove a mod p analogue of the geometric Satake equivalence and we give a geometric
construction of central elements in affine mod p Hecke algebras. To accomplish these goals
we apply techniques from F-singularities to the theory of perverse mod p sheaves on schemes
in characteristic p. Along the way we prove new results about the F-singularities of affine

Schubert varieties and equal characteristic analogues of local models of Shimura varieties.
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Chapter 1

Introduction

1.1 Motivation

The geometric Satake equivalence [MV07] is a fundamental result in the geometric Lang-
lands program which provides a geometric version of the unramified local Langlands corre-
spondence. Bezrukavnikov [Bez16] builds on the geometric Satake equivalence and provides
a geometric version of the tamely ramified local Langlands correspondence. A key input in
Bezrukavnikov’s work is Gaitsgory’s goemetrization [Gai0l] of an isomorphism between the
spherical Hecke algebra and the Iwahori Hecke algebra. In this thesis we construct a mod
p analogue of the geometric Satake equivalence as well as Gaitsgory’s construction.

To be more precise, let E be a local field of characteristic p > 0 with ring of integers
Op and residue field F,; where ¢ is a power of p. Let G be a split connected reductive group
defined over E, and let 7' C B C G be a maximal torus and a Borel subgroup. Let X, (T')
be the group of cocharacters of G and let X*(T)+ be the monoid of dominant cocharacters.

For a compact open subgroup H C G(E) let

Hy :={f: G(E) = F, : f has compact support and is H bi-invariant}.



The multiplication on Hp is by convolution of functions. The mod p Hecke algebras Hpy
are important in the study of admissible mod p representations of G(FE).
As G is split we may let K = G(Op). Then Herzig [Herllb] (and Henniart-Vignéras

[HV15] for more general coefficients) constructed a mod p Satake isomorphism

S: Hig = Fp[X.(T)™).

We note that the mod p Satake isomorphism is related to the usual Satake isomorphism by
an integral Satake isomorphism constructed by Zhu in [Zhu20].

In the first part of this thesis we construct a symmetric monoidal category of perverse
[F)-sheaves on the affine Grassmannian of G’ which gives a geometrization of the inverse of
S. This can be viewed as a mod p version of the geometric Satake equivalence. The first
part of this thesis is based on our article [Cas19].

Now let I C K be the Iwahori subgroup determined by B and let Z(#;) be the center
of Hy. If 1x € Hj is the function which is 1 on K and 0 elsewhere then by work of Vignéras

[Vig05] and Ollivier [Oll114] there is an isomorphism of [F,-algebras

C: Z(M)) = Hg, for fxlg.

The second part of this thesis is based on our article [Cas20], in which we construct a functor
on perverse [F-sheaves which geometrizes the inverse of C. This allows us to give geometric
proofs of certain combinatorial identities in Iwahori mod p Hecke algebras.

This thesis is part of an ongoing project aimed at providing a categorification of the
representation theory of affine mod p Hecke algebras. In future joint work with C. Pépin
and T. Schmidt we aim to construct a mod p version of [Bez16]. In Bezrukavnikov’s work,
perverse sheaves on an affine flag variety are a categorification of the local automorphic

side (i.e., representations of Hecke modules), and coherent sheaves on the Steinberg variety



of the Langlands dual group are a categorification of the local arithmetic side (i.e., tamely
ramified representations of a local Galois group).

That such an equivalence is possible in the mod p setting is suggested by our results
in this thesis, which concern the automorphic side, and those in [PS20] on the arithmetic
side. Ideally, such an equivalence would give a geometric construction of some instances
of Grosse-Klonne’s functor [GK16] from supersingular mod p Hecke modules to Galois

representations.

1.2 The mod p geometric Satake equivalence

Let G be a connected reductive group over an algebraically closed field k. The loop group

LG is the functor on k-algebras
LG: R — G(R(1)),
and the positive loop group LG is the functor
LTG: R+~ G(R[t]).
The affine Grassmannian is the fpgc-quotient
Gr:= LG/LTG.

The functor Gr is represented by an ind-projective ind-scheme which is a union of affine
Schubert varieties analogous to classical Schubert varieties in flag varieties. Moreover, it
has important applications in arithmetic geometry and representation theory. For example,
fix a prime ¢ different from the characteristic of k. There is a natural left action of LTG

on Gr, and one can construct the category Pp+q(Gr,Qy) of Lt G-equivariant perverse Q,-



sheaves on Gr. Let Rep@l (G) be the category of representations of the dual group G on
finite-dimensional Q,-vector spaces. Then one version of the geometric Satake equivalence of
Mirkovié¢ and Vilonen [MVO07] states that there is a natural symmetric convolution product
on the category P+ (Gr,Qy), and there is an equivalence of symmetric monoidal categories
Prio(Gr,Q) = Rep@e (é) Here the dual group G arises naturally via a Tannakian
formalism as the group of automorphisms of the tensor functor @, R°'I'(—): Pp+g(Gr, Q;) —

Vect@l. Moreover, the following diagram commutes up to natural isomorphism.

—  RT(—
Pr+q(Gr, Q) S Vectg,
\ %rget
Rep@(é)

One can also get an analogous statement using coefficients in the finite field Fy. The
geometric Satake equivalence can be viewed as both providing a canonical construction of
G from G, and as a geometrization of the Satake isomorphism. Recently, Vincent Lafforgue
[Laf18] has used the geometric Satake equivalence (among other things) to prove the au-
tomorphic to Galois direction of the Langlands correspondence for reductive groups over
global function fields.

Now suppose k has characteristic p > 0. The category of étale F,-sheaves on a scheme
X over k is markedly different from the category of étale Fy-sheaves or Q,-sheaves for ¢ # p.
However, one can still define perverse IF)-sheaves on X. We will define perverse F,-sheaves
in Section 2.1, but for now we note that when X is smooth, perverse IF,-sheaves on X are
anti-equivalent to the category of lfgu O x-modules introduced by Emerton-Kisin [EK04b].
These are certain quasi-coherent O x-modules M equipped with an O x-linear isomorphism
F*M — M and can be viewed as analogues of D-modules.

In this thesis we define the category Pr+q(Gr,Fp) of LTG-equivariant perverse F-

sheaves on Gr. We then construct a convolution product * making Pr+q(Gr,F)) into an



abelian symmetric monoidal category, and we prove the following theorem.

Theorem 1.1. The functor H := @, R'T(—): Pr+q(Gr,F,) — Vecty, is ezact, faithful,
and can be naturally upgraded to a symmetric monoidal functor. The functor on IFy-algebras
whose R-points are the tensor endomorphisms of H(—) ®r, R: Pp+g(Gr,F,) — Modg is
represented by an affine monoid scheme Mg over Fy,. Finally, there is an equivalence of
symmetric monoidal categories Pp+q(Gr,Fp) — Repp, (Mc) such that the following dia-

gram commutes up to natural isomorphism.

CRIT(—
PL+G(GI', Fp) GBL & VeCt]Fp
\ A
Repp, (M)

See [DM82] for more information on the Tannakian formalism. The only difference in
our situation is that because the category Pp+qg(Gr,F,) lacks dual objects in general then
an endomorphism of H is not necessarily invertible, which explains why we recover a monoid
scheme Mg rather than a group scheme.

The main difficulty in proving Theorem 1.1 lies in constructing the commutativity
isomorphism for the convolution product, which we handle by methods similar to those
in [MVO07] involving Beilinson-Drinfeld Grassmannians. The geometry of the Beilinson-
Drinfeld Grassmannians allows us to construct a certain deformation from an external
tensor product of perverse sheaves to the convolution product, and then we show that the
commutativity isomorphism for the tensor product extends to the convolution product.

As in the case of Q-coefficients, the simple objects in Pp+g(Gr,F,) are the IC sheaves
supported on LT G-orbit closures. After fixing a maximal torus and a Borel T'C B C G we
may parametrize L™ G-orbits in Gr by the dominant cocharacters X,.(T)*. Here u € X, (T)*
corresponds to the orbit Gr,, := LTG - u(t) C Gr (see Section 5.2 for more details). Let

IC,, denote the IC sheaf supported on the reduced closure Gr<,, of Gr,. Unlike the case of



Qy-coefficients, the convolution product of simple objects remains simple.

Theorem 1.2. Let uy, po € Xu(T)*. Then
IC,, x1C,, =IC, +u, -
Furthermore, for every u € X.(T)™,
dimg, H(IC,) = 1.

It follows that the simple representations of Mg are one-dimensional and hence Mg is
pro-solvable (see Proposition 7.15 for a precise statement). Our proofs of Theorems 1.1 and
1.2 rely crucially on the nature of the singularities of the affine Schubert varieties Gr<,. In
particular, we use Frobenius splitting techniques to show that IC, is the shifted constant
sheaf [F,[dim Gr<,,| supported on Gr<,. This will be explained in Section 1.5 below.

The other key input in the proof of Theorem 1.2 is the fact due to Faltings [Fal03] and
Pappas-Rapoport [PRO8] that Gr<,, 1., has rational singularities if p { [71(Gger)|. More
precisely, by considering the Artin-Schreier sequence, to prove that IC,, x1C,, = 1C,, 1.,
it suffices to show that the derived pushforward along a convolution morphism preserves
the structure sheaf. We then appeal to a general result of Kovédcs [Kovl7] on rational

singularities.

1.3 Central perverse [F)-sheaves on affine flag varieties

We now assume that p > 2 and that the derived subgroup Gger is almost simple. Let
I C L™G be the Iwahori group given by the fiber of B under the projection L*G — G. Let
F{:= LG/I be the Iwahori affine flag variety, and let w: F¢ — Gr be the projection.

Then we can also define the category Pr(F¢,F,) of I-equivariant perverse [F,-sheaves



on F{. In Section 8.2 we define the convolution product F} * F3 € DY(F(,F,) of two
I-equivariant perverse sheaves F7, Fy € Pr(F¢,Fp). We note that the convolution product
on Pr+q(Gr,Fp) preserves the full subcategory of semisimple objects Pp+q(Gr,Fp)* C
Pr+¢(Gr,Fp) by Theorem 1.2. Our main result in this section is the existence of a functor
Z: Pp+q(Gr,F,)*® — Pr(F(,F,) which geometrizes the isomorphism of Vignéras [Vig05]
and Ollivier [Oll14] between the unramified mod p Hecke algebra and the center of the
Iwahori mod p Hecke algebra.

We will use the following notation. Let W := Ny T k(1) /T (k[t]) be the Iwahori-
Weyl group of G(k((t))), which parametrizes left I-orbits in F¢ by the Bruhat decompo-
sition. For w € W let Fl, C F{ be the corresponding reduced I-orbit closure. Let
IC,, € Pp+¢(Gr,F,)* be the shifted constant sheaf Fp[dim Gr<,] supported on Gr<,,.

Given p € X, (T)* let Adm(p) C W be the p-admissible set defined in (8.4). Set

Ap) = |J FewcFe
weAdm(p)

Let Z4(,) € DY(F(,Fp) be the shifted constant sheaf Fp[dim A(x)] supported on A(g).
Theorem 1.3. There exists an exact functor Z: Pp+q(Gr,Fp)* — Pr(F(,F,) that satisfies:

(i) For all p € X.(T)" there is a canonical isomorphism

Z(1C,) = Za(-

(ii) For all F* € Pr+q(Gr,Fp)* there is a canonical isomorphism

Rm(Z(F*)) = F°.



(iii) For all F} € Pp+q(Gr,Fp)* and Fy € Pr(FL,F),) the convolution product

Z(F) + F3

1s perverse and I-equivariant.

(iv) For all F} € Pp+g(Gr,Fp)* and F3 € Pr(FU,F,) there is a canonical isomorphism

Z(F) x F3 = Fyx Z(F1)

(v) For all FY, F3 € Pp+q(Gr,F,)% there is a canonical isomorphism

Z(F « F3) = Z(F) * Z2(F).

Our method is analogous to the case of Q,-coefficients considered in [Gai01] and [Zhu14],
but it involves some new ideas because we use a different notion of the nearby cycles
functor which is well-suited for our purposes (see Remark 8.7 for the usual definition).
More precisely, the functor Z is a nearby cycles functor along a degeneration from Gr to
FL. As the derived pushforward functor for Fj-sheaves need not preserve constructibility,
we instead take an intermediate extension in the definition of Z in Section 8.2.

As in the proof of Theorem 1.1, we exploit subtle properties of the singularities of affine
Schubert varieties. In particular, we use Frobenius splitting techniques to verify that our ad-
hoc construction of the nearby cycles functor satisfies the necessary properties. This requires
us to prove new results on the F-singularities of certain equal-characteristic analogues of
local models of Shimura varieties, which will be explained in Section 1.5.

The relevant facts involving F-singularities are that if X is an integral F-rational variety
of dimension d then the shifted constant étale sheaf F,,[d] € D(X,F,) is a simple perverse

sheaf by Theorem 1.12, and that F-rational singularities are pseudo-rational by a result



of Smith [Smi97]. See Theorem 4.1 for the definition of F-rationality. We will combine
these facts with a result of Kovacs [Kov17] on pseudo-rational singularities to deduce that
our nearby cycles functor commutes with pushforward along birational morphisms between
certain F-rational varieties appearing in the proof of Theorem 1.3. We refer the reader to

Section 8.2 for more discussion on the properties of Z.

Remark 1.4. The functor Z in Theorem 1.3 can be defined on the category Pr+q(Gr,F)),
but then it is not clear that this functor is exact. This is the reason we restrict to the

subcategory Pp+q(Gr,Fp,)%.

1.4 Applications to mod p Hecke algebras

We now assume that G is a split connected reductive group defined over a local field E of
characteristic p > 0 and residue field F,. Let K = G(Og) and let t be a uniformizer of E.
Then Hk has a natural basis {1, } indexed by the dominant cocharacters X, (T')* where 1,
is the characteristic function of the double coset K u(t)K. Similarly if I C K is the Iwahori
subgroup determined by B then H; has a basis {1,} indexed by W. Let 1 K € Hi be the
function which is 1 on K and 0 elsewhere.

The mod p Satake isomorphism of Herzig [Her11b| and Henniart-Vignéras [HV15] is an
isomorphism

~

S: Hrg = Fp[Xu(T)T]

where X, (T)" is the monoid of dominant cocharacters. We review the definition of S in
Section 10.3.

In Section 10.2 we show that a version of Theorem 1.3 also holds when we view Gr and
JF as ind-schemes over the finite field F;. We denote these ind-schemes over [, by Grg,
and F/p,. By applying the function-sheaf correspondence we can associate to an element

F* € Priq(Grp,, Fp) a function Tr(F*) € H, and similarly for P;(Ffp,,Fp) and H;. The



function Tr(F*) depends only on the isomorphism class of F* in the Grothendieck group
of the relevant category.

We then define a certain Serre subcategory Pp+q(Grr,,F )NV C Pr+¢(Grg,, Fp) which
can be viewed as the mod p analogue of ¢-adic perverse sheaves whose simple subquotients
are pure of weight zero. The simple objects in this category are indexed by p € X, (T)"
and are denoted by IC{Y . The category PL+G(GrFq,Fp)N is a symmetric monoidal category
which also admits an equivalence with the category of representations an affine monoid
scheme as in Theorem 1.1, but in general the affine monoid scheme depends on the field
over which Gr is defined.

In the following theorem, we equip Ko(Pr+c(Grr,,Fp)Y) with the structure of a ring

where the multiplication is defined by convolution of perverse sheaves.

Theorem 1.5. There is a natural isomorphism of Fp-algebras
FplXo(T)*] = Ko(Pp+g(Grr,, Fp)V) @ F,
which sends pu € X.(T)" to the class of [ICLV] ® 1. The composition
Fp[X.(T)*] & Ko(Ppg(Grs, . Fp)V) @ F, = H

is the inverse of the mod p Satake isomorphism S.

Now assume that p > 2 and that G4e, is absolutely almost simple. Then a version of
Theorem 1.3 also holds over the finite field F,, and the following theorem then follows from

the function-sheaf correspondence.
Theorem 1.6. Let C be the isomorphism Z(Hr) — Hx such that C(f) = f*1x. Then
crn)- ¥ ow
A<p weAdm(p)

10



For pu € X.(T)" let t,, be the element ;1 regarded as an element of W, and let A, C X,(T)
be the orbit of p by the action of the finite Weyl group W := Ng(T)/T. In [Vig05],
Vignéras constructed integral Bernstein elements B(\) € Hy for A € X,.(T) and showed
that {> yca, B(A)}uex,(r)+ is an Fp-basis for Z(H;). Ollivier [Oll14] showed that these

Bernstein elements give rise to an isomorphism of [F)-algebras

B: F,[X.(T)"] = Z(Hy), p— Y BV).
AEA,

Ollivier also showed that B is compatible with the mod p Satake isomorphism in the sense
that B=C"1oS8~ 1.

For our last application, we note that by [Oll14, 2.3] the coefficient of 1,, appearing in
ZAeAu B(A) € Hyis 0if w ¢ Adm(p) and it is 1 if w € Adm(u) and ¢(w) = £(t,), where ¢
is the length function on W. Using Theorem 1.6 we can compute the rest of the coefficients

(¢f. [O1115, 5.2]).

Corollary 1.7. Let yu € X.(T)". Then the integral Bernstein elements satisfy

> BN = > L.

AEA, weAdm ()
Remark 1.8. Let I C I be the pro-p Sylow subgroup. The integral Bernstein elements
are usually defined in the larger Hecke algebra H;. There is a central idempotent €1 € H;
such that Hy = e;H; (see [Oll14, 2.14]). The Bernstein elements we are considering in this
thesis are the images of the Bernstein elements in [Oll114] after multiplication by €;. The
integral Bernstein elements in loc. cit. also depend on a choice of a sign (£) and a Weyl
chamber, but the central integral Bernstein elements ), A, B()\) do not depend on these

choices by [O1114, 3.4].

11



1.5 F-singularities and perverse F,-sheaves

In this section we allow k to be an arbitrary perfect field of characteristic p > 0. The study
of F-singularities refers to an approach to classifying singularities in positive characteristic
by their interaction with the Frobenius morphism. A basic definition in the field is that of
a Frobenius splitting of a scheme X over k, which is an Ox-linear splitting of the pth power
map Ox — F,Ox.

Remarkably, certain constraints on the Frobenius morphism imply properties of schemes
which also make sense in characteristic zero. For example, F-rationality, which is a property
of rings in characteristic p defined by the simplicity of an action involving the Frobenius on
local cohomology (see Theorem 4.1), implies normality and Cohen-Macaulayness. Crucially
for us, F-rationality also provides a purely algebraic way of showing that a scheme has
pseudo-rational singularities by a theorem of Smith [Smi97].

While F-rationality is the main property from F-singularities which we use to study
perverse [F),-sheaves, we establish that certain schemes are F-rational by first showing that
their local rings are strongly F-regular. The property of strong F-regularity was intro-
duced by Hochster-Huneke [HH89] in relation to tight closure theory. A reduced ring in
characteristic p is strongly F-regular if for every non-zero divisor there exists a Frobenius
splitting compatible with the non-zero divisor in a certain sense. See Section 5.4 for the
precise definition and the relations between these notions.

Now let GG be a split connected reductive group over k with a maximal torus and Borel
subgroup T' C B C G. In order to prove Theorems 1.1, 1.2 and 1.3 we employ Frobenius
splitting techniques. To state our results in this direction, note that for every parabolic
subgroup P C G containing B there is an associated affine flag variety F¢p with an action
of the Iwahori group I determined by B. If P = B we set Flp = F{. Given w in the

Iwahori-Weyl group, let F¢p,, C Flp be the reduced I-orbit closure associated to w.

Theorem 1.9. Suppose k is a perfect field of characteristic p > 0, and that p 1 |71 (Gger)|-

12



Then the affine Schubert varieties Gr<,, and Flp,, are globally F-reqular, and hence also

strongly F-reqular and F-rational.

We refer the reader to Section 5.4 for the definition of global F-regularity, which is a
global version of strong F-regularity defined for projective k-schemes by Smith in [Smi00].
Theorem 1.9 adds to results of Faltings [Fal03] and Pappas-Rapoport [PROS§] in positive
characteristic. In particular, they showed that affine Schubert varieties are normal, Cohen-
Macaulay, and Frobenius split if p 1 |71 (Gger)|. While global F-regularity is stronger than
these properties, our proof uses the Frobenius splittings constructed by Faltings and Pappas-
Rapoport. See Section 5.1 for more discussion on their results. We also prove that Schubert
subvarieties of a particular Beilinson-Drinfeld Grassmannian are F-rational in Theorem 7.4.

Now assuming again that k is algebraically closed, we use Theorem 1.9 to prove the

following result.

Theorem 1.10. The simple objects in Pr+o(Gr,Fy) and Pr(F{,Fy) are the shifted constant
sheaves 1C,, := Fpldim Gr<,] and Fpldim F¢,,] supported on the orbit closures Gr<, and

Fly.

Theorems 1.9 and 1.10 generalize results of Lauritzen, Raben-Pedersen, and Thomsen
[LRPTO06] in the case of classical Schubert varieties in flag varieties. While our proof of
Theorem 1.9 is analogous to that in [LRPT06], we derive Theorem 1.10 as a consequence

of the following more general results.

Theorem 1.11. If X is a Cohen-Macaulay k-scheme of finite type and equidimension d

then the complex of étale sheaves Fpld] € D%(X,F,) is perverse.

Theorem 1.12. If X is an integral F-rational k-scheme of finite type and dimension d

then IF,[d] is simple as a perverse sheaf.

The property of F-rationality enters through its connection to the Frobenius action on

local cohomology. More precisely, we show the vanishing in certain degrees of the étale coho-
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mology of the constant sheaf IF,, with support in the special fibers of the strict henselizations
of the local rings of X. By the Artin-Schreier sequence, this reduces to the study of the
Frobenius action on the local cohomology modules of these strict henselizations. The crucial
result is Lemma 4.6, which says that the top local cohomology group of an F-rational local
ring of positive dimension contains no nonzero elements fixed by the Frobenius endomor-
phism.

During the course of proving Theorem 1.3 we will also prove a result about the singu-
larities of equal characteristic analogues of local models of Shimura varieties. Returning to
the setup in Section 1.4, let Grp, be the affine Grassmannian of GG viewed as an ind-scheme
over Fg. Then for p € X,(T)" there is an associated local model M,, — Spec(Op) such
that the generic fiber of M), is isomorphic to Grr, <, x Spec(E) and the reduced special

fiber is isomorphic to A(u) (see Definition 8.1).

Theorem 1.13. Suppose that p > 2 and that Gger is absolutely almost simple and simply
connected. Then for any p € X.(T)T, every local ring in M, is strongly F-reqular, F-

rational, and has pseudo-rational singularities.

In the mixed characteristic case, local models are used to study the étale local structure
of integral models of Shimura varieties with parahoric level structure. In the equal charac-
teristic case they are related to moduli spaces of shtukas. We refer the reader to [HR19]
for more information on local models, where it is also shown that certain local models are
Cohen-Macaulay by using Frobenius splittings of global affine Schubert varieties constructed
in [Zhul4].

We prove Theorem 1.13 by combining the same Frobenius splittings in [Zhul4] with
Theorem 1.9. In fact, we prove that certain global affine Schubert varieties are strongly
F-regular (Theorem 8.14) and then we deduce the local statement in Theorem 1.13. We
also show that Schubert subvarieties in related Beilinson-Drinfeld and convolution Grass-

mannians are strongly F-regular in Theorem 9.6.
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1.6 Outline

In Chapters 2 and 3 we prove basic facts about the category P’(X, F,) of perverse F-
sheaves on a scheme X of finite type over k which are well-known for perverse Q-sheaves.
For example, we show that for an action of a smooth connected group scheme G on X, the
G-equivariant perverse sheaves form a full subcategory of Pcb (X,F,) which is stable under
taking subquotients. The usual proofs for Q-sheaves do not always work in our setting,
largely because only three of the six functors preserve constructibility. Our main tool is the
Riemann-Hilbert correspondence of Emerton-Kisin [EK04b].

In Chapter 4 we prove Theorems 1.11 and 1.12. For the proofs we use the Artin-Schreier
sequence to transform the problem into deciding whether certain local cohomology modules
vanish or have any nonzero elements fixed by the Frobenius endomorphism.

In Chapter 5 we introduce the affine Grassmannian and prove that affine Schubert
varieties are globally F-regular. We first apply a result of Pappas-Rapoport [PRO8] to
reduce to the case when G is simply connected. After that our proof is analogous to that
of Lauritzen, Raben-Pedersen, and Thomsen [LRPT06] in the classical setting.

In Chapter 6 we define the categories Pp+(Gr,F,) and Pr(F¢p,F,), and we prove The-
orem 1.10. Then we define the convolution product of two perverse sheaves in Pp+(Gr, Fp).
The fact that the convolution product preserves perversity follows from the fact that
IC,, x1C,, =1C,, 44, (Theorem 1.2).

In Theorem 6.9 we show that RI'(IC,) = FF,[dim Gr<,|, which completes the proof of
Theorem 1.2. By contrast, in the case of Q-coefficients the IC sheaves generally have
nonzero hypercohomology in multiple degrees. Theorem 6.9 is an immediate consequence
of the global F-regularity of Gr<,. We then apply Theorem 6.9 to show that the functor
H : Pr+(Gr,Fy) — Vectr, is exact and faithful. Finally, we investigate extensions between
objects in Pp+g(Gr,F,) in Section 6.4.

In Chapter 7 we construct a commutativity constraint on Pr+q(Gr,F,), and we show
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that the global cohomology functor H is a symmetric monoidal functor. Our proof fol-
lows the standard technique of interpreting the convolution product as a fusion product
on a Beilinson-Drinfeld Grassmannian, and we again make use of Frobenius splitting tech-
niques (see Lemma 7.8). At this point the same Tannakian formalism as in the case of
Qy-coefficients provides us with an affine monoid scheme Mg such that Pp+q(Gr,F,) =
Rep]Fp(Mg). We conclude Chapter 7 with a few results about M.

We then turn to the construction of Z in Chapter 8, starting with an introduction to
the global affine Schubert varieties associated to a non-constant group scheme over a curve.
This allows us to define the local models M, as well as the functor Z. We then prove
Theorem 1.13 and parts (i) and (ii) of Theorem 1.3.

In order to prove the remaining parts of Theorem 1.3, in Chapter 9 we introduce
the Beilinson-Drinfeld and convolution Grassmannians associated to a non-constant group
scheme over a curve. After establishing that Schubert subvarieties in these Grassmannians
have strongly F-regular singularities in Theorem 9.6, the rest of the proof of Theorem 1.3
follows the method in [Zhul4].

In Chapter 10 we recall the function-sheaf correspondence for Fj,-sheaves. We then
prove Theorem 1.5 by using Theorem 1.2 and an explicit formula for the inverse of the
mod p Satake isomorphism due to Herzig [Herlla]. Finally, we use Theorem 1.3 to deduce

Theorem 1.6 and Corollary 1.7.
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Chapter 2
Perverse IFp-sheaves

2.1 Basic properties of perverse [ )-sheaves

For Chapters 2 - 4 we fix an algebraically closed field k of characteristic p > 0. By a
k-scheme we will always mean a separated scheme of finite type over k unless we specify
otherwise. In this section we introduce the category of perverse F,-sheaves on a k-scheme
X, and we prove some basic facts analogous to those for Q-coefficients as in [BBD82].

We let D*(X,F,) for « = (), +, —, b denote the corresponding derived category of
étale Fp-sheaves on X. Let DY(X,F,) denote the triangulated subcategory of D’(X,F))
consisting of objects having constructible cohomology sheaves. For a morphism f: X — Y

between k-schemes, we have the three functors

Rf*: D(Y,F,) — D(X,F,)
Rfi: DY(X,F,) — D (Y,F,)

L
— &, —: D™(X,F,) x D™(X,F,) = D~ (X,F,).

Each of these functors restricts to a functor involving D2(X,F,) and D5(Y,F,). We also



have the three functors

Rf': DY(Y,F,) — DY (X,F,)
Rf.: D¥(X,Fp) — D*(Y,Fp)

R#omg,(—,—): D(X,F,) x D*(X,F,) - D(X,TF,).

Contrary to the case of Fy-sheaves for £ # p, these last three functors do not in general
preserve constructibility. In particular, there is no good notion of a dualizing complex, and
there is no Verdier duality functor. Additionally, Rf' does not in general agree with a shift
of Rf* when f is smooth.

Despite these drawbacks, we can still define perverse [F,-sheaves (for the middle perver-
sity function) in a way similar to perverse Q-sheaves. Fix a point z € X, and let Y be the
reduced closed subscheme with topological space m For a complex F* € D (X,F,) and

i € Z we say that H'(Ri*F*) = 0 if the following condition holds:

e There exists a dense open subscheme U C Y such that H'(Rij;F*) = 0, where

iy: U — X is the immersion.

We can similarly define what it means to have H'(Ri,F*) = 0. Now consider the following

two subcategories of DT (X, F,):

PDV(X,F,) = {F* € DY(X,F,) : H(Ri!F*) =0for all z € X and i > — dim {z}}

PD2Y(X,F,) = {F* € DT(X,F,) : H(Ri,F*)=0for all z € X and i < —dim {x}}.

Gabber [Gab04] has shown that these subcategories underlie a ¢-structure on D (X, F,).

Moreover, he has shown these subcategories also induce a ¢-structure on DY(X,F,). We
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denote the category of perverse sheaves in D (X,F,) by
PT(X,F,) :=PD="(X,F,) N"?D="(X,F,).

Let P°(X,F,) be the full abelian subcategory of perverse sheaves in D%(X,F,).

Remark 2.1. For z € X, let j: Spec((?%x) — X be the strict henselization of the local
ring of X at x, and let i: T — Spec((’)i}l’x) be the inclusion of the closed point. Then the
condition H(Ri%F*®) = 0 is equivalent to H'(Ri*(Rj*F*)) = 0. Similarly, the condition

H(Ri!,F*) = 0 is equivalent to H*(Ri'(Rj*F*)) = 0 (see [Gab04]).

Remark 2.2. When X is smooth, Emerton and Kisin have given an alternative description
of P’(X,F,) as follows. For any k-algebra R let R[F] be the non-commutative polynomial
algebra in one variable F' such that Fa = aPF for a € R. Let Opx be the sheaf of non-
commutative rings whose value on an open affine Spec(R) is R[F]. If M is an Op x-module

there is a natural map of Ox-modules
©M - M — ./\/l,

where F' is the absolute Frobenius endomorphism on X. The Of x-module M is said to
be locally finitely generated unit (lfgu) if it is quasi-coherent as an Ox-module, @,/ is an
isomorphism and M is, locally on X, finitely generated over Op x. Let Df’fgu(OF, x) be
the bounded derived category of O x-modules whose cohomology sheaves are lfgu OF x-
modules. When X is smooth the category DY(X, F,) is anti-equivalent to the category
D{’fgu((? F.x) by [EKO04b, 11.3]. Under this equivalence, the perverse t-structure on D%(X,F,)
corresponds to the standard ¢-structure on lefgu(OR x) by [EKO04b, 11.54]. If f: Y — X isa
morphism between smooth k-schemes then Emerton and Kisin have also given a description

L
of the functors Rf*, Rf, and - ®p,— in terms of functors on quasi-coherent sheaves.
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We now establish some basic properties of perverse [F)-sheaves. To begin, we have the
following result of Gabber, which is in fact valid for a larger class of noetherian schemes

defined over [F),.
Theorem 2.3 ([Gab04, 12.4]). Let X be a k-scheme.
(i) Every object of P°(X,F,) is artinian and noetherian.

(ii) Every perverse subquotient of an object of P*(X,F,) that lies in P*(X,F,) in fact lies
in P°(X,TF,).

Given a complex F* € D (X,F,), we let PH'(F*) € PT(X,F,) denote its ith perverse
cohomology sheaf. If F* € D%(X,F,), then PH!(F*) € P’(X,F,). For a morphism between
k-schemes f: X — Y, define

PfF* :=PHO(Rf.F®) € PT(Y,F,).
By this recipe we get functors

P fis PT(X,Fy) = PT(YFp)

PfrPfl PH(Y,F,) — PH(X,T,).
In general, two of these restrict to functors

P Pg(X>Fp) —>Pcb(Yan)

Pf*. PYY,F,) — PY(X,F,).

Let j: U — X be an open immersion of k-schemes, and let i: Z — X be a complemen-
tary closed immersion. In the following lemma, all functors are defined on the categories

DY (X,F,), D" (U,F,), D" (Z,F,), or their corresponding hearts for the perverse t-structure.
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Lemma 2.4.

(i) Rj* and Ris are t-ezact, and the functors Pj* and Pi, are ezact.

(ii) Ry and Ri* are right t-exact, i.e.,
Rji(PD="(U,F,)) c PD="(X,TF,), Ri*(*D="(X,F,)) c ?PD=(Z,F,),

and the functors Pj, and Pi* are right ezact.
(i) Rj. and Ri' are left t-exact, and the functors Pj, and Pi* are left exact.

(iv) The triples (P4,,75*,P5,) and (Pi*,Pi,,Pi') are adjoint sequences.

(v) We have
Pj*oPi, =0,  Pi*oPj =0,  Pi'oPj, =0.
(vi) We have
Pi*oPj =id,  Pj*oPj =id,  Pi*oPi,=id,  Pi'oPi, =id.

(vil) For F* € P*(X,F,) there are exact sequences
0 = Pi,PH N (RI*F*) = PjjPj* F* — F* = Pi,i* F* = 0

and

0 = PiPi' F* — F* = Pj Pj*F* — Pi,P H (Ri'F*) — 0.

(viii) The functor Pi, is fully faithful. Its essential image consists of perverse sheaves F® €

PT(X,F,) such that Pj*F* = 0.
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Proof. The analogous facts are true for Q-coefficients [BBD82]. The proofs are the same,
so we only provide a sketch. Parts (i) - (iii) are straightforward. The proof of parts (iv)
- (vi) uses (i) - (iii) and the analogous facts for the corresponding non-truncated functors.

For part (vii), apply the other parts to the exact triangles

RjyRj*F® — F* — Ri Ri*F*

and

Ri Ri'F* — F* — Rj.Rj*F°.

For part (viii) we note that Pi, is fully faithful because of part (i) and the fact that Ri, is
fully faithful. We have already seen that ?5* o Pi, = 0, so let F* € P™(X,F,) be such that
Pj*F* = 0. Now apply the first exact sequence in part (vii) to see that F* is in the essential

image of Pi,. O

2.2 The intermediate extension

When X is smooth, Emerton-Kisin [EK04a] defined the intermediate extension ji.F* of a
perverse sheaf F* € P°(U,F,) along an immersion j: U — X, where U is also smooth. The
construction uses their theory of unit O x-modules. They also showed that when X is
smooth, a perverse sheaf 7* € P?(X,F,) is simple if and only if it is of the form ji,£[dim U]
where U is smooth, j: U — X is an immersion, and £ is a simple local system of étale
[Fp-sheaves on U. We now investigate the properties of the intermediate extension functor
for general k-schemes.

Let X be a k-scheme and let j: U — X be an immersion. Suppose we have a factoriza-
tion of j into a closed immersion i: U — Z followed by an open immersion h: Z — X. By
Lemma 2.4 (i) we have canonical isomorphisms of functors PhyoPi, = Pj, and Ph,oPi, = Pj_.

Thus by Lemma 2.4 (iv) there is a natural map ?5,F® — Pj F*® for F* € P+ (U,F,).
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Definition 2.5. The intermediate extension of F* € Pt (U,F,) along the immersion
7:U— Xis
GiuF® = 1im(P5 F* — P, F*).
This defines a functor

j!*: P+(U7IFP) - P+(X7 ]Fp)
The following lemma can be proved using the properties established in Lemma 2.4.

Lemma 2.6. Suppose we have a factorization of j: U — X as a composition of immersions

j =7j10---0j, between k-schemes. Then we have a canonical isomorphism of functors
Jix — jl,!* O--- Ojn,!*~

We note that ji,F®* € PY(X,F,) if F* € P’(U,F,) by Theorem 2.3 (ii). This definition
of the intermediate extension agrees with the one in [EK04a] for smooth k-schemes.

If 7* € D(U,F,) we say that G* € D(X,F,) is an extension of F* if there is an
isomorphism Rj*G® = F*. As in the case of Q/-sheaves, the next lemma shows that the

intermediate extension can be characterized as a unique minimal extension.

Lemma 2.7. Let j: U — X be an open immersion of k-schemes and let F* € PT(U,F)).
Let i: Z — X be a complementary closed immersion. The intermediate extension ji. F* is

characterized by either of the two equivalent conditions:

(i) The perverse sheaf jiF* is the unique perverse extension G* of F* such that

Ri*G* € PD="Y(Z,F,) and ~ Ri'G® € ?PD=Y(Z,F,).

(ii) The perverse sheaf ji.F*® is the unique perverse extension G® of F* such that G* has no

nonzero subobject or quotient in the essential image of Piy: PT(Z,F,) — PT(X,Fp).
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Proof. We first show that 7, F* satisfies the conditions in (i) except for possibly uniqueness.
The complex ji, F*® is an extension of F* because Pj* is exact and Pj* oPj, =Pj* oPj, =id.
As Pi* is right exact we get a surjection Pi*(P§,F®) — Pi*(ji.F*®). Since Pi* oPj, = 0 it
follows that Pi*(ji, F*) = 0. Similarly by applying the left exact functor i to the injection
G F® < Pj F* we get that ?i'(ji, F*) = 0. Now because Ri* is right t-exact and Ri' is left
t-exact we conclude that Ri*(ji.F*) € PD="Y(Z,F,) and Ri'(ji.F*) € PD=Y(Z,F,).

We now make a general observation. Suppose G* € PT(X,F,) is an extension of F°.
Then from the natural maps Pj5,j*G®* — G* and G* — P5,Pj*G®, we get maps Pj,F* — G°®
and G* — Pj, F* such that the composition is the natural map PjF* — Pj F°*. Now
suppose G° satisfies the conditions in (i) except for possibly uniqueness. Then from the

above considerations and the exact sequences in Lemma 2.4 (vii) we get maps

Vi Gt 7T

such that the composition is the natural map Pj,F* — Pj F°®. From this it follows that
g* = juf*.

For (ii) we start with a couple of general observations. For G* € P*(X,F,) we have
a surjection G®* — Pi,Pi*G® by Lemma 2.4 (vii). By adjunction and Lemma 2.4 (viii) it
follows that Pi,Pi*G* is the largest quotient of G® in the essential image of Pi,: PT(Z,F,) —
PT(X,F,). Similarly Pi,Pi'G® is the largest subobject of G* in the essential image of Pi,.

Now the fact that ji.F* is uniquely characterized by (ii) follows from (i). O

Lemma 2.8. Let j: U — X be an immersion of k-schemes. Then the intermediate exten-

sion functor ji.: PY(U,F,) — P*(X,F,) preserves injections and surjections.

Proof. This follows from the definitions, and the fact that Pj, is right exact and ?j, is left

exact. O]
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Lemma 2.9. Let U be a k-scheme and let F* € PT(U,F,) be simple. Suppose j: U — X

18 an immersion into a k-scheme X. Then ji.F* is simple.

Proof. Tt suffices to treat the case of an open immersion and a closed immersion separately.

First suppose j is an open immersion, and that we have an exact sequence

0—>G*— juF*—H*—0

in PT(X,F,). Applying the exact functor ?5*, we get that ?j*G* = 0 or ?j*H* = 0 because
Pi* (51, F*®) = F* is simple. By Lemma 2.4 (viii) and Lemma 2.7, this means that G* =0 or
H® = 0.

If j is a closed immersion, let h: Z — X be a complementary open immersion. Then
g F® = Pj, F* and so Ph*(ji.F°®) = 0 by Lemma 2.4 (v). Now starting with an exact
sequence as above, it follows that Ph*G® = 0 and PA*H® = 0. Hence by Lemma 2.4 (vi) and

(viii), the given exact sequence comes from applying Pj, to an exact sequence
055G F -H*—=0

in P+ (U,F,). Here we have that G'* = 0 or H'* = 0 because F* is simple. O

Lemma 2.10. Let j: U — X be an open immersion of k-schemes, and suppose F*® €

PT(X,Fp) is simple. Then if Pj*F* # 0, we have F* = ji.(P5*F*) and Pj*F* is simple.

Proof. For the first part, since F* is an extension of P j* F*, then as in the proof of Lemma 2.7
(ii) we have natural maps ?j,(Pj*F*®) — F* and F* — Pj (Pj* F*) such that the composition
is the natural map ?j,(Pj*F*®) — P4, (Pj*F*). Because F* is simple, and each of these two
maps restricts to a nonzero map under Pj*, it follows that ?j,(Pj*F®) — F* is surjective
and F* — Pj (Pj*F*®) is injective. Thus F* = ji.(Pj*F*). To see that Pj*F* is simple, it

now suffices to note that ji, preserves injections and surjections, and that 5% o 5, =id. O
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Lemma 2.11. Let j: U — X be an immersion of k-schemes, and suppose F7, F3 €
PT(U,F,). Then
HOHI(.FI,.FQ.) = Hom(]'*Ff7]'*‘F5)

Proof. This follows from the definition of j, and the adjunctions in Lemma 2.4 (iv). O

Definition 2.12. Let X be a k-scheme and let F* € D2(X,F,). The support of F* is the

union of the supports of each of the cohomology sheaves H'(F*®).

The support of F is a constructible subset of X. We now prove an analogue of the

classification of simple perverse sheaves in [BBD82, 4.3.1 (ii)].

Theorem 2.13. Let X be a k-scheme, and let j: U — X be an immersion from an ir-
reducible smooth k-scheme U. Suppose L is a simple local system of étale IF,-sheaves on
U. Then the complex L[dimU] € D%(U,F,) is perverse, and jiL[dim U] is simple. Con-
versely, every simple perverse sheaf in P2(X,Fp) is of the form jiLldim U] for j: U — X
an immersion from an irreducible smooth k-scheme and L a simple local system of étale

Fp-sheaves on U.

Proof. It is shown in [EKO04a, 4.3.3] that if U is an irreducible smooth k-scheme and £ is
a simple local system of étale Fj-sheaves on U, then L£[dim U] is a simple perverse sheaf.
Hence if j: U — X is an immersion then j,£[dim U] is simple by Lemma 2.9. Conversely,
suppose F* € PY(X, [F,) is simple. If we let Z be the closure of the support of F* (with its
reduced induced structure), then we can replace X by Z so we can assume the support of
F*® is dense in X. Since k is perfect, we may choose an open immersion j: U — X such
that U is a smooth k-scheme and U is contained in the support of 7*. By Lemma 2.10 we
can replace X by U and so we can assume X is smooth. Now the fact that F* is of the

desired form is proved in [EK04a, 4.3.3]. O
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2.3 Pullback along a smooth morphism

We now investigate the behavior of perverse sheaves under smooth pullback.

Lemma 2.14. Let f: Y — X be an étale morphism between k-schemes, and let F*® €

PT(X,F,). Then Rf*F* € PT(Y,F,).
Proof. This follows from the definitions and the fact that Rf* = Rf". 0

Lemma 2.15. Let f: Y — X be a smooth morphism of relative dimension d between

k-schemes and let F* € P°(X,F,). Then Rf*[d]F* € P*(Y,F,).

Proof. We know that Rf*[d]F* € D5(Y,F,) so we only need to prove that Rf*[d]F* is
perverse. The problem is Zariski local on Y so we may assume that we have a factorization
y & Ag( I X where ¢ is étale and 7 is the projection. Thus by Lemma 2.14 it suffices to
prove the result for the projection m: Ag( — X. Observe that we can further reduce to the
case X = Spec(A). Now let i: X — A" be a closed immersion for some n, and consider the
Cartesian diagram

Ad L5 pntd

L

X —L s An
The map 7’ is the projection onto the first n coordinates. Note that by Lemma 2.4, the
complex R7*[d]F*® is perverse if and only if Ri (R7*[d]F*) is perverse. Thus, by the proper
base change theorem we can reduce to the case of the projection 7w: A"*¢ — A™ onto the
first n coordinates. In particular, we have reduced to the case in which X and Y are smooth.
Now we can appeal to the Riemann-Hilbert correspondence of Emerton-Kisin [EK04b]. The

functor Rf*[d]: D%(X,F,) — D%(Y,F,) corresponds to the functor

f![_d]: D{)fgu(ORX) - Df)fgu(OF,Y)‘
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On the level of quasi-coherent sheaves the functor f'[—d] is the left derived functor of the
usual pullback functor for quasi-coherent sheaves. Because f is flat this functor is already
exact, and so f'[—d] is t-exact for the standard ¢-structures on Df’fgu((’) F.x) and Df’fgu((’) FY)-

These t-structures correspond to the perverse t-structures on D2(X,F,) and D2(Y,F,). O

We now show that intermediate extensions commute with smooth pullbacks. Stabler
[Stal9] has given a proof of this result for k-schemes that admit closed immersions into
smooth k-schemes. His proof uses the category of Cartier crystals, which we will not use
here. In the first part of the proof we reduce to the case of smooth k-schemes. The theorem
then follows from Stébler’s result. We also give a direct argument in the smooth case using

unit Of x-modules in Lemma 2.17.

Theorem 2.16. Let f: Y — X be a smooth morphism of relative dimension d between

k-schemes, and let j: U — X be an immersion. Consider the Cartesian diagram

FHU) Y

-
i)
~

X

There is an isomorphism of functors P2(U,F,) — P*(Y,F,):
Rf*[d] o jie = ji, o Rf™d].

Proof. 1t suffices to treat the case of a closed immersion and open immersion separately. If
j is a closed immersion then j, =?j, = Rj. and so the result is a special case of the proper
base change theorem. Now suppose j is an open immersion and let F* € P2(U, F,). We will
show that Rf*[d]|(ji.F*) = j|,(Rf"™[d]F*). First observe that Rf*[d](ji.F*) is an extension
of Rf"™[d]F*. Moreover, from the characterization of j/ (Rf"”[d]F*) in Lemma 2.7 the

problem is Zariski local on Y. Thus we may assume we have a factorization Y ER Agl( X
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where ¢ is étale and 7 is the projection. It suffices to treat the cases when f is étale and
when f is the projection Agl( — X separately.
For the case when f is étale, let i: Z — X be a closed immersion complementary to j

(with the reduced induced structure on Z), and consider the Cartesian diagram

!

Y <2 f4(2)
f g
X Z

7

Using the fact that Rg* is t-exact we verify that
Ri"™(Rf*(j1.F*)) = Rg*(Ri*(juF*)) € PD="(f71(2),Fy).
Since Rf* = Rf" for étale morphisms we can similarly verify that
Ri"(Rf*(juF*)) € "D=1(f71(2), Fp).

This takes care of the case when f is étale.
For later use we note that if we only assume f is smooth then by Lemma 2.7 (i) and

Lemma 2.15,
Ri™(Rf*[d)(j1.F*)) = Rg*[d)(Ri* (juF")) € PD="1(f1(2), Fp).

Since Rf*[d](ji«F*®) is an extension of Rf"*[d]F*®, then by Lemma 2.4 (vii) there is a sur-
jection

i (R (AF®) = Rf[d] (i F°)-

As in the proof of Lemma 2.7 (i) there is also a map Rf*[d](j1.F*) — Pj.(Rf"™[d]F*®) whose

composition with the above map gives the natural map Pj/(Rf"™*[d|F*) — Pj.(Rf"™*[d]F*).
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Thus, only assuming f is smooth we always have a surjection
Rf*[d](juF*) — ji(Rf[d]F®). (2.1)

For the case when f is the projection Ag( — X, first note that we can assume d = 1 by
factoring f as a composition of projections of relative dimension 1. Let h: Spec(4) — X

be an open affine, and consider the Cartesian diagram

Spec(A) x Al ——= X x Al

|,

Spec(A) X

Note that Rh*(j1.F*) is the intermediate extension of F* restricted to Spec(A) N U along
the map Spec(A) NU — Spec(A). Thus we can further assume X = Spec(A) is affine.

Let a: Spec(A) — Spec(B) be a closed immersion into a smooth affine k-scheme
Spec(B), and let 7: Spec(B) x A! — Spec(B) be the projection. Using proper base change
one can verify that Rf*[1](ji.F*) = j/,(Rf™*[1]F*) if and only if R7*[1](Row(ji«F*)) is the

intermediate extension of Rf"*[1]F* along the composition

F7H(U) — Spec(A) x Al — Spec(B) x Al

Thus we can replace Spec(A) by Spec(B) at the cost of j now being an open immersion
followed by a closed immersion. However, we can refactor j as a closed immersion followed
by an open immersion. We already proved the result for closed immersions, and the desired
result holds for a composition of immersions if it holds for each immersion separately. Thus,
we have reduced to the following setup: X = Spec(A4) is affine and smooth, ¥ = X x Al

f:Y — X is the projection, and j: U — X is an open immersion. As mentioned before we
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can now appeal to [Stal9] to get an isomorphism
Rf*[A)(juF") = ji(Rf*[1]F*),

or alternatively use Lemma 2.17 below. From the considerations in the proof of Lemma 2.7
(i) these isomorphisms can be chosen so as to give an isomorphism of functors. The point

is that an isomorphism as above is uniquely determined by its restriction to f~1(U). O

Lemma 2.17. Let X = Spec(A) be affine and smooth, Y = X x Al, f: Y — X the
projection, and j: U — X an open immersion. Let F* € P (U, F,). Then there is an
isomorphism

R F*) = ji (R [1]F?).

Proof. We will argue using the Riemann-Hilbert correspondence of Emerton-Kisin. The
essential ideas are the same as in [Stal9]. First, we note that for a morphism ¢g: S — T
between smooth k-schemes the usual pullback functor for quasi-coherent sheaves induces a
functor

{lfgu OF 7 - modules} EAN {lfgu OF g - modules}.

Let M be the lfgu Opy-module corresponding to F°. The intermediate extension j./F*
corresponds to the smallest lfgu Of x submodule N of j,M such that j*/N = M. Denote

the intermediate extension by jiy M. The complex Rf*[1](jiF*) corresponds to
[P M) = jiy M ®4 Alz],

where Al = Spec(k[z]). Note that f*(jiy M) is an extension of f*M. By (2.1) there is a
surjection

R [1(juF®) = Gt (Rf*[1F°).
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As the Riemann-Hilbert correspondence is an anti-equivalence, this corresponds to an in-
jection

gy (f*M) = f*(jie M) = ji M @4 Alz].

It therefore suffices to show that if V' C jiz M ®4 Alz] is a sub lfgu Opy-module that is an
extension of f"*M, then V = 5. M ®4 Alz].
To prove this, let i: X — X x A! be the inclusion corresponding to the map A[z] — A

which sends z to 0. Then we have a diagram with Cartesian squares:

Spec(A) — i Spec(A[x]) . Spec(A)

k)

U — [71(U)

Note that *V = V N jiy M is an lfgu Of x-module which is an extension of M. Because

VNjseM C jip M and jiy M is the intermediate extension of M, it follows that

VM = i M.

Now because V' is an A[z]-module we must have V' = j. M ®4 A[z], as desired. O

We conclude this section by showing that one can glue perverse sheaves in the smooth

topology.

Lemma 2.18. Let {p;: Y; = X}icr be a family of étale morphisms from k-schemes'Y; such
that X = J¢i(Y;). Let F* € D (X,Fp) be such that RofF* € PT(Y;,F,) for alli. Then
F* e PH(X,F)).

Proof. This follows from the definitions. O

Lemma 2.19. Let {¢;: Y; — X}ier be a finite family of étale morphisms from k-schemes

Y; such that X = |Jp;(Y;). Then the category P°(X,F,) satisfies descent with respect to
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the cover {p;: Y; — X}. The same is true for P*(X,F,)

Proof. We use [BBDS82, 3.2.2, 3.2.4] to do the gluing. Note that the condition in [BBD82]
on vanishing Ext terms is satisfied by the definition of a ¢t-structure. Lemma 2.18 guarantees

that the result of gluing perverse sheaves is a perverse sheaf. O

Lemma 2.20. Let {y;: Y; — X}icr be a finite family of smooth morphisms of relative
dimension d; from k-schemes Y; such that X = J;(Y;). Let F* € D% X,F,) be such that
Ryt [d;|F® € P2(Y;,F,) for alli. Then F* € P’(X,F,).

Proof. As the question is local on X, it suffices to consider the case where I = {*} and ¢

factors as

where g is étale, 7 is the projection, and 7 o g is surjective.

First, we claim that Rr*[d]F* € P°(A%,F,). By Lemma 2.18, the restriction of
Rr*[d)F* to g(Y) is perverse. Now the claim follows because A% is covered by the translates
of g(Y') under the automorphisms of A% which preserve the projection A% — X.

Thus, we have reduced to the case when ¢ is the projection 7: Agl( — X. We may also
assume X is affine, so that there is a closed embedding i: X — A" for some n. As F*° is
perverse if and only if Ri.F*® is perverse, then by the proper base change theorem we can
reduce to the case when ¢ is the projection A"*¢ — A™ onto the first n coordinates. In
particular, we can assume X is smooth. Now the result follows by the Riemann-Hilbert

correspondence of Emerton-Kisin, as in the proof of Lemma 2.15. O

Because smooth morphisms admit sections étale locally, then we can now extend our
étale descent result (Lemma 2.19) to the smooth setting. Note that we have to restrict to
the constructible bounded derived category because this is the only context in which we

have proved that pullback along smooth morphisms preserves perversity (Lemma 2.15).
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Corollary 2.21. Let {¢;: Y; — X}ier be a finite family of smooth morphisms from k-
schemes Y; such that X = |Ji(Y;). Then the category P°(X,F,) satisfies descent with

respect to the cover {¢;}.

Remark 2.22. Later we will be concerned with extensions between perverse sheaves. We

record here that for 7*, G* € PT(X,F,) we have
EXt}3+(X,FP)(F.7g.) = Hompxr,)(F*,G°[1]).

This is a general fact about t-structures. We do not know if a similar statement holds for

higher Ext terms.
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Chapter 3
Equivariant perverse [)-sheaves

3.1 Basic properties of equivariant perverse [,-sheaves

In this section we define equivariant perverse sheaves and establish some of their basic
properties. We fix a k-scheme S and an S-group scheme G of relative dimension d such
that the map G — S is smooth, affine, and has geometrically connected fibers. A G-scheme
is an S-scheme of finite type equipped with an action of G. If X is a G-scheme, we let

p: G xg X — X be the action map, and 7: G xg X — X be the projection.

Definition 3.1. A G-equivariant perverse sheaf on X is a perverse sheaf F® € Pf(X, F,)

such that there exists an isomorphism Rp*F® & Rr*F* in D%(G x5 X, Fp).
Lemma 3.2. Let f: Y — X be a G-equivariant morphism between G-schemes.

(i) If F* € P*(X,F,) is G-equivariant and Rf*[n]F* € P’(Y,F,) for some integer n,

then Rf*[n]F* is a G-equivariant perverse sheaf.

(ii) If F* € P2(Y,F,) is G-equivariant and Rfi[n]F* € P*(X,F,) for some integer n, then

Rfi[n]F*® is a G-equivariant perverse sheaf.



Proof. We have Cartesian diagrams

GxsY 2oy GxsY 2oy
idg xfl lf idg Xfl J{f
Gxg X XX GxgX o Xx

Now (i) follows from a straightforward diagram chase, and (ii) follows similarly after apply-

ing the proper base change theorem. O

Lemma 3.3. Let j: U — X be a G-equivariant immersion of G-schemes, and let F*® €

P(U,F,) be G-equivariant. Then j1,F* is G-equivariant.

Proof. The proof is the same as Lemma 3.2 (ii), except we use that taking intermediate
extensions commutes with smooth pullback (Theorem 2.16) instead of the proper base

change theorem. O

Lemma 3.4. Let X be an S-scheme, and let Y be a smooth S-scheme with geometrically
connected fibers of relative dimension d. Then if Y admits an S-point and m: Y xg X — X

is the projection, the functor

Rr*[d]: PY(X,F,) — PX(Y xg X,TF,)

18 fully faithful. This functor also preserves simple objects.

Proof. We first show that Rzn*[d] is fully faithful when restricted to simple objects. Let
F* € P’(X,F,) be simple. Then by Theorem 2.13 there is a smooth irreducible k-scheme

U, an immersion j: U — X, and a simple local system L of étale IF),-sheaves on U such that
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F* = 5, L[dim U]. We have a Cartesian diagram

YXSUL>YXSX

A

U J X

By Theorem 2.16 we have an isomorphism
Rr*[d]F* = j{ (Rr"™ L[dim U + d)).

We claim that Y xg U is connected. To prove this, note that each connected component of
Y Xxg U surjects onto a dense open subset of U since the map 7’ is a smooth cover and U
is irreducible. Since the fibers of ' are geometrically connected then Y x g U is connected.

Let 7 be a geometric point of Y xg U and let T = #/(y). Suppose L corresponds to a
simple finite-dimensional representation V' of 7 ¢ (U, ). Because Y xgU is connected then
the local system 7'*L corresponds to V' viewed as a representation of (Y xg U,7) via
the induced map 7y ¢ (Y x s U,y) — m1,6(U,T). This map is surjective because 7’ admits a

section. By Lemma 2.11,
Hom(Rr*[d]|F*, Rr*[d]F*) = Hom(n* L, n™*L) = Homy, . (vxsug (V. V).

Similarly, Hom(F®, F®) = Homﬁl’ét(U@)(V, V). Now because 71 ¢ (Y xg U,7) = m1¢(U,T)

is surjective it follows that
Hom(Rn*[d]F*®, Rm*[d]F*) = Hom(F*, F*).

Moreover, we see that 7'*L is also a simple local system, so R7*[d] preserves simple objects.
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Finally, if /* and G® are non-isomorphic simple objects then

Hom(Rr*[d)F*, Rr*[d]G®) = Hom(F*,G*) = 0.

This follows from the fact that both pullbacks are simple, and the map 7 admits a section.
Thus Rr*[d] is fully faithful when restricted to simple objects.
Now let F* € P°(X,F,) be simple and let G* € P?(X,F,) have length n > 1. We will

show by induction on n that the map

Hom(F*,G*) — Hom(Rr*[d]F*, Rm*[d]G*)

is an isomorphism. Let

06T —>G*"—>G5 —0

be an exact sequence in Pcb(X ,F,) where the outer two terms have length < n. Then we

get a morphism between exact triangles in the derived category of abelian groups:

RHom(F*,G?) RHom(F*,G*) RHom(F*,G3)

| i |

RHom(Rr*[d]F®, Rr*[d]G}) — RHom(Rn*[d]F°®, Rn*[d]G*) — RHom(Rx*[d]F*, Rn*[d]G3)

These complexes are concentrated in non-negative degrees because we are dealing with

perverse sheaves. Moreover, the induced map
Ext!(F®, G?) — Ext!(Rx*[d]F*, Rr*[d]G?)

is injective because m admits a section. By induction and the five lemma the map
Hom(F*,G*) = Hom(Rn*[d]F*, Rn*[d]G*)
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is an isomorphism. We can complete the proof by a similar induction on the length of

Fe. O

Lemma 3.5. The essential image of the functor in Lemma 3.4 is an abelian subcategory of

PCI’(Y xs X,IF,) which is stable under taking subquotients of objects.

Proof. Because Rm*[d] is exact and preserves simple objects, then it preserves the length of
objects. In fact, applying R7*[d] to a composition series for F* gives a composition series
for Rm*[d|F*. By the Jordan-Holder theorem, this implies that every simple subquotient of
Rr*[d]F*® is in the essential image of Rm*[d].

For the general case, suppose F* € P?(X,F,) has length n > 1. Let G* C Rr*[d]F* be
a subobject of length m. We will prove by induction on the integer ¢ = n — m that G*® is in
the essential image of R7*[d]. The case ¢ = 0 is clear. If ¢ > 0, let F'® be a subobject of
R7*[d)F*® of length m+ 1 containing G°*. By the induction hypothesis, F’® is in the essential

image of Rm*[d]. We have an exact sequence

0—-G*—=F*—>H* =0

where H® is simple. We have already shown that 7* is in the essential image of Rm*[d].
Because R7*[d] is exact and fully faithful, it follows that G*® is in the essential image of
Rr*[d]. This completes the induction. Now that we know the essential image of R7r*[d]
is stable under taking subobjects, the fact that it is stable under taking subquotients also

follows from the fact that R7*[d] is exact and fully faithful. O

Lemma 3.6. Let G act on G xg X by left translation on the first coordinate, and let
m: G xg X — X be the projection. If G has relative dimension d over S then the functor
Rr*[d) induces an equivalence of categories between PY(X,F,) and the full subcategory of
PG x5 X, F,) consisting of G-equivariant perverse sheaves. If i: X — G xg X ‘s the

inclusion x — (1,x), then Ri*[—d] is an inverse to Rr*[d].

39



Proof. The same proof as in [Let05, 4.2.3] works, except we replace the reference to [BBD82,
4.2.5] by Lemma 3.4. O

Lemma 3.7. Let F* be a G-equivariant perverse sheaf on X. Denote by m: G xg G — G
the multiplication map, pa: G X G — G the projection onto the second factor, and i: X —
G x5 X the inclusion x — (1,z). Then there is a unique isomorphism ¢: Rn*F® = Rp*F*

such that Ri*(p): F* = F* is the identity. This isomorphism also satisfies
R(m x idx)"¢ = R(idg xp)"(¢) o R(p2 x idx)" ().

Proof. The same proof as in [Let05, 4.2.4] works. O

Definition 3.8. We define the category Pg(X,F,) of G-equivariant perverse sheaves as
follows. Its objects are G-equivariant perverse sheaves in Pcb (X,Fp). To define morphisms,
let F* and G°® be G-equivariant perverse sheaves on X. Let ¢: Rn*F* — Rp*F* and
¥: Rr*G® — Rp*G*® be the two unique isomorphisms satisfying the cocycle conditions as in
Lemma 3.7. Then morphisms F* — G* in Pg(X,F,) are morphisms 7: F* — G*® between

perverse sheaves such that the following diagram commutes:

R Fe D prege

e

Proposition 3.9. The category Pg(X,F,) is a full subcategory of P*(X,F,).

Proof. We give the same proof as in [Let05, 4.2.7]. In the notation of Definition 3.8, we

need to show that if 7: F* — G°® is a morphism between perverse sheaves then

Rp*(1) 0o p =1p o Rr™ ().
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Equality certainly holds after applying Ri*. Thus, by appealing to Lemma 3.6 it suffices
to show that each of Rw*[d]F*®, Rn*[d|G®, Rp*[d]F*, Rp*[d]G® is G-equivariant on G x X,
where G only acts by left translation on the first factor. The map p is G-equivariant, and
the map 7 is G-equivariant when we give X the trivial action of G. Thus the equivariance

of these perverse sheaves follows from Lemma 3.2. O
Proposition 3.10. If 7* € Pg(X,F,) then any subquotient of F* is G-equivariant.

Proof. We give the same proof as in [Let05, 4.2.13]. If G® is a subquotient of F*, then
Rp*[d]G*® is a subquotient of Rp*[d]F®. Because F* is G-equivariant, Rp*[d|G® is a subquo-

tient of R7*[d]F*. Hence by Lemma 3.5 there is some H*® € P?(X,F,) such that
Rr*[d[H* = Rp"[d]G*.

Apply the functor Ri*[—d] to this isomorphism, where i: X — G xg X is the inclusion
x +— (1,z). This gives H®* = G*. Now by the above isomorphism it follows that G*® is

G-equivariant. O

3.2 Equivariant extensions

Let F*, G* € Pg(X,F,). Then an extension of F*® by G® is not necessarily G-equivariant.
Now let R be an affine S-scheme, and let fr: Xg — X be the base change of R — S by
X — S. Then the group G(R) naturally acts on Ext}),,(XR Fp)(RfI*%]:’, RfrG*). The next

proposition gives a criterion for determining when an extension is equivariant.

Proposition 3.11. Let F*, G* € Pg(X,F,). Then an element s € Ext})b(XFp)(]:ﬂg')

represents a G-equivariant extension if and only if the element
1
fr(s) € EXth(xRJP)(RfE}—.,Rf;zg.)
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is fized by G(R) for every affine S-scheme R.

Proof. Suppose s represents the extension

0—=-G*"—=H*" - F*—0.

If H® is G-equivariant then it follows from Proposition 3.9 that f;(s) is fixed by G(R)
for every R. To prove the converse, consider the case R = G and the element ¢ € G(R)
corresponding to the identity map of G. The fact that ¢ fixes s implies that we have an

isomorphism Rm*H® = Rp*H®. Thus H*® is G-equivariant. O

3.3 Change of group

Lemma 3.12. Suppose X has the structure of a G-scheme and an H-scheme, and suppose
the action of G on X factors through a morphism f: G — H. Then there is a natural
functor Pg(X,F,) = Pg(X,F,).

Proof. In view of Proposition 3.9, we only need to show that if F* € P’(X, F,) is H-

equivariant then it is also G-equivariant. We have commutative diagrams

GXSX GXSX
& K
fxidx X Fxidx X
e >
HXSX HXSX

Thus from an isomorphism Rp}; F* = Rry; F*® we get an isomorphism Rpf, F* = Rrf, F*. [

Remark 3.13. Consider the following setup (see also [Ric14]). Let G; be an inverse system

of smooth affine S-schemes with geometrically connected fibers, and let G = @Gz Let
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X = hg X; be an ind-scheme, where each X; is an S-scheme of finite type and the transition
maps are closed immersions of S-schemes. Suppose that G acts on each X; and that
furthermore the action of G on each X; factors through the quotient G;. We also assume

that for j > 4 the immersion X; — X is G-equivariant. Define
PY(X,F,) = lim PY(X,F,).

Note that if j > ¢ then by Lemma 3.2 and Lemma 3.12 there is a natural fully faithful
functor

P, (Xi,Fp) — Pa, (X, Fp).

Thus we can define

PG(X7 ]Fp) = thGl(Xme)

Remark 3.14. In our definition of Pg(X,F,) in Remark 3.13 we note that it is possible that
there exists an object in Pg(X,F,) supported on X; but that is not in the essential image of
Pg,(Xi,Fp) = Pg(X,F,). This is because there could be a perverse sheaf F* € P?(X;,F,)
which is Gj-equivariant but not Gj-equivariant for some j > i. Thus, the subcategory of
P (X,F)p) consisting of perverse sheaves supported on X; should be thought of as those

perverse sheaves in P2(X;,F,) which are Gj-equivariant for large enough j > 1.

Proposition 3.15. Suppose in the notation of Lemma 3.12 that f s surjective and the
kernel N := ker f is a smooth, affine S-scheme with geometrically connected fibers. Then

the morphism Py (X,F,) = Pg(X,F,) is an isomorphism.

Proof. Let F* € Pg(X,F)y), and
a::f Xgidxt GXSX—>H><5X.

Note that f is smooth because N is smooth and f is an N-torsor. Then « is a smooth cover
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of H xg X. As in the proof of Lemma 3.12 we have Ra*Rp}; = Rpf, and Ra*Rry; = Rn,.

We want to descend the isomorphism §: Rpj,F* = Rn/;F* along o to an isomorphism

Rpy; F* = Rry F*. Consider the Cartesian diagram

Gxs X< NxgGxgX

| |

HXSX GXSX

«

Here p is the projection onto G x ¢ X and m(n, g, x) = (ng, z). By smooth descent (Corollary

2.21) we only need to check that the following diagram commutes

Rp*Ra*Rpty F* L2 Rp* Ra* R, F*
| |

Rm*Ra*Rpty F* 2L Rm* Ra* R, Fo

Here the vertical maps are the natural isomorphisms coming from commutativity of the
previous diagram. Let N act on G xg X by n- (g,2) = (ng,nz) = (ng,z). The projection
mg: G Xxg X — X is N-equivariant, so Ra*Rry; F* = R/, F*® is an N-equivariant perverse

sheaf on G xg X (up to a shift). By Lemma 3.7, the identity
§ = (Rm*B) oy o (Rp*B)~"

holds because after applying [2i*, both morphisms reduce to the identity map of Rx;F*®. [l

3.4 Classification of simple equivariant perverse [ ,-sheaves

For the rest of this section we assume S = k.

Lemma 3.16. Suppose S = k and that F* € P?(X, [F,) is simple and G-equivariant. Then

there exists a G-equivariant immersion j: U — X from a smooth irreducible G-scheme U
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and a simple G-equivariant local system L on U such that F* = 5, (L[dim U]).

Proof. As our classification of the simple objects in P?(X,F,) in Theorem 2.13 is analogous
to the case of Q-coefficients, the same proof as in [Jan04, 12.20] works, except we replace

the reference to 12.14(5) by Lemma 2.10. O

Lemma 3.17. Suppose S = k and that G acts on X with finitely many orbits. Then if
F*c P(X, F,) is simple and G-equivariant, there is a unique orbit j: O — X and a unique

simple G-equivariant local system L on O such that F* = ji,(L[dim O]). Conversely, every

such pair (O, L) determines a unique simple G-equivariant perverse sheaf.

Proof. Let F* € P2(X,F,) be simple and G-equivariant. Then in the notation of Lemma
3.16, since G acts with finitely many orbits there is an open dense orbit O in U. By Lemma
2.10 we may replace U by O and L by its restriction to O. For the uniqueness of O, note
that O is uniquely determined as the orbit which is open in the support of F*. Then L is

determined by the restriction of F* to O. O

Lemma 3.18. Suppose S = k and that G acts transitively on X with connected stabilizers.

Then the only G-equivariant local systems L on X are constant.

Proof. We follow the proof in [Jan04, 12.7]. Let x € X (k) and let H C G be the closed
reduced subgroup such that H(k) is the stabilizer of x. Then the map G — X, g — gz

factors as a composition

G2 a/H 2 X

where p; is an H-torsor and p2 is a purely inseparable bijective morphism. Each of these
maps is G-equivariant, and p5L and pjp5L are G-equivariant. By [SGA 1, IX 4.10] the map
p2 induces an isomorphism of fundamental groups, so £ is constant if and only if p5L is
constant. Because G/H is smooth then p5L and constant sheaves on G/H are perverse

(when shifted by dim G/H). We claim that pip3L is constant. Assuming this claim for a
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moment, let F be the constant sheaf on G associated to the stalk of pip5L at the identity
element. Then we have a canonical isomorphism F = pip5L. Since H is connected one can
descend this isomorphism to G/H using the same ideas as in the proof of Proposition 3.15,
so p3L is constant. Thus £ is also constant.

To prove the claim that pjp5L is constant, we will in fact show that the only G-
equivariant local systems £ on G for the usual left action of GG are constant sheaves. Consider
the map j: G — G x G given by g + (g7 !,g). Then po j is the constant map G — G,
g 1,0 j*p*L is a constant sheaf. The map 7o j is the identity map idg. Thus, applying

j* to an isomorphism p*L = 7*L gives that £ is constant. O

Corollary 3.19. Suppose S = k and that G acts on X with finitely many orbits, each
having connected stabilizers. Then the simple G-equivariant perverse sheaves in Pcb(X7 F,)

are the intermediate extensions of the constant sheaves Fp[dim O] along the orbits O.
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Chapter 4

Perverse IFp-sheaves on
Cohen-Macaulay and F'-rational

schemes

4.1 F-rational rings

In this chapter we prove Theorems 1.11 and 1.12. To begin, we will take the following

theorem of Smith as our definition of F-rationality.

Theorem 4.1. [Smi97, 2.6] Let (A, m) be an excellent Cohen-Macaulay local ring of dimen-
sion d and characteristic p > 0. Then A is F-rational if and only if the local cohomology

module HZ(A) is a simple left A[F]-module.

The original definition of F-rationality is related to tight closure theory (see [HH94]).
A k-scheme is F-rational if all of its local rings are F-rational. The idea of the proofs will
be to show all of the hypotheses are preserved under passage to strict henselizations. We
will then use the Artin-Schreier sequence to show that the necessary cohomology sheaves

vanish.



Lemma 4.2. Let (A, m) be an excellent local ring of characteristic p > 0, and let A" be
a strict henselization of A. Then A" is an excellent local Ting of characteristic p > 0.

Moreover, if A has one of the following four properties then A" has the same property:

(i) A is Cohen-Macaulay,

(ii) A is normal,

(iii) dim(A) = d,

(iv) A is F-rational.
Proof. The ring A*" is noetherian by [EGA IVy, 18.8.8]. The excellence of A%" is not shown
in loc. cit., but this can be found, for example, in [FK88, Ch. 1, §1]. The Cohen-Macaulay
property and normality are preserved by [EGA IV,, 18.8.13]. The dimension is preserved
by [Sta21, 06LK].

To see that A? is F-rational if A is F-rational, we will use the construction of A%" as
in [Sta21l, 04GP)]. Fix a separable closure k(m)*®P of the residue field k(m) and consider the
collection of triples (S, q,a) where A — S is étale, q is the only prime of S lying over m,
and a: k(q) — k(m)%P is an embedding of k(m)-algebras. Note that ¢ = mS (see [Sta21,
04GN]).

Then A" is identified with the filtered colimit colim(g g o) S. Note that A — A s flat

and mA" is the maximal ideal of A%". Then
HE (A = HE(A) @4 A
As tensor products commute with colimits,
HE(A) @4 A™ = colimg g o) Ha(A) ®4 S = colimg g ) HI(S).

For each (S, q, a) the map S — A" factors through the localization map S — Sy- Hence
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the map Hg(S) — H¢

mAsh

(A?) factors through the map Hg(S) — H;lsq(Sq). By [Vél195,
Thm. 3.1], the ring S is F-rational. Now we would like to apply [HH94, Thm. 4.2] to
conclude S; is also F-rational, but to do this we need to know that S is a homomorphic
image of a Cohen-Macaulay ring. Since A is local and F-rational then it is already Cohen-
Macaulay by [HH94, Thm. 6.27]. Thus S is also Cohen-Macaulay, so Sy is F-rational and
Hgsq(Sq) is a simple Sq[F]-module.

At this point we have shown HY . (A%h) = colim(g g o) Hc‘ll(S ) where the image of each

mAsh
Hg(S ) generates a simple Sq[F]-submodule of Hﬁ Ash(ASh). It follows that Hg Ash(ASh) is a
simple AS"[F]-module, so A" is F-rational. O

4.2 Perverse [F),-sheaves on Cohen-Macaulay schemes

The following proposition is the main computation from which we will derive the necessary

cohomological vanishing results.
Proposition 4.3.

(i) Let (A,m) be a Cohen-Macaulay, noetherian local ring of characteristic p > 0 and
dimension d. Let i: k(m) — Spec(A) be the inclusion of the closed point and let

j: U = Spec(A) — k(m) — Spec(A) be the inclusion of the complement. Then

R™(Ri'F,[0]) = 0, m < d.

(ii) If Spec(A) is furthermore irreducible and d > 0 then

er(HL (Spec 1 _
RT(Ri'F,[0]) = er(He(Sp F(f'ld)’Fp) — H (U, Fp)) d=1
ker(Hy (4) = Hy(4)) a>1
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Proof. If d = 0 the result is clear, so we now assume d > 1. Note that
R™(Ri'F,[0]) = R™T'(Ri.Ri'F,[0]).
We can compute the latter group by applying RI" to the exact triangle
Ri, Ri'F,[0] — F,[0] — Rj.F,[0] (4.1)
in D2(Spec(A),F,). From the Artin—Schreier sequence
F—id

0— Fp — OSpeC(A) — OSpec(A) —0

and the fact that Spec(A) is affine, we deduce that

ker(A 2% A)=F, m=0
RmF(Fp[OD = COk(A ﬂ A) m=1

0 m > 1.

There is an exact sequence
0— HY(A) = A— H(U,Oy) — H(A) — 0.
Moreover, for m > 1 there are isomorphisms
H™(U,Op) = HMH(A).
First suppose d = 1. The map RT'(F,[0]) — R°T'(Rj.F,[0]) is the natural map

HéOt(SPeC(A)an) - Hé)t(U, Fp).
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It is possible that U is disconnected, but in any case this map is always injective. By
appealing to (4.1), this observation proves (i) in the case d = 1. For (ii) we note that if
Spec(A) is irreducible then RT'(F,[0]) — RT'(Rj,F,[0]) is an isomorphism.

Now assume d > 2. We will denote the derived global sections functor on U by RI'y.

We have RI'yy = RI" o Rj,, and

R™T(R.F,[0]) = R™Ty (F,[0).

Because A is Cohen-Macaulay,

H™(A) =0, m < d.

As d > 2 it follows that H*(U,Oy) = A and H™(U,Oy) = 0 for 0 < m < d — 1. Thus
HY, (Spec(A),F,) — HY,(U,Fp) is an isomorphism. Additionally,

R™Ty(Fp[0]) =0, l<m<d-1, (4.2)
and if d > 2,
RIITy (F,[0]) = ker(H™ L (U, 0y) 229 m-Y(U, 0y)). (4.3)

Suppose d = 2. From the Artin—Schreier sequences on U and Spec(A) we get a diagram of

long exact sequences:

0 HY,(U,Fy) AT A HY (U,F,) H\(U,0p) FL
F—id
0 —— Hg (Spec(A), Fy) A A H/ (Spec(A),F,) 0

From this we deduce that the map R™I'(F,[0]) — R™I'y(Fp[0]) is an isomorphism for

m = 0 and an injection for m = 1 (these correspond to the maps f and g). This implies
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R™T(Ri'F,[0]) = 0 for m < 2. Now for (ii) we have an exact sequence
0 — H}(Spec(A),F,) — HL (U, F,) — R*T(Ri'F,[0]) — 0.

Hence by considering the previous diagram and using that H'(U,Op) = H2(A) we get
R2T(Ri'F,[0]) = ker(H2(A) 2% H2(A)).

Finally, suppose d > 2. As HY(U,Oy) = 0 the maps R™I'(F,[0]) — R™I'y(F,[0])
are isomorphisms for m = 0 and m = 1. Thus R™T(Ri'F,[0]) = 0 for m < 2, and
R™(Ri'F,[0]) = R™ Ty (F,[0]) for m > 2. Now (i) follows from (4.2) and (i) follows
from (4.3). O

Proof of Theorem 1.11. We will check the criteria for perversity as in Remark 2.1. Fix a
point z € X of codimension ¢, so dim{zZ} = d—c. Let i: T — Spec((’)ﬁ?ﬂj) be the inclusion of
the closed point in a strict henselization of the local ring of X at z. Clearly H'(Ri*F,[d]) = 0
for ¢ > —d+c. By Lemma 4.2, (’)ﬁgw is a Cohen-Macaulay noetherian local ring of dimension
c. Moreover, H'(Ri'F,[d]) = R'T'(Ri'F,[d]) for all i because Oﬁ?’x is strictly henselian. Now

it follows from Proposition 4.3 that H(Ri'F,[d]) = 0 for all i < —d + c. O

Remark 4.4. The constant sheaf F,[dim X] is not always perverse for an arbitrary k-
scheme X. For example, let X be a union of two planes meeting only at a single point
p. Then if i: Spec(k) — X is the inclusion of p, we claim that H~'(Ri'F,[2]) # 0. To
prove this, let j: U — X be the inclusion of the complement of p. Then by using the exact
triangle (4.1), there is an embedding of H, (U,F,)/HS (X, F,) into H™(Ri'F,[2]). As U is

disconnected, this proves the claim.
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4.3 Perverse [F,-sheaves on F-rational schemes

The remainder of this section is devoted to the proof of Theorem 1.12. We will use the
following two lemmas to show the vanishing of the cohomology groups in part (ii) of Propo-

sition 4.3.

Lemma 4.5. Let (A,m) be a normal local domain of characteristic p > 0, and let U be the

complement of the closed point. Then
ker(H, (Spec(A),F,) — Hi (U,F,)) = 0.

Proof. From the Artin-Schreier sequences on Spec(A) and U we get a diagram of long exact

sequences:
0 H,(U,F,) HO(U, Oy) —=% HO(U, Op) H},(U,F,)
T T F—id T T
0 ——= Hg (Spec(A), Fy) A A H, (Spec(A), F,) —>~

If an element in the kernel is represented by a € A then there exists z € H°(U, Oy) such
that @ = 2? — 2. As A is normal then z € A, so the image of a in H},(Spec(A),F,) is

already O. 0

Lemma 4.6. Let (A,m) be an excellent F-rational local ring of characteristic p > 0 and

dimension d > 0. Then ker(H&(A) RN H(A)) =0.

Proof. An element in the kernel generates an A[F]-submodule of HZ(A) which is finitely
generated as an A-module. As H%(A) is a simple A[F]-module and HZ(A) is never finitely

generated as an A-module [BS13b, 7.3.3], then the kernel is zero. O

Proof of Theorem 1.12. By [HH94, 4.2], X is normal and Cohen-Macaulay, so [F,[d] is

perverse by Theorem 1.11. By Theorem 2.13 it suffices to show that F,[d] is the intermediate
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extension of its own restriction to the smooth locus. Let x € X be a point of codimension ¢
contained in the singular locus. Let i: T — Spec(Oi&x) be the inclusion of the closed point
in a strict henselization of the local ring of X at x. By appealing to Lemma 2.7, we need to
check that H=%¢(Ri*F,[d]) = 0 and H=9T¢(Ri'F,[d]) = 0. We have H~%°(Ri*F,[d]) = 0
because ¢ > 0. Since Oi?,x is strictly henselian, H~9¢(Ri'F,[d]) = R~ °T(Ri'F,[d]). By
Lemma 4.2, (’)g?,x is Cohen-Macaulay, normal, F-rational and has dimension ¢. Moreover,
Spec((’)ﬁ?@) is irreducible because X is normal, and in particular, geometrically unibranch.
The ring (93?7 ., is also reduced by [EGA IVy, 18.8.12], so O-%?,x is a domain. Thus if ¢ = 1 then
H~%(Ri'F,[d]) = 0 by Proposition 4.3 and Lemma 4.5. If ¢ > 1 then H~%¢(Ri'F,[d]) = 0

by Proposition 4.3 and Lemma 4.6. 0
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Chapter 5

Global F'-regularity of affine

Schubert varieties

5.1 Background

There have been multiple proofs of the normality of classical Schubert varieties in flag
varieties (see [And85], [RR85], [Ses87]). If the base field k has positive characteristic p > 0,
one method due to Mehta-Srinivas [MS87] of proving normality uses the fact that classical
Schubert varieties are Frobenius split (F-split). A scheme X over k is said to be F-split if
the natural pth-power map of Ox-modules Ox — F.Ox admits a splitting. F-splitting also
implies H*(L, X) = 0 for all i > 0 and L an ample line bundle on X. Mehta-Ramanathan
first introduced Frobenius splitting techniques for classical Schubert varieties in [MR85].
By extending the methods of Mehta-Ramanathan to the affine case, Faltings [Fal03]
showed affine Schubert varieties are normal, Cohen-Macaulay, F-split, and have rational
singularities when G is simple and simply connected. Pappas-Rapoport [PR08] further
extended this to the case p { |m1(Gger)|- F-splitting is one example of a broader family

of properties related to the Frobenius endomorphism, such as strong F-regularity and F-



rationality. See Section 5.4 and also [HH89|, [HH94] for definitions and consequences of
these and other similar notions. While these properties are typically defined locally on
varieties, Smith [Smi00] has defined the notion of global F-regularity of a projective variety.

A globally F-regular variety enjoys several favorable properties. For example, such a
variety is strongly F-regular [Smi00], and hence it is also reduced, normal, Cohen-Macaulay,
F-split and F-rational. Lauritzen, Raben-Pedersen, and Thomsen [LRPTO06] showed that
classical Schubert varieties are globally F-regular. Their proof is remarkably short, and re-
lies on the fact that Mehta-Ramanathan proved something more powerful than F-splitting:
they showed that Demazure varieties are compatibly Frobenius split along certain divisors.

In this section we prove that affine Schubert varieties are globally F-regular.

5.2 Affine Schubert varieties

Let k be a perfect field of characteristic p > 0. For a smooth affine group scheme G over

the power series ring k[t] we define the loop group LG as the functor on k-algebras

LG: R~ G(R(1).

The positive loop group LTG is the functor

LTG: R— G(R[t]).

For each integer n > 0 we also have the n-th jet group

L"G: R+ G(R[t]/t").

We now specialize to the case where G is a split connected reductive group defined over

k (note that G can also be viewed as a constant group scheme over k[t]). Let T ¢ B C G
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be a maximal torus and a Borel subgroup. Let I C LT G be the Iwahori group given by the
fiber of B under the projection LTG — G. The affine Grassmannian is the fpgc-quotient
Gr := LG/LTG and the affine flag variety is the fpqc-quotient F¢ := LG/I. Both Gr and
F{ are represented by ind-projective k-schemes.

The left LT G-orbits in Gr are indexed by the dominant cocharacters X, (7T)* and the
left I-orbits in F/ are indexed by the Iwahori-Weyl group W := Ny T k() /T (k[t])-
Given p € X, (T)" let Gr, = LTG - pu(t) be the corresponding reduced orbit. The reduced
closure of Gr, is denoted Gr<,, and it is the union of those Gry for A < u. For w € W
we define C'(w) to be the corresponding reduced I-orbit and we denote its reduced closure
by F¥,. The scheme C(w) is isomorphic to Ai(w), where £ is the length function on W. If
A € X,.(T) we denote by ty the element A viewed as an element of 1. Note that p — A
is a sum of positive coroots with non-negative integer coefficients if and only if £y < ¢, in
the Bruhat order on W by [Zhul4, 9.4], so there is no ambiguity in the choice of order on
X (T)*.

We can also define partial affine flag varieties as follows. Let P D B be a parabolic
subgroup, with preimage P C LTG. If P = B then we write I instead of P. The (partial)
affine flag variety is the fpqc-quotient F¢p := LG/P.

If P = B then P = I and we drop the subscript on F¢. Given w € W, choose a
representative of w in LG(k) and let w’ € Flp(k) be its image in the quotient. The affine

Schubert variety F/¢p ,, is the reduced orbit closure
f@pﬂu =1 -w C Flp.

The affine Schubert varieties Gr<,, and F¥p , are projective and integral (see [Zhul7, 1.2.2]).

Theorem 5.1 ([Fal03], [PRO8]). If p 1 |71(Gder)| then the affine Schubert varieties Gre,,

and Flp ., are normal, Cohen-Macaulay, F-split and have rational singularities.

o7



Our proof of global F-regularity is analogous to the case of classical Schubert varieties
in [LRPTO06]. To begin, we use results in [PRO8] to reduce to the case when G is simply
connected. In this setting the relevant facts about Frobenius splittings of Demazure varieties
are known and follow from the original techniques of Mehta-Ramanathan. We also note
that it is necessary to pass to the reductions, otherwise some affine Schubert varieties are

non-reduced (see [PRO8]) and therefore not globally F-regular.

5.3 Demazure varieties

There is a semi-direct product decomposition

W = Wag x 2

where W,g is the affine Weyl group associated to the root system for (G, B,T) and € is
the normalizer of I in W. The choice of I determines a Coxeter group structure on Wpg.
Given w € Wyg, let w = s1---s, be an arbitrary expression of w as a product of simple
reflections. We will use the notation w to denote a pair consisting of w € Wyog together
with an expression for w as a product of simple reflections.

Let P; C LG be the unique parahoric subgroup containing both I and a fixed represen-

tative for s; such that P;/I = P'. The Demazure variety associated to @ is

Duy ::Pl X-~~><fPr/IT.

Here I" acts by the formula (p1,...p,) - (i1, ... ,ir) = (p1i1,i] p2i2, ..., i, 1prir). There is

a multiplication map

Tw: Dy — Fly, [(p1)~-'7p7’)]*_>[p1"‘p7"]-
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If v =51---5._1 so that w = v - s, then there is a P'-bundle D3 — Dj obtained by
forgetting the last coordinate. As Dy is an iterated P!-bundle it is smooth. If o < W is
obtained from w by removing one or more of the s; there is a natural inclusion Dy — Dy

(see [Zhul4, 6.4.1]).

5.4 F-singularities

Let R be a k-algebra, and let F' be the absolute Frobenius endomorphism on Spec(R). For
every integer e > 0 there is a map of R-modules R — F¢R which sends a to a?. For any
c € R, by applying FY¢ to the map R — R given by multiplying by ¢ and precomposing with

R — FZR, we get a map R — FJ R sending 1 to c.

Definition 5.2. [HH89] A finitely generated k-algebra R is strongly F-regular if for every

¢ € R not contained in a minimal prime of R there is an integer e > 0 such that the map

R — F{R, l—c

splits.

More generally, strong F-regularity is defined for noetherian rings R of characteristic
p > 0 that are F-finite (meaning FyR is a finite R-module). If R is reduced then R is
F-finite if and only if R'/? is a finite R-module. A finitely generated k-algebra is F-finite
since k is perfect.

By [HH89, 3.1 (a)], R is strongly F-regular if and only if R, is strongly F-regular for
every prime ideal p, so it makes sense to say a locally noetherian scheme is strongly F-
regular if all of its local rings are strongly F-regular. The property of F-rationality was
defined in Theorem 4.1 for Cohen-Macaulay rings, and is defined for more general rings in

[HH94]. We say that a locally noetherian scheme is F-rational if all of its local rings are
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F-rational. If R is a homomorphic image of a Cohen-Macaulay ring, then R is F-rational
if and only if all of its local rings are F-rational by [HH94, 4.2 (e)].
Let X be a connected projective variety over k. An ample invertible Ox-module £

determines a section ring

S=@H'(X, L.

neN
Definition 5.3. [Smi00] The variety X is globally F-regular if it admits a section ring

which is strongly F-regular.

We have the following chain of implications for projective k-schemes (or more generally

projective schemes over an F-finite field):

[Smi97, 3.1]
Pseudo-rational
Globally  (smioo, 3.10) Strongly  [mHs9, 3.1] _ [HH94, 4.2]
= —>  F-rational — singularities, normal,

F-regular F-regular
Cohen-Macaulay.
Remark 5.4. We will also use the notion of pseudo-rationality as defined in [Kov17]. Using
[Smi97, 1.13] and the flat base change theorem, one can verify the following: If X is a k-
scheme of finite type such that every local ring of X is pseudo-rational as defined in [Smi97,

1.8], then X is also pseudo-rational as defined in [Kov17, 1.2].

For our purposes we will need several alternative methods of showing global F-regularity.
To describe the first of these methods, let D be an effective Cartier divisor on X defined by
a section s. Then there is a map Ox — Ox (D) that sends 1 to s. By applying F¢ to this
map and precomposing with the natural map Ox — F£fOx, we get a map Ox — FfOx (D)
of Ox-modules such that 1 +— s. The variety X is said to be Frobenius split along D if
the map Ox — F.Ox(D) splits. More generally, X is stably Frobenius split along D if

Ox — FfOx (D) splits for some integer e > 0. Note that splitting for one integer e implies
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splitting for all integers €’ > e (see [Smi00, 3.5]).
Lemma 5.5. Let X be a smooth, connected, projective variety over k. Then X s globally

F-reqular if and only if X is stably Frobenius split along an ample divisor.

Proof. This follows from [Smi00, 3.10]. O

Lemma 5.6. Let m: X — Y be a morphism between connected projective varieties over k

such that m,Ox = Oy. Then if X is globally F-reqular, Y is also globally F-regular.

Proof. See [LRPT06, Lemma 1.2]. O

Lemma 5.7. Let X, Y be globally F-reqular varieties. Then X XY is globally F-regular.

Proof. Let A and B be strongly F-regular section rings for X and Y, respectively. These

are naturally N-graded rings. A section ring for the product X x Y is the Segre product

A#B =P A, ® B,.

neN

Being a direct summand of the strongly F-regular ring A ®; B, the Segre product A#B is
also strongly F-regular.! See [Has03, 5.2] for a proof of these claims, which are attributed

to Hochster. ]

Before starting the proof we need one more notion. Let Y C X be a closed subvariety
with ideal sheaf Z. Then Y is said to be compatibly split in X if there is a splitting
¢: F,Ox — Ox such that ¢(F.Z) C Z. In this case ¢ induces a splitting of Y. The

following lemma relates this property to Frobenius splitting along a divisor.

Lemma 5.8. Let X be a variety and let D C X be an effective Cartier divisor on X defined

by a section s. If D is compatibly split in X then X is Frobenius split along the divisor D.

Proof. X is Frobenius split along (p — 1)D by [LRPT06, Lemma 1.1]. This implies X is

Frobenius split along D as well (see [Smi00, 3.7]). O
"We thank Karen Smith for pointing out this proof.
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5.5 Proof of global F-regularity

Proposition 5.9. Let G be a split, simply connected, simple reductive group and let w €

Wag with reduced expression w = s1---s,. Then Dy is globally F-regular.

Proof. Let v; = 81+ 8;-18;Si+1 - Sr- By [PR08, 9.6] there is a single Frobenius splitting of
the Demazure variety Dy which is compatible with all the closed immersions D, — Dy (see
also [Mat88, Ch. 8.18], and [Go6r01, 3.20] for the case of SL,,). Strictly speaking, Pappas
and Rapoport only make this claim when o; gives a reduced expression for v;, so we will
say some more to justify our claim.

The issue is that Pappas and Rapoport require reduced expressions in their definition of
Demazure varieties. For their proof they cite the original criterion of Mehta-Ramanathan

[MR85, Prop. 8], which requires one to show

wp, = ercv(Dai) ® O(E),

=1

where E' is an effective divisor whose support does not meet N;D;,. The precise form E
takes in our situation can be found in [Zhul4, 6.4.2]. By [MR&5, Prop. 8], Dy is compatibly
Frobenius split with all the closed immersions Dy, — Dy, regardless of whether v; gives a
reduced expression for v;.

It follows from the definitions that Dy is compatibly split along the closed subscheme
defined by the product of the ideal sheaves of the Dj,. Now by Lemma 5.8, Dy is Frobenius
split along the divisor >, ; Dj,. Then by [Smi00, 3.7, 3.9], Dy is stably Frobenius split
along Y ;_, m;Dy, for any integers m; > 0. By Lemma 5.5, we need only show this divisor
is ample for some m;.

In the classical case, Lauritzen-Thomsen [LT04, 6.1] show that Dj + E::_ll m; Dy, is
ample for some integers m; > 0. A similar proof works in our setting. The case r = 1 is

clear because then Dy = P! and Dy, is a point. For r > 1 we note that since 7: Dy — Dy,
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admits a section then for each closed point b € D, there exist isomorphisms 7~ 1(b) = P!

and O(Dj,)

i) = Opi1(1). Using this fact one can show that V' := m,O(Dy,) is a vector
bundle and Dy = PV. In particular, O(Dj;,.) = Opy (1) is m-ample, so the claim follows by

induction and [Sta21, 0892]. O

Proof of Theorem 1.9. We proceed by a series of reductions.

Reduction to Flp,,. The natural projection w: F¢ — Gr is an étale locally trivial G/B-
bundle. We claim 7~1(Gr<,) is isomorphic to F¢,, for some w € W. To prove this, we
first observe that 71 (Gr<,,) is integral as both Gr<, and G/B are integral. It is also clear
that 7—!(Gr<,) is a union of I-orbits. The I-orbits in F¢ and their closure relations are
determined by the Bruhat order on W,g (see [Gérl0, 2.18]). Since n~1(Gr<,) C F¢ is of
finite type it meets only finitely many I-orbits, and being integral and closed it is necessarily
the closure of a unique open dense I-orbit. Thus 7~ *(Gr<,) = F{,, for some w € W. Since
H°(G/B,Og/p) = k then by flat base change, (w‘}_ew)*((’)]:gw) = OGi,. Thus the global
F-regularity of Gre,, will follow from that of 7/, by Lemma 5.6.

Reduction to P = I. We apply the same reasoning as above to the P/B-bundle F¢ —
Flp.

Reduction to G simply connected. Let Gaer be a simply connected cover of Gger. By
[PROS, 8.e.3, 8.e.4], FY,, is isomorphic to an affine Schubert variety in the affine flag variety
for Gaer. This is where we need p f |71 (Gger))-

Reduction to G simply connected and simple. If G simply connected but not simple
choose isomorphisms G = [[, G; and B = [[ B; where each Gj; is simple and simply con-
nected, and the B; C G; are Borel subgroups. This induces isomorphisms on flag varieties
Flp =2 1], Fer, and Iwahori-Weyl groups W =2 [, W;. If we write w = [[, w; for w; € W;
then Fl,, =[], Fly, (see[PROS, 8.¢.2]). Now apply Lemma 5.7.

Proof when G is simply connected and simple. Because G is simply connected then
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W = Wag. Let w = s1---s,. be a reduced expression for w. By Proposition 5.9 the
Demazure variety Dy is globally F-regular. The map m,,: Dy — F¥,, is a rational resolution

of singularities by [PRO08, 8.4] and [PRO0S8, 9.7(d)], so we conclude by Lemma 5.6. O
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Chapter 6

Perverse IFp-sheaves on the affine

Grassmannian

For Chapters 6 - 7 we return to the case k is an algebraically closed field of characteristic
p > 0, and we fix a connected reductive group G over k. Throughout this section we assume
p1|m1(Gder)|- We will explain how to remove this hypothesis in Remark 7.12. In this section
we define the category Pp+q(Gr,F)) and prove Theorem 1.2. We also define a fiber functor
on Pp+g(Gr,F,) and investigate extensions between objects. The basic facts we will use
about the geometry of Gr and the associated convolution Grassmannians are well-known
(see, for example, [Ricl4]), so we will state them without proof. We use the same notation

as in Section 5.2.

6.1 Definition of Pr+q(Gr,F,)

There is a partial order on X, (T)" defined by setting A\ < u if g — A is a sum of positive

coroots. For each u € X,(T)™", there are only finitely many A such that A < u. There is a



stratification

GI"S“ = H GI")\ .

A<p

The orbit Gr, is open in its closure. Let p be half the sum of the positive roots. Then
dim Gry, = 2(p, p).

We note that if A < p then Gr<) has codimension at least 2 in Gr<,. The reduced sub-
ind-scheme of Gr is

Grreq = li_r>n Grey, .

Define
DY(Gr,Fy) = hgl Dg(Grey, Fy),

and

PY(Gr, Fp) := li_r>n Pcb(GrS/u Fp).

The setup in Remark 3.13 applies and we can define LT G-equivariant perverse F-
sheaves on Gr. More precisely, for fixed p, the group scheme L*G acts on Gre,, through
the jet group L"G for n sufficiently large. Suppose m > n and LT G acts on Gr<,, through

both quotients L™G and L™G. Note that there is an exact sequence
0—+N—->L"G—L"G—0

where N is a connected, affine, smooth unipotent group. Thus by Proposition 3.15 there is
a natural isomorphism Ppng(Gr<,,F,) = Prng(Gr<y,Fp). Hence we can unambiguously

define Pp+g(Gr<,,Fp) := Prng(Gr<,, Fp) where n is an integer such that LTG acts on
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Gr<, through the quotient L"G. We can now define
PL+G(GI‘,FP) = 11_1)11 PL+G(Gr§M’F}7)'

By similar reasoning we can define the category Pr(Flp,Fp).

Proof of Theorem 1.10. By [NPO01, 2.3] the stabilizers for the action of LTG on Gr are
connected. Thus by Corollary 3.19, the simple objects in Pp+(Gr, Fp) are the intermediate
extensions of constant sheaves along orbits. By the global F-regularity of Gr<, we are
in a position to apply Theorem 1.12. Thus the simple objects are the constant sheaves
[, [dim Gr<,,| supported on Gr<,. The stabilizers for the action of I on F/ are also connected

by [Ric16, 2.3], so the same argument works for FZ. O

Remark 6.1. By the same reasoning as in the proof of Theorem 1.10 it follows that for any
‘P the constant sheaves supported on I-orbit closures in F¢p are simple. If the stabilizers

for the action of I are connected then these are all the simple objects in Pr(Flp,F,).

6.2 Convolution

The convolution diagram is
GrxGr & LG x Gr % LG x¥"¢ Gr I Gr. (6.1)

Here p is the quotient map on the first factor, and ¢ is the quotient by the diagonal action of
L*G given by g-(g1,92) = (9197', 992). The map m is the multiplication map m(g1, g2) =
g1g2. Note that p and g are L™ G-torsors. For simplicity we ignore the fact that LG x Gr
is not of ind-finite type and allow ourselves to speak of perverse sheaves on LG x Gr. The

same technical method as in [Ricl4, 3.21] works here for overcoming this issue. The idea
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is that for any particular perverse sheaves we are working with, we can replace p and ¢ by
L™G-torsors for n sufficiently large.

More generally there is a convolution morphism LG x TG xLTGGr — Gr. To describe
the ind-scheme structure on the convolution Grassmannian, let j; € X, (T)" fori =1,...,n
be a collection of dominant cocharacters and let p be their sum. Let f: LG — Gr be the

quotient map. Then we define
_ + G - +
Grsllz. = f 1(Gr§M1) XL ¢ U XL ¢ f 1(Gr§Mn—1) XL ¢ GrSMTL’

where we always take the reduced subscheme structure. If n = 2 we may also denote Gr<,,,
by Gr<,, X Grey,-

The convolution morphism restricts to a map m: Gr<,, — Gr<, which is proper,
birational, and an isomorphism over Gr,. Using the construction in Remark 3.13 we can
define

Prig(LG xF7G ... x7G Gr F),
where L1TG acts on the leftmost factor LG.

Lemma 6.2. Let F°, G* € Pp+(Gr,F,). Then there is a unique perverse sheaf
F*RG® € Ppio(LG xEC Gr, F,)

such that

Ry (F*KG%) = Ry (F* R G*).
L
Proof. We claim that F* X G*® is perverse. In general we do not know if the box product of
two perverse F-sheaves is perverse (the analogous fact is true for Qy-coefficients with the
appropriate t-structure [BBD82, 4.2.8]). However, we can prove that F* é G* is perverse

_l’_

in our situation. First, note that the schemes Gr<, x Gr<y for p, A € X,(T)" are Cohen-
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Macaulay because a product of Cohen-Macaulay schemes is Cohen-Macaulay [Sta21, 045Q)].
Now if 7* and G*® are simple then F' 'ég' is perverse because it is a constant sheaf supported
on a Cohen-Macaulay scheme (and it is in the correct degree).

Now suppose F* is simple and G*® has length n > 1. Because subquotients of equivariant

perverse sheaves are equivariant (Proposition 3.10), there is an exact sequence
0—-G; —G*—=G3—0
in Pr+q(Gr,Fp) such that G, G5 have length < n. This gives rise to an exact triangle
L L L
F*RG - F*XRG* — FXG

in Dg(Gr x Gr,Fp). By induction the outer two terms are perverse, thus so is F* é Gg*. A
similar induction on the length of F* completes the proof that F* é G* is perverse.

Now that we know F* % G*® is perverse then so is Rp*(F*® é G*®) (up to a shift) because
p is smooth. Because G*® is LtG-equivariant then Rp*(F* é G®) is equivariant for the
diagonal action of LTG. This equivariance is precisely the data needed to use Corollary
2.21 and descend Rp*(F* é G®) along the quotient map ¢ to a perverse sheaf F* % Gg® €
PY(LG xLtG Gr,F,). Finally, one can use smooth descent and the fact that F* is LTG-

equivariant to show F* X G® is LT G-equivariant. O
If 7*, G* € Pp+¢(Gr,F),) we define their convolution product to be

~

F*%G® = Rm.(F*KG*) € DY(Gr,F,).

Our next goal is to prove that F*® * G* € Pp+g(Gr,F,). Once we know that F* % G* is
perverse, the fact that it is equivariant will follow by Lemma 3.2 since m is proper and

LT G-equivariant.
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For later use, we also define the n-fold convolution product. Let F; € P+ (Gr,F,) for

i=1,...,n. By the same reasoning as in Lemma 6.2 we can define their twisted product
RiF? € Prag(LG x76 ... <27 Gr, ).
Let m: LG xL7G ... xI"G Gr — Gr be the n-fold convolution map. Then we define
+F7 = R, (K, F?) € DY(Gr, ).

For Q,-coefficients, the perversity of the convolution product can be proved by using the
fact that m is a stratified semi-small map (see [MV07]) or the notion of universally locally
acyclic complexes (see [Ricl4]). We will take a different approach which uses the fact that
Gr has rational singularities. Before giving the proof of Theorem 1.2, we illustrate why the

case of Fy-coefficients differs from Q-coefficients with the following example.

Example 6.3. Let G = GL9 and use the standard choice of T' C B C G and the identifi-
cation X, (7T) = Z2. Consider the two minuscule cocharacters p; = (1,0) and us = (0, —1)
with corresponding IC sheaves IC,,, and IC,,. These are both constant sheaves (shifted
by 1) supported on schemes that are isomorphic to P'. Let u = p; + p2. Then Grey, is a
two-dimensional surface with a unique singular point eg. The convolution Grassmannian
Gre,, over Gre,, is a resolution of singularities which is an isomorphism away from ey and
whose fiber over e is isomorphic to P!,

For both Q, and [F)-coefficients the convolution IC,, *IC,, is given by the derived
pushforward of the constant sheaf (shifted by 2) along the convolution map m: Gr<,, —
Gre<,. For Qg-coefficients the result is Rm.(Q,[2]) = Q,[2] & C[0] where C is a skyscraper
sheaf supported at eg. The stalk of the summand C[0] at e is isomorphic to HZ (P', Q).
When we work with étale F)-sheaves, Rm.(F,[2]) & F,[2] because H, (P!, F,) = 0 for i > 0.

More generally, we will prove in this section that for any group G the constant sheaf F,[0]
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is preserved under the derived pushforward along any convolution morphism.

Lemma 6.4. Let u; € X (T)" fori = 1,...,n. Then the scheme Gr<,, is projective,

integral, normal, and Cohen-Macaulay.

Proof. There is an isomorphism of ind-schemes LG x~"C ... xL"G Gr = Gr" (see [Zhul7,
1.2.14]). This implies Gr<,, is projective. For the other properties we proceed by induction
on the number n of dominant cocharacters. Let A\; = ;41 fori =1,...,n— 1. Let k be an

integer large enough so that L*G acts on Gr<), on the left through the quotient L*G. Let
+
Grlrl%#1 = LG ‘Grém xLTGkq.

The map Grl% u — Grey, is aright LEG-torsor. Thus Gr’% 4, s normal and Cohen-Macaulay
because these properties are local in the étale topology. As Gr<,,, is also integral and LkG
is connected then Gréu1 is integral. By induction Gr’%“ , X Grgy, is normal, integral, and
Cohen-Macaulay. Note that Gr<,, is the quotient of Grl% u X Grey, by the diagonal action
of L*G. Hence Gr<, is normal and Cohen-Macaulay. It is integral because it is reduced

and it is the image of an irreducible scheme. O

Let Y be a Cohen-Macaulay k-scheme. We say that Y has rational singularities if
there exists a smooth k-scheme X and a proper birational morphism f: X — Y such that
Oy — Rf.Ox is an isomorphism. Various authors have considered alternative definitions of
rational singularities which do not rely on the existence of a resolution of singularities. One
such definition is due to Lipman-Teissier [LT81], which they call pseudo-rational singularities
(see also [Kov17, 1.2]). We will not need the definition here. All we will need is that rational

singularities are pseudo-rational ([Kov17, 9.6]).

Proposition 6.5. Let m: Gre,, — Gr<, be the convolution map corresponding to p; €
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X (T)". Let Ocr,, be the structure sheaf of Gr<,. Then the natural map
OGrSM :) Rm*(OGrSM)

18 an isomorphism.

Proof. Since Gre,,, and Gr<, are projective then f is projective. By Theorem 5.1, Gr<,, is
Cohen-Macaulay and has rational singularities. As rational singularities are pseudo-rational

then the result follows from [Kov17, 1.4]. O
We can now prove Theorem 1.2.

Proof of Theorem 1.2. Let u = p1 + p2 and let m: Gre,, — Gr<, be the convolution
map. By Lemma 6.4 and Theorem 1.11 the constant sheaf F,[dim Gr<,,] supported on
Gr<,, is perverse. From the definition of IC,, *x1C,, and the fact that the IC sheaves are
constant we see that

IC,, *1C,, = Rm(Fp[dim Gr<,,]).

Thus, to show that IC,, xIC,, = IC,, it suffices to show that Rm,[F,[0] = [F,[0]. This fact
follows immediately from Proposition 6.5 by applying Rm, to the Artin—Schreier sequence

on Gre,. Finally, for general p € X, (T)", Theorem 6.9 in the next section implies that

dimg, H(IC,,) = 1. 0
Corollary 6.6. Let F°*, G* € P;+q(Gr,Fp). Then F* «G® € Pr+q(Gr,Fp).

Proof. We first suppose F* is simple and induct on the length n of G*. Pick an exact
sequence

0—-G;—=G*—=G3—0
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in Pp+g(Gr,Fp,) such that G}, G5 have length < n. We claim that the sequence
OHF'%QI%}“%Q'A}"‘%QQ%O

in Pr+q(LG xLTa Gr,F,) is exact. Indeed, exactness follows because this sequence is
constructed by descending an exact sequence of perverse sheaves on LG x Gr (again, we are
suppressing the ind-finite type issue with LG x Gr). Now the fact that Rm.(F*® X G®) is
perverse follows by induction. A similar induction on the length of F* completes the proof

that F®*G*® is perverse. Finally, F®*G® is equivariant by Lemma 3.2 since m is proper. [
From the proof of Corollary 6.6, we see that the convolution product is exact:

Corollary 6.7. Let F* € Py+q(Gr,F,). Then the functor
Prc(Gr,Fp) = Prig(Gr, Fp), G* s F*x G

s exact. The same is true when we convolve on the right by F*°.

We conclude this section by giving (Pr+q(Gr, Fp), *) the structure of a monoidal cate-

gory.

Theorem 6.8. There is a natural associativity constraint so that (Pp+q(Gr,Fp),*) is a

monoidal category.

Proof. This works the same as in the case of Q-coefficients. First, we note that the
argument in the proof of Corollary 6.6 shows that *F? € Pp+g(Gr,Fy) for any F? €
(2

Pr+q(Gr,Fp). By using the natural isomorphisms
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and the proper base change theorem, one can construct isomorphisms
(FT * F3) + F3 & Fi « Fy « Fy = Fp o« (F3 + F3).

The unit object is the constant sheaf ICy = F,[0] supported on the point Gr<g. From the

definitions it is clear how to construct isomorphisms
F* *IC() > F* ICO x F°.

L
The coherence conditions can be checked using the corresponding properties for — X —. [

6.3 Fiber functor

In this section we study the cohomology of objects in Pp+(Gr,Fy). The most important

result is:

Theorem 6.9. Let u € X.(T)" be a dominant cocharacter. Then
Hg (Grey, Fy) = Fy, H (Gre,,,Fp) =0 fori> 0.

Proof. As Gr<, is projective, HO(GrSM,OGrSH) = k. Since Gre, is globally F-regular,
HY(Gr<,, Ocr.,) = 0 for i > 0 by [Smi00, 4.3]. The theorem now follows by considering

the Artin-Schreier sequence. O

Corollary 6.10. Suppose F* € Pr+q(Gr,F)y) is supported on a connected component of Gr

having strata whose dimensions have parity p € Z/2. Then
RT(F*) =0, iZp (mod 2).

Proof. This follows by Theorem 6.9 and induction on the length of F*°. O
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Theorem 6.11. The functor
H:= P RT(-): Pr+g(Gr,Fp) — Vects,
i
1s exact and faithful. Furthermore
dimg, H(F*) = length 7°.

Proof. Exactness follows by Corollary 6.10. The statement dimg, H(F*) = length 7* holds
for F* simple by Theorem 6.9. For general F* this statement holds by exactness and

induction on the length of F*. Finally, faithfulness follows from exactness and the fact that

H(F®) #0if F* 0. 0

6.4 Extensions

We now investigate extensions between perverse sheaves in Pp+q(Gr,F).

Proposition 6.12. Let i, A € X.(T)*. Then Ext'(IC,,1Cy) = 0 in P2(Gr,F,) if any one
of the following holds:

(i) p>A,
(i) p=A,
(iil) w2 X and p £ .

Proof. The same proof as in [Ric14, 4.1] works. We reproduce it here for completeness.

(i): Let i: Gr<y — Gr<, be the inclusion. Then by adjunction Ext'(IC,,1C,) is
HomDQ(Grngp) (ICM, Ri, IC)\[l]) = HOng(GrSA’]Fp) (Fp [dim GrSM]? Fp[dim GTSA -l—l]).

This is zero because dim Gr<) +1 < dim Gr<,.
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(ii): If u = A then Ext'(IC,,1C,) is
Hom py Gy, ) (Fp[dim Gre,,], Fy[dim Gre, +1]) = Hi(Gre,, Fy).

This group is trivial by Theorem 6.9.
(iii): We can assume that Gr<, and Gr<, lie in the same connected component of Gr.

Thus we can pick a dominant cocharacter v > p, A. This gives rise to a Cartesian diagram

gl
Z GI‘S)\

1
Gre, —2> Grey .

By proper base change and the adjunction between Ri3, Ris . the group Extl(ICu, IC)) is
Hong(Grgy,IF,,)(Ril,* IC,, Riz « ICy\[1]) = Hoszc;(GrSMFp)(Ri'L*Rié* IC,,, IC\[1]).
By the adjunction between Ri’L*, Ri’f this is the same as
Hom pyy 7, (R 1C,,, Rif ICA[1]).

Note that dim Z < dim Gr<,,. Let U be the complement of Z in Gr<,. The restriction of
IC, to U is nonzero because IC, is a constant sheaf on Gr<,. Thus by Lemma 2.10 the
perverse sheaf IC,, is the intermediate extension of its own restriction to U. Now by Lemma
2.7,

Riy1C, € PD="Y(Z,F,).

By similar reasoning Ri{ IC,[1] € ?D=°(Z,F,). Hence Ext!(IC,,ICy) = 0. O

If G =T is a torus Pr+p(Gr,F,) is semi-simple because then Gr is a disjoint union
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of points. We are not sure when Pp+5(Gr,F,) is semi-simple in general, but we can show
that Pp+q(Gr,Fp) is not semi-simple when G = GLg. To begin we have the following

observation, valid for any group G.

Lemma 6.13. Let u, A € X (T)" be such that A < p and Gr<y has codimension c in
Gre,. Then

Ext o,y ICx 1C,) = Hg (Grey — Grey, Fy).

Proof. Leti: Gr<y — Gre, and j: Gre, — Gr<y — Gre, be the inclusions . By adjunction
Ext!(ICy,1C,) = R°T(Ri'F,[c + 1]).
As H'(Gr<,,Fp) = 0 for i > 0 by Theorem 6.9, then by considering the exact triangle
Ri, Ri'F,[0] — F,[0] — Rj.F,[0]

we get

RT(Ri'Fplc + 1)) = H (Cre,, — Grey, ).
O]

Now let R be a k-algebra and let f: Gr<, x Spec(R) — Gr<, be the projection. As

¢ > 1 a similar computation as in the proof of Lemma 6.13 shows
EthDf;(GrSM x Spec(R),Fp) (Rf* IC\, Rf* IC;L) = Héct((GrSu - Grﬁ)\) x Spec(R), IE‘p) (62)
Proposition 6.14. Let G = GLy and p = (1,—1) as in Example 6.3. Then

Extp . (Grs,)(1Co,1C,) # 0.
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Proof. Let n > 0 be an integer so that LTG acts on Gr<,, through the quotient L"G. By
Proposition 3.11 and (6.2), it suffices to exhibit a nonzero class s € HZ (Gry,F,) whose
image in HZ (Gr, x Spec(R),F,) is fixed by L"G(R) for every k-algebra R. We first exhibit

a subspace of H'(Gry, Og;,) whose image in
H'(Gr,, x Spec(R), Oy, x spec(r)) = H' (Gry, Ocr,) ®1 R

is fixed pointwise by L"G(R) for every R. As H'(Gr,,, Og;,) is an algebraic representation
of LG, it suffices to exhibit a trivial subrepresentation of H 1(Gru, Ogr,,)-

Let 1 = (1,0) and pp = (0, —1). Then the convolution map m: Gre<,, — Gre, is
an isomorphism over Gr,. Let f: Gr, — Gr,, be the restriction of the projection map
Gr<y, — Gry, to Gry,. The space Gry, is naturally isomorphic to Spec,,  (Sym L) for an

K1

invertible sheaf £ on Gr,, via the map f. Thus as vector spaces

H'(Grp, Ocr,) = @ H' (Grpy, L)
m>0

We claim that H'(Gr,,, L) is a representation of L"G. To prove this, let g € L"G(k),
which induces an automorphism ¢4: Gr, — Gr,. The action of g on H'(Gry, Ogr,) is
induced by an automorphism of f.Og:;, = @mzo L. There exist abstract isomorphisms
Gry, =2 P! and £ = O(-2) (see [NPO1, 7.2]). Thus Hom(L,£™) = 0 for m > 2. As
H'(Gryy, Ogy,, ) = 0, the claim follows.

It also follows that H'(Gr,,, L) is one-dimensional over k. To prove it is the trivial
representation of L" G, we first note that the action of L"G on Gr,, factors through LG =
L™"PGLs. This is an extension of PGLs by a connected unipotent group, so every one-
dimensional representation of L™ PG Ly is trivial.

Since Gr, has an open cover by two affines then HQ(GrM,OGrM) = 0. Thus by the
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Artin-Schreier sequence
2 1 F—id 1
Hét(GrMa Fp) = COk(H (Gruv OGrM) — H (Grua OGr#))-

By construction the image of H'(Gry,,£) C H'(Gry,Oc:,) in HZ(Gry,Fp) consists of
equivariant extensions. It remains to show the image is nonzero.

We will prove the stronger statement that the composition
HY(Grp,,, £) — H'(Gry, Ogr,, ) — Hz(Gry,, Fp)

is injective. First, note that F' acts injectively on Hl(Gr#, Oaqr,), as can be computed
directly from our explicit description of f«Og;, = @m>0 L™ Note also that H'! (Gry, Oy #)
is graded in positive degrees, and F' sends elements of degree m to elements of degree mp. It

follows that the elements of degree 1 have trivial intersection with the image of F' —id. O
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Chapter 7

Commutativity constraint

7.1 Beilinson-Drinfeld Grassmannians

In this section we use the Beilinson-Drinfeld Grassmannians to construct a commutativity
constraint on Pp+qg(Gr,Fp). We assume p { |711(Gger)| until Remark 7.12. Fix a smooth
curve C over k, and let I = {1,...,n} be an ordered finite index set. For a k-algebra R, let
Cpr := C x Spec(R). If z: Spec(R) — C' is a morphism, let ', C Cg be the graph of z. Fix
a trivial G-torsor & on C. We will also denote by & the base change of & to Cgr for any

k-algebra R. The Beilinson-Drinfeld Grassmannian Grgn over C" is defined by the functor
Gren: R+ (2,€,5)

where
x=(r1,...,2,) € C"(R),
£ is a G-torsor on Cg,
p: g‘CR\UiFIZ. - 50}CR\U¢FIZ.'

The functor Gren is represented by an ind-scheme of ind-finite type over C™. The fiber of

Gron over (z1,...,7,) € CL(k) is [[I%, Gr where {y1,...,ym} = {21,...,2,} with the y;



distinct (see [Zhul7, 3.1.13]). This relationship between Gren and our definition of Gr is a
consequence of a theorem of Beauville and Laszlo [BL95].
For I = {1, 2} there is a global version of the convolution diagram (6.1) whose morphisms

are defined over C2.
GI“C X GI‘C (p—I ENGCQ 11—) G~1"02 _ﬂ11_> Grcz . (71)

Before we give the functor of points of LGz, we need some notation. If z: Spec(R) — C
is a morphism, let I', be the formal completion of C'r along I',, and let fg =1, —T,. Then
LG 2 is the functor

LGe2: R (2, Bi,0)
where
z = (71,22) € C%(R),
&; is a G-torsor on Cg for i =1,2

Bi: &'{C’R\Fz. = 50‘012\1“2‘ fori=1,2

ag. 50‘f12 1) gl’f‘zg'

The map p; forgets o. The convolution Grassmannian Gree is the functor
Gr02 R — (a;, 51', Bz)

where

r = (z1,72) € C*(R),
&; is a G-torsor on Cg for i = 1,2
ﬁz‘: gi|CR\Fz- l) gi_l‘CR\Fz, for i = 1,2.

The map ¢; sends (z,&;, 5;,0) to (x, &, B) where £ = & and the torsor & is obtained by

M0

. / . . 3 .
gluing SQ‘CR\FQ to &; ’FIQ along o Po o (B Po. - The convolution Grassmannian Grg2 is an

ind-scheme of ind-finite type over C2. The ind-scheme ZGCQ is not of ind-finite type, but we
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will ignore this issue as we did for LG. See [Ricl4, 3.21] for how to overcome this technical
issue. The convolution morphism m; sends (z,&;, 5;) to (z, &, Bl‘cR\Uini o ﬁZ‘CR\Uini).

There is also a global version £*G¢gn of the positive loop group functor, which is repre-
sented by an ind-group scheme of ind-finite type over C™ (in [Ric14] this functor is denoted
by £LTGr). The group L1Ge2 acts on the left on LGz, Gree, and Gree. It also acts on
Gro x Grg via a map LYGe2 — (LYG¢)?. The morphisms in the convolution diagram
(7.1) are LT G 2-equivariant. We refer the reader to [Ric14] for more details on all of these
functors (see also Section 8.1 for the definition of LTGgn in the case n = 1).

For the rest of this section we specialize to the case C' = Al, and we set I = {1,2}.

Then there are natural isomorphisms Grg = C x Gr and LTG¢ = C x LTG. Let
p: Grg — Gr

be the projection. The ind-scheme structures on Grcz and Grg2 are both parametrized by
pairs 1, p2 € X4«(T)T. We denote the corresponding reduced closed subschemes of Grcz

and Gree by Grpe and Gri5, respectively. The scheme Grl is obtained by taking the

reduced subscheme structure on

q1(p; "0 (Grey,) x pH(Greyy,))) C Gree.

The scheme Gré‘2 is the image of GNrgfz under mj with the reduced subscheme structure. The
map my: (irlé'g — Gré} is proper and birational. Our discussion in Remark 3.13 applies,

and it makes sense to consider the categories
PL+GCQ (Grczﬂ]Fp)a P[,JrGCQ (Grcz,]Fp).

Remark 7.1. Let U C C? be the locus where the coordinates are pairwise distinct, and let
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A: C — O? be the diagonal embedding. Then we have a diagram with Cartesian squares

ir Jr 2
Grg —— Gre: <— Grg ’U

L

c—2 .2 U

By the methods introduced by Zhu in [Zhu09, 1.2.4], one can show that for p1, s € X (T)™

the fiber of Grr’é'2 — C? over A is C x Gr<ji, +4.- In particular this fiber is reduced, and

hence the Cohen-Macaulayness of G‘:r‘é’2 follows from that of Gr<,,, Gr<,, and Gre,; 1,

See also [Zhul7, 3.1.14].

Finally, we observe that the group G, = A! also acts on Grg = C' x Gr. More generally,
the group G, acts on ZG02, Grcz, and Grg2 by diagonal translation on the coordinates.
The action of G, on these objects is relative to the ground field k instead of C?, and this
action also preserves the schemes Gris and Gr{%. The morphisms py, g, and my in the

convolution diagram (7.1) are equivariant for this action of G,.

7.2 Construction of the commutativity constraint

With the preliminary facts in Section 7.1 we are now ready to start constructing the com-

mutativity constraint.

Lemma 7.2 (cf. [Ricl4, 3.27 (i)]). The functor Rp*[1] induces a fully faithful functor
Rp*[1]: Pr+q(Gr,Fp) = Prig, (Gre, Fy)

whose essential image consists of those G-equivariant objects in P+ (Gro,Fp).

Proof. By Lemma 3.6 the functor Rp*[1]: P*(Gr,F,) — P°(Gr¢,F)) is fully faithful and has

essential image consisting of G4-equivariant objects in P?(Gr¢, F,). To see that the image
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of an LT G-equivariant perverse sheaf is £ G ¢-equivariant, note that we have a diagram

[,+GC Xc Gl“c *>L+G x Gr

Jre ip

Gro Gr

Here the horizontal maps are the projections and the vertical maps are the action maps. We
can get another commutative diagram by replacing the vertical maps with the projections
onto Grg and Gr. Now it is a simple diagram chase to show that the image of an L*G-
equivariant perverse sheaf is LG ¢-equivariant. A similar diagram allows one to show that
the inverse to Rp*[1] as defined in Lemma 3.6 sends £*G¢-equivariant perverse sheaves to

LT G-equivariant perverse sheaves. ]
We denote the essential image of the functor Rp*[1] in Lemma 7.2 by P+ (Grc, Fp)Ce.
Lemma 7.3. The scheme (irlé'z is integral, normal, and Cohen-Macaulay.

Proof. The Gr<,, satisfy these properties by Theorem 5.1. Thus the scheme @r’é'a is nor-
mal and Cohen-Macaulay because these properties are local in the smooth topology (see
the global convolution diagram (7.1)). To show that G:ré'z is integral, it suffices to show
that p; ' (p~'(Gr<y, ) x p~1(Gr<y,)) is irreducible. This fact follows because p~!(Gr<,,) X
p H(Gre o) is irreducible and py is a torsor for a smooth group scheme having geometrically
connected fibers over C? (we again need to make a technical modification so that everything

is of finite type). O

Theorem 7.4. The scheme Gr’é} 1s integral, F'-rational, and has pseudo-rational singular-

ities.

Proof. Gr‘é} is irreducible because it is the image of the irreducible scheme Grgfz. As

we are always working with reduced schemes, then Grlré'2 is integral. To prove Gré‘2 is
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F-rational, we first note that it suffices to show the local rings at every closed point are F-
rational [HH94, 4.2]. By loc. cit., F-rationality may be proved after passing to the quotient
by a regular sequence. The fiber of G‘rr’é’2 over a closed point in C? is either isomorphic
to Grey, x Grey, or Grey, 14, (see Remark 7.1). These fibers are globally F-regular by
Theorem 1.9 and Lemma 5.7, and in particular, F-rational. The same remark also implies

He

that each of these fibers is cut out locally by a regular element on Gr 3, so this proves Gr’é}

is F-rational. Finally, F-rational singularities are pseudo-rational by [Smi97, 3.1]. O

Proposition 7.5. The global convolution morphism my: Gr’é'g — Gr‘é} satisfies
Rmy . (Fp[0]) = Fp[0].

Proof. By adjunction there is a natural map ¢: F,[0] = Rmy .(Fp[0]). Since m; is proper
then Rmy ,(Fp[0]) has constructible cohomology sheaves. In particular, it suffices to check ¢
is an isomorphism over closed points in C?. The fiber of the convolution morphism m; over
a closed point in the diagonal in C? is a convolution morphism for Gr. By Proposition 6.5
and the Artin-Schreier sequence, the convolution morphisms for Gr preserve the constant

sheaf. As mj is an isomorphism over U then we are done. ]

We now construct a convolution product on P+, (Gre, IF,)Ce. Recall the notation from

the global convolution diagram (7.1).

Lemma 7.6. Let Fy, F3 € Pr+g,.(Grc,Fp)®e. Then there is a unique perverse sheaf
FYRF3 € Prig,,(Gree, Fy)

such that
pr(FTRFY) = qp (FT W F3).
The perverse sheaf F} % F3 is Gq-equivariant.
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Proof. The proof is analogous to that of Lemma 6.2, and makes use of Lemmas 7.2 and 7.3.
The descent steps and the proof that F X Fy is LG 2-equivariant are the same as in the

case of Q-coefficients (see [Ricl4, 3.20]). O

Lemma 7.7. Let FY, F3 € Pr+g,(Grc,Fp)®. Then

~

Bmy.(FT ®F3) € Ppeg,,(Gree, Fy)®e.

Proof. We first suppose each F; is simple and corresponds to the dominant cocharacter
pi. Then because Grim is Cohen-Macaulay it follows from the definitions that F? X F3 is
the constant sheaf supported on Gris (shifted by the dimension). As Grfy, is integral and
Cohen-Macaulay (see Remark 7.1), and Rmy, preserves the constant sheaf, then we are
done in this case.

The fact that Rmp «(F7 X F3) is perverse for general F? now follows from an induction
on the lengths of these objects as in the proof of Corollary 6.6. Finally, the perverse sheaf
Rmp (F? %]—"2') is LT G ge-equivariant and G,-equivariant because my is LG ¢2-equivariant

and Gg-equivariant. O

The next lemma is the key result which will allow us to construct the commutativity

constraint (cf. [MV07, 5.10] and [Ricl4, 3.22]). Recall the notation in Remark 7.1.

Lemma 7.8. Let Ft, F3 € Pr+g,(Gre,Fp)®. Then

~

Rmp.(Fy K F3) 2 j . (FL KF3,).

Proof. First consider the case in which the F; are simple and correspond to dominant

cocharacters p;. Then by Proposition 7.5, Rmy .(Ff B F3) is the constant sheaf F), on Gri5,

shifted by the dimension. Similarly F7 X F3

is the constant sheaf I, on Gr‘é} U shifted

v

by the dimension. As Gr’é} is integral and F'-rational by Theorem 7.4 then the isomorphism
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Ry (Fe R F3) = jr.(Ff R F3|,,) follows from Theorem 1.12.

The general case now follows by induction on the lengths of the perverse sheaves F; .
This induction is similar to the one as in Corollary 6.6 so we only state the new ingredients.
First, we observe that Rmy (F} X F3) is an extension of F} X F3|, because my is an

isomorphism over U. Next, suppose
0—>F*—=G*"—H* =0

is an exact sequence in Pf(Gr‘é'Q,]Fp). Then if F* = jr 1, (Pj7F®) and H® = jr.(PjrH®),
we also have G* = j;1,(P57G®). This follows from the characterization of intermediate

extensions in Lemma 2.7. O

Proposition 7.9. Let 7, 73 € Pr+g,.(Gre,Fp)®e, and let fi: Grge — C? be the structure

map. Then Rfr.(jr(Fr X ]-"2"[])) € Db(C?,F,) has constant cohomology sheaves.

Proof. We first show that the cohomology sheaves of R fr . (jr1.(Fp & F3 ‘U)) are local sys-
tems. To begin, note that Rfr .(jr i« (F7 @]-"2"(])) € D5(C?,F,) because f; is proper. Next,
note that when the F; are simple and correspond to dominant cocharacters p; the com-
plex jr i (Fy X Fy ‘U) is the constant sheaf F,, supported on Gr’é} shifted by the dimension.
By Remark 7.1 the fibers of fr: Gré} — (C? over closed points in C? are isomorphic to
Grey, x Grey, or Gr<y, 4u,. Thus, by Theorem 6.9 and the Kiinneth formula we see that
Rfr«(jry«(F7 ® ]:2“[])) has constant cohomology sheaves when the F? are simple. Now
the claim for general F; follows by induction on the lengths and the fact that the subcat-
egory of Db(C?, [F,) consisting of objects whose cohomology sheaves are locally constant is

a triangulated subcategory.

Now let fI: Gr% — C? be the product of the projection maps Grc — C, and let
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f: Gro — C be the case in which [ is a singleton. Observe that we have an isomorphism
Rfr«(jrw(Ft R F3| )|, = RFEN(FT R TS|,
By the Kiinneth formula
Rf{(FT ®F3)|, = RE(FT) B RE(FT)| -

We claim that each Rf,(F;) has constant cohomology sheaves. To prove this, consider the

Cartesian diagram

Gro b Gr
N
C —— Spec(k)

By Lemma 7.2 we can write 7 = Rp*[1]G? for some G} € Pr+5(Gr,Fy). Thus by the proper
base change theorem R f,(F;) has constant cohomology sheaves. Hence Rf,(F7)XRf.(F3)
also has constant cohomology sheaves, and by the above so does Rfr «(jr,1«(F} X ]-'2"U)) ‘U.

Let Z be a geometric point of U. Each Hm(RfI,*(jI,!*(ff&}"Q"U))) corresponds to a rep-
resentation of 7T17ét(02,f). As C? is integral and normal the map met(U,T) — 7T1’ét(027§) is
surjective [Sta21, 0BQI]. Since we already know H™ (R fr+(jr1«(F3 X F3 ‘U))) ’U is constant,

it follows that H™(Rfr«(jr1«(F; X .7-"2"(]))) is constant as well. O

Proposition 7.10. Let F?, F3 € Pr+q(Gr,Fp), and let fi: Gree — C? be the structure

map. Then there are canonical identifications

(i) H™*(Rfr.(jr(Rp*[1JFT B Rp*[1]F5| )|, = @iy jor R'T(FT) @ RIT(F3) forz €
U(k).

(i) H™ 2 (Rf1.Grye By 1)} B Rp[1F3],)))], = RPT(F} 5 F3) for o € C2(k) in the
image of the diagonal A: C(k) — C?(k).
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Proof. If x € U(k), note that by the proper base change theorem
Rfra(jr«(Rp* 177 ® Rp*[1]F3| )|, = RO (F[1] R F3[1]).
By the Kiinneth formula,
RT(FP[1] ¥ F3[1]) = RU(F[1]) ®F, RU(F3[1]).

Now by taking cohomology we get the first isomorphism.

Now suppose « is in the diagonal and note that by Lemma 7.8,

~

Jrw(Rp”[1F7 W Rp*[1]F3 [v) = Rmy.(Rp"[1]F7 W Rp*[1]F3).

There is a diagram with Cartesian squares

LG xL"6 Gr—" > Gr Spec(k)

bk

1 m
Grc2 ! Grc2 ! 02

Define

F* := Ri*[-2|(Rp*[1)F} K Rp*[1]F3) € DY(LG x*"¢ Gr,F,)

The isomorphism in (ii) will follow from the proper base change theorem if we can produce

a canonical isomorphism

F e FRF.

From the definitions and the previous diagram it follows immediately that

Rq*(F*) = Rp*(F; R F3).
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Moreover, F* is perverse because this property is local in the smooth topology. Thus there

is a natural isomorphism F* = F7 X F3. O

Theorem 7.11. One can endow the category (Pr+q(Gr,Fp), ) with the structure of a sym-
metric monoidal category such that the global cohomology functor H: (Pp+q(Gr,Fp), %) —

(Vectr,, ®) is a symmetric monoidal functor.

Proof. Let F}, Fy, F5 € Pr+q(Gr,Fp). By Propositions 7.9 and 7.10 there is a canonical
isomorphism

H(FT « F3) = H(FT) © H(F).

There is also a canonical isomorphism
H(ICy) = T,

We constructed an associativity constraint on (Pp+g(Gr,Fp),*) in Theorem 6.8. We claim
that H is a monoidal functor, i.e., H sends the associativity constraint on (Pp+q(Gr,[Fp), %)
to the usual associativity constraint on (Vectr,, ®).

To prove that H is a monoidal functor, we first note that Lemma 7.6 also applies in the

case I = {1,2,3}, with essentially the same proof. We can thus form the perverse sheaf

~ ~

Tt o5 = Rp*[1]F7 ® Rp*[1)Fs W Rp*[1]F3 € P(Gres,Fy).

We refer the reader to [Ric14] for a detailed description of the functors Gres, LG s, ete.
We claim that Rfr.(Rmj«(F1o3)) € Db(C3,F,) has constant cohomology sheaves.

Indeed, if the F are simple then one can show that Rmy.(F7,3) is a shifted constant

sheaf by using the same methods as in the proof of Proposition 7.5. Now the fact that

R fL*(RmI,*(]:f,z,g)) has constant cohomology sheaves follows by the same arguments as

in Proposition 7.9 (where we use the functor Rmy , instead of jr1.). Let U’ C C? be the
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locus where the coordinates are pairwise distinct. Then by arguments analogous to those

in Proposition 7.10 we have

(i) Hm_?’(Rf]’*(Rm[’*(]:1"273)))’x = @z‘+j+k:m RiF(Ff) ® le_‘(}}') ® er(}—g) for = €
U'(k).

(ii) H™ 3(Rf1«(Rmr«(Fto3)))| = R™T(F}« F « Fy) for x € C3(k) in the image of the
diagonal C(k) — C3(k).

Now we conclude that H is monoidal by noting that the associativity constraint in Theorem

6.8 arises from the associativity isomorphism

~

(Rp*[1JF? K Rp*[1]F3) R Rp*[1]F3 = Rp*[1]F} ® (Rp*[1]F3 ® Rp*[1]F3)

by restriction to the diagonal in C3.
For the rest of the proof we let I = {1,2}. To construct the commutativity constraint,
let 7: I — I be the bijection which swaps coordinates. Then 7 induces morphisms of C?

and Grg2 by permuting the coordinates. We have a commutative diagram

i J
GI‘C HJ' GI‘02 <;I GI‘02

idi l |

i .
GI'C 4I> Gl‘c2 é GI‘02

v

v

Observe that

RT*(jr+(Rp* 1] FT K Rp*[l}fg\U) =~ jr1«(Rp*[1]F5s ® Rp*[1]) F} \U).
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Combining this with commutativity of the left side of the diagram we get

Rij(jr(Rp* (177 B Rp* (173 ,)) = Rij R (jru(Rp* (177 R Rp*[1]73] )

= Rij(jr(Rp*[11F3 ® Rp*[1]F7] ).
By combining this with Proposition 7.10 (ii) we get an isomorphism
FT o« Fy = Fy « F7.

However, we need to modify this commutativity constraint. The problem is that the
commutativity constraint on (Pp+q(Gr,F)),*) is constructed from the commutativity of
the derived tensor product ®%. For two chain complexes C®, D*® the usual isomorphism

(C*®@D*)* = (D* ®C*)® sends
¢ X dj — (—1)i+jdj ® ¢

where ¢; has degree ¢ and d; has degree j. Thus, as it stands now the functor H sends
the commutativity constraint on (Pp+q(Gr,Fp),*) to the commutativity constraint on
(Vectr,,®) up to some possible sign changes.

We can remedy the situation by the same method as in [MV07], [Ric14]. More specifi-
cally, suppose F; € Pp+q(Gr,Fp) for i € {1,2} is supported on a component of Gr whose
L@ orbits have dimensions of parity p(i) € {1,—1}. Then we modify the commutativity
isomorphism FP x F3 = F3 * F? by multiplication by (—1)P(MP(2), Making use of Corol-
lary 6.10 one can check that H sends this modified commutativity constraint to the usual
constraint on (Vecty,, ®).

To show that (Pp+q(Gr,F)),*) is a symmetric monoidal category, we need to verify

certain coherence conditions such as the hexagon axiom. By Theorem 6.11, H is faithful, so
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these conditions may be checked after applying H. As H sends our constraints to the usual
constraints on (Vectr,,®), the coherence conditions are satisfied. Thus (Pp+q(Gr,Fy), *)

is a symmetric monoidal category and H is a symmetric monoidal functor. O
We can now prove Theorem 1.1.

Proof of Theorem 1.1. Combining Theorems 6.11 and 7.11 the functor H is an ex-
act, faithful, Fp-linear symmetric monoidal functor. Moreover, the identity object 1 €
P;+q(Gr,F)p) satisfies End(1) = F,, because 1 is the constant sheaf F,[0] supported on a
point. Now we conclude by noting that in their proof of the main result on neutral Tan-
nakian categories (see the paragraph before Remark 2.17 in [DM82]) Deligne and Milne
observed that if one removes the rigidity hypothesis then one gets an equivalence with the
category of representations of an affine monoid scheme. As in the rigid case, the monoid

scheme Mg represents the functor End® (H) of endomorphisms of the fiber functor. O

Remark 7.12. So far we have proved Theorems 1.1, 1.2, and 1.10 under the assumption
p1|m1(Gder)|- We now explain how to remove this hypothesis.

By [MS82, 3.1] we may let

1-N->-G —-G—1

be a central extension of split reductive groups over k such that G/, is simply connected
and N is a torus. Let 7" C B’ C G’ be the maximal torus and Borel subgroup given by the
preimages of T and B. Denote by Grg: and Grg the affine Grassmannians for G’ and G
respectively, and by F{g and Flqg the affine flag varieties.

Since N is a torus the map m1(G’) — m1(G) is surjective. Thus by [HV18, 3.1] the map
G’ — G induces a surjection ¢: Grg — Grg such that each connected component of Grgy
maps onto its image via a universal homeomorphism. This map also sends LG’ orbits onto

LT @ orbits. The analogous facts hold for Flo — Flg.

93



By the topological invariance of the étale site [Sta21, 04DY] we may therefore deduce
Theorem 1.10 for Grg and F{g from the corresponding properties for Grg and Flg. To
prove Theorems 1.1 and 1.2, note that G’ — G also induces a map LG’ xLta Grg —

LG xL7G Grg. There is a commutative diagram (see [Zhul7, 1.2.14])

+ ~
LG XL G’ GI“(;/ —_— GI%;/

| o

LG x176 Grg — Gr,

Thus the map LG’ xLT¢ Grg — LG xL*ta Grg is also surjective and restricts to a uni-
versal homeomorphism on connected components. The analogous facts hold for the n-fold
convolution Grassmannians.

Let C = Al, and let Grg; and Grgz be the Beilinson-Drinfeld Grassmannians over C2
for G’ and G. The map G’ — G induces a map Grg; — GrgQ. By Remark 7.1 there is a
diagram (7.2) with Cartesian squares from which we deduce that Grg; — Grgz is surjective
and restricts to a universal homeomorphism on connected components. The analogous facts

are also true for the global convolution Grassmannians.

C x Grgy Gr&, (C x Grer)?|, (7.2)
Lidc X l J{(idc X“D)Q‘U

C x Grg GrgQ (C x GI‘(;)2‘U
c—~58 .2 U

Now we may use the same arguments as in Chapters 6 and 7 to prove Theorems 1.1
and 1.2 in the case p | |11(Gger)|- The idea is that any time we need to prove a complex
is perverse, simple, an intermediate extension, etc., we use the topological invariance of the

étale site and appeal to the corresponding fact for G.
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7.3 Properties of the monoid Mg

For the rest of this section we make no assumption about |m(Gger)|. We conclude this

section with a few results about M.

Proposition 7.13. The affine monoid scheme Mg in Theorem 1.1 is a group scheme if

and only if G is a torus.

Proof. 1f M is a group scheme then for each p € X.(T)* there is some IC}, € Pp+(Gr,Fy)
which is dual to IC,. The perverse sheaf IC; must also be simple, so IC; = IC, for some
A € X.(T)*. We have seen that IC, «IC) = IC,;, so we must have 4+ XA = 0. In
particular, X,(T)" is a group. This implies G = T.

Conversely, if G =T then the corresponding (reduced) affine Grassmannian consists of
a disjoint union of points indexed by X, (T"). There are then no non-nontrivial extensions

between objects of P+ (Gr,Fp), and it is straightforward to check that
Priq(Gr,Fp) = Repg, (T).

Here T is the torus defined over F, with root datum dual to that of T'. O

Let Spec(Fp[X.(T)"]) be the affine monoid scheme with multiplication defined by the

map
Fp[Xo(T)"] = Fp[Xu(T) "] @F, Fp[Xu(T) ], pop®p, pe XJ(T)F
Proposition 7.14. There is a morphism of monoids
Mg — Spec(Fp[X.(T)1)).

This is an isomorphism if G is a torus.
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Proof. Let Pr+q(Gr,Fp)*® C Pp+g(Gr,F,) be the full subcategory consisting of semi-simple
objects. By Theorem 1.2, P;+q(Gr,F,)% is a tensor subcategory. The same Tannakian

formalism applies to Pp+g(Gr,Fp)™, and we get an equivalence
Pr+q(Gr,Fp)*™ = Repg, (Spec(Fp[X«(T) 1))
The inclusion Pr+q(Gr,Fp)® — Pp+g(Gr,F,) then induces the desired morphism of monoid

schemes. It is an isomorphism if G is a torus by the proof of Proposition 7.13. O

Proposition 7.15. There exists an isomorphism
Mg = I&nMZ
i

where each M; is a closed submonoid of a monoid of upper triangular matrices.

Proof. Let V be a finite-dimensional representation of Mg. As every simple object of
Repy, (Mg) is one-dimensional then one can pick a basis of V' for which the image of Mg —
End(V) consists of upper triangular matrices. Next, by a standard argument identical to
that for affine group schemes, Mg is the inverse limit of its finite-type quotients. Now we
conclude by noting that, as for affine group schemes, every affine monoid scheme of finite

type admits a faithful finite-dimensional representation. O
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Chapter 8

Construction of the functor Z

8.1 Global affine Schubert varieties

We continue using the notation introduced in Section 5.2. Let C' = Ai. We will denote by
0 the origin viewed as a closed point in C. Let Op be the completed local ring of C at 0 and

let C° =C — 0. Let G be a Bruhat-Tits group scheme over C' equipped with isomorphisms

g

oo ZG X% LY(G|n )21 (8.1)

See [Zhul4, §3.2] for more information on the construction of G.

For any smooth group scheme H over C (including G) we let & be H regarded as a
trivial H-torsor. For a k-algebra R let Cr = C' Xgpec(k) Spec(R). If z € C(R) let I'y C Cgr
be the graph of z, i.e., the closed subscheme Spec(R) SEUNYS X spec(k) Spec(?). The global

affine Grassmannian Grg is the functor on k-algebras defined by
Grg(R) = {(m,é’,ﬁ) |r € C(R), € is a G-torsor on Cg, f: E}CR—FI = So‘chrz} .

In the above definition we really mean the set of such objects up to the equivalence relation



(z,&,8) ~ (x,&,7) if there is an isomorphism £ = &’ which respects the trivializations,
but we will suppress this detail. The functor Grg is represented by an ind-projective scheme
over C' by [PZ13, 5.5].

Given z € C(R) let ', be the formal completion of Cg along I';, and let f‘; =1, —T,.

The global loop group of G is the functor

LG(R) = {(z,5) : w € C(R), B € G(IY)}.
The global positive loop group of G is the functor

LYG(R) ={(x,8) : x € C(R), B € G(Ta)}.

As in [Zhul4, 3.1], a lemma of Beauville-Laszlo [BL95] implies that there is a natural

bijection

Grg(R) = {(w,é’,,@) |z € C(R), £ is a G-torsor on Iy, B: €

f;}'

Then LG acts on Grg by changing the trivialization 3, and there is an isomorphism

~
e =&

LG/LTG = Grg.
Our choice of isomorphisms in (8.1) induces isomorphisms

Grg

oo = GrxC®,  (Grg)o = Ft (8.2)

and

LG

0o ELTG X C° (LTG) = 1. (8.3)
Via the isomorphisms (8.2) and (8.3), the action of £LTG on Grg is compatible with the
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action of LTG on Gr and the action of I on F¥.
We define Grg,, to be the reduced closure of Gr<, xC° in Grg. The scheme Grg , is
stable under the action of £TG, and our definition agrees with that in [Zhul4, 3.1] because

G is split. We can now define the local model M,,.

Definition 8.1. The local model M, is the fiber of Grg, over the completed local ring at
0edC.

Thus the generic fiber of M, is isomorphic to Gr<, x Spec(k((t))). We now give the
definition of the p-admissible set appearing in Theorem 1.3. Given p € X, (T) let A, =
W-pu C X, (T) be the orbit of p in X, (T") under the action of the Weyl group W := Ng(T')/T.

The p-admissible set is
Adm(p) == {w € W |w < t, for some A € A,}. (8.4)

The following theorem is due to Zhu in the case Gge; is absolutely almost simple and

simply connected and was extended by Haines-Richarz to the general case.

Theorem 8.2 ([Zhul4, Thm. 3|, [HR20, 5.14], [HR19, 2.1]). If p 1 |m1(Gger)| the fiber

(Grg,)o is reduced. Without any assumptions on p, the reduced fiber satisfies

(Grg,1)0,red = A(p).

For each integer n > 0 let I';,, be the n-th nilpotent thickening of I';. The n-th jet
group of G is
£IQ(R) - {(xaﬂ) S C(R), B e g(rax,n)}

This functor is represented by a smooth affine group scheme over C. For each p € X, (T)"
the action of £LTG on Grg, factors through £;G for sufficiently large n depending on p. If
x € C°(k) then (L£}G), = L"G, and (L}G)o = ”(g|@0).
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Finally, let G be the constant group scheme G x C. By replacing G with G in the
above definitions we get the ind-scheme Grg, which is naturally isomorphic to Gr xC and
was denoted by Grg in Section 7.1. There is a natural morphism G — G which induces a
morphism mg: Grg — Grg. By taking the fibers of g over C° and 0 we get the following

diagram with Cartesian squares:

Grg | o s Grg o Fl
R T
Grg | o = Grg <Y Gr

8.2 The definition of Z

For this section we assume that k is an algebraically closed field of characteristic p > 0.
Suppose that X is a separated scheme of finite type over C'. Let j: X° — X be the inclusion
of the fiber of X over C° and let i: Z — X be the inclusion of the fiber of X over 0. For
F* € P’(X°,F,) we define the nearby cycles of F* by

Ux (F®) := Ri*(j1.F*)[—1].
This defines an additive functor
Ux: PY(X°Fp) = DUZ,Fp).

Proposition 8.3. Suppose f: X' — X is a smooth, separated morphism over C of relative
dimension d and that X' has fibers X'° and Z' over C° and 0, respectively. Then there is

a natural isomorphism of functors

) [d]: Pcb(Xoa]Fp) — ch)(Zla]Fp)-

R(f

Z/)*[d] O\IIX = g’X’ OR(f X0
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Proof. This follows from the fact that pullback along a smooth morphism commutes with

taking intermediate extensions by Theorem 2.16. O

Remark 8.4. If f: X’ — X is a proper morphism then the functor Rf; does not preserve
perversity in general. However, if 7* € P’(X’°,F,) and R(f‘X,O)y(}"') happens to be
21 (Txr(F*)) and Oy (R(f] 0 )i(F*)) are

isomorphic. We will see examples (e.g., the proof of Theorem 1.3 (ii)) where the presence of

perverse, then it makes sense to ask whether R( f

F-rational singularities allows us to prove there is such an isomorphism, but we are unsure
about the general case. By [SGA 7 II, Exp. XIII 2.1.7.1], the analogous fact is true for
the usual definition of the nearby cycles functor (see Remark 8.7) due to the proper base

change theorem.

Remark 8.5. We note that by Lemma 2.7 (ii), ¥ x (F*) € PD=°(Z,F,). By [BBD82, 4.4.2],
the same is true for Fy-sheaves with ¢ # p using the usual definition of the nearby cycles
functor. As the usual nearby cycles functor commutes with Verdier duality for Fy-sheaves
by [I1194, 4.2], then it preserves perversity. There is no duality functor for [F,-sheaves, and
we do not know if Ux (F*®) is always perverse, but it is perverse in all of the examples we

have computed.

By the following lemma, we can naturally extend the definition of the nearby cycles

functor to the ind-scheme Grg.

Lemma 8.6. Suppose h: X' — X is a closed immersion of separated C-schemes of finite
type and that X' has fibers X'° and Z' over C° and 0, respectively. Then there is a natural

isomorphism of functors

R(h

)0 Uxr 2 Uy oR(h|0)s: PL(X"°,F,) — DYZ,F,).
Proof. By taking the fibers of h over C*° and 0 we get the following diagram with Cartesian
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squares:

-/ .
X/O J X/ ? Zl

L,

X .x<t gz

Because the intermediate extension functor agrees with the usual pushforward functor for

closed immersions then by Lemma 2.6 we have
Rhy o J'/* = Ji o R(h‘X/o)*'

Now the lemma follows by applying Ri* and the proper base change theorem. O

Remark 8.7. Following [SGA 7 II, Exp. XIII §1.3], there is another nearby cycles functor
U’y defined as follows. Replace C' with the henselization of its local ring at 0. Let 7 be the
spectrum of an algebraic closure of the function field of C, and let C' be the normalization
of C'in 7. Let Xz = X x¢ C and X7 = X x¢ 7. Then there are natural morphisms
Ji Xg— Xgand i: Z — Xg. If ]-""ﬁ is the restriction of 7* € D(X°,F,) to X3, one can
define

W (F*) = Ri RJL(F*],).

n
For Fy-sheaves with ¢ # p, the functor U’y preserves constructibility by [SGA 4%, Exp. 7,
Th. 3.2] and commutes with smooth base change as in Proposition 8.3 by [SGA 7 II, Exp.
XIII 2.1.7]. The proofs make essential use of the hypothesis ¢ # p, and part of our original
motivation for defining ¥x was to give short proofs of these two facts for IF,-sheaves. It

would be interesting to compare the functors ¥x and ¥’y for Fp-sheaves.

Recall that by Theorem 1.10, the simple objects in P+ (Gr,Fy) and Pr(F¢,F)) are the

shifted constant sheaves
IC,, := F,[dim Gr<,] € D’(Gr<,,Fp), IC7Y .= F,[dim F,,) € DY(Fly, ),
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for p € X (T)t, we W.
L
Let F* € Pr+¢(Gr,Fy)®. Since C is smooth then F*KF,[1] € P*(Gr xC,F,) by Lemma

L
oo = Gr xC° we view F* KT, [1]

2.15. Via the isomorphism Grg as a perverse sheaf on

CO
Grg

Co- We set

L
Z(F®) i= gy (F* KF,[1]| o) € DY(FLTF).

o)

In Section 6.2 we defined the convolution product F7 x Fy of Fy, F3 € Pr+q(Gr,Fp).
We now define the convolution product of two perverse sheaves in Pr(F¢,F,). Since the
situation is analogous to Pp+(Gr,F,) we will be brief. To begin, we have the convolution
diagram

Fix FLE LG x Ft 4 La x! Fe ™ Fo. (8.5)

Here p is the quotient map LG — JF{ on the first factor and the identity map on the
second factor. The map ¢ is the quotient by the diagonal action of I given by g - (g1,92) =
(91971, 9g2), and m is the multiplication map. We will also use the notation F¢ X F¢ for
LG x! Ft.

Given F7, F3 € Pr(F(,F,) we claim that there is a unique perverse sheaf F7 5 F3 €
Pr(LG x! Ft,F,) such that Rp*(F? é F3) = Rq*(F} X F3). The proof of this is analogous
to the case of the affine Grassmannian in Lemma 6.2 so we omit it. We are also suppressing
the fact that because LG x F/ is not of ind-finite type, we must replace the I-torsors p and
q by torsors for a finite type quotient of I depending on the support of 77 and F3.

The convolution of 7 and F3 is

~

F* F3 = Rmy(Fy B F3) € DY(FU,Fy).

We may also write Rm, instead of Rm because F7 X F3 is supported on a proper scheme.
As in the case of Q-coefficients, F x F3 is not perverse in general. However, if Fp * F3 is

perverse then it is also I-equivariant by Lemma 3.2.

103



Remark 8.8. Using the method in Remark 3.13 we can define the category Pr+g(Grg,F))
of LT G-equivariant perverse F,-sheaves on Grg. By the same reasoning we can define other
categories of equivariant perverse sheaves on ind-schemes we will introduce later, such as
Pr+g(Grg™,F,) (see Section 9.1). Since £;7G — C has geometrically connected fibers for

every n then Pr+g(Grg,F,) is a full subcategory of P2(Grg,F,).

8.3 First properties of Z

In this section we prove parts (i) and (ii) of Theorem 1.3. The main ingredient will be the
F-rationality of @g,#. We assume that k is a perfect field of characteristic p > 2 until
Proposition 8.16, where we require k to be algebraically closed. Throughout this section we
also assume that Gger is absolutely almost simple and simply connected. We will explain
how to remove the simple connectedness hypothesis in Remark 9.9. To begin, we recall the

following results.

Theorem 8.9 ([PZ13, 9.1], [HR19, 2.1]). The schemes Grg,, and Grg,, are integral, nor-

mal, and Cohen-Macaulay.

Corollary 8.10. The fiber (@g,u)o 1s Cohen-Macaulay, connected, and equidimensional of

dimension equal to that of Gr<,.

Proof. Since Grg,, is Cohen-Macaulay and integral then (Grg,)o is also Cohen-Macaulay
by [Sta21l, OC6G]. Note that the morphism Grg, — C is flat by [Har77, III 9.7]. Now
because the generic fiber of Grg, — C is connected, then so is (Grg,)o by [EGA IVs,
15.5.4]. Finally, (Grg,)o is equidimensional because it is Cohen-Macaulay and connected,

and dim (Grg )0 = dim Gr<,, by [Har77, III 9.6]. O

The following lemmas (8.11, 8.12, 8.13) are well-known to experts, but because we could
not find detailed proofs in the literature we provide them here. These three lemmas are

also valid if p = 2.
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Lemma 8.11. Let A and B be domains that are strongly F-reqular k-algebras of finite type.

Then if A ®y, B is a domain it is strongly F-regular.

Proof. This is proven in [Has03, 5.2] when A and B are graded rings, but the same proof
works in general. Let R = A®; B and let a € A and b € B be such that the localizations
A, and By, are smooth. Then A, ®j By is smooth and hence strongly F-regular by [HHS89,
3.1 ()], so by [HH89, 3.3 (a)] it suffices to construct a splitting of R[(a ® b)'/7] ¢ R4 for
some g = p®. Because k is perfect, such a splitting can be constructed from splittings of
Ala'/9) ¢ A4 and B[p*/9] ¢ B4, which exist for some common g because A, and By are

strongly F-regular. O

Lemma 8.12. Let R be a domain that is a strongly F-reqular k-algebra of finite type and

let E be an F-finite field containing k. Then if RQy E is a domain it is strongly F-regular.

Proof. Let Rp = R ®; E and let ¢ € R be such that the localization R, is a smooth k-
algebra. Since R. ®j E is a smooth E-algebra, it is regular. Hence by [HH89, 3.1 (c)],
R. ®y, E is strongly F-regular. Thus, to prove Rg is strongly F-regular, by [HH89, 3.3 (a)]
it suffices to show that the inclusion RE[cl/ 1®1] C R}E/q splits for some ¢ = p°. Because
k is perfect, then such a splitting can be constructed from splittings of R[c'/9] ¢ RY? and
E C EY4. A splitting of R[c'/9] ¢ R4 exists for some ¢ because R is strongly F-regular,

and a splitting of E C EY exists because E is F-finite and it is a field. O

Lemma 8.13. Let f: Y — X be a smooth surjective morphism between reduced k-schemes

of finite type. Then X is strongly F-regular if and only if Y is strongly F-reqular.

Proof. If Y is strongly F-regular then X is strongly F-regular by [HH89, 3.1 (b)]. Con-
versely, if X is strongly F-regular then Y is strongly F-regular by [Abe01, 3.6]. In order to
apply loc. cit. we are using the fact that the local rings of a smooth scheme over a field are

regular, and hence they are Gorenstein and F-rational by [HH94, 3.4]. O
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We can now prove that the global Schubert varieties are strongly F-regular.

Theorem 8.14. The schemes @Q# and @g# are strongly F-regular, F'-rational, and have

pseudo-rational singularities.

Proof. By the implications in Section 5.4, it suffices to prove these schemes are strongly F'-
regular. By Theorem 1.9, Gr<,, is globally F-regular and hence also strongly F-regular. As
C is smooth then it is strongly F-regular by [HH89, 3.1 (c)]. Thus since Grg , = Gr<, xC
then @Q,# is strongly F-regular by Theorem 8.9 and Lemma 8.11.

Since Grg is strongly F-regular. Hence by [HH89, 3.3 (a)],

oo = Grg | o then Grg

CO
to prove @g”u is strongly F-regular it suffice to prove @gﬂ is Frobenius split along the
effective Cartier divisor (Grg,,)o. As Grg,, is Frobenius split compatibly with (Grg,,)o by

[Zhul4, 6.5] then it is also Frobenius split along (Grg ,)o (see, for example, Lemma 5.8). [

Remark 8.15. We expect that by essentially the same proof, Theorem 8.14 is true more
generally for a parahoric subgroup of a tamely ramified reductive group G over k((t)) such
that p > 2 and Gge, is absolutely almost simple and simply connected. This is because the

necessary inputs from [PRO8] and [Zhul4] are proved under these more general assumptions.

Before proceeding we prove Theorem 1.13. Recall that in the setup of Theorem 1.13,
is a local field of characteristic p > 2 with ring of integers O and residue field F,. The group
G is a split connected reductive group defined over F such that Gge is absolutely almost
simple and simply connected. We assume that G is the base extension of a split Chevalley
group over Z and that T" and B are defined over F,. Let Gr be the affine Grassmannian of
G viewed as a group scheme over Fy. After choosing an isomorphism F,[t] = Op we can

view M, as a projective Op-scheme.

Proof of Theorem 1.13. Let z € M, and let O, be the local ring at . As O is an
excellent ring and M, is a projective Og-scheme then O, is excellent. Hence by [Smi97,

3.1] pseudo-rationality will follow if we prove that O, is F-rational. The residue field of
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O, is F-finite because it is finitely generated as a field over the perfect field k. Thus O, is
F-finite by [Kun76, 2.6]. By [HH89, 3.1 (d)] it suffices to show O, is strongly F-regular.

First suppose « € M, lies in the closed fiber of M,, — Spec(Ofg). The completion O,
is excellent and has an F-finite residue field, so it is F-finite by [Kun76, 2.6]. To prove O,
is strongly F-regular it suffices to prove O, is strongly F-regular by [HH89, 3.1 (b)]. The
ring O, is isomorphic to the completion of a local ring in @g#. Thus, it suffices to take
Yy e @g,u and show that the completion @y of the local ring O, is strongly F-regular. Note
that the map O, — @y is a flat map between F-finite noetherian local rings. Since O, is
reduced and excellent then @y is also reduced. Moreover, the fibers of this map are regular
by [EGA IV, 7.8.3 (v)]. Thus, since O, is strongly F-regular (Theorem 8.14) then O, is
strongly F-regular by [Abe01, 3.6]. This shows that O, is strongly F-regular if = lies in the
closed fiber of M, — Spec(Op).

To complete the proof we need to show that the generic fiber M), Xgpec(0,) SPec(E) =
Grr, <y XSpec(F,) Spec(FE) is strongly F-regular. The property of strong F-regularity is
Zariski local by definition, so it suffices to take an arbitrary open affine Spec(R) C Grr, <,
and show that R ®p, E is strongly F-regular. Thus by Lemma 8.12 we are reduced to
showing that Grp, <, is geometrically integral.

We first show that the orbit Grr,,, is geometrically integral. Let F'/F, be a field exten-
sion and let Gr = G Xgpec(r,) Spec(F). By definition Grp,, is the scheme-theoretic image
of the orbit map L"(Gr) — Grp, g — g - p(t) for n > 0. Since L"G is geometrically
integral and taking scheme theoretic images commutes with flat base change it follows that
GTF, 11 XSpec(F,) SPeC(F) = Grg,, is integral.

Now assume F' is an algebraic closure of [F,. Because the Cartan decompositions of
G(Fy((t) and G(F((t)) are the same, the reduced subscheme of Grr, < Xspec(r,) SPec(F)
is Grp<;,. Thus Grg, <, is geometrically irreducible by [Sta21, 038I]. Finally, since F, is

perfect then Grp, <, is geometrically reduced and hence also geometrically integral. O
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We now begin proving parts (i) and (ii) of Theorem 1.3. For the rest of this section
we assume that k is an algebraically closed field of characteristic p > 2 and that G is a

connected reductive group over k such that Gge, is almost simple and simply connected.

L
Proposition 8.16. The perverse sheaf jg.(1C, XFp[1]

CO) is the shifted constant sheaf

Fp[dim Grg,,] supported on Grg,,.

Proof. Since Grg,, is integral and F-rational then Fy[dim Grg ] is a simple perverse sheaf

by Theorem 1.12. Now the lemma follows by applying Theorem 1.12 on @gw and using

CO
L
that jg..(IC, KF,[1]

) is simple by Lemma 2.9. O
Proposition 8.17. The functor Z is exact and preserves perversity, and Z(1C,) = Z A

Proof. The isomorphism Z(IC,) = Z 4(,) follows from Theorem 8.2 and Proposition 8.16,
and the fact that dim A(p) = dim Gr<,. As A(u) is Cohen-Macaulay and equidimensional
(Corollary 8.10) then Z 4, is perverse by Theorem 1.11. Since Pr+¢(Gr,F))* is semisimple

then Z is also exact and it preserves perversity. ]
Proposition 8.18. Z(F*®) is I-equivariant.

L
Proof. Note that F*® K Fy[1]| ., is equivariant for the action of £LTG

oo oo = LTG x C° on

@g,# oo = Grey xC°. Using the fact that taking intermediate extensions commutes with

L
smooth pullback (Theorem 2.16) one can check that the perverse sheaf jg 1, (F*XIF,[1]

o) €
P(Grg,,, Fp) is LT G-equivariant. By taking the fiber over 0 it follows that Z(F*®) is I-

equivariant. O

This completes the proof of the properties of Z asserted in the beginning of Theorem

1.3 and also part (i).

Proof of Theorem 1.3 (ii). We first show that Rm(Z4(,)) = IC,. Since Grg,, and Grg,,

~Y

are normal, Cohen-Macaulay, and have pseudo-rational singularities then R?Tg,*(O@g /L) =
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O@Q’H by [Kov17, 1.8]. Because 7g . = mg, as functors on [F,-sheaves then by applying the

Artin-Schreier sequence and Proposition 8.16 it follows that

L L
1’:57Tg7!(jg7[>k(lcll X Fp[l] CO)) =1C, K ]Fp[l].

Now by semisimplicity, for general F*® € Pp+g(Gr,F),)® there exists an isomorphism

L L
Rrg1(jg e (F* W F[1]] o0)) = F* RFp[1].

We can select a canonical isomorphism by requiring that it restricts to the identity map over
C°. By restricting this canonical isomorphism to 0 and applying the proper base change

theorem we get a canonical isomorphism

Rm(Z(F*)) = F*.
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Chapter 9

Centrality of Z

9.1 Beilinson-Drinfeld and convolution Grassmannians

In this section we establish some F-regularity results that we will use to prove the remaining
parts of Theorem 1.3. Let k£ be an algebraically closed field of characteristic p > 2 and let G
be a connected reductive group over k such that Gge, is almost simple. We also assume that
Gler is simply connected until Remark 9.9. In our proofs we will use the same geometric
objects as in [Zhul4]. First, we have the Beilinson-Drinfeld Grassmannian for G over C

defined by the functor

GrgD(R) = {(a:,é’,ﬁ) : x € C(R), £ is a G-torsor on Cp, 3: & =&

5T 9Ty } :

This is an ind-proper scheme over C' by [Zhul4, 6.2.1]. By arguments similar to those in
[Gai01, Prop. 5],

BD
Grg

oo = GrxC° x FU, (GrgP)o = Fe.

Let @gﬁw be the reduced closure of Gr<, xC° x F{, in GrgD.



The global convolution Grassmannian for G is the functor

x € C(R), &1,& are G-torsors on Cg,

Grg™ (R) = < (x,&1,€2, 81, B2)
,81: 51|CR7FI = EO‘CR*FQE’ 52: 52

s =E&
cs, Les,

This is an ind-projective scheme over C' by [Zhul4, 6.2.3]. There is a map mg: Grg"’ —
GrgD which sends (z, &1, &2, 81, f2) to (x,E2, f1 0 f2). The map mg is an isomorphism over

C°. By taking the fibers over C° and 0 we get the following diagram with Cartesian squares.

G |y L Grgm < LG T F (9.1)
ST
-BD .
O B

We define @gosz to be the reduced closure of Gre,, xC° x Fy, in Grg™". In Theorem
9.6 we will show that @gﬁw and @gosz are strongly F-regular. Before we can prove this,
we need to show that @gﬁw is Frobenius split compatibly with (@gﬁw)o. Zhu proved
such a splitting exists for w € X,(T)* sufficiently dominant [Zhul4, 6.5], and our argument
will require only a minor modification of Zhu’s argument.

In our proofs we will use the following facts and notation. Recall that for A € X, (T)*
we write ¢y for the element A viewed as an element of W. If we write W = X,(T) x W,

then

71 (Grey) = ]-"Kt;uo, where 4% := (\,wg) € W.

Additionally, for u € X,(T)" we have

b 130 = (1, 1) - (A wo) = (p+ A wo) =19,
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In this case, if £ is the length function on W we have
) + UE) = (25,

This can be proved using the formula for ¢ in [G6r10, §1.1] (see also [Zhul4, §9.1]).

Proposition 9.1. Let p, A € X.(T)" and let w =t\° € W. Then @gBﬁw is normal, and

the fiber (@gﬁw)o is reduced and isomorphic to fﬁtw%.
’ I

Proof. Let GrgD be the functor

GrgD(R) = {(:U,S,B) : z € C(R), € is a G-torsor on Cg, f: &€ >~ &

C-T, ce,-T, } :

Then GrgD is the isomorphic to Gree s in Section 7.1. By [GaiO1, 3.1.1], GrgD is

‘C’X{O} a

ind-projective, and there are isomorphisms

BD
GI‘Q

oo = GrxC® x Gr, (GrgD)o = Gr.

The map G — G induces a map 7wgp: GrgBD — GrgD. Over closed points in C° this is the
map id x7: Gr xF¢ — Gr x Gr and over 0 this is 7: F¢ — Gr. Let @gi)\ C GrgD be the
reduced closure of Gr<;, xC° x Grey.

The fiber (@527/\)0 is reduced and isomorphic to Gr<,4x by [Zhu09, 1.2.4] (see also
[Zhul7, 3.1.14]). As @gﬁ,w C ﬂgb(@gi/\) then (@gﬁw)g,red C J-"Et;v%. Furthermore,
@gﬁw — C'is flat by [Har77, 9.7], and hence by [Har77, 9.6] the irreducible components of

——BD . . . . . .
(Grg 1u.1)0,red all have dimension equal to dim Gr<, + dim f@;’O- Thus, since dim F¥£ o, =
b b —_ l‘L
. . ——BD _1 ~BD ——BD
dim Gre,, +d1m./_"€t;vo, then (Grg ,, )0, red = .7-'675;?A and (WB})<GrG,#,)\))red = Grg 0

As Fl is a G/B fibration over Gr, then (wg}j(@gi)\))o is a G/B fibration over
——BD . ——BD . ., 1 ,~BD ——BD .
(Grg pa)o- Since (Grg, \)o is reduced, then so is (WBE(GrQ%)\))O. As (Grg )0 18 a

1 /~=BD .
closed subscheme of (7 B})(GrQ 1)), and these two schemes have the same reductions, then
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—BD | . : . . ——BD
(Grg ;)0 is reduced. Finally, since ‘th:fj’_)\ is normal and Grg o =~ Grey, xC° x Fﬁt;uo

is also normal then @gﬁw is normal by Hironaka’s lemma [EGA IVj, 5.12.8]. O

Remark 9.2. The functor GrgBD can also be described as the restriction to C' x {0} of a
quotient of global loop groups over C? as in Section 7.1 (see also [Zhul7, §3.1]). The referee
has pointed out that it is possible to use this fact to show that mpp is a G/B fibration,
and in particular it is smooth. Since normality and reducedness are local in the smooth

topology, this leads to an alternative proof of Proposition 9.1.

The following proposition is well-known, but because we could not find a complete proof

in the literature we provide one here.

Proposition 9.3. Let w, w' € W be such that {(w)+£0(w) = f(w-w'). Then the convolution

morphism m: LG x! Ft — Fl maps C(w) X C(w') isomorphically onto C(w - w').

Proof. Let Wag be the affine Weyl group of G and let Q C W be the subgroup of length 0
elements. Then we have a decomposition W = Wag % Q. First suppose that w, w' € Weg.
Let w = 81+ -8y and w' = s} - - sg(w,) be reduced expressions for w and w’ as products
of simple reflections. For each i let P; be the parahoric group scheme corresponding to s;.
Then L*(P;)/I = Fls,, and each F/s, is abstractly isomorphic to P!. As in Section 5.3

there is an affine Demazure resolution
Tgat (%]-YSZ) % <§F683_> S Flyw-

By [Fal03, §3], since the product of the s; and the 39 gives a reduced expression for w - w’,

the morphism m,,.,» induces an isomorphism
<§C(si)) % (%o(s;)) s Clw - w).

AS Ty = mo (my X my) then by also applying loc. cit. to the factors X F/s, and Q}"ﬁs;
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we see that m maps C(w) X C(w') isomorphically onto C(w - w').

For the general case, write w = 7w, and w' = w7’ for wy, w), € Wag and 7, 7" € Q.
Then ¢(w) = £(w,), £(w') = £(w),) and £(w-w') = £(w,-w],). Because Q normalizes I then Q
acts on both F¢ and LG x! F¢ by right multiplication. Furthermore, any lift 7= € LG (k)
induces isomorphisms on both of these ind-schemes by left multiplication, and all of these

isomorphisms send [-orbits to [-orbits. In particular, there is a commutative diagram as

follows:
N =1 () 1 N
C(w) X C(w) - Clwg) X C(wh)
i 7;71 () 7_/71 J/
C(w-w') - C(wg - wh)

We have shown the morphism on the right is an isomorphism, thus so is the morphism on

the left. I

Proposition 9.4. For any pn € X.(T)t and w € W the scheme @gﬁw is Frobenius split
compatibly with (@gﬁw)o.
Proof. If w =t, for v € X,(T)" sufficiently dominant then this is [Zhul4, 6.5]. If A < v is
also dominant then this splitting is compatible with the closed subscheme @gﬁt L C @gﬁ,tu
by [Zhul4, 6.8] and [BKO5, 1.1.7 (ii)]. A splitting of Grg ., compatible with Grg,,, and
(@gBﬁ’tU)o induces a splitting of @gﬁ,n compatible with (@QB’I:’“)O. This proves the
proposition when w = ) for any dominant cocharacter \.
For the general case, note that for every w’ € W there exists A € X,(T)" such that
w’ < 1, so it suffices to show @gﬁt;ﬂo is compatibly Frobenius split with (@gﬁtfo )o and
@gfiw’ for all A € X,(T)* and w’ < t¥°. Henceforth we fix A € X,(T)* and w = t{° € W.
We will proceed by a similar argument as in [Zhul4, 6.7]. More precisely, we will

construct an open subscheme U C @Zvosz such that:

. . N — ——BD
1. The scheme U maps isomorphically onto its image under m: Grg?Zj)w — Grg -
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2. The complement of m(U) in @gﬁ,w has codimension two.
3. The scheme U is Frobenius split.

Since @gBﬁ,w is normal, then by [BKO05, 1.1.7] the spitting of m(U) extends to a splitting

of @gﬁ,w' We will complete the proof of the proposition by showing

4. The resulting splitting of @gﬁw is compatible with (@gﬁw)o and @gﬁw, for all

w < w.

As in [Zhul4], we define U; C @gosz to be the open subscheme which is Gr, xC° x F¥,,
over C° and C(t,) X Fly, over 0. We also define U C U; to be the open subscheme which
is Gry, xC° x Fl,, over C° and C(t,) X C(w) over 0. Since the lengths of ¢, and w add
then C(t,) X C(w) maps isomorphically onto C (t,9) by Proposition 9.3. Thus (U)o maps
isomorphically onto m(U)g. Hence the morphism from U to m(U) is a bijective birational
morphism between normal integral k-schemes, so it is an isomorphism by Grothendieck’s
reformulation of Zariski’s main theorem [EGA III,;, 4.4.3].

As Gr<,, — Gry, has codimension two in Gr<,,, the complement of m(U)

oo = Gr, xC°x
. . . ——BD . .. ——BD

Fly has codimension two in Grg , ,, o= Gr<, xC°x Fl,. By Proposition 9.1, (Grg%w)o—

m(U)o = }'Etzjﬂ R —C(t,1,) has codimension one, so we conclude that U satisfies (2). Finally,

(3) and (4) follow from the fact that U; is Frobenius split compatibly with (U)o and

Ui N (Gry xC° x Flyy) for all w' < w by [Zhul4, 6.8]. O

Corollary 9.5. For any pu € X.(T)t and w € W the scheme (@gﬁw)o is reduced, Cohen-

Macaulay, Frobenius split, and equidimensional of dimension dim Gr<,, + dim F/,,.

Proof. A Frobenius splitting of @g’iw compatible with (@gﬁw)o induces a Frobenius

splitting of (@gBﬁw)g. Thus (@gﬁw)o is reduced by [BKO05, 1.2.1]. Furthermore, as

BD

@g%w oo = Gre, xC° x Fl,, is Cohen-Macaulay then §§ﬁw is Cohen-Macaulay by

[BS13a, 5.4] (see also [HR19, 5.5]). Thus (@g’iw)o is also Cohen-Macaulay by [Sta2l,
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OC6G]. Finally, the morphism Grg,,,, — C is flat by [Har77, IIT 9.7, so by [Har77, III 9.6]

the fiber (@gBﬁw)o is equidimensional of dimension dim Gr<,, + dim F¢,,. O

—~_conv

Theorem 9.6. For any p € X.(T)" and w € W the schemes @gﬁw and Grg ., are

strongly F-reqular, F-rational, and have pseudo-rational singularities.

Proof. As in the proof of Theorem 8.14 it suffices to prove these schemes are strongly F-
regular. Since @gﬁw o = Grey, xC° X Fly, then @gBﬁw o is strongly F-regular by
Lemma 8.11 and Theorem 1.9. Now as in the proof of Theorem 8.14 it follows that @gﬁw
is strongly F-regular because it is Frobenius split compatibly with (@gﬁw)o.

To prove @éosz is strongly F-regular, we first note that @gvu X Fil, is strongly F'-
regular by Lemma 8.11. By the isomorphism proceeding [Zhul4, 6.2.3], @éosz and Grg,, %

FL,, have a common smooth cover. Since the property of strong F-regularity is local in the

smooth topology (Lemma 8.13) then @éosz is strongly F-regular. O

9.2 Proof of centrality

We continue using the notation introduced in Section 9.1. For y € X,(T)* and w € W let
Z,,w be the shifted constant sheaf Fp[dim(GrgBﬁw)o] supported on (Grg’ﬁw)o. Parts (iii)

and (iv) of Theorem 1.3 follow from the following proposition.

Proposition 9.7. For F} € Pp+q(Gr,F,)% and F3 € Pr(F(,Fy) there are natural isomor-

phisms

L L
(i) \I’GrgBDaCu XF,[1] oo X ICiZ) = Zpw-

L
co WF3) = Z(F}) + F3.

L
(i) Weupn (Ff W [1]

L L
(i) We,mo(F7 MEF[1]] . BF) 2 F3 + Z(F7).

Furthermore, each of these complexes is perverse and I-equivariant.
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_ L L
Proof. Since Grgﬁw is integral and F-rational then by Theorem 1.12, jBP(IC, K F,[1] oo X

IC7Y) is the constant sheaf F,[dim @gﬁw] supported on @gﬁw. Hence the isomorphism
in (i) follows. As (@gﬁw)o is Cohen-Macaulay and equidimensional then 2, ,, is perverse
by Theorem 1.11.

For (ii), suppose that F7 is supported on Gr<, and F3 is supported on F/,. Let
I, = L”(g‘@o). As in [Zhul4, 6.2.3], for some n there is an I,,-torsor Grg g, over Grg such
that

=-conv ., A= I,
Grg%w = Grg# XGrg Grg707n X fgw

Let pfomv: @g”u Xarg Grgo,m X Fly — @éosz be the resulting I,-torsor over @gosz

By similar reasoning as in Lemma 6.2 we can form the perverse sheaf

-~ _conv

L ~
jg71*(]:1. X Fp[l] CO) S P£+Q(Grg,u,vap)-

L L
The key point is that jg . (F; W Fp[1]| ., )X Fs is perverse when F? and F3 are simple

o)

L L
because then jg 1.(F3 K Fp[1]| ) X F3 is a constant sheaf supported on an equidimensional

L L
Cohen-Macaulay scheme. Thus jg 1. (F7 K Fy[1]] . )X F3 is perverse for general 77 and Fy

by induction on their lengths.

We claim there is an isomorphism

; N -
Ri™* 1] (jg 1 (Fy R F,[1]| ,,) K F3) = Z(F}) K F3. (9.2)

o)

Let ¢ : Grg,u X arg Grg,0,n — Grg,, be the pullback of Grg g, — Grg along Grg,, — Grg

and let ¢g p: (@g#)om — (Grg,u)o be the fiber of ¢, over 0. By taking the fiber of ™
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over 0 we get the following Cartesian diagram:

;conv

R e -
Grg u Xarg Grg,0n XFlyw <——(Grg u)on X Fly

conv
\Lwﬁonv l@o’"

—~—Cconv geonv —_— ~
Grg 1w (Grg,u)o X Flu

Then (9.2) follows from the following calculation:

I ~
Rtpg?sv, (Riconv,* [—1](]?,!*(]:1. X [Fp[l] X FQ.))

o)

L
X

L
= Ry [=1(Rey, (g1 (FT W Fp[1]] o)) B F3)
L L L
= Rep p (Rig[=1](Gg 1« (FT BIFp[1][50))) B35 = Reg o, (Z2(F7)) KT

To finish the proof of (ii) it suffices to construct a natural isomorphism

L ~ L L
R (R« [=1] (g 1« (FT BIFp[1]] o) W F3)) = W (FT K[l KFZ). (9:3)

By the proper base change theorem, to establish an isomorphism as in (9.3) it suffices to

construct an isomorphism

. . L o T :BD ° L L °
Rmg .« (jg,1+(F7 WFp[1]| o) WFZ) — 517 (FT K [1]] o W F3). (9.4)

Since mg is an isomorphism over C° then the left side of (9.4) is naturally an extension of

L L
FrRF,[1]] . XFs, so we just have to show it is the intermediate extension. Indeed, once we

know the left side is isomorphic to the intermediate extension, then by Lemma 2.11 there is

L L
a unique isomorphism as in (9.4) which restricts to the identity map on F7 KFy[1]| . X F3.

Since the middle term in an exact triangle is an intermediate extension if the outer
terms are intermediate extensions (see the proof of Lemma 7.8) then by induction on the

lengths of Fp and F3 we reduce to the case Ff = IC, and F3 = ICL*. Because all of the
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o) X IC7* and

L
schemes appearing are integral and F-rational, then both jg . (IC, XTF,[1]

L L
JEP(1C, XF,[1] oo X IC]%) are constant sheaves.

The map m: G@OZ“UJ — @gBﬁw is a birational map between normal, Cohen-Macaulay
k-schemes having pseudo-rational singularities. Thus by [Kov17, 1.8], Rm*(O@Eonv ) &

sHLW

O@g,ﬁ,w' By applying the Artin-Schreier sequence we complete the proof of (9.4) and
(ii). Applying (i), this also shows that Z(F}) * Fy is perverse if F§ = IC,, and Fy = ICZ".
Convolution on the left by Z(F7}) sends short exact sequences in Pr(F¥¢,F,) to exact triangles
in Db(F¢, [F,) by a proof analogous to the one in Corollary 6.7. Thus, by induction on the
lengths of 77 and F3 we conclude that Z(F7) « Fs is perverse in general. For equivariance,
we note that because Z(F7) is [-equivariant then Z(F7) X F3 is I-equivariant for the
action of I on the left factor of LG x! F¢. As the map m is I-equivariant then Z(F}) * F3

I-equivariant by Lemma 3.2.

To prove (iii) we use the functor

x € C(R), &1, &, are G-torsors on Cg,

B1: &

Grg™ (R) = { (x,£1,&, 1. Ba) -

cs = & csy Pa: 52’0341 = 51|chrz

By [Zhul4, 7.2.6], Grg’m’/ is ind-proper over C. There is also a map mg: Grcg(m”/ — Grg b
which sends (x, &1, &2, 1, B2) to (x,E2, 51 0 B2). The map my is an isomorphism over C°

and it restricts to the convolution map m: LG x! Ft — Ft over 0.
Suppose F7 is supported on Gre, and F3 is supported on F/,. Let n be an integer
large enough so that £7G acts on Grg,, through the quotient £;'G. Then as in the proof of
——conv’

[Zhul4, 7.4 (ii)] there is an L} G-torsor P,, over F{,, x C such that P, Xc:gg@g’# C Grg

is a closed subscheme with

P x5 Crg, o =T lw x €2 x Grey, (Pa X419 Girg )o = Fluy % (Grg u)o.
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The scheme P, xLng @g# is strongly F-regular by Lemma 8.11 and because this property
is local in the smooth topology by Lemma 8.13. Let gofl‘”“’/: Pp xc Grg — Pn x LG Grg
be the resulting £} G-torsor.

L
Since jg 1. (F7 W Fp[1] is £} G-equivariant (see the proof of Proposition 8.18), then

o)

by arguments analogous to those in the proof of (ii) we can form the perverse sheaf

——conv’

L ~ L
(F3 RFp[1]) B g1 (FT KFp[1]] ) € P2 (Crg ™ ),

o)

which is supported on P, xLig @g’“. Here we are applying the operation X with respect
to the fiber product of C-schemes rather than k-schemes. If 7 = IC, and F3 = IC%’ then

ICFRE, (1) B o (IC, B F, (1
( w p[ ]) ]Q,!*( i p”

CO) is a constant sheaf. Let F¢,, , be the I,-torsor (P,)o

over F/,. By taking the fiber over 0 we get the following Cartesian diagram:

’
;conv

Pn X @g# <~ .Ffw’n X (@g,u)o

/ conv’
J{w?f’"“ l%,n

;conv

Pn Xﬁig @g’“ < fﬁw % (@g,“)o

Now we can finish the proof by following arguments analogous to those in the proof of

(ii) to establish isomorphisms

L L) L it . o L ~ g S *
RZ‘CO?’L’U, [_1]((f2 &Fp[l}) &jg7|*(fl IZFP[I] CO)) = f2 IZ Z(-Fl)7

and

! x .L o oL L )
R (Rieo™"* [1]((F3 B B [1)) B g (2 By {1 LB

o) & o (FLHE (1

In this last isomorphism we are applying the natural isomorphism F/¢,, x C° x Gre, =

Gre, xC° x Fl,,. We leave the details to the reader. O
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Before we finish the proof of Theorem 1.3 we introduce the functor Gréom" whose R-

points are

x € C(R), &1,&; are G-torsors on Cr
(1"5517527ﬂ17/82) :

Pr: 51\CR_FQ: = SO‘CR_FJC’ Pa: 52‘CR—F3¢ = €1|CR_F9£

There are isomorphisms

Gre™” | = (LG x7¢ Gr) x ¢°, (Grg™")o = LG <! FL.

CO

Moreover, by arguments similar to those proceeding [Zhul4, 6.2.3],
Gry™" = £G x£'9 Grg =: Grg X Grg .

Thus Gréo’w" is ind-proper over C. We define ﬁgozv)\ to be the reduced closure of the

conv’’

subscheme Gre,, X Gr<y xC° C Grg

Proposition 9.8. The scheme @EOZU/\ is Cohen-Macaulay, (@EOZU)\ )o is reduced, and

@Z?Z; = (@g,u X @Q,A)red'
Proof. Note that @g}% is a closed subscheme of Grg j, X Grg, ), and these two schemes are
isomorphic over C°. Thus the isomorphism in the proposition will follow if we show that
Grg,, X Grg,y is irreducible.
To prove that @g# X Grg, is irreducible, fix an integer n large enough so that £TG
acts on @g » through the quotient E,ﬁ G. Let LG<, be the preimage of @g# under the

quotient map £G — LG/LTG = Grg, and let
Grgun = LG<y X9 LrG.
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Then there is a right £} G-torsor ¢g ,,: Grg ., — Grg,, such that
N ~ — I 4y
Grg# X Grg’/\ = Grg%n X'C”g Grg7>\.

Thus it suffices to show that @g%n X o @g y is irreducible.
Because LG has geometrically irreducible fibers, then to prove that @g%n x ¢ Grga
is irreducible it suffices to prove that Grg, x¢ Grg , is irreducible. Since Grg,, and Grg )

are flat over C then @g# X @g,)\ is flat over C'. Thus since @g’“ X @g)\

CO

Gre, x Gr<) xC° is irreducible it follows that ﬁg,u X @g’ » is irreducible. Putting this
all together, we have shown that @gzv)/\/ >~ (Grg,, X Grg\)red-

By Corollary 8.10, the fibers (Grg ,)o and (Grg,)o are reduced and Cohen-Macaulay.
Hence the product (Grg,)o X (Grg)o is also reduced and Cohen-Macaulay. As these
two properties are local in the smooth topology, then (Grg,)o X (Grg,)o is reduced and
Cohen-Macaulay. Thus by the isomorphism @EOZU; >~ (Grg, X Grg)rea it follows that

(Grg pa)o = (Grgu)o % (Grga)o is reduced and Cohen-Macaulay. As @CQOZUA oo is also

Cohen-Macaulay then @EOZUA is Cohen-Macaulay. O

Proof of Theorem 1.3 (v). There is a morphism mg: Gr%om’” — Grg which sends the
element (x, &1, &, B, B2) to (x,E, 1 o B2). Over points in C°(k) the morphism mg is the
convolution morphism LG xI"G Gr — Gr and over 0 the morphism mg ism: LG x! Ft —
F{. By taking the fibers of mg over C° and 0 we get the following diagram with Cartesian

squares:

iconv .conv’!

(LG xL7C Gr) x ¢° L— Grg™" L5 LG <! Fe (9.5)

N

Gr xC° 2 Grg Y Fe

Because the schemes @éozv/\ = (Grg, X Grga)red for p, A € X (T)" are Cohen-Macaulay,
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then by similar reasoning as in Lemma 6.2 we can form the perverse sheaf

L ~ L ”
Fro = jgu(Fr BEF[1]| o) R jig 1(F5 RF[1]| o) € BA(Gg™ ).

To complete the proof it suffices to construct natural isomorphisms
L Rie™ [1)(FL,) = 2(F7) B 2(FY),
2. R (Ri®™"*[-1](F},)) = Z(F} = F3).

Suppose F7 is supported on Gre, and F3 is supported on Gr<y. As in the proof of
Proposition 9.8, fix an integer n large enough so that £1tG acts on Grg, through the

quotient £G. Let ¢g.,,: Grg n — Grg, be the right £ G-torsor such that
- ~ — - 4+ —
Grg,u X Grgx = Grgun x 9 Grg .

J— —_ - 1" - 1
Let @comv” ; (Grg umn xc GIg A )red — Grgzg\ be the resulting £ G-torsor over Grgz},\ . Over

points in C° the map ¢g @g%n — @g,u restricts to an L"G-torsor p,: Gr<,, — Gr<,.

By taking the fibers of gpf{mv” over C° and 0 we get a diagram with Cartesian squares:

conv’’ ,L'conU”

]n . ~_ n . ~_
Grg'u,n X GI“S)\ x(C° —— (Gl‘g#m X Gl“g7)\)red I (Grg,‘u,n)o X (Gl“g7)\)0

conv” COTLU”
Pn ch,n
1

~ Jconv " 'CO’VLU// — ~ —_—
o
Gre, X Grey xC e (Grgu)o X (Grga)o

<
Q
S
Q8
S
S
~

An isomorphism as in (1) can be constructed in a manner similar to (9.2) by pulling every-
thing back to (Grg un)o X (Grgx)o. We leave the details to the reader. By using the left

side of the above diagram one can also prove that

"k Te \ A T o oL
Rjcom™ (]:1,2) = F X KFp[1]

ce:
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By the proper base change theorem, to prove (2) it suffices to construct a natural

isomorphism

L
(2') Rmg (FT2) = jg.u ((F7 + F3) WIFp[1]

co)-

By the description of m'é over C° there is a natural isomorphism

" * (] ~Y ® o L
R(mé Co)*(Rjamv ' (]:1,2)) = (F7 * F3) KTF,[1]

ce:

L
Thus the left side of (2) is naturally an extension of (F} « Fy ) KIF,[1] so we just need to

Co?

show it is isomorphic to the intermediate extension. By semisimplicity we reduce to the case
F? =1C,, for p; € X, (T)". Note that mg maps @EOZ;/;Q onto Grg ,, where pu = p1 + po.
Moreover, 1C,, *1C,, = IC,, by Theorem 1.2. Thus, 77, and the right side of (2) are
shifted constant sheaves.

Because the convolution morphism Gr<,, X Gr<,, — Gre,, is birational then the mor-

——conv’’ n A—conv’

phism mg: Grg ,, ., — Grg,, is also birational. We claim that mg: Grg ., ., = Grg,, is

~

projective. To prove this, note that @g# is projective over C' by [PZ13, 5.5]. As Gréo’w" =

1

Grg X Grg = Grg x¢ Grg (see, for example, [Zhul7, 1.2.14]), then @20211)#2 is also projec-
tive over C. Thus mg: @20211/;2 — @g’# is projective. Therefore, since @gﬂu has pseudo-
rational singularities and @CQOZ?LQ is Cohen-Macaulay then ng’ *<O@20Tfuu 2) = Gro. by
[Kov17, 1.4]. Now (2') follows by applying the Artin-Schreier sequence. | O
Remark 9.9. We have proved Theorem 1.3 under the hypothesis Gqe; is simply connected
and almost simple. We now explain how to remove the simple connectedness hypothesis
using the same technique as in Remark 7.12. The same idea is also used in [Zhul4, 3.3].

Let G be a connected reductive group over k such that Gge, is almost simple. By [MS82,

3.1] there exists a central extension

15 N->G -G —>1
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such that G/, is simply connected and N is a connected torus. Since Gger is almost simple
then so is G/,,. Let T C B’ C G’ be the maximal torus and Borel subgroup given by
the preimages of T and B, and let I’ C LTG’ be the preimage of B’ under the projection
LTG" — G'. Let Grg and Grg be the affine Grassmannians for G and G, respectively.
Similarly, let /g and F{q be the Iwahori affine flag varieties.

Because N is connected the map X, (7") — X, (7T) is surjective. Hence the maps Grgr —
Grg and Flg — Flg are surjective. There is also an induced surjection : X, (T")* —
X,(T)* on dominant cocharacters and on Iwahori-Weyl groups W' — W. Each connected
component of Grgs maps onto its image in Grg via a universal homeomorphism by [HV18,
3.1]. The same is true of the map Flg — Flg.

There exists a Bruhat-Tits group scheme G’ over C' satisfying the conditions (8.2) and
equipped with a natural map G’ — G. This induces a map Grg: — Grg. By restricting
this map to C° and 0 one sees that Grgr — Grg is surjective and maps each connected
component of Grg: into its image via a universal homeomorphism. Similarly, there are
maps Grg,D — GrgB b Grg"” — Grg™", etc., which are surjective and restrict to universal
homeomorphisms on connected components.

All of the diagrams of C-schemes we used in Chapters 8 and 9 to prove Theorem 1.3 for
G’ intertwine with the corresponding diagrams for G. For example, we have the following
commutative diagram:

Grg — Grg
l”g' lﬁg
Grgn — Grg
Thus, by the topological invariance of the étale site [Sta2l, 04DY], our arguments in Chap-

ters 8 and 9 can be used to simultaneously prove Theorem 1.3 for both G’ and G.
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Chapter 10

Applications

10.1 The function-sheaf correspondence

Let Xy be a separated scheme of finite type over F, and let F§ € DZ(XO,FP). Fix an
embedding of F, into an algebraic closure F, and let F* € Gal(F,/F,) be the inverse
of the map which sends a — af. Let X = X Xgpec(r,) Spec(F,) and let F* be the
pullback of F§ to X. For z € Xy(F,) let F» be the pullback of F* along the composition
Spec(F,) — Spec(F,) = Xo. Then each H'(F2) is a representation of Gal(F,/F,) and it
makes sense to take the trace Tr(F*, H/(F2)).

We form a function Tr(FJ): Xo(F,) — F, by setting

Te(Fg)(2) = Y (—1)' Te(F*, H'(F})).

%

See also [SGA 43, Ch. 2, §1] for more information on the construction of the function

Tr(Fg). As in the case of Q-coefficients, we have:
Theorem 10.1. Let X and Yy be separated schemes of finite type over IFy.

(i) Let F§ € D% Xo,Fp) and Gy € D%(Yy,F,). If x € (Xo X spec(F,) Y0)(Fq) has images



pi(z) € Xo(F,) and pa(x) € Yo(F,) then
TH(F B G3) (@) = Te(F3) (b1 () Te(G3) ().
(ii) Let f: Yy — Xo be a morphism. If F§ € D%(Xo,F,) and y € Yo(F,) then
Tr(Rf*(F5))(y) = Te(F5)(f (1)-
(iil) If Fg € Db(Xo,F,) then

> Te(F)() =D (1) Te(F*, RT(X, F*)).

2€X0(Fy) i

Proof. Parts (i) and (ii) are immediate from the definitions, and part (iii) is [SGA 41,

4.1). O

10.2 Perverse [,-sheaves over finite fields

For the rest of Chapter 10 we assume G is a split connected reductive group defined over
Fy. Let Grp, and F/p, denote the affine Grassmannian and affine flag variety viewed as
ind-schemes over ;. While we restricted to the case of an algebraically closed ground field
before, our constructions also work over an arbitrary perfect field of characteristic p > 0.
In particular, we can construct the categories Pp+q(Gry,,Fy) and Pr(Fép,,F,). The main
difference when working over I, is that there are more simple objects. In particular, Lemma
3.18 needs to be revised in this setting, as there are non-trivial simple étale local systems
on Spec(F,).

As in the case of Q-coefficients in [Zhul7, 5.6], we will restrict ourselves to a certain

subcategory of Py +;(Grr,,Fp) consisting of normalized perverse sheaves. More precisely, let
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L be the étale local system on Spec(IF;) corresponding to the representation Gal(F,/F,) —
GL;(Fp,) which sends F* to —1. If X is a scheme over F, then we can also view L as a
local system on X by pulling back along X — Spec(FF,).

Let p € X,(T)" be such that dim Gr<,, has parity p(n) € {0,1}. Because Theorem 1.12
also holds when £k is perfect (with the same proof), then IC, is isomorphic to the shifted

constant sheaf I, [dim Gr<,] supported on Grr, <,. We define the normalized IC complex
L
ICY =10, ® L%"W) € Pp+q(Gryp,,Fy).

Let Pp+g(Grg,,Fp)Y C Pr+g(Grp,,Fp) be the Serre subcategory consisting of perverse
sheaves whose simple subquotients are all the form Iny for p e X (T)*.

We claim the subcategory Pr+¢(Grr,, IFp)N is monoidal. To prove this, we first note that
the identity IC,,, *1C,, = I1C,, 1, in Theorem 1.2 also holds over F,. Indeed, this identity is
derived from the result of Kovécs [Kov17, 1.4] which is independent of the ground field. From
this fact and the projection formula [Sta21, 0B54] it follows that ICf:]1 * ICQ; = ICfXJmQ.

Using the same arguments as in Chapter 7 one can show that PL+G(GrFq,JFp)N is a

symmetric monoidal category. For F* € Pp+q(Grp,,Fp) let F& € Prig(Gr,Fp) be its

pullback to Gr. Then one can also show that
Pp+¢(Grr,, Fp)N = Vecty,, F*— @ RT(Fe,)

is an exact, faithful, tensor functor.

For p € X.(T)" let
L
2N = Zaw @ LEPW) € Pr(Fly,,Fy).

Let Pr+q(Grr,, Fp)V*s C Pr+g(Grg,,F,)Y be the tensor subcategory consisting of semisim-
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ple objects. If p > 2 and Gye, is absolutely almost simple then the arguments in Chapters

8 and 9 also work over IF, and give rise to a functor
Z: PL+G(GrFq,FP)N’SS — P](}—E[Fq,Fp)

which satisfies all parts of Theorem 1.3 and such that Z (IC{Y ) = Zﬁf(“).

Remark 10.2. The functor Pr+g(Grr,, Fp)" — Pr+¢(Gr,F,) induced by pullback is faith-
ful and identifies the simple objects in these two categories, but it is not an equivalence of
categories in general. The issue is that due to the failure of smooth base change, the group

of extensions between two objects depends on the ground field (see the proof of Proposition

6.14).

10.3 Proofs of applications to Hecke algebras

In this section we prove Theorem 1.6 and Corollary 1.7. We fix an isomorphism F,[t] = Og.
Recall that if H C G(F) is a compact open subgroup then the multiplication on Hy is
defined by

(fxg)@) = D flaygly™).

yeG(E)/H
Fix a maximal torus and a Borel subgroup 7" C B C G, and let U be the unipotent
radical of B. Let Hp be the Hecke algebra of T with respect to T'(Og). Following Herzig
[Her11b], we define the map
S Hxg — Hr

by
SHlg= > flow.

ueU(F)/U(O)

As T is commutative, there is a natural isomorphism F,[X,(T)] & Hr, where the element
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€ X, (T) corresponds to the function which is 1 on the coset p(t)T(O) and 0 everywhere
else. In the case where F is a p-adic field and the coefficients are taken in an algebraically
closed field of characteristic p (instead of ), Herzig [Her11b] showed that S’ is injective
with image spanned by the anti-dominant cocharacters X.(7)—. Henniart and Vignéras
[HV15] extended this result to an arbitrary non-Archimedean local field E and coefficients
taken in any field of characteristic p.

Multiplication by the longest element of the Weyl group wp induces an isomorphism

wo: Fp[Xu(T)-] = Fp[X«(T)T]. The resulting composition

is what we will call the mod p Satake isomorphism. In fact, there is a similar mod p Satake
isomorphism for any weight (a representation of the finite group G(F,)), but here we are
only considering the case where the weight is trivial.

We now verify that the function-sheaf correspondence respects the convolution of per-

verse sheaves and functions.

Lemma 10.3. If 77, F3 € Pp+q(Gry,, Fy) then

Tr(Fy « Fy) = Tr(F7) « Tr(F3) € Hi.

Similarly, if Fy, F5 € Pr(Flg,,Fp) then

Tr(F} * Fy) = Te(F7) = Te(F3) € Hy.

Proof. We will only consider the case F7, Fy € Pr(F lr,, [F,); the other case can be handled
by similar methods. The proof is essentially the same as that of [Zhul7, 5.6.1] in the case of

Qy-coefficients, but because this lemma is important for our applications we will reproduce
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the details. Let m: LG x! F¢ — F{ be the multiplication map and let z € Fig, (F,;) =
G(E)/I. There is a natural identification m~1(z)(F,) = {(zy,y~!) : y € G(E)/I}. By

Theorem 10.1 (iii) and the proper base change theorem,

To(Fy « Fo)(z) = > Te(FRF)(ay,y ).
yeG(E)/I

Now viewing xy and y~! as elements of G(E)/I and using Theorem 10.1 (i) and (ii) we

have

~

Te(F} RF3)(wy, y ") = Te(FT) (ay) Tr(F2)(y ).

Lemma 10.4. Let F* € P;(Flg,,Fp). Then
Tr(Rm(F®)) = Te(F*) x 1 € Hy.
Proof. If x € Gry, (Fq) then 7~ (2)(F,) = {zy : y € K/I'}. We claim that

Te(Rm(F*)(z) = Y T(F)(wy) = Y Te(F)ay)lx(y ") = (Te(F*) * 1)(x).
yeK/I yeG(E)/1

The first equality follows from Theorem 10.1 (iii) and the proper base change theorem. The

other two equalities follow from the definitions. O
Since ICf)f1 * ICﬁg = IC/JLV1 +u, there is a natural isomorphism of [F)-algebras

FrFp[Xu(T)1] 5 Ko(Pp+g(Gre,, Fp)V) @ Fp,  p [IC)].

The next proposition shows that this isomorphism is compatible with the mod p Satake

isomorphism, and it implies Theorem 1.5.
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Proposition 10.5. The composition
T
Fo[X.(T) ] L Ko(Ppeg(Gre,, Fp)™) @ Fp 5 My

1s the inverse of the mod p Satake isomorphism S.

Proof. When G, is simply connected, Herzig [Herlla, 5.1] has computed

ST 1y | =peF,[X.(T)").
While Herzig works with anti-dominant cocharacters, the formula above can be obtained
from Herzig’s formula by multiplying by the longest element of the Weyl group. Herzig only
uses the hypothesis that Gge; is simply connected to reduce to the case where the weight
(a representation of G(Fy)) is trivial. As the weight is trivial in our situation, the above
formula is valid for any G. Since IC, is a constant sheaf supported on Grg, <, then the

lemma now follows from our choice of normalized IC complexes ICLV . O

Proof of Theorem 1.6 and Corollary 1.7. Theorem 1.6 follows immediately from The-
orem 1.3 and Lemmas 10.3, 10.4. By [Oll14] the central integral Bernstein elements are
uniquely determined by the identity B = C~' 0 S, so Corollary 1.7 follows from Theorem

1.6 and Proposition 10.5. O

132



Bibliography

[Abe01] Ian M. Aberbach. Extension of weakly and strongly F-regular rings by flat maps.
J. Algebra, 241(2):799-807, 2001.

[And85] H. H. Andersen. Schubert varieties and Demazure’s character formula. Invent.
Math., 79(3):611-618, 1985.

[BBD82] A. A. Beilinson, J. Bernstein, and P. Deligne. Faisceaux pervers. In Analysis
and topology on singular spaces, I (Luminy, 1981), volume 100 of Astérisque, pages
5-171. Soc. Math. France, Paris, 1982.

[Bez16] Roman Bezrukavnikov. On two geometric realizations of an affine Hecke algebra.
Publ. Math. Inst. Hautes Etudes Sci., 123:1-67, 2016.

[BK05] Michel Brion and Shrawan Kumar. Frobenius splitting methods in geometry and
representation theory, volume 231 of Progress in Mathematics. Birkhauser Boston,
Inc., Boston, MA, 2005.

[BL95] Arnaud Beauville and Yves Laszlo. Un lemme de descente. C. R. Acad. Sci. Paris
Sér. I Math., 320(3):335-340, 1995.

[BS13a] Manuel Blickle and Karl Schwede. p~!-linear maps in algebra and geometry. In
Commutative algebra, pages 123-205. Springer, New York, 2013.

[BS13b] M. P. Brodmann and R. Y. Sharp. Local cohomology, volume 136 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, second
edition, 2013. An algebraic introduction with geometric applications.

Casl9] Robert Cass. Perverse F,-sheaves on the affine Grassmannian. 2019. Preprint
[ p p 9
arXiv: 1910.03377v3.

133



[Cas20] Robert Cass. Central elements in affine mod p Hecke algebras via perverse IF)-
sheaves. 2020. Preprint, arXiv: 2004.00189v2.

[DM82] Pierre Deligne and James S. Milne. Tannakian categories. In Hodge Cycles, Mo-
tives, and Shimura Varieties, volume 900 of Lecture Notes in Math., pages 101-228.
Springer-Verlag, Berlin, 1982.

[EGA III;] A. Grothendieck. Eléments de géométrie algébrique. III. Etude cohomologique
des faisceaux cohérents. I. Inst. Hautes Etudes Sci. Publ. Math., (11):167, 1961.

[EGA IV,] A. Grothendieck and J. Dieudonné. Eléments de géométrie algébrique. IV.
Etude locale des schémas et des morphismes de schémas. II. Inst. Hautes Ftudes
Sci. Publ. Math., (24):231, 1965.

[EGA IV3] A. Grothendieck and J. Dieudonné. Eléments de géométrie algébrique. IV.
Etude locale des schémas et des morphismes de schémas. III. Inst. Hautes Ftudes
Sci. Publ. Math., (28):255, 1966.

[EGA TV4] A. Grothendieck and J. Dieudonné. Eléments de géométrie algébrique. IV.
Etude locale des schémas et des morphismes de schémas IV. Inst. Hautes Ftudes
Sci. Publ. Math., (32):361, 1967.

[EK04a] Matthew Emerton and Mark Kisin. An introduction to the Riemann-Hilbert cor-
respondence for unit F-crystals. In Geometric aspects of Dwork theory. Vol. I, II,
pages 677-700. Walter de Gruyter, Berlin, 2004.

[EK04b] Matthew Emerton and Mark Kisin. The Riemann-Hilbert correspondence for unit
F-crystals. Astérisque, (293):vi+257, 2004.

[Fal03] Gerd Faltings. Algebraic loop groups and moduli spaces of bundles. J. Eur. Math.
Soc. (JEMS), 5(1):41-68, 2003.

[FK88] Eberhard Freitag and Reinhardt Kiehl. Etale cohomology and the Weil conjecture,
volume 13 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in
Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, 1988. Translated
from the German by Betty S. Waterhouse and William C. Waterhouse, with an
historical introduction by J. A. Dieudonné.

[Gab04] Ofer Gabber. Notes on some t-structures. In Geometric aspects of Dwork theory.
Vol. I, II, pages 711-734. Walter de Gruyter, Berlin, 2004.

134



[Gai0l] D. Gaitsgory. Construction of central elements in the affine Hecke algebra via
nearby cycles. Invent. Math., 144(2):253-280, 2001.

[GK16] Elmar Grosse-Klonne. From pro-p Iwahori-Hecke modules to (¢, I')-modules, I.
Duke Math. J., 165(8):1529-1595, 2016.

[Gor01] Ulrich Gortz. On the flatness of models of certain Shimura varieties of PEL-type.
Math. Ann., 321(3):689-727, 2001.

[Gorl0] Ulrich Gortz.  Affine Springer fibers and affine Deligne-Lusztig varieties.
In Affine flag manifolds and principal bundles, Trends Math., pages 1-50.
Birkhé&user/Springer Basel AG, Basel, 2010.

[Har77] Robin Hartshorne. Algebraic geometry. Springer-Verlag, New York-Heidelberg,
1977. Graduate Texts in Mathematics, No. 52.

[Has03] Mitsuyasu Hashimoto. Surjectivity of multiplication and F-regularity of multi-
graded rings. In Commutative algebra (Grenoble/Lyon, 2001), volume 331 of Con-
temp. Math., pages 153-170. Amer. Math. Soc., Providence, RI, 2003.

[Herlla] Florian Herzig. The classification of irreducible admissible mod p representations
of a p-adic GL,,. Invent. Math., 186(2):373-434, 2011.

[Herllb] Florian Herzig. A Satake isomorphism in characteristic p. Compos. Math.,
147(1):263-283, 2011.

[HH89] Melvin Hochster and Craig Huneke. Tight closure and strong F-regularity. Mém.
Soc. Math. France (N.S.), (38):119-133, 1989.

[HH94] Melvin Hochster and Craig Huneke. F-regularity, test elements, and smooth base
change. Trans. Amer. Math. Soc., 346(1):1-62, 1994.

[HR19] Thomas J. Haines and Timo Richarz. Normality and Cohen-Macaulayness of para-
horic local models. 2019. Preprint, arXiv: 1903.10585v4.

[HR20] Thomas J. Haines and Timo Richarz. The test function conjecture for local models
of Weil-restricted groups. Compos. Math., 156(7):1348-1404, 2020.

[HV15] Guy Henniart and Marie-France Vignéras. A Satake isomorphism for represen-
tations modulo p of reductive groups over local fields. J. Reine Angew. Math.,
701:33-75, 2015.

135



[HV18] Paul Hamacher and Eva Viehmann. Irreducible components of minuscule affine
Deligne-Lusztig varieties. Algebra Number Theory, 12(7):1611-1634, 2018.

[1194] Luc Illusie. Autour du théoréme de monodromie locale. Number 223, pages 9-57.
1994. Périodes p-adiques (Bures-sur-Yvette, 1988).

[Jan04] Jens Carsten Jantzen. Nilpotent orbits in representation theory. In Lie theory,
volume 228 of Progr. Math., pages 1-211. Birkh&user Boston, Boston, MA, 2004.

[Kov17] Séndor J. Kovécs. Rational singularities. 2017. Preprint, arXiv: 1703.02269v8.

[Kun76] Ernst Kunz. On Noetherian rings of characteristic p. Amer. J. Math., 98(4):999-
1013, 1976.

[Laf18] Vincent Lafforgue. Chtoucas pour les groupes réductifs et paramétrisation de Lang-
lands globale. J. Amer. Math. Soc., 31(3):719-891, 2018.

[Let05] Emmanuel Letellier. Fourier transforms of invariant functions on finite reductive
Lie algebras, volume 1859 of Lecture Notes in Mathematics. Springer-Verlag, Berlin,
2005.

[LRPTO06] Niels Lauritzen, Ulf Raben-Pedersen, and Jesper Funch Thomsen. Global F-
regularity of Schubert varieties with applications to D-modules. J. Amer. Math.
Soc., 19(2):345-355, 2006.

[LT81] Joseph Lipman and Bernard Teissier. Pseudorational local rings and a theorem of
Briangon-Skoda about integral closures of ideals. Michigan Math. J., 28(1):97-116,
1981.

[LT04] Niels Lauritzen and Jesper Funch Thomsen. Line bundles on Bott-Samelson vari-
eties. J. Algebraic Geom., 13(3):461-473, 2004.

[Mat88] Olivier Mathieu. Formules de caracteres pour les algebres de Kac-Moody générales.
Astérisque, (159-160):267, 1988.

[MR85] V. B. Mehta and A. Ramanathan. Frobenius splitting and cohomology vanishing
for Schubert varieties. Ann. of Math. (2), 122(1):27-40, 1985.

[MS82] James S. Milne and Kuang-yen Shih. Conjugates of Shimura varieties. In Hodge
Cycles, Motives, and Shimura Varieties, volume 900 of Lecture Notes in Math.,
pages 280-356. Springer-Verlag, Berlin, 1982.

136



[MS87]

[MVO7]

INPO1]

[O1114]

[Ol115]

[PROS]

[PS20]

[PZ13]

[Ric14]

[Ric16]

[RR85]

[Ses87]

V. B. Mehta and V. Srinivas. Normality of Schubert varieties. Amer. J. Math.,
109(5):987-989, 1987.

I. Mirkovi¢ and K. Vilonen. Geometric Langlands duality and representations of
algebraic groups over commutative rings. Ann. of Math. (2), 166(1):95-143, 2007.

B. C. Ngo6 and P. Polo. Résolutions de Demazure affines et formule de Casselman-
Shalika géométrique. J. Algebraic Geom., 10(3):515-547, 2001.

Rachel Ollivier. Compatibility between Satake and Bernstein isomorphisms in char-
acteristic p. Algebra Number Theory, 8(5):1071-1111, 2014.

Rachel Ollivier. An inverse Satake isomorphism in characteristic p. Selecta Math.
(N.S.), 21(3):727-761, 2015.

G. Pappas and M. Rapoport. Twisted loop groups and their affine flag varieties.
Adv. Math., 219(1):118-198, 2008. With an appendix by T. Haines and Rapoport.

Cédric Pépin and Tobias Schmidt. Generic and Mod p Kazhdan-Lusztig Theory
for GLs. 2020. Preprint, arXiv: 2007.01364v1.

G. Pappas and X. Zhu. Local models of Shimura varieties and a conjecture of
Kottwitz. Invent. Math., 194(1):147-254, 2013.

Timo Richarz. A new approach to the geometric Satake equivalence. Doc. Math.,
19:209-246, 2014.

Timo Richarz. Affine Grassmannians and geometric Satake equivalences. Int. Math.
Res. Not. IMRN, (12):3717-3767, 2016.

S. Ramanan and A. Ramanathan. Projective normality of flag varieties and Schu-
bert varieties. Invent. Math., 79(2):217-224, 1985.

C. S. Seshadri. Line bundles on Schubert varieties. In Vector bundles on algebraic
varieties (Bombay, 1984), volume 11 of Tata Inst. Fund. Res. Stud. Math., pages
499-528. Tata Inst. Fund. Res., Bombay, 1987.

[SGA 1] A. Grothendieck. Revétements étales et groupe fondamental. Lecture Notes in

Mathematics, Vol. 224. Springer-Verlag, Berlin-New York, 1971.

137



SGA 4] P. Deligne. Cohomologie étale, volume 569 of Lecture Notes in Mathematics.
2
Springer-Verlag, Berlin, 1977. Séminaire de géométrie algébrique du Bois-Marie

SGA 41.

[SGA 7 II] P. Deligne and N. Katz. Groupes de monodromie en géométrie algébrique. II.
Lecture Notes in Mathematics, Vol. 340. Springer-Verlag, Berlin-New York, 1973.
Séminaire de Géométrie Algébrique du Bois-Marie 1967-1969 (SGA 7 II).

[Smi97] Karen E. Smith. F-rational rings have rational singularities. Amer. J. Math.,
119(1):159-180, 1997.

[Smi00] Karen E. Smith. Globally F-regular varieties: applications to vanishing theorems
for quotients of Fano varieties. Michigan Math. J., 48:553-572, 2000.

[Stal9] Axel Stabler. Intermediate extensions of perverse constructible Fp-sheaves commute
with smooth pullbacks. J. Number Theory, 197:317-340, 2019.

[Sta21] The Stacks Project Authors. Stacks Project. https://stacks.math.columbia.
edu, 2021.

[Vé195] Juan D. Vélez. Openness of the F-rational locus and smooth base change. J.
Algebra, 172(2):425-453, 1995.

[Vig05] Marie-France Vignéras. Pro-p-Iwahori Hecke ring and supersingular Fp—
representations. Math. Ann., 331(3):523-556, 2005.

[Zhu09] Xinwen Zhu. Affine Demazure modules and T-fixed point subschemes in the affine
Grassmannian. Adv. Math., 221(2):570-600, 2009.

[Zhul4] Xinwen Zhu. On the coherence conjecture of Pappas and Rapoport. Ann. of Math.
(2), 180(1):1-85, 2014.

[Zhul7] Xinwen Zhu. An introduction to affine Grassmannians and the geometric Satake

equivalence. In Geometry of moduli spaces and representation theory, volume 24 of
IAS/Park City Math. Ser., pages 59-154. Amer. Math. Soc., Providence, RI, 2017.

[Zhu20] Xinwen Zhu. A note on Integral Satake isomorphisms. 2020. Preprint, arXiv:
2005.13056v3.

138



