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Control Authority and Autonomy for the RoboBee

Abstract

Bio-inspired flight at the insect scale encourages aspirations of unmatched speed

and agility. However, flapping-wing micro-aerial vehicles are subject to unique challenges in

control, including constraints in computation, sensing, and actuation; extreme disturbances

relative to the vehicles’ small size; and modeling complexity of the underactuated flapping-

wing system. I introduce control and modeling strategies tailored to the unique qualities of

flapping-wing flight, applying these methods in flight with the Harvard RoboBee, an 86 mg

flapping-wing micro-aerial vehicle, with dramatic improvements to vehicle characterization

and performance. Through this work, the RoboBee achieves full control authority for the

first time, opening the door to aggressive maneuvers, full sensor utility, and robust flight;

anticipating applications beyond the lab and within unconstrained environments.
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Chapter 1

Introduction

Decades of multidisciplinary research in aerial vehicles have allowed humans to

take to the skies in dramatic fashion: the Apollo 11 spaceflight took the astronauts to the

moon, the U.S. Air Force Thunderbirds and U.S. Navy Blue Angels achieve feats of high-

speed coordination and agility in fixed-wing flight, and commercial passenger jets regularly

bring collections of hundreds of passengers across continents and oceans – so reliably that

the achievement is barely given a thought.

However, despite generations of research and discovery in aviation, a relatively

unexplored frontier remains: the pursuit of flight at the smallest scales seen in nature.

Flapping-wing propulsion, demonstrated in the flight of insects and birds, provides an av-

enue for achieving small-scale flight, begetting a growing area of research in flapping-wing

micro-aerial vehicles (FWMAVs), which show promise in overcoming propulsion and scaling

challenges seen by rotor-based and fixed-wing vehicles [1]. Additionally, by designing FW-

MAVs, we may learn more about the propulsion, maneuverability, and behavior of insects

themselves, by imitating them through biomimicry in design.

However, the advantages of FWMAVs come with a vast array of new challenges.
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Chapter 1: Introduction

As size decreases, hardware options for power, sensing, actuation, and computation are

greatly reduced, requiring custom options and limiting autonomy [2]. Additionally, as aerial

robots achieve flight at smaller scales, ambient conditions (especially air currents) present

increasingly dramatic relative disturbances.

A particular set of challenges emerges when considering control of these vehicles.

At the insect scale, passive flexures are commonly incorporated to define wingstroke tra-

jectories [3]. Due to these passive components, vehicle dynamics are both (1) difficult to

observe and (2) significantly variable with flapping frequency and vehicle manufacturing

anomalies [4]. Also, as wing frequency increases and approaches resonance (which is the

typical operating regime for FWMAVs with oscillating actuators, including piezoelectric

actuator-driven systems [5]), the morphology of these passive elements results in significant

passive filtering of control signals, which dramatically limits control authority, especially

in directing vehicle heading [6]. Increasing the challenges for control, the complexity of

flapping-wing flight renders it difficult to model [7], complicating the understanding of the

specific forces and torques produced during flight.

Despite these challenges, FWMAVs show promise in expanding the available scales

of engineered flight towards the centimeter length, and smaller. One of the most significant

milestones towards making this vision a reality is the achievement of full control authority

of these vehicles: the ability to produce controllable, reliable, and flightworthy thrust, roll

torque, pitch torque, and yaw torque. The work presented herein describes the pursuit and

achievement of this goal, opening the door to exciting opportunities in insect-scale aerial

mobility.
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Chapter 1: Introduction

1.1 Motivation for FWMAVs: Why Wings?

As we pursue the advancement of insect-scale flight, the primary consideration in

vehicle design is the method of propulsion used to take flight. This decision significantly

affects the design of actuation and control strategies, and in the case of flapping wings,

motivates research in modeling and control of flapping systems.

Propulsion strategies for micro-aerial vehicles may be generally divided into rotor-

based, fixed-wing, and flapping-wing [8]. Fixed-wing flight has been responsible for a variety

of aerodynamic achievements, from the first human flight [9] to modern commercial air

travel at incredible scales. Rotor-based flight has recently expanded from the development

of helicopters and large rotorcraft to a large field of research especially focused on quadrotors

and multi-agent aerial behavior. Flapping wings, seen in the hopes of early aerial vehicle

design, including Leonardo da Vinci’s proposed flying machines [10], have recently grown

into an expanding field of bird- and insect-inspired flapping-wing robots.

Given these options for aerial propulsion, why should researchers favor wings in

small-scale flight, as opposed to methods more common in engineering? First, flapping

wings show promise at small scales simply due to the observation that nature’s own agile

fliers apply the same technique to achieve small-scale flight, with examples of aerial winged

maneuvers in fliers as small as 1 mm in length [11]. In addition to the bio-inspired mo-

tivation for flapping wings, however, we observe limitations of fixed-wing and rotor-based

systems as vehicle size is scaled down. For example, as wing size decreases, the Reynolds

number of the associated fluid flow also decreases (designating a shift towards laminate flow

regimes). As the Reynolds number decreases (especially below 200,000 [12]), the relative

performance of fixed-wing vehicles decreases [13]. Rotor-based vehicles, too, exhibit scaling-

related challenges: these vehicles rely on independently-controlled motors, which are limited

3



Chapter 1: Introduction

in efficiency at decreasing sizes [14]. Flapping wings, however, are extremely common in

nature at these scales, suggesting utility for small-scale aerial agility, and developments in

actuator design, including development of piezoelectric and dielectric elastomer (DEA) ac-

tuators [15, 16], have allowed FWMAVs to take flight with wingspans as short as 3 cm and

vehicle mass as low as 60 mg [17]. While limitations in hardware for power, computation,

and sensing remain among all propulsion methods at this scale, flapping wings provide a

promising avenue to overcome scaling challenges and achieve flight at the centimeter scale

and smaller.

1.2 FWMAV Development Background

Given the potential for advancement in small-scale flight using bio-inspired flapping-

wing propulsion, it is no surprise to observe that the field of FWMAVs is rapidly growing,

with numerous examples of current and recent vehicle development. To examine the exist-

ing field, we first define a scale of interest (including mass and wingspan) for these vehicles.

Kumar et al. defines micro-aerial vehicles as within 10− 50 cm and 100− 500 g [2]. How-

ever, with a particular focus on insect-scale flight, defined by Chen et al. as < 10 cm

and < 5 g, we choose a smaller range of interest. We choose, then, to consider FWMAVs

at 2 − 50 cm wingspan and 50 mg − 100 g, to proceed in capturing the scope of current

FWMAV development.

We will examine both the morphology of existing vehicles, and their strategies for

actuation and control, to demonstrate challenges and opportunities in control authority and

autonomy at the insect scale.
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Chapter 1: Introduction

1.2.1 Morphology and Vehicles

We first consider morphology and vehicle design across the scale of FWMAVs. At

the larger sizes (determined by mass and wingspan) lie vehicles largely actuated via motors,

with autonomy available in many systems via onboard power and sensing. Of vehicles with

mass 10 − 100 g, the AeroVironment Nano Hummingbird (19 g, 16.5 cm wingspan) [18],

Purdue autonomous hummingbird (20.4 g, 17.0 cm wingspan) [19] each rely on two wings

actuated by independent motors. The TU Delft DelFly (16 g, 28 cm wingspan) [20] also

uses two motors; however, each motor controls a pair of wings. The larger UIUC BatBot

(B2) (93 g, 46.9 cm wingspan) also applies motor-driven actuation, though its propulsion

differs in that it utilizes complex, bio-inspired limb-like wings with joints, inspired by the

particular morphology and biomechanics of bats [21].

A slightly smaller class of FWMAVs, with mass 1 − 10 g, includes the CMU

flapping-wing vehicle (2.7 g, 7 cm per wing) [22] and the Harvard Robot Moth (3.22 g,

16 cm wingspan) [23]. Both vehicles use motors to drive two wings; however, the CMU

flyer includes motors for each wing, while the Robot Moth has a single motor for both

wings, and also applies passive tail stabilization. Hines et al. demonstrate a tethered ver-

sion of their vehicle in [22], whereas the Robot Moth is untethered, with power supplied by

an onboard battery.

At the smallest end of the scale (in mass and wingspan) lie vehicles with mass

≤ 1 g. These vehicles rely largely on custom actuation (as opposed to motors). The

two-wing Harvard RoboBee (80 mg) [24] and its four-wing counterpart, the RoboBee X-

Wing (90 mg baseline, 259 mg with onboard solar power hardware) [25] each rely on two

piezoelectric actuators (to independently control each wing and wing pair, respectively).

The two vehicles are similar in construction; however, the X-Wing has been equipped with

onboard solar power to achieve untethered flight with a light source of approximately three
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suns [25]. The University of Tokyo swallowtail-inspired FWMAV (400 mg, 14 cm wingspan)

achieves flight with two wings powered via a rubberband. Finally, the soft actuator flapping-

wing vehicle by Chen et al. (100 mg per actuator) [26] relies on soft actuators to power

two, four, or eight wings in tethered flight.

Like their biological counterparts, these vehicles exhibit a strong relationship be-

tween size and required flapping frequency [27]. For example, the UIUC Bat Bot and

DelFly, among the larger vehicles, achieve flight with flapping frequencies of approximately

10 Hz [21, 19]; the mid-size Harvard Robot Moth flaps at 25 Hz [23], and the RoboBee flaps

at about 160 Hz [24]. While this provides an interesting connection with biology, it also

serves to motivate actuator design at smaller scales: for example, the piezoelectric actuators

commonly used for the smallest vehicles exhibit both fast actuation and high deflection to

accommodate these high frequencies [28].

A key distinguishing feature between various FWMAV morphologies is the use

of oscillatory and non-oscillatory actuators. Oscillatory actuators (e.g., piezoelectric actua-

tors) allow independent control of flapping frequency and amplitude; whereas non-oscillatory

actuators are limited to frequency control. (We note that while motors are typical for non-

oscillatory actuation, it is possible to control both frequency and amplitude with oscillating

motors [29].) Insects rely on both frequency and amplitude modulation [30]; therefore,

vehicles with oscillatory actuators hold particular promise in bio-inspired, insect-like flight.

1.2.2 Control Strategies

The class of FWMAVs differs not only in morphology and actuation, but also in

control, from the perspective both of control authority (the ability to produce necessary

thrust and torques for maneuvers) and control strategies.

As expected due to the mitigation of micro-scale hardware constraints, the larger
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FWMAVs are as a whole, more commonly autonomous and controllable, often with onboard

power and sensor-based feedback control. One of the most dramatic examples of controlled

flight at this scale comes from recent work with the Purdue autonomous hummingbird: the

vehicle uses reinforcement learning-based control with Vicon motion-capture feedback to

perform a backflip in flight [31]. The similarly-inspired AeroVironment Nano Hummingbird

is noteworthy in control for its several minute hover time [18].

Of vehicles with onboard control, partial feedback is common, as achieving full

state feedback (position and orientation, with associated velocities) requires a large sensor

load. The DelFly achieves autonomous flight (in part via using a bio-inspired clap-and-fling

wingstroke to enhance lift) and applies optic flow to avoid obstacles in midair; however,

[20] describes partial control feedback, specific to obstacle avoidance and height control.

Similarly, the Bat Bot also relies on partial feedback for autonomous flight, using PD

feedback to control attitude, without directly controlling position [21].

Many insect-scale FWMAV rely entirely on external feedback (due largely to the

prohibitive mass of sensing packages), or fly entirely in open-loop. The RoboBee and soft

actuator FWMAV, for example, each rely on Vicon motion-capture feedback for control

[24, 26]. The Robot Moth, CMU flapping-wing vehicle, and University of Tokyo swallowtail-

inspired FWMAV all rely on open-loop flight [23, 22, 32]. We also note that the Robot Moth,

while open-loop, does have a tail used for passive stability which may be adjusted between

flights [23].

Computational methods have also proven useful in evaluating modeling and con-

trol strategies for FWMAVs, including simulation of FWMAV control [33]. While simulated

control methods provide insight into possible strategies, applying such methods in hardware

would be challenging due to unmodeled vehicle dynamics and extreme sensing restrictions.

Additionally, comparison of modeling strategies evaluated various flapping-wing flight mod-

7
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els, compared to a computational fluid dynamics study reference, for use in describing vehicle

stability (particularly useful for control design), determining that quasi-steady models with

rotational and translational components could be sufficient to describe FWMAV stability

[34]. Computational and mathematical analysis, in combination with control experiments,

encourages full utility of flapping-wing systems.

While FWMAV design and control have made great strides in achieving flapping-

wing flight across a variety of platforms, substantial work remains in achieving sufficient

control to truly mimic the agility and maneuverability of insects.

1.2.3 The Harvard RoboBee

The Harvard RoboBee, among the smallest existing FWMAVs, is the featured

platform within this work, used for the control experiments presented in the following

chapters. The RoboBee (shown in Fig. 1.1) is a two-wing FWMAV, with each wing flapping

independently via a piezoelectric bimorph actuator [35]. The vehicle achieves flight with

flapping frequencies of approximately 150 Hz (near resonance [36]). Historically, control has

been achieved with reliable thrust, roll torque, and pitch torque [37], including disturbance

rejection [38] and aggressive maneuvers [39]. Yaw torque has previously been attempted

via physical vehicle enhancements and modifications [40, 41]; however, recent control efforts

(highlighted in this thesis) have allowed the introduction of reliable and controllable yaw

torque via novel flapping strategies and control space expansion [6, 24]. The vehicle is

currently powered and controlled by signals sent via tether from an offboard computer and

power amplifiers; however, recent groundwork has been laid for onboard sensing [42, 43, 44,

45], control [46], and power [47, 48, 25].

8



Chapter 1: Introduction

Figure 1.1: The Harvard RoboBee, showing (a) full stationary vehicle, with body coordinate
frame in X, Y , Z, along with thrust FT , roll torque τR, pitch torque τP , and yaw torque
τY ; and (b) an example of a flapping wingstroke at 150Hz.

1.3 Approaching Full Control Authority

We define full control authority as the ability to control a vehicle’s thrust, roll

torque, pitch torque, and yaw torque. By this definition, a quadrotor is a quintessential

example of an aerial system with full control authority; the vehicle can control its body

position and orientation in three-dimensional space via control of its thrust and three body

torques, produced by modulating the velocities of four rotors. Effectively, then, when we

ask whether a vehicle exhibits full control authority, we ask if it can match a quadrotor in

controllability.

Achieving full control authority is a substantial challenge for FWMAV, especially

at the smallest scales. A commonly challenging control axis for these vehicles is yaw torque

[49, 50, 51, 52] (see Fig. 1.1), which therefore limits the use of sensors (i.e., a camera

heading cannot be directly controlled) in addition to stability and maneuverability. Since
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FWMAV often produce significantly smaller yaw torque than roll and pitch [53, 54, 55],

existing research has sought to overcome this limitation, either via yaw-specific vehicle

modification [40, 56, 41] or simply through removal of yaw authority requirements within

control [57, 58, 59].

Full control authority, including reliable and controllable thrust and body torques,

will allow FWMAVs to use sensors more effectively, in addition to expanding their ability

to achieve stable and agile flight. These advantages in maneuverability and sensor utility

will also assist in migration from the lab into unconstrained environments, as vehicles will

improve in reliability, stability, and autonomy as a direct result of advances in control

authority.

1.4 Thesis Overview

This thesis describes the achievement of full control authority of the RoboBee,

focusing particularly on advancement of yaw torque via design of flight conditions and op-

erating points based on vehicle dynamics, expansion of the control space, and improvements

to modeling and characterization of FWMAVs. After the review of FWMAVs and control

authority presented above (1: Introduction), we proceed by discussing a method to achieve

reliable heading control for FWMAVs (2: Yaw Torque Authority for a Flapping-Wing Micro-

Aerial Vehicle), then discussing advances in modeling to describe vehicle behavior and in-

form control strategies, as well as demonstrating full control authority of the RoboBee in

flight (3: Modeling and Control of FWMAVs with Harmonic Sinusoids). We then proceed

to describe the expansion of the control space for piezoelectric actuator-driven FWMAVs

through frequency modulation (4: Frequency-Modulated Control for FWMAVs). The work

presented herein anticipates the transition to control-autonomous flight with upcoming mi-
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crocontroller and system integration projects. The final section (5: Conclusions and Future

Work) will anticipate these advances in autonomy, focusing on relevant prior and current

work in sensing, control hardware, and appropriate control strategy, while highlighting in-

sights into performance and limitations for a control-autonomous vehicle, and proposing

appropriate metrics for control-autonomous flight.

11



Chapter 2

Yaw Torque Authority for a

Flapping-Wing Micro-Aerial

Vehicle

Chapter 2 is adapted from Steinmeyer et al. 2019 [6], ©2019 IEEE.

2.1 Introduction

Flapping-wing micro-aerial vehicles rely on subtle changes in the kinematics of

high-frequency wing flapping to produce roll, pitch, and yaw torques. To generate yaw

torque, the Harvard RoboBee changes the ratio of upstroke to downstroke speed (“split-

cycling”) by applying a second harmonic to the fundamental flapping signal for each wing.

However, since flapping typically occurs near resonance (for efficiency), these higher har-

monics are filtered out by the transmission and actuator dynamics. Therefore, reliable yaw

control authority has proven elusive. We propose a method to generate yaw torque sufficient

for in-flight control by using split-cycle flapping in an “iso-lift” regime, to mitigate reso-

12



Chapter 2: Yaw Torque Authority for a Flapping-Wing Micro-Aerial Vehicle

nant filtering by decreasing the flapping frequency and increasing the drive voltage, which

produces lift identical to typical flight conditions. We model the expected torque at iso-lift

conditions and apply this method to the physical RoboBee, achieving reliable, controllable

yaw torque. Finally, we demonstrate yaw control with a simple heading controller, achieving

a step response with a time constant an order of magnitude faster than previous attempts.

2.2 Motivation

The recent advent of micro-aerial vehicles (MAVs) has allowed controlled flight at

historically prohibitive scales, while also presenting a new realm of challenges for power,

sensing, and control [27], [60]. To achieve the necessary force and torque authority for flight

at this scale, researchers seek inspiration from biological systems in the development of

insect-inspired robots [61], [62], [18]. For example, the Harvard RoboBee [63] is an 80 mg

MAV which achieves flapping-wing flight by applying sinusoidal signals to two piezoelectric

bimorph actuators [35].

The RoboBee has achieved controlled flight [64] and has demonstrated torque

production in roll, pitch, and yaw [65] (see Fig. 2.1 for axes definitions), but yaw torque is

historically the weakest [40]. As such, roll and pitch torques are applied to perform lateral

maneuvers, and direct yaw control is largely ignored [64]. While lateral control may be

achieved in this manner, the lack of yaw control limits the capabilities of these vehicles; for

example, yaw control is necessary for heading stabilization.

One promising method for yaw torque production, particularly for under-actuated

vehicles such as the RoboBee, is called “split-cycling”; that is, varying the relative speeds

of the wing upstroke and downstroke to produce a net drag [66], as shown in Fig. 2.2. The

wingstroke is determined by a sinusoidal signal sent to the actuators, with stroke kinemat-
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Figure 2.1: The Harvard RoboBee, with defined rotational axes.

Figure 2.2: Split-cycle wing-flapping is used to induce a net drag to produce yaw torque. (a)
A full split-cycle wing stroke; blue and green arrows indicate the transition from upstroke
to downstroke for each wing. (b) An example of paired split-cycle wingstroke motions; blue
and green lines correspond to stroke angles of the wings shown above.

14



Chapter 2: Yaw Torque Authority for a Flapping-Wing Micro-Aerial Vehicle

ics passively determined by the transmission, hinge, and wing. Although this method has

been applied in a basic demonstration of yaw control for the dual-actuator RoboBee [45], it

required almost a full second for a 90-degree turn, and performance was heavily affected by

local airflow in the indoor test arena. As such, RoboBee yaw authority is not sufficient for

robust control and aggressive maneuvers. While strategies have been proposed to improve

yaw control authority (including active control of the wing angle-of-attack using an addi-

tional actuator [41] and sleeve-stop hinges to vary the wing stiffness profile [40]), a solution

which does not substantially complicate manufacturing and which produces controllable

torque at lift conditions has not yet been found.

Since the RoboBee transmission (Fig. 2.1) acts as a low-pass filter at frequencies

higher than the flapping resonant frequency ([65], [36], [53]), and the split-cycle method

produces a difference between upstroke and downstroke speed by applying higher-order

harmonics to the wingstroke sinusoid [58], we may infer that poor yaw control authority is

the result of filtering of the higher harmonics in the split-cycle command. As such, at the

operating frequency and voltage applied for efficient flight, yaw torques become negligible

and effectively useless.

In this work, we propose a method to produce yaw torque sufficient for aggressive

maneuvering via split-cycling combined with simultaneous frequency and voltage modu-

lation. Yaw torque is produced by shifting the operating conditions to a state of lower

frequency and higher voltage (such that lift remains consistent with normal flight: “iso-lift”

conditions) during split-cycling to reduce the attenuation of the higher-order harmonics

of the split-cycle sinusoid. Applying this method, we achieved yaw torques sufficient for

aggressive maneuvering under conditions suitable for flight (i.e., reliable yaw torques which

allow full revolutions within tenths of a second), and implemented this technique in simple

heading control, demonstrating a step response an order of magnitude faster than previously

15



Chapter 2: Yaw Torque Authority for a Flapping-Wing Micro-Aerial Vehicle

achieved on the dual-actuator RoboBee.

2.3 Yaw Torque Modeling

We developed a model to explore the stroke angle frequency response. In addition

to predicting resonance and regions conducive to efficient flight, the model also predicts

the filtering of higher-order sinusoids (i.e., filtering of the split-cycle effect through the

transmissions and actuators). We also modeled thrust forces and axial torques to predict

the ideal (unfiltered) control authority at given operating conditions. We then combined

the torque and force models with the transmission-actuator transfer function to predict the

forces and torques produced by the RoboBee to demonstrate the filtering of the split-cycle

effect for yaw torque generation.

2.3.1 Split-Cycle Filtering

We first derived a second-order transfer function to describe the frequency-dependent

relationship between the actuator drive voltage and the resulting flapping motion, following

the approach applied in [53] and [67]. Note that the most accurate model for the current

RoboBee is found in [36]; however, we will instead use the simpler second-order model,

which provides sufficient fidelity and matches the key features of the model in [36], includ-

ing the resonant frequency and high frequency roll-off. Physical parameters from [36], [53],

and [67] (actuator mass ma, actuator and transmission stiffnesses ka and kt, damping b,

transmission ratio T , shoulder length rcp, and moment of inertia Jφ) are incorporated into

the model and appear in Table 2.1.

We modeled the transmission and actuator combination as a spring-mass-damper

system with meq, beq, and keq (equivalent mass, damping, and stiffness, respectively) with

respect to the flapping frequency ω. The transfer function H(ω) represents the relationship
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between the voltage input signal, V (ω), and the wing stroke angle, Φ(ω), in the frequency

domain, which is scaled with a gain AH such that H(ω) = Φ(ω)/V (ω):

H(ω) =
AH

meq(ωi)2 + beq(ωi) + keq
(2.1)

The constants meq, beq, and keq, calculated as described in [67], are given in Table 2.1, as well

as all parameters required for their calculation. The resulting frequency response is shown

in Fig. 2.3, also indicating the typical flapping frequency range used for flight (chosen for its

proximity to resonance, resulting in high-amplitude flapping), and the proposed operating

regime. The resulting split-cycle filtering effect is shown in Fig. 2.4.

A harmonic voltage input signal is considered and given as V (t) = Vampψ(t) where

2Vamp is the peak-to-peak voltage and ψ represents the shape of the harmonics with a

fundamental frequency ω and coefficients a1, a2, and a3 corresponding to the first three

harmonics:

ψ(t) = a1 sin (ωt)± a2 sin (2ωt) + a3 sin (3ωt). (2.2)

The coefficients, a1, a2, and a3, are chosen such that

max
t∈(−π/ω,π/ω)

|ψ(t)| = 1 (2.3)

holds. The stroke angle φ may then be described by transforming V to H(ω) using (2.1):

φ(t) = Vamp

3∑
n=1

an|H(nω)| sin
(
nωt− ∠H(nω)

)
(2.4)

where ∠H(nω) is the phase of the system evaluated at frequency nω. For our purposes,

the fundamental frequency is the primary wingbeat frequency of the MAV, the second

harmonic is responsible for the split-cycle effect (the variation in the ratio of upstroke to
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Table 2.1: Transmission and Actuator Modeling Parameters

Actuator mass ma 25 mg

Wing moment of inertia Jφ 51.1 mg ·mm2

Transmission ratio T 2666

Shoulder length rcp 1.42× 9.56 mm

Aerodynamic damping b 2.03× 10−6 µNs/m

Actuator stiffness ka 300 N/m

Transmission stiffness kt 28.2 µNm/rad

Equivalent mass meq 0.388 g

Equivalent damping beq 0.196 Ns/m

Equivalent stiffness keq 500.4 N/m

downstroke speed), and the third harmonic serves to flatten the signal (to allow higher-

amplitude fundamental flapping frequencies, and therefore higher-amplitude wingstrokes,

within set voltage limits), and to smooth the signal after adding a second harmonic.

2.3.2 Force and Torque Modeling

The lift force generated by a wing flapping with stroke angle φ(t) may be calculated

as follows [65], for a wing flapping in air with density ρ, with wingshape parameter β (as

described in [68]) and lift coefficient CL(α) (where α is the wing angle-of-attack) [69]:

FL =
1

2
ρβCL(α)φ̇2. (2.5)

Similarly, the drag force is expressed as

FD =
1

2
ρβCD(α)φ̇|φ̇| (2.6)

where CD(α) is the drag coefficient.

With shoulder length rcp (see Fig. 2.1 and Table 2.1), the yaw torque for a single
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Figure 2.3: A frequency response demonstrating wingstroke angle amplitude at different
operating conditions, predicting significant filtering (via the actuator and transmission) of
higher-order harmonics. The proposed iso-lift split-cycle method requires a lower funda-
mental frequency than normal flight, resulting in lower filtering of the second harmonic,
and therefore an increase in yaw torque.
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Figure 2.4: Filtering of yaw-generating wingstroke signals through the actuator and trans-
mission: An unfiltered signal is shown in (a), with corresponding filtered signals at 150Hz
(b), 130Hz (c), and 110Hz (d) according to the transfer function presented in Fig. 2.3.
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wing may be calculated as follows:

τyaw =
1

2
rcpρβCD(α)φ̇|φ̇|. (2.7)

We may calculate the time-averaged lift force for a single wing, F avg
L , using the wingstroke

period T = ω
2π :

F avg
L =

ω

2π

∫ 2π
ω

0
FLdt (2.8)

=
ω

4π
ρβCL

∫ 2π
ω

0
φ̇2dt (2.9)

=
1

4
ρβCL

(
ωVamp

)2 3∑
n=1

n2
(
an|H(nω)|

)2
. (2.10)

Similarly, the time-averaged yaw torque τavg
yaw for a single wing may be calculated

as:

τavg
yaw =

ω

2π

∫ 2π
ω

0
τyawdt (2.11)

=
ω

4π
rcpρβCD

∫ 2π
ω

0
φ̇
∣∣φ̇∣∣dt. (2.12)

Note that total thrust equates to the sum of lift forces from each wing, and total yaw torque

is the sum of yaw torques from each wing.

Considering the expressions for F avg
L and τavg

yaw, we note that apart from the wingstroke

φ(t), both expressions have the same relationship with non-constant parameters (that is,

Vamp and ω). For our purposes, this means that if the split-cycle effect (due to wingstroke

shape ψ(t) within φ(t)) is filtered by the transmission and actuator (modeled according

to H(ω)), yaw torque cannot be increased without simultaneously increasing the lift force,

though the two are intended to be independent.
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2.3.3 Iso-lift Conditions

We now define “iso-lift conditions” as the set of operating voltage, frequency, and

shape parameters which result in equivalent time-averaged lift force. We propose that,

during yaw maneuvers, the RoboBee shift to a lower-frequency iso-lift condition, thereby

reducing split-cycle filtering due to the post-resonance roll-off and allowing independence

between yaw and lift. Effectively, we predict that a lower operating frequency and higher

applied voltage will permit yaw torque while maintaining a desired lift.

Let pA := (VA, ωA, a1, a2, a3) and pB := (VB, ωB, b1, b2, b3) be two sets of param-

eters used to generate time-averaged lift forces F avgL (pA) and F avgL (pB), respectively, by

calculating lift using (2.10), and let h : R5 → R be defined as

h(pA, pB) = F avgL (pA)− F avgL (pB). (2.13)

Then pA and pB satisfy the iso-lift condition if and only if h(pA, pB) = 0 holds, or equiva-

lently, if and only if

3∑
n=1

n2
((
ωAVAan|H(nωA)|

)2 − (ωBVBbn|H(nωB)|
)2)

= 0 (2.14)

holds. The above definition gives an equivalence relation, namely pA ∼ pB, and the set of

parameters can be partitioned by its equivalence class. An example of sets of parameters in

the same equivalence class are shown in Table 2.2; each set generates the same time-averaged

lift force.

To model the effect of operating at iso-lift conditions on the resulting yaw torque,

we first set a baseline lift condition: an efficient (i.e., close to resonance [63]) frequency,

voltage, and shape combination with no second harmonic (and therefore no split-cycle
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Figure 2.5: Yaw torque (blue) increase at lower operating frequencies at iso-lift conditions,
with required voltage shown in red. We impose a voltage limit for RoboBee wing-flapping
to promote system longevity; higher voltages can cause damage to the actuators.

effect, and no yaw torque). For the MAV used in these experiments, this baseline condition

is a 150 Hz flapping frequency, 180 V drive voltage, and shape defined by sinusoid harmonic

coefficients

(
a1 a2 a3

)
=

(
1.09 0 0.10

)
; this achieves sufficient lift for takeoff of the

RoboBee. (Note that flight conditions vary slightly between MAVs due to manufacturing

imperfections and for an MAV over its lifespan as it experiences flexure wear [70]).

Based on these operating conditions and the previously-defined model for calcu-

lating lift and torque with split-cycle filtering, a plot of iso-lift conditions is shown in Fig.

2.5, with a defined acceptable operating voltage cutoff. The actuators for this RoboBee

were tested up to 300 V, and are typically operated under 200 V; therefore, 250 V was set

as a maximum allowable voltage during these experiments.

2.4 Torque Generation Experiments

We conducted open-loop yaw velocity measurements at a set of iso-lift conditions

equivalent in thrust to RoboBee hovering conditions, in line with the described model.
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Figure 2.6: Wing kinematics are maintained for iso-lift conditions at 140 Hz with a RoboBee
operating in typical flight conditions (a) and iso-lift yaw conditions (b).

We applied positive and negative yaw torque conditions, along with a baseline (no

yaw) flight condition, at a set of decreasing frequencies, and calculated a flapping signal

sinusoid for each wing with the following structure, such that φN (t) corresponds to baseline

conditions, and φY (t) corresponds to yaw conditions. VA, ωA, and

(
a1 a2 a3

)
corre-

spond to the baseline conditions for voltage, flapping frequency, and the shape parameters,

respectively; similarly, VB, ωB, and

(
b1 b2 b3

)
correspond to the yaw conditions for volt-

age, flapping frequency, and the shape parameters (experimental parameters are provided

in Table 2.2).

φN (t) = VA
[
a1 sin (ωAt) + a2 sin (2ωAt) + a3 sin (3ωAt)

]
(2.15)

φY (t) = VB
[
b1 sin (ωBt)± b2 sin (2ωBt) + b3 sin (3ωBt)

]
(2.16)

The positive and negative coefficients for the second harmonic for yaw, b2, will produce

positive and negative torques, respectively.

Before conducting yaw torque experiments, we observed wingstroke kinematics

for the RoboBee at iso-lift conditions to confirm that iso-lift yaw parameters would be
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Figure 2.7: Experimental setup for yaw torque measurements: The RoboBee is fixed upside-
down in a Vicon arena via a magnetic bearing, which allows full rotation about its yaw axis.
Note that a copper tether is attached to the MAV to provide power and control signals; the
RoboBee must overcome torque from the tether and friction from the bearing in order to
rotate.

flightworthy (to supplement the lift calculations in Section 3.4), applying normal flight

signals and iso-lift yaw signals at 140 Hz, with corresponding parameters found in Table

2.2). As shown in Fig. 2.6, sufficient similarity exists in stroke kinematics between the iso-

lift baseline flight and yaw torque operating conditions to confirm similar flight conditions

between the two (thereby affirming validity of the iso-lift condition model).

During our experiments, we constrained the RoboBee to a single degree of freedom

Table 2.2: Torque Experimental Parameters

Sinusoid Shape a1 a2 a3 b1 b2 b3
(Coefficients) 1.09 0 0.099 0.934 0.216 0.047

ωA,B [rad/s] VA [V] VB [V]

140 · 2π 210.9 242.8
145 · 2π 194.5 224.6
150 · 2π 180.0 208.3
155 · 2π 167.5 194.1
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(i.e., rotation about the yaw axis) such that it could rotate freely; the experimental setup is

shown in Fig. 2.7. We measured angular displacement using Vicon motion-capture cameras

(Vicon T040 System, Oxford UK) operating at 500 Hz. We applied a voltage-ramped

signal with a duration of 0.4 s (0.1 s of linear ramping up and down; 0.2 s at full voltage)

for each experiment; this corresponds to between 56 and 62 periods (at 140 Hz and 155 Hz,

respectively).

We quantified the increase in yaw torque by measuring the time-varying angular

velocity about the yaw axis. (We provide the average velocity in lieu of a direct measure of

torque because this quantity is the clearest yaw torque metric provided directly by our mo-

tion capture methods.) At the maximum torque condition (with split-cycle shape defined in

Table 2.2), the MAV achieves an average of 17.28 rad/s and −18.82 rad/s, with correspond-

ing standard deviations of 0.97 rad/s and 2.26 rad/s (indicating strong consistency across

trials), for positive and negative yaw angular velocities over the full ramped (peak voltage)

signal, respectively. This corresponds to angular displacements of 4.56 rad and −4.29 rad

(with standard deviations of 0.59 rad and 0.74 rad) over 0.2 s at full voltage. We note that

yaw torque magnitudes may be calculated from the motion capture data by considering the

observed dynamics of the MAV in conjunction with ambient effects, including drag, tether

effects, and bearing friction. While a full model of these effects is outside of the scope

of this work, we note that the linear increase in velocity observed with increased applied

yaw torque during experiments corresponds directly with the modeled yaw torque increase

shown in Fig. 2.5.

Applying the iso-lift split cycle method for yaw torque generation, the RoboBee

can accomplish a full rotation in a fraction of a second at flight conditions. This degree of

yaw torque authority is sufficient for aggressive maneuvering, and therefore we proceed in

implementation of an associated yaw controller.
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Figure 2.8: Measured open-loop yaw velocities across a selection of iso-lift operating con-
ditions. Velocities from positive and negative yaw torque are shown in blue and red, re-
spectively; the baseline condition (no yaw torque applied) is shown in gray. Each data
point represents an average measurement, with standard deviations shown by error bars.
Four samples were taken for all yaw conditions and 145Hz-155Hz baseline conditions; two
samples were taken for the 140Hz baseline condition.

2.5 Yaw Control Demonstration

After demonstrating sufficient yaw torque authority for aggressive control, we

demonstrate basic implementation of iso-lift split-cycle yaw torque in a simple heading

controller.

We simplified the controller design by reducing the five-parameter set of signal

sinusoid properties, as in (2.15) and (2.16), to a single parameter. This parameter µ,

visualized in Fig. 2.9, scales from −1 to 1 such that the extremes correspond to maximum

negative and positive yaw torque, respectively, and the zero-point is normal, efficient flight.

Iso-lift conditions are maintained across the full span of µ.

The parameters used in these experiments at µ = 0 and µ = ±1 are provided in Ta-

ble 2.3, which are at sub-hovering iso-lift conditions compared to the baseline conditions in
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Figure 2.9: A smooth multi-modal control parameter for yaw control. The parameter
µ interpolates between iso-lift conditions: peak-to-peak signal voltage (VA, VB); flapping
frequency (ωA, ωB); and sinusoid shape (a1, a2, a3; b1, b2, b3, corresponding to amplitudes of
the first, second, and third harmonics of a sinusoid at the fundamental operating frequency),
centered on standard efficient flight (A) and extending to conditions of maximal positive
and negative yaw torque (B).
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Table 2.2. To generate a continuous transition between yaw torques while preserving the iso-

lift condition, a convex combination between (VA, a1, a2, a3) and (VB, b1, b2, b3) is considered

by varying the parameter µ from [0, 1], and a convex combination between (VB, b1,−b2, b3)

and (VA, a1, a2, a3) with µ varying from [−1, 0]. If we denote (Vµ, cµ1, cµ2, cµ3) as the new

parameter set for a given µ, then the corresponding flapping frequency, ωµ, which satisfies

the iso-lift condition, is found by solving the following optimization problem,

ωµ = argmin
ω

h(pA, pµ(ω))2, (2.17)

where pµ(ω) = (Vµ, ω, cµ1, cµ2, cµ3) and h(pA, pµ) is defined in (2.13). The above optimiza-

tion may have multiple solutions; we choose the one below ωA. Finally, a smooth parameter

fit on the numerically-generated list of pµ is used in the following yaw control experiment.

We implemented a PID heading controller with manually-tuned gains using the

control parameter µ, with the RoboBee constrained to axial yaw rotation as described in

Section 2.4. The reference signal was a heading angle step function, with an initial value

of 0 rad and a final value of π
2 rad. The RoboBee started at an arbitrary angle, and the

control signal was ramped as in the yaw torque measurement experiments.

The measured step response is shown in Fig. 2.10 (with associated images of

Table 2.3: Torque Experimental Parameters

Flapping Frequency [rad/s]
ωA 150.0 · 2π
ωB 139.2 · 2π

Operating Voltage [V]
VA 160.0
VB 220.0

a1 1.09
a2 0

Sinusoid Shape a3 0.099
(Harmonic Coefficients) b1 0.934

b2 0.216
b3 0.047
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Figure 2.10: Step response of the RoboBee using PID control with smooth multimodal
control parameter µ. The control signals ramp up and down linearly during testing (light
green), but within the section of maximum control authority (dark green), the RoboBee
follows the step function with a time constant of 0.1 s.

Figure 2.11: RoboBee during PID step response for heading control with a constrained
vehicle, associated with the control experiment described in Section 2.5.
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the vehicle during the control test shown in Fig. 2.11). At full control authority, the

RoboBee demonstrated a time constant on the order of 0.1 s, an order of magnitude faster

than that demonstrated in [45]. Observing oscillations about the reference signal, we infer

that the RoboBee exhibited comparable control authority in both positive and negative

yaw torque. While controller optimization will improve the response (e.g., by mitigating

the oscillation about the reference signal), we conclude that iso-lift split-cycle yaw torque

generation successfully demonstrates substantial yaw control authority.

2.6 Discussion and Future Work

We can demonstrate the significance of reliable yaw torque for aerial vehicle control

by considering the case of a quadrotor position controller (specifically, a geometric tracking

controller by Lee et al. [71]), which in its default case tracks position and heading. As

shown in Fig. 2.12, when we remove the heading requirement for this controller, the position

tracking becomes dramatically unstable; when we apply no yaw torque, position tracking

succeeds, albeit with notably decreased performance; and finally, a reliable damping torque

about the yaw axis allows position control to succeed. We observe, then, that the inclusion

of reliable yaw torque within a control strategy has ramifications for stability and position

control, in addition to allowing full attitude control of the vehicle.

The yaw torque authority achieved by the iso-lift split-cycle method demonstrates

sufficient yaw torque for aggressive controlled maneuvers, while maintaining flight-worthy

lift. This result was verified by the demonstration of PID heading control, achieving signifi-

cant performance improvements over previous yaw control attempts. Nevertheless, we must

ensure that this method is a viable long-term and robust solution for yaw torque control

authority on the RoboBee; this requires further investigation into effects from operating at
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Figure 2.12: Modification of quadrotor position controller with heading requirement, show-
ing performance with heading requirement removed, and with yaw control effort replaced
with zero applied yaw torque and a simple damper. We observe that removal of the head-
ing requirement (upper right) results in significantly reduced position control performance
(compared to the baseline case, in the upper left), indicating that for this controller, the
heading requirement is critical. With zero applied yaw torque (bottom left), the position
controller is effective, though with lower performance than the original. When even a yaw
damper is applied (bottom right), as opposed to full yaw control, position control per-
formance is nearly identical to position control with active yaw control. This progression
demonstrates that yaw authority, even regardless of the direct control method, has a strong
effect on position control.
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high voltage conditions and to couple the proposed yaw control strategy with roll and pitch

control.

This method of yaw torque generation is particularly favorable because it requires

no modification to the existing RoboBee design, which has evolved over the past decade [63].

Therefore, flight performance will not decrease for an MAV with yaw capabilities, nor is

any significant effort required to transition between normal flight and yaw domains. We do

note, however, that the yaw domain corresponds to lower power efficiency (where efficiency

is considered to be the ratio of lift to power exerted by the actuators; power is directly

proportional to V 2ω, for applied voltage V and flapping frequency ω [36]). It follows that

iso-lift yaw conditions should be used purposefully during RoboBee flight.

During experiments, the RoboBee flexures wore down to such a degree that the

resonant frequency of the MAV dropped approximately 15 Hz. Therefore, operating frequen-

cies which were originally low enough to reduce split-cycle filtering sufficiently to generate

yaw torque became too close to the resonant point, and could no longer produce yaw torque.

While in practice this can be reversed by replacing worn-down hinges with new, identical

copies (a repair which requires only a matter of minutes), this observation indicates that

the iso-lift split-cycle method is particularly susceptible to shifts in resonant frequency,

and therefore to the state of wear of an individual MAV. It follows that, to achieve ro-

bust yaw control, a degree of adaptivity should be integrated into the controller to account

for any change in resonance. Additionally, experiments should be conducted to measure

any increase in flexure wear due to operation in the lower-efficiency yaw torque domain to

anticipate and mitigate deterioration due to operation in yaw conditions.

While simple PID control was successfully demonstrated using iso-lift split-cycle

yaw torque generation, a rich area of exploration remains in designing an optimal controller.

Performance will be improved by insights into transitions between sinusoid shapes, ampli-
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tudes, and frequencies while transitioning from normal flight to yaw conditions, whether

independently or as a lumped parameter (as applied herein). Optimization of mode transi-

tions may also decrease flexure deterioration during operation.

Finally, the proposed methods for generating yaw torque sufficient for control

authority will be implemented in flight to complement existing control authority in thrust,

roll torque, and pitch torque. Not only will this implementation allow a full demonstration of

simultaneous yaw torque and lift, but it will open up the expanded set of control parameters

used in iso-lift conditions to pave the way for exploration of aggressive control to fully exploit

the maneuverability of the RoboBee.
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Chapter 3

Modeling and Control of FWMAVs

with Harmonic Sinusoids

Chapter 3 is adapted from McGill et al. 2021 [24], ©2021 IEEE.

3.1 Introduction

Flapping-wing micro-aerial vehicles (FWMAVs) provide unique control challenges

both in control authority and in the complexity of modeling flapping-wing aeromechanics.

We provide a control-critical, closed-form model for FWMAV flight, particularly tailored

to augmenting yaw torque authority of the vehicle (a common challenge for FWMAVs).

The model provides invertible nonlinear closed-form expressions for thrust and moments in

terms of trigonometric polynomial input voltages and the wingstroke shape, and respects

asymmetries inherent to the vehicle. We apply the model to characterize the Harvard

RoboBee, providing an optimization-based system identification process. Using the inverted

mapping between wingstroke shape and control axes, we achieve lateral and heading control

of the vehicle. Our model and asymmetric system identification, in collaboration with the
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chosen control scheme, allow full control authority of the position and the heading of the

vehicle.

3.2 Motivation

A primary challenge in control of flapping-wing micro-aerial vehicles (FWMAVs)

lies in understanding the time-varying aerodynamic forces generated in flight. While fixed-

wing vehicles can have an invertible linear mapping between input and output (e.g., quadro-

tors use four rotor speeds to generate thrust and three moments), the control space of

FWMAVs is typically larger, including harmonic flapping trajectory shape (which may be

decomposed into a Fourier series representation.)

We may compute aerodynamic forces within a wingstroke using a quasi-steady

aerodynamic model, based on the blade-element method, using known kinematics and the

wing shape [72]. Quasi-steady aerodynamic forces rely critically on wing pitch angles, which

modulate lift and drag. However, the small scale of most FWMAVs limits observability and

controllability of wing pitch (particularly for under-actuated transmission mechanisms, as

in the RoboBee [53]), and vehicle weight limitations prohibit the use of encoders on the

wing joint [19, 73]. For example, many FWMAVs operating at high flapping frequencies

(as in [19, 58, 56]) rely on passive dynamics to achieve a desired pitch rotation. Being

unobserved, passive wing pitching precludes instantaneous understanding of wing forces,

so FWMAVs often use a cycle-averaged estimation of aerodynamic forces and moments for

control [53, 19, 56]. (Offline, these forces may be directly measured [53, 54] or computed

via the observation of wing kinematics [56].) A model with simple analytic expressions for

FWMAV forces and torques based on the input wingstroke actuation would be particularly

useful for control.
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Figure 3.1: The Harvard RoboBee; state described via the CoM at r with rotation matrix
R (observed in flight) and wing stroke φ and pitch ψ angles (not directly observed), with
control authority of the thrust force FT and roll (τR), pitch (τP ), and yaw (τY ) moments.

An additional challenge in FWMAV flight is control authority; especially for yaw

torque, which is commonly the weakest control axis [49, 40, 55]. While two-wing FWMAVs

can generate thrust, roll, and pitch with a symmetric wingstroke shape, yaw torque authority

requires bilateral asymmetry to generate a non-zero cycle-averaged moment. Two-wing

FWMAVs can use a “split-cycle” method to generate yaw torques, modulating the ratio

of upstroke to downstroke speeds [53, 19, 74], as shown in Fig. 3.2. However, yaw torque

authority via this method produces significantly less torque compared to the other torques

(roll and pitch) [53, 54, 55], resulting in substantial obstacles for active heading control

[58, 75]. Therefore, previous FWMAV controllers have required yaw-amplifying vehicle

design modifications [56, 40], or have simply left heading free [58, 57].

Alternately, yaw may be generated by varying the second harmonic of the flapping

signal, combined with a sub-resonant fundamental frequency (to reduce passive filtering

of higher-order harmonics) [6]. This second harmonic injection method achieves a similar

wingstroke shape to the split-cycle method, without piece-wise sinusoid concatenation (see
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Fig. 3.2). While this method has the potential to dramatically improve FWMAV control

authority, it begets challenges in modeling. While a closed-form model for drag force (and by

extension, yaw torque) exists for split-cycle flapping [53], deriving a closed-form, analytic

model for the second harmonic injection method effectively requires finding the roots of

a high-degree (≥ 6) trigonometric polynomial, which is impossible per the Abel-Ruffini

theorem [76]. Recent work (described in Chapter 2) has verified the second harmonic

injection method for yaw torque in flight [56], but its corresponding lift and drag forces

were found numerically, using data from video of the flapping of a constrained (static)

vehicle.

A further challenge in FWMAV control is the presence of asymmetries introduced

into the vehicle during manufacturing [54], which result in sizeable control offsets in flight.

Whereas FWMAV models do not commonly account for imperfections inherent to a vehicle,

assuming symmetry despite the likelihood of manufacturing anomalies [53, 77], control

design strategies attempt to mitigate dynamic effects resulting from asymmetries via force

and torque offsets within the controller, whether constant or adaptive [54, 37]. However,

these strategies serve to mask the characteristics of a vehicle, rather than to understand or

even exploit them in control.

In this chapter, we derive an analytic closed-form, invertible model describing

cycle-average thrust and torques for a FWMAV driven by multiple sinusoidal control sig-

nals, allowing full vehicle control. Our method allows yaw control via the second har-

monic injection method, and we include the effects of this method on thrust and the three

body torques. We also include asymmetries due to physical discrepancies between opposite

actuator-wing pairs. We provide an optimization-based system identification method to

characterize a FWMAV, including its asymmetries, using the nonlinear model, applying

open-loop data from 40 unique flights. Our mapping allows general controllers (e.g., those
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designed for quadrotors) to directly control a FWMAV. We apply a geometric, coordinate-

free controller from [71] to the Harvard RoboBee; a two-wing, 86 mg FWMAV. We apply

active heading control both while hovering in place and while tracking a trajectory, to

demonstrate in-flight heading control for the RoboBee, and achieve full control authority

for the first time.

3.3 FWMAV Modeling with Cycle-Averaged Aerodynamics

The propulsion of FWMAVs relies on aerodynamic lift and drag forces generated

during flapping. The blade element based quasi-steady aerodynamic model is commonly

used to compute the instantaneous quasi-steady aerodynamic force within a cycle, though

it requires knowledge of wing configurations (the wing stroke angle φ, and the wing pitch

angle ψ), which is not available during controlled flight [58, 56, 54]. Therefore, FWMAV

models commonly rely on simplifying assumptions to identify a mapping between actuator

inputs (i.e., harmonic voltage signals) and the harmonic wing trajectory.

Assumption 1 The body dynamics and the wing dynamics are decoupled.

Assumption 2 Body dynamics depend on cycle-averaged (time-independent) aerodynamic

forces.

Assumption 1 applies to FWMAVs whose wing mass is markedly lower than the

body mass (e.g., the wing mass of the Harvard RoboBee contributes to less than 1% of its

total mass). Further analysis of the contribution of wing inertia to whole body dynamics

may be found in [78] and [79]. Assumption 2 applies to FWMAVs characterized by high-

frequency flapping, relative to slower body dynamics. (The Harvard RoboBee typically

flaps at 160 Hz, the RoboFly at 170Hz, [56], and Bee+ at 100 Hz [49]). This assumption
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allows identification of time-independent estimations for lift and drag forces, for practical

use in controlled flight [19, 73, 56, 49].

3.3.1 Cycle-Averaged Quasi-Steady Aerodynamic Forces

Consider harmonic wing trajectories, with stroke angle φi(t) and a harmonic wing

pitch angle ψi(t) given for each i−th wing, where i ∈ {L,R} indicates the left and right

wings, respectively. Let T be the period of the fundamental of the harmonic wing stroke

motion, φ(t), and ω := 2π/T is the flapping frequency. Then, the blade-element method

can be used to compute the cycle-averaged lift and drag force (F
i
L and F

i
D) produced by

harmonic wing flapping [72, 53],

F
i
L :=

ωρβ

4π

∫ 2π
ω

0
CL(αi)φ̇

2
i dt (3.1)

F
i
D :=

ωρβ

4π

∫ 2π
ω

0
CD(αi)φ̇i|φ̇i|dt. (3.2)

with angle of attack αi(t) (varying with wing pitch ψ). The wing stroke velocity is φ̇i,

the ambient air density is given by ρ, and the wing geometry parameter is β. We use

experimentally-identified lift and drag coefficients, CL(αi) and CD(αi), from a Drosphila

wing [72, 69].

3.3.2 Cycle-Averaged FWMAV Dynamics

Suppose that r = (x, y, z) is the center of mass (CoM) of the vehicle, and the

origin of the body-attached coordinate frame is located at the CoM as shown in Fig. 3.1.

We align the body frame with the principal axis of the vehicle, and model the vehicle body

as a rigid body with (r,R) (for rotation matrix R) as a homogeneous coordinate in SE(3),

the Special Euclidean Group, which is a semi-direct product between R3 and SO(3), the
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Special Orthogonal Group.

ṙ = v (3.3)

Ṙ = RΩ̂ (3.4)

mv̇ = −mge3 +Re3FT (3.5)

IΩ̇ = −Ω× IΩ + τ, (3.6)

The vector e3 = (0, 0, 1)> is a unit vector in R3, m is the vehicle mass, g is gravitational

acceleration, FT is the thrust force, and τ = (τr, τp, τy) is a vector of torques along the roll,

pitch, and yaw axes. The principal moment of inertia, I ∈ R3×3, is a diagonal matrix with

components (Ixx, Iyy, Izz), and Ω̂ is a skew-symmetric matrix such that, Ω̂y = Ω× y (here,

× indicates a cross product). For the RoboBee, we use m = 86 mg (measured), Ixx = 1.42

g·mm2, Iyy = 1.34 g·mm2, and Izz = 0.45 g·mm2 (provided in [58] and [64]). We assume

that the direction of the thrust FT is aligned with the body z axis.

The thrust and the torques are generated by the aerodynamic forces acting on

each wing. Following Assumption 2, we may estimate the generated thrust and torques

using the cycle-averaged lift and drag forces:

FT = F
L
L + F

R
L (3.7)

τr = rcp(cos(φLmean)F
L
L − cos(φRmean)F

R
L) (3.8)

τp = rcp(F
L
L sin(φLmean) + F

R
L sin(φRmean)) (3.9)

τy = rcp(F
L
D − F

R
D). (3.10)

Distance from the body z-axis to the wing center of pressure is rcp, and average stroke angle

is φL,Rmean.
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Figure 3.2: Flapping trajectories (wing velocity φ̇) used to generate yaw torque for FW-
MAVs; the split-cycle method (top) and second harmonic injection method (bottom), with
dashed fundamental frequency, solid second harmonic, and dotted third harmonic.

3.4 Analytic Mapping from Input Voltage to Thrust and

Torque with Multiple Sinusoids

In designing our model for FWMAVs, we consider sinusoidal flapping signals com-

posed of three harmonics and one DC component, per Eq. (3.12). Also, we give special con-

sideration to inherent vehicle asymmetries often introduced during manufacturing, which

are nearly impossible to avoid.

3.4.1 Input Voltage to Wing Trajectory Approximation

We apply the second-order linear system approximation describing actuator and

transmission dynamics in [67], which models the transfer function (from the harmonic input

voltage signal to the harmonic trajectories of the wing stroke) using an equivalent mass,

meq, damping coefficient, beq, and stiffness keq. This transfer function H characterizes the
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actuator and transmission dynamics at a flapping frequency ω as follows:

H(ω) =
AH

meq(ωj)2 + beq(ωj) + keq
, (3.11)

where Φ(ω) = H(ω)V (ω) for Φ and V , representing the Fourier transform of the wing stroke

angle φ and the input voltage signal V, respectively. We actuate each wing by applying a

harmonic voltage signal

V i(t) = V i
off + V i

amp

3∑
n=1

an sin(nωt) (3.12)

for each i ∈ {L,R}, where an are Fourier coefficients which determine the shape of the

harmonic signals, Vamp is the signal amplitude, and Voff is the DC offset. The voltage

signals to each wing are composed of superimposed sinusoids at the fundamental flapping

frequency and its second and third harmonics, as shown in Fig. 3.2, with corresponding

coefficients ai, i ∈ [1, 3]. We select each ai such that a1 primarily influences wingstroke

amplitude, a2 biases the relative speeds of the upstroke to downstroke and induces a net

yaw torque, and a3 flattens and smooths the sinusoid, decreasing voltage requirements for

a given a1 [25]. In practice, we choose constant a1 and a3, with signal shape controlled by

a2. We choose a1 and a3 such that the maximum amplitude of the base shape function∑3
n=1 an sin(nωt) is one, for some nominal a2 = 0 (zero yaw condition).

The instantaneous wingstroke angle, φ, at time t is

φ(t) = (Voff + ν)|H(0)|sgn∠H(0) + Vamp

3∑
n=1

an|H(nω)| sin
(
nωt− ∠H(nω)

)
, (3.13)

where |·| is the absolute value. In practice, the mean-stroke angle, φmean (DC component of

Eq. (3.13)), has a bias introduced during actuator manufacturing, where ν is the required
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offset voltage to compensate this bias.

3.4.2 Closed-Form Cycle-Averaged Lift Force

We compute the cycle-averaged aerodynamic lift and drag forces in Eqs. (3.1-3.2),

with the second-order expression for wing stroke angle φi from Eq. (3.13), as a function

of tunable parameters such as the amplitude Vamp, the offset Voff , and harmonic shape

parameters {an}3n=1. However, acquiring closed-form expressions is a substantial challenge,

in part due to the lack of observability of the wing pitch. To proceed in deriving a map-

ping from the input voltage to the cycle-averaged thrust and torques, we use the following

assumption:

Assumption 3 ([53]) We use a constant angle-of-attack (AoA) in the cycle-averaged aero-

dynamic force and drag calculations; α̇i = 0.

Using this assumption, we find estimated lift and drag forces (which hold for any

constant AoA), enabling us to provide analytical closed-form expressions for time-averaged

thrust and torques. We learn the lift and drag gains through the optimization-based system

identification process in Section 3.5.

Solving Eq. (3.1) for a closed-form FL, applying Assumption 3 with wingstroke

angle φ(t) per Eq. (3.13), yields

FL =
1

4
ρβCLω

2V 2
amp

3∑
n=1

n2
(
an|H(nω)|

)2
, (3.14)

allowing analytic expressions for thrust, roll torque, and pitch torque. However, finding a

closed-form solution for the drag force (and by extension, yaw torque) remains a challenge

even with a constant AoA (per Assumption 3) due to the sign changes in the integrand of

Eq. (3.2).
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Figure 3.3: Visualization of model assumptions: (blue) wingstroke speed φ̇, with full φ̇
shown with a solid line, and fundamental frequency approximation shown with a dotted
line; (red) full φ̇|φ̇| shown using a solid line, and simplification (with third harmonic term
removed) shown with a dotted line. (For φ̇ in this figure, we use ω = 150 Hz, Vamp = 180
V, a1 = 1.1, a2 = 0.1, and a3 = 0.1.)

3.4.3 Closed-Form Cycle-Averaged Drag Force

While the second-harmonic drag and yaw torque method provides substantial mod-

eling challenges, we maintain that it provides distinct advantages over the split-cycle method

in that it is fully analytic and allows instantaneous, continuous yaw commands.

We first find an appropriate approximation for the closed-form drag force, FD,

according to the integral in Eq. (3.2) and using Assumption 3. A representative example

of φ̇|φ̇| of the RoboBee flap in the fixed platform is illustrated in Fig. 3.3. During each

wingstroke cycle, there always exist two zero crossings within the interval [t0, t0 + 2π/ω).

Without loss of generality, we assign t0 = 0, t3 = 2π
ω , and zero-crossing points of φ̇|φ̇| to be

t1 and t2 (see Fig. 3.3). Suppose φ̇(t) ≥ 0 for all t ∈ [t0, t1] ∪ [t2, t3] and φ̇(t) ≤ 0 for all

t ∈ [t1, t2]. Let Q be the anti-derivative of φ̇2, which can be explicitly computed using Eq.

(3.13) (Q :=
∫
φ̇2), then
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∫ 2π
ω

0
φ̇|φ̇|dt = Q(t3)−Q(t0) + 2

(
Q(t1)−Q(t2)

)
. (3.15)

Thus, the closed form for FD depends on explicit solutions at zero-crossings t1 and t2 of

φ̇(ti) = 0. However, finding direct solutions for t1 and t2 given φ̇ requires a closed-form

solution for this six-degree trigonometric polynomial: Given its arbitrary phases, this is not

possible (per the Abel-Ruffini theorem [76]).

Therefore, we approximate t1 and t2, using zero-crossings of the fundamental,

Vamp
[
A cos(ωt − a)

]
. This yields approximate roots of φ̇(t) = 0, with t′1 = 2a+π

2ω and

t′2 = 2a+3π
2ω . Then, we evaluate the antiderivative, Q(t) at each t′i. Applying these within

Eq. (3.15) provides an analytical approximation for the cycle-averaged drag force, per

Eq. (3.2):

FD ≈
ρβV 2

ampCD

60π

[
40AB cos(2a− b)−AC sin(3a− c)

+ 12BC
(

cos(5a− b− c) + 5 cos(a+ b− c)
) ]

,

(3.16)

where A = a1ω|H(ω)|, a = ∠H(ω), B = 2a2ω|H(2ω)|, b = ∠H(2ω), C = 3a3ω|H(3ω)|, and

c = ∠H(3ω), allowing a closed-form expression for yaw torque per Eq. (3.10).

3.4.4 Full Closed-Form Mapping of Input Voltage to Force/Torques Map-

ping, Including Yaw Torque

Before providing a full closed-form expression for drag force, we make one final

simplification: the magnitude of the transfer function, H(ω) in Eq. (3.11), for the RoboBee

at the third harmonic, |H(3ω)|, is significantly smaller than that of the lower harmonics

[53, 6]. The third harmonic term has only a very small contribution to lift and drag; instead,

it serves to flatten the input voltage signal [6]. (Coefficient a3 is very small compared to a1;
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10% in [6].) It follows that the contribution to the cycle-averaged drag in Eq. (3.16) from

C = 3a3ω|H(3ω)| is relatively small, which allows us to assume C = 0 in Eq. (3.16). Finally,

since the mean stroke angle φmean (in Eqs. (3.8-3.9)) is very small (less than ±10 deg), we

may apply small angle approximations sin(φmean) ≈ φmean and cos(φmean) ≈ 1 in the final

expressions as in [53].

Suppose that the shape parameters for the left and right input voltage signals

in Eq. (3.12), {aLi }3i=1 and {aRi }3i=1, are symmetrical, such that aL1 = aR1 , aL2 = −aR2 ,

and aL3 = aR3 . Then, we may write closed-form expressions for the thrust, FT , and three

moments, (τr, τp, τy) as a function of five input parameters: two amplitudes of the first order

harmonic, VL := V L
amp and VR := V R

amp, two offset voltages, V L
off and V R

off , and the shape

parameter for the second order harmonic, a2. Defining ζ = a2
1|H(ω)|2 + 4a2

2|H(2ω)|2, we

have:

FT ≈
1

4
ρβCLω

2(ηVL
2 + VR

2)ζ (3.17)

τr ≈ rcpρβCLω2(ηVL
2 − VR2)ζ (3.18)

τp ≈ rcpρβCL|H(0)|sgn∠H(0)ω2 (3.19)

× (ηVL
2(V L

off + ν) + VR
2(V R

off + ν))ζ

τy ≈
4

3π
rcpρβCDω

2a1(a2 + µ)|H(ω)||H(2ω)| (3.20)

× cos
(
2∠H(ω)− ∠H(2ω)

)
(ηVL

2 + VR
2).

In addition to the demonstration of modeling assumptions provided in Figure 3.3,

we also provide a visual comparison of calculated forces and torques produced with typical

flapping conditions (across a range of frequencies) in Fig. 3.4. We find that force and

torque calculations with the new analytic expressions above match well with numerically-

computed forces and torques (without the defined modeling assumptions), using MATLAB
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Figure 3.4: Agreement between numerical and analytical (closed-form) solutions for thrust
and torques given typical flapping conditions across a range of frequencies. Numerical
solutions are provided with red dashed lines; analytical solutions are provided with blue
solid lines.

to find numerical solutions to the integrals in Eqs. (3.1) and (3.2).

We also introduce a yaw offset term, µ (similar to ν, which accounts for mechanical

bias in the pitch offsets), to describe the effective change in a2 due to wing asymmetries

and imperfections introduced during manufacturing. In addition, we include the parameter

η to account for discrepancies in force production between wing-actuator pairs on the left

and right sides. (It is practically infeasible, when manufacturing, for the two sides to be

identical.) Figure 3.5 provides an example of expected variation in observed forces and

torques, given representative flapping signal parameters, with manufacturing parameters

varied randomly within 10% of the intended component design. We observe significant

variation in forces and torques with these simulated manufacturing discrepancies, which
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Figure 3.5: Effect of manufacturing variability on RoboBee forces and torques. Given typical
flapping parameters with varying frequency, force and torque control outputs are provided
for the ideal case, shown by the solid blue line. With manufacturing variability within 10%
for key physical parameters, the shaded blue region encompasses ±1 standard deviation
from the mean (anticipated) value, with maximum and minimum values over 10000 trials
shown by the dotted black lines [80].

can result in control inputs on the order of a multiple of two different from the intended

control (i.e., control with a perfect vehicle) [80]. Asymmetry parameters η, ν, and µ are

found via the following optimization process.

3.5 Optimization-Based System Identification

To characterize a given FWMAV according to the model described in Section 3.4,

we apply an optimization-based system identification process using open-loop data. The

closed-form mapping from the input voltage to the thrust and moments in Eqs. (3.17-3.20)
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requires knowledge of physical parameters including air density, ρ, wing geometry β, lift

and drag coefficients, CL and CD, and the transfer function H(ω). We use a motion capture

system (Vicon T040 System, Oxford UK) to collect open-loop flight data to numerically

estimate cycle-averaged thrust and moments.

In anticipation of control applications, and to simplify the model, we first rephrase

vehicle forces and torques in terms of direct wing-flapping signal inputs and grouped physical

parameters. We choose control inputs ui, i ∈ [1, 5], as follows: u1 = V 2
L , u2 = V 2

R, u3 = a2,

u4 = V L
off , and u5 = V R

off . These parameters allow independent modification of thrust and

body torques. Next, we choose grouped parameters γi, i ∈ [1, 3] and δi, i ∈ [1, 3] (grouped

such that δi parameters are easier to directly measure, for use in system identification and

control). We assign γ1 = 1
4ρβCLω

2, γ2 = rcp, and γ3 = CD
CL
· 8

3π cos(2∠H(ω) − ∠H(2ω));

and δ1 = a1ω|H(ω)|, δ2 = 2ω|H(2ω)|, and δ3 = |H(0)|sgn∠H(0). With the constant lift

and drag coefficients assumption, along with Assumption 3, our model becomes

FT = γ1(δ2
1 + δ2

2u
2
3)(ηu1 + u2) (3.21)

τr = γ1γ2(δ2
1 + δ2

2u
2
3)(ηu1 − u2) (3.22)

τp = γ1γ2δ3(δ2
1 + δ2

2u
2
3)
(
ηu1(u4 + ν) + u2(u5 + ν)

)
(3.23)

τy = γ1γ2γ3δ1δ2(u3 + µ)(ηu1 + u2). (3.24)

In preparation for the optimization-based system identification process that follows, we

separate the parameters from Eqs. (3.21-3.24) into four groups, as follows:

p1 := (γ1, γ2, η), p2 := (ν, δ3), p3 := (µ, γ3) (3.25)

q := (δ1, δ2) (3.26)
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We assume {pi}3i=1 are unknown parameters, related to the lift and drag coefficients and

vehicle asymmetry, and q are known parameters, found using nominal actuator and trans-

mission physical parameters (provided in [6]).

3.5.1 Cycle-Averaged Thrust and Moment Measurement

Applying the closed-form model to characterize the RoboBee, we measure vehicle

forces and torques from dynamic tests with a variety of wingstroke control conditions, using

this data to find an optimal fitting between our model and the data. Since the cycle-averaged

dynamics described in Eqs. (3.3-3.6) are markedly slower than the flapping frequency (150

Hz or higher), and the Vicon motion-capture system, at 500 Hz, is fast enough to sample

the relatively slow-varying body dynamics, we can estimate the cycle-averaged thrust and

moments using the motion-capture data recorded during flight.

First, we gathered a comprehensive set of 40 open-loop flights (0.35 seconds),

varying control parameters to achieve measurable thrust and body torque combinations,

with a 150 Hz flapping frequency (approximately 15 Hz below resonance for our vehicle).

Flights (open-loop, and later controlled) were contained within a motion-capture arena with

position and attitude captured using the Vicon system, and power and control lines supplied

from off-board computers and amplifiers.

We calculate acceleration as the vehicle lifts off (25 ms of flight; approximately

four cycles of flapping data at full voltage). We find thrust and body torques using the

low-pass filtered derivatives,

F eT = 〈Re3,mv̇ +mge3〉 (3.27)

τ e = IΩ̇ + IΩ× Ω (3.28)
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where 〈·, ·〉 is the inner-product in R2; and R, v, and Ω are Vicon data (cycle-averaged, with

filtered derivatives).

3.5.2 Optimization-Based System Identification

We design an optimization-based mapping process between FWMAV data and

the model in Eqs. (3.21-3.24), which is characterized by nonlinear relationships between

unknown parameters {pi}3i=1 (grouped in Eq. (3.25)). We observe that the closed-form

model has a nearly triangular structure, as the number of unknown parameters in the

closed form increases from FT to τy. Therefore, we formulate an optimization sequence,

identifying the optimal parameters for p∗1 := (γ∗1 , γ
∗
2 , η
∗) first, then using the optimal p∗1 to

find optimal parameters for p2 and p3. To find p∗1, we formulate a nonlinear optimization

problem, minimizing the weighted sum of estimation errors for FT and τr. Suppose that

χ = γ1∗η and F
e
T , τ

e
r ∈ RN are vectorized measured thrust and roll torque from N open-loop

flights. Then, our problem is

(γ∗1 , χ
∗, η) := arg min

p1∈R3

J(p1)

with cost function

J(p1) := ||F eT − F T (pi)||22 + λ||τ er − τ r(pi)||22,

using tunable weight λ > 0, where ||·||2 is the 2-norm. F T and τ r are vectorized estimates

(according to the closed-form model) in RN using the commanded control inputs {ui}5i=1.

The change of variables using χ allows us to reformulate the expression for FT to
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have a linear dependence on γ1 and χ, maintaining bilinearity only in τ r:

F T (p1) = ∆1

γ1

χ

 , τ r(p1) = γ2∆2

γ1

χ


for known ∆1,∆2 ∈ RN×2. Let p∗11 = (γ∗1 , χ

∗) be the partial state of the optimal solution

p∗1. Then, we have a nominal solution of γ∗2 = (∆2p
∗
11)†τ er and

(
(F

e
T )>∆1 + λ(τ er)

>∆2γ
∗
2

)
= p∗>11

(
∆1∆>1 + λ∆2∆>2 γ

2
2

)

where † is the pseudo-inverse. By numerically solving the above necessary condition, we

obtain the optimal p∗1.

Next, we solve two independent optimization problems to find the optimal p∗2 =

(ν∗, δ3) and p∗3 = (µ, γ3):

(ν∗, δ∗3) := arg min
p2∈R2

||τ ep − τp(p2, p
∗
1)||22

(µ∗, γ∗3) := arg min
p3∈R2

||τ ey − τy(p3, p
∗
1)||22.

We provide the model fitting results in Fig. 3.6. The model predicts the trends

in thrust and torques with varied control inputs, and we find that the root-mean-square

error across all trials between the model-predicted and measured values are 0.0220 mN for

thrust force (18.1% of the range of measured values), 0.0540 mNmm for roll torque (10.8%),

0.0328 mNmm for pitch torque (10.8%), and 0.0116 mNmm for yaw torque (7.8%).
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Figure 3.6: Measured (orange) and model-estimated (blue) forces and torques over 40 open-
loop flights, using optimal system identification.

3.6 Geometric Control with Inverse Mapping

With this closed-form model for FWMAV flight, fit to our vehicle in Section 3.5,

we perform a lateral and heading control task. Previous RoboBee controllers in [58, 75, 57]

only tracked reference positions, with a free heading angle (simply minimizing yaw velocity).

3.6.1 Inverse Mapping for Feedback Control

We produce an analytical inverse of the model, to allow direct calculation of control

parameters required for desired forces and torques (respecting vehicle asymmetries, and

thus not requiring unmodeled offsets). We have five control parameters, {ui}5i=1 to yield

four desired outputs (one thrust and three moments) per Eqs. (3.21-3.24). This indicates

that the mapping is surjective, but not injective. Thus, there exists an extra degree of

freedom to generate the same desired output. We simplify our inverse mapping by choosing

symmetrical voltage offsets, V L
off = V R

off (i.e., u4 = u5). For simplicity, we neglect the
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contributions of µ to u1 and u2. We compute the following nonlinear mapping using the

MATLAB symbolic solver to directly find control inputs for desired thrust and torque set

(FT , τr, τp, τy) ∈ R+ × R3:

u1 =

(
γ2γ3FT + (γ2

2γ
2
3F

2
T − 4τ2

y )1/2
)(
γ2FT + τr

)
4ηγ1γ2

2γ3δ2
1FT

(3.29)

u2 =

(
γ2γ3FT + (γ2

2γ
2
3F

2
T − 4τ2

y )1/2
)(
γ2FT − τr

)
4γ1γ2

2γ3δ2
1FT

(3.30)

u3 =
δ1

(
γ2γ3FT − (γ2

2γ
2
3F

2
T − 4τ2

y )1/2
)

2δ2τy
− µ (3.31)

u4 =
τp

γ2δ3FT
− ν, (3.32)

with a valid domain for FT > 0. If τy = 0, applying L’Hôpital’s rule for the limit as τy → 0

yields u3 = −µ.

To demonstrate the utility of the inverse model, we provide a demonstration of

direct calculation of flapping signal parameters, given a set of desired time-varying forces

and torques, in Fig. 3.7. For control inputs (forces and torques) within the expected

typical operating regime for the RoboBee, resulting voltage and harmonic coefficient signal

parameters calculated from the inverse model fall within acceptable and normal boundaries

for flight-worthy flapping conditions.

3.6.2 Geometric Position and Heading Control

With the control authority observed in Section 3.5, we anticipate that our vehicle

is equipped with the ability to operate according to quadrotor-like control methods on

SE(3). We apply a geometric tracking controller on SE(3) following [71], which provides

coordinate-free asymptotic control of CoM position and heading.
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Figure 3.7: Control parameters to yield varying thrust and torques (constant flapping fre-
quency). Desired forces and torques are shown in blue and red, respectively (top); corre-
sponding flapping signal parameters are shown in black (bottom).
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Suppose that rd(t) is the desired CoM trajectory, and bd1(t) ∈ R3 is the desired

heading orientation in the inertial frame (defined by the x-axis in Fig. 3.1) at time t. Then,

the feedback control law is defined as

FT = 〈−kxex − kvev +mge3 +mr̈d, Re3〉

τ = −kReR − kΩeΩ + Ω× IΩ

−I(Ω̂R>RdΩd −R>RdΩ̇d),

where ex := r − rd, ev := v − ṙd, Rd is the desired orientation, and Ωd is the desired

angular velocity. Rd and Ωd are uniquely defined with the desired thrust vector and the

desired heading bd1 (see [71] for more details). Orientation error is captured by eR :=

1/2(R>d R − R>Rd)∨ (where ∨ is the inverse of the skew-symmetric hat map of a matrix),

which represents the distance metric on SO(3); Angular velocity error is captured by eΩ :=

Ω − R>RdΩd, related to the derivative of R>d R; and kx, kv, kR,KΩ ∈ R3×3 are diagonal

matrices with positive entities representing controller gains.

3.6.3 Hovering Flight with Variable Heading Angle

We apply this controller during a hovering flight, commanding a fixed position,

rd = (−0.012,−0.034, 0.14) mm, and tracking a variable heading vector. We command

heading vectors bd1 = (1/
√

2, 0, 0) and (−1/
√

2, 0, 0), representing heading angles of ±45◦

while upright, with a linear transition between the two in a step-like function (shown in Fig.

3.8). We define the heading angle θ as the angle between the heading vector b1 (aligned with

the x-axis in Fig. 3.1) and the global y-axis, such that θ := arctan b1(2)
b1(1) , with desired heading

θd. The vehicle stabilized at θd set-points, maintaining hovering stability and converging

to θd with a maximum heading error of 14.2◦ after convergence. Additionally, during the
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Figure 3.8: Heading response for tracking a desired heading angle during hovering flight,
with estimated forces and torques (from motion-capture data) during the control response.

transitions in θd between set-points (shown in gray), the vehicle tracked the π rad/s angular

velocity of θd. In Fig. 3.8, we also report forces and torques produced by the vehicle during

its response (estimated according to Section 3.5.1). We observe that the RoboBee exhibits

controllable yaw torque in flight; the first such demonstration for this vehicle.

Observing the measured torques for the maneuver (shown in Fig. 3.8), we observe

that (1) yaw torque is substantially smaller in magnitude than roll and pitch torques; and

(2) the highest yaw torques occurs during the beginning and end of a heading angle change,

without substantial yaw torque required throughout the maneuver. This is consistent with

observed behavior in fruit flies (Drosophila melanogaster), in both cases suggesting that

dynamics in heading maneuvers are largely governed by inertia, rather than friction [81].
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Figure 3.9: Position error in the x (solid line), y (dashed line), and z (dotted line) directions
over a 12-second hovering flight.

3.6.4 Long-Duration Hovering Flight

Applying the same control method for a long-duration hovering flight with no

heading angle change, we perform a 12-second flight, reporting the position error in the x,

y, and z directions in Fig. 3.9. We note that the flight ended at a predetermined time,

as opposed to a vehicle stability issue or other circumstance; therefore, with this control

strategy, we anticipate that FWMAV would be able to fly for a longer duration. Addition-

ally, this demonstrated flight is among the longest for this vehicle; typical demonstrated

flight durations are within 7 seconds (and often much shorter). We conclude, then, that the

new analytic model in combination with the chosen control strategy provide an avenue for

stability over increasing flight duration.

3.6.5 Lateral Control with Active Heading Tracking

We now demonstrate that the RoboBee can achieve full control authority (control-

lable thrust and body torques, with attitude and lateral control) using these methods. We

validate full control authority of the vehicle with a demonstration of a maneuver wherein

the RoboBee circles (laterally) about a center point, with its gaze fixed on that point;
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rd := (cos(2π/5t) + xd, sin(2π/5t) + yd, zd) which creates a circle with a period of five sec-

onds, centered at c := (xd, yd, zd), and the heading vector is defined as b1d := c− rd. Results

of this maneuver are shown in Fig. 3.10. We observe a position error (reported as mean ±

standard deviation) of −0.68±2.40 cm in the x direction, 1.78±2.23 cm in the y direction,

and 0.167 ± 0.561 cm in the z direction (corresponding to an effective center-point shift

of 2.04 cm, with a circle radius expanded by 2.96 cm). This performance is comparable

to the previous state-of-the-art for RoboBee control [58], which is notable given that the

applied controller was not designed for FWMAVs, nor does it include adaptive elements.

Additionally, [58] does not achieve active heading control; in this demonstration, the vehicle

tracks its desired heading with an error of −4.13± 2.70◦.

3.7 Discussion and Future Work

FWMAV modeling may complement control strategies both by capturing vehicle

asymmetries and giving an analytic, physically intuitive understanding of its dynamics.

We present a FWMAV dynamics model which allows analytical wingstroke and vehicle

dynamics descriptions and closed-form nonlinear expressions describing force and torque

generation via quasi-steady analysis, while respecting inherent vehicle asymmetries. We

validate our model with experimental data used to characterize the vehicle, and demonstrate

the utility of this system identification process in hovering and heading tracking via a

geometric controller. In applying these methods, we demonstrate in-flight heading control

of the RoboBee for the first time, and achieve full control authority with simultaneous

attitude and lateral control. These modeling, system identification, and control processes

provide marked advantages in control authority for this vehicle, and may be applied on a

wider scale to other FWMAV designs. We anticipate that with the inclusion of an adaptive
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Figure 3.10: Controlled flight of the RoboBee circling and facing a center point in midair;
(top) Three-dimensional vehicle trajectory in black, with the observed heading in blue and
the desired center point in red; (bottom left) Desired (dotted) and observed position, with
x in blue, y in green, and z in magenta; and (bottom right) heading angle error.
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law, the controller in conjunction with our model and system identification process would

further improve the tracking performance.
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Chapter 4

Frequency-Modulated Control for

Insect-Scale Flapping-Wing

Vehicles

4.1 Introduction

Insects exhibit both amplitude and frequency modulation during wingstrokes in

flight, a combination with potential advantages in FWMAV flight as we attempt to mimic

the agility of biological fliers. However, frequency-modulated control is uncommon in insect-

scale FWMAVs, and these vehicles have not yet demonstrated graceful, mid-wingstroke

frequency transitions in flight. We propose a method to allow active frequency control as

a primary control variable, and describe a method to achieve smooth frequency transitions

in flight. We demonstrate that frequency, in combination with other flapping parameters,

may be used to generate arbitrary, time-varying forces and torques, in a manner directly

applicable to control. Additionally, we explore the advantages of frequency modulation in
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FWMAV flight, applying a frequency-based method to control the Harvard RoboBee during

hovering flight.

4.2 Motivation and Background

Considering the family of FWMAVs wherein each wing is independently controlled

by a single actuator (as opposed to more complex systems [21], or vehicles whose wings are

collectively controlled by one actuator [23, 32]), we may observe that oscillating actuators

in FWMAVs present a unique opportunity to mimic insect flight, as they allow active

control of both wing stroke amplitude and flapping frequency (a feature of insect flight

[30]), in addition to wing stroke offset and phase. This opportunity is primarily found

in piezoelectric actuators; however, Zhang et al. present a motor-based vehicle with the

capacity to achieve frequency and amplitude modulation, with a single actuator for each

wing [29]. (When motors are used without oscillating motion, instead limited to control

of motor velocity, the combination of active frequency and amplitude control with a single

actuator becomes infeasible.)

Frequency-modulated control for FWMAVs has largely been considered indepen-

dently from amplitude and bias control. For example, He et al. proposes a model for forces

and torques in FWMAV flight based on flapping frequency, but not amplitude [82]. How-

ever, incorporating active frequency and amplitude control may allow improvement towards

the goal of insect-like agility, as biological insects use both frequency and amplitude control

in flight.

The potential utility of independent frequency and amplitude modulation in FW-

MAV control is the subject of a small but growing body of research. Anderson et al.

proposed a control strategy for piezoelectric-actuated FWMAVs, controlling bias, phase
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shift, and harmonic flapping coefficients of the flapping signal [83], also positing that di-

rect frequency-modulated control would be possible, albeit only near resonance, and with

symmetric frequency between the vehicle’s wings. Simultaneous harmonic coefficient mod-

ulation and voltage control in FWMAV flight was also explored in [24], which provided a

corresponding analytic model for resulting forces and torques. Oppenheimer et al. provide

a controller for piezoelectric-actuated FWMAVs using frequency control (without active

amplitude control, although pitch control is achieved by incorporating a wing bias), with

wingstroke frequency changed once per wingbeat (as opposed to more continuous modula-

tion) [84].

4.2.1 Frequency Modulation in Insect Flight

In exploring the potential advantages of incorporating active frequency modulation

as a control method within flapping-wing flight, it is useful to consider how the combination

of wingbeat frequency and amplitude modulation is used in biological insect flight.

Insects may increase either wingstroke amplitude or flapping frequency to augment

lift, and typically vary the two parameters independently. Faruque et al. claim that since

flapping-wing aerial vehicles (both biological and mechanical) are designed for optimal per-

formance within a specific frequency range, we may consider frequency as a supplemental

control parameter instead of as a primary control method [30]. (We note that Anderson

et al. came to a similar conclusion when considering frequency modulation in control for

FWMAVs [83], as discussed in Section 4.2).

The modulation of flapping frequency in flight is not necessarily subtle: Fruit flies

(Drosophila) demonstrate frequency variation in closed-loop flight on the order of 15% [85],

and hawkmoths (Manduca sexta) modulate their flapping frequency during maneuvers via

synchronous muscles with significant modulation of frequency, on the order of 30% (and up
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to 50%) [86].

The methods (both passive and active) of frequency modulation are also of inter-

est in understanding frequency as a control variable. In practice, insects modulate flap-

ping frequency by modulating nerve impulse frequencies [87]. In Drosophila melanogaster,

asynchronous muscle firing rate corresponds directly to frequency changes [88]. Flapping

frequency may also be heavily influenced by the ambient environment. Vogel et al. found

that insect flapping frequency can vary inversely with air density, which may correspond to

an effective variation in wing inertia with increasing air density [89]. Additionally, while it

is commonly accepted that insects flap at resonance for efficiency, Ha et al. suggest that

flapping frequency is independent of the insect’s natural frequency, and is instead related

to body mass and the area of the forewing [90].

Additionally, a variety of explanations have been observed and proposed for the use

of frequency modulation in insect flight. Mosquitos (Aedes aegypti), for example, modulate

fundamental flapping frequency and harmonics as a communication method, including in

courtship [91], and hawkmoths (Manduca sexta) appear to use frequency modulation to

aid in control in the presence of perturbations [86]. Pons et al. proposed that insects may

not necessarily have one optimal resonant state, but instead, a set of optimal flight states

and resonant points (corresponding, for example, to maximal energy efficiency or maximal

flight performance). In this case, frequency changes in flight could be used to move between

these optimal states [92]. Finally, in considering the mechanism for large frequency changes

during insect flight, Nachtigall et al. posit that dramatic changes are only possible with

changes in the resonant properties of the insect thorax [93].
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4.3 Frequency-Modulated Control Methods

First, we will discuss the advantages of high- and low-frequency flight regimes in

efficiency and control, and experimentally determine voltage requirements for maintaining

lift at varying flapping frequencies. Next, we will present a method to apply continuous

frequency transitions in oscillating, flapping-wing flight (based on [94], which applies grace-

ful transitions to periodic walking), such that frequency transitions may occur throughout

the wingstroke. Finally, we will create an inverse model (based on the FWMAV model in

[24]) expressing frequency as a control input (along with actuator voltage offset, ratio of

voltage amplitude at each wing, and the coefficient of the second harmonic of the flapping

frequency signal) to predict flapping control parameters required to generate desired thrust

and body torques for closed-loop flight.

4.3.1 Iso-lift Contours with Varying Flight Conditions

In typical flight for the smallest FWMAV (including [37] and [29]), wingstroke

amplitude (along with bias and flapping sinusoid shape) are the primary control parameters,

coupled with a distinct pre-determined flapping frequency based on characterization of the

particular vehicle.

However, studies in both robotics [6, 24, 56] and biology [92, 86] suggest that

active frequency modulation may pose distinct benefits for controlled flight. Specifically,

while high-frequency flight (with frequencies close to the resonant point of the vehicle or

insect) is advantageous in power efficiency, lower-frequency regimes have the potential to

dramatically increase the controllability of the system. In the case of FWMAVs, for example,

reducing the flapping frequency in closed-loop flight allows active heading control, whereas

yaw torque is substantially filtered out at higher frequencies [6].

We therefore are interested in the existence of iso-lift manifolds [6]; that is,
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Figure 4.1: Visual explanation for iso-lift conditions within flapping-wing flight: (A) Typical
flight occurs near resonance to maximize power efficiency, which comes at the expense of
control authority; (B) reducing flapping frequency increases control authority, but without
simultaneously increasing actuator voltage, a vehicle will exhibit substantially lower lift;
so (C) when frequency is decreased, actuator voltage must increase to allow lift to be
maintained. This leads to iso-lift conditions between (A) and (C), where (A) maximizes
power efficiency, and (C) maximizes control authority.

flapping-wing flight conditions wherein lift can be maintained with different combinations

of voltage and frequency. We visualize this concept in Fig. 4.1, showing roughly the expec-

tation that as flapping frequency decreases (assuming that all frequencies are at or below

resonance) and applied actuator voltage increases, lift may be maintained in flapping-wing

flight. We note that in non-piezoelectric actuated FWMAVs capable of simultaneous fre-

quency and amplitude modulation (e.g., [29]), we may assume wingstroke amplitude to be

analogous to applied actuator voltage.

A primary limiting factor for flight along these iso-lift manifolds is the required

voltage increase at the piezoelectric actuator in order to maintain lift at lower frequencies:

for example, the bimorph piezoelectric actuators used in RoboBee flight are tested only up

to 300 V [36], above which the performance and reliability are unknown. Therefore, we set a

“soft” upper limit of approximately 240 V for controlled flight using these actuators, which
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is substantially higher than voltage required for typical flight near the resonant frequency

(less than 200 V) for a vehicle not carrying an additional payload.

While modeling in [6] suggested that low-frequency iso-lift conditions sufficient for

heading control in the RoboBee (e.g., with frequency reduced sufficiently to mitigate passive

yaw torque filtering) can maintain lift in typical flight conditions at higher frequencies

without excessive actuator voltage, this has not yet been verified in free flight. We therefore

conducted a series of pseudo-open-loop flights, with active control of roll and pitch torques,

to maintain an upright vehicle with free heading, and thrust determined by the combination

of actuator voltage amplitude and flapping frequency.

We define a single effective actuator voltage Veff for FWMAV flight to simplify the

definition of the iso-lift manifold, since the left and right wings are actuated independently,

and roll torque is applied by modulating the relative voltage of the left and right wings,

therefore impacting lift force [53]. (Flapping frequency is equal for both wings.) For time-

varying left and right voltage amplitudes V L
amp and V R

amp, we define

V 2
eff = (V L

amp − V R
amp)

2 +
(V L

amp + V R
amp

2

)2
. (4.1)

Choosing a representative set of open-loop voltage (Veff ) and flapping frequency

combinations, we conducted 36 flights with the chosen conditions (with active roll and pitch

control, but no heading or position control). The state of the vehicle was recorded over the

duration of each flight using a Vicon motion-capture arena (Vicon T040 System, Oxford

UK), and thrust estimates were calculated based on the movement of the vehicle while in

flight. A contour map of the resulting thrust for each frequency and voltage combination

is shown in Fig. 4.2, with thrust reported as a multiple of vehicle body weight. (We also

note that for an upright vehicle, thrust and lift forces are equivalent.)
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Figure 4.2: Iso-lift contour map depicting observed thrust for a set of frequency and actuator
combinations for RoboBee free flight, with active roll and pitch control, and open-loop
heading and thrust.
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In Fig. 4.2, we observe a set of contours along the iso-lift manifold between 150 Hz

and 170 Hz, demonstrating that for this range of flapping frequencies, thrust sufficient to

lift the vehicle and allow room for variation within a control loop is possible at decreasing

frequencies, with the lower bound at 150 Hz sufficient for observable and controllable yaw

torque.

4.3.2 Smooth Frequency Transitions for Piezoelectric Actuators

While some of the smallest FWMAVs have the physical ability to mimic insects

in the use of independent amplitude and frequency modulation [84, 29, 53], as of yet,

amplitude modulation (with a set frequency, based on vehicle characteristics) is the most

common strategy, as seen in [24, 29]. While Oppenheimer et al. present a frequency

modulation-based control strategy [84], their method does not allow frequency modulation

mid-wingstroke (instead commanding one frequency shift per wingbeat). However, obser-

vation of Manduca sexta has demonstrated that, in the face of perturbations, insects can

adjust wingbeat frequency even during a single wingstroke [86]. Therefore, to gain the

largest control advantages from frequency-modulated control and to allow continuity of the

control signal, we seek a method for smooth transitions between frequencies, regardless of

position within the wingstroke.

Based on the strategies presented in [94], we present a method for graceful fre-

quency transitions for active frequency control in FWMAV flight with oscillating actuators.

To allow these graceful transitions, instead of directly controlling shifts between commanded

frequency setpoints, we instead focus on modulating the derivative of the commanded fre-

quency, in order to maintain smoothness throughout the transition.

For example, consider the case of a frequency shift between arbitrary frequency

commands: If commanded wingstroke angle is defined, arbitrarily, as Ψ(t) = A sin(ωt) (for
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frequency ω, time t, and amplitude A), an abrupt command between consecutive time steps

t1 and t2 such that Ψ(t1) = A sin(ω1t1) and Ψ(t2) = A sin(ω2t2) will lead to a discontinuity

in the resulting flapping sinusoid command Ψ(t). Considering the dynamics of FWMAVs,

this discontinuity may be amplified by any phase differences in the actuator and transmission

frequency response (shown in Fig. 4.3) between ω1 and ω2. Therefore, we choose to define

graceful transitions between commanded frequencies, as follows.

Figure 4.3: Frequency response in magnitude and phase, resulting from actuator and trans-
mission dynamics of the RoboBee, based on the transfer function defined in [6].

We consider a frequency shift of time duration dt (where dt can be near-instantaneous,

or slower than the period of the oscillating signal). We command a frequency shift centered

at time t = tshift. We define the function σ(t) to describe the transition between frequencies

ω1 and ω0 (effectively, a function which begins at 0, and after duration dt has reached 1).

While σ(t) can be defined arbitrarily, we choose

σ(t) =
tanh(a(t− tshift)) + 1

2
, (4.2)
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Figure 4.4: Demonstration of a graceful transition between arbitrary frequencies, 120 Hz at
t = 0 s and 180 Hz at t = 0.05 s, with resulting flapping sinusoid command Ψ(t) shown in
blue, and corresponding smooth transition function σ(t) shown in red.

where a defines the speed of the frequency shift. Defining Ω(t) = ωt, we set

Ω̇ = ω1σ(t) + ω0(1− σ(t)). (4.3)

Then, our sinusoid command at time t becomes

Ψ(t) = A sin(2πΩ(t)). (4.4)

We demonstrate this graceful frequency transition strategy with a set of arbitrary

commanded frequencies between 110 Hz and 190 Hz over a sinusoidal signal of duration

0.1 s, shown in Fig. 4.5. We observe that the flapping sinusoid maintains smoothness

throughout all commanded frequency changes (with a chosen to result in near-instantaneous

step commands).

In order to ensure that the graceful frequency transition method proposed herein is

suitable for use in FWMAVs with piezoelectric actuators, verifying that (1) the commanded
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Figure 4.5: Demonstration of frequency modulation of an oscillating signal with graceful
transitions. Frequency commands are shown in red, and the resulting continuous actuator
drive signal is shown in blue. We note that the frequency shift commands occur at arbitrary
points during the signal (i.e., not at the extrema or middle), and that the frequency shifts
are very abrupt relative to those anticipated within controlled flight, to demonstrate smooth
transitions even in the presence of rapid frequency shifts.
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frequency shift may be observed as anticipated during flapping, and (2) rapid frequency

transitions do not damage the piezoelectric actuators, we applied frequency transitions on

a static vehicle to observe the resulting wing motions. The results of a representative

experimental frequency shift are shown in Fig. 4.6

We applied a transition between 150 Hz and 170 Hz (within the range of the iso-

lift contour tests shown in Fig. 4.2). Flapping was recorded via high-speed camera, with

wing angle data taken from the resulting video. We then fit a sinusoidal signal of matching

frequency (including the frequency transition) to the measured wing angle trajectory.

Based on the fitted trajectory, we observed that the initial and final flapping fre-

quencies of the observed signal matched the frequency commands sent to the vehicle; how-

ever, the frequency transition occurred over a longer duration than commanded. Recall that

parameter a in σ(t) influences frequency transition speed: while the commanded frequency

transition applied a = 500, the observed transition on the physical vehicle corresponded

to a ≈ 57.3 (indicating a substantially slower rate of frequency change). Upon examina-

tion of the commanded signal at different points within the control loop and commands to

hardware, we posit that the majority of the transition speed reduction is due to software-

based filtering of the control signal (bringing a from 500 to approximately 96.2), while the

remaining transition speed reduction is hardware-based (whether due to attenuation from

actuator dynamics or amplifier slew rate limiters).

Additionally, we observe a substantial phase shift between beginning and end of the

flapping signal (before and after the transition), on the order of 45◦. Finally, we observe that

while applied actuator voltage was constant throughout the signal, the frequency increase

resulted in a substantial wingstroke amplitude increase, as predicted by the actuator and

transmission dynamics shown in Fig. 4.3.

In a control loop, we may implement this graceful frequency transition by choosing
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Figure 4.6: Static demonstration of graceful flapping frequency transition between 150 Hz
and 170 Hz, with observed wing angle response shown in blue, corresponding fitted signal
based on angle data shown in dashed black, and frequency shown in red.

transition speed parameter a (according to a preference between fast or slow frequency

changes; insects demonstrate frequency changes over long and short timescales depending on

flight conditions and perturbations [86]), and calculating the corresponding shift duration td

(which may be lengthened to include room for error in effective a). Then, when a frequency

shift is initiated by the controller at time t, we set tshift = t+ td
2 , and update the frequency

at each control loop iteration accordingly.

4.3.3 Inverse Model for Frequency-Modulated Control

In order to use frequency modulation during controlled flight, we present an “in-

verse” model to predict control inputs, including flapping frequency, which will result in

desired thrust force and roll, pitch, and yaw torques. The thrust and torques can then be

directly commanded using any number of flight controllers, as demonstrated in [24] which
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applied this method with amplitude-based flapping signals to control a FWMAV using a

geometric controller designed for quadrotors.

Specifically, we aim to determine thrust and torques in terms of flapping signal

parameters u, as follows:

u =

[
Λ Voff ω a2

]
. (4.5)

Given unique voltage amplitudes VL and VR at the left and right wings, respectively, we

define Λ = VR
VL

. We have two options in using Λ to define VL and VR: First, we may hold a

set center amplitude V̄ , and define VL = V̄ + Ṽ and VR = V̄ − Ṽ . Then, Λ = VR
VL

= V̄−Ṽ
V̄+V

,

and similarly, Ṽ = V̄
(

1+Λ
1−Λ

)
. Second, we may hold constant VL and simply define VR = ΛVL.

While the latter option is mathematically simpler, we anticipate that we can reduce coupling

between roll and thrust by the former. Voff denotes voltage offset of the sinusoidal flapping

signal (symmetric between the left and right wings), and ω denotes flapping frequency. As in

[24], we will define the flapping sinusoid using a combination of sinusoids at the fundamental

flapping frequency ω and its second and third harmonics, whose amplitude coefficients are

denoted by a1, a2, and a3, respectively; only a2 is directly controlled, whereas a1 and a3

are held constant.

We note that Λ = VR
VL

such that when V = VR we have

ηVL
2 ± V 2

R = V 2(η ± Λ2). (4.6)

Then, modifying the model presented in [24], assuming symmetric Voff between

the left and right wings, we define the thrust force FT , roll torque τR, pitch torque τP , and
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yaw torque τY as

FT =
1

4
ρβCLω

2V 2(η + Λ2)ζ (4.7)

τR = rcpρβCLω
2V 2(η − Λ2)ζ (4.8)

τP = rcpρβCL|H(0)|sgn∠H(0)ω2(Voff + ν)V 2(η + Λ2)ζ (4.9)

τY =
4

3π
ρβCDω

2a1(a2 + µ)|H(ω)||H(2ω)|

× cos
(
2∠H(ω)− ∠H(2ω)

)
V 2(η + Λ2), (4.10)

where

ζ = a2
1|H(ω)|2 + 4a2

2|H(2ω)|2. (4.11)

Here, ρ is ambient air density; β corresponds to the wing shape; CL and CD are lift and drag

coefficients, respectively (held constant in this model, though in reality they vary with angle

of attack throughout the wing stroke); rcp is the shoulder width of the vehicle; and H(ω) is

the transfer function corresponding to actuator and transmission dynamics, defined in [6].

Additionally, parameters η, ν, and µ correspond to physical anomalies and imperfections in

vehicle design, determined during vehicle characterization [24].

Based on this force and torque model, we seek analytic solutions for flapping

parameters u in terms of desired forces and torques. However, this solution is nontrivial

and intractably complicated. Therefore, we seek reasonable assumptions about the model

to allow a fully analytic solution for u in terms of FT , τR, τP , and τY .

First, we examine the term ζ: Recall that the amplitude of the fundamental fre-

quency (ω) component of the flapping sinusoid, is a1, and the amplitude of the second har-

monic is (at 2ω) is a2. (Fundamental frequency ω is typically slightly below the resonant fre-

quency of the FWMAV; the second harmonic at 2ω is far above the vehicle’s resonant point.)
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In typical flight conditions, a1 > a2, and |H(ω)| > |H(2ω)| (which we can also observe in

Fig. 4.3) [6]. Since these terms are squared, we presume that a2
1|H(ω)|2 >> 4a2

2|H(2ω)|2.

If we neglect 4a2
2|H(2ω)|2 within ζ, resulting value for ζ is nearly identical to when the term

is included. Therefore, we redefine ζ as ζ = a2
1|H(ω)|2, and will maintain this throughout

the rest of the model inversion.

Next, we observe that the complexity in inverting the model to find an analytic

solution for u comes largely from the frequency response to the transmission and actuator

dynamics, according to the transfer function H(ω) = AH
meq(ωi)2+beq(ωi)+keq

[6] (for effective

mass, damping, and spring coefficients meq, beq, and keq, and amplitude AH). We can

directly find the magnitude and phase of H(ω); that is,

|H(ω)| = AH√
(keq + ω2meq)2 + (beqω)2

(4.12)

∠H(ω) = − arctan
( beqω

keq − ω2meq

)
. (4.13)

Using these expressions, we define

P (ω) = |H(ω)||H(2ω)| cos
(
2∠H(ω)− ∠H(2ω)

)
(4.14)

such that

τY =
4

3π
ρβCDω

2a1(a2 + µ)P (ω)(Λ2 + 1) (4.15)

Since using the exact transfer function leads to an intractable solution for u, we use

linear approximations for the frequency response H(ω) near flapping conditions, directly

for magnitude |H(ω)| and indirectly for P (ω).
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We define approximations for |H(ω)| and H(2ω)|, respectively:

Ĥ1(ω) = mω∗
H (ω − ω∗) + |H(ω∗)| (4.16)

Ĥ2(ω) = 2m2ω∗
H (ω − ω∗) + |H(2ω∗)|, (4.17)

where the magnitudes of the frequency responses for ω and 2ω are linearized about a central

frequency ω∗, where d
dω |H(ω∗)| = mω∗

H and d
dω |H(2ω∗)| = m2ω∗

H .

Then, we define

ζ̂(ω) = a2
1Ĥ

2
1 (ω). (4.18)

Similarly, we consider a lumped estimate for P (ω) as follows:

P̂ (ω) = mω∗
P (ω − ω∗) + P (ω∗). (4.19)

Again, P (ω) is linearized about a central frequency ω∗, where d
dωP (ω∗) = mω∗

P .

Then, we can rephrase our force and torque model as

FT =
1

4
ρβCLω

2
(
V 2(η + Λ2)

)
ζ̂(ω) (4.20)

τR = rcpρβCLω
2
(
V 2(η − Λ2)

)
ζ̂(ω) (4.21)

τP = rcpρβCL|H(0)|sgn∠H(0)ω2(Voff + ν)
(
V 2(η + Λ2)

)
ζ̂(ω) (4.22)

τY =
4

3π
ρβCDω

2a1(a2 + µ)P̂ (ω)
(
V 2(η + Λ2)

)
. (4.23)

We note that the coefficient a2 appears only in the expression for yaw torque,

τY . Therefore, we can solve the system of three equations, Eq. (4.20-4.22) for the other

79



Chapter 4: Frequency-Modulated Control for Insect-Scale Flapping-Wing Vehicles

Figure 4.7: Linearization of the freqeuncy response (in black dashed lines, centered at ω∗

and 2ω∗) at for P (ω) at ω∗ (red), and for |H(ω)| at ω∗ and 2ω∗ (blue). Typical flapping
flight operating frequencies are shown in the left gray shaded region; the width of the
right shaded region is double the range of typical frequencies, due to the second harmonic
response at 2ω.

components of u (Λ, Voff , and ω) as follows:

Λ =

√
4rcpFT + τR
4rcpFT − τR

(4.24)

Voff =
τP

4rcp|H(0)|sgn(|H(0)|)FT
− ν (4.25)

ω =
mω∗
H ω∗ − |H(ω∗)| −

√
(|H(ω∗)| −mω∗

H )2 +
2
√

2mω
∗
H

a1

√
4rcpFT−τR
rcpρβCLηV 2

2mω∗
H

. (4.26)

We note that solving this system of equations actually yields three solutions for Λ, Voff , and

ω; however, we choose the only solution of the three whose ω corresponds to flightworthy

flapping conditions. (Other solutions provided solutions for ω with flapping frequency too

slow to fly; on the order of 10 Hz, or negative ω.)

Now, with known Λ, Voff , and ω, we can complete our solution for u by using Eq.

80



Chapter 4: Frequency-Modulated Control for Insect-Scale Flapping-Wing Vehicles

Figure 4.8: Flapping parameters u =
[
Λ Voff ω a2

]
(bottom) to yield desired varying

thrust (FT in blue) and torques (solid τR, dashed τP , dotted τY (top); in red). Desired
forces and torques are shown in blue and red, respectively (top).

(4.23) to directly solve for a2:

a2 =
3πτY

4ρβCDω2a1P̂ (ω)
(
V 2(η + Λ2)

) − µ. (4.27)

Given the expressions for u =

[
Λ Voff ω a2

]
now in terms of desired forces

and torques, we provide an example of direct calculation of flapping parameters required to

generate arbitrary forces and torques, shown in Fig. 4.8.

4.3.4 Control Implementation

With a model inversion to provide flapping parameters u to generate desired forces

and torques, assuming that the commanded forces and torques are within the operating

range of the vehicle, we may apply an arbitrary controller to control the FWMAV in flight.
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Non-control parameters (including ambient conditions such as ρ, or vehicle parameters such

as β and the effective mass, spring, and damping coefficients of the transfer function H(ω))

may be estimated using an open-loop flight characterization process, as in [24].

4.4 Experiments

We applied the frequency-based model and control strategy described above in

hovering flight with the RoboBee. Per Section 4.3.3, we chose to define VL and VR with Λ

such that VL and VR varied around a set V̄ (in this case, V̄ = 200 V). The results of this

implementation and flight are shown in Fig. 4.9.

We observe that frequency changes (primarily to regulate thrust) within the flight-

worthy regime of about 145-162 Hz. Given that V̄ is fixed, frequency is primarily responsible

for regulating z position error, while frequency reduction also allows greater heading control

authority. We observe that the simultaneous decrease in ω and increase in a2 work together

to reduce heading error significantly over the course of the flight.

We also observe that during the flight reported in Fig. 4.9, left-right voltage

ratio parameter Λ = VR
VL

lies consistently in the range Λ > 1, indicating that the left wing

produces greater lift than the right wing (given the same voltage amplitude and frequency),

so a higher voltage is applied to the right wing to reduce asymmetry and mitigate roll torque

bias.

Additionally, we may observe the different timescales of control reactions in ω and

a2: a2 increases steadily before varying about a value of approximately 0.115; ω decreases

over the flight, though demonstrates a bounce-like decrease as opposed to a smooth tran-

sition. We anticipate that decrease in ω largely serves to temper altitude (as this variable

is primarily responsible, in this case, for lift); however, as the magnitude a2 increases, it
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results in an increase to the overall voltage sinusoid amplitude sent to each wing (given con-

stant a1). Therefore, it is likely here that ω is responding to the challenge of simultaneously

mitigating altitude error and the lift increase due to the a2 yaw torque response.

While running additional experimental flights, we observed that there is a strong

dependence between the magnitude of the yaw-inducing a2 coefficient and the stability of

the flight. We hypothesize that this is due to the fact that changes in a2 can significantly

affect the vehicle’s thrust, which is mitigated during amplitude-based control strategies by

the voltage amplitude at each wing. However, since the mean amplitude V̄ is constant in

this case, this mitigation is not present. Therefore, greater attention should be paid to

normalization of the sinusoid shape, such that changes in a2 do not significantly affect the

thrust. (We also note that the vehicle used for these particular experiment was subject to

actuator damage; while this damage was accounted for during the vehicle characterization

process, it may have exacerbated any dependencies between various control parameters.)

4.5 Discussion and Future Work

We present a strategy for frequency-modulated control with graceful transitions,

via designing direct expressions for desired control forces and torques in terms of flapping

control parameters, including frequency. We also note that the particular implementation

suggested herein applies partial amplitude modulation, in addition to frequency modulation:

the parameter modulates the relative voltage amplitude of the left and right wings (leaving

one side constant, or varying both around a set center amplitude). We validate this method

in hovering flight, demonstrating stability using the frequency-based control strategy.

By implementing smooth frequency modulation within controlled flight, we are

able to observe stability in position and heading, in addition to a partnership between
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Figure 4.9: Position and heading error for a hovering flight using frequency modulation.
(top) Blue solid, dashed, and dotted lines report position error in x, y, and z, and red solid
line reports heading error. (bottom) Four plots showing the flapping sinusoid inputs ω,
Voff , Λ, and a2 to generate desired control torques, with constant Vamp = 200 V.

84



Chapter 4: Frequency-Modulated Control for Insect-Scale Flapping-Wing Vehicles

frequency and flapping sinusoid shape (governed by a2) to maintain altitude and heading

control. We do, however, notice that without full amplitude control, this coupling results

in thrust variation with changes in yaw torque; this affects the vehicle’s ability to generate

arbitrary thrust and torque combinations. During future flights, we anticipate observing

certain distinct advantages of higher and lower frequency regimes in flight (such as increased

efficiency at higher frequencies, or increased performance in maneuvers at lower frequencies),

as suggested by Pons et al. in studying insect flight [92].

Introducing graceful frequency modulation in flight, in collaboration with existing

amplitude modulation strategies, allows advancement in bio-inspired flight control strate-

gies. Fields of research in insect flight dynamics (especially related to frequency modulation)

and FWMAV control are progressing simultaneously, allowing exciting connections between

biology and robotics as both provide insights and inspiration in tandem.
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Conclusions and Future Work

5.1 Introduction

With a fully controllable vehicle coupled with advances in modeling and expansion

of the control space, we may anticipate a major next step in control for the RoboBee: full

control autonomy.

In the context of FWMAVs, we define control autonomy as the ability to execute a

control strategy using onboard hardware, within the extreme payload and power restrictions

for the vehicle. A close partner to this challenge is the pursuit of sensor autonomy, or the

vehicle’s ability to achieve sufficient proprioceptive and exteroceptive information for flight

via an onboard sensing package (as opposed to external motion capture cameras, or other

offboard information).

Therefore, as we conclude discussion of recent advances in modeling and control

of the RoboBee, we shift focus to look ahead towards a control-autonomous and sensor-

autonomous vehicle.
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5.2 Approaching Control Autonomy

As the RoboBee approaches control autonomy (complementing current research

in power and sensor autonomy), controller design must encourage efficiency such that the

resulting solutions are suitable for control-autonomous flight. As a preemptive measure, a

set of metrics should be defined to guide controller design and evaluate candidate controllers

for suitability for autonomy.

Controller efficiency will be considered both in terms of power (mechanical and

electrical) and computation. Within power efficiency, we will consider both efficiency of wing

kinematics and of vehicle trajectories; within computational efficiency, we will consider the

suitability of a controller for implementation on a microcontroller for control autonomy.

5.2.1 Computational Efficiency

In designing control strategies appropriate for control-autonomous flight with on-

board computation, we must heavily consider the computational efficiency of the method,

in addition to speed and latency requirements to maintain stability. De et al. achieved

control of the RoboBee via a computationally-efficient modular controller, demonstrating

expansion of control considerations from strictly stability and flight maneuver performance

to include feasibility of use with onboard computational hardware in flight [80].

Additionally, in considering the interplay between hardware requirements and con-

trol strategy within severe computational restrictions (i.e., using hardware within the pay-

load restrictions of the smallest FWMAVs), strategies must consider speed and latency,

both in defining minimum requirements for control, and in computational requirements to

allow sufficient performance with flight-worthy hardware. Three specific variables of note

in this case are latency (especially related to sensor feedback), speed of the control loop,

and feedback rate for proprioception and exteroception. Future work should examine the
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efficacy of various control strategies in the face of speed and latency restrictions, in addition

to the effect of control strategy choice on each factor.

Implementation of onboard sensing (proprioceptive and exteroceptive) will likely

require the largest computational expense (apart from the controllers themselves). This

includes both state estimation and external sensing of the environment. Exteroceptive

sensing will vary significantly in computational expense based on the chosen sensor package;

for example, proximity sensors would require significantly lower computational requirements

than vision-based sensors, though vision-based sensors would provide greater information

about the environment, and may assist heavily in proprioception as well. Sensors will

vary in filtering requirements, which will be an additional computational expense. Sensor

expectations must therefore be considered in tandem with controller design, as not only

does the sensor choice affect state estimation used by the controller, but the controller and

sensors must compete for computational and power resources.

Finally, designing controllers with respect to efficiency will not only simply allow

these controllers to operate onboard the RoboBee, but will increase the ability of the ve-

hicle to carry the hardware required for control. If controllers are consistently designed to

maximize lift production with respect to input power (in addition to maintaining stable

hovering and trajectory following), the RoboBee is able to maximize the use of its own

payload. Therefore, by maintaining consistent focus on controller efficiency, we create a

symbiotic relationship between the power, sensing, and control elements of the RoboBee,

encouraging the system to perform at its full potential.

5.2.2 Power Efficiency

Controller design for an autonomous system must also consider the matter of

power efficiency. In defining power efficiency metrics for the RoboBee, we may constrain
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the scope of the problem to consider efficiency with respect to lift force production. That

is, a controller is considered more efficient if it achieves greater thrust from the same input

power.

The input power (or the power supplied to the actuators) is a function of actuator

capacitance Cact, as well as the voltage amplitude and fundamental frequency of the flapping

signal to the actuators Vpp and f , respectively; Equation 5.1 follows the model used by

Jafferis et al. [36]:

Pact =
1

2
CactV

2
ppf (5.1)

Output power is here considered to be the rate of work in the direction of thrust.

For simplification of the analysis, we will not consider power expended towards body torques

(though this could be incorporated into a future model), and will use the time-averaged

model for lift force initially presented in [53] and expanded in [6].

The time-averaged lift model from [6] (modified to consider individual voltage

amplitudes for the left- and right-wing flapping signals) is provided in Equations 5.2-5.4.

F̄T = F̄L,left + F̄L,right (5.2)

=
ω

2π

∫ 2π
ω

0
FL,leftdt+

ω

2π

∫ 2π
ω

0
FL,rightdt (5.3)

=
[1

4
ρβCLω

2
3∑

n=1

n2
(
an|H(nω)|

)2](
V 2
amp,L + V 2

amp,R

)
(5.4)

The time-averaged (per wingstroke) work in the direction of thrust is WT =
∫
F̄T ·

dz′ (where z′ is in the direction of the thrust axis, as shown in Figure 5.1), or WT = F̄T∆z′,

where ∆z′ is the displacement in the direction of thrust (though we note that the direction

of thrust changes with the vehicle orientation during flight). Then, to find power PT = dWT
dt ,
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Figure 5.1: RoboBee axes representation; (a) position (x, y, z) and orientation (α, β, γ) in
roll, pitch, and yaw, respectively; (b) global reference basis (x, y, z) and RoboBee frame
basis (x′, y′, z′).

we note that F̄T is independent of time, so we have

PT = F̄T · vz′ , (5.5)

where vz′ is the velocity in the direction of thrust.

Using Pact (input power) and PT (output power) from Equations 5.1 and 5.5,

respectively, we may define power efficiency η as

η =
PT
Pact

. (5.6)

We largely analyze hovering when considering the performance of the RoboBee;

in this case, we will consider efficiency as

η∗ =
F̄T
Pact

. (5.7)

This representation is more applicable to hovering and specific analysis of flapping kine-

matics, while the former (Equation 5.6) is more relevant to maneuvers.
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5.2.3 Flapping Kinematics

For any task, the RoboBee should produce necessary control authority (thrust

force and body torques) to achieve a given maneuver, while maximizing efficiency (η∗, in

Equation 5.7) of its flapping kinematics; that is, applying flapping signal parameters –

flapping frequency, voltages, and sinusoid shape (i.e., harmonic coefficients) – for minimal

power expenditure.

We note also that any set of control parameters should also lie within an acceptable

range to maximize actuator longevity. This requires fundamental flapping frequency at or

below resonance, and voltage amplitudes below 250 V (though ideally below 200 V).

Recent work in yaw torque authority generation [6] provides an example of this

efficiency optimization problem: yaw torque flapping signals are filtered by high (near-

resonant) flapping frequencies; flapping at a lower frequency increases yaw torque authority,

but reduces lift. For example, a flapping sinusoid with parameters ω = 150 · 2π rad/s,

Vamp = 180 V, and harmonic coefficients – to govern the sinusoid shape – (1.09, 0, 0.099)

produces the same thrust as a flapping sinusoid with ω = 140 · 2π rad/s, Vamp = 242.8 V,

and harmonic coefficients (0.934, 0.216, 0.047); both produce 1.2 mN of thrust. The former

requires 24.5 mW of power, and the latter requires 41.7 mW; however, yaw torque is almost

entirely attenuated at the lower-power conditions.

It follows that the effective hovering efficiency (η∗) required by these sinusoidal

signals are 0.049 N/W and 0.029 N/W, respectively. We expect that during a maneuver –

especially an aggressive maneuver, characterized by high force and torque requirements –

the RoboBee will require periods of low-efficiency flight, though it should operate in these

domains as infrequently as possible. We will therefore set two metrics for power-efficient

wing-flapping: a time-averaged and an instantaneous minimum efficiency. Since thus far,

the low-frequency flapping required for yaw torque is the least efficient regime for RoboBee
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flight, this will set our efficiency limit. We set the instantaneous flapping power efficiency

recommendation, then, at η∗ ≥ 0.3 N/W. We also set a time-averaged recommendation for

efficiency η∗ at η̄∗ ≥ 0.4 N/W over the course of a maneuver.

Finally, we note that while Jafferis et al. suggested the power model in Equa-

tion 5.1, the authors also suggested that actual power requirements may be substantially

higher than those suggested by the model. Therefore, we recommend using this metric as a

guideline for comparison of power requirements between control strategies, rather than as

an absolute expectation for power requirements during autonomous flight.

5.2.4 Flight Path

As the RoboBee approaches aggressive maneuvers, trajectory optimization (for

rapid and precise execution of a maneuver, in addition to energy efficiency) will be an

ongoing effort. From a high-level perspective, this problem may be approached from the

efficiency perspective by analyzing the power efficiency (using η in Equation 5.6) of distinct

guiding strategies (e.g., bio-inspired path planning, or choosing the most direct path).

An example is provided in Figure 5.2: If a RoboBee attempts to navigate through

a set of suspended rings, general strategies include selection of the smoothest path, a bio-

inspired path, or a parabolic path. While the smooth path may be more direct, it would

require the RoboBee to maintain a significant orientation deviation (from the upright po-

sition) throughout nearly the entire maneuver; bio-inspired or parabolic paths may allow

more power-efficient navigation.

Efficient path-planning for the RoboBee is an open research effort which will be

explored in greater detail as the RoboBee approaches increasingly aggressive maneuvers.
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Figure 5.2: A selection of high-level paths possible for a given task (navigation through
rings), including the smoothest path, a theoretical bio-inspired path, and a parabolic path;
each considered for comparison of flight path efficiency. We note that these cases are chosen
to provide examples of the wide range of possible flight paths, though their individual
characteristics are arbitrary.

5.3 Approaching Sensor Autonomy

The area of sensor autonomy for FWMAVs is made increasingly difficult by the

small payloads of these systems. FWMAVs, especially towards the insect scale, are subject

to extreme payload constraints; even very small sensors can be significant loads for the

vehicle to carry.

For example, we consider the InvenSense MPU9150 IMU [95], previously used for

attitude stabilization with the RoboBee [42]. Without considering pull-up resistors or any

required attachments, the sensor package has dimensions 4 mm × 4 mm × 1 mm. If we

estimate the mass of the IMU in this package using the density of silicon (approximately

2.33 g/cm3), this sensor has an approximate mass of 37.3 mg. Given that the RoboBee has

a payload of approximately 170 mg [96], this is a significant load for the vehicle to carry:

this single sensor requires 21.9% of the full vehicle payload. When we consider that, in a

fully autonomous vehicle, this payload would also be divided among a power source and
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computational hardware, it is clear that sensors must be chosen intelligently to balance the

challenges of (1) providing sufficient proprioception and exteroception for control, and (2)

allow for the inclusion of other hardware for autonomy.

An important consideration, then, in designing sensing packages for FWMAVs, is

to choose sensors which yield sufficient information for control, while not weighing down

the vehicle with overwhelming additional mass. We may consider strategies used for other

existing FWMAVs (including those with much larger payloads than the RoboBee) in finding

potential solutions in sensor package design: For example, the Bat Bot and DelFly both rely

on partial feedback, as opposed to full state feedback (full position and attitude estimation,

along with velocities for each; effectively, a 12 × 1 vector of state information). The Bat

Bot achieves autonomous flight with attitude control and no direct position control [21],

while the DelFly uses optic flow for obstacle avoidance, while additionally including height

control [20].

One additional consideration in small-scale flapping-wing flight is the extreme

sensor disturbances caused directly by a vehicle’s flapping wings. In previous RoboBee

work, Fuller et al. found that the accelerometer within an IMU could not provide useful

information in flight, as the vehicle’s wings produced overwhelming noise [42]. (Similar

concerns were addressed by Tu et al. in [97].) Indeed, as vehicles approach the insect

scale, we expect that the low body inertia will result in stronger vehicle body motion from

flapping. Additionally, practically speaking, since the vehicles are so small relative to the

attached sensors (e.g., highest sensor dimension on the order of 10% or more of the vehicle

body length, for the smallest FWMAVs), the sensor simply cannot be displaced from the

wings by a large margin. Therefore, the flapping motion effect is amplified at the sensor

due to proximity between the sensor and vehicle propulsion elements.

We may conclude, then, that the not only must sensors be chosen to provide

94



Chapter 5: Conclusions and Future Work

sufficient state estimation and environmental awareness for autonomous flight, but also

must be chosen considering the extreme relative dynamics of the flapping-wing vehicle.

5.3.1 Previous RoboBee Sensor Progress

As one of the smallest insect-scale FWMAVs, the RoboBee is subject to some of

the most restrictive payload limitations among vehicles of its kind. Despite this challenge,

previous research has allowed the RoboBee to achieve partial state feedback and exterocep-

tion using commercial and custom sensors.

Exploration of commercial sensors onboard the vehicle has largely focused on iner-

tial measurement units (IMUs) and their subcomponents (i.e., accelerometers, gyroscopes,

and magnetometers) time-of-flight (ToF) sensors, which provide depth and proximity infor-

mation, and cameras. A ToF sensor (VL6180x, STMicroelectronics) was applied for altitude

estimation in closed-loop flight, maintaining altitude error within half of the vehicle’s body

length [43]. The gyroscope component of an IMU (MPU9150, Invensense) was used for

attitude stabilization in flight [42]; while the accelerometer data from the IMU was also

available, the authors found that the flapping wings generated overwhelming noise for the

accelerometer data, such that it was not useful in flight. Additionally, a magnetometer

(HMC1043, Honeywell) was used to track heading angle in constrained flight (with the ve-

hicle attached to a vertical guide wire), demonstrating feedback control [45]. Finally, Mange

et al. presented a gaze stabilization mechanism using optic flow with a small-scale camera,

particularly tailored to surgical devices (NanEye 2D, AWAIBA) [98].

Previous research has also applied custom biomimetic sensing towards FWMAV

control. Common to vision sensing for biological insects are the ocelli, which are particularly

suited for detecting rapid changes in an environment’s light [99]. Fuller et al. presented an

ocelli-inspired, photoresistor-based vision sensor for FWMAVs, applying the sensor in flight
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to stabilize the orientation of the RoboBee [44].

5.3.2 Expansion of Onboard Sensing

As sensor autonomy is a key element in achieving a fully-autonomous system,

we look forward to expanding the use of sensors for onboard control of the RoboBee in the

immediate future. Particular steps towards achieving this goal include developing strategies

to isolate sensor data from wing-flapping noise (especially accelerometer data, which would

be valuable in proprioception); determining the minimum state estimation requirements for

autonomous flight (e.g., the required portion of the full 12 × 1 state vector, which varies

depending on control strategy, as shown with examples from various FWMAVs in Section

1.2.2; and sufficient exteroceptive information); and selecting an appropriate sensor package

(including associated sensor placement and orientation) to achieve these sensing information

requirements. As in [44], custom sensor designs may be considered; however, immediate

efforts will focus on incorporation of commercially-available sensing options.

5.4 Discussion

The advances in control strategies for FWMAVs discussed in this work will not

only improve the maneuverability and stability of flapping-wing vehicles at the smallest

scales, but will also allow efficient use of onboard sensing packages as we approach full

autonomy. With full control authority of the RoboBee, through strategies generalizable to

the wider field of FWMAVs, we look forward to the opportunity to approach new questions

in computationally-efficient control strategies; aggressive maneuvers; and robust methods

for control of vehicles with differing morphologies, and whose characteristics change during

use.

Additionally, as we improve the agility and maneuverability of these systems, we
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open the door to exciting connections to biology. Already, recent work has applied the

work presented herein to expand yaw torque authority through reduced-frequency flapping

to motivate the study of the use of frequency modulation in hawkmoth flight [86]. As we

further approach the goal of mimicking the impressive biological feats displayed in insect

flight, we may continue to learn about biological mechanisms for aerial maneuvers and

acrobatics by attempting to recreate them with flapping-wing robots.

Exciting possibilities lie ahead for flapping-wing vehicles. As these vehicles move

closer to full autonomy, we look ahead to opportunities in swarm behavior and operation

in natural environments, opening the doors to channeling the full potential of small-scale

flight.

97



Bibliography

[1] E. Farrell Helbling and R. J. Wood, “A review of propulsion, power, and control archi-

tectures for insect-scale flapping-wing vehicles,” Applied Mechanics Reviews, vol. 70,

no. 1, 2018.

[2] V. Kumar and N. Michael, “Opportunities and challenges with autonomous micro aerial

vehicles,” The International Journal of Robotics Research, vol. 31, no. 11, pp. 1279–

1291, 2012.

[3] Z. Li, S. Suntharasantic, and P. Chirarattananon, “Simplified quasi-steady aerome-

chanic model for flapping-wing robots with passively rotating hinges,” in 2018 IEEE

International Conference on Robotics and Automation (ICRA), pp. 6110–6115, IEEE,

2018.

[4] T. J. Smith, “Development, design, manufacture and test of flapping wing micro aerial

vehicles,” 2016.

[5] G. J. Lindholm and R. G. Cobb, “Closed-loop control of a constrained, resonant-

flapping micro air vehicle,” AIAA journal, vol. 52, no. 8, pp. 1616–1623, 2014.

[6] R. Steinmeyer, P. H. Nak-seung, E. F. Helbling, and R. J. Wood, “Yaw torque authority

for a flapping-wing micro-aerial vehicle,” in IEEE Int. Conf. Robot. Autom., pp. 2481–

2487, IEEE, 2019.

98



Bibliography

[7] A. Chaudhuri, R. T. Haftka, P. Ifju, K. Chang, C. Tyler, and T. Schmitz, “Experimen-

tal flapping wing optimization and uncertainty quantification using limited samples,”

Structural and Multidisciplinary Optimization, vol. 51, no. 4, pp. 957–970, 2015.

[8] A. Kushleyev, D. Mellinger, C. Powers, and V. Kumar, “Towards a swarm of agile

micro quadrotors,” Autonomous Robots, vol. 35, no. 4, pp. 287–300, 2013.

[9] O. Wright et al., How we made the first flight. Department of Transportation, Federal

Aviation Administration, Office of . . . , 1977.

[10] W. Isaacson, Leonardo da Vinci. Simon & Schuster, 2017.

[11] S. Jones, R. Laurenza, T. L. Hedrick, B. E. Griffith, and L. A. Miller, “Lift vs. drag

based mechanisms for vertical force production in the smallest flying insects,” Journal

of theoretical biology, vol. 384, pp. 105–120, 2015.

[12] T. J. Mueller and J. D. DeLaurier, “Aerodynamics of small vehicles,” Annual review

of fluid mechanics, vol. 35, no. 1, pp. 89–111, 2003.

[13] G. Sachs, “Comparison of power requirements: Flapping vs. fixed wing vehicles,”

Aerospace, vol. 3, no. 4, p. 31, 2016.

[14] E. Kamerbeek and K. EMH, “Scaling laws for electric motors,” PHILIPS TECHNICAL

REVIEW, vol. 35, no. 4, pp. 116–123, 1975.

[15] N. T. Jafferis, M. J. Smith, and R. J. Wood, “Design and manufacturing rules for

maximizing the performance of polycrystalline piezoelectric bending actuators,” Smart

Materials and Structures, vol. 24, no. 6, p. 065023, 2015.

[16] Z. Ren, S. Kim, X. Ji, W. Zhu, F. Niroui, J. Kong, and Y. Chen, “A high-lift micro-

99



Bibliography

aerial-robot powered by low-voltage and long-endurance dielectric elastomer actua-

tors,” Advanced Materials, p. 2106757, 2022.

[17] R. J. Wood, “The first takeoff of a biologically inspired at-scale robotic insect,” IEEE

transactions on robotics, vol. 24, no. 2, pp. 341–347, 2008.

[18] M. Keennon, K. Klingebiel, and H. Won, “Development of the nano hummingbird:

A tailless flapping wing micro air vehicle,” in 50th AIAA aerospace sciences meeting

including the new horizons forum and aerospace exposition, p. 588, 2012.

[19] Z. Tu, F. Fei, J. Zhang, and X. Deng, “An at-scale tailless flapping-wing humming-

bird robot. i. design, optimization, and experimental validation,” IEEE Trans. Robot.,

vol. 36, no. 5, pp. 1511–1525, 2020.

[20] G. C. De Croon, M. Groen, C. De Wagter, B. Remes, R. Ruijsink, and B. W. van

Oudheusden, “Design, aerodynamics and autonomy of the delfly,” Bioinspiration &

biomimetics, vol. 7, no. 2, p. 025003, 2012.

[21] A. Ramezani, X. Shi, S.-J. Chung, and S. Hutchinson, “Bat bot (b2), a biologically

inspired flying machine,” in 2016 IEEE International Conference on Robotics and Au-

tomation (ICRA), pp. 3219–3226, IEEE, 2016.

[22] L. Hines, D. Campolo, and M. Sitti, “Liftoff of a motor-driven, flapping-wing mi-

croaerial vehicle capable of resonance,” IEEE Transactions on Robotics, vol. 30, no. 1,

pp. 220–232, 2013.

[23] M. H. Rosen, G. le Pivain, R. Sahai, N. T. Jafferis, and R. J. Wood, “Development of a

3.2 g untethered flapping-wing platform for flight energetics and control experiments,”

in 2016 IEEE international conference on robotics and automation (ICRA), pp. 3227–

3233, IEEE, 2016.

100



Bibliography

[24] R. McGill, N.-s. P. Hyun, and R. J. Wood, “Modeling and control of flapping-wing

micro-aerial vehicles with harmonic sinusoids,” IEEE Robotics and Automation Letters,

vol. 7, no. 2, pp. 746–753, 2021.

[25] N. T. Jafferis, E. F. Helbling, M. Karpelson, and R. J. Wood, “Untethered flight of

an insect-sized flapping-wing microscale aerial vehicle,” Nature, vol. 570, no. 7762,

pp. 491–495, 2019.

[26] Y. Chen, H. Zhao, J. Mao, P. Chirarattananon, E. F. Helbling, N.-s. P. Hyun, D. R.

Clarke, and R. J. Wood, “Controlled flight of a microrobot powered by soft artificial

muscles,” Nature, vol. 575, no. 7782, pp. 324–329, 2019.

[27] W. Shyy, C.-k. Kang, P. Chirarattananon, S. Ravi, and H. Liu, “Aerodynamics, sensing

and control of insect-scale flapping-wing flight,” Proceedings of the Royal Society A:

Mathematical, Physical and Engineering Sciences, vol. 472, no. 2186, p. 20150712, 2016.

[28] M. Karpelson, G.-Y. Wei, and R. J. Wood, “A review of actuation and power electronics

options for flapping-wing robotic insects,” in 2008 IEEE international conference on

robotics and automation, pp. 779–786, IEEE, 2008.

[29] J. Zhang, B. Cheng, and X. Deng, “Instantaneous wing kinematics tracking and force

control of a high-frequency flapping wing insect mav,” Journal of Micro-Bio Robotics,

vol. 11, no. 1, pp. 67–84, 2016.

[30] I. Faruque and J. S. Humbert, “Dipteran insect flight dynamics. part 1 longitudinal

motion about hover,” Journal of theoretical biology, vol. 264, no. 2, pp. 538–552, 2010.

[31] Z. Tu, F. Fei, and X. Deng, “Bio-inspired rapid escape and tight body flip on an at-scale

flapping wing hummingbird robot via reinforcement learning,” IEEE Transactions on

Robotics, vol. 37, no. 5, pp. 1742–1751, 2021.

101



Bibliography

[32] H. Tanaka and I. Shimoyama, “Forward flight of swallowtail butterfly with simple

flapping motion,” Bioinspiration & biomimetics, vol. 5, no. 2, p. 026003, 2010.

[33] H. Mahjoubi and K. Byl, “Analysis of a tunable impedance method for practical control

of insect-inspired flapping-wing mavs,” in 2011 50th IEEE Conference on Decision and

Control and European Control Conference, pp. 3539–3546, IEEE, 2011.
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