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Critical quantum liquids and the cuprate high temperature superconductors
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Pre 1986:

Mostly independent
electrons (with
pairing in BCS
theory of
superconductivity)

Post 1986:

Many-electron
entanglement



H1S Magnets: Enabling Technology

I'he surest path to limitless,

clean, fusion energy

YBCO magnets allow for smaller,
faster, and less expensive
tokamaks for plasma fusion
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Antiferromagnetic insulator at a density of one electron per Cu
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PW.Anderson and G. Baskaran (1988): The key to high temperature superconductivity
is the formation of a “resonating valence bond state”
(a type of quantum spin liquid) which entangles the electrons on Cu
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(a type of quantum spin liquid) which entangles the electrons on Cu
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(a type of quantum spin liquid) which entangles the electrons on Cu

D — dimer covering
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Key feature: fractionalization. Excitations are particle-like, but cannot be created
by local operators: they are classified under distinct superselection/anyon sectors.
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e Theory of gapped spin liquids of insulators in two dimensions. v

the same anyons as the toric coc

The simplest, and closest to Anderson’s RVB state, is the Z, spin liquic

Spin S=1/2,
charge
neutral
spinon

' (Read and S.S. 1991), with

e (Kitaev 1996). Implemented in Goog.
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WWe will use a

critical spin liquid
(a SU(2) gauge theory with
Il massless Dirac and Higgs matter)

and a critical charge liquid
(the SYK model)

which are gapless and
strongly interacting, with
no particle-like excitations
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Kyle M. Shen et al., Science 307, 901 (2005)
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Aavishkar A. Patel, Haoyu Guo, llya Esterlis,

S.Sachdey, Science 381, 790 (2023);
Chenyuan Li, Aavishkar A. Patel, Haoyu Guo, Davide Valentinis,

Jorg Schmalian, S.S,, llya Esterlis, PRL 133, 186502 (2024)



Experiments on the cuprate
pseudogap phase



Photcem|55|on at small p

Kyle M. Shen, F. Ronning, D. H. Lu, F ermz arcs’’
F. Baumberger, N. J. C. Ingle,

W. S. Lee, W. Meevasana, Y. Kohsaka,
M. Azuma, M. Takano, H. Takagi,
7.-X. Shen, Science 307, 901 (2005)



Photoemission at small p
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“Fermi arcs”
or
hole pockets?

Kyle M. Shen, F. Ronning, D. H. Lu,
F. Baumberger, N. J. C. Ingle,
W. S. Lee, W. Meevasana, Y. Kohsaka,
M. Azuma, M. Takano, H. Takagi,
7.-X. Shen, Science 307, 901 (2005)




Fermi surface transformation at the pseudogap critical point of a cuprate superconductor

Yawen Fang, Gaé€l Grissonnanche, Anaélle Legros, Simon Verret, Francis Laliberté, Clément Collignon, Amirreza Ataei,
Maxime Dion, Jianshi Zhou, David Graf, M. J. Lawler, Paul Goddard, Louis Taillefer, and B. J. Ramshaw, Nature Physics 18, 558 (2022)
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Observation of the Yamaji effectinacuprate nature physics

Superconductor Mun K. Chan®'’ , Katherine A. Schreiber'!, Oscar E. Ayala-Valenzuela®’, arXiv2411.1063 |
Eric D. Bauer ®?, Arkady Shekhter®' & NeilHarrison®'  published online: 16 September 2025
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Experiments on the cuprate
pseudogap phase

"Fermi arcs” or hole pockets??
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Doping an insulating antiferromagnet with holes of density p

Ordinary metal e
uttinger area.

—£5 No broken symmetry

M. Platé ... A. Damascelli, k
PRL 95, 077001 (2005) Jr

At large p, we obtain a gas of nearly free

fermionic holes of density /+p (relative to
the filled band with 2 electrons per site)
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Doping an insulating antiferromagnet with holes of density p

AF metal

Luttinger area.

\ \ \ \ \ /> Broken symmetry
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Doping an insulating antiferromagnet with holes of density p

Holon metal
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R. K. Kaul,Y. B. Kim, S. S., T. Senthil, Nature Physics 4, 28 (2008)
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Doping an insulating antiferromagnet with holes of density p
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M. Punk, A. Allais, and S. Sachdev, PNAS 112,9552 (2015)
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Hole dynamics in an antiferromagnet across a deconfined quantum critical point

Ribhu K. Kaul,! Alexei Kolezhuk,!* Michael Levin,! Subir Sachdev,! and T. Senthil**
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Néel VBS

The dashed line 1n the Néel

phase indicates the boundary of the magnetic Brillouin zone. Only
the Fermi surfaces within this zone contribute to the Luttinger
counting, and so the area of each ellipse is Ap=(2m)?5/4. In the

VBS phase, all four pockets are inequivalent, and so the area of
each ellipse is Ap=(27)?5/8.

Fermi surface
areas are robust
to all corrections!

Factor of 2

between
SDWV fluctuation

and FL*
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FL* theory:
hole pockets in magnetotransport
and

Fermi arcs in photoemission



e Identification of spin liquid: critical spin liquid without
quasiparticles. One description is a SU(2) gauge theory
with N; = 2 massless Dirac spinons.

Energy

I. Affleck and J.B. Marston,
PRB 37, 3774 (1988) L.
&" . 2 *. y

N. Read and S. Sachdeyv, ' ky, D‘ -
PRL 62, 1694 (1989) . e RO
C.Wang, A. Nahum, M. A. Metlitski, | Massless Dirac el
C.Xu, T. Senthil, .. fermionic spinons.~ ke

Phys. Rev. X 7,031051 (2017)
Zheng Zhou, Liangdong Hu, Wei Zhu,
Yin-Chen He, PRX 14, 021044 (2024)




e Dope spin liquid with holes, not holons.
The Ancilla Layer Model (ALM) enables a theory of
F'L* hole pockets for a general spin liquid.
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Ya-Hui Zhang and S. S., PRR 2,023172 (2020)

E. Mascot, A. Nikolaenko, M. Tikhanovskaya, Ya-Hui Zhang, D. K. Morr, S. S., PRB 105, 075146 (2022)



e Theory of pseudogap (and its low T’ instabilities):
Hole pockets coupled to critical spin liquid by a
charge e Higgs field of the thermal SU(2) gauge theory.
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e Theory of pseudogap (and its low T’ instabilities):
Hole pockets coupled to critical spin liquid by a
charge e Higgs field of the thermal SU(2) gauge theory.
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e Theory of pseudogap (and its low T’ instabilities):
Hole pockets coupled to critical spin liquid by a
charge e Higgs field of the thermal SU(2) gauge theory.

N
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) . j
0 40 ‘ -
_05 | L l
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Kyle M. Shen, ...Z.-X. Shen, Science 307, 901 (2005)

H. Pandey, M. Christos, PM. Bonetti, R. Shanker, S.Sharma, S.S., arXiv:2507.05336



e Theory of pseudogap (and its low T’ instabilities):
Hole pockets coupled to critical spin liquid by a
charge e Higgs field of the thermal SU(2) gauge theory.
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Critical quantum
charge liquids:

From SYK to
strange metals




Keimer, Kivelson, Norman, Uchida, and Zaanen, Nature 518, 179 (2015)

Planckian dynamics !

Temperature, T (K)

‘ of large Fermi surtace
300 | Electron scattering time 7
il from optical conductivity
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B. Michon, C. Berthod, C.W. Rischau, A. Ataei, L. Chen,
_ S. Komiya, S. Ono, L. Taillefer; D. van der Marel,
Hole doping, p A. Georges, Nature Comm. 14,3033 (2023)




Keimer, Kivelson, Norman, Uchida, and Zaanen, Nature 518, 179 (2015)

Temperature, T (K)

Will explain with a local,
two-dimensional extension

of the Sachdev-Ye-Kitaev (SYK)

model of mobile electrons,
a critical charge liquid

300
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Spin
order 1M
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\\\\ o S Fermi
Tspw N . R > liquid
| 1] | |
0 A T 0.1
min pc1 pmax
Hole doping, p

Aavishkar A. Patel, Haoyu Guo, llya Esterlis,

S. Sachdey, Science 381, 790 (2023);

Chenyuan Li, Aavishkar A. Patel, Haoyu Guo, Davide Valentinis,
Jorg Schmalian, S.S,, llya Esterlis, PRL 133, 186502 (2024)



The SYK model

Sachdey, Ye (1993); Kitaev (2015)




The SYK model

Sachdey, Ye (1993); Kitaev (2015)

Place electrons randomly on some sitesy % X
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Sachdey, Ye (1993); Kitaev (2015)
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The SYK model
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U14.19:1.13



The SYK model

Sachdey, Ye (1993); Kitaev (2015)

U14.19:1.13




The SYK model

Sachdey, Ye (1993); Kitaev (2015)
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The Sachdev-Ye-Kitaev (SYK) model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, |. Flores, J.B. French, PA. Mello, A. Pandey, and S.5.M.Wong, Rev. Mod. Phys. 53, 385 (1981))

N
1
_ T
= o > Uapnschege,Cs =1 ) cota

a,5,7,0=1
CaCs +cgCo =0 cac2 - c%ca = 0ap
1
Q=) cheo; [H,Q=0; 0<Q<1
87
Uap.~s are independent random variables with U,g.~s = 0 and |Uyg.~s|? = U?
N — oo yields critical strange metal. S.Sachdev and |.Ye, PRL 70, 3339 (1993)

A. Kitaev, unpublished; S. Sachdev, PRX 5,041025 (2015)




The Sachdev-Ye-Kitaev (SYK) model

Feynman graph expansion in U,g.~s, and graph-by-graph average, yields
exact equations in the large /N limit:

i) = ——— o ¢ S0 = UGG
G(r=0")=0.

Solution G(w) ~ T~ Y2F(hw/kgT)

S.Sachdev and |. Ye,
PRL 70, 3339 (1993)

G A. Georges and O. Parcollet
) 8 ~ PRB 59, 5341 (1999)




The SYK model

Consequences of emergent time-reparameterization and conformal symmetries
in low-energy theory in 0+1 spacetime dimensions:

1. Planckian dynamics!

h h
T(w) = kBTF ( kaT> independent of U.

No bosons, fermions, anyons ...

S.Sachdev and J.Ye, PRL 70, 3339 (1993); A. Georges and O. Parcollet PRB 59,5341 (1999)



The SYK model

Consequences of emergent time-reparameterization and conformal symmetries
in low-energy theory in 0+1 spacetime dimensions:

1. Planckian dynamics!

T(w) = T F (kBWT> independent of U. :‘

No bosons, fermions, anyons ...

2. Zero temperature entropy
without exponential ground state degeneracy!

1
lim lim —S(T)=sy , D(E —0)=¢e"*sinh(y/2N~E)

T—0 N—o0

sg = 0.46484769917080510749.... for Q = 1/2.

A. Georges, O. Parcollet, and S. Sachdev (GPS), Physical Review B 63, 134406 (2001)



The Sachdev-Ye-Kitaev (SYK) model

Sachdey, Ye (1993); Kitaev (2015)

A solvable model of multi-particle
quantum entanglement.

Yields a quantum state whose excitations are not
particle-like i.e. no bosons, fermions, anyons....

Current is carried by an “entangled quantum soup”



S. Sachdey, arXiv:0907.0008 (2009)

/ Quantum-criticality
’ of a
Strange / quantum phase transition
Metal between two metals

/

¢ Large (FL* and FL)
,' Fermi at p = pe,
;, Surface with no symmetry breaking.
\ ’

\ /
\ 7

\

\ !




S. Sachdey, arXiv:0907.0008 (2009)

- Quantum-criticality
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Strange ’ quantum phase transition
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superconductor at lower temperatures, and
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S. Sachdey, arXiv:0907.0008 (2009)

Quantum-criticality of

’ incipient FL*-FL transition
’ .
/ at p = p. described by
Strange v 2d-Yukawa-SYK model
Metal

/ of the large Fermi surface

,’ Largg and a Higgs boson ¢
/ F?frml With local, spatially random
¢ SUNACE interactions.
\ ’
\ ’
v/ Obeys equations similar
“ " to SYK in momentum

and frequency space.

Aavishkar A. Patel, Haoyu Guo, llya Esterlis,

p S. Sachdey, Science 381, 790 (2023)
Chenyuan Li,Aavishkar A. Patel, Haoyu Guo,

Davide Valentinis, Jorg Schmalian, S.S., llya

Esterlis, PRL 133, 186502 (2024)




2d-YSYK model: Fermi surface + critical boson with interaction disorder
8 Aavishkar A. Patel, Haoyu Guo, llya Esterlis, S. Sachdey, Science 381, 790 (2023)

Ly = w;; (5’7‘ | E(k)) Vk Critical Higgs boson ¢
driving FL*-FL transition.

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)i(r)

Spatially random Yukawa coupling ¢’(r) with ¢/(7) =0, ¢’(7)g¢'(7") = ¢"*6(r — ')

Spatially random potential v(r) with v(r) = 0, v(r)v(r’) = v*6(r — r’)



2d-YSYK model: Fermi surface + critical boson with interaction disorder
8 Aavishkar A. Patel, Haoyu Guo, llya Esterlis, S. Sachdey, Science 381, 790 (2023)

Ly = w;; (6’7‘ | E(k)> Vk Critical Higgs boson ¢
driving FL*-FL transition.

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)y(r)

Saddle-point equations

S(1,1) = ¢°D(1,1v)G(1,1) + v*G(7,1)82(r) + ¢ °G(r, 1) D(7,1)5%(r),
[I(7r,r) = —ng(—T, —1)G(T,1) — QIQG(—T, r)G(T, r)62(r),
1

G(iw, k) =

iw—e(k) + p— X(iw, k)’
D(iQ), q) = :

0?2 +q?+m; —113Q,q)



Strange metal and superconductor in the
two-dimensional Yukawa-Sachdev-Ye-Kitaev model

Chenyuan Li, Aavishkar A. Patel, Haoyu Guo, Davide Valentinis, Jorg Schmalian, S.S., llya Esterlis, PRL 133, 186502 (2024)
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Strange ¢ A critical spin liquid
Metal ’ (SU(2) gauge theory with massless
,’ Large Dirac and Higgs matter)
! Fermi

surface n./

Gapless and strongly interacting,
P many-body system with
no particle-like excitations
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A critical spin liquid
(SU(2) gauge theory with massless
Dirac and Higgs matter)

and a critical charge liquid
(the 2d-Yukawa-SYK model).

Gapless and strongly interacting,
many-body systems with
no particle-like excitations




