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Abstract

Interactive theorem provers are powerful tools for formalizing mathematics and
verifying the correctness of software. However, they require significant background
and effort to use due to the tedious nature of writing formal proofs and have not seen
widespread adoption among either mathematicians or software engineers. Automated
theorem provers aim to address this problem by automating the search for proofs, re-
ducing the amount of human effort required. Recent advances in machine learning
have shown that large language models can generate high-quality outputs in a variety of
domains, including that of formal proofs. Most previous approaches that use language
models, however, have focused on generating individual proof steps and using them in
conjunction with an expensive search algorithm to find proofs. In 2023, First et al. in-
troduced Baldur, a system that uses language models to generate entire proofs at once,
instead of step-by-step, for theorems in the Isabelle proof assistant.

This thesis studies the feasibility of a similar whole-proof generation procedure
for the Coq proof assistant and introduces a novel approach to automated theorem
proving that recursively extracts lemmas at failure points in the proof generation pro-
cess, allowing the system to break complex theorems down into simpler subproblems.
We evaluate these approaches on a dataset of 724 theorems from the Software Foun-
dations textbook and show that GPT-4 can generate whole-proofs for 66.44% of the
theorems. Additionally, when augmented with our lemma extraction method, GPT-4
sees a 19.54% improvement to achieve a success rate of 79.42%, thus marginally out-
performing CoqHammer—a state-of-the-art automated reasoning tool—which proves
78.73% of the theorems. We also evaluate the much smaller open-source model Phind
CodeLlama, which depicts a 103.23% improvement over its baseline when utilizing
lemma extraction. We release our Coq playground that contains an implementation of
this procedure along with the dataset and evaluation results through an open-source
repository to encourage further research in this area.
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The only way to rectify our reasonings is to make them as tangible

as those of theMathematicians, so that we can find our error at a

glance, and when there are disputes among persons, we can simply

say: Let us calculate [calculemus], without further ado, to see who is

right.

Gottfried Leibniz, The Art of Discovery (1685) [33].

1
Introduction

Calculemus. The year was 1685 when German polymath Gottfried Leibniz harbored a

visionary dream: to make all reasoning as objective and unambiguous as the calculations

performed by a mathematician. In his writings, Leibniz imagines a characteristica univer-

salis, a hypothetical formal language that would allow expressing mathematical and sci-
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entific statements, and a calculus ratiocinator, an algorithm that, given the statement of a

theorem in this formal language along with a set of axioms, generates a sequence of argu-

ments or proof steps that proves the theorem, where each step follows logically from the

previous ones [44].

Leibniz’s dream has been realized to some extent through the development of the field

of formal logic in the late 19th and early 20th centuries. Formal logic studies the rules of

correct reasoning and provides a symbolic framework for expressing and proving theorems.

Traditionally, proofs have been written by mathematicians and computer scientists in nat-

ural language using high-level abstractions, with the emphasis being on communicating

the major ideas as opposed to fleshing out every minor detail. Formal proofs differ from

these in that the emphasis is on precision, rigor, and verifiability. As a consequence, for-

mal proofs can be checked for correctness using a computer, usually through an interactive

theorem prover or proof assistant such as Coq [51], Lean [11], Isabelle [38], or Metamath

[37].

However, the process of finding these proofs continues to be an unsolved problem in

artificial intelligence. While it is straightforward to verify a formal proof once it has been

written in a formal language, automated theorem proving, the process of searching for or

generating these proofs automatically, is computationally intractable. Nevertheless, there

have been various attempts to automate the theorem proving process. One major class of

automated theorem provers are based on satisfiability modulo theories (SMT) solvers,

which use search algorithms in conjunction with heuristics and time-outs to attempt to

find a proof in a reasonable amount of time. While these solvers are effective for many sim-

ple problems and are often used to automate the verification of small steps within a larger
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proof, they are not well-suited for the task of finding complex proofs from scratch due to

the vast search space of possible proofs.

More recently, machine learning has been used to guide the search for formal proofs.

Since the advent of large language models (LLMs), in particular, there has been a surge of

interest in proving theorems using these methods. While LLMs have been shown to be

effective at generating some simple proofs, these approaches are still in their infancy and

require further research before they can be used in practice. Language models are, after all,

merely powerful next-word predictors and do not inherently have a sense of logic or rea-

soning. Indeed, there tend to be frequent logical errors and hallucinations even in natural

language responses to prompts, so these errors are likely to be even more common in the

context of formal logic.

The goal of this thesis is to first survey previous attempts and the current state of the

art in automated theorem proving and then to develop an automated theorem prover based

on large language models for a particular formal logical system, namely the Coq proof assis-

tant.

1.1 Motivation

Writing formal proofs by hand is an extremely labor-intensive task. Unlike the process of

writing mathematical proofs in natural language where the tedious details are assumed to

be true and can be omitted, formal proofs require that every step be explicitly stated and

justified. This can lead to proofs that are hundreds or even thousands of lines long, and this

process is not only time-consuming but also error-prone.

There are two groups of people for whom automating parts of the formal proof writ-
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ing process will be highly significant. The first is those who currently use proof assistants in

their work—mathematicians trying to formalize and verify their theorems and proofs, and

engineers writing highly precise and critical code for processors, compilers, or operating

systems, who use rigorous mathematical proofs to verify the correctness of their imple-

mentations. For such users, an intelligent LLM-based proof generator could potentially far

outperform the naive heuristic-based SMT solvers and automation tools that they use to

automatically fill in portions of their proofs today.

The second group is those who don’t currently use proof assistants due to their steep

learning curve and tediousness but would benefit by their use. Software developers, for ex-

ample, commonly evaluate their code at runtime against a unit test suite that is often not

fully comprehensive and lets bugs go unnoticed. Advancements in automated formal ver-

ification as well as autoformalization (translating from natural language to formal proofs)

could make this unit testing process unnecessary by simply proving through static analy-

sis that their code matches the required specifications, without them having to write the

technically challenging proofs themselves.

In addition, there are also broader implications of studying techniques that enable

language models to write mathematical proofs. Using LLMs in conjunction with proof

assistants provides them with a “logic plugin,” thereby perhaps making progress towards

reducing logical errors in normal textual responses, or even providing them with tools to

automate ethical decisions.

1.2 Our Contributions

The contributions of this thesis are as follows:
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1. A comprehensive survey of the recent history of automated theorem proving, begin-

ning with traditional methods such as hammers and SMT solvers and moving on to

more recent attempts including deep learning, guided search techniques, and various

applications of large language models to the field.

2. A novel approach to automated theorem proving that makes use of lemma extrac-

tion at failure points to guide the search for proofs using a large language model.

3. An open-source Coq playground1 written in Python that includes an implemen-

tation of this technique for the Coq proof assistant. This repository also contains

tools for parsing Coq files and performing model fine-tuning and inference for Coq

proofs along with evaluation data and results.

4. An evaluation of the performance of the lemma extraction approach along with

comparisons to baseline methods.

The remainder of the thesis is organized as follows. Chapter 2 introduces formal logic,

interactive theorem provers and the Coq proof assistant, and Transformer-based large lan-

guage models, providing the necessary background for the rest of the thesis. Chapter 3 con-

tains the literature review and contextualizes this work in the broader field of automated

theorem proving. Chapter 4 details the design of our lemma extraction technique, the

implementation of the Coq playground, and an evaluation of the prover’s performance.

Finally, Chapter 5 concludes the thesis and discusses future work.

1Available at https://github.com/mtarunpr/coq-prover.
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2
Background

This chapter provides an overview of the concepts and tools that are relevant to the

work presented in this thesis. We begin by discussing formal proofs and the Coq proof as-

sistant, which our automated theorem proving approach will focus on. We then introduce

large language models (LLMs) and the architecture of the transformer, which we will make

6



use of in our algorithm and experiments.

2.1 Formal Proofs

This thesis will primarily deal with formal proofs as opposed to informal natural language

proofs. In order to study and work with formal proofs, we must first define several terms

frommathematical logic.

Given an alphabet—a set of symbols—a formal language is a set of finite sequences

of symbols from the alphabet. Each such sequence of symbols in the language is known

as a well-formed formula or simply a formula. We will use formal languages to represent

mathematical statements as well as their proofs. A formal grammar is a description of the

formulas of a formal language through a set of production rules.

A formal system or a logical system is a formal language along with a set of axioms and

rules of inference. The axioms of the system, written in the formal language, are formulas

that are taken to be true. These act as the starting points for proofs, from which new for-

mulas can be derived using the rules of inference. There are several different examples of

formal systems that can be used as a foundation of logic or of mathematics. Propositional

logic, for instance, is a formal system that deals with the logical connectives {¬,→,∧,∨}

and is used to reason about the truth values of propositions. First-order logic is a more ex-

pressive collection of formal systems that allow for quantification over non-logical variables,

while higher-order logic extends this to allow for quantification over functions and predi-

cates as well. Zermelo-Fraenkel set theory (ZFC) is an axiomatic system for set theory that is

most commonly used as the foundation of mathematics.

A formal proof is a sequence of formulas, each of which is either an axiom or follows
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from previous formulas by a rule of inference. A theorem is the last formula in a proof.

As an example, consider a formal system that supports primitive symbols that we will

denote using uppercase letters, the operator symbols {¬,→,∧}, and consists of the follow-

ing set of axioms from propositional logic.

1. P → (Q → P)

2. (P → (Q → R)) → ((P → Q) → (P → R))

3. (¬P → ¬Q) → ((¬P → Q) → P)

4. (P ∧ Q) → P

5. (P ∧ Q) → Q

6. (P → Q) → ((P → R) → (P → Q ∧ R))

Also suppose the system has only one rule of inference,modus ponens, which states that

from P and P → Q, we can inferQ. We will attempt to prove the following theorem in this

formal system.

Theorem. P ∧ (P → Q) → Q

Proof.

1. (P ∧ (P → Q)) → P (Axiom 4)

2. (P ∧ (P → Q)) → (P → Q) (Axiom 5)

3. ((P ∧ (P → Q)) → (P → Q)) → (((P ∧ (P → Q)) → P) → ((P ∧ (P → Q)) →

Q)) (Axiom 2)
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4. ((P ∧ (P → Q)) → P) → ((P ∧ (P → Q)) → Q) (Modus Ponens on 2 and 3)

5. (P ∧ (P → Q)) → Q (Modus Ponens on 1 and 4)

Informally, the proof proceeds as follows. Axioms 4 and 5 state that a conjunction

implies each of its components. We can use these axioms to derive the implications 1 and 2

respectively from the hypothesis of the theorem. Axiom 2 states the distributive property

of implications, and we can use this on implication 2 to derive 3. Finally, applying modus

ponens twice lets us go from the implication in 3 to the desired result.

2.2 The Coq Proof Assistant

Interactive theorem provers, also known as proof assistants, are software tools that provide

an implementation of a formal system and allow users to construct and then verify for-

mal proofs by expressing them as computer programs. Coq [51] is an interactive theorem

prover that was first released in 1989 and is used in both academia and industry for formal

verification of software and hardware systems, as well as for formalizing mathematics and

proving theorems. Notable uses of Coq include a verified proof of the four color theorem

in graph theory [19] and of the Feit-Thompson theorem in group theory [18], both of

which are prohibitively difficult to verify by hand due to the length and complexity of the

arguments. In the software space, CompCert [34] is an example of a verified C compiler

that was developed and proven correct using Coq.

Such implementations of formal proofs in the form of machine-checkable programs

are made possible because of the Curry-Howard correspondence [22], which states that there
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is an isomorphism between proofs in a formal system and programs in a model of computa-

tion. This correspondence allows us to view a proof as a program, where the formula that is

proven is the type for the program. Coq itself can also therefore be viewed as a dependently

typed functional programming language, where M:A can be interpreted in either of two

equivalent ways: as “M is a proof term for proposition A” or as “M is a program of type A.”

Checking that a proof is correct then reduces to simply type-checking a program.

Proofs in Coq are commonly written using a sequence of tactics, which are com-

mands that are used to manipulate the proof state of a proof until it is complete. The proof

state is simply a list of goals that, if proven in their entirety, will complete the proof. Each

goal consists of a conclusion (the proposition that needs to be proven) and a local context

containing local definitions, variables, and hypotheses that can be used in the proof. Ta-

ble 2.1 lists some common Coq tactics that are used to write proofs; depending on the tac-

tic, it may be necessary to pass one or more arguments to it. These arguments may include

terms containing constants, definitions from the local context, as well as declarations in

the global environment that may include definitions and previously-proven theorems and

lemmas in the file or in an imported file. In natural language, it is usually common to start

with the hypotheses (if any) and work towards the conclusion, but in Coq, the proof is typ-

ically written backwards, starting with the conclusion and working towards what is already

known to be true.

Coq uses a type theory named the calculus of inductive constructions [8] as its formal

system, as opposed to Zermelo-Fraenkel set theory (ZFC) which is the axiomatic system

most commonly used as a foundation of mathematics. The calculus of inductive construc-

tions differs from ZFC in a few different ways. Most notably, it does not assume the law of
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excluded middle as an axiom, which states that for any proposition P, either P is true or ¬P

is true. A consequence of this is that Coq is constructive, in the sense that it only accepts

proofs of existence that can be used to construct a witness of the theorem being proved.

This is in contrast to classical logic, which allows for proofs by contradiction and other

non-constructive methods that demonstrate the existence of a mathematical object without

actually providing an example. Having said that, Coq does allow the addition of axioms

beyond those of the calculus of inductive constructions, which can be used to implement

classical logic and write non-constructive proofs.

Tactic Description
intro Introduces a variable or hypothesis
induction Begins a proof by induction
reFlexivity Solves a goal that is a trivial equality
assumption Solves a goal that is true by assumption
contradiction Solves any goal if the context contains a contradictory hypoth-

esis
simpl Simplifies the goal or a hypothesis
destruct Replaces a conjunctive hypothesis with the two component

hypotheses, or generates two subgoals if the hypothesis is
disjunctive, each assuming that one component is true; alter-
natively, performs case analysis on an inductive type

split Replaces a conjunctive goal with two subgoals corresponding
to the components

left / right Replaces a disjunctive goal with a goal corresponding to the
left / right component

apply Applies a hypothesis or lemma
rewrite Substitutes one equal term for another
unfold Unfolds a definition
ring Solves identities that follow from commutative ring or semi-

ring axioms

Table 2.1: Commonly used tactics in Coq.
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Consider the following example of a proof in Coq. The theorem we will prove is iden-

tical to the one from § 2.1, but we will use the formal system of Coq along with Coq tactics

to write the proof instead of the formal system defined earlier.

1 Variables P Q R : Prop.
2

3 Theorem and_implies : P F\ (P F> Q) F> Q.
4 Proof.
5 intro H0.
6 destruct H0 as [H1 H2].
7 apply H2.
8 apply H1.
9 Qed.

After each tactic is applied, the proof state is updated to reflect the changes made by

the tactic, as shown below. In each proof state, the local context of the goal is shown above

the horizontal line, while the conclusion that needs to be proven is shown below the line.

The proof is complete when there are no more goals to prove.

Proof.

1 goal

============================
P F\ (P F> Q) F> Q

intro H0.

1 goal

H0 : P F\ (P F> Q)
============================
Q

destruct H0 as [H1 H2].

12



1 goal

H1 : P
H2 : P F> Q
============================
Q

apply H2.

1 goal

H1 : P
H2 : P F> Q
============================
P

apply H1.

No more goals.

Qed.

A natural language version of this proof that mirrors the formal Coq proof is as fol-

lows. Suppose P ∧ (P → Q) is true, and call this hypothesisH0. SinceH0, by assumption,

is a true conjunction of two propositions, each of the two propositions P and P → Q

must also be true. We will name these two hypothesesH1 andH2 respectively. Our goal is

to prove thatQ is true. But byH2,Q is implied by P, so it suffices to show that P is true.

But P is true byH1; thus, we are done.

Notice that, besides at the destruct step where H0was explicitly passed as an argu-

ment, each application of a tactic transformed the goal and not the hypotheses, until the

13



goal was known to be trivially true through one of the assumed hypotheses. As another ex-

ample, consider the following proof of the closed-form expression for the sum of the first n

natural numbers, a prototypical example of a proof by induction.

1 Require Import ArithRing.
2

3 Fixpoint sum_n (n : nat) : nat F=
4 match n with
5 | 0 F> 0
6 | S n' F> n + sum_n n'
7 end.
8

9 Lemma sum_n_formula_helper : forall n : nat,
10 2 * sum_n (S n) = 2 * (S n) + 2 * sum_n n.
11 Proof.
12 intro n.
13 simpl.
14 ring.
15 Qed.
16

17 Theorem sum_n_formula : forall n : nat, 2 * sum_n n = n * (n + 1).
18 Proof.
19 intro n.
20 induction n as F|n' IH].
21 - simpl.
22 reFlexivity.
23 - rewrite F> sum_n_formula_helper.
24 rewrite F> IH.
25 ring.
26 Qed.

The ArithRing import provides a set of useful declarations related to rings and semi-

rings; the ring tactic in particular can be used to solve goals that involve, say, only additions

and multiplications of natural numbers since the set of natural numbers forms a commu-

tative semi-ring. The Fixpoint keyword is used to define recursive functions and is used

14



here to define sum_n, which recursively computes the sum of the first n natural numbers.

Before stating the main theorem, we first prove the lemma sum_n_formula_helper, which

states that twice the sum of the first n+ 1 (denoted S n for the successor of n) natural num-

bers equals 2(n + 1) plus twice the sum of the first n natural numbers. The proof of this

lemma is straightforward and involves simplifying the goal and then using the ring tactic

to solve it. Now our main result sum_n_formula states that twice the sum of the first n nat-

ural numbers equals n(n + 1), and the proof proceeds by induction on n, resulting in two

subgoals that can be focused using a bullet. The base case subgoal involves a trivial simpli-

fication to 0 = 0, while the inductive step subgoal uses the sum_n_formula_helper lemma

along with the inductive hypothesis to transform the goal into a form that is solvable using

ring.

2.3 Large LanguageModels

Large language models (LLMs) are a class of generative machine learning models that are

trained on large amounts of textual data and are capable of generating human-like text.

These models have been shown to perform well on a variety of natural language processing

tasks including text generation, question answering, summarization, translation, text clas-

sification, and code generation, and have been used in a wide range of applications. Some

examples of large language models include OpenAI’s Generative Pre-trained Transformer

(GPT) models, Anthropic’s Claude, and Google’s Gemini. Some LLMs have also been re-

lease as source-available models whose weights are publicly released or available on request,

including BLOOM,Meta AI’s LLaMA, and some of Mistral AI’s models.
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2.3.1 Architecture

The transformer [55] is a neural network architecture first presented in 2017 that has seen

considerable success in many large language models. The transformer architecture (see Fig-

ure 2.1) consists of an encoder and a decoder, each of which is composed of a stack of lay-

ers. Each encoder layer consists of two sublayers: amulti-head self-attention unit, which

allows the model to weigh the importance of different tokens in a sequence when making

predictions, and a feedforward neural network. The decoder layers are similar to the en-

coder layers, but also include an additional multi-head attention sublayer that allows the

decoder to take into account the encoder’s output when making predictions. The input

string is first embedded into a sequence of vectors which are then passed through the en-

coder layers. The output of the encoder is then passed through the decoder layers, which

generate the output tokens. In practice, many language models use a decoder-only variant

of the transformer that does not include the encoder layers.

Before transformers, recurrent neural networks (RNNs) such as long short-term

memory (LSTM) networks and gated recurrent units (GRUs) were the state of the art ap-

proaches used for processing sequences of data and natural language. RNNs process se-

quences sequentially by generating a hidden state ht at each time step t as a function of the

previous hidden state ht−1. However, RNNs suffer from several limitations, including diffi-

culty in capturing long-range dependencies in data, difficulty in processing long sequences

of data, and difficulty in parallelizing computations. Transformers address these limitations

by using a positional encoding to encode the position of tokens in a sequence instead of

using recurrence, allowing them to process sequences of data in parallel instead of token-

by-token, and by using an attention mechanism that allows them to capture long-range
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Figure 2.1: The transformer architecture. Source: [55].

dependencies in data more effectively than RNNs.

This attention mechanism works by computing an output vector as a function of a

set of key-value pairs and a query vector. The output vector is a weighted sum of the values,

where the weights are computed as a scaled dot product of the query vector and the key

vectors followed by the application of a softmax function to the result. In other words,

Attention(Q,K,V) = softmax
(
QKT
√
dk

)
V

whereQ,K, andV are matrices containing the query, key, and value vectors, respectively,

and dk is the dimension of the key and query vectors. These three matrices are computed
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from the input sequence using learned linear transformations. If I is the matrix of input

vectors, thenQ = IWQ,K = IWK, andV = IWV, whereWQ,WK, andWV are parame-

ter matrices that are learned during training. Inmulti-headed attention, the query, key, and

value vectors are split into h groups, and the attention mechanism is applied to each group

separately. The results are then concatenated and passed through a linear transformation to

produce the final attention output.

2.3.2 Training

Large language models are typically trained on massive corpuses of textual data using self-

supervised or semi-supervised learning techniques. In self-supervised learning, the data is

entirely unlabeled and the model is simply trained to predict the next token in a sequence

given the previous tokens. In semi-supervised learning, the model is trained on a combina-

tion of labeled and unlabeled data. For instance, OpenAI used a semi-supervised approach

consisting of two steps to perform training [43]. The first is a “pre-training” stage on a di-

verse dataset of unlabeled text, and the second is a supervised discriminative “fine-tuning”

stage that adapts the weights learned to a specific task. GPT-3 was trained on a filtered ver-

sion of a web archive dataset known as Common Crawl, which consists of petabytes of data

crawled from billions of pages on the web.

Once trained, a model can be further fine-tuned on a smaller dataset for a specific task,

such as text generation in a specific format, question answering on a particular topic, or

code completion. Codex [6] and CodeLlama [45] are models that have been fine-tuned

for code generation tasks. Another method that has been used successfully to fine-tune

LLMs is a technique known as reinforcement learning with human feedback (RLHF) [63],
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using a reinforcement learning algorithm called Promixal Policy Optimization (PPO) [47].

This has been used to great success in conversational models like ChatGPT, Claude, and

Gemini.

Besides fine-tuning—a method that requires large-scale datasets—other approaches

to priming a model for a specific task and improving performance involve prompt engi-

neering, i.e., designing prompts that guide the model towards the desired output. This is

possible due to the ability of LLMs to perform in-context learning and only requires a min-

imal amount of task-specific data. One such approach that has been successful at several

tasks is few-shot learning [5], in which the model is given a small number of examples of

the task it is to perform as part of the prompt during inference, and then asked to perform

the task on new examples.

The reasoning capabilities of language models is a challenging area of research; LLMs

have shown to have dismal performance on reasoning benchmarks [54]. Chain-of-thought

prompting is another prompting technique that aims to improve the reasoning capabilities

of LLMs by eliciting a chain of reasoning steps from the model, each of which is condi-

tioned on the previous step. It remains to be seen to what extent language models can be

made to reason effectively [24], whether in the context of mathematical proofs or in other

domains.
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3
Literature Review

This chapter provides a survey of the literature on automated theorem proving and

traces the evolution of the field, starting with hammers and traditional automated theorem

provers but focusing on the recent developments in neural theorem proving, both with and

without the use of large language models. We also discuss related work on autoformaliza-
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tion and other aspects of mathematical reasoning.

3.1 Hammers and SMT Solvers

A satisfiability modulo theories (SMT) instance is a generalization of a boolean formula

where boolean variables are replaced by predicates from a set of “theories,” which define

the predicate symbols. SMT solvers are tools that attempt to determine the satisfiability

of SMT instances. In the context of automated theorem proving, SMT solvers and related

tools work by converting the problem of finding a proof of a theorem (say in first-order

logic) to that of finding a satisfying assignment to a formula. This formula is constructed

in conjunctive normal form from the premises of the theorem and the negation of the goal,

and heuristics are used to search for a satisfying assignment. Some examples of SMT solvers

include Z3 [10] and CVC4 [3], while tools like Vampire [31] and Eprover [48] are closely

related first-order automated theorem provers.

Hammers are powerful tools built for specific proof assistants that perform auto-

mated reasoning using a combination of external automated theorem provers and SMT

solvers along with facts from large libraries of formal proofs. However, hammers are not

always successful in proving theorems; CoqHammer [9]—a state-of-the-art hammer plu-

gin for Coq released in 2018—for instance, is unable to prove any theorem that requires

induction. Additionally, the proofs generated by hammers are often long and contrived,

making them difficult to understand and debug. That said, hammers are still widely used

in practice due to their ability to prove many theorems that are tedious to prove by hand:

Sledgehammer [39] is a popular hammer that is built into the Isabelle proof assistant.

In addition to hammers, proof assistants also come with a few simpler automation
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tactics built into the system. In Coq, the auto tactic solves goals that are solvable by any

combination of intros, reFlexivity, assumption, and apply, where apply is used on the

hypotheses in the local context. The intuition tactic is a more powerful version of auto

that uses a search tree built by a decision procedure for constructive propositional calculus

to generate a set of subgoals equivalent to the original goal. It then applies auto to these

subgoals.

3.2 Neural Theorem Proving

Before we delve into the use of large language models for theorem proving, we first discuss

the early attempts at using neural networks for theorem proving that predate the advent of

LLMs.

3.2.1 GamePad

In 2018, Huang et al. introduced GamePad [23], a learning environment for theorem prov-

ing in Coq. While there are works predating GamePad that use search techniques like the

A* search algorithm to search for formal proofs [16] or even deep learning techniques for

tasks like premise selection [25] or proof-step usefulness classification [29], GamePad was

the first to use neural networks to synthesize proofs in Coq.

The proposed method involves two components:

1. Position evaluation, which involves estimating the ease of proving a given proof

state, measured in terms of the number of proof steps required to complete a proof.

2. Tactic prediction, which predicts the next tactic to apply to a proof state. This may

also require the synthesis of one or more arguments.
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GamePad uses recurrent neural networks to embed proof states and implements

proof synthesis by combining the tactic prediction model with verifier interaction. The

authors explore two applications: to a simple algebraic rewrite problem and to a real-world

dataset containing 1602 lemmas from a Coq formalization of the Feit-Thompson theorem

[19]. For the latter task, the authors compare the performance of a GRU and a TreeLSTM

[50] with that of an SVM baseline trained on a set of heuristic features. Using kernel-level

proof states, both RNNs outperformed the SVM in terms of accuracy on both position

evaluation and tactic prediction.

Notably, the methods used in GamePad are somewhat rudimentary: the system does

not, for instance, attempt to synthesize arguments for the have tactic which introduces lo-

cal lemmas, despite the tactic being highly prevalent in the Feit-Thompson dataset. GamePad

also does not allow for any backtracking. Regardless, the results showcase a very promising

first step towards the use of machine learning in interactive theorem proving.

3.2.2 CoqGym/ASTactic

In 2019, Yang and Deng [60] published a paper that made two major contributions to

neural theorem proving. The first was CoqGym, a dataset and learning environment for

theorem proving in Coq consisting of 71K human-written proofs sourced from 123 Coq

projects spanning various fields of mathematics such as number theory, group theory, and

linear algebra, the correctness of algorithms such as RSA and Huffman coding, as well as

verified software projects such as CompCert. This was much larger than the dataset pro-

vided by GamePad and became a standard benchmark used by Coq provers.

The second contribution was ASTactic, a neural theorem prover that proves theorems
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by interacting with the Coq proof assistant. ASTactic generates tactics one step at a time in

the form of abstract syntax trees (ASTs) and synthesizes arguments to these tactics using the

available premises (i.e. previously-defined definitions and theorems). Its architecture con-

sists of an encoder-decoder model; the encoder is a TreeLSTM [50] that embeds all input

Coq terms including the goal and the premises as ASTs into vectors, while the decoder is a

GRUwith an attention module that generates a program-structured tactic by sequentially

growing an AST. During testing, multiple possible tactics are sampled from the model and

DFS is used to search for a valid proof.

ASTactic achieves a success rate of 12.2% on the test subset of the CoqGym dataset,

which is a significant improvement over the 4.9% success rate of the built-in automation

tactics in Coq like auto and easy. However, the hammer tactic provided by CoqHammer

outperforms ASTactic with a success rate of 17.8% with a time limit of just 20 seconds and

24.8% with an extended time limit of 10 minutes. Nevertheless, this was an encouraging

result given that ASTactic was trained from scratch and did not use any additional domain

knowledge or heuristics. ASTactic when combined with hammerwas able to prove 30.0%

of the theorems, indicating that the model was learning to prove theorems that automation

could not do on its own.

3.2.3 Data-driven Lemma Synthesis

While somewhat orthogonal to other papers discussed in this section, the work by Sivara-

man et al. in 2022 [49] is nevertheless very relevant to theorem proving. Instead of focusing

on the proof generation problem, the authors propose a method for synthesizing lemmas

that may be useful in proving a given theorem, and then evaluate their approach with the
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help of the existing Proverbot9001 [46] that uses neural methods for theorem proving. The

tool is released as a Coq plugin that enables the lfind tactic.

Specifically, this work treats lemma synthesis as a data-driven program synthesis prob-

lem, where examples generated from the current proof state serve as the data. Given a

goal, lfind first generalizes it, then performs synthesis, filtering, and ranking of candidate

lemmas. The filtering is done using a counterexample search, while the ranking is done

through the automated prover Proverbot9001. A lemma is considered successful if the au-

tomated prover is able to prove the theorem using that lemma and the lemma itself is also

automatically proven. In their evaluation, the authors find that useful lemmas are produced

in 68% of cases where a human prover used a lemma to make progress.

3.3 Theorem Proving Using LLMs

Next, we trace the development of LLM-based provers. One common theme across several

works in neural theorem proving predating the use of large language models is the difficulty

of generating original mathematical terms to use as arguments to tactics. Attempts at cir-

cumventing this problem typically involved severely limiting the infinitely large space of

possible terms to some finite subset of literals, theorems, and/or definitions. Large language

models pose a potential solution to this problem through the generation of new terms as

a sequence of tokens, much like the generation of natural language text that was not seen

during training and is not merely a subset of the input. This includes complex terms that

are functions of declarations in the global environment as well as declarations from libraries

and other imported files, and literals.
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3.3.1 GPT-f

GPT-f [42] was an early investigation into the use of large language models for theorem

proving by OpenAI researchers Polu and Sutskever in 2020 for the Metamath proof assis-

tant. Unlike other formal systems like Coq and Lean, Metamath has only a single type of

tactic based on substitution, and the goal can be inferred from the tactic itself. This makes

it a simpler and more convenient choice of proof assistant for use with neural networks.

The authors use a decoder-only Transformer model with architecture similar to GPT-

2 and GPT-3; the largest trained model has 36 layers and 774 million parameters. This is

first pre-trained on a general textual corpus and then fine-tuned on aMetamath dataset

based on the set.mm library, which contains proofs of 37K theorems in ZFC. To study

the effect of pre-training, the authors compare results on different pre-training datasets:

(1) CommonCrawl, (2) CommonCrawl + GitHub, and (3) CommonCrawl +WebMath,

where WebMath includes GitHub, mathematics articles from arXiv, as well as Math Stack-

Exchange. Proofs are found by running a proof search, which maintains a proof tree and

a queue of open goals sorted by the model’s estimated probability of success, measured as

the sum of the log probabilities of the tactics used to reach the goal. In the “learned value

function” variation, a value function is iteratively trained to guide the proof search instead

of log probabilities.

Evaluated on a validation set of about 1k theorems, the model pre-trained on Com-

monCrawl +WebMath achieved the best performance in the regular variation, proving

42.56% of the theorems. In the learned value function variation, the best set of hyper-

parameters led to a success rate of 56.5%. Perhaps even more impressively, the authors

were able to use GPT-f to find 23 proofs of theorems in set.mm that were shorter than
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the human-written ones and were accepted into the Metamath library. This work demon-

strated the potential of large language models for theorem proving and was followed quickly

by several other works that built on this foundation.

3.3.2 HTPS: HyperTree Proof Search

Lample et al. in 2022 introduced HyperTree Proof Search (HTPS) [32], a proof search

algorithm inspired by the AlphaZero learning algorithm, which uses deep learning in con-

junction withMonte Carlo Tree Search to learn to play the two-player games of Go, chess,

and shogi. Theorem proving differs from these games in three significant ways: (1) each

move in a game is chosen from among a small, finite set of possibilities, whereas proof

search has an infinitely large action space; (2) it suffices to only consider the most likely

moves of the opponent in games, but every subgoal needs to be correctly proven in theorem

proving; and (3) it is often useful to consider suboptimal moves in two-player games since

they do not necessarily lose the game and can provide information, whereas if a subgoal

generated deep in a search tree is unprovable, the entire branch adds no useful information.

The authors detail the architecture of HTPS which aims to overcome these chal-

lenges through the use of a policy model (from which tactics are sampled) and a critic

model (which estimates the provability of a goal), both of which are encoder-decoder trans-

former models that guide the search algorithm by reducing the search to the most promis-

ing branches. This search happens on a hypergraph, where the theorem to be be proven is

the root node, tactics are the edges, and subgoals are the child nodes. A successful proof

corresponds to a hypertree from the root to leaves that are empty sets.

HTPS was implemented for Metamath, Lean, as well as a new proof environment
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named “Equations” introduced in this work. The models were trained on 37K proofs from

the set.mm library for Metamath, 24K theorems from mathlib for Lean, and on supervised

data generated on the fly for Equations. Their results show that the resulting model, named

Evariste, proves 65.4% of the testedMetamath theorems, outperforming the previous state-

of-the-art of 56.5% by GPT-f (see § 3.3.1). Similarly, the pass rate for Lean using 64 trials is

42%.

3.3.3 Thor

Thor [27] is a framework released in 2022 that serves to integrate language models with

hammers. This is done by using the hammers for premise selection—a challenging task

due to the vast space of possible premises—while designating all other tasks to language

models. The authors pre-train a 700M-parameter decoder-only transformer on GitHub

and arXiv and then fine-tune on the PISA dataset [26]. The model is trained to predict a

special <hammer> token to indicate when to use a hammer.

The language model on its own is able to prove 39.0% of the theorems in the test

subset of PISA, while Sledgehammer on its own proves 25.7%, and the union of the the-

orems proven by both tools is 48.8%. Thor outperforms both tools individually as well as

the union, achieving a success rate of 57.0%.

3.3.4 Diva

Diva is a diversity-driven automated theorem proving approach for Coq introduced by

First et al. in 2022 [13]. Similar to an approach used by Thor (see § 3.3.3), the authors pro-

pose a method that combines the strengths of multiple hammer-based and neural meth-
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ods, thus increasing diversity in the models used. Specifically, Diva combines TacTok [14],

a semantics-aware proof synthesis tool, with ASTactic [60] and is able to prove 21.7% of

the theorems of the CoqGym benchmark, which is significantly more than either of those

tools alone. Although this is outperformed by CoqHammer which proves 26.6%, Diva is

able to prove 33.8% of the theorems when additionally combined with CoqHammer, a

notable improvement over CoqHammer alone.

3.3.5 Baldur

In a significant departure from previous attempts at using search techniques that incorpo-

rate language models as only one component of the larger search algorithm, Baldur [15]

attempts to directly generate whole proofs at once instead of one step at a time for the Is-

abelle/HOL theorem prover. In this work published in 2023, First et al. study the feasibil-

ity of whole-proof generation using a transformer-based model, comparing it to previous

more expensive search-based methods. While Baldur is designed to work with any language

model, the authors use Minerva [35] to run their experiments, which is pretrained on a

mathematics corpus.

Baldur consists of two models:

1. A proof generationmodel that generates an entire proof given only the theorem state-

ment. This model is fine-tuned on proofs sourced from the training subset of the

PISA dataset. During inference, the generated proof is checked for correctness by

Isabelle. If the proof is correct, it is accepted; otherwise, another proof attempt is

sampled.

2. A proof repair model that takes as input the theorem statement, an incorrect proof
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sampled from the proof generation model, and the error message returned by Is-

abelle when checking the proof. This model is fine-tuned on a proof repair training

set created by sampling proofs for all theorems in the training set and retaining all

failed proofs and corresonding error messages. The human-written proof of each

such theorem is used as the target sequence. During inference, the model then gener-

ates a new proof attempt that aims to correct the error in the original sample.

Evaluated on a 6,336 theorems from the test subset of PISA, the authors find that

Baldur even without the repair model is able to generate correct proofs for 47.9% of the

theorems, compared to Thor’s 39.0% (see § 3.3.3). With the repair model, Baldur proves an

additional 1.5% of the theorems. Most notably, the union of the theorems correctly proven

by Baldur and those proven by a vartion of Thor that combines a learned model, search,

and a hammer, covers 65.7% of the tested theorems, which is a significant improvement

over the 57.0% success rate of this Thor variant alone. This demonstrates that whole-proof

generation and search techniques could complement each other to improve the overall suc-

cess of theorem proving.

3.3.6 LeanDojo/ReProver

LeanDojo [61] is a Lean playground that contains toolkits, data, and benchmarks for theo-

rem proving in Lean. Unlike previous LLM-based provers, LeanDojo is completely open-

source. In addition to the playground, the authors also present ReProver, a retrieval-augmented

prover that fetches relevant premises from Lean’s library to assist the model in proving the-

orems. This is similar to Thor (see § 3.3.3) in that premise selection is used, but differs in

the use of retrieval instead of hammers. This retrieval mechanism is based on Dense Passage
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Retrieval (DPR) [30]: it uses vector embeddings for both the current proof state and the

list of premises to identify premises most similar to the state. The theorem proving itself

happens step-by-step: given a proof state, the model generates one tactic to apply that may

use one or more of the selected premises.

The authors use the google/byt5-smallmodel checkpoint as their base model. Re-

Prover is then trained for a week and then evaluated on subsets of the LeanDojo bench-

mark consisting of 98,734 theorems from Lean’s math library. Notably, it outperforms

both the tidy automation tactic as well as GPT-4, achieving a success rate of 51.2% with

retrieval and 47.6% without.

3.4 Autoformalization

A distinct but related problem to automated theorem proving is that of autoformalization,

which involves translating natural language (or “informal”) proofs of theorems into formal

proofs. This is a challenging problem due to the ambiguity and imprecision of natural lan-

guage, as well as the difficulty of mapping the high-level assertions that are often seen in a

natural language proof to the highly detailed and precise proof steps necessary in a formal

proof. Additionally, since the formal system used by a proof assistant varies from one to

another, some proofs in ZFCmay not directly translate to equivalent proofs in Coq, for

instance. Attempts at autoformalization typically do not involve training a model for this

specific task due to the lack of availability and difficulty of construction of datasets that

contain both informal proofs and a corresponding formal proof that maintains the same

argument structure.
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3.4.1 First Experiments withNeural Translation

The first attempt at autoformalization using neural networks was made byWang et al. in

2018 [56], who attempted to translate informal LATEXversions of Mizar texts into the for-

mal language of the Mizar proof assistant. The informalized dataset was constructed using

a Mizar-to-LATEXtranslation tool developed by Bancerek [2] for publishingMizar articles in

the journal Formal Mathematics and contains one million pairs of Mizar formulas and their

corresponding LATEXsentences. This dataset was then used to train a neural machine trans-

lation (NMT) implementation of the sequence-to-sequence (seq2seq) model consisting of

an encoder and a decoder, both having multiple layers of recurrent neural networks along

with the attention mechanism.

The authors found that their best NMTmodel was able to correctly translate as much

as 65.73% of their test set correctly to Mizar, and the union of all 39 models that they tested

produced correct translations of 79.17% of the same test set. However, it is important to

note that the work used a synthetic dataset where the natural language sentences were gen-

erated fromMizar formulas and hence likely mirrored the structure of the formal state-

ments very closely, unlike human-written mathematical texts. Additionally, the authors

did not attempt to generate entire formal proofs from the their informal versions, which

is the ultimate goal of autoformalization. That said, this work was the first to demonstrate

the feasibility of using neural networks for autoformalization and laid the groundwork for

future research in this area even before the advent of Transformer-based language models.
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3.4.2 Autoformalizationwith Large LanguageModels

An early study of the applicability of Transformer-based large language models to the task

of autoformalization was conducted byWu et al. in 2022 [59]. Unlike Wang et al. who re-

lied on synthetic data to train their models, the authors of this paper aimed to test the per-

formance of models trained via self-supervised language modeling on a vast corpus of data,

but not specifically for the task of autoformalization. In particular, they tested the PaLM

[7] and Codex models [6] without any additional fine-tuning on the task of translating in-

formal problem statements from high school math competitions into formal theorem state-

ments in Isabelle. The primary, perhaps surprising, result was that the base Codex model

was able to achieve a success rate of 25.3% on the 150 problems in the MATH dataset [21].

The authors also study the use of expert iteration in theorem proving to demonstrate

the usefulness of the autoformalization of theorem statements. Expert iteration is a process

that, given a base version of a neural theorem prover, iteratively generates a better dataset

and uses this new dataset to fine-tune and improve the theorem prover further. However,

additional formalized theorem statements beyond the original dataset used to train the base

prover are needed to begin this process. Traditionally, this additional formalization is done

by a human; this work shows that the theorem statements autoformalized by a language

model are sufficient to successfully perform expert iteration, thus bypassing the tedious

process of writing formal theorem statements by hand. After two iterations of expert it-

eration on the Thor theorem prover, the authors were able to improve its success rate on

the test subset of the MiniF2F dataset [62], consisting of 488 problems from high-school

mathematical competitions, from 29.9% to 35.2%.
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3.4.3 ProofNet

ProofNet is a benchmark for the autoformalization of undergraduate-level mathemati-

cal proofs for the Lean proof assistant introduced by Azerbayev et al. in 2023 [1]. While

existing benchmarks such as MiniF2F focused on formal theorem statements, ProofNet

contains not only theorem statements in Lean, but also corresponding informal theorem

statements and proofs. As a result, the dataset supports not only the evaluation of formal

theorem proving and autoformalization/informalization of theorem statements, but also

informal theorem proving and the autoformalization of entire proofs. The dataset consists

of 371 problems sourced from the exercises of undergraduate-level mathematics textbooks.

The authors also report baseline results on statement autoformalization using Ope-

nAI’s code-davinci-002 Codex model as well as ProofGPT, a much smaller Pythia [4]

model fine-tuned on mathematical texts available online. Using in-context learning, ProofGPT

was unable to correctly formalize any of the 371 problems of ProofNet, likely due to its

smaller parameter count, although the Codex model achieved a success rate of 13.4%.

Additionally, the authors introduce two new statement autoformalization methods:

1. Prompt retrieval. Since the performance of in-context learning is highly sensitive to

the exact prompt used, the authors argue that it would be beneficial to selectively

choose the kmost-relevant few-shot examples sourced from a knowledge-base to in-

clude in the prompt, instead of using a fixed set of examples. The authors do this by

first generating an autoformalized theorem statement using the standard in-context

learning procedure, then producing vector embeddings for the 90K statements in

Lean’s mathlib as well as the formalized statement, and finally retrieving its k-nearest
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neighbors. This is similar to the retrieval-augmented generation used by ReProver

(see § 3.3.6), although the retrieval there is used for premise selection rather than

few-shot example selection.

2. Distilled backtranslation. This is a method inspired by previous work on unsu-

pervised translation from one natural language to another [20] and serves to over-

come the limitation of the lack of parallel informal-formal data for autoformaliza-

tion. Here, informal mathematics serves as the source language and Lean serves as

the target language. The authors fine-tune their ProofGPTmodel (the “student”

model) with the help of Codex (the “teacher” model) by first manually construct-

ing a few-shot prompt with a few informal-formal pairs from mathlib, then sam-

pling synthetic backtranslations from Codex on all of mathlib, and finally training

ProofGPT on the synthetic pairs.

Prompt retrieval improves the 13.4% success rate of Codex to 16.1%, while distilled

backtranslation improves the 0% accuracy of ProofGPT to 3.2%.

3.4.4 DSP: Draft, Sketch, and Prove

One very recent approach to autoformalization is the Draft, Sketch, and Prove (DSP) sys-

tem introduced in 2023 by Jiang et al. [28]. Unlike previous evaluations of large language

models at formalizing theorem statements or individual sentences, DSP proposes a method

to formalize entire proofs of theorems. Given a natural language statement of a theorem,

DSP performs three steps:

1. Draft: Generate a draft of the proof in natural language. This can be done either by
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a large language model (if the task is proof generation) or by a human (if the task is

autoformalization).

2. Sketch: Convert the natural language proof draft into a formal proof sketch using a

large language model. This sketch is a high-level skeleton of the proof that follows

the structure of the informal draft but is written in the formal language of a proof

assistant, with the assertions or conjectures left unproven.

3. Prove: Fill in the gaps in the proof sketch using an off-the-shelf automated theorem

prover like Z3 or other automation built into proof assistants to obtain a complete

formal proof.

The authors provide an implementation of DSP for the Isabelle proof assistant and

evaluate it on the MiniF2F dataset augmented with informal proofs either retrieved from

an official source or written manually by hand. They show that their approach is able to

correctly autoformalize human-written informal proof drafts for 39.3% of the problems

in the test subset of MiniF2F, compared to the 20.9% success rate of Sledgehammer with

heuristics on the formal theorem statements in the same dataset.

3.5 OtherWork

Besides the major works discussed above, there have been several other attempts at using

neural networks for theorem proving. TacticToe [17] uses anMCTS algorithm for HOL4.

TacticZero [58] frames the HOL4 proof search problem as a Markov decision process and

uses deep reinforcement learning. Proverbot9001 [46] uses a combination of feed forward

neural networks and recurrent neural networks for theorem proving in Coq. StepCoder
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[12] deals with code generation instead of theorem proving, but uses reinforcement learn-

ing from compiler feedback, a method that can be adapted for proof assistants.

Additionally, there has also been much simultaneous interest in the use of large lan-

guage models for reasoning outside of formal proofs. For instance, some recent work has

focused on natural language proof attempts and solving word problems in mathematics

[57, 36], while others have focused on Olympiad geometry problems [53].
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4
Lemma Extraction

This chapter presents a novel approach to automated theorem proving that aims

to break theorems down into smaller lemmas to guide proof generation using a large lan-

guage model. We first describe the motivation behind our approach and then detail the

algorithm, an implementation for Coq, and an evaluation of its performance on a dataset
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of 724 theorems.

4.1 Introduction

Large language models have had much success in recent years at understanding and gener-

ating code in various programming languages [6]. The formal languages used by interactive

theorem provers, however, differ from these in a few different ways, not least of which is

the limited availability of human-written programs in these languages due to the signif-

icantly smaller communities and the tediousness of writing formal proofs by hand. The

Archive of Formal Proofs1, for instance, is only 300MB in size as of March 2024, and the

CoqGym dataset [60] is even smaller, with the raw source files measuring 34MB. In com-

parison, OpenAI’s Codex was trained on 159GB of Python code from 54 million GitHub

repositories [6]. This lack of data makes it difficult to achieve significantly improved per-

formance on formal logic tasks through only fine-tuning.

Nevertheless, LLMs have shown promise in theorem proving and there has been

much research in the last few years on other ways of leveraging them for this purpose, be-

yond training and fine-tuning. As discussed in Chapter 3, recent attemps at using LLMs

for automated theorem proving have used one of two approaches: either a step-by-step

proof generation process that generates one proof step at a time to grow a search tree that

is used in conjunction with an expensive search algorithm to find a complete proof, or a

more direct approach that generates the entire proof at once. We will focus on the latter ap-

proach, which was used in Baldur [15] (see § 3.3.5), a recent work that will serve as the basis

for our own investigations.
1https://www.isa-afp.org
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The authors of Baldur focus on the Isabelle proof assistant, where proofs can be

written using a declarative proof language called Isar that includes the intermediate proof

states within the proof itself, hence allowing it to be human-readable. This makes it more

amenable for language models to generate proofs in a manner akin to chain-of-thought (see

§ 2.3.2) as the output of the model includes the proof states at each step, allowing the trans-

former to consider these when generating the next step. In contrast, Coq uses a procedural

proof language that is not human-readable and requires the user to step through the series

of tactics in the proof one by one using the proof assistant’s verifier to view the intermedi-

ate proof states and decide what tactic to use next. This makes whole-proof generation in

Coq a possibly more challenging task for language models and motivates our study of their

effectiveness in this setting.

Given the likely difficulty of generating whole proofs in Coq, we also propose a method

of breaking theorems down into smaller lemmas with the aim of improving the chances of

finding a correct proof. This is motivated by our hypothesis that large language models will

be able to reason about smaller, simpler theorems with fewer proof steps more accurately

than complex theorems with highly involved proofs. Now how do we decide what lem-

mas to extract for a given theorem? Previous works adjacent to ours have used data-driven

lemma synthesis or large language models to generate proof sketches as a series of assertions

or “local lemmas” based on an informal proof draft. See §§ 3.2.3 and 3.4.4 for a discussion

of these methods.

In this work, we propose simply generating a whole-proof, attempting to verify its

correctness, and then extracting a lemma that would complete the goal at the point of

the first error encountered during the verification. This technique is motivated by our
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1 theorem distribute:
2 ”A ∧ (B ∨ C) FF> (A ∧ B) ∨ (A ∧ C)”
3 proof -
4 assume ”A ∧ (B ∨ C)”
5 then have A: ”A” and BC: ”B ∨ C”
6 by auto
7 {
8 assume ”B”
9 with A have ”A ∧ B” by simp
10 then have ”(A ∧ B) ∨ (A ∧ C)”
11 by simp
12 }
13 moreover
14 {
15 assume ”C”
16 with A have ”A ∧ C” by simp
17 then have ”(A ∧ B) ∨ (A ∧ C)”
18 by simp
19 }
20 ultimately show ”(A ∧ B) ∨ (A ∧ C)”
21 using BC by blast
22 qed

1 Variables A B C : Prop.
2

3 Theorem distribute : A F\ (B F/ C)
4 F> (A F\ B) F/ (A F\ C).
5 Proof.
6 intro H.
7 destruct H as [H1 H2].
8 destruct H2 as [H2 | H3].
9 - left. split.
10 + exact H1.
11 + exact H2.
12 - right. split.
13 + exact H1.
14 + exact H3.
15 Qed.

Figure 4.1: Comparison of proof languages in Isabelle (left) and Coq (right) for a simple theorem from propositional logic.
Proofs written using Isar in Isabelle include the intermediate proof states within the proof itself, for instance in the have
and the assume steps, making them more human‐readable albeit more verbose. In contrast, Coq proofs only specify
how to transform the proof state, not what the goal or the hypotheses themselves are, requiring the assistance of the
verifier to determine proof states line by line.

hypothesis that LLMs are likely to make mistakes in the fine-grained details of a proof—

hallucinations of identifiers or inapplicable tactics, for instance—when generating whole

proofs, but are more likely to get the general proof structure right. To the best of our knowl-

edge, this is the first work to explore this method.

To summarize, we ask the following research questions:

1. How effective are large language models at generating whole proofs of theorems in
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Coq?

2. Can their performance on the whole-proof generation task be improved by extract-

ing lemmas at failure points during proof generation and recursively generating

whole proofs for these lemmas?

4.2 Method

In this section, we will describe the algorithm we use to extract lemmas at failure points to

guide the proof generation process. While this approach is general and can be used with

other interactive theorem provers too, we will focus on Coq in this work.

4.2.1 Lemma Extraction Algorithm

Given the statement of a theorem and a global environment, our proposed method of

proof search proceeds as follows.

1. Generate a whole-proof attempt of the theorem using a large language model. In

addition to the theorem statement itself, the model is also given access to the state-

ments of the definitions and theorems in the global environment as part of the

prompt to allow it to use these in its proof. We do not include proofs of these def-

initions and theorems to avoid exceeding the context window size of the model.

2. Attempt to verify the proof using the Coq verifier. If the proof is correct, we are

done. If an error is encountered, proceed to the next step.

3. Using an annotated version of the sentences in the proof attempt, identify the index

ierr of the first sentence that caused the error.
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4. Extract the first goal of the proof state at the sentence with index ierr − 1.

5. Construct a lemma that uses the variables and hypotheses from the extracted goal as

premises and the goal’s conclusion as its conclusion.

6. Recursively generate a whole-proof attempt for the lemma with the same global en-

vironment as the original theorem, recursing until either a successful proof of the

lemma is found or a maximum depth is reached.

7. Replace the portion of the original theorem’s proof that attempted to prove the ex-

tracted goal with an application of the lemma (i.e. using the apply tactic). Also mod-

ify the global environment of the theorem to include the lemma.

8. Repeat the process for the next error encountered, if any.

4.2.2 An Example

To illustrate the lemma extraction algorithm, consider the following example based on

the induction proof in Coq discussed in § 2.2. As a reminder, this is a proof of the theo-

rem sum_n_formula that states that twice the sum of the first n natural numbers is equal

to n(n + 1). Suppose we have previous proven the lemma sum_n_formula_helper, so

the global environment for the theorem includes this lemma in addition to the definition

sum_n that recursively computes the sum of the first n natural numbers.

Using the statement of sum_n_formula and the global environment, suppose a large

language model generates the following proof attempt.

1 Require Import ArithRing.
2
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3 Fixpoint sum_n (n : nat) : nat F=
4 match n with
5 | 0 F> 0
6 | S n' F> n + sum_n n'
7 end.
8

9 Lemma sum_n_formula_helper : forall n : nat,
10 2 * sum_n (S n) = 2 * (S n) + 2 * sum_n n.
11 Proof.
12 intro n.
13 simpl.
14 ring.
15 Qed.
16

17 Theorem sum_n_formula : forall n : nat, 2 * sum_n n = n * (n + 1).
18 Proof.
19 induction n as F| n' IHn'].
20 - simpl.
21 reFlexivity.
22 - ring.
23 Qed.

This proof is valid up to the base case. At the beginning of the inductive step, which is

focused using the bullet, the proof state looks as follows.

-

1 goal
n' : nat
IHn' : 2 * sum_n n' = n' * (n' + 1)

============================
2 * sum_n (S n') = S n' * (S n' + 1)

The next proof step as output by the model is the ring tactic, which produces an er-

ror.
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Tactic failure: not a valid ring equation.

Indeed, the ring tactic is not applicable here as the goal’s conclusion depends on the

sum_n function and is not simply derivable from the axioms of a ring or semi-ring. The in-

ductive hypothesis is needed to complete the proof, and the sum_n_formula_helper lemma

is also useful. We extract the hypotheses and conclusion of the goal at the point just before

the error (shown above), and use them construct the following lemma.

1 Lemma extracted_lemma : forall n' : nat,
2 forall IHn' : 2 * sum_n n' = n' * (n' + 1),
3 2 * sum_n (S n') = S n' * (S n' + 1).

Note that this lemma can also be written—as is more commonly done in human-

written propositions—without the use of an explicit quantified variable for the inductive

hypothesis:

1 Lemma extracted_lemma' : forall n' : nat,
2 2 * sum_n n' = n' * (n' + 1) F>
3 2 * sum_n (S n') = S n' * (S n' + 1).

However, we use the former form in our implementation for ease of construction—

since there is no need to differentiate between variables and hypotheses—and in order to

allow variables and hypotheses to be passed as arguments to the lemma when applying it in

the proof of the theorem. Now we recursively generate a proof attempt for extracted_lemma

using the same global environment as the original theorem. Suppose the model generates

the following correct proof.

1 Lemma extracted_lemma : forall n' : nat,
2 forall IHn' : 2 * sum_n n' = n' * (n' + 1),
3 2 * sum_n (S n') = S n' * (S n' + 1).
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4 Proof.
5 intro n'.
6 intro IHn'.
7 rewrite sum_n_formula_helper.
8 rewrite IHn'.
9 ring.
10 Qed.

Then, it suffices to inject this new lemma along with its proof into the proof script

before the definition of sum_n_formula, and then replace the portion of the original proof

within the inductive step with a single apply tactic taking the lemma as an argument. This

completes the proof of sum_n_formula, and the resulting proof script is as shown below.

1 Require Import ArithRing.
2

3 Fixpoint sum_n (n : nat) : nat F=
4 match n with
5 | 0 F> 0
6 | S n' F> n + sum_n n'
7 end.
8

9 Lemma sum_n_formula_helper : forall n : nat,
10 2 * sum_n (S n) = 2 * (S n) + 2 * sum_n n.
11 Proof.
12 intro n.
13 simpl.
14 ring.
15 Qed.
16

17 Lemma extracted_lemma : forall n' : nat,
18 forall IHn' : 2 * sum_n n' = n' * (n' + 1),
19 2 * sum_n (S n') = S n' * (S n' + 1).
20 Proof.
21 intro n'.
22 intro IHn'.
23 rewrite sum_n_formula_helper.
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24 rewrite IHn'.
25 ring.
26 Qed.
27

28 Theorem sum_n_formula : forall n : nat, 2 * sum_n n = n * (n + 1).
29 Proof.
30 induction n as F| n' IHn'].
31 - simpl.
32 reFlexivity.
33 - apply (@extracted_lemma n' IHn').
34 Qed.

In this example, the model correctly identifies that the original theorem requires a

proof by induction and also correctly proves the simple base case. The proof of the induc-

tive step, however, results in an error in the form of a failed tactic. Extracting a lemma for

this inductive step allows the proof state (i.e. the subgoal containing the hypotheses and

conclusion) to be passed to the model as a “reminder” of what needs to be proven, allowing

it to focus on the details of that subgoal while having access to the local context. This is in

contrast to the original whole-proof attempt, where the model had to generate tactics with

no guidance as to what remained to be proven after each step.

4.3 Implementation

Our Coq playground is available as an open-source repository on GitHub2. The imple-

mentation is written in Python and uses Alectryon [41], a Python interface for Coq, to

interact with the verifier. The codebase is organized into several source files, including ones

that handle parsing, model inference, and theorem proving using lemma extraction. It also
2https://github.com/mtarunpr/coq-prover
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contains the Coq source files from which the dataset used for evaluation is constructed (see

§ 4.4.2) as well as the generated proof scripts and logs.

The main components of the playground are as follows.

• coq.py: Contains definitions of classes Theorem and Definition that represent the-

orems (including variants such as lemmas, examples, and propositions) and defini-

tions in Coq respectively. Each theorem has a statement and a proof, as well as a list

of other theorems and definitions that exist in its global environment.

• coq_parser.py: Contains a simplified parser for Coq files that extracts theorems

and definitions from a specified Coq project directory and creates instances of the

Theorem and Definition classes. Also contains functions to save the dataset to disk

for fine-tuning purposes.

• finetune.py and ppo.py: Scripts to fine-tune a language model using the dataset

generated by the parser. The former uses supervised learning to fine-tune the model

on the dataset, while the latter uses reinforcement learning to fine-tune the model

based on feedback from the Coq verifier, specifically using the proximal policy opti-

mization (PPO) algorithm. Note that these scripts are not used in our experiments

but are provided as a tool for future research.

• infer.py: Contains functions to generate proof attempts for theorems using a large

language model and parse the proof from the response. The proof attempts are gen-

erated by providing the theorem statement and the global environment to the model

as part of the prompt. See Appendix A for a list of the prompts used. Python’s
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joblib library is used to implement a cache for the prompts and responses to avoid

making expensive duplicate requests to the model.

• lemma-prover.py: Contains the implementation of the theorem proving algorithm

using lemma extraction as described in § 4.2.1. This file accepts settings to control,

among other things, the theorem to prove or the project to parse and run a sweep

on, the language model to use, and the maximum recursive depth of lemma extrac-

tion. When run on a project, the prover saves the results of the proof attempts gen-

erated during each theorem’s run as well as the generated proof scripts to disk in the

data/raw/{project_name}/proofs directory. Successful proofs are given the file-

name thm{thm_idx}_{thm_name}.v while failed proofs are named

thm{thm_idx}_err_{thm_name}.v.

Although our experiments use specific models as discussed in § 4.4.1, the playground

is designed to be model-agnostic and can be used with any large language model, including

GPTmodels in OpenAI’s suite, pre-trained models hosted inside a model repository on

HuggingFace, as well as locally trained or fine-tuned models.

More detailed instructions on how to use the playground to prove a specific theorem

or run experiments are available in the README of the GitHub repository.

4.4 Evaluation

To evaluate our lemma extraction approach, we compare the performance of a large lan-

guage model used in conjunction with lemma extraction to that of a single whole-proof ap-

proach as used in Baldur. We further report baseline results of existing automation tools in
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Coq, specifically the auto and intuition tactics as well as the hammer tactic from the state-

of-the-art CoqHammer plugin [9]. See § 3.1 for a discussion of these tools. We use hammer

with the CVC4 [3] automated theorem prover and the default time limit of 20 seconds.

We additionally analyze the kinds of errors that the models make when attempting to

generate entire proofs of theorems, and the kinds of errors that lemma extraction is effective

in addressing. We consider a proof to be valid if it is successfully verified by the Coq proof

assistant (exposed to Python through Alectryon, as described in § 4.3) and does not contain

sentences that allow it to exit a proof without completing it, such as Admitted or Abort.

4.4.1 Models

We run experiments using two large language models: GPT-4, specifically the gpt-4-1106-preview

model, and the open-source model Phind-CodeLlama-34B-v23. The former is a general

purpose foundational model available through the OpenAI API, while the latter is a much

smaller 34B parameter model that is a fine-tuned and instruction-following variant of

CodeLlama [45], which itself is a variant of the foundational model Llama 2 [52] that

has been specifically fine-tuned to perform well on code generation tasks. At the time of

writing, Phind CodeLlama is the state-of-the-art among open-source models for code gen-

eration tasks and achieves a performance of 73.8% pass@1 on the HumanEval benchmark

[6]. We focus our investigations on these base models and do not further fine-tune them on

Coq-specific data.

It is worth noting that the pre-training data for these models may have been contam-

inated with some or all of the theorems in our dataset, and this should be kept in mind
3https://huggingface.co/Phind/Phind-CodeLlama-34B-v2
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when interpreting results. We do not believe this to be a significant issue, however, since

this work focuses on improvements in performance when using our lemma extraction ap-

proach, as opposed to merely the base performance of these models on this dataset.

4.4.2 Dataset

We use the theorems and exercises from the Software Foundations, Volume 1: Logical

Foundations textbook [40], sourced from a public GitHub repository4 available under

the MIT License, as our evaluation dataset. This dataset consists of 724 theorems and exer-

cises in Coq, which we use to evaluate the whole-proof generation success rate of the base

models, as well as the performance of our theorem proving approach and the automation

baselines. These theorems are split across 17 source files—each corresponding to a chapter

in the textbook—spanning a variety of topics in logic and functional programming, includ-

ing induction, lists, maps, polymorphism, and parsing.

A copy of this dataset is included in our repository under the data/raw/software_foundations

directory. The generated proofs for the theorems are available in the proofs_gpt4 and

proofs_phind subdirectories for GPT-4 and Phind CodeLlama respectively.

4.4.3 Results

Table 4.1 shows a comparison of the performance of the lemma extraction approach using

each of the two language models, measured as the percentage of theorems in the dataset

successfully proven, with various baseline methods.

The results show, firstly, that whole-proof generation is a promising approach for
4https://github.com/marshall-lee/software_foundations
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Method Count % Improvement %
GPT-4 + Lemma Extraction 575 79.42% 19.54%
GPT-4 Baseline 481 66.44%
Phind-CodeLlama + Lemma Extraction 189 26.10% 103.23%
Phind-CodeLlama Baseline 93 12.84%
auto 260 35.91%
intuition 331 45.72%
hammer 570 78.73%

Table 4.1: Performance of the lemma extraction approach using GPT‐4 and Phind CodeLlama on the 724 theorems in
the dataset, compared to baseline methods. The improvement percentage is calculated as the percentage increase in
the number of theorems proven by a given language model when using lemma extraction compared to the same model
without.

theorem proving in Coq, with GPT-4 achieving a success rate of 66.44% even without any

fine-tuning. This is significantly higher than the 35.91% and 45.72% achieved by auto and

intuition respectively, but lower than the 78.73% achieved by hammer.

The Phind CodeLlama model, however, performs remarkably more poorly than

GPT-4, with a success rate of only 12.84%. Indeed, even the automation tools built into

Coq—auto and intuition—are able to prove a larger fraction of the theorems in the

dataset than Phind CodeLLama, with or without lemma extraction. This is despite such

proofs being solvable using a single tactic, indicating that the language model is unable to

identify theorems that are simple enough to be provable using these tactics; instead, the

proofs output by the model attempt to prove the theorem from scratch, without the help

of automation. This is likely due to a combination of the small parameter size of the model

and the limited quantity of Coq proofs in its pre-training data.

Next, we look at the performance of both models when augmented with the lemma

extraction approach. GPT-4 with lemma extraction is able to prove 79.42% of the theo-

rems in the dataset, a 19.54% improvement over its baseline performance. Notably, this
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improved success rate even slightly exceeds the performance of the hammer tactic from Co-

qHammer. In the case of Phind CodeLlama, the success rate more than doubles in the

presence of lemma extraction: successful proofs were found for 26.10% of the theorems in

the dataset, i.e. a 103.23% improvement over the whole-proof method.

These results have several implications on possibilities for the future of automated

theorem provers. Our results suggest that lemma extraction is reasonably effective for large

foundational models, but particularly effective for smaller models like Phind CodeLlama.

Despite the latter’s poor performance on the whole-proof task, the lemma extraction ap-

proach is able to significantly improve its success rate, even though the same model is used

to prove the extracted lemmas with no additional step-by-step guidance. If such techniques

were to be integrated into plugins for Coq, models at the scale of GPT-4 may be far too

large to run locally, but there may be possibilities for smaller open-source models like Phind

CodeLlama to be used as tools to assist in proof writing. Having said that, further research

on fine-tuned versions of these open-source models is needed to determine if they can out-

perform existing automation tools with the help of lemma extraction.

To conclude, we answer the research questions posed at the beginning of the chapter.

1. How effective are large language models at generating whole proofs of theo-

rems in Coq?

Large language models have shown to be reasonably effective at generating whole

proofs of theorems in Coq, with GPT-4 achieving a success rate of 66.44% on the

dataset and outperforming built-in automation tools like auto and intuition but

not powerful external automated reasoning tools such as CoqHammer. Smaller

models, however, seem to performmuch worse without fine-tuning on Coq proofs:
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Phind CodeLlama, for instance, has a success rate of only 12.84% and is outper-

formed by even simple automation tools like auto.

2. Can their performance on the whole-proof generation task be improved by

extracting lemmas at failure points during proof generation and recursively

generating whole proofs for these lemmas?

Yes, there is evidence to show that the performance of large language models can be

significantly improved by extracting lemmas at failure points during proof genera-

tion and recursively generating whole proofs for these lemmas. GPT-4 solves 79.42%

of the theorems in the dataset, thus marginally exceeding the success rate of even the

CoqHammer tool. Phind CodeLlama on the other hand solves 26.10% using this

approach, representing a remarkable 103.23% improvement over its baseline perfor-

mance.

4.4.4 Error Analysis

In order to understand the kinds of errors made by a large language model’s whole-proof

attempt and particularly the errors that lemma extraction is effective in addressing, we

manually analyze five randomly sampled examples of the failed proofs generated by each

of GPT-4 (1–5) and Phind CodeLlama (6–10) that were successfully proven using lemma

extraction. Appendix B contains these examples along with the ground-truth proofs from

our dataset, the failed whole-proof attempts, and the successful proofs found by our algo-

rithm.

The most common error made by the models among these examples is the use of in-

correct hypotheses, i.e. ones that do not directly apply to the current goal. Examples 3, 4,
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5, 6, 8, and 9 show errors due to the use of such incorrect hypotheses. In all these cases, the

model correctly predicts the general structure of the proof but falters either within some

subgoal or towards the end of the proof, allowing the “smaller subgoal” lemmas to guide

it to the correct proof. In some cases, the model uses the right equations but in the wrong

order, as seen in example 2. This example shows two failures for this reason, but a reminder

of the goal in the form of a single lemma in each case is sufficient to complete the proof.

Example 1 depicts a hallucination of a non-existent hypothesis in the proof attempt which

is corrected with the help of a chain of three lemmas extracted recursively. Examples 7 and

10 result in errors due to the use of reFlexivitywhen the goal is not quite yet a trivial

equality but requires some simplification or case analysis first.

One noteworthy observation is that the proofs generated by the lemma extraction

procedure are often longer than the ground-truth proofs in the dataset. In some cases, the

theorem is very easy to prove—examples 8 and 9, for instance, can be proven directly using

a single application of reFlexivity—but the model generates a longer proof by induction

that results in an error. Extracting lemmas on top of this only causes the resulting proof to

be longer still, albeit correct. Similarly, example 5 is a simple result about the commutativity

of addition that can be proven using induction. While the model correcty identifies this, it

makes errors in both the base case and the inductive step that result in four lemmas being

necessary to complete the proof.

Additionally, one limitation of our approach is that it may not be very effective when

an error occurs at or near the beginning of the proof. In such cases, the goal may not have

transformed enough to be useful as a lemma, and the model may well make the same error

while attempting to prove the lemma since it is very similar to the original theorem. This is
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seen in example 6, where an error is made immediately after the use of intros, resulting in

a lemma that is almost identical to the original goal except for the use of quantified hypoth-

esis variables instead of a chain of implications. In this case, the model succeeds at finding a

proof for the lemma despite faltering initially, but it is possible that this was due to the sim-

plicity of the lemma; more complex lemmas could lead to a sequence of identical lemmas

being recursively extracted until the maximum depth is quickly reached.
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5
Conclusion

In this thesis, we introduced and investigated a novel approach to automated theorem

proving in Coq that makes use of whole-proof generation in conjunction with lemma ex-

traction at failure points to come up with proofs of theorems. We presented a proof-of-

concept implementation of this in Python. We demonstrated that this approach is effective
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when used with large foundational models by showing improvements over the baseline

method of using the model on its own; with GPT-4, we were able to achieve performance

similar to that of the state-of-the-art automation tool, CoqHammer. We also showed that

this procedure can provide large relative improvements over the baseline method for small

open-source models, although the absolute performance of these models is still far from

that of existing automation tools.

Even the baseline GPT-4 success rate is somewhat surprising, as it suggests that the

model is able to perform some degree of reasoning within Coq proofs without needing to

be explicitly reminded of the proof state at every step. This is despite Coq using a proce-

dural language unlike Isabelle’s declarative Isar. While further investigation is needed to

conclusively determine if this scales and will work on other larger datasets and projects, it is

nonetheless a promising result.

In the broader context of the field of automated theorem proving, this work differs

frommost previous approaches described in § 3.3 in that it does not use expensive search-

based methods to find proofs, nor does it generate tactics one step at a time. Similar to Bal-

dur [15], it generates whole proofs at once, but it does so in a guided manner by “remind-

ing” the language model of what needs to be shown at each error point through the use of

lemmas, which are then proven in the same way.

Finally, we also described and released a Coq playground that allows users to use this

lemma extraction approach to generate proofs for their own theorems and projects, in addi-

tion to running the experiments described in this thesis.
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5.1 FutureWork

There are several directions in which this work can be extended.

1. One bottleneck of our current implementation is the limited context window size

of large language models. We currently include the statements of all definition and

theorems in the global environment of the proof in the prompt, which is not scal-

able for larger files and projects. One possible solution is to use retrieval augmented

generation to fix this issue, where we retrieve relevant premises from the file as well

as libraries and other imported files and include them in the prompt, in a manner

similar to LeanDojo [61].

2. Although we did not run experiments on this, our Coq playground does support

variations of the base approach, such as providing the previous erroneous attempts

along with the error message to the LLM. This could help reduce the possibility of

the same error being repeated in a chain of recursive lemmas as the model is given

additional context as to where and why the error occurred.

3. This thesis only addresses the performance and performance improvement of base

models. It may be of interest to investigate the performance of models fine-tuned on

Coq proofs, especially open-source models that are small enough to be used locally,

to study the effect of fine tuning on whole-proof generation in a procedural proof

assistant like Coq, with the goal of surpassing existing automation tools.

4. More broadly speaking, extracting lemmas from points of error is only one way to

split a proof into smaller, more manageable pieces. Other methods could also be ex-
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plored; one possible direction of research is to attempt to identify lemmas that are

likely to be useful in the proof even before the proof is generated. Using the lfind

tactic in Coq, for instance, in conjunction with whole-proof generation is one pos-

sible direction for research (see § 3.2.3). DSP [28] uses another variation of this in

the context of autoformalization for Isabelle; instead of explicitly extracting lemmas,

they use an informal proof to generate a sketch of a formal proof. In Coq, such a

sketch could be created as a sequence of assert tactics that act as the lemmas.

We are still some distance away from a future where formal proof writing is so effort-

less due to automation that every theoretical paper published in mathematics or computer

science comes with fully verified formal proofs. We are further still from a future where,

given a theorem, a computer can automatically generate a correct proof of it at the push

of a button. But we are making progress towards such futures—towards Leibniz’s calcu-

lus ratiocinator—and I hope the work presented in this thesis serves as a small step in that

direction.
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A
Prompts Used

We provide the prompt templates used in the experiments in this thesis; these are

also available in the Coq playground.

Each time a theorem or lemma needs to proven, we make a request to the model to

generate a proof, without retaining context from previous requests to avoid bias and repeti-
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tion of the same errors. We use a system prompt along with a user message.

Systemmessage:

You are an automated theorem prover that can prove theorems and lemmas in
Coq. Your entire response must be valid Coq code. You should explain your
reasoning (what the proof steps are attempting to do), but only in
comments inside the Coq code. The following messages will all consist of a
theorem statement (possibly preceded by necessary definitions, imports,
etc.), and your response must be a valid Coq proof of that theorem. Your
response must be in this format: ```coq
Proof.
<proof>. Qed.
```. Remember: do not add any other text besides Coq code and do not
repeat any imports, definitions, lemmas, etc. provided in the prompt.

User message:

FFF# CONTEXT

{global environment}

FFF# THEOREM TO BE PROVEN

{theorem statement}

We also use the language model to generate names for the extracted lemmas, which are

then suffixed with an index to ensure uniqueness.

Systemmessage:

You are a proof helper for Coq that can come up with descriptive names for
lemmas and theorems based on the statement of the proposition.
Specifically, Replace `helper_lemma` with a better, more descriptive, name
for the following lemma(s) in Coq. Your entire response must be valid Coq
code. Your response must be in this format: ```coq\nLemma <new_lemma_name>
: <lemma_statement>.\n```.
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User message:

{lemma statement}

Note that the OpenAI API for GPT-4 accepts the system and user messages as sepa-

rate inputs. For Phind CodeLlama, we use the following template, in accordance with the

Alpaca/Vicuna instruction format as specified in the model’s documentation.

FF# System Prompt
{system message}

FF# User Message
{user message}

FF# Assistant
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B
Examples of Proofs Found

This appendix contains examples of theorems that were unable to be proven by a

single whole-proof sample from the language model, but were successfully proven by the

model when broken down into lemmas. We present five randomly sampled examples each

for GPT-4 and Phind CodeLlama. For each theorem, we include the ground-truth proof
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from the dataset, the incorrect whole-proof attempt by the model, the error, and the final

correct proof (along with lemmas extracted). We retain comments generated by the models,

but omit the global environment to save space. The complete proof scripts including the

global environment can be found in the GitHub repository.

GPT-4 Examples

Example 1: Theorem 53 (plus2_spec)

Ground-truth proof:

1 Theorem plus2_spec : forall st n st',
2 st X = n F>
3 st =[ plus2 ]F> st' F>
4 st' X = n + 2.
5 Proof.
6 intros st n st' HX Heval.
7

8 (F* Inverting [Heval] essentially forces Coq to expand one step of
9 the [ceval] computation F- in this case revealing that [st']
10 must be [st] extended with the new value of [X], since [plus2]
11 is an assignment. *)
12

13 inversion Heval. subst. clear Heval. simpl.
14 apply t_update_eq. Qed.

Incorrect whole-proof attempt:

1 Theorem plus2_spec : forall st n st',
2 st X = n F>
3 st =[ plus2 ]F> st' F>
4 st' X = n + 2.
5 Proof.
6 intros st n st' H H1.
7 inversion H1; subst; clear H1.
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8 (* Apply inversion on H1 to get the structure of plus2
9 command and rewrite the state *)
10 simpl in H5.
11 (* Simplify the expression in the hypothesis H5 *)
12 rewrite H in H5.
13 (* Replace st X with n in H5 *)
14 apply H5.
15 (* The conclusion follows directly from H5 *)
16 Qed.

Error in step simpl in H5.

No such hypothesis: H5.

Correct proof after lemma extraction:

1 Lemma equality_of_identical_sum_with_2_2 : forall st : string F> nat,
2 st X + 2 = st X + 2.
3 Proof.
4 (* We can prove this lemma by reFlexivity,
5 as both sides are already syntactically equal.
6 *)
7 intros st.
8 reFlexivity.
9 Qed.
10

11 Lemma aeval_x_plus_2_eq_st_x_plus_2_1 : forall st : string F> nat,
12 (if (X =? X)%string
13 then aeval st <{ X + 2 }>
14 else st X) = st X + 2.
15 Proof.
16 intros st.
17 (* Introduce the state `st` *)
18 simpl.
19 (* Simplify the aexp `<{X + 2}>` *)
20 apply (@equality_of_identical_sum_with_2_2 st).
21 Qed.
22

23 Lemma eval_aexp_plus_two_0 : forall st : string F> nat,
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24 (X !F> aeval st <{ X + 2 }>; st) X = st X + 2.
25 Proof.
26 intros st.
27 unfold t_update.
28 (* Revealing the behavior of function [t_update] *)
29 apply (@aeval_x_plus_2_eq_st_x_plus_2_1 st).
30 Qed.
31

32 Theorem plus2_spec : forall st n st',
33 st X = n F>
34 st =[ plus2 ]F> st' F>
35 st' X = n + 2.
36 Proof.
37 intros st n st' H H1.
38 inversion H1; subst; clear H1.
39 (* Apply inversion on H1 to get the structure of plus2 command
40 and rewrite the state *)
41 apply (@eval_aexp_plus_two_0 st).
42 Qed.

Example 2: Theorem 268 (bool_fn_applied_thrice)

Ground-truth proof:

1 Theorem bool_fn_applied_thrice :
2 forall (f : bool F> bool) (b : bool),
3 f (f (f b)) = f b.
4 Proof.
5 intros f b.
6 destruct b.
7 + destruct (f true) eqn:T.
8 - rewrite F> T. rewrite F> T. reFlexivity.
9 - destruct (f false) eqn:F.
10 * rewrite F> T. reFlexivity.
11 * rewrite F> F. reFlexivity.
12 + destruct (f false) eqn:F.
13 - destruct (f true) eqn:T.
14 * rewrite F> T. reFlexivity.
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15 * rewrite F> F. reFlexivity.
16 - rewrite F> F. rewrite F> F. reFlexivity.
17 Qed.

Incorrect whole-proof attempt:

1 Theorem bool_fn_applied_thrice : forall (f : bool F> bool) (b : bool),
2 f (f (f b)) = f b.
3 Proof.
4 intros f b.
5 destruct b eqn:E.
6 - destruct (f true) eqn:F.
7 + rewrite F.
8 rewrite F.
9 reFlexivity.
10 + destruct (f false) eqn:FF.
11 * rewrite F.
12 reFlexivity.
13 * rewrite FF.
14 reFlexivity.
15 - destruct (f false) eqn:F.
16 + destruct (f true) eqn:FT.
17 * rewrite F.
18 reFlexivity.
19 * rewrite FT.
20 reFlexivity.
21 + rewrite F.
22 rewrite F.
23 reFlexivity.
24 Qed.

Error in step rewrite F.

Found no subterm matching ”f false” in the current goal.

Error in step rewrite FT.

Found no subterm matching ”f true” in the current goal.
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Correct proof after lemma extraction:

1 Lemma f_true_fixed_point_0 : forall f : bool F> bool,
2 forall b : bool, forall E : b = false, forall F : f false = true,
3 forall FT : f true = true, f true = true.
4 Proof.
5 (* This theorem states that if `f true` equals `true`, then `f true`
6 equals `true` under any conditions for `b` and any mapping of `false`
7 to `true` by `f`.
8 This is trivially true by assumption `FT`. *)
9 intros f b E F FT.
10 (* We apply the assumption `FT` directly. *)
11 apply FT.
12 Qed.
13

14 Lemma f_false_implies_true_1 : forall f : bool F> bool, forall b : bool,
15 forall E : b = false, forall F : f false = true,
16 forall FT : f true = false, f false = true.
17 Proof.
18 (* Directly use the hypothesis F, which already states that
19 f false = true. *)
20 intros f b E F FT.
21 exact F.
22 Qed.
23

24 Theorem bool_fn_applied_thrice : forall (f : bool F> bool) (b : bool),
25 f (f (f b)) = f b.
26 Proof.
27 intros f b.
28 destruct b eqn:E.
29 - destruct (f true) eqn:F.
30 + rewrite F.
31 rewrite F.
32 reFlexivity.
33 + destruct (f false) eqn:FF.
34 * rewrite F.
35 reFlexivity.
36 * rewrite FF.
37 reFlexivity.
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38 - destruct (f false) eqn:F.
39 + destruct (f true) eqn:FT.
40 * apply (@f_true_fixed_point_0 f b E F FT).
41 * apply (@f_false_implies_true_1 f b E F FT).
42 + rewrite F.
43 rewrite F.
44 reFlexivity.
45 Qed.

Example 3: Theorem 300 (ev_sum)

Ground-truth proof:

1 Theorem ev_sum : forall n m, ev n F> ev m F> ev (n + m).
2 Proof.
3 intros n m En Em.
4 induction En.
5 - apply Em.
6 - simpl. apply ev_SS. apply IHEn.
7 Qed.

Incorrect whole-proof attempt:

1 Theorem ev_sum : forall n m, ev n F> ev m F> ev (n + m).
2 Proof.
3 intros n m Hn Hm.
4 induction Hn as F| n' IHn].
5 - (* case: ev_0, when n is 0, which is trivially even *)
6 simpl.
7 (* 0 + m simplifies to m *)
8 assumption.
9 (* since m is even by hypothesis, we're done *)
10 - (* case: ev_SS, the inductive case when n = S (S n') *)
11 simpl.
12 (* (S (S n')) + m simplifies to S (S (n' + m)) *)
13 apply ev_SS.
14 (* we want to show ev (n' + m), which is our IH *)
15 apply IHn.
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16 (* apply the inductive hypothesis to conclude ev (n' + m) *)
17 Qed.

Error in step apply IHn.

In environment
m, n' : nat
IHn : ev n'
Hm : ev m
IHIHn : ev (n' + m)
Unable to unify ”ev n'” with
”ev (n' + m)”.

Correct proof after lemma extraction:

1 Lemma ev_sum_preservation_1 : forall m n' : nat,
2 ev n' F> ev m F> ev (n' + m) F> ev (n' + m).
3 Proof.
4 (* This Lemma is trivial because the goal is the same as one
5 of the premises. *)
6 intros m n' Hn' Hm Hev.
7 assumption.
8 Qed.
9

10 Lemma ev_sum_preserved_0 : forall m n' : nat, forall IHn : ev n',
11 forall Hm : ev m, forall IHIHn : ev (n' + m), ev (n' + m).
12 Proof.
13 (* Since we know that IHIHn already states `ev (n' + m)`,
14 the goal `ev (n' + m)` is directly proven by assumption. *)
15 apply (@ev_sum_preservation_1 ).
16 Qed.
17

18 Theorem ev_sum : forall n m, ev n F> ev m F> ev (n + m).
19 Proof.
20 intros n m Hn Hm.
21 induction Hn as F| n' IHn].
22 - (* case: ev_0, when n is 0, which is trivially even *)
23 simpl.
24 (* 0 + m simplifies to m *)
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25 assumption.
26 (* since m is even by hypothesis, we're done *)
27 - (* case: ev_SS, the inductive case when n = S (S n') *)
28 simpl.
29 (* (S (S n')) + m simplifies to S (S (n' + m)) *)
30 apply ev_SS.
31 (* we want to show ev (n' + m), which is our IH *)
32 apply (@ev_sum_preserved_0 m n' IHn Hm IHIHn).
33 Qed.

Example 4: Theorem 315 (plus_le)

Ground-truth proof:

1 Theorem plus_le : forall n1 n2 m,
2 n1 + n2 F= m F>
3 n1 F= m F\ n2 F= m.
4 Proof.
5 intros n1 n2 m H.
6 induction H.
7 - split.
8 + apply le_plus_l.
9 + rewrite add_comm. apply le_plus_l.
10 - destruct IHle as [H1 H2].
11 split.
12 + apply (le_S n1 m H1).
13 + apply (le_S n2 m H2).
14 Qed.

Incorrect whole-proof attempt:

1 Theorem plus_le : forall n1 n2 m,
2 n1 + n2 F= m F>
3 n1 F= m F\ n2 F= m.
4 Proof.
5 (* Assume given natural numbers n1, n2, and m such that n1 + n2
6 is less than or equal to m. *)
7 intros n1 n2 m H.
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8 (* We have to prove the conjunction of n1 F= m and n2 F= m.
9 To do so, we will split the goal into two subgoals using the
10 and_intro lemma. *)
11 split.
12 - (* Prove the first subgoal: n1 F= m.
13 We will show that any number is less than or equal to itself plus
14 something (le_plus_l).
15 Hence, n1 F= n1 + n2, and using transitivity of le (le_trans),
16 we can combine it with the hypothesis to conclude n1 F= m. *)
17 apply (le_trans _ (n1 + n2) _).
18 + apply le_plus_l.
19 + apply H.
20 - (* Prove the second subgoal: n2 F= m.
21 We will use the same strategy as for the first subgoal,
22 but instea of le_plus_l, we need a lemma stating n2 F= n2 + n1,
23 which is a variation and application of le_plus_l with
24 added commutativity of addition. *)
25 apply (le_trans _ (n2 + n1) _).
26 + rewrite add_comm.
27 apply le_plus_l.
28 + rewrite add_comm in H.
29 apply H.
30 Qed.

Error in step apply le_plus_l.

In environment
n1, n2, m : nat
H : n1 + n2 F= m
Unable to unify ”n1” with ”n2”.

Correct proof after lemma extraction:

1 Lemma add_increases_right_0 : forall n1 n2 m : nat,
2 forall H : n1 + n2 F= m, n2 F= n1 + n2.
3 Proof.
4 (* We can prove this by applying the theorem le_plus_l which
5 states that for any a b, a F= a + b.
6 In this context, it straightforwardly translates to n2 F= n2 + n1,
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7 which is precisely n2 F= n1 + n2
8 when adding n1 and n2 in the reverse order because addition in
9 natural numbers is commutative. *)
10 intros n1 n2 m H.
11 rewrite F- add_comm.
12 (* Use commutativity of addition to transform n1 + n2 into n2 + n1 *)
13 apply le_plus_l.
14 (* Apply the theorem le_plus_l *)
15 Qed.
16

17 Theorem plus_le : forall n1 n2 m,
18 n1 + n2 F= m F>
19 n1 F= m F\ n2 F= m.
20 Proof.
21 (* Assume given natural numbers n1, n2, and m such that n1 + n2
22 is less than or equal to m. *)
23 intros n1 n2 m H.
24 (* We have to prove the conjunction of n1 F= m and n2 F= m.
25 To do so, we will split the goal into two subgoals using the
26 and_intro lemma. *)
27 split.
28 - (* Prove the first subgoal: n1 F= m.
29 We will show that any number is less than or equal to itself plus
30 something (le_plus_l).
31 Hence, n1 F= n1 + n2, and using transitivity of le (le_trans),
32 we can combine it with the hypothesis to conclude n1 F= m. *)
33 apply (le_trans _ (n1 + n2) _).
34 + apply le_plus_l.
35 + apply H.
36 - (* Prove the second subgoal: n2 F= m.
37 We will use the same strategy as for the first subgoal,
38 but instea of le_plus_l, we need a lemma stating n2 F= n2 + n1,
39 which is a variation and application of le_plus_l
40 with added commutativity of addition. *)
41 apply (le_trans _ (n2 + n1) _).
42 + rewrite add_comm.
43 apply (@add_increases_right_0 n1 n2 m H).
44 + rewrite add_comm in H.
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45 apply H.
46 Qed.

Example 5: Theorem 676 (add_comm)

Ground-truth proof:

1 Theorem add_comm : forall n m : nat,
2 n + m = m + n.
3 Proof.
4 intros n m.
5 induction n as F| n' IHn'].
6 - (* n = 0 *)
7 simpl. rewrite F- plus_n_O. reFlexivity.
8 - (* n = S n' *)
9 simpl. rewrite F- plus_n_Sm. rewrite F- IHn'. reFlexivity.
10 Qed.

Incorrect whole-proof attempt:

1 Theorem add_comm : forall n m : nat,
2 n + m = m + n.
3 Proof.
4 (* We prove this lemma by induction on n. *)
5 intros n.
6 induction n as F| n' IHn'].
7 - (* The base case: 0 + 0 = 0 *)
8 reFlexivity.
9 - (* The inductive case: S n' + 0 = S n' *)
10 simpl.
11 rewrite IHn'.
12 reFlexivity.
13 Qed.

Error in step reFlexivity.

In environment
m : nat

75



Unable to unify ”m + 0” with
”0 + m”.

Error in step rewrite IHn’.

Found no subterm matching
”n' + ?M1094” in the current goal.

Correct proof after lemma extraction:

1 Lemma add_zero_comm_1 : forall m : nat, 0 + m = m + 0.
2 Proof.
3 intros m.
4 rewrite F- plus_n_O.
5 reFlexivity.
6 Qed.
7

8 Lemma add_zero_comm_0 : forall m : nat, 0 + m = m + 0.
9 Proof.
10 (* We use induction on `n` to prove that for all natural numbers
11 `n`, `n + 0 = n`. *)
12 apply (@add_zero_comm_1 ).
13 Qed.
14

15 Lemma succ_plus_comm_2 : forall n' : nat, forall IHn' : forall m : nat,
16 n' + m = m + n', forall m : nat, S (n' + m) = m + S n'.
17 Proof.
18 (* n' is fixed by forall so we can introduce the second premise (IHn')
19 which is the inductive hypothesis that will be used later in the proof *)
20 intros n' IHn' m.
21 (* Apply the previously introduced plus_n_Sm theorem which states that
22 S (n + m) = n + S m *)
23 rewrite F- plus_n_Sm.
24 (* Now apply our inductive hypothesis which will transform
25 n' + m into m + n' *)
26 rewrite IHn'.
27 (* At this point we have S m + n', which we want to show is equal to
28 m + S n'.*)
29 reFlexivity.
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30 Qed.
31

32 Lemma succ_plus_comm_1 : forall n' : nat, forall IHn' : forall m : nat,
33 n' + m = m + n', forall m : nat, S (n' + m) = m + S n'.
34 Proof.
35 (* Let's prove the lemma by introducing the necessary variables. *)
36 intros n' IHn' m.
37 (* Use the provided induction hypothesis (IHn'). *)
38 apply (@succ_plus_comm_2 n' IHn' m).
39 Qed.
40

41 Theorem add_comm : forall n m : nat,
42 n + m = m + n.
43 Proof.
44 (* We prove this lemma by induction on n. *)
45 intros n.
46 induction n as F| n' IHn'].
47 - (* The base case: 0 + 0 = 0 *)
48 apply (@add_zero_comm_0 ).
49 - (* The inductive case: S n' + 0 = S n' *)
50 simpl.
51 apply (@succ_plus_comm_1 n' IHn').
52 Qed.

Phind CodeLlama Examples

Example 6: Theorem 81 (and_example2'')

Ground-truth proof:

1 Lemma and_example2'' :
2 forall n m : nat, n = 0 F> m = 0 F> n + m = 0.
3 Proof.
4 intros n m Hn Hm.
5 rewrite Hn. rewrite Hm.
6 reFlexivity.
7 Qed.
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Incorrect whole-proof attempt:

1 Lemma and_example2'' : forall n m : nat, n = 0 F> m = 0 F> n + m = 0.
2 Proof.
3 (* The goal is to prove that if n is 0 and m is 0, then n + m is 0.
4 We will do this by applying the and_intro lemma, which states that
5 if A and B are propositions and we have proofs of A and B,
6 then we can construct a proof of A F\ B. *)
7 intros n m Hn Hm.
8 (* We now need to apply the and_intro lemma with A = n = 0 and B = m = 0.
9 We have proofs of these propositions (Hn and Hm), so we can apply and_intro. *)
10 apply (and_intro n m Hn Hm).
11 (* This concludes the proof. *)
12 Qed.

Error in step apply (and_intro n m Hn Hm).

In environment
n, m : nat
Hn : n = 0
Hm : m = 0
The term ”n” has type ”nat”
while it is expected to have type ”Prop”.

Correct proof after lemma extraction:

1 Lemma zero_add_zero_0 : forall n m : nat, forall Hn : n = 0,
2 forall Hm : m = 0, n + m = 0.
3 Proof.
4 intros n m Hn Hm.
5 rewrite Hn, Hm.
6 reFlexivity.
7 Qed.
8

9 Lemma and_example2'' : forall n m : nat, n = 0 F> m = 0 F> n + m = 0.
10 Proof.
11 (* The goal is to prove that if n is 0 and m is 0, then n + m is 0.
12 We will do this by applying the and_intro lemma, which states that
13 if A and B are propositions and we have proofs of A and B,
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14 then we can construct a proof of A F\ B. *)
15 intros n m Hn Hm.
16 (* We now need to apply the and_intro lemma with A = n = 0 and B = m = 0.
17 We have proofs of these propositions (Hn and Hm), so we can apply and_intro. *)
18 apply (@zero_add_zero_0 n m Hn Hm).
19 Qed.

Example 7: Theorem 87 (factor_is_O)

Ground-truth proof:

1 Lemma factor_is_O:
2 forall n m : nat, n = 0 F/ m = 0 F> n * m = 0.
3 Proof.
4 (* This pattern implicitly does case analysis on
5 [n = 0 F/ m = 0] *)
6 intros n m [Hn | Hm].
7 - (* Here, [n = 0] *)
8 rewrite Hn. reFlexivity.
9 - (* Here, [m = 0] *)
10 rewrite Hm. rewrite F- mult_n_O.
11 reFlexivity.
12 Qed.

Incorrect whole-proof attempt:

1 Lemma factor_is_O : forall n m : nat, n = 0 F/ m = 0 F> n * m = 0.
2 Proof.
3 intros n m H.
4 destruct H as [Hn | Hm].
5 - (* n = 0 *)
6 rewrite Hn.
7 reFlexivity.
8 - (* m = 0 *)
9 rewrite Hm.
10 reFlexivity.
11 Qed.
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Error in step reFlexivity.

In environment
n, m : nat
Hm : m = 0
Unable to unify ”0” with ”n * 0”.

Correct proof after lemma extraction:

1 Lemma mult_zero_right_neutral_1 : forall n' m : nat,
2 forall Hm : m = 0, forall IHn' : n' * 0 = 0, n' * m = m.
3 Proof.
4 intros n' m Hm IHn'.
5 rewrite Hm.
6 (* We know that m = 0, so n' * m = n' * 0 by the equality m = 0. *)
7 rewrite IHn'.
8 (* We know that n' * 0 = 0 by the induction hypothesis. *)
9 (* Therefore, n' * m = 0. *)
10 reFlexivity.
11 Qed.
12

13 Lemma multiplication_of_zero_0 : forall n m : nat,
14 forall Hm : m = 0, n * 0 = 0.
15 Proof.
16 intros n m Hm.
17 induction n as F|n' IHn'].
18 - (* n = 0 *)
19 simpl.
20 reFlexivity.
21 - (* n = S n' *)
22 simpl.
23 rewrite F- Hm.
24 apply (@mult_zero_right_neutral_1 n' m Hm IHn').
25 Qed.
26

27 Lemma factor_is_O : forall n m : nat, n = 0 F/ m = 0 F> n * m = 0.
28 Proof.
29 intros n m H.
30 destruct H as [Hn | Hm].
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31 - (* n = 0 *)
32 rewrite Hn.
33 reFlexivity.
34 - (* m = 0 *)
35 rewrite Hm.
36 apply (@multiplication_of_zero_0 n m Hm).
37 Qed.

Example 8: Theorem 172 (test_length1)

Ground-truth proof:

1 Example test_length1: length (cons 1 (cons 2 (cons 3 nil))) = 3.
2 Proof. reFlexivity. Qed.

Incorrect whole-proof attempt:

1 Example test_length1 : length (cons 1 (cons 2 (cons 3 nil))) = 3.
2 Proof.
3 (* We will use induction on the list to prove this theorem. *)
4 induction list123'' as F|x l' IHl'].
5 - (* Case for nil: The length of an empty list is 0. *)
6 reFlexivity.
7 - (* Case for cons: The length of a non-empty list is 1 plus
8 the length of its tail. *)
9 simpl.
10 rewrite IHl'.
11 reFlexivity.
12 Qed.

Error in step rewrite IHl’.

Found no subterm matching
”length (cons 1 (cons 2 (cons 3 nil)))” in the current goal.

Correct proof after lemma extraction:
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1 Lemma length_of_cons_list_0 : forall x : nat, forall l' : list nat,
2 forall IHl' : length (cons 1 (cons 2 (cons 3 nil))) = 3, 3 = 3.
3 Proof.
4 intros x l' IHl'.
5 simpl.
6 reFlexivity.
7 Qed.
8

9 Example test_length1 : length (cons 1 (cons 2 (cons 3 nil))) = 3.
10 Proof.
11 (* We will use induction on the list to prove this theorem. *)
12 induction list123'' as F|x l' IHl'].
13 - (* Case for nil: The length of an empty list is 0.
14 *)
15 reFlexivity.
16 - (* Case for cons: The length of a non-empty list is 1 plus the
17 length of its tail.
18 *)
19 simpl.
20 apply (@length_of_cons_list_0 x l' IHl').
21 Qed.

Example 9: Theorem 479 (nil_app)

Ground-truth proof:

1 Theorem nil_app : forall l : natlist,
2 [] F+ l = l.
3 Proof. reFlexivity. Qed.

Incorrect whole-proof attempt:

1 Theorem nil_app : forall l : natlist,
2 [] F+ l = l.
3 Proof.
4 intros l.
5 induction l as F| n l' IHl'].
6 - (* nil case *)
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7 reFlexivity.
8 - (* cons case *)
9 simpl.
10 rewrite IHl'.
11 reFlexivity.
12 Qed.

Error in step rewrite IHl’.

Found no subterm matching
”[ ] F+ l'” in the current goal.

Correct proof after lemma extraction:

1 Lemma append_nil_to_list_0 : forall n : nat, forall l' : natlist,
2 forall IHl' : [ ] F+ l' = l', n F: l' = n F: l'.
3 Proof.
4 intros n l' IHl'.
5 simpl.
6 reFlexivity.
7 Qed.
8

9 Theorem nil_app : forall l : natlist,
10 [] F+ l = l.
11 Proof.
12 intros l.
13 induction l as F| n l' IHl'].
14 - (* nil case *)
15 reFlexivity.
16 - (* cons case *)
17 simpl.
18 apply (@append_nil_to_list_0 n l' IHl').
19 Qed.

Example 10: Theorem 592 (andb_commutative)

Ground-truth proof:
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1 Theorem andb_commutative : forall b c, andb b c = andb c b.
2 Proof.
3 intros b c. destruct b.
4 - destruct c.
5 + reFlexivity.
6 + reFlexivity.
7 - destruct c.
8 + reFlexivity.
9 + reFlexivity.
10 Qed.

Incorrect whole-proof attempt:

1 Theorem andb_commutative : forall b c, andb b c = andb c b.
2 Proof.
3 (* The theorem andb_commutative states that the and operation
4 is commutative for booleans.
5 That is, for any two booleans b and c, andb b c is equal to andb c b.
6 We will prove this by induction on b and then c. *)
7 intros b c.
8 (* We first consider the base case where b is false. *)
9 destruct b as F|b_true].
10 - (* If b is false, then andb b c is false regardless of the value of c. *)
11 simpl.
12 reFlexivity.
13 - (* If b is true, we need to prove that andb b c = andb c b. *)
14 destruct c as F|c_true].
15 + (* If c is false, then andb b c is false, and andb c b is also false. *)
16 simpl.
17 reFlexivity.
18 + (* If c is true, then andb b c = andb c b because both are true. *)
19 simpl.
20 reFlexivity.
21 Qed.

Error in step reFlexivity.

In environment
c : bool
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Unable to unify ”c F& true” with ”c”F.
Goal: c = c F& true.

Correct proof after lemma extraction:

1 Lemma false_equals_false_and_true_1 : false = false F& true.
2 Proof.
3 (* We will use the axiom of equality to prove this lemma.
4 The axiom states that for any two terms t and t', we have
5 t = t' if and only if t' is a proof of t.
6 In this case, we want to prove false = false F& true.
7 We know that false F& true is false, so we need to prove false = false.
8 This is trivially true by the axiom of reFlexivity,
9 which states that any term is equal to itself. *)
10 reFlexivity.
11 Qed.
12

13 Lemma bool_idempotent_lemma_0 : forall c : bool, c = c F& true.
14 Proof.
15 (* The goal is to prove that for any boolean c, c F& true is equal to c.
16 We will proceed by case analysis on c. *)
17 intros c.
18 (* First, we consider the case where c is true. *)
19 destruct c as [c_true | c_false].
20 (* In this case, c F& true is true. *)
21 simpl.
22 reFlexivity.
23 (* Now, we consider the case where c is false. *)
24 apply (@false_equals_false_and_true_1 ).
25 Qed.
26

27 Theorem andb_commutative : forall b c, andb b c = andb c b.
28 Proof.
29 (* The theorem andb_commutative states that the and operation is
30 commutative for booleans.
31 That is, for any two booleans b and c, andb b c is equal to andb c b.
32 We will prove this by induction on b and then c. *)
33 intros b c.
34 (* We first consider the base case where b is false. *)
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35 destruct b as F|b_true].
36 - (* If b is false, then andb b c is false regardless of the value of c. *)
37 simpl.
38 apply (@bool_idempotent_lemma_0 c).
39 - (* If b is true, we need to prove that andb b c = andb c b. *)
40 destruct c as F|c_true].
41 + (* If c is false, then andb b c is false, and andb c b is also false. *)
42 simpl.
43 reFlexivity.
44 + (* If c is true, then andb b c = andb c b because both are true. *)
45 simpl.
46 reFlexivity.
47 Qed.
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