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Essays on Teacher Judgements and Decisions in Ambitious Mathematics Teaching

Abstract

Ambitious mathematics teaching involves closely attending to student sensemaking while
maintaining the cognitive demand as dictated in high-level mathematics tasks. This instructional
domain has been linked to the construction of deep, conceptually based subject matter knowledge.
Yet classrooms serving racially minoritized students often exhibit reduced cognitive challenge and
inadequate opportunities to learn. Moreover, due to its emphasis on student-generated inputs and
ideas, some of which may be mathematically incorrect, teachers may be inclined to reduce the
cognitive demand of high-level mathematics tasks. In this set of dissertation studies, I investigate
racial-ethnic biases in teacher responsiveness to students’ non-standard and innovative mathematical
ideas, teachers’ causal attributions for and instructional responses to student struggles on a high-level
math task, and finally how teachers preserve the connectedness of the mathematics and student
accountability for high-level processes and products when responding to a student misconception
on a fractions task. I characterize teacher judgements and instructional preferences using vignettes to
approximate practice. I first investigate teacher biases in a) expectations and judgments about
student capabilities in math and b) teacher responsiveness to students’ mathematical thinking. I find
teachers expected greater task difficulty in both the Latinx/e and Black classroom conditions relative
to the White, and they may have been more likely to support student sense-making and provide
more positive, substantive affirmations to Black students relative to White students for the same
mathematical solution. In the next study, I found teachers’ internal—but not their external—causal
attributions for a student’s struggle predicted their preferences to modify the cognitive demand of

high-level math tasks. Importantly, this attribution-instruction relationship was equitable across

111



student groups, and teachers did not show racial-ethnic biases in their causal attributions nor
instructional preferences. In the final paper, I qualified teacher responses to a student misconception
on a high-level fractions task in terms of the connectedness of the mathematics and student
accountability for high-level processes and products. I found that teachers forged connections
between mathematical ideas only part of the time, and they often took over the problem solving,
diminishing the cognitive demand of the task as intended. The results of this project can inform
teacher education and professional development, intervention research, and teacher evaluation to
support educator capacity for delivering rigorous and just mathematics learning experiences in

response to students’ varied ways of thinking about mathematics.
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Essays on Teacher Judgements and Decisions in Ambitious Mathematics Teaching

The character of math instruction outlined by National Council of Teachers of Mathematics
(NCTM, 2000, 2014) and Common Core State Standards (National Governors Association Center
for Best Practices & Council of Chief State School Officers, 2010) is decidedly concerned with
greater cognitive activation on the part of the student. This type of instruction departs from
traditional modes of mathematics teaching which emphasize didactic instruction, student
memorization, and straightforward application of mathematical rules largely absent of meaning. Also
termed “ambitious teaching” (Lampert et al., 2013) or “intellectually ambitious teaching and
learning” (Smylie & Wenzel, 2000), this approach to math instruction centers student
understandings and ideas as a resource for instruction, engages students in higher-order thinking,
and supports student construction of deep subject matter knowledge in math (Smylie & Wenzel,

2006).

At its core, ambitious instruction necessitates an asset-based view of the learner—allowing a
student to struggle and grapple with a math concept presupposes their inherent sensemaking
abilities. There may be a pronounced expectation for student “readiness” and pre-existing abilities
with consequences for ensuing instructional choices, especially for historically and racially
minoritized student groups. Moreover, student struggles when learning mathematics—considered an
essential aspect of the learning process and something that should be leaned into rather than
avoided—may lead teachers to reduce the cognitive demand of high-level mathematics tasks during
implementation in the classroom. Such judgments and decisions may lead to a vicious cycle,
whereby student struggles beget remedial instruction, leading to lower mathematics proficiency and

further remediation.



To better understand teacher judgements and decisions in ambitious mathematics teaching,
this dissertation investigates racial-ethnic biases in teacher responsiveness to students’ non-standard
and innovative mathematical ideas, teachers’ causal attributions for student struggles in math, and
the extent to which teachers forge mathematical connections and hold the student accountable for
high-level processes and products when responding to a student misconception on a high-level
fractions task. The findings of this dissertation project contribute towards a better understanding of
instructional mechanisms behind racial achievement disparities in mathematics education, with
implications for supporting teachers in delivering rigorous and just mathematics learning

experiences for all their students.

Chapter 1

Black and Latinx/e youth in urban settings too often miss out on grade-level approptiate
assignments, high-quality instruction, deep engagement, and high expectations for their learning
(The New Teacher Project [TNTP], 2018). In mathematics, classrooms serving racially minoritized
students often exhibit reduced cognitive challenge and insufficient opportunities to learn, with a
greater emphasis on procedural skill, particularly for Black and African American learners in urban
settings (Boston & Wilhelm, 2017). In this study, I extend prior research on racial-ethnic biases in
math teaching to include teacher responses to non-standard and even innovative student
mathematical solutions. In this paper, I examine the extent to which teacher expectations,
judgements and responsiveness differ between hypothetical Black, Latinx/e, and White students,

with implications for racial equity in responsive math teaching.

Chapter 2

Teachers’” diagnoses or explanations for student struggles relate to their practice in ambitious

math teaching, especially in classrooms serving racially minoritized learners (Wilhelm et al., 2017).



However, most of the studies on teachers’ causal attributions for student struggles examine them
along a success-failure binary rather than the grey spaces in between, such as student stuck points
during learning in progress. In this study, I examine the relationship between teachers’ causal
attributions for student struggles on a math task and their preferences to modify the cognitive
demand of the task. I also examine the extent to which this attribution-instruction relationship is
equitable across student groups. Finally, I investigate whether teachers’ causal attributions and
preferences to routinize, remediate, and extend a math task are influenced by student race-ethnicity,

teacher background, and school context factors.

Chapter 3

Engaging students in math tasks that present a high level of cognitive demand—which enlist
the student as a problem solver and forge connections between concepts, procedures, and their
underlying meanings—have potential to cultivate deeper learning about fractions, yet teachers often
struggle during task enactment. Adding to this, students hold enduring misconceptions about
fractions, and it is unclear how teachers manage addressing them while still forging mathematical
connections and enabling students to 4o mathematics as intended by high-level tasks. In this
qualitative paper, I qualify teacher responses to a student misconception on a high-level fractions
task in terms of the connectedness of the mathematics and student accountability for high-level
processes and products. The findings have implications for research on the implementation of math
tasks with high-level demands, improving teacher knowledge and practice in the face of inevitable
student challenges and misconceptions, and ultimately student learning in the foundational domain

of fractions.



Chapter 1



Same Idea, Shifting Standards: An Experimental Study of Racial-Ethnic Biases in

Responsive Math Teaching

Abstract

Teacher expectations and judgments about student capabilities are predictive of student
achievement, yet such judgments may be influenced by salient dimensions of student identity and
invite biases. Moreover, responsive teaching in mathematics may also invite teacher biases due to the
emphasis on student-generated inputs and ideas. While prior experimental work has demonstrated
teacher biases against racially minoritized learners in the context of incorrect or partially correct
student mathematical work, less is known about the potential for biases to emerge when teachers are
presented with students’ correct and non-standard mathematical ideas. In this pre-registered
experiment, we investigate teacher biases in a) expectations and judgments about student capabilities
in math and b) teacher responsiveness to students’ mathematical thinking. Through a between-
subjects design via an online survey, we randomly assigned N=312 teachers to a simulated
classtoom composed of predominantly Black, Latinx/e, or White students and prompted them to
respond to six vignettes featuring correct and non-standard student solutions to mathematics
problems. Our findings show teachers expected greater task difficulty in both the Latinx/e and
Black classroom conditions relative to the White. We did not find significant differences by
condition in other dimensions, though we found trend-level evidence to suggest teachers may be
more likely to support student sense-making and provide more positive, substantive affirmations to
Black students relative to White students for the same mathematical solution. Our findings have

implications for research and teacher training in reform-oriented mathematics instruction.



Same Idea, Shifting Standards: An Experimental Study of Racial-Ethnic Biases in

Responsive Math Teaching

“Teachers, like all of us, use the dimensions of class, race, sex, ethnicity to bring order fo their perception of the
4

classroom environment” (Lightfoot, 1978, pp. 85-86)

The United States has one of the widest math performance distributions in the world
(National Center for Education Statistics, 2019). European American or White' and Asian American
students consistently demonstrate stronger math achievement compared to Latinx/e’, Native
American, and Black® students, contributing to magnified disparities in later educational outcomes,
lifetime earnings, and overall access to opportunity in American society (Gutiérrez, 2012; Jencks &
Phillips, 2011; Reardon et al., 2015). Scholars have called for a critical examination of “opportunity
gaps” for student learning in math, gaps which may help to explain differences in student
performance (Flores, 2007; Ladson-Billings, 2006; Martin, 2009; Milner, 2010). Such gaps in
opportunity include differences in overall teacher quality, curricula, school funding, as well as
educator expectations and mindsets about students of color that delimit access to academically

rigorous learning experiences (Irvine, 2010; Milner, 2012).

To better understand opportunity gaps, scholars have called for a closer examination of

racial-ethnic* biases in teachers’ instructional decisions (Warikoo et al., 2016). Indeed, disparities

1 In line with prior scholarship by Ewing (2020) and others, we capitalize "White" in order to underscore "the specificity
and significance of Whiteness—the things that it is, the things that it does."

2 We use the gender-neutral and inclusive pan-ethnic identifier “Latinx/e” while understanding that not all membets of
this group may self-identify with this term (Trejos, 2024).

3 We use the term “Black” in order to recognize this racial-ethnic identity in a transnational manner, inclusive of
individuals with roots in the Catibbean and Latin America (Laws, 2020).

4 Our use of the term "racial-ethnic" aligns with prior scholarship on the interrelationship between racial and ethnic
identities. We take race to define a "socially constructed lay theory" (p. 4) representing perceived phenotypic differences
between groups of people. Similatly, ethnicity represents national origin and the cultural traditions of social groups. Race
and ethnicity are socially constructed and highly correlated both in terms of perception and in terms of sociocultural
identity. Further, while terms like "Latinx" represent an ethnic social categorization, terms like "Black" often represent
both racial and ethnic social categories. As such, we take the term “racial-ethnic” to capture the overlapping meanings of
these constructs (Cross & Cross, 2008).



between Black and White student achievement in the U.S.—an important measure of education
inequality—correlate with teachers’ implicit racial biases at the county level, suggesting a relationship
between teacher bias, instructional mechanisms, and student achievement (Chin et al., 2020).
Findings from audit, experimental, and naturalistic studies have demonstrated racial-ethnic biases
favoring dominant student groups, with consistent findings across various instructional dimensions
identifying biases in teachet’s general academic expectations (Tenenbaum & Ruck, 2007; van den
Bergh et al., 2010) and associated student achievement (Peterson et al., 20106). Biases against racially
minoritized learners have also been found in teachers’ assessments of student ability for ambiguous
solutions in math (Copur-Gencturk et al., 2019), grading (Malouff & Thorsteinsson, 2016; Quinn,
2020Db), feedback and praise for writing (Harber et al., 2012), general classroom discourse patterns,

and disciplinary and educational service referrals (Tenenbaum & Ruck, 2007).

We extend this work in three ways. First, to our knowledge, no experimental studies have
investigated biases in teacher expectations of task difficulty—teachers' prospective judgments about
how hard a task will be for students—in the context of correct, non-standard, and innovative
student math solutions. Critically, teacher expectations not only predict student achievement, they
also vary between students of different race/ethnicities, with lower expectations for students
belonging to historically racially minoritized groups (Peterson et al., 2016; Pit-ten Cate & Glock,
2023; Rubie-Davies et al., 2006; Weinstein, 2002). We argue that assigning tasks to students is a
concrete mechanism by which expectations can introduce bias into students' opportunities to learn
and investigate those difficulty expectations here. Indeed, prior research has found racial bias against
Black students in teacher task selection (Pollard, 2022), making difficulty estimations a fruitful line of

study.



Second, few studies have investigated whether biases arise in teachers’ in-the-moment
decisions about instruction, despite teachers having wide discretion about such decisions (Ball,
2018). In mathematics, the focus of this study, teacher biases may be particularly relevant to
responsive teaching, in which the teacher leverages the substance of students’ mathematical thinking
to guide instruction (Carpenter et al., 1989; Franke et al., 2009; Jacobs et al., 2010). Responsive
teaching in mathematics includes instructional moves such as eliciting student thinking, using that
thinking in subsequent instruction, and affirming the substance of students’ mathematical ideas
(Kang, 2022; Richards & Robertson et al., 2015). In such classrooms, student sense-making about
mathematics is “put into play” as a resource for learning, and teachers respond by affirming and
building on those ideas. Attending and responding to the substance of students’ mathematical ideas
may reduce the potential for biases, as this provides the teacher with more information and may
leave less room for stereotype-based inferences (Bertrand & Duflo, 2016). However, as Ball (2018)
notes, the high volume of teacher decisions when responding to students during math instruction—

and the wide latitude for discretion—may create more opportunities for teacher biases to emerge.

Third, the majority of scholarship on racial-ethnic biases in mathematics education has
focused on Black students and White students, and we extend work in this area to include Latinx/e
students. Latinx/e students comprise the fastest growing and second largest racial-ethnic group in
U.S. public schools, making it crucial and relevant to include them in any examination of biases

against racially minoritized learners (National Center for Education Statistics, 2024).

We thus investigate the relationship between student race and teacher expectations and
responsiveness. Specifically, we randomly assigned teachers to a simulated classroom environment
composed of predominantly Black, Latinx/e, or White students and then prompted them to verbally

respond to a hypothetical target student’s mathematical solution. We also prompted teachers to rate



the quality of the hypothetical student’s mathematical thinking and the level of difficulty of the
problem for the typical 4th grader in the U.S. Thus, we ask: What is the extent to which teachers

demonstrate biases amongst Black, Latinx/e and White students in theit...

1) ... expectations and judgments about student math capabilities, including a) teacher
judgments about the quality of student mathematical thinking and b) teacher expectations of
task difficulty for typical students?

2) ... instructional moves that are responsive to students’ mathematical solutions, including
elicitation and use of student thinking, substantive affirmations to students, and student-
centered instructional moves?

We argue that this study combines the clear causality that arises from an experimental design
with more authentic depictions of classroom life and teacher decision-making (Herbst et al., 2011;
Charalambous, 2020). Because responsive instruction and high expectations are linked to improved
learning outcomes for students (e.g. Rubie-Davies et al., 2006; Smylie & Wenzel, 2006), information
about the extent to which student racial-ethnic groups may experience such opportunities to learn
differentially in these high-leverage instructional domains will contribute to the field’s understanding
of how racial achievement disparities come to be at the classroom level. More importantly, a
concrete understanding of the instructional mechanisms behind racial inequality has the potential to
inform teacher education and professional development with specific areas to intervene on, for

example, through teacher coaching and rehearsals (Mancenido et al., 2025).
Background

We begin by outlining our theoretical framework based on implicit social cognition. We
follow with a discussion of the prior literature on racial-ethnic biases in teacher expectations and

instruction with particular attention to domain-general biases and those specific to the mathematics



instructional context in which teachers respond to incorrect, partially correct, and correct student
mathematical work. We follow with an overview of responsive teaching in mathematics and its
relationship to student learning, arguing that this type of teaching may simultaneously instigate and
inhibit student opportunities to learn according to how these dimensions of instruction interact with

teacher biases. We articulate the gap we aim to address before arriving at the present study.

Theoretical Framework for Racial-Ethnic Biases tn the Classroom

An examination of racial-ethnic biases in the classroom through the lens of social
psychology may help to explain disparities in student opportunities to learn (Warikoo et al., 2016).
Specifically, implicit social cognition theory, which refers to the subconscious influence of one’s past
experiences on their perceptions, attitudes, and behaviors (Greenwald & Banaji, 1995), provides a
theoretical framework for understanding the ways in which stereotypes may shape teachers’
cognition and instructional decisions. Implicit biases are the “stereotyped beliefs or prejudices that
occur without conscious control or even necessarily the awareness of the individual who holds
them” (Yogeeswaran et al., 2018, p. 70). Explicit biases, on the contrary, are conscious and need
controlled reflection to be activated (Fazio, 1990). Especially when it comes to implicit stereotypes,

people infer information mostly on the basis of apparent social categories.

Biases in behavior and judgments trace back to stereotypes or cultural beliefs about the
behavior and traits of social groups (Eagly & Chaiken, 1993; Hilton & von Hippel, 1996; Tajfel,
1970). A core function of stereotypes is group categorization, which is used to save time and
cognitive resources when processing information and making sense of one’s complex social world
(Schneider, 2004). As a result of stereotyped thinking, individuals in a social group tend to be
perceived in accordance with the stereotypes about that social group. Such associations are

overgeneralized and usually develop through socio-cultural factors, socialization processes, media
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consumption, encounters with cultural narratives, and actual experiences with social groups
(Dovidio et al., 2001). According to this theory, salient identity features such as race-ethnicity come
into play when an individual processes social information, activating stereotypes. The effect of
stereotypes on individual cognitive processing is biases in behavior and judgments, which are not
based on the actual competencies and characteristics of a person, but rather on their group
membership. Moreover, in the absence of information, actors may rely more on group membership
when making assessments about an individual (Bertrand & Duflo, 2016). The influence of
stereotyped associations is stronger when one is given greater latitude for interpretation: when there
is a lack of information, group association works to “fill in the blanks” based on the information
readily available from stereotypes (Bertrand & Duflo, 2016; Dovidio, 2001). Thus, stereotypes can
become more influential in low-information and ambiguous situations, such as when confronting

non-standard, unconventional, or incomplete student ideas in the classroom.

In education, dominant social narratives about Black and Latinx/e students have the
potential to inform stereotyped perceptions of minoritized learners, with consequences for
instruction. Racial-ethnic minority groups have been harmfully mischaracterized as having low
intelligence or being less hard working (Bonefeld et al., 2020; Fiske et al., 2007). Stereotypes about
minoritized learners may indeed shape individual’s perceptions; in a randomized experiment, Quinn
(20202) found that viewers who watched a TV news story about racial achievement gaps expressed
more exaggerated stereotypes of Black Americans as lacking education and showed increased
implicit stereotyping of Black students as less competent compared to their White counterparts.
Further, negative stereotypes have the potential to shape instructional decision making. In their
study of pre-service math teachers’ engagement in a mixed-reality simulation, Bondurant and
Reinholz (2023) found that the (White) actors playing the role of students reinforced negative racial

and gender stereotypes about students, and pre-service teachers in turn provided lower-quality
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engagement opportunities (e.g. “why” questions) to negatively stereotyped students. Common
stereotypes in education concerning minoritized learners, particularly in math, are enduring and have
the potential to shape teacher perspectives of their students and decisions in the classroom (Martin,

2009).

Paradoxically, stereotypes that lead teachers to hold lower expectations may result in more
positive judgments about specific individuals’ work. This occurs, as described by the shifting
standards theory, when stereotypes about social groups inform standards for evaluating members of
that group, and those standards shift and differ across groups (Biernat et al. 1991; Biernat, 1995).
Marshall’s (2020) discussion of the use of terms like “well-spoken” or “articulate” in reference to
Black people simply communicating effectively helps to illustrate the shifting standards theory. In
education, the shifting standards theory is evident in qualitative work showing teachers assume a
background of hardship for their Black and Brown learners and thus “relax their standards for these
students because they feel sorry for them” (Benson & Fiarman, 2020, p. 83). This phenomenon
implies a low standard for members of racially minoritized groups and result in more positive

judgments about the same skill or ability as compared to those for White individuals.

Biases in Teachers’ Academic Expectations and Judgements About Student Abilities

Teacher expectations are the cognitive, “inferential judgments that teachers make about
probable future achievement and behavior of a student” (Brophy & Good, 1974, p. 129). In
mathematics, expectations and judgments about student abilities can involve teacher expectations of
the difficulty of a problem or task for a student and judgments about the quality and sophistication
of students’ mathematical thinking. Informed by implicit stereotyped perceptions, teacher
expectations differ across student groups, as they are influenced by characteristics such as the

student’s socioeconomic status, gender, (dis)ability, language, and race-ethnicity—the focus of this
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study (Rubie-Davies et al., 2012). Prior research provides evidence on this point: a meta-analysis of
32 studies concluded teacher expectations are higher for White students compared to Black (4=.25)
and Latinx/e (d=.46) students (Tenenbaum & Ruck, 2007). Non-Black teachers have also been
found to hold significantly lower expectations for Black students compared to Black teachers
(Gershenson et al., 20106). Further, an experimental audit study by Anderson-Clark et al. (2008)
found that teacher ratings of students’ motivation and achievement-related behaviors were
significantly lower for a Black-associated name compared to a White-associated name, but no main
effect was found from explicitly-stated descriptions of student race. These studies highlight the
unique role of implicit racial biases over explicit ones in influencing teacher expectations for and

judgments about student academic abilities.

Such differential expectations can be consequential for student achievement. Classic studies
from the 1960’s and “70’s describe the self-fulfilling, prophetic nature of teacher expectations in
elementary school—both for leading to higher student achievement when teachers held positive
expectations about students’ intellectual abilities (Rosenthal & Jacobson, 1968) or to lower student
achievement when teachers held negative expectations based on student social class (Rist, 1970).
When it comes to race-ethnicity, teachers’ implicit biases have been shown to predict racial
achievement gaps between Dutch-origin and Turkish immigrant students, and this relationship is
mediated by teacher expectations (van den Bergh et al., 2010). Peterson and colleagues (2016) found
implicit biases in favor of ethnic-majority student groups in New Zealand likewise predicted student
achievement in reading and math, and that students in classrooms of teachers who explicitly held
higher expectations for their learning showed greater improvements in reading. While some scholars
have argued that differential teacher expectations by student race merely reflect racialized
achievement disparities (Jussim & Harber, 2005), Peterson and colleagues’ models (2016) identified

the effect of bias while also controlling for prior student achievement.
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In descriptive work in the domain of mathematics specifically, we find mixed evidence of
biases in teacher expectations and judgments against racially minoritized learners. Qualitative and
ethnographic studies have documented low teacher expectations for Black and Latinx/e students
from the perspectives of the students themselves, who have shared feelings of not being challenged
and needing to prove themselves in math class (Davis, 2014; Gross, 1993; Leyva 2021). These
qualitative findings illustrate the low expectations too often experienced by racially minoritized
students in mathematics. However, in a descriptive study using a nationally representative sample,
Riegle-Crumb & Humphries (2012) examined biases in teachers’ assessments of math course
difficulty for their students, finding that after accounting for student performance, differences in
teacher assessments of course difficulty against Black and Hispanic students disappeared, and that
biases against White gitls (relative to White boys) remained. Lacking in this study is a consideration
of how course-level and achievement may themselves relate to biases, raising the need for

experimental work.

In the few experimental studies on teacher expectations and judgments about student
abilities in the domain of math, findings are mixed but point to some biases against racially
minoritized learners when responding to incorrect and partially correct student work—an area of
ambiguity that may instigate stereotyped associations. Using a fractions task involving a common
error when adding unlike fractions, Pollard (2022) found teachers were more likely to attribute
errors to the student, rather than to the student’s prior instruction, for Black students as compared
to White students. Additionally, Pollard (2022) found this effect was larger when the teacher held
stronger pro-White implicit bias (as measured by the Teachers’ Implicit Association of Academic
Achievement Task (TTAAAT) adapted from Peterson et al. (2016)). Examining interactions between
student gender and race-ethnicity, Copur-Gencturk and colleagues (2019) found that while teachers

were unbiased when rating the correctness of student solutions, they demonstrated racial-ethnic
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biases in their ratings of student math abilities for partially correct solutions, an area of ambiguity.
Teacher ratings were lowest for Black and Latinx/e or Hispanic gitls compared to boys and White
students, underscoring the additive effects of marginalized identities for inviting biases. However, no
evidence of racial biases was found on average in a study that assigned race-specific names to
partially correct student math solutions (Copur-Gencturk et al., 2023) or in a similar experiment
conducted in the virtual teaching space, which also found no evidence of correctness or ability bias
from teachers when viewing incorrect or partially correct work (Copur-Gencturk et al., 2022). These
experimental findings demonstrate the inconsistencies of biases in teachers’ subjective judgments
about students’ mathematical abilities, particularly at the intersections between marginalized
identities of student race and gender when viewing partially correct or ambiguous student work in

math.

There is less experimental work examining racial biases in teacher judgments and
expectations when responding to correct student mathematical work. Battey and colleagues (2021)
examined pre-service teachers’ racial attitudes and perceptions of student thinking when viewing
two different but comparable videos featuring Black or White students correctly explaining
equivalent fractions. They found that pre-service teachers rated the quality of students’ mathematical
thinking more favorably and used more positive language to describe mathematical strategies and
thinking for White students as compared to Black students, and that these biases related to their
explicit (but not implicit) racial attitudes and interracial contact with Black communities. Because
this particular study did not use random assignment, it is not clear whether student race-ethnicity or
sociocultural factors related to students’ ways of knowing and speaking about math (Nasir et al.,
2008) triggered teacher biases. These findings underscore the need for experimental work to

disentangle predictors of teacher bias in this area, more work investigating biases against Latinx/e
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students in addition to Black students, and more studies of biases in the context of mathematically

correct and non-standard student solutions.

Biases in Teachers’ Instruction

Biases have also been shown in various dimensions of teachers’ instruction. In their meta-
analysis of both experimental and non-experimental studies on teacher speech patterns, Tenenbaum
and Ruck (2007) found racial biases in teachers’ valence of speech and referrals, with more positive
speech (e.g. encouragement) and more neutral speech (e.g. questions) for European American
students as compared to Black and Latinx/e students. Teachers were found to direct negative
speech equally across student groups. While the associations were small, they were statistically
significant within the meta-analytic framework, in line with previous research on the small-to-
moderate effects of implicit biases. However moderate the effect sizes may be, the consequences of
racial-ethnic biases have the potential to be cumulative and harmful (Greenwald et al., 2014) over
the course of a student’s entire K-12 schooling history, leaving them underprepared for higher

education.

Scholarship has also uncovered racial biases in teachers’ subjective feedback on student
writing. In an experimental audit study of student essays, Harber et al. (2012) found that White
teachers demonstrated positive feedback bias toward Black and Latinx/e students, providing less
critical feedback than they did for White students, but only on the more subjective components of
writing like content rather than mechanics. In line with the shifting standards theory described
above, the authors of this study hypothesize that teachers may have provided more positive
affirmations on Black and Latinx/e students’ writing because they had lower initial expectations for

their writing skills. While prior research shows teachers provide biased ability ratings towards Black
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and Hispanic students’ work (Copur-Gencturk et al., 2019), there are no studies to date, to our

knowledge, that examine biases in teachers’ affirmations of student thinking in mathematics.

Experimental research on racial biases in math teaching has begun to emerge, with—similar
to the above—most of the findings identifying teacher biases against Black relative to White
students in the context of instructional responses to incorrect or partially correct student
mathematical work. In a randomized experiment with 90 general education mathematics teachers in
grades 4-8, Pollard (2022) focused on the data-use cycle—where teachers evaluate student work,
diagnose errors, provide feedback, and make curricular and pedagogical choices for instructional
remediation (Datnow & Hubbard, 2015). Using a hypothetical roster containing student
demographic information, teachers were randomized into a predominantly White or Black
classroom, viewed a work sample from a hypothetical Black or White boy containing a mathematical
error adding unlike fractions, provided written feedback to the student, and finally selected ensuing
curricular and pedagogical choices. Pollard (2022) found that teachers were more likely to select
lower-quality math curricular materials and remedial instruction for Black students compared to
White students and that teachers were more likely to endorse student-centered instructional moves
for Black students compared to White students. However, student race-ethnicity showed no relation
to the evaluation or feedback teachers provided. Further, Copur-Gencturk and colleagues (2022) did
not find any racial-ethnic biases in teacher recommendations for gifted education based on correct
or mostly correct student mathematical work but did find that teachers were more likely to refer
Black students for special education in the context of incorrect and partially correct student
solutions. These studies underscore the role of racial-ethnic biases in teachers’ curricular and
pedagogical choices and their referrals in the context of incorrect mathematical ideas. We build on

this work by similatly looking at biases but include Latinx/e in addition to Black students and shift
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the focus from the choice of tasks to teacher responsiveness to mathematically correct and non-

standard student ideas.

Findings demonstrating teacher biases in response to student work containing some math
errors align with prior results from audit experiments in psychology in which biases have been
found to inform behavior and judgments when respondents are given greater latitude for
interpretation—in other words, discretion. Indeed, in the absence of information and in ambiguous
situations that require subjectivity, student group membership may become more salient, causing
implicit biases to play a more pronounced role in informing action (Dovidio, 2001). In responsive
teaching—where teachers must interpret student thinking and articulate a reasoned reaction in the
moment (Jacobs et al., 2010)—implicit biases may be more likely to affect teachers’ cognitive
processing. Further, models of responsive teaching (Alexander, 2008; Lampert, 2001; see below for
more detail) encourage students to express their mathematical ideas and strategies, often resulting in
correct but non-standard student solutions, another area of ambiguity requiring teacher discretion.
Yet we know of no studies to date that examine racialized differences in teacher responsiveness in

this crucial instructional domain.

Responsive Teaching in Mathematics

Responsive teaching—sometimes called dialogic teaching (Alexander, 2008)—Ieverages
student thinking as an instructional resource to build on students’ mathematical knowledge. In line
with reforms outlined by National Council of Teachers of Mathematics (NCTM, 2000, 2014) and
Common Core State Standards Initiative (2010), this approach to instruction centers students’
mathematical ideas by inviting them to explain and justify their thinking processes and attend to
each other’s reasoning. When teaching responsively, teachers must attend to, interpret, and respond

to the mathematical details in students’ strategies (Jacobs et al., 2010). Leveraging student
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sensemaking in this way is associated with improved learning outcomes in math, as it supports

higher-order thinking and the construction of conceptually based subject matter knowledge

(Carpenter et al., 1989; Cohen & Hill, 2000; Schoenfeld et al., 2023; Smylie & Wenzel, 20006).

Effective responsive teaching in mathematics necessitates that teachers make a variety of
instructional decisions as they work with student mathematical thinking in the moment (Boston,
2012; Stein et al., 2008). These decisions may include (but are not limited to) eliciting, using, and
affirming that thinking as well as supporting student sensemaking about the math content. Elicitation
refers to the practice of surfacing specific students’ mathematical ideas and can involve prompting a
student to explain their strategies or other ways of “getting student thinking on the table”
(Shaughnessy & Boerst, 2018). Use of student thinking in mathematics refers to the teacher keeping a
student’s idea in play as an object of discourse and includes the teacher or another student revoicing,
emphasizing, restating, and probing a student’s idea or solution process (Herbel-Eisenmann et al.,
2013; Jacobs & Empson, 2016; Lampert, 2001; O’Connor & Michaels, 1996). Affirming student
thinking includes teacher praise and “affirmation of something a student did well” (Brophy, 1981;
Sun & Ruef, 2023). Finally, supporting student sensematking refers to instructional moves in mathematics
that create opportunities for students to have ownership over, grapple with, and make sense of the
content (Schoenfeld et al., 2023). As opposed to the teacher driving the mathematical thinking, for
example, by prescribing a specific mathematical strategy or step-by-step instructions, teachers can
support student sensemaking by creating opportunities for learners to bring their existing knowledge
to bear and make sense of mathematics. This could look like engaging students in a think-pair-share

or having them compare their mathematical strategies.

As evidenced by the variety of instructional moves teachers can choose to deploy in

responding to and assessing student thinking in the moment, responsive teaching opens the door to
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the broad realm of student ideas and ways of thinking about mathematics, introducing greater
possibilities for instructional content and consequently a greater degree of uncertainty. Greater
attention to student thinking is necessitated, as teachers must attend to students’ sometimes
unconventional intellectual contributions as well as to the established standards of the discipline
(Lampert, 1990). On one hand, surfacing the array of potential student ideas in the math classroom
can create new opportunities to reveal student thinking that would otherwise go unacknowledged,
making learning experiences more equitable. On the other hand, contributions from minoritized
learners may be undervalued or go unnoticed in the interactional space of the math classroom,
thereby reproducing racial hierarchies (Battey et al, 2021; Gutiérrez, 2013; Louie, 2018; Martin, 2009;
Nasir et al., 2008). For example, in response to a problem asking, “How many tens does 743 have?”, a
non-standard student approach might be “seventy-four tens,” which a teacher might interpret as
incorrect, technically correct but not relevant to the question, or mathematically novel and
innovative. Depending on how the teacher perceives this approach and whether the student comes
from a racially minoritized background, the teacher may judge this student to be mathematically
“exceptional,” performing at the expected level, or in need of a review of place value. Thus,
responsive teaching may instigate biases if a non-standard response is seen as a lack of knowledge or

as a sign of mathematical “exceptionalism” for racially minoritized students.

Emerging research shows mixed findings about the potential for reform-oriented
mathematics teaching to rectify social inequities. In some undergraduate math classrooms focused
on inquiry-based discussion, women’s participation was found to be significantly lower than men’s,
which later predicted gender gaps in mathematics performance in favor of men (Reinholz et al.,
2022). However, Laursen et al. (2014) found that inquiry-based learning in college mathematics
eliminated gender gaps found in traditionally taught courses. Moreover, in a descriptive study by

Reinholz and Wilhelm (2024) examining student talk turns in a racially diverse urban district that

20



had implemented mathematics instructional reforms, Black students were found to have high levels
of participation, indicating what the authors describe as a sign of improved equity in the district.
However, they also found Latinx/e students showed significantly lower levels of participation
compared to Black and White students, raising questions about the potential for reform-oriented
mathematics teaching to rectify and/or exacerbate racial disparities in mathematics teaching and

learning.
The Present Study

Experimental findings from the literature on racial-ethnic biases in the domain of
mathematics have primarily focused on incorrect or partially correct student work and have often
demonstrated lower expectations and perceptions of student ability against Black students, work we
replicate here and extend in three important ways. First, we aim to reproduce prior experimental
findings regarding racial biases in teacher expectations and judgments about student ability and
extend them to contexts featuring correct, non-standard, and innovative student math solutions.
Second, we extend prior studies about biases in instruction to key elements of responsive teaching.
Finally, we investigate biases against Latinx/e students in addition to Black students. We do this

work using a pre-registered experimental design, strengthening the study’s internal validity.
Methods

We measured teacher judgments about the quality of students’ mathematical thinking,
teacher expectation of task difficulty, and teacher responsiveness to student solutions in the context
of six animated teaching simulations, or ATSs (Herbst et al., 2011; Charalambous, 2020), here called
vignettes. We then ran a series of regressions on these outcomes of interest to understand how
teachers’ responses to and thinking about student work in the vignettes might systematically vary

depending on student race-ethnicity. Although we may sacrifice the face validity associated with
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classroom observation data with our use of vignettes, this approach allows us to make causal
inferences about the role student race-ethnicity may play in teachers’ expectations of students and
their subsequent instructional decisions. The use of vignettes also allowed us to reach a large sample
of teachers, necessary for conducting this experimental work. We emphasize that claims about racial
bias tend to carry a greater “burden of proof” in the social and psychological sciences (e.g. Roberts,
2022). As race tends to correlate with factors like socioeconomic status and school resources,
including teacher quality (e.g. Clotfelter et al., 2023), we elected for an experimental design and
varied student race-ethnicity. Our experimental methodological approach enables us to make
inferences about the specific role racial-ethnic biases play in mathematics instruction. We describe

our methods in more detail next.
Sample

We elected to work with K-8 teachers because these years are critical, as they set up the
foundation for algebraic thinking and higher-level mathematics, and because this large population of
teachers enabled us to achieve a sufficient sample. We recruited participants using a Qualtrics
teacher panel in the U.S. from June through August of 2022. Our screening criteria selected for K-8
teachers who had taught mathematics within the last three years. Qualtrics returned a data set of 315
teachers, from which we omitted three teachers who failed to authentically engage in the survey (e.g.
had blank, incomplete, or irrelevant responses). While our study focuses on K-8 teachers, we
retained the 19 teachers who reported they taught high school in 2022 because our screening criteria
was inclusive of any teacher who had taught K-8 mathematics in the prior three years. Teachers with
secondary mathematics credentials could have switched from teaching middle grades to high school
math in that three-year window. Our survey included attention checks throughout to check if

participants were paying careful attention (e.g. “How many students have their hands raised?”), with
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over 99% of teachers passing at least one. Because an inspection of responses revealed that
individuals who failed an attention check did offer appropriate and relevant verbal responses to the
vignettes, we did not remove their responses. Our final sample of N=312 teachers is shown in Table
1.1. In line with the teacher population in the U.S., the majority of our sample identified as White
women. Our sample, however, is weighted toward more experienced educators than is typical in the

U.S. (National Center for Education Statistics, 2023).

Table 1.1 Sample Characteristics for Full Sample and Across Conditions

Full Sample  Condition A Condition B Condition C Pearson Chi-square or

N=312 #=109 #=106 =97 ANOVA
N (%) (%) (%) (%)
Gender
Woman 272 (87) 95 (87) 88 (83) 89 (92) X2(2) = 3.46,p = 0.18
Man 39 (13) 14 (13) 18 (17) 7(7) X2 =443, p =0.11
Nonbinary 1(<1) 0(0) 0(0) 1(1) x%(2) = 2.22,p = 031
Teaching experience x%(12) = 10.52, p = 0.57
<1 year 3(1) 1(1) 22 0(0)
1-2 years 18 (6) 7(6) 5(5) 6 (6)
3-5 years 34 (11) 14 (13) 6 (6) 14 (14)
6-10 years 66 (21) 25 (23) 22 21) 19 (20)
11-15 years 46 (15) 18 (17) 18 (17) 10 (10)
16-20 years 41 (13) 13 (12) 13 (12) 15 (15)
20+ years 105 (34) 31 (28) 40 (38) 33 (34)
Lowest Grade taught X2(6) = 4.13,p = 0.66
PreK-2 82 (26) 24 (22) 34 (32) 24 (25)
3.5 139 (45) 51 (47) 45 (42) 43 (44)
6-8 72 (23) 28 (26) 22 21) 22 (23)
9-12 19 (6) 6 (6) 5(5) 8 (8)



Table 1.1 Continued

Full Sample  Condition A Condition B Condition C Pearson Chi-square or

N=312 n=109 n=106 n=97 ANOVA
N (%) (%) (%) (%)
Teacher race-ethnicity
Black 22(7) 303) 14 (13) 5(5) X2 =9.74,p = 0.01
Latinx/e 16 (5) 7.(6) 4 @) 5(5) X2 =078, p = 0.69
Native Am. 3(1) 0 0) 1(1) 22) X2 =229, p =021
X2 = 1.46, p = 051
AAPI 11 @) 22 5(5 44
White 239 (77) 88 (81) 73 (69) 78 (80) X% =5.36,p = 0.07
Multiracial 21 (7) 9(8) 9(8) 303) X2 =2.97,p =020
School Demographics mean
Utbanicity 0.29 0.31 0.30 0.27 H() = 2.22,p = 0.33
Percent White 0.55 0.55 0.53 0.57 F(2,305) = 1.16, p = 0.32
SES average 0.28 0.32 0.20 0.34 F(2, 306) = 2.48, p = 0.09
Avg. Math Ach 0.03 0.02 -0.005 0.06 F(2,305) = 2.62, p = 0.07

Note: Experimental conditions A, B, and C consisted of a hypothetical classroom predominantly
composed of Black, White, or Latinx/e students, respectively. AAPI stands for Asian American and
Pacific Islander. Column percentages are shown in parentheses. Means are provided for school
demographic variables. We ran one-way ANOVA tests to compare means across conditions for
school demographic variables (for urbanicity, which showed a non-normal distribution, we used a
Kruskall-Wallis test). For our categorical variables, we used Chi-Square tests and report the Fisher’s
exact test results when cells had few (<5) frequencies.

Study Design

We employed a between-subjects design in which participants were each randomly assigned
to view six vignettes from a hypothetical elementary classroom composed of predominantly Black
students (condition A, #=109 teachers), White students (condition B, #=106 teachers), or Latinx/e

students (condition C, #=97 teachers). Randomly assigning teachers to experience vignettes in only
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one condition rather than across conditions (a between- rather than within- subject design)
diminished the potential for social desirability bias or participants becoming aware that the study
was about race (Hofmann et al., 2005). Vignettes were identical save for the race-ethnicity of the
students. To test for potential differences in teacher characteristics across our three conditions, we
ran a series of Chi-Square and ANOVA tests. We found that by chance, Black teachers were over-
represented in the condition predominantly composed of White students (y%(2) = 9.74, p = 0.01),
and White teachers may have been slightly over-represented in the condition predominantly
composed of Black students (¥%(2) = 5.36, p = 0.07). We also found that teachers in the White
classroom condition may have worked in metro locales with a moderately lower socioeconomic
status (F(2, 300) = 2.48, p = 0.09) and lower aggregate mathematics achievement (F (2, 305) = 2.62,
» = 0.07) compared to teachers in the other two conditions. We discuss these imbalances in our
limitations section but note that our analytic models account for teacher race-ethnicity and school
context factors as covariates, meaning we interpret differences in our dependent variables across
conditions above and beyond these teacher- and school-level factors. We found no statistically
significant differences between groups of teachers across the three conditions for our other

demographic and contextual variables.

We composed vignettes of between 5 to 11 slides, or frames. To inform the development of
vignettes, we conducted cognitive interviews with elementary teachers and fine-tuned their content
and format before piloting them on the online survey platform (Hill et al., in press). Each vignette
showed study participants an elementary math problem introduced by a ‘teacher;” student work time
on the problem; and a “target” student solution to the problem which provided either their answer,
their thinking, or both. All target student responses could be interpreted as correct, and five of the
six featured non-standard—and sometimes innovative and sophisticated—student mathematical

reasoning. As the relevant target student utterances in Table 1.2 show, all responses invited further
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probing or discussion of the student’s thinking. The final frame of the vignette first asked study

participants to verbalize what they would say to the class next into their device’s microphone, and

then to, in a second step, verbalize the instructional step they would take after that initial comment.

Table 1.2. Item Descriptions and Target Student Responses in the Six Vignettes

Item Mathematical problem

or prompt

Instructional Scenatio

Relevant target student utterances

1 Reptesent2/3 ona

number line

2 T has 14 papers. ] has 9

papers. How many
fewer papers does ]
have than T?

3 What fraction of the
rectangle is shaded?

(Rectangle shows %5
shaded)

4 12x5=

Students work independently.
Teacher brings class together
and asks two students to share
their answers.

Students work independently.
Teacher asks a student to
share thinking. Student replies
using “counting up” method.

Students think independently
and then turn and talk about
problem. Teacher elicits a
response from a student.
Student replies with a numeric

answer and a solution.

Teacher elicits student
response. Student replies with

a non-standard method.
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S7: First I divided the part of the
number line between 0 and 1 into 3
equal segments. Then, I shaded two
of them. So %4 is right here.

§52:1did the same thing. I just shaded
in two different segments. (Shows

shading starting at %3 and ending at

1.

S: I used my fingers and counted up
from 9 to 14. That’s 10, 11, 12, 13,
14. That’s 5 counts, so | has 5 papers
fewer than T.

§: Two fifths. There are five parts
and two of them are shaded.

S: 1did it in my head. First I
multiplied 5 times 10 and got 50.
Then I multiplied 5 times 2 and got
10. Then I added 50 and 10 and got
60.



Table 1.2. Continued

Item Mathematical problem  Instructional Scenario Relevant target student utterances
ot prompt
5 19+06= Teacher asks for a student to 5 I took away a one from the 6 and
come to the board to solve added it to the 19. Then it was easy, 5

problem. Student volunteers  plus 20 is 25.
and solves the problem using
a non-standard method.

6 How many tens does Teacher first asks how many  §7: 1 think it has four tens.

743 have? ones 743 has. Student answers o
82: 1 think it has seventy-four tens.
3, and teacher affirms answer
as correct. Teacher then asks
how many tens 743 has.

Teacher calls on two students.

Note: To view vignettes, see
https://osf.io/qz5g4/overview?view only=fecd5b01074146b98765af1f4444£617

To operationalize race-ethnicity, four of the six students present in each vignette signaled
either Latinx/e, Black, or White students in terms of physical attributes like skin tone and hair
features. Further, we assigned a name to the student speaking that was commonly associated with
that particular group, but not socioeconomic status, to further signal their racial-ethnic identity
(Gaddis, 2017a, b). As is typical for U.S. classrooms, the teacher in all vignettes was White (National

Center for Education Statistics, 2023).

Teachers were (truthfully) told that the main purpose of the study was to pilot the vignettes
as an instrument to capture teachers’ responses to classroom situations in math (see Hill et al., in
press). We embedded a manipulation check at the end of the survey—a question asking teachers to
report the race-ethnicity of the students featured in the vignettes—to test if race-ethnicity was

adequately salient and operationalized. Overall, 87% of teachers correctly noted the race of the
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student speaking—=86%, 82%, and 92% in the classroom condition featuring a majority of Black,
Latinx/e, and White students, respectively. We found emergent evidence to suggest teachers in the
condition featuring mostly White students may have been more likely to correctly notice and report

the race of the students in the vignettes (y2=4.65, p=0.10).

We acknowledge that student identities are complex and intersectional, and that race and
ethnicity cannot be fully disentangled. While the categories we use are certainly not necessarily
mutually exclusive in the real world, e.g. in the case of Afro-Latinx students, our purpose was to
attempt to make the student’s racial-ethnic identity salient in order to measure teacher biases. We
accept this trade-off between the study’s simplification of student race-ethnicity and the benefit of

an experimental design.
Procedure

Vignettes were presented to teachers via the survey software Qualtrics. We fixed the first
vignette to randomize teachers into their condition, and the subsequent five were presented in
random order to avoid potential order effects. After respondents viewed the frames depicting the
sequence of instruction in each vignette, the final frame demonstrated the target student response(s)
and directed participants to “Speak what you would say next to the class” as if they were the
hypothetical teacher (Question 1, Q1). Next, they were asked a second question: “After saying this
to the class, what would you do next?” (Question 2, Q2). We captured teacher responses using an

embedded voice transcription software, Phonic.

After recording their responses to the open-ended Q1 and Q2 questions, teachers responded
to closed-ended Likert-type items pertaining to each vignette using a 1 (low) - 5 (high) scale. The

survey concluded with questions limited to teacher background. In addition to attention checks, we
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included manipulation checks throughout the survey to determine whether respondents noticed the

race/ethnicity of the students in the vignettes.
Measures

See Table 1.3 for a summary of the prompts and nature of data for all pre-registered measures. We
include, for completeness, our measure of eliciting student thinking, which we were unable to

analyze because of poor fit between the items and construct.

Table 1.3. Constructs Measured and Prompts in the Survey

Construct Survey Prompts

How mathematically sophisticated is [student]'s response?
How likely is it that [student| has a solid conceptual understanding of

[problem type]|?
Teacher Judgments About the [Student]'s response indicates they ate on track toward mastering
Quality of Students’ [problem type].
Mathematical Thinking (Likert,  [Student]'s thinking is mathematically sound.
1-5 scale) The teacher should encourage [student] to solve similar problems in

the same way.
The teacher should encourage the class to solve similar problems in
the same way.

How difficult would this problem be for the typical 4th grader in the

Task Difficulty (1-5 scale) us.?

%g%ng Student Thinking Q1: Speak what you would say next to the class.
Using Student Thinking (UST) Q1: Speak what you would say next to the class.
Teacher Affirmation (TA) Q1: Speak what you would say next to the class.
Supporting Student Sense-

. ' i ; >
Making (SSS) Q2: After saying this to the class, what would you do nextr

Teacher Expectations and Judgments About Students’ Math Abilities

Teacher [udgments about the Quality of Student Mathematical Thinking. We measured teacher
judgments about the quality of the student’s mathematical thinking via six Likert-type items (1-5

scale) per vignette where the teacher rated the student response’s sophistication, the student’s likely
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level of understanding, their content mastery, the soundness of their thinking, and the extent to
which the teacher would encourage the student and class to use the approach described by the target
student (an endorsement of the student’s strategy). The items were developed based on prior
scholarship asking teachers to evaluate students’ written mathematical work along dimensions of
accuracy/ correctness, mathematical clarity, sophistication of solution, mathematical language, and
written mechanics and which found the items to load onto a single latent factor (Pollard, 2022). This
measure also aligns with prior research on teachers’ evaluations of students’ mathematical
thinking— which captured teachers’ ratings for the quality of student explanations, representations,
understanding, sophistication, and mathematical competence—and composed them into a single
measure and construct (Battey et al., 2021). Our measure had acceptable internal reliability (x=0.90)
across the 36 items. We constructed and used scores output by a nested measurement model within
vignette due to the hierarchical data structure, with the six ratings under each vignette, and a
confirmatory factor analysis (CFA) revealed adequate fit (y2(580) = 1311.44, p<0.00 CFI = 0.925
TLI = 0.919 RMSEA = 0.06 SRMR = 0.07; Hu & Bentler, 1999). This model specification proved
to be the best fit to the data when comparing the model fit of alternative specifications (e.g. nesting
within item type rather than vignette). See Figure B1.1 for a conceptual diagram and CFA for this

measure.

Teacher Expectations of Task Difficulty for the Student. We measured teacher expectations for task
difficulty with one item per vignette intended to capture how difficult they expected the math
problem to be for “the typical fourth grader.” Teachers responded on a 5-point Likert scale, with 1
meaning not difficult at all and 5 being very difficult. Teachers’ reported ratings of difficulty were
cohesive across the six vignettes (= 0.79), and a confirmatory factor analysis revealed adequate fit
(x?(9) =17.09, p = 0.05, CF1=0.995, TL.I=0.991, RMSEA = 0.05, SRMR = 0.04; Hu & Bentler,
1999). See Figure B1.2 for a conceptual diagram and CFA for this measure.

30



Teacher Responsiveness to Student Thinking

Before analysis, all open-ended responses were transcribed and reviewed against their
original audio by human raters; the ASR transcriptions were 95% accurate at the word level, and the
meaning of most inaccurate words could be inferred. Members of the project team developed an
initial set of low-inference codes for the teacher responsiveness measures and completed preliminary
coding on pilot data to achieve 80% inter-rater agreement or better, refining these codes to improve
clarity. In rare cases, we coded responses as N/A when there was no teacher utterance ot it was not
responsive to the prompt. However, we only retained teachers in our sample who had codable
responses on at least four out of the six vignettes. Once codes were finalized, the lead team recruited
and trained raters using scores from the pilot data. Raters specialized in a particular code and
double-scored responses within each vignette until an average 80% inter-rater agreement rate or
better was achieved. The first author held weekly norming sessions for the rating team to discuss
and resolve discrepancies. Raters went on to single score responses, and a member of the project
team double-scored 20% of those scores to assess rater drift and accuracy. The project team
resolved any disagreements that occurred during this process. Table Al.1 in Appendix Al provides

codes for all teacher responsiveness measures.

Eliciting Student Thinking (EST). We coded teacher responses to Q1 for the extent to which
teachers elicited target student ideas in each vignette. We assigned a score of zero when there was no
elicitation of any additional information from the student (e.g. “Great work!”), a one for minimal or
generic elicitation that did not draw on anything specific the student had shared (e.g. “Can you
explain to everyone what you mean?”), and a two for strong elicitation when the teacher posed a
question to clarify or probe a specific idea that the student had shared (e.g., “When does it make the

most sense to use your taking-away-one-adding-one strategy?”). The inter-rater agreement rate was
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0.90 for EST; however, while a factor analysis indicated a distinct factor for these items, the six
vignettes together exhibited poor score reliability, with «=0.34 over the six items. We thus excluded

this construct from further analysis.

Using Student Thinking (UST). We coded teacher responses to Q1 for the extent to which
teachers used student thinking in their subsequent utterance. We assigned a code of zero when the
teacher responded in a pro forma way without using student thinking (e.g. “Who else would like to
share?”); a one when they used some aspect of the student’s thinking, such as brief restatement; and
a two when there was strong use of student thinking, such as the teacher weaving the student idea
into the development of the mathematics. The interrater agreement for UST was 0.78, and we

estimated a=0.72 over the six items, demonstrating adequate internal consistency.

Supporting Student Sensematking (5S85). We coded teacher responses to Q2 for supporting
student sense-making, assigning a code of zero when there was no support for student sensemaking
in the next planned instructional step (e.g. “Let’s move on to a new problem”), and a one when the
teacher centered student sense-making (e.g. “Who agrees with the answer? Explain why or why
not”). The interrater agreement rate for SSS was 0.84, and we estimated «=0.72 over the six items,

demonstrating adequate internal consistency.

After scoring for the three constructs above, we conducted exploratory factor analysis that
permitted these scores to load onto all three hypothesized latent factors in an unrestricted
measurement model. This analysis revealed the strongest standardized factor loadings generally
corresponded with their respective hypothesized factors, suggesting a distinct factor solution for

each respective construct (Hill et al., in press).

Teacher Affirmation (I'A). We coded Q1 responses for teacher affirmation, assigning a code of

zero when there was no affirmation (e.g. “Who agrees?”), a one for a general affirmation (e.g.
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“Excellent job on that problem”), and a two for specific affirmation (e.g. “Great work explaining
there are ten tens hidden in each hundred”). Rater agreement was 0.95 for teacher affirmation (TA).
We conducted a separate factor analysis for this affective construct. For the six vignette scores for
teacher affirmation in Q1 (responding to the target student directly), we fit an adequate
measurement model (y%(9) =16.00, p=0.07, RMSEA=0.05, CFI= 0.99, TLI=0.98, SRMR=0.04,
WRMR=0.59). Teachers’ coded responses for TA were also cohesive («= 0.77). These findings

support a distinct factor solution for teacher affirmation.

For all coded measures of teacher responsiveness that were adequately internally
consistent—UST, SSS, and TA— we estimated scores for each teacher using 2-parameter logistic
(2PL) models with Item Response Theory’s (IRT) Graded Response Model (GRM) for polytomous

data (Samejima, 1969).
Other Measures

Teacher background. We use an ordinal variable to measure teaching experience: less than 1
year (0), 1-2 years (1), 3-5 years (2), 6-10 years (3), 11-15 years (4), 16-20 years (5), and >20 years (6).
For grade level, we also use an ordinal variable: Pre-K to grade 2 (0), mid-elementary or grades 3-5
(1), middle school or grades 6-8 (2), and high school or grades 9-12 (3). For respondents who
indicated multiple grade levels, we used their lowest level taught to obtain a conservative proxy for
level of teacher mathematical curricular knowledge. Teacher gender was measured as woman, man,
or non-binary. Finally, we used dummy variables to represent the following self-reported teacher
identities: Black, Latinx/e, White, Asian American or Pacific Islander, Native American, or
multiracial. Due to small sample sizes for some of these identities, we could not conduct interaction
analyses between condition and teacher race. These small sample sizes and a lack of theory also

prevented us from interpreting the coeflicients for teacher race-ethnicity in our results below.
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Teaching context covariates. Some have argued that racial biases in teacher beliefs and behaviors
may simply reflect their experiences with racial disparities in student achievement (Jussim & Harber,
2005). Teacher expectations are informed by prior student achievement, socioeconomic status,
gender, student diagnostic labeling, and student race-ethnicity (Peterson et al., 2016). As such, we
asked teachers for their school zip code and cross-referenced that with the Stanford Education Data
Archive (SEDA) to obtain the following covariates: school urbanicity as measured by the proportion
of students in city or urban locale schools, the percentage of White students in the locale, a
composite score describing the metro locale’s socioeconomic status, and finally a cohort scale mean

of the math achievement in the metro area (Fahle et al., 2021).

Analysis

Due to the experimental nature of the study, we preregistered on the Open Science
Framework (OSF) for scholarly transparency. We investigated the potential for bias in teachers’
scores on the above dimensions by fitting a series of multiple regression models with student race-
ethnicity entered as a fixed effect, with the reference group being the White classroom condition.
We used structural equation modeling (SEM) with maximum likelihood and diagonally weighted
least squares estimation, respectively, to model the impact of condition on teacher judgments about
student mathematical thinking and expectation of math task difficulty, as this technique allowed us
to account for measurement error in the construction of our latent variables, allowing us to be more
precise compared to a simple regression (Kline, 2016). See Figures B1.3 and B1.4 for the analytic
diagrams of these two SEM models. We modeled the impact of condition on our responsiveness
measures by running a series of individual multiple regressions with teachers’ estimated theta scores
as the outcome. To improve the precision of our estimates, we include the demographic and

covariates variables described earlier in both the SEM and multiple regression models (Equation 1).
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Equation 1 Yi = B()j + B1B/ﬂ6‘/éi + BzLﬂfZﬂXj + BsX] + Crrof;

Where j=participant, X represents the set of covariates described above, and error describes a
random error variance term. By and B; are the coeflicients measuring the main effects of bias. A
retrospective power analysis revealed we were between a power estimate of 0.17-0.49 to find the
effects we found, which we take as substantively meaningful differences in teacher responses to
students. Descriptive analyses and regressions were completed using Stata version 17.0, and factor
analysis was completed using RStudio version 2023.12.1+402 with the lavaan package for robust

model fit indicators to accommodate polytomous response data.
Results
Teacher Expectations and Judgements About Student Math Abilities

We did not find statistically significant differences by condition in teacher judgments about
the quality of students’ mathematical thinking (see Table 1.4). For teacher expectations, our findings
show respondents expected greater task difficulty for the typical U.S. student on average when
assigned to the Black (8 = 0.11, p=.046, Bwa = 0.19) and Latinx/e (8 = 0.14, p=.017, Bua = 0.23)
conditions, x?(79)= 74.70, p=.616, CF1=1.00, TLI=1.00, RMSEA=0.00, SRMR = 0.04. Our
findings also showed that those teaching more advanced grade levels on average expected greater
task difficulty for students (3 = 0.14, p<.001, B = 0.24). We also found that those with more
teaching experience (§ = -0.05, p=.001, B« = -0.08) and those teaching in contexts with higher
aggregate math achievement (3 = -0.38, p=.000, B = -0.62) expected lower task difficulty for
students, on average. Finally, we find trend-level, though not statistically significant, evidence to
suggest teachers who are women may expect a lower level of difficulty (i.e. higher expectations) for

students overall (8 = -0.12, p=.094, B4 = -0.20) compared to teachers who are men.
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Teacher Responstveness to Student Mathematical Explanations

We did not observe statistically significant differences by condition in teacher use of student
thinking. Those with more years of teaching experience were more likely to use student thinking (8
= 0.07, p=.027). We reiterate that our sample was insufficiently powered for interpretation of the
coeflicients for teacher racial-ethnic subgroups. When articulating their next instructional steps, we
found no statistically significant differences by condition, though we saw a trend suggesting teachers
may have been more likely to support student sensemaking for Black students relative to White
students (3 = 0.20, p=.095). Women were also more likely to support student sensemaking
compared to men (§ = 0.31, p=.030). Finally, we did not find statistically significant differences in
teacher affirmations across conditions, though we observed a trend suggesting teachers may have
provided a greater degree of substantive affirmations to Black students relative to White students for

the same mathematical solutions (3 = 0.21, p=.101).

Table 1.4. Results from SEM and Multiple Regression Models

Judgments Supporting
About the Expectation of Use of Student Student Affirmation
Quality of Task Difficulty Thinking (UST)  Sensemaking (TA)
Student Thinking (8SS)
Black 0.07 0.09 0.16** 0.11* 0.17 0.13 0.24* 020t 0.26*  0.21t

Classroom  (0.18)  (0.19)  (0.06)  (0.06) (0.12) (0.12) (0.11) (0.12) (0.12)  (0.13)

Latinx/e 007 007 0.13* 014 012 012 023 017 001  -0.03
Classroom  (0.18)  (0.19)  (0.06)  (0.06) (0.12) (0.12) (0.12) (0.12) (0.12)  (0.13)

Woman 0.18 0.12 -0.04 0.31% 0.02

(0.23) (0.07) (0.15) (0.14) (0.15)
Years 0.00 -0.05%* 0.07* 0.05 -0.02
Teaching (0.05) (0.01) (0.03) (0.03) (0.03)
Grade -0.04 0.1 4% -0.04 0.01 0.05
level (0.09) (0.03) (0.06) (0.06) (0.06)
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Table 1.4. Continued

do
{:b gnie;ts Supporting
out the
Quality of Expectation of Use of Student Student Affirmation
0
St dt}nt Task Difficulty Thinking (UST)  Sensemaking (TA)
ude
Thinking (555)
Black 0.20 0.14 -0.361 -0.35t -0.30
Teacher (0.31) (0.09) (0.20) (0.19) 0.21)
Latinx/e -0.01 0.00 0.26 0.38t 0.11
Teacher (0.35) (0.11) 0.23) 0.22) (0.24)
AAPI -0.30 -0.20 0.15 0.51t 0.00
Teacher 0.47) 0.13) 0.27) 0.27) (0.29)
Native Am. 0.57 -0.12 -1.37+ -0.58 -0.24
Teacher 0.77) (0.30) (0.50) (0.48) (0.53)
Multiracial -0.07 -0.07 -0.04 -0.22 -0.21
Teacher (0.31) (0.10) (0.20) (0.20) 0.21)
Utrbanicity 0.49 -0.16 0.14 -0.10 0.09
(0.45) 0.14) (0.29) (0.28) (0.31)
% White -0.29 -0.03 0.02 0.24 -0.15
students 0.47) 0.14) (0.30) (0.29) (0.32)
Metro Area 0.07 0.04 0.03 0.10 0.02
SES 0.18) (0.05) (0.11) 0.11) (0.12)
Math 0.20 -0.38** -0.11 -0.30 -0.08
Achievement 0.44) 0.14) (0.29) (0.28) (0.30)
R2= R2= R2= R2= R2= R2=

0.01 0.07 002 0.09 002 0.04

*ekp < 001, *4p<0.01, *p<0.05, 7<0.10

Note: Coeflicients are shown with standard errors in parentheses. N=312 for all unconditional
models and N=307 for all conditional models due to five observations missing covariate data. AAPI
stands for Asian American and Pacific Islander. Metro area SES is a composite score describing the
socioeconomic status of the metro locale in which the teacher works. For our two scale measutes
(judgments and expectations), we interpret coeflicients on a 1-5 scale. For our coded responses

(UST, SSS§, and TA), we interpret coeflicients as standardized differences in the latent construct, 6.

37



Discussion

In this study, we replicate and extend the literature about biases in teacher expectations to
show that teachers’ expectations of math task difficulty for the typical student, but not their
judgments about the quality of students’ mathematical thinking, may be biased against minoritized
students of color. We further contribute to the evidence base on biases in education to include
verbal teacher responsiveness to correct and non-standard student math solutions, finding no
statistically significant differences by condition in dimensions of teacher responsiveness. However,
we find a trend suggesting study participants may be more likely to affirm and support the sense-
making of target students in the condition featuring a majority of Black students. We situate each of

our findings in the existing literature below, then consider implications for research and practice.

Prior experimental work in mathematics showing incorrect and partially correct student
work has demonstrated racial-ethnic biases against racially minoritized students in teacher
expectations and judgments about student abilities, yet no biases in their evaluation of the student
work itself (Pollard, 2022; Copur-Gencturk et al., 2019). We extend these experimental findings to
student work free of errors showing non-standard and innovative problem-solving approaches.
Taken together, these findings suggest that when evaluating and judging the quality of the
mathematical work itself—whether the work shows errors or correct or even innovative solutions—
teachers tend to not exhibit racial ethnic biases. Given that our findings contrast with findings from
Battey et al., (2021) which identified biases against Black students in teacher judgements of student
thinking in the context of mathematically correct student work presented via video, our findings
suggest that race-ethnicity alone may not necessarily trigger teacher biases, but its interactions with

students’ sociocultural ways of speaking about math might instead be at play (e.g. Nasir et al., 2008;

Shah, 2021).
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When the focus shifts to evaluations and judgments about the typical student, we see a
different picture. Copur-Gencturk and colleagues (2019) found teachers’ math ability ratings for
Black and Latinx/e gitls to be the lowest compared to boys and White students after viewing their
partially correct math solutions. We extend these findings to teachers’ expectations of difficulty after
viewing correct and non-standard student solutions. Our findings show teachers considered math
tasks more difficult for the typical student when presented with ‘classrooms’ primarily composed of
Black and Latinx/e students as opposed to White students, even when the student’s mathematical
work was correct and even innovative in its approach. An alternative explanation for this finding
could be teachers accurately assessing problem difficulty based on pre-existing racialized
achievement disparities, (e.g. Jussim & Harber, 2005). Still, because prior scholarship has identified
biases above and beyond student achievement (Peterson et al., 2016) and the content of our
vignettes was identical across conditions save for the race-ethnicity of the students, we argue
stereotyped associations shaped biases in teacher perceptions of difficulty rather than social reality.
Because teacher expectations relate to curricular choices (Aydin & Ok, 2022), this finding may be
consequential for the curriculum students receive. For instance, expectations about task difficulty
may underlie the biases against Black students in teachers’ curricular selection in mathematics found
in Pollard (2022). Such differences in expectations may contribute to noted differences in the
intended versus enacted curriculum students experience in mathematics, for example, by task
routinization, remediation or simplification (Stein et al., 2007; TNTP, 2018). As our findings showed
teachers expect greater difficulty for Black and Latinx/e learners based on the same and correct
mathematical content, our study raises questions about how teachers attribute those difficulties and
what kinds of instructional experiences follow, with important implications for student opportunity

to learn.
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This study also extends prior findings on biases in instruction to the domain of responsive
teaching in math. We did not find statistically significant differences by condition in teachers’ use of
student thinking, support of student sensemaking, and affirmations, though our findings showed
trends indicating teachers may be more likely to support student sensemaking in their next
instructional steps and may provide more positive and substantive affirmations for Black students
relative to White students for the same mathematical content. While we interpret these findings with
caution, they echo prior research by Harber et al. (2012) and Kleen and Glock (2018), which found
teachers demonstrate positive feedback bias toward Black, Latinx/e, and ethnic minority students.
The shifting standards theory may help to make sense of these findings which may run counter to
hypotheses about biases, which states that stereotypes about social groups inform standards for
evaluating members of that group, and those standards shift and differ across groups (Biernat et al.,
1991; Biernat, 1995). Thus, our emergent findings may result from teachers showing a positive bias
for minoritized students who excel academically. In similar work, Kleen and Glock (2018) found
teachers judged high-performing ethnic minority students more favorably than high-performing

ethnic majority students.

Fiske & Neuberg’s (1990) dual-process theory for arriving at social judgments may help to
interpret our seemingly contradictory findings. As our intervention presented teachers in all
conditions with a student’s proficient mathematical thinking and primed them to respond, teachers
may have been confronted with information that contradicted activated stereotypes about learners.
Our results showed teachers expected a greater degree of difficulty for students of color, yet they
evaluated the quality of and used students’ mathematical thinking comparably across conditions.
Here, teacher perceptions about student proficiency may have contradicted any stereotypes,
mitigating the potential for bias. When presented with information about a person that contradicts a

stereotype, an information-integrating strategy is employed whereby individual attributes are
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processed in an effortful, conscious manner to arrive at a judgment (Fiske & Neuburg, 1990). Such
effortful and controlled processing may have worked to counteract perceived stereotypes (Pendry &

Macrae, 1994), resulting in relatively equitable evaluations and use of student thinking across groups.

To summarize, our findings reproduce prior experimental findings regarding teacher
expectations and judgments about student ability and extend them to contexts featuring correct,
non-standard and even innovative student math solutions. We find that when evaluating and judging
the quality of students’ mathematical work itself, it is unlikely that teachers will exhibit biases, but
when the focus shifts to evaluations and judgments about the student, teachers expect Black and
Latinx/e students to expetience greater difficulties. Second, we extend ptior work about biases in
instruction to the domain of responsive math teaching, finding suggestive rather than conclusive
evidence in need of further investigation in the field. Finally, we extend previous work on racial-
ethnic biases in the domain of mathematics to include Latinx/e students in addition to Black

students.
Limitations

We reflect on several limitations to the present study. To start, we may have inadvertently
intervened on what we intended to measure: it could be the case that we did not observe biases in
some domains of responsive math instruction because we prompted all teachers in our study to
respond to the student’s mathematical thinking. An understanding of teachers’ responses in the
classroom also includes 7oz responding (Kang, 2022) or 7ot noticing students’ mathematical
contributions, particularly those from racially minoritized learners (Louie, 2018). It remains to be
observed whether educators would have chosen to respond to the student’s mathematical ideas had

they not been universally prompted to do so and what the consequences would be. Prompting
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teachers to take up student thinking could have played a leveling role in student opportunities to

learn.

Another limitation concerns the demographic make-up of our sample. We did not have
enough power to enable an examination of interaction effects between teacher and student race-
ethnicity. Our sample consisted primarily of White educators, and White teachers may demonstrate
social desirability bias in efforts to maintain a positive self-image and not appear biased or racist
(Crosby & Monin, 2007; Plant & Devine, 1998). Moreover, even though they only composed 7% of
our sample, Black teachers were somewhat overrepresented in the condition featuring White
students, and White teachers may have been slightly overrepresented in the condition featuring
Black students. There is ample literature on the positive effects of racial-ethnic congruence or
“match” between teachers and students, for example when Black students are taught by Black
teachers (Gershenson et al., 2016; Redding, 2019) and the nature of relational interactions for
racially (mis)matched teachers and students in middle school mathematics (Battey et al., 2018). Had
more Black teachers and fewer White teachers been in the condition featuring Black students, we
may have found higher expectations and less or no bias overall. Similarly, our sample leaned towards
experienced educators, which have been shown to be less biased than novice teachers (Vinopal &
Holt, 2019); had our sample consisted of more early-career teachers, we may have found more
pronounced biases against Black and Latinx/e learners. Future work investigating racial biases in
responsive teaching should include a stratified, racially diverse sample of teachers with more varied
levels of experience and attend to the phenomenon of racial-ethnic match between teacher and

student.

A final limitation stems from the study’s design, which precluded us from three important

lines of inquiry. First, due to sample size and power limitations, we could not take an intersectional
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approach that examines interactions between student gender, race-ethnicity, and socioeconomic
status. Biases are complex and are likely influenced by the intersections between various student and
teacher identity factors (e.g. Battey et al., 2018; Riegle-Crumb & Humphries, 2012). Next, the
relatively low R® values in our models indicate that there are other variables beyond those we
investigated that can better account for the variation in teacher responsiveness to students. For
example, future research examining biases in teacher responsiveness might account for teachers’
mathematical content and pedagogical knowledge, which we would expect to predict one’s
propensity to teach responsively (e.g. Mathematical Knowledge for Teaching, or MKT as

investigated in relation to biases by Battey et al., 2021 and Hill et al., 2008).

A final limitation from the study design concerns the format and content of the vignettes. In
terms of format, the vignettes depicted a decontextualized, hypothetical instructional scenario which
may not capture teachers’ responsiveness in practice with real students with whom they have
existing relationships. Given that improved empathy for and relationships with students can reduce
racial biases in teacher behavior (e.g. Okonafua et al., 2016), future work must examine the extent to
which any biases in responsive teaching may be mediated by relationships. Additionally, while prior
research has linked teacher responses to vignettes to their classroom practices (e.g. Stecher et al.,
20006 ; Stein et al., 2017), more external validity work is needed to connect teacher responses to
instructional vignettes to their classroom practice, as teacher responsiveness may differ across both
settings. In terms of vignette content, the math problems were at the fourth-grade level; and while
we controlled for teachers’ grade level in our model, those working in younger or more advanced
grades may have differing expectations of difficulty in terms of problem content alone. Additionally,
all student answers and solutions featured in the vignettes presented were mathematically correct,
with some even demonstrating student reasoning through non-standard problem-solving strategies.

This context may have made it clear to teachers that students across groups were equally proficient
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in the particular mathematics topics represented in the vignettes. This is further supported by the
fact that we did not detect any differences in teachers’ use and judgments about the quality of
student thinking. Such correct solutions may have provided stereotype-disconfirming evidence to
teachers, reducing the potential influence of racial biases. Student demonstration of mathematical
proficiency is consequential for the instructional character of a classroom. Indeed, prior research has
shown teachers to employ ambitious teaching practices (Lampert et al., 2013)—of which
responsiveness from the teacher is a large part—in math less frequently the more students they had
performing below grade level (Gottfried et al., 2023). Future work in this area should examine the

role of student math proficiency in teachers’ racial-ethnic biases in this domain.

Conclusions

The mixed findings from this study have implications for pre- and in-service teacher
education as well as for further research on racial-ethnic biases in responsive math teaching. We
discuss several of those implications. First, our findings suggest surfacing students’ non-standard
and sophisticated mathematical strategies may serve as stereotype disconfirming information.
Providing opportunities for students to share their mathematical reasoning and problem-solving
processes may serve as an equity practice. Second, our findings indicate a need to address biased
estimations of difficulty against Black and Latinx/e students in mathematics. We hope our findings
encourage trainings that focus on exposing in-service and pre-service teachers to counterstereotypic
exemplars to reduce implicit racial biases (Lai et al., 2014). Further, our inconclusive findings on
positive feedback bias in responsive teaching practices invite further research on the extent and
nature of any biases and whether they may be shaped by or interact with other student identity
factors, like language and culture (e.g. Shah, 2021). Knowledge about the specific instructional sub-

domains and circumstances subject to biases can better equip teacher educators and practitioners to
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intervene on them, for example, through practice-in-context (Mancenido et al., 2025) and coaching

(Cohen et al., 2024).

Youth in U.S. schools are more racially and ethnically diverse than they have ever been,
meanwhile the teaching profession remains predominantly White (National Center for Education
Statistics, 2023). Such demographic change is not inconsequential, as White educators in the U.S.
have been found to carry negative stereotypes and social distance from minoritized groups (Quinn
& Stewart, 2019), and U.S. counties with higher aggregate teacher racial bias tend to show greater
achievement disparities between Black and White students (Chin et al., 2020). Responsiveness to
student thinking is characteristic of effective learning environments for children, so much so that
there have been concerted efforts to rehaul mathematics instruction in this way, particularly in urban
schools serving Black and Latinx/e communities (Anderson, 2014). Our findings indicate the wide
scale implementation of math instructional reforms absent a consideration of race could undermine

goals for equitable and just math teaching.
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Appendix Al

Table Al.1 Coding Scheme for Teacher Responsiveness Measures

Eliciting Student Thinking (EST)

N/A 0 - No eliciting of student 1 - Some elicitation of 2 - Strong elicitation of
thinking. student thinking student thinking
No teacher | Teacher makes a statement, | Teacher poses a simple Teacher poses a question

utterance or
teacher

utterance is

whether approval or
correction. No expectation
of student response. Asks a

proforma clarifying or
probing question that does
not draw specifically on

to clarify or probe a
specific idea that the
student has shared.

not question to the whole of what the student has shared
responsive the class / not the initial (e.g. “How did you get that?”;
to prompt. | respondent (e.g. “What do “Can you explain to everyone
others think?; “Did anyone else | what you mean?”)
have a different way?”)
Using Student Thinking (UST)
N/A 0 - No or minimal use of 1 - Some use of student 2 - Strong use of student
student thinking thinking thinking
No teacher | Response is plausible in the | Teacher response goes Teacher weaves student

utterance or
teacher
utterance is
not
responsive
to prompt.

given situation (e.g. “Ok,
nice!”). Teacher responds in
a pro forma way (e.g.,
acknowledges student
response is correct or
incorrect; thanks or praises
the student but does not
respond to their
mathematical ideas; asks
for another student answer
to the problem; provides
direct instruction about the
problem to the class).

beyond pro forma to
feature some use of student
ideas; focus stays at least
for a moment on the
student(s) but it does not
rise to strong use (e.g., brief
restatement of student
method; brief restatement
followed by teacher direct
instruction; asking students
to repeat their answers;
asks class whether student
1s correct).

ideas into the
development of the
mathematics (e.g.,
compares student
responses; adds
mathematical emphasis to
student method or
solution; fills in
mathematical details that
were missing from student
response; asks student
“why” question; asks class
“why” question based on a
student method; asks
“How do you know?”)
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Table Al.1 Continued

Supporting Student Sensemaking (SSS)

N/A 0 - No support of student sensemaking 1 - Support of student sensemaking
No Teacher does not invite student input or | Teacher keeps the student idea in play
teacher activity related to the original student somehow and/ or attends to student
utterance stage.men.t. The téache.r 1nsltead rnovels O | thinking in the classroom. The teacher “has
to direct instruction, simple approval, or
or teacher > SImpre approval, an ear to the ground” and seeks student
asks the class to move on to a *djfferent ) " q o OR assi
Ptterance problem or task. The nature of student 1np1.1t., ldeas, and feasoning .as.51gns an
is not input is such that students are asked to additional task related to the original student
responsive | answer a question for which the teacher idea or related to student thinking “on the
to prompt | already has a clear and strict answer in ground”. The nature of student input is such
mm.d. . that students are given the opportunity to
* Different means the new task is . - - «
] engage in their own sense-making. E.g. “Who
unrelated/ unresponsive to where S : :
4 b b “l e d , else agrees with this answer? Did anyone solve it a
students might be at, e.g. “Let’s do another .
o o] % » ©8 different way? Turn and talk to your partner about
problem, class”) X answer.”
Teacher Affirmation of Student Math Ideas (T'A)
N/A 0 - No teacher 1 - Generic teacher 2 - Specific teacher affirmation of
affirmation of student affirmation of student student ideas/ work
ideas/ work ideas/ work
No Teacher provides no Teacher assigns praise to Describes the extent to which
teacher praise. Does not the student in the form of | the teacher demonstrates the
utterance | position students as positive content or tone, ability to position students as
but it is non-specific/ . .
ot teacher | competent and does not : 5 o competent with affirmations
& hat thev did th generic (e.g. “Good job! o hat thev did h
Ptterance affirm what t f:y id that | 7o oo pecifying the specifying what they did that
is not was mathematically mathematical idea or was mathematically productive.
responsive | productive. Teacher specific thing a student Teacher actively affirms the
to does not affirm the did). Teacher may only specific student work (e.g.,
prompt student work or provide | address the correctness of | calling out what is correct in the

any type of praise.

the answer or student
engagement, but not the
mathematical idea.

student work, noting a strength
in student response).

Note: For any responses with N/A, teacher scores were estimated from their other vignettes scores.
No teacher in the sample had more than two vignettes coded as N/A.
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Appendix B.1

Figure B1.1 Conceptual Diagram and Confirmatory Factor Analysis for Measure of Teacher
Judgments about the Quality of Student Mathematical Thinking

Sophistication of response

Level of understanding

Content mastery

Soundness of thinking

Endorsement of strategy
for the student

Endorsement of strategy
for the class

N /
hd

Model under each ensuing
vignette (omitted here due to
space constraints)

OO0000

Vignette 1: Represent % on the
number line

Vignette 2: Tammy has 14 papers.
Jonee has 9 papers. How many fewer
papers does Jonee have than Tammy?

Vignette 3: What fraction of the
rectangle is shaded?

Vignette 4: 12x 5

Vignette 5: 19 + 6

0.39 (0.42)
N\
0.47 (0.54)
AN
¥ 046 (0.51) Teacher Judgments
about the Quality of
Student Mathematical
0.49 (0.56) Thinking
la— 4
0.57 (0.69)
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measurement error terms are not presented. Maximum likelihood (ML) estimator. Model fit indices:
X%(580) = 1311.44, p<0.00; CFI = 0.925; TLI = 0.919; RMSEA = 0.06; SRMR = 0.07.
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Figure B1.2. Conceptual Diagram and Confirmatory Factor Analysis for Measure of Teacher
Expectations of Task Difficulty for the Student
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Note: Standardized coeflicients (and unstandardized in parenthesis) are presented. N=312. Variances
of measurement errors not presented. Diagonally weighted least squares (DWLS) estimator. Model
fit indices: y2(9) = 17.085, p = 0.05; CFI = 0.995; TLI = 0.991; RMSEA = 0.05; SRMR = 0 .04.
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Figure B1.3. Analytic Diagram of Structural Equation Model (SEM) for Relationship
Between Black Classroom Condition and Latinx(e) Classroom Condition (Relative to White
Classroom Condition) and Teacher Judgments about the Quality of Student Mathematical
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likelihood (ML) estimator. Model fit indices: y2(1070)= 1912.88, p<0.00, CFI=0.913, TLI=0.908,
RMSEA=0.05, SRMR = 0.06
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Figure B1.4. Analytic Diagram of Structural Equation Model (SEM) for Relationship
Between Black Classroom Condition and Latinx(e) Classroom Condition (Relative to White
Classroom Condition) and Teacher Perception of Difficulty
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Note: Full results showing coeflicients for all covariates are shown in Table 1.4. N=307. Variances of
exogenous variables, disturbance terms of endogenous variables, and covariances between
exogenous variables not shown. Diagonally weighted least squares (DWLS) estimator. Model fit
indices: y2(79)= 74.70, p=0.62, CFI1=1.00, TLI=1.00, RMSEA=0.00, SRMR = 0.04
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Chapter 2
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Teachers’ Mathematics Task Support and Attributions for Students’ Struggles:

Investigating the Role of Student Race-Ethnicity, Teacher Background, and School Context

Abstract

Teachers’ diagnoses or explanations for student struggles relate to their practice in mathematics
teaching, especially in classrooms serving racially minoritized learners. However, most of the studies
on teachers’ causal attributions for student struggles examine them along a success-failure binary
rather than learning in progress, and little is known about relations between attributions,
preservation of task cognitive demand, and teacher and school context factors. In this pre-registered
study, I use a between-subjects design to randomize teachers to view an instructional vignette
featuring the work of a hypothetical Black, Latinx/e, or White student stuck on a high-level math
task. I find that student racial-ethnic condition showed no main effect on teachers’ causal
attributions, and educators who are women and teaching more advanced grade levels were less likely
to endorse internal causal attributions for the student struggle. Further, teachers’ instructional
preferences to routinize, remediate, and extend the math task did not differ by the race-ethnicity of
the student in the vignette but did differ descriptively according to the level of racial-ethnic
segregation in the teaching context. Finally, teacher endorsement of statements attributing the
student struggle to internal factors—but not external factors—positively related to their preferences
to routinize, remediate, and extend the task, and these attribution-instruction relationships did not
differ by racial-ethnic condition. The findings have implications for task-based mathematics

instruction and research on teacher decision making in the face of student challenges.

62



Teachers’ Mathematics Task Support and Attributions for Students’ Struggles:

Investigating the Role of Student Race-Ethnicity, Teacher Background, and School Context

When students are engaged in cognitively challenging task-based instruction, they are
provided with opportunities to share their mathematical reasoning and develop conceptual
understandings, fluency, and agency in mathematics (Bobis, 2024; Schoenfeld et al., 2023; Smith &
Stein, 1998; Sullivan & Davidson, 2014). High-level cognitive demand characterizes math instruction
where students are engaged and challenged to make purposeful connections to meaning, and student
challenges or “impasses” have been described as necessary and even desirable components of the
mathematics learning process that support cognitive engagement (Hiebert & Grouws, 2007,

Schoenfeld et al., 2023; Stein et al., 2009; Warshauer, 2015).

Sustaining productive student engagement in cognitively demanding problem-solving tasks,
particularly when students struggle, is challenging for teachers and complex to carry out (Sullivan et
al., 2014), often resulting in the devolution of cognitive demand during task implementation both in
terms of the coherence of the mathematics and student accountability for high-level processes and
products (Stein & Smith, 1998). Problem routinization and remediation are common ways cognitive
demand can decline during implementation, for example, when problem-worthy aspects of the task
are removed by the teacher or when the focus of the task shifts to related but remedial mathematics
(Estrella et al., 2020; Henningsen & Stein, 1997). Alternatively, after resolving a misconception,
teachers can maintain or even increase cognitive demand by extending the task, for example, by
encouraging students to refine and generalize their solutions (Bobis, 2024; Boston, 2012; Sullivan et

al., 2006).

Whether teachers elect to routinize, remediate, or extend the cognitive demand of a task

during implementation can depend on how they attribute or explain student difficulties. Teachers
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must interpret student difficulties with and misconceptions about mathematics, explain or attribute
their causes, and then develop a strategy for addressing them (Jackson, 2017; Jacobson et al., 2022;
Wang & Hall, 2018; Wilhelm et al., 2017). Moreover, this attribution-instruction relationship may be
more pronounced in classrooms with a greater composition of historically marginalized learners,
likely from teachers assuming a greater responsibility for supporting students’ learning (Wilhelm et
al., 2017). Studies on the relationship between attributions and instructional preferences are limited,
particularly during math task implementation when cognitive demand has great potential to vary as a

function of teacher decisions (Warshauer, 2015).

Importantly, sociodemographic factors like student race-ethnicity, teacher, and school-level
factors can shape both teachers’ attributions and the cognitive demand of mathematics instruction,
though systematic descriptive work is limited. Teachers’ attributions for student struggles in
mathematics can range from productive to unproductive explanations and differ according to salient
identity factors such as student race-ethnicity (Copur-Gencturk et al., 2024; Froehlich et al., 2016;
Jackson et al., 2017; Jacobson et al., 2022; Pollard, 2022). However, studies examining teachers’
explanations or attributions for student difficulties often focus on success or failure in mathematics
more broadly, rather than the ambiguous areas in between, such as student struggles while solving
problems (Wang & Hall, 2018). When it comes to how sociodemographic factors shape the
cognitive demand of mathematics instruction, prior experimental work has found teachers may be
more likely to select remedial math tasks for Black students as compared to White students during
the data use cycle (Pollard, 2022). The present study builds on this work by examining this

phenomenon during math task implementation.

In this paper, I examine the relationship between teachers’ causal attributions for a student

struggling during task implementation and teacher preferences for instructional moves that alter
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cognitive demand. Specifically, I investigate how teacher preferences for task remediation,
routinization, and extension relate to their internal and external causal attributions for the student’s
struggle and the extent to which this attribution- instruction relationship might differ by student
race-ethnicity. I also examine how K-8 teachers’ attributions and preferences to remediate, routinize,
and extend a math task each relate to student race-ethnicity, teacher characteristics, and school
context factors. I do so via a survey presenting eight vignettes of common student “stuck points”
during the implementation phase of mathematics tasks. I define a stuck point as a moment when a
student has made some initial progress towards solving the problem of the task using a
mathematically viable strategy but has reached an impasse due to a common math error or
misconception (Borasi, 1994; VanLehn et al., 2003; Warshauer, 2015). Findings from this study
contribute to a better understanding of the factors shaping cognitive demand in K-8 mathematics

teaching, with implications for teacher education and development.

Theoretical Framework

Attribution theory provides a theoretical lens through which we can better understand how
teachers explain student struggles in mathematics and justify ensuing instructional responses.
Attributions are the perceived causes people use to explain achievement-related outcomes for
themselves or others, which I focus on here. These explanations contain three dimensions: stability,
controllability, and locus of causality (Weiner 1985; 2000; 2010). Stability refers to how persistent or
fluctuating a factor is over time, controllability to the extent to which an individual has power or
agency to shape the factor, and locus to the location of the factor relative to the individual, i.e.
internal or external (Weiner, 1985; 2000; 2010). For example, a teacher might attribute a student’s

struggle in mathematics to their resources at home (mostly stable, uncontrollable, external), their
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effort (unstable, controllable, internal), or to their innate mathematics ability (stable, uncontrollable,

internal).

Importantly, the locus of causality may be prone to biases. The fundamental attribution
error, sometimes referred to as correspondence bias, is a cognitive attribution bias that occurs when
a person overemphasizes an internal locus compared to an external one (Gilbert and Malone, 1995).
Attribution error and correspondence bias tend to be pronounced in achievement domains such as
education (Reyna, 2008). Moreover, due to the salience of student identity factors such as race-
ethnicity, the locus of causality may be a site sensitive to biases in mathematics teaching. For
example, racialized discourses around a hierarchy of math achievement inherent to the student
(internal, e.g. Martin, 2009) and perceived community deficits (external, e.g. Jackson et al., 2017)
may make racial-ethnic biases more pronounced in the locus dimension of teachers’ causal

attributions.

Racial-ethnic biases trace back to stereotypes or cultural beliefs about the behavior and traits
of social groups (Eagly & Chaiken, 1993; Hilton & von Hippel, 1996; Tajfel, 1970). A core function
of stereotypes is group categorization, which is used to save time and cognitive resources when
processing information and making sense of one’s complex social world (Schneider, 2004). As a
result of stereotyped thinking, members of a particular social group tend to be perceived in
accordance with the stereotypes about their social group(s). Moreover, stereotyped associations may
become more pronounced and “fill in the blanks” in ambiguous situations with low information
(Dovidio, 2001). The effect of stereotypes on one’s cognitive processing is biased judgments and
behaviors, which are not based on the actual competencies and characteristics of a person, but

rather on their group membership.
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Review of the Literature

In this section, I provide an overview of the literature on teachers’ causal attributions,
instruction during math task implementation, and the attribution-instruction relationship, with
attention to how they may be shaped by student race-ethnicity and teacher- and school-level factors.

I conclude with an outline of how the present study extends existing work in this field.
Teachers’ Causal Attributions

Teachers’ attributions or explanations for students’ successes or failures inform their
expectations for learning and eventual student achievement (Dobbs & Arnold 2009; Graham 1991;
Middleton & Spanias, 1999; Wilson et al., 2014). In the context of ambitious, reform-oriented
mathematics teaching (Lampert et al., 2013), prior scholarship has described two sets of “frames”
for how teachers explain or attribute the problem of differential student success, with relations to
teacher- and school-level factors and ensuing instruction. Jackson et al., (2017) outlined productive
and unproductive diagnostic frames teachers drew upon to explain student difficulties with math.
When they take a productive diagnostic frame, teachers attribute student difficulties to learning
opportunities, whereas they attribute difficulties to perceived student deficits, such as their innate
ability or families, when they take an unproductive diagnostic frame. Jackson and colleagues (2017)
found nearly 1 in 3 teachers offered entirely unproductive explanations, attributing students’
struggles to student, family, and community deficits rather than to the opportunities to learn
afforded by their prior instructional experiences. Understanding the locus of teachers’ causal
attributions beyond their productiveness would help to illustrate where they trace the sources of

student challenges in mathematics, with implications for interventions.
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The Influence of Student, Teacher, and School Factors on Teachers’ Causal Attributions

Moreover, teachers’ attributions may be informed by racial and ethnic stereotypes; as such,
student race-ethnicity informs whether teachers attribute student performance to internal or external
factors, both in general (e.g. Froehlich et al, 2016) and in the domain of mathematics (Copur-
Gencturk et al., 2024; Jacobson et al., 2022; Pollard, 2022). When it comes to the math achievement
for students of color, teachers’ attributions may be informed by harmful stereotypes, such as the
belief that Black and Latinx/e students are uniformly lazy and underprivileged (Reyna, 2000). In one
experimental study, teachers were more likely to attribute errors to the student than to prior
instruction when the student was Black (Pollard, 2022). Other experimental work has also
demonstrated the tendency for teachers to more readily attribute student performance to internal
factors rather than external ones for racially minoritized students. In a study of 400 elementary and
middle school math teachers, teachers attributed student math performance to internal factors, such
as their cognitive abilities, when they were told that Black and Hispanic students outperformed
Asian and White students (Copur-Gencturk et al., 2024). But when they were told the opposite—
that White and Asian students outperformed their Black and Hispanic peers—teachers tended to
attribute to external sources such as parents and cultural differences that value math achievement. In
sum, teachers may be more likely to attribute student mathematics achievement to internal factors

for racially minoritized students, informed by racial-ethnic stereotypes.

Teacher-level factors also inform the nature of their attributions for student academic failure
or success. Experienced teachers are more likely to link children’s achievement to biological and
stable factors that are outside a student’s control, such as innate intellectual ability and student
gender, as well as to external factors like family background, whereas novice teachers place a greater

emphasis on the responsibility of the teacher and the student’s effort (Georgiou, 2008). However,
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novice teachers have also been found to be more likely than experienced educators to explain
student failure with external factors, such as by blaming families or parents (Pirrone, 2012). When it
comes to the role of a teacher’s level of instruction (i.e. grade level taught), findings are inconsistent
(Wang & Hall, 2018). Finally, teacher gender may inform their causal attributions, primarily due to
their own experiences with attributional gender bias and the stereotype that boys are better at math
(e.g. Espinoza et al., 2014). Taken together, these findings demonstrate how teacher background
shapes their attributions more generally, and the present study builds on this work in the specific

domain of mathematics teaching.

Teachers’ Instructional Decisions While Implementing Demanding Tasks

A core instructional area in ambitious mathematics teaching involves launching and
implementing math tasks with high-level cognitive demands involving meaningful connections (i.e.
linking concepts, procedures, and their undetlying meaning) and holding students accountable for
doing mathematics (i.e. high-level mathematical processes and products) (Boston, 2012; Hiebert &
Grouws, 2007; Schoenfeld et al., 2023; Stein & Lane, 1996; Stein et al., 1996). In their framework for
describing the factors that shape the cognitive demand during the implementation phase of high-
level mathematics tasks, Stein and Smith (1998) observe that teachers can devolve the cognitive
demand of tasks in two ways: by routinizing the problem, and by pivoting to remediation. An
example of how problem-worthy aspects of the task can become routinized is when the teacher
provides a set of steps for the student to follow, thereby changing the “ask” and lowering the
cognitive demand of the problem, e.g. “The problem is really asking us find x for this value of y, so
we can plug in 6 for y and solve this equation here.” Another way the cognitive demand can be
reduced is through remediation, which occurs when the focus of a math task shifts to a below-

grade-level standard, such as identifying fractions on a labeled number line rather than having the
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student make sense of and reason about part-whole relationships to label it themselves. In both
cases, meaning-oriented mathematical connections of the task are pared down (with the latter even
changing the problem to remedial math), and the student is no longer accountable for high-level

processes or products.

On the other hand, extension of the task maintains or increases the cognitive demand of
instruction through supplementation. For example, the teacher can extend the task by increasing the
complexity of numbers or the operation or by encouraging refinements to and generalizations of
student solutions, e.g. through extending prompts (Bobis, 2024; Boston, 2012; Sullivan et al., 2000).
After addressing a student stuck point, a teacher may move to incrementally extend the task, rather
than routinize or remediate, in order to build the student’s understanding and help them progress

towards mastery. For example, after supporting a student to locate the number 1 on a number line

with "0" and " i " labeled, the teacher may move to having the student locate the number 1 again,

. . 5 . .
this time with only "0" and " 2" represented on the number line, extending the students’

opportunities to reason with fractional values to support a measurement understanding of fractions.
The Influence of Student, Teacher, and School Factors on Math Teaching

When it comes to the role of student race-ethnicity in teachers’ mathematics instructional
preferences, recent experimental studies, while limited, generally show that teachers tend to hold
biases against Black students compared with White students when responding to student work
containing mathematical errors. In a randomized study with 90 grade 4-8 general education math
teachers, Pollard (2022) found that teachers were more likely to prefer lower-quality curricular
materials, remedial instruction, and student-centered instructional moves for Black students than for
White students when responding the student’s error, while their evaluation of the mathematical

work and feedback were equitable across student race. Another experiment involving student work
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containing mathematical errors found that teachers were more likely to recommend Black students
for special education compared to White students, and this finding did not extend to correct student
mathematical work (Copur-Gencturk et al., 2022). Together, these studies highlight how racial biases
shape teachers’ curricular and pedagogical decisions, particularly when presented with student
difficulties in mathematics. I build on this work by examining the potential for racial biases to shape
the cognitive demand in teacher responses to student stuck points during task-based math

instruction as well as by including Latinx/e students in addition to Black and White students.

Existing studies on the implementation of task-based mathematics instruction either do not
systematically measure teacher and school background factors, or feature sample sizes too small for
confident analyses, despite the fact that factors like teacher knowledge, aggregate student math
achievement, level of instruction, and teaching experience relate to the cognitive demand of
instruction and may influence how they respond to student stuck points (Gottfried et al., 2023; Hill

et al., 2007).

The Relationship Between Teachers’ Causal Attributions and Instructional Preferences

Teachers’ attributions for students’ academic struggles have been shown to relate to their
instructional preferences and decisions (Reyna & Weiner, 2001; Wang & Hall, 2018). Specifically,
teachers’ instructional interventions vary depending on the extent to which they believe the student
or teacher is responsible for the academic failure. Empirical and theoretical work has shown that
when teachers believe students are in control of their academic failures, they tend to respond with
punitive or retributive approaches (e.g. punishment), whereas when they believe the student is not in
control of their academic failure (e.g. due to the student’s innate abilities or prior instructional
experiences), they tend to prefer utilitarian approaches, such as remediating instruction (Reyna &

Weiner, 2001).
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Studies specific to the context of ambitious mathematics teaching—which emphasizes
student activation and engagement—show mixed findings for the relationship between teachers’
attributions for student struggles in math and their ensuing instructional responses. In a qualitative
analysis of semi structured interviews with teachers, Jackson and colleagues (2017) examined the
relationship between teachers’ attributions for student difficulties in mathematics and the rigor of
ensuing instructional approaches, which were characterized as productive when the teacher reported
supporting student engagement in cognitively demanding activity to build mastery, or unproductive
when the mathematical rigor was reduced. The authors found teachers overwhelmingly reported
lowering the cognitive demand of mathematics instruction when faced with student difficulties, and
even when they explained student difficulties in terms of the instructional opportunities afforded to
them, teachers inconsistently reported adjusting their instruction accordingly (Jackson et al., 2017).
In other words, some teachers took responsibility for students’ misunderstandings and designed

instruction to target them, while others did not.

In a related study going beyond teacher reflections and self-reports, Wilhelm and colleagues
(2017) found that in classrooms with teachers who explained student difficulty in mathematics as a
function of their instructional experiences, students were given greater opportunities to share their
mathematical reasoning (also termed “providing”) compared to classrooms with teachers who
explained difficulties as stemming from deficits believed to be inherent to students and their
communities. Taken together, these two studies show that when teachers explain student struggles
in terms of the affordances provided by their prior instructional experiences, they inconsistently
adjust their practice accordingly. The present study builds on this literature on the attribution-action
relationship in ambitious math teaching by homing in on the problem-specific, finer-grain

interactional spaces of instruction.
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The Influence of Student, Teacher, and School Factors on the Attribution-Instruction Relationship

Importantly, teachers’ attributionally guided instructional preferences may be shaped by
salient student demographics, such as race-ethnicity, as well as teacher- and school-level factors. In
the context of ambitious math teaching, Wilhelm and colleagues (2017) found teachers’ explanations
or attributions for student difficulties were “more likely to be reflected in (or reflective of) their
instructional practice” (p. 363) in classrooms with students of color and those with limited English
proficiency status, but not student math achievement nor poverty level. This shows the attribution-
action relationship may be stronger in classrooms with a greater composition of historically
marginalized learners, as teachers may assume a greater responsibility for supporting students’
learning. Teacher and school-level factors also predict both teachers’ causal attributions and
instructional preferences, the attribution-instruction link, and biases. For example, mean student
math achievement moderates the relationship between teachers’ attributions for student difficulty in
math and student opportunities to share their reasoning in class, with this attribution-instruction link
all but disappearing in classrooms with high proficiency. In terms of context factors, while we know
interracial contact across groups can reduce implicit biases (Pettigrew & Tropp, 20006), we know
little about the role of school integration as it relates to teachers’ causal attributions, mathematics

instructional practice, the relationship between the two, and biases therein.
The Present Study

I build on the existing literature in four key ways. First, the majority of scholarship on
teachers’ attributions or explanations for student performance in mathematics focuses on the
success-failure binary rather than the ambiguous spaces in between (Wang & Hall, 2018). The field
lacks any examination of teachers’ attributional biases when addressing student stuck points during

learning in progress, such as student work time during math task implementation. Second, while the
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field has qualitative and descriptive evidence describing the relationship(s) between teachers’
attributions and instructional approaches in the context of ambitious math teaching more generally
(Jackson et al., 2017) and with respect to specific classroom discourse practices (Wilhelm et al.,
2017), more work is needed to understand this relationship during task implementation. Third, I
extend prior work examining biases in teachers’ instruction in the context of ambiguous student
work to include Latinx/e students in addition to Black and White students, as well as
comprehensive teacher- and school-level factors, such as segregation of the school context. Finally,
the most relevant studies examining teacher attributions for student difficulties in the context of
ambitious math teaching have characterized attributions in terms of their productiveness rather than
according to the locus of causality (e.g. internal or external). The present study incorporates a longer
research tradition with more established measures from attribution theory, with implications for
where the responsibility for remediation rests, e.g. the student, parents/ caregivers, teachers. Thus,

in the present study, I ask:

1. How do K-8 teachers’ internal and external attributions relate to student race-ethnicity,

teacher characteristics, and school context factors?

2. How does teacher support for remediation, routinization, and extension activities relate to
student race-ethnicity, teacher characteristics (e.g. mathematical knowledge for teaching,

MKT) and school context factors?

3. How does teacher support for remediation, routinization, and extension activities in their
next instructional move relate to their internal and external causal attributions for the

student’s struggle? Do these relationships differ by student race-ethnicity?
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Methods
Study Design and Procedures

Teachers responded to an online survey administered via Qualtrics in the spring of 2025.
Participants were screened using two questions asking whether they have been a certified teacher of
record in the U.S. with responsibility for instruction in a classroom that is between grades K and 8,
and whether they teach mathematics as part of their teaching responsibilities. The survey informed
participants they would be responding to teaching scenarios or “vignettes” that take place during
student work time on math problems, and that the scenarios featured the same 4™ grade student and
their work. Although we sacrificed the face validity associated with classroom observation data with
our use of vignettes, this approach enabled us to make causal inferences about the role student race-

ethnicity may play in teachers’ attributions and their ensuring instructional preferences.

At the start of the survey, participants were randomly assigned to one of three conditions
using a blocked survey design. This study was pre-registered in the Open Science Framework (OSF)’
and employed a between-subjects design in which participants were randomly assigned to view
instructional vignettes featuring the work of a hypothetical Black (condition A, » = 85 teachers),
White (condition B, # = 81 teachers), or Latina gitl (condition C, #» = 79 teachers). Randomly
assigning teachers to experience vignettes in only one condition rather than across conditions (a
between- rather than within- subject design) diminished the potential for social desirability bias or
participants becoming aware that the study was about race (Hofmann et al., 2005). Vignettes were
identical save for the race-ethnicity of the student as operationalized by student name. Names were
selected using those commonly associated with particular racial-ethnic groups, but not

socioeconomic status (Gaddis, 2017a, b). Teachers were told to assume that the student is a typical

5> OSF pre-registration link: https://osf.io/q2vz8/overview?view only=9c2ca47a337a4¢7392313b9319824d8e
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student in a general education classroom, is from a family at the U.S. median household income
level that does not qualify for free or reduced price lunch, has no special needs nor cognitive
disabilities, is fluent in English and not considered an English language learner, and performs at the
average mathematics proficiency level in the U.S. based on standardized testing. The purpose of this
statement was to reduce the potential for teacher assumptions about other factors that may
contribute to student stuck points across conditions. All teachers retained in the final sample passed

the survey’s attention check and commitment check questions.

The survey presented teachers with eight instructional vignettes featuring a mathematics task
and the work of a student who has reached a stuck point, defined for participants simply as a place
where the student has stopped making progress on the task. Importantly, I define a stuck point as a
moment during task implementation where the student has made some initial progress towards
solving the problem of the task using a mathematically viable strategy but has made a mathematical
error, conceived broadly and comprehensively following Borasi (1994), leading to an impasse
(VanLehn et al., 2003; Warshauer, 2015). Tasks were created using free online resources by
lustrative Mathematics ® and the authot’s own task creations in Adobe Photoshop ©.
Additionally, tasks were designed with input from a focus group of math educators and former
teachers. The design features of the math tasks and accompanying prompts featured in the vignettes
were further developed and finalized after holding cognitive interviews with five current or former

K-8 elementary school teachers.
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Figure 2.1. Sample vignette with task, student work, and prompt

Prompt Mathematics Task and Student Work

Your class is working on the task [Condition A

below about identifying fractional

parts on a number line. You notice a  Name Tanish

student has drawn a fraction wa s iang

diagram with four equal parts and Y Locate 1 on the number line. Label the point. Be as exact as possible
shaded in out of 1 whole, but they
have not labeled the number line, as
shown on their paper below.

&=t

What would you say to this student NI
to support them in locating 1 on the =
number line?

Note: Student first and last names were used to operationalize race-ethnicity across the three
experimental conditions, and they were selected from a list of names commonly associated with
particular racial-ethnic groups (Gaddis, 2017a, b). The vignette featured here shows the name for the
condition showcasing the work of a hypothetical Black student. In the condition featuring a
hypothetical White student, race-ethnicity was operationalized using the name “Katie Walsh.” In the
Latinx/e condition, the name was “Daniela Velasquez.”

Vignettes were standardized to describe the topic students in class were working on, the
math task with instructions and the student’s name at the top, the student’s work in progress, and a
description of what they had completed so far as well as their stuck point. See Table A2.1 in
Appendix A2 for the content, prompts, and features of each vignette. An example of one of the
vignettes as seen by teachers is shown in Figure 2.1. In all vignettes, teachers were asked to respond
verbally to the question, “What would you say to this student to support them in [goal of the task]?” and to
record themselves speaking out loud. Teacher responses were recorded and transcribed using
Voiceform software embedded into Qualtrics. Following each vignette were three Likert questions
asking teachers about the extent to which they would remediate, routinize, or extend the task based

on the student’s response. At the end of the survey, teachers responded to background questions
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and nine Likert questions about internal and external attributions for the student’s struggles in

mathematics.

Sample

The final sample included N=245 teachers. A power analysis (« = .05, power = .80)

conducted using PowerUp indicated that a sample of N=245 participants would yield a minimum

detectable effect size (MDES) of 0.27 for the interaction models.

Table 2.1. Sample Characteristics for Full Sample and Across Conditions

Full Sample ~ Condition A Condition B Condition C ~ Peatson Chi-
square or
N=245 #=85 #=81 #=79 ANOVA
N (%) 7 (%) 7 (%) 7 (%)
Gender
137 (55.9%) 53 (62.4%)  42(51.9%)  42(532%)  y2(2) = 241,
Woman
p =033
N 101 (41.2%) 30 (35.3%) 38 (46.9%) 33 (41.8%)  y2(2) = 2.33,
n
§ p=031
7 (2.9% 2 (2.4% 1(1.2% 4 (5.1% 2() =
Nonbinary (2.9%) (2.4%) (1.2%) (1%)  x2@) =223,
p=0.31
Years of 200y = 2.
o 103681 11084 10483 9405 X D=2
Experience p=0.32
Grade level x%(18) = 14.75,
taught p=0.70
Kindergarten 8 (3.3%) 3 (3.5%) 2 (2.5%) 3 (3.8%)
1% grade 16 (6.5%) 6 (7.1%) 6 (7.4%) 4 (5.1%)
27 orade 25 (102%) 7 (8.2%) 6 (74%) 12 (15.2%)
3 orade 38 (155%) 17 (20.0%) 10 (12.3%) 11 (13.9%)
4" grade 47 (192%) 14 (165%) 16 (19.8%) 17 (21.5%)
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Table 2.1. Continued

Pearson Chi-

Full Sample Condition A Condition B Condition C
squate or
N=245 n=85 n=81 n=79 ANOVA
N (%) n (%) n (%) n (%)
5% orade 49 20.0%) 14 (16.5%) 23 (284%) 12 (15.2%)
6" orade 24 9.8%) 9 (10.6%) 6 (7.4%) 9 (11.4%)
7% orade 14 (B7%) 5 (5.9%) 6 (7.4%) 3 (3.8%)
8" orade 23(94%) 10 (11.8%) 6 (7.4%) 7 (8.9%)
High School® 1 (0.4%) 0 (0.0%) 0 (0.0%) 1 (1.3%)
Teacher race-
ethnicity
- 45 (184%) 16 (188%) 10 (123%) 19 24.1%)  x2(2) = 3.67,
ac
p=0.16
34 (13.9% 6 (7.1% 14 (17.39 14 (17.7° 200y =
— A39%)  6CA%) 40T 47T 2@ =501,
p =008
2 (0.89 1(1.25 0 (0.09 1 (1.3 200y =
Natie A 08%)  1(1.2%) (0.0%) 13%) 2@ =100,
p=0.77
AADL 6 (2.4%) 3 (3.5%) 1 (1.2%) 2 (2.5%) 12(2) = 0.92,
p=0.78
Whit 148 (60.4%) 55 (64.7%) 54 (66.7%) 39 (49.4%)  x2(2) = 6.01,
ite
p =005
10 (4.19 4 (4.7° 2 (2.59 19 200y =
Multiracial 4.1%) (4.7%) (2.5%) 4 (5.1%) ¥2(2) = 0.82,
p=0.72
MKT f: =
actor 0 (1.00) 007 (1L0)  -0.03(L0) -005(10) @242 =037,
score p=10.69

6 We retained #=1 high school teacher who met our screening criteria of having taught K-8 math in the past three years



Table 2.1. Continued

Full Sample  Condition A Condition B Condition C ~ Peatson Chi-

square ot
N=245 =85 n=81 =79 ANOVA
N (%) o (%) o (%) o (%)
School
Demographics Mean
(n=217)
Metro A =
etro Area 0.19 0.20 021 017 F(2,214) = 0.10,
SES p = 0.90
Math —
v 0.00 20,002 0.041 0023 @24 =176,
Achievement p=0.17
Avg. W-B/L 209\ —
vg. W-B/ 0.34 0.36 0.33 0.34 x°(2) =137,
Segregation p = 0.50

Note: Experimental conditions A, B, and C consisted of a hypothetical student who was a Black,
White, or Latina girl, respectively. AAPI stands for Asian American and Pacific Islander. Column
percentages are shown in parentheses. Metro Area SES is a composite score describing the
socioeconomic status of school context metro area. Math Achievement is the cohort scale mean math
achievement in the school context metro area. Avg. W-B/ L Segregation represents the average of the
school context metro area White-Black and White-Hispanic segregation indices relative to the local
population, from 0 to 1, with 1 being total segregation. Means and SD’s are provided for years of
teaching experience. Means are provided for school demographic variables. We ran one-way
ANOVA tests to compare means across conditions for school demographic variables except
segregation. For average years of teaching experience and the segregation index, which had non-
normal distributions, I ran Kruskall-Wallis tests, corrected for ties. For our categorical variables, we
used Chi-Square tests and report the Fisher’s exact test results when cells had few (<5) frequencies.

The majority of teachers sampled were women (56%), which is a lower proportion of
compared to the national average in U.S. public schools (National Center for Education Statistics,
NCES, 2023). Teachers reported an average of 10.3 years of teaching experience. The level of
instruction for 75% of teachers was between grades 2-6. Most teachers identified as White (60%0),
Black (18%), or Latinx/e (14%), which shows our sample had a more racially and ethnically diverse
distribution compared to U.S. public schools (NCES, 2023). Teacher scores on the Mathematical

Knowledge for Teaching (MKT) assessment (Hill et al., 2008) were comparable to that of a national
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sample collected in 2016 (Hill et al., 2019). In terms of the demographics of their school contexts,
teachers taught in metro areas with above-average socioeconomic status, average mathematics

achievement, and low to moderate levels of White-Black and White-Hispanic segregation.

To test for potential differences in teacher characteristics across our three conditions, I ran a
seties of Pearson Chi-Square and ANOVA tests and found that by chance, Latinx/e teachers may
have been somewhat underrepresented in the condition featuring the work of a Black student,
x%(2) = 5.01, p = 0.08. White teachers may have also been underrepresented in the condition
featuring the work of a Latinx/e student, y?(2) = 6.01, p = 0.05. However, these differences did
not reach the threshold of statistical significance, and alternative specifications did not substantively
change the findings. There were no notable differences across conditions along other dimensions.

See Table 2.1 for a summary of the teacher sample across conditions.
Measures and Scores
Positive Attributions

The set of questions capturing teachers’ positive internal and external attributions for the
student stuck point was informed by Jacobson et al.’s (2022) Attributions of Mathematical
Excellence Scale (AMES) as well as Copur-Gencturk and colleagues’ (2024) paper investigating
teachers’ attributional race and gender bias. Teachers responded to the prompt: “For the 4th grade
student whose mathematical stuck points you considered in all of the questions in this survey, please
indicate the extent to which you agree with the following statements.” Teachers rated their
responses on a scale of 1 (disagree strongly) to 5 (agree strongly). See Table 2.2 for a summary of the
items measuring teachers’ positive causal attributions as well as descriptors for each item’s locus,
stability, and control. Importantly, the focus of this study was on teachers’ internal and external

causal attributions to understand where they locate the source or locus of student difficulties rather
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than on stability or control. Excluding the negatively worded items (#1 and #5) improved the

internal coherence of the measure for teacher attributions internal to the student from o = 0.67 to «
= 0.77. Similatly, for external attributions, excluding the negatively worded item (#6) improved the
internal coherence of the measure from o = 0.61 to o = 0.68. I estimated factor scores for teachers’

positive internal attributions using items 2-4 and positive external attributions using items 7-9.

Table 2.2. Items Measuring Teachers’ Causal Attributions

Item Statement Stability and control

Positive attributions internal to the student

1% This student may not have put forth their best effort on these controllable, unstable
math tasks

5 This student likely paid close attention and followed directions in ~ controllable, unstable
class.

3 This student is likely engaged and motivated when it comes to controllable, unstable
mathematics.

4 This student has a natural ability with mathematical reasoning. uncontrollable, stable

S This student may not be ready for word problems or other ancontrollable, stable

challenging math tasks.

Positive attributions external to the student

6* This student likely did not get support with mathematics at home  uncontrollable, stable

This student likely enjoyed plentiful resources for learning

7 ! ! uncontrollable, stable
mathematics outside of the classroom.
This student likely received strong prior instruction from their

8 ) X uncontrollable, unstable
teacher on these mathematics topics.
This student likely has experience solving word problems or other

9 ) p & p uncontrollable, unstable

challenging math tasks in class

Note: Asterisks indicate reverse-coded items

Teacher Preferences for Task Remediation, Routinization, and Extension

After viewing each vignette, teachers were given the following prompt “Based on this
student’s work on this task, please indicate the extent to which you agree with the following

statements,” followed by three statements asking them to rate their instructional preferences with
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respect to remediating, routinizing, and extending the task on a scale of 1 (disagree strongly) to 5
(agree strongly). All items were tailored to the specifics of the mathematics of the task featured in

each vignette. For example, the first vignette, which features a task that has a student locate the
. . 1 C
number 1 on a2 number line labeled with the numbers 0 and > the remediation item measures

teacher agreement to have the student identify fractional parts on a picture diagram (e.g. shaded
circle) rather than a number line. For routinization, this item measures teacher agreement to label
the number line for the student by counting by 4ths. For both of these remediation and
routinization items, we interpret low agreement as the teacher wishing to maintain cognitive demand

rather than diminish it. For task extension on the first vignette, we measure teacher agreement to
. . 5
have the student locate the number 1, this time with only the numbers 0 and 3 labeled. See Tables

A2.2-A2.4 in Appendix A2 for a summary of the items measuring teacher preferences for task
remediation, routinization, and extension, respectively. The eight items measuring teacher
preference for task remediation across the eight vignettes demonstrated adequate internal coherence
(@ = 0.77), as did the items for routinization (« = 0.73) and extension (« = 0.88). Finally, a
comparative model fit for nested models revealed that a 3-factor solution fit the data best compared
to a 2-factor solution, supporting three distinct factors for remediation, routinization, and extension,
Ax?(22) = 54.14,p < 0.001 (Satorra, 2000; Kline, 2016). Thus, factor scores for teacher
preference for task remediation, routinization, and extension were estimated for each teacher,

respectively.
Teacher Backgronnd

I use an ordinal variable to measure years of teaching experience. For the level of
instruction, I created an ordinal variable for grade from 0-9, with 0 being kindergarten, 1 being 1st

grade and so on and so forth, ending with 8 for 8th grade and 9 for high school (for the one
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secondary level teacher we retained, see above). Teacher gender was measured as woman, man, or
non-binary and recoded as dummy variables for each. For teacher race-ethnicity, I used dummy
variables to represent the following self-reported identities: Black, Latinx/e, White, Asian American
or Pacific Islander, Native American, or multiracial. Due to small sample sizes for some of these
identities, I could not conduct interaction analyses between condition and teacher race. These small
sample sizes and a lack of theory also prevented me from interpreting the coeflicients for teacher

race-ethnicity in the results below.

Teacher Mathematical Knowledge for Teaching (MKT), which is the “complex
mathematical understanding, skill, and fluency used in the work of helping others learn
mathematics” (Thames & Ball, 2010, p. 228), has been shown to predict the rigor of the
mathematical content present in instruction (Hill et al., 2007). As such, it is included as a covariate in
the models so that we may measure teachers’ causal attributions and instructional preferences above
and beyond their math knowledge for teaching. Teacher MK'T was measured using 13 items selected
from the Mathematical Knowledge for Teaching project developed by the Learning Mathematics for
Teaching project at the University of Michigan (Hill, Schilling & Ball, 2008). Informed by item
response theory, I selected items based on their informativeness and difficulty across different levels
of teacher proficiency. The internal coherence across the 13 items was « = 0.61, and I estimated a
factor score for each teacher.

Teaching Contexct Covariates

Prior scholarship underscores the importance of disentangling biases from the social reality
of racialized disparities in student achievement (Jussim & Harber, 2005). Teacher biases may be
informed by students’ prior mathematics achievement, socioeconomic status, gender, student

diagnostic labeling, and race-ethnicity (Peterson et al., 2016). As such, we asked teachers for their
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school zip code and cross-referenced that with the Stanford Education Data Archive (SEDA) to
obtain the following covariates from the metro area of their school contexts: a composite score
describing the metro locale’s socioeconomic status, a cohort scale mean of the math achievement in
the metro area, and measures of Black-White and Hispanic-White school integration relative to the
racial-ethnic composition of the locale (Fahle et al., 2025). To measure the degree of segregation or
integration in the school context, we use the two-group information theory index, which assesses
the degree to which schools’ population diversity between two racial-ethnic groups deviates from
the diversity of the local geographic area, with 0 signaling no segregation and 1 signaling total
segregation (Owens et al., 2022). Because the indices for Black-White and Hispanic-White school
integration are highly correlated (r=0.77), creating concerns about collinearity, I averaged both of
these to create a single index to use in the models, interpreted as the degree of school segregation

between White students and Black and Hispanic students, relative to the local population.

Analysis

For all research questions, I describe and interpret basic descriptives before sharing findings
from the regression analyses specified below. In each model, student race-ethnicity is entered as a
fixed effect and the reference group is the White condition. Additionally, in all models, X represents
the set of covariates described above, including a dummy variable indicating the teacher passed a
manipulation check and correctly noted the race-ethnicity of the student featured in the vignettes,

and error describes a random error variance term.
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RQ1. How do K-8 teachers’ internal and external attributions relate to student race-ethnicity, teacher characteristics

and school context factors?

For this question, I ran two separate multiple regression / ANCOVA models each with the
dependent variable, Y representing the factor score for teachers’ positive internal and external

attributions, respectively, as represented in equation 1 for the two models:
Equation 1 Yi = B()j + B1B/ﬂ6‘/éi + BzLﬂfZﬂXj + BsX] + errof;

Where j=participant and By and B, are the coeflicients measuring the main effects of bias in

teachers’ positive internal and external attributions, respectively.

RQO2. How does teacher support for remediation, routinization, and extension activities relate to student race-ethnicity,

teacher characteristics and school context factors?

To answer this question, I ran three separate multiple regression / ANCOVA models with factor
scores for teacher preference for task remediation, routinization, and extension each as the outcome,

Y, respectively (equation 2):
Equation 2 Yi = B()j + B1B/ﬂ6‘/éi + BzLﬂfZﬂXj + BsX] + Crrof;

Where j=participant and By and B, are the coeflicients measuring the main effects of bias in

teacher preference for task remediation, routinization, and extension, respectively.

RQO3. How does teacher support for remediation, rontinization, and extension activities in their next instructional
move relate to their internal and external cansal attributions for the student’s struggle? Do these relationships differ

across the conditions?

I created a series of models interacting teachers’ positive internal causal attributions and racial-ethnic

condition (equations 3-0):
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Equation 3 Yi — B()j + B1Jﬂf€7ﬂd//4ﬁi + BzB/ﬂ[}éf + B?,Ldl‘lﬂ.%} + BJWema/Alz‘XB/aaé/ +

Bslnternal AnX1atinx; + B:3X; + error;

Where Y represents factor scores for teacher preference for task remediation, routinization,
and extension, respectively, for each of the three separate models.
The relationship between teachers’ positive internal causal attributions and task instructional
preferences for each condition can be interpreted by the following equations:
Equation 4  White condition: Y; = By + BilnternalAtt + B:sX; + error;
Equation 5  Black condition: Y; = By + Bz) + (Bi+ By)InternalAtt, + BsX; + error;
Equation 6 TLatinx condition: Y; = (Bej + Bs) + (B1+ Bs)InternalAtt + BsX, + error;
Similarly, I created a series of models interacting teachers’ positive external causal attributions and
racial-ethnic condition (equations 7-10):
Equation 7  Y; = By + BiExternalAtt;, + B:Black; + Bslatinx; + BiExternal AttXBlack; +
BsExternal AntXLatinx; + B3X; + error;
Where Y represents factor scores for teacher preference for task remediation, routinization,
and extension, respectively, for each of the three separate models.
The relationship between teachers’ positive external causal attributions and task instructional
preferences for each condition can be interpreted by the following equations:
Equation 8  White condition: Y; = By + BiExternalAtt, + B:X; + error;
Equation 9  Black condition: Y; = (By + By) + (Bi+ By) ExternalAtt, + B:X; + errorx;
Equation 10 Tatinx condition: Y; = (B + Bs) + (B1+ Bs)External At + BsX; + error;
Descriptive analyses and regressions were completed using Stata version 17.0, and factor analysis

was completed using RStudio version 2023.12.1+402 with the 1avaan package for robust model

fit indicators to accommodate polytomous response data.
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Findings

Descriptive Results

On average, teachers showed moderately high agreement with statements that attributed the
student’s struggle in mathematics to positive internal factors, such as a natural mathematical ability,
motivation, and engagement (mean= 3.31, SD= 0.91). Teachers were slightly less likely to agree with
positive, externally focused reasons for student struggle. On average across conditions, teachers
showed moderate agreement with statements that attributed the student’s struggle in mathematics to
external factors, such as experiences with strong prior math instruction and solving challenging
math tasks and plentiful resources to support math learning at home (mean= 3.11, SD= 0.89). See

Table 2.3 for a summary.

Table 2.3. Average teacher agreement with positive internal and external causal attributions

Condition A Condition B Condition C

Full Sample
(Black) (White) (Latinx/e)
N=245
Mean (SD)

Positive Internal 331 (0.91 330 (0.96 3.24 (0.93 3.40 (0.81
Causal Attributions A1 09D 20099 2409 A0 O8Y

Positive External
ositive Externa 3.11 (0.89) 3.12 (0.92) 3.05 (0.88) 3.17 (0.85)

Causal Attributions

Looking now to teachers’ instructional preferences, on average across the eight vignettes,
teachers showed relatively strong support for instructional approaches that routinized (mean= 4.15,

SD= 0.57) and remediated (mean= 4.03, SD= 0.64) the task. They showed moderately strong
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support for instructional approaches that extended the task (mean= 3.80, SD= 0.87). See Table 2.4

for a summary.

Table 2.4. Average teacher agreement with remediation, routinization across the eight

vignettes
Condition A Condition B Condition C
Full Sample
(Black) (White) (Latinx/e)
N=245
7=85 n=81 n=79
Mean (SD)
Remediation 4.03 (0.64) 4.05 (0.58) 3.95 (0.67) 4.08 (0.68)
Routinization 4.15 (0.57) 4.19 (0.55) 4.15 (0.55) 4.11 (0.62)
Extension 3.80 (0.87) 3.80 (0.88) 3.80 (0.82) 3.81 (0.93)

RQI: How do K-8 teachers’ internal and external causal attributions relate to student race-

ethnictty, teacher characteristics and school context factors?

Looking now at how the race-ethnicity of the student featured in the vignette and teacher
and school factors individually predict teachers’ positive causal attributions, we do not find
statistically significant differences in teachers’ internal nor external causal attributions by racial-ethnic
condition. We find teachers who are women (f = —0.30,p = 0.028) and in more advanced levels
of instruction (f = —0.06,p = 0.081) may be less likely to attribute the student struggle to positive
factors internal to the student, all other factors constant. We did not find any other teacher and

school context factors to relate to their causal attributions. See Table 2.5 for a summary.
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Table 2.5. Teachers’ Positive Internal and External Causal Attributions by Condition

Internal Causal Attributions

External Causal Attributions

Black Student 0.07 (0.16) 0.00 (0.16) 0.07 (0.16) 0.01 (0.17)
Latinx/e Student 017 (0.16)  -0.05(0.16)  0.13 (0.16) -0.02 (0.17)
Passed Manip. Check 0.16 (0.13) -0.07 (0.14)
Grade Level Taught -0.06" (0.03) -0.03 (0.03)
Years Teaching 0.00 (0.01) 0.01 (0.01)
Woman -0.30* (0.13) -0.11 (0.14)
Non-Binary -0.12 (0.52) -0.69 (0.55)
MKT Score 0.03 (0.07) -0.08 (0.07)
Black Teacher 0.17 (0.17) 021 (0.18)
Latinx/e Teacher 0.26 (0.20) 0.25 (0.21)
AAPI Teacher 0.71% (0.40) 0.35 (0.42)
Native Am. Teacher 0.45 (0.68) 0.26 (0.72)
Multiracial Teacher 0.20 (0.40) 0.37 (0.43)
Metro Area SES -0.14 (0.16) 0.04 (0.16)
Math Achievement -0.14 (0.40) 0.09 (0.42)
Ave. W-B/L

Segregation 0.23 (0.48) 0.41 (0.50)

2=0.01 2=0.08 2= 0.003 2=0.05

ek < 001, *4p<0.01, *p<0.05, <0.10

Note: Coeflicients are shown with standard errors in parentheses. N=245 for all unconditional
models and N=217 for all conditional models due to observations missing covariate data from
SEDA crosswalk. AAPI stands for Asian American and Pacific Islander. Metro Area SES is a
composite score describing the socioeconomic status of school context metro area. Math Achievenent
is the cohort scale mean math achievement in the school context metro area. Avg. W-B/ 1. Segregation
represents the average of the school context metro area White-Black and White-Hispanic
segregation indices relative to the local population, from 0 to 1, with 1 being total segregation. For
attribution measures, we interpret coeflicients as standardized differences in factor scores.
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RQ2: How does teacher support for remediation, routinilation, and extension activities relate to

student race-ethnicity, teacher characteristics and school context factors?

Vignette student race-ethnicity did not relate to teacher agreement with instructional
approaches that remediated, routinized, or extended the task; in other words, we did not observe
racial-ethnic biases in the extent to which teachers preferred to alter the cognitive demand of the
task. In terms of how teacher characteristics related to their instructional preferences, we found that
teaching a more advanced grade level was positively associated with a preference for task extension
(6 = 0.07,p = 0.025). Looking at school context factors, the greater the average White-Black and
White-Hispanic segregation relative to the local population, the more likely teachers agreed to
extend the task (f = 1.14,p = 0.021). We did not find any other teacher and school context
factors to relate to their preferences for task remediation, routinization, and extension. See Table 2.6

for a summary.

Table 2.6. Teachers’ Likelihood of Remediation, Routinizing, and Extending by Condition

Remediation Routinization Extension

Black Student  0.15 (0.16)  0.19 (0.18)  0.07 (0.16)  0.13 (0.18)  0.00 (0.16)  0.09 (0.17)

Latinx/e
020 (0.16)  0.24 (0.18)  -0.07 (0.16)  0.02 (0.18)  0.00 (0.16)  0.14 (0.17)
Student
Passed
0.13 (0.15 -0.06 (0.14 0.03 (0.14
Manip. Check 015 ©.19 019
Grade Level
rade heve 0.01 (0.04) 0.02 (0.03) 0.07% (0.03)
Taught
Years
Teaching 0.00 (0.01) 0.00 (0.01) 0.00 (0.01)
Woman 0.07 (0.15) 0.04 (0.15) 0.00 (0.14)
Non-Binary 0.75 (0.58) 0.29 (0.57) 0.58 (0.53)
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Table 2.6. Continued

Remediation Routinization Extension

MKT Score -0.01 (0.07) 0.04 (0.07) -0.07 (0.07)
Black Teacher -0.14 (0.19) -0.19 (0.19) -0.04 (0.18)
Latinx/e
Teacher -0.12 (0.22) -0.12 (0.22) 0.10 (0.20)
AAPI Teacher 0.11 (0.45) -0.07 (0.44) -0.10 (0.41)
Native Am.
Teacher -1.13 (0.76) -2.25%* (0.74) -2.35%* (0.70)
Multiracial
Teacher -0.48 (0.45) -0.88* (0.44) -1.35%* (0.41)
Metro Area
SES 0.14 (0.18) 0.03 (0.17) 0.04 (0.10)
Math
Achievement -0.41 (0.45) -0.50 (0.43) 0.17 (0.41)
Avg. W-B/L
Segregation 0.19 (0.53) 0.55 (0.52) 1.14* (0.49)

R2=10.01 R2=10.05 R2=0.003 R2=0.09 R2=0.00 R2=10.17

ek < 001, *4<0.01, *p<0.05, <0.10

Note: Coeflicients are shown with standard errors in parentheses. N=245 for all unconditional
models and N=217 for all conditional models due to observations missing covariate data from
SEDA crosswalk. AAPI stands for Asian American and Pacific Islander. Metro Area SES is a
composite score describing the socioeconomic status of school context metro area. Math Achievenent
is the cohort scale mean math achievement in the school context metro area. Avg. W-B/ 1. Segregation
represents the average of the school context metro area White-Black and White-Hispanic
segregation indices relative to the local population, from 0 to 1, with 1 being total segregation. For
instruction and attribution measures, we interpret coeflicients as standardized differences in factor

Scofres.
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RQ3: How does teacher support for vemediation, routinilation, and extension activities in thetr
next instructional move relate to their internal and external causal attributions for the student’s

struggle? Do these relationships differ across the conditions?

Looking at the relationship between teachers’ positive attributions for the student’s struggle
and their instructional preferences, we find evidence that teachers’ positive internal causal
attributions—but not their external—predict their preferences for remediating, routinizing and
extending the task. In other words, teacher endorsement of statements attributing the student
struggle to positive internal factors, such as innate ability and effort—but not to external factors,
such as instructional support and resources at home—positively predicted their preferences to
reduce and extend the cognitive demand of the task. Teachers who more often attributed student
performance to positive factors internal to the student were more likely to endorse activities that

remediated (f = 0.24,p = 0.091), routinized (f = 0.31,p = 0.019), and extended the task (f =

0.28,p = 0.031). See Tables 2.7 and 2.8 for a summary of teachers’ instructional preferences as

they relate to their internal and external causal attributions, respectively.

Table 2.7. Teachers’ Instructional Preferences on Positive Internal Causal Attributions

Remediation Routinization Extension

Internal

1 11 247 (0.14)  0.24% (0.11)  0.31* (0.13 0.18 (0.11 0.28* (0.13
Causal Attrib. 0.10 (0.11)  0.247(0.14) ( ) ( ) ( ) ( )

Black Student  0.15 (0.15)  0.10 (0.18)  0.06 (0.15)  0.13 (0.17)  -0.02 (0.16) 0.1 (0.17)

Lati
atinx/e 0.17 (0.16)  0.24 (0.18)  -0.11 (0.15)  0.04 (0.17)  -0.02 (0.16)  0.16 (0.17)
Student
Internal X
Black 0.01 (0.15) -0.04 (0.18)  0.02 (0.15) 0.03 (0.17)  -0.19 (0.15)  -0.20 (0.17)
ac
Internal X
) 0.15 (0.17)  0.08 (0.20) 0.04 (0.10) 0.00 (0.19)  -0.09 (0.17)  -0.19 (0.18)
Latinx/e
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Table 2.7. Continued

Remediation Routinization Extension
Passed
-0.18 (0.15 0.1 (0.14 0.01 (0.14
Manip. Check 015 019 ©.19
Grade Level
0.03 (0.04 0.04 (0.03 0.08* (0.03
- (0.04) 0.03) 0.03)
Years
. 0.00 (0.01) 0.00 (0.01) 0.00 (0.01)
Teaching
Woman 0.14 (0.15) 0.14 (0.14) 0.06 (0.14)
Non-Binary 0.75 (0.58) 0.34 (0.55) 0.55 (0.53)
MKT Score 20.03 (0.07) 0.03 (0.07) L0.07 (0.07)
Black
A -0.18 (0.19) -0.25 (0.18) -0.05 (0.18)
Teacher
.-
atinx/e -0.19 (0.22) 20.20 (0.21) 0.05 (0.21)
Teacher
AAPI 0.04 (0.45 0.30 (0.42 0.20 (0.41
Teacher 004 (0.45) 0.30 (0.42) ~0.20 (0.41)
Native Am.
atve Am -1.23 (0.75) 2.40% (0.71) -2.38%* (0.70)
Teacher
Multiracial
witiracia -0.51 (0.45) 20.95% (0.42) S1.38%* (0.41)
Teacher
Metro A
ctro Area 0.19 (0.17) 0.07 (0.16) 0.07 (0.16)
SES
Math
-0.39 (0.44 L0.45 (0.42 0.16 (0.41
Achievement 044 042) 041)
Ave, W-B/L
ve WB/ 0.12 (0.53) 0.48 (0.50) 1.01% (0.49)
Segregation
R2=0.03 R’=0.09 R:=007  R*=0.17 R2=0.19

ek < 001, *4<0.01, *p<0.05, <0.10
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Table 2.7. Continued

Note: Coeflicients are shown with standard errors in parentheses. N=245 for all unconditional
models and N=217 for all conditional models due to observations missing covariate data from
SEDA crosswalk. Internal X Black and Internal X Latinx/e tepresent interaction effect terms between
teachers’ internal causal attributions and racial-ethnic experimental condition, respectively. AAPI
stands for Asian American and Pacific Islander. Metro Area SES is a composite score describing the
socioeconomic status of school context metro area. Math Achievement is the cohort scale mean math
achievement in the school context metro area. Avg. W-B/ L Segregation represents the average of the
school context metro area White-Black and White-Hispanic segregation indices relative to the local
population, from 0 to 1, with 1 being total segregation. For instruction and attribution measures, we

interpret coeflicients as standardized differences in factor scores.

Table 2.8. Teachers’ Instructional Preferences on Positive External Causal Attributions

Remediation Routinization Extension
External Causal
Aztei;na 005 0.41) 006 (0.14) 018 (0.11)  0.16 (0.14)  0.03 (0.11)  0.04 (0.13)
11D.
Black Student ~ 0.15 (0.16) 018 (0.18)  0.06 (0.15)  0.12(0.17)  -0.01 (0.16) ~ 0.08 (0.17)
-
atinx/e 020 (0.16) 024 (0.19) -0.09 (0.16) 0.03 (0.18) -0.01 (0.16)  0.14 (0.17)
Student
External X
ek 0.00 (0.15)  0.02(0.19) 003 (0.15) 007 (0.18) 011 (0.15)  0.14 (0.17)
External X
. 0.04 (0.16)  0.06 (0.20) -0.03(0.16) 0.01(0.19) 010 (0.16)  0.05 (0.18)
Latinx/e
Passed Manip.
assed Manip 2013 (0.15) 20.04 (0.14) 0.04 (0.14)
Check
Grade Level
rade heve 0.02 (0.04) 0.03 (0.03) 0.08% (0.03)
Taught
Years Teaching 0.00 (0.01) 0.00 (0.01) 0.00 (0.01)
Woman 0.08 (0.15) 0.06 (0.14) 0.01 (0.14)
Non-Binary 0.80 (0.59) 0.45 (0.57) 0.70 (0.54)
MKT Score L0.01 (0.07) 0.05 (0.07) 2006 (0.07)
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Table 2.8. Continued

Remediation Routinization Extension

Black Teacher 2016 (0.20) 2024 (0.19) 2008 (0.18)
Latinx/e 0.14 (0.23 0.17 (0.22 0.07 (0.21
Teacher 014 (0.23) 0.170.22) 07021
AAPI Teacher 0.08 (0.45) 0,15 (0.43) L0.18 (0.41)
Native Am. 116 (0.77 2.20% (0.73 2.37%% (0.70
Teacher -116. (0.77) - 0.73) - 0.70)
Multiracial

-0.50 (0.46 -0.96* (0.44 -1.40*%* (0.42
Teacher ( ) ( ) ( )
Metro Area

0.15 (0.18) 0.03 (0.17) 0.04 (0.16)
SES
Math 0.43 (0.45 0.51 (0.43 0.16 (0.41
Achievement 0.43 (045) 051 (043) 16 (041)
Ave. W-B/L

ve WB/ 0.16 (0.54) 0.48 (0.51) 1L11% (0.49)

Segregation

*=0.01 >=0.05 *=0.04 *=0.13 >=0.01 *=0.18

ek < 001, *4<0.01, *p<0.05, <0.10

Note: Coeflicients are shown with standard errors in parentheses. N=245 for all unconditional
models and N=217 for all conditional models due to observations missing covariate data from
SEDA crosswalk. External X Black and Excternal X Latinx/e represent interaction effect terms
between teachers’ external causal attributions and racial-ethnic experimental condition, respectively.
AAPI stands for Asian American and Pacific Islander. Metro Area SES is a composite score
describing the socioeconomic status of school context metro area. Math Achievement is the cohort
scale mean math achievement in the school context metro area. Avg. W-B/ L Segregation represents
the average of the school context metro area White-Black and White-Hispanic segregation indices
relative to the local population, from 0 to 1, with 1 being total segregation. For instruction and
attribution measures, we interpret coeflicients as standardized differences in factor scores.

Examining the interaction effects between teachers’ positive causal attributions and racial-

ethnic condition, we do not any statistically significant differences. This tells us the slopes describing
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the predicted relationship between teachers’ causal internal and external attributions and their
agreement with instructional approaches that remediate, routinize, and extend the math task did not
differ whether teachers were confronted with a hypothetical struggling Black, White, or Latinx/e
student. See Figure 2.2 for visualizations of the predicted relationship between teachers’ positive

causal internal and external attributions and their agreement with the three instructional approaches.

Figure 2.2. Relationship between teachers’ internal causal attributions and instructional

approaches by condition

Positive Internal Causal Attributions Positive External Causal Attributions
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Discussion

Relating teachers’ internal and external causal attributions to student race-ethnicity, teacher

characteristics and school context factors

I did not observe racial-ethnic biases in the ways teachers attributed the student’s struggle in
mathematics, either externally or internally. Relating teacher and school context factors to
attributions, teachers who are women may be less likely to endorse positive internal causal
attributions for the student struggle on the task as compared to men. Given that all students
featured in the vignettes were gitls, and prior work on attributional gender bias has shown girls’
failures in math are more likely attributed to ability as compared to boys (e.g. Espinoza et al., 2014),
it could be the case that there is an interaction effect between teacher and student gender on
attributions. More work is needed to understand the role of student-teacher gender match on

teachers’ causal attributions in mathematics.

Moreover, we find trend-level evidence to suggest teachers of more advanced grade levels
may be less likely to explain the student struggle with positive internal factors compared to teachers
of eatrlier grade levels. This emergent finding extends inconsistent findings by Wang and Hall (2018)
relating level of instruction and teachers’ causal attributions. It could be the case that teachers of
eatlier grades may be more likely to attribute student challenges to the student given their relatively
recent entry into the school system. Additionally, those teaching more advanced grade levels may
also be more likely to support extending the math task. Level of instruction corresponds with
teachers’ content knowledge of the elementary mathematics curriculum, and those with greater
knowledge may be more willing to move students towards advanced topics due to their content

fluency.
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Relating teacher support for task remediation, routiniation, and extension to student race-

ethnictty, teacher characteristics and school context factors

Moreover, I did not observe racial-ethnic biases in teacher preferences to remediate,
routinize, or extend the math task. Here, the focus on mathematics content rather than the student
may have served as a leveling effect, as prior research shows that an emphasis on objective
information such as content rather than student identity may diminish the potential for biases to

inform judgements and decision making (e.g. Quinn, 2020).

Looking at school context factors, the level of segregation in the metro area relative to the
local population related to teacher agreement to extend the task. The greater the average White-
Black and White-Hispanic school segregation relative to the local population, the more likely
teachers agreed to extend the task. Somewhat paradoxically, this study found that teachers’
instructional preferences did not differ by racial-ethnic condition but did differ descriptively
according to the level of racial-ethnic segregation in the teaching context. Prior research on
ambitious math teaching has shown that salient dimensions of student identity such as race may
shape teachers’ attributionally informed instructional practice, with a stronger relationship for
classrooms composed of historically marginalized learners (Wilhelm et al., 2017). The present study
builds on these findings by taking social context into account, which has been theoretically and
empirically linked to racial-ethnic biases (Chin et al., 2020; Payne et al., 2017). It could be the case
that in contexts in which racially minoritized students and White students do not attend school
together, student race becomes less salient, playing less of a role in shaping teacher preferences to
increase cognitive demand. More research is needed to understand how contextual racial segregation
shapes teachers’ attributions and instructional practice in math, with implications for teacher

development in service of greater equity in mathematics education.
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Relating teachers’ causal attributions and their preferences to alter cognitive demand

In the present study, I found teacher endorsement of statements attributing the student
struggle to positive internal factors, such as innate ability and effort—but not to external factors,
such as instructional support and resources at home—positively related to their preferences to both
reduce and extend the cognitive demand of the task. In other words, the more strongly teachers
agreed that the student was engaged in class, mathematically talented, and motivated, the more likely
they were to adapt the task. However, these same task adjustments were not predicted by teacher
agreement with positive external attributions (that the student enjoyed math resources at home,
received strong prior math instruction, and had prior experience with challenging math tasks). These
finding shows that teacher preferences to take instructional action (whether it be to decrease or
increase the level of cognitive demand) relates to where they locate the source of student difficulties
in math. When teachers can explain student difficulties in terms of their effort, engagement, and
natural ability— rather than things outside of the locus of the student, such as prior instruction and
support at home— this predicts teacher preferences to remediate, routinize, and extend the task.
These attribution-instructional preference relationships were comparable whether teachers were

confronted with a hypothetical struggling Black, White, or Latinx/e student.

These findings extend those by Wilhelm and colleagues (2017) which showed teachers who
explained student difficulties in mathematics as a function of their instructional experiences
orchestrated greater opportunities for them to share their mathematical reasoning in class, compared
to classrooms with teachers who explained difficulties as stemming from perceived deficits inherent
to them or their communities. In other words, when teachers believed student difficulties stemmed
from perceived deficits, teachers may have felt their instructional choices were futile. On the other

hand, teachers that felt instruction caused these difficulties saw opportunity to learn as an important
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lever (Wilhelm et al., 2017). Echoing some of Wilhelm et al.’s (2017) findings, in the present study,
the view that student difficulties stem from external factors did not relate to instructional
preferences. This finding could similarly be due to a view that external factors are “out of their
hands,” whereas a locus within the student positively informs instruction because it is more

actionable.

Limitations

There are several limitations to the present study. First, all teachers responded to the work
of a hypothetical rather than actual student. Given that in actuality, teachers make attributions about
students whom they know and with whom they have relationships, the phenomena of teacher’
attributions and instructional preferences are best understood in context. Additionally, this study
measured teachers’ reported preferences rather than their actions in the classroom with respect to
cognitive demand. Due to the experimental nature of this study, there were tradeoffs between the
internal and ecological validity. Finally, teachers’ attributions were measured using Likert-type items
from the literature on internal and external causal attributions. A more comprehensive measure
would have disentangled teachers’ attributions along dimensions of stability and control as well as
locus. For example, the Attributions of Mathematical Excellence Scale (AMES) developed by
Jacobson et al. (2022) measures genetic, social, personal, and educational attributions. However,
given the limited survey length required to achieve a viable sample, this presented challenges and
trade-offs. Finally, all attributions items were worded positively as opposed to neutrally. While
scholars have used items worded neutrally negatively, and positively to measure teachers’
attributions (Copur-Gencturk et al., 2024; Jacobson et al., 2022), future work in this area may adhere

to a mixture of items for measuring teachers’ attributions.
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Conclusion

The present study found teachers’ internal causal attributions about student struggles in
math positively related to their preferences to take instructional action, whether it was to remediate,
routinize, or extend the task. Further, teachers were found to be equitable in the ways they explained
and responded to student stuck points, suggesting relatively equitable practice in this area of
ambitious math teaching. Because teacher preferences to alter the cognitive demand of the task
related to their internal rather than external causal attributions for the student struggle, teacher
practices that diagnose student-facing misunderstandings, such as via formative assessment, are an

important lever for informing ensuing practice.
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Appendix A2

Table A2.1. Content and features of each vignette

Vignette

Prompt

Mathematics Task and Student Work

Your class is working on the task
below about identifying fractional parts
on a number line. You notice a student
has drawn a fraction diagram with four
equal parts and %4 shaded in out of 1
whole, but they have not labeled the
number line, as shown on their paper
below.

What would you say to this student to
support them in locating 1 on the
number line?

[Condition A]

Name Tan
wasl
Locate 1 on the number line. Label the point. Be as exact as possible

|
f

L
4

Your class is working on the task
below about equivalent fractions using
a brownie pan cut into 16 pieces. You
notice a student correctly represented
16 brownies, but they confused 7/8 of
16 for 7/16, as shown on their papetr
below.

What would you say to this student to
support them in finding the number of
brownies left?

[Condition B

Name

Lisa baked a large pan of brownies and cut them into 16 equal pieces. She sold
7/8 of the brownies at the school bake sale. How many brownies does Lisa
have left?

Your class is working on the task
below about dividing 36 candies evenly
among 9 children. You notice a student
has drawn a 4 x 9 array totaling 36
candies but incorrectly stated that each
child would receive 9 candies, as shown
on their paper below.

What would you say to this student to
support them in finding out how many
pieces of candy each kid will get?

[Condition C]

Name

There are 36 pieces of candy that need to be evenly divided among nine kids. How
many pieces of candy will each kid get?
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Table A2.l. Continued

Your class is working on the place value
task below. You notice a student
decided to take the sum of both
numbers but incorrectly wrote 4 tens as
the number 4 instead of 40, as shown on
their paper below.

What would you say to this student to
support them in using place value to
find the mystery number?

[Condition A

Name Tanishe

waslingTor
Q9 “l have 23 ones and 4 tens. What number am I?” @

PRy

x b

P

Your class is working on the task below
about choosing an appropriate scale for
a bar graph that represents a data set.
You notice a student has correctly
interpreted the data in the table to create
a bar graph, but they have chosen a scale
of one, which limits the range of values
they are able to represent on the graph,
as shown on their paper below.

[Condition B]

Name _t

All the third-grade students at school were asked, “What is your favorite season?”
Their responses are shown in this table. Use the data from this table to create a scaled
bar graph.

>

7 AA

Q= -

Y
s
!

4 -

|

Shnden g
g
1
1 I
| |
ff‘ I

favorite time of the year | number of students I

winter 24 ‘; 7: _4__}1
What would you say to this student to spring » EEE:. . EEEEEE
support them in choosing an smmer © S % 5 s
. : fall 2 x - Z =
appropriate scale for their bar graph? - L 2
[Condition C]

Your class is working on the task below
about representing and solving addition
and subtraction problems. You notice a
student correctly understood they need
to subtract the length of 27, but they
have not yet found the missing value, as
shown on their paper below.

What would you say to this student to
support them in finding the missing
value in the diagram?

Name

Find out the missing value in the diagram below (assume both long bars are equal in total
length).
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Table A2.l. Continued

[Condition A]
Your class is working on the
multiplication task below. You
notice a student Correctly found the The toy store is selling boxes of marl:?lz_s. Egch box comes wi.?h five marbles. A shopper

wants to buy three boxes. Use a multiplication sentence to find out how many marbles

total number of marbles, but they they will buy in total.
did not use a multiplication

sentence, as shown on their paper 0 00 00
. below. @OO OOO QOO

What would you say to this student

Name 1=«

to support them in using a . S
multiplication sentence to find out L.
how many marbles they will buy in lo
P =
totalr a5
15
[Condition B
Your class is working on the task
Name | atie .

below about subtracting dollars and

cents YOU ﬂOdCC a Student Correctly Jodie saved up $135 dollars from her summer job. She spent $9.50 on a movie ticket.
: . A How much money does she have left?

chose subtraction but did not

account for the correct place value, )
as shown on their paper below. 12 C
8 5D
O/ l/ \1
What would you say to this student == b st
to support them in subtracting $9.50 P

from $135? ﬁ) \)18 g
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Table A2.2. Items measuring teacher preference for task remediation

Vignette

Item

Instead of having the student continue to engage in this task about identifying fractional
parts on a number line, I would prioritize having them practice something more
straightforward. There are several ways that this could be productively done, which
might include identifying fractional parts on a fraction diagram (e.g. ¥4 of a shape is
shaded), or some other activity in this vein.

Instead of having the student continue to engage in this task about equivalent fractions, I
would prioritize having them practice something more straightforward. There are several
ways that this could be productively done, which might include having them simplify the
fraction 14/16 by dividing 14 and 16 by 2 to get 7/8, ot some other activity in this vein.

Instead of having the student continue to engage in this division task, I would prioritize
having them practice something more straightforward. There are several ways that this
could be productively done, which might include having the student set up and label the
parts of a division problem (as shown below), or some other activity in this vein.

Quotient: the
answer to a
division problem

Dividend: the
9 W number being
divided
Divisor: the
number that

divides the
dividend

Instead of having the student continue to engage in this place value task, I would
prioritize having them practice something more straightforward. There are several ways
that this could be productively done, which might include having the student identify the
place value of numbers (e.g. Iz the number 34, we have 3 in the tens place and 4 in the ones place),
or some other activity in this vein.

Instead of having the student continue to engage in this task about creating a scaled bar
graph, I would prioritize having them practice something more straightforward. There
are several ways that this could be productively done, which might include having the
student figure out if they should count by 2’s, 5’s or 10’s for a given dataset, or some
other activity in this vein.

Instead of having the student continue to engage in this task about representing and
solving addition and subtraction problems, I would prioritize having them practice
something more straightforward. There are several ways that this could be productively
done, which might include having the student solve addition and subtraction problems
that have already been set up, or some other activity in this vein.
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Table A2.2. Continued

Instead of having the student continue to engage in this multiplication task, I would
prioritize having them practice something more straightforward. There are several
ways that this could be productively done, which might include having the student
compare repeated addition and multiplication (as shown below), or some other
activity in this vein.

. . . 2+2+2
7 ea8e8e b
80 00 8@ 3+3+3 sxze |

@
ae ae @ Ix4=
o8 a.

Instead of having the student continue to engage in this subtraction task, I would
prioritize having them practice something more straightforward. There are several

8 ways that this could be productively done, which might include having the student set
up problems by writing in and aligning the decimal points (e.g. $5 — $5.00), or some
other activity in this vein.

Table A2.3. Items measuring teacher preference for task routinization

Vignette Ttem

While the student is working on this task, I would provide them with more direct

support. There are several ways that this could be productively done, which might

include labeling the entire number line for the student so they know where 1/4, 2/4,
1 3/4, and 4/4 are (as shown below), or some other activity in this vein.

|
T

0

ENIE N &

&N T
&l T

-1

While the student is working on this task, I would provide them with more direct
support. There are several ways that this could be productively done, which might
include providing a visual anchor chart to help the student convert between unlike
fractions (as shown below), or some other activity in this vein.

| 1WHOLE |
2 T T T
Z 1 T 4
I T T T T I T I R I
8 8 8 8 8 8 8 8
1_1___1__1_1_llll
1212 12(12 [12|12 |12 | 12| 12| 12| 12| 12
el

|llLLPFF_
616
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Table A2.3. Continued

3 While the student is working on this task, I would provide them with more direct support.
There are several ways that this could be productively done, which might include setting
up the division problem 36 divided by 9 (as shown below) or some other activity in this

vein.
4 While the student is working on this task, I would provide them with more direct support.

There are several ways that this could be productively done, which might include having
the student place the numbers in a place value chart (as shown below), or some other
activity in this vein.

Place Value Chart

Tens Ones

Number
= Tens Ones

5 While the student is working on this task, I would provide them with more direct support.
There are several ways that this could be productively done, which might include
providing a pre-labeled graph that counts by 5’s on the y-axis (as shown below), or some

other activity in this vein.

35
30—

25—

6 While the student is working on this task, I would provide them with more direct support.
There are several ways that this could be productively done, which might include
providing the student with the total length of the bottom bar, i.e. showing 83 rather than
48435, or some other activity in this vein.

7 While the student is working on this task, I would provide them with more direct support.
There are several ways that this could be productively done, which might include
providing blanks for the student to fill in (as shown below), or some other activity in this
vein.

# of boxes X # of marbles per box = Total # of marbles

X =

8 While the student is working on this task, I would provide them with more direct support.
There are several ways that this could be productively done, which might include using
play money and coins to count out the difference, or some other activity in this vein.
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Table A2.4. Items measuring teacher preference for task extension

Vignette Item
After supporting this student on this stuck-point, I would have them practice locating 1 on
the number line again with a slightly more challenging task. This next task could take many
forms, and an example of what one could look like is shown below:
Locate 1 on the number line. Label the point and be as exact as possible.
! | | &
S l >
0 5
=
J
After supporting this student on this stuck-point, I would have them practice equivalent
fractions again with a slightly more challenging task. This next task could take many forms,
5 and an example of what one could look like is shown below:
Kenny made a cake for the party and cut it into 20 slices. By the end of the party,
3/4 of the cake was gone. How many slices were left?
After supporting this student on this stuck-point, I would have them practice division again
with a slightly more challenging task. This next task could take many forms, and an example
of what one could look like is shown below:
Suppose there are 4 tanks and 3 fish per tank. The total number of fish in this situation can be expressed as 4x3=12
1) Describe what is meant in this situation by 12+3=4
2) Describe what is meant in this situation by 12+4=3
After supporting this student on this stuck-point, I would have them practice place value
again with a slightly more challenging task. This next task could take many forms, and an
example of what one could look like is shown below:
4

I have 7 tens and 43 ones. What number am I?
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Table A2.4. Continued

After supporting this student on this stuck-point, I would have them practice creating a
scaled bar graph again with a slightly more challenging task. This next task could take many
forms, and an example of what one could look like is shown below:

Create a scaled bar graph for the dataset below:
Year Rain (inches)

2021 103
2022 38
2023 87
5 2024 14

After supporting this student on this stuck-point, I would have them practice representing
and solving addition and subtraction problems again with a slightly more challenging task.
This next task could take many forms, and an example of what one could look like is
shown below:

Find the missing value in the diagram (assume both long bars are equal in total
length)

S —— —  — -

51 2 27

-
- S -~ —

Qx 58

After supporting this student on this stuck-point, I would have them practice
multiplication again with a slightly more challenging task. This next task could take many
forms, and an example of what one could look like is shown below:

Write a multiplication sentence to find the total number of bows in the array.

NN NNY
NN Y
! HENNNENNNY
NN NNY
NN NNY
NN NNY

After supporting this student on this stuck-point, I would have them practice subtraction
with money again with a slightly more challenging task. This next task could take many
forms, and an example of what one could look like is shown below:

The school bake sale raised $347.75 after spending $52 on ingredients. How much
money did the school profit from the bake sale?
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Not Having All the Answers: Connections, Doing Math, and Teacher Preservation of Task

Cognitive Demand in Response to a Student Fractions Misconception

Abstract

Students in the U.S. show enduring misconceptions about fractions, curtailing their progression in
mathematics. While the field has some understanding about how teachers respond to and resolve
student misconceptions on proportional reasoning tasks (e.g. Warshauer, 2015), it lacks empirical
work mapping out teacher treatment of math content and degree of student accountability when
implementing a high-level fractions task in the face of student challenges. Understanding teacher
treatment of fractions misconceptions is important in light of historic reforms pushing for
cognitively demanding mathematics instruction and meaning-centered mathematics curricula that
centers student understandings, particularly in the fraught topic of fractions. In this study, I solicit
teacher responses to a student misconception about fractions via an instructional vignette, finding
that most teachers forged at least one connection between fractions concepts, procedures, and their
underlying meaning, namely through connecting the problem context and visual fraction diagram.
Still, a large portion of teachers focused on the steps of the standard algorithm without
mathematical connections, and over half took a teacher-directed problem-solving approach.
Notably, scaffolding and probing often co-occurred with privileging the student strategy, suggesting
a potentially complimentary role between these approaches that enlist the student in problem
solving. The findings have implications for research on cognitive demand in the implementation of
math tasks and improving teacher knowledge, practice, and student learning in the foundational

domain of fractions.
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Not Having All the Answers: Connections, Doing Math, and Teacher Preservation of Task

Cognitive Demand in Response to a Student Fractions Misconception

Both the Common Core State Standards for Mathematics (CCSSM) and National Council of
Teachers of Mathematics (NCTM) outline the importance of mastering concepts like fractional
equivalence starting in grade 3 (National Governors Association Center for Best Practices &
Council of Chief State School Officers, 2010; NCTM, 2007). Despite these goals for fractions
learning, a concerning proportion of elementary students in the U.S. make little progress,
demonstrating enduring misconceptions and shallow understandings of fractions (Hansen et al.,
2017; Mack, 2001). Common challenges and misconceptions about fractions include the
(mis)transfer of whole number concepts, seeing numerators and denominators as separate values
rather than in relation, and viewing fractions and fractions operations as the arbitrary manipulation
of symbols absent of meaning (Siegler et al., 2010). Teachers, too, have been shown to hold
fragmented knowledge of fractions (Copur-Gencturk, 2021; Ma, 2006; Newton, 2008; Olanoff et al.,
2014), and elementary fractions instruction in the U.S. often narrowly focuses on representing
fractions with part-whole diagrams and practice with fractions operations absent of connections
between concepts, procedures, and their underlying meanings (Gearhart et al., 1999; Siegler et al.,
2010). In short, “no area of elementary school mathematics is as mathematically rich, cognitively

complicated, and difficult to teach as fractions, ratios, and proportionality” (Smith, 2002, p. 3)

To support students in building enduring understandings of fractions and indeed
mathematics more generally, scholars have argued for the use of cognitively challenging
mathematical tasks in the classroom (Boston, 2012; Siegler et al., 2010; Stein et al., 2009; Stein &
Smith, 1998). A math task is a piece of class work with an intended product, and a specified process

for creating that product, using a particular set of resources under certain classroom conditions
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(Doyle, 1988). The construction of a math task is intended to focus student thinking about a
mathematical idea, determining (along with its enactment) how students come to think about a
mathematical domain and its meaning (Doyle, 1988). Math tasks can be differentiated based on their
cognitive level or the nature of the mathematical thinking processes they invoke (Doyle, 1988; Stein
et al., 19906). In contrast to tasks with low-level cognitive demands, which involve reproducing
memorized rules or procedures without connections, tasks with high-level cognitive demands are
those that involve procedures with connections and students doing mathematics (Stein et al., 1990).
Thus, cognitive demand describes the nature of cognitive processes students engage in, which “can
range from memorization of procedures and algorithms (with or without attention to concepts,
understanding, or meaning) to complex thinking and reasoning strategies that would be typical of
‘doing mathematics’ (e.g., conjecturing, justifying, or interpreting)” (Henningsen & Stein, 1997, p.
529; Schoenfeld et al., 2023). Following this line of scholarship, I define the cognitive demand of
task-based mathematics instruction in terms of the connectedness of the mathematics involved, i.e.
connections between procedures, concepts, and their underlying meanings, and the extent to which
students are accountable for high-level mathematical processes and products (Boston, 2012;

Henningsen & Stein, 1997; Hiebert & Grouws, 2007; Schoenfeld et al., 2023; Stein & Lane, 1996).

Despite the promise of tasks as intended, the implementation stage in the classroom often
leads to the devolution of tasks with high-level cognitive demands, for example through
routinization or remediation (Estrella et al., 2020; Henningsen & Stein, 1997). Moreover, student
misconceptions about fractions during task implementation—which necessitate instructional
responses that enable students to forge connections between concepts, procedures, and their
underlying meaning, and to practice doing and making sense of mathematics in order to address them—
may create impasses during problem solving that trigger a wide spectrum of instructional responses

from teachers (Henningsen & Stein, 1997; Schoenfeld et al., 2023; Siegler et al., 2010; Stein & Smith,
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1998; Warshauer, 2015). In these instances, the teacher may respond by simplifying or preserving
the mathematical connections inherent to the task. They may also take over the problem solving or
keep the student enlisted as an agentic doer of mathematics. Few studies have examined how
teachers respond to inevitable, expected, and necessary student stuck points or impasses during the

implementation of fractions tasks with high-level demands.

Work in the field has established that teachers who perceive students as struggling with
concepts will respond by trying to build conceptual understanding (Copur-Gencturk et al., 2025).
However, teachers’ reported and actual instructional responses may differ, making it difficult to

make inferences about the nature of their instructional responses to fractions misconceptions.

Further, prior work has shown that routinization and remediation are common ways the
cognitive demand of high-level math tasks can decline during implementation, but these studies are
smaller in scale and did not attend to the role of student misconceptions (Estrella et al., 2020;
Henningsen & Stein, 1997). In one study that examined cognitive demand in teacher responses to
student impasses during task implementation, Warshauer (2015) developed the “Productive Struggle
Framework™ to characterize the extent to which teachers keep students enlisted as problem solvers.
The present study builds on this work by exploring the prevalence of similar teacher moves in a
different content area, by examining how teachers support mathematical content connections of a
task when responding to a student struggle, and by investigating how these content connections
relate to pedagogical approaches that enlist the student as a problem solver. I argue that both
mathematical connections and student accountability are dimensions of cognitive demand worthy of
investigation because they constitute the “what” and “how” of task-based mathematics instruction
(Doyle, 1988). For example, a teacher may enlist the student fully in the problem-solving of a task,

but the “ask” may be reduced to completing algorithmic steps absent of connections. Conversely,
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the teacher may take over the problem-solving of a task entirely while emphasizing to the student
the connections between concepts, procedures, and meaning of the task’s mathematics. Existing
work on teacher preservation of task cognitive demand has primarily focused on student
responsibility for problem solving, limiting our understanding of how teachers treat the meaning of
the mathematics and of how they can preserve mathematical coherence while keeping the student
enlisted. Moreover, studying task devolution and teacher responses to student challenges in situ is
difficult due to myriad contextual and student-related factors (Warshauer, 2015); a methodology
employing a problem-specific instructional vignette shows promise for characterizing the teacher
action-related competence of preserving the cognitive demand of a high-level task disentangled
from contextual factors that limit proximity, alignhment, comparability, and occurrence of this core

practice (Charalambous, 2020).

In the present study, I explore how teachers respond to a student struggling on a fractions

task involving high-level cognitive processes. Specifically, I ask:

1. What do teachers focus on in terms of mathematical content about fractions, and to what extent
does this content show connections between mathematical concepts, procedures, and underlying
meanings intended by the task?

2. To what extent does the teacher hold the hypothetical student accountable for the high-level
processes or products of the task?

3. How do dimensions of fractions content and its connectedness relate with student

accountability for high-level processes and products in teachers’ responses?

I carry out this study via an online survey that presented teachers with an instructional

vignette about fractional equivalence. In the vignette, a hypothetical student shows their work on a

) . : . 7 :
mathematics task about finding out what remains of a pan of 16 brownies after . of the brownies
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have been sold. The student demonstrates a common misconception transferred from whole-
number concepts, and the teacher is asked to record how they would respond to the student. The
present investigation helps to illustrate how teachers preserve or diminish the high-level demands of
a task to create—or hinder—student opportunities to learn fractions in K-8 mathematics, with

implications for improving teacher knowledge, practice, and student learning in this crucial domain.

Literature Review

In this section, I provide an overview of the literature on connections between mathematical
concepts, procedures, and their underlying meanings, arguing that these interconnections can
address common student misconceptions and build enduring understandings of fractions.
Throughout, I interweave examples from the literature on task-based fractions teaching and learning
both with and without such connections to illustrate how connections can support a deeper learning
of fractions. Next, I outline the importance of holding students accountable for high-level processes

and products, i.e. dozng math, to support enduring understandings of fractions.

Connecting Fraction Concepts, Procedures, and Their Underlying Meaning

Historically, conceptual knowledge in mathematics has been understood as “a connected
web of knowledge” in which discrete facts and propositions are coherently organized in a network
of linked relationships (Hiebert & Lefevre, 1986, pp. 3-4). Meanwhile, procedural knowledge was
often reduced to “the ability to execute action sequences (i.e. procedures) to solve problems” (Rittle-
Johnson & Schneider, 2015, p. 5) or “chains of prescriptions for manipulating symbols” (Hiebert &
Lefevre, 1980, pp. 7-8). However, rather than viewing mathematical understanding along a
conceptual-procedural binary, other scholars have pushed the field to instead view both procedural
and conceptual mathematical as having the potential to be deep or superficial (Star, 2005). In other

words, both mathematical procedures and concepts have the potential to be presented superficially

122



or deeply (Star, 2005). Deep mathematical knowledge—whether procedural or conceptual—is that
which is interconnected into a coherent schema or network (Hiebert & Carpenter, 1992). Indeed,
recent scholarship has emphasized the importance of intra-mathematical connections or linkages
between mathematical ideas and objects (Murphy et al., 2024). When implementing high-level tasks,
teachers play a key role in preserving cognitive demand through drawing “explicit connections
between the mathematical ideas” (Henningsen & Stein, 1997, p. 526) and emphasizing the meaning

of the mathematics involved (Doyle, 1988).

A core focus of reform in fractions teaching emphasizes the need to build meaning-oriented
and interconnected conceptual and procedural understandings of fraction operations to help
students understand why procedures make sense (Siegler et al., 2010). To illustrate, in their
Mathematics Task Framework, Stein and Smith (1998) provide an example of a math task with high-

level demands that focuses on connections between decimal, percent, and pictorial equivalents of
.3 .3 .
the fraction - Here, the student must work to represent the fraction cona 10x10 grid. When

supporting students through such a task during implementation, the teacher can emphasize

connections between concepts, procedures, and their underlying meaning— for example, by

: : . .3 . . 60 L
focusing on the meaning behind converting S to the equivalent fraction Tog —OF diminish them, for
instance, by solely focusing on the steps to multiplying the numerator and denominator of the
fraction " by 20. Indeed, a strict focus on procedural thinking is a common way students’ cognitive

processes decline while working on high-level math tasks (Henningsen & Stein, 1997). As
demonstrated by popular adages for fractions computations like “what you do to the bottom, you
do to the top” for adding and subtracting, or “keep, change, flip” for dividing, common

misconceptions about fractions operations have much to do with superficial understandings of
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operations absent of meaningful connections (Fazio & Siegler, 2011; Fuchs et al., 2013; Siegler et al.,

2010).

Other research demonstrates the importance of forging connections between concepts,
procedures, and their meanings to address whole number misconceptions about fractions. Most
student misconceptions about fractions can be traced back to not understanding fractions as
numbers with magnitudes (e.g. Mack, 1993). Indeed, many U.S. students do not view fractions as
rational numbers at all and view numerators and denominators as separate values, a misconception
transferred from their understanding of whole numbers (Siegler et al., 2010). A “measurement
understanding” of fractions, on the other hand, expands the number system and shows fractions as
numbers with magnitudes that can be placed and “counted” on a number line, helping struggling
learners build greater fluency with fractions (Fuchs et al., 2013; Siegler et al., 2010). Connecting

fraction operations with a measurement understanding can give meaning to the values involved. For

example, when supporting students through a task with high-level demands that starts with 1;90 of a
cake and asks student to determine how much would be left if % were given away, the teacher could

emphasize that % is nearly one whole, and after subtracting half, roughly another half should

remain. By forging connections between the fractional values and their magnitudes, students are
supported in building a measurement understanding of fractions and a more coherent view of the

rational number system beyond whole numbers (Behr et al., 1986; Siegler et al., 2010).

The use of visual representations to illustrate the meaning and conceptual basis behind
common fraction operations may also support students in building an interconnected, coherent
understanding of fractions (Siegler et al., 2010). In studies where fraction arithmetic is taught to
students using visual representations, students’ computational skills and procedural fluency have

shown improvement (Fazio & Siegler, 2011). Problem representation is thought to be a mechanism
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for the links between the iterative process by which students build deep understanding in
mathematics (Rittle-Johnson et al., 2001). Even for teachers solving word problems involving
fractions, the use of pictorial representations is linked to successful problem solving (Copur-
Gencturk & Doleck, 2021). Area models, diagrams, and other visual representations— such as
fractions circles to demonstrate fractional equivalence and addition with common denominators
(e.g. Cramer & Wyberg, 2009)— may help to demonstrate the interconnections between fractions

concepts, procedures, and their underlying meanings.

Opverall, whether teachers choose to focus on a measurement understanding of fractions or
visual representations to convey their meaning, mathematics content must be presented as a
coherent network of linked, interconnected relationships rich with meaning in order to resolve
common misconceptions and support student mastery of fractions (Hiebert & Lefevre, 19806l;

Siegler et al., 2010).

Student Accountability for High-Level Processes and Products

Engagement in mathematics tasks with high levels of cognitive demand has been linked to
student achievement gains in mathematics, for example, as seen in the QUASAR project (Silver &
Stein 1996; Stein & Lane 1996). However, despite how a task may appear on paper, the task
implementation stage is a critical phase of enactment during which the level of cognitive demand
has the potential to devolve (Stein et al., 1996). Indeed, the TIMSS video project found that all high-
level math tasks in their study devolved during instruction, underscoring the critical task
implementation phase (National Center for Education Statistics [NCES], 2003; Stigler & Hiebert,
2004). As described above, high-level tasks can devolve into low-level tasks during implementation
when the focus shifts to few or no connections between mathematical concepts, procedures, and

their underlying meanings. Beyond reducing the interconnectedness of the mathematics, not holding
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students accountable for high-level products or processes leads to the decline in the high-level

cognitive demands of a task (Stein et al., 1990).

Doing mathematics necessitates engaging in the process of sensemaking (Schoenfeld, 1992).
Holding students accountable for high-level products or processes in mathematics learning means
enabling them to expend “effort to figure out something that is not immediately apparent” (Hiebert
& Grouws, 2007). Much like building strength necessitates lifting weights in strength training,
solving challenging mathematics tasks necessitates students grappling with and making sense of
disciplinary ideas. Scholars have argued that student struggles or impasses are an important part of
learning mathematics and something not to be overcome but rather used as an opportunity to guide

student learning (Hiebert & Grouws, 2007; Warshauer, 2015).

Hurdles to keeping students enlisted as problem solvers during task-based math instruction
include challenges with differentiating task support and addressing student push-back and struggles
(Charalambous et al., 2023; Sullivan & Mornane, 2013). Teacher responses to student struggles vary
according to the extent to which the problem-solving opportunity of the task remains intact for the
student; in other words, for the student to still “do mathematics.” In response to a student
struggling on a high-level math task, a teacher can provide the answer (Chazan & Ball, 1999),
routinize or break the task down by directing the student to narrow features of the task (Estrella et
al., 2020; Stein et al., 1996), provide step-by-step instructions or “recipes” to follow (Schoenfeld et
al., 2023), probe or elicit from the student (Shaughnessy & Boerst, 2018), revoice the student’s
thinking to reformulate or reframe the problem (O’Connor & Michaels, 1993), leverage student-
generated mathematical representations in a process of guided co-construction (Terwel et al., 2009),
have them retry the problem with minimal input, and more. Importantly, the ways in which teachers

respond to students in these interactions determines how student agency and accountability are
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distributed and thus how mathematical competence is constructed in the classroom (Gresalfi et al.,

2009).

While the field lacks a comprehensive understanding of teacher responses to student
struggles or stuck points in fractions teaching, emerging scholarship in this area demonstrates how
teacher responses can resolve student challenges while preserving the cognitive demand of
challenging tasks. In her exploratory case study of teacher responses to students struggles on high-
level middle school math tasks about proportional reasoning, Warshauer (2015) offers a “Productive
Struggle Framework” for characterizing teacher responses along a continuum from lower to higher
cognitive demand. “Telling” responses are those in which the teacher supplies information or a
strategy, evaluates student work, and corrects errors, leading to lowered cognitive demand of the
enacted task. “Directed guidance” is that which redirects student thinking, narrows the scope of
possibilities for action, directs some action, or breaks the problem down into smaller parts, which
can serve to lower or maintain the cognitive demand of the task. “Probing guidance” occurs when
the teacher asks for reasoning and justification from the student, maintaining the cognitive demand
of the task as intended. Lastly, “affordances,” which can maintain or even raise cognitive demand of
the task, are those in which the teacher builds on student ideas with limited but targeted

intervention.

Relating Fractions Content and Student Accountability

Widely available guidance for effective fractions instruction centers primarily on the
presentation of content, for example, the importance of fractions representations (Fazio & Siegler,
2011; Siegler et al., 2010). Moreover, the literature on cognitive demand tends to be domain-general
within the discipline of mathematics, limiting an understanding of how it is instantiated within

specific sub-domains in mathematics. While Warshauer’s (2015) examination of teacher responses to
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student impasses during task implementation articulated concrete teacher actions in terms of how
they enabled the student to grapple with the mathematics, the existing study builds on this work by
also examining the mathematical meaning and connections in teachers’ responses. For example, do
certain practices, such as probing the student about the meaning of the denominator numerically
and visually, work together to enlist the student as a problem solver and preserve mathematical
meaning? An analysis that explores the relationship between teacher treatment of fractions content
and level of student accountability would contribute to the field’s understanding of cognitive

demand within the specific and challenging sub-domain of fractions.

To summarize, teachers can preserve the cognitive demand of high-level tasks by
emphasizing the connections between procedures, concepts, and their underlying meanings inherent
to the task and keeping the student accountable for high-level mathematical processes and products
(Boston, 2012; Hiebert & Grouws, 2007; Stein & Lane, 1996). As demonstrated by the literature in
this area, the work of striking a balance between helping and challenging students who struggle
when solving mathematics tasks is nuanced, raising the need for more scholarship on how teachers
manage this tension (Stewart & Ball, 2023). To restate, in the present study, I investigate how
teachers respond to a student struggling on a fractions task involving high-level cognitive processes.
Specifically, I focus on two aspects of cognitive demand and their interrelations: how teachers
represent the fractions content of the task and its connectedness, how the teacher holds the
hypothetical student accountable for the high-level processes or products of the task, and how
fractions content and its connectedness relates with student accountability for high-level processes

and products.
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Methods

In this section, I describe the study design and procedures, sample of teachers who

participated, and approach to coding and analysis.
Study Design and Procedures

Teachers responded to an online survey administered via Qualtrics in the spring of 2025,
which was the same survey as paper two in this dissertation. Participants were screened using two
questions asking whether they have been a certified teacher of record in the U.S. with responsibility
for instruction in a classroom that is between grades K and 8, and whether they teach mathematics
as part of their teaching responsibilities. The survey informed participants they would be responding
to teaching scenarios or “vignettes” that take place during student work time on math tasks, and that

the scenarios featured the same 4™ grade student and their work.

This study is based on the tradition that uses animated teaching simulations (ATSs), also
called “vignettes,” to present teachers with an approximation of practice (Charalambous, 2020;
Grossman et al., 2009; Herbst et al., 2011). A vignette is an instrument that offers “standardized yet
realistic classroom prompts,” (p. 6) providing teachers with a narrowly defined performance

opportunity at scale and in a standardized fashion (Hill et al., in press).

The survey presented teachers with an instructional vignette featuring a high-level fractions
task and the work of a hypothetical 4™ grade girl who has reached a stuck point, defined for
participants simply as a place where the student has stopped making progress on the task. The task
was created using free online resources by Illustrative Mathematics ® and the authot’s own creation
in Adobe Photoshop ©. The design of the math task and accompanying prompt featured in the
vignette were further developed and finalized after holding cognitive interviews with five current or

former elementary school teachers. The vignette described the topic, the math task with instructions,

129



the student’s work in progress, and a description of what they had completed so far as well as their

stuck point.

The mathematics of the task involved the concept of fractional equivalence: finding out
what remains of a pan of 16 brownies afterg of the brownies were sold at a school bake sale.

Teachers were presented with the student’s work, which showed a 4x4 grid with seven squares
shaded out of sixteen, demonstrating a common misconception transferred from whole-number
concepts. Informed by Stein et al.’s (1990) task classification system, I interpret this task as one with
high-level cognitive demands in that it involves procedures with connections and doing mathematics. In
contrast to “familiar work,” which relies on “memory or relatively standardized operations or
algorithms,” this task could also be interpreted as “novel work because the student “must make
decisions about what to produce and how to produce it” (Doyle, 1988, p. 173). For example, there is
no standard solution method to this task, and the hypothetical student working on it created a
representation and got stuck, showcasing the risk and high cognitive demands inherent to novel

tasks.

Teacher responded to the prompt: “What would you say to this student to support them in finding the
number of brownies left?” The prompt was intentionally neutral so that teachers could openly respond
with a procedure, an explanation with mathematical connections, a probe to the student, and other
approaches. Teachers responded by speaking out loud into their device’s microphone. See Table 3.1
for a view of the fractions task and vignette with prompt. Teacher responses were recorded and
transcribed using Voiceform software embedded into the survey. At the end of the survey, teachers

responded to questions about their background.
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Table 3.1. Vignette prompts and featured student work

Prompt Mathematics Task and Student Work

Your class is Working on the task Lisa baked a large pan of brownies and cut them into 16 equal pieces. She sold
below about equivalent fractions 7/8 of the brownies at the school bake sale. How many brownies does Lisa

. . . ?
using a brownie pan cut into 16 Ll
pieces. You notice a student

correctly represented 16

. 7
brownies, but they confused 3 of

7 )
16 for o0 A shown on their

paper below.

What would you say to this
student to support them in

tinding the number of brownies
left?

Sample

The final sample included N=228 teachers who completed the survey and followed all
survey prompts to record themselves speaking. The majority of teachers sampled were women
(54.8%), yet women appeared in this data at a lower proportion compared to the national average in
U.S. public schools (NCES, 2023). Teachers reported an average of 10.6 years of teaching
experience. The level of instruction for 75% of teachers was between grades 2-6. Most teachers
identified as White (59.2%), Black (19.3%), or Latinx/e (13.6%), which shows the sample had a
more racially and ethnically diverse distribution compared to U.S. public schools (NCES, 2023). See

Table 3.2 for a summary of the teacher sample.
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Table 3.2. Sample Characteristics for Full Sample

Sample (IN=228)

N (%)
Gender
Woman 125 (54.8%)
Man 66 (28.9%)
Nonbinary 7 (3.1%)
Years of Experience 10.6 (8.3)
Grade level taught
Kindergarten 8 (3.5%)
1% grade 16 (7.0%)
2" grade 25 (11.0%)
3 grade 37 (16.2%)
4™ grade 44 (19.3%)
5" grade 41 (18.0%)
6™ grade 23 (10.1%)
7™ grade 13 (5.7%)
8" grade 20 (8.8%)
High School’ 1 (0.4%)
Teacher race-ethnicity
Black 44 (19.3%)
Latinx/e 31 (13.6%)
Native Am. 2 (0.9%)
AAPI 6 (2.6%)
White 135 (59.2%)
Multiracial 10 (4.4%)

Note: AAPI stands for Asian American and Pacific Islander. Column percentages are shown in
parentheses. Mean and SD are provided for years of teaching experience.

7 We retained #=1 high school teacher who met our screening criteria of having taught K-8 math in the past three years
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Coding and Analysts

Transcribed responses were coded along two dimensions using a flexible coding approach:
fraction concepts, procedures, and their underlying meaning (what I will call fractions content), and
student accountability for high-level processes and products (what I will call student accountability).
Both of these dimensions were informed by the literature on teacher implementation of math tasks
with high-level demands (Boston, 2012; Stein & Lane, 1996). Flexible coding involved a
combination of etic and emic coding, balancing staying low in the data while referring to existing
theory to inform the coding scheme (Deterding & Waters, 2021; Miles et al., 2020). The unit of
analysis was each teacher’s full transcribed response to the prompt in the vignette. To code the data,
I read through all responses inductively and recorded researcher memos of themes that emerged,
staying close to the data to capture the fractions content and its connectedness and student
accountability featured in the response without judgment (e.g. fractions content—response focuses

solely on the steps in the standard algorithm for subtracting equivalent fractions; student

accountability—the teacher dictates complete steps to solve the problem).

Next, I compared the memos to the literature on fractions instruction (Siegler et al., 2010)
and teacher implementation of tasks with high-level demands, namely Warshauer’s (2015)
Productive Struggle Framework. From these comparisons, several themes emerged which became
the codes for the codebooks for fractions content and its connectedness and student accountability,
respectively. I consulted with two experts in mathematics education to complete multiple rounds of
coding on randomly selected subsamples of the data with the developing codebooks. Through this
iterative process of applying the two codebooks to the data, categorizing codes under themes, and
re-applying the codebook to the data, I refined both codebooks. See Tables 3 and 4 for the

codebooks for fractions content and its connectedness and student accountability, respectively.
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Given that teachers often focused on numerous aspects of fractions content (e.g. understanding the
numerator and denominator as values in relation, the standard algorithm for creating equivalent
fractions), numerous fractions content codes could be applied to a response. Similarly, because
teachers often exhibited multiple approaches to supporting the student in their responses (e.g. by
first probing the student and then proceeding to outline steps to solve the problem), multiple
student accountability codes could be applied to a response. In the findings section below, I describe
the occurrences of individual codes in addition to drawing attention to how they occur in

combination.

Two raters worked together to double-code 100% of the data for fractions content in
batches, meeting in between sets to resolve discrepancies and reach agreement. Both raters were
former mathematics educators and department chairs trained in qualitative research methods. They
reached an average agreement rate of Kappa=0.77 across the fractions content codes. See Table
A3.1 in Appendix A3 for a summary of the Kappa scores and positive agreement for math content.
For the student accountability codes, the raters double coded 20% of responses in batches, reaching
high levels of agreement early on and an average Kappa of 0.78. See Table A3.2 for a summary of

the Kappa scores and positive agreement for student accountability.

Connecting Fraction Concepts, Procedures, and Their Underlying Meaning

The codes the above process produced can be categorized into the two areas of interest
described above: the meaning oriented-ness of the teacher response, and whether students were held
accountable for doing the work. In the first category, I grouped together codes according to the
extent of the connections between fractions content reflected in them; in other words, the extent of
mathematical meaning in the response as informed by the literature on effective fractions instruction

(Fazio & Siegler, 2011; Siegler et al., 2010) and based on the definition of intramathematical
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connections as linkages between mathematical objects such as “ideas, concepts, theorems,
procedures, or representations within mathematics” (Murphy et al., 2024, p. 231). For example, the
code “connects the visual representation to the problem context” was applied to responses where
the teacher drew connections between the visual fractions diagram and the fractional values in the
problem, e.g. “16 brownie squares tells us the denominator of our fraction is sixteenths.” Here, the
teacher connects the denominator to the whole of the fraction in the diagram. Other fractions
content codes with connections were focused on the standard algorithm for creating equivalent

fractions with connection to the meaning behind the steps, understanding the numerator and
denominator as values in relation, and connecting the fraction % to its measurement value or
magnitude, e.g. nearly one whole.

Two individual codes described responses with no connections between fraction concepts,
procedures, and their underlying meaning— those that centered on the standard algorithm for
creating equivalent fractions focused solely on operations, and those that stated g and 1—76 are not the

same value without any elaboration. The latter code was a simple correction without any explanation
of why the two values differ; previous scholarship has shown a singular focus on correctness lowers

the cognitive demand of high-level tasks (Estrella et al., 2020).

135



Table 3.3. Codebook for Fractions Content and Its Connectedness

Connectedness

Connects Fraction
Concepts,
Procedures,

and)/ or Their
Underlying
Meaning

Does Not
Connect Fraction
Concepts,
Procedures, or
Their Underlying
Meaning

Fractions Content

Code Criteria Example
“We need to divide the 16 brownies into
Standard 8 equal groups. How many brownies
| 1 i ?
algor}thm for Discusses the concepts and would be in each group, right? Each 8
creating meanine underbinnine the would have 2 brownies because 16
equivalent & p & divided by 8 is 2. Now, if you have 7 out

fractions focused

on the meaning
behind the steps

Understanding
the numerator

and denominator

as values in
relation

Connects the
visual

representation to

the problem
context

Estimating/

intuiting the value

7. .
of 3 e that it is

nearly one whole

algorithm, e.g. why it
makes sense

The response focuses on
the interpreting the
numerator in relation to
the denominator, e.g. as a
rate

The response links aspects
of the problem to the
visual diagram, e.g. by
mentioning “shading” or
“boxes” or “squares”

Focuses on the magnitude
or value of the fractions,
e.g. by referencing
landmark fractions like %2
or one whole

of those 8 groups, how many brownies is
that? Yes, it’s 7 times 2, which equals 14.
So, seven-eighths of 16 is 14 brownies,
not seven-sixteenths.”

“It’s not just that they sold 7 brownies
but 7 out of 8, which is almost one
whole! You have to look at both parts,
not just the top number.”

“I see you drew 16 pieces to represent
the 16 brownies. Can you show me

7.
where you see g0 the boxes you drew?”

“How can we break up these pieces into
eight parts?”

“"Seven out of eight is almost eight out
of eight, which would be one whole.
They sold almost all the brownies."

Standard
algorithm for
creating
equivalent

fractions focused

on operations

7.
The fact that 3 1s
not the same as
7 .
— without
16

elaboration

Recitation of steps to the
operations without
connection to meaning.
Can be specific or general

Simple statement of fact
that the two values are not
the same

“First you need to convert seven-eighths
into fourteen-sixteenths. You do that by
multiplying the numerator and
denominator by two. Then, you can
subtract!”

“Whatever you do to the bottom, you
have to do to the top. Remember how to
make an equivalent fraction?”

“You drew seven-sixteenths instead of
seven-eighths. Those are not the same”

136



Table 3.3. Continued

The response does not
No math content mention any mathematics, “Meet me after class”
whether vague or specific

The response contains

. mathematical errors
Oz‘/aer‘ Mathematical errors o recise use of lan, “When you subtract, your answer
. .. uage . . .

(fractions and/or imprecision p . EUA8S Wil be nine-sixteenths.”

content and or lack of clarity which

connections makes it confusing

undetermined) . _ . . _
Unspecified The math content is vague “Let’s practice a different, easier
mathematical focus  and unspecific problem”

Note: Multiple fractions content codes could be applied to a teacher response.

In responses with an unspecified or lack of mathematics content, for which extent of
mathematical connections was indeterminable, the code “unspecified math focus” or “no math
content” was applied, respectively. For teachers who exclusively elected to probe the hypothetical
student (e.g. “How did you come up with that?”) or direct them to retry the problem (e.g. “I wonder
if you can go back and find your mistake and try again”), the mathematics content is not explicitly
ascertainable due to the nature of these pedagogical approaches. To distinguish between these types
of responses and those in which the teacher ostensibly did not choose to engage fractions content, 1
summarize fractions content and its connections exclusive of responses that did not contain explicit
mathematics content due to the teacher electing to pose a question or direct a student to retry. In

the limitations section, I revisit this issue more broadly as it relates to the vignette methodology.

Finally, responses that exhibited mathematical errors, imprecision, or were mathematically
confusing were tagged with the code “mathematical errors and/or imprecision.” In the findings, I
describe trends in responses coded for math errors. See Table 3.3 for a summary of the fractions

content codes and the connections represented in them.

Next, I organize the math content findings according to the extent of the content codes with

connections between fraction concepts, procedures, and their meaning applied to the responses (in
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addition to any code from other categories). Specifically, I start with an overview of responses that
showed multiple connections—those which contained at least two individual codes with
connections. I follow with those that showed some connection, which had a single individual code
with connections applied, and conclude with a discussion of responses which were not coded for
any connections. Importantly, this section excludes the 16 responses noted eatlier which did not
exhibit surmisable mathematics content due to the pedagogical approaches of probing or directing
the student to retry. Organizing the codes at this level enables an analysis that goes beyond

individual content codes to illustrate more broadly how meaning-dense a teacher’s response was.
Student Accountability for High-L evel Processes and Products

In the second area of interest, I organize the codes produced by the process above according
to the nature of student accountability for problem solving. Informed by Warshauer’s (2015)
productive struggle framework, I grouped together codes according to the extent to which the
teacher takes over solving the problem of the task. Warshauer (2015) outlines four teacher
approaches to supporting students through an impasse on a high-level mathematics task, resulting in
varied levels of task cognitive demand: telling, directed guidance, probing, and affordances.
Informed by this framework and applying it to the standardized setting of the vignette absent of the
student, I similarly qualified teacher responses according to who was responsible for solving the
problem (the teacher or the hypothetical student). See Table 3.4 for a summary of student

accountability codes.

Probing involved asking or pressing for reasoning and justification, asking questions about
the student’s approach, or asking the student about the reasonableness of their answer. Responses in

. . .7
which teachers probed the student (e.g. “What does the fraction 5 mean? Can you show me where

your denominator shows up on the diagram?”’) were considered higher in their preservation of task
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cognitive demand because the questions were open-ended, and the problem-solving opportunity
remained fully intact for the hypothetical student. Directing the student to retry involved the teacher
telling the hypothetical student to try the problem again. This pedagogical approach took the form
of restating or having the student restate the question, or generally telling the student to find their
mistake, for example, by stating, “Go back and re-read the question and make sure you’ve marked
your representation correctly” or “Let’s correct our mistakes.” These responses also preserved the
problem-solving opportunity for the student by prompting them to diagnose their own errors and

try the problem again.

The code “scaffolding” was applied to responses in which the problem solving was shared
between the teacher and hypothetical student, leaving space for the student to think, reason, or
grapple with the problem. Scaffolding involved the teacher providing a hint, partial solution or
explanation, or enabling prompt to address the student’s misconception and reduce problem
complexity without proposing a specific solution pathway (as in telling below) (Anderson, 1989;
Henningsen & Stein, 1997; Sullivan et al., 20006). This could be through a statement or an
explanation, with the problem-solving aspect of the task partially intact for the student to carry out,
or through a back-and-forth exchange similar to an initiation-response-evaluation (I-R-E) sequence
(Cazden, 1988). Importantly, questions coded for a pedagogy of scaffolding differed from probing

questions in that they were not open-ended questions.
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Table 3.4. Codebook for Student Accountability for High-Level Processes and Products

Student

Acconntability

High

High

Moderate

Moderate

Low

N/A

Code Criteria Example
The teacher poses open-ended questions “See this number seven-eighths,
to the student asking for reasoning and  hat does that mean?”
Probing justification, asking about the student’s

Direction to
retry

Scaffolding

Privileging
student strategy

Telling

Unspecified
pedagogical
approach

approach, and asking the student about
the reasonableness of their answer.

The teacher directs the student to try the
problem again, either by reading the
question for them, having the student re-
read the question, or having the student
diagnose their own error.

The teacher provides a hint, partial
solution or explanation, or enabling
prompt to address the student’s
misconception and reduce problem
complexity without proposing a specific
solution pathway (as in telling). This
could be through a statement or an
explanation, with the problem-solving
aspect partially intact for the student to
carry out, ot the back-and-forth
exchange of funneling questions (e.g. I-
R-E included in sequence) so that the
problem solving is shared.

The teacher references, revoices,
restates, or summarizes what the student
has already done and builds on the
student’s initial thinking. The teacher can
also leverage the student’s initial strategy
in their response.

The teacher provides a complete or
near-complete process for solving the
problem, i.e. a teacher-led or teacher-
proposed solution pathway. This also
includes evaluations of cotrectness by
the teacher.

The response is vague or non-specific in
its pedagogical approach.

“Can you explain what the
meaning of the denominator is?

“Alright kiddo, I want you to
double check your work because
I think you have something to fix
here.”

“Hm ok let’s think about the
denominator of this problem.
The brownie has 16 squares, and
we want seven-eighths of it—not

7
the number 7, but the amount 3

represents.”

“So I see you colored in seven
out of eight but then there’s a
whole nother section of eight
there that you didn’t color in. So
really if you look at that pan of
brownies the way you colored in,
you colored in seven sixteenths.
Is seven-sixteenths equal to
seven-eighths?” *

“You need to convert seven-
eighths into an equivalent
fraction. Multiply the top and
bottom by 2.”

“Let’s rewrite this out on the
board together.”
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Table 3.4. Continued
Note: Multiple student accountability codes could be applied to a teacher response. * This response
was also coded as scaffolding.

When the teacher referenced, restated, revoiced, summarized or leveraged the hypothetical
student’s initial strategy to build on their thinking, the code “privileging the student strategy” was
applied. Because the initial student strategy was to draw seven shaded boxes out of sixteen, I applied
this code to responses that leveraged and built on this representation in any way. Following work by
Terwel et al. (2009), this approach characterizes a scaffolding process of “guided co-construction” in
which the teacher builds on a student’s mathematical representation or model, which may support
students in developing “a sense of knowledge ownership” (p. 41) and transfer of learning. Due to
the problem-solving aspect of the task being shared between the teacher and hypothetical student,
and thus accountability and agency being distributed (Gresalfi et al., 2009), both scaffolding and

privileging the student strategy were qualified as showing moderate student accountability and thus

partial preservation of task cognitive demand.

The code “telling” was applied to responses in which the teacher provided a complete or
near-complete process for solving the problem. Responses of this nature involved the teacher taking
over the problem-solving process for the student, either by fully articulating or proposing a solution
strategy. Because the hypothetical student was no longer responsible for any high-level process or
product, this type of response demonstrated devolution of task cognitive demand. Finally, responses

with a vague or unspecified pedagogical approach were coded as such.

Relating Fractions Content and Student Accountability

The final strand of inquiry is concerned with how teacher handling of student accountability
and fractions content relate with one another. I first cross-tabulate individual fractions content

codes by the student accountability codes to demonstrate their co-occurrences. Next, I take a
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broader view to show the co-occurrences between these same student accountability codes, this time
across varying levels of mathematical connections (no, some, or multiple). For these analyses, I
focus on responses that had codable fractions content and pedagogical approaches for student
accountability. I present findings descriptively and with 100% stacked bar charts to demonstrate the
proportion of content and accountability codes that co-occurred with one another. This high-level
view showing how specific pedagogical moves relate to the meaning-density of responses enables us
to understand how teachers manage keeping the student enlisted while preserving the mathematical

coherence of high-level tasks.

Findings

I present findings in terms of the connectedness of fractions content and student
accountability for solving conveyed in teachers’ responses. First, I describe the raw frequencies and
proportions of individual fraction content codes. Because teachers often discussed various fractions
ideas (and multiple codes could apply), I follow by drawing attention to how teachers engaged with
fractions content to forge multiple, some, or no connections between fraction concepts, procedures,
and their meaning. Next, I discuss the extent to which teachers held the hypothetical student
accountable for high-level processes and products. Findings for fractions content and student
accountability are presented separately; however, when appropriate, I describe the ways in which
content connections and degree of student accountability work together within a response to
maintain (or diminish) the high-level demands of the task. I dedicate the final section of the findings

to outlining patterns in the connections between these two aspects.
Connecting Fraction Concepts, Procedures, and Their Underlying Meaning
I begin with a discussion of the fractions content and its connectedness agnostic of student

accountability, which I cover separately in the second section of the findings.
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Individual Fractions Content Codes

In a subset of responses (12.3%), teachers forged connections by underscoring the concepts
and meaning behind the standard algorithm for finding equivalent fractions. Nearly a third of
teachers (32.0%) drew connections between the visual representation and the problem context. Few

responses (8.3%) discussed the numerator and denominator as values in relation, and even fewer
. o . 7
(4.4%) were concerned with estimating the measurement value or magnitude of p See Table 3.5 for

a summary of the frequencies and proportions for the individual fractions content codes.

Nearly a quarter of responses (24.1%) focused on the operational steps behind the standard
algorithm for creating and subtracting equivalent fractions, e.g. “Seven-eighths needs to be timesed
by two, so you get sixteen equal squares, and you’d have fourteen out of sixteen. So that would leave
two brownies.” Of these responses focused on standard algorithmic steps, only 12.7% showed

connections between the visual and problem context; meanwhile, 30.9% of these also focused on
7 7 . . .
the fact that 3 and ¢ Were not the same value without elaboration, and 40% of these contained

mathematical errors and/or imprecision.

. . 7 7
In over one in five responses (21.5%), teachers focused on the simple fact that 3 and g were

not the same value numerically. These responses were simple corrections and stopped short of any
meaning-oriented discussion of the difference between the two fractions. For example, one teacher
responded: “... So for that one, you’re using seven of the sixteen pieces, but you gotta realize that
they’re... We're talking about seven eighths...” In a small portion of these responses (14.3%),
teachers also focused on the meaning behind standard algorithm. In an even smaller portion of
these responses (12.2%), the teacher also discussed the numerator and denominator as values in

relation.
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A small portion of responses (4.4%) contained no surmisable mathematics content, general
or otherwise (e.g. “you have misunderstood the instructions”), while others (25.9%) were
nonspecific in their mathematics focus. In 16 of these nonspecific responses, the teacher did not
explicitly specify fractions content due to taking a pedagogical approach of exclusively probing the
student (e.g. “Now let’s see, if these were your brownies, how would you like it to be done?”) or
directing them to retry (e.g. “Please review your answer again”). In the former, the teacher appears
to try and probe the student to see a greater portion of brownies sold. Nonspecific responses
suggested some mathematical activity but were generic and somewhat cursory. For example, one
teacher shared, “Okay, Student, let me help you with this problem. Let’s go back and draw this
problem according to all the information that we have, not just some of the information that we
have.” Here, the teacher mentions “drawing the problem” according to more information, but it is
unclear what the mathematical focus is. In a portion of all responses with an unspecified
mathematical focus (16.9%), the teacher outlined an unspecified alternative task or prior activity, for

example an easier, similar problem or hypothetical lessons practiced previously.

Throughout all responses with codable mathematics content, 26.8 % contained some sort of
mathematical error (e.g. “nine brownies would be left”) or were confusing due to a lack of precision
in language. The most common types of errors involved the teacher saying the student was correct,
that there would be nine brownies remaining (e.g. “count the remaining squares to find your
answer”), or that the student only needed to show eight brownies in their diagram instead of sixteen

(e.g. “make a smaller diagram”).
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Table 3.5. Frequencies and Proportions for Individual Fractions Content Codes

Fractions Content Code

Frequency  Proportion

Standard algorithm for creating equivalent

fractions focused on the meaning behind the 28 12.3%
steps
Connects Fraction Understanding the numerator and denominator as o
Concepts . . 19 8.3%
) values in relation
Procedures, and/ or
Their Underlying Connects the visual representation to the problem 73 32,07
Meaning context .0%
Estimating/ intuiting the value of 3 e that it is 10 4.4%
neatly one whole
Does Not Standard algorithm for creating equivalent 55 241
Connect Fraction fractions focused on operations 70
Concepts,
Procedures, or
Their Underlying 7. 7o
Meaning The fact. that 5 Is not the same as ” without 49 21.5%
elaboration
No math content 10 4.4%
Other (fractions Mathematical etrors and/or imprecision 61 26.8%
content and
connections . . 0
undetermined) Unspecified mathematical focus 43 18.9%
Unspecified mathematical focus due to 16 7 0%

pedagogical approach

Note: Multiple fractions content codes could be applied to a teacher response.

Multiple connections between fraction concepts, procedures, and their meaning

Teachers who drew multiple connections between fraction concepts, procedutes, and/ot
their underlying meaning preserved the meaning of the mathematics of the task. However, this

occurred in only 10.8% of responses. To illustrate, one teacher stated:

Okay, that was a great job you did, representing the whole brownie pan with sixteen pieces.
Now let’s clarify the difference between seven-eighths and seven-sixteenths. Remember the
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bottom number, the denominator right, tells us how many equal parts the whole is divided
into. So seven-eighths means we’re looking for seven out of eight equal parts of the whole
pan. Seven-sixteenths on the other hand would mean we’re looking for at seven out of
sixteen equal parts. To find seven-eighths of sixteen we need to think about dividing the pan
into eight equal sections first. How many brownies would be in each of those eight sections?
Once you know that you can figure out how many brownies would be in seven of those
sections a piece, which would be seven-eighths of the whole pan. Think about it this way,
seven-eighths is a large portion of the whole, now seven-sixteenths is just a little bit, so
you’re looking for almost the entire pan, not just a small part of it.

Here, the teacher explains the difference between seven-eighths and seven-sixteenths by showing
the numerator and denominator as being in relation (e.g. “we’re looking for seven out of eight equal
parts of the whole, not seven out of sixteen equal parts”). She also forges connections between the
number of equal parts the pan is divided into and the denominator of the fraction, making notable
connections between the problem context and visual representation. This response also features
relevant mathematical vocabulary, with mention of “equal parts” and the meaning of the
denominator. Finally, the teacher emphasizes the measurement value and magnitude of seven-
eighths, stating it is “almost the entire pan, not just a small part of it.” See Figure 3.1 for a summary
of the proportion of responses that featured multiple, some, none, or an undetermined number of

connections between fraction concepts, procedures, and their meaning,

Responses that drew multiple connections most often did so by leveraging the visual
representation. For example, in a large portion (39.3%) of responses which focused on the meaning
behind the standard algorithm also forged connections between the visual and problem context, and
nearly half (47.4%) of responses that related the numerator and denominator also drew connections
between the visual and problem context. These co-occurrences indicate that the visual

representation plays a pronounced role in making meaning of fractions.
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Figure 3.1. Connections between fraction concepts, procedures, and their meaning (2=212)

Multiple Connections ;

No or unspecified
10.8%

fractions content (not
___including responses that
exclusively probed or
directed the student to
retry)
20.8%

Some Connections_/
37.7%

_No Connections
30.7%

Note: n=212 here due to excluding the »=16 which did not explicitly specify fractions content due to
the teacher electing to probe or direct the student to retry.

Some connections between fraction concepts, procedures, and their meaning

A number of responses (37.7%) exhibited some connections between fraction concepts,
procedures, and their meaning. For example, one teacher stated, “...it is seven-eighths of sixteen,
not seven out of sixteen. Seven-eighths of sixteen would be higher than seven-sixteenths, which
wouldn’t even be half.” In this response, the teacher briefly notes that seven-eighths of sixteen and
seven-sixteenths are not the same value without much elaboration. Then, they leverage a
measurement understanding of both fractions by comparing their magnitudes. This teacher uses
landmark fractional values that are most familiar to students (e.g. one half, one whole) to provide a

reference point for determining the relative value of fractions.
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Most responses achieved some level of connection between fraction concepts, procedures,
and their meaning by connecting the visual representation and problem context (60.0% of the

“some connections” category). For example, one teacher stated:

Student, you’re right that they sold seven of the brownies, but look at your pan of brownies
again, and notice there’s not eight pieces there, there’s sixteen pieces there. So, I would
divide that pan of brownies straight across in half, and show that they have seven out of
eight in the top half, then do seven out of eight in the bottom half, to see how many
brownies she actually has left.

Here, the teacher draws connections between the denominator and the total number of parts in the
brownie pan. They leverage the student’s diagram to create eighths visually, bypassing the need to

create an equivalent fraction by other means.

No connections between fraction concepts, procedures, and their meaning

In 30.7% of responses, teachers made no notable connections between fraction concepts,
procedures, and their underlying meaning even though they discussed the mathematics content of
the task. The most common way teachers did this was by focusing on the steps to the standard
algorithm for creating and subtracting equivalent fractions (70.8 %). For example, one teacher
responded, “So you first need to find a common denominator for seven-eighths and sixteen and the
common denominator would be two, so eight times two is sixteen and seven times two is fourteen.
That would mean that fourteen of the sixteen brownies were sold.” Here, the response solely
focuses on operational steps. Moreover, there is an error when the teacher says the common
denominator is two rather than sixteen. Other responses were similar and focused solely on the
standard algorithm for creating equivalent fractions more generally, stating “When simplifying
fractions, we always need to make sure that we simplify not only the top number, but also the

bottom number and vice versa.”
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Lastly, 20.8% of responses did not specify any mathematics or fractions content, making the
extent of connections indeterminable. This set of responses excludes the path dependency
stemming from responses that exclusively probed or directed the student to retry. See the section
above on responses with a lack of or nonspecific fractions content. Overall, I find that nearly two-
thirds of responses coded for fractions content made at least one connection between fractions
concepts, procedures, and their underlying meaning. A majority of these responses forged a
connection by connecting the problem context and the visual fraction diagram. Few teachers forged
multiple connections between fraction concepts, procedures, and their underlying meaning, and a
large portion of teachers did not forge any connections even though they attended to the
mathematics of the task. When no connections were made in teachers’ treatment of fractions
content, it was due to a singular focus on the steps in the standard algorithm for creating and

subtracting equivalent fractions.

Student Accountability for High-Level Processes and Products

In this section, I discuss the pedagogical approaches teachers used to hold the student
accountable for high-level processes or products. Responses ranged according to how the teacher
kept the hypothetical student enlisted as a problem solver. Here, I outline the findings into
pedagogical themes of probing, directing the student to retry, scaffolding, privileging the student
strategy, and telling. See Table 3.6 for a summary of the frequency and proportion of student

accountability codes applied to responses.

Probing

A small proportion of responses featured a pedagogy of probing (7.5%). To illustrate, one
teacher responded with, “Let’s read through the question carefully again. See this number seven-

eighths, what does that mean?”” Here, the teacher open-endedly asks the hypothetical student to
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share their reasoning about the meaning of the fraction seven-eighths. However rare probing was, it
most often occurred in combination with other pedagogical approaches. Interestingly, 41.2% of
responses in which the teacher probed the student also privileged the student strategy. One teacher
responded, “Great drawing of the 16 boxes. How’d you come up with that?” Here, the teacher
leverages the student’s model and proceeds to ask them to share the mathematical reasoning behind
their approach. In 29.4% of responses in which the teacher probed the student, the teacher did so in
combination with scaffolding. For example, one teacher stated:” OK.... your model is off to a great

start. I see you made 16 equal parts just like you were supposed to. Then you shaded 7 parts. What
would that fraction be? g or % » How could we make it be eighths and not sixteenths? Here, the

teacher scaffolds by targeting the misconception and asking the student to name the fraction in their
diagram, following an I-R-E pattern of questioning. At the end, they probe the student, asking them
how they might make eighths out of sixteenths in an open-ended fashion, inviting them to share

their reasoning. The teacher also privileges the student’s strategy here, leveraging their diagram to

o .7 7 . .
distinguish between the fractions . and Te and target the misconception.

Table 3.6. Frequencies and Proportions for Student Accountability Codes

Student accountability for

high-level process of product Pedagogy Code Frequency  Proportion
High Probing 17 7.5%
High Direction to retry 41 18.0%
Moderate Scaffolding 67 29.4%
Moderate Privileging student strategy 45 19.7%
Low Telling 119 52.2%
N/A Unspecified pedagogical approach 40 17.5%

Note: Multiple student accountability codes could be applied to a teacher response.
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Direction to re-solve problem

In 18.0% of responses, the teacher directed the student to try the problem again. This
pedagogical approach took the form of restating or having the student restate the question, or
generally telling the student to find their mistake, for example, by stating, “Go back and re-read the
question and make sure you’ve marked your representation correctly” or “Let’s correct our
mistakes.” These responses entirely preserved the problem-solving opportunity for the student by

prompting them to diagnose their own errors and try the problem again.

Scaffolding

The second most common pedagogical approach, observed in 29.4% of responses, was
scaffolding. For example, one teacher responded, “Okay, can we look at the denominator we are
supposed to be using? We have sixteen squares, and we are looking for seven-eighths of the
brownie, so we’re not looking for the number, we are looking for how much seven-eighths is.” In
this response, the teacher reduces the task’s complexity by focusing the student’s attention on the
denominator, addressing the student’s misconception while keeping the problem-solving aspect
intact for the student. The math content featured here relates the numerator and denominator as a
whole rather than separate values (“we’re not looking for the number [seven]”) and connects the

diagram and the problem context by relating the sixteen pieces to the denominator.

Nearly a third (29.4%) of responses coded for a pedagogy of scaffolding also privileged the

student strategy. For example, one teacher said,

Go back and look at your picture and see, look at the whole pan, and see how many pieces
are there in total, which is going to be one of the main parts of our fraction. So you have
seven pieces that are still there, but how many pieces were there in all?
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Here, the teacher leverages the student’s diagram to relate the concept of denominator to the total

number of equal parts in the pan. This scaffold that leverages the student’s initial strategy helps to

7

. . . .7
meaningfully differentiate between the fractions 3 and o

Importantly, over one in five responses coded for scaffolding (22.1%) also included a

pedagogy of telling. For example, one teacher responded:

Okay, in order to figure this one out, you’ve got to make it that seven-eighths into the
equivalent to 16 equal pieces. So you have to figure out seven-eighths of 16. So you’ve got to
make sure that that bottom number of the seven-eighths is 16. So you would do that and
you would find out that it’s fourteen-sixteenths. So you would say fourteen-sixteenths minus
fourteen-sixteenths. So you would have two-sixteenths.

In the first two sentences, the teacher addresses the misconception without prescribing a specific
solution pathway. In other words, the student could choose their own strategy for determining how
to partition sixteen pieces into eighths, even though the teacher has reduced the complexity of the
problem. However, the response devolves into telling, in which the teacher specifies the standard
algorithm and even goes on to solve the entire problem themselves. Lastly, the teacher misspeaks

towards the end when they mean to say we subtract 14 from 16.
Privileging the student strategy

Nearly one in five teachers (19.7%) privileged the hypothetical student’s strategy in their
response. Some leveraged the student’s initial mathematical ideas, while others revoiced or
summarized what the student had already done. When privileging the student strategy, the teacher

often did so in combination with a pedagogy of scaffolding or probing, as described above.
Telling

A majority of responses (52.2%) demonstrated a pedagogical approach of telling. Responses

of this nature involved the teacher taking over the problem-solving process for the student, either by
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fully articulating or proposing a solution strategy. An example of this approach is shown in the

following response:

Alright, you look at the fraction, seven-eighths. Well, we have to really figure out seven-
sixteenths. So what do we do here to make this fraction bigger than seven-eighths? Well, we
have to multiply each of these numbers by two. So you multiply the eight by two and the
seven by two. So you say, oh, it really is fourteen- sixteenths.

In this example, the teacher carries out the cognitive work of creating an equivalent fraction and

supplies the student with the necessary computations. Additionally, this response demonstrates

. . . . . 14, . .
some confusion or imprecision around fraction magnitude (that —is “bigger” rather than equivalent

to g) Notably, only 16.7% of responses coded for a pedagogy of telling also privileged the student’s

strategy, underscoring the one-sided nature of problem solving that happens with telling.
Unspecified pedagogical approach

In a portion of responses (17.5%), the teachet’s response was too vague and nonspecific to
ascertain their pedagogical approach, e.g. “Why don’t you grab another paper so we can correctly
identify the fractions and I will help you.” Here, the nature of the help is unclear, as the response

does not specify how the teacher would support the student in identifying the fractions.

In sum, I find that probing the student was rare, but it was fairly common for the teacher to
direct the student to try the problem again. In about a third of responses, teachers took the
approach of scaffolding, reducing problem complexity while leaving the problem open for the
student to solve and thus preserving some of the task’s cognitive demand. Neatly one in five
teachers privileged the student strategy in some way. Interestingly, scaffolding and probing often co-
occurred with privileging the student strategy, suggesting a potentially complimentary role between
these pedagogical approaches. Lastly, a majority of pedagogical approaches—over half—involved

teacher-directed problem solving, resulting in the hypothetical student not being accountable for any
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high-level mathematical processes or products and thus reducing the high-level demands of the task

as intended.
Relating Fractions Content and Student Accountability

Looking at patterns in the co-occurrences between individual fractions content codes and
student accountability codes, I find that a focus on standard algorithmic steps most often occurred
via a pedagogy of telling. That is, respondents who took over the problem solving most often did so
via the steps to the standard algorithm. Moreover, mathematical errors or imprecision featured
prominently with a pedagogy of telling, likely due to a focus on step-by-step procedures. When the
teacher took a scaffolding approach or privileged the student strategy, a greater variety of fractions
content foci featured in their responses. While probing was rare, it never featured a focus on the
steps to the standard algorithm for creating equivalent fractions or estimating the measurement
value of fractions; instead, probes heavily leveraged the visual diagram presented in the student’s
work. Connecting the visual fractions representation to the problem context was common in all

pedagogical approaches but less so in directions to retry. Directions to re-solve the problem most
: : 7 7 : .
often engaged simple corrections around the fact that 5 and ¢ Are not the same without elaboration.

See Figure 3.2 for a summary. While descriptive, these findings suggest potential synergies between
mathematics content fluency in the domain of fractions and pedagogical skill of enlisting the

student.
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Figure 3.2. Individual Fractions Content Codes by Student Accountability Codes

W Standard algorithm
(meaning-oriented)

® Understanding num/denom in

Probing relation

Connects visual to problem
context

 Estimating/ intuiting the value of
7/8

= Standard algorithm (operations
only)

1 The fact that 7/8 is not the same
as 7/16 without elaboration

Direction to retry

High Student Accountability

1 Mathematical errors and/or

Scaffolding . Lo
imprecision

Privileging
student strategy

Telling

Low Student Accountability

0% 25% 50% 75% 100%

Note: In this bar chart, I focus on the cross-tabulations between responses that had codable fractions
content and pedagogical approaches for student accountability.

Looking more broadly at the relationship between mathematical connections and student
accountability in teacher responses, some notable patterns emerge expanding on the findings above.
While telling approaches were common across the board, telling appeared most prominently in
responses that did not forge connections between fraction concepts, procedures, and their
underlying meaning. On the other hand, responses where teachers privileged the student’s strategy
most often drew multiple connections. Scaffolding approaches emerged similarly across responses
with all levels of connection, but they were most common in responses that forged some level of
connection. Approaches that directed the student to retry rarely appeared in responses that drew
multiple connections and indeed often appeared without connections, which is expected from this
type of pedagogical approach that puts the problem entirely back on the student with limited teacher

intervention. Lastly, while it was rare for the teacher to probe, responses in which teachers did tend

155



to feature at least some level of connection between fraction concepts, procedures, and their

underlying meaning. See Figure 3.3 for a summary.

Figure 3.3. Relating Mathematical Connections and Student Accountability

Multiple connections

Some connections

No connections

0% 25% 50% 75% 100%

[ Probing [l Directiontoretry [l Scaffolding [] Privileging student strategy Telling

Note: In this bar chart, I focus on the cross-tabulations between responses that had codable fractions
content and pedagogical approaches for student accountability.

To conclude, I discuss notable patterns in the relationship between mathematical
connections and student accountability. First, while a high level of student accountability was rare in
teacher responses overall, when teachers did enlist the student as a problem solver—whether by
scaffolding or by privileging their strategy—it was more likely to occur in responses that drew some
connections between fraction concepts, procedures, and their meaning. The exception to this was in
directions to the student to retry the problem, which had minimal teacher input and thus limited
mathematical connections. Lastly, when the teacher took over the problem solving via telling, it was

less likely that their response contained mathematical connections.
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Limitations

Before discussing the findings, I discuss a limitation to the present study stemming from the
use of an instructional vignette in the study design. While vignettes and animated teaching
simulations enable scholars to assess proxies for teacher practice in a standardized method and at
scale, they preclude a contextualized and situated examination of the back-and-forth discourse that
occurs between teachers and their students in classrooms. This limitation becomes most
pronounced when the teacher employs a pedagogy of probing, for example, and the full course of
dialogue is unavailable due to the vignette format. While one might conclude that a teacher who
probes the student in a vignette study does not explicitly convey any mathematical connections in
their response (e.g. “How did you come up with your strategy?”), the mathematical content could be
known if the full dialogue with the student were possible. In this particular example of probing, I
argue the teacher’s pedagogical approach preserves the cognitive demand of the task by holding the
student accountable for high-level processes and products, despite the absence of explicit fractions
connections. Thus, teacher maintenance of task cognitive demand must be understood as both

multidimensional and circumscribed by the vignette format.

Additionally, while the use of an instructional vignette provides the benefit of standardizing
the task and student misconception across all teachers, it precludes an analysis of the complex,
situated nature of task implementation, such as a consideration of student sensemaking and
sociomathematical norms in the classroom (Warshauer, 2015; Yackel & Cobb, 1996). This issue
becomes apparent when examining the 17.5% of responses that were coded for an unspecified
pedagogical approach and thus indeterminable level of student accountability. In these responses, it
may very well be the case that teachers intended to enlist the student in problem solving, e.g. “Bring

your work up to the board with me and let’s solve this problem together,” but the unspecified
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nature of these approaches stemming from the vignette format which truncates the full course of
dialogue precluded this analysis. Finally, the sample of teachers represented in this study leaned
more male and more racially and ethnically diverse than the teacher workforce, limiting the

generalizability of the findings.

Discussion

Opverall, I found that nearly two-thirds of the responses coded for fractions content forged
at least one connection to fraction concepts, procedures, and their underlying meaning. In most of
these cases, the connection was established by relating the problem context to the fraction diagram.
This finding could have simply been due to the diagram being embedded in the vignette itself. Still,
given the prevalence of fraction diagrams for demonstrating part-whole representations in U.S.
instruction and the importance of extending these representations to fraction operations (Siegler et
al., 2010), this finding suggests the use of visual representations for fractions operations is low-
hanging fruit for forging mathematical connections and thus preserving some of the mathematical
integrity of tasks with high-level demands. Given that most fraction representations in elementary
school center on part-whole visualizations, there is opportunity to expand on those representations
to illustrate common fractions operations. For example, teachers can support students in making
connections between procedures and their meaning by representing how to partition objects into
smaller pieces for fraction division or redefine units for fraction multiplication (Siegler et al., 2010).
These findings also show there is much room for teachers to forge connections between fraction
operations and the measurement value of fractions, for example with the use of a number line to

help struggling learners build greater fluency with fractions (Fuchs et al., 2013; Siegler et al., 2010).

Only a small portion of teachers made multiple connections among concepts, procedures,

and meaning, and a substantial proportion did not make any connections at all, despite attending to
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the mathematical content of the task. In instances where no connections were observed in teachers’
treatment of fractions, this was typically due to an exclusive focus on the procedural steps in the
standard algorithm for subtracting equivalent fractions with unlike denominators. These findings
show that one mechanism by which the cognitive demands of high-level fractions tasks can devolve
is through the reduction of mathematical connections. Prior work has shown a strict focus on
procedural thinking is a common way students’ cognitive processes decline while working on high-
level math tasks (Henningsen & Stein, 1997). The present study builds on this work to show that
teachers may similarly default to a strict focus on procedures in response to student misconceptions.
Here, teachers may have felt the need to oversimplify the mathematics of the task to support the
struggling student, inadvertently reducing the coherence of the mathematics being presented. As
teachers may seck to reduce uncertainty and complexity in the classroom (e.g. Cohen, 2011), a strict

focus on procedures may provide mathematical simplicity at the expense of rigor.

Teacher knowledge may also be at play, as prior work has demonstrated the links between
teacher knowledge about common student struggles in fractions and their reported instructional
responses (Copur-Gencturk et al., 2025). Future work in this area should further examine this
domain-specific knowledge-action link with attention to mathematical connections. For example,
through professional development focused on solving open-ended math tasks, elementary teachers
can expand their notions about the nature of structure of mathematics and the variety of

mathematical strategies used in the problem-solving process (Sevinc et al., 2025).

When it comes to the pedagogical strategies teachers used to hold the student accountable
for the high-level processes or products of the task, I find that a majority of teachers took a teacher-
directed problem-solving approach, resulting in a devolution of task cognitive demand. Prior

research has also demonstrated the tendency for teachers to take over the problem solving in task-
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based mathematics instruction (Middleton, 1999; Stein et al., 1996), suggesting the need for better
teacher preparation in strategies like targeted probing that preserve problem-solving opportunities

for students (e.g. Sullivan & Mornane, 2013).

I also find teachers rarely probed the student, aligning with prior work on U.S. teachers’ use
of probes when responding to students” mathematical errors or misconceptions. In a similar study
that employed instructional vignettes, teachers rarely elicited or probed the student’s mathematical
thinking (Hill et al., in press). Prior research analyzing teachers’ treatment of student errors has
shown that Chinese teachers often took an inquiry-based approach, probing students about their
errors to a greater extent as compared to U.S. teachers, which may help to explain the richer student
discussion of mathematical concepts and higher mathematics achievement seen in the Chinese
educational context (Schleppenbach et al., 2007). Teachers have also been found to provide probing
guidance to students when they struggled with explaining and sensemaking; that is, teachers
responded to different struggles with different pedagogical approaches (Warshauer, 2015). In the
present study, the student struggle could be interpreted as conceptual, yet most teachers took a
telling approach focused on steps to the standard algorithm. Future work on teacher maintenance of
task cognitive demand might map out the relationship between teacher diagnoses for student
fraction misconceptions and their ensuing instructional responses. Additionally, prior work shows
the promise of video analysis for developing teacher notions of productive struggle (Warshauer et
al., 2021), and the use of instructional vignettes such as the one featured in this study provides an
option for a low-cost formative assessment tool enabling teacher educators to monitor the

development of practices that preserve the demands of high-level tasks during implementation.

The present study also extends prior findings about the use of scaffolding to maintain the

cognitive demand of high-level math tasks. Kokushkin and Tiraphatna (2020) define “productive
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scaffolding” as a type of scaffold that preserves the cognitive demand of tasks, finding that the
strategy of “quasi-induction” in the undergraduate setting enabled professors to teach mathematical
proofs while maintaining task cognitive demand. In the present study, I find that the practice if
scaffolding was more likely to occur in responses that drew connections between fraction concepts,
procedures, and their meaning. Teachers’ productive use of scaffolds which enlist the student as a
problem solver and orient their thinking towards mathematical connections may be a high-leverage
practice that preserves task cognitive demand, enabling students to 4o mathematics in the face of

challenges and misconception.

Notably, scaffolding and probing often co-occurred with privileging the student strategy,
suggesting potential synergies between these pedagogical approaches. It could be the case that when
noticing key components of the student strategy, teachers saw opportunities to leverage and build
on student thinking via scaffolding, or to elicit and use student thinking further via probing. Indeed,
prior work shows teachers are more responsive to a student’s struggle when using and implementing
tasks that make student thinking—and the misconceptions therein—rvisible (Warshauer, 2015).
More research is needed to understand the complex ways in which teacher noticing, content
knowledge and knowledge about common student struggles in fractions, and student-centered
instructional practice work together to formulate opportunities for students to do mathematics, with

implications for teacher education and practice in the foundational domain of fractions.
Conclusion

Through this study, I aimed to understand the nature and quality of teacher treatment of
fractions content and its connectedness and student accountability for problem solving when
working on a fractions task with high-level demands. The findings illustrate the ways in which

teachers can make connections between mathematical ideas and engineer student opportunities to
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grapple with mathematics when confronted with a common student misconception about fractions.
The present study highlights specific strategies teachers can use to cultivate student opportunities to
learn fractions in K-8 mathematics, with implications for improving teacher knowledge, practice,

and student learning in this crucial domain.
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Appendix A3

Table A3.1. Kappa Scores for Fractions Content Codes

Connects Fraction
Concepts, Procedures,

and)/ or Their
Underlying Meaning

Does Not Connect
Fraction Concepts,
Procedures, or Their
Underlying Meaning

Other (fractions
content and
connections
undetermined)

Fractions Content Code Kappa Positive
Agreement
Standard algorithm for creating equivalent fractions
. . 0.75 0.78

focused on the meaning behind the steps
Und.erstandmg the numerator and as values in 0.65 0.68
relation
Connects the visual representation to the problem 0.79 0.85
context
Estimating/ intuiting the value of 3 e that it is 0.90 0.90
nearly one whole
Standard algorithm for creating equivalent fractions

. 0.79 0.84
focused on operations

7. 7 .

The fact that 5 1s not the same as — without 0.82 0.86
elaboration
No math content 0.75 0.78
Mathematical errors and/or imprecision 0.71 0.77
Unspecified mathematical focus 0.78 0.84

Note: N= 228 responses from N=228 teachers. Positive agreement describes the two raters’
agreement on the subset of responses excluding those in which neither rater applied the code.
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Table A3.2. Kappa Scores for Codes for Student Accountability

i vl process or produce  Pedagogy Code Kappa  ppevement
High Probing 1.00 1.00
High Direction to retry 0.69 0.73
Moderate Scaffolding 0.67 0.77
Moderate Privileging student strategy 0.82 0.86
Low Telling 0.67 0.85
N/A i}r;sf;zcci}flied pedagogical 0.85 0.88

Note: N= 228 responses from N=228 teachers. Positive agreement describes the two raters’
agreement on the subset of responses excluding those in which both raters did not apply the code

169



Conclusion

The findings of this dissertation project contribute to a better understanding of mechanisms
behind racialized achievement disparities and underperformance in the (post-)reform era of K-8
mathematics teaching and learning. The first study examined teacher expectations, judgments, and
responsiveness to students’ correct and non-standard mathematical ideas. The second and third
study focused on teacher explanations and responses to common student misconceptions during the
critical implementation stage of task-based mathematics instruction. All studies leveraged
approximations of practice via instructional vignettes to capture action-related competencies of core

dimensions of ambitious mathematics teaching (Charalambous, 2020).
Summary of Findings

Findings from the first study show teachers expected greater task difficulty in both the
Latinx/e and Black classroom conditions relative to the White, and no significant differences by
condition in dimensions of responsive teaching. However, we found trend-level evidence to suggest
teachers may be more likely to support student sense-making and provide more positive, substantive

affirmations to Black students relative to White students for the same mathematical solution.

The second study similarly showed teachers to be relatively equitable in their causal
attributions for and instructional responses to student struggles during the implementation of high-
level mathematics tasks. Moreover, I found teacher endorsement of statements attributing the
student struggle to internal factors—but not external factors—positively related to their preferences
to alter task cognitive demand. Looking at teacher and school context factors, I find those who are
women and those teaching more advanced grade levels were less likely to endorse internal causal

attributions for the student struggle. Lastly, teachers’ instructional preferences to routinize,

170



remediate, and extend a math task did not differ by student race-ethnicity but did differ descriptively

according to the level of racial-ethnic segregation in the teaching context.

The final study examined teacher treatment of mathematics content and student
accountability for high-level processes and products when responding to a hypothetical student’s
misconception on a high-level fractions task. I found that most teachers took a teacher-directed
approach, relying on standard algorithmic steps rather than connections between mathematical
ideas. Still, many teachers forged at least one mathematical connection, and it was most often
through leveraging a visual fractions representation. Pedagogies of scaffolding and probing often co-
occurred with privileging the student strategy, suggesting a potentially complimentary role between

these pedagogical approaches.
Discussion

Fundamentally, this set of studies is concerned with aspects of ambitious mathematics
teaching that center the student as an agentic sense maker and enlist them in the doing of
mathematics. Taken together, these three dissertation papers depict a nuanced picture of biases and
practice in reform-oriented K-8 mathematics teaching. Teachers in this study did not, on average,
exhibit racial-ethnic biases in their evaluation of students’ mathematical wotrk, their use of student
thinking, their causal attributions for a struggling student, or in their reported preferences for
altering the cognitive demand of the task. Yet their expectations about the difficulty of that same
work for “typical” students were racialized in ways consistent with longstanding stereotypes about
Black and Latinx/e learners, and their instructional responses revealed persistent tendencies to
diminish the cognitive demand of a high-level fractions task by winnowing down mathematical

connections and assuming control of problem solving over the student.
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Collectively, the findings suggest a potential instructional mechanism behind racialized
achievement disparities in U.S. mathematics may be task selection, informed by biased expectations,
rather than teacher responsiveness or task modification. Theoretically, the findings suggest that
biases may be most likely to surface in generalized expectations and in contexts where race is made
salient alongside sociocultural markers, and that individuating information about student
competence can partially interrupt these processes. Practically, they point to the need for teacher
learning experiences that (a) surface and disrupt racialized expectations about mathematical
difficulty; (b) re-orient causal attributions toward opportunity-to-learn frameworks that position
instruction as a powerful lever; and (c) strengthen teachers’ capacity to maintain the cognitive
demand of high-level tasks by building on student thinking, forging rich mathematical
connections—especially in foundational domains like fractions—and holding students accountable

for doing mathematics.

Limitations

A limitation of this dissertation stems from the use of instructional vignettes that
approximate practice. In using an experimental design to examine the main effects of student race-
ethnicity, this set of studies may have sacrificed external and ecological validity in its effort to
maintain internal validity. Teaching is fundamentally socially situated, and the vignette study format
limits an examination of ambitious teaching in context. Future studies may employ new
methodologies or adapt existing ones to use experimental designs while situating teaching in
context. Moreover, emerging natural language processing and machine learning techniques that
enable scholars to process and examine large datasets, including classroom transcripts, may better
capture the complex dynamics of classroom practices, student thinking, and how they relate to other

factors to support mathematics learning over time.
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Implications

The findings of this dissertation project have implications for research and teacher training
in ambitious mathematics teaching. The first study demonstrates the need for anti-bias training to
counter stereotypes about racially minoritized learners and the difficulties they are expected to
encounter on mathematics problems. In the following study, we see that student-facing teacher
explanations for mathematical challenges relate to teacher practice more than external-facing
explanations. This suggests factors like student practice, readiness, and engagement in mathematics
inform instructional action over external factors outside of teachers’ control. As such, teacher
education and development focused on diagnosing student challenges in terms of an internal locus

may be fruitful for designing instructional interventions in task-based mathematics learning.

Finally, as challenging and complex as task-based mathematics instruction may be, especially
in the face of student misconceptions and impasses, key practices show promise for preserving the
cognitive demand of high-level tasks. Teacher practices that forge connections between
mathematical concepts, procedures, and their underlying meaning—such as with visual diagrams to
imbue fractions procedures with meaning—can preserve the high-level demands of tasks when
resolving student misunderstandings. Teacher education and training focused on making
connections as well scaffolding, probing, and privileging student strategies may support educators to
implement high-level tasks in a way that preserves mathematical coherence and student

accountability for doing mathematics.

Opverall, this dissertation project contributes to a deeper understanding of teacher judgments
and decision making in key dimensions of ambitious mathematics teaching. The findings build on a

vision for mathematics learning experiences that challenge and engage all learners.
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