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Semi-supervised and Representation Learning for Improved
Classification and Stratification in EHRData

Abstract

The rapid digitization of healthcare has given rise to vast repositories of electronic health record

(EHR) data, offering unprecedented opportunities for data-driven advancements in disease predic-

tion, patient stratification, and clinical decision-making. However, the high dimensionality, sparsity,

and heterogeneity of EHR data present unique statistical and computational challenges. Moreover,

the scarcity of high-quality labels—due to the cost and complexity of manual annotation—further

complicates supervised modeling efforts. This dissertation addresses these challenges through a uni-

fied framework of semi-supervised learning and representation learning for improved classification

and stratification in EHR data, with applications to phenotyping, disability prediction, and patient

subgroup discovery.

The overarching goal of this work is to develop scalable, robust, and interpretable methods that

leverage both labeled and unlabeled EHR data, improve generalizability across populations, and

uncover clinically meaningful structure in complex disease settings. The dissertation is composed

of three interrelated papers, each tackling a key methodological bottleneck in modern EHR-based

machine learning: (1) evaluating model performance under distributional shift, (2) learning rich

patient representations in the presence of limited labels, and (3) stratifying heterogeneous patient

populations using outcome-informed embeddings.

In Chapter 1, we consider the problem of evaluating the performance of binary classifiers when

labeled data are unavailable in a target population. This setting is common in clinical phenotyping
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tasks, where models are trained using limited chart-reviewed labels in one cohort and then applied

to other cohorts with potentially different covariate distributions. We propose STEAM (Semi-

supervisedTransfer lEarning ofAccuracyMeasures), a doubly robust estimation procedure for

receiver operating characteristic (ROC) parameters under covariate shift. STEAM combines cali-

brated density ratio weighting with robust outcome imputation, using both unlabeled source and

target data to improve efficiency while protecting against model misspecification. Through theoret-

ical guarantees and empirical results, we demonstrate that STEAM enables accurate performance

assessment in unlabeled target populations, with applications to phenotyping models in rheumatoid

arthritis on temporally evolving EHR cohort.

Building on the challenge of label scarcity, Chapter 2 shifts focus to semi-supervised representa-

tion learning for predictive modeling. We propose SCORE (Semi-supervisedClustering thrOugh

REp- resentation learning), a generative embedding framework that models the joint distribution

of high-dimensional EHR features using a multivariate Poisson-LogNormal distribution, with

pretrained code embeddings capturing semantic relationships between clinical concepts. SCORE

integrates limited labeled data via a hybrid Expectation-Maximization and Gaussian Variational Ap-

proximation algorithm, enabling efficient and theoretically sound inference in large-scale, partially

labeled cohorts. We show that SCORE produces informative and transferable patient embeddings,

improving prediction of disability status in multiple sclerosis (MS) and outperforming conventional

supervised and unsupervised methods.

Finally, Chapter 3 addresses the critical task of patient stratification in heterogeneous diseases. We

focus on Alzheimer’s disease (AD), where progression and prognosis vary substantially with age. We

propose SOLAR (age-SpecificOutcome-guided representation Learning for pAtient clusteRing),

a novel clustering framework that incorporates time-to-event outcomes and explicitly models age-

group structure using a multitask learning paradigm. SOLAR jointly learns low-dimensional pa-

tient representations across age groups, encouraging shared structure while allowing age-specific
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flexibility. By integrating survival information and modeling age-related heterogeneity, SOLAR

identifies clinically meaningful AD subtypes with distinct prognostic profiles, improving both inter-

pretability and clinical utility over existing age-unaware or outcome-agnostic methods.

Together, these three works present a cohesive framework for semi-supervised and representation

learning in EHR analysis. The methods developed here contribute new strategies for evaluating,

predicting, and stratifying patient outcomes in data-scarce, high-dimensional clinical settings. In

doing so, they aim to advance the broader goals of personalized medicine and evidence-based health-

care by making machine learning more robust, scalable, and clinically relevant.

v
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Semi-supervised Transfer Learning for

Evaluation of Model Classification

Performance

1 Introduction

The increasing adoption of electronic health records (EHR) for clinical care has enabled many op-

portunities for translational and clinical research (Hripcsak & Albers, 2013; Miotto et al., 2016a).

However, a major limitation of EHR data is the lack of precise information on disease phenotypes.

Readily available EHR features such as diagnosis codes often exhibit poor specificity that can bias or

depower the downstream study (Liao et al., 2010; Cipparone et al., 2015). Meanwhile, manual an-

notation of phenotypes via chart review is laborious and unscalable. To overcome these challenges,

numerous supervised phenotyping classification algorithms have been developed for prediction of

disease status of individual patients (Carroll et al., 2012; Xia et al., 2013; Liao et al., 2015b,a).

To build a supervised phenotyping model, researchers often manually annotate outcome infor-

mation for a randomly chosen subset of the large EHR dataset, and then use these labeled observa-

tions for model training and validation. Once a model is trained and validated in one population, it

is often then used for other populations such as a similar population from a different healthcare sys-

tem (Carroll et al., 2012) or the same EHR cohort updated over time (Huang et al., 2020). Gener-

alizing a classification model trained in a source population to a target population, however, requires
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caution due to the change in the covariate distribution owing to the heterogeneity in the underlying

patient populations. It is well-known that such changes in the distribution of the covariates, often

referred to as covariate shift (Shimodaira, 2000), may have a large impact on the performance of a

prediction algorithm trained in source cohort on target cohort (Rasmy et al., 2018). It is thus impor-

tant to assess the portability of the algorithm in face of such changes in datasets before its usage in

the target sites.

In these scenarios, methods to accurately evaluate the performance of these algorithms in target

cohort is especially valuable. If outcome information is available for some patients in target cohort,

for instance, via chart review, then the standard methods can be applied to estimate the prediction

performance parameters on target dataset. Recently, robust semi-supervised methods have also been

proposed to improve the estimation efficiency for prediction performance measures (Gronsbell &

Cai, 2018). The issue, however, is that performing chart review for every new target population

might not be infeasible due to time and resource constraints. It is thus highly desirable to robustly

and efficiently estimate the prediction performance parameters in target cohort without requiring

any outcome information in target dataset.

Although the problem of covariate shift has been extensively studied in recent literature of trans-

fer learning, most existing work focused on robust adaptation of the model itself to the target pop-

ulation (Chen et al., 2016; Wen et al., 2014; Rotnitzky et al., 2012; Reddi et al., 2015; Liu et al.,

2020). There is a paucity of literature on transferring performance metrics of a trained model based

on the commonly used ROC analysis (Pepe, 2003). Inoue &Uno (2018) used density ratio weight-

ing methods to assess model performance in the target population. However, their estimator do not

protect against the mis-specification of the density ratio model. Xu & Tibshirani (2022) proposed

a method based on parametric bootstrap which does not require estimation of the density ratio

model. However, their focus was on the out-of-sample error of the prediction model, not estimating

the accuracy meausures based on the ROC curve. Moreover, their method does not protect against
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mis-specification of the prediction model. Doubly robust methods for estimating accuracy measures

have been proposed in verification bias literature (Alonzo & Pepe, 2005; Rotnitzky et al., 2006;

Fluss et al., 2009), and recently in the context of estimating the AUC in a target population that has

a different data distribution compared to the source population (Li et al., 2022). Nevertheless, no

existing method leveraged both unlabeled source and target data to improve estimation efficiency.

To address this gap in methodology, we propose a Semi-supervisedTransfer lEarning ofAccuracy

Measures (STEAM) in the unlabeled target cohort. We employ a double-index modeling approach

to construct calibrated density ratio weights similar to Cheng et al. (2020), incorporating both the

covariate shift model and the outcome imputation model. Although also taking a re-weighting

form, the STEAM estimators are doubly robust with consistency attained when either the density

ratio model or the classification model is correctly specified. The large amount of unlabeled source

and target data enabled us to efficiently estimate the density ratio and the imputation model.

The rest of the paper is organized as follows: We formalize the problem of interest in Section

2. In section 3, we detail the STEAM estimation procedure along with a perturbation resampling

procedure for inference. We conduct simulation studies to evaluate the finite sample robustness

and efficiency of the proposed method in Section 4. We then illustrate the practical utility of the

proposed method on evaluating performance of a phenotyping model for Rheumatoid Arthritis

(RA) on temporally evolving EHR cohorts in Section 5.

2 Problem Setup

2.1 Notations and Assumptions

Let Y denote the binary phenotype of interest, and XXX = (1,X1, · · · ,Xp)T the p+ 1-dimensional co-

variate vector for some fixed p. The source data (indexed by S = 1), obtained from a simple random

sample from the source population, consist of n independent and identically distributed (iid) la-
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belled dataL = {(XXXi,Yi) : i ∈ IL}, where n = |IL|, andN iid unlabelled data U = {XXXi : i ∈ IU}

whereN = |IU|. The target data (indexed by S = 0), obtained from a simple random sample from

the target population, consists ofNt iid unlabelled data T = {XXXi : i ∈ IT}, whereNt = |IT|. The

entire observed dataD = L ∪ U ∪ T can be written as {(SiLiYi,XXXi, Si) : i = 1, 2, . . . ,N}, where

L is an indicator of labelling. We assume thatN/Nt → c ∈ (0,∞), log(N)/ log(n) → r0 > 3
2

such that n1/2N−1/3 → 0, as n → ∞. We assume random labeling in source population and hence

L ⊥ (XXX,Y). Furthermore, we require the standard covariate shift assumption with p(y, xxx|s) =

ps(xxx)q(y|xxx), where p(y, xxx|s) is the joint density of Y,XXX evaluated at (y, xxx) given S = s, ps(xxx) denotes

the probability density of XXX at xxx given S = s and q(y|xxx) denotes the conditional density of Y at y

given XXX = xxx, which is shared between the source and target populations. Throughout, we let Ps an

Es denote the probability distribution and expectation taken over the population S = s.

2.2 Classification Rule

The aim is to assess the accuracy of a binary classification rule for Y given XXX developed using the

source data. Although our STEAM approach can be easily extended to other regression models, for

the ease of presentation, we focus on the working generalized linear model (GLM)

P(Y = 1|XXX,L = 1) = g(βTXXX), β = (β0, β1, · · · , βp)
T, (1.1)

where g is a specified smooth link function such that !g(β; y, xxx) = y log g(βTxxx) + (1 − y) log{1 −

g(βTxxx))} is convex in β. One can also easily accommodate non-linear effects by including non-linear

basis functions of XXX. We consider standard estimation procedures for β. As an example, one may

employ an adaptive LASSO penalized estimator (Zou, 2006) to stabilize the finite sample estimation
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when p is not very small relative to n:

β̂ = argmax
β




n−1
∑

i∈IL

!g(β;Yi,XXXi)− λμ,n‖(β−1/β̃−1)
γ‖1




 (1.2)

where lg is the log likelihood from the assumed model, β̃ = (β̃0, β̃1, ..., β̃p)
T is a root-n consis-

tent initial estimate of β, and β−1 denotes the subvector of β that excludes the intercept β0, λμ,n is a

tuning parameter such that n1/2λμ,n → 0 and n(1−ν)(1+γ)/2λμ,n → ∞with γ > 2ν(1 − ν) (Zou

& Zhang, 2009). Following results given in Zou & Zhang (2009), β̂ is a root-n consistent for the

population parameter

β̄ = argmaxE{!g(β;Yi,XXXi) | Si = 1}

and attains oracle property under sparsity of β̄, regardless if the fitted model (1.1) holds. Our pro-

posed STEAM procedure is not restricted to any specific estimation procedure provided that β̂ is a

regular root-n estimators for β̄.

2.3 AccuracyMeasures of interest

We are interested in estimating the accuracy parameters of classification model based on β̄. With β̄

from source population, we may classify subjects in the target population with the highest scores of

β̄TXXX, i.e. P β̄
0 ≡ Fβ̄

0(β̄
TXXX) ≥ c for some fraction c, as having the phenotype of interest, where Fβ̄

0(a) =

P0(β̄
TXXX ≤ a). To identify a desirable threshold c and evaluate the classification accuracy in the

unlabeled target population, we consider the commonly employed receiver operating characteristic

(ROC) analysis (Pepe, 2003). Specifically, the true positive rate (TPR) and false positive rate (FPR)

of the binary classification rule I(P β̄
0 ≥ c) in the target population are defined as

TPR0(c) = P0(P β̄
0 ≥ c|Y = 1), FPR0(c) = P0(P β̄

0 ≥ c|Y = 0)
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The ROC curve, ROC0 = TPR0{FPR−1
0 (u)}, summarizes the trade-off between the TPR and

FPR functions. The area under the ROC curve, AUC0 =
∫ 1
0 ROC0(u)du, summarizes the overall

prediction performance ofPβ̂. Additionally, a threshold value c0 for classifying an individual as

having the phenotype, namelyP β̄
0 ≥ c0, is often chosen to achieve a desired FPR level u0. Once the

threshold value c0 is determined, one may summarize the predictive performance of I(P β̄
0 ≥ c0),

based on positive predictive value (PPV) and negative predictive value (NPV) defined as

PPV0(c0) = P0(Y = 1|P β̄
0 ≥ c0), NPV0(c0) = P0(Y = 0|P β̄

0 < c0)

Directly estimating theses accuracy parameters using the source data will result in inconsistency due

to the covariate shift as well as potential model mis-specification of the model for P(Y = 1|XXX) (Liu

et al., 2021). To correct for the bias, it is natural to incorporate importance sampling weighting. For

example, with trained β̂, one may estimate TPR0 as

T̂PR
wgt

0 (c) =
∑

i∈IL I(P̂
β̂
0,i ≥ c)ŵ(XXXi) · Yi∑

i∈IL ŵ(XXXi) · Yi
(1.3)

where ŵ(XXX) is an estimate for the density ratio

w(XXX) = P0(XXX)/P1(XXX) = {1− π(XXX)}/π(XXX) · P(S = 1)/P(S = 0), π(XXX) = P(S = 1|XXX),

P̂ β̂
0,i = F̂β̂

0(β̂
T
XXXi), and F̂β

0(a) = N−1
t
∑

i∈IT I(β
TXXXi ≤ a). Although the direct estimates of π(XXX),

P(S = 1) and P(S = 0) are not possible as they are not identifiable under the sampling scheme

considered, we can use use the inverse-odds weights estimated from the dataset in (1.3) since they are

equal to the density ratio weight up to a proportionality constant (Steingrimsson et al., 2021).

One issue with this re-weighting estimator is that its consistency heavily relies on the consistency

of the estimate of the weights, and can perform poorly when the density ratio model is not well
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estimated. Moreover, the estimator suffers from low precision when n is small, which is often the

case in EHR settings. To improve the robustness and efficiency of the estimation for the accuracy

parameters, we next propose the STEAM estimators that leverage the unlabeled data in the source

population.

3 Methods

3.1 Estimation Procedure

Tomotivate the STEAM estimation procedure, we first note that

TPR0(c) =
E0{Y · I(P�β

0 ≥ c)}
E0(Y)

=
E0{m

�β
0(P

�β
0) · I(P

�β
0 ≥ c)}

E0{m
�β
0(P

�β
0)}

=
E0{

∫ 1
c m

�β
0(q)dq}

E0{
∫ 1
0 m

�β
0(q)dq}

wheremβ̄
0(q) = P0(Y = 1|P β̄

0 = q). Even though P0(Y = 1 | XXX) = P1(Y = 1 | XXX), P0(Y = 1 |

P β̄
0) += P1(Y = 1 | P β̄

0) under covariate shift and possible mis-specification of the outcome model

(1.1). To enable robust transfer of knowledge from the source to target while leveraging unlabeled

data, the STEAM estimation procedure consists of three key steps: (I) construct calibrated density

ratio weight ŵi via double index modeling; (II) derive non-parametric calibrated estimator ofmβ̄
0(c);

and (III) obtain the final STEAM estimator by projecting to the unlabeled target data using the

estimatedmβ̄
0(·).

Step I: Calibrated Density RatioWeight Estimation The calibrated density ratio

weight estimator involves both an initial estimator for π(XXX) = P(S = 1 | XXX) and the estimated

outcome model. To estimate π(XXX), we consider a parametric working model,

P(S = 1|XXX) = gπ(αTΨ), (1.4)
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where gπ is a known link function, Ψ is a q-dimensional vector of transformed XXX that may include

non-linear bases of XXXwith the first element being 1, and α is the unknown parameter. Since π(·)

doesn’t involve the outcome, we may use the unlabeled data to obtain a regularized estimator for

ᾱ = argmaxα E{!gπ(α; Si,XXXi)}:

α̂ = argmax
α




(N+Nt)
−1

∑

i∈IU∪IT

!gπ(α; Si,Ψi)− λπ,N‖α−1/α̃−1‖1






with properly chosen tuning parameters λπ,N, γ, and an initial estimator α̃ for ᾱ, where the expecta-

tion is taken over the pooled source and target population. Similar to the outcome model, one may

show that α̂ is a regular estimator for ᾱ. We then obtain a non-parametrically calibrated estimate of

π(XXX) by smoothing S over the two scores ᾱTXXX and β̄TXXX. Specifically, we estimate π(XXX) as π̂(XXX; α̂, β̂),

π̂(XXX; α̂, β̂) =
∑

i∈IU∪IT Kπ,h1(V̂VVi − v̂vv)Si
∑

i∈IU∪IT Kπ,h1(V̂VVi − v̂vv)

where V̂VVi = (α̂TΨi, β̂
T
XXXi) and v̂vv = (α̂Tψ, β̂

T
xxx) are bivariate scores that represent the covariate in the

directions of α̂ and β̂. We then construct the calibrated density ratio weight for the ith subject with

XXXi as

π̂i ≡ ŵ(XXXi; α̂, β̂) =
1− π̂(XXXi; α̂, β̂)
π̂(XXXi; α̂, β̂)

,

whereKπ,h1{(u1, u2)T} = h−21 K(u1/h1)K(u2/h1),K(·) is a smooth symmetric density function,

and h1 = O(N−1/6).

Step II: Calibrated Estimate ofmβ̄
0(q) = P0(Y = 1|P β̄

0 = q). In step II, we obtain a

non-parametrically calibrated estimate of the conditional risk functionmβ̄
0(q) via kernel smoothing
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as

m̂β̂
0(q) =

∑
i∈IL Km,h2(P̂

β̂
0,i − q)ŵiYi

∑
i∈IL Km.h2(P̂

β̂
0,i − q)ŵi

where P̂ β̂
0,i = P̂ β̂

0(XXXi), P̂ β̂
0(xxx) = F̂β̂(β̂

T
xxx), F̂β(t) = N−1

t
∑

i∈IT I(β
TXXXi ≤ t),Km,h2(u) =

h−12 K(u/h2), and h2 is a bandwidth such that nh22 →∞ and nh42 → 0 as n→∞.

Step III: Projection to T with m̂β̂
0(·) Finally, we construct a plug-in STEAM estimator

by projecting to T using the imputed outcomes {m̂β̂
0(P̂

β̂
0,i), i ∈ IT}. Specifically, the STEAM

estimator for TPR0(c) is obtained as

T̂PR
STEAM

0 (c) =
∑

i∈IT I(P̂
β̂
0,i ≥ c)m̂β̂

0(P̂
β̂
0,i)

∑
i∈IT m̂

β̂
0(P̂

β̂
0,i)

Remark 1. The calibrated estimator m̂β̂
0(q) consistently estimates mβ̄

0(q) if either (1.1) or (1.4) is

correct. The STEAM approach to imputation using m̂β̂
0(q) is appealing as it achieves double robustness

by leveraging the large unlabeled data and only requiring one-dimensional smoothing over the small

labeled data.

Similarly we may construct a STEAM estimator of FPR0(c) as

F̂PR
STEAM

0 (c) =
∑

i∈IT I(P̂
β̂
0,i ≥ c){1− m̂β̂

0(P̂
β̂
0,i)}

∑
i∈IT{1− m̂β̂

0(P̂
β̂
0,i)}

The STEAM estimates of the ROC curve and the resulting AUC are

R̂OC
STEAM

0 = T̂PR
STEAM

0 {F̂PR
STEAM−1
0 (u)}, and ÂUC

STEAM

0 =

∫ 1

0
R̂OC

STEAM

0 (u)du.

Furthermore, when a threshold value c̄u0 is chosen to attain a pre-specified FPR level, say u0, we may

obtain STEAM estimators of PPV0(�cu0) and NPV0(�cu0) as P̂PV
STEAM

0 (̂cu0) and N̂PV
STEAM

0 (̂cu0),
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where ĉu0 = F̂PR
STEAM−1
0 (u0)

P̂PV
STEAM

0 (c) =
μ̂0 T̂PR

STEAM

0 (c)
μ̂0 T̂PR

STEAM

0 (c) + (1− μ̂0) F̂PR
STEAM

0 (c)

N̂PV
STEAM

0 (c) =
(1− μ̂0) {1− F̂PR

STEAM

0 (c)}
(1− μ̂0) {1− F̂PR

STEAM

0 (c)}+ μ̂0 {1− T̂PR
STEAM

0 (c)}
.

μ̂0 = N−1
t
∑

i∈IT m̂
β̂
0(P̂

β̂
0,i) is the SS estimator of the prevalence μ0 = P0(Y = 1).

In the supervised setting, it is well-known that when the same set of labeled data is used for both

model training and evaluation, the apparent estimators of accuracy measures may be overly opti-

mistic in finite samples (Efron, 1986). Similarly in our setting, the above STEAM estimator may

also suffer from overfitting bias since the labeled dataL is used for estimating both the classification

model, and the calibrated conditional risk function for imputation in estimation of the accuracy

measures. Following similar strategies given in Gronsbell & Cai (2018), it is not difficult to employ a

K-fold cross-validation (CV) procedure to correct for the overfitting bias in the STEAM estimators.

Detailed forms of the CV estimator can be found in the Supplementary Material. For all numerical

studies, we employ the CV correction for the STEAM estimator.

3.2 Asymptotic Results for STEAM Estimators

Though analogous results hold for all STEAM estimators, we present the main results for T̂PR
STEAM

0 .

Theorem 1. Under assumptions outlined in the SupplementaryMaterial, when either (1.1) or (1.4) is

correct, the T̂PR
STEAM

0 (c) is consistent forTPR0(c). Moreover,

n1/2
{
T̂PR

STEAM

0 (c)− TPR0(c)
}
! N (0,V)

The proof for consistency directly follows from Remark 1 and is outlined in Supplementary Ma-
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terial A. To show asymptotic normality of STEAM estimators, let

T̂PR
STEAM

0 (c) =
N−1

t
∑

i∈IT I(P̂
β̂
0,i ≥ c)m̂0(P̂ β̂

0,i, P̂
β̂
0, ŵ(·, α̂, β̂))

N−1
t
∑

i∈IT m̂0(P̂ β̂
0,i, P̂β̂, ŵ(·, α̂, β̂))

=
ξ̂(c, β̂)
ξ̂(0, β̂)

,

ξα(c, β) = E{I(P β
0,i ≥ c)m0(P β

0,i,P
β
0,w(·, α, β)}, and ξ(c, β) = ξᾱ(c, β). We show that

n1/2{̂ξ(c, β̂)− ξ(c, β̄)} = n−1/2
∑

j∈IL

[
w̄jI(P β̄

0,j > c){Yj − ξ(c, β̄)}+CT
2φ

β
i

]
+ op(1)

where φβ
i is the influence function of β̂, andC2 is defined in Supplementary Material B. The weak

convergence of n1/2{T̂PR
STEAM

0 (c)− TPR0(c)} thus follows.

Even though the asymptotic variance can be obtained through influence function, a direct es-

timate is difficult because it involves unknown conditional density functions which are difficult

to estimate explicitly, particularly under model mis-specification. We instead propose the use of a

simple resampling procedure for inference based on Jin et al. (2001) in the next section.

3.3 Perturbation Resampling Procedure for Inference

Nowwe outline the perturbation resampling procedure for inference. Let G = {Gi : i = 1, . . . ,N}

be non-negative independent and identically distributed random variables with unit mean and vari-

ance that are independent of the observed data. We first obtain perturbed estimates β̂
∗
as:

β̂
∗
= argmax

β




n−1
∑

i∈IL

!g(β;Yi,XXXi)Gi − λμ,n‖(β−1/β̃
∗
−1)

γ‖1





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where β̃
∗
is perturbed initial estimates obtained from analogously perturbing its estimating equa-

tions. This leads to the perturbed estimates of the density ratio weights:

ŵ∗
i ≡ ŵ(XXXi; α̂, β̂

∗
) =

1− π̂(XXXi; α̂, β̂
∗
)

π̂(XXXi; α̂, β̂
∗
)

where

π̂(XXX; α̂, β̂
∗
) =

∑
i∈IU∪IT Kπ,h1(V̂VV

∗
i − v̂vv∗)Si

∑
i∈IU∪IT Kπ,h1(V̂VV

∗
i − v̂vv∗)

with V̂VV∗
i = (α̂TΨi, β̂

T∗
XXXi) and v̂vv∗ = (α̂Tψ, β̂

T∗
xxx). Since α̂ and π̂(·) are estimated based U ∪ T ,

their contribution to the asymptotic variance is of higher order whenN , n. We then obtain the

perturbed estimate of conditional risk function as

m̂β̂∗

0 (q) =
∑

i∈IL Km,h2{P̂
β̂∗

0 (XXXi)− q}ŵ∗
i YiGi

∑
i∈IL Km.h2{P̂

β̂∗

0 (XXXi)− q}ŵ∗
i Gi

Finally we calculate the perturbed T̂PR
STEAM

0 as

T̂PR
STEAM∗

0 (c) =
∑

i∈IT I(P̂
β̂∗

0,i ≥ c)m̂β̂∗

0 (P̂
β̂∗

0,i)
∑

i∈IT m̂
β̂∗

0 (P̂
β̂∗

0,i)

It can be shown using arguments from Jin et al. (2001) that the asymptotic distribution of

n1/2
{
T̂PR

STEAM

0 (c)− TPR0(c)
}
coincides with that of n1/2

{
T̂PR

STEAM∗

0 (c)− T̂PR
STEAM

0 (c)
}
|D.

This allows us to consistently approximate the SE of T̂PR
STEAM

0 (c) based on the empirical stan-

dard deviation of resamples T̂PR
STEAM∗

0 (c). The confidence intervals of T̂PR
STEAM

0 can be con-

structed by using the empirical percentiles of the resamples. We can obtain perturbed counterparts

of F̂PR
STEAM

0 (c), R̂OC
STEAM

0 (c), P̂PVSTEAM

0 (c), N̂PV
STEAM

0 (c) respectively denoted as F̂PRSTEAM∗
0 (c),

R̂OC
STEAM∗

0 (c), P̂PVSTEAM∗
0 (c), N̂PV

STEAM∗

0 (c), and obtain SE estimates and construct confidence

intervals accordingly.
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For practical use, an issue of this perturbation resampling procedure is that calculating π̂(XXX; α̂, β̂
∗
)

requires two-dimensional smoothing, which can be very time-consuming. To overcome this diffi-

culty, we propose an approximated resampling procedure that is more computationally feasible. We

first generate {G[b] : (G[b]
1 , · · · ,G[b]

N )T, b = 1, · · · ,B}whereG has dimensionN × B, followed by

the perturbed β estimates {β̂
∗
: (β̂

∗[b]
1 , · · · , β̂

∗[b]
p ), b = 1, · · · ,B}where β̂

∗
has dimension p× B. We

then approximate the perturbed estimates π̂ by

[π̂(XXXi; α̂, β̂
∗
)]N×B = [π̂(XXXi; α̂, β̂)]N×B + [∇π̂(XXXi; α̂, β̂)]N×p [̂β

∗
− β̂]p×B,

where

∇π̂(XXX; α̂, β) = ∂ π̂(XXX; α̂, β)
∂β .

The perturbed estimate of conditional risk can then be obtained as [m̂β̂∗

0 (P̂
β̂∗

0,i)]N×B, and the per-

turbed T̂PR
STEAM∗

0 (c) thus follows. We evaluate the performance of the perturbation resampling

procedure with and without approximation through simulations.

4 Simulation Studies

We performed extensive simulations to assess the finite sample bias, standard error (empirical stan-

dard deviation of the point estimates, SE), root mean square error (RMSE) of our proposed esti-

mators (STEAM) compared to alternative estimators. In separate simulations we also examined

the performance of the perturbation procedure, with and without approximation, for inference

based on STEAM estimators. Across all numerical studies including the data application in section

5, we used the adaptive LASSO to estimate α and β, where we choose λμ,n and λπ,N using a modi-

fied BIC criteria (Minnier et al., 2011). For the bandwidth in the two-dimensional smoothing for

π(·), we used a second-order Gaussian product kernel with a plug-in bandwidth h1 = σ̂n−1/3,
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where σ̂ is the sample standard deviation of either α̂TΨi or β̂
T
XXXi in source. Prior to smoothing,

α̂TΨi and β̂
T
XXXi were standardized and transformed by a probability integral transform based on

the normal cumulative distribution function to induce approximately uniformly distributed in-

puts, which can improve finite-sample performance (Wand et al., 1991). For the non-parametric

smoothing form(·), we used the Gaussian kernel with h2 = n−0.4σ̂P , where σ̂P is the empirical

standard deviation of {P̂i}ni=1. As we focused on binary outcomes, we specified logistic link func-

tions gμ(u) = gπ(u) = 1/(1+ e−u).

For comparison, we considered alternative estimators for performance accuracy parameters:

(1) the naive estimators, where the performance accuracy parameters are estimated using cross-

validation on the labeled source dataset (source), (2) estimation based on 100 randomly labeled

validation samples in target dataset (target_labeled), (3) the standard weighted estimators based

on cross-validation (weighted), (4) the doubly robust estimator proposed by Alonzo & Pepe (2005)

with cross-validation (DR-aug). This estimator is a special case of Rotnitzky et al. (2006) and Fluss

et al. (2009) when Y is independent of S conditional on XXX.

Throughout, we generated XXX fromMVN{σ2(1 − ρ)Ip×p + σ2ρ}, S = 1|XXX ∼ Bernoulli{π(XXX)},

and Y = 1|XXX ∼ Bernoulli{μ(XXX)}. We considered simulating data that roughly resembled the EHR

data example in terms of model parameters but were simple enough to be more broadly relevant. To

this end, we considered p = 10 covariates with variance σ2 = 1, and correlations ρ = 0.2. These

simulations were varied over different model specifications, predictive strength of XXX to S, and sample
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sizes. We considered the following data generating mechanisms:

μ(XXX) = expit(−0.25+ 0.8X1 + 0.8X2 + 0.4X3 + 0.4X4 + 0.2X1X2 − 0.1X2X3 + 0.2X3X4)

π(XXX) =






expit(0.1X1 + 0.05X2 − 0.1X5 − 0.05X6 + 0.05X1X2) (Weak)

expit(0.2X1 + 0.1X2 − 0.2X5 − 0.1X6 + 0.1X1X2) (Moderate)

expit(0.6X1 + 0.3X2 − 0.6X5 − 0.3X6 + 0.3X1X2) (Strong)

Either π(XXX; α) or μ(XXX; β)were potentially mis-specified by neglecting the pairwise interaction terms

in model fitting:

(1) Both correct: Fitting μ(XXX) = expit(βTZZZμ) and π(XXX) = expit(αTZZZπ).

(2) μ(XXX) correct and π(XXX)mis-specified: Fitting μ(XXX) = expit(βTZZZμ) and π(XXX) = expit(αTXXX).

(3) π(XXX) correct and μ(XXX)mis-specified: Fitting μ(XXX) = expit(βTXXX) and π(XXX) = expit(αTZZZπ).

(4) Both π(XXX) and μ(XXX)mis-specified: Fitting μ(XXX) = expit(βTXXX) and π(XXX) = expit(αTXXX).

where ZZZμ = (111,XXX,X1X2,X2X3,X3X4)T, ZZZπ = (XXX,X1X2)T. The outcome prevalence was approxi-

mately 45%, and the sample size in source and target are roughly equal. We consideredN = 10000

and n = 200, 400. The results in each scenario are summarized from 1000 simulated datasets.

Note that if XXX | S = s ∼ MVN(μs,Σs), then S | XXX follows a logistic regression model (Efron,

1975; Harrell & Lee, 1985). In particular, if the covariance matrices Σ0 = Σ1, then S | XXXwould

follow a logistic regression model without interaction terms. Otherwise if we assume Σ0 += Σ1, then

S | XXXwould then follow a logistic regression model that involves interaction and quadratic terms of

X1, ...,Xp.

We present results for ROC(u0), PPV(cu0), NPV(cu0) for u0 = 0.05. Table A1 presents the

bias, SE, and RMSE for scenarios (1)-(3) with moderate strength of XXX to SwithN = 10000. As

expected, the source estimators exhibit noticeable bias, regardless of the size of n. This is consistent
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with the consensus that the naive estimator based on source data is not appropriate for prediction

performance assessment in the presence of covariate shift. The target_labeled estimators are unbi-

ased, but have large SEs dues to the limited sample size. The weighted estimators are single robust

and have noticeable bias when π(XXX) is mis-specified. Among scenarios (1)-(3), the bias of STEAM is

small relative to the RMSE, verifying its doubly-robustness. In scenario (4) where both models are

mis-specified (Table S1, Supplementary Material D), the STEAM estimators, although slightly bi-

ased, are more robust compared to other estimators and attained the lowest root mean square error

(RMSE).

Figure 1.1 presents the number of labels in target cohort needed to achieve the same RMSE as

each estimator across different predictive strength of XXX to S (Weak, Moderate, Strong), and mis-

specification scenarios forN = 10000, n = 200, k = 5. A larger number of labels needed in tar-

get cohort represents lower RMSE and higher efficiency of the estimator. The STEAM estimators

are more efficient than source, weighted andDR-aug across the settings. The amount of efficiency

gain of STEAM over creating labels in target varies with the predictive strength of XXX to S. We ob-

serve that when XXX is weakly or moderately correlated with S, using the n = 200 labels in source for

STEAM estimators is equivalent to creating∼ 120 − 200 new labels in target in terms of RMSE,

but when XXX is strongly associated with S, using STEAM is less advantageous, only equivalent to

∼ 100− 150 labels in target in terms of RMSE.

To implement the perturbation procedure, we used the weightsGi ∼ 4 × Beta(0.5, 1.5) and

1000 sets of G for SE and CI estimation. We considered evaluating the perturbations only in the

scenario where both π(XXX) and μ(XXX) are correctly specified and XXX has moderate predictive strength

to S, withN = 10000 and n = 200. The results are presented in Table 1.2. The SEs estimated with

and without approximation in perturbation approximated well the empirical standard error. The

coverage of the 95%CIs were also close to nominal levels.
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both correct π(X)mis-specified μ(X)mis-specified

Estimator Bias SE RMSE Bias SE RMSE Bias SE RMSE
Cutoff target_labeled -0.19 4.86 4.86 -0.19 4.86 4.86 -0.40 4.88 4.89

n = 200 source 1.02 4.24 4.35 1.02 4.24 4.35 1.24 4.19 4.36
weighted -0.33 4.64 4.64 -0.34 4.47 4.47 -0.05 4.42 4.42
DR-aug -0.53 4.42 4.45 -0.55 4.23 4.27 -0.35 4.45 4.46
STEAM -0.21 3.47 3.47 -0.39 3.42 3.43 -0.06 3.52 3.51

n = 400 source 1.94 3.04 3.59 1.94 3.04 3.59 1.80 3.17 3.64
weighted 0.18 3.05 3.05 0.14 3.06 3.06 0.04 3.12 3.12
DR-aug 0.22 2.91 2.92 0.35 2.91 2.93 0.25 3.11 3.12
STEAM 0.08 2.52 2.52 0.01 2.49 2.48 0.09 2.53 2.53

AUC target_labeled 0.57 4.74 4.76 0.57 4.74 4.76 0.62 4.60 4.63

n = 200 source 1.16 3.66 3.83 1.16 3.66 3.83 0.90 3.68 3.78
weighted 0.39 3.89 3.90 0.97 3.79 3.90 0.17 3.87 3.86
DR-aug 0.41 3.73 3.75 0.52 3.66 3.70 0.72 3.77 3.84
STEAM -0.38 3.71 3.72 -0.10 3.65 3.65 -0.68 3.73 3.78

n = 400 source 1.19 2.49 2.76 1.19 2.49 2.76 1.10 2.53 2.75
weighted 0.37 2.63 2.65 1.06 2.64 2.84 0.26 2.66 2.66
DR-aug 0.40 2.58 2.61 0.45 2.61 2.64 0.33 2.61 2.63
STEAM -0.36 2.51 2.52 -0.18 2.52 2.52 -0.27 2.53 2.53

TPR target_labeled 0.43 10.52 10.53 0.43 10.52 10.53 0.59 10.57 10.59

n = 200 source 3.60 9.20 9.88 3.60 9.20 9.88 3.33 9.36 9.93
weighted 0.82 9.26 9.3 1.87 8.84 9.04 0.73 9.14 9.17
DR-aug 0.80 9.18 9.21 0.78 8.88 8.91 0.25 9.02 9.02
STEAM 0.22 7.60 7.60 0.66 7.52 7.55 -0.12 7.75 7.75

n = 400 source 2.63 6.52 7.03 2.63 6.52 7.03 2.84 6.89 7.44
weighted 0.58 6.47 6.5 1.83 6.49 6.88 1.17 6.53 6.62
DR-aug 0.50 6.14 6.16 0.73 6.11 6.15 0.36 6.44 6.45
STEAM -0.32 5.62 5.63 -0.15 5.59 5.58 -0.36 5.69 5.68

PPV target_labeled 0.21 5.79 5.78 0.21 5.78 5.78 0.82 5.37 5.43

n = 200 source 3.66 3.82 5.29 3.66 3.82 5.29 3.66 3.88 5.33
weighted 0.89 4.24 4.33 2.04 4.01 4.50 1.24 4.16 4.34
DR-aug -0.79 4.30 4.37 -0.81 4.49 4.55 -0.32 4.49 4.50
STEAM -0.41 4.02 4.04 -0.01 3.93 3.93 -0.57 3.89 3.93

n = 400 source 2.99 2.24 3.74 2.99 2.24 3.73 3.06 2.36 3.87
weighted 0.83 2.53 2.66 1.46 2.54 2.93 1.10 2.53 2.75
DR-aug -0.42 2.64 2.67 -0.34 2.88 2.90 -0.41 2.69 2.72
STEAM -0.31 2.44 2.45 -0.25 2.45 2.46 -0.29 2.46 2.47

NPV target_labeled 0.56 5.87 5.88 0.56 5.87 5.88 0.76 5.88 5.92

n = 200 source -2.26 4.63 5.14 -2.26 4.63 5.14 -2.35 4.65 5.20
weighted -0.28 4.50 4.50 0.17 4.43 4.42 -0.48 4.28 4.30
DR-aug -0.42 4.43 4.45 -0.25 4.44 4.45 -0.38 4.38 4.40
STEAM -0.30 4.04 4.04 -0.13 4.04 4.03 -0.39 4.10 4.11

n = 400 source -2.47 3.70 4.44 -2.47 3.70 4.44 -2.39 3.71 4.41
weighted -0.32 3.40 3.40 0.19 3.44 3.43 -0.26 3.34 3.34
DR-aug -0.51 3.27 3.31 -0.30 3.37 3.38 -0.40 3.37 3.39
STEAM -0.33 3.17 3.17 -0.24 3.17 3.17 -0.35 3.16 3.17

Table 1.1: Bias, SE, and RMSE of estimators under different model mis‐specification scenarios with moderate associa‐
tion of XXX to S, over 1000 simulated datasets. N = 10000, k = 5, n = 200 or 400. All values are multiplied by 100.18



Figure 1.1: Number of labels in target cohort required to achieve the same root mean square errors (RMSE) as each esti‐
mator, by three model mis‐specification scenarios for different predictive strength of XXX to S (Weak, Moderate, Strong),
over 1000 simulated datasets. Larger number of labels denotes greater efficiency (lower MSE) relative to target_labeled.
N = 10000, n = 200, k = 5.
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Estimate Emp SE ASE CovProb ASE_approx CovProb_approx
Cutoff 0.678 0.040 0.037 0.938 0.037 0.925
AUC 0.779 0.032 0.030 0.929 0.036 0.968
TPR 0.286 0.053 0.051 0.920 0.055 0.929
PPV 0.823 0.032 0.033 0.944 0.036 0.960
NPV 0.620 0.040 0.036 0.918 0.043 0.964

Table 1.2: Performance of perturbation resampling for STEAM in 1000 simulated datasets when both π(XXX; α), μ(XXX; β)
are correctly specified. Emp SE: Empirical SE over simulations. ASE: average of estimated SE based on the standard
deviation of perturbed estimates; CovProb: coverage probability of 95% CIs; ASE_approx: average of estimated SE
based on the standard deviation of perturbed estimates using the approximated method; CovProb_approx: coverage
probability of 95% CIs using the approximated method. N = 10000, n = 200, k = 5.

5 Application to Rheumatoid Arthritis (RA) Phenotyping model

To illustrate the performance of our proposed estimators, we applied our procedures to evaluate a

phenotyping algorithm for classifying RA disease, using EHR data from Partner’s Healthcare (Liao

et al., 2010). The source dataset from 2009 consists of 20,451 total patients, of which n = 267

were labeled with the true disease status through chart review by an rheumatologist. Both narrative

and codified data were available to develop the prediction model (p = 21). The narrative variables,

including disease diagnoses and medications, were obtained with natural language processing. The

codified data included ICD-9 codes, electronic prescriptions, and laboratory values. Healthcare

utility was also included. The transformation u 0→ log(1 + u)was applied to all count variables

to mitigate instability in the estimation due to skewness in their distributions. An RA phenotyping

model, named as ALASSO-2009 (Table S2, Supplementary Material E), was trained on labeled data

from 2009. We are interested in assessing its performance in classifying the disease status of patients

in the same EHR database across different time windows, in 2011 (Nt = 25, 405, nt = 100), 2013

(Nt = 30, 804, nt = 100), 2015 (Nt = 36, 095, nt = 150) and 2017 (Nt = 39, 550, nt = 200).
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Each of these consists of a large number of unlabeled data with the same set of covariates available.

For dataset in each year, a random subset was selected and labeled with true RA status through

manual chart review by trained physicians, which can serve as the validation sets to verify our results.

Summary of patient characteristic in labeled and unlabeled data in each year is shown in Table S3-

S4, Supplementary Material F.

For comparison, we considered source, target_labeled, weighted andDR-aug estimators as in Sec-

tion 4. We also considered semi-supervised estimation using labeled and unlabeled data in target as

proposed by Gronsbell & Cai (2018) (target_SSL). The estimated AUC of the model on the target

datasets are presented in Figure 1.2. The AUC estimates for the target datasets obtained using the

validation sets (target_labeled and target_SSL) are noticeably different from the ones estimated from

the source data (source), especially in 2015 and 2017. This is not too surprising since many changes

in the database have occurred over the years: for instance, patient characteristics, such as age, have

undergo changes. Moreover, the EHR system was switched to Epic (Epic System Corporation) and

the International Classification of Diseases (ICD) system was changed from version 9 to version 10

around 2015-2016, which may also explain the lower AUC in 2015 and 2017. The point estimates

based on our proposed STEAMmethod are similar to target_labeled, suggesting the stability of

the proposed procedure in a real data setting. Moreover, we observe substantial efficiency gains of

STEAM over target_labeled, weighted andDR-aug. As a result, we have a more precise estimate of

the prediction performance of the phenotype algorithm using the STEAMmethod. The estimated

ROC curves along with 95% point-wise confidence bands can be found in Supplementary Material

G.

The estimates of cutoff values and the corresponding TPR, PPV andNPV estimates of the bi-

nary classification rule for u0 = 0.05 and 0.10 as well as their 95%CIs are presented in Figure

1.3. For choosing the cutoff values, STEAM is∼ 4.2 − 7.2 times as efficient as target_labeled, and

∼ 1.1−2.1 times as efficient asDR-aug. For each accuracy measure, STEAM estimators are 3.1−5.8
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Figure 1.2: Estimated AUC with 95% CI of ALASSO‐2009 on datasets in 2011, 2013, 2015 and 2017 based on different
methods.

times as efficient as target_labeled, and the efficiency gain is at least 14%with gains as high as 245%

compared withDR-aug.

6 Discussion

In this paper, we proposed a robust and efficient transfer learning procedure for model evaluation

rather than model fitting. Our estimators are doubly robust, i.e. they are consistent when either the

prediction model μ(XXX) or the weighting model π(XXX) is correct. We addressed potential overfitting

bias in our SS estimators with CV and also developed a perturbation resampling procedure for mak-

ing inference. We illustrate the performance and practical utility of the proposed estimators through

simulations and application on an RA phenotying model.

We focused on estimating the ROC, which is a measure of discrimination. An aspect that the

measures considered fail to address is the calibration of a prediction model, i.e. to what extent the
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Figure 1.3: Estimated cutoffs and the corresponding TPR, PPV andNPV estimates of the binary classification rule for
u0 = 0.05 (top) and u0 = 0.10 (bottom) of ALASSO‐2009. Error bars denote 95% CIs.
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model-based predicted probability given a risk group matches with the actual percentage of patients

with the disease. In the presence of covariate shift, if the prediction model is mis-specified, the risk

model trained with source data may not be well calibrated in the target data. Our proposed STEAM

procedure, in fact, has already performed model calibration during its process since the method

hinges on the estimation of the calibrated riskmβ̄
0(q) = P0(Y = 1|P β̄

0 = q).

We have assumed that the true outcomes are labeled completely at random in source population,

which is reasonable if investigators control the labeling. For example, with the goal of validating

phenotyping models on EHR data, the researchers have the ability to design the study such that

they randomly select the labelled examples and ask domain experts to perform chart review on the

selected sample. However, this assumption could be restrictive if labeling was stratified by some

known factors or if some records that are available were not labeled for research purposes. If the

selection of labels is not random by design, the unlabeled source data effectively becomes a second

target data which also differs from the main target data. In that case, its utility in improving the

estimation of accuracy parameter for the original target data becomes less clear. Other refinements

and extensions to the proposed approach is possible. For instance, when the prediction model is

clearly mis-specified, we may incorporate an additional outcome model in the estimation procedure

to preserve the doubly robust property, i.e. the estimator are consistent if either the new outcome

model or the weighting model is correct.

We focused on the setting where labeled data in the target population are not readily available or

are expensive to obtain. However, when there exists small number of labeled data in the target pop-

ulation, as considered by Cai et al. (2022), it is also of interest to develop methods utilizing those

existing labels to further improve robustness and efficiency of estimation.

Throughout, we focused on the setting with fixed p but accommodated settings in which p is not

small relative to n in finite sample with regularized estimation. However, when p is large so that ν is

large, a large power parameter γ would be required to maintain the oracle properties, leading to an
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unstable penalty and poor finite sample performance. Estimation under the setting with p , n

would require different theoretical justifications and warrant additional research.
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Semi-supervised Clustering Through

Representation Learning of Large-scale

EHRData

1 Introduction

1.1 Background

Advances in electronic health records (EHR) have enabled unprecedented opportunities for lever-

aging large-scale, real-world clinical data to improve disease understanding, diagnosis, and manage-

ment. It has become an important source for a growing number of data-driven biomedical studies

that aim to extract clinical knowledge (Hong et al., 2021; Li et al., 2024a), evaluate treatment re-

sponse (Zhou et al., 2023), and predict disease progression to guide clinical practice (Landi et al.,

2020). However, despite its promise, EHR data poses significant challenges for modeling that limit

its utility in research and clinical applications. One of the main challenges arises from the high di-

mensionality of the features.

To address this, modern machine learning techniques have been developed to handle high-

dimensional data, with representation learning emerging as a particularly successful paradigm.

Originally pioneered in fields such as nature language processing and image recognition (Bengio

et al., 2013; Devlin et al., 2019; Payandeh et al., 2023). Representation learning aims to project the
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high dimensional features into a lower dimensional space that retains the most relevant information

for feature detection or classification tasks. Compared with traditional supervised machine learn-

ing methods, such models can generalize better to unseen data or related but different outcomes,

leading to more robust and accurate predictions Learmonth et al. (2013). This is especially helpful

in the EHR study setting given the inherently multi-domain and multi-outcome nature of many

diseases, where different clinical metrics and outcomes often reflect overlapping yet distinct aspects

of the disease. For example, in patients with multiple sclerosis (MS), disability progression is often

assessed using scores such as the Expanded Disability Status Scale (EDSS) (Kurtzke, 1983) and the

Patient-Determined Disease Steps (PDDS) (Kister et al., 2013). While both scales aim to capture

disability severity, EDSS provides a clinician-assessed, detailed evaluation across multiple functional

systems, whereas PDDS is a patient-reported outcome measure that offers a simpler, subjective per-

spective. These scores, though correlated, reflect overlapping yet distinct aspects of disease progres-

sion (Foong et al., 2024). Moreover, learned representations can be transferred to new tasks such as

prediction of future outcomes, reducing the need for extensive training on new datasets.

However, despite its success in many other domains, representation learning with theoretical

guarantees for patient clustering in the EHR setting remains a significant challenge – particularly

when aiming to improve both downstream prediction and patient subtyping – due to limited sam-

ple sizes and the scarcity of labeled data, especially in the context of rare diseases like multiple sclero-

sis (MS). Nonetheless, pre-trained representations of EHR feature derived from large-scale generic

EHR data (Zhou et al., 2023) and semantic representations of EHR features (Lee et al., 2020;

Rasmy et al., 2021; Yuan et al., 2022) provide an opportunity to guide model training effectively.

Futhermore, even with a small number of labeled samples, representation learning can capture nu-

anced aspects of each patient’s health profile, leading to richer, more informative embeddings and

predictions than conventional methods. By leveraging existing knowledge of EHR feature repre-

sentations and incorporating task-specific labeled data, representation learning holds promise for
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enhancing patient classification and predictive modeling in real-world clinical applications.2

1.2 RelatedWork

Multivariate count data arise in diverse fields such as text mining, ecology, genomics, and electronic

health record (EHR) analysis, where capturing dependencies among variables is essential for mean-

ingful interpretation. The multivariate Poisson-lognormal (PLN) model (Aitchison &Ho, 1989), a

hierarchical framework incorporating multivariate Gaussian latent variables, has been widely stud-

ied as an effective approach to modeling such dependencies. Recent advancements in PLNmethods

have expanded its applicability, demonstrating its flexibility in integrating covariates and offsets

to support tasks such as multivariate regression, linear discriminant analysis (LDA), model-based

clustering, and network inference (Chiquet et al., 2018, 2019; Silva et al., 2019). As highlighted by

(Chiquet et al., 2021), PLN provides an interpretable and computationally efficient alternative to

traditional count-based models, making it particularly relevant for high-dimensional data. Given

its ability to uncover latent structures, PLN naturally aligns with representation learning, offering

a probabilistic embedding framework that enhances predictive modeling and analytical tasks for

count-based data.

Representation learning, a fundamental concept in modern machine learning, focuses on ex-

tracting structured and meaningful features from high-dimensional data to enhance downstream

tasks such as classification and prediction (Bengio et al., 2013). A key approach within this paradigm

is embedding techniques, which transform complex data into lower-dimensional representations

while preserving important relationships and structure. These methods have driven major advance-

ments in AI applications, including language modeling, sentiment analysis, and medical informatics

(Mikolov, 2013; Devlin, 2018). In the context of electronic health records (EHRs), embedding-

based models are revolutionizing predictive modeling by converting unstructured clinical data into

structured representations. For example, Med-BERT employs pretraining strategies tailored for
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structured EHRs to improve predictive accuracy (Rasmy et al., 2021), while unsupervised deep

learning methods extract patient representations that enhance clinical predictions (Miotto et al.,

2016b).

Beyond deep learning, classical statistical methods such as factor analysis and probabilistic PCA

have long been used to uncover latent structures in data (Harman, 1976; Tipping & Bishop, 1999).

However, their reliance on Gaussian assumptions often makes them inadequate for modeling

real-world count data, such as medication usage patterns in EHRs. To address this, generalized

factor models introduce latent variables and employ maximum likelihood estimation (MLE) via

Expectation-Maximization (EM) to handle non-normality (Moustaki & Knott, 2000), though

these methods struggle to scale efficiently in high-dimensional settings. Alternative Bayesian ap-

proaches, includingMarkov ChainMonte Carlo (MCMC) sampling and quadrature methods

(Edwards, 2010; Schilling & Bock, 2005), offer greater flexibility but often become computation-

ally prohibitive, especially for large EHR datasets requiring the estimation of numerous latent fac-

tors. To avoid the challenges of high-dimensional numerical integration, some approaches instead

treat latent factors as fixed parameters estimated through singular value decomposition (SVD) or

constrainedMLE (Zhang et al., 2020; Chen et al., 2019). While computationally efficient, these

methods lack the regularization properties of random-effects models, increasing the risk of overfit-

ting and instability. Additionally, they fail to account for uncertainty in factor estimates, making

them less appropriate in settings with substantial population heterogeneity. They also face potential

identifiability issues when incorporating covariates.

Probabilistic representation learning addresses these limitations by modeling the posterior dis-

tribution of latent factors rather than relying on point estimates (Bengio et al., 2013). To improve

tractability, methods such as Laplace approximation model these posteriors as Gaussian distribu-

tions (Huber et al., 2004). However, this local approximation strategy may fail to capture multi-

modality or complex structures in the posterior distribution, limiting its effectiveness in real-world
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applications. These challenges highlight the need for probabilistic embedding frameworks, such as

PLNmodels, which balance computational efficiency with interpretability while effectively captur-

ing the uncertainty and structured relationships in count-based data.

Learning a PLNmodel with a low-rank structure remains challenging, particularly when the rank

is not very small and additional factors like covariate adjustments are needed. A common approach

for solving PLNmodels is variational inference (VI) (Jordan et al., 1999; Wainwright et al., 2008),

which approximates the true posterior by selecting a distribution from a pre-specified family that

minimizes the Kullback-Leibler (KL) divergence. The choice of the approximation family involves

a trade-off between flexibility in capturing posterior complexity and computational efficiency (Blei

et al., 2017). Among available methods, Gaussian variational approximation (GVA) (Kucukelbir

et al., 2015; Opper & Archambeau, 2009) is widely used due to its analytical tractability and scala-

bility. GVA approximates the posterior with a Gaussian distribution, optimizing its mean and co-

variance to minimize KL divergence. Compared toMCMC, GVA is computationally more efficient

and scales better to large datasets (Blei et al., 2017; Kucukelbir et al., 2015). It has been successfully

applied to PLNmodels to mitigate computational costs in large-scale settings (Chiquet et al., 2018,

2019). However, despite its empirical success, the theoretical properties of GVA remain largely un-

explored, raising key questions about how approximation error scales with the dimensionality of

latent factors.

While VI is widely used, its theoretical foundations remain underdeveloped, particularly in com-

plex models like PLN (Blei et al., 2017). Most existing theoretical results focus on simpler settings,

such as Gaussian mixture models (Titterington &Wang, 2006), stochastic block models (Celisse

et al., 2012; Bickel et al., 2013), and Bayesian linear models (You et al., 2014; Ormerod et al., 2017).

More relevant to our setting, Hall et al. (2011a,b) studied a Poisson mixed-effects model with a sin-

gle predictor and repeated outcome measurements, a special case of PLNwith rank one, and es-

tablished parametric convergence and asymptotic normality of GVA. However, their results do
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not generalize to our setting, which involves a more complex low-rank structure, diverging latent

dimensionality, latent clusters of embeddings, and semi-supervised data. This gap highlights the

need for a rigorous theoretical framework to understand the reliability of GVA-based inference in

high-dimensional PLNmodels, particularly in the presence of structured dependencies and partial

supervision.

To address these challenges, we introduce SCORE (Semi-supervised Clustering thrOugh REp-

resentation learning), a framework designed to enhance classification in settings with label scarcity,

data heterogeneity, and multi-domain disease complexity. By leveraging semi-supervised learning

and representation learning, SCORE fills a critical gap in PLN-based clustering and classification,

improving scalability, robustness, and interpretability in high-dimensional and semi-supervised set-

tings. This framework enables more accurate patient stratification and disease sub-phenotyping,

particularly in cases where labeled data are limited.

1.3 Our Contribution

Our contributions span four key aspects listed below.

Powerful and flexible statistical learning framework. In EHR settings, the di-

mensionality of observed variables (e.g., EHR codes) and patient embeddings can be large relative

to the target cohort size, particularly for rare diseases, posing challenges in estimating the loading

parameter matrix, which represents EHR code embeddings. To address this, SCORE introduces

embedding adaptation as a transfer learning strategy, leveraging pre-trained EHR code embeddings

from larger datasets with lower estimation errors. Rather than using these embeddings directly,

SCORE retains their linear structure while estimating only the scaling parameters (singular values)

in the target cohort, significantly reducing the number of parameters to estimate while allowing for

adaptation to target-specific heterogeneity. This approach improves computational efficiency and
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minimizes estimation error. SCORE integrates this embedding adaptation into a high-dimensional

Poisson-lognormal (PLN) modeling framework, refining pre-trained embeddings with new data

to enhance representation expressiveness while adjusting for baseline covariates and partially ob-

served labels. Unlike traditional clustering and classification methods that focus on single-outcome

modeling, SCORE learns latent patient embeddings that generalize across related clinical outcomes,

enabling a robust and transferable characterization of disease progression. To address computational

bottlenecks in large-scale data, SCORE introduces a hybrid computational framework that com-

bines Gaussian Variational Approximation (GVA) with Expectation-Maximization (EM). GVA

provides a tractable approximation of latent variables using Gaussian distributions, circumventing

the prohibitive complexity of high-dimensional integrations. Critically, SCORE leverages the su-

pervised estimator from the small labeled dataset to initialize EM, ensuring stable convergence even

when large amounts of unlabeled data dominate the training objective, making it non-convex. This

semi-supervised learning approach mitigates sensitivity to label scarcity, accelerates training, and

enhances the model’s ability to learn generalizable patient representations from incomplete data.

Theoretical advancements. We provide a rigorous theoretical foundation for our SCORE

algorithm, establishing the convergence of the hybrid EM-GVA algorithm under diverging embed-

ding dimensions and semi-supervised learning regimes. Specifically, we quantify the GVA error and

characterize its dependence on the dimensionality of codified features and latent embeddings, ad-

dressing a critical gap in variational inference for low-rank Poisson models, where such analysis has

been largely unexplored. Furthermore, we demonstrate that our EM-GVA algorithm exhibits linear

contraction, leveraging a supervised estimator for initialization to ensure stable convergence, even

when the unlabeled data dominates the training objective. Importantly, we show that the resulting

semi-supervised estimator is unaffected by label scarcity and achieves a significantly faster conver-

gence rate than its supervised counterpart. Our theoretical analysis extends beyond existing work,
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tackling the unique challenges posed by high-dimensional empirical processes under diverging di-

mensionality and the hybrid nature of our optimization framework, which integrates variational

approximation with iterative refinement via EM.

Empirical validation. Extensive simulations demonstrate the superiority of SCORE in pa-

rameter estimation, embedding quality, and prediction accuracy over existing methods. Applied to

multiple sclerosis phenotyping using real-world EHR data, SCORE achieves better classification

performance and improved generalizability across multiple disability metrics compared to exist-

ing methods. In addition, trained patient embeddings are highly effective in predicting future out-

comes. Our framework’s ability to leverage unlabeled data also enhances robustness to the scarcity

and noisiness of the labels compared to supervised learning in practice.

2 Methods

2.1 Model Setup and Estimation Challenges

Let XXX = (X1, . . . ,Xp)T represent the observed count vector of EHR concepts,UUU denote the r-

dimensional baseline covariate vector, including demographic information and healthcare utiliza-

tion, and Y the binary class label. We assume that XXX andUUU are observed for all patients, while Y is

available only for a small labeled subset. LetD = {(XXXT
i ,UUUT

i , δiYi), i ∈ [N]} denote the observed

N independent and identically distributed realizations of (XXXT,UUUT, δY), where δi = I(i ∈ IL) indi-

cates whether Yi is observed, and IL ⊂ [N] = {1, . . . ,N} indexes the labeled set. We assume that

the labeling process is random but can depend onUUUi. We may also writeD = DL ∪ DU, where

DL = {(XXXT
i ,UUUT

i ,Yi)T, i ∈ IL},DU = {(XXXT
j ,UUUT

j , j ∈ IU}, and IU = [N] \ IL. Without loss

of generality, we assume the first n observations are labeled. We introduceVVVp×q as the pre-trained

embeddings for the p EHR concepts, capturing prior knowledge on the latent structure of XXX. For

identifiability, we assume that
√
q/pVVV is orthonormal.
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We consider a Poisson-Adapted Latent factorMixture (PALM)Model:

XXX | ZZZ ∼ Poisson(eZZZ), X1 ⊥ X2 ⊥ · · · ⊥ Xp | ZZZ

ZZZ = VVV
(
BBB#UUUY +WWW

)
, #UUUY = (1,UUUT,Y)T ∈ Rr+2, WWW ∼ N (000q,Λ),

Y | UUU ∼ Bernoulli{expit(bbbT#UUU)}, expit(v) = ev/(1+ ev), #UUU = (1,UUUT)T

(2.1)

The latent factor model, ZZZ = VVV
(
BBB#UUUY +WWW

)
, facilitates embedding adaptation, enabling knowl-

edge transfer fromVVV to efficiently learn latent patient representations. The random effectWWW cap-

tures individual variability, improving the predictive accuracy of Y | XXX,UUU for future patients not

included in the observed data. We consider a regime that the dimension of the observed EHR codes

p, the dimension of the latent space q, and the total sample sizeN all increase and diverge alone with

the labeled sample size nwhile the number of baseline covariates r is fixed. In our theoretical anal-

ysis, we consider the setting where q is much smaller than p but still diverges with n and p at a spe-

cific rate, focusing on the semi-supervised regime where n = |IL| 2 N. The coefficient matrix

BBBq×(r+2) = (BBB1,BBBU,BBBY) ∈ (Rq,Rq×r,Rq) encodes the intercept (BBB1), the effect of the baseline

covariatesUUU (BBBU), and the effect of Y (BBBY) on XXX in the log scale. This formulation allows the patient

embedding, BBB#UUUY + WWW ∈ Rq, to be interpreted as a multivariate normal variable with mean BBB#UUUY

and covariance Λ, effectively capturing both structured effects and individual variability.

Remark 1. Pre-trained EHR code embeddings from large language models or large cohorts (Hong

et al., 2021; Xiong et al., 2023, e.g.) offer us valuable prior knowledge and potential gain of both com-

putational and statistical efficiency. This is because that by bypassing the estimation of VVV, we can re-

duce the number of parameters from O(pq) to O(q2). However, directly transferring some external VVV

may fail to capture the heterogeneity between the external source and the target population and disease

of our interest. To address this issue in model (2.1), we do not set the covariance matrix ofWWWi as iden-

tity, which is a conventional setup of the latent factor analysis with unknown VVV used to ensure identi-
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fiability. Instead, we allow the covariance parameter Λ to be freely driven by the target population. In

this way, we only leverage the linear subspace of the external code embeddings and adjust for the scale

heterogeneity as well as the rotation ambiguity between the external source and target.

A natural approach to estimating the unknownmodel parameters θ = {BBB,Λ, bbb} is to use maxi-

mum likelihood estimation (MLE). If Yi andWWWi were observed, then complete-data log-likelihood

can be written as

∑

i∈[N]

logP(XXXi,WWWi,Yi|UUUi; θ)

=
∑

i∈[N]

{logP(XXXi|WWWi,UUUi,Yi;BBB) + logP(WWWi;Λ) + logP(Yi|UUUi; bbb)} ,
(2.2)

where we use notation P(AAA1, ...,AAAk | CCC1, ...,CCCl,Θ) the denote the conditional density of AAA1, ...,AAAk

given CCC1, ...,CCCl and the parameters Θ. SinceWWWi is latent and Yi is not observed for i ∈ IU, the

MLE has to be constructed based on the log-likelihood of the observed data, !(θ) = !L(θ) + !U(θ),

where

!L(θ) =
∑

i∈IL

logP(XXXi,Yi|UUUi; θ) =
∑

i∈IL

log
∫

P(XXXi,WWWi,Yi|UUUi; θ)dWWWi;

!U(θ) =
∑

i∈IU

log{P(XXXi,Yi = 0|UUUi; θ) + P(XXXi,Yi = 1|UUUi; θ)}

=
∑

i∈IU

log
∑

y=0,1

∫
P(XXXi,WWWi,Yi = y|UUUi; θ)dWWWi.

The objective function !(θ) does not have a closed-form expression due to the integration overWWWi,

rendering exact maximization with respect to θ computationally intractable. To address this, prior

work–including Karlis (2005) and Silva et al. (2019)–has explored approximating the log-likelihood

via numerical or Monte Carlo integration. However, these approaches quickly become computa-

tionally prohibitive, even for moderate embedding dimensions q, highlighting the need for addi-
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tional approximation strategies to maintain scalability.

2.2 Gaussian Variational Approximation (GVA) Strategy

To address the computational challenges posed by the integral overWWWi, we adopt a variational ap-

proximation approach. Specifically, we approximate the intractable posterior distribution p(WWWi |

XXXi,UUUi,Yi = y)with a subject-specific, tractable distribution denoted by φ(y)
i (WWWi). This local ap-

proximation is tailored to each individual observation. For the i-th subject, it enables us to approxi-

mate the log-likelihood term logP(XXXi, y | UUUi; θ) usingJ (y)

i = J (θ, φ(y)

i ;XXXi,UUUi, y), where

J (θ, φ(y); xxx, uuu, y) := log{P(xxx, y|uuu; θ)}− KL{φ(y)(WWW),P(WWW|xxx, uuu, y; θ)}

= EWWW∼φ(y) log{P(xxx,WWW, y|uuu; θ)}− EWWW∼φ(y)i
log{φ(y)(WWW)},

where KL(·, ·) represents the KL-divergence between two distributions and Eφ(y)i
denotes expec-

tation taken with respect to the conditional distribution defined by φ(y)

i (WWWi). Since the KL term

is nonnegative, we haveJ (y)

i ≤ log p(XXXi, y|UUUi; θ) and, thus, callJ (y)

i an evidence lower bound

(ELBO) of the log-likelihood function. The key idea is to properly specify φ(y)

i such that (i)J (y)

i ad-

mits a closed-form expression and can be computed without the need for numerical integration; and

(ii) the KL-divergence between φ(y)

i and the true posterior distribution ofWWWi can potentially vanish.

Then we could maximize the ELBO as a replacement for log p(XXXi, y|UUUi; θ) to significantly reduce

the computational burden at a low cost with respect to the statistical efficiency.

For the construction of each φ(y)

i , we define the set of candidate GVA densities as

{
φ(y)

i (WWWi) = N (WWWi;mmm(y)

i , SSS(y)i ) : mmm(y)

i ∈ Rq, SSS(y)i = diag(sss(y)i ), sss(y)i ∈ Rq
+, y = 0, 1

}
,

whereN (·;mmm(y)

i , SSS(y)i ) denotes the probability density function of the multivariate Gaussian dis-

tribution with meanmmm(y)

i and covariance SSS(y)i , diag(a) = diag(a1, ..., aL) for any vector a =
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(a1, ..., aL), andR
q
+ denotes the set of q-dimensional vectors with all positive elements. Utilizing

the Gaussian density formation of φ(y)

i , we can derive the explicit form ofJ (y)

i :

J (y)

i =

p∑

j=1
XijVVVT

j (BBB#UUUiy +mmm(y)

i )−
p∑

j=1
A(y)

ij −
p∑

j=1
log(Xij)

− 1
2
log{det(Λ)}− 1

2
(mmm(y)

i )TΛ−1mmm(y)

i −
1
2
Tr(Λ−1SSS(y)i ) +

1
2
log{det(SSS(y)i )}+ q

2

+ y log{expit(bbbT#UUUi)}+ (1− y) log{1− expit(bbbT#UUUi)},

(2.3)

with the definition

A(y)

ij := EWWW∼φ(y)i
exp{VVVT

j (BBB#UUUiy +WWWi)} = exp
{
VVVT
j

(
BBB#UUUiy +mmm(y)

i +
1
2
SSS(y)i VVVj

)}
,

and #UUUiy = (1,UUUT
i , y)T. Since φ

(y)

i is parameterized by ζ(y)i := {mmm(y)

i , SSS(y)i }, we also useJ (θ, ζ(y); xxx, uuu, y)

to denote the ELBO for the specific choice of φ(y) and letJ (y)

i = J (θ, ζ(y)i ;XXXi,UUUi, y) correspond-

ingly. The tractable form ofJ (y)

i presented in (2.3) will be used to construct the objective function

for θ replacing the intractable log-likelihood of the observed data, which can help remove time-

consuming numerical integration and significantly reduce computational complexity. This is crucial

in large-scale biomedical studies whereN and p are typically large.

The above introduced variational approximation strategy is three-fold. First, we select the Gaus-

sian family for its analytical advantage within the PLN framework, enabling an explicit expression

forJ (y)

i . Second, we constrain the variational covariance SSS(y)i to a diagonal matrix, avoiding the com-

putational instability and the slowness of inverting a potentially large matrix iteratively. Third, we

adopt the mean-field variational family, assuming mutual independence of the latent variableWWWi

between different observations conditional on observed data. In Section 3, we carefully study and

establish the approximation error rate of the GVA under reasonable regularity conditions.
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2.3 Estimation Strategy

In the SSL setting, we first apply GVA to the labeled data to obtain an initial estimator θ̃. This pre-

liminary estimate is then refined using a hybrid approach that combines GVAwith a latent-class EM

algorithm, incorporating both labeled and unlabeled observations to produce the final SCORE esti-

mator θ̂. For a new subject, we use θ̂ together with GVA to construct the representation and predict

the risk for Y.

Supervised Initial Estimator: RestrictedMaximum ELBO

LetMMMIL = {mmm(Yi)
i : i ∈ IL}, SSSIL = {SSS(Yi)i : i ∈ IL} and ζIL = {MMMIL , SSSIL} denote the

GVA parameters for the labeled subjects. Note that for i ∈ IL, we only need to introduce and esti-

mate the GVA parameter corresponding to the observed Yi. As introduced in Section 2.2, instead of

optimzing the intractable !L(θ), we consider maximizing the ELBO on i ∈ IL:

JL(θ, ζIL ;DL) =
∑

i∈IL

J (Yi)
i =

∑

i∈IL

J (θ, ζ(Yi)i ;XXXi,UUUi,Yi).

Due to the diverging q and the exp(·) link in the PLNmodel, we need to introduce additional tech-

nical constraints to regularize the parameters. In specific, define that

ΩB :=

{
BBB : ‖BBB‖2 ≤ KB

√q, |VVVT
j BBB#UUUiy| ≤ KB

√
log(p/q), ∀i ∈ [N], j ∈ [p]

}
,

ΩL
M :=

{
MMM : |VVVT

j mmm
(Yi)
i | ≤ KM

√
log(p/q), ∀i ∈ IL, j ∈ [p]

}
,

(2.4)
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whereKB andKM are some positive finite constants. We propose to solve the following restricted

maximum ELBO problem:

θ̃, ζ̃IL = arg max
BBB∈ΩB,MMMIL∈Ω

L
M

JL(θ, ζIL ;DL), (2.5)

where θ̃ is a supervised maximum ELBO estimator serving as the preliminary results for the next

step incorporating all observations. The rate
√
log(p/q) in (2.4) is derived from the high-probability

l∞ upper bound for p/q-dimensional sub-Gaussian random vectors, where p/q approximates the

number of measurements for each factor/direction per observation. This sub-Gaussian upper

bound is crucial for analyzing the convergence rate of our estimator. Unlike Chen et al. (2019) as-

sumingWWWi’s are fixed and bounded, we assume slightly larger parameter spaces for the mean param-

eters associated with the covariates and for the variational posterior mean of each observation.

From a profiling perspective, the GVA parameter of the ith observation ζ(y)i can be viewed as a

function of (XXXi,UUUi, θ), satisfying

ζ(y)i = ζ(y)(XXXi,UUUi, θ); ζ(y)(xxx, uuu, θ) = argmax
ζ(y)

J (θ, ζ(y); xxx, uuu, y),

where ζ(y) = (mmm(y)T, sss(y)T)T, subject to |VVVT
j mmm(y)| ≤ KM

√
log(p/q), ∀j ∈ [p]. Consequently, (2.5)

can be reformulated as

θ̃ = argmax
θ

∑

i∈IL

Q(Yi)(XXXi,UUUi, θ) subject to BBB ∈ ΩB,

where

Q(y)(xxx, uuu, θ) = J {θ, ζ(y)(xxx, uuu, θ); xxx, uuu, y} = max
ζ(y)

J (θ, ζ(y); xxx, uuu, y). (2.6)

We maximize supervised ELBO by alternating between two steps until convergence: (1) gradient
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update on the GVA parameters ζIL with θ fixed; and (2) gradient update θ keeping ζIL fixed.

As discussed in Appendix 1.1,JL(θ, ζIL ;DL) is strictly concave with respect to all the model and

GVA parameters, and features closed-form blockwise gradients presented in equation (B1). Based

on this, we leverage the proximal gradient algorithm introduced in Appendix 1.2 to update θ and

ζIL subject to the constraints BBB ∈ ΩB andMMMIL ∈ ΩL
M. The details of the implementation of our

proposed algorithm to maximize supervised ELBO are summarized in the Appendix 1.2.

SCORE Estimator: a Hybrid EM-GVAAlgorithm

To incorporate unlabeled data inDU with unobserved Y, a common strategy is to maximize the cor-

responding log-likelihood via the EM algorithm, iterating between: (I) E-step: estimating p(Yi =

y|XXXi,UUUi; θ) and imputing empirical version of Ep(Yi|XXXi,UUUi;θ) log{p(XXXi,Yi|UUUi; θ)}; and (II) M-step:

update θ by maximizing the imputed log-likelihood function. In both steps, we must handle the in-

tractable integral over the latent variableWWWi. A key distinction from the supervised ELBO approach

in Section 2.3 is that, for each unlabeled subject i, we must estimate two sets of variational parame-

ters, ζ(0)i and ζ(1)i , corresponding to the two possible labels Yi = 0 and Yi = 1, respectively. We use

MMMIU = {mmm(y)

i : i ∈ IU, y ∈ {0, 1}}, SSSIU = {SSS(y)i : i ∈ IU, y ∈ {0, 1}} and ζIU = {MMMIU , SSSIU}

to denote the GVA parameters for the unlabeled data. To address the challenge arising from the

need for both EM and GVA, we propose a hybrid latent-class EM and Gaussian Variational Approx-

imation (EM-GVA) algorithm. Starting from an initial estimator {θ[0], ζIL,[0], ζIU,[0]}, the EM-GVA

algorithm iterates for T steps between the two stages described above (see Appendix 2 for full algo-

rithmic details), ultimately producing the final SCORE estimator θ̂:

E-step. To estimate P(Yi = 1|XXXi,UUUi; θ) for each unlabeled subject i, we note that

P(Yi = 1|XXXi,UUUi; θ) =
P(XXXi,Yi = 1|UUUi; θ)

P(XXXi,Yi = 1|UUUi; θ) + P(XXXi,Yi = 0|UUUi; θ)
.
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Then similar to Section 2.2, we use the ELBOJ (y)

i = J (θ, ζ(y)i ;XXXi,UUUi, y) in (2.3) to approximate

log{P(XXXi,Yi = y|UUUi; θ)}with θ and ζ(y)i plugged in as the estimator at the current iteration. Since

ζ(y)i at the current iteration can be viewed as a function of (XXXi,UUUi) and θ at the current iteration, we

approximate γ(xxx, uuu; θ) = P(Yi = 1|XXXi = xxx,UUUi = uuu; θ) using (2.6) as

γGVA(xxx, uuu; θ) := exp{Q(1)(xxx, uuu, θ)}
exp{Q(1)(xxx, uuu, θ)}+ exp{Q(0)(xxx, uuu, θ)} . (2.7)

For i ∈ IU, we use γGVAi to denote γGVA(XXXi,UUUi; θ) for simplicity, and let γGVA = (γGVAn+1, . . . , γ
GVA
N )T.

M-Step. Define the full-sample ELBOwith Yi imputed by γGVAi for unlabeled subjects:

OF(θ, ζIL , ζIU ;D , γGVA) :=
∑

i∈IL

J (θ, ζ(Yi)i ;XXXi,UUUi,Yi = yi) +
∑

i∈IU

O(θ, ζ(0)i , ζ(1)i ;XXXi,UUUi, γGVAi ),

whereO(θ, ζ(0)i , ζ(1)i ;XXXi,UUUi, γGVAi ) := γGVAi J (θ, ζ(1)i ;XXXi,UUUi,Yi = 1)+(1−γGVAi )J (θ, ζ(0)i ;XXXi,UUUi,Yi =

0). Then solve for the model and GVA parameters {θ, ζIL , ζIU} via the latent-class-imputed ELBO

optimization problem:

max
BBB∈ΩB,MMMIL∈Ω

L
M,MMMIU∈Ω

U
M

OF(θ, ζIL , ζIU ;D , γGVA),

where ΩU
M :=

{
MMMIU : |VVVT

j mmm
(y)

i | ≤ KM
√
log(p/q), ∀i ∈ IU, y ∈ {0, 1}, j ∈ [p]

}
is a constraint

set for the GVA’s mean parameters of unlabeled subjects. In the M-step, similar to Algorithm B3, we

alternately update ζIL , ζIU and θ using the proximal (blockwise) gradient algorithm.

The initial estimator plays a crucial role in the convergence performance of EM algorithm (Bal-

akrishnan et al., 2017). In our case, this is even pronounced due to the divergence of latent dimen-

sionality q and the use of GVA.We propose to initialize the hybrid EM-GVA algorithm with the

supervised estimator obtained in Section 2.3, i.e., θ[0] = θ̃ and each ζi,[0] being the maximizer of
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J (̃θ, ζ(y)i ;XXXi,UUUi, y) subject to |VVVT
j mmm

(y)

i | ≤ KM
√
log(p/q), ∀j ∈ [p]. This strategy helps ensure that

the imputed labels Yi reflect the true underlying pattern of interest – such as the severity of disability

– rather than arbitrary or spurious groupings. It also significantly improves the convergence speed

of the EM-GVA algorithm. The theoretical impact of the initial supervised estimator θ̃ on the final

estimator θ̂ is rigorously analyzed in Section 3. In brief, the influence of θ̃ diminishes with each EM

iteration and ultimately vanishes. As a result, as long as θ̃ is reasonably accurate (i.e., consistent), its

potentially large error – due to limited labeled data – does not affect the convergence rate of θ̂.

A key advantage of adopting a random effects model for ZZZ is that it allows the model to derive

embeddings and predict Y for a future subject with his/her observed XXXnew and baselineUUUnew. We

propose to estimate γnew = P(Ynew = 1|XXXnew,UUUnew) as

γ̂new = γGVA(xxxnew, uuunew; θ̂) :=
exp{Q(1)(xxxnew, uuunew, θ̂)}

exp{Q(1)(xxxnew, uuunew, θ̂)}+ exp{Q(0)(xxxnew, uuunew, θ̂)}
,

where θ̂ is our final SCORE estimator of θ,Q(y)(xxxnew, uuunew, θ̂) = J (̂θ, ζ̂
(y)

new;XXXnew,UUUnew, y),

ζ̂new = (m̂mm(y)
new, ŝss

(y)
new) = argmaxζ(y):n|VVVT

j mmm
(y)
new|≤KM

√
log(p/q) J (̂θ, ζ̂

(y)
). Consequently, the em-

bedding of this new patient can be constructed as

ÊEEnew = (1− γ̂new)ÊEE
(0)

new + γ̂newÊEE
(1)

new

where ÊEE
(0)

new = BBB(1,UUUnew, 0)T + m̂mm(0)
new and ÊEE

(1)

new = BBB(1,UUUnew, 1)T + m̂mm(1)
new.

3 Theoretical Analysis

In this section, we present the theoretical convergence results for the proposed SCORE estimator,

beginning with the necessary notation and assumptions. For any vector aaa = (a1, . . . , ap)T ∈ Rp,

we denote by ‖aaa‖∞ = max1≤j≤p |aj|, ‖aaa‖r =
∑p

j=1 |aj|r for r ∈ (0, 1], and ‖aaa‖2 =
√∑p

j=1 |aj|2
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. For any matrix AAA = [aaa1, . . . , aaap1 ]T ∈ Rp1×p2 with aaaj ∈ Rp2 , we define the F-norm ‖AAA‖F =
√∑p1

j=1 ‖aaaj‖22, ‖AAA‖r,∞ = maxj∈[p1] ‖aaaj‖r for r > 0, and use λmin(AAA) and λmax(AAA) to denote the

smallest and largest eigenvalue of AAA. For two sequences an and bn, we denote by an < ∞ if an is

bounded by some constant, an = O(bn) if limn→∞ |an/bn| < ∞, an = o(bn) if limn→∞ an/bn =

0, and an = oP(bn) or an = OP(bn) if an = o(bn) or an = O(bn)with a probability approaching

1. We use an " bn to denote an ≤ Cbn for some constant C > 0, and use an 5 bn to denote

C ≤ an/bn ≤ C′ for some constants C,C′ > 0.

Let θ0 = {BBB0 = (BBB1,0,BBBU,0,BBBY,0),Λ0, bbb0} denote the true (population-level) value of the

model parameters θ = {BBB,Λ, bbb}. Define that

Err(θ) = max{‖(BBB− BBB0)T‖2,∞, ‖BBBT
Y,0Λ−1

0 (Λ − Λ0)‖2, ‖bbb− bbb0‖2},

and the signal-to-noise ratio (SNR) level ψ2 := BBBT
Y,0Λ−1

0 BBBY,0. We introduce function Err(·) to

measure the convergence error of an estimator. Here, we only consider one particular projection of

Λ − Λ0 instead of the whole matrix since this projection BBBT
Y,0Λ−1

0 (Λ − Λ0) is already sufficient to

characterize the error in the predictor γ̂i. The SNR parameter ψ reflects the relative strength of the

association between Yi and XXXi compared to the variation of the random effectWWWi. It is important in

characterizing the contraction of the EM algorithm as well as the error rate of the SCORE estima-

tor. We consider the regime thatN, p and q diverge alone with n → ∞. In addition to the model

assumptions introduced in Section 2.1, we also require the following regularity assumptions.

Assumption 1. (i) The baseline covariate UUU has a compact domain and continuous differentiable

probability density function. (ii) It holds that {λmin(E[#UUUY#UUU
T

Y])}−1 <∞ and λmax(E[#UUUY#UUU
T

Y]) <∞.

Assumption 2. (i)
√
q/pVVV is orthonormal and ‖VVV‖2,∞ ≤ CV, where CV is a positive constant. (ii)

BBB0 ∈ ΩB defined in (2.4). (iii) 0 < κ−1 ≤ λmin(Λ0) ≤ λmax(Λ0) ≤ κ, where κ is a positive finite
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constant. (iv) ‖bbb0‖2 ≤ Cπ, where Cπ is a positive finite constant.

Assumption 3. We treat p/q as the benchmark dimensionality parameter, and assume that n 5

(p/q)η1 , q 5 (p/q)η2 , and N 5 (p/q)η3 for some η1 > 0, η2 > 0 and η3 > 0. Also assume

that q = o({p/ψ}1/2−ε) for some arbitrarily small ε > 0 , q = o(n/ψ2), and n = O(N), where

ψ2 = BBBT
Y,0Λ−1

0 BBBY,0 is the SNR.

Remark 2. Assumption 1 imposes standard regularity conditions on the baseline covariate U in view

of the classic theory forM-estimation Van der Vaart (2000). The incoherence condition ‖VVV‖2,∞ ≤ CV

in Assumption 2 has been commonly used in the literature of matrix completion and factor analysis

(Candès et al., 2011, e.g.). It essentially asserts that the column vectors are not too ”aligned” with the

standard basis vectors, ensuring that no single entry of the matrix disproportionately influences the ma-

trix’s low-rank structure. Under this assumption, the q latent factors exert a comparable total influence

on the p codified features in XXX, implying that the ratio p/q, our benchmark dimensionality, quantifies

the average number of codified features influenced by each latent factor.

Remark 3. In Assumption 3, we allow the number of latent factors, q, to grow at a polynomial rate

with respect to n and p. Specifically, q may increase slightly slower than n and p1/2. While most exist-

ing theoretical results on latent factor models (e.g., Zhang et al., 2020; Chen et al., 2019) and Gaussian

variational approximation (GVA) methods for Poisson data (Hall et al., 2011a) assume a fixed q, our

setting permits a diverging number of latent factors. This relaxation is particularly relevant in EHR

studies, where an increasing number of codified features in XXX often reflects more complex and com-

prehensive disease conditions – naturally requiring a larger latent space for accurate representation.

However, theoretical analysis under the regime q → ∞ is significantly more challenging than in the

fixed-q case. The main technical difficulty arises from the term VVV+
j (BBB#UUUY +WWW) inside the exponential

link, which complicates the control of the associated stochastic processes. We address this challenge using

tools from high-dimensional empirical process theory.

45



Remark 4. It is not hard to show that when q → ∞ under Assumption 3 and all entries in the

coefficient matrix BBB0 are generated independently from the standard normal distribution, both the

condition BBB0 ∈ ΩB in Assumption 2(ii) and the SNR condition ψ2 > Cψ used in Lemma 1 will hold

with the probability approaching 1 for any constant Cψ > 0. This illustrates our assumptions on BBB0 are

reasonable.

We start from presenting the error rate for the supervised estimator θ̃.

Theorem 1 (Preliminary supervised estimation). Under Assumptions 1–3, we have

Err(̃θ) = OP

(
ψq1/2

n1/2
+

ψq2−ε

p1−ε

)
= oP(1).

The first term ψq1/2/n1/2 of Err(̃θ) comes from the original empirical log-likelihood !L(θ). The

second term ψq2−ε/p1−ε reflects the approximation error introduced by the GVA and is approxi-

mately of order p−1 when q is small. This behavior is conceptually aligned with the convergence rate

established for GVA in repeated measurement models (with q = 1) (Hall et al., 2011a).

Compared with Chen et al. (2019), where q is fixed,VVV is fully estimated,WWWi’s are treated as fixed

parameters with no covariates, our supervised rate is roughly proportional to n−1/2 + p−1, poten-

tially faster than their n−1/2 + p−1/2 rate when p = o(n) due to borrowing knowledge from external

pre-trained embeddings. In the EHR setting, where the feature dimension p is large and the labeled

sample size n is relatively small, the error Err(̃θ) is typically dominated by the component associated

with limited labeled data. Consequently, the supervised estimator θ̃ can suffer from substantial es-

timation error, limiting its reliability in high-dimensional, label-scarce environments. In contrast,

the semi-supervised estimator θ̂ leverages both labeled and unlabeled data to improve estimation ac-

curacy. We now derive its convergence rate and demonstrate how the additional information from

unlabeled data mitigates the impact of small n. To this end, we first establish a key lemma character-

izing the convergence behavior of the EM algorithm.
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Lemma 1 (Linear contraction). Recall that θ̂[t] is the estimator after the t-th iteration in the EM

algorithm. Under Assumptions 1–3, there exists some constant Cψ > 0 such that when the SNR ψ2 :=

BBBT
Y,0Λ−1

0 BBBY,0 > Cψ and Err(̂θ[t]) = oP(ψ−1),

Err(̂θ[t+1]) ≤ {ν+ oP(1)}Err(̂θ[t]) + OP

(
ψq1/2

N1/2 +
ψq2−ε

p1−ε

)
, t = 0, 1, . . . ,T,

for some constant ν ∈ (0, 1).

Lemma 1 implies that θ̂[t] obtained in each iteration t of the EM algorithm converges to the truth

θ0 with its error decaying linearly. The SNR condition ψ2 > Cψ requires that the mean difference

between ZZZi | Yi = 1 and ZZZi | Yi = 0 is sufficiently large compared to the variance of the random

effectWWWi. This condition is crucial for the contraction property of EM and similar assumptions

have been used in existing convergence analyses of the EM algorithm (Balakrishnan et al., 2017;

Cai et al., 2019). The linear contraction process in Lemma 1 also requires the error of the initial

estimator θ̂[0] to be moderately small.

Leveraging Theorem 1 and Lemma 1, we then establish the convergence rate of the SCORE es-

timator θ̂ in Theorem 2. In specific, Theorem 1 implies the consistency of θ̃ used to initiate the EM

algorithm and Lemma 1 indicates that the error of the initial θ̃ can vanish through the EM proce-

dures.

Theorem 2 (Convergence of SCORE). Under Assumptions 1–3, there exist some constants Cψ,D >

0 such that when ψ2 > Cψ and T > D log(N/n),

Err(̂θ) = OP

(
ψq1/2

N1/2 +
ψq2−ε

p1−ε

)
.

Compared with the supervised θ̃, θ̂ is still subject to the GVA error ψq2−ε/p1−ε but has a much

faster convergence rate in its first part ψq1/2/N1/2 asN , n. In fact,N is more than a hundred
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times of n in our EHR application example. It is also important to note that Err(̂θ) is free of the

influence from the label size n as long as n is sufficient to ensure that Err(̂θ[0]) = Err(̃θ) = oP(ψ−1),

which is easy to justify by combining Assumption 3 and Theorem 1.

Finally, we presents Corollary 1 for the convergence rate of the predicted probability γ̂new for

a new subject. Different from the error rate of θ̂, the second error term of γ̂new is proportional to

p(1−ε)/2 but not p1−ε. This is because errors in the GVA terms m̂mm(0)
i and m̂mm(1)

i has first-order influence

on γ̂i but only second-order influence on θ̂.

Corollary 1 (Convergence of the predicted probability). Under all assumptions in Theorem 2,

γ̂new − P(Ynew = 1|UUUnew,XXXnew) = OP

(
ψq1/2

N1/2 +
q1−ε

p(1−ε)/2

)
.

4 Simulation

4.1 Setup and BenchmarkMethods

We first evaluate the performance of SCORE estimators and compare it with existing methods with

respect to both estimation and prediction accuracy using simulated datasets. For data generation, we

setVVV = cṼVV(,1:q) where ṼVV is obtained by the eigen-decomposition Σ̃ = ṼVVΛ̃ṼVVT
on the auto-regressive

matrix Σ̃ = (0.5|i−j|)i,j∈[p], and c > 0 is specified such that
√

q/pVVV is orthonormal. We then set

the true Λ = 4(0.1|i−j|)i,j∈[p] and BBB = (0 ∗ 111q, 0.2 ∗ 111q, 0.8 ∗ 111q), and generateWWWi ∼ N (000q,Λ),

Ui ∼ Poisson(2), Yi ∼ expit(−0.2 + 0.5Ui), ZZZi = VVV(BBB#UUUYi +WWWi), and XXXi ∼ Poisson(eZZZi) from

the PLNmodel. We randomly choose n samples to have observed Yi, with the remaining unlabeled.

To study the behavior of the optimization algorithm and assess SCORE’s robustness to vari-

ous model specifications, we vary the following generative parameters: (a) the labeled size n =

50, 100, 200, 400; (b) the full sample sizeN = 1000, 2000, 5000, 10000; (c) the number of can-

didate features p = 100, 200, 400, 800; (d) the rank of latent embedding q = 10, 20, 40, 80;
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and (e) the specification of #UUUY. To simulate the presence of unobserved factors beyond Yi andUi

that contribute to XXXi, we introduce a setting in which the proposed model is slightly mis-specified.

Specifically, we include an additional latent variable Ci ∼ Ber(0.4) and define ZZZi = ṼVV(B̃BBD̃DDi +WWWi)

with D̃DDi = (1,Ui,Yi,Ci)+. We then construct two versions of the extended loading matrix B̃BB to

reflect different signal strengths: (i) weak signal with B̃BB = (BBB, 0.2 ∗ 111Tq); and (ii) strong signal with

B̃BB = (BBB, 0.6 ∗ 111Tq). (f) Subsequently, we generate XXXi from zero-inflated Poisson with proportion of

zero inflation of 0.05 and 0.1.

For comparison of parameter estimates, we considered both the supervised (sup) and semi-

supervised (semisup) version of SCORE. The supervised SCORE is only fit on the small number

of data with labels, whereas the semi-supervised SCORE utilizes both the labeled data and unla-

beled data as proposed. We additionally considered two methods: (i) two-step SVD (Zhang et al.,

2020), which was proposed for exploratory item factor analysis (IFA) for binary item response

data, but here adopted for Poisson data (details described in Supplementary Material 5), (ii) varia-

tional inference for probabilistic Poisson PCAmodel (Chiquet et al., 2018). The difference between

the model assumptions and optimization methods are summarized in Table 3.1. We use the rela-

tive F-norm errors of the estimation of BBB and Λ, defined as err(B̂BB,BBB) = ||B̂BB − BBB||F/||BBB||F and

err(Λ̂,Λ) = ||Λ̂ − Λ||F/||Λ||F. In addition, we evaluate the quality of the patient preresentation

using cosine similarity of the predicted patient embedding with the true underlying patient embed-

ding. We report the average classification performance of the predicted P(Y | XXX,UUU) against the

true outcome Y based on the area under the receiver operating characteristics curve (AUC) and area

under the precision-recall curve (PRAUC). All results are summarized based on 200 simulations in

each setting.
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Method WWW random known VVV IL used IU used # model params. # var. params.

Chique2018 yes no yes no dp+ pq 2nq

Zhang2020 no no yes no dp+ pq /

SCORE(sup) yes yes yes no dq+ q 2nq

SCORE(semisup) yes yes yes yes dq+ q 2Nq

Table 2.1: Summary of the methods under comparison.

4.2 Results

Parameter Estimation We first investigate how relative F-norm errors of model parameters

change with varyingN, n, p, q. As expected, with p , q, increasing the sample size of the labeled

data (n) reduces the error for both the supervised and semi-supervised methods, while increasing the

sample size of unlabeled data (N) only reduces the error for our semi-supervised SCORE (Figure

2.1). Specifically, when p = 400 and q = 20, withN = 5000, increasing n from 50 to 400 decreases

the relative error of BBB from supervised SCORE from 0.72 to 0.30, while semi-supervised SCORE

achieves an even lower error, decreasing from 0.12 to 0.10. In contrast, increasingN from 1000 to

10000 for fixed n = 50 improves semi-supervised SCORE performance, reducing error from 0.21

to 0.08, while supervised SCORE remains unchanged.

Figure 2.2 shows the change in relative F-norm error with varying p, qwhenN = 5000 and

n = 100. We observe that as q/p → 0, errors for supervised SCORE do not converge to 0 due to

the insufficient sample size, whereas errors for semi-supervised SCORE converge to 0 as expected.

Specifically, when p = 400 and q = 10, the relative error for estimation of BBB from supervised

SCORE remains at 0.58, whereas the error for semi-supervised SCORE reduces to 0.08.
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Patient Representations Next, we investigate the mean cosine similarity between the true

patient representation EEEi and the estimated ÊEEi =
{
(1− γ̂)ÊEE

(0)

i + γ̂ÊEE
(1)

i

}
where ÊEE

(0)

i = BBB(1,UUUi, 0)T+

m̂mm(0)
i and ÊEE

(1)

i = BBB(1,UUUi, 1)T + m̂mm(1)
i . The results with varyingN and nwith p = 400 and q = 20

are shown in Figure 2.3. The patient-level embeddings generated with semi-supervised SCORE have

the highest cosine similarities with the truth, outperforming its supervised counterparts ad other

methods. For instance, whenN = 1000 and n = 50, the cosine similarity for semi-supervised

SCORE reaches 0.91, compared to 0.88 for supervised SCORE and only 0.78 for Chiquet et al.

(2018).

Classification performance In addition, we compare the classification performance of our

methods versus the others. Figure 2.4 shows the area under the ROC curve (AUC) and the area

under the precision-recall curve (PRAUC) of our method and its comparators’ robustness with var-

ious generative model specifications, along with the standard deviation from 200 simulations. We

can observe that (a) As expected, increasing the size of labels improves predictive performance for

supervised and semi-supervised methods. (b) Unsurprisingly, our semi-supervised SCOREmethod

singularly benefits from an increase in the size of unlabeled set. (c) Our method is more advanta-

geous when p is large. (d) Our method is robust to different q as long as q is small relative to p. (e)

Performance of our method deteriorates with stronger misspecification but still outperforms the

other methods. (f) As the proportion of zero inflation increases, modeling the counts as a Poisson

distribution becomes slightly less advantageous.

5 Application in Phenotyping of Disability forMS Patients

We applied the proposed method to phenotype disability status in 16,091 patients with multiple

sclerosis (MS) using electronic health record (EHR) data fromMass General Brigham (MGB). The

dataset includes both codified data – such as diagnoses, medications, and procedures – and narrative

51



Figure 2.1: Relative R‐norm error for estimation of BBB and Λ for various methods. ||B̂BB − BBB||F/||BBB||F and
||Λ̂ − Λ||F/||Λ||F with varyingN, n, fixed p = 400, q = 20.

clinical notes, which were converted into structured clinical concept identifiers (CUIs) via natural

language processing (NLP).

Disability is a key indicator of MS progression and its impact on daily life, making it essential for

timely intervention and effective management. However, because disability measures are not rou-

tinely captured in electronic health records (EHRs), their utility for research and clinical decision-

making is limited. To address the absence of routinely recorded disability measures in EHRs, we

leverage a disease registry linked to EHR data to infer disability status from the rich clinical informa-

tion captured during routine care. The registry includes two validated indicators of disability: the

clinician-assessed Expanded Disability Status Scale (EDSS), ranging from 0 to 10, and the patient-

reported Patient-Determined Disease Steps (PDDS), ranging from 0 to 8. Patients with EDSS≥

5 or PDDS≥ 4 were categorized as having a high level of disability (Y = 1); otherwise, they were
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Figure 2.2: Relative F‐norm error for estimation of BBB and Λ for various methods. ||B̂BB − BBB||F/||BBB||F and
||Λ̂ − Λ||F/||Λ||F with varying p, q, fixedN = 5000, n = 100.

Figure 2.3: Cosine similarity of predicted patient embeddings from various methods, with p = 400, q = 20.

labeled as having a low level of disability (Y = 0). Our objective was to use EHR data to pheno-

type binary disability status at each clinical visit, using PDDS as the primary guide. By leveraging

both structured variables and NLP-derived features from clinical notes, we aimed to identify patient

clusters that not only capture meaningful distinctions in PDDS-defined disability but also corre-
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Figure 2.4: Classification performance under various generative settings for different methods. When one generative
parameter is varied, the others are fixed at n = 100,N = 5000, p = 200, q = 20 with correct model specifications.

spond strongly with the alternative EDSS measure which is more commonly used in clinical trials

vanMunster & Uitdehaag (2017). Furthermore, we sought to learn patient embeddings from the

algorithm that are predictive of future disability progression, enabling clinically useful stratification

beyond the labeled data.

We included EHR features relevant to the diagnoses of multiple sclerosis diagnosis or disability

using the online narrative and codified feature search engine (Xiong et al., 2023). For each visit, we

aggregate feature counts within a 6-month window before and after the visit to construct the feature

matrix XXXonce. In addition, we manually selected five features relevant to disability XXXman: wheelchair,

weakness,mental health, dalfampridine and speech and language disorder to assist in the prediction
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of disability status. We then obtained the embeddings of all selected concepts XXX = (XXXman,XXXonce)

denoted by EEE, through multi-source representation learning which leverages information from

both EHR data as well as contextual embeddings for the textual descriptions of the clinical con-

cepts Xiong et al. (2023). We applied singular value decomposition (SVD) to the feature-level em-

bedding matrix and got ṼVV ∈ Rp×q as the first q left singular vectors. For our model, we specified

VVV = [(III5, 000)T, ṼVV].

We compared the performance of our method with other existing methods for the classification

of disability status based on the EDSS and PDDS scores. We considered five methods as bench-

marks: (1) Lasso, (2) Random Forest, (3) XGBoost, (4) supervised fully connected neural network

(NN(sup)), (5) variational autoencoder (NN(VAE)). For Lasso, random forest and XGBoost, the

only output is the predicted score. For the two neural network based models, we obtained both the

predicted score and the low-dimensional patient embeddings for downstream tasks. We trained each

model using n = 50, 100, 150, 200 labeled samples, and validated the models based on ntest = 500

labeled samples. Figure 2.5A shows the performance of each model with varying training sizes. The

semi-supervised SCOREmethod achieves the highest AUC and PRAUC, along with the lowest

Brier score, particularly when the labeled sample size is small (n = 50, 100). As the labeled sample

size increases, all methods show comparable performance. Notably, SCORE consistently yields the

lowest standard errors across all metrics by effectively leveraging the large pool of unlabeled data

during training.

We further evaluated whether models trained using PDDS-based labels could generalize to pre-

dicting EDSS-defined disability status. Notably, our method outperformed alternative approaches

in this cross-outcome evaluation (Figure 2.5B), indicating stronger generalizability and an improved

ability to capture the true underlying disability status across both patient-reported and clinician-

assessed scales. A key strength of our approach lies in its ability to generate low-dimensional patient

embeddings that encode clinically meaningful information. To assess their utility beyond the initial
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classification task, we used embeddings trained on current PDDS-based disability status to predict

future disability progression. Specifically, we trained a logistic regression model to predict disability

status two years later, using baseline embeddings (or predicted scores for methods that do not pro-

duce embeddings). Cross-validation results, shown in Figure 2.5C, demonstrate that our method

achieved the highest AUC and PRAUC and the lowest Brier score, highlighting its robustness and

value for downstream tasks such as long-term patient stratification.

Figure 2.5: Classification performance with varying n for phenotyping of disability for MS patients at MGB. PDDS:
trained and validated using disability status based on PDDS, PDDS‐EDSS: trained using disability status based on PDDS
and validated on EDSS‐based labels.
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6 Discussion

This paper introduces SCORE, a semi-supervised representation learning framework that models

high-dimensional EHR data using a novel Poisson-adapted latent factor mixture model and pre-

trained code embeddings to generate informative patient phenotypes. By combining a hybrid EM-

GVA algorithm with theoretical guarantees, SCORE leverages unlabeled data to improve prediction

accuracy and embedding quality, outperforming existing methods in both simulations and a real-

world application.

Theoretical results on low-rank Poisson models have been limited, often under the restrictive as-

sumption that the rank is either one (Hall et al., 2011b,a) or fixed (Zhang et al., 2020; Chen et al.,

2019). In contrast, we establish the error rate of our EM-GVA algorithm considering a diverging

number of latent factors, a scenario more suited to the complexities of EHR data. Our theoretical

analysis not only addresses a critical gap in VI for low-rank Poisson models but also provides insights

on the GVA error analysis in other contexts, which is necessary due to its potential flaws including

slow optimization convergence and poor capture of the true posterior in certain scenarios (Yao et al.,

2018). Moreover, by modeling the generative process XXX | Y, SCORE is robust to label noises, al-

lowing observed Yi to serve as a noisy proxy for latent cluster membership, as seen in conditions like

MS where PDDS and EDSS provide complementary but imperfect views of disability severity. The

clustering-based framework permits flexible initialization, where any consistent supervised estimator

suffices without affecting the final error rate, enhancing generalizability across clinical outcomes.

Although SCORE is developed within the Poisson distribution framework, the framework is

generalizable to other distributions such as negative binomial or zero-inflated distributions (Batardière

et al., 2024), which may offer improved flexibility for handling over-dispersed data. The current

SCORE algorithm focuses on a single binary outcome Y, it is also feasible to extend the method-

ology to support multiple outcomes and a wider range of clinical outcomes, including continuous

57



and categorical variables, to broaden its applicability across diverse medical settings. In our real EHR

application, we refined the construction ofVVV to incorporate several EHR concepts known – based

on domain knowledge – to be strongly associated with the disability outcome of interest. This ad-

justment illustrates the importance of modeling both low-rank and sparse structures, as similarly ad-

dressed in the Factor Augmented Sparse Throughput (FAST) algorithm (Fan &Gu, 2024). When

influential features are known a priori, our framework flexibly accommodates additional factors

inVVV to represent these strong signals. In contrast, when such features are unknown, introducing

a sparse mean component in the latent layer offers a promising strategy for adaptively capturing

underlying sparse structure. Developing a more principled approach to incorporating these sparse

components may further enhance the model’s ability to identify and leverage key predictors or sur-

rogate features. Moreover, when the true and external factor structures diverge substantially, espe-

cially in heterogeneous populations, methods that go beyond rescaling eigenvalues may be needed

to capture the latent structure more fully. Together, these directions suggest a rich landscape for

extending the current model to address a wider variety of data types and clinical contexts.
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Age-Specific Outcome-guided

Representation Learning for Patient

Clustering with EHRData

1 Introduction

Patient stratification using electronic health record (EHR) data has become an important tool in

precision medicine, particularly for diseases with substantial heterogeneity in presentation and

progression. One notable example is Alzheimer’s disease (AD), where disease manifestation and

trajectory can vary widely across patients (Badhwar et al., 2020). Stratifying patients into clinically

meaningful subgroups based on their EHR profiles holds promise for improving risk prediction,

treatment planning, and understanding disease mechanisms.

Recent work has applied unsupervised clustering techniques to EHR data to identify AD sub-

types that correlate with clinically relevant outcomes such as institutionalization or mortality (Wang

et al., 2024; Zhou et al., 2025). While these approaches have shown promise, a key limitation is that

clustering is performed without reference to the outcomes of interest. As a result, the learned clus-

ters may reflect general patient characteristics-such as age or comorbidity burden-that are predictive

in a broad sense but may not align with disease-specific clinical heterogeneity. In particular, age is a

strong and pervasive predictor of health outcomes in AD, and clustering the full population with-

out accounting for its effects may yield groupings that are primarily driven by age-related differences
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rather than distinct clinical subtypes.

Moreover, the effect of age in AD is not simply a nuisance factor to be adjusted for-it is an intrin-

sic axis of heterogeneity. The presentation, progression, and comorbid profiles of AD patients can

differ substantially by age (Dickerson et al., 2017). Clustering the full patient population without

accounting for these differences risks conflating distinct age-related patterns, potentially obscur-

ing meaningful subtypes. At the same time, performing entirely separate clustering within each

age group may fail to capture common structure and can lead to unstable estimates in strata with

limited sample sizes. Thus, there is a critical need for methods that can identify patient clusters char-

acterized not only by distinct EHR profiles and differential survival risk, but also by patterns that

flexibly reflect both shared and age-specific structure.

A variety of existing methods have addressed aspects of this problem, but none fully resolve it in

the high-dimensional EHR context. Classical methods such as Gaussian mixture models (GMM)

and k-means, perform well in low-dimensional settings. For high-dimensional EHR data, extensions

such as sparse k-means (Witten & Tibshirani, 2010) have been developed to improve interpretability

and robustness. However, these unsupervised approaches do not explicitly consider clinical out-

comes, and thus the resulting clusters may be poorly aligned with downstream prediction or clinical

utility. Other work has instead focused on clustering based on the outcome, particularly survival

outcomes. For instance, models like those in (Chapfuwa et al., 2020; Nagpal et al., 2021) group

patients by their survival trajectories. While informative, these approaches often ignore the rich

information in EHR covariates and are limited to patients with observed outcomes, precluding pre-

dictions for those with censored or missing data. More flexible frameworks, such as mixture models

for censored outcomes incorporating covariates (Liverani et al., 2021), have been proposed but are

typically not scalable to the high-dimensional setting of EHR data.

Several methods have sought to jointly model covariates and outcomes. These include mixture

models where outcome distributions depend on covariate-driven component probabilities (DeSan-
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tis et al., 2008; Houseman et al., 2006), and joint modeling approaches for survival and longitudinal

data (Tsiatis & Davidian, 2004; He et al., 2015; Sun et al., 2019). More recently, outcome-guided

clustering methods have emerged for high-dimensional data. For example, Li et al. (2024b) and

Meng &Huo (2025) develop Gaussian mixture models with sparsity that incorporate outcome in-

formation. While promising, these methods rely on sparsity assumptions- selecting a small subset

of relevant features-and assume Gaussian data distributions. These assumptions may not hold for

EHR data, where many features are often correlated, and jointly weakly informative.

In such settings, representation learning provides an appealing alternative. Rather than selecting

a subset of features, representation learning aims to transform high-dimensional data into compact,

low-dimensional embeddings that preserve clinically relevant information (Bengio et al., 2013). For

example, Chapter 2 introduced a Poisson-Adapted Latent factor Mixture model for EHR data, en-

abling the use of learned low-rank patient representations for outcome-agnostic clustering. Building

on this framework, we adopt a representation learning approach that captures underlying structure

across a large number of correlated features, while incorporating survival outcomes during cluster-

ing.

Importantly, previous models do not take into account of the age-group heterogeneity. To ad-

dress this, we draw on the multitask learning (MTL) framework, which enables shared learning

across related groups. MTL improves generalization by leveraging common patterns across tasks

while allowing for task-specific variations. Classic MTL approachs, such as those proposed by Ando

et al. (2005) and Yang et al. (2009), introduce regularization strategies that couple task-specific mod-

els through shared representations or constraints. Extensions to high-dimensional data have incor-

porated sparsity or low-rank decompositions to identify features that are predictive across some or

all tasks (Chen et al., 2011; Tang & Song, 2016; Asiaee et al., 2019; Duan &Wang, 2023). These

ideas have been applied across domains, including biomedical applications, where multitask formu-

lations help address heterogeneity across populations, institutions, or time (Daniels et al., 2021; Li
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et al., 2023; Wiens et al., 2016).

In this work, we propose age-SpecificOutcome-guided representation Learning for pAtient

clusteRing (SOLAR), a novel outcome-guided clustering framework that integrates high-dimensional

EHR features with time-to-event outcomes, while explicitly modeling age-related heterogeneity.

SOLAR jointly learns clusters across age groups using shared representations, while allowing for

age-specific flexibility where supported by the data. This approach balances the stability and statis-

tical efficiency of global clustering with the interpretability and clinical relevance of age-stratified

patterns. Through this structure, SOLAR yields clinically meaningful patient subgroups that are

characterized by distinct EHR profiles and survival risks, offering improved stratification for hetero-

geneous diseases such as AD.

The rest of the paper is organized as follows: In Section 2, we present our SOLARmodel along

with the estimation algorithm. In Section 3, we conduct simulation studies to compare the perfor-

mance of the proposed model with existing approaches and conducted ablation studies. In Section

4, we apply our method to stratification of AD patients fromUniversity of PittsburghMedical Cen-

ter (UPMC). In Section 5, we conclude with a discussion.

2 Methods

2.1 Model Set-up andObjective

LetD = {(XXXi,UUUi,TTTi,Gi) : i = 1, · · · , n} be our dataset, where Xij represents the counts of

jth EHR feature (e.g. ICD code, NLPmentions, etc) of ith patient , XXX = (XXX1, · · · ,XXXn)T and

XXXi ∈ Rp. Uid denotes the dth demographics or healthcare utilization feature of ith patient,UUU =

(UUU1, · · · ,UUUn)T andUUUi ∈ Rm. Additionally, let T∗
io denotes the underlying time to the oth outcome-

of-interest for each patient i. We considered random right censoring time TC
io. We observe {Tio =

min(T∗
io,TC

io), δio = I(T∗
io < TC

io)}, TTTi = (Ti1, · · · ,Tio, δi1, · · · , δiO) ∈ R2O. LetGi ∈ {1, · · · ,G}

63



denotes the age group of ith patient where the age groups are assumed to follow a natural sequential

ordering (e.g., from youngest to oldest). LetK denotes the number of underlying cluster assumed to

be known, and Yi ∈ {1, · · · ,K} denote the underlying cluster membership. We assume that each

patient’s cluster membership (subtype)

Yi | UUUi,Gi = g ∼ Cat(πg1i, · · · , πgKi), πgyi =
exp(agy + bbbTgyUUUi)

∑K
l=1 exp(agl + bbbTglUUUi)

, y = 1, · · · ,K

Wemodel the observed data through two submodels: an EHR count submodel and a survival

submodel for the outcome:

EHRCount Submodel We introduceVVVp×q as the pre-trained embeddings for the p EHR con-

cepts, capturing prior knowledge on the latent structure of XXX. For identifiability, we assume that
√
q/pVVV is orthonormal. We consider an age-specific Poisson-adapted Latent Factor Mixture (AS-

PALM) model:

XXXi | ZZZi ∼ Poisson(eZZZi), Xij | Zij indep. ,

(ZZZi | UUUi,Yi = y,Gi = g) = VVVZZZlr
i + Δsparse

i

where
ZZZlr
i = UUUT

i BBB0 + BBBy +WWWi , WWWi ∼ N (000q,Λg)

Δsparse
i = UUUT

i CCCg0 + CCCgy

where expit(v) = ev/(1 + ev). The latent layer ZZZ is composed of a low rank component

VVVZZZlr and a sparse component Δsparse. In the low-rank component, the coefficient matrix BBB =

(BBB0,B1, · · · ,BK) ∈ R(m+K)×q encodes the intercepts of each cluster and the effect of baseline co-

variates in the latent factor model, and is assumed to be shared across all age groups. The random ef-

fectWWW captures individual variability, improving the predictive accuracy of Y | XXX,UUU for future pa-

tients not included in the observed data. The positive definite symmetric Λg ∈ Rq×q are age-variant
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parameters of interest. In the sparse component, the coefficients CCCg = (CCCg0,Cg1, · · · ,CgK) ∈

R(m+K)×p capture the additional signal from a few features that may have extremely strong effect

on top of the low-rank effect. To encourage the sparsity and smooth change of such effect over age,

borrowing from the extensive literature on high-dimensional regression, we consider the lasso and

the fused lasso regularizer:

G∑

g=1

m+K∑

k=1

p∑

j=1
|CCCgkj| < s1, and

G−1∑

g=1

m+K∑

k=1

p∑

j=1
|CCC(g+1)kj − CCCgkj| < s2

where s1 and s2 are two tuning parameters.

Lasso encourages overall sparsity in the active (contributing) predictors in each age group; the

fused lasso regularizer encourages a notion of persistence or contiguity in the sets of active predic-

tors across time points. The justification is based on the scientific intuition that predictors that are

clinically important should have similar effects at successive age groups.

Survival Submodel For the survival submodel, we implemented two commonly used models

for survival analysis: (1) the Weibull mixture model and (2) Mixture of Cox proportional hazards

model.

WeibullMixtureModel: following approach similar to Liverani et al. (2021). We assume that

givenUUUi and Ci for patient i, the uncensored survival time of outcome o ∈ {1, · · · ,O} follows the

Weibull distribution given by

Weibull
(
softplus(UUUT

i AAAog0 + Aogy), κog
)

where softplus(x) = log(1+ exp(x)), κgo is the shape parameter and AAAog = (AAAog0,Aog1, · · · ,AogK),

AAAo = (AAAo1, · · · ,AAAoG) are the cluster-specific survival parameters. Here softplus(UUUT
i AAAog0+Aogy) cor-

responds to the scale parameter of the Weibull distribution. We assume that the shape parameter κ is
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global. TheWeibull(λ, κ) has probability density function of p(x; λ, κ) = κ
λ
( x
λ
)κ−1 exp{−

( x
λ
)κ}

for x ≥ 0. Adjusting for right-censoring yields the following distribution:

P(Tio | UUUi,Yi = y,Gi = g) = P(Tio; λogy(UUUi), κog)δiS(Tio | UUUi,Yi)1−δi

=

[
κog

λogy(UUUi)

{
Tio

λogy(UUUi)

}κog−1
exp−

{
Ti

λogy(UUUi)

}κog
]δi [

exp−
{

Ti
λogy(UUUi)

}κog]1−δi
,

where λogy(uuu) = softplus(uuuTAAAog0 + Aogy), S(t | uuu, c) =
∫∞
t p(t; λuuuogy, κ) dt is the survival

function. We note that the current model assumes a simplified common covariate effect across all

clusters. It is easy to extend to allow cluster specific interaction term, meaning cluster-specific effects

from demographics or healthcare utilization, when the sample size is sufficiently large.

Cox PHMixtureModel: Conditional on the cluster membership Yi and the age groupGi, the

hazard of individual i for outcome o is modeled as

hi(t | Yi = y,Gi = g) = λogy(t) exp(UUUT
i AAAog)

where λogy(t) is the baseline hazard for cluster k in age group g, and AAAog is the shared effect forUUU in

age group g. The full likelihood is

L(AAAog) =
n∏

i=1
I(Gi = g)[λogy(Ti) exp(UUUT

i AAAog)]
δi exp

(
−
∫ Ti

0
λogy(s) exp(UUUT

i AAAog)ds
)

and the partial likelihood

Lp(AAAog) =
n∏

i=1
I(Gi = g)

{
exp(UUUT

i AAAog)∑
j∈R(Ti) exp(UUU

T
j AAAog)

}δi

.

Joint Probability Distribution Let θ = (θc, θs)with θc = (BBB,CCC,Λ, a, bbb) and θs = (AAA, κ)

withWeibull mixture model and θs = (AAA, λ)with Cox mixture model, the likelihood function can
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be written as

!(θ) =
G∑

g=1
I(Gi = g) log

∫

WWW

K∑

y=1
p(XXXi | WWW, y,UUUi;BBB,CCC)p(WWW;Λ)
︸ ︷︷ ︸

EHR Count Submodel

p(TTTi | UUUi, y;AAA, κ)︸ ︷︷ ︸
Survival Sub−model

p(y | UUUi; aaa, bbb) dWWW

2.2 Variational Approximation Strategy

Evidence Lower Bound To circumvent the computational issue caused by the integral ofWWWi,

we resort to a variational approximation strategy and integrate outWWW under a tractable approxima-

tion of p(WWWi|XXXi,UUUi,Gi,Yi = y), denoted by φ(y)

i (WWWi). For the i-th observation, we approximate

log{p(XXXi,Yi = y|UUUi,Gi; θ)} using

J (y)

i := J (θ, φ(y)

i ;XXXi,TTTi,Yi = y | UUUi,Gi)

:= J (θc, φ(y)

i ;XXXi,Yi = y | UUUi,Gi) + !(θs;TTTi,Yi = y | UUUi,Gi)
(3.1)

where !(θs;TTTi,Yi = y | UUUi,Gi) denotes the log-likelihood of the survival submodel, and

J (θc, φ(y)

i ;XXXi,Yi = y | UUUi,Gi) := log{p(XXXi,Yi = y|UUUi,Gi; θ)}− KL{φ(y)

i (WWWi), p(WWWi|XXXi,UUUi,Gi,Yi = y; θ)}

= Eφ(y)i
log{p(XXXi,WWWi,Yi = y|UUUi,Gi; θ)}− Eφ(y)i

log{φ(y)

i (WWWi)},

where KL(·, ·) represents the KL-divergence between two distributions. Since the KL term is

nonnegative, we haveJ (y)

i ≤ log p(XXXi,TTTi,Yi = y|UUUi; θ) and, thus, callJ (y)

i an evidence lower

bound (ELBO) of the log-likelihood function. The key idea is to properly specify φ(y)

i such that (i)

J (y)

i has a tractable (explicit) form and does not require any numerical integration to compute; and

(ii) the KL-divergence between φ(y)

i and the true posterior distribution ofWWWi can potentially vanish.

Then we could maximize the ELBO as a replacement for log p(XXXi,TTTi,Yi = y|UUUi; θ) to significantly
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reduce the computational burden at a low cost with respect to the statistical efficiency.

Variational Gaussian Approximation LetWWW = (WWW1, . . . ,WWWn)T ∈ Rn×q. For the

construction of each φ(y)

i , we define the set of candidate Gaussian variational approximation (GVA)

densities as

{
φ(y)

i (WWWi) = N (WWWi;mmm(y)

i , SSS(y)i ) : mmm(y)

i ∈ Rq, SSS(y)i = diag(sss(y)i ), sss(y)i ∈ Rq
+, y = 1, · · · ,K

}
,

whereN (WWWi;mmm(y)

i , SSS(y)i ) is the probability density function of the multivariate Gaussian distri-

bution with meanmmm(y)

i and covariance SSS(y)i , diag(·) represents the diagonal matrix of some vector,

andRq
+ denotes the set of q-dimensional vectors with all positive elements. Utilizing the Gaussian

density formation of φ(y)

i , we can derive the explicit form ofJ (θc, φ(y)

i ;XXXi,UUUi,Gi,Yi = y)with

J (θc, φ(y)

i ;XXXi,UUUi,Gi,Yi = y) =
p∑

j=1
XijVVVT

j (BBBTDDD(y)

i +mmm(y)

i ) +

p∑

j=1
XijCCCT

gjDDD
(y)

i (t)−
p∑

j=1
A(y)

ij −
p∑

j=1
log(Xij)

− 1
2
log{det(Λ)}− 1

2
(mmm(y)

i )TΛ−1mmm(y)

i −
1
2
Tr(Λ−1SSS(y)i ) +

1
2
log{det(SSS(y)i )}+ q

2

+ y log{expit(ag + bbbTgUUUi)}+ (1− y) log{1− expit(ag + bbbTgUUUi)}
(3.2)

where

A(y)

ij := Eφ(y)i
exp{VVVT

j (BBBTDDD(y)

i +WWWi)+CCCjDDD(y)T

i } = exp
{
VVVT
j

(
BBBTDDD(y)

i +mmm(y)

i +
1
2
SSS(y)i VVVj

)
+CCCjDDD(y)

i

}
.

and

DDD(y)

i = (UUUi, I(y = 1), · · · , I(y = K))

J (y)

i thus follow. Since φ(y)

i is parameterized by ζ(y)i := {mmm(y)

i , SSS(y)i }, we also denoteJ (y)

i =

J (θ, ζ(y)i ;XXXi,UUUi,TTTi,Gi,Yi = y). The tractable form ofJ (y)

i will be used to construct the objective
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function for θ replacing the intractable log-likelihood of the observed data, which can help remove

time-consuming numerical integration and significantly reduce computational complexity. This is

crucial in large-scale biomedical studies where n and p are typically large.

2.3 PenalizedWeighted Joint Pseudo-Likelihood

We additionally introduce a hyperparameter ρ, which controls the relative contribution from the

EHR count submodel and the outcome submodel. We propose to optimize for the weighted penal-

ized joint Pseudo-likelihood:

J (y)

ρ,λ (θ, ζ
(y)) =

n∑

i=1
J (y)

i,ρ (θ, ζ(y))− Pλ(CCC)

where

Pλ(CCC) =




λ1
G∑

g=1

m+K∑

k=1

p∑

j=1
|CCCgkj|− λ2

G−1∑

g=1

m+K∑

k=1

p∑

j=1
|CCC(g+1)kj − CCCgkj|




 (3.3)

is the the lasso and fused lasso penalties encouraging sparsity and persistence in the coefficients CCC.

A larger value of the tuning parameter λ1 ≥ 0 corresponds to fewer nonzero entries in ĈCC; a larger

value of the tuning parameter λ2 ≥ 0 generally corresponds to fewer change points in the piecewise

constant coefficient trajectories ĈCCkj, across g = 1, · · · ,G. For simplicity in finding the optimal

hyperparameter, we let λ = λ1 = λ2. The weighted pseudo-likelihood (ELBO) for patient i is

defined as

J (y)

i,ρ (θ, ζ(y)) = ρJ (θc, ζ(y)i ;XXXi,UUUi,Gi,Yi = y) + (1− ρ)!(θs;UUUi,TTTi,Gi,Yi = y) (3.4)

Note that the weight ρ has monotonic interpretation in that larger weight means heavier contribu-

tion of outcome association in the joint likelihood. The magnitude of weight, however, does not

have a direct interpretation since the likelihood of outcome association and that of EHR feature
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clustering are not directly comparable. For example, ρ = 0.5 does not mean equal contribution

from outcome association and EHR feature clustering in a theoretical sense.

2.4 Estimation: A hybrid EM-VGA-ADMMalgorithm

In our framework, Yi is unknown, XXXi follow a latent class PLNmodel. To solve for this model, one

common way is the EM algorithm iterating between: (I) E-step: estimating p(Yi = y|XXXi,UUUi,TTTi,Gi; θ)

and imputing empirical version of Ep(Yi|XXXi,UUUi,TTTi;θ) log{p(XXXi,Yi,TTTi|,Gi,UUUi; θ)}; and (II) M-step: up-

date θ by maximizing the imputed log-likelihood function. In both steps, we must deal with the

integral ofWWWi. Moreover, we need to estimateK sets of variational parameters ζ(1)i , · · · , ζ(K)i , for

each unlabeled subject i, corresponding to Yi = 1, · · · ,K respectively. We useMMM = {mmm(y)

i : i ∈

{1, · · · , n}, y ∈ {1, · · · ,K}}, SSS = {SSS(y)i : i ∈ {1, · · · , n}, y ∈ {1, · · · ,K}} and ζ = {MMM, SSS} to

denote the GVA parameters for the unlabeled data. To address the complication mentioned above,

we propose a hybrid latent-class EM and GVA (EM-GVA) algorithm for optimization. Initiating

with some preliminary estimator {θ[0], ζ[0]}, EM-GVA iterates between the following two steps to

obtain the final estimator θ̂:

E-step To estimate p(Yi = y|XXXi,UUUi,Gi,TTTi; θ) for each subject i, we note that

p(Yi = y|XXXi,UUUi,Gi,TTTi; θ) =
p(XXXi,TTTi,Yi = y|UUUi,Gi; θ)∑K
l=1 p(XXXi,TTTi,Yi = l|UUUi,Gi; θ)

.

We use the weighted ELBOJ (y)

i,ρ (θ, ζ(y)) in Equation (3.4) to approximate the computationally

intensive log{p(XXXi,TTTi,Yi = y|UUUi,Gi; θ)} and approximate p(Yi = 1|XXXi,UUUi,TTTi,Gi; θ) as

γiy :=
exp{J (y)

i,ρ (θ, ζ(y))}∑K
l=1 exp{J

(l)

i,ρ (θ, ζ(y))}
, (3.5)

with θ and ζ(y)i plugged in as the estimator at the current iteration.
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M-Step In the M-step, we maximize the empirical approximated version of Ep(Yi|XXXi,UUUi,TTTi,Gi;θ)[log{p(XXXi,Yi |

UUUi,TTTi,Gi; θ)}] as

max
θ,ζ

Oλ(θ, ζ;XXX,UUU,GGG,TTT) = max
θ,ζ

O(θ, ζ;XXX,UUU,GGG,TTT)− Pλ(CCC)

where

O(θ, ζ;XXX,UUU,GGG,TTT) =
n∑

i=1

G∑

g=1
I(Gi = g)

K∑

y=1
γiyJ

(y)

i,ρ (θ, ζ(y);XXXi,UUUi,TTTi,Gi)

We alternatively update θ, ζ using the block-wise gradient algorithm. The algorithm for model

training based on EM+GVA is outlined in Algorithm C5. For simplicity we only showed the algo-

rithm for Weibull mixture model. Details of the algorithn for Cox mixture model can be found in

Appendix 6.1 and the block-wise gradients are provided in Appendix 6.2. For updating CCCwhich

involves optimization for non-differentiable objectives, we considered an ADMM algorithm which

can efficiently handle nonsmooth problems. It breaks a constrained optimization problem into sub-

problems that can be solved efficiently and in parallel. Details of the ADMM algorithm is provided

in Algorithm 2 and the derivations can be found in Appendix 6.3.
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Algorithm 1 EM+GVAAlgorithm for Model Training (Weibull Mixture)
Initialize: θ[0] ← θ̃, ζ[0] ← ζ̃, h← 0
whileChange inOλ > tolerance do

E-step: ComputeJ (θ[h], ζ(y)[h]i ) ∀i ∈ I , y = 1, · · · ,K as (2.3)
γ[h]iy ←

exp{Ji,ρ(θ[h],ζ(y)[h]i )}
∑K

l=1 exp{Ji,ρ(θ[h],ζ(l)[h]i )}
M-step:
π[h+1] ← update using (C52) with γ[h]iy

Set BBB[h,0] ← BBB[h], Λ[h,0] ← Λ[h], ζ[h,0] ← ζ[h],
whileChange inOλ(θ, π[h+1], ζ, γ[h]) > tolerance do

for o = 1, · · · ,O do
AAA[h,d+1]

o ← gradient update(AAA[h,d]
o ) using (C53)

κ[h,d+1]o ← gradient update(κ[h,d]o ) using (C53)
end for
mmm(y)[h,d+1]

i ← gradient update(mmm(y),[h,d]
i ) using (C56), ∀i ∈ I , y = 0, 1

sss(y)[h,d+1]i ← gradient update(sss(y),[h,d]i ) using (C56) ∀i ∈ I , y = 0, 1
Λ[h,d+1] ← 1

n
∑n

i=1
∑K

y=1 γ̂
[h]
it

(
ŜSS
(y)[h,d]
i + m̂mmi

(y)[h,d]m̂mmi
(y)[h,d]T

)

BBB[h,d+1] ← gradient update(BBB[h,d]) using (C56),
CCC[h,d+1] ←ADMMupdate(CCC[h,d]) using Algorithm 2 until convergence.
d← d+ 1

end while
Return: AAA[h+1], κ[h+1], BBB[h+1], CCC[h+1], Λ[h+1], ζ[h+1]

h← h+ 1
end while
Return: θ̂, ζ̂ and γ̂.

Prediction Tomake a prediction of the cluster membership for a new patient with XXXi,UUUi,TTTi

using optimized θ̂, we first update ζ(y)i for c = 1, · · · ,K, then compute

γ̂iy :=
exp{J (y)

i,ρ (̂θ, ζ̂
(y)
)}

∑K
l=1 exp{J

(l)

i,ρ (̂θ, ζ̂
(y)
)}
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In the case where a new patient with only baseline EHR feature data and no outcome informa-

tion, we approximate p(Yi = 1 | XXXi,UUUi; θ) as

γ̂iy =
exp{J (y)

i (̂θc, ζ̂
(y)
)}

∑K
l=1 exp(J

(l)

i {θc, ζ(l))}}
.

Algorithm 2 ADMMAlgorithm for Updating CCC
Input: Current ÂAA, κ̂, B̂BB, Λ̂, ζ̂
whileChange inOλ > tolerance do

for j = 1, · · · , p do
Initialize: CCC[0]

j , z[0], λ[0]

whileChange inOλ > tolerance do
CCC[r+1,m+1]

j ← gradient update(CCC[r+1,m]
j ) using C60

m← m+ 1
end while
Set CCC[r+1]

j ← CCC[r+1,m+1]
j

z[r+1] ← SoftThreshold(QQQCCC[r+1]
j + λ[r]/ρ, λ/ρ)

λ[r+1] ← λ[r] + ρ(QQQCCC[r+1]
j − z[r+1])

r← r+ 1
end for

end while
Return: ĈCC.

2.5 Model Evaluation and Selection

We evaluate the performance of our method in terms of (1) classification, (2) clustering and (3) pre-

diction accuracy. To evaluate classification accuracy, we use the area under the ROC curve (AUC)

of each class vs. the others. We took the average of all classes. For accessing the clustering accuracy,
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we use the adjusted rand index (ARI), and for evaluating the outcome prediction accuracy, we use

the C-index for the time-to-event outcomes.

In application, since the underlying cluster membership is unknown, we only measured the C-

index for outcome prediction.

We select the hyperparameters ρ and λ through grid-search with 5-fold cross-validation. In par-

ticular, givenNλ candidate values of λ, {λ1, · · · , λNλ} andNρ candidate values of ρ, {ρ1, · · · , ρNρ
},

for each combination of ρ and λ, we train the model based on 4 folds of the data, predict the cluster

membership and outcome on the left-out fold of test data, and then calculate the C-index based on

baseline EHR data only. This is because in the real-world application, for a new patient we would

like to make prediction for their future outcome at baseline for prognostication purpose.

3 Simulations

3.1 Settings and BenchmarkMethods

We conduct simulations to evaluate the performance of our method and compared it with existing

methods. For data generation, we setVVV = cṼVV[,1:q] where ṼVV is obtained by the eigen-decomposition

Σ̃ = ṼVVΛ̃ṼVVT
on the auto-regressive matrix Σ̃ = (0.5|i−j|)i,j∈[p], and c > 0 is specified such that

√
q/pVVV is orthonormal. We then setK = 3, Λ = 4(0.1|i−j|)i,j∈[p] and BBB = (0 ∗ 111q, 0.2 ∗

111q, 0.8 ∗ 111q, 0.4 ∗ 111q). For all i ∈ {1, · · · , n}, generateWWWi ∼ N (000q,Λ),Ui ∼ Poisson(2),

Yi ∼ Cat(0.3, 0.3, 0.4) and letDDDi = (1,Ui, I(Yi = 2), I(Yi = 3))T. LetG = 5 and p =

(1/6, 1/6, 1/3, 1/6, 1/6), I1 = {1, · · · , np1} and for t ∈ {2, · · · ,T}, It = {i : n ∗
∑t−1

r=1 pr < i ≤

n∗
∑t

r=1 pr}. Let CCC1 = (0∗111p, 0∗111p, (0.8∗1114, 0.4∗1114, 0∗111p−8), (0∗1114, 0.8∗1114, 0.4∗1114, 0∗111p−12)),

and for g ∈ {2, · · · ,G}, CCCg = CCCg−1+Δf with Δf = (0∗111p, 0∗111p, (−0.1∗1114, 0∗111p−4), (−0.1∗1114, 0∗

111p−4)). Then for each g ∈ {1, · · · ,G}, for each i ∈ Ig, we generate ZZZi = VVV {BBBTDDDi +WWWi} + CCCg,

and XXXi ∼ Poisson(eZZZi) from the PLNmodel.
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Next, for the outcome data, we considered a single outcome, with AAA1 = (5,−2, 10, 20), for

g ∈ {2, · · · ,G} get AAAg = AAAg−1 + Δo with Δo = (0, 0,−0.5,−0.5). Let λ = softplus(DDDiAAA),

generate T∗
i ∼Weibull(λ, 1.5). We also consider random censoring of TC

i ∼Weibull(15, 1.5) and

the observed data (Ti, δi) = (min(T∗
i ,TC

i ), I(T∗
i < TC

i )).

To study and assess our method’s advantage in various model specification scenarios, we vary the

following generative parameters. When one parameter is varied, the other parameters are fixed at the

middle level wth correct model specification.

1. The number of training samples: n = 5000, 10000, 20000

2. The strength of association between XXX and Y:

CCC1 =






(0 ∗ 111p, 0 ∗ 111p, (0.4 ∗ 1114, 0.2 ∗ 1114, 0 ∗ 111p−8), (0 ∗ 1114, 0.4 ∗ 1114, 0.3 ∗ 1114, 0 ∗ 111p−12)) (Weak)

(0 ∗ 111p, 0 ∗ 111p, (0.8 ∗ 1114, 0.4 ∗ 1114, 0 ∗ 111p−8), (0 ∗ 1114, 0.8 ∗ 1114, 0.4 ∗ 1114, 0 ∗ 111p−12)) (Medium)

(0 ∗ 111p, 0 ∗ 111p, (1.2 ∗ 1114, 0.6 ∗ 1114, 0 ∗ 111p−8), (0 ∗ 1114, 1.2 ∗ 1114, 0.6 ∗ 1114, 0 ∗ 111p−12)) (Strong)

3. The strength of association between T and Y:

AAA1 =






(5,−2, 5, 10) (Weak)

(5,−2, 10, 20) (Medium)

(5,−2, 20, 50) (Strong)

To investigate the performance of the model under different age-group heterogeneity in effect size

and proportions, we varied
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1. The level of heterogeneity between age groups:

Δf =






(0 ∗ 111p, 0 ∗ 111p, (−0.025 ∗ 1114, 0 ∗ 111p−4), (−0.025 ∗ 1114, 0 ∗ 111p−4)) (Similiar)

(0 ∗ 111p, 0 ∗ 111p, (−0.1 ∗ 1114, 0 ∗ 111p−4), (−0.1 ∗ 1114, 0 ∗ 111p−4)) (Medium)

(0 ∗ 111p, 0 ∗ 111p, (−0.4 ∗ 1114, 0 ∗ 111p−4), (−0.4 ∗ 1114, 0 ∗ 111p−4)) (Different)

and

Δo =






(0, 0,−0.1,−0.1) (Similiar)

(0, 0,−0.5,−0.5) (Medium)

(0, 0,−1,−1) (Different)

2. The proportion of age groups:

p =






(1/10, 1/5, 3/10, 1/5, 1/5) (1/10)

(1/6, 1/6, 1/3, 1/6, 1/6) (1/6)

(1/5, 1/5, 1/5, 1/5, 1/5) (1/5)

Additionally, to study the robustness of our method in various model specifications, we consid-

ered the following model specification scenarios:

1. Potential misspecification of the distribution of XXX | Y:

XXXi | Yi =






Poission(eZZZi) (Poisson)

Zero-Inflated Poisson(eZZZi , 0.05) (ZIP(0.05))

Zero-Inflated Poission(eZZZi , 0.1) (ZIP(0.1))
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2. Potential misspecification of the distribution of T | Y:

Ti | Yi =






Weibull(softplus(DDDiAAAt), 1.5) (Weibull)

Exponential(softplus(DDDiAAAt)/80) (Exponential)

LogNormal(0.15 ∗DDDiAAAt, 1) (LogNormal)

To demonstrate the benefit of our framework, we compared the performance of our model with

three established methods: (1) ogClust_WJL (Li et al., 2024b) which performs outcome-guided

clustering with Gaussian mixture model, (2)GuidedSparseKMeans (Meng et al., 2022), and (3)

SCORE (Chapter 2) which performs unsupervised clustering based on EHR features using latent

factor approach. Before fitting (1) and (2), we first log-transform the EHR count data (x 0→ log(x+

1)).

Moreover, we also conducted ablation studies. To demonstrate the benefit of joint/multi-task

learning framework across age groups, we benchmark (4) pooled learning on combined dataset

(com) and (5) separate learning for each group (sep). To further show the benefit of combining infor-

mation from both the baseline features and the outcome for clustering, we benchmark (6) clustering

of EHR feature only (temp(ρ = 0)) and (7) clustering of outcome only (temp(ρ = 1)). The model

assumptions of each method is detailed in Table 3.1.
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Method EHR Features Outcome Across Age Groups

ogClust_WJL Gaussian with sparsity AFT pooled

GuidedSparseKMeans No distributional assumption w/ sparsity Cox pooled

SCORE(unsup) Poisson w/ low rank N/A pooled

sep Poisson w/ low rank + sparsity Weibull seperate

com Poisson w/ low rank + sparsity Weibull pooled

temp (rho=0) Poisson w/ low rank + sparsity N/A adaptive

temp (rho=1) N/A Weibull adaptive

SOLAR Poisson w/ low rank + sparsity Weibull (default)/Cox adaptive

Table 3.1: Summary of the methods under comparison.

3.2 Results

Sample Size Our method shows the best classification and clustering performance across the

board, greatly improve upon the existing methods. For prediction of future outcomes, SOLAR has

the highest C-index when n = 10000 or 20000. When n = 5000, ogClust_WJL has the highest C-

index, comparable with SOLAR. Increasing the training sample size from 5000 to 20000 improves

performance for the methods relying on adaptive joint learning across age groups, but such pattern

is less obvious for the models relying on pooled or separate learning.

Association Strength Performance of our method improves with stronger signal from EHR

features and stronger signal from the outcome (Figure 3.1). When the strength of feature signal

is weak, our method performs similarly to temp(ρ = 1), but with a stronger feature signal, our

method performs much better than temp(ρ = 1). Similarly, performance of our method improves

with stronger signal from the outcome. When the strength of outcome signal is weak, our method
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performs similarly to temp(ρ = 0), but with a stronger outcome signal, our method performs much

better than temp(ρ = 0). By adaptively leveraging the information from both the EHR features and

the observed outcomes, our method achieves the highest performance in all scenarios.

Figure 3.1: Classification, clustering and prediction performance of different methods with varying (top) training size
(n), (middle) strength of EHR feature count association and (bottom) strength of outcome association when models are
correctly specified. All the other generative parameters are fixed at the medium level.

Age-GroupHeterogeneity The results for varying (1) difference in signal intensity between

age groups and (2) difference in proportions of patients in each age group are shown in Figure 3.2.

As expected, when signal intensity is similar across age groups, com achieves better performance
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than sep; when signal intensities are different, com becomes less advantageous than sep. As expected,

the performance of all methods improves with more balanced sample size/proportion across age

groups, except for com. Under any scenario, our method, which leverages the full training data while

allowing for flexibility across age groups, achieves the best performance, demonstrating the benefit

of our co-training framework.

Figure 3.2: Classification, clustering and prediction performance of different methods with varying (top) heterogeneity
of feature/outcome association between age groups and (bottom) proportions of patients belonging to each age group
when models are correctly specified with n = 10000. All the other generative parameters are fixed at the ”medium”
level.

ModelMisspecification To investigate how our method performs under potential model

misspecification scenarios, we considered (a) potential misspecification of the latent factor model

and (b) potential misspecification of the outcome model. The results are shown in Figure 3.3. As

expected, the performance of our method deteriorates with stronger misspecification of the feature
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count model, but still outperforms the others. When true outcome model follows Exponential dis-

tribution which is a special case of Weibull distribution with κ = 1, the classification and clustering

performance are largely unaffected while the variations become much larger; the prediction perfor-

mance deteriorates, with C-index dropping from 0.66 to 0.63. When true outcome model follows

log-normal distribution, the performance of our method drops but still remains better than the

others.

Figure 3.3: Classification, clustering and prediction performance of different methods with varying (top) EHR count
model misspecification and (bottom) outcome model misspecification scenarios with n = 10000. All the other genera‐
tive parameters are fixed at the medium level.

4 Application in Stratification of AD Patients

We obtained inpatient and outpatient EHR data for years 2011 to 2022 from the UPMC health-

care system. Codified EHR data contain demographics (e.g., age, gender, race, ethnicity), diagnosis
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and procedure codes (e.g., International Classification of Disease [ICD] code, Current Procedural

Terminology [CPT] code), healthcare utilization metrics (e.g., total number of ICD codes and en-

counter notes), medication prescriptions (e.g., RxNorm codes) and laboratory test (e.g., Logical Ob-

servation Identifiers Names and Codes [LOINC] codes). Narrative EHR data comprise free-form

text information from clinical encounters (e.g., physician office visit notes, discharge summaries)

that were converted to structured data by natural language processing (NLP). An AD datamart was

built from the database, which included patients with at least one AD PheCode and 24 months of

EHR data preceding the index date (date of the first AD PheCode, which was operationally defined

as the date of AD diagnosis).

To cluster patients at AD diagnosis, we selected all AD-related codified and narrative features us-

ing ONCE and aggregated counts of EHR features for the 24 months preceding the index date. We

obtained the embeddings of all selected concepts denoted by EEE, through multi-source representa-

tion learning which leverages information from both EHR data as well as contextual embeddings

for the textual descriptions of the clinical concepts (Xiong et al., 2023). We applied singular value

decomposition (SVD) to the feature-level embedding matrix EEE and got ṼVV ∈ Rp×q as the first q left

singular vectors.

We guided the clustering using two AD-related health outcomes that are readily ascertainable

from EHR data: time-to-nursing home admission and time-to-death. Admission to a nursing

home, which indicates loss of functional independence, is routinely documented in clinical prac-

tice and EHR (Rivera-Hernandez et al., 2019). We defined nursing home admission as having at

least one ICD code for admission to any residential institution (e.g., assisted living facility, long term

care facility, end-of-life care). For patients that died during the follow-up period, we calculated the

time-to-death from the index date. For patients that did not progress to either endpoint, we utilized

the data available till the last record of clinical visit. We stratified patients into five groups based on

their age at time of AD diagnosis: < 65, 65 − 74, 75 − 79, 80 − 84, > 85. The sample size and
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demographics information for each age group is shown in Supplementary Table C1.

Figure 3.4 shows the C-index and harzard ratio for the prediction of nursing home admission

and death using different methods. Our method achieves the best overall C-index, around 0.627

for nursing home admission and 0.642 for death. Interestingly, the age-stratified outcome-guided

clustering identifies the larger heterogeneity in young-onset age group. For nursing home admission,

the C-index for the younger age groups (< 65, 65 − 74, 75 − 79) are similar and higher than that

for the older age groups (80 − 84, > 85). For death, the C-index for the< 65 group is significantly

higher than the others. Similar patterns can be observed from the adjusted hazard ratios. Results

with Cox mixture model for the outcomes can be found in C2.

We study the importance of each EHR code in driving the difference between the fast vs slow

cluster in each age group. Figure 3.5 shows the the odds ratio associated with the cluster member-

ship, along with the effect size and p-values for each diagnosis code. Figure C3 show the effect size

for each CUI and medication. The fast decline groups are characterized by higher intensity of men-

tal disorders, including neurological disorders, mood disorders, depression, as well as more prescrip-

tion of anti-psychotics such as quetiapine and olanzapine (Cipriani et al., 2011) across all age groups.

This pattern further suggests that cognitive and psychiatric comorbidities may have compounded

the presentation of Alzheimer’s disease in the fast decline group (Ismail et al., 2022), leading to

more rapid cognitive deterioration and a more challenging clinical trajectory. Parkinson’s disease has

a larger effect size in older age groups, but for the youngest age group (< 65) the effect size is much

smaller. Abnormality of gait and urinary tract infection were also found to be associated with fast

decline group in all age groups, but the effect size is larger in younger age groups than older. Patients

in the fast decline groups were more frequently prescribed AD-related medication that can improve

memory and cognitive function (e.g., memantine, a type of N-Methyl-D-Aspartate (NMDA) re-

ceptor antagonists) (Liu et al., 2019) before diagnosis than patients in the slow decline groups.

Prescription of AD-related medications may indicate that these patients experience cognitive and
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functional decline before definitive AD diagnosis. This may be attributable to the superimposition

of comorbidity-related cognitive decline and AD-related cognitive decline, or may be indicative of

diagnostic delay in the fast decline group.

5 Discussion

In this work, we introduced SOLAR, a novel framework for age-specific outcome-guided clustering

of patients using high-dimensional EHR data. Our method addresses critical limitations of existing

clustering approaches by integrating time-to-event outcomes directly into the clustering process,

while explicitly modeling heterogeneity across age groups. Unlike traditional unsupervised methods

that either pool all patients or treat each age stratum in isolation, our approach performs joint learn-

ing across age groups to identify clinically meaningful subtypes that are both distinct in their latent

EHR-derived representations and predictive of survival risk. By balancing shared clustering struc-

ture with age-specific flexibility, SOLAR enables robust subtype discovery in settings where disease

presentation and progression are intrinsically age-dependent, such as Alzheimer’s disease.

We demonstrated the utility of our method using a large, multimodal EHR dataset from the

UPMC healthcare system, where we identified AD subtypes across five age groups based on both

codified and narrative clinical data. Our findings revealed that the proposed model achieves strong

predictive performance for both nursing home admission and death, outperforming baseline clus-

tering methods in terms of C-index and hazard ratio. Notably, the highest heterogeneity in out-

comes was observed in younger patients, particularly those diagnosed with AD before age 65, high-

lighting the importance of modeling age-specific disease subtypes. We also identified clinically rele-

vant features associated with fast vs. slow disease progression, including psychiatric comorbidities,

antipsychotic prescriptions, and early use of AD-related medications, offering potential insights into

diagnostic delay or differential disease expression. These results underscore the practical relevance of
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outcome-guided, age-stratified clustering for better understanding the complexity of AD presenta-

tion across the lifespan.

Several extensions of our framework could broaden its SOLAR and clinical utility. First, while

our current method focuses on time-to-event outcome, many real-world applications involve poten-

tially heterogeneous outcomes-such as functional decline, institutionalization, or cognitive scores-

which could be modeled jointly to provide a more comprehensive stratification of patient trajecto-

ries. Our framework could also be easily extended to handle partially observed outcomes, including

informative censoring or missingness patterns that may vary across age groups. Another important

direction is improving model selection, particularly in determining the number of clusters. While

our current approach assumes a fixed number of clusters across age strata, future work could incor-

porate model-based criteria to select the number of classes adaptively, and even allow the number

of clusters to vary by age group to better reflect underlying clinical heterogeneity. Finally, applying

and validating this approach across multiple healthcare systems would help assess its generalizability

and robustness in the face of institutional variation in data structure, coding practices, and patient

populations, an important step toward real-world deployment and translational impact.
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Figure 3.4: Performance of various methods overall and in each age group for stratification of AD patients at UPMC.
(Top) C‐index for the prediction of nursing home admission and death based on cluster membership along with baseline
demographics and healthcare utilization. (Bottom) Adjusted hazard ratio of risk of nursing home admission and death
between the high risk group vs low risk group.
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Figure 3.5: Feature importance of diagnosis codes (A) the association between AD‐related EHR codes and cluster
membership (fast decline vs slow decline) in the youngest age group (Age<65 years) and the oldest age group (Age>85
years). Each dot/line represent a uniqiue code, and the length shows− log10(p‐value) of the association. Diagnosis
codes are grouped into disease categories. Top 12 diagnosis features are labeled with the code description and odds
ratio. (B) Change in effect size of diagnosis codes grouped by disease categories. The top 5 disease categories are
shown. (C) Change in effect size of diagnosis codes over age groups.
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Appendix A

SupplementaryMaterials to

Semi-supervised Transfer Learning for Evaluation of Model
Classification Performance

We outline theoretical derivations to establish the consistency and asymptotic normality of our

proposed estimator. Let Ps and Es denote the probability measure and expectations in the popula-

tion S = s; let {P̂L
s , ÊL

s } and {P̂U
s , ÊU

s } denote the corresponding empirical measures in the labeled

and unlabeled set; and letGL
n = n

1
2 (P̂L

t −Pt) andGU
N = N

1
2
t (P̂U

t −Pt). As defined in the main text,

let w(XXX) = P0(XXX)/P1(XXX) = {1 − π(XXX)}/π(XXX) · P(S = 1)/P(S = 0), π(XXX) = P(S = 1|XXX). Let

w(XXX; α, β) = {1− π(XXX; α, β)}/π(XXX; α, β) ·P(S = 1)/P(S = 0), π(XXX; α, β) = P(S = 1 | αTΨ, βTXXX)

and ŵ(XXX; α, β) = {1− π̂(XXX; α, β)}/π̂(XXX; α, β). Besides the assumptions made in Section 2.1, we also

assume the following:

1. α and β belongs to compact parameter spaces, and the covariates XXX are bounded.

2. βTXXX and αTΨ are continuous with continuously differentiable density functions. P(Y =

1|XXX) and P(S = 1|XXX) are twice continuously differentiable.
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3. The kernelK is a symmetric, bounded and continuously differentiable kernel. We set the

bandwidths h1 and h2 to h1 = O(N−ν1) and h2 = O(n−ν2) andN # nr0 with ν1 ∈

[1/6, 1/2), ν2 ∈ (1/4, 1/2), ν1 < 1
2(1−

1
r0 ), r0 > max(4ν2, 1+ 2ν2) = 1+ 2ν2.

4. At least one of the following two conditions holds, (i) The weighting model is is correct,

w(XXXi; ᾱ, β̄) = w(XXXi). (ii) The outcome model is correct,E(Yi|ᾱTΨi, β̄
TXXXi) = μ(XXXi).

Remark 5. If we choose undersmoothing for outcome regression with ν2 = 1/3, then we need r0 > 5/3

and can choose ν1 < 1
2(1−

1
r0 ) <

1
5 .

1 Consistency

First, we establish the consistency of T̂PR
STEAM

0 (c)when either the outcome model (1.1) or the den-

sity ratio model (1.4) is correctly specified. From the weak convergence of P̂ β
0(xxx) = F̂β

0(βTxxx) to

P β
0(xxx) = Fβ

0(βTxxx) as a process in xxx and β (Wellner et al., 2013),

sup
β,XXX

∣∣∣P̂ β
0(XXX)− P β

0(XXX)
∣∣∣ = Op(N− 1

2 ) (A6)

and Ŵ(β, xxx) = N
1
2

{
P̂ β
0(xxx)− P β

0(xxx)
}
converges weakly as a process in β and xxx. This implies

stochastic continuity of Ŵ(β,XXX) in β and XXX. Thus Ŵ(β̂, xxx)− Ŵ(β, xxx)→ 0 in probability.

With the convergence of α̂, β̂ to ᾱ, β̄, by (Zou & Zhang, 2009), the uniform convergence rates of

kernel estimators (Ullah & Pagan, 1999), we have

max
i

|P̂ β
0,i − P β

0,i| = Op(N− 1
2 ), sup

xxx,β
|ŵ(xxx; α̂, β)− w(xxx, ᾱ, β)| = Op

(√
logN
Nh21

)
, (A7)

max
i

|P̂ β̂
0,i − P β̄

0,i| = Op(n−
1
2 +N− 1

2 ), and max
i

|ŵi − w̄i| = Op

(
n−

1
2 +

√
logN
Nh21

)
, (A8)
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where w̄i = w(XXXi, ᾱ, β̄). First, we establish that

m̂0(q, P̂ β̂
0, ŵ(·, α̂, β̂)) :=

n−1
∑

i∈IL Km,h2(P̂
β̂
0,i − q)Yiŵ(XXXi, α̂, β̂)

n−1
∑

i∈IL Km,h2(P̂
β̂
0,i − q)ŵ(XXXi, α̂, β̂)

→p m̄0(q) := m̄0(q,P
β̄
0 ,w(·, ᾱ, β̄)) =

E1{Yiw̄iKm,h2(P
β̄
0,i − q)}

E1{w̄iKm,h2(P
β̄
0,i − q)}

,

where→p means converges in probability. We write

n−1
∑

i∈IL

Km,h2(P̂
β̂
0,i − q)Yiŵi = n−1

∑

i∈IL

Km,h2(P̂
β̂
0,i − q)Yiw̄i + n−1

∑

i∈IL

Km,h2(P̂
β̂
0,i − q)Yi(ŵi − w̄i)

=

∫
Km,h2(t− q)Ĥ(dt, q) + Op

(
n−

1
2 +

√
logN
Nh21

)

where Ĥ(t, q) = I(P̂ β̂
0,i ≤ t)Yiw̄i. From standard empirical process theory, one can show that

n
1
2 {Ĥ(t, q) − H0(t, q)} converges weakly to a zero-mean Gaussian process, whereH0(t, q) =

E{I(P β̄
0,i ≤ t)Yiw̄i} It then follows from the uniform consistency of the kernel estimators (Ullah &

Pagan, 1999) that

n−1
∑

i∈IL

Km,h2(P̂
β̂
0,i − q)Yiŵi =

∫
Km.h2(t− q)H0(t, q) + Op

(
n−

1
2 h−12 + n−

1
2 +

√
logN
Nh21

)

→p E1{Yiw̄iKm,h2(P
β̄
0,i − q)}

Similar arguments can be used to show that supq
∣∣n−1

∑
i∈L Km,h2(P̂

β̂
0,i−q)ŵi−E1{w̄iKm,h2(P

β̄
0,i−

q)}
∣∣→p 0. Hence, we established m̂0(q, P̂ β̂

0, ŵ(·, α̂, β̂))→p m̄0(q,P
β̄
0 ,w(·, ᾱ, β̄)).

Next, we will show that under assumption 4, i.e. if either model (1.1) or model (1.4) is correct,

m̄0(q) →p m0(q) := m0(q,P
β̄
0) =

m0(q,P
β̄
0)fP β̄

0
(q)

f
P β̄
0
(q) , (A9)
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wherem0(q,P
β̄
0) = E0(Y|P

β̄
0 = q) and f

P β̄
0
(·) is the density function ofP β̄

0 . If model (1.4) is valid,

w̄i = w(XXXi), we have that

E1{Km,h2(P
β̄
0,i − q)Yiw̄i} = E0{Km,h2(P

β̄
0,i − q)Yi}→p m0(q,P

β̄
0)fP β̄

0
(q),

E1{Km,h2(P
β̄
0,i − q)w̄i} →p f

P β̄
0
(q),

so (A9) follows. On the other hand, if model (1.1) is correct, then E(Yi | XXXi) = g(β̄TXXXi) and

Yi ⊥ Si | β̄
TXXXi, and thus we have

E1{Km,h2(P
β̄
0,i − q)Yiw̄i} = E1{Km,h2(P

β̄
0,i − q)g(β̄TXXXi)w̄i|ᾱTΨi, β̄

TXXXi}

= E0{Km,h2(P
β̄
0,i − q)g(β̄TXXXi)}→p m0(q,P

β̄
0)fP β̄

0
(q),

E1{Km,h2(P
β̄
0,i − q)w̄i} →p f

P β̄
0
(q),

which implies (A9). Combining the consistency of m̂0(q, P̂ β̂
0, ŵ(·, α̂, β̂)) tom0(q,P

β̄
0)with the

convergence of maxi |P̂ β̂
0,i − P β̄

0,i|→p 0 , we have

T̂PR
STEAM

0 (c) ≡
∑

i∈IT I(P̂
β̂
0,i ≥ c)m̂0(P̂ β̂

0,i, P̂
β̂
0, ŵ(·, α̂, β̂))

∑
i∈IT m̂0(P̂ β̂

0,i, P̂
β̂
0, ŵ(·, α̂, β̂))

→p TPR0(c) ≡
P0(P

�β
0 ≥ c,Y = 1)
P0(Y = 1)

when either model (1.1) or (1.4) is correct.
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2 Asymptotic normality

Next, we establish the asymptotic normality of n
1
2 {T̂PR

STEAM

0 (c)− TPR0(c)}. From Zou & Zhang

(2009), we have the asymptotic normality and oracle properties for α̂ and β̂ such that

N
1
2 (α̂ − ᾱ) = N− 1

2

N∑

i=1
φᾱ
i + op(1),

n
1
2 (β̂− β̄) = n−

1
2

n∑

i=1
φβ̄
i + op(1),

where φᾱ
i , φ

β̄
i are respective influence functions. Due to oracle properties, the elements of φᾱ

i and φ
β̄
i

corresponding to the zero components of ᾱ and β̄ also take value zero. Let

T̂PR
STEAM

0 (c) =
N−1

t
∑

i∈IT I(P̂
β̂
0,i ≥ c)m̂0(P̂ β̂

0,i, P̂
β̂
0, ŵ(·, α̂, β̂))

N−1
t
∑

i∈IT m̂0(P̂ β̂
0,i, P̂β̂, ŵ(·, α̂, β̂))

=
ξ̂(c, β̂)
ξ̂(0, β̂)

,

ξα(c, β) = E{I(P β
0,i ≥ c)m0(P β

0,i,P
β
0,w(·, α, β)}, and ξ(c, β) = ξᾱ(c, β). We write

n
1
2 {̂ξ(c, β̂)− ξ(c, β̄)} = n

1
2N−1

t
∑

i∈IT

I(P̂ β̂
0,i ≥ c)m̂0(P̂ β̂

0,i, P̂
β̂
0, ŵ(·, α̂, β̂))− n

1
2 ξ(c, β̄)

= Ŵ1(β̂) + Ŵ2 + Ŵ3 + Ŵ4
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where

Ŵ1(β) = n
1
2N−1

t
∑

i∈IT

{
I(P̂ β

0,i ≥ c)M̂0(P̂ β
0,i; P̂

β
0, α̂)− I(P β

0,i ≥ c)M̂0(P β
0,i;P

β
0, α̂)

}

Ŵ2 = n
1
2N−1

t
∑

i∈IT

{
I(P β̂

0,i ≥ c)M̂β̂
0(P

β̂
0,i,P

β̂
0, α̂)− I(P β̄

0,i ≥ c)M̃β̄
0(P

β̄
0,i,P

β̄
0, ᾱ)

}

Ŵ3 = n
1
2N−1

t
∑

i∈IT

I(P β̄
0,i ≥ c)

{
m̂0(P β̄

0,i,P
β̄
0,w(·, ᾱ, β̄))−m0(P β̄

0,i,P
β̄
0)
}

Ŵ4 = n
1
2N−1

t
∑

i∈IT

{
I(P β̄

0,i ≥ c)m0(P β̄
0,i,P

β̄
0)− ξ(c, β̄)

}
,

M̂β
0(u;P, α) = m̂0(u,P, ŵ(·, α, β)) and M̃β

0(u;P, α) = m̂0(u,P,w(·, α, β)). It is straightforward

to see that

W4 = n
1
2




N−1
t
∑

i∈IT

I(P β̄
0,i ≥ c)m0(P β̄

0,i,P
β̄
0)− ξ(c, β̄)




 = Op(n
1
2N− 1

2 ) = op(1).

We next approximate each of the remaining three terms.

To approximate Ŵ1(β̂), we write Ŵ1(β) = Ŵ11(β) + Ŵ12(β)with

Ŵ11(β) = n
1
2N−1

t
∑

i∈IT

{I(P̂ β
0,i ≥ c)− I(P β

0,i ≥ c)}M̂0(P̂ β
0,i; P̂

β
0, α̂)

Ŵ12(β) = n
1
2N−1

t
∑

i∈IT

I(P β
0,i ≥ c){M̂0(P̂ β

0,i; P̂
β
0, α̂)− M̂0(P β

0,i;P
β
0, α̂)}

For Ŵ11(β), we write

Ŵ11(β) = n
1
2N− 1

2
t

∫ 1

c
M̂0(u; P̂ β

0, α̂)ŴP(du, β)

where ŴP(u, β) = N− 1
2

t
∑Nt

i=1{I(P̂
β
0,i ≤ c) − I(P β

0,i ≤ c)} can be shown as convergent to a
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Gaussian process in u and β. It then follows

n
1
2 sup

q,β

∣∣∣∣∣n
−1

n∑

i=1
Km,h2(P̂

β
0,i − q)YiŵiYai − n−1

n∑

i=1
Km,h2(P

β
0,i − q)Yiw̄iYai

∣∣∣∣∣

$
√

n logN
Nh21

+

∣∣∣∣
∫

Km,h2(v− q)dGL
n

[
I{βTxxx ≤ F̂β−1

0 (v)}yaw̄β − I{βTxxx ≤ Fβ−1

0 (v)}yaw̄β
]∣∣∣∣

$Op

(√
n logN
Nh21

)
+ h−12 ‖GL

n‖Hδ

$Op
{
(n

1
2N− 1

2+ν1 + nν2N− 1
4 ) log(N)

}

$Op
[
{N− 1

2 (1−1/r0−2ν1) +N− 1
4+ν2/r0} log(N)

]

where w̄β = w(xxx, ᾱ, β),Hδ = {I(βTxxx ≤ s)yaw̄β − I(βTxxx ≤ s′)yaw̄β : β, |s− s′| < δ} and ‖GL
n‖Hδ $

Op{N−1/4 log(N)}. For Ŵ12(β), we note that maxi,j |(P̂ β
0,i − P̂ β

0,j) − (P β
0,i − P β

0,j)| = Op(N
− 1

2
t ).

By a Taylor series expansion, we have

sup
β

∣∣∣Ŵ12(β)
∣∣∣ ≤ n

1
2 sup

β

∣∣∣∣∣∣
N−1

t
∑

i∈IT

|M̂0(P̂ β
0,i; P̂

β
0, α̂)− M̂0(P β

0,i;P
β
0, α̂)|

∣∣∣∣∣∣

$ Op(h−12 n
1
2N− 1

2 )

= Op
(
N− 1−1/r0−2ν2/r0

2

)

It follows from Assumption 3 that |Ŵ1(β̂)| ≤ supβ |Ŵ11(β)|+ supβ |Ŵ12(β)| = op(1).

For the second term, we write Ŵ2 = Ŵ21 + Ŵ22, where

Ŵ21 = n
1
2N−1

t
∑

i∈IT

I(P β̂
0,i ≥ c)

{
M̂β̂

0(P
β̂
0,i,P

β̂
0, α̂)− M̃β̂

0(P
β̂
0,i,P

β̂
0, ᾱ)

}

Ŵ22 = n
1
2N−1

t
∑

i∈IT

{
I(P β̂

0,i ≥ c)M̃β̂
0(P

β̂
0,i,P

β̂
0, ᾱ)− I(P β̄

0,i ≥ c)M̃β̄
0(P

β̄
0,i,P

β̄
0, ᾱ)

}
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From (A7), we have |Ŵ21| $ Op
(√

n logN
Nh21

)
= op(1). Next, we expand Ŵ22 as Ŵ22 = Ŵ22,1 +

Ŵ22,2 + Ŵ22,3, where

Ŵ22,1 = n
1
2

∫ 1

c

{
m̂0(u,P β̂

0,w(·, ᾱ, β̂))−m0(u,P β̄
0,w(·, ᾱ, β̄))

}
d
{
F̂ β̂(u)− F β̄(u)

}

Ŵ22,2 = n
1
2

∫ 1

c
m0(u,P β̄

0,w(·, ᾱ, β̄))d
{
F̂ β̂(u)− F β̄(u)

}

Ŵ22,3 = n
1
2

∫ 1

c

{
m̂0(u,P β̂

0,w(·, ᾱ, β̂))− m̂0(u,P β̄
0,w(·, ᾱ, β̄))

}
dF β̄(u)

where F̂ β(c) = N−1
t
∑Nt

i=1 I(P
β
0,i ≤ c) andF β(c) = P0(P β

0,i ≤ c). From Lemma A.2 and A.3 of

Chakrabortty & Cai (2018), we have Ŵ22,1 = op(1). SinceGU
N{I(P

β
0,i ≤ c)} converges weakly to a

Gaussian process in β and c, we have

Ŵ22,2 = n
1
2 (β̂− β̄)T

∫ ∞

c
m0(u,P β̄

0,w(·, ᾱ, β̄))dḞ β̄(u) + op(1)

where Ḟ β(u) = ∂F β(u)/∂β. For Ŵ22,3, we take a Taylor series expansion to obtain

Ŵ22,3 = n
1
2 (β̂− β̄)T

∫ ∞

c
ṁβ̄
0(u,P

β̄
0,w(·, ᾱ, β̄)dF β̄(u) + op(1)

where ṁβ
0(u,P

β
0,w(·, ᾱ, β) = ∂m0(u,P β

0,w(·, ᾱ, β))/∂β. This, together with other terms associ-

ated with Ŵ2, we have

Ŵ2 = n
1
2 (β̂− β̄)TC2 + op(1).

whereC2 =
∫∞
c m0(u,P β̄

0,w(·, ᾱ, β̄))dḞ β̄(u) +
∫∞
c ṁβ̄

0(u,P
β̄
0,w(·, ᾱ, β̄)dF β̄(u).
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For Ŵ3, we again use Lemma A.2 of Chakrabortty & Cai (2018) and write

Ŵ3 = n
1
2N−1

t
∑

i∈IT

I(P β̄
0,i ≥ c){m̂0(P β̄

0,i,P
β̄
0,w(·, ᾱ, β̄))− m̄0(P β̄

0,i)}

= n
1
2

∫ 1

c

n−1
∑

j∈IL Km,h2(P
β̄
0,j − s)w̄j{Yj −m0(s,P β̄

0)}

n−1
∑

j∈IL Km,h2(P
β̄
0,j − s)w̄j

dF̂ β̄(s) + op(1)

= n−
1
2
∑

j∈IL

∫ 1

c
Km,h2(P

β̄
0,j − s)w̄j{Yj −m0(s,P β̄

0)}dF β̄(s) + op(1)

= n−
1
2
∑

j∈IL

w̄jI(P β̄
0,j > c){Yj −m0(P β̄

0,j,P
β̄
0)}+ op(1).

Combining expansions for Ŵ2 and Ŵ3, we have

n
1
2 {̂ξ(c, β̂)− ξ(c, β̄)} = n−

1
2
∑

j∈IL

[
w̄jI(P β̄

0,j > c){Yj − ξ(c, β̄)}+CT
2φ

β
i

]
+ op(1),

which converges in distribution to a normal. The asymptotic normality of n
1
2 {T̂PR

STEAM

0 (c) −

TPR0(c)} thus follows, and similarly, we can establish the other accuracy parameters.

3 Cross-validation procedure

It is important to note that the proposed estimators are subject to overfitting because the data inL is

used to estimate both the risk score for classification and the conditional risk functionsm(·), which

are used for estimation of the accuracy parameters. To reduce the over-fitting bias in the proposed

estimators, we propose aK-fold cross-validation procedure similiar to Gronsbell & Cai (2018). CV

in this setting involves partitioningL for the estimation of β andm0(·), whereas use all T to esti-

mate the performance measures. Denote each fold ofL asLk and the corresponding indices as Ik

for k = 1, . . . ,K. For a given k, we fit the regression model withL\Lk to obtain an estimator for

β denoted as β̂
(−k)

. The observations in the left-out setLk are used to estimatem0(·)with the local
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constant smoother as

m̂β̂
0,CV(q) =

∑
k
∑

i∈Ik Km,h2(P̂
β̂(−k)

0,i − q)ŵ(−k)
i Yi

∑
k
∑

i∈Ik Km,h2(P̂
β̂(−k)

0,i − q)ŵ(−k)
i

where

ŵ(−k)
i =

1− π̂(−k)
i

π̂(−k)
i

with

π̂(−k)
i = π̂(−k)(XXXi; α̂, β̂

(−k)
) =

∑
j∈IU∪IT Kπ,h1{(α̂

TΨj, β̂
(−k)T

XXXj)− (α̂TΨi, β̂
(−k)T

XXXi)}Sj
∑

j∈IU∪IT Kπ,h1{(α̂
TΨj, β̂

(−k)T
XXXj)− (α̂TΨi, β̂

(−k)T
XXXi)}

where

β̂
(−k)

= argmax
β




n−1
∑

i∈IL\Ik

!(β;Yi,XXXi)− λμ,n‖(β−1/β̃
∗
−1)

γ‖1






We then estimate TPR0(c) as

T̂PR
STEAM

0,CV (c) =
∑

i∈IT I(P̂
β̂
0 ≥ c)m̂0,CV(P̂ β̂

0)
∑

i∈IT m̂0,CV(P̂ β̂
0)

Similarly, we may construct CV estimators for FPR0(c), ROC0(c), PPV0(c) and NPV0(c), respec-

tive denoted as F̂PR
STEAM

0,CV (c), R̂OC
STEAM

0,CV (c), P̂PVSTEAM

0,CV (c), N̂PV
STEAM

0,CV (c).

4 Additional Simulation Results

We present simulation results of scenario (4) when both π(XXX) and μ(XXX)mis-specified
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both mis-specified

Estimator Bias SE RMSE
Cutoff target_labeled -0.40 4.88 4.89

n = 200 source 1.24 4.19 4.36
weighted -0.95 4.28 4.38
DR-aug -1.02 4.15 4.18
STEAM -0.98 3.40 3.54

n = 400 source 1.80 3.17 3.64
weighted -0.88 3.05 3.17
DR-aug -0.52 3.05 3.09
STEAM -0.88 2.41 2.57

AUC target_labeled 0.62 4.60 4.63

n = 200 source 0.90 3.68 3.78
weighted 1.05 4.12 4.25
DR-aug 1.00 3.98 4.10
STEAM -0.56 3.99 4.03

n = 400 source 1.10 2.53 2.75
weighted 1.97 2.60 3.26
DR-aug 0.72 2.61 2.70
STEAM -0.63 2.54 2.62

TPR target_labeled 0.59 10.57 10.59

n = 200 source 3.33 9.36 9.93
weighted 2.13 8.82 9.07
DR-aug 1.98 8.85 9.07
STEAM 1.42 7.54 7.67

n = 400 source 2.84 6.89 7.44
weighted 1.78 6.33 6.58
DR-aug 1.45 6.20 6.37
STEAM 1.01 5.20 5.30

PPV target_labeled 0.82 5.37 5.43

n = 200 source 3.66 3.88 5.33
weighted 2.24 4.00 4.58
DR-aug -1.02 4.19 4.31
STEAM -0.91 3.97 4.07

n = 400 source 3.06 2.36 3.87
weighted 1.80 2.43 3.02
DR-aug -0.72 2.58 2.68
STEAM -0.79 2.46 2.58

NPV target_labeled 0.76 5.88 5.92

n = 200 source -2.35 4.65 5.20
weighted -0.32 4.17 4.19
DR-aug -0.35 4.18 4.19
STEAM -0.40 4.06 4.08

n = 400 source -2.39 3.71 4.41
weighted -0.30 3.20 3.21
DR-aug -0.34 3.19 3.21
STEAM -0.34 3.10 3.12

Table A1: Bias, SE, and RMSE of estimators when both π(XXX) and μ(XXX) are mis‐specified, with moderate association of
XXX to S, over 1000 simulated datasets. N = 10000, k = 5, n = 200 or 400. All values are multiplied by 100.
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5 Coefficients of RA phenotyping model

We present the estimated coefficients of the RA phenotyping model

ALASSO.2009
Intercept -4.480
age 0.043
female 0.000
log_dra_lmr 0.376
log_dsle 0.000
log_djra -1.939
icd_ra_normalized 0.000
rtnf 0.000
rfneg -0.432
log_nlpra 0.000
log_nlpsle -0.121
log_nlppsa 0.000
nlpmtx 0.000
nlptnf 0.000
nlpccp 0.000
nlpspos 0.920
erosion 0.000
new_med 0.000
log_note_ct 0.000
log_phecode_ct 0.000
log_proccode_ct 0.000
logit_phenorm_prob 0.683

Table A2: Coefficients of RA phenotyping ALASSO.2009
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6 Patient Characteristics in RA dataset

We present the distributions of key features in labeled and unlabeled groups for source dataset in

2009, as well as target dataset in 2011, 2013, 2015 and 2017. There is no significant difference be-

tween the labeled group and unlabeled group in patient characteristics across the years.

Features Labeled (ns = 267) Unlabeled (Ns = 20451)
Age 58.5 (16.1) 59.9 (15.7)
Female 0.715 (0.452) 0.745 (0.436)
normalized_icd_ra 0.602 ( 0.914) 0.529 (0.815)
log_nlp_ra 2.00 (1.65) 1.85 (1.52)
log_note_ct 4.22 (1.11) 4.10 (1.14)

Table A3: Summary of key features in labeled and unlabeled groups for source dataset in 2009. Results are shown in
Mean (SD).

Year Features Labeled Unlabeled
2011 Age 58.5 (16.1) 59.9 (15.7)
(nt = 100,Nt = 25405) Female 0.715 (0.452) 0.745 (0.436)

normalized_icd_ra 0.602 ( 0.914) 0.529 (0.815)
log_nlp_ra 2.00 (1.65) 1.85 (1.52)
log_note_ct 4.22 (1.11) 4.10 (1.14)

2013 Age 61.5 (15.5) 61.6 (16.6)
(nt = 100,Nt = 30804) Female 0.720 (0.451) 0.738 (0.444)

normalized_icd_ra 0.426 ( 0.640) 0.431 (0.681)
log_nlp_ra 2.39 (1.65) 2.18 (1.57)
log_note_ct 4.44 (1.34) 4.29 (1.25)

2015 Age 61.2 (16.8) 62.6 (16.9)
(nt = 150,Nt = 36095) Female 0.793 (0.406) 0.735 (0.441)

normalized_icd_ra 0.403 ( 0.611) 0.431 (0.701)
log_nlp_ra 2.32 (1.60) 2.33 (1.61)
log_note_ct 4.48 (1.28) 4.39 (1.29)

2017 Age 63.8 (16.7) 63.4 (16.6)
(nt = 200,Nt = 39550) Female 0.721 (0.450) 0.735 (0.441)

normalized_icd_ra 0.500 ( 0.894) 0.471 (0.762)
log_nlp_ra 2.77 (1.72) 2.49 (1.69)
log_note_ct 4.72 (1.24) 4.54 (1.32)

Table A4: Summary of key features in labeled and unlabeled groups for target datasets in 2011, 2013, 2015 and 2017.
Results are shown in Mean (SD).
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7 Estimated ROC curves for RA phenotyping model

We present the estimated ROC curves along with their respective 95% point-wise confidence inter-

vals

Figure A1: Estimated ROC curves along with corresponding 95% confidence bands of ALASSO‐2009 on dataset in each
year based on naive (grey), weighted (orange), DR‐aug (purple) and STEAM (pink) methods, compared with target_labeled
(green).
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Appendix B

SupplementaryMaterials to

Semi-supervised Clustering Through Representation Learning
of Large-scale EHRData

1 Supervised Initial Estimation

1.1 Blockwise Gradient andHessianMatrices of Supervised ELBO

Since for each labeled observation, we only need to estimate one set of GVA parameters with ob-

served Yi, we usemmmi to denotemmm(Yi)
i , sssi to denote sss(Yi)i , #UUUiYi to denote (1,UUUT

i ,Yi)T, andJL to denote
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JL(θ, ζIL ;DL) to simplify the notations. For i ∈ IL, we have the following blockwise gradients:

∂JL
∂mmmi

=

p∑

j=1
(Xij − Aij)VVVj − Λ−1mmmi = VVVT(XXXi − AAAi)− Λ−1mmmi,

∂JL
∂sssi

= − 1
2
diag




p∑

j=1
AijVVVjVVVT

j



− 1
2
diag(Λ−1) +

1
2
sss,i ,

∂JL
∂B

=
n∑

i=1

p∑

j=1
(Xij − Aij)VVVj#UUU

T

iYi ,

(B1)

where sss, denotes the element-wise inverse.

For i ∈ IL, and l ∈ [r+ 2], we also have the following Hessian matrices:

∂2JL
∂mmmi∂mmmiT

= −
p∑

j=1
AijVVVjVVVT

j − Λ−1,

∂2JL
∂sssi∂sssiT

= − 1
2

p∑

j=1
AijVVV⊗2

j (VVV⊗2
j )T − 1

2
diag(sss,2i ),

∂2JL
∂Bl∂Bl

T = −
n∑

i=1

p∑

j=1
Aij#UUU

2
iYi,lVVVjVVVT

j = −VVVT

{ n∑

i=1

#UUU2
iYi,lDiag(AAAi)

}
VVV,

(B2)

whereVVV⊗2
j = (V2

j1, . . . ,V2
jq)

T, diag(sss,2i ) is a diagonal matrix with k-th diagonal elements being

s−2ik , for k = 1 . . . , q, and Diag(AAAi) is diagonal matrix with j-th element being Aij, for j = 1, . . . , p.

Since λmin(Λ) is bounded away from zero, mini,j Aij > 0, ccccccT is positive semi-definite for any non-

zero vector ccc, the sum of positive semi-definite matrices is also positive semi-definite, and the sum

of a positive semi-definite matrix and a positive definite matrix is positive definite, we can show that

∂2JL/(∂mmmi∂mmmi
T) and ∂2JL/(∂sssi∂sssiT) are negative definite. Moreover, for any non-zero vector

ccc ∈ Rq,VVVccc is also nonzero sinceVVV has full column rank. Then ∂2JL/(∂Bl∂Bl
T) is also negative

definite as
∑n

i=1
#UUU2
iYi,ldiag(AAAi) is positive definite. Hence, the ELBOJL is strictly concave regard-

ingBl,mmmi, and sssi.
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1.2 Algorithm of Supervised Initial Estimaton

We use the globally convergent method of moving asymptotes (MMA) algorithm introduced by

Svanberg (2002) and implemented in the NLOPT (Johnson, 2007) optimization library in C++.

To simplify the computation of optimizing Λ, we utilize the law of total variance and propose es-

timating Λ iteratively by n−1
∑

i∈IL ŜSSi + m̂mmi(m̂mmi)T. As for π, its estimation is independent of other

parameters, as evidenced by (2.3). We obtain an initial estimate, π̃, by solving a logistic regression

with Yi andUUUi, for i ∈ IL.

Algorithm B3 Alternating Projected Gradient for RestrictedMax ELBO
Initialize: mmm[0]

i ← 000q, sss[0]i ← 111q,B[0] ← 000q×(r+2),Λ[0] ← diag(111q), t← 0

π̃ ← argmaxbbb
∑n

i∈IL Yi log{expit(bbbT!UUUi)}+ (1− Yi) log{1− expit(bbbT!UUUi)}

whileChange inJL > threshold do

mmm[t+1]
i ← gradient update(mmm[t]

i ) using (B1), ∀i ∈ IL

sss[t+1]
i ← gradient update(sss[t]i ) using (B1), ∀i ∈ IL

B[t+1] ← gradient update(B[t]) using (B1)

Λ[t+1] ← 1
n
∑n

i=1
(
diag(sss[t]i ) +mmmi

[t]mmmi
[t]T
)

t← t+ 1

end while

Return: θ̃ and ζ̃L

104



2 Semisupervised Estimation

2.1 Blockwise Gradients andOther Details onMaximizingOF

LetOi = O(θ, ζ(0)i , ζ(1)i ;XXXi,UUUi, γi). The gradients regarding the variational parameters for unlabeled

observations are
∂Oi

∂mmm(y)

i
= γyi (1− γi)

1−y∂J
(y)

i
∂mmm(y)

i
,

∂Oi

∂sss(y)i
= γyi (1− γi)

1−y∂J
(y)

i
∂sss(y)i

,

(B3)

where y = 0, 1. The gradient forB is

∂OF
∂B

=
∂
∑

i∈IL Ji

∂B
+ γi

∂
∑

i∈IU J
(1)
i

∂B
+ (1− γi)

∂
∑

i∈IU J
(0)
i

∂B
. (B4)

By the law of total variance, we propose to estimate Λ by

1
n+N





∑

i∈IL

(
ŜSSi + m̂mmim̂mmi

T
)
+
∑

i∈IU

∑

y=0,1
γ̂yi (1− γ̂1−y

i )
(
ŜSS
(y)

i + m̂mmi
(y)m̂mmi

(y)T
)



 .

We propose to estimate π using both labeled and unlabeled data together with the estimated proba-

bilities γ̂ as follows

π̂ = argmax
bbb

∑

i∈IL

Yi log{expit(bbbT#UUUi)}+ (1− Yi) log{1− expit(bbbT#UUUi)}

+
∑

i∈IU

γ̂i log{expit(bbb
T#UUUi)}+ (1− γ̂i) log{1− expit(bbbT#UUUi)}.

(B5)
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2.2 Algorithm

Algorithm B4 Semi-supervised EM+GVA
Initialize: θ[0] ← θ̃, ζ[0]IL ← ζ̃IL , t← 0

Initialize ζ[0]IU by maximizing the corresponding ELBO for unlabeled data
∑

i∈IU
∑1

y=0 J (̃θ, ζ(y)i )with θ̃ fixed byMMA using (B1) subject toMMMU ∈ ΩMU

whileChange inO > tolerance do

E-step: ComputeJ (θ[t], ζ(y)[t]i ) ∀i ∈ IU, y = 0, 1 as (2.3)

γ[t]i ←
exp{Ji(θ[t],ζ(1)[t]i )}

exp{Ji(θ[t],ζ(0)[t]i )}+exp{Ji(θ[t],ζ(1)[t]i )}

M-step:

π[t+1] ← update using (C52) with γ[t]i

SetB[t,0] ← B[t], Λ[t,0] ← Λ[t], ζ[t,0]L ← ζ[t]L , ζ
[t,0]
U ← ζ[t]U ,

whileChange inO(B,Λ, π[t+1], ζIL , ζIU , γ
[t]) > tolerance do

mmm[t,d+1]
i ←MMA update(mmm[t,d]

i ) using (B1), then project it to ΩML ∀i ∈ IL

sss[t,d+1]i ←MMA update(sss[t,d]i ) using (B1) ∀i ∈ IL

mmm(y)[t,d+1]
i ←MMA update(mmm(y),[t,d]

i ) using (C56), then project it to ΩMU ∀i ∈

IU, y = 0, 1

sss(y)[t,d+1]i ←MMA update(sss(y),[t,d]i ) using (C56) ∀i ∈ IU, y = 0, 1

B[t,d+1] ←MMA update(B[t,d]) using (B4), then project it to ΩB

Λ[t,d+1] ← 1
n+N

[∑
i∈IL

{
SSS[t,d]i +mmmi

[t,d](mmmi
[t,d])T

}
+
∑

i∈IU
∑1

y=0(γ
[t]
i )

y{1− (γ[t]i )1−y}
{
SSS(y)[t,d]i +mmmi

(y)[t,d](mmmi
(y)[t,d])T

}]
,

d← d+ 1

end while

Return: B[t+1], Λ[t+1], ζ[t+1]IL , ζ[t+1]IU

t← t+ 1

end while

Return: θ̂, ζ̂IL , ζ̂IU and γ̂.
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3 Theoretical Properties of Supervised Estimator

To simplify the notations, for labeled observations, we remove the superscript (y) in the following

derivations. We first define a sub-Gaussian vector and a sub-exponential matrix in the following two

definitions. We establish the error rates of our supervised estimator by establishing the consistency

and then refining the convergent rate.

For two vectors An and Bn, we use An = OP,2(BN) or An = oP,2(BN) to represent that ‖An‖2 =

OP(‖BN‖t) under the !t-norm. Denote by dexpit(a) = ea/(1+ ea)2.

Definition B1. Amean zero random vector XXX ∈ Rd is sub-Gaussian(σ2) if

E[exp{λ〈vvv,XXX〉}] ≤ exp(λ2‖vvv‖22σ2/2), ∀λ ∈ R, vvv ∈ Rd.

Definition B2. A symmetric matrix SSS ∈ Rd×d with E(SSS) = 000 is sub-exponential(Σ, α) for symmetric

positive definite Σ ∈ Rd×d and non-negative scalar α if

E
(
eλSSS
)
: eλ

2Σ/2, |λ| ≤ 1
α .

Lemma B1. Let XXX1, . . . ,XXXn be independent, mean zero sub-Gaussian random vectors inRd with

sub-Gaussian parameter σ2. Then with probability at least 1− δ, we have

‖Σ̂− Σ‖2 ≤ Cσ2
{√

d+ log(1/δ)
n +

d+ log(1/δ)
n

}
,

where Σ̂ = n−1
∑n

i=1 XXXiXXXT
i is the sample covariance.
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3.1 Consistency

We first study the concentration of Xij across j = 1, . . . , p for a fixed i ∈ {1, . . . , n}. We use E0(·),

and var0(·) to denote the expectation and variance under true model parameters, respectively. Note

that

E0(Xij|DDDi,WWWi) = exp{VVVj(B
T
0DDDi +WWWi)},

and

E0(Xij) = E0{exp(VVVT
j B

T
0DDDi)} exp(2−1VVVT

j Λ0VVVj) ≤ exp(2−1C2Vκ)E0{exp(VVVT
j B

T
0DDDi)},

under assumption ‖VVV‖2,∞ ≤ CV (relatively uniform weighed sum over p elements), and 0 <

κ−1 ≤ λmin(Λ0) ≤ λmax(Λ0) ≤ κ. We further have

E0
{
qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)

}
= 000,

and

max
1≤k≤q

[
var0

{
qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)

}]
(k,k)

= max
1≤k≤q

(
var0

[
E0
{
qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)|DDDi,WWWi

}]
(k,k) + E0

{
var0

(
qp−1VVVTXXXi|DDDi,WWWi

)})

(k,k)

= max
1≤k≤q

q2
p2 {V

VVTE0 (diag[exp{VVV(BT
0DDDi +WWWi)}])VVV}(k,k)

= max
1≤k≤q

q2
p2

p∑

j=1
V2
jkE0{exp(VVVT

j B
T
0DDDi)} exp(2−1VVVT

j Λ0VVVj)

= max
1≤k≤q

q2
p2

p∑

j=1
E0(Xij)V2

jk

≤Cqp , (B6)
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where C is a positive constant, under assumptions that Xij|ZZZi is independent for j = 1, . . . , p,
√
q/pVVV is orthonormal. Similarly, we can show that

min
1≤k≤q

[
var0

{
qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)

}]
(k,k) ≥ cqp ,

where c is a positive constant under the assumption that min1≤j≤p E0(Xij) is bounded away from

zero. Consequently, for a fixed i ∈ {1, . . . , n}, we have

qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi) = 111qOP(
√
q/p), (B7)

‖qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)‖2 = OP(
√

q2/p),

and

‖qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)‖22 = OP(q2/p).

Further, under the assumptions that n = O{(p/q)η1} and q = O{(p/q)η2}, for some η1 > 0 and

η2 > 0, since the distribution of Xij does not depend i but j, by Markov’s inequality, we have for any

ρ ∈ (0, 1/2) andK0 > 0, we have

P[|{qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)}k| > (q/p)ρ] ≤
E
{
|{qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)}k|K0

}

(q/p)ρK0

= O
{
(q/p)K0(1/2−ρ)

}
.

Consequently, by Boole’s inequality, for any ρ ∈ (0, 1/2) andK1 > 0, we have

P[ max
1≤i≤n

‖qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)‖∞ > (q/p)ρ] = O{(q/p)K1},
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and

P[ max
1≤i≤n

‖qp−1VVVTXXXi − qp−1E0(VVVTXXXi|DDDi,WWWi)‖2 > (q2/p)ρ] = O{(q/p)K1}. (B8)

Recall that

Aij = Eφi [exp{VVV
T
j (B

TDDDi +WWWi)}] = exp
{
VVVT
j

(
BTDDDi +mmmi +

1
2
SSSiVVVj

)}
,

AAAi = Eφi [exp{VVV(B
TDDDi +WWWi)}] = exp

{
VVV (BTDDDi +mmmi) +

1
2
diag(VVVSSSiVVVT)

}
.

Within the parameter spaces ofB, Λ andMMM, by (B1), we have

max
1≤i≤n

max
1≤k≤q

ŝik = max
1≤i≤n

max
1≤k≤q

1
∑p

j=1 V2
jkÂij + (Λ−1)(k,k)

≤ max
1≤i≤n

max
1≤k≤q

1
pq−1 min1≤j≤p Âij + (Λ−1)(k,k)

≤ max
1≤i≤n

q
p

1

min1≤j≤p exp
{
VVVT
j (B

TDDDi + m̂mmi)
}

≤ q
p exp

{
(KB + KM)

√
log(p/q)

}
. (B9)

The first inequality holds because Âij > 0 for j = 1, . . . , p. The second inequality holds because the

diagonal elements of a positive definite matrix are positive, andVVVT
j ŜSSiVVVj ≥ 0 for j ∈ [p]. We further

have

max
1≤i≤n

‖diag(VVVŜSSiVVVT)‖max ≤ C2V max
1≤i≤n

max
1≤k≤q

|sik| ≤ C2V exp
{
(KB + KM)

√
log(p/q)

}
q
p . (B10)

Due to the profiling procedure, for any fixed i, at anyB and Λ in the parameter spaces, by (B1) and
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(B7), we have

qp−1Λ−1m̂mmi + qp−1VVVT exp
{
VVV (BTDDDi + m̂mmi) + 2−1diag(VVVŜSSiVVVT)

}

=qp−1VVVT exp{VVV(BT
0DDDi +WWWi)}+ 111qOP(

√
q/p),

and

qp−1VVVT exp {VVV (BTDDDi + m̂mmi)} =qp−1VVVT exp{VVV(BT
0DDDi +WWWi)}+ Δi + 111qOP(

√
q/p) (B11)

where

Δi = −qp−1Λ−1m̂mmi − qp−1VVVT exp {VVV (BTDDDi + m̂mmi)};
[
exp
{
2−1diag(VVVŜSSiVVVT)

}
− 111p

]
.

In the parameter spaces of Λ andMMMIL , we have

max
1≤i≤n

qp−1‖Λ−1m̂mmi‖∞ ≤ qp−1‖Λ−1‖∞‖MMMIL‖max = OP{‖Λ−1‖∞qp−1
√
log(p/q)} = OP{q3/2p−1

√
log(p/q)}.

Moreover, in the parameter spaces ofB andMMMIL , by (B9) we have

max
1≤i≤n

max
1≤j≤p

1
2
exp{VVVT

j (B
TDDDi + m̂mmi)}(VVVŜSSiVVVT)(j,j) = OP

[
exp{2(KB + KM)

√
log(p/q)}qp

]
,
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and consequently

max
1≤i≤n

qp−1‖VVVT exp {VVV (BTDDDi + m̂mmi)};
[
exp
{
2−1diag(VVVŜSSiVVVT)

}
− 111p

]
‖∞

≤‖VVVT‖1,∞ max
1≤i≤n

qp−1‖ exp {VVV (BTDDDi + m̂mmi)};
[
exp
{
2−1diag(VVVŜSSiVVVT)

}
− 111p

]
‖∞

=OP

(
‖VVVT‖1,∞

[
exp{2(KB + KM)

√
log(p/q)}q

2

p2

])

=OP[q3/2p−1 exp{2(KB + KM)
√
log(p/q)}].

Hence,

max
1≤i≤n

‖Δi‖∞ = oP{q3/2p−1(p/q)ε} = oP(1), (B12)

for any arbitrarily small but positive ε.

Let μi,0 = BT
0DDDi +WWWi, μ̂i = BTDDDi + m̂mmi ∈ Rq, and fff(μi) = qp−1VVVT exp(VVVμi) ∈ Rq. Then by

(B11) and (B12), we have

fff(μ̂i) = fff(μi,0) + 111qoP(1),

∇μi fff(μi)|μi=μ̃i(μ̂i − μi,0) = 111qoP(1), (B13)

where μ̃i is on the line connecting μ̂i and μi,0. By simple calculation, we have

{∇μi fff(μi)}l,m = [qp−1VVVT{exp(VVVμi)111
T
q ; VVV}]l,m = qp−1

p∑

j=1
Vjl exp(

q∑

k=1
Vjkμik)Vjm.

Note that∇μi fff(μi) depends on bothVVV and μi. When μi = 000, then for any scaled orthonormalVVV,

we have∇μfff(μ)|μ=000 = IIIq×q. When the p codes uniformly belong to q non-overlapping groups and

each column ofVVV containing p − q zeros, then∇μi fff(μi) is diagonal with positive diagonal elements
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and the smallest eigenvalue

min
1≤k≤q

qp−1
p∑

j=1
V2
jk exp(VVVT

j μi) ≥ min
1≤j≤p

exp(VVVT
j μi).

For generalVVV satisfying the incoherence and scaled orthonormal assumptions, we have

λmin{∇μi fff(μi)} = min
‖ccc‖2=1

ccc∇μi fff(μi)ccc
T

= min
‖ccc‖2=1

q
p

p∑

j=1
exp(VVVT

j μi)
q∑

m=1

q∑

l=1
clcmVjlVjm

= min
‖ccc‖2=1

q
p

p∑

j=1
exp(VVVT

j μi)(ccc
TVVVj)

2

≥ min
‖ccc‖2=1

min
1≤j≤p

exp(VVVT
j μi)

q
p

p∑

j=1
(cccTVVVj)

2

= min
‖ccc‖2=1

min
1≤j≤p

exp(VVVT
j μi)

q
p c
ccTVVVTVVVccc

= min
1≤j≤p

exp(VVVT
j μi). (B14)

Note that

VVVT
j μi,0|DDDi = VVVT

j B
T
0DDDi + VVVT

j WWWi|DDDi ∼ N(VVVT
j B

T
0DDDi,VVVT

j Λ0VVVj),

with uniformly finite variance for j = 1, . . . , p under the assumption that ‖VVV‖2→∞ ≤ CV,

λmax(Λ0) ≤ κ. For any positive constantK2 > KB, we have

P
[
exp(VVVT

j μi,0) > exp{K2

√
log(p/q)}|DDDi

]
= 1−Φ



K2
√
log(p/q)− VVVT

j B
T
0DDDi√

VVVT
j Λ0VVVj



 ≤ 1−Φ



(K2 − KB)
√
log(p/q)√

VVVT
j Λ0VVVj



→ 0,

(B15)
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and

P
[
exp(VVVT

j μi,0) ≤ exp{−K2

√
log(p/q)}|DDDi

]
= Φ



−K2
√
log(p/q)− VVVT

j B
T
0DDDi√

VVVT
j Λ0VVVj



→ 0,

when Φ(·) is the cumulative density function of standard normal distribution, and p/q → ∞.

Note that exp{K2
√
log(p/q)} grows slower than (p/q)ε, for any ε > 0. WhenK2 is large enough,

Φ{−K2
√
log(p/q)} behaves like

exp
{
−2−1K2

2 log(p/q)
}

√
2πK2

√
log(p/q)

≤
(
q
p

)K2
2/2

.

Hence, under the assumption that qK2
2/2 = o

(
pK2

2/2−1
)
, which is getting weaker whenK2 in-

creases, we have

P
[
max
1≤j≤p

exp(VVVT
j μi,0) > exp{K2

√
log(p/q)}

]
≤ p max

1≤j≤p




1− Φ



K2
√
log(p/q)− VVVT

j B
T
0DDDi√

VVVT
j Λ0VVVj








→ 0,

and

P
[
min
1≤j≤p

exp(VVVT
j μi,0) ≤ exp{−K2

√
log(p/q)}

]
≤ p max

1≤j≤p
Φ



−
K2
√
log(p/q)− VVVT

j B
T
0DDDi√

VVVT
j Λ0VVVj



→ 0,

when p/q→∞. Similarly, we have

P
[
max
1≤i≤n

max
1≤j≤p

exp(VVVT
j μi,0) > exp{K2

√
log(p/q)}

]
→ 0, (B16)

and

P
[
min
1≤i≤n

min
1≤j≤p

exp(VVVT
j μi,0) ≤ exp{−K2

√
log(p/q)}

]
→ 0,
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whenK2 is large enough such that nqK
2
2/2 = o

(
pK2

2/2−1
)
. Under the assumptions of the parameter

spaces forB andMMM, we know

max
1≤i≤n

max
1≤j≤p

exp{VVVT
j μ̂i} ≤ exp{(KB + KM)

√
log(p/q)},

and consequently, we have

P
[
max
1≤i≤n

max
1≤j≤p

exp{VVVT
j μ̃i} ≤ exp{K3

√
log(p/q)}

]
→ 1, (B17)

whereK3 = max(K2,KB + KM).

By (B13), (B17), and (B8), we have

max
1≤i≤n

‖μ̂i − μi,0‖2 = OP

[
exp{K3

√
log(p/q)}

{
max
1≤i≤n

‖Δi‖2 + (q2/p)ρ
}]

. (B18)

We know ‖{∇μi fff(μi)|μi=μ̃i}
−1‖∞ ≤ q1/2‖{∇μi fff(μi)|μi=μ̃i}

−1‖2 always holds. But it can be sharp-

ened based on the sparsity of {∇μi fff(μi)|μi=μ̃i}
−1.

We next aggregate n patients and analyze the consistency of B̂. Recall that

∂JL
∂B

=
n∑

i=1

p∑

j=1
(Xij − Aij)DDDiVVVT

j = DDDT
IL(XXXIL − AAAIL)VVV. (B19)

Note that for anyB and Λ, by (B1), we have

n∑

i=1

[
VVVT{XXXi − ÂAAi(B,Λ)}DDDT

i − Λ−1m̂mmi(B,Λ)DDDT
i

]
= 000. (B20)
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By (B19), we have

n∑

i=1
VVVT{XXXi − ÂAAi(B̂, Λ̂)}DDDT

i = 000 (B21)

By (B20) and (B21), we show that the approximate posterior means satisfy

Λ̂−1
n∑

i=1
m̂mmi(B̂, Λ̂)DDDT

i = 000.

Hence, we have

000 =
1
n

n∑

i=1
DDDim̂mmi

T =
1
n

n∑

i=1
DDDiWWWT

i +
1
n

n∑

i=1
DDDiDDDT

i (B0 − B̂) +
1
n

n∑

i=1
DDDiδTi ,

where δi = B̂TDDDi + m̂mmi(B̂, Λ̂)−BT
0DDDi −WWWi. Under the assumption that λmin(n−1

∑n
i=1DDDiDDDT

i )

is bounded away from the zero,WWWi is independent ofUUUi and Yi with mean 000, by (B18) and (B12),

we obtain the consistency for B̂

‖B0 − B̂‖2→∞ ≤ q−1/2‖( 1nD
DDiDDDT

i )
−1‖2

(
‖ 1n

n∑

i=1
DDDiWWWT

i ‖2→∞ + ‖ 1n

n∑

i=1
DDDiδTi ‖2→∞

)

≤ OP

[√
q/n+ exp{K3

√
log(p/q)}

{
max
1≤i≤n

‖Δi‖2 + (q2/p)ρ
}]

= oP(1).

(B22)

3.2 Refining the Convergence Rate

SinceE0(Xij) and var0(Xij) are both bounded, by Central Limit Theorem, we have

1
n

n∑

i=1

q
pV
VVTXXXi −

1
n

n∑

i=1

q
pE0(VVVTXXXi|DDDi,WWWi) =111qOP

(
1√
n

)
.
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By (B1), we have

q
p

p∑

j=1
XijVVVj −

q
p Λ̂

−1m̂mmi

=
q
p

p∑

j=1
exp{VVVT

j (B
T
0DDDi +WWWi) + 2−1VVVT

j ŜSSiVVVj + VVVT
j δi}VVVj

=
q
p

p∑

j=1
exp{VVVT

j (B
T
0DDDi +WWWi)}{1+ VVVT

j δi + 2−1VVVT
j ŜSSiVVVj + 2−1 exp(νij)(VVVT

j δi + 2−1VVVT
j ŜSSiVVVj)

2}VVVj,

(B23)

where νij is on the line connecting 0 andVVVT
j δi + 2−1VVVT

j ŜSSiVVVj, and |VVVT
j δi + 2−1VVVT

j ŜSSiVVVj| = oP(1). By

(B14), we know∇μi fff(μi) = q/p
∑p

j=1 exp{VVVT
j (B

T
0DDDi +WWWi)}VVVjVVVT

j is invertible for i = 1, . . . , n.

By (B23), we further have

1
n

n∑

i=1
δi =

1
n

n∑

i=1
HHH−1
0 (TTT1 − TTT2 − TTT3 − TTT4),

where

HHH0 =
q
p

p∑

j=1
exp{VVVT

j (B
T
0DDDi +WWWi)}VVVjVVVT

j = ∇μfff(μ)|μ=μi,0 ,

TTT1 =
q
p

p∑

j=1
[Xij − exp{VVVT

j (B
T
0DDDi +WWWi)}]VVVj,

TTT2 =
q
p Λ̂

−1m̂mmi,

TTT3 =
q
p

p∑

j=1
exp{VVVT

j (B
T
0DDDi +WWWi)}2−1(VVVT

j ŜSSiVVVj)VVVj,

TTT4 =
q
p

p∑

j=1
exp{VVVT

j (B
T
0DDDi +WWWi)}2−1{exp(νij)(VVVT

j δi + 2−1VVVT
j ŜSSiVVVj)

2}VVVj.
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Since TTT1 = qp−1VVVTXXXi−qp−1E0(VVVTXXXi|DDDi,WWWi) is orthogonal to any function of (DDDi,WWWi), then

E0
(
HHH−1
0 TTT1

)
= E0

(
HHH−1
0
)
E0 (TTT1) = 000,

and by (B6) and (B14)

‖var0
(
HHH−1
0 TTT1

)
‖2 ≤ ‖E0(HHH−1

0 )‖22‖E0(TTT1TTTT
1 )‖2

≤ E0(‖HHH−1
0 ‖

2
2)‖E0(TTT1TTTT

1 )‖2

≤ E0

[
1

min1≤j≤p exp{2VVVT
j (B

T
0DDDi +WWWi)}

]
max
1≤k≤q

diag{E0(TTT1TTTT
1 )}

≤ Cqp .

Hence, we have
1
n

n∑

i=1
HHH−1
0 TTT1 = 111qOP

(√ q
np

)
.

Since λmin(Λ̂) is bounded away from zero, ‖m̂mmi‖2 = ‖WWWi‖2+oP(1) and E(‖WWWi‖2)2 ≤ E(‖WWWi‖22) =

Tr(Λ0) = O(q), by (B16), we have

‖ 1n

n∑

i=1
HHH−1
0 TTT2‖2 ≤

q
p‖Λ̂

−1‖2 max
1≤i≤n

λ−1min



q
p

p∑

j=1
exp{VVVT

j (B
T
0DDDi +WWWi)}VVVjVVVT

j



 1
n

n∑

i=1
‖m̂mmi‖2

=OP

[
exp{K2

√
log(p/q)}q3/2p−1

]
.

118



Since ‖VVVT‖2 = ‖VVV‖2 =
√
p/q‖

√
q/pVVV‖2 =

√
p/q, by (B10), we also can show

‖HHH−1
0 TTT3‖2

≤ max
1≤i≤n

λ−1min(HHH0)
q
p
1
n

n∑

i=1
‖VVVT‖2‖ exp {VVV (BTDDDi + m̂mmi)}; diag(VVVŜSSiVVVT)111p‖2

=OP

[
exp{(K2 + KB + KM)

√
log(p/q)}q3/2p−1

]
.

Since q
p
∑p

j=1 VVVjVVVT
j = Iq×q, we have

‖ 1n

n∑

i=1
HHH−1
0 TTT4‖2

≤C max
1≤i≤n

max
1≤j≤p

λ−1min(HHH0) exp(νij) exp{VVVT
j (B

T
0DDDi +WWWi)}‖VVVj‖2

1
n

n∑

i=1
δTi





q
p

p∑

j=1
VVVjVVVT

j




 δi

=OP

[
exp{(K2 + KB + KM)

√
log(p/q)}‖δi‖22

]

=OP

(
q2−ε

p1−ε

)
.

Hence, we have
1
n‖

n∑

i=1
DDDiδTi ‖2→∞ = OP

(√
q2
np +

q2−ε

p1−ε

)
. (B24)

Then (B22) can be refined to

1
√q‖B0 − B̂‖2→∞ ≤

1
√q‖(

1
nD
DDiDDDT

i )
−1‖2

(
‖ 1n

n∑

i=1
DDDiWWWT

i ‖2→∞ + ‖ 1n

n∑

i=1
DDDiδTi ‖2→∞

)

= OP

(
n−1/2 +

√ q
np +

q3/2−ε

p1−ε .

)
.
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Recall that

Λ̂ =
1
n

n∑

i=1
(m̂mmim̂mmi

T + ŜSSi)

=
1
n

n∑

i=1
WWWiWWWT

i + 2 1n

n∑

i=1
WWWi(m̂mmi −WWWi)

T +
1
n

n∑

i=1
(m̂mmi −WWWi)(m̂mmi −WWWi)

T +
1
n

n∑

i=1
ŜSSi.

By Lemma B1, we have

‖ 1n

n∑

i=1
WWWiWWWT

i − Λ0‖2 = OP

(
‖Λ0‖2

√
q
n

)
,

and

‖ 1n

n∑

i=1
WWWiWWWT

i − Λ0‖F = OP

(√
q2
n

)
.

By (B9), we have

‖ 1n

n∑

i=1
ŜSSi‖2 = OP[exp{K

√
log(p/q)}qp ],

and

‖ 1n

n∑

i=1
ŜSSi‖F = OP[exp{K

√
log(p/q)}q

3/2

p ].

With the similar derivation of (B24), for k = 1, . . . , q, we have

1
n‖

n∑

i=1
Wik(m̂mmi −WWWi)‖2 = OP

(√
q2
np +

q2−ε

p1−ε

)
.

Consequently,
1
n‖

n∑

i=1
WWWi(m̂mmi −WWWi)

T‖F = OP

(√
q3
np +

q5/2−ε

p1−ε

)
,
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and

1
q‖Λ̂ − Λ0‖F = OP

{
n−1/2 + q3/2−ε

p1−ε

}
.

For any ccc ∈ Rq with ‖ccc‖2 = 1, with the similar derivation of (B24), we have

‖ 1n

n∑

i=1
cccTWWWi(m̂mmi −WWWi)‖2 = OP

(√
q2
np +

q2−ε

p1−ε

)
,

and consequently

‖cccT(Λ̂ − Λ0)‖2 = OP

{
‖Λ0‖2

√
q
n +

q2−ε

p1−ε

}
.
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4 Semi-supervised Estimator

Define that Bd = {aaa ∈ Rd : ‖aaa‖2 = 1}. We introduce some notations used in our proof.

Denote by ŬUUi =




1

UUUi



. LetB1 be the first column ofB corresponding to the intercept,BT
2 be the

second to r + 1 column ofB corresponding to the coefficients forUUUi, andB3 be the last column of

B corresponding to Y. Denote by θ = (B,Λ, a, bbb), ζ(y)i = (mmm(y)

i , sss(y)i ), ζi = (ζ(0)i , ζ(1)i ), and

γ̂i(θ) = γ̂(θ, ζi;XXXi,UUUi) =
1

1+ exp{Ĵ (1)(θ, ζ(1)i ;XXXi,UUUi)− Ĵ (0)(θ, ζ(0)i ;XXXi,UUUi)}
,

where Ĵ (y)(θ, ζ(y)i ;XXXi,UUUi) = J (B,Λ, π,mmm(y)

i , sss(y)i ;XXXi,DDD(y)

i ).

Denote the signal-to-noise ratio (SNR) as ψ2 = BT
Y,0Λ

−1
0 BY,0 and μY = P(Yi = 1). Recall that

Err(θ) = max{‖B−B0‖2,∞, ‖BT
Y,0Λ

−1
0 (Λ − Λ0)‖2, |a− a0|+ ‖bbb− bbb0‖2}. Assume 0 < cY <

μY < 1− cY, 0 < C−1
U < Σ̄U < CU, ‖UUUi‖1 < CU, and C−1

Λ < λmin(Λ0) ≤ λmax(Λ0) < CΛ. For the

simplicity of presentation, we useRn,t to represent the vector or matrix reminder terms satisfying

‖Rn,t‖2 = o
(
Err(̂θ[t])

)
+ O

(
q1/2

N1/2 +
q2−ε

p1−ε

)
+ O

(
Err2(̂θ[t])

)
.

Assumption: q = o(p1/2−ε), q = o(n1/2−ε). Denote by Σ̄(y)

U = E
[
P(Yi = y|UUUi, ξ̄i)ŬUUiŬUU

T

i

]

for y ∈ {0, 1},HHH0 = p−1
∑p

j=1 VVVjVVVT
j exp{VVVT

j (B
T
0DDDi + WWWi)},BT

0DDDi = B1,0 + BU,0UUUi +

YiBY,0, ψj(Xij,UUUi) = HHH−1
0 VVVj{Xij − exp{VVVT

j (B
T
0DDDi + WWWi)}, ξ̄i = BT

0DDDi + WWWi, ξi = ξ̄i +

p−1
∑p

j=1 ψj(Xij,UUUi), Ξi =
{
ξi − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i , and Ξ̄i =
{
ξ̄i − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i .

Theorem B1. Under Assumptions XX, there exists some absolute constants C > 0 and D > 0 free of

CΛ, CU and cY, such that when the SNR ψ2 > C(1+ logCΛ+ logCU+ log c−1Y ) and the total number
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of iteration T > D log(N/n),

Err(̂θ) = OP

(
q1/2

N1/2 +
q2−ε

p1−ε

)
.

Proof. By Theorem 1, the initial supervised estimator θ̂[0] = θ̃ satisfies that

Err(̂θ[0]) = OP

(
q1/2

n1/2
+

q2−ε

p1−ε

)
= oP(q−1/2).

Then by Lemma 1, there exists some absolute constant C > 0 free of CΛ, CU and cY such that when

the SNR ψ2 > C(1+ logCΛ + logCU + log c−1Y ),

Err(̂θ[t+1]) ≤ {ν+ oP(1)}Err(̂θ[t]) + OP

(
q1/2

N1/2 +
q1−ε

p1−ε

)
, t = 0, 1, . . . ,T,

for some absolute constant ν < 1. Induction with the above equation for t = 0, 1, . . . ,T, we have

Err(̂θ) = Err(̂θ[T]) ≤ νTErr(̂θ[0]) + (ν+ · · ·+ νT)OP

(
q1/2

N1/2 +
q1−ε

p1−ε

)

= νTErr(̂θ[0]) + OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε

)
,

with probability approaching 1. Here we use ν to replace ν+oP(1)without loss of rigorousness since

ν can be any (large enough) constant in (0, 1). Thus, when T > logν−1(N/n) > D log(N/n) for

some constantD > 0 depending only on ν free of CΛ, CU and cY, we have

νTErr(̂θ[0]) = νTOP

(
q1/2

n1/2
+

q3/2−ε

p1−ε

)
≤ OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε

)
,
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which, together with the above equation, indicate that

Err(̂θ) = OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε

)
.

Theorem B2. For some new coming XXXnew,UUUnew,

γ̂new(̂θ)− P(Y = 1|̄ξnew,UUUnew) = OP

(
q1/2

N1/2 +
q1/2−ε

p1/2−ε

)
,

where ξ̄new = BT
0DDDnew +WWWnew.

Proof. By equation (B46) and Lemma B10, we have

γ̂new(̂θ)− P(Y = 1|̄ξnew,UUUnew)

=γ̂new(̂θ)−
1

1+ exp{G (̂θnew;XXXnew,UUUnew)}
+

1
1+ exp{G (̂θ;XXXnew,UUUnew)}

− 1
1+ exp{G(θ0;XXXnew,UUUnew)}

+
1

1+ exp{G(θ0;XXXnew,UUUnew)}
− P(Y = 1|̄ξnew,UUUnew)

=OP

(
q1−ε

p1−ε

)
+

1
1+ exp{G (̂θ;XXXnew,UUUnew)}

− 1
1+ exp{G(θ0;XXXnew,UUUnew)}

+ OP

(
q1/2−ε

p1/2−ε

)
.

Further, using (B47), (B48) and Theorem 2, we have

∣∣∣∣∣
1

1+ exp{G (̂θ;XXXnew,UUUnew)}
− 1
1+ exp{G(θ0;XXXnew,UUUnew)}

∣∣∣∣∣

$
{
1+ ‖UUUnew‖2 + ‖ξ̄new + ζnew‖2

}
Err(̂θ) = OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε

)
,

where ζnew = −dexpit{Ḡ (̄ξnew)}p−1
∑p

j=1B
T
Y,0Λ

−1
0 ψj(Xnew,j,UUUnew) = OP

(
q1/2−ε/2/p1/2−ε/2)
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by concentration. Combining the two above equations, we have

γ̂new(̂θ)− P(Y = 1|̄ξnew,UUUnew) = OP

(
q1/2

N1/2 +
q1/2−ε

p1/2−ε

)
,

Lemma B2. Under Assumptions XX, there exists some constant C > 0 such that with probability

approaching 1 as N, p→∞,

C−1 < λmin
(
N−1

N∑

i=1
ξiξ

T
i

)
≤ λmax

(
N−1

N∑

i=1
ξiξ

T
i

)
< C; max

i∈[N]
‖ξi‖2 = OP(q1/2).

Proof. Denote by Σ̄ξ = E(ξiξ
T
i ). We have

Σ̄ξ =BT
0E(DDDiDDDT

i )B0 + Λ0 + p−1Eψj(Xij,UUUi)ψT

j (Xij,UUUi)

=..

which, combined with Assumption XX, indicates that

C−1
1 < λmin(Σ̄ξ) ≤ λmax(Σ̄ξ) < C1 (B25)

for some constant C1 > 0. SinceDDDi is bounded,WWWi is Gaussian, and ψj(Xij,UUUi) is sub-exponential,

we have that for any aaa ∈ Bq,

∣∣∣∣∣aaa
T
(
Σ̄ξ −N−1

N∑

i=1
ξiξ

T
i

)
aaa

∣∣∣∣∣ ≤ ‖aaa‖
2
1

∥∥∥Σ̄ξ −N−1
N∑

i=1
ξiξ

T
i

∥∥∥
∞
$ q‖aaa‖22

√
log q
N = oP(1),
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as we have q = o(n1/2−ε) and n ≤ N. Thus, we have

λmin(Σ̄ξ)− oP(1) ≤ λmin
(
N−1

N∑

i=1
ξiξ

T
i

)
≤ λmax

(
N−1

N∑

i=1
ξiξ

T
i

)
≤ λmax(Σ̄ξ) + oP(1),

which, combined with (B25), finishes the proof for the first conclusion aboutN−1∑N
i=1 ξiξ

T
i ’s

eigenvalues. For the second conclusion,

a

Lemma B3. Under Assumptions XX, we have

‖ξi − ξ̄i‖2 = OP

(
q1−ε/2

p1/2−ε/2

)
, max

aaa∈Bq

∣∣aaaT(ξi − ξ̄i)
∣∣ = OP

(
q1−ε/2

p1/2−ε/2

)
,

where ξi − ξ̄i = 1
p
∑p

j=1 ψj(Xij,UUUi).

Proof.

Lemma B4 (Linear contraction). Under Assumptions XX and when Err(̂θ[t]) = oP(q−1), there exists

some absolute constant C > 0 free of CΛ, CU and cY such that when ψ2 > C(1 + logCΛ + logCU +

log c−1Y ),

Err(̂θ[t+1]) ≤ {ν+ oP(1)}Err(̂θ[t]) + OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε

)
, t = 0, 1, . . . ,T,

for some ν ∈ (0, 1).
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Proof. By Lemma B13 and using concentration inequality, we have

N−1
N∑

i=1
P(Yi = 1|UUUi, ξ̄i)

{
ξ̄i − (B1,0 +BY,0,B

T
U,0)ŬUUi

}
ŬUUT

i

(
Σ̄(1)
U

)−1
= OP

(
q1/2

N1/2

)
;

N−1
N∑

i=1

{
1− P(Yi = 1|UUUi, ξ̄i)

}{
ξ̄i − (B1,0,B

T
U,0)ŬUUi

}
ŬUUT

i

(
Σ̄(0)
U

)−1
= OP

(
q1/2

N1/2

)
.

Also, by Lemma B13, Σ̄(1)
U = μYΣ̄U and Σ̄(0)

U = (1−μY)Σ̄U where Σ̄U = E(ŬUUiŬUU
T

i ). Combining these

with Lemma B6, we have

(
B̂1,[t+1] −B1,0 + B̂3,[t+1] −BY,0, B̂

T
2,[t+1] −BT

U,0

)

=N−1
N∑

i=1
μ−1Y

[
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

]{
ξ̄i − (B1,0 +BY,0,B

T
U,0)ŬUUi

}
ŬUUT

i Σ̄
−1
U + OP,2(Rn,t),

(B26)
(
B̂1,[t+1] −B1,0, B̂

T
2,[t+1] −BT

U,0

)

=N−1
N∑

i=1
(1− μY)

−1
{
P(Yi = 1|UUUi, ξ̄i)− γ̂i(̂θ[t])

}{
ξ̄i − (B1,0,B

T
U,0)ŬUUi

}
ŬUUT

i Σ̄
−1
U + OP,2(Rn,t).

(B27)

Subtracting (B26) by (B27), we can derive that

B̂3,[t+1]−BY,0 = N−1
N∑

i=1

[
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

]{ [WWWi + (Yi − 1)BY,0]

μY
− [WWWi + YiBY,0]

1− μY

}
ŬUUT

i ω1+OP,2(Rn,t),

where ω1 represents the first column of
(
Σ̄U
)−1. Combining this with Lemma B9, we can derive
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that

B̂3,[t+1] −BY,0

=N−1
N∑

i=1
−dexpit{Ḡ (̄ξi)}

{
[WWWi + (Yi − 1)BY,0] ŬUU

T

i ω1
μY

− [WWWi + YiBY,0] ŬUU
T

i ω1
1− μY

}

{
BT

Y,0Λ−1
0 (B1,0 − B̂1,[t]) +BT

Y,0Λ−1
0 (BU,0 − B̂2,[t])UUUi

− {WWWi + (Yi − 1)BY,0}T Λ−1
0 (BY,0 − B̂3,[t])

+BT
Y,0Λ−1

0 (Λ0 − Λ̂[t])Λ−1
0 {WWWi + (Yi − 0.5)BY,0}+ â[t] − a0 + (b̂bb[t] − bbb0)TUUUi

}

+N−1
N∑

i=1
−dexpit{Ḡ (̄ξi)}

{
[WWWi + (Yi − 1)BY,0] ŬUU

T

i ω1
μY

− [WWWi + YiBY,0] ŬUU
T

i ω1
1− μY

}
ζi(XXXi,UUUi) + OP,2(Rn,t).

Multiplying both sides with uuu1 = (B̂3,[t+1]−BY,0)/‖B̂3,[t+1]−BY,0‖2 and using the concentration

result

N−1
N∑

i=1
dexpit{Ḡ (̄ξi)}

{
[WWWi + (Yi − 1)BY,0] ŬUU

T

i ω1
μY

− [WWWi + YiBY,0] ŬUU
T

i ω1
1− μY

}
ζi(XXXi,UUUi) = OP,2

(
q1/2

N1/2

)
,

128



as well as our boundness assumptions onUUUi, μY, and Λ, we have that

∥∥∥B̂3,[t+1] −BY,0

∥∥∥
2

≤N−1
N∑

i=1
dexpit{Ḡ (̄ξi)}

{
2cYCU(|uuuT

1WWWi|+ C1/2Λ ψ)
}{

C−1/2
Λ ψ

∥∥∥B1,0 − B̂1,[t]

∥∥∥
2

+ C−1/2
Λ ψCU

∥∥∥BU,0 − B̂2,[t]

∥∥∥
2,∞

+ (C−1
Λ |uuuT

1WWWi|+ C−1/2
Λ ψ)

∥∥∥BY,0 − B̂3,[t]

∥∥∥
2

+ (C−1
Λ |uuuT

1WWWi|+ C−1/2
Λ ψ)

∥∥∥BT
Y,0Λ−1

0 (Λ0 − Λ̂[t])
∥∥∥
2
+ CU

(
|â[t] − a0|+ ‖b̂bb[t] − bbb0‖2

)}
+ OP(‖Rn,t‖2)

≤N−1
N∑

i=1
dexpit{Ḡ (̄ξi)}Poly2(|uuuT

1WWWi|;CΛ, cY,CU)Poly2(ψ;CΛ, cY,CU)Err(̂θ[t])

+ oP
(
Err(̂θ[t])

)
+ OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε

)
+ OP

(
Err2(̂θ[t])

)
,

where Poly2(·;CΛ, cY,CU) represents a polynomial function with at most degree 2 and depending

on the constants CΛ and cY in their polynomial forms. Then by ‖uuu1‖2 = 1 and Lemma B14, there

exists some constant C > 0 free of CΛ, CU and cY such that when ψ2 > C(1 + logCΛ + logCU +

log c−1Y ),

N−1
N∑

i=1
dexpit{Ḡ (̄ξi)}Poly2(|uuuT

1WWWi|;CΛ, cY)Poly2(ψ;CΛ, cY) ≤ ν+ OP

(
q1/2

N1/2

)

for some ν < 1, where we use the concentration inequality producing theOP
(
q1/2/N1/2) reminder

term. This implies that

∥∥∥B̂3,[t+1] −BY,0

∥∥∥
2
≤ {ν+ oP(1)}Err(̂θ[t]) + OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε + qErr2(̂θ[t])
)
. (B28)

For B̂1,[t+1] and B̂2,[t+1], we combine equation (B27) with Lemma B9, and use similar procedures
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as above to derive that for every column
(
B̂1,[t+1] −B1,0, B̂T

2,[t+1] −BT
U,0

)

j
with j ∈ {1, . . . , r+1}

∥∥∥∥
(
B̂1,[t+1] −B1,0, B̂

T
2,[t+1] −BT

U,0

)

j

∥∥∥∥
2

≤N−1
N∑

i=1
dexpit{Ḡ (̄ξi)}Poly2(|uuuT

2jWWWi|;CΛ, cY,CU)Poly2(ψ;CΛ, cY,CU)Err(̂θ[t])

+ oP
(
Err(̂θ[t])

)
+ OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε + qErr2(̂θ[t])
)
,

where ‖uuu2j‖2 = 1. Then, again using Lemma B14, there exists some constant C > 0 (without loss

of generality, still denoting it as C) such that when ψ2 > C(1+ logCΛ + logCU + log c−1Y ),

N−1
N∑

i=1
dexpit{Ḡ (̄ξi)}Poly2(|uuuT

2jWWWi|;CΛ, cY,CU)Poly2(ψ;CΛ, cY,CU) ≤ ν+ OP

(
q1/2

N1/2

)

for some ν < 1 and all j ∈ {1, . . . , r+ 1}. This further implies that

∥∥∥
(
B̂1,[t+1] −B1,0, B̂

T
2,[t+1] −BT

U,0

)∥∥∥
2,∞
≤ {ν+oP(1)}Err(̂θ[t])+OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε + qErr2(̂θ[t])
)
.

(B29)

For (â[t+1], b̂bb[t+1]), we can combine Lemma B7 with Lemma B9 and use the similar procedure as

used above to derive that

|â[t+1] − a0|+
∥∥∥b̂bb[t+1] − bbb0

∥∥∥
2

≤N−1
N∑

i=1
dexpit{Ḡ (̄ξi)}Poly2(|uuuT

3WWWi|;CΛ, cY,CU)Poly2(ψ;CΛ, cY,CU)Err(̂θ[t])

+ oP
(
Err(̂θ[t])

)
+ OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε + qErr2(̂θ[t])
)
,
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where ‖uuu3‖2 = 1. Similarly, for Λ̂[t+1], combining Lemma B8 with Lemma B9, we have

∥∥∥BT
Y,0Λ−1

0 (Λ̂[t+1] − Λ0)
∥∥∥
2

≤N−1
N∑

i=1
dexpit{Ḡ (̄ξi)}Poly2(|uuuT

4WWWi|;CΛ, cY,CU)Poly2(ψ;CΛ, cY,CU)Err(̂θ[t])

+ oP
(
Err(̂θ[t])

)
+ OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε + qErr2(̂θ[t])
)
,

where ‖uuu4‖2 = 1. Thus, further using Lemma B14, there exists some constant C > 0 (without loss

of generality, still denoted C) such that when ψ2 > C(1+ logCΛ + logCU + log c−1Y ),

|â[t+1] − a0|+
∥∥∥b̂bb[t+1] − bbb0

∥∥∥
2
≤{ν+ oP(1)}Err(̂θ[t]) + OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε + qErr2(̂θ[t])
)
;

∥∥∥BT
Y,0Λ−1

0 (Λ̂[t+1] − Λ0)
∥∥∥
2
≤{ν+ oP(1)}Err(̂θ[t]) + OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε + qErr2(̂θ[t])
)
.

Combining this with (B28), (B29), and the assumption Err(̂θ[t]) = oP(q−1) (indicting that qErr2(̂θ[t]) =

oP{Err(̂θ[t])}), we have that

Err(̂θ[t+1]) =max
{∥∥∥B̂[t+1] −B0

∥∥∥
2,∞

,
∥∥∥BT

Y,0Λ−1
0 (Λ̂[t+1] − Λ0)

∥∥∥
2
, |â[t+1] − a0|+

∥∥∥b̂bb[t+1] − bbb0
∥∥∥
2

}

≤{ν+ oP(1)}Err(̂θ[t]) + OP

(
q1/2

N1/2 +
q3/2−ε

p1−ε

)
,

which finishes the proof.

Lemma B5 (Gaussian mixture approximation for E-step). For each t = 0, 2, . . . ,T,

Ĵ (1)(̂θ[t], ζ̂
(1)

i,[t];XXXi,UUUi)− Ĵ (0)(̂θ[t], ζ̂
(0)

i,[t];XXXi,UUUi)− G (̂θ[t];XXXi,UUUi) = OP

(
q3/2−ε

p1−ε

)
,
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where the Gaussian mixture classifier

G (̂θ[t];XXXi,UUUi) = B̂T
3,[t]Λ̂

−1
[t]

(
ξi − B̂1,[t] − B̂2,[t]UUUi − B̂3,[t]/2

)
+ â[t] + b̂bb

T

[t]UUUi,

with ξi = BT
0DDDi+WWWi+p−1

∑p
j=1 ψj(Xij,UUUi), ψj(Xij,UUUi) = HHH−1

0 VVVj{Xij− exp{VVVT
j (B

T
0DDDi+WWWi)},

HHH0 = p−1
∑p

j=1 VVVjVVVT
j exp{VVVT

j (B
T
0DDDi +WWWi)}, andBT

0DDDi = B1,0 +BU,0UUUi + YiBY,0.

Proof. First, through simple algebra, we have

Ĵ (1)(θ, ζ(1)i ;XXXi,UUUi)− Ĵ (0)(θ, ζ(0)i ;XXXi,UUUi)}

=

p∑

j=1
XijVVVT

j (B3 +mmm(1)
i −mmm(0)

i )

−
[
exp
{
VVVT
j
(
BTDDD(1)

i +mmm(1)
i + sss(1)i VVVj/2

)}
− exp

{
VVVT
j
(
BTDDD(0)

i +mmm(0)
i + sss(0)i VVVj/2

)}]

+
1
2
[
(mmm(0)

i )TΛ−1mmm(0)
i − (mmm(1)

i )TΛ−1mmm(1)
i + Tr{Λ−1(sss(0)i − sss(1)i )}+ log{det(sss(1)i )}− log{det(sss(0)i )}

]

+ a+ bbbTUUUi,

(B30)

whereB3 represents the third column inBT corresponding to Y and (π0, π1) is the coefficient for

the logistic model of Yi against ŬUUi. Then using the fact Ĵ (1)(̂θ[t], ζ̂
(1)

i,[t];XXXi,UUUi) = maxζ(1)i
Ĵ (1)(̂θ[t], ζ(1)i ;XXXi,UUUi)

and (B30), we have

Ĵ (1)(̂θ[t], ζ̂
(1)

i,[t];XXXi,UUUi)− Ĵ (0)(̂θ[t], ζ̂
(0)

i,[t];XXXi,UUUi)}

≥Ĵ (1)(̂θ[t], (m̂mm(0)
i,[t] − B̂3,[t], sss(0)i );XXXi,UUUi)− Ĵ (0)(̂θ[t], ζ̂

(0)

i,[t];XXXi,UUUi)}

=
1
2

[
(m̂mm(0)

i,[t])
TΛ̂−1

[t] m̂mm
(0)
i,[t] − (m̂mm(0)

i,[t] − B̂3,[t])
TΛ̂−1

[t] (m̂mm
(0)
i,[t] − B̂3,[t])

]
+ â[t] + b̂bb

T

[t]UUUi.

(B31)

132



Similarly, since Ĵ (0)(̂θ[t], ζ̂
(0)

i,[t];XXXi,UUUi) = maxζ(0)i
Ĵ (0)(̂θ[t], ζ(0)i ;XXXi,UUUi), we have

Ĵ (1)(̂θ[t], ζ̂
(1)

i,[t];XXXi,UUUi)− Ĵ (0)(̂θ[t], ζ̂
(0)

i,[t];XXXi,UUUi)}

≤ 1
2

[
(m̂mm(1)

i,[t] + B̂3,[t])
TΛ̂−1

[t] (m̂mm
(1)
i,[t] + B̂3,[t])− (m̂mm(1)

i,[t])
TΛ̂−1

[t] m̂mm
(1)
i,[t]

]
+ â[t] + b̂bb

T

[t]UUUi.
(B32)

Next, we will derive appropriate approximations for m̂mm(y)

i,[t] using ξi − B̂T
[t]DDD

(y)

i for y ∈ {0, 1}. Recall

that m̂mm(y)

i,[t] is the solution of

p−1
p∑

j=1
VVVj
[
Xij − exp

{
VVVT
j

(
B̂T

[t]DDD
(y)

i +mmm(y)

i + ŝss(y)i,[t]VVVj/2
)}]
− p−1Λ−1mmm(y)

i = 000, (B33)

for y ∈ {0, 1}. Inspired by (B9), we have maxi∈[N] ‖̂sss(y)i,[t]‖max = OP(q1−ε/p1−ε), which, combined

with ‖VVVj‖2 = 1 and (B33), indicates that

p−1
p∑

j=1
VVVj
[
Xij − exp

{
VVVT
j

(
B̂T

[t]DDD
(y)

i +mmm(y)

i

)}]
− p−1Λ̂−1

[t] mmm
(y)

i + OP,2

(
q1−ε

p1−ε

)
= 000.

Then using the standard asymptotic results of M-estimator (Van der Vaart, 2000, Chapter 5), we

have

m̂mm(y)

i,[t] + B̂T
[t]DDD

(y)

i −BT
0DDDi −WWWi = p−1

p∑

j=1
ψj(Xij,UUUi) + OP,2

(
q1−ε

p1−ε

)
, (B34)

which implies that m̂mm(y)

i,[t] = ξi − B̂T
[t]DDD

(y)

i + OP,2({q/p}1−ε). Combining this (taking y = 0) with

(B30) and through some algebra, we have

Ĵ (1)(̂θ[t], ζ̂
(1)

i,[t];XXXi,UUUi)− Ĵ (0)(̂θ[t], ζ̂
(0)

i,[t];XXXi,UUUi)} ≥ G (̂θ[t];XXXi,UUUi)− OP

(
q3/2−ε

p1−ε

)
.
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Similarly, combining m̂mm(1)
i,[t] = ξi − B̂T

[t]DDD
(1)
i + OP,2

(
q3/2−ε/p1−ε)with (B30), we have

Ĵ (1)(̂θ[t], ζ̂
(1)

i,[t];XXXi,UUUi)− Ĵ (0)(̂θ[t], ζ̂
(0)

i,[t];XXXi,UUUi)} ≤ G (̂θ[t];XXXi,UUUi) + OP

(
q3/2−ε

p1−ε

)
.

These two inequalities finish our proof.

Lemma B6 (Gaussian mixture approximation for M-step). Under Assumptions XX, and when

Err(̂θ[t]) = oP(1), we have

(
B̂1,[t+1] −B1,0 + B̂3,[t+1] −BY,0, B̂

T
2,[t+1] −BT

U,0

)

=N−1
N∑

i=1
γ̂i(̂θ[t])

{
ξ̄i − (B1,0 +BY,0,B

T
U,0)ŬUUi

}
ŬUUT

i

[
Σ̂(1)
U (̂θ[t])

]−1
+ OP,2(Rn,t),

(
B̂1,[t+1] −B1,0, B̂

T
2,[t+1] −BT

U,0

)

=N−1
N∑

i=1

{
1− γ̂i(̂θ[t])

}{
ξ̄i − (B1,0,B

T
U,0)ŬUUi

}
ŬUUT

i

[
Σ̂(0)
U (̂θ[t])

]−1
+ OP,2(Rn,t).

Proof. Note that for anyB and Λ, by (??), we have

n∑

i=1

[
VVVT{XXXi − ÂAAi(B,Λ)}DDDT

i − Λ−1m̂mmi(B,Λ)DDDT
i

]
= 000. (B35)

By (B19), we have

n∑

i=1
VVVT{XXXi − ÂAAi(B̂, Λ̂)}DDDT

i = 000 (B36)
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By (B20) and (B21), we show that the approximate posterior means satisfy

Λ̂−1
n∑

i=1
m̂mmi(B̂, Λ̂)DDDT

i = 000. (B37)

By definition of m̂mm(y)

i,[t+1] and similar to

(B20) and (B21), we can show that for y ∈ {0, 1}

N−1
N∑

i=1

{
yγ̂i(̂θ[t]) + (1− y)

[
1− γ̂i(̂θ[t])

]}
m̂mm(y)

i,[t+1] = 000,

N−1
N∑

i=1

{
yγ̂i(̂θ[t]) + (1− y)[1− γ̂i(̂θ[t])]

}
m̂mm(y)

i,[t+1]UUU
T
i = 000.

Combining these equations with (B34) in which we replace t by t+ 1, we have that,

000 = N−1
N∑

i=1
γ̂i(̂θ[t])m̂mm

(1)
i,[t+1]ŬUU

T

i = N−1
N∑

i=1
γ̂i(̂θ[t])(ξi − B̂T

[t+1]DDD
(1)
i )ŬUUT

i + OP,2

(
q3/2−ε

p1−ε

)
,

000 = N−1
N∑

i=1

{
1− γ̂i(̂θ[t])

}
m̂mm(0)

i,[t+1]ŬUU
T

i = N−1
N∑

i=1

{
1− γ̂i(̂θ[t])

}
(ξi − B̂T

[t+1]DDD
(0)
i )ŬUUT

i + OP,2

(
q3/2−ε

p1−ε

)
.

These imply that

(
B̂1,[t+1] + B̂3,[t+1], B̂2,[t+1]

)
Σ̂(1)
U (̂θ[t]) = N−1

N∑

i=1
γ̂i(̂θ[t])ξiŬUU

T

i + OP,2

(
q3/2−ε

p1−ε

)
,

(
B̂1,[t+1], B̂2,[t+1]

)
Σ̂(0)
U (̂θ[t]) = N−1

N∑

i=1

{
1− γ̂i(̂θ[t])

}
ξiŬUU

T

i + OP,2

(
q3/2−ε

p1−ε

)
,

where Σ̂(1)
U (̂θ[t]) = N−1∑N

i=1 γ̂i(̂θ[t])ŬUUiŬUU
T

i and Σ̂
(0)
U (̂θ[t]) = N−1∑N

i=1{1 − γ̂i(̂θ[t])}ŬUUiŬUU
T

i . We

minus (B1,0 + BY,0,BU,0)Σ̂
(1)
U (̂θ[t]) and (B1,0,BU,0)Σ̂

(0)
U (̂θ[t]) on both sides of the first and the
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second row respectively. This leads to

(
B̂1,[t+1] −B1,0 + B̂3,[t+1] −BY,0, B̂2,[t+1] −BU,0

)

=N−1
N∑

i=1
γ̂i(̂θ[t])

{
ξi − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i

[
Σ̂(1)
U (̂θ[t])

]−1
+ OP,2

(
q3/2−ε

p1−ε

)
,

=N−1
N∑

i=1
γ̂i(̂θ[t])

{
ξ̄i − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i

[
Σ̂(1)
U (̂θ[t])

]−1
+ Δ11 + Δ12 + OP,2

(
q3/2−ε

p1−ε

)
,

(
B̂1,[t+1] −B1,0, B̂2,[t+1] −BU,0

)

=N−1
N∑

i=1

{
1− γ̂i(̂θ[t])

}{
ξi − (B1,0,BU,0)ŬUUi

}
ŬUUT

i

[
Σ̂(0)
U (̂θ[t])

]−1
+ OP,2

(
q3/2−ε

p1−ε

)
,

=N−1
N∑

i=1

{
1− γ̂i(̂θ[t])

}{
ξ̄i − (B1,0,BU,0)ŬUUi

}
ŬUUT

i

[
Σ̂(0)
U (̂θ[t])

]−1
+ Δ21 + Δ22 + OP,2

(
q3/2−ε

p1−ε

)
,

(B38)

where the higher-order error terms are defined as

Δ11 = N−1
N∑

i=1

{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}(
ξi − ξ̄i

)
ŬUUT

i

[
Σ̂(1)
U (̂θ[t])

]−1
,

Δ12 = N−1
N∑

i=1
P(Yi = 1|UUUi, ξ̄i)

(
ξi − ξ̄i

)
ŬUUT

i

[
Σ̂(1)
U (̂θ[t])

]−1
,

Δ21 = −N−1
N∑

i=1

{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}(
ξi − ξ̄i

)
ŬUUT

i

[
Σ̂(0)
U (̂θ[t])

]−1
,

Δ22 = N−1
N∑

i=1
P(Yi = 0|UUUi, ξ̄i)

(
ξi − ξ̄i

)
ŬUUT

i

[
Σ̂(0)
U (̂θ[t])

]−1
.

Next, we will bound the terms Δ11,Δ12 defined as above separately. For Δ11, using Lemmas B3 and
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B11 as well as q = o(p1/2) and Err(̂θ[t]) = oP(1), we can show that

‖Δ11‖22 $N−1
N∑

i=1

{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}2
N−1

N∑

i=1

(
ξi − ξ̄i

)2
∥∥∥∥
[
Σ̂(1)
U (̂θ[t])

]−1∥∥∥∥
max

=OP

(
Err2(̂θ[t]) +

q2−2ε
p2−2ε +

q1−ε

p1−ε

)
× OP

(
q3/2−ε

p1−ε

)
,

which implies that

‖Δ11‖2 = oP
(
Err(̂θ[t])

)
+ OP

(
q3/2−ε

p1−ε

)
.

For Δ12, we can bound it through the concentration inequality (similar to Lemma B3) under the

orthogonality between ψj(Xij,UUUi) and (UUUi, ξ̄i), which implies that

‖Δ12‖2 $

∥∥∥∥∥∥
1
Np

N∑

i=1

p∑

j=1
P(Yi = 1|UUUi, ξ̄i)ψj(Xij,UUUi)ŬUU

T

i

∥∥∥∥∥∥
2

∥∥∥∥
[
Σ̄(1)
U

]−1∥∥∥∥
max

= OP

(
q1/2

{Np}1/2

)
.

Thus, we have

‖Δ11‖2 + ‖Δ12‖2 = OP(Rn,t),

whereOP,2(Rn,t) is a reminder defined at the beginning of the proof section. Combining this with

equation (B38), we finish the proof for the first equation in Lemma B6.

For terms Δ21 and Δ22, since they are completely analog to Δ11 and Δ12, we can implement the

same procedures presented above to show that

‖Δ21 + Δ22‖2 = OP,2(Rn,t),

which, combined with (B38), finishes the proof of the second equation in Lemma B6.
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Lemma B7 (Prior probability update in M-step). Under Assumptions XX and that Err(̂θ[t]) =

oP(1),




â[t+1] − a0

b̂bb[t+1] − bbb0



 =
1
N

N∑

i=1
H̄HH−1

π ŬUUi
{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}
+ OP,2(Rn,t),

where H̄HHπ = E
[
ŬUUiŬUU

T

i exp(a0 + bbbT0UUUi)/{1+ exp(a0 + bbbT0UUUi)}2
]
.

Proof. Note that (â[t+1], b̂bb[t+1]) is the solution to the estimating equation

Ŝ[t+1](a, bbb) :=
1
N

N∑

i=1
ŬUUi
{
γ̂i(̂θ[t])− expit(a+ bbbTUUUi)

}
= 000.

Define that

Ŝ(a, bbb) := 1
N

N∑

i=1
ŬUUi
{
P(Yi = 1|UUUi, ξ̄i)− expit(a+ bbbTUUUi)

}
= 000.

By Lemma B11 and the assumption Err(̂θ[t]) = oP(1),

∥∥∥Ŝ(a, bbb)− Ŝ[t+1](a, bbb)
∥∥∥
2
=

∥∥∥∥∥
1
N

N∑

i=1
ŬUUi
{
P(Yi = 1|UUUi, ξ̄i)− γ̂i(̂θ[t])

}∥∥∥∥∥
2

$
∥∥∥∥∥
1
N

N∑

i=1
P(Yi = 1|UUUi, ξ̄i)− γ̂i(̂θ[t])

∥∥∥∥∥
2

= OP

(
Err(̂θ[t]) +

q1/2−ε/2

p1/2−ε/2

)
= oP(1).

Then by

E
[
ŬUUi
{
P(Yi = 1|UUUi, ξ̄i)− expit(a0 + bbbT0UUUi)

}]
= E

[
ŬUUi
{
P(Yi = 1|UUUi, ξ̄i)− P(Yi = 1|UUUi)

}]
= 000,

(B39)

and using the standardM-estimation theory (Van der Vaart, 2000, Chapter 5), the solution of the
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estimating equation Ŝ[t+1](a, bbb) = Ŝ(a, bbb) + oP(1) = 000, i.e., (â[t+1], b̂bb[t+1]) satisfies that

|â[t+1] − a0|+ ‖b̂bb[t+1] − bbb0‖2 = oP(1).

Then we can linearly expand Ŝ[t+1](a, bbb) to derive that




â[t+1] − a0

b̂bb[t+1] − bbb0



 =
1
N

N∑

i=1
H̄HH−1

π ŬUUi
{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}
+Δ1+Δ2+OP

(
Err2(̂θ[t]) +

q1−ε

p1−ε

)
,

(B40)

with the remainder terms

Δ1 =
1
N

N∑

i=1

(
H̄HHπ − ĤHHπ

)
ŬUUi
{
γ̂i(̂θ[t])− expit(a0 + bbbT0UUUi)

}

Δ2 =
1
N

N∑

i=1
H̄HH−1

π ŬUUi
{
P(Yi = 1|UUUi, ξ̄i)− expit(a0 + bbbT0UUUi)

}
,

where ĤHHπ = N−1∑N
i=1 ŬUUiŬUU

T

i expit(â[t+1] + b̂bb
T

[t+1]UUUi). Again using Lemma B11 and that q =

o(p1/2), we have

‖Δ1‖22 $
∥∥∥H̄HHπ − ĤHHπ

∥∥∥
2

2

∥∥∥∥∥
1
N

N∑

i=1
ŬUUi
{
γ̂i(̂θ[t])− expit(a0 + bbbT0UUUi)

}∥∥∥∥∥

2

2

$
(
|â[t+1] − a0|+ ‖b̂bb[t+1] − bbb0‖2

)2
∥∥∥∥∥∥
1
Np

N∑

i=1

−ŬUUi exp
{
Ḡ (̄ξi)

}
(
1+ exp

{
Ḡ (̄ξi)

})2

p∑

j=1
BT

Y,0Λ−1
0 ψj(Xij,UUUi) + OP

(
q1−ε

p1−ε

)∥∥∥∥∥∥

2

2

+
(
|â[t+1] − a0|+ ‖b̂bb[t+1] − bbb0‖2

)2 1
N

N∑

i=1

{
γ̂i(̂θ[t])− expit{−G(θ0;XXXi,UUUi)}

}2

=

{
OP

(
Err2(̂θ[t]) +

q2−2ε
p2−2ε

)
+ OP

(
q1−ε

p1−ε

)}
· OP

(
Err2(̂θ[t]) +

q2−2ε
p2−2ε +

q
Np

)
,

139



which implies that

‖Δ1‖2 = oP
(
Err(̂θ[t]) + q1−ε/p1−ε + {q/Np}1/2

)
+ OP

(
Err2(̂θ[t])

)
.

For Δ2, using (B39) and the concentration inequality, we have

‖Δ2‖2 = OP

(
q1/2/N1/2

)

These together with (B40) finish our proof.

Lemma B8 (Covariance update in M-step). When Err(̂θ[t]) = oP(q−1/2), we have

BT
Y,0Λ−1

0 (Λ̂[t+1]−Λ0) =
1
N

N∑

i=1

{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}
BT

Y,0Λ−1
0
{
BT
0(DDD

(1)
i +DDD(0)

i )− 2ξ̄i
}
BT

Y,0+OP,2(Rn,t).

Proof. Since m̂mm(y)

i,[t] = ξi − B̂T
[t]DDD

(y)

i + OP({q/p}1−ε) and ŜSS
(y)

i = OP({q/p}1−ε),

Λ̂[t+1] =
1
N

N∑

i=1
γ̂i(̂θ[t])

(
ξi − B̂T

[t]DDD
(1)
i

)(
ξi − B̂T

[t]DDD
(1)
i

)T

+{1−γ̂i(̂θ[t])}
(
ξi − B̂T

[t]DDD
(0)
i

)(
ξi − B̂T

[t]DDD
(0)
i

)T

.

By Lemma B13 and using concentration inequalities, we have

BT
Y,0Λ−1

0




Λ0 −
1
N

N∑

i=1

1∑

y=0
P(Yi = y|UUUi, ξ̄i)

(
ξ̄i −BT

0DDD
(y)

i
) (

ξ̄i −BT
0DDD

(y)

i
)T



 = OP,2

(
q1/2

N1/2

)
.
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Then we have

BT
Y,0Λ−1

0 (Λ̂[t+1] − Λ0) =
1
N

N∑

i=1

{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}
BT

Y,0Λ−1
0 {BT

0(DDD
(1)
i +DDD(0)

i )− 2ξ̄i}BT
Y,0

+
1∑

y=0
(Δy1 + Δy2 + Δy3 + Δy4) + OP

(
q1/2

N1/2

)
,

(B41)

with the remainder terms defined as

Δy1 =
1
N

N∑

i=1

[
{γ̂i(̂θ[t])}

y{1− γ̂i(̂θ[t])}
1−y − P(Yi = y|UUUi, ξ̄i)

]
BT

Y,0Λ−1
0
(
ξi − ξ̄i

) (
ξi + ξ̄i − 2B̂T

[t]DDD
(y)

i

)T

Δy2 =
1
N

N∑

i=1
P(Yi = y|UUUi, ξ̄i)BT

Y,0Λ−1
0
(
ξi − ξ̄i

) (
ξi + ξ̄i − 2B̂T

[t]DDD
(y)

i

)T

Δy3 =
1
N

N∑

i=1

[
{γ̂i(̂θ[t])}

y{1− γ̂i(̂θ[t])}
1−y − P(Yi = y|UUUi, ξ̄i)

]

×BT
Y,0Λ−1

0

[(
ξ̄i − B̂T

[t]DDD
(y)

i

)(
ξ̄i − B̂T

[t]DDD
(y)

i

)T

−
(
ξ̄i −BT

0DDD
(y)

i
) (

ξ̄i −BT
0DDD

(y)

i
)T]

Δy4 =
1
N

N∑

i=1
P(Yi = y|UUUi, ξ̄i)BT

Y,0Λ−1
0

[(
ξ̄i − B̂T

[t]DDD
(y)

i

)(
ξ̄i − B̂T

[t]DDD
(y)

i

)T

−
(
ξ̄i −BT

0DDD
(y)

i
) (

ξ̄i −BT
0DDD

(y)

i
)T]

.

Next, we will bound these three terms separately. First, by Lemma B3, we have

1
N

N∑

i=1

∣∣BT
Y,0Λ−1

0 (ξi − ξ̄i)
∣∣ $ 1

N

N∑

i=1

∥∥ξi − ξ̄i
∥∥
2 = OP

(
q1/2−ε/2

p1/2−ε/2

)

Lemma B11, q = o(p1/2), the concentration property , and that maxi∈[N]

∥∥∥ξi + ξ̄i − 2B̂T
[t]DDD

(y)

i

∥∥∥
2

2
=
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OP(log{Np}) = oP(pε) for any ε > 0, we have

‖Δy1‖22 $
1
N

N∑

i=1

{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}2 1
N

N∑

i=1
qmax
i∈[N]

∥∥∥ξi + ξ̄i − 2B̂T
[t]DDD

(y)

i

∥∥∥
2

2

(∣∣BT
Y,0Λ−1

0 (ξi − ξ̄i)
∣∣2
)

=OP

(
Err2(̂θ[t]) +

q1−ε

p1−ε

)
× OP

(
q2−ε

p1−ε

)
= oP

(
Err2(̂θ[t])

)
+ OP

(
q3−2ε
p2−2ε

)
,

which implies that ‖Δy1‖2 = oP
(
Err(̂θ[t])

)
+ OP

(
q3/2−ε/p1−ε).

For Δy2, using the fact that ξi− ξ̄i is orthogonal to (UUUi, ξ̄i), ‖ξi− ξ̄i‖2 = OP
(
q1/2−ε/2/p1/2−ε/2),

and

N−1
N∑

i=1

∣∣BT
Y,0Λ−1

0 (ξi − ξ̄i)
∣∣ = OP

(
q1/2−ε/2/p1/2−ε/2

)
,

we can derive that

‖Δy2‖2 =

∥∥∥∥∥
1
Np

N∑

i=1

p∑

j=1
P(Yi = y|UUUi, ξ̄i)BT

Y,0Λ−1
0 ψj(Xij,UUUi)

(
2ξ̄i − 2B̂T

[t]DDD
(y)

i

)T

+ P(Yi = y|UUUi, ξ̄i)BT
Y,0Λ−1

0
(
ξi − ξ̄i

) (
ξi − ξ̄i

)T
∥∥∥∥∥
2

$OP

(
q1/2

(Np)1/2

)
+ max

i∈[N]

∣∣BT
Y,0Λ−1

0 (ξi − ξ̄i)
∣∣ 1
N

N∑

i=1

∥∥ξi − ξ̄i
∥∥
2 = OP

(
q3/2−ε

p1−ε +
q1/2

N1/2

)
.

For Δy3, using Lemmas B10 and B11 and Err(̂θ[t]) = oP(q−1/2), we have

‖Δy3‖22 $
1
N

N∑

i=1

{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}2 1
N

N∑

i=1

∥∥∥BT
Y,0Λ−1

0 (B̂[t] −B0)
TDDD(y)

i
(
ξ̄i −BT

0DDD
(y)

i
)T∥∥∥

2

2

=OP

(
Err2(̂θ[t]) +

q1−ε

p1−ε

)
× OP

(
qErr2(̂θ[t])

)
= oP

(
Err2(̂θ[t])

)
.
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At last, by Lemma B13 and using concentration inequality, we have

‖Δy4‖2 =

∥∥∥∥∥
1
N

N∑

i=1
P(Yi = y|UUUi, ξ̄i)BT

Y,0Λ−1
0 (B̂[t] −B0)

TDDD(y)

i

(
2ξ̄i − B̂T

[t]DDD
(y)

i −BT
0DDD

(y)

i

)T

∥∥∥∥∥
2

$
∥∥∥∥∥
1
N

N∑

i=1
P(Yi = y|UUUi, ξ̄i)BT

Y,0Λ−1
0 (B̂[t] −B0)

TDDD(y)

i

{
(B̂[t] −B0)

TDDD(y)

i

}T

∥∥∥∥∥
2

+

∥∥∥∥∥B
T
Y,0Λ−1

0 (B̂[t] −B0)
T

{
1
N

N∑

i=1
P(Yi = y|UUUi, ξ̄i)DDD

(y)

i
(
ξ̄i −BT

0DDD
(y)

i
)T
}∥∥∥∥∥

2

=OP

(
Err2(̂θ[t])

)
+ OP

(
q1/2

N1/2 Err(̂θ[t])
)

= oP
(
Err(̂θ[t])

)
.

Combining our derived bound for Δy1, . . . ,Δy4 with equation (B41), we finish the proof.

Lemma B9 (Linear expansion of γ̂i). When Err(̂θ[t]) = oP(1), we have

γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

=− dexpit{Ḡ (̄ξi)}
{
BT

Y,0Λ−1
0 (B1,0 − B̂1,[t]) +BT

Y,0Λ−1
0 (BU,0 − B̂2,[t])UUUi − {WWWi + (Yi − 1)BY,0}T Λ−1

0 (BY,0 − B̂3,[t])

+BT
Y,0Λ−1

0 (Λ0 − Λ̂[t])Λ−1
0 {WWWi + (Yi − 0.5)BY,0}+ â[t] − a0 + (b̂bb[t] − bbb0)TUUUi

}

+ ζi(XXXi,UUUi) + OP

(
q1/2−ε/2

p1/2−ε/2 Err(̂θ[t])
)

+ OP

(
qErr2(̂θ[t])

)
+ OP

(
q1−ε

p1−ε

)
.

Proof. Then using (B47), (B48), and that ξi = B1,0+BT
U,0UUUi+YiBY,0+WWWi+p−1

∑p
j=1 ψj(Xij,UUUi),
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we have

expit{G (̂θ[t];XXXi,UUUi)}− expit{G(θ0;XXXi,UUUi)}

=− dexpit{G(θ0;XXXi,UUUi)}
[
G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)

]
+ OP

(
qErr2(̂θ[t])

)

=− dexpit{G(θ0;XXXi,UUUi)}
[
(B̂T

3,[t]Λ̂
−1
[t] −BT

Y,0Λ−1
0 ) {WWWi + ζi(XXXi,UUUi) + (Yi − 0.5)BY,0}

+ B̂T
3,[t]Λ̂

−1
[t]

(
B1,0 − B̂1,[t] + {BU,0 − B̂2,[t]}UUUi + {BY,0 − B̂3,[t]}/2

)

+ â[t] − a0 + (b̂bb[t] − bbb0)TUUUi
]
+ OP

(
qErr2(̂θ[t])

)

=− dexpit{G(θ0;XXXi,UUUi)}
{
BT

Y,0Λ−1
0 (B1,0 − B̂1,[t]) +BT

Y,0Λ−1
0 (BU,0 − B̂2,[t])UUUi

− {WWWi + ζi(XXXi,UUUi) + (Yi − 1)BY,0}T Λ−1
0 (BY,0 − B̂3,[t])

+BT
Y,0Λ−1

0 (Λ0 − Λ̂[t])Λ−1
0 {WWWi + ζi(XXXi,UUUi) + (Yi − 0.5)BY,0}

+ â[t] − a0 + (b̂bb[t] − bbb0)TUUUi
}
+ OP

(
qErr2(̂θ[t])

)

=− dexpit{Ḡ (̄ξi)}
{
BT

Y,0Λ−1
0 (B1,0 − B̂1,[t]) +BT

Y,0Λ−1
0 (BU,0 − B̂2,[t])UUUi − {WWWi + (Yi − 1)BY,0}T Λ−1

0 (BY,0 − B̂3,[t])

+BT
Y,0Λ−1

0 (Λ0 − Λ̂[t])Λ−1
0 {WWWi + (Yi − 0.5)BY,0}

+ â[t] − a0 + (b̂bb[t] − bbb0)TUUUi
}
+ Δ1 + Δ2 + OP

(
qErr2(̂θ[t])

)
,

with the reminder terms:

Δ1 =
[
dexpit{Ḡ (̄ξi)}− dexpit{G(θ0;XXXi,UUUi)}

] {
BT

Y,0Λ−1
0 (B1,0 − B̂1,[t]) +BT

Y,0Λ−1
0 (BU,0 − B̂2,[t])UUUi

− {WWWi + (Yi − 1)BY,0}T Λ−1
0 (BY,0 − B̂3,[t])

+BT
Y,0Λ−1

0 (Λ0 − Λ̂[t])Λ−1
0 {WWWi + (Yi − 0.5)BY,0}+ â[t] − a0 + (b̂bb[t] − bbb0)TUUUi

}

Δ2 =− dexpit{G(θ0;XXXi,UUUi)}
{
ζi(XXXi,UUUi)

TΛ−1
0 (BY,0 − B̂3,[t]) +BT

Y,0Λ−1
0 (Λ0 − Λ̂[t])Λ−1

0 ζi(XXXi,UUUi)
}
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Combining the two equations (??) and (B42), we only need to show that

Δ1 + Δ2 = OP

(
q1/2−ε/2

p1/2−ε/2 Err(̂θ[t])
)

+ OP

(
qErr2(̂θ[t])

)
+ OP

(
q1−ε

p1−ε

)
.

For Δ1 and Δ2, using (B43), we have

max
i∈[N]

∣∣dexpit{Ḡ (̄ξi)}− dexpit{G(θ0;XXXi,UUUi)}
∣∣

$max
i∈[N]

∥∥ξi − ξ̄i
∥∥
2 = max

i∈[N]
‖ζi(XXXi,UUUi)‖2 = OP

(
q1/2−ε/2

p1/2−ε/2

)
,

which implies that

Δ1 + Δ2 $
(
max
i∈[N]
‖ζi(XXXi,UUUi)‖2

)
Err(̂θ[t]) = OP

(
q1/2−ε/2

p1/2−ε/2 Err(̂θ[t])
)
.

This finishes the proof.

Lemma B10 (Approximation error between ξ and ξ̄). We have that

expit{−G(θ0;XXXi,UUUi)}− P(Yi = 1|UUUi, ξ̄i) = ζi(XXXi,UUUi) + OP

(
q1−ε

p1−ε

)
= OP

(
q1/2−ε/2

p1/2−ε/2

)
,

where Ḡ (̄ξi) = BT
Y,0Λ

−1
0
(
ξ̄i −B1,0 −BU,0UUUi −BY,0/2

)
+ a0 + bbbT0UUUi and

ζi(XXXi,UUUi) = −dexpit(Ḡ (̄ξi))
1
p

p∑

j=1
BT

Y,0Λ−1
0 ψj(Xij,UUUi)

satisfying E[ζi(XXXi,UUUi)|̄ξi,UUUi] = 0,
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Proof. Since ξ̄i|Yi,UUUi ∼ N(BT
0DDDi,Λ), we have

P(Yi = 1|UUUi, ξ̄i) =
P(̄ξi|UUUi,Yi = 1)P(Yi = 1|UUUi)∑1
y=0 P(̄ξi|UUUi,Yi = y)P(Yi = y|UUUi)

=
1

1+ exp
{
Ḡ (̄ξi)

} .

This implies that

expit{−G(θ0;XXXi,UUUi)}− P(Yi = 1|UUUi, ξ̄i) =
exp{G(θ0;XXXi,UUUi)}

(
exp{Ḡ (̄ξi)− G(θ0;XXXi,UUUi)}− 1

)

(1+ exp{G(θ0;XXXi,UUUi)})
(
1+ exp

{
Ḡ (̄ξi)

}) .

(B42)

We further use Taylor’s expansion to derive that

exp{Ḡ (̄ξi)− G(θ0;XXXi,UUUi)}− 1 = Ḡ (̄ξi)− G(θ0;XXXi,UUUi) + O
(
{Ḡ (̄ξi)− G(θ0;XXXi,UUUi)}2

)
;

exp{G(θ0;XXXi,UUUi)}
(1+ exp{G(θ0;XXXi,UUUi)})

(
1+ exp

{
Ḡ (̄ξi)

}) −
exp
{
Ḡ (̄ξi)

}
(
1+ exp

{
Ḡ (̄ξi)

})2 = O
(
|Ḡ (̄ξi)− G(θ0;XXXi,UUUi)|

)
.

Combining this with (B42), we have

expit{−G(θ0;XXXi,UUUi)}− P(Yi = 1|UUUi, ξ̄i)

=− dexpit(Ḡ (̄ξi))
{
G(θ0;XXXi,UUUi)− Ḡ (̄ξi)

}
+ O

(
{Ḡ (̄ξi)− G(θ0;XXXi,UUUi)}2

)

=− dexpit{Ḡ (̄ξi)}BT
Y,0Λ−1

0
(
ξi − ξ̄i

)
+ O

({
BT

Y,0Λ−1
0
(
ξi − ξ̄i

)}2)
= ζi(XXXi,UUUi) + O

({
BT

Y,0Λ−1
0
(
ξi − ξ̄i

)}2)
.

Since Xij follows poisson distribution and ψj(Xij,UUUi) is sub-exponential, we can use the concentra-
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tion inequality to derive that

max
i∈[N]

|BT
Y,0Λ−1

0 (ξi − ξ̄i)| = max
i∈[N]

∣∣∣∣∣∣
p−1

p∑

j=1
BT

Y,0Λ−1
0 ψj(Xij,UUUi)

∣∣∣∣∣∣

$max
i∈[N]
‖ξi − ξ̄i‖2 = OP

(
{q logN}1/2

p1/2

)
≤ OP

(
q1/2−ε/2

p1/2−ε/2

)
. (B43)

Plugging this into the above equation, we can finish the proof.

Lemma B11 (Bounds for analyzing second-order errors). Under Assumptions XX, and when Err(̂θ[t]) =

oP(q−1/2) (Could try to weaken this), we have that for y ∈ {0, 1},

N−1
N∑

i=1

[
γ̂i(̂θ[t])− expit

{
− G(θ0;XXXi,UUUi)

}]2
= OP

(
Err2(̂θ[t]) +

q3−2ε
p2−2ε

)
;

N−1
N∑

i=1

[
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

]2
= OP

(
Err2(̂θ[t]) +

q1−ε

p1−ε

)
. (B44)

Lemma B12. Under Assumptions XX, and when Err(̂θ[t]) = oP(1), we have that for y ∈ {0, 1},

∥∥∥∥
[
Σ̂(y)

U (̂θ[t])
]−1
−
[
Σ̄(y)

U

]−1∥∥∥∥
max

= OP

(
Err(̂θ[t]) +

q1/2−ε/2

p1/2−ε/2 +
1

N1/2

)
,

∥∥∥∥
[
Σ̂(y)

U (̂θ[t])
]−1∥∥∥∥

max
= OP(1). (B45)

Proof. We first prove the first line of (B44). By Lemma B5, we have

γ̂i(̂θ[t]) = expit
{
− G (̂θ[t];XXXi,UUUi) + OP(q3/2−ε/p1−ε)

}
.
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Then following the same expansion procedures in the proof of Lemma B10, we can show that

γ̂i(̂θ[t])− expit
{
− G (̂θ[t];XXXi,UUUi)

}
= OP

(
q3/2−ε

p1−ε

)
, (B46)

and that

expit{−G (̂θ[t];XXXi,UUUi)}− expit{−G(θ0;XXXi,UUUi)}

=− dexpit{G(θ0;XXXi,UUUi)}
[
G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)

]
+ O

({
G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)

}2)
.

(B47)

Also, by Assumptions 1 and 2, we have

∣∣∣G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)
∣∣∣

=

∣∣∣∣∣(B̂
T
3,[t] −BY,0)Λ̂

−1
[t] ξi +BT

Y,0Λ−1
0 (Λ̂ − Λ0)Λ̂

−1ξi

+ B̂T
3,[t]Λ̂

−1
[t]

(
B1,0 − B̂1,[t] + {BU,0 − B̂2,[t]}UUUi + {BY,0 − B̂3,[t]}/2

)
+ â[t] − a0 + (b̂bb[t] − bbb0)TUUUi

∣∣∣∣∣.

(B48)
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Equations (B47) and (B48) lead to

N−1
N∑

i=1

(
expit{−G (̂θ[t];XXXi,UUUi)}− expit{−G(θ0;XXXi,UUUi)}

)2

≤N−1
N∑

i=1

{
G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)

}2
+
{
G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)

}4

$N−1
N∑

i=1
(B̂T

3,[t] −BY,0)ξiξ
T
i (B̂

T
3,[t] −BY,0)

T +N−1
N∑

i=1
BT

Y,0Λ−1
0 (Λ̂ − Λ0)ξiξ

T
i {BT

Y,0Λ−1
0 (Λ̂ − Λ0)}T

+ ‖B̂[t] −B0‖22 + |â[t] − a0|2 + ‖b̂bb[t] − bbb0‖22 +N−1
N∑

i=1

{
G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)

}4

$
(
1+ max

i∈[N]

{
G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)

}2) · λmax
(
N−1

N∑

i=1
ξiξ

T
i

)
Err2(̂θ[t]),

where we use that λ−1min(Λ̂), λmax(Λ̂) and ‖B̂[t]‖2 are bounded. Then by Lemma B2 that λmax(N−1∑N
i=1 ξiξ

T
i )

is bounded and ‖ξi‖2 = OP(q1/2), and using that

max
i∈[N]

{
G (̂θ[t];XXXi,UUUi)− G(θ0;XXXi,UUUi)

}2

${1+ oP(1)}Err2(̂θ[t])N−1
N∑

i=1

{
1+ ‖UUUi‖22 + ‖ξi‖22

}
= OP

(
qErr2(̂θ[t])

)
= oP(1),

we can further derive that

N−1
N∑

i=1

(
expit{−G (̂θ[t];XXXi,UUUi)}− expit{−G(θ0;XXXi,UUUi)}

)2
= OP

(
Err2(̂θ[t])

)
. (B49)
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Combing (B46) and (B49), we have

N−1
N∑

i=1

{
γ̂i(̂θ[t])− expit{−G(θ0;XXXi,UUUi)

}2

≤N−1
N∑

i=1

{
γ̂i(̂θ[t])− expit{−G (̂θ[t];XXXi,UUUi)}

}2
+N−1

N∑

i=1

{
expit{−G (̂θ[t];XXXi,UUUi)}− expit{−G(θ0;XXXi,UUUi)}

}2

=OP

(
Err2(̂θ[t]) +

q3−2ε
p2−2ε

)
,

which finishes on proof for the first line of (B44). Then we prove the second line of (B44). Using

Lemma B10 and equation (B49), we have

N−1
N∑

i=1

{
γ̂i(̂θ[t])− P(Yi = 1|UUUi, ξ̄i)

}2

=N−1
N∑

i=1

{
γ̂i(̂θ[t])− expit{−G(θ0;XXXi,UUUi)

}2
+N−1

N∑

i=1

[
expit{−G(θ0;XXXi,UUUi)}− P(Yi = 1|UUUi, ξ̄i)

]2

=OP

(
Err2(̂θ[t]) +

q3−2ε
p2−2ε

)
+ OP

(
q1−ε

p1−ε

)
,

which finishes the proof of Lemma B11. Finally, we prove Lemma B12. First, we have

∥∥∥∥
[
Σ̂(1)
U (̂θ[t])

]−1
−
[
Σ̄(1)
U

]−1∥∥∥∥
max
$
∥∥∥∥
[
Σ̂(1)
U (̂θ[t])

]−1∥∥∥∥
max

∥∥∥Σ̄(1)
U − Σ̂(1)

U (̂θ[t])
∥∥∥
max

∥∥∥∥
[
Σ̄(1)
U

]−1∥∥∥∥
max

.

(B50)
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Then we use Lemma B10 and the concentration inequality to derive that

Δ :=
∥∥∥Σ̄(1)

U − Σ̂(1)
U (̂θ[t])

∥∥∥
max

≤

∥∥∥∥∥N
−1

N∑

i=1

{
P(Yi = y|UUUi, ξ̄i)− γ̂i(̂θ[t])

}
ŬUUiŬUU

T

i

∥∥∥∥∥
max

+

∥∥∥∥∥Σ̄
(1)
U −N−1

N∑

i=1
P(Yi = y|UUUi, ξ̄i)ŬUUiŬUU

T

i

∥∥∥∥∥
max

≤

∥∥∥∥∥N
−1

N∑

i=1

(
expit{−G (̂θ[t];XXXi,UUUi)}− expit{−G(θ0;XXXi,UUUi)}

)
ŬUUiŬUU

T

i

∥∥∥∥∥
max

+ OP

(
q1/2−ε/2

p1/2−ε/2 +
1

N1/2

)

=OP

(
Err(̂θ[t]) +

q1/2−ε/2

p1/2−ε/2 +
1

N1/2

)
,

with the last inequality established using (B49). Since it is assumed that Err(̂θ[t]) = oP(1), we

further have Δ = oP(1). Also, it is not hard to see from Assumption 1 that
∥∥[Σ̄(1)

U ]−1
∥∥
∞ 5

∥∥[Σ̄(1)
U ]−1

∥∥
2 = O(1) and

∥∥∥∥
[
Σ̂(1)
U (̂θ[t])

]−1∥∥∥∥
max
$
∥∥∥∥
[
Σ̂(1)
U (̂θ[t])

]−1∥∥∥∥
2
=

∥∥∥∥
[
Σ̄(1)
U + O(Δ)

]−1∥∥∥∥
2
=

∥∥∥∥
[
Σ̄(1)
U + oP(1)

]−1∥∥∥∥
2
= OP(1).

Combining these with (B50), we can show that

∥∥∥∥
[
Σ̂(1)
U (̂θ[t])

]−1
−
[
Σ̄(1)
U

]−1∥∥∥∥
max

= OP

(
Err(̂θ[t]) +

q1/2−ε/2

p1/2−ε/2 +
1

N1/2

)
.

Since ‖
[
Σ̄(1)
U

]−1
‖max = O(1) by our assumption, we have

∥∥∥∥
[
Σ̂(1)
U (̂θ[t])

]−1∥∥∥∥
max

= OP(1).
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Lemma B13 (Self-consistency). We have that

E
[
P(Yi = 1|UUUi, ξ̄i)

{
ξi − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i

]
= 000,

E
[
P(Yi = 0|UUUi, ξ̄i)

{
ξi − (B1,0,BU,0)ŬUUi

}
ŬUUT

i

]
= 000.

E
[
P(Yi = y|UUUi, ξ̄i)

(
ξ̄i −BT

0DDD
(y)

i
) (

ξ̄i −BT
0DDD

(y)

i
)T]

= P(Yi = y)Λ0.

Proof. Recall that ξi = ξ̄i + p−1
∑p

j=1 ψj(Xij,UUUi) = BT
0DDDi +WWWi + p−1

∑p
j=1 ψj(Xij,UUUi), and note

that for any measurable function f(·),

E



f(UUUi, ξ̄i)p−1
p∑

j=1
ψj(Xij,UUUi)



 = E



p−1
p∑

j=1
f(UUUi, ξ̄i)HHH−1

0 VVVj
{
Xij − E(Xij|UUUi, ξ̄i)

}


 = 000.

So we have

E
[
P(Yi = 1|UUUi, ξ̄i)

{
ξi − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i

]

=E
[
P(Yi = 1|UUUi, ξ̄i)

{
ξ̄i − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i

]
+ 000

=E
[
E[I(Yi = 1)|UUUi, ξ̄i]

{
ξ̄i − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i

]

=E
[
E
[
I(Yi = 1)

{
ξ̄i − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i |UUUi, ξ̄i
]]

= E
[
I(Yi = 1)

{
ξ̄i − (B1,0 +BY,0,BU,0)ŬUUi

}
ŬUUT

i

]

=P(Yi = 1)E
[{

ξ̄i − (B1,0 +BY,0,BU,0)ŬUUi
}
ŬUUT

i |Yi = 1
]
= P(Yi = 1)E

[
WWWiŬUU

T

i |Yi = 1
]
= 000.

Using the same way, we can also showE
[
P(Yi = 0|UUUi, ξ̄i)

{
ξi − (B1,0,BU,0)ŬUUi

}
ŬUUT

i

]
= 000.
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Similarly,

E
[
P(Yi = y|UUUi, ξ̄i)

(
ξ̄i −BT

0DDD
(y)

i
) (

ξ̄i −BT
0DDD

(y)

i
)T]

=E
{
E
[
E[I(Yi = y)|UUUi, ξ̄i]

(
ξ̄i −BT

0DDD
(y)

i
) (

ξ̄i −BT
0DDD

(y)

i
)T |UUUi, ξ̄i

]}

=E
{
E
[
I(Yi = y)

(
ξ̄i −BT

0DDD
(y)

i
) (

ξ̄i −BT
0DDD

(y)

i
)T |UUUi, ξ̄i

]}

=E
[
I(Yi = y)

(
ξ̄i −BT

0DDD
(y)

i
) (

ξ̄i −BT
0DDD

(y)

i
)T]

=P(Yi = y)E [WWWiWWWT
i |Yi = y] = P(Yi = y)Λ0

Lemma B14 (Technical bounds for Gaussian variables). For any uuu ∈ Rq satisfying ‖uuu‖2 = 1 and

any constant D > 1, when the SNR parameter ψ2 > 1 ∪ 48 log(2500Cτ/2
Λ D),

ψτ1E
[
dexpit{Ḡ (̄ξi)}|uuuTWWWi|τ2 |UUUi

]
< D−1, for τ1, τ2 ∈ {0, 1, 2}

Proof. Recall that ξ̄i = BT
0DDDi +WWWi whereWWWi ∼ N(000,Λ−1

0 ) is independent ofUUUi,Yi. Also, note

that

dexpit{Ḡ (̄ξi)} =
1

2+ exp{Ḡ (̄ξi)}+ exp{−Ḡ (̄ξi)}

=
1

2+ exp
{
BT

Y,0Λ
−1
0 [WWWi + (Yi − 0.5)BY,0] + a0 + bbbT0UUUi

}
+ exp

{
−BT

Y,0Λ
−1
0 [WWWi + (Yi − 0.5)BY,0]− a0 − bbbT0UUUi

} .
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Then for τ2 ∈ {0, 1, 2}, we have

E
[
dexpit{Ḡ (̄ξi)}|uuuTWWWi|τ2 |UUUi

]
=

1∑

y=0
P(Yi = y|UUUi)E

[
dexpit{Ḡ (̄ξi)}|uuuTWWWi|τ2 |UUUi,Yi = y

]

≤E



 |uuuTWWWi|τ2expit(a0 + bbbT0UUUi)

2+ exp
{
BT

Y,0Λ
−1
0 [WWWi + (1− 0.5)BY,0] + a0 + bbbT0UUUi

} +
|uuuTWWWi|τ2{1− expit(a0 + bbbT0UUUi)}

2+ exp
{
−BT

Y,0Λ
−1
0 [WWWi + (0− 0.5)BY,0]− a0 − bbbT0UUUi

}
∣∣∣∣∣UUUi





≤E



 |uuuTWWWi|τ2

2+ exp
{
BT

Y,0Λ
−1
0 WWWi + ψ2/2

} +
|uuuTWWWi|τ2

2+ exp
{
−BT

Y,0Λ
−1
0 WWWi + ψ2/2

}



 .

(B51)

LetW†
i := BT

Y,0Λ
−1
0 WWWi ∼ N(0,BT

Y,0Λ
−1
0 BY,0) = N(0, ψ2) and define the event E =

{
W† : |W†| < ψ2/4

}
. WhenW†

i ∈ E , we have that exp
{
±BT

Y,0Λ
−1
0 WWWi + ψ2/2

}
> exp(ψ2/4).

Define thatWε
i = uuuTWWWi − rW†

i where r = cov(W†
i , uuuTWWWi)/Var(W†

i ). Since Cov(W
†
i ,Wε

i) = 0

and they are jointly Gaussian variables, we haveW†
i ⊥⊥Wε

i . Then continuing on (B51), we have

E
[
dexpit{Ḡ (̄ξi)}|uuuTWWWi|τ2 |UUUi

]

≤E



 |uuuTWWWi|τ2

2+ exp
{
W†

i + ψ2/2
} +

|uuuTWWWi|τ2

2+ exp
{
−W†

i + ψ2/2
}
∣∣∣∣∣W

†
i ∈ E



+ P(W†
i ∈ E c)E

[
|uuuTWWWi|τ2 |W†

i ∈ E c
]

≤2min{exp(−ψ2/4), 1/3}E
[
|Wε

i|τ2 + |rW†
i |τ2 |W

†
i ∈ E

]
+ Φ(−ψ/4)E

[
|Wε

i|τ2 + |rW†
i |τ2 |W

†
i ∈ E c

]
,

where Φ(·) represents the cumulative distribution function of the standard normal distribution.

Using the factW†
i ⊥⊥ Wε

i and Var(Wε
i) ≤ Var(uuuTWWWi) ≤ uuuTΛ0uuu ≤ λmax(Λ0) ≤ CΛ, we can

derive that

E
[
|Wε

i|τ2 |W
†
i ∈ E

]
= E

[
|Wε

i|τ2 |W
†
i ∈ E c

]
= E [|Wε

i|τ2 ] ≤ Cτ2/2
Λ .
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Also, we have |r| ≤
√
Var(uuuTWWWi)/Var(W†

i ) ≤
√
CΛ/ψ, Φ(−ψ/4) < 2ψ−1e−ψ2/32 for all ψ ≥ 1,

and the following facts about the moments of truncated norm distribution:

EZ∼N(0,1) [Z|Z > b] = (2π)−1/2e−b2/2

Φ(−b) , EZ2∼N(0,1) [Z|Z > b] = 1+ (2π)−1/2be−b2/2

Φ(−b)

for any b > 0. These further imply that for τ1, τ2 ∈ {0, 1, 2},

ψτ1E
[
dexpit{Ḡ (̄ξi)}|uuuTWWWi|τ2 |UUUi

]

≤2ψτ1Cτ2/2
Λ min

{
e−ψ2/4, 1/3

}
E
[
1+ ψ−τ2 |W†

i |τ2 |W
†
i ∈ E

]
+ ψτ1Cτ2/2

Λ Φ(−ψ/4)E
[
1+ ψ−τ2 |W†

i |τ2 |W
†
i ∈ E c

]

≤2ψτ1Cτ2/2
Λ e−ψ2/4(1+ ψτ2/4) + Cτ2/2

Λ ψτ1Φ(−ψ/4)
[
1+ ψ−τ2 +

(2π)−1/2e−ψ2/32

ψΦ(−ψ/4)

]

≤ψτ1e−ψ2/32
(
4.5Cτ2/2

Λ + 0.5Cτ2
Λ ψ

τ2
)
≤ ψτ1e−ψ2/48

(
4.5Cτ2/2

Λ + 0.5Cτ2
Λ ψ

τ2e−ψ2/96
)
, when ψ ≥ 1.

Since ψτ1+τ2e−ψ2/96 ≤ 4990 for τ1, τ2 = 0, 1, 2 and ψ ≥ 1, we further have

E
[
dexpit{Ḡ (̄ξi)}|uuuTWWWi|τ2 |UUUi

]
≤ 2500Cτ2/2

Λ e−ψ2/48 < D−1

when ψ2 > 1 ∪ 48 log(2500Cτ2/2
Λ D).

4.1

To initialize, we set B̂[0], Λ̂[0], π̂[0] as the supervised estimator obtained using the small labeled sam-

ple, and

m̂mm(y)

i,[0], ŝss
(y)

i,[0] = argmax
mmm,sss

J (B̂[0], Λ̂[0], π̂[0],mmm, sss;XXXi,DDD(y)

i ).
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First, to justify the consistency of B̂[t+1], Λ̂[t+1], π̂[t+1]. Inductively, using the convergence of B̂[t], Λ̂[t], π̂[t]

and the VGA approximation to justify that

Ĵ (y)

i,[t]−J (B0,Λ0, π0, m̄mmi, s̄ssi;XXXi,DDD(y)

i ) = oP(1), J (B0,Λ0, π0, m̄mmi, s̄ssi;XXXi,DDD(y)

i )−log{P(DDD(y)

i |UUUi,WWWi)} = oP(1)

where m̄mmi, s̄ssi represents the population level values. Then we could derive

γ̂i,[t] − γ̄i + γ̄i − P(Yi = 1|XXXi,UUUi) = oP(1),

where γ̄i = 1/{1 + exp(J̄ (1)
i − J̄ (0)

i )} and J̄ (y)

i = J (B0,Λ0, π0, m̄mm(y), s̄ss(y);XXXi,DDD(y)

i ). So we then

only need to justify that solving

max
N∑

i=1
P(Yi = 1|XXXi,UUUi)J (B,Λ, π,mmm(1)

i , sss(1)i ;XXXi,DDD(1)
i )+P(Yi = 0|XXXi,UUUi)J(B,Λ, π,mmm(0)

i , sss(0)i ;XXXi,DDD(0)
i )

gives an consistent estimator, which can be done using basically the same procedure as the super-

vised VGA (since the population level solutions for this imputedMLE areB0,Λ0, π0).

Second, based on the consistency (and may be a initial convergence rate), we consider the asymp-

totic expansion:



E
1∑

y=0
P(Yi = y|XXXi,UUUi)∇2J (B,Λ, π,mmm(y)

i , sss(y)i ;XXXi,DDD(y)

i ))



√N(B̂[t+1] −B0, Λ̂[t+1] − Λ0, π̂[t+1] − π0)

=
1√
N

N∑

i=1

1∑

y=0
P(Yi = y|XXXi,UUUi)∇J (B,Λ, π,mmm(y)

i , sss(y)i ;XXXi,DDD(y)

i )

+
1√
N

N∑

i=1

1∑

y=0
[P(Yi = y|XXXi,UUUi)− γ̂i,[t]]∇J (B,Λ, π,mmm(y)

i , sss(y)i ;XXXi,DDD(y)

i ).

The first term corresponds to the “oracle” error.
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The key is to show that the second term only involves the first order term of B̂[t], Λ̂[t], π̂[t] with

coefficients smaller than 1 (decaying), plus some VGA approximation error. In specific,

γ̂i,[t] − γ̄i =
1∑

y=0

exp(J̄ (1)
i − J̄ (0)

i )

{1+ exp(J̄ (1)
i − J̄ (0)

i )}2
[
Ĵ (y)

i,[t] − J (B0,Λ0, π0, m̄mm(y)

i , s̄ss(y)i ;XXXi,DDD(y)

i )
]

+ OP

(∣∣∣Ĵ (y)

i,[t] − J (B0,Λ0, π0, m̄mm(y)

i , s̄ss(y)i ;XXXi,DDD(y)

i )
∣∣∣
2
)
.

Then the second becomes

N∑

i=1

1∑

y=0

(∇J̄ (1)
i −∇J̄

(0)
i ) exp(J̄ (1)

i − J̄ (0)
i )

{1+ exp(J̄ (1)
i − J̄ (0)

i )}2
[
Ĵ (y)

i,[t] − J (B0,Λ0, π0, m̄mm(y)

i , s̄ss(y)i ;XXXi,DDD(y)

i )
]

5 Implementation Details of OtherMethods in Simulation and Application

5.1 Zhang2020

We adapted the two-step SVD proposed in Zhang et al. (2020) for exploratory item factor analysis

to the Poisson setting as the following algorithm:

1. Input XXX ∈ Rn×p, YYY ∈ Rn×1 andUUU ∈ Rn×r, the number of factors q, truncation parameter

ε.

2. Apply the SVD to XXX and obtain XXX =
∑p

j=1 σjuuujvvvTj where σ1 ≥ σ2 ≥ · · · ≥ σp are singular

values and uuujs and vvvjs are left and right singular vectors, respectively.

3. Let X̃XX =
∑K̃

k=1 σkuuukvvvTk where K̃ = max{q+ 1, argmax σk ≥ 1.01
√
n}.
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4. Let X̂XX = (x̂ij)n×p defined as

x̂ij =






εn,p, if x̃ij < εn,p,

x̃ij, if εn,p ≤ x̃ij

5. Let M̃ = (m̃ij)n×p where m̃ij = log(x̂ij).

6. Let B̃ = (β0j, β1j, β2j)3×p where

β̃0j, β̃1j, β̃2j = argmin
n∑

i=1
(m̃ij − β0j − β1jYi − β2jUi)

2

7. Apply singular value decomposition to M̂ = (m̃ij − β̃0j − β̃1jYi − β̃2jUi)n×p to have

M̂ =
∑p

j=1 σ̂jûuujv̂vv
T
j .

8. Output

• Λ̂ = diag(σ̂21 , · · · , σ̂2q)/
√
n,

• B̂ = V̂VVT
B̃where V̂VV = (v̂1, · · · , v̂q)p×q.

9. To make prediction for a new patient, output

• Patient representation: ẐZZ(Yi,Ui) =
∑p

j=1 σ̂jûuujv̂vv
T
j + β̂0j + β̂1jYi + β̂2jUi

• Clustering assignment (assume a generative model):

P(Yi = 1|XXXi,UUUi; θ) =
P(XXXi|Yi = 1,UUUi; θ)

P(XXXi|Yi = 1,UUUi; θ) + P(XXXi|Yi = 0,UUUi; θ)

=
L(ẐZZi(1,Ui))

L(ẐZZi(1,Ui)) + L(ẐZZi(1,Ui))

whereL(λ) is the likelihood of Poisson distribution with rate λ.
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5.2 Chiquet2018

We adapted the variational inference for probabilistic Poisson PCA proposed by Chiquet et al.

(2018) to fit the model:

XXX | ZZZ ∼ Poisson(eZZZ), X1 ⊥ X2 ⊥ · · · ⊥ Xp | ZZZ

ZZZ = B†#UUUY + VVV†WWW†, #UUUY = (1,UUUT,Y)T ∈ Rr+2, WWW ∼ N (000q, 111),

Y | UUU ∼ Bernoulli{expit(π)}, expit(v) = ev/(1+ ev), #UUU = (1,UUUT)T

With the inputs XXX ∈ Rn×p, YYY ∈ Rn×1 andUUU ∈ Rn×r, the number of factors q, the algorithm

will output B̂† and V̂VV†
. We obtain V̂VV by applying eigenvalue decomposition of V̂VV†TV̂VV†

and obtain V̂VV

as the first q eigenvectors, then we obtain B̂ = V̂VVB̂† and Λ̂ as the first q eigenvalues.

To make predictions for a new patient, output

• Patient representation: ẐZZ(Yi,UUUi) = B̂(1,Yi,UUUi)T + m̂mmi

• Clustering assignment:

γ̂(XXXi,UUUi; θ̂) :=
exp{J (1)(XXXi,UUUi; θ̂)}

exp{J (1)(XXXi,UUUi; θ̂)}+ exp{J (0)(XXXi,UUUi; θ̂)}

whereJ (y)(XXXi,UUUi; θ̂) := J (XXXi,UUUi,Yi = y; θ̂).

159



Appendix C

SupplementaryMaterials to

Age-Specific Outcome-guided Representation Learning for
Patient Clustering with EHRData
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6 Details of Estimation Algorithm

6.1 Algorithm forModel Training for CoxMixtureModel

Algorithm C5 EM+GVAAlgorithm for Model Training (CoxMixture)
Initialize: θ[0] ← θ̃, ζ[0] ← ζ̃, h← 0
whileChange inOλ > tolerance do

E-step: ComputeJ (θ[h], ζ(y)[h]i ) ∀i ∈ I , y = 1, · · · ,K as (2.3)
γ[h]iy ←

exp{Ji(θ[h],ζ(y)[h]i )}
∑K

l=1 exp{Ji(θ[h],ζ(l)[h]i )}
M-step:
π[h+1] ← update using (C52) with γ[h]iy

SetB[h,0] ← B[h], Λ[h,0] ← Λ[h], ζ[h,0] ← ζ[h],
whileChange inOλ(θ, π[h+1], ζ, γ[h]) > tolerance do

for o = 1 toO do
Update Aog:
Fit a weighted Cox model using individuals withGi = g

Covariates: Ui
Weights: γ[h]iy

for y = 1 toK do
Update baseline hazard λogy(t) via weighted Breslow estimator:
for each event time toj do

dojy ←
∑

i:Toi=toj γ
[h]
iy · δi

Rojy ←
∑

i:Toi≥toj γ
[h]
iy · exp(U+

i Aog0)

λogy(tj)←
dojy
Rojy

end for
end for

end for
mmm(y)[h,d+1]

i ← gradient update(mmm(y),[h,d]
i ) using (C56), ∀i ∈ I , y = 0, 1

sss(y)[h,d+1]i ← gradient update(sss(y),[h,d]i ) using (C56) ∀i ∈ I , y = 0, 1
Λ[h,d+1] ← 1

n
∑n

i=1
∑K

y=1 γ̂
[h]
it

(
ŜSS
(y)[h,d]
i + m̂mmi

(y)[h,d]m̂mmi
(y)[h,d]T

)

B[h,d+1] ← gradient update(B[h,d]) using (C56),
C[h,d+1] ←ADMMupdate(C[h,d]) using Algorithm 2 until convergence.
d← d+ 1

end while
Return: AAA[h+1], κ[h+1],B[h+1],C[h+1], Λ[h+1], ζ[h+1]
h← h+ 1

end while
Return: θ̂, ζ̂ and γ̂.
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6.2 Gradient andHessianMatrices

The parameters {aaa, bbb} can be estimated by optimizing the objective function

(âgy, b̂bbgy) = argmax
a,bbb

n∑

i=1
I(Gi = g)γ̂gyi log{expit(a+ bbbTUUUi)} (C52)

We solve this by fitting a weighted multinomial logistic regression.

For the survival sub-model, the gradients can be found as

∂
∑

i∈{i:Gi=g}Oi

∂AAAg
=

∑

i∈{i:Gi=g}

K∑

y=1
γiy

∂J (y)

i
∂AAAg

∂
∑

i∈{i:Gi=g}Oi

∂κg
=

∑

i∈{i:Gi=g}

K∑

y=1
γiy

∂J (y)

i
∂κg

(C53)

where for i ∈ {i : Gi = g} for g = 1, · · · ,G,

∂J (y)

i
∂AAAg

= γiy[(−δi/λgy − δi(κg − 1)/λgy − κgT
κg
i /λ

κg−1
gy ]expit(AAAT

gDDD
(y)

i )DDD(y)

i

∂J (y)

i
∂κg

= [δi/κg + δi(logTi − log λgy)− (Ti/λgy)κg log κg].
(C54)

We can find the following second derivatives:

∂2Ji
∂AAAg∂AAAT

g
= [(−δi/λgy − δi(κg − 1)/λgy − κgT

κg
i /λ

κg−1
gy ]expit(AAAT

gDDD
(y)

i )(1− expit(AAAT
gDDD

(y)

i ))DDD(y)

i DDD(y)T

i

∂2Ji
∂κ2g

= −δi/κ2g − (Ti/λgy)κg
[
log(Ti/λgy) log κg + 1/κg

]

(C55)

The matrixDDD(y)

i DDD(y)T

i is a rank-one positive semi-definite matrix, so we can show that
∂2

∑
i∈{i:Gi=g} Oi

∂AAAg∂AAAT
g

is a negative definite. Also,
∂
∑

i∈{i:Gi=g} Oi

∂κg is negative. Hence, the ELBOJL is strictly concave re-

garding AAAg and κg.
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For the EHR feature count sub-model, the block-wise gradients can be found as

∂Oi

∂mmm(y)

i
= γyit

∂J (y)

i
∂mmm(y)

i

∂Oi

∂sss(y)i
= γtyi

∂J (y)

i
∂sss(y)i

∂
∑

t
∑

iOi
∂B

=
T∑

t=1

N∑

i=1

K∑

y=1
γtyi

∂J (y)

i
∂B

(C56)

where
∂Ji
∂mmmi

=

p∑

j=1
{Xtij − Atij}VVVj − Λ−1

t mmmi = VVVT{XXXi − AAAi}− Λ−1
t mmmi,

∂Ji
∂sssi

= − 1
2
diag






p∑

j=1
AtijVVVjVVVT

j




−
1
2
diag{Λ−1

t }+ 1
2
sss,i ,

∂
∑

t
∑

i Ji
∂B

=
T∑

t=1

nt∑

i=1

p∑

j=1
{Xtij − Atij}VVVjDDDT

i .
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where sss, denotes the element-wise inverse. For i = 1, . . . , n, and l = 1, . . . , (m + K), we also have

the following Hessian matrices:

∂2JL
∂mmmi∂mmmiT

= −
p∑

j=1
AijVVVjVVVT

j − Λ−1,

∂2JL
∂sssi∂sssiT

= − 1
2

p∑

j=1
AijVVV⊗2

j (VVV⊗2
j )T − 1

2
diag(sss,2i ),

∂2JL
∂Bl∂Bl

T = −
n∑

i=1

p∑

j=1
AijD2

ilVVVjVVVT
j = −VVVT

{ n∑

i=1
D2

ilDiag(AAAi)

}
VVV,

(C58)

whereVVV⊗2
j = (V2

j1, . . . ,V2
jq)

T, diag(sss,2i ) is a diagonal matrix with k-th diagonal elements being s−2ik ,

for k = 1 . . . , q, and Diag(AAAi) is diagonal matrix with j-th element being Aij, for j = 1, . . . , p.

Since λmin(Λ) is bounded away from zero, mini,j Aij > 0, ccccccT is positive semi-definite for any
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vector ccc, the sum of positive semi-definite matrices is also positive semi-definite, and the sum of a

positive semi-definite matrix and a positive definite matrix is positive definite, we can show that

∂2Ji/(∂mmmi∂mmmi
T) and ∂2Ji (∂sssi∂sssiT) are negative definite. Moreover, for any non-zero vector

ccc ∈ Rq,VVVccc is also nonzero sinceVVV has full column rank. Then ∂2JL/(∂Bl∂Bl
T) is also negative

definite as
∑n

i=1D2
ildiag(AAAi) is positive definite. Hence, the ELBOJL is strictly concave regarding

Bl,mmmi, and sssi.

The parameters Λ can be estimated by

1
n

n∑

i=1

K∑

y=1
γ̂iy
(
ŜSS
(y)

i + m̂mmi
(y)m̂mmi

(y)T
)
.

6.3 Algorithm for Updating Cwith ADMM

In this section, we outline the algorithm for updatingC using an Alternating direction method of

multipliers (ADMM) algorithm.

ADMM Consider a problem of the form

min
x,z

f(x) + g(z) subject to Ax+ Bz = C

We defined augmented Lagrangian for a parameter ρ > 0

Lρ(x, z, λ) = f(x) + g(z) + λT(Ax+ Bz− c) + ρ
2
‖Ax+ Bz− c‖22
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ADMMpropose to update the primal variables x, z and dual variables alternatively, as

xr+1 = argmin
x

f(x) + ρ
2
‖Ax+ Bzt − c+ λr/ρ‖22

zr+1 = argmin
z

g(z) + ρ
2
‖Axr+1 + Bz− c+ λr/ρ‖22

λr+1 = λr + ρ(Axr+1 + Bzr+1 − c)

ADMM forC With other parameters fixed, we can formulate the optimization forC: Let d =

m+ K, {ig} = {i : I(Gi = g)}

XXX =





XXX{i1}
...

XXX{iG}




∈ Rn×p , XXX{ig} ∈ Rn×p

DDD =





DDD{i1}
. . .

DDD{iG}




∈ Rn×dG , DDD{ig} ∈ Rn×d

C =





C1
...

CG




∈ RdG×p , Cg ∈ Rd×p
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Let

QQQ =





d︷ ︸︸ ︷
−1 0 · · · 0

d︷ ︸︸ ︷
1 0 · · · 0 0 · · ·

d︷ ︸︸ ︷
0 0 · · · 0

−1 0 · · · 0 1 0 · · ·
. . . . . .

−1 1

. . . . . . . . .

. . . . . . . . .

−1 0 0 · · · 1

1 1 · · · 1 1 1 · · · 1 1 · · · 1 1 · · · 1





∈ R{d(G−1)+1}×dG

Our problem can be decomposed across j = 1, · · · , p, as

min
Cj
−O(ÂAA, κ̂, B̂,Cj, Λ̂, ζ;XXXj,DDD) + λ

∥∥QQQCj
∥∥
1

which we can re-write as

min
Cj,z
−O(ÂAA, κ̂, B̂,Cj, Λ̂, ζ;XXXj,DDD) + λ ‖z‖1 s.t. QQQCj − z = 0.

The updating rule can be derived as

Cj,r+1 = argmin
Cj

−O(ÂAA, κ̂, B̂,Cj, Λ̂, ζ;XXXj,DDD) +
ρ
2
∥∥QQQCj − zr + λr/ρ

∥∥2
2

zr+1 = argmin
z

λ ‖z‖1 +
ρ
2
∥∥QQQCj,r+1 − z+ λr/ρ

∥∥2
2

= SoftThreshold(QQQCj,r+1 + λr/ρ, λ/ρ)

λr+1 = λr + ρ(QQQCj,r+1 − zr+1).

(C59)
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For updatingCj,r+1, we can use gradient-based optimization with gradient

∂O
∂Cj
− ∂

∂Cj

ρ
2
∥∥QQQCj − zr + λr/ρ

∥∥2
2 =





∑K
y=1
∑n

i=1 I(Gi = 1)γiy{Xij − Aij}DDD(y)

i
...

∑K
y=1
∑n

i=1 I(Gi = G)γiy{Xij − Aij}DDD(y)

i





︸ ︷︷ ︸
∈RdG×1

+ρQQQTQQQCj − QQQTλr + QQQTzr

(C60)

7 Additional Results for Data Application

Overall Age Groups

< 65 65− 74 75− 79 80− 84 > 84

Number of Patients,N(%) 14006 722 2039 2271 3273 5701

(100%) (5.2%) (14.6%) (16.2%) (23.4%) (40.7%)

Gender,N(%)

Women 8932 389 1220 1373 2018 3932

(63.8%) (53.9%) (59.8%) (60.5%) (61.7%) (69.0%)

Men 5074 333 819 898 1255 1769

(36.2%) (46.1%) (40.2%) (39.5%) (38.3%) (31.0%)

Race/Ethnicity,N(%)

Non-Hispanic White 12977 644 1831 2093 3037 5372

(92.7%) (89.2%) (89.8%) (92.2%) (92.8%) (94.2%)

Others 1029 78 208 178 236 329

(7.3%) (10.8%) (10.2%) (7.8%) (7.2%) (5.8%)

Table C1: Sample size and demographic information of AD patients in each age group.
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Figure C1: Proportion of patients clustered into high risk vs low risk in each age group.

Figure C2: Performance of SOLAR with Weibull mixture model (temp) vs Cox mixture model (temp‐cox) in the overall
dataset and in each age group for stratification of AD patients at UPMC. (Left) C‐index for the prediction of nursing
home admission and death based on cluster membership along with baseline demographics and healthcare utilization.
(Right) Adjusted hazard ratio of risk of nursing home admission and death between the high risk group vs low risk group.
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Figure C3: Effect size of NLP features (CUI) and medication (RXNORM) in each age group.
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