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Semi—supervised and Representation Learning for Improved
Classification and Stratification in EHR Data

ABSTRACT

The rapid digitization of healthcare has given rise to vast repositories of electronic health record
(EHR) data, offering unprecedented opportunities for data-driven advancements in disease predic-
tion, patient stratification, and clinical decision-making. However, the high dimensionality, sparsity,
and heterogeneity of EHR data present unique statistical and computational challenges. Moreover,
the scarcity of high-quality labels—due to the cost and complexity of manual annotation—further
complicates supervised modeling efforts. This dissertation addresses these challenges through a uni-
fied framework of semi-supervised learning and representation learning for improved classification
and stratification in EHR data, with applications to phenotyping, disability prediction, and patient
subgroup discovery.

The overarching goal of this work is to develop scalable, robust, and interpretable methods that
leverage both labeled and unlabeled EHR data, improve generalizability across populations, and
uncover clinically meaningful structure in complex disease settings. The dissertation is composed
of three interrelated papers, each tackling a key methodological bottleneck in modern EHR-based
machine learning: (1) evaluating model performance under distributional shift, (2) learning rich
patient representations in the presence of limited labels, and (3) stratifying heterogeneous patient
populations using outcome-informed embeddings.

In Chapter 1, we consider the problem of evaluating the performance of binary classifiers when

labeled data are unavailable in a target population. This setting is common in clinical phenotyping
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tasks, where models are trained using limited chart-reviewed labels in one cohort and then applied
to other cohorts with potentially different covariate distributions. We propose STEAM (Semi-
supervised Transfer IEarning of Accuracy Measures), a doubly robust estimation procedure for
receiver operating characteristic (ROC) parameters under covariate shift. STEAM combines cali-
brated density ratio weighting with robust outcome imputation, using both unlabeled source and
target data to improve efficiency while protecting against model misspecification. Through theoret-
ical guarantees and empirical results, we demonstrate that STEAM enables accurate performance
assessment in unlabeled target populations, with applications to phenotyping models in rheumatoid
arthritis on temporally evolving EHR cohort.

Building on the challenge of label scarcity, Chapter 2 shifts focus to semi-supervised representa-
tion learning for predictive modeling. We propose SCORE (Semi-supervised Clustering thrOugh
REp- resentation learning), a generative embedding framework that models the joint distribution
of high-dimensional EHR features using a multivariate Poisson-LogNormal distribution, with
pretrained code embeddings capturing semantic relationships between clinical concepts. SCORE
integrates limited labeled data via a hybrid Expectation-Maximization and Gaussian Variational Ap-
proximation algorithm, enabling efficient and theoretically sound inference in large-scale, partially
labeled cohorts. We show that SCORE produces informative and transferable patient embeddings,
improving prediction of disability status in multiple sclerosis (MS) and outperforming conventional
supervised and unsupervised methods.

Finally, Chapter 3 addresses the critical task of patient stratification in heterogeneous diseases. We
focus on Alzheimer’s disease (AD), where progression and prognosis vary substantially with age. We
propose SOLAR (age-Specific Outcome-guided representation Learning for pAtient clusteRing),

a novel clustering framework that incorporates time-to-event outcomes and explicitly models age-
group structure using a multitask learning paradigm. SOLAR jointly learns low-dimensional pa-

tient representations across age groups, encouraging shared structure while allowing age-specific

iv
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flexibility. By integrating survival information and modeling age-related heterogeneity, SOLAR
identifies clinically meaningful AD subtypes with distinct prognostic profiles, improving both inter-
pretability and clinical utility over existing age-unaware or outcome-agnostic methods.

Together, these three works present a cohesive framework for semi-supervised and representation
learning in EHR analysis. The methods developed here contribute new strategies for evaluating,
predicting, and stratifying patient outcomes in data-scarce, high-dimensional clinical settings. In
doing so, they aim to advance the broader goals of personalized medicine and evidence-based health-

care by making machine learning more robust, scalable, and clinically relevant.
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Semi-supervised Transfer Learning for
Evaluation of Model Classification

Performance

1 INTRODUCTION

The increasing adoption of electronic health records (EHR) for clinical care has enabled many op-
portunities for translational and clinical research (Hripcsak & Albers, 2013; Miotto et al., 2016a).
However, a major limitation of EHR data is the lack of precise information on disease phenotypes.
Readily available EHR features such as diagnosis codes often exhibit poor specificity that can bias or
depower the downstream study (Liao et al., 2010; Cipparone et al., 2015). Meanwhile, manual an-
notation of phenotypes via chart review is laborious and unscalable. To overcome these challenges,
numerous supervised phenotyping classification algorithms have been developed for prediction of
disease status of individual patients (Carroll et al., 2012; Xia et al., 2013; Liao et al., 2015b,a).

To build a supervised phenotyping model, researchers often manually annotate outcome infor-
mation for a randomly chosen subset of the large EHR dataset, and then use these labeled observa-
tions for model training and validation. Once a model is trained and validated in one population, it
is often then used for other populations such as a similar population from a difterent healthcare sys-
tem (Carroll et al., 2012) or the same EHR cohort updated over time (Huang et al., 2020). Gener-

alizing a classification model trained in a soxrce population to a target population, however, requires



caution due to the change in the covariate distribution owing to the heterogeneity in the underlying
patient populations. It is well-known that such changes in the distribution of the covariates, often
referred to as covariate shift (Shimodaira, 2000), may have a large impact on the performance of a
prediction algorithm trained in source cohort on target cohort (Rasmy et al., 2018). It is thus impor-
tant to assess the portability of the algorithm in face of such changes in datasets before its usage in
the target sites.

In these scenarios, methods to accurately evaluate the performance of these algorithms in target
cohort is especially valuable. If outcome information is available for some patients in target cohort,
for instance, via chart review, then the standard methods can be applied to estimate the prediction
performance parameters on target dataset. Recently, robust semi-supervised methods have also been
proposed to improve the estimation efficiency for prediction performance measures (Gronsbell &
Cai, 2018). The issue, however, is that performing chart review for every new target population
might not be infeasible due to time and resource constraints. It is thus highly desirable to robustly
and efficiently estimate the prediction performance parameters in target cohort without requiring
any outcome information in target dataset.

Although the problem of covariate shift has been extensively studied in recent literature of trans-
fer learning, most existing work focused on robust adaptation of the model itself to the target pop-
ulation (Chen et al., 2016; Wen et al., 2014; Rotnitzky et al., 2012; Reddi et al., 2015; Liu et al.,
2020). There is a paucity of literature on transferring performance metrics of a trained model based
on the commonly used ROC analysis (Pepe, 2003). Inoue & Uno (2018) used density ratio weight-
ing methods to assess model performance in the target population. However, their estimator do not
protect against the mis-specification of the density ratio model. Xu & Tibshirani (2022) proposed
a method based on parametric bootstrap which does not require estimation of the density ratio
model. However, their focus was on the out-of-sample error of the prediction model, not estimating

the accuracy meausures based on the ROC curve. Moreover, their method does not protect against



mis-specification of the prediction model. Doubly robust methods for estimating accuracy measures
have been proposed in verification bias literature (Alonzo & Pepe, 2005; Rotnitzky et al., 20065
Fluss et al., 2009), and recently in the context of estimating the AUC in a target population that has
a different data distribution compared to the source population (Li et al., 2022). Nevertheless, no
existing method leveraged both unlabeled source and target data to improve estimation efficiency.
To address this gap in methodology, we propose a Semi-supervised Transfer IEarning of Accuracy
Measures (STEAM) in the unlabeled target cohort. We employ a double-index modeling approach
to construct calibrated density ratio weights similar to Cheng et al. (2020), incorporating both the
covariate shift model and the outcome imputation model. Although also taking a re-weighting
form, the STEAM estimators are doubly robust with consistency attained when either the density
ratio model or the classification model is correctly specified. The large amount of unlabeled source
and target data enabled us to efficiently estimate the density ratio and the imputation model.

The rest of the paper is organized as follows: We formalize the problem of interest in Section
2. In section 3, we detail the STEAM estimation procedure along with a perturbation resampling
procedure for inference. We conduct simulation studies to evaluate the finite sample robustness
and efficiency of the proposed method in Section 4. We then illustrate the practical utility of the
proposed method on evaluating performance of a phenotyping model for Rheumatoid Arthritis

(RA) on temporally evolving EHR cohorts in Section 5.

2 PRrOBLEM SETUP

2.1 NOTATIONS AND ASSUMPTIONS

Let Y denote the binary phenotype of interest, and X = (1,X;,-- - ,X,)" the p + 1-dimensional co-
variate vector for some fixed p. The source data (indexed by S = 1), obtained from a simple random

sample from the source population, consist of 7 independent and identically distributed (iid) la-



belled data £ = {(X;, ¥;) : i € T; }, where n = |Z;|, and Niid unlabelled datald = {X; : 7 € Ty}
where N = |Zy|. The target data (indexed by § = 0), obtained from a simple random sample from
the target population, consists of N, iid unlabelled data 7 = {X, : 7 € Zr}, where N; = |Z7]|. The
entire observed data D = L UU U T can be written as { (S;L,;Y;, X;,S;) : i = 1,2, ..., N}, where
L is an indicator of labelling. We assume that N/N, — ¢ € (0, 00),log(N)/log(n) — ry > 3
such that n'/2N~1/3 — 0,asn — 00. We assume random labeling in source population and hence
L 1 (X,Y). Furthermore, we require the standard covariate shift assumption with p(y, x[s) =
ps(%)q(y|x), where p(y, x|s) is the joint density of Y, X evaluated at (y, x) given S = s, p,(x) denotes
the probability density of X at x given § = sand ¢(y|x) denotes the conditional density of Yat y
given X = x, which is shared between the source and target populations. Throughout, we let P; an

[E; denote the probability distribution and expectation taken over the population S = s.

2.2 CLASSIFICATION RULE

The aim is to assess the accuracy of a binary classification rule for Y given X developed using the
source data. Although our STEAM approach can be easily extended to other regression models, for

the ease of presentation, we focus on the working generalized linear model (GLM)

P(Y: 1’X7[‘ = 1) :g(ngX)v Ig = (180’181’ e 7{8]7)1—? (1-1)

where ¢ is a specified smooth link function such that £,(8; 7, x) = ylogg(8'x) + (1 — y)log{1 —
¢(87x))} is convex in 4. One can also easily accommodate non-linear effects by including non-linear
basis functions of X. We consider standard estimation procedures for 4. As an example, one may

employ an adaptive LASSO penalized estimator (Zou, 2006) to stabilize the finite sample estimation



when p is not very small relative to 7:

~

f=argmax n " 485 Ve X) — 2nll (B, /B Y (1.2)
14 ot
where /, is the log likelihood from the assumed model,:é = (EO,EI, ...,ZP)T is a root-z consis-
tent initial estimate of 3, and £_,; denotes the subvector of 4 that excludes the intercept 5, 4., is a
tuning parameter such that n/22,,,, — 0and n1=UH)/2), . — cowithy > 2¥(1 — ») (Zou
& Zhang, 2009). Following results given in Zou & Zhang (2009), ZZ\ is a root-z consistent for the
population parameter

B = argmaXE{gg(lg; K7Xl) ‘ Sz' = 1}

and attains oracle property under sparsity of 4, regardless if the fitted model (1.1) holds. Our pro-
posed STEAM procedure is not restricted to any specific estimation procedure provided thatgis a

regular root-7 estimators for £.

2.3 ACCURACY MEASURES OF INTEREST

We are interested in estimating the accuracy parameters of classification model based on 4. With 2
from source population, we may classify subjects in the target population with the highest scores of
B'X,ie. Pg = Pf) (B'X) > ¢ for some fraction ¢, as having the phenotype of interest, where Pf) (a) =
Py (BTX < a). To identify a desirable threshold ¢ and evaluate the classification accuracy in the
unlabeled target population, we consider the commonly employed receiver operating characteristic
(ROC) analysis (Pepe, 2003). Specifically, the true positive rate (TPR) and false positive rate (FPR)

of the binary classification rule / (Pg > ¢) in the target population are defined as

TPRo(c) = Po(PS > c|Y=1), FPRy(c) =Po(P;>c|Y=0)



The ROC curve, ROCy = TPRo{FPR;"(u)}, summarizes the trade-off between the TPR and
FPR functions. The area under the ROC curve, AUC, = |, 01 ROC(u)du, summarizes the overall
prediction performance of P[é. Additionally, a threshold value ¢ for classifying an individual as
having the phenotype, namely Pe > ¢, is often chosen to achieve a desired FPR level #q. Once the
threshold value ¢ is determined, one may summarize the predictive performance of /i (Pg > ),

based on positive predictive value (PPV) and negative predictive value (NPV) defined as

PPV (co) = Po(Y=1|P] > ¢p), NPVo(co) =Po(Y=0|P; < c)

Directly estimating theses accuracy parameters using the source data will result in inconsistency due
to the covariate shift as well as potential model mis-specification of the model for (Y = 1|/X) (Liu
etal., 2021). To correct for the bias, it is natural to incorporate importance sampling weighting. For

example, with trained 4, one may estimate TPRy as

e, Yer [Py, > 0w(X) - Y
€1y z z

where w(X) is an estimate for the density ratio
w(X) = Bo(X0)/By(X) = {1 — 7(X)} /=(X) - P(S = )/P(S = 0), (X) = P(S=1]X),

7/53[ = /}\%(ETX,-), and () = N'S2 ez, 1(B"X; < ). Although the direct estimates of 7(X),
P(S = 1)and P(S = 0) are not possible as they are not identifiable under the sampling scheme
considered, we can use use the inverse-odds weights estimated from the dataset in (1.3) since they are
equal to the density ratio weight up to a proportionality constant (Steingrimsson et al., 2021).

One issue with this re-weighting estimator is that its consistency heavily relies on the consistency

of the estimate of the weights, and can perform poorly when the density ratio model is not well



estimated. Moreover, the estimator sufters from low precision when 7 is small, which is often the
case in EHR settings. To improve the robustness and efficiency of the estimation for the accuracy
parameters, we next propose the STEAM estimators that leverage the unlabeled data in the source

population.

3 METHODS

3.1 ESTIMATION PROCEDURE

To motivate the STEAM estimation procedure, we first note that

TRy (c) = oY (P§ > ¢)} _ Eo{my(P)) - 1Py > )} _ Eof /! mi(q)dq}
0 Eo(Y) Eo{ma(Pg)} Eo{fol mj(q)dq}

where () = Po(Y = 1|P) = 4). Even though Py (Y =1 | X) = P,(Y =1 | X),Po(Y =1 |
P%) # Py(Y = 1| P%) under covariate shift and possible mis-specification of the outcome model
(1.1). To enable robust transfer of knowledge from the source to target while leveraging unlabeled
data, the STEAM estimation procedure consists of three key steps: (I) construct calibrated density
ratio weight @, via double index modeling; (IT) derive non-parametric calibrated estimator of 72} (c);
and (III) obtain the final STEAM estimator by projecting to the unlabeled target data using the

estimated m’g()

STEP I: CALIBRATED DENsITY RaTIO WEIGHT EsTIMATION  The calibrated density ratio
weight estimator involves both an initial estimator for 7(X) = P(S = 1 | X) and the estimated

outcome model. To estimate 7(X), we consider a parametric working model,

S =11X) = g:(a"¥), (14)



where g, is a known link function, ¥ is a g-dimensional vector of transformed X that may include
non-linear bases of X with the first element being 1, and « is the unknown parameter. Since 7(-)

doesn’t involve the outcome, we may use the unlabeled data to obtain a regularized estimator for

a = argmaxd E{E ,(“;SZ',XZ')}5

~ —1 . ~
« = argmax (N+ N,) g by (2;8:,Y;) — Arnlla—1/2-1|
i€ZyULy
with properly chosen tuning parameters 1, x, ¥, and an initial estimator « for z, where the expecta-
tion is taken over the pooled source and target population. Similar to the outcome model, one may
show that  is a regular estimator for 2. We then obtain a non-parametrically calibrated estimate of

7(X) by smoothing S over the two scores 2" X and 8" X. Specifically, we estimate 7(X) as 7(X; 2, B),

7(X; 2, ‘E) _ > ietouz Kap ( VA, - ’5251.
Z:’EIUUZT K (Vi —)

T A~ =T -~ A~ =T . . . .
where V; = (@'Y, X;) andv = ("¢, 8 x) are bivariate scores that represent the covariate in the

directions of Z and . We then construct the calibrated density ratio weight for the 7th subject with

X;as
T, = LI)(XHZX,ﬂ) == Mv
/75()(1‘;2‘\71@

where K, j, {(1,42)"} = by 2K(u1/h1)K(n2/h1), K(-) is a smooth symmetric density function,
and by = O(N71/6),

StEP II: CALIBRATED ESTIMATE OF 725 (q) = Po(Y = 1|P) = g). Instep II, we obtaina

non-parametrically calibrated estimate of the conditional risk function m% (g) via kernel smoothing



as

mA - ZieZL Ko, (Pg,i - 4)@1')/1'
ZiEIL Km~h2 (Pé,z' - 4)@1
P PN ~ ~ AT~
where Py, = P(X,), Po(x) = F5(8 %), Fp(t) = N' Yoer, 16" X; < 1), Ky () =

by K (1/h>), and b is a bandwidth such that zh3 — 0o and nb% — 0 as n — oc.

Step [II: PROJECTION TO 7 WITH 771%() Finally, we construct a plug-in STEAM estimator

by projecting to 7 using the imputed outcomes {7’}3% (ﬁgﬂ.), i € Ir}. Specifically, the STEAM

estimator for TPRy(c) is obtained as

ZZ‘GIT m() (7)0 Z’)

5

Remark 1. The calibrated estimator i, (q) consistently estimates m%) (q) if either (1.1) or (1.4) Zs
correct. The STEAM approach to imputation using ;%% (q) is appealing as it achieves double robustness

by leveraging the large unlabeled data and only requiring one-dimensional smoothing over the small

labeled data.

Similarly we may construct a STEAM estimator of FPR(¢) as

@ZTEAM (0) = Zz‘eIT ](77571. > C)/{\l2 _A’Z"f) (73(/;,,4)}
ZiGZT{l - My (PO,Z')}

The STEAM estimates of the ROC curve and the resulting AUC are

——— STEAM ——— STEAM _ —— STEAM—1 ———STEAM 1 ———STEAM

ROC, =TPR, {FPR, (#)}, and AUC, = [ ROC,  (x)du.
0

Furthermore, when a threshold value ¢, is chosen to attain a pre-specified FPR level, say #(, we may

——=STEAM __ ————STEAM __

obtain STEAM estimators of PPV (g, ) and NPV (g, ) as PPV,  (¢,,) and NPV, (¢4 ),

10



—— STEAM—1

where<,, = FPR, ()
= fP\RSTEAM o
—— STEAM © 0 c
PPV, (c) =  ——STEAM . . ——STEAM
to TPRy  (c) + (1 — ) FPR; ()
—— STEAM
———_STEAM (1—p,) {1 — FPR, (o)}
NPV, (c) = — SOTEAM ——— STEAM

(1—7) {1 - PRy (O} + % {1 - TPR,  (c)}

Bo=N"Y ez, 7/;\1% (7351) is the SS estimator of the prevalence g, = Po(Y = 1).

In the supervised setting, it is well-known that when the same set of labeled data is used for both
model training and evaluation, the apparent estimators of accuracy measures may be overly opti-
mistic in finite samples (Efron, 1986). Similarly in our setting, the above STEAM estimator may
also suffer from overfitting bias since the labeled data £ is used for estimating both the classification
model, and the calibrated conditional risk function for imputation in estimation of the accuracy
measures. Following similar strategies given in Gronsbell & Cai (2018), it is not difficult to employ a
K-fold cross-validation (CV) procedure to correct for the overfitting bias in the STEAM estimators.
Detailed forms of the CV estimator can be found in the Supplementary Material. For all numerical

studies, we employ the CV correction for the STEAM estimator.

3.2 AsymrroTic RESULTS FOR STEAM ESTIMATORS

Though analogous results hold for all STEAM estimators, we present the main results for T/PTKZTEAM

Theorem 1. Under assumptions outlined in the Supplementary Material, when either (1.1) or (1.4) is

—— STEAM , _ )
correct, the TPRy — (c) is consistent for TPR(c). Moreover,

nl/? {TTRZTE“M () — TPRO(c)} - N(0,V)

The proof for consistency directly follows from Remark 1 and is outlined in Supplementary Ma-

11



terial A. To show asymptotic normality of STEAM estimators, let

TR g _ N e, /P, 2 Py Po. 8- 2.B) _ He )
0 c) = — —= — = = e~
Nz‘—l Zz’GIT mO(Péupﬂv w( ﬂ)) 5&(0’ )

£(c,8) = E{I(P, P2 ¢)mo (P, ,,Pé, w(-, e, B)},and &(c, B) = &(c, B). We show that

AHE D) — He )y = w2 (@], > (Y — £e.f)} + Ol + (1)

]GIL

where g)f is the influence function of ‘E, and C, is defined in Supplementary Material B. The weak
convergence of 7'/ 2{TPRSTEAM( ) — TPRy(c)} thus follows.

Even though the asymptotic variance can be obtained through influence function, a direct es-
timate is difficult because it involves unknown conditional density functions which are difficult

to estimate explicitly, particularly under model mis-specification. We instead propose the use of a

simple resampling procedure for inference based on Jin et al. (2001) in the next section.

3.3 PERTURBATION RESAMPLING PROCEDURE FOR INFERENCE

Now we outline the perturbation resampling procedure for inference. Let G = {G; : 7 =1,..., N}
be non-negative independent and identically distributed random variables with unit mean and vari-

o~k
ance that are independent of the observed data. We first obtain perturbed estimates 4 as:

Ek = argmax Z (ﬂ; Yz‘,Xz‘)Gz‘ - ly,nll(ﬂfl/zl)y\ll

i€l
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~%
where 8 is perturbed initial estimates obtained from analogously perturbing its estimating equa-

tions. This leads to the perturbed estimates of the density ratio weights:

where

~x

s : K f
%(X’ g’ﬂ ) _ ZZEZUUIT > ( —
ZZ‘GIUUIT K”J?l( i v )
with 171* = (ZZT\I’,-,‘ET*XI-) and?" = (2'y, I/E\T*x). Since 2 and 7(-) are estimated based U/ U 7T,

their contribution to the asymptotic variance is of higher order when N >> 7. We then obtain the

perturbed estimate of conditional risk function as

~7 _ ZZ'EIL Km,hz{Pé ()(z) - Q}@j Y;G;
my (q) = = —
ZieIL Km.hz{P() (Xz) — q}wl G[

———— STEAM

Finally we calculate the perturbed TPR,  as

ﬁSTEAM* _ ZieIrl(ﬁg,i = [)7/&% (735;')

ZZ’GIT ;V\l[f) (Pg,l)

It can be shown using arguments from Jin et al. (2001) that the asymptotic distribution of
——— STEAMx ——— STEAM

nl/2 {ﬁ;TEAM (¢) — TPRy(c) } coincides with that of /2 {TPRO () —TPR, (¢ } |D.

This allows us to consistently approximate the SE of ﬁZTEAM (¢) based on the empirical stan-

—— STEAMx —— STEAM
dard deviation of resamples TPR (¢). The confidence intervals of TPR,, can be con-

structed by using the empirical percentiles of the resamples. We can obtain perturbed counterparts

—— STEAM STEAM —— STEAM ——STEAM —— STEAM=x

of FPR, (), @0 (¢),PPVy  (c), NPV,  (c) respectively denoted as FPR,, (¢),

STEAMx% ——— STEAM=x ————STEAMx

R/O\CO (¢c), PPV, (¢), NPV, (¢), and obtain SE estimates and construct confidence

intervals accordingly.
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For practical use, an issue of this perturbation resampling procedure is that calculating 7/(X; z, Ek)
requires two-dimensional smoothing, which can be very time-consuming. To overcome this diffi-
culty, we propose an approximated resampling procedure that is more computationally feasible. We
first generate {g["] : (ng}, cee GE@)T, b=1,---,B} where G has dimension N x B, followed by

(2]

~ ~x[b ~k
the perturbed 8 estimates {4 : (ﬁl[ ], e ’ﬂp ),b=1,--- B} where 8 hasdimension p x B. We

then approximate the perturbed estimates 7 by

-~

FX: 2,8 ) nes = (X2, 8) s + VX5 2, B) ol — Blyxs,

where
B 07(X;2,8)
— 75% )

The perturbed estimate of conditional risk can then be obtained as [}, (Pf;,l.)] Nx B> and the per-

V7z(X;2,4)

turbed T/P\R(S)TEAM* (¢) thus follows. We evaluate the performance of the perturbation resampling

procedure with and without approximation through simulations.

4 SIMULATION STUDIES

We performed extensive simulations to assess the finite sample bias, standard error (empirical stan-
dard deviation of the point estimates, SE), root mean square error (RMSE) of our proposed esti-
mators (STEAM) compared to alternative estimators. In separate simulations we also examined
the performance of the perturbation procedure, with and without approximation, for inference
based on STEAM estimators. Across all numerical studies including the data application in section
5, we used the adaptive LASSO to estimate « and 3, where we choose 1, , and 1, x using a modi-
fied BIC criteria (Minnier et al., 2011). For the bandwidth in the two-dimensional smoothing for

7(-), we used a second-order Gaussian product kernel with a plug-in bandwidth b, = @n~1/3,

14



where 7' is the sample standard deviation of either 2'Y; or ‘ETXZ in source. Prior to smoothing,

a"¥;and ETL were standardized and transformed by a probability integral transform based on
the normal cumulative distribution function to induce approximately uniformly distributed in-
puts, which can improve finite-sample performance (Wand et al., 1991). For the non-parametric

-0

smoothing for 7(-), we used the Gaussian kernel with b, = # “4op, where 7p is the empirical

standard deviation of {735}?:1. As we focused on binary outcomes, we specified logistic link func-
tions g, () = ge(i) = 1/(1+ ¢,

For comparison, we considered alternative estimators for performance accuracy parameters:

(1) the naive estimators, where the performance accuracy parameters are estimated using cross-
validation on the labeled source dataset (soxrce), (2) estimation based on 100 randomly labeled
validation samples in target dataset (target_labeled), (3) the standard weighted estimators based

on cross-validation (wezghted), (4) the doubly robust estimator proposed by Alonzo & Pepe (2005)
with cross-validation (DR-aug). This estimator is a special case of Rotnitzky et al. (2006) and Fluss
etal. (2009) when Y'is independent of S conditional on X.

Throughout, we generated X from MVN{c* (1 — p)L,x, + o*p}, S = 1|X ~ Bernoulli{z(X)},
and ¥ = 1|X ~ Bernoulli{u(X)}. We considered simulating data that roughly resembled the EHR
data example in terms of model parameters but were simple enough to be more broadly relevant. To
this end, we considered p = 10 covariates with variance > = 1, and correlations p = 0.2. These

simulations were varied over different model specifications, predictive strength of X to S, and sample
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sizes. We considered the following data generating mechanisms:

‘M(X) = expz't(—O.ZS + 0.8X; + 0.8X, + 04X3 + 0.4X, + 0.2X.X, — 0.1X2X3 + 02X3X4)

expz’t(O.le + 0.05X, — 01X5 — 0.05X; + OOSXle) (Weak)

7(X) = expit(0.2X7 + 0.1X, — 0.2X5 — 0.1Xg + 0.1X1.X5) (Moderate)

expit(0.6X7 + 0.3X, — 0.6Xs — 0.3X; + 0.3X7.X7) (Strong)

Either 7(X; «) or u(X; 8) were potentially mis-specified by neglecting the pairwise interaction terms

in model fitting:

(1) Both correct: Fitting u(X) = expit(8'Z,) and 7(X) = expit(a'Z,).
(2) w(X) correct and w(X) mis-specified: Fitting u(X) = expit(8' Z,) and 7(X) = expit(a'X).
(3) 7(X) correct and u(X) mis-specified: Fitting u(X) = expit(8'X) and (X)) = expit(a'Z,,).

(4) Both 7(X) and u(X) mis-specified: Fitting u(X) = expit(8'X) and 7(X) = expit(a' X).

where Z, = (1, X, XX, X, X3, X3X4)", Z, = (X, X1X5)". The outcome prevalence was approxi-
mately 45%, and the sample size in source and target are roughly equal. We considered N = 10000
and » = 200, 400. The results in each scenario are summarized from 1000 simulated datasets.

Note thatif X | § = 5 ~ MVN(u,,X;), then S | X follows a logistic regression model (Efron,
1975; Harrell & Lee, 1985). In particular, if the covariance matrices ¥y = X, then S | X would
follow a logistic regression model without interaction terms. Otherwise if we assume Xy # Xy, then
S | X would then follow a logistic regression model that involves interaction and quadratic terms of
X, X,

We present results for ROC(ug), PPV (cy, ), NPV (cy,) for#y = 0.05. Table Al presents the
bias, SE, and RMSE for scenarios (1)-(3) with moderate strength of X to S with N' = 10000. As

expected, the source estimators exhibit noticeable bias, regardless of the size of #. This is consistent
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with the consensus that the naive estimator based on source data is not appropriate for prediction
performance assessment in the presence of covariate shift. The target_labeled estimators are unbi-
ased, but have large SEs dues to the limited sample size. The weighted estimators are single robust
and have noticeable bias when 7(X) is mis-specified. Among scenarios (1)-(3), the bias of STEAM is
small relative to the RMSE, verifying its doubly-robustness. In scenario (4) where both models are
mis-specified (Table S1, Supplementary Material D), the STEAM estimators, although slightly bi-
ased, are more robust compared to other estimators and attained the lowest root mean square error
(RMSE).

Figure 1.1 presents the number of labels in target cohort needed to achieve the same RMSE as
each estimator across different predictive strength of X to S (Weak, Moderate, Strong), and mis-
specification scenarios for N = 10000, z = 200, £ = 5. A larger number of labels needed in tar-
get cohort represents lower RMSE and higher efficiency of the estimator. The STEAM estimators
are more efficient than source, weighted and DR-aug across the settings. The amount of efficiency
gain of STEAM over creating labels in target varies with the predictive strength of X to S. We ob-
serve that when X is weakly or moderately correlated with S, using the » = 200 labels in source for
STEAM estimators is equivalent to creating ~ 120 — 200 new labels in target in terms of RMSE,
but when X is strongly associated with S, using STEAM is less advantageous, only equivalent to
~ 100 — 150 labels in target in terms of RMSE.

To implement the perturbation procedure, we used the weights G; ~ 4 x Beta(0.5,1.5) and
1000 sets of G for SE and CI estimation. We considered evaluating the perturbations only in the
scenario where both 7(X) and (X)) are correctly specified and X has moderate predictive strength
to S, with N = 10000 and 2 = 200. The results are presented in Table 1.2. The SEs estimated with
and without approximation in perturbation approximated well the empirical standard error. The

coverage of the 95% ClIs were also close to nominal levels.
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both correct 7(X) mis-specified #(X) mis-specified

Estimator Bias SE RMSE Bias SE RMSE Bias SE RMSE
Cutoff target_labeled  -0.19 4.86 4.86 -0.19 4.86 4.86 -0.40  4.88 4.89
n =200  source 1.02 4.24 4.35 1.02 4.24 4.35 1.24 4.19 4.36
Weighted -0.33 4.64 4.64 -0.34 4.47 4.47 -0.05 4.42 4.42
DR-aug -0.53 4.42 4.45 -0.55 4.23 4.27 -0.35 4.45 4.46
STEAM -0.21 3.47 3.47 -0.39 3.42 3.43 -0.06 3.52 3.51
n =400  source 1.94 3.04 3.59 1.94 3.04 3.59 1.80 3.17 3.64
Weighted 0.18 3.05 3.05 0.14 3.06 3.06 0.04 3.12 3.12
DR-aug 0.22 2.91 2.92 0.35 2.91 2.93 0.25 3.11 3.12
STEAM 0.08 2.52 2.52 0.01 2.49 2.48 0.09 2.53 2.53
AUC target_labeled  0.57 4.74 4.76 0.57 4.74 4.76 0.62 4.60 4.63
n =200 source 1.16 3.66 3.83 1.16 3.66 3.83 0.90 3.68 3.78
Weighted 0.39 3.89 3.90 0.97 3.79 3.90 0.17 3.87 3.86
DR-aug 0.41 3.73 3.75 0.52 3.66 3.70 0.72 3.77 3.84
STEAM -0.38 3.71 3.72 -0.10 3.65 3.65 -0.68 3.73 3.78
n = 400 source 1.19 2.49 2.76 119 2.49 2.76 1.10 2.53 2.75
weighted 0.37 2.63 2.65 1.06 2.64 2.84 0.26 2.66 2.66
DR-aug 0.40 2.58 2.61 0.45 2.61 2.64 0.33 2.61 2.63
STEAM -0.36 2.51 252 -0.18 252 252 -0.27 253 2.53
TPR target_labeled  0.43  10.52 10.53 0.43  10.52 10.53 0.59  10.57 10.59
n =200 source 3.60 9.20 9.88 3.60 9.20 9.88 3.33 9.36 9.93
weighted 0.82 9.26 9.3 1.87 8.84 9.04 0.73 9.14 9.17
DR-aug 0.80 9.18 9.21 0.78 8.88 8.91 0.25 9.02 9.02
STEAM 0.22 7.60 7.60 0.66 7.52 7.55 -0.12 7.75 7.75
n =400  source 2.63 6.52 7.03 2.63 6.52 7.03 2.84 6.89 7.44
Weighted 0.58 6.47 6.5 1.83 6.49 6.88 117 6.53 6.62
DR-aug 0.50 6.14 6.16 0.73 6.11 6.15 0.36 6.44 6.45
STEAM -0.32 5.62 5.63 -0.15 5.59 5.58 -0.36 5.69 5.68
PPV target_labeled  0.21 5.79 5.78 0.21 5.78 5.78 0.82 5.37 5.43
n =200 source 3.66 3.82 5.29 3.66 3.82 5.29 3.66 3.88 5.33
Weightcd 0.89 4.24 4.33 2.04 4.01 4.50 1.24 4.16 4.34
DR-aug -0.79 430 4.37 -0.81 4.49 4.55 -0.32 4.49 450
STEAM -0.41 4.02 4.04 -0.01 3.93 3.93 -0.57 3.89 3.93
n =400  source 2.99 2.24 3.74 2.99 2.24 3.73 3.06 2.36 3.87
weighted 0.83 2.53 2.66 1.46 2.54 2.93 1.10 253 2.75
DR-aug -0.42 2.64 2.67 -0.34 2.88 2.90 -0.41 2.69 2.72
STEAM -0.31 2.44 2.45 -0.25 2.45 2.46 -0.29 246 2.47
NPV target_labeled  0.56 5.87 5.88 0.56 5.87 5.88 0.76 5.88 5.92
n =200 source -2.26 4.63 5.14 -2.26 4.63 5.14 -2.35 4.65 5.20
weighted -0.28 450 4.50 0.17 4.43 4.42 -0.48  4.28 4.30
DR-aug -0.42 4.43 4.45 -0.25 4.44 4.45 -0.38 4.38 4.40
STEAM -0.30 4.04 4.04 -0.13 4.04 4.03 -0.39 4.10 4.11
n = 400 source -2.47 3.70 4.44 -2.47 3.70 4.44 -2.39 3.71 4.41
weighted -0.32 3.40 3.40 0.19 3.44 3.43 -0.26 3.34 3.34
DR-aug -0.51 3.27 3.31 -0.30 3.37 3.38 -0.40 3.37 3.39
STEAM -0.33 3.17 3.17 -0.24 3.17 3.17 -0.35 3.16 3.17

Table 1.1: Bias, SE, and RMSE of estimators under diﬁerentlrgodel mis-specification scenarios with moderate associa-
tion of X to S, over 1000 simulated datasets. N = 10000; % = S,z = 200 or 400. All values are multiplied by 100.
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Figure 1.1: Number of labels in target cohort required to achieve the same root mean square errors (RMSE) as each esti-
mator, by three model mis-specification scenarios for different predictive strength of X to S (Weak, Moderate, Strong),
over 1000 simulated datasets. Larger number of labels denotes greater efficiency (lower MSE) relative to target_labeled.
N =10000, 2 = 200, % = S.



Estimate EmpSE ASE CovProb ASE_approx CovProb_approx

Cutoft  0.678 0.040  0.037 0.938 0.037 0.925
AUC 0.779 0.032  0.030 0.929 0.036 0.968
TPR 0.286 0.053  0.051 0.920 0.055 0.929
PPV 0.823 0.032 0.033  0.944 0.036 0.960
NPV 0.620 0.040  0.036 0.918 0.043 0.964

Table 1.2: Performance of perturbation resampling for STEAM in 1000 simulated datasets when both 7(X; «), #(X; ﬂ)
are correctly specified. Emp SE: Empirical SE over simulations. ASE: average of estimated SE based on the standard
deviation of perturbed estimates; CovProb: coverage probability of 95% Cls; ASE_approx: average of estimated SE
based on the standard deviation of perturbed estimates using the approximated method; CovProb_approx: coverage
probability of 95% Cls using the approximated method. N = 10000, z = 200,k = 5.

S APPLICATION TO RHEUMATOID ARTHRITIS (RA) PHENOTYPING MODEL

To illustrate the performance of our proposed estimators, we applied our procedures to evaluate a
phenotyping algorithm for classifying R A disease, using EHR data from Partner’s Healthcare (Liao
etal., 2010). The source dataset from 2009 consists of 20,451 total patients, of whichn = 267
were labeled with the true disease status through chart review by an rheumatologist. Both narrative
and codified data were available to develop the prediction model (p = 21). The narrative variables,
including disease diagnoses and medications, were obtained with natural language processing. The
codified data included ICD-9 codes, electronic prescriptions, and laboratory values. Healthcare
utility was also included. The transformation # + log(1 + #) was applied to all count variables

to mitigate instability in the estimation due to skewness in their distributions. An RA phenotyping
model, named as ALASSO-2009 (Table S2, Supplementary Material E), was trained on labeled data
from 2009. We are interested in assessing its performance in classifying the disease status of patients
in the same EHR database across different time windows, in 2011 (N, = 25, 405, n, = 100), 2013

(N, = 30,804, n, = 100), 2015 (N, = 36,095, n, = 150) and 2017 (N; = 39,550, z, = 200).
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Each of these consists of a large number of unlabeled data with the same set of covariates available.
For dataset in each year, a random subset was selected and labeled with true R A status through
manual chart review by trained physicians, which can serve as the validation sets to verify our results.
Summary of patient characteristic in labeled and unlabeled data in each year is shown in Table S3-
S4, Supplementary Material F.

For comparison, we considered source, target_labeled, weighted and DR-aug estimators as in Sec-
tion 4. We also considered semi-supervised estimation using labeled and unlabeled data in target as
proposed by Gronsbell & Cai (2018) (target_SSL). The estimated AUC of the model on the target
datasets are presented in Figure 1.2. The AUC estimates for the target datasets obtained using the
validation sets (target_labeled and targer SSL) are noticeably different from the ones estimated from
the source data (source), especially in 2015 and 2017. This is not too surprising since many changes
in the database have occurred over the years: for instance, patient characteristics, such as age, have
undergo changes. Moreover, the EHR system was switched to Epic (Epic System Corporation) and
the International Classification of Diseases (ICD) system was changed from version 9 to version 10
around 2015-2016, which may also explain the lower AUC in 2015 and 2017. The point estimates
based on our proposed STEAM method are similar to targer_labeled, suggesting the stability of
the proposed procedure in a real data setting. Moreover, we observe substantial efficiency gains of
STEAM over target_labeled, weighted and DR-aung. As a result, we have a more precise estimate of
the prediction performance of the phenotype algorithm using the STEAM method. The estimated
ROC curves along with 95% point-wise confidence bands can be found in Supplementary Material
G.

The estimates of cutoft values and the corresponding 7PR, PPV and NPV estimates of the bi-
nary classification rule for zy = 0.05 and 0.10 as well as their 95% Cls are presented in Figure
1.3. For choosing the cutoff values, STEAM is ~ 4.2 — 7.2 times as efficient as target_labeled, and

~ 1.1—2.1 times as efficient as DR-aug. For each accuracy measure, STEAM estimators are 3.1—5.8
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Figure 1.2: Estimated AUC with 95% Cl of ALASSO-2009 on datasets in 2011, 2013, 2015 and 2017 based on different
methods.

times as efficient as zarget_labeled, and the efficiency gain is at least 14% with gains as high as 245%

compared with DR-aug.

6 DiscussioN

In this paper, we proposed a robust and efficient transfer learning procedure for model evaluation
rather than model fitting. Our estimators are doubly robust, i.e. they are consistent when either the
prediction model x(X) or the weighting model 7(X) is correct. We addressed potential overfitting
bias in our SS estimators with CV and also developed a perturbation resampling procedure for mak-
ing inference. We illustrate the performance and practical utility of the proposed estimators through
simulations and application on an RA phenotying model.

We focused on estimating the ROC, which is a measure of discrimination. An aspect that the

measures considered fail to address is the calibration of a prediction model, i.e. to what extent the
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Figure 1.3: Estimated cutoffs and the corresponding TPR, PPV and NPV estimates of the binary classification rule for
#o = 0.05 (top) and %y = 0.10 (bottom) of ALASSO-2009. Error bars denote 95% Cls.
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model-based predicted probability given a risk group matches with the actual percentage of patients
with the disease. In the presence of covariate shift, if the prediction model is mis-specified, the risk
model trained with source data may not be well calibrated in the target data. Our proposed STEAM
procedure, in fact, has already performed model calibration during its process since the method
hinges on the estimation of the calibrated risk mi (q) =Po(Y= 1P = q).

We have assumed that the true outcomes are labeled completely at random in source population,
which is reasonable if investigators control the labeling. For example, with the goal of validating
phenotyping models on EHR data, the researchers have the ability to design the study such that
they randomly select the labelled examples and ask domain experts to perform chart review on the
selected sample. However, this assumption could be restrictive if labeling was stratified by some
known factors or if some records that are available were not labeled for research purposes. If the
selection of labels is not random by design, the unlabeled source data effectively becomes a second
target data which also differs from the main target data. In that case, its utility in improving the
estimation of accuracy parameter for the original target data becomes less clear. Other refinements
and extensions to the proposed approach is possible. For instance, when the prediction model is
clearly mis-specified, we may incorporate an additional outcome model in the estimation procedure
to preserve the doubly robust property, i.e. the estimator are consistent if either the new outcome
model or the weighting model is correct.

We focused on the setting where labeled data in the target population are not readily available or
are expensive to obtain. However, when there exists small number of labeled data in the target pop-
ulation, as considered by Cai et al. (2022), it is also of interest to develop methods utilizing those
existing labels to further improve robustness and efficiency of estimation.

Throughout, we focused on the setting with fixed p but accommodated settings in which p is not
small relative to 7 in finite sample with regularized estimation. However, when p is large so that » is

large, a large power parameter ¥ would be required to maintain the oracle properties, leading to an
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unstable penalty and poor finite sample performance. Estimation under the setting with p > »

would require different theoretical justifications and warrant additional research.
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Semi-supervised Clustering Through

Representation Learning of Large—scale

EHR Data

1 INTRODUCTION

1.1 BACKGROUND

Advances in electronic health records (EHR) have enabled unprecedented opportunities for lever-
aging large-scale, real-world clinical data to improve disease understanding, diagnosis, and manage-
ment. It has become an important source for a growing number of data-driven biomedical studies
that aim to extract clinical knowledge (Hong et al., 2021; Li et al., 2024a), evaluate treatment re-
sponse (Zhou et al., 2023), and predict disease progression to guide clinical practice (Landi et al.,
2020). However, despite its promise, EHR data poses significant challenges for modeling that limit
its utility in research and clinical applications. One of the main challenges arises from the high di-
mensionality of the features.

To address this, modern machine learning techniques have been developed to handle high-
dimensional data, with representation learning emerging as a particularly successful paradigm.
Originally pioneered in fields such as nature language processing and image recognition (Bengio

etal,, 2013; Devlin et al., 2019; Payandeh et al., 2023). Representation learning aims to project the
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high dimensional features into a lower dimensional space that retains the most relevant information
for feature detection or classification tasks. Compared with traditional supervised machine learn-
ing methods, such models can generalize better to unseen data or related but different outcomes,
leading to more robust and accurate predictions Learmonth et al. (2013). This is especially helpful
in the EHR study setting given the inherently multi-domain and multi-outcome nature of many
diseases, where different clinical metrics and outcomes often reflect overlapping yet distinct aspects
of the disease. For example, in patients with multiple sclerosis (MS), disability progression is often
assessed using scores such as the Expanded Disability Status Scale (EDSS) (Kurtzke, 1983) and the
Patient-Determined Disease Steps (PDDS) (Kister et al., 2013). While both scales aim to capture
disability severity, EDSS provides a clinician-assessed, detailed evaluation across multiple functional
systems, whereas PDDS is a patient-reported outcome measure that offers a simpler, subjective per-
spective. These scores, though correlated, reflect overlapping yet distinct aspects of disease progres-
sion (Foong et al., 2024). Moreover, learned representations can be transferred to new tasks such as
prediction of future outcomes, reducing the need for extensive training on new datasets.

However, despite its success in many other domains, representation learning with theoretical
guarantees for patient clustering in the EHR setting remains a significant challenge — particularly
when aiming to improve both downstream prediction and patient subtyping — due to limited sam-
ple sizes and the scarcity of labeled data, especially in the context of rare diseases like multiple sclero-
sis (MS). Nonetheless, pre-trained representations of EHR feature derived from large-scale generic
EHR data (Zhou et al., 2023) and semantic representations of EHR features (Lee et al., 2020;
Rasmy et al., 2021; Yuan et al., 2022) provide an opportunity to guide model training effectively.
Futhermore, even with a small number of labeled samples, representation learning can capture nu-
anced aspects of each patient’s health profile, leading to richer, more informative embeddings and
predictions than conventional methods. By leveraging existing knowledge of EHR feature repre-

sentations and incorporating task-specific labeled data, representation learning holds promise for
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enhancing patient classification and predictive modeling in real-world clinical applications.2

1.2 RELATED WORK

Multivariate count data arise in diverse fields such as text mining, ecology, genomics, and electronic
health record (EHR) analysis, where capturing dependencies among variables is essential for mean-
ingful interpretation. The multivariate Poisson-lognormal (PLN) model (Aitchison & Ho, 1989), a
hierarchical framework incorporating multivariate Gaussian latent variables, has been widely stud-
ied as an effective approach to modeling such dependencies. Recent advancements in PLN methods
have expanded its applicability, demonstrating its flexibility in integrating covariates and offsets

to support tasks such as multivariate regression, linear discriminant analysis (LDA), model-based
clustering, and network inference (Chiquet et al., 2018, 2019; Silva et al., 2019). As highlighted by
(Chiquet et al,, 2021), PLN provides an interpretable and computationally efficient alternative to
traditional count-based models, making it particularly relevant for high-dimensional data. Given

its ability to uncover latent structures, PLN naturally aligns with representation learning, oftering

a probabilistic embedding framework that enhances predictive modeling and analytical tasks for
count-based data.

Representation learning, a fundamental concept in modern machine learning, focuses on ex-
tracting structured and meaningful features from high-dimensional data to enhance downstream
tasks such as classification and prediction (Bengio et al., 2013). A key approach within this paradigm
is embedding techniques, which transform complex data into lower-dimensional representations
while preserving important relationships and structure. These methods have driven major advance-
ments in Al applications, including language modeling, sentiment analysis, and medical informatics
(Mikolov, 2013; Devlin, 2018). In the context of electronic health records (EHRs), embedding-
based models are revolutionizing predictive modeling by converting unstructured clinical data into

structured representations. For example, Med-BERT employs pretraining strategies tailored for
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structured EHRs to improve predictive accuracy (Rasmy et al., 2021), while unsupervised deep
learning methods extract patient representations that enhance clinical predictions (Miotto et al.,
2016b).

Beyond deep learning, classical statistical methods such as factor analysis and probabilistic PCA
have long been used to uncover latent structures in data (Harman, 1976; Tipping & Bishop, 1999).
However, their reliance on Gaussian assumptions often makes them inadequate for modeling
real-world count data, such as medication usage patterns in EHRs. To address this, generalized
factor models introduce latent variables and employ maximum likelihood estimation (MLE) via
Expectation-Maximization (EM) to handle non-normality (Moustaki & Knott, 2000), though
these methods struggle to scale efficiently in high-dimensional settings. Alternative Bayesian ap-
proaches, including Markov Chain Monte Carlo (MCMC) sampling and quadrature methods
(Edwards, 20105 Schilling & Bock, 2005), offer greater flexibility but often become computation-
ally prohibitive, especially for large EHR datasets requiring the estimation of numerous latent fac-
tors. To avoid the challenges of high-dimensional numerical integration, some approaches instead
treat latent factors as fixed parameters estimated through singular value decomposition (SVD) or
constrained MLE (Zhang et al., 2020; Chen et al., 2019). While computationally efficient, these
methods lack the regularization properties of random-effects models, increasing the risk of overfit-
ting and instability. Additionally, they fail to account for uncertainty in factor estimates, making
them less appropriate in settings with substantial population heterogeneity. They also face potential
identifiability issues when incorporating covariates.

Probabilistic representation learning addresses these limitations by modeling the posterior dis-
tribution of latent factors rather than relying on point estimates (Bengio et al., 2013). To improve
tractability, methods such as Laplace approximation model these posteriors as Gaussian distribu-
tions (Huber et al., 2004). However, this local approximation strategy may fail to capture multi-

modality or complex structures in the posterior distribution, limiting its effectiveness in real-world
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applications. These challenges highlight the need for probabilistic embedding frameworks, such as
PLN models, which balance computational efficiency with interpretability while effectively captur-
ing the uncertainty and structured relationships in count-based data.

Learning a PLN model with a low-rank structure remains challenging, particularly when the rank
is not very small and additional factors like covariate adjustments are needed. A common approach
for solving PLN models is variational inference (VI) (Jordan et al., 1999; Wainwright et al., 2008),
which approximates the true posterior by selecting a distribution from a pre-specified family that
minimizes the Kullback-Leibler (KL) divergence. The choice of the approximation family involves
a trade-oft between flexibility in capturing posterior complexity and computational efficiency (Blei
et al., 2017). Among available methods, Gaussian variational approximation (GVA) (Kucukelbir
etal., 2015; Opper & Archambeau, 2009) is widely used due to its analytical tractability and scala-
bility. GVA approximates the posterior with a Gaussian distribution, optimizing its mean and co-
variance to minimize KL divergence. Compared to MCMC, GVA is computationally more efficient
and scales better to large datasets (Blei et al., 2017; Kucukelbir et al., 2015). It has been successfully
applied to PLN models to mitigate computational costs in large-scale settings (Chiquet et al., 2018,
2019). However, despite its empirical success, the theoretical properties of GVA remain largely un-
explored, raising key questions about how approximation error scales with the dimensionality of
latent factors.

While VIis widely used, its theoretical foundations remain underdeveloped, particularly in com-
plex models like PLN (Blei et al., 2017). Most existing theoretical results focus on simpler settings,
such as Gaussian mixture models (Titterington & Wang, 2006), stochastic block models (Celisse
etal., 2012; Bickel et al., 2013), and Bayesian linear models (You et al., 2014; Ormerod et al., 2017).
More relevant to our setting, Hall et al. (2011a,b) studied a Poisson mixed-effects model with a sin-
gle predictor and repeated outcome measurements, a special case of PLN with rank one, and es-

tablished parametric convergence and asymptotic normality of GVA. However, their results do
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not generalize to our setting, which involves a more complex low-rank structure, diverging latent
dimensionality, latent clusters of embeddings, and semi-supervised data. This gap highlights the
need for a rigorous theoretical framework to understand the reliability of GVA-based inference in
high-dimensional PLN models, particularly in the presence of structured dependencies and partial
supervision.

To address these challenges, we introduce SCORE (Semi-supervised Clustering thrOugh REp-
resentation learning), a framework designed to enhance classification in settings with label scarcity,
data heterogeneity, and multi-domain disease complexity. By leveraging semi-supervised learning
and representation learning, SCORE fills a critical gap in PLN-based clustering and classification,
improving scalability, robustness, and interpretability in high-dimensional and semi-supervised set-
tings. This framework enables more accurate patient stratification and disease sub-phenotyping,

particularly in cases where labeled data are limited.

1.3 OUR CONTRIBUTION
Our contributions span four key aspects listed below.

POWERFUL AND FLEXIBLE STATISTICAL LEARNING FRAMEWORK. In EHR settings, the di-
mensionality of observed variables (e.g., EHR codes) and patient embeddings can be large relative
to the target cohort size, particularly for rare diseases, posing challenges in estimating the loading
parameter matrix, which represents EHR code embeddings. To address this, SCORE introduces
embedding adaptation as a transfer learning strategy, leveraging pre-trained EHR code embeddings
from larger datasets with lower estimation errors. Rather than using these embeddings directly,
SCORE retains their linear structure while estimating only the scaling parameters (singular values)
in the target cohort, significantly reducing the number of parameters to estimate while allowing for

adaptation to target-specific heterogeneity. This approach improves computational efficiency and
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minimizes estimation error. SCORE integrates this embedding adaptation into a high-dimensional
Poisson-lognormal (PLN) modeling framework, refining pre-trained embeddings with new data

to enhance representation expressiveness while adjusting for baseline covariates and partially ob-
served labels. Unlike traditional clustering and classification methods that focus on single-outcome
modeling, SCORE learns latent patient embeddings that generalize across related clinical outcomes,
enabling a robust and transferable characterization of disease progression. To address computational
bottlenecks in large-scale data, SCORE introduces a hybrid computational framework that com-
bines Gaussian Variational Approximation (GVA) with Expectation-Maximization (EM). GVA
provides a tractable approximation of latent variables using Gaussian distributions, circumventing
the prohibitive complexity of high-dimensional integrations. Critically, SCORE leverages the su-
pervised estimator from the small labeled dataset to initialize EM, ensuring stable convergence even
when large amounts of unlabeled data dominate the training objective, making it non-convex. This
semi-supervised learning approach mitigates sensitivity to label scarcity, accelerates training, and

enhances the model’s ability to learn generalizable patient representations from incomplete data.

THEORETICAL ADVANCEMENTS.  We provide a rigorous theoretical foundation for our SCORE
algorithm, establishing the convergence of the hybrid EM-GVA algorithm under diverging embed-
ding dimensions and semi-supervised learning regimes. Specifically, we quantify the GVA error and
characterize its dependence on the dimensionality of codified features and latent embeddings, ad-
dressing a critical gap in variational inference for low-rank Poisson models, where such analysis has
been largely unexplored. Furthermore, we demonstrate that our EM-GVA algorithm exhibits linear
contraction, leveraging a supervised estimator for initialization to ensure stable convergence, even
when the unlabeled data dominates the training objective. Importantly, we show that the resulting
semi-supervised estimator is unaffected by label scarcity and achieves a significantly faster conver-

gence rate than its supervised counterpart. Our theoretical analysis extends beyond existing work,
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tackling the unique challenges posed by high-dimensional empirical processes under diverging di-
mensionality and the hybrid nature of our optimization framework, which integrates variational

approximation with iterative refinement via EM.

EMPIRICAL VALIDATION. Extensive simulations demonstrate the superiority of SCORE in pa-
rameter estimation, embedding quality, and prediction accuracy over existing methods. Applied to
multiple sclerosis phenotyping using real-world EHR data, SCORE achieves better classification
performance and improved generalizability across multiple disability metrics compared to exist-
ing methods. In addition, trained patient embeddings are highly effective in predicting future out-
comes. Our framework’s ability to leverage unlabeled data also enhances robustness to the scarcity

and noisiness of the labels compared to supervised learning in practice.

2 MEeTHODS

2.1 MopEL SETUP AND ESTIMATION CHALLENGES

LetX = (Xi,...,X,)" represent the observed count vector of EHR concepts, U denote the 7-
dimensional baseline covariate vector, including demographic information and healthcare utiliza-
tion, and Y the binary class label. We assume that X and U are observed for all patients, while Yis
available only for a small labeled subset. Let 2 = {(X}, U], 9,Y;),7 € [N]} denote the observed
N independent and identically distributed realizations of (X", U™, 9Y), where 9; = I(i € Z;) indi-
cates whether Y; is observed, and Z;, C [N] = {1,..., N} indexes the labeled set. We assume that
the labeling process is random but can depend on U;. We may also write Z = 2 U Zy, where
7. ={X;, U, Y;)",i € I}, Zv = {(X;, U} ,j € Ty}, and Iy = [N] \ Z;. Without loss
of generality, we assume the first 7 observations are labeled. We introduce V), as the pre-trained
embeddings for the p EHR concepts, capturing prior knowledge on the latent structure of X. For

identifiability, we assume that /g/p ¥ is orthonormal.
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We consider a Poisson-Adapted Latent factor Mixture (PALM) Model:

X|Z~ Poisson(#), X LX,L---1X,|Z
zZ= V(B(}Y+ W) . Uy=Q,U 0 €R*2 W~ N0, A), (2.1)

Y| U~ Bernoulli{expit(b"0)}, expit(v) = &'/(1+¢"), U= (1,U")"

The latent factor model, Z = V (B U Y+ W> , facilitates embedding adaprtation, enabling knowl-
edge transfer from V to efficiently learn latent patient representations. The random eftect W cap-
tures individual variability, improving the predictive accuracy of ¥ | X, U for future patients not
included in the observed data. We consider a regime that the dimension of the observed EHR codes
> the dimension of the latent space ¢, and the total sample size /N all increase and diverge alone with
the labeled sample size 7 while the number of baseline covariates 7 is fixed. In our theoretical anal-
ysis, we consider the setting where ¢ is much smaller than p but still diverges with 7 and p at a spe-
cific rate, focusing on the semi-supervised regime where z = |Z;| < N. The coefficient matrix
B (r12) = (Bi, By, By) € (R?7,R7*",IR?) encodes the intercept (By), the effect of the baseline
covariates U (By), and the effect of Y (By) on X in the log scale. This formulation allows the patient
embedding, B U y + W € R, to be interpreted as a multivariate normal variable with mean B U v

and covariance A, effectively capturing both structured effects and individual variability.

Remark 1. Pre-trained EHR code embeddings from large language models or large coborts (Hong

et al., 202I; Xiong et al., 2023, e.g.) offer us valuable prior knowledge and potential gain of both com-
putational and statistical efficiency. This is because that by bypassing the estimation of V, we can re-
duce the number of parameters from O(pq) to O(q*). However, directly transferring some external V
may fail to capture the beterogeneity between the external source and the target population and disease
of our interest. To address this issue in model (2.1), we do not set the covariance matrix of W as iden-

tity, which is a conventional setup of the latent factor analysis with unknown V used to ensure identi-
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frability. Instead, we allow the covariance parameter I\ to be freely driven by the target population. In
this way, we only leverage the linear subspace of the external code embeddings and adjust for the scale

heterogeneity as well as the rotation ambiguity between the external source and target.

A natural approach to estimating the unknown model parameters & = {B, A, b} is to use maxi-
mum likelihood estimation (MLE). If Y; and W; were observed, then complete-data log-likelihood

can be written as

> " log P(X;, W;, Y| Uy; 9)
S [N]

=Y {log P(X;|W;, Uy, Y;; B) + log P(W;; A) + log P(Y;|Uy; b)}
i€ [N]

where we use notation P(4y, ..., 4, | Ci, ..., C;, ©) the denote the conditional density of 4, ..., 4},
given Ci, ..., C; and the parameters ©. Since W; is latent and Y is not observed for 7 € Zy, the
MLE has to be constructed based on the log-likelihood of the observed data, £(8) = £(6) + £y/(9),
where

0(8) = log P(X;, Yi|Uy 6) = > log/P()C, W, Y,|\Uy; 0)dW;

l’EZL Z’EIL

0(6) = Y log{P(X;, Y; = 0[U;s6) + P(X;, Y; = 1|U3 )}

€Ty
=S tog 3 [ PO W1 =\ Us )W
€Ty y=0,1

The objective function £() does not have a closed-form expression due to the integration over W,
rendering exact maximization with respect to ¢ computationally intractable. To address this, prior
work-including Karlis (2005) and Silva et al. (2019)-has explored approximating the log-likelihood
via numerical or Monte Carlo integration. However, these approaches quickly become computa-

tionally prohibitive, even for moderate embedding dimensions g, highlighting the need for addi-
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tional approximation strategies to maintain scalability.

2.2 GAUSSIAN VARIATIONAL APPROXIMATION (GVA) STRATEGY

To address the computational challenges posed by the integral over W;, we adopt a variational ap-
proximation approach. Specifically, we approximate the intractable posterior distribution p( W; |
X, U, Y; = y) with asubject-specific, tractable distribution denoted by ¢O)( W;). This local ap-
proximation is tailored to each individual observation. For the 7-th subject, it enables us to approxi-

mate the log-likelihood term log P(X;, y | Uy; 8) using . = T (6, 02; X;, Uy, y), where

T (6, 0% %, u,y) == log{ P(x, y|u; 6)} — KL{p" (W), P(W]x,u,y;6)}

=Ep o0 log{P(x, W, ylu;6)} — Epo® log{e™ (W)},

where KL(, ) represents the KL-divergence between two distributions and E;of” denotes expec-
tation taken with respect to the conditional distribution defined by ¢\’ ( ;). Since the KL term

is nonnegative, we have 7% < log p(X;, y|U; ) and, thus, call 7’ an evidence lower bound
(ELBO) of the log-likelihood function. The key idea is to properly specify ¢l<.y> such that (i) JZ.(Y) ad-
mits a closed-form expression and can be computed without the need for numerical integration; and
(ii) the KL-divergence between @l(.y) and the true posterior distribution of W; can potentially vanish.
Then we could maximize the ELBO as a replacement for log p(X;, y|U;; ) to significantly reduce
the computational burden at a low cost with respect to the statistical efficiency.

For the construction of each gD(Y) we define the set of candidate GVA densities as
{SD(Y) (VVZ, m(v) S(v)) Z('y) € RY, SEY) dlag( (y>) (y) c RZ—’ y =0, 1}’

where V' (-; m” | §7) denotes the probability density function of the multivariate Gaussian dis-

tribution with mean mm and covariance Sl(-Y), diag(a) = diag(ay, ...,az) forany vectora =
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(a1, ...,ar),and ]RZ_ denotes the set of g-dimensional vectors with all positive elements. Utilizing

(y)

the Gaussian density formation of @, we can derive the explicit form of 7,*:

? ?

TV = ZXVTBU +m?) =>4y Zlog o

J=1

2.3
—5 ~ log{der(A)} — %(mﬁ”)TA*lm;” - %Tr(A’ISM) + %log{det(Sf-y))} + g 23)

z

+ylog{expit(bT (7,)} + (1 —y)log{1— expit(l)T I}l)},

with the definition
— = 1
A =K, o exp{V](BUy+ Wi)} = exp { V] (BU, +m + 2577;) |,

and U,y = (1, U7, y)". Since ¢’ is parameterized by & := {m!", §¥'}, we also use T (6,; x, , )
to denote the ELBO for the specific choice of 9 and let 7' = J(6,{Y; X,, Uy, y) correspond-
ingly. The tractable form of jl-m presented in (2.3) will be used to construct the objective function
for & replacing the intractable log-likelihood of the observed data, which can help remove time-
consuming numerical integration and significantly reduce computational complexity. This is crucial
in large-scale biomedical studies where NV and p are typically large.

The above introduced variational approximation strategy is three-fold. First, we select the Gaus-
sian family for its analytical advantage within the PLN framework, enabling an explicit expression
for 7. Second, we constrain the variational covariance S to a diagonal matrix, avoiding the com-
putational instability and the slowness of inverting a potentially large matrix iteratively. Third, we
adopt the mean-field variational family, assuming mutual independence of the latent variable W;

between different observations conditional on observed data. In Section 3, we carefully study and

establish the approximation error rate of the GVA under reasonable regularity conditions.
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2.3 ESTIMATION STRATEGY

In the SSL setting, we first apply GVA to the labeled data to obtain an initial estimator 6. This pre-

liminary estimate is then refined using a hybrid approach that combines GVA with a latent-class EM
algorithm, incorporating both labeled and unlabeled observations to produce the final SCORE esti-
mator 8. For a new subject, we use 8 together with GVA to construct the representation and predict

the risk for Y.

SUPERVISED INITIAL ESTIMATOR: RESTRICTED MAaxiMUM ELBO

LeeMz, = {m{"” : i € I;},87, = {87 : 7 € I;}and{y, = {Mz,,S7,} denote the
GVA parameters for the labeled subjects. Note that for 7 € Z;, we only need to introduce and esti-
mate the GVA parameter corresponding to the observed Y;. As introduced in Section 2.2, instead of

optimzing the intractable £/ (¢), we consider maximizing the ELBO on7 € Z;:

jL(& ;IL; @L) - Z u7l‘(YZ‘) == Z j(&, ZEY[);XZH l]i7 le)

i€L; i€1;

Due to the diverging 4 and the exp(-) link in the PLN model, we need to introduce additional tech-

nical constraints to regularize the parameters. In specific, define that

Qp = {B - \Bla < Ks/z. |VIBD,| < Ki\floglp/g). Vi € [N, j < Lv]} ,

SKM\/M’ VieT, e [p]},

(2.4)

QL = {M: |VJTmZ(-Y")
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where Kp and K7 are some positive finite constants. We propose to solve the following restricted

maximum ELBO problem:

g, EIL = arg max J(0,¢7,: %), (2.5)
BeQp.Mz, €Qf;

where s a supervised maximum ELBO estimator serving as the preliminary results for the next
step incorporating all observations. The rate /log(p/g) in (2.4) is derived from the high-probability
loo upper bound for p/g-dimensional sub-Gaussian random vectors, where p/g approximates the
number of measurements for each factor/direction per observation. This sub-Gaussian upper
bound is crucial for analyzing the convergence rate of our estimator. Unlike Chen et al. (2019) as-
suming W’s are fixed and bounded, we assume slightly larger parameter spaces for the mean param-
eters associated with the covariates and for the variational posterior mean of each observation.

From a profiling perspective, the GVA parameter of the 7th observation Zf-” can be viewed as a

function of (X;, U;, 9), satisfying
&) =X, UL 0); ((xu,6) = g max 7 (4 &5 x, ),

where £ = (m®7 s» )T, subject to |Vim®| < Kary/log(p/q), Y € [p]. Consequently, (2.5)

can be reformulated as

6= arg max Z o) (X;, U;,0) subjectto B e Qp,
ZIEIL

where

QY (x,u,0) = T{6," (x,1,6);,u,y} = r?'a)xj(ﬁ, ix,m,y). (2.6)

We maximize supervised ELBO by alternating between two steps until convergence: (1) gradient
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update on the GVA parameters {7, with & fixed; and (2) gradient update & keeping {7, fixed.

As discussed in Appendix 1.1, J7(6, {7, ; Z1) is strictly concave with respect to all the model and
GVA parameters, and features closed-form blockwise gradients presented in equation (B1). Based
on this, we leverage the proximal gradient algorithm introduced in Appendix 1.2 to update ¢ and
{7, subject to the constraints B € Qpand Mz, € Qf;. The details of the implementation of our

proposed algorithm to maximize supervised ELBO are summarized in the Appendix 1.2.

SCORE EstiMaTOR: A HYBRID EM-GVA ALGORITHM

To incorporate unlabeled data in 7y with unobserved Y, a common strategy is to maximize the cor-
responding log-likelihood via the EM algorithm, iterating between: (I) E-step: estimating p(¥; =
71X:, Us; 6) and imputing empirical version of By, x, v:6) log{p(X;, Y;|Us; 6) }; and (II) M-step:
update ¢ by maximizing the imputed log-likelihood function. In both steps, we must handle the in-
tractable integral over the latent variable W;. A key distinction from the supervised ELBO approach
in Section 2.3 is that, for each unlabeled subject 7, we must estimate two sets of variational parame-
ters, ZZ(»O) and Zf.l), corresponding to the two possible labels ¥; = 0 and Y; = 1, respectively. We use
Mz, ={m : i€y ye{0,1}},8, = {8 : i€ Ly, y € {0,1}}and {7, = {Mz,,S7,}
to denote the GVA parameters for the unlabeled data. To address the challenge arising from the
need for both EM and GVA, we propose a hybrid latent-class EM and Gaussian Variational Approx-
imation (EM-GVA) algorithm. Starting from an initial estimator {&q], {7, [0] {7, [0 }> the EM-GVA
algorithm iterates for 7 steps between the two stages described above (see Appendix 2 for full algo-

rithmic details), ultimately producing the final SCORE estimator 4

E-sTep. To estimate P(Y; = 1|X;, Uy; 6) for each unlabeled subject 7, we note that

P(X,,Y; =1|Uj; )
()(z’a Y, = 1‘U,-; 5) + P()(l-7 Y, = 0’[]1-; 5)'
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Then similar to Section 2.2, we use the ELBO ji(y) = J(6, fY) X;, U;, y) in (2.3) to approximate

log{P(X;, Y; = y|Uy;; 6)} with §and £’ plugged in as the estimator at the current iteration. Since

£ at the current iteration can be viewed as a function of (X;, U;) and @ at the current iteration, we
approximate y(x, #; 0) = P(Y; = 1|X; = x, U; = u; 0) using (2.6) as

exp{ Q" (x,#,6)}
exp{ QW (x,#,6)} + exp{ QO (x,%,6)}

Yo 6) = (2.7)

( GVA GVA) .

For 7 € Ty, we use y7** to denote y**(X;, Uy; 6) for simplicity, and let y** = (¢ YN

M-StEP.  Define the full-sample ELBO with ¥; imputed by ¢¥* for unlabeled subjects:

OF<€7 ;I]j ZIU; -@7 7GVA) = Z \7(57 Zf‘Yl);Xl'v l]l'7 ),Z = yl) + Z O<€7 ;'0)7 [1);‘Yl'7 U 12} 7/,GVA)
i€Lr €Ty
where O(6,4", 4" X;, Uy, y5*) := ¥ J (6,4": X, U, Yy = D)+(1—5") T (6,47 X, U, Yy =
0). Then solve for the model and GVA parameters {8, {7, , {7, } via the latent-class-imputed ELBO

optimization problem:

. GVA
max OF(&, :IU;ZUa 97}/ )7
BeQp,Mz, €Qf M1, QY

where QY := {Mz, : | V]Tm?) | < Kp\/log(p/q), Vi € Ty, y € {0,1}, j € [p]} is a constraint
set for the GVA’s mean parameters of unlabeled subjects. In the M-step, similar to Algorithm B3, we
alternately update {7, , {7,, and & using the proximal (blockwise) gradient algorithm.

The initial estimator plays a crucial role in the convergence performance of EM algorithm (Bal-
akrishnan et al., 2017). In our case, this is even pronounced due to the divergence of latent dimen-
sionality ¢ and the use of GVA. We propose to initialize the hybrid EM-GVA algorithm with the

supervised estimator obtained in Section 2.3, i.e., fjg) = fand each {; [0) being the maximizer of
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J (@, 2Y: X;, Uy, y) subject to ]V}mﬁ” < Ka\/10g(p/q), Vj € [p]. This strategy helps ensure that
the imputed labels Y; reflect the true underlying pattern of interest — such as the severity of disability
— rather than arbitrary or spurious groupings. It also significantly improves the convergence speed
of the EM-GVA algorithm. The theoretical impact of the initial supervised estimator 6 on the final
estimator & is rigorously analyzed in Section 3. In brief, the influence of 6 diminishes with each EM
iteration and ultimately vanishes. As a result, as long as Ois reasonably accurate (i.e., consistent), its
potentially large error — due to limited labeled data — does not affect the convergence rate of 4.

A key advantage of adopting a random eftects model for Z is that it allows the model to derive
embeddings and predict Y for a future subject with his/her observed X,cy, and baseline Uey,. We

propose to estimate ¥, ., = P(Ynew = 1| Xnew, Unew) as

Y % €X Q(1> X 7 g
Y new :yGVA(xneW7unew§‘9) = p{ A( new> #new; 9) } .

CXP{Q<1)(xn6W7 Unew, 5)} + CXP{Q<O) (xneW7 Unew, ‘9)}

where @is our final SCORE estimator of 6, Q% (Xnew, unew,g) J (5 ew’ Xnew, Usew: ),

Znew = (m%,,s%,) = arg max,,). IVTmr(IZV)VKKM\/m J( ? ). Consequently, the em-

bedding of this new patient can be constructed as

~ 1)
Enew = (1 - ?’neW)Enew + }’neWEnew

where Eoo = B(1, Unew, 0)7 + m %, and Eoe., = B(1, Upew, 1)T + m,.

new

3 THEORETICAL ANALYSIS

In this section, we present the theoretical convergence results for the proposed SCORE estimator,
beginning with the necessary notation and assumptions. For any vectora = (ay,...,4,)" € R?,

we denote by ||2]|cc = maxi<j<, |4, |2l = Z _1 la;|" forr € (0,1],and ||a||, = Z _1 |a;|?
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. Forany matrix 4 = [a1,...,a,]" € R witha; € R, we define the F-norm || 4| =
2?:1 43, 14|00 = max;ep |14/l for » > 0, and use dmin (4) and Amax(4) to denote the

smallest and largest eigenvalue of 4. For two sequences «,, and b,,, we denote by 2, < o0if 4, is

bounded by some constant, 2, = O(b,,) if lim,, o0 |2, /0, < 00,a, = 0(b,) iflim, o0 @,/b, =

0,and 2, = op(b,) ora, = Op(b,) ifa, = o(b,) ora, = O(b,) with a probability approaching

1. Weusea, = b,todenotea, < Cb, forsome constant C > 0,and usea, =< b, todenote

C < a,/b, < C for some constants C, C' > 0.

Let6y = {By = (Bio,Bu0,Br0), Ao, by} denote the true (population-level) value of the
model parameters § = {B, A, b}. Define that

Err(6) = max{||(B — Bo)" 2,00, | By0Ag (A = Ao)ll2, 1|6 = boll2}

and the signal-to-noise ratio (SNR) level y* := B} ;Ag !By . We introduce function Err(-) to
measure the convergence error of an estimator. Here, we only consider one particular projection of
A — A instead of the whole matrix since this projection By o Ay Y(A — Ay) is already sufficient to
characterize the error in the predictor . The SNR parameter  reflects the relative strength of the
association between Y; and X; compared to the variation of the random effect W;. It is important in
characterizing the contraction of the EM algorithm as well as the error rate of the SCORE estima-
tor. We consider the regime that N, p and ¢ diverge alone with » — o0. In addition to the model

assumptions introduced in Section 2.1, we also require the following regularity assumptions.

Assumption 1. (7) The baseline covariate U has a compact domain and continuous differentiable

probability density function. (i7) It holds that { A min (E[&yl};] 1! < 00 and das(E[U Y(};]) < o0

Assumption 2. (7) \/q/pV is orthonormal and ||V||2,0c < Cy, where Cy is a positive constant. (i)

By € Qpdefined in (2.4). (177) 0 < k™1 < Apin(Ao) < Amax(Do) < & where x is a positive finite
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constant. (iv) ||by || < Cr, where Cy, is a positive finite constant.

Assumption 3. We treat p/q as the benchmark dimensionality parameter, and assume that n <

/)" q < (p/9)72 and N < (p/q)" forsomey, > 0,7, > Oandy, > 0. Also assume

that g = o({p/¥}"/**) for some arbitrarily smalle > 0,q = o(n/y?), andn = O(N), where
= By oA ' By is the SNR.

y* = By A, By,

Remark 2. Assumption 1 imposes standard regularity conditions on the baseline covariate U in view
of the classic theory for M-estimation Van der Vaart (2000). The incoberence condition || V]2 00 < Cy
in Assumption 2 has been commonly used in the literature of matrix completion and factor analysis
(Candes et al., 2011, e.g.). It essentially asserts that the column vectors are not too “aligned” with the
standard basis vectors, ensuring that no single entry of the matrix disproportionately influences the ma-
trix’s low-rank structure. Under this assumption, the q latent factors exert a comparable total influence
on the p codified features in X, implying that the ratio p/q, our benchmark dimensionality, quantifies

the average number of codified features influenced by each latent factor.

Remark 3. In Assumption 3, we allow the number of latent factors, q, to grow at a polynomial rate

V2 While most exist-

with respect to n and p. Specifically, g may increase slightly slower than n and p
ing theoretical results on latent factor models (e.g., Zhang et al., 2020; Chen et al., 2019) and Gaussian
variational approximation (GVA) methods for Poisson data (Hall et al., 2011a) assume a fixed g, our
setting permits a diverging number of latent factors. This relaxation is particularly relevant in EHR
studies, where an increasing number of codified features in X often reflects more complex and com-
prebensive disease conditions — naturally requiring a larger latent space for accurate representation.
However, theoretical analysis under the regime g — 00 is significantly more challenging than in the
fixed-q case. The main technical difficulty arises from the term VjT (BUy + W) inside the exponential

link, which complicates the control of the associated stochastic processes. We address this challenge using

tools from high-dimensional empirical process theory.
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Remark 4. It is not hard to show that when g — 00 under Assumption 3 and all entries in the
coefficient matrix By are generated independently from the standard normal distribution, both the
condition By € Qp in Assumption 2(ii) and the SNR condition y* > C y used in Lemma 1 will hold
with the probability approaching 1 for any constant Cy > 0. This illustrates our assumptions on By are

reasonable.
We start from presenting the error rate for the supervised estimator &.

Theorem 1 (Preliminary supervised estimation). Under Assumptions 1-3, we have

_ v? gt
Err(6) = Op ( Y + P =op(1).

The first term /% /n"/2 of Err(8) comes from the original empirical log-likelihood £; (6). The
second term yg> ¢ /p' ¢ reflects the approximation error introduced by the GVA and is approxi-
mately of order p~! when ¢ is small. This behavior is conceptually aligned with the convergence rate
established for GVA in repeated measurement models (with ¢ = 1) (Hall et al., 2011a).

Compared with Chen et al. (2019), where g is fixed, V'is fully estimated, W’s are treated as fixed

-1/2 + p~, poten-

parameters with no covariates, our supervised rate is roughly proportional to 7
tially faster than their nV2 4 p_l/ % rate when p = o(n) due to borrowing knowledge from external
pre-trained embeddings. In the EHR setting, where the feature dimension p is large and the labeled
sample size 7 is relatively small, the error Err(?) is typically dominated by the component associated
with limited labeled data. Consequently, the supervised estimator 8 can suffer from substantial es-
timation error, limiting its reliability in high-dimensional, label-scarce environments. In contrast,
the semi-supervised estimator/ﬁ\leverages both labeled and unlabeled data to improve estimation ac-
curacy. We now derive its convergence rate and demonstrate how the additional information from

unlabeled data mitigates the impact of small . To this end, we first establish a key lemma character-

izing the convergence behavior of the EM algorithm.
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Lemma 1 (Linear contraction). Recall thatg[ﬂ is the estimator after the t-th iteration in the EM
algorithm. Under Assumptions 1-3, there exists some constant Cy > 0 such that when the SNR y* :=

By Ay "By > Cyand Exr(6) = op(y71),

- - 1/2 2—¢
Err(ﬁ[tﬂ]) <{r+ op(l)}Err(ﬁ[t]) + Op (3;31/2 + ;;qlg ) , t=0,1,...,T,

for some constant v € (0, 1).

Lemma 1 implies that g[,] obtained in each iteration ¢ of the EM algorithm converges to the truth
8y with its error decaying linearly. The SNR condition ;&2 > Cy requires that the mean difference
between Z; | ¥; = 1and Z; | ¥; = 0 is sufficiently large compared to the variance of the random
effect W;. This condition is crucial for the contraction property of EM and similar assumptions
have been used in existing convergence analyses of the EM algorithm (Balakrishnan et al., 2017;

Cai etal., 2019). The linear contraction process in Lemma 1 also requires the error of the initial
estimatorg[o] to be moderately small.

Leveraging Theorem 1 and Lemma 1, we then establish the convergence rate of the SCORE es-
timator 8in Theorem 2. In specific, Theorem 1 implies the consistency of B used to initiate the EM
algorithm and Lemma 1 indicates that the error of the initial @ can vanish through the EM proce-

dures.

Theorem 2 (Convergence of SCORE). Under Assumptions 1-3, there exist some constants Cy, D >

0 such that when y* > Cyand T > Dlog(N/n),

= v'? | v
Err(6) = Op (]\]1/2 + Pk

Compared with the supervised 8, Gis still subject to the GVA error yg*>~¢/p' ¢ but has a much

faster convergence rate in its first part ;&ql/ 2/N/2 as N >> n. In fact, N'is more than a hundred
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o~

times of 7 in our EHR application example. It is also important to note that Err(6) is free of the
influence from the label size 7 as long as 7 is sufficient to ensure that Err(g[o]) = Err(6) = op(v1h),
which is easy to justify by combining Assumption 3 and Theorem 1.

Finally, we presents Corollary 1 for the convergence rate of the predicted probability 7 __  for
anew subject. Different from the error rate of /é, the second error term of ’fnew is proportional to

2179/2 but not p!~¢. This is because errors in the GVA terms 7" and m_"” has first-order influence

ony, but only second-order influence on ¢.

Corollary 1 (Convergence of the predicted probability). Under all assumptions in Theorem 2,

o B N
Y new P(Ynew = 1|Unew’1YneW) = Op (1\]1/2 +p(lfs)/2 ’

4 SIMULATION

4.1 SETUP AND BENCHMARK METHODS

We first evaluate the performance of SCORE estimators and compare it with existing methods with
respect to both estimation and prediction accuracy using simulated datasets. For data generation, we
set V = cff/(vl:q) where Vs obtained by the eigen-decomposition Y = VAV onthe auto-regressive
matrix > = (0.51=71), Jjelp)> and ¢ > 0is specified such that \/quV is orthonormal. We then set
the true A = 4(0.1'1'7")”6[],] and B = (0%1,,0.2 %1,,0.8 * 1,), and generate W, ~ N(0,, A),
U; ~ Poisson(2), Y; ~ expit(—0.2 + 0.5U;), Z; = V(BUy; + W), and X; ~ Poisson(¢%) from
the PLN model. We randomly choose 7 samples to have observed Y;, with the remaining unlabeled.
To study the behavior of the optimization algorithm and assess SCORE’s robustness to vari-
ous model specifications, we vary the following generative parameters: (a) the labeled size » =
50,100, 200, 4005 (b) the full sample size N' = 1000, 2000, 5000, 10000; (c) the number of can-

didate features p = 100, 200, 400, 800; (d) the rank of latent embedding g = 10, 20, 40, 80;
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and (e) the specification of U y- To simulate the presence of unobserved factors beyond Y; and U;
that contribute to X}, we introduce a setting in which the proposed model is slightly mis-specified.
Specifically, we include an additional latent variable C; ~ Ber(0.4) and define Z; = V(BD; + W)
with Z)i = (1,U;, Y;, C)) . We then construct two versions of the extended loading matrix Bro
reflect different signal strengths: (i) weak signal with B= (B,0.2 1;); and (ii) strong signal with
B = (B,0.6 * 1;) (f) Subsequently, we generate X; from zero-inflated Poisson with proportion of
zero inflation of 0.05 and 0.1.

For comparison of parameter estimates, we considered both the supervised (sup) and semi-
supervised (semisup) version of SCORE. The supervised SCORE is only fit on the small number
of data with labels, whereas the semi-supervised SCORE utilizes both the labeled data and unla-
beled data as proposed. We additionally considered two methods: (i) two-step SVD (Zhang et al.,
2020), which was proposed for exploratory item factor analysis (IFA) for binary item response
data, but here adopted for Poisson data (details described in Supplementary Material 5), (ii) varia-
tional inference for probabilistic Poisson PCA model (Chiquet et al., 2018). The difference between
the model assumptions and optimization methods are summarized in Table 3.1. We use the rela-
tive F-norm errors of the estimation of Band A, defined as e+(B, B) = ||B — B||z/||B||rand
err(A, A) = ||A — Al|#/||A]|r. In addition, we evaluate the quality of the patient preresentation
using cosine similarity of the predicted patient embedding with the true underlying patient embed-
ding. We report the average classification performance of the predicted (Y | X, U) against the
true outcome Y based on the area under the receiver operating characteristics curve (AUC) and area
under the precision-recall curve (PRAUC). All results are summarized based on 200 simulations in

each setting.
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Method Wrandom known V' 7 used Zyused #model params. # var. params.

Chique2018 yes no yes no dp +pg 2ng
Zhang2020 no no yes no dp + pq /

SCORE(sup) yes yes yes no dg+q 2ng
SCORE(semisup) yes yes yes yes dg+q 2Ng

Table 2.1: Summary of the methods under comparison.

4.2 RESULTS

PARAMETER EsTIMATION W first investigate how relative F-norm errors of model parameters
change with varying N, #, p, 9. As expected, with p > ¢, increasing the sample size of the labeled
data () reduces the error for both the supervised and semi-supervised methods, while increasing the
sample size of unlabeled data (V) only reduces the error for our semi-supervised SCORE (Figure
2.1). Specifically, when p = 400 and ¢ = 20, with N = 5000, increasing 7 from 50 to 400 decreases
the relative error of B from supervised SCORE from 0.72 to 0.30, while semi-supervised SCORE
achieves an even lower error, decreasing from 0.12 to 0.10. In contrast, increasing /N from 1000 to
10000 for fixed » = 50 improves semi-supervised SCORE performance, reducing error from 0.21
to 0.08, while supervised SCORE remains unchanged.

Figure 2.2 shows the change in relative F-norm error with varying p, 4 when N = 5000 and
n = 100. We observe thatas g/p — 0, errors for supervised SCORE do not converge to 0 due to
the insufficient sample size, whereas errors for semi-supervised SCORE converge to 0 as expected.
Specifically, when p = 400andg = 10, the relative error for estimation of B from supervised

SCORE remains at 0.58, whereas the error for semi-supervised SCORE reduces to 0.08.
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PATIENT REPRESENTATIONS  Next, we investigate the mean cosine similarity between the true
patient representation E; and the estimated E = {(1 — ?)Em + ?E(l)} where E@ =B(1,U;,0)"+
m” and E’;I) = B(1,U;,1)" + m". The results with varying N and 7 with p = 400 and g4 = 20
are shown in Figure 2.3. The patient-level embeddings generated with semi-supervised SCORE have
the highest cosine similarities with the truth, outperforming its supervised counterparts ad other
methods. For instance, when N' = 1000 and z = 50, the cosine similarity for semi-supervised
SCORE reaches 0.91, compared to 0.88 for supervised SCORE and only 0.78 for Chiquet et al.

(2018).

CLASSIFICATION PERFORMANCE  In addition, we compare the classification performance of our
methods versus the others. Figure 2.4 shows the area under the ROC curve (AUC) and the area
under the precision-recall curve (PRAUC) of our method and its comparators’ robustness with var-
ious generative model specifications, along with the standard deviation from 200 simulations. We
can observe that (a) As expected, increasing the size of labels improves predictive performance for
supervised and semi-supervised methods. (b) Unsurprisingly, our semi-supervised SCORE method
singularly benefits from an increase in the size of unlabeled set. (c) Our method is more advanta-
geous when p is large. (d) Our method is robust to different ¢ as long as g is small relative to p. (e)
Performance of our method deteriorates with stronger misspecification but still outperforms the
other methods. (f) As the proportion of zero inflation increases, modeling the counts as a Poisson

distribution becomes slightly less advantageous.

S APPLICATION IN PHENOTYPING OF DISABILITY FOR MS PATIENTS

We applied the proposed method to phenotype disability status in 16,091 patients with multiple
sclerosis (MS) using electronic health record (EHR) data from Mass General Brigham (MGB). The

dataset includes both codified data — such as diagnoses, medications, and procedures — and narrative
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Figure 2.1: Relative R-norm error for estimation of B and A for various methods. || B — B||¢/||B||Fand

||1AX — Al|F/||A]|F with varying N, 7, fixed p = 400, g = 20.

clinical notes, which were converted into structured clinical concept identifiers (CUIs) via natural
language processing (NLP).

Disability is a key indicator of MS progression and its impact on daily life, making it essential for
timely intervention and effective management. However, because disability measures are not rou-
tinely captured in electronic health records (EHRs), their utility for research and clinical decision-
making is limited. To address the absence of routinely recorded disability measures in EHRs, we
leverage a disease registry linked to EHR data to infer disability status from the rich clinical informa-
tion captured during routine care. The registry includes two validated indicators of disability: the
clinician-assessed Expanded Disability Status Scale (EDSS), ranging from 0 to 10, and the patient-
reported Patient-Determined Disease Steps (PDDS), ranging from 0 to 8. Patients with EDSS >

S or PDDS > 4 were categorized as having a high level of disability (Y = 1); otherwise, they were

52
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Figure 2.2: Relative F-norm error for estimation of B and A for various methods. ||B - B||¢/||B||Fand
[|A — Al|g/||Al|F with varying p, g, fixed N = 5000, » = 100.
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Figure 2.3: Cosine similarity of predicted patient embeddings from various methods, with p = 400, g = 20.

labeled as having a low level of disability (Y = 0). Our objective was to use EHR data to pheno-

type binary disability status at each clinical visit, using PDDS as the primary guide. By leveraging

both structured variables and NLP-derived features from clinical notes, we aimed to identify patient

clusters that not only capture meaningful distinctions in PDDS-defined disability but also corre-
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Figure 2.4: Classification performance under various generative settings for different methods. When one generative
parameter is varied, the others are fixed at z = 100, N = 5000, p = 200, g = 20 with correct model specifications.

spond strongly with the alternative EDSS measure which is more commonly used in clinical trials
van Munster & Uitdehaag (2017). Furthermore, we sought to learn patient embeddings from the
algorithm that are predictive of future disability progression, enabling clinically useful stratification
beyond the labeled data.

We included EHR features relevant to the diagnoses of multiple sclerosis diagnosis or disability
using the online narrative and codified feature search engine (Xiong et al., 2023). For each visit, we
aggregate feature counts within a 6-month window before and after the visit to construct the feature
matrix X,,c. In addition, we manually selected five features relevant to disability X,,,,,: wheelchair,

weakness, mental health, dalfampridine and speech and language disorder to assist in the prediction
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of disability status. We then obtained the embeddings of all selected concepts X = (X100, Xpnee)
denoted by E, through multi-source representation learning which leverages information from
both EHR data as well as contextual embeddings for the textual descriptions of the clinical con-
cepts Xiong et al. (2023). We applied singular value decomposition (SVD) to the feature-level em-
bedding matrix and got V € RP* as the first g left singular vectors. For our model, we specified
V=1[(,0), 7.

We compared the performance of our method with other existing methods for the classification
of disability status based on the EDSS and PDDS scores. We considered five methods as bench-
marks: (1) Lasso, (2) Random Forest, (3) XGBoost, (4) supervised fully connected neural network
(NN(5up)), (5) variational autoencoder (NIN(VAE)). For Lasso, random forest and XGBoost, the
only output is the predicted score. For the two neural network based models, we obtained both the
predicted score and the low-dimensional patient embeddings for downstream tasks. We trained each
model using z = 50,100,150, 200 labeled samples, and validated the models based on 7, = 500
labeled samples. Figure 2.5A shows the performance of each model with varying training sizes. The
semi-supervised SCORE method achieves the highest AUC and PRAUC, along with the lowest
Brier score, particularly when the labeled sample size is small (z = 50,100). As the labeled sample
size increases, all methods show comparable performance. Notably, SCORE consistently yields the
lowest standard errors across all metrics by eftectively leveraging the large pool of unlabeled data
during training.

We further evaluated whether models trained using PDDS-based labels could generalize to pre-
dicting EDSS-defined disability status. Notably, our method outperformed alternative approaches
in this cross-outcome evaluation (Figure 2.5B), indicating stronger generalizability and an improved
ability to capture the true underlying disability status across both patient-reported and clinician-
assessed scales. A key strength of our approach lies in its ability to generate low-dimensional patient

embeddings that encode clinically meaningful information. To assess their utility beyond the initial
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classification task, we used embeddings trained on current PDDS-based disability status to predict
future disability progression. Specifically, we trained a logistic regression model to predict disability
status two years later, using baseline embeddings (or predicted scores for methods that do not pro-
duce embeddings). Cross-validation results, shown in Figure 2.5C, demonstrate that our method
achieved the highest AUC and PRAUC and the lowest Brier score, highlighting its robustness and

value for downstream tasks such as long-term patient stratification.
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Figure 2.5: Classification performance with varying 7 for phenotyping of disability for MS patients at MGB. PDDS:
trained and validated using disability status based on PDDS, PDDS-EDSS: trained using disability status based on PDDS
and validated on EDSS-based labels.
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6 DiscussioN

This paper introduces SCORE, a semi-supervised representation learning framework that models
high-dimensional EHR data using a novel Poisson-adapted latent factor mixture model and pre-
trained code embeddings to generate informative patient phenotypes. By combining a hybrid EM-
GVA algorithm with theoretical guarantees, SCORE leverages unlabeled data to improve prediction
accuracy and embedding quality, outperforming existing methods in both simulations and a real-
world application.

Theoretical results on low-rank Poisson models have been limited, often under the restrictive as-
sumption that the rank is either one (Hall et al.,, 2011b,a) or fixed (Zhang et al., 2020; Chen et al.,
2019). In contrast, we establish the error rate of our EM-GVA algorithm considering a diverging
number of latent factors, a scenario more suited to the complexities of EHR data. Our theoretical
analysis not only addresses a critical gap in VI for low-rank Poisson models but also provides insights
on the GVA error analysis in other contexts, which is necessary due to its potential flaws including
slow optimization convergence and poor capture of the true posterior in certain scenarios (Yao et al.,
2018). Moreover, by modeling the generative process X | ¥, SCORE is robust to label noises, al-
lowing observed Y; to serve as a noisy proxy for latent cluster membership, as seen in conditions like
MS where PDDS and EDSS provide complementary but imperfect views of disability severity. The
clustering-based framework permits flexible initialization, where any consistent supervised estimator
suffices without affecting the final error rate, enhancing generalizability across clinical outcomes.

Although SCORE is developed within the Poisson distribution framework, the framework is
generalizable to other distributions such as negative binomial or zero-inflated distributions (Batardicre
et al., 2024), which may offer improved flexibility for handling over-dispersed data. The current
SCORE algorithm focuses on a single binary outcome Y, it is also feasible to extend the method-

ology to support multiple outcomes and a wider range of clinical outcomes, including continuous
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and categorical variables, to broaden its applicability across diverse medical settings. In our real EHR
application, we refined the construction of ¥ to incorporate several EHR concepts known — based
on domain knowledge — to be strongly associated with the disability outcome of interest. This ad-
justment illustrates the importance of modeling both low-rank and sparse structures, as similarly ad-
dressed in the Factor Augmented Sparse Throughput (FAST) algorithm (Fan & Gu, 2024). When
influential features are known a priori, our framework flexibly accommodates additional factors

in V to represent these strong signals. In contrast, when such features are unknown, introducing

a sparse mean component in the latent layer ofters a promising strategy for adaptively capturing
underlying sparse structure. Developing a more principled approach to incorporating these sparse
components may further enhance the model’s ability to identify and leverage key predictors or sur-
rogate features. Moreover, when the true and external factor structures diverge substantially, espe-
cially in heterogeneous populations, methods that go beyond rescaling eigenvalues may be needed
to capture the latent structure more fully. Together, these directions suggest a rich landscape for

extending the current model to address a wider variety of data types and clinical contexts.
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Age-Specific Outcome-guided
Representation Learning for Patient

Clustering with EHR Data

1 INTRODUCTION

Patient stratification using electronic health record (EHR) data has become an important tool in
precision medicine, particularly for diseases with substantial heterogeneity in presentation and
progression. One notable example is Alzheimer’s disease (AD), where disease manifestation and
trajectory can vary widely across patients (Badhwar et al., 2020). Stratifying patients into clinically
meaningful subgroups based on their EHR profiles holds promise for improving risk prediction,
treatment planning, and understanding disease mechanisms.

Recent work has applied unsupervised clustering techniques to EHR data to identify AD sub-
types that correlate with clinically relevant outcomes such as institutionalization or mortality (Wang
etal., 2024; Zhou et al., 2025). While these approaches have shown promise, a key limitation is that
clustering is performed without reference to the outcomes of interest. As a result, the learned clus-
ters may reflect general patient characteristics-such as age or comorbidity burden-that are predictive
in a broad sense but may not align with disease-specific clinical heterogeneity. In particular, age is a
strong and pervasive predictor of health outcomes in AD, and clustering the full population with-

out accounting for its effects may yield groupings that are primarily driven by age-related differences
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rather than distinct clinical subtypes.

Moreover, the effect of age in AD is not simply a nuisance factor to be adjusted for-it is an intrin-
sic axis of heterogeneity. The presentation, progression, and comorbid profiles of AD patients can
differ substantially by age (Dickerson et al., 2017). Clustering the full patient population without
accounting for these differences risks conflating distinct age-related patterns, potentially obscur-
ing meaningful subtypes. At the same time, performing entirely separate clustering within each
age group may fail to capture common structure and can lead to unstable estimates in strata with
limited sample sizes. Thus, there is a critical need for methods that can identify patient clusters char-
acterized not only by distinct EHR profiles and differential survival risk, but also by patterns that
flexibly reflect both shared and age-specific structure.

A variety of existing methods have addressed aspects of this problem, but none fully resolve it in
the high-dimensional EHR context. Classical methods such as Gaussian mixture models (GMM)
and k-means, perform well in low-dimensional settings. For high-dimensional EHR data, extensions
such as sparse k-means (Witten & Tibshirani, 2010) have been developed to improve interpretability
and robustness. However, these unsupervised approaches do not explicitly consider clinical out-
comes, and thus the resulting clusters may be poorly aligned with downstream prediction or clinical
utility. Other work has instead focused on clustering based on the outcome, particularly survival
outcomes. For instance, models like those in (Chapfuwa et al., 2020; Nagpal et al., 2021) group
patients by their survival trajectories. While informative, these approaches often ignore the rich
information in EHR covariates and are limited to patients with observed outcomes, precluding pre-
dictions for those with censored or missing data. More flexible frameworks, such as mixture models
for censored outcomes incorporating covariates (Liverani et al., 2021), have been proposed but are
typically not scalable to the high-dimensional setting of EHR data.

Several methods have sought to jointly model covariates and outcomes. These include mixture

models where outcome distributions depend on covariate-driven component probabilities (DeSan-

61



tis et al., 2008; Houseman et al,, 2006), and joint modeling approaches for survival and longitudinal
data (Tsiatis & Davidian, 2004; He et al., 2015; Sun et al., 2019). More recently, outcome-guided
clustering methods have emerged for high-dimensional data. For example, Li et al. (2024b) and
Meng & Huo (2025) develop Gaussian mixture models with sparsity that incorporate outcome in-
formation. While promising, these methods rely on sparsity assumptions- selecting a small subset
of relevant features-and assume Gaussian data distributions. These assumptions may not hold for
EHR data, where many features are often correlated, and jointly weakly informative.

In such settings, representation learning provides an appealing alternative. Rather than selecting
a subset of features, representation learning aims to transform high-dimensional data into compact,
low-dimensional embeddings that preserve clinically relevant information (Bengio et al., 2013). For
example, Chapter 2 introduced a Poisson-Adapted Latent factor Mixture model for EHR data, en-
abling the use of learned low-rank patient representations for outcome-agnostic clustering. Building
on this framework, we adopt a representation learning approach that captures underlying structure
across a large number of correlated features, while incorporating survival outcomes during cluster-
ing.

Importantly, previous models do not take into account of the age-group heterogeneity. To ad-
dress this, we draw on the multitask learning (MTL) framework, which enables shared learning
across related groups. MTL improves generalization by leveraging common patterns across tasks
while allowing for task-specific variations. Classic MTL approachs, such as those proposed by Ando
etal. (2005) and Yang et al. (2009), introduce regularization strategies that couple task-specific mod-
els through shared representations or constraints. Extensions to high-dimensional data have incor-
porated sparsity or low-rank decompositions to identify features that are predictive across some or
all tasks (Chen et al., 2011; Tang & Song, 2016; Asiaee et al., 2019; Duan & Wang, 2023). These
ideas have been applied across domains, including biomedical applications, where multitask formu-

lations help address heterogeneity across populations, institutions, or time (Daniels et al., 2021; Li
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etal., 2023; Wiens et al., 2016).

In this work, we propose age-Specific Outcome-guided representation Learning for pAtient
clusteRing (SOLAR), a novel outcome-guided clustering framework that integrates high-dimensional
EHR features with time-to-event outcomes, while explicitly modeling age-related heterogeneity.
SOLAR jointly learns clusters across age groups using shared representations, while allowing for
age-specific flexibility where supported by the data. This approach balances the stability and statis-
tical efficiency of global clustering with the interpretability and clinical relevance of age-stratified
patterns. Through this structure, SOLAR yields clinically meaningful patient subgroups that are
characterized by distinct EHR profiles and survival risks, oftering improved stratification for hetero-
geneous diseases such as AD.

The rest of the paper is organized as follows: In Section 2, we present our SOLAR model along
with the estimation algorithm. In Section 3, we conduct simulation studies to compare the perfor-
mance of the proposed model with existing approaches and conducted ablation studies. In Section
4, we apply our method to stratification of AD patients from University of Pittsburgh Medical Cen-

ter (UPMC). In Section 5, we conclude with a discussion.

2 METHODS

2.1 MOoDEL SET-UP AND OBJECTIVE

LetD = {(X;,U;, T;,G;) : £ = 1,--- ,n} be our dataset, where X;; represents the counts of
th EHR feature (e.g. ICD code, NLP mentions, etc) of 7th patient, X = (Xj,--- ,X,)" and

X, € R?. U,y denotes the dth demographics or healthcare utilization feature of 7th patient, U =
(Ui,---,U,)" and U; € R™. Additionally, let T}, denotes the underlying time to the oth outcome-
of-interest for each patient 7. We considered random right censoring time 7},. We observe {7}, =

mlli’l(T?;, Tg)a 31'0 - ]I(T;kg < Tg)}’ T; - (Tvil; Tty 7—;'0791'17 Tt 751'0) S RZO- Let Gl' S {17 e 7G}
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denotes the age group of 7th patient where the age groups are assumed to follow a natural sequential
ordering (e.g., from youngest to oldest). Let K denotes the number of underlying cluster assumed to
be known, and ¥; € {1, -- , K} denote the underlying cluster membership. We assume that each
patient’s cluster membership (subtype)

exp(agy + b;y U,)
Wgyll = K bT )
> i1 explag + gJUz')

Y; ‘ U, G; =4~ Cﬂt(”glia T >7ngi)? )= L, K

We model the observed data through two submodels: an EHR count submodel and a survival

submodel for the outcome:

EHR Count SuBMODEL ~ We introduce V), as the pre-trained embeddings for the p EHR con-
cepts, capturing prior knowledge on the latent structure of X. For identifiability, we assume that

\/q/pV is orthonormal. We consider an age-specific Poisson-adapted Latent Factor Mixture (AS-

PALM) model:
X, | Z; ~ Poisson(#),  X; | Zy indep.
(Zi | Uy Yi=y,Gr = g) = VZ] + A"
where
ZI'=UBy+B,+ W, , W;~N(0,,A,)
AT = Ul Cp + Cp
where expit(v) = ¢’/(1 + ¢”). The latent layer Z is composed of a low rank component

VZ!" and a sparse component A?#*, In the low-rank component, the coefficient matrix B =

(B, By, ,Bx) € R HK) %4 encodes the intercepts of each cluster and the effect of baseline co-
variates in the latent factor model, and is assumed to be shared across all age groups. The random ef-
fect W captures individual variability, improving the predictive accuracy of Y | X, U for future pa-

tients not included in the observed data. The positive definite symmetric Ag € R7%9 are age-variant
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parameters of interest. In the sparse component, the coefticients C, = (Cgo, Cay s CgK) S
R("+K)%? capture the additional signal from a few features that may have extremely strong effect
on top of the low-rank eftect. To encourage the sparsity and smooth change of such effect over age,
borrowing from the extensive literature on high-dimensional regression, we consider the lasso and

the fused lasso regularizer:

G m+K P G—1m+K p
DD 2 1Cul < and YD > ICky— Cyl <2
=1 k=1 j=1 =1 k=1 j=1

where 51 and s2 are two tuning parameters.

Lasso encourages overall sparsity in the active (contributing) predictors in each age group; the
fused lasso regularizer encourages a notion of persistence or contiguity in the sets of active predic-
tors across time points. The justification is based on the scientific intuition that predictors that are

clinically important should have similar effects at successive age groups.

SURVIVAL SUBMODEL  For the survival submodel, we implemented two commonly used models
for survival analysis: (1) the Weibull mixture model and (2) Mixture of Cox proportional hazards
model.

Weibull Mixture Model: following approach similar to Liverani et al. (2021). We assume that

given U, and C; for patient 7, the uncensored survival time of outcome o € {1,--- , O} follows the

Weibull distribution given by

Weibull (softplus(UlTAogo + Aygy), K,,g)

where softplus(x) = log(1 + exp(x)), %, is the shape parameter and 4y, = (Aog0, Aog1; -+, Aog)s
A, = (4,1, ,A4,c) are the cluster-specific survival parameters. Here softplus(U; Aye0 +A,g)) cor-

responds to the scale parameter of the Weibull distribution. We assume that the shape parameter « is

65



global. The Weibull(2, x) has probability density function of p(x; 1, ) = 5 () < exp{— (3)"}

for x > 0. Adjusting for right-censoring yields the following distribution:

P(Z‘o ’ U,Y, = G; :g) = P(Tz'o; logy(l]z')v Kag)siS(T;'a ’ U, sz')lis

Kog { T;'o }Kag—l o { T«l }K,,g 0 |:ex {T;}K”g] 1-9;
Loy (U:) \ g (1) P Vi (U) P L (0) |

where Ao, () = softplus(#’ Ay + Aog,), S(t | w,c) = [ p(; Aogy» ¥) dt is the survival

function. We note that the current model assumes a simplified common covariate effect across all
clusters. It is easy to extend to allow cluster specific interaction term, meaning cluster-specific effects
from demographics or healthcare utilization, when the sample size is sufficiently large.

Cox PH Mixture Model: Conditional on the cluster membership ¥; and the age group G;, the

hazard of individual 7 for outcome o is modeled as

hi(t ] Y; =7G; :g) = logy(t) CXP(U;AOQ

where lggy(r) is the baseline hazard for cluster £ in age group g, and 4, is the shared effect for Uin

age group ¢. The full likelihood is

L(A,y) HHG = g)[Aogy (T )exp(UAgg)] exp( / Aogy (5 exp(UAgg)d>
=1

and the partial likelihood

5
" exp(UlTAog)
4,) = TT1(G: = ) .
‘ EII ¢ {ZJER(Z-) exp(Uj dy)

JoinT ProBABILITY DisTRIBUTION Let 8 = (4,,6,) with 6, = (B,C, A, a,b) and 6, = (4, x)

with Weibull mixture model and 4, = (4, 4) with Cox mixture model, the likelihood function can
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be written as

G K
0(6) = I(G; = g)log /WZﬂXf | W.5,Us B, C)p(W; A) p(T; | Uy 4,%) ply | Uiz a. b) dW
&=l y=1 EHR Count Submodel Survival Sub—model

2.2 VARIATIONAL APPROXIMATION STRATEGY

EviDENCE LoWwER BoUND  To circumvent the computational issue caused by the integral of W,
we resort to a variational approximation strategy and integrate out W under a tractable approxima-
tion of p(W;|X,, U;, G;, ¥; = y), denoted by p(-” (W;). For the i-th observation, we approximate

z

log{p(X;, Y; = y|Uy, Gy; 6)} using

\Z'(y) — j(ﬁ, §DZ(-Y)§X1'7 TZ,’ Y; =y | U, GZ.)

= \7(50 @E‘Y);Xl'a Yl :}’ | (Jl'7 Gz) + E(em 7;'7 yvl :}’ ‘ (Jl'7 Gz)

where £(6;; T;, Y; = y | U, G;) denotes the log-likelihood of the survival submodel, and

\7(96‘7 @z('Y);)(i’ Y, =) ’ Ui? Gl') = log{P()(h Yl = y‘lf,', GZ‘S 9)} - KL{¢5Y)(VVZ-),]7( I/le(l: Ul'a G,-, Yl =D 5)}

= E¢§Y) log{P()(iv WY = }’|Uiv G;; 5)} - Eg,(Y) log{gDEY)(VV[)},

where KL(-, ) represents the KL-divergence between two distributions. Since the KL term is
nonnegative, we have \Z»(Y) < logp(X;, T;, Y; = y|U;;6) and, thus, call jim an evidence lower
bound (ELBO) of the log-likelihood function. The key idea is to properly specify ¢l<.y> such that (i)
T has a tractable (explicit) form and does not require any numerical integration to compute; and
(ii) the KL-divergence between ¢ and the true posterior distribution of W; can potentially vanish.

Then we could maximize the ELBO as a replacement for log p(X;, T;, Y; = y|Uj; 9) to significantly
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reduce the computational burden at a low cost with respect to the statistical efficiency.

VARIATIONAL GAUSSIAN APPROXIMATION Let W = (Wy,..., W,)" € R"*4. For the
construction of each ¢l(-y>, we define the set of candidate Gaussian variational approximation (GVA)
densities as

{p(y) (W m(y) S(y)) . 5\/) c Rq’ SE-Y) — diag(JEY)), ng) c Ri, y = 1, ,K},

1 11

where N (W;; m® | 8) is the probability density function of the multivariate Gaussian distri-
bution with mean m” and covariance S, diag(-) represents the diagonal matrix of some vector,
and ]RZ_ denotes the set of g-dimensional vectors with all positive elements. Utilizing the Gaussian

density formation of @\, we can derive the explicit form of J (6, ; X, Uy, G;, ¥; = y) with

2 2 I
T (8, 0" X, Uy, Gr, Y = ) ZX”V]T (B'DY" + m! +ZX,]c; )= > AP = log(Xy)
j=1 =

1 1 1
~ - log{det(A)} — 5 (m?")TA"m — STe(AT'SY) + - log{dec(S))} + £

+ ylog{expit(a, + b; U} + (1 —y)log{l — expit(a, + b; U)}
(3.2)

where
1
Ay = E ) exp{V](B'DY + W) +CDY"} = exp { V] (B'DY +m? +280¥;) + D |

and

D} = (UpI(y=1),- ,I(y = K))

T thus follow. Since ¢’ is parameterized by ¢ := {m’ 8V}, we also denote J") =

J (6, QY);XZ', U;, T;, G;, Y; = y). The tractable form of L71.(” will be used to construct the objective
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function for @ replacing the intractable log-likelihood of the observed data, which can help remove
time-consuming numerical integration and significantly reduce computational complexity. This is

crucial in large-scale biomedical studies where 7 and p are typically large.

2.3 PENALIZED WEIGHTED JOINT PSEUDO-LIKELIHOOD

We additionally introduce a hyperparameter p, which controls the relative contribution from the
EHR count submodel and the outcome submodel. We propose to optimize for the weighted penal-

ized joint Pseudo-likelihood:

T96,47) = zwm PA(C)

where
G m+K P G—-1m+K p
Pa(C€) =44 Z Z Z |Cat| = 22 Z Z Z |Clernn — Copl (3.3)
=1 k=1 j=1 =1 k=1 j=1

is the the lasso and fused lasso penalties encouraging sparsity and persistence in the coefficients C.
A larger value of the tuning parameter 1; > 0 corresponds to fewer nonzero entries in /C\.'; alarger
value of the tuning parameter 1, > 0 generally corresponds to fewer change points in the piecewise
constant coefficient trajectories E’kj, acrossg = 1,--- , G. For simplicity in finding the optimal
hyperparameter, welet 1 = 1; = A,. The weighted pseudo-likelihood (ELBO) for patient 7 is
defined as

TS (6,87) = pT (86,8 X, Uy, Gy, Yy = y) + (1= p)l(8; Uy, T, Gy, Yi = ) (3.4)

Note that the weight p has monotonic interpretation in that larger weight means heavier contribu-
tion of outcome association in the joint likelihood. The magnitude of weight, however, does not

have a direct interpretation since the likelihood of outcome association and that of EHR feature
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clustering are not directly comparable. For example, p = 0.5 does not mean equal contribution

from outcome association and EHR feature clustering in a theoretical sense.

2.4 EstiMaTION: A HYBRID EM-VGA-ADMM ALGORITHM

In our framework, Y; is unknown, X; follow a latent class PLN model. To solve for this model, one
common way is the EM algorithm iterating between: (I) E-step: estimating p(Y; = y|X;, U;, T, G; 6)
and imputing empirical version of Eyy,|x, v, T::9) log{p(X;, Y;, T}|, G;, Uy; 6) }s and (II) M-step: up-
date # by maximizing the imputed log-likelihood function. In both steps, we must deal with the
integral of W;. Moreover, we need to estimate K sets of variational parameters Zﬁ»l), cee Z-K), for

l(-Y) 1 1€

{17"' 7”}7}’6 {L"' 7K}}1S: {Sz(‘Y) S {L"' 7”},}’6 {17"' aK}}andZ: {M’S}to

each unlabeled subject 7, corresponding to ¥; = 1, - - -, K respectively. Weuse M = {m

denote the GVA parameters for the unlabeled data. To address the complication mentioned above,
we propose a hybrid latent-class EM and GVA (EM-GVA) algorithm for optimization. Initiating
with some preliminary estimator {6)q, {jo }, EM-GVA iterates between the following two steps to

obtain the final estimator &:

E-sTer  To estimate p(Y; = y|X;, U;, G;, Ty; 0) for each subject 7, we note that

We use the weighted ELBO jlf;) (6,£") in Equation (3.4) to approximate the computationally
intensive log{p(X;, T;, ¥; = y|U;, G;; )} and approximate p(Y; = 1|X, U;, T;, G;; 6) as

(g 26.0)
T S epl 0 (6.0))

with #and " plugged in as the estimator at the current iteration.
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M-STEP  In the M-step, we maximize the empirical approximated version of E,(y, x,, v, 1;,6.:9 log{p(Xy, Y7 |

l]z'a T'ia Gl7 5)}] as
n;:}x 0,06,,X,U,G,T) = n;:}x(’)(@,Z;X, UG, T) —P,(C)
where

n G K
06X UGT) =Y > 1(G=gY 7,J56,:X,U,T,G)
y=1

=1 g=1

We alternatively update 6, {using the block-wise gradient algorithm. The algorithm for model
training based on EM+GVA is outlined in Algorithm C5. For simplicity we only showed the algo-
rithm for Weibull mixture model. Details of the algorithn for Cox mixture model can be found in
Appendix 6.1 and the block-wise gradients are provided in Appendix 6.2. For updating C which
involves optimization for non-differentiable objectives, we considered an ADMM algorithm which
can efficiently handle nonsmooth problems. It breaks a constrained optimization problem into sub-
problems that can be solved efficiently and in parallel. Details of the ADMM algorithm is provided

in Algorithm 2 and the derivations can be found in Appendix 6.3.
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Algorithm 1 EM+GVA Algorithm for Model Training (Weibull Mixture)

Initialize: 6% + g, 5{0] — Z’, h<+0
while Change in O, > tolerance do
E-step: Compute j(ﬁ[b],fl(-y)[h]) VieI,y=1,---,Kas(2.3)

[b] exp{Tip (6[17] 7gz{v)[ly] )}
}/l}’ Z;(:l €xp{‘7l.!p(5[h] 7;1(1)[17] )}
M- -step:

71« update using (C52) with 7 g
Set BP0l BUI AIO] (o API APl AR
while Change in O, (6, 7"+, £, 91”1} > tolerance do
foro=1,--- ,0do
AP gradient update(4!””) using (C53)
x4« gradient update(x) using (C53)
end for
ml(y Ul gradient update(m, mV) ) using (C56),Vi € Z,y = 0,1
sl gradient update(s, O ¢ d]) using (C56) Vi € Z,y = 0,1
APt 15 S S ( SOV b b T)

i
—1 it 7

B+ gradient update(B ) using (C56),
Cl  ADMM update(C[ N using Algorithm 2 until convergence.
d<—d+1
end while
Return: AP xlb+1)) gl gttt g1 Ab ]
h<+h+1
end while

Return: /é,?and .

PrepicTION  To make a prediction of the cluster membership for a new patient with X;, U;, T;

using optimizedg, we first update £ for¢ = 1, - - -, K, then compute
5 )
- xp{ T 6.2}
o o
T Shenlgp@2)
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In the case where a new patient with only baseline EHR feature data and no outcome informa-

tion, we approximate p(Y; = 1| X;, U; 6) as

7, = xp{J" 0. 2"))
DI VAR U SOIY

Algorithm 2 ADMM Algorithm for Updating C

Input: Current 4 %, E, 7\,2
while Change in O, > tolerance do
forj=1,--- ,pdo
Initialize: C;[»O], 2101 210
while Change in O, > tolerance do
C}[VJFI’MH] < gradient update( C}[-r+1’m]) using C60
m<4—m+1
end while
Set C}[r+1] - C,J[r+1,m+1]
oI+ < SoftThreshold(QC/ ™ + 21 /5, 2/p)
plasipEpll —I-JO(QC;[»VH] — b+
r<r+1
end for
end while

o~

Return: C.

2.5 MODEL EVALUATION AND SELECTION

We evaluate the performance of our method in terms of (1) classification, (2) clustering and (3) pre-
diction accuracy. To evaluate classification accuracy, we use the area under the ROC curve (AUC)

of each class vs. the others. We took the average of all classes. For accessing the clustering accuracy,
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we use the adjusted rand index (ARI), and for evaluating the outcome prediction accuracy, we use
the C-index for the time-to-event outcomes.

In application, since the underlying cluster membership is unknown, we only measured the C-
index for outcome prediction.

We select the hyperparameters p and A through grid-search with 5-fold cross-validation. In par-
ticular, given NN candidate values of 4, {11, - - - , An; } and N, candidate values of p, {p;, - - , 0 N, 1
for each combination of p and A, we train the model based on 4 folds of the data, predict the cluster
membership and outcome on the left-out fold of test data, and then calculate the C-index based on
baseline EHR data only. This is because in the real-world application, for a new patient we would

like to make prediction for their future outcome at baseline for prognostication purpose.

3 SIMULATIONS

3.1 SETTINGS AND BENCHMARK METHODS

We conduct simulations to evaluate the performance of our method and compared it with existing
methods. For data generation, we set V' = cfffm:q] where Vis obtained by the eigen-decomposition
S = VAV onthe auto-regressive matrix s = (0.5, jelp)>and ¢ > 0is specified such that
\/q/pVis orthonormal. We thenset K = 3, A = 4(0.1'1'7")1?6[],] andB = (0 % 1,,0.2 *
1,,0.8 x1,,0.4 x 1,). Foralls € {1,---,n},generate W; ~ N(0,,A), U; ~ Poisson(2),

Y; ~ Cat(0.3,0.3,0.4) andlet D, = (1,U;,I(Y; = 2),I(Y; = 3))". LetG = Sandp =
(1/6,1/6,1/3,1/6,1/6),7y = {1,--- ,mp1}andforr € {2,--- , T}, I, = {i: n* Zj;llp, <i<
nxy . _ prt Let G = (0%1,,0%1,,(0.8+14,0.4%14,0%1, 3), (0%14,0.8%14,0.4%14,0%1, 15)),
andforg € {2, , G}, Cp = Cp+Apwith Ap = (0%1,, 051, (—0.1%14, 0%1,_4), (—0.1x14, 0%
1, 4)). Thenforeachg € {1,--- , G}, foreachs € T, we generate Z; = V{B'D; + W;} + C,,

and X; ~ Poisson(¢%) from the PLN model.
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Next, for the outcome data, we considered a single outcome, with 4; = (5, —2,10, 20), for
g€12,---,G}getd, = A, 1 + A, withA, = (0,0,-0.5,-0.5). Let A = softplus(D;4),
generate T ~ Weibull(2,1.5). We also consider random censoring of 78 ~ Weibull(15,1.5) and
the observed data (7}, 9;) = (min(T3, TS), I(TF < TY)).

To study and assess our method’s advantage in various model specification scenarios, we vary the

following generative parameters. When one parameter is varied, the other parameters are fixed at the

middle level wth correct model specification.
1. The number of training samples: z = 5000, 10000, 20000

2. The strength of association between X and Y

(0 * lp, 0 * 1}7, (0.4 * 14, 0.2 * 14, 0 * lp_g), (0 * 14, 0.4 14, 0.3 % 14, 0 * 1[,_12)) (Weak)

(O * lp, 0 * lp, (0.8 * 14, 0.4 14, 0 * lp_g), (0 * 14, 0.8 x 14, 0.4 14, 0 * 1];_12)) (Medium)

(0 * lp, 0 lp, (1.2 * 14, 0.6 * 14, 0 * lp_g), (() * 14, 1.2 14, 0.6 * 14, 0 * 1})—12)) (Strong)

3. The strength of association between 7"and Y

(5,-2,5,10)  (Weak)

4,

(5,—2,10,20) (Medium)

(5,—2,20,50) (Strong)

\

To investigate the performance of the model under different age-group heterogeneity in effect size

and proportions, we varied
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1. The level of heterogeneity between age groups:

(m*1wo*gx—oox*1%o*g_gx—oox*1@0*9_0)(ammu)
Ar=19(0%1,,0%1, (—0.1x140%1, 4), (—0.1x140%1, 4)) (Medium)
\ (0%1y,0% 1y, (—0.4%14,0%1, 4),(—0.4%14,0%1, 4)) (Different)
and

2. The proportion of age groups:

(0,0,—0.1,—0.1)  (Similiar)
(0,0,-0.5,—0.5) (Medium)
(0,0,—1,-1) (Different)

(1/10,1/5,3/10,1/5,1/5)  (1/10)
(1/6,1/6,1/3,1/6,1/6)  (1/6)
(1/5,1/5,1/5,1/5,1/5) (1/5)

Additionally, to study the robustness of our method in various model specifications, we consid-

ered the following model specification scenarios:

1. Potential misspecification of the distribution of X | Y

(

X; | Y;

Poission (¢Z) (Poisson)
Zero-Inflated Poisson (¢, 0.05)  (ZIP(0.05))
Zero-Inflated Poission(¢%,0.1)  (ZIP(0.1))
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2. Potential misspecification of the distribution of 7°| Y

Weibull(softplus(D;4;),1.5) (Weibull)
T; | Y; = Exponential (softplus(D;4,)/80) (Exponential)

LogNormal(0.15 * D;4;,1) (LogNormal)

To demonstrate the benefit of our framework, we compared the performance of our model with
three established methods: (1) ogClust_ WJL (Li et al., 2024b) which performs outcome-guided
clustering with Gaussian mixture model, (2) GuidedSparseKMeans (Meng et al., 2022), and (3)
SCORE (Chapter 2) which performs unsupervised clustering based on EHR features using latent
factor approach. Before fitting (1) and (2), we first log-transform the EHR count data (x — log(x +
1)).

Moreover, we also conducted ablation studies. To demonstrate the benefit of joint/multi-task
learning framework across age groups, we benchmark (4) pooled learning on combined dataset
(com) and (5) separate learning for each group (sep). To further show the benefit of combining infor-
mation from both the baseline features and the outcome for clustering, we benchmark (6) clustering
of EHR feature only (temp(p = 0)) and (7) clustering of outcome only (zemp(p = 1)). The model

assumptions of each method is detailed in Table 3.1.
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Method EHR Features Outcome Across Age Groups

ogClust_WJL Gaussian with sparsity AFT pooled
GuidedSparseKMeans  No distributional assumption w/ sparsity Cox pooled
SCORE(unsup) Poisson w/ low rank N/A pooled
sep Poisson w/ low rank + sparsity Weibull seperate
com Poisson w/ low rank + sparsity Weibull pooled
temp (rho=0) Poisson w/ low rank + sparsity N/A adaptive
temp (rho=1) N/A Weibull adaptive
SOLAR Poisson w/ low rank + sparsity Weibull (default)/Cox adaptive

Table 3.1: Summary of the methods under comparison.

3.2 RESULTS

SAMPLE S1ZE  Our method shows the best classification and clustering performance across the
board, greatly improve upon the existing methods. For prediction of future outcomes, SOLAR has
the highest C-index when 7z = 10000 or 20000. When 7 = 5000, 0ogClust_TWJL has the highest C-
index, comparable with SOLAR. Increasing the training sample size from 5000 to 20000 improves
performance for the methods relying on adaptive joint learning across age groups, but such pattern

is less obvious for the models relying on pooled or separate learning.

AsSOCIATION STRENGTH  Performance of our method improves with stronger signal from EHR
features and stronger signal from the outcome (Figure 3.1). When the strength of feature signal

is weak, our method performs similarly to zemp(p = 1), but with a stronger feature signal, our
method performs much better than temp(p = 1). Similarly, performance of our method improves

with stronger signal from the outcome. When the strength of outcome signal is weak, our method
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performs similarly to zemp(p = 0), but with a stronger outcome signal, our method performs much
better than temp(p = 0). By adaptively leveraging the information from both the EHR features and

the observed outcomes, our method achieves the highest performance in all scenarios.

ogClust_WJL SCORE —e— sep —e— temp (rho=1)
method —4—  GuidedSparseKMeans com temp (rho=0) SOLAR
AUC (Classification) ARI (Clustering) C-index (Prediction)
09
. 0.70 0.70 +
+ $ {
08 ¢ 0.65 4 065 H }+
0.60 0.60 + +
07
+ L4
+ + 0.55 0.55
4* 4 4
06 00 + + 0.50
5000 10000 20000 5000 10000 20000 5000 10000 20000
Training Size (n)
0.8
09 07
¢ ¢ L 07
08 R . X }+ 4
¢ } 4
06 0.6 +
07 1)
4 t + 3
05 . “ +
0.6 + 05
Weak Medium  Strong Weak Medium  Strong Weak Medium  Strong
Count Feature Association
0.70
¢
f t f
; 065 $ 065 { }+ '
0.8 $ ) + +
0.60 0.60 + +
07 4 4 4 055 055
4
o N
06
Weak Medium Strong Weak Medium Strong Weak Medium Strong

Outcome Association
Figure 3.1: Classification, clustering and prediction performance of different methods with varying (top) training size

(72), (middle) strength of EHR feature count association and (bottom) strength of outcome association when models are
correctly specified. All the other generative parameters are fixed at the medium level.

AGE-GROUP HETEROGENEITY  The results for varying (1) difference in signal intensity between
age groups and (2) difference in proportions of patients in each age group are shown in Figure 3.2.

As expected, when signal intensity is similar across age groups, com achieves better performance
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than sep; when signal intensities are different, com becomes less advantageous than sep. As expected,
the performance of all methods improves with more balanced sample size/proportion across age
groups, except for com. Under any scenario, our method, which leverages the full training data while
allowing for flexibility across age groups, achieves the best performance, demonstrating the benefit

of our co-training framework.

ogClust_WJL SCORE —+— sep —e— temp (rho=1)
method —4—  GuidedSparseKMeans com temp (rho=0) SOLAR
AUC (Classification) ARI (Clustering) C-index (Prediction)
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Figure 3.2: Classification, clustering and prediction performance of different methods with varying (top) heterogeneity
of feature/outcome association between age groups and (bottom) proportions of patients belonging to each age group

when models are correctly specified withz = 10000. All the other generative parameters are fixed at the "medium”
level.

MoDEL MissPECIFICATION  To investigate how our method performs under potential model
misspecification scenarios, we considered (a) potential misspecification of the latent factor model
and (b) potential misspecification of the outcome model. The results are shown in Figure 3.3. As

expected, the performance of our method deteriorates with stronger misspecification of the feature
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count model, but still outperforms the others. When true outcome model follows Exponential dis-
tribution which is a special case of Weibull distribution with ¥ = 1, the classification and clustering
performance are largely unaffected while the variations become much larger; the prediction perfor-
mance deteriorates, with C-index dropping from 0.66 to 0.63. When true outcome model follows

log-normal distribution, the performance of our method drops but still remains better than the

others.
ogClust_WJL SCORE —e— sep —e— temp (rho=1)
method —4— GuidedSparseKMeans com temp (rho=0) SOLAR
AUC (Classification) ARI (Clustering) C-index (Prediction)
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Figure 3.3: Classification, clustering and prediction performance of different methods with varying (top) EHR count
model misspecification and (bottom) outcome model misspecification scenarios with z = 10000. All the other genera-

tive parameters are fixed at the medium level.

4  APPLICATION IN STRATIFICATION OF AD PATIENTS

We obtained inpatient and outpatient EHR data for years 2011 to 2022 from the UPMC health-

care system. Codified EHR data contain demographics (e.g., age, gender, race, ethnicity), diagnosis
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and procedure codes (e.g., International Classification of Disease [ICD] code, Current Procedural
Terminology [CPT] code), healthcare utilization metrics (e.g., total number of ICD codes and en-
counter notes), medication prescriptions (e.g., RxNorm codes) and laboratory test (e.g., Logical Ob-
servation Identifiers Names and Codes [LOINC] codes). Narrative EHR data comprise free-form
text information from clinical encounters (e.g., physician office visit notes, discharge summaries)
that were converted to structured data by natural language processing (NLP). An AD datamart was
built from the database, which included patients with at least one AD PheCode and 24 months of
EHR data preceding the index date (date of the first AD PheCode, which was operationally defined
as the date of AD diagnosis).

To cluster patients at AD diagnosis, we selected all AD-related codified and narrative features us-
ing ONCE and aggregated counts of EHR features for the 24 months preceding the index date. We
obtained the embeddings of all selected concepts denoted by E, through multi-source representa-
tion learning which leverages information from both EHR data as well as contextual embeddings
for the textual descriptions of the clinical concepts (Xiong et al., 2023). We applied singular value
decomposition (SVD) to the feature-level embedding matrix E and got V € RP*1 as the first q left
singular vectors.

We guided the clustering using two AD-related health outcomes that are readily ascertainable
from EHR data: time-to-nursing home admission and time-to-death. Admission to a nursing
home, which indicates loss of functional independence, is routinely documented in clinical prac-
tice and EHR (Rivera-Hernandez et al., 2019). We defined nursing home admission as having at
least one ICD code for admission to any residential institution (e.g., assisted living facility, long term
care facility, end-of-life care). For patients that died during the follow-up period, we calculated the
time-to-death from the index date. For patients that did not progress to either endpoint, we utilized
the data available till the last record of clinical visit. We stratified patients into five groups based on

their age at time of AD diagnosis: < 65,65 — 74,75 — 79,80 — 84, > 85. The sample size and
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demographics information for each age group is shown in Supplementary Table C1.

Figure 3.4 shows the C-index and harzard ratio for the prediction of nursing home admission
and death using different methods. Our method achieves the best overall C-index, around 0.627
for nursing home admission and 0.642 for death. Interestingly, the age-stratified outcome-guided
clustering identifies the larger heterogeneity in young-onset age group. For nursing home admission,
the C-index for the younger age groups (< 65,65 — 74,75 — 79) are similar and higher than that
for the older age groups (80 — 84, > 85). For death, the C-index for the < 65 group is significantly
higher than the others. Similar patterns can be observed from the adjusted hazard ratios. Results
with Cox mixture model for the outcomes can be found in C2.

We study the importance of each EHR code in driving the difference between the fast vs slow
cluster in each age group. Figure 3.5 shows the the odds ratio associated with the cluster member-
ship, along with the effect size and p-values for each diagnosis code. Figure C3 show the effect size
for each CUI and medication. The fast decline groups are characterized by higher intensity of men-
tal disorders, including neurological disorders, mood disorders, depression, as well as more prescrip-
tion of anti-psychotics such as quetiapine and olanzapine (Cipriani et al., 2011) across all age groups.
This pattern further suggests that cognitive and psychiatric comorbidities may have compounded
the presentation of Alzheimer’s disease in the fast decline group (Ismail et al., 2022), leading to
more rapid cognitive deterioration and a more challenging clinical trajectory. Parkinson’s disease has
a larger effect size in older age groups, but for the youngest age group (< 65) the effect size is much
smaller. Abnormality of gait and urinary tract infection were also found to be associated with fast
decline group in all age groups, but the effect size is larger in younger age groups than older. Patients
in the fast decline groups were more frequently prescribed AD-related medication that can improve
memory and cognitive function (e.g., memantine, a type of N-Methyl-D-Aspartate (NMDA) re-
ceptor antagonists) (Liu et al., 2019) before diagnosis than patients in the slow decline groups.

Prescription of AD-related medications may indicate that these patients experience cognitive and
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functional decline before definitive AD diagnosis. This may be attributable to the superimposition
of comorbidity-related cognitive decline and AD-related cognitive decline, or may be indicative of

diagnostic delay in the fast decline group.

S DiscussION

In this work, we introduced SOLAR, a novel framework for age-specific outcome-guided clustering
of patients using high-dimensional EHR data. Our method addresses critical limitations of existing
clustering approaches by integrating time-to-event outcomes directly into the clustering process,
while explicitly modeling heterogeneity across age groups. Unlike traditional unsupervised methods
that either pool all patients or treat each age stratum in isolation, our approach performs joint learn-
ing across age groups to identify clinically meaningful subtypes that are both distinct in their latent
EHR-derived representations and predictive of survival risk. By balancing shared clustering struc-
ture with age-specific flexibility, SOLAR enables robust subtype discovery in settings where disease
presentation and progression are intrinsically age-dependent, such as Alzheimer’s disease.

We demonstrated the utility of our method using a large, multimodal EHR dataset from the
UPMC healthcare system, where we identified AD subtypes across five age groups based on both
codified and narrative clinical data. Our findings revealed that the proposed model achieves strong
predictive performance for both nursing home admission and death, outperforming baseline clus-
tering methods in terms of C-index and hazard ratio. Notably, the highest heterogeneity in out-
comes was observed in younger patients, particularly those diagnosed with AD before age 65, high-
lighting the importance of modeling age-specific disease subtypes. We also identified clinically rele-
vant features associated with fast vs. slow disease progression, including psychiatric comorbidities,
antipsychotic prescriptions, and early use of AD-related medications, offering potential insights into

diagnostic delay or differential disease expression. These results underscore the practical relevance of
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outcome-guided, age-stratified clustering for better understanding the complexity of AD presenta-
tion across the lifespan.

Several extensions of our framework could broaden its SOLAR and clinical utility. First, while
our current method focuses on time-to-event outcome, many real-world applications involve poten-
tially heterogeneous outcomes-such as functional decline, institutionalization, or cognitive scores-
which could be modeled jointly to provide a more comprehensive stratification of patient trajecto-
ries. Our framework could also be easily extended to handle partially observed outcomes, including
informative censoring or missingness patterns that may vary across age groups. Another important
direction is improving model selection, particularly in determining the number of clusters. While
our current approach assumes a fixed number of clusters across age strata, future work could incor-
porate model-based criteria to select the number of classes adaptively, and even allow the number
of clusters to vary by age group to better reflect underlying clinical heterogeneity. Finally, applying
and validating this approach across multiple healthcare systems would help assess its generalizability
and robustness in the face of institutional variation in data structure, coding practices, and patient

populations, an important step toward real-world deployment and translational impact.
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Figure 3.4: Performance of various methods overall and in each age group for stratification of AD patients at UPMC.
(Top) C-index for the prediction of nursing home admission and death based on cluster membership along with baseline
demographics and healthcare utilization. (Bottom) Adjusted hazard ratio of risk of nursing home admission and death
between the high risk group vs low risk group.
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Appendix A

Supplementary Materials to

Semi-supervised Transfer Learning for Evaluation of Model
Classification Performance

We outline theoretical derivations to establish the consistency and asymptotic normality of our
proposed estimator. Let IP; and [E; denote the probability measure and expectations in the popula-
tion S = 5;let {P%, B} and {P¥, E#} denote the corresponding empirical measures in the labeled
and unlabeled set; and let GZ = 73 (B — P,) and G = N7 (B4 — P,). As defined in the main text,
let w(X) = Po(X)/P1(X) = {1 - #(X)}/#(X) - P(S = 1)/P(S = 0), #(X) = P(S = 11X). Let
wX,a,8) = {1—n(X;a,)}/7(X;2,8) - P(S=1)/P(S=0), #(X;2,8) = P(S=1|2"Y,8'X)
and w(X; 2, 8) = {1—7(X;,8)} /7(X; , 8). Besides the assumptions made in Section 2.1, we also

assume the following:
1. «and 8 belongs to compact parameter spaces, and the covariates X are bounded.

2. "X and «"Y are continuous with continuously differentiable density functions. P(Y =

1/X) and P(S = 1|X) are twice continuously differentiable.
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3. The kernel K'is a symmetric, bounded and continuously differentiable kernel. We set the
bandwidths y and by to by = O(N")and b, = O(n~ ") and N 2 »"* with» €

[1/6,1/2),7, € (1/4,1/2), 7 < (1 — L), > max(4v,14 21) =14 29,.

70

4. Atleast one of the following two conditions holds, (i) The weighting model is is correct,

w(X;; 2, ) = w(X;). (i) The outcome model is correct, E(¥;|a"¥;, 8 X;) = u(X;).

Remark S. Ifwe choose undersmoothing for outcome regression with v, = 1/3, then we need ro > 5/3

1

and can choose v < (1 — w) < L

1 CONSISTENCY

First, we establish the consistency of ﬁZTEAM (¢) when either the outcome model (1.1) or the den-

sity ratio model (1.4) is correctly specified. From the weak convergence of Pi(x) = Fy(f%) o

P (x) = Fy(£"x) as a process in x and 8 (Wellner et al., 2013),
sop P50 - P3| = 0, ) (46)

and W(ﬂ %) = N p {ﬁé (x) — Py(x) } converges weakly as a process in £ and x. This implies
stochastic continuity of )7\/\(18, X) inBand X. Thus 17\/\(:6\, x) — )7\/\((@, x) — 0 in probability.
With the convergence of 2, [E to 2, B, by (Zou & Zhang, 2009), the uniform convergence rates of

kernel estimators (Ullah & Pagan, 1999), we have

log N
Nb?

: (A7)

mfx‘ﬁg,i - Pg,z” = OP(N—%)a Su{g’ ’/u\)(xvzzaﬂ) - w(xa&aﬂ)’ - OP (
X,

N——

o _ log N
max \77571- — Pé’l-] = Op(n_% + ]\F%), and max |w; — ;] = O, (n_; + ;)5/92 ) , (A8)
1
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where w; = w(X,, z, B). First, we establish that

n_l Zz‘EZL Km,bz (Pé,z' - q) Yl@()(lv ?‘27 18)
n! ZZ‘GIL Km,hz (Pg,z' - Q)Q(sz 2271@)
z _ o E{YwK,,(Py; —q)}

—p mo(g) = molg, Py, w(-@.B)) = E{:Kyp,(Py; — )}

o(q, Py, w(-,2,B)) =

where —», means converges in probability. We write

2 K (Po, = )Yy = a7t Ko (Pos— )Y+ 070 Ko (P, — ) Vil — @)

€Ly i€1; €Ly
log N
= /Kmbz dlq)—f—OP(n 2+ Nb%)
where H(z, q) = (73511» < 1)Y;w,. From standard empirical process theory, one can show that

n {H(s, q) — Ho(t,q)} converges weakly to a zero-mean Gaussian process, where Ho(z,9) =

E{I (P(Z;J < t)Y;w,} It then follows from the uniform consistency of the kernel estimators (Ullah &

Pagan, 1999) that
—1 SE 1 IOgN
2 Ko, (Po, — q) Yt Kyt — ) Ho(t,q) + 0y [ n72h 177 + N7
i€y 1

—>P El{yvi[ul'Km,bz (Péz' - 4)}

Similar arguments can be used to show that sup, ‘n_l Y oer Konp, (7/55 —q)wi—E{w;K,, j, (ngi—
}‘ —+5 0. Hence, we established 72¢(g, 730, w(-,a ﬂ)) —p mo(q, P‘E, w(- ,o_c,[é)).

Next, we will show that under assumption 4, i.e. if either model (1.1) or model (1.4) is correct,

(A9)
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where m(q, PO‘Z)) = Eo(ﬂpf =9) and f (+) is the density function ofPO‘E. If model (1.4) is valid,
0

w; = w(X;), we have that

Ei{Kyp(Py, — )Y} = Eo{Kup (Py, — )Y} —, mo(q, P)f 5(4)7

P(
E{Knn(Phs— )i} =5 frgla),

50 (A9) follows. On the other hand, if model (1.1) is correct, then E(Y; | X;) = g(8'X;) and

Y; LS| BTXZ-, and thus we have

Ei{ K (Py; — @)Yt} = Ei{K,p,(Ps, — q)g(B X)) w:|a ¥, 8 X0}

= Eo{Kyu (Ph, — 08X} = molg Po)f ()

E{Kp(Pos = @i} = frs(9),

which implies (A9). Combining the consistency of 720 (g, ﬁg, w(-, 2, :é)) to mo(q, P§ ) with the

convergence of max; ]Pé = Pé | =5 0, wehave

——— STEAM ZZ‘GIT [(Pé,z = C>;}\10 (Pé,z'7 Pé’ a(’ 27 ﬂ))

PR, () = Po(PL > c,Y=1)
c) = — — —
" ZZ'GIT 7/;1‘0 (Pé,z'7 Péa @(a Zl\, ‘8))

Po(Y=1)

when either model (1.1) or (1.4) is correct.
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2 ASYMPTOTIC NORMALITY

——— STEAM

Next, we establish the asymptotic normality of n {TPR,  (¢) — TPRy(c)}. From Zou & Zhang

(2009), we have the asymptotic normality and oracle properties for z and(/g\such that

N
N:@—az) = N 23 gi+o1),

=1

E-5 = »: 3 gl +o),

where ¢, p/j are respective influence functions. Due to oracle properties, the elements of % and @f
corresponding to the zero components of # and 8 also take value zero. Let
—1 e = (DE DB~ S 35
——— STEAM N7 Y lier, APy = ©)mo(Py Py w(-,2,8)) e, B)

R (o) = = o Te — 200
N;I Zz‘EIz'mO(P(ﬁ),ﬂPZv w('a“ug)) 5(0’ )

E(c,B) = E{[(Pé,» > c)mo(ngi, Py, w(-,a,8)}, and E(c, £) = & (c, £). We write

ni {8cB) — Hef)y = nNTVS 1P, = Omo(Py . Po, w2, B)) — nifc, )
Z'GIT
= /Wl(ﬁ)+/W2+/W3+/W4
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where

M) = n%MIZ{Rﬁéiz Mo(PG i Pha) — 1P, = (P 5 Pov) }

€Lt

Wy = aiNS SO IR > QMG (P PLE) — 1Py, > QAP Ph)
€Lt

/W:), = ﬂ%N;I Z[(ngl > C) { (Po lapéa w(’a&vﬁ)) - mo(,PéJ’Pg)}
€Lt

Wi = Y LB > omol(PPY) — HeB) )

€Ly

]Al/I’g(u P,a) = mo(u, P,w(-,a,B)) and M (; P, &) = mo(u, P, w(-, 2, B)). It is straightforward

to see that
W, = % {]\Fl Z P > C mO 7701,735) f(fvﬂ)} = Op(”%M%) = 0]7(1)‘
i€Lr

We next approximate each of the remaining three terms.

To approximate /I/ﬁl (2), we write /I/;l(ﬂ) = /V;'n([@) + /Vﬁlz (8) with

Wu) = nINSYY {I(Py; > 0) — 1Py, > o) YMo(Py 5 Py, 2)

€Ly
W) = niN' S0P, > (P Ph,a) — Mo(P i Po2)}
€Ly

For /V;'n (8), we write

1 1 R o
Wu(B) = niN, 2 | Mo(u;Ps,2)Wp(du,B)

c

where Wi (x, B) = N,? E Ry (Pg S0 1 (Pﬂ < ¢)} can be shown as convergent to a
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Gaussian process in # and j. It then follows

1
n2 sup

7,8

o | [ Koilo = Gt (1875 < B @ro? — 10875 < £ )ro]

nlog N _
<0, (\/N,;glz> + b5 GE N,

<0, {(n%J\r%+”1 42N log(N)}

n_l Z KMJQZ (,Pé’i - q) Yl@lY? n n_l Z Kmvhz (P(I‘;,z' - 4) Ylﬂ/ijZ
=1 =1

A

O [{N 3012 4 Ni2/m) fog ()]

where &’ = w(x,2,5), Hy = {I(8'x < s)y*a’ — I(B'x < )y*w : B,|s — 5| < 9} and HGLHH; <
0,{N~"*log(N)}. For Wi(B), wenotethatmaxljl( 0.1 — P 07) — (Pé}l y)’ = 0y(N, )

By a Taylor series expansion, we have

sup [ia(8)| < nsap N7 3 V310 (B 54.3) = B1a (P54, )
ﬁ €Ly

< 0,(hy 'niN7)

1—-1/rg—2vy /1
:OP<N_ /02 2/0)

It follows from Assumption 3 that Kz (E)| < supy A B+ supy W (8)] = 0,(1).

For the second term, we write W5 = W5 + W5y, where

Wa = wiNTU Y I, 2 ) {M(P . Poa) — MG (PG, Phvt) }

i€y

War = niND Y {1, = MG (PG Po,2) = (PG, = MG (PG, i) |

€Ly
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From (A7), we have |/W21] S0 ( n]l\?gzN) = 0,(1). Next, we expand /sz as /VT\/ZZ = /sz,l +
1

sz,z + W2273, where

Wy = a1 / (oo, PRl 2.)) — o, P, 2) } d { o) — P}

=

Wyr, = n

1 = —_ A~ —
/ mo(u, Py, w(-, &, f))d {fﬁ(u) — fﬂ(u)}
— 1 [1 - -~ - — -
Wrs = n/ {0, PG, (-, ,B)) = o, P, w(-,2,8)) } dF (1)
where ]?ﬂ(c) = N ! Zf\il [(77571- < ¢)and F¥(c) = PO(Pé,z' < ¢). From Lemma A.2 and A.3 of
Chakrabortty & Cai (2018), we have W, = 0,(1). Since G5{7 (’me» < ¢)} converges weakly to a

Gaussian process in £ and ¢, we have

—

Wio= ﬂ%@_z)T /OO mo(%,P{;, w(‘,&,ﬁ))dfj(u) + OP(I)

where F¥(u) = OF*(x)/0p. For /szﬁ, we take a Taylor series expansion to obtain

Wasa =nt@ =) [ o Pl )7 1) + (1)
where 7y (u, Py, w(-,@,8) = Omo(u, Py, w(-,&,[£))/0p. This, together with other terms associ-
ated with /W'z, we have

—

Wy =n2(B—B)"Ca +0,(1).

where C, = fcoo mo(u, Pg, w(-,?z,ﬁ))dj:ﬁ(%) + f{oo m‘f)(u, Pg, w(-, &,B)d}"fg(u).
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For /I/T\/3, we again use Lemma A.2 of Chakrabortty & Cai (2018) and write

Wi = ﬂZMIZ P ZC{mO(POlaP(E)vw('v&a{é))_%O(Pg,i)}

ZGIT

/1 n! JETL Koy (ng - )@j{Y' — mo(s 7P§)}
¢ nt €T, mbz(pﬂ 5)i;

> /K,,,hz Pi — )@Yy — mo(s, Py YAF(s) + 0p(1)

jGIL
= S AP, > 01— mo(P PO} + apl).

JELL

[T

= n

d.ﬁ(x) +0,(1)

Combining expansions for 17, and 173, we have

nHED) — e B = w7 Y [@I(Py; > Y - HeB) + Clgl] +0,(0),

jGIL

—— STEAM
which converges in distribution to a normal. The asymptotic normality of 7 2 {TPR,  (¢) —

TPRy(c)} thus follows, and similarly, we can establish the other accuracy parameters.

3 (CROSS-VALIDATION PROCEDURE

It is important to note that the proposed estimators are subject to overfitting because the data in £ is
used to estimate both the risk score for classification and the conditional risk functions (- ), which
are used for estimation of the accuracy parameters. To reduce the over-fitting bias in the proposed
estimators, we propose a K-fold cross-validation procedure similiar to Gronsbell & Cai (2018). CV
in this setting involves partitioning £ for the estimation of 4 and ¢ (-), whereas use all 7 to esti-
mate the performance measures. Denote each fold of £ as £, and the corresponding indices as Z;,
fork = 1,..., K. For agiven k, we fit the regression model with £\ £, to obtain an estimator for

(=) o . .
Bdenotedasf . The observations in the left-out set £, are used to estimate 72 (-) with the local
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constant smoother as

30 (k)
~F ( ) o E/e ZZ'GI/C Km,bz (,POJ‘ — q)wl Yz
mycr\g) = X 732(4) P

Zk Zz‘GIk m,bz( 0,i q)wl

where
b _ 1=
z %S_k)
with
~T S(=k)T ~T S(=k)T
20 _ 2o (x5 7Y = L Kenl@ X6 X) = @HE X))

e ~(—k)T = ~(—k)T
ZjEIUUIT Kﬂ,bl {(“T\Ijﬁ 1@ X}) - (aT\I/z'a [@ )(z)}

where
~(—k) _ ~%
14 = argmax § 7 ! Z 0B Y X;) — l/tﬂ”(ﬁ_1/{8_1)7”1
12 €T\,
We then estimate TPR(c) as
— — 7/5Z > o)m 7/52
TPR(S),TEAVM 0 = > ez, A(Py = )mo,cr(Py)

> ez, mo.cr(Py)

Similarly, we may construct CV estimators for FPR(c), ROCy(c), PPVy(c) and NPV (c), respec-

—— STEAM STEAM —— STEAM ———STEAM

tive denoted as FPR ¢ (¢), R/O\CO,CV (¢), PPV ¢y (¢), NPV o (o).

4 ADDITIONAL SIMULATION RESULTS

We present simulation results of scenario (4) when both 7(X) and x(X) mis-specified

97



both mis-specified

Estimator Bias SE RMSE
Cutoff target_labeled  -0.40 4.88 4.89
n =200 source 1.24 4.19 4.36
weighted -0.95 4.28 4.38
DR-aug -1.02 4.15 4.18
STEAM -0.98 3.40 3.54
n =400  source 1.80 3.17 3.64
weighted -0.88 3.05 3.17
DR-aug -0.52 3.05 3.09
STEAM -0.88 2.41 2.57
AUC target_labeled  0.62 4.60 4.63
n =200 source 0.90 3.68 3.78
weighted 1.05 4.12 4.25
DR-aug 1.00 3.98 4.10
STEAM -0.56 3.99 4.03
n =400  source 1.10 2.53 2.75
weighted 1.97 2.60 3.26
DR-aug 0.72 2.61 2.70
STEAM -0.63 2.54 2.62
TPR target_labeled ~ 0.59  10.57 10.59
n =200 source 3.33 9.36 9.93
weighted 2.13 8.82 9.07
DR-aug 1.98 8.85 9.07
STEAM 1.42 7.54 7.67
n =400  source 2.84 6.89 7.44
weighted 1.78 6.33 6.58
DR-aug 1.45 6.20 6.37
STEAM 1.01 5.20 5.30
PPV target_labeled  0.82 5.37 5.43
n =200 source 3.66 3.88 5.33
weighted 2.24 4.00 4.58
DR-aug -1.02 4.19 4.31
STEAM -0.91 3.97 4.07
n =400 source 3.06 2.36 3.87
weighted 1.80 2.43 3.02
DR-aug -0.72 2.58 2.68
STEAM -0.79 2.46 2.58
NPV target_labeled  0.76 5.88 5.92
n =200 source -2.35 4.65 5.20
weighted 032 417 419
DR-aug -0.35 4.18 4.19
STEAM -0.40 4.06 4.08
n =400  source -2.39 3.71 4.41
weighted -0.30 3.20 3.21
DR-aug -0.34 3.19 3.21
STEAM -0.34 3.10 3.12

Table A1: Bias, SE, and RMSE of estimators when both 7(X) and x(X) are mis-specified, with moderate association of
X to S, over 1000 simulated datasets. N = 10000, £ = S, z = 200 or 400. All values are multiplied by 100.
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S COEFFICIENTS OF RA PHENOTYPING MODEL

We present the estimated coefficients of the RA phenotyping model

ALASSO.2009
Intercept -4.480
age 0.043
female 0.000
log_dra_lmr 0.376
log_dsle 0.000
log_djra -1.939
icd_ra_normalized 0.000
rtnf 0.000
rfneg -0.432
log_nlpra 0.000
log_nlpsle -0.121
log_nlppsa 0.000
nlpmtx 0.000
nlptnf 0.000
nlpccp 0.000
nlpspos 0.920
erosion 0.000
new_med 0.000
log_note_ct 0.000
log_phecode_ct 0.000
log_proccode_ct 0.000
logit_phenorm_prob 0.683

Table A2: Coefficients of RA phenotyping ALASSO.2009
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6 PATIENT CHARACTERISTICS IN RA DATASET

We present the distributions of key features in labeled and unlabeled groups for source dataset in
2009, as well as target dataset in 2011, 2013, 2015 and 2017. There is no significant difference be-

tween the labeled group and unlabeled group in patient characteristics across the years.

Features Labeled (2, = 267)  Unlabeled (N, = 20451)
Age 585 (16.1) 59.9 (15.7)
Female 0.715 (0.452) 0.745 (0.436)
normalized_icd_ra 0.602 ( 0.914) 0.529 (0.815)
log_nlp_ra 2.00 (1.65) 1.85(1.52)
log_note_ct 4.22(1.11) 4.10 (1.14)

Table A3: Summary of key features in labeled and unlabeled groups for source dataset in 2009. Results are shown in
Mean (SD).

Year Features Labeled Unlabeled
2011 Age 585 (16.1) 59.9(15.7)
(n; = 100, N; = 25405)  Female 0.715(0.452)  0.745 (0.436)
normalized_icd_ra  0.602(0.914)  0.529(0.815)
log_nlp_ra 2.00 (1.65) 1.85(1.52)
log_note_ct 4.22(1.11) 4.10 (1.14)
2013 Age 615 (15.5) 616 (16.6)
(n, = 100, N; = 30804)  Female 0720 (0.451)  0.738 (0.444)
normalized_icd_ra  0.426(0.640)  0.431(0.681)
log_nlp_ra 239 (L65) 2.18(157)
log_note_ct 4.44 (1.34) 4.29(1.25)
2015 Age 612 (16.9) 62.6 (16.9)
(2, = 150, N; = 36095) Female 0.793 (0.406) 0.735 (0.441)
normalized_icd_ra  0.403(0.611)  0.431(0.701)
log_nlp_ra 2.32 (1.60) 2.33(1.61)
log_note_ct 4.48 (1.28) 4.39(1.29)
2017 Age 63.8(16.7) 63.4 (16.6)
(n; = 200, N; = 39550)  Female 0.721(0.450)  0.735 (0.441)
normalized_icd_ra  0.500(0.894)  0.471(0.762)
log_nlp_ra 2.77 (1.72) 2.49 (1.69)
log_note_ct 472 (1.24) 4.54(1.32)

Table A4: Summary of key features in labeled and unlabeled groups for target datasets in 2011, 2013, 2015 and 2017.
Results are shown in Mean (SD).
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7  EsTIMATED ROC CURVES FOR R A PHENOTYPING MODEL

We present the estimated ROC curves along with their respective 95% point-wise confidence inter-

vals

source
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Figure Al: Estimated ROC curves along with corresponding 95% confidence bands of ALASSO-2009 on dataset in each
year based on naive (grey), weighted (orange), DR-aug (purple) and STEAM (pink) methods, compared with target_labeled
(green).
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Appendix B

Supplementary Materials to

Semi-supervised Clustering Through Representation Learning
of Large-scale EHR Data

1 SUPERVISED INITIAL ESTIMATION

1.1 BrockwiISE GRADIENT AND HESSIAN MATRICES OF SUPERVISED EL.BO

Since for each labeled observation, we only need to estimate one set of GVA parameters with ob-

(Y7

Y) 173
served Y;, we use m; to denote m; ”, 5; to denote sf- 2 Uy, to denote (1, U}, ¥;)7, and J. to denote
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JL(6, ZZL; 1) to simplify the notations. For 7 € Z;, we have the following blockwise gradients:

p
O Sy AV~ A= VX~ A) — A
7 ]:1
V4
oJ, 1, . 1. L1,
]:
0T, .
S5 = 2 2 &y~ A) VUi,
=1 j=1

where s© denotes the element-wise inverse.

Fori € Z;,and / € [r+ 2], we also have the following Hessian matrices:

asz P . .
Om;0Om, - 7ZA‘JVJVJ‘ —A
=1
0*Tr. 1< JE2, a2yt o
aJZ'aSZ'T _5 ZAZ] J ( J ) B dlag(“‘z’ )7 (BZ)
=1
9*T R ",
0B,0B;" - Z ZAZ'J'UZZ'K'JVJ'V/T =-V Z UZ2 . Diag(4;) o V,
=1 j=1 i=1
where Vj® 2= (V]21, ce V;Zq)T, diag(s??) is a diagonal matrix with k-th diagonal elements being

51';2’ fork =1...,4,and Diag(4;) is diagonal matrix with j-th element being 4, forj = 1,..., p.
Since Amin(A) is bounded away from zero, min; ;. 4;; > 0, ¢c' is positive semi-definite for any non-
zero vector ¢, the sum of positive semi-definite matrices is also positive semi-definite, and the sum
of a positive semi-definite matrix and a positive definite matrix is positive definite, we can show that
0* T/ (0m;0m;") and 0> T/ (Ds;0s;") are negative definite. Moreover, for any non-zero vector

¢ € R?, Veis also nonzero since ¥ has full column rank. Then %77 /(0B,0B,") is also negative
definiteas ) . ; (_]fyl_’ldiag(Ai) is positive definite. Hence, the ELBO J7 is strictly concave regard-

ing B;, m;, and s,.
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1.2 ALGORITHM OF SUPERVISED INITIAL ESTIMATON

We use the globally convergent method of moving asymptotes (MMA) algorithm introduced by
Svanberg (2002) and implemented in the NLOPT (Johnson, 2007) optimization library in C++.

To simplify the computation of optimizing A, we utilize the law of total variance and propose es-
timating A iteratively by 2" >~ 7. S; + m;(m;)". As for , its estimation is independent of other
parameters, as evidenced by (2.3). We obtain an initial estimate, 7, by solving a logistic regression

with Y;and U}, fori € Z;.

Algorithm B3 Alternating Projected Gradient for Restricted Max ELBO

Initialize: m!" < 0,, s\ < 1,, B < 0, (,42), A" « diag(1,), £ ¢ 0
7 < argmax, y oo Y log{expit(bTa»)} +(1—Y)log{l - expit(b'U,)}
while Change in J; > threshold do

m!"" « gradient update(m.’) using (B1), V7 € T,

s < gradient update(s.’) using (B1), Vi € Z;

B < gradient update(B") using (B1)

A LS (diag(st) 4 mm )

rer41
end while

Return: 6 and}L
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2  SEMISUPERVISED ESTIMATION

2.1 BrockwisE GRADIENTS AND OTHER DETAILS ON MAXIMIZING OFf

Let O; = O(6, Z-°>, 1'1) ; X;, Uy, y,). The gradients regarding the variational parameters for unlabeled

observations are

aoi - akz‘(y)
om0 G )
(901- - ax(y)

where y = 0, 1. The gradient for B is

00r _ 0%er, i 0% ier, I (1- )M (B4)
0B OB Vi OB Vi B .
By the law of total variance, we propose to estimate A by
: S, + mim;' P13 (S LT
71+N Z<Sl+m1ml>+zz}/ly(l Vi )(Sl +m; " m; )

€Ly €2y y=0,1

We propose to estimate 7 using both labeled and unlabeled data together with the estimated proba-

bilities ¥ as follows

7 = arg max Z Y;log{expit(b' U)}+(1—Y)) log{1 — expit(bT[_]l')}

l’EZL (BS)
+ Z 7 log{expit(b" 171)} + (1 —=7,)log{1 — expit(b’ l_]l)}
€Ty
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2.2 ALGORITHM

Algorithm B4 Semi-supervised EM+GVA

Initialize: 4% « 6, Z{ZOL] — EIL’ t<0

Initialize 5{10[], by maximizing the corresponding ELBO for unlabeled data
> ety Z;:o j(?, &) with 6 fixed by MMA using (B1) subject to My € Qy,
while Change in O > tolerance do

E-step: Compute j(&[ﬂ,gfﬁ[‘]) Vi€ Iy, y = 0,1as(2.3)

[z‘ exp{j(ﬁ[’] ;(1)
Vi exp{ (09 2Oy L expy j 1 Z0Ty

M-step:

7" ¢ update using (C52) with 71['4
Set B « Bl A0 o Al AS0T (Al A0l AL
while Change in O(B, A, 7', £ & #1) > tolerance do
ml" T MMA update(m!*") using (B1), then project it to Q,, Vi € T,
JlL[’dH] +— MMA update(sl[»t’d]) using (B1) Vi € Z;,
ml@ At MMA update(mgy )’[t’d}) using (C56), then projectitto Oy, Vi €
Ly,y=0,1
.c(y)[t 4 MMA update( ]) using (C56) Vi € Ly, y = 0,1
Bl « MMA update(Bl+) using (B4), then project it to Q
A b [T, {4 mitom )T 5 S, SO L= P8 i
d<—d+1
end while
Return: B, A1 It:rl}, J{It::l]
t—t+1

end while 106
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3 THEORETICAL PROPERTIES OF SUPERVISED ESTIMATOR

To simplify the notations, for labeled observations, we remove the superscript 0) in the following
derivations. We first define a sub-Gaussian vector and a sub-exponential matrix in the following two
definitions. We establish the error rates of our supervised estimator by establishing the consistency
and then refining the convergent rate.

For two vectors 4, and B, we use 4, = Op »(Bn) or 4, = op 2(By) to represent that |4, ||, =

Op (|| Bn|;) under the £,-norm. Denote by dexpit(a) = ¢ /(1 + &)

Definition Bl. A mean zero random vector X € R is sub-Gaussian(o>) if
Elexp{A(v,X)}] < exp(lez)H%o’z/Z), VleR,ve R

Definition B2. A symmetric matrix S € R4 with E(S) = 0 is sub-exponential(S, a) for symmetric

positive definite Y € R¥? and non-negative scalar a if
2 1
E (ezs) < A2 < -
a

Lemma Bl. Let Xy, ..., X, beindependent, mean zero sub-Gaussian random vectors in R? with

sub-Gaussian parameter 2. Then with probability at least 1 — 9, we have

S—3|, < Ca_z{ d+1og(1/3) , d+log(1/3) } |

n n

whereX = n 'Y XX} is the sample covariance.
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3.1 CONSISTENCY

We first study the concentration of Xjjacrossj = 1,...,pforafixed7 € {1,...,n}. Weuse Eo(-),
and vary(+) to denote the expectation and variance under true model parameters, respectively. Note
that

Eo(Xy\Dy, W) = exp{V;(BID: + W)},

and
Eo(X;) = Eo{exp(VTBTD ) }exp(2™ VTAO Vi) < exp(2” CVK)Eo{exp(V B,D,)},

under assumption || V]|2,00 < Cy (relatively uniform weighed sum over p elements), and 0 <

£ < Amin(Ao) < Amax(Ao) < k. We further have
Eo {qp™'V'X; — qp 'Eo(V'X,|D;, W)} =
and

max [varo {gp”'V'X; — gp”'Eo(V'X/| D;, m')}](k,k)

1<k<g

= max (Varo [Eo {gp™' V' X, — gp™ " Eo(V' X\ Di, W;)|Di, Wi}, 1y + Eo {varo (9p™' V' Xi|D;, m)})
9

T s (k)

= lrélkaé(qp— {VTEO (dlag[exp{ V(BTD + W)}]) V}(/e,/e)

— —1
= max ?Z ViEo{exp(ViB{D:)} exp(2~' V] Ao V)

2

V4
q 2
T 2ig, ? Z Bo(Xy) Vi

q
<ci, (Bo)
p
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where C'is a positive constant, under assumptions that X,~]4|Zl' isindependentfor;j = 1,...,p,

q/pVis orthonormal. Similarly, we can show that

min_[varo {gp™ V' X; — gp”'Eo(V' XDy, W)}y > ¢

1<k<g 2T (k)

9

where ¢ is a positive constant under the assumption that min;<j<, £o(Xj;) is bounded away from

zero. Consequently, forafixed7 € {1,...,n}, we have
qpil VT)(i - qpilEO(VT)(ADl‘v VVZ) = lqu( \/ 4/]7)) (B7)

lgp™" V' X; — qp~"Bo(V'X:D;, W)l = Op(4y/4%/p).

and

lgp™ VX, — gp "EBo (V' X,| Dy, W3) |3 = Op (4% /p).

Further, under the assumptions that z = O{(p/9)”' } and g = O{(p/9)"}, for some 7, > 0 and
7, > 0, since the distribution of Xy does not depend 7 but 7, by Markov’s inequality, we have for any

p € (0,1/2)and Ky > 0, we have

E WX, —gp 'Eo (V' X, D, W, Ko
Pll{gr V"X, — g Ea(VXIDs, Wikl > (g/py) < 312 a2 Eol VXD, Wlil™}

(a/py%
= o{(g/pr=}.

Consequently, by Boole’s inequality, for any p € (0,1/2) and K; > 0, we have

P[max |lgp™ V' X; — gp™ " Eo (VX D;, W)l > (g/p)Y] = O{(a/p)"'},

1<i<n
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and
Plmax llgp™' V' X = qp~ ' Eo(V' XD W)l > (¢°/p)] = Ol(a/p)"}. (B9

Recall that
1
A= E% [exp{ V]T(BTD,' + W)} =exp {V]T (BTDZ- + m; + ESz' Vj> } )

A; =B, [exp{V(B™D; + W)} = exp { V(B'D; + m,) + %diag( Vs, VT)} .

Within the parameter spaces of B, A and M, by (B1), we have

1
max max .S'/C = max max
1<i<n 1<k<g 1<i<n 1<k<g ZP V2 AZ] + ( ) k)
< 1
max max =
1<i<n1<k<q pg—1 A+ (A 1)
=9 pq m1n1<j< (k)

< max 1 :
1<i<n p minlgjgp exp { VJT (BTDi + ’/ﬁz)}

SZGXP{(KB+KM)\/M}~ (B9)

The first inequality holds because 217 > O0forj =1,...,p. The second inequality holds because the

diagonal elements of a positive definite matrix are positive, and V]TE- V; > 0forj € [p]. We further

have

g < < \/ el
[max || diag( VS,V )|max < CV1r<nlal<xn 1r<n/€aé( 5] < Chrexp {(KB + Kar) Iog(p/q)} » (B10)

Due to the profiling procedure, for any fixed 7, at any B and A in the parameter spaces, by (B1) and
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(B7), we have

qp AT+ gp TV exp { V(B'D; + m;) + 2~ diag( VS, VT)}

V" exp{V(BID; + W)} +1,06(1/1/p).
and
gp V exp {V(B'D; + m;)} =qp ' V" exp{V(BD; + W;)} + A; + lqu(\/q7p) (B11)
where
Ar = —qp A"y — gp WV exp {V(B'D; + )} & [exp {Z_Idiag(V@ VT)} - 11,} .
In the parameter spaces of A and M7, , we have

max gp A7 A loo < gp AT oo | Mz, lmax = Op{ 1A |ocgp™"\/log(p/9)} = Or{g**p™\[log(p/q)}-

1<i<n

Moreover, in the parameter spaces of B and M7, , by (B9) we have

max max 1 exp{¥; (B'D; + r?tl-)}(VgiVT)W) =0p [exp{Z(KB + Kur) log(p/q)}z] )

1<i<n1<<p 2
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and consequently

[nax gp |V exp{V (B'D; + m;)} © [exp {Z_Idiag( Vs; VT)} - lp} lloo

SH VTHI,OO 122; qp_l” eXp { V(BTDZ + ;ﬁz)} ® |:CXp {z—ldlag( VEZVT)} _ lp] HOO
2
=Or (” Vo0 [GXP{Z(KB + Kar) log(ﬁ/q)}zzD

=0lg**p ™ exp{2(Ks + Kar)\/log(p/9)}]-

Hence,

max || Ao = or{g” s (p/9)7} = op(1), (B12)

1<i<n

for any arbitrarily small but positive ¢.
Lety,, = B{D; + W;,u, = B'D; + m; € R, and fln,) = g~V exp(Vu;) € RY. Then by

(B11) and (B12), we have

fu,) :f((“z‘,o) + 1,0p(1),

=z, (B — 1) = L0p(1), (B13)

vﬂf(t“z‘)

where ﬁl. is on the line connecting ﬁi and ;o By simple calculation, we have

? q
(V) i = lgp Vi {exp(Ve )1y © Vi = ap " > Viexp(> | Vi)V,
7=1 k=1

Note that Vi ﬂ/zl,) depends on both ¥"and .. When . = 0, then for any scaled orthonormal ¥,
we have V ,flu)| ;=0 = I;x4- When the p codes uniformly belong to 4 non-overlapping groups and

each column of ¥ containing p — g zeros, then V, f{x,) is diagonal with positive diagonal elements
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and the smallest eigenvalue

?

in gp ! ) > .
min gp z; jeesp(Vj) = min exp(Vj)

For general V satisfying the incoherence and scaled orthonormal assumptions, we have

/‘lmin{v‘uﬂ/ll } = H1’1”1111 cVﬂf([uZ.)cT

P 7 4
— min £ Z exp( V]T/zl) Z Z tem Vi Vim
m=1 |=1

lela=1 4 ==

P

= in %E exp(Vip,)(c"V;)?
cll2=1 -
7=l

[[ella=11=7<p

?
> min min exp VT[ccZ ZZ
P55

. . q +
= min min ex Ve
jmin min p(¥, #z)p

_ T
= lrgjlgp exp( Vj pcl.). (B14)

Note that

Vi, o|D;i = ViByD; + V] W,|D; ~ N(V;BD;, V; Ao V)),

with uniformly finite variance forj = 1,...,p under the assumption that | V]|2500 < Cr,

Amax(No) < «. For any positive constant K» > Kz, we have

Kr+/lo — VIB,D; Ky — Kp)4/1
P exp(lf}—[ui’o) > exp{Kz log@/q)}‘Dl:| =1—-D 2 g(p/i) Jj 0 < 1—-® ( 2 B-)r Og(p/Q)
NN NN
(B15)
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and

—K34/1 — V'B!D;
P exp(V] ;) < exp{—K>y/log(p/q)}] D,} o [ foVlosl/g) - ViBiD:)

when @(-) is the cumulative density function of standard normal distribution, and p/g — oo.
Note that exp{K>/log(p/q) } grows slower than (p/g)¢, for any ¢ > 0. When K, is large enough,
O{—K;+/log(p/q)} behaves like

exp {27 log(p/q)} _ (q)’(%/z_

V27K \/log(p/4) ?

. 2 2 /h L. . .
Hence, under the assumption that qKZ/ 2=y (pKZ/ 2 1) , which is getting weaker when K5 in-

creases, we have

(o (smrmrmn))

P [max exp(Vj ) > exp{Ks log(ﬁ/q)}] < p max
’ V]T AoV

1</<p 1</<p

~ Tu. ) < - <
P[lrgr}lgpexp(lfjﬂl’o)_exp{ K> log(P/q)}} < p max @

( Ka/Tog(p/q) — VJTBng»)
_ 0,

Vi,

when p/gq — oo. Similarly, we have

P [max max exp(Vju, ) > exp{K> log(p/q)}] — 0, (B16)

1<i<n 1<p

and

in mi T ) < exp{—
P[@gﬂ@gpwp(”m,o)_eXP{ K, 10g(z>/ﬂ1)}} — 0,
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when K5 is large enough such that ang/ 2=0 (ng/ 2’1) . Under the assumptions of the parameter

spaces for B and M, we know

1
[pax max expi Vi) < exp{(Kp + Kar)y/log(p/q)}

and consequently, we have

T <
P Lrﬁnj;gn lrgj% exp{V; 1} < exp{K3 log(p/q)}] — 1, (B17)

where K3 = max(K2, K + Ky).

By (B13), (B17), and (B8), we have

max 7, ~ gl = O [exp (ks logtp/g)} { mas 8+ (/o | (ouo

1<:<n

We know [{V, fig;)l =z} loo < 4"2I{ Vi i)
ened based on the sparsity of {V, flge;)], =z } -

/45:?1-}71 ||2 always holds. But it can be sharp-

We next aggregate 7 patients and analyze the consistency of B. Recall that

0T n P
5 = 22Xy —4;)D;V] = DY, (Xz, — dz,)V. (B19)

i=1 j=1
Note that for any B and A, by (B1), we have

zn: [VT{-XZ _21'(B7 A)}D;r - A_liz\i(Ba A>D;r = 0. (BZO)

=1
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By (B19), we have
zn: V' {X; — 4;(B,\)}D] =0 (B21)
i=1
By (B20) and (B21), we show that the approximate posterior means satisfy
At i;@(ﬂﬁ)p} = 0.
=1

Hence, we have

e+ 1 1 — ~ 1<
0= ;Dl.ml.T — ;Din +- > D.D](B,-B)+ ~ ;DZ@T,

n
; i=1

where J; = ]/?\)TD,v + r/ﬁl'(ﬁ, IA\) — B{D; — W;. Under the assumption that Ay (2! >t D;D)
is bounded away from the zero, W is independent of U, and Y; with mean 0, by (B18) and (B12),

we obtain the consistency for B

PN 1y, 1 _ 1 ¢ 1 ¢
IBo ~ Bll2soo < 42| DD)) 2 (IIn > DWW |asoe + |12 D" D} Hm>
i=1 i=1

< O |\fa/n-+ ot flogtp/} { max 1,1 + 9 | = o)

(B22)

3.2 REFINING THE CONVERGENCE RATE

Since Eo (X;;) and varo (Xj;) are both bounded, by Central Limit Theorem, we have

17 1<~¢g 1
-y 1yx,— =N IE,(V'X,|D;,, W;) =1,0p | —= | .
”;P nzp oV X|Di i) =1q P(ﬁ)

=1
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By (B1), we have

~—1 _.
A m;

?
Iy X -

B N

P
=TN" exp{VI(BID, + W) + 27\ VIS,V + V3}V,
j=1

?
=1 Z exp{ V]T(BgD,- + W) Hl1+ V]Té\l- +271 VJTSZ-VJ- +271 exp(V,-j)(VjTél- 427! V]TSZ- V)’ v,
=1
(B23)

where ;7 is on the line connecting 0 and I/;TSZ- +271 V]T@ Vj, and | I/;T% +271 V]TE,I/;| = op(1). By
(B14), we know V, flr,) = q/p Zf:l exp{V; (B{D; + W)} V;V} isinvertible fors = 1,..., n.
By (B23), we further have

lis-:li}rl(r — T, —T;—Ty)

” e 1 7 pa 0 1 2 3 4)

where

?
Ho =13 expl V] (BYD; + WLV V] = Vifle) ey,
7=1

V4
1= 150, et miD, < W,
7=l

T, = 13",
P
p A~
Ty = 1" exp{V(BID: + W)}2 (VIS.V)V,
j=1

Vi
Ty = 13 exp(V](BID; + W2 {exp(oy) (V)0 + 27 VIS V)1V,
j=1
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Since Ty = gp ' V' X, — qp "Eo (V" X;|D;, W;) is orthogonal to any function of (D;, W), then

Eo (Hy'T) = By (Hy') Eo (T;) = 0

and by (B6) and (B14)

lvaro (Hy ' T1) Il2 < [[Eo (Hy D)3 Eo(T1T7) 2

< Eo(1Hy 1) [ Eo(Ti T7)] 2

1
=E diag{Ey(T, T’
= | minigj<p exp{2V] (BYD; + VK-)}] [ diag{Eo(TiT1)}
<l
?

Hence, we have

Ity q
nZHan_lqOP<\/np>'
=1

Since Apin(A) is bounded away from zero, ||72,]|> = || W;|24op(1) and E(|| Wi||2)? < E(| W3]|3) =

Tr(Ag) = O(g), by (B16), we have

||*ZITT2||2 <TNA" 12 e 2o ["Zexp{VTBTMW } Zumznz

i=1 7=1

=0Op [eXp{Kz\/ log(p/9)}q” Zp‘l} :
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Since ||V |2 = [Vl = /2/9lI\/9/pV]l> = \/p/g, by (B10), we also can show
|Hy ' T3

=Op [eXp{(Kz + Ky + Kar)y/log(p/9) )/ 217‘1] :

Since 2 Z 1VVT I, %4> we have

1 o R .
< max lmm 0)%; Z [ V]2l exp { ¥V (BTD; + m;)} © diag(VS; V" )1,]|,
i=1

1 n
1= Hy' Tull2
=1
n g V4
< TRT = T ) 9 T ]
<C max max A, (Ho) exp(vy) exp{ V] (B3 D: + Wi | Vil 29 P;VJV, d;
—op [exp{<f<z T Kp+ Kt 1og<p/q>}usz-u§}

2—e
:OP <ql—£> '
p

Hence, we have

1 ” 2 2—¢
;H ZDz@THzaoo =0Op (”ZP + j’lg> . (B24)
i=1

Then (B22) can be refined to

\[ =1 =1

3/2—¢
— Op <7z1/2+ R )
np pe

By~ Blla-soe < \7!\( .01, (HZD Wil2—oo + II*ZDf? IIz%oo>
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Recall that

U N
A=— 12427 Si
" lz:;(m m; +3S5;)
= 1 n W.Ww' + 21 zﬂ: Wi(m;, — W;)" + 1 zn:(,g. — W) (m;
n = z 7 7 = z 1 1 n = z z

By Lemma B1, we have

1 < q
NTWIWT — Aol =0p (1Mol /L),
123" Wit — ol = 0p (12alzy )

=1

and

LSS wwr — olle=op (2

ni= e 0 n )’
By (B9), we have

RN

153 25l = Oslexp (K flog(p/a)} ).

=1

and

1 O~ q3/2
I 2 Sille = Orlexp{Ky/log(p/0)} -
=1

With the similar derivation of (B24), fork =1, ..., g4, we have

LSS Wt - wylh =00 (/€ + 1
" i=1 * l sl np Pl_g '

Consequently,

1, < _ 7 | q
S Wi - W) = 0p (L
SDSL AR p( Ly
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and

1 ~ 3/2—¢
A = Agllr=0p {24 L1,
q p

For any ¢ € R? with ||¢[| = 1, with the similar derivation of (B24), we have

IS Wi - Wl = op /L + T
7 g i i i)ll2 — VP }’lp PI_E s

and consequently

2—e
le"(A = Ao)l2 = Op {HAon\/?ﬂL T } :
n.p
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4  SEMI-SUPERVISED ESTIMATOR

Define that B = {2 € R? : ||a|, = 1}. We introduce some notations used in our proof.

o 1
Denote by U; = . Let By be the first column of B corresponding to the intercept, B] be the
U,

second to 7 + 1 column of B corresponding to the coefficients for U;, and B3 be the last column of

B corresponding to Y. Denote by 8 = (B, A, 4,4),{” = (m?,sV), & = (£7,24"), and

z’z i

1
1+ exp{TO(8,4": X, Up) = TO(6,4": X5, Uy)}

/?;z'(e) = ?(67 Zz';)(iv Ul) =

where 7V (6,4 X, Uy) = J (B, A, 7, m" s X;, DY").
Denote the signal-to-noise ratio (SNR) as y* = By Ay "By and ty = P(Y; = 1). Recall that
Err(9) =

HB}—;OAO_I(A — A())Hz, ‘d — do’ + Hb - bo”z} Assume 0 < ¢y <
Uy < 1—¢p, 0 < C < ZU < Cy, HUHI < Cy,and Cy < lmm(Ao) < ),max(Ao) < Cy. For the

simplicity of presentation, we use R, ; to represent the vector or matrix reminder terms satisfying

1/2 2—¢

IRyl = o (Ere(@g) ) + 0 <zp/2 +Z ) +0 (B ()

Assumption: ¢ = 0(p"/>~%),q4 = o(n"/*7¢). Denoteby =Y = E [P(K-:y|Ul-,£)(le-lvfﬂ
fory € {0,1},Hy = p~' S22, VT exp{ V[(BiD; + W)}, BID, = By + BuoU, +
Y:Bro, ¥,(Xy Up) = Hy'VAX; — exp{V](BID; + W)}, & = BiD; + Wi §; = £ +

v

! Z v, (X, Up), B = {fi — (B0 + By, BU,o)Uz} U,and E, = {?l — (B0 + By, BU,o)Uz} .

Theorem B1. Under Assumptions XX, there exists some absolute constants C > 0 and D > 0 free of

Cp, Cyand cy, such that when the SNR ;&2 > C(1+1og Cp +log Cyy+log c;l) and the total number
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of iteration T > Dlog(N/n),

N 1/2 2—¢
Err(8) = Op (Zﬂ/z + ,Z”> .

Proof. By Theorem 1, the initial supervised estimatorg[o] — Gsatisfies that

1/2 2—¢
DN 9 q _ ~1/2
Err(ﬁ[o]) = OP <nl/2 + P1_5> = OP(q / )

Then by Lemma 1, there exists some absolute constant C > 0 free of Cy, Cyyand cy such that when

the SNR ¢? > C(1 + log Cp + log Ciy + log c31),

1/2 1—¢
Err(f11)) < {»+op(1)}Err(6)y) + Op <Nl/2 + p1_5> , t=0,1,...,T,

for some absolute constant » < 1. Induction with the above equation forz = 0,1, ..., 7, we have

~ ~ T ~ T ql/Z ql—e
Ere(6) = Ere(f7)) < v Ere(6g) + (v + -+ +27)0p | 175 T

N 1/2 3/2—¢
= vTErr(ﬁ[o]) + Op (q + 1 ) ]

N1/2 pl—E

with probability approaching 1. Here we use » to replace »+op (1) without loss of rigorousness since
v can be any (large enough) constant in (0, 1). Thus, when 7" > log _,(N/z) > Dlog(N/n) for

some constant D > 0 depending only on » free of C, Cyyand cy, we have

1/2

3/2—¢ 1/2 3/2—¢
T (3 T q q 9 g
V4 EI’I'(&[()]) =y OP (7[1/2 + pl_g ) S OP (]\[1/2 + Pl_s ) )
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which, together with the above equation, indicate that

Theorem B2. For some new coming Xnew, Unews

R - PP TEES
7/neW(‘9) - P(Y: 1|"fnew’ Unew) = OP ]\[1/2 + pl/Zfz ’

where Z’new = B{Dnew + Whew-

Proof. By equation (B46) and Lemma B10, we have

?new(/é) - P(Y: 1|‘fnewa Unew)
1 1 1

:/7;” ew (/é)

—~

— — _l’_ —
14 exp{G(bnew; Xnews Unew)} 1+ exp{G(6; Xnew> Unew)} 1+ exp{G(60; Xnew, Unew)}

1 _
+ - P Y: 1 new?’ Un W
1+ GXP{g(‘%;Xnew’ UneW)} ( |f : )

0 <¢ﬁ> 1 : op (17
= + = - + '
i plig 1+ CXp{g(ﬁ;Xnew, Unew)} 1+ eXP{g(ﬁo;XneWa UneW)} i PVZ*S

Further, using (B47), (B48) and Theorem 2, we have

1 1

—~

1+ exp{g(e;XneW7 Unew)} 1 + exp{g(‘%;XneWa Unew)}

~ R PIEIPRIES
5 {1 + HUﬂeWH2 + anew +Znew||2} Err(&) =0Op N/2 + p175 )

where ;new = _dexpit{gi(z:new)}Pil Zj‘):l B;’,OAO_I%‘(XnewJ, Unew) = Op (41/275/2/101/275/2)
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by concentration. Combining the two above equations, we have

R ~ PUCIPTERS
7/neW(‘9) - P(Y: 1|"fnew’ Unew) = OP ]\[1/2 + Pl/Zfz ’

Lemma B2. Under Assumptions XX, there exists some constant C > 0 such that with probability

approaching 1 as N, p — 00,

N N
< i (N ) < (N EE) <G maxll = On(g)

=1 =1

Proof. Denote by £¢ = E(££]). We have

¢ =BE(D:D])By + Ao + p By, (X, Up)y] (X, Uy)

J

which, combined with Assumption XX, indicates that
Crl < 2nin(Zg) < Aman(Zp) < G (B25)

for some constant C; > 0. Since D, is bounded, W} is Gaussian, and ;kj(Xl] U,) is sub-exponential,

we have that for any 2 € BY,

]
_ Sqllaly/ =2 = op (1),

N
a' (Zg ~N! lz; (23 )a

N
< lallf|S - Y £g
i=1
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as we have g = o(n"/27%) and n < N. Thus, we have

N N
lmin(zf) - OP(l) S lmin (Ml Zfzg) S lmax (Ml Z éfj) S lmax(if) + op (1)7

=1 =1

which, combined with (B25), finishes the proof for the first conclusion about N~ Zf\il E£s

eigenvalues. For the second conclusion,

O
Lemma B3. Under Assumptions XX, we have
_ 1—¢/2 _ 1—¢/2
1€ = &lla = Op (]3/“/2> » maxla'(§—§)] = Op (W) :
where £ — & = 5570 ¢,(Xy, Up).
Proof. O

o~

Lemma B4 (Linear contraction). Under Assumptions XX and when Err(6))) = op(q™"), there exists

some absolute constant C > 0 free of Cp, Cyyand cy such that when ;&2 > C(1+1ogCp +logCy +

log c)_,l),

~ - ql/Z 43/275
EI‘I‘(@[H_I]) < {V + OP(I)}EI‘I‘(em) + Op W + pl_E , t=0,1,...,T,

forsomev € (0,1).
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Proof. By Lemma B13 and using concentration inequality, we have
1 T i Ui (s0) ‘]1/2
AFZP = UULE) (&~ Bro+Bro. Bi)U} U (50) =0 | L5 )
1 z gl (so) g2
J\FZI:{I—P(K:U%@}{? (Bio. BLo)U U (5) = o0e |15

Also, by Lemma B13, 2} = yZyand 20 =(1- ty)Zu where Sy = ((u],lquT) Combining these

with Lemma B6, we have

(B, o - By + Bs ) — Bro, By — Bl

—N“Z/x 716) = P = 11U £)] {& = (Bro + Bro. B) Ui} U/Sy' + Opa(Ra),

(B26)

(ﬁl [r+11 ~B10,B] |y — BB,O)
—N‘IZ DB = 11U.2) 7,8} {E — Buo. LU} U755 + 0pa(R,0).
(B27)

Subtracting (B26) by (B27), we can derive that

N
- 5 o1 (Wit (Y~ 1By Wi+ YB
Byjy-Bro=N"Y_ [7,Gy) - P = 11U, ) {[ 0i=DBro] | o)

} U a)1+OP 2( )
—1 “y 1—py

= \—1 . L .
where w; represents the first column of (ZU) . Combining this with Lemma B9, we can derive
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that

B3,[z+1] - BKO

N - .
=N —dexpit{G(£)} W+ (Y; = 1)Byo] Uyen  [W;+ Yf?)y,o] U w1
=1 “y 1 Uy

{B}OAO_I(BLO — By + B},OAO_I(BU,O - By Ui
—{Wi+ (Y, = 1)Bro}" Ay (Bro — By g)

+BLyAT (Mo — M)Ay H{ Wi+ (Y — 0.5) By} +ay — a0 + (b — bo)TU,}

N
+N! Z —dexpit{G(£)}

=1

v T 2T
Wi+ (Y~ )Bro| Ui Wi+ YByo) U
(Wit (5= )Brol U Wit YBrolUion g 11y 4 00 (R, ).
Ly 1_1“Y

Multiplying both sides with #; = (]§37[,+1] —Byyo)/ ||]§37[,+1] —By)

|> and using the concentration

result

N o T o T
o W;+ (Y; —1)By,| U;w W, + YBy,| U w 1/2
i=1
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as well as our boundness assumptions on Uj, ¢, and A, we have that

HBS’[HA] _BY’OH.Z

2

N
<NV dexpicG(E)} {2exCulluT Wil + )} {c;” % |Bio - Buy
=1

+ CXI/ZWCU HBU,O - ]A32,[:]

+ (G W ]+ ¢, y) HBKO ~Byy,

2,00 2

+ (G Wil + €,y [ BRoAg (Ao — Ay)

‘2 + Cy (\2[:] — ap| + ||By — bon) } + Op([[Ry4ll2)

N
<N dexpit{G () }Poly?(|u] W;|; Ca, cr, Cu)Poly* (¢ Ca, v, Cu)Err(6,)
=1
1/2 3/2—¢

+ op (Err(g[t])) + Op (i{l/z + qplﬁ ) + Op (EM(@W) )

where Polyz(-; Cy, ¢y, Cy) represents a polynomial function with at most degree 2 and depending
on the constants C and ¢y in their polynomial forms. Then by ||#;||, = 1and Lemma B14, there

exists some constant C > 0 free of Cp, Cyyand cy such that when ;&2 > C(1+1ogCp +logCy +
log i)
N e ql/Z
N! Z dexpit{G (&) }Poly?(|#] Wi|; Ca, cy)Poly?(¢; Ca,cy) < v+ Op | =
=1 M/Z

for some » < 1, where we use the concentration inequality producing the Op (ql/ 2/ N/2 ) reminder

term. This implies that

~ R ql/Z q3/275 R
HB?”[H_I] - BY’OHZ < {V + OP(I)}EI‘r(em) + Op W + ]Jl_f + qErrZ(%) . (B28)

For B 1,[e+1] and ]§2,[H_1], we combine equation (B27) with Lemma B9, and use similar procedures
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as above to derive that for every column (ﬁl,[t+1] — By, ]/?\); 1] BL()) withj € {1,...,r+1}
I ? ]

N
<N dexpit{G(&) }Poly® (|ug, Wil; Ca, cv, Cu)Poly? (v; Ca, ey, Cu)Ere()y)

=1

~

(Bl,[t-‘rl} = B0, By — BTUVO>

J

2

1/2

+ op (Err(g[t])> + Op (]?]1/2 + q

3/2—¢

Pl_é + qErrz(gm)> y

where ||#5]|> = 1. Then, again using Lemma B14, there exists some constant C > 0 (without loss

of generality, still denoting it as C) such that when y? > C(1 + log Cs + log Cyy + log ¢, '),

N _ 1/2
NS dexpit{G (&) }Poly?(|u3; W|; Ca. cr, Cu)Poly* (¥; Ca. v, Cuy) < v+ Op <§p/)
=1

forsome v < landallj € {1,...,r+ 1}. This further implies that

N . N g Pl S~
H (Bl,[z—l—l] — B0, By — B{Lo) H2 S {v+op(1)}Err(f)+O0p Nzt i + gErr”(f) | -
(B29)
For (2[.4y), Z[H_l] ), we can combine Lemma B7 with Lemma B9 and use the similar procedure as

used above to derive that

|@[141] — @0| + ’ iy — boH2
N —_ o~
SN dexpit{G(&) }Poly*(|u] Wi|; Cy, cy, Cu)Poly? (¢ Ca, ey, Cu)Exr(8))
=1
3/2—¢

R 12
+ op <Err(¢9m)) + Op (;{;1/2 + qplig

+ qErrz (g[t] )) )
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where ||#3]|> = 1. Similarly, for K[z—;—l] , combining Lemma B8 with Lemma B9, we have

BT Ry = 20)|

N
<N dexpit{G (&) }Poly? (|u] Wy|; Ca, cy, Cu)Poly® (y; Ca, v, Cu)Err(G,)
=1
1/2 3/2—¢

—|— op (Err(ém)) + OP (Z[I/Z —|— qpl—f —|— qu‘rz(/é[[])> I

where ||#4]|2 = 1. Thus, further using Lemma B14, there exists some constant C > 0 (without loss

of generality, still denoted C) such that when y? > C(1 + log Cs + log Ciy + log ¢, '),

R N N 7 Pl L~
|d[t+1] —ao| + ’ b[[+1] — bon <{r+ OP(I)}Err(ﬁm) + Op N2 + ]7175 + gErr ((9[4) ;

BT A (A — Ay < B+ 0p [ 20 T L p
robo (B = Do), <{v +op()}Err(Gy) + O | 75 + P + gErr(6) | -

o~ o~

Combining this with (B28), (B29), and the assumption Err(6]) = op(g") (indicting that gErr*(6)) =

o~

op{Err(6)))}), we have that

Err(f),41)) = max { Hﬁ[m] - BOHZ L HBTY,vo_l(/A\[m] - Ao)‘ [y — a0l + ’ by — bon}
R ql/2 q3/2fg
<{r+ OP(I)}Err(é’M) + Op N2 + =
which finishes the proof.
O
Lemma B5 (Gaussian mixture approximation for E-step). Foreacht =0,2,...,7T,

3/2—¢
TO@. S X Up) — T (69,2033 X, Up) — G619 X, Uy) = Op (-’1 F= ) ,
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where the Gaussian mixture classifier
~ A~ ~ ~T
G(6y: X, U) = By Ay (& - Buyg — Byl — Bygg/2) +3yy + by U

withé; = B{D;+ W; -f—p_l Z ( i U, ;# (le, U) = 1‘10\1 Vj{Xl'j—exp{ VJT(BEDZ'—I- W)},
H() :pil 5-):1 I/jly}— exp{ I/;T(BED, + VI’Z)}, and BgDZ = BLO + BU’()[Ji + K'on.

Proof- First, through simple algebra, we have

TG6,40:. X, U) — TO6,4, X, Uy}
?

=Y X,V (By+ m{ —m)

— o {77 (B0 +m +507/2) | —ep {¥] (BTD +m” +5%,/2) ||
+ § [(m™)TA ' m — (m")TA m + Tr{A ™ s\ — ")} + log{dex(s!") } — log{det(s|”)}]
+a+b'U;

(B30)

where Bj represents the third column in BT corresponding to Yand (7, 71) is the coefficient for
the logistic model of ¥; against U;. Then using the fact J <1>(§[t] ,Z’lft];Xi, U) = max J (/9\[4 NASED NI

and (B30), we have

~ o~ 1) oy SN 0)
T, 553 X Us) = TV (G, ?t[t],Xz, U)}

~ o~ ~ o~ 0)
>T" (8, (m; [] ~ By 1.5s"): X Uy) — T 7Z[t];)(z'7 U)} (B31)
17, . —1 R N ~T
=2 [ Ry mly, — Yy = Bs )Ry (), — Byyg)| +ay + by,
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Similarly, since Jo (g[,} [t] X, Uy) = max () j( 9[,] £9: X;, U;), we have

- ~ 1) 200) (3 0)
T (0, 53 X Us) —j()(e[t],?z,[t}sx\’z', U)}
(B32)

1 ~ (1) ~ (1 ~—1_ ~ 77
<5 [, + By ) Ay (), + Bagg) — () TAy mily | + 3 + by U,

Next, we will derive appropriate approximations for fr}l(.y[)[] using & — B[Tt]D(y fory € {0,1}. Recall

that m(y[) A is the solution of

PV [ Xy = exp {77 (B]DY +m 43, 75/2) }] - A Tm =0, (B33)

1

fory € {0,1}. Inspired by (B9), we have max;¢|y H}f.y[)[] lmax = Op(g"~¢/p" %), which, combined

with || V|2 = 1and (B33), indicates that

PV [y e (V] (BLDY 4+ m?) || —p Ay w4 Op @_ > -

Then using the standard asymptotic results of M-estimator (Van der Vaart, 2000, Chapter 5), we

have

1—¢
mjy+ BLDY —BID, — W, P‘IZsﬂ 7 Ui+ Op <Z1_5>, (B34)
j=1

which implies that " ] =¢— B DM + Op2({g/p}*~¢). Combining this (taking y = 0) with

(B30) and through some algebra, we have

0)

q3/2—£
[t]aXla U)} > g(e[t Xl7 [Jz) .

j\(l)(g[t}’?ij[)t] ; X, Uy) — J“’)(
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Similarly, combining 7 m =£— B[I]Df-l) +Op, (q3/ 2=/ pl_f) with (B30), we have

13

PPN 1 q3/2 £
Jm(é’m,z,[d;)Q,Uz) NRICE [z],Xz,U)} <G8y X, Up) + Op pEa b

These two inequalities finish our proof.

O
Lemma B6 (Gaussian mixture approximation for M-step). Under Assumptions XX, and when
Err(g[t]) = op(1), we have
(131 [t+1] — B +B; I — By, B] e+ — Be )
R ENOINN b
=N"1 Z}/l 5[[] { (B4 0+ By, BUO)U} U, [ZU (5{;})] + Opjz(Rn,[),
(Bl,[f+1] — B, B;,[z+1] - TUo)
N
. S 7 O -1
=N {1 - 7,»(9[4)} {f (Br0, Buo)U} A [ZU (9[4)] + Op2(Ruy).
=1
Proof. Note that for any B and A, by (2?), we have
> |V~ 4B, A)}D] — A”'mi(B, A)D]| = o. (B35)
i=1
By (B19), we have
> V'{X;— 4,(B,A)}D] =0 (B36)
i=1
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By (B20) and (B21), we show that the approximate posterior means satisfy
AS mi(B.A)D] =o. (B37)
i=1

(y)

By definition of m' Ll

] and similar to

(B20) and (B21), we can show that for y € {0,1}

N
N {56 + (=) [1=5,6)| | iy = 0.
=1
N

NS {7 + (-9 -7,60)1 ) m,, UF = 0.
=1

Combining these equations with (B34) in which we replace # by # + 1, we have that,

al 3/2—¢
[ =~ 35 o T
0=N" ZV G U = N7 Y 3,69)(& — B,y DU, + Ops (qpl_g ) ,
=1 i—1
1 ~(0) 1 ) q3/2 £
0=N" Z{ } z[t—l-l}U MZ{I—% e[t)}(f Bt—H]‘D )U + Op, = _
These imply that

3/2—¢
N - ~ NP
(Bl,[tJrl] + B3,[t+1],B2,[t+1}) S0 (Gg) =N" Z}/l (%) U, + 0p, (qp ) ,

i=1

(Bl [t+1]aBz [t+1}> (() N_IZ{ }fU +Op, <q;/2 E>,

a0 & _ S PN P _ Sy ¥y T
where 37 (8) = NN, 5,06 UiU; and 3y (8) = NN {1 = 7,6, U0 We
minus (B, + By, BU,O)EE? (@M) and (B o, BU,O)/Z\S) (@M) on both sides of the first and the

135



second row respectively. This leads to

(ﬁl [t—H] — B+ B, Jr+1] — Bro, ]§2,[t+1] - BU,O)

. )~ _ 3/2—¢
]WIZy 29 { (B0 + BYO,BUO)U} U: [Z(U)(ﬁ[z])] 1+ O, (qp1—s > ’

1 v o) -1 q3/2 £
=N~ Z}’, b) { (B1,0 + By, BUO)U} U [EU (5[¢])] + A+ A+ Opp S |

(Bl,[t+1] —Bio, Bz,[:+1] - BU,0>

=N"! é {1 —?l.(/é[t])} {’f (B0, BUO)U} Z, {28)(5[;])] -1 + Opa <q;f:5> |

=N"! ZZNI: {1 — 5/\1‘(/5[4)} {714 — (B, Bu,o)v} U {Zg)(ﬁ[t])] ) T aat Azt Opo (q;ﬁj> 7

(B38)

where the higher-order error terms are defined as
. N o~ - 2 [s -1
ay=NY {500 - p =10, 8) ) (6 -8) U] 20 @)
=1
L - i 50 -1
Ap =N ZP(Yi:HUivfz') (f f) [ZU(‘Q[L’]ﬂ )
=1
. N o~ - 24 SO -1
B = NS5 - PG =10 E) | (- 5) UL [S0'G)|
=1
-1

N
AZZZNIZP(K:O‘M7; (f g) vT [A(O)<€[t]):|
=1

Next, we will bound the terms Ay, Aj, defined as above separately. For Ay, using Lemmas B3 and
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Bll as well as g = o(p'/?) and Err(g[[}) = 0p(1), we can show that

N N _
HAuHiSJ\FIZ{?,@M)—P(Kzlla-,f}J\FIZ ~5)||[E0 @]

=1
2—2¢ 1—¢ 3/2—¢
_ 207 q q q
=0Op <Err (G1) +P2—25 + p1—5> x Op ( P ) ’

which implies that

max

. 3/2—¢
|A11]]2 = op (Err(ﬁm)) + Op (qpls ) .

For A1z, we can bound it through the concentration inequality (similar to Lemma B3) under the

orthogonality between v (X, U;) and (U, &), which implies that

N 7

Inlh < | 55 30 SR = 10 By, (6 V)Y H 0]

-1

q1/2

i=1 j=1

Thus, we have

[Aull2 + [[A12]l2 = Op(Ra,),

where Op 5(R,, ;) is a reminder defined at the beginning of the proof section. Combining this with
equation (B38), we finish the proof for the first equation in Lemma B6.
For terms Aj; and Ay, since they are completely analog to Ay and Aj, we can implement the

same procedures presented above to show that
|A21 + Anall2 = Op2(Ryy),

which, combined with (B38), finishes the proof of the second equation in Lemma Bé.
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Lemma B7 (Prior probability update in M-step). Under Assumptions XX and that Err(/é[ﬂ) =

op(1),

-~ N

A1) — 40 1 S VR SN =

A = N B U7, - PV = UL E) | + Opa(R),
b1 — bo P

where H, = E U,Uj exp(ao + byU;) /{1 + exp(ag + bgUi)}z}.
Proof. Note that (@]q), /b\[ﬂ_l]) is the solution to the estimating equation
~ 1 X ~
Spen(ab) == > U {7,6y) — expicla + 6" U) | =

i=1

Define that
ZU{P ;= 1|UL &) — expit(a + 65Uy} =

By Lemma B11 and the assumption Err(g[t]) = op(1),

N
~ o~ 1 o _ N =N
HS(ﬂ, b) — Spy1)(a, b)H2 = NZ U, {p(yl. =1|U,E) - 7i(5[t])}
=1 )
1 e A R ql/Z—z/Z
5 N;P(Yl = lll]zyfz) - 71(6[4) i = Op Err(&M) + P1/27—5/2 = OP(l).
Then by

E |:f]z-{P(K':1|[]Z-72) expit(ao + by U;) }} [ A{P(Y, _1‘[]Z.’z,)_p(x.:1’(]l,)}} -0,
(B39)

and using the standard M-estimation theory (Van der Vaart, 2000, Chapter 5), the solution of the
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estimating equation §[t+1] (2,b) = S(a,b) + op(1) = 0, i, (Zz\[t+1},/b\[t+1]) satisfies that

(@1 = 0] + 161y = boll2 = o (1).

Then we can linearly expand §[r+1] (a, b) to derive that

~ N
A[r+1] — 40 1 — iy (o~ _ 1—¢
s = > H'U {71.(%) (Y = 1|Ul‘,§fl.)}+A1+A2+Op <Err Gy) + Lo ) :
b[l‘-i-l] — bo =1 p
(B40)

with the remainder terms

A z% EN: (H,, - ﬁﬂ) U, {2@[4) — expit(ao + bgm)}

=1
5

NQ(

——

Y, = 11U, E) — expi(ao + U}

where H, = N Zf\il lvf,'(vfjexpit(z[tﬂ} + /b\ﬁﬂ] U;). Again using Lemma B11 and thatg =

o(p"/?), we have

N 2
201 o (o~ )
A < =2 U {7,60) - expic(ao + 53U)) §
=1
N r 2 2
~ > 1 —Uyexp { (f g7
< —
< (s — a0l + g — boll2) NPZ(W GE ; P06 U) + O (T 2
~ - 21 [ . 2
o ([ = aol + by = boll2) 5 > {7:6) — expie{ ~G(60: Xi, Up)} |
=1

2—2¢ 1—¢ 2—2¢
?) q q 2 q 9
= {Op (Errz(ﬁm) + ])2_25> + Op (pl_5> } - Op <Err2(€[4) ]7 -+ ]\]p>
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which implies that
|8l = op (Err(Bg) + 4"/p"~ + {a/Np}"?) + O (Exr*(@yy) ) -
For A, using (B39) and the concentration inequality, we have
las]l2 = 05 (472/82)

These together with (B40) finish our proof.

Lemma B8 (Covariance update in M-step). When Err(/é[t]) = op(g7V/?), we have

1 N

B oAy (A —Ao) = NZ {%(5[:]) - P(Y; =1|U;, ;5-)} Yoo {Bo(D;” + D) — 25} By g+ 0p 2(R,,)-
=1

. ~ 3 _ =) _
Proof. Since m{)y = £ — B, DY + Op({g/p}' ") and S, = Op({g/p}' ™),
N 1 s o BT O a7 o)’ N7 BT 10 BT HO) "
Ay = 55 D 7:(0) (5— By D; > (ff— B} D; ) H1-7,(64)} (é— B;D; ) (ff— B D, ) :
=1

By Lemma B13 and using concentration inequalities, we have

N 1 »
_ 1 - _
rolo! {AO — > P = U E) (- BIDY) (B - ngi”)T} - e, (j\ﬂ /2) .

=1 y=0
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Then we have

N

1 o - _ . -
BT oAy Ay — Ao) = Y 17:(0n) — P(Y: = 1|U,, £) | BR,oAy {BY(D" + D) — 2£1BY,
N =1
1

1/2
FY (A A+ As+ A+ Op (Zp/z) ,
=0

(B41)

with the remainder terms defined as

1 N

b= 30 (GBI 5,@) Y — P =5|U, &) BLoAT (- 8) (& +& - 2BDY)
=1

N
1 - _ - _ ~ T
B =y 2P =l E)BRoAG' (= 8) (5+ 5 — 2B,
N

8= 2 [V 1 =7, @)y — 205 =510 )

=1

«BRoas (5 -By0r) (5 -BypY) - G- By (¢ - Bipy) |

N

N
SR = 51U BB [ (5 - BDY) (5 - BDY) — (6 - BIDY) (5 - Bin)].

=1

Next, we will bound these three terms separately. First, by Lemma B3, we have
N N
1 . ~ 1 ~ 7 /2—¢/2
XZZ |B;,0A0 (& - fi” N ﬁz Hfz - fin = Op <p1/25/2
i=1 i=1

Lemma B11, 4 = o(p'/?), the concentration property , and that max;e |y — ZBT D(Y)
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Op (log{Np}) = op(p®) for any ¢ > 0, we have

f+f—2B D(y)

N N
1l S5 17,60 - P =10, B)} O

=1

1—¢ 2—¢ 3—2¢

=0p (Errz(g[t]) +Z”> x Op (Z“) = op (Errz(gm)> + Op (gzzg> :

which implies that [|A,; ||, = op <Err(g[t])) + 0p (4727 /7).

For A, using the fact that £, — £, is orthogonal to (U, £), [|§; — &[] = Op (41772 )p'/2=/2),
and

N
N1 Z IBYoAy (& — &) = Op <q1/2—£/2/p1/2—g/2) 7
=1
we can derive that
1 L

@ZZ (Y; = )|Us, £)Bl oAy (X, )(25 ZBT]D(y))

=1 j=1

14522 =

+P(Y =50 £)Bro " (6 -5) (- 5)

2

2 J2—¢ 1/2
q _ q q
<or (s ) s BRans e - B L 1 Bl = 0 (2574 2.

For A,3, using Lemmas B10 and B11 and Err(g[t]) = op(q~1/?), we have

N N
1 P 321 PN _
18518 S+ > {7B) — PG = 11U 8)} > [ BRoAs (Bl — Bo)' DY (2 - BiDY)
=1 i=1
1—¢

=0Op (Errz(/@\[t]) + Zlg> x Op <qErr2(g[t])> =op (Errz(g[f]» :
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Atlast, by Lemma B13 and using concentration inequality, we have

— ~ T
||Ay4uz—" ZPY U, E)BY AT By — Bo) DY (2% - B DY — BID}")

2

1 - o~ ~ T
LS (8 =50, £ )BT Ay By — B DY {(Byy — By D))

=1

2

+ B;’,OA (B[t]_BO { ZPY )”U;,f)D(Y) (f BTD(Y) }

i=1

2
1/2

—0p (Errz@])) + Op (iﬁ 7 Err@p})) = op (E“@m)> :

Combining our derived bound for Ay, - .., Ayg with equation (B41), we finish the proof.

Lemma B9 (Linear expansion of 7,). When Err(g[[]) = op(1), we have

7.6y) — P(Y: =1|U,, E)
— — dexpit{G(£)}{ BT.0AT (Bro — Byjg) + BLoAy (Buo — Bag)Us — {W; + (Y~ )Bro} A7 (Bro - By

+ B oAy (Ao — Ap) Ay {W; + (Y; — 0.5)Byo} +ayg —ao + (Z[r] - bo)TUi}

1/2—¢/2

- 1—¢
+4(X;, U) + Op (Zl e Err(e[,])> +Op (qErrZ(eM)) + Op <ZH> .

Proof. Then using (B47), (B48), and that §; = By 0+B(, U+ Y;By,o+ W+p 150, 1#( 7 Ui,
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we have

~

expie{G (g3 X, U} — expit{G (6o X, Up))

~

= — dexpit{G(8; X, U} [G(B: X, U) — 66 X;, U)| + Op (4Er*(By))
= — dexpit{G(4; X U)} | (BI Ay — BRoAy!) {W, + £(Xi, U) + (¥ = 0.5)Bro}
+ ﬁg,mfx[—dl (Bl,o — By + {Buo — Boy}Ui + {Bro — ﬁ&[ﬂ}ﬂ)
+ )y — a0+ (by — b0)" U] + Op (4Er () )
= — dexpit{G(60; X, Up) H{BT,0A ' (Bro — By ) + BYoAy ' (Buo — By Us
—{ Wi+ 4(X, Up) + (Y = )Bro} Ag'(Bro — By )
+ B oAy (Mg — M)Ay {W; + £(X;, Up) + (¥; — 0.5) By}
+ 3l — a0 + (b — bo) Ui} + Op (4B () )
= — dexpit{G(&)}{ B oAy (Bio — Byg) + B oAy (Buo — By Ui — {W; + (Y — 1)Byo} Ay (Byy — By g
+ B oAy (Ao — Ap) Ay {W; + (¥; — 0.5)By,}

~

ay o+ (by — b0) UL+ A1+ B2+ Op (gEr? (@)
with the reminder terms:
Ay = [dexpit{G(&)} — dexpit{G(fo; X;, U;)}] {BTY,OAJ '(B1o — By ) + BYoAy (Buo — By Us
—{W;+ (Y; = 1)Byo}" Ay'(Byo — By )

+ B},OA(;I(AO - /A\[:])Aal {W;+(Y; = 05)Bro} +2a) —ao + (Z[t] - bO)T(Ji}

8y = — dexpie{G(80: X, U} {60, U)T A5 (Bro — Bs ) + BLoAy (Ao — Ag)Ag'4(X,, Uy }
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Combining the two equations (??) and (B42), we only need to show that

ql/z /2 PN ql—f
Ay + Ay = Op ST Err(ﬁ[ﬂ) + Op (qErr (6’[4)> + Op <]715> .

For Ay and A, using (B43), we have

max ‘dexplt{g( )} — dexpit{ G(60; X;, Ul)}’

_ ql/Zfz/Z
< _E| = (X, U, =0p [ L— |,
Ngﬁugz szz ng[aN]XH;z( )HZ P pl/Zfz/Z
which implies that

1/2—¢/2
o~ o q o~
A+ Ay S (lrg[aN]X 14:( X, Ijz')Hz) Err(9) = Op (MEH(%)> :

This finishes the proof.

Lemma B10 (Approximation error between £and &), We have that

ql—z ql/Z e/2

where g(;ﬁ) = B},OAO_1 (2’1 — By —ByoU, — BKO/Z) +ao + byU; and

5:(X;, Ur) = —dexpit(G ZB vo ? i Ur)

satisfying E[L(X;, Up)|E, Uy = 0,
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Proof. Since 22-|Y,»7 U; ~ N(B|D;, \\), we have

P@AU@ Y; = 1)P(Y; = 1|U) B 1

PO = S U T =P =0 1+ e (GE))

This implies that

exp{G(80; X:, Uy)} (exp{G(&) — G(60: X, Un)} — 1)
(1+ exp{G(60; X;, Up)}) (1 +exp{G(£)})

expit{ —G(60; X;, U;) } — P(Y; —1\Ul,f)—

(B42)
We further use Taylor’s expansion to derive that
exp{g( ) (‘90;X;7l};)} g_(}l) - (607X'l7[]l ( 607X;7U)}2)
exp{G(60: X, Uy} exp {9 2>}
= - J— g 5 7Xl7 (Jz .
(7 op(000 X, U))) (Lt o9 (GE)) (om0 (96~ 9l X )
Combining this with (B42), we have
expit{ ~G(60; X;, Uj)} — P(Y; = 1|U;, &)
= — dexpit(G(&)) {G(60: X:, U;) — G(£)} + O ({G(&) — G(60; X, U)}?)

= — despit{G(E) B, A" (£ - 23) +0({BRony! (5-B)Y) = 4%, U) + 0 ({BLoy (- 2))).

Since X;; follows poisson distribution and ¥; (X7, U;) is sub-exponential, we can use the concentra-
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tion inequality to derive that

max [BY oG (¢ = £)] = max |p ZB oo 'YX, Un)

_ {q logN}l/Z ql/Z—z/Z
526\7]’( 1§ — &l = Op ([)1/2 < Op ez | (B43)

Plugging this into the above equation, we can finish the proof.

O

Lemma B11 (Bounds for analyzing second-order errors). Under Assumptions XX, and when Err(gm) =
op(q?) (Could try to weaken this), we have that fory € {0,1},

N N 2 - 3—2¢
N1 Z [%(9[,]) — expit{ — G(6v; X;, UZ)}] = Op <Err2(€[,]) + Zz_zg> :
i=1

N N _ 2 N 1—¢
NS [ =118 = 06 (502G + ). e
i=1

Lemma B12. Under Assumptions XX, and when Err(/é[,]) = op (1), we have that fory € {0,1},

-1

[Eg) (G )} s [E(Lﬂ

N g2/ 1
—0p [Ex(G)+ L 4 —
Op | Err(6;) +P1/275/2 + N2 |

= 0p(1). (B45)

max

max

{ig) (G )} -

Proof. We first prove the first line of (B44). By Lemma BS, we have

o~

7,(8)) = expit{ — G(64: X;, Uy) + Op(4*/>~*/p' )}
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Then following the same expansion procedures in the proof of Lemma B10, we can show that

- - 3/2—¢
7.(619) — expit{ — G(6,9: X;, U;) } = Op (qplg ) : (B46)

and that

expit{ G (6 X, Up)} — expit{—G(60; X:, Uy}

= — dexpit{G(60; X, U)} |9 01g: X, U) — G(00: X,, Up)] + 0 ({68 X, Uy) — G605 X, U}

(B47)
Also, by Assumptions 1 and 2, we have

9(yi X, U) — G(60: X, U)

~ ~—1 o~ ~1
(B — Bro)Ay &+ BoAg (A — Ag)A &

~ ~—1 ~ ~ ~ N ~
+B; Ay (B1,o — By g+ {Buo — By} Ui + {Bro — B3,[t]}/2) +aj — a0 + (b — bo)"U;|.

(B48)
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Equations (B47) and (B48) lead to

N
N1 (enpil =G X U} — expicd (40 X, U} )
<AFIZ{ (G; X, Uy) g(ﬁo;x,u-)}ﬁ{g(é[t};x-,ua—g<eo;x-,u->}4

<AFIZ 11— Bro)£& (Bl — Bro) +MIZBTYOA (A — A)EE (B oAy (A — Ag)}T

=1

4
+ 1By — Boll + [ayy — aol® + |y —bOHzJFJ\FIZ{ b5 X, Ui) — G(60; X, Uf)}

i=1

N
A ) .
S (14 max {68 X U) — (8 %, U))) s (N7 ;5&1)&&6{4),

where we use that lmm(A) Amax(2A) and ||]§[t] |2 are bounded. Then by Lemma B2 that Ay (N Zf\il ££))
is bounded and ||£]|2 = Op(4'/?), and using that

112[2}\)]( {g t]v‘lellz) 9(607‘X17 L]z)}z

<0 IBR NS {1+ IR + IEIR) = 0r (B2 @) ) = op (1),

=1
we can further derive that
N

NS (expiel -G8y X, U)) — expit(~G(80: %, U)}) = Op (B (). (B49)

=1
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Combing (B46) and (B49), we have

N
NS {5.60) - epied -G8 X, U}
=1

N

N
NS 5,y — expie{ -GGy X U} NS {expit (6 X, U} — expie{~ G4 X, U} )

=1 i=1

- q3725
=0p <Err2((9[t]) + P2_25> ,

which finishes on proof for the first line of (B44). Then we prove the second line of (B44). Using

Lemma B10 and equation (B49), we have

N ~ _ 2
N Y {56 - r =110, 5) )
=1
N 5 N -
=N {7,G) — expid =G (8 X, U} + N7 [expie{—G(60: X, U} — P(Y; = 1]UL,E)]
=1 i=1
3—2¢ 1—¢
7 9 9
=0p <Err2(t9m) +P225> + Op <]715> ,

which finishes the proof of Lemma B11. Finally, we prove Lemma B12. First, we have

— -1
4]

_ ~1) ~
HZ?J) -2y (9)

max

@] -] <||[Er@]

max

max max

(B50)
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Then we use Lemma B10 and the concentration inequality to derive that

/\(1) A~

A==y — 2y (6y)

N
S = N PV =5|UL E) U]
=1

IN

N
NS R =50, 8) -5, } OUT| +
=1

max max

§/>l? 1
+0p Pl + NL/2

N
<|IN7! Z <expit{—g@[t];Xz‘a U;)} — expit{ —G(60; X, Uz)}) UZUZT
i=1

R et 1
=0p Err(ﬁm) + P71/2—5/2 + N2
with the last inequality established using (B49). Since it is assumed that Err(g[t]) = op(1), we

further have A = op(1). Also, it is not hard to see from Assumption I that | D . =
o

H[igy]—luz = 0(1) and

SOF SN SOF N < - < -1
so@n] | s|Eoen] | <[ o] = [ ww] | - on.
max 2 2 2
Combining these with (B50), we can show that
~m) ~ -1 ]! ~ 91/2—5/2 1
Z (8 — = = Op | Err(4 —t —= |-
[ v H)} [ U} . P ( rr( [t]) +p1/2_5/2 + N1/2
_ 11
Since || {ZE})} |lmax = O(1) by our assumption, we have
~(1) ~ -1
S0@] | =oe.
O

151



Lemma B13 (Self-consistency). We have that

E[P(Y; =1/U,£) {& — (Buo + Bro, Buo) Ui} U] | =0,

E[p(¥ = 01U £) {£ — (Bro. Buo)Ui} U] = 0.

& [P(7; =510, 5) (& - BEDY) (€~ BEDY)'| = (% =)Ao

Proof. Recall that§, = £ +p~ Z}D I;k( i, Ui) = ByD; + I/Vi—}—p_lz ( ;7> U), and note

that for any measurable function f{),

E |AU,&) *lzx/ IRY

?

E{pIZﬂUﬁé) B, 5~ B0 0.5))
J=1

So we have

E |P(Y; = 1|U;, &) {f (Bio + BYO,BUO)[qu
=E |P(Y; = 1|U, £) {E (B1o + BY()?BUO)ZIZ

=E [E[1(Y; = 1)|U;, ] {& - (Bio + Byo,BU())t“L} 74
U;

=P(¥; = DE [{Z — (Bio + Bro, Buo) Ui} U|Y; = 1] = p(¥; = )E [W,T] ¥, = 1] =0.

Using the same way, we can also show E [P(Yi = 0|U;, ;5) {fl — (Byy, BU70)IVJZ} ffj} = 0.

152

}
=E E [[(Yi =1) {f (Bio + BYOaBUO)U} U;| 1771':|i| =K [[(Yi =1) {;tz — (B + BY,mBU,o)Uz'} UZT}



Similarly,

E [P WULE) (£ —BIDY) (£ — BSDZ‘.”)T}

E

{
==
=E 1

Y, =
B (sl =10 2] (6 - BIDY) (¢~ 1Y) 02}
B [10: =) (6 - Bi0Y) (5 - BiDY) 10..2] )

Y, =

9) ég BTD<y>) (E.—BEDEV’)T}
=P(Y; = y)E[W,W}|Y; = y] = P(Y; = y) Ao
O

Lemma B14 (Technical bounds for Gaussian variables). Foranyu € RY satisfying ||#||2 = 1and

any constant D > 1, when the SNR parameter ;éz >1U 48 log(ZSOOCZ/ZD),
V'E [dexpit{G (&) " Wi|U;] < D', for n,7 €{0,1,2}

Proof. Recall that }Z = B]D; + W, where W; ~ N(0, A, 1) is independent of U, Y;. Also, note

that

1
2+ exp{G(£)} + exp{—G(£)}

dexpit{G(£)} =
1

2+ exp {BLAT! Wi+ (Y = 05)By] + a0 + BUs | + exp { ~BL AT Wi+ (Y = 05)Byg] — a0 — 5}
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Then for 7, € {0,1,2}, we have

1
E [dexpit{G(&)}u Wi |U;] = > P(Y; = y|U)E [dexpic{G (&) }|u" Wi|?|U,, Y = 5]
=0
|u" W;|"expit(ao + by Uy) n " W, |72 {1 — expit(ag + by U;)}
2+ exp {B}OAgl (W + (1—0.5)Byo] + a0 + bgu} 2+ exp {—B}OA(;I [W; + (0 — 0.5)By] — a0 — b

" Wi n | Wi
2+ exp {B}OAJI W, + 1/2/2} 2+ exp {—B}OAgl W, + ;&2/2}

(BS1)

Let I/V:r = B}OASI W, ~ N(0, B}OASIBY,O) = N(0, ¢?) and define the event £ =
{w' || < y?/4}. When I/Vj € &, we have that exp {:I:B}OAO_IVVi + ;&2/2} > exp(¢¥?/4).
Define that W5 = u" W; — rVVj where r = cov(VVj, u' VV,»)/Var(VVj). Since Cov(VVj, Wi =0

and they are jointly Gaussian variables, we have VVJL AL W% Then continuing on (BS1), we have

E [dexpit{G(£) }|«" W[ U}]
|I¢TI/I/Z'|TZ ‘uTW[|Tz
2+exp{W,T+¢2/2} 2+exp{—Wj+¢2/2

<2min{exp(—¢2/4), 1/3}E || W™ + WA 2| W] € &) + o(—y/ak || Wil + i e &

<E

JWGS+Hweqummweﬂ

where @(-) represents the cumulative distribution function of the standard normal distribution.
Using the fact VV:r U Wiand Var(W%) < Var(u" W) < u" Aot < Amax(No) < Cp, wecan

derive that

B[|wir |t e €] = [lmmwd e ] = 5w < 6
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Also, we have |7| < \/Var(uT VVZ-)/Var(VVj) <VCAY O(—y/4) < 2;#’1(3”&2/32 forally > 1,

and the following facts about the moments of truncated norm distribution:

(27[)—1/26—172/2
O(-b)

(27r)_1/Zbe_l’2/2

Ez Ny [Z1Z > 6] = (=)

EZZNN(O,I) [Z|Z > b] =1+
forany & > 0. These further imply that for 71, 7, € {0,1,2},

V7E [dexpit{G(E) } " Wi |U]
<oy min {113V E (L y 2 (WP W € €] 4y CRPPO(— /48 [1 4y WP W e &

—1/2 ,—y*/32
<oy PV AL+ 7 /4) + CRPY0(—y/4) |14y + Wf]

yo(—y/4)

<y VIR (45ij/2 FOSCRyY™) <yt <4.5CX/2 +0.5C7 %‘W%) . wheny > 1.

Since ;ﬁ“"'”e"/’z/% < 4990 for 71, 75 = 0,1,2 and ¢ > 1, we further have
E [dexpit{G (£)}|u" Wi||U}] < 2500C/%e /48 < p~!

when 2 > 1U 4810g(2500C7/* D).

4.1

To initialize, we set ﬁ[o] , K[Q} , /7?[0} as the supervised estimator obtained using the small labeled sam-

ple, and

oSl = arg max J By, Ao, 7o), m,5: X;, D).

155



First, to justify the consistency of ]§[t+1] , 7\[:4—1] , T41]- Inductively, using the convergence of ﬁ[f] , K[t] s g

and the VGA approximation to justify that

‘71()[/;‘)] j(B()’ AO? 70, mh}i;Xiv Dz('y)) = 0P<1)7 j(B07 A07 70, mia-?l';Xl'v Dz('y))_log{P(Dz('Y)’L]f? I/I,l)} = OP(I)

where m;, 5; represents the population level values. Then we could derive

/7;;‘,[[] - 7_/;‘ + 7_/;' - P(Yl = 1‘Xla lll) = OP(l)v

wherey, = 1/{1 + exp(J" — J”)} and T = T (By, Ao, mo, m*,5); X;, D). So we then

only need to justify that solving
N
maxZP(Yi = 11X, U)J (B, A, z,m" s\ X;, D)+ P(Y; = 01X, U)) (B, A, 7, m” s\, X,, DV

gives an consistent estimator, which can be done using basically the same procedure as the super-
vised VGA (since the population level solutions for this imputed MLE are By, Ay, 79).
Second, based on the consistency (and may be a initial convergence rate), we consider the asymp-

totic expansion:

1
EY P(Y; =X, U)V2T (B, A7, m 5 X, DY) | VN(Byyy) — Bo, Ayy) — Ao, Fpsy) — m0)

=0
1 N 1
= P(Y; = y|X;, U;)VI (B, A, 7, m? 5", X;, DY)
1 N 1
NZZ (Y: =%, U;) =7,y IVI (B, A, 7, m s X;, DY),
=1 y=0

The first term corresponds to the “oracle” error.
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The key is to show that the second term only involves the first order term of E[f] , 7\[[] , @) with

coefhicients smaller than 1 (decaying), plus some VGA approximation error. In specific,

L Z(1) (0)
~ _ exp(J;” = J;"7) 26) ) )
}/z' _71‘: ~(1 = *71 j(B07A07770) z 7 S; ,X D )
07 2 (T GO i
2)

+0p(

Then the second becomes

LZ()[;)] j(B07 AO, 7o, m (y) <y>;Xl'7 Dl(‘y>)

N 1 =
(VI = VI exp(T" = T7) [ 7 5. »
2 {1+ exp(TY — T2 [‘71‘7[4 — J (Bo, Ao, mo, M ; X;, D; )}

l7l7

=1 y=0
S IMPLEMENTATION DETAILS OF OTHER METHODS IN SIMULATION AND APPLICATION

51 ZHANG2020

We adapted the two-step SVD proposed in Zhang et al. (2020) for exploratory item factor analysis

to the Poisson setting as the following algorithm:

L InputX € R*?,Y € R*!and U € R”*’, the number of factors g, truncation parameter

E.

2. Apply the SVD to X and obtain X = Zle Jjujv} whereoy > oy > -+ > 7 are singular

values and #;s and v;s are left and right singular vectors, respectively.

3. LetX = Zg{:l gpuv) where K = max{g + 1, argmaxa; > 1.01y/}.
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. LetX = (%) nxp defined as

) Enpy  IE X5 < énp,
xl.']' =

56'1']', ifémp S JNCZJ

. Let M = (77) nxp where 7;; = log(%;).

. LetB = (ﬂ0j7ﬂlj’ﬂzj)3xp where

ﬂojugljvﬁzj' = argmin Z(”hlj - {/30], - {Ble[ - ﬁszl')z
=1

. Apply singular value decomposition to M = (my — [éoj — Blei - {észl-)nXp to have

~ AT ~

* B=V Bwhere V= (01, ,05)pxq-
. To make prediction for a new patient, output

* Patient representation: 2( Y, U) = Z?:l &jft]-f)} + ﬁoj + [[AZIJY,- + (@szi

* Clustering assignment (assume a generative model):

P(X;|Y; =1,U;06)
P(X;|Y; = 1,U; 9) + P(X,|Y; = 0, U; 9)
L(Z:(1,U))
L(Z(1,U) + L(Z1, V7))

P(Y; = 11X, Uy; 6) =

where £(4) is the likelihood of Poisson distribution with rate 1.
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5.2 CHIQUET2018

We adapted the variational inference for probabilistic Poisson PCA proposed by Chiquet et al.

(2018) to fit the model:

X|Z~Poisson(#), X LXL---1X,|Z
Z=B'Uy+ VW', Uy=QU,Y)" R W~ N(0,1),
Y| U~ Bernoulli{expit(7)}, expit(v) = ¢*/(14+¢"), U= 1,U")
With the inputs X € R?*?, Y € R**! and U € R**’, the number of factors ¢, the algorithm
will output Bt and /I}T. We obtain /I}by applying eigenvalue decomposition of /I}TT IA/T and obtain V'
as the first 4 eigenvectors, then we obtain B = VBT and A as the first 4 eigenvalues.

To make predictions for a new patient, output
* Patient representation: Z(Y;, U;) = B(1, Y;, U;)" + m;

* Clustering assignment:

~

~ (X U.-
S U ) = op{T V(X Ui}

exp{T O(X;, Us; 6)} + exp{T (X, U; 0)}

~ ~

where T(X;, Uy 8) i= T (X, U, Y; = 335).

159



Appendix C

Supplementary Materials to

Age-Specific Outcome-guided Representation Learning for
Patient Clustering with EHR Data
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6 DETAILS OF ESTIMATION ALGORITHM

6.1 ALGORITHM FOR MODEL TRAINING FOR COX MIXTURE MODEL

Algorithm C5 EM+GVA Algorithm for Model Training (Cox Mixture)

Initialize: 6! « 4, g{o] — Z h+ 0
while Change in O, > tolerance do

E-step: Compute .7(6’[1’],5?)[19]) VieZ,y=1,---,Kas(2.3)

1] eplgie?, A0y
71}/ > exp{ T (6" 7;1(/) [A] )}
M-step:

aan . update using (C52) with ;/[b]

Set B0l — B AP0 AP A o e
while Change in O, (6, z"+11. ¢, ;/[h]) > tolerance do
foro =1to Odo
Update A,
Fit a weighted Cox model using individuals with G; = ¢
Covariates: U;
Weights: ;/Z[ﬁ]
for y = 1to K'do
Update baseline hazard 1,,,(¢) via weighted Breslow estimator:
for each event time #,; do

b
d”]}’ A Zz Toi=ty 71[)/] 5;’
R”])’ — Zz’:Tm-zt{,j 71)/ ’ eXp<Ul—‘|—A0g0)
d. .
oo (£) — =2
o) — %
end for
end for

oy

end fl;odr )
ml@[ A gradient update(mlw’[ ’d}) using (C56),Vi € Z,y = 0,1

sl gradient update(s; sV d}) using (CS6)Vi € Z,y = 0,1

z

Albd+1] 1 Zz lzK i (A(y )h.d] +’/n\i(y)[b,d]’/n\i(y)[b,d]T>

—1 it z
Bd+l] gradient update(B[h ) using (C56),
ClP4+1 < ADMM update(C") using Algorithm 2 until convergence.

d<~—d+1
end while
Return: AV b1 BI+1 Clb+1| AL+ AbH]
h+—h+1 161
nd whlle




6.2 GRADIENT AND HESSIAN MATRICES

The parameters {4, b} can be estimated by optimizing the objective function

o~

(ZZ\gy, bg},) = arg maxZ]I(Gl :g)};g}’l log{expit(d + le]l)} (Csz)

ﬂ7b =1

We solve this by fitting a weighted multinomial logistic regression.

For the survival sub-model, the gradients can be found as

8 Zie{[:c,':g} Ol’ _ Z i 7 akZ(Y)
A v OA
2 £ ie{i:Gi=g} y=1 0 £ (C53)
8Kg i€{i:Gi=¢} y=1 g 8Kg
wherefor7 € {7: G; =g} forg=1,---,G,
(v)
0J; =y, [(=0:/ gy — 3:(x; — 1) /Apy — & T]-C‘g/)pkgil]expit(ATD(.‘/))D<.y>
OA 7y gy 1\g & g1 & F o’ [
; (C54)
8‘71‘@)

Ox, [9:/x¢ + 9:(log T = log Ay ) — (T3/Agy)" log ]

We can find the following second derivatives:

2 7.

(=32 — s~ 1)/ — T 25 Jexpie(4] D) (1 — expie(] D)) DY D"
£
82\71' 2 K

52 = —3[/Kg — (T;/Agy)" [log(ﬂ/)ugy) log x, + I/Kg]

£
(Cs5)
82 Zi 11Gr= Oz'
The matrix Dl(»Y)Dl(zy)T is a rank-one positive semi-definite matrix, so we can show that #
L4
. . . 0> e tic=gt Ot
is a negative definite. Also, ——/=1"%= —

is negative. Hence, the ELBO J is strictly concave re-

garding 4 ; and Kg-
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For the EHR feature count sub-model, the block-wise gradients can be found as

0O, j(y)
Om y) = 7)'1! 8m(y)

805 *Z‘(Y)
W = Yy s (Cs56)

3th (’) iii j(y)
tyz

t=1 =1 y=1

where
0T;

Oom;

P
= > Xy — A}V — A 'my = VX, — A} — A
j=1

0J; 1, 1
%, :——dlag ZA,Z] Vi ¢ — Sdisg{A; 1}—}—551@, (C57)

T ne V4
0
Pl S5 Yy~ g}V
t=1 =1 ;=1
where s© denotes the element-wise inverse. Fori = 1,...,n,and/ = 1,..., (m + K), we also have

the following Hessian matrices:

2
0T _ 1N~y vy - 2 diag(s72), (C8)

9%,
8B18]§; ZZAUD ViV =-V {ZD Diag(4 }

=1 j=1

where V]®2 = (Vﬁ, . diag(s9?) is a diagonal matrix with k-th diagonal elements being 51,762,

) jq)
fork = 1...,4,and Diag(4;) is diagonal matrix with j-th element being 4;;, forj = 1,...,p.

Since Amin(A) is bounded away from zero, min; ;4; > 0, cc" is positive semi-definite for any
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vector ¢, the sum of positive semi-definite matrices is also positive semi-definite, and the sum of a
positive semi-definite matrix and a positive definite matrix is positive definite, we can show that
0?7,/ (Om;0m;") and 0% J; (Os;0s;") are negative definite. Moreover, for any non-zero vector

¢ € RY, Veisalso nonzero since ¥ has full column rank. Then 6% 7./ (0B;0B,") is also negative
definite as )| D3diag(4;) is positive definite. Hence, the ELBO J is strictly concave regarding
B, m;, and s,.

The parameters A can be estimated by

K
1< ~)
= =) —~WT
;E E 71.},(Sl» +m; ' m; )

=1 y=1

6.3 ALGoORITHM FOR UrDATING C wiTH ADMM

In this section, we outline the algorithm for updating C using an Alternating direction method of

multipliers (ADMM) algorithm.
ADMM  Consider a problem of the form

rgvizn Alx) + ¢(z) subject to Ax + Bz = C
We defined augmented Lagrangian for a parameter p > 0

Ly(%,2,2) = flx) + g() + A" (dx + Bz — ) +§ | dx + Bz — cl2
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ADMM propose to update the primal variables x, z and dual variables alternatively, as

Xp41 = arg min f{x) +J§ || 4x + Bz, — c + l,/ﬁH%

2,41 = argmin g(z) +§ 11 + Bz — e+ 2 /pl;
z

l;’—&—1 =1 +J0(Axr+1 + Bzrp1 — C)

ADMM ror C  With other parameters fixed, we can formulate the optimization for C: Letd =

m+ K, {i} ={i: 1(G;=g)}

X
X= : ER™?, Xy e R
Xio)
Dy
D= e R Dy e R
Dy
C
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Let

d d d
——
-1 0 0 1 0 0 0 0o o0 -~ 0
-1 0 010
Q= —1 1 c RIAG-1)+1}xdG
-1 0 0 --- 1
11 1 11 --- 1 1 11 1
Our problem can be decomposed acrossj =1, -+ ,p, as

min —(9(2,/75,]/3, Cj,/A&,Z;Xj,D) +4 HQCj'Hl

G

which we can re-write as

min ~O(4,% B,C,,A,: X;, D) + A ||z|, s.t. QC; —z = 0.
’j%

The updating rule can be derived as

Cj+1 = argmin —(9(:4,/75,]/?\), Cj,j\,f;X}, D) —|—J§ HQCJ' — 2+ lr/JoHi
G

. Vi 2
Zr41 — arg;nln;l HZHI + E HQC]»"H -zt )"”/ﬁHZ (ng)

= SoftThreshold(QC; 1 + A,/p, 1 /p)

lr—l—l = A +ﬁ(QCj,r+1 - Zr+1)~
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For updating C; 11, we can use gradient-based optimization with gradient

ac, ~ 9C,2 1QC; — 2+ A./e|; =

> i 1(G;

S > 1(G

— A;}DY’

= Gy, {X; — 43D}

7 ADDITIONAL RESULTS FOR DATA APPLICATION

€RA4GX1

+,Q'QC; — Q" + Q'z,

(C60)

Overall Age Groups
<65 65—74 75—79 80 —84 > 84
Number of Patients, N(%) 14006 722 2039 2271 3273 5701
(100%)  (52%)  (14.6%)  (162%)  (23.4%)  (40.7%)
Gender, N(%)
‘Women 8932 389 1220 1373 2018 3932
(63.8%)  (53.9%)  (59.8%)  (60.5%)  (617%)  (69.0%)
Men 5074 333 819 898 1255 1769
(36.2%)  (46.1%)  (402%)  (39.5%)  (38.3%)  (31.0%)
Race/Ethnicity, N(%)
Non-Hispanic White 12977 644 1831 2093 3037 5372
(927%)  (89.2%)  (89.8%)  (92.2%)  (92.8%)  (94.2%)
Others 1029 78 208 178 236 329
(7.3%)  (10.8%)  (10.2%) (7.8%) (7.2%) (5.8%)

Table C1: Sample size and demographic information of AD patients in each age group.
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Proportion of high risk vs low risk
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Figure C1: Proportion of patients clustered into high risk vs low risk in each age group.
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Figure C2: Performance of SOLAR with Weibull mixture model (temp) vs Cox mixture model (temp-cox) in the overall
dataset and in each age group for stratification of AD patients at UPMC. (Left) C-index for the prediction of nursing
home admission and death based on cluster membership along with baseline demographics and healthcare utilization.
(Right) Adjusted hazard ratio of risk of nursing home admission and death between the high risk group vs low risk group.
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CUI Effect Size
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Figure C3: Effect size of NLP features (CUI) and medication (RXNORM) in each age group.
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