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Algorithms and Architectures for Quantum Simulation
with Neutral-atom Arrays

Abstract

Fast and scalable quantum simulations promise to revolutionize our understanding

of complex quantum systems, In this thesis, we primarily aim to develop algorithms

and architectures for leveraging programmable quantum devices, to model complex

physical phenomena551. As quantum computers can natively capture superposition

and entanglement, two key attributes which are challenging for classical computers to

accurately model, this approach promises significant benefits in the long run668,691,628.

We focus primarily on neutral-atom arrays, an emerging experimental platform, al-

though many of our results apply more generally as well. The work is structured into

three phases, each progressively advancing the complexity and control of considered

experimental hardware, and in parallel the importance and applicability of the consid-

ered quantum simulations.

In the first phase (Chapters 1–3), we address the challenge of programming and

controlling quantum many-body systems through analog techniques. Analog quantum

simulation utilizes continuous control parameters to engineer desired quantum states

and dynamics. Chapter 1 introduces novel methods for steering entanglement using

quantum many-body scars, harnessing special strongly-interacting dynamics to ma-

nipulate quantum entanglement robustly. Chapter 2 advances this approach by show-

ing how Floquet engineering can be used to systematically generate interactions, and
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how this enables sophisticated control over entanglement and access to novel quan-

tum phases. Chapter 3 integrates these developments into a general framework for

programming Hamiltonians into analog quantum simulators with time-reversal capa-

bilities, illustrating the power of programmable analog strategies for simulations of

lattice gauge theories.

The second phase (Chapters 4–6) shifts focus to topologically ordered quantum

states, known for their exotic long-range entanglement and fundamental significance

in condensed matter physics and quantum computation866,764. Chapter 4 presents

strategies to enhance the experimental detection and verification of topological or-

der using ideas from the renormalization group. The procedure we develop, order pa-

rameters dressed by local quantum error correction, significantly improve the practi-

cal observability of these delicate quantum phases. In Chapters 5 and 6, we explore

novel techniques for realizing topological phases, by exploiting newly developed exper-

imental capabilities, notably atom reconfiguration, to achieve precise digital control.

In particular, we show how to engineer chiral Floquet spin liquids - exotic quantum

phases exhibiting robust quantum coherence and non-Abelian excitations — as well as

simulations of topological fermionic matter936,746. These advancements not only illu-

minate foundational physics but also bridge towards robust quantum error correction

schemes.

The final phase (Chapters 7 and 8) expands the techniques developed thus far to-

wards the simulation of increasingly complex physical systems relevant to chemistry

and materials science. Chapter 7 discusses a general framework for digital quantum

simulation of effective spin models, prevalent in condensed matter physics, introduc-

ing crucial techniques for engineering and characterizing these Hamiltonians. Chapter

8 extends these insights by proving that fermionic quantum systems, essential for real-
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istic simulations of electronic structures in molecules and materials, can be efficiently

encoded into qubits580,686. This advance significantly reduces computational complex-

ity and opens pathways for genuine quantum simulations of chemical systems551,860.

Collectively, these contributions represent substantial progress towards practi-

cal quantum simulation with neutral-atom quantum processors, laying critical foun-

dations for future applications in physics, chemistry, and quantum information sci-

ence616.
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0
Introduction

Quantum systems underlie much of modern physics, chemistry, and materials science,

but their intrinsic complexity often places them beyond the reach of classical compu-

tational methods. The central challenge arises from the exponential growth of quan-

tum states with system size. For instance, the quantum state of just 50 interacting

quantum spins requires roughly 250 ≈ 1× 1015, i.e. a million billion, parameters to rep-

resent exactly. In the range of 50-100 qubits, this exponential growth causes the state

to become so large, that it would require more memory than currently available on

even the most powerful supercomputers. In practice, progress on modelling quantum

mechanical wavefunctions relies on approximating these states with lower-dimensional

descriptions, producing advanced computational techniques such as tensor networks,
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quantum Monte Carlo, and density functional theory. Despite this progress however,

many important problems remain computationally intractable954,550.

Quantum simulation offers a fundamentally new approach by harnessing quantum

mechanical hardware itself to perform computational tasks668,628. The foundational

idea, recognizes that quantum systems are inherently suited to emulate other quan-

tum systems directly. In a quantum simulator, the exponential complexity of quan-

tum states becomes a resource rather than a limitation. This strategy could offer ca-

pabilities to study quantum phases of matter, simulate quantum chemistry reactions,

and explore dynamical phenomena far beyond current classical methods551,837.

In the past two decades, advances in quantum technologies — such as trapped ions,

superconducting circuits, photonics, and neutral-atom arrays — have turned quan-

tum simulation from a theoretical concept into experimental reality813,855. These plat-

forms each offer unique strengths and challenges. Neutral-atom arrays have emerged

as particularly versatile and scalable platform. In this approach, individual atoms are

trapped in optical tweezers formed by tightly focused laser beams, enabling precise

spatial control. Further, the well-known level structure of the constituent atoms (Rb-

87 is most common) supports reliable internal-state manipulations, and tunable, long-

range interactions through highly excited Rydberg states794,644. Such flexibility has

allowed recent landmark experiments to observe previously inaccessible phenomena,

such as quantum many-body scars, and quantum spin liquids, and implementation of

error-corrected quantum circuits557,933,566.

The ability to perform controlled quantum simulations is not only central to under-

standing fundamental physics but may also hold significant technological potential.

For instance, simulations of strongly correlated electron systems can lead to new in-

sights into high-temperature superconductivity, informing the design of novel super-
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conductors. Quantum simulations of complex chemical reactions and catalysis might

prove valuable in biochemistry and drug discovery by providing accurate predictive ca-

pabilities beyond classical approximations. Furthermore, developing the capability to

simulate quantum systems accurately is a useful testbed for building large-scale quan-

tum computers, as many algorithmic components and error-correction strategies over-

lap substantially between simulation and more general quantum computations963,860.

0.1 Developments in neutral atom hardware

Neutral atoms have emerged as one of the leading platforms for quantum simulation,

owing to their exceptional versatility, scalability, and controllability691,916,794. The

core technology which enables neutral-atom quantum simulation is the optical tweezer

array, which employs tightly focused laser beams to trap and hold individual atoms

in precisely defined spatial configurations. By controlling the positions of these tweez-

ers through spatial light modulators or acousto-optic deflectors, experiments can con-

struct and manipulate programmable arrays of hundreds to thousands of atoms with

programmable spatial connectivity644,572.

Crucially, neutral atoms offer coherent coupling mechanisms to implement two-

qubit interactions essential for quantum simulation. Most prominently, Rydberg

excitation—a process where an atom is excited to a highly energetic state—enables

strong, controllable, and tunable interactions. Rydberg states have exaggerated prop-

erties, such as large electric dipole moments and significant polarizability, leading to

dipole-dipole interactions several orders of magnitude stronger than typical ground-

state atomic interactions. The hallmark phenomenon known as ”Rydberg blockade”

arises when a single atom excited to a Rydberg state suppresses excitation of neigh-
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boring atoms within a characteristic radius, effectively implementing strong, control-

lable many-body interactions and gate operations906,781.

The Rydberg blockade provides an elegant way to engineer quantum interactions

with high flexibility. By adjusting laser parameters such as frequency, intensity, and

pulse duration, we can effectively program Hamiltonians with tailored interaction pro-

files and strengths. These tunable interactions have made neutral-atom platforms

uniquely suited for studying a broad range of quantum many-body phenomena, in-

cluding quantum magnetism, quantum critical phenomena, and novel non-equilibrium

quantum phases645,643,572. Moreover, by periodically modulating these interactions —

i.e. Floquet engineering — we can synthesize effective Hamiltonians that cannot be

easily realized with static interactions alone779,826.

A major breakthrough from the past few years is the ability to reconfigure the ar-

ray while preserving coherence, by simply moving optical tweezers. This has enabled

digital quantum control, which unlocks the ability to run discrete, programmable gate

sequences akin to those in circuit-based quantum computing573,659. Hence, it opens

a variety of new opportunities for designing novel protocols including architectures

for quantum error correction and techniques for quantum simulation. In Chapters 5–

8, we explore how these capabilities can be combined with native Rydberg gates to

generate hybrid quantum simulation architectures uniquely suited to addressing chal-

lenging quantum simulation tasks such as studying topological phases and simulating

quantum chemical systems.
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0.2 Quantum control and scars

Analog quantum simulation is a powerful technique where the native interactions of

a quantum system are leveraged, with minimal programming, to directly study in-

teresting phenomena in many-body physics. Unlike digital quantum computation—

which relies on discrete gates and universal logic circuits—analog simulation operates

through continuous-time evolution under a carefully engineered Hamiltonian. This

approach capitalizes on the natural quantum dynamics of physical systems, offering

access to potentially more complex phenomena, without the overhead of digital pro-

gramming691,628.

Neutral-atom quantum devices were initially developed, and still can be used, for

analog simulation. In particular, strong interactions are generated through Rydberg

blockade, and interactions are tuned by selecting the static position. In this thesis, we

further explore how time-modulation of laser intensities and frequencies can more pre-

cisely engineer Hamiltonians with tailored properties, accurately modeling quantum

systems ranging from spin chains and quantum magnets to lattice gauge theories and

quantum fluids663,870,917.

This starts by studying quantum many-body scars, which are special, non-thermalizing

eigenstates arising in otherwise chaotic quantum systems. Quantum scars provide a

novel route to coherently control entanglement dynamics, resisting thermalization and

decoherence over unexpectedly long timescales557,937,861,965. Chapter 1 details how

exploiting these scars enables robust, targeted manipulation of quantum states, open-

ing potential avenues for quantum information storage and processing within analog

simulators.

We further extend these techniques by Floquet engineering, discussed in Chap-
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ter 2. Floquet engineering employs periodic driving to shape effective Hamiltonians

and interactions that would be challenging or impossible to achieve with static ap-

proaches826,779,902. By dynamically modulating system parameters, one can induce

artificial gauge fields, stabilize novel quantum phases, and extend coherence times—

significantly enriching the capabilities of analog simulation891,983.

While analog simulators inherently face limitations, in particular sensitivity to ex-

perimental errors, they likely have advantages in the near-term, due to their simplic-

ity of implementation and improved efficiency. The hybrid analog-digital approaches

developed in Chapters 1-3 of this thesis aim to leverage these strengths while aug-

menting the engineering capabilities, setting the stage for more sophisticated simula-

tions.

0.3 Topological phases

Topological phases are fundamentally quantum mechanical forms of matter, distin-

guished not by local order parameters, but by global, non-local patterns of quantum

entanglement764,790. Unlike conventional phases such as solids or liquids, which are

characterized by symmetry breaking and local observables, topological phases are

robust to local perturbations and exhibit properties tied to the global structure of

the system’s wavefunction. These phases often manifest exotic excitations—such as

anyons in two dimensions—that obey statistics fundamentally different from their

underlying constituents, e.g. bosonic particles can generate emergent low-energy exci-

tations with non-trivial fermionic statics761,978.

Topological order first emerged in the context of the quantum Hall effect, where

certain electron fluids exhibit quantized conductance values insensitive to microscopic
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details. Since then, a broad landscape of topological systems has been discovered, in-

cluding fractional quantum hall states, topological insulators, superconductors, and

spin liquids698. These systems are not only of deep theoretical interest in condensed

matter physics, but are also central to fault-tolerant quantum computation. In par-

ticular, their characteristic long-range entanglement and ground-state degeneracy on

nontrivial manifolds form the basis of topological quantum error-correcting codes,

such as the toric code759.

Despite their theoretical appeal, topological phases are notoriously difficult to re-

alize and probe experimentally. Their hallmark signatures—topological degeneracies,

edge modes, and non-local entanglement—are often subtle and masked by noise or

imperfections in real systems866. Neutral-atom quantum simulators offer a promising

route to address this challenge: their ability to engineer custom geometries, control

interactions with high precision, and perform site-resolved measurements enables the

creation and diagnosis of topological order in highly tunable settings933.

This thesis explores both the detection and realization of topological phases using

neutral atoms. Chapter 4 introduces techniques based on local error correction to

enhance the visibility of topological order in noisy environments. In Chapters 5 and

6, we leverage atom reconfiguration and Floquet engineering to digitally synthesize

spin liquid states and topological matter with non-Abelian excitations, paving the way

toward the experimental realization of robust topological quantum systems.

0.4 Quantum chemistry and materials

In the long run, one of the most exciting applications of quantum computers lies in

the study of quantum chemistry and materials science837. The electronic structure
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problem—determining the ground and excited states of molecules and solids from first

principles—is a cornerstone of these fields, with wide-reaching implications for cataly-

sis, drug design, photovoltaics, and the discovery of novel materials551. However, solv-

ing the Schrödinger equation for interacting electrons and nuclei is computationally

demanding due to the exponential growth of the Hilbert space with system size.

Classical approaches, such as Hartree-Fock, density functional theory (DFT), and

coupled-cluster methods, have achieved remarkable success, but they often struggle to

describe systems with large quantum fluctuations, including strong spin-correlations,

transition states with squeezed or stretched bonds, and excited-state dynamics after

photo-excitation954,825. These are precisely the regimes where quantum simulators are

expected to offer transformative advantages.

Quantum devices can represent electronic wavefunctions and simulate fermionic dy-

namics natively, offering the potential for exponential speedups in solving quantum

chemistry problems860. A key challenge, however, is efficiently mapping fermionic de-

grees of freedom onto qubit-based quantum hardware while preserving their essential

antisymmetric properties. Additionally, accurate simulation requires not only algo-

rithmic advances but also hardware capable of representing the complex Hamiltonians

found in chemical and material systems.

In this thesis, Chapter 7 introduces quantum algorithms specialized for simulat-

ing low-energy spin models relevant to materials, laying the groundwork for more

chemically realistic simulations. Chapter 8 then presents a framework for simulat-

ing fermions with minimal overhead, showing how structured encodings can efficiently

capture fermionic statistics using qubits. These developments are essential for scaling

quantum simulation methods toward real-world chemistry and materials applications,

where understanding and predicting complex quantum behavior can lead to tangible
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technological breakthroughs.

0.5 Error correction and algorithms

Ultimately, scaling quantum simulations to tackle important and classically intractable

problems, will inevitably require robust error correction963. Quantum systems are in-

herently fragile, subject to rampant decoherence and gate imperfections. While we

have pushed neutral atom hardware to be competitive with other devices, having fi-

delities over 99.5%, without some form of error mitigation or correction, these errors

accumulate and quickly overwhelm the signal in long computations or large-scale sim-

ulations. Quantum error correction (QEC) provides a principled framework for detect-

ing and correcting such errors without destroying quantum information.

However, traditional approaches to QEC often leads to large overheads, due in

large part to the fact that error correction and algorithms have been designed as in-

dependent layers. As quantum hardware matures, a more integrated perspective will

become essential: co-designing quantum algorithms and QEC procedures can dramati-

cally reduce overhead and unlock new capabilities.

While not discussed in content of this thesis, we have begun to explore such ideas

by developing techniques that leverage algorithmic parallelism to generate lower-

overhead quantum gatesets. In the long term, the convergence of algorithmic design,

hardware architecture, and QEC strategies will be essential for building scalable quan-

tum simulators that can solve real-world problems with provable quantum advantage
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0.6 Thesis outline

The remainder of this thesis is organized into eight chapters, each building on foun-

dational concepts introduced earlier. Chapters 1–3 focus on the development of ana-

log techniques for programming and controlling quantum many-body systems us-

ing neutral-atom arrays, including the manipulation of entanglement dynamics via

many-body scars and the engineering of effective interactions through Floquet driving.

Chapters 4–6 shift toward topologically ordered states, exploring both their detection

via local error correction and their synthesis through digital control and atom recon-

figuration. Chapters 7 and 8 extend these tools toward simulating complex quantum

systems relevant to chemistry and materials, culminating in a powerful set of results

that enable efficiently encoding fermionic models and simulating them with qubit-

based hardware. Together, these contributions represent a comprehensive advance in

the algorithms and architectures required to perform meaningful quantum simulations

with neutral-atom platforms. Note that this introduction was written with the help

of OpenAI’s LLM tools, and served as a small research experience learning how to

use new technology. The remaining chapters are all excerpts taken from published or

soon-to-be published research papers.
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1
Entanglement steering with driven scars

1.1 Introduction

Creating and manipulating entanglement is a fundamental goal of quantum informa-

tion science, with broad implications in computation, metrology, and beyond. At the

same time, not all forms of entanglement are useful. Strongly interacting quantum

many-body systems generate large amounts of entanglement under their intrinsic dy-

namics, in a process known as thermalization626,751. However, such dynamics irre-

versibly scramble quantum information. Controlling entanglement while combating

thermalization519,864,937 in isolated interacting many-body systems563,680,583 is there-

fore essential for applications of large-scale entangled states718,887.
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Experimental studies involving programmable quantum simulators based on Ry-

dberg atom arrays555 have suggested that interacting quantum systems can exhibit

a weak breakdown of thermalization, where certain initial conditions exhibit surpris-

ing, persistent many-body revivals. This phenomenon comes from quantum many

body scars (QMBS)966,714– anomalous, non-thermal eigenstates – named in analogy

to non-ergodic states in the spectrum of otherwise chaotic single particle Hamilto-

nians709. Intriguingly, in some models with QMBS the system undergoes periodic

entanglement and disentanglement cycles714,613,843,598, providing a potential route to

the controlled manipulation of entanglement dynamics. In practice, however, QMBS

are fragile966,613,754,800; since they rely on a dynamically disconnected subspace of non-

thermalizing eigenstates613,946,937,862,861, additional interactions generically lead to

thermalization800.

Recent experiments570 demonstrated that periodic driving can dramatically in-

crease the lifetime of scarred oscillations. This observation is surprising, since the

driving frequencies used were resonant with the local energy scale, permitting easy

energy absorption and rapid heating towards a featureless, infinite-temperature state.

Additionally, the experiment observed a robust subharmonic response at half of the

driving frequency, suggestive of discrete time-crystalline (DTC) order755,651.

In this Letter, we propose a theoretical framework for understanding these experi-

mental observations by introducing a mechanism whereby driving stabilizes quantum

scarred oscillations, prolonging their lifetime and protecting them against arbitrary

perturbations. Specifically, we focus on the PXP model665,789,555 with kicked driving,

an idealized model for the Rydberg atom array experiment570. This model exhibits

robust subharmonic responses and many-body revivals coming from an effective many-

body spin echo. The deviation from a perfect echo introduces a small parameter, al-
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lowing us to derive an effective prethermal description of the Floquet dynamics with

is stable up until parametrically long times653.

Namely, we construct an effective Hamiltonian in a rotating frame, hosting an

emergent Z2 symmetry which is spontaneously broken in its gapped ground state

manifold. In the laboratory frame, the system oscillates between the two sponta-

neously broken ground states, resulting in a robust subharmonic response charac-

teristic of DTC983,653,1007. However, this subharmonic response is restricted only to

Néel-like initial states which have a strong overlap with the ground state of the ef-

fective Hamiltonian — a property inherited from QMBS. Our model differs crucially

from earlier works on homogenous time crystals in 1D720,892,863,1010 and mean-field

constructions902, in that the trajectory being stabilized is generated by an interacting

Hamiltonian, which produces non-trivial entanglement. Therefore, our construction

opens a prospective route towards coherent control of entanglement dynamics.

1.2 Model and phenomenology

We study a periodically kicked model H(t)=HPXP + θN
∑

k∈Z δ(t− kτ), which gener-

ates the following one-period Floquet unitary,

UF(θ, τ) = e−iθNe−iτHPXP , (1.1)

HPXP =
L∑
i=1

Pi−1σxiPi+1, N =
L∑
i=1

ni, (1.2)

describing evolution with the PXP Hamiltonian HPXP 665,789,555 for time τ, followed

by the number operator N applied through rotation angle θ. For simplicity, the model

is defined on a 1D chain of L sites with periodic boundaries, although much of the

analysis carries over to higher dimensional bipartite lattices. Each site is a two-level
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system spanned by a ground (◦) and an excited (•) state. Operators ni= |•⟩ ⟨•|i and

Pi= |◦⟩ ⟨◦|i are projectors, while σxi = |◦⟩ ⟨•|i+ |•⟩ ⟨◦|i generates Rabi oscillations. In the

Hamiltonian, σxi is dressed by projectors on neighboring sites, ensuring that dynamics

remain within the blockaded subspace where adjacent sites are never simultaneously

excited.

For θ= 0 the Floquet dynamics (1.1) are equivalent to undriven evolution under

HPXP. The PXP model is non-integrable and features rapid growth of bipartite entan-

glement entropy, Sent(t)=− tr ρ ln ρ where ρ is the half-chain density matrix, from the

majority of product states. In contrast, quenching from the Néel state |Z2⟩= |•◦•◦ . . .⟩

leads to coherent oscillations between |Z2⟩ and its inversion partner |Z′
2⟩, as first seen

in555, with oscillation period τr≈ 1.51π that sets an intrinsic resonant timescale. These

oscillations, supported on quantum scars966, are captured by the sublattice imbalance

in excitation number, I =(2/L)
∑L/2

i=1 (n2i−1 − n2i), see Fig. 1.1(a), and also occur in

higher dimensional bipartite lattices844,570. However, dynamics under HPXP generate

entanglement, and the coherent many-body oscillations eventually decay.

The addition of strong driving with θ≈ π suppresses thermalization at early times,

most clearly seen in the nominal growth of entanglement entropy over multiple cy-

cles, see Fig. 1.1(a). Concomitantly, oscillations of I synchronize to half the drive

frequency, a phenomenon known as subharmonic locking. The origin of this response

is related to the existence of a special point at θ = π, where driving implements an

effective many-body echo; because HPXP anticommutes with the operator C =
∏

i σ
z
i =

e−iπN, then UF(π, τ)2= Ce−iτHPXPCe−iτHPXP = eiτHPXPe−iτHPXP = 1, implying perfect sub-

harmonic revivals across the entire Hilbert space. Furthermore, note that HPXP anti-

commutes with C, irrespective of the lattice geometry. However, upon deviating from

θ = π, these revivals rapidly damp out for typical initial states, whose undriven dy-
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Figure 1.1: (a) The density imbalance I and bipartite entanglement entropy characterize
oscillations between the two Néel ordered states (|Z2⟩), for undriven (orange) and driven
(black) dynamics in an infinite size chain simulated via iTEBDSOM. Adding driving with
τ= 0.993τr/2 and θ= 0.9π to PXP model arrests the growth of entanglement entropy Sent
and prolongs the lifetime. In contrast, driven dynamics from the |Z4⟩= |•◦◦◦•◦◦◦ . . .⟩ state,
which do not support scar oscillations, thermalize rapidly (blue). (b) Subharmonic weight and
average entanglement entropy, computed over 400 cycles (T= 400τ), for an L= 28 chain, and
τ= 0.993τr/2. Dynamics from the |Z2⟩ state form a stable plateau around θ= π. However from
|Z4⟩, the response disappears for θ ̸= π.

namics do not exhbit many-body oscillations in I, see Fig. 1.1 andSOM.

In contrast, long-lived oscillations from the Néel state persist over a wide range of

parameters centered at θ= π and τ= τr/2. To quantify the response, we compute the

subharmonic weight f2(ωd/2)∝ |S(ωd/2)|2, defined as the normalized spectral weight of

⟨I(t)⟩ at half the driving frequency ωd= 2π/τ, rescaled so f2(ωd/2)= 1 for perfect sub-

harmonic response at θ= π from the Néel states, seeSOM. The plateaus in the subhar-

monic weight and time-averaged entanglement entropy in Fig. 1.1(b) signal a robust,

persistent response at ωd/2.
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1.3 Many-body echo in su(2) subspace

The robust subharmonic response can be qualitatively understood using mean-field-

like trajectories on an effective Bloch sphere. We invoke the forward-scattering ap-

proximation (FSA), which constructs an L + 1 dimensional subspace that captures

dynamics under HPXP from a Néel initial state, and approximate su(2) algebraic struc-

ture966 of a spin-L/2 collective degree of freedom. The Sz operator is defined by the

density imbalance, Sz=
∑L/2

i=1 (n2i−1 − n2i), so the Néel state |Z2⟩ (|Z′
2⟩) corresponds

to the North (South) pole. The Sx operator is approximately proportional to HPXP,

and generates a rotation that exchanges the two Néel states (blue lines in Fig. 1.2).

Finally, Sy is calculated using su(2) commutation relations. In contrast, the action of

e−iθN pulses is more complex, since the operator N does not have a closed form rep-

resentation in the su(2) subspace. However, it can be approximated as N ∼ (Sz)2 in

the vicinity of the Néel states |Z2⟩ and |Z′
2⟩, which accumulate identical phases under

e−iθN, seeSOM and Fig. 1.2(b). Note that we use the weakly deformed PXP model613

to generate spin operators, but consider dynamics under HPXP SOM.

We visualize the many-body dynamics by computing expectation values of the col-

lective spin operators Sx,y,z. Figure 1.2(a) illustrates that at θ= π the second applica-

tion of HPXP returns the system to its initial state. Away from θ= π, trajectories from

|Z2⟩ are no longer closed, but there exists a nearby closed orbit with period 2τ, see

Fig. 1.2(b). States near this periodic orbit, including the Néel state, exhibit strobo-

scopic precession around the fixed point, explaining subharmonic response. In this pic-

ture, the existence of periodic trajectories is qualitatively similar to mean-field descrip-

tions of time crystals902,612,713. However, a key difference is that the emergent spin-

L/2 degree of freedom is not composed of independent spins, evinced by non-trivial
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Figure 1.2: Trajectories of driven PXP model for L= 16, plotted on the Bloch sphere of the
collective spin-L/2. (a) The dynamics generated by two periods of UF(π, τ) exhibit a perfect
return to the |Z2⟩ initial state: e−iτHPXP with τ= 0.45 τr under-rotates the |Z2⟩ state (blue line),
then the application of e−iπN (orange line) flips the x, y-projections of the spin so that the sec-
ond Floquet pulse completes the cycle. (b) The same dynamics but for θ= π − 0.05 supports
a periodic trajectory near the Néel state. Dynamics initialized near the periodic trajectory
precess around it at stroboscopic times forming cycles depicted for 100 driving periods for
three initial states (green ring corresponds to |Z2⟩ initialization).

entanglement oscillations. Furthermore, dynamics outside of collective spin-L/2 sub-

space are ergodic, leading to rapid thermalization from other initial states. As such,

this picture does not explain why the spin-L/2 subspace is a good approximation, and

how driving reduces thermalization, for which we must consider the many-body Flo-

quet unitary.
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1.4 Prethermal analysis and effective Hamiltonian

We analyze the many-body dynamics by expanding around the perfect echo point

θ= π where the Floquet unitary is denoted Xτ=UF(π, τ). This allows us to write

UF(θ, τ) = eiεNXτ, ε = π − θ, (1.3)

where ε is a small parameter quantifying the deviation from the perfect point. Since

X 2
τ = 1, the dynamics are equivalent to a generalized spin flip, followed by short evolu-

tion under N for time tSOM. As such, the unitary UF(θ, τ) is written in the canonical

time crystal form651,983; here, we apply the techniques from Ref.653,658 to show the

Floquet unitary can be approximated by UF≈Ve−iεHFXτV†, where HF is an effective

Hamiltonian constructed perturbatively in ε, and V is a perturbative frame transfor-

mationSOM.

As the DTC phenomenology depends on spectral properties of the effective Floquet

unitary, we base our analysis on the leading order effective Hamiltonian and Floquet

unitary,

H(1)
F = − 1

2
(N+ XτNXτ) , U(1)

F (θ, τ) ≡ e−iεH(1)
F Xτ. (1.4)

The effective Hamiltonian H(1)
F corresponds to the average Hamiltonian in a frame co-

rotating with X, and so to leading order ε sets the timescale of dynamics in the rotat-

ing frame. Crucially, the expansion of HF has an emergent Z2 symmetry [HF,Xτ] = 0

at higher orders as well, which ultimately comes from time-periodicity of the driveSOM,653;

nevertheless, formally the expansion is an asymptotic series, and hence should be

truncated at some optimal order to accurately capture dynamics of local observables.

The effect of residual terms is rigorously bounded518,653, guaranteeing accuracy of HF
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up to the prethermal timescale Tp≳ (τ/ε)ecp/ε for some cp> 0.

The origin of the subharmonic response can be understood by analyzing eigenstates

of the transformed Floquet unitary in Eq. (1.4) and their dimensionless quasi-energies

ε, defined by U(1)
F |u⟩= eiε |u⟩. For τ near an integer multiple of τr/2, the Floquet op-

erator has a pair of eigenstates characterized by strong overlap with |Z2⟩ , |Z′
2⟩, and

featuring nearly degenerate quasi-energies (0-pairing) or quasi-energies separated by

π (π-pairing), see Fig. 1.3(a). These observations also imply the eigenstates can be

well approximated by the long-range correlated “cat” states |±⟩=(|Z2⟩ ± |Z′
2⟩)/

√
2

as these states carry definite momentum k0 (|+⟩) and kπ (|−⟩), and underlie sponta-

neous symmetry breaking (SSB) of the system’s translation symmetry. However, the

emergent symmetries Xτ also play a crucial role, as the π and 0 quasi-energy gaps oc-

cur when Xτ either exchanges the two Néel states (τ= τr/2) or leaves them invariant

(τ= 0, τr). A π quasi-energy gap between the “cat” states |±⟩ leads to subharmonic re-

sponse in dynamics from the |Z2⟩ or |Z′
2⟩ state, and is characteristic of time-crystalline

order651,983,772,757,891. At the level of the effective Hamiltonian H(1)
F , these π(0)-paired

eigenstates correspond to degenerate ground states in Fig. 1.3(b), separated by a fi-

nite gap Δ to excited states, and belonging to different (same) symmetry sectors of

Xτ. Hence Xτ symmetry breaking in the ground state is linked to DTC order and the

subharmonic oscillations of spatial order651,983,SOM.

We argue the observed region with DTC order descends from a model with con-

jectured perfect scars613,SOM. Specifically, if we deform the PXP model as described

in 613, Xτ at τ= τr/2 exactly exchanges the Néel states, and |±⟩ become true ground

states of H(1)
F with a constant gap Δ ≥ 1. The PXP model, as well as driving for τ

away from τr/2, are weak deformations of this drive. However, these deformations do

not preserve the emergent symmetry Xτ at the level of H(1)
F , and could destroy the
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ground state degeneracy. In Ref.SOM, we argue that since the emergent symmetry

changes slowly as we deform the drive, the ground states throughout the π-paired

region in Fig. 1.3 may be adiabatically connected to |±⟩. Indeed, we confirm the en-

ergy splitting in the ground state of H(1)
F decreases exponentially with system size, see

Fig. 1.3(b) inset, as expected for SSB.

The above analysis reveals four distinct timescales emergent in the prethermal

regime of Eq. (1.4). The shortest timescale Ts= 2τ is the subharmonic response. The

second timescale, determined by the gap Δ in the spectrum of H(1)
F , is Tb ∝ τ(εΔ)−1

and comes from overlap between the Néel initial state and the lowest lying excited

states. Semiclassically, Tb is the precession period from Fig. 1.2(b). Finally, the longest

timescale is set by the inverse energy splitting in the ground state manifold of H(1)
F ,

Tg∝ (τ/ε)ecdL, characteristic of SSB. All phenomenology is ultimately contingent upon

the validity of the prethermal analysis, which holds until Tp≳ (τ/ε)ecp/ε.

1.5 Connections to experiments.

Going beyond the idealized model (1.1), we replace HPXP in Eq. (1.2) by the Ryd-

berg Hamiltonian HRy =(Ω/2)
∑

i σxi − δ
∑

i ni +
∑

i(V1nini+1 + V2nini+2), which in-

cludes imperfect Rydberg blockade and next-nearest-neighbor interactions. The PXP

Hamiltonian is recovered from HRy in the limit V1→∞, V2= 0, and the resonant time

τr∝ 1/Ω is rescaled. Here, we consider a 1D chain with V2=V1/26, V1= 10Ω, and

choose δ=V2 to cancel the static background from the next-nearest-neighbor interac-

tions570.

Figure 1.4 illustrates the timescales Ts, Tb, and Tg from stroboscopic dynamics

of the revival fidelity Fn= |⟨Z2|UF(θ, τ)n|Z2⟩|2 generated by the kicked Hamiltonian
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H(t)=HRy + θN
∑

k δ(t− kτ). Over tens of driving cycles, we observe a robust sub-

harmonic response, and an emergent beating timescale Tb. Over hundreds of driving

cycles, we observe slow oscillations between even periods F2n and odd periods F2n+1,

with timescale Tg. Specifically, in the rotating frame, the two ground states of HF,

≈ |±⟩, form an effective two-level system with energy splitting ΔE=E+ − E−. The

initial state can be expanded as |Z2⟩≡ (|+⟩ + |−⟩)/
√
2, and after a time Tg= π/(2ΔE),

it evolves into a superposition (|+⟩ + i |−⟩)/
√
2 equivalent to (|Z2⟩ − i |Z′

2⟩)/
√
2 mod-

ulo global phase, which is a macroscopic superposition corresponding to the so-called

Greenberger-Horne-Zeilinger (GHZ) state. Dynamics in the lab frame are related by

Xτ kicks, which exchange the Néel states every period. Finally, the prethermal time,

when all fidelities may become exponentially small in L, is not visible for the system

sizes or times simulated.

1.6 Discussion

These considerations demonstrate that entanglement dynamics associated with quan-

tum many-body scars can be stabilized and steered in the periodically kicked PXP

model, resulting in an evolution strongly reminiscent of prethermal DTC order. Our

construction relies on the effective many-body π-pulse realized through quantum

scars, which connect the two Néel states via an entangled trajectory, and a driving

pulse that reverses the direction of time. Similar to prethermal time crystals, the

emergent order features a robust, long-lived subharmonic response and spatiotemporal

order for a range of parameters. However, in our model these signatures are present

only for eigenstates which are perturbatively close to the Néel initial state, and re-

quire sufficiently high fidelity state preparation to be observed892. Nevertheless, we
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demonstrate that the signatures of DTC physics survive in an experimentally relevant

model, thus providing a possible explanation for recent experimental observations

in570. Moreover, we theoretically predict new emergent timescales that could be ob-

served in future experiments and the possibility of preparing GHZ states871 in driven

quench dynamics.

The phenomenon described here drastically enhances the stability of non-ergodic

dynamics thus opening a large number of exciting directions. Specifically, by extend-

ing this construction to the more complicated trajectories in the PXP model843 or to

quantum scars in other models586,598,852,937,861, control over more complex entangle-

ment dynamics could be implemented. From a practical perspective, there remains a

number of questions related to experiments in Rydberg arrays570. In particular, it is

desirable to understand the dynamics in two-dimensional lattices844, including the sit-

uations where two sublattices have different numbers of nearest neighbours. In higher

dimensions, there exists an intriguing possibility of realizing a true prethermal time

crystal, with a finite temperature phase transition in HF. It is also desirable to build a

theory for higher order subharmonic responses observed in experiments570, and obtain

analytical understanding for continuously driven models. Finally, it is important to

understand if one can implement full control over the many-body dynamics within the

effective spin-L/2 subspace788, which could be utilized for applications such as robust

quantum information storage and quantum metrology.
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2
Floquet engineering of interactions and

entanglement in Rydberg Chains

2.1 Introduction

Programmable quantum simulators provide unique insights into complex many-body

systems. They can be used for explorations of strongly correlated quantum phases of

matter836,646,934,599,667, non-equilibrium quantum dynamics783,923,751,1015,557,573,578,712,824,

many-body entanglement675,731,751,872,585,743, and quantum metrology915,882,618,578,650,712.

Neutral atom arrays are a promising approach to realizing programmable quantum

simulators557,583,781,857, where tunable atom trapping geometry along with strong in-
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teractions resulting in Rydberg blockade allow one to generate a variety of strongly

correlated spin models. Coherent laser excitation into Rydberg states generates dy-

namics within the accessible Hilbert space, similar to that provided by a global trans-

verse field in the Ising model. These constrained dynamics result in new physical

phenomena such as quantum many-body scars557,967,573, which evade thermalization

starting from certain product initial states. At the same time, extending the toolbox

of Rydberg quantum simulation in the blockade regime to dynamical generators be-

yond simple transversal fields is an open challenge. This is important, for instance,

for realizing spin liquids934,971,975,959 and lattice gauge theories953,909,911,592,715, for

steering the dynamics of many-body states via counterdiabatic terms632,931,807, for re-

alizing new types of quantum optimization algorithms888,588,868, and for recent efforts

to generate metrologically useful entanglement in systems with quantum many-body

scars636,638.

Motivated by these considerations, in this Letter we introduce a technique for Flo-

quet engineering685,826,649,526,851,744,670,840,679,920 that employs time-dependent control

to realize effective Rydberg-blockaded models with versatile interactions. While Flo-

quet engineering is widely utilized for interacting spin systems990,992,609,1017,1018,678,

conventional techniques rely on local Pauli frame transformations that generally vi-

olate the blockade constraint, or are limited to few-body gates in digital approaches

employing optimal control techniques831. Our approach, illustrated in Fig. 5.1 (b),

leverages driven, periodic many-body trajectories originally discovered in the con-

text of stabilizing quantum many-body scars573,829,723. The complex micromotion

of these trajectories serves as a resource for programmable Hamiltonian engineering,

since perturbations applied during the periodic drive act at stroboscopic times via

an effective Hamiltonian generated by time-evolved operators829. The resulting class
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of time-evolved operators forms a basis for the realization of novel interactions with

tunable coefficients, which are not accessible in the static native Hamiltonian. Using

this approach, we show how blockade-consistent spin exchange interactions can be en-

gineered, enabling the investigation of gapless phases with emergent particle number

conservation977. Moreover, in this new regime, we demonstrate the dynamic gener-

ation of structured multi-partite entanglement from Néel (Z2) product initial states

and explain this effect in terms of the dynamics of domain walls.

2.2 Hamiltonian engineering

The key idea of this work can be understood by considering the driven PXP model

illustrated in Fig. 5.1 (a), which describes a one-dimensional atom chain with peri-

odic boundary conditions, driven into the Rydberg state with fixed Rabi frequency

Ω under idealized nearest-neighbor Rydberg blockade, with time-dependent global

detuning Δ(t):

H(t) =
Ω
2
HPXP − Δ(t)N, (2.1)

HPXP =
∑
i
Pi−1σxiPi+1, N =

∑
i
ni. (2.2)

Here the operators Pi =
1+σzi
2 = |◦⟩i⟨◦|i and ni =

1−σzi
2 = |•⟩i⟨•|i project site i onto ground

(◦) and Rydberg (•) states respectively, while σxi = |◦⟩i⟨•|i + |•⟩i⟨◦|i generates Rabi os-

cillations. Our objective is to realize off-diagonal number conserving processes beyond

single spin flips, utilizing the intrinsic controls Ω and Δ(t). In a conventional (static)

approach (Δ(t) = Δ) to this problem, one typically relies on large detuning Δ ≫ Ω,

where multi-body spin flips emerge perturbatively in powers of (Ω/Δ)n. The relative
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Figure 2.1: Hamiltonian engineering. (a) We consider the driven PXP model as an approxi-
mate description of Rydberg atoms in optical tweezers, with Rabi frequency Ω and τ-periodic
time-dependent global detuning Δ(t). Our protocol consists of π-pulses that realize a many-
body echo (green) and deliberately placed perturbations (red). The echo realizes evolution
under HPXP for effective time − τ

4 ≤ t′ ≤ τ
4 , returning to t′ = 0 at stroboscopic times. (b)

The resulting dynamics perturbs around the periodic trajectories of the many-body echo,
illustrated as micromotion in the full blockade-constrained Hilbert space. At stroboscopic
times nτ, an effective Floquet Hamiltonian HF generates evolution within a constant energy
submanifold. In our main application, the stroboscopic dynamics evolves a Néel (Z2) initial
state towards a highly entangled GHZ-like state. Inset: Micromotion (black) and stroboscopic
dynamics (red) of the Rydberg density ⟨n⟩ on an L = 16 periodic chain. Despite large oscilla-
tions within Floquet cycles, the stroboscopic evolution approximately conserves ⟨n⟩. (c) Our
approach realizes effective models HF with tunable control over the dynamics of domain wall
excitations on top of the Néel order. This includes a chemical potential J, blockade-consistent
spin exchange interactions h that act as two-site hopping for domain walls, as well as cre-
ation/annihilation terms g of domain wall pairs. The regime of small g provides a mechanism
for generating long-range multi-partite entanglement via growing superpositions of alternate
Z2 orders.
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strengths of such processes are generally weak and cannot be tuned independently.

Our dynamic protocol circumvents this restriction by modulating laser detuning

Δ(t) and leveraging a many-body spin echo. Specifically, since HPXP anti-commutes

with the operator
∏

i σ
z
i = eiπN, π-pulses of the global detuning effectively reverse its

sign967,829: eiπNHPXPeiπN = −HPXP. This property enables a dynamical decoupling in

the strongly interacting PXP model by means of a simple pulse sequence (n ∈ N),

Δ0(t) = π
∑
n

δ
(
t− τ

4
− n

τ
2
)
. (2.3)

Within each Floquet period τ, the system evolves forward under HPXP for τ/4, back-

ward for τ/2, and forward again for τ/4. At a given time t ≤ τ, the system has thus

undergone an effective evolution by HPXP for a time t′ = t′(t) = ||t − τ/4| − τ/2| − τ/4,

where t′ ∈ [− τ
4 ,

τ
4 ], as shown in Fig. 5.1 (a) (see Supplemental Materialsup, Sec. I A). As

t′(τ) = 0, the system exhibits periodic revivals at stroboscopic times nτ.

To generate a nontrivial effective evolution, we utilize complex micromotion along

the periodic trajectory, as illustrated in Fig. 5.1 (b). Specifically, we introduce global

detuning perturbations consisting of τ-periodic discrete pulses around the echo proto-

col of Eq. (2.3), Δ(t) = Δ0(t) + Δ̃(t) with Δ̃(t) =
∑

j,n Δ̃j δ
(
t− tj − nτ

)
. At stroboscopic

times, these perturbations translate into evolution under a static, local effective Flo-

quet Hamiltonian HF, which holds up to an exponentially long prethermal timescale

Tp ≳ (τ/|Δ̃|)ecp/|Δ̃|, where |Δ̃| =
∑

j |Δ̃j| and cp > 0521,516. In the interaction picture

with respect to the perfect echo evolution for Δ̃ = 0, we obtain the leading contribu-

tions to HF through a Floquet-Magnus expansion654,829 (seesup, Secs. I B-I C), result-
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ing in HF =
∑∞

n=0H
(n)
F , with

H(0)
F = −

∑
j

Δ̃j

τ
Ñ(t′j), H

(1)
F =

∑
j>ℓ

Δ̃jΔ̃ℓ

2iτ

[
Ñ(t′j), Ñ(t′ℓ)

]
. (2.4)

We note that H(n)
F are constructed from Rydberg number operators conjugated by

evolution under HPXP for the effective times t′j = t′(tj) of the echo protocol,

Ñ(t′) ≡ eit
′ Ω
2 HPXPNe−it′ Ω2 HPXP .

Consequently, operator spreading under the micromotion generated by HPXP induces

interactions in the form of n-nested commutators (t′)n[HPXP, ..., [HPXP,N]...] in Ñ(t′)

and thus HF.

Coefficients of these terms in HF are controlled by the locations tj and weights Δ̃j of

the pulses. Pulses with t′j = 0 couple to the bare Rydberg number operator N. Fur-

ther, symmetric weights of pulses at ±t′j ensures that all terms containing an odd

number of commutators vanish in H(0)
F , which thus conserves Rydberg number parity.

Hence, for small t′j the leading non-trivial contribution to H(0)
F appears at order (t′j)2,

which contains nearest-neighbor pair flips. Single spin flips appear only in H(1)
F . Based

on this intuition, we introduce the following detuning perturbations, parameterized in

terms of the (dimensionless) variables γ, θ, ε, see Fig. 5.1 (a),

Δ̃(t) =(γ− θ)
∑
n

δ (t− nτ) + θ
∑
n

δ
(
t− τ

2
− nτ

)
+ε
∑
n

δ
(
t− τ

4
− nτ

)
+ ε

∑
n

δ
(
t− 3τ

4
− nτ

)
.

(2.5)

Here, the first two pulses both occur at effective time t′ = 0, while the latter occur
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at t′ = ± τ
4 . Inserting into Eq. (2.4) and expanding Ñ(τ/4) perturbatively for short

periods Ωτ
4 ≪ 1, we obtain an approximate closed-form expression for the effective

Hamiltonian,

HF ≈ −J N− h HPXYP + g HPXP +
h
4
HZIZ,

J =
(γ+ 2ε)

τ
− 3εΩ2τ

32
, h = − εΩ2τ

32
, g = − ε(θ+ ε)Ω

8
.

(2.6)

Here, we have kept all terms to quadratic order in Ωτ, ε, γ, θ (see details in sup, Sec. I C);

HPXYP ≡ 1
2
∑

i Pi−1
(
σxi σxi+1 + σyi σ

y
i+1
)
Pi+2 is a blockaded nearest-neighbor spin-exchange

interaction and HZIZ ≡
∑

i σ
z
i σzi+2. Our Floquet protocol provides flexible relative tun-

ability of the coefficients J, h, g by controlling the period Ωτ and parameters ε, γ, θ.

Thus, our construction extends the capabilities of the Rydberg quantum simulator

to blockade models with independent control over quasiparticle number conservation,

motion, and creation/annihilation processes (for comparison with static approach

seesup, Sec. I D). In particular, this enables access to exchange-dominated regimes

h ≳ g, which we explore in the following.

2.3 Controlled multi-partite entanglement

We consider dynamics starting from a Néel state, |Ψ(t = 0)⟩ = |Z2⟩. Excitations on

top of this state can be viewed as domain walls, created in pairs by HPXP, see Fig. 5.1 (c);

J sets a chemical potential and HPXYP generates (two-site) hopping of domain walls.

We fix the parameters of the Floquet drive to Ωτ
2π = 0.77 (close to the scar period

of the bare PXP model? ), and ε = −0.45, γ = 1.0, θ = 0.15. This translates to an ef-

fective model of Eq. (2.6) with J ≈ 0.225, h ≈ 0.068, g ≈ −0.017, where the rate of do-

main wall hopping is stronger than of creation/annihilation. As shown in Fig. 5.1 (b),
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Figure 2.2: Entanglement dynamics. (a) Stroboscopic evolution of an L = 16 periodic chain
under a drive with period Ωτ

2π = 0.77 and perturbations set to ε = −0.45, γ = 1.0, θ = 0.15.
Starting from a Néel initial state, the Rydberg number density (blue) remains high, while
the Z2 order (red) washes out, in qualitative agreement with evolution under the effective
Hamiltonian Eq. (2.6). (b) Dynamics under the drive H(nτ) generates spreading, connected
σz-correlations with antiferromagnetic (AFM) spatial profile. (c) The driven dynamics realizes
an AFM GHZ state for L = 16 once the connected σz-correlations peak near unity at all dis-
tances. For fixed drive parameters, as system size increases, the peak in GHZ fidelity shifts
approximately linearly with L, with decreasing height (solid). However, drive parameters
can be tuned for each system size to maintain large GHZ fidelity (dashed, see text and sup,
Sec. III B).
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the average Rydberg density ⟨n(t)⟩ varies rapidly during micromotion, but evolves

only slowly at stroboscopic times. Even though the parameters perturbing the echo

are sizeable, the effective Hamiltonian Eq. (2.6) nonetheless provides a good descrip-

tion of the stroboscopic evolution as demonstrated in Fig. 5.2 (a). We confirm insup,

Sec. IV B that quantitative discrepancies are dominated by higher order terms in the

effective Hamiltonian rather than heating. Interestingly, while the density of Ryd-

berg excitations remains high, the staggered magnetization
∑

j(−1)j ⟨σzj (t)⟩ washes out.

As this happens, the system develops growing connected correlations ⟨σzi (t)σzj (t)⟩ −

⟨σzi (t)⟩ ⟨σzj (t)⟩; Fig. 5.2 (b). Once these fluctuations reach the system size (here: L = 16),

the state develops large overlap with an antiferromagnetic GHZ state, defined as

|GHZ⟩ = 1√
2

(
|Z2⟩+ eiφ|Z′

2⟩
)

, which we quantify via the fidelity max
φ

|⟨GHZ|Ψ(t)⟩|2

856,872, see Fig. 5.2 (c). At maximum fidelity, we find φ = ±π
2 (seesup, Sec. III B).

This generation of multipartite entanglement can be understood based on the ef-

fective model Eq. (2.6), as sketched in Fig. 5.1 (c): gHPXP slowly creates a superposi-

tion of the initial Z2 state with states containing a pair of domain walls, which move

rapidly via the strong hHPXYP interaction. The coherently propagating pair carries

a growing string of the alternate Z′
2 order, thus generating local patches of antiferro-

magnetic GHZ-like correlations. On a periodic chain, the pair may re-annihilate at

the antipodal point to form the state |GHZ⟩. However, in large systems, we expect

that after a time t∗ ∼ 1/g, interactions among the growing number of domain walls

effectively limit the achievable multipartite entanglement to some finite length scale

l∗, leading to a decreasing overlap with |GHZ⟩ for increasing L in Fig. 5.2 (c). To de-

termine this length scale l∗, we note that under hHPXYP, individual domain walls form

a band of quasiparticles with dispersion εk = −2h cos(k), see Fig. 5.3 (a). The initial

state |Z2⟩ couples to pairs |k;−k⟩ of domain walls with opposite momenta ±k. As the
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velocity of these domain walls is v∗ ∼ h, within the time t∗ ∼ 1/g they will spread for a

length l∗ = v∗t∗ ∼ h/g, setting the achievable scale of multipartite entanglement.

We verify this relation in thermodynamically large systems via the Quantum Fisher

Information (QFI) density, which quantifies the metrological potential of the pure

state |Ψ(t)⟩, evolving under HF, with respect to a staggered z-field: FQ/L ≡ 1
LVar

(∑
j(−1)jσzj

)2
|Ψ(t)⟩

.

In particular, a QFI density FQ/L > m rigorously guarantees at least (m + 1)-body

entanglement725,964. In Fig. 5.3 (b), iTEBD simulations of an infinite chain for vary-

ing values of g and h demonstrate that the QFI obeys the predicted scalings for the

formation time t∗ and maximum size l∗ of the multipartite entangled regions. As a

consequence, we note that scaling g ∼ 1/L in finite systems implies l∗ ∼ L, and a GHZ

state may form within linear time t∗ ∼ L. We verify this numerically in Fig. 5.2 (c);

for a detailed analysis of the parameters that yield high fidelity GHZ states, seesup,

Sec. III B.

2.4 Luttinger liquid dynamics

Due to the small value of g, the entanglement features observed in the previous sec-

tion may be understood as a dynamical probe of the low energy properties of the con-

strained model Eq. (2.6) with U(1) symmetry at g = 0. In particular, HF|g=0 is known

to be integrable529. Its ground state phase diagram, which we calculate from Bethe

ansatz integral equations (seesup, Sec. II A), is shown in Fig. 5.3 (c). For J/h ∈ (−3, 6),

the system is in a Luttinger liquid phase977 with gapless domain wall excitations.

Outside this regime, the ground state transitions into a gapped paramagnetic (J/h < −3)

or Z2 (J/h > 6) phase.

We thus see that the protocol of the previous section corresponds to a quantum
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Figure 2.3: Blockaded spin-exchange and approximate U(1) symmetry. (a) The effective
Hamiltonian of Eq. (2.6) for g/h ≲ 1 weakly couples the Néel states to pairs of domain walls
with momenta ±k and quasiparticle dispersion εk = −2h cos k. Depending on the energy offset
between Néel states and the dispersive band, this coupling can be on- or off-resonant. (b)
Dynamics under HF for small g generates a maximum QFI density (see text) of order ∼ h/g
within a time t∗ ∼ 1/g. This is seen through a scaling collapse for the dynamics of an infinite
size chain simulated via iTEBD for different values of h, g at fixed J = 2h. (c) Phase diagram
of HF at the integrable point g = 0, with gapped paramagnetic and Z2 phases, as well as a
Luttinger liquid that is stable for K < 1/2 (in the presence of Z2 number parity), and unstable
for K > 1/2 (towards a gapped Ising SSB state977,666). The Luttinger parameter K (black
curve) is obtained from the Bethe ansatz solution. (d) iTEBD simulation of the QFI density
as a function of time t from a Z2 initial state for weakly broken integrability at fixed small
g. The QFI functions as a dynamical probe of the transition between Z2 phase and Luttinger
liquid in c), and grows at a rate tied to the domain wall dispersion.
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quench of the Z2 state into the Luttinger liquid phase. In particular, for small g, |Z2⟩

couples resonantly to domain wall pairs |k,−k⟩ mediating the entanglement dynamics

when J − 2h + 2εk = O(g), with matrix element ⟨k,−k|gHPXP|Z2⟩ ∼ 2g sin(k) propor-

tional to the group velocity (see Fig. 5.3 (a) and derivation insup, Sec. II B). For J/h

outside the Luttinger liquid phase, domain walls can only be created virtually, sup-

pressing the growth of the QFI. As a consequence, dynamics of multipartite entangle-

ment quantified by the QFI density993 could serve as a dynamical order parameter

for the transition from the gapped Z2 phase to the gapless Luttinger liquid, with its

early time growth reflecting the domain wall group velocity. We confirm this predic-

tion numerically by computing the dynamics of the QFI under HF of Eq. (2.6) using

iTEBD for different values of J/h, see Fig. 5.3 (d). The growth of the QFI accurately

captures the phase boundary at J/h = 6 and shows an enhanced rate towards the cen-

ter of the Luttinger liquid phase. We also verify these features in a direct simulation

of the Floquet protocol for finite systems insup, Sec. III A.

2.5 Robustness and Implementation in Rydberg arrays

Successfully realizing and controlling HF in Eq. (2.6) relies on the expansions in small

perturbations ε, γ, θ and drive period Ωτ, which also tune the rate of dynamics. Thus,

an optimal choice of drive parameters must consider the trade-off between a high-

accuracy target Hamiltonian and the realistic constraint of observing significant dy-

namics within finite coherence time of an experimental device, an interplay we ex-

plore insup, Sec. IV A. In addition, in experiment, Rydberg atoms interact via van der

Waals interactions VvdW = Ω
∑

ij
( Rb
|i−j|
)6ninj, with blockade radius Rb. To demonstrate

that our approach applies qualitatively, we construct a pure spin exchange model
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Figure 2.4: Experimental applicability. (a) In experiment, Rydberg atoms at distance r = |i−j|
interact via VvdW with strength Ω(Rb/r)6; here, blockade radius Rb = 1.5. In implementing the
Floquet drive in (b), we use realistic Gaussian pulses with width w = 0.046τ, ensuring each
pulse integrates to the desired detuning (we apply −π-pulses to avoid blockade violations). A
small constant detuning δMF/Ω = 0.09 is added to mitigate the long range tail of VvdW

573. (b)
We benchmark Floquet evolution of the full Rydberg Hamiltonian under finite-width pulses,
as described in (a), against the idealized PXP model driven by infinitely sharp pulses. We ap-
ply a drive ε = −γ/2 = −θ = 0.45 that generates an effective Hamiltonian with h = J

3 = − εΩ2τ
32 ,

g = 0 to engineer a single-particle quantum walk on an L = 12 periodic chain. The dynamics
of local Rydberg occupations ⟨ni⟩ are consistent with this target; the effective hopping is
slightly stronger in the Rydberg model.

(−2ε = γ = 2θ ⇒ J = 3h ≠ 0, g = 0) and numerically evaluate the quantum walk of a

single Rydberg excitation resulting from Floquet evolution including VvdW at Rb = 1.5.

We further add a small constant detuning to mitigate the long range tail of VvdW
573

and use Gaussian pulse profiles suitable for realistic control hardware with limited

rate of detuning modulation; Fig. 5.4 (a). Comparison with the corresponding PXP

result in Fig. 5.4 (b) shows very good qualitative agreement over an extended duration.

Quantitatively, the effective hopping is even stronger in the experimentally relevant

scenario, likely due to residual contributions from finite pulse width and long range

tails. A detailed analysis of these effects is left for future work.
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2.6 Discussion & Outlook

We have introduced a Floquet protocol for Rydberg atoms that exploits periodic tra-

jectories of quantum states and enables versatile Hamiltonian engineering with in-

dependent control over various interactions, achieved uniquely through our dynamic

approach. As an application, we realized models with emergent particle number con-

servation and dominant blockade-consistent exchange interactions in one dimension,

exploring previously inaccessible gapless Luttinger liquid phases. In particular, we

found that combining Rydberg blockade and gapless domain wall excitations leads

to the generation of long-range, multi-partite entanglement upon evolving Z2 prod-

uct states. Our scheme opens the door to investigating interacting Luttinger liquids

on near-term quantum simulators. In particular, it could be promising to explore the

utility of our Floquet protocol as a novel tool for preparing such low energy states.

Although our discussion focuses on one-dimensional systems, generalization to other

geometries is natural. For instance, models akin to Eq. (2.6) are relevant to Rydberg

spin liquids in two dimensions975,959, as well as to achieving quantum speedup in

combinatorial optimization by enabling delocalization in the adiabatic algorithm588.

Moreover, going beyond short evolution times of the operator Ñ(t′) provides access

to even higher-body spin interactions, an approach we employ in Ref.663 to study

the dynamics of two-dimensional lattice gauge theories. We further emphasize that

our Floquet scheme uses only simple global controls, but may be extended by incor-

porating site-resolved detuning fields824, which could allow exploration of spatially

inhomogeneous or chiral interactions870. It would also be interesting to study the con-

nection of our protocol with time-dependent methods for state preparation, such as

counter-diabatic driving633,594,914 and trajectory optimization807. Finally, we note
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that our Floquet protocol can be extended to other quantum simulation platforms,

contingent on time-dependent control to engineer non-trivial periodic trajectories, as

is available in dipolar interacting systems990,992,609,1017,678, trapped ions677,681, neutral

atoms804,619, or superconducting devices564,841,579.
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3
Programming Hamiltonians in analog

simulators

3.1 Introduction

A central challenge in the field of quantum simulations is the programmable realiza-

tion of a wide range of many-body systems on current devices. Within any given

approach, the primary control tools for engineering specific quantum many-body

Hamiltonians are typically provided by geometric configuration and time-dependent

classical control of external fields. Neutral atoms in optical tweezers constitute a

promising platform for programmable quantum simulations with an exceptional de-
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gree of geometric flexibility556,584,780,857. In combination with Rydberg blockade in-

teractions, highly constrained Hilbert spaces can be realized as emergent low energy

subspaces. These can in turn give rise to exotic phases of matter including spin liq-

uid states556,647,935, novel out-of-equilibrium phenomena such as quantum many-body

scars556,571,967, and can be used to encode classical optimization problems643,889 or lo-

cal gauge constraints684,953,592,972,911,715,1014. The latter open the door to probing the

nonequilibrium dynamics of lattice gauge theories (LGTs) beyond one dimension, an

important quantum simulation goal with relevance to high energy physics and emer-

gent phenomena in condensed matter996,629,1025,545,527.

However, a remaining key challenge for realizing these models is the generation of

interesting dynamics while simultaneously preserving the local constraints. In particu-

lar, energetic conditions that stabilize a desired subspace may also lead to strong sup-

pression of subspace-preserving evolution, which typically arises through high-order,

multi-body perturbative processes. Consequently, the limited tunability of perturba-

tion theory poses an inherent difficulty to simulating different regimes of dynamical

gauge field theories. A specific manifestation of this challenge is the implementation

of magnetic plaquette terms with analog quantum simulators624, corresponding to

multi-body interactions in the electric field representation. While many advances in

the quantum simulation of LGTs have been achieved across a variety of platforms in

recent years556,827,767,989,847,929,846,1006,674, a direct, large-scale implementation of such

interactions remains difficult.

In this work, we show that combining Rydberg blockade and periodic driving al-

lows for the realization of dynamical gauge field theories based on tunable multi-

body interactions. The central idea is related to the observation of Ref.571 that pe-

riodic driving can act as a many-body echo and tuning knob for stabilizing the dy-

42



namics of the so-called quantum many-body scars in the ‘PXP’ models associated

with the Rydberg blockade. These observations indicate the possibility that Floquet-

engineering685,826,649,526,851,744,670,840,679,920 can provide a potent tool for control-

ling many-body dynamics in systems with Rydberg blockade830,723,808. Building on

these insights, we develop a method involving the use of a Floquet perturbation the-

ory around closed periodic trajectories generated by a many-body echo. Within this

framework, initial states periodically revive under continued forward- and backward-

evolution generated by a blockade-consistent PXP model. The effect of deviations

from an exact many-body echo are described by an effective Hamiltonian830 with

multi-body interactions, which can be engineered from local operators dressed by in-

teracting time evolution, see Fig. 5.1. Making use of operator spreading within a finite

time window, multi-body interactions are generated and can be controlled via the

choice of a global detuning profile. Small operator evolution times allow for a pertur-

bative expansion of the resulting Hamiltonian, an approach which we use in Ref.779 to

implement novel, blockade-consistent spin exchange interactions.

In this work, we develop and leverage a numerical optimization technique that en-

ables an extension of this Floquet engineering protocol to intermediate time scales.

Crucially, this scheme takes into account the role of the detuning profile as a pertur-

bation around the echo evolution, which we balance with the practical requirement

of a substantial prefactor for the effective Hamiltonian. We find that interactions

involving a moderate number of spins are generated non-perturbatively, enabling a

hardware efficient realization of many-body systems in previously inaccessible regimes.

We subsequently apply our approach to the implementation of a two-dimensional

U(1) lattice gauge theory containing dynamical gauge and matter degrees of free-

dom. The local gauge constraints are realized through nearest-neighbor blockade on
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a Kagome lattice, and we use our Floquet protocol to engineer the strengths of both

gauge and matter interactions in this setup. Since gauge dynamics are the most chal-

lenging, we further present two optimized schemes for engineering the six-body terms

required to generate gauge field dynamics. In particular, we are able to access the

most interesting strong coupling regime in which gauge and matter field dynamics

are of comparable strength and we numerically explore their dynamical interplay. We

conclude by discussing the realization of our PXP-based approach in arrays of Ryd-

berg atoms with long range van-der-Waals interactions and realistic constraints on the

available pulse profiles. We show how these practical challenges can be addressed and

outline promising directions for future work.

Finally, before proceeding with the remainder of this work, we want to emphasize

that related pulse control techniques are widely used for decoupling interactions in

NMR and for Hamiltonian engineering e.g. in dipolar-interacting spin ensembles990,992,609,1017,678.

In these settings, the effective Hamiltonian is obtained by averaging over site-local ba-

sis rotations. Here, we instead average over rotations generated by an interacting evo-

lution, which enables control of larger weight operators. In addition, the stroboscopic

implementation of a finite time step using an optimized detuning profile is reminiscent

of pulse control techniques for applying two- or multi-qubit gates in digital neutral

atom quantum circuits794,735,877,660,815,746,832. Indeed, our protocol is a way of gener-

alizing this approach to the many-body limit, while avoiding direct optimization of an

exponentially large many-body unitary by restricting to finite evolution times.
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3.2 Floquet protocol and effective Hamiltonian

To illustrate the key idea we consider a time-dependent PXP model on an arbitrary

lattice geometry,

Ĥ(t) =
Ω
2
∑
i
P̂σ̂xi P̂− Δ(t)

∑
i
n̂i, (3.1)

where ni ∈ {0, 1} labels the occupation number at site i, Ω is the Rabi frequency and

Δ(t) a time-dependent detuning coupling to the global occupation number N̂ =
∑

i n̂i.

The operator P̂ projects onto the space of configurations without nearest neighbor

sites simultaneously occupying the ni = 1 state; explicitly, P̂ =
∏

⟨i,j⟩(1 − n̂in̂j), where

the product runs over nearest neighbor sites ⟨i, j⟩ of the lattice. Eq. (3.1) is commonly

used as an approximation for the dynamics of Rydberg atoms subject to strong van

der Waals interactions that decay rapidly as Vij = Ω(Rb/rij)6: Two atoms at a dis-

tance rij smaller than the blockade radius Rb are effectively forbidden to both occupy

the Rydberg state, thus satisfying the constraint enforced by the projector P̂.

3.2.1 Many-body echo and effective Hamiltonian

The starting point for our construction is the ability to generate a closed periodic

trajectory through time-dependent control of the detuning operator. Specifically, we

can reverse the sign of the off-diagonal (PXP) part of Eq. (3.1),

Ĥ0 =
Ω
2
∑
i
P̂σ̂xi P̂, (3.2)

by applying a global detuning pulse operator eiπN̂ =
∏

i σ̂
z
i , such that e−iπN̂Ĥ0 eiπN̂ =

−Ĥ0. This pulse thus generates a many-body echo and repeated application at regular

spacing τ leads to periodic revivals with period 2τ. We denote the time-dependent
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Hamiltonian corresponding to this many-body echo protocol as

Ĥe(t) = Ĥ0 − πN̂
∑
m∈N

δ(t−mτ). (3.3)

The unitary evolution operator Ûe(t) = T̂ exp
{
−i
∫ t
0 dt

′Ĥe(t)
}

then indeed reduces to

the identity at multiples of 2τ:

Ûe(2τ) = e−iπN̂e−iĤ0τe−iπN̂e−iĤ0τ = 1̂, (3.4)

where we assume the pulses to be applied infinitesimally prior to the times mτ. We

emphasize the special role of the blockade in this construction: The model Eq. (3.2)

is a strongly interacting, non-integrable system, yet can be dynamically decoupled

using a simple π-pulse sequence, as would more commonly be used for non-interacting

disorder fields.

The stroboscopic time evolution at multiples of 2τ is described by an effective Hamil-

tonian, Ûe(2τm) = e−i2τmĤ. Since Eq. (3.3) generates a perfect many-body echo, Ĥ = 0

is trivial. However, by adding perturbations to Eq. (3.3), we can controllably generate

a variety of terms in the effective Hamiltonian. In order to show this, we consider a

modified detuning profile,

Δ(t) = π
∑
m∈N

δ(t−mτ) + Δp(t), (3.5)

where Δp(t+ 2τ) = Δp(t) denotes a 2τ-periodic deviation from the pure echo. Moreover,

we restrict to profiles Δp(t) = Δp(2τ − t) symmetric around t = τ, as contributions to

Δp antisymmetric around τ can always be absorbed into a redefinition of the echo evo-

46



lution Ûe(t). Following Refs.655,830, we move to an interaction picture with respect to

the time evolution Ûe(t) and perform a high-frequency expansion826. Then, to leading

order in the perturbation Δp(t), the effective Hamiltonian governing the stroboscopic

time evolution is given by

Ĥ[Δp] = −
∫ τ

0

dt
τ
Δp(t)N̂0(t). (3.6)

Here, N̂0(t) = eiĤ0t N̂ e−iĤ0t is the global number operator time-evolved under Ĥ0. Us-

ing results from the theory of prethermalization523,778,858,517,522, in particular Ref.655,

Ĥ is guaranteed to be the leading order expression for an approximate, static Hamilto-

nian description of the time evolution on a prethermal time scale t∗ ≳ exp{C/(
√
τ∥Δp∥)},

with ∥Δp∥ ≡
(∫ τ

0 dt |Δp(t)|2
)1/2 the two-norm of Δp over one period of the drive and a

constant C > 0. Beyond this time scale the system is expected to eventually thermal-

ize to infinite temperature. Here, our goal is to control the dynamics for times smaller

than t∗ via its dominant contribution of Eq. (3.6).

3.2.2 Optimizing the detuning profile

The effective Hamiltonian Ĥ in Eq. (3.6) is a linear combination of the time-evolved

number operators N̂0(t). Under this evolution, the operator weight of N̂0(t) grows,

producing multi-body interactions in Ĥ. In the following, we develop a formalism for

controlling such terms through selection of suitable detuning profiles Δp(t). Specifi-

cally, our goal is to optimize the choice of Δp(t) such that Ĥ is as close as possible to

a desired target Hamiltonian T̂. Their distance can be quantified most directly by the

standard (Frobenius) two-norm ∥T̂ − Ĥ[Δp]∥, taking into account all matrix elements

between states in Hilbert space. However, in practice, we often optimize Ĥ only with
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respect to a subset S of all such matrix elements. Accordingly, the above two-norm

will be restricted to matrix elements in S,. For example, we may be interested in opti-

mizing matrix elements of Ĥ between low-energy states of a Hamiltonian we attempt

to engineer. Further, reducing the number of matrix elements renders the optimiza-

tion of Ĥ[Δp] more tractable.

Then, we optimize the detuning profile by minimizing the cost function

Cλ,τ(T̂) ≡
∥∥T̂− Ĥ[Δp]

∥∥2 + λ
∥∥Δp

∥∥2. (3.7)

This cost function has two hyperparameters, the Floquet period τ and a regularization

parameter λ. The purpose of regularization is to ensure the norm of the perturbation

remains small, while simultaneously attempting to achieve the best approximation to

the target Hamiltonian T̂ ∗. In particular, large values of ∥Δp∥ would introduce higher

order contributions to the effective Hamiltonian, and – crucially – eventually lead to a

breakdown of the prethermal regime of the Floquet system. Ultimately, we will vary τ

and λ in order to achieve the best performance possible.

To perform the optimization, we transform it into a linear-regression task. First, we

discretize the problem via small equidistant time steps ti=1,...,M, with t1 = 0, tM = τ.

Accordingly, we define the vector Δppp =
(
Δp(t1), ...,Δp(tM)

)T ∈ RM for the discretized

detuning profile. In addition, we adopt the notation NNN0(t) ∈ C|S| for the relevant sub-

set of matrix elements, written as a column vector of dimension |S|. Then, we can

define an |S| × M matrix N0 =
(
NNN0(t1), ...,NNN0(tM)

)
that acts as a linear map from a

∗We define the energies in Eq. (3.7) to be given in units of the Rabi frequency Ω.
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detuning profile Δppp to an effective Hamiltonian,

H[Δp] = −dt
τ
N0 · Δppp. (3.8)

Within this discretization, the solution of the least squares minimization problem de-

fined by Eq. (3.7) can be given in closed form908. It reads

Δ̃p = Δ̃p(λ, τ,TTT) = −
(
dt
τ
N0

†N0 + τλ 1
)−1

N0
† · TTT, (3.9)

and is linear in the target matrix elements TTT. With the discretized, time-evolved num-

ber operators in N0 as input, Eq. (3.9) returns a detuning profile that optimizes the

matrix elements of the effective Hamiltonian subject to a finite cost for large detun-

ing perturbations. As the number of discretized steps M → ∞ (dt → 0) increases,

the optimized profile Δ̃p converges to a continuous function Δ̃p(t). This property fol-

lows from the continuity of the time-evolved operator N̂0(t). We note that we may in

principle also consider discrete contributions to Δp(t) in Eq. (3.6). However, for the re-

mainder of this work, we restrict our use of this possibility to sharp detuning pulses of

weight Δ0/Ω at multiples of the period 2τ, which gives rise to a detuning contribution

− Δ0
2τΩ N̂ to Ĥ. To first order, the detuning in the effective Hamiltonian Ĥ is thus freely

adjustable.

In Sec. 3.3 we apply this optimization protocol to several examples by evaluating

N̂0(t) =
∑

i n̂i(t) numerically for small systems. Importantly however, due to the local-

ity of the operators n̂i(t ≤ τ), the presence of Lieb-Robinson bounds ensures that our

approach generalizes to large systems and eventually converges in the thermodynamic

limit.
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3.2.3 Effect of Regularization

In order to gain intuition about the optimization procedure, it is helpful to consider

the singular value decomposition (SVD) of the operator matrix N0 = WDV†. The

matrix W is an |S| × |S| unitary matrix, whose columns form an orthonormal basis

for the subspace of engineerable Hamiltonians in Eq. (3.8). In contrast, the matrix V

is an M × M real unitary matrix, whose columns form an orthonormal basis of de-

tuning profiles. Each detuning profile Δj(ti) = Vij realizes the effective Hamiltonian

(Hj)l = Wlj when applied. The proportionality constant is given by the singular

values Dj, encoded by the diagonal matrix D. As such, the singular value associated

with each profile/Hamiltonian pair tells us about the efficiency of realizing the corre-

sponding interaction. Typically, we find that large singular values arise from smoothly

varying profiles, which thus correspond to ‘easy-to-engineer’ interactions. In constrast,

small singular values arise from rapidly oscillatory contributions and thus represent

interactions that are more challenging to capture.

Including the parameter λ in Eq. (3.9) then amounts to an effective cutoff on the

profiles that contribute to the optimization procedure. When Dj ≪ λ, the contribution

of Δj to the optimized solution Δ̃p is suppressed. This is physically intuitive: Profiles

Δj with small Dj generate contributions to Ĥ with small efficiency, i.e., small prefactor

∼ Dj. To make such contributions sizeable, i.e., observable on accessible timescales,

one must scale up Δj, contrary to its role as a perturbation. This highlights a limi-

tation inherent to our approach: Only target operators T̂ contained in the span of

profiles with large singular values can be engineered with both high fidelity and ap-

preciable prefactor. For target operators outside this span, our regularization can be

thought of as biasing the effective Hamiltonian towards the closest efficiently engineer-
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able approximation.

It remains to choose the period τ and the parameter λ that both enter the cost

function Eq. (3.7). When the target matrix elements T̂ include multi-body interac-

tions, small evolution times τ are not sufficient to generate such terms at appreciable

weight in N̂0(t) for t ≤ τ. On the other hand, for very long times τ the operator N̂0(t)

is expected to scramble across an exponential number of Pauli strings, thus strongly

reducing the weight available in particular terms of interest. Similarly, we can for-

malize our intuition on the role of λ presented above: For small λ, the optimized Ĥ

is increasingly aligned with the target direction T̂. This results in a large value of the

quantity

Q∡(λ, τ) ≡
(T̂, Ĥ[Δ̃p])

∥T̂∥ ∥Ĥ[Δ̃p]∥
≤ 1, (3.10)

where (·, ·) denotes the operator inner product (with respect to the matrix elements

S). However, small λ also leads to large detuning perturbations, and so the contribu-

tion of the desired target T̂ to Ĥ per amount of perturbation ∥Δ̃p∥ is small, as quanti-

fied by

QΔ(λ, τ) ≡
(T̂, Ĥ[Δ̃p])

∥T̂∥ ∥Δ̃p∥
. (3.11)

Hence, there is a tradeoff in the choice of λ, and indeed ∂λQ∡(λ, τ) ≤ 0 and ∂λQΔ(λ, τ) ≥

0 hold. Therefore, Q∡ and QΔ quantify the accuracy and efficiency of a given protocol

respectively, and give insight into the tradeoff between supressing unwanted terms

and achieving fast dynamics on early time scales. In practice, we may then exam-

ine the quantities of Eqs. (3.10,3.11) for a range of values for λ and τ to find suitable

choices.
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3.3 Simulating dynamics of a 2D lattice gauge theory

We now consider the application of our Hamiltonian engineering scheme for the ana-

log simulation of lattice gauge theories. Due to the presence of local gauge constraints,

dynamics in lattice gauge theories requires the presence of multi-body interactions

beyond two-body terms. In analog schemes, such interactions can be generated in per-

turbation theory of a small parameter624. However, if the required perturbative order

is high, their tunability relative to lower-order terms in the Hamiltonian will be lim-

ited, and their simulation on experimentally accessible time scales might be challeng-

ing. In the following, we present a concrete example in which our Floquet-approach

can overcome these limitations.

3.3.1 Kagome lattice PXP model and U(1) gauge theory

We consider a PXP model of spins on the sites of the Kagome lattice, see Fig. 3.2 (a).

Due to the blockade, each elementary triangle can host at most one site occupying the

ni = 1 state. The subspace of states with exactly one occupied site on each triangle

is exponentially large and equivalent to the close-packed dimer coverings of a honey-

comb lattice. The close-packing constraint is equivalent to the condition

Ĝ(dimer)
△/▽ = 1−

∑
i∈△/▽

n̂i = 0 (3.12)

for each triangle of the Kagome geometry. Dimer models on bipartite lattices that

preserve these close-packing constraints map onto pure U(1) gauge theories854. Under

this equivalence, the occupation numbers ni = 0, 1 map onto a spin-1/2-valued local

electric field Ei = ±1/2; thus giving rise to quantum link models716,873,597. Accord-
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ingly, the constraints Eq. (3.12) correspond to local Gauss laws, with Ĝ△/▽ generating

U(1) gauge transformations.

Flipping a single qubit in a close-packed state creates a pair of up- and downward

pointing vacant triangles, see Fig. 3.2 (a). In the language of gauge theory, these corre-

spond to positively and negatively charged matter excitations, respectively. Introduc-

ing a local occupation number ρ̂△/▽ ∈ {0, 1} for vacant triangles, the Gauss laws in

the presence of charged matter become

Ĝ△/▽ = 1− ρ̂△/▽ −
∑

i∈△/▽

n̂i = 0. (3.13)

In the physical setup on the Kagome lattice, the ρ̂△/▽ are not independent degrees

of freedom, but entirely determined by the electric fields n̂i. Per nearest-neighbor

blockade, the Gauss laws Eq. (3.13) are thus valid by construction. In this approach

of “integrating out the Gauss laws”, gauge invariance need not be enforced explicitly.

However, to construct a sensible gauge theory, we generally demand that the charged

matter excitations have a finite energy gap. In particular, often it is interesting to

consider the limit in which the number
∑

△ ρ̂△ +
∑

▽ ρ̂▽ of matter excitations, and

thus also N̂, is conserved.

One can directly realize this condition in the PXP model at large static detuning,

Δ(t) = Δ ≫ Ω. A Schrieffer-Wolff transformation in the small parameter Ω/Δ leads to

an effective Hamiltonian972

Ĥstatic =− ΔN̂− Ω2

4Δ
∑
|Λ|=2

P̂σ̂yΛ1
σ̂yΛ2

P̂

− 3
32

Ω6

Δ5

∑
|Λ|=6

P̂
( 6∏

i=1
σ̂yΛi

)
P̂+ ...,

(3.14)
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where each term is given to leading order. Note that Eq. (3.14) is a perturbative de-

scription valid in a rotated basis given by the Schrieffer-Wolff transformation. In the

original basis of ni = 0, 1 spin states, the conservation of N̂ holds only approximately

and deteriorates as the ratio Ω/Δ increases. The second term in Eq. (3.14) sums over

all strings of spin flips along connected paths Λ of length |Λ| = 2 on the Kagome lat-

tice. This process corresponds to a nearest neighbor hopping of charged matter exci-

tations, see Fig. 3.2 (b). The third term in Eq. (3.14) constitutes a six-body plaquette

resonance as depicted in Fig. 3.2 (b). This term is the analogue of a magnetic term

∼ B2 in the language of gauge theory and generates pure gauge field dynamics in the

close-packed dimer model without vacancies.

The lattice gauge theory Eq. (3.14) features dynamical matter and gauge field de-

grees of freedom but features several significant limitations. Specifically, magnetic

plaquette terms occur at sixth order in Ω/Δ. Thus, the pure gauge dynamics is weak

and possibly challenging to observe on moderate time scales. Increasing the ratio

Ω/Δ enhances such terms, but is detrimental to the approximate conservation of N̂

and leads to a high density of virtual charge excitations. Moreover, the dynamics of

charged matter excitations occurs already at second order in Ω/Δ and naturally dom-

inates the six-body plaquette terms. This limits tunability and precludes access to an

interesting strong coupling regime where gauge and matter field dynamics occur on

comparable timescales. One approach to overcome such limitations in analog setups

is to encode gauge and matter degrees of freedom separately in the hardware. Given

sufficient local control, such a ‘bottom-up’ approach to lattice gauge theories affords

more tunability, see e.g.544,956,1024,547, or 715,700 for recent proposals. At the same

time, gauge invariance needs to be enforced explicitly, for example via large energy

penalties699. We emphasize that there also exists a large body of work using digital
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approaches545,676. In what follows we present an alternative hardware efficient route

towards realization of these ideas.

3.3.2 Floquet protocol: Time-evolved operators

We now apply the Floquet framework introduced previously to the Kagome lattice

PXP model. Concretely, we work with a system of L × L = 3 × 3 unit cells contain-

ing 3L2 sites and periodic boundary conditions, shown in Fig. 3.2 (c). The occupation

number basis states are denoted as

|n⟩ = |n1, ..., n3L2⟩ , (3.15)

and Nn ≡
∑3L2

i=1 ni is a short hand label for the number of excited spins in |n⟩. Before

targeting a specific Hamiltonian engineering goal, we develop a more general intuition

on the capabilities of our approach in this setting. For this purpose, we inspect the

properties of the time evolved operator N̂0(t), the central ingredient in our construc-

tion. Specifically, we are interested in the overlap of N̂0(t) with the most relevant, off-

diagonal processes of the gauge theory framework depicted in Fig. 3.2 (b). They corre-

spond to hopping of charge excitations and six-body plaquette terms as present also

in Eq. (3.14), as well as single- and three-body spin flip terms that create/annihilate

pairs of charge excitations. These processes can be captured via the off-diagonal oper-

ators

Ôγ ≡
∑
|Λ|=γ

P̂
( γ∏

i=1
σ̂yΛi

)
P̂. (3.16)
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In order to evaluate the contribution of these operators to N̂0(t) numerically, we re-

strict to the translationally invariant zero momentum sector, spanned by the states

|nk⟩ =
1
N
∑
x,y

eikxx+ikyy T̂x,y |n⟩ , (3.17)

for k = 0. Here, T̂x,y denotes the translation operator by x, y unit cells and N is a

normalization constant. Accordingly, the set of matrix elements between all k = 0

basis states is given by

S = {(|nk=0⟩ , |n′k=0⟩)}. (3.18)

Within this set of matrix elements, we subsequently compute the overlap

1
Nγ

(
N̂0(t), Ôγ

)
, (3.19)

with the normalization constant Nγ =
∥∥Ôγ

∥∥2.
The result of Eq. (3.19) for the 3 × 3 Kagome system is depicted in Fig. 3.2 (c). At

very early times Ωt ≪ 1, the overlaps grow as (N̂0(t), Ôγ) ∼ tγ as expected from a

small time expansion of N̂0(t). Beyond perturbative times, the overlaps display oscil-

latory behavior, with a period of oscillation that increases with the weight γ of the

corresponding operator. Thus, intuitively, evolution to later times is required for N̂0(t)

to acquire appreciable overlap with larger weight operators. At the same time, the

maxima of the overlap decrease for increasing γ. This agrees with the intuition that

N̂0(t) starts to scramble across many different operators at late times Ωt ≫ 1, such

that overlaps with particular operators of interest become smaller. As a consequence,

overlap with operators of very large weight is necessarily small at all times. We fur-

ther include the contribution of the single-body operator N̂ to N̂0(t) in Fig. 3.2 (c).
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The key observation of Fig. 3.2 (c) is that between very short Floquet periods Ωτ ≪

1, where multi-body contributions to N̂0(t) for t ≤ τ are perturbatively suppressed by

their operator weight γ, and long periods Ωτ ≫ 1, where N̂0(t ≲ τ) is scrambled, there

exists a non-perturbative regime Ωτ = O(1) of intermediate Floquet periods that al-

low for flexible Hamiltonian engineering via Eq. (3.6). In particular, the structure of

N̂0(t) at intermediate times allows us to find detuning profiles Δp(t) such that contri-

butions of operators with intermediate weights γ ≲ O(Ωτ) to the effective Hamilto-

nian can be tuned relative to each other. We emphasize that the qualitative structure

of N̂0(t) at finite times visible in Fig. 3.2 (c) generalizes to other lattice geometries and

system sizes. In the following, we investigate two specific protocols for engineering

gauge field dynamics on the Kagome lattice.

3.3.3 Floquet protocol for six-body terms

In our first example, we directly engineer the required six-body plaquette terms Ôγ=6,

following the scheme developed in Sec 3.2. A close-packed dimer model is realized in

the sector of maximum Rydberg excitation number N = L2, which our effective Hamil-

tonian should preserve. For this purpose, on top of the continuous detuning Δp(t) de-

rived below, we add a discrete detuning perturbation of strength Δ0/Ω at multiples of

t = 2τ. This gives rise to a detuning field − Δ0
2τΩ N̂ in the effective Hamiltonian that sta-

bilizes global Rydberg number. For concreteness, we fix Δ0/Ω = 0.7 in the following.

We then use the optimized continuous part Δp(t) of the detuning profile to con-

struct the six-body plaquette terms. We are mainly interested in the sector of max-

imum Rydberg occupation number N = L2, and thus restrict our optimization to

matrix elements within this sector, as well as matrix elements between this sector and

states with occupation number N = L2 − 1. Moreover, we again work in the transla-
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tionally invariant sector of zero momentum states. Thus, we define the set of relevant

matrix elements to optimize over as

S =
{
(|nk=0⟩ , |n′k=0⟩) : Nn +Nn′ ≥ 2L2 − 1

}
. (3.20)

Our target operator within this set of matrix elements is given by

T̂ = g Ôγ=6, (3.21)

with prefactor g. Here, we fix a small g/Ω = 0.012 to keep deviations from number

conservation small. Taking Eq. (3.20) and Eq. (3.21) together, our approach targets

six-body processes within the N = L2 sector while simultaneously minimizing all ma-

trix elements connecting it to the sector with N = L2− 1. An illustration of the matrix

elements S and the desired target operator is given in Fig. 3.3 (a).

We now determine Δp(t) by minimizing the cost function Cλ,τ(T̂) of Eq. (3.7). To

choose the period τ as well as the detuning cost parameter λ, we perform this opti-

mization for multiple values of λ, τ and plot the quantities Q∡(λ, τ) and QΔ(λ, τ) de-

fined in Eqs. (3.10,3.11) in Fig. 3.3 (b). They quantify the alignment of the resulting

effective Hamiltonian with the target direction along T̂ and the strength of the ef-

fective Hamiltonian along the target direction per amount of detuning perturbation,

respectively. Based on the result of Fig. 3.3 (b), we select Ωτ = 6.0 and λ = 0.1, where

both Q∡(λ, τ) and QΔ(λ, τ) are large. The detuning profile Δp(t) resulting from the op-

timization at these parameter values is shown in Fig. 3.3 (c).

With Δp(t) fixed, we consider time evolution under the full, time-dependent Hamil-

tonian Ĥ(t) and compare it with the dynamics resulting from our expression for the
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effective Hamiltonian Ĥ. Here, we consider Ĥ as calculated from Eq. (3.6) acting on

the full k = 0 Hilbert space. Fig. 3.3 (d) shows the dynamics of the density n(t) ≡

⟨N̂⟩ /(3L2) ≤ 1/3 of excited spins starting from a close-packed dimer initial state. The

dynamics under Ĥ(t) leads the system far away from the initial Rydberg number sec-

tor, but comes back to it at multiples of the stroboscopic time 2τΩ = 12, in agreement

with dynamics under the static effective Hamiltonian Ĥ. The driven system thus ap-

proximately conserves the manifold of dimer states at stroboscopic times. To verify

that non-trivial dynamics occurs within this manifold, we define the number of next-

nearest neighbor excited spins,

V̂ =
∑
⟨⟨i,j⟩⟩

n̂in̂j, (3.22)

and consider the time evolution of its variance,

⟨(ΔV̂(t))2⟩ = ⟨V̂2(t)⟩ − ⟨V̂(t)⟩2 . (3.23)

Starting from the translationally invariant version of the dimer initial state |ψ1⟩, ⟨(ΔV̂(0))2⟩ =

0. As the state turns into a superposition of dimer states with different values of V̂,

⟨(ΔV̂(t))2⟩ starts to increase on the time scale at which effective plaquette terms oc-

cur. Fig. 3.3 (e) demonstrates oscillating dynamics of ⟨(ΔV̂(t))2⟩, with good agreement

between the driven time evolution and dynamics under Ĥ. Simultaneously, the excita-

tion number density remains very high, n(t) ≳ 0.33, demonstrating that the increasing

variance ⟨(ΔV̂(t))2⟩ is indeed due to the formation of superpositions in the subspace

of dimer states. Moreover, we consider dynamics for the initial state |ψ2⟩ containing a

pair of charged matter excitations. Again, we find a high quality of approximate num-

ber conservation and excellent agreement between driven evolution and the dynamics
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of Ĥ. Non-trivial dynamics of ⟨(ΔV̂(t))2⟩ occurs on timescales similar to the dimer

initial state.

Although our approach suppresses terms in Ĥ that do not commute with N̂, they

generally remain non-zero. To verify that dynamics of Ĥ in the fully-packed manifold

is indeed dominated by six-body interactions, we consider a modified version of the

effective Hamiltonian (in the k = 0 sector):

Ĥ(ν) ≡ νĤ+
1− ν
∥N̂∥2

(
N̂, Ĥ

)
N̂. (3.24)

Ĥ(ν) rescales the part of Ĥ orthogonal to N̂ by a factor ν. To analyze the effect of

this rescaling on the dynamics of ⟨(ΔV̂(t))2⟩, starting from |ψ1⟩, we consider the fre-

quency ωmax ≡ maxω ̸=0
∣∣F [⟨(ΔV̂(t))2⟩](ω)

∣∣ at which the Fourier transform F [⟨(ΔV̂(t))2⟩](ω)

of the time-evolved variance is maximal. For dominant six-body terms, we expect a

linear relation ωmax ∼ ν upon rescaling, and our numerics are consistent with this ex-

pectation as shown in Fig. 3.5 (b). This further becomes manifest in a linear scaling

collapse of the early time dynamics of ⟨(ΔV̂(t))2⟩, Fig. 3.5 (c). At the same time, the

long-time average n(t) of the density remains near its maximum value, see Fig. 3.5 (a).

By contrast, applying an analogous rescaling to a PXP model at static detuning re-

sults in a sixth-order relation ωmax ∼ ν6 and leads to a rapidly changing average den-

sity n(t), see Fig. 3.5 (a,b).

Overall, the protocol of this section induces dynamics dominated by six-body pla-

quette terms at a very high quality of number conservation. In the following, we at-

tempt to further enhance the strength of effective six-body dynamics to enable evolu-

tion on even faster time scales.
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3.3.4 Floquet protocol for three-body terms

In this section, we follow a different route towards effective plaquette terms: Instead

of generating six-body interactions directly, we engineer an effective Hamiltonian in

which the pure gauge field dynamics is predominantly generated via second-order per-

turbative processes from three-body terms. As in the previous example, we employ a

discrete pulse at multiples of the period 2τ to generate a discrete contribution − Δ0
2τΩ N̂

to the effective Hamiltonian, fixing Δ0/Ω = 1.0 in the following.

For the optimization of the continuous part of the detuning profile, we take into

account all matrix elements between k = 0 states with either N = L2 or N = L2 − 1,

i.e.,

S =
{
(|nk=0⟩ , |n′k=0⟩) : Nn,Nn′ ≥ L2 − 1

}
. (3.25)

We now define our target operator within this set of matrix elements as

T̂ = −ΔN̂+ g3 Ôγ=3 + g2 Ôγ=2, (3.26)

where we set Δ/Ω = 0.22, g3/Ω = −g2/Ω = 0.055. Hence, T̂ gives an additional con-

tribution to the detuning and balances the two- and three-body terms corresponding

to the processes shown in Fig. 3.2 (b). Crucially, T̂ does not contain single-body spin

flip terms. We illustrate the matrix elements and target operator entering our opti-

mization scheme in Fig. 3.4 (a). Next, we perform the optimization and evaluate the

quantities Q∡(λ, τ), QΔ(λ, τ) for multiple values of λ, τ in Fig. 3.4 (b). Both are found

to be large for Ωτ = 2.0, λ = 1.5. The optimized detuning profile corresponding to

these parameter values is shown in Fig. 3.4 (c). The chosen Floquet period is signifi-

cantly shorter compared to the previous section, a consequence of optimizing for oper-
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ators with smaller weight. Moreover, Fig. 3.4 (b) shows that Ĥ is well-aligned with the

target direction along T̂, Q∡(λ = 1.5,Ωτ = 2.0) ≈ 0.9.

With Δp(t) fixed, we show the dynamics from the state |ψ1⟩ under Ĥ(t) in Fig. 3.4 (d).

At stroboscopic times, the approximate conservation law is less pronounced compared

to the previous section, but n(t) ≳ 0.31 remains very high, consistent with evolution

under Ĥ. This observation extends to the variance (ΔV(t))2 of Eq. (3.23), which ex-

hibits oscillations, and thus non-trivial gauge field dynamics, already on the times

Ωt ≤ 20 shown in Fig. 3.4 (e). Dynamics from the state |ψ2⟩ with a pair of charged

matter excitations occurs on similar time scales.

As in the previous section, we want to verify that the gauge field dynamics of Ĥ is

indeed dominated by low-order perturbative processes. For this purpose, we consider

the rescaling of all terms orthogonal to N̂ as in Eq. (3.24). Accordingly, for strong

second-order processes, we see the dominant oscillation frequency ωmax of the variance

(ΔV(t))2 scale approximately as ωmax ∼ ν2, Fig. 3.5 (b). This relation becomes manifest

in the early time dynamics of (ΔV(t))2 upon rescaling the time axis with the factor ν2.

We further see in Fig. 3.5 (a) that the long time average n(t) varies more strongly with

ν compared to the six-body case of the previous section, but remains well above the

static PXP case despite orders-of-magnitude more efficient gauge field dynamics.

Finally, we point out the general tradeoff between accuracy and efficiency of imple-

menting the targeted dynamics in Fig. 3.5: As the strength ν in Eq. (3.24) becomes

stronger, terms that were not optimized for are scaled up as well. Thus, while dynam-

ics becomes faster, Fig. 3.5 (b), its accuracy decreases as shown for example in the

decreasing quality of number conservation in the six-body protocol, Fig. 3.5 (a), which

was initially optimized for ideal number conservation. In addition, there may be pro-

cesses besides those specifically targeted that contribute to the gauge field dynamics,
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such as third order processes. We leave as an interesting open question whether an

even better tradeoff between accuracy and efficiency for realizing pure gauge field dy-

namics can be constructed by specifically targeting such processes as well.

3.3.5 Interplay of gauge and matter dynamics

We next investigate the physical consequences of the strong plaquette interactions

generated via our Floquet approach. In particular, we are interested in the inter-

play between dynamical gauge and matter degrees of freedom in this strong coupling

regime. For this purpose, we first examine the local relaxation dynamics starting from

the non-translationally invariant versions (in contrast to the previous sections) of oc-

cupation number initial states |ψ⟩. To quantify their relaxation, we consider the auto-

correlation function

Cψ(t) ≡
1
Nψ

∑
i

[
⟨ψ|n̂i(t)|ψ⟩ − ⟨n̂i⟩Nψ

]
⟨n̂i⟩ψ . (3.27)

Here, ⟨n̂i⟩ψ = ⟨ψ|n̂i|ψ⟩, and ⟨n̂i⟩Nψ
denotes the average of n̂i over the ensemble of all

product states |n⟩ with total occupation number Nn = Nψ equal to the initial state. In

a thermalizing system at high temperature but with number conservation, we expect

Cψ(t → ∞) = 0 at long times. We show Cψ(t) starting from |ψ1⟩ and |ψ2⟩ containing

no charge excitations and a pair of charges, respectively, in Fig. 3.6 (a-c). Crucially,

we observe that while a static approach leads to a large separation of timescales in

the decay of Cψ1(t) and Cψ2(t) (Fig. 3.6 (a)), both initial states relax on comparable

times in the Floquet protocols introduced in Sec. 3.3.3 and Sec. 3.3.4 (Fig. 3.6 (b-c)).

The more oscillatory character of Cψ1(t) compared to Cψ2(t) is likely due to the smaller

Hilbert space of fully packed dimer states, and thus a finite size effect. We further
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show that computational basis snapshot measurements provide a qualitative view into

the mechanism by which gauge field dynamics is generated in each protocol663.

For initial states containing matter excitations, the balance between gauge and

matter field couplings results in a dynamical competition that can be diagnosed by

the local plaquette operators

X̂p ≡ σ̂xp1 σ̂
y
p2 σ̂

y
p3 σ̂

y
p4 σ̂

y
p5 σ̂

y
p6 . (3.28)

We note that X̂p is different from the operators Ôγ=6 appearing in the effective Hamil-

tonian. In particular, the presence of Ôγ in Ĥ will generate a large expectation value

of X̂p for plaquettes initially in a flippable product state configuration. By evaluating

the strongest plaquette resonance in the system, maxp | ⟨X̂p⟩ (t)|, we show in Fig. 3.6 (a-

c) (right panels) that this is indeed the case in the dynamics from the fully packed

dimer initial state |ψ1⟩. However, starting from the state |ψ2⟩ with matter excita-

tions, no such plaquette resonances build up for quenches under a static detuning,

Fig. 3.6 (a). This is due to charge hopping dynamics dominating the weak pure gauge

interactions. In contrast, starting from |ψ2⟩ in our Floquet protocols, Fig. 3.6 (b,c)

demonstrate that significant plaquette resonances still appear at early times before

eventual relaxation to a homogenous state. This picture is further substantiated by

the real-space resolved dynamics of the local densities n̂i and plaquette resonances X̂p

displayed in Fig. 3.6 (d-f). In the static setting, Fig. 3.6 (d), |ψ1(t)⟩ exhibits a strong

memory of the initial state |ψ1⟩ at times where |ψ2(t)⟩ quickly relaxes to a homoge-

nous distribution of ⟨n̂i⟩. |ψ2(t)⟩ does not feature significant plaquette resonances ⟨X̂p⟩

at any location in the system. In the Floquet approach, Fig. 3.6 (e,f), |ψ1(t)⟩ develops

strong resonances for plaquettes initially in a flippable configuration and reaches a ho-
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mogenous distribution of ⟨n̂i⟩ at similar times as |ψ2(t)⟩, see in particular Fig. 3.6 (f).

|ψ2(t)⟩ still develops significant resonances ⟨X̂p⟩ at plaquettes initally in a flippable

configuration, demonstrating the competition between gauge and matter dynamics.

3.4 Prospects for experimental realizations

The scheme developed in our work relies on relatively simple control provided by a

global detuning field, which is readily available in state-of-the-art Rydberg quantum

simulators. In addition, we have identified promising protocols, such as the three-

body scheme investigated in Sec. 3.3.4, which display non-trivial gauge field dynam-

ics already at times of a few decades in units of 1/Ω. Assuming a Rabi frequency of

Ω = 2π × 3.0MHz and a coherence time of τc = 1μs, these interactions, as well as

their interplay with dynamical matter degrees of freedom, are accessible with present-

day hardware. Moreover, as pointed out in Secs. 3.2.3,3.3.4, our approach exhibits a

tradeoff between supressing unwanted terms and generating fast dynamics, such that

the targeted processes may be enhanced to even earlier times by partially relaxing the

high quality of Rydberg number conservation. A more detailed analysis of the effects

of noise and other experimental imperfections on our Floquet protocol, in particular

for potential heating, is left for future work.

In addition, while we consider a nearest-neighbor blockaded PXP-setup throughout

most of this work, a significant aspect of realistic hardware is the presence of long-

range tails in the van-der-Waals interactions of the Rydberg Hamiltonian ĤRyd,

ĤRyd(t) =
Ω
2
∑
i
σ̂xi − Δ(t)N̂+ V̂vdW

V̂vdW =
∑
i,j

Vij n̂in̂j =
∑
i,j

Ω
(
Rb
rij

)6
n̂in̂j,

(3.29)
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where Rb denotes the blockade radius. When contributions to VvdW from sites i, j with

rij > Rb are sufficiently small, such long-range terms can be incoporated as additional

interactions (conjugated by PXP-evolution) in our formulation of the effective Hamil-

tonian. They can furthermore be partially counteracted with a constant mean field

shift of the global detuning571. However, while contributions from long-range tails

may be reduced by lowering the blockade radius Rb, this also leads to a decrease of

the energy penalty for nearest-neighbor blockade violations, which constitute another

source of perturbation to our scheme. Thus, upon tuning Rb, there is a tradeoff in

the severity of long-range tails and blockade violations, and both must be considered

jointly in a realistic treatment of our approach for experimental setups. We further

emphasize that these perturbations depend on the geometry of the setup and we gen-

erally expect them to be smaller in one dimension and on two-dimensional lattices

with a small ratio of nearest- to next-nearest-neighbor distances571. This suggests

that the hexagonal lattice and the Kagome geometry considered in this work are good

candidates for two-dimensional realizations.

Finally, although we previously considered infinitely sharp detuning pulses, we

should use finite-width pulses in experimental settings. Small deviations from the ide-

alized delta-shape can again be straightforwardly incorporated as contributions to the

effective Hamiltonian in our approach, and will depend both on the location and pre-

cise shape of the pulses. A realistic pulse duration for experimental realizations ranges

around τpulse = 20ns. With the above Rabi frequency, Ωτpulse ≈ 0.4, and the pulse

width does account for a sizeable fraction of the Floquet period 2Ωτ = 4.0 chosen

in our three-body protocol. This suggests that the broadened pulses will contribute

substantially to the resulting effective Hamiltonian. However, strong contributions

from broadened pulses do not per se run counter to our approach: For pulses at even
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multiples 2mτ of the pulse period τ, deviations from a delta-shape primarily induce

contributions to the effective Hamiltonian from N̂0(t) within a pulse-width of time

zero. Per Fig. 3.2 (c), N̂0(0 < t < τpulse/2) is dominated by the number operator N̂,

leading to an effective detuning contribution that is desirable in our approach, as it

enforces Rydberg number conservation. Moreover, for the three-body protocol with

Ωτ = 2.0, broadened pulses at odd multiples (2m + 1)τ of τ yield contributions of

the operators N̂0(τ − τpulse/2 < t < τ) to Ĥ . Fig. 3.2 (c) shows that such terms are

associated with sizeable three- and two-body interactions but only small single spin-

flip contributions; they can thus be used to realize the strong three-body dynamics

targeted in Sec. 3.3.4. Therefore, we may partially view these experimental demands

as additional restrictions on the echo-perturbing detuning profiles Δp(t) that can be

implemented in practice. Integrating these experimental restrictions into our opti-

mization procedure is an important avenue for future work. In addition, we note that

a finite pulse duration may further be helpful to prevent an abundance of blockade

violations, as sharp pulses contain high-frequency components that may resonantly

couple to blockade-violating states. A more detailed analysis that combines our ap-

proach with ĤRyd of Eq. (3.29) beyond the approximation of a blockaded Hilbert space

and with the full set of experimental constraints on the time-dependent detuning Δ(t)

is left for future work.

3.5 Discussion & Outlook

We have introduced and analyzed a new method for realizing dynamical gauge theo-

ries with strong multi-body interactions in periodically driven systems with nearest-

neighbor Rydberg blockade. The key ingredient is a many-body echo realized upon
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applying a simple global detuning pulse. The micromotion between pulses is then

used a resource for operator spreading, which contributes tunable multi-body inter-

actions to an effective Hamiltonian. The latter can be steered towards a given tar-

get upon selecting suitable perturbations around the ideal echo point. Using this ap-

proach, we constructed effective Hamiltonians of a two-dimensional U(1) lattice gauge

theory and demonstrated access to previously unexplored regimes. In particular, this

allows us to combine a high quality of particle number conservation with strong six-

body magnetic plaquette terms on par with two-body particle hopping processes, a

constellation that is otherwise challenging to realize in analog simulation.

Our approach builds on a number of key concepts in the field of quantum many-

body dynamics, such as Floquet engineering, operator spreading, or prethermaliza-

tion, and exhibits connections to quantum many-body scars and discrete time crys-

tals830,756,652,1008. On the one hand, it yields new insights on the dynamics of peri-

odically driven many-body systems far from equilibrium. On the other, it combines

these concepts to create a new quantum simulation tool that extends the capabilities

of systems with Rydberg blockade interactions and enables experimental applications.

Our results can be extended along several promising directions. In particular, the

many-body echo considered here is only one of (infinitely) many possible approaches.

We recall that Eq. (3.6) considers only profiles Δp(t) symmetric around t = τ. Contri-

butions to Δp(t) that are antisymmetric around τ may be absorbed into a new echo

evolution Û′
e(t), leading to differently time-evolved operators in Ĥ upon introducing

perturbations. In addition, the timing of π-pulses as in Fig. 5.1 (b) may be shifted,

giving rise to effective models Ĥ ∼
∫ τ+
−τ− dtΔp(t)N̂0(t) with N̂0(t) evaluated at nega-

tive times. Moreover, larger system sizes and longer evolution times may be analyzed

by combining our approach with tensor network methods980,922,874,708 to compute
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the time-evolved local operators n̂i(t), for example as matrix product operators. Fur-

thermore, we note that our scheme applies equally to systems with Rydberg blockade

beyond nearest neighbors and systems with site-dependent detuning fields824, which

allows for the simulation of lattice gauge theories beyond the example studied in this

work.

While we focused on nonequilibrium dynamics of the resulting effective Hamilto-

nian for high-energy initial states, future work may address ground state properties or

exotic low-energy dynamics of models that can arise in our Floquet protocol782,664. In

particular, it would be interesting to determine the presence of ground state phases

that are stabilized by multi-body ring-exchange terms, such as plaquette valence bond

solids853 or even topological spin liquid phases849,972,935,770. A related question con-

cerns the preparation of low energy states of the effective Hamiltonian, potentially by

exploring connections to counterdiabatic driving schemes559,932,615. In addition, our

protocol unlocks the simulation of blockaded systems with conserved Rydberg num-

ber more generally. In Ref.779 we show that this allows for probing gapless phases of

matter and the construction of Hamiltonians that generate multi-partite entanglement

starting from simple product initial states.

Finally, we note that our method involving the perturbation around periodically

reviving many-body trajectories can be applied to other experimental systems beyond

Rydberg atom arrays. Time-periodic many-body dynamics is commonly employed in

dipolar-interacting quantum systems990,992,609,1017,678, and can be implemented, for

instance, in neutral atoms in optical lattices and cavities804,619, in trapped ions677,681,

or digitally in superconducting devices564,841,579. Furthermore, state-dependent peri-

odic revivals occur in systems with quantum-many body scars556,571. Devising Hamil-

tonian engineering protocols for such systems, analogous to the present work, is a
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promising direction for future work.
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Figure 3.1: Hamiltonian engineering and gauge theories. a) We consider PXP models as an
approximate description of Rydberg atoms in optical tweezers. b) Due to blockade, simple
global detuning π-pulses reverse the direction of time evolution, leading to an effective many-
body echo. c) Introducing detuning perturbations Δp(t) around this echo realizes an effective
Hamiltonian that consists of the time-evolved Rydberg number operators N̂0(t). The spread-
ing of this operator leads to multi-body interactions in the effective Hamiltonian. Intuitively,
for an optimized choice of Δp(t), part of the wave function ‘scatters’ into a desired final state,
realizing a coherent interaction term. d) Our approach can be applied to study lattice gauge
theories, where multi-body plaquette terms are required to realize dynamical gauge fields. We
achieve increased flexibility in tuning the relative strength of various interactions, enabling
access to regimes previously difficult to realize.71
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Figure 3.2: Kagome lattice PXP model. a) We numerically study a PXP model on a Kagome
lattice of 3 × 3 unit cells. Each elementary triangle hosts at most one excited spin (full circles)
due to nearest neighbor blockade. Left: States with maximum number of excited spins map
to close-packed dimer states on the honeycomb lattice, yielding a U(1) gauge theory. Shown
is a specific example |ψ1⟩. Right: Triangles without excited spins are created in pairs and
correspond to charged matter excitations under this U(1) gauge field. The depicted state |ψ2⟩
contains a pair of charges. b) Dynamical processes of increasing (off-diagonal) operator weight
γ. γ = 2 corresponds to hopping of charges, γ = 6 to plaquette terms that generate pure
gauge field dynamics; γ = 1 and γ = 3 create/annihilate pairs of charges. c) Overlap of the
time evolved operator N̂0(t) with the off-diagonal operators illustrated in b). For intermediate
times, N̂0(t) develops significant overlap with off-diagonal processes beyond single spin flips.
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Figure 3.3: Engineering six-body terms. a) We optimize the effective Hamiltonian in the k = 0
momentum sector with respect to the matrix elements S of Eq. (3.20). Within the subspace
of dimer states with N = L2 excited spins, we optimize towards six-body plaquette terms
while minimizing all number-changing matrix elements. b) The optimization is carried out
for different values of the Floquet period τ and the detuning cost λ. We fix values (marked
with a green star) where both the alignment with the target matrix elements Q∡(λ, τ), as
well as the target strength per amount of detuning QΔ(λ, τ) for the corresponding effective
Hamiltonian are large. c) The resulting, optimized detuning profile for Ωτ = 6, λ = 0.1. d)
Time evolution of the Rydberg number density n(t), starting from |ψ1⟩ (red) and |ψ2⟩ (blue),
see Fig. 3.2 (a). Under Δp(t) of c) and discrete pulses described in the main text, number con-
servation is strongly broken in the micromotion (see inset), but highly accurate at multiples
of the stroboscopic time 2Ωτ = 12, in agreement with dynamics under the effective Hamilto-
nian Ĥ. e) Dynamics of the variance (ΔV(t))2 of next-nearest-neighbor excitations, Eq. (3.23).
Oscillations in (ΔV(t))2 for |ψ1⟩ (red) mark the onset of plaquette dynamics, while |ψ2⟩ (blue)
includes the dynamics of charged matter excitations.
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Figure 3.4: Engineering three-body terms. a) Optimization of Ĥ in the k = 0 momentum
sector with respect to the matrix elements S of Eq. (3.25). Within the subspace of states with
N = L2 or N = L2 − 1 excited spins, we optimize towards three-body number-changing terms,
two-body hopping processes for charged matter excitations, and a detuning contribution. b)
Optimization across different values of period τ and detuning cost λ. We fix values marked
with a green star, where both Q∡(λ, τ) and QΔ(λ, τ) (see Eqs. (3.10,3.11)) are large. Due to
optimization for lower-weight terms compared to Fig. 3.3, smaller periods τ are sufficient. c)
Optimized detuning profile for Ωτ = 2, λ = 1.5. d) Time evolution of the density n(t) start-
ing from |ψ1⟩ and |ψ2⟩ (see Fig. 3.2 (a)). Stroboscopic number conservation remains robust,
and agreement with effective Hamiltonian dynamics remains accurate at early times. Inset:
Micromotion of the density in between stroboscopic times. e) The variance (ΔV(t))2 shows
non-trivial dynamics for both |ψ1⟩ (red) and |ψ2⟩ (blue) already on intermediate timescales,
indicating the presence of strong effective six-body dynamics induced by three-body interac-
tions.
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Figure 3.5: Effective Hamiltonian dynamics. Dynamics of dimer state |ψ1⟩ under Ĥ(ν) of
Eq. (3.24), which rescales the all terms in Ĥ orthogonal to N̂ by a factor ν. a) Long-time aver-
age n(t) of the density as a function of ν for the six-body protocol outlined in Sec. 3.3.3 (blue),
the three-body protocol of Sec. 3.3.4 (red), and a static PXP model at Δ/Ω = 2.0 (yellow).
b) Dominant frequency ωmax in the dynamics of the variance (ΔV(t))2. The observed scalings
ωmax ∼ ν, ν2, ν6 are consistent with dominant six-body, three-body and single-body terms,
respectively. c)+d) Scaling collapse of early time dynamics of (ΔV(t))2 for six- and three-body
protocols.
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Figure 3.6: Local quantum dynamics. a)-c) (left panels) We characterize the time evolution
of local observables for a constant static detuning Δstatic/Ω = 2.0 and the Floquet protocols
of Sec. 3.3.3 and Sec. 3.3.4. In the static setting a), the autocorrelation C(t) (see Eq. (3.27))
of local densities exhibits a large separation of timescales between the fully packed dimer
initial state |ψ1⟩ and the initial state |ψ2⟩ containing a pair of charge excitations. In contrast,
the autocorrelation function of both initial states decays on similar timescales in our Floquet
protocols b)+c), indicating comparable coupling strengths of pure gauge and matter dynam-
ics. a)-c) (right panels) Time evolution of the strongest plaquette resonance maxp | ⟨X̂⟩p | in
the system (see Eq. (3.28)). For the dimer initial state |ψ1⟩, signifcant resonances eventually
develop in all protocols. For |ψ2⟩, the resonances are lost due to dominant matter hopping
processes in the static case a), but persist in the strongly coupled Floquet schemes of b) and
c). d)-f) Site-resolved dynamics of densities and plaquette expectation values in the protocols
of a)-c), respectively. The thickness of the bonds indicates the local Rydberg density ⟨n̂i⟩, the
area of the blue hexagons the local plaquette resonance expectation value | ⟨X̂p⟩ |. In the static
protocol d), the local densities show a strong memory of the dimer initial state |ψ1⟩, while the
state |ψ2⟩ rapidly becomes homogeneous due to dominant matter dynamics. In contrast, in
the Floquet approaches e) and f), both states become homogeneous on roughly similar time
scales and develop plaquette resonances even in the presence of matter excitations. The proto-
col shown in f) achieves this on relatively short time scales.
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4
Enhancing Detection of Topological

Order by Local Error Correction

Topological ordering is an exotic phenomenon which can occur when quantum fluctu-

ations and local constraints stabilize a state with long-range entanglement995. With

their non-local correlations, topologically-ordered states feature many remarkable

properties and can be used for protecting quantum information non-locally995,866,963.

Yet, because these states appear to be liquid-like at short length-scales903, they can-

not be identified or characterized using any local order parameters. Instead, the canon-

ical approach to discern topological order is to measure operators supported on large
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closed loops, the Wilson loops705,998,995,693. However, such operators are challenging

to identify or measure: while they have simple forms in certain fixed-point models,

this is generally not the case for states realized experimentally in the presence of noise

or other perturbations. In these cases, the expectation values of the simple or ‘bare’

Wilson loop operators described above decay exponentially with the loop’s perimeter,

which hinders the experimental certification of topological order.

To address these challenges, several methods have been developed to construct ‘fat-

tened’ Wilson loops which do not decay with loop size. These include a systematic

method utilizing quasi-adiabatic connections to the fixed-point models705, as well as

variational and tensor-network-based approaches582,727,642,733. Nevertheless, these

methods are challenging to apply in realistic experiments, especially in the presence

of incoherent noise (e.g., spontaneous emission). Other signatures, such as topological

entanglement entropy764,790 are likewise difficult to measure in large systems.

Motivated by these considerations, we introduce a powerful framework, locally

error-corrected decoration (LED), for studying and characterizing topologically-ordered

states. By leveraging the error-correcting properties of topological phases, LED pro-

vides a systematic method to construct and efficiently measure ‘decorated’ Wilson

loop operators, a variant of the fattened loop operators. This enables the identifica-

tion and characterization of topological order at large length-scales in the presence of

both coherent perturbations and incoherent noise, which are particularly challenging

or impossible using conventional methods.

In its most general form, LED corresponds to a class of hierarchically-structured

quantum circuits which resemble the classification of quantum phases using RG flow924,603.

Yet, for a wide range of experiments where the prepared state is known to approx-

imate a fixed-point state with zero correlation length (see Supplementary Informa-
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tion), there is an efficient ‘snapshot-based’ realization of LED using only classical

post-processing of experimental measurements in a few fixed bases. In this work, we

primarily focus on snapshot-based LED due to current experimental limitations and

the hardness of simulating 2D quantum circuits.

4.1 LED Approach

The key idea of LED can be understood by considering Kitaev’s toric code model, a

canonical example of topological order. Specifically, we consider qubits localized on

the edges of a square lattice. The ideal, fixed-point Hamiltonian is defined as759:

HTC = −J
∑
v

Av − J
∑
p

Bp (4.1)

where Av =
∏

i∈adj(v) Xi, Bp =
∏

i∈adj(p) Zi, and adj(v) (resp., adj(p)) denote the set of

edges touching a given vertex v (plaquette p) of the lattice. The ground state space,

given by the simultaneous +1 eigenspace of all stabilizer operators {Av,Bp}, forms

a quantum error-correcting code: all local operators either act trivially on ground

states or couple them to excited states759. By measuring stabilizers, one can detect

the presence of excitations and apply a recovery procedure to return the system back

to this ground state space.

In this model, contractible Wilson loops can be constructed by multiplying stabi-

lizers, so their expectation values in any ground state of HTC are +1, independent of

loop size. However, in realistic situations, the prepared state differs from the fixed-

point state by local fluctuations such as coherent perturbations and incoherent errors

(Figure 8.1a). This causes bare Wilson loops to decay exponentially with the number
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of locations where a fluctuation can intersect the loop (i.e., its perimeter).

The snapshot-based LED approach begins with a measurement of all qubits in the

same (Pauli-Z or Pauli-X) basis. For each measurement snapshot, one can calculate

the stabilizer and Wilson loop values. Local fluctuations appear as stabilizer viola-

tions, which are identified with anyonic excitations759 (Figure 8.1b). A local decoder

partially removes such fluctuations by flipping measured qubits using only nearby

stabilizer values. The simplest such local decoder can remove single-qubit errors, by

flipping a qubit if and only if both adjacent vertices (resp., plaquettes) are occupied

by an m (e-anyon). However, it cannot remove higher-weight errors, which flip two

or more adjacent qubits. Subsequently, the lattice is coarse-grained, which can also

be done efficiently on measurement snapshots (see methods). Together, the anyon-

pairing and coarse-graining steps are repeated for n layers. Crucially, the weight of

uncorrected errors is reduced in each layer, so that all local errors eventually become

single-qubit errors which the decoder can correct; this mimics a real-space RG flow to-

wards the fluctuation-free fixed-point state (see Methods). Finally, a bare Wilson loop

is measured on the final, corrected and coarse-grained state (Figure 8.1b).

This bare operator measured on the final state is equivalent to a decorated Wil-

son loop operator measured on the original state (Figure 8.1). Moreover, it is deter-

mined solely by the fixed-point state and is independent of the specific fluctuations in

the system; this crucially differentiates LED from prior approaches to construct fat-

tened loop operators705,582,727. Notice that all steps in snapshot-based LED can be

performed in post-processing (see Methods), making it uniquely suited for integration

into experimental measurement procedures. More general LED operators can be con-

structed through the quantum circuit formulation; one example is presented in the

Supplementary Information.
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The hierarchical LED procedure is also inspired by the quantum convolutional neu-

ral network (QCNN) approach to phase classification, and the decorated Wilson loop

operators resemble the multiscale string order parameters studied in Ref.620. However,

in this context, the LED framework is more general: one can construct LED Wilson

operators of diameter L with any desired correction distance d ≪ L (Figure 8.2a) by

choosing any local decoder which pairs anyons up to distance d (see Methods). The

construction of Figure 8.1b with alternating local-decoding and coarse-graining layers

is a particularly efficient way to construct local decoders and LED loops with longer-

range (e.g., d,L ∝ 2n).

We emphasize that the locality of our procedure ensures that only topologically-

ordered states can flow to the fixed-point state. Thus, LED gives rise to a sufficient

condition or witness for topological order. This distinguishes LED from general de-

coders, which do not typically respect locality and hence cannot be used to certify

topological order.

4.2 Numerical Detection of Topological Order with Coherent Perturbations

To demonstrate the applicability of LED for coherent local perturbations to HTC, we

consider a family of states

|ψ(gX, gZ)⟩ =
1
N

egX
∑

i Xi+gZ
∑

i Zi |ψTC⟩ , (4.2)

generated by imaginary-time evolution of a toric code ground state |ψTC⟩
602,695,1021.

As each operator Zi (resp., Xi) creates a pair of m anyons (e anyons), |ψ(gX, gZ)⟩ con-

tains virtual anyon fluctuations on top of |ψTC⟩. In the special case where gX = 0,

topological order is known to survive for perturbations gZ ≤ gc = 0.220343, beyond
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which the m-anyons condense, driving a second-order phase transition into the Z-

paramagnet state591. More generally, |ψ(gX ̸= 0, gZ ̸= 0)⟩ is also topologically-ordered

for small gX and gZ, but the transitions to paramagnetic phases can occur at points

which differ from gc.

In testing LED, we numerically simulate projective measurements of |ψ(gX, gZ)⟩

and use them as input “experimental snapshots” in Figure 8.1b (see Methods). Fig-

ure 8.2b shows the value of the LED order parameter for a trivial and a topological

state with gZ = 0.14, when n is varied (and d,L ∝ 2n). Clearly, the order parame-

ter stays at 0 for the trivial state, but increases from a small, finite value to one for

the topological state as n is increased. Similar behavior is also observed throughout

a one-dimensional parameter space in Figures 8.2c and 8.2d, whenever the correction

distance d is increased, while keeping d ≪ L to prevent overcorrection (see Methods).

Importantly, amplification occurs only if the input state is topological, and the order

parameter approaches 0 for all trivial states.

Another important set of observables for characterizing topological order are X

and Z open string operators, which detect the transition from the topological phase

to the trivial, paramagnet phase. Because LED Wilson Z-loop operators (resp., X-

loop operators) are linear combinations of Z (X) closed loops supported on an an-

nulus, they anti-commute with conjugate X (Z) open strings connecting the interior

and exterior of the annulus. As such, the expectation value of any long, open string

must flow to zero in the topological phase, whereas closed-loop LED operators flow

to unity with increasing d. The topological-to-trivial phase transition occurs when

certain long, open X or Z strings acquire non-zero expectation value, due to the con-

densation of m or e anyons, respectively. Indeed, deep in the paramagnetic phase the

state limgx→∞ |(gx, gz)⟩ is polarized along the X direction, and X open strings become
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unity. However, for generic trivial states, open strings also decay exponentially with

length, due to local fluctuations of the opposite type; nevertheless, LED can still am-

plify their expectation values by removing the effect of local fluctuations. This be-

havior is demonstrated in our simulations: in Figure 8.2e,f, open string expectation

values stay at 0 in the topological phase, but are amplified and saturate to a non-zero

value in the trivial (paramagnetic) phase. Because LED amplifies the contrast be-

tween trivial states and a large class of topological states, the topological order can

be detected using with lower sample complexity—that is, by using substantially fewer

experimental repetitions620,694 (see Supplementary Information).

Let us note that the boundary dividing the states whose LED operators approach

zero and one does not necessarily correspond to the topological phase boundary: in

general, it depends on the choice of decoder and coarse-graining length-scale. For in-

stance, this is observed in Figure 8.2g, where closed loops are nearly one after n = 3

layers for a large region within, but not fully encompassing, the topological phase.

Hence, LED is not always a necessary condition for topological order.

4.3 Effect of Incoherent Errors

We next demonstrate the application of LED in the presence of incoherent local noise

such as spontaneous emission or dephasing, which commonly occur in experiments.

Because local decoders can recover topologically encoded information in the presence

of small, local error channels634,764 it is reasonable to ask whether mixed states pre-

pared in these systems exhibit topological ordering.

To study such examples, we introduce incoherent bit- and phase-flip errors by in-

dependently flipping, with probability pflip, each measured qubit in a snapshot of

83



|ψ(gX, gZ)⟩. Here, we associate topological order with states that can be transformed

into a ground state of HTC via local operations. Our analysis then suggests that the

resulting mixed-state phase space contains a Z2-topological phase, a Z-paramagnet,

an X-paramagnet, and a disordered phase with large incoherent error rates. However,

it is especially difficult to distinguish the topological and disordered phases using mea-

surements of bare operators alone: in both phases, open strings remain close to zero,

while bare Wilson loops decay exponentially with perimeter as e−αL, where the expo-

nent α interpolates smoothly between the phases (Figure 8.3a,b). This is in contrast

to the paramagnet phases, where closed loops exhibit similar behavior, but certain

open strings decay with the same exponent α as the closed loops673.

Upon studying the behavior of LED operators, one finds that the mixed-state phase

space exhibits two qualitatively different regimes (Figure 8.3b). LED reduces α to

0 with increasing d in the ‘correctable’ regime, while α grows in the ‘uncorrectable’

regime. Further, correctable states with small pflip are connected to topologically-

ordered pure states, suggesting these mixed states are topologically-ordered as well.

Indeed, we show that correctability implies the input state cannot be prepared from a

product state using only local operations. In particular, if LED Wilson loops are am-

plified to above 1 − ε under depth d correction, this certifies topological order up to

length-scale O(L − d) where L ∼ 1/
√
ε. Furthermore, we argue (see Methods) that,

under plausible conditions, this implies the entanglement negativity of the input state

contains a topological term; this connects the LED characterization of mixed state

topological order to other studies 884,717,786.

The ability of LED to distinguish between the topological and disordered phases

can be understood by analogy to quantum error correction. Conceptually, since any

given LED loop operator is supported on an annulus, we can consider this opera-
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tor as being embedded in a surface code on this annulus with open boundary condi-

tions, which supports a logical qubit. Then, an LED Z-loop operator corresponds to

a logical-Z operator for this qubit, while an X-string connecting the interior of the

annulus to the exterior corresponds to a logical-X operator (see Figure 8.2a). In this

framework, the decay rate α of Wilson loops corresponds to a local logical error rate

per unit length, and in the correctable phase, LED-based decoding succeeds with high

probability as long as the code distance d is sufficiently large (Figure 8.3c). However,

in the uncorrectable phase, such as when pflip is above the error correction threshold

or when long, open strings condense in a paramagnetic phase, decoding cannot cor-

rectly pair anyons, resulting in a high rate of logical errors634.

The above results are deeply rooted in the stability of topological order against lo-

cal perturbations. In contrast, any finite temperature destroys long-range topological

order as it leads to freely propagating thermal anyons. In Figure 8.3d, we consider

the toric code model at finite temperature, with local incoherent errors, and find that

the LED loop operators indeed approach zero upon increasing n. Interestingly, their

expectation values flow non-monotonically, being amplified at small n before eventu-

ally turning to 0. This occurs because of a competition between two effects: thermal

anyons are uncorrectable, so their density accumulates under RG flow; however, local

fluctuations are corrected at early layers, which initially amplifies LED loop expecta-

tion values. Because loops at different n probe correlations at different length-scales,

the turning point in these curves can be used to identify the characteristic length-

scale of separation between thermal anyons, or equivalently, the system’s tempera-

ture.
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4.4 Experimental Realization in Rydberg Atom Arrays

We now use LED to characterize and provide new insights into the Z2-topologically-

ordered states recently realized on a 219-qubit programmable quantum simulator933.

In the experiment, qubits are encoded in ground states and n = 70 Rydberg states

of neutral 87Rb atoms and placed in an array on the links of a kagome lattice (Fig-

ure 8.4). This model maps onto a dimer model, where each Rydberg atom can be

viewed as a dimer covering the two adjacent vertices of the kagome lattice973: the

Rydberg blockade interaction between nearby atoms enforces a “dimer constraint” by

preventing, with high probability, any vertex from being covered by more than one

dimer906.

This dimer model is predicted to support a Z2-topologically-ordered state of the

resonating valence bond (RVB) type, involving the equally-weighted superposition of

all dimer coverings973,850,894. In this model, Z-stabilizers are given by (−1) times the

product of single-qubit Z-operators on the edges touching a vertex, X-stabilizers are

given by the product of off-diagonal operators supported on the triangles bordering a

hexagon (see Methods), and the RVB state forms a fixed-point state. An e (resp., m)

anyon arises when a Z (X) stabilizer is violated910,960,976. Here, the (−1) factor for Z-

stabilizers ensures stabilizer expectation values of +1, because each vertex is touched

by exactly one dimer.

In the experiment, a topologically-ordered state is prepared by quasi-adiabatically

adjusting the detuning Δ and Rabi frequency Ω of a global laser drive933. The onset

of topological order is observed by studying the expectation values of Wilson loops

and open strings673,581,689,973,933. A state consistent with Z2 topological order emerges

when using a quasi-adiabatic sweep from initial Δ/Ω < 0 to a final value of Δ/Ω in
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the range 3.3 ≲ Δ/Ω ≲ 4.5. In practice, several factors make quantitative characteri-

zation of such states difficult, as they cause the prepared state to differ from the ideal

fixed-point state for the dimer model. In particular, the finite sweep speed and ex-

perimental imperfections (e.g., off-resonant scattering, laser phase noise, spontaneous

emission events) can modify the experimentally created state. Moreover, the Ryd-

berg interaction Hamiltonian is only an approximation of the parent Hamiltonian of

the fixed-point state: for example, the 1/r6 interaction between Rydberg atoms gives

rise to long-range tails in the interaction Hamiltonian. These long-range tails also

destabilize the spin-liquid ground state, which could cause a first-order phase transi-

tion between regions (II) and (IV) in Figure 8.4. Nonetheless, a spin-liquid state can

be prepared by using finite ramp speeds, as was done in the experiments682,605,973.

These factors correspond to both coherent and incoherent perturbations, similar to

those considered in our toric code simulations. As a result, while topological order

can be discerned at modest length-scales, the expectation values of large, bare Wil-

son loop observables have nearly vanishing signal for almost all final values of Δ/Ω

(Figure 8.4b,e).

To circumvent these imperfections, we measure LED loops on the experimentally

prepared states. Due to the limited experimental system size, it is not possible to con-

sider loops which strictly satisfy the limit where ξ ≪ d ≪ L, resulting in relatively

small expectation values for the LED loop operators. Nonetheless, we clearly observe

a range of values of Δ/Ω where both Z- and X-loops are amplified, which corresponds

to the spin-liquid interval identified in Ref.933 (blue shaded region in Figure 8.4). In

particular, some of the largest loops within the system acquire non-zero expectation

values in this parameter regime. To further confirm our findings in this intermedi-

ate system size setting, we also examine the behavior of open Z- and X-strings under
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LED, and we find that there are four regimes (I-IV). Regimes I, II, and III correspond

to the Z-paramagnet, X-paramagnet, and spin-liquid regime, in agreement with the

prior interpretation of experimental results933. We emphasize that our analysis of

Regime III goes beyond that of933, showing non-trivial coherence in closed loops at

significantly longer length-scales. Furthermore, LED provides novel insights into the

nature of Regime IV: because LED does not amplify open or closed string expectation

values, our analysis appears to be consistent with a decoherence-dominated disordered

phase (see also Supplementary Information). Such a phase is analogous to the dis-

ordered part of the mixed-state phase diagram (see Figure 8.3c), which has a high

density of dephasing (Z) errors, in contrast to the valence-bond solid (VBS) phase

predicted for the ground state973.

4.5 Circuit-Based LED and Generic Topological Phases

While our current LED analysis uses classical post-processing of Z- and X-basis ex-

perimental snapshots, the most generic LED formulation involves a quantum cir-

cuit model following the QCNN framework of Ref.620. Here, the entropy associated

with both incoherent and coherent fluctuations are systematically removed by in-

troducing ancillary degrees of freedom and applying local unitary transformations,

ultimately leaving a purified state supported on fewer degrees of freedom. Notably,

this enables the application of LED to a large class of non-abelian topological orders

known as string-net models759,791. The anyon content of these models is character-

ized by a modular tensor category (MTC) C = Z(A), where Z denotes the Drinfeld

center988,543 of a unitary fusion category A759. Here, the possible topological charges

(i.e., anyon types) are given by the simple objects α0, α1, ..., αN−1 of C. It is conjectured
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that any MTC is uniquely determined by modular S and T matrices which capture its

anyon braiding statistics:

sij =
1
D

αi αj
(4.3)

tij =
δij
di

αi (4.4)

where di is the quantum dimension of αi and D =
√∑

i d2i . For example, a key signa-

ture of the toric code MTC C = D(Z2) is the −1 twist product between e and m anyon

loops (sem = −1).

Direct measurements of sij and tij involve braiding anyons along large loops, and

hence are affected by coherent perturbations and incoherent errors. The inability to

extract their precise values prevents accurate identification of the topological phase.

To circumvent this, we use a hierarchical LED circuit which systematically detects

and identifies errors (anyons) at each site by using ancillary qubits, removes them

by inputting the fusion rules of C into a maximum-likelihood decoder, and applies

an entanglement renormalization circuit to coarse-grain the system769. After mul-

tiple layers, the S and T matrices can be measured with much higher accuracy and

efficiency (Figure 6.5). We note that circuit-based LED is required for the detection

and removal of non-abelian anyons. More details on circuit-based LED and generic

topological phases can be found in Methods and Supplementary Information.

4.6 Discussion

These results demonstrate that LED constitutes an exceptionally promising approach

to enhance the detection and characterization of topological order. Several generaliza-
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tions and future avenues can be considered. For example, the variational methods of

QCNN circuits can enable adaptive measurement procedures, which can recognize a

much larger portion of the topological phase. This opens the door towards achieving

a necessary and sufficient criterion for topological order using LED, which cannot be

done using any fixed linear observable722. Moreover, our results indicate that LED is

applicable to generic topological orders in higher dimensions, which is challenging to

analyze using any currently known techniques. LED can also potentially serve as an

order parameter for efficiently characterizing glassy gauge models987, through a map-

ping shown in Methods. Additionally, while our present work analyzes a spin-liquid

state prepared using a Rydberg-atom quantum simulator, LED is also directly appli-

cable to other platforms such as superconducting qubits912 or trapped ions951.

Another promising direction is to further study whether the “correctability” of

states in our mixed-state phase diagram can be used to characterize topological order

in mixed states more generally786,733,734,546,703. In particular, it could be intriguing to

further explore the dependence of the correctable regime on the choice of local error

correction and/or coarse-graining procedure. Finally, while our approach can be di-

rectly applied to any string-net topological order, it could be interesting to consider

more general topological phases, fracton phases or gauge theories with continuous

gauge groups974,976. Such methods can then become indispensable parts of quantum

simulation toolboxes for understanding exotic states of entangled quantum matter.
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4.7 Methods

4.7.1 Numerical Simulations for the Toric Code

In this section, we explain how the numerical simulations underlying Figures 8.2

and 8.3 are performed. We begin by constructing a projected entangled pair state

(PEPS) representation of the exact toric code ground state925. This construction uti-

lizes a parity tensor P defined as

Pijkl =


1 if i+ j+ k+ l = 0 mod 2

0 otherwise
(4.5)

where each index i, j, k, l ∈ {0, 1} (i.e., the tensor P has bond dimension two). Because

the toric code is defined with qubits on the links of a square lattice, our PEPS rep-

resentation of the state has one PEPS tensor with two physical indices per unit cell.

Letting p, q be the physical indices and ijkl be the virtual indices, the toric code PEPS

tensor A is then given by Apq
ijkl = δpi δ

q
j Pijkl. Our perturbed states |ψ(gX, gZ)⟩ are con-

structed from the toric code state by applying imaginary time evolution to each site

L(gX, gZ) = egXX+gZZ:

A(gX, gZ)
pq
ijkl =

∑
p′,q′

L(gX, gZ)
p
p′L(gX, gZ)

q
q′A

p′q′
ijkl . (4.6)

Notice that this operation does not change the PEPS bond dimension, thereby allow-

ing for efficient simulation.

Our goal is to simulate projective Z-basis measurements to serve as the “experimen-

tal snapshot” input in Figure 8.1b. The key ingredient which enables efficient sam-
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pling is an algorithm for efficiently computing marginal and conditional probabilities,

which can be implemented as follows: We first label every unit cell by its coordinate

(x, y). There are four possible measurement outcomes at each unit cell, and we com-

pute the probability P(σ(1,1) = ab) that measurement of the first site (x, y) = (1, 1)

yields the outcome ab = 00, 01, 10, or 11. Next, we select a sample ab11 based on this

probability distribution, compute the conditional probability distribution on the sec-

ond site, P(σ(2,1) = ab|σ(1,1) = ab11), and sample the second measurement outcome ab21.

The process then repeats, with each subsequent distribution being conditioned on all

prior measurements.

Computing the probabilities requires contracting a 2D tensor network (Figure 4.6),

which is in general #P-hard926. In practice, however, the states we encounter have

finite correlation length, and the computation becomes remarkably efficient through-

out much of the phase diagram614. In particular, we work on a strip of finite height

Lx and infinite length Ly, and introduce boundary matrix product states (MPS) to

efficiently capture the effect of the environment—that is, the sites different from the

one currently being sampled865. Because singular-value decomposition truncation is

used at each step to prevent the bond dimension of the boundary MPS from growing

exponentially981, the method is approximate; however, we only discard singular values

< 10−8, so truncation errors are insignificant. Details of the boundary conditions and

contraction ordering are discussed in the Supplementary Information.

In our simulations, we choose Lx = 300 unit cells and sample 1000 columns, giving

us access to very large snapshots with 600,000 qubits. To minimize boundary effects,

we compute observables supported on sites at least 30 unit cells away from the bound-

aries. Near the phase boundaries, the bond dimension (entanglement) of the bound-

ary MPS becomes large due to the large correlation length, which increases the com-
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putational demands for sampling (gray data points in Figure 8.2g). We numerically

confirm this phase boundary with an independent calculation (see Supplementary In-

formation).

4.7.2 Details on Error-Correction and Coarse-Graining Procedures

Here, we explain the details of the LED decoding and coarse-graining procedures and

demonstrate how bare Wilson loops become decorated under the LED protocol. With-

out loss of generality, we consider Z-basis measurements, from which we can calculate

plaquette stabilizers Bu. Here, each plaquette is labelled by the 2D coordinate of its

unit cell u = (x, y). Since there are two qubits per unit cell, each qubit carries a co-

ordinate and a link label v or h, depending on whether its corresponding edge in the

square lattice is vertical or horizontal, respectively. Finally, the projective measure-

ment outcomes are denoted by σ ∈ {+1,−1} (see Figure 4.7).

To illustrate local error correction, we consider the “pairing decoder,” which flips

a qubit if and only if its two neighboring plaquettes are simultaneously occupied.

Importantly, to preserve locality, we first compute all stabilizer values and then flip

qubits based on these values. The decision of whether to flip any qubit then depends

only on its value, and the values of the six adjacent qubits with which it shares a pla-

quette. Equivalently, this error correction procedure corresponds to an operator trans-

formation

σu+x̂,v → σu+x̂,v (1+ Bu + Bu+x̂ − BuBu+x̂) /2 (4.7)

σu+ŷ,h → σu+ŷ,v
(
1+ Bu + Bu+ŷ − BuBu+ŷ

)
/2 (4.8)

To ensure all local errors are removed after a finite number of LED steps, we also pair
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anyons which occupy two plaquettes separated by a diagonal, such as Bu and Bu+x̂+ŷ.

The locality of the decoder ensures that the support of any local operator only grows

by a finite amount with each step. Subsequently, the coarse-graining procedure re-

places each b×b block of plaquettes with a single plaquette whose value is the product

of b2 plaquettes; microscopically, this can be done by defining new qubits as a product

of b corresponding qubits in the original lattice. The combination of a local pairing

step and a coarse-graining step forms a layer of real-space RG; with each additional

layer, one can correct errors of higher and higher weight.

The bare Wilson loops measured in the final state are equivalent to decorated

loop operators acting on the original state. These decorated operators can be effi-

ciently computed from projective measurement data, since their eigenstates are prod-

uct states in the Z and X bases, respectively. Furthermore, in the operator transfor-

mation picture, any loop or string of length L maps onto a linear combination of ex-

ponentially many (2O(L)) loops or strings, respectively. Thus, while the operator trans-

formation picture is helpful for conceptual reasons, it is computationally much easier

to use the original picture of error-correction and coarse-graining.

A few remarks are in order. First, one important property of LED is that it pre-

serves commutation relations: consider two anti-commuting X and Z strings which

intersect at a single point, far from the strings’ endpoints. Upon applying LED, the

resulting decorated strings still anti-commute. This is because the correction is com-

puted only using stabilizers, so it decorates Z-operators by a linear combination of

closed Z-loops, and similarly for X. Moreover, other local decoding algorithms, such as

cellular automata and RG decoders, can also be used to generate different LED oper-

ators641. In the following section, we describe a flexible, “patch-based” local decoder

for the toric code, which allows LED to classify a wider range of states as topological.
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4.7.3 Patch-Based Decoder

The patch-based decoder with variable correction distance d is based on a local minimum-

weight perfect matching (MWPM) procedure. In the first decoding step, a local MWPM

decoder is convolved with all l by l square regions of the toric code, where l ∼ d; for

each region, MWPM takes as input the location of the enclosed anyons. Because both

e and m anyons can freely move into and out of the region, this is analogous to decod-

ing a surface code with open boundaries. Therefore, MWPM pairs any given anyon

either with another anyon or with the boundary.

The second step aggregates MWPM pairings. Since the square regions can overlap,

a pair may appear more than once. As such, after choosing a natural indexing of the

plaquettes, we create a list of all MWPM pairings between two plaquettes (p, q) with

p < q; pairings with the boundary are not included (Figure 4.8). For each plaquette p

containing an anyon, the patch-based decoder then performs the pairing (p, q) which

occurs most often. This procedure naturally favors pairings that flip fewer qubits, be-

cause shorter-range pairings can be included in more local patches.

A critical property of this decoder is that it preserves locality. In the first step,

MWPM only uses information from local l by l patches, while the distance between

partner plaquettes in the second step is always less than l. Aggregation can thus be

performed using only the results from a small number of overlapping local patches.

4.7.4 Decoder Details for the Ruby Lattice Spin Liquid

We now explain the decoding procedure for a dimer model where qubits lie on the ver-

tices of the ruby lattice, or equivalently, on the links of a kagome lattice. This dimer

model supports a Z2 spin-liquid phase, whose fixed-point is a resonating valence-bond
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(RVB) state973. This state is in the same universality class as the toric code, as it sup-

ports e and m anyons with similar string operators.

We first describe the decoding procedure for e anyons, which correspond to ver-

tices with an even number of adjacent dimers. (We note that this is an odd Z2 spin

liquid, and the trivial empty state corresponds to maximal occupation of e anyon

states.) In the first correction step, we apply the pairing decoder between adjacent

vertices. We then coarse-grain the kagome lattice to a triangular lattice by grouping

vertices within each upward-pointing triangle. This transforms vertex stabilizers in

the kagome lattice to vertex stabilizers in the triangular lattice (Figure 4.9a). The

pairing decoder is then applied between adjacent triangles in the second correction

step. In the main text, we study the flow from uncorrected loops to vertex-paired and

triangle-paired loops, which are denoted as as layers 0, 1, and 2, respectively.

We next consider the m anyons, which are associated with hexagonal plaquettes. A

rotation is first performed within each triangle, such that the string operators asso-

ciated with m anyons become diagonal in the measurement basis. This allows us to

map each configuration onto a triangular lattice, whose vertices are located at the cen-

ter of each hexagon in the kagome lattice; this mapping transforms X-stabilizers of the

dimer model into vertex Z-stabilizers in the triangular lattice (Figure 4.9b). Due to

the small experimental system size, we can only perform one layer of correction, and

we use the pairing decoder on the triangular lattice. We note that open strings on the

triangular lattice map onto open strings on the ruby lattice, although the resultant

strings are slightly different from the ones measured in973,933.
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4.7.5 Quantum Circuit Formulation of LED

As discussed in the main text, the most general formulation of LED uses a hierarchi-

cal quantum circuit like the QCNN circuit introduced in Ref.620. The structure of

such a circuit is illustrated in Supplementary Figure S11 in a one-dimensional exam-

ple for simplicity of illustration, but can be easily generalized to the two-dimensional

cases considered in LED.

In this framework, stabilizer measurements are performed at each layer using quan-

tum circuits to preserve the coherence of qubits in the system, in the same fashion as

for surface-code quantum computation672. When the lattice is coarse-grained as in

Figures 8.1, 4.7, a fraction of the system’s qubits are measured, and local operations

are applied to each remaining qubit based on nearby stabilizer measurement values, to

correct for local errors. One example circuit construction of LED stabilizer measure-

ment, decoding, and coarse-graining for recognizing the toric code phase is presented

in the Supplementary Information. For more general string-net models, ancillas can

be used to detect the presence of anyons, and the decoding steps perform anyon trans-

port and fusion via procedures described in Ref.1020; meanwhile, the coarse-graining

circuit is constructed as the inverse circuit of a multiscale entanglement renormal-

ization ansatz (MERA) representation of the fixed-point state (Figure 6.5)769. Ad-

ditionally, a layer of variational unitary operations is placed in front of each anyon-

detection step.

These variational unitaries can be tuned to optimize the LED order parameter val-

ues, especially in the presence of (quasi-)local rotations of qubits on top of a known

fixed-point state. For example, if every qubit in a perfectly-prepared toric code state

underwent a Haar-random, single-qubit operation, both the bare and snapshot-based
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LED Wilson loop operators will be exponentially small. However, the layer of vari-

ational unitaries in front of the first local decoding step enables one to un-do these

single-qubit operations and again achieve a high LED signal. In particular, one uses

here an adaptive procedure, whereby a hybrid quantum-classical feedback loop is

used to tune each unitary to optimize LED loop values. More generally, variational

unitaries in front of subsequent local decoding steps l allow us to compensate for lo-

cal operations acting on multiple qubits of the system. This is a major step towards

achieving a necessary and sufficient criterion for topological order, which is not possi-

ble using a single, fixed observable such as a bare Wilson loop operator722. Moreover,

due to the special hierarchical structure of QCNN and LED circuits, the optimization

of the variational unitaries can be done efficiently without encountering the so-called

“barren plateau” challenges of variational quantum circuits838,886.

Finally, one other advantage of circuit-based LED is that it enables the simulta-

neous measurement of loop operators in multiple bases in each experimental repe-

tition. This allows us to capture anyonic braiding statistics, which is critical to the

application of LED to non-abelian phases. In particular, the final measurement of

sij (Figure 6.5d) can be performed by initializing an ancilla qubit in the state |+⟩ =

1√
2(|0⟩ + |1⟩), and applying a controlled operation which, conditioned on the ancilla

being in |1⟩, creates anyon pairs αi, αi and αj, αj, braids αi around αj, and fuses the pairs

αi, αi and αj, αj. sij is then measured in two steps: First, the magnitude |sij|2 is equal

to the probability of αj, αj fusing to vacuum when the ancilla is in |1⟩; this probabil-

ity can be obtained by measuring local energy densities (e.g., by performing stabilizer

measurements). Then, when |sij|2 > 0, we post-select on both αi, αi and αj, αj fusing to
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vacuum and measure the ancilla’s final state

|Sij⟩ ∝ |0⟩+ sij|1⟩ (4.9)

in an appropriate basis to obtain the phase of sij.

For topological phases described by abelian quantum double models759, the quan-

tum circuit and snapshot-based versions of LED can be combined by measuring all

qubits in a fixed basis after some chosen depth d, and performing snapshot-based

LED using the resulting stabilizer measurement values (see Supplementary Informa-

tion). The choice of d is then determined by a tradeoff between the quantum circuit

depth/fidelity and the generality of local rotations which can be compensated for.

4.7.6 Topological Order Witness

Here, we show that LED provides a topological order witness—that is, it does not

misclassify any trivial product state as topological. For simplicity, we study the case

of Z2 topological order on a surface with trivial topology, where the fixed-point state

is the unique ground state |ψTC⟩ of HTC. We begin by considering the ideal case

where LED operators go to one.

Theorem 1. Let ρ be an arbitrary input state defined on a surface with trivial topol-

ogy. Then, after performing LED with correction distance d, assume the resultant

state ρf has, as a subsystem, qubits living on the links of a square lattice, as in the

toric code. Then, if the stabilizer expectation values
〈 1+Av

2
〉

=
〈
1+Bp
2

〉
= 1 at ev-

ery vertex v and plaquette p of the subsystem, then, the input state ρ is topologically-

ordered, in the sense that it is connected to an output state of the form ρf = |ψTC⟩ ⟨ψTC|⊗

αanc by generalized local unitary (gLU) transformation of depth O(d).
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The key to the proof is a unitary implementation of LED by introducing product

state ancillas and performing local unitary gates to perform stabilizer measurement

and correction (see Supplementary Information for details). These operations, which

cannot change the long-range entanglement structure of the state, are known as gLU

transformations602, and preserve phase boundaries. Thus, if we further assume the

output ancillas αanc are in a trivial state, Theorem 1 guarantees the input state is in

the toric code phase. However, we do not certify this condition holds, which is in gen-

eral more difficult: measurements in multiple bases are needed to uniquely determine

αanc. Instead, LED certifies that the toric code state can be distilled from the input

state by gLU transformations. Because long-range entanglement cannot be created

from a trivial state by gLU transformations602, Theorem 1 implies that LED opera-

tors flowing to unity forms a sufficient condition for topological order, or equivalently,

a topological order witness (see also Ref.693).

While the above argument works well in theory, any practical system cannot mea-

sure LED observables equal to one with infinite precision. Indeed, even infinitesimal

local perturbations to the toric code ground state, such as e−iεH |ψTC⟩ for arbitrarily

small ε and some local Hamiltonian H, can create error strings larger than the correc-

tion length d. This causes LED loop expectation values to decay exponentially, even

in the topological phase. To show that LED still provides a topological order witness

in the presence of local perturbations, finite measurement errors, and finite system

size, we show the following Theorem:

Theorem 2. Consider an arbitrary input state ρ and LED with correction distance d,

as in Theorem 1. Suppose the corresponding subsystem of ρf has stabilizer expecta-

tion values
〈 1+Av

2
〉
> 1 − ε,

〈
1+Bp
2

〉
> 1 − ε at every vertex v and plaquette p. Then,

the input state ρ exhibits topological ordering at least up to a length-scale O(L − d);
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that is, no purification of ρ can be prepared using a local quantum circuit of depth

less than O(L − d), where L ∼ 1/
√
ε.

Our proof of Theorem 2 hinges on the following two Lemmas, proved in the supple-

ment.

Lemma 3. Given an output state ρf satisfying the conditions of Theorem 2, and a

simply connected (L − 2)× (L − 2) square region R on the system part, the reduced

density matrix ρd = trRc [ρf] is indistinguishable from the toric code reduced density

matrix σTC = trRc [|ψTC⟩ ⟨ψTC|] defined on the same region, up to the bound ||ρd −

σTC|| ≤ max
(√

ε, 2L 2ε
)

Lemma 4. Consider an input state ρ and an LED procedure satisfying the conditions

of Theorem 2. Then the final state ρf after LED cannot be prepared using a local

quantum circuit with depth less than O(L ) ∼ O(1/
√
ε).

Upon combining the result of Lemma 4 with the fact that our LED procedure

corresponds to a local quantum circuit with depth O(d), we find that the original

input state |ψ⟩ cannot be prepared using a quantum circuit of depth smaller than

O(L − d)—which is precisely the statement of Theorem 2. So, if we measure loops

of length L ≫ d to be 1 − ε, this shows that LED provides a topological order witness

up to length-scales of O(L/√ε).

We now discuss how these theoretical results are reflected in our numerical simula-

tions. First, when fluctuations are local, the probability of having an error string of

length ℓ decays exponentially with ℓ, and the exponent is determined by the charac-

teristic length-scale ξ of fluctuations. In these systems, we expect the error rate after

an optimal LED procedure with correction distance d to be given by ε(d) ∝ e−d/ξ,
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so correction distance d = Ω(ξ logL ) is sufficient to certify topological order up

to length-scale L . Second, when LED uses the hierarchical, anyon-pairing decoder,

the anyon density is observed to decrease faster than exponentially in the number n

of LED steps (Figure 4.10). In this case, both the measured stabilizer size and the

correction distance d grow exponentially with n, which implies that the certification

length-scale L grows at least exponentially with n as well. Third, our argument does

not certify topological order to any length-scale when L < d; this is because the sup-

port of such an LED operator no longer has an interior, potentially giving rise to sig-

nal even in the trivial phase. Indeed, this is reflected in our numerics as well (Supple-

mentary Information, Figure S12).

4.7.7 Connection to Topological Entanglement Negativity

The entanglement negativity of a mixed state ρS is defined as SN(ρ) = log ||ρ||1 =

log(
∑

λi), where λi are the eigenvalues of ρ. Prior works have shown, via a combina-

tion of analytical arguments and numerical results, that in a topological phase, SN

obeys an area-law with a constant correction, i.e. SN = αL − γ. Further, recent re-

sults have also shown that the topological term γ vanishes at finite-temperature812, or

for high incoherent error rates662. Thus, the negativity appears to capture important

features of mixed state topological order.

The unitary circuit construction of LED also enables us to connect a positive classi-

fication under LED, to the topological entanglement negativity of the input state. In

particular, theorem 1 implies that states classified as topological are connected to an

output state ρf = |ψTC⟩ ⟨ψTC| ⊗ αanc via local unitary circuits. If we further assume the

ancillas contain no long-range order (see SM for rigorous definition), then since |ψTC⟩

is topologically ordered, the output state indeed has a topological correction in the

102



entanglement negativity. It is further believed that γ is a topological invariant, i.e. it

should remain invariant under local unitary circuits. As such, this should be sufficient

to certify the input state ρS has topological order.

We show this in the SM, for the special case where the LED circuit is composed

of Clifford gates, by extending the stabilizer formalism introduced in Ref.812. Inter-

estingly, there, the topological correction to SN comes from the presence of decorated

Wilson loops operators with non-trivial twist product in the input state ρS (see also

proof of Lemma 4). Thus we conjecture a connection to topological entanglement neg-

ativity holds for LED Wilson loops more generally.

Data and Code Availability Statement. The data that support the plots within this
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available at https://dataverse.harvard.edu/dataset.xhtml?persistentId=doi:10.7910/
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Figure 4.1: Detecting topological phases via snapshot-based LED. (a) In the absence of per-
turbations, a topologically-ordered state with zero correlation length such as Kitaev’s toric
code state759 is characterized by +1 expectation values of ‘bare’ Wilson loop operators, which
are typically tensor products of single-site operators (dotted blue loop). In realistic systems,
however, coherent perturbations give rise to virtual anyon pairs (red dots/straight lines), and
incoherent errors introduce physical anyon pairs (orange dots/wavy lines); this causes the
expectation value of bare Wilson operators to decay exponentially with the loop’s perimeter.
To account for these local fluctuations, one can measure ‘fattened’ Wilson operators supported
on an annulus (blue); the LED loops constitute one realization of this. (b) LED method to
measure decorated Wilson loop observables for Z2 topological order in a system where qubits
live on the links of a square lattice, and stabilizers are associated with vertices. Given an
experimental snapshot of all qubits in the Z or X basis, one can obtain values for all stabilizer
operators in that basis, thereby identifying the locations of all e or m anyons, respectively.
In the first step, neighboring anyons are paired using a local decoder (dashed pairings), and
each pair is removed by flipping the value(s) of qubit(s) lying on a path of minimal length
connecting the two anyons; subsequently, the lattice is coarse-grained so that only a fraction
of the original qubits remain. These two steps are iterated n times (here, n = 2), after which
a bare Wilson loop is evaluated on the final, coarse-grained state. (c) The final, bare Wilson
loop operator evaluated on the final state is equivalent to decorated Wilson loop operators
evaluated at earlier iterations (see Methods).
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L = loop length

d = correction distance
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Figure 4.2: Numerical demonstration with coherently perturbed toric code states. (a) In a
general construction of our LED Wilson loop operator, we use a local decoder which pairs
anyons within a region of radius d (blue annulus). Conjugate LED open string operators (red
stripe) anti-commute with Wilson loops, and hence must vanish in the topological phase. (b)
Order parameter ⟨Xloop⟩⟨Zloop⟩ for a trivial state (gZ = 0.0, gX = 0.26) and a topological state
(gZ = 0.12, gX = 0.12), upon varying n, using a distance-four patch decoder and coarse-graining
blocksize two respectively (see Methods). (c) Output at different n along the gZ = 0.14 line
of the phase diagram. Gray dotted line is conjectured phase transition region. (d) Expecta-
tion values of generic LED Wilson loops with the same diameter L, using the pairing decoder
(d = 1) and distance-four patch decoder (d = 2) without coarse-graining. (e,f) Corresponding
expectation values of bare and decorated open string operators. (g) Order parameter values
constructed from bare Wilson loops (n = 0) and LED Wilson loops (n = 3), using the same
LED procedure as (c,e), across varying values of (gX, gZ). Dark gray regions are numerical esti-
mates for the phase boundary between topological and trivial (Methods). Light gray regions
correspond to locations where sampling is expensive due to large correlation length.
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Figure 4.3: Application to mixed states. (a) Without error correction, generic points in the
topological and trivial, disordered phase (gZ = 0.12, gX = 0.18, pflip = 0.0 and gZ = 0.06,
gX = 0.0, pflip = 0.11 resp. shown in the plot) appear very similar qualitatively, as closed loops
decay exponentially with loop perimeter in both cases, while open strings remain close to zero
(see Methods). In contrast, in the trivial, paramagnet phase (gZ = 0.32, gX = 0.2, pflip = 0),
open strings decay with the same perimeter-law as closed loops. (b) gZ = 0.14 slice of
mixed state phase diagram, containing topological, disordered, and X-paramagnetic phases.
These phases are associated with fixed-point states gx = gz = pflip = 0, gz → ∞, gx → ∞, and
pflip → 0.5, respectively. The flow of the closed-loop decay exponent α under LED provides
a sharp divider between two kinds of perimeter-law decay, observed in different regimes of
the mixed-state phase diagram. (c) In the uncorrectable regime (i), the local decoder of LED
pairs anyons incorrectly, resulting in perimeter-law decay with large α in disordered and para-
magnetic phases. Moreover, the probability of such an incorrect pairing can increase with
the number n of LED iterations. Here, the black pairings are made by LED at or before one
specific value of n, and gray pairings are made upon performing one additional LED iteration.
In the correctable (topological) regime (ii), increasing n can reduce α to zero, as fluctuations
of higher characteristic length ξ can be reliably corrected using only local information. In the
conceptual framework where an LED operator is embedded in a surface code on an annulus
(see Figure 8.2a), incorrect pairings corresponds to logical errors (e.g. XL). (d) Expectation
values of LED loop observables upon increasing n (d,L ∝ 2n), in thermal states of varying
temperatures (between 0 and 0.35, with darker colors indicating higher temperatures) and
pflip = 0.02.
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Figure 4.4: Enhancing experimental detection of Z2 spin liquid. (a,d) In the experiment933,
219 qubits are placed on the links of a kagome lattice. Upon applying LED, the Z and X
closed-loop observables are amplified for certain ranges of Δ/Ω. The shaded purple regions
show the support of large, decorated Wilson loops after one layer of correction with n = 1.
(b,e) Expectation value of Wilson loops depicted in (a,c) for different correction layers n.
Plotted error bars (shaded regions) show expected variation (one standard error) of the mean.
The regime in which both types of loops are amplified corresponds nicely to the spin-liquid
regime identified in Ref.933 (shaded blue region). (c,f) The behavior of expectation values of
open Z- and X-strings under LED further confirms our findings, as both types of open strings
stay at 0 in the spin-liquid regime. Here, the measured open strings are half of the Wilson
loops. By considering the behavior of all types of loops and strings—closed and open, Z and
X—we find that there are four regimes (I-IV), corresponding to four phases: (I) Z-paramagnet,
(II) X-paramagnet, (III) topological spin liquid (blue), and (IV) a phase which is consistent
with strong decoherence effects (gray). In our analysis, the progression from Regime (III) to
(IV) appears to be smooth.
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(a) (b)

(c)

(d)

Figure 4.5: LED for generic string-net models. (a) An ancilla qudit is used to measure the
topological charge within each local region R: we initialize the ancilla in |0⟩, apply a local
unitary U =

∑N−1
i,j=0 |(i + j)modN⟩⟨j|anc ⊗ Pi, where Pi projects R onto the subspace with

topological charge αi, and finally measure the ancilla’s state. (b) Local error correction is
performed by inputting the fusion rules of C into a maximum-likelihood patch-based decoder.
Given any l × l patch, one identifies possible groupings of anyons (including groupings to the
boundary) that can remove all nontrivial topological charges within the patch. The decoder
performs the grouping of highest probability by fusing anyons or dragging them to the bound-
ary of the patch1020. If C is non-abelian, the vacuum topological charge may only be attained
probabilistically with probability 1 −

∑
α pα, or a nontrivial topological charge α remains with

some probability pα. (c) The system is then coarse-grained by applying a quantum circuit
corresponding to a multiscale entanglement renormalization ansatz (MERA) representation
of the fixed-point state769. (d) At the final layer, S- and T-matrix elements can be measured
by introducing an ancilla qubit in the |+⟩ state and applying controlled-anyon-braiding opera-
tions. More details on implementing Steps (c) and (d) can be found in Methods.
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Figure 4.6: PEPS sampling algorithm. Expectation values are computed with respect to
both |ψ⟩ (back) and ⟨ψ| (front). (a) Tracing, or averaging over measurement outcomes can
be done by contracting the physical indices, and is needed to compute marginal probabilities.
(b) To compute the probability of a particular Z basis measurement, the physical index is
assigned a particular value ab. (c) We can efficiently contract a 2D PEPS tensor network on
an infinite strip of finite height, by using a left and right boundary MPS (only top four rows
shown). The probability distribution for projective measurements on a particular site, e.g.
xy = 11, can then be computed efficiently. (d) Once an entire column has been sampled, the
measurement-dependent MPO can applied to the boundary MPS. Although performing this
contraction exactly causes the bond-dimension to grow rapidly, away from phase boundaries,
finite bond dimension is sufficient for accurate simulation. See Supplementary Information for
more details.
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Figure 4.7: LED coarse-graining and operator transformation. (a) In the toric code model,
qubits are located on the links of a square lattice, and the stabilizer associated with any pla-
quette is given by a product of four single-qubit Pauli-Z operators. (b) Coarse-graining maps
a b× b block of plaquettes to a single plaquette whose value is the product of the b2 plaquettes
(here b = 2). Microscopically, coarse-grained qubits σ′ are products of b lower-level qubits σ.
Coarse-grained stabilizers B′

u are therefore equivalent to a product of b × b stabilizers at the
lower level. (c) Pairing correction flips a qubit conditioned on the state of its two neighboring
stabilizers. This is equivalent to an operator transformation where the qubit is decorated by
products of closed loops.
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Figure 4.8: MWPM-based patch decoder. (a) Example of an error chain which creates four
e-anyons. (b) The decoding algorithm performs correction using only local information by
splitting the large system into smaller overlapping regions, within each of which the MWPM
algorithm is used to find the lowest-weight pairing of anyons. These local regions have open
boundaries, hence MWPM can also pair anyons to the boundaries if this is of lower weight. In
practice, a slight boundary bias is added to break ties in favor of boundary pairing. (c) The
final step requires locally combining the pairing outputs to determine the final pairing. In
particular, we count the number of times each site p is paired to sites q > p. In the diagram,
two equal-weight pairings contribute 0.5 each, though we randomly break the tie in practice.
Then, the algorithm pairs p with the q that appears most often. In this example diagram, we
connect two pairs which have weight= 5.5, and do not form the weight= 2 pairing. We see in
the simple four-anyon case depicted above, the procedure correctly recovers the pairing with
windows of size l = 3. In general, this patch-based decoder can correct errors up to distance
d = ⌊l/2⌋; moreover, the distance by which it spreads information and the thickness of any
associated LED operators are both proportional to l.
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(a) (b)
X = : { (-1)

= R R –1

Figure 4.9: Decoding for the ruby lattice spin liquid realized in Ref.933. (a) For Z-loops, two
layers of LED can be performed. In both layers, we use the pairing decoder, which flips a
qubit (e.g., red or orange circle) if and only if both neighboring stabilizers (e.g., red or or-
ange squares) are equal to −1. Stabilizers in the first layer (e.g., red squares) are given by
(−1)

∏
i∈v Zi for each vertex v of the kagome lattice. The coarse-graining procedure after the

first decoding step maps three stabilizers to a single stabilizer (e.g., orange square) in the
coarse-grained lattice (blue lines), whose value is determined by the product of the qubits
along a loop enclosing a triangle (e.g., purple closed loop). The open strings considered in
the main text start and end at hexagons (e.g., purple open string). (b) To measure X-loops,
a basis rotation is first performed within each triangle of the kagome lattice, so that the
X-string operators become diagonal in the measurement basis (inset and Refs.933,973). Each
configuration is then mapped to a triangular lattice (blue lines), where each edge of the tri-
angular lattice is determined by the product of four qubits in the original lattice (e.g., red
circles); moreover, the X stabilizers of the dimer model become vertex stabilizers in the trian-
gular lattice (e.g., purple hexagons). As before, the pairing decoder flips qubits (orange edges)
conditioned on the values of stabilizers (e.g., orange squares). Open strings on the triangular
lattice also map to open strings in the kagome lattice (e.g., red string), although the resulting
strings are slightly different from the ones measured in Refs.933,973.
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Figure 4.10: Perimeter-law decay of Wilson loops is clearly visible at various points in the
topological phase—(orange) gZ = 0, gX = 0.18, pflip = 0, (red) gZ = 0.18, gX = 0.18, pflip = 0,
(purple) gZ = 0.10, gX = 0.18, pflip = 0.03. This is observed for both (a) uncorrected loops
and (b) d = 6 corrected loops under two layers of d = 3 MWPM patch decoding. (c) LED
Wilson loops appear to approach one faster than exponential in n. (d) In a model with only
incoherent errors (pflip = 0.02 (blue), 0.03 (orange), 0.04 (green), 0.05 (red)), we can study the
effect of even more layers, where we see hints that the decay is doubly-exponential in n, or
exponential in d ∼ 2n.
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5
Digital engineering of Floquet spin

liquids

Techniques for quantum simulation of topological quantum matter and lattice gauge

theories are now being actively explored. Since many of these systems are difficult

to treat analytically or to simulate on classical computers, often even fundamental

concepts are not well understood. Of particular interest are topological phases536,

whose long-range entanglement generates a host of interesting properties, such as

emergent gauge fields997,904, quantum error correcting codes760, and excitations with

non-trivial statistics867. Recent developments in superconducting qubit technology913
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and neutral atom arrays648,568,917 have provided exciting signatures of Z2 topological

order936,913, the simplest realization of an abelian topological order. An outstand-

ing challenge is developing methods which would enable these platforms to explore

and control non-abelian topological order. In such systems, the exchange of quasi-

particles can result in non-abelian unitary operations acting on a degenerate set of

ground states, which encode protected quantum information (logical qubits). This

property makes the non-abelian anyons not only a fascinating condensed-matter phe-

nomenon but also a building block of topological quantum computation (TQC)760,867,

since the logical subspace is robust against local errors and protected by a gap to the

rest of the spectrum. While there has been a long-lasting effort to realize this kind of

topological order in solid-state systems957 and several theoretical proposals have been

put forward to probe it with synthetic systems, such as cold atoms639,806,952 and po-

lar molecules845,823, the direct observation of its exceptional properties has thus far

eluded experimental realization.

In this work, we introduce an approach to creating and controlling non-abelian

topological matter based on periodic modulation. Specifically, we show how the gapped

non-abelian phase of the Kitaev honeycomb model can be effectively realized as a

Floquet spin liquid, generated by time evolution under a repeating sequence of two-

body Ising Hamiltonians577. In particular, while the time-averaged Hamiltonian corre-

sponds to the gapless phase in Kitaev’s model, the first-order correction breaks time-

reversal symmetry and induces a finite energy gap, which is crucial for stabilizing the

non-abelian excitations.

We demonstrate that such a Floquet spin liquid can be implemented in a hardware-

efficient way using programmable arrays of neutral atoms. This approach combines

coherent qubit transport with parallel two-qubit controlled phase gates and global
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single-qubit rotations to realize the Floquet spin liquid in a digital fashion. Using

these efficient primitives, we develop a Hamiltonian simulation toolkit to prepare, con-

trol, and measure topological matter. By combining physical insights and variational

optimization, we first demonstrate how to reliably perform time evolution and prepare

ground states of the honeycomb model in the non-abelian phase. Subsequently, we

show that this toolbox can be used to study the defining properties of the chiral non-

abelian theory at different levels of experimental complexity: The chiral nature of the

edge modes can be probed by performing a simple quench of the boundary conditions

while a minimal additional overhead allows us to create and adiabatically transport

the non-abelian Majorana particles characteristic of the Kitaev B phase.

These Majorana zero modes are fractionalized fermions and when brought together

can fuse to either an occupied or unoccupied fermion mode. We show how the tools

developed here can be used to implement braiding and fusion experiments, probing

their non-abelian nature. In particular, the degenerate subspace formed by multiple

Majoranas can be manipulated by exchanging particles which is the basis for topolog-

ical quantum computing. We furthermore design a dynamical protocol to readout the

local fermion content—a necessary component for characterizing the fusion and braid-

ing rules of the anyonic theory. By introducing a local magnetic field, we couple the

fermion to a system with Z2 vortices, which correspond to simple qubit observables.

Then, we leverage an emergent two-level system analogy to design a composite pulse

sequence which improves the fidelity of the particle-to-vortex mapping.

We note that the Majorana modes can also be created in the abelian toric code

phase, either at the intersection of e and m boundaries, or in the bulk at the end-

points of 1D lattice defects576,787. Recent experiments534 explored gate-based ma-

nipulation of such states without energetic protection provided by the spectral gap.
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In contrast, the Floquet spin-liquid phase and the non-abelian anyons explored in this

work are analogous, respectively, to p + ip superconductors and the corresponding

Majorana modes pinned to vortex excitations. The anyons discussed in this work are

pinned to pseudo-vortices, which reside at the ends of flipped-bond strings.

Our method can also be adapted to implement generalizations of the Kitaev hon-

eycomb model with long-range and many-body interaction, or external fields. These

systems are subjects of extensive theoretical and experimental studies957, and cannot

be simulated efficiently on a classical device, making them prime candidates for quan-

tum simulation. Finally, the tools developed here for the implementations of general-

ized Kitaev models can also be used to study integrability-breaking quenches and to

potentially simulate lattice gauge theories in (1+1)D with substantially shorter circuit

depths compared to existing methods.

5.1 Floquet spin liquid

First, we describe the dynamical mechanism for creating the gapped non-abelian

phase in a periodically driven system. Consider a two-dimensional honeycomb lattice

with three types of interactions in the three different directions [Fig. 5.1(a)]. Their

respective Hamiltonians are,

HX = −JX
∑
⟨i,j⟩X

XiXj, (5.1a)

HY = −JY
∑
⟨i,j⟩Y

YiYj, (5.1b)

HZ = −JZ
∑
⟨i,j⟩Z

ZiZj, (5.1c)
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where ⟨i, j⟩X/Y/Z denotes the appropriate set of links. Each of these two-body inter-

actions can occur naturally in a magnetic system, but due to their extreme spatial

anisotropy it is difficult to realize the three of them, H0 = HX + HY + HZ, at the same

time.

In a digital simulation, however, it is possible to periodically apply the interactions

(5.1a)-(5.1c) one at a time. Then, over one driving period, the unitary evolution is

described by

U(τ) = e−iHXτe−iHYτe−iHZτ = e−iHF[τ]τ, (5.2)

where τ is the trotter step. If the frequency of the drive is high enough (τ is small),

this evolution can be captured by an effective Hamiltonian HF[τ] is approximated by

the Magnus expansion819. For Eq. (5.2), the first two terms are

HF[τ] = HX +HY +HZ︸ ︷︷ ︸
H0

− i
2
τ[HX,HY]

− i
2
τ[HX,HZ]−

i
2
τ[HY,HZ] + O(τ2). (5.3)

This kind of Floquet Hamiltonian engineering by time averaging has been used in

the past to construct prethermal phases including time crystals656,818,1009,611, and

lattice gauge theories1026,930. In these approaches, the terms other than H0 are typ-

ically detrimental to the desired evolution and must be suppressed. In contrast, we

find that the first-order terms O(τ), explicitly written in Eq. (5.3), are crucial for an

efficient realization of the desired non-abelian phase, as discussed below.

The leading-order term,

H0 = HX +HY +HZ, (5.4)
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Figure 5.1: Kitaev honeycomb model on a digital Rydberg simulator. (a) The three types
of spin-spin interactions HX, HY, and HZ applied along the three directions of the honey-
comb lattice together form the highly anisotropic Kitaev honeycomb model described by the
Hamiltonian H0 in Eq. (5.4). After breaking the time-reversal symmetry, this model hosts a
gapped non-abelian phase. (b) The plaquette operators Wp =Y1Z2X3Y4Z5X6 =±1 commute
with all the link operators HX,HY,HZ and form an extensive set of conserved quantities. We
associate the presence of a Z2 vortex at the plaquette p if Wp =−1. The ground state has no
vortices, i.e., Wp =+1 for all p. (c) In this work we develop the toolbox for the three capabil-
ities necessary to fully probe a non-abelian system on a digital simulator: state preparation,
manipulation, and readout. (d) Four Majorana zero modes encode a topological qubit, as they
span a two dimensional Hilbert space (for the case shown here) that is separated by the gap
from the rest of the spectrum. The logical states |0⟩L , |1⟩L correspond to the unoccupied and
occupied zero mode, respectively. Measurement in the logical ZL or XL basis is performed by
fusing the majoranas in an appropriate configuration, and measuring the presence of a fermion
particle. Moving the Majorana particles around each other performs non-trivial unitary op-
erations in the logical subspace—a manifestation of their non-abelian nature. (e) The spin
degrees of freedom are encoded in the magnetically insensitive hyperfine states {|0⟩ , |1⟩} of
87Rb atoms and a highly excited Rydberg state |r⟩ is used to perform two-qubit entangling
gates. We utilize reconfigurable Rydberg arrays to implement the Floquet Hamiltonian of
the Kitaev spin liquid in a parallel fashion. This approach is simple, scalable, and all of its
components have already been demonstrated in recent experiments568.
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realizes the Kitaev honeycomb model762, which describes a highly anisotropic spin

system on a honeycomb lattice [Fig. 5.1(a)]. This model features several gapped abelian

topological phases when |Jα| >
∣∣Jβ∣∣, ∣∣Jγ∣∣, and a gapless non-abelian phase where the lin-

ear dispersion is protected by the time-reversal symmetry. That symmetry needs to

be broken in order to introduce a gap in the spectrum, which is necessary for a finite

correlation length of the excitations thus making them localizeable. The first-order

dynamical correction to the effective Hamiltonian,

H1 = − iτ
2
([HX,HY] + [HX,HZ] + [HY,HZ]), (5.5)

which consists of three-body operators of the form XiYjZk, breaks the time-reversal

symmetry since the signs depend on the particular ordering of applied Hamiltonians

in (5.2); here, HX,HY,HZ. Because the gapped phase disappears in the static, high

frequency limit τ → 0, the effective Hamiltonian realizes an intrinsically dynamical

Floquet spin liquid. In the latter part of this work, we develop more sophisticated se-

quences to further suppress higher-order terms in Eq. (5.3), enabling coherent control

of the particles, while at the same time, controlling the relative signs and magnitudes

of the desired three-body terms H1. We discuss this procedure, and a more special-

ized approach for the state preparation, in Sec. 5.3. Similar dynamical constructions

have been used to propose Floquet SPT phases898 and the realization of chiral edge

phenomena893.

The Kitaev Hamiltonian H0 + H1 has an extensive number of conserved quantities

given by plaquette operators [Fig. 5.1(b)],

Wp = Y1Z2X3Y4Z5X6, (5.6)
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for each plaquette p ∈ {1...M} where M = N/2 is the total number of plaquettes and

N is the number of spins in the system. The collection of values W = {Wp = ±1 | p ∈

1...M} defines a symmetry sector and it can be shown that the ground state lies in

the sector where Wp=+1 for all p799. We associate the presence of a Z2 vortex on the

plaquette p if Wp=−1 and call the collection W a “vortex sector”; in this language

the ground state is vortex-free. Even though the number of symmetries is extensive,

the vortex configuration does not specify the wavefunction exactly and each sector has

a Hilbert space of dimension 2N/2.

Before proceeding we note that in many previous proposals, including the original

work of Kitaev762, the time-reversal symmetry was broken in a perturbative fashion—

either by applying an external magnetic field762 or introducing ancillary gadgets to

mediate interactions1002. A key advantage of our dynamical scheme is that the time-

reversal symmetry is broken without creating vortices: Each driving term in (5.2)

separately commutes with the plaquette operators, [HZ,X,Y,Wp] = 0, so the effective

Hamiltonian commutes as well [HF[τ],Wp] = 0, irrespective of τ. Additionally, each

of the Hamiltonians HX,Y,Z can be written as a free fermion Hamiltonian762, which

means the heating due to trotterized time evolution is significantly suppressed and

does not grow indefinitely784,690; see Appendix ?? for more details. This makes our

Floquet spin liquid especially attractive for experimental implementation, where trot-

ter heating can be a limiting factor. The implementation can also be made hardware

efficient, especially on reconfigurable Rydberg atom arrays, where dynamically tog-

gling between HX,Y,Z is a natural operation568.
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5.2 Experimental Implementation

Recently, Rydberg atom arrays have been used to implement analog simulation of

quantum spin systems with Ising648,917 and XXZ921 Hamiltonians, using programmable,

fixed atom geometry. Most recently, a new architecture introduced coherent and par-

allel transport of atoms allowing for dynamically re-configurable connectivity568. In

this approach, qubits are encoded in two magnetically insensitive hyperfine (HF)

states |0⟩,|1⟩ while excitation to the Rydberg state |r⟩ is used for performing entan-

gling gates [Fig. 5.1(e)]. This encoding provides long coherence times, enabling the ex-

ecution of tens of thousands of parallel moves. Even for hundreds of qubits, the quan-

tum gates can be performed by illuminating the atoms with a global laser beam which

provides a native parallelism of quantum operations with little to no cross-talk795,661,

thanks to the rapidly decaying van der Waals interactions. Therefore, reconfigurable

Rydberg atom arrays are easily scalable and especially well suited for performing par-

allel quantum circuits where during each step, or gate layer, each qubit participates in

at most one gate.

Here we describe how the Floquet unitary (5.2) can be implemented in this experi-

mental platform in a hardware-efficient manner. Since the honeycomb lattice is bipar-

tite, every link connects the odd ( ) and even ( ) sublattices; see Fig. 5.1(a). There-

fore, the evolution under each of the two-body Hamiltonians HX,HY,HZ can be imple-

mented within a single gate layer using a global pulse that simultaneously acts on all

qubits. This pulse performs the two-body gate G2(θ) = eiθZZ, which is equivalent to a

controlled phase gate up to local Z rotations. First, the atoms are all transported in

parallel and brought together along the XX links [see Fig. 5.1(e)], and a Raman pulse

performs a global single-qubit gate that changes the basis from Z to X in the HF man-
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ifold. Then, the entangling gate operation G2 is applied to all pairs in parallel, which

effectively performs e−iHXτ. The atoms are then transported again to the next link con-

figuration and the procedure is repeated, with an appropriate basis change in-between,

requiring at all times only a single family of entangling gates (controlled phase gates).

The dynamical change of connectivity in a system of 10s-100s of qubits available in

Rydberg atom arrays is central to the realization of our Floquet protocol. Moreover,

such programmability allows us to implement periodic boundary conditions without

significant overhead, which removes gappless edge modes that obstruct ground state

preparation under open boundary conditions.

The characteristic coherence time of such a digital simulation depends on the er-

ror rates of the constituent components. In particular, since the global single-qubit

gates within the HF manifold and the transport of atoms have negligible effect on the

coherence of stored qubits942,792,568, the errors will be dominated by the two-qubit

operations. Most recently, control-Z Rydberg gates with fidelities beyond 99.5% have

been demonstrated661, and are expected to go above 99.9% in the near future. More-

over, the control-Z gate is a special case of the G2 gate (θ= π/4) and similar gates

with smaller angles are faster and therefore expected to work at even higher fidelities.

While the implementation in reconfigurable Rydberg tweezer arrays is particularly

efficient, the scheme described in the this work can be realized in other quantum sim-

ulation platforms. For example, trapped-ion quantum charge-coupled devices890,728

support dynamical connectivity while superconducting-qubit devices allow for selec-

tive application of two-body gates913, both of which can be used to realize the Flo-

quet cycle as described here.
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Figure 5.2: Variational circuits for Hamiltonian engineering and state preparation. (a) The
circuit ansatz from Eq. (5.7) suffices for efficient approximation of the target Hamiltonian as
well as finding specialized circuits for state preparation. The variational circuit yields pulse
sequences that result in Floquet Hamiltonians where both the strength and signs of couplings
can be controlled. Preparing a certain output state is less demanding then reconstructing a
many-body operator; thus, with the same variational ansatz, we can prepare the non-abelian
ground state more efficiently than performing adiabatic evolution both in terms of the gate
count and resulting fidelities. (b-c) Phases obtained through variational optimization on a
relatively small 30-qubit system realizing effective Hamiltonian evolution and variational state
preparation, respectively. (d) For engineered Floquet Hamiltonians, longer pulse sequences
can systematically improve the approximation to the target Hamiltonian H. (e) Performance
of the variational state preparation on an L×L lattice. Error in the final state as a function
of the circuit depth D for several system sizes. The error decreases exponentially with D as
1−F ∝ exp(−AL−α(D−D0)) for low depths; we estimate α≈ 2.43, A≈ 73, and D0 = 5. (f) The
number of two-qubit gate layers necessary to achieve the many-body state fidelity of 90% for a
system of N= 2L2 spins.
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5.3 Variational Optimization for Near-term Devices

In this section, we describe a procedure to systematically construct high-fidelity pulse

sequences for resource efficient Hamiltonian simulation and state preparation through

variational optimzation, guided by physical insights and experimental simplicity.

As described in Eq. (5.3), the symmetry-breaking three-body terms appear in the

first order of the Magnus expansion in the Floquet unitary (5.2). Thus, the repeated

application of this unitary, with an appropriate value of τ, should already resemble

the time evolution under H to a certain degree. We can further improve the fidelity

if we promote the individual phases to variational variables which we then optimize.

Concretely, the circuit ansatz of depth D consists of D blocks based on the Floquet

unitary in Eq. (5.2),

UD({θ}) =
D∏
i=1

Ub(⃗θi), (5.7)

where {θ} enumerates the set of all variational parameters. The ith block, Ub(⃗θi), is

Ub(⃗θi) = eiθ
x
iXXeiθ

y
iYYeiθ

z
iZZ, (5.8)

where XX, YY, ZZ denote the respective two-qubit gates applied to all appropriate

links in parallel—this corresponds to Eq. (5.2) with the couplings promoted to varia-

tional variables. Thus, a circuit ansatz of depth D consists of 3D two-qubit gate layers

interleaved with global single-qubit rotations.

Within a fixed vortex sector, the Floquet dynamics are exactly solvable and the

individual terms correspond to quadratic, free-fermion operators; see Ref.762 and

Appendix ??. This enables efficient analytical/numerical treatment of the circuit in

Eq. (5.7) including calculation of gradients ∂⃗θUD. In particular, we can simulate a sys-
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tem of N sites by working with matrices of size N×N. Then, we are free to optimize

the phases {θ}, and hence the pulse sequence, using our choice of a numerical opti-

mization method. The cost function Q to be minimized would depend on the specific

application. Moreover, the translational invariance of the system enables us to analyti-

cally evaluate low-order terms in the Magnus expansion. In the next section, we use it

to build intuition underlying good solutions to the variational problem.

5.3.1 Effective Hamiltonian

First, we focus on constructing effective Floquet Hamiltonians using the variational

ansatz above. Specifically, we minimize the cost function

QH =
∥∥UD({θ})− e−iHτ∥∥2

F

using gradient descent starting from a randomized symmetric configuration of phases,

as described below. The norm we use is the squared Frobenius norm ∥A∥2F = tr
{
AA†},

which is amenable to simple gradient calculation; see Appendix ?? for details.

An example pulse for τ= 0.05 and D= 4 is presented in Fig. 5.2(b). Here, the gen-

eral structure can be understood as the optimizer fixing the correct signs and magni-

tudes of the target three-body terms. The intuition that such a symmetric configu-

ration of phases is enough for this purpose can be inferred from a simpler D= 2 case

where we parameterize all phases with two variables φ, δ, U2= ei(φ−δ)HXeiφHYei(φ+δ)HZei(φ+δ)HXeiφHYei(φ−δ)HZ .
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The first two orders of the Magnus expansion are H(0)
F = 2φH0 and

−iH(1)
F = φ(φ− δ)[HX,HY]

+ (φ2 − 2φ δ− δ2)[HX,HZ]

+ φ(φ− δ)[HY,HZ].

In particular, by choosing δ appropriately, we can make the [HX,HZ] coefficient nega-

tive while keeping [HY,HZ] and [HX,HY] positive. Demanding the two have opposite

signs and equal magnitude—which guarantees uniform couplings when combined with

the signs from commutators—we get the condition

0 = 2φ2 − 3φδ− δ2 ⇒ δ = (−3±
√
17)φ/2,

which we can straightforwardly solve. This simple example shows that we can freely

tune the strength and signs of the three-body terms arising in H(1)
F .

Unfortunately, reducing the contribution of higher-order terms H(n>1)
F while pre-

serving the first two is a formidable challenge and we empirically find that the varia-

tional landscape has many local minima and plateaus making the optimization result

strongly dependent on a good initial seed. However, it is much easier to find good

HF[τ] for small τ and thus the following recursive procedure turns out to be successful:

After obtaining a good approximation to HF[τ] at depth D, we apply the e−iHF[τ]τ uni-

tary twice and use it as an initial guess for a depth-2D approximation to HF[2τ]. This

corresponds to evolving the system for time 2τ and asking the optimizer to correct the

combined discrepancies, which intuitively should be perturbatively small in τ and thus

amenable to gradient-based methods.

128



The results are presented in Fig. 5.2(d) where the many-body evolution is simu-

lated with various effective Hamiltonians and the failure rate of this process is mea-

sured via the many-body state overlap as 1−
∣∣⟨eiHF[τ]te−iHt⟩

∣∣2. As expected, the HF[τ= 0.1]

evolution (yellow) at D= 4 outperforms the D= 4 simulation with HF[τ= 0.05] (blue)

by a factor of 2 in the time it takes to reach a certain threshold (dashed line); intu-

itively, this is consistent with the τ= 0.05 circuit requiring twice the number of gates

for the same physical time J t. However, the D= 8 Hamiltonian HF[τ= 0.1] (brown) ob-

tained by the above-mentioned recursive construction allows for 6 times longer time

evolution while requiring the same number of total applied gates as the τ= 0.05 case.

While the improvement is not surprising, we found that already at circuit depth D= 8

it is difficult to find reasonable solutions without guided initial state and thus this it-

erative procedure is essential for finding good Hamiltonians at larger τ, allowing for

long evolution time. The general task of finding optimal pulse sequences is an inter-

esting optimization problem and could be a fertile ground for quantum signal process-

ing828 and machine learning methods, which have been used in the past to success-

fully engineer robust pulse sequences for nuclear magnetic resonance (NMR)883.

5.3.2 Variational state preparation

In principle, an efficient Floquet Hamiltonian enables both the energetically protected

operations on the non-abelian excitations and adiabatic state preparation. However,

each Hamiltonian evolution step requires several gate layers, which limits the total

available evolution time. We find that the state preparation step can be significantly

improved, compared to the adiabatic state preparation, by employing the same vari-

ational methods used to develop efficient Floquet Hamiltonians. Intuitively, it is eas-

ier to transform a given initial vector to the final one (state preparation) compared
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to approximating many-body evolution on the full Hilbert space (effective Hamilto-

nian construction). Again, we use the same circuit ansatz from Eq. (5.7) but instead

of minimizing a Frobenius norm of the Hamiltonian evolution we choose to use the

many-body state overlap as the cost function for the optimizer,

QVSP = −
∣∣⟨ψfin|UD({θ})|ψini⟩

∣∣2,
where ψini and ψfin are the initial and target states, respectively. This cost function

and its gradient can also be evaluated efficiently using the free-fermion picture; see

Appendix ?? for details.

In Fig. 5.2(e), we present the performance of variational state preparation (VSP)

for ψini and ψfin being the vortex-free ground states of HZ and H, respectively. The

ground state of HZ is obtained by projecting a product state ψ0 into the no-vortex

symmetry sector, which can be done in a single step by performing projective mea-

surements of Wp operators or, alternatively, by passively cooling the state using con-

ditional gate operations which progressively remove vortices; we describe these proce-

dures in Appendix ??. The task accomplished by the VSP corresponds to the transi-

tion from the toric code (the abelian phase) to the non-abelian chiral phase. We find

that the error in the preparation of the target state decreases as exp(−DL−α) in the

low-depth regime, where L=
√

N/2 and we numerically estimate α≈ 2.43. Remark-

ably, even though the circuit depth scales with the system size—as required since

crossing a phase transition involves building up long-range order—the depth neces-

sary for state preparation is accessible in Rydberg atom arrays even for hundreds of

spins. We note that a similar state preparation scheme, although not employing the

Floquet stabilization of the non-abelian phase nor experimental co-design, has been
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explored in Ref.561.

The many-body fidelity is convenient for optimizing the performance of the VSP

but it is not very useful for experimentally assessing the quality of the final state

and its robustness to errors. For this purpose, we additionally benchmark the state

preparation under a control noise model. We simulate a VSP circuit, which prepares

a logical state encoded in the ground state, with the optimal phases modified by er-

rors sampled from a uniform distribution. We then read out the logical state with our

dynamical quench protocol (discussed later) and the outcome allows us to quantify

the quality of the prepared state in an experimentally feasible way. We find that even

imperfect state preparation results in a high probability of correct measurement out-

come, up to large phase fluctuations of δθ≈ 0.06. This suggests that our state prepara-

tion procedure is, to a certain extent, robust against these types of errors; the details

of this benchmark can be found in Appendix ??.

We also point out a subtlety related to the different ground-state degeneracy of the

abelian and non-abelian phases: The dimension of the ground-state manifold in the

toric code phase is 4, while for the non-abelian phase it is 3. This means that one of

the ground states is not adiabatically connected to the non-abelian theory and be-

comes an excited state. By choosing an appropriate initial product state |ψ0⟩= |0⟩N,

we ensure that the system is orthogonal to this undesired state. We discuss this im-

portant point in more detail in Appendix ??.

Finally, we note that Hamiltonian learning methods768,880 could be used to confirm

the preparation of the non-abelian phase without the need for sophisticated control

of the excitations. Similarly, variational state preparation combined with effective

Hamiltonian evolution suffice to probe the chiral nature of the edge modes. However,

performing basic TQC operations, such as braiding and fusion measurements, not
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Figure 5.3: Majorana zero modes. Movement of non-abelian modes can apply non-trivial
unitary operations to the logical subspace. (a) Two modes localized on adjacent plaquettes
are created when the sign of a single bond coupling is adiabatically flipped (red). The flipping
of subsequent bonds in a ladder-like pattern allows for their transport. (b) As the modes are
moved away from each other, their energy decreases exponentially fast with the separation
distance, eventually resulting in the Majorana zero modes. The degenerate logical subspace
encodes the protected qubit: The empty mode corresponds to |0⟩L and the occupied one to
|1⟩L. See also Fig. 5.1(d).

only verifies the non-abelian nature of the particles but also paves the way to more

complex computing tasks. In the rest of this work we focus on describing steps neces-

sary to achieve these goals.

5.4 Controlling non-abelian excitations

One of the remarkable properties of the Kitaev honeycomb model is the presence of

excitations that exhibit non-abelian statistics, specifically of the Ising anyon type867.

Unlike the abelian anyons present in the toric code model760, operations on the non-
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abelian σ particles result in unitary matrices—not only a global phase—acting on the

logical qubit subspace. In this section, we present the steps necessary to create, ma-

nipulate, and read out the non-abelian σ particles, which hold Majorana zero modes.

For the rest of this work, we will use the terms “Majorana zero mode” and “σ particle”

interchangeably.

5.4.1 Creating and moving zero modes

To create Majorana zero modes, first the sign of a single bond can be flipped adia-

batically, which affects the J coupling and the overlapping three-body terms in the

extended Hamiltonian H, without changing the vortex sector W 1002. This modifies

the spectrum, turning one of the excited fermion eigenstates states into a low-energy

bound state localized around the flipped bond. As a chain of adjacent bonds are adia-

batically flipped, the energy of the original fermion state decreases exponentially with

distance, rapidly approaching a zero energy mode that can be occupied at no cost.

This forms a nearly-degenerate two-dimensional ground space. Furthermore, local

measurements can no longer determine whether the originally excited state is occu-

pied or unoccupied; hence these states form topologically protected “logical states”

(|0⟩L and |1⟩L) which we identify with sectors 1 and ψ respectively.

Taken together, this degenerate subspace can also be interpreted as two Majorana

zero modes, supported on plaquettes connected by the flipped bond [Fig. 5.3]. Since

the global fermion parity is conserved, the simplest non-trival system consists of four

Majorana modes, which span a two-dimensional logical subspace. For a given pair-

ing, these two states correspond to no fermions (11) or two fermions present (ψψ)

[Fig. 5.1(d)]. This two-level system can be manipulated by transporting Majorana

modes. This can be done in a topologically and energetically protected way by adia-
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batically flipping the signs of appropriate bonds using the effective Hamiltonian evolu-

tion.

Our Floquet approach to stabilizing the excitations has the crucial advantage that

a local modification of phases in the variational ansatz (5.7) automatically modifies,

to leading order, the emergent three-body terms in an appropriate manner. The vari-

ational circuit is straightforwardly extended to include such local modifications, and

can be optimized at every step if necessary. Experimentally, local phases can be real-

ized either with local Rydberg laser control or by separating local terms into separate

gate layers.

5.4.2 Localized fermion readout

The key step necessary to complete the particle fusion is the readout of the localized

fermion state (either 1 or ψ). In our case, these fermions are formed from two adjacent

Majoranas, ψ=(c1 + ic2)/2, brought together to perform fusion, as in the final step

of Fig. 5.5(a). In other words, we want to check whether the two Majorana modes

are paired or not. In our figures we indicate such pairing checks with solid blue ar-

rows. The key insight is that the magnetic field in the Z direction, applied to the

bond shared by the adjacent Majorana particles, couples the ψ particle to an empty

state with two vortices [Fig. 5.4(a)]; i.e, it destroys a fermion and flips adjacent pla-

quettes. This state, without a localized fermion, is the ground state in the two-vortex

sector. Because the initial state couples strongly to another eigenstate, the two effec-

tively form a detuned two-level system (TLS) with the detuning Δ on the order of

the bulk gap; see Appendix ?? for the details of this TLS model. Alternatively, if the

fermionic mode is initially empty, we create a localized fermion mode in addition to

the two vortices. However, in the two-vortex sector, there is no localized-fermion state
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Figure 5.4: Readout of the localized fermion. (a) Magnetic field h creates/annihilates the local-
ized fermion mode and flips the neighboring plaquettes. This allows for mapping the presence
of a local excitation to a spin observable. (b) The effective two-level system is conveniently
represented on a Bloch sphere. We use a two-part pulse consisting of the Rabi drive under
the Hamiltonian H(Δ) and the second equally long evolution under H(−Δ) with an opposite
sign of the detuning. (c) The plaquette expectation value for the two states of interest under
evolution with the two-stage pulse sequence. The opposite detuning is achieved by utilizing
the digital nature of the simulation and applying −H instead of H. The use of the composite
pulse increases the contrast from F = 0.43 (first pulse, dashed line) to F = 0.89 (both pulses).

and the momentum eigenstates form a band with quadratic dispersion. Hence, the

empty state is weakly coupled to a detuned continuum, and the response to the local

magnetic field quench is different than for the occupied state discussed above.

This discrepancy in the response allows us to differentiate between the two states

in an experiment: We utilize the strong coupling to map the ψ particle to the two

Z2 vortices whose presence is read-out by measuring the adjacent plaquette operator

Wp—a simple spin observable. This realizes a measurement within the TQC frame-
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work. It is also similar in spirit to phase measurements in AMO systems. We em-

phasize that our protocol does not depend on any fine-tuned parameters and can be

calibrated independently in a small-scale experiment.

In Fig. 5.4(c), we show the time evolution of the relevant plaquette expectation

value ⟨Wp⟩ after the quench. As expected, we observe a much stronger response dur-

ing the quench from the occupied fermionic mode compared to the empty one. The

figure of merit for the readout is the difference between the two cases

F =
∣∣∣⟨Wp⟩emp. − ⟨Wp⟩occ.

∣∣∣/2, (5.9)

and, ideally, we could map the empty state to ⟨Wp⟩emp.=+1 and the occupied state

to ⟨Wp⟩occ.=−1. That would allow us to distinguish them with perfect fidelity F = 1.

Unfortunately, the system undergoes detuned oscillations in the TLS, never achieving

the maximal contrast. However, we can leverage the two-level analogy, and the flexi-

bility of digital simulation, to devise robust composite drives that increase the fidelity

dramatically. Such pulses have long been used in the NMR community. We find that

a simple two-stage composite drive already increases F substantially. It consists of

the time evolution until the first local minimum and the subsequent evolution for the

same time albeit with a negative detuning [Fig. 5.4(b)]. We achieve the negative de-

tuning by keeping the local magnetic field fixed while driving with −H, an easy task

in our digital approach. In Fig. 5.4(c), the first pulse lasts until the dashed line and

the use of the composite pulse improves the fidelity from F = 0.43 to F = 0.89.

Including effective magnetic fields in the model prevents the exact solution and

makes the analysis of the system much more difficult. However, we can obtain an

approximate solution using the fermionic Gaussian state (FGS) ansatz773,944—this
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choice is well motivated here since eigenstates in well-defined vortex sectors are ex-

actly Gaussian. Hence, we expect this variational ansatz to interpolate well between

them. We find that the FGS predictions are in good agreement with the exact results

for small system sizes and short to intermediate times; see Appendices ?? and ?? for

details.

In the effective Hamiltonian, we include the magnetic field by performing a single-

qubit Z-phase gate eiθZ at the appropriate site; since the field is local, this first-order

treatment is enough to approximate the full Hamiltonian evolution. Finally, because

the readout procedure depends only on local quenches, it can be calibrated in a rel-

atively small 30-qubit experiment where the degree of control over the state is much

larger, and subsequently used in the full-scale simulation. We describe such a proto-

col in detail in Appendix ?? and supplement it with exact spin-picture simulations.

We note that going beyond quench dynamics, and optimizing the performance of this

readout scheme with a variational procedure, is an interesting direction for future

work.

With these tools, allowing for the preparation, movement, and readout of the exci-

tations, it should now be possible to perform the two basic experiments characterizing

an anyonic theory: Fusion and braiding. We describe them briefly in the following

section.

5.5 Fusion and Braiding

First, we consider a procedure to confirm the non-abelian fusion rule,

σ× σ → 1+ ψ, (5.10)
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Figure 5.5: Fusion of non-abelian anyons. (a) Two pairs of Majorana modes (1,2 and 3,4)
are created in the logical |0⟩L state (empty zero mode) and subsequently moved and brought
together in a different configuration. During each step the modes are moved a single site by
adiabatically flipping the sign of the subsequent bond. (b) Many-body overlap with instan-
taneous logical basis states along the adiabatic path. The λ=0, 0.5, and 1.0 correspond to
initial, intermediate, and final state of the fusion experiment depicted in (a). This adiabatic
process corresponds to a change of logical basis or, equivalently, applying a Hadamard gate.
The simulation was performed on an L×L lattice with L=20 with an idealized, target Hamil-
tonian. In practice, this will be realized using Floquet circuits (see Fig. 5.2). The modes are
initially placed on neighboring plaquettes and the two pairs are separated by L/2 − 2, which
results in the total of 2(L/2 − 2 − 1)= 14 steps necessary to complete the fusion. For braiding
at a characteristic distance ⌊L

3 ⌋, the required number of steps is 9⌊L
3 ⌋ − 23.
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corresponding to the recombination of two σ particles. Unlike the toric code case,

where combining two particles always gives a deterministic result, here fusing σ par-

ticles can, under certain circumstances, produce either a vacuum state or a ψ fermion,

with equal probabilities. This behavior is a hallmark of a non-abelian theory867.

We initialize the logical |0⟩L state by preparing two pairs of unoccupied Majorana

modes (labeled 1-2 and 3-4) using the adiabatic protocol described in the previous

part. Next, we move modes 2 and 3 in such a way that they recombine in the oppo-

site pairing [Fig. 5.5(a)]; i.e., 1-3 and 2-4. In the language of TQC, this operation

corresponds to the measurement in an orthogonal basis, e.g., {|+⟩L , |−⟩L}, and thus

we expect both results to appear with equal probability. Physically, along the adi-

abatic path, the states become exponentially degenerate (zero modes) and thus the

transition from one configuration to another is maximally diabatic, resulting in equal

superposition of the final states |11⟩ + |ψψ⟩. The evolution of the state can be traced

by monitoring the state’s decomposition in terms of the instantaneous logical basis

[Fig. 5.5(b)]. Finally, we check for the presence of the ψ fermion with our dynamical

quench protocol. In experiment, measuring equal weights of the vacuum and ψ states,

combined with the high correlation between the two pairs, would confirm the non-

abelian fusion rule (5.10).

Fusion rules do not specify an anyonic theory completely. On top of it, we need to

identify the braiding properties of excitations; i.e., the transformations of the degen-

erate state manifold upon moving anyons around each other. As we have discussed

in the case of fusion, swapping the modes 2 and 3 results in the application of a π/2

rotation on a Bloch sphere, or equivalently a change of basis. Now, performing this

operation twice (in a way that results in mode 2 looping around mode 3) corresponds
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to applying the π/2 rotation twice—resulting in a π-pulse that encodes the

Ubraid =

0 1

1 0

 (5.11)

operation in the logical manifold up to global phases. The initial configuration is the

same as the fusion experiment, but now mode 2 is looped around mode 3 and the

logical state is measured in the original basis; i.e., 1-2 and 3-4. At the end, we end up

in the starting configuration, but a non-trivial braid has been completed between the

Majorana particles.

After completing the braiding operation, we should end up in a flipped state: |0⟩L →

|1⟩L, which can be verified by performing the readout and measuring the state |1⟩L

with probability close to unity. This concludes the characterization of the non-abelian

properties of the excitations in the system.

5.6 Resource estimates and experimental feasibility

Next, we discuss resources necessary to implement our proposal in quantum hardware.

In Rydberg atom arrays, two-qubit gate fidelities are the dominant source of error,

compared to extremely efficient single-qubit gates and atom transport942,792,568, and

thus we focus on the number of two-qubit gate layers necessary. We summarize our

findings in Table. 5.1, where we assume a time step Jτ= 0.25 for the time evolution

and the readout procedure; this value is large enough to enable efficient implemen-

tation while still ensuring good performance of fusion and braiding operations. We

emphasize that even larger trotter angles do not necessarily lead to the breakdown of

the topological phase due to the free-fermion nature of the honeycomb model, see Ap-
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pendix ?? for details. The resource estimates for these circuits are quite favorable for

Table 5.1: Gate-layer estimate for the proposal. The number of required two-qubit gate layers
varies between the different steps of the proposal. Several ingredients, such as state prepa-
ration, can be realized in current experimental platforms. The estimate is performed for a
system size with N= 2L2 qubits and the time evolution implemented with depth-D circuit.

Stage Number of gate layers Source
Initial projection 6 App. ??
State preparation 22+ 0.3L2 Fig. 5.2(f)
Time evolution (1 step) 3D Eq. (5.7)
Topological readout 60D Fig. 5.4
Total (edge dynamics) 28 + 0.3L2+30D App. ??
Total (fusion) 28 + 0.3L2+12D(L− 1) Fig. 5.5
Total (braiding) 28 + 0.3L2+12D(9⌊L

3 ⌋ − 18) Fig. 5.5

near-term experimental exploration of the non-abelian phase. For example, prepara-

tion of the non-abelian phase in a 72-qubit system would consume only 33 two-qubit

gate layers. This remarkable efficiency is a direct result of the hardware-efficient

encoding, utilizing simple Floquet sequences of parallel two-qubit gates and global

single-qubit rotations to generate the higher-order terms that stabilize the non-abelian

phase.

Finally, we estimate the achievable many-body fidelity in near-term devices with

faulty two-qubit gates. There are two competing processes: Longer sequences can ide-

ally achieve higher state preparation fidelity, but accumulate more errors due to noisy

entangling operations. To estimate the optimal circuit depth D∗, for a given two-qubit

gate fidelity f, we use the heuristic scaling presented in Fig. 5.2(e) and assume an ex-

ponential decay of the many-body fidelity with the circuit volume,

F(D, f) ∼ (1− e−A(D−D0)L−α
)f6L

2D, (5.12)
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which allows us to calculate the optimal depth D∗(f) and the corresponding maxi-

mal many-body overlap F∗. In Fig. 5.6, we plot D∗ and F∗ as a function of the sys-

tem size N and the gate fidelity f= 1− 10p. Since current state-of-the-art devices can

readily reach f> 0.995 and are projected to achieve f> 0.999 in the near-term, our es-

timate shows that significant many-body overlap with the topological ground state

can be achieved in large systems of approximately a hundred qubits. In practice, the

many-body fidelity is the most stringent measure and generically decays exponentially

with system size. As such, signatures of the non-abelian topological phase should re-

main visible at larger system sizes as well.

5.7 Discussion and Outlook

The results presented in this work indicate that non-abelian Floquet spin liquids

can be dynamically created through applications of periodic pulse sequences in a

hardware-efficient manner. In particular, we developed a dynamical protocol where

the desired gapped Hamiltonian is obtained by engineering higher orders of the Mag-

nus expansion and constructed efficient pulse sequences that approximate the target

Hamiltonian and state preparation. These tools can be utilized to encode logical in-

formation in the Majorana zero modes that can be adiabatically created and con-

trolled with our effective Hamiltonian approach, providing a blueprint for exploring

non-abelian phases of matter using Rydberg atoms arrays in the near-term. In partic-

ular, the Hamiltonian realization leads to energetic protection against coherent errors,

such as control errors or spurious magnetic fields which induce local unitary rotations.

In contrast, in a realistic simulation, incoherent errors will build up over time, unless

removed by cooling. Developing hardware efficient cooling for the models studied here,
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Figure 5.6: Optimal circuit depth and fidelity in near-term devices. (a) The optimal circuit
depth D∗ maximizing the many-body fidelity during state preparation, balancing the trotter-
ization and gate errors. The corresponding number of gate layers is 3D∗. (b) The maximal
many-body fidelity F∗ at the given two-qubit gate fidelity f and system size N, achieved at the
optimal state-preparation circuit depth D∗. We note that the many-body fidelity is a stringent
measure and many observables, such as topological readout, should be more robust to errors;
see Appendix ?? for further discussion.

for example by mid-circuit readout of stabilizers as in quantum error correction, may

be important in practice for stabilizing the topological phase at long times. The ad-

dition of such periodic readout intervals can also allow one to combine the present

method with recently proposed Floquet quantum error-correcting codes, which dy-

namically realize topological phases via repeated measurements704,630. Exploration of

topological order in hybrid models with Hamiltonian evolution and mid-circuit mea-

surements — both of which can be realized using similar experimental controls — is

an intriguing future research direction.

The methods developed here can also be applied to study various extensions of the

Kitaev model, which are the topic of current research, both theoretical and experimen-

tal. Adding external magnetic fields711,1016,745, Heisenberg interactions945,745, or more

complicated many-body terms848, may drastically change the behavior of the system.
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For example, different topological phases, with new classes of anyonic excitations,

have been postulated for some of these extensions while others are especially relevant

for real-world materials957. Additionally, we can leverage the efficient state prepara-

tion of the Kitaev honeycomb ground state and digital Hamiltonian evolution to sim-

ulate quenches away from the integrable non-abelian phase to more complicated mod-

els, which are difficult to model on a classical computer. Such quenches enable the

study of integrability breaking and thermalization near integrable points560,627,1023.

Furthermore, it could also be used to probe excitations of the quenched Hamilto-

nian982, which is especially interesting due to the underlying topological order of the

non-abelian phase.

Our approach can be extended to efficiently simulate other, more exotic models.

For instance, an important class of lattice gauge theories can be efficiently simulated

by implementing three-body interactions730, using a family of gates G3(θ) = exp
(
iθZiZjZk

)
combined with sublattice rotations (see Appendix ??). Such a family of three-qubit

gates can be implemented as a natural extension of G2(θ)661 since arranging atoms in

a triangle guarantees a symmetric blockade, as discussed in Appendix ??. The speed

and robustness to errors for such operations can likely be improved further using op-

timal control methods736. In the absence of an exact solution, several of the meth-

ods employed in this work would have to be modified. For example, the variational

state preparation relies on the ability to calculate the many-body overlap in order to

minimize the cost function. Instead, one would need to resort to the adiabatic state

preparation or variational methods involving a quantum-classical feedback loop885.

Simplifying these requirements and optimizing these methods is another interesting

direction for future research.
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6
Probing topological matter and fermion

dynamics on a neutral-atom quantum

computer

Quantum computers have the potential to fundamentally advance our ability to sim-

ulate strongly correlated many-body quantum systems, which can be challenging to

simulate classically669. Fermionic models are especially important due to their central

role in understanding phenomena across chemistry, materials science, and fundamen-

tal physics533. Recently, analog quantum simulators691 based on fermionic atoms in
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optical lattices have been advancing our understanding of the Fermi-Hubbard model1003,939,595.

However, digital quantum simulation approaches offer new possibilities with improved

control and programmability, providing access to a much wider range of models and,

eventually, to fault-tolerant operation. Early experiments demonstrated key building

blocks548,539,842 of digital fermionic encodings, and recent studies have extended the

work to two dimensions617,869.

Implementing fermionic models on gate-based quantum computers presents unique

challenges associated with encoding the non-local nature of fermions within qubit sys-

tems. As a result, fermion-to-qubit encodings require either macroscopic operators to

represent local fermion hopping741 or rely on long-range entangled ancilla states to

preserve the locality of operations978,635,604. The latter case requires preserving topo-

logical order throughout computations to accurately represent fermionic particles, and

can additionally be related to models that host exotic states of matter with topologi-

cal order978. A paradigmatic case is Kitaev’s honeycomb model761, which features a

non-Abelian chiral spin liquid with a topologically non-trivial energy band. While cer-

tain Abelian and non-Abelian states have recently been prepared in analog and digital

systems933,912,535,729, the Kitaev model and its extensions957,640 constitute a promis-

ing platform for exploring both static and dynamic properties of such exotic phases

of matter, including the dynamical interplay between topological order and strongly

correlated fermions.

Here, we realize digital quantum simulations of Kitaev’s honeycomb model using

a reconfigurable atom array processor. Leveraging measurement-based topological

state preparation, tunable Floquet circuits, and error detection, we probe the phase

diagram and dynamics of this model. In particular, we prepare and characterize sev-

eral low-energy states, including that of the non-Abelian spin liquid phase. We fur-
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ther utilize this model as an efficient fermion-to-qubit encoding, investigating fermion

properties through quench dynamics and engineering strong interactions to realize the

Fermi-Hubbard model on a square lattice.

6.1 Hardware-efficient digital quantum simulations

The key idea behind our approach is the use of long-range entanglement to encode

fermionic statistics978. In particular, while conventional fermion encodings741 require

high-weight qubit operators, topologically ordered states contain long-range correla-

tions that can natively encode these properties. The Kitaev model is a paradigmatic

example of such a fermion encoding based on topological order761. Here qubits are lo-

cated on the vertices of the honeycomb lattice (Fig. 8.1a) and are effectively coupled

through anisotropic two-qubit interactions,

KX
ij = −JXXiXj, KY

ij = −JYYiYj, KZ
ij = −JZZiZj, (6.1)

acting along the three distinct link directions, as defined in Fig. 8.1a. The Xi,Yi,Zi

are the Pauli operators acting on qubit i, and we refer to the three link orientations

as XX, YY, and ZZ links, respectively. In such a system, there are long-range entan-

gled states which correspond to the common eigenstates of the conserved, mutually

commuting plaquette operators, Wp=X1Z2Y3X4Z5Y6 (Fig. 8.1a). When acting on such

states, the spin interactions in Eq. (6.1) can be described as Majorana hopping opera-

tors, icicj, along appropriate links. The resulting system of Majorana fermions, located

on the vertices of the lattice, realizes the fermionic mapping of Kitaev’s model761.

For the experimental realization of this model, we utilize a neutral-atom quan-

tum computer based on a dynamically reconfigurable atom array composed of 72
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data qubits and 32 ancilla qubits (Fig. 8.1). Using the apparatus described previ-

ously in Refs.645,569,659,566, qubits are encoded in the long-lived hyperfine levels of
87Rb atoms, individually trapped in optical tweezers, and can be reconfigured dur-

ing computation while maintaining qubit coherence569. Fully programmable global

and local single-qubit gates are implemented via fast Raman transitions566, while

high-fidelity entangling gates are achieved by exciting atoms to interacting Rydberg

states659. A key new element involves the parallel implementation of a family of gates,

ZZ(θ)= exp(iπθ[Z⊗Z]/4), with tunable angle θ (Fig. 8.1d). We intersperse these gates

with atom motion and single-qubit rotations to realize Floquet circuits (Fig. 8.1c),

which consist of repeated digital evolution under the two-qubit interactions in Eq. (6.1)

applied along appropriate links.

To efficiently create the topological order811, ancilla qubits are used to project data

qubits into the target long-range entangled state with cylindrical boundary conditions

(Fig. 8.1b). This is achieved by measuring commuting plaquette operators Wp in two

steps (Fig. 8.2a). First, ancilla qubits are used to measure weight-4 operators on one

sublattice of the data qubits, initially all prepared in |0⟩. Such a mid-circuit measure-

ment projects the system into a toric code state759. In the second step, the two sub-

lattices are entangled with parallel controlled-Y gates, completing the weight-6 plaque-

tte operators required for this fermion encoding. Although the ancilla measurement

outcomes are random ±1 values, we apply conditional (feedforward) local single-qubit

Z gates to deterministically prepare all plaquettes to have +1 value in the absence of

errors (Fig. 8.2a).

To characterize the resulting state, we measure the plaquette operators Wp, find-

ing an average parity of 0.444(4) (Fig. 8.2b). Furthermore, we measure longer closed-

loop operators, enclosing up to four hexagons, and observe finite parity in all cases
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(Fig. 8.2d). We can improve the quality of this topological order by performing error

detection, by noting that for the cylindrical geometry used here, the product of ancilla

values in a given column must have even parity in the absence of errors. Using this de-

coding postselection method (Fig. 8.2c), we observe an improvement in the plaquette

parity to 0.57(1).

6.2 Exploring the Kitaev model

The highly anisotropic interaction structure of the Kitaev model, Eq. (6.1), gives rise

to a rich phase diagram, featuring several distinct topological phases (Fig. 8.3a). Of

particular interest is the non-Abelian spin liquid phase, known as phase B, which

emerges when the three coupling strengths JX,JY,JZ are sufficiently uniform761. The

fermionic description of the model results in its low-energy states being characterized

by the underlying spin-liquid order and effective fermion correlations761. The initial

state after feedforward corresponds to a fixed-point state AI
Z of the Abelian AZ phase

(JX/Y=0), where all ZZ-link operators should be +1. We observe a mean ZZ-link parity

of 0.883(8), and the measured plaquette operators characterize the spin-liquid nature

of the prepared state (Fig. 8.2b).

To evolve from this initial state (AI
Z) to target states of interest in the phase dia-

gram, we apply a numerically optimized version of a Floquet unitary circuit747 con-

structed from repeated application of the nearest-neighbor gates as illustrated in

Fig. 8.1c, with optimized entangling phases. We find that a circuit depth of 6, as

shown in Fig. 8.3b, is sufficient to probe all points of interest on the phase diagram

(Methods), consistent with the slow gap closing with system size747. We measure the

plaquette parity values to verify the preservation of the topological order and observe
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that they decay with increasing circuit depth (Fig. 8.3b), as expected due to accu-

mulating incoherent errors. To mitigate this, we utilize a new type of state-selective

readout, which converts atomic state into spatial position1000,567, allowing us to dif-

ferentiate between lost atoms and the two computational states918,816. By detecting

atom loss and employing the error-detecting technique based on ancilla results, we

observe that we can better preserve the plaquette expectation values during computa-

tion (Fig. 8.3b).

To characterize states across the phase diagram, we measure two-point Majorana

fermion correlations, ⟨cicj⟩, which are constructed as products of the link operators

along the path connecting the two sites (Fig. 8.3d). Therefore, all fermion correlations

can be measured as open Pauli strings. Fig. 8.3c shows the measured expectation val-

ues of strings up to length 6, for three points in the phase diagram: the initial state

after feedforward state preparation AI
Z, another point in the Abelian phase AII

Z , and a

point in the non-Abelian phase B. We observe a buildup of string correlations as the

system is moved towards phase B and find good agreement with theory predictions,

under a noise model consisting of single-qubit Pauli errors and atom loss (Methods),

across all prepared states.

We probe the nature of phase B by extracting the Chern number—a topological

invariant that characterizes the curvature of the system’s energy bands558,528,622. Not-

ing that the prepared state should correspond to a low-energy state of a free-fermion

Hamiltonian, we infer the momentum-space parent Hamiltonian Hk from the mea-

sured real-space correlations of the state (Fig. 8.3e). Because the unit cell of the hon-

eycomb lattice consists of two sites, the system possesses two Bloch bands and their

Chern number can be numerically evaluated from the learned Hamiltonian. As the

system transitions from the Abelian to the non-Abelian phase, we observe a change
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from a zero (C=0) to a non-zero (C=1) Chern number of the lowest-energy band

(Fig. 8.3f). In phase B, an odd Chern number, combined with the underlying topolog-

ical order (Fig. 8.2b), provides strong evidence of the phase’s non-Abelian character

(Methods). In particular, it guarantees that, in the presence of a flux, a non-Abelian,

unpaired Majorana mode must be present in the spectrum at zero energy761,532.

6.3 Floquet evolution of fermion systems

Having explored the topological properties in the Kitaev phase diagram, we now lever-

age them to simulate quench dynamics631,950,1011 of fermionic particles. We focus on

conventional fermions characterized by complex-valued operators, which can be re-

alized by pairing two Majorana fermions, ai=(ci+ici′)/2. In our realization, we pair

them along the ZZ links, such that the resulting complex fermions form a square-

lattice geometry (Methods), and the ZiZi′ operator along an (i,i′) link is related to

local fermion density, ni=(1−ZiZi′)/2, with ZiZi′=+1 denoting particle absence, ni=0.

In this framework, the ZZ-link operators in Fig. 8.2b characterize the initial vacuum

state, corresponding to a background fermion density of 5.9(5)%.

To initialize real-space configurations of complex fermions, we start from the state

AI
Z and create a fermion pair by applying an open Pauli string (e.g YXXY in Fig. 8.4a)

that commutes with the plaquette operators but flips the desired ZiZi′ operators such

that ni=1. Individual complex fermions can, in principle, be created by connecting

such strings to the open boundary.

The dynamics of complex fermions is inherited from that of the Majorana opera-

tors, where the Kitaev interactions in Eq. (6.1) correspond to nearest-neighbor Majo-

rana hopping terms cicj. We first study the dynamics of the two localized fermions un-
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der two different depth-12 Floquet circuits (Fig. 8.4b), focusing on the role of anisotropy

between the couplings. Setting two directions to be equal, JX=JY=J, and tuning the

strength of the third direction JZ, we find that for JZ=J the number of particles grows

quickly, because the Majorana hopping terms do not naturally preserve the complex-

fermion particle number (Fig. 8.4c). By contrast, for JZ=8J, background particle cre-

ation is suppressed and the total particle number returns close to the initial value

for a full effective Floquet cycle (around depths 6 and 12). This emergent particle

conservation is the result of strong KZ
ij terms, which corresponds to the total particle

number, projecting the dynamics into approximate particle-conserving evolution520,657.

Indeed, unitary dynamics result in an effective Floquet Hamiltonian closely resem-

bling that of complex fermions, and the intermediate rise in particle number can be

interpreted as Floquet micromotion.

Focusing on the particle number conserving (JZ=8J) case, we evolve two initial

states (Fig. 8.4d), with a complex fermion pair either one (d=1) or two (d=2) sites

apart, and investigate the final fermion configuration at depth 11. We probe their

hopping by measuring density-density correlations Gij=⟨ninj⟩−⟨ni⟩⟨nj⟩. Such correla-

tions capture hopping since a transported particle should be anticorrelated with its

initial position (Methods). For free-fermion states, the Gij correlation is equal to the

(negative) magnitude of the hopping operator between sites i and j (Methods). In

Fig. 8.4e, we explore these correlations with respect to one of the initially occupied

sites, normalized by its density. For the d=1 initial separation, we observe a strong

asymmetry in the hopping direction, owing to the fermions hopping away from each

other, consistent with Pauli exclusion. As expected, the asymmetry is greatly reduced

for the d=2 separation.
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Fermion exchange

A defining characteristic of fermionic particles is their non-trivial exchange statistics,

with the many-body wavefunction being antisymmetric under particle exchange. We

directly probe the exchange statistics of the complex fermions through deterministic

hopping, realized by a gate sequence designed to preserve particle number. Because

the exchange statistics manifest as a global phase, we perform a Ramsey-type experi-

ment (Fig. 8.4f) in which we first apply a partial pair-creation operator R∝
√
X⊗Z⊗Y

to prepare a superposition state, (|Ø⟩+ | ⟩)/
√
2, where |Ø⟩ is the initial vacuum

state and | ⟩ is the two-fermion state (Methods). Then, we compare two different

fermion movement patterns: (i) fully exchanging the two fermions with each other

and (ii) hopping once and then hopping back to the original configuration. Finally,

we apply the partial creation operator R again and measure the resulting fermion den-

sity. When the fermions are returned to their original positions, the state remains un-

changed, and the second R operator completes the fermion-pair creation, yielding | ⟩

as expected. However, when the particles are exchanged, we observe the absence of

fermions at the end, consistent with the system returning to the vacuum state, |Ø⟩.

This represents direct demonstration of the superposition state transforming into

(|Ø⟩− | ⟩)/
√
2 due to the particle exchange, which leads to destructive interference

with the final creation operation.

To quantify this process, we evaluate the difference in average density on the tar-

get sites between the outcomes of the two protocols, corresponding to the contrast

resulting from the fermionic Ramsey sequence, under varying levels of error detection

(Fig. 8.4g). We find that the accuracy of the exchange statistics improves as the qual-

ity of fermion encoding is enhanced through decoding postselection.
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Simulating the Fermi-Hubbard model

The Fermi-Hubbard model is one of the most important strongly interacting fermionic

systems. In its simplest form it consists of spin-1/2 particles with contact interactions

between different fermionic spin states,

HFH =
∑
σ∈↑,↓

∑
⟨i,j⟩

(a†σ,iaσ,j + a†σ,jaσ,i) + Un↑n↓, (6.2)

where σ denotes the spin state and ⟨i, j⟩ is the set of edges encoding the system con-

nectivity. This model, and its various extensions, provides a description of real-world

materials and is believed to underpin some of the most puzzling phenomena in con-

densed matter, such as high-temperature superconductivity785.

To simulate this model, we split our array into two halves, representing spin up on

the left side and spin down on the right side, and engineer interactions by realizing

parallel gates between the two halves (Fig. 6.5a). After the initial encoding step, we

omit the hopping terms across the boundary during evolution, enabling independent

dynamics of the two spin states. Furthermore, we extend our Floquet cycle by adding

a fermion interaction term (Fig. 6.5b). Effectively, this realizes a Fermi-Hubbard

model on a 16-site square lattice.

More specifically, to implement onsite density-density interactions, Hint∝n↑n↓, we

take advantage of long-range atom motion to couple distant parts of the system (Fig. 6.5c).

We apply two parallel CNOT gates across the two halves of the array, interleaved

with evolution under the KZ
ij interaction on the target half only. This KZ

ij term is pro-

portional to Z↑Z↑, and the CNOT gates propagate it to a four-body (Z↑Z↑)×(Z↓Z↓)

term across the two halves, which effectively realizes contact interactions (4n↓n↑−2n↓−2n↑)
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between the two fermion species.

We initialize an antiferromagnetic checkerboard spin ordering (Fig. 6.5d) with lo-

cal single-qubit gates, and study its dynamics with varying interaction strength. In

the absence of interactions (U=0), we observe that the staggered magnetization of

the initial state quickly decreases after a few Floquet cycles, due to the independent

fermion hopping (Fig. 6.5e). However, by increasing the interactions, we observe sup-

pressed particle transport and significantly slower decay of the staggered magneti-

zation (Fig. 6.5e). We measure the staggered magnetization after the final Floquet

round for a range of interaction strengths (Fig. 6.5f), and find good agreement with

numerical simulations of our circuit (Methods), including a non-monotonic behavior

as a function of interaction strength.

Outlook

Our experiments demonstrate key building blocks for digital quantum simulations

of complex fermionic and topological systems. Utilizing measurement-based prepara-

tion of long-range entanglement, efficient Floquet dynamics, and error detection, they

pave the way for explorations of complex and practically relevant quantum systems.

These studies can be extended in a number of interesting directions. For instance,

properties of the non-Abelian excitations747 can be explored in the Kitaev model, in-

cluding fusion and braiding properties761. Moreover, the stability of spin liquid phases

can be probed in challenging-to-simulate regimes by adding different types of interac-

tions, which can be implemented with additional atom moves. Such simulations have

the potential to provide new insights into the understanding of so-called Kitaev ma-

terials957. Similar methods can be extended to study a broad range of physics and
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chemistry models, including those relevant to materials and molecules833,616, lattice

gauge theories617, and quantum gravity820,907. Other fermionic encodings can also be

explored, either using qubits869 or hybrid analog-digital architectures with fermionic

atoms701,687.

While the methods used in this work can readily be scaled up to thousands of

qubits822,803, the achievable circuit depths in digital quantum simulations will be lim-

ited due to errors. Our experiments demonstrate that error detection approaches can

be used to suppress errors in near-term simulations. Eventually, error correction will

need to be integrated to further extend achievable circuit depths. The topological

state-preparation circuit can be realized with encoded logical qubits using transver-

sal operations1019, while implementation of specialized error-correcting codes could

further reduce resource overheads1004. The techniques developed and demonstrated

in this work provide the foundation for co-designing such simulation approaches in a

hardware-efficient manner.

During the completion of this work, we became aware of related work studying Ki-

taev’s honeycomb model on a superconducting quantum computer897.
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Figure 6.1: Digital quantum simulations with reconfigurable atom arrays. a, The honeycomb
lattice used in this work with 104 total atomic qubits and periodic boundary conditions
along the shorter direction, forming a cylinder. The qubits are encoded in 87Rb atoms and
entangling gates are realized through excitation to interacting Rydberg states. To encode
fermion statistics, we prepare a long-range entangled state characterized by hexagonal plaque-
tte operators Wp=X1Z2Y3X4Z5Y6 that commute with the unitary evolution and are therefore
conserved. The encoded Majorana fermions live on vertices, at the ends of operator strings,
and conventional (complex) fermions are formed by combining two Majoranas along a chosen
link orientation. b, The long-range entangled state is prepared using mid-circuit measure-
ment of ancilla qubits, and plaquettes are deterministically flipped to be +1 using conditional
single-qubit gates (red circle). c, The Floquet evolution cycle consists of atom reconfiguration
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which prevents fermions from occupying the same site. f, Direct measurement of the fermion
exchange phase. A superposition of vacuum and fermion-pair states is created with a sequence
of local entangling gates, which realizes a partial creation unitary R (Methods). The system
is evolved under two different particle-hopping protocols: (i) exchanging the two fermions and
(ii) hopping to an intermediate site and hopping back. The evolution is followed by a second
application of R, which maps the exchange phase to fermion presence. Color plots show the
mean fermion density at each site in a 4x4 region embedded in the full lattice. g, Contrast
between protocols (i) and (ii) as a function of decoding postselection. Error bars represent
68% confidence intervals.
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Figure 6.5: Two-component strongly interacting fermions. a, Two independent species of
fermions, labeled “spin-up” and “spin-down”, are realized by dividing the system into two
halves. The XX and YY links across the boundary are turned off to facilitate independent
hopping dynamics; this system realizes a 4x4 lattice with two fermion species. b, Floquet
evolution consists of independent hopping within the two halves followed by density-density
interactions between the two spin states. c, The interactions are realized through a parallel
entangling operation connecting the two halves of the system. Two parallel CNOT gates prop-
agate a ZZ(θ) operator, applied to the spin-up half, into the interaction term. d, The initial
state is a checkerboard pattern, staggered between the two fermion spin states. e, Staggered
magnetization dynamics during a quench with and without the interactions. f, Final staggered
magnetization as a function of interaction strength. Increasing interactions suppress the spin
mixing dynamics. The solid lines are the result of noisy numerical simulations of the circuit
(Methods). Error bars represent 68% confidence intervals.
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7
Digital simulation for chemistry and

materials

A major thrust of quantum chemistry and material science involves the quantitative

prediction of electronic structure properties of molecules and materials. While pow-

erful computational techniques have been developed over the past decades, especially

for weakly correlated systems954,550,825,587, the development of tools for understanding

and predicting the properties of materials that feature strongly correlated electrons

remains a challenge538,697,525. Quantum computing is a promising route to efficiently

capturing such quantum correlations531,551,837, and algorithms for Hamiltonian sim-
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ulation and energy estimation801 with good asymptotic scaling have been developed.

However, existing methods for simulating large-scale electronic structure problems are

prohibitively expensive to run on near-term quantum hardware562, highlighting the

need for more efficient approaches.

One approach to capturing the complexity of strongly correlated systems utilizes

model Hamiltonians541, such as the generalized Ising, Heisenberg, and Hubbard mod-

els, which describe the interactions between the active degrees of freedom at low tem-

peratures. Like other coarse-graining or effective Hamiltonian approaches553, model

parameters can be computed from an ab initio electronic structure problem using a

number of classical techniques575,834,835,896,771,601. Furthermore, model Hamiltonians

exhibit features such as low-degree connectivity that simplify implementation, mak-

ing them particularly promising candidates for quantum simulation748,607,961,991,552,813.

Though approximate, simplified model Hamiltonians have proved valuable in analyz-

ing strongly correlated problems774,775,821 for small system sizes, where accurate but

costly classical methods can be applied. However, as the system size increases, classi-

cal numerical methods struggle to reliably solve strongly correlated model systems, as

the relevant low-energy states often exhibit a large degree of entanglement. In this Ar-

ticle, we focus on the programmable quantum simulations of spin models. These cor-

respond to a class of Hamiltonians that describe compounds where unpaired electrons

become localized at low-temperatures and can therefore be represented as effective lo-

cal spins with S ≥ 1/2. These include many polynuclear transition metal compounds

and materials containing d- and f-block elements, which play a central role in chemi-

cal catalysis and magnetism941,775,879,821,589,797,601,895.

Recent advances in quantum simulation855,628 have enabled the study of paradig-

matic model Hamiltonians with local connectivity. In particular, experiments have
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probed non-equilibrium quantum dynamics557,752,572, exotic forms of emergent mag-

netism781,645,916,600, and long-range entangled topological matter933,912, in regimes

that push the limits of state-of-the-art classical simulations758. The model Hamiltoni-

ans describing realistic molecules and materials however often contain more complex

features, including anisotropy, non-locality, and higher-order interactions821, demand-

ing a higher degree of programmability896. While universal quantum computers can

in principle simulate such systems, standard implementations based on local two-qubit

gates require large circuit depths961 to realize complex interactions and long-range

connectivity. Thus, for optimal performance in devices with limited coherence, it is

essential to utilize hardware-efficient capabilities to simulate such systems.

In what follows we introduce a framework to simulate model spin Hamiltonians

(Fig. 7.1) on reconfigurable quantum devices. The approach combines two elements.

First, we describe a hybrid digital-analog simulation toolbox for realizing complex

spin interactions, which combines the programmability of digital simulation with the

efficiency of hardware-optimized multi-qubit analog operations. Then, we introduce

an algorithm, dubbed “many-body spectroscopy” that leverages time-dynamics and

snapshot measurements to extract detailed spectral information of the model Hamil-

tonian in a resource-efficient way596. We describe in detail how these methods can be

implemented using Rydberg atom arrays549,621,814,947,738, and discuss its applicabil-

ity to other emerging platforms which can support multi-qubit control and dynamic,

programmable connectivity750, such as the ion QCCD architecture726,859. Finally, we

illustrate potential applications of the framework on model Hamiltonians describing a

prototypical biochemical catalyst and 2D materials.
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7.1 Engineering spin Hamiltonians

The general Hamiltonian we consider is

H =
∑
i,α

Bαi Ŝαi +
∑
ij,αβ

Jαβij Ŝ
α
i Ŝ

β
j

+
∑
ijk,αβγ

Kαβγ
ijk Ŝ

α
i Ŝ

β
j Ŝ

γ
k + higher order, (7.1)

where Ŝαi , α = x, y, z are spin-Si operators of the i-th spin (Si ≥ 1/2 can vary be-

tween sites), and the interaction coefficients (Jαβij , Kαβ
ijk, etc.) are potentially long-range.

Hamiltonians of this form can capture the effects of many processes arising in phys-

ical compounds, including super-exchange, spin-orbit coupling, ring-exchange, and

more821. In our approach, spin-S variables are encoded into the collective spin of 2S

qubits, such that the i-th spin in (7.1) is rewritten as

Ŝαi =
2Si∑
a=1

ŝαi,a, (7.2)

where ŝαi,a are the spin-1/2 operators of the a-th qubit in the i-th spin. Valid spin-Si

states live in the symmetric subspace with maximum total spin per site ⟨(Ŝi)
2⟩ =

Si(Si + 1). While several alternate approaches to encoding spins with hardware-native

qudits have been proposed recently777,606,719,688, the cluster approach introduced here

uses the same controls as qubit-based computations ensuring compatibility with exist-

ing setups659, and naturally supports simulation of models with mixed on-site spin.

The core of our protocol involves applying a K step sequential evolution under
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simpler interaction Hamiltonians Hi =
∑

g∈Gi
hi,g, i= 1, ...,K, acting on disconnected

groups Gi of a few qubits each. The combined sequence realizes an effective Floquet

Hamiltonian HF which approximates (7.1). To controllably generate effective Hamil-

tonians, we use the average Hamiltonian approach. In the limit of small step-sizes

τ ≪ 1/K, the evolution is well-approximated by H(0)
F = 1

K
∑K

i=1Hi to leading order, and

contributions from higher-order terms are bounded520.

In general, the performance of this approach will be limited by simulation errors,

characterized by the difference between HF and the target Hamiltonian H, and gate

errors, determined by the hardware overhead required to implement individual evo-

lutions e−ihi,gτ. To mitigate the leading sources of error, we next develop Hamiltonian

engineering protocols that leverage multi-qubit spin operations to realize (7.1) with

short periodic sequences.

7.2 Dynamical projection with digital Floquet engineering

Our Hamiltonian engineering approach is based on the cluster encoding (7.2). The

key idea is to first generate interactions in the full Hilbert space using a spin-1/2

(qubit) version HI of (7.1), and then dynamically project back onto the encoding

space. We select HI such that projection recovers the target Hamiltonian, by mapping

each n-body large spin interaction in (7.1) onto an equivalent n-body qubit interac-

tion acting on representatives from the n-clusters (see Methods and Fig. 7.2a). We

further decompose HI into D non-overlapping groups HI,j, such that each term can be

applied sequentially.

While this generates the target interactions between spin clusters, it also moves

encoded states out of the symmetric subspace. Therefore, to prevent evolution under
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HI from destroying the encoding, we alternately apply evolution under

HP = λ
∑
i
(1− P[(Ŝi)]), (7.3)

composed of projectors P[(Ŝi)] onto the symmetric spin states, by applying multi-

qubit gates within spin clusters. The symmetric states are zero-energy ground-states

of HP, and non-symmetric states are separated by an energy gap λ. Alternating HI

and HP enables Trotter simulation of the static Hamiltonian HI + HP. For λ ≫ Jij, the

system is effectively projected into the ground-space of HP at low-energies, realizing

H. However, accurate Trotter simulation in this regime, by alternating HI and HP, re-

quires two separations of time-scale between the step-size and the target interactions

τ ≪ λ−1 ≪ J−1
ij , leading to a large number of gates.

Instead, we develop an approach which enables projection of HI onto the ground-

state of HP with significantly fewer gates, using ideas inspired by dynamical decou-

pling610. This is achieved by using large-angle rotations e−iτHP , where τλ ∼ 1, to gen-

erate a time-dependent phase on the parts of HI that couple encoded states to non-

symmetric states. These phases cancel out on average, leaving the symmetric part

which commutes with HP. More precisely, the combined evolution is described by

UF =

Np∏
p=1

e−iθpλ−1HP

D∏
j=1

e−iτHI,j


=

Np∏
p=1

D∏
j=1

e−iτHI,j(p) = e−iKτHF , (7.4)
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where K = NpD is the full length of the sequence, and θpλ−1, τ parameterize the evo-

lution times. In the second line, we transform into an interaction picture, such that

intermediate terms are evolved by HP with a cumulative phase Θp=
∑

p′<p θp′ ; for the

rotating frame to be periodic, we require ΘNp+1 (mod 2π) = 0.

Then the transformed interactions can be written as (see Methods):

HI,j(p) = eiΘpλ−1HPHI,je−iΘpλ−1HP

= H(0)
I,j︸︷︷︸

symmetric

+

(nmax∑
n=1

einΘpH(n)
I,j + h.c.

)
︸ ︷︷ ︸

symmetry violating

. (7.5)

Here, H(n)
I,j captures unwanted terms that change the total spin on n sites, while the

symmetric terms comprise the target Hamiltonian
∑

jH
(0)
I,j =HT. To cancel out symmetry-

violating terms at leading order in τ, we choose an appropriate sequence of cumulative

phases, such that
∑

p einΘp = 0 for n = 1, ..., nmax. When nmax= 2, i. e., up to two-spin

interactions, the sequence Θ=(0, 2π/3, 4π/3) satisfies this condition. This sequence,

having constant θp, produces a Floquet Hamiltonian which commutes with HP in a

dressed frame657, and therefore preserves the encoding up to exponentially long times

in τ−1 (see Methods).

This approach provides significant benefits in simulating complex spin-models,

where the number of overlapping terms in H grows rapidly with parameters such as

the spin-size S, number of interactions per spin d, and interaction weight nmax. In this

regime, a Trotter decomposition of H into non-overlapping terms hi,g would require a

sequence of length K ≥ d(2S)nmax−1, where d measures the number of interactions each

spin Si is involved in. Instead, the projection approach produces decompositions of H
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into sequences of length K = (nmax + 1)
⌈ d
2S
⌉

(see Methods), leading to performance

improvements of several orders of magnitude for models with large spins and higher-

order interactions.

Similar tools can also be used realize a large class of spin circuits, by generating

different evolutions H(i)
F during each cycle. This effectively implements discrete time-

dependent evolution

Ucirc =
T∏
i=1

e−iτiH(i)
F . (7.6)

Variational optimization can be further used to engineer higher-order terms in HF,

enabling generation of more complex spin gates at no additional cost (see Extended

Data Fig. 9). Although the classical variational optimization procedure is limited to

small circuits, Hamiltonian learning protocols could be used to perform larger-scale

optimization on a quantum device directly590,554. Such circuits can be used for opera-

tions besides Hamiltonian simulation, including state-preparation748.

7.3 Hardware-efficient implementation

The digital Hamiltonian engineering sequence can, in principle, be realized on any uni-

versal quantum processor, but it is especially well suited for reconfigurable processors

with native multi-qubit interactions569,859,750,805. Neutral atom arrays are a particu-

larly promising candidate for realizing these techniques, for which we develop a de-

tailed implementation proposal. In this platform, two long-lived atomic states encode

the qubit degree of freedom {|0⟩,|1⟩}, which can be individually manipulated with

fidelity above 99.99%943,793. Strong interactions between qubits are realized by cou-

170



pling to a Rydberg state |r⟩732,796, which enables parallel multi-qubit operations796,

with state-of-the-art two-qubit gate fidelities exceeding 99.5%659. Further, qubits can

be transported with high fidelity by moving optical tweezers569, to realize arbitrary

groupings Gi. By placing atoms sufficiently close together, atoms within a group can

undergo strong all-to-all interactions, while interactions between groups can be made

negligible by placing them far apart.

The key ingredient required for efficiently implementing HI and HP are hardware-

efficient multi-qubit spin operations. We show how these can be realized by using

pulse engineering to transform the native Rydberg-blockade interaction732,969 into

the desired form. We illustrate this on two families of representative spin operations

US(θ) = e−iθ(Ŝi
2
/2S), UP(θ) = e−iθP[Ŝi

2
] (7.7)

where Ŝi
2 is the total-spin operator for a cluster of 2Si atoms, and P[Ŝi

2
] are the pro-

jectors appearing in (7.3).

One approach to engineering these operations is based on an ansatz which naturally

extends Ref.659, where US and UP are found by optimizing an alternating sequence of

diagonal phase gates and single-qubit rotations. As in prior works737,878,659, the pulse

profiles generating symmetric diagonal operations can be obtained with numerical op-

timization via GrAPE753. For this alternating ansatz, we find a roughly linear scaling

of total gate time Tgate with size of the cluster (see Fig. 7.2b). Similar gates can also

be implemented in ion-trap architectures, where coupling to collective motional modes

can be used to implement diagonal phase gates949,749.

However, Rydberg atom arrays offer additional control, which allows us to go be-
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yond the alternating ansatz. Specifically, we consider simultaneously driving the

qubit transition Ωq(t) in addition to the usual Rydberg transition Ωr(t). We find

that this dual driving enables significantly faster realizations of US and UP. After

optimizing with GrAPE to identify approximate gates with noise-free simulated fi-

delities above 99.9% (i.e. assuming no experimental error), we find total gate times

below ΩTgate/2π= 6.0 up to cluster sizes n= 8 and nearly constant scaling with n (see

Fig. 7.2b and Methods). The fact that the evolution is so short, implies these gates

generate complex interactions in a very hardware-efficient way, making them ideal for

accelerating spin-Hamiltonian simulations. Finally, we develop optimized decomposi-

tions of target spin operations into two-qubit gates, and find they are still orders of

magnitude more costly than the hardware-efficient implementation (Fig. 7.2c).

In Fig. 7.3, we illustrate the performance of this method on four representative ex-

amples that lie within the family of Hamiltonians (7.1). To quantify the performance

of the simulation, we present heuristic estimates of the accessible coherent simulation

time, measured in units of the target Hamiltonian’s local energy scale. We leverage

access to multi-qubit spin operations of the form e−i
∑

n θnS
n , and estimate gate errors

(arising from experimental imperfections) based on the physical evolution time neces-

sary to realize the target operation. The step-size τ is chosen to to maximize coherent

simulation time, balancing simulation and gate errors (see Methods). In the repre-

sentative examples, we find the combination of dynamical projection and optimized

multi-qubit gates outperforms a similarly constructed implementation based on Trot-

terized interactions and two-qubit gate decomposition. Our approach significantly

extends the available simulation time (up to two orders of magnitude), and enables

much more efficient generation of complex spin Hamiltonians.
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7.4 Spectral information from dynamics

Having described a toolbox for implementing a large class of spin-circuits, enabling

time-evolution and state-preparation, we next present a general-purpose algorithm for

calculating chemically relevant information. The approach, dubbed “many-body spec-

troscopy”, leverages dynamical snapshot measurements and classical co-processing596

to compute a wide variety of spectral quantities including low-lying states and finite-

temperature properties. The procedure, combining insights from statistical phase esti-

mation802,810,948,876 and shadow tomography721, is noise-resilient and sample-efficient,

making it especially promising for near-term experiments.

Specifically, the quantity we extract is an operator-resolved density of states

DA(ω) =
∑
n
⟨n|A|n⟩δ(ω− εn), (7.8)

where εn and |n⟩ are the energies and eigenstates of the evolution Hamiltonian H, and

A denotes an arbitrary operator. Spectral functions like equation (7.8) can be used to

access detailed information about the properties of H: the location of peaks provides

information about energies802,948,876, and properties of eigenstates can be computed

by choosing A appropriately810. For example, we can compute total-spin of an eigen-

state using A = (
∑

i Ŝi)
2, or the local spin polarization with A = Ŝi.

The output of the quantum computation are projective measurements (snapshots),

produced by the circuit depicted in Fig. 7.4a. First, we initialize a system of N qubits

and apply a state-preparation procedure to prepare a reference state |S⟩= S|0N⟩. Next,

we use a single ancilla qubit in the |+⟩ state to apply a controlled perturbation, prepar-
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ing an entangled superposition of |0⟩|S⟩ and a probe state |1⟩|R⟩ where |R⟩=R|S⟩.

The system is then evolved under H for time t (see also (7.34)). Finally each qubit

is projectively measured, producing a sequence of N + 1 bits — a snapshot. By mea-

suring the ancilla in the X or Y basis, this circuit effectively performs an interferome-

try experiment between the reference and probe states. The resulting snapshot mea-

surements enable parallel estimation of two-time correlation functions of the form

CO,R(t) = ⟨S|eiHtOe−iHtR|S⟩ for all 2N operators O that are diagonal in the measurement

basis. Crucially, DA(ω) can be determined from the same set of snapshots for various

A and ω, by changing the classical processing.

To estimate the spectral function DA(ω), we use a hybrid quantum-classical compu-

tation based on the following expression,

DA(ω) = ẼR∼R

∫
dt︸ ︷︷ ︸

circuit average

eiωt
∑
s
⟨S|R†AOse−iHt|S⟩︸ ︷︷ ︸

classical processing

× ⟨S|eiHtOse−iHtR|S⟩︸ ︷︷ ︸
quantum evolution (Fig. 7.4)

. (7.9)

For this to be formally equivalent to (7.8), the distribution over perturbations R and

ensemble of observables {Os} must couple uniformly to all eigenstates, to ensure unbi-

ased estimation (see Methods). For example, given a polarized reference state |0⟩⊗N,

X-basis measurements are sufficient.

To realize the distributional average and time-integral, the quantum circuit has to

be executed (Fig. 7.4a) for randomly sampled perturbations R and evolution times

t. In order to efficiently evaluate the classical part of (7.9), we require efficient clas-
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sical representations of |R⟩ and e−iHt|S⟩. A good choice is to select |S⟩ to be a known

eigenstate of H, such that the time-evolution is trivial, and preferentially sample |R⟩

to maximize the overlap with relevant target states. In contrast, the quantum part

of (7.9) includes time-evolution of |R⟩, which has overlap with unknown eigenstates,

and often includes large amounts of entanglement. Therefore, this is estimated from

snapshot measurements produced by quantum simulation (see Methods).

As an example, consider two interacting spin-3/2 particles, described by H2 =

JS1 · S2. We prepare a polarized reference eigenstate |S⟩ = |0⟩⊗6, and sample per-

turbations R from an ensemble of random single-spin rotations. This corresponds to a

trivial state-preparation circuit and a simple controlled-perturbation composed of two-

qubit gates in Fig. 7.4. Next, we measure the system in the X-basis, which provides

access to the full spectrum for this choice of |S⟩ (Methods). Finally, during classical

processing, the bare density of states is obtained by choosing A = 1, and evaluating

(7.9). The result contains peaks at frequencies ω associated with eigenstates of H2 (see

Fig. 7.4b). Further, we can isolate individual contributions of total spin sectors by in-

stead choosing A = PS, the projectors onto S = 0, 1, 2, and 3. This not only allows

us to identify the total spin of the eigenstates, but also increases the effective spec-

tral resolution in the presence of noise as it sparsifies the signal. Finite-temperature

response functions530, like the z-component of the zero-field magnetic susceptibility

χ(T) = 1
Z tr
[ 1
T(Sz)

2e−H/T], can also be computed from the same dataset, by integrating

the Sz-projected density-of-states DSz(ω) (see Methods). To illustrate this, the mag-

netic susceptibility is extracted from the same dataset and shown in Fig. 7.4c. The

algorithm is especially promising for near-term devices, having favorable resource re-

quirements quantified by the number of snapshots (sample complexity) and maximum

evolution time (coherence) required for accurate spectral computation (see Methods
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for further discussion).

7.5 Application to transition metal clusters and magnetic solids

As an illustration of a relevant computation in chemical catalysis, we consider the

Mn4O5Ca core of the oxygen-evolving complex (OEC), a transition metal catalyst

central to photosynthesis which is still not fully understood540,881. Classical chem-

istry calculations have been used to fit model Heisenberg Hamiltonians, containing

three spin-3/2 sites and one spin-2 site774,775,776 (Fig. 7.5a). While this spin repre-

sentation cannot directly capture chemical reactions, it can capture the ground and

low-lying spin-states, i. e., the spin-ladder, which are important in catalysis because

reaction pathways depend critically on the spin multiplicity938. We simulate our

framework applied to the S2H-1b structural model from Ref.775, by first computing

the bare density-of-states D1(A) (Fig. 7.5b). Then, we identify a low-lying cluster of

eigenstates, and compute spin-projected densities DPs(A) to resolve the spin ladder

(Fig. 7.5c). The spin ladder can also be measured experimentally, providing a way to

evaluate candidate models of reaction intermediates. To highlight this, we simulate

the Heisenberg model for an alternate pathway (S2H-2b)775, and observe the modifica-

tion reverses the ordering of the spin ladder, indicating S2H-1b is more consistent with

measurements (see Fig. 7.5d).

The framework can also be applied to study low-energy properties of extended sys-

tems, including strongly correlated materials. We illustrate this on the ferromagnetic,

square lattice Heisenberg model (Fig. 7.6). For such large systems, we envision utiliz-

ing an approximate ground-state preparation method for |S⟩, so that low-energy prop-

erties can be accessed in a noise resilient manner via local controlled-perturbations R.
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Then, local Green’s functions — two-point operators at different positions and times

— can be measured to access properties of low-lying quasi-particle excitations, such as

the dispersion relation of single-particle excitations (see Methods, 2D Heisenberg, for

details).

7.6 Outlook

These considerations indicate that reconfigurable quantum processors enable a power-

ful, hardware-efficient framework for quantum simulation of problems from chemistry

and materials science, illustrating potential directions for the search for useful quan-

tum advantage. Specifically, in addition to the OEC, other organometallic catalysts

could be studied with this approach, including iron-sulfur clusters798,961, for which

bi-quadratic terms appear in the model Hamiltonian to capture higher-order pertur-

bative charge fluctuation effects940. Another promising direction involves quantum

simulation of low-energy properties of 2D and 3D frustrated spin systems, including

model Hamiltonians for Kitaev materials739,1001,958 and molecular magnets574,999. The

ability to realize non-local interactions further opens the door to simulation of spin-

Hamiltonians defined on non-Euclidean interaction geometries537,900.

The efficiency of the Hamiltonian engineering approach originates from co-designing

Floquet engineering and hardware-specific multi-qubit gates. Extending this approach

to larger classes of strongly-correlated model Hamiltonians is an outstanding and ex-

citing frontier. In particular, it would be especially interesting to further develop the

toolbox to incorporate charge transport and electron-phonon interactions. This could

enable simulation of more complex model Hamiltonians, such as the t-J, Hubbard,

and Hubbard-Holstein models, and expand the class of accessible chemistry prob-
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lems551,860. Application to other settings, including lattice gauge theories593,1012 and

quantum optimization problems644 are also of interest. Incorporation of error mitiga-

tion and correction into the Hamiltonian simulation should be considered; specifically,

the present method can potentially be generalized to control logical, encoded degrees

of freedom in a hardware-efficient way565.

Finally, characterization and development of the model Hamiltonian approach it-

self is an interesting and challenging problem. Key challenges include development

of efficient schemes to compute parameters for higher-order interactions940, estima-

tion of corrections arising from coupling to states outside the model space692, and

validation of the model Hamiltonian approximation771. Feedback between the clas-

sical and quantum parts of the computation is an important part of these develop-

ments552,984,724. For these reasons, the large-scale simulation of model Hamiltonians

on quantum processors will be invaluable for testing approximations by comparing

simulation outputs with experimental measurements. Hence, the approach proposed

in this work facilitates exciting directions in computational chemistry and quantum

simulation, aiming towards constructing a novel ab initio simulation pipeline that uti-

lizes hybrid quantum-classical resources.

Acknowledgments. We thank A. Aldossary, T. Betley, D. Bluvstein, M. Cain, L. Cunha,

J. Feldmeier, C. Kokail, J. Lee, N. Leitao, S. Gant, J. Haber, S. Hollerith, T. Manovitz,

J. Neaton, S. Sachdev, A. Schuckert, K. Seetharam, and P. Zoller for insightful discus-

sions. This work was supported by the US Department of Energy [DE-SC0021013

and DOE Quantum Systems Accelerator Center (contract no. 7568717)], the Defense

Advanced Research Projects Agency (grant no. W911NF2010021), the National Sci-

ence Foundation (via CUA PFC, Q-IDEAS HDR, PHY-2207972), the Department

of Defense Multidisciplinary University Research Initiative (ARO MURI, grant no.

178



W911NF2010082), Wellcome Leap under the Q for Bio program, the DARPA IM-

PAQT programme (grant number HR0011-23-3-0030) and the Harvard-MIT Center

for Ultracold Atoms. N.M. acknowledges support from the Department of Energy

Computational Science Graduate Fellowship under Award Number DE-SC0021110.

A.M.G and R.A.B acknowledges support from the NSF through the Graduate Re-

search Fellowships Program, and A.M.G also acknowledges support through the Theodore

H. Ashford Fellowships in the Sciences. A.I.K. acknowledges support from the U.S.

Defense Advanced Research Projects Agency (DARPA) Quantum Benchmarking Pro-

gram (Contract No. HR001122C0063). J. S. and M. H.-G. acknowledge support from

the NSF QCLI program through grant number QMA-2016345.

Author Contributions: N.M., S.O., M.K., M.D.L., S.F.Y. contributed to the concep-

tion and design of Hamiltonian simulation tools. N.M., J.S., M.H.G. contributed to

conception and design of spectroscopy algorithms. N.M., S.O., M.K., A.M.G, R.A.B,

performed theoretical and numerical analysis. S.O., J.S. R.A.B., D.W., A.K., N.Y.,

M.H.G., M.D.L., S.F.Y. contributed to conception of model Hamiltonian approach.

M.H.G., M.D.L., S.F.Y. supervised the work. All authors discussed the results and

contributed to the manuscript.

Competing interests: A.I.K. is the president and a part-owner of Q-Chem, Inc., M.H.G.

is a part-owner of Q-Chem Inc., M.D.L. is a co-founder and shareholder of QuEra

Computing Inc.. The remaining authors declare no competing interests.

179



Evolution Time Frequency

Sp
ec

tr
al

 W
ei

gh
ts

Programmable Quantum SimulationStrongly Correlated
Matter

Paired Electrons

3 Active Electrons
= Spin 3/2

(a) (b) (c)

3d

4s

Model Spin
Hamiltonian

Mn

Mn
Mn O

O
O

O
O

Ca

Mn

Figure 7.1: Model Hamiltonian approach to quantum simulation of strongly-correlated matter.
(a) The procedure starts with a description of the target molecule or material structure, whose
electronic structure problem is reduced using classical computational chemistry techniques to
a simpler effective Hamiltonian that captures the relevant low-energy behaviors. (b) Here we
study problems which are modeled by spin Hamiltonians with potentially non-local connec-
tivity and generic on-site spin S ≥ 1/2, where each spin is comprised of localized, unpaired
electrons in the original molecule. The key simplification comes from capturing charge fluctu-
ations perturbatively, which is a good approximation in certain contexts. (c) Programmable
quantum simulation is then used to calculate properties of the model Hamiltonian. We de-
velop a simulation framework, based on encoding spins into clusters of qubits, that can be
readily implemented on existing hardware. The toolbox enables efficient generation of complex
spin interactions by leveraging dynamical reconfigurability and hardware-optimized multi-
qubit gates (Figs. 7.2 and 7.3). The quantum simulator performs time-evolution under the
spin Hamiltonian for various simulation times t, and each qubit is projectively measured to
produce an set of snapshots. Subsequent classical processing extracts properties like the low-
lying excitation spectrum and magnetic susceptibilities, all from the same dataset (see Figs.
7.4-7.6).

7.7 Methods

7.7.1 Hamiltonian Engineering

The Hamiltonian engineering toolbox introduced here is based on the average Hamil-

tonian approach. This approach uses the fact that in the high-frequency limit, the

effective Floquet cycle period Kτ is much smaller than the inverse local energy scales

of Hi,j(p), and the Floquet Hamiltonian HF can be well-approximated by expanding in
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a small parameter Kτ
||H(p)||local

520. The leading contribution is the average Hamiltonian

H(0)
F =

1
K

K−1∑
k=0

H(k). (7.10)

The second order term also takes a simple form,

H(1)
F =

τ
2K
∑
k<k′

[
H(k),H(k′)

]
. (7.11)

The results presented in the main text involve engineering the average Hamiltonian

H(0)
F to reproduce the target (7.1). In the setting where θp is constant, one can apply

the results of Ref.657 to construct an alternative asymptotic expansion, where each

term in the Floquet Hamiltonian commutes with HP, implying the encoding is pre-

served to exponentially long times eO(||H(p)||local/K). However, in this setting, the second

order term is non-zero, and generates simulation errors at order O(τ). It can be can-

celled by selecting time-reversal symmetric sequences of length 2K, where the second

half of the pulse is defined by Θk = ΘK−1−k. This reduces simulation errors to order

O(τ2), but might potentially alter the pre-thermal properties of the Floquet Hamilto-

nian657, which is an interesting problem for further research.

Going beyond average Hamiltonian engineering is also possible by optimizing the

Floquet sequence747,554,962. We demonstrate engineering of higher-order terms for a

small system composed of two interacting spin-3/2’s, to controllably engineer up to

bi-cubic terms (Ŝi · Ŝj)
3 using only two- and three-qubit operations in Extended Data

Fig. 7.7 and the first section in the Supplementary Information (SI).
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7.7.2 High-spin Hamiltonian engineering with dynamical Floquet projection

To compute the form of the interaction Hamiltonian in the rotated frame HI(k) =

eiΘkHPHIe−iΘkHP as used in (7.5) let’s consider a single spin-1/2 particle belonging to a

spin-Si cluster, and define projectors Pi = P[Ŝ2
i ] onto the symmetric space and Qi =

1− Pi onto its complement. The spin-1/2 term can be split into four parts

ŝi,1 = Piŝi,1Pi + Qiŝi,1Qi︸ ︷︷ ︸
symmetric

+Piŝi,1Qi + Qiŝi,1Pi︸ ︷︷ ︸
non−symmetric

(7.12)

where the first two terms preserve the on-site total spin, and the second two change

the on-site total spin. Since HP acts as 1 − Pi on the i-th spin, we label terms by how

they change the expectation value of (1− Pi)

ŝ
(0)
i,1 = Piŝi,1Pi + Qiŝi,1Qi (7.13)

ŝ
(+1)
i,1 = Qiŝi,1Pi (7.14)

ŝ
(−1)
i,1 = Piŝi,1Qi (7.15)

This decomposition ensures that each term transforms under conjugation by HP, as
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in (7.5), by picking up a global phase. Specifically, using the following identifies

e−iθPiPi = Pie−iθPi = e−iθPi (7.16)

e−iθQiPi = Pie−iθQi = Pi (7.17)

e−iθPiQi = Qie−iθPi = Qi (7.18)

e−iθQiQi = Qie−iθQi = e−iθQi (7.19)

one can show that

eiθλ
−1HP ŝ

(n)
i,1 e

−iθλ−1HP = eiθnŝ(n)i,1 . (7.20)

This rule can be extended to higher-weight operators. For example, two-spin inter-

actions between clusters hij = ŝi,1 · ŝj,1 decompose into five parts h(n)ij , n = −2,−1, 0, 1, 2,

hij = ŝ
(0)
i,1 · ŝ(0)j,1 + ŝ

(+1)
i,1 · ŝ(−1)

j,1 + ŝ
(+1)
i,1 · ŝ(−1)

j,1︸ ︷︷ ︸
h(0)ij

(7.21)

+
(
ŝ
(+1)
i,1 · ŝ(0)j,1 + ŝ

(0)
i,1 · ŝ(+1)

j,1

)
︸ ︷︷ ︸

h(+1)
ij

+h.c. (7.22)

+
(
ŝ
(+1)
i,1 · ŝ(+1)

j,1

)
︸ ︷︷ ︸

h(+2)
ij

+h.c., (7.23)

corresponding to the different ways to change the expectation value of Qi + Qj. The

n-spin interactions will have terms running from h(−n) to h(+n). Therefore, in the ro-
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tating frame, the Hamiltonian terms transform as

h(n)ij (p) = eiΘpλ−1HPh(n)ij e−iΘpλ−1HP (7.24)

= eiΘknh(n)ij (7.25)

hij(p) =
nmax∑

n=−nmax

eiΘknh(n). (7.26)

We further choose a sequence of Θk’s such that only the h(0) contribution is non-

zero on average. The simplest sequence which satisfies these conditions are a family of

cyclic pulses of order P.

Θp =
2πi
P

p p = 0, ..., P− 1 (7.27)

which satisfy the cancellation condition as long as nmax < P. In the two-body case, of

the terms which contribute to h(0)ij , only ŝ
(0)
i,1 · ŝ(0)j,1 acts non-trivially in the symmetric

subspace, so we focus on this term. An explicit form can be computed by decompos-

ing ŝi,1 into its permutation-symmetric and orthogonal components,

ŝi,1 =
1
2Si

2Si∑
a=1

ŝi,a︸ ︷︷ ︸
symmetric

+

(
2Si − 1
2Si

ŝi,1 −
1
2Si

2Si∑
a′=2

ŝi,a′

)
︸ ︷︷ ︸

non−symmetric

. (7.28)

Therefore, the symmetric part ŝ
(0)
i,1 = 1

2Si Ŝi is proportional to the collective spin.

With this understanding, we can construct a spin-1/2 interaction Hamiltonian HI

that recovers (7.1) under projection, by replacing each n-site high-spin interaction
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with an analagous spin-1/2 one. For example, for n = 2 the replacement proceeds as

Jαβij Ŝ
α
i Ŝ

β
j → Jij

αβ ŝαi,âs
β
j,b

Jij
αβ

= 4SiSjJ
αβ
ij , (7.29)

where intra-cluster indexes a, b encode which representative from spin’s i and j are

used to generate the interaction. The interaction strength is further boosted to Jij,

to account for the 1
2S factor in (7.28). A straightforward calculation shows that for

higher-weight interactions (e.g. nmax), the interaction should also be boosted (e.g.

Kijk = 8SiSjSkKijk) to recover the target large-spin operator under projection.

In general, it may not be feasible to uniquely assign each spin-Si interaction in H to

qubits in HI especially when a spin-Si is involved in more than 2S interactions. In this

case, HI can be implemented by splitting it into a sequence of non-overlapping groups

HI,1, ...,HI,D that approximate HI on average. Each sequence can handle up to D(2S)

interactions per spin, so if d is the interaction degree then we require a sequence of

length D = ⌈ d
2S⌉. While manual decompositions sufficed for the models studied here,

automated methods to determine efficient decompositions will have to be developed

for more complex systems.

7.7.3 Multi-qubit gates with Rydberg blockade

The Rydberg Hamiltonian governing a cluster of N atoms is
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Hcluster =
Ωq(t)
2

∑
i
|1⟩i⟨0|+

Ωr(t)
2

∑
i
|r⟩i⟨1|+ h.c.

+
∑
i<j

Vij|r⟩i⟨r| ⊗ |r⟩j⟨r| (7.30)

where Ωq(t),Ωr(t) are complex valued driving fields. In the blockade approximation,

which is valid when Vij ≫ Ωr, there is at most one atom in state |r⟩. Therefore, at

leading order in Ωr/Vij, Hcluster is approximated by projecting into the manifold of

blockade consistent states. This produces an interacting model with an emergent per-

mutation symmetry (see equation (S5) in the SI). This symmetry allows us to write

Hcluster in a low-dimensional representation of the Hilbert space scaling as O(NNS) for

a representation including the NS largest total-spin sectors (see SI).

Figure 7.2b shows optimization results for an alternating ansatz with separate Ωr(t)

and Ωq(t) applications (solid lines) versus a dual driving scheme with simultaneous

field control (dashed lines). For the alternating ansatz the optimization process begins

with finding short sequences of symmetric diagonal gates D(φ) and global single-qubit

rotations Q(θ) that combined realize US and UP (see Eq. (S11) in the SI). While Q(θ)

uses global Ωq(t) control, D(φ) involves multi-qubit interactions, and the pulse se-

quences to realize D(φ) can be optimized through gradient ascent pulse engineering

(GrAPE)753,737,659. Numerical optimization is feasible due to the manageable size of

the low-dimensional basis. We find that the maximum gate time T∗(n) for generic

phases (see Supplementary Figure 1). Gate times in Fig. 7.2 are computed by mul-

tiplying T∗(n) with the shortest sequence length determined in the first step. The

operations Q(θ) and D(φ) can also be promoted to controlled operations (see SI), as
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required for the controlled perturbation in Fig. 7.4a.

Dual driving gate profiles are directly optimized using GrAPE, with an added

smoothness regularization to ensure driving profiles can be implemented with avail-

able classical controls (see Eq. (S8) in the SI and Extended data Fig. 7.7). Interest-

ingly the optimized fidelity remains roughly independent of the system size, when

tolerating noise-free error rates around 10−3. We select this fidelity threshold, and

plot the resulting gate times in Fig. 7.2b (dotted lines). However, for more stringent

noise-free thresholds, such as 10−6, we observe an approximately linear dependence

in n, producing gate times comparable to the alternating decomposition. Theoreti-

cal characterization of the asymptotic scaling of gate time with cluster size and error

threshold remains an intriguing open question.

For comparison, we estimate gate counts for a decomposition of US and UP into

single and two qubit gates (see Fig. 7.2c). Using the Qiskit transpiler899, we find

two-qubit decompositions into single qubit rotations and CPhase gates for UP. For

US, the diagonal gates D(φ) found numerically in the alternating ansatz only require

two-qubit interactions, and can be decomposed into
(n
2
)

two-qubit CPhase gates, out-

performing the Qiskit result for n ≥ 3. Finally, we show in the SI that symmetric

operations like US and UP can be implemented with poly(n) two-qubit gates using an-

cilla qubits, by constructing an efficient MPO representation of arbitrary n-spin opera-

tions.

The fidelity of the multi-qubit gates is subject to errors like spontaneous emission

and dephasing due to a finite T∗
2, as seen in current Rydberg gates659. In general, er-

rors accumulate with gate time, hence shorter gates tend to produce higher-fidelity

implementations. Certain errors can also be mitigated by improving the excitation

schemes. Specifically, single-photon schemes as used in as in Refs.817,919, avoiding
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intermediate-state scattering, may enhance performance for bigger clusters. This is be-

cause the rate of decay from the Rydberg state does not depend on cluster size, since

the number of Rydberg excitations is never larger than one. In contrast, the rate of

scattering from the intermediate state grows linearly with cluster size.

7.7.4 Estimating simulation time

The simulation time is defined as the maximum evolution time, before which the

typical error-per-qubit is below some target threshold ε. We account for both coher-

ent Hamiltonian simulation errors and incoherent gate errors. For a symmetrized se-

quence, we estimate the scaling of both contributions to be

εsim = (c2τ2)2T2, εgate =
gT
τ
, (7.31)

with target evolution time T and step-size τ. Here, the coefficient c2 depends on the

detail of the Hamiltonian simulation protocol, and can be estimated from numerics

or the third order term in the Magnus expansion (see Eq. (S18) in the SI). The coef-

ficient g measures the gate error probability per cycle, and is determined by assuming

each multi-qubit gate has a fixed probability of failure Tgateg0 which scales linearly in

the time of the gate. Such a scaling is valid, when errors are dominated by sponta-

neous emission from the Rybderg state. For simplicity, we utilize the estimated Tgate

for large-angle unitary UP with θ = π. Both c2 and g are estimated to grow extensively

in system size. Thus, we work instead with the intensive version of these quantities,

c̃2 = c2/L and g̃ = g/L.

Optimizing the step-size τ to minimize error (see SI), the maximum evolution time
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scales as

Topt =
22/3

55/6
ε5/6/L
(̃c2g̃2)1/3

(7.32)

for a target error rate ε.

In Fig. 7.3, we use this formula, along with numerical estimates for c2 in models (i)

and (ii), and heuristic estimates for models (iii) and (iv). We further estimate g using

the simultaneous driving gate times of Fig. 7.2b, and select an error per Rabi cycle

of g0 = 10−3. The target error we select is ε5/6/L = 0.1, which grows approximately

extensively with system size.

We illustrate the benefits of our approach on four example Hamiltonians (Fig. 7.3).

First we consider the spin-1/2 Heisenberg model on a Kagome lattice (i). The stan-

dard two-qubit decomposition involves applying a sequence of six-steps, each applying

a e−iθsi·sj gate along an edge (i, j) (solid lines in Fig. 7.3). However, using native three-

qubit Heisenberg gates, we group the interactions into upwards and downwards facing

triangles (dotted lines Fig. 7.3), reducing the sequence to only two-steps, improving

c2. The three-qubit gate also generates interactions more efficiently, further improving

g. Note that four-qubit version of this scheme could simulate the spin-1/2 Heisenberg

model on a pyrochlore lattice using K = 2710.

The second model (ii) are two interacting high-spins with Si = 5/2, which interact

via a mix of Heisenberg and Dzyaloshinskii–Moriya (DM) interactions,

Jαβij = Jδαβ +D
∑
γ

εαβγ.
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The conventional decomposition splits the 25 pairwise interactions into five groups

of five, which are applied sequentially. In contrast, there is a dynamical projection

scheme for this model with K = 2 (see Eq. (S25) and the discussion thereafter in the

SI). This improvement in Floquet engineering efficiency compensates the overhead

from introducing a five-qubit gate, leading to slightly higher accessible simulation

times. Scaling with Si is summarized in Table IV in the SI.

The final two models (iii and iv) are composed of spin-2 particles on a square lat-

tice. (see Eq. (S26) in the SI) In model (iii), nearest-neighbor spins interact via a

Heisenberg and bi-quadratic interaction,
∑2

k=1 Jk(Si ·Sj)
k. The conventional Trotter ap-

proach requires realizing many four-qubit interactions per spin-2 producing very long

Floquet periods. In contrast, dynamical projection can be implemented by applying

a single four-qubit gate per edge, resulting in smaller K. The multi-qubit implementa-

tion is also signficantly more efficient, as the two-qubit decomposition of a four-qubit

interaction comes with large overhead, as illustrated in Fig. 7.2c. To highlight the

separate contribution from Floquet projection and multi-qubit gates, we compute the

effective simulation time for four cases in the table below.

Finally, we consider a model including up to bi-quartic terms k ≤ 4. Here, we fur-

ther consider using an eight-qubit multi-qubit gate to directly realize the interaction

between two large-spins (iv). This interaction naturally preserves the symmetry, so

dynamical projection is not needed in this case. As such, the speedup comes entirely

from the efficiency of the optimized eight-qubit operation, compared against the large

overhead associated with a two-qubit decomposition of an eight-qubit interaction.
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7.7.5 Many-body Spectroscopy

To complete our simulation framework, we also develop tools for resource-efficient

readout of Hamiltonian properties. First, we illustrate how to compute two-time corre-

lation functions of the form

CO,R(t) = ⟨S|O(t)R(0)|S⟩, (7.33)

using the circuit in Fig. 7.4a. The real and imaginary parts of CO,R(t) are indepen-

dently accessed by measuring the ancilla in the X and Y basis, respectively802,876,810,985.

More concretely, consider the state of the system right before measurement, including

both the ancilla qubit and the system,

|ψf⟩ =
1√
2
(|0⟩ ⊗ U(t) |S⟩+ |1⟩ ⊗ U(t)R |S⟩) , (7.34)

where U is the time-evolution operator. Measuring X⊗ O or Y⊗ O results in

⟨X⊗ O⟩ψf =
1
2

(
⟨S|R†O(t) |S⟩+ ⟨S|O(t)R |S⟩

)
, (7.35)

⟨Y⊗ O⟩ψf =
i
2

(
⟨S|R†O(t) |S⟩ − ⟨S|O(t)R |S⟩

)
, (7.36)

which together gives the full complex-valued CO,R(t) by taking a linear combination of

the two,
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CO,R = ⟨(X+ iY)⊗ O⟩ψf . (7.37)

For observables O diagonal in the measurement basis, CO,R can be efficiently esti-

mated in parallel from snapshots. During the i-th run, let μ(i) = {x, y} be the ran-

domly sampled ancilla measurement basis, and a(i) = {0, 1}, and |b(i)⟩ be the ancilla

and system measurement outcomes respectively. Then, the estimator can be written

as

CO,R(t) =
1
M

M∑
i=1

2σ(μ(i), a(i))⟨b(i)|O|b(i)⟩ (7.38)

where σ is a function taking on the values

σ(x, 0) = +1, σ(x, 1) = −1,

σ(y, 0) = +i, σ(y, 1) = −i. (7.39)

and |b(i)⟩ is the measured projected state.

These measurements can be used to compute the operator-resolved density of states

(7.8), which can be rewritten as follows
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DA(ω) =
∫

dt eiωt
∑
n

tr
[
A|n⟩e−iεnt⟨n|

]
=

∫
dt eiωt tr[AU(t)], (7.40)

where we have replaced δ(ω − εn) →
∫
dt ei(ω−εn)t. In practice, we will sample evolution

times t from a probability distribution p(t), such that the integral is normalized to one

when ω = εn, i. e.,
∫
dt =

∫∞
−∞ p(t)dt = 1. To arrive at (7.9), we can replace the trace

with an average over probe states1022

tr[AU(t)] = ẼR∼R⟨R|AU(t)|R⟩, (7.41)

where ẼR∼R = Tr[1]ER∼R is a normalized expectation value, and Tr[1] is the dimen-

sionality of the Hilbert space. This is valid, as long as the ensemble forms a 2-design,

ER∼R|R⟩⟨R| =
1

tr[1]
, (7.42)

For example, we can sample perturbations R from the ensemble of random single-

qubit rotations. Such perturbations can be implemented using the techniques from

Fig. 7.2, by applying a sequence of two-qubit gates between an ancilla qubit, and the

system qubits. In general, convergence properties of the estimator depend on higher-

moments of R (see Eq. (S27) in the SI).

Observables such as (7.41) can in principle be computed via a modified Hadamard
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test by applying controlled-time evolution (see Ref.810). Since time-evolution is gener-

ally the most costly step, we avoid the overhead associated with controlled-evolution

and instead utilize a reference state |S⟩ with simple time-evolution. In particular, we

select an ensemble of observables Os such that

1
N (Os)

∑
s
OsU(t)|S⟩⟨S|U†(t)Os = 1. (7.43)

The normalization factor N (Os) depends on the choice of ensemble. Then, we can in-

sert this resolution of the identity into (7.41) to get (7.9). In Fig. 7.4 and Fig. 7.5, we

consider the polarized reference state |S⟩ = |0⟩⊗N which is an exact eigenstate of the

Heisenberg Hamiltonian, and the ensemble of Pauli-X operators Os = Xs =
⊗N

i=1(Xi)
si

where s is an N-bit string. This satisfies the condition, and has N (Xs) = 1 since

Xs|0⟩⊗N is an orthonormal basis. For generic reference states |S⟩ prepared by apply-

ing S to |0⟩⊗N, the ensemble Os = SXsS† satisfies the condition, and can be measured

by applying the inverse preparation circuit S† before measuring in the X-basis. Lastly,

an ensemble which is independent of the reference state, is the set of Pauli strings

Ps =
⊗N

i=1 σ
si
i , where s is a base-four string, and σsi denotes the four Pauli operators

I,X,Y,Z; this can be accessed with randomized measurements (see Eqs. (S56)-(S57) in

the SI), and has a normalization factor N (Ps) = 2N.

Efficient estimation of DA
R(t) from snapshots

One of the key advantages of our approach, is the ability to compute many estima-

tors DA
R(t) from one dataset, including complex operators such as projectors onto spin-

sectors A = PS. This enhances the sample efficiency and reduces simulation time
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requirements, which are crucial limited resources in quantum computation.

To estimate density-of-states in a sample efficient way, we introduce a classical co-

processing algorithm which utilizes knowledge of the prepared reference state. In par-

ticular, we discuss the estimation procedure for

DA
R(t) =

∑
s
⟨R|AOsU(t)|S⟩︸ ︷︷ ︸

classical

⟨S|U†(t)OsU(t)|R⟩︸ ︷︷ ︸
quantum

= e−iESt
∑
s
⟨R|AOs|S⟩⟨S|Os(t)|R⟩ (7.44)

which becomes (7.9) after averaging over times t and perturbations R. In the second

line, we assumed |S⟩ is a known eigenstate, so U(t)|S⟩ = e−iESt|S⟩, and the classical part

becomes equivalent to a zero-time correlation function. One challenge is that the sum

in (7.44) involves exponentially many observables. However, by using the estimator

(7.38) this reduces to a sum over M snapshots. In particular, for the polarized refer-

ence state, and Pauli-X measurements, a simple calculation (see Eq. (S36) in the SI)

shows that

DA
R(t) =

1
M

M∑
i=1

e−iESt2N/2σ(μ(i), a(i))⟨R|A|b(i)⟩ (7.45)

is an unbiased estimator. The standard error of this estimator is independent of sys-

tem size for appropriately chosen ensembles R, and scales as O(1/
√
M). While C∗

Os,AR(0)

could instead be estimated by measuring the unevolved state, this would produce an

estimator that converges very slowly, leading to a sample complexity that is exponen-

tial in N. However, classical methods can compute C∗
Os,AR(0) with no error, making

195



the procedure much more sample-efficient. In the discussion below Eq. (S46) in the

SI, we discuss how such calculations can be efficiently performed for any pair of refer-

ence and probe states with an efficient matrix product state (MPS) description, and

any observable A with a matrix product operator (MPO) description. Further, we

show that projectors PS onto spin-sectors can be written as MPOS with poly(N) bond-

dimension, making evaluation of DPS(ω) classically efficient and scalable. We further

discuss how entangled measurements between two systems could be used to estimate

these correlators efficiently, even when |S⟩ does not have a known classical description.

Thermal expectation values

The operator-resolved density of states can be used to compute thermal expectation

values via810

⟨A⟩β =
∫
e−βωDA(ω)dω∫
e−βωD1(ω)dω

. (7.46)

For example, to compute the magnetic susceptibility, we simply select the operator

A = β(Sz)2, where β = 1/T is the inverse temperature. Interestingly, this method of

estimating thermal expectation values is insensitive to uniform spectral broadening of

each peak, due to a cancellation between the numerator and denominator (see discus-

sion resulting in Eq. (S69) in the SI). However, it is highly sensitive to noise at low

ω, which is exponentially amplified by e−βω. To address this, we estimate the SNR for

each DA(ω) independently, and zero-out all points with SNR below three times the

average SNR. This potentially introduces some bias by eliminating peaks with low-

signal, but ensures the effects of shot-noise are well controlled.
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7.7.6 Noise Modelling

To quantify the effect of noise on the engineered time-dynamics, we simulate a micro-

scopic error model by applying a local depolarizing channel with an error probability

p at each gate. This results in a decay of the obtained signals for the correlator DA
R(t).

The rate of the exponential decay grows roughly linearly with the weight of the mea-

sured operators (see Extended Data Fig. 7.8). This scaling with operator weight can

be captured by instead applying a single depolarizing channel at the end of the time-

evolution, with a per-site error probability of γt with an effective noise rate γ. This

effective γ also scales roughly linear as a function of the single-qubit error rate per

gate p (see Extended Data Fig. 7.8).

7.7.7 Scaling the approach

Quantum simulations are constrained by the required number of samples and the sim-

ulation time needed to reach a certain target accuracy. These factors are crucial for

determining the size of Hamiltonians which can be accessed for particular quantum

hardware.

Focusing on a single gapped eigenstate we determine the number of snapshots CM

needed to distinguish a spectral peak from noise (Fig. 7.10). The signal arises from

the overlap of the probe states with the target eigenstate. The noise is given by the

variance of the estimator (7.45), and decays as ε ∼ M−1/2. For certain ensembles of

probe states, the variance can be made system size independent (see Eq. (S52) in the

SI). However, a random probe state will have exponentially vanishing overlap with

any specific eigenstate. One approach to mitigate this, is to initialize probe states

with higher overlap. In Fig. 7.9b we show that for a spin-1 AFM chain a simple bond-
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dimension two MPS can outperform product states by orders-of-magnitude in ground-

state estimation. While bond-dimension two states can be efficiently prepared with

simple circuits of two qubit gates, more general ansatze can also be efficiently realized

using the simulation techniques described here696,671. Optimized ansatze could be

further combined with importance sampling839, to improve the sample-efficiency of

computing finite-temperature or excited state properties (see Supplementary Figure

3).

The simulation time Tmax will depend on the required spectral resolution, which

does not scale with system size for a gapped eigenstate. However, the rate of spec-

tral broadening depends sensitively on the weight of measured observables (Fig. 7.8).

When the reference state is high in energy, such as the polarized state for an AFM

chain, the relevant observables typically have extensive weight, requiring Tmax ∼ N

to maintain constant spectral resolution. In contrast, preparing a low-energy refer-

ence state, such as the ground-state |S⟩ = |GS⟩, allows coupling to other low-energy

states using low-weight operators. This results in a noise-resilient and system-size in-

dependent procedure (Fig. 7.9). We further note that ground-state preparation can

be approximate, which would result in additional spectral broadening in the compu-

tation of DA(ω). While the spectral resolution requirements should also grow as the

gap shrinks, we have illustrated that operator-resolution can mitigate this in certain

settings (e.g. Fig. 7.5 and Fig. 7.6). As such, understanding the general capabilities of

this approach is an interesting direction for continued research.

7.7.8 OEC Hamiltonians

The two candidates for the closed S2 state of the oxygen evolving complex (OEC) are

parameterized with Heisenberg models H = −
∑

ij JijŜi · Ŝj
774,776, and the parameters
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used are summarized in the SI (OEC parameters). In addition to their energies, ad-

ditional information about eigenstates can be calculated by choosing the operator A

in the operator resolved density of states appropriately, and multiplying by a narrow

“band-pass” filter in Fourier space to isolate a small set of frequencies810,927. For ex-

ample, we investigate the total spin of the cubane sub-unit, i. e., the three magnetic

sites supported on opposite vertices of the cube, using A = (Ŝ1 + Ŝ2 + Ŝ3)
2, and com-

pute

A(ω) =
DA(ω)
D1(ω)

(7.47)

evaluated at energies ωn of the eigenstates, which can be extract from peaks in the

spectral functions (Extended data fig. 7.11). We further use spin-projection to im-

prove the estimate in the presence of broadening. For example, if the peak at ωn oc-

curs in spin-sector PS, we insert the projector PS in the numerator and denominator,

A(ωn) = DAPS (ωn)
DPS (ωn)

.

7.7.9 2D Heisenberg calculations

The square lattice Heisenberg calculation was performed on a large (L × L) system,

with Hamiltonian

H2D = −J
∑
r

(
Ŝr · Ŝr+x̂ + Ŝr · Ŝr+ŷ

)
(7.48)

We measure the Green’s function G(r, t) = ⟨S|Xr(t)X0|S⟩ from a polarized reference
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|S⟩⊗L2 766. Since Sz is conserved under the dynamics G(r, t) is classically simulated by

restricting it to the space containing the |S⟩ and single spin-flip states Xr|S⟩, which

has dimension L2 + 1. We evolve under equally spaced times up to JTmax = 8, and se-

lect L = 23 which is large enough such that G(r, t) vanishes far from the boundaries.

Therefore, by letting G(r, t) = 0 outside the simulated region, this provides a good ap-

proximation for the L → ∞ limit. As such, we define projectors onto (unnormalized)

plane-wave states Pk = |k⟩⟨k|, where ⟨k|Xr|S⟩ = e−ik·r. Then, DPk(ω) can be written

as

DPk(ω) =
∫

dtei(ω−ω0)t
∑
r

⟨S|X0PkXr|S⟩︸ ︷︷ ︸
eik·(r−0)

⟨S|Xr(t)X0|S⟩︸ ︷︷ ︸
G(r,t)

(7.49)

which reduces to the Fourier transform G(k,ω) when the energy of the polarized state

ω0 is set to zero. Plotting this for a continuous set of k and ω produces the spectral

weight depicted in Fig. 7.6. This further shows that finite-size systems are sufficient to

simulate extended systems at finite evolution times.

By computing the peak value of ω for each k in the vicinity of the single-particle

excitations, we estimate the dispersion relation ω(k) associated with a single spin-flip

excitation. Computations of the many-particle Green’s function could be performed

similarly by applying multi-site perturbations, to extract finite-temperature properties

and characterize the interactions between the quasi-particles.
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Figure 7.2: Hardware-efficient implementation with neutral-atom tweezer arrays. (a) Our pro-
tocol for programmable simulation of generic spin Hamiltonian is based on applying sequences
of interactions between non-overlapping few-qubit groups. Here, we illustrate an implementa-
tion of a complex spin model using the dynamical projection approach. Spin-Si variables are
encoded in the collective spin of a cluster of 2Si qubits. Then, interactions between spins are
generated by evolving pairs of qubits from each cluster under an interaction Hamiltonian HI.
Second-order interactions Jij act on two qubits, while higher-order interactions act on multiple
qubits, such as the fourth-order coefficient Liijk of Ŝαi Ŝ

β
i ŜjŜk. Then, interactions are dynamically

projected into the symmetric encoding space within each cluster by evolving under Hamil-
tonian HP. The target large spin Hamiltonian H is simulated by alternately evolving under
HI and HP. This protocol can be realized in any reconfigurable quantum processor. Here, we
present an implementation for Rydberg atom arrays, which has two long-lived qubit states
|0⟩, |1⟩, and an excited Rydberg state |r⟩ with strong interactions. The interaction connec-
tivity is dynamically changed by moving optical tweezers569, and interactions are generated
using all-to-all Rydberg blockade interactions within each cluster and simultaneous global
driving of the qubit Ωq(t) and Rydberg Ωr(t) transitions. (b) Fast and efficient multi-qubit
spin operations US,UP are identified using optimal control to optimize pulse sequences. Gates
times are measured in units of the Rydberg driving frequency ΩT, where the two-qubit CZ
gate from Ref.659 takes ΩT/2π ≈ 1.2. The alternating ansatz (solid lines) decomposes the
target operations into symmetric diagonal gates and single qubit rotations, which can be are
individually optimized (see Methods). Simultaneous (dual) driving of both transitions (dotted
lines) enables even faster realization of approximate US and UP gates with noise-free error
rates below ∼ 10−3. (c) We compare against decomposition of US and UP into a two-qubit
gate set composed of CPhase gates and single-qubit rotations. Such a decomposition rapidly
becomes very costly as the cluster size grows, in contrast to the optimized hardware-native
operation.
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Figure 7.3: Efficiency of Hamiltonian simulation framework. Estimates of the quantum simu-
lation’s coherence time Tsc, in the target Hamiltonian’s units ||HT||local for various models. We
consider Hamiltonian simulation implemented using the dual driving gates from Fig. 7.2b, and
assume a depolarizing error probability proportional to the gate time, such that ΩT/2π= 1
incurs an error of 0.1%, which is projected to be achievable with neutral atoms 659,919,817.
Analogous estimates can be performed straightforwardly for different hardware-dependent
error rates using (7.32), which rescales Tsc but does not change the trend. In all cases, we
compare against an implementation using two-qubit CPhase gates with fidelity 99.9% and
perfect single-qubit rotations (see Methods for detailed descriptions of the heuristic estimation
procedure). (a) The first two two models are (i) the spin-1/2 Kagome Heisenberg model, and
(ii) two interacting spin-5/2’s with Heisenberg and Dzyaloshinskii–Moriya (DM) terms, both
of which are composed of only two-qubit interactions. In (i), a significant speedup is achieved
by utilizing three-qubit multi-qubit gates e−iτS2 , which more efficiently generates Heisenberg
interactions and reduces the period of the Floquet cycle from K = 4 to K = 2. In (ii) improve-
ment is achieved using dynamical projection, which reduces K from 2S to 2 but at the cost of
additional multi-qubit gates. (b) Two complex spin-models which include spin-interactions
up to (iii) bi-quadratic interactions J1(Si · Sj) + J2(Si · Sj)

2 and (iv) bi-quartic interactions
(Si · Sj)

4. These correspond to four-body and eight-body qubit interactions respectively. In
(iii), the dramatic speedup originates from using dynamical projection to significantly reduce
the Floquet period, as well as the hardware-efficiency of a native four-qubit gate. The individ-
ual contribution to the speedup from both sources is also analyzed in Methods. In (iv), the
speedup arises fully from the hardware-efficiency of native eight-qubit operations.
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Figure 7.4: Many-body spectroscopy of model Hamiltonians. (a) Schematic quantum circuit
diagram for the algorithm. The first step is to apply a state-preparation circuit S to prepare
a reference state |S⟩ = S|0⟩, followed by an ancilla-controlled perturbation R preparaing a
superposition of |S⟩ and the probe state |R⟩ = R|S⟩. This superposition is time-evolved by
the target Hamiltonian, and then each qubit is projectively measured to produce a snap-
shot. By repeating the procedure for various evolution times t, different perturbations R, and
potentially different measurement bases, this setup provides access to detailed information
about the spectrum of H. (b) Consider a spin Hamiltonian H2 with two anti-ferromagnetically
coupled spin-3/2’s. We simulate 20,000 snapshot measurements and classical processing to
calculate the density-of-states D1(ω) (black line), and total-spin resolved versions DPS(ω)
(colored lines). Vertical dashed lines correspond to exact energies and colored regions repre-
sent 95% confidence intervals. Peaks are broadened due to finite (coherent) simulation time
JTsim = 0.26, which sets the spectral resolution. Hardware-efficient simulation schemes, which
extend the simulation time (e.g. Fig. 7.3), are favorable because they improve spectral resolu-
tion. Many-body spectroscopy further improves the effective spectral resolution, by leveraging
multiple observables to distinguish overlapping peaks. Here, we see that spin-resolution sig-
nificantly sparsifies the signal, enabling accurate peak detection and energy estimation, while
the bare spectrum D1(ω) is too broad to resolve all states. (c) The magnetic susceptibility χ,
can also be computed from snapshot measurements using Sz-resolved density-of-states (here
JTsim = 1.04). For these calculations, it is important to prevent exponential amplification of
shot-noise. We therefore use a simple empirical truncation procedure which introduces a small
amount of bias (see Methods), but enables rapid convergence with number of snapshots to the
ideal value (black line).
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Figure 7.5: Application to the oxygen-evolving complex (OEC). Our programmable quantum
simulation framework can be used to compute detailed model spin Hamiltonian properties.
(a) Here, we illustrate the procedure on the OEC, an organometallic catalyst with strong spin
correlations. In particular, we simulate model spin Hamiltonians for two structures S2H-1b
and S2H-2b, which have three spin-3/2 and one spin-2 Mn (purple) active sites (reproduced
from Ref.775 with permission from the Royal Society of Chemistry). Model Heisenberg coeffi-
cients for both hypothetical structures have been computed from broken-symmetry DFT775.
(b) A density of states D1(ω) calculation is simulated for the S2H-1b model spin Hamiltonian.
Here, we use a polarized reference state |S⟩ = |0⟩⊗13 a probe states |R⟩ generated by random
single-site rotations, and a evolution times t. We select 50,000 circuits with independently
chosen |R⟩, t pairs, and draw 10 snapshots from each circuit. (c) Focusing on the lowest-lying
states, we see three distinct peaks in D1(ω). However, by evaluating spin-resolved quantities
DPs(ω) on the same set of measurements, we identify three additional peaks, whose energies
and total-spin match exact diagonalization results (vertical dotted lines). (d) This information
is known as the spin-ladder, and can be computed using many-body spectroscopy for both
the 1b and 2b states. Importantly, the spin-ladder can also be measured experimentally, and
therefore can be used to help determine which structure appears in nature. In this example,
experimental measurements indicate a spin-5/2 ground state and spin-7/2 first excited state.
However, the ordering of low-energy states is flipped in the 2b configuration, indicating the
S2H-1b hypothesis is more likely775. We note that quantities beyond total-spin can also be
readily evaluated in low-lying eigenstates by inserting different operators A (see Methods).
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Figure 7.6: Application to 2D magnetic materials. (a) Properties of extended materials can
also be investigated using our quantum simulation framework. As an example, we study the
square-lattice ferromagnetic (J > 0) Heisenberg model H2D = −J

∑
⟨ij⟩ ŝi · ŝj. By preparing

the polarized ground state |S⟩ = |0⟩⊗N, applying a single-site perturbation R = X0 on the
central site, and measuring the system in the X-basis after time evolution, we can estimate
the single-particle Green’s function G(r, t) = ⟨S|Xr(t)X0|S⟩. Therefore we select O = Xr for
various positions r as the observables in (7.9), all of which are diagonal in the measurement
basis. We visualize the real-part of G(r, t), where the plotted intensity and color denotes the
magnitude and sign at Jt = 0, 0.5, and 1.0. (b) The structure of excited states is extracted
by classical processing of these measurements. Even though the spectrum is continuous, ad-
ditional structure can be identified by computing the momentum-resolved density of states
DPk(ω), where Pk is a projector onto plane-wave states (see Methods). Restricting to ky = 0
and evolving to maximum time JTmax = 8.0, we see DPk(ω) forms a band-like structure, from
which a peak ω can be estimated for each k (black line). (c) This peak extraction allows us to
directly estimate the single-particle dispersion ω(k) across the 2D Brillouin zone.
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Figure 7.7: Gate optimization procedure and variational Hamiltonian Engineering. (a) To
find smooth gates we perform the GrAPE optimization procedure in two steps. In the first
step, we penalize rapid changes in the pulse profile by introducing an extra term in the cost-
function. In this case, the resulting relationship between noise-free gate-error vs. time (yellow
circles) saturates around 10−6. For the second step we initialize the search with the smooth
gates found in the previous step, which are re-optimized by removing the smooth penalty.
This significantly reduces the noise-free gate error (orange). The data are shown for a N = 4
qubit cluster. Since the first step already confined the problem into a subspace of the search
space with smooth gates, the resultant pulses also remain smooth after the second step. On
the right we show an example smoothened pulse profile for the hyperfine angle θ and the
Rydberg phase φ (see Methods) with an noise-free gate error rate E = 10−3. (b) Higher or-
der interaction terms can be controllably engineered via a simple modification of the K = 6
Floquet projection sequence. For example, reducing the second time-step and increasing the
fourth time-step by the same amount, δ preserves the target Hamiltonian at leading order. (c)
By tuning τ and δ, for a system of two interacting spin-3/2’s, a very large family of coefficients
J1, J2, J3 in the general Hamiltonian HT = J1(S1 ·S2)+J2(S1 ·S2)

2+J3(S1 ·S2)
3 can be engineered. In

particular, the roughly horizontal gray lines correspond to constant δ grid lines, and roughly
vertical gray lines correspond to values with constant τ. We see that changing δ primarily
modifies J2 and J3, while changing τ primarily modifies J1, consistent with our analysis that δ
picks out certain higher-order terms. We further note that the especially interesting AKLT
family, with J2/J1 = 116/243 and J3/J1 = 16/243 lies among the family of efficiently engineerable
interactions.
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Figure 7.8: Gate-level noise simulations. (a)-(c) Time evolution of the correlations DA
R(t) for a

polarized reference state |S⟩ = |0⟩ and A chosen to be projectors onto different Sz sectors. This
involves measuring operators of fixed weight. We see that the simulation of gate-level noise
modelled as a depolarizing channel with a gate error probability p = 0.001 (orange dash dotted
curve) matches well with the dynamics obtained by adding an additional phenomenological
noise ∝ exp(−γt) with rate γ = (0.128, 0.251, 0.36) for Nspin flip = (1, 4, 8) (solid yellow lines)
to the loss-less time evolution DA

R,Floquet (green dashed). (d) Relationship between the optimal
phenomenological noise rate γ and the gate error probability p for different spin flip sectors.
We see a roughly linear-relationship of the decay rate γ with the gate error rate p and operator
weight Sz. All data are obtained using time-steps Jτ = 0.05.
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Figure 7.9: Noise susceptibility and eigenstate overlaps. (a) Density-of-states for a spin-1
AFM chain, computed from a polarized reference state |S⟩ = |0⟩⊗N (top), and ground state
reference |S⟩ = |GS⟩ (bottom). The spectrum is separated into sectors distinguished by their
operator weight from |S⟩. For the polarized state, these correspond to sectors with well-defined
Sz. For the ground-state, each sector is orthogonalized with respect to lower-weight sectors.
Each sector is phenomenologically broadened by e−γtnflips to simulate the operator-weight depen-
dence of decoherence. When computing low-energy properties, the ground-state reference is
more robust to noise, since the low-energy eigenstates can be reached with lower-weight oper-
ators. (b) The amplitude of the corresponding spectral peak is determined by the eigenstate
overlap. We analyze the ground-state overlap for an AFM spin-1 chain performing DMRG
for low bond dimensions (D = 1, 2) and find that it is significantly larger for bond-dimension
D = 2 matrix product states (red diamonds) compared to bond-dimension D = 1, i. e., mean-
field states (green circles). Interestingly, the ground state overlap decays slower with the chain
length for D = 2 indicating that the fidelity density is large. This feature makes low bond
dimension states a promising direction for efficient state preparation within our scheme since
they can efficiently be decomposed into short circuits.
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Figure 7.10: Shot noise scaling with system size and convergence with number of snap-
shots. (a) Numerically computed standard deviations of the estimator (7.9) for the density
of states DA(ω) of a spin-1 AFM chain, for different chain lengths and observables. Here, we
consider a polarized reference state |S⟩ and random single-qubit rotations R for the controlled-
perturbation. For the bare density of states the standard deviation slowly scales with the
chain length (blue circles). For the projectors into the zero (gray diamonds) and three (orange
circles) spin-flip sectors the standard deviation is consistent with being independent of sys-
tem size. (b) Convergence of estimator with number of samples for two different observables.
Shaded regions correspond to 2σ error bars around the mean, and decrease with the number of
measurements as 1/

√
M. Dark lines are running averages for a specific sampled dataset. The

sample complexity is defined as the number of samples needed such that the error bars around
the mean do not include zero. After this point, spectral peaks can be reliably distinguished
from noise.
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Figure 7.11: Additional observables calculated for OEC. By choosing A to be the local
cubane spin S2123, and calculating DA(ω) at each of the peaks in the density of states, we
can infer the local structure of spin correlations within each eigenstate. (a) The cubane
spin for each eigenstate for the open cubane configuration (S2H-1a). This model has coeffi-
cients: J12 = −15.8, J13 = 1.9, J14, J23 = 23.1, J24 = 1.9, J34 = −13.9 in cm−1, and spin-sizes
S1 = 2, S2 = S3 = S4 = 3/2. The triangles, circles and crosses are obtained using three different
methods. The crosses indicate the exact value obtained via exact diagonalization (ED), the
green circles indicate the values obtained via the spin resolved (projected) density of states
(DOS), and the orange triangles are obtained by the bare DOS. The projected DOS, which is
able to resolve individual eigenstates, matches well with the ED result. In contrast the bare
DOS, which has overlapping peaks (see Fig. 7.5), does not capture the expectation values
accurately. (b) Same as in (a) but for the closed cubane configuration S2H-1b. This model
has S1 = S2 = S3 = 3/2 and S4 = 2. We see that for the lowest-lying cluster, all spins in the
cubane subunit are approximately polarized with a total spin value S = 9/2 = 4.5. In contrast,
the second cluster of eigenstates seems to differ by a single spin flip as indicated by the value
S = 7/2 = 3.5.
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8
Qubits can simulate fermions without

signficant overhead

8.1 Introduction

Quantum mechanical objects come in two distinct flavors, fermions and bosons, distin-

guished by their mutual statistics. A long-standing open question concerns the gap in

computational power between systems composed of these two different types of par-

ticles580. While it has long been known that fermions can simulate bosons through

pairing, generating fermionic statistics from bosonic particles is considerably more

challenging. Providing a resolution to this question is of paramount importance in the
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Figure 8.1: Dynamic fermion encoding with log-logarithmic overhead. (a) Fermionic evolution
consisting of arbitrary hopping and interactions. (b) Direct implementation with fermionic
particles. (c) Encoding fermions in qubits incurs overhead associated with exchange statistics.
Encoded fermionic modes can be arbitrarily permuted with worst-case O(log2 logN) depth and
(d) depth-1 in certain classes of permutations, realizing arbitrary connectivity with sub-linear
overhead.

context of quantum simulation of many-body fermionic systems524, since most quan-

tum computing platforms encode and process information using bosonic qubits533.

While quantum algorithms can in principle simulate nature efficiently669, current ap-

proaches require substantial resource overheads to capture non-local fermionic statis-

tics742, limiting their practical application to relevant problems in material science616,

quantum chemistry837 and particle physics637.

Over the past 20 years, insights from condensed matter and quantum information
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theory have led to a precise understanding of how fermionic excitations can emerge at

low-energies in qubit-based devices, with deep connections to the emergence of long-

range entanglement and topological order in quantum matter994. As such, it is now

widely accepted that local fermionic matter can be simulated by local bosonic matter

under the right conditions978,635,604. However, for computations involving non-local

fermionic operations, it has remained unclear whether an efficient mapping to non-

local bosonic operations existed. Although at the fundamental level fermions interact

locally [], non-local fermionic interactions appear in effective low energy descriptions

of electronic systems837. More generally, quantum algorithms need not be restricted

by locality constraints, and the ability to implement non-local fermionic circuits can

considerably speed up quantum simulation protocols979,542,765,809.

In this work, we provide a resolution to this long-standing challenge, by presenting

a qubit-based architecture for efficient fermionic simulation (Fig. 8.1). Our key in-

sight is to use a dynamical fermionic encoding where the nature of the mapping from

fermions to qubits is modified dynamically at every step, permuting the order of the

fermionic modes. While previous approaches to implement fermionic permutations re-

quire O(N)-depth circuits, here we develop a general approach which can compile any

fermionic circuit to asymptotic depth O(log2 log(N)).

We showcase the advantages of our approach by discussing two possible applica-

tions involving non-local fermionic circuits. First, we discuss simulation of sparse

Sachdev-Ye-Kitaev (SYK) models905,763,1005, which have non-local Majorana inter-

actions, exhibit strong quantum chaos, and are believed to be holographically dual

to toy models of quantum gravity. Second, we show how quantum simulations of

electronic structure can be accelerated by implementing the fermionic fast Fourier

transform (FFFT)978 with O(1) overhead, a factor of O(N/ log(N)) improvement over
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existing methods. These examples highlight how our novel approach generates ex-

ponentially shorter circuits then existing techniques, leading to orders-of-magnitude

reduction in the implementation cost.

8.2 Dynamical Fermionic Encoding

We consider a model for a fermionic quantum computer580 defined as follows (see

Fig. 8.1a). During one step of the computation, hopping operations and density-interactions

can be applied in parallel between disjoint pairs of modes. Then, the connectivity

of the fermionic device is changed, such that a different set of pairwise interactions

can be applied at the next step. This architecture is the analog of standard qubit-

based models of quantum computation, with the additional feature that the con-

stituent modes natively support fermionic statistics. Further, it captures key fea-

tures of existing and proposed hardware for programmable fermionic quantum de-

vices686,1013,683,928,875,955, and can run parallel fermionic quantum computation (see

Fig. 8.1b).

Our key result is a general procedure for mapping such a fermionic quantum com-

putation to an analogous qubit computation of comparable size.

Theorem 5. (informal) Given an arbitrary fermionic circuit CF consisting of n-modes

and T layers of pairwise gates, there is an analagous circuit CQ consisting of O(n)

qubits, O(1)-time reconfiguration, and O(1)-time measurement and classical feedback,

that can simulate CF in depth O(T log2 log(n)).

To achieve this, we use a dynamical fermion-to-qubit mapping. At each step of the

computation, we use the Jordan-Wigner encoding to encode N fermionic modes into

N qubits742. The fermionic creation and annihilation operators are mapped to qubit
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operators based on the relation

amt(i) =
Xi − Yi

2
∏
i′<i

Zi′ , a†mt(i) =
Xi − Yi

2
∏
i′<i

Zi′ , (8.1)

where mt(i) is a permutation that establishes the mode ordering at step t. Impor-

tantly, the mapping is non-local, as it takes a single-site fermionic operator to a qubit

one affecting, potentially, O(N) sites. This non-local structure is what ensures any

pair of fermion operators anti-commute. In particular, the corresponding Pauli opera-

tors obey the canonical fermionic anti-commutation relations

{ai, aj} = 0, {a†i , a
†
j } = 0, {a†i , aj} = δij. (8.2)

Even though the JW encoding is non-local, operations between adjacent modes can

be efficiently implemented using two-qubit gates. In particular, the two-fermion hop-

ping a†mt(i)amt(i+1) + a†mt(i+1)amt(i) → XiXi+1 + YiYi+1 maps to a local two-qubit exchange

operation. Hence, by changing the mapping mt(i), we can control which fermionic in-

teractions are easy to implement.

To switch between different encodings, we define a fermionic permutation operator

Fp, which switches the encoding at step t to the encoding at step t + 1 (see Fig. 8.1c).

While general fermionic permutations, as defined here, have been discussed in pre-

vious works765, the prior state-of-the-art implementation involved O(N2) two-qubit

gates arranged in a depth O(N) quantum circuit. In contrast, the analogous opera-

tion takes O(1) time in a native fermionic processor. Our key technical innovation, de-

scribed in detail below, is to show that an arbitrary Fp can be realized with O(N log2 log(N))

two-qubit gates, arranged in a circuit of O(N) qubits and depth O(log2 log(N)).
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8.3 Constant-overhead structured permutations

The first step to implementing arbitrary permutations Fp, is to identify a subset of

permutations with enough structure that an O(1)-depth qubit implementation is pos-

sible. Consider permutations which involve “interleaving” two groups of qubits. For-

mally, for an interleave permutation Ip, the modes can be partitioned into two groups,

A and B, such that the order within each group remains the same before and after the

permutation.

For our implementation of Ip to be correct, it needs to permute the fermionic modes

in a manner that is consistent with fermionic statistics, enforced by the Jordwa-Wigner

enconding described above. In particular, the goal of Ip is to transform one mapping

mt to another mt+1, such that mt+1(p(i)) = mt(i). Hence, the fermionic mode originally

at qubit site i is moved to qubit site p(i). This corresponds to modifying the Jordan-

Wigner strings as follows.

Ip

[
Xi
∏
i′<i

Zi′

]
= Xp(i)

∏
i′<p(i)

Zi′ (8.3)

The standard approach to achieve this transformation, is to permute the physical

qubits i → p(i), and apply a CZ gate between any pair of qubits (i, j) with i < j,

such that p(i) > p(j), i.e. pairs of modes which cross during the permutation. This is

known as a fermionic swap network, and in general involves O(N2) Clifford gates.

Here, we show how to achieve an equivalent transformation, but with only O(N)

Clifford gates arranged in O(1) depth, by leveraging the circuit in Fig. 8.2. For sim-

plicity of presentation, we assume the partition of modes A,B is contiguous, such that

A = {1, .., k} and B = {k + 1, ..., n}. In the first step of the circuit, we apply a CNOT
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log2(N)
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(d)

(c)

(b)(a)

Interleave Qubits

Apply Phases

Decompress

Compress

O(N) gates
O(1) depth

Permutation

Interleave

Figure 8.2: Changing fermionic encoding with minimal overhead. A key subroutine of our ar-
chitecture is the interleaving operation, where two partitions of the encoded fermionic modes
A (blue) and B (green) can be arbitrarily permuted with O(N) gates, as long as the ordering
within the partitions is preserved. (a) The first step is to compress the information encoded
in the modes in B, by applying a CNOT cascade. Then, the qubits are reconfigured based on
the structure of the target interleave. Next, a layer of CZ gates is applied, connecting each
mode in A to it’s closest mode in B on the left. Then, the reconfiguration is inverted, and the
CNOT cascade is inverted to decompress the information. Finally, the permutation is applied
one more time, placing qubits in their final position. (b) While the CNOT cascade as drawn is
composed of O(N) gates arranged in a depth O(N) circuit, this can be reduced to O(1) depth
using one ancilla-qubit per mode and measurement, and non-local classical feed-forward. (c)
In the circuit picture, the CNOT cascades transform in parallel the CZ gates, such that ef-
fectively a CZ gate is applied between each mode in A and all of the modes in B to it’s left.
This ensures a CZ gate is applied between any pair of modes that cross during the permuta-
tion, realizing the correct transformation of the Jordan-Wigner encoding. (d) An arbitrary
permutation of the fermionic modes can be efficiently compiled into a sequence of interleave
operations, via a recursive construction. The resulting circuit structure involves performing
log(N) layers of interleaves.
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cascade to qubits in group B. This compresses the information of modes in B, in a

manner which will significantly simplify the implementation of Ip. Then, we recon-

figure the qubits, based on the target permutation, and apply a layer of CZ gates be-

tween each qubit in group A, and the qubit from B closest and to its left. Then, we re-

verse the compression step, by permuting qubits and applying the inverse CNOT cas-

cade. Then, we perform a final permutation of qubits, such that they arrive at their

final locations.

While the CNOT cascade is naively a depth O(N) circuit, we can introduce a single-

ancilla per CNOT, perform a depth-2 CNOT circuit, and use measurement and clas-

sical Pauli-feedforward, to perform the same operation (see Fig. 8.2b). We note more

generally that any Clifford circuit with O(N) gates can be parallelized efficiently into

a constant-depth circuit with O(1) ancilla’s per qubit901,970. Hence, the key metric we

emphasize is the total number of Clifford gates per qubit.

This circuit acheives the same transformation as the fermionic swap network, with

asymptotically fewer gates, because the CNOT cascade compresses information in

region B such that O(N) CZ gates is sufficient. When the layer of CZ gates is conju-

gated by the CNOT cascade, it makes it so each CZ gate coupling a mode in A to it’s

rightward-adjacent mode in B is broadcasted into O(N) CZ gates coupling modes in

A to all rightward-modes in B (see Fig. 8.2c). Due to the special structure of the in-

terleave, only modes in A and B cross, and hence, this realizes all of the CZ’s in the

fermionic swap network.
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8.4 Arbitrary Fermionic Permutations

Arbitrary permutations can be implemented by short sequences of O(1)-time opera-

tions. For example, the interleave operation can be applied log(N) times to compile

an arbitrary N-qubit permutation Fp (see Fig. 8.2d). The idea is to use a recursive

construction. Assume we can apply smaller permutations that sort the first N/2 and

second N/2 modes separately. This ensures that the ordering within each group is

fixed, such that the target permutation can be generated with one additional inter-

leave operation. Since each recursion layer divides the system in half, log2(N) layers

is sufficient. Further, in practice, this approach is remarkably efficient, requiring less

than N/2 ancillas, and leverages highly parallel operations, making it especially ap-

pealing for implementation.

The interleave is one of a variety of O(1) operations we have identified (see Fig. 8.1c).

All the operations leverage the same high-level structure, where a CNOT cascade is

carefully constructed to compress the fermionic swap network of O(N2) CZ gates to

an efficient one with O(N) Clifford gates (see SI for more details). Of particular inter-

est are the 1D and 2D reflections, which belong to a qualitatively different class, as

they cannot be compiled using a constant number of interleave operations.

This enhanced set of operations unlocks our asymptotically sub-logarithmic proce-

dure for implementing arbitrary permutations, which is used for proving Theorem 5.

Intuitively, we achieve O(log2 log(N)) scaling by partitioning the N modes into O(
√
N)

groups of size O(
√
N) each. Then, we recursively sort the smaller groups before and

after a 2D reflection. Hence, we can use Fp to efficiently switch fermionic encodings,

enabling fermionic computation with qubits with minimal overhead. In the SI, we fur-

ther present a heuristic numerical optimization, which identifies more efficient circuits
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for compiling Fp at practical circuit sizes of N = 100− 1000.

8.5 Random graphs and sparse SYK

One application of being able to efficiently emulate non-local fermionic circuits is

quantum simulation of unstructured and sparse fermionic models. One important

class are the Sachdev-Ye-Kitaev models, which are known to exhibit quantum chaos,

and conjectured to be dual to simple toy-models of gravity905,763. The SYK models

take the general form of an interacting fermionic model

HSYK =
1
K
∑
ijkl

Jijklχiχjχkχl (8.4)

where χi are majorana fermion operators, which are related to standard fermionic op-

erators by χ2i = (ai + a†i )/
√
2 and χ2i+1 = (ai − a†i )/

√
2. A majorana permutation can

be implemented by a simple modification of the equivalent fermionic permutation (see

SI), allowing Theorem ?? to be directly extended.

To compile a circuit for Hamiltonian simulation, we consider a standard proce-

dure where we start by dividing the interactions into non-overlapping groups HSYK =∑
αHα

SYK by solving a graph coloring problem608 (see Fig. 8.3a), such that the α-th

step of a simulation cycle will involve Hα
SYK. In a trotter-based method, we evolve

under e−iHα
SYKdt and for a QSP-based method we query a block-encoding of Hα

SYK (see

SI). For both of these approaches, we transition from step α to α + 1 by applying a

majorana permutation, such that Hα
SYK becomes a local qubit Hamiltonian. Local four-

majorana interactions take the form

χ2iχ2i+1χ2i+2χ2i+3 = ZiZi+1 (8.5)

220



Sparse Interactions

Majorana Modes

P
erm

utation

P
erm

utation

P
erm

utation

P
erm

utation

(a)

(b)

(c)

Interleave

Compiled Permutation

Swap Network Permutation

Figure 8.3: Compiling non-local, SYK models. (a) We consider non-local models where each
modes is involved in d distinct four-majorana interactions, described by a constant-degree
and d-colorable interaction graph. (b) A single trotter cycle or block encoding of these Hamil-
tonians can be implemented by alternating Majorana permutations (see SI), and two-qubit
Ising interactions. (c) We use numerical optimization to compute explicit CNOT circuits for
randomly sampled permutations, and present the corresponding Clifford overhead per mode,
after optimization (black), and for the standard swap network (orange). Further, random in-
terleaves produce constant-overhead circuits (blue dotted line), and the corresponding models
still exhibit signatures of strong chaos (see SI).

221



and so by alternating majorana permutations and Ising interactions, we can imple-

ment generic quartic majorana models (see Fig. 8.3b).

An especially interesting case for quantum simulation are sparsified versions of the

SYK model1005, where the degree of the interaction graph d is independent of the

total number of modes N. We consider two settings, and how our techniques can be

applied. In the first setting, we estimate the resources required to compile a randomly

generated sparse-SYK instance. Numerical results suggest that despite this compi-

lation overhead, one simulation cycle on N = 400 modes can be performed with

≤ 10 × d CNOTs per mode per cycle. In the second setting, we introduce a special

class of SYK models, generated by inserting a random majorana interleave between

Ising interactions. Our numerics suggest these models still exhibit chaos, and the over-

all cost reduces to just d CNOTs per mode per cycle. In contrast, if we were to imple-

ment the sparse SYK models using standard fermionic swap networks, the cost would

grows linearly with system size, representing multiple orders-of-magnitude higher cost

for interesting instances with hundreds of modes.

8.6 Quantum simulation with the FFFT

The ability to efficiently encode non-local fermionic circuits has signficant implications

for the cost of state-preparation and Hamiltonian simulation of quantum materials.

The key subroutine we leverage is a fermionic version of the fast fourier transform

(FFFT)979, which enables us to transform from position-space to momentum-space

using a log(N)-depth fermionic circuit. Starting with the 1D FFFT (see Fig. 8.4a), we

see that the non-local reconfiguration at each step is a special case of the interleave

operation, and hence can be implemented with one application of Ip and O(1) over-
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head. Higher-dimensional FFFT can be implemented by combining the 1D FFFT

with reflection operations (see Fig. 8.4b). This represents an exponential improvement

in scaling of circuit volume with N compared to prior approaches (see Table 8.1).

scalings 1D FFFT 2D Reflection 2D FFFT
swap network765 O(L) O(L2) O(L2)

compact encoding635 O(L) N/A O(L)
dynamic JW O(logL) O(1) O(logL)

Table 8.1: Asymptotic scalings of the Clifford gates per qubit required to implement a 2D
FFFT, for a N = L × L square lattice. The dynamic JW represents the scheme developed in
this work, and the compact encoding is a mapping with local gates in 2D.

Arbitrary, translation-invariant free-fermion states can be prepared in momen-

tum space, and then transformed via the FFFT to real-space, providing a remark-

ably efficient route to preparing various forms of long-range ordered quantum states

(Fig. 8.4c). For example, complex states such as a chiral superconductors, critical

states, and fermi-surfaces, can be exactly prepared using this technique, with a to-

tal circuit depth O(log2(N)) (see SI). In contrast, a device with strictly local fermionic

operations in D-dimensions, would require at least O(N1/D) time to prepare this class

of states, representing an exponential speedup.

State-prep with FFFT can be further combined with techniques for preparing topo-

logically ordered states with measurement and feedforward, to prepare exotic phases

such as chiral non-abelian spin-liquids (Fig. 8.4d), which arise by combining a chiral

p + ip superconducting state with toric-code order (see SI)761. Understanding the full

family of states which are preparable in O(log(N)) depth using dynamical encodings,

remains an exciting direction for continued research.

The FFFT also enables us to speed up quantum simulation algorithms. In particu-
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lar, we consider simulation of a generalized Hubbard Hamiltonian

H =
∑
x,y,σ

tx−y,σa†x,σay,σ +
∑
x,σ

Ux,σnx,σ (8.6)

+
∑
x,y,σ,σ′

Vx−y,σσ′nx,σny,σ′

≡ T+ U+ V

consisting of three parts: a kinetic term T, on-site interaction term U, and two-fermion

interaction V, which is also assumed to be translationally-invariant. In Ref.542, it

was shown how a generic electronic structure Hamiltonian can be written in this

form, using the plane-wave dual basis. Further, in Ref.809, it was shown how the di-

agonal terms (U + V) can be implemented with asymptotic circuit depth scaling as

O(log(n)). The key intuition is to use a classical fourier-transform to diagonalize the

density operator nx,σ → nk,σ. Similarly, the T operator can be diagonalized, using

the FFFT. However, in prior work, the FFFT was the bottleneck in terms of circuit-

depth. Hence, putting it together with our results, we have shown a single trotter-

step or block-encoding query of (8.6) can be implemented with asymptotic depth

O(log(N)), an improvement of O(N/ log(N)).

8.7 Conclusion

Efficiently simulating non-local fermionic operations on qubit-based quantum com-

puters unlocks a variety of new possibilities in quantum simulation and quantum al-

gorithm design. In particular, we showed how to simulate sparse, random fermionic

models, and efficiently implement the FFFT for materials simulation. The fast-nonlocal

fermionic permutations we develop could also be useful for a variety of other algorith-
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mic techniques, which deserve further research. For example, it could be interesting

to develop improved techniques for readout of fermionic simulations, by e.g. imple-

menting matchgate shadows very efficiently986. We could also construct a variety of

fermionic ansatz states using these techniques, based on e.g. fermionic tensor net-

works like MERA623, iso-TNS625, and more.

It would also be interesting to begin implementing and exploring fermionic simula-

tion, using these techniques, in near-term quantum computers. This will likely require

a few additional simplifications. For example, when simulating (8.6), the classical

Fourier transform required to simulate a generic V is likely the most costly step. In-

stead, initial explorations could use the Hubbard model, which only has on-site inter-

actions. The phase diagram of even these simplified models is of wide-spread interest,

and has been studied extensively using both state-of-the-art numerical methods and

analog quantum simulation, for the purpose of understanding and discovering novel

forms of super-conductivity, inspired by experiments in the cuprates. Further, while

we assume access to arbitrary qubit permutations here, real devices often have fur-

ther restrictions. Co-designing efficient fermionic permutation with hardware-specific

constraints is a promising direction to develop optimized architectures for fermionic

simulation.
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Figure 8.4: Free-fermion state preparation. (a) The 1D FFFT on L fermionic modes can be
implemented in logL steps of O(1) depth, each of them consisting on parallel interleave op-
erations [Fig. 8.1(d)] followed by one layer of entangling gates (as detailed in Ref.979). (b)
The 2D FFFT on a L × L lattice can be implemented by first applying L 1D FFFT. The
order is then modified with a O(1)-depth 2D reflection operation [Fig. 8.1(d)]. After applying
another set of L 1D FFFT, the original order is finally restored. (c) Translational-invariant
free-fermion states can be prepared with a O(logL)-depth circuit, by first preparing them in
k-space, and then transforming to real-space using the FFFT supplemented with O(1) permu-
tations (see main text). In the figure, we exemplify the protocol for the case of a two-site unit
cell, as required to prepare e.g. a chiral topological insulator, but it can be equally applied to
more complicated periodic structures, as well as to superconducting states. (d) A non-abelian
chiral spin liquid can also be prepared exactly in O(logL) depth by interleaving a p-wave
superconductor with a Toric code state.
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