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Figure 1.1: Dispersionwith Bragg rećection. a) The left curve shows free-particle dispersion parabola (gray line) and

the formation of gaps in the Bloch wave functions fromBragg scattering off the lattice. Additionally, the dashed-grey

lines show the height of the lattice as it is centered about zero and determines when a state |ψ(n)
k ⟩ is bound to the

lattice. This depiction of the hybridization of the free-particle dispersion curve is known as the extended Brillouin zone

scheme and is an intuitive way of how to reach the notion of bands fromBragg scattering. b) The reduced Brillouin

zone scheme is associated with condensedmatter physics and band structure andmore common in the literature. This

mapping is both compact and conceptually rećects the notion of periodic states that are described by Bloch wave

functions |φ(n)
q ⟩ that are only well deĆned for quasi-momentum states q that are bounded by the lattice wave-vector

kL.
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Figure 1.2: Blochwave functions. a) The left plots depict the real and imaginary parts of the Bloch wave function’s

(|φ(n)
q (x)⟩) spatial dependence as a function of distance for various quasi-momenta and both then = 0 andn = 1

bands at a lattice depth of 4Er . b) Plots the band structure for at 4Er and the quasi-momenta the plotted Bloch

wave functions describe. c) These right plots depict the density distribution of the Bloch functions for the same quasi-

momenta as the left plots and same bands. Note that only the ground-band,n = 0, is entirely bound to the lattice and
relatively “ćat”. Unlike then = 0 band,n = 1 band has a signiĆcant deviation in its wave function across the band
and has lots of particle probability that does not lie in theminima of the potential well and rećects its unbound nature.



a b

Figure 1.3: Band Gaps. a) The band structure of the four lowest bands are plotted for three lattice depths to de-

pict how both the bandwidths and band gaps change as a function of lattice depth. Note that the lower bands

both ćatten and become gapped from the excited bandsmore quickly as a function of lattice depth. b) The band

gap between successive bands can strongly depend onwhich quasi-momentum is being excited from and to(
∆n,n+1

q,q′ = E(n)
q →(n+1)

q′

)
. In principle both direct, quasi-momentum preserving, and indirect, non-quasi-

momentum preserving, excitations are possible in a lattice. However, in the case of a simple sinusoidal lattice, both

theminimum andmaximum band gaps are captured by just analyzing direct band excitations. Theminimum andmaxi-

mum band gaps are plotted as the solid lines and the distribution of all intermediate possible values are plotted as the

shading.
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Figure 1.4: Wannier wave functions. a) TheWannier wave functions for the ground band (n = 0) are plotted for
three different optical lattice depths. Note that this is plotted in the Ćeld of theWannier function, not the density

distribution of the atom on a given site. b) TheWannier wave functions are plotted here for band indicesn = [0, 3]
for a deep lattice depth ofVo = 45 . Note that they are closely approximated by the harmonic oscillator solutions in

this regime.
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Figure 1.5: Bose-Hubbard terms. a) Each green disk represents a bosonic atom excitation of themany-bodywave

function that populates aWannier function centered on a given lattice sitexi. The kinetic energy termJ describes the

coupling, or hopping rate, of theWannier wave function to neighboring sites. In the presence of multiply occupied sites,

this is energetically increased by bosonic enhancement. b) The interaction energy for multiply occupied sites is non-

linear in the on-site occupation number n̂i since it depends upon the number of pair-wise scatterings on a given lattice

site. c)On-site lattice potential variation, either intentional or unintentional, adds an additional energetic parameter

for locally tuning the Bose-Hubbardmodel with optical potentials due to disorder or conĆning trap potentials.
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a b c

Figure 1.6: Bose-Hubbard Parameters. a) The hopping parameterJ is evaluated for the optical lattice used in our

experiments and is plotted here as a function of lattice depth. b) The interaction energyU is plotted as a function

of lattice depth for a one-dimensional system. The absolute energy scale requires the knowledge of the amount of

conĆnement in the other two spatial dimensions. The band of possible values plotted here relies on the two different

z-conĆning optical lattices that each have different spacings and can be varied through different amounts of optical
powers. This translates into a variable amount of compression of the wave function and hence interaction strength

U. c) This plot shows the relevant ratio ofU/J which qualitatively determines the physics investigated in the system.

This plot is also for a one-dimensional system.
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delocalized, non-zero order parameter, compressible

localized, zero order parameter, incompressible

Figure 1.7: Mean-Ćeld phase diagram. a) Themean-Ćeld phase diagram is shown here for the break down of the su-

perćuid phase into theMott-insulating lobes (gray) as a function ofJ/U andµ/U . The coordination number, z,
corresponds to the number of neighboring sites in a system and in this way accounts for dimensionality. This phase

diagramworks relatively well for≥ 2 spatial dimensions. The inset is a plot of the scaling of the peak of theMott lobes

as a function ofµ/U and demonstrates its suppression with increase in Ćlling ν−1. b) These illustrations demonstrate

the qualitative features of the regimes of this phase diagram: i) a superćuid regimewhich is described by delocalized

particles, gapless excitations (for dimensionality≥ 2), and non-zero order parameter and ii) aMott-insulating regime

where the particles are localized by inter-particle interactions, the order parameter is zero, and the state contains a

Ćnite gap.
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NA = 0.55NA = 0.55

quantum gas, trapped ~9.2 
micron below surface

NA = 0.8 680 nm

a b
High-NA Objective Single-site fluorescence imaging

Figure 2.1: Schematic of microscope objective, glass cell, and imaging. a) The heart of the quantum gasmicroscope

revolves around the combined high-NA (0.8) microscope objective built constructed from an out of vacuum objective

(0.55 NA) and an in-vacuum hemispherical lens. The gas is trapped in a single plane of an optical lattice approximately

9.2µ below a super-polished glass substrate. This substrate and all surrounding glass cell surfaces have no optical

coatings. b) This example of a single-site ćuorescence image of the atoms in the optical lattice displays the size of

the atomic cloud that can be seen by the camera with its current magniĆcation. The zoomed in inset demonstrates

the ability to resolve the occupation of single lattice sites. Their approximate spacing is given by the lattice constant

a ∼ 680 .
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Figure 2.2: Optical lattices and optical access. a) Thex, y-optical lattices are projected onto the atoms through the
microscope objective. Both directions,x and y, are imaged onto the atoms from their own separate phase holograms.

Since these beams are not generated by retro-rećection, both their wavelength (λ ≈ 758 ) and their angle of

incidence θ ≈ 34◦ determine the lattice spacinga ≈ 680 . b) The z-conĆning lattice is produced by rećecting
a single beam off the bottom of the super-polished substrate at a steep angle. Since the beam is not retro-rećected, it

only produces a standing wave along the z-direction. There are actually two different lattice spacings created in this
conĆguration by changing the angle of incidence. The large spacing lattice, termed the “big” lattice, has a spacing of

≈ 9.2µ to match themagnetic trap position holding the BEC. This BEC is then compressed by turning on the tighter

latticed, termed the “axial” lattice which has a spacing of≈ 1.5µ . All the optical lattice potentials in this setup are

produced by spectrally broad light (≈ 3 ). This is possible for thex, y-lattices since they are imaged onto the atoms.
The z-lattices still have relatively high contrast due to the high-rećection coefĆcient at such steep angles and since the
lattice planes are well within the coherence length (≈ 100µ ).
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Figure 2.3: Lattice parameters vs. angle. a) The lattice contrast,
(

2
√
Rs

1+Rs

)
, plotted as a function of angle of incidence

for a beam rećecting off an uncoated glass surface. The rećection coefĆcient is derived from the Fresnel rećection

coefĆcient deĆned for intensityRs. b) The potential energy offset incurred by non-unity rećection of a beam off an

uncoated glass surface as a function of the angle of incidence. The offset is plotted as a fraction of the lattice depth

seen by the atoms.
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Figure 2.4: Spontaneous scattering rate from optical lattices. a) The optical lattices that provide the conĆnement

in thex, y directions have a negligible offset and can be compared in three regimes: the Harmonic oscillator wave
function overlap (blue), theWannier wave function overlap (orange), and the Lamb-Dicke approximation (green). The

relevant parameter range for the physics contained in this thesis ranges from≈ 2−45 x,y . b) The spontaneous scat-

tering from the “axial” lattice differs from the naive Lamb-Dicke expectation due to the residual offset from imperfect

rećection. The relevant parameter regime for this thesis is≈ 40 − 250 axial . c) The spontaneous scattering from

the “big” lattice differs from the naive Lamb-Dicke expectation due to the residual offset from imperfect rećection.

The relevant parameter regime for this thesis is≈ 3, 000− 20, 000 big .
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Figure 2.5: Schematic of the DMD. a) This schematic simply demonstrates that the arbitrary potentials created in the

Fourier plane of the imaging system by the DMD are imaged through themicroscope objective. b) This is an example

of a binarizedmask that is displayed by the DMD (red pixels). The underlying grating can be seen by the diagonal

stripes that live within the envelope of the pattern. This patternmakes a Hermite Gaussian along one-direction (x-
direction) and an approximate rectangular envelope along the orthogonal direction (y-direction). c) The Ćeld of the
laser is what the DMDdetermines by the displayed binarized pattern. Here is an illustration of a through-cut of the

Hermite Gaussian described in its Ćeld (rather than intensity) at the image plane where the atoms reside. Note that the

atoms themselves will respond to the intensity of this pattern for all intents and purposes. This provides some degrees

of freedomwhen actually designing a desired local potential to display on the atoms.
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a b

Figure 2.6: Kapitza-Dirac scattering. a) The plotted points denote the total atom number in the various time-of-ćight

peaks that are separated by integer numbers of the lattice wavevector: ν = 0 (red), ν = ±1 (light/dark blue).
The dashed lines are the Ćtted, analytic forms up to≈ 10µ . b) Example of the raw, in-situ atom images before being

processed.
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Figure 2.7: QuantumWalk Calibration. a) The calibrated tunneling strengthJ are plotted as the blue points for vari-

ousmeasure lattice depths by Ćtting the time evolution of the particle’s wave function to the analytical form (2.5) The

analytical result for the nearest-neighbor tunneling strengthJ as a function of lattice depth is plotted as the dashed

black line. The orange line describes the expected deviation of the calibration Ćts to the data based upon the contribu-

tions of higher-order tunneling terms that include tunneling beyond nearest neighbors. b) The raw data is shown as a

function of time and lattice site index i for a 5.2 deep lattice. The analytical dynamics that Ćts best to it is shown on

the right.
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ulation spectroscopy. a) This

illustration describes the pro-

tocol for this tilt andmodula-

tion experiment. By analyzing

the system by local regions of

interest (ROIs), not only can

the global interaction strength

bemeasured, but also the local

variation in on-site potential

offsets. b) Two potential ROIs

are plotted as a function of the

modulation frequency and the

measured on-site occupancy

between neighboring sites.

The solid lines are Ćts from a

twoGaussianmodel to extract

the resonance frequencies.
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Figure 2.9: Calibration of interaction (U ), tilt (E), and variation in on-site potential (hi). a) The same ROI plot as

shown in Fig. 2.8 is demonstrated for a systemwith the interaction strength deĆned by the z-conĆnement derived
from the “big” lattice. b)Variation of tilt as a function of the lattice site of interest. The linear Ćt here suggests a resid-

ual curvature of the on-site lattice offsets since it is the derivative of the on-site potential offset proĆle that is mea-

sured by this protocol. c)Variation of interaction as a function of lattice site index. Note that this varies only on the

order of 1 since it is effect by the on-site variation in curvature.
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Figure 2.11: Axial lattice heating rate. a) The plotted data points are determined directly from the Ćt of an exponential

decay to the atom loss from the optical trap at various axial lattice depths after removing the static contribution from

the background lifetime independent of lattice depth. b) The atom loss from the optical trap as a function of time. The

dashed line represents the Ćtted exponential decay.
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Figure 3.1: Schematic of a QuantumPhase Transition. a) The canonical schematic for a quantum phase transition oc-

curring atT = 0 for the ground state as a function of a tuning parameter g. The avoided crossing shown between the
ground state and the excited state in this diagram are separated by the coupling between the two terms in the Hamilto-

nian:H0 andH1. Each dominating character of the ground state in their respective regimes. The color of the ground

state denotes whether it lies in the “ordered” or “disordered” phase. b) The canonical phase diagram associated for a

quantum phase transition has an “ordered” and a “disordered” phase that cross at a critical point gc whenT = 0 and
the size of the system is very large (referred to the “thermodynamic limit”). The left diagram, a, is a plot of the eigen-

states along a Ćnite system size cross section of this diagram. As the system size is increased, this gap goes to zero. As

the temperature is increased, more eigenstates in the system become incoherently populated and conceptually the

quantum ćuctuations,!ωc, that attempt to order the system compete with the thermal ćuctuations kBT that drive

the system towards a disordered phase. The closing gap near the critical point extends this classically disordered phase

downward into the critical “fan” shape associated with critical behavior and quantum phase transitions.
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Figure 3.2: vonNeumann entropy andmutual informa-

tion. This Venn diagram graphically describes the total in-

formation needed to separately describe the constituents

{S(ρA), S(ρB)}, as well as the information they share
I[ρA:B ], and the amount of information that is indepen-
dent of knowing everything about the other constituents

{S(ρA|B), S(ρB|A)}. Since these are quantum states

and not classical ones, the bounds are different than those

derived for the Shannon entropy can be difference since

S(ρAB) can be zero. 34,80,81 The classical and quantum
bounds described in this chapter can be understood from this

diagram by taking this global entropy bound into account.
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Figure 3.3: Area law in ground-state phases. As demon-

strated in Vidal, et al., the entanglement entropy due to a

bipartition of the total many-body system into subsystems

ρA, ρB realized a scaling relationship known as an area law.

This area law determined that the amount of entanglement

entropy probed by the bipartition scaled linearly with the

boundary size∝ lD−1 of the bipartition rather than the

volume∝ lD for dimension D. This area law’s relation to

the correlation length was found in critical systems by a loga-

rithmically slow divergence of the entropywith system size l
inherited from the diverging correlation length ξ.
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Figure 3.4: Measured Rényi entropy in theMott-insulating-to-superćuid transition. a)Themeasured global and

subsystem entropies are shown for various partition volumes and arrangements. The area between the subsystem

entropies and the global entropies quantify the amount of mutual information generated in the system during the adia-

batic ramp to the superćuid state. Note that the entropy inequality that would determine the bound on entanglement

in this plot lies close to 1. The different partitions shown are to illustrate the difference area versus volume laws. b) Il-
lustrates the extensive, volume law scaling, of the background classical entropy injected in the system through residual

heating or non-unity Ćdelity interference contrast. c) The top plot demonstrates the area law behavior of the entropy

with partitioning of the subsystems. The lower plot demonstrates the decrease in correlations as a function of distance

between non-bipartite subsystems – as would be expected from a decaying correlation length. All solid lines in a,c are

numerics performed by exact diagonalization. The error bars are the s.e.m.
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Figure 3.5: Bose-Hubbard to Isingmodel mapping. a) The phase diagram is shown on the left with the adiabatic path

taken that leads to the transition from the paramagnetic phase |PM⟩ to the antiferromagnetic |AFM⟩ ones. The
mapping of on-site occupations to spin alignment is shown for total system sizes of both even- and odd-site lengths.

b) These boundary conditions only effect the |AFM⟩ states. In the even-site regime there is a single ground-state
orientation, while in the odd-site regime the ground state contains a delocalized domain wall (denoted as the orange

bubble).
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Figure 3.6: Measured population inmagnetic states, order parameter, and single-site entropies. a)The top plot shows

the population in the paramagnetic state and antiferromagnetic state as a function of the tuning parameter g for the
N = 4 system. The system is shown ramping through the transition and back to demonstrate the adiabaticity of the

process and bound the amount of entropy generated at the transition due to diverging correlation length at the critical

point. The lower plot shows the increase of entropy near the critical point (orange) and themeasured Néel order (blue)

that occurs in the AFMphase. b) The top plot shows the population in the paramagnetic state and antiferromagnetic

states as a function of the tuning parameter g for theN = 5 system. Note that now the three possible AFM states

that admit a single domain wall are now plotted. This inherint domain wall incurs a reduction in the order parameter

presented in the lower plot and the increase in the entanglement entropy in the AFMphase. All solid lines are exact

numerics performed by Trotterized time evolution. The error bars are the s.e.m.
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Figure 3.7: System size scaling: order parameter and single-site entropy. a)TheNéel order parameter is plotted for

the tuning parameter (g ≫ gc) deep in the AFMphase as a function of system size. The staggered structure rećects

the domain wall excitations in the odd-site system size ground states. The additional suppression of the expected order

parameter value for the even-site system rećects the shrinking gap at the critical point that restricts themaximum

correlation length possible in a Ćnite time ramp. b) The single-site entropy remains nearly maximized for all explored

system sizes. Importantly, we can use this to distinguish whether the system’s change in order arise due to quantum

ćuctuations by comparing this entropy the global purity estimates (black solid and dashed lines). All solid,colored lines

are exact numerics performed by Trotterized time evolution. The error bars are the s.e.m.
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Figure 4.1: Quantum thermalization. The characteristic ther-

malizing behavior of our closed quantum system is probed via

a quantum quench. The system initially starts at equilibrium

with both a global and local entropy that is approximately

zero. The system is then strongly perturbed by a sudden

change in the Hamiltonian. As the system evolves only under

its unitary evolution, it comes to a local equilibration that is

indistinguishable from that of a globally entropic ensemble

even though it is veriĆably still part of a globally pure quan-

tum state. This local agreement with a thermal ensemble is

mediated by the growth of entanglement with the remaining

system and generates local entropy.
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of the lattice depth down to 6 . The system is then either imaged in a site-resolve, number-sensitive ćuorescence

scheme shown in c or amany-body–interference operation is performed on the system to obtain the global and local

purities of the system (shown in c). b) The resultant local on-site distributions are shown for the very non-thermal ini-

tial state and the thermalized quenched state. The global purity is plotted on the far right to demonstrate how unitary

the dynamics are in preserving the global purity (red) of the initial state (blue). c) The two Ćnal protocols are shown

here: the left) demonstrates a time-of-ćight technique used to expand the one-dimensional systems into an orthogonal

dimensions such that theymay be imagedwhile avoiding parity projection; the right) demonstrates the same readout

protocol after having performed themany-body–interference operation.
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Figure 4.3: Statistical mechanical ensembles. a) The quantum quench populates the initial state across many of the

eigenstates in the Ćnal Hamiltonian. b)We compare the results of our dynamics to several statistical ensembles: a

microcanonical ensemble of a few eigenstates closest to the average global energy, the canonical ensemble where

the temperature is chosen such that it has the same average energy, and a single eigenstate in the limit where we take

themicrocanonical ensemble to admit only the closest eigenstate to the average energy. c) The number distributions

are plotted as a function of subsystem size and statistical ensemble prediction. d) The average interaction energy of

the full state, a relatively global observable, is also plotted as a function of timewhich also agrees with the thermal

prediction. All data are averaged in the saturated regime 10 − 20 . error bars are the s.e.m. Eigenstates are found

by exact diagonalization.
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Figure 4.4: Entanglement entropy dynamics and saturation. The second-order Rényi entropy is plotted for three

different subsystem sizes as a function of evolution time. Both the time necessary for saturation scales and the ćuc-

tuations about the saturated value scale with the system size. The global entropy, plotted in the bottom right (red),

remains substantially lower than all themeasured local entropies and therefore satisĆes that the local entropy is in-

deed due to entanglement. All error bars are the s.e.m. The solid lines are determined by exact diagonalization with an

additional offset added due to extensive classical entropy asmeasured by the global entropy.
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Figure 4.5: Scaling behavior. a) Themeasured entanglement entropy is plotted as a function of considered subsystem

size for both the thermalizing quenched state (red) and the equilibrium ground state (blue). The quenched state has en-

tanglement scaling that qualitatively agrees with a volume and the predicted thermodynamic entropy (gray line). The

ground state exhibits a scaling that is consistent with only an area law. Both curvesmust bend over at themid point

( = 3) since they are both pure quantum states. b) In order to look for whether locally thermal systems ap-

pear independent,themutual information between subsystems of sizes less than or equal to the total system size are

compared. Once the combined system size is approximately half the system size, the subsystems begin to demonstrate

their lack of independence. c) Themeasured extensive, classical entropy injected into the system during the experi-

ment is determined by subtracting off the expected entanglement entropy from themeasured values. The remaining

entropy should rećect this truly classical entropywhich appears to follow a true volume law up to the system size. The

solid lines in a,b are calculated from exact diagonalization. The solid lines in c are from a linear Ćt. All error bars are the
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⟨0|Âj ̸=kÂ†
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Figure 5.7: Separation of entanglement

in Bose-Hubbard. a) These illustrations

depict the separate contributions to the

entanglement (5.6) in a Bose-Hubbard

system. b) The role of these contribu-

tions qualitatively differ for these

regimes: i) in a thermalizing system,

both the number and conĆgurational

entanglement grow rapidly together and

throughout the entire system, ii) the An-

derson localized regime possesses only

number entanglement which remains

local, iii) themany-body-localized regime

possesses local number entanglement

but also harbors a logarithmically slow

growth of conĆgurational entanglement

throughout the system.
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theMBL regime (W = 10J ). Both calculations are for a 6-site systemwhere we Ćnd excellent qualitative agreement

between the twometrics. Note that a small amount of conĆgurational correlation exists in the non-interacting case,

but never grows. The Ćnite value here is due to themany-body nature of the non-interacting systemwhich still harbors

bosonic statistics that effect this conĆgurational correlation. However, since it requires overlap of the particles, it is

highly suppressedwith localization length ξ. In the interacting case this changes the Ćnal saturation value but not the
growth. All calculations are performed by exact diagonalization.
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urational correlator (red) are plotted for a 6-site Bose-Hubbard system after a quenchwith no disorder – realizing a

thermalizing system. Note that both contributions to the entanglement in the system rapidly grow and saturate within

a single tunneling time τ . The conĆgurational correlations, requiring some amount of local number ćuctuations, turn-
ing onmore rapidly, but after the start of the number entropy growth. b)Both themeasured number entanglement en-

tropy (blue) and the conĆgurational correlator (red) are plotted for a 6-site Bose-Hubbard system after a quenchwith

strong disorder (W = 8.9J ) – realizing amany-body-localized system. The number entanglement entropy rapidly
grows and saturates within 10τ while the conĆgurational correlations give rise to a logarithmically slow growth consis-

tent with the phenomenological model expectations ofMBL. All solid lines are calculated by exact diagonalization. All

error bars are the s.e.m.
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Figure 5.11: Correlator sensitivity to decoherence. a) The time dynamics of the conĆgurational correlatorC when

sampled at a periodic rate γ . The scattering here is modeled tomeasure the atom-number on a single-site that sees
the highest on-site potential offset from the disorder. While the system does not immediately begin to erase the coher-

ences, they are all strongly effected by the Ćnal measurement time in our system (t = 100τ ). b) The averaged correla-
tion value for measurements that happen at a time 100τ ≤ t ≤ 250τ . This Ćnal correlation vale is then plotted as a
function of scattering rate in units of the tunneling rateJ . Note the experimental measured value wasC ≈ 0.25. All
simulations are calculated by exact diagonalization for the half-size subsystem of a 6-site Bose-Hubbard chain.
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Figure 6.1: Equilibrium quantum phase transition. a) The canonical schematic for a quantum phase transition occur-

ring atT = 0 for the ground state as a function of a tuning parameter g. The avoided crossing shown between the
ground state and the excited state in this diagram are separated by the coupling between the two terms in the Hamilto-

nian:Ho andH1. Each dominating character of the ground state in their respective regimes. The color of the ground

state denotes whether it lies in the “ordered” or “disordered” phase. b) The canonical phase diagram associated for a

quantum phase transition has an “ordered” and a “disordered” phase that cross at a critical point gc whenT = 0. The
left diagram, a, is just plot of the eigenstates along theT = 0 cross section of this diagram. As the temperature is
increased, more eigenstates in the system become incoherently populated and conceptually the quantum ćuctuations,

!ωc, that attempt to order the system compete with the thermal ćuctuations kbT that drive the system towards a

disordered phase. The closing gap near the critical point extends this classically disordered phase downward into the

critical “fan” shape associated with critical behavior and quantum phase transitions. A similar diagram can bemade for

the Temperature rather than inverse system size.
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Figure 6.2: Excited eigenstate phase transition and spectral statistics. a) The entire spectrum (normalized in band-

width) is plotted for a small, disordered Bose-Hubbard chain as a function of disorder strengthW . The color of the

eigenstates denote the local particle number on a single-site. Not only dowe see a large number of crossings near the

critical point, but the color of the eigenstates, which was very uniform for low disorder (W < Wc), changes dramati-
cally as it cross the transition (W > Wc). By zooming into the spectrum on either side we can see the differences in

gaps: on the low-disorder side there are level-repelled eigenstates that are characteristic of the eigenvalues of a ran-

dommatrix and ergodic eigenstates, and on the high-disordered side we see gaps that change dramatically across the

spectrum that is characteristic of random eigenvalues and non-ergodic eigenstates. b) The association of these char-

acteristic gaps and local parameters expressed in a are associated with the generic behavior attributed to the excited

eigenstates in the thermalized andmany-body-locazlized phases. c) The commonmetric used to differentiate these

two phases from their spectrum is by computing the level statistics ratio rn. The histogram of values are plotted for a

randommatrix (orange, thermalizing regime) and randomly selected eigenvalues (blue, localized regime).
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Figure 6.3: Transport distance: interacting and

non-interacting. The Ćrst moment is plotted as

a function of disorder strengthW for both the

interacting (solid, points) and the non-interacting

(dashed) cases for both the 8, 12-site systems.
The Ćrst moment remains close to the system size

tillW ≈ 5J when it begins to localize for the

interacting case. The Ćrst moment remains close

to the system size tillW ≈ 2J when it begins

to localize for non-interacting. The solid lines are

computed by exact numerics. The error bars are

the s.e.m.
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Figure 6.4: Critical Thermalization. a) Particle transport slows down at intermediate disorder, consistent with a power-

law evolution with exponentα < 0.5, demonstrating subdiffusive dynamics (inset). These data were taken on an
eight-site system. b) The critical nature of these dynamics is determined from the behavior of on-site density ćuc-

tuationsF and transport distance∆x̃ (lower left inset) for both considered system sizes. The thermal regime is

determined by the agreement of themeasuredF with the prediction from a thermal ensemble (dashed grey). The

system-size dependence at intermediate disorder is consistent with the reduced size of a quantum critical cone (up-

per right inset). These data weremeasured for both an eight-site and twelve-site system. The solid lines denote the

prediction of exact numeric time calculations without any free parameters. The errorbars are the s.e.m.

∆x ∼

tα α

L/2 < t/τ ≤ 100 α

α = 0.5



τ

F ≡ G(2)
c (d = 0)

∆x̃

L = 8, 12

ξ ∼ ∆x̃

L 8

L = 12



F(l, N)L/N =

(
(L− l) l

L2

)(
1 +N/L

1 + 1/L

)

l L N

N → 1

F(l, N)L/N =

(
(L− l) l

L2

)

N/L ν

N → Neff

N



Figure 6.5: Scaling of bipartite ćuctuations. The

scaling of half-system size, bipartite ćuctuations

(FL(l = L/2, t = 100τ) are plotted here for
data taken at three system sizes: {L = 6, L =
8, L = 12}. These data are alwaysmeasured after
long evolution times (t = 100τ) and then Ćt with
a power law as a function of half-system sizeL. The
Ćtted exponents are then plotted in the inset. The

solid lines denote the Ćtted values from a power law.

The error bars are the s.e.m.
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diagonalization calculations without any free parameters. The

error bars are the s.e.m.
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Figure 7.1: Thermalization from bath. a) The thermalization of a 6-siteMBL system due to local contact with a thermal

bath is compared for two different bath sizes : a 2-site bath (blue) and a 6-site bath (red). The site indices rećect there
distance from the left-most end of theMBL system: i = 6 is the ĆrstMBL site closets to the bath, i = 1 is the
MBL site furthest from the bath. We Ćnd that only the larger bath size causes a slow growth of the on-site ćuctuations

which typically herald the agreement with a thermal ensemble. b) The difference between the on-site ćuctuations

of the two different bath sizes are compared site-by-site for two different times: t = 3τ (green) and t = 100τ
(orange). The green line (early time) demonstrates a near agreement at early times between the two different system

sizes, while the orange line (late time) shows a signiĆcant, site dependent thermalization away from the bath. The solid

lines are calculated from exact numerics. The error bars are the s.e.m.
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Figure 7.2: Penetration depth. a)Wedirectly probe the bath penetration depth by averaging over the two-point corre-

lations from bath sites toMBL sites (G(2)
c (i, j)). The extracted correlation length (bottom left) is then calculated by

the Ćrst moment and plotted as a function of time for a critical system (orange,W = 5.5J ) and anMBL system (blue,

W = 9.1J ). b)We then compare the extracted localization lengthξBath at long times (t = 100τ ) for both the 2-site
bath system (blue) and the 6-site bath system (orange) as a function of disorder. We then compare the this length scale

as a function of total bath size for theMBL disorder regime (inset).
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Figure 7.3: Hamming distance (DH). a)A schematic of themapping to a Fock state lattice of 3-sites at unity Ćlling.
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tion and potential offsets. They are still coupled by the tunnelingmatrix elementsJ . This effectively casts themany-
body problem into amulti-dimensional, single-particle problem. The number of hops away from the initial state are

encoded along thex-axis and are labeled as the Bose-Hubbard version of the Hamming distance (DH). b) TheHam-
ming distance is measured at late times (t = 100τ) and plotted as a function of disorder strengthW for an 8-site
Bose-Hubbard system after the protocol deĆned in §5. The decrease in Ćnal Hamming distance as a function ofW
indicates localization in Fock space.
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growth curves are extracted from a semi-log plot forL/2τ < t ≤ 100τ and shown in the inset as a function of
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Table 1: Fundamental Physical Constants (2006 CODATA recommended values [2])

Speed of Light c 2.997 924 58× 108 m/s (exact)

Permeability of Vacuum µ0 4π × 10−7 N/A2 (exact)

Permittivity of Vacuum ϵ0
(µ0c2)−1 (exact)

= 8.854 187 817 . . .× 10−12 F/m

Planck’s Constant

h
6.626 068 96(33)× 10−34 J·s
4.135 667 33(10)× 10−15 eV·s

!
1.054 571 628(53)× 10−34 J·s
6.582 118 99(16)× 10−16 eV·s

Elementary Charge e 1.602 176 487(40)× 10−19 C

Bohr Magneton µB

9.274 009 15(23)× 10−24 J/T

h · 1.399 624 604(35) MHz/G

Atomic Mass Unit u 1.660 538 782(83)× 10−27 kg

Electron Mass me
5.485 799 0943(23)× 10−4 u
9.109 382 15(45)× 10−31 kg

Bohr Radius a0 0.529 177 208 59(36)× 10−10 m

Boltzmann’s Constant kB 1.380 6504(24)× 10−23 J/K

Table 2: Rubidium 87 Physical Properties.

Atomic Number Z 37

Total Nucleons Z +N 87

Relative Natural Abundance η(87Rb) 27.83(2)% [3]

Nuclear Lifetime τn 4.88× 1010 yr [3]

Atomic Mass m
86.909 180 520(15) u

1.443 160 648(72)× 10−25 kg
[4]

Density at 25◦C ρm 1.53 g/cm3 [3]

Melting Point TM 39.30 ◦C [3]

Boiling Point TB 688 ◦C [3]

Specific Heat Capacity cp 0.363 J/g·K [3]

Molar Heat Capacity Cp 31.060 J/mol·K [3]

Vapor Pressure at 25◦C Pv 3.92(20)× 10−7 torr [5]

Nuclear Spin I 3/2

Ionization Limit EI
33 690.804 80(20) cm−1

4.177 127 06(10) eV
[8]

Figure A.1: Physical constants reference and atomic physical properties178
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Table 3: Rubidium 87 D2 (52S1/2 −→ 52P3/2) Transition Optical Properties.

Frequency ω0 2π · 384.230 484 468 5(62) THz [9]

Transition Energy !ω0 1.589 049 462(38) eV

Wavelength (Vacuum) λ 780.241 209 686(13) nm

Wavelength (Air) λair 780.033 330(23) nm

Wave Number (Vacuum) kL/2π 12 816.549 389 93(21) cm−1

Isotope shift ω0(87Rb)− ω0(85Rb) 2π · 78.095(12) MHz [10]

Lifetime τ 26.2348(77) ns [18–21]

Decay Rate/
Natural Line Width (FWHM) Γ

38.117(11)× 106 s−1

2π · 6.0666(18) MHz

Absorption oscillator strength f 0.695 77(29)

Recoil Velocity vr 5.8845 mm/s

Recoil Energy ωr 2π · 3.7710 kHz

Recoil Temperature Tr 361.96 nK

Doppler Shift (vatom = vr) ∆ωd(vatom = vr) 2π · 7.5419 kHz

Doppler Temperature TD 145.57 µK

Frequency shift for standing wave
moving with vsw = vr

∆ωsw(vsw = vr) 2π · 15.0839 kHz

Table 4: Rubidium 87 D1 (52S1/2 −→ 52P1/2) Transition Optical Properties.

Frequency ω0 2π · 377.107 463 380(11) THz [10]

Transition Energy !ω0 1.559 591 016(38) eV

Wavelength (Vacuum) λ 794.978 851 156(23) nm

Wavelength (Air) λair 794.767 119(24) nm

Wave Number (Vacuum) kL/2π 12 578.950 981 47(37) cm−1

Isotope shift ω0(87Rb)− ω0(85Rb) 2π · 77.583(12) MHz [10]

Lifetime τ 27.679(27) ns [18, 19, 21]

Decay Rate/
Natural Line Width (FWHM) Γ

36.129(35)× 106 s−1

2π · 5.7500(56) MHz

Absorption oscillator strength f 0.342 31(97)

Recoil Velocity vr 5.7754 mm/s

Recoil Energy ωr 2π · 3.6325 kHz

Recoil Temperature Tr 348.66 nK

Doppler Shift (vatom = vr) ∆ωd(vatom = vr) 2π · 7.2649 kHz

Frequency shift for standing wave
moving with vsw = vr

∆ωsw(vsw = vr) 2π · 14.5298 kHz

Figure A.2: Optical transition properties for 87Rb 178
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52S1/2

52P1/2

794.978 851 156(23) nm
377.107 463 380(11) THz

12 578.950 981 47(37) cm-1

1.559 591 016(38) eV

2.563 005 979 089 109(34) GHz

4.271 676 631 815 181(56) GHz

6.834 682 610 904 290(90) GHz

F = 2

F = 1

gF o=o1/2
(0.70 MHz/G)

gF o=o-1/2
(-o0.70 MHz/G)

305.43(58) MHz

509.05(96) MHz

814.5(15) MHz

F = 2

F = 1

gF o=o1/6
(0.23 MHz/G)

gF o=o-1/6
(-o0.23 MHz/G)

Figure 3: Rubidium 87 D1 transition hyperfine structure, with frequency splittings between the hyperfine energy
levels. The excited-state values are taken from [10, 11, 26], and the ground-state values are from [29]. The relative
hyperfine shifts are shown to scale within each hyperfine manifold (but visual spacings should not be compared
between manifolds or to the optical splitting). The approximate Landé gF -factors for each level are also given,
with the corresponding Zeeman splittings between adjacent magnetic sublevels.

Figure A.3: Optical D1 transition diagram178
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52S1/2

52P3/2

780.241 209 686(13) nm
384.230 484 468 5(62) THz
12 816.549 389 93(21) cm-1

1.589 049 462(38) eV

2.563 005 979 089 109(34) GHz

4.271 676 631 815 181(56) GHz

6.834 682 610 904 290(90) GHz

F = 2

F = 1

gF o=o1/2
(0.70 MHz/G)

gF o=o-1/2
(-o0.70 MHz/G)

193.7407(46) MHz

72.9112(32) MHz

229.8518(56) MHz

302.0738(88) MHz

266.6500(90) MHz

156.9470(70) MHz

72.2180(40) MHz

F = 3

F = 2

F = 1

F = 0

gF o=o2/3
(0.93 MHz/G)

gF o=o2/3
(0.93 MHz/G)

gF o=o2/3
(0.93 MHz/G)

Figure 2: Rubidium 87 D2 transition hyperfine structure, with frequency splittings between the hyperfine energy
levels. The excited-state values are taken from [9], and the ground-state values are from [29]. The relative hyperfine
shifts are shown to scale within each hyperfine manifold (but visual spacings should not be compared between
manifolds or to the optical splitting). The approximate Landé gF -factors for each level are also given, with the
corresponding Zeeman splittings between adjacent magnetic sublevels.

Figure A.4: Optical D2 transition diagram178
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Figure I.1: Two different Ćttings for the time-dependence of the transport distance at various disorder strengths. The

left panel and the center panels show the time dependence of the particle spread∆x in a 12-site system for various

disorder strengths in semi-log and log-log scales. The dashed lines are sample least-square Ćts assuming logarithm and

power-law time scaling, respectively. The right panel shows the R2 values of each Ćt as a function of disorder strength.

All simulations were performed by exact numerical integration of Schrödinger’s equation, as described in the previous

section.
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Figure I.2: Spectral Statistics. This

shows the spectral statistics ratio,

⟨r⟩ ≡ ⟨ (∆n,∆n+1)
(∆n,∆n+1)

⟩, for system
sizes of L=6 and L=8. The approximate

crossing point isW ≈ 5J which bounds

the critical point from belowWc " 5J
and is consistent with the experimen-

tally observed point of departure from

thermalization.

r

r ≡ {∆n,∆n+1}/ {∆n,∆n+1}

∆n = En − En+1

r ≈ 0.53 r ≈ 0.39

W ≈ 5J



Figure I.3: Numeric Integration of Fluc-

tuations 12 vs 8. This plot shows the inte-

grated ćuctuations of the exact numeric

theory (solid lines) andmeasured data

(points) for the curves from Fig. 2c. Only

a subset of points were used that were

measured at the same disorder value

in both the twelve-site and eight-site

experiments. The numerical integration

was evaluated via the trapezoid rule. The

relevant metric is the Ćnal point that in-

corporates the integral of all points along

the curve and provides a robust metric

for showing enhanced thermalization

in the larger system. This integrated dif-

ference exceeds the null-hypothesis by

more than two standard error bars of the

mean. 3 4 5 6 7 8 9 10 11
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Figure I.4: Fluctuations Scaling Behavior. a) The probability of particle numbernA is plotted for both a subsystem size

of two sites (teal) and four sites (purple). The relationship to the growth in the width of the particle number probability

as a function of time is shown in the histograms as well as schematically by the shaded green triangle. b) The particle

number ćuctuations as a function of subsystem size and time in the color plot. Cross section of the ćuctuations are

plotted for three different evolution times: t = 1τ (blue), t = 10τ (purple), andt = 100τ (red).
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