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ABSTRACT

One of the distinguishing achievements of physics has been the ability to describe the Universe
based upon underlying microscopic principles. When there are many participating objects being
governed by these microscopic principles, the resultant behavior often harbors emergent collective
phenomena that may not be obviously related to the microscopic description. Phase transitions,
quantum or classical, are a canonical example of such many-body phenomena that are understood
in equilibrium through a framework of thermodynamic constraints, statistical ensembles, and a
growth of system-wide correlations at the transition. However, a new class of quantum phase transi-
tions has recently emerged for non-equilibrium systems with behavior that is not captured by this
traditional framework. In the case of isolated quantum systems, these transitions occur among
excited eigenstates and requires knowledge of the structure of these individual eigenstates in the
quantum system. Understanding what drives such a phase transition requires a deeper microscopic
knowledge of the role of correlations at the transition.

The use of ultracold atoms in optical lattices has paved the way for faithfully realizing quantum
phase transitions. In particular, the advent of the quantum gas microscope realized an experimen-

tal platform that is highly controllable and provides microscopic access to the many-bodied wave
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functions. All experiments presented in this thesis use such a quantum gas microscope architecture
where a quantum degenerate gas of 87Rb is used to probe the behavior of non-equilibrium quan-
tum systems in one spatial dimension.

This thesis briefly discusses some studies of entanglement in equilibrium quantum phase tran-
sitions near the ground state of the system. In the first experiment, we directly measure the second-
order Rényi entanglement entropy that develops as a Bose-Hubbard system transitions from a Mott
insulator to a superfluid. This is followed by a study of entanglement growth at the transition in the
transverse Ising model.

These studies progress to the investigation of two particular non-equilibrium quantum phases
and their transition into one another: quantum thermalization and many-body localization. We
investigate the development of entanglement entropy that mimics thermodynamic entropy for an
isolated quantum system which locally thermalizes under its own unitary dynamics. We then in-
vestigate the only known robust exception to this thermalizing behavior by studying the onset of
many-body localization due to disorder. We observe the breakdown of thermalization in this phase
and the logarithmically slow growth of entanglement throughout the system, which identifies the
localized system to be an interacting one. Lastly, we investigate the role of correlations in the critical
dynamics that emerge at high-orders where the system transitions from thermalizing behavior to

many-body localization.
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Simulation is a valid way of answering any question.

Professor Stephen Sekula

Introduction

The advent of a quantum mechanical theory of nature revolutionized our physical interpretation of
the surrounding world. Its success in resolving outstanding questions and making new predictions
over the past century has cemented it as the cornerstone of our microscopic understanding of nature.
However, even though the theory and mathematical framework developed is well understood, solv-

ing quantum mechanical problems on classical computers is often exponentially difficult’”. Over



the past few decades, a powerful set of experimental tools have been developed in a wide variety of
atomic physics platforms that enable insight into testing fundamental properties of these theories.
In fact, some platforms have sufficiently matured in development that private companies (e.g. Atom
Computing®, IonQ®, Google®, etc.) have begun their own research and development of these plat-
forms to exploit their quantum mechanical properties for technological advancement. However,

to appreciate the complexity of solving such quantum mechanical problems and their applicable
virtues, we must first briefly discuss what properties we consider to be inherently quantum mechani-

cal and their physical implications.

0.1 WHAT WE MEAN BY “QUANTUM”

o..I SINGLE-BODY QUANTUM

Quantum mechanics was first realized as a necessary and accurate description of nature in the predic-
tion of quantized energies of massless and massive single-bodied systems: e.g. energy of photons for
black-body radiation™* and the prediction of the electronic energy levels of hydrogen™. This quan-
tization resulted naturally for both systems due to the underlying constituents being described by

a wave theory. Instead of these objects being described as point-like particles with properties whose
values could change continuously, the boundaries of any given system admitted only a discrete set

of solutions. This discreteness of these wave solutions meant the associated energies could also only
take on discrete values with a bounded, non-zero lowest energy.

This wave formulation, however, did more than just solve a few open problems in the early 20t



century about the mismatch of nature’s behavior with known classical theories. It further implied
some fundamental distinctions between previous classical frameworks that have observable conse-
quences. One such example comes from the Heisenberg uncertainty principle, which determines
that, due to the wave nature of the physical constituent, there is an inherent uncertainty in the abil-
ity to define the constituent’s physical properties: e.g. momentum and position — any wave with a
well defined momentum cannot have a well defined position and vice versa.” This implies an inher-
ent amount of fluctuations possessed by the quantum objects that are fundamental and can never be
removed or “frozen out”.

Another example results from the quantum mechanical discretization of the constituent’s physi-
cal properties that render the possibility for multiple, independent objects to be fundamentally iden-
tical. In particular, if such identical objects are used as a resource for random variables, say coin flips,
they will provide markedly different distributions from their classical counterparts.T Often however,
our daily experience is among physics at high temperatures which provide a macroscopically large
number of internal labels such that classical objects behave in accordance with the statistics associ-
ated with classical random variables, regardless of their underlying microscopic bosonic or fermionic

nature.

*This is property is analogous to the Fourier transform: a delta function in any basis is maximally dis-
tributed among all degrees of freedom in its complementary, Fourier transformed basis. This comparison
is relevant since it accurately describes the behavior of waves — which all matter seems to be microscopically
represented by.

TThe exact outcomes will depend upon the underlying quantum statistics of the objects themselves too:
bosonic or fermionic, which depend on the symmetries of the quantum mechanical object and will not be

described here.



0. MANY-BODY QUANTUM

However, perhaps the most famous consequence of quantum mechanics can arise from the inter-
action of multiple objects that then globally act as a wave.” The implications of such behavior were
recognized early on by Einstein, Podolsky, and Rosenstein in a Gedankenexperiment® of a pair of
quantum mechanical objects whose internal properties are correlated. The correlations in this pair
were famously shown by John Bell to generate physical implications for measured correlations that
are indescribable by classical variables, which identifies these correlations as uniquely quantum™.
These quantum correlations between the two objects are qualitatively described by the term “entan-
glement”.

This notion of entanglement leads to the concept of quantum many-body behavior that, as a
whole, is described as a collective object with fundamentally wave-like properties. It additionally has
a consequence that when measuring only some fraction of this many-bodied wave the remaining
fraction’s properties become described by a truly classical, statistical ensemble. The coherences re-
lated to the wave-like nature of the many-bodied function are erased and can produce truly classical
outcomes. This development of classicality due to a lack of access to such global information pro-
vides a deep conceptual framework for understanding our macroscopic experience from our micro-

scopic picture of nature. In particular, this has been useful for drawing a link between the agreement

*This does not mean that many-particles act together simply like a single classical wave, like waves on the
surface of water in the ocean. In this case all the particles are interacting with their neighbors through a linear
response equation such that collective wave-like excitations can be made on the water. This classical wave is de-
fined in a local, spatial basis where all interference in this wave happens only locally with itself or other waves.
A many-bodied quantum wave function revolves around the global state itself having wave-like properties in
the sense that it cannot be written as purely in a local basis and interference effects happen for this system on a

global scale.



of thermodynamic properties from many-bodied classical systems in statistical mechanics and the
behavior of a portion of a many-bodied wave function that behaves quantum mechanically +577:9943,
This suggests that it is not only the microscopic which behaves quantum mechanically, but the
macroscopically large objects that we associate with classical laws of nature may actually naturally
derive from the properties of many-bodied quantum mechanical systems — we simply do not have

access to the global system to verify it.

0.2 QUANTUM SIMULATION: PROBING QUANTUM MANY-BODY PROBLEMS

In many cases for large systems, physicists have found effective theories that allow for accurate de-
scriptions of macroscopically large objects such that we may ignore the complexity related to its
microscopic principles. This is often not the case for many-bodied quantum mechanical systems.
Additionally, the overhead then necessary to analytically or numerically calculate results from the
understood microscopic descriptions quickly makes these systems intractable. To circumvent this
problem, a suggestion attributed to Richard Feynman is to use a type of analog calculator for such
systems, which would be known as a “quantum simulator”. The crux of the suggestion being that to
successfully find the correct answers to quantum mechanical questions, one should use a system that
is already inherently quantum mechanical such that it naturally simulates the correct answer.
Experimental atomic physics platforms have undergone significant technological maturity in the
past few decades that make attempting such quantum simulations possible. Trapped atomic ion

systems > and superconducting qubits 82 enable high-fidelity control of few-particle systems with



variable interaction strengths and geometries. These platforms harbor rapid experimental repeti-
tion rates that make them particularly promising for the purpose of quantum computation. How-
ever, they suffer from coupling to their surrounding environment: i) the static charge of atomic
ions makes them sensitive to their surroundings due to the strength of the Coulomb force, and ii)
superconducting qubits can be cooled down to extremely low temperature with dilution refriger-
ators, but are directly mounted to materials that harbor a finite phononic bath that can become
relevant for the small energy gaps in many-body systems. This restricts their effective size in terms
of quantum constituents and coherence times. New developments in waveguide manufacturing
have enabled the study of correlated states in photonic systems and are well decoupled from their
environment®, but are not clearly scalable to the many-body limit.

A powerful platform for probing such fundamental questions about many-bodied quantum
mechanics is provided by ultracold atoms in optical lattices*>*#. The versatility of these platforms,
thanks to the variety of available atomic species, enables exploring systems with both bosonic and
fermionic statistics. These atoms can be cooled to their motional ground state and controlled micro-
scopically with almost arbitrary potential energy landscapes on top of several optical lattice geome-
tries while remaining isolated from their surrounding environment™. Their inter-atomic interac-
tion strength can be tuned by orders of magnitude and even change signs via Feshbach resonances®.
Due to the convenient length scales in such systems, traditional microscopy techniques can be used
to image both bosonic™7*"*7 and fermionic”>'*"% species in optical lattices with single-site resolu-
tion, gaining access to local observables and correlation functions™ up to high orders™#.

One direction of quantum simulations with ultracold atoms concerns the realization of novel



quantum phases of matter and the transitions between them. Pioneering studies have observed
quantum phases of matter both in equilibrium 7994774 and in driven, non-equilibrium >3
systems. The majority of such experiments have focused on the quantum phases themselves and
measure their order parameters through macroscopic observables. However, it is the transition of
these phases in the critical regime that is exceedingly difficult to access owing to a divergence of corre-

lations as quantum fluctuations reorder the system from phase to another™©93

. Only recently have
ultracold atoms experiments probed such critical scaling behaviors for equilibrium quantum phase

transitions near the transition point®#>*°°,

0.3 A NON-EQUILIBRIUM QUANTUM PHASE

A new class of non-equilibrium quantum phase transitions has recently emerged with behavior that
is not captured by this conventional framework of equilibrium phase transitions. In the case of iso-
lated quantum systems, these transitions occur among excited eigenstates in the system and can be
understood by considering typical excited states individually 9782578 * The experimental stud-

ies presented in this thesis will focus on two particular non-equilibrium quantum phases and their
transition: guantum thermalization and many-body localization. These phases occur for isolated
quantum systems that, while pure, are prepared far from equilibrium via a quantum quench™*® and
are identified by their inherent dynamics from coherently populating many excited eigenstates>*3.
We exploit the microscopic access in our system to investigate one of the hallmarks of these quantum

phases and their transition 7o18,130643 _ entanglement properties of the many-body state.

*This is why these are sometimes referrred to as “eigenstate phase transition” in the theory literature.



A quantum thermalizing phase is predicted generically for interacting, non-integrable isolated
quantum systems by the Eigenstate Thermalization Hypothesis *>»9>'77_ These systems harbor
excited eigenstates which individually possess ergodicity among their local degrees of freedom and
whose dynamics resemble those of a classical thermodynamic systems: agreement with statistical
ensembles constrained only by global thermodynamic ensembles *#%77" and maximization of
local entropy. Often, such a system is difficult to simulate theoretically due to the generation of a
large amount of entanglement during the ensuing dynamics B7446162 - Aromic physics experiments,
however, have been successful in observing such thermalizing behavior: the ergodic character of
eigenstates has been observed in few-qubit systems™* and, as presented in this thesis, the role of

entanglement™®*

*+9 in generating such locally thermal states .

The only known robust exception to this description is many-body localization (MBL)*"#3. This
exception can realized by the application of disorder to this thermalizing phase causes a breakdown
of ergodicity and thermalization at a finite disorder strength by localization of this many-body, inter-
acting system ®'092»155107:45:58,1059047 This breakdown can be understood as a fundamental change
in the excited eigenstates, which results in logarithmically slow entanglement dynamics throughout
the system — distinguishing these states as a separate non-equilibrium phase™*. Initial atomic ex-
periments in this regime have tested the absence of thermalization by the memory of the initial states
prepared far from equilibrium+7%%. This initial state localization is indeed a consequence of the

8,131

many-body localized phase, but is not a unique characteristic®". The results presented in this the-

sis provide evidence for such a unique characteristic by observing a logarithmically slow growth of

correlations in the many-body state™.



While both non-equilibrium phases are well understood theoretically and can be successfully de-
scribed by phenomenological models™®#+™, the transition between these two phases remains an

69,185,148,101,5,1,192

open question . Several experiments have probed slow transport properties through

local observables near this critical regime™***°. While such anomalous transport has been predicted

2,171,192

theoretically , identifying anomalous transport as quantum critical dynamics is experimentally

challenging, since similar behavior can also originate from stochastic effects: inhomogeneities in the

initial state™®

or the coupling to a classical bath ®>*?. We overcome these challenges in our experi-
ment with our protocol by evolving a pure, homogenous initial state under unitary dynamics where
we additionally utilize post-selection to exclude coupling to the environment by atom loss”>"™. In
the experiments presented in this thesis, we observe system-size dependent thermalization, anoma-
lous transport, and correlations that span the entire system and persist up to high orders near the
critical point®*. We additionally observe behavior in support of a proposed microscopic mechanism

that leads systems at intermediate disorder strengths critically towards thermalization via a sparse

resonant network 431055477,

0.4 OUTLINE

A quick summary of these studies are shown below as organized by their chapter:

* §1serves as an introduction to and derivation of band physics associated with both solid state
physics and neutral atoms in optical lattices. Additionally, this is then written in terms of the
Bose-Hubbard model as an effective description. This serves as the underlying framework for

all experiments in the thesis. Although, it is rarely explicitly referenced.

* §2 provides a brief overview of the quantum gas microscope as the experimental apparatus.



This chapter focuses on many of the details about how the lattice physics in §1 is physically
realized as well as experimental protocols for calibrating the parameters of the Bose-Hubbard

model.

§3 introduces the concepts of entanglement and metrics used to quantify it. In this chapter,
we then describe both conceptually and experimentally, how quantum phase transitions

are realized in this system and measurements of entanglement in such phases. This will be
discussed first for the superfluid-to-Mott-insulator transition and then for the paramagnetic-

to-antiferromagnetic transition in the transverse Ising model.

§4 summarizes the results and expands the techniques used in §3 to investigate and realize a
highly entangled quantum mechanical system that locally mimics a classical system — both

in local observables and entropy. At the same time: by utilizing a many-body interference
technique the system can be verified to be describable by a single quantum mechanical wave
function. These experiments are supported by the Eigenstate Thermalization Hypothesis,
which predicts many thermodynamic behaviors emerge from entropy of entanglement gener-

ated by partial observation of a pure quantum mechanical system.

§s describes the only known robust exception to the generic prediction of locally thermaliz-
ing quantum mechanical systems — many-body localization. We study the breakdown of this
thermalization in an interacting many-body system due to the application of a finite disor-
der strength, which realizes such many-body-localized states. We additionally quantify the
separation of entanglement in the system that enable the first observation of the identifying
property of this system: logarithmically slow growth of entanglement entropy throughout

the system.

§6 describes the properties of the transition from a quantum thermalizing system to a many-
body-localized one. This transition is the focus of recent interest in the study of non-equilibrium
phase transitions. In this regard, both the thermalizing and many-body-localized systems
represent the quantum phases of highly excited eigenstates. We measure the growth of high-
order correlations at the critical point when thermalization breaks down. Additionally, the
observed structure of correlations in the system provides evidence for the suggested mecha-

nism of a sparse resonant network that governs these critically thermalizing systems.

§7 concludes with a summary and proposal for studying the possibility of other mechanisms
governing this phase transition — a so called “avalanche” mechanism. We additionally study

the concept of localization in Fock space and its dynamic properties.
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Potential energy is just a word. It only has meaning if
we provide it. For example, does this pen have potential
energy?

::picks up pen and then drops it onto the floor::

Dr. Philipp Preiss

Optical Lattices and

the Bose-Hubbard model

Ultracold neutral atoms in optical lattices provide a new paradigm in the ability to experimentally
simulate quantum models. The level of control that can be applied to neutral atoms enables physi-

cists to realize these quantum systems in their absolute ground states and create nearly defect free
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lattice potentials engineered out of laser light. Additionally, the physical length scale of this physics
admits the possibility of microscopic resolution of all degrees of freedom within a given measure-
ment basis.

Such a framework for a quantum mechanical model maps most directly to condensed matter
systems where the atom in the optical lattice takes the place of an electron in a crystal *°. For the
sake of brevity, we will skip over most of the experimental footwork necessary to get to the point
where such a relationship can be made. Instead, I will simply state that such a mapping is possible
as long as the atoms can be made ultracold (~ 1nK)7""49. The average energy, or temperature, of
the atom needs to be comparable to the kinetic energy and interaction energies within the optical
lattice to probe the same physics. Another way of seeing the same relationship is to see if the thermal
deBroglie wavelength, Ay, of the atom is on the order of the lattice constant a such that it may be
in a coherent superposition of occupying many lattice sites simultaneously and indistinguishable
from other atoms within neighboring lattice sites. In our system, the quoted temperature provides
Ath, = 6pm which is & 10 lattice sites. With this crude justification in mind, we will now derive the

physics of a particle being described as a wave in such a periodic potential.

LI SINGLE-PARTICLE PHYSICS IN OPTICAL LATTICES

Optical coupling of orbital electronic states in neutral atoms provide a mechanism for both conser-
vative and dissipative forces®. These two processes can be thought of as elastic and inelastic scatter-

ing, respectively, of photons with the atom. The dissipative force is provided by the absorption of
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a photon or emission of a photon and has been famously used for trapping and cooling of atomic
gases 91523926 However, the vast majority of all work and models discussed in this thesis will rely
on tailoring conservative potentials with almost arbitrary spatial control’®**. Since the only ex-
ternal forces that interact with the atoms are optical and predominantly conservative, the system

remains, to a very good approximation, isolated from the surrounding external environment.

1.1 NEUTRAL ATOMS IN OPTICAL POTENTIALS

A neutral atom experiences a conservative external potential from optical photons when the fre-
quency of the light is far from the atomic resonance. This light, rather than being absorbed by the
atom, induces an electric dipole moment in the atom. The amplitude of the alignment, or anti-
alignment, of this dipole moment with the external electrical field changes the energy of the atom
and is known as the ac-Stark shift’. In the case of a two-level atom in 2 monochromatic laser field,
where the laser detuning is large enough that the rotating wave approximation can be used, the con-

servative potential provided by the dipole atom-light interaction is given by:

32 T

Vdipole(r) ~ ﬁx (T)

(1.1)

where the atomic transition frequency is w,, the linewidth of the transition is I', the intensity
of the laser power is I (1), and the detuning of the laser frequency from the atomic transition is
A = w — w,. Note that the both the laser intensity, I(7), and the detuning, A, are complimentary

ways to change dipole potential depth. Additionally, the sign of the detuning A controls whether

13



the atom is attracted to or repelled from the high-intensity locations of the laser beam profile. This
is commonly referred to as either red- or blue-detuning of the laser with respect to the atomic transi-
tion frequency due to their association with the colors in the visible spectrum. While (r.1) is written
for a two-level atom approximation, additional energy levels can be included to provide a more accu-
rate response'*°.

However, even an off-resonant laser illuminating the atom does not act purely as a conservative
potential since the photons still have a finite probability to exchange energy and momentum with
the atom ®®. The likelihood of such a dissipative process depends on both the intensity of the light,
I, and the laser detuning with respect to the linewidth of the atomic transition I'/A. The rate at

which an atom scatters light is given by (1.2):

3rc? (T\? 1T
Dse(r) =~ T <A> I(r) = %ZVdipole(r) (1.2)

By detuning the laser far from resonance, we see that the scattering rate, or dissipative contribu-
tion of the light-atom interaction, is reduced compared to the conservative contribution by a factor
of (I'/A). This implies that for the same desired dipole potential depth V;,, it is always favorable to
increase both the laser detuning and the intensity to reduce the scattering rate to more faithfully real-
ize a purely conservative potential. This consideration of these two scalings provide some guidance

in how to choose practical parameters for the lasers that produce the desired optical potentials (see

§2.1.3).
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1.1.2 BANDSTRUCTURE AND BLOCH WAVE FUNCTIONS

All experiments in this thesis will be realized in an effective 1-D optical lattice that is generated from
interfering blue-detuned light. The potential generated from this light depends on the intensity of

its interference pattern and is written as:

V(@) = —(V,/2) cos (2kia) (13)

where k; ™ is the wavevector (or k-vector) of the laser light used to create the potential. The poten-
tial has been written with zero DC average for mathematical convenience. The total Hamiltonian

then for a single-particle is written as:

]32
H=—+V .
o+ (z) (1.4)
where m is the mass of the atom. In the case of zero lattice depth, V,, = 0, this Hamiltonian

realizes a single-particle in free space whose eigenstates are described by a propagating wave with an

cigenenergy that depends only on its momentum fik: ¢y, = e?*@/h

. A side note is that this potential-
free Hamiltonian has a continuous translational symmetry in space and therefore conserves mo-

mentum which additionally implies that eigenstates of this Hamiltonian are also eigenstates of the

*This k-vector (k;) is defined as 27 /A when the light used to create the potential originates from two
counter-propagating lasers where A is the laser wavelength. However, this only provides an upper-bound for
what k-vector can be produced by a given laser wavelength. What matters is the k-vector in the plane of the
lattice formed by the lasers which can be tuned by their relative angle. This point will be further elucidated in

§2.
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momentum operator, p.

Once the lattice depth is non-zero, this symmetry is broken such that the Hamiltonian only re-
tains a discrete translational symmetry. The Bloch theorem states that since the Hamiltonian (1.4)
has a discrete translational symmetry from the periodic potential (1.3), then the eigenfunctions of the

Hamiltonian will also be eigenfunctions of this discrete translation and hence will also be periodic

(Ls)-

097 (@) = 4 - () (Ls)

The Bloch wave functions, (Z)én), are labeled by their band index n (which will become apparent
later) and their quasi-momentum, or crystal momentum, g. This quasi-momentum is akin to the
linear momentum of the free-particle case referenced to above except that it is now only defined
within the Brillouin zone of the periodic potential —hk; < g < hk; where k; is the k-vector of
the laser light. The function ut(]n) () is a Fourier series with a periodicity that correspond to integer
multiples of the lattice period. Intuitively, the high-frequency cut off for ¢ = Fhk; for defining
gbé”) (x) derives from the periodic potential that can only “detect” or “sample” spatial variation with
a frequency equal to or less than its own." Note that this does not define that the Bloch wave func-

tion cannot have local spatial variation with higher frequencies than the lattice periodicity, just that

whatever this local high-frequency variation is, it must repeat periodically with the lattice period.

*This is, of course, obvious since the Hamiltonian is composed of only the momentum operator p.
However, the statement about symmetries and invariance relating to conserved quantities is a general one. ™’
TThis is akin to Nyquist frequency if you are an electrical engineer.
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The remaining slowly varying envelope function is then defined by ¢%4%/" *

To find the eigenfunctions of this new Hamiltonian with momentum states coupled by integer
multiples of the lattice k-vector (k7, = 2k;), we can more conveniently solve this problem in Fourier
space and solve for the eigenergies Eén). We first write both the potential and the periodic function

(n)

ug  (x) as Fourier series:

and
ugn) (.73) _ Z an’q)eﬂrklx/h (1.7)

.

The periodic potential term V() in (1.6) only has two non-zero terms that correspond to the

lattice periodicity (Vi=—1 = Vip=1 = —V,/4). To find the coefficients for the Fourier series of
(n)

. . n . . . .
ug  and the eigenenergies E(g ), one should exploit the orthogonality relation between Fourier

modes after taking the inner-product of (e %1%/ {f |¢§”)> This procedure results in:

Z H, - c&"";’) = Eén)cgn’q) (1.8)

*The presence of these high-frequency variations come through the Fourier series of u,(ln) (2) and will be
apparent in the higher bands defined by the index n, which are related to the free-particle momentum states
centered about an integer n of k; displacements of momentum in Fourier space.
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where

(2r +q/k)?, r=1
HT,T‘/ = _ 0/47 ‘7’ — r/’ =1 (19)

0, otherwise

Diagonalizing the Hamiltonian (1.9), where r and 7’ are matrix indices, will solve for the eigenen-
ergies that depend on the continuous variable ¢ and the discrete index n which labels the character-
istic formation of bands in the spectrum. To gain some intuition for the system this Hamiltonian
describes, we can again first think about the V;, = 0 case. In the case of no external potential, this
Hamiltonian will realize a parabolic dispersion curve in k-space from the momentum of a free-
particle. By turning on the lattice potential, V, # 0, the external potential can now provide mo-
mentum “kicks” to the particle’s wave function in discrete quanta of 2hk; (when the indices r, 7/
differ by 1). In the case that the energy from the free-particle dispersion curve at ¢ and g &= 2hk; are
S Vb, then these two momentum states are strongly coupled and these states hybridize to form an
eigenstate composed of a superposition of the two free-particle states. The first time this happens
isatthe ¢ = =Zhk pointin the dispersion curve and defines what is known as the Brillouin zone
boundary in a crystal. Physically, this hybridization corresponds to perfect Bragg reflection of the
particle’s wave function at the Brillouin zone boundary. This hybridization forms the familiar gaps
associated between bands of energy as defined on a reduced Brillouin zone band diagram (r.1). Note

that this also introduces a natural energy scale for this physics known as the lattice recoil energy. In

essence, the Braggs scattering is an elastic scattering event by two photons within the plane of the
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Figure 1.1: Dispersion with Bragg reflection. a) The left curve shows free-particle dispersion parabola (gray line) and
the formation of gaps in the Bloch wave functions from Bragg scattering off the lattice. Additionally, the dashed-grey
lines show the height of the lattice as it is centered about zero and determines when a state |¢,(€n ) is bound to the
lattice. This depiction of the hybridization of the free-particle dispersion curve is known as the extended Brillouin zone
scheme and is an intuitive way of how to reach the notion of bands from Bragg scattering. b) The reduced Brillouin
zone scheme is associated with condensed matter physics and band structure and more common in the literature. This
mapping is both compact and conceptually reflects the notion of periodic states that are described by Bloch wave
functions |(j)((1n)> that are only well defined for quasi-momentum states ¢ that are bounded by the lattice wave-vector

kr.

lattice that change the momentum of the particle in the lattice. For a given light k-vector defined in
the plane of the lattice, k;, this gives us the recoil energy defined as:
(hk;)?

E,r = 72m (I.IO)

Once the lattice depth, V,,, is deep enough that an entire band lies within its energy window;, it
conceptually makes sense to describe these as Bloch functions that are bound to the lattice. These
original free-particle states are now sufficiently dressed by Bragg reflected states with momenta that
differ by integer multiples of the lattice vector Ak, = 2hk; that they form a stationary wave with

particle density maxima that reside deep in the potential minima. This is shown for both the ground
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band and the first excited band in in Fig. r.1. This thesis will use the convention thatn = 0 refers
to the ground band. These periodic eigenstates of the Hamiltonian are plotted for various quasi-

momentum states for both the ground band and the excited band in Fig. 1.2. A common physical
picture given for the opening of a gap at the edge of the Brillouin zone, in the weak lattice limit, is

given by the phase of the Bloch wave function’s spatial structure. While,

¢Zzi§]];l($)> ~ eikzx/h + (_1)n€—ikl$/h

are both composed of the same free-particle momenta states, their symmetric versus anti-symmetric
superposition either concentrates the density of the particle either in the minima or the maxima of
the lattice potential (as shown in Fig. 1.2). This provides an obvious energy difference between the
two combinations purely by the overlap of the wave function and the lattice potential - the kinetic
energies should be approximately the same.

There are two primary quantities that are typically extracted from the band structure due to their
physical relevance: the band width and the band gap. The band width, the energy difference be-
tween the maximum and minimum energy for a given band (arg max, {Eén) } — arg minq {E(gn) }) ,
describes the maximum kinetic energy of a particle confined to that band. The kinetic energy be-
comes substantially suppressed as bands become bound to the lattice and will appear to be approx-
imately flat. The band gap, the energy difference between successive bands A = Eé”“) — Eé?),

defines how well separated a particle in one band is energetically from another band. Practically

speaking, all the physics in this thesis will assume a single-band model where all particles inhabit the
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Figure 1.2: Bloch wave functions. a) The left plots depict the real and imaginary parts of the Bloch wave function’s
(|(b,(1n) (x))) spatial dependence as a function of distance for various quasi-momenta and boththen = Oandn = 1
bands at a lattice depth of 4 F,.. b) Plots the band structure for at 4 F/,. and the quasi-momenta the plotted Bloch
wave functions describe. c) These right plots depict the density distribution of the Bloch functions for the same quasi-
momenta as the left plots and same bands. Note that only the ground-band, n = 0, is entirely bound to the lattice and
relatively “flat”. Unlike the n = O band,n = 1 band has a significant deviation in its wave function across the band
and has lots of particle probability that does not lie in the minima of the potential well and reflects its unbound nature.

ground-band of the lattice. This makes the band gap a relevant metric for determining how well
the observed phenomena will be described by a single-band Hamiltonian and how susceptible the
system will be to some form of heating that deposits energy into the system. The evolution of the
band gap and band width can be seen from progression of band structure plots in Fig. 1.3 as well as

the evolution of the band gaps between various successive bands as a function of lattice depth.

.3 WANNIER WAVE FUNCTIONS

The Bloch wave functions, as the single-particle eigenstates, are a natural and convenient way to de-

scribe the physics of a particle in a periodic potential. They are a complete set of energy eigenstates

21



Band Energies Direct Band Gap
16

12

Energy (Er)
Energy (Er)
o o)

0 T

0 10 2I0 3I0 4I0 50

Lattice Depth (E;) Lattice Depth (E;)
——n=0 =——n=2 =——n=4 = n==6 ——n=0—=n=1 —n=2—=n=3
—_—n=1 == n=3 =—— n=>5 ===Lattice —n=1—-n=2 —n=3—on=4

Figure 1.3: Band Gaps. a) The band structure of the four lowest bands are plotted for three lattice depths to de-

pict how both the band widths and band gaps change as a function of lattice depth. Note that the lower bands

both flatten and become gapped from the excited bands more quickly as a function of lattice depth. b) The band

gap between successive bands can strongly depend on which quasi-momentum is being excited from and to
(AZ;;fl = E,E") —>((;,L+l)). In principle both direct, quasi-momentum preserving, and indirect, non-quasi-
momentum preserving, excitations are possible in a lattice. However, in the case of a simple sinusoidal lattice, both
the minimum and maximum band gaps are captured by just analyzing direct band excitations. The minimum and maxi-

mum band gaps are plotted as the solid lines and the distribution of all intermediate possible values are plotted as the
shading.

and completely described by their band index 7 and quasi-momentum g. Since they are defined by
a single quasi-momentum number g, they are maximally localized in momentum space and maxi-
mally delocalized in position space. A useful alternative, orthonormal basis for this system is given
by the set of functions that describe the particle as localized in position space. These set of functions
are known as Wannier functions and are a convenient way to describe the wave function of a parti-
cle in a band n that is maximally localized at a lattice site 2;. This basis can be constructed from a

superposition of all Bloch wave functions within the Brillouin zone for a given band n:

wnlie = 21) = 2 37 TG (2) (1)
q
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The normalization factor N depends on the finite number of quasi-momentum Bloch wave
functions summed over. Additionally, since the Bloch wave functions are eigenstates of the original
Hamiltonian, they may have been solved with an arbitrary global phase that will become an impor-
tant relative phase in the construction of the Wannier functions wy, (x — ;). Thankfully, thereisa
convenient recipe to follow that establishes how to choose the phases when constructing wy, (z — ;)
that produces a wave function maximally localized on site ;.

We have seen from the symmetry of the periodic potential, the hybridization of the free-particle
states at the edge of the Brillouin zone, and the plots of the Bloch functions in Fig. 1.2 that the wave
functions of even bands (n = 2 xm, m € Z) are also even functions of « and the wave functions of
odd bands are also odd functions of x. The Wannier functions will also retain this symmetry since
they are constructed from the Bloch functions within a given band. To then construct a maximally
localized wave function at lattice site z;, we must find the necessary phases multiplied by the Bloch
wave functions that constructively add at z = x;. For even bands, we choose a phase for each Bloch
function that makes it both real and positive at z = ;. * For odd bands, the Bloch wave functions
are also odd about the center of each lattice site = x;. The recipe used above is modified such that
the phase chosen is such that the first derivative of the Bloch wave functions are real and positive at

site ;. Including the recipes described above we can write down the Wannier functions construc-

*It does not actually matter which phase you pick for this site, just that you rotate all Bloch wave func-

tions such that their phase is the same at z = x; : Arg [qbé")} = const. V ¢, where const. € C
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Figure 1.4: Wannier wave functions. a) The Wannier wave functions for the ground band (n = 0) are plotted for
three different optical lattice depths. Note that this is plotted in the field of the Wannier function, not the density
distribution of the atom on a given site. b) The Wannier wave functions are plotted here for band indicesn = [0, 3]

for a deep lattice depth of V, = 45E,. Note that they are closely approximated by the harmonic oscillator solutions in

this regime.

tion as follows:

—tAr (n) T; n
ﬁzqe( Argle™ (@) 6 (@), nis even

—tAr (n) x)/0T|p=x,
%Zq e( Arglogg " (2)/9 l”*zln '¢¢(zn)(x)a n is odd

wn (T — x;) = (r12)

The Wannier wave functions represent the maximally localized, conjugate basis to the Bloch wave
functions. These Wannier states become more localized for increasing lattice depth, which is plotted
in Fig. 1.4a for the ground band. We can additionally see in Fig. 1.4 that for a 45E; lattice how the
Wannier wave functions are also successively wider for higher bands in the lattice.

A useful, limiting case observation is that as the lattice depth becomes much larger than the band
width of a given band, the Wannier functions approach the wave functions of a Harmonic oscillator,

as can be seen by the similarity between the wy, (z — ;) plotted in Fig. 1.4b and Hermite Gaussians
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solutions of the Harmonic oscillator.” This also implies that the Wannier functions become increas-
ingly approximated by a superposition of free-particle states with a Gaussian envelope centered at
an integer number of Bragg scattering events defined by the band index . x 2Ak;. Lastly, while the
Wannier functions are not eigenstates of the original Hamiltonian, they become asymptotically close
as V, — 00, where both the corresponding band becomes flatter and the associated Bloch wave

functions will be nearly degenerate.

1.2 THE Bose-HUBBARD MODEL

The treatment for deriving band structure and Bloch wave functions describes the entire physical
story for a single-atom in an optical lattice. However, it neglects the many-body physics associated
with interacting particles that leads to celebrated exotic condensed matter systems. It additionally
does not easily lend itself to describing the nature of inter-particle interactions that are often derived
from a local, inter-particle potential. To incorporate these local dependencies, we will now reformu-
late the free-particle Hamiltonian from before into a local basis that utilizes our derivation of the
Wannier functions in the previous section.

In particular, we will describe the overlap of an atomic wave function with a local Wannier func-
tion defined about a particular lattice site as the population of the atoms in an orbital defined about

that site. This leads us towards adopting the tight-binding lattice model for bosonic particles that is

*This is additionally a conceptually comforting fact as the cosine potential providing the lattice can be
approximated to lowest order as a quadratic potential. However, due to the finite depth of the lattice, there is
always a non-negligible amplitude in the wings of wy, (x — ;) that is necessary for an accurate description of
the system.
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known as the Bose-Hubbard model. This is a renowned toy condensed matter model that faithfully
incorporates strong inter-atomic interactions that lead to strongly correlated states that are otherwise

absent in interaction corrected mean-field equations, such as the Gross-Pitaevski equation™9°.

2.1 INTERACTING ATOMS IN AN OPTICAL LATTICE

In all our experiments, we work with dilute atomic gases. In these dilute gas regimes, the atom-atom
interactions can be described be an effective inter-atomic potential between any two particles V' (r),
where r is the inter-particle distance. This potential is strongly repulsive at distances on the order

of a few Bohr radii, (~ a,), due to the strong Coulomb interaction between the respective atom
electron clouds. However, since atoms are polarizable, they are attractive at long distances due to the
mutually induced dipoles that lead to a van der Walls force™®.

In the case of the low temperatures utilized by ultracold atom experiments, these inter-atomic
interactions primarily result in elastic scattering processes between the atoms. In this regime, it is
not necessary to know the exact shape of the interatomic potential since the low kinetic energies
of the atoms do not enable them to probe past the centrifugal barrier. This means that only the
lowest partial wave scattering process, s-wave scattering, significantly contributes to the inter-atomic
interactions. Therefore, this contribution can be well approximated by a contact interaction that is
characterized by a single parameter that quantifies the s-wave scattering length, a:

T 2
V() = 47;‘7“55@) (L13)

m
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These interactions are often tunable via Feshbach resonances where the interaction strength can
be changed by many orders of magnitude and even change sign®. Additionally, it can be tuned
through a much narrower range via the lattice depth by increasing the wave function overlap be-

tween atoms.

1.2.2 DERIVING THE BOSE-HUBBARD MODEL PARAMETERS

We can derive the Bose-Hubbard model by incorporating the inter-atomic contact interactions into

the Hamiltonian of a bosonic field ¥(Z) * and an external potential:

" :/d% 1(7) (—;;v? + V(f)> ()

1 4rh2as . . L
el / P / B’ U ()0 (F — 7)) ()

(114)
where ¥ = ((L‘l, 9, {E3).
Here the potential contains both the lattice potential and any additional potential term applied
on top of the lattice that is relatively weak and spatially varies more slowly than the lattice itself:
V(Z) = Vigut(Z) + Varp(Z). In the low temperature regime, the atoms only populate the ground

band and we can restrict this derivation to involving only basis states that overlap with this band.

Since the interaction term is entirely local it is convenient to expand the bosonic field ¥ (Z) in terms

“Note that by using this many-bodied bosonic field operator W (&), we have implicitly moved into a
second-quantized notation. This means that later when we populate this bosonic field with individual atoms
as quantized excitations in the field (a1), we have assumed these excitations to be indistinguishable from
one another and will correctly incorporate the symmetrization necessary to accommodate these quantum
statistics.
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of ground band Wannier wave functions:

W) = 1 S (i - ) (115)

Here a; (&;r) are the annihilation (creation) operators for a boson in the ground band Wannier
function centered at a lattice site &;. These operators follow the typical bosonic commutation rela-

T] = 0; ;. This expansion allows us to rewrite (1.14) in terms of these bosonic annihilation

tion [a;, a;

and creation operators:

s Uijkl ~t 5t~ » R
H==3 Jijala;+ ) ;kl 4} kal+z wala; (1.16)

i, 1,7,k

The additional potential that was added on top of the lattice, Vo, (Z), provides a variation in the
on-site energy potential /;. The chemical potential /4 is a thermodynamic quantity that constrains
the total particle number in the grand canonical ensemble description of the model. The J; ; term
is known as the tunneling matrix element quantifies the tunneling rate between any two sites 7 and
J and describes the kinetic energy of the atom. The U ; 1. ; term describes the various interaction
matrix elements between atoms on sites ¢, j, k, [. Although the Wannier functions are constructed
as an orthonormal basis, they were never eigenstates of the original Hamiltonian. Formally then, we

can quantify these matrix elements via the overlap of the Wannier functions after the Hamiltonian

2.8



kinetic energy interaction energy potential energy

S A AR VA-AVERERVACAVS
A2 ARVAV/VERRVAVAVS

Figure 1.5: Bose-Hubbard terms. a) Each green disk represents a bosonic atom excitation of the many-body wave
function that populates a Wannier function centered on a given lattice site ;. The kinetic energy term J describes the
coupling, or hopping rate, of the Wannier wave function to neighboring sites. In the presence of multiply occupied sites,
this is energetically increased by bosonic enhancement. b) The interaction energy for multiply occupied sites is non-
linear in the on-site occupation number 7; since it depends upon the number of pair-wise scatterings on a given lattice
site. ¢) On-site lattice potential variation, either intentional or unintentional, adds an additional energetic parameter
for locally tuning the Bose-Hubbard model with optical potentials due to disorder or confining trap potentials.

has acted on them:

$ = o h? L L
Jij=— /de wy (T — ;) <—2mv2 + Vlatt(@) wo (T — T5) (117)
47Th2as 3 /= N %/ = N N N N N
Uijii = ——— | 'z wy(Z = Z)w(& — T3)wo(Z — T)wo(Z — 1) (118)

For nearly all practical cases, we will work in the “tight-binding” regime of this ground band
model. This approximation assumes that the Wannier functions are sufficiently localized that all
higher order tunneling processes and higher order interaction terms may be ignored. This leaves the

model with only a nearest-neighbor tunneling J; ;+1 = J and on-site interaction Ug 0,00 = U and
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results in the standard form of the celebrated Bose-Hubbard model:

U s .
Hpp = —Jzalaj + gzni(ni —1) +Z(hi — )7 (119)
(i,4) i i
where n; = &Z& is the on-site number operator and the bracket sum, (z, j), refers to a sum only

over neighboring indices. Physically, the mechanism that describes the exact contributions for the

on-site interaction term comes from the sum of all pair-wise interactions of 7 atoms on site 7, each
of which contribute an energy costof U : U )", (7;1) =U>, (7%:17‘2'),2, = U5 ni (R — 1). All
of these processes are illustrated below in Fig. r.s.

Both parameters J and U change significantly as a function of the lattice depth V,,. The qualita-
tive features of the states that are harbored by the Bose-Hubbard model depend only on the ratio of
these two quantities U/ .J. Practically speaking, the absolute energy scales of these two parameters
are important for defining relevant experimental time-scales. This conversion comes from defining
all energies by h as an angular frequency. In our experiment, the depth of the lattice is measured in
lattice recoil £, /h &~ 2m x 1240Hz and sets these overall energy scales. The values for J and U, as
calculated from the ground state Wannier wave functions (1.17, 1.18), are plotted for the parameters
of our experimental parameters in Fig. 1.6.

In the deep lattice (tight-binding) limit, the dispersion of the ground band becomes well approx-

imated by a cosine potential: E; = —2.J cos (27q/k;) where J is the Bose-Hubbard hopping pa-

rameter. In this regime, the analytical form for J can be solved for exactly and approximately decays
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Figure 1.6: Bose-Hubbard Parameters. a) The hopping parameter .J is evaluated for the optical lattice used in our
experiments and is plotted here as a function of lattice depth. b) The interaction energy U is plotted as a function

of lattice depth for a one-dimensional system. The absolute energy scale requires the knowledge of the amount of
confinement in the other two spatial dimensions. The band of possible values plotted here relies on the two different
z-confining optical lattices that each have different spacings and can be varied through different amounts of optical
powers. This translates into a variable amount of compression of the wave function and hence interaction strength

U. ) This plot shows the relevant ratio of U/J which qualitatively determines the physics investigated in the system.
This plot is also for a one-dimensional system.

exponentially with lattice depth:

(1.20)

J = iE E o e_Q(VO/Er)1/2
VT O\ E,

Additionally, the scaling of U with lattice depth can be estimated by approximating Wannier
wave functions with the Harmonic Oscillator Gaussian states. In this limit the two relevant compar-

isons to the lattice can be given by the effective on-site trap frequency wp,, and oscillator length [,

that depend on the lattice depth:
Who = 2E7" V ‘/;)/Er (I-ZI)

31



a/2 [V, —1/4
o= /s = 1 (32 (122

1 1 1/4 B
wte =) i = s () ) o

where Hy, (2 /l},) are the Hermite polynomials of order 7.

This leads to an approximate scaling of U o< Vol/ 4 This elucidates the point that while both
J and U are tunable with lattice depth, the relevant ratio of U /J is mostly determined by the ex-
ponential suppression of .J with the lattice depth. However, one crucial difference is that J,, . »
should be defined per lattice direction and depends only on the lattice depth along this direction.
This is not the case for U which depends upon the integral of the Wannier wave function in all three
dimensions. This means that even without using a Feshbach resonance, there is some marginal tun-
ability of U by just changing the lattice depth in the dimensions orthogonal to the dimension of
interest for J. This is particularly relevant since the majority of the work described in this thesis is
performed for one dimension. The lattices that provide confinement along the z-direction has the
widest range of tunability and is plotted in Fig. 1.6 as two-bands of experimentally accessible ranges

for one-dimensional Bose-Hubbard physics parameters.
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1.3 QUANTUM PHASE TRANSITIONS: SUPERFLUID TO MOTT-INSULATOR

Quantum phase transitions are a celebrated achievement in physics that differ from their classical
counterparts since they can occur even at zero temperature. These quantum phase transitions are
driven by quantum fluctuations in the ground-state wave function of a system since all thermal fluc-
tuations are frozen out at zero temperature. The Bose-Hubbard model famously exhibits a quan-
tum phase transition that depends on the relative strengths of the on-site interaction and tunneling
terms. This will first be described by the ground-state wave function’s behavior in the two extremes

for a lattice with no additional potentials (i.e. h; = 0), N atoms, and periodic boundary conditions.

1.3.1  SUPERFLUID PHASE: J > U

In the limit of very large J compared to U, the Hamiltonian favors the delocalization of atoms
across the lattice. The ground-state wave function becomes simple to write down in the extreme
case that U — 0 and we simply recover N atoms occupying the Bloch band for ¢ = 0 as defined

from the band structure derived earlier in this chapter:

N
1 /. N 1 .
|Wsp) = N <a:r]:0> |0) o N Zai lvac) (1.24)
%

where |0) is defined as the vacuum state with 0 bosons. In the case that we do not restrict the
ground state to a specific number of particles N, the ground state is defined by a coherent state |;)

on every site ¢ since this state is an eigenstate of the tunneling matrix elements @; (G;|cy) = o;|a;)).
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In this regime of uncertain particle number, the ground-state becomes a product state of coherent

states:

Wgp) ~ H|O‘i> — He—lauz/%a&}m) (1.25)
% %
where the phase of  is well defined and constant across all sites in the lattice (¢|o;) = Argloy])
and a fixed average density (n) = |a|2. This approximation conceptually describes the superfluid
as an array of Bose-Einstein condensates on each lattice site with a well defined phase that is locked
across the entire lattice via the tunneling operators. The superfluid phase is defined by a non-zero

order parameter ) = () and has characteristic properties of having gapless excitations and finite

compressibility & = On/dp.

1.3.2 MoTT-INsULATOR: U > J

In the opposite limit, as U becomes the dominant energy scale in the system, the eigenstates of the
ground state become defined by the on-site atom number. This forms an insulating state that sup-
presses particle transport due to the strong inter-atom interactions. This becomes clear in the ex-
treme limitas J — 0 and the Hamiltonian is now defined by only the on-site number operator
71; meaning that all the eigenstates of the Hamiltonian are also eigenstates of 72;. Since the on-site
particle number is quantized, the atom-number on a given site 7 is determined by the ratio of 1/U.

In the case of a commensurate total atom number N with the number of lattice sites L (N/L = v),
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the Mott-insulator wave function is written as:

warr) = [T (&) 10) (1.26)

i
In the Mott-insulating state, the order parameter of the superfluid goes to zero since all phase
coherence between lattice sites is lost. In the case of commensurate filling” , this state forms plateaus
of fixed on-site atom number v and the lowest excitations are defined by moving a particle to its
neighboring site at the cost of the on-site interaction energy U. This defines this state as having

gapped excitations and points to its incompressibility.

1.3.3 PHASE DiAGRAM

The two variables, phase (¢) and on-site atom number (73;), are conjugate variables that describe the
quantum phases described above. The diagram that determines the boundary between the phases

can be understood from a mean-field approach. The superfluid to Mott insulator transition is a

* A subtlety when attempting to reach the Mott-insulating state in a real system is fulfilling this
commensurability requirement. If one is using a box-like potential (rather than a harmonic trap), the
system 7must have commensurate filling to reach a true Mott-insulating plateau. Otherwise the system

will be effectively descried by two competing effects: a Mott-insulating plateau with closest lower in-
L

teger on-site filling (n =v] = |MI,) =], (aj) |0>> that is accompanied by an overlap-

ping superfluid that lives on top of this Mott-insulating plateau with the remaining delocalized atoms
(v—m)xL
<|SF(n_l,) <L) = (a:;:()) |0>> . Realizing a state that is similar to a combination of the two and

can be difficult to realize the underlying state (|¥,) ~ |M1,,) @ [SF(,,—,)x1)). However, in most ultra-
cold atom experiments, such a potential is not used. Instead, the varying trap potential can be approximated
as a slowly varying chemical potential (known as the local density approximation) and spatially redistributes
atoms to form true integer filling Mott plateaus in a canonical “wedding cake” structure (Fig. 1.7b) with su-
perfluid regions living between the Mott-insulating layers of the “cake”. This is more thoroughly described in
these two theses ®649,
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Figure 1.7: Mean-field phase diagram. a) The mean-field phase diagram is shown here for the break down of the su-
perfluid phase into the Mott-insulating lobes (gray) as a function of J/U and ,u/U. The coordination number, z,
corresponds to the number of neighboring sites in a system and in this way accounts for dimensionality. This phase
diagram works relatively well for > 2 spatial dimensions. The inset is a plot of the scaling of the peak of the Mott lobes
as a function of ,u/U and demonstrates its suppression with increase in filling vl b) These illustrations demonstrate
the qualitative features of the regimes of this phase diagram: i) a superfluid regime which is described by delocalized
particles, gapless excitations (for dimensionality > 2), and non-zero order parameter and ii) a Mott-insulating regime
where the particles are localized by inter-particle interactions, the order parameter is zero, and the state contains a
finite gap.

second-order phase transition and therefore can be described by the traditional approach 4 Iz Lan-
dau'™”.

The mean-field phase diagram is plotted in Fig. 1.7 with axes given by the relative chemical poten-
tial 11/ U and relative tunneling strength z.J/U where  is the coordination number, the number
of neighbors to each lattice site, which is linear with the physical dimensionality in a square lattice
(z = 2 x D, where D is the dimensionality). The lobes on the left plot of Fig. 1.7 define plateaus of
a given atom number which become smaller, or experimentally more fragile, as a function of on-site
occupation number.

It can be seen intuitively that the critical, finite value of U/J . depends on the on-site occupation
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number by comparing the kinetic energy scales to the gap in the system. We first start in a Mott-
insulating plateau |W 577 ) with 72 atoms per site which has a total energy of Eg = L - Yn(n — 1).
The first excitation from this state involves moving an atom from site ¢ to its neighbor and has a
total energy of £y = (L — 2) - %n(n - 1)+ %(n + 1)(n) + %(n — 1)(n — 2). The gap
between these two states is given by A = E; — Ey = U and notably is independent of the on-site
occupation number 7;. Since the atoms are bosonic and identical, the kinetic energy term .J that
connects these two states has a bosonic enhancement factor of ~ n and means that the relevant
comparison for distinguishing these two phasesis (U/J). o< U/(nJ). The peaks of the lobes in
Fig. 1.7 and are plotted as a function of half integer chemical potential in the inset and agree with a

power law exponent n L.

1.4 DISCUSSION: BEYOND TIGHT-BINDING BOSE-HUBBARD

The derivations of the chapter encompass the simplest incarnation of physics relating to a solid state
physics system. We derived how a single-particle is diagonalized within a rather simple, but very
physically relevant sinusoidal lattice. Incorporating more complex lattice geometries is conceptually
the same but can lead to subtle changes in the band structure such as a honeycomb lattice which
harbors Dirac points .

Additionally, even within the currently studied model, when not residing deep in the tight-
binding limit, one needs to include the hopping terms to non-nearest neighboring sites to accurately

describe the observed physics in the lattice ™" (§2.4.2). In the case of relatively strong inter-particle
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interactions, energy shifts from high on-site occupancy can induce hybridization with higher bands
and create anharmonic, on-site occupation number dependent changes in the interaction energy .

The presence of significant on-site, or inter-site potential deviations from disorder in the optical
potential can additionally modify the canonical Bose-Hubbard parameters considered earlier. While
the predominant deviation comes in directly as on-site energy offsets, h;, the fractional change to
the lattice depth between sites will also create a distribution of .J; values, and the fractional change
to local site curvature will incur small changes of the interaction strength U;. This is systematically
explored for an optical speckle disorder in White, et al. B9 Tater in this thesis, we will also apply
an engineered on-site potential distribution derived from a quasi-periodic potential with respect
to the physics lattice. We found that the variation in Bose-Hubbard parameters in this regime were
negligible other than the on-site offsets h; (§s).

Lastly, several experimental groups have moved on to atoms from the lanthanide group that
host a large number of useful internal states and additionally harbor a strong dipolar magnetic
moment thatis &~ 10X larger than that of standard alkali atoms. These magnetic atoms admit a
whole host of interesting quantum phases within optical lattice systems and can be included in the
Bose-Hubbard model as additional terms. This construction has been termed the extended Bose-

Hubbard model with some recent theoretical interest and experimental progress’>*4.
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1t is hard for me to empathize with an atom.

Dr. M. Eric Tai

Quantum gas microscope:

an overview

All experiments presented in this thesis are performed using an apparatus designed in a quantum

gas microscope architecture for bosonic atoms.” We conduct all experiments with a degenerate,

*Traditional microscope naming conventions typically refer to the method by which they probe the
phenomena of interest (i.e. optical microscopy, electron microscopy). Although this microscope may seem
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quantum gas of 5"Rb atoms in either one or two spatial dimensions by confining the atoms to a
single-plane in a three-dimensional optical lattice. This single-plane of ultracold atoms lies at the
focus of an imaging system with a high numerical aperture (NA) of 0.8. The occupation of these
lattice sites can be read out with single-site resolution via an in-situ fluorescence imaging technique.
A far more detailed description of this apparatus is provided in a number of other theses and publi-
cations #1421 12LI49 19618907 and only the core components necessary to explain the successive work
of this thesis will be explained here.

While all ultracold atom machines are an amalgamation of many parts that collectively record
the successes of atomic physics for the past several decades, the schematic in Fig. 2.1 only represents
the latest addition and the heart of the microscopic access in this experimental apparatus. This
schematic shows the high-NA imaging objective that sits outside an evacuated glass cell in which
the degenerate quantum gas is formed. The custom objective that sits outside the glass cell has an
NA =~ 0.55. The in-vacaum hemispherical lens is made of fused silica with a refractive index of
n = 1.45 and increases the combined NA to ~ 0.8. We create a Bose-Einstein condensate (BEC) of
87Rb by conventional evaporation in a magnetic trap in the glass cell. The BEC is then transported
to the focus of this imaging system which is =~ 10um below the bottom surface of the hemisphere.
The z-confining lattices enter into the glass cell from the sides while the -y plane lattices are pro-

jected through the objective itself (Fig. 2.2). The occupations of the lattice sites are imaged onto an

dissimilar to this naming convention, an important point of this apparatus is thatitis using the quantum
properties of the degenerate atomic gas to probe physics that is harbored by Hamiltonians of interest. While
I do not think this name was intentionally chosen to reflect this approach, I think it is a surprisingly appropri-
ate/accurate description.
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High-NA Objective Single-site fluorescence imaging

NA =0.55

2~ X

NA=0.8

quantum gas, trapped ~9.2
micron below surface

Figure 2.1: Schematic of microscope objective, glass cell, and imaging. a) The heart of the quantum gas microscope
revolves around the combined high-NA (0.8) microscope objective built constructed from an out of vacuum objective
(0.55 NA) and an in-vacuum hemispherical lens. The gas is trapped in a single plane of an optical lattice approximately
9.2 um below a super-polished glass substrate. This substrate and all surrounding glass cell surfaces have no optical
coatings. b) This example of a single-site fluorescence image of the atoms in the optical lattice displays the size of

the atomic cloud that can be seen by the camera with its current magnification. The zoomed in inset demonstrates
the ability to resolve the occupation of single lattice sites. Their approximate spacing is given by the lattice constant

a ~ 680nm.

EMCCD camera (Ixon X-3313) using fluorescence imaging from polarization gradient cooling via
optical molasses beams. These two paths are the two generic options for optical access to the atoms

and all other beams are combined onto these paths by either beam-splitters or dichroic filters.
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Figure 2.2: Optical lattices and optical access. a) The x, y-optical lattices are projected onto the atoms through the
microscope objective. Both directions, x and y, are imaged onto the atoms from their own separate phase holograms.
Since these beams are not generated by retro-reflection, both their wavelength (A &~ 758nm) and their angle of
incidence =~ 34° determine the lattice spacinga =~ 680nm. b) The z-confining lattice is produced by reflecting

a single beam off the bottom of the super-polished substrate at a steep angle. Since the beam is not retro-reflected, it
only produces a standing wave along the z-direction. There are actually two different lattice spacings created in this
configuration by changing the angle of incidence. The large spacing lattice, termed the “big” lattice, has a spacing of

~ 9.2m to match the magnetic trap position holding the BEC. This BEC is then compressed by turning on the tighter
latticed, termed the “axial” lattice which has a spacing of = 1.5um. All the optical lattice potentials in this setup are
produced by spectrally broad light (== 3nm). This is possible for the x, y-lattices since they are imaged onto the atoms.
The z-lattices still have relatively high contrast due to the high-reflection coefficient at such steep angles and since the
lattice planes are well within the coherence length (= 100m).

2.1  OPTICAL LATTICE POTENTIALS

The dominant potential landscape experienced by the atoms is defined by optical lattices in three di-

mensions. The atoms are loaded from the BEC in a magnetic trap into a single two-dimension plane
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by being confined by a single node of a vertical (z-direction) lattice. All studied physics relating to
the Bose-Hubbard model derived in the previous chapter is restricted to within this two-dimension
plane (z, y-directions). All lattices are formed by interfering two beams along a given axis which
produces a square lattice in all directions with a sinusoidal shape.

Nearly all optical potentials in the setup are regulated by sampling the beam intensity with a
photodiode with a logarithmic amplifier (AD8304) which is set to ~ 0.5V /decade. This has two
important effects in the system: i) the logarithmic amplification of the photodiode signal provides a
wide dynamic range which is useful for alignment procedures, and ii) that all optical intensity ramps
shown in any of the documented experimental sequences refer to how this photodiode voltage is
changed. This means that a “linear” ramp seen by the PID that regulates the optical power in a
beam to the photodiode output results in an exponential ramp seen by the atoms. This is compen-
sated in some sequences by logarithmic ramps, although often such an exponential ramp is desirable
since the most sensitive Bose-Hubbard parameter, the tunneling element .J, also scales exponentially

with the lattice depth.

2.1.1 2-LATTICES

The loading of the BEC into a single node of the z-confining lattices is performed by a two-step pro-

cess and requires two different z-lattices. Both of these lattices are generated from a single beam that

is reflected off the uncoated, flat surface of the hemispherical, in-vacuum lens as shown in Fig. 2..2.
The first step comes from a beam illuminating this surface from a very shallow angle and forms a

large spacing lattice with a lattice constant of & 9.2m which corresponds to a recoil energy E; ~
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27 x THz. This large spacing lattice is denoted as the “big” lattice. The atoms are loaded into the
15" minimum of the lattice away from the surface of the glass surface, which provides the reference
for defining all z-positions in the apparatus. While this bottom surface is uncoated, the angle is

sufficiently shallow (=~ 88° from normal) such that the Fresnel intensity reflection coefficient is

2\/R7)

reasonably large (R, ~ 0.85). This reflection coefficient produces a lattice with a contrast ( IR

of = 0.997. This means that for a measured lattice depth of Vobig , the corresponding DC oftset will
be & 0.002 x V5.

The second step involves a hand-off with a second beam that illuminates the surface from the op-
posite direction at a less shallow angle (= 75.6°) to produce a lattice with a smaller lattice constant
of & 1.5pm which corresponds to a recoil energy E; ~ 27 x 255Hz. This smaller spacing lattice is
denoted as the “axial” lattice. The atoms lie in the 6'* minimum of this lattice which overlaps with
15" minimum of the “big” lattice. The uncoated surface has a more detrimental effect at this illumi-
nation angle where the Fresnel intensity reflection coefficient is significantly smaller (Rs ~ 0.39).
However, since the beam interferes with itself upon reflection, the interference contrast still remains
relatively high at 2 0.90. This means for a measured lattice depth of V,2%%, the corresponding DC
offset will be &~ 0.056 x V%%, The angle dependencies of both of these parameters, minimum
offset and contrast, are plotted in Fig. 2.3.

Both of these z-confining lattices are generated from an amplified Superluminescent Light Emit-
ting Diode (SLED) source (EXALOS® EXS$210025-01) centered at A &~ 755nm. The bandwidth
of this light is relatively wide ~ 3nm such that the light is approximately temporally incoherent.

The corresponding coherence length is &~ 100um which is much longer than the z-lattice spacing
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for a beam reflecting off an uncoated glass surface. The reflection coefficient is derived from the Fresnel reflection
coefficient defined for intensity . b) The potential energy offset incurred by non-unity reflection of a beam off an
uncoated glass surface as a function of the angle of incidence. The offset is plotted as a fraction of the lattice depth
seen by the atoms.

Figure 2.3: Lattice parameters vs. angle. a) The lattice contrast,

) , plotted as a function of angle of incidence

and allows for relatively high-contrast interference quoted above. This short coherence length, while
allowing the creation of a high contrast lattice at the length scales of interest, prevents interference
of any of the conservative potential beams with one another or with unwanted reflections from sur-

faces more than 100m away.

2.1.2 ¥, Yy-LATTICES

In the z-y plane, the lattices are imaged onto the atoms from a holographic mask through the
objective (Fig. 2.2). The spacing of this lattice is = 680nm which corresponds to a recoil energy
E; ~ 27 x 1240Hz. The holographic mask is a phase hologram that imprints a square wave of
alternating 0 and 7 phase onto the profile of the illuminating beam ®*#*. This phase profile onto
Oth

the beam nearly eliminates the order of the light emanating from the hologram in the far field
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and only the £1 orders are imaged on to the atoms. This produces a sinusoidal lattice with relatively
high contrast since the imaging condition is well met by the microscope and optical setup. However,
it additionally means that any unwanted artifacts (e.g. dust on the hologram) is additionally imaged
onto the atom potential and creates local disorder. To alleviate some of this disorder, the beams are
spatially filtered in the Fourier plane of the imaging system™+*.

The same SLED source used to produce the z-confining lattices is also used to produce these
lattices in the z-y plane. Since the lattices are imaged onto the atoms, a more temporally incoherent

source could, in principle, be used.

2.1.3 DISORDER (UNINTENTIONAL) AND HEATING RATES

The use of temporally incoherent light alleviates the contribution of stray reflections to unwanted
interference, and hence unwanted disorder, in the system. However, since the lattices themselves are
imaged from a holographic mask onto the atoms, the fidelity of the lattice potentials is very sensitive
to local scatters in the image plane of the imaging system. There are two approaches to alleviate this
problem: spatial filtering of the lattice beams in the Fourier plane of the system (currently imple-
mented), or the illumination of the mask with spatially incoherent light that would average out any
local scatterer.

Within the context of a faithful realization of the Bose-Hubbard model, the dominant effect
from this disorder corresponds to a modulation in the on-site potential height /; in the tight-binding
limit. However, the choice of blue- or red-detuned lattices affect the relationship of h; to the actual

intensity of the scattered beam. In the case of red-detuned lattices, the atoms reside at the intensity
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maxima which means that, in the tight-binding limit, the on-site potential contains both the lattice
depth —V/, and the zero-point energy o Vol/ 2 x hwho/2. In a blue-detuned lattice, the atoms re-
side at the intensity minima and hence are sensitive to only the zero-point energy shift oc Vol/ % The
light used to produce the lattice potentials in the experiment has a center frequency of A = 755nm
which is far blue-detuned from atomic resonances of Ap; = 795nm and Aps = 780nm.

The other relevant consideration for the faithful realization of the Bose-Hubbard model in op-
tical lattices depends on residual spontaneous scattering of light from the lattices by the atoms.
This light will necessarily impart some kinetic energy onto the atom and begin to populate higher
bands in the lattice. This may appear, at first glance, to not be a significant issue in the case of a blue-
detuned lattice since the atoms sit at the intensity minima where there is no light to scatter. While
the scattering rate is indeed significantly different for the blue- and red-detuned cases, the “heating”
rate (rate at which atomic population is moved to higher bands) is not necessarily different™##. This
result of equivalent “heating” for both blue- and red-detuned lattices corresponds only to the in-
crease in average energy for an atom. However, as shown in Pichler et al., this does not reflect the
increase in entropy related to the dephasing of a many-body state evolving under the Bose-Hubbard
model***. This will become the metric of interest and therefore the scattering rate is the more appro-
priate quantity for comparing between lattice detunings (Fig. 2.4).

We compare several methods for calculating the spontaneous scattering rate in the lattice. The
first estimate that will be considered follows an assumption of deep lattices and being deep within

the Lamb-Dicke regime ®**++. By including the Lamb-Dicke parameter, n? = (4V,/E,)~/2, the

47



estimated heating rate for deep lattices becomes:

T ‘/O 1/2
Y= Erﬁ <E’r> (2..1)

where I' is the linewidth of the D2 transition in 8”Rb (nearest resonance for the blue lattice), A
is the detuning of the lattice light from the D2 transition, and E; is the lattice recoil energy. In the
case of the -y lattices, which should have no appreciable offset, this will become a good estimate of
the spontaneous scattering rate as shown in Fig. 2.4. However, it is a poor description of the sponta-
neous scattering rate with an offset and so we take a more general approach that accounts for these

DC potential offsets (2.2).

1= By [ do (V@) + Vaggoo) @) )

where the considered () is either the Wannier wave functions, wy, (), or the Harmonic oscil-
lator wave functions. These more accurate estimates from (2.2) are plotted in Fig. 2.4. The relevant
lattice depths are: ~ 2 — 45E,"Y for the x, y lattices, = 40 — 250E, %! for the axial lattice, and
~ 3,000 — 20, 000E," for the big lattice.

In the case of choosing laser parameters to make optical lattices, a natural comparison for the
red and blue detuned lattices can be made in the deep-lattice limit when the Lamb-Dicke regime is
reached. The relationship finds the necessary detuning in a red-detuned lattice for the same scatter-

ing rate of a given blue-detuned lattice depth (given by Lamb-Dicke parameter n?) and detuning
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Figure 2.4: Spontaneous scattering rate from optical lattices. a) The optical lattices that provide the confinement
inthe x, y directions have a negligible offset and can be compared in three regimes: the Harmonic oscillator wave
function overlap (blue), the Wannier wave function overlap (orange), and the Lamb-Dicke approximation (green). The
relevant parameter range for the physics contained in this thesis ranges from ~ 2 — 45E,”*Y. b) The spontaneous scat-
tering from the “axial” lattice differs from the naive Lamb-Dicke expectation due to the residual offset from imperfect
reflection. The relevant parameter regime for this thesis is ~ 40 — 250E,‘””ial. c) The spontaneous scattering from
the “big” lattice differs from the naive Lamb-Dicke expectation due to the residual offset from imperfect reflection.

The relevant parameter regime for this thesis is =~ 3, 000 — 20, OOOErbig.

(Ap):

1/2
W") (23)

Ap=Ap(l+n)/n° =Ap |1+ <E

In short, (2.3) shows that a red-detuned lattice needs to be ~ (1 +24/Vy/ ET) X more detuned
than a blue-detuned lattice to obtain the same spontaneous scattering rate at a given lattice depth.
While red-detuned lattices have some benefits in terms of being globally confining as an optical trap,

they are often worse in terms of scattering and decoherence of the atomic system.

49



2.2 ARBITRARY POTENTIAL GENERATION

The ability to realize interacting, many-body systems at ultracold temperatures in optical lattices
has been the work horse of atomic gases and allows the observation of exotic physics such as the su-
perfluid to Mott-insulator transition °?*4. The addition of a microscope to these systems enables
single-site resolution and microscopic access to the lattice sites in the system. Not only can this be
used for imaging of the atoms to determine which lattice sites are occupied, but by symmetry en-
ables the microscope to be used in reverse to project local optical potentials on the order of a lattice
site.

Using this capability for single-site optical potential projection has enabled a series of pioneering
experiments that allow Hamiltonian engineering on top of the bare Bose-Hubbard model. This
is implemented in our apparatus via a Digital Micromirror Device (DMD) that is located in the
Fourier plane of our imaging system. Even though the DMD only provides a binary mask for pro-
jecting patterns onto the atoms, the fact that it is in the Fourier plane enables finer resolution for
single-site features that are spread out across a significant portion of the DMD. Only a brief descrip-
tion of this setup will be mentioned here such that it provides context for how it is used in the suc-
cessive experiments detailed in this thesis. A more detailed description of this setup can be found in
the cited articles and theses™51 499417

The DMD is illuminated with a laser that is blue-detuned from the D1 and D2 transitions with a
center wavelength Apjysp = 765 nm. By placing the DMD in the Fourier plane of the imaging sys-

tem, all desired potentials must be programmed as the Fourier transform of the desired potential at
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Figure 2.5: Schematic of the DMD. a) This schematic simply demonstrates that the arbitrary potentials created in the
Fourier plane of the imaging system by the DMD are imaged through the microscope objective. b) This is an example

of a binarized mask that is displayed by the DMD (red pixels). The underlying grating can be seen by the diagonal
stripes that live within the envelope of the pattern. This pattern makes a Hermite Gaussian along one-direction (-
direction) and an approximate rectangular envelope along the orthogonal direction (y-direction). c) The field of the
laser is what the DMD determines by the displayed binarized pattern. Here is an illustration of a through-cut of the
Hermite Gaussian described in its field (rather than intensity) at the image plane where the atoms reside. Note that the
atoms themselves will respond to the intensity of this pattern for all intents and purposes. This provides some degrees
of freedom when actually designing a desired local potential to display on the atoms.

the atom plane. Additionally, the potential generation on the DMD incorporates a secondary grat-
ing in the projection that allows for both amplitude and phase control of the light. Since it is really
the field” of the light that is tunable with the DMD, the patterns produced can be pre-compensated
for aberrations in the imaging system such that the desired potentials is produced to a high fidelity.

Aberrations in this system can be reduced to ~ /10 at the atom plane™*+"7.

*Meaning both amplitude and phase.
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2.2  DISORDER (INTENTIONAL)

The DMD is used for two primary functions for the experiments in this thesis: 1) wall-like potentials
that act to isolate sections of the optical lattices and 2) the generation of local, tunable “disorder” for
the realization of localized states in the Bose-Hubbard model. For all experiments in this thesis the
applied potential used to localize the wave functions is sampled from a quasi-periodic distribution

of on-site potentials and will be discussed in §s.

2.3 IMAGING AND READOUT

At the end of every experimental sequence, the atoms are imaged via fluorescence imaging by op-
tical molasses beams. The recoil of this near-resonant light necessarily and significantly excites the
atoms to higher-bands in the optical lattice. Even though the optical molasses light provides polariza-
tion gradient cooling to the photon recoil limit, the average energy of the atoms would not remain
trapped very long in the far from resonant lattices used for studying Bose-Hubbard model physics.
To keep the atoms trapped to a single lattice site during imaging we use near-resonant lattices that
are blue-detuned by ~ 55 GHz from the Ap1 = 795 nm transition. The depth of this “imaging” or
“pinning” lattice is = 5000 E,.

During the flourescence imaging process, an additional complication occurs for multiply occu-
pied sites. The absorption of a photon by the atom leads to the formation of an electron dipole
moment with the excited state. This, in turn, induces a dipole in a nearby atom on the same lattice

site such that they form an attractive molecular potential and causes the atoms to gain kinetic energy
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via their mutual attraction. However, the excited state will then rapidly decay and leave both atoms
with enough energy to escape even the deep imaging lattice; a phenomenon that is known as photo-
assisted collisions ***.” Importantly, this results in pair-wise loss of atoms from a lattice site during
imaging such that only the parity of the on-site occupation number is imaged and is colloquially
referred to as “parity projection.”

This parity projection imaging can be circumvented for one-dimensional slices of the lattice by
using the DMD. The DMD is used to create two wall-like potentials that isolated a single row or col-
umn of the lattice. The corresponding lattice is then reduced in depth such that all other atoms out-
side of this isolated tube escape the system. Then the atoms within the isolated tube are expanded
along the orthogonal direction for a brief time such that they are very spread out over the orthog-
onal direction during the imaging sequence®®. This makes it very unlikely, in a probabilistic sense,
for the atoms to occupy the same site and be ejected from the lattice due to the photo-assisted col-
lisions. This expansion allows for on-site occupation number resolution. For a one-dimensional,
many-body wave function this amounts to a projective measurement onto the particle number basis
or Fock basis.

This resolution of the on-site number distribution enables several important key features for
probing quantum many-body systems. It enables readout of the entire diagonal of the full system’s

density matrix which allows for probing correlations within this basis. It also enables higher-fidelity

“Note that this effective 3-body interaction is what allows for the photon to impart such a significant
amount of energy into the atoms as kinetic energy. In a 2-body scattering event between the atom and the
photon, the atom only receives only a recoil of energy from the photon changing momentum, but not wave-

length.
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state readout in two ways: i) during the imaging process there is a finite probability in a densely
occupied lattice, that an atom hops to a neighboring site which can result in photo-assisted collisions
and appears as two “holes” in the image that are artifacts of the imaging and not the physics being
probed, and ii) it also enables post selection on total atom number which becomes paramount to
quantifying atom loss during the experimental sequence. The latter is an essential tool for reducing

the heating that contributes to measurements in the experiments described later on in this thesis.

2.4 CALIBRATION OF ENERGY SCALES

The ability to accurately determine all experimental parameters in the system is an invaluable benefit
that contributes to the precision of the results generated by this experiment. I have briefly described
several of the standard calibration steps that were used ubiquitously throughout this thesis to accu-
rately determine Bose-Hubbard parameters for conducting experiments and will not be described
otherwise. Additionally, many of these methods are built upon previous results using the apparatus
and in some cases are throughly detailed in those publications, which will be cited in the appropriate

locations.

2.4.1 LATTICE DEPTH: KAPITZA-DIRAC SCATTERING

A particularly efficient method to calibrate the lattice depth experienced by the atoms is via Kapitza-
Dirac scattering°®"#77%7%5 This method requires that the atoms have Bose-condensed so that

their many-body wave function has a well defined phase across the entire cloud. The lattice is then
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turned on very diabatically” and illuminates the atoms for a tunable, but brief time period. This
brief illumination of the atoms is such that the atoms only experience a potential that evolve the
local phase of their wave function but the atoms have not had time to move yet. The imprinted
phase on the atoms has a spatial structure that is proportional to the lattice potential and can be
probed easily via common time of flight measurements which map the spatial Fourier components,
or wavevectors of the wave function, to momentum.

This mapping of the imprinted spatial phase on the BEC to momentum has a convenient and
clean analytical form that results from the spatial phase always being commensurate with periodicity
of the lattice. This results in the atomic momentum only existing at integer multiples of the lattice

wavevector. The population in these integer multiples then follows the analytic form given by:

2

Py (t) = ‘j,, <7TETVOt> (2.4)

E,

where 7, is the Bessel function of thel®? kind, v denotes the integer of the lattice vector and the
order of the Bessel function, V; is the lattice depth in Hz, E; denotes the recoil energy of the lattice,
and ¢ is the time the atoms have evolved in the presence of the lattice. The evolution of the popu-
lation into these modes is shown as a function of time in Fig. 2.6. As can be seen in this figure, the
dynamics stop following the predicted evolution due to the presence of the additional trap confine-
ment and that the wave function will also begin to redistribute atomic population in the presence of

this lattice on the order of the lattice-site trap frequency wr,q¢.

*This means the new Hamiltonian is turned on significantly faster than all the inverse energy scales in the
system such the wave function itself has not evolved during the turn on time.
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Figure 2.6: Kapitza-Dirac scattering. a) The plotted points denote the total atom number in the various time-of-flight
peaks that are separated by integer numbers of the lattice wavevector: v = 0 (red),v = =1 (light/dark blue).
The dashed lines are the fitted, analytic forms up to = 10us. b) Example of the raw, in-situ atom images before being

processed.

2.4.2 TUNNELING J : SINGLE-ATOM QUANTUM WALKS

The tunneling matrix element (tunneling strength), J, can be calibrated from the quantum walk of
single atoms in one-dimensional lattices. This protocol involves first isolating a single-atom at a par-
ticular site per one-dimensional lattice. These dynamics have been explored extensively in a number
of publications74+™°%»>+'49 and are of significant interest in their own right. While the tunneling
strength and the lattice depth have a well defined theoretical relationship that could make this cali-
bration seem redundant, practically speaking this method provides a far more accurate estimate of
the local tunneling strength.” The analytic form is quite similar to the Kapitza-Dirac scattering form.

The physics of the quantum walk is, in a sense, exactly complimentary to Kapitza-Dirac scattering.

*This is partially due to some of the systematic biases in the lattice depth calibration that uses Kapitza-
Dirac scattering that limit the precision of the measurement. However, the other issue is that the optical
lattices used in this apparatus have local variation in disorder that can locally modify the tunneling strength
J. Since the vast majority of experiments in this system work with appreciably large-lattice depths and small
systems, this is a significant consideration for calibrating experimental parameters.
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A single-particle which is localized in real space (completely delocalized in k-space) is evolved for-
ward in time by unitary evolution of a new quenched Hamiltonian which has a cosine dispersion
curve in k-space (real space). This necessarily realizes the same analytic result for the population of

the different reciprocal orders in real space, which are now lattice sites:

P (t) =|J (2 x 2nJt)|? (2.5)

where J,, is the Bessel function of the 1** kind, v denotes the integer lattice sites away from the
origin and the order of the Bessel function, and J is the tunneling strength. There is an additional
formulation that includes the possibility for local potential gradients that can provide a better fit and

is the corresponding form for what are known as Bloch oscillations:

2

P = |9, (22 sn (rt/) )

where E is the local potential gradient. For a given evolution time ¢, a corresponding lattice
size can be fit where |v| < L/(27J). " These fits and averaged site-occupation data are shown
in Fig. 2.7. Note that at very low-lattice depths, the tight-binding, nearest-neighbor coupled Bose-
Hubbard model becomes a less accurate description of the physics in the lattice and hence higher-
order tunneling terms become significant. The deviation, both theoretical and measured, is shown

in Fig. 2.7.

*This bound is determined by the Lieb-Robinson veolocity, which for a single-atom in a lattice is deter-
mined by the steepest slope (maximum group velocity) of its corresponding band.
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Figure 2.7: Quantum Walk Calibration. a) The calibrated tunneling strength J are plotted as the blue points for vari-
ous measure lattice depths by fitting the time evolution of the particle’s wave function to the analytical form (2.5) The
analytical result for the nearest-neighbor tunneling strength .J as a function of lattice depth is plotted as the dashed
black line. The orange line describes the expected deviation of the calibration fits to the data based upon the contribu-
tions of higher-order tunneling terms that include tunneling beyond nearest neighbors. b) The raw data is shown as a
function of time and lattice site index ¢ for a 5.2 E; deep lattice. The analytical dynamics that fits best to it is shown on
the right.

2.4.3 INTERACTION U AND LINEAR TILT F: PHOTON-ASSISTED TUNNELING

Determining the on-site interaction strength U and local potential variation from local disorder

can be determined from a single protocol that utilizes photon-assisted tunneling™*. This method
first starts deep in a Mott-insulating regime where there is exactly an integer number of atoms per
lattice site. Then a potential gradient is applied to the system such that it increases the on-site poten-
tial energy by £ Hz/site such that is larger than the interaction energy U. Then the lattice depth is
lowered to intermediate lattice depth ~ 15E; where the tunneling J is still much smaller than U

or I/, The lattice depth is then sinusoidally modulated at small amplitudes at various frequencies to
restore tunneling between the sites that are currently far away from resonance. When the frequency
matches the energy difference between two sites, it restores tunneling and appears as strong on-site

fluctuations away from the Mott-insulating state.
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Figure 2.8: Protocol for mod-
ulation spectroscopy. a) This
illustration describes the pro-
tocol for this tilt and modula-
tion experiment. By analyzing
the system by local regions of
interest (ROls), not only can
the global interaction strength
be measured, but also the local
variation in on-site potential
offsets. b) Two potential ROls
are plotted as a function of the
modulation frequency and the
measured on-site occupancy
between neighboring sites.
The solid lines are fits from a
two Gaussian model to extract
the resonance frequencies.

There is a useful asymmetry in this protocol due to the on-site interactions. In the regime where

E > U, the energy difference for an atom to hop to neighboring sites will cost either £ + U or

E — U energy depending upon the direction of increasing gradient potential. This means that by

measuring out both resonance conditions both £ and U can be calibrated locally. This is demon-

strated in Fig. 2.9 where the two resonances are measured, and the variance of the tilt /' and the

interaction U across the measured region reveal residual on-site disorder and on-site curvature.

While the tilt £ here is described as purely a part of a process that is necessary to suppress tunnel-

ing such that U and on-site differences can be measured, the tilt itself is also sometimes the quantity

of interest. In some experimental schemes that implement synthetic magnetic fields in ultracold

atom experiments, a potential gradient is used to suppress the bare, resonant tunneling in the lattice

J along one direction which is then restored with a spatially varying phase. This has been explored
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Figure 2.9: Calibration of interaction (U), tilt (F)), and variation in on-site potential (/;). a) The same ROl plot as
shown in Fig. 2.8 is demonstrated for a system with the interaction strength defined by the z-confinement derived
from the “big” lattice. b) Variation of tilt as a function of the lattice site of interest. The linear fit here suggests a resid-
ual curvature of the on-site lattice offsets since it is the derivative of the on-site potential offset profile that is mea-
sured by this protocol. ¢) Variation of interaction as a function of lattice site index. Note that this varies only on the
order of 1 Hz since it is effect by the on-site variation in curvature.

in several cold atom experiments in real space #"** and was implemented in this system to probe the

1181

Harper-Hofstadter model™ and is described in significant detail in the cited thesis 80,

2.4.4 ON-SITE POTENTIAL OFFSETS hz : ADIABATIC TRANSFER

The generation of single-site resolved potentials h; are created via the DMD installed in the appara-
tus and are used extensively for state initialization and site-occupation readout during imaging. In
both of these cases, the absolute depth of the potentials used is not particularly important since both
procedures are relatively insensitive to them. However, some of the experiments in this thesis rely
on a particular relationship of the on-site potential offsets h;, to both the tunneling strength J and
interaction strength U. By calibrating these potential offsets using the atoms we can both compare
how precisely the DMD can produce a desired optical potential and the absolute height of these
potentials in Hz.

We used a similar protocol to the U calibration method mentioned above in §2.4.3 and is a hy-
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brid of the protocols used in previous studies**7#. The method starts with a unity-filled Mott-
insulating state. A tilt of strength F2 Hz/site is then applied to the system to bring all sites far from
resonance with their neighbors. The lattice depth is then reduced to an intermediate depth with
appreciable but small tunneling. The additional potential pattern is then turned on approximately
adiabatically with respect to only the nearest neighbor tunneling strength J. Since the potential that
is applied has varying on-site potentials /;, the resonance condition is again re-established when the
energy difference between neighboring sites, A; = h; — h;_1, compensates for the energy offset
E — U. The signal for this transition is finding when the average on-site occupation changes from
= latomton = 0,2. This is actually measured in-situ as a change in parity. The example for
this method shown in Fig. 2.10 is performed for an on-site potential sampled from a quasi-periodic

distribution: h; = W cos (2737 + ¢,), where 3 is the golden ratio ~ 1.618, 7 is the site-index, and
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¢, is an arbitrary phase factor. This protocol is also described in the supplementary information of

Lukin et al™®.

2.4.5 HEATING RATES : SPONTANEOUS SCATTERING

As discussed earlier in §2.1.3, the spontaneous scattering rate provides a limit on the lifetime of
many-body coherent processes. To estimate this limit, we determine the contribution of the spon-
taneous scattering rates present from all the confining optical potentials in the system. The ap-
proximate background lifetime related to background collisions with hot atoms (this is related

to the vacuum quality in the glass cell) is a lifetime of 75y = 33(3)s or scattering rate Ygry =
0.03(3)Hz. By measuring the atom loss rate from relatively weak traps as a function of optical po-
tential depth, we can measure the contribution of the additional optical potential to heating and
the offset that comes from background gas collisions. In general, this loss will follow an exponential
form ~ n(t) = N,e Bkst=Yopticat(Vo)t By holding the atoms in just an optical harmonic po-
tential (a large Laguerre-Gauss beam) and the axial confinement lattice, we were able to find good
agreement with the predicted spontaneous scattering rate and the approximate background collision
rate estimated by previous works (Fig. 2.11) '®™#9_ These measurements put an approximate single-
atom lifetime bound due to the combination of all decay mechanisms in the experiments presented
in this thesis to be Tai14aziat @ 14sin the axial-lattice configuration and 7414y ~ 19sin the

big-lattice configuration.
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Figure 2.11: Axial lattice heating rate. a) The plotted data points are determined directly from the fit of an exponential
decay to the atom loss from the optical trap at various axial lattice depths after removing the static contribution from
the background lifetime independent of lattice depth. b) The atom loss from the optical trap as a function of time. The
dashed line represents the fitted exponential decay.
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Even two shoes in the box are correlated!

Dr. Alexander Lukin

Correlations, Entanglement,

and Quantum Phase Transitions

Phase transitions, classical or quantum, are a celebrated paradigm in physics for describing the
macroscopic properties of many-body systems independent of their microscopic parameters. These

phases are described by a canonical diagram that distinguishes between an “ordered” and “disor-
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dered” macroscopic phase of the system via a quasi-local observable known as an “order parameter”.
This parameter possesses a non-zero value in the “ordered” regime and becomes zero when it enters
the “disordered” regime. The transition of the macroscopic system from one phase to another is of-
ten performed by tuning a thermodynamic constraint such as the equilibrium temperature of the
system: the solid to liquid transition at the melting point, the ferromagnetic to paramagnetic transi-
tion at the Curie point, or the condensing of bosonic atoms into a Bose-Einstein condensate (BEC)
at the critical temperature of a trapped, ultracold atomic gas‘43’158’97’96.

In classical systems, these thermodynamic transitions occur at a particular temperature when the
thermal energy per constituent is comparable to a microscopic interaction parameter that governs
the ordering of the system. This leads to a non-analyticity of the thermodynamic free energy and
defines the point of the phase transition °. The ability of the system to actually change its macro-
scopic ordering requires that the system possesses microscopic fluctuations, in this case driven by the
microscopic thermal fluctuations that accompany a given temperature. The ability of these fluctua-
tions to drive the system from a disordered state towards an ordered one requires the correlation of
these fluctuations across the system such that they bring the system collectively towards a macroscop-
ically ordered state. As such, a length scale can be defined that associates the spatial extent of these
correlations in the system and gives rise to many of the characteristic associations with phase transi-
tions such as the correlation length diverging at the critical point. This divergence of correlations at
the critical point represent, perhaps, one of the best examples of a many-body system that cannot be
accurately described by only looking at a few of its microscopic constituents.

The most remarkable aspect of this phase transition paradigm being that, while many phase tran-
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Figure 3.1: Schematic of a Quantum Phase Transition. a) The canonical schematic for a quantum phase transition oc-
curringatT' = 0 for the ground state as a function of a tuning parameter g. The avoided crossing shown between the
ground state and the excited state in this diagram are separated by the coupling between the two terms in the Hamilto-
nian: Hy and H. Each dominating character of the ground state in their respective regimes. The color of the ground
state denotes whether it lies in the “ordered” or “disordered” phase. b) The canonical phase diagram associated for a
quantum phase transition has an “ordered” and a “disordered” phase that cross at a critical point g. whenT" = 0 and
the size of the system is very large (referred to the “thermodynamic limit”). The left diagram, a, is a plot of the eigen-
states along a finite system size cross section of this diagram. As the system size is increased, this gap goes to zero. As
the temperature is increased, more eigenstates in the system become incoherently populated and conceptually the
quantum fluctuations, hww,., that attempt to order the system compete with the thermal fluctuations kg1 that drive
the system towards a disordered phase. The closing gap near the critical point extends this classically disordered phase
downward into the critical “fan” shape associated with critical behavior and quantum phase transitions.

sitions may differ in absolute values, their qualitative scaling behaviors for such transitions depend
only upon a few global constraints such as dimensionality or underlying symmetries. This means
that given some appropriate rescaling of different systems, their macroscopic (thermodynamic) be-
havior will be identical and therefore the behavior of the transition is actually “universal”.

Many of these concepts from classical phase transitions can be related to quantum phase transi-

tions. The study of quantum phase transitions involves the tuning of a coupling parameter, g, in a
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Hamiltonian between two non-commuting terms as schematically shown in:

H = Hy+ gH; (3.1)

where [Hy, H1] # 0. The transition of this system occurs at a critical coupling point g, and is
only considered at equilibrium which can occur even when " = 0. * Fundamentally, the system
still needs fluctuations even at 7' = 0 to allow for the macroscopic ordering at the phase transition.
The difference being that these fluctuations are now driven as purely “quantum” fluctuations that
persist even at T' = 0 due to the Heisenberg uncertainty principle. These quantum fluctuations also
lead to a divergence in a correlation length across the system at the critical point. The question that
then naturally arises is “how much are these correlations purely quantum?” This notion of uniquely
quantum correlations is intimately related to the concept of entanglement in quantum systems —
perhaps the most celebrated hallmark of “quantum-ness.” In some cases, the entropy induced in a
system due to its entanglement has been used to distinguish the uniquely quantum aspect of these
phase transitions. Analytical and numerical results for this entanglement behavior have been studied
theoretically for both spin systems (Ising and Heisenberg models) and lattice models of itinerant
particles (bosonic and fermionic) 7.

This mapping of the language and Landau-Ginzburg framework of phase transitions, however,

does not apply ubiquitously to all quantum phase transitions. Notably, in the case of fractional

103,112, 193,88

quantum hall states 93 or spin liquids their is not a clear notion of a local order parameters

*It is at this point, the assumption of a system at equilibrium and 7" = 0, that all quantum phase transi-
p p % q q p
tions are typically assumed to refer to the transition in the ground state properties.
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that distinguishes these phases, but rather their non-local entanglement that captures their behavior.
This section will start off with a generic discussion about correlations and entanglement in quan-

tum systems. The presence of such correlations and their relation to quantum phase transitions

will be discussed in the context of experiments measuring entanglement in the superfluid-to-Mott-

insulating transition in the Bose-Hubbard model and the paramagnetic-to-ferromagnetic transition

in the transverse Ising model — both of which are realized in one dimension. While the transverse

Ising model will harbor much of the generic behavior discussed above, the Bose-Hubbard model in

one dimension belongs to the class of topological BKT-type transitions.

3.1 COHERENT SUPERPOSITION AND STATISTICAL DISTRIBUTIONS

This section provides the mathematical formalism and concepts that naturally arise in the context
of correlations and entangled states. For simplicity, we start with a single-particle state to develop
some intuition. If we imagine a single-spin that is prepared in the 42 direction, we can write it as an

eigenstate of the z-basis or a superposition in the z-basis:

1
V2

| =) =

(0 +14)

This equal superposition in the z-basis would result in a2 50%/50% z-measurement distribution
that would give rise to an expected average value (0*) = 0. However, representing this state in
this ket-vector notation actually makes an implicit assumption that the state is pure and therefore

describable by a single vector that represents this coherent superposition of states in some basis. A
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more convenient and versatile notation that avoids this assumption is with density matrices. The

density matrix for the pure state above is simply the ket-bra product:

p=1=0 1= S (IO T I+ D0+ )

When written in matrix form where the basis states {| 1), | |)} define the row and column in-

dices of the matrix:

I I 1/2 1/2
,025 =

O TH{E /2 1/2

The diagonal of this matrix is simply the probability of a given state outcome, in this case either+2
or —z each happen with 50% probability and give an average measured value of (¢*) = 0. This
also implies that the diagonal must necessarily sum to unity Tr[p] = 1. In general then, the ex-
pectation outcome of a given observable O is evaluated by the trace of the density matrix with this

operator: *

Notably, this notation shows that a measurement along any particular, single basis (in this case

the z-basis) is agnostic to the presence of a coherent superposition of given outcomes. In other

*Conceptually, once this density matrix is written down in the measurement basis, only the diagonals of
this matrix are accessible to the observer since all measurements involve a contraction with a given bra/ket-
vector.
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words, the presence of the off-diagonal matrix elements does not play a role in this measurement.
If, instead of p = | —)(— |, we simply had a 50%/50% statistical distribution of either +z or —2z,

then our density matrix, now p/, is given by p’ = %| D+ %| (|- In matrix form simply

being:

1/2 0

>
Il

0 1/2
Note that this density matrix would have all the same statistics and expectation values along the
z-axis. However, if we were to measure along another axis, say in the 2-basis, then we have to first

rotate our state about the y-axis by an angle of —m/2 or simply express | & z) in the z-basis:

For p, we know that it is actually defined as | —)(— | and therefore an exact eigenstate of this

measurement basis would be measured as 100% in the +x-direction. In the case of p/, this expands

tobe pl, = %\ =)= |+ %\ <) (4 |, which in matrix form, is still:

The lack of off-diagonal, coherence terms is what differentiates this statistical distribution from
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before as a physically different object. This extreme case when these coherence terms are zero defines
this system as a completely mixed state since the probabilities and measurements solely arise from a
classical, statistical mixture of outcomes.

A very common metric used to differentiate and quantify these two types of systems is by measur-
ing the associated purity of a given density matrix. This purity is defined as the trace of the second

moment of the density matrix:

P = Tr[p?] (32)

Note that this purity relies on the matrix product of p for the second moment. In the case of a
state described by a single vector, |1)), this metric can easily be shown to sum to unity, since 0> =
V)Y (W) (| = |¥)(¢| = pand Tr[p] = 1. However, in the case of a completely mixed
state, such as p/, the density matrix is diagonal and so Tr[p?ﬂ-] = P < 1aslongas there is more
than one non-zero diagonal entry. The particularly powerful property of this formalism is that it is
basis-independent, meaning that regardless of what basis is chosen to express the wave function or
statistical mixture, the purity will give the same numerical answer ™.

While this was a specific, single-spin example, this provides some intuition for some very general
properties for physical systems that are either quantum, classical, or a mixture of both. The impor-
tant implication being that the purity of a system is actually invariant under any unitary operation
that can be performed on the system. One way to understand this is to think of the mixed state as a

statistical mixture of different truly pure states, and as vectors with a length given by their probabil-
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ity, unitary operations (e.g. a rotation about an arbitrary axis) preserve this length.

This framework of density matrices, purity, and statistical mixture provides the mathematical
tools to now understand the celebrated concepts and properties associated with many-bodied wave
functions. The important implication being that the constituents of the wave function can be phys-
ically separated from one another while still belonging to the same coherent many-bodied state.
These same arguments from above can be applied to both the joint and local distributions such that
even correlations developed among these constituents are encoded in the field of their many-bodied

wave function and give rise to their uniquely quantum correlations.

3.2 CORRELATIONS AND ENTANGLEMENT

Entanglement is one of the most counterintuitive and truly unique consequences of quantum me-
chanics. It was famously shown by John Stewart Bell that entangled quantum particles can exhibit
correlations that are stronger than physically possible in classical, local theories™. * The canonical
examples of these highly entangled quantum states that exhibit such classically violating correla-
tions are known as Bell states and were first verified experimentally by Aspect, et al.,"™" and rule out
proposed “hidden variable” theories. Until recently, various “loop-holes” were brought forward as
arguments such that the system could still admit a classical explanation. However, recently experi-

ments have additionally implemented various loop-hole free versions of the Bell test 7664172 _ more

*In fact, a very common question asked of any result from a quantum simulation experiment is how
“quantum” are the results. As in, how uniquely can the observed behavior be attributed to the system being
a quantum one and not just one, for example, described by a classical wave theory. The violation of Bell’s
inequality by a system is one of these few cases that is simply unrealizable in a purely classical world.
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stringently identifying quantum mechanics as a successful description of nature.

Correlations and the presence of entanglement in a quantum system are intimately linked. For
the purpose of clarity in this thesis, I will describe entanglement as a qualitative descriptor for pure,
many-body quantum states that are inseparable. This inseparability means that the joint description
of the quantum state is necessary and that attempting to describe the system as the product of its
separated parts is insufficient. To gain some intuition about these statements, we will first consider a

canonical example — the anti-symmetric Bell state:

1

7)== (Ta)®@[Ip) - [1la) ®|1B))

S

2
1
V2

which is intentionally constructed to be inseparable. That is to say, that this state cannot be de-

(33)
(| TadB) — | 1atB))

composed into a product of single-particle states of spin A and spin B, |U ™) # [14) ® [¢). This
can additionally be seen by noting the state |U'™) is not an eigenstate of any single-particle operator
which acts only locally on the spatially separated spins. We now analyze this state to find the emer-
gent implications of this inseparability in a quantum state composed of this two-spin state where
spin A and spin B can be spatially separated. As in the previous section (§3.1), it will again prove
useful to rewrite this state as a density matrix:

p=[T7)(¥7|

(3-4)
:%(I tale)(tals [+14ats)Lats | — [ Lats)(tals | — [ Tals)(lals ’>
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which in matrix form is expressed as:

1| [Tade)(Tals |  —|late)(Taln |
p= =
2

—[tals){ats | [late){ats |

The coefficients associated with the diagonal entries of this matrix are the joint probability out-
comes of both spins for this given Bell state. Note that p is only showing a fraction of the total
Hilbert space - the spin configurations of | TaTR),| }4lB) are not written since they have zero
population.

As stated above, any single-particle operator (e.g. 07 ) changes the wave function and therefore
demonstrates the state is not an eigenstate of local operators. However, there is a clear relation of the
two spins in the state | U ™) that are captured by the spin-spin correlation operator O = —040%.
This two-spin operator is often referred to as the total two-point correlator. * For the aforemen-
tioned p we obtain (6%6%) = 1. We can see that this correlation is significant since a single-point
operator would have a value of zero, (0 ) = 0. However, measuring these correlations does not
distinguish our entangled Bell state from classically correlated variables (e.g. two correlated coins

that are constructed classically by a hidden operator to always flip together where one is heads and

the other tails) since the measurement only relies on the diagonals. The distinguishing property of

*This naming convention can be a bit confusing but is common. The statistical definition for a corre-

(zy) — (=) (y)
V(@)= (2)2/(y2) = (v)
offsets in the single-point measurements, (x), (y) and normalizes by dividing by the single-point variances.
In practice for the given Bell state above, this is not necessary since the state has unit fluctuations and is cen-
tered about zero. However, later on in this thesis these distinction will become important for distinguishing
between “total”, “connected”, and “disconnected” correlations.

lator is generically written as =. This statistical definition inherently removes both
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the correlations encoded in our Bell state | ¥ ™) is the fact it is again described by a coherent superpo-
sition; geometrically, the many-body state is again described by a single vector.

We can explore the difference by considering a simplified test from Bell’s proposal. After prepar-
ing the two-spin state |[¥' ), spin A and spin B are spatially separated and given to two different
observers to be measured at the same time. Each observer is allowed to either measure their spin
in the 2 or the x basis and can choose which randomly (based upon a classical random variable)
as long as the observer keeps track of the result and chosen measurement axis. All of the two-spin

measurements possible are {O** = —o%0%, O

= —0j0%h, 0% = —c%0%, OV =
—0%0% }. Each joint measurement will happen with equal probability. For the case of our Bell
state | ¥ ™) the expectation values of these four observables after an ensemble of measurements are
{(0*%) =1,(0%") =1,(0%*) =0, (0*") = 0}. We could then construct some integrated
quantity that combines these measurements into a single metric: e.g. C = % Dijen 04 =1/2.

However, if we had instead shared two classically correlated spins with each observer, we would

produce a mixed density matrix p':

1|1 Tads)(Tals | 0

P:§

0 | daTB){({als |

Physically, this would amount to some classical intermediary that randomly (perhaps based upon
the toss of a fair coin) prepares the anti-correlated spins and gives one to either observer A or ob-
server B. If observers A and B again perform the same random z, z measurements, they would

obtain the outcome C' = 137, O = 1/4 which is certainly less than 1/2/ Itis the in-

7jex7z

75



terference of the coherent superposition of the many-body state that results in the enhanced cor-
relations measured in the case of the prepared Bell state | ¥ ™). This ability of having many-body
coherences that enable the interference of global states under rotations of the state is what leads to
the non-classicality of these correlated quantum states and a valuable resource for computation.”
This difference between the two cases, the classically correlated p’ and the quantum state [¥ ™), can
be understood mathematically a bit more easily via the same purity formalism discussed previously.
This way, even with measuring the same (O*7) for both p and p/, the purity tells us in a basis inde-

pendent way that one state is pure, Tr[p?] = 1, and that the other is mixed Tr[p%] = 1/2.

3.2.1 ENTROPY

The distinction between correlations originating from pure and mixed states can be described by
concepts originating from information theory and thermodynamics. Let us first start with the con-
cept of entropy which is the logarithm of the number of microscopic states populated by a given
probability distribution. For an arbitrary probability distribution, the classical definition for the

entropy is given by the Shannon entropy:

H(P) = — Z P, log[P}] (3.5)

where P; is the probability of microstate 7 occurring. The entropy of a probability distribution

describes the amount of information in base e (in bits for log,) needed to describe the distribution.

*As a caveat, however, that should be mentioned here is that this thought experiment exploits a property
of the particular Bell state chosen which is that it is also an eigenstate of any global rotation. The experiment
proposed by Bell is more general than this and does not rely on such a specific property.
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In the case that our probability distribution P; is built out of two constituents, say A and B, then
we consider this a joint distribution which we will now write as P4 p. The individual distribution
outcomes that are possible if just A or B is measured are known as the marginal distributions and
can be determined from the joint distribution by summing over (or ignoring) the other constituent
(e.g. P4 = Zbe 5 Pap). In the case that P4 p is produced by two uncorrelated constituents A and
B, then it reduces to the product of the two marginal distributions P4 p = P4 X Pp. From an

entropic point of view, we find that the joint entropy is just the sum of the parts:

H(Pap)=- Y Paplog[Pap]
A,B

- Z P4 Pp (log[P4] + log[PB])
AB (3.6)

= —ZPB X ZPAlog P4 — ZPA X ZPglog Pg)
=H(Pa) + H(Pg)

In words, that amount of information needed to describe a joint distribution built from two
independent marginal distributions is just the sum of the information needed for each independent
distribution respectively. This consequence changes in the presence of correlated outcomes between
A and B and the joint distribution is no longer separable. The amount of information that is shared

between the two distributions A and B is known as the mutual information:

I(Py: Pg) = H(Pa) + H(Pp) — H(Pa,B) (3.7)
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This quantity describes the amount of information that is shared between constituents A and
B which is then intimately related to the correlations that exist between A and B. In the case of the
completely correlated, but classical example, p’ — P4 g, we find that all the entropies are the same
H(Pap) = H(Ps) = H(Pp) = log[2] which additionally implies the mutual information
I(A : B) = log[2]. These two extreme cases for the classical system, maximally correlated and

independent, provide some intuition about the possible entropies — namely that:

argmax{H(A), H(B)} < H(Pap) < H(Pa) + H(P3p)

0<I(A:B)<argmin{H(A),H(B)}

These relationships can be seen intuitively from Fig. 3.2 that graphically describes the information
shared between A and B.

The translation of the information concepts of Shannon entropy to quantum mechanical states
is provide through the definition of the von Neumann entropy. Instead of finding the classical mi-
crostates populated by a probability distribution, the von Neumann entropy acts on the density

matrix of a state:

S(p) = Tr[plog[p]] (3.8)

While this definition is basis independent and can be computed as long as one is careful with act-

ing on a matrix with the log[] function, it is easiest to compute the von Neumann entropy in the
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Figure 3.2: von Neumann entropy and mutual informa-
tion. This Venn diagram graphically describes the total in-
S(,OA) S(pB) formation needed to separately describe the constituents
{S(pa), S(pB)} aswell as the information they share
Z[pa.B], and the amount of information that is indepen-
dent of knowing everything about the other constituents
{S(paiB); S(pB|a)}- Since these are quantum states
Z[IO.AB] and not classical ones, the bounds are different than those
S( ) derived for the Shannon entropy can be difference since
PB|A S(pap) can be zero.**#%8" The classical and quantum

bounds described in this chapter can be understood from this
diagram by taking this global entropy bound into account.

S(PA|B)

S(pas)

diagonalized (or Schmidt basis) of p in which the matrix is diagonal.” This description of a system
by a matrix p with the possibility for coherent superposition of many-bodied states fundamentally
changes the entropy bounds shown for the classical case. To start with, let us consider the total en-
tropy in a pure state as defined by the Bell state |¥'™) above. Since we can choose to rotate p to any
basis, it is most convenient to express it in the Bell state basis, in which case it is simply a single entry
defined by p = |[¥™) (¥~ |. The fact there is only a single microstate populated means that the total
entropy of this system is zero. To understand the significance of this result though, we need to first
address the concept of the partial trace of a system — this is akin to finding the marginal distribution
Ppg by summing over all possibilities for A: Pg = ) , Pa, p. In the density matrix case this is

performed by an inner product with the basis states of system A:

pp = Tralp] = D _(dalplda) (3.9)

acA

*This is diagonalization of the density matrix is equivalent to determining the number of pure, many-
body quantum states (akin to global microstates) the density matrix populates.
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where |¢,) defines a complete, orthonormal basis of subsystem B. If we apply this partial tracing
to the originally investigated Bell state [¥' ), where |¢,) € {| Ta),| la)} then we have constructed

pB which is known as the reduced density matrix since it only spans the subspace of spin B:

1|1 18) (15| 0

PBZE

0 | 4B){{B |

The partial trace, conceptually, is considered the “ignoring” of information present in the other
subsystem, in this case the orientation of spin A. The originally pure, entropically zero many-body
state p is now locally a completely mixed state with S(pp) = log[2]. This result elucidates the dif-
ference in entropy bounds of the quantum case as compared to the classical one: S(p) is no longer
bounded from below by arg max{S(p), S(pp)} and the maximum mutual Information has a
much larger upper bound 0 < I(A : B) < S(pa) + S(pB).

This regime of S(p) < S(pa),S(pr) is often used to identify the qualitative statement of
entanglement for a state and defines that some of these correlations are quantum in origin. There
are several significant remarks to be noted about such systems. This enhancement of the maximally
available mutual information between two subsystems is why entanglement is considered an impor-
tant and exploitable resource for quantum information and quantum computation purposes. An-
other important observation is that in the case of a pure quantum state, the entropy observed for a
subsystem is entirely generated by the loss of information related to the initial coherent, many-body

superposition of the state. Lastly, these states are not trivial to generate. This is for two reasons: 1)
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the many-body state has to start off as a relatively pure one” and then 2) become correlated such that
it is inseparable and therefore entangled. As it will turn out, unitary evolution of an initially separa-

ble, pure quantum state through a phase transition is one way generate such entangled states§3.3, 3.4,

3.2..2 ENTANGLEMENT AND QUANTUM PHASE TRANSITIONS

From the previous brief discussion of phase transitions: the growth of correlations near the critical
point seems like a clear and natural manifestation of entanglement if the phase transition is a quan-
tum one. However the exact relationship can be a bit subtle. In the case of a 7" = 0 phase transition,
the system is described by a single eigenstate, namely the ground state, and therefore has zero total
entropy. The generation of correlations in the ground-state near the phase transition will make it
inherently inseparable and therefore generate entropy among its subsystems — which indeed makes
them entangled on a qualitative level *»7"5%.

However, some of the same notions, such as diverging correlation lengths at the critical point, do
not straight-forwardly manifest in a quantitative way for the discussed entanglement metrics. For in-
stance, the entropy of a single spin in a many-spin state does not necessarily relate to the number of
other spins with which it is correlated. The local entropy is bounded from above by log[2] and there-
fore the entanglement of the individual spin with the rest of the system can be distributed arbitrarily
via its correlations as long as it respects this bound. This is often referred to as the “monogamy”

of entanglement and refers to the fact that there is a finite amount of this resource that can be dis-

*In comparison with the locally generated entropy from the partial trace.
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Figure 3.3: Area law in ground-state phases. As demon-
strated in Vidal, et al., the entanglement entropy due to a pB
bipartition of the total many-body system into subsystems
pPA, pB realized ascaling relationship known as an area law.
This area law determined that the amount of entanglement
entropy probed by the bipartition scaled linearly with the
boundary size < IP=1 of the bipartition rather than the g
volume x [P for dimension D. This area law’s relation to
the correlation length was found in critical systems by a loga-
rithmically slow divergence of the entropy with system size [
inherited from the diverging correlation length &.

tributed among the system. If two spins are maximally entangled, as in the case of the Bell state

| W), then for them to become entangled with a third spin, they must inherently reduce some of
the entanglement they initially shared with one another, even though they may still be just as “cor-
related”. This property is particularly important when attempting to evaluate the length scale over
which entanglement is distributed in a quantum system at a quantum critical point. The first nu-
merical studies addressing this problem, while finding a familiar universal scaling behavior of cor-
relations at the critical point, had difficulty defining the properties of the length scale over which
entanglement was spread in the system®%%7." Further studies showed that by always partitioning
the system into two macroscopically large subsystems (known as a bipartition), rather than looking
at the entanglement between two individual spin subsystems, provided a direct relation of the cor-

relation length to the entanglement entropy near the critical point™?

. The entropy for the ground-
state transitions was found to scale with the area*, or boundary, of the subsystem due to the finite

correlation length £ in the system(see Fig. 3.3).

*This was partially compounded in difficulty due to the wide number of numerical metrics meant to
quantify entanglement and the fact that the monogamy of entanglement made many entanglement measures
peak around but not necessarily at the transition.
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Despite the ubiquitous use and study of entanglement in theoretical physics, current traditional
condensed matter experiments do not have a direct probe for measuring it. In a few other similar
AMO experiments, entanglement has been probed via entanglement witnesses **: specifically con-
structed observables that probe inseparability of a quantum state that violates a particular bound.
Such witnesses are state-specific and do not necessarily scale in a meaningful way with the degree

B2 an ex-

of entanglement in the state. In systems of trapped ions”* and superconducting qubits
haustive reconstruction of the entire density matrix can be performed, known as state tomography,
from which the entanglement entropy can be directly computed. There is not a know scheme for
mapping this technique to lattice systems of itinerant particles. Instead, we will demonstrate the
use of a many-body interference technique that forgoes the aforementioned techniques. We use this
technique to investigate the entanglement developed in ground-state phase transitions #1444,

Recently, a new method involving measuring the variation in observable outcomes after random

quenches on a single realization have also been demonstrated to measure entanglement entropy>.

3.3 SUPERFLUID-TO-MOTT-INSULATOR TRANSITION

The superfluid to Mott-insulator transition is one of the most celebrated manifestations of a quan-

tum simulator generating and measuring a quantum phase transition °77'5*

. While these exper-
iments were able to explore the properties of the different quantum phases and probe the local

order parameter, they were unable to directly measure the entanglement generated in the system.

In this experiment, we directly measure the global and local purities of a finite size system in the
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Bose-Hubbard model through a many-body interference technique54’“9’14"’44’98’89’99. This purity

measurement allows us to directly compute the second-order Rényi entropy:

Sa(p) = — logTr(p?)] (3.10)

which is a quantitative lower bound to the more traditional von Neumann entropy. The same
inequalities used for the discussion of the von Neumann entropy above additionally apply to the

Rényi entropy for measuring entanglement in a system:

Sa(p) < Sa2(pa) (3.1m)

Sa(p) < Sa(pB) (3.12)

The technique used to measure the Rényi entropy relies on the interference of two identical but
independent quantum many-body states. This allows one to extract observables that are quadratic
in the density matrix which is used here to access the system purity29:39140:20:86,16344 The capa-
bility to directly measure the Rényi entropy is a powerful technique for several reasons: i) it does
not rely on violating particular correlation measurement inequalities such as the Clauser-Horne-
Shimony-Holt (CSCH) inequality *>*?, ii) quantum state tomography requires a measurement of a
prohibitively large Hilbert space and has no known scheme for itinerant systems, iii) in principle re-

quires few measurements to verify low entropies and can be quickly used to bound the global purity
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of a state. The exact experimental implementation of this technique is thoroughly detailed in Zslam
et al.’"#9"7 and is not extensively discussed here. The results presented below not only directly mea-
sure the development of entanglement in a quantum system, but provide some instructive insights
on its origin.

The experiment begins in a Mott-insulating state with unity filling (U > J) in a finite 1D system
of 4 sites. This means that the initial many-body state is described by a product state of exactly one

atom per-site:

L=4
Warr) = [T @lt)
=1

Since this state is a product state, it is inherently separable and therefore unentangled * and both
the sub-systems and full-system are pure. As the ratio of U/J is reduced towards the superfluid
regime (J > U) the ground-state becomes a spatially delocalized state:

L=4 \ ®N=L
|Wop) Z aZT- lvac)
=1
The superfluid ground state with a finite particle number is spatially delocalized and therefore is

inseparable among the lattice sites which leads to entanglement entropy when measuring the purity

of a subsystem. The Rényi entropy measurements shown in Fig. 3.4 show that on the superfluid

*There is a common use of the phrase “strongly-correlated” when referring to the Mott-insulating state
which would appear unjustified given the above description. However, as a point of clarification, remember
that the concept of entropy from entanglement is always with respect to a given partitioning of the system,
while, for any given partition, the metric is basis invariant. In the case of a Mott-insulator, any real-space
separation of many-body state generates no entropy.
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Figure 3.4: Measured Rényi entropy in the Mott-insulating-to-superfluid transition. a) The measured global and
subsystem entropies are shown for various partition volumes and arrangements. The area between the subsystem
entropies and the global entropies quantify the amount of mutual information generated in the system during the adia-
batic ramp to the superfluid state. Note that the entropy inequality that would determine the bound on entanglement
in this plot lies close to 1. The different partitions shown are to illustrate the difference area versus volume laws. b) Il
lustrates the extensive, volume law scaling, of the background classical entropy injected in the system through residual
heating or non-unity fidelity interference contrast. c) The top plot demonstrates the area law behavior of the entropy
with partitioning of the subsystems. The lower plot demonstrates the decrease in correlations as a function of distance
between non-bipartite subsystems - as would be expected from a decaying correlation length. All solid lines in a,c are
numerics performed by exact diagonalization. The error bars are the s.e.m.

side of the transition there exists verifiable entanglement among all possible subsystem sizes and
partitions.

The many-body interference technique performed here shows the measurable development of
entanglement entropy. It additionally illustrates its versatility as a technique by its capability to
measure variable subsystems sizes and arbitrary partitioning in real-space as a single measurement
scheme. Note that while these measurements indeed perform a remarkable job in measuring entan-
glement, it does not seem to follow the intuition we developed and discussed in the previous section
for quantum phase transitions. The reason for this stems from the fact that the system has a con-

served particle number that manifests as strong, inherent particle number correlations between a
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subsystem and the remainder. As an example, imagine a subsystem of one-site. This single-site can
have only N 41 possible microstates bounded by the total particle number: 0 < 7; < N. However,
more importantly, due to the particle number conservation, there are no coherences in the single-site
reduced density matrix and it is purely a diagonal matrix. This is because the sub-systems are a bi-
partition of the total system and therefore the number of atoms in the two subsystems are unique
numbersn g, ng = N — n4. Thisis actually not a generic feature of the superfluid state, and is
dependent upon having a conserved particle number. In the limit of the superfluid being composed

of a product of local coherent states:

Usr) =[] lews)

i

the total particle number is not conserved, the state is an eigenstate of the Bose-Hubbard model,
and a product state of the lattice sites. However, for this experiment where we start in a Mott-
insulating state, one must always start with a number of atoms that is commensurate with the lattice
size. Therefore, it is not possible to have a coherent superposition of total particle numbers which is
required by this coherent state superfluid.

Schemes have been developed for this protocol that probe only the entropy related to the diverg-
ing correlation length at the transition that effectively remove the correlations from fixed global
particle number>". This entanglement that follows our intuition of quantum phase transitions,
however, is rather small. In the absence of this modal entanglement from particle delocalization,

this particular transition would make experimental demonstration of entanglement entropy very
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challenging.

3.4 ISING MODEL PHASE TRANSITION

This section starts with a brief overview of another canonical phase transition that occurs in the
Ising model with both longitudinal and transverse magnetic fields. Importantly, the implementa-
tion of this model in our Bose-Hubbard system has characteristics that are more akin to the phase
transition behavior expected without any conservation rules such as conserved particle number.
Through the use of our DMD, we can access the full-counting statistics of the quantum state in the
Fock basis. This allows us to directly probe the order parameter of the quantum phase, the single-
site entropy, and the reversibility of the transition which probes its overall adiabaticity and purity.

This model has been previously realized in this same experimental apparatus'74 and is more thor-
oughly discussed in the following theses'®"”. The mapping from the Bose-Hubbard model to a spin
model was first proposed by Sachdev et al.”® and is accomplished by working in a reduced Hilbert
space via a strong potential gradient in the optical lattice. The primary ingredients of this mapping
are shown in Fig. 3.5.

This mapping starts in a regime where U > J,U/2 < E < U": U =~ 410Hzand J = 6Hz.
This realizes a set of eigenstates that are approximately described by the Fock basis. The gradient
potential, I/, starts at a low value E_ ~ 307Hzis then increased dill 4 ~ 512Hz. This ramp

passes through a regime where every site is on-resonance with its neighbor when the offset is equal

*The lower bound forgoes the contribution of second-order hopping processes that incorporate states
outside of the prescribed basis for a faithful mapping to the Ising model. This was found to be a necessary
step since these second-order processes provided a non-negligible fraction of population into these states.
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Figure 3.5: Bose-Hubbard to Ising model mapping. a) The phase diagram is shown on the left with the adiabatic path
taken that leads to the transition from the paramagnetic phase | P M) to the antiferromagnetic | AF M) ones. The
mapping of on-site occupations to spin alignment is shown for total system sizes of both even- and odd-site lengths.
b) These boundary conditions only effect the |AFM> states. In the even-site regime there is a single ground-state
orientation, while in the odd-site regime the ground state contains a delocalized domain wall (denoted as the orange
bubble).

to the energy U. However, the important aspect of these dynamics arise from the collusion of all the
particles in the system such that they transfer in a many-body coherent way and the system remains
in the global ground state. All Bose-Hubbard-to-Ising-model mappings are listed in Appendix: F.
After following the mapping prescribed by Sachdev et al.™?, the resultant spin Hamiltonian is given

by:

H=J) S5 — (he+00)S1 — hyS, (3.)

where the transition in this Hamiltonian is approximately at b, = 1 — 0.66h.
Importantly, the ground states of the system are approximately locally factorable on either side
of the transition. In the paramagnetic (PM) phase, which is the unity filling Mott insulator we start

with, the system is separable both in the spin mapped Hilbert space and the bare Hilbert space of
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lattice-site occupations. The spin mapping here is that |n; = 1) — | 7). After going through
the £ ~ U resonance, atoms that hop to their neighboring site will be considered the spin-flipped
atoms. This implies that lattice-site occupations [n; = 0) — | |), while |n; = 1,2) — | 1).
This phase is known as the antiferromagnetic (AFM) phase of the transition. This corresponds to a
charge-density wave in the bare basis of on-site occupation number.

While the initial state is independent of boundary conditions, the final state is sensitive to the
bounds of the system. In the case of periodic boundary conditions, the final state is a superposition
of two possible AFM configurations: W apas) = |... T4 ...) + [... J141 ...). While this case
is useful theoretically for computation, it is rather unphysical. The experiment is always a finite size
system with open boundary conditions. This imposes two generic types of ground states that de-
pend upon whether the system size includes an even or odd number of lattice sites (Fig. 3.5). In the
case of an even number of lattice sites, there is a single state for both the paramagnetic and antiferro-
magnetic ground states. This is the case shown in Fig. 3.6a foran N = 4 site system. In contrast to
previous work7#, we now resolve the on-site number which enables us to directly measure the exact
ground state for the PM or AFM phases on either side of the transition and the order parameters

(e.g. Néel order parameter):

<@AFM> = Z(—l)jgj (3.14)

Additionally, since we are working with a conserved particle number for a finite size system, the

correlations related to the particle number distribution on a single-site can be directly related to the
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Figure 3.6: Measured population in magnetic states, order parameter, and single-site entropies. a) The top plot shows
the population in the paramagnetic state and antiferromagnetic state as a function of the tuning parameter g for the
N = 4 system. The system is shown ramping through the transition and back to demonstrate the adiabaticity of the
process and bound the amount of entropy generated at the transition due to diverging correlation length at the critical
point. The lower plot shows the increase of entropy near the critical point (orange) and the measured Néel order (blue)
that occurs in the AFM phase. b) The top plot shows the population in the paramagnetic state and antiferromagnetic
states as a function of the tuning parameter g for the N = 5 system. Note that now the three possible AFM states
that admit a single domain wall are now plotted. This inherint domain wall incurs a reduction in the order parameter
presented in the lower plot and the increase in the entanglement entropy in the AFM phase. All solid lines are exact
numerics performed by Trotterized time evolution. The error bars are the s.e.m.

single-site entropy. This provides a metric with which to probe the enhanced quantum fluctuations
that occur at the critical point of the phase transition which are also shown in Fig. 3.6.

In the case of an odd number of lattice sites, there is always a single domain wall somewhere in
the system due to the frustration of trying to anti-align all neighboring spins. This leads to an AFM
ground state composed of the N' — 2 possible configurations with a single domain wall. This super-
position of this domain wall leads to an additional residual entropy in the AFM phase that can be
seen by both a non-zero entropy in the single-site entropy and a reduced Néel order parameter. This
is shown for an N = 5 site system in Fig. 3.6b.

We scale the system size for both the even and odd site cases to see how the transition depends
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Figure 3.7: System size scaling: order parameter and single-site entropy. a) The Néel order parameter is plotted for
the tuning parameter (g > g.) deep in the AFM phase as a function of system size. The staggered structure reflects
the domain wall excitations in the odd-site system size ground states. The additional suppression of the expected order
parameter value for the even-site system reflects the shrinking gap at the critical point that restricts the maximum
correlation length possible in a finite time ramp. b) The single-site entropy remains nearly maximized for all explored
system sizes. Importantly, we can use this to distinguish whether the system’s change in order arise due to quantum
fluctuations by comparing this entropy the global purity estimates (black solid and dashed lines). All solid,colored lines
are exact numerics performed by Trotterized time evolution. The error bars are the s.e.m.

upon the total system size. The finite size of the system is related to the minimum gap in the system
and is associated with a shrinking of the critical region(Fig. 3.1) that lies between the two quantum
phases™®. This shrinking gap size with system size will require longer ramp times to maintain adia-
baticity during transition. The on-site atom number resolution affords us the ability to measure the
local order parameter and peak single-site entropy of this transition for system sizes4 < L < 8
which are plotted in Fig. 3.7.

To determine whether the entropy measured at the critical point is due to entanglement, we have
to compare this single-site entropy to the global entropy of the system. In the even site case, the
ground state on either side of the phase transition is approximately an eigenstate of the many-body
Fock state in our system and enables us to directly estimate an upper bound on the global entropy in

the system by simply estimating the purity from the diagonal of the measured density matrix (3.15)
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in an arbitrary basis.

Tr[p?] < Z Pii (3.15)

In the case of an odd-site system, it is more insightful to reverse the transition back to the initial
state. By estimating the entropy from either one of these cases at the end of the initial sweep, we can
make a stricter statement about whether the entropy at the critical point is due to the entanglement
of the quantum state. We see that based upon the estimate on the global purity after reversing the
dynamics that we can strictly make this statement about this transition up to the system size N < 5.
Although, if we assume that the non-adiabaticity of the ramp that leads to this lack of purity occurs
from ramping through the transition twice, then a closer estimate would show this to be true for
system sizes [N < 7.

There is an additional influence on these dynamics that derives from residual disorder in the op-
tical lattice. Inhomogeneous potential offsets on individual lattice sites correspond to local varia-
tion in fields h in (3.13). If these local fields are on the order of the coupling strength between sites,
the minimum gap will significantly decrease and one can effectively think of several, nearly, discon-
nected chains undergoing the transition. These will create a set of chains that are effectively incoher-
ently populated with respect to one another and may not reversibly map back to the PM state.

A last comment to be made from looking at the odd-numbered lattice sites in Fig. 3.6 is that not
all single-domain wall states are equivalent in the AFM phase. This actually becomes an intuitive

outcome of this frustration if one considers the single-domain wall like a single-particle or excitation
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in a box. The wave function of this single-excitation on top of the AFM background will have a
ground state minimized by its kinetic energy within a confined volume — akin to the typical cosine

solution for a single-particle in a box.

3.5 DiscussioN

The demonstrated measurements of entanglement entropy in ground-state phases provide a basis
for experimental exploration of entanglement and quantum criticality in ground-state quantum
phases. The microscopic access available to the system allows for a direct measurement of the micro-
scopic entropy, the order parameter, and could be extended to extract the corresponding correlation
length in the system. Additionally, other proposals for multipartite entanglement witnesses through
the quantum Fisher information can be applied that also have access to the global entropy through
dynamic susceptibilities”. These techniques could be applied to measure the Kibble-Zurek mech-

146,196

anism that governs the expected critical behavior . Experimentally, such scaling behavior has

been seen for both strongly interacting system and those captured by a mean-field approach 5:9:4-°°,
Lastly, this chapter has only focused on the concept the role of entanglement and fluctuations in
the context of equilibrium systems. In all of the successive chapters of this thesis, the same concepts
will be used and applied for pure quantum systems that that are far from equilibrium. This will
inherently involve eigenstates other than the ground-state of the system. We will now focus on the

characteristic behavior of these excited eigenstates and how they, too, harbor many-body physics

similar to the concepts discussed here.
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The only problem with testing ETH is you need another

copy of the Universe to interfere with!

Professor Markus Greiner

Isolated quantum systems and

local thermalization within eigenstates

Having discussed entanglement and correlation properties in the context of equilibrium systems
in the previous section of this thesis, we will now focus on the development of these properties in

a pure, isolated quantum non-equilibrium system. The system’s non-equilibrium dynamics will be
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used to probe the nature of its excited eigenstates. We will see that these excited eigenstates also have
a generic, local behavior with characteristic dynamics that identify these eigenstates as belonging to a

non-equilibrium quantum phase.

4.1 QUANTUM THERMALIZATION

When an isolated quantum system is strongly perturbed, for example by a sudden change in the
Hamiltonian (a so-called quantum quench), the ensuing dynamics are determined by the popu-
lation of eigenstates in the final Hamiltonian after the quench: 160 at any given time, the evolving
quantum state will have amplitudes that depend only on the eigenstates populated by the quench,
their respective phases, and their energy eigenvalues in the final Hamiltonian. In many cases, such a
system would be difficult to simulate exactly due the generation of a large amount of entanglement
during the ensuing dynamics 3744162 R emarkably, however, the same isolated quantum system

can locally thermalize under its own unitary dynamics — unaided by an external reservoir — meaning
that the tools of statistical mechanics apply in describing the long-time, saturated behavior of the
system *®%»%_ In this case, most local observables of a quantum state that is coherently evolving ac-
cording to the Schrédinger equation can be predicted from a thermal ensemble and thermodynamic
quantities. Even with infinitely many copies or realizations of this quantum state, these local ob-
servables are fundamentally unable to distinguish whether the global system is a single, many-body
quantum state or a thermal ensemble. This statement is remarkably powerful: a globally pure quan-

tum system is locally indistinguishable from a mixed, globally entropic thermal ensemble 92481775153
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quantum quench Figure 4.1: Quantum thermalization. The characteristic ther-

50 0 a0 malizing behavior of our closed quantum system is probed via
pure state oo o o " a quantum quench. The system initially starts at equilibrium
|\Il> with both a global and local entropy that is approximately

e o o e o o2 td 5 6 zero. The system is then strongly perturbed by a sudden

change in the Hamiltonian. As the system evolves only under

global ) local its unitary evolution, it comes to a local equilibration that is

unitary dynamics thermalization N . .
indistinguishable from that of a globally entropic ensemble
B 5 even though it is verifiably still part of a globally pure quan-
®
pure state | g ° X - tum state. This local agreement with a thermal ensemble is
®.
’\Il> & ™ v mediated by the growth of entanglement with the remaining
o o e T T3 i system and generates local entropy.
Observable A

The dynamic convergence of the pure quantum state via unitary evolution towards the predictions
of a thermal ensemble and the entanglement that drives it are the focus of this chapter.

Many theoretical studies have helped clarify the role quantum mechanics plays in statistical
physics #51559%177:16649:43 The questions surrounding the agreement of local observables in pure
quantum many-body states with extensively entropic thermal distributions are resolved by the im-
plications of quantum entanglement in the pure state. The generation of local entropy by ignoring
parts of a globally pure quantum system is the conceptual glue that connects how a pure quantum
state can appear locally like a thermal ensemble. The key point is that this local entropy does not de-
rive as some fraction of the globally entropic system. Rather, it originates from the ignoring of the

quantum correlations shared between the local subsystem and the remainder of the full system.

4.2 PROTOCOL AND MODEL

The work presented in this chapter directly measures the global purity of a thermalizing quantum

system through quantum many-body interference ++*»99. We experimentally verify that a globally

97



pure quantum state dynamically loses local purity to entanglement, and, in parallel becomes locally
thermal. Other recent experiments have demonstrated aspects of quantum thermalization through
the relationship between classical chaotic dynamics and entanglement in a superconducting qubit
system ™ and the dynamics of thermalization within an ion system **.

All quench experiments are initialized from a 2 x 6 size plaquette of a larger low-entropy Mott
insulator with unity filling (Fig. 4.2a). The separability of the Mott insulator implies that the entire
state is initialized as a product state of single-atom Fock states on each lattice site. This separability
allows us to think of the 2 X 6 size plaquette as two copies of identical 1 X 6 site systems. The
subsequent dynamics of this system will be given by a two-dimensional Bose-Hubbard Hamiltonian

shown below:

A R T U . .
H=—(J; xzyj ai’yaﬁl,y + Jy Izy: al,ya%ﬁl + h.c.) + Bl le;ngw(nx,y -1) (4.1)

As illustrated pictorially in Fig. 4.2a, the quench dynamics are initiated by suddenly switching on
the tunneling in the = direction, whereas tunneling in the y direction remains suppressed. These
dynamics are restricted to a one-dimensional 6-site chain for both copies. This quench realizes a
projection of the initial state onto many highly excited energy eigenstates in the final Hamiltonian.
Each chain represents an identical and independent copy of a quenched system of six particles on six
sites, which evolves in the quenched Hamiltonian for a variable duration. At the end of this evolu-

tion time, the dfynamics are frozen and one of the two protocols depicted in Fig. 4.2c is performed.
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To measure the local occupation number on each site of the copy, we perform a one-dimensional
time-of-flight measurement along the y direction while a barrier remains between the two copies.
To measure the global and local purity of the system, the tunneling along the y direction between
the two copies is rapidly increased to realize a many-body—interference measurement as mentioned
in §3%°. Two examples of such results are shown in Fig. 4.2¢ for both the local on-site occupation
statistics and the global many-body purity.

The ability to verify the quantum purity and presence of entanglement in the studied quantum
many-body state is crucial for discerning the role of entanglement in the system. Fundamentally, the
two-copy interference technique used directly provides access to observables that are quadratic in the
density matrix and hence to the system’s local and global purity®. Other techniques to extract this
quantity, such as quantum-state tomography, would be particularly challenging due to the large size

of the full 462-dimensional Hilbert space defined by the itinerant particles in the system.

4.3 NON-EQQILIBRIUM SYSTEMS AND HIGHLY EXCITED EIGENSTATES

Much of our conceptual understanding about the link between entanglement entropy and the ex-

pected thermal entropy of an ensemble™*

*#9 is provided by the eigenstate thermalization hypoth-
esis (ETH)#%%9»'77_ ETH provides an explanation for how closed quantum systems come to lo-
cal agreement with a globally entropic thermal ensemble and is often framed in terms of the small

variation of observables associated with eigenstates that are close in energy 48153177 The role of en-

tanglement in the eigenstates is paramount to this agreement*?. Fundamentally, the ETH implies
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Figure 4.2: Protocol. a) The experimental protocol starts with a unity filled Mott insulator, from whicha 2 X 6 plaque-
tteis sliced out with the installed DMD. The thermalizing unitary dynamics is realized by a sudden quantum quench

of the lattice depth down to 6Er. The system is then either imaged in a site-resolve, number-sensitive fluorescence
scheme shown in ¢ or a many-body-interference operation is performed on the system to obtain the global and local
purities of the system (shown in c). b) The resultant local on-site distributions are shown for the very non-thermal ini-
tial state and the thermalized quenched state. The global purity is plotted on the far right to demonstrate how unitary
the dynamics are in preserving the global purity (red) of the initial state (blue). ¢) The two final protocols are shown
here: the left) demonstrates a time-of-flight technique used to expand the one-dimensional systems into an orthogonal
dimensions such that they may be imaged while avoiding parity projection; the right) demonstrates the same readout
protocol after having performed the many-body-interference operation.
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an equivalence of the local, reduced density matrix of a single excited energy eigenstate and the lo-

B." This equivalence is made possible only by

cal reduced density matrix of a globally thermal state
entanglement and the local entropy it induces locally within a globally pure state.

Since we cannot experimentally populate a single, excited eigenstate in the system, we do not
probe how the ETH applies at the single eigenstate level. Instead, we perform a quench (Fig. 4.2)
which brings the global system far from equilibrium and study the unitary dynamics of the many
excited eigenstates populated by this quench. However, since these eigenstates all individually are
thermal according to ETH and vary slowly from eigenstate to eigenstate with energy, the quantum
average over this superposition of states provide a qualitatively similar result to the single eigenstate.

We examine the presence of thermalization by performing a series of measurements of local ob-
servables and comparing them to thermal predictions of various ensembles. The eigenstate distri-
bution resulting from a quench, Fig. 4.3a, determines the resulting dynamic values of the observ-
ables and their subsequent saturated values. Importantly, the final values of the Hamiltonian are
U/Jy < (U/J)ewhere (U/J), is the critical point in the superfluid-to-Mott-insulator transition.
This is relevant because the eigenstates below this transition point are known to be non-integrable
and therefore can be ergodic within global thermodynamic constraints. The underlying explanation
for the ETH is that these excited eigenstates in the thermalizing, non-integrable system are nearly

like random vectors or, equivalently, are described by a Hamiltonian that is described by random

matrix theory 4843 The diffuse probability distribution of eigenstates in most bases, in this case the

*Conceptually, this single eigenstate acts as the minimal version of a microcanonical ensemble and resem-
bles the traditional equilibrium frameworks.
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Fock state basis, is analogous to the chaotic dynamics of a closed classical mechanical system that
passes through all allowed points of phase space. This chaotic eigenstate assumption, like in the clas-
sical system, can be adapted to explain the saturated valeus of measured local observables, agreement
of these saturated values with thermal ensembles, and the presence of a volume law in the entang]e-
ment entropy *»#>%:%¢_The distinction between the classical and quantum cases is that the classical
case experiences chaos in its temporal dynamics which realizes both entropy maximization and ther-
malization as a time-averaged effect. While in the quantum case, these characteristics are directly
encoded into the properties of nearly every individual excited energy eigenstate.

In Fig. 4.3¢ & d, we compare our measurements to the predictions of several thermal ensembles
as illustrated in Fig. 4.3b. We also compare our results to a grand-canonical ensemble truncated to
our total atom number (see Appendix: G). The grand-canonical ensemble most closely models how
well the many-body state can act as a reservoir for its constituent subsystems. For both the single-
site and three-site subsystem observables, we show the atom number distributions for two different
effective temperatures: 7' = 3.8J andT" = 11J. These effective temperatures are achieved by
the final quench parameters of the Hamiltonian to J/U = 0.64and J/U = 2.6 respectively.
The effective temperature is determined by matching the average energy of the quench system with
the calculated average energy originating from the population of the global energy eigenstates by a
canonical ensemble at temperature 7'

For the smallest subsystem considered, the single site, the data are in good agreement with all en-
sembles considered. This conceptually agrees with our intuition as well since the single site can use

all of the remaining system as an effective bath with which to share information and become locally
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Figure 4.3: Statistical mechanical ensembles. a) The quantum quench populates the initial state across many of the
eigenstates in the final Hamiltonian. b) We compare the results of our dynamics to several statistical ensembles: a
microcanonical ensemble of a few eigenstates closest to the average global energy, the canonical ensemble where
the temperature is chosen such that it has the same average energy, and a single eigenstate in the limit where we take
the microcanonical ensemble to admit only the closest eigenstate to the average energy. ¢) The number distributions
are plotted as a function of subsystem size and statistical ensemble prediction. d) The average interaction energy of
the full state, a relatively global observable, is also plotted as a function of time which also agrees with the thermal
prediction. All data are averaged in the saturated regime 10 — 20ms. error bars are the s.e.m. Eigenstates are found

by exact diagonalization.

thermal. Remarkably, despite the fact that the quenched state is a large distribution of eigenstates,

our data show agreement with a microcanonical ensemble” consisting of a single eigenstate which is

*This wording is a bit confusing since a single eigenstate is by definition not an ensemble. However, we
use this terminology to relate to the language of statistical mechanical ensembles in the limiting case that a
microcanonical ensemble admits only a single eigenstate.
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chosen to be the eigenstate with the closest energy to the average. This illustrates the key principle of
the ETH; the reduced density matrix and its associated observable values vary slowly from eigenstate
to eigenstate and are therefore relatively insensitive to the width of the distribution of populated
states from the quench. This agreement between the ensembles and the measured values is relatively
good even up to the subsystems of half the system size. The enhanced deviation hints at the fact

that this larger sub-system is more sensitive to the fact that the global system is not truly a thermal
ensemble.

Since the above measurements rely on the full Fock-state read out, this technique allows for the
extraction of other global observables (Fig. 4.3d). Since the interaction term is diagonal in the mea-
sured basis (4.1), our measurements allow the computation of the expectation value of the interac-
tion energy <ﬁint> = <%ﬁz(ﬁz — 1)> For the T' = 3.8J data, we show a time series of both
the initial growth of this quantity after the quench and its long-time agreement with the canonical
prediction. Since this measurement is sensitive to the entire six-site system, it might at first glance
seem to be sensitive to the global state purity and be unlikely to agree with thermalization. However,
<FI m,g> indeed thermalizes because it is a sum of local operators that all agree with thermal predic-
tions and are insensitive to the global purity of the full system. This observation emphasizes that
only a small number of global operators, such as global purity, are sensitive enough to truly distin-

guish the globally pure state from a thermal one.
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4.4 ENTROPY FROM ENTANGLEMENT AND THERMALIZATION

While the above results and predictions by the ETH provide a relationship between local predic-
tions of single eigenstates and thermal ensembles, they do not provide any intuition for how the
remainder of the system acts as a functional bath. To answer this question, we study the dynamics
of entanglement entropy immediately after the quench for a variety of subsystem sizes (Fig. 4.4). Ini-
tially, we observe a rapid and approximately linear rise in the entropy with time with a similar slope
among all considered subsystems (Fig. 4.4 inset)*. After a subsystem-size-dependent evolution time,
the entanglement entropy saturates to a steady-state value, about which there are small residual tem-
poral fluctuations. The origin of these small residual temporal fluctuations is the finite size of the
system.

These observed entanglement entropy dynamics agree well with exact numerical calculations
with no free parameters. The data show how the considered subsystems acquire entropy with time
even though, crucially, the system as a whole retains only a finite, time-independent entropy that is
smaller than the subsystem entropies. The high purity of the global system proves that the dynami-
cal increase in entropy in the subsystems originates in the production of entanglement between the
system’s constituents. Furthermore, in analogy to the growth of thermodynamic entropy in an equi-
librating classical mechanical system, such as a gas in a closed container, we observe the growth of
local entropy in a closed quantum mechanical system. The distinction being that in the quantum
mechanical case, the mechanism for generating this entropy is through entanglement throughout

the global system.
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Figure 4.4: Entanglement entropy dynamics and saturation. The second-order Rényi entropy is plotted for three
different subsystem sizes as a function of evolution time. Both the time necessary for saturation scales and the fluc-
tuations about the saturated value scale with the system size. The global entropy, plotted in the bottom right (red),
remains substantially lower than all the measured local entropies and therefore satisfies that the local entropy is in-
deed due to entanglement. All error bars are the s.e.m. The solid lines are determined by exact diagonalization with an
additional offset added due to extensive classical entropy as measured by the global entropy.

When a system thermalizes, we expect that the saturated values of local observables should cor-
respond to the predictions of a statistical ensemble. By analogy, if the entanglement entropy plays
the role of thermal entropy in these ensembles, then in a thermalized pure state, we expect exten-
sive growth in the entanglement entropy with subsystem volume. The linear scaling of the entan-
glement entropy with the volume of the subsystem being considered is commonly referred to as a
volume law. In the case of the studied one-dimensional system this volume is defined by the length

of the subsystem considered. Theoretical work using conformal field theory has shown that for
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quenched, infinite, continuous systems the long time entanglement entropy should follow a volume
law?»%3%_ This differs from the ground state entropy scaling considered in the previous chapter (§3)
which follows an area law®»»%52, Characterizing the large amount of entanglement associated with
such a volume law scaling is challenging because it results from small but important contributions of
entanglement from many of the available degrees of freedom in a given subsystem.

We observe that the measured entanglement entropy shows a near-volume law behavior with sub-
system size. A linear growth with volume in the entanglement entropy occurs when the reduced
density matrix of a subsystem incoherently populates a number of its states that approximately
scales exponentially with the physical size. This is true for this system since the Bose-Hubbard
model has a Hilbert space that scales approximately exponentially with the system size. This results
in So(A) = —log[Tr(p%)] o< La. While this scaling proportionality of a thermal system is robust,
the exact slope of the scaling depends on the average energy of the thermalized pure state™*+°".

We can contrast this scaling behavior with the ground state by adiabatically reducing the lattice
depth to the same final values as the quenched Hamiltonian. In the case of the superfluid ground
state of the Bose-Hubbard model, the system is predicted to have an area law with logarithmically
slow correction that depends on the subsystem size . These two cases are clearly distinguished by
our measurements. The bending-over of the entanglement-entropy curve after the half-size sub-
system indicates that the state is a globally pure one. Note that this entanglement-entropy curve
additionally deviates at the half-size subsystem from the volume-law expectation. This deviation is

expected as a result of random pure quantum states and is known as the Page correction .

In the spirit of comparison between thermodynamic ensembles and the local properties of pure
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Figure 4.5: Scaling behavior. a) The measured entanglement entropy is plotted as a function of considered subsystem
size for both the thermalizing quenched state (red) and the equilibrium ground state (blue). The quenched state has en-
tanglement scaling that qualitatively agrees with a volume and the predicted thermodynamic entropy (gray line). The
ground state exhibits a scaling that is consistent with only an area law. Both curves must bend over at the mid point
(volume A = 3) since they are both pure quantum states. b) In order to look for whether locally thermal systems ap-
pear independent,the mutual information between subsystems of sizes less than or equal to the total system size are
compared. Once the combined system size is approximately half the system size, the subsystems begin to demonstrate
their lack of independence. c) The measured extensive, classical entropy injected into the system during the experi-
ment is determined by subtracting off the expected entanglement entropy from the measured values. The remaining
entropy should reflect this truly classical entropy which appears to follow a true volume law up to the system size. The
solid lines in a,b are calculated from exact diagonalization. The solid lines in c are from a linear fit. All error bars are the
s.e.m.

quantum states, we compare the measured entanglement entropy as a function of subsystem vol-
ume with the thermodynamic entropy predicted by a canonical thermal ensemble p! (where T
is the effective temperature and p! is determined the same way as written above). We find a near-
quantitative agreement between the entanglement entropy and thermal entropy for a subsystem
volume smaller than the half-system size. Unfortunately, the total system size limits this comparison
to only a few points.

Despite their quantitative similarity, it is worth emphasizing the disparate character of the ther-
mal and entanglement entropies. The entanglement entropy is an instantaneous quantity that
is present in a pure state even for an infinitely precise measurement time. It arises from the non-
separability of the quantum state between the subsystem and its traced-out degrees of freedom. This

realizes an instantaneously truly classical ensemble. This differs in a fundamental way from the clas-
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sical case. The von Neumann entropy of a subsystem from a mixed thermal state is the thermody-
namic entropy in statistical mechanics and can be extracted from irreversible heat flow experiments
on the system *°. Additionally, from a physical point of view there is another important concep-
tual difference. At any given instant of time, a classical system resides in a well defined microstate
and therefore would actually have zero entropy. Practically speaking however, no measurement is
instantaneous and any such attempt to show this exact microstate would result in a time average
that would provide the same thermodynamic prediction of a true instantaneous probability distri-
bution. The quantum system, in some sense, actually provides a conceptually simpler picture for
nature since the tracing out of any local subsystem will realize a truly mixed ensemble that is valid
even instantaneously.

This behavior of entanglement entropy not only provides a useful framework for describing
thermalizing closed quantum systems, but also alleviates the need for the ad hoc statements for de-
scribing the behavior of classical ensembles. The quantum description encompasses the quantum
properties we know to be true for isolated pure quantum systems and can also locally generate the
classical properties we know phenomenologically to be true for classical thermodynamic systems.
Remarkably, this also implies that one of the most well-known features of entanglement, the pres-
ence of non-local correlations, must somehow play a role in this behavior. In particular, the large
amount of entanglement implied by the observed volume law suggests a large amount of correla-
tions between disparate parts of the system, whereas a key feature of a thermal state is the absence
of such long-range correlations. A useful metric for determining the amount of correlation between

two subsystems, both classical and quantum, is the mutual information T4 = Sa+Sp—Sap™"*.

109



The mutual information in the presence of a volume law would find vanishing correlations between
the two subsystem volumes, as would be the expectation for a thermodynamic statistical ensemble.
Our data agrees with this prediction when the total volume considered is less than half the system
size(Lg + Lp < L/2). This agreement breaks down once the total considered volume is a2 major-
ity of the system size. There are additional bounds on the classically allowable mutual information
described in §3 that are violated in Fig. 4.sb. This demonstrates that while two local subsystems will
agree with being uncorrelated, as predicted in the thermodynamic case, once their joint subsystem
volume grows to encompass a majority of the system, the correlations related to the system being an

entangled quantum state are revealed.

4.5 DiscussioN

These observations and measurements provide a natural link between thermalizing quantum me-
chanical systems and classical thermodynamic systems composed of itinerant particles. In fact, they
allow for an interpretation of the known classical thermodynamic framework as a natural conse-
quence of the quantum-mechanical behavior. They provide some of the justification for the nec-
essary assumptions for classical statistical mechanics: a classical system in thermal equilibrium can
be found in any microstate that is compatible with the thermodynamic constraints imposed on the
system. The theoretical work related to the ETH demonstrates how this is true for the individual
eigenstates of a thermalizing isolated quantum system. The ergodicity associated with exploring all

available microstates is also justified even for instantaneous measurements by a quantum system
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and does not require time-averaging or multiple realizations of a system to generate a truly entropic
ensemble *»*%'3, In fact, the superposition of states realizes a truly instantaneous, locally entropic
ensemble that requires no additional statements.

This study hints at a microscopic origin for the maximization of entropy in a single quantum
state. The ergodic nature of the eigenstates implies the system’s entanglement is caused by scram-
bling correlations among all available degrees of freedom in the system. This scrambling of correla-
tions is what realizes the thermal entropic scaling behavior when considering a small subsystem: a
volume law occurs for small subsystem sizes since the amount of information (correlations) gained
by including a larger subsystem is outweighed by the amount of new information lost among the
all-to-all sharing of information. This fact is captured by the vanishing mutual information between
subsystems whose joint volume is still small compared to the total system size.

These frameworks help establish the possibility for many-bodied classical behavior, namely sta-
tistical mechanics, to be interpreted as a subset of quantum-mechanical phenomena. The principles
postulated classically out of practicality and physical agreement are now implied as the result of
only resolving highly entangled quantum systems locally.” While these eigenstate characteristics
are not generically predicted for ground states, they are generically predicted for almost all excited
eigenstates in itinerant, interacting many-body quantum systems that do not harbor some form of
integrability that prevents ergodicity. In the next chapter we will study the only known robust ex-

3L

ception to this phenomena, which is known as many-body localization®>#3. This exception turns

*To put it bluntly, but not carefully, if the Universe were a non-integrable, interacting many-body quan-
tum system in an excited but pure state, we would still realize a classical world on all practical human length
scales.
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out to be the only known robust exception to the ETH paradigm and harbors excited eigenstates
with characteristic behavior that appears to belong to another phase of eigenstates. This phase forms
an extensive number of locally conserved quantities in the Hamiltonian that causes the ETH to fail

and harbors unique entanglement dynamics™"7-6984.51,
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What is different between many-body localization and

the atoms in this table?

Professor Adam Kaufman

Correlation dynamics

in many-body localization

In the previous section, the generic behavior for a pure quantum state of an interacting many-body
system was presented in the context of the eigenstate thermalization hypothesis (ETH). This hy-

pothesis predicts that when such a system is brought far from equilibrium, it will locally equilibrate
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to the prediction of a thermal ensemble while remaining in a pure quantum state. This prediction
relies on the fact that the eigenstates themselves are chaotic and are in a superposition of all (many)
of the available microstates that satisfy global thermodynamic constraints #7739 A conse-
quence of this eigenstate property is that local information about the initial state is scrambled and
transferred into non-local correlations that are only accessible through a few special global observ-
ables.

A narrower class of systems that do not exhibit such chaotic eigenstates are known as integrable
systems. They harbor an extensive set of locally conserved quantities that prevent the ergodic phase
space exploration required for the ETH and classical statistical ensembles**. In the case of non-
interacting systems, the addition of local disorder was shown to create all eigenstates of the system
to be constructed out of localized orbitals36622155107:45:58,105,9547 These localized orbitals become
the extensive set of locally conserved quantities that makes the system an integrable one. The addi-
tion of inter-particle interactions was thought to generically lead to the breaking of this integrability
by allowing for hybridization between these localized orbitals return the system to a thermalizing
one.” However, as speculated by Anderson® it turns out that even in the case of relatively strong in-
teractions, the addition of sufficiently strong disorder can make the system integrable and inhibit
thermalization. This paradigmatic example of such an integrable, many-body system is known
as many-body localization (MBL)##104165:6519.54155 _Since the system does not thermalize, its dy-

namics to not lead to relaxation of an initial state through the scrambling of all local information

*In a classical sense, the thought would be that inter-particle interactions would allow for ergodic ex-
ploration of phase space since interactions would allow the particles to exchange energy and eventually
equilibrate in their potential landscape — although it may take a very long time.
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throughout the remaining system — using it as a functional bath like. Such an onset of localization
has previously been probed by a lack of thermalization (i.e. lack of ergodic space exploration) in a
system of interacting particles'®+7%7.

We will explore many-body localization for a Bose-Hubbard system where on-site disorder is used
to suppress the transport of particles in the system and, in doing so, preserves a memory of the initial
state that signals a lack of ergodic exploration of the system. We observe this onset of integrability
at a finite disorder strength and can independently probe the localization of particles. Importantly,
we additionally verify the system is an interacting, many-bodied one: even though particle transport
has been suppressed, the interactions in the system continue the spread of non-local correlations

8 These non-local correlations exist within the manifold of available states

throughout the system
that are limited by particle localization. These dynamics are considered to be the hallmark of MBL
are absent for a localized, non-interacting system. These characteristics are due to the change in the
behavior of nearly all the eigenstates in the system and realize a non-equilibrium phase of the quan-
tum system. It is additionally the only known robust form for breaking ergodicity and the applica-

131

tion of the ETH in an interacting system ™. Unlike other integrable, interacting systems, MBL is not

fine tuned and small perturbations applied to the system do not destroy its integrability.
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5.I LOCALIZATION IN THE INTERACTING AUBRY-ANDRE MODEL

In our experiments, we study MBL in the interacting Aubry-André model for bosons in a one-

dimensional lattice . This model is described by the Hamiltonian:

== (alais +he ) + % S h (- 1)+ WS iy (51)

where the on-site potential offsets are derived from an incommensurate (quasi-periodic) distri-
bution described by h; = cos (2733 + ¢) with a spatial frequency of 3 ~ 1.618 sites™ ! as an
approximation of the golden ratio (Bgr = @) * The phase offset ¢ is changed for different
measurements such that the results are characteristic of a general phenomena and not descriptive of
a single potential realization. We use the DMD discussed earlier in this thesis (§2.2) to project this
on-site potential offsets onto the bare lattice with some overall scaling strength represented by W in
(5.1).

Observing the slow coherent dynamics in the many-body localized system additionally requires
the quantum system remains well isolated from the environment for long experimental times. Since
the optical path for the optical lattice and the projected on-site potentials are not the same, any resid-

ual physical vibrations on the optical table or air currents in the optical path will result in relative

*This is often called “quasi-periodic disorder” to describe this distribution of offsets. While the function
is, of course, exactly periodic, its ratio is incommensurate with the physics lattice periodicity and hence any
given on-site offset will never be resampled in the system on any length scale. This intrinsic prevention of
resampling adds inherent structure to the system that lead to spatial correlations that should discourage one
from thinking of it as truly “disorder” as investigated for the Anderson localization problem. However, for
a practical comparison of both localizing phenomena, it is the on-site potential that leads to localization and
hence inherints the common terminology of “disorder”.
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Figure 5.1: Applied on-site potential and calibration. a) The theoretically prescribed quasi-periodic potential (blue)
and the physically implemented potential (yellow) are plotted together to show that they sample the same points

at every physical lattice site. Importantly, the implemented potential has extrema at at each lattice site which is lo-
cally quadratic and is therefore insensitive to shaking at first order. b) The applied DMD potential was calibrated by a
method mentioned in §2.4.4 where we find excellent agreement between the predicted relative potential offsets and
the measured ones. All error bars are the s.e.m.

shaking between the two potentials. In the bare formulation of h;, as written above, some sites addi-
tionally have a non-zero potential gradient (dh(z)/dz|y—z, # 0). Any shaking of the optical path
will realize this on-site potential gradient into an on-site potential modulation h;(t) that prevents
the system from being time-independent; effectively, this weakly couples the system to an infinite
temperature bath on every site of the lattice. We adjust this original potential formulation to a new
functional form, h; that realizes the same on-site potential but additionally has zero slope at each

lattice site:
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where ¢ is the same phase offset as in the original formulation of /; and a is the lattice constant.”
This potential is realized by projecting two lattices with different periodicities (8 — 1, 8 — 2) but
with a fixed, relative optical phase difference of 7 /2 that allows one to add the two potentials inco-
herently in (5.2). This physically will appear like the projection of two overlapping optical lattices
as shown in Fig. 2.2 that have a varying angle of incidence to the atoms to control these new spac-
ings. However, both sets of lattices are implemented via a phase hologram displayed on the DMD
(Fig. 2.5). If this were performed with two retro-reflected lattices where the periodicity and temporal
frequency are a fixed relationship, then this would provide the same effective potential due to the
rapidly rotating terms from interference of the two beams averaging to zero. An example realization
of this potential is shown in Fig. 5.1 along with the calibrated neighboring, relative potential offsets
as demonstrated in §2.4.4.

The agreement with our calibrated disorder patterns and intended on-site potential patterns
demonstrate the precision with which the system is understood. We use 197 different on-site poten-
tial patterns for almost all of the measured observables in the following experiments by uniformly
choosing ¢ € [0, 2). These implemented potentials have on-site statistics and neighboring poten-
tial offsets that are very close to a truly quasi-periodic distribution (Fig. 5.2). The difference between
the ideal distribution and the sampled one is a lack of a strong peak in Fig. s.2a at W; = 0 that mim-

ics the one at W; = 1. For all intents and purposes, this mostly effects the width of the distribution

*Any integer change of 3 will realize an incommensurate potential that has the same on-site values with
respect to the optical lattice periodicity. This allows for effectively decomposing an idealized incommensurate
on-site offsets in a Fourier series to reduce all higher order effects and realizes a step like change between sites.
This process is unnecessary in this case and would be physically limited by the wavelength of the light used.
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Figure 5.2: On-site potential histograms. a) A histogram of the expected on-site potentials (red) from the applied
quasi-periodic distribution. b) A histogram of the expected neighboring potential differences (blue) from the applied
quasi-periodic distribution.

in Fig. s.2b. The qualitative physics of MBL remains the same, however to compare results quantita-

tively with an ideal quasi-periodic distribution, one must increase the disorder strength by ~ 1.25.

5.2 BREAKDOWN OF THERMALIZATION

Our experimental protocol is very similar to that described in §4.2 and is shown in Fig. 5.3b. Our
experiments begin in the Mott-insulating state with unity filling in a two-dimensional optical lattice.
We first use the DMD to isolate a single, one-dimensional chain from the Mott insulator and then
add the on-site potential offsets ~;. We then abruptly switch on the tunneling by reducing the lattice
depth within a fraction of a tunneling time which realizes a quantum quench as in our previous
study (Fig. 5.3¢). The final Hamiltonian parameters are given by a tunneling time 7 = h/J =
4.3(1)msand U = 2.87(3).J and remain constant for all experiments. We allow the system to
evolve by unitary evolution in this Hamiltonian for a variable amount of time at the end of which

we perform the same number-resolved imaging as in the previous chapter (§4.2). Since particle loss
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during the evolution of the system realizes a form of coupling to an external bath, we post-select on
all images such that they contain the same number of atoms as intended for state initialization. In
this way, we realize an on-site single-particle occupation fidelity of 99.1(2)%. This is limited by the
fraction of doublon-hole pairs in the initial Mott insulator.”

We first investigate the breakdown of thermalization in a subsystem that consists of a single
lattice site. The conserved total atom number IV enforces a one-to-one correspondence between
the particle number outcome on a single site 1, and the outcome in the remainder of the system
ny = N —n, — entangling the two subsystems via tunneling dynamics. Ignoring information about
the remaining system makes the single-site a completely mixed state of different on-site occupation
numbers. The associated number entropy is given by 57(11) = — >, DPnlog(pn), where py, is the
probability of finding n atoms on the single-site. Due to the one-to-one correspondence mentioned
above, this implies the lack of any off-diagonal (coherence) terms in the reduced density matrix. This
is equivalent to saying that measuring the on-site number occupation for a single-site extracts all

(1)

information available to that subsystem’s reduced density matrix. Hence, Sy, is the single-site von

Neumann entanglement entropy S S\), as long as the system is globally pure.

Counting the atom number on an individual lattice site in different experimental realizations al-
. els 1 . .
lows us to obtain the probabilities p,, and compute S ( J\), We performs such experiments for various

v

evolution times. At alow disorder strength (W = 1.0(1).J), the entropy grows over a few tunnel-

*This number differs from the measured in-situ occupations of the unity-filling Mott-insulating shell.
However, this is largely due to the loss during imaging that reduces this on-site fidelity and is not due to
thermal excitations in the Mott insulator.
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Figure 5.3: Breakdown of thermalization. a) The physical model is illustrated here as an interacting Bose-Hubbard
model with on-site potentials sampled from a quasi-periodic distribution. b) All experiments start from a unity-filling
Mott-insulating state. The DMD is then used to create asingle 1 X 8 site system. ¢) The quench protocol is outlined
here wherethe 1 X 8 site initial state is evolved by unitary dynamics for a variable evolution time ¢ in the interact-
ing Aubry-André Hamiltonian. The state is then read out with single-site and number-resolved fluorescence imaging
technique elucidated in §4. d) The single-site von Neumann entropy, SE\), (t) is plotted as a function of time for two
different disorder strengths: (W = 1.J), which corresponds to the thermalizing regime, and (W = 8.9.J), which
corresponds to the many-body localized regime. Note that the MBL regime has suppressed single-site entropy that
persists up the longest evolution times. e) The measured single-site entropies at the end of the unitary evolution are
then compared to the prediction by a thermal ensemble as a function of the applied disorder W. The single-site entropy
agrees with the thermal prediction up to a finite disorder strength, at which point it becomes sub-thermal and consis-
tent with numerics. The inset shows the probability of the site retaining exactly one atom, which is akin how well the
site remembers the initial state. All solid lines are calculated by exact diagonalization. All error bars are the s.e.m.

ing times and then reaches a stationary value (Fig. 5.3).” This stationary value is suppressed for larger
disorder (W = 8.9(1)J) and remains constant over two orders of magnitude in evolution time.
The lack of entropy increase indicates the absence of heating from an external source in the system —
as indicated by the agreement with the exact diagonalization calculations of the coherent dynamics

up to longest measured evolution times.

*The naive assumption would be that the non-disordered regime should saturate in approximately a
single tunneling time 7. However, the plot in Fig. 5.3a curiously saturates for this regimeint = %7‘. This is
because of the fact that J is defined for the field of the wave function and has the same consequence in the
traditional Rabi problem where the oscillations happen with a frequency twice as fast as the driving field €2.
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To determine the effect of disorder strength on this saturated value, we measure the S S\)[(W, t=
1007) in Fig. s.3e. To evaluate the degree to which this agrees with local thermalization, we com-
pare the result with the prediction of a microcanonical thermal ensemble for our system (compare
predictions from previous chapter §4.3). For weak disorder, the measured entropy agrees with the
prediction of a thermodynamic ensemble up to a finite disorder strength — we use this agreement to
identify this regime a “thermalizing” one. As disorder is increased, we observe an increasingly large
departure from the the prediction of thermal equilibrium. This sub-thermal regime retains memory
of the initial state which initially has no on-site fluctuations and therefore reduced entropy in com-
parison to the thermal prediction. The degree to which the single-site relaxation differs from this
thermal prediction increases for stronger disorder. This memory of the initial state (Fig. 5.3¢ inset) is
the same metric by which other experiments of localization in interacting systems have measured a

lack of thermalization "64:27176:37120

5.3 LOCALIZATION OF PARTICLES

This observed breakdown of thermalization is expected to be a consequence of the spatial localiza-
tion of the constituent particles in the system. For point-like interactions between particles, par-
ticle transport becomes a necessary condition for exchange of energy to allow relaxation towards
equilibrium. The lack of such transport has been previous observed as a localization length of an
initially prepared density step into empty space?”. We simultaneously measure this localization as

well as the breakdown of thermalization by directly probing density-density correlations within
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the system while maintaining the average density in the system. These correlations are captured by
GA(d) = (ninirq) — (ni)(niva), where (...) denotes simultaneously averaging over different
disorder realizations as well as all sites ¢ of the chain. The particle number on two sites at distance

d > 0 are uncorrelated for G (d) = 0. Ifa particle is coupled to a site a distance d away, then the
sites become anti-correlated, and the correlator decreases to G2 (d) < 0.

An important contribution to these correlations relates to the structure of the applied on-site po-
tentials themselves. The on-site potential h; has a non-vanishing autocorrelation function A(d) =
(hihita)i (Fig. s.4b) at all distances that is inherited by the fluctuations in the density-density corre-
lations that we need to account for when extracting the localization length §. From this we construct

an ansatz fit function:

G?(d) = (a+bx A(d))e ¢ (53)

which is shown on top of the data and exact theory in Fig. 5.4c. We exemplify how we extract a
length scale from the measured the density-density correlations G @) (d) in Fig. 5.4: we show a com-
parison of the measured correlations, the exact diagonalization, and the ansatz for the functional
form (s.3) of the correlations.

From these fits we extract the correlation length & from the long-time saturated correlations to
probe the relationship between disorder strength and localization. At low disorder (W = 1.J), we
find these correlations to be independent of distance and at a constant, negative offset. This indi-

cates that the particles are able to tunnel across the entire system and hence are delocalized (Fig. s.5¢).
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Figure 5.4: G data, theory, and fit function. a) The raw data and exact theory are plotted after an evolution time

t = 1007 at adisorder strength W = 4.8(1)J. b) The autocorrelation function of the on-site potential distribution,
A(d) = (h;hitq): is plotted as a function of inter-site distance. c) Combines the measured data, the exact theory,
and the ansatz fit function (5.3) that incorporates the autocorrelation function of the on-site potentials. The theory is
calculated by exact diagonalization. The error bars are the s.e.m.

In the regime of strong disorder (W = 7.9.J), only nearby sites show significant correlations and
demonstrate the suppression of particle motion across large distances. We thus conclude that the
particles are localized in this regime. We then plot the extracted localization length £ as a function of
disorder in Fig. 5.5c where the correlation length exists at the system size limit until a finite disorder
strength where it is reduced to the smallest measured value of & 1 site.

The observation of localized particles is a consistent with the description of MBL in terms of lo-

cal integrals of motion7*%%

84 This model was initially formulated for MBL in a spin system, but
can be extended to lattice bosons. It describes the global eigenstates as a product of exponentially
localized orbitals. The correlation length extracted from our model is a measure of these orbitals.
Since the latter form a complete set of locally conserved quantities that prohibit an ergodic explo-
ration of all available phase space with respect to global thermodynamic constraints(total energy,

total particle number, etc.), this picture connects the breakdown of thermalization in MBL with

integrable systems.

124



0.1

o -0.1
0.2

b
0.1
_ 00
N
So 0.1
-02

Thermal (W ~ 1J)

[ - bt

K4 MBL (W ~7.9J)

1234567
Distance (sites)

1234567
Distance (sites)

Thermal (W ~ 1J)

MBL (W ~7.9J)

1234567
Distance (sites)

1234567
Distance (sites)

Correlation length § (sites)

system size limit

<

6 7 8 9
Disorder strength W (J)

10 M

Figure 5.5: Localization. a) The measured two-point correlations, G® (d) are plotted for both the thermalizing
(W = 1J)and MBL (W = 7.9.J) regimes. b) By removing the non-monotonic behavior of the on-site potential
correlations we visualize the localization of the distribution G(?) (d) = G®)(d) — b x A(d)e~%¢.¢)The
extracted correlation length £ is then plotted as a function of disorder depth W. This correlation length & becomes

smaller than the system size at the same finite disorder at which thermalization breaks down in the system. All solid

lines are calculated from exact diagonalization. The dashed lines are the results of a a fit (5.3). The error bars are the

s.e.m.

S-4 ENTANGLEMENT DYNAMICS IN AN INTERACTING, MANY-BODY LOCALIZED SYSTEM

Up till this point, the role of interactions in this many-body system has been solely related to the

concept of thermalization and non-integrable systems. However, since non-interacting systems are

already known to Anderson localize it may seem like purely a competition of two effects in this sys-

tem: i) thermalization when disorder is low and interactions and transport realize ergodic, thermal

eigenstates, and ii) localization when disorder is so large that it is the dominates energy scale and

effective breaks up the system into a series of disconnected, localized, non-interacting chunks. How-

ever, this picture was shown by Bardarson ez 4. as an inaccurate description of the system. In this

pioneering theory work, it was shown how the bipartite entanglement entropy dynamics of a disor-

dered spin system differs between a non-interacting and an interacting system. A non-interacting




system only realizes the rapid relaxation akin to the observed single-site entropy measured in Fig. s.3.
However, any infinitesimal interaction between particles/spins will lead to long term entanglement
growth that is logarithmically slow with time. This result led to the identification of the logarithmi-
cally slow entanglement growth as the distinguishing behavior that realizes the unique characteris-
tics of a strictly interacting”, many-body localized system.

Discerning the unique entanglement growth in a many-body localized system requires a precise
understanding of how correlations can develop due to unitary evolution of this pure quantum state.
In a Bose-Hubbard chain with fixed global particle number, there are two classes of degrees of free-
dom that contribute to the bipartite entanglement entropy: i) the number of particles in a given sub-
system, and ii) the way those particles are configured among the available lattice sites in the subsys-
tem. Mathematically, this can be separated exactly for the von Neumann entropy, Syny = Sy, + Se.

This becomes clear if we consider the reduced density matrix p4 of subsystem A in the Schmidt

basis pj;:

Sun = Z piilog (pi:) (5-4)

2

“Nearly all literature or researchers in this field will exclude this “interacting” descriptor. Strictly speaking,
a system of many, non-interacting bodies would also localize (i.e. Anderson localization) and is the exact com-
parison given in Bardarson, ez al.. However, it is the fact that the many-bodies interact at all that give rise to
the unique dynamics and so I add this qualifier here for emphasis and clarity only.

 An additional comment is that a significant distinction here is that both regimes, delocalized and the
localized, can be provably shown to be interacting ones. Non-interacting systems without disorder will be
delocalized but are also strictly non-thermalizing systems: the energy per particle is an additional, extensive
constraint on the system and once again realizes an integrable system. Therefore, simply demonstrating
that a system delocalizes or localizes are insufficient observables — although they are considered to be neces-
sary ingredients for thermalization and its breakdown, respectively. In a many-body localized system, it is
the logarithmically slow entanglement growth that defines the system as being localized in the presence of
interactions.
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Since the global particle number is conserved, the same argument for a single-site having no co-
herences between different particle numbers in a subsystem holds also for larger subsystems; there
is again a one-to-one, unique relationship between with a given number of particles in subsystem A
and subsystem B (N4, Ng = N — Ny). This permits us to break up (s.4) into a double sum over

the particle number 7 in a given subsystem and then all states ¢ within that manifold:

N
Son =D > papil” log (pnpg? )> (5:5)

n=0 1
where py, refers to the probability of a populating the manifold of 72 atom states in subsystem
A. This can be understood graphically (see Fig. 5.6a) as the reduced density matrix being a block
diagonal matrix where the population of each block is given by p;, and each respective block within
the n atom manifold (") may be individually diagonalized and normalized (32, pif” = 1)." By

exploiting the lack of coherences between blocks and the normalization of each block, S, v can be

(n)

*In the single-site regime, each of these blocks p;; ’ is reduced to containing only a single state. Since this
block has only one entry it cannot have any internal coherences. Hence, measuring single-site occupation
number is all the information available.
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reduced to a sum of two separate contributions: Sy, and S (5.6).

N
Sov =D pupy)” [1og (pn) +log (6"
n;() 7 N
= an log (Pn) Z Pgln) + an Z ,01(?) log (:01(?))
n;[(] % N n=0 %
= pulog(pn) + > pa > o4 log (pz(?))
n=0 n=0 %

=5, + Se.

(5.6)

This separation of contributions to entanglement by types of correlation between the two subsys-
tems gives rise to exactly the separation of identifying behavior in many-body localization (Fig.s.6).
It also qualitatively reflects the original results presented in Bardarson, et al.” and distinguishes
between the contributions to entanglement from atom delocalization, which can arise in a non-
interacting system (.5,), and the contribution from atom-atom interactions that gives rise to a persis-
tent growth of entanglement (S¢).

The entropy generated by fluctuations in particle number in a given subsystem is suppressed by
the presence of localization and has the same early-time saturation behavior as for single-site in the
system. The entropy associated with configurations of particles within a given block of the density
matrix, however, can still slowly develop correlations with the remainder of the system and is solely
responsible for the logarithmically slow entropy growth used to distinguish interacting, many-body-
localized systems.

This separation of correlation contributions additionally provides some intuition for discerning
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Figure 5.6: Degrees of freedom and entropy. a) Shows an illustration for the reduced density matrix p 4 of a system
where the subsystem size is larger than a single lattice site. The size of the blocks in this system refer to the Hilbert
space within the manifold of states that contain 12 atoms in the subsystem. The shading refers to the probability of
populating states in that block, P,,. b) The bipartite von Neumann entropy plotted is for half-size subsystem with a
total sizeof L = 6 sites. The separate contributions to this entropy, .S;, and S., provide independent metrics for
distinguishing the rapid relaxation and the slow, non-local correlations built up by the presence of interactions in the
system. The solid lines are produced for exact diagonalization.

the difference in the dynamics of Anderson localized, many-body localized, and thermalizing sys-
tems. In a thermalizing system, the lack of disorder allows for particle to rapidly transport through
the whole system, and build correlations between the two subsystems by both particle exchange
across the subsystem boundary, and interactions between particles that cause correlations between

particular configurations in the two subsystems.

5-4.1 PHENOMENOLOGICAL DESCRIPTION OF LOCALIZED ORBITALS: NON-INTERACTING

To better elucidate how entanglement develops in these localized systems, we will refer to a phe-
nomenological model adapted from spin systems to a Bose-Hubbard, which is written in the physi-

cal on-site basis below:

a=-7% (a}dm + h.c.) + WY by (5.7)
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In this Anderson localized (i.e. non-interacting) regime, the particles are exponentially localized
to their initial site by disorder. We will assume we are in the regime W > J for simplicity. This
localization hints to the fact that eigenstates of the system may be built out of a product of creation
operators that populate such localized orbitals with individual atoms /l;rc* We can find much of
the phenomenological physics by expressing such an exponential orbital a superposition of on-site
creation operators with exponentially decreasing amplitude. We can think of eigenstates of this

system as being built out of quasi-local creation operators:

. 1 .
J

where the only degree of freedom being the phase ¢; of the exponentially decaying amplitude on
these sites and enables these orbitals to be constructed such that they are orthogonal ((O\Aﬁék/lL |0) = 0) :
In the Anderson localized case, the exponentially localized particles are eigenstates of the non-interacting
disordered Hamiltonian and only these many-body phases evolve in time. This evolution happens
because of the local potential offsets W}, they experience and therefore can be described by an effec-

tive Hamiltonian:

E0T ST WAL A (59)
k

Note that this effective Hamiltonian is diagonal in the basis of the occupation number of lo-

*This concept is intentionally presented to be similar to populating local local Wannier functions in a
lattice with &7, which it will reduce to in the infinitely-deep disorder limitas § — 0.
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calized orbitals .AL.A;C and therefore, in this localized orbital basis, creating such an eigenstate will
evolve in a global phase. Let us consider a simple initial state that is separable but in a superposition

of these localized orbitals:

o) = 5 (1 45) 10w} (14 A7) 10y (5.10)

In the case of a non-interacting system, the temporal dynamics of this initial state simply depend

upon the local orbital occupation number:

90 = 37 (100) +€710)) ® (j01) + W1J11)) (5

In the basis of the localized orbitals, the dynamics of the system are entirely contained in the lo-
cal phase evolution of the populated orbital and preserve the separability of the initial state — they
remain unentangled at all times. Importantly, however, in the basis of physical lattice sites, such
a state would still retain some entanglement from particle number fluctuations across a real-space
bipartition that cuts through all the AL |0) states at some physical site index. In fact, our original
formulation of fl}; (5.8) as an exponentially decaying amplitude of on-site creation operators &L sug-

gests (correctly it turns out) that eigenstates have an area-law scaling of entanglement entropy (§3).

Importantly, though this entanglement does not grow as a function of time (s.11).
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S-4.2 PHENOMENOLOGICAL DESCRIPTION OF LOCALIZED ORBITALS: INTERACTING

We will use conceptually expand the framework presented above to think about the interacting

regime by adding very weak but non-zero interactions:

A=-7% (a}aiﬂ n h.c.) + % S h (- 1)+ WS iy (5.12)

In this many-body localizing Hamiltonian, we will work in the regime where W > J > U.
We see from the formulation above that the interaction occurs for multiply occupied sites in the
physical basis. Attempting to adapt our intuition of the eigenstates from the non-interacting basis,
we would suspect that in this weakly interacting limit the system will still be constructed out of
localized orbitals. The difference being that where orbitals overlap they will see an energy shift due

to the particle-particle interaction that exists in our bare physical basis:

U _ R ~ .
Ujevéf ) ZC_‘xl_ﬂﬁk\/ée—\xz—wﬂ/ﬁ ~ Ue~lzi—zkl/€ (5.13)
7

where we only include overlap from two orbitals centered about sites-j and & since overlap with
successively more orbitals will exponentially decrease in strength.” It remarkably turns out that
this concept is approximately true and we can again reconstruct eigenstates form localized quanti-

ties 79709341 which we will now construct from new creation operators [,};. We can incorporate this

*They may need to be considered in terms of finding the correct quantitative values for the dynamics of a
system, but to see the phenomenological dynamics we can stop at this second-order non-local interaction.

Teis very tempting to assume LQL ~ ./Al,t However, this is importantly not the case. It is the many-body
states that are hybridized by the interactions (i.e. ﬁ;ﬁz |0) ~ (A;LAL + a/l;/l; + O/AZAL + ) \0))
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interactions into our new Hamiltonian built out of our new localized creation operators below:

T N WL L+ ST UL 2 (5.14)
k Jik

While this Hamiltonian also has eigenstates that are constructed out of quasi-local creation oper-
ators (ﬁ,t), the evolution of the phases now depends upon a non-local interaction term between the
population of spatially separated, localized orbitals. In particular, if we return to our original initial

state example, |1),), the dynamics of the many-body states will no longer remain separable:

1 o 5 e 7 -rreff
[Vo(t)) = N (|0001> +eM1H0g11) + M0 160;) + et (Wot W)t iUy t|1ol1>> (s.15)

Their is now an additional phase evolution from eiUgvflft that will make the system inseparable in
this localized orbital basis and the physical site basis — exemplifying the entangling of the states due
to the interaction term. This interaction is physically derived from the the additional energy offset
that atoms experience from multiply occupied sites that, in this case, will depend on the relative over-
lap of exponentially localized particles. This simple, phenomenological model not only describes

yett

. . iUg7, t .
how the system becomes entangled but qualitatively characterizes from the phase €'k’ that this

entanglement will happen logarithmically slowly throughout the system since the interaction is ex-

The new localized quantities will share atoms from these original non-interacting orbitals and make it difficult
to directly compose in these non-interacting terms. Although, they will appear relatively close if only looking
at on-site occupation number. This example is further explained in Appendix : 1.
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ponentially weak between distance sites d apart:

Tenthjff = 7'6ml~]e_d/5 ~1—log [Teml}}{ ~d (5.16)

L j4d

This framework is adapted from the “I-bit” description used to provide a phenomenological
picture for the entanglement dynamics of many-body localization in a spin system7°"%%*+." The
implication of the framework presented above is that the magnitude of local fluctuations in particle
number are entirely restricted by the localization length scale £. The scaling behavior of entangle-
ment within a single eigenstate of this many-body localized is again an area law - like the Anderson
localized case discussed above. However, if the initial state is a superposition of several of these local
creation operators (L/;,L) the system will eventually become entangled by this interaction term and
converge to a volume law.

Importantly, our initial state is not an eigenstate of the final Hamiltonian in this localized basis
and hence the relative phase evolution of eigenstates that are sensitive to the exact population of
these localized orbitals that results in the slow entanglement among the localized constituents of

the system. From this framework we can additionally find an intuitive description of the spread of

*Strictly speaking, the “I-bit” (localized bit) picture from spins is somewhat inadequate since the on-
site degree of freedom in the Bose-Hubbard case can take on more than two values. This is why an attempt
at a modification to this picture has been added above for the population of these localized orbitals with
a creation operator EL where multiple on-site occupations can apply. The additional translation of this
model is that the “p-bits” (physical bits) are now defined as the bare on-site occupation basis given by cre-
ation operators dz. Lastly, the original “I-bit” picture, as written for spins, is that quasi-local operators
are defined as to be comprised of eigenstates that commute with a product of local Pauli operators (e.g.
-~-Ik—201(€z_)101im)01(€y_:1 I} 4o...) in the “p-bit” basis. However, it should be repeated once more that this is
purely a phenomenological picture to help with intuitively writing down a mathematical description of the
observed behavior in the system, not a literal diagonalization.
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entanglement after a quench throughout the system for the thermalizing, Anderson localized, and
many-body-localized systems (Fig. 5.7). In the thermal case, the system rapidly develops entangle-
ment of both types that extend across the entire system. The Anderson-localizing system develops
entanglement only due to the finite extent of particle delocalization across a boundary and therefore
all entanglement is additionally local in the system. The many-body-localized system develops ini-
tial entanglement due to the particle number fluctuations, similar to that of the Anderson-localized
system, but also develops entanglement among the local configurations of particles in the system
that slowly spreads across all length scales. This entanglement of local configurations of particles is
in part possible because it respects the locally conserved integrals of motion. However, it can still
scramble initial phase relationship of these quasi-local operators throughout the entire system, albeit

logarithmically slowly due to the exponentially small overlap between distant orbitals.
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5.4.3 MEASURED ENTANGLEMENT DYNAMICS

While we have access to the atom number in a given subsystem, pj,, which allows us to directly com-
pute Sy, for any given subsystem, we do not have access to the entropy of configurations S,.. There-
fore, we probe this entanglement from the underlying correlations of configurations between the
bipartite subsystems. This correlation of configurations must be performed respective to the local
manifold of conserved atom number in a given system. We define this configurational correlator as a
measure of non-separability between configurations A,, and its compliment B,,; with n particles in

Aandn’ = N — n particles in B:

N
C = an Z ‘p (Aan’) -p (An) p (Bn’)’ (5'17)

n=0 " {An},{B./}

where p (A;, B,) is the joint probability of a particular Fock state configuration A, B, occur-
ringand p (Ay,),p (B, ) are the marginal probabilities of the local Fock state configurations A,
B, occurring independently. A non-zero C' provides a strict statement that the two subsystems are
not separable within their configurational degrees of freedom and therefore implies entanglement of
the configurational type. What this non-zero value implies mathematically is an upper bound on the
magnitude of the coherence terms within the blocks of the reduced density matrix in Fig. 5.6. Im-
portantly, this configurational correlation C' is numerically found to be almost linearly proportional
with S, for our parameter regimes (Fig. 5.8). However, this proportionality is not always linear and

some discussion about the mathematical bounds involving this correlator (C') are discussed in Ap-
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Figure 5.8: C' and S... a) The calculated configurational correlations are plotted for various interaction strengths in the
MBLregime (W = 10.J). b) The calculated configurational entropy are plotted for various interaction strengths in
the MBL regime (W = 10.J). Both calculations are for a 6-site system where we find excellent qualitative agreement
between the two metrics. Note that a small amount of configurational correlation exists in the non-interacting case,
but never grows. The finite value here is due to the many-body nature of the non-interacting system which still harbors
bosonic statistics that effect this configurational correlation. However, since it requires overlap of the particles, it is
highly suppressed with localization length &. In the interacting case this changes the final saturation value but not the
growth. All calculations are performed by exact diagonalization.

pendix H.

Due to the ability to resolve the exact Fock state distribution with our microscope, we study the
time dynamics for both the particle number entropy (S,,) and the configurational correlations (C').
We study all temporal dynamics within a 6-site Bose-Hubbard system. Without disorder, we find
that both S}, and C'indeed grow rapidly and reach a stationary value within a few tunneling times
(Fig. 5.9a). In the presence of strong disorder, we find a qualitatively different behavior for both
quantities. Again, S, reaches a stationary state, although after longer evolution time due to reduced
effective tunneling. Additionally, the stationary value is significantly reduced (approximately a fac-
tor of 2 in Fig. 5.9a,b) and indicates the the suppression of particle transport in the system. The
correlator C, in contrast, shows a persistent slow growth up to the longest evolution times reach by

our measurements (Fig. 5.9b). The growth is consistent with logarithmic behavior over two decades
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Figure 5.9: Separation of entanglement. a) Both the measured number entanglement entropy (blue) and the config-
urational correlator (red) are plotted for a 6-site Bose-Hubbard system after a quench with no disorder - realizing a
thermalizing system. Note that both contributions to the entanglement in the system rapidly grow and saturate within
asingle tunneling time 7. The configurational correlations, requiring some amount of local number fluctuations, turn-
ing on more rapidly, but after the start of the number entropy growth. b) Both the measured number entanglement en-
tropy (blue) and the configurational correlator (red) are plotted for a 6-site Bose-Hubbard system after a quench with
strong disorder (W = 8.9.J) - realizing a many-body-localized system. The number entanglement entropy rapidly
grows and saturates within 107 while the configurational correlations give rise to a logarithmically slow growth consis-
tent with the phenomenological model expectations of MBL. All solid lines are calculated by exact diagonalization. All
error bars are the s.e.m.

of evolution time. We conclude that we observe the interaction-induced entanglement dynamics in
the MBL regime, which is additionally consistent with the phenomenological model presented ear-

lier18,17o,169,

%4 The agreement of the longterm dynamics of S, and C' with numerical calculations in
the MBL regime confirms the unitary evolution of the system and is consistent with very few scatter-

ing events that could decohere the system (7 < 1 photon / (second - atom number), §s.5).
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Considering the scaling of this entropy in subsystems of different sizes provides us additional
insights into the spatial distribution of entanglement in the system: in a one-dimensional system,
locally generated entanglement results in a subsystem size independent entropy, whereas entan-
glement from non-local correlations causes the entropy to increase in proportion to the size of the
subsystem. In reference to the subsystem’s boundary and volume, these scalings are called area law
and volume law. We find almost no change in S;, for different subsystems of an 8-site MBL system
(Fig. s.10a) — indicating an area law scaling to the localization of the particles and confirming the
suppression of particle transport. In contrast, the configurational correlations C' increase until the
subsystem reaches half the system size (Fig. s.10b). Such a volume-law scaling is also expected for the
entanglement entropy and demonstrates that the observed logarithmic growth indeed stems form

non-local correlations across the entire system. *

5.5 DECOHERENCE FROM SCATTERING

There are a few comments to be made about the sensitivity of the observed quantities in the system
due to coupling to the external environment. There are three dominant ways that the external envi-
ronment couple into the system as a bath: i) atom loss due to background gas collisions, inter-band
scattering from spontaneous emission, or lattice depth modulation, ii) on-site modulation from

physical vibrations between the optical paths, and iii) intra-band scattering that does not add energy

*This volume-law scaling of the configurational correlations, and therefore the von Neumann entropy, is
aresult of the unitary dynamics in the system. In fact, each individual eigenstate in the MBL system actually
only harbors area-law entanglement. It is the unitary evolution of a superposition of many MBL eigenstates
that give rise to this volume-law scaling.
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Figure 5.10: Subsystem-size scaling of entanglement entropy. a) The particle number entropy, which is most sensitive
to the distance over which particle number fluctuations are possible, proves very insensitive to subsystem-size scaling
and indicates the existence of an area law caused by particle localization. b) The configurational correlations, however,
derive from a non-local interaction term that allows the system to become entangled extensively with subsystem size
and reveals an volume-law scaling up to the half-system size. All solid lines are calculated by exact diagonalization. All
error bars are the s.e.m.

to the system but does measure the atom location and decreases coherences of the many-body state.
The first contribution, atom loss, we can remove by post-selection of the atom number such that
we retain the atom number we intended to load. This post-selection reduces the fidelity of an exper-
imental run but is also necessary for the calculation of more complicated quantities such as the con-
figurational correlations. However, if one only considered the single-site entanglement entropy, you
can continue to calculate such local quantities and normalize for the total number of particles™*?7.
Conceptually though, such excitations should be thought of as a strong measurement of the particle
number and randomly projects the system into a subspace with global particle number N — 1. We
found experimentally that not including such post-selection causes an overall offset in the entropy.
This includes an offset in the entropy from atom loss due to imaging or loading, as well as a more

troubling slow growth of entropy on the single-site level from continued atom loss during the dy-
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namics. We cannot distinguish between background gas collisions or excitations to higher bands in
the system since only the lowest band is trapped by the confining walls we apply.

The second contribution, on-site modulation, we eliminate by using an on-site potential that has
zero first derivative at each lattice site. This, to first order, removes the contribution of optical table
vibrations and air currents that shake the relative position of the projected on-site potentials and the
optical lattice. We found this reduces the residual entropy growth we measured in initial runs of the
experiment.

The third contribution, intra-band scattering, should in principle be highly reduced due to the
fact that we use blue-detuned optical lattices that should predominantly contribute to only inter-
band excitations**. However, as mentioned in §2.1.1, the z-confining lattices and applied disorder
provide on-site offsets that restore this intra-band spontaneous scattering. This type of heating does
not necessarily add energy into the system and therefore cannot be post-selected away. While this
may not add any energy, we still call this “heating” since it increase the global entropy of the system
by scattering events that act as a local measurement in the system and erase some of the many-body
coherences which reduce the overall purity. Since a Bose-Hubbard system that populates all Fock
states equally and incoherently has no configurational entropy (classical infinite temperature), we
numerically investigated at what scattering rate our measured configurational correlations could pro-

vide numerical bounds on this contribution (Fig. s.11). The most likely assumption was that the sites

“We find the correct height of the confining walls by determining the optical potential power that retains
all atoms at early times after performing a hard quench without disorder such that we should populate many
excited eigenstates. This power is then increased by approximately a factor of two that still prevents us from
trapping the next highest band but trapping all particles in the lowest band.
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Figure 5.11: Correlator sensitivity to decoherence. a) The time dynamics of the configurational correlator C' when
sampled at a periodic rate 7y. The scattering here is modeled to measure the atom-number on a single-site that sees
the highest on-site potential offset from the disorder. While the system does not immediately begin to erase the coher-
ences, they are all strongly effected by the final measurement time in our system (t = 1007). b) The averaged correla-
tion value for measurements that happen at atime 1007 < t < 2507. This final correlation vale is then plotted as a
function of scattering rate in units of the tunneling rate .J. Note the experimental measured value was C' ~ 0.25. All
simulations are calculated by exact diagonalization for the half-size subsystem of a 6-site Bose-Hubbard chain.

with higher on-site potential would be most likely to scatter and measure the local atom number. In
particular, a worry had been that perhaps the quasi-random, but structured sampling of the system
might unintentionally create correlations — it turns out it does not (Fig. 5.11). We conclude from our

measured correlations and numerical comparison that our intra-band scattering rate Yintrq < 1

photon / (second - atom number).

5.6 DiscussioN

Investigating the growth of non-local quantum correlation has been a long-standing experimental
challenge for the study of MBL systems. In addition to achieving exceptional isolation from the clas-
sical, external environment and local access to the system, such a measurement requires access to the

18,131

entanglement entropy ™. Our work provides a novel technique to characterize the entanglement

properties of MBL systems, based on measurements of the particle number fluctuations and their
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configurations. The observation of slow coherent many-body dynamics along with the breakdown
of thermalization allows us to ambiguously identify and characterize the MBL state in our system.

Resolving the genuine growth of correlations related to the logarithmically slow growth of en-
tanglement in the system additionally requires some care in how one averages measurements in the
system. Since the configurational correlations, unlike the density-density correlations, are not spa-
tially locked to the underlying correlation of the applied on-site potentials, one has to be careful to
always compute C' from the quantum average of a given Hamiltonian realization first. Then, the
averaging over different disorders realizations can be performed. Otherwise, effectively all config-
urations will be explored equally among different disorder realizations and the slow entanglement
growth will be erased out by the average. This effect does not happen on a qualitative level for the
particle number entropy S, and only changes this observable quantitatively ™.

This distinction in averaging actually provides some additional insight into these correlations
as well. In some crude sense, the number fluctuations are a more classical measure that probe ther-
malization in the system since the eigenstates explore all thermodynamically allowed number states.
Then the quantum average over eigenstates and the average over disorders are not particularly differ-
ent in a qualitative manner.

Another qualitative way to think about MBL system is that while it does not ergodically explore
all number states, it does allow ergodic exploration of the remaining degree of freedom: the configu-

rations of particles restricted to a manifold of local particle number. This, in some sense, sounds like

thermalization within a manifold of states where the system can scramble initial phase information”

*This refers to the phase information in the superposition of local “I-bit” creation operators immediately
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among the remainder of the system. So while the MBL system does not resolve local observables
that agree with the global thermodynamic constraints of a thermodynamic ensemble, the system
does use a manifold of states as a type of bath for only a subset of states. This additionally implies
that while the transport of particles are suppressed in the disordered system, the interactions enable
the transport of phase information and has been predicted as a system that enables quantum telepor-
tation of only “I-bit” phase information.

However, the most fundamental question about this system is whether the transition in behavior
of these highly excited eigenstates can be described within the conceptual framework of quantum
phase transitions. While this appears as an appealing way to describe the behavior of excited eigen-
states, such a relationship has remained elusive due to the difficulty in theory to either compute the
behavior of the intermediate disorder regime both numerically or analytically. We will explore such a
regime experimentally in an attempt to utilize our quantum simulator to shed some additional light

on to this question in the following chapter+.

after the quench.
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There is nothing sharp in nature.

Dr. Julian Léonard

Critical behavior of the

many-body-localization transition

We have, up till now, described quantum thermalization and MBL in terms of their resultant dy-
namical behavior from the integrability, or lack there of, of the quantum system. This behavior if

a consequence of a qualitative change of the properties of the eigenstates at a finite disorder value

145



where the two phases, thermalizing and many-body localized, have been theoretically predicted in
the extreme value cases for short-range interacting systems in one-dimension #5743 This type
of non-equilibrium phase transition is often referred to as an eigenstate phase transition since the
properties of the individual excited eigenstates themselves change qualitatively at a finite value#%.
However, understanding the exact transition behavior requires the the ability to exactly diagonalize
the entire Hamiltonian since it relies on access to these highly excited eigenstates.” Such numerical
approaches, while exact, are limited to relatively small finite sizes based upon the exponential growth
of Hilbert space dimensionality with physical size'7>'*'. Other numerical approaches, such as renor-
malization group theories (RG)™#*"*"9* work on significantly larger sizes but are implemented via a
self-consistent set of rules that may not accurately capture the critical behavior due to the expected
large, non-local entanglement at the critical point™'. These same set of limitations do not restrict our
experimental realization of an MBL system and in principle can faithfully perform exact simulations
of the correct behavior for large systems. Although, a new practical limit emerges experimentally
based on coherent evolution time. The practical limit of measuring out successive decades of time
evolution require exponentially more experimental runs to overcome the increased post-selection
rates.” All results in this chapter will derive from time evolution up till £ ~ 1007.

While both non-equilibrium phases are well understood theoretically and can be successfully de-

scribed by phenomenological models 1698481 the transition between these two phases remains an

*There are many theoretical proposals for this critical behavior that do not use exact diagonalization, but
the validity of their results is unknown without either comparison to exact diagonalization or experimental
results.

t Additional estimates of evolution time can be made from using the spontaneous scattering rate measure-
ments in §2.1.3.
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open question ** . Several experiments have probed slow transport properties through

local observables near this critical regime**°. While such anomalous transport has been predicted

2,171,192

theoretically , identifying anomalous transport as quantum critical dynamics is experimentally

challenging, since similar behavior can also originate from stochastic effects: inhomogeneities in the

initial state™®

or the coupling to a classical bath *>*?. We overcome these challenges in our experi-
ment with our protocol by evolving a pure, homogenous initial state under unitary dynamics where
we additionally utilize post-selection to exclude coupling to the environment by atom loss™>". In
this chapter, I present our results in this critical regime where we observe system-size dependent
thermalization, anomalous transport, and correlations that span the entire system and persist up

to high orders near the critical point™*. We additionally observe behavior in support of a proposed

microscopic mechanism that leads systems at intermediate disorder strengths critically towards ther-

malization via a sparse resonant network #5547

6.1 CRITICAL BEHAVIOR AND PHASE TRANSITIONS

Quantum phases are described by their local order parameter and their transition from one order to
another, in any physical system, happens smoothly. This smooth cross over is typically limited by
either the system size or temperature of the system. This regime of the smooth cross over tends to
sharpen (shrink) as the system is either cooled to lower temperatures or the system size is increased.
This shrinking of the smooth crossover demonstrates that the system was only critically limited by

an external property; it will approach a particular phase in the I' = 0 or infinite-size limit. This
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smoothness has to do with the relationship of the finite correlation length at the transition as com-
pared to the system size or the temperature to the minimum gap in the system. The scaling behavior
of these transitions are dependent upon only global properties such as dimensionality and internal
symmetries — making the theory describing this critical behavior universal: it applies across a wide

variety of physically different transitions as long as they have these same global properties™®.

6.1.1 CRITICAL DYNAMICS IN EQUILIBRIUM PHASE TRANSITIONS

The dynamics at non-equilibrium phase transitions are inherently different from those associated
with critical behavior at equilibrium phase transitions.” A traditional approach for the theory of
ground state phase transitions has seen wide success in describing phase transitions within a set of
universal classes with qualitative distinctions only changed by symmetries, interaction range, and
dimensionality of the system. Therefore, it is natural to try and understand which, if any, of these
traditional concepts may apply to non-equilibrium phase transitions and their critical behavior. In
the following sections, the behavior associated with criticality in a traditional equilibrium quantum
phase transition is discussed.

To probe all ground-state phase transitions, a system is typically prepared in one phase at equi-
librium, then a parameter in the Hamiltonian, e.g. A, has to be swept as a function of time through
the transition point. These are also known as equilibrium phase transitions since the assumption is

that this parameter is swept adiabatically. Since the Hamiltonian will not be time-independent dur-

*However, one might consider that all phase transitions are eigenstate transitions and equilibrium quan-
tum phase transitions focus only on the lowest energy eigenstate — the ground state.
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Figure 6.1: Equilibrium quantum phase transition. a) The canonical schematic for a quantum phase transition occur-
ringat T = 0 for the ground state as a function of a tuning parameter g. The avoided crossing shown between the
ground state and the excited state in this diagram are separated by the coupling between the two terms in the Hamilto-
nian: H, and H. Each dominating character of the ground state in their respective regimes. The color of the ground
state denotes whether it lies in the “ordered” or “disordered” phase. b) The canonical phase diagram associated for a
quantum phase transition has an “ordered” and a “disordered” phase that cross at a critical point g. whenT" = 0. The
left diagram, a, is just plot of the eigenstates along the I' = 0 cross section of this diagram. As the temperature is
increased, more eigenstates in the system become incoherently populated and conceptually the quantum fluctuations,
huw,, that attempt to order the system compete with the thermal fluctuations k1" that drive the system towards a
disordered phase. The closing gap near the critical point extends this classically disordered phase downward into the
critical “fan” shape associated with critical behavior and quantum phase transitions. A similar diagram can be made for
the Temperature rather than inverse system size.

ing this sweep, the approximate requirement for adiabaticity is given by the Landau-Zener problem
that the change in the energy due to the sweep of a parameter (d\/dt) x (dE/d)\) < g where
(d\/dt) x (dE/dM) is the change in the energy as a function of time and g is the coupling between
the ground and excited states. Experimentally, any ramp will be finite in time, and any finite ramp
time will always inject a finite amount of entropy into the system during the sweep. Additionally,
even if these systems are prepared at T' ~ 0, the degree to which this sweep is not adiabatic will
result in non-equilibrium dynamics. The presence of these non-equilibrium dynamics are character-

istic of the energy gap in the system defined by parameter A(t) when this adiabatic criterion breaks
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down due to the finite ramp time. This is additionally linked to the correlation length in the system
which is dependent to the energy gap in the system and therefore defines the average size of domain

size in a system™*. The relationship between this domain size, correlation length, and dynamics is

146,196 100

known by the Kibble-Zurek mechanism and have recently been seen experimentally

612 A NON-EQUILIBRIUM PHASE TRANSITION

The thermal-to-MBL eigenstate phase transition is also known as an out-of-equilibrium phase tran-
sition.” Since it is not physically possible, while remaining in thermodynamic equilibrium, to popu-
late a single highly excited eigenstate, the quantum quench performed in the experiment will popu-
late many excited eigenstates which will lead to dynamics. However, an important point is that the
many-body gaps between eigenstates are related to the properties of the eigenstates themselves and
therefore the observed unitary dynamics probe the inherent characteristics of the eigenstates *%5",
In the thermalizing case (§4), the ergodic nature of the eigenstates of the system imply that most
relatively local properties change smoothly across the eigenstates as a function of energy. This can
be intuited from the fact that by the property of being ergodic, small perturbations applied to any
eigenstate will hybridize energetically nearby eigenstates. This property additionally leads to level
repulsion between eigenstates and applies generically across the majority of the spectrum 3. T It

is precisely the non-ergodic character of a many-body-localized eigenstate that prevents a generic

*This term additionally covers another class of “dynamical phase transitions” that are qualitatively differ-
ent from the thermalizing to MBL transition discussed here.

TThis level repulsion is nothing other than avoided level crossing in a two-level system when they are
generically coupled by some parameter. For these thermalizing systems this applies generically between almost
any two eigenstates since they are constructed out a nearly ergodic superposition of states that are constrained
only by global, thermodynamic quantities.
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Figure 6.2: Excited eigenstate phase transition and spectral statistics. a) The entire spectrum (normalized in band-
width) is plotted for a small, disordered Bose-Hubbard chain as a function of disorder strength 1. The color of the
eigenstates denote the local particle number on a single-site. Not only do we see a large number of crossings near the
critical point, but the color of the eigenstates, which was very uniform for low disorder (W < Wc), changes dramati-
cally as it cross the transition (W > WC). By zooming into the spectrum on either side we can see the differences in
gaps: on the low-disorder side there are level-repelled eigenstates that are characteristic of the eigenvalues of a ran-
dom matrix and ergodic eigenstates, and on the high-disordered side we see gaps that change dramatically across the
spectrum that is characteristic of random eigenvalues and non-ergodic eigenstates. b) The association of these char-
acteristic gaps and local parameters expressed in a are associated with the generic behavior attributed to the excited
eigenstates in the thermalized and many-body-locazlized phases. c¢) The common metric used to differentiate these
two phases from their spectrum is by computing the level statistics ratio 7,,. The histogram of values are plotted for a
random matrix (orange, thermalizing regime) and randomly selected eigenvalues (blue, localized regime).

perturbation from coupling nearby energy eigenstates. Consequently, or simultaneously, this means

that eigenstates also can change drastically in their local character from eigenstate to eigenstate and
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do not exhibit level repulsion. This internal character of these two phases is inherently related to
their relative gaps in the system and hence their dynamics®. A convenient metric, known as the
level statistics ratio, captures the existence of this level repulsion and characterizes the transition of

eigenstates from ergodic to non-ergodic:

min{A,, Apt1}
max{A,, Ani1}

(6.1)

Tn

where A,, = E,, — E,,_1 is the energy difference between neighboring eigenstates indexed by
n in order of increasing energy. In the regime where the states are ergodic, the eigenenergies match
those of the eigenvalues from a random matrix and the eigenstate average, () takes on the Wigner-
Dyson value (r) = 0.53. In the many-body localized regime the eigenvalues look as though sampled
from a random distribution and are then characterized by the Poisson value (1) ~ 0.39. The transi-
tion of a system’s level statistics ratio is typically the way theory identifies these two regimes, however
we will look at the resultant dynamic behavior of the system that is inherently linked to the structure
of the eigenstates that are captured by this statistic (Fig. 6.2).

Since this metric requires access to all the eigenstates and their relative gaps, it is mostly used as a

theoretical tool ¥

. Although, recently in a small qubit system the excitation spectrum was probed
such that the spectrum could be reconstructed™”. Lastly, as it is the gaps in the many-body spectrum

that give rise to all observable dynamics, this change in eigenstate characteristics will be observable in

the the dynamics of the system.
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6.1.3 OBSERVING NON-EQUILIBRIUM CRITICAL DYNAMICS

Qualitatively, we can see the overlap of several characteristic traits between equilibrium quantum
phase transitions and the thermal-to-MBL transition. In both cases, for some parameter regime,
there exists a phase that is described by a local observable (order parameter or localization of initial
state) and the eigenstates of both the ground state phases and excited states in MBL follow an area-
law in entanglement entropy. However, several other characteristics seem difficult to relate, such

as the notion of a diverging correlation length at the critical point in equilibrium transitions since
eigenstates change from an area-law in the MBL phase to a volume-law in the thermal phase — where
correlations are scrambled among all constituents and therefore extended. Some of these compar-
isons are schematically shown in Fig. 6.2 and Fig. 6.1.

Conceptually, though, the mechanisms may be similar in how the eigenstates change: phase
transitions are driven by collective fluctuations of a system’s constituents that emerge at a critical
point®»5%1°9 We will probe the critical behavior of this non-equilibrium phase transition by ob-
serving the correlation dynamics that emerge at intermediate disorder near the critical point. By
comparing multiple system sizes at fixed evolution time, we can probe which local behavior is criti-
cally dependent upon the system size and how the emergent correlation dynamics lead to this critical
behavior.

We will again focus on the interacting Aubry-André model ®:
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where, h; = cos(2m[x; + ¢) and with a spatial frequency of 3 ~ 1.618 sites ™! as an approxi-

mation of the golden ratio (Bgr = @>

. We will follow the same quench protocol shown in the
previous chapter §5 and pictorially shown in Fig. 5.3. All experiments will use a unity-filling Mott

insulator for the initial state for a system size of L = 8 or L = 12.

6.2 LOCALIZATION AND TRANSPORT

We will first characterize the system’s dynamical behavior by studying its transport properties at
different disorder strengths. This will be similar to asking how local perturbations explore the re-
mainder of the system and should characterize the thermalizing regime. Since the initial state has
exactly one atom per site, the system starts with zero density correlations at all length scales. How-
ever, during the Hamiltonian evolution, the tunneling dynamics build up anti-correlated density
fluctuations between coupled sites of increasing distance. Motivated by this picture, we quantify the

particle dynamics by defining the transport distance:

Az =2 dx (GP(i,i+d)) (63)
d

as the first moment of the simultaneously disorder and site-i averaged two-point density corre-
lations, G (1,7 + d) = (NiNiyrq) — (M) (Nirq). This two-point density correlation function
correctly maps out the effective probability distribution of a single-particle in the non-interacting
limit of the Aubry-André model. Additionally, by calculating the first moment of the distribution

we do not assume a particular functional form for the localization of particles. However, it is useful
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to compare to the analytical results for the non-interacting case to see how such a metric converges
to the localization length.
In the large detuning limit, one can find that all states are localized by the large site-to-site detun-

ing quantified by on-site disorder W

1 1 _
b p D IW) =y e

d d
where % = log (2J/W). Analytically, it was shown by Aubry and André that % = log (A\/2)

where A = W/J®. We then extract the first moment of this localized function:

1 o 1 1
_ = R 2 S il —x;/§ _
(w) = Nzi e = 6(1/5)/\/; ¢ T

By expanding the exponential of this result we see that the localization length and the first mo-

ment, (x) converge in the large localization length limit.

1 1
14+ — =effn14= 2)...
+:1:) e —1—5—1—0()

It also allows us to compare the expected first moment a a given disorder strength in the non-

interacting limit:

1

@) = om—1

However, this last dependence on the disorder strength will not prove quantitatively precise in

our case since the localization point significantly changes in the case of an interacting system and
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it is not known if the scaling behavior should be the same in the interacting system. Qualitatively
though, it provides a usable metric that is model independent and maps onto the correct quantity
when the system is exponentially localized. There is an additional complication in the interact-
ing case: when comparing this value across different disorder strengths, the injected energy by the
quench changes the number of participating particles.” We normalize this effect by adding an addi-
tional normalization constant to create the normalized first moment AZ:

2L (2,6 (d)d

R S o

This function is normalized such that in the thermalizing regime, where particles are completely
delocalized, that the normalized first moment Az is equal to the system size L. We measure this
quantity for several disorder strengths after long evolution times, t/7 & 100, such that the sys-
tem’s dynamics should have saturated for our system sizes. We show this in Fig. 6.3 both experi-
mentally and numerically to demonstrate how these quantities differ for the interacting and non-
interacting regimes. Note that the point where the single-particle localization transition should
occur is W, = 2J and is approximately where the single particle normalized transport distance
decreases from the system size. In the deep disorder regime, the transport distance is similar for both
system sizes. Additionally, the agreement of the theoretically predicted transport distance for an

interacting and non-interacting system indicates the negligible role of interactions in transport in

*Since the particles harbor repulsive interactions, high on-site occupancy costs more injected energy.
Therefore by injecting a finite amount of energy only favors lower on-site occupations and effectively appears
as though only a fraction of the particles are participating in the delocalization.
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Figure 6.3: Transport distance: interacting and 1s Transport Distance
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the strongly localized regime. Although we expect this might be true asymptotically, it could be the

closeness of convergence at this disorder depth is finite-time limited.

6.3 CRITICAL TRANSPORT BEHAVIOR

Now that we have an idea of where the system changes phases from delocalized to localized, we can
probe the inherent dynamics involved at the transition point of such a non-equilibrium phase tran-
sition. We additionally only evaluate these critical dynamics for the L = 8 system size since we can
only locate the finite-size critical regimes by comparison to larger system size. This will be further

clarified below.

6.3.1 ANOMALOUS DIFFUSIVE TRANSPORT

Atlow disorder, we observe that anti-correlations rapidly build up and saturate with a time scale
of t/T &~ L/2. Note that this is the approximate time it takes for a ballistic density excitation to

travel across the entire system size L since the tunneling time 7 = 1/(27.J) where J is defined in
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Figure 6.4: Critical Thermalization. a) Particle transport slows down at intermediate disorder, consistent with a power-
law evolution with exponent & < (.5, demonstrating subdiffusive dynamics (inset). These data were taken on an
eight-site system. b) The critical nature of these dynamics is determined from the behavior of on-site density fluc-
tuations F and transport distance AT (lower left inset) for both considered system sizes. The thermal regime is
determined by the agreement of the measured F with the prediction from a thermal ensemble (dashed grey). The
system-size dependence at intermediate disorder is consistent with the reduced size of a quantum critical cone (up-
per right inset). These data were measured for both an eight-site and twelve-site system. The solid lines denote the
prediction of exact numeric time calculations without any free parameters. The errorbars are the s.e.m.

the hopping rate of the field of the quantum many-body wave function. With increasing disorder,
we observe a slowdown of particle transport that is consistent with a power-law growth Az ~

t* (Fig. 6.4)»'79%%" We extract the power-law exponent « from the data points after the initial
transient dynamics cease (L/2 < t/7 < 100) (Fig. 6.4 inset). We find that this exponent o is
reduced by successively higher disorder strengths such that it is only anomalously diftusive in the
intermediate disorder regimes and demonstrates the suppression of transport in the MBL regime at
high disorders.” We cannot experimentally verify the functional form of the transport behavior, but

can find a very suggestive relationship numerically which is shown in Appendix: I.

“Note that the thermal regime is expected to eventually become o¢ = 0.5 in the infinite size limit. How-
ever, finite size effects limit both our experiment and numerical simulations which attempt to probe this
regime.
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6.3.2 CRITICAL THERMALIZATION

In order to identify the anomalous diffusion as a signature of quantum critical behavior, we measure
the system-size dependence of two observables in the long-time limit (t=100 7): the on-site number
fluctuations F = Gg) (d = 0) asa probe of local thermalization and the corresponding trans-
port distance AZ as a measure of localization (Fig. 6.4). At low disorder, the fluctuations agree with
those predicted by a thermal ensemble and particles are completely delocalized for both system sizes
(L = 8,12). This demonstrates that local quantum thermalization in our system is system-size
independent at low disorder and identifies this disorder regime as the thermal phase. At strong dis-
order, the physics is governed by the formation of an intrinsic length scale, namely the localization
length & ~ Az7"(§6.2). We observe system-size independent, sub-thermal fluctuations that mea-
sure the onset of an intrinsic length scale. This identifies the strong disorder regime as the localized
phase. However, at intermediate disorder, our data are consistent with a system-size dependence

for both observables. This simultaneously demonstrates the absence of an intrinsic length scale and
the presence of finite-size-limited fluctuations and hence finite-size-limited thermalization, there-
fore identifying the presence of a critically thermalizing regime. These measurements of system-size
dependent, enhanced thermalization can be visualized as two horizontal cuts in a finite size phase di-
agram. The observed finite-size dependence is consistent with the physics associated with a critically

*

thermalizing intermediate phase and a shrinking quantum critical cone (Fig. 6.4)

*This, however, only demonstrates that the L=8 system is critically sub-thermal for the intermediate
disorder regime and continues to thermalize in the presence of a larger system. Without having any other
measurement, a strict statement about the L = 12 system being critical cannot be made.
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6.3.3 FLUCTUATIONS SCALING

One complication with scaling the thermal predictions to larger system sizes is that the classical en-
semble prediction still requires knowing all the energy eigenstates in the Hamiltonian. However,
there is an analytical approach to finding the particle-number fluctuations per particle for a given

sub-system at infinite temperature that will help provide some intuition:

O I~ 65)

where [ is the sub-system size, L is the total system size, and N is the total particle number (see
Appendix: I for derivation). Note that in the limit that N' — 1 this reduces to the fluctuations per
particle given by a Bernoulli distribution:

L2

F(I,N)p/N = <(L _l)l>

The factor of N/ L (typically denoted as the filling of the system v) arises from indistinguisha-
bility of the bosons and their enhanced likelihood to occupy the same quantum-mechanical state
(known as bosonic enhancement). However, since our system is always at some finite energy den-
sity, the number of excitations in the system that then participate in these fluctuations becomes
limited to some effective number N — N, . We do not know of any literature that defines
what the correct energetic suppression of this NV should be. This scaling of such subsystem fluctu-

ations also contain the physics of the localization length in the system and can additionally be used
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Figure 6.5: Scaling of bipartite fluctuations. The
scaling of half-system size, bipartite fluctuations
(Fr(l = L/2,t = 1007) are plotted here for
data taken at three systemsizes: {L = 6,L =

8, L = 12}. These data are always measured after
long evolution times (¢ = 1007) and then fit with
apower law as a function of half-system size L. The
fitted exponents are then plotted in the inset. The
solid lines denote the fitted values from a power law.
The error bars are the s.e.m.

to probe the transition point. In the thermal regime, the particles are delocalized and so the fluc-

tuations are qualitatively similar to the expression above (I.2) up to an overall scaling. Therefore,

by evaluating the half-size subsystem fluctuations we expect the fluctuations to scale with the vol-

ume of the total system (F(I = L/2,N = L) ~ L). Conversely, as the particles become

localized the system forms an intrinsic length scale £ that particles can delocalize over that does

not scale with the total system size. This intrinsic length scale would give rise to a strict area law

(F(Il = L/2,N = L)1, ~ const.)”. We explore the scaling behavior of these half-system size

fluctuations for three system sizes: { L = 6, L = 8, L = 12} in Fig. 6.5. A possible relationship

between the scaling behavior and the localization length ¢ is discussed in Appendix: I.

6.4 CORRELATION STRUCTURE

In order to reveal the microscopic origin of this anomalous transport, we now investigate the site-

resolved structure of correlations in the many-body state (Fig. 6.6a). We first study how much each
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Figure 6.6: G(?) (d) Structure. a) The measured site-

dependent two-point correlations GEQ) (4, 7) differ for

the three disorder regimes. In the quantum critical regime,
correlations preferably form at specific distances, showing

a network-like structure. This contrasts with homogeneous
correlations in the thermal regime and nearest neighbor cor-
relations in the MBL regime. b) The structure of the correla-
tion network is revealed by the averaged correlation function
G (d) = <G£2) (4,1 + d));. Its similarity to the autocor-
relation A(d) = (h;hi+q); of the quasi-periodic potential
(solid grey) indicates interaction-induced tunneling processes
that are enhanced when the interaction energy compensates
for the chemical potential difference. ¢) We quantify the simi-
larity by the overlap B = c¥? (d)A(d), which is max-
imal in the quantum critical regime. The sign of the overlap
would be opposite for non-interacting particles (dashed line),
which favors tunneling between sites with similar potential
energies. The solid lines in b,c denote the prediction of exact
diagonalization calculations without any free parameters. The
error bars are the s.e.m.

lattice site contributes to the transport by considering the site-resolved two-point correlations in

the long-time limit (¢ = 1007). In the thermal regime, we find similar correlations between all

lattice sites, which correspond to uniformly delocalized atoms. In contrast, density correlations are

restricted to nearby sites in the MBL regime due to localization. Intriguingly, we observe a sparse

structure of correlations at intermediate disorder, which involves only specific distances between

lattice sites, yet spans the entire system.

The sparse resonant structure is expected to be linked to the applied quasi-periodic potential.

The average energy offsets of distances d apart in the system are correlated by this potential. The

correlation is then inherited by the system’s fluctuations when the interaction energy U compensates

for these correlated offsets. To investigate this structure, we compare the two-point density correla-
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tions with the autocorrelation function, A(d) = (hjh;tq):, of the quasi-periodic potential. Indeed,
we find that the site-averaged density correlations G (d) = (GP(i,i + d)); inherit their spa-
tial structure from A(d) (Fig. 6.6b). We quantify this contribution by taking the overlap of these
two-point correlation functions, B = >° (G (4,7 + d)); A(d). We find find that this contribu-
tion is maximal in the critical regime but is strongly reduced in both the thermal and MBL regimes
(Fig. 6.6¢). These observations contrast with the behavior of a non-interacting system, where the
sign of the structure is opposite since resonant tunneling is favored for zero potential energy difter-
ence between sites (Fig. 6.6¢). These results illustrate microscopically how the interplay of strong
interactions and disorder can lead to anomalous diffusion. However, this picture of effective single-
particle hopping that couples distance sites neglects the potential many-body nature of these systems

and the emergence of collective fluctuations between many particles over long distances.

6.5 HiGH-ORDER CORRELATIONS

We investigate the contribution of multi-particle fluctuations to the thermalization in the critical
regime to probe the presence of enhanced quantum fluctuations when the system changes phases.

For this study, we employ the n-point connected density-correlation functions #7795

G (x) = Gi) () — Gl () (66)
which acts on lattice site positions x = (1, ..., ). The disconnected part of this function,

GEZZ is fully determined by all lower-order correlation functions, and therefore does not contain
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new information at order n. By removing these disconnected contributions from the total measured

. . n
correlation function, G/ t) =

i) = (TT7" Oy), we isolate all n-order correlations that are independent of
lower-order process (SAppendix: I). This approach gives a direct handle on the level of complexity
of the underlying correlation structure of the many-body wave function and characterizes its entan-
glement via its non-separability into subsystems of size < n. We quantify the relevance of order n
processes by computing the mean absolute value of all correlations arising from both contiguous
and non-contiguous 7 sites in the system (Fig. 6.7). This is similar to looking at the width of the dis-
tribution of correlations at a given order since the average correlation value converges to zero. This
is conceptually similar to investigating the network structure at higher disorders since this width
will disappear in the thermal and localized phases as all correlations will be equivalent or only local,
respectively. The distributions of the correlations for high-orders for various disorder strengths and
sampling sizes are plotted in § Appendix: L.

We find that in the thermal and the many-body-localized regimes, the system becomes succes-
sively less correlated at higher order. The behavior in the quantum critical regime is strikingly differ-
ent: we observe that the system is strongly correlated at all measured orders. There is an additional
interpretation to the presence of correlations at high order that relates to the length scale of entan-
glement in the system. Since all high-order correlations in this system inherently involve n unique
sites, it is also implying that there is non-negligible correlations across 7 sites in the system and can
be thought of as an increasing length scale of correlations in this critical regime. Similar behavior has
been seen in theory when performing a cluster analysis of entanglement among spins”” and is remi-

niscent of the canonical phase transition behavior expected for equilibrium phase transitions %",
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Figure 6.7: Higher Order Connected Correlations. a) We obtain the genuine many-body processes of order 72 from
connected correlations ng) by subtracting all lower order contributions Gds from the total correlation function

Gt(:tl). b) In the quantum critical regime, we find enhanced collective fluctuations at all measured orders by computing

the mean absolute value of ng) for different disorder strengths. These data were measured on a twelve-site sys-

tem.The bars denote the prediction of exact numeric time calculations without any free parameters. The error bars are
the s.e.m.

In order to further investigate the system’s many-body structure, we examine the site-resolved
contributions of the three-point correlations. Since all non-zero contributions to the three-point
correlations involve correlated hopping of at least two particles, they are a signature for multi-particle
entanglement167. In the quantum critical regime, we find that these correlations span the entire sys-
tem and are highly structured, taking on both positive and negative values (Fig. 6.8). In contrast to
the pattern in the second-order correlation function, this third-order structure is not directly recog-
nizable as the quasi-periodic correlation functions. In fact, the quasi-periodic correlation function
is exactly zero at third-order. In order to gain further insight into the structure, we analyze the con-

tributions of all possible particle configurations that contribute to non-zero connected correlations
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Figure 6.8: Microscopy of GE?’) (d1, d2). a) The connected correlation function, G£3) (d1, dg), for three lattice sites
spaced by distances d; and ds in the quantum critical regime (W = 4.8.J), showing the strongly interacting nature
of the state. We find that the three-point correlations show a characteristic structure that is governed by the con-
tribution of the number states on the considered sites. The arrows indicate the cut in d1, do space plotted below. b)
To exemplify the relevant processes of order n=3, we show the contributions of the number states on lattice sites at
distanced; = 3,dy = 1(leftyandd; = 3,d2 = 2 (right). While there is a wide distribution of contributing con-
figurations, the relative dominance of a particular process provides the overall structure in a. The illustration of atoms
undergoing a highly correlated hopping process in the lattice describe how such correlations can contribute to either
positive or negative correlations among the three considered sites. The theory plot in a and bars in b are calculated
from exact numeric time calculations without any free parameters. The inverse marker size in the experimental plot in
a, and the error bars in both a and b denote the s.e.m.

in Fig. 6.8. In particular, for G£3) (di = 3,dy = 1), which is positive, we see that the dominant

contributions comes from a particular process that favors multiple atoms hopping to the same site.
In contrast, G§3) (di = 3,d2 = 2), which is negative, has a dominant process that favors all atoms
leaving the three considered sites. While this provides some intuition for the emergent many-body
resonances, the three-point correlations are, in fact, the result of a superposition of many correlated
processes. These observations further demonstrate how the interactions between multiple atoms
can compensate for the disorder via correlated tunneling of several atoms. In this way we can see

the additional role interactions play in the disordered system: they supply high-order many-body

resonances that preserve transport where lower-order processes are energetically suppressed.
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6.6 DiscussioN

These results** demonstrate how a many-body sparse resonant structure drives the quantum critical
behavior at the MBL transition. The observed microscopic description is consistent with the theo-
retically suggested mechanism of a sparse backbone of resonances that can act as a functional bath for

|1on69:148 However our results provide a new perspective on

the system that is critically sub-therma
this description by mapping out the prevalence of higher-order process in the system that facilitate
this critical thermalization.

Since we use a quasi-periodic localizing potential, our system has no rare regions and prevents
other proposed thermalizing mechanisms from playing a role, such as rare Griffiths regions that act
as local thermal baths. In that respect, we are able to isolate a class of thermalizing mechanisms and
observe them in-situ as the dominant way that the system critically thermalizes at intermediate dis-
order. These results do not, however, rule out any other possible mechanism that may also lead to
critical thermalization at intermediate disorder regimes. Further studies of larger system sizes and dif-
ferent localization potentials would better elucidate whether proposed mechanisms (e.g. quantum
avalanches) would also lead to qualitatively similar behaviors™#®#$19%156:5:47 This would addition-
ally open up the possibility for studying the role of universality and whether there exist multiple
classes for the thermal-to-MBL transition that depend upon the disorder type™.

A last comment to make is about what is considered a natural route of continued exploration,

which would be to evaluate the same type of system at larger sizes. It is worth noting here that, at

least for all known current experimental apparatuses, larger system sizes are not actually the limita-
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tion. The ability to evolve the quantum many-body system coherently for exponentially long time is
the current limitation. The danger being that, in most cases, coupling to the external environment
will add an energy reservoir attached to every site in the system that will always lead the system to an
infinite temperature state given enough time. One of the crucial steps in the reported results from

this thesis being that we are able to verifiably provide a bound on how coherent the system is (§s.5).
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Humility bas negative impact factor.

Professor Rajibul Kazim Islam

Conclusion

7.1 SUMMARY

In this thesis, I have presented results that discern the behavior of quantum correlations in both
equilibrium and non-equilibrium phase transitions. A framework is presented for distinguishing
between quantum-thermalizing and many-body-localized phases by observing the dynamics of such

correlations in a Bose-Hubbard system. Additionally, the observations of spatial correlations persist-
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ing to high orders in the critical regime demonstrates the value of using a quantum gas microscope
to observe highly correlated, novel quantum phenomena.

For the case of the equilibrium quantum phase transition of the transverse Ising model, we can
directly measure the order parameter as we cross the phase transition and the effect of boundary con-
ditions on the ground state. We additionally measure an increase of entanglement entropy near the
critical point that qualitatively aligns with the phenomenology of traditional phase transition behav-
ior™®. In the case of the superfluid-to-Mott-insulator transition, we directly measure the entropy via
the second-order Rényi entropy and verify that it arises from modal entanglement of the many-body
quantum state®”.

In the context of a non-equilibrium phase transition, we directly measure that, after a quantum
quench, an isolated quantum many-body system rapidly approaches local agreement with predic-
tions given by a statistical ensemble. The entanglement entropy measured via the Rényi entropy in
this system is analogous to the thermal entropy expected for a truly thermal system. These observa-
tions agree with the predictions of the eigenstate thermalization hypothesis that isolated quantum
systems locally resemble classical ensembles®?. However, the robust exception to this behavior is
generated by the application of on-site disorder potentials that prevent the system from thermalizing
and qualitatively changes its entanglement dynamics. We observe a logarithmically slow growth of
entanglement in such a many-body-localized system and measure the subsystem-size scaling behav-
ior of entanglement in both the thermalizing and localized phases™.

We additionally explore the transition between these two non-equilibrium phases. We find a

system-size dependence in the thermalization of these isolated quantum systems that identifies their
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critical behavior. In the two extremes of low and high disorder, we find system-size independent
thermalization and localization, respectively. Near the critical point of the transition we observe an
increase in correlations that persists up to high orders. Additionally, these correlations are highly-
structured and suggest that it is not all sites in the system that contribute to this critical thermaliza-
tion, but it is a sparse-resonant network of sites that leads the system towards equilibration. These
results lay the foundation for experimentally studying the critical behavior of non-equilibrium
phase transitions and whether many of the same concepts from traditional equilibrium phase transi-

tions framework can be applied to these systems**.

7.2 OUTLOOK

The results in this thesis have demonstrated novel measurement techniques, long coherence times,
precise system-size scalability, and framework for understanding the growth of correlations in a non-
equilibrium system. However, many open questions about the thermal-to-MBL phase transition
still remain. Some of these questions can be straight-forwardly implemented in our system through

several new studies:

7.2.1 LOCALIZATION IN DIFFERENT DISORDER DISTRIBUTIONS

For all the experiments involving localization in this thesis, the on-site potential offsets used for local-
ization of the many-body states were drawn form a quasi-periodic distribution. This effectively real-
izes many-body localization in the interacting Aubry-André model. While localization is not unique

to this distribution, it has been predicted by numerical studies that different disorder distributions
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may lead to different universality classes of such a transition"*>">. The DMD used for applying the
on-site potentials in the presented experiments can be easily adjusted to generate different potential
distributions (e.g. binary disorder, uniform-random disorder, etc.). Studying the critical behavior of
this system in different potential distributions will help shed light on the presence of universality in

these non-equilibrium systems™*>">'7",

722 MECHANISMS FOR THERMALIZATION

Additionally, the microscopic mechanism that leads to thermalization in different disorder distribu-
tions may qualitatively differ. The microscopic resolution of correlations in these systems afforded
by the quantum gas microscope would allow for an extended study of the microscopic picture for
how such systems thermalize™®$51925615:147,

As a preliminary study of a particular mechanism, we experimentally implement the effect of
anomalously low-disorder regions that would exist in truly random on-site disorder. It is believed
that such regions will behave like thermal systems and create a so-called “avalanche” that drives the
remaining system towards thermalization ™. To probe such a mechanism, we measured the local
number fluctuations in a many-body-localized system that is in contact with a variable-size ergodic
grain. The many-body-localized system experiences quasi-periodic disorder and in a system with
no bath remains localized for long times. We observe that in the two studied cases, a bath size of 2-
sites and a bath size of G-sites, the smaller system remains localized for all measured times while the
system with the larger bath size shows a slow relaxation towards thermal equilibrium with a spatial

dependence that mimics the proposed “avalanche” mechanism.
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Figure 7.1: Thermalization from bath. a) The thermalization of a 6-site MBL system due to local contact with a thermal
bath is compared for two different bath sizes : a 2-site bath (blue) and a 6-site bath (red). The site indices reflect there
distance from the left-most end of the MBL system: ¢ = 0 is the first MBL site closets to the bath,7 = 1isthe

MBL site furthest from the bath. We find that only the larger bath size causes a slow growth of the on-site fluctuations
which typically herald the agreement with a thermal ensemble. b) The difference between the on-site fluctuations

of the two different bath sizes are compared site-by-site for two different times: t = 37 (green)andt = 1007
(orange). The green line (early time) demonstrates a near agreement at early times between the two different system
sizes, while the orange line (late time) shows a significant, site dependent thermalization away from the bath. The solid
lines are calculated from exact numerics. The error bars are the s.e.m.

The enhanced thermalization in the larger bath-size system grows as a function of distance away
from the bath-MBL interface. This is consistent with the avalanche process acting as a bath that in-
corporates nearby non-thermal systems that then enhance the bandwidth of thermalizing bubble
that then spatially drives the system as a whole towards equilibrium. This can be visualized by com-
paring the penetration depth of the bath into the localized system where we see the larger system has
a penetration depth that grows with time — unlike the smaller bath system (as seen in Fig 7.2).

These preliminary studies suggest that the avalanche-like process is likely a viable mechanism for
thermalizing disordered systems. This mechanism seems like a conceptually natural method for sys-

tems with random disorder to eventually thermalize since sufficiently large systems will contain large
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Figure 7.2: Penetration depth. a) We directly probe the bath penetration depth by averaging over the two-point corre-
lations from bath sites to MBL sites (GEQ) (i, j)). The extracted correlation length (bottom left) is then calculated by
the first moment and plotted as a function of time for a critical system (orange, W = 5.5.J) and an MBL system (blue,
W = 9.1J). b) We then compare the extracted localization length g 11, at long times (¢ = 1007) for both the 2-site
bath system (blue) and the 6-site bath system (orange) as a function of disorder. We then compare the this length scale
as a function of total bath size for the MBL disorder regime (inset).

ergodic grains known as Griffiths regions. In this study, this hybrid system of a quasi-periodic dis-
ordered system in physical contact with an ergodic grain is similar to adding such a non-disordered
Griffiths region in a randomly disordered system.” There is an additional caveat to this physical im-
plementation that relates to a suggestion that the critical behavior for quasi-periodic and random

102,192

potentials might be of different universality classes , in which case it is unclear whether the ob-

served behavior will quantitatively agree with either. This emphasizes the importance of further

*Griffiths regions often refer to a rare region of anomalously large disorder that acts like a bottle neck for
hindering the spread of information in a system. These regions will exist in large random-disorder systems
due the stochastic likelihood of sampling several significantly different on-site potential values that are also
neighboring in space. However, in this case I am referring to the opposite likelihood of sampling very sim-
ilar values for on-site potential values for neighboring sites in space that would allow for anomalously low
disorder regions that would look locally thermal and potentially act as a bath for the remaining system.
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Figure 7.3: Hamming distance (DH). a) A schematic of the mapping to a Fock state lattice of 3-sites at unity filling.
Each node in this lattice represents a given Fock state. The nodes have an on-site energy determined by their interac-
tion and potential offsets. They are still coupled by the tunneling matrix elements J. This effectively casts the many-
body problem into a multi-dimensional, single-particle problem. The number of hops away from the initial state are
encoded along the x-axis and are labeled as the Bose-Hubbard version of the Hamming distance (DH) b) The Ham-
ming distance is measured at late times (¢ = 1007) and plotted as a function of disorder strength W for an 8-site
Bose-Hubbard system after the protocol defined in §5. The decrease in final Hamming distance as a function of W/
indicates localization in Fock space.

studies of thermalization in such disordered systems by engineering the presence of ergodic grains

and also realizing multiple disorder distribution classes.

7.2.3 LOCALIZATION IN FOCK SPACE

One of the first approaches taken to solve the MBL problem was to cast it back to a single-particle
problem by looking at the system in Fock space . This then makes every Fock state a single node
in a large, multi-dimensional space where the on-site disorder for each node both depends upon

the interaction energy U and the experienced on-site disorder W;. This is shown schematically in

Fig. 7.3.
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Figure 7.4: First and second moments of Hamming distance. a) The first moment of the Hamming distance,(DH> is
plotted as a function of time for the thermalizing (red), critical (purple), and MBL (blue) regimes. The slopes of these
growth curves are extracted from a semi-log plot for L/ZT < t < 1007 and shown in the inset as a function of
disorder. b) The second moment of the Hamming distance, (D — (D))?) is plotted as a function of time for the
thermalizing (red), critical (purple), and MBL (blue) regimes. The slopes of these growth curves are extracted from a
semi-log plot for L /27 < t < 1007 and shown in the inset as a function of disorder.

Since we have direct access to the many-body state in the Fock basis at the end of each experi-
mental run, we can experimentally verify the localization of the system in Fock space. In some pre-
liminary experiments, we quantify the localization of the state through the Fock-space Hamming
distance. Traditionally, the Hamming distance is a concept from computer science that defines how
many bit flips away a string of bits is from its original configuration. This is modified to the case
of bosons hopping in a lattice by determining the minimum number of hopping events a state has
moved away from its initial state (D). In Fig. 7.4 we show the evolution of the first and second
moments of Dy in the thermalizing, MBL, and critical regimes of disorder as a function of time.
This preliminary study seems to show a persistence of evolution in the diffusion of the system in
Fock space while the first moment remains stationary at a finite value.

However, since the original intention was to look at whether the system localizes in Fock space,

176



one needs to normalize this system by the density of states at a given Hamming distance. This ap-
proach is only marginally more complicated than in real space since the dimensionality, or connec-
tivity, of the system changes as a function of a given node. This density of states as a function of
Dy, as well as the measured, long-time probability distributions have not been normalized. Note
that when normalized by the density of states, all quench experiments will appear to be localized to
some finite value. This is partially due to the cost in energy associated with multiple occupancies in
Fock space, which appears as an effective trapping potential in this basis. Therefore, all finite energy

density quench experiments will likely have a finite localization length less than the total system size.
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Atomic Properties of STRb

Below are a useful set of physical constants and atomic properties for "Rb.7*
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Table 1: Fundamental Physical Constants (2006 CODATA recommended values [2])
Speed of Light c 2.997 924 58 x 10® m/s (exact)
Permeability of Vacuum | g 4m x 1077 N/A? (exact)

(poc®) ™1 (exact)
=8.854 187 817... x 1072 F/m
6.626 068 96(33) x 10734 J-s
4.135 667 33(10) x 101 Vs
1.054 571 628(53) x 1073* J-s
6.582 118 99(16) x 10716 eV's
Elementary Charge e 1.602 176 487(40) x 10719 C
9.274 009 15(23) x 10724 J/T
h - 1.399 624 604(35) MHz/G
Atomic Mass Unit u 1.660 538 782(83) x 10727 kg
5.485 799 0943(23) x 10~* u

Permittivity of Vacuum €0

Planck’s Constant

h

Bohr Magneton 123

Electron Mass Me 9.109 382 15(45) x 10~ kg
Bohr Radius ao 0.529 177 208 59(36) x 10719 m
Boltzmann’s Constant kp 1.380 6504(24) x 10~2% J/K

Table 2: Rubidium 87 Physical Properties.

Atomic Number Z 37

Total Nucleons Z+ N 87

Relative Natural Abundance | n(*"Rb) 27.83(2)% 3]
Nuclear Lifetime Tn 4.88 x 1010 yr 3]
Atomic Mass m 86909 180 520(15) u [4]

1.443 160 648(72) x 1072° kg

Density at 25°C Pm 1.53 g/cm? 3]
Melting Point T 39.30 °C 3]
Boiling Point Ty 688 °C 3]
Specific Heat Capacity ¢p 0.363 J/g-K 3]
Molar Heat Capacity Cp 31.060 J/mol-K 3]
Vapor Pressure at 25°C P, 3.92(20) x 1077 torr 5]
Nuclear Spin 1 3/2

Tonization Limit Ex 33 690.804 80(20) em ™! 8]

4.177 127 06(10) eV

Figure A.1: Physical constants reference and atomic physical properties 178
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Table 3: Rubidium 87 Dy (5%S1/2 — 5?Pj3/5) Transition Optical Properties.

Frequency wo 27 - 384.230 484 468 5(62) THz 9]
Transition Energy hwo 1.589 049 462(38) eV

Wavelength (Vacuum) A 780.241 209 686(13) nm
Wavelength (Air) Nair 780.033 330(23) nm

Wave Number (Vacuum) ky/2m 12 816.549 389 93(21) cm ™!

Isotope shift wo(®"Rb) — wo(55Rb) 27 - 78.095(12) MHz (10]
Lifetime T 26.2348(77) ns [18-21]
Decay Rate/ r 38.117(11) x 108 5!

Natural Line Width (FWHM) 27 - 6.0666(18) MHz

Absorption oscillator strength f 0.695 77(29)

Recoil Velocity Uy 5.8845 mm/s

Recoil Energy Wy 2m - 3.7710 kHz

Recoil Temperature T 361.96 nK

Doppler Shift (vatom = vr) Awd (Vatom = V) 27 - 7.5419 kHz

Doppler Temperature Ty 145.57 uK
e | o) | anersosa

Table 4: Rubidium 87 D, (5281/2 — 52P1/2) Transition Optical Properties.

Frequency wo 27 - 377.107 463 380(11) THz [10]
Transition Energy hwo 1.559 591 016(38) eV
Wavelength (Vacuum) A 794.978 851 156(23) nm
Wavelength (Air) NAair 794.767 119(24) nm
Wave Number (Vacuum) ky/2m 12 578.950 981 47(37) cm ™!

Tsotope shift wo(®]"Rb) — wy(3°Rb) 27 - 77.583(12) MHz [10]
Lifetime T 27.679(27) ns (18, 19, 21]
Decay Rate/ I 36.129(35) x 109 s~ 1

Natural Line Width (FWHM) 27 - 5.7500(56) MHz

Absorption oscillator strength f 0.342 31(97)

Recoil Velocity Uy 5.7754 mm/s

Recoil Energy Wy 27 - 3.6325 kHz

Recoil Temperature T 348.66 nK

Doppler Shift (Vagom = vr)

AWd ('Uatom - Ur)

2m - 7.2649 kHz

Frequency shift for standing wave
moving with vy = vy

AWsw(vsw = Ur)

2m - 14.5298 kHz

Figure A.2: Optical transition properties for

87Rb 178
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F=2

gr=1/6
305.43(58) MHz (0.23 MHz/G)
5P —a
1/2
/ 4 814.5(15) MHz
509.05(96) MHz
——1/0 F=1

(—0.23 MHz/G)

794.978 851 156(23) nm
377.107 463 380(11) THz
12 578.950 981 47(37) cm™!
1.559 591 016(38) eV

F=2

gr=1/2
(0.70 MHz/G)

2.563 005 979 089 109(34) GHz

5%S, ), e

6.834 682 610 904 290(90) GHz

4.271 676 631 815 181(56) GHz

gr=—1/2 F=1
(—0.70 Mz/G)

Figure 3: Rubidium 87 D; transition hyperfine structure, with frequency splittings between the hyperfine energy
levels. The excited-state values are taken from [10, 11, 26], and the ground-state values are from [29]. The relative
hyperfine shifts are shown to scale within each hyperfine manifold (but visual spacings should not be compared
between manifolds or to the optical splitting). The approximate Landé g.-factors for each level are also given,
with the corresponding Zeeman splittings between adjacent magnetic sublevels.

Figure A.3: Optical D1 transition diagram 78
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9p=2/3 F=3
(0.93 MHz/G)

—

193.7407(46) MHz
266.6500(90) MHz

2 ]
5Py, —x \
72.9112(32) MHz
F=2
9r=2/3
229.8518(56) MHz (0.93 MHz/G)
\
302.0738(88) MHz 156.9470(70) MHz
A o =2/3 =1
| 72.2130('40) MHZ (0 93 MIT2/G)
780.241 209 686(13) nm
384.230 484 468 5(62) THz
12 816.549 389 93(21) cm™!
1.589 049 462(38) eV
gr=1/2 F=2
(0.70 MHz/G)
2.563 005 979 089 109(34) GHz
2 \ 4
5 Sl/Z
6.834 682 610 904 290(90) GHz
4.271 676 631 815 181(56) GHz
F=1

gp==1/2
(—0.70 MHz/G)

Figure 2: Rubidium 87 Dy transition hyperfine structure, with frequency splittings between the hyperfine energy
levels. The excited-state values are taken from [9], and the ground-state values are from [29]. The relative hyperfine
shifts are shown to scale within each hyperfine manifold (but visual spacings should not be compared between
manifolds or to the optical splitting). The approximate Landé gp-factors for each level are also given, with the
corresponding Zeeman splittings between adjacent magnetic sublevels.

Figure A.4: Optical D2 transition diagram 78
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Numerics

All ISTEX, PYTHON, MATLAB, and MATHEMATICA files related to this thesis can be found at -

https://github.com/mnrispoli/Dissertation/
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Experimental Sequences

Below are the experimental sequences used for all non-equilibrium experiments:
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Mott insulator Number state preparation Many-body evolution Beam-splitter Full counting Fluor.
preparation (2x6-site) (2 indep. 1x6) operation operation imaging
- - - - - - - - - 1 - - - - )

. 45 Er

Adiabatic melt -

Quench

Along X

2850

Along Y

1075 Quench 0.75 1 1705 05 1 22705
ms ms ms msmsmsms ms msms ms ms Duration ms ms ms ms ms ms ms ms ms ms

Figure C.1: Experimental sequence for probing quantum thermalization 99



Mott insulator Initial state preparation Many-body evolution Full counting Fluor.
preparation (1xN sites) operation imaging

45 Er|

|

Lattice |
0 Er |

Quench
6 Er

DMD 1

Along X

DMD 2

O0Er |

Lattice

0 Er

Along Y

55 210 5 5 1 5 5 21 5 5 5 1 0-1000 105 2 8 05
msms mMs mMS MSMSMSMS MS MSmMsS mMsms ms ms ms ms ms ms

Figure C.2: Experimental sequence for probing many-body localization 118
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D.1 OPTICAL LATTICE POTENTIAL FROM LASER LIGHT

Starting from two propagating plane waves, we can find the shape of the potential that is propor-

tional to the intensity:

Vi o [eFiz=wt) o gitkiz+wt) 2 o o662 (Jz) o cos (2k;x) (D.1)

Note, that we have left the potential as a function of the laser wavevector. This is important

for the definition of the “recoil energy” of the lattice photons (E,. _ Pk ) . The k; defines the

2m

wavevector of the light projected into the plane of the lattice (k; = 2F sin(6)) where 6 is the angle

away from the normal vector to the plane. In a retro-reflecting lattice setup this is simply the bare
photon wavevector k; = 2T. To simplify calculations, we subtract off the mean energy of the lattice

such that it has an amplitude V,, which we define as the lattice depth.

-V,
Viatt = 5 cos (2k;z) (D.2)

D.2 HarMoNIC OSCILLATOR APPROXIMATION

In the deep lattice (or “tight-binding”) regime, the optical lattice can be approximated on-site as a

harmonic potential:

ez _—Vo (2klac)2
VLatt = T COS (2]{[[13) ~ B <1 — T (D})

188



By finding the on-site trap frequency w, we can then construct the harmonic oscillator solutions

shown in §1.2.2.

1
—V,/2 4 Vok*z? ~ Viyo(x) = imw%?

V k% = gmw2
e L R R
m 2m
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E1 Z-LATTICES FROM ANGLED REFLECTION

E.11 FRESNEL COEFFICIENTS

The fresnel coefficients for illumination of a surface from a medium of refractive index n1 to a sur-

face of refractive index n2. They are defined in intensity as a function of illumination angle ¢ by:

nq cos(f) — ng\/l — (% sin(9)>2
ny cos(#) + n2\/1 - (% Sin(e))Q

i ? — N9 COS
. nl\/ 1— (n—251n(9)> 2 cos(6) o

nl\/ 1~ (2 5in(0)) + 2 cos(0)

where the subscripts “s” and “p” refer to the typical linear polarizations of light, n1 = 1 for

vacuum, and n9 ~ 1.45 for fused silica.

E.i12 LATTICE SPACING, CONTRAST, AND OFFSET

Interfering two lasers at a given angle 6 and the wavelength A the resultant lattice constantis a =
ﬁ@. The angle 6 refers to the half-angle between the two lasers. For the x, y-lattices, the lattice
wavelength is A & 758 nm from a 3 nm broad light source 6 ~ 34°.

We can use the reflection coefficients from above to determine the lattice parameters for both of

the z-lattices. The “axial” lattice has a relatively steep angle of incidence with respect to the substrate

(R 75.6°). This produces a lattice with a lattice constant @ ~ 1.5um. This gives rise to a recoil

191



E azxial
T

energy ~ 21 x 255Hz. The lattice contrast is determined by the intensity reflectivity R (6)
by (%ﬁ) . In the “axial” configuration this contrast is = 0.9. The lack of reflectivity additionally

gives rise to a DC offset in the light potential at the nodes of the lattice which is determined by the
minimum value in the potential versus the max-min depth of the lattice (%). For the
“axial” configuration, this offsetis & 0.056 x V2%l where V%% is the depth of the lattice in
Era:vial.

If we follow the same analysis for the “big” lattice configuration, we will find that the steeper

angle of incidence (= 88°) gives rise to the following lattice parameters: lattice constant a ~ 9.2um,

recoil energy E.%9 ~ 27 x THz, contrast of &~ 0.997, and a DC offset of =~ 0.002 x V:)big.

E.2 CALCULATIONS FOR DISORDER AND ZERO-POINT ENERGY

A simple model for estimating the disorder in a Bose-Hubbard system, the difference in the on-site
potential energy change due to scatterers along the optical path can be estimated from the contrast
imbalance due to loss from the scatterer. So the estimate for the ground state energy change comes

from the energy felt by the atom due to two counter-propagating beams:

1/V
2_ - (Lo
m\—4(E)E

1 Vo
k=00 ()5

T
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We can find the lattice potential V (z) ~ (V* + V5°) (V1 + V3) for ared detuned lattice:

1V, . . : .
V(red)(aj,ﬁ) _ _E%ET‘ (6 ikjx + (1 +6)62k1x> (ezkm + (1 —l—e)e zkzx)

_ _1EET (2 Fet VAT (e—iZklx n €i2klx)> (E3)
= —il‘;iEr (2 +e+/(1+e€) (2 cos(2k‘l$)))

expand the cos(2k;x) about 2 = 0 for both the red- and blue-detuned cases: '

r

T 2
yired) () = _E%ET <2+6+2\/m (1 _ (Qk;! ) )) = Vor1(€) + Vio(w,€)

(E.4)

)2
v ®lue) (g ) = %%ET (2 +e—2y/(1+¢€) (1 — (22! ) )) = Vorr(e)+Vuo(z,€) (Es)

Let us now evaluate the total offset (including the ground state energy shift from the harmonic

oscillator) found as a function of ¢ for the red-detuned case:

(red) . 1V, /
‘/;ff (6)__ZEET<2+€+2 (1+6))

“We have assumed a phase of zero at x=o for these beams since the fields are written as just the square
root of the intensity assumed earlier.
TThis takes care of the DC offset from either sitting at the nodes or anti-nodes of the optical lattice.
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Vs @,e) = — 2 Br2y/(1+ )5 = Smukga
v, h2k?
h2w36d == —4EET (]_ + E)Tl

1 V
(red) i _ Yo 1/4
E; 2hwmd 2E,4/ - (I+¢)

Eggred)(ﬁ7 Vo> _ V(Ted) + E(()red) —F |- (2 +e+2v1+ 6) (‘/0) + 2\/?(1 + 6)1/4

of f 4 E,
(E.6)
This can be modified easily for the blue-detuned case without much extra math:
pltue ) — 1Yo p (2+c-2/0T+0)
of f 4E, "
ue red re (2+672Vl+6) ‘/0 ‘/0
Eg(,bl )(6,Vo)=%(ff)+E§ Y = E, 1 E, +2 j(1+€)1/4
(E7)

However, considering that the deviation in local contrast due to deflected beam power is often
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quite small from site-to-site, we can take the approximation of small e:

1 Vo Vo 1
(2 (5) VE (1)

V, 1
2/ =2 (14>
ET< +4€>

By taking the derivative of the ground-state energies as a function of € we can approximate the

red ~
BD(e,V,) ~ E, (E8)

EM™) (e, V,) ~ E, (E.9)

effective site-to-site change in ground-state energy due to local beam power deviation. This will
allow us to compare the approximate site-to-site variation in the lattice detuning configurations as a

function of lattice depth:

d E Ve Ve
L pred) (e yy =2 | (Lo Yo '
2B e Vo) = 5 (Er> \VE (E.10)
E. | Vo
?E‘éblue) (E, ‘/O) = 7 E (E.II)

By taking the ratio of these two susceptibilities to beam-power deviation, we find that for almost
all lattice depths (V,,/ E;. > 1) are less susceptible in the blue-detuned lattice by the ratio given

below:

1- \/‘/;)/ET'
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Fa

MAPPING: BOSE-HUBBARD MODEL TO TRANSVERSE ISING MODEL

t= t/J
hy = 23/%F
h.= 1-A
A= A)J
A= E-U
6= 6E;)J
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G.a PREDICTIONS FROM THERMODYNAMIC ENSEMBLES

ETH implies an equivalence between the local expectation values of a quenched many-body state
and those of the thermal density matrix with the same average total energy as the many-body state.
For the reported experiments, our system is initialized into the ground state, |t9), of an initial
Hamiltonian, Ho, in the atomic limit. Att = 0, we quench the system into a Hamiltonian, H,,
after which the system is allowed to evolve for a variable amount of time. Comparing to the data at
longs times (10 — 20 ms, where we observe saturation), we can compute predictions for the expec-
tation values of various local observables based upon different thermodynamic ensembles. These

predictions are computed using the following procedures.

G.1.1 MICROCANONICAL ENSEMBLE

The microcanonical ensemble is an equal probability statistical mixture of all the eigenstates that lie
within an energy interval given by the initial state [1)p). In the quenched Hamiltonian, the initial

state has an energy

EO) = (30| Hy |90

qbz(»q) >, have energies £ (@) "The microcanonical ensemble is then com-

while the eigenstates of H,, i

posed of the Nyc number of eigenstates for which |Ei(q) — E)| < §E. For our numerical data,

we have chosen 0 = 0.2.J, but the ensemble predictions are insensitive to the precise value of d .
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The microcanonical ensemble can be represented by the thermal density matrix

o e, ifi=jand [EY — EO)| < §E

0, else

G.1.2 CANONICAL ENSEMBLE

The canonical ensemble is a statistical mixture of all the eigenstates in the system weighted by each
state’s Boltzmann factor, exp(—Ei(Q) /kBT'). The temperature in the Boltzmann factor is fixed
through the stipulation that the average energy of this thermal ensemble matches the energy of the

initial state, i.e. we choose 71" such that

Tr(Hep™P) = (ol Hq¥0) ,

where the thermal density matrix pCF has the following construction,

5@
— 1
. e *BT ) ifi=3j

0, else
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G.1.3 SINGLE FEIGENSTATE ENSEMBLE

Energy eigenstates of systems conforming to ETH are surmised to appear thermal in local observ-
ables. We numerically calculate the eigenstates of the quenched Hamiltonian and compare the exper-

imentally observed local counting statistics to the prediction from the single full system eigenstate

¢§q)> that is closest in energy to the expectation value E(). The expectation value in this case is
given by,

(Al = <¢§q)‘ A ¢Eq)> :

G.1.4 DI1AGONAL ENSEMBLE

The diagonal ensemble is a statistical mixture of all eigenstates of the full Hamiltonian H, with the

weights given by their amplitudes after quench.

(%o

o), ifi =,
piy =

0, else

It carries all information about the amplitudes of the eigenstates but ignores all their relative phases.

G.r.s GRAND CANONICAL ENSEMBLE

The grand-canonical ensemble requires calculating the temperature and chemical potential for the
subsystem associated to the observable of interest. For example, the top (bottom) row of FIG. 6C

pertains to the subsystem consisting of the third site (the first three sites) of the chain. We calculate
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the temperature and chemical potential for the subsystem as follows. Because the energy and particle
number within the subsystem are not conserved during the quench dynamics, we must compute
the average energy (£ 4) and average number (N 4) within the subsystem numerically. We time-
evolve the full many-body state to the thermalized regime, then compute the reduced density matrix
for the subsystem, with which we can calculate (V1) and (E4). We note that the average energy
of nearly all the subsystems is very close to that of the full system (zero), while the average number
is nearly consistent with unity particle density. For the single site subsystems, however, there is no
tunneling term to offset the interaction energy, and therefore these subsystems have non-zero energy.
We perform this full calculation to account for finite-size effects that cause small temporal energy
and number fluctuations. If we neglect the energy fluctuations, the grand-canonical predictions
(described below) are negligibly different.

After the above calculations, we can compute the chemical potential and temperature. Using

each HY, the subsystem Bose-Hubbard Hamiltonian with N particles, we compute the eigenstates

(|E ,]X ,i>, where i indexes the eigenstate) and energies ( Ei‘\f ,z‘) for cach partidle sector. We seek T and
1 such that,
1 (N _
<NA> = <NGCE> = E ZNQ (Ey"—uN)/ksT
N
and,

1 Ni —(EN'—uN)/kgT
<EA>:<EGCE>:ZXJV:EAZG(A ﬂ)/B’
2y

where for each particle number IV, the index 7 is summed over all eigenstates within that number

sector. The partition function, Z, is the overall normalization. These equations are numerically
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solved to find v and T'. With these in hand, we arrive at the grand-canonical ensemble,

—(BY ~pN)/kpT

1 N,A N,A
Pece = - ZN: |E, (B e
(A

G.1.6 OBSERVABLES

For all statistical ensembles above, expectation values of an observable A are calculated from the

density matrix as

(A) = Tr(Ap),

where p is the full system density matrix corresponding to the appropriate ensemble.

G.2 ENTROPIES

G.21 RENYI ENTROPY

All entanglement entropy values discussed in the main text are defined as a function of the reduced
density matrix of the subsystem. This applies also for the thermal entropies quoted in the main text,
where we use the reduced density matrix of the canonical ensemble described above. The entropy
metric used for comparison between the quantum system we measure and the canonical thermal

ensemble is the Rényi entropy. In general, the n-th order Rényi entropy is defined for a reduced
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density matrix of subsystem A as

Sn(pa) =

log (Tr[pi]),

1—n

where the reduced density matrix p 4 is defined by tracing out all degrees of freedom of the system

that do not include subsystem A

pa =Trg(paB).

Experimentally, we interfere two identical quantum states to obtain simultaneously the global and
local purity (Tr(p%)). Therefore the relevant order Rényi entropy is the second-order (n = 2)

Rényi entropy which is defined for a density matrix of subsystem as

Sa(pa) = —log (Tr[pA]),

and is also important qualitatively as a lower bound of the von Neumann entropy. When discussing
the global purity as an entropy, we use the Rényi formulation in terms of the global density matrix
p as opposed to a reduced density matrix p 4. Lastly, note that we use logarithms to base e through-
out.

It is important to stress that the thermodynamic relations defined from statistical mechanics
with the von Neumann definition do not directly apply for the Rényi definition. However, both
quantities measure the incoherent diffusion in Hilbert space associated with entropy, and the Rényi

entropy is directly accessible by our measurements.
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H.i SCALING AND LIMITATIONS OF CONFIGURATIONAL CORRELATOR

The configurational correlator C studied in the text has a finite upper bound unlike the configura-

tional entanglement entropy S.. This can be seen from the inequality below:

N
C=%"pn 3 Ip(An® Bu)+p(Au)p(By)
n=0  {An},{Bn}

N
< an Z (A @ By)| + [p(An)p(Bn)| =2

n=0  {An},{Bn}

(H.x)

where the last equality is enforced by the normalization of the probability distributions. This
bound of C' < 2 can be shown to be a tight upper bound in large Hilbert space dimensions for
a maximally mixed reduced density matrix, where the two probability distributions are perfectly
correlated. Let us consider the maximally mixed reduced density matrix in the Schmidt basis, with
(n)  (n

Pa 5Dy ) =1 /N and p((:b) € {1/N,0}. For simplicity, let us consider the case where p,, = 1 for

one ng and p,, = 0 for all other n. We therefore drop all superscripts of 7.

C= 3 p(A4®B) - pAp(B)

{A}{B}
N N2
1 1 1
<2 lv mt X " w
a,b=1 a,b=N+1 (H.2)

However, even with this bound, we find that the configurational entanglement entropy S and
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C are remarkably linear when S, is relatively small. It is also worth noting that the upper bound for
the case shown above in entropy is also bounded by log(V). This temptingly suggests that in some

cases a relationship could be made where perhaps S; ~ log(1 — C/2).
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Chapter 6 Calculations

L1 Ax:TiME SCALING BEHAVIOR (POWER LAW 12-SITES)

In order to quantify the transport distance of the particles, we defined the first moment of the two-
point-density-correlation distribution, Az = 2%, Ga(d) x d where Gao(d) = (ninitq)i¢ —
(Ni)i ¢ (Nitd)ip» @ is the site index, and ¢ is the disorder realization. Numerical simulations were

performed to determine time-scaling behavior of the first moment (Fig. L).
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Transport distance (semilog plot) Transport distance (loglog plot) R? of 2 different fittings

5 10'
— Ww=14 — — Power law fit
— W=37
4 ——w=48 7 10°
(0] o
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= —— W=638 ~ y )
<3 W=8.0 a0 i
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g | ——ws=t00 / 8 2
73 2 — — Logfit 2 102 3
o [ °
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© © o
& & 103 £ 0.65 75 6 7 8
§ L Disorder strength W (J)
pre 0.6 Log fit
4 Time t(7) Power law fit
0 10 055
1072 10° 102 102 10° 102 2 4 6 8 10
Time t (1) Time t () Disorder strength W (J)

Figure I.1: Two different fittings for the time-dependence of the transport distance at various disorder strengths. The
left panel and the center panels show the time dependence of the particle spread Ax in a 12-site system for various
disorder strengths in semi-log and log-log scales. The dashed lines are sample least-square fits assuming logarithm and
power-law time scaling, respectively. The right panel shows the R2 values of each fit as a function of disorder strength.
All simulations were performed by exact numerical integration of Schrédinger’s equation, as described in the previous
section.

To characterize the correct functional form of the temporal transport behavior of the system, we
fit the first moment to either a logarithmically slow growth in time or a power-law growth in time.
We look at times that avoid the initial transient dynamics in the system ¢ /7 > L /2 (the time for
relaxation in the non-disordered, W = 0, case). Since we only experimentally measure up to a final
evolution time of t = 1007, we restrict our fitting of the temporal transport behavior in the system
to L/2 < t/7 < 100. This time range was found to be robust to change in the exact endpoints.
Additionally, we can see in Fig. L1 that only disorder strengths W 2 4.8.J appear unaffected by the
system’s finite size at ¢ = 1007. We therefore expect that comparing the fit quality in the critical
disorder regime (5 < W/J < 8)isagood metric for determining which functional form of the
temporal transport behavior. We find, by looking at the R? metric of the fits in this region, that the

transport behavior more closely relates to a power-law rather than a logarithmically slow growth.
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Figure |.2: Spectral Statistics. This 0.55
shows the spectral statistics ratio,

— i An;An
(ry = <%Anig>,forsystem

sizes of L=6 and L=8. The approximate

crossing pointis W = 5.J which bounds

the critical point from below W, 2 5.J o~
and is consistent with the experimen-

tally observed point of departure from
thermalization.

Disorder W (J)

Hence, in this paper, we assumed a power-law time scaling of the particle spread to analyze the data.

I SPECTRAL STATISTICS

The spectral statistics ratio () is a common metric used to determine the transition from the ther-

malizing to many-body-localized behavior. This ratio is defined as 7 = min{A,,, Ap41}/max{A,, Ap11},
where A,, = E,, — E,, 1 is the spacing between eigenenergies in the system. This is then averaged

over the eigenstates that do not lie close to the ends of the spectrum. In this case, we average over

the middle 2/3 of the eigenstates. This ratio is sensitive to the test of level repulsion of the system,

which a hallmark of a thermalizing system. This ratio approaches the Gaussian orthogonal ensemble

(GOE) value of r =~ 0.53 in the thermalizing regime and approaches the Poisson value of r ~ 0.39

in the localized phase. We are able to compute these via exact diagonalization for system sizes up to

L=8. The crossing point for successively larger system sizes is a typical method for helping estimate

the lower bound for the critical point for the transition. With our experimental realization of the

quasi-periodic potential, we see a cross pointat W =~ 5J which bounds the critical point in the

211



Figure 1.3: Numeric Integration of Fluc- Integral of Fluctuations
T T T

tuations 12 vs 8. This plot shows the inte- L;s ' ’

grated fluctuations of the exact numeric a5k |

theory (solid lines) and measured data

(points) for the curves from Fig. 2c. Only e 4

a subset of points were used that were

measured at the same disorder value 3.5 P 7

in both the twelve-site and eight-site s o |

experiments. The numerical integration w

was evaluated via the trapezoid rule. The 2 .| o 6, F (W=10J) |

relevant metric is the final point that in- ==

corporates the integral of all points along oL i

the curve and provides a robust metric g

for showing enhanced thermalization 151 .

inthe larger system. This integrated dif-

ference exceeds the null-hypothesis by r g ]

more than two standard error bars of the | | . J | | |

mean. 0%, 4 5 6 7 8 9 10 11
Depth W(J)

thermodynamic limit from below W, £ 5.J™".

I.; ENHANCED THERMALIZATION

The measured on-site number fluctuations plotted in §6 (Fig. 6.4) show enhanced thermalization in
the larger system across an intermediate disorder range which we use to identify the critical regime.
To provide a more robust metric of the enhanced thermalization in the larger system-size, we numer-
ically integrate the two curves and compare the difference in the fluctuations. This final integrated
difference is plotted in Fig. I.3. The inset quantifies the systematically enhanced thermalization in
the larger system size where it exceeds the null hypothesis by more than two standard errors of the

mean.
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I.4 SUBSYSTEM-SIZE FLUCTUATIONS SCALING

As discussed in §6, the subsystem-size scaling of particle-number fluctuations is a proposed probe for
investigating the thermal-to-MBL transition. In the infinite temperature case (all Fock basis states
contributing equally), the probability of fluctuations can be found easily by considering the number

of states possible in a subsystem of size L 4 with n 4 particles:
(na+Ly—1)!
DA = _—

na ! (L A — 1 )'

where its complementisgivenby {Lp = L — La,np = N — na} where L is the total
system size and [N is the total atom number. This gives rise to the probability of having 1 4 atoms in

subsystem size of L 4:

Poa Ny = () (=i =) /(S

The fluctuations for such a distribution is then calculated as the second moment of 1 4:

N N 2
F(Ls,N)p = (Z P(nA)n3,> — <Z P(nA)n?L‘) (11)

na=0 na=0

This reduces to the familiar form of the Bernoulli distribution with an additional enhancement
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factor that derives from indistinguishable bosonic statistics:

F(La,N)L/N = <(L_£2A)LA> (1;;];[//5) (L2)

In the limit where we have integer filling, N = v L, we can see the scaling more easily for the

fluctuations per particle F(l,v)p:

F(Lav)L = <(L _LfA)l> (fjl/”L) (L3)

In the large { NV, L4, L} limits, the probability of particle number becomes approximately Gaus-

(La)(L—=La)
L2

. . _ . 2 _ 2
sian with a mean jt,,, = N x La/Landvarinceo;,, = N
This Gaussian relationship allows for a simple relationship to the number entropy that is ap-

proximately logarithmic in a given system size by evaluating the von Neumann entropy of particle

number:

N
SH(LA) = - Z P(nA7LA7N)L log[P(nAaLA7N)] <I4)
na=0
The derivation of the Bernoulli distribution relies on particles being uniformly distributed

throughout the system. This also means that the probability of a particle living in L 4 is just given

by:

LA].

P(La) = /l:o 7l
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In the case that disorder is now applied to the lattice, this would have to be modified fundamen-
tally since the particles then live in exponentially localized orbitals with a characteristic localization
length . We find phenomenologically that this modifies the probability of P(n4) from a Gaussian,

but an exponential:

L
P(na,La,N)p ~ e—(ma—N=)/¢

Due to this similarity, we attempted an approximation of fluctuations in the localized regime by
~ cosh[L 4 /€]. In the two extremes, (§ — 00,& — 0), this form provides the correct shapes of
a parabola and a constant scaling for the particle-number fluctuations, respectively. This is shown

qualitatively in Fig. I.4 as a function of time.
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Figure 1.4: Fluctuations Scaling Behavior. a) The probability of particle number 1 4 is plotted for both a subsystem size
of two sites (teal) and four sites (purple). The relationship to the growth in the width of the particle number probability
as a function of time is shown in the histograms as well as schematically by the shaded green triangle. b) The particle
number fluctuations as a function of subsystem size and time in the color plot. Cross section of the fluctuations are
plotted for three different evolution times: t = 17 (blue),t = 107 (purple),andt = 1007 (red).
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