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Abstract

Millenia of evolutionary experiments have produced an extensive universe of natural macro-

molecular machines - proteins - that perform the variety of complex functions needed to make up

a cell. In the last few decades, advances in protein engineering technologies, including the adoption

of machine learning methods, have enabled us to bend and reform nature’s designs towards our

human needs. The advent of generative machine learning models trained on evolutionary data has

enabled us to leverage nature’s experiments along with years of domain knowledge to significantly

move the needle on what kinds of proteins and functions we can possibly design. While these mod-

els have massive promise, there is still much to understand about i) what these models are learning,

ii) how well they are learning, and iii) which models are useful for which design task. This thesis pro-

vides tools and insights to the field to shed light on these questions and thus advance our ability to

engineer proteins for the functions we want.

We begin with the need to identify what models perform better than others and what biologi-

cal design tasks they may be useful for. Towards this, chapter 1 details our curation of the largest

benchmarking dataset for generative protein models for fitness prediction, which we used to iden-

tify functional advantages for particular classes of generative models. This evaluation paradigm

relies on functional measurements, which may not be available for any given protein an engineer is

interested in. Thus, in chapter 2 we develop novel, statistically motivated kernel-based evaluation

metrics that can be used to verify how accurately and reliably a conditional generative model has
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learned the distribution of the protein of interest; this provides a practitionier with helpful informa-

tion about how well their model might perform for their task a priori. For highly complex functions

in highly local sequence space, we argue that focused experimental data are needed to get engineer-

ing gains. In chapter 3 we discuss howmachine learning models can improve the efficiency of experi-

mental pipelines and increase our design capabilities, with a case-study on machine learning-assisted

antibody optimization.
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0
Introduction

0.1 The promise of machine learning for functional protein design

Millenia of evolutionary experiments have produced an extensive universe of natural molecular

machines - proteins - that perform the variety of complex functions needed to make up a cell. In

the last few decades, advances in protein engineering technologies have enabled us to bend and re-

form nature’s designs towards our human needs. This includes biologic therapeutics that have ad-
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vanced our abilities to treat previously untreatable diseases. Now, with the advent of probabilistic

machine learning we can leverage evolutionary data to learn from nature’s evolutionary experiments

to improve our ability to engineer nature towards our will. While these methods hold great promise,

there is still much to learn about how best to use them for specific protein engineering tasks. In this

thesis, I elucidate different evaluation schemes to help engineers understand: i) what their models

are learning, ii) how well they are learning, and iii) which models to use and when. I also develop a

case-study in machine learning assisted antibody engineering to demonstrate how targetted deploy-

ment of machine learning models can aid in highly specific engineering tasks.

Protein engineering encompasses any task in which we are modulating or designing a protein

to perform a desired function. Our motivations for protein engineering arise from a variety of ap-

plications, including biologic therapeutics, industrial reagents, and molecular biology tools. For

any application, we are often met with a biochemical function (eg. inhibiting a pathogenic protein

target, catalyzing a reaction in a manufacturing pipeline) for which we want to design a protein to

carry out that function or optimize a protein that already performs that function. Engineering tasks

range in the complexity of the desired function and novelty of the protein being developed; highly

bespoke functions are more challenging to engineer than general protein properties, and designing

a de novo protein can be more challenging than optimizing a starting point. We sometimes consider

the abstract collection of possible sequences as a high-dimensional ”sequence space”. This is a useful

idea once we start leveraging probabilistic models for engineering protein sequences, as these models

learn a probability distribution over sequence space. When considering the diversity goal for an en-

gineering project it is often helpful to consider what part of sequence space we are trying to traverse.

When optimizing a starting point protein, we are looking to explore a slice of sequence space local

to the original sequence (i.e only changing a relatively small fraction of the residues in the sequence).

We can think of de novo design as seeking to design proteins in a patch of sequence space that has not

been explored before (i.e design sequences that have low sequence identity to anything previously

2



observed).

For optimization problems, high throughput experimental techniques like deep mutational scan-

ning (DMS)273 enable assaying a subset of sequence space around a starting candidate (i.e sets of

sequences a few mutations away from the starter) for variants that improve the function being mea-

sured. While powerful, throughput often limits us to only assaying all few-away mutants (i.e sin-

gles or maybe doubles). Directed evolution experiments allow us to assay a more diverse span of

sequence space, increasing the likelihood of a more novel, optimized hit17. However, these experi-

ments often need finetuning of mutation rates and selection constraints to avoid bottlenecking of

the variant population.

The goal of de novo protein design is to construct novel proteins from scratch, advancing beyond

natural evolutionary pathways. In the span of a couple of decades the field moved from proof-of-

concept showing that it was possible to decorate a simple alpha helix scaffold with an artificial amino

acid sequence that folded and was stable220, to the de novo design of arbitrarily shaped protein scaf-

folds with favorable protein properties using deep learning models117,271. De novo binders have also

been designed, illustrating an example of a useful function (engaging in a protein-protein interac-

tion) that is enacted by an artificial sequence33,201,20. However, many approaches are still limited to

success on simple helix-based scaffolds. Even within the functional scope of binding proteins, this

limits the shapes of binding motifs that can be designed thus limiting the range of targets that can

be bound. Having demonstrated that we are capable of designing proteins per say, the field is now

moving towards designing proteins to fulfill highly specific functions (eg. catalysis of novel reactions

or binding to completely novel epitopes).

Generative machine learning models are poised to be crucial in this next stage of protein engineer-

ing192. As opposed to predictive models that are trained to predict a label given an input, generative

models are machine learning models that can be sampled from; this makes them highly useful for

design. A major problem for computational sequence design is that the possible search space of

3



sequences is so large (even a 100 residue long protein has a combinatorial space of 10130 possible

sequences). Classical design methods involved sampling candidate designs and scoring them with

function that approximates the design success151,20. Even assuming we have access to an accurate

way to identify good designs from bad designs (which is an infeasible assumption for most tasks)

sampling appropriate candidates to score is challenging, and it is unlikely that the best candidate

would be sampled randomly. Protein generative models address this problem by learning a prob-

ability distribution over proteins, giving it a notion of what protein choices are good, and more

importantly, allowing us to sample directly within the constraint of ”likely” proteins.

Borrowing from the genetics jargon, we call this learned likelihood from the model its estima-

tion of the protein’s ”fitness”,53. In natural selection, fitness is any property of a protein (or more

specifically, a gene) that promotes its survival across generations. Fitness can reflect a variety of bio-

physicial properties including how well the protein expresses, how thermostable it is, and how well

it performs its function. The assumption behind generative modelling is that if one trains a model

on a corpus of proteins that are ”fit” (i.e possess a certain function or property that has caused them

to be carried through evolution), the distribution that that model learns should reflect how likely a

given protein is to possess ideal properties.

Indeed, we have observed that the predicted ”fitness” from a generative model correlates with a

number of different protein properties (we will discuss how we perform this correlation later in this

chapter)110,207,193. This correlation means that generative models function as useful ”zero-shot” pre-

dictors of such properties. Zero-shot prediction refers to a model that can predict a certain property

without being trained explicitly on labels relating to that property (i.e supervised prediction). Many

groups have leveraged this paradigm to attempt zero-shot engineering of a property of interest using

pre-trained generative models246,102.

Depending on the choice of training data and architecture, the model learns different notions

of what makes a protein ”likely”. We can think of our choices of training data and architecture as
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instilling ”inductive biases” into our model. These biases could or could not be beneficial depending

on our task. Thus, it would behoove us to leverage the appropriate inductive bias - amounting to

selecting a particular training set or model architecture - for our task of choice.

Models of different protein representations (i.e. sequence or structure) allow us to model and

sample proteins at either the sequence or structural level. Initial sequence models relied on multi-

ple sequence alignments (MSAs) to produce uniform length inputs wherein conserved residues are

aligned within the same position. Potts models fit to these alignments have been shown to learn

interactions between residues that can be used to recapitulate structural contacts109. Variational

autoencoders (VAEs) have also been incredibly powerful for sequence modelling as they can model

epistasis above second-order interactions207,83. With the advent of the transformer architecture267,

sequence models could be trained without aligning sequences. Large language models (LLMs) based

on the transformer architecture have been trained on the entire corpus of known protein sequences

contained in Uniref249. These models intuitively learn general rules about protein properties and

have been incredibly useful for generating latent representations imbued with evolutionary informa-

tion across the tree of life208,161,190,8. These models learn an idea of what mutations would be dele-

terious to a protein, and they have been used to reduce the search space of possible design variants to

test102 and also recommend likely designs with low sequence identity to the original sequence82.

Recently, many generative models of protein structure have also been developed; many of which

are based on advances in graph neural networks134,124. Diffusion based models234,233 have seen the

greatest success in this domain, with multiple groups demonstrating the ability to sample a range

of possible structural scaffolds271,117,259. Most of these methods only sample the backbone of the

structure which contains the essential shape of the protein. Inverse folding models were developed

to solve the problem of sampling sequences that would likely fold into an input backbone struc-

ture112,116,54. Groups have also found success in optimizing proteins for thermostability and func-

tional activity using inverse folding models246,20.
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These modelling strategies can be organized by the different marginal and conditional distribu-

tions on protein sequence and structure that they are learning. Let X and Z be random variables

for the protein sequence and structure respectively. LLMs trained on the protein universe learn the

marginal distribution of protein sequences, P(X). MSA based models learn a distribution condi-

tioned on the homologous family the protein comes from, P(X|X′ ∈ H(X)), whereH(X) reflects

the family a protein belongs to. Generative structure models learn P(Z), while inverse folding mod-

els learn the conditional distribution of sequences given a structure, P(X|Z). Indeed, recently the

problem of protein folding has also been framed as a generative problem, where models are trained

to approximate P(Z|X)125,2. By framing all these modelling tasks probabilistically, we bake in the

ability to get scores for any input sequence or structure using the likelihoods from these models.

These scores are what make these generative models useful for zero-shot prediction and design.

The great potential that zero-shot generative modelling presents is that it democratizes the capac-

ity to use these modelling approaches. Instead of having to generate a large corpus of training data,

small engineering groups can leverage publically-available pre-trained methods to further their engi-

neering goals. However, these models are not effective for all designs tasks. So how are we to know

that a given model may be useful for a task of interest?

Zero-shot predictive ability for generative models ranges depending on the function and pro-

tein of interest207,193. This lack of performance could arise from limitations in the training data or

the model architecture, or both. For more complex functions that may only be shared amongst a

small set of protein families, the general assumption that fitness with respect to a large evolutionary

dataset correlates well with our function breaks down. In particular, for novel functions (eg. enzy-

matic activity on non-natural substrates), if a model has only seen examples of natural-functioning

proteins, it may not assign any high likelihood to proteins with novel functions as these were unseen

during training. For such cases, rich experimental data that queries the specific function we are inter-

ested in may be required. Semi-supervised modelling approaches have also been developed to try and
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leverage the best of both worlds194; combine the rich information from evolutionary datasets with

the targetted signal from functional experiments.

To understand what design task a generative model may be effective for, we need relevant evalu-

ation paradigms. The best possible evaluation we can do is to design proteins with our method of

choice and to test them experimentally. However, experimental validation is highly recourse inten-

sive. Furthermore, often the functions we are most interested in are the most challenging to assay in

high-throughput. As more and more methods are published, it quickly becomes intractable to ex-

perimentally characterize model performance even for a single function focussing on a single protein

family. As such, in silico benchmarks are essential for building models with improvements in design

performance.

One way to establish performance is to measure the correlation between a model’s likelihood

(which we will sometimes refer to as the model score) and a functional measurement from an exper-

iment. This tells us how well the model’s learned likelihood distribution reflects the distribution of

a particular function. If this correlation is high, this suggests that samples from the model (i.e that

have high likelihood) would also possess the function captured by the experimental measurement.

Notably, this sort of analysis only tells you how well the model correlates with function for the se-

quences that were tested and similar such sequences. If the test set contains a fairly narrow slice of

sequence space (eg. all singles and doubles of a particular starting protein), we only have confidence

that our model has learned the functional distribution within this slice. This is still useful infor-

mation if we are trying to design similar proteins to those which we have functional data on. Fur-

thermore, if we can demonstrate predictive performance on a wide diversity of functional datasets,

encompassing a wide array of protein families and assayed functions, this raises our confidence that

our model’s distribution matches the functional distribution in enough parts of sequence space to be

useful for design.

The first chapter of this thesis aims to provide the most holistic evaluation of generative models
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via correlation with functional measurements fromDMS experiments - which we will refer to as

”fitness prediction”. We curated ProteinGym, the largest database of DMS studies - over 250 assays

- to date and benchmarked over 70 popular zero-shot protein generative models. Performance on

these datasets gives us a way to rank these methods for prospective design performance. While even

250 assays does not nearly encompass the entire span of functions and protein families that protein

engineers may be interested in, we argue that the benchmark is sufficiently diverse to give us useful

information for making decisions for which models to use for engineering tasks. The range of dif-

ferent functions assayed allowed us to identify specific functional advantages that particular model

classes have. In particular, we found that sequence models conditioned on structure (inverse folding

models) have significant advantages in predicting thermostability. We leverage these advantages to

develop an ensemble model of different classes that results in state of the art performance on the

ProteinGym benchmark. This work provides insights for engineers on what models they should

pick for use in designing their specific function, and is a major step towards understanding how

machine learning models are useful for protein design.

Not every protein family that an engineer may be interested in is represented in ProteinGym.

Without performance on functional data related to that protein, how can a practitioner gauge

how well a model might work? Some insight can be gained by looking for performance on related

proteins. For example, if one is trying to engineer a solute-carrier (SLC) protein, performance on

another class of transporters like ABC transporters might suggest that the model may also per-

form well on SLCs. However, for functionally unique families this becomes infeasible. While high

throughput data on the protein of interest might not be available, it is likely that sequencing or

some structural characterisation of the protein may be available in the large databases that generative

models are trained on249,23. Following from our assumption that the distribution of the designed

function we are interested in correlates with the fitness distribution for the protein of interest, we

would at least want our generative model to have learned the distribution around our protein of
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interest well.

Test perplexity, a metric borrowed from the natural language processing world, is commonly

used to assess model fit. Test perplexity (as opposed to entropy-based perplexity) is calculated as

the exponential of the negative log likelihood. We often look to see if the model’s perplexity on a

training set is on par with a test set to identify if a model can identify test data as within the same

likelihood distribution as its training data. This can be useful for comparing models to each other

(with respect to the same dataset). However, when we want to compare a model’s fit on different

protein families (i.e different subspaces of the training sequence space), perplexity can be misleading.

Lower perplexity on one family does not necessarily mean that the model has fit that distribution

better than another family with higher perplexity; this could merely point to more training data

being available for certain families.

In the second chapter, we leverage new theory on conditional goodness of fit tests to develop sta-

tistically motivated evaluation metrics for popular generative model classes that directly measure

how well a model has learned a protein distribution using test data. The metrics give us absolute in-

formation in that the optimal fit of the model is bounded by the distribution of the data itself, thus

we know how far away from ideal our model’s fit is. As opposed to perplexity which only gives us

performance information relative to other model baselines. These metrics allow us to interrogate

a model’s performance on specific families. We also develop metrics to measure model reliability -

a property formally called calibration - which tells us how well the uncertainty in the model’s pre-

diction matches the uncertainty in the actual data. Together, these tools provide ways to ascertain

whether a model has learned a particular protein distribution well (which would raise our confi-

dence in its utility for a designing that protein) and whether we can trust the uncertainty in the like-

lihoods from the model (which allows us to make decisions on whether we think a model prediction

should be taken into the wet-lab).

We are far from the point where a single model can be used for all design tasks (if that is even a
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relevant goal to work towards). While generative models can likely generalize important protein

properties like thermostability and expressibility, more complex functions that are specific to certain

families, and novel functions unexplored in nature are more challenging design tasks that often re-

quire specific experimental data to guide engineering decisions. Machine learning models can greatly

improve engineering pipelines that require experimental data. Often, this involves some amount of

supervised or semi-supervised learning. In such settings, model interpretability is especially impor-

tant to ensure that the model is not learning artifacts from the experiment. Otherwise these artifacts

can persist downstream if the model’s predictions are used to make engineering decisions.

In the third chapter, we present a case study in leveraging machine learning to improve the ef-

ficiency and hit-rate of an antibody affinity maturation pipeline. Affinity maturation involves the

optimization of a specific antibody’s binding affinity to its epitope. This is an example of a complex

function that may not be shared by a large number of proteins in evolutionary databases, and thus

requires a different modelling strategy. Low throughput binding assays are required to validate any

candidates suggested from an optimization pipeline (experimental or computational); as these are

recourse expensive, it is especially important to have pipelines with a high hit rate to avoid wasting

recourses validating false positives. In this work, we show how simple but interpretable logistic re-

gression models actually outperform complex neural network architectures in this specific design

task. We use models trained on minimal experimental data to suggest optimizing mutations for mul-

tiple antibodies, reducing the recourse intensity from the optimization and validation experiments.

All together, this thesis outlines novel tools, insights and engineering practices to further the

adoption of generative models in protein engineering and to increase our understanding of what

these models are actually learning and what particular design tasks they may be useful for.
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0.2 The nuances and challenges of antibody design

Antibodies are the fastest growing subtype of therapeutics approved by the FDA159. In 2021, the

global antibody market was valued at 217.3 billion USD and in 2022, 30% of FDA approved drugs

were monoclonal antibodies (mAbs)166. Antibodies are proteins used by the immune system to rec-

ognize foreign targets with high specificity and affinity. This high specificity makes them excellent

therapeutics as they have low off-target binding reducing adverse effects. Their high affinity and

tissue directability allow them to target previously undruggable targets, resulting in breakthrough

treatments for many cancers and autoimmune diseases199,256. Due to their therapeutic potential,

there is a heightened demand for improved technologies to engineer and optimize antibodies. Fur-

thermore, many antibody drugs are prohibitively expensive. Thus, methods that can improve the

recourse efficiency of engineering campaigns are needed as they will reduce the cost of producing the

therapeutic, resulting in cheaper drugs for the patient.

The antigen-binding fragment (Fab) of an antibody consists of 4 polypeptide chain: the heavy

and light constant chains (CH and CL) and the variable chains (VH andVL)3. Each variable chain

consists of a conserved scaffold of beta sheets - called the framework - and 3 flexible loops referred to

as the complementarity-determining regions (CDRs). Of these the CDR-H3 is the most diverse as

it spans the intersection of the variable (V), diversity (D), and joining (J) gene segments that recom-

bine to produce a unique V(D)J sequence. The diversity in CDR sequences and the flexibility of the

loop structures allow antibodies to accommodate a huge number of epitope shapes, making them

extremely useful platforms for engaging any therapeutic target. The CDRs comprise much of the

binding interface of an antibody144,143. The diversity of the CDR-H3means these interfaces can be

highly specific to the specific epitope. Camelids (and some sharks) produce single-domain antibod-

ies that lack a light chain. These have been engineered into single chain binders (by removing the

constant domains) called nanobodies99. These smaller binders allow binding to an extended range
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of epitopes.

Starting with a novel target antigen, engineering a novel antibody binder takes place over two

stages: the discovery campaign and the affinity maturation campaign294. Discovery involves raising

a novel antibody that binds specifically to the target antigen. However, most discovery platforms

produce antibodies with sub-par binding affinity for therapeutic and molecular reagent purposes.

These starting candidates are then optimized for binding affinity and specificity through affinity

maturation.

Traditionally, antibodies were discovered by immunizing an animal model with the target anti-

gen, and leveraging the animal’s innate immune system to produce a polyclonal antibody cocktail.

The antibodies are extracted from the animal sera and individual binders are isolated into mAbs us-

ing the hybridoma technique. Early mouse-raised therapeutics suffered from high immunogenecity

due to the patient immune system reacting against the foreign protein material159. Humanization

techniques reduce this immunogenecity by incorporating the binding site from the mouse antibody

onto a human germline framework scaffold (by merely swapping in the CDR sequences) to form a

chimera206. Humanized mice lines have also been developed wherein the innate mouse immune

gene casettes (encoding the frameworks and V(D)J genes) are exchanged with human genes148.

Consequently, any antibody raised in the model system will resemble a human antibody. Animal

models have proven highly effective systems for raising antibodies; most FDA approved mAbs were

discovered using animal immunization techniques159,166.

However, these techniques are recourse intensive and afford no control over the types of anti-

bodies produced. To address these limitations, in vitro experimental techniques were developed.

Large, diverse antibody libraries are presented using yeast- or phage-display technology and screened

against a target of interest via magnetic or fluorescent activated cell sorting (MACS or FACS re-

spectively)26,147,43. Multiple rounds of selection are performed to arrive at a single modest affinity

binder. Larger and more intelligently-designed libraries increase the success rate of finding a specific
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binder to a target. However, the larger the library the more selection steps need to be performed;

which also increases the possibility of artifacts expanding in the population (such as polyspecific

binders or highly expressing-non binders100). These techniques have proven very successful and

have been onboarded as standard platforms by many biologics pharmaceutical companies.

In vitro technologies still suffer from the inability to control what epitope on the target antigen

an antibody will bind to. Recently, much progress has been made towards computational discovery

methods that would allow engineers to specify exactly where on an antigen structure an antibody

should bind. Some methods take a fragment-screening approach, wherein smaller peptide fragments

mined from the protein data bank (PDB) are stitched together to form a novel paratope which is

then grafted onto an antibody framework6,153. There has also been much excitement for deep learn-

ing based de novo design approaches. Here generative neural network models are trained on binding

complex structures (antigen-antibody complexes or general protein-protein interactions) and then

antibody paratopes are sampled that would likely bind to a specified conformational epitope21,123,69.

Recently, Bennett et al. 21 developed a generative diffusion model finetuned on nanobody bind-

ing complexes which was able to generate target-specific small libraries (100 – 10k sequences) using

only a structure of the target and the desired VHH framework, from which on-target binders were

identified post some experimental screening. Notably, these binders had comparable affinities to

nanobodies identified by experimental discovery campaigns. However, many of these designs were

to epitopes for which there was pre-existing binder material in the PDB. Thus, further validation is

needed to demonstrate the true de novo capabilities of the method.

In addition to being able to specify an epitope, computational discovery methods offer the ability

to combine the discovery model with computational models for other desirable developability prop-

erties (including solubility, immunogenecity163, polyreactivity100) to design binders that would

more likely succeed in a lead optimization pipeline for a therapeutic. As most drug candidates fail

for not meeting these developability requirements, starting a drug campaign from scratch with these
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in mind would likely increase the success rate of therapeutics projects, thus reducing the number of

failed attempts needed to produce a new drug, thereby reducing the overall cost of the therapy for

the patient.

Following discovery of a candidate binder, the antibody needs to be optimized through affin-

ity maturation. Initially, this was done using rational design principles; if a crystal structure of the

binding complex was available, engineers could suggest mutations that were likely to stabilize the

interaction. However, as structures are challenging to obtain themselves, high throughput affinity

maturation techniques were developed to query multiple mutations simultaneously for binding

optimization. This often proceeds by generating a mutational library originating from the starting

candidate (by combinatorially mutating residues in the CDR or by using error-prone PCR) and

subsequently screening the library to arrive at the highest affinity binder using sorting assays similar

to those used in in vitro discovery campaigns. Further explication of these methods and a descrip-

tion of the limitations and challenges to address can be found in the introduction to chapter 3.

Antibody engineering presents unique challenges not present in general protein engineering.

For one, the paratope of the antibody is highly unstructured before binding. This means that mak-

ing small changes to the paratope can result in large conformational changes, as opposed to general

proteins where the presence of secondary structure constrains the paratope shape somewhat. This

flexibility and the diverse CDR sequences that produce it also make it difficult to learn from other

similar protein sequences and structures due to low conservation5. One way this manifests is in the

difficulty of producing alignments of antibody CDRs, which have been crucial for training gen-

erative models for protein design. Moreover, this also makes it challenging to leverage the massive

expanse of protein data available, requiring specific antibody datasets that thus far are much smaller

than general protein databases (contrast the 8̃200 antibody-antigen binding complexes in the struc-

tural antibody database66 with the >200k structures depositted in the PDB23).

Overall, antibody design is a powerful tool with major therapeutic and industrial implications for
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which we have developed a wide array of engineering techniques. There are many promising avenues

for further development of engineering methods, both experimentally, computationally, and at the

intersection of the two. Despite the particular challenges that antibodies present, the potential of

this technology promises to meet the demand for more and more antibodies.
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Combining Sequence and Structure

towards Superior Fitness Prediction

1.1 ProteinGym: Large-Scale Benchmarks for Protein Fitness Prediction and

Design

1.1.1 Preface to ProteinGym

This chapter presents work from two papers: the first section from a paper published at the Thirty-

seventh Conference on Neural Information Processing Systems (NeurIPS 2023) Track on Datasets

and Benchmarks191, and the second from a workshop paper presented at the 2023 NeurIPS work-

shops, Generative AI for Biology andMachine Learning for Structural Biology. My contribution to

the first section was in benchmarking the inverse folding methods presented in the paper; contribut-

ing to the comparative analysis of the models using different evaluation metrics; and in writing the

relevant sections for these results. For the second section, I was first author and I performed all the

analyses presented in the paper and also led the paper writing. Multiple other authors contributed

to the curation of datasets and benchmarking of other models in ProteinGym (Pascal Notin, Aaron

Kollasch, Daniel Ritter, Lood van Niekark, Hansen Spinner, Nathan Rollins, Ada Shaw, Ruben

Weitzman, Jonathon Frazer, Mafalda Dias, Dinko Franceschi, Rose Orenbuch, Yarin Gal, Debora S.

Marks).

The original ProteinGym paper included zero-shot benchmarking on datasets of both substi-
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tution and indel variants; supervised benchmarking on these datasets; and an analysis of clinical

variant prediction. Only the results on zero-shot prediction of substitution variants was kept in this

thesis as this is where my contributions were focussed. Regarding any reference to indels, supervised

benchmarking and clinical variant benchmarking please see the full publication191.

1.1.2 Abstract

Predicting the effects of mutations in proteins is critical to many applications, from understanding

genetic disease to designing novel proteins that can address our most pressing challenges in climate,

agriculture and healthcare. Despite a surge in machine learning-based protein models to tackle these

questions, an assessment of their respective benefits is challenging due to the use of distinct, often

contrived, experimental datasets, and the variable performance of models across different protein

families. Addressing these challenges requires scale. To that end we introduce ProteinGym, a large-

scale and holistic set of benchmarks specifically designed for protein fitness prediction and design.

It encompasses both a broad collection of over 250 standardized deep mutational scanning assays,

spanning millions of mutated sequences, as well as curated clinical datasets providing high-quality

expert annotations about mutation effects. We devise a robust evaluation framework that combines

metrics for both fitness prediction and design, factors in known limitations of the underlying ex-

perimental methods, and covers both zero-shot and supervised settings. We report the performance

of a diverse set of over 70 igh-performing models from various subfields (eg., alignment-based, in-

verse folding) into a unified benchmark suite. We open source the corresponding codebase, datasets,

MSAs, structures, model predictions and develop a user-friendly website that facilitates data access

and analysis.
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1.1.3 Introduction

Proteins carry out a wide range of functions in nature, facilitating chemical reactions, transporting

molecules, signaling between cells, and providing structural support to cells and organisms. This

astonishing functional diversity is uniquely encoded in their amino acid sequence. For instance,

the number of possible arrangements for a 64-residue peptide chain (2064) is already larger than

the estimated number of atoms in the universe. Despite substantial progress in sequencing over the

past two decades, we have observed a relatively small, biased portion of that massive sequence space.

Consequently, the ability to manipulate and optimize known sequences and structures represents

tremendous opportunities to address pressing issues in climate, agriculture and healthcare.

The design of novel, functionally optimized proteins presents several challenges. It begins with

learning a mapping between protein sequences or structures and their resulting properties. This

mapping is often conceptualized as a “fitness landscape”, a multivariate function that character-

izes the relationship between genetic variants and their adaptive fitness. The more accurately and

comprehensively we can define these landscapes, the better our chances of predicting the effects of

mutations and designing proteins with desirable and diverse properties. Machine learning, by mod-

eling complex, high-dimensional relationships, has emerged as a powerful tool for learning these

fitness landscapes. In recent years, a plethora of machine learning methods have been proposed for

protein modeling, each promising to offer new insights into protein function and design. However,

assessing the effectiveness of these methods has proven challenging. A key issue is their evaluation

on distinct and relatively sparse benchmark datasets, while relative model performance fluctuates im-

portantly across experimental assays, as was shown in several prior analyses207,146,174. This situation

underscores the importance of scale in the benchmarks used. Larger, more diverse datasets would

offer a more robust and comprehensive evaluation of model performance.

To address these limitations, we introduce ProteinGym, a large-scale set of benchmarks specifi-
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cally tailored to protein design and fitness prediction. It comprises a broad collection of over 250 stan-

dardized DeepMutational Scanning (DMS) assays which include over 2.7 million mutated se-

quences across more than 200 protein families, spanning different functions, taxa and depth of

homologous sequences. It also encompasses clinical benchmarks providing high-quality annotations

from domain experts about the effects of∼65k substitution and indel mutations in human genes

(§ 1.1.5).

We have designed ProteinGym to be an effective, holistic, robust, and user-friendly tool. It pro-

vides a structured evaluation framework that factors in known limitations of the underlying ex-

perimental methods and includes metrics that are tailored to protein design and mutation effect

prediction (§ 1.1.6). We report the performance in a unified benchmark of over 70 diverse high-

performing models that come from various subfields of computational biology (eg., mutation ef-

fects prediction, sequence-based models for de novo design, inverse folding), thereby supporting

novel comparisons across. Unlike prior benchmarks, ProteinGym integrates both the zero-shot and

supervised settings, leading to new insights (§ 1.1.7). All models are codified with a common inter-

face in the same open-source codebase, promoting consistency and ease of use. Lastly, a dedicated

website offers an interactive platform to facilitate comparisons across datasets and performance set-

tings.

1.1.4 RelatedWork and Background

Multi-task protein benchmarks In recent years, several benchmarks have been introduced

to provide initial means to assess protein model performance across a multitude of tasks of interests,

e.g., predicting contacts, structure, thermostability, and fitness. These benchmarks are generally

geared towards assessing the quality of learned protein representations, and the extent to which

these representations can be broadly leveraged for various tasks. However, for fitness prediction,

they all rely on a very limited set of proteins (e.g., 1-3 assays). In comparison, the ProteinGym
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Figure 1.1: ProteinGym benchmarks ProteinGym is comprised of three layers. The data layer encompasses two comple‐
mentary ground truth labels from DMS assays and clinical annotations from experts. For both, we analyze two types
of mutations: substitutions and indels. The model layer is comprised of a diverse set of baselines, tailored to both zero‐
shot and supervised training regimes. Lastly, the analytics layer includes several performance metrics geared towards
fitness prediction or protein design evaluation. Different segmentation variables (e.g., MSA depth, assayed phenotype,
taxa) facilitate the comparisons of models across diverse settings
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benchmarks focus on a single task – fitness prediction – and encompass two orders of magnitude

more point mutations assessed and vast diversity of protein families included.

TAPE (Tasks Assessing Protein Embeddings)204 covers five protein prediction tasks, each de-

signed to test a different aspect of protein function and structure prediction (secondary structure,

contact, remote homology, fluorescence and stability), and focuses on assessments in the semi-

supervised regime via carefully curated train-validation-test splits. ProteinGLUE34 also focuses

on assessing the usefulness of learned protein representations on supervised downstream tasks. It

is comprised of five different tasks, none directly related to protein fitness: secondary structure, sol-

vent accessibility, protein-protein interactions, epitope region and hydrophobic patch prediction.

PEER287 also focuses on multi-task benchmarking, grouped in five categories: protein property,

localization, structure, protein-protein interactions and protein-ligand interactions. It contains a

richer set of evaluations compared with the prior two benchmarks, and also investigates the multi-

task learning setting, but is not designed for thorough fitness prediction benchmarking (3 fitness

related assays). The handful of fitness DMS assays from these various benchmarks are all subsumed

in ProteinGym.

Single task, non-fitness datasets & benchmarks Efforts to create fair, large-scale, and

comprehensive benchmarks have been a significant focus of computational biologists for certain

tasks. Among these, the biennial Critical Assessment of protein Structure Prediction (CASP)142

is the most renowned. CASP concentrates on protein structure prediction and has set the gold

standard in this domain. In parallel to CASP, the Critical Assessment of Functional Annotation

(CAFA)297 challenge provides a platform for evaluating protein function classification. The SKEMPI182

database is specifically designed to aid the evaluation of computational methods predicting the ef-

fect of mutations on protein-protein binding affinity. Several datasets have been curated for specific

properties of interest across a diverse set of proteins, for instance thermostability260,244,40 or solubil-
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ity108.

Protein fitness benchmarks Closest to our work are the collections of DMS assays that

were curated in Hopf et al. 110 (28 substitution assays), and then further expanded upon in Ries-

selman et al. 207 (42 substitution assays) and Shin et al. 227 (4 indel assays). We include all assays

related to fitness prediction from these prior works in ProteinGym. FLIP51 focused on comparing

fitness predictors in the semi-supervised setting, developing a robust evaluation framework and cu-

rating cross-validation schemes for three assays. MaveDB215 is a repository rather than a benchmark,

but it compiles a large collection of datasets frommultiple variant effect mapping experiments that

can be used for benchmarking purposes. An initial prototype of the ProteinGym benchmarks (re-

ferred to as ‘ProteinGym v0.1’) was introduced in Notin et al. 190 . We have since then significantly

expanded the benchmarks in terms of number and diversity of underlying datasets, baselines, eval-

uation framework and model training regimes (Table A1). This not only enables performance eval-

uation at an unprecedented scale, but also builds connections between different subfields that are

often perceived as separate, as we discuss in the following paragraph.

Relationship between protein fitness, mutation effect prediction and design

The protein fitness landscape refers to the mapping between genotype (e.g., the amino acid se-

quence) and phenotype (e.g., protein function). While it is a fairly broad concept, it should always

be thought about in practice within a particular context (e.g., stability at a given temperature in a

specific organism). Models that learn the protein fitness landscape have been shown to be effective

at predicting the effects of mutations83,119,29,193. But the ability to tell apart the sequences that are

functional or not is also critical to protein engineering efforts210,289,285,8. Although typically in-

troduced in the context of de novo protein design113, inverse folding methods116,124,54,85 can also

be used for mutation effects prediction (Appendix A.1.4). There is thus a very tight connection
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between protein fitness, mutation effect prediction and protein engineering, and the same mod-

els can be used for either task depending on context. We seek to illustrate this connection through

this work, comparing baselines introduced in different fields (e.g., protein representation learning,

inverse folding models, co-evolution models) on the same benchmarks, and including different

metrics that are geared more to mutation effect prediction (e.g., Spearman) or design tasks (e.g.,

NDCG).

1.1.5 ProteinGym benchmarks

ProteinGym is a collection of benchmarks (Fig. 1.1) that cover different types of mutation (ie., sub-

stitutions vs. indels), ground-truth labels (ie., experimental measurement fromDMS vs. clinical

annotations), and model training regime (ie., zero-shot vs. supervised).

Mutation types

We curate benchmarks for two types of protein mutations – substitutions and indels (insertions or

deletions), each with unique implications for the structure, function, and modeling of proteins.

Substitutions Substitution mutations refer to a change in which one amino acid in a protein

sequence is replaced by another. Depending on the properties of the substituted amino acid, this

can have varied impacts on the protein’s structure and function, which can range fromminimal to

drastic. The influence of a substitution largely depends on whether it is conservative (i.e., the new

amino acid shares similar properties to the original) or non-conservative. In terms of computational

modeling, substitutions are the most commonly addressed mutation type, and the majority of muta-

tion effect predictors support substitutions.
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Indels Indel mutations correspond to insertions or deletions of amino acids in protein sequences.

While indels can affect protein fitness in similar ways to substitutions, they can also have profound

impacts on protein structure by altering the protein backbone, causing structural modifications in-

accessible through substitutions alone228,257. From a computational perspective, indels present a

unique challenge because they alter the length of the protein sequence, requiring additional consid-

erations in model design and making it more difficult to align sequences. For instance, the majority

of models trained onMultiple Sequence Alignments are typically unable to score indels due to the

fixed coordinate system they operate within (see § 1.1.6). Furthermore, when dealing with proba-

bilistic models, comparing relative likelihoods of sequences with different lengths results in addi-

tional complexities and considerations. Results on indels have been occluded from this thesis, but

can be found at the full original publication191.

Dataset types

The fitness of a protein is a measure of how well a protein can perform its function within an organ-

ism. Factors that influence protein fitness are diverse and include stability, folding efficiency, cat-

alytic activity (for enzymes), binding specificity and affinity. To properly capture this diversity, we

curated a broad set of experimental assays that map a given sequence to phenotypic measurements

that are known or hypothesized to be related to its fitness. We focused on two potential sources of

ground truth: DeepMutational Scanning (DMS) assays and Clinical datasets.

DeepMutational Scanning assays Modeling protein fitness landscapes presents a chal-

lenge due to the complex relationship between experimentally measured protein fitness, the dis-

tribution of natural sequences, and the underlying fitness landscape. It is challenging to isolate a

singular, measurable molecular property that reflects the key aspects of fitness for a given protein. In

developing ProteinGym, we prioritized assays where the experimentally measured property for each
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mutant protein is likely to represent the role of the protein in organismal fitness. The resulting com-

pilation of over 250 DMS assays extends over a wide array of functional properties, including ligand

binding, aggregation, thermostability, viral replication, and drug resistance. It encompasses diverse

protein families, such as kinases, ion channel proteins, G-protein coupled receptors, polymerases,

transcription factors, and tumor suppressors. In contrast to most DMS assay collections that focus

exclusively on single amino acid substitutions, ProteinGym includes several assays with multiple

amino acid variants. Moreover, it spans different taxa (i.e., humans, other eukaryotes, prokaryotes,

and viruses), alignment depths, and mutation types (substitutions vs indels). All details about the

curation and pre-processing of these DMS assays are provided in Appendix A.1.3.

Model training regime

Lastly, we discriminate in our benchmarks between zero-shot and supervised settings. In the su-

pervised regime we are allowed to leverage a subset of labels to train a predictive model, while in

the zero-shot setting we seek to predict the effects of mutations on fitness without relying on the

ground-truth labels for the protein of interest. These two settings offer complementary viewpoints

of practical importance. For instance, in settings where labels are subject to several biases or scarcely

available (e.g., labels for rare genetic pathologies), we need methods with robust zero-shot perfor-

mance performance. In cases where we seek to design new proteins that simultaneously optimize

several properties of interest (e.g., binding affinity, thermostability) and we have collected a suffi-

ciently large number of labels for each target, supervised methods are more appropriate. The need

to rely on labels is even more pronounced when we seek to optimize several anti-correlated prop-

erties or when evolution is a poor proxy for the property of interest. Predictions obtained in the

zero-shot settings may also be used to augment supervised models111. The two settings require sub-

stantially different evaluation frameworks, which we detail in § 1.1.6.
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1.1.6 Evaluation framework

Zero-shot benchmarks

DMS assays In the zero-shot setting we predict experimental phenotypical measurements from

a given assay, without having access to the labels at training time. Due to the often non-linear rela-

tionship between protein function and organism fitness28, the Spearman’s rank correlation coef-

ficient is the most generally appropriate metric for model performance on experimental measure-

ments. We use this metric similarly to previous studies110,207,174. However, in situations where

DMSmeasurements exhibit a bimodal profile, rank correlations may not be the optimal choice.

Consequently, for these instances, we supplement our performance assessment with additional met-

rics, namely the Area Under the ROCCurve (AUC), and the Matthews Correlation Coefficient

(MCC), which compare model scores with binarized experimental measurements. Furthermore,

for certain goals (e.g., optimizing functional properties of designed proteins), it is more important

that a model is able to correctly identify the most functional protein variants, rather than prop-

erly capture the overall distribution of all assayed variants. Thus, we also calculate the Normalized

Discounted Cumulative Gains (NDCG), which up-weights a model if it gives its highest scores to

sequences with the highest DMS value. We also calculate Top K Recall, where we select K to be

the top 10% of DMS values. To avoid placing too much weight on properties where we have many

assays (e.g., thermostability), we first compute each of these metrics within groups of assays that

measure similar functions. The final value of the metric is then the average of these averages, giving

each functional group equal weight. We refer to the corresponding value as ‘corrected average’.

Baselines We implement a diverse set of 50+ zero-shot baselines that may be grouped into

alignment-based models, protein language models, inverse folding models and ‘hybrid’ models.

These baselines were selected as they were all state-of-the-art at their time of publication accord-
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ing to their respective benchmarks; as these benchmarking sets can vary across papers and fields, it is

imperative to have a single standardized comparison of these models to each other, which we imple-

ment here.

Alignment-based models, such as site-independent and EVmutation models110, DeepSequence207,

WaveNet227, EVE83 and GEMME146, are trained onMultiple Sequence Alignments (MSAs). Pro-

tein language models are trained on large quantities of unaligned sequences across protein families.

They include UniRep8, the RITA suite101, the ESM1 and ESM2 suite208,174,155, VESPA165, the

CARP suite288 and the ProGen2 suite188. Inverse Folding models learn sequence distributions con-

ditional on an input structure116. We include here ProteinMPNN54 which is trained on structures

in the PDB, MIF290 trained on CATH4.255, and ESM-IF1112 which is trained on the PDB and a

dataset of AlphaFold2 folded structures. Hybrid models combine the respective strengths of family-

specific alignment-based and family-agnostic language models, such as the MSA Transformer205,

evotuned UniRep8, Tranception190 and TranceptEVE193.

Because of the variable length of sequences subject to insertion or deletion mutations, alignment-

based methods with fixed matrix representations of sequences are unable to score indels. However,

profile HiddenMarkovModel (HMM) and autoregressive models include explicit or implicit prob-

abilities of indels at each position. Both are trained on homologous sequences recovered with an

MSA and expanded to include insertions. The masked-marginals heuristic174 used to predict pro-

tein fitness with protein language models trained with a masked-language modeling objective (e.g.,

ESM-1v, MSA Transformer) does not support indels (see Appendix A.1.4). We thus only report the

performance of the following baselines: Tranception190, TranceptEVE193, WaveNet227, HMM68,

ProGen2161, UniRep8, RITA101 and ProtGPT277.
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1.1.7 Results

Substitution benchmarks

We follow the experimental protocol described in § 1.1.6 and report our main results on the zero-

shot DMS benchmarks in Table 1.1. TranceptEVE emerges as the best overall method across the var-

ious settings. One of the key objectives of ProteinGym benchmarks is to analyze performance across

a wide range of regimes to guide model selection depending on the objectives of the practitioners.

To that end we also provide a performance breakdown across MSA depth, mutational depth and

taxa where relevant (see Appendix A.1.5 and supplements). While TranceptEVE tops the ranking

across the majority of metrics and settings, GEMME achieves the best performance in several cate-

gories, such as assays of viral or non-human eukaryotic proteins, and low and medium depthMSAs.

While we report average performance per metric in Table 1.1, the distribution of scores across as-

says is also insightful. For instance, certain models are heavily penalized in aggregate rankings due

to very poor performance on a handful of assays (e.g., ESM-1v), such that looking a the median per-

formance in lieu of the average provides a complementary viewpoint. Furthermore, although most

models rank similarly under Spearman and NDCG, some have comparatively better performance

in one over the other (Fig. 1.2). Superior ranking under NDCGmay suggest a model is better at

predicting the top end of a score distribution, which may be a desirable feature when using models

for design and optimization. Many of the alignment-based methods (e.g. EVmutation, WaveNet) ex-

hibit this behavior (Fig. A1). Models with higher relative Spearman (e.g., ESM-1v and ESM-2) may

be more effective for cases where the model needs to learn the full property distribution well, such as

with mutation effect prediction.
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Model type Model name Spearman AUC MCC NDCG Recall

Alignment-
based

Site-Independent 0.359 0.696 0.286 0.747 0.201
WaveNet 0.373 0.707 0.294 0.761 0.203
EVmutation 0.395 0.716 0.305 0.777 0.222
DeepSequence (ensemble) 0.419 0.729 0.328 0.776 0.226
EVE (ensemble) 0.439 0.741 0.342 0.783 0.230
GEMME 0.455 0.749 0.352 0.777 0.211

Protein
language

UniRep 0.190 0.605 0.147 0.647 0.139
CARP (640M) 0.368 0.701 0.285 0.748 0.208
ESM-1b 0.394 0.719 0.311 0.747 0.203
ESM-2 (15B) 0.401 0.720 0.314 0.759 0.208
RITAXL 0.372 0.707 0.293 0.751 0.193
ESM-1v (ensemble) 0.407 0.723 0.320 0.749 0.211
ProGen2 XL 0.391 0.717 0.306 0.767 0.199
VESPA 0.436 0.742 0.346 0.775 0.201

Hybrid UniRep evotuned 0.347 0.693 0.274 0.739 0.181
MSA Transformer (ensemble) 0.434 0.738 0.340 0.779 0.224
Tranception L 0.434 0.739 0.341 0.779 0.220
TranceptEVE L 0.456 0.751 0.356 0.786 0.230

Inverse
Folding

ESM-IF1 0.422 0.730 0.331 0.748 0.223
MIF-ST 0.401 0.718 0.311 0.766 0.226
ProteinMPNN 0.258 0.639 0.196 0.713 0.186

Table 1.1: Zero‐shot substitution DMS benchmark Corrected average of Spearman’s rank correlation, AUC, MCC,
NDCG@10%, and top 10% recall between model scores and experimental measurements on the ProteinGym substi‐
tution benchmark.
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Figure 1.2: Comparing baselines across performance metrics The zero‐shot models’ median NDCG@10% (x‐axis) against
median Spearman (y‐axis) on the DMS substitutions.

1.1.8 Resources

Codebase A key contribution of our work is the consolidation of the numerous baselines dis-

cussed in § 1.1.6 in a single open-source GitHub repository. While the main code for the majority
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of these baselines is publicly available, it often does not support fitness prediction out-of-the-box or,

when it does, the codebase does not necessarily provide all the required data processing logic (e.g.,

pre-processing of MSAs inMSA Transformer) or handle all possible edge cases that may be encoun-

tered (e.g., scoring of sequences longer than context size in the ESM suite). Our GitHub repository

addresses all of these gaps and provides a consistent interface that will aid in the seamless integration

of new baselines as they become available.

Processed datasets We also make publicly available all processed datasets used in our vari-

ous benchmarks in a consistent format, including all DMS assays, model scores, ClinVar/gnomAD

datasets, predicted 3D structures andMultiple Sequence Alignments required for training and scor-

ing (see Section A.1.3 for more details).

Website Lastly, we developed a user-friendly website in which all benchmarks are accessible,

with functionalities to support drill analyses across various dimensions (e.g., mutational depth, taxa)

and exporting capabilities.

1.1.9 Conclusion

ProteinGym addresses the lack of large-scale benchmarks for the robust assessment of models de-

veloped for protein design and fitness prediction. It facilitates the direct comparison of methods

across several dimensions of interest (e.g., MSA depth, mutational depth, taxa), based on different

ground truth datasets (e.g., DMS assays vs Clinical annotations), and in different regimes (e.g., zero-

shot vs supervised). We expect the ProteinGym benchmarks and the various data assets we publicly

release along with them, to be valuable resources for the Machine Learning and Computational Bi-

ology communities, and we plan to continue updating the benchmarks as new assays and baselines

become available.
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1.2 StructSeq: leveraging novel insights on functional advantages of pro-

tein generative model classes

1.2.1 Preface to StructSeq

The following was presented as a workshop paper to the Generative AI for Biology andMachine

learning for Structural Biology workshops held at NeurIPS 2023. This work builds off of the cu-

rated ProteinGym database described above and performs explorative analyses to identify whether

certain generative model classes have predictive advantages for particular biological functions. In

ProteinGym we ask the question, ”how can we fairly evaluate different generative models for design

performance?” and answer it by developing an evaluation paradigm to fairly benchmark popular

models. In the following paper we ask the question, ”what sorts of biological signal are these models

learning and what specific design tasks are they useful for?”.

1.2.2 Abstract

Deep generative models of protein sequence and inverse folding models have shown great promise

as protein design methods. While sequence-based models have shown strong zero-shot mutation

effect prediction performance, inverse folding models have not been extensively characterized in this

way. As these models use information from protein structures, it is likely that inverse folding mod-

els possess inductive biases that make them better predictors of certain function types. Using the

collection of model scores contained in the newly updated ProteinGym, we systematically explore

the differential zero-shot predictive power of sequence and inverse folding models. We find that in-

verse folding models consistently outperform the best-in-class sequence models on assays of protein

thermostability, but have lower performance on other properties. Motivated by these findings, we

develop StructSeq, an ensemble model combining information from sequence, multiple sequence
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alignments (MSAs), and structure. StructSeq achieves state-of-the-art Spearman correlation on Pro-

teinGym and is robust to different functional assay types.

1.2.3 Introduction

Generative modeling has emerged as a leading approach for mutation effect prediction and protein

design. In evolution, protein selection fitness is driven by multiple features including the expressibil-

ity and stability of the protein, and the efficacy of its function (e.g. enzymatic activity and binding

affinity). Generative sequence models are trained on protein sequences across evolution and capture

a rich understanding of protein fitness. Likelihoods from these models have been found to correlate

highly with many different aspects of fitness223,110,207. For design, these methods have been used to

generate novel sequences and optimize proteins for various functions216,255,227,222,24,189,102. While

mutation effect prediction and design have often been treated as separate goals, the distribution

learned by these generative sequence models draws a link between these tasks. If the probabilities

from a model correlate well with a protein property, designs from that model will be enhanced for

that property255,127.

While the sequence contains all the information required to fold most proteins14, and an ideal

model could thus derive its predictions from sequence alone, real-world sequence models under-

perform due to limited evolutionary data, ill-suited inductive biases, and the inherent performance

trade-off between density estimation and fitness estimation276. Therefore, models imbued with

task-specific inductive biases may be better suited to predicting specific functions. Furthermore, if

protein engineers know which inductive biases correlate with each protein property, they can adapt

their design models to promote the properties they are most interested in.

In this work, we delineate the advantages that different generative models have on different func-

tions. We find that, while sequence models outperform inverse folding models on zero-shot predic-

tion of organismal fitness, inverse folding models have superior predictive power on thermostability.
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Motivated by this, we develop StructSeq, a hybrid model that builds on the concepts developed in

TranceptEVE193. We combine global protein sequence information from Tranception190, family-

specific sequence information from EVE83, and structural information from ESM-IF1112. Struct-

Seq has state-of-the-art performance on the ProteinGymDMS substitutions summary benchmark,

with top performance for 4/5 of the individual assay function types.

1.2.4 Relatedwork

Sequence models Generative sequence models are trained on evolutionary datasets of protein

sequences. Large protein-language models are trained on repertoires of millions of sequences and

aim to learn a general distribution across all proteins188,8,190,165,208. Alignment-based models learn

a distribution centered around a particular protein family by training on multiple-sequence align-

ments (MSAs)110,83,146. These models benefit from the inductive biases afforded by alignments,

such as the importance of conserved residues in columns276. Hybrid sequence models combine gen-

eral protein information with local family information from alignments205,193. This combination

makes the log-likelihoods more robust, giving these models top performance on mutation effect

prediction193.

Inverse folding models condition their sequence likelihoods on a known structure, allowing

them to efficiently model interactions that are local in three-dimensional space but distant in two-

dimensional residue space116,112,54,85,292. These models take in a protein structure as a graph and

leverage graph neural network (GNN) architectures to aggregate information from contacting

residues. Some methods construct an input graph using invariant mappings of the residue coordi-

nates116,54, while others leverage SE(3) equivariant GNNs to operate directly on the coordinates

themselves112,124. These models learn a structurally informed representation of the residues, which

is autoregressively decoded into a sequence. While they are used increasingly for design tasks20,127,

inverse folding models have not been extensively characterized for predicting protein fitness, and it is
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not known which aspects of protein fitness are best matched by their inductive biases.

1.2.5 Inverse folding models consistently outperform sequence models on

stability assays

A B

Figure 1.3: Spearman differences between Inverse Folding models and top sequence models (A) The gain in Spearman
between ESM‐IF1 and the top two sequence models of each sequence model type, calculated for each DMS. We plot
the DMSes in order of the median Spearman Gain. The point color corresponds to the type of function assayed in
the DMS. (B) Top panel: a barplot of the mean Spearman of each model grouped by function type. Bottom panel: The
difference between the Spearman for that function type and the Spearman across all the datasets (Δ). Error bars are
SEM for both panels. Models are colored with the primary color corresponding to the model type.

Inverse folding models have been found to have lower performance than sequence models on an

extension to the ProteinGym substitutions dataset191. Because inverse folding models have access

to structural information, we hypothesized that there might be certain function prediction tasks for

which they have an advantage over sequence models.

To investigate this, we looked at the difference in Spearman rank correlation (Spearman Gain)

between two inverse folding models (ESM-IF1112 and ProteinMPNN54) and the top two mod-

els of each sequence model type in the ProteinGym substitutions dataset (Fig 1.3A). These were

GEMME146 and EVE (ens.)83 (alignment-based); VESPA165 and ProGen2 (ens.)188 (protein lan-

guage); and Tranception L190 and TranceptEVE193 (hybrid sequence models). For details on the
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DMSes used and on how the models were run, see the appendix. We find that ESM-IF1 and Pro-

teinMPNN consistently outperform the best sequence models on 83/197 and 42/197 of the DMS

substitution datasets respectively (Table A9).

We categorized each DMS into 5 function types, corresponding to the kind of function assayed

in the DMS 130 (See appendix section A.1.3 and A2 for further details on the function type classi-

fication). DMSes that could not be clearly put into a category were left out of this analysis (leaving

184 out of 197 assays). Looking at the models’ mean Spearman grouped by function type, we find

that the sequence models have similar performance across most of the different functions in Prote-

inGym, while the inverse folding models have much higher Spearman on the protein thermostabil-

ity assays, and relatively lower performance on other assay types (Fig. 1.3B). ESM-IF1 outperforms

the best sequence models on 55/68 of the stability DMSes in ProteinGym (ProteinMPNN out-

performs on 32/68) (Table A9). This suggests that inverse folding models have an advantage over

sequence models for predicting mutation effects on stability.

Sequence models can learn information about contacting residues that contribute to the overall

protein fold from the evolutionary conservation of residue pairs. This makes evolutionary sequence

models useful for predicting structure and also identifying mutations that would disrupt protein

folds155,164. However, inverse folding models condition directly on the structure. Thus, it stands to

reason that they would have an advantage in predicting the effect of structure-disrupting mutations.

In contrast, the selective constraints that direct organismal fitness are probably better represented

in evolutionary sequence datasets. Thus, sequence models like TranceptEVE would outperform an

inverse folding model on these function types.

We find that ProteinMPNN and ESM-IF1 have similar performance on the stability DMS as-

says, but ESM-IF1 is superior on the non-stability assays (Fig. A2). ProteinMPNNwas trained

on only structures in the PDB while ESM-IF1 was also trained using predicted structures from

AlphaFold254,112,129. This suggests that, by being exposed to a broader distribution of sequences
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across evolution during training, the conditional sequence distribution learned by ESM-IF1 is more

predictive of a wider array of protein functions.

1.2.6 Combining sequence, alignments, and structure gives state-of-the-art

performance

Function type

Expression Binding Activity Stability Organismal
fitness

#Assays 6 10 31 68 69

Model name Spearman Mean

EVE (ens.) 0.460 0.322 0.453 0.418 0.470 0.425
GEMME 0.382 0.361 0.490 0.518 0.469 0.444

ProGen2 (ens.) 0.459 0.298 0.417 0.422 0.446 0.408
VESPA 0.483 0.378 0.472 0.501 0.468 0.460

ProteinMPNN 0.162 0.148 0.213 0.555 0.177 0.251
ESM-IF1 0.401 0.375 0.387 0.630 0.368 0.432

Tranception L 0.441 0.329 0.462 0.473 0.459 0.433
TranceptEVE 0.481 0.341 0.482 0.502 0.478 0.457

StructSeq 0.549 0.399 0.498 0.633 0.468 0.509

Table 1.2: Spearman performance by function typeMean Spearman for each model across the DMS assays grouped
under each function type. The number of assays in each group is shown at the top. The top two models of each model
type are shown in the order of: Alignment‐based models, Protein language models, Inverse folding models, and Se‐
quence hybrid models. The last row contains the performance for our sequence, MSA, and structure ensemble model,
StructSeq. We also report the mean of the Spearmans across function types.

Motivated by this finding, we sought to build a model that would have robust predictive power

across a wide array of function types.

We develop StructSeq, a sequence-structure hybrid model that combines best-in-class sequence-

based and structure-based models. Consider a protein sequence (X), composed of residues (x1, x2, · · · , xL).
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We learn a conditional sequence distribution, conditioned on the protein’s structure (Y) and an

MSA containing the protein and homologous sequences (M). Based on Notin et al. 193 we linearly

combine sequence information from Tranception with retrieval (log PTR(xi|x<i)), with MSA infor-

mation from EVE (log PE(xi|M) as in Notin et al. 193) and structural information from ESM-IF1

(log PI(xi|Y)):

log P(xi|x<i,Y,M) = αx log PTR(xi|x<i) + αm log PE(xi|M) + αy log PI(xi|Y, x<i)

For our experiments, we set αx = 1
2(1− αP) and αm = 1

2αP, where αP is a constant between 0 and

1, that depends on the MSA depth (as described in Notin et al. 193). We set αy = 1
2 , so that there is

an equal contribution of sequence and structure information to the log-likelihood. Alternatively, to

maximize predictive power for a particular property, property-dependent weight sets can be used to

upweight the sequence or structure contribution accordingly.

We find that StructSeq has SOTA performance on the DMS assays of each function type in Pro-

teinGym substitutions, except for the organismal fitness assays, for which it has close to top Spear-

man. Aggregating the mean Spearman for the different selection categories, we find that StructSeq

is the best-performing model. Thus, ensembling sequence and structure information produces a

model that is robust across multiple protein function types.

1.2.7 Conclusion and future directions

In this work, we show that inverse folding models are superior zero-shot predictors of protein stabil-

ity over sequence models. We leverage these findings and present an ensemble method combining

sequence, MSAs, and structure which has SOTA summary performance on ProteinGym substitu-

tions and on individual subtypes of DMSes.
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As our ensemble approach combines information sources linearly, it is straightforward to up-

weight the contribution of the inverse folding model in the fitness predictions and in the designs.

This setting would be useful for engineering work in which one is designing de novo stable pro-

teins or optimizing the stability of a protein. As an alternative to ensembling model contributions

through their log-likelihoods, it could be of interest to explore learning a joint representation with

information flowing from the learned representations of each model sub-unit296. These representa-

tions could have utility for downstream design and prediction tasks.

We found that all models have low performance on assays of binding relative to other DMS types

(Fig 1.3, Table 1.2). Predicting binding affinity is of great interest for developing therapeutic anti-

bodies and exploring protein-protein interactions. Future work will develop novel methods with

higher gains in predicting binding mutation effects.
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2
Kernel-Based Evaluation of Conditional

Biological Sequence Models

2.1 Preamble

In the previous chapter, we developed an evaluation paradigm to understand how useful our gener-

ative models are for zero-shot protein design, and thereafter used this to identify functional advan-
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tages for particular model classes; this is crucial information for practitioners to have when selecting

a model for a particular design task. However, this paradigm requires functional measurements

of sequences within a particular protein family; this may not be readily available for any given pro-

tein of interest even if we do have sequencing or structure data for that protein to train a generative

model. Suppose a practitioner is working on a new protein family. In that case, they need a way

to understand what model would work well for their protein. At the very least we would want to

know if our model of choice has learned the distribution around our protein of choice well. One

way to estimate a model’s fit is using test measures such as perplexity; however, higher perplexities

on one protein family does not necessarily indicate a model has fit that distribution worse. To ad-

dress this, in this chapter, we develop evaluation metrics based on goodness-of-fit tests that directly

measure how well a model has learned a distribution relative to a test set. By specifying the test set to

a protein family of interest, we can get an absolute measure of how well the model has learned that

protein family. Additionally, we develop metrics for model reliability to give practitioners insight

into howmuch they can trust the likelihoods from the model for sampling and scoring.

The following paper was initially published in the forty-first International Conference onMa-

chine Learning (2024). This was a collaboration with Pierre Glaser, Alissa Hummer, Debora Marks

and Alan Amin. I co-led the direction of the project and developed the application focus on inverse

folding methods as a useful case study of conditional generative models for protein design. I helped

design and run the experiments performed in the paper and co-wrote the paper with the first author.

Theoretical work was led by P.G. and A.A. and the codebase was developed by P.G.

2.2 Abstract

We propose a set of kernel-based tools to evaluate the designs and tune the hyperparameters of con-

ditional sequence models, with a focus on problems in computational biology. The backbone of
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our tools is a new measure of discrepancy between the true conditional distribution and the model’s

estimate, called the Augmented Conditional MaximumMean Discrepancy (ACMMD). Provided

that the model can be sampled from, the ACMMD can be estimated unbiasedly from data to quan-

tify absolute model fit, integrated within hypothesis tests, and used to evaluate model reliability.

We demonstrate the utility of our approach by analyzing a popular protein design model, Protein-

MPNN.We are able to reject the hypothesis that ProteinMPNN fits its data for various protein

families, and tune the model’s temperature hyperparameter to achieve a better fit.

2.3 Introduction

Conditional sequence models constitute one of the most prominent model classes of modern ma-

chine learning. Such models have allowed progress in longstanding problems in fields ranging from

natural language generation to biomedical applications such as genomics and protein design. Ab-

stracting away the precise nature of the data, the objective common to many of these problems can

be summarized as the prediction of high-dimensional discrete-valued sequences, given some possibly

high-dimensional input information about the sequence. For example, in protein design, inverse

folding models54 seek to learn the conditional distribution of amino acid sequences (proteins) that

are likely to fold to a given input protein backbone 3D geometry, or structure.

In such problems, it is crucial to evaluate the properties of the trained model. Model evaluation

can help assess the risk of using the model’s predictions in the real world, such as performing in-

vitro experiments (a time-intensive process), guide hyperparameter searches, and deepen one’s un-

derstanding of the model’s behavior. Two properties are particularly important to measure: the

first one is model accuracy, which describes how well the model approximates the true conditional

distribution of the target variable given the input. Models with high accuracy have learned the un-

derlying structure of the data, suggesting a high potential value in deploying them in real-world
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applications. However, in practice, it is likely that models will not be perfectly accurate. Inaccurate

models can still be useful as long as they fall back to conservative guesses (in the extreme case, the

prior distribution) when they are uncertain. From a statistical perspective, this property is known as

reliability32,264,278, and will be the second property of interest in this work.

Given a set of real samples, the standard approach to evaluate models in protein design consists

in using log-likelihoods or sequence recovery54,112,85. However, log-likelihoods cannot be used to

evaluate reliability, and are only relativemeasures of accuracy: these methods can only be used to

compare models and would not alert the practitioner for example if all models make very poor pre-

dictions. Instead, to assess how far a model is from being optimally accurate and consistent— and

thus the potential value in improving it, by for example collecting more data or increasing its com-

plexity, one should consider absolute rather than relativemetrics, that is, metrics that not only allow

one to compare models to each other, but also to evaluate a single model’s performance without any

other point of comparison. For these metrics to have practical value, they should come with estima-

tors computable from data samples. These estimators should be efficiently computable, recover the

true metric as in the large sample size limit (i.e. be consistent), and preferably be centered around the

true value of the metric (i.e. be unbiased). Finally, to factor out the statistical error coming from

estimating these metrics using a finite number of samples, these metrics should be integrable into

hypothesis tests built to detect statistically significant mismatches between the model and the data.

Contributions In this work, we introduce a set of absolute evaluation metrics for measuring the

accuracy and the reliability of conditional sequence models. Both our metrics are grounded in a new

measure of divergence between conditional probability distributions, which we call the Augmented

Conditional MaximumMean Discrepancy (ACMMD), which extends the kernel-based conditional

goodness-of-fit framework of Jitkrittum et al. 126 , Glaser et al. 91 , Widmann et al. 278 to the case of

sequence-valued variables. We analyze the statistical properties of our proposed metrics, which can

be estimated using samples from the data and the model. Under certain conditions, we show that
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the ACMMD is able to detect any mismatch between the model and the data. In addition, we in-

tegrate the ACMMD into hypothesis tests to detect such mismatches from the model and the data

samples. We showcase the utility of our methods by using them in an in-depth analysis of a popular

inverse folding model - ProteinMPNN54. Our results demonstrate the theoretical properties of our

methods, while also providing insight as to how to gauge the certainty and applicability of Protein-

MPNN for designing proteins of varying topologies and evolutionary families.

2.4 Problem Setting

We consider the problem of predicting a discrete sequence-valued variable we are designing Y ∈ Y ,

for example a biological sequence, conditionally on a variable X ∈ X at our disposal. The predicted

sequence Y is allowed to have an arbitrary length, e.g. Y = ∪∞ℓ=1Aℓ, whereA is a finite set. In

protein design, X could be the 3D structure of a protein (e.g. X = ∪∞ℓ=1R3ℓ) and Y the sequence of

amino acids making up the protein, in which caseA is the set of amino acids. Given a large number

of i.i.d measurements {Xi,Yi}NT
i=1 from a distribution P(X,Y), for example pairs of sequences and

structures from the Protein Data Bank116, we train a predictivemodelQ| : x 7−→ Q|x that takes

in a value x and outputs a distribution on Y,Q|x(Y) that attempts to match the true conditional

P(Y|X = x), denoted P|x(Y) in this work. After training, we are interested in quantifying how

accuratelyQ| approximates P| on average across all values of x after training, using a held-out set

of samples {Xi,Yi}Ni=1 ∼ P(X,Y). Quantifying the accuracy ofQ| is known as the conditional

goodness-of-fit problem, and we address it in Section 2.5. Furthermore, we will also be interested in

quantifying the reliability ofQ|, a task which we address in Section 2.6.
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2.5 Conditional Goodness–of–Fit with ACMMD

In this section, we propose a metric that quantifies the accuracy of a predictive sequence model. We

will show that this metric satisfies many desirable properties: first, it is absolute and able to detect

any differences between conditional distributions. Second, it can be unbiasedly and efficiently esti-

mated using samples from the model and the data distribution. Third, it can be used in hypothesis

tests to detect statistically significant mismatches from such samples.

2.5.1 The Augmented ConditionalMMD

We now propose a method to quantitatively evaluate the conditional goodness–of–fit ofQ| to P|.

Our approach consists in constructing a divergenceD(P|,Q|), between the conditional distribution

of Y given X and the modelQ|. By definition, this divergence should satisfy:

(i) D(P|,Q|) ≥ 0

(ii) D(P|,Q|) = 0 ⇐⇒ P|x = Q|x, P(X)–a.e.
(2.1)

Combined, these two properties ensure thatD(P|,Q|) is absolute, e.g. assigns the known value low-

est value 0 to the best possible model, and is able to distinguish any mismatch between the model

and the data, which is crucial to prevent blind spots in our evaluation. We borrow the idea of com-

paringQ| with P| by comparing the joint P(X,Y)with a joint that keeps the same marginal P(X)

but swaps P| withQ|. These two joint distributions are equal if and only ifQ| and P| match al-

most everywhere. To compare these two distributions, we will use the MaximumMean Discrepancy

(MMD)97 given by:

MMD(Q1,Q2) = sup
f∈HZ

∥f∥HZ≤1

EQ1 [f(Z)]− EQ2 [f(Z)]. (2.2)
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Here,Z is some measurable space,Q1 andQ2 are probability measures onZ , andHZ is a reproduc-

ing kernel Hilbert space (RKHS) of functions fromZ toRwith kernel kZ 22. Applying this general

definition to the case at hand, we obtain a measure of accuracy forQ|, defined below.

Definition 2.5.1 (Augmented Conditional MMD). Let (X,Y) ∈ X × Y with law PX ⊗ P|. Let Q|

be a conditional probability fromX toY . We define the Augmented ConditionalMMD (ACMMD)

between P| and Q| as:

ACMMD(P|,Q|) := MMD(PX ⊗ P|,PX ⊗ Q|) (2.3)

where theMMD is evaluated with a user-specified kernel kX×Y onX × Y . Here, PX ⊗ P| is defined

by (X,Y) ∼ PX ⊗ P| ⇐⇒ X ∼ PX, (Y|X = x) ∼ P|x, and similarly for PX ⊗ Q|.

Choice of kernel for ACMMDThe ACMMD requires specifying a kernel on the joint space

X × Y . In this work, we will focus on the case where kX×Y is the tensor product kernel kX ⊗ kY of

two kernels kX and kY onX andY respectively:

kX×Y((x, y), (x′, y′)) = kX (x, x′)kY(y, y′) (2.4)

This choice is popular in practice, and the resulting ACMMD retains its desirable properties, as we

show next.

The ACMMD is a divergence between conditional probabilities The ACMMD

writes as divergence (which is symmetric, e.g. a distance) between joint distributions, while we seek

to use it to compare conditional distributions. The following lemma shows that the same ACMMD

can be formulated in alternative manner that highlights its purpose as a conditional distribution

comparator.
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Lemma 2.5.2. Under mild integrability conditions, we have:

ACMMD(P|,Q|) =
∥∥∥TKX (μP|

− μQ|
)
∥∥∥
HX ,HY

Where μP|
and μQ|

are the conditional mean embeddings198 of P| and Q|, KX (x, x′) := kX (x, x′)IHY

(here, IHY the identity operator) is an operator-valued kernel with associated vector-valued RKHS

HX ,HY ⊂ L2
PX
(X ,HY), and TKX is its associated integral operator from L2

PX
(X ,HY) toHX ,HY .

Moreover, if kX and kY are C0-universal *, then it holds that:

ACMMD(P|,Q|) = 0 ⇐⇒ P|x = Q|x, PX-a.e.

The complete statement (with the full set of assumptions, and the definition of integral oper-

ators) and its proof can be found in Section B.1. Lemma 2.5.2 shows that theACMMD can be

understood as the result of a two-step procedure, given by (1) computing the conditional mean em-

bedding μP|
: x 7−→ EP|x [kY(y, ·)|X = x] of P| (resp. ofQ|), which is a function fromX toHY ,

and (2) embed the difference of these conditional mean embeddings into the vector-valuedRKHS

HX ,HY ⊂ L2
PX
(X ,HY)with kernelKX , before returning its associated RKHS norm. The sec-

ond part of the lemma gives sufficient conditions for the ACMMD to discriminate between any

non (PX–a.e) equal conditional distributions, fulfilling the requirements specified in Equation (2.1):

these conditions are to use universal kernels kX and kY . Regarding kY , this requirement is not very

restrictive, as many universal kernels on sequences have been shown to be universal10. The difficulty

in finding a universal kX will depend on the spaceX (unspecified in this work) for the problem at

hand.
*A kernel k is C0-universal if the associated RKHSHk is dense in C0(X ), the space of continuous func-

tions onX vanishing at infinity237
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Estimating the ACMMD from data Crucial to this work is the fact that if the modelQ| can

be sampled from for any x ∈ X ,ACMMD 2 will admit tractable unbiased estimators. To see this,

we first rewriteACMMD 2 in a form that will make this property apparent.

Lemma 2.5.3. Let Z := (X,Y, Ỹ) the triplet of random variables with law † PX ⊗ P| ⊗ Q|. Then,

under the integrability assumptions of Lemma 2.5.2, we have that:

ACMMD2(P|,Q|) = EZ1,Z2 [h(Z1,Z2)]

where Z1,Z2 are two independent copies of Z and h is a symmetric function given by:

h(Z1,Z2) := kX (X1,X2)g((Y1, Ỹ1), (Y2, Ỹ2))

g((Y1, Ỹ1), (Y2, Ỹ2)) := kY(Ỹ1, Ỹ2) + kY(Y1,Y2)

− kY(Ỹ1,Y2)− kY(Y1, Ỹ2)

Lemma 2.5.3, proved in Section B.4, expressesACMMD 2 as a double expectation given two

independent samples of (X,Y, Ỹ) ∼ PX ⊗ P| ⊗ Q|. Leveraging this fact, we can derive an unbiased

and consistent estimator forACMMD 2.

Lemma 2.5.4. Let {Xi,Yi, Ỹi}Ni=1
i.i.d∼ PX ⊗ P| ⊗ Q| be samples from the data and the model. Then

an unbiased estimator ̂ACMMD2(P|,Q|) ofACMMD2(P|,Q|) is given by:

2
N(N− 1)

∑
1≤i<j≤N

h((Xi,Yi, Ỹi), (Xj,Yj, Ỹj)) (2.5)

Lemma 2.5.4, proved in Section B.4, shows that it is possible to unbiasedly estimateACMMD2

even when the analytical model expectations are intractable, provided that one can sample from

†IdentifyingQ| with its analogueMarkov kernel Q̃| from (X × Y,X ⊗ Y ) such that Q̃|(x,y)(dy′) :=
Q|x(dy′).
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the model. This estimator takes the form of a U-statistics224 Chapter 5 with symmetric probabil-

ity kernel h, which are well-studied in the statistics literature. In particular, they provide a generic

framework to obtain minimal-variance analogues of unbiased estimators224 Chapter 5, p. 176.

̂ACMMD2 is a consistent estimator ofACMMD2: under the integrability assumptions of Lemma 2.5.2

the strong law of large numbers applies224 Section 5.4, Theorem A, and we have:

̂ACMMD2(P|,Q|)
a.s.−−−−→

N→∞
ACMMD2(P|,Q|)

We provide a more detailed characterization of the asymptotic distribution of ̂ACMMD2 in Sec-

tion B.2.

2.5.2 Testing Conditional Goodness–of–Fit with ACMMD

In the limit of infinitely many samples, a positive ACMMDmeans that the model and the data dif-

fer. However, in practice, when only a finite number of samples are available, our estimate ̂ACMMD2

is only a noisy version of the trueACMMD2, meaning we cannot conclude whether the model fits

the data by directly inspecting its value. Instead, we need a procedure that accounts for the estima-

tion noise; we achieve this by using the ACMMD as part of a hypothesis test deciding between two

different hypotheses: 
H0 : ACMMD(P|,Q|) = 0

H1 : ACMMD(P|,Q|) > 0

In particular, we construct a test that takes as input a sample {Xi,Yi, Ỹi}Ni=1 from the data and the

model and outputs a (binary) decision to reject (or not) the null hypothesisH0 based on whether

̂ACMMD2(P|,Q|) exceeds a certain threshold. Because of the estimation noise arising from the use

of finitely many samples, such a test cannot systematically output the right decision. Nonetheless,
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we build our test to ensure a false rejection (e.g. rejectH0 while P| = Q| a.e) rate of α ∈ (0, 1),

a common practice in statistical testing97. To do so, we would like to set the rejection threshold

q1−α to be an estimate of the 1 − α quantile of the distribution of ̂ACMMD2(P|,Q|) underH0.

However, since q1−α is not available in closed form, we instead compute an estimate q̂1−α using the

wild bootstrap procedure16. This procedure draws B samples { ˜ACMMD2
b}Bb=1 of the form:

˜ACMMD2
b :=

2
N(N− 1)

N∑
1≤i<j≤N

Wb
iWb

j h(Zi,Zj) (2.6)

where {Wb
i }b=1...B

i=1...N are i.i.d. Rademacher random variables independent of the data, from which

we compute a quantile estimate q̂1−α of this distribution of samples (see Section B.5 for a precise

definition of q̂1−α). Importantly, this procedure guarantees an exact control of the false rejection

rate at level α. We prove this fact in Section B.8, where we cast the wild bootstrap procedure as a

Monte-Carlo estimation of the distribution of ̂ACMMD2 when P| = Q|, which is valid non-

asymptotically. Our test, which we call the ACMMD test, is summarized in Algorithm 1. To the

best of our knowledge, this is the first conditional goodness-of-fit test that is applicable to sequence

models.

2.6 Assessing Reliability with ACMMD

In practice, our modelQ| may not fit the data perfectly, and it is important to distinguish (at a given

level of inaccuracy) models that remain consistent with their training data from ones that fail more

drastically. In this section, we show how the ACMMD can be used to evaluate model reliability, a

statistical property capturing model and data consistency.

Problem SettingAmodelQ| is said to be reliable32,264,278 if the distribution of the target Y given

that the model made a specific prediction q is this prediction q itself, e.g. if:

q = P
(
Y ∈ · | Q|X = q

)
P(Q|X)–a.e. (2.7)
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Algorithm 1 ACMMDConditional Goodness–of–fit Test

Input: {Xi,Yi, Ỹi}Ni=1
i.i.d.∼ PX ⊗ P| ⊗ Q|

Parameters: Level α, kernel kX , kernel kY
// Estimate ACMMD using Equation (2.5)

̂ACMMD2← 2
N(N−1)

N∑
i,j=1
i<j

h((Xi,Yi, Ỹi), (Xj,Yj, Ỹj))

Sample { ˜ACMMD2
b}Bb=1 using Equation (2.6)

q̂1−α ← approx. (1− α)-quantile of { ˜ACMMD2
b}Bb=1

if ̂ACMMD2 ≤ q̂1−α then
Fail to rejectH0

else
RejectH0

end if

Here,Q|X ∈ P(Y) (the space of probability distributions onY) is the random variable obtained by

evaluating the modelQ| at a random value of the input variable X. Reliability differs from accuracy

in that it does not require the model to learn all the information between X and Y, but only to make

truthful predictions on average— thus, by assessing reliability, one may be able to detect models

that hallucinate non-realistic sequences (such as repeats of the same token) in regions of the input

space where they are inaccurate, instead of making a conservative guess, such as falling back to the

prior disitribution. In particular, reliability can be used as an additional criterion to discriminate be-

tween models that are equally accurate. From a theoretical perspective, reliability and accuracy can

be handled in a unified manner: indeed, Equation 2.7 shows that reliability is defined as an equality

between the conditional distribution of Y given a model prediction q, PQ
|q := P(Y = ·|Q|X = q) and

a “model” of this conditional distribution mapping q ∈ P(Y) to itself, e.g. QRel
| : q 7−→ QRel

|q = q.

We thus propose to measure reliability using the ACMMD (a distance between conditional distribu-

tions) betweenQRel
| and PQ

| .
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Definition 2.6.1 (ACMMD for Reliability). The Augmented ConditionalMMD for reliability

(ACMMD–Rel) between P| and Q| as:

ACMMD–Rel(P|,Q|):= ACMMD(PQ
| ,Q

Rel
| )

= MMD(P|Q|X ⊗ PQ
| ,P|Q|X ⊗ Q|)

(2.8)

where theACMMD is evaluated with a user-specified kernel kP(Y)×Y onP(Y)× Y .

As for the ACMMD, we will restrict our attention to the case where kP(Y)×Y is a tensor product

kernel kP(Y) ⊗ kY between a kernel onP(Y) and a kernel on Y . Comparing the ACMMD–Rel

with the ACMMD, we see that the former requires specifying a kernel on the space of probability

measures on sequencesP(Y) instead of a kernel onX . Two important points must be addressed

when working with such kernels. First, in order to haveACMMD–Rel(P|,Q|) = 0 if and only if

Q| is reliable, we must find universal kernels defined onP(Y). Second, as many kernels on probabil-

ities are intractable, we must design an approximation strategy to estimate the ACMMD–Rel from

data.

ACMMD–Rel can detect any pattern of unreliability Our first goal is to ensure that

ACMMD–Rel can detect any pattern of unreliability. As ACMMD–Rel is a specific instance of the

ACMMD, we can apply Lemma 2.5.2, stating that if the kernels kP(Y) and kY are universal, then

ACMMD–Rel(P|,Q|) = 0 ⇐⇒ Q| is reliable. (2.9)

The task of finding a universal kernel kY onY was addressed in Section 2.5; thus, it remains to find

a universal kernel kP(Y) onP(Y). However, to the best of our knowledge, none of the existing

kernels defined on probability distributions35,250,251,178,91 have been shown to be universal whenY

is the space of arbitrary-length sequences. In the next proposition, we show that many such kernels
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can be constructed by following a simple recipe.

Proposition 2.6.2. Let kY be a kernel on Y vanishing at infinity (onY × Y). Suppose that kY has

discrete masses, i.e. that δy ∈ HY for all sequences y ∈ Y , where δy is the Dirac function at y, and let

σ > 0. Then the kernel kP(Y) onP(Y) defined as

kP(Y)(q, q′) := e−
1

2σ2
MMD2(q,q′), (2.10)

(where theMMD is computed inHY ) is a C0–universal kernel on the space of probability distribu-

tionsP(Y) (under the topology of convergence in distribution or Total Variation, which are identical,

see9).

The proof, provided in Section B.11, relies on an argument similar to prior work for universal

kernels on probability measures35, but tailored to the special case of sequences. Proposition 2.6.2

guarantees that any kernel onY vanishing at infinity with the discrete mass property10 can be used

to construct a universal kernel onP(Y). Kernels with discrete masses are studied in detail in10. In

particular, the tilted Exponentiated Hamming Kernel 1
|y||y′| e

−λdH(y,y′) (where |y| is the length of the

sequence y) is a kernel with discrete masses vanishing at infinity onY × Y , and can thus be used to

construct a universal kernel onP(Y).

Estimating ACMMD–Rel from data To estimate ACMMD–Rel from the data {Xi,Yi}Ni=1

and samples from the model {Ỹi ∼ Q|Xi}Ni=1, one may try to use the general ACMMD estimator

proposed in Lemma 2.5.4, which, specialized to the reliability setting, is given by:

2
N(N− 1)

∑
1≤i<j≤N

h(Zi,Zj)

h(Zi,Zj) := kP(Y)(Q|Xi ,Q|Xj)g((Yi, Ỹi), (Yj, Ỹj))
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This estimator requires evaluating kP(Y)(Q|Xi ,Q|Xj) for pairs i, j. Unfortunately, exact evaluation of

these quantities for the universal kernels proposed in Proposition 2.6.2 is in general impossible, as

MMD2(Q|Xi ,Q|Xj) contains intractable expectations underQ|Xi andQ|Xj . However, MMDs can be

unbiasedly estimated using samples fromQ|Xi andQ|Xj
97,221. Inspired by this fact, we propose the

following estimator:
̂ACMMD–Rel 2 :=

2
N(N− 1)

∑
1≤i<j≤N̂

h(Zi,Zj)

ĥ(Zi,Zj) := k̂ij × g((Yi, Ỹi), (Yj, Ỹj))

(2.11)

Here, k̂ij is an approximation of kP(Y)(Q|Xi ,Q|Xj) obtained by drawingR samples {Ỹri}Rr=1 and

{Ỹrj}Rr=1 fromQ|Xi andQ|Xj , and replacing theMMD2(Q|Xi ,Q|Xj) term in kP by an unbiased es-

timate M̂MD2
ij computed from these samples. The full estimation procedure is provided in Al-

gorithm 2. This additional approximation step has several implications: first, unlike ̂ACMMD2,

̂ACMMD–Rel 2 is not unbiased. However, the bias of this estimator can be controlled by increas-

ing the number of samplesR used to estimate the MMD.Moreover, we show in the next proposi-

tion that the estimator ̂ACMMD–Rel 2 is still consistent provided thatR is chosen appropriately.

Proposition 2.6.3. Assume that kY is bounded. Then, if R ≡ R(N), with lim
N→∞

R(N) = +∞,

̂ACMMD–Rel 2 converges in probability toACMMD–Rel 2 as N→∞.

Testing for reliability with ACMMD–Rel As an ACMMD, ACMMD–Rel has the po-

tential to be used to test whether a model is reliable given some available data: to do so, one can use

Algorithm 1, replacing ̂ACMMD2 by ̂ACMMD–Rel 2, and performing quantile estimation using

the ĥ(Zi,Zj) instead of the h(Zi,Zj). A full description of the algorithm is provided in Appendix

B.13. An important question to answer is whether the approximation of using ĥ instead of h affects

the false-rejection rate of the test. We show in the next proposition that this is not the case.
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Algorithm 2 EstimatingACMMD–Rel

Input: {Xi,Yi, Ỹi}Ni=1
i.i.d.∼ PX ⊗ P| ⊗ Q|, modelQ|

Parameters: kernel kY
for i in 1 toN do

[Ỹr
i ∼ Q|Xi for r in 1 toR ]

end for
for i, j in 1 toN do

%Use, e.g. Gretton et al. 97, Equation 4
M̂MD

2
ij := estimate_mmd({Ỹr

i}Rr=1, {Ỹr
j}Rr=1)

ĥij := e−
1

2σ2
M̂MD

2
ij × g((Yi, Ỹi), (Yj, Ỹj))

end for
return

2
N(N− 1)

∑
1≤i<j≤N̂

hij

Proposition 2.6.4. Assume that kY is bounded, and kP(Y) is a kernel of the form of Equation 2.10.

Then a reliability test using ĥ(Zi,Zj) instead of h(Zi,Zj) to estimateACMMD–Rel and its (1− α)–

quantile under H0 has a false-rejection rate of exactly α.

2.7 RelatedWork

Goodness-of-fit methodsThe goodness-of-fit problem is a well-studied problem in the statistics

and machine learning literature, for which many methods were developed46,94,95,11,19. Impressively,

these methods can operate directly from the model’s analytical form, without requiring access to

samples from the model – which may be hard to generate. In these works, goodness-of-fit is de-

fined as the problem of evaluating the fit of unconditionalmodels to their data, which is unlike the

conditional goodness-of-fit problem we consider here. Evaluating conditional goodness-of-fit with

kernels was recently studied in Jitkrittum et al. 126 . However, the proposed method requires the

output spaceY to be a subset ofRd, and is thus unsuitable for conditional sequence models. The
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use of conditional goodness-of-fit metrics to evaluate reliability was also done in Glaser et al. 91 , in a

method also limited to continuous output spaces. Finally, we note thatACMMD–Rel 2 recovers

an existing calibration metric, the Squared Kernel Calibration Error (SKCE) of Widmann et al. 278 .

However, the latter did not study the problems of universality, tractability and test validity in the

case of sequence-valued outputs.

Deep Protein Design Models (Deep Learning–powered) conditional probability models have

gained significant momentum in computational biology during the last decade. In particular, such

models have revolutionized the protein design field127,20. Inverse folding models are trained on pro-

tein structures and sequences in the protein data bank (PDB)116,112,54. They condition a sequence

distribution on an input protein structure— thus learning what sequences would likely fold into

that structure. The designs from these methods have been shown to be highly stable and retain func-

tion246. However, many of the leaps made using these models have used small, simple structural

scaffolds (like loop-helix-loop motifs)20,271. Protein engineers interested in leveraging these tools

for novel scaffolds need to know how accurate and reliable the model is on average. If the model is

too imprecise, one might wish to gather more data and train more bespoke models before using the

method to design experiments.

2.8 Experiments

We now investigate the behavior and utility of the ACMMD and ACMMD–Rel metrics and tests

in practice. We start with a synthetic example showing that ACMMD is a natural measure of model

distance. We then perform an extended analysis of a state-of-the-art inverse folding model, Protein-

MPNN.We show that ACMMD can detect small perturbations in the model, and that it can be

used to tune its temperature parameter. Finally, we analyze the absolute performance of Protein-

MPNN.
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2.8.1 A toy synthetic setting

We first study the behavior of ACMMD and ACMMD–Rel in a synthetic setting where the data

distribution and the model are simple generative models on sequences. We set the input variable X

to be a single scalar p drawn from some distribution PX with support in (0.3, 0.5). Y is a sequence

of arbitrary length with alphabetA = {A,B, STOP}. We set the conditional distribution of Y

given p to be:

p(yn|y0:n−1, x = p) =



A with probability p

B with probability p

STOP with probability 1− 2p

so long as yn−1 6= STOP. The model distributionQ| is the same as the data, except for the fact that

the first factorQ|p(y0) is perturbed by a parameter Δp:

Q|p(y0) =



A with probability p− Δp

B with probability p+ Δp

STOP with probability 1− 2p

We set the kernel onY to be the exponentiated Hamming distance kernel kY(y, y′) = e−dH(y,y′),

where dH(y, y′) is the Hamming distance between y and y′, and kX to be the Gaussian kernel kX (p, p′) =

e−
1
2 (p−p′)2 . With such choices, it is possible to show that:

ACMMD(P|,Q|) = C|Δp|

for some C > 0 that does not depend on Δp, and is computable in closed form for discrete priors

on X. The proof and expression of C are given in Section B.15. From this expression, we immedi-

58



ately see that ACMMD is 0 only if Δp = 0, a manifestation of Lemma 2.5.2 which guarantees that

the ACMMD can detect any mismatch between the model and the data when kX and kY are uni-

versal. Moreover, in this case, the ACMMD depends monotonically on the shift |Δp|. Since |Δp|

represents a natural measure of how different the model is from the data, this fact suggests that the

ACMMD is a natural, well-behaved measure of model distance. Additionally, we plot the average re-

jection rate of the ACMMD test for various number of samples and shifts in Figure 2.1. The results

for Δp = 0 confirm that our test has the correct specified type-I error rate (0.05). Moreover, we see

that the power of the test increases with the number of samples, and the shift |Δp|.
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Figure 2.1: Left panel: ACMMD estimates for a fixed shift value Δp = 0.25 and various number of samples in the
synthetic example of Section 2.8.1. The analytic ACMMD value is given by the horizontal line. Right panel: ACMMD
test average rejection rate for various number of samples and shifts in the same setting.

2.8.2 ACMMDCase Study: Inverse FoldingModels

To demonstrate the utility of the ACMMDmeasures and tests, we apply them to evaluate inverse

folding models, a popular model framework used in protein design. Inverse folding models seek

a distribution of amino acid sequences that are likely to fold into a given input three-dimensional
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structure, as discussed in Section 2.5. We focus our experiments on evaluating ProteinMPNN54, a

sampleable, commonly used model in this class. The sampling temperature T of ProteinMPNN can

also be varied, letting the user control the trade-off between accuracy and diversity of the generated

sequences.

Data We leveraged the CATH taxonomy to select a set of diverse (in sequence and structural

topologies) protein structures to perform our ACMMD test on. CATH is a taxonomy of protein

structures that categorizes proteins according to a hierarchy of structural organization229. We used

the S60 redundancy filtered set which includes proteins that are at least 60% different in sequence

identity from each other. Of these, we selected all single domain monomers (proteins where only

one topological domain is found in the monomer), and removed any topologies that had fewer than

10 chains in its classification. This left us with 17,540 structures.

Choice of kernel Key to the performance of our metrics is the choice of the kernels kX , kY

and kP(Y). For kY , we propose to use kernels that first embed each element – or residue – of a se-

quence y using an embedding function φY : A× Y 7−→ RdY , and evaluating a euclidean kernel on

RdY on the mean of the resulting embeddings, yielding a kernel of the form:

kY(y, y′) = kRdY

 1
|y|

|y|∑
i=1

φY(yi, y),
1
|y′|

|y′|∑
i=1

φY(y
′
i, y′)


where we noted y = (y1, . . . , y|y|). As the input spaceX is also sequence-valued, we follow the

same recipe to construct our a kernel kX , using an embedding function φX : R3 × X 7−→ RdX .

Finally, for the kernel onP(Y), we will use a kernel of the form of Equation (2.10), with kernel kY

described above to compute the inner MMD.We set our embedding functions φX and φY to a pair

of recent pre-trained neural networks that are commonly used for representation learning of protein

sequences and structures: Gearnet295 for structures, and ESM-2155 for sequences. Such two-step

kernels allow us to instill the complex structure present in the distribution of protein structures and
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sequences within the ACMMDmaximizing the performance and meaningfulness of our evaluation

pipeline. Whether Proposition 2.6.2 holds for these kernels is an open question, but we find that

they perform well in our experiments.
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Figure 2.2: Values of ̂ACMMD2, (left) and of the average rejection rate of the ACMMD test (right) in the setting
described in 2.8.2. Each line corresponds to a different value for δT.

The Discriminative power ofACMMD

We first propose to evaluate the behavior of the ACMMD and its associated test when comparing

a known ground truth and a model distribution differing from the ground truth in a controlled

manner. To this end, we set the ground truth to be a pre-trained ProteinMPNNmodelQT
| with

temperature T, and the model to be the same modelQT+δT
| with temperature T + δT. As Protein-

MPNN’s probability distribution is a continuous function of T, small changes in T result in small

changes in the predicted distribution which will be hard to detect, translating into “low” values for

̂ACMMD2 relative to larger temperature changes. Conversely, we posit that large changes in Twill

result in large changes in the model distribution, and will be simpler to detect by the ACMMD. To

test these hypotheses, we performed an estimation ofACMMD 2 for a ground truth temperature
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T = 0.1 (the default in the ProteinMPNN documentation) and δT ∈ {0, 0.01, 0.05, 0.1}. We used

the winged helix-like DNA binding domain superfamily (CATH ID: 1.10.10.10), and performed

bootstrap sampling to produce dataset sizes ranging from 100 to 1000, and 100 different random

seeds in order to obtain confidence intervals of our estimates.
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Figure 2.3: Values of ̂ACMMD–Rel 2, (left) and of the average rejection rate of the ACMMD–Rel test (right) in the
setting described in Section 2.8.2. Each line corresponds to a different value for δT.

The results are shown in Figure 2.2. As expected,ACMMD 2(QT
| ,Q

T+δT
| ) robustly increases

with increasing values of δT. Additionally, we performed the ACMMD test of Section 2.5.2 with a

target type-I error rate of α = 0.05, and 100 permutations to estimate the 1 − α quantile of the null

distribution for the same values ofN and δT, and computed the average rejection rate of the null

hypothesisH0 : ACMMD2(QT
| ,Q

T+δT
| ) > 0, which, if kX and kY are universal, is equivalent to

H0 : δT = 0. The results, shown in Figure 2.2 (right), empirically confirm that the ACMMD test

controls its type-I error rate and is able to detect differences in temperatures of an order relevant for

ProteinMPNN. Similarly, we evaluate the behavior of the ACMMD–Rel, which is used to assess

the (lack of) reliability of between modelQT+δT
| w.r.t the data P|X ⊗ QT

| , the assumption being

thatQT+δT
| is not reliable when δT 6= 0. The results are shown in Figure 2.3, and exhibits similar

behavior.
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Evaluation of ProteinMPNNon the CATHdataset

Now that we have confirmed the discriminative power of the ACMMD on semi-synthetic data, we

use our tests to evaluate ProteinMPNN against real-world protein structures and sequences from

the CATH dataset. We perform a whole-data evaluation, using samples of 5000 proteins across all

families in the dataset. Then we perform a fine-grain evaluation on a subset of CATH superfamilies.

Whole-data Evaluation We first study the deviation of ProteinMPNN from the true data

by computing ̂ACMMD2 and estimating its mean and variance by bootstrapping over 10 random

seeds. We find that ProteinMPNNwith no temperature adjustment (T = 1.0) has an ̂ACMMD2

value of 0.0916 (and a p-value< 0.01). Comparing this to the criterion values obtained on similar

dataset sizes in the toy data experiments demonstrates that the model does not fit the test data. This

suggests that there is still much room for improvement on solving the inverse folding problem.

On optimal temperature choices for ProteinMPNN Practitioners vary the sampling

temperature as a heuristic method for sampling more certain sequences from ProteinMPNN; lower

temperature settings have been found to generate sequences with fewer unrealistic artifacts (e.g.

runs of alanines) which fold to more stable structures246. However, the relationship between sam-

pling temperature, model reliability, and design accuracy has not been fully established. To thor-

oughly evaluate this, designs from different sampling temperatures conditioned on a diverse set of

backbone structures would need to be experimentally characterized, which is resourse intensive in

practice. We leverage the ACMMD to understand at what sampling temperature ProteinMPNN

best fits the data, which gives insight as to what temperature is optimum, by computing ̂ACMMD2

and ̂ACMMD–Rel 2 for varying temperature values across 10 seeds for each temperature value.

The results are shown in Figure 2.4.

First, we observe that reducing the temperature below 1.0 improves both the model’s goodness-
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of-fit and its reliability. This corroborates the empirical design success of lowering the sampling

temperature, suggesting that greater model fit may increase the quality of samples from the model.

The decrease in reliability at higher temperature shows that even though increasing the temperature

increases the diversity of the model’s predictions, this diversity does not necessarily capture the one

of the data distribution, as for instance the prior would. The optimal temperature from the perspec-

tive of goodness-of-fit is 0.4 (which lies outside the suggested temperature range of 0.1-0.3 in the

ProteinMPNN documentation54). However, we notice that model reliability continues to improve

with even lower sampling temperatures while accuracy slightly increases, suggesting a trade-off be-

tween reliability and accuracy. Further experiments will determine how this trade-off manifests in

the quality of designs from low-temperature settings.
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Figure 2.4: Evolution of ̂ACMMD2 (left) and ̂ACMMD–Rel 2 (right) between a pre‐trained ProteinMPNN model
and the CATH S60 reference dataset, for varying temperature values

Structural superfamily evaluation The (H)omologous superfamily tier within the

CAT(H) hierarchy groups proteins with the same similar folds and sequence identity. While Pro-

teinMPNN has shown great performance in designing particular structural scaffolds, a practitioner

aiming to leverage this model on a yet untested structural family may want some insight as to how

well ProteinMPNNmay fit the distribution of proteins they are interested in. Thus, we performed
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ACMMD evaluation separately on individual superfamilies contained in our dataset to gain insights

on what types of structures ProteinMPNN does or does not fit well. We filtered the superfamilies

for groupings with at least 500 proteins under a length of 100, yielding 11 families. The results are

shown in Figure 2.5. We find that the model fit varies across families and the fit ranking is largely

maintained at different temperatures. With no temperature adjustment (T = 1.0) the best fit su-

perfamily (lowest ̂ACMMD2) is the Homeodomain-like proteins (CATH ID: 1.10.10.60). These

structures are largely dominated by helical bundles - a class of proteins that ProteinMPNN has

demonstrated success on designing54,271,20. While the Immunoglobulin superfamily has the highest

fit at lower sampling temperatures, we note that most of an immunoglobulin structure consists of

the beta sandwich of the framework, while, for antibody design, engineers are often most interested

in the unstructured complementarity determining regions (CDRs) of antibodies143,156,123. As the

criterion is calculated across the entire sequence, this may not reflect that ProteinMPNN has learned

the distribution of CDR loops well. Further work will extend these tests to focus on subsequences

of a domain to answer specific questions of model fit on regions of interest.

2.9 Discussion

Advancing the computational evaluation of conditional sequence models is crucial for accelerat-

ing the development of these methods for protein engineering. Given the limitations of current

evaluation methods, and leveraging recent advancements in kernel methods for designing tests of

goodness-of-fit and calibration, we propose a criterion and its associated test to principledly evalu-

ate protein sequence models for how well they have learned input-conditioned sequence distribu-

tions. We discuss the statistical properties of our metrics and develop testing frameworks from them.

Finally, we leverage them to investigate the performance of inverse folding models under default

and temperature-adjusted settings. We develop novel insights on ideal temperature settings for Pro-

teinMPNN and discuss the trade-off between design accuracy and model calibration that our tests
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Figure 2.5: Value of ̂ACMMD2 between ProteinMPNN and the CATH S60 reference dataset on a subset of 10 super‐
families for two different temperatures T = 1.0 and T = 0.1.

demonstrate for lower temperatures. Future work can perform a more fine-grained evaluation, for

example investigating which structures in particular cause the model to make unreliable predictions

and what features of the model’s predictions do not match the data through the use of witness func-

tions, a by-product of MMDs157. We also note that protein engineering goals may differ from pure

modeling goals, and whether performance under our metrics reflect experimental design success

rates requires further investigation to determine. Yet, barring orthogonal in silico validation data or

experimental testing, our methods offer a powerful framework to test conditional sequence models

for desirable statistical properties.

66



3
Machine Learning Enables Efficient and

Effective Affinity Maturation

3.1 Preamble

Thus far, we have considered pre-trained protein generative model and developed tools and paradigms

to understand i) what sorts of biological signal the models are learning and ii) how well the models
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have learned the distributions they are trained on. These large pre-trained models are likely most use-

ful for modeling protein properties that are shared across a wide array of protein families - i.e signals

that the model could learn from large evolutionary datasets. However, for more specific functions,

deeper exploration is needed to understand how well a given generative model would perform.

In the following chapter, we present a design campaign for optimizing antibody binding affin-

ity to specific targets for each binder. While there has been some work on deploying pre-trained

generative models for optimizing specific binding interactions102, experimental pipelines for opti-

mizing affinity are well-developed and highly powerful. However, there are still many challenges in

the antibody optimization pipeline. In this work, we address some of these challenges. We propose

a machine learning framework to use in combination with minimal experimental data to improve

the efficiency and downstream hit-rate of affinity maturation campaigns. This work functions as a

case-study for how to employ machine learning for design tasks that require bespoke experimental

data, and how to understand what elements of a pipeline would most benefit from augmentation

with machine learning.

The following work was done in collaboration with Edward P. Harvey, AaronW. Kollasch,

Adama J. Riesselman, James Osei-Owusu, Louis R. Hollingsworth, Irina Shlosman, Biswaranjan

Pani, J. Wade Harper, Andrew C. Kruse, and Debora S. Marks. I led the computational work and

direction of the project; E.P.H., L.R.H., J.O.O., and I.S. constructed the error prone PCR affinity

maturation yeast display libraries; E.P.H., L.R.H., J.O.O., and I.S. performed the MACS and FACS

selections; E.P.H. expressed and purified B7 substitution nanobodies; A.C.K., D.S.M., and J.W.H.

supervised the project and provided funding.
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3.2 Abstract

Antibodies can bind their targets with exquisite potency and selectivity due in part to large antibody-

target protein-protein interaction surface areas. Whereas post-immune antibody libraries benefit

from in vivo affinity maturation, sorting synthetic libraries oftentimes yields low-affinity hits which

must be affinity matured prior to further use. Affinity maturation campaigns can be laborious, of-

ten requiring multiple selection rounds for each clone to be optimized. Here we deploy machine

learning to design optimized binders efficiently and controllably from sparse sequencing data from

affinity maturation yeast-display campaigns. We show that machine learning models trained on

sequencing data from a single selection round can predict which sequences will be enriched after

multiple rounds. We find that linear models outperform deep neural networks and semi-supervised

approaches in ranking known affinity-enhancing substitutions. Linear models are also more inter-

pretable, offering insights into residue preferences that can be leveraged for further engineering. We

use our approach to optimize nanobody binders to transmembrane protein 192 (TMEM192) and

to relaxin family peptide recepetor 1 (RXFP1), with the best single substitution improving affinity

by over 20-fold.

3.3 Introduction

The growing need for effective and cheaper antibody therapeutics has necessitated rapid devel-

opment in technologies for antibody engineering294,166. The antigen-binding properties of an

antibody are largely determined by the complementarity determining region (CDR) loops and

consequently, these loops are often the focus of engineering efforts to improve antibody bind-

ing144,143. A wide variety of antibody formats have been engineered for use as therapeutics and

research tools, including single-chain variable fragments (scFvs)114 and monoclonal antibodies

(mAbs)138. Nanobodies are heavy chain-only VHH domains derived from camelid heavy-chain

69



only antibodies99,184. Nanobodies are ideal for binding concave epitopes due to lack of steric en-

cumbrance by a paired light chain. Most FDA-approved mAbs were isolated from immunized an-

imal models and then optimized for binding affinity and drug-like properties166,159. In addition

to being resource-intensive to acquire, molecules frommodel animals often first need to human-

ized before being used as human drugs. In vitro technologies, such as phage or yeast display have

allowed for identification of lead molecules from naïve libraries matching human immune reper-

toires26,147,43; these technologies enabled the development of the first fully human therapeutic

mAb, Humira132. Using synthetic naïve libraries is especially beneficial when the target antigen

shares high homology with a native protein in the animal model, which can limit the prospects for

viable binders from being generated by the immune system due to tolerance of self-antigens.

Initial leads from in vitro or animal immunization discovery campaigns often need to be opti-

mized for binding affinity in a process called affinity maturation. High throughput display technolo-

gies have also been leveraged for affinity maturation, wherein a mutant library of the lead molecule

is generated using combinatorial mutagenesis or error-prone PCR (ePCR) and then screened to

select for high-affinity mutants294. It is beneficial to generate a large mutant library to maximize

chances of finding a high affinity binder; ePCR can produce libraries of 29 mutants from a single

lead antibody. However, the scale of these campaigns come with added costs. Larger libraries often

require multiple affinity selection rounds to narrow down the pool to a testable number of binders.

It is difficult to predict howmany affinity selection rounds will be needed and this is variable across

antigens and initial leads. Moreover, successive rounds can lead to convergence of the binder pool

to a limited number of highly related unique sequences, which can lead to many hits failing subse-

quent low-throughput evaluation if they are all quite similar to each other in sequence. Recently,

more groups have started sequencing the pools after each selection round and using the sequencing

counts to nominate binders57. This ameliorates the problem of low diversity, as the sequences can

be clustered to select for highly distinct hits. However, sequencing abundance is often confounded

70



by variable expression of the clones and is highly dependent on gating strategies during FACS294.

Thus, high sequencing abundance does not correlate strongly with binding affinity as measured by

low-throughput binding assays. Methods that reduce the number of selection rounds required for a

campaign would greatly improve the efficacy and efficiency of affinity maturation experiments.

A machine learning (ML) method that could predict the affinity landscape of a specific antibody-

antigen interaction would have great utility as an optimization tool. The model predictions could

be used to select substitutions that would most optimize an initial lead antibody, affording both full

control over the diversity of what substitutions are selected and over where they are made. Models

trained on a relatively small (104 mutants) dataset of high quality binding affinity data have been

shown to be able to design higher affinity antibodies152, however, acquiring the large number of

binding assay measurements to train such models for every new antibody lead candidate is exper-

imentally resource intensive. Instead, as sorting experiments on libraries are significantly higher-

throughput than binding-assays, groups have trained models on sequencing data from affinity se-

lection campaigns, as an approximation of binding affinity, and found that optimized designs from

these MLmodels have similar or higher affinity than binders identified experimentally156,218. No-

tably, both groups trained a model using the enriched sequences from the last FACS round in their

campaign to learn the landscape of the highest affinity binders. However, neither demonstrate how

useful their methods are when only one or a few affinity selection rounds have been performed and

thus both methods necessitate a full campaign before a model can be trained. Pre-trained genera-

tive protein models hold much promise as design tools that do not require training on experimental

affinity maturation data, and that can optimize a new antibody lead in a zero-shot capacity. Hie

et al. 102 showed that large protein language models (PLMs)155 trained on the protein universe are

useful as zero-shot antibody engineering tools. They use the PLM to narrow the search space of sin-

gle mutants of a lead antibody that are then tested for improved binding affinity and then mutants

with high measured affinity are combined manually. However, the PLMs do not consider any infor-
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mation about the target antigen, and thus only select mutants that likely do not break the protein’s

fold. Furthermore, multiple rounds of binding assay experiments are required to identify which

substitutions and combinations of substitutions increase affinity. For highly complex binding inter-

actions where epistasis between residues strongly contributes to the affinity landscape, prohibitively

large numbers of mutants would need to be tested within this workflow to identify a binder. Pre-

trained generative models of structure can consider target antigen information when designing

binder sequences54,271,246. However, whether these models are useful for affinity maturation has

not been thoroughly investigated. While pre-trainedMLmodels hold promise for optimizing an-

tibodies without data (zero-shot models), a thorough comparison of these methods compared to

methods trained with experimental affinity maturation data (supervised models) has not been per-

formed.

Here, we develop a ML framework for designing optimized binders that requires only a single

round of FACS affinity sorting. We show that models trained on a single selection round can predict

which sequences would be enriched in further rounds retrospectively using completed affinity mat-

uration campaigns. We show that these models identify affinity-enhancing single substitutions high

up in their ranking of substitutions predicted to increase affinity. We find that regularized logistic

regression models outperform neural network models in identifying single optimizing substitu-

tions; this coupled with the high interpretability of logistic regression models make them powerful

tools for optimizing antibodies. We use our framework to optimize 3 nanobody binders and 1 non-

nanobody binder and identify single substitutions that confer as high as a 26-fold increase in affinity.

Lastly, we perform a systematic comparison of supervised and zero-shot design methods for optimiz-

ing a nanobody binder. This investigation sheds insight on howmuch value experimental affinity

maturation data has over zero-shot MLmethods.
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3.4 Results

3.4.1 Affinity maturation campaigns and data processing

To benchmark our approach, we used NGS data from a published affinity maturation campaign

for nanobody AT110, which binds to the human angiotensin II receptor type 1 (AT1R)279, and

two new affinity maturation campaigns for nanobody B7, which binds the human β2 adrenergic

receptor (B2AR), and RX002, which binds to the relaxin family peptide receptor 1 (RXFP1). Each

nanobody binder was discovered via in vitro yeast-display selection experiments, starting from a

diverse, synthetic nanobody library of approximately 5 × 108 unique nanobody clones172. All

nanobodies were optimized via ePCR affinity maturation with library sizes ranging from 3 ×

108 to 2 × 109 nanobody variants. We also used data from an affinity maturation campaign of

peptidoglycan-synthase activator (LpoB), an activator that binds to bacterial penicillin-binding

protein 1b (PBP1b), to demonstrate the use of our method for optimizing non-immunoglobulin

binders. In each case, error-prone PCR libraries were generated and cloned into yeast-display vec-

tors. Each library underwent affinity selection via oneMACS round and two or three successive

FACS rounds (Supplementary Figure C1). Pools were PCR amplified and sequenced after each

round. On average we retrieved 242k reads from each sequencing round with the number of unique

reads decreasing with further selection rounds (see Supplementary Table C1 for complete sequenc-

ing statistics). Although we note that many other studies benefit frommuch deeper sequencing of

their libraries156, we show here that even with shallower sequencing we are able to extract signal for

optimizing substitutions. This predictive ability of sparce sequencing of affinity maturation libraries

is noteworthy due to practical considerations including labor and cost savings.

Library amplification during NGS sequencing introduces sequencing errors which result in

many sequences with very few counts. We reasoned that many of these low-count sequences consti-

tuted noise and would confound the MLmodels. Thus, for each round, we removed any sequence
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below a count threshold (set to 5 counts). It has been found that sequencing abundance after en-

richment poorly correlates with binding affinity294,162. One cause of this is expression bias from se-

quences that are highly expressible but have low binding affinity. To account for this, we normalized

the abundance after each FACS round by the post-MACS abundance and calculate the resultant

log to get a log enrichment ratio (Fig 3.1B). To normalize the abundance, we require read counts

of the same sequence in both rounds. However, we find that the overlap of unique reads between

sequencing rounds is very low (Supplementary Table C2). To be able to model sequences found in

only one round, we impute a floor abundance value (set to 1 × 10−6) for any sequence below the

count threshold of any round and calculate the enrichment ratio with this.

We found that the distributions of log enrichment ratios for the FACS rounds were highly biomodal

(Supplementary Fig C2). This arose from the fact that most sequences in the data were only seen in

a single sequencing round (Supplementary Table C2). Thus, in addition to the continuous labels

of the log enrichment ratios, we also assigned the binary labels “enriched” and “depleted” to any se-

quence with log enrichment ratio above and below 0, respectively. We aligned each sequence and

assigned IMGT numbering to each residue using ANARCI65. We only kept IMGT columns that

were present in the original nanobody sequence of each campaign. We then one-hot encoded the

aligned sequences to produce the inputs to the MLmodels. Filtering out sequences under the count

threshold significantly reduces the data size (Supplementary Table C2). However, we found that

the models performed better with the count threshold, and we attribute this to higher data quality

post-filtering (Supplementary Table C3).

3.4.2 ML models trained on enrichment from a single FACS round can pre-

dict later round enrichment

To see if MLmodels trained on early selection rounds could predict the enrichment achieved after

many selection rounds, we trained models to predict sequence enrichment after FACS1, and tested
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Figure 3.2: Machine Learning models predict second‐round enrichment from first‐round data. A) ROC‐plots and B)
Precision‐Recall plots for predicting MACS to FACS2 enrichment by models trained on MACS to FACS1 enrichment
from the NbB7 dataset. The area under the curve (AUC) for each model for either metric is shown in brackets in the
figure legend. C) Bar plots showing the summary performance for the AT110 and NbB7 datasets. ROC‐AUC plots
are clipped to 0.5. D) Scatterplot of scores from the top regression model (CNN) on the NbB7 dataset. The spearman
correlation is shown in the legend. E) Summary bar plots for spearman correlation on both datasets.

their predictive ability of FACS2 enrichment. We trained models both for binary classification of

the enrichment label and as regression models on the continuous log enrichment value (Fig 3.2). We

trained a variety of models for both regression and binary classification tasks. Linear models with

L1 regularization - linear regression and logistic regression for binary classification - have a single

weight per amino acid choice for each position in the sequence. Regularization enforces sparsity in

the weights such that the non-zero weights in a trained model reflect the most important amino acid

substitutions for enrichment/depletion. While linear models are highly interpretable, they cannot

model higher-order interactions between residues. Thus, we also trained a convolutional neural net-

work (CNN) which can model nonlinear relationships in the data including residue interactions.

Semi-supervised approaches have shown great success in modelling sequence properties by leverag-

ing unsupervised learned representations from a large protein language model (PLM) trained on

76



protein universe datasets. Thus, we also benchmarked a semi-supervised approach consisting of an

MLP top model on top of representations ESM2, a popular transformer-based PLM155. As the en-

richment labels are highly bimodal and mostly reflect whether the sequence was seen before or after

enrichment, we wanted to make sure the models were not simply overfitting to which round the

sequence came from. Thus, we compared the models to simple distance baselines: i) the Hamming

distance from the starting nanobody sequence (WT dist) and ii) the median Hamming distance to

all sequences in the MACS round (MACSdist).

The logistic regression and CNNmodels had similar top performance on both the nanobody

B7 and AT110 datasets. Logistic regression is the highest performing binary classification model

on the AT110 data, with an area under the receiver operator curve (ROC-AUC) of 0.964 and an

area under the precision recall curve (PR-AUC) of 0.949 (Fig 3.2 A-C). For the nanobody B7 data,

logistic regression had slightly lower ROC-AUC and slightly higher PR-AUC than the CNN (Table

3.1). The machine learning models all outperform the distance metric baselines, which suggests

that the models are learning some affinity property within the sequences rather than which round

the sequences came from. Comparable performance of the linear logistic regression model with the

CNN suggests that higher-order interactions in the sequence may not be required for prediction on

this task. However, as our data sizes are small it may also be there is insufficient data for the neural

network models to learn high-order information to improve its prediction.

Of the regression models benchmarked, the CNN has highest Spearman correlation for both

AT110 (0.695) and NbB7 (0.744) datasets (Fig 3.2 D-E). However, while the models show high

Spearman correlations across the whole dataset, correlation within just the depleted sequences and

enriched sequences separately was much worse (-0.052 for depleted sequences and 0.332 for en-

riched sequences). In fact, the scores from the CNN regression model have an ROC-AUC and PR-

AUC of 0.989 and 0.980, respectively, even higher than the CNN trained as a classification model.

This suggests that within an enrichment class, the continuous enrichment values may not separate
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sequences by affinity with high resolution. This makes sense considering that the FACS gating dur-

ing affinity selection is stringent and binary, and the abundance of the sequence after or before the

gate may not reflect strong differences in binding affinity. This demonstrates the utility of treating

prediction of enrichment as a binary classification problem.

Interestingly, for both classification and regression tasks, the semi-supervised approach (ESM2-

MLP) had sub-optimal performance, which is logical as the sequences in our datasets are all closely

centered around the original nanobody being optimized in the campaign. Thus, evolutionary infor-

mation from a PLM trained on the protein universe may not be useful for predicting enrichment of

these sequences.

Despite the models having high classification performance under ROC-AUC, in comparing

scores from a linear regression model against the FACS2/MACS enrichment score, we found that

the top binders predicted by the model did not largely overlap with the top binders selected ex-

perimental data (Supp Fig C8A). This may be because the top enriched binders are just the most

expressible; while we try to account for confounding signal from expressibility of the sequences by

normalizing by the MACS sequencing count, due to the very low overlap between rounds (Supp

Table C2) most sequence FACS counts are merely normalized by a constant floor value (1e-6 in our

case). The machine learning models generalize information across all the sequences, and thus may

be identifying more reliable affinity information, thus leading them to rank other sequences more

highly. Interestingly, the sequences ranked by the model have more substitutions in their CDR3

(Supp Fig C8B-C), suggesting that the models may be ranking more diverse sequences in their top

predictions.

Overall, we find that machine learning models can reliably predict later round enrichment when

trained only on a single round of FACS affinity selection, suggesting there is sufficient affinity infor-

mation in the sequencing data after a single round to predict enriched binders.
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Figure 3.3: Enrichment prediction models identify optimizing single substitutions. A) The top 60 single substitutions
for β2AR binder, NbB7, ranked by model score for the logistic regression and CNN models. Substitutions are colored
by model score (darker blue is higher score) and experimentally validated substitutions are boxed in red. B) NDCG rank‐
ing performance for machine learning models for the AT110 and NbB7 campaigns. C) Amino acid sequence of NbB7.
Indices correspond to residue position in the sequence. CDRs 1‐3 are highlighted in red. D‐E) Heatmaps showing the
gain in score according to the logistic regression model (D) and CNN model (E) for every single substitution of NbB7.
Red boxes correspond to the gain/loss in score for experimentally validated single substitutions and black boxes corre‐
spond to CDRs 1‐3. (F) (middle) the structure of optimized nanobody AT110i1 bound to the intracellular face of AT1R
from PDB:6do1. AT1R is colored in blue and the nanobody is colored by the score of the CNN trained on the AT110
FACS1/MACS enrichment with green corresponding to higher scores (predicted gain in affinity) and orange correspond‐
ing to lower scores. (left) a close up of a hydrogen bond formed between D58 in the CDR1 and K135 of AT1R. (right) a
close up of the interaction between the CDR3 and the lumen of AT1R. A hydrogen bond within CDR3 residues N113
and D108 is shown. Sticks for F107 and Y109 pointing into the lumen are shown. Both hydrogen bonds shown have an
inter‐atomic distance of 2.9Å.
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3.4.3 Linear models perform best for recommending single optimizing sub-

stitutions

Antibodies are often optimized by identifying single optimizing substitutions that are then com-

bined to produce high-affinity binders. While our methods can be used to design binders multiple

substitutions away from the initial lead automatically, it may be beneficial to have optimizing infor-

mation at the single substitutions level as this can easily be combined with domain knowledge and

heuristics for avoiding known undesirable properties that may not be selected against in the sorting

experiments. For example, we may want to avoid cysteines to prevent spurious disulfide bonding

and tryptophans to avoid non-specific polyreactive binding100. We also want to avoid the insertion

of DG or NG isomerization motifs and NxS/T glycosylation sites. Thus, we evaluated our methods

for how well they can identify single optimizing substitutions. For initial in silico evaluation, we had

access to sets of four validated optimizing single substitutions for NbB7 and AT110 each. We scored

all single substitutions for NbB7 and AT110 with our models (Fig 3.3D,E) and evaluated them for

how highly they rank the validated substitutions by calculating the normalized discounted cumula-

tive gains (NDCG) of the model’s predictions, weighting each validated mutation equally as a hit.

Notably, highly ranked substitutions not in our low-N set may still be real optimizing substitutions;

the NDCG does not penalize a model for giving high scores to substitutions not in our set, it merely

looks for how highly ranked the validated substitutions are. We also calculated the NDCGwhen

only considering the top 100 ranked substitutions (NDCG@100) as we are often only interested in

the top predictions from a model.

We found that logistic regression models had the highest NDCG and NDCG@100 on both the

NbB7 and AT110 validated sets (Fig 3.3B and Table 3.1). While the logistic regression and CNN

models have similar NDCG on the AT110 data, the logistic regression model identifies all four val-

idated substitutions in the predicted top 15 substitutions, whereas the CNN finds all four in the
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top 31 substitutions (Supplementary Fig C4A). This suggests the logistic regression model is mean-

ingfully outperforming the CNN in highly ranking the validated substitutions. As this task only

considers single substitutions, it stands to reason that a logistic regression model that does not con-

sider inter-residue interactions would have high performance. Our logistic regression models have a

single weight for each single mutation away from the initial lead. L1 regularization during training

enforces sparsity on these weights and appropriately accounts for correlation between substitutions,

meaning that the model identifies the highest confidence optimizing substitutions for a sequence

(Fig 3.3D). Contrastingly, a CNNmodel has much less sparsity in its singles prediction (Fig 3.3E).

The model gives high scores for all possible substitutions at certain sites, reflecting that may be learn-

ing which sites may be advantageous to mutate without learning the amino acid preferences neces-

sarily. The corollary of this is that if one were to simply select the top singles predictions from the

CNN, they would all be clustered around the same sites, leading to low diversity in the selected hits

(Supplementary Figure C4B). In this way, the sparsity in a logistic regression model allows for select-

ing a highly diverse set of hits across the protein, which will increase the chances of the hits passing

validation.

3.4.4 Model scores identify structurally important interacting residues

One of the values of a machine learning model is that it can learn sequence features relating to the

specific binding interaction of the nanobody being optimized. To confirm this, we sought to com-

pare the predictions from a model to insights from a structure of a nanobody binding complex.

Thus we compared the scores of the CNN trained on the AT110 FACS/MACS enrichment with

an available crystal structure for an evolved form of nanobody AT110 (AT110i1) bound to its tar-

get, AT1R279. We selected the CNN as it had more signal per site of the nanobody compared to the

sparse logistic regression model, enabling better qualitative comparison. We colored each residue in

the nanobody structure by the max absolute score per site from the model (Fig 3.3F).
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ROC-AUC PR-AUC Spearman NDCG NDCG@100

AT110

Linear/Logistic
Regression 0.964 0.949 0.665 0.857 0.857

CNN 0.959 0.935 0.695 0.839 0.839
ESM2-MLP 0.794 0.707 0.129 0.178 0.000
MACSdist 0.732 0.515 - - -
WT dist 0.732 0.515 - - -

NbB7

Linear/Logistic
Regression 0.935 0.969 0.671 0.363 0.363

CNN 0.937 0.967 0.744 0.255 0.235
ESM2-MLP 0.858 0.924 0.300 0.163 0.000
MACSdist 0.804 0.901 - - -
WT dist 0.844 0.912 - - -

RX002

Linear/Logistic
Regression 0.935 0.947 0.709 - -

CNN 0.915 0.926 0.153 - -
ESM2-MLP 0.855 0.641 0.144 - -
MACSdist 0.878 0.919 - - -
WT dist 0.878 0.919 - - -

Table 3.1: Summary performance for enrichment and singles prediction Summary evaluation metrics for the trained
machine learning models and sequence distance baselines for the AT110, NbB7 and RX002 campaigns. ROC‐AUC, PR‐
AUC, NDCG and NDCG@100 were evaluated on classification models. MACSdist refers to the median MACS Hamming
distance. Spearman was calculated for regression models. NDCG and NDCG@100 are not reported for sequence dis‐
tance baselines as all single mutants have the same score under these baselines. NDCG values were not calculated for
RX002 as we did not have experimentally validated single substitutions a priori to validate the RX002 models.
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Two of the highest-scoring residues from the models were in sites that were evolved between

AT110 and AT110i1 (N58D and Y113N – IMGT no. 66 and 115 respectively); the structure shows

the mutated residues. D58 in AT110i1 forms a hydrogen bond with site K135 on AT1R (Fig 3.3F

– left), stabilizing the antigen interaction. N113 forms an internal hydrogen bond with D108 (Fig

3.3F – right) which likely stabilizes the conformation of the CDR3 loop. This demonstrates that

the model learned AT110 mutations that were important for stabilizing the interaction. The model

also assigned low scores to sites 107 and 109 (IMGT no. 112C and 112A respectively), implying

that mutating these sites would reduce affinity. In the binding complex, these large hydrophobic

residues point into the hydrophobic lumen of AT1R. It is likely that these form hydrophobic inter-

actions further stabilizing the binding complex. This confirms the model prediction that a mutation

away from these residues would be deleterious. Notably, the model has high variation in the scores

it assigns to CDR3 sites. Rational engineering approaches often begin with mutagenizing all CDR

sites as this is where much of the binding interface is for most antibodies143,144. However, as the

AT110 example shows, certain sites may be essential for the interaction and need to be held constant.

Our modelling approach allows us to identify this granular information so that we focus on sites

that would have affinity gains in our engineering. Overall this confirms that our models are learning

relevant information relating to the actual biophysical interaction, and demonstrates the utility of

our method.

3.4.5 Interpretable models allow the separation of confounding polyreac-

tivity signal from affinity signal

For NbB7 we found that many of the top predictions included cysteines which are known to in-

crease the off-target polyreactivity of an antibody (Fig 3.3D)100. This raised concerns that some

of the affinity gains from FACS1 and FACS2 may be coming from an enrichment of polyreac-

tive nanobodies. To confirm this, we performed a third FACS sort that included a polyreactivity

83



counter-selection along with the affinity selection (referred to as FACS3). Polyreactivity counter-

selection was done using a polyspecificity reagent (PSR) as the fluorescence-tagged antigen. We

trained a logistic regression model on the enrichment between FACS3 andMACS and looked at

the weights of the trained model to understand the residue preferences of the FACS3 enrichment.

We found that there were fewer cysteine substitutions in the top FACS3 model predictions com-

pared to the models trained on FACS1 and FACS2 enrichment (Supp Fig C6B-C). This confirmed

that some of the enrichment of cysteines in FACS1 (Fig3D) and FACS2 (Supp Fig C6A) may have

been coming from a population of polyreactive nanobodies in the campaign that were sorted out by

the polyreactivity counter-sort. Furthermore, we also found that models trained on the FACS2 en-

richment were less predictive of FACS3 enrichment than models trained on FACS1 enrichment by

ROC-AUC (Supp Fig C6D). This suggests that there was confounding polyreactivity signal in the

selections that was amplified in the library after FACS2. Models trained on this round may be biased

towards polyreactivity signal, thus making them less predictive on FACS3 which was experimentally

depleted for polyreactive binders.

This demonstrates a disadvantage in doing longer affinity maturation campaigns with many

FACS selections. If there are confounding binders in a library (eg. highly expressible binders, or

very sticky binders), these confounders can be selected for more strongly than on-target, specific

binders. Doing many successive sorts risks depleting the library for our on-target binding signal,

which would result in many false positives at the end of a campaign. To minimize confounding

signal, it may be beneficial to have shorter campaigns which is enabled by our method. Moreover,

this use-case exemplifies the utility of having interpretable models. Being able to interpret a model’s

learned information (eg. by analyzing the weights for each single substitution) allows a practitioner

to identify possible confounding signal before hits are validated. Our modelling framework enables

one to flexibly combine domain knowledge (eg. about residue biases for polyreactivity) with data-

driven insights to effectively optimize a binder. We emphasize here that we were able to identify the
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confounding signal even from a model trained on a single, affinity-only FACS round, and the experi-

mental co-affinity sort/polyreactivity counter-sort was only used to validate our hypotheses.

3.4.6 Predicted optimizing substitions improve nanobody binding affinity

To demonstrate that our method can be used to prospectively identify single optimizing substitu-

tions, we predicted selections using logistic regression models trained on FACS1 round enrichment.

Logistic regression models were selected as they had the highest singles ranking performance across

the models (Fig 3.3 and Table 3.1). To demonstrate efficacy of our method on a new nanobody

that was not used for computational benchmarking, we trained a logistic regression model on data

from a short affinity maturation campaign of nanobody LysoNbV1 which binds to transmembrane

protein 192 (TMEM192). Only a MACS sort and a single FACS sort were performed on a ePCR li-

brary seeded by LysoNbV1. Additionally, activity-modulating binders for RXFP1 are hypothesized

to have great therapeutic potential for treating cardiovascular diseases41. Thus, we also validated pre-

dicted optimizing mutations for RX002. For both nanobodies, we scored all possible single substi-

tutions in the CDRs and considered substitutions that were predicted to not increase the nanobody

polyreactivity. Test substitutions were selected by going down the ranking from the model scores.

If multiple predictions were in the same residue position, the highest scoring substitution was re-

tained and the rest were skipped over. The top nine LysoNbV1 substitutions were tested and the

top RX002 substitution was tested (further experimental validation of more RX002 substitutions

will be included in future versions of this work).

The binding affinities of LysoNbV1 substitutions were tested using on-yeast display binding as-

says (see supplementary methods). 2/9 of the tested substitutions had improved binding affinity

relative to the WT (Fig 3.4a). Notably, the substitution with the greatest improvement in affinity,

S100P, was the top-ranked substitution by the logistic regression model (Fig 3.4b). Remarkably, a

double mutant consisting of the 2 optimizing mutations (P98Q and S100P) had reduced binding
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affinity. This might arise from the two mutations being so close to each other in the CDR3. Simul-

taneous changes to the CDR3may alter the binding conformation excessively and thus disrupt the

interaction.

The binding affinity of WTRX002 and the top predicted substitution (N27Y) were determined

using biolayer interferometry (see supplementary methods). N27Y had markedly improved affinity

with respect to the WT (Fig 3.4c), improving theWT affinity from a kd of >1μM to 47nM, an over

20-fold reduction. The off-rate of the nanobody was also reduced from 8× 10−3s−1 to 1× 10−3s−1

by the substitution. Further analysis showed that the N27Y substitution disrupted a NIS glycosyla-

tion site in the WT nanobody. We hypothesize that the glycosylated residue may impede interaction

with the target, and thus removing it would improve binding.

Overall, these results demonstrate the utility of our methods, and specifically logistic regression

models, for identifying single optimizing substitutions.
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Figure 3.4: Experimental validation of predicted optimizing single substitutions. A) On‐yeast kd values from biological
replicates for the top nine selected LysoNbV1 substitutions predicted by the logistic regression model. Bar corresponds
to median kd. B) On‐yeast binding curves of the two substitutions that improved LysoNbV1 affinity. Data shown com‐
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days. Error bars represent mean +/‐ SEM of technical replicates.
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3.5 Discussion

The growing demand for antibodies as biologics and molecular tools has necessitated the develop-

ment of faster and cheaper antibody engineering technologies. Affinity maturation is a key part of

the engineering pipeline; however, campaigns are stymied by the need for multiple affinity selection

sorts to identify a high quality binder and low hit-rates for binder validation after the campaign. We

show that machine learning models trained on a single round of FACS sorting from an affinity mat-

uration campaign can stand in for longer campaigns with multiple FACS sorts. These models are

predictive of i) which sequences would have been enriched in a retrospective analysis of completed

campaigns (Fig 3.2), and ii) which single optimizing substitutions are found after full campaigns

3.3. Following experimental binding affinity validation, we found that the model’s predictions do

in fact increase the initial nanobody affinity (Fig 3.4), demonstrating that these models are powerful

antibody engineering tools.

While sequencing counts from post-sort sequencing libraries have not shown to be highly pre-

dictive of affinity, machine learning models trained on this data are able to generalize across the

sequencing information and learn the salient sequence features that enhance affinity. We find that

even with a single round, the model has learned sufficient information to identify substitutions

that were only found after a full maturation campaign and multiple validation experiments. This

affords antibody engineers the ability to run much shorter affinity maturation campaigns and very

quickly identify hits from the campaign using computational methods. Furthermore, the highly in-

terpretable weights from L1 regularized logistic regression models allow engineers to combine prior

knowledge about residue preferences with data-driven insights from the model predictions to opti-

mize antibodies flexibly and effectively. For example, we found that our model trained on FACS1 of

the NbB7 affinity maturation campaign overpredicted cysteines at many sites, which are known to

increase the polyreactivity of a nanobody (Fig 3.3D, Supp FigC6). We simply ignored these and se-
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lected the top non-cysteine mutations from the model which were found to have optimized affinity,

while controlling the nanobodies’ polyreactivity.

Especially if an engineered antibody is going to be used therapeutically, the polyreactivity of that

antibody needs to be minimized to prevent adverse effects from off-target interactions. Affinity and

polyreactivity are often correlated (highly sticky antibodies can have high binding affinity) which

raises the value in simultaneously optimizing both properties to achieve an optimally specific but

high affinity binder. Building computational tools for multi-property optimization is challenging

owing to the need for assay data on both properties in the sequence space one wishes to optimize

within (eg. for optimizing an initial lead the models would need to be predictive of the sequence

space of possible optimizing mutants around the lead). We and other groups162 enact this by per-

forming joint affinity selection and polyreactivity counterselection experiments on a single library.

Towards a more general purpose solution, for cases in which a polyreactivity counter sort was not

performed, we leveraged a pretrained polyreactivity model on nanobodies100 in combination with

our trained affinity models. The polyreactivity predictions did not show high correlation with the

affinity models for each campaign (Supp Fig C7) which we reasoned stemmed from the difference

in training data for the models. The pretrained polyreactivity model was trained on a much more

diverse spread of nanobodies from a naïve library172, while our affinity models are trained on se-

quences from ePCRwhich are centered around the initial nanobody in sequence space. The one

exception to this was the model for LysoNbV1 which had a spearman correlation of -0.322, sig-

nificantly higher than the other nanobodies. This suggests that there may have been substantial

polyreactivity confounding signal in the LysoNbV1 FACS selections. We opted to use the polyreac-

tivity model as a filter and only selected substitutions that at least retain the initial nanobody speci-

ficity for experimental validation. Future work will explore more generalizable models that can be

combined across different data sources to construct a single multi-property model to co-optimize

antibodies for affinity and specificity.
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Finally, while there has been major progress in the field of computational antibody discovery,

there is still a way to go before computational methods fully stand in for experimental affinity mat-

uration. Recently, Bennett et al. 21 developed a generative diffusion model finetuned on nanobody

binding complexes which was able to generate target-specific small libraries (100 – 10k sequences)

using only a structure of the target and the desired VHH framework, from which on-target binders

were identified post some experimental screening. Notably, these binders had comparable affinities

to nanobodies identified by experimental discovery campaigns which are insufficient for most ther-

apeutic uses. Thus, affinity maturation experiments are still necessary to optimize leads (whether

identified computationally or experimentally). Given that, any efforts to accelerate these experimen-

tal pipelines using computational methods are highly needed and will translate to gains for antibody

engineers.

Here we show that machine learning models are useful tools in combination with sequencing

data from affinity maturation campaigns. Models are able to learn high quality affinity information

from even a single FACS round, allowing engineers to run shorter campaigns, extract interpretable

insights from their trained models and design optimized nanobodies in a data driven manner.
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4
Conclusion

The goal of this thesis is to outline tools, insights and heuristics to help engineers understand how

well a generative machine learning model might perform for their design task of choice. We develop

different methods for a range of design task complexities and, importantly, for different scenarios in

which an engineer may or may not have access to functional measurements to validate their models

or the capacity to generate new data for their design task.

In chapter 1, we introduced the largest collection of datasets for benchmarking generative pro-
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tein models for mutation effect prediction towards understanding how useful they would be for

design. From this wealth of data, we extracted novel insights into functional advantages that differ-

ent model classes have; specifically, that inverse folding models outperform sequence models for

predicting thermostability. These models were trained with structural information from a dataset

of proteins that formed defined structures; this suggests that enriching for thermostable proteins

during training seems to focus the model’s learned distribution to match that of highly stable pro-

teins. This lends credence to our conceptual framework that there are inductive biases from, not

only the model architecture, but also the choice of training data that bias a model towards learning

certain functions. This work has moved the field toward a more systematic understanding of when

and how to use these models. Thus, we are participating in the democratization of the use of these

powerful tools; not just putting code in practitioners’ hands but also insights into how to use them.

In chapter 2, we developed statistically motivated evaluation metrics to help engineers determine

how well a model has learned specific protein distributions. As these metrics are absolute, this tells

us how far the performance of our models is from learning the ground truth data distribution,

rather than just howmuch better they are than a baseline. Moreover, we present metrics to assay

different aspects of the model’s performance: accuracy and reliability. While accuracy tells us in gen-

eral how well the models are performing, reliability tells us howmuch we can trust the model’s like-

lihoods and therefore gives us information on the uncertainty of its design. Further work is needed

to understand how these novel evaluations compare to more standard metrics (like perplexity) and,

more importantly, how the metrics translate to gains in actual design tasks. We develop these tools

for engineers to be able to make checks on their model before deploying them in the real world.

In chapter 3, we leverage machine learning to accelerate a specific experimental pipeline, anti-

body affinity maturation, and we demonstrate how we can use a modelling framework to minimize

our data needs and maximize the insight we can get from our data. We show that machine learning

models when combined with data from just one selection round produces a greater success rate than
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an entire affinity maturation campaign. Moreover, this case study exemplifies how simple models

can provide gains on specific tasks where more advanced, general protein models fail. We argue that

progress in this field will require flexibility in using a variety of modelling strategies, rather that re-

lying only on large foundational models. More so than any single model, we argue that an engineer

requires a thorough understanding of the problem at hand to determine if and where models can

usefully be inserted into a design pipeline.

Naturally there are many other outstanding questions relating to evaluating and understanding

these models towards their deployment in protein engineering. We posit that the field should take

the development of in silico evaluation metrics as seriously as it takes the development of new model

architectures. Indeed, without proper in silico benchmarks to guide our method development we

will invariably be solving the wrong problems.

The tools we provide here go a long way in teaching us what different foundation models can

and cannot do. We do not deny that foundation models will play a large part in the next stage of

computational protein engineering. However, rather than focussing on training bigger models with

more and more data types as input, we argue that researchers should consider what kinds of founda-

tion models would have the highest utility for the field.

By understanding what kind of learned information different data types offer during training,

we can better design training strategies to build models focussed at particular design tasks. This is

crucial as there is no singular hierarchy of design tasks. Instead of having a single model for every

problem, we argue that more importantly we require a principled understanding of which mod-

els are good for what tasks. Our hope is that these insights will help us move towards being able

to design multiple properties simultaneously. This would be a huge boon for developing thera-

peutics; if we design a protein that fulfills the therapeutic function we need and is an optimized

drug-like molecule from the beginning we can save years and millions of dollars in failed therapeutic

programs.
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Progress in this field will come not just from improvements in the machine learning and mod-

elling, but also technological advancements in our ability to produce large, rich datasets; arguably

this is far more important than developing newmachine learning architectures. We have seen in

chapter 1 how the nature of our training data influences the type of functions we can predict. Thus

we should produce training data with our specific functions in mind so that we can train models in-

tentionally. In addition to training data, novel datasets for validation are also in dire need. An evalu-

ation metric is useless without good data to calculate the metric on. Furthermore, a carefully crafted

benchmarking dataset will allow us to filter out poorly performing models before even testing their

designs. The experiments to produce these datasets should be designed with the specific goal of

benchmarking a model in mind. For example, instead of only testing the top end of a model’s pre-

dictions, we should measure predictions across the score distribution to get a more thorough idea of

whether the model’s learned distribution actually correlates with the function at hand.

In conclusion, this is a thesis about how to tell if your model is useful for protein engineering and

how to use it if it is. We hope these insights will be a boon to engineers and play a part in advancing

our ability to leverage computational models for functional protein design.
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A
Appendix to Chapter 1

A.1 Appendix to ProteinGym

A.1.1 Social Impact

Protein design holds considerable promise for various fields, ranging frommedicine to agriculture,

and is likely to have a profound social impact. However, the development of such technology intro-

duces several concerns, particularly relating to the dual use of protein fitness and design models. For
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instance, while beneficial for areas like drug design, these models can also be potentially utilized for

harmful purposes such as bio-weapon design. Consider a generative model developed for therapeu-

tic purposes: it typically penalizes predicted toxicity. Yet, the logic of this model could be inverted

to instead reward for toxicity262. Indeed, any tool or benchmark developed to improve protein de-

sign can be manipulated for nefarious objectives. Lastly, protein fitness models will significantly

influence the way experiments are conducted. With increased adoption and development of protein

design, substantial portions of experimental work can be accelerated, leading to quicker iterations

and improved results. Nonetheless, the need for wet lab experimentation remains. These technolog-

ical advancements will serve to augment, rather than completely supplant, traditional experimental

procedures.

Additionally, the American College of Medical Genetics (ACMG) disregards computational pre-

diction of variant effects due to insufficient validation. Consequently, it is essential to create bench-

marks using clinical data in order to promote the acceptance of these machine learning methods in

medical practice.

A.1.2 Limitations

Deep mutational scans While significant efforts have been dedicated to curating and prepro-

cessing a diverse set of deep mutational scans (DMS), the very nature of these scans imposes biases

and limitations to this benchmark:

1. Measurement noise Experiments do not have a perfect dynamic range, often imposing a

restrictive ceiling and/or floor to the measured response of mutation effects that is not mean-

ingful for protein function and mutation effect prediction. Furthermore, noise is a perennial

issue in high-throughput assays, and some assays have poor experimental replicate correla-

tion. Taken together, this means that one cannot expect perfect correlation between exper-
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iment and model. Since these considerations affect different proteins to different extents,

computing average Spearman correlations across proteins can be misleading.

2. Bias There is additional bias in the types of proteins chosen for deep mutational scans.

This can be due both to experimental limitations on which proteins’ functions can be as-

sayed (for example, disordered proteins are challenging), and to protein prioritisation consid-

erations (for example, viral and cancer-related proteins are over-represented).

3. Representativeness No assay is fully representative of the impacts of protein changes on

the evolutionary fitness of an organism, which typically involves a convolution of molecular

functions across changing environments. In fact, many assays target only a single feature

such as expression, binding, or enzymatic activity.

4. Inconsistent processing The reported fitness effects fromDMS are themselves the result

of modeling and analysis of the raw data. The treatment of data is extremely heterogeneous

across the community and different analyses can lead to different conclusions on the effect

of mutations. For a perfect standardised curation of experimental results one should treat all

data with the same approach. We leave this type of analysis for future work.

A.1.3 Datasets

DMS assays

Evolution of protein fitness benchmarks based onDMS assays As discussed in

§ 1.1.4, our DMS benchmarks build on several prior works that had compiled a growing library

of such assays. We summarize their content in Table A1.

Selection and processing We focused on several different criteria when determining which

DMS assays to include in ProteinGym. These are:
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Category Mut.
Type

Metric or
Setting

EVmutation Deep
Sequence

ProteinGym
v0.1

ProteinGym
v1.0

DMS Sub. Assays (mut.) 26 (0.1M) 38 (0.7M) 87 (1.6M) 217 (2.4M)
Ind. Assays (mut.) 0 (0k) 0 (0k) 7 (270k) 66 (289k)

Clinical Sub. Genes (mut.) 0 0 0 2,525 (63k)
Ind. Genes (mut.) 0 0 0 1,555 (3k)

Training
regime

Sub. Zero-shot 3 3 3 3

Ind. Zero-shot - - 3 3

Sub. Supervised - - - 3

Ind. Supervised - - - 3

Baselines Sub. Zero-shot 5 3 9 42
Ind. Zero-shot 0 0 3 20
Sub. Supervised 0 0 0 9
Ind. Supervised 0 0 0 3

Metrics - Zero-shot 2 3 3 5
- Supervised 0 0 0 2

Table A1: Evolution of protein fitness benchmarks ProteinGym v0.1 corresponds to benchmarks in ? , while ProteinGym
v1.0 corresponds to benchmarks in this paper. The EVmutation benchmark was introduced in ? , while the DeepSe‐
quence benchmark was developed in 207. Sub., Ind. and mut. are shorthands for substitutions, indels and mutants re‐
spectively.

1. The public availability of data

2. The experimental throughput (howmany mutations were assayed)

3. The level of noise between experiment replicates

4. The dynamic range of the assay

5. The assay type (selection, enrichment, etc) and whether or not it captures evolutionary con-

straints.

6. If the assay used amino-acid substitution or indel mutations (no UTR, tRNA, promoter, etc.

variants were included).
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Final list of assays In-depth metadata about the assays, including the assay type, UniProt

ID, MSA start and end positions, mutated positions, and target sequence, is provided under the

reference_files directory in the codebase. A complete list of included assays is presented at the

end of the appendix (See Tables A8 and ??)

Processing of large thermostability dataset A large dataset of thermostability assays

of 331 natural domains260 contributed 65 assays to our list. We processed these assays as follows:

We used the set of non-redundant natural domains (referred to as Dataset #5 in the original pa-

per). After mapping to UniProt IDs for our DMS id naming convention and removing datasets

where none of the tested evolutionary models had a Spearman correlation above 0.2 (suggesting that

there is inadequate evolutionary fitness signal in the stability assay, preventing meaningful compar-

isons between models), we were left with 65 thermostability assays of short domains (40-72 residues

long). For substitutions, there was 99+% coverage of each position with 14-19 mutations per po-

sition (and 52 of those datasets with multiples), and for indels there was a deletion, Gly and Ala

insertion at every position.

Classification of DMS assays We grouped the substitution DMS assays into five function

types: activity, binding, expression, organismal fitness, and stability, assigning each to a primary

class such that the classes are non-overlapping. We provide a brief description of each class in Ta-

ble A2. We took into account multiple factors to delineate the groups as cleanly as possible, most

importantly the type of experiment used (e.g., cell growth, cell sorting, biochemical, stability, etc.).

Some assay types presented ambiguities that were resolved as follows:

• Cell growth Growth-based assays link the function of their target protein to cellular

survival and growth. These assays generally fall under “Organismal fitness”, particularly

for complementation assays where mutants are tested for their ability to replace the nat-
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ural function of the wild-type target and allow cell growth. However, in some cases, cell

growth is artificially linked to phenotypes such as enzymatic activity (e.g., SRC_HUMAN7,

MET_HUMAN74, Q837P4_ENTFA173), expression (HXK4_HUMAN87), or binding

(RASK_HUMAN277). We recategorized assays that were deemed sufficiently distinct from

the protein’s natural function in the cell.

• Cell sorting Cell sorting, most commonly fluorescence-activated cell sorting (FACS), ar-

tificially selects cells that have been fluorescently labeled according to their function. This

class of experiments generally falls into “Activity”, “Binding”, or “Expression”, depending

on the choice of labeling target. “Expression” assays label the target protein itself, quanti-

fying its expression levels inside the cell or on the cell surface (e.g., NUD15_HUMAN245,

OPSD_HUMAN270). Since protein abundance and cell surface presentation are depen-

dent on protein stability, these assays are often characterized elsewhere as stability assays

(e.g., PRKN_HUMAN47, PTEN_HUMAN168). “Activity” assays quantify levels of an en-

zyme’s product or reporters of enzymatic activity (e.g., OXDA_RHOTO266, A0A247D711_LISMN238,

PPARG_HUMAN261). “Binding” assays quantify levels of a binding partner or another re-

porter of protein binding (e.g., ACE2_HUMAN37, GCN4_YEAST239).

Access

The following provides more details on the code and data Resources (§ 1.1.8) accompanying this

paper.

The open-source codebase containing a framework for scoring all the benchmarks is available via

our GitHub repository at: https://github.com/OATML-Markslab/ProteinGym. Modifications of

certain baselines (e.g. scoring of long sequences beyond the context size in the ESM suite, or pre-

processing of MSAs inMSA Transformer) are also released, and all of the model predictions can
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Function type # Assays Description

Subs Indels

Activity 43 3 Assays that directly or indirectly measure a protein’s cat-
alytic (or otherwise biochemical) activity

Binding 14 0 Assays that measure the affinity or the degree to which a
protein binds its target

Expression 17 2 Assays that measure howmuch the protein is expressed in a
cell

Organismal fitness 77 6 Assays that measure howmuch changes in the protein
affect an organism’s growth rate

Stability 66 55 Assays that measure how thermostable a protein is

Table A2: DMS assay function types. The number of substitution and indel assays in each of the 5 function type cate‐
gories and a general description used to categorize the assays.

be reproduced using this repository. We also include preprocessing code for the clinical data (Clin-

Var/gnomAD) and DMS assays for reproducibility.

We developed a user-friendly website, https://www.proteingym.org containing a leaderboard,

detailed results per assay, as well as drill analyses across various dimensions (e.g mutational depth,

taxa).

The DMS assays, model scores, Multiple Sequence Alignments, predicted 3D structures, pro-

cessed ClinVar/gnomAD datasets, and raw files before preprocessing can all be downloaded from

our servers (see download instructions on our GitHub repository). Some model checkpoints and

other files necessary for scoring (for baselines such as profileHMM, PROVEAN) are also available

via our servers, although most model checkpoints such as ESM-1v are available from their respective

repositories.

License

The codebase is open source under the MIT license.
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A.1.4 Baselines

Unless otherwise specified, model scores are calculated by taking the log-ratio of the sequence prob-

abilities between the mutant and wild-type sequences log p(xmut)
p(xwt) , following the convention in Hopf

et al. 110 .

Zero-shot baselines

Alignment-based models

• Site-independent Model We use a site-wise maximum entropy model to infer the con-

tribution of site-specific amino acid constraints without considering explicit epistatic con-

straints. This model is implemented as referred to in Hopf et al. 110 .

• HMM We use the profile hiddenMarkov model (HMM) implementation in HMMER68.

Profile HMMs are frequently used to generate multiple sequence alignments, but also pro-

duce log probabilities of sequences that can be used as estimates of fitness for both substitu-

tions and indels67.

• EVMutation EVMutation110 models pairwise evolutionary couplings between protein

sequences using a Potts model (otherwise known as a Markov Random Field).

• DeepSequence DeepSequence207 uses a VAE architecture to learn higher-order non-linear

evolutionary constraints within each protein family. Mutation effect scores are calculated

similarly as EVMutation, as the log-ratio between the mutant and wild-type sequence proba-

bilities log p(xmut|θ)
p(xwt|θ) , but using the VAE evidence lower bound (ELBO) as a proxy for p(x|θ).

• WaveNet We use a previously published dilated convolutional neural network (dilCNN)

based on theWaveNet architecture227 as an example of a family-specific sequence decoder
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capable of handling indels. Due to the expense of training a separate model for each pro-

tein, we only evaluate this model against the DMS datasets. Sequence scores are calculated

as the difference in (length-normalized) log-likelihoods between the mutant and wild-type

sequences.

• EVE EVE83 is a Bayesian VAEmodel architecture for predicting clinical variant effects.

The model includes a GaussianMixture Model fitted to the background distribution of

mutations, in order to provide interpretable protein-specific pathogenicity scores. We use the

ClinVar preprocessing pipeline from EVE, and EVE is also used in TranceptEVE193.

• GEMME GEMME is the Global Epistatic Model for predicting Mutational Effects. It

infers the conservation of combinations of mutations across the entire sequence according

to an evolutionary tree72 and combines it with site-wise frequencies to calculate a combined

epistatic sequence score for mutations146. GEMME intakes multiple sequence alignments of

protein families as well as specific mutations to generate scores. To obtain scores, we used the

GEMMEweb-tool hosted at http://www.lcqb.upmc.fr/GEMME/submit.htmlwith default

parameters.

Protein language models Protein language models are so called because they all use variants

of the Transformer267 architecture popularised in natural language processing.

• UniRep UniRep8 trains a Long Short-TermMemory (LSTM) model on UniRef50249

sequences. It learns how to internally represent proteins by being trained on next amino

acid prediction through minimizing cross-entropy loss. While the core model is trained on

unaligned sequences, UniRep can also be fine-tuned on sets of homologous sequences from

a given family, retrieved with a MSA. This process is called ‘evotuning’ and typically leads to

stronger fitness prediction performance.
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• ESM ESM-1b208 and ESM-1v174 are protein language models with a Transformer encoder

architecture similar to BERT58 and trained with a Masked-Language Modeling (MLM)

objective on UniRef50 and UniRef90 respectively. We extend the original ESM codebase for

these two models to handle sequences that are longer than the model context window (ie.,

1023 amino acids), with the approach described in Brandes et al. 29 for ESM-1b and in Notin

et al. 190 for ESM-1v. We predict fitness for ESMmodels with the masked-marginal approach

introduced inMeier et al. 174 , which provides optimal performance on substitutions, but

does not support indels.

• CARP CARP288 is a protein language model trained with a MLM objective on Uniref50.

The architecture leverages convolutions instead of self-attention, leading to computational

speedups while maitenaning high downstream task performance.

• RITA RITA101 is an autoregressive language model akin to GPT2203, trained on UniRef100249.

Four model sizes are available, ranging from 85 million to 1.2 billion parameters. RITA takes

unaligned sequences as input, and can score both substitution and indel mutations.

• ProGen2 ProGen2188 is an autoregressive protein language model trained on a mixture of

UniRef90249 and BFD30242. It follows the standard transformer decoder architecture, and

five models of different sizes are available, ranging from 151 million to 6.4 billion parame-

ters. ProGen2 takes unaligned sequences as input, and can score both indel and substitution

mutations.

• VESPA VESPA165 is as Single Amino acid Variant (SAV) effect predictor based on a com-

bination the embeddings from the protein language model ProtT571, as well as per-residue

conservation predictions.
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Inverse Folding models Inverse folding models learn the conditional distribution of se-

quences that are likely to fold to an input protein structure116. Given that there may not be ex-

perimentally solved structures for the target sequence of all DMS assays in ProteinGym, we gener-

ate input structures using Alphafold2 (AF2)129. The inverse folding model in combination with

AF2 encompasses an end-to-end scoring pipeline that only requires a protein sequence to score vari-

ants. As the sequence representation size is defined by the size of the input structure, the models we

benchmark here can only score substitutions.

• ProteinMPNN ProteinMPNN54 takes in a protein backbone structure and featurizes it

as a graph where backbone (N,C,Cα) atoms are nodes and edges are determined via euclidian

distance cut-offs. The model uses a message passing neural network (MPNN)116 to encode

the structure into a latent graph representation. The model then decodes the representation

and samples sequences autoregressively.

• MIF TheMasked Inverse Folding (MIF) andMasked Inverse Folding with Sequence

Transfer (MIF-ST) models290 are structured-conditioned protein language models trained

with a MLM objective. MIF is trained on CATH4.255, andMIF-ST further augments the

MIF model with embeddings from CARP (640M).

• ESM-IF1 ESM-IF1112 functions similarly to ProteinMPNN but leverages a Geometric

Vector Perceptron124 (an equivariant message passing module ideal for coordinate data) as

the architecture for the structure encoder and sequence decoder.

Hybrid models

• MSA Transformer TheMSA Transformer 205 learns a representation of Multiple Se-

quence Alignments (MSAs) by training an Axial transformer-based transformer104 with a

MLM objective across a diverse set of 26 millionMSAs.
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• Tranception Tranception190 combines an autoregressive protein language model with

inference-time retrieval from aMSA.We evaluate Tranception Small (85M), Tranception

Medium (300M parameters) and Tranception Large (700M parameters) both with and with-

out MSA retrieval. Tranception can score both indel and substitution mutations.

• TranceptEVE TranceptEVE augments Tranception with priors for the amino acid distri-

bution at each position based on an ensemble of EVEmodels for the protein family of inter-

est. The final output log probability is thus a weighted sum of that EVE log prior, the log

probability from the autoregressive transformer model in Tranception, as well as site-specific

log probabilities obtained from a retrievedMSA (as in the inference-time retrieval procedure

described in Tranception). TranceptEVE can score both indels and substitutions.

A.1.5 Detailed performance results

DMS substitution benchmarks

Zero-shot Table A3 shows the results for our zero-shot DMS substitutions benchmark. We

report Spearman’s rank correlations and bootstrapped standard error estimates for forty baseline

models. Table ?? breaks down our substitution DMS byMSA depth, Table A5 by function type, Ta-

ble ?? by taxa, and Table ?? by mutational depth. To compute the final Spearman’s rank correlation

reported in Table A3, we first average all the assays for a particular function type together, resulting

in five average values (one each for Activity, Binding, Expression, Organismal Fitness, and Stability).

The average of these five numbers is the final reported value.
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Table A3: ProteinGym ‐ Zero‐shot substitution DMS benchmark Ranking based on corrected average of Spearman’s rank
correlation between experimental assay measurement and model prediction. The standard error reported corresponds
to the non‐parametric bootstrap standard error of the difference between the Spearman performance of a given model
and that of the best overall model (i.e., TranceptEVE), computed over 10k bootstrap samples from the set of proteins in
the ProteinGym DMS substitution benchmark.

Ranking Model Type Spearman Std. error

1* TranceptEVE L Hybrid model 0.456 0.000

1* TranceptEVEM Hybrid model 0.455 0.004

1* GEMME Alignment-based model 0.455 0.007

4 TranceptEVE S Hybrid model 0.452 0.004

5 EVE (ensemble) Alignment-based model 0.439 0.006

6 VESPA Protein language model 0.436 0.006

7* Tranception L Hybrid model 0.434 0.004

7* MSA Transformer (ensemble) Hybrid model 0.434 0.009

9 EVE (single) Alignment-based model 0.433 0.005

10 TranceptionM Hybrid model 0.427 0.005

11 ESM-IF1 Inverse folding model 0.422 0.011

12 MSA Transformer (single) Hybrid model 0.421 0.009

13 DeepSequence (ensemble) Alignment-based model 0.419 0.008

14 Tranception S Hybrid model 0.418 0.006

15 ESM2 (650M) Protein language model 0.414 0.012

16* DeepSequence (single) Alignment-based model 0.407 0.008

16* ESM-1v (ensemble) Protein language model 0.407 0.012

18 ESM2 (3B) Protein language model 0.406 0.011
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Table A3: (continued)

Ranking Model Type Spearman Std. error

19* MIF-ST Inverse folding model 0.401 0.010

19* ESM2 (15B) Protein language model 0.401 0.010

21 EVmutation Alignment-based model 0.395 0.006

22* ESM-1b Protein language model 0.394 0.010

22* VESPAl Protein language model 0.394 0.007

24 ProGen2 XL Protein language model 0.391 0.008

25 ESM2 (150M) Protein language model 0.387 0.013

26 MIF Inverse folding model 0.382 0.011

27 ProGen2 L Protein language model 0.380 0.008

28 ProGen2M Protein language model 0.379 0.008

29 ProGen2 Base Protein language model 0.378 0.009

30* Tranception L no retrieval Protein language model 0.374 0.008

30* ESM-1v (single) Protein language model 0.374 0.013

32 WaveNet Alignment-based model 0.373 0.012

33 RITAXL Protein language model 0.372 0.009

34 CARP (640M) Protein language model 0.368 0.011

35 RITA L Protein language model 0.365 0.009

36 Site-Independent Alignment-based model 0.359 0.010

37 RITAM Protein language model 0.350 0.010

38 TranceptionM no retrieval Protein language model 0.348 0.009

39 Unirep evotuned Hybrid model 0.347 0.009
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Table A3: (continued)

Ranking Model Type Spearman Std. error

40 ProGen2 S Protein language model 0.336 0.011

41 CARP (76M) Protein language model 0.328 0.012

42 ESM2 (35M) Protein language model 0.321 0.015

43 RITA S Protein language model 0.304 0.011

44 Tranception S no retrieval Protein language model 0.303 0.012

45 CARP (38M) Protein language model 0.279 0.014

46 ProteinMPNN Inverse folding model 0.258 0.011

47 ESM2 (8M) Protein language model 0.226 0.015

48 UniRep Protein language model 0.190 0.016

49 ProtGPT2 Protein language model 0.188 0.011

50 CARP (600K) Protein language model 0.106 0.016

Clustering zero-shot substitution models We clustered the zero-shot models using

hierarchical clustering on the vector of NDCGmetrics for each dataset in the DMS substitutions

(Fig. A1). We find that models with the same architecture tend to cluster together (e.g., RITAmod-

els), however, there are exceptions (e.g., ESM-2 models). We also observe that the alignment-based

models tend to cluster together, suggesting that training on the sameMSAmay promote similar

scoring behavior.
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Model type Model name Spearman by Function Type (↑)

Activity Binding Expression Organismal Stability AllFitness

Alignment-
based

Site-Independent 0.369 0.345 0.351 0.382 0.358 0.361
WaveNet 0.379 0.325 0.350 0.365 0.449 0.374
EVmutation 0.440 0.322 0.382 0.411 0.430 0.397
DeepSequence (ens.) 0.455 0.368 0.396 0.413 0.476 0.422
EVE (ens.) 0.464 0.394 0.406 0.447 0.491 0.440
GEMME 0.482 0.387 0.443 0.452 0.519 0.457

Protein
language

UniRep 0.182 0.203 0.230 0.141 0.210 0.193
CARP (640M) 0.395 0.274 0.419 0.364 0.414 0.373
ESM-1b 0.428 0.289 0.427 0.351 0.500 0.399
ESM-2 (15B) 0.405 0.318 0.425 0.388 0.488 0.405
RITAXL 0.366 0.303 0.416 0.381 0.398 0.373
ESM-1v (ens.) 0.414 0.320 0.456 0.387 0.500 0.415
ProGen2 XL 0.402 0.302 0.423 0.387 0.445 0.392
VESPA 0.468 0.365 0.410 0.440 0.500 0.437

Hybrid UniRep evotuned 0.355 0.304 0.366 0.346 0.366 0.347
MSA Transformer (ens.) 0.469 0.343 0.439 0.421 0.495 0.433
Tranception L 0.465 0.351 0.455 0.436 0.471 0.436
TranceptEVE L 0.487 0.381 0.456 0.460 0.500 0.457

Inverse
Folding

ESM-IF1 0.368 0.392 0.403 0.324 0.624 0.422
MIF-ST 0.390 0.323 0.432 0.373 0.486 0.401
ProteinMPNN 0.197 0.165 0.198 0.165 0.566 0.258

Table A5: ProteinGym ‐ Zero‐shot substitution DMS benchmark by function type Corrected average of Spearman’s
rank correlation between model scores and experimental measurements on the ProteinGym substitution benchmark,
separated into five functional categories (Activity, Binding, Organismal Fitness, Stability and Expression). ‘All’ is the
average of all the categories.
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Figure A1: Hierarchical clustering of zero‐shot models by NDCG performance Heatmap colored by the Pearson corre‐
lation of the NDCG@10% values for each DMS assay for each pair of zero‐shot models. Lighter color corresponds to
higher correlation. The ordering and dendogram were produced by hierarchical clustering of the correlation values.

Table A8: List of substitution datasets See the reference file in the GitHub repo for other info (UniProt ID, taxon, DOI,
and more assay details).

Dataset Reference

β-Lactamase Jacquier et al. 118

β-Lactamase Stiffler et al. 243
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Table A8: (continued)

Dataset Reference

β-Lactamase Firnberg et al. 79

β-Lactamase Deng et al. 56

β-Lactamase VIM-2 Chen et al. 39

β-Glucosidase Romero et al. 211

AAV Sinai et al. 231

ACE2 Chan et al. 37

ADRB2 Jones et al. 128

APH(3’)II, neo Melnikov et al. 177

APP Seuma et al. 225

Activation-induced deaminase Gajula et al. 84

Aliphatic amidase Wrenbeck et al. 280

Alpha-synuclein Newberry et al. 185

Amyloid β Gray et al. 96

Amyloid β Seuma et al. 226

Ancestral spleen tyrosine kinase Hobbs et al. 105

Anti-CRISPR protein AcrIIA4 Stadelmann et al. 238

Antitoxin ParD3 Ding et al. 60

Antitoxin ParD3 Aakre et al. 1

Arrestin-1 Ostermaier et al. 197

BRCA1 Findlay et al. 78

BRCA2 Erwood et al. 73

CALM1 Weile et al. 275

111



Table A8: (continued)

Dataset Reference

CARD11 Meitlis et al. 175

CASP3 Roychowdhury & Romero 214

CASP7 Roychowdhury & Romero 214

CBS (cystathionine beta-synthase) Sun et al. 247

CCR5 Gill et al. 90

CD19 Klesmith et al. 137

CVB3 capsid Mattenberger et al. 169

CXCR4 Gill et al. 90

Chalcone synthase Wrenbeck et al. 281

Cytochrome P450 2C9 Amorosi et al. 12

Cytochrome P450 2C9 Amorosi et al. 12

D-amino acid oxidase Vanella et al. 266

DHFR reductase Nguyen et al. 186

DHFR reductase Thompson et al. 253

DNAmethylase HaeIII Rockah-Shmuel et al. 209

Dengue virus NS5 Suphatrakul et al. 248

Dlg4, (PSD95_PDZ3) McLaughlin et al. 171

EfrC Meier et al. 173

EfrD Meier et al. 173

EnvZ Ghose et al. 88

ErbB2 membrane domain Elazar et al. 70

EstA Nutschel et al. 195
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Table A8: (continued)

Dataset Reference

GAL4 Kitzman et al. 135

GB1 Wu et al. 282

GB1 Olson et al. 196

GDI1 Silverstein et al. 230

GFP Sarkisyan et al. 219

GMR (aacC1) Dandage et al. 52

GRB2-SH3 Faure et al. 75

Gcn4 Staller et al. 239

Glucokinase regulatory protein Gersing et al. 87

Glucokinase regulatory protein Gersing et al. 86

Glycophorin Amembrane domain Elazar et al. 70

Green fluorescent protein amacGFP Gonzalez Somermeyer et al. 93

Green fluorescent protein cgreGFP Gonzalez Somermeyer et al. 93

Green fluorescent protein ppluGFP2 Gonzalez Somermeyer et al. 93

HIV env Duenas-Decamp et al. 64

HIV env Haddox et al. 98

HIV env (BF520) Haddox et al. 98

HIV env (BG505) Haddox et al. 98

HIV rev Fernandes et al. 76

HIV tat Fernandes et al. 76

HMG-CoA reductase Jiang 122

HRAS Bandaru et al. 18
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Table A8: (continued)

Dataset Reference

HSP82 Flynn et al. 80

HSP82 Mishra et al. 181

Hsp90 Hietpas et al. 103

Hydroxymethylbilane synthase van Loggerenberg et al. 265

IGP dehydratase (HIS3) Pokusaeva et al. 200

InfA Kelsic et al. 131

Influenza H3N2 neuraminidase Lei et al. 150

Influenza M1matrix protein Hom et al. 107

Influenza RNA polymerase PB1 Li et al. 154

Influenza hemagglutinin Thyagarajan & Bloom 254

Influenza hemagglutinin Doud & Bloom 62

Influenza hemagglutinin Wu et al. 284

Influenza hemagglutinin Lee et al. 149

Influenza neuraminidase Jiang et al. 121

Influenza nucleoprotein Bloom 25

Influenza nucleoprotein Doud et al. 63

Influenza nucleoprotein Doud & Bloom 62

Influenza polymerase acidic protein Wu et al. 283

Influenza polymerase basic protein 2 Soh et al. 232

KCNE1 Muhammad et al. 183

KCNH2 Kozek et al. 140

KCNJ2 Coyote-Maestas et al. 48
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Table A8: (continued)

Dataset Reference

KRAS Weng et al. 277

KRAS Ursu et al. 263

L-selectin Elazar et al. 70

LGK (levoglucosan kinase) Wrenbeck et al. 281

LGK (levoglucosan kinase) Klesmith et al. 136

LamB Andrews & Fields 13

Leucine-rich repeat protein SHOC-2 Kwon et al. 145

MAPK1 Brenan et al. 30

MET kinase Estevam et al. 74

MPL Bridgford et al. 31

MSH2 Jia et al. 120

MTHFR reductase Weile et al. 274

MlaC MacRae et al. 160

NPC intracellular cholesterol transporter Erwood et al. 73

NPC intracellular cholesterol transporter Erwood et al. 73

NS5A Qi et al. 202

NUDT15 Suiter et al. 245

OCT1 (SLC22A1) Yee et al. 291

Ornithine transcarbamylase Lo et al. 158

p53 Giacomelli et al. 89

p53 Kotler et al. 139

PAB1 Melamed et al. 176
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Table A8: (continued)

Dataset Reference

PPARG UKMonogenic Diabetes Consortium et al. 261

PSD95-PDZ3 Faure et al. 75

PTEN Matreyek et al. 168

PTEN Mighell et al. 179

Parkin Clausen et al. 47

Phosphoserine aminotransferase Xie et al. 286

Phototropin Chen et al. 42

Pilin (PilE) Kennouche et al. 133

Plasminogen activator inhibitor-1 Huttinger et al. 115

Protein phosphatase 1D Miller et al. 180

RAF oncogene Zinkus-Boltz et al. 298

RNAse III (rnc) Weeks &Ostermeier 272

Rhodopsin Wan et al. 270

SARS-CoV-2Mpro Flynn et al. 81

SARS-CoV-2 Spike RBD Tan et al. 252

SARS-CoV2 Spike RBD Starr et al. 241

SCN5A Glazer et al. 92

SOX17 Veerapandian et al. 268

SOX2 Veerapandian et al. 268

SRC Ahler et al. 7

SUMO-conjugating enzyme UBC9 Weile et al. 275

Small ubiquitin-related modifier 1 Weile et al. 275
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Table A8: (continued)

Dataset Reference

Sodium-dependent serotonin transporter Young et al. 293

Src Chakraborty et al. 36

Src Nguyen et al. 187

Streptococcus pyogenes Cas9 Spencer & Zhang 236

TARDBP Bolognesi et al. 27

TIM Barrel (S. solfataricus) Chan et al. 38

TIM Barrel (T. maritima) Chan et al. 38

TIM Barrel (T. thermophilus) Chan et al. 38

Thiamin pyrophosphokinase 1 Weile et al. 275

Thiopurine S-methyltransferase (TPMT) Matreyek et al. 167

Toxin CcdB Tripathi et al. 258

Toxin CcdB Adkar et al. 4

Tsuboyama multi-DMS Tsuboyama et al. 260

Ube4b Starita et al. 240

Ubiquitin Roscoe et al. 213

Ubiquitin Roscoe & Bolon 212

Ubiquitin Mavor et al. 170

VKORC1 Chiasson et al. 44

VKORC1 Chiasson et al. 44

YAP1 Araya et al. 15

Zika virus env Sourisseau et al. 235
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A.2 Appendix to StuctSeq

Function type ESM-IF1 ProteinMPNN

Activity 9 5
Binding 2 0
Expression 4 2
Organismal fitness 12 2
Stability 55 32
Unannotated 1 1

Total 83 42

Table A9: Top inverse folding model statistic The number of assays for which each inverse folding model had higher
Spearman than all 6 best‐in‐class sequence models analyzed here, grouped by function type. The performances of ESM‐
IF1 and ProteinMPNN were not compared to each other here.

Model name Activity Binding Expression OrganismalFitness Stability

EVE (ens.) 2 1 0 1 0
GEMME 4 1 1 7 3
ProGen2 (ens.) 3 0 0 9 0
VESPA 5 4 1 18 1
ProteinMPNN 0 0 0 0 2
ESM-IF1 9 2 4 12 53
Tranception L 3 1 0 7 4
TranceptEVE 5 1 0 15 5

Table A10: Top model statistics Each row shows the number of assays for which that model was the top performer by
Spearman, grouped by assay function type. Here all 8 models were compared against each other.
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A B

Figure A2: Spearman comparisons for ProteinMPNN (A) The gain in Spearman between ProteinMPNN and the top two
sequence models of each sequence model type, calculated for each DMS. We plot the DMSes in order of the median
Spearman Gain. (A) The ProteinMPNN Spearman compared to the ESM‐IF1 Spearman on the DMS assays. The dotted
line corresponds to the identity line. The point color for both panels corresponds to the type of function assayed in the
DMS.
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B
Appendix to Chapter 2

B.1 Proof of Lemma 2.5.2

Let us first re-state the lemma in its complete form.

Lemma (Complete form of Lemma 2.5.2). Assume thatX is locally-compact and second countable.

Moreover, assume that kX×Y = kX ⊗ kY , and that kX , kY satisfy the integrability conditions
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E [kX (X,X)kY(Y,Y)] < +∞ andE [kY(Y,Y)] < +∞ (and similarly for Ỹ). Then,

ACMMD2(P|,Q|) =
∥∥∥TKX (μP|

− μQ|
)
∥∥∥2
HX ,HY

Where μP|
and μQ|

are the conditional mean embeddings198 of P| and Q|, given by: μP|
: x 7−→

Ey∼P|xkY(y, ·) (and similarly for Q|), KX (x, x′) := kX (x, x′)IHY is an operator-valued kernel with

associated vector-valued RKHSHX ,HY ⊂ L2
PX
(X ,HY), and TKX is its associated integral operator

from L2
PX
(X ,HX ,HY ) toHX ,HY , defined as

TKX f(x) =
∫
X
KX (x, x′)f(x′)PX(dx′) ∈ HY

for all f ∈ L2
PX
(X ,HY) and x ∈ X . Moreover, if kX and kY are C0-universal *

ACMMD(P|,Q|) = 0 ⇐⇒ μP|x
= μQ|x

, PX-a.e.

Proof. Let us introduce the notations used in this proof. Let (Ω,F ,P) be the sample space, X(ω),Y(ω), Ỹ(ω)

being random variables on Ω corresponding to the input, target and the model. When clear, we will

identify the measure P and the push-forwards Y#P, Ỹ#P and drop the dependence of Y, Ỹ on ω.

Given x ∈ X , we writeKx the linear operator fromHY toL(X ,HY), the space of linear operators

fromX toHY , such that (Kxf)(x′) = KX (x, x′)f ∈ HY for all f ∈ HY . When no confusion is

possible, we may identify the notations kY(y, ·) and ky.

The existence of the conditional mean embeddings μP|
and μQ|

is guaranteed by198 Defini-

tion 3.1 under the integrability assumption
∫
kY(y, y)dP(y) < +∞ and

∫
kY(ỹ, ỹ)dP(ỹ) <

+∞. The second integrability assumption
∫
kX (x, x)kY(y, y)d(PX ⊗ P|)(x, y) =

∫
kX ⊗

*A kernel k is C0-universal if the associated RKHSHk is dense in C0(X ), the space of continuous func-
tions onX vanishing at infinity237
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kY((x, y), (x, y))d(PX ⊗ P|)(x, y) < +∞ guarantees the existence of the mean embedding μPX⊗P|
,

defined as: ∫
kX (x, ·)⊗ kY(y, ·)d(PX ⊗ P|)(x, y) ∈ HX ⊗HY

by97 Lemma 3 (and respectively forQ|). Here,HX ⊗HY is the tensor product Hilbert space ofHX

andHY , with kernel kX ⊗ kY . We actually prove a stronger form of the lemma, given by removing

the norm from both hands of the equality and replacing it with a suitable isometric isomorphism

φ : HX ⊗HY 7−→ HX ,HY

φ(
∫

kX (x, ·)⊗ kY(y, ·)d(PX ⊗ P|)(x, y) =
∫

KxμP|
dPX(x)

This isometric isomorphism is shown to exist in the “Currying lemma” of Carmeli et al. 35, Exam-

ple 6 regarding tensor product kernels (note that bothX – by assumption – and Y are locally com-

pact and second-countable). This lemma shows that the mapping:

φ : HX ⊗HY −→ F(X ,HY)

f⊗ g 7−→ φ(f⊗ g) = (x ∈ X 7−→ f(x)g ∈ HY)

is an isometric isomorphism betweenHX ⊗ HY andHX ,HY . This lemma gives both a representa-

tion formula for elements ofHX ,HY , and a way to formalize the currying operation, (e.g. the trans-

formation of a function of two variables into a higher-order function of one variable and returning a

function of one variable) on tensor-product spaces, since (f⊗ g)(x, y) = (φ(f⊗ g)(x))(y). We refer

to Carmeli et al. 35, Example 6 for a proof. Proceeding with the proof of Lemma 2.5.2, when f and g
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are kernel functions kX (x, ·) and kY(y, ·), the right-hand side of the equality can be related toKx as

φ(kX (x, ·)⊗ kY(y, ·))(x′) = kX (x, x′)kY(y, ·)

= K⋆
x′KxkY(y, ·)

= Kxky(x′)

where the second to last equality follows from the reproducing property ofHX ,HY . Since φ is linear

and unitary, it commutes with the mean embedding operation:59 Theorem 36, yielding:

φ(
∫

(kX (x, ·)⊗ kY(y, ·))d(PX ⊗ P|)(x, y)) =
∫

φ(kX (x, ·)⊗ kY(y, ·))d(PX ⊗ P|)(x, y)

=

∫
Kxkyd(PX ⊗ P|)(x, y)

To complete the proof, it remains to relate the right-hand side to the conditional mean embedding

μP|
, using ∫

Kxkyd(PX ⊗ P|)(x, y) =
∫∫

KxkydPX(x)dP|x(y)

=

∫
Kx

∫
kydP|x(y)dPX(x)

=

∫
KxμP|

(x)dPX(x)

asKx is a bounded linear operator. We thus have that:

φ(
∫

kX (x, ·)⊗ kY(y, ·)d(P|X ⊗ P|)(x, y) =
∫

KxμP|
dPX(x)

Combining this with the analogue of this result holding for μQ|
allows to show the stronger form

of Lemma 2.5.2. Let us now prove the second part of the lemma. AssumeACMMD(P|,Q|) = 0,

meaning

TKX (μP|
− μQ|

) = 0
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By Carmeli et al. 35, Theorem 2 KX is a C0-universal operator-valued kernel, the operator TKX is

injective. This implies that the conditional mean embeddings of P|x andQ|x are equal PX–almost

everywhere. By Park &Muandet 198, Theorem 5.2 applied to the case where the marginals are equal,

and since kX ⊗ kY is C0–universal, this implies that P|x = Q|x, PX–almost everywhere, and in

summary,ACMMD(P|,Q|) = 0 implies P|x = Q|x, PX–almost everywhere. To prove the reverse

direction, assume that P|x = Q|x, PX–almost everywhere Since Park &Muandet 198, Theorem

5.2 also prove the reverse direction of the statement relied upon in the previous argument, we have

that conversely μP|
(x) = μQ|

(x), PX–almost everywhere. By linearity of TKX , we thus have that

TKX (μP|
− μQ|

) = 0, and thereforeACMMD(P|,Q|) = 0.

B.2 Asymptotic distribution of ̂ACMMD2

As discussed in the main text, it is possible to characterize the asymptotic distribution ofN ̂ACMMD2.

when P| = Q|, and
√
N( ̂ACMMD2 − ACMMD2)when P| 6= Q|. This characterization is given

in the next lemma.

Lemma B.2.1. Assume that the integrability assumptions of Lemma 2.5.2 hold, and thatEZ1,Z2h(Z1,Z2)
2 <

+∞, and that

• if P|x = Q|x P(X)–a.s, thenE[ ̂ACMMD] = 0 and

N ̂ACMMD2 d−→
∞∑
j=1

λj(χ21j − 1)

where {χ21j}
∞
j=1 are independent random χ21 variables, and λj are the eigenvalues of the operator

defined as:

φ 7−→
∫

h(z, ·)φ(z)dP(z)
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• Assume moreover that kX and kY are C0-universal kernels, and that σ2h = 4VZ2 [EZ1h(Z1,Z2)] >

0. Then
√
N( ̂ACMMD2 −ACMMD 2])

d−→ N (0, σ2h)

Proof. SinceEZ1,Z2h(Z1,Z2)
2 < +∞we have thatVZ1,Z2EZ1,Z2h(Z1,Z2)

2 < +∞. Let us define,

as in Serfling 224, Section 5.1.5, the function h(z) = EZ2h(z,Z2), and define ζ := Vzh. For the first

point, we will show that if P| = Q|, P–a.s, then ζ = 0, and the result will follow from Serfling 224,

Setion 5.5.2. Indeed, noting k = kX ⊗ kY ,

h(z) = EZ2h(z,Z2)

= EZ2

〈
k((x, y), ·)− k((x, y′), ·), k((X2,Y2), ·)− k(X2, Ỹ2)

〉
=
〈
k((x, y), ·),−k((x, y′), ·),Ez2

[
k((X2,Y2), ·)− k((X2, Ỹ2), ·)

]〉
Where we exchanged the order of integration and inner product, which is possible since h 7−→

〈k((x, y), ·)− k((x, ỹ), ·), h〉 is a bounded linear functional for all (x, y, ỹ). Now,

Ez2k((X2,Y2), ·)− k((X2, Ỹ2), ·) = EPX

[
EP|k((X2,Y2), ·)− EQ|k((X2, Ỹ2), ·)

]
= 0

since P|x = Q|x PX–a.s. Thus, h(z) is a constant function, and ζ = 0. The second case follows by

assumption from Serfling 224, Section 5.1.1.

B.3 Proof of Lemma 2.5.3

LetHX×Y := HX ⊗ HY be the tensor-product RKHS of functions fromX × Y with kernel

kX ⊗ kY . The result can be obtained by applying a “coupling” argument, and starting from the
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following object:

μPX⊗P|−PX⊗Q|
:=

∫
(k((x(ω), y(ω)), ·)− k((x(ω), ỹ(ω)), ·)) dP(ω)

= Ex,y,̃y [k((x, y), ·)− k((x, ỹ), ·)]
(B.1)

We first show that μPX⊗P|−PX⊗Q|
is a well-defined element ofHX×Y . Indeed, the following opera-

tor

T : f ∈ H 7−→ Ezf((x, y))− f((x, ỹ))

satisfies
|Tf| ≤ E [|f(x, y)|+ |f(x, ỹ)|]

≤ ‖f‖HX×Y
(E
√

k((x, y), (x, y))

+ E
√

k((x, ỹ), (x, ỹ)))

and is bounded thanks to the integrability assumptions of Lemma 2.5.2. Applying the same ar-

gument as97 Lemma 3, it follows that the object in Equation (B.1) is well-defined and belongs to

HX×Y . Furthermore, by linearity of integration, we have that:

∫
(k((x(ω), y(ω)), ·)− k((x(ω), ỹ(ω)), ·)) dP(ω)

=

∫
k((x(ω), y(ω)), ·)dP(ω)−

∫
k((x(ω′), ỹ(ω′)), ·)dP(ω′)

= μPX⊗P|
− μPX⊗Q|
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To conclude, note that:

ACMMD(P|,Q|)
2 =

∥∥∥μPX⊗P|−PX⊗Q|

∥∥∥2
HX×Y

=
〈
μPX⊗P|−PX⊗Q|

, μPX⊗P|−PX⊗Q|

〉
HX×Y

=
〈
Ex,y,̃y [k((x, y), ·)− k((x, ỹ), ·)] ,Ex,y,̃y [k((x, y), ·)− k((x, ỹ), ·)]

〉
HX×Y

= Ex1,y1 ,̃y1Ex2,y2 ,̃y2h((x1, y1, ỹ1), (x2, y2, ỹ2))

Where the last equality was obtained by exchanging the order of integration and dot product, pos-

sible thanks to the integrability assumptions of Lemma 2.5.2, by using the bilinearity of the inner

product and the reproducing property of the kernel k. The symmetry of h in (Z1,Z2) follows from

the symmetry of kX ⊗ kY .

B.4 Proof of Lemma 2.5.4

Proof. The proof of the unbiasedness of ̂ACMMD2 follows by linearity of the expectation, and

that each h((Xi,Yi, Ỹi), (Xj,Yj, Ỹj)) is an unbiased estimator ofACMMD 2(P|,Q|).

B.5 Type-I error control of the ACMMDtest

The goal of this section is to show that the ACMMD test is guaranteed to control its type-I error

rate at level α.

B.6 Quantile estimation andDecision Rule

We first fully specify the way we compute our quantile estimate q̂1−α. Let bα := d(1− α)(B+ 1)e.

Given B bootstrap samples { ˜ACMMD2
b}Bb=1 and an ̂ACMMD2 estimate, we order them in increas-

ing order in a sequence of size B + 1, with ties broken arbitrarily. Letm = min{b ∈ [[1,B +
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1]] | ˜ACMMD2
b =

˜ACMMD2
bα}, andM = max{b ∈ [[1,B+ 1]] | ˜ACMMD2

b =
˜ACMMD2

bα}. We

set q̂1−α to be the (m− 1)-th element with probability (bα − (1− α)(B+ 1))/(M−m+ 1) (with

the convention that the 0-th element is−∞), and the bα-th element otherwise The decision rule is

then to reject the null hypothesis if ̂ACMMD2 > q1−α.

B.7 Wild-bootstrap and permutation-based approaches are equivalent in the

ACMMDtest

To show that the ACMMD test is guaranteed to control its type-I error rate at level α, we show that

the use of a wild bootstrap procedure in the ACMMD test can be cast as a computationally efficient

way to approximate the quantiles of the random variable ̂ACMMD2 when P|x = Q|x PX–a.e.

Lemma B.7.1. Let {Zi}Ni=1 be i.i.d realizations of PX ⊗ P| ⊗ Q|, and let {Wb
i }b=1...B

i=1...N be i.i.d.

Rademacher random variables independent of the data. Given a function σ : [[1,N]] 7−→ {−1, 1},

define {Zσ
i }Ni=1 := {Xi,Yσi , Ỹσi }Ni=1, where (Yσi , Ỹσi ) = (Yi, Ỹi) if σ(i) = 1, and (Ỹi,Yi) otherwise.

Then we have:

˜ACMMD2
b =

2
N(N− 1)

N∑
i,j=1
i<j

h(Zσb
i ,Z

σb
j ) := ̂ACMMD2

σb

for σb(i) := Wb
i .

TheWb
i should be understood as elements of a random swap σb, which for each i, swaps Yi and

Ỹi with probability 1/2.

Proof. Without loss of generality, we fix i = 1 and j = 2, and fix b, dropping the b index. Note that

h(Z1,Z2) and h(Zσ
1 ,Zσ

2) share the same kX (X1,X2). The only differing term is

g((Y1, Ỹ1), (Y2, Ỹ2)) := kY(Y1,Y2)) + kY(Ỹ1, Ỹ2)− kY(Y1, Ỹ2)− kY(Ỹ1,Y2)
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and we only need to show thatW1W2g((Y1, Ỹ1), (Y2, Ỹ2)) = g((Yσ1 , Ỹσ1), (Yσ2, Ỹσ2)).

CaseW1 = W2 = 1 In that case, Z1 = Zσ
1 and Z2 = Zσ

2, andW1W2h(Z1,Z2) = h(Z1,Z2) =

h(Zσ
1 ,Zσ

2). by definition of σ.

CaseW1 = W2 = −1 In that case, we have:

g((Yσ1 , Ỹσ1), (Yσ2, Ỹσ2)) = k(Ỹ1, Ỹ2) + k(Y1,Y2)k(Ỹ1,Y2)− k(Y1, Ỹ2)) = h(Z1,Z2)

implying againW1W2h(Z1,Z2) = h(Z1,Z2) = h(Zσ
1 ,Zσ

2).

CaseW1 = 1 andW2 = −1 In that case, we have:

h(Zσ
1 ,Zσ

2) = k((X1,Y1), (X2, Ỹ2)) + k((X1, Ỹ1), (X2,Y2))− k((X1,Y1), (X2,Y2))− k((X1, Ỹ1), (X2, Ỹ2))

= −h(Z1,Z2)

meaning againW1W2h(Z1,Z2) = −h(Z1,Z2) = h(Zσ
1 ,Zσ

2), and the last case is proved similarly.

B.8 Level of the ACMMDtest

We now show that the ACMMD test has the desired type-I error rate.

Lemma B.8.1. Assume that P|x = Q|x PX–a.s. Then the probability that the ACMMD test rejects the

null hypothesis is exactly α.

The proof consists in 2 steps. First, we show that the decision rule is equivalent to a simpler one.

Then, we analyze the latter decision rule.
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An equivalent decision rule This decision rule is equivalent to the one rejectingH0 if the

positionQ (with ties broken uniformly at random) of ̂ACMMD2 in that sequence satisfiesQ > bα,

accepting it ifQ < bα, and rejecting it with probability bα − (1 − α)(B + 1) ifQ = bα: Indeed,

Q > M ⇐⇒ ̂ACMMD2 > q1−α (we always reject),Q < m ⇐⇒ ̂ACMMD2 ≤ q1−α (we

never reject), and for both rules, when the random positionQ is in [[m,M]], the null is rejected with

probability (bα − α(B+ 1))/(M−m+ 1).

Analysis of the decision rule We derive the type-I error of our decision rule by analyzing

the equivalent, latter one. Our analysis follows a similar argument, in flavor, as Domingo-Enrich

et al. 61, Appendix C. Now, recall that from Lemma B.7.1, the wild bootstrap quantile estima-

tion are draws of ̂ACMMD on swapped samples Zσ, e.g. {Xi,Yσi , Ỹσi }Ni=1 parameterized by σ :

[[1,N]] 7−→ {−1, 1}where Yσi = Yi if σ(i) := wi and Yσi = Ỹi otherwise:

( ˜ACMMD2
b)

B
b=1 = ( ̂ACMMD2

σb)
B
b=1

using the notation of Lemma B.7.1. Note that σ is a random swap operator such that σ(i) = 1 with

probability 0.5, and σ(i) = −1 with probability 0.5. If P|x = Q|x a.e., then since the B swap maps

σ1, . . . , σB are i.i.d. let us note ̂ACMMD2
σ0 = ̂ACMMD2, e.g. σ0(i) = 1. Then the random se-

quence ( ̂ACMMD2
σb)

B
b=0 is exchangeable. Since Q is the position of ̂ACMMD2 within that sorted

sequence, and that all positions are equally likely under exchangeability, we have:

P [Q < m] = 1/(B+ 1)

P [Q > bα] = (B+ 1− bα) /(B+ 1)

P [Q < bα] = (bα − 1) /(B+ 1)
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Noting Δ((Xi,Yi, Ỹi)Ni=1) the event that the null hypothesis is rejected, we have:

P
[
Δ((Xi,Yi, Ỹi)Ni=1)

]
= P [Q > bα] + P [Q = bα]P[Reject|Q = bα]

= (B+ 1− bα) /(B+ 1) + (bα − (1− α)(B+ 1)) /(B+ 1) = α,

thus showing that the ACMMD test has the desired type-I error rate.

B.9 Proofs related to ACMMD–Rel

B.10 Differences between the SKCEU-statistics and the ACMMDU-statistic

We recall the definition of the SKCEU-statistics estimator from278 Lemma 2:

ŜKCE =
2

N(N− 1)
∑

1≤i<j≤N
G((Q|Xi ,Yi), (Q|Xj ,Yj)) (B.2)

where

G((q, y), (q′, y′)) := kP(Y)×Y((q, y), (q′, y′))− EY∼qkP(Y)×Y((q,Y), (q′, y′))

− EY′∼q′kP(Y)×Y((q, y), (q′,Y′)) + EY∼qEY′∼q′kP(Y)×Y((q,Y), (q′,Y′)).

= kP(Y)(q, q′)×
(
kY(y, y′)− EY∼qkY(Y, y′)− EY′∼q′kY(y,Y′) + EY∼qEY′∼q′kY(Y,Y′)

)
(B.3)

Where the second equality holds when focusing on tensor product kernels. Comparing Equa-

tion (B.2) and Equation (B.3) with the expression of the ACMMDU-statistics estimator given in

Equation (2.5) and Lemma 2.5.3, we see that the SKCE population criterion equals the ACMMD.

However, the SKCEU-statistics estimator is different from the ACMMDU-statistics estimator:

while the ACMMDU-statistics only requires samples the conditional distributionsQ|X, the SKCE
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U-statistics contains expectations over the conditional distributionsQ|X, which are rarely available

in practice.

B.11 Proof of Proposition 2.6.2

Proof. Wewill show that the image of q 7→ μq is compact, and the result will follow from45. Let

M(Y) the Banach space of measures of sequences endowed with the total variation norm:

‖q‖TV := q+(Y) + q−(Y)

We recall that by the Riesz-Markov theorem, (M(Y), ‖ · ‖TV) can be identified with the topolog-

ical dual of C0(Y), (C0(S)⋆, ‖ · ‖op) through an isometric isomorphism q ∈ M(Y) 7−→ q̃ ∈

C0(Y)⋆, and for which the following holds:

q̃(f) =
∫
Y
fdq, ∀f ∈ C0(Y).

Let B := {q ∈ M(Y) | ‖q‖TV ≤ 1}. As a unit ball, by the Banach-Alaoglu theorem, B is compact

under the weak–⋆ topology and contains all distributions on sequences. We will show that q 7→ μq

is continuous on B and the result will follow. Given that this mapping is linear, it is sufficient to

show continuity at 0. Moreover, since {B(0H, r)}r>0 is a neighborhood basis of (H, ‖ · ‖H), it

suffices to show that there is a neighborhood V of the null measure in the weak-⋆ topology such that

‖
∫
kY(y, ·)dq(y)‖2H =

∫
kY(y, y′)d(q⊗ q)(y, y′) < 1 for all q in V . Since the family

{q ∈M(Y),
∫

fi(x)dq(x) < ε, i ∈ 1, . . . k, fi ∈ C0(Y)}
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form a neighborhood basis of the weak-⋆ topology, we can consider candidates of this form for V . In

particular, let us set {fi} = {x 7−→
√

kY(x, x) ∈ C0(Y)}, since kY ∈ C0(Y ×Y), and ε = 0.5. On

this neighborhood, we have:

∫
k(y, y′)dq(y)dq(y′) ≤

∫ √
k(y, y)× k(y′, y′)dq(y)dq(y′) ≤ 0.52 < 1, ∀q ∈ V

showing the continuity of the map in question. As a consequence, the image of BM(S)(0, 1) by the

map q 7−→ μq is compact, implying from45 that the kernel

k̃(f, g) := exp(− 1
2σ2
‖f− g‖2H)

is universal on that set. Thus, we have shown that k̃ is universal onH under the strong topology (e.g.

the norm topology inH). This is equivalent to the TV topology ofP(S) since k has discrete masses

by proposition 9 of10, and thus kP(Y) is universal onP(Y).

B.12 Proofs regarding the impact of approximate kernels

To prove the convergence of the ACMMD–Rel estimator and the validity of its test, we rely on an

augmented U-statistics formulation. Let:

U := (Q|X, Ỹ1, . . . , ỸR, Ỹ,Y) ∼ PQ|X ⊗Q⊗r
| ⊗Q| ⊗ PQ

| := U

U is the random variable which, for each modelQ|X, concatenates the synthetic samples (Ỹ1, . . . , ỸR)

used to perform the kernel approximation k̂P(Y)(q, q′), the synthetic sample Ỹ used to evaluate h,

and Ỹ, a sample from PQ
| the conditional distribution of Y givenQ|X. Then, givenN realizations
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Algorithm 3 ACMMD–Rel Conditional Goodness of fit Test

Input: {Xi,Yi, Ỹi}Ni=1
i.i.d.∼ PX ⊗ P| ⊗ Q|

Parameters: Level α, kernel kX , kernel kY
// Estimate ACMMD–Rel using Algorithm 2 and collect the ĥ(Zi,Zj) of Equa-
tion (2.11)
̂ACMMD–Rel 2, {h(Zi,Zj)}1≤i<j≤N ← estimate_acmmd_rel({Xi,Yi, Ỹi}Ni=1,Q|Xi)

[Wb
i ∼ Rademacher for i ∈ 1, . . . ,N for b ∈ 1, . . . ,B]

[ ˜ACMMD2
b ← 2

N(N−1)

∑
1≤i<j≤N

Wb
iWb

j ĥ(Zi,Zj), for b in 1, . . . ,B]

// See Section B.6 for how to compute q̂1−α

q̂1−α ← approx. (1− α)-quantile of { ˜ACMMD2
b}Bb=1

if ̂ACMMD2 ≤ q̂1−α then
Fail to rejectH0

else
RejectH0

end if

{Ui}Ni=1, ofU, the estimator ̂ACMMD–Rel 2 can be written as a U-statistics on the {Ui}Ni=1

̂ACMMD–Rel 2 =
2

N(N− 1)
∑

1≤i<j≤N
ha(Ui,Uj)

where

ha(Ui,Uj) := k̂({Ỹri}Rr=1, {Ỹrj}Rr=1)× (kY(Yi,Yj) + kY(Ỹi, Ỹj)− kY(Yi, Ỹj)− kY(Ỹi,Yj))

We also will note

ACMMD 2
a := EU1,U2∼U⊗U ha(U1,U2)

B.13 Proof of Proposition 2.6.4

With this formalism, we now prove that the ACMMD–Rel test has the specified type-I error rate
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of α ∈ (0, 1), e.g. rejectsH0 when P|x = Q|x with probability α. Indeed, straightforward adapta-

tions of the arguments in Section B.7 show that that doing a wild bootstrap using the ĥ(Zi,Zj) is

equivalent to estimating

2
N(N− 1)

∑
1≤i<j≤N

ha(Uσ
i ,Uσ

j ) := ̂ACMMD–Rel 2σb

whereUσ
i := (Q|Xi , Ỹ1i , . . . , ỸRi , Ỹσi ,Yσi ), where (Yσi , Ỹσi ) = (Yi, Ỹi) if σ(i) = 1 and (Ỹi,Yi) oth-

erwise. The same argument to show that ACMMD test has the desired type-I error rate follows in

this case too: Under P|x = Q|x, the sequence { ̂ACMMD–Rel 2σb}
B
b=0 is exchangeable (noting

̂ACMMD–Rel 2σ0 = ̂ACMMD–Rel 2, e.g. σ0(i) = 1 for all 1 ≤ i ≤ N), and we can repeat the

derivations of the proof of Lemma B.8.1 to show that the ACMMD–Rel test has the desired type-I

error rate.

B.14 Proof of Proposition 2.6.3

We prove a slightly more general version of the proposition, for kernels of the form φ(d(q, q′)2),

where φ is a Lipschitz function and d is a distance onP(Y). Setting φ = e−
·
σ2 , we recover the

kernels of Proposition 2.6.3, which include the exponentiatedMMD kernel.

Proposition B.14.1. Assume that kY and kP(Y) is a kernel of the form kP(Y)(q, q′) = φ(d(q, q′)),

for a Lipschitz function φ and a function d(q, q′) admitting an unbiased estimator of the form

d̂({yr1}Rr=1, {yr2}Rr=1) where {yr1}rr=1 and {yr2}rr=1 are R i.i.d samples of q and q′ respectively, with

variance O( 1
R) (the bound in uniform in q and q′). Then, assuming R ≡ R(N), with lim

N→∞
R(N) =

+∞, ̂ACMMD–Rel 2 converges in probability toACMMD–Rel 2 as N→∞.

Proof. As discussed above, the estimator ̂ACMMD–Rel 2 can be written as a U-statistics on the

{Ui}Ni=1, whereUi = (Q|Xi , Ỹ1i , . . . , ỸRi , Ỹi,Yi), and using the kernel ha defined as (accounting
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approximating kY through d directly)

ha(Ui,Uj) := φ(d̂({Ỹri}Rr=1, {Ỹrj}Rr=1))× (kY(Yi,Yj) + kY(Ỹi, Ỹj)− kY(Yi, Ỹj)− kY(Ỹi,Yj))

e.g.
̂ACMMD–Rel 2 =

2
N(N− 1)

∑
i<j

ha(Ui,Uj)

To study the convergence in probability of ̂ACMMD2
a toACMMD2

a, we use finite-sample bounds

onU-statistcs Hoeffding 106 :

P

(
| ̂ACMMD2

a −ACMMD 2
a| > ‖ha‖∞

√
log(2/δ)
2bN/2c

)
≤ δ

for all δ > 0, where, by assumption, kY bounded, and k̂P(Y) is of the form φ(d̂({yr1}Rr=1, {yr2}Rr=1))

for some bounded function φ, implying that ha is bounded. To show the dependence inR, we

bound the differenceACMMDa andACMMD.

|ACMMD 2
a −ACMMD 2| = EU,U

[
(k̂P(Y)({Yr1}Rr=1, {Yr2}Rr=1)− kP(Y)(Q|X1 ,QX2))× (kY(Y1,Y2) + kY(Ỹ1, Ỹ2)

−kY(Y1, Ỹ2)− kY(Ỹ1,Y2))
]

≤ 4 ‖kY‖∞ |EPQ|⊗Q⊗r×PQ|⊗Q⊗r k̂P(Y)({Yr1}Rr=1, {Yr2}Rr=1)− kP(Y)(Q|X1 ,QX2)|

≤ 4 ‖kY‖∞ ‖φ‖Lip EPQ|⊗Q⊗r×PQ|⊗Q⊗r |d̂({Yr1}Rr=1, {Yr2}Rr=1)− d(Q|X1 ,QX2)|

≤ 4 ‖kY‖∞ ‖φ‖Lip×

EPQ|×PQ|

[
EQ⊗r×Q⊗r |d̂({Yr1}Rr=1, {Yr2}Rr=1)− d(Q|X1 ,QX2)|

∣∣∣ Q|X1 ,QX2

]
≤ 4 ‖kY‖∞ ‖φ‖Lip EPQ|×PQ|

[√
VQ⊗r×Q⊗r d̂({Yr1}Rr=1, {Yr2}Rr=1)

∣∣∣ Q|X1 ,QX2

]

Where the last inequality follows from Jensen’s inequality and the unbiasedness of d̂. The result
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follows by applying the assumption on the variance of d̂ (a bound which we assume is uniform in

Q|X)1,Q|X2).

The termVQ⊗r×Q⊗r

[
d̂({Yr1}Rr=1, {Yr2}Rr=1)|Q|X1 ,Q|X2

]
can be more precisely characterized de-

pending on d̂. For instance, we have, when d̂ is a U-statistics (for instance, using the MMD estima-

tor of Gretton et al. 97, Lemma 6, Equation 4) , that224 section 5.2.1VQ⊗r×Q⊗r d̂({Yr1}Rr=1, {Yr2}Rr=1) <

ζ(Q1,Q|X2)/R, where ζ(Q|X1 ,Q|X2) := V(Y1,Ỹ1),(Y2,Ỹ2)∼Q|X1⊗Q|X2
(h̃((Y1, Ỹ1), (Y2, Ỹ2)) and h̃((Y1, Ỹ1), (Y2, Ỹ2)) =

kY(Y1,Y2) + kY(Ỹ1, Ỹ2)− kY(Y1, Ỹ2)− kY(Ỹ1,Y2), which is uniformly bounded by 4 ‖kY‖∞ for

bounded kernels. Putting the two parts together, we thus have that:

P

({
̂ACMMD2

a − ACMMD2
}
> 4 ‖kY‖∞

√
log(2/δ)
2bN/2c

+
16 ‖kY‖2∞ ‖φ‖Lip√

R

)
≤ δ

for all δ > 0, showing the convergence in probability of ̂ACMMDa to ACMMD.

B.15 Additional Details for ACMMDand ACMMD–Rel in the synthetic ex-

ample

B.16 Derivations of ACMMD in the synthetic example

We first prove thatACMMD is proportional to Δp.

Lemma B.16.1. In the setting described in Section 2.8.1, we have

ACMMD2(P|,Q|) = C× Δp2

for

C :=

∫∫
kX (p, p′)2(1− e−λ)

(1− 2p)(1− 2p′)
1− 4pp′(1+ e−λ)/2

(
2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1
)
dPX(p)dPX(p′)
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Proof. Recall that we have

ACMMD2 = MMD2(PX ⊗ P|,PX ⊗ Q|)
2 =

∫
kX (p, p′) (T11 + T22 − 2T12) dPX(p)dPX(p′)

where

T12 =

∫
kY(y, y′)p(y|p)q(y′|p′)d(y)d(y′)

and T22 and T12 are defined similarly. For a sequence y, we define the the function len given by

len(y) := min {i ∈ N|yi = STOP}, which intuitively returns the length of the sequence.

Computing Tij As we will see, a lot of the computations are agnostic to whether we are comput-

ing T11,T22 or T12. Note that the exponentiated hamming distance kernel on Y writes as a product

kY(y, y′) = e−λdH(y,y′) = e−λy
∑∞

i=0 δ(yi ̸=y′i) =
∞∏
i=0

e−λδ(yi ̸=y′i) =

max(len(y),len(y′))∏
i=0

e−λδ(yi ̸=y′i)

let us define the following events

F(m) :=
{
min(len(y), len(y′)) = m

}
G(m, δm) :=

{
max(len(y), len(y′)) = m+ δm

}
which we further break down as

F1(m) = {len(y) = m} ∩
{
len(y′) > m

}
F2(m) = {len(y) > m} ∩

{
len(y′) = m

}
F3(m) = {len(y) = m} ∩

{
len(y′) = m

}
=⇒ F(m) = F1(m) ∪ F2(m) ∪ F3(m)
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For which the following probabilities hold:

P(F1(m)) = P(len(y) = m)× P(len(y′) > m) = ((2p)m × (1− 2p))× (2p′)m+1

P(F2(m)) = P(len(y′) = m)× P(len(y) > m) =
(
(2p′)m × (1− 2p′)

)
× (2p)m+1

P(F3(m)) = P(len(y′) = m)× P(len(y) = m) =
(
(2p′)m × (1− 2p′)

)
× ((2p)m × (1− 2p))

P(G(m, δm)|F1(m)) = P(len(y′) = m+ δm|len(y) = m, len(y′) > m) = (2p′)δm−1 × (1− 2p′)δ(δm≥1)

P(G(m, δm)|F2(m)) = P(len(y) = m+ δm|len(y′) = m, len(y) > m) = (2p)δm−1 × (1− 2p)δ(δm≥1)

P(G(m, δm)|F3(m)) = δ(δm = 0)

Let us note

E(m, δm, i) := Fi(m) ∩ G(m, δm)

We have that E(m, δm, i) ∩ E(m′, δm′, j) = ∅ if (m, δm, i) 6= (m′, δm′, j).

Ω =

+∞⋃
m=0

3⋃
i=1

+∞⋃
δm=0

E(m, δm, i)
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Using the law of total probability, we have that Thus, using the law of total probability:

Tij(p, p′) =
+∞∑
m=0

3∑
i=1

+∞∑
δm=0

P(E(m, δm, i))E(e−λdH(y,y′)|E(m, δm, i))

=

+∞∑
m=0

3∑
i=1

+∞∑
δm=0

P(Fi(m) ∩ G(m, δm))E(e−λdH(y,y′)|E(m, δm, i))

=
+∞∑
m=0

3∑
i=1

P(Fi(m))
+∞∑
δm=0

P(G(m, δm)|Fi(m))E(e−λdH(y,y′)|E(m, δm, i))

=
+∞∑
m=0

3∑
i=1

P(Fi(m))E(e−λdH(y:m,y′:m)|Fi(m))

×
+∞∑
δm=0

P(G(m, δm)|Fi(m))E(e−λdH(ym+1:m+max(δm,1),y′m+1:m+max(δm,1)) |E(m, δm, i), p, p′)

=

+∞∑
m=0

3∑
i=1

P(Fi(m))E(e−λdH(y:m,y′:m)|Fi(m))×
+∞∑
δm=0

P(G(m, δm)|Fi(m))e−λ(max(0,δm−1)+δ(m>0))

=
+∞∑
m=0

3∑
i=1

P(Fi(m))E(e−λdH(y:m,y′:m)|Fi(m))

max(m−1,1)∏
i=1

E(e−λδ(yi ̸=y′i)|Fi(m)))

δ(m≥2)

×
+∞∑
δm=0

P(G(m, δm)|Fi(m))e−λ(max(0,δm−1)+δ(m>0))

where we break down the factorized hamming distance over the sequence into the sum of the ham-

ming distances over each coordinate, and made use of the fact that

dH(ym:m+δm, y′m:m+δm) = max(0, δm− 1) + δ(m > 0)

conditioned on Fi(m) andG(m, δm). The disjunction of cases is necessary in order to not count the

term 0th term twice in the event whenm = 0. This representation is convenient since whenever
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m ≥ 2, for any 1 ≤ i ≤ m− 1,

P(δ(yi, y′i) = 1|Fi(m)) =
(pp′) + (pp′)

(p+ p)× (p′ + p′)
=

1
2
= P(δ(yi, y′i) = 0|Fi(m))

meaning we have

Tij(p, p′) =
+∞∑
m=0

3∑
i=1

E(e−λδ(y0 ̸=y′0)|Fi(m))P(Fi(m))

(
1+ e−λ

2

)max(m−1,0)

×
+∞∑
δm=0

P(G(m, δm)|Fi(m))e−λ(max(0,δm−1)+δ(m>0))
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Inserting the relevant event probabilities into the expression for Tij, we have

Tij(p, p′) =
+∞∑
m=0

(
1+ e−λ

2

)max(m−1,0)

×

(
E(e−λδ(y0 ̸=y′0)|F1(m))(2p)m × (1− 2p)(2p′)m+1 × (1− 2p′)e−λδ(m>0)

+∞∑
δm=1

e−λ(δm−1)(2p′)δm−1

+ E(e−λδ(y0 ̸=y′0)|F2(m))(2p′)m × (1− 2p′)(2p)m+1 × (1− 2p)e−λδ(m>0)
+∞∑
δm=1

e−λ(δm−1)(2p)δm−1

+ E(e−λδ(y0 ̸=y′0)|F3(m))(2p′)m × (1− 2p′)(2p)m(1− 2p)

)

=

+∞∑
m=0

(
1+ e−λ

2

)max(m−1,0)

×

(
E(e−λδ(y0 ̸=y′0)|F1(m))(2p)m × (1− 2p)(2p′)m+1 × (1− 2p′)e−λδ(m>0)

+∞∑
δm=0

e−λδm(2p′)δm

+ E(e−λδ(y0 ̸=y′0)|F2(m))(2p′)m × (1− 2p′)(2p)m+1 × (1− 2p)e−λδ(m>0)
+∞∑
δm=0

e−λδm(2p)δm

+ E(e−λδ(y0 ̸=y′0)|F3(m))(2p′)m × (1− 2p′)(2p)m(1− 2p)

)

=
+∞∑
m=0

(
1+ e−λ

2

)max(m−1,0)

×

(
E(e−λδ(y0 ̸=y′0)|F1(m))(2p)m × (1− 2p)(2p′)m+1 × (1− 2p′)× e−λδ(m>0)

1− 2p′e−λ

+ E(e−λδ(y0 ̸=y′0)|F2(m))(2p′)m × (1− 2p′)(2p)m+1 × (1− 2p)× e−λδ(m>0)

1− 2pe−λ

+ E(e−λδ(y0 ̸=y′0)|F3(m))(2p′)m × (1− 2p′)(2p)m(1− 2p)

)
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Now, some simplification arise whenm ≥ 1. Indeed, in that case,E(e−λδ(y0,y′0)|Fi(m)) is indepen-

dent of i. Noting T1
ij(p, p′) the sum of the terms form ≥ 1, we thus have

T1
ij(p, p′) =

+∞∑
m=1

E(e−λδ(y0 ̸=y′0)|F(m))

(
1+ e−λ

2

)m−1

×
(
(2p)m × (1− 2p)(2p′)m+1 × (1− 2p′)× e−λ

1− 2p′e−λ

+ (2p′)m × (1− 2p′)(2p)m+1 × (1− 2p)× e−λ

1− 2pe−λ

+ (2p′)m × (1− 2p′)(2p)m(1− 2p)

)

Noting Aij the term E(e−λδ(y0 ̸=y′0)|F(m)), which is constant for allm ≥ 1

T1
ij(p, p′) = Aij

+∞∑
m=1

(
1+ e−λ

2

)m−1

×
(
(2p)m × (1− 2p)(2p′)m+1 × (1− 2p′)× e−λ

1− 2p′e−λ

+ (2p′)m × (1− 2p′)(2p)m+1 × (1− 2p)× e−λ

1− 2pe−λ

+ (2p′)m × (1− 2p′)(2p)m(1− 2p)

)

= Aij(1− 2p)(1− 2p′)4pp′(
2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1)
+∞∑
m=0

(4pp′(1+ e−λ)/2)m

= Aij ×
(1− 2p)(1− 2p′)4pp′

1− 4pp′(1+ e−λ)/2

(
2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1
)

= C× Aij

where

C(p, p′) =
(1− 2p)(1− 2p′)4pp′

1− 4pp′(1+ e−λ)/2

(
2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1
)
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is a constant that does not depend on i, j. We compute them = 0 sum, noted T0
ij(p, p′). We have

T0
ij(p, p′) =

(
E(e−λδ(y0 ̸=y′0)|F1(0))× (1− 2p)(2p′)× (1− 2p′)× 1

1− 2p′e−λ

+ E(e−λδ(y0 ̸=y′0)|F2(0))× (1− 2p′)(2p)× (1− 2p)× 1
1− 2pe−λ

+ E(e−λδ(y0 ̸=y′0)|F3(0))× (1− 2p′)(1− 2p)

)

And we need to compute the terms E(e−λδ(y0 ̸=y′0)|Fi(0)) indivdually.

i=1, i=2 For i = 1, we must have y0 6= y′0, since y0 = STOP, and len(y′) > 0. Thus,

E(e−λδ(y0 ̸=y′0)|F1(0)) = e−λ. Similarly,E(e−λδ(y0 ̸=y′0)|F2(0)) = e−λ.

i=3 In that case, we must have y0 = y′0 = STOP, since len(y) = len(y′) = 0. Thus,

E(e−λδ(y0 ̸=y′0)|F3(0)) = 1.

Putting this together, we have

T0
ij(p, p′) = (1− 2p)(1− 2p′)

(
2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1
)

With that notation, we have:

ACMMD2(P|,Q|) =

∫
kX (p, p′)C(p, p′)(A11 + A22 − 2A12)dPX(p)dPX(p′)

+

∫
kX (p, p′)(T0

11(p, p′) + T0
22(p, p′)− 2T0

12(p, p′))dPX(p)dPX(p′)

=

∫
kX (p, p′)C(p, p′)(A11 + A22 − 2A12)dPX(p)dPX(p′)

since T0
ij does not depend on i, j. We can narrow the variation down even further: by noting pAij =

P(δ(yi 6= y′i) = 0|F(m)) (resp pBij = P(δ(yi 6= y′i) = 0|F(0))), since E(e−λε) = p(ε =
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0)(1− e−λ) + e−λ if ε is a Bernoulli random variable,

ACMMD2(P|,Q|) =

∫
kX (p, p′)C(p, p′)(1− e−λ)(pA11 + pA22 − 2pA12)dPX(p)dPX(p′)

We now compute the probabilities pAij for i, j ∈ {1, 2}. In every case, such pAij can be written as:

pAij =
P(y0 = y′0 = A) + P(y0 = y′0 = B)
P({y0 ∈ {A,B}} ∩ {y′0 ∈ {A,B}})

P(y0 = y′0 = A) + P(y0 = y′0 = B)
4pp′

and we have

pA11 =
pp′ + pp′

4pp′
=

1
2

pA22 =
(p+ Δp)(p′ + Δp) + (p− Δp)(p′ − Δp)

4pp′
=

2pp′ + 2Δp2

4pp′

pA12 =
(p)(p′ + Δp) + (p)(p′ − Δp)

4pp′
=

1
2

=⇒ pA11 + pA22 − 2pA12 =
2pp′ + 2Δp2

4pp′
− 1

2
=

2Δp2

4pp′

Putting it together We thus have

ACMMD(P|,Q|) =

∫
C(p, p′)k(p, p′)(1− e−λ)

2Δp2

4pp′
dPX(p)dPX(p′)

Recalling that

C(p, p′) =
(1− 2p)(1− 2p′)4pp′

1− 4pp′(1+ e−λ)/2

(
2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1
)

yields the desired result.
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B.17 Closed-formACMMD–Rel evaluation

Assuming the same model, it is also possible to evaluteACMMD–Rel(P|,Q|) in closed form. In-

deed,ACMMD–Rel becomes a special case of the ACMMD formula given above, with the condi-

tionned variable X set to be the modelsQ|X. It is thus possible to show:

Lemma B.17.1. We have

ACMMD–Rel2(P|,Q|) = C× Δp2

for

C =

∫∫
kP(Y)(q|p, q|p′)2(1− e−λ)

(1− 2p)(1− 2p′)
1− 4pp′(1+ e−λ)/2

(
2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1
)
dPX(p)dPX(p′)

The above lemma leaves the choice of the kernel kP(Y) open: the tractability of this expression will

follow only if such kernel can be tractably computed. In the next lemma, we derive a closed form

solution for kP(Y)(q, q′)when kP(Y)(q, q′) = e−
MMD2(q,q′)

2σ2 , where the MMD is computed with an

Exponentiated Hamming kernel onY .

Lemma B.17.2. We have

MMD2(q|p, q|p′) = T(p, p) + T(p′, p′)− 2T(p, p′)

Where
T(p, p′) = C(p, p′)A(p, p′) + T0(p, p′)

C(p, p′) =
(1− 2p)(1− 2p′)4pp′

1− 4pp′(1+ e−λ)/2

(
2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1
)

A(p, p′) =
2pp′ + 2Δp2

4pp′
× (1− e−λ) + e−λ

T0(p, p′) = (1− 2p)(1− 2p′)
(

2p′e−λ

1− 2p′e−λ +
2pe−λ

1− 2pe−λ + 1
)
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Combining the two lemmas allows us to obtain a computable expression forACMMD–Rel(P|,Q|).
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Figure B1: Top left: Rejection Rate of the ACMMD test as a function of the dataset size, for different values of Δp.
Top right: Rejection Rate of the ACMMD test as a function of Δp, for different dataset sizes. Bottom left: Estimated
ACMMD as a function of the dataset size. Bottom right: Estimated ACMMD–Rel as a function of Δp. To compute
these estimates, we use dataset sizes of {10, 100, 200, 500, 1000}, usedm = 5 atoms for the prior on p between
p1 = 0.3, p2 = 0.45, used λ = 1, Δp = 0.25, and average over 300 runs. In addition, we plot the true value
ACMMD(P|,Q|) using the closed‐form expression derived above.
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B.18 Additional Experiments

B.18.1 Additional Experiments for the semi-synthetic ProteinMPNNdata

In addition to the figures of Section 2.8.2, which use T = 0.1 to plot the estimates and rejection

rates of ACMMD and ACMMD–Rel on the ProteinMPNN synthetic data, we provide here the

same plots for T = 1.0 the value used to train ProteinMPNN.We notice that detecting a given

change in temperature is sligtly simpler for T = 1.0 than for T = 0.1.
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Figure B2: ACMMD and ACMMD–Rel estimates and rejection rate in the semi‐synthetic setting of Section 2.8.2. The
different lines indicate a different temperature shift between the two MPNN models. Top panel shows uses a base
temperature of T = 1.0, while the bottom panel uses T = 0.1.

B.18.2 Additional Experiments for the structural superfamily evalution

We include in Figure B3 the values of ̂ACMMD–Rel 2 for different superfamilies (which was not

included in Section 2.8.2), and compare it with the values of ̂ACMMD2. In line with the hyper-

parameter tuning results of Section 2.8.2, we notice that high temperature are highly detrimental
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from a reliability perspective. Intuitively, increasing the temperature of ProteinMPNNmakes the

model “underconfident”. Since a reliable model is neither over– nor underconfident, this decrease

of confidence is penalized by ACMMD–Rel. This also shows that increasing the temperature of

a model does not make the model fallbak to its prior distribution (otherwise the model would be

more reliable). Instead, it just increases the uncertainty of the model in a detrimental fashion.
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Figure B3: Value of ̂ACMMD2 (left) and ̂ACMMD–Rel 2 (right) between ProteinMPNN and the CATH S60 refer‐
ence dataset on a subset of 10 superfamilies for two different temperatures T = 1.0 and T = 0.1.

B.19 KnownKernels for protein sequences and structures

In the context of inverse folding, computing the ACMMD requires a kernel on sequences kY and

a kernel on protein structures. This section contains a brief overview of non neural-network based,

known kernels for protein sequences and structures. The main desiderata to achieve when choosing

kernels for computing goodness-of-fit criterion is to find kernels that are able to detect (up to statisti-

cal noise) any deviation from a perfect fit between the model and the data. Such kernels are referred

to as universal.

The protein formalism The most general formalism for the space protein structures is the

set of equivalence classes of graphs where the equivalence relationship is defined to the existence of
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a graph isomorphism. The need for equivalence classes stems from the fact that different labelling

policies exist for a given protein, meaning that a single protein can be associated to multiple graphs.

However, this labelling will in practice not be completely arbitrary: first, the set of candidate la-

belling can be restricted to the ones consistent with covalent bounds. But in the inverse folding

problem, the setting is even simpler: the protein structure is restricted to its backbone, which is se-

quential by nature. This limits the set of covalent-bound consistent labelling policies to two (the

forward and the backward one), and my vague understanding is that there is a terminal atom in pro-

tein, which suggests the existence of a canonical direction: thus, only one labelling policy remain,

and protein structures can thus be associated to the set of atom locations
⋃+∞

i=1 Ri. This set differs

from the set of protein sequences
⋃+∞

i=1 A in that the “alphabet” is the real line instead of a finite

set of symbols. The restriction from the space of graphs to the space of variable-length sequences

since there it is known that no graph kernels commonly in use are even characteristic141. The space⋃+∞
i=1 X (for arbitraryX have been investigated by the time series community), which have devel-

oped a set of kernels to carry out data analysis on it. We provide some background on such kernels

below.

Background: alignment kernels for real-valued sequences of arbitrary length

Alignment kernels50,49,217,269 refer to a diverse set of variety of kernels constitute a family of kernels

on
⋃+∞

i=1 X i that are computed based on aggregating the similarities between all possible “alignment

candidates” between two inputs x1 and x2. There are two main subfamilies of alignment kernels,

which both use slightly different alignment definitions: local alignment kernels, and global align-

ment kernels.
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Local alignment kernels Local alignment kernels217,269 are kernels of the form

kLA(x, y) =
∑

π∈Π(x,y)

exp(βs(x, y, π)) (B.4)

Where

s(x, y, π) =
|π|∑
i=1

s(x(π1(i))1 , x(π2(i))2 ) +

|π|−1∑
i=1

g(π1(i+ 1)− π1(i)) + g(π2(i+ 1)− π2(i))

and Π(x, y) is the set of all possible alignments of x and y, e.g. the set of all 2-tuple of p-long se-

quences

π := ((π1(1), . . . , π1(p)), (π2(1), . . . , π2(p))

where
1 ≤ π1(1) < π1(2) · · · < π2(p) ≤ n

1 ≤ π2(1) < π1(2) · · · < π2(p) ≤ m

Importantly, local alignment kernels involve a gap function, and thus give a specific status to inser-

tions and deletions, unlike global alignment kernels, as we will see below. The local alignment kernel

can be seen as computing the (soft) minimum of a discrepancy within the set of all possible align-

ments. The use of a soft minimum (and not a hard one) is crucial to ensure positive definiteness.

Local alignment kernels seem to have been designed initially for finite alphabets target. When g = 0,

the necessary and sufficient condition on s to ensure that kLA is a positive definite is for s to be a

conditionally positive definite kernel †. This is in particular verified if (s(xi, yi))1≤i,j≤|A| is positive

definite. I need further reading to investigate whether the case of infiniteX was studied.

†A kernel is c.p.d if
∑n

i,j=1 cicjs(x
(i), x(j)) ≥ 0∀c1, . . . , cn, c1 + · · ·+ cn = 0.
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Global alignment kernels Global alignment kernels50,49 also perform a softmin over align-

ment, but do not incorporate gaps in their score, and use a slightly different notion of alignment,

namely:

π := ((π1(1), π2(1), . . . , (π1(p), π2(p))

where now, the constraints on π1 and π2 are

1 = π1(1) < π1(2) · · · < π2(p) = n

1 = π2(1) < π1(2) · · · < π2(p) = m

π1(i+ 1) ≤ π1(i) + 1 unitary increments

(π1(i+ 1)− π1(i)) + (π2(i+ 1)− π2(i)) ≥ 1 no repetitions

Unlike the previous alignment definition, this one explicitly maps each item in each sequence with

another item in the other sequence, and does not try to account for potential gaps. Let us callA the

set of all alignment. The final definition for a global alignment kernel is then:

kGA(x, y) =
∑

π∈A(x,y)

exp(
π∑
i=1

s(x(π1(i))1 , x(π2(i))2 ) (B.5)

As stated in Cuturi et al. 50, Theorem 1, kGA will be positive definite if k(x, y) := exp(s(x, y)) is a

positive definite kernel such that k
(1−k) is positive definite.

152



C
Appendix to Chapter 3

C.1 Supplementary methods

C.1.1 Generation of error-prone PCR libraries

Nucleotide errors were introduced into parent nanobody and protein DNA sequences using the

GeneMorph II randommutagenesis kit (Agilent) and the AB_MFAL_f and AB_HA_r primers.

To achieve DNA pools with different error rates, the amount of template DNA and PCR primer
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cycles were varied. The error rates of the resulting PCR pools were checked by Gibson cloning

nanobody/protein inserts possessing Gibson overlap overhangs added with the primers into pET26b_3xHA

vector linearized with primers and then sanger sequencing 15 random bacterial colonies from the

resultant transformations. A second PCR using the AB_lib_fwd and AB_lib_rvs primers was per-

formed on nanobody/protein pools that possessed average error rates greater than 1 to add homol-

ogy arms needed for yeast homologous recombination. To generate linearized pYDS2.0 vector for

homologous recombination, the pYDS2.0 vector was digested with NheI and BamHI (New Eng-

land Biolabs), which recognize sites immediately preceding and postceding the nanobody/protein

insert sequences, by incubating the vector with the restriction digest enzymes for 1 hour at 37C.

Both the double digested vector and nanobody/protein inserts possessing homology arms were

PCR purified and then ethanol precipitated to remove salt. First, 0.1x volume 3M sodium acetate

pH 5 and 2.5x volume 100% ethanol were incubated with the DNA overnight at -20�C. Following

centrifugation at 13,000xRPM for 30 minutes, two sequential washes were performed using 70%

ethanol, and DNA pellets were dried at room temperature.

To prepare yeast for library building by homologous recombination, BJ5465 yeast (Addgene)

were grown to an OD of 1.5-2, were washed once with water, and then were incubated with 100

mM lithium acetate and 10 mMDTT for 10 minutes at 30�C with shaking. Yeast were washed

once more with water and were resuspended in mixture of 5:1 insert to vector in which each 50

mL electroporation reaction contained 5 mg of insert and 1 mg of vector. Electroporations were

performed using an ECM 830 Electroporation (BTX-Harvard Apparatus) using square wave pulses

at 500V for 15 ms. To obtain estimates of library diversities, dilutions of the transformed yeast were

plated on YPAD containing 100 μug/mL nourseothricin to obtain single colony counts. Libraries

were frozen using yeast freezing media supplemented with 10% DMSO.
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C.1.2 PCR amplification and next generation sequencing of nanobody selec-

tion rounds

Yeast from each nanobody selection round were lysed by microwave and nanobody sequences from

the yeast were PCR amplified using primers containing unique barcodes. Briefly, 4e6 yeast were

added to multiple PCR tubes and the yeast media was removed by centrifugation. Then, yeast were

lysed by microwaving them using the high setting twice for 1 minute each, flipping the PCR strip

upside down in between microwave rounds. PCR amplification was conducted using Q5High-

Fidelity Master Mix (New England Biolabs) following the manufacturer’s protocol, except for an

initial 4 minute 95 ºC incubation. Gel electrophoresis was conducted on the resulting nanobody

product using a 1.6% agarose gel, and the nanobody band was gel extracted (Qiagen). Amplicon-EZ

NGS sequencing was then conducted by Genewiz.

C.1.3 Recombination nanobody expression and purification

Parent nanobodies, and nanobodies possessing algorithm predicted substitutions introduced by

QuikChange Lightning mutagenesis kit (Agilent), were cloned into pET26b bearing a C-terminal

v5 tag and hexahistidine tag and expressed in Escherichia coli BL21(DE3) bacteria (Harvey et al

2022). E. coli transformed with plasmids were cultured in Terrific Broth (RPI) containing 4% glyc-

erol and 50 mg/mL kanamycin until they reached an OD600 of 1.5, were cooled for one hour to 17

�C, and protein expression was induced by 0.2 mM isopropyl B-D-1-thiogalactopyranoside (IPTG,

Gold Biotechnology) overnight at 17 �C. Following centrifugation at 4000 RPM, bacterial pellets

were resuspended in room temperature SET buffer (200 mMTris pH 8, 500 mM sucrose, 500 mM

EDTA) and mixed for 20 minutes. Afterwards, 2x volume cold water, 5 mMmagnesium chloride,

and 1 mL benzonase (Sigma Aldrich) were added and the mixture was stirred for 1 hour. Cellular

debris was removed by centrifugation at 14,000 x g for 30 minutes, 100 mM sodium chloride was
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incubated with the supernatant with stirring for 15 minutes, and then the supernatant was then fil-

tered using glass microfiber filters (Fischer Scientific). Following clarification, the supernatant was

passed over Protein A resin equilibrated with protein A wash buffer (10 mM sodium phosphate

pH 7.5, 100 mM sodium chloride) and the resin was washed with 20 column volumes of protein

A wash buffer. Nanobodies were then eluted with 10 mL of Protein A elution buffer (100 mM

sodium phosphate pH 2.5, 100 mM sodium chloride) directly into a column volume of 2MHEPES

pH 8. Eluted nanobodies were dialyzed overnight in 20 mMHEPES pH 7.5, 150 mMNaCl, 10%

glycerol. Nanobody purity was assessed by SDS-PAGE and Coomassie staining.

C.1.4 NGS processing

The paired-end sequencing raw data was QCed and filtered using FastQC and Trimmomatic (Bol-

ger, Lohse, and Usadel 2014). Paired ends were joined using fastq-join. Sequences that do not match

the primers used during sequencing were discarded. Nucleotide sequences were translated to amino

acid sequences using biopython (Cock et al. 2009). Any protein sequences that did not match (al-

lowing for up to 3 mismatches) the known beginning and end of the initial lead sequence were

discarded. Lastly, any sequences with major deletions (>10 AAs) with respect to the initial lead

sequence were removed.

C.1.5 Enrichment label construction

Low count sequences were reasoned to be the result of sequencing noise and thus sequences with

a count less than 5 were removed from each sequencing round. As the abundance of a sequence

in any given round may be inflated due to expression biases of each sequence, we normalized the

abundance of a sequence in each FACS round by the sequence abundance of the MACS round and

took the natural log of this to construct the enrichment value. If a sequence was not found in both
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rounds (which was the case for most sequences), its log enrichment value was imputed to 1x10-6. In

addition to the continuous enrichment value, we also binarized the label and set all sequences with

enrichment >0 as “enriched” and with enrichment <0 as “depleted”.

C.1.6 Sequence preparation

Sequences were aligned using ANARCI (Dunbar and Deane 2016) using IMGT numbering. Only

the IMGT columns present in the original lead nanobody were kept as any indels in our sequences

probably arose from sequencing errors as our ePCR libraries did not introduce indel variation. The

sequences were one-hot-encoded with gaps included (so each site is represented by a 21 length vec-

tor). As the elements representing the amino acids for the original lead (WT) are highly correlated

in the input, we removed these elements when training logistic/linear regression models to reduce

correlation between parameters. In this way each element in the one hot encoding represented a

possible mutation fromWT.

C.1.7 Machine learning model training

A variety of machine learning models were benchmarked for this study. Logistic regression, linear

regression, CNNs and the top model for the ESM2-MLP semi-supervised model were all trained

with L1 regularization the respective loss functions, with weights of 2, 0.0005, 0.0001 and 0.0001

respectively. Neural Network models were trained for 1000 epochs with early stopping. Linear

and logistic regression models were built using the implementation in scikit-learn. Neural Network

models were built using pytorch. All models were trained on CPU. For the ESM2-MLPmodel,

the ESM2 encodings were retrieved using the pre-trained ESM2_t33_650M_UR50Dmodel using

the esm codebase (https://github.com/facebookresearch/esm). The polyreactivity model (Har-

vey et al. 2022) from was implemented using the codebase from the paper (https://github.com/
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debbiemarkslab/nanobody-polyreactivity).

C.1.8 NDCG calculation

Normalized discounted cumulative gains (NDCG) is a metric used to measure the quality of a

model’s ranking with respect to true scores of the data points (the gains). These scorings can be a

true ranking or a binary label. We assigned a gain of 1 to each single substitution in our validated set

and a 0 to all others. The NDCG is calculated as:

NDCG =
DCG
IDCG

Where the DCG is the discounted cumulative gains (or the score given the rankings from the

model) and the IDCG is the ideal DCG (the score given by the ideal ranking in which data points

with the highest gains are at the top of the ranking). These are calculated as such:

DCG =
N∑
i

gainsi
log2(ranki)

IDCG =
N∑
i

gainsi
log2(ideal_ranki)

Where the sum is over all single substitutions of the initial lead.
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C.2 Supplementary figures

Figure C1: Affinity maturation of nanobodies that bind b2AR, TMEM192, and RXFP1. (A‐D) Flowchart and
Flourescence‐activated cell sorting (FACS) plots for nanobody B7 affinity maturation to improve binding to b 2AR. (E‐
H) Flowchart and FACS plots for TMEM192 nanobody affinity maturation. (I‐L) Flowchart and FACS plots for RX002
nanobody affinity maturation to improve binding to RXFP1. Note: the FACS plots for AT110 can be found in Wingler
et al. 279 .
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AT110A NbB7B

LysoNbV1C RX002D

Figure C2: Count distributions of the sequencing rounds. Histograms showing the count distributions of sequences after
each sort of the affinity maturation campaigns for A) AT110, B) NbB7 and C) LysoNbV1. The histograms are clipped at
1000 counts to clearly show the increasing skew of the distributions as further sorts are performed.
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AT110A NbB7B

LysoNbV1DC RX002

Figure C3: Enrichment distributions of the FACS rounds. Histograms showing the distribution of log‐enrichment values
after each FACS sort with respect to the MACS sort of the affinity maturation campaigns for A) AT110, B) NbB7 and
C) LysoNbV1. The distribution of sequences that are enriched and depleted after FACS are colored in red and blue
respectively. Darker bars correspond to the sequences found in both rounds used to calculate the enrichment score.
Lighter bars correspond to sequences only in a single round, and thus their score is determined by the sequencing count
of the round they were found in and the floor abundance value used (set to 1× 10−6).
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A

B

NbB7 ATT10

ATT10

NbB7

Figure C4: Comparison of top singles from a logistic regression model and CNN. A) The recall of the 4 tested mutants
available for NbB7 and AT110 in the top k ranked single mutations from the Logistic Regression and CNN models for
increasing k up to 100. B) The distribution of the IMGT sites of the top 50 mutations predicted by both models for
NbB7 and AT110.
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1   5         15        25        35        45        55        65        75        85        95        105            121
QVQLVESGGGLVQAGGSLRLSCAASGRIFRYAMGWYRQAPGKERELVAAITRGTSTYYADSVKGRFTISRDNAKNTVYLQMNSLKPEDTAVYYCNAYPVSAVGPLPVKGDYWGQGTQVTVSSB
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RX002:
1   5         15        25        35        45        55        65        75        85        95        105            121
QVQLQESGGGLVQAGGSLRLSCAASGNISRRVVMGWYRQAPGKEREFVAGIDLGGNTYYADSVKGRFTISRDNAKNTVYLQMNSLKPEDTAVYYCAATYIDSEGYDYPHIYWGQGTQVTVSSC

Logistic Regression
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M
ut

an
t A

A

CNN

IMGT

Figure C5: Heatmaps of scores for all single substitutions. Sequence and heatmaps of logistic regression and CNN
scores for all single substitutions for A) AT110, B) LysoNbV1, and C) RX002. Red text on the sequence and black boxes
on heatmaps correspond to CDRs 1‐3. Indices above the sequences are according to residue position in the sequence.
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Figure C6: Analysis of polyreactivity counter‐sort. Heatmaps of scores for all single substitutions from logistic regres‐
sion models trained on the A) FACS2/MACS enrichment and B) FACS3/MACAS enrichment for NbB7. The FACS2 sort
only selected for affinity to B2AR. The FACS3 sort was a simultaneous affinity selection and polyreactivity counterse‐
lection. The scores for mutations to cysteine are highlighted with a dotted red box. Black boxes correspond to CDRs
1‐3 and red boxes correspond to experimentally validated substitutions. C) (left) The average score per amino acid
from the logistic regression models trained on the NbB7 FACS1, FACS2 and FACS3 enrichment over MACS. (right) A
zoomed in view of the scores for cysteine mutations. Zoomed in portion is highlighted in black dotted lined in left panel.
D) ROC‐plots showing the performance of the logistic regression models trained on each round for their prediction of
FACS3/MACS enrichment. The ROC‐AUC for each model is shown in brackets in the legend.
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AT110A NbB7B

LysoNbV1DRX002C

Figure C7: Affinity and Polyreactivity models have low correlation. Scatterplots of the scores from the pretrained polyre‐
activity model 100 against a CNN trained on the FACS1 enrichment for nanobodies A) AT110, B) NbB7, C) RX002 and D)
LysoNbV1. The scores for all single substitutions of the CDRs of each nanobody are plotted. Line of best fit with 95%
confidence intervals are plotted and the spearman correlation and p‐value for the significance of the correlation are
shown in the inset of each plot. Higher Polyreactivity Scores correspond to higher specificity of the nanobody (i.e lower
scores mean more polyreactive).
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A B

C

Figure C8: Affinity models suggest different top sequences from the experiment. A) Scatterplot of scores from a linear
regression model compared to the continuous FACS2/MACS enrichment score for sequences in the NbB7 campaign.
The top 100 sequences by model score and FASC2 enrichment are colored in purple and gray respectively. Sequences in
both sets are colored red. B‐C) Sequence logos of the CDR3 region for the top 100 sequences under the model score (B)
and enrichment from the experiment (C). Logos are plotted by calculating the amino acid frequencies for each site in the
CDR3 (excluding gaps). The amino acid corresponding to the WT residue at that site is also omitted from the logo. Thus,
the height of each residue corresponds to the relative probability of a substitution to that amino acid, and the height of
the whole column corresponds to the probability of any substitution at that site.
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C.3 Supplementary Tables

Nanobody Round # Total Reads # Unique Seq # Seq above threshold

AT110 MACS 118,429 26,516 2,805
FACS1 148,783 24,648 1,172
FACS2 278,191 27,053 1,539

NbB7 MACS 241,225 134,340 1,433
FACS1 230,676 66,641 7,160
FACS2 168,987 37,344 3,131
FACS3 1,521,316 520,440 42,012

LysoNbV1 MACS 223,217 174,087 717
FACS1 532,207 105,598 5,542

RX002 MACS 922,141 555,762 8,543
FACS1 554,583 246,068 9,331
FACS2 430,340 180,670 6,126

Table C1: Sequencing dataset sizes Summary count statistics of the sequencing from the affinity maturation campaigns
used in this study. We use a threshold of 5 counts for retaining sequences for training machine learning models.
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Nanobody R0/R1 R0 ∩ R1 % R∗
0 ∩ R∗

1 % R∗
0 ∪ R∗

1
(#depleted,
#enriched)

AT110 FACS1/MACS 1173 2.35% 111 2.87% 3866 (2747,1119)
FACS2/MACS 1166 2.23% 83 1.95% 4261 (2783,1478)

NbB7 FACS1/MACS 5853 3.0% 561 6.98% 8032 (1280,6752)
FACS2/MACS 2902 1.72% 284 6.64% 4280 (1365,2915)

LysoNbV1 FACS1/MACS 4208 1.53% 515 8.97% 5744 (458,5286)

RX002 FACS1/MACS 12922 1.64% 1016 6.03% 16858 (8154, 8704)
FACS2/MACS 12911 1.78% 798 5.75% 13871 (8202, 5669)

Table C2: Overlap statistics and train set sizesR0andR1describe which two rounds we are considering the overlap
between.R0 ∪ R1 is the number of overlapping unique sequences found in both rounds with the % reflecting what this
overlap is as a proportion of the union of the sets. R0 andR1 describe the sequencing sets after filtering by removing
low count sequences. R0 ∩ R1 is the total number of sequences that pass the filtering threshold in either of the rounds.
This is the training data size for that round. The number of sequences of each label in each training set is shown in the
last column.

Count Threshold ROC-AUC NDCG@100

1 0.9253 0.812
2 0.9417 0.855
3 0.9466 0.852
4 0.9507 0.848
5 0.9518 0.857

Table C3: Effect of count threshold on model performance The ROC‐AUC of FACS2/MACS enrichment prediction and
the NDCG@100 for ranking known optimizing mutations for varying values of the count threshold used to filter out low
count sequences. Results here are for Logistic Regression models trained on the FACS1/MACS enrichment from the
AT110 campaign. Higher count thresholds increase the performance of the model, likely due to increasing data quality
of the training data.
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