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Abstract

Motor control is a ubiquitous theme in the natural world and its richness demands we approach
it from several directions. Alongside the challenge of understanding perception and coordinated
muscular activation we need to account for the fact that all motion takes place in a body embed-
ded in a dynamic environment. Inspired by extreme feats of athletic and animal performance we
bring together ideas from physics and optimization to approach problems in motor control. First
we study the Estonian sport Kiiking and show how to augment basic physical models to account
for physiological limitations. We use methods from both optimal control theory and reinforcement
learning to understand optimal strategies in the sport and compare our findings to observations.
Next we describe an approach for the control of gliding flight by dynamically changing the shape
of the gliding body. We compare strategies that are time optimal to those which require the least
control input. Finally we use elasticity theory to understand the mechanics of snakes as they tra-
verse large vertical gaps. After describing our data analysis procedure we detail the optimal control
problem we formulated to understand the posture of the animals as they complete their ascent.
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1
Introduction

In physics we generally consider passive systems and try to understand or predict the properties of

matter as it interacts with its surroundings. The rapidly expanding field of “active matter”79 broad-

ens the purview of traditional physics by studying systems of active particles which consume energy

and generate forces39,96. A major motivating factor for such an extension is that living systems fit

in the active matter framework. In active matter phenomena from flocking in birds12 to collective

transport in ants34 have been addressed and new studies are published every week. The lesson we
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draw from such work is that tools from physics combined with a proper accounting of biological

activity can teach us a lot about the physical world. Nowhere is the importance of activity more

apparent than in the striking feats of individuals organisms as they move themselves through their

environments.

Motor control is an inescapable theme in both evolution and every day life17,53,54,82. Nearly ev-

erything we do, even seemingly mundane tasks like speaking88 or walking, requires a tremendous

amount of coordination. We often take for granted the ability to process diverse sensory inputs37,

decide on goals, and send out precise commands to our muscles until a link in that chain is broken.

One way of appreciating the difficulties involved is to consider the limitations of current robotic

technology. Despite the societal relevance and decades of development, robots are still highly con-

strained to do specific kinds of tasks33,35. Not is it until we observe striking successes of motor con-

trol that we come to appreciate the challenges involved. Fortunately such extreme feats abound.

In our work we bring together modeling of agents, their environment, and their decision making

processes to make sense of the natural world68,93. Our starting point is often observation of an im-

pressive athletic or animal behavior. We first make our description of the behavior more quantitative

by analyzing data captured in a lab or by other means. With that quantitative description in hand we

develop physical models to see if we can understand the data. Since we are considering living systems

we need to augment traditional physical models which only provide descriptions of passive matter.

With a model in place we then formulate the objective that the agent is trying to achieve in mathe-

matical language. We assume those objectives are achieved optimally and compare the solutions we

find with observed data. Evolutionary or sporting pressures drive behavior towards near optimal in

some manner94, so the presumption of optimality is not far fetched.

In this thesis I will present three studies. First I will describe our project on the Estonian swinging

sport Kiiking. In that project we show how to incorporate physiological limitations into a physical

model and use optimization methods to match model predictions to observed performance. Next I
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describe a project on the control of gliding flight by changing the shape of the glider. Finally I detail

our project on the vertical gap bridging behavior of snakes. There we perform a novel analysis of

video data and propose a model of snakes as active elastic filaments.

Before describing our work I will give an introduction to the optimization and control methods

we use throughout. In particular I will describe the methods of optimal control theory and rein-

forcement learning.

1.1 Optimal Control Theory

Optimal control theory (OCT) is a powerful tool for controlling complex dynamical systems48,20. It

is widely applied in both industrial49,100 and academic94,91 settings. Physical systems are highly con-

strained to satisfy the governing equations at all times. The framework of optimal control allows us

to naturally account for these constraints and guide the system through it’s state space as efficiently

as possible. Here we walk through the general formulation of an OCT problem and highlight some

major results. Throughout the remainder of this thesis we use these results and the examples pre-

sented will highlight the range of problems the theory can address.

Let x(t) be the state of some physical system at time t. Let u(t) be the control inputs used to

manipulate the system. The dynamics are encapsulated in the equations

dx
dt

= f(x(t), u(t), t) (1.1)

x(0) = x0 (1.2)

which says that x starts in some x0 and evolves in time according to equations laid out by the func-

tion f. Note we are assuming the system dynamics can be described as a set of first order differential

equations. Redefinition of variables allows higher order equations to be reduced to a set of first or-

der equations90 so this formulation does not limit the complexity of systems we consider. OCT

3



methods can be extended to the control of partial differential equations95 but we do not require

that formalism in our work. The goal in optimal control theory is to find a control u∗(t) that causes

the system in (1.1) to follow a trajectory x∗(t)which minimizes the performance measure

J(u) =
∫ tf

t0
L(x(t), u(t), t)dt+ K(x(tf), tf) (1.3)

while satisfying all constraints on x and u. The function L is a “running cost” whileK is known

as a “terminal cost.” Suppose we want to land a spaceship on the moon. The dynamics fwould

then capture the competing effects of gravity, thrust, air resistance, and any other forces affecting

the spaceship. The state xwill likely describe the position, orientation, and velocity of the body.

The control uwill represent the thrust the rockets can generate. The running cost Lwill represent

fuel burn or distance from a desired trajectory, and the terminal costKwill be proportional to the

distance between the real and desired landing locations. Of course the specifics depend on the con-

straints present but we hope the example gives intuition for the meaning of the different variables.

Now that we have the problem set up we need to find the optimal controls u∗(t). There are

two methods to choose from. One way to proceed is to use dynamic programming developed by

Richard Bellman and others15. The second way is to use the calculus of variations and the mini-

mum principle developed by Lev Pontryagin77 and collaborators. We will briefly describe each. See

for example48,56 for more detail.

1.1.1 TheHamilton-Jacobi-Bellman equation

Dynamic programming methods are fundamentally based on subdividing the stated optimization

problem into a sequence of smaller ones. Optimal solutions are easier to find on sub-intervals and

in the end we combine them to solve the full optimization problem. Let’s walk through how this

process leads to a nonlinear partial differential, the Hamilton-Jacobi-Bellman equation, which we
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use to solve for the optimal controls u∗.

Consider the cost in eq (1.3) from time t to tf.

J(x(t), t, u(τ)
t≤τ≤tf

) =

∫ tf

t
L(x(τ), u(τ), τ)dτ+ K(x(tf), tf) (1.4)

Note J depends on the values x(t), t, and the control history from t to tf. Let’s write the minimum

possible J (assuming all constraints are satisfied throughout the interval) as

J∗(x(t), t) = min
u

[∫ tf

t
L(x(τ), u(τ), τ)dτ+ K(x(tf), tf)

]
(1.5)

If we subdivide the interval into [t, t+ Δt] and [t+ Δt, tf], we get

J∗(x(t), t) = min
u

[∫ t+Δt

t
L(x(τ), u(τ), τ)dτ+

∫ tf

t+Δt
L(x(τ), u(τ), τ)dτ+ K(x(tf), tf)

]
(1.6)

The principle of optimality states that for optimal performance the sequence of controls is optimal

on each sub-interval16. In particular that means we can rewrite (1.6) as

J∗(x(t), t) = min
u

[∫ t+Δt

t
L(x(τ), u(τ), τ)dτ+ J∗(x(t+ Δt), t+ Δt)

]
(1.7)

since we have assumed we are following the optimal trajectory and J∗(x(t+Δt, t+Δt) is the minimal

cost from t+ Δt to tf. Let’s assume Δt is small and Taylor expand J∗. That gives

J∗(x(t), t) = min
u

[
L(x(t), u(t), t)Δt+ J∗(x(t), t) +

∂J∗

∂t
Δt+

∂J∗

∂x

T
(x(t+ Δt)− x(t)) + h.o.t

]
(1.8)

With higher order terms in Δt that we ignore going forward. We know x(t + Δt) − x(t) =

5



f(x(t), u(t), t)Δt from (1.1) so

J∗(x(t), t) = min
u

[
L(x(t), u(t), t)Δt+ J∗(x(t), t) +

∂J∗

∂t
Δt+

∂J∗

∂x

T
f(x(t), u(t), t)Δt

]
(1.9)

Since J∗(x(t), t) does not depend on uwe can pull those terms outside of the minimization and we

are left with

−∂J∗

∂t
= min

u

[
L(x(t), u(t), t) +

∂J∗

∂x

T
f(x(t), u(t), t)

]
(1.10)

and the boundary condition J∗(x(tf), tf) = K(x(tf), tf)which we get by substituting t = tf into

(1.4). Finally we define a HamiltonianH(x(t), u(t), ∂J
∗

∂x , t)

H = L(x(t), u(t), t) +
∂J∗

∂x

T
f(x(t), u(t), t) (1.11)

and note that the optimal control u∗(x(t), ∂J
∗

∂x , t)must minimize this Hamiltonian (eq. 1.10). The

Hamilton-Jacobi-Bellman (HJB) equation is then

−∂J∗

∂t
= H

(
x(t), u∗(x(t),

∂J∗

∂x
, t),

∂J∗

∂x

T
, t
)

(1.12)

J∗(x(tf), tf) = K(x(tf), tf) (1.13)

and we use this equation to solve for u∗. Unsurprisingly, in the vast majority of cases, this equation

is intractable and we must rely on numerical methods30. Nonetheless we have a necessary condition

that any optimal control u∗ must satisfy, namely it must minimizeH. Although we will not show it

here any cost Jwhich solves the HJB equation is actually the optimal cost so eq. (1.12) is a sufficient

condition for optimality. See56 for a more detailed discussion.
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1.1.2 The minimum principle

Another approach to solving optimal control problems is to use the calculus of variations and the

Pontryagin minimum principle. Consider again the cost in eq. (1.3) with a fixed initial condition x0

and variable final condition x(tf) (for simplicity)

J(u) =
∫ tf

t0
L(x(t), u(t), t)dt+ K(x(tf), tf) (1.14)

To directly incorporate the constraint from the state dynamics into eq. (1.14) use Lagrange multipli-

ers λ(t) to arrive at

J(u) =
∫ tf

t0

(
L(x(t), u(t), t) + λT(f(x, u, t)− dx

dt
)

)
dt+ K(x(tf), tf) (1.15)

LetH(x, u, λ, t) ≡ L(x(t), u(t), t) + λTf so that

J(u) =
∫ tf

t0

(
H(x, u, λ, t) +

dλ
dt

T
x
)
dt+

[
λT(tf)x(tf)− λT(t0)x(t0)

]
+ K(x(tf), tf) (1.16)

by substitution and integrating by parts. If the control u∗ is optimal, then a first variation of J

around u∗ must vanish. Note that x and the final state x(tf)will change as a result of a new control

history. Doing this variation gives

δJ(u) =
∫ tf

t0

(
δxT(

∂H
∂x

+
dλ
dt

) + δuT
∂H
∂u

)
dt+ δx(tf)T

[
λ(tf) +

∂K(x(tf), tf)
∂x

]
(1.17)

where we have used the symmetry of the dot product to rearrange terms. Using the definition ofH

and since δJmust vanish for all variations around the optimal u∗, we arrive at the following set of
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necessary equations for u to be an optimal control

∂H
∂u

= 0 (1.18)

∂H
∂λ

=
dx
dt

(1.19)

−∂H
∂x

=
dλ
dt

(1.20)

∂K(x(tf), tf)
∂x

= −λ(tf) (1.21)

The minimum principle is captured in eq. (1.18) which saysH is extremal for the optimal control.

Intuitively we knowHmust be a minimum by considering eq. (1.16) over a short time (i.e tf =

t0 + dt). In such a case it is clear that if we want to minimize J, thenHmust be minimal. Again, it is

typically too difficult to solve these equations and we must resort to numerical methods.

1.1.3 Numerical methods

The results laid out in the previous two sections lay the foundation on how to solve optimal con-

trol problems. In practice the equations described are too complicated to solve by hand and we

must resort to numerical methods80. Broadly there are two classes of methods to solve OCT prob-

lems numerically: direct and indirect. Indirect methods use the necessary conditions in eqs. (1.18

- 1.21) and solve a boundary value problem for the trajectories x(t) and costates λ(t) (from which

the optimal controls can be constructed). Indirect methods are elegant but difficult to implement

because it’s often hard to use the minimum principle to simplify the form of the differential equa-

tions and integrate them forward in time30. Direct methods start from the basic statement of the

control problem (minimize J(u)) and discretize both the state and control over time. Starting from

the discretized system we then directly minimize J subject to the constraints using non linear pro-

gramming10. In our work we use direct methods implemented in the CasADI6 software package.
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We especially make use of direct collocation methods which typically approximate the control as

a piecewise constant function and the state as a piecewise polynomial. These methods determine

polynomial coefficients by requiring continuity and that eq. 1.1 be satisfied at a number of colloca-

tion points inside the discretization intervals. Collocation methods are very powerful30 but the art

of getting them to work generally requires the user provide a good initial guess for the solution.

1.2 Reinforcement Learning

Reinforcement learning (RL) is a paradigm for solving sequential decision making problems92. It

has become a much more popular tool in recent years after researchers combined it with deep learn-

ing40 to achieve human level performance in video game play66. An enormous number of success-

ful applications of the technology have followed ranging from robotic manipulation7 to optimized

industrial cooling60. In RL agents interact with their environment and receive feedback in the form

of a reward (fig 1.1). The reward encapsulates prescribed goals and over the long term the agent

learns to maximize the reward it receives. Aside from its use as an engineering tool RL provides a

computational framework to address questions in behavioral neuroscience regarding how animals

and humans make decisions in the face of reward or punishment69. Specifically, RL is useful when

thinking about the development of skills that require several intermediate steps to complete (e.g.

learning to pump a swing). In such cases error based learning methods, where gradients of the final

error are computed with respect to motor commands, are not the likely means by which learning

occurs99. Because of its power as an optimization technique and connection to learning in nature,

we incorporate techniques from RL into our work. Next we describe how to set up and solve a rein-

forcement learning problem.

9



Figure 1.1: How an agent interacts with its environment: The agent is presented with a state St and rewardRt at time t
by the environment. Based on the state St the agent decides on an action At using its policy π. The action affects both
the agent and the environment leading to a new state St+1. As a result of its action the agent also receives a reward
Rt+1. The goal of the RL agent is to learn a policy of actions which maximizes the accumulated reward it receives.

1.2.1 Markov Decision Processes

Problems in RL are posed in the language of Markov Decision Processes (MDP)92. In anMDP

we have an agent which is learning and doing, and an environment which is everything outside the

agent that it interacts with. After each of its interactions the agent receives a reward from the envi-

ronment and over time adjusts its behavior to maximize accumulated rewards. Mathematically we

have a set of states S , actionsA, and rewardsR. The specific form of the states and actions will vary

depending on the problem, butR is always a set of scalars. The dynamics of the environment are

captured by a function p : S × R× S × A → [0, 1]which tells us the probability of transitioning

from one state to another, and receiving a particular reward, after taking an action.

p(s′, r | s, a) ≡ Pr(St+1 = s′,Rt+1 = r | St = s,At = a) (1.22)
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This formulation allows the environments to be quite general and naturally accounts for uncer-

tainty in the consequences of actions. Deterministic environments are handled by setting all proba-

bilities to either 0 or 1. The agent makes decisions based on it’s policy π : S ×A → [0, 1]

π(a | s) ≡ Pr(At = a | St = s) (1.23)

which gives the probability that action a ∈ A is chosen given that the agent is in state s ∈ S at

time t. As with the dynamics, deterministic policies are handled by setting all probabilities to 0 or

1. A useful concept in reinforcement learning is that of discounted future returns. The discounted

future returnGt tells us the accumulated reward from time t onward.

Gt = Rt + γRt+1 + γ2Rt+2 + ... (1.24)

γ is called the discount rate and determines howmuch to value present rewards against those in the

future. Using the returns we can define what is known as a value functionVπ : S → R for a

given policy π. The value function tells us the expected future return if the agent starts in state s and

follows policy π for the rest of its interactions with the environment.

Vπ(s) = E[Gt | St = s] (1.25)

Ultimately reinforcement learning algorithms are used to find the optimal policy π∗ which maxi-

mizes the value of each state. There are a wide variety of methods to choose from and in our work

we use policy optimization algorithms.
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1.2.2 Policy optimization

We describe the simplest policy optimization algorithm to give a sense of how it works. Our deriva-

tion follows2 and we suggest looking there for a helpful discussion of extensions.

Suppose we have a finite horizon (all agent-environment interactions terminate at some point),

undiscounted (γ = 1)MDP. Let τ = (s0, a0, ..., sT+1) be a trajectory of states and actions an agent

follows in its interaction with the environment. Also suppose that rewards are deterministic so we

can write p(s′, r | s, a) = p(s′ | s, a). In general the policy will be some complicated function of the

states and actions so we parameterize it with parameters θ and write π = πθ to indicate that. Our

goal is to maximize the expected return

J(πθ) = E
τ∼πθ

[G(τ)] (1.26)

where (with a slight abuse of notation) we have written the return along trajectory τ asG(τ). Note

E
τ∼πθ

means we are taking an expected value over trajectories found by following policy πθ.

We start out not knowing what the optimal policy looks like. The perspective in reinforcement

learning is to use interaction with the environment (i.e. experience) to update the parameters θ to-

wards those of the optimal policy. To find the parameters we simply want to use gradient ascent

θk+1 = θk + α∇θJ(πθ) (1.27)

where α is known as a learning rate and dictates the size of the parameter updates made at each step.

The problem is then how to estimate∇θJ(πθ) through experience. We know the probability of a

trajectory given the current parameters is

P(τ | θ) =
T∏

t=0
p(st+1 | st, at)πθ(at | st) (1.28)

12



which just states that the probability of a trajectory is the probability of taking the observed actions

times the probability of making the observed state transitions. From there we can use the facts that

E
τ∼πθ

[G(τ)] =
∫
P(τ | θ)G(τ)dτ and state transition probabilities don’t depend on θ to derive the

following

∇θJ(πθ) = ∇θ

∫
P(τ | θ)G(τ)dτ (1.29)

=

∫
∇θP(τ | θ)G(τ)dτ (1.30)

=

∫
P(τ | θ)∇θlog(P(τ | θ))G(τ)dτ (1.31)

= E
τ∼πθ

[∇θlog(P(τ | θ))G(τ)] (1.32)

= E
τ∼πθ

[ T∑
t=0

∇θlog(πθ(at | st))G(τ)

]
(1.33)

where in eq. (1.31) we have used df(x)
dx = f(x) d

dx log(f) as long as f(x) is greater than zero (which it is

in our case since we are integrating over observed trajectories making all P(τ|θ) > 0). The important

part about the above derivation is that we can estimate eq. (1.33) from experience in the environ-

ment. We specified the policy and can compute the gradient with respect to its parameters, and we

can determineG(τ) by simply observing the returns along a trajectory. By repeatedly observing the

agent follow policy πθ in the environment we can estimate eq. (1.33) using a sample average and

update the parameters using eq. (1.27).

In practice we need to ensure our parameterization πθ is robust enough to represent complicated

policies. Most recent development in RL has come from using deep neural networks40 to approx-

imate πθ because of their ability represent general functions. This branch of RL is known as deep

reinforcement learning (DRL). We use StableBaselines378, a thoroughly tested and benchmarked

software package, for implementations of DRL algorithms.
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2
Optimal strategies for Kiiking: pumping a

swing till inversion

Kiiking, an extreme version of swinging, is a competitive sport invented in Estonia. It uses an es-

pecially long swing (Estonian: kiik), where a platform is connected to the swing fulcrum by rigid

bars of adjustable length, Fig. 2.1(a). The athlete stands on the platform and pumps the swing by

appropriately timed standing and squatting, with the goal of inverting the swing and passing over
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the fulcrum, thereby completing a full rotation. Athletes compete to achieve a full rotation on the

longest swing possible, potentially within the shortest time. As in any sport, we see a natural coming

together of neurobiology and physics that raises a number of questions: what is the relative impor-

tance of timing and power to invert the swing as a function of the underlying physical constraints

and the biological constraints? What does the optimal pumping strategy look like? How can an

individual learn this strategy from experience? In this letter, we address some of these questions.

Conventional playground swings modeled as pendula serve as models of one of the simplest mod-

els in elementary physics with connections to everything from Josephson junctions to lasers and

active matter. A child sitting on a swing actively drives it by leaning back and forth, and thus pumps

it to reach but modest amplitudes25,24 but unlimited pleasure. In contrast, kiiking consists of stand-

ing and squatting, i.e. raising and lowering the center of mass, Fig. 2.1(a), as this method is more

efficient at high amplitudes98. This corresponds well to a model of a pendulum with time-varying

length l, a well studied model especially in the linear (low amplitude) regime, as a prototypical exam-

ple of a parametric oscillator21,18. In this limit, if the length is periodically varied with a frequency

which is approximately twice the natural frequency of the pendulum, the oscillation amplitude

grows exponentially. These approaches do not address the interesting question of optimal strategies

for modulating the length or how this might be learnt.

A step in this direction takes the perspective of optimal control theory, e.g.55, where the authors

consider a half-period and maximize the angle θ of the swing at its highest point, or minimizing the

time needed to reach a given target angle or target potential energy 74,51,75,59. Assuming that the

length l can change discontinuously leads to the following intuitive result: stand up at the lowest

point of the swing, and squat at the highest point.

But the rate at which the athlete can stand and squat is limited, especially at higher angular speeds

when the athlete can be subject to 3-4 g of acceleration, limiting the applicability of these simple

models to reality. A natural way forward is suggested by combining the analysis of Youtube videos
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Figure 2.1: (a) An athlete on a tall kiiking swing. The arms of the swing are rigid, and the athlete is attached to the base
by their feet. Adapted from Estonian Kiiking Association8, ©2014 Estonian Kiiking Association. (b) A schematic of an
athlete pumping the kiiking swing by squatting and standing. The swing‐athlete system is modeled as a simple (point‐
mass) pendulum with variable length l(t). Over the course of one cycle, the athlete quickly stands up when the swing
is near its lowest point, and squats down as the swing reaches its highest point. This stand‐squat cycle is repeated
twice over each oscillation of the swing’s motion. (c) The angle θ measured from experiments as a function of time
for a successful kiiking attempt. The length of the swing is approximately 7 meters. (d) Nondimensionalized energy
E/mgl0 ≈ − cos θ after the nth cycle, i.e. at the nth extremum of θ.
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of kiiking to extract time series, simple estimates of constraints on human athletic performance,

e.g. maximum power exerted, and a mimimal model of the sport in terms of an extensible control-

lable pendulum. By posing the problem in terms of optimal control theory, we compute the time-

optimal control for the system in the form of a feedforward (open-loop) controller. Complementing

this from the perspective of reinforcement learning (RL), we consider how how an athlete or other

intelligent agent might learn to complete the kiiking task from repeated attempts.

2.1 Experimental data analysis

In order to develop a quantitative understanding of kiiking strategies we found videos of kiiking

online and took snapshots of the videos at a rate of 3 Hertz. For each frame we used the Fiji software

platform85 to measure the angle the swing makes with the vertical. Figure 2.1(c) shows how the

angle grows over time as the athlete makes a full swing up to 180◦ (see appendix A for more detail).

Our model requires we make a few key estimates of human performance. In particular we need

to estimate the maximum rate at which a person can stand under a load and the maximum power

an athlete can output. We estimate the maximum rate of standing from the video data and find it to

be around 140 cm/s (we assume the athlete is squatting half their height and count the number of

frames it takes to do so). We use a maximum power value of around 850Watts taken frommeasure-

ments on leg power generated during dynamic exercise83. We use the power and rate of standing

estimates to set appropriately set simulation parameters as we search for optimal swinging strategies.

2.2 Mathematical model

Wemodel the kiiking system as an idealized pendulum consisting of a point massm connected to

a pivot by a massless rigid rod of variable length l. In this model,m represents the combined mass

of the swing arms and the person riding on the swing, while l corresponds to the distance from the
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pivot to the center of mass. We denote by θ the angle between the pendulum and the downward

vertical direction. We neglect any motion of the center of mass perpendicular to the swing arms, as

well as friction and air resistance.

The system is shown schematically in Figure 2.1(b). The pendulum length l is bounded between

some minimum length l− and maximum length l+ (0 < l− < l+), corresponding to squatting and

standing, respectively.

The kinetic and potential energy of the system are T = 1
2m

[
(lθ̇)2 + l̇2

]
andV = −mgl cos θ

respectively. Defining the conjugate momentum p = ml2θ̇, the evolution of the state x = (θ, p, l) is

given by Hamilton’s equations

θ̇ =
1

ml2
p,

ṗ = −mgl sin θ,

l̇ = u,

(2.1)

where u is the rate of change of l, which we take as the control variable. We nondimensionalize the

system (2.1) by choosing units so thatm = l0 = t0 = 1 where l0 = (l+ + l−)/2 is a character-

istic length scale and t0 =
√

l0/g is a corresponding time scale. We write the nondimensionalized

equations in the form

ẋ = f(x, u) = F(x) + G(x)u, x(0) = x0,

F(x) =


p/l2

−l sin θ

0

 , G(x) =


0

0

1


(2.2)

to emphasize that the system is affine in the control u. For simplicity, we only consider initial condi-

tions of the form x0 = (θ0, 0, l+)where θ0 6= 0.

Our goal is to find a control u so that the system reaches the target set S = {(θ, p, l) | θ = ±π}

in minimum time, subject to certain constraints on u and the trajectory x(t), which will be detailed
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below. The control may be given in the form of an open-loop control u = u(t), or else as a feedback

control policy u = π(x). Importantly, the bound l− ≤ l ≤ l+ means that, for most initial

conditions, any control which steers the system to Smust involve several cycles of squatting followed

by standing. These individual cycles will be analyzed first before turning to the full optimal control

problem.

We can gain some intuition about the system by inspecting its total energy E = T + V. The rate

of change of the (nondimensionalized) energy is

Ė = uu̇− (p2/l3 + cos θ)u. (2.3)

We see that the integral of the first term vanishes over a cycle, so we consider only the second term.

For the system to gain energy, we must take u < 0 (corresponding to standing up) when the mass is

near its lowest point, so that p2/l3 + cos θ is maximal. Conversely, we should take u > 0 near the

highest point in order to minimize energy losses during the squatting phase. In our chosen units,

the minimum energy needed to reach the target set S is simply E = l−.

We make the natural assumption that the rate u = l̇ at which the length of the pendulum can be

changed is bounded by some maximum, |u| ≤ um. Motivated by equation (2.3), we also impose a

power bound of the form−(p2/l3 + cos θ)u ≤ Pm for some Pm > 0. Note that this bound does

not take into account the contribution uu̇ to Ė. This is done for the sake of simplicity; however, this

term is usually small compared to the other two terms when the constraint is active, except on very

short times when u has a jump discontinuity. The two constraints imply that u− ≤ u ≤ u+ where

u± = u±(x) = ±min
(
um,

∓Pm
p2/l3 + cos θ

)
(2.4)

Finally, we define the dimensionless parameter Δl := (l+ − l−)/2 so that l is bounded between
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1 − Δl and 1 + Δl. For kiiking athletes, typical ranges for the dimensionless parameters are 0.04 ≤

Δl ≤ 0.08, 0.1 ≤ um ≤ 0.15, and 0.1 ≤ Pm ≤ 0.25. We remark that in the limit Pm → ∞,

um → ∞, we obtain the problem considered in59,75. Figure 2.2 shows numerical simulation results

for the standing phase of a single cycle. At t = 0, the swing starts from rest at an initial angle θi and

remains in the lowest position (l = l+) until a switching time ts, when u is taken to be the mini-

mum value allowed by the rate and power constraints, i.e. u(t) = u− where u− is defined in equa-

tion (2.4). This u(t) is maintained until l reaches the minimum length l−, after which u(t) is identi-

cally zero. In particular, u(t) is piecewise constant in the absence of power constraints (Pm = ∞).

Figure 2.2 (a) shows some representative solutions and the corresponding controls. The angle θ at

the end of the standing phase, and thus the energy gained by the system, is seen to depend sensi-

tively on the switching time ts. The depence of the final energy Ef on the switching time is shown

explicitly in Figure 2.2 (b). We denote by tgs the greedy switching time, which maximizes the energy

at the end of the standing phase. In the limiting cases Pm → ∞, um → ∞, the greedy switching

time is precisely when θ = 0, i.e. when the swing reaches its lowest point. This is in agreement with

previous results59,75. Since the period of a pendulum increases with amplitude, tgs increases mono-

tonically with θi in the case when Pm = ∞. In the power-constrained case, the dependence is more

complicated due to a competing effect: As θi increases, the power constraint becomes more strict,

leading to smaller |u| and earlier switching times tgs .

The preceding discussion suggests the following greedy control strategy: Let u(t) = u(i)(t) for

t(i) ≤ t < t(i+1) (i = 1, . . . ,N) where the u(i) switch cyclically between the u = u−, u = 0

and u = u+ and the switching times t(i) are chosen greedily, i.e. in order to maximize the energy

at the end of each stand-squat cycle. By construction, this strategy achieves the task of reaching S in

the fewest number of cycles. Moreover, it approximates the behavior observed from kiiking athletes.

As we will show, the time-optimal solution has the same structure as the greedy strategy, but with

slightly different switching times. We will now precisely pose the time-optimal control problem.
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Figure 2.2: Analysis of the standing phase of a stand‐squat cycle. Starting at the switching time t = ts, the athlete
decreases the swing length l at the maximum allowed rate u = u− (Eq. (2.4)) until l reaches the minimum value l−.
(a) The angle θ and control u = l̇ as functions of (nondimensionalized) time. Left: The switching time ts is varied in the
absence of power constraints (Pm = ∞). The greedy switching time tgs (solid green lines) maximizes the energy gained
by the system. Right: Solutions with ts = tgs and varying power bounds Pm. In both cases, Δl = 0.115, um = 0.5. (b)
Energy Ef at the end of a cycle as a function of the switching time ts. Each solid curve corresponds to a different initial
angle θi = θ(0). The dashed black curve indicates the greedy switching time tgs for each θi. When the system is not
power‐constrained (left), tgs increases monotonically with θi. In the presence of power constraints (right), the relationship
is more complicated. Here, Δl = 0.1, um = 1.0.
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2.3 Time-optimal control

We say that a measurable function u : R+ → U,U = [−um, um], is an admissible control if u and

the corresponding state trajectory x, solution of (2.1), satisfy the inequality constraints

g(x(t), u(t)) ≥ 0, h(x(t)) ≥ 0, (2.5)

where

g(x, u) = Pm + (p2/l3 + cos θ)u, h(x) =

l+ − l

l− l−

 .

Define the terminal time tf = tf(u) as the first time that the corresponding trajectory x hits the

target set S = {(θ, p, l) | θ = ±π}. Then the time-optimal control problem (TOCP) for the kiiking

system can be stated as follows: Given an initial state x0, find an admissible control u ∈ U which

minimizes tf subject to the state constraints (2.5).

The presence of the pure state constraints, represented by h(x) in equation (2.5), makes this

a difficult problem to solve by variational methods. A set of necessary conditions for a control-

trajectory pair to solve the optimal control problem are provided by the PontryaginMaximum Prin-

ciple (PMP). A sufficiently general version of the PMP, which allows for both mixed constrol-state

inequality constraints as well as pure state constraints, is given by Sethi87. We will only need a subset

of the conclusions, which we summarize now. Define the control Hamiltonian associated with the

TOCP as

H(x, λ, u) = λ · (F(x) + uG(x)).

The time derivative of the constraint function h is

h1(x, u) = ∇h(x) · f(x, u) = (−u, u)T
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and we define the restricted control set

Ũ(x) := {u ∈ U | g(x, u) ≥ 0 and

h1i(x, u) ≥ 0 if hi(x) = 0, i = 1, 2}.
(2.6)

The PMP states that if u∗ : [0, tf] → U is an optimal control and x∗ is the corresponding trajectory,

then there exists a nowhere vanishing function λ∗ : [0, tf] → R3 (the costate) so that at any time t the

function u 7→ H(x∗(t), λ∗(t), u) attains its maximum on the restricted control region Ũ(x∗(t)) at

u = u∗(t).

In our case, the control HamiltonianH(x, (λ), u) = λ · F(x) + uλ3 depends on u only through

the term uλ3. The coefficient ϕ(t) = λ3(t)multiplying u is called the switching function and de-

termines the structure of the optimal control. On interior arcs, i.e. at times twhen the constraint h

is inactive, the PMP states that u∗(t) = u+ if ϕ(t) > 0 and u∗(t) = u− if ϕ(t) < 0. In other

words, u∗ changes between the maximum and minimum value at switching timeswhen ϕ switches

sign. This completely determines u∗(t) on interior arcs unless a singular arc occurs, i.e. if ϕ(t) van-

ishes on a nontrivial interval. We find that singular arcs do not appear in our problem, so we do not

consider them further. A time interval [t1, t2] on which the constraint h is active is called a boundary

arc and its endpoints t1, t2 are called junction times. We see that in the interior of a boundary arc, we

necessarily have u∗(t) = 0.

Computing the costate λ (and thus the switching function) requires solving a difficult nonlin-

ear multi-point boundary value problem. Alternatively, the above observations completely deter-

mine u∗(t) as long as we know the switching times and junction times. FollowingMaurer et al.64,

we transcribe the time-optimal control problem into a finite-dimensional optimization problem

over the switching and junction times, which can be solved using standard nonlinear programming

methods. By using a modern numerical ODE solver with support for automatic differentiation61,
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has the same form but with slightly different switching times. For both simulations, θ0 = π/4, Δl = 0.05, um = 0.1.

we can compute the gradient of the terminal time tf with respect to the switching times, and apply

an efficient gradient-based method. Using this approach, we are able to determine the switching

and junction times to very high precision. We check the validity of the solution by comparing with a

direct collocation method19. The numerical solution codes are provided in the supplemental infor-

mation29.

The optimal control and corresponding θ(t) are shown in Figure 2.3 (black lines). We find that

the optimal control has the same structure as the greedy strategy defined in the previous section, and

differs only slightly in the switching and junction times.

2.4 Reinforcement learning

Reinforcement learning (RL) provides a set of tools to solve sequential decision making problems.

In our case reinforcement learning provides an expedient method of formulating kiiking as a feed-
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back control problem. RLmethods do not provide the same optimality guarantees as control theory

methods, so it is important we compare the solutions to see how close to optimal the learned solu-

tion is.

To formulate a reinforcement learning problem92 we need to define a state space S , an action

spaceA, and a reward signalR. The state space be the state of the system is the same as in 2.1 St =

(θt, pt, lt).

We assume that athletes either try to stand or squat as quickly as possible and otherwise do noth-

ing. The action space is thenA = {−um, 0, um}. Where um is the maximum rate the athlete can

stand or squat. At every time step the RL agent chooses an action and we integrate the dynamics in

equation 2.1 forward in time according to that action. In the power bounded version of the prob-

lem we ensure that the bounds are not exceeded at each time step.

The goal is to train the agent to swing up to θ = π as quickly as possible. In principle we should

give a reward that is proportional to the time it takes to reach the goal. In practice we supplement

the time based reward with a reward which encourages incremental progress. In particular the re-

wardRt at time t is

Rt =


1 if θ = π

−1+ Et/Emax otherwise
(2.7)

where Emax is the gravitational potential energy of the swing at θ = π and Et is the energy at time t.

Energy increases as the swing cycles become larger in amplitude so an energy based reward is similar,

but not identical, to a time based reward (see Fig 2.2). Using informative intermediate rewards is a

practice known as reward shaping and is frequently used in reinforcement learning problems67. We

found no improvement in performance after starting with the hybrid time-energy optimal agent and

retraining it with the time based reward. As such we present results using the hybrid reward.

For this problem we parameterized the policy as a neural network and use the Proximal Policy
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Optimization (PPO)86 algorithm, a variant of traditional policy optimization, to update the net-

work weights towards the optimal policy. We used the PPO implementation from Stable Baselines

378, a thoroughly tested software package with implementations of various reinforcement learning

algorithms.

2.5 Results

Figure 2.3 compares solutions obtained by the optimal control (OC)-based method to solutions

found by the reinforcement learning (RL) algorithm. The solutions are identical apart fromminor

differences in switching and junction times. In particular, both solutions agree qualitatively with the

general strategy of kiiking athletes, namely standing up as quickly as possible as θ passes through 0

and squatting near zeros of p (the extrema of θ).

To validate our model, we compare the computed OC solutions to data collected from trials by

five different kiiking athletes. Since the length of the swing arms and the mass of the athletes are

unknown, the θ(t) time series cannot be directly compared to trajectories of our nondimensional-

ized model. Instead, we compute an estimate of the nondimensionalized energy E(n) at the end of

each stand-squat cycle n. The energy is estimated when the swing is at its highest point, so that the

kinetic energy vanishes and the nondimensionalized energy is simply E = − cos θ. The results are

shown in figure 2.4. We see that for the longer trials, the E(n) curves have a distinctive sigmoidal

shape. Recalling equation (2.3), we see that the energy gain is initially limited by the small term

(p2/l3 + cos θ)u ≈ p2u. At larger velocities, the energy lost to air resistance over the course of a cycle

becomes comparable to the energy gained by standing and squatting, and the E(n) curve levels off.

In order to capture these qualitative features, we modify our model Eq. (2.1) by adding a quadratic

drag term:

ṗ = −l sin θ− d|p|p/l, (2.8)
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Figure 2.4: Nondimensionalized energy E/mgl at the end of each stand‐squat cycle for five trials by different kiiking tri‐
als. The gray ribbon shows the envelope of the error bars for all five trials. In the two longest trials (circles and triangles)
the length of the swing arms is approximately 7m. For the other trials, the length is smaller but not precisely known.
Two of the series (diamonds and pentagons) show failed attempts, which ended without reaching θ = π. A simulation
with parameters Δl = 0.05, um = 0.125, Pm = 0.125, d = 2.75 × 10−2 is shown for comparison, and captures
the sigmoidal shape of the E(n) curves.

where d is a dimensionless constant. Figure 2.4 shows a typical simulation result. The values of the

parameters were chosen to correspond to a challenging kiiking exercise, requiring over twenty stand-

squat cycles. The corresponding E(n) curve has a sigmoidal shape similar to the data.

2.6 Discussion

In this work we studied the Estonian sport of kiiking. The problem of optimal swinging has been

studied before but we go beyond prior work by explicitly including physiological limitations, de-
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veloping both closed and open loop controllers, and by providing quantitative comparisons with

data.
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3
Planar controlled gliding through shape

change

Change of configuration is ubiquitous in both powered and gliding flight41. The incredible maneu-

verability of birds27 is due to their ability to adeptly change their aerodynamic and inertial proper-

ties in the air43,97. Manned and unmanned aerial vehicles (UAVs) can not fly as dynamically as birds

largely due to their relatively fixed shape. There is a long history13 of trying to bring together the
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proper materials and control systems to extend aircraft capabilities through shape change26,42,50,89.

Inspired by this prior work and natural gliders11,65,101,102,103,104, we examine the usefulness of dy-

namic shape change in the simplified context of wingless gliding bodies. In particular we study how

to use shape change to complete perching (i.e. landing at a specific spot in a prescribed orientation)

tasks. We study the problem in a two dimensional setting and introduce a method for varying aero-

dynamic properties. We show how our method allows us to turn what would be a haphazard and

chaotic descent into precisely controlled flight. Our work may inspire atmospheric or underwater

vehicles which more fully incorporate the shape of the body into their controls.

First we introduce the glider model which is motivated by the dynamics of falling bodies at in-

termediate Reynolds number36,52,62 (e.g leaves or cards). After introducing the model we show

precisely how shape change affects the inertial and aerodynamic properties of the falling body. We

then formulate the problem of perching as an optimal control problem. Posing the problem in the

language of optimal control theory allows us to select the strategies, of which there may be many,

which are optimal according to some objectives that are secondary to the goal of perching3. After

formulating the problem we present the solutions and compare strategies with different optimiza-

tion objectives. We end by pointing out some natural extensions of the work.

3.1 Mathematical model

Following4,5 we obtain a model for the glider by considering a long and thin cylinder falling due to

gravity in an inviscid, incompressible fluid. We ignore the motion along the long axis and character-

ize the dynamics by the position and orientation of the cylinder head. Figure 3.1 shows the dynamic

variables. The speed along the semi-major and semi-minor axes are u and v respectively. The angle

θmeasures the angle between the semi-major axis and the fixed x axis. The aspect ratio β = b/a

measures the ratio of the semi-minor and semi-major axis radii. We change the shape of the body by
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Figure 3.1: Model of the glider: u is the velocity along the longitudinal axis of the body. v is the velocity along the trans‐
verse axis. w is the angular velocity. a and b are the radii of the semi major and semi minor axes. The x and y axes are
shown in the bottom and are fixed while the u and v axes rotate with the body. We consider the problem of how such
a body can glide through a quiescent fluid and perch at a given location. We assume control of the shape of the ellipse
characterized by the aspect ratio β = b

a .

changing β.

The motion of the glider and the fluid are coupled so in general we need to solve the Navier-

Stokes73 equation to understand the gliders’ motion over time. Instead of solving the Navier Stokes

equations Andersen et. al5 presented a reduced order model which captures the dynamics and

makes the model more realistic by accounting for viscous drag. We use the same model here. The

equations describing the system are given below (for convenience we use notation where u̇ =

du/dt).
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(m+m1)u̇ = (m+m2)vw− ρfΓv− π(ρs − ρf)abgsinθ− F (3.1)

(m+m2)v̇ = −(m+m1)uw+ ρfΓu− π(ρs − ρf)abgcosθ− G (3.2)

(I+ Ia)ẇ = (m1 −m2)uv−M (3.3)

ẋ = ucosθ− vsinθ (3.4)

ẏ = usinθ+ vcosθ (3.5)

θ̇ = w (3.6)

With the mass and moment of inertia terms given by

m = ρsπab (3.7)

m1 = ρfπb
2 (3.8)

m2 = ρfπa
2 (3.9)

I =
ρsπab
4

(a2 + b2) (3.10)

Ia =
ρfπ
8

(
a2 − b2

)2 (3.11)

F,G, Γ, andM are given by

Γ =
2
π

[
−CT

uv√
u2 + v2

+ CRw
]

(3.12)

F =
1
π

[
A− B

u2 − v2

u2 + v2

]√
u2 + v2u (3.13)

G =
1
π

[
A− B

u2 − v2

u2 + v2

]√
u2 + v2v (3.14)

M =
[
μT + νT|w|

]
w (3.15)
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and constants A = 1.4,B = 1.0,CT = 1.2,CR = π, μT = νT = 0.2. Notem1,m2 and Ia are added

mass and moment of inertia terms arising from the fact that in order to accelerate a body through a

fluid some of the fluid must be displaced.

The first term in the u̇ and v̇ equations account for acceleration due to u and v being rotating

axes. Viscous forces are modeled by F andG. Lift is due to fluid circulation Γ around the body. Lift

is proportional to Γ and generated by motion orthogonal to a given axis (e.g lift in the u direction is

generated by motion transverse to u)1. Finally there are gravitational forces that determine whether

the body will rise or fall in the absence of any other forces. M characterizes fluid torques on the

body. Andersen et al4 found expressions for these forces and torques using a combination of experi-

mental and numerical studies.

This model captures the dynamics of falling plates at intermediate Reynolds number5. There are

two main modes of motion seen in these system. First is the oscillatory side to side motion known as

fluttering. Second is tumbling where the body rotates rapidly and experiences some net horizontal

displacement. Prior work71,70 on the evolution of flight31,32 studied controlled gliding with this

model by adding in a torque control τ in the angular acceleration equation. Instead of supposing

the glider can directly effect some torque, we presume the body can change shape and study the

dynamics arising from this new flight control.

3.2 The control problem

The goal is to determine how to control the shape of the glider so it arrives at a specific point and

orientation in space. We control the shape by changing β = b/a. Figure 3.1 demonstrates that a

small β corresponds to a cylinder elongated on the u axis and increasing β elongates the glider on the

v axis.

Let α = ab. Since we require that the mass of the glider is unchanged, then a =
√

α
β and b =
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√
αβ. With these definitions

m = ρsπα

m1 = ρfπαβ

m2 =
ρfπα
β

I =
ρsα

2

4

(
1+ β2

β

)
Ia =

ρfπα
2

8

(
1− β2

β

)2

We see that β influences the dynamics through it’s affect on the added masses, added moment of

inertia, and moment of inertia. As the glider becomes elongated along either of it’s axes the mo-

ments of inertia grow and it becomes more difficult to rotate. At the same time the added mass

along the axis parallel to elongation shrinks and the glider more readily accelerates in that direction.

In essence, by appropriately timing added mass changes, we can make motion in a given direction

much easier and use it to glide to a desired spot. With that intuition we now describe exactly how we

set up the control problem and walk through solutions.

Optimal control theory

Optimal control theory48 is a technique used to control the state x of a dynamical system while

minimizing a specified cost C. In particular our goal is to minimize

C =

∫ T

0
L(x(t),U(t), t)dt

for some function (a “running cost”) L subject to the constraints that the state x(t) = (u, v,w, x, y, θ, β)

satisfies the dynamics at all times, the system reaches a specified final (xf, yf, θf, βf), and that the con-
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trolU(t) is within some prescribed bounds. We supplement the dynamics given in equations 1-6

with equation 3.16 describing how β changes in response to a control inputU.

β̇ = −(β− β0) + U(t) (3.16)

We assume the glider has a rest shape with β0 = 1 and the first termmodels relaxation towards that

equilibrium. We constrain β ∈ [0.1, 10] and let |Umax| = 5 so that the aspect ratio can vary an order

of magnitude from it’s rest shape. In practice the range of β and |Umax|will be set by experimental

constraints. Note we do not control the shape directly but rather its derivative. This ensures that

even if discontinuous controls are needed, the shape will change continuously. In the perching task

we let L have the general form L = γ + (1 − γ)U(t)2. When γ = 1 the goal is to minimize the

time it takes for the glider to perch. When γ = 0 the goal is to reach the desired point with the least

control input, a proxy for energy expenditure. Given the complexity of the dynamical equations we

solved the optimal control problem numerically using the CasADI software package6. We present

the solutions in the next section.

3.3 Results

To evaluate gliding performance at different density ratios we first did a study of how far a glider can

reach horizontally when dropped from a given height. We find that the smaller ρs/ρf is (increasing

the importance of added mass effects) the farther the body can glide. In order to find the maximal

gliding distance we set up the optimal control task minimizing L = −x2 to penalize the glider for

being near the origin. The results are shown in fig. 3.2.

With a sense of maximal glide distance for each density ratio, we then posed the perching prob-

lem with a horizontal distance we know the body can reach. We found both time (L = 1) and

energy (L = U(t)2) optimal solutions. Figures 3.3 and 3.4 show center of mass trajectories and
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Figure 3.2: Maximum glide distance as a function of density: For each density ratio ρs/ρf the glider starts with
(u, v,w, x, y, θ, β) = (0.1m/s, 0.1m/s, 0, 0, 0, 0, 1) and glides as far as it can until its center of mass hits the
ground located at yf = −10m. To encourage greater gliding distance we set the running cost L = −x2 so that the
body is penalized over time for its proximity to the y axis. When the solid is not much denser than the liquid, added
mass effects are more significant and gliding performance is improved.

36



Figure 3.3: Optimal perching with ρs/ρf = 200, α = ab = 0.1m2. In both tasks we start with (u, v,w, x, y, θ, β) =
(0.1m/s, 0.1m/s, 0, 0, 0, 0, 1) and land with (xf, yf, θf, βf) = (25m,−75m, π/4, 1). Left: Trajectories for the time
and energy optimal task. Right: The value of β over time. Note how the time optimal solution has much more change in
β (i.e. control input) despite the final trajectories looking very similar. The time optimal solution achieves the perching
task about 4% faster than the energy optimal. The time axis is scaled by tf, the time to land, in each case for a more
clear comparison of control strategies.

shape over time. The solutions where the solid is much denser than the fluid follow very similar

trajectories with the time optimal one completing the task about 4% faster than the energy optimal.

When ρs/ρf = 2 we see similar trajectories but the time optimal solution is 15% faster. In each case

the glider starts with a small launch (u > 0, v > 0) from a level orientation so u and v are nearly

parallel with the x and y axes respectively.

For the high density ratio (ρs/ρf = 200) case each strategy goes through an initial period of free

fall with increasing β to pick up speed in the y direction. Eventually β is decreased and the glider ro-

tates down so it’s elongated at an angle with respect to the direction of motion. From this unsteady

edge on position the fluid torque causes the glider to enter the tumbling phase where the bulk of the

horizontal displacement is achieved. While tumbling we see regular changes in β that match with

the rotation of the glider itself (fig 3.5). These changes are timed to increase the rotation rate w and

lead to a larger displacement in a given time. The time optimal solution has more dramatic oscilla-
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Figure 3.4: Optimal perching with ρs/ρf = 2, α = ab = 0.1m2. In both tasks we start with (u, v,w, x, y, θ, β) =

(0.1m/s, 0.1m/s, 0, 0, 0, 0, 1) and land with (xf, yf, θf, βf) = (75m,−75m, π/4, 1). Since the density ratio
(ρs/ρf = 2) is much smaller, and we know the body won’t have trouble gliding to greater distances, we use a larger

target x in the desired perching location than in the ρs/ρf = 200 case. Left: Trajectories for the time and energy

optimal task. Right: The value of β over time. Again the time optimal solution shows much more control input and uses
the extra control to perch about 15% faster than in the energy optimal case. The time axis is scaled by tf, the time to
land, in each case for a more clear comparison of control strategies.

tions in βwith relatively little gain in performance. Eventually the glider nears the perching location

and needs to exit the tumble to land properly. During the end stage changes in β are used to increase

fluid torque in the direction of rotation and land at the desired spot with θf = π/4, β = 1.

When the solid is twice as dense as the fluid β changes until the body finds a long glide slope that

it can follow with no control input 3.4. Once the body nears the ground it needs to reconfigure

to ensure it perches as desired. Again we see that the energy optimal solution has significantly less

control input (which we can see in the change in β over time) compared to the time optimal. Figures

3.5 and 3.6 show the shape and angle of the glider over energy optimal trajectories.
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Figure 3.5: Glider shape and orientation over time for the energy optimal perching trajectory ρs/ρf = 200. Since
the body is much denser than the fluid β must be changed significantly to alter the course of the glider. We also see a
significant variation in the orientation of the glider as it tumbles towards the ground.
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Figure 3.6: Glider shape and angle over time for the energy optimal perching trajectory with ρs/ρf = 2. Note how β is
very near 1 for most of the trajectory indicating that significant control input is not required as long as it is appropriately
timed (cf. Fig 3.5).
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3.4 Discussion

We have considered both energy and time optimal methods of gliding to a specific point. Our solu-

tions show that the chaotic seeming motion of tumbling can be harnessed to achieve optimal perch-

ing. We also see that in situations (like underwater) where the effects of added mass are significant,

gliding range increases measurably and tumbling is not needed to achieve large displacements.

There are several clear paths for future work. First the model can be extended to include the true

three dimensional nature of the gliding body. By considering a more realistic 3Dmotion we also in-

troduce another length parameter which we can use to control flight characteristics. Another avenue

to pursue is the addition of a more robust fluid dynamics model by directly simulating the Navier-

Stokes equation coupled to the glider. With a more widely applicable model we can study the effects

of shape change in different media. Finally we can add in external winds or turbulent effects and

study how robust the shape change strategy is in an unpredictable environments14. Instead of re-

lying on classical control theory methods we can also take advantage of developments in reinforce-

ment learning92,70 to develop feedback based controls that allow for more robust and generalizable

strategies.
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4
Vertical gap bridging in snakes

This project is joint work with Dr. Bruce Jayne, Dr. Ganga S. Prasath, Dr. Petur Bryde, and Dr. L.

Mahadevan. All experimental data was provided by Dr. Bruce Jayne.

Snakes demonstrate a wide range of impressive locomotive behavior45. Particularly surprising is

their skill in climbing trees and overcoming large vertical gaps47,84 (figure 4.1). Life in arboreal habi-

tats and the presence of branches spread far apart likely led to the evolution of such prowess22,76. As

human habitats further expand into natural ones, snakes climbing up on to power lines have caused
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significant economic damage81 and motivated studies into the behavior46. Relatively little is known

about the mechanical57,58,63 aspects of snake locomotion out of the plane. Recent work in the de-

velopment of robotics inspired by snake locomotion has spurred modeling effort38 but the field is

still nascent.

In this work we make two contributions to the study of snake locomotion. First we analyze

videos of a gap bridging task to attain a quantitative understanding of snake shape over time. We

do this by developing image analysis software which extracts the two dimensional outline of the

snake frame by frame. Second we introduce a physical model which accounts for the fact that snakes

are not purely passive physical systems. In particular we add a term to the equations of elasticity9 to

capture the muscular activation along the animal. Using methods from optimal control theory we

solve for the profile of muscular activity which leads to the snake tip reaching a desired location, a

simplified form of the gap bridging task in the videos.

First we introduce the data and provide a description of the data analysis procedure. Next we de-

scribe the mathematical model and the necessary simplifications made to manage model complexity.

After introducing the model we explain how we formulate the task of bridging a vertical gap as an

optimal control problem. Finally we compare simulation results to experimental observations.

4.1 Data Analysis

We analyze videos of 4 snakes taken by Dr. Bruce Jayne and his students in their lab at the Univer-

sity of Cincinnati. There were three brown tree snakes (Boiga Irregularis) and one python (Morelia

Amethistina). Each trial consisted of a snake trying to cross a vertical gap as pictured in figure 4.1.

The experiments were repeated several times for a variety of gap heights ranging from 30-70% of the

snake’s body length. We include data from 12 different trials in this work.

Our approach to making the visual data quantitative is to compute the curvature along the body
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Figure 4.1: A time lapse of a python as it completes a gap bridging task. The gap is about 70% of the snake’s body
length. Repeated trials of this kind of experiment were performed in the lab with a python and 3 different brown tree
snakes. We analyzed these videos to understand how the snake’s shape evolved over time as it completed it’s task.
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Figure 4.2: A sample of how the image analysis process works. We take an image from the video (left), crop it and edit
out the top and bottom perches. Starting from the cropped image (center) we use our image analysis software to extract
the front of the body (right). In red are points representing the pixel values of points on the front of the snake. The blue
line is an interpolation through the pixel values. We use the interpolated line to compute curvature because the raw
pixel data is too noisy.

of the snakes frame by frame throughout the trials. To calculate curvature we need to extract the

outline of the front of the snake. Figure 4.2 shows our process for going from videos to values of the

curvature. First we sample the video to create a sequence of images. Then we crop the images to edit

out the supports. For the editing task we use the Fiji software package85. Starting from a cropped

image (fig 4.2 center) we developed software to get (x, y) coordinates for points along the front of

the body. Since we know the distance between the top and bottom perch in each trial we use that to

set a conversion between pixel distances and physical distances. We repeat this analysis across trials to

develop an understanding of snake shape with different gap heights and species.

For a parameterized two dimensional curve γ(t) = (x(s), y(s)) the curvature is given by

κ =
x′y′′ − y′x′′

(x′2 + y′2)3/2
(4.1)
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Figure 4.3: Top panels: A snapshot of the curvature along the snakes when it is near the top of the perch. Bottom
panel: A time lapse of the curvature at each frame over the course of the video. Negative curvature is dorsiflexion.
Left: Python 71 cm gap. Middle: Python 50 cm gap. Right: Tree snake 60 cm gap

Where x′ denotes the derivative of xwith respect to the parameter s. We interpolate a line through

the snake outline described above and use the distance along the snake as the parameter s. The in-

terpolation fits the outline well but is not as jagged so we compute curvature using the interpolated

curve. Samples of those curvature calculations are shown in 4.3. The top row of plots, what we call

kymographs, show the curvature along the snake throughout a particular trial. The kymographs

demonstrate that the curvature of the snake is concentrated at the base where it departs the lower

perch. The bottom plots show the curvature along the snake at the moment before it contacts the

upper perch and begins to climb up. The curvature line plots show that the curvature profile along

the snakes is similar across heights and species.

Now that we have a more thorough understanding of the data, our next goal is to develop a phys-

ical model of the snake.

4.2 Mathematical model

Considered as purely passive objects snakes are very similar to elastic filaments. They have long,

thin bodies and present some natural resistance to bending even without activating their muscles.
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Figure 4.4: We model the snake as an elastic filament. The center line is parameterized by s. The tangent vector t =
(dx/ds, dy/ds) describes the local orientation of the snake.
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Therefore we choose to model the snake as such. We supplement the usual equations of elasticity

theory with a new term intended to account for muscular activity.

Although the real motion of the snake is 3 dimensional we only consider the vertical and hori-

zontal displacements of the body. The center-line is given by the coordinates r(s) = (x(s), y(s))

where s is the arc length along the body. The local orientation along the snake is dr(s)/ds = t(s) =

(cosθ(s), sinθ(s)) (see fig 4.4). The snake experiences both forces and torques along its body as it

completes the gap bridging task. We study the static problem to estimate the posture of the snake

using the equations of torque and force balance9 given below

df
ds

+ ρg = 0 (4.2)

dm
ds

ẑ+ t(s)× f(s) = 0 (4.3)

where ρ is the mass density of the snake body and g is gravity pointing downwards. These equations

simply state that the snake generates some forces f(s) = (H(s),V(s)) and torquesm(s)which can-

cel out the effects due to gravity. We write the momentm as a sum of a passive and active torque:

m(s) = Bκ(s) + ma(s)where κ(s) = dθ(s)/ds is the curvature along the body and B is the bodies

bending stiffness. The passive torque Bκ(s) stems from the fact that the snakes body resists curva-

ture to an extent proportional to the bending stiffness B. The active torquema(s) is the new ad-

dition to the model which simulates muscle activity. For now we have no way of determining the

form ofma(s) but we will address that issue momentarily.

We need to specify boundary conditions to be able to solve the equilibrium equations. We choose
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the following

θ(l) = π/2 (4.4)

dθ
ds

|s=l= κ(l) = 0 (4.5)

f(l) = 0 (4.6)

(4.7)

Setting θ(l) = π/2 and κ(l) = 0 simply means the snake is flat and pointed vertically upwards

at the top. The condition f(l) = 0 indicates the snake does not need to generate forces at its tip to

counteract gravity since there is no body weight to support above that point.

Combining the equilibrium equations we get

B
d2θ(s)
ds2

+
dma(s)
ds

− ρg(s− l) cos θ(s) = 0. (4.8)

where we have substituted in the solution to the force balance equation forH(s) andV(s).

Now that we have the equation to describe the snake shape, we need to decide on a method for

determining the active momentma(s). We turn to that next.

4.3 Optimal control

There are many different profiles of muscular activity that can solve the gap bridging task. Of all the

successful methodologies for reaching the target we presume the one chosen by the animals is op-

timal in some way3. We have no way of knowing exactly what the snakes are trying to optimize (if

they are optimizing anything at all) and there may be many different optimization criteria that lead

to the same results. Nonetheless we continue with this method and look for qualitative agreement

with the observed data. Future work with more detailed measurements of muscular activity along-
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side a robust model of the snake’s musculature will be invaluable in resolving some of the questions

raised above.

The complete set of equations describing the system are

dx
ds

= cosθ (4.9)

dy
ds

= sinθ (4.10)

d2θ(s)
ds2

+
da
ds

− α(s− l) cos θ(s) = 0. (4.11)

Where a = ma

B , α =
ρg
B and x(0) = y(0) = 0 set the origin of the x, y coordinate system. The

parameter α = ρg/B gives an approximate length of the snake when gravitational torques overcome

the resistance due to the bodies natural bending stiffness. In particular, a passive rod roughly of

length greater than α−1/3 will buckle under it’s own weight28. In terms of these equations the gap

bridging task is simply a question of how to choose u = da
ds so that

x(l) = x0 (4.12)

y(l) = y0 (4.13)

θ(l) = π/2 (4.14)

dθ
ds

|s=l= 0 (4.15)

where (x0, y0) is the location of the target. Note that u = da/ds is the control variable instead of

a(s) directly. This choice is made because optimal control theory requires that the control, and not

its derivatives, appear in the equations of motion. More importantly choosing u = da/ds ensures

that the active moment along the snake is continuous, a reasonable physical assumption. Optimality
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constrains the choice of u so that the above equations are satisfied and a cost

C =

∫ l

0
L(x, y, θ, u, s)ds (4.16)

is minimized. The choice of L(x, y, θ, u, s) encapsulates the goals of the animal. Our assumption is

that the snake completes the task while minimizing the work done by its muscles. In other words it

minimizes the work done by the active moment and L = maκ. In the next section we present results

with this choice of L.

4.4 Results

We choose units where the length l = 1. We compare results over a range of α, which corresponds

to different values of the bending stiffness of the snake, a parameter we do not yet have experimen-

tal measurements of. Figure 4.5 compares a snapshot of a brown tree snake completing the gap

bridging task with the solution found from optimal control theory. We set the target at (x0, y0) =

(0.1, 0.9) (the solution is reflected around the y axis for ease of comparison).

The results from optimal control theory allow us to develop a qualitative understanding of the

posture (fig 4.5) but quantitative comparison requires more experimental measurement and model

development. In particular precise measurements of α are needed for more quantitative compar-

isons. Figure 4.6 shows the curvature results from optimal control theory. More model complexity

will likely be required if we aim to capture the inflection in curvature observed in experimental data.

Figure 4.7 shows the profile of muscular activity from optimal control theory. The intuition that

muscular actuation is largest when curvature is largest is borne out in fig. 4.7 and we anticipate a

more detailed comparison to experimental electromyography data47 will aid us in further model

development.
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Figure 4.5: Left: A snapshot of a brown tree snake in the middle of a climbing task. Right: Outline found from solving
the optimization problem. There is a qualitative agreement between the shapes.
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Figure 4.6: Left: The angle θ the snake makes with the horizontal along its body. Right: The curvature along the snake
scaled by the maximum curvature. Note we are using κ = −dθ/ds to be consistent with curvature conventions
(dorsiflexion should correspond to negative curvature) used in the data analysis portion of the work.
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Figure 4.7: The control profile for reaching to (xf, yf) = (0.1, 0.9) with α = 5. The active moment (a proxy for the
muscular activity) is greatest in magnitude near the base of the snake. This is consistent with the intuition that muscular
activity is maximal where the curvature along the snake is the greatest cf. fig. 4.6
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4.5 Conclusion

In this work we analyzed video data of snakes completing a vertical gap bridging task. The data con-

sisted of trials for 4 different snakes covering vertical gaps from 20−70% of their body length. From

the videos we computed a curvature profile along the body of the animals and show how it changes

over time. As far as we know such an analysis has never been done and constitutes an addition to the

literature on snake locomotion.

After analyzing the videos we developed a mathematical model to understand the observed cur-

vature profiles. We chose to model the snakes as active elastic filaments. With such a model we can

not resolve many complexities associated with the real muscular layout72,44 of snakes, but gain a

tractable way of beginning to address the issues at hand. The active bending moment encapsulates

the muscular activity of the snakes. To constrain the form the active moment can take we assume

the snake performs the gap bridging task in some optimal manner. This assumption leads us to for-

mulate an optimal control problem where the control determines the value of the active moment.

The control is chosen so that it minimizes the amount of work done by the active moment (our

proxy for the work done by the snake) while reaching to a specified target. We then compare the

solutions found from control theory with the observed solutions and find qualitative agreement.

There are a few clear directions for future work. On the experimental side having detailed muscu-

lar activity data like that collected in47 would give more guidance in developing a model of muscular

activity. As the snakes climb the gap they periodically lose balance and sway back and forth to ready

themselves for continued ascent. In this work we only studied static stability (no accelerations), but

the original aim was to fully understand the dynamic stability properties of the snake as it climbs.

From a data analysis perspective a relatively straightforward next step is to quantify the observed

swaying behavior. Understanding more about the frequency and magnitude of swaying will be es-

sential for future studies of the dynamic stability of the animals. There are many more directions to
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pursue and we hope our work can serve as a starting point for further exploration.
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5
Conclusion

In this thesis we brought together ideas from physics and optimization to study problems in motor

control. Using extreme behaviors as a natural starting point we examined how augmenting physical

models with active parameters allows us to understand movement in the natural world. We stud-

ied swinging sports, gliding flight, and snake posture, demonstrating how our approach allows us

to tackle a wide variety of behaviors. Using the dual approaches of optimal control theory (OCT)

and reinforcement learning (RL) gives us extra freedom in exploring solutions. Optimal control
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theory can provide provably optimal solutions but incorporating feedback controls is much more

straightforward in the reinforcement learning framework. While convergence issues are more dif-

ficult to overcome in RL, we can use it to explore feedback based learning using different sensory

modalities. For example, the work on Kiiking can be directly extended by considering different state

observations for the RL agent. While Kiiking, athletes do not have precise measurement of their

instantaneous position, angular momentum, and length as we have assumed. Instead they use some

more complicated mixture of visual information and cues from their vestibular system23 to make

decisions. Presenting RL agents with observations more closely related to those made by real ath-

letes is a promising way to see what information is required for task learning.

There are an endless number of fascinating motor control tasks and we hope our work demon-

strates a fruitful method of approaching these problems. With simple physical models and modern

optimization techniques we can learn a surprising amount about the world.
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A
Supplementary information for Kiiking

A.1 Data analysis

We found several videos of kiiking online and through the Estonian Kiiking Association. To develop

a quantitative understanding of swinging trajectories we needed to measure swing angle over time.

We also measured the angle between the athlete’s center of mass and the vertical post. To measure

the angles we used the image analysis tool Fiji85. Figure A.1 shows how we analyze a typical frame in
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Figure A.1: Measuring angles with image analysis software Fiji85. We approximate the mass of the swing structure and
the athlete to create a weighted average of the system center of mass. The angular location of the true center of mass
is somewhere in between the post the athlete is holding and the athletes torso. The difference in measured angles
provides an upper bound on the measurement error. (a) Measuring the angle the swing makes with the vertical. (b)
Measuring the angle between the approximate center of mass of the athlete and the vertical.

a kiiking video. After taking these two measurements we compute a weighted average to estimate the

angular position of the true center of mass. We use

θ = rθswing + (1− r)θperson (A.1)

where r is chosen so that the sequence of swing energies at the oscillation peaks is monotonically

increasing. The maximum error is bounded by the angle between the athlete’s torso and the swing

strut they are holding on to.
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