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Spin liquids  
on the  

triangular and 
square lattices



Triangular lattice antiferromagnet

H = J
∑

〈ij〉

!Si · !Sj

Nearest-neighbor model has non-collinear Neel order 
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[Sω, Sε ] = iωωεϑSy

S2
ω = S(S + 1);

S = 1/2

Sz |→↑ = (1/2) |→↑
Sz |↓↑ = ↔(1/2) |↓↑

on each site i

Spin model with S=1/2 per unit cell 



Spin model with S=1/2 per unit cell 

P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).
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Spin liquid: resonating valence bonds
<latexit sha1_base64="fpzmcPrOyFWnLeqKEhS2W2xQOMQ="></latexit>

=
1p
2
(| "#i � | #"i) = 1p

2

⇣
B†

1 �B†
2

⌘
|0i



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

<latexit sha1_base64="44EQSLd248yeLy8H80pBg3XRVUI="></latexit>

|Gi =
X

D
cD |Di

D ! dimer covering

of lattice

Spin liquid: resonating valence bonds
<latexit sha1_base64="fpzmcPrOyFWnLeqKEhS2W2xQOMQ="></latexit>

=
1p
2
(| "#i � | #"i) = 1p

2

⇣
B†

1 �B†
2

⌘
|0iSpin model with S=1/2 per unit cell 



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

<latexit sha1_base64="44EQSLd248yeLy8H80pBg3XRVUI="></latexit>

|Gi =
X

D
cD |Di

D ! dimer covering

of lattice

Spin liquid: resonating valence bonds
<latexit sha1_base64="fpzmcPrOyFWnLeqKEhS2W2xQOMQ="></latexit>

=
1p
2
(| "#i � | #"i) = 1p

2

⇣
B†

1 �B†
2

⌘
|0iSpin model with S=1/2 per unit cell 



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

<latexit sha1_base64="44EQSLd248yeLy8H80pBg3XRVUI="></latexit>

|Gi =
X

D
cD |Di

D ! dimer covering

of lattice

Spin liquid: resonating valence bonds
<latexit sha1_base64="fpzmcPrOyFWnLeqKEhS2W2xQOMQ="></latexit>

=
1p
2
(| "#i � | #"i) = 1p

2

⇣
B†

1 �B†
2

⌘
|0iSpin model with S=1/2 per unit cell 



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

<latexit sha1_base64="44EQSLd248yeLy8H80pBg3XRVUI="></latexit>

|Gi =
X

D
cD |Di

D ! dimer covering

of lattice

Spin liquid: resonating valence bonds
<latexit sha1_base64="fpzmcPrOyFWnLeqKEhS2W2xQOMQ="></latexit>

=
1p
2
(| "#i � | #"i) = 1p

2

⇣
B†

1 �B†
2

⌘
|0iSpin model with S=1/2 per unit cell 



P. Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

<latexit sha1_base64="44EQSLd248yeLy8H80pBg3XRVUI="></latexit>

|Gi =
X

D
cD |Di

D ! dimer covering

of lattice

Spin liquid: resonating valence bonds
<latexit sha1_base64="fpzmcPrOyFWnLeqKEhS2W2xQOMQ="></latexit>

=
1p
2
(| "#i � | #"i) = 1p

2

⇣
B†

1 �B†
2

⌘
|0iSpin model with S=1/2 per unit cell 



<latexit sha1_base64="pxXYg6H6qbyZqyyyHVia4OXaH+c="></latexit>

|!→ = C1 C2

C3 C4 C5
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+ + + + …

Spin liquid: resonating valence bonds
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Key feature: fractionalization.
Excitations are particle-like,

but cannot be created
by local operators.

The excitations are classified
under distinct

superselection/anyon sectors.



RVB: Z2 spin liquid 

Fractionalized excitations: a “spinon” 
with spin S=1/2
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Second neighbor
exchange J2
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Read and Sachdev (1990):
The RVB spin liquid has an emergent Z2 gauge field.
The spinons carry electric Z2 gauge charges.
There are also emergent particles (‘visons’ or ‘m’) which carry
magnetic Z2 gauge charges.
The superselection structure of these excitations (“unitary modular tensor
category”) is the same as that found in Kitaev’s toric code (1997).

Z2 spin liquidS=1/2 triangular lattice
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Read and Sachdev (1990):
The RVB spin liquid has an emergent Z2 gauge field.
The spinons carry electric Z2 gauge charges.
There are also emergent particles (‘visons’ or ‘m’) which carry
magnetic Z2 gauge charges.
The superselection structure of these excitations (“unitary modular tensor
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Si =
1

2
b†i↵�↵�bi� ,

N=2X

↵=1

b†i↵bi↵ = nb = 2S
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hb↵i 6= 0:
Néel order

S=1/2 square lattice
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Bosonic partons

D. Arovas and A. Auerbach, PRB 38, 316 (1988)
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hb↵i = 0:
Spin liquid
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Gapped spin liquid
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hb↵i = 0:
Spin liquid
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Valence bond solid (VBS)
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J2/J1 = 0:
Néel order

S=1/2 square lattice
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Bosonic partons
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zω → bAω + ωωεb
†
Bε ; Lz = |(εµ ↑ iaµ)zω|2 + s|zω|2 + u|zω|4 + Lmonopole

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989) 
N. Read and S. Sachdev, Phys. Rev. B 42, 4568 (1990)
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U(1) gauge symmetry: b → beiω

CP1 U(1) gauge theory.

Monopole Berry phases
implement

Lieb-Schultz-Mattis (LSM)
‘anomalies’.
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Valence bond solid (VBS)

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989) 
N. Read and S. Sachdev, Phys. Rev. B 42, 4568 (1990)
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zω → bAω + ωωεb
†
Bε ; Lz = |(εµ ↑ iaµ)zω|2 + s|zω|2 + u|zω|4 + Lmonopole
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Critical, gapless
spin liquid?

T. Senthil, A. Vishwanath, L. Balents, S. Sachdev,  
and M. P. A. Fisher, Science 303, 1490 (2004)
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U(1) gauge symmetry: b → beiω

CP1 U(1) gauge theory.

Monopole Berry phases
implement

Lieb-Schultz-Mattis (LSM)
‘anomalies’.
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Fermionic partons
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Valence bond solid (VBS)

Ying Ran and X.-G. Wen, cond-mat/0609620

S=1/2 square lattice

I. Affleck and J.B. Marston, PRB 37, 3774 (1988)
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Critical, gapless
spin liquid?
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J2/J1 = 0:
Néel order
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Critical gapless spin liquid:
SU(2) QCD with

Nf = 2 massless fermions.
Confining instability to precisely

the Néel and VBS orders
of CP1 theory.
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L = i!sωµDµ!s.
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SO(5) non-linear �-model

of Néel/VBS orders

with k = 1 WZW term
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Bosonic spinons:
CP1 U(1) gauge theory
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SU(2) gauge theory of Nf = 2

fundamental, massless, Dirac fermions.

Obtained from a saddle-point of

fermionic spinons moving in ω-flux.

A. Tanaka and X. Hu, Phys. Rev. Lett.  95, 036402 (2005); T. Senthil and M.P.A. Fisher Phys. Rev. B 74, 064405 (2006); C. Wang, A. Nahum,  M. A. Metlitski, C. Xu,  
T. Senthil, Phys. Rev. X 7, 031051 (2017);  Zheng Zhou, Liangdong Hu,  Wei Zhu,  Yin-Chen He, PRX 14, 021044 (2024);  S. M. Chester N. Su, PRL 132, 111601 

(2024).  B.-B. Chen, X. Zhang, Y. Wang, K. Sun,  Z. Y. Meng, PRL 132, 246503 (2024);  J. Takahashi, H. Shao, B. Zhao, W. Guo, A. W. Sandvik, arXiv:2405.06607.  

S=1/2 square lattice
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SO(5) non-linear �-model

of Néel/VBS orders

with k = 1 WZW term
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Bosonic spinons:
CP1 U(1) gauge theory

Nearly- 
critical 
S=1/2  
square  

lattice anti-
ferromagnet 
obeying LSM
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SU(2) gauge theory of Nf = 2

fundamental, massless, Dirac fermions.

Obtained from a saddle-point of

fermionic spinons moving in ω-flux.

A. Tanaka and X. Hu, Phys. Rev. Lett.  95, 036402 (2005); T. Senthil and M.P.A. Fisher Phys. Rev. B 74, 064405 (2006); C. Wang, A. Nahum,  M. A. Metlitski, C. Xu,  
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Nearly-free gas of fermions, with a Fermi surface between 
empty and occupied states (Sommerfeld, 1927). 

Area enclosed by the Fermi surface is the same as that for free 
fermions with the same symmetry 

Luttinger, 1960 - perturbative; 
Oshikawa, 2000 - non-perturbative using LSM anomaly



Ordinary metals 
 Nearly-free gas of fermions, with a Fermi surface between 

empty and occupied states (Sommerfeld, 1927). 

Area enclosed by the Fermi surface is the same as that for free 
fermions with the same symmetry 

Luttinger, 1960 - perturbative; 
Oshikawa, 2000 - non-perturbative using LSM anomaly

Fractionalized Fermi liquids (FL*) 
 There can be metals with Fermi surface area not equal to the 

Luttinger-Oshikawa value provided the 
fractionalized excitations of a spin liquid are also present.

T. Senthil, S. S., M. Vojta, PRL 90, 216403 (2003); T. Senthil, M. Vojta, S.S., PRB 69, 035111 (2004)
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Ordinary metal Luttinger area. 
No broken symmetry

At large p, we 
obtain a gas of 
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density 1+p 
(relative to the 

filled band with 2 
electrons per site)
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Area (1 + p)/2

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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AF metal Luttinger area. 
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).

PRL 95, 077001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
12 AUGUST 2005

077001-2

<latexit sha1_base64="kQOPyGjVnpwnop1JLFjywvOfxM0=">AAACB3icdVDLSgNBEJz1GeMr6tHLYBA8LbuS1zHoxWNEY4QkhNlJJxkyO7vM9GrCkg/w4FU/w5t49TP8Cn/BSYygogUNRVU33V1BLIVBz3tzFhaXlldWM2vZ9Y3Nre3czu6ViRLNoc4jGenrgBmQQkEdBUq4jjWwMJDQCIanU79xA9qISF3iOIZ2yPpK9ARnaKWLYWfUyeU9t1jyi5UC9VxvhikpemXPp/5cyZM5ap3ce6sb8SQEhVwyY5q+F2M7ZRoFlzDJthIDMeND1oempYqFYNrp7NQJPbRKl/YibUshnanfJ1IWGjMOA9sZMhyY395U/MtrJtirtFOh4gRB8c9FvURSjOj0b9oVGjjKsSWMa2FvpXzANONo08m2DNjoVB8HaQthhLeia/ekvlsRamIT+oqB/k+ujl2/5JbOC/nqyTyrDNknB+SI+KRMquSM1EidcNIn9+SBPDp3zpPz7Lx8ti4485k98gPO6weKX5qG</latexit>

kx

<latexit sha1_base64="6mkTlCx96wLaVfXUBEQ0WMVgxHY=">AAACB3icdVDLSgNBEJz1bXxFPXoZDIKnZVfM4yh68RjRxEASwuykkwyZnV1metVlyQd48Kqf4U28+hl+hb/g5CGoaEFDUdVNd1cQS2HQ896dufmFxaXlldXc2vrG5lZ+e6duokRzqPFIRroRMANSKKihQAmNWAMLAwnXwfBs7F/fgDYiUleYxtAOWV+JnuAMrXQ57KSdfMFziyW/WDmmnutNMCZFr+z51J8pBTJDtZP/aHUjnoSgkEtmTNP3YmxnTKPgEka5VmIgZnzI+tC0VLEQTDubnDqiB1bp0l6kbSmkE/X7RMZCY9IwsJ0hw4H57Y3Fv7xmgr1KOxMqThAUny7qJZJiRMd/067QwFGmljCuhb2V8gHTjKNNJ9cyYKNTfRxkLYQ7vBVduyfz3YpQI5vQVwz0f1I/cv2SW7o4LpyczrJaIXtknxwSn5TJCTknVVIjnPTJA3kkT8698+y8OK/T1jlnNrNLfsB5+wSMAJqH</latexit>

ky

<latexit sha1_base64="kQOPyGjVnpwnop1JLFjywvOfxM0=">AAACB3icdVDLSgNBEJz1GeMr6tHLYBA8LbuS1zHoxWNEY4QkhNlJJxkyO7vM9GrCkg/w4FU/w5t49TP8Cn/BSYygogUNRVU33V1BLIVBz3tzFhaXlldWM2vZ9Y3Nre3czu6ViRLNoc4jGenrgBmQQkEdBUq4jjWwMJDQCIanU79xA9qISF3iOIZ2yPpK9ARnaKWLYWfUyeU9t1jyi5UC9VxvhikpemXPp/5cyZM5ap3ce6sb8SQEhVwyY5q+F2M7ZRoFlzDJthIDMeND1oempYqFYNrp7NQJPbRKl/YibUshnanfJ1IWGjMOA9sZMhyY395U/MtrJtirtFOh4gRB8c9FvURSjOj0b9oVGjjKsSWMa2FvpXzANONo08m2DNjoVB8HaQthhLeia/ekvlsRamIT+oqB/k+ujl2/5JbOC/nqyTyrDNknB+SI+KRMquSM1EidcNIn9+SBPDp3zpPz7Lx8ti4485k98gPO6weKX5qG</latexit>

kx

<latexit sha1_base64="6mkTlCx96wLaVfXUBEQ0WMVgxHY=">AAACB3icdVDLSgNBEJz1bXxFPXoZDIKnZVfM4yh68RjRxEASwuykkwyZnV1metVlyQd48Kqf4U28+hl+hb/g5CGoaEFDUdVNd1cQS2HQ896dufmFxaXlldXc2vrG5lZ+e6duokRzqPFIRroRMANSKKihQAmNWAMLAwnXwfBs7F/fgDYiUleYxtAOWV+JnuAMrXQ57KSdfMFziyW/WDmmnutNMCZFr+z51J8pBTJDtZP/aHUjnoSgkEtmTNP3YmxnTKPgEka5VmIgZnzI+tC0VLEQTDubnDqiB1bp0l6kbSmkE/X7RMZCY9IwsJ0hw4H57Y3Fv7xmgr1KOxMqThAUny7qJZJiRMd/067QwFGmljCuhb2V8gHTjKNNJ9cyYKNTfRxkLYQ7vBVduyfz3YpQI5vQVwz0f1I/cv2SW7o4LpyczrJaIXtknxwSn5TJCTknVVIjnPTJA3kkT8698+y8OK/T1jlnNrNLfsB5+wSMAJqH</latexit>

ky



3

0.05 0.1 0.15
Hole doping  p 

0

100

Te
m

pe
ra

tu
re

 (K
)

   Tc

pseudogap

HgBa2 CuO4+/

 a
 b

?

3

 c

 B

2:
c

B
3  = 0o

B

10-1

3  = 3Yamaji

0 30 60 90
0

0.2

0.4

/;
c (+

.c
m

)

85 K
  ?  = 0o

#72 T
50 T
25 T

0 30 60 90

3  (o )

0

0.1

0.2

0.3

/;
c [7

2 
T 

- 5
0 

T
]  

(+
.c

m
)

  ?  = 0o #

73 K
85 K

0 30 60 90

3  (o )

0

0.1

0.2

/;
c [7

2 
T 

- 5
0 

T
] (
+

.c
m

)

#

#

?  = 0o

?  = 45o

85 K

3Yamaji

3Yamaji

2k
ca
l

? = 45o

2kcal
? = 0o

a b

c d

e

f

g

vc (a:u:)

FIG. 1. Observation of the Yamaji e!ect. a, Phase diagram of superconducting temperature

versus doping of Hg1201 [28]. Red dot marks the focus of this work. b, Schematic of the polar (ω)

and azimuthal (ε) angles. a, b and c are crystallographic directions. c, Schematic example orbit

on a quasi-2D Fermi-surface for B→c. Arrows indicate the instantaneous velocity on the orbit.

The c-axis component of the velocity, vc, does not change on the orbit. d, Schematic of example

orbit for ω = ωYamaji. vc oscillates around the orbit and averages to zero. e, Polar magnetic field

orientation-dependent curves of the magnetoresistivity ϑϖc at three di!erent fields, and at 85 K

and ε = 0→. The arrow highlights the Yamaji peak, which disappears into the background at

lower B due to the lower ϱcς . f, The same for two di!erent temperatures. The peak is more

pronounced at lower temperature due to a higher ϱcς . To emphasize the Yamaji peak and to avoid

the e!ect of superconductivity at lower temperature, we plot the di!erence ϖc(72 T) ↑ ϖc(50 T).

g, Azimuthal angle-dependence of the Yamaji peak at ε = 0→ and 45→. The inset schematically

shows the relationship between caliper radius kcal(ε) and ε for an elliptical pocket. The caliper

radius is determined directly from the Yamaji angle by kcal(ε) = 3φ/4c tan[ωYamaji(ε)] where c is

the c↑axis lattice parameter (see Methods) [12, 13, 29]. We find kcal(ε = 0→) = 0.12 ± 0.01 Å↑1

and kcal(ε = 45→) = 0.16± 0.02 Å↑1, respectively.

i.e. a significant fraction of electrons must complete a cyclotron orbit without scattering.
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At the Yamaji angle, the orbits
in the plane orthogonal to B

have an area which is
independent of momentum in the
c direction, to first order in the
hopping along the c direction.

K. Yamaji JPSJ 58, 1520 (1989)
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FIG. 2. Comparison of measured angle dependent magnetoresistivity with a Boltzmann

transport model. a, Magnetoresistivity ωεc at 72 T and 85 K as a function of ϑ for ϖ = 0→, 23o

and 45o. Full underlying data is shown in Supplementary Fig. S1. b, Equivalent simulated ωεc(ϑ)

(see Methods). Inset: Fermi-surface used for simulations.

relation, ωc(ε) → ↑vc(ε)vc(↓ε)↔ =
↑∫
0

dt exp{iεt}↑vc(t)vc(0)↔k. The time-delayed velocity

correlation ↑vc(t)vc(0)↔k, is averaged over all possible starting points k on the Fermi sur-

face [12, 13]. The resistivity ϑc is then obtained by inverting the conductivity ωc(ε) and

taking the zero-frequency limit.

The more e!ectively vc averages to zero around a cyclotron orbit, the smaller is the c-axis

conductivity, and therefore the larger is the c-axis resistivity. Such a physical picture enables

a qualitative understanding of the results in Fig. 1. For very long relaxation times, εcϖ ↗ 1,

electrons can traverse the cyclotron orbit multiple times and the c-axis resistivity approaches

the ‘clean’ limit. In this limit, the conductivity corresponds to the average velocity of a single

complete orbit. As the scattering becomes more intense, and εcϖ decreases, the time-delayed

velocity correlation is suppressed at long times such that the magnetic field dependence of

the c-axis resistivity weakens and eventually disappears in the ‘dirty limit’, εcϖ ↘ 1

When B is aligned along the c-axis, the c-axis component of the velocity does not change

around any given orbit for the simply warped Fermi-surface of Hg1201, (ϱ = 0→ in Fig. 1c).

Hence, the conductivity is the same as that at B = 0 such that ςϑc ≃ 0 at ϱ = 0→, as

observed (Fig. 1e). A very weak magnetoresistivity for B along symmetry directions is well
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“The small size of the pockets
determined from the Yamaji

e!ect is . . . approximately 1.3%
of the Brillouin zone area”

FL* pocket fraction
= p/8 = 1.25% !

Fluctuating AF metal fraction
= p/4 = 2.5%.

(p/8 also in YRZ ansatz,
Peter Johnson photoemission, 

and Jenny Hoffman  
and Seamus Davis STMs)
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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(0,0)
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).

PRL 95, 077001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
12 AUGUST 2005

077001-2

<latexit sha1_base64="kQOPyGjVnpwnop1JLFjywvOfxM0=">AAACB3icdVDLSgNBEJz1GeMr6tHLYBA8LbuS1zHoxWNEY4QkhNlJJxkyO7vM9GrCkg/w4FU/w5t49TP8Cn/BSYygogUNRVU33V1BLIVBz3tzFhaXlldWM2vZ9Y3Nre3czu6ViRLNoc4jGenrgBmQQkEdBUq4jjWwMJDQCIanU79xA9qISF3iOIZ2yPpK9ARnaKWLYWfUyeU9t1jyi5UC9VxvhikpemXPp/5cyZM5ap3ce6sb8SQEhVwyY5q+F2M7ZRoFlzDJthIDMeND1oempYqFYNrp7NQJPbRKl/YibUshnanfJ1IWGjMOA9sZMhyY395U/MtrJtirtFOh4gRB8c9FvURSjOj0b9oVGjjKsSWMa2FvpXzANONo08m2DNjoVB8HaQthhLeia/ekvlsRamIT+oqB/k+ujl2/5JbOC/nqyTyrDNknB+SI+KRMquSM1EidcNIn9+SBPDp3zpPz7Lx8ti4485k98gPO6weKX5qG</latexit>

kx

<latexit sha1_base64="6mkTlCx96wLaVfXUBEQ0WMVgxHY=">AAACB3icdVDLSgNBEJz1bXxFPXoZDIKnZVfM4yh68RjRxEASwuykkwyZnV1metVlyQd48Kqf4U28+hl+hb/g5CGoaEFDUdVNd1cQS2HQ896dufmFxaXlldXc2vrG5lZ+e6duokRzqPFIRroRMANSKKihQAmNWAMLAwnXwfBs7F/fgDYiUleYxtAOWV+JnuAMrXQ57KSdfMFziyW/WDmmnutNMCZFr+z51J8pBTJDtZP/aHUjnoSgkEtmTNP3YmxnTKPgEka5VmIgZnzI+tC0VLEQTDubnDqiB1bp0l6kbSmkE/X7RMZCY9IwsJ0hw4H57Y3Fv7xmgr1KOxMqThAUny7qJZJiRMd/067QwFGmljCuhb2V8gHTjKNNJ9cyYKNTfRxkLYQ7vBVduyfz3YpQI5vQVwz0f1I/cv2SW7o4LpyczrJaIXtknxwSn5TJCTknVVIjnPTJA3kkT8698+y8OK/T1jlnNrNLfsB5+wSMAJqH</latexit>

ky

<latexit sha1_base64="kQOPyGjVnpwnop1JLFjywvOfxM0=">AAACB3icdVDLSgNBEJz1GeMr6tHLYBA8LbuS1zHoxWNEY4QkhNlJJxkyO7vM9GrCkg/w4FU/w5t49TP8Cn/BSYygogUNRVU33V1BLIVBz3tzFhaXlldWM2vZ9Y3Nre3czu6ViRLNoc4jGenrgBmQQkEdBUq4jjWwMJDQCIanU79xA9qISF3iOIZ2yPpK9ARnaKWLYWfUyeU9t1jyi5UC9VxvhikpemXPp/5cyZM5ap3ce6sb8SQEhVwyY5q+F2M7ZRoFlzDJthIDMeND1oempYqFYNrp7NQJPbRKl/YibUshnanfJ1IWGjMOA9sZMhyY395U/MtrJtirtFOh4gRB8c9FvURSjOj0b9oVGjjKsSWMa2FvpXzANONo08m2DNjoVB8HaQthhLeia/ekvlsRamIT+oqB/k+ujl2/5JbOC/nqyTyrDNknB+SI+KRMquSM1EidcNIn9+SBPDp3zpPz7Lx8ti4485k98gPO6weKX5qG</latexit>

kx

<latexit sha1_base64="6mkTlCx96wLaVfXUBEQ0WMVgxHY=">AAACB3icdVDLSgNBEJz1bXxFPXoZDIKnZVfM4yh68RjRxEASwuykkwyZnV1metVlyQd48Kqf4U28+hl+hb/g5CGoaEFDUdVNd1cQS2HQ896dufmFxaXlldXc2vrG5lZ+e6duokRzqPFIRroRMANSKKihQAmNWAMLAwnXwfBs7F/fgDYiUleYxtAOWV+JnuAMrXQ57KSdfMFziyW/WDmmnutNMCZFr+z51J8pBTJDtZP/aHUjnoSgkEtmTNP3YmxnTKPgEka5VmIgZnzI+tC0VLEQTDubnDqiB1bp0l6kbSmkE/X7RMZCY9IwsJ0hw4H57Y3Fv7xmgr1KOxMqThAUny7qJZJiRMd/067QwFGmljCuhb2V8gHTjKNNJ9cyYKNTfRxkLYQ7vBVduyfz3YpQI5vQVwz0f1I/cv2SW7o4LpyczrJaIXtknxwSn5TJCTknVVIjnPTJA3kkT8698+y8OK/T1jlnNrNLfsB5+wSMAJqH</latexit>

ky

M. Christos, Zhu-Xi Luo, H. Shackleton,  
Ya-Hui Zhang, M. S. Scheurer, and S. S., 

PNAS 120, e2302701120 (2023)

<latexit sha1_base64="G4eSD08ZGSKLhfWfsDkoKP0QQtQ="></latexit>

SU(2) gauge field U ,

and a

fundamental Higgs boson B
with charge e moving in a

background ω-flux.
Yukawa couplings to

Fermi pockets and spinons.

<latexit sha1_base64="IRox3Z0WbMpgv67IEGBwPv20Wek="></latexit>

Theory of the pseudogap



Keimer, Kivelson, Norman, Uchida, and Zaanen, Nature 518, 179 (2015)

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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angle 2θ fixed at 146◦ and 149.5◦ for I21 and ID32, re-
spectively. The scattering geometry is shown in Fig. 1(a).
We assume there is negligible dispersion in the features of
interest from variation of l , and therefore we focus only
on the momentum transferred in the (h, k) plane. Spectra
were principally measured along the two high-symmetry lines
(h, 0) and (h, h) as indicated with red arrows in Fig. 1(b)
with energy resolution "E " 35 meV. The x = 0 and 0.12
measurements were performed at I21 and the x = 0.16 mea-
surements were performed at ID32 and repeated at I21. In both
doped compounds, further measurements were performed at
ID32 with "E " 50 meV on a grid of Q points evenly dis-
tributed throughout a quadrant of the Brillouin zone indicated
by the red shaded region in Fig. 1(b). The energy resolution
was established using elastic scattering from a silver paint or
carbon tape reference. For I21, a background was measured
from either a dark image taken after the collection or by fitting
a constant background outside the excitation range!−0.1 and
"5 eV.

D. Analysis

1. Data processing

In order to carry out a quantitative analysis of the data,
we follow recent practice [6,7,13,26,33,35] and assume that
the magnetic intensity observed in RIXS is proportional to
the spin-spin dynamical structure factor S(Q,ω) which is
used to interpret neutron scattering experiments [36]. S(Q,ω)
is, in turn, proportional to χ ′′(Q,ω) multiplied by the Bose
factor n(ω) + 1 = [1 − exp(−h̄ω/kBT )]−1. Clearly the scat-
tering processes in RIXS and INS are very different, with
the observed RIXS intensity being dependent on the rela-
tive orientation of the photon electric field to the Cu 3d
orbitals as well as the absorption of the x-ray photons within
the sample. These factors are known to vary slowly with
Q [37,38], nevertheless, to correct for these effects we initially
normalize our raw counts Iraw to the energy-integrated dd
excitation intensity obtained from the same spectrum. The
intensity of the dd excitations is known to be dependent on
the polarization ε and wave vector k and can be described
by a function g(ε, ε′, k, k′). We denote the measured intensity
IRIXS as Iraw/g where g =

∫
g(ε, ε′, k, k′) dω is the integral

described above evaluated over the range 1–3 eV.
The spectra were aligned to the elastic reference and

the exact zero-energy position was established by fitting an
elastic peak with a Gaussian function. The aligned spectra
were modeled within a range −80 to 800 meV. As well as
the spin excitations, we fit an elastic peak and low-energy
excitations, which are interpreted as phonons, using Gaus-
sian functions. Electron-hole excitations and broadened dd
excitations contribute to the low-energy RIXS scattering for
doped compositions [11]. This contribution was modeled with
a linear function which was fixed for all spectra of the same
composition. The gradient of the linear function was found
by fitting the spectra at low Q. In the insulating parent
compound this contribution was not required. However, a
broad continuum of multimagnon excitations is resolvable at
∼400−600 meV. This was modeled with a Gaussian function.

The spectra were not deconvolved to take account of the
instrument energy resolution "35 meV. The most noticeable

FIG. 2. IRIXS intensity maps as a function of Q in LSCO x =
0 (T ≈ 20 K), 0.12, and 0.16 (T ≈ 30 K). Showing measurements
along the (h, 0) and (h, h) lines. The measurements were performed
in grazing-out geometry and with LH polarization at I21 at Diamond
Light Source. The configuration favors magnetic scattering. All three
compositions show charge scattering in the form of phonons below
100 meV and a charge density wave peak is observed near h = 0.23
in x = 0.12. The dashed white line marks the antiferromagnetic
Brillouin zone boundary (see Fig. 1).

effect of this was in the determination of γ and ' values (see
Sec. II D 2). We estimate that our fitted values are increased
by 5% in the worse case.

2. Damped harmonic oscillator model

A damped harmonic oscillator (DHO) model may be used
to describe a given spin-wave mode with wave vector Q. This
approach has recently been taken in a number of RIXS stud-
ies [11,13,33,39]. The analogous mechanical DHO equation
is [40]

ẍ + ω2
0x + γ ẋ = f /m, (1)

where ω0 is the frequency of the undamped mode and γ
is the damping parameter. In our case, both of these are Q
dependent, thus ω0 = ω0(Q) and γ = γ (Q).

The imaginary part of the DHO response function for a
given wave vector can be written as

χ ′′(Q,ω) = χ ′(Q) ω2
0(Q) γ (Q) ω

[
ω2 − ω2

0(Q)
]2 + ω2γ 2(Q)

, (2)

where χ (Q) ≡ χ ′(Q) ≡ χ ′(Q,ω = 0) is the real part of the
zero frequency susceptibility. The solution of Eq. (1) can be
represented by two poles with complex frequencies:

ω = ±
[
ω2

0 −
(
γ 2/4

)]1/2 = ±ω1 − iγ
2

. (3)
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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• FL* pockets explain Yamaji e!ect.

• Thermal fluctuations of B → theory

of Fermi arcs in FL*.

• RIXS spectrum related to spinon continua

of FL*

• 4 nodal Bogoliubov quasiparticles with

anisotropic velocities.

• Fermi surfaces in charge ordered state ex-

plain quantum oscillations.

• BKT transition of h/(2e) vortices to a

d-wave superconductor.

• Halo of charge order in vortices.

• Light-induced superconductivity from

pseudogap metal . . .
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<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK
Free holes of  

density 
1+p

Ya-Hui Zhang

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

(Luttinger-Oshikawa anomalies for dummies      ) 
<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

Ya-Hui Zhang and S. S., PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. S., and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="LphuV5w9D1wb1JV21I0b5ip3fxA="></latexit>

Schrie!er-Wol! (large J→): U =
3J2

K

8J→
+

3J3
K

16J2
→

+ . . .
<latexit sha1_base64="PJR2OuJfQ6JIZq3A5ge0buSARQQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAbBi2EmmsRj0EuOEc0CSQg9nU7SpKd76K4JxBD8FS8eFPHqf3jzb+wsgoo+KHi8V0VVvSAS3IDnfTiJpeWV1bXkempjc2t7x93dqxoVa8oqVAml6wExTHDJKsBBsHqkGQkDwWrB4Grq14ZMG67kLYwi1gpJT/IupwSs1HYPSnEQEN05vQFNQEk15LTfdtNeJpcr+J6HvYw3gyU5/+w8V8D+QkmjBcpt973ZUTQOmQQqiDEN34ugNSYaOBVskmrGhkWEDkiPNSyVJGSmNZ5dP8HHVungrtK2JOCZ+n1iTEJjRmFgO0MCffPbm4p/eY0YuhetMZdRDEzS+aJuLDAoPI0Cd7hmFMTIEkI1t7di2ieaULCBpWwIX5/i/0k1m/Hzmfx1Nl28XMSRRIfoCJ0gHxVQEZVQGVUQRXfoAT2hZ+feeXRenNd5a8JZzOyjH3DePgHum5WQ</latexit>

Hubbard-Stratonovich



{
{

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="p/xVw2bkUUD+Sfs1V84Rs6znlSw="></latexit>

Pseudogap metal =

Kondo Lattice Heavy

Fermi Liquid

�
Spin Liquid

<latexit sha1_base64="BejCP5QUrNvFpQ+FJ3vFTqCtiy4="></latexit>

Kondo lattice heavy
Fermi liquid.
Size 1 + p+ 1
= p (mod 2).
Small Fermi surface!

<latexit sha1_base64="Vu1xx7y0i2hZ4OQQxPJw7RKfI8g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9kn7WM2wo8LRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MH3geREA==</latexit>c�
<latexit sha1_base64="ebnBBKbSYIN50U9D2By63bf7j2Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2ge0MUymk3boTBJmJkIJ2foNbnXtTtz6Hy79E6dtFrb1wIXDOfdyLsePOVPatr+twtLyyupacb20sbm1vVPe3WuqKJGENkjEI9n2saKchbShmea0HUuKhc9pyx/ejP3WE5WKReGDHsXUFbgfsoARrI30mHZ9ge4zzzlBgYe9csWu2hOgReLkpAI56l75p9uLSCJoqAnHSnUcO9ZuiqVmhNOs1E0UjTEZ4j7tGBpiQZWbTr7O0JFReiiIpJlQo4n69yLFQqmR8M2mwHqg5r2x+J/XSXRw5aYsjBNNQzINChKOdITGFaAek5RoPjIEE8nMr4gMsMREm6JmUnyRmU6c+QYWSfO06lxUz+/OKrXrvJ0iHMAhHIMDl1CDW6hDAwhIeIFXeLOerXfrw/qcrhas/GYfZmB9/QIN95g+</latexit>

S1, fa

<latexit sha1_base64="zsi4CKDeYIq8RcAQDSsuKKbPjbo="></latexit>

Also need a charge e,
SU(2) fundamental

Higgs boson B
which couples

Kondo lattice

and spin liquid

{<latexit sha1_base64="nKOIoyfa3E1JYOFEk+YPmrzCYdw=">AAACDnicbZDPSsNAEMY3/q31X9Wjl2ARPEhJSq09Sr14VLC20Iay2Uzbxc0m7E7UEvoEXjzoq3gTr76Cb+LRbQyo1Q8GPuabYYafHwuu0XHerbn5hcWl5cJKcXVtfWOztLV9paNEMWixSESq41MNgktoIUcBnVgBDX0Bbf/6dJq3b0BpHslLHMfghXQo+YAziqZ10eyXyk6lUW04R1XbqTiZvo2bmzLJdd4vffSCiCUhSGSCat11nRi9lCrkTMCk2Es0xJRd0yF0jZU0BH0Y3PBYZ9ZLs58n9r4JA3sQKVMS7az7czmlodbj0DeTIcWRns2mzf+yboKDhpdyGScIkn0dGiTCxsieArADroChGBtDmeLmbZuNqKIMDaZiT4NhKIc4SnsId3jLA3MnrXE5MajcWTB/zVW14tYr9Yta+aSZQyuQXbJHDohLjskJOSPnpEUYAXJPHsmT9WA9Wy/W69fonJXv7JBfst4+AYfhnZo=</latexit>

B
<latexit sha1_base64="YRfNDEqeN28ZAy6CJJqdXLt0NtA="></latexit>

⇡-flux spin liquid

Ancilla theory of FL* and its confinement

M. Christos, Zhu-Xi Luo, H. Shackleton, Ya-Hui Zhang, M. S. Scheurer, and S. S., PNAS 120, e2302701120 (2023)

<latexit sha1_base64="FhUm+LDh8fZs5LnO14Z29NC5iFg="></latexit>

Large JK
and small p

Similar boson in 
X.-G. Wen and  

P.A. Lee, PRL 76, 
503 (1996) but 

applied to a 
different spin liquid



}
<latexit sha1_base64="ewBKKNe2q1d8b2SNv49VjavJDqM="></latexit>

⇡-flux spin liquid
of spinons f and

SU(2) gauge field U

<latexit sha1_base64="aPfq7Tmm9LjZhhOxgpkSTer11ig="></latexit>

Heavy Fermi liquid

of electrons c, f1}
<latexit sha1_base64="TIkt1lbe6gEl8t/9IORLTqSt2NA="></latexit>

Hcoupling =

X

i

⇣
B

⇤
1if

†
1i�fi� +B

⇤
2i"��0f

†
1i�f

†
i�0 +H.c.

⌘

<latexit sha1_base64="nhZJDKi2OB5L2fGxmdg5iAYxx98="></latexit>

Hspin liquid = iJ

X

hiji

eij

⇣
 †

iUij j � †
jUji i

⌘
;  i =

✓
fi"
f
†
i#

◆

<latexit sha1_base64="OSA3RE1ujk/HNHLJpjDe6QCdqEI="></latexit>

HKondo lattice =
X

i,j

h
�tijc

†
i�cj� � t1,ijf

†
1i�f1j�

i

�
X

i

� (c†i�f1i� + f
†
1i�ci�)

}<latexit sha1_base64="lATFWuLfiF2MAGf+8KpliQuhBvk="></latexit>

Couple Kondo lattice and

spin liquid by charge e,
SU(2) fundamental Higgs boson B

<latexit sha1_base64="0vCWuLi9QXbH3YYbk/gTVEMAksM="></latexit>

HHiggs = r

X

i

B
†
iBi + iw

X

hiji

eij

⇣
B

†
iUijBj �B

†
jUjiBi

⌘
+ V (B)

<latexit sha1_base64="jfitOBESeQ3WwfbRsOC+I5ikRo8="></latexit>

Higgs energy

constrained by

spin liquid
}

(Similar to YRZ)

Ancilla theory of FL* and its confinement

M. Christos, Zhu-Xi Luo, H. Shackleton, Ya-Hui Zhang, M. S. Scheurer, and S. S., PNAS 120, e2302701120 (2023)


