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Probing dynamics of a two-dimensional dipolar spin ensemble

Abstract

One of the central challenges of modern statistical physics is understanding the thermalization

dynamics of quantummany-body systems at the microscopic level. In this thesis, we describe an

experimental study of individual spin dynamics in a two-dimensional ensemble of electron spins on

the surface of a diamond crystal. A near-surface NV center is used as a nanoscale magnetic sensor

to probe individual spin correlation dynamics in a dipolar interacting spin ensemble. For each spin,

the rate of relaxation of spin projection along the bias magnetic field is consistently much slower

than the dipolar interaction strengths with its nearest neighbors and is strongly correlated with the

timescale of the local magnetic field fluctuation. We present a quantitative model based on dynamic

resonance counting arguments that explains these observations. Furthermore, we use resonant spin-

lock driving to control the effective strength of the local magnetic fields and demonstrate the role

of dynamical disorder in different regimes. In the regime of suppressed extrinsic disorder, we use

dynamic mean field methods to explain our experimental observations. The work presented in this

thesis paves the way towards a microscopic study of quantum thermalization in two-dimensional

strongly interacting disordered spin ensembles.
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1
Introduction

1.1 Motivation

Understanding and controlling dynamics of many-body quantum systems isolated from their en-

vironment enables the development of novel materials and technologies for quantum devices for

sensing, computation, communication, and modeling40,32. Such systems have been realized in a

variety of platforms: ultracold atoms6, trapped ions5, superconducting devices29,4, and solid-state



qubits15,49,52,2,63. Access to single-qubit dynamics is especially important in heterogeneous sys-

tems50,58, where the local environment plays a vital role, and ensemble averaging can conceal fea-

tures of dynamical evolution. The interplay between the local qubit environment, interactions,

and system dimensionality has been the subject of extensive theoretical and experimental inves-

tigations21,9,64. These systems have served as a basis for experimental observations of nonequi-

librium quantum dynamics in strongly interacting systems such as the propagation of quantum

correlations25,44,42, nonequilibrium phases of matter65,10,28,45,17, and relaxation or localization ef-

fects2,63,54,11,30,51,27.

Quantum thermalization connects statistical physics with unitary quantummechanics. Recent

technological developments in quantum information science have revealed a variety of novel phe-

nomena such as the role of entanglement in thermalization27,35,45, the localization in the absence of

strong disorder37, non-equilibrium phases65,10,28,45,17,31, and quantummany-body scarring62,7,26.

Despite this progress, one of the open questions in this field is the nature of microscopic relaxation

dynamics in presence of dynamical disorder and long-range interactions. The majority of existing

studies focus on ensemble measurements in systems dominated by static disorder2,63,54,11,30,51.

However, ensemble averaging can conceal important features of microscopic dynamical evolu-

tion19,14, and in many noisy real-world quantum systems disorder is dynamic, exhibiting non-trivial

time-dependence. Another important factor is system dimensionality and its interplay with the

distance scaling of interactions. The long-range 1/r3 dipolar spin interaction implies that a two-

dimensional system should be localized according to the single-particle Anderson model3, but de-

localized according to the many-body interacting treatment9,64,20,41,21. In addition to fundamental

interest, understanding the dynamics of two-dimensional systems may lead to quantum sensing

applications, since they can be positioned in close proximity to a sensing target57,12.

2



1.2 Overview of Thesis

In this thesis, we focus on the experimental platform consisting of a single shallow nitrogen-vacancy

(NV) center qubit coupled to a system of paramagnetic spins on the diamond surface. In the re-

mainder of this chapter, we review the necessary background on NV centers in diamond before

discussing the system of electron spins on the diamond surface. We discuss the technique of corre-

lation spectroscopy where the NV center is used to probe the autocorrelation of the central surface

spin state, which is the main experimental technique we use in chapters 2 and 3.

In chapter 2, we use the framework of the correlation spectroscopy pulse sequence to probe the

local magnetic noise environment of the central surface spin. We characterize its strongest dipolar

interaction with nearby surface spins as well as measure the correlation time τ and widthW of the

local nuclear spin bath noise.

In chapter 3, we measure the longitudinal relaxation of the central surface spin and provide a

dynamic resonance counting theory to account for our experimental observations. We also drive

the system and show that at weak drives, the resulting relaxation is primarily due to the nuclear spin

noise. However, at strong drive, the surface spins are decoupled from extrinsic nuclear spin disorder

and instead exhibit slower dynamics than expected given the strongest dipolar interaction strength,

which we attest to the intrinsic disorder from the random positions of nearby surface spins.

In chapter 4, we explore the use of dynamic mean field methods to predict single spin longitu-

dinal and transverse autocorrelation relaxations. By using dynamic mean field models plus a few

nearby spins, we are able to model the slow timescale of the strong drive spin-lock driving measure-

ments.

In chapter 5, we discuss our ability to prepare the initial state of the strongest coupled surface

spin by polarizing it using the NV center. We can then observe how resulting central surface spin

dynamics are dependent on the state of the NV center and conclude by demonstrating the stability
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of the central spin under green laser illumination.

We conclude our work in chapter 6 and discuss outlooks for future research directions. The Ap-

pendices contain additional information and simulation results.

1.3 TheNitrogen-Vacancy Center in Diamond

We begin with a description of the nitrogen-vacancy center, a point defect in the diamond lattice

that consists of a substitutional nitrogen atom and an adjacent vacancy, fig. 1.1 (left, inset). There

are 4 possible orientations of this defect along the four crystallographic directions of the lattice.

While the NV center defect is naturally occurring in diamond, for the samples that we consider, NV

center formation is done by nitrogen ion implantation followed by higher temperature annealing.

Figure 1.1: The nitrogen vacancy center in diamond. Left: a single nitrogen vacancy center in diamond with an inset
showing the defect in the diamond lattice. Right: the simplified NV center electronic level structure

While the NV center can exist in several charge states, we consider the negatively charged defect

and show its electronic level structure in fig. 1.1 (right). The ground state is a spin triplet with a

zero-field splitting of approximately 2.87 GHz between thems = 0 andms =±1 magnetic sublevels.

When an external magnetic field is applied, it splits the level degeneracy of thems =±1 magnetic

sublevels such that transitions betweenms = 0 and thems =±1 states can be independently ad-

dressed.
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The NV center can be optically pumped in order to initialize it into thems = 0 ground state.

From thems =±1 excited state, there is a chance the excited electronic configuration can decay

through a set of metastable singlet states into thems = 0 ground state. Thus, after a duration of

optical pumping, the NV center begins in thems = 0 ground state. Also, the state of the NV center

can be optically detected since population in thems = 0 excited state will decay back to thems = 0

emitting a red photon whereas population in thems =±1 has a chance of decaying into the singlet

states with no visible photon emission.

In order to extract the depth of the NV centers used in this study, we placed the diamond in

protonated glycerol and performed XY radio frequency (RF) pulse sequences on the NV center to

correlate the strength of the measured proton signal to the depth of the NV center. Following the

treatment in43, when performing an XY-64 pulse sequence on one NV center, an NV center depth

of dNV = (2.92± 0.24) nm was extracted. Depth measurements on other NV centers used in this

study yielded similar results.

Figure 1.2: NV XY‐64 measurement, with total sequence time centered around expected proton peak, performed in an
external magnetic field of 735 G. Fit (blue curve) to Eq. 1 in43, extracting a proton Brms corresponding to an NV center
depth of dNV = (2.92± 0.24) nm.
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1.4 Surface Spins in Diamond

1.4.1 Introduction

Our experimental platform is the ensemble of paramagnetic two-level systems on the surface of a

diamond crystal, fig. 1.3 (a)24,23,61. These surface spins are associated with electron spin S = 1/2

impurities that are not optically active. Their exact nature is subject to ongoing investigation, but

they are likely localized defect surface states 48,55. Due to faster decoherence of shallowNV cen-

ters47,46,39,38,8, these surface spins have been considered to be deleterious and significant effort has

gone into treating and engineering diamond surfaces to minimize their density18. However, with

proper quantum control, they can be turned into a useful resource. The surface spins can be coher-

ently manipulated and measured, and can be used as the so-called quantum reporters that probe and

report the local magnetic environment. For example, by addressing a single surface spin, it is possible

to detect and localize proximal single proton nuclear spins on the diamond surface under ambient

conditions57. Recent experimental studies have shown that after certain surface treatments, some

of the surface spins may be mobile, likely changing their positions under green laser light illumina-

tion16. We have verified that in our experiments the central surface spin remains intact when sub-

jected to green laser light illumination of up to 50 μs. In fact, the central spin position is stable for

the experiments carried over the timescale of months. This is likely due to the combination of small

photo-ionization cross-section and steric protection by chemical surface groups16.

The dynamics of individual surface spins are measured by a single near-surface NV center, acting

as a nanoscale sensor of magnetic fields created by the surface spins. NV centers are addressed using

a confocal microscopy setup, combined with radio frequency (RF) spin drive fields that are delivered

via a transmission line fabricated on a glass coverslip. The surface spin transitions can be addressed

with RF pulses delivered in the same manner. The 2.87 GHz zero-field splitting of the NV center

enables independent addressing of the NV spin and the surface spin transitions by using different
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proton spin
Sj

NV

B

Figure 1.3: Introduction to the NV center ‐ surface spin system. (a) The experimental platform consists of a single,
shallow NV center strongly coupled to one surface electron spin Sj. Other electron spins and proton nuclear spins reside
on the surface of the diamond. An external magnet splits the electron and nuclear spin states and allows independent
manipulation of NV center and surface spins at their corresponding magnetic resonance frequencies. Inset: NV center
and surface spin level structure. NV center transition is addressed at angular frequency ωNV while surface spin transi‐
tion is addressed at ωS. (b) Experimental approach to using the NV center to probe the surface spin system.

resonant RF tones at a given bias magnetic field, aligned with the NV axis (z-axis), fig. 1.3(a), inset.

Our experiments take place at room temperature, with the bias magnetic field on the order of

1000 G. Therefore, the surface spin ensemble is effectively at infinite spin temperature. Our gener-

alized experimental approach is shown in fig. 1.3(b). First, a green laser is applied to the NV center,

initializing it into the |ms = 0⟩ state. Next, radio frequency spin drive fields are applied to indepen-

dently drive the NV center and surface spin transitions. The final state of the NV center is read by

applying green laser and measuring the fluorescence at the end of the measurement.

1.4.2 The Double Electron-Electron Resonance (DEER) Sequence

The magnetic dipole coupling between the NV center and the surface spin ensemble is characterized

using a double electron-electron resonance (DEER) sequence, fig. 1.4. The NV center spin-echo

decays on the time scale T(nv)
2 , but when a π-pulse flips the surface spins simultaneously with the

NV spin, the NV spin echo collapses on a time scale that depends on the strength of the dipolar

field created by the surface spins near the NV center. Because the magnetic dipole interaction is

long-range, the NV center is, in general, coupled to multiple surface spins, with coupling strengths
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dependent on locations of surface spins on the diamond surface. The oscillations present in the

data at short time (fig. 1.4 red points) indicate that there is one “central” surface spin, whose dipolar

coupling strength to the NV center kmax dominates over other surface spins.

Figure 1.4: NV center Hahn echo (blue) and double electron‐electron resonance (DEER) (red) measurements. The
oscillations present in the DEER data indicate that the magnetic dipole interactions of this NV center with the surface
spin ensemble are dominated by a central surface spin with the coupling strength kmax = (4.90± 0.57) μs−1 (red line
fit). Inset: the DEER pulse sequence.

We can understand the results of the DEER sequence by beginning with the dipolar interaction

Hamiltonian between the NV center J and surface spins Si, which is written as

HNV−ss =
∑
i

ℏ2γ2e
r3s

[J · Si − 3
(J · rs)(Si · rs)

r2s
], (1.1)

where rs is the vector from the NV center to surface spin i. When we align the external magnetic

field along the NV center axis, we can make a secular approximation and only consider terms that

commute with Szi and Jz:

HNV−ss =
∑
i

ℏ2γ2e
r3s

(1− 3 cos2 θi)Szi Jz =
∑
i
ℏkiSzi Jz (1.2)

where θi is the angle the vector rs makes with the external magnetic field, and the coupling strength

is
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ki =
ℏγ2e
r3s

(1− 3 cos2 θi). (1.3)

The NV center |ms = 0⟩ state after performing the DEER sequence with total sequence time

tNV is

SDEER =
1
2
[1+ cos(

∑
i
kiSzi tNV)]. (1.4)

After performing many averages with different initial surface spin projections, the final expected

signal57 is

SDEER =
1
2
[1+

∏
i
cos(kitNV/2)]. (1.5)

For systems of strong coupling between the NV center and one surface electron spin, oscillations

at the largest coupling strength are present at short time. For the data presented in fig. 1.4, the NV

spin-echo decays on a time scale TNV
2 = (2.67± 0.13) μs and has a coupling strength of kmax = (4.90

± 0.57) μs−1 to the strongest coupled surface spin.

The double electron-electron resonance (DEER) pulse sequence measures the strength of the

dipolar interaction between the NV center and the surface spins, and this interaction strength is

dependent on both the distance between the NV center and the surface spins as well as the angle be-

tween the longitudinal quantization axis of the NV center and the surface spins. For small external

magnetic field strengths, by rotating the angle of the external magnetic field, we are able to extract

probable positions for the closest surface spins to the NV center. The dipole-dipole interaction

Hamiltonian between the NV center spin J and the surface electron spin Si is:

HNV−ss =
ℏ2γ2e
r3s

[J · Si − 3
(J · rs)(Si · rs)

r2s
] (1.6)
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where rs is the vector from the NV center to the surface spin. The full Hamiltonian for the sys-

tem of one NV center coupled to many surface spins is given by:

H = ℏΔJ2z′ + ℏγeB · J+
∑
i
(ℏγeB · Si +

ℏ2γ2e
r3s

[J · Si − 3
(J · rs)(Si · rs)

r2s
])

+
∑
i̸=j

ℏ2γ2e
r3ss

[Si · Sj − 3
(Si · rss)(Sj · rss)

r2ss
]

(1.7)

where rs is the distance between the NV center and surface spin i and rss is the distance between

surface spins i and j. The NV zero-field splitting is the largest energy in the system, so we can make

the secular approximation and retain only terms that commute with Jz′ . The next largest term is the

surface spin Zeeman energy, so we can again make a secular approximation and retain only terms

that commute with Sz′′ , where z′′ points along the direction of the external magnetic field. After

making these secular approximations, we are left with the following Hamiltonian:

H =
∑
i

ℏ2γ2e
r3s

(1− 3 cos2 θs)Sz
′
Jz

′′
+
∑
i̸=j

ℏ2γ2e
r3ss

(1− 3 cos2 θss)(Jz
′′
i Jz

′′
j − 1

2
Jx

′′
i Jx

′′
j − 1

2
Jy

′′

i Jy
′′

j ) (1.8)

where θs is the angle the vector rs makes with the magnetic field, and θss is the angle the vector

rss makes with the magnetic field. In order to map the positions of the surface spins, we perform

DEERmeasurements at different magnetic field orientations, which modulates the cos2 θs and

cos2 θss terms of the dipolar interaction. We also fit the surface spin T2 measurement in conjunction

with the DEERmeasurements in order to map the positions since the surface spin T2 measurement

depends on the locations of the proximal surface spins, fig. 1.5 (a). The surface spin T2 measure-

ment was weighted equally with all DEERmeasurements combined when performing the fit. The

blue line in the fits are to the best fit 3 surface spin positions.
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We can create maps of surface spin positional probability by holding the positions of 2 of the sur-

face spins fixed and varying the position of the other spin, calculating the resulting χ2. Fig. 1.5 (b) is

a probability map of the 3 surface spins (x,y) position, with a position of (0,0) corresponding to the

position of the NV center, a depth d below the surface. Each spin corresponds to a different color

and the color value at each pixel corresponds to the best fit χ2 divided by the χ2 value for a certain

surface spin at that position. The white Xs correspond to the best fit positions of the 3 surface spins.

Figure 1.5: (a) DEER data taken at 8 different magnetic field angles (external magnetic field≈ 45 G). Bottom right plot is
T2 data (external magnetic field≈ 1343 G). Blue line corresponds to the best global fit for a system of 3 surface spins.
(b) Extracted probability map of the 3 surface spins, with each color corresponding to the inverse of the reduced χ2
value for a surface spin in that position, while the other 2 surface spins have best‐fit positions.

1.4.3 The Correlation Spectroscopy Pulse Sequence

We study the dynamics of an individual central surface spin Sj, by measuring its spin autocorrelation

functions. Quantum logic gates between the NV center and the central surface spin correlate the

NV and the central spin evolution, via their magnetic-dipole interaction, fig. 1.6(a)33. Each mea-

surement consists of a sequence of RF pulses, applied to the NV and surface spins, as well as NV

optical spin polarization and readout steps. The RF pulse sequences include two probe segments

(CNOT gates), in which the NV center probes the quantum state of the surface spin ensemble,

separated by a time interval, in which this state can evolve with control pulses applied to the surface
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spins (grey box). The interpulse spacing tNV of the probe segments is tuned to the timescale of the

dipolar interaction between the NV center and the central surface spin so that the final NV center

state is contingent on whether the z-projection of the central surface spin changes between the gates.

Applying this method, the NV center acts as a probe of central surface spin autocorrelation func-

tions ⟨Sx,y,zj (t)Sx,y,zj (0)⟩, where the time t and the measured spin projection depend on the pulses

applied during the evolution interval (grey box).

 

 

Figure 1.6: (a) The correlation spectroscopy pulse sequence. In our experiments the NV center interpulse spacing
is set such that the NV center is primarily sensitive to the central surface spin Sz autocorrelation. Manipulating the
surface spins during the gray shaded region allows us to measure different central surface spin correlation functions. (b)
Quantum logic gate representation of the correlation spectroscopy pulse sequence. The two CNOT gates are applied,
such that the final state of the NV center is contingent on whether the z‐projection of the central surface spin changed
during the time between the gates.

To understand this sequence, we will follow the NV center phase accumulation after each set of

pulses. After the initial π2
NV
x − πNV

y πSS − π
2
NV
y pulses, the NV phase accumulation φ1 due to the

surface spin Sz state is projected along the NV z-axis. If the NV state is read out at this time, the NV

population would be∼ ⟨sin φ1⟩. By applying two sequences of
π
2
NV
x − πNV

y πSS − π
2
NV
y pulses,

the initial and final surface spin Sz projections are converted to population along the NV z-axis, with

an amplitude related to ⟨sin φ1 sin φ2⟩where φ2 is the phase the NV spin acquires during the final

π
2
NV
x − πNV

y πSS − π
2
NV
y pulses.

For all correlation spectroscopy sequences that we perform, we normalize the result by the corre-
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lation spectroscopy contrast. We define the contrast as the NV spin population difference between

when we run the correlation spectroscopy pulse sequence (fig. 1.6(a)) without any pulses applied

during the grey shaded region and when we run the sequence with a pi pulse applied to the surface

spins during this time. We normalize the final signal between +1 and -1, plotting 4⟨Sz(t0+ t)Sz(t0)⟩.
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2
Characterization of the Local Magnetic

Environment of the Surface Spins

Using the correlation spectroscopy pulse sequence, the NV center acts as a probe of central surface

spin autocorrelation functions ⟨Sx,y,zj (t)Sx,y,zj (0)⟩, where the time t and the measured spin projec-

tion depend on the pulses applied during the evolution interval. We characterize the central surface

spin environment for a number of systems, and in this chapter, we present the results and analysis



for one representative system.

tt

t
t

Figure 2.1: Characterization of the local magnetic environment of a central surface spin. Solid lines are fits using the
model in eqs. (3.1,3.2). (a) Surface spin detuned Ramsey measurement of ⟨Sxj (t)Sxj (0)⟩ transverse central spin auto‐
correlation. The Ramsey decay time is T∗

2 = (0.32± 0.02) μs. Solid lines are fits using the model in eqs. (2.1,2.2). The
oscillations in the Ramsey data are due to the 9.2 MHz detuning from the surface spin Larmor frequency. (b) Surface
spin Hahn echo measurements of ⟨Sxj (t)Sxj (0)⟩ transverse central spin autocorrelation. The Hahn echo decay time is
T2 = (1.41± 0.11) μs. (c) Surface spin XY‐4 measurement, with oscillations due to proton nuclear spin precession. (d)
Surface spin MREV‐8 measurement performed within a spin echo with oscillations due to proton nuclear spin preces‐
sion.

The four main pulse sequences we apply to probe the local environment of the central surface

spin are the Ramsey, Hahn echo, XY-4, andMREV-8 sequences. The Ramsey measurement probes

fluctuations of the local magnetic field at the central surface spin site (fig. 2.1 (a)). The Hahn echo

sequence decouples the central surface spin from low-frequency fluctuations, which extends the co-

herence time to T2 (fig. 2.1 (b)). Further decoupling can be achieved with higher-order dynamical

decoupling experiments, such as XY-4 (fig. 2.1 (c)). However we observe that this does not further

increase the coherence time, indicating the presence of a separate decoherence mechanism. The

presence of dipolar interactions with other surface spins motivates the MREV-8 experiment, which
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decouples dipolar interactions. Indeed, we observe that the coherence time in anMREV-8 experi-

ment is extended, compared to the Hahn echo and XY-4 (fig. 2.1 (d)), showing that the dynamics of

surface spins are strongly affected by dipolar interactions between them.

In order to understand our observations quantitatively, we consider the effective Hamiltonian in

the rotating frame of a single surface spin Sj:

Hj = ℏγeB
z
j (t)Szj +

∑
i

ℏ2γ2e
r3ij

(1− 3 cos2 θij)[SziSzj −
1
4
(S+i S

−
j + S−i S

+
j )], (2.1)

where ℏ is the reduced Planck constant, γe = 2π × 2.80MHz/G is the electron gyromagnetic

ratio, Bzj (t) is the fluctuating magnetic field at the site of the surface spin, rij is the distance between

the central surface spin j and a different surface spin i, and θij is the angle between the direction of

the applied external magnetic field and the vector rij. In Eq. (2.1) we do not include the dipolar

interaction between the NV center and the central surface spin. By running experiments that vary

the NV center spin state during the surface spin evolution period, we find that this interaction does

not affect central surface spin evolution within our experimental uncertainty.

Let us consider the origin of the fluctuating local magnetic field Bzj . All measurements were pre-

formed with the diamond surface submerged in deuterated glycerol. This reduced the density of

proton nuclear spins near the surface. However, as observed in several other studies of near-surface

NV centers, an intrinsic∼ 1 nm thick layer of surface water and hydrocarbons contains a high den-

sity of proton nuclear spins56,34,13. The periodic features that appear at odd multiples of proton

Larmor period in the spin echo, XY-4, andMREV-8 data indicate that these protons are the domi-

nant source of the local field Bzj . We model the dynamics of Bzj by parametrizing its power spectrum

as a combination of two peaks:

V(ω) =
∫ ∞

−∞
⟨Bz(t)Bz(0)⟩e−iωt dt = 2

W2

γ2e

(
τ

ω2τ2 + 1
+

5
9

τ
(ω− ωL)2τ2 + 1

)
. (2.2)
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The first term, centered at zero frequency, quantifies slow fluctuations with strengthW and corre-

lation time τ, due to proton spin projections along the bias magnetic field. The second term quan-

tifies fluctuations near the proton Larmor frequency, due to transverse proton spin projections

(fig. 2.2).

Figure 2.2: Nuclear spin bath noise power spectrum V(ω), with peaks at zero frequency and proton Larmor frequency
ωL.

2.1 Decoherence due to the Nuclear Spin Bath

For the pulse sequences applied to the surface spins, we calculate the expected signal from the nu-

clear spin bath with noise spectrum given by eq. (2.2). For a given sequence, the expected signal can

be written as

S(t) = e−χ(t) (2.3)

where

χ(t) = γ2e

∫
dω
2π

V(ω)
ω2

F(ωt) (2.4)

where F(ωt) is the filter function of the pulse sequence and t is the total sequence time. In order

to simplify calculations, we treat the peak at proton Larmor frequency ωL as a delta function
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V2(ω) = 2π
5
9
W2

γ2e
δ(ω− ωL). (2.5)

We select a delta function with a factor of 2π in front so that the integral of the Lorentzian is

matched by the integral of this delta function, and we numerically verify that for our given pulse

sequences, the response due to a narrow Lorentzian is consistent with the response due to a delta

function. For the Ramsey pulse sequence with filter function FRamsey(ωt) = 2 sin2(ωt/2), the

expected decay due to the nuclear spin bath is

SRamsey(t) = e−(Wt/
√
2)2eW

2t3/(6τ)e
−2 5W2

9ω2L
sin2(ωLt/2)

. (2.6)

The filter function for the spin echo sequence is Fecho(ωt) = 8 sin4(ωt/4), and the expected

signal decay due to the nuclear spin bath is

Secho(t) = e−
W2t3
12τ e

− 40W2

9ω2L
sin4(ωLt/4)

. (2.7)

The XY-4 pulse sequence has the filter function FXY−4(ωt) = 128 sin6(ωt/16)(cos(3ωt/16) +

cos(5ωt/16))2 and the decay due to the nuclear spin bath is given by

SXY−4(t) = e−
13W2t3
4500τ e

−128 5W2

9ω2L
sin6(ωLt/16)(cos(3ωLt/16)+cos(5ωLt/16))2

. (2.8)

TheMREV-8 sequence in an echo has a filter function given by

FMREV(ωt) = 16(1+ 2 cos(ωt/12))2(sin(ωt/12)− sin(ωt/6)4(3− 4 cos(ωt/24)+

3 cos(ωt/12)− 2 cos(ωt/8) + cos(ωt/6))
(2.9)

with a resulting signal of
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− log(SMREV(t)) =
49W2t3

2592τ
+ 16

5W2

9ω2L
(1+ 2 cos(ωLt/12))2(sin(ωLt/12)− sin(ωLt/6)4×

(3− 4 cos(ωLt/24) + 3 cos(ωLt/12)− 2 cos(ωLt/8) + cos(ωLt/6)).

(2.10)

For each of the pulse sequences, the resulting signal has two components: a decay envelope due to

the noise spectrum peak at zero frequency and a modulation due to the oscillating signal at proton

Larmor frequency.

2.1.1 Decay due to Dipolar Interactions

While the central surface spin Ramsey, echo, and XYmeasurements will be affected by the nuclear

spin bath, the dipolar interations between the central surface spin and nearby surface spins will also

cause decoherence. If there were one other surface spin in the system interacting with the central

surface spin with dipolar interaction strength Jmax =
ℏγ2e
r3 (1 − 3 cos2 θ), the resulting signal for the

Ramsey, echo, and XY sequences would be

SRamsey,XY−4,Echo(t) =
1
2
[cos(3Jmaxt/4) + cos(Jmaxt/4)]. (2.11)

On short time scales, the central surface spin is mostly sensitive to nearest neighbor dipolar

interactions, so we approximate the decay profile as a stretched exponential with a power of 2,

S(t) = e−(t/T2)2 , with decay time T2 ≈ 1/J1. If we assume that the decoherence due to dipolar

interactions and the nuclear spin bath are independent processes, then we can express the over-

all Ramsey, echo, and XY-4 decoherence as the product of the stretched exponential decay due to

dipolar interactions with the decay and modulation due to the nuclear spin bath. Therefore, as an

example, the fit function for the XY-4 measurement becomes
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SXY−4(t) = exp(−(t/T2)
2) exp(−13W2t3

4500τ
) exp(−128

5W2

9ω2L
sin6(ωLt/16)×

[cos(3ωLt/16) + cos(5ωLt/16)]2)
(2.12)

where ωL is the proton Larmor frequency.

Figure 2.3: Comparison of surface spin echo, XY‐4, and MREV‐8 measurements, showing the extension of coherence
time with MREV‐8 and the decoupling of the central spin from homonuclear dipolar interactions with other surface
spins.

We can show that the dominant source of decoherence in the echo and XY-4 sequences comes

from dipolar interactions between surface spins by comparing the decay rate of the echo, XY-4, and

MREV-8 measurements, fig. 2.3. If the nuclear spin bath were the primary source of decoherence

for the echo or XY-4 sequences, there would be an extension of the coherence time between the

echo and XY-4 measurement results. However, the echo and XY-4 measurements decay over the

same timescale. Moreover, after applying anMREV-8 sequence, which decouples surface spins from

homonuclear dipolar interactions, the coherence time increases, suggesting that dipolar interactions

between surface spins are the primary contributor to decoherence in echo and XY-4 measurements.

Since we have shown that the surface spin echo and XY-4 measurements decay primarily due

to dipolar interactions with other surface spins, the question remains of how the decay timescale
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T2 relates to the magnitude of these interactions. To address this question, we perform numeric

simulations of surface spin echo with a system of 7 surface spins, one central spin plus 6 bath spins.

The position of the central spin is fixed, but we vary the the positions of the bath spins for a range of

average separations between 4 and 12 nm between surface spins. We can then fit each resulting decay

curve to a stretched exponential, and we find that a stretched exponential with a power of 2 best fits

the initial decay of the simulation results. For each set of bath spin positions, we extract the decay

rate (1/T2) and find that it best correlates with the maximum dipolar interaction strength between

the central spin and a neighbor, fig. 2.4. We find that (1/T2) = bJmax where b = (0.501± 0.003) and

Jmax is the maximum dipolar interaction strength ℏγ2e
r3 (1 − 3 cos2 θ) of the central surface spin with

another surface spin.

Figure 2.4: Spin echo decay results for 1 central spin plus 6 bath spins, measuring the central spin autocorrelation for
different bath spin positions. The extracted decay rates versus maximum interaction strength was linearly fit to find
(1/T2) = bJmax where b = (0.501± 0.003). The y error bars correspond to the uncertainty in the fit to each simulation
result.

In the next chapters, we discuss the role of intrinsic disorder due the Ising component of the

dipolar Hamiltonian and define a parameter J1, quantifying the strength of this intrinsic disorder.

We approximate the intrinsic disorder as primarily coming from the strongest interacting neighbor-

ing spin to the central spin, and we can relate the magnitude of the intrinsic disorder to the maxi-

mum interaction strength as J1 = 1
2 Jmax. When we fit the Ramsey, echo, and XY-4 sequences to
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the contribution coming from the dipolar interactions with other surface spins, we fit the results to

S(t) = e−(t/T2)2 = e−(J1t)2 .

2.2 Extraction of Surface Spin On-site Disorder StrengthW

In the previous sections, we calculated the expected signals given dipolar interactions and the nu-

clear spin bath. For the experimentally relevant regime where the nuclear spin correlation time τ is

much longer than the sequence duration, a detuned Ramsey sequence decay is given by

SRamsey(t) = cos(Δt)e−(t/T2)2e−(Wt/
√
2)2e

−2 5W2

9ω2L
sin2(ωLt/2)

(2.13)

where Δ is the detuning between the surface spin splitting ωS and the microwave drive frequency.

By fitting the echo and XY-4 measurements, T2 can be extracted, soW is the only free parameter in

a Ramsey fit. For the data presented in fig. 2.1 (a),W = (4.40± 0.38) μs−1 is extracted.

2.3 Extraction of ProtonNuclear Spin Signal Correlation Time τ

In a previous section, we found the MREV-8 decay to be given by

− log(SMREV(t)) =
49W2t3

2592τ
+ 16

5W2

9ω2L
(1+ 2 cos(ωLt/12))2(sin(ωLt/12)− sin(ωLt/6)4

×(3− 4 cos(ωLt/24) + 3 cos(ωLt/12)− 2 cos(ωLt/8) + cos(ωLt/6)).

(2.14)

Since MREV-8 decouples surface spins from dipolar interactions with other surface spins, the

decay envelope is determined by the disorder widthW and the nuclear spin correlation time τ. We

extracted the disorder width from the Ramsey decay so by fitting the MREV-8 decay, we can extract
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the nuclear spin correlation time τ = (14.6± 4.2) μs. For all central surface spin systems, we do si-

multaneously fit the Ramsey, spin echo, XY-4, andMREV-8 experimental data with J1,W, and τ as

fit parameters.

2.4 Extracting the Surface Spin Density

(a) (b)

Figure 2.5: (a) Simulation results with averaged experimental data (white dots). (b) χ2 vs average separation, where an
average separation between surface spins of 8.4± 1.3 nm is extracted.

We extract the average surface spin density by comparing the results of numeric simulations to

averaged experimental data, fig. 2.5. We begin by averaging all XY-4 data taken at an external mag-

netic field of 730 G and we fit the periodic features in the data, extracting a value of W of (4.13±

0.24) μs−1. Next we perform numeric simulations with a central surface spin and five neighboring

surface spins. We perform simulations for different values of average separation between spins and

average together the results for 500 averages with random spin positions for each value of average

separation. We extract an average surface spin separation of (8.4± 1.3) nm. This corresponds to an

average interaction strength J = J0n3/2 = (0.57± 0.25) μs−1.
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3
Surface Spin Relaxation

In the previous chapter, the local environment of the central surface spin was characterized. The

effective Hamiltonian in the rotating frame of a single surface spin Sj can be written as

Hj = ℏγeB
z
j (t)Szj +

∑
i

ℏ2γ2e
r3ij

(1− 3 cos2 θij)[SziSzj −
1
4
(S+i S

−
j + S−i S

+
j )], (3.1)



where ℏ is the reduced Planck constant, γe = 2π × 2.80MHz/G is the electron gyromagnetic ratio,

Bzj (t) is the fluctuating magnetic field at the site of the surface spin, rij is the distance between the

central surface spin j and a different surface spin i, and θij is the angle between the direction of the

applied external magnetic field and the vector rij. The nearest neighbor dipolar interaction strength

J1, the average dipolar interaction strength J, and the widthW and correlation time τ of Bzj (t) can all

be extracted by applying different pulse sequences and measuring the decay times as demonstrated

in the previous chapter.

 
laser

t

Figure 3.1: Measurement of central surface spin ⟨Szj (t)Szj (0)⟩ autocorrelation. (a) Sz autocorrelation measurement
pulse sequence where the time between the initial and final pulse blocks is swept. A π pulse is applied to the surface
spins during the free precession interval half of the time. The time between NV pulses is tuned to the dipolar interaction
timescale between the NV center and the central surface spin, as calibrated using DEER and a correlation spectroscopy
NV tau sweep. (b) Sz autocorrelation measurement for the central surface spin system characterized in chapter 2, with
J1 = (0.71± 0.05) μs−1,W = (4.40± 0.38) μs−1, and τ = (14.6± 4.2) μs. Blue line fit to exp (−(t/Tz)

2/3) (c) The
full characterization of relaxation timescales for one of the central surface spin systems, including the Ramsey, XY‐4,
MREV‐8, and Sz autocorrelation measurements.

Having characterized the local environment of the central surface spin, we study the spin flip-flop

transport dynamics in this system by measuring the autocorrelation of the spin component along

the applied magnetic field: ⟨Szj (t)Szj (0)⟩, fig. 3.1(a). The presence of the S+S− flip-flop terms in the

dipolar interaction in Eq. (3.1) motivates an expectation that this single-spin autocorrelation would

decay over the time scale Tz, which is on the order of 1/J1 = T2. In contrast, we observe remarkably

slow decay of the longitudinal correlation (fig. 3.1(b)), which persists over a time scale Tz, in this

instance∼ 30× slower than the dipolar interaction time scale T2, fig. 3.1(c). We emphasize that
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these observations are especially unexpected for individual spin measurements, in contrast with ex-

periments probing a macroscopic spin ensemble (such as a bulk magnetic resonance measurement),

where the total spin z-projection is unaffected by flip-flops within the ensemble.

3.1 Resonance Counting Theory

We attribute such anomalously slow relaxation dynamics to the presence of strong disorder. To

quantify its effect, we consider a theory model based on an effective single-particle resonance count-

ing with the Hamiltonian shown in Eq. (3.1). We follow the treatment presented in30, which also

treats the case of quasi-static on-site fields.

3.1.1 Dynamic DisorderModel

In this model, each spin Sj experiences a time-dependent energy shift owing to the combination of

two effective sources of disorder: i) the extrinsic on-site disordered magnetic field Bzj (t) of typical

strength∼ W and ii) the intrinsic local field of strength∼ J1 arising from the Ising component

of the dipolar interactions among surface spins. These two components have distinct correlation

times and strengths. We estimate the survival probability of a central spin based on simple resonance

counting arguments. The probability of a given spin being on resonance with the central spin is

given by βJ0/r3
W , where J0 = ℏγ2e , J0/r

3 is the interaction strength of the central spin with a bath spin

a distance r away,W is the disorder width, and β is a dimensionless parameter that characterizes the

resonance probability, of order unity. We consider the case of time-dependent disorder, where the

value of on-site detuning δj changes over time by uncorrelated jumps at a rate γ = 1/τ. We consider

the case whereW ≥ nJ0 > 1/τ. As presented in30, two spins j and i are “resonant” at time t if (1)

|δj(t)− δi(t)| < βJ0/r3 at any time less than t, fig. 3.2, and (2) the interaction occurs on a time-scale

t > 1
βJ0/r3 . Otherwise, energy conservation blocks flip-flops.
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Sj Si

Figure 3.2: A schematic of the spin hopping process in our model, showing a central surface spin Sj and another surface
spin Si. Each spin state is shifted by time‐dependent on‐site detuning δ (blue line), due to the local dynamical disorder
created by nuclear spin bath noise and Ising dipolar interaction terms. The spins can flip‐flop if their detunings differ by
less than the strength J of the dipolar interaction between them (grey band).

The probability of having a resonant pair is given by

Pres(t) = 1− e−
βJ0/r

3

W
t
τ (1− βJ0/r3

W
). (3.2)

For a 2D spin system with density n, we can calculate the probability of a central spin having no

resonance as

P(t) = exp(−
∫ R(t)

r0
2πnrPres(t)dr). (3.3)

Note thatR(t) = (J0t)1/3. When βJ0/r3
W is small (at large times), (1 − βJ0/r3

W ) can be rewritten as

exp(− βJ0/r3
W ) and

Pres(t) = 1− e−
βJ0/r

3

W ( t
τ+1). (3.4)

We can write the probability that the central spin has no resonance as
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P(t) = exp(−
∫ R(t)

r0
2πnr(1− e−

βJ0/r
3

W ( t
τ+1))dr). (3.5)

To simplify the expression, we can take the−log of each side:

− log(P(t)) =
∫ R(t)

r0
2πnr(1− e−

βJ0/r
3

W ( t
τ+1)dr). (3.6)

We can next perform a change of variables to evaluate the integral. We define

z =
βJ0/r3

W
(
t
τ
+ 1). (3.7)

We can rewrite this in terms of r as

r = (
βJ0/z
W

(
t
τ
+ 1))1/3. (3.8)

Using the fact that 2rdr = d(r2), we can rewrite the expression for P(t) in terms of z:

− log(P(t)) =
∫ R(z,t)

r(z,t)
nπ(1− e−z)d(

βJ0/z
W

(
t
τ
+ 1))2/3 (3.9)

which becomes

− log(P(t)) =
∫ z(r,t)

z0(r0,t)
nπ(1− e−z)(−2/3)z−5/3dz(

βJ0
W

(
t
τ
+ 1))2/3. (3.10)

We can then rewrite− log(P(t)) as the product of two terms:

28



− log(P(t)) = P1(t)P2(t) (3.11)

P1(t) =
∫ z(r,t)

z0(r0,t)
π(1− e−z)(−2/3)z−5/3dz (3.12)

P2(t) = (n3/2
βJ0
W

(
t
τ
+ 1))2/3 (3.13)

In the limit t ≫ τ, P2(t) simplifies to

P2(t) = (
n3/2βJ0
W

t
τ
)2/3. (3.14)

We want to understand the time dependence in P1(t) so we define

z0(r0, t) =
βJ0/r30
W

(t/τ+ 1) (3.15)

z(R, t) =
βJ0/R(t)3

W
(t/τ+ 1) (3.16)

SinceR(t) = (J0t)1/3, in the limit t ≫ τ, z has weak dependence on time. We can numerically

integrate P1(t) in order to understand the time dependence, and we plot P1(t) and P2(t) for com-

parison, fig. 3.3.

For times t > τ, there is some dependence on time in P1(t), but it is not as strong as the time

dependence in P2(t). Therefore, we can write the probability of having a resonant pair as

P(t) = exp(−α(
n3/2βJ0
Wτ

(t+ τ))2/3) (3.17)

where α is the average value of P1 at times t> τ. For our parameter range, we set α = 5, and

we have numerically verified that P(t) in Eq. 3.17 is consistent with Eq. 3.5 numerically integrated
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(a) (b)

Figure 3.3: Plots of (a) P1(t) and (b) P2(t) with r0 = 2 nm, β = 1, τ = 15 μs,W = 3.77 μs−1, and J0 = 326.7 nm3/μs.
P2(t) has a stronger dependence on time than P1(t) for times t> τ.

for relevant parameters and this value of α. From this expression, we can see that changingW or τ

simply amounts to changing the timescale of the decay. For times longer than τ, this model predicts

that for a 2D dipolar spin system, the central spin autocorrelation ⟨Szj (t)Szj (0)⟩ decays with an ap-

proximate functional form exp (−(t/Tz)
2/3), where Tz = κτeWe/J. The numerical constant κ is

of order unity, and J is the average dipolar interaction strength over the spin ensemble.

3.1.2 Two Sources of Dynamic Disorder

Wemust consider the combined effects of i) the extrinsic on-site disorder from the external magnetic

field Bzj (t), of typical strengthW and correlation time τ, and ii) the intrinsic local field of strength

∼ J1 from the Ising component of the dipolar interaction among surface spins, of approximate

timescale Tz. To quantify the combined dynamical disorder, we introduce the effective disorder

strengthWe, defined as

We =
√
W2 + J21 (3.18)

and the effective correlation time τe, defined via
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√
1/τe =

W
√
1/τ+ J1

√
1/Tz

We
. (3.19)

We compare the predicted central spin autocorrelation ⟨Szj (t)Szj (0)⟩ decay functional form

exp (−(t/Tz)
2/3)with our experimental data by scaling the time axis of the autocorrelation data

by independently estimated τeWe, and observe that the data sets for the 7 different NV-central spin

systems collapse towards a universal curve, fig. 3.4(b).

Figure 3.4: Measurements of central surface spin ⟨Szj (t)Szj (0)⟩ autocorrelation. Each color represents a different
central surface spin system. (a) Sz autocorrelation measurements for 7 different central surface spin systems. Each
measurement is fit by a stretched exponential, from which we extract the relaxation time Tz. (b) Sz autocorrelation
measurements with the decay time re‐scaled by the product τeWe of the effective disorder correlation time and disor‐
der width, independently measured for each surface spin system. We observe a collapse of the 7 data sets to a universal
stretched‐exponential decay curve, in agreement with our dynamical disorder model.
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3.2 Sz Autocorrelation Scaling

Plotting the individual relaxation times Tz versus the product τeWe reveals the linear relationship

predicted by our resonance counting, with the best-fit value of κ = (0.31± 0.14) extracted using a

value of J = (0.57± 0.25) μs−1 from our density estimates, fig. 3.5(a). We can also study the relation-

ship between Tz andW (fig. 3.5(b)), Tz and τ (fig. 3.5(c)), and Tz and T2 (fig. 3.5(d)).

Figure 3.5: Sz autocorrelation decay time plotted as a function of different system parameters including (a) τeWe, (b) W,
(c) τ, and (d) T2. The colors correspond to the data sets represented in fig. 3.4. The black line in (a) is a linear fit.

3.3 Spin-lock DrivingMeasurements (T1ρ)

To further investigate the role of disorder, we control the magnitude of the effective disorder by

spin-lock driving, on resonance with the surface spin Larmor frequency. The resonant drive along

the y-axis of the rotating frame adds to the Hamilonian (3.1) the additional termHd = ℏΩSy,

where Ω is the drive Rabi frequency:

H′
j = ℏγeB

z
j (t)Szj +ΩSyj +

∑
i

ℏ2γ2e
r3ij

(1− 3 cos2 θij)[SziSzj −
1
4
(S+i S

−
j + S−i S

+
j )] (3.20)
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Wemeasure the dynamics of the central surface spin projection Syj along the driving field, fig. 3.6.

This is equivalent to T1ρ measurement in NMR1,53.

dt

Figure 3.6: Evolution of central surface spin under spin‐lock driving. Measurements of ⟨Syj (t)S
y
j (0)⟩ autocorrelation

under spin‐lock driving for different drive strengths. Stronger driving results in better decoupling from the nuclear spin
bath magnetic noise and longer T1ρ relaxation time. For drive strengthΩ ≳ 50 μs−1, relaxation rate is independent
ofΩ. Lines show stretched exponential decay fits. Inset: radio frequency NV and surface spin pulses; green laser
polarization and readout pulses applied before and after this sequence of RF pulses.

We consider the case of a two level system where spin operators are given by Sα = 1
2σ

α. In order

to further understand our observations, we move into a second interaction picture with respect to

Hd = ΩSy = 1
2Ωσy. Our spin operators are then transformed by replacing Sα withU†(t)SαU(t),

whereU(t) = exp(−iΩtσy/2). Our initial spin operators are transformed as follows:

Sx(t) → cos(Ωt)Sx′ + sin(Ωt)Sz′ (3.21)

Sy(t) → Sy′ (3.22)

Sz(t) → cos(Ωt)Sz′ − sin(Ωt)Sx′ (3.23)

where Sα′ is the spin operator in the doubly rotated frame. The resulting dipolar Hamiltonian

has half the interaction strength as in the singly rotating frame:
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Hdd
j =

∑
ij

ℏ2γ2e
r3ij

(1− 3 cos2 θij)[
1
4
Sz′i Sz′j +

1
4
Sx′i Sx′j − 1

2
Sy′i S

y′
j ]. (3.24)

In the doubly rotating frame with respect to the drive, the Hamiltonian due to the on-site fields

from the nuclear spin bath becomes

Hnuc
j = ℏγeB

z
j (t)[cos(Ωt)Sz′j − sin(Ωt)Sx′j ]. (3.25)

In this new basis, the energy eigenstates are split by the effective Rabi frequency of the drive

Ωeff =
√

Ω2 + δ2 where δ is the on-site detuning value, characterized by the power spectral density

V(ω). Following the treatment in 30, the effective extrinsic disorder width at strong driving strength

scales asWeff =
W2
√
2Ω . We can numerically calculate δ values from the power spectral densityV(ω)

and calculate Ωeff for different values of drive strength Ω, verifying that at large drive strengths, the

effective on-site disorder width scales asWeff =
W2
√
2Ω .

The relaxation at small Ω is dominated by the local magnetic field noise Bzj (t), which can flip S
y
j .

We can treat the nuclear spin bath noise spectrumV(ω) as a perturbation and directly calculate the

transition probability and relaxation rate givenV(ω). First, let’s assume that the nuclear spin bath

noise is monochromatic at frequency ω:

H′ = ℏγeB0S
z cos(ωt). (3.26)

The matrix elementQab is given by

Qab = − 1
2
ℏγeB0. (3.27)

We can then calculate the transition probability as
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Pab(t) =
|Qab|2

ℏ2
sin2[(Ω − ω)t/2]

(Ω − ω)2
(3.28)

Pab(t) =
ℏ2γ2eB

2
0/4

ℏ2
sin2[(Ω − ω)t/2]

(Ω − ω)2
. (3.29)

The above expressions are all for monochromatic perturbations. In our system, B(t) is described

by a power spectrumV(ω), so we need to take this into account. The energy density in CGS units

of an electromagnetic wave isU =
B20
8π . We can then rewrite the transition probability as

Pab(t) = 2πUγ2e
sin2[(Ω − ω)t/2]

(Ω − ω)2
. (3.30)

Since the central surface spin is exposed to magnetic noise at a range of frequencies, we rewrite

U as ρ(ω)dω where ρ(ω)dω is the energy density in the frequency range dω, and we can rewrite the

transition probability as

Pab = 2πγ2e

∫ ∞

0
ρ(ω)

sin2[(Ω − ω)t/2]
(Ω − ω)2

dω. (3.31)

Since sin2[(Ω−ω)t/2]
(Ω−ω)2 is sharply peaked around Ω, we can replace ρ(ω) by ρ(Ω) and take it outside

of the integral:

Pab = 2πγ2e ρ(Ω)

∫ ∞

0

sin2[(Ω − ω)t/2]
(Ω − ω)2

dω. (3.32)

We can solve the integral by noting that

∫ ∞

−∞

sin2 x
x2

dx = π. (3.33)

We find that
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Pab = 2πγ2e ρ(Ω)tπ/2. (3.34)

We find that the transition rate (R = dP/dt) is

Rab = π2γ2e ρ(Ω) (3.35)

where ρ(Ω) is the energy in the field at Ω and directly corresponds to the value of the power

spectral densityV(ω) at that frequency.

(a) (b)

1/T2

1/T2

1/Tz

1/Tz

1/Tz

1/T2

(c) (d)

1/T2

1/Tz

Figure 3.7: Spin‐lock driving relaxation rate as a function of drive strength for 4 different surface spin systems, along
with the corresponding decay rates for Hahn echo (1/T2) and Sz autocorrelation (1/Tz) experiments, shown by the gray
bands. The point atΩ = 0 corresponds to the decay of the Ramsey coherence (1/T2*). The measurements performed
with drive strength below 50 μs−1 are consistent with direct relaxation due to the nuclear spin bath noise with spec‐
trum V(ω) (black line). Relaxation rates for drive strengthsΩ ≳ 50 μs−1 are independent ofΩ and consistently much
slower than the dipolar interaction scale 1/T2.

We have performed T1ρ measurements for 4 different central surface spins systems at a variety of
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drive strengths Ω, along with characterizing the central surface spin system by extracting J1,W, and

τ. For small Ω, the relaxation rate calculated using the noise modelV(ω) and Eq. 3.35 is consistent

with our measurements (fig. 3.7, black line). At large drive strength Ω, spin flips due to Bzj (t) are

suppressed, such that the strength of the effective extrinsic disorder scales asW2/(
√
2Ω). Con-

sequently, the disorder experienced by individual spins is dominated by the Ising component of

dipolar interactions along the dressed quantization axis Syj . The strength of the latter is reduced to

the half of the original Ising interaction along Szj in the undriven case30.

Figure 3.8: Comparison between different autocorrelation decay timescales for 4 different surface spin systems. Red
circles, labeled T1ρ/2, show the decay time under spin‐lock at strong driving. As the dynamical on‐site disorder strength
W increases, the Tz autocorrelation decay time increases compared with the autocorrelation decay at strong driving
with suppressed disorder (T1ρ/2). Both of these decays are much slower (by a factor of≈ 30) than the dipolar interac‐
tion scale, given by T2.

Thus, systematic comparisons of T1ρ/2 and Tz enable us to understand the interplay between the

extrinsic and intrinsic disorder fields. Shown in fig. 3.8, we find that the relaxation time between T1ρ

and Tz becomes relatively faster by suppressing the extrinsic disorder whenW is sufficiently large.

However, for samples with small or intermediateW, the difference in T1ρ and Tz is not substantial,
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suggesting that the Ising interaction constitutes the dominant source of disorder in this regime.

Interestingly, even in this regime, the relaxation rate is approximately a factor of 20 slower than the

dipolar interaction scale J1. This implies that, even in the absence of extrinsic on-site disorder, the

intrinsic disorder associated with random positioning of spins is sufficient to strongly suppress spin

transport in a 2D spin ensemble.

A full many-body theoretical treatment of a random dipolar-interacting two-dimensional spin

ensemble may be needed to quantitatively predict the relaxation time scale in the absence of extrinsic

disorder. A mean-field approach may also provide an approximate solution22. It is natural to in-

quire if a many-body localized phase could be observed for this system. While we do not observe lo-

calization directly within the accessible parameter range, we note that theoretical analyses of localiza-

tion physics typically consider quasi-static disorder models, where the value of on-site field strength

does not change on the timescale of a single measurement. Quasi-static disorder generally slows

down relaxation as shown in our experiments, but our model demonstrates that time-dependent

disorder may speed it up, for a subset of values ofW and τ, by allowing previously off-resonant

spins to become resonant. Achieving finer control over disorder parameters may allow a detailed

single-spin-resolution study of various aspects of localization physics in the present system.
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4
Dynamic Mean Field Models

In the previous chapter, we measured the single-spin longitudinal autocorrelation when 1) the sys-

tem dynamics are governed by both dipolar interactions between surface spins and on-site local

disorder from fluctuating magnetic fields and 2) the case where central spin dynamics are only deter-

mined by dipolar interactions within the surface spin system. We introduced a dynamic resonance

counting model which was consistent with the relaxation timescales Tz and T1ρ extracted from ex-

periment, though the model was not predictive of the T1ρ relaxation timescale.



4.1 DynamicMean FieldModels in the Singly Rotating Frame

In this chapter, we present a dynamic mean-field theory for spin ensembles at infinite temperature22

and we show that we can reproduce the extension of lifetime observed during spin-lock driving

beyond that given by the dipolar interaction timescale. Let us begin by considering a system of spins

S=1/2 in a large external magnetic field. The Hamiltonian for a system of dipolar interacting spins

in the rotating frame is given by

H
ℏ

=
1
2
∑
i̸=j

ℏγ2

4R3
ij
(1− 3 cos2 θij)[4Ŝzi Ŝzj − 2Ŝxi Ŝxj − 2Ŝyi Ŝ

y
j ] (4.1)

whereRij is the distance between spins i and j and θij is the angle betweenRij and the direction of

the externally applied magnetic field. It is assumed that on average, each spin has the same environ-

ment, so on average the spin dynamics Sα(t) = ⟨Sα(t)Sα(0)⟩ are the same for each spin. Any one

spin 0 interacting with a large number of spins has dynamics governed by

H0

ℏ
= 4V̂zŜz0 − 2V̂xŜx − 2V̂yŜy (4.2)

where

V̂z =
∑
i̸=0

J0
4R3

i0
(1− 3 cos2 θi0)Ŝzi (4.3)

V̂x =
∑
i̸=0

J0
4R3

i0
(1− 3 cos2 θi0)Ŝxi (4.4)

V̂y =
∑
i̸=0

J0
4R3

i0
(1− 3 cos2 θi0)Ŝ

y
i (4.5)

The V̂-operators are sums of a large number of spin operators, and this treatment is only justi-
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fiable at large distances d away from the central spin 0. Since we are working on an initially unpo-

larized spin system at infinite temperature, the expectations values of those spin operators and their

higher moments are uncorrelated at the beginning of any dynamics. The central limit theorem tells

us that the V̂-operators are Gaussian distributed and can be treated as classical stochastic variables of

which the distribution is determined by the first and second moments

−→V = 0 (4.6)

Vz(t)Vz(0) = J2QSz(t) (4.7)

Vx(t)Vx(0) = J2QSx(t) (4.8)

Vy(t)Vy(0) = J2QSy(t) (4.9)

where JQ is a dipolar coupling constant defined as

J2Q =
∑
i̸=0

(
J0

4R3
i0
)2(1− 3 cos2 θi0)2. (4.10)

We assume an average homogeneous distribution of spins on the two-dimensional diamond sur-

face with density n0 in order to convert the sum in eq. 4.10 into a two-dimensional integral. We

parameterize the plane of the surface by the polar coordinates (R,φ) and the external magnetic field

makes an angle of α with the normal of the surface plane. We then have

cos θ = sin α cos φ. (4.11)

We can then compute the integral for J2Q as
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J2Q = I(α)
∫ ∞

dmin

(
J0
4R3 )

2n0dR (4.12)

I(α) =
∫ 2π

0
[1− 6 sin2 α cos2 φ + 9 sin4 α cos4 φ]dφ (4.13)

and we find

I(α) = 2π[1− 3 sin2 α +
27
8

sin4 α]. (4.14)

In our measurements, the external magnetic field makes an angle of 54.7 degrees with the surface

normal, so I(α) = π. We can calculate JQ as

JQ =
√

I(α)n0
J0

2d2min
. (4.15)

We are now in a position to implement a numerical procedure by which the mean-field moments

are determined by the self-consistent equations to be evaluated22. We begin with some initial mean-

field moments and compute the autocorrelations for a single spin via the path integral and subse-

quently the mean-field moments via the self-consistent equations. These are then compared and the

initial mean-field moments are adjusted to converge iteratively to a self-consistent solution. When

applying these methods, we find that the transverse autocorrelation decays a factor of 2 faster than

the longitudinal autocorrelation.

4.1.1 Extension to InhomogeneousMagnetic Field

Now consider the case of an inhomogeneous external magnetic field where local disorder fields can

act on the spins individually. The Hamiltonian in the rotated frame with on site disorder hi for two

spins is given by
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H
ℏ

=
ℏγ2

4R3
12
(1− 3 cos2 θ12)[4Ŝz1Ŝz2 − 2Ŝx1 Ŝx2 − 2Ŝy1Ŝ

y
2] + h1Ŝz1 + h2Ŝz2 (4.16)

If we pick one spin 0, its dynamics are given by

H0

ℏ
= 4V̂zŜz0 − 2V̂xŜx0 − 2V̂yŜy0 (4.17)

where

V̂z =
∑
i̸=0

J0
4R3

i0
(1− 3 cos2 θi0)Ŝzi +

1
4
h0 (4.18)

V̂x =
∑
i̸=0

J0
4R3

i0
(1− 3 cos2 θi0)Ŝxi (4.19)

V̂y =
∑
i̸=0

J0
4R3

i0
(1− 3 cos2 θi0)Ŝ

y
i (4.20)

Note that in going from the two spin (or many spin) case to this mean field case, we lost infor-

mation about the disorder on the sites of other spins, which may affect the accuracy of this method

if there are large site-to-site variations in on-site disorder width. The on-site disorder field is Gaus-

sian distributed with mean zero and standard deviationW.We are now in a position to once again

calculate the first and second moments of the V̂-operators:
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−→V = 0 (4.21)

Vz(t)Vz(0) = J2QSz(t) +
1
16
W2 (4.22)

Vx(t)Vx(0) = J2QSx(t) (4.23)

Vy(t)Vy(0) = J2QSy(t) (4.24)

The same iterative approach can be applied to calculate mean-field moments, and we find that

for nonzero disorder widthW, the lifetime of the longitudinal autocorrelation is greatly extended

beyond that of the transverse autocorrelation.

When applying the dynamic mean field approach to fit the transverse autocorrelation (Ramsey)

and longitudinal autocorrelation (Tz) measurements consistently with fitting parameter JQ, which

is related to the bath cutoff distance, we were able to achieve reasonable agreement between the

model and the experimental results. However, we discovered that the longitudinal autocorrelation

Tz decay timescale is largely impacted by the timescale of the dynamic disorder and when we imple-

mented disorder with correlation time τ in the mean field model, we did not find any difference in

final longitudinal relaxation timescale for a wide range of noise correlation times.

In the end, we did not use this model to fit the Ramsey and longitudinal autocorrelation Tz data

since the scaling observed in experiment did not agree with simulation results. We partially attribute

this discrepancy to the fact that by applying a mean field treatment, we are assuming that on average

each spin in the system has the same environment. In contrast, we observe Tz timescales which can

vary by an order of magnitude due to the large variation in correlation times of the extrinsic disor-

der.

In contrast, our measured T1ρ decay timescales at strong drive vary by at most a factor of 2, so we

are in a better position to attempt mean field models to describe the relaxation timescale observed in
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T1ρ than we are in Tz.

4.2 Doubly RotatedMean Field DipolarHamiltonian

In our model of describing a 2 dimensional ensemble of spin-1/2 on the surface of diamond, we

applied a dynamic mean field approach to describe the effects of dipolar interactions with a large

number of surface spins. In a singly rotated frame about the bare Larmor splitting, the Hamiltonian

for any one spin 0 interacting with a large number of spins has dynamics governed by (ℏ = 1):

H = 4VzSz0 − 2VxSx0 − 2VySy0 (4.25)

We may make another transformation and move into a doubly rotating frame about the drive

ΩSy. In doing so, we must transform both our spin operators as well as our V-operators. As a re-

minder, the V-operators are defined as:

Vα =
∑
i̸=0

J(Ri0)(1− 3 cos2 θi0)Sαi (4.26)

Performing the necessary operations, we find that the V-operators transform as

Vx → cos(Ωt)Vx + sin(Ωt)Vz (4.27)

Vy → Vy (4.28)

Vz → cos(Ωt)Vz − sin(Ωt)Vx (4.29)

Plugging the transformed spin operators and V-operators into eq. 4.25 and performing a tempo-

ral average, we find that the Hamiltonian governing the mean-field description of the interaction of
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a single spin with a large number of spins becomes

H′ = VzSz0 + VxSx0 − 2VySy0 (4.30)

This retains a similar form to the doubly rotated dipolar interaction Hamiltonian as its effective

interaction strength is halved. When we perform the self-consistent evaluation for a fixed JQ, we find

that the longitudinal autocorrelation ⟨Sy(t)Sy(0)⟩ lives for twice as long as the transverse autocorre-

lation ⟨Sz(t)Sz(0)⟩. Note that since we have moved into a second rotating frame about a drive along

y, the longitudinal autocorrealtion is now ⟨Sy(t)Sy(0)⟩.

However, this still does not account for the extension in timescale we observe when compar-

ing the T1ρ decay to the dipolar interaction timescale extracted from surface spin echo or XY-4, T2.

This is due to the fact that the intrinsic disorder due to the random positions of surface spins is not

accounted for as of yet in the dynamic mean field model. In order to take into account intrinsic dis-

order, we introduce 3 spins in addition to a central spin S0 that we directly simulate, thus pushing

the cutoff distance to the bath back. We define the parameter Jmax to be the maximum dipolar inter-

action strength between the central spin and one of the three bath spins, and we compute Sy(t) and

Sz(t) using the iterative approach with JQ as the fit parameters.

We can fit the transverse correlation Sz(t) to a stretched exponential with a power of 2 and extract

the decay timescale T2, which is plotted in fig. 4.1 (a). We see that Jmax is linearly related to T2, con-

sistent with our experimental observations from Chapter 2. We also fit the longitudinal correlation

Sy(t) to a stretched exponential with a floating power as well as a fixed power of 2/3 and extract the

relaxation timescale T1ρ, fig. 4.1 (b). For small values of Jmax, we find a linear relationship between

Jmax and T1ρ, consistent with the predictions of the dynamic disorder model.

For one surface spin system where we have measured the transverse spin autocorrelation from the

surface spin echo, the longitudinal spin autocorrelation from the surface spin T1ρ at strong drive,
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Figure 4.1: Dynamic mean field results in the doubly rotating frame with 4 directly simulated spins. (a) Plot of relaxation
timescale T2 of transverse spin autocorrelation versus the maximum dipolar interaction strength of the central spin with
another spin Jmax. A linear relationship between Jmax and 1/T2 is extracted. (b) Plot of longitudinal relaxation timescale
T1ρ versus maximum dipolar interaction strength Jmax when decay is fit to a stretched exponential with a floating power
as well as a power of 2/3, as predicted from the resonance counting model.

and the positions of the nearby surface spins, we fit the echo and T1ρ data with JQ as a fit parameter

using a central spin plus 3 bath spins and the mean fields from the surface spin bath. The fit to the

spin echo data is given in fig. 4.2 (a) and the fit to the spin-lock driving measurement at strong drive

is given in fig. 4.2 (b).

Figure 4.2: Dynamic mean field theory results compared with experimental data. (a) Surface spin echo measurement
with dynamic mean field model result (black dashed line). (b) Surface spin T1ρ measurement with dynamic mean field
model result (black line).

To summarize, we have shown that dynamic mean field methods can be used in conjunction with

direct simulation of a few spins to account for the slow-down in relaxation observed in spin-lock
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driving measurements at strong drive. The addition of a few bath spins allows us to include intrinsic

system disorder into the simulation.
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5
Surface Spin Polarization

In this chapter, we discuss the initial state preparation of the central surface spin by transferring

polarization from the NV center to the central surface spin. The basic pulse sequence and idea are

shown in fig. 5.1. The NV spin state is first initialized into the ms = 0 state by a green laser pulse

(not shown) and then rotated into the transverse plane by applying a 3π/2 pulse. The NV spin and

the surface spins are driven at their respective Larmor frequencies by microwave drives of the same

Rabi frequency. In the doubly rotating frame with respect to the drive, flip-flop interactions can



occur between the NV spin and the surface spins when they are driven at matching drive strengths.

The drive time is determined by the interaction strength between the NV center and the strongest

coupled surface spin.

(a) (b)

 

Figure 5.1: (a) RF drives of a Hartmann‐Hahn spin polarization pulse sequence. A green laser pulse is applied at the
beginning of the sequence to initialize the NV center spin state. (b) Flip‐flop interactions between the NV spin and a
surface spin in the doubly rotated frame whereΩNV

y andΩS
y are the drive Rabi strengths applied to the NV center

and surface spins, respectively. The splitting between the eigenstates is given by the strength of the drive in the doubly
rotating frame.

(a) (b)

 
laser

Figure 5.2: (a) Hartmann‐Hahn polarization sequence, where final state of the NV center is read out by measuring
fluorescence after the polarization transfer. During this sequence, the RF power delivered to the surface spins is swept.
(b) Probability of an NV spin flip, where a value of 0.5 would correspond to maximal polarization transfer between the
NV center and the central surface spin.

When performing this polarization transfer, it is useful to first measure the NV center depolar-

ization as a function of surface spin drive Rabi ΩS to ensure proper calibration. Fig. 5.2 shows the

calibration of surface spin drive power when the NV drive Rabi frequency is 12.5 MHz. Fig. 5.2 (b)

shows the measured probability of an NV spin flip when the surface spin drive power ΩS
y is swept.
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Since the surface spins are initially unpolarized, a probability of 0.5 that the NV spin flips corre-

sponds to maximal polarization transfer from the NV center to the central surface spin.

We can determine if the central surface spin is polarized by directly measuring its state using the

NV center after the Hartmann-Hahn polarization transfer. Fig. 5.3 (a) shows a typical pulse se-

quence where the final state readout of the surface spins by the NV center is done in a way similar to

a DEER sequence except either the first or last NV π/2 pulse is rotated in phase by 90 degrees from

the other pulses. For an unpolarized surface spin, the NV center will have an average signal of zero,

but for a polarized central surface spin with dipolar coupling ks to the NV center, the NV center will

acquire an average signal proportional to sin(kst/2)where t is the total time duration of the readout

and is selected to maximize the signal from the central surface spin.

(a) (b)

 
laser

Figure 5.3: (a) Hartmann‐Hahn spin polarization and readout pulse sequence, where the surface spin drive powerΩS
y

is swept. (b) Central surface spin polarization as a function of detuning from NV Rabi frequency, normalized between 0
(unpolarized) and 1. A value of 1 corresponds to the maximum polarization expected from the maximal NV depolariza‐
tion calibrated above.

We confirm that the NV center is measuring a polarized surface spin by controlling the final sur-

face spin state after the Hartmann-Hahn polarization transfer. After the polarization transfer, the

surface spin has some polarization along the y-axis. If we do not apply any π/2 pulse to transfer

this polarization to along the longitudinal quantization axis, that polarization will be lost in a time

given by the surface spin T∗
2, which is much shorter than the delay before the NV readout pulses.

We experimentally verify that when we do not apply a final π/2 pulse to the surface spins after po-

larization but instead apply either a π pulse or no pulse, taking the difference, the NV center reads
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out no net signal. Fig. 5.3(b) shows the differential signal where the data correspond to the differ-

ence in measured signal when a π/2 or -π/2 pulse is applied after the Hartmann-Hahn polarization

drive to the surface spins. The final surface spin signal is normalized by the correlation spectroscopy

contrast.

We can further observe the polarization transfer between the NV center and the strongest cou-

pled surface spin by varying the drive duration and space between readout pulses, fig. 5.4. The

maximal polarization transfer occurs at a drive duration and readout spacing consistent with the

coupling between the NV center and the strongest coupled surface spin.

(a) (c)

 
laser

t

 
laser

t

(d)(b)

Figure 5.4: (a) Hartmann‐Hahn spin polarization and readout pulse sequence where the drive duration is swept. (b) The
time to maximum polarization transfer ( 1 μs) is consistent with the interaction strength between the strongest coupled
surface spin and the NV center. (c) Hartmann‐Hahn spin polarization and readout pulse sequence with variable time
between readout pulses. (d) Time between readout pulses corresponding to maximal polarization transfer consistent
with the interaction strength between strongest coupled surface spin and the NV center.

5.1 Dynamics of a Polarized Central Surface Spin

With the ability to transfer polarization from the NV center to one surface spin, we can understand

the effect the NV center spin state has on surface spin dynamics. We can achieve this by first polar-

izing one surface spin and then preparing the NV center in a particular spin state. If the NV cen-

ter is in the ms = 0 state, it will have no effect on the surface spins through the dipolar interaction.
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However, if the NV center is in either the ms = 1 or the ms = -1 state, it will affect the surface spins

through the dipolar interaction. We perform a surface spin Ramsey experiment after polarizing one

surface spin with the NV in either ms = 0 or ms = -1 to observe the effect of the dipolar interaction,

fig. 5.5. Note that the drive pulses to the surface spins are detuned, which produce the oscillations.

 
laser

t

Figure 5.5: Surface spin detuned Ramsey measurement with the NV center in ms = 0 or ms = ‐1. The oscillations are due
to detuned surface spin pulses, and we observe a difference in oscillation frequency between the red and blue curves
consistent with the dipolar interaction between the NV center and the central surface spin. Inset: pulse sequence with
Hartmann‐Hahn polarization transfer followed by a surface spin Ramsey sequence and then NV center state readout
pulses.

The difference in oscillation frequency is given by the dipolar interaction strength between the

NV center and the central surface spin and acts to further detune the surface spins when the NV is

in ms = -1. We can further seek to understand the effect of the NV center spin state on surface spin

dynamics by measuring the surface spin Tz of the strongest coupled surface spin after polarization

with the NV in either ms = 0 or ms = -1, fig. 5.6. The NV center spin state does not affect the surface

spin relaxation rate within the experimental uncertainty.
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Figure 5.6: Surface spin Tz measurement after polarization with the NV center in either ms = 0 or ms = ‐1. Measurement
results indicate no difference in relaxation rate between the two cases, to within measurement uncertainty. Inset: pulse
sequence with Hartmann‐Hahn spin polarization following by a swept delay time before NV pulses read out the final
surface spin state.

5.2 Surface Spin Stability

Recent work has indicated that surface electron spins may not have stable positions but may be mo-

bile on the diamond surface, potentially during the application of green laser light 16. We directly

probe the stability of the strongest coupled surface spin by measuring its state under the application

of green laser light. First, we polarize the central surface spin by driving both the surface spins and

the NV center at the same drive strength for a time set by the dipolar interaction between the NV

center and the central surface spin. We further calibrate the Hartmann-Hahn polarization transfer

by observing maximal polarization transfer when the drive strength of the surface spins matches the

drive strength of the NV center.

To study the stability of the strongest coupled surface spin, we sweep the duration of the green

laser pulse after the polarization transfer, fig. 5.7(a). Note that this central surface spin has a longitu-

dinal correlation time Tz of∼ 50 μs. The strongest coupled surface spin is stable under green laser

light illumination for at least 50 μs, fig. 5.7(b).
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(a) (b)

Figure 5.7: Surviving polarization of the central surface spin after green laser light illumination. (a) HH polarization
transfer sequence and readout of final NV center state contingent on polarization of central surface spin while green NV
repolarization laser pulse duration is swept. (b) Measurement result, normalized by the contrast of the Sz autocorrela‐
tion measurement of equivalent initial time delay.

55



6
Conclusion and Outlook

In chapter 1, we introduced the experimental platform of a single, shallowNV center coupled to a

system of electronic spins on the surface of diamond. We measured the dipolar interaction strength

between the NV center and the surface spins using the double electron-electron resonance (DEER)

sequence and we presented the results of the DEER sequence of one system of strong coupling be-

tween the NV center and one central surface spin. We later introduced the correlation spectroscopy

pulse sequence where the NV center final state is contingent on the correlated phase accumulation



due to the surface spins. In the limit of a central spin, the sequence reduces to two CNOT gates

where the final state of the NV center is contingent on whether the z-projection of the central sur-

face spin state changed between the initial and final pulses.

Using the tools we introduced in chapter 1, we can propose several avenues of exploration. While

we measure spin correlations for the strongest coupled surface spin, it may be interesting to attempt

to measure spin correlations for the second or third strongest coupled surface spin by adjusting the

time between the NV center readout pulses. Also, instead of measuring ⟨Sz(t0 + t)Sz(t0)⟩, we could

apply another CNOT gate and measure other correlation functions such as ⟨Sz(t0 + t1 + t2)Sz(t0 +

t1)Sz(t0)⟩.

In chapter 2, we employed the tools of correlation spectroscopy to probe the local magnetic en-

vironment of the central surface spin. We measured the dipolar interaction strength of the central

surface spin with a neighboring surface spin and characterized the magnetic noise power spectrum

from nearby proton nuclear spins. For the systems we studied, a surface spin depth of 6Å and an

average proton spin separation of 3Å are consistent with our observations. Having quantified the

magnitude and sources of decoherence in the system, a next step would be to better engineer pulse

sequences to extend the coherence time of the surface spins by properly accounting for the decoher-

ence due to both dipolar interactions as well as the nuclear spin bath noise.

In chapter 3, we studied the relaxation of central spin projection along the direction of the ap-

plied magnetic field and modeled the slow relaxation using a dynamic disorder resonance counting

model. We found that the rate of relaxation is strongly dependent on the fluctuation timescale of

the local disorder. We can suppress this disorder by spin-lock driving and found that at weak drives,

the relaxation rate is dependent on the nuclear spin bath noise whereas at strong drive, the relaxation

rate is constant for each system considered. The timescale of the relaxation for the spin-lock driving

measurements is still an order of magnitude slower than the dipolar interaction timescale, indicating

that the intrinsic disorder in the system from the random positions of surface spins plays a major
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role in slowing down system dynamics. While the dynamic disorder resonance counting model

is consistent with the spin-lock driving data at strong drives, it is not predictive of the relaxation

timescale.

In chapter 4, we presented a dynamic mean field theory treatment which is predictive of the re-

laxation timescales of the transverse and longitudinal spin correlations of a central spin. We were

able to extend the model to consider the spin-lock driving measurements taken at strong drive, and

we found good agreement between this model plus 3 bath spins and the experimental data.

Finally, in chapter 5, we discussed our ability to polarize the central surface spin using the NV

center and Hartmann-Hahn technique. With the central surface spin polarized, we are able to mea-

sure effect of the NV center spin state on the central surface spin through the surface spin Ramsey

detuning. We also observed that the state of the NV center does not affect the surface spin longitu-

dinal relaxation timescale, possibly due to the fact that the nuclear spin disorder dominates system

dynamics in this regime. One further avenue of exploration and technical development would be

the polarization of multiple surface spins. This may be useful for explorations of system dynamics

of a cooled spin system. The polarization of multiple surface spins may also have applications in the

sensing of targets near the diamond surface and could be used to improve the sensitivity.
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A
Materials and Setup

A.1 Diamond Sample

Nitrogen implantation was done on a 12C enriched {001} diamond surface at an implantation en-

ergy of 3 keV. After annealing, the diamond was cleaned in a 3-acid mixture (equal volumes of con-

centrated H2SO4, HNO3, and HClO4) for 3 hours. All measurements except NV center depth

measurements were performed with the diamond placed in deuterated glycerol (CDN Isotopes D-



0302) and under ambient conditions. NV center depth measurements were performed with the

diamond in protonated (undeuterated) glycerol (Sigma-Aldrich G9012).

A.2 Optical Setup

A home built scanning confocal microscope optically addresses and reads out single NV centers.

The diamond was placed NV side down on a RF transmission line, and an inverted Nikon CFI Apo

TIRF objective (NA= 1.49) was positioned under the stripline. A piezoelectric scanner (Physik

Instrumente P-721 PIFOC) was used to control the height of the objective, and a closed-loop scan-

ning galvanometer (Thorlabs GVS012) was used to direct the lateral position of the laser beam

focus. Optical excitation was provided by a 532 nm laser (Opto Engine MLL-FN-532-200mW)

gated by an acousto-optic modulator (Isomet 1250C) in a double pass configuration. NV center

fluorescence passes through a 842 nm short pass filter (Semrock FF01-842/SP-25), a 594 nm long

pass filter (Semrock BLP01-594R-25), and a 532 nm notch filter (Semrock NF03-532E-25) be-

fore collection by a single-photon counter (Excelitas Technologies SPCM-AQRH-14-FC). The

single-photon counter and acousto-optic modulator were gated using TTL pulses produced by a

500MHz PulseBlasterESR-PRO pulse generator from Spincore Technologies. A typical photon

counting rate of 20 kHz was observed, and a photon counter acquisition window of 900 ns was

used.

A.3 Radiofrequency Setup

Two Stanford Research SG384 signal generators were used to deliver RF tones to address the NV

center and surface spin transitions. IQ modulation was used to control the x and y quadrature

amplitude of the signal generator driving the NV center. The output of the signal generator driv-

ing the surface spins is fed into a 90 degree phase shifter (RF-Lambda RFHB01G04GVT). The
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two outputs of the 90 degree phase shifter were each fed into 180 degree phase shifters (Pulsar Mi-

crowave JSO-10-47/3S). Microwave switches (MiniCircuits ZASWA-2-50DR+), controlled by

TTL pulses produced by the pulse generator, gated the RF drives. The zero, 90 degree, 180 degree,

and 270 degree phase shifted RF pulses that drive the surface spins were combined using a SigaTek

SP51400 combiner. The RF signals were power boosted byMiniCircuits amplifiers ZHL-5W-422+,

ZHL-30W-252-S+, and ZHL-16W-43-S+, combined using MCLI PS2-134, and fed into a 50Ω-

terminated RF transmission line with the diamond sample on top.
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B
Nuclear Spin Bath Noise Spectrum

The presence of a 2D layer of proton nuclear spins on the diamond surface will produce a fluctu-

ating magnetic field at the site of the surface spins Bz(t) characterized by a magnetic power spectral

densityV(ω)where

Bz(t) = Bz⊥(t) + Bz∥(t). (B.1)



We define the z-axis as along the direction of the externally applied magnetic field, which we align

along the NV axis. We calculate the projection of the magnetic field due to sum of nuclear spin mag-

netic moments along the direction of the applied external magnetic field. Bz⊥(t) is this projection

due to components of the nuclear spin magnetic moment perpendicular to the direction of the ex-

ternal magnetic field, which rotate at the nuclear Larmor frequency, and Bz∥(t) is the sum of the

contributions from the nuclear spin magnetic moments parallel to the direction of the external mag-

netic field. From the expression for Bz(t), the noise spectrumV(ω)will have a low-frequency term

due to slow time dependence in Bz∥(t) as well as higher frequency components due to the precession

of the transverse magnetic moment, captured by Bz⊥(t).

We can characterize the low frequency term inV(ω) following the treatment in59. We model

the flip-flop relaxation process of the proton nuclear spins as an exponentially correlated Gaussian

fluctuating field Bz∥(t) having correlation function ⟨B
z
∥(t0 + t)Bz∥(t0)⟩ = ⟨B2∥,rms⟩ exp(−t/τ)where

τ is the longitudinal correlation time of the nuclear spins and B∥,rms is the rms value of the magnetic

field’s longitudinal component projected along the z-axis.

B.1 Wiener-Khinchin Theorem

Using the correlation of the magnetic noise from the fluctuating nuclear spins, we construct the

power spectrum for this noise using the Wiener-Khinchin Theorem. TheWiener-Khinchin theo-

rem states that given a random process x(t)with autocorrelation function

C(t) = ⟨x(t0 + t)x(t0)⟩, (B.2)

the spectral power density is the Fourier transform of the autocorrelation function

V(ω) =
∫ ∞

−∞
C(t)e−iωtdt. (B.3)
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For our calculations, we use the following definitions of Fourier transform and inverse Fourier

transform:

X(ω) =
∫ ∞

−∞
x(t)e−iωtdt (B.4)

x(t) =
1
2π

∫ ∞

−∞
X(ω)eiωtdω (B.5)

Using theWiener-Khinchin theorem with the above definition of Fourier transform, we calcu-

late the spectral power density for the low frequency noise associated with relaxation processes for

proton nuclear spins as

V1(ω) =
∫ ∞

−∞
⟨B2∥,rms⟩e

−|t|/τe−iωtdt = 2⟨B2∥,rms⟩
τ

ω2τ2 + 1
. (B.6)

We apply the same procedure to determine the noise spectrumV2(ω) due to proton nuclear

spins precessing at their Larmor frequency ωL. We begin by writing the correlation of the magnetic

field noise:

⟨B⊥(t0 + t)B⊥(t0)⟩ = ⟨B2⊥,rms⟩eiωLt−t/τ. (B.7)

We then apply the Wiener-Khinchin formula and take the Fourier transform of ⟨B⊥(t0+t)B⊥(t0)⟩

in order to arrive at the power spectral density

V2(ω) =
∫ ∞

−∞
⟨B2⊥,rms⟩eiωL|t|−|t|/τe−iωtdt = 2⟨B2⊥,rms⟩

τ
(ω− ωL)2τ2 + 1

. (B.8)

We combine the contribution of the nuclear spin bath’s component at zero frequency and at

Larmor frequency to write the final nuclear spin noise power spectrum as
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V(ω) = 2⟨B2∥,rms⟩
τ

ω2τ2 + 1
+ 2⟨B2⊥,rms⟩

τ
(ω− ωL)2τ2 + 1

. (B.9)

⟨B2∥,rms⟩ and ⟨B
2
⊥,rms⟩ are geometrically related and we will next derive their relationship. For all

following calculations, we use CGS units.

B.2 Calculate ⟨B2
∥,rms⟩ from Longitudinal Component of the NuclearMag-

neticMoment

We now calculate the magnetic field at the site of surface spins from nuclear spins in the system and

follow the treatment presented in36. An external field along the NV symmetry axis sets the longi-

tudinal quantization axis q̂. The system is comprised of shallow electronic spins near the surface of

diamond with proton nuclear spins on the diamond surface. All nuclear spins are unpolarized and

produce a fluctuating magnetic field at the site of each surface spin, and we are interested in calcu-

lating the RMS amplitude of the component of this magnetic field along the quantization axis q̂ of

the surface spins. We begin by considering the longitudinal component of the magnetic moment

of nuclear spins. The component of magnetic field along q̂ from a single nuclear spin parallel or

anti-parallel to q̂ is

Bq(r) = q̂ · B = q̂ · 3r̂(m⃗n · r̂)− m⃗n

r3
= mn[

3(̂r · q̂)2 − 1
r3

] (B.10)

where r is the vector from the nuclear spin to the surface electron spin andmn is the magnetic

moment of the nuclear spin. The mean square field from a collection of spins is

B2∥,rms = ⟨[
∑
i
Bq(ri)]2⟩. (B.11)

By expanding the sum, we get
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B2∥,rms = ⟨
∑
i̸=j

Bq(ri)Bq(rj) +
∑
i
B2q(ri)⟩. (B.12)

Since the nuclear spins are random and uncorrelated, this reduces to

B2∥,rms =
∑
i
B2q(ri). (B.13)

We can convert the sum to an integral by including the nuclear spin density ρn:

B2∥,rms = ρn

∫
V
[Bq(r)]2dV. (B.14)

We can define q̂ as the unit vector along the [1,1,1] axis and define r̂ in terms of its spherical coor-

dinates:

q̂ = [1, 1, 1]/
√
3 (B.15)

r̂ = [sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)] (B.16)

where θ is the polar angle measured from the normal of the diamond surface, and φ is the ax-

imuthal angle.

When the diamond is immersed in deutarated glycerol, the simplest assumption to make is that

the proton nuclear spins from the diamond lattice termination form a 2D layer at the diamond sur-

face56,34,13. Thus, for the case of surface spins which reside a depth d below the 2D layer of proton

nuclear spins, we can relate the distance from the surface spins to a nuclear spin plane through the

depth d and polar angle θ
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cos θ =
d
r

(B.17)

sin θ =
√
1− d2

r2
(B.18)

The rms magnetic field can be calculated using

B2∥,rms = m2
nρn

∫ 2π

0

∫ ∞

d
[
(
√

1− d2
r2 cos φ +

√
1− d2

r2 sin φ + d/r)2 − 1

r3
]2rdrdφ (B.19)

B2∥,rms = m2
nρn

3π
8d4

(B.20)

However, one must be careful when calculating the magnetic moment. The magnetic moment is

defined as

m⃗ = gμNS⃗ (B.21)

where g is the effective g-factor and μN is the nuclear magneton. We can define

⟨m⟩ = gμN⟨S⟩ (B.22)

m = gμN
√

S(S+ 1) = γNℏ
√
S(S+ 1) (B.23)

where γN is the nuclear spin gyromagnetic ratio.

For proton nuclear spins in the 2D plane of the diamod surface, the rms magnetic field on the

surface spin z-axis from the longitudinal component of the magnetic field is given by
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B2∥,rms =
3π
8d4

ρn(γNℏ
√

S(S+ 1))2 (B.24)

for surface spins with depth d below the proton layer.

When we perform depth measurements, we place the diamond in undeuterated glycerol. For pro-

ton nuclear spins in the half space above the diamond surface, we can calculate the RMSmagnetic

field from the component of the magnetic moment paralel or antiparallel to q̂:

B2rms = m2
nρn

∫ π/2

0

∫ ∞

d/ cos θ

∫ 2π

0
[
(sin θ cos φ + sin θ sin φ + cos θ)2 − 1

r3
]2r2sinθdφdrdθ (B.25)

where d is the depth of the surface spin. Solving this integral yields

B2rms =
πm2

nρn
8d3

(B.26)

Using the expression for magnetic moment, this becomes

B2rms =
πρn
8d3

(γNℏ
√
S(S+ 1))2 (B.27)

B.3 Calculate ⟨B2
⊥,rms⟩ from Transverse Component of the NuclearMagnetic

Moment

The magnetic field due to the transverse component of the magnetic momentm⊥ is given by

B⃗ =
3r̂(m⃗⊥ · r̂− m⃗⊥)

r3
. (B.28)
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The external magnetic field is applied along the (1,1,1) direction of the crystal. We can rewrite the

classical magnetic moment asm(mx,my,mz). We can then write m⃗⊥ as

m⃗⊥ = m⃗− m⃗ · (1, 1, 1)
3

(1, 1, 1) (B.29)

= m⃗−
mx +my +mz

3
(1, 1, 1) (B.30)

= m(mx −
m′

3
,my −

m′

3
,mz −

m′

3
) (B.31)

where

m′ = mx +my +mz. (B.32)

We can define

r̂ =
(x, y, z)

r
(B.33)

Then,

m⃗⊥ · r̂ = m
r
[(mx −

m′

3
) · x+ (my −

m′

3
) · y+ (mz −

m′

3
) · z] = mm′′

r
(B.34)

where

m′′ = [(mx −
m′

3
) · x+ (my −

m′

3
) · y+ (mz −

m′

3
) · z] (B.35)
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B⃗ =
m
r3
[
3m′′

r2
(x, y, z)− (mx −

m′

3
,my −

m′

3
,mz −

m′

3
)]

=
m
r3
(
3m′′

x
r3

−mx +
m′

3
,
3m′′

u
r3

−mu +
m′

3
,
3m′′

z
r3

−mz +
m′

3
)

(B.36)

Now compute the external magnetic field along the direction of the NV quantization axis:

B⃗ · (1, 1, 1)√
3

=
m√
3r3

[
3m′′(x+ y+ z)

r2
− (mx +my +mz) +m′]

=

√
3m
r5

m′′(x+ y+ z)
(B.37)

We can calculate the rms magnetic field as the following:

(Btot)2 =
∑
spins

B20 =
∫

dV
Vp

· ⟨B20⟩m (B.38)

where

B20 =
3m2

r10
(m′′)2(x+ y+ z)2 (B.39)

Then,

⟨B20⟩m =
3m2

r10
(x+ y+ z)2⟨(m′′)2⟩m (B.40)

m′′ =
1
3
[(2mx −my −mz)x + (2my −mx −mz)y + (2mz −mx −my)z]

=
1
3
[(2x− y− z)mx + (2y− x− z)my + (2z− x− y)mz]

(B.41)
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⟨m′′2⟩ = 1
9
[(2x− y− z)2x2⟩+ (2y− x− z)2⟨m2

y ⟩+ (2z− x− y)⟨m2
z ⟩] (B.42)

since ⟨mxmu⟩ = 0. Use ⟨m2
x⟩ = ⟨m2

y ⟩ = ⟨m2
z ⟩ = 1

3 . Then,

⟨m′′2⟩ = 1
27

[(2x− y− z)2 + (2y− x− z)2 + (2z− x− y)2] (B.43)

=
2
9
(x2 + y2 + z2 − xy− yz− xz) (B.44)

Then,

⟨B20⟩m =
2
3
m2

n
r10

(x+ y+ z)2(r2 − xy− yz− xz) (B.45)

We can calculate the rms magnetic field from the transverse component of the magnetic moment

of proton nuclear spins in the half space above the diamond surface:

B2⊥,rms = ρ
∫ ∞

−∞
dx

∫ ∞

−∞
dy

∫ ∞

d
dz⟨B20⟩m (B.46)

=
2m2

n
3

ρ
∫ ∞

−∞
dx

∫ ∞

−∞
dy

∫ ∞

d
dz

(x+ y+ z)2(r2 − xy− yz− xz)
(x2 + y2 + z2)5

(B.47)

B2⊥,rms =
5πρm2

n
72d3

(B.48)

Using the definition of magnetic moment defined above, we have found the rms magnetic field

due to the transverse magnetic moment to be
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B2⊥,rms =
5πρ
72d3

(gμN
√
S(S+ 1))2 (B.49)

which agrees with the result in 43.

Using this technique, we can calculate the rms magnetic field from a 2D layer of proton spins on

the diamond surface:

B2⊥,rms =
2m2

n
3

ρ
∫ ∞

−∞
dx

∫ ∞

−∞
dy

(x+ y+ d)2(r2 − xy− ya− xa)
(x2 + y2 + d2)5

(B.50)

B2⊥,rms =
5πm2

nρ
24d4

(B.51)

Using the definition of magnetic moment defined above, the rms magnetic field from the trans-

verse component of the magnetic moment for a 2d layer of spins is

B2⊥,rms =
5πρ
24d4

(gμN
√
S(S+ 1))2 (B.52)

We find that the projection of the rms magnetic field from the longitudinal component of the

magnetic moment on the surface spin z-axis is 3/
√
5 times larger than the projection from the trans-

verse component of the nuclear spin magnetic moment for both nuclear spins in the 2D plane as

well as nuclear spins in the half space.

B.4 Noise Spectrum Equation

Using the relationship previously derived between the transverse and longitudinal ⟨B2rms⟩ for the

given geometry, we can write the expression for the nuclear spin bath noise spectrum as
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V(ω) = 2⟨B2∥,rms⟩(
τ

ω2τ2 + 1
++

5
9

τ
(ω− ωL)2τ2 + 1

) (B.53)

where

B2∥,rms =
3π
8d4

ρn(gμN
√

S(S+ 1))2 (B.54)

for a system with proton nuclear spins residing on the 2D surface of the diamond and surface

spins a depth d below. We can make one further step and rewrite the power spectral density replac-

ing ⟨B2∥,rms⟩withW
2, which are related by γ2e , the electron gyromagnetic ratio. We recover the ex-

pression for the nuclear spin bath noise spectrum that we use in the main text:

V(ω) = 2
W2

γ2e
(

τ
ω2τ2 + 1

++
5
9

τ
(ω− ωL)2τ2 + 1

). (B.55)
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C
Simulation Procedure

In this appendix, we describe the procedure for simulating the autocorrelation of the central sur-

face spin state after the application of the various pulse sequences described in the main text with

dynamical evolution due to the nuclear spin bath as well as dipolar interactions with nearby surface

spins. For the steps detailed below, we consider a system of one central surface and 2 nearby surface

spins.

The step-by-step simulation procedure is the following:



1. We begin by defining the initial density matrix ρi of the three surface spin system we are nu-

merically simulating. For measurements performed at room temperature on unpolarized

surface spins, all surface spins have an equal chance of being measured in either spin projec-

tion along z, the direction of the externally applied magnetic field. For the central surface

spin most strongly coupled to the NV center, we can define two possible initial states corre-

sponding to the two spin projections along z

|ψi,11 ⟩ =

1

0

 (C.1)

|ψi,12 ⟩ =

0

1

 (C.2)

We can then write the two initial density matrices for this first surface spin:

ρi,11 =

1 0

0 0

 (C.3)

ρi,12 =

0 0

0 1

 (C.4)

We can also write the initial density matrices for the other two surface spins beginning in a

mixed state:
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ρi,2 =
1
2

1 0

0 1

 (C.5)

ρi,3 =
1
2

1 0

0 1

 (C.6)

The total two initial density matrices are given by the Kronecker product of the initial den-

sity matrices for the first, second, and third surface spin:

ρi1 = ρi,11 ⊗ ρi,2 ⊗ ρi,3 (C.7)

ρi2 = ρi,12 ⊗ ρi,2 ⊗ ρi,3 (C.8)

which results in the following initial density matrices:

ρi1 =



.25 0 0 0 0 0 0 0

0 .25 0 0 0 0 0 0

0 0 .25 0 0 0 0 0

0 0 0 .25 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



(C.9)
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ρi2 =



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 .25 0 0 0

0 0 0 0 0 .25 0 0

0 0 0 0 0 0 .25 0

0 0 0 0 0 0 0 .25



(C.10)

2. Next we define our spin operators Jαi . To do so, we first define our spin operators for a spin-

1/2:

sx =
1
2

0 1

1 0

 (C.11)

sy =
1
2i

 0 1

−1 0

 (C.12)

sz =
1
2

1 0

0 −1

 (C.13)

Then we define each individual spin operator Jαi as the Kronecker product between the spin

operator sα and identity matrices. For example, we can define Jx1 as the following:

Jx1 = sx ⊗ 1⊗ 1 (C.14)
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We can similarly define Jy2 as the following:

Jy2 = 1⊗ sy ⊗ 1 (C.15)

3. Next we encode our Hamiltonian using the spin operators defined above.

4. Next we evolve our system according to the given pulse sequence. We take into account evo-

lution under the full Hamiltonian in between pulses as well as during pulses. When a pulse is

being applied, we need to add the drive Hamiltonian to the one defined during the previous

step. We define our drive Hamiltonian about the x- and y-axis to be

Hdrive,x = ℏΩ
∑
i
Jxi (C.16)

Hdrive,y = ℏΩ
∑
i
Jyi (C.17)

We perform evolution under the Hamiltonian for short (typically 2 ns) time steps, and for

each time step, we calculate the unitary evolution operator

U(t1) = e−iH(t1)dt/ℏ (C.18)

Then we calculate the new density matrix at the end of each time step

ρi+1 = UρiU
† (C.19)

Since there are two initial density matrices, we perform these steps beginning with each ini-

tial density matrix until we have run through all of the time steps in our sequence.
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5. Once we have evolved over all of the time steps (the sequence duration), we can read out the

final spin projection along z of the strongest coupled surface spin to the NV center by taking

a trace:

⟨Jz1⟩ = Tr[ρfJ
z
1] (C.20)

We do this for both final density matrices and calculate the final surface spin state by sub-

tracting the two final states, effectively measuring an autocorrelation of central spin state.

6. We repeat steps 3-5 if we want to average over different parameters such as bath surface spin

positions or nuclear spin signal. This corresponds to calculating a newHamiltonian and

performing the unitary evolution for the newHamiltonian and the sequence pulses for each

average. The final measured spin projection will then be averaged over many different runs.

We use simulation to calculate the average density of surface spins as well as understand how the

surface spin echo signal relates to the strongest dipolar interaction strength.

C.1 Effects of Finite Pulse Duration

Figure C.1: Simulation results for finite pulses versus infinitely fast pulses. For infinitely fast pulses, the x‐axis is given by
the total free precession time and for finite pulses, the x‐axis corresponds to the free precession time between pulses
plus the finite duration of the pulses.
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In all measurements, pulses are applied with a 12.5 MHz drive strength, corresponding to a 40

ns π pulse. The total drive duration for the Ramsey (0.04 μs), echo (0.08 μs), and XY-4 (0.2 μs) se-

quences are significantly shorter than the timescale of the decay, but for the MREV-8 sequence (0.4

μs), we consider the effects of the finite duration of the drive on the decay. We do this by compar-

ing the numeric simulation results of the MREV-8 pulse sequence with a nuclear spin bath for the

case of finite pulse duration and infinitely fast pulses. We plot on the x-axis the total evolution time,

which includes the evolution time during the pulses for the case of finite pulse duration. We can

account for the finite pulse duration by adding the time of the drive to the total free precession time.
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D
Decoherence due to the Nuclear Spin Bath

In this appendix, we explore the responses of the Ramsey, echo, XY-4, andMREV-8 pulse sequences

to various magnetic field noise spectra. We directly calculate the response and provide comparisons

of theory to simulation. For a given pulse sequence, the resulting signal can be written as

S(t) = e−χ(t) (D.1)



where

χ(t) = γ2e

∫
dω
2π

VB(ω)
ω2

F(ωt) (D.2)

whereVB(ω) =
∫
dteiωt⟨B(t)B(0)⟩ is the classical field spectrum, and F(ωt) = ω2

2 |f(ω)|
2 is a

filter function with f(ω) =
∫
dteiωtf(t).

In this note, we consider a noise spectrum from a classical bath of nuclear spins. Following the

treatment in 60, we model the flip-flop relaxation processes of nuclear spins as an exponentially cor-

related Gaussian fluctuating field B(t) having correlation function ⟨B(t)B(t′)⟩ = ⟨B2⟩ exp(−|t −

t′|/τ), where τ is the correlation time of the nuclear spins. We can relate the noise correlation func-

tion to a noise power spectrumV(ω) throughV(ω) =
∫
dteiωt⟨B(t)B(0)⟩. For our given noise

correlation function, we can calculate the resulting power spectral density

V1(ω) = 2⟨B21 ⟩
τ

1+ ω2τ2
. (D.3)

In addition to a peak with full width at half maximum 2/t centered at zero frequency, we ex-

pect the noise spectrum to contain a peak centered at the nuclear spin Larmor frequency ωL. Due

to challenges associated with calculating the signal decay due to a Lorentzian noise spectrum at

nonzero frequency, we model this as a harmonic field spectrum with

V2(ω) = 2π⟨B22⟩δ(ω− ωL). (D.4)

The overall signal of a sequence will be given by its response toVB(ω) = V1(ω) + V2(ω).
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D.1 Ramsey

The Ramsey pulse sequence is given by π
2 − t− π

2 . The filter function of the Ramsey pulse sequence

is given by

F(ωt) = 2 sin2(ωt/2). (D.5)

D.1.1 Response to Lorentzian peakV1(ω)

The signal decay during a Ramsey sequence is given by e−χ(t) where

χ(t) = γe

∫
dω
2π

V(ω)
ω2

F(ωt) (D.6)

and where F(ωt) is the filter function for the corresponding pulse sequence. We use the spectrum

V1(ω)with F(ωt) = 2 sin2(ωt/2) to compute the expected signal dephasing.

χ(t) = γ2e

∫ ∞

−∞

dω
2πω2

2⟨B21 ⟩τ
1+ ω2τ2

2 sin2(ωt/2) (D.7)

χ(t) =
4γ2e ⟨B

2
1 ⟩

πτ

∫ ∞

0

dω sin2(ωt/2)
ω2( 1

τ2 + ω2)
(D.8)

We can solve this integral by using the solution

∫ ∞

0

sin2(ax)dx
x2(b2 + x2)

=
π
4b2

(2a− 1
b
(1− e−2ab)) (D.9)

for a > 0 and b > 0. Comparing this integral to the above expression, we find x = ω, a = t/2,

and b = 1/τ. We then find
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χ(t) =
4γ2e ⟨B

2
1 ⟩

πτ
[
πτ2

4
(t− τ(1− e−t/τ))]. (D.10)

If we make the assumption that the correlation time of the noise is much longer than the time of

a single experiment, we can Taylor expand the exponent.

χ(t) = γ2e ⟨B
2
1 ⟩τ[t− τ(1− (1− t

τ
+

1
2
t2

τ2
− 1

6
t3

τ3
))] (D.11)

χ(t) = γ2e ⟨B
2
1 ⟩τ[t− τ(

t
τ
− 1

2
t2

τ2
+

1
6
t3

τ3
)] (D.12)

χ(t) = γ2e ⟨B
2
1 ⟩τ(

1
2
t2

τ
− 1

6
t3

τ2
) (D.13)

χ(t) = γ2⟨B21 ⟩(
t2

2
− t3

6τ
) (D.14)

Using this expression for χ(t), we find that our Ramsey signal decay is described by

S(t) = e−(γeB1t/
√
2)2e(γeB1)

2t3/(6τ)) (D.15)

which is in agreement with simulation results. Note that the decay is dominated by exp(−(γeB1t/
√
2)2).

D.1.2 Response toHarmonic Field SpectrumV2(ω)

For the noise spectrumV2(ω) = 2π⟨B22⟩δ(ω− ωL), we can calculate χ(t) as

χ(t) = 2
γ2e ⟨B

2
2⟩

ω2L
sin2(ωLt/2). (D.16)

We can verify using simulation that this is correct.
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t

Figure D.1: Numeric verification of expected Ramsey decay. (a) Expected decay fromV1(ω) with t = 8 μs. Inset:
Ramsey pulse sequence. (b) Expected decay fromV2(ω)

D.2 Echo

The echo pulse sequence is given by π
2 − t

2 − π − t
2 − π

2 for a total sequence time of t. The filter

function of the echo pulse sequence is given by

F(ωt) = 8 sin4(ωt/4) (D.17)

D.2.1 Response to Lorentzian peakV1(ω)

The signal decay during an echo sequence is given by e−χ(t) where

χ(t) = γe

∫
dω
2π

V(ω)
ω2

F(ωt) (D.18)

and where F(ωt) is the filter function for the corresponding pulse sequence. We use the spectrum

V1(ω)with F(ωt) = 8 sin4(ωt/4) = 8(sin2(ωt/4)− sin2(ωt/2)/4 to compute the expected signal

dephasing.

χ(t) = 8
2γ2e ⟨B

2
1 ⟩

2πτ

∫ ∞

−∞

dω
ω2

sin2(ωt/4)− sin2(ωt/2)/4
ω2 + 1/τ2

(D.19)

We can solve this integral by using the solution
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∫ ∞

0

sin2(ax)dx
x2(b2 + x2)

=
π
4b2

(2a− 1
b
(1− e−2ab)) (D.20)

for a > 0 and b > 0.

χ(t) =
16γ2e ⟨B

2
1 ⟩

πτ
[
πτ2

4
(
t
2
− τ(1− e−t/(2τ)))− πτ2

16
(t− τ(1− e−t/τ))] (D.21)

χ(t) = 8γ2e ⟨B
2
1 ⟩[

τ
2
(
t
2
− τ(1− (1− t

2τ
+

1
2

t2

4τ2
− 1

6
t3

8τ3
)))− (D.22)

τ
8
(t− τ(1− (1− t

τ
+

1
2
t2

τ2
− 1

6
t2

τ2
)))] (D.23)

χ(t) = 8γ2e ⟨B
2
1 ⟩[

τ
2
(
t
2
− t

2
+

1
2
t2

4τ
− 1

6
t3

8τ2
)− τ

8
(t− t+

1
2
t2

τ
− 1

6
t3

τ2
)] (D.24)

χ(t) = 8γ2e ⟨B
2
1 ⟩[

t2

16
− t3

96τ
− t2

16
+

t3

48τ
] (D.25)

χ(t) =
γ2e ⟨B

2
1 ⟩t3

12τ
(D.26)

The expected signal from the spin echo sequence is

S(t) = e−
γ2e ⟨B

2
1 ⟩t

3

12τ . (D.27)

D.2.2 Response toHarmonic Field SpectrumV2(ω)

For the noise spectrumV2(ω) = 2π⟨B22⟩δ(ω− ωL), we can calculate χ(t) as

χ(t) = 8
γ2e ⟨B

2
2⟩

ω2L
sin4(ωLt/4). (D.28)

We can verify using simulation that this is correct.
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Figure D.2: Numeric verification of expected Hahn echo decay. (a) Expected decay fromV1(ω) with t = 8 μs. Inset:
Hahn echo pulse sequence. (b) Expected decay fromV2(ω)

D.3 XY-4

The XY-4 pulse sequence is given by πx
2 − t

8 − πx − t
4 − πy − t

4 − πx − t
4 − πy − t

8 −
πx
2 for a total

sequence time t. The filter function of the XY-4 pulse sequence is given by

F(ωt) = 128 sin6(ωt/16)(cos(3ωt/16) + cos(5ωt/16))2. (D.29)

D.3.1 Response to Lorentzian peakV1(ω)

The signal decay during an XY-4 sequence is given by e−χ(t) where

χ(t) = γe

∫
dω
2π

V(ω)
ω2

F(ωt) (D.30)

and where F(ωt) is the filter function for the corresponding pulse sequence. We use the spec-

trumV1(ω)with F(ωt) = 128 sin6(ωt/16)(cos(3ωt/16) + cos(5ωt/16))2 = 8 sin2(ωt/16) +

24 sin2(ωt/8)−8 sin2(3ωt/16)−16 sin2(ωt/4)+8 sin2(5ωt/16)+8 sin2(3ωt/8)−8 sin2(7ωt/16)+

2 sin2(ωt/2) to compute the expected signal dephasing.

χ(t) =
2γ2e ⟨B

2
1 ⟩

2πτ

∫ ∞

−∞

dω
ω2(ω2 + 1/τ2)

F(ωt) (D.31)
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We can solve this integral by using the solution

∫ ∞

0

sin2(ax)dx
x2(b2 + x2)

=
π
4b2

(2a− 1
b
(1− e−2ab)) (D.32)

for a > 0 and b > 0.

χ(t) =
2γ2e ⟨B

2
1 ⟩

πτ
τ2π
4

[8(
t
8
− τ(1− e−t/8τ)) + 24(

t
4
− τ(1− e−t/4τ))

−8(
3t
8
− τ(1− e−3t/8τ))− 16(

t
2
− τ(1− e−t/2τ)) + 8(

5t
8
− τ(1− e−5t/8τ))

+8(
3t
4
− τ(1− e−3t/4τ))− 8(

7t
8
− τ(1− e−7t/8τ)) + 2(t− τ(1− e−t/τ))]

(D.33)

We can further simplify by making the assumption that the correlation time τ is much longer

than the sequence time and expand the exponential, retaining terms up to t3.

χ(t) =
γ2e ⟨B

2
1 ⟩τ

2
[2t+ 8τ(− t

8τ
+

1
2
(
t
8τ

)2 − 1
6
(
t
8τ

)3) + 24τ(− t
4τ

+
1
2
(
t
4τ

)2 − 1
6
(
t
4τ

)3)

−8τ(− 3t
8τ

+
1
2
(
3t
8τ

)2 − 1
6
(
3t
8τ

)3)− 16τ(− t
2τ

+
1
2
(
t
2τ

)2 − 1
6
(
t
2τ

)3)

+8τ(− 5t
8τ

+
1
2
(
5t
8τ

)2 − 1
6
(
5t
8τ

)3) + 8τ(− 3t
4τ

+
1
2
(
3t
4τ

)2 − 1
6
(
3t
4τ

)3)

−8τ(− 7t
8τ

+
1
2
(
7t
8τ

)2 − 1
6
(
7t
8τ

)3) + 2τ(− t
τ
+

1
2
(
t
τ
)2 − 1

6
(
t
τ
)3)

(D.34)

Further simplifying, we get
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χ(t) =
γ2e ⟨B

2
1 ⟩τ

2
[2t− 2t+

13
1250

t3

τ2
] (D.35)

χ(t) =
13γ2e ⟨B

2
1 ⟩t3

2500τ
(D.36)

D.3.2 Response toHarmonic Field SpectrumV2(ω)

For the noise spectrumV2(ω) = 2π⟨B22⟩δ(ω− ωL), we can calculate χ(t) as

χ(t) = 128
γ2e ⟨B

2
2⟩

ω2L
sin6(ωLt/16)(cos(3ωLt/16) + cos(5ωLt/16))2. (D.37)

We can verify using simulation that this is correct.

t

Figure D.3: Numeric verification of expected XY‐4 decay. (a) Expected decay fromV1(ω) with t = 8 μs. (b) Expected
decay fromV2(ω). Inset: XY‐4 pulse sequence.

D.4 XY-8

The XY-8 pulse sequence is given by πx
2 − t

16 − πx − t
8 − πy − t

8 − πx − t
8 − πy − t

8 − πy − t
8 −

πx − t
8 − πy − t

8 − πx − t
16 −

πx
2 for a total sequence time t. The filter function of the XY-8 pulse

sequence is given by
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F(ωt) = 128 sin6(ωt/32)(cos(3ωt/32)+cos(5ωt/32)+cos(11ωt/32)+cos(13ωt/32))2. (D.38)

D.4.1 Response to Lorentzian peakV1(ω)

The signal decay during an XY-8 sequence is given by e−χ(t) where

χ(t) = γe

∫
dω
2π

V(ω)
ω2

F(ωt) (D.39)

and where F(ωt) is the filter function for the corresponding pulse sequence. We use the spec-

trumV1(ω)with F(ωt) = 128 sin6(ωt/32)(cos(3ωt/32) + cos(5ωt/32) + cos(11ωt/32) +

cos(13ωt/32))2 = 8 sin2(ωt/32) + 56 sin2(ωt/16) − 8 sin2(3ωt/32) − 48 sin2(ωt/8) +

8 sin2(5ωt/32) + 40 sin2(3ωt/16) − 8 sin2(7ωt/32) − 32 sin2(ωt/4) + 8 sin2(9ωt/32) +

24 sin2(5ωt/16) − 8 sin2(11ωt/32) − 16 sin2(3ωt/8) + 8 sin2(13ωt/32) + 8 sin2(7ωt/16) −

8 sin2(15ωt/32) + 2 sin2(ωt/2) to compute the expected signal dephasing.

χ(t) =
2γ2e ⟨B

2
1 ⟩

2πτ

∫ ∞

−∞

dω
ω2(ω2 + 1/τ2)

F(ωt) (D.40)

We can solve this integral by using the solution

∫ ∞

0

sin2(ax)dx
x2(b2 + x2)

=
π
4b2

(2a− 1
b
(1− e−2ab)) (D.41)

for a > 0 and b > 0. I will spare the details of the calculation, but the final result is

χ(t) =
γ2e ⟨B

2
1 ⟩t3

768τ
(D.42)
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D.4.2 Response toHarmonic Field SpectrumV2(ω)

For the noise spectrumV2(ω) = 2π⟨B22⟩δ(ω− ωL), we can calculate χ(t) as

χ(t) = 128
γ2e ⟨B

2
2⟩

ω2L
sin6(ωLt/32)(cos(3ωLt/32) + cos(5ωLt/32) + cos(11ωLt/32)

+ cos(13ωLt/32))2.
(D.43)

We can verify using simulation that this is correct.

t

Figure D.4: Numeric verification of expected XY‐8 decay. (a) Expected decay fromV1(ω) with t = 8 μs. (b) Expected
decay fromV2(ω). Inset: XY‐8 pulse sequence.

D.5 MREV-8

24 t

Figure D.5: MREV‐8 pulse sequence, applied during the free precession intervals of a spin echo sequence.

We include a picture above of the MREV-8 in echo pulse sequence. Unlike the previous pulse

sequences, the time t is now the spacing between the closest pulses (the interpulse spacing is either t
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or 2t). The total sequence time is 24t. The filter function of the MREV-8 in echo pulse sequence is

given by

F(ωt) = 16(1+2 cos(2ωt))2(sin(2ωt)−sin(4ωt)4(3−4 cos(ωt)+3 cos(2ωt)−2 cos(3ωt)+cos(4ωt))

(D.44)

D.5.1 Response to Lorentzian peakV1(ω)

The signal decay during anMREV-8 in echo sequence is given by e−χ(t) where

χ(t) = γe

∫
dω
2π

V(ω)
ω2

F(ωt) (D.45)

and where F(ωt) is the filter function for the corresponding pulse sequence. We use the spectrum

V1(ω)with F(ωt) = 16(1 + 2 cos(2ωt))2(sin(2ωt) − sin(4ωt)4(3 − 4 cos(ωt) + 3 cos(2ωt) −

2 cos(3ωt) + cos(4ωt)) = 12 sin2(ωt/2) + 10 sin2(ωt) + 10 sin2(2ωt) − 12 sin2(5ωt/2) −

8 sin2(3ωt) + 12 sin2(7ωt/2) − 2 sin2(4ωt) − 2 sin2(5ωt) − 12 sin2(11ωt/2) + 24 sin2(6ωt) −

4 sin2(13ωt/2)− 6 sin2(7ωt)− 6 sin2(8ωt) + 4 sin2(17ωt/2) + 8 sin2(9ωt)− 4 sin2(19ωt/2)−

2 sin2(10ωt) − 2 sin2(11ωt) + 4 sin2(23ωt/2) − 2 sin2(12ωt) to compute the expected signal

dephasing.

χ(t) =
2γ2e ⟨B

2
1 ⟩

2πτ

∫ ∞

−∞

dω
ω2(ω2 + 1/τ2)

F(ωt) (D.46)

We can solve this integral by using the solution

∫ ∞

0

sin2(ax)dx
x2(b2 + x2)

=
π
4b2

(2a− 1
b
(1− e−2ab)) (D.47)
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for a > 0 and b > 0. It would be tedious to write all of this out, but we followed the same

procedure as before, expanding the exponential and collecting terms. The result is

χ(t) =
261.33γ2e ⟨B

2
1 ⟩t3

τ
(D.48)

D.5.2 Response toHarmonic Field SpectrumV2(ω)

For the noise spectrumV2(ω) = 2π⟨B22⟩δ(ω− ωL), we can calculate χ(t) as

χ(t) = 16
γ2e ⟨B

2
2⟩

ω2L
(1+ 2 cos(2ωLt))2(sin(2ωLt)− sin(4ωLt)4(3− 4 cos(ωLt)

+3 cos(2ωLt)− 2 cos(3ωLt) + cos(4ωLt)).
(D.49)

We can verify using simulation that this is correct.

Figure D.6: Numeric verification of expected MREV‐8 decay. (a) Expected decay fromV1(ω) with t = 8 μs. (b) Expected
decay fromV2(ω).

D.6 Final Fit functions

In this section we will list the fit functions for the main pulse sequences that are performed in Chap-

ter 1. t is the total sequence time. The Ramsey sequence can be fit by

93



SRamsey(t) = cos(δt)e−(t/Tint)2e−(γeB1t/
√
2)2e(γeB1)

2t3/(6τ))e
−2 γ2e ⟨B

2
2⟩

ω2L
sin2(ωLt/2)

(D.50)

where δ is the frequency of the drive detuning. The spin echo sequence is fit by

Secho(t) = e−(t/T2)2e−
γ2e ⟨B

2
1 ⟩t

3

12τ e
−8 γ2e ⟨B

2
2⟩

ω2L
sin4(ωLt/4)

. (D.51)

The XY-4 sequence is fit with

SXY−4(t) = e−(t/T2)2e−
13γ2e ⟨B

2
1 ⟩t

3

2500τ e
−128 γ2e ⟨B

2
2⟩

ω2L
sin6(ωLt/16)(cos(3ωLt/16)+cos(5ωLt/16))2

. (D.52)

TheMREV-8 in echo sequence is fit with

SMREV−8echo(t) = e−
49γ2e ⟨B

2
1 ⟩t

3

2592τ ×

e
−16 γ2e ⟨B

2
2⟩

ω2L
(1+2 cos(ωLt/12))2(sin(ωLt/12)−sin(ωLt/6)4(3−4 cos(ωLt/24)+3 cos(ωLt/12)−2 cos(ωLt/8)+cos(ωLt/6))

(D.53)
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