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∑
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H Vm m χρσ

2×2
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χ
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Hm H
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∫ ∞

−∞
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∫ ∞
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∫ ∞
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d†m↑ ↔ dm↑

2 2 6+δ 2 2 6+x
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k,σ εkd
†
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εk = −2t1(cos(kx) + cos(ky)) − 4t2 cos(kx) cos(ky) − 2t3(cos(2kx) + cos(2ky)) −

4t4(cos(2kx) cos(ky)+cos(kx) cos(2ky))

(t1, t2, t3, t4) = (126,−36, 15, 1.5) (t1, t2, t3, t4) =
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n0 d H = Ha+Hb+
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∑

⟨ij⟩

a†iaj +
∑

i

(
Ua

2
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i (n

a
i − 1)− µan

a
i

)
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∑
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b†ibj +
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b
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ck = b†0(b
†
0b0+1)−1/2bk αk = ukck+ vkc−k

Hb
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∑
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ωkα
†
kαk

u2k = (ξk/ωk + 1)/2 v2k = (ξk/ωk − 1)/2 ξk ≡ εk + n0Ub ω2
k = εk(εk + 2n0Ub)

εk = −2(cos k1 + . . .+ cos kd − d)

Hab =
1√
N

∑

i,k ̸=0

n(a)
i βkΦke

ik·Ri ,

βk ≡ Uab
√
n0(uk − vk) Φk = α†

k + α−k Πk = α†
k − α−k

k

n0Uab
∑

na
i µa → µa − Uabn0

H̃ = eSHe−S = H + [S,H] +
1

2!
[S, [S,H]] . . . ,

S =
∑

i,k ̸=0

n(a)
i

fkβkΠk√
Nωk

eik·Ri

Hab fk ≡ 1

ta = 0



H̃ =ta
∑

⟨ij⟩

a†iaj exp
∑

k ̸=0

fkβkΠk√
Nωk

(eik·Ri − eik·Rj )

+
∑

k

ωkα
†
kαk +

1

2

∑

i,j

Vijninj +
Ua

2
ni(ni − 1)

− µani +
∑

i,k ̸=0

ni
βkΦk√

N
(1− fk) e

ik·Ri ,

R = Ri −Rj

Vij = VR =− 2
∑

k ̸=0

β2k
Nωk

(2fk − f2
k)e

ik·R.

H̃

∑

R

VR =− 2
∑

k ̸=0

β2k
Nωk
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∑

R

eik·R

=− 2N
∑

k ̸=0

β2k
Nωk

(2fk − f2
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Ψ → eSΨ S
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∑

i nieik·Ri Πk



fk

b̃†i b̃i = b†ibi +
∑

R,k ̸=0

nRi+Re
ik·R fkβk√

Nωk
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fk

VR

{fk}

Ψ =

eS |Ψa⟩ ⊗ |0b⟩ |0b⟩

E[f ] = ⟨Ψa|⟨0b|e−SHeS |Ψa⟩|0b⟩ = ⟨Ψa|⟨0b|H̃|0b⟩|Ψa⟩.

H̃

Φk = α†
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∑
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†
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⎡

⎣−2

z

∑

k,a

f2
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2
k

Nω2
k
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⎤

⎦

a z = 2d B



E[f ]

Heff = Ha(ta → t̃) +
1

2

∑

i,j

Vijninj .

V0

Vnn ≡ Va

Heff

Heff = Ha(ta, Ua, µa → t̃, Ũ , µ̃) +
∑

⟨ij⟩

Vaninj + V ′

Ũ = Ua + V0 µ̃ = µa − V0/2 V ′ = 1
2

∑
i ̸=j,j+a Vijninj

V ′

V ′

∑
VR = 0

∑
|R|>1 VR = −V0 − zVa



V ′ n

〈
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Mott
=− n2(V0 + zVa)/2

〈
V ′〉
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=− (n2/2 + n)(V0 + zVa)

〈
V ′〉
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t̃ V ′
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Ũ
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n

[
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Ũ2
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Ũ(Ũ − 2Va)
+

4z2 − 12z + 12

(Ũ − Va)(Ũ − 2Va)

]

+ (n+ 2)

[
z − 1

Ũ(Ũ − Va)
− z

4(Ũ − Va)2

]}
zt̃3

∆h =− Ua(n− 1) + µa + V0/2− nzt̃+ (n+ 1)

{
n

[
1− z

Ũ
+

2− 2z

Ũ − 2Va
+

2z

Ũ − Va

]

− n− 1

2Ũ − 2Va

}
zt̃2 − n(n+ 1)

{
(n+ 1)

[
z − 2

Ũ2
+

z2 − 3z + 3

(Ũ − Va)2

]
+ n

[
2z2 − 6z + 6

Ũ(Ũ − Va)

+
z − z2

Ũ2
+

2z − 2z2

(Ũ − 2Va)2
− 2z2 − 6z + 6

(Ũ − Va)2
+

4z − 8

Ũ(Ũ − 2Va)
+

4z2 − 12z + 12

(Ũ − Va)(Ũ − 2Va)

]

+ (n− 1)

[
z − 1

Ũ(Ũ − Va)
− z

4(Ũ − Va)2

]}
zt̃3



EMott =
Ua

2
n(n− 1)− µan− n(n+ 1)

zt̃2

Ũ − Va
.

t̃

Ua µa

V0

fk

fk t̃2/(Ũ − Va) EMott

fk =

(
1 +

Ua

2zωk
− 4

z2ωk
λ

)−1

,

λ =
1

N

∑

q ̸=0,a

β2q
ωq

sin2(q · a/2)(2fq − f2
q)

λ

fk VR t̃a ∆p(h) = 0

µa

ta − µa fk

µa

µa



µ±

µSC
±

µ± = A(ta)±
1

2
B(ta)(t

c
a − ta)

zν ,

A(x) B(x) x = ta

zν = 2/3

(d+ 1)

A(t)

A(ta) = (µSC
+ (ta) + µSC

− (ta))/2.

tca tca(m)

m 1/m

B(ta) ≈ α+ βta + γt2a + δt3a

µSC
+ (ta)− µSC

− (ta) = B(ta)(t
c
a − ta)

zν

α β γ δ tca

n = 1

Uab = Ub = 10

ta = tb = 1 Ua nb = 0, 0.1, 0.5, 0.75
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Ú

Ú

Ú
Ú

Ú

Ú
Ú
Ú

Ú
Ú
Ú
Ú
ÚÚ

ÚÚ
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0.01 0.02 0.03 0.04 0.05 0.06
ta
Ua

0.2

0.4

0.6

0.8

1.0

ma
Ua

ta = tb = 1 Ub = Uab = 10 nb

tb/Ub = 10

nb = 0.1

∝
√
n+ 1

√
n



Heff

|Ψa⟩ = ⊗i|ψi⟩

i

|ψi⟩ = sin θ cosφ|n− 1⟩i + cos θ|n⟩i + sin θ sinφ|n+ 1⟩i.

eS

1

2

∑

ij

Vij ⟨ninj⟩ =
1

2

⎡

⎣
∑

i ̸=j

Vij ⟨ni⟩ ⟨nj⟩+
∑

i=j

〈
n2
i

〉
⎤

⎦

=
1

2

⎡

⎣⟨n⟩2
∑

ij

Vij + (
〈
n2
〉
− ⟨n⟩2)

∑

i

V0

⎤

⎦

=
N

2
V0(
〈
n2
〉
− ⟨n⟩2),

∑
ij Vij = N

∑
R VR = 0

V0



Ha(ta → t̃a)

〈
Ha(t̃a)

〉
= −zt̃a ⟨b⟩2 − µa ⟨n⟩+

Ua

2

(〈
n2
〉
− ⟨n⟩

)
.

⟨b⟩ =sin θ cos θ
(√

n cosφ+
√
n+ 1 sinφ

)

⟨n⟩ =n− sin2 θ cos2 2φ

〈
n2
〉
=n2 + sin2 θ (1− 2n cos 2φ) .

{fk}

fk(θ,φ) =

(
1 +

2t̃a
ωk

⟨b⟩2

⟨n2⟩ − ⟨n⟩2
∑

a

sin2(k · a/2)
)−1

.

E(θ,φ)

θ = 0

%

(t/U)c = 0.0286



0.005 0.010 0.015 0.020 0.025 0.030 0.035
ta
Ua

0.2

0.4

0.6

0.8

1.0

ma
Ua

ta = tb = 1 Ub = Uab = 10
nb

(t/U)c = 0.03408 ta → λta

λ = 1.24

λ

ta/Ua nb

ta/Ua

|ΨA⟩ Ψ = eS |ΨA⟩ ⊗ |0b⟩



0 ≤ nb ≤ 1

H = Ha +Hb +Hab

H =− ta
∑

m

(
a†2m+1a2m + h.c.

)
− tb

∑

n

(
b†nbn+1 + h.c.

)

− µb

∑

n

b†nbn + Uab

∑

n

a†nanb
†
nbn

|L(R)⟩

ψL(R) = cos θA|L(R)⟩ + sin θA|R(L)⟩



ψL ⊗ ψL ⊗ ψL . . . ψL ⊗ ψR ⊗ ψL . . .

ψ1 ⊗ ψ2 ⊗ ψ1 ⊗ ψ2 . . .

ψ1 ⊗ ψ2 ⊗ ψ2 ⊗ ψ1 . . . ψ1(2) = cosφ1(2)|0⟩ +

sinφ1(2)|1⟩ sin2 φ1 = 2nb cos2 θB sin2 φ2 = 2nb sin
2 θB

nb

⟨Ha⟩ /N = −ta sin θA cos θA

EB
FM =− 2tb cosφ1 sinφ1 cosφ2 sinφ2

EB
AF =− 1

2
tb (cosφ1 sinφ1 + cosφ2 sinφ2)

2



EAB =
1

4
Uab

(
cos2 θA − sin2 θA

) (
sin2 φ1 − sin2 φ2

)
.

EFM−EAF −tb
(√

x1x2 − 1
2(x1 + x2)

)
xi = cos2 φi sin2 φi

EAF ≤ EFM nb = 1/2

nb = 1/2

t†0(1),n|vac⟩n = |0(1)⟩n bn =

t†0nt1n

Hb =− tb
∑

⟨ij⟩

t†1it0it
†
0jt1i − µb

∑

i

t†1it1i

+
Uab

(
cos2 θA − sin2 θA

)

2

∑

n

σnt
†
1nt1n,

σn = 1,−1, 1,−1 . . . 1,−1,−1, 1 . . . ci =

cosφit0i + sinφit1i di = sinφit0i − cosφit1j

ci, c
†
i → 1 c†ici → 1 − d†idi

Hb =
∑

k

′

⎡

⎢⎣
(
χ†ᵀ
k ,χ†ᵀ

−k

)
⎛

⎜⎝
Ak 0

0 A−k

⎞

⎟⎠

⎛

⎜⎝
χk

χ−k

⎞

⎟⎠

+

⎡

⎢⎣
(
χ†ᵀ
k ,χ†ᵀ

−k

)
⎛

⎜⎝
0 Bk

Bᵀ
k 0

⎞

⎟⎠

⎛

⎜⎝
χ†
k

χ†
−k

⎞

⎟⎠+ hc.

⎤

⎥⎦

⎤

⎥⎦,



χᵀ
k = (dk, dk+π) Ak Bk 2 × 2 χᵀ

k =

(dk, dk+π/2, dk+π, dk−π/2) Ak Bk 4× 4 k

[0,π) [0,π/2)

Ak Bk

ξk = U†
kχk−Vᵀ

kχ
†
−k χk = Ukξk−V∗

kξ
†
−k

Hb =
∑

k

′ (
ξ†ᵀk Ωkξk − TrV†

kΩkVk

)
,

Ωk τ Uk Vk τ

Ωk τ ω(k, τ)

⎛

⎜⎝
Ak Bk

−B†
k −A∗

−k

⎞

⎟⎠

⎛

⎜⎝
Uk

Vk

⎞

⎟⎠

τ

= ω(k, τ)

⎛

⎜⎝
Uk

Vk

⎞

⎟⎠

τ

.

Hab

δρBn ≡ t†1,nt1,n −
〈
t†1,nt1,n

〉

δρBn =
1√
N

∑

k,τ

′
e−ikn

(
βnkτξk,τ + βn∗kτ ξ

†
k,τ

)
,

βnkτ =
− sin 2φn

2
(c∗nm (Uk)mτ + cnm (Vk)mτ ) .

m, n, τ = 1, 2, Q = π m, τ, n = 1 . . . 4, Q = π/2 τ

n cnm = eimQn

H̃ = e−SHeS



S =
1√
N

∑

k,τ,n

′βnkτf
n
kτ

ωkτ
eiknnA

n (ξ
†
k,τ − ξ−k,τ ).

n fnkτ βnkτ

n fnkτ = 1

HB

V̂ =
∑

rs VrsnA
r n

A
s

Vrs =
U2
ab

N

∑

k,τ

′
e−ik(r−s)Re[β

r
kτβ

s∗
kτ ][f

r
kτf

s
kτ−f r

kτ−f s
kτ ]

ωkτ

|Ψ⟩ = eS |ΨA⟩ ⊗ |0B⟩ |ΨA⟩

|0B⟩

t̃a = ta exp

⎡

⎢⎣−
U2
ab

2N

∑

k,τ

′

∣∣∣β1kτf1
k,τ + eikβ2kτf

2
k,τ

∣∣∣
2

ω2
kτ

⎤

⎥⎦

−TrV†
kΩkVk t̃a ta

〈
V̂
〉FM

=2
〈
V̂
〉AF

=
sin2(2θA)

4
(V11 + V22 − 2V12) .

Q = π Q = π
∑′

k



Uab = 1.0 nb

ta tb = 1

⟨nini⟩ = ⟨ni⟩ = cos2 θA

⟨ninj⟩ = ⟨ni⟩ ⟨nj⟩ = cos4 θA i j

V11
(
cos2 θA − cos4 θA

)
= V11 sin2(2θA)/4

V22 V12

θA θB {fn
kτ}

cos2 θa − sin2 θA nb ta/tb Uab/tb

nb = 1/2



Uab = 0.5 nb

ta tb = 1
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t = 0



R P | ↓⟩ | ↑⟩

∆ |↑⟩

V̂ (R) =
∑

r V (r−R)f †
rfr

Ĥ = Ĥ0 + E(P) +∆|↑⟩⟨↑|+ |↑⟩⟨↑|⊗ V̂ (R),

Ĥ0 =
∑

k εkf
†
kfk ε(k) = −2tf cos k E(P) = −2ti cos k

|↓⟩ → |↑⟩

|Ω;P, ↓⟩ Ω



U = exp (i|↑⟩⟨↑|R ·Pf ) Pc ≡
∑

k kf
†
kfk

R Pf

Ĥ → U †ĤU = Ĥ ′

Ĥ ′ = Ĥ0 + E(P− |↑⟩⟨↑|Pf ) +∆|↑⟩⟨↑|+ |↑⟩⟨↑|⊗ V̂ (0).

R = 0 cos(P−

Pf ) R Ĥ ′ P

Pc|Ω⟩ = 0

ĤRF = e−iωt|↑⟩⟨↓|

R(ω) =Re

∫ ∞

0
dt ⟨Ω;P, ↑|eiĤ′tĤRFe

−iĤ′t|Ω;P, ↓⟩

=Re

∫ ∞

0
dt ei(∆−ω−E(P))tS(t),

S(t) =⟨Ω|ei(Ĥ0+V̂ (0)+E(P−Pc))te−iĤ0t|Ω⟩

=⟨Ω|ei(H1+E(P−Pc))te−iĤ0t|Ω⟩

H1 = Ĥ0 + V̂ (0)

M = ∞ E(P−Pc) S(T )

⟨Ω|eX̂N . . . eX̂1 |Ω⟩ = det
[
(1−N) + eXN . . . eX1N

]
,



N = 1/(1+ eβH0) X̂1...N

X̂

X X̂ = c†kXk,k′ck′

E(P−Pc)

E(P) = −2ti cosk ≈ tiP
2 =

P 2

2M
,

M ≡ 1/(2ti)

S(t) = ⟨Ω|ei(H1+(P−Pc)2/2M)te−iĤ0t|Ω⟩.

T N

∆t = T/N (P−Pc)

S(T ) =

∫
D[φ]eS0[φ]⟨Ω|T

(
ei

∫ t
0 H1−φ(t′)·Pc dt′

)
e−iH0t|Ω⟩,

S0[φ] ≡ i
∫ t
0

(
−M

2 φ
2(t′) + φ(t′) ·P

)
dt′ T

∫
D[φ] ≡

∏

m

∫ ∞

−∞

(
iM∆t

2π

)d/2

ddφm,

φm = φ(t′m) t′m = m∆t



ln detM = tr lnM S(t) =
∫
D[φ]eS0[φ]+S1[φ] S1[φ] =

ln detB[φ] = tr lnB[φ]

B[φ] = (1−N) + T
(
ei

∫ t
0 H1−φ(t′)·Pc dt′

)
e−iH0tN

S0[φ] φ ≡ 0

S1[0]

M → ∞ S1[φ] φ = 0

S1[0] = ln det
[
(1−N) + eiH(0)te−iH0tN

]
,

S1[φ]

B[φ] =(1−N) +

(
eiH1t + i

∫ t

0
φα(t1) · eiH1(t−t1)Pα

c e
iH1t1 dt1

−
∫

t1<t2

φα(t1)φ
β(t2)e

iH1(t−t2)Pα
c e

iH1(t2−t1)Pβ
c e

iH1t1 dt1 dt2

)
e−iH0tN

=B[0] + eiH1t

(
i

∫ t

0
φα(t1)Γ

α(t1) dt1

−
∫

t1<t2

φα(t1)φ
β(t2)Γ

β(t2)Γ
α(t1) dt1 dt2

)
e−iH0tN,



Γ(τ) ≡ e−iH1τPceiH1τ φ

S1[φ]− S1[0] = ln det

[
1 +

(
i

∫ t

0
φα(t1)Γ

α(t1) dt1

−
∫

t1<t2

φα(t1)φ
β(t2)Γ

β(t2)Γ
α(t1) dt1 dt2

)
D

]
,

D = e−iH0tNB[0]−1eiH1t det(1 + AB) =

det(A−1(1 + AB)A) = det(1 + BA) eiH1t

ln detM = tr lnM

S1[φ]− S1[0] =tr

[
−
(∫

t1<t2

φα(t1)φ
β(t2)Γ

β(t2)Γ
α(t1) dt1 dt2

)
D

+
1

2

(∫ t

0
φα(t1)Γ

α(t1) dt1

)
D

(∫ t

0
φβ(t2)Γ

β(t2) dt2

)
D

]
,

itr
[(∫ t

0 φ
α(t1)Γα(t1) dt1

)
D
]

Γ

k ↔ −k H0 H1 N B[0]

Γ

α = β

S1[φ] =S1[0] +
1

2

∑

α

∫ t

0

∫ t

0
φα(t1)φ

α(t2)tr [Γ
α(t1)DΓα(t2)(D − 1)] dt1 dt2

=S1[0] +
1

2

∑

α

∫ t

0

∫ t

0
φα(t1)φ

α(t2)K(t1, t2, t) dt1 dt2,

K(t1, t2, t) ≡ tr [Γx(t1)DΓx(t2)(D − 1)] .



N ∆t = T/N N2 N

{Γx(tm)D} {Γx(tm)(D−1)}

S1[φ]

S(t) =eS1[0]

(
iM∆t

2

) dt
2∆t

det(A1)
−d/2

∏

α

e
1
4A

α
2A

−1
1 Aα

2

φα = (φα1 . . .φ
α
t/∆t) Aα

2 = i∆tPα(1 . . . 1)

(A1)jk = i
M

2
∆tδjk −

∆t2

2
K(tj , tk, t).

S1[φ] φ

B[φ]

ln(1 + x) S1[φ]

S(4)
1 [φ] =

∑

α,β,γ,δ

∫
φα(t1)φ

β(t2)φ
γ(t3)φ

δ(t4)

Kα,β,γ,δ(t1, t2, t3, t4, t) dt1 dt2, dt3, dt4,



Γ1, Γ2 Γα(t1), Γβ(t2)

Kα,β,γ,δ(t1, t2, t3, t4, t) = tr

[
1

24
T (Γ1Γ2Γ3Γ4)D − 1

6
Γ1DT (Γ2Γ3Γ4)

− 1

8
T (Γ1Γ2)DT (Γ3Γ4)D +

1

2
Γ1DΓ2DT (Γ3Γ4)D − 1

4
Γ1DΓ2DΓ3DΓ4D

]
.

S(4)
1

expS(4)
1

S(t) S1[φ]

∆S(t)

∆S(t)

S(t)
=

∫
D[φ]eS0[φ]+S

(2)
1 [φ]S(4)

1 [φ]
∫
D[φ]eS0[φ]+S

(2)
1 [φ]

=(∆t)4
∑

r,s,u,v

K(tr, ts, tu, tv, t)
(
A−1

rs A
−1
uv +A−1

ru A
−1
sv +A−1

rv A
−1
us

)
,

r, s, u, v [0, t]

S1[φ]
〈
S(2)
1

〉 〈
S(4)
1

〉

S0[φ]

(
A−1

)
mn

→ − 2i

M∆t
δmn

〈
S(4)
1

〉

0〈
S(2)
1

〉

0

=− 2i
t

M
(⟨K(r, r, s, s, t)⟩+ ⟨K(r, s, r, s, t)⟩+ ⟨K(r, s, s, r, t)⟩) / ⟨K(s, s, t)⟩



r, s [0, t]

S(t)

H0 H1 S(t)

0.2tf

tf



t R(ω)

L = 500

µ = −0.5tf T = 0.1tf

V = 4tf M = ∞

R(ω)

M = 100, 25 10 tf

N

H1 N

M = ∞ H1

V > 0



|S(t)| 40 × 40 L = 500
0.2tf 0.1tf µ = −0.5tf V = 4tf M = ∞



N−1

H1

N H1

tf

L × L = 40 × 40

µ = −0.5tf T = 0.1tf

V = 4tf

S1[φ]

t/M
〈
S(4)
1

〉

0
/
〈
S(2)
1

〉

0
t/M

S(t)

t = 100



1/3 M = 10

S(t)

T = 0.2tf

S(t) t = 50(tf )−1

0.015× t/M M = 5

S(t)





A

〈
c† . . . ceZ

〉

Z Z = c†izijcj i

j



H =
∑

i,j,σ

Hσ
ijc

†
i,σcj,σ +

∑

i,j

(
H ′

ijc
†
i,↑c

†
j,↓ + h.c.

)

c†i,↓ ↔ ci,↓

H =
∑

i,j

H↑
ijc

†
i,↑cj,↑ −

∑

i,j

H↓
ijc

†
j,↓ci, ↓+

∑

i,j

(
H ′

ijc
†
i,↑cj,↓ + h.c.

)
+ trH↓,

c†i,↑c
†
j,↑

n

i = 1, 2, . . . n

H = Hijf
†
i fj +

1

2
(∆ijfifj + h.c.) ,

∆ij H H 2n

ci = f †
i + fi i = 1, 2, . . . n

ci = i(f †
i − fi) i = n+ 1, n+ 2, . . . 2n,

ci = c†i cicj + cjci = 2δij

H = Aijcicj ,



A = i

⎛

⎜⎝
Im(∆+H) Re(∆+H)

−Re(∆−H) Im(∆−H)

⎞

⎟⎠

Z(A) ≡ treAijcicj

2n Aij 2n × 2n

∆ = 0

H

nα = 0, 1

U(n) {ci, cj} = 2δij

c′i = Mijcj

MikMjl(ckcl + clck) =2δij

MikMjl2δkl =2δij

MikMjk =δij

MMᵀ =I

Z(A)



A c′i = Oijcj

Aijcicj → AijOikckOjlcl = (OᵀAO)kl ckcl

A → OᵀAO Z(A) = Z(OᵀAO)

A

O U(O)

O

Oijcj = U(O)ciU(O)−1

U

Z(A) =treAijcicj = tr
[
U(O)eAijcicjU(O)−1

]
= tr

[
eU(O)AijcicjU(O)−1

]

=tr
[
eAijU(O)ciU(O)−1U(O)cjU(O)−1

]

=tr
[
e(O

ᵀAO)ijcicj
]
= Z(OᵀAO),

U(O)

O(2n,C) eiK K



(
eiK
)
ml

cl = e−
i
4Kijcicjcme

i
4Kmncmcn ,

U(O) = e−
i
4Kmncmcn

eXY e−X = Y + [X,Y ] +
1

2!
[X, [X,Y ]] . . .

X = − i
4Kijcicj Y = cm

[cicj , cm] =cicjcm − cmcicj

=ci(−cmcj + 2δmj)− cmcicj

=− (−cmci + 2δim)cj + 2δmjci − cmcicj

=2δmjci − 2δmicj

K

[X,Y ] = − i

2
Kimci −Kmjcj = iKmici.

c cm

[X, cm] = i(Kc)m, [X, [X, cm]] = i2Kmi(Kc)i = i2(K2c)m, . . . ,



eXcme−X =

( ∞∑

n=0

in

n!
Knc

)

m

=
(
eiK
)
ml

cl

cm → cjcmc−1
j = cjcmcj = −cm + 2δmjcj =

⎧
⎪⎨

⎪⎩

−cm (m = j)

cm (m ̸= j)

2n× 2n A

A

n

Bi =

⎛

⎜⎝
0 εi

−εi 0

⎞

⎟⎠ ,

±iεi, i = 1, . . . n A O



OAOᵀ = ⊕Bi

Z(A) = tre
∑

εi(c2ic2i+1−c2i+1c2i) = tre
∑

2εic2ic2i+1

c2i = f †
j + fj

c2i+1 = i(f †
j −fj) j

Z =
∏

i

tre2iεi(f
†
j fj−fjf

†
j ) =

∏

i

∑

nj=0,1

e2iεi(2nj−1) =
∏

i

(
e2iεi + e−2iεi

)

=
∏

i

2 cos(2εi) =
∏

i

sin(4εi)

sin(2εi)

Z eA

εi n εi

n × n Z 2n × 2n

2n ±εi

sin(mεi)

Bi

Pf
(
emBi − e−mBi

)
= Pf

⎛

⎜⎝
0 2 sin(mεi)

−2 sin(mεi) 0

⎞

⎟⎠ = 2 sin(mεi)

Z(A) =
∏

i

Pf
(
e4Bi − e−4Bi

)

Pf (e2Bi − e−2Bi)
=

Pf
(
e4A − e−4A

)

Pf (e2A − e−2A)



Z(A)

Pf2(M) = det(M)

Z2(A) =
det(e4A − e−4A)

det(e2A − e−2A)
= det(e2A + e−2A),



B

U0 = −0.75



U0

U0

Ef

Ef

ω′



U(r) = U0

⎧
⎪⎨

⎪⎩

1 (r = 0)

e−r/r0

r (r ̸= 0
,

r0

U0



U0 = −0.25 ω′

|f⟩ = |i⟩

T = 0

|f⟩ = |i⟩

|n⟩

q q



ω′

Q



C

A =
trF

[
dj,σe−iH1td†j,σe

−βH0

]

trF [e−βH0 ]
,

H0,1 dj

|j⟩ trF trH



σ σ̄ H0(1) = H0(1),σ +H0(1),σ̄

A =
trF

[
dj,σe−iH1,σtd†j,σe

−βH0,σ

]

trF
[
e−βH0,σ

] trF
[
e−iH1,σ̄te−βH0,σ̄

]

trF
[
e−βH0,σ̄

] ,

X0 =− βH0,σ = −βH0,σ̄

X1 =− itH1,σ = −itH1,σ̄,

σ σ̄ X0,1

A =
trF

[
djeX1d†je

X0

]

trF [eX0 ]

trF
[
eX1eX0

]

trF [eX0 ]
,

X2 exp(X1) exp(X0) ≡ exp(X2)

X2 Xi

Xi|α, i⟩ = ωα,i|α, i⟩, Xi =
∑

ωα,id
†
α,idα,i =

∑
ωα,inα,i

dj =
∑

α ⟨j|α, i⟩dα,i

∑

α

|α, i⟩dα,i =
∑

α

|α, i⟩⟨α, i|

⎛

⎝
∑

β

|β, j⟩dβ,j

⎞

⎠ =
∑

β

|β, j⟩dβ,j .



{|α, 0⟩} X0

nα,0 = 0, 1

trF
[
eX0
]
= trF

[
e
∑

α ωα,0nα,0

]
=
∏

α

∑

nα,0=0,1

e
∑

α ωα,0nα,0 =
∏

α

(1 + eωα,0).

(1 + eωα,0)

1 + exp(X0,sp) X0,sp X0 X1,sp

X2,sp

trF
[
eX0
]
=
∏

α

(1 + eωα,0) = det
(
1 + eX0,sp

)
.

trF
[
eX1eX0

]
= trF

[
eX2
]
= det

(
1 + eX2,sp

)
= det

(
1 + eX1,speX0,sp

)

X2

d

d† n



dj d†j X0

trF
[
dje

X1d†je
X0

]
= trF

[
eX1d†je

X0dj
]
=
∑

α,α′

⟨j|α, 0⟩trF
[
eX1d†α′,0e

X0dα,0
]
⟨α′, 0|j⟩.

d†α,0e
X0 = eX0d†α,0e

−ωα,0

trF
[
dje

X1d†je
X0

]
=
∑

α,α′

⟨j|α, 0⟩trF
[
eX1eX0d†α′,0dα,0

]
e−ωα′,0⟨α′, 0|j⟩

eX1 eX0 eX2 i = 0, j = 2

X2 e−ωα′,0

e−ωα′,0⟨α′, 0| = ⟨α′, 0|e−X0,sp .

trF
[
dje

X1d†je
X0

]
=
∑

β,β′

⟨j|β, 2⟩trF
[
eX2d†β′,2dβ,2

]
⟨β′, 2|e−X0,sp |j⟩

=
∑

β

⟨j|β, 2⟩trF
[
e
∑

ωγ,2nγ,2nβ,2

]
⟨β, 2|e−X0,sp |j⟩.

β ̸= β′



γ = β γ ̸= β

trF
[
e
∑

ωγ,2nγ,2nβ,2

]
=

∑

nβ,2=0,1

eωβ,2nβ,2nβ,2

∏

γ ̸=β

∑

nγ,2=0,1

eωγ,2nγ,2

=eωβ,2
∏

γ ̸=β

(1 + eωγ,2) =
eωβ,2

1 + eωβ,2

∏

γ

(1 + eωγ,2)

=
eωβ,2

1 + eωβ,2
det
(
1 + eX2,sp

)
.

eωβ,2

1 + eωβ,2
⟨β, 2| = ⟨β, 2| eX2,sp

1 + eX2,sp
,

trF
[
dje

X1d†je
X0

]
=det

(
1 + eX2,sp

)∑

β

⟨j|β, 2⟩⟨β, 2| eX2,sp

1 + eX2,sp
e−X0,sp |j⟩

=det
(
1 + eX2,sp

)
⟨j| eX2,sp

1 + eX2,sp
e−X0,sp |j⟩

A =
det2

(
1 + eX1,speX0,sp

)

det2
(
1 + eX0,sp

) ⟨j|e
X1,speX0,spe−X0,sp

1 + eX1,speX0,sp
|j⟩

=det

(
1 + eX1,speX0,sp

1 + eX0,sp

)2

⟨j| eX1,sp

1 + eX1,speX0,sp
|j⟩

N ≡ eX0,sp/(1+ eX0,sp), eX0,sp = N/(1−N)



X0 = −βH0 N eX0,sp

A =det
(
(1−N) + eX1,spN

)2
(

N

1−N
+ e−X1,sp

)−1

jj

=det
(
(1−N) + e−itH1,spN

)2
(

N

1−N
+ eitH1,sp

)−1

jj

.



D

Smn

Smn
ρσµν = tr

[
eiHτdpe

−iHnτd†qe
iHsdr . . . . . . e

iHmtd†se
−iH(t+s)−βH

]
/tr
[
e−βH

]
,



p, q, r, s |r⟩ =

|m,µ⟩ tr eX = det(1 + ex)

det(1 + e−βh) X1 = (i(τ − t− s)− β)H0 X2 = iHmt X3 = iH0s

X4 = −iHnτ N N =

tr
[
dpeX4d†qeX3dreX2d†seX1

]

N = ⟨p|α⟩⟨β|q⟩⟨r|γ⟩⟨δ|s⟩tr
[
dαe

X4d†βe
X3dγe

X2d†δe
X1

]
.

d/d† β X4

ωβ ⟨β|..eX4d†β = ⟨β|..eωβd†βe
X4 = ⟨β|eX4 ..d†βe

X4

eωβ ⟨β|eX4 β d†δ

eX ⟨δ| → ⟨δ|eX dγ eX |γ⟩ → e−X |γ⟩

N =⟨p|α⟩⟨β|eX4 |q⟩⟨r|e−X3e−X4 |γ⟩⟨δ|eX4eX3eX2 |s⟩tr
[
dαd

†
βdγd

†
δe

Z
]
,

Z eZ = eX4eX3eX2eX1

d/d†

Z|φ⟩ = ωφ|φ⟩

tr eZ =
∏

φ

∑
nφ=0,1 e

nφωφ =
∏

φ(1 + eωφ) = det(1 + ez) α,β, γ, δ

Z ωα d/d†

α = β ̸= γ = δ tr
[
(1− nα)(1− nγ)eZ

]

tr eZ (1 + eωα)
∑

nα=0,1(1− nα)enαωα = 1

γ (1 + eωα)−1(1 + eωγ )−1 det(1 + ez)



α = δ ̸= β = γ α = β = γ = δ

tr
[
dαd

†
βdγd

†
δe

Z
]
=
[
δαβδγδδβγ(1 + eωα)−1 + δαδδβγ(1− δαβ)(1 + eωα)−1eωβ (1 + eωβ )−1

+ δαβδγδ(1− δαγ)(1 + eωα)−1(1 + eωγ )−1
]
det(1 + eZ)

= det(1 + eZ)
[
δαδδβγ(1 + eωα)−1eωβ (1 + eωβ )−1 + δαβδγδ(1 + eωα)−1(1 + eωγ )−1

]
.

|α⟩..(1 + eωα)−1 = (1 +

eZ)−1|α⟩ δ ⟨p|..|α⟩⟨β|..|q⟩δαβ = ⟨p|..|q⟩

Spqrs =
det(1 + eZ)

det(1 + e−βH0)
×
[
⟨p|(1 + ex5)−1ex4 |q⟩ ⟨r|e−x3e−x4(1 + ex5)−1ex4ex3ex2 |s⟩

+ ⟨p|(1 + ex5)−1ex4ex3ex2 |s⟩ ⟨r|e−x3e−x4ex6(1 + ex5)−1ex4 |q⟩
]

Umn = ex4ex3ex2 = e−ihnτeihseihmt

U0 = ei(τ−t−s)h

e−βh0 = N/(1−N)

(1+ ex5)−1 = (1−N)(1−N +UmnU0N)−1 = (1−N)F−1 F = 1−N +UmnU0N

det(1 + ez)/det(1 + e−βh) = det(F )

p = n, ρ; q = n,σ; r = m,µ; s = m, ν

Smn
ρσµν = det(F )

[
⟨nρ|(1−N)F−1e−ihnτ |nσ⟩ ⟨mµ|e−ihseihnτ (1−N)F−1Umn|mν⟩

+ ⟨nρ|(1−N)F−1Umn|mν⟩ ⟨mµ|eihmtU0NF−1e−ihnτ |nσ⟩
]
.

H



Smn
ρσµν detF detF↑ detF↓

σ = ρ̄ µ = ν̄ ⟨nρ| . . . |nσ⟩

Scons
mn = det(F↑F↓)

∑

σ

⟨n|(1−Nσ̄)F
−1
σ̄ U σ̄

mn|m⟩⟨m|eiHσ
mtUσ

0 NσF
−1
σ e−iHσ

nτ |n⟩

Sflip
mn = det(F↑F↓)

{
∑

σ

⟨n|(1−Nσ)F
−1
σ Uσ

mn|m⟩ ⟨m|eiHσ
mtUσ

0 NσF
−1
σ e−iHσ

nτ |n⟩

+
∑

σ,σ′

⟨n|(1−Nσ′)F−1
σ′ e−iHσ′

n τ |n⟩ ⟨m|eiHσ
mtUσ

0 NσF
−1
σ e−iHσ

nτ |m⟩
}

H0

∑
σ

∑
σ,σ′



E

2p

T/T †



ε̂

|ψi,σi⟩ |ψf ,σf ⟩

ε̂ · ⟨ψf |r|ψi⟩δσi,σf .

L3 |ψi⟩ = |2p;m = −1, 0, 1⟩ |ψf ⟩ =

|3dx2−y2⟩ {px, py, pz}

⟨3dx2−y2 |x|2px⟩ = −⟨3dx2−y2 |y|2py⟩.

|2px,y,z⟩ |mℓ = −1, 0, 1⟩

|mℓ = 0⟩ = |2pz⟩, |mℓ = ±1⟩ = 1√
2
(|2px⟩± i|2py⟩)

η̂m ≡ ⟨3dx2−y2 |r|2pm⟩ =

⎧
⎪⎨

⎪⎩

0 (m = 0)

1√
2
(x̂∓ iŷ) (m = ±1)

|mℓ =

−1, 0, 1;σ = ↑, ↓⟩

|j,mj⟩



|3/2, 3/2⟩ = |1, ↑⟩

|3/2, 1/2⟩ =
√

1/3|1, ↓⟩+
√

2/3|0, ↑⟩

|3/2,−1/2⟩ =
√

2/3|0, ↓⟩+
√

1/3|− 1, ↑⟩

|3/2,−3/2⟩ = |− 1, ↓⟩.

|j = 1/2⟩

∼ L3 |j = 1/2⟩

|mℓ = ±1⟩

|mℓ = 0⟩

|1, ↑⟩ = |3/2, 3/2⟩

|1, ↓⟩ =
√

1/3|3/2, 1/2⟩

|− 1, ↑⟩ =
√

1/3|3/2,−1/2⟩

|− 1, ↓⟩ = |3/2,−3/2⟩

|i⟩ |f⟩

Ai→f =
∑

n

⟨f |Tf |n⟩⟨n|T †
i |n⟩

ω − En + iΓ
= ⟨f |TfGT †

i |i⟩,

T †
i Tf G ≡

(ω −H + iΓ)−1

σ mℓ



R

T †
i =

∑

R,m,σ

e−iqi·Rε̂i · η̂md†R,σpR,σ,m

Tf =
∑

R,m,σ

eiqf ·Rε̂∗f · η̂∗mp†R,σ,mdR,σ,

ε̂i(f) qi(f)

|j = 1/2⟩

T †
i =

∑

R

e−iqi·Rε̂i
[
η̂1
(
d†R,↑pR,mj=3/2 +

√
1/3d†R,↓pR,mj=1/2

)

+ η̂−1

(
d†R,↓pR,mj=−3/2 +

√
1/3d†R,↑pR,mj=−1/2

)]

Tf =
∑

R

eiqf ·Rε̂∗f

[
η̂∗1

(
d†R,↑pR,mj=3/2 +

√
1/3d†R,↓pR,mj=1/2

)

+ η̂∗−1

(
d†R,↓pR,mj=−3/2 +

√
1/3d†R,↑pR,mj=−1/2

)]
.

{R, j,mj} H

T †
i Tf

TfGT †
i

Tf T †
i R j

mj

Ai→f =
∑

R

ei∆q·Rχα,β⟨f |dR,αGd†R,β |i⟩,



χ↑,↑ = χ∗
↓,↓ =(ε̂f · η̂1)∗(ε̂i · η̂1) + (1/3)(ε̂f · η̂−1)

∗(ε̂i · η̂−1)

χ↑,↓ = χ↓,↑ =0.

χ↑,↑ = χ∗
↓,↓ η̂1 = η̂∗−1

χ

χ = χS + χA

χS =(χ+ χ∗)/2

χA =(χ− χ∗)/2.

Ŝz |↑, ↓⟩ ẑ

(χS)↑,↑ = (χS)↓,↓ =(2/3)
(
ε̂∗f · ε̂i − ε∗f,zεi,z

)
≡ χS

(χA)↑,↑ = − (χA)↓,↓ =− (i/3)ε̂∗f · (ẑ × ε̂i) ≡ χA

Ŝx |↑⟩ →

(1/
√
2)(|↑⟩ + |↓⟩) |↓⟩ → (1/

√
2)(|↑⟩ − |↓⟩)

χSd↑Gd†↑ + χSd↓Gd†↓ → χS

(
d↑Gd†↑ + d↓Gd†↓

)
.



χAd↑Gd†↑ − χAd↓Gd†↓ → χA

(
d↑Gd†↓ + d↓Gd†↑

)
,

|χS(A)|2

φ1

φ2 ẑ ε̂i = ε̂f = ŷ σ

ε̂i = cosφ1x̂+ sinφ1ẑ ε̂f = cosφ2x̂+ sinφ2ẑ π

χS χA

ε̂i ε̂f χS χA

σ σ 2/3 0

σ π 0 (i/3) cosφ2

π π (2/3) cosφ1 cosφ2 0

π σ 0 −(i/3) cosφ1

ε̂i
〈
|χS |2

〉 〈
|χA|2

〉

σ 2/9 (1/18) cos2 φ2

π (2/9) cos2 φ1 cos2 φ2 (1/18) cos2 φ1

|χS(ε̂i, ε̂f )|2 |χA(ε̂i, ε̂f )|2



Itotalσ =|χS,σ|2INSF + |χA,σ|2ISF

Itotalπ =|χS,π|2INSF + |χA,π|2ISF.

2 × 2
〈
|χS |2

〉 〈
|χA|2

〉

φi = −25.6◦ φf = 76.6◦

ε̂i
〈
|χS |2

〉 〈
|χA|2

〉

σ 0.22 0.003

π 0.010 0.045

.



14 24 41

2−x x 4

2 3 7



c

87 40



2 4

2 2 2 8+δ

2 4

0.5 1.5 4



1.8x 0.2 x 4

2 3 6+x

0.6 0.4 3



0.5 0.5 3

2−x x 4 2 4

2 2 2 8+δ

2 2 2 8+δ

2−x x 4





c

kz

2 2 2 8+δ



40 87

2 2 6+δ



1.8 0.2 4

2−x x 2 2

3 3

x 2−x 2 2

2 4 1.64 0.36 4

2 3 6.5



2 2 2 8+δ



2−x x 4

0.5 1.5 4

c

2 4


