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ABSTRACT

This thesis presents work on theoretical tools used to study transient and quantum-
fluctuating impurity potentials that arise in resonant x-ray scattering and ultracold
atomic gases. These tools fall under two main classes, functional determinants for exact
evaluation of many-fermion matrix elements, and the variational polaron transforma-
tion. The following work carefully introduces both approaches and compares theoretical
predictions to known experimental and computational results. In several cases this the-
sis presents arguments that experiments on high-temperature superconducting cup rates
must be reinterpreted in terms of a quasiparticle picture. Where no experimental data
exist, predictions are made and suggestions given for new uses for simple experimental
techniques. For example, indirect resonant inelastic x-ray scattering turns out to be
a versatile pseudo gap probe, and radio frequency absorption of a fermi gas with an

impurity can detect a repulsively-bound state.
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Introduction

Problems involving the behavior of an impurity embedded in a larger system, such as
a Fermi sea or a Bose superfluid, have a long history in condensed matter physics. In
addition to their practical importance they are a fertile source of toy models and test
cases for theoretical techniques. In this thesis I present several examples where I have
applied theoretical machinery with an “impurity physics” flavor to problems that (with

one exception) would not be considered impurity problems.



We begin with several chapters on the formalism of resonant elastic x-ray scatter-
ing (REXS) and resonant inelastic x-ray scattering (RIXS). Although the experiments
we seek to describe are performed on homogeneous systems, resonant x-ray scattering
inherently involves a transient impurity in the form of a hole left behind when an ener-
getic photon excites a core electron into a conduction band. In each of these chapters I
advance several goals in parallel.

First, I am interested in developing theoretical formalism to describe RIXS and
REXS. In all types of resonant x-ray experiments, experimental progress has far out-
paced theoretical analyses due to the rapid improvement of instrumentation. In fact, it
is only in the last fifteen years that has energy resolution has shrunk below 1 eV. Conse-
quently it is very common to find analyses of RIXS and REXS that attempt to exploit
analogies to other experimental probes. Unfortunately, such analogies often turn out
to be non-existent when one actually calculates the intensity of scattered x-rays. For
example, it is common in studies of direct RIXS to calculate the structure factor S(k,w)
in some proposed model and compare it to the RIXS intensity at momentum transfer
k and energy transfer w. As we will see, however, RIXS is not neutron scattering and
its intensity is not a structure factor.

Second, I want to find general qualitative patterns exhibited in resonant x-ray scat-
tering data and discover the intuitive theoretical reasons for these patterns. Such a
vocabulary of phenomena related to resonant x-ray scattering is of great interest to ex-
perimentalists who need to know how to interpret their data. It will also prove useful in
predicting what sort of information an experiment can, in principle, reveal. The work
presented in this thesis therefore addresses the question of what REXS and RIXS can do
that neutron scattering and ARPES cannot. One example of a pattern whose origin is

revealed by quantitative analysis, in chapter 1 I discuss the presence of peaks in REXS



data and relate it to nesting of isoenergy contours of the quasiparticle dispersion. An-
other, discussed in chapter 3, is a polarization-dependent shift in direct RIXS spectra
that turns out to come from the combination of a core hole potential and the Pauli
exclusion principle. It is important to realize that both these interpretations are not
only filling a void of intuition about resonant x-ray scattering. Rather, they supplant
extremely tempting interpretations that are apparently obvious — until one actually
performs a calculation of REXS or RIXS intensities. These prevailing interpretations of
data will be discussed in chapters 1 and 3. The content of chapter 2, on indirect RIXS,
is relatively uncontroversial as it attempts to provide guidance about experiments that
have yet to be performed and have not yet developed an orthodox opinion.

In contrast to the first two goals, which were related to bringing the field of resonant
x-ray scattering closer to maturity, the third goal of these chapters is to use REXS
and RIXS to answer questions about the high-temperature cuprate superconductors.
One major theme in the last decade of work on the cuprates has been the emergence
of experiments that in some respects they behave more like Fermi liquids than had
previously been thought. Most dramatically, magnetic oscillations experiments have
revealed incontrovertible signatures of a Fermi surface. This is not to say that the
cuprates are Fermi liquids (except at large overdoping), but rather that weakly-coupled
approaches may be a reasonable starting point for describing these materials, at least
as far as some experiments are concerned. It also must be remembered that strongly-
coupled models may yield effective weakly-coupled physics. In this thesis I will argue
that data from resonant x-ray experiments support a quasiparticle interpretation of
cuprate phenomenology. Having said that, REXS and RIXS remain in their adolescence,
each with only a handful of significant experiments that still have not nearly mapped

out the entire phase diagram. Despite my own opinions, my aim in this thesis is to



convince skeptics that a quasiparticle interpretation of cuprate experiments should not
be dismissed a priori as outlandish. I hope that future experiments, along with analyses
that calculate the scattered intensity itself and not some (assumed) proxy, will help to
settle debates about the cuprates.

After the discussion of resonant x-ray scattering, we continue in chapter 4 with a
treatment of the variational polaron transformation and its application to mixtures of
two atomic Bose gases. The polaron transformation is well known to most condensed
matter physicists. It is, however, not applicable for a wide range of parameters because
it is inflexible — it yields polarons with a constant shape. As shown in chapter 4, this
is not an inherent deficiency of the polaron transformation and a variational extension
of the method is fairly straightforward. Previous work has used a variational polaron
tranformation to analyze a single impurity in a bath, but to my knowledge such formal-
ism has never before been applied to a mixture, in which case the variational polarons
must be optimized self-consistently among many particles. It turns out, however, that
this procedure is actually not much harder than the single polaron case.

Finally, we conclude with the problem of RF absorption of a mobile impurity particle
in an ultracold atomic gas, in which only the final state of the impurity interacts with
the bath. This is the famous othogonality catastrophe problem of x-ray absorption, but
with a finite-mass particle rather than a static potential. After several transformations
we recast the problem as one of a single Hubbard-Stratonovich field and fermion bath
with a field-dependent potential. The thesis comes full circle when we exploit the
method of functional determinants previously used to describe resonant x-ray scattering
to integrate out the fermions. We thereby obtain an effective field theory of the Hubbard-
Stratonovich field that can be integrated analytically.

Before we proceed with the work described above, a brief summary of the different



types of resonant x-ray scattering will prove useful.

0.1 RESONANT X-RAY SCATTERING

Like any photon scattering experiment, resonant x-ray scattering involves an incoming
photon with momentum k;, energy w, and polarization 7;; and an outgoing photon with
momentum k; = k; — Ak, energy w — Aw, and polarization 7;. By conservation of
momentum and energy, Ak and Aw are the momentum and energy of excitations left
behind in the system. To appreciate resonant x-ray scattering, we must first briefly
consider non-resonant x-ray scattering. There the intensity of scattered radiation is

given by the first-order Thompson formula

Loy [(flpaxli)(ng - m)* §(Ef — Ei — Aw), (1)
f

where |i) and |f) are the initial and final electron states, with energies E; and Ey,
and p is the electron density operator. In addition to an uninteresting dependence on
the final state, the Thompson scattering formula is sensitive to the total density of
electrons and therefore receives its main contribution from core electrons by virtue of
their quantity. Resonant x-ray scattering is achieved when the incident photon energy
w is near the energy of a transition from a core state to an unoccupied state near the
Fermi level. Under this condition, the second-order amplitude of processes containing
an intermediate state, which exists transiently between absorption and re-emission,
with an added x-ray photoelectron above the Fermi level can exceed that of first-order
scattering. The resonance from this intermediate state is often sufficiently strong to

dominate the first order amplitude, whence straightfroward perturbation theory gives



the Kramers-Heisenberg formula for the scattered intensity:

2

I zf: Z <f|P(kf)E'n77f|72i<n|Z(—ki)|i> S(Ef — E; — Aw—il), (2)

where the new ingredients are the intermediate state |n), the core-hole decay rate I', and
the momentum operator (in first-quantized notation) p(k) =Y., pme *™=. Note that
the intermediate state energy F,, includes the interaction between valence electrons and
a core hole left behind by the photoexcited electron. Projecting out all but the resonant
contribution”, we have, up to a polarization-dependent prefactor (see Appendix E for

an explicit calculation),

2

oo 0 "
where T'(k) = >, e~ tkrm dlcm is a dipole transition operator in which ¢,, annihilates a
core electron and d}Ln creates an excited photoelectron at site m, that is, it is the creation
operator corresponding to a Wannier orbital at position r,,. For the case of multiple
excited bands, one must also sum over bands, with each band weighted by its own
dipole matrix element. We will not consider the case of multiple bands in this thesis,
although the formalism developed below extends in an obvious way. Although the core-
to-valence band resonance can amplify the intensity of second-order scattering by over
three orders of magnitude, this amplification does not suffice to make dipole-forbidden
resonant transitions detectable over Thompson scattering. Thus the only possibilities

we consider are those that are realized in experiments on the cuprates: 1s — 4p and

* . . . . .
A non-elemental material will have several possible core level resonances, but barring coin-
cidence their energies w will not overlap.



2p — 3d transitions. Finally, the core hole is generally immobile, so absorption and
re-emission must occur at the same site. This causes the Kramers-Heisenberg formula

to simplify to

2
_ dchln)(nldhicni
I i, (Fldmen " 6By - B - A 4
I LG
Having introduced the basic equation describing resonant x-ray phenomena, we now

discuss the different flavors of experiments.

0.2 REXS anDp DIrecT RIXS

In direct scattering, the resonance is chosen so that the core electron is photoexcited
to a valence band intersecting the Fermi level, or to a band just above the Fermi level.
The essential feature is that the electron is injected into the band in which most of the
interesting physics of the system is expected to occur. Although the distinction between
elastic scattering (REXS) (which is always performed under direct RIXS conditions) and
inelastic scattering (RIXS) is quantitatively a matter of adjusting Aw, they serve qual-
itatively distinct purposes. Fig. 1 shows the simplest possible RIXS process containing
only absorption and re-emission, i.e. with trivial transient state dynamics. The process
shown is inelastic because the photoelectron added to the system is more energetic than
the electron that re-fills the core hole. That is, a particle-hole excitation is added to the
system. It is also possible for the photoelectron to scatter during the transient state, a
process that also yields inelastic scattering. Similarly, one can have elastic scattering if
the photoelectron scatters elastically. This can occur if the scattering is due to period
order, such as a charge density wave. Therefore, with slight modification Fig. 1 also

describes REXS.



absorption re-emission

conduction
band

k, w w—Aw

Figure 1: Simple schematic of RIXS. A photon is absorbed, promoting a core electron to the con-
duction band. Subsequently, another conduction electron re-fills the core hole and emits a photon.



If we could ignore the core hole potential, we could drop the operators ¢/ and ¢
and absorb the constant core hole energy into w. Furthermore, |i) and |n) are, in this
case, eigenstates of the same valence electron Hamiltonian H. The matrix elements of
elastic scattering in this approximation correspond to a thought experiment in which
an electron is added to site m and some time later destroyed at the same site. To see

this more explicitly, we apply the identity

1_ > —itz
Z_/O et gt (5)

to the resonant denominator of the Kramers-Heisenberg formula to obtain

(ildimcin|n) (n|dhucml i) (ildm|n) (| i)
Z E,—E;, —w—1il %ZEn—Ei—w—zT (6)

n

=30 [ e B i ) iy e (7

n 0

_ / e T (e S ) (]l i) dt - (8)
0 n

= /Oo e“te M i|d, e~ ] i) dt, 9)
0

which is precisely the Green function at frequency w for an electron introduced to
site m to propagate back to the same site m, modified by a decay rate I'. To obtain
the REXS intensity, this Green function is squared, and then Fourier-transformed via
Yom e~ Akrm If these two operations, taking the square and Fourier-transforming,
could be commuted, REXS would, in the limit of no core hole potential, measure a
single-electron Green function as directly as angle-resolved photoemission spectroscopy
(ARPES) measures a spectral function. Although this is, of course, not possible, it

remains true that REXS is the Fourier-transform of some site-dependent quantity —



the squared frequency-dependent Green function for an electron created at that site to
be found later at the same site — and therefore translational symmetry breaking is a
necessary condition for a non-vanishing REXS signal. In fact, REXS can be thought
of as valence-selective diffraction, and has been used to detect charge and orbital order
in correlated materials. This qualitative picture is not changed much by the core hole
potential. The difference is that a core hole potential must be added to the Hamiltonian
H in the transient state propagator. However it remains true that only translational
symmetry breaking produces a signal at non-zero momentum.

While the primary purpose of REXS is to reveal properties of the ground state in the
form of translational symmetry breaking, direct RIXS measures the energy and momen-
tum of excitations. Two broad categories of excitation are possible. First, there can be
particle-hole pairs left behind by zeroth-order processes in which the core hole is filled
by an electron from an unoccupied state lower in energy than the excited photoelectron
state. Secondly, the photoelectron may interact with other valence electrons and create
an excitation. The range of excitations that direct RIXS can produce is very promis-
ing, but it is also a complication that has so far been unappreciated in the literature.
In this sense, indirect RIXS is superior because it decouples the photoexcited electron
from the excitations that it measures. However, it is wholly dependent of the core hole
interaction and does not exhibit the variety of direct RIXS. While the work in this the-
sis only explores direct RIXS and indirect RIXS separately, it would be interesting for
future work to examine to what extent indirect RIXS could complement direct RIXS as

a means of disentangling different contributions.
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0.3 INDIRECT RIXS

In this last form of resonant x-ray scattering the photon energy is tuned to a resonant
transition from a core level to a highly-dispersive band 10 eV or so above the Fermi
energy. In practice the interaction of an electron in this band with any other electron
can be neglected. Unlike the case of REXS and direct RIXS, in indirect RIXS the core
hole is indispensable as nothing else is available to excite the valence electrons. Since the
core hole behaves as a static potential in the intermediate state its main effect, and the
only one that will be discussed in this thesis, is to excite particle-hole “shake-up” pairs.
In a non-conducting system, where there are no low-energy particle-hole pairs, another
effect in which the core hole potential creates spin excitations via local modulation of
exchange interactions. Fig. 2 illustrates the formation of shale-up pairs in indirect RIXS

performed on a conducting system.

0.4 FUNCTIONAL DETERMINANTS

Finally, we introduce a versatile method for calculating expectation values in fermion
systems that underlies much of the work in this thesis. Here we will demonstrate a few
simple examples, giving a flavor of what is possible and building intuition for the mean-
ing of the formula. Chapters 1, 2, and 3 involve extensions of these basic formulas with
varying degrees of sophistication, while chapter 5 uses the simplest version but couples
it to field-theoretic techniques. Appendix A presents an ingenious method devised by
Israel Klich for applying functional determinants to more general Hamiltonians.
Consider a time-dependent problem starting from an initial many-body state |¥(0)),
which is an eigenstate of Hamiltonian Hy, which then time evolves under a different

Hamiltonian H;. This describes quench experiments in ultracold atom systems and the
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Absorption  Transient State  Re-emission

[ ] [ ] /
valence ® )
band Y 4

shake-up
e e /
;/ ;/ ;/
core
level —O0— — >0 —

Figure 2: Simple schematic of indirect RIXS. A photon is absorbed, promoting a core electron to
a higher conducting band. In the transient state, the positively-charge core hole scatters electrons
in the valence band. Finally, the photoelectron re-fills the core hole and emits a photon.
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transient state of resonant x-ray scattering, in addition to many other non-equilibrium

problems. Expectation values of operator X at time ¢ are given by
(X) (1) = (L ()] X e 1w (0)), (10)
which generalizes at arbitrary temperature T'= 1/§ to

o [giH1t x g—iH1t,—3Ho
B (1)

It is crucial to note that, as the expectation is with respect to a many-body state,
the traces above are taken with respect to many-body Fock space. Suppose, however,
that Hy and H; are quadratic (i.e. non-interacting) operators. We might suspect that
we are not dealing with a true many-body problem and that somehow formulas must
decompose into tractable single-body parts. As we shall see, such a decomposition is
possible and we can reduce Eq. (2.6) to an expression involving only single-particle
matrices. That is, we recast a trace over 2/V-dimensional Fock space into a manageable
operation (a determinant, as it turns out), in N-dimensional Hilbert space.

The precursor to all further determinantal formulas we shall derive is the denominator

of Eq. (2.6). Consider in general the Fock space trace
A=tr [ez] ) (12)

where Z = zijcjcj is a quadratic operator. Here and below, we use the convention that
lowercase, eg ‘z’, indicates the matrix elements of an operator, while uppercase, eg ‘2’
denotes the operator itself. The former can be thought of as a single-particle Hilbert

space operator simply by mapping it to a matrix (or equivalently, by projecting Z to the

13



single-particle sector of Fock space). This convention sacrifices some amount of clarity
for convenience, an acceptable trade-off given that the distinction between Z and z is
always obvious from context.

Suppose we have diagonalized Z as Z =), wacgca, where the basis {a} is obtained
from the original basis via a unitary transformation. The Fock space trace is much easier
to evaluate with respect to this basis, where it becomes the product of independent traces

over the 2-dimensional phase space — occupied or unoccupied — of each state «:

A =tr

exp(Zwacha)] = Z (H e“’“”“) = H Z ealte | = H(l + e“)

{na} a a na=0,1 «a

(13)

Finally, since the eigenvalues of z — the single-particle operator — are w,, it follows that

1+ e¥= are the eigenvalues of 1 4 e*. Hence
A = product of eigenvalues of 1 + e* = det(1 + €*) (14)

In addition to the aforementioned fact that this approach results in a relatively single-
particle expression, it has the additional virtue of yielding a manifestly basis-independent
expression. Therefore, though we appeal to the existence of a basis that diagonalizes Z,
we never need to know this basis.

A next level of complexity, and one that brings us significantly closer to calculating

the numerator of Eq. (2.6), is a trace of the form
B =tr [eZleZﬂ (15)

where Z; and Z5 are both quadratic. By the Baker-Campbell-Haussdorff lemma there

14



Z1 eZQ.

exists another quadratic operator Z such that e = e Explicitly, one has the

formula

1

13 (21 (21, 2a)) + [ 22, (22, Z4])) — 2*14[22, (21, [Za, Z4]]] - - -

(16)

1
Z =7 +ZQ+§[ZLZ2] +

which contains only terms involving Z1, Z», and commutators. Since the commutator of
two quadratic operators is quadratic, Z is also quadratic. Alternatively, since the space
of all quadratic operators is closed under commutation, it forms a Lie algebra, which
naturally maps to a Lie group via the exponential map. By the group property, e*!e*?
belongs to the group and thus it has the form e® for some z in the Lie algebra. Finally,
a common physical situation is where Z1 o = iH1 2 for Hermitian H; 2, in which case Z
exists simply because the product of unitary operators in unitary, hence the exponential

of i times a Hermitian operator. In any case, the previous result carries over:

B = tre? = det(1 4 ¢*) = det(1 + e*1e™). (17)
By induction, this works for an arbitrary product:

tr [eZleZ2 e eZ"] =det (14 e*e®...e™). (18)

These derivations form the foundation of the more-complicated determinantal formulas
we will encounter later. In fact, we apply Eq. (18) without elaboration in Chapter 2,
when we study indirect RIXS. In Chapter 1 on REXS and Chapter 3 on direct RIXS
we will insert non-exponentiated operators into the traces. Finally, in Chapter 5 we will

deal with interacting Hamiltonians.
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Resonant Elastic X-Ray Scattering and

Charge Density Waves in the Cuprates

1.1 INTRODUCTION

As discussed in the introduction, resonant elastic x-ray scattering (REXS) is a power-

ful technique for exploring strongly-correlated quantum materials %65, While neutron

16



and non-resonant x-ray scattering cross sections are dominated by the contributions
of nuclei and core electrons, REXS couples selectively to conduction band electrons
and is extremely sensitive to many-body correlations % 116:30,41,3,122,92,5,32,46,98,99,38 = foy
this reason one can think of REXS as “valence-selective diffraction.” However, this de-
scription may actually understate the versatility of REXS, for unlike traditional, non-
resonant, x-ray diffraction, REXS does not couple only to the charge density. Rather,
it couples to essentially any perturbation of valence electrons, and elastic (diffraction)
peaks in REXS accompany many types of translational symmetry breaking, including
those such as orbital order that do not entail charge order. As an example of the extent
of the resonant behavior, in the case of the oxygen K edge in LBCO and LSCO the
cross section for charge carriers is four orders of magnitude greater at resonance than

99

away from resonance Further promise of REXS comes from its ability to study a

wide class of materials, including those available only in small samples and those with

98,97,99

buried interfaces This is in stark contrast to neutron scattering, which due

to small cross sections generally requires large single crystals for samples. REXS has

116,30,41

recently been used to observe orbital order in manganites and ruthenates'??,

hole crystallization in spin ladders®, and charge order in cuprates®3%3%  nickelates”?,

and manganites®%7°.

Although qualitative interpretation of REXS data has already provided valuable in-
sight into a variety of strongly correlated materials, detailed quantitative understand-
ing of these experiments is still lacking, and there exist no reliable tools for connecting
measured REXS spectra to microscopic models. It is obvious that an elastic peak at
momentum Q implies some sort of ordering with wavevector Q, but aside from this few

attempts have been made to extract information from REXS spectra. As an example of

REXS data (examined in detail below), consider in Fig. 1.2 data from Ref. [5] showing

17



valence
band

O
* CDW scatters * k*Qepw
electron

4]

core level

Figure 1.1: Outline of REXS experiments for detecting charge density wave order. A photon is
absorbed, exciting a core electron to the valence band. This photoelectron is scattered elastically
by the charge density wave potential, imparting a momentum Q. The photoelectron re-fills the
core hole and a photon is re-emitted. The process imparts a momentum —Q to the scattered pho-
ton.

the REXS intensity as a function of incident photon energy w taken at the constant
momentum — the charge density wave wavevector of underdoped LBCO, given by the
peak in momentum space. Data are shown for two resonances, one for each type of
atom, copper and oxygen, in the CuQO, conducting layers. The obvious question is: why
are there two peaks in the oxygen spectrum? However, one should also wonder what
their separations and relative heights mean, and why the copper resonance exhibits only
one peak. Furthermore, one should wonder why there need be any peaks at all! Due
to (too much) experience with non-resonant x-ray scattering and absorption, it is usu-
ally assumed that the lower-energy peak comes from the Fermi edge. However, there
is no reason to believe that resonant x-ray scattering at a particular momentum has
analogous phenomenology. In fact, we will see below that neither peak is related to the

Fermi level.
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Figure 1.2: REXS data, intensity versus incident photon energy at constant momentum, from
underdoped LBCO?® exhibiting non-trivial peak structure.

Up to now, most efforts to interpret resonant x-ray diffraction (RXD) experiments
have adapted the use of atomic form factors from x-ray crystallography %4632 The
form factor concept assumes optical locality, which is valid for ordinary x-ray diffrac-
tion where immobile core electrons dominate, but breaks down in the resonant case if
valence states are delocalized. Some authors have attempted to account for this nonlo-
cality by defining the form factor in terms of a cluster, rather than a single atom 3.
But even this approach should break down if valence states are propagating quasipar-
ticles. Basically, the form factor approach assumes that electrons can not move and
behave as static dipole oscillators, a dubious approximation when dealing with con-
ducting materials. Recent work of Abbamonte et al.* showed that neglecting the finite

lifetime of core holes and interaction of conduction electrons with core holes allows one

to relate REXS spectra to the local electron Green’s function measured in STM. How-
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ever, these neglected effects are expected to play an important role and it is not clear
how accurately such a simplified analysis can explain REXS spectra in real materials.
An approach based on the Bethe-Salpeter equation®® captures excitonic effects of the
core hole but ignores the full many-body character of the core hole-Fermi sea interac-
tion, including the orthogonality catastrophe. The state of affairs in REXS should be
contrasted to the more established probes of conduction electrons, ARPES?%67:18 and
STM 33:48,72,110,49,119 " where it is often possible to read off spectral functions directly
from measurements, facilitating the comparison of theoretical models with experimen-
tal results.

In this chapter we present the first microscopic model of REXS in systems with charge
order in the conduction band, such as striped high-T. cuprates!03119:48,55,73,112,14,120
We develop a theoretical approach that allows us to analyze REXS spectra in the case
of itinerant conduction electrons and include realistic band structures. Our formalism
treats exactly excitonic effects and the orthogonality catastrophe arising from the in-
teraction of conduction electrons with core holes as well as finite lifetime of core holes.
We show that the two-peak spectrum observed in experiments at the O K edge of
Lai.g75Bag 125Cu04 3% can be explained by dynamical nesting of the “standard” band
structure of cuprates (see Figures (1.3) and (1.4)). We find that interaction of conduc-
tion electrons with the core hole changes the spectrum significantly. For a physically
reasonable core hole potential we obtain quantitative agreement with the experimental
data on underdoped Laj g75Bag.125Cu0, (LBCO) near the 1/8-anomaly® (similar spec-
tra were observed for Laj g ,Eug2Sr,CuO4(LESCO) in®?). Our results suggest that
REXS at the O K edge can be directly connected to the known quasiparticle band

structure, providing a new, bulk-sensitive measure of the spectral function that is com-

plementary to ARPES and STM techniques.
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This chapter is organized as follows. We develop a general formalism for analyzing
elastic REXS in systems with charge order in the conduction band. We then apply our
formalism to the period-4 charge modulation of underdoped cuprate superconductors.
We give a simple qualitative disccussion of the calculated spectra and compare them to

experiments.

1.2 THEORETICAL FORMALISM

Following Ref. [4] we consider an effective single band model describing resonant ab-

sorption and emission of photons

Hiw = Z V(k, )\) (d;cjakM\eik'r + h.C.) (1.1)

JKA
Here c¢; and d; are annihilation operators of electrons on site j in the core orbital
and conduction band respectively, ay ) annihilates a photon with momentum k and
polarization € y, and V(k, \) are matrix elements whose precise form is not important

to us. Resonant scattering is a second order process in Hiyg

2

- 5 Yt

Here [i) is the initial state of the system with N electrons in the conduction band, no
core holes, and one incoming photon with momentum k;; |n) is the intermediate state
with one core hole and one extra electron in the conduction band, and no photons; | f)
is the final state with the core levels filled again, N electrons in the conduction band
and one outgoing photon with momentum k. F; and E,, are energies of the initial and

intermediate electron states, respectively. Note that the latter includes the potential of
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the core hole. I' is the decay rate of the core hole, including radiative and non-radiative
processes. We focus on elastic scattering by ordering wavevector Q where we can take
|f) = i) and ky = k; + Q.

Because the core hole is immobile it must be re-filled on the same site j on which it
is created and it may be subsumed into a static potential that acts on the conduction
electrons of the intermediate state. The core hole contributes the trivial matrix element
(1\0}]0) (0|¢j|1) =1 and we can perform the same manipulations as in the introduction
to pass from the energy domain to the time domain, which is convenient since transient

state eigenstates are not eigenstates of Hg.

2
(ildjo|n) (nldl, i)

Iw,Q) x Z e QT

Jn,o
2

=[S erian [T et ar (1.4)
; 0
Jo

where Sj,(t) = (i\djge_iHl(j)td}Je_iHot]i). Without a core hole potential, Hi(j) = Hp
and Sj,(t) reduces essentially to the retarded Green’s function®. Here the matrix ele-
ments and operators refer only to the conduction electron Fock space. If we measure
photon frequencies relative to the difference between the chemical potential of the con-
duction band p and the energy of the core state electron ., w' = w — (u — &), we can

set F; = 0 so that Hpli) = 0. The intermediate states |n) are eigenstates of
Hl(j) :Ho-f-U(I'—I'j), (15)

where U is the potential due to the core hole at site j and Hj is given in the grand

canonical ensemble. Equation (3.2) also applies to a thermal ensemble at temperature
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T =1/, provided that we use

tr [ dje= il e~

tr [e=AHo]

Sja(t) =

We stress that the trace here is taken with respect to Fock space.

We emphasize that equations (3.2) - (1.6) are very general and apply for an arbitrary
interacting Hamiltonian of conduction band electrons Hy. While Eq. 1.6 was formulated
for the single band case, it can be generalized to the multi orbital case by adding
orbital indices to electron operators and restoring orbital-dependent matrix elements for
absorption and emission. In the remainder of this chapter we will limit our discussion
to the model of non-interacting electrons. This simplifying assumption is justified as
long as the lifetime of electron states in the conduction band is longer than the lifetime
of the core hole I'"! (see also the discussion below).

The trace in Eq. (1.6) is reminiscent of the orthogonality catastrophe of x-ray ab-

68,79 and the Fermi edge singularity of mesoscopic transport*?. It expresses

sorption
the many-body overlap of the initial Fermi sea with the perturbed Fermi sea that time
evolves under H; and the single-particle dynamics of the extra electron injected into
the conduction band at site j. It is of the same form as the elementary formulas we
examined in the introduction, but with the insertion of one electron creation operator
and one annihilation operator. As mentioned above, the functional determinant for-
malism extends to the case of fermion insertions with no great difficulty or increase in

complexity *°7. Leaving the derivation of this generalized formula to Appendix C, we

obtain

~ -1
N . AN\ 2 .
S;(¢) = det ((1 —N)+ e*zhlfN) <1NN + e”“t> : (1.7)
Jj
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where N = (1 4 exp(Bho))~". (As a reminder, we use throughout this thesis the con-
vention that lowercase letters denote the matrix elements corresponding to a quadratic
many-body operator, denoted in uppercase). The determinantal factor corresponds to
the many-particle dynamics of the Fermi sea and is squared due to the presence of two
spin species regardless of the spin of the photo-excited electron. One can interpret it
as follows: the argument inside the determinant is an operator that time-evolves only
those states that are initially occupied, and taking the determinant computes an over-
lap of Slater states. The matrix element part corresponds to single-particle dynamics
of the intermediate photoelectron. It is a local Green’s function for propagation of a
single electron from site j to site j, modified by the Pauli-blocking term N/(1 — N).
For period-p order, one needs to sum over p inequivalent sites j. The determinant can
be evaluated efficiently for a finite system, converging by a system size of 25 x 25 (an
average personal computer can handle system sizes of 40 x 40 in less than an hour).
Egs. (3.2) and (1.7) constitute a convenient formula for calculating REXS spectra in the
approximation of noninteracting electrons. They treat exactly interaction of electrons

with the core hole potential and finite lifetime of the core hole.

1.3 REXS OF CUPRATE SUPERCONDUCTORS

Before we apply the above formalism to the cuprate superconductors, it is worth men-
tioning previous attempts to interpret the data presented in Fig. 1.2. This summary is
necessarily rather brief — despite the significance of these data as the first direct proof
of CDW order in the cuprates, there was no serious quantitative analysis of them for
eight years, when the work of this chapter was done. There was, however, a somewhat

hand-waving interpretation, which was to ascribe the two peaks in Fig. 1.2 to the lower
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and upper Hubbard bands. The fact that these peaks occurred not in absorption, but
in REXS at a non-zero CDW wavevector Q, would imply some translational symme-
try breaking related to this Mott insulating physics, and thus the idea was that the
samples in question exhibited “spatially-modulated Mottness.” Due perhaps to the lack
of any better explanation, most of a decade passed before an obvious problem with
this explanation was pointed out in the literature: the separation between peaks in the
REXS experiments on LBCO and LESCO is slightly less than 1.5 eV, while the smallest
Mott gaps in cuprates are around 2.0 eV. In particular, x-ray absorption data performed
on the same samples do not contain two peaks separation by a gap matching that of
REXS. In addition to this inconsistency, one could also point out that in the cuprates,
Mott-Hubbard physics is primarily related to double occupancy of a copper site, and
thus in a model of spatially-modulated Mottness one would expect the copper REXS
resonance to show a more pronounced double peak structure than the oxygen resonance,
in contrast to the actual data. Given what were, in our opinion, fundamental defects
of this interpretation, we wondered how well a simple quasiparticle model could explain
the data.

We apply Egs. (3.2) and (1.7) to charge order in an effective one-band model of the

cuprates

Ho =Y gdh + V'Y (dl g + didira) - (1.8)
k k

Eq. 1.8 is a mean-field description of a state with charge order®329:44112,93,117.71 1¢

provides a phenomenological description of charge ordered states regardless of its mi-
croscopic origin. Possible mechanisms may include electron-electron interactions, in

120,91

which case charge order is often referred to as stripes , or it may be due to nesting
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Figure 1.3: Calculated REXS spectrum for period-4 charge order for the canonical cuprate band-
structure (parameters given below Eq. (1.8)) and core hole potential Uy = —250 meV. Horizontal
axis shows shifted energy w’ of scattered photons, where w’ = 0 is the energy required to excite

a core electron to Ey in the absence of a core hole potential, vertical axis is intensity of elastic
scattering (arbitrary units). Squares give experimental data for LBCO from Ref. [5]. Note that
the position of the first peak is not Ey. It is determined by both the dynamic nesting and the core
hole potential.

of the Fermi surface and electron-phonon interactions %929,

We use the tight-binding dispersion {x = — )", e™®Tt. — 1 and parameters t,0) =
340, t(1,1) = —32, t(2,0) = 25, t(2,1) = 31 meV characteristic of LBCO%. For simplicity
we ignore k, dispersion, which would at most smear energy peaks by an amount ¢, <
50 meV%. Figure (1.3) presents a REXS spectrum for a contact core hole potential
Ulr—rj) = Uodr,r;- We have also calculated spectra using Yukawa potentials of various
ranges and found similar results (see appendix B). We have chosen a realistic core hole
lifetime I" = 250 meV.

Figure 1.3 shows calculated intensity of REXS as a function of initial photon energy.
The two peak structure of the spectrum is in good agreement with experimental find-
5,32

ings”>*. There is a simple physical argument which shows that the two peak structure
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is a robust feature of the canonical band structure of high Tc cuprates. Let us consider
the simplifying limit of zero core hole potential. In this case the intermediate eigenstates
are obtained by adding an electron in some eigenstate |¢) of Hp to the Fermi sea, and

the energy domain expression Eq. (1.3) reduces to

2

(1 —nr(Ey)) [(9l7)I*
E;— Eg+w+il/2

I(w,Q)ox |y e AR (1.9)
3
Unoccupied states ¢ contribute strongly when their energy is in resonance and the
Fourier transform of their density at wavevector Q is large. In the presence of a CDW
potential, Bloch states separated by wavevector Q hybridize to form eigenstates with
non-trivial density. This occurs most readily when y, {ktq are nearly degenerate. The
REXS intensity at energy E comes from points on the surface of constant energy F
that are separated by wavevector Q®3. Usually these are isolated pairs of points, but at
certain energies the surfaces are nested so that sections separated by Q move in parallel
(see Figure (1.4)). At these energies there is a large density of hybridized states. This
is the phenomenon of dynamic nesting. While Fermi surface nesting, which is just
dynamic nesting at £ = Ey, is uncommon, dynamic nesting is a generic consequence
of symmetry. Consider the two-dimensional cuprate Brillouin zone and period-4 CDW
wavevector Q = (7/2,0). Any Bloch state |k) on the lines k, = —7/4 and k, = 37 /4 is
degenerate with |k + Q). Constant energy contours with segments tangent to the line
k, = —7m/4(—3m/4) also have segments tangent to k, = w/4 (37/4); these symmetry-
equivalent segments are dynamically nested. Fermi surface nesting is not generic because
there is no particular reason why the particular contour £ = E should be tangent to
the lines (or, in three dimensions, a plane). Dynamic nesting, on the other hand, occurs

when some energy contour is tangent to the lines. For our choice of LBCO hopping
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Figure 1.4: Dynamic nesting in the cuprate band structure. Nested segments of the & = Ef +
0.12 eV and E = E; 4 1.49 eV contours are shown in blue and red. The Fermi surface is shown in
black. The lines k, = —3n /4, —7n/4,m,4,3mw/4 (dashed) are a visual guide.

strengths the energy contours exhibiting dynamic nesting correspond to energies 0.1 eV
and 1.5 eV above the Fermi level- which are separated by nearly the same amount as
REXS peaks. The small discrepancy is due to the tendency of the core hole potential
to widen the distance between peaks and vanishes when we set Uy = 0 (see appendix
B).

A simplified model neglecting the core hole potential explains the spectrum and its
two peaks qualitatively but does not give the correct relative weights of the two peaks.

Including the core hole potential yields quantitative agreement with experiments. The
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core hole potential has a weak effect on the energy separation between the two peaks
but dramatically decreases the intensity of the high-energy peak. A core hole potential
strength Uy = —250 meV, which is reasonable for a screened core hole interacting
with conduction electrons, reproduces the experimental ratios of peak intensities. A
non-physical repulsive core hole decreases the intensity of the low-energy peak. The
discussion of Ref. [4] connecting the REXS spectrum to the electron spectral function
thus remains largely accurate in the presence of a weak core hole potential. However,
strong core hole potentials yield spectra with qualitative features, such as a lack of a
high-energy peak, that give misleading conclusions in analyses based only on the spectral
function. For example, we attribute the absence of a second peak in REXS at the Cu
L3 /o edge® to a strong Cu core hole potential. The spectrum is robust to changes in
the core hole lifetime I', which broadens the peaks, and the CDW strength V', which
scales the overall intensity. Small changes in the hopping strengths have little effect;
multiplying them by a uniform factor affects the distance between peaks.

Our calculations provide the first quantitative explanation for the two peak struc-
ture observed in LBCO and LESCO °3?. An earlier interpretation of the two peaks
as arising from the lower and upper Hubbard bands, the so-called “spatially-modulated
Mottness”, was not supported by quantitative analysis. Moreover, a separation of ~
1.9 eV between peaks is found in x-ray absorption spectroscopy (XAS) of LBCO and
LSCO®°. According to the lower/upper Hubbard band interpretation, in which be-
tween peaks there is a gap, the separation between peaks in REXS must be at least
as large as the separation in XAS. Thus we think that dynamical nesting of the band
structure provides a more natural interpretation of the two peak structure observed in

LBCO and LESCO.
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1.4 DISCUSSION

We now comment on the specific values of the band structure that we used in our
analysis. Ab-initio LDA calculations on LSCO give t(; gy = 430, t(11) = —40, t(209) =
30, t2,1) = 35 meV % while fitting of the ARPES spectra gives ta,0 = 250, t1 1) =
=25, t(2,0) = 20, t(2,1) = 2859, The ratios among tight-binding parameters are nearly
identical for both cases, so the band structure is well-known up to an overall truncation
factor. The two peak character of the REXS spectra appears for both band structures
with nearly the same relative intensities of the two peaks. We find that taking either
the LDA or ARPES dispersions gives peaks separated by 1.7 and 1.3 eV. We obtain the
best fit to REXS data by choosing parameters halfway between the two. We point out
that it is not so surprising that band structure obtained from the ARPES data does
not provide the best agreement with the REXS spectra. ARPES data only exist within
200 meV of the Fermi surface®', where the renormalization effect due to interactions is
strongest, while we are interested in features at much higher energy. Additionally, it has
been suggested that ARPES tends to underestimate electron dispersion relative to x-
ray experiments®’%. Another important issue is our approximation of non-interacting
electrons. The key quantity entering our analysis is a generalized propagator (1.6) .
The effect of many-body correlations is to introduce decay of an electron into other
excitations, but as far as the Green’s function is concerned this simply contributes an
imaginary part to the electron’s self-energy (we assume that the effective one-band model
we use has already incorporated renormalization via the real part of self-energies). Fur-
thermore, if the decay of the electron is slow compared to the decay of the core hole, any
broadening introduced by electron interactions will be hidden within the width I". Con-

versely, if the electron decays very rapidly, REXS peaks will be broadened into oblivion.
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Therefore, the presence of peaks in an REXS spectrum puts an upper bound on the
imaginary self-energy and implies that excitations resemble well-defined quasiparticles.
Thus REXS, which probes high energy excitations, complements magnetic oscillation

65,31,111

experiments , which have given evidence for well defined quasiparticles close to

the Fermi energy.

1.5 OUTLOOK

We have developed a microscopic model of REXS that takes into account the itinerant
character of conduction band electrons and excitonic effects. We showed that a simple
physical picture of dynamical nesting found in the canonical band structure of cuprates
gives rise to a two peak structure, while the core hole potential is necessary for quantita-
tive agreement with the data. Our analysis shows that even at high energies electronic
excitations behave like sufficiently well-defined quasiparticles described by the canonical
band structure.

Beyond providing a general framework for interpreting experimental data, our anal-
ysis also points to specific measurements to be made. Recent work on charge order in
underdoped YBCO?®, which was performed at energies corresponding to Cu L edges,
could be repeated at the O K edge. We would expect to find, as in LBCO, a two-peak
energy dependence with peaks determined by band structure. Another prediction of
our formalism is that REXS should be able to distinguish between uniaxial and biaxial
(or stripe and checkerboard in the case of cuprates) order. In the latter case, coexisting
Fourier components at wavevectors Q, and Q, generate a harmonic Q, + Q,. REXS
measurements at this wavevector should exhibit a peak at energy determined by its

corresponding dynamic nesting.
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Indirect RIXS and the Cuprate

Pseudogap Phase

2.1 INTRODUCTION

Unlike the cases of REXS, where we saw that over-reliance on the analogy with non-

resonant x-ray scattering can be misleading, and direct RIXS, where we will see the
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pitfalls of a tempting analogy to neutron scattering, there is no obvious naive compar-
ison to be made with indirect RIXS. Unlike the other probes, in which the presence of
the core hole potential is a complication, indirect RIXS relies on the core hole. As there
is no other way in condensed matter physics (ouside of ultracold atoms) to introduce
a transient local potential, indirect RIXS has not been inaccurately pigeonholed as the
other techniques have. For this reason, this chapter need not focus on clarifying mis-
conceptions about indirect RIXS, of which there are no notable ones, and will instead
focus on proposing experiments. Of course, the other side to the lack of facile compar-
isons is that it is not generally known what one should do with indirect RIXS, hence
little experimental and theoretical work has been done in this area. In this chapter we
put forward a very simple idea: since indirect RIXS measures the spectrum of particle-
hole pairs, it must be sensitive to any perturbation that reconstructs the Fermi surface.
In other words, one should be able to use indirect RIXS to detect essentially any or-
der parameter. As a concrete example we will consider the case of the pseudogap in
the high-temperature cuprate superconductors. This choice has two great advantages.
First, the pseudogap energy scale is very large, as much as several hundred meV, and
is therefore not limited by current resolutions of 50 meV or so. Second, it is unknown
what type of order (or orders) produces the pseudogap, which permits us to test our
formalism on several types of order without veering into irrelevant speculation.

The state of the underdoped cuprates above the superconducting transition tempera-
ture is an outstanding puzzle in the field of high-temperature superconductivity. Many

different types of order 102,56,86,21,55,77,107,112,14,11,25,35

have been hypothesized to coexist
or compete with superconductivity and to explain pseudogap behavior in which the den-
sity of states is depleted around the Fermi energy. These potential phases are difficult

to detect because, with the exception of charge density wave (CDW) and spin density
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wave (SDW) in certain cuprates at specific dopings, they exhibit dynamic fluctuations

and spatial inhomogeneity®>%".

These fluctuations smear the signatures of potential
order parameters and render them undetectable by quasistatic probes that effectively
average over time scales longer than those of fluctuations. Resonant inelastic x-ray
scattering (RIXS) can overcome this obstacle because its time scale is bounded by the
finite lifetime (roughly (250 meV)~! ~ 1fs) of an intermediate state core hole due to
Auger decay and other processes. Essentially, RIXS can take instantaneous snapshots
of fluctuating short-range order. However, there exists little theory for RIXS in systems
with itinerant electrons; in particular, it is not clear how RIXS can be used to probe
competing orders, such as those that appear (and are hypothesized to exist) in the
normal phase of the cuprate superconductors™. In this chapter we show that indirect
RIXS, in which one measures the effect of a positively-charged transient core hole on the
valence band Fermi sea, is sensitive to changes in the particle-hole excitation spectrum
induced by many of the most commonly considered order parameters proposed for the
peudogap phase. We show that it is possible to detect and distinguish different order
parameters, for example charge density waves, antiferromagnetism, and the hypothe-
sized d-density wave?'. We derive a formula for indirect RIXS in systems with itinerant

electrons, accounting exactly for the core hole potential acting on valence electrons.

2.2 THEORETICAL FORMALISM

In indirect RIXS a photon is absorbed and causes a transition of a core electron to

an excited band above the valence band, leaving behind a positively-charged core hole.

“Partial exceptions to this statement include our previous work*® on direct RIXS, which did
not consider ordered states, and an analysis of direct RIXS™ that considered different pairing
order parameters.
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In the cuprates, the most commonly-used transition is 1s — 4p. The excited band
is generally weakly-interacting; in cuprates this occurs because it is derived from a
delocalized 4p orbital. Thus the excited electron does very little in indirect RIXS except
re-fill the core hole and emit a scattered photon. The interesting action is the effect
of the core hole on the electrons in the valence band, which in a conducting system is
to generate particle-hole “shake-up” pairs. When one measures the energy difference
Aw and momentum difference Aq between the incident and scattered photons, one is
measuring the dispersion of shake-up pairs. The spectral weights of shake-up processes
at different energy and momenta reveal the joint density of states of particles and holes,
which in turn sheds light on quasiparticle dispersions modified by different types of
order.

The intensity for incident x-rays of momentum q; and energy w; to be scattered into
outgoing momentum qy = k; + Ak and energy wy = w; — Aw is calculated from the

familiar Kramers-Heisenberg formula %

2

I oczf: 3 Tl (T} 3(E; — E; — Aw), (2.1)

w; + B, — E; 4+

n

where [i(n, f)) are the initial (intermediate, final) states with energies Ej, ), 1/T'
is the lifetime of the intermediate state core hole, and Tt = Yom eqi'Rmsmp:rn, T =
Yo e~ % Rm s:rnpm are transition operators. This notation reflects the 1s — 4p indirect
RIXS in the high-T. cuprates. We assume momentum-independent dipole matrix ele-
ments and leave polarization dependence implicit*. The attractive potential due to the

78,12

core hole is most easily accounted for by switching to the time domain , where we
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have

Io(zez’Aq.(Rn—Rm)/ ds/ dt/ dretilt—T)—isdw—T(t+7) g (2.2)
m.n —00 0 0

where

S, = <ez’HOTpn6—iHnTpLQngspmeiHmthne—iHo(t+s)> . (2.3)

Eq. (2.3) is a Keldysh-like integral describing the history of absorption and emission
events separated by time evolution operators. Since the core hole is immobile and has a
constant energy that can be absorbed into w; we are able to remove via H — Hy,(,,) =
Ho+Viu(n), where Hy = Hq+ H), is the Hamiltonian of valence d electrons and the p band
and V,, is the potential due to the core hole at site m that acts on valence electrons. As
the 4p band is highly dispersive we assume that 4p electrons do not interact with the core
hole or the valence band; this is the usual “spectator” approximation'%”. Therefore, the
d and p bands are separable and the 4p contribution to Eq. (2.3) reduces to a product

of Green functions:
Smn _ GZ”(T)Gng(—t) <einTe_in’"Teinsein’mte_iHO(t+s)> 7 (2.4)

where G (t) = (0[pn (£)ph(0)|0) is an easily-calculated single-particle quantity. We note
that by Eq. (3.2) Sy, is measurable as the Fourier transform of the intensity. Given
the form of S, as a Keldysh-like correlator it is intuitively clear that it may reveal the
real-space structure of H. We will discuss this point further below.

Following a recent analysis of direct RIXS'? we treat the valence band as a system
of non-interacting quasiparticles, which is valid when the quasiparticle lifetime is long

compared to the core hole lifetime 1/T". In the cuprates I' > 250 meV, which exceeds
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quasiparticle widths even quite far from the the Fermi surface. Many-body averages of
products of exponentiated quadratic operators such as in Eq. 2.4 have been discussed in
numerous works®®%57:%12 " The standard formula (e?) = det [(1 —N)+ ezN], where
uppercase ‘Z’ denotes a quadratic many-body operator and lowercase ‘z’ denotes its

matrix elements Z = djzijdj and N is the Fermi occupation operator, gives

Sty 5,7) = G (7)GI™ (—t) det [(1 - N) + eithe*ihd,nfeihdseihdwmte*iho<t+S>N] :
(2.5)
where N = (1+ eHO/k'BT)_l and Hyg = d;f (ﬁd>z‘j d;. To handle spin, we let m — (m, o)
represent a combined site and spin index and replace the basis {i} of Wannier orbitals
with a spin-Wannier basis {(¢,0)}. The above determinant formula requires a quadractic
Hamiltonian of the form H = djhdj. We map singlet pairing Hamiltonians with terms
of the form d%di to the necessary form d$d | via a particle-hole transformation dI —dy.
The 4p Green functions in Eq. (2.4) appear to complicate the analysis of indirect RIXS
but in fact simplify it by restricting the number of particle-hole excitations caused by
the core hole. Because the 4p band is highly dispersive the same-site Green function
G;m(t) decays very rapidly — it is unlikely that a 4p electron created at site n will re-
turn except after very brief times. Therefore the time intervals associated with ¢ and 7
are effectively truncated much more than by the core hole lifetime alone. This makes
numerical integration less computationally expensive, but more importantly dramati-
cally reduces the contribution of processes in which the core hole potential generates
multiple particle-hole “shake-up” pairs. Therefore (see below) indirect RIXS spectra
can be interpreted in terms of single shake-up pairs and are not dominated by com-

plicated processes involving multiple shake-ups. A common source of confusion is the
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assumption that short intermediate state timescales ¢ and 7 imply poor energy resolu-
tion. However, the times ¢ and 7 are conjugate to the incident photon energy w;, and
indeed spectra are virtually featureless as a function of w;. However, the energy transfer
Aw is conjugate to the time s, during which there is no core hole and no 4p electron.
Hence resolution of Aw is limited only by instrumental resolution. This preserves the

dispersion information of Aw vs. Ak that is fundamental to RIXS.

2.3 MAaAIN RESULTS

We are interested in whether indirect RIXS distinguishes different types of short-range
order in hole-doped cuprates, particularly those that are hypothesized to exist in the
pseudogap phase of underdoped cuprates above T,.. In order to exploit the determinantal
formalism, which requires a quadratic Hamiltonian, we will treat these orders as mean-

field additions to the band structure Hamiltonian

Hy = Z 6degdk,av (2.6)
k,o

For concreteness we will use a single-band tight-binding dispersion

ek = — 2t1(cos(ky) + cos(ky)) — 4ta cos(ky) cos(ky) — 2t3(cos(2k,) + cos(2ky))

— 4t4(cos(2ky) cos(ky) + cos(ky) cos(2ky)) (2.7)

with parameters fit to ARPES data: (t1,t2,t3,t4) = (126,—36,15,1.5) meV for Bi-
221299, We assume an attractive contact potential V,, = —U, > dingdmg for the core

hole, with U. = 5.0 eV!0%106 To Hy we add charge density wave (CDW), d-density
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Figure 2.1: Indirect RIXS intensity (arbitrary units) versus momentum over entire Brillouin zone
for underdoped Bi-2212 described by Hamiltonians Hy (upper left) and mean-field Hamiltonians
(clockwise from upper right): Hy + Hepw, Ho + Hppw, and Hy + H 4, with mean-field per-
turbations of amplitude Vepw,ppw,ar = 100 meV. Spectra are measured at energy transfer
Aw = 100 meV and incident photon energy w at the 4p threshold. Here and elsewhere in this
chapter black denotes zero intensity and bright red denotes maximal intensity.
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wave, and antiferromagnetic (AF) orders:

Hepw = Z VCDWdL,_Qdk (2.8)
k

HDDW = Z VDpw(k)dLJerk (2‘9)
k

Har = Z Var [d;chrQ,Tdk,T - dI{+Q7¢dk,l, ) (2.10)
k

where the ordering wavevectors are Q = (27/4,0) (CDW), Q = (w,w) (DDW), and
Q = (m,7) (AF), and Vppw (k) = Vppw (cos k, —cos k). We restrict our attention here
to period-4 commensurate CDW order, but the qualitative features of the RIXS signal
we present below are not specific to this wavevector. The form of Hsp in Eq. (2.10) is
that of an alternating sublattice magnetization, which could occur in cuprates if residual
local antiferromagnetic correlations persist after long-range antiferromagnetic order is
destroyed by hole doping. It is important to compare this form of AF to DDW because
they have the same (7, ) wavevector. Thus we are able to study whether indirect RIXS
is sensitive not only to the ordering wavevector but also to the form factor Vppw (k).
Another important distinction to note is that the DDW is orthogonal to conventional
charge order — while DDW is a form of translational symmetry breaking, the charge
density due to DDW does not exhibit symmetry breaking. We will therefore be able to
reject any naive suspicion that indirect RIXS is only sensitive to order parameters that
accompany a density distortion.

In direct RIXS experiments, and indeed in most spectroscopic experiments it is cus-
tomary to present data in the form of lineshapes, that is, intensity versus Aw and Ak
for momenta along some fixed cut in momentum space. This makes sense for presenting

the dispersion of collective modes. However, in indirect RIXS of underdoped cuprates
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No order (exact) No order (approximate)
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Figure 2.2: Comparison of exact (Egs. (3.2) and (2.5)) and approximate (Eq. (2.11) formulas for
momentum-dependent indirect RIXS intensity of unordered system for doping p = 0.15, energy
transfer Aw = 100 meV.

the fundamental excitations are a continuum of particle-hole pairs, the dispersion of
which is not inherently interesting. Rather, the indirect RIXS intensity measures the
joint density of states of particles and holes, which are useful in that they reflect the
overall fermiology over the entire Brillouin zone. Thus, the most natural way to present
indirect RIXS data is as plots of intensity versus momenta over the entire Brillouin zone
for fixed Aw. (In a work complementary to this one, Marra et al have argued that such
a presentation of data is also useful for discerning ground state properties via direct
RIXS™).

In Fig. 2.1 we examine the indirect RIXS spectrum in a state with no terms in Hy
other than the band structure Hy and compare it to states in which various mean-field
order parameters are added to Hy. The intensity in the unordered state corresponds
closely to the joint density of particle-hole pairs with total momentum Ak and total

energy Aw. Besides the peaknear zero momentu transfer, the dominant feature is the
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peak at Ak = (m,7) at energies several hundred meV and less. This is due to the
large density of states for both particles and holes near antinodal regions (m,0) etc,
which is caused by a saddle point in the dispersion. The peak does not occur exactly
at (m,m) because the Fermi surface does not cross antinodal momenta (0, 7) and (7, 0),
and thus there exists no antinodal-antinodal particle-hole pair with momentum (7, 0) —
(0,7) = (m, 7). In a non-interacting system at half filling and only nearest-neighbor
hopping there are van Hove singularities at antinodal momenta and we would expect
the diamond-shaped Fermi surface to yield a RIXS maximum at (7, 7) for small energy
transfers. For the ordered systems we use order parameter amplitudes Vppyw = 100
meV, Vopw = 100 meV, Vir = 100 meV, which are typical energy scales for the
pseudogap of the cuprates’ normal state. These yield distinct changes in the RIXS
spectra that allow experiments to distinguish them. Of particular interest is that the
d-density wave phase exhibits a clear signature distinct from other phases, including
the antiferromagnetic phase which also has a wavevector of (w, 7). As seen in Fig. 2.1,
indirect RIXS at small Aw of systems with DDW and AF order follows a similar pattern
to unordered systems described by the band structure Hy: intensity maxima at zero
momentum and around (7, 7), joined by arms running along the nodal directions (k, k).
In the DDW system, the maximum near (7, 7) is strengthened relative to the maximum
near (0,0), while in the AF system intensity increases along the arms. The behavior of
the AF spectrum is directly related to the Fermi surface reconstruction due to ordering
at a wavevector of (m,m). As long as Vip is not extremely strong, the bulk of the
Fermi surface is replaced by large oval-shaped pockets that overlap the unreconstructed
Fermi surface on one side and parallel it on the other. From the point of view of the
joint density of states of particle hole pairs, the effect is similar to a broadening of the

Fermi surface. In contrast, the d-density wave has the same (m, 7) wavevector, but the
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Figure 2.3: Fourier transforms of RIXS intensities from Fig. 2.1 exhibiting clear period-4 periodic-
ity of the CDW system and checkerboard periodicity in the DDW and AF systems.

form factor Vppw (k) vanishes in the nodal direction and is maximal in the antinodal
direction. Hence the Fermi surface reconstruction due to DDW order is restricted to the
antinodal momenta near (m,0) and (0, 7). This explains why the “arms” of the indirect
RIXS intensity pattern are not broadened as in the system with AF order. The reason
the intensity maximum at (7, 7) is strengthened is that the antinodal saddle point of
the dispersion is buried inside the unreconstructed Fermi surface — there are antinodal
holes, but only near-antinodal particles. After reconstruction, there are more particles
available near the saddle point.

Unlike the previous examples, CDW order strongly modifies the intensity pattern of
the orderless system. One distinct feature is the appearance of maxima near (0,27 /4),
which is to be expected of Fermi surface reconstruction due to translational symmetry
breaking with this wavevector. This is a robust feature of RIXS at low energy trans-
fers; indeed, at zero energy transfer this momentum becomes the elastic peak of the
symmetry-broken system. That is, the CDW by definition induces elastic scattering at
wavevector Qo pywy, which generates low-energy particle hole pairs with total momentum

Qcpw. Another obvious feature is the destruction of the intensity near (m, ), which
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was a maximum for the unordered system as well as the DDW and AF systems. We
observe generally that a perturbation with wavevector Q does not destroy the density
of states of low energy particle-hole pairs with wavevector Q. (Of course, the order
yields a gap at energy scales of meV or tens of meV, which are much smaller than
current energy scales measured by RIXS). Thus DDW and AF order are in a sense
“compatible” with the RIXS spectrum of the unordered system. Ordering at a differ-
ent wavevector, on the other hand, can and does drastically change the particle-hole
joint density of states. The clear qualitative difference between the CDW spectrum
and those of DDW and AF systems, along with the maximum at Qcpw, are telltale
signs of translational symmetry breaking at a wavevector other than (m, 7). However,
one can discern different orders even more clearly with a complementary measurement:
Recall from above that the Keldysh-like two-site correlator S,,, can be measured as
the Fourier transform of intensity. Specifically, the Fourier transform of I(Ak,w, Aw)
gives S(Ar,w, Aw) =3 . A Smn(w, Aw). It is intuitively clear that S(Ar) ought
to have a spatial structure corresponding to that of H. In Fig. 2.3, we see that the
Fourier transform of RIXS intensity exhibits the spatial periodicity of H, that is, a
checkerboard pattern for DDW and AF orders and a stripe at Ax = 4 for period-4
CDW. (Even though our calculations were performed on 40 x 40 systems, we show only
a few near-neighbor lattice sites in the Fourier-transformed spectra because Sy, decays
rapidly with separation between r,, and r,).

While plots over the entire Brillouin zone are the most efficient way to convey qual-
itative features of RIXS spectra, a two-dimensional plot of intensity along a cut in
momentum space (still at fixed Aw) may more precisely capture certain quantitative

features. For example, in the density plots over the full two-dimensional Brillouin zone,

the aforementioned difference between DDW and the unordered state is apparent but
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Figure 2.4: One-dimensional plots of intensity along antinodal momenta for fixed Aw and various
types of order.

not overwhelming. In a one-dimensional plot, the quantitative difference is obvious —
scattering with momentum transfer near (m,7) is very strongly enhanced relative to
near-zero momentum transfers for the DDW case, compared to the unordered state.
We show in Fig. 2.4 one-dimensional plots in the antinodal (m, ) direction for alltypes
of order considered above.

Thus, each of the orders we have considered have not only distinct patterns of in-
direct RIXS, but “smoking gun” signatures with simple interpretations. There are, of
course, many proposed pseudogap order parameters other than the CDW, DDW, and
AF that we have considered here. However, these three examples demonstrate that one
can easily obtain robust, falsifiable predictions for the indirect RIXS spectrum of any
candidate order. Furthermore, these are among the most widely-proposed orders for
the normal state of underdoped cuprates and it is encouraging that they exhibit such

distinct patterns.
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2.4 MODELLING RIXS WITH A SINGLE PARTICLE-HOLE PAIR

As mentioned above, our exact results ought to be well-approximated by considering
only a single shake-up pair in indirect RIXS. It is straightforward to derive the RIXS
intensity under this approximation for arbitrary bilinear Hamiltonians Hy containing

any combination of mean-field and impurity potentials. We obtain

) g(e)de 2
Va,ﬂ(k)/ (w— (o — 5 — e+ i) (w — £ +iL)

Iocz
a,p

xnyg(ea)(l —ny(ep))d(ea — g — Aw), (2.11)

Vas(k) =) e (al V| B)

where |a) and |5) are single-particle eigenstates of Hy, g(¢) is the 4p density of states,
and V(k) = 3, ¢¥™V,, is the Fourier transform of the core hole potential opera-
tor. We show in Fig. 2.2 that Eq. (2.11) gives results very similar to the exact formula
Eq. (2.5), which we used to generate the figures in this chapter. In addition to mak-
ing explicit the connection between RIXS and the joint particle-hole density of states,
Eq. (2.11) is also useful for analyzing the dependence of the RIXS signal on the incident
photon energy w. Here the resonance in w is convoluted with the broad and featureless
4p density of states. The intensity is maximal when w is in resonance to excite the core
electron to the 4p band minimum, where the group velocity vanishes and the p electron
is most likely to return to the core hole site. Other than this feature the resonant factor
yields little structure. In particular, the overall shape of the spectrum as a function
of Ak and Aw is unchanged as w varies (to the point that w = 10 eV yields figures
identical to those shown above, up to an overall scale), although the overall magnitude

is strongly w-dependent. In experiments one should tune w to maximize the intensity
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but varying w yields no useful information.

2.5 ALTERNATIVE ANALYSIS OF RIXS DATA

It is possible that in real samples, with the combined effects of disorder, inhomogeneity,
and non-resonant scattering, it may be desirable to increase the statistical power and
robustness of measurements. One way to do this is to define appropriate averaged

variables. One natural choice is simply to average over a range of Aw:

Aws
/ I(Ak, Aw)dAw, (2.12)
Aw1

The most useful choice of the interval [Awi, Aws] will be some range of small energy
transfers with Aw; large enough to avoid the elastic peak but with Awsy small enough
that the averaged quantity still reflects the redistribution of low-energy particles and
holes due to Fermi surface reconstruction. In Fig. 2.5 we plot this integrated intensity
in the window 100 meV < Aw < 500 meV. The same qualitative distinctions between
spectra that appeared for fixed energy transfer Aw = 100 meV are also present in
the integrated spectra, namely, concentration of intensity near Ak = (7, 7) for DDW,
increase of intensity along the “arms” Ak = (k, k), 0 < k < 7 for AF order, and general
diffuseness of intensity across the Brillouin zone for CDW. Another measure is the first

moment, that is, the averaged energy transfer Aw weighted by the intensity:
Ist moment(Ak) = /AwI(Ak, Aw)dAw (2.13)

This measures the shift of particle-hole pairs to higher energies as gaps are opened at

parts of the Fermi surface, and to lower energies as new parts of the Fermi surface arise.
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Figure 2.5: Same as Fig. 2.1 but with Aw integrated from 100 meV to 500 meV. Clockwise from
top left: unordered state, CDW, AF, DDW.
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Figure 2.6: Change in first moments integrated over 100 meV < Aw < 500 meV relative to
unordered first moments as function of momenta across the entire Brillouin zone.

In Fig. 2.6 we show the distinct patterns in the first moments for DDW, CDW, and AF

orders relative to the unordered state.

Summary.— We presented a formalism for treating exact band structures and core hole

potentials in indirect RIXS. We showed that indirect RIXS measures the joint density

of states of particles and holes and is sensitive to perturbations to band structure due

to the formation of local ordered states. Furthermore, we showed that it is sensitive

even to types of order that do not modulate the electron density.
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Direct RIXS in Optimally-doped and

Over-doped Cuprates

3.1 INTRODUCTION

As mentioned above, direct RIXS bears a facile comparison to neutron scattering in that

both are momentum- and energy- resolved probes of excitations produced by inelas-
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tic scattering. Many direct RIXS experiments in correlated materials are interpreted,
without justification, in terms of this comparison. However, some thought reveals very
significant difference between direct RIXS and neutron scattering that call into question
the validity of their comparison. There is, of course, the defining property that RIXS
is resonant while neutron scattering is not. This property is related to the fact that
RIXS derives from a second-order process. As a consequence, direct RIXS can exhibit a
non-trivial cross section even in the absence of electron interactions — the electron that
re-fills the core hole may have a lower energy than the excited photoelectron. Lastly,
direct RIXS couples to any excitation involving valence electrons since it is driven by the
addition of an electron to the valence system. This is in contrast to neutron scattering,
which couples unambiguously to magnetic moments and not to electron charge density.
In this chapter we will show in the context of well-known experiments on the cuprate
superconductors that the analogy between direct RIXS and neutron scattering is not
appropriate and that these experiments must be reinterpreted.

It is widely believed that collective magnetic modes provide the “pairing glue” respon-

9

sible for high-temperature superconductivity in the doped cuprates®. It is therefore

extremely important to determine the nature of magnetism in these materials. Recent
resonant inelastic x-ray scattering (RIXS) experiments in hole-doped cuprates%30420
find a peak at energy transfers of ~ 200 — 300 meV that varies little in location and
intensity between the undoped and heavily-overdoped parts of the phase diagram. Previ-
ous work 536426 has interpreted this peak as the signature of a collective magnetic mode
that evolves with doping from a coherent magnon in the undoped antiferromagnet to
a paramagnon with very little loss of spectral weight. This interpretation is troubling

for several reasons. First, overdoped cuprates are good metals and well-described by

Fermi liquid theory ’%; there is little reason to believe that their propensity for mag-
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Figure 3.1: Calculated (black curve) and experimental (Ref. [64], green dots) intensity vs. energy
transfer for spin-flip RIXS of optimally-doped and overdoped TI-2201 for antinodal momenta Q =
q(m/a,0) exhibiting identical dispersing peaks. We subtracted a non-resonant elastic peak from
the raw experimental data. We did not remove the contribution of dd excitations, which accounts
for the discrepancy at large Aw.

netism is comparable to that of the undoped antiferromagnetic Mott insulator. Second,
while inelastic neutron scattering experiments detect magnetic collective modes in the
undoped cuprates, they find that the spectral weight for magnetic excitations above

100 meV decreases dramatically with doping?3!114101,104%

Finally, superconductivity
in the cuprates vanishes rapidly with overdoping and it would be difficult to reconcile
this with a magnetic pairing glue if the spectral weight of magnetic excitations did not
simultaneously decrease.

Despite the wide range of doping in RIXS experiments, most theoretical work has

108,109,22

focused on Mott insulating phases in parent materials and local cluster models

*See, however, Refs. [28] and [27], which argue that the absence of magnetic signatures in
neutron scattering is not relevant.
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of doped materials 0994,

Consequently, data from materials with itinerant electrons
have been interpreted in terms of models of insulators. In particular, the hypothe-
sis that RIXS data on optimally- and over-doped cuprates exhibit signs of collective
magnetic modes is supported by analogy to spin wave theories that apply to undoped
Mott-insulating cuprates and not by calculations on a microscopic model with mobile
electrons. As even the underdoped cuprates exhibit a Fermi surface®3%1! this anal-
ogy is likely to fail over much of the cuprate phase diagram. This situation is especially
unfortunate because it neglects processes in which one quasiparticle state is filled by pho-
toabsorption and a different quasiparticle hole is left by re-emission (Fig. 3.2), which
constitutes the ubiquitous lowest-order contribution to RIXS in any itinerant electron
system®’. In this chapter we analyze RIXS in the doped cuprates with a more appro-
priate single-band quasiparticle model in order to decide whether one must invoke a
higher-order contribution from collective modes to explain experimental data. We find
that quasiparticles alone yield excellent quantitative agreement between theory and ex-
periment. We also address the issue of whether our model is not only sufficient but
necessary to explain experiments, and propose a simple measurement to conclusively
distinguish quasiparticles from collective modes in RIXS.

Below, we calculate RIXS spectra using a model of non-interacting quasiparticles but
including an interaction with a positively-charged core hole via an exact determinantal
method. We account for spin-orbit splitting of the core level in direct RIXS, in which
a Cu 2p core electron is photoexcited to the valence band, which opens a spin-flip (SF)

17845 We apply our formalism to

channel in addition to the non-spin-flip (NSF) channe
cuprates over a range of doping and achieve quantitative agreement with experimental
data (Fig. 3.1). In particular, peaks in the calculated and measured lineshapes disperse

identically. As in experiments we also find that NSF lineshapes are broader and higher
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Figure 3.2: Direct RIXS process that leaves behind a single particle-hole pair. The transient core
hole potential can excite multiple particle-hole pairs.
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Figure 3.3: Spin-flip (7-polarized) and non-spin-flip (o-polarized) antinodal Q = 0.80(w/a,0)
lineshapes of optimally-doped (p = 0.15) Bi-2212 for core hole potential U, = 1.0 V. Blue:
spin-flip channel /7-polarization; red: non-spin-flip channel/o-polarization. Solid lines: calculated
results; triangles, circles: 7- and o- polarized data from Ref. [27].

in energy than SF lineshapes. These features were previously attributed to magnetic
effects, but we find that band structure alone produces dispersing lineshapes, while the

core hole combines with Pauli blocking to separate SF and NSF lineshapes.

3.2 THEORETICAL FORMALISM

Incident photons with momentum q and energy w scatter into outgoing momentum
q + Q and energy w — Aw, where Q and Aw are the momentum and energy transfer,

with intensity %% T oc dof |Af]2 (Ef — E; — Aw), where Ay is given by the Kramers-
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Heisenberg formula:

Ap =" YRy (Fldmp(Hp + w — Ei +i0) 7 df,, [d). (3.1)
m

Here |i, f) and E; s are the initial and final electron states and energies, d}.s creates a
valence electron of spin ¢ at site m, H,, = H + V,;, is the sum of the equilibrium Hamil-
tonian H and the potential V;,, due to a core hole at site m, and X, is a polarization-
dependent 2 x 2 spin matrix that comes from the product of two dipole matrix elements:
(3ds|T|2p) and (2p|T,|3d,) for absorption and emission, where 7' is a dipole transition
operator!. In direct RIXS the strong (~ 20 eV) spin-orbit coupling of the Cu 2p core
level implies that the energy eigenstates |2p,,) are not eigenstates of spin S,. Thus
off-diagonal elements p # o are permitted. One can isolate either the diagonal (NSF)
or off-diagonal (SF) component of x by varying only the incident polarization. The
immobile intermediate state core hole does not appear explicitly in Eq. (3.1) but affects
the valence system indirectly. It forces absorption and emission to occur on the same

site m and contributes a width I" and the potential V,,, acting on valence electrons.
Due to the core hole the eigenstates of H,,, have no simple relation to those of H and

it is convenient to work in the time domain. This puts the intensity in the form ™®

0 00 oo
I O(/ dS/ dt/ dr ezw(t—T)—zsAw—F(t-H') > ZezQ.(Rm—Rn)XPGXHVS;ZZV’
—00 0 0 ooy

(3.2)

Spoyw = <eiHTdnpe*iH"TdimeiHs .. .dmueiHmtdInye*iH(t+s)> . (3.3)

TWe explicitly derive the effects of spin-orbit coupling in the Supplemental Material. See also
Refs. [8] and [45]
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One obtains Eq. (3.2) via the identities 1/z = [~ e *dt, 6(z) = [€***ds, replacing
eigenvalues by operators, and recognizing resolutions of unity, e.g. > 7 |F)(f] - )0 (Er—
E; — Aw) — [dse iAwseifls | e=iHis|j) However, Eq. (5.6) is best understood as a
history of absorption and emission events separated by time evolution operators, that
is, as the time-dependent amplitude to scatter a photon. The intensity is obtained from
the square of this amplitude, hence the pair of creation and annihilation operators is
followed by its Hermitian conjugate.

In the following analysis we treat the valence band as a system of non-interacting
quasiparticles. This approximation is valid when the quasiparticle lifetime is long com-
pared to the core hole lifetime 1/I", in which case an electron is unlikely to scatter in the
brief time between absorption and emission. In the cuprates, for example, typical values
are I' = 300 — 500 meV, which exceeds quasiparticle widths even quite far from the the
Fermi surface. (We stress that negligible quasiparticle scattering on short time scales
is conceptually distinct from a Fermi liquid ground state®’; the former, for example,
implies nothing about DC transport).

If not for the insertion of d and d operators we could easily evaluate the many-body
average in Eq. (5.6) in terms of the matrices h(y, ), where lowercase letters denote
the matrix elements of a quadratic operator: H = dj-hijdj, and the Fermi occupancy
matrix N = (1 + eﬂh)_l. A well-known identity**?" for the average of exponentiated
quadratic operators <eZ > = det [(1 - N )+ e*N } extends naturally to the product of
such exponentials via the Baker-Campbell-Haussdorff lemma®’. To compute Speyu for
direct RIXS we extend a method applied to tunneling in quantum wires? and resonant
elastic x-ray scattering'?, which involved matrix elements like those in Eq. (5.6) but with

one d and one df. We present the straightforward but lengthy derivation in Appendix
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D. The result is

mn __ —1 _—ihnT —ihs thnT —1
S oy = det(F) [(np|(1 — N)F e Ino) (mple” e (1 — N)F ™ Upp|mv)

+ (np|(1 = N)YF U p|mv) (mplem™tUgN F~Le™nT ng)| . (3.4)

where Uy, = e~ nTethseihmt 17, — ei(T*t*S)h, and F' = 1-N+U,,,UgN. For a full band
S vanishes, as it should, and for an empty band it reduces to (n|e="7|n)(m|e?mt|m),
a general term in the the expression ‘Zm i nglm(t)dtf. That is, the amplitude of
RIXS in an empty band is the coherent sum of electron propagators that start and
end at the same core hole site. Eq. (3.4) pertains to a full spin-orbital basis, but for
a spin-independent Hamiltonian easily factorizes. If H contains a singlet pairing term
d;rn,Tandjn, i it can be put into non-anomalous form suitable for matrix manipulations
via a transformation danT <+ dpy. This handles all spin density waves and pairing terms
that occur in the cuprates. More complex spin density waves and triplet pairing require

a more sophisticated formalism®®, which we present in Appendix A.

3.3 RESULTS

We now apply this formalism to study cuprate superconductors, comparing our re-
sults to experiments on TlpBasCuOg,s (T1-2201) and BisSroCuOgy, (Bi-2212). An
outstanding puzzle is the existence of peaks in direct RIXS not seen in neutron scat-
tering114 or indirect RIXS*". We use the single-band model H = ka sdegdk,a,
where e = —2t1(cos(ks) + cos(ky)) — 4ta cos(ky) cos(ky) — 2t3(cos(2k,) + cos(2ky)) —
4t4(cos(2k,) cos(ky)+cos(k;) cos(2k,)), using canonical tight-binding band structures fit
to ARPES data: (t1,ts,t3,t4) = (126, —36,15,1.5) meV for Bi-2212% and (t1, ta, t3,t4) =

(181, =75, —4,10) meV for T1-2201%2. We assume an attractive contact potential V;,, =
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-Uc> ., d};wdmg for the core hole. We fix w at the absorption maximum as in ex-
periments. Fig. 3.1 shows SF intensity versus Aw for antinodal momenta Q || (7, 0) in
optimally-doped and overdoped T1-2201 (p = 0.17 and p = 0.27) with U, = 1.0 €V along
with data from Ref. [64]. We subtracted a Gaussian elastic peak at Aw = 0 from all
experimental data and convolved calculated lineshapes with Gaussians of width equal to
the instrumental resolutions of the corresponding experiments. We choose U, = 1.0 eV
to obtain the best fit to NSF lineshapes; SF RIXS is nearly independent of U.. The most
striking feature is an intensity peak that disperses to higher energy with increasing mo-
mentum, reaching a maximum of 250 —300 meV, as seen in experiments 9%2%26:64:27 - One
possible interpretation is that these peaks are due to inelastic scattering of a collective
mode. However, we see that band structure alone can produce them f. Quantitatively,
the calculated and experimental lineshapes agree very well, with the location of peaks
and their low-energy side in nearly perfect agreement. There is a systematic discrepancy
at large values of Aw due to the tail of orbital dd excitations'?!. It is reassuring that
this discrepancy is nearly independent of momentum, as local excitations ought to be.
The calculated nodal and antinodal lineshapes also agree very well with experimental
data from optimally-doped Bi-2212 §.

In Fig. 3.3 we show that the agreement between theory and experiment extends
to NSF scattering. This is important because the SF and NSF channels correspond
to spin and charge degrees of freedom and a difference in their lineshapes is seen as
compelling proof of magnetic physics. Indeed, the matrix elements in Eq. (3.5), below,
are manifestly spin-independent, so that SF and NSF' lineshapes should be identical in

the absence of interactions. However, the core hole potential dramatically separates

iZeyher and Greco make a similar claim about Raman spectra in Ref. [123] and argue that
RIXS behaves similarly.
SH. Ronnow, unpublished
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SF and NSF lineshapes. As U, increases, the NSF peak moves to higher energies and
broadens while the SF peak remains relatively sharp, exactly as seen in experiments.
For U, ~ 1.0 eV the agreement is very good up to energies at which the dd tail becomes
significant.

The core hole separates SF and NSF' lineshapes as follows: Its attractive potential
tends to keep the photoexcited electron of spin ¢ bound near R,,, leading to elastic
scattering. Pauli blocking prevents other electrons of spin ¢ from hopping onto R,,, and
filling the core hole, thereby robbing spectral weight from inelastic scattering. With
sufficient energy the photoexcited electron may be dislodged, allowing inelastic scatter-
ing. Hence NSF scattering with small Aw is suppressed relative to scattering with large
Aw. This argument does not apply to SF scattering because spin-¢ electrons are not
Pauli-blocked. This explains the observed difference in SF versus NSF lineshapes as
well as the insensitivity of NSF lineshapes to the core hole. Because this effect is non-
perturbative an exact analysis is indispensable for detecting it. Since NSF lineshapes
can be calculated reasonably well without a core hole potential a formula for the RIXS

intensity in this limit may be useful. We obtain

2
I O(O%; = XWS‘T;?’?&’U’m nf(ea)(l —ng(ep))d(ea —eg — Aw)  (3.5)
where |k, k + Q) are momentum eigenstates and |a, ) are single-particle eigenstates of
H in the spin-orbital basis.

Finally, we note that the overall intensity of calculated and measured lineshapes
changes very little from the optimally-doped to the overdoped material. Our calculations
differ from measured data by some overall multiplicative constant due to self-absorption,

properties of the apparatus, and other factors. However, we used the same constant for

60



all lineshapes in Fig. 3.1, and thus the nearly-identical intensities at different dopings
in our calculations are meaningful. If the RIXS signal came predominantly from a
collective mode this would imply a spectral weight that varies little with doping. In our
model, however, this happens naturally because a slight change in chemical potential

does not strongly affect the band structure.

3.4 OUTLOOK

We derived a formalism to treat band structures, pairing, and core hole potentials in
direct and indirect RIXS. The lineshapes we calculated in a single-band model of mobile
electrons agreed with experiments over a wide range of doping for both spin-flip and
non-spin-flip scattering, and we found a mechanism by which the core hole differentiates
the two channels. We concluded that dispersing peaks seen in RIXS experiments on
cuprates can be attributed to band structure alone without invoking collective modes.
Thus the constant intensity of peaks in RIXS as doping increases does not imply a
constant spectral weight of magnetic excitations, which has important implications for
the mechanism of superconductivity in these materials®’.

Our model of non-interacting quasiparticles is a priori well-supported by experimental
evidence for the overdoped cuprates’®. The agreement of our model with measured data
suggests that it remains valid to doping at least as low as p = 0.15. We expect that it
would work as far as p = 0.08, where a Fermi surface is found in experiments®>3%11,
However, a non-interacting model becomes insufficient at some point in the underdoped
regime. The analysis presented in this chapter can be extended to deeply-underdoped
antiferromagnetic states via an RPA-like analysis, which is known to correctly reproduce

spin wave excitations in the insulating state. As the insensitivity of RIXS lineshapes to
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doping in the range we have considered persists to some extent to the undoped Mott
antiferromagnet, a theory that bridges these two limits is very desirable.

While we showed above that a model of non-interacting quasiparticles is in excellent
agreement with RIXS experiments, we have not yet presented a prediction that con-
trasts interpretations in terms of quasiparticles and in terms of collective modes. Such
evidence, however, could easily be obtained by measuring RIXS lineshapes for incident
energy w above the absorption maximum. As shown in Fig. 3.4, as w increases lineshapes
move to larger Aw. The RIXS signal due to inelastic scattering of a collective mode
does not behave this way because Aw cannot exceed the energy of the mode. (This
simple qualitative test could also prove useful in the analysis of RIXS in the Fe-based

superconductors ' **

. It would be interesting to apply our formalism to such systems,
where an additional complicating factor is the existence of multiple bands). This exem-
plifies that one must calculate the RIXS signal itself, and not a proxy such as magnetic
suceptibility. A susceptibility x(w, k) depends on a single frequency w, which corre-
sponds to the energy of excitations. Since the energy transfer in RIXS plays a similar
role the correspondence Aw (RIXS) — w (susceptibility) is often assumed. However,
this neglects the significant interplay of w and Aw in RIXS. In RIXS the phase space
for final states is modified by the intermediate state resonance. For example, in Fig. 3.4

the intermediate state photoelectron’s energy increases with w, which tends to increase

the energy of the final state particle-hole pair.
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Figure 3.4: Calculated intensity vs. energy transfer for spin-flip RIXS of optimally-doped Bi-2212
(p=0.15) for antinodal momentum Q = (7/a,0) at incident energies 0, 0.2, and 0.4 eV above the
absorption maximum. The increase in Aw with w occurs when the RIXS final state belongs to the
particle-hole continuum and does not occur if the final state is an excitation of a collective mode.
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Variational Polaron Method for

Bose-Bose Mixtures

4.1 INTRODUCTION

The effect on a system of interaction with a bosonic bath is an important problem

in condensed matter physics, where phonons are ubiquitous and magnetic modes may
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also appear. In recent years, experiments have produced degenerate Bose-Fermi?3:80:15

20,1737 mixtures of ultracold atoms with increasing degree of control,

and Bose-Bose
making possible the quantum simulation of bosonic environments. The behavior of a
single impurity particle in a bosonic bath is very well-understood. Both the spin-boson
problem for an immobile impurity and the polaron problem for a mobile impurity have
been studied for a wide range of parameters. However, the effect of a bath on a many-
body system, in which case one has overlapping interacting polarons rather than a single
polaron, has not been analyzed thoroughly. It is very desirable to develop theoretical
tools for this problem. Here we will examine the example of bosons in a superfluid bath
and show that the variational polaron transformation is a useful, flexible, and intuitive
technique.

When heavy bosons (‘A’) interact with a bath of light bosons (‘B’), phonon-like ex-
citations of ‘B’ dress particles of ‘A’. Due to this dressing the ‘A’ bosons drag a cloud of
‘B’ bosons with them and see a concomitant increase in their effective mass. The dress-
ing also induces intraspecies interactions between ‘A’ bosons, which see each other’s
associated phonon clouds. In this work we study the consequences of the ‘B’ phonon
bath on a heavy Bose system ‘A’ that is near a Mott insulator-superfluid transition>**°.
In this situation the renormalization of mass favors a Mott insulating phase. We ex-
pect instantaneous induced interactions at short distances to be attractive since two
‘A’ bosons near to one another will tend to distort the density of ‘B’ bosons in the
same way. This reduction in the on-site repulsion favors the superfluid phase. At larger
distances induced interactions can be attractive or repulsive due to a complicated in-
terplay between the shape of phonon clouds and retardation effects. However, these

off-site induced interactions are much weaker than the on-site one.

The canonical Lang-Firsov, or “polaron”, transformation is a workhorse of condensed
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matter theory that recasts a problem in terms of dressed quasiparticles. As such it
encompasses the two aforementioned competing renormalizations of mass and on-site
repulsion. However, there is no guarantee that it does so without bias. One can im-
prove upon the polaron transformation by allowing parameters controlling the shape
of the polaron cloud to become variational. This method was originally used to study

118 Here we demonstrate that this formal-

isolated excitons interacting with phonons
ism is equally well-suited for analyzing multiple interacting polarons, with surprisingly
little additional difficulty compared to the single polaron case. With this technique we
dress each ‘A’ boson with a polaron cloud of Bogoliubov phonons and then obtain self-
consistent ly the optimal shape of these polaron clouds. The variationally-determined

polaron shape prescribes an effective renormalized ‘A’ Hamiltonian, the ground state of

which we find to obtain the phase diagram in the presence of ‘B’.

4.2  MOTT-SUPERFLUID TRANSITION

Consider heavy bosons ‘A’ with filling set by chemical potential y, and light bosons ‘B’
with filling ng on a d-dimensional hypercubic lattice, with Hamiltonian H = H, + Hp +

H,p, where

H, =tq %:a Ta; + Z (n ng —1) — ,uan?> (4.1)

Hb—thbb +Z (nb—1) (4.2)

Hgay =Uyp annf (4.3)
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In the deep superfluid limit in which the condensate contains nearly all ‘B’ bosons, the
Bogoliubov transformation®’, ¢ = bg (bgbo + 1)*1/ 2by, ax = ukck + vkc_y, diagonalizes
Hy as

H, = Z wkozliak (4.4)
Kk

if vl = (G/wk +1)/2, v& = (&/wk — 1)/2, & = ex + noUs, wi = exlex + 2nol),

ex = —2(cosky + ...+ cosky — d). In the same limit

Z nl(a)ﬂkq)keik.Ri, (4.5)

1
Hyp = ——
VN i,k£0

where Bk = Ugp/no(ux — vx) and &y = aL +a_y, Iy = a;r( — a_y are, up to constant
factors, the ‘B’ density fluctuation operator at momentum k and its generator. We have

left out a term ngUg, Y nf, which shifts g, — pe — Ugpno.

The polaron transformation %2

A = SHeS = H 4 [5,H] + [S[S,H]].. (4.6)

. .
g n(a)fkﬁk k iR, AT
%ﬁjﬂ e (4.7)

cancels the interaction Hg, if fy = 1 — this is the original Lang-Firsov transformation,

which is yields an exactly-solvable Hamiltonian for a single static impurity with ¢, = 0.
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In general

H .
1]) k;éO wk

U,
+ ;wk()&iak + 5 Z Vijnmj + ?anl(n, — 1)

Pre®i kR,
— [aMi + Z ni—— (1 — fx)e™ ™, (4.8)
i K20 VN

where for R = R; — R;

— fR)e™ R, (4.9)

k;«éO

We note that the series Eq. (4.6) ends after one or two successive commutators for all
terms in H except the renormalized hopping term. However, this term in Eq. (4.8)
is also exact as we recognize the infinite series as the Taylor series of the exponential

function. We shall later use the fact that

ZVR—*QZ ﬁk 2fk— 2 ekR

k;éO R
Be 2
=—2N 5 2fk — oko = 0. 4.10

This identity is a statement of charge conservation — the change in potentials seen by
‘A’ bosons due to a polaron cloud is simply Uy, times the redistributed ‘B’ density of
the cloud, which must sum to zero.

The polaron transformation, which we presented above as a transformation on the
Hamiltonian is, equivalently, a transformation on wavefunctions ¥ — e°¥. In S, a

factor proportional to fx and the density ), nie™®Ri of' A’ multiply the generator Ily.
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Thus the polaron transformation aligns the density fluctuations of the two species,
dressing ‘A’ bosons with coherent states of ‘B’ phonons, with the amount of alignment
set by fx. This reduces potential energy at the cost of exciting phonons. Alternatively,

considering the transformation on operators, the ‘B’ density transforms as

bl = blbi+ nRi+R€ik'Rj%Bk(Uk — k), (4.11)
R,k#0 Wk

from which it is clear that fi determines the shape of the phonon cloud attached to each

A’ boson. The induced interactions Vg are the self-interactions of ‘A’ mediated by ‘B’

Furthermore, it is evident that by adjusting { fx} we can obtain an arbitrary (Fourier-

transformed) phonon cloud density, thus highlighting the generality of the variational
polaron approach.

We take as a variational ansatz a polaron-transformed product wavefunction ¥ =

e’|W,) ®|0), where |0p) is the ‘B’ phonon vacuum. The variational energy is
B[f] = (Wa|(0|e™" He® [ W) |05) = (Tal (0p| H|0p)| V). (4.12)

Averaging with respect to the phonon vacuum simplifies the terms of H in Eq. 4.8
greatly. The residual interaction is proportional to &y = oz;r{ + a_y and vanishes upon
averaging with respect to |0p), as does the phonon energy. The dressed hopping term

becomes t Z al ,aj, with a renormalized hopping

t =ty —fszﬁ sin?(k - a/2) (4.13)

where a are nearest-neighbor displacements and z = 2d. Species B has dropped out
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of the variational energy completely and the variational energy functional E|[f] is the

ground state energy of an effective Hamiltonian
~ 1
Heg = Ha(ta — t) -+ 5 Z V;jnmj. (414)
l?]

This readily generalizes to finite temperature by use of the Gibbs-Bogoliubov inequal-

118,96 “an upper bound on the free energy that one minimizes with respect to the

ity
parameters of the variational Hamiltonian, in contrast to the Rayleigh-Ritz inequality,
which is an upper bound on the ground state energy.

We find empirically that the onsite induced interaction Vp is dominant, with the

nearest-neighbor interaction V,,,, = V, significantly smaller and all other interactions

miniscule. Therefore we partition H.g as

Hegt = Hy(ta,Uaspta = £,U, i) + > _ Vaninj + V' (4.15)
(i5)
where U = U, + Vo, fi = pta — Vo/2, and V' = %Z#j,Ha Vijnin;.

Iskin and Freericks®” have calculated the phase diagram of a Bose-Hubbard model
with nearest neighbor interaction using a third-order strong coupling expansion. They
calculated the energy of particle and hole defects in the Mott insulating phase. Phase
boundaries occur when the energy of either defect vanishes. However, we cannot simply
discard the longer-range interactions V’ and use Ref. [52] directly. Although each term
in V'’ is small, the first order contribution from their sum is non-negligible. This is due

to the fact that }° Vg = 0, which implies } g/, VR = —Vo — 2Va. The corrections to
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first order in V' for the nth Mott lobe are

(Vo = — 12 (Vo + 2Va) /2 (4.16)
(V) e = = (0%/2 4+ 0) (Vo + 2Va) (4.17)
<V/>hole == (n2/2 - n)(VO + Zva)' (418)

The hopping amplitude ¢ does not appear in the corrections due to V', so, except for
zeroth order terms in ¢, Eqs. (14-15) of Ref [52] for the particle and hole gaps apply
provided that we use t, U, pt, Vypr, — €, U, fi, Va. Adding the corrections from Eqs. (4.16 -

4.18) to the strong-coupling expansions derived by Iskin and Freericks we have, to third

order
- 1—2z 2—2z 2z
A, =Un—pg+Vo/2—(n+1)zt+nq(n+1 — + = + =
p =Uai = i+ Vo2 = (ot Vet { (v 1) |15 22004 2
_ 2 _ 2
_7~n+2 }z?—n(n—l—l){n{z~2+z~ 324_3}—1—(?2—1—1)[2% ~6z—|—6
2U — 2V, U? (U — Vy)? UU —Va)
z— 22 2z — 222 222 —62+6 4z — 8 422 — 122+ 12 }
+ —= + —= — = + == + — =
U2 (U - 2Va)2 (U - Va)2 U(U - 2Va) (U - Va)(U - 2Va)
z—1 z
+(n+2) | =—= S 23 4.19
( )[U(U—Va) 4(U—Va)2}} ( )

- 1—2z2 2—2z 2z
Ap=—U,n—1)4+pu, +V/2—nzt+n+1)n — + = + =
h= = Ualn— 1) + o + Vo e {n |15 2o 2

-1 -2 2_32+43 222 - 62+6

20U — 2V, U2 (U - V,)? U0 - Va)
2 — 22 27 — 222 222 — 6246 4z — 8 422 — 122 4+ 12 }
+ =+ —= - == + == + — -
U2 (U — 2V,)? (U — Va)? UU—-2Va) (U~ Vo) (U —2V3)

+(n—1) {U(ZU_—lva) 0 j Va)J } 2 (4.20)
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To third order the Mott energy is

72
Entou = Sn(n — 1) = ptan — n(n + 1) 0’“ . (4.21)

a

The Mott energy to zeroth order in #, that is, the first two terms of Eq. (4.21), depends
on unrenormalized U, and p,. This reflects the fact that a homogeneous system can-
not be dressed by density fluctuations. Likewise, the particle and hole excitations are
homogeneous except for one particle or hole with self-energy V. Higher-order contri-
butions, in contrast, involve renormalized parameters because the Mott phase contains
quantum fluctuations that can be dressed. In other words, the Mott phase contains a
sea of virtual polarons.

We must determine the variational parameters fi in order to obtain the phase di-

agram. Minimizing the fi-dependent part #2/(U — Vi) of Eypers yields the analytic

expression
U, 4 \7!
=1 - A 4.22
Ji <+22wk 22wk> ’ (4.22)
1 ’8(21 ) 2
A=y D0 Shsin(a-a/2)(2fq - f2) (4.23)
q#0,a 1

This equation can be solved iteratively, converging to a solution for A in several iterations
even near the critical point. From fi we then have Vg and t, and can solve Ap(h) =0
using the strong-coupling expressions with modified zeroth-order terms to find u, at
the upper and lower boundaries of the Mott lobe in the ¢, — u, plane. As fi and
the renormalizations are independent of p,, the equations for the phase boundaries are
linear in g, hence trivially solved.

It is well-known that strong-coupling perturbation theory overestimates the size of
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the Mott lobe. To mitigate its deficiencies near the critical point, we use the chemical
potential extrapolation method®®. Let uy denote the upper and lower edges of the
Mott lobes and let uic denote the upper and lower edges as obtained from our strong

coupling approximation. The idea is to fit the phase boundary to the scaling form
1 C zV
= Alta) & 5 B(ta) (15— ta) (4.24)

where A(x) and B(x) are smooth functions of x = t,. We will use the constrained
extrapolation method in which we use the known critical exponent zv = 2/3 (species
‘B’ does not undergo a phase transition and so does not modify critical exponents, and
the Mott-superfluid transition of the single species ‘A’ belongs to the universality class
of the (d 4+ 1)-dimensional XY model, the renormalization group treatment of which is

well-known). The best fit for A(¢) is clearly
Alta) = (137 (ta) + 159 (ta)) /2. (4.25)

We extrapolate t¢ to infinite order by least-squares fitting of the critical point t¢(m),where
m is the order of perturbation theory, to a function linear in 1/m. Finally, we expand

B(ty) =~ a+ Bty +yt2 + 6t3 and use least-squares fitting of
/ﬁi—c(ta) - Ns—c(ta) = B(ta)(tg — ta)™ (4.26)

to obtain «, 3, v, ¢ and t{.
In Fig. 4.1 we compare our results for the n = 1 Mott lobe in two dimensions to
numerically exact quantum Monte Carlo simulations*?. Parameters are Uy, = U, = 10,

te = tp, = 1, with U, varying, for n; = 0,0.1,0.5,0.75. The agreement is very good,
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Figure 4.1: Analytic (solid lines) and quantum Monte Carlo (shapes) from Ref. [42] Mott
insulator-superfluid phase diagrams for t, = t;, = 1, Uy = U, = 10. n,=0.0 (black, diamond); 0.1
(red, circle); 0.5 (blue, square); 0.75 (green, triangle).

although for for ¢,/U, = 10 the light bosons are not sufficiently deep in the superfluid
phase for a perfect comparison. The most noticeable difference is the greater instability
to hole formation for n, = 0.1. We attribute this to the formation of localized bound
states of ‘B’ particles with ‘A’ holes, which cannot be described in terms of phonons.
This does not occur on the upper side of the Mott lobe due to the greater kinetic energy

of particles, which have a hopping amplitude o v/n + 1 as opposed to /n for holes.

4.3 STRONG COUPLING VERSUS GUTZWILLER APPROACH

The formalism presented above required a rather baroque third-order perturbative ex-
pression for the ground state energy of Eq. (4.14). For situations where such an expres-
sion may be excessively complicated or tedious to derive we would like to combine the
variational polaron method with a simpler way of dealing with the effective Hamilto-

nian of ‘A’ It is also useful exercise to give an explicit example that logically decouples
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solving H.g from performing the variational polaron transformation. The simplest ap-
proach to the Mott-superfluid transition in a Bose-Hubbard model, one which becomes
increasingly accurate for high dimensions, is the Gutzwiller ansatz, where we take the
uncorrelated state of ‘A’ in Eq. (4.12) to be |¥,) = ®;|¢;), where the Gutzwiller state
on site 1 is

|1;) = sinf cos p|n — 1); + cos@|n); + sinfsin ¢|n + 1);. (4.27)

Equivalently, we use the ansatz Eq. (4.27) to estimate the ground state energy of the ef-
fective Hamiltonian Eq. (4.14). In both this approach and the strong-coupling treatment
above all inter-species correlations are generated by the transformation e°. However,
in the present Gutzwiller approach this operator acts on states with no intra-species
correlations of ‘A’, while in the strong-coupling approach we had correlations in the
form of virtual particle-hole excitations in the Mott state even prior to the variational
polaron transformation. The expectation of the induced interactions term in Eq. (4.14)

is

5 20 Vis (i) =5 [ Va (b () + 3 ()
i

| i i=j

=5 [ 2V + (n?) = () Y Vo

=2 o((n?) — (m)?), (4.28)

where we have used the fact that .. V;; = N> g Vr = 0. That this result depends

only on the same-site induced interaction Vp makes sense because the Gutzwiller state
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only has same-site density correlations. The expectation of Hy(t, — t4) is

(Halfa)) = —2a (6 = 1a () + 2 ((n2) = (m) (4.29)

The Gutzwiller averages in Eqs. (4.28 - 4.29) are

(b) =sinf cosf (v/ncos ¢+ vn + 1sin ¢) (4.30)
(n) =n — sin? cos® 2¢ (4.31)
(n?*) =n® +sin® @ (1 — 2n cos 2¢) . (4.32)

Minimizing the energy with respect to { fk} again gives a self-consistent set of equations

that can be solved iteratively:

~ 2 —1
fi(0,¢) = (1 + Ho O Zsin2(k.a/2)> . (4.33)

e (n2) — (n)?

Reinserting the result of iterating Eq. (4.33) into Eqs. (4.28 - 4.29) with the renormal-
izations Egs. (4.9) and (4.13) gives an energy functional E(6,¢), which we minimize
numerically. The system is in the Mott phase when 6§ = 0 minimizes the energy; oth-
erwise it is in a superfluid phase. In Fig. 4.2 we compare results of strong coupling
perturbation theory to those of the Gutzwiller approximation, for a three-dimensional
Bose-Bose mixture. In the case of strong coupling perturbation theory we employ the
same critical extrapolation scheme as above. The Gutzwiller approximation, like any
mean-field theory, overestimates the extent of the ordered superfluid phase. In three
dimensions it predicts Mott lobes that are about 20% too small. For the single-species

case it predicts (t/U). = 0.0286 in three dimensions, compared to the quantum Monte
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Figure 4.2: Calculated phase diagrams in three dimensions using strong coupling perturbation
theory (solid) and Gutzwiller approximation (dashed) for parameters t, = t;, = 1, U, = U, = 10.
np=0.0 (black); 0.1 (red); 0.5 (blue); 0.75 (green).

Carlo result (t/U). = 0.03408'%. We therefore scale the Gutzwiller results via t, — M,
where empirically A = 1.24, to obtain agreement with the critically-extrapolated strong
coupling phase diagram. Importantly, we use the same A to rescale all four curves in
Fig. 4.2. Having scaled the Gutzwiller ansatz result in this manner the Mott lobes
predicted by the two methods appear virtually identical. In particular, the shift of the
critical value of ¢, /U, as the density n; of the superfluid increase is the same. Thus we
conclude that the Gutzwiller approximation fits into the variational polaron scheme as
well as strong coupling perturbation theory. The only limitation, that of underestimat-
ing the critical t, /U, is inherent to the Gutzwiller approximation itself and is not related
to the interplay of the Gutzwiller ansatz with the variational polaron transformation.
That is, the variational polaron transformation gives quantitative information about the
effect of mixing even when the state |¥4) underlying the ansatz U = e%|¥4) ® |0p) is

only qualitatively accurate.
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Figure 4.3: Top: double-well superlattice potential seen by heavy species ‘A’. Bottom: potential
seen by light species ‘B’.

4.4 HALF-FILLED SUPERLATTICE

We now consider a 1-D mixture in which hard-core species "B’ has filling 0 < nj < 1 and
species "A’ is at half-filling. ‘A’ bosons see a superlattice of double wells (see Fig. 4.3)

and can only hop within double wells. The Hamiltonian H = H, + Hy + Hyy, is

H=—t, Z(a2m+1a2m—|—hc) —th(bTbn+1+hc)

—Nbe by —i—UabZa anbl by (4.34)

When interactions are not so strong as to destabilize the superfluidity of ‘B’ there are
three phases of ‘A’ (see Fig 4.4): a “ferromagnetic” (FM) phase with period-2 CDW,
an “antiferromagnetic” (AF) phase with period-4 CDW, and a “paramagnetic” (PM)
phase with no translational symmetry breaking.

Let |L(R)) be orbitals centered on the left (right) site of a double well and define

Y = cosO4|L(R)) + sinf4|R(L)) as double well states with density skewed to the
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Figure 4.4: Top: antiferromagnetic phase of heavy species ‘A’. Bottom: ferromagnetic phase of
heavy species ‘A’

left (right). The FM and AF states of ‘A’ are ¥ @ Y @ ¢¥ ... and Y @ pF ¢l ..,
respectively. We write the ‘B’ FM and AF mean field states 1! ® 92 ® ¢! @ 42 ... and
P @ Y2 @ Y2 @l .. in terms of single-site Gutzwiller states (2 = cos b1(2)|0) +
sin q§1(2)|1>. Parametrizing sin? ¢, = 2n; cos? 0, sin? ¢o = 2ny sin® g gives the correct
density ny.

The mean-field kinetic energy of ‘A’ per site is
(Hg) /N = —t,sinf4 cosfa (4.35)
for both phases, while the kinetic energies from B’ are

Ef\ = — 2t, cos ¢; sin ¢y cos ¢ sin ¢y (4.36)

1
EEF = §tb (cos ¢1 sin ¢1 + cos ¢ sin ¢2)2 (4.37)
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and the interaction energy is, for both phases,
1
EAB — 1Ua (cos2 04 — sin® 9,4) (sin2 é1 — sin? ¢2) . (4.38)

The difference Epy — Ear is —1 (\/m - %(:cl + 1:2)) for x; = cos® ¢; sin? ¢;. It follows
from the AM-GM inequality that the Eap < Erm, with equality when n, = 1/2. How-
ever, near n, = 1/2, quantum fluctuations favor the FM phase, which gives ‘B’ bosons
more space since density maxima are not on adjacent sites. To analyze this competition,
we include fluctuations of ‘B’ about the mean field and perform a variational polaron
transformation.

To include fluctuations of ‘B’ define operators tg(l),n\va@n = 10(1))n so that b, =

tgntln and the ‘B’ Hamiltonian, including the mean-field potential from ‘A’

Hy, =—1, Z tLtOitgjfu — [ Z tLtu
(i5) i
Uy (cos?2 04 —sin? 04
o 5 ) > ot tin, (4.39)

n

where 0, = 1,—1,1,—-1... (FM) or 1,—1,—1,1... (AF). We define operators ¢; =
cos p;to; + sin ¢it; and d; = sin ¢;tg; — cos ¢;t1; corresponding to the mean field and

excitations. To quadratic order we take ¢;, C;—T

— 1 and c;rci —1- djdi and obtain the

k-space Hamiltonian

/ Ay 0 Xk
Hy =) <XLT, XT_Tk)
k 0 Ak X—k
ot 0 B Xk
+ (X,J,xfk> i o] e (4.40)
B, 0 X_j



where x| = (dj,dpyr) and Ay, By are 2 x 2 matrices in the FM phase and x| =
(di, digr 25 A dg—rj2) and Ay, By, are 4 x 4 matrices in the AF phase. The k-space
sums are over reduced Brillouin zones [0,7) and [0,7/2). We perform the operator
algebra to find terms of the matrices Ay and By using the “SNEG” Mathematica pack-
age!13.

The Bogoliubov transformation &, = ULX]C_VZX]:]@ Xk = kak—VZEik diagonalizes

the Hamiltonian as

H=Y" (g,fjﬂkgk — TrV,tQka> : (4.41)
k

where €2, is a diagonal matrix, and the 7-th columns of Uy, V and the 7-th diagonal

element of €, corresponding to the 7-th positive eigenvalue' w(k,7) of the equation

Ay By, Uy Uy
— w(k, 7) . (4.42)
—BL —A*, Vi Vi

T T
The polaron transformation requires that we write H,; in terms of Bogoliubov modes.

The density fluctuations dp2 = tJLnth — <t1nt17n> can be written as

1 r.
398 == (Bt s+ BREL) (4.43)
N k,T < ’ )
—sin2¢, , ,
B =220 (UL + (Vi) (.49

Here m,n,7 = 1,2, Q@ = 7 (FM) and m,7,n = 1...4, Q = 7/2 (AF), where 7 is the
ian.

phonon branch index and n is a sublattice index, and ¢, = e

The polaron transformation H = e~ 5 He® for multiple phonon modes and inequiva-
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lent sites is

lﬁl?rfl?reiknnA(élz —¢ kT)
n \T —h

1
S p—
\/N’;L Wit

. (4.45)

The sum in Eq. (4.45) is over all sites n, but fuxr, like Sk, depends only on the
sublattice n. As before f,rr = 1 completely removes the interaction. The partial
polaron transformation leaves the terms of Hp (phonon and zero-point energies) in
Eq. (4.41) unchanged, dresses the hopping of ‘A’ bosons, and generates an interaction

¥ ALA
V=3, Vesning, where

WEr

U(%b ! ik(r—s Re[ﬁ;Tﬁzi][fl:‘rfliT_ng_fli‘r]
Vie = Nkz e tk(r=s) (4.46)

Averaging the dressed hopping over an ansatz |¥) = ¢%|U4) ® [05), where |¥4) is an

FM or AF mean-field wavefunction and |0p) is the ‘B’ phonon vacuum, gives

2
1 rl ik 22 £2
U(%b / Bk”rfk,’r + e Bkak,T

Ton 2
2N P Wi

ty = tgexp (4.47)

The total variational energy is the sum of induced interactions Eq. (4.46), zero-point
energy—TrV,tQka, and mean-field energy Eqs. (4.35-4.38), with £, replacing ¢,. The

variational energy of induced interactions is
N\ FM \AF  sin?(26
<V> =2 <V> = (4A) (Vi1 + Vag — 2V39). (4.48)

Eq. 4.48 can be understood as follows: an atom in sublattice 1 experiences an average
potential with wavevector ) = 7 from all other sublattice 1 sites. Since @) = w is

excluded from the sum Z;, the expectation of this interaction should vanish. How-
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Figure 4.5: Superlattice phase diagram for U,b = 1.0 as a sunction of ‘B’ filling ny and ‘A’ hop-
ping t, in units t, = 1. Green: FM order parameter; Red: AF order parameter; Blue: PM phase.

ever, there is self-interaction correction because (n;n;) = (n;) = cos? 04, in contrast to
(nin;) = (n;) (n;) = cos? @4 when sites i and j belong to different double wells. Hence
the sum vanishes except for a correction Vi (C082 04— coso A) = V11 sin?(204) /4. The
Va9 and Vi5 contributions are similar.

In one dimension it is not too computationally expensive to minimize the energy with
respect to 64, Op, and {f}' }. Minimizing for both AF and FM phases and comparing
their minima gives the phase diagram. In Figs. 4.5 and 4.6 we plot the order parameter
cos? 6, — sin? 04 as a function of ny and ¢, /tp for different couplings Uy /tp. There are
second-order FM-PM and AF-PM transitions and a first-order FM-AF transition. The

FM region is centered around n, = 1/2.
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Figure 4.6: Superlattice phase diagram for U,b = 0.5 as a sunction of ‘B’ filling n;, and ‘A" hop-
ping t, in units t, = 1. Green: FM order parameter; Red: AF order parameter; Blue: PM phase.
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4.5 SUMMARY AND CONCLUSION

We showed that the polaron transformation, which has traditionally been used to study
a single impurity in a phonon bath, can be extended to handle a many-body system
interacting with a bath, and that its variational extension is a powerful method giving
quantitatively accurate results. Using Bose-Bose mixtures as a test case we showed
that it is possible to efficiently determine the self-consistent variational polaron trans-
formation that minimizes energy. In two dimensions our calculations using strong cou-
pling perturbation theory to find the ground state energy of the variational polaron-
transformed effective Hamiltonian of the heavy boson species compared very well with
numerically exact quantum Monte Carlo calculations. Having justified the variational
polaron method in this way, we proceeded to couple the variational polaron trans-
formation to a Gutzwiller ansatz for the effective Hamiltonian, showing that in three
dimensions it yielded very similar results to the strong coupling approach. Thus we
established the Gutzwiller approximation as a reliable tool to use with the variational
polaron transformation in cases where perturbation theory is too cumbersome. This
makes the variational polaron method a viable tool for studying more complicated sys-

tems, such as those withwith broken symmetries.
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RE Absorption of a Mobile Impurity

5.1 INTRODUCTION

Radiative transitions in which the final state interacts with an otherwise-noninteracting
Fermi gas are one of the few solvable many-body non-equilibrium problems. They
have practical importance in that x-ray absorption experiments in condensed matter

systems involve a positively-charged hole left behind when a core electron jumps to
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a higher band®. Modern resonant x-ray scattering techniques contain a core hole in
their intermediate state and also require a treatment of the core hole in the analysis

710,79 45 relatively

of lineshapes. Furthermore, the so-called “orthogonality catastrophe
easy to implement in ultracold atomic gases as an RF hyperfine transition of an impurity
for which only one internal state interacts with a Fermi gas®”.

What these problems have in common that makes them tractable is that the core
hole or impurity are essentially immobile and effectively yield a static potential for the
Fermi gas that is switched on at time ¢t = 0. In the case of a free gas with spherical
symmetry this feature leads to a solution in terms of the phase shifts of different angular
momentum components. For arbitrary dispersion, such an in lattice systems, a numeri-
cally exact solution to essentially arbitrary accuracy is still available via a determinantal
formula?3°?. Essentially, this idea works because the problem is only a many-body one
by virtue of the antisymmetrization requirement, which is encoded as a determinant of
a single-particle matrix.

We are interested in extending the physics of the orthogonality catastrophe to that
of a mobile core hole or impurity. This is inherently interesting as a more-complicated
non-equilibrium problem that can be measured with cold atoms. It would also be useful
in describing certain resonant x-ray probes, such as indirect RIXS, that contain mobile
electrons above the valence band in their intermediate state.

To tackle the problem of a mobile impurity, we first make contact with previous
work with a transformation to a frame where the impurity is a static potential®'. This
effectively removes the impurity from the system but comes at the cost of a strange
momentum-dependent interaction in the fermion Hamiltonian. We decouple this anoma-
lous interaction term via a Hubbard-Stratonovich transformation and expand the effec-

tive action of the Hubbard-Stratonovich field to quadratic order. Using the method of
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fermion functional determinants we obtain the form of this effective field theory in a nu-
merically exact way. Finally, we integrate this effective quadratic theory exactly. The
method of functional determinants that we use to integrate out the Fermi sea and ob-
tain an effective theory of the Hubbard-Stratonovich field also underlies the technique of
determinantal Monte Carlo®"Y. However, in contrast to our approach, determinantal
Monte Carlo samples configurations of the Hubbard-Stratonovich field stochastically.
Although determinants treat fermion antisymmetry exactly and avert a fermion sign
problem, the integral over the auxiliary field may be highly oscillatory, which limits the
application of determinantal Monte Carlo. In contrast, we numerically determine the
effective action of the Hubbard-Stratonovich field but integrate analytically over all field
configurations in an aymptotic expansion. This method is generalizable to other non-
equilibrium problems with a single Hubbard-Stratonovich field, such as those involving

the Kondo effect and quantum dots.

5.2 FORMALISM

Consider spinless, noninteracting lattice fermions and an impurity particle with position
R and momentum P. Suppose the impurity has two hyperfine states, ||) and |1),
separated by energy A and that the [f) state of the impurity interacts with the Fermi

gas via a potential V(R) => V(r—-R) f;f fr- This system is described by
H = Ho+ E(P) + AN (1| + M (1| @ V(R), (5.1)

where Hy = 3, 5kf11fk- Here we will use e(k) = —2t;cosk and E(P) = —2t;cosk.
We consider the effect of interaction on RF absorption |}) — |1) from an initial state

|Q; P, ]), where Q is the equilibrium Fermi sea. That is, we are interested in the orthogo-
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nality catastrophe of a mobile impurity. For our analysis it is convenient to work in a co-
moving frame!%%#01 via the transformation U = exp (i[t) (1|R - Py), P. = > kflifk.
As R generates momentum boosts of the impurity and P generates translations of the

Fermi sea, it is easy to see that H — UYHU = H’ transforms as
H' = Ho + E(P — 1) {(1|Py) + AN (1 + 1) (1] @ V(0). (5.2)

This describes a Fermi sea and a stationary impurity at R = 0 at the cost of a cos(P —
Pj) term. Since R is absent from H', P is a constant of motion and the only dynamics
are those of the Fermi sea. The transformation does not affect the initial state because
P.|Q) =0.

The absorption rate from an RF perturbation Hrp = e~™*[1) (]| is7%9*

Rw) =Re [ d @4l Hpe 0P ) (5.3)
0
:Re/ dt A== EPDLg (), (5.4)
0
where
S(t) :<Q’el(HO+V(0)+E(P*PC))te—ZﬁOt|Q> (55)
:<Q’ei(Hl—f—E(P—Pc))te—iﬁot|Q> (5.6)

where H; = Hy + V(0).
For M = oo the problematic E(P — P.) term drops out and we could compute S(7T)

with the formula 7457158

<Q|€XN e Q) =det [(1—-N)+ XN eXlN] , (5.7)
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where N = 1/(1 + e?H0), which applies for quadratic operators X1 N (For the remain-
der of this chapter, we denote a many-body Fock space operator by X and its corre-
sponding single-particle matrix by X: X = cLXk,k/ck/). In order to exploit Eq. (5.7),
we must relate the non-bilinear term F(P —P,) to an exponentiated quadratic operator.

If the thermal energy is less than the recoil energy of the impurity one can ignore umk-

lapp processes and safely assume that its momentum does not leave the first Brillouin

zone. In such a case we may expand its kinetic energy to quadratic order:

2

P
E(P) = —2t;cosk ~ t;P? = S (5.8)

where M = 1/(2t;). We then have

S(t) _ <Q‘ei(H1+(P—PC)2/2M)tefiIA{0t|Q>. (59)

In order to exploit Eq. (5.7), we divide the time interval T" into N segments of length
At =T /N and decouple the (P —P,) term via a Hubbard-Stratonovich transformation

as follows:
S(T) = / D[gle®l/ QT (ei Jo Hi=() P dt’) e ot ), (5.10)

where Sy[¢] = zfg (=2 ¢2(t') + ¢(t') - P) dt/, T is the time-ordering operator, and the

functional integral is normalized as

[ ploi= 13/2 (Agf t)m &, (5.11)

where ¢,, = ¢(t],) is discretized on ¢, = mAt.
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The exponentiated operators in Eq. (5.10) are quadratic and we may use Eq. (5.7),
along with Indet M = trln M, to obtain S(t) = [ D[¢]e®lT519] where Si[¢] =

Indet B[¢] = trln B[¢] for
Blg] = (1= N) + T (et H=0()Pedt’) o=iflot )y (5.12)

For a heavy impurity, oscillations in Sy[¢] cause cancellation except at ¢ = 0, so that in
effect only S1[0] contributes. Therefore we may obtain an asymptotic correction to the
M — oo limit by expanding S1[¢] to second order about ¢ = 0, which is straightforward

but cumbersome. The zeroth order term is
S1[0] =Indet |[(1 — N) + eiH(O)te_iHOtN] , (5.13)

which gives the absorption of an immobile impurity®”. By symmetry, the first order

term vanishes. We expand S;[¢] to second order as follows:
B[¢] :(1 —N ( ZHlt—i—Z/ (ba . zHlt tl)Pa iHity dt
_/ ¢a(t1)¢ﬂ( ) iHq(t— tQ)POé iH1(t2— tl)Pﬂ iH1ty dtl dt > —ZH()tN (514)
t1<to

=B[0] + ' (z /Ot (1) T (t1) dty

- / ¢ (t1) P (t2)TP (£2)D (1) diy dtg) e Ol (5.15)
t1<to
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where we define I'(7) = e 71" P17, Then to second order in ¢
t
Sl [qb] — 51[0] =Indet |:1 + (1/ ¢a(t1)ra(t1) dtl
0
- / ¢ (t1) P (t2)TP (£2)T (1) diy dt2> D] : (5.16)
t1<t2

where D = e~ 0! NB[0]"1ef1t, Here we have exploited the fact that det(1+ AB) =
det(A=(1 + AB)A) = det(1 + BA) to bring the factor et to the right. Writing

Indet M = trln M and expanding the logarithm to second order we obtain

S1[6] — S1[0] =tr [— ( /t ) ) ) ) dt2> D

</ ¢ (t1)T% (t1) dt1> </ P (ta Fﬁ(t2)dt2> ] (5.17)

The first order term itr [( f(f ¢ (t1) (1) dt1> D] vanishes because I' is odd under re-
flection k + —k, while Hy, Hy, N, and BJ0] are invariant; hence traces of odd-order
terms in I' vanish. Similarly, the only non-vanishing contribution to Eq. (5.17) occurs

for matched components o = 3. Thus we have the second order expansions

S1[é] =S1[0] + % Z / t / % (41)8% ()t [C (1) DT (12)(D — 1)] dby by (5.18)

=51[0 2/ / % (t1)d” (t2) K (t1, 2, 1) dty dta, (5.19)

where we have defined the kernel
K (t1,ta,t) = tr [[*(t1) DI (t2)(D — 1)]. (5.20)

The form of Eq. (5.20) is very useful for computations. Suppose we discretize time into
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N chunks: At = T/N. The kernel has N2 elements, but after computing the N elements
of lists {I'"*(t,,) D} and {I'*(¢,,)(D — 1)}, which involve expensive matrix multiplication,
the elements of the kernel are traces of products, a computationally cheap operation.
Discretizing time in this way, the second order expansion of Si[¢] makes Eq. (5.10) a

Gaussian integral that we can readily evaluate:
I MAG 257
t @ - «
S(t) =eSil0) <12> det(Ay) /2 T eiAsAr AS (5.21)

where ¢ = (¢F .. .(bf/At), Ag =iAtP*(1...1) and

M At?
(A1) = Z?At‘sjk - TK(tj,tk,t)- (5.22)

5.3 ERROR ANALYSIS

If truncating S1[¢] to second order in ¢ is to be a controlled approximation, we must
have some way of estimating the size of the next term in the expansion, which by
symmetry comes in at fourth order. By methods very similar to those that led up to
Egs. (5.19) and (5.20) — we expand B[¢] to fourth order and also go to fourth order in

the series expansion of In(1 + =) — we obtain the fourth-order contribution of Si[¢]:

sV = 3 / 6% (11)6° (12)" (1) 6% (1)

a7ﬁ7’y76

Koot ta, s, ta, t) dty dta, dis, dig, (5.23)
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where, using the shorthand I'y, T'y for T%(t1), T¥(t3) etc. we have

1 1
Ko pgqys(ti,to,t3,ts,t) = tr ﬂT(F1F2F3F4) D — grlDT (ToI'sTy)

1 1 1
~ g7 (T1T2) DT (UsTa) D+ 501Dy DT (UsTa) D — (T3 DI DISDLGD| . (5.24)

If we were interested in evaluating the correction due to the fourth order term SYL) we

could expand exp SYL)

and obtain perturbative corrections via Wick’s theorem. Letting
S(t) be as calculated above — using the second-order approximation for S;[¢] — and

AS(t) be the fourth-order correction, we have

AS(t) [ DlgleSolo+s1sW g

- 5.25
S(t) [ D[geSolél+5:”14] 529

= (AT YT Kt te tu, oy ) (A AL + ALVAL + AL AL (5.26)
T,8,1,0
where the indices 7, s,u,v label discretized times in the interval [0,¢]. If, however,
we need only an estimate of the validity of truncating Si[¢] at second order, we may
calculate the ratio of expectations <S§2)> and <S§4)>, with averages taken with respect
to the action Sy[¢]. We may again use Wick’s theorem, but now with the simpler
diagonal Green function

(5.27)

We therefore have

o)
< _ ) = 2 (K (ry 15,8, 8)) + (K (5,78, 8)) + (K (5,5, 8))) / (K (5, 5,1))
(%), M

(5.28)
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Figure 5.1: RF absorption in one dimension.

where the averages are Monte Carlo averages over 7, s in the interval [0, ¢].

5.4 RESULTS

First of all, our results so far are asymptotic in impurity mass but not in time. Eq. (5.28)
indicates an increasing error at large times, and we must know something about the
decay of S(t), which will hopefully occur quickly enough that the error introduced by
a second order expansion is not too severe. This decay is inherent to the infinite-mass
case and is not dramatically affected by the finite-mass correction. In addition to an
algebraic decay due to the orthogonality catastrophe, the time-domain consequence of
vanishing overlap between the ground states of Hy and Hy, the decay of S(t) is further
accelerated by finite temperature. This is relevant to experiments with ultracold atoms,
where temperatures of trapped fermion systems generally exceed 0.2¢7. In Fig. 5.3 we

plot this decay for one- and two-dimensional systems at T=0.1, 0.2 t;, the former of
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Figure 5.2: RF absorption in two dimensions.

which is somewhat beyond current technology. These will inform the error analysis
below by determining which values of ¢ contribute to the integral for R(w).

In Fig. 5.1 we apply our formalism to a length-L = 500 1D system at chemical
potential ;4 = —0.5ty and temperature 7' = 0.1ty with a repulsive contact interaction
of strength V' = 4ty and zero initial impurity momentum. We obtain for M = oo
a power-law singularity of R(w) in both cases, as is well known. For finite masses
M =100, 2510ty this behavior persists, with renormalization of the singular exponent.

In addition to the dominant absorption threshold singularity there is an addition
peak. We attribute this to the formation of a repulsively-bound state, which we may
easily justify in the infinite-mass case as follows. For an N-particle system the first
peak occurs at the many-body ground state energy of Hy, which is the sum of the NV
lowest eigenenergies. For M = oo Hj is simply a single-particle matrix and is easily

diagonalized. When V > 0 is repulsive, all energies but one lie in a continuum band;
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Figure 5.3: Decay of |S(¢)| in 40 x 40 2D systems and L = 500 1D systems at temperatures of
0.2t and 0.1t;. Parameters are 4 = —0.5ty, V = 4ty, and M = oco.
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the last, which is above the continuum, belongs to the repulsively-bound state. Thus
the second absorption threshold energy is the sum of the N — 1 lowest eigenenergies and
the highest eigenenergy of Hi. The separation between the two peaks is the difference
between the highest and the Nth lowest of eigenenergies of Hy. For the parameters
given above we obtain a separation of 4.97 ¢y, which agrees exactly with the plotted
values.

The physics of repulsively-bound states is unfamiliar to many but very simple. Ba-
sically, particles obeying a bounded dispersion cannot convert an arbitrary amount of
potential energy due to being placed near a repulsive impurity into kinetic energy, and
thus remain in a bound state. As an additional check, we have verified that our formal-
ism does not produce this second peak in a continuum system, where the lack of Bloch
bands circumvents this argument. To our knowledge, this work is the first theoretical
work to analyze a repulsively-bound state in a many-body medium. We have shown
here that it exists and is experimentally detectable.

In Fig. 5.2 we repeat this analysis for a L x L = 40 x 40 2D system at chemical
potential y1 = —0.5t; and temperature T' = 0.1ty with a repulsive contact interaction of
strength V' = 4t and zero initial impurity momentum. We again find singular behavior
for an infinite mass impurity, but find that this behavior is dramatically influenced by
arbitrary finite mass, unlike the 1D case. We again see evidence of a repulsively-bound
state.

To justify the second order approximation to S1[¢] we can use Eq. (5.28) to determine
the values of t/M for which this approximation is valid, that is, for which the fourth-
order correction is small. In Fig. 5.4 we show the ratio <S§4)>O / <S§2)>0 in units of t/M
for relevant times (in both the 1D and 2D cases, S(t) decays by 4 orders of magnitude

by time t = 100. Due to the smallness of this ratio, we can see that for the smallest
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mass and longest time considered the error ratio reaches about 1/3. Thus M = 10
is roughly the smallest mass that can be studied at this temperature. However, S(t)
decays much more rapidly with increasing temperature, allowing one to study smaller
masses. For example, in the 1D system above at temperature 7' = 0.2t (which again, is
at the extreme limit of current capabilities for non-lattice systems and remains beyond
the limit for lattice systems), S(¢) decays almost completely by time ¢ = 50(¢;)~!. From
Fig. 5.4 we see that the relative size of the fourth-order correction at this time is around
0.015 x t/M, which is only about 1/6 even for a fairly light mass M = 5. Thus it is safe
to conclude that our results are will be quantitatively valid in real experiments. Finally,
we note that if advances in technology lead to fermion trapping at temperatures lower
than those considered here, the same analysis that led to the fourth-order error can also
be used, with minor modifications, to actually calculate the correction to S(¢) from the

fourth order term.
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Relative 4th—order error in 1D
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Figure 5.4: Relative contribution of fourth order correction in one and two dimensions.
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Functional Determinants for General

Bilinear Hamiltonians

We saw in chapters 1-3 how to compute exact Green functions of the form <cT ...ce? >,
where Z is many-body operator of the form Z = cgzijcj. (Recall that the indices i and

j combine spin and orbital degrees of freedom). This sufficed to handle all the examples
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considered in this thesis. Furthermore a Hamiltonian with a singlet pairing term:

H = Z ij zacﬂva+2( iji—l—hc) (A1)

7]0-

T

can be recast via the unitary particle-hole transformation c; s ¢t yielding

H= Z i MCJT—Z b ”cz L—i—Z( ZTCM—i—h.c.) + trHY, (A.2)

which is a non-anomalous quadratic Hamiltonian plus a c-number.
However more exotic spin order than the simple antiferromagetism we considered

f

above, or triplet superconductivity with pairing terms c;rTc 4 Tequire a more significant

addition to the formalism. Israel Klich has devised an ingenious method wherein cre-
ation and annihilation operators are treated on equal footing in a redundant basis of
Majorana fermions. Consider a general bilinear Hamiltonian on an n-dimensional basis
1=1,2,...n.

H = Hijf;rfj + % (Agjfifj +hee.), (A.3)

where A;; is antisymmetric and H is Hermitian. We can rewrite H in terms of the 2n

Majorana fermions

= T+ i=1,2,...n (A.4)

=i(ff — ;) i=n+1n+2,.. .20, (A.5)
which obey ¢; = c;r and cicj + cjc; = 26,5, as
7‘[ = AZ']‘CZ'C]‘, (AG)
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where

[ Im(A+H) Re(A+H)
A=i (A.7)
“Re(A — H) Im(A — H)

Therefore, we are interested in traces of the form

Z(A) = trefiscici (A.8)

with respect to 2"-dimensional Fock space, where A;; is an antisymmetric 2n x 2n
matrix. Some thought about how the calculation for the simple case A = 0 was carried
out will indicate how to proceed with the general case. There, we appealed to the
existence of a basis in which H is diagonal to reduce the Fock-space trace to a product
of traces over two-dimensional Fock spaces n, = 0,1 for individual eigenstates. The
success of this procedure ultimately relied on the invariance of the trace under unitary
transformations. Therefore, the first step is to determine what group of transformations
takes the place of U(n). To preserve the defining anticommutator {c;,¢;} = 20;; of the

Clifford algebra under some transformation ¢, = M;;c; we require

M, Mji(cep + cier) =265 (A.9)
M M 28,0 =265 (A.10)

M My, =0 (A.11)

MMT =1 (A.12)

Thus we are concerned with complex orthogonal transformations, not unitary transfor-
mations. That is, we have so far seen that if any sort of transformation is to leave Z(A)

invariant, it is the orthogonal transformations. We will see below that this condition is
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sufficient.
As before, our goal is to cast the trace purely in terms on manipulations on the matrix
A. To that end, we note that under transformations ¢, = O;;c; the bilinear operator

transforms as

AijCiCj — AijOikaOlel = (OTAO)M CrCl (A13)

so that in effect A — OTAO. A natural conjecture is therefore that Z(A) = Z(OTAO),
which would allow us to transform A into a convenient canonical form in which the Fock
space trace decomposes as the product of simple factors. A sufficient condition for this
is as follows: suppose that for complex orthogonal O there existed U(O) such that the

action of O on the set of Majorana fermions is identical to a similarity transformation:

OijCj = U(O)CZU(O)_l (A.14)

If such a U exists we then have, using the cyclicity of the trace

Z(A) =treti%% = tr [U(0)eMii5U(0) 7] = tr [eU@)Aw‘Ci%U(O)” (A.15)
—tr [ AU (O) VOV (A.16)
—tr [e@m%cwﬁ} = Z(0TA0), (A.17)

which is the desired result.
To establish the existence of U(O) we note that any matrix in the connected compo-
nent of O(2n,C) containing the identity can be written as e’ where K is (complex)

antisymmetric (The latter is the Lie algebra of the former). For orthogonal matrices of
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this form we can then write

1K _ —iKcic L Kmneme
(6 )mlcl_e 1 'lejcme4 *mn'mn7

(A.18)

which explicitly gives U(O) = e~ iKmnemen e may verify this via a form of the Baker-

Campbell-Haussdorff lemma:
1
AYe X =Y +[X, Y]+ POV
with X = —ﬁKijcicj and Y = ¢,,. We require the commutator

[CiCj, Cm] =CiCjCm — CmCicj
=ci(—CmCj + 20m;) — CmCic;
= — (—CmCZ' + 25im)cj + 25mjci — CmCiCj
:25iji — 25micj
Then, using the antisymmetry of K, we have
i

[X, Y] = _iKimci — ijCj = ZKmZC,L

Treating ¢ as a column vector of the operators c¢,,, we have

(X, em] = i(KC)m, [X,[X, em]] = i2Kmi(Kc); = i2(K2%)m, . . .
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(A.22)

(A.23)

(A.24)
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so that

eXeme ™™ = ( Z,K”c) (A.26)
il .
= (eiK)ml a (A.27)

Finally, to get the whole complex orthogonal group and not just one connected compo-
nent, we need a similarity transformation that acts like a matrix with negative deter-
minant. This is provided by

—Cm (M= j)
Cm — cjcmcj_1 = CjCmCj = —Cm + 20mjc; = " (A.28)

This is equivalent to the action of an orthogonal matrix equal to the identity but with
a single diagonal element equal to minus-one, which clearly provides the necessary link
to the connected component of the orthogonal group with negative determinant.

Now that we have established the invariance of the trace with respect to arbitrary
orthogonal transformations in the Majorana basis, we need to find the orthogonal trans-
formation that simplifies the trace. Importantly, we need only know the existence of
some transformation. For antisymmetric 2n x 2n matrix A with non-degenerate eigen-
values, it is proven in the book by Gantmacher that A is orthogonally similar to a

block-diagonal matrix containing n blocks of the form
B; = , (A.29)

where +ie;, i = 1,...n are the eigenvalues of A. That is, there exists orthogonal O such
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that OAOT = ®B;. Thus
Z(A) = treX €i(Caicait1 —C2i4102i) — fped 2€iC2iC2it1 (A.30)

Due to the invariance under orthogonal similarity transformations, we may perform an
arbitrary permutation change-of-basis of the Majorana fermions such that co; = fj + f;

and cgi+1 = i( fJT — f;) for some fermion state j. The trace then decomposes as a product:

7 :Htm?i&(f;fj*fjfj) — H Z e2iei(2n—1) _ H (62%'&' + 6721'61-) (A.31)

i n;=0,1 i

= H 2cos(2¢;) = H zzg?i (A.32)

)

At this point, we can’t quite relate Z to a determinant involving e because of the
ambiguity in the sign of ;. Instead of a determinant involving n values g;, that is, a
determinant of an n X n matrix, we can relate Z to the Pfaffian of a 2n x 2n matrix
involving the 2n values +¢;. As the Pfaffian, like the determinant, factorizes over block
diagonal matrices, we need to relate the factors sin(me;) to a Pfaffian involving the
block B;. Such a relation can be obtained via

0 2sin(me;)

Pf (emPi — em™mBi) = pf = 2sin(me;) (A.33)
—2sin(me;) 0

By the block-factorizability of the Pfaffian, we have

Pf (1B — ¢=4B1)  Pf (4 — e44)
Z(A) = H Pf (e2Bi — ¢ 2Bi)  Pf (24 — ¢ 24)

(A.34)

Finally, we must extend the argument to the degenerate case. Since the definition of
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Z(A) is analytic, and since both the numerator and denominator of Eq. (A.34) are
analytic, the only potential problem would be if the denominator has zero of higher
order than the numerator. Using the identity Pf?(M) = det(M) we have

 det(e?t — 14
~ det(e24 — e24)

Z%(A) = det(e*4 + e724), (A.35)

which is manifestly analytic. Thus by analytic continuing the case with an arbitrarily
small degeneracy-breaking perturbation, we establish the result Eq. (A.34) also for the
degenerate case. For the same reason as for Hamiltonians without pairing, the trace

formula extends
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Additional REXS calculations

B.1 ErreEcT OF CORE HOLE IN REXS SPECTRA

In Figure (B.1) we show the effect of varying core hole strengths on the REXS spectrum.
The essential features to note are (i) flattening of the high energy peak and growth of
the low energy peak, and (ii) slight increase in peak separation, as core hole strength is

increased. By Uy = —0.75 eV, the upper peak is almost invisible.
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The peak energies themselves depend on Uj in that an attractive potential tends to
lower all energies. However, the separation between peaks depends only weakly on Uy.
Zero energy, i.e. the Fermi energy Ey, is not at the first maximum. The location of this
maximum is determined by dynamic nesting, which occurs at some energy above Ef,
and the excitonic effect, which lowers energies of transient states. Thus in principle the

first peak could be at positive or negative energy.

P
I\
I} \
! N\
N
I ' N
L~
/ e
Uy =0 AR
g -l‘
rl‘ \".
........... Up=-0.25eV / e
.;-’ T i —
Up=-0.5eV ! L I L 1 ' (eV)
-0.5 0.0 0.5 1.0 1.5 20
—_— = lp=-0.75eV

Figure B.1: REXS spectra of LBCO at different core hole strengths. w’ is defined as in Figure (1)
of the main text.
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B.2 CoRE HOLE YUKAWA POTENTIALS

Figure (B.2) shows the calculated REXS spectra for parameters identical to those in
the main text but Yukawa core hole potentials of the form
1 (r=0)

U(I‘) - UO omr/70 ( 7& 0 ) (Bl)

where r( is the range of the potential. The effect is quite similar to that obtained
by increasing Uy in the case of a contact potential, which is sensible — a potential
well can become bigger by growing deeper or wider. The high energy peak becomes
less pronounced and both peaks move to lower energies. For the Yukawa case, unlike
for contact potentials, the separation between peaks decreases slightly as the range
increases. This is not profound — it merely reflects the fact that different potentials yield
different excitonic effects. Incidentally, we note that it is possible that LDA-derived
tight-binding parameters are quite accurate and that excitonic effects of a Yukawa

potential reduce the separation of peaks to the experimentally-observed value.

B.3 LDA- vs. ARPES-DERIVED BAND STRUCTURE

Figure (B.3) shows REXS spectra using the same parameters as in the main text except
for replacing hopping strengths with those obtained from LDA and ARPES. The spectra
are qualitatively the same but with different peak separations. The experimentally-

observed peak separation is less than that of LDA and more than that of ARPES.
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Figure B.2: REXS spectra of LBCO at different Yukawa potential ranges for fixed core hole po-
tential depth Uy = —0.25 eV. ' is defined as in Figure (1) of the main text.

B.4 SLIGHTLY-INELASTIC SCATTERING

We assumed purely elastic scattering in which |f) = |i). However, resolutions of both
energy and momentum are finite and, assuming 7' = 0 for simplicity, a final state
containing electron-hole pairs of very small total energy and momenta could correspond
to apparently-elastic scattering. We can give two simple reasons why this does not
affect the validity of setting |f) = |i). Firstly, the rate of producing any given electron-
hole pair, for example by scattering of Fermi sea electrons by the core hole potential,
is independent of the transient state of the photoelectron. Thus the creation of low-
energy and low-momentum excitations in the final state will increase the measured
elastic intensity uniformly by an |n)-independent factor. Secondly, matrix elements

to produce a particle of momentum q vary slowly as a function of q, hence slightly-
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LDA

L

Figure B.3: REXS spectra of LBCO at different for LDA and ARPES tight-binding parameters.

w’ is defined as in Figure (1) of the main text.

inelastic processes do not exhibit a peak in momentum transfer. They contribute a
constant incoherent background which is easily isolated from the diffraction peak. In
practice, this is done by measuring REXS spectra over a range of momentum transfer

that crosses the ordering wavevector Q.
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Derivation of REXS Formula

Here we use the method of Klich to compute expressions of the form

trg djvge_mltd;pe_m‘o]

A=
trp [e=FHo] ’

(C.1)

where Ho,1 are quadratic Hamiltonians and d; annihilates the single-particle Wannier

orbital |j). We write trp and try for traces with respect to many-particle Fock space
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and single-particle Hilbert space, respectively.We split them into commuting parts that
act on electrons of spins o and 7: Ho1) = Ho(1),o + Ho(1),s- Then the traces factorize

into different spin sectors:

trp [dj,ge‘ml’f’td}ﬂe‘ﬁ%va} trpp [e-iMrateAHoa]

A= , C.2
trF [6_6H0’U] trF [6_57{0,6‘] ( )
Each trace is spin-independent, so let us introduce
Xo=—BHoo = —BHos (C.3)
X1 =—1tHi, = —itH15, (C.4)

where equality is up to isomorphism of spin-o and spin-& subspaces. That is, X1 act

on the Fock space of a spinless conduction band. Equation (C.2) then reads

trp [djede}eXO} trp [exleXo]

A= trp [eXo] trp [eX0]

, (C.5)

Define X such that exp(X7) exp(Xp) = exp(X2). By the Baker-Campbell-Haussdorff

Lemma, X5 is quadratic. Label the eigenstates of X; as follows:
XZ"CV? Z) = waﬂ"avi)? Xi= Zwa,idlﬂ'da,i = Ewaﬁ'na,i (CG)

Change of basis is done with d; = >, (j|o, i)da,; etc, and the useful corollary

Z‘avi>da,z‘ = Z’aai><a7i| Z|B7j>dﬂ7j = Z|ﬁ?j>d5,j' (07)
ey o B8 B

The denominator traces in Equation C.5 are the simplest to evaluate and are a useful
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warm-up for the numerator traces. The first step in the basis {|o,0)} in which Xy
is diagonal and the many-body trace factorizes in terms of traces over the occupation

numbers n, 0 = 0,1 of eigenstates:

trp [eXO] =trp [eza wa,Ona,0i| = H Z e2a Wa0Ma0 — H(l + e¥0). (C.8)

a ng,0=0,1

Next we use the fact that (1 + e“=?) are the eigenvalues of the single-particle operator
1 + exp(Xo,sp), where Xg g, is the projection of X into Hilbert space. (We define X 4,
and X, analogously). Furthermore, the product of an operator’s eigenvalues is its

determinant, so we have

trp [eX0] = H(l + ee0) = det (1 + eXo=) (C.9)

«

Of the two distinct numerators in Equation (C.5) the simpler one, which has no

injected electron, follows almost immediately fromEquation (C.9):
trp [eX1eX0] = trp [e¥?] = det (1 + ™) = det (1 4 eXtreXomr) (C.10)

Note that we never have to go through the exercise in commutator algebra to obtain
X5 explicitly. All we needed was that it is quadratic.

To calculate the last and most difficult trace, we again want to write it as a product
of traces over occupation numbers 0 and 1. This means that we wish to put the d and

d' next to one another to form a number operator n. We use the cyclic property of the
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trace to put d; to the right of d; and switch to a basis in which X is diagonal: :

trp {djede;eXO} =trp [ede;eXOdj} = Z (j|a, O)trp {edeL, OeXOda,o (o, 0]5).

a,a

(C.11)

In this basis we may exploit the commutator d;OeXO = eXOdLOe*“avO to get

trp |:dj€de;-6X0:| = Z (J]a, O)trp [exlexodl,’odavo] e e 0(a!, 0]5) (C.12)

a,a!

Next we wish to combine eX! and eX° as eX2 and use Equation (C.7) with i =0, j = 2

to switch to the eigenbasis of Xo. We first need to remove the factor e”“«".0 via
e a0 (a/ 0| = (O/,O\e*XO’SP. (C.13)
By Equations (C.7) and (C.13), Equation (C.12) becomes

trp [djexldjexo] =37 (18, 2)ter [exmg,gdlg,g} (8, 2]e= X0 )
8,8

=3 (18, 2)trp [eZremng, | (8,2 X0, (C14)
B

We used the fact that 8 # (' is purely off-diagonal and has vanishing trace. We

evaluate the trace in Equation (C.14) the same way as Equation (C.8), with the slight
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complication that we must distinguish the case v = § and v # S:

trg [ezw%w%?nﬁz} = E BB 5 o H E eW7,217,2
npg,2=0,1 v#B ny,2=0,1
evs.2

=ee [[ () = s

v#B

ews,2

1 ewse

[T(+e)

det (1 + e™*2er). (C.15)

When we substitute Equation (C.15) back into Equation (C.14), we again use the trick

of replacing a scalar by an operator,

ewﬁ,Q 6X2,sp
m<ﬁ,2| = <ﬁ72|m7 (C.16)
to obtain
X1 gt Xo X2, X2 —Xo ;
tI'F [d]€ d]e i| det p ; ]‘B 2 7 me ’ p|.7>
Xa - BXZBP —Xo .
= sSSP - ,Sp

=det (1 + ™) <]\1+6X27Spe 17) (C.17)

Combining Equations (C.9), (C.10), and (C.17), we have

det2 (1 + €X1’SP€X075P) ) eXLspeXO,spe_XO,sp
det2 (1 + eXO,sp) ] 1 —|— eXl,speXO,sp

2
1 _|_ eXl,speXO,sp ] eleSP '
= det ( 1+ eXosr (g o Ximn e Xomn 19) (C.18)

1)

Now define N = eXosp /(14 eX0sp) eXos» = N/(1 — N), the meaning of which is clear
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when X = —3H,. Substituting N for eX0sr, we obtain

N —1
A =det ((1 —N)+ eXl,SPN)2 <1N + 6—X1,sp>
B jj

, N , -1
:det ((1 — N) —+ C_ZtHl’SPN)2 (1]\7 + €ZtH1’Sp> . (Clg)
o Jj

We have reduced the expression to one involving operations on matrices in single-particle

Hilbert space.
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Derivation of Direct RIXS Formula

Here we derive in full detail Eq. (6) of the paper, extending a method used in Refs. [2]
and [12].

The averages S, at finite temperatures have the form

Spow = tr [eiHpoe*iH"ngeiHsdr ...... eiHmtdle*iH(t“)*ﬁH} /tr [e*ﬁH} , (D.1)
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where p, q,r, s are combined site and spin indices in a spin-Wannier basis, eg. |r) =
|m, p) in Eq. 5.6. From the identity treX = det(1 4 e*), the denominator of Eq. (D.1)
is det(1 + e #"). We define X1 = (i(1 —t —s) — B) Hy, Xo = iHyt, X3 = iHps,
X4 = —itH,7 and use the cyclicity property to express the numerator N as N =
tr dpeX‘*dZeXBdreX?d;reXl . Switching to an arbitrary basis of spin-orbitals, with im-

plicit summation over Greek indices, gives
N = (pla) (Bla) (riy) Bls)tr [due el XsdreXedfer] (D2)

We move all d/d' to the left as follows. Choose 3 to be eigenstates of X, with eigenvalues

wg. Then (5]..@X4d}; = (B]..e“’ﬁd;ex‘l = <ﬂ]eX4..d};eX4. After absorbing the c-number

e“s as (BleX4, the basis 3 is again arbitrary. The general pattern is to commute d:r; with
X

eX via (5| — (0]e* and commute d., with e* via |y) — e=X|y). Successive applications

yield
N =(pla) (Ble**|q) (rle™ 3¢ ¥4 7)ol X1 eX0e X )t [ ddlyd,afe?] (D.3)

where Z is a quadratic operator such that e? = eX1eX3eX2¢X1 whose existence is guar-
anteed by the Baker-Campbell-Haussdorff lemma. If there were no d/d' insertions
we would evaluate the trace in an eigenbasis Z|¢) = wy|¢), in which it factorizes as
tre? = 1, 2%2071 e"ovs = [[4(1 4 e*?) = det(1l + e*). Now choose a, 3,7,6 to be
eigenstates of Z with eigenvalues w, etc. The trace vanishes unless the d/d' match
pairwise. For example, if « = 8 # v = ¢ we have tr [(1 —nq)(1 —nv)ez]. This is
identical to tre? except the factor (1 + e) is replaced by Y na=01(1 —ng)ertae =1,

and similarly for v giving (1 + e“=)71(1 4+ ev)~tdet(1 + €*). Including the other cases
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a=0#pF=yand a ==~ =7 we get

tr [dadgdwdgez} = [60807608, (1 + €)1 + 80503, (1 — Sap) (1 + €¥*) TP (1 + e¥7) !
+ 60075 (1 — Say) (1 + )71 (1 + 7)1 det(1 + %)
= det(1 + %) [0as0p,(1 + e**)71e”s (1 + €99) ™ + §,50,5(1 + €)1+ e*7) 7] .

(D.4)

Next, we absorb the c-numbers in Eq. D.4 as operators via |a)..(1 + e¥=)~! = (1 +
e?)7|a) and apply the Kronecker &’s via eg. (pl..|a)(B]..|q)das = (p|.-|q), obtaining

det(1 + €%)

Spars = (1 1 o=y * LB+ )71 g) (e (1 - e7) Temenses

+ (pl(1 + ™) TleTemem2s) (rle” e e ™ (1 4 €%) Tle™ g)] (D.5)

Eq. (D.5) becomes more physical upon introducing Uy, = e“e*3e?2 = ¢~ nTeihsgilimt
and Uy = €'("t=9) which are Keldysh propagators with and without core holes. Addi-
tionally, we rewrite e %" = N/(1— N) in terms of occupation operators. Then we have
(1+e*) ' =1-N)1-N+UpnUN) "t =(1—-N)F ! where F =1~ N+ Up,,UgN
gives the overlap of core-hole and core-hole-less propagation of initially occupied states.
The ratio of determinants comes out to det(1 + e?)/det(1 + e=P") = det(F) and we
obtain, after restoring p =n, p;q =n,o;r =m, u;s = m, v,

S’;’;ZV = det(F) [(np|(1 — N)F_le_ih”T\ncr) (m,u|e_ihseih”7(l — N)F_lUmn|m1/>

+ (np|(1 = NYF U mr) (mplem ™t Uy NF~ e 0T ng) | . (D.6)

So far this all pertains to the full Hilbert space of spin-orbitals. If H contains no spin-
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flip terms S77",, simplifies. The Fermi sea term det F' factorizes as det Fr det F|. Spin
flip processes have 0 = p and u = v, whence the term (np|...|no) vanishes. Thus all

matrices need pertain only to spinless Hilbert space, not the spin-doubled Hilbert space.
Spon® = det(FrFy) Y (n|(1 = No) Fy Uy [m) (mle " US N Fy e ™7 |n) - (D.7)
for the non-spin-flip intensity and

SHP = det(FF) {Z<n|<1 — Ny E; UG lm) (m] AU N Fy e 77 )

o

+3 (|1 = N ) F e 07 |n) (m|e Tt US N Fy e i m) ) (D.8)
g,0
for the spin-conserving intensity. These formula suffice to handle Hamiltonians with no

spin-flip interactions but in which there is a spin-dependent external potential. If Hy is

entirely spin-independent the sums ) and ) i reduce to factors of 2 and 4.
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Explicit Derivation of Spin-Orbit Effects

Here we provide an explicit derivation of the separation of RIXS scattered intensity into
spin-flip and spin-conserving channels due to spin-orbit coupling a the 2p core hole. For
earlier discussions see Refs. [7], [8], and [45]. We calculate the polarization dependence
of the two channels and verify that experiments with grazing-exit geometry afford a
very clean separation. In doing so, we justify the form of dipole transition operators

T/T" discussed in the text.
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In the electric dipole approximation, matrix elements for light of polarization € to

cause an electronic transition from state [¢;, 0;) to |1)f, o) is
€ (Yrr[i) o, 0 (E.1)

At the cuprate L3 edge we are interested in [¢;) = |[2p;m = —1,0,1) and |¢f) =
|3d,2_,2). Dipole matrix elements are most easily evaluated in the {p;,p,,p.} basis,
where by basic parity considerations we can easily see that the only non-zero matrix

elements are

(8d,2_ 2 l212pa) = — (3,2 y2lyl2p,)- (E2)

We switch from the |2p,., ) basis to the [my = —1,0, 1) basis via

me = 0) = |2p.), [y = £1) = \}5 (1202) = 1[2p,)) (E.3)

to obtain the dipole matrix elements (up to an overall multiplicative constant)

R 0 (m =0)
im = (3dy2_y2|r|2pp) = ) (E.4)
L(@Fig) (m==1)
To include the spin-orbit effect, we must be able to translate between the basis |m, =

—1,0,1;0 = 1,]), which is most convenient for expressing dipole matrix elements, to

the basis |j,m;) of total angular momentum and energy eigenstates. From a Clebsch-
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Gordan table we find

13/2,3/2) = [1,1) (E.5)
13/2,1/2) = V1/3|1,1) + v/2/3(0,1) (E.6)
13/2,-1/2) = v/2/3(0,1) + V/1/3| - 1,1) (E.7)
13/2,-3/2) = | = 1,1). (E8)

We invert this and drop terms from the |j = 1/2) subspace, which are off resonance
by ~ 20 eV at the L3 edge. This omission of |j = 1/2) terms breaks spin rotational
symmetry and allows for spin-flip RIXS. We find for the |my = £1) states (as seen

above, |my = 0) has vanishing matrix elements)

IL,1) = [3/2,3/2) (E9)

1,4) = V/I/313/2,1/2) (E.10)
|~ 1,1) = VI/33/2,-1/2) (E.11)
|~ 1,4) = [3/2,-3/2) (E.12)

The Kramers-Heisenberg amplitude for initial state |¢) and final state |f) is

T T! _
Ay = S IR = 0T, (©.13)

where T;r and Ty are absorption and emission dipole transition operators and G =
(w— H +iT")~! is the intermediate state Green function. The transition operators are

obtained by adding dipole absorption/emission events for all possible o, my, and core
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hole sites R:

TZT — Z eiai Rz . ﬁmdk,apR,mm (E.14)
R,m,o

Tp= > v grph  dro, (E.15)
R,m,o

where &;y) and q;(y) are incident (final) polarizations and photon momenta. Writing
this in terms of spin-orbit eigenstates and dropping off-resonance |j = 1/2) terms as

shown above gives

Tj = Z e AR, {"71 (dIQ’TpR,mj:S/Q + v 1/3dJ1r1,¢pR,mj=1/2>
R

+ 71 (d}{,ipR,mj:—wz + v 1/3d1ﬁ,TpR,mj:—1/2)] (E.16)
Ty =3 VR i (dfy 1prm,=s/2 + V13 pRom,=1/2)

R

+ 0y <dJ][I{7¢pR,mj:f3/2 + v 1/3dR,TPR,mj=71/2)] : (E.17)

Finally, since the spin orbit states labelled by {R,, j, m;} are eigenstates of H, each term
in TiT must be matched with the corresponding term in 7. That is, the only terms
in TfGT; that give a non-vanishing contribution to the Kramers-Heisenberg matrix
element are those in which 7'y and T;r carry the same quantum numbers R, j (which we
have already enforced by projecting into a single resonant subspace), and m;. Thus we

obtain

Ay = BBy s(fldr o Gdl 4li), (E.18)
R
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where

Xt =Xy =(Er ) (@ - i) + (1/3)(€r - H-1)" (€ - 1) (E.19)

X4 = x4+ =0. (E.20)

That x4 = XI ! follows from 71 = 7* ;.
To separate the spin and charge channels, we decompose Y into symmetric and anti-

symmetric parts: x = xs + x4, where

xs =(x +x%)/2 (E.21)

xa =(x —x")/2. (E.22)

Then, in the basis of S, eigenstates |1,]), where 2 is perpendicular to the copper-oxide

plane, we have

(x$)q = (x5), =(2/3) (€} - éi — €} ,€i.2) Xs (E.23)

(XA)@T == (XA)¢7¢ == (1/3)5} (2% &) XA (E.24)

With respect to the basis of eigenstates of S, obtained via the transformations Ity —

(1/vV2)(I1) + [1) and |4} — (1/v2)(|1) — |{)), the symmetric amplitude transforms
trivially:
xsdiGl + xsd Gd] = xs (d;Gd} +d,Gd]) . (E.25)

An isotropic contribution can’t represent a spin flip in any basis. The antisymmetric
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contribution, however, transforms as
diGdl — xad Gdl — diGd! + d,Gd! (E.26)
XAQq + XAQy XA 0 1 1 1)

a pure spin flip in the basis oriented parallel to the copper-oxide planes. Now we need
to compare the prefactors ‘XS( A)]2 to obtain the relative intensities of spin-flip and
non-spin-flip scattering processes.

For experimental geometry where incident and scattered radiation make angles ¢
and ¢ with £ polarization vectors are é; = é; = g for o polarization (WLOG) and
€; = cos P12 +sin @12, €5 = cos g2@ + sin o2 for 7 polarization. Then we can calculate

xs and x4 for all pairs of incident and emitted polarizations:

€ Ef XS XA

c o 2/3 0

oo 0 (i/3) cos ¢ (E.27)
T m (2/3)cos by cos po 0

T 0 0 —(4/3) cos ¢1

For unpolarized scattered radiation we average intensity over scattered polarizations:

& (Ixsl?) (Ixal®)
o 2/9 (1/18) cos? ¢y (E.28)

7 (2/9)cos? ¢y cos® gy (1/18) cos? ¢y

Fortunately, the prefactors |ys(£;,€f)|? and |xa(é;,éf)|> depend only on the polariza-
tions and as such do not affect the lineshape of intensity vs. momentum transfer and

energy transfer. The only effect of the experimental geometry is to adjust an overall
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ratio between spin-flip and non-spin-flip intensities. This means that we can write

I(tTotal :|XS,U|2INSF + ‘XA,U|2ISF (E29)
I;;rotal :|XS,7r|2INSF + ’XA,N‘ZISF- (E30)

Even without resolving the polarization of scattered radiation, the charge and spin
channels can, in principle, be separated by solving a 2 x 2 linear equation. Ideally,
however, one could simply choose geometries where <\ XS|2> is much larger than <\ X A|2>
and vice versa.

We consider the experiments of Refs. [26] and [64], with grazing exit geometry. For
concreteness we use values from Ref.?0: ¢; = —25.6° and ¢ = 76.6° (the minus sign
denotes that incident and scattered radiation are on the same side of the normal in the

scattering plane). For this geometry, averaging over final states we get

& (Ixsl®) (Ixal®)
o 022  0.003 - (E.31)

m  0.010 0.045

Thus the two polarizations of incident radiation in an experiment with grazing exit
geometry offer a fairly clean separation between spin-flip and spin-conserving cross sec-

tions.
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