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Abstract

In the approximate near neighbor search problem, one is given a database D ⊂ Rd of n points
and asked to construct a data structure which, given a query point q ∈ Rd , returns a “near”
neighbor of q in D. As a fundamental algorithmic primitive for processing high-dimensional
data, approximate near neighbor search has found a wide variety of applications, both within
computer science and beyond, including to problems in machine learning, computer vision,
data mining, and genomics.

We show that high-dimensional approximate near neighbor search can be solved without
false negatives while matching the performance of the state-of-the-art algorithms (which can
produce false negatives). Our results hold for approximate near neighbor search for Euclidean
space as well as all `p spaces with p ∈ [1, 2). We achieve this result in two ways: In the data-
independent setting, in which algorithms do not adapt to the dataset, we show that the optimal
ball-carving LSH of Andoni and Indyk (FOCS 2006) can be adapted into an algorithm without
false negatives. In the data-dependent setting, in which algorithms can adapt to structure found
in the dataset, we modify the data structure of Andoni et al. (SODA 2017) to produce no false
negatives by constructing a new “Las Vegas” locality-sensitive �lter family for the unit sphere.

Our data-independent construction improves on the recent Las Vegas data structure of Ahle
(FOCS 2017) for `p when 1 < p ≤ 2. Our data-dependent construction does even better for
`p for all p ∈ [1, 2] and is the �rst Las Vegas approximate near neighbors data structure to
make use of data-dependent approaches. We also answer open questions of Indyk (SODA 2000),
Pagh (SODA 2016), and Ahle by showing that for approximate near neighbors, Las Vegas data
structures can match state-of-the-art Monte Carlo data structures in performance for both the
data-independent and data-dependent settings and across space-time tradeo�s.

Comments on Published Work

The last chapter of this thesis was published as a conference paper at the 2019 Symposium on
Discrete Algorithms (SODA 2019) [Wei19].
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1. Introduction

Nearest neighbor search, in its essence, is the following algorithmic task:

Given a set of points D and a query point q, �nd the point in D closest to q.

Typically, we think of the points as living in some metric space (e.g., Rd under the Euclidean
norm), and our goal is to preprocess the set D to get a data structure that can answer nearest
neighbor queries for points q in the metric space. Algorithms for this fundamental problem have
found myriad applications, both within computer science and far beyond: Nearest neighbor
search has been used for machine learning [CH67], data mining [BGMZ97], computer vision
[SDI06], database retrieval [GIM99], drug discovery [DGJC06], genomics [BKC+15], and fraud
detection1, among others, emerging as a key algorithmic primitive time and time again.

In the �rst part of this thesis, we provide a gentle introduction to the rich algorithmic theory
of (approximate) nearest neighbor search. Namely, we give an exposition of locality-sensitive
hashing and the associated technical tools from probability, geometry, and combinatorics. We
also build up the machinery and background necessary for the second part of this thesis.

In the second part of this thesis, which is based on our results in [Wei19], we describe a new
algorithm for approximate near neighbor search in Rd under the `p norm for 1 ≤ p ≤ 2. Our
algorithm is as e�cient as the state-of-the-art approach while also having no false negatives.
Viewed through a derandomization lens, our result shows that Las Vegas algorithms are just as
powerful as Monte Carlo algorithms for approximate near neighbor search.

1.1. A History of Nearest Neighbor Search

Although nearest neighbor search in low-dimensions has been well-understood for decades
[Ben75, Cla88, Mei93], our interest lies in tackling nearest neighbor search for massive datasets of
high-dimensional data. High-dimensional datasets arise through many natural data-generation
processes: In natural language processing, modern contextualized word representations have
thousands of dimensions [DCLT]; signal data such as images, audio, and video are sampled and
stored in high-dimensional formats; DNA sequence data are an example of high-dimensional
string data, where each base pair corresponds to a dimension.

As a concrete example, suppose we have a dataset of one billion 1000 × 1000 pixel images.
Each image has a natural representation as a vector of dimension 106. Even if we wanted to
perform a single image search over this dataset (e.g., with Euclidean distance as our similarity
measure), a naïve linear scan would be infeasible, needing on the order of 109 × 106 = 1015

1See https://eng.uber.com/lsh/ for a practical example.
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1. Introduction

q

Figure 1.1.: An instance of nearest neighbor search in R2.

arithmetic operations. And these numbers are hardly extreme: Facebook, in its 2012 S-1 �ling2,
reported receiving 300 million photo uploads per day. In the years since, high-dimensional data
at such scale has only become more common across the computing world.

Applications like the above motivate the design of nearest neighbor search algorithms that
signi�cantly outperform a linear scan. Ideally, our algorithm would:

1. Only inspect a small, carefully chosen fraction of the dataset per query, and

2. Remain tractable when applied in high-dimensional spaces.

More precisely, we would like the computational cost to scale sublinearly in the dataset size |D|
and polynomially in the dimension d . However, despite decades of research e�ort, an algorithm
simultaneously achieving both properties has remained out of reach.3 All known algorithms
for exact nearest neighbor search are either linear in the dataset size or blow up exponentially
with dimension. The latter can manifest as either exponentially growing space consumption or
exponentially growing query time. This behavior is part of a general qualitive phenomenon in
algorithms known as the curse of dimensionality.

To sidestep this curse of dimensionality, signi�cant research e�ort over the past two decades
has focused on an approximation version of the problem. In this setting, instead of returning
the exact nearest neighbor of the query point, the objective is to return a point that is “almost”
the nearest point. This version of the problem, known as approximate near neighbor search, is
of both immense practical and theoretical relevance. For many real-world datasets, having an
approximate near neighbor is often almost as good as the exact nearest neighbor [Raz17]; hence
this relaxation to an approximation problem does not come at a signi�cant practical cost. And,
as it turns out, accepting a bit of slack in the output deftly avoids the curse of dimensionality.
Since the seminal results of Indyk and Motwani [IM98] and Kushilevitz et al. [KOR00], e�cient
algorithms for high-dimensional approximate near neighbor search have been developed for a
variety of metrics, including for Rd under the `1 and `2 norms.

Much of the theoretical work for approximate near neighbor search has taken place within
the framework of locality-sensitive hashing (LSH), introduced by Indyk and Motwani [IM98]. At

2https://www.sec.gov/Archives/edgar/data/1326801/000119312512235588/d287954ds1a.htm.
3In fact, the existence of such an algorithm for Euclidean space would have strong implications for complexity

theory, namely, refuting the strong exponential time hypothesis [AW15].
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1. Introduction

a high level, LSH algorithms group the points in D into “buckets” using a randomized hashing
scheme during the preprocessing phase. Then, to answer a query, such algorithms only search
through buckets located near the query point. By taking advantage of the geometric structure
of the underlying space, LSH is able to eliminate all but a small fraction of the search space.
This approach to algorithm design has had an outsized in�uence on nearest neighbor search
in practice: Most of the applications cited in the �rst paragraph use LSH-based algorithms for
nearest neighbor search.4

The current state-of-the-art for approximate near neighbor search in Rd under the Euclidean
norm is data-dependent LSH [AR15, ALRW17]. Data-dependent hashing, unlike previous ap-
proaches, adapts the LSH scheme to the dataset at hand by discovering and exploiting pseudo-
random structure within the dataset. Although data-dependent hashing has been ubiquitous in
practice, this line of work was the �rst to provide theoretical understanding on why adaptive
approaches tend to perform exceptionally well in practice. The data-dependent adaptation in
[AR15, ALRW17] consists of reducing to “random looking” datasets by separating out dense
clusters of points and then designing an e�cient LSH scheme for datasets that look approxi-
mately random. Matching lower bounds for these results have also been obtained in restricted
models of computation [AR16, ALRW17], suggesting that signi�cantly di�erent ideas will be
needed if these results are to be improved further.

1.1.1. Randomness in Approximate Near Neighbor Search

A line of work within the approximate near neighbor search literature has been to understand
the extent to which randomness is needed for approximate near neighbor search. Classical
LSH algorithms rely heavily on randomness: The grouping of D into buckets is a randomized
process, and when answering queries, a query could have an approximate near neighbor that
does not get found. It is thus natural to ask whether this randomness can be eliminated or at
least reduced. The second part of this thesis delves into this question in detail.

Indyk [Ind00] initiated the study of this question, describing a deterministic algorithm for
approximate near neighbor search based on expander graphs. However, his algorithm works
only when the approximation needed is rather coarse. Somewhat surprisingly, this algorithm is
the only e�cient deterministic algorithm known for approximate near neighbor search.

More success has been had the design of Las Vegas algorithms for approximate near neighbor
search [Pag16, Ahl17], i.e., algorithms with the property an approximate near neighbor of a
query point will always be found. Such algorithms are said to have no false negatives. This is in
contrast with Monte Carlo algorithms (e.g., classical LSH), which may have false negatives with
non-zero probability. Thus, Las Vegas algorithms can be understood as a sort of middle ground
between Monte Carlo and deterministic algorithms: They are randomized, but always produce
the correct result.

Pagh [Pag16] gave the �rst Las Vegas algorithm for approximate near neighbor search, with
an LSH scheme for Hamming space that di�ers from the optimal by a constant factor in the
exponent of the time and space bounds. Ahle [Ahl17] improves on this result with an algorithm
matching optimal data-independent LSH for Hamming space [IM98] in performance. However,

4For recent surveys of the literature on LSH, see also [Raz17, AI17, AIR18].
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1. Introduction

these works leave open whether the same can be achieved for optimal data-independent LSH for
Euclidean space [AI06] or whether Las Vegas algorithms can be competitive with state-of-the-art
Monte Carlo data-dependent algorithms. Sankowski and Wygocki [SW17, Wyg17] make partial
progress on Las Vegas algorithms for Euclidean approximate near neighbor search, but do not
close the performance gap between Las Vegas and Monte Carlo algorithms.

1.2. Our Contribution

We close the gap between Las Vegas and Monte Carlo algorithms for approximate near neighbor
search, answering questions of Ahle [Ahl17], Pagh [Pag16], and Indyk [Ind00].

First, we give a construction of a data-independent Las Vegas locality-sensitive data structure
that is optimal for Euclidean space, matching the performance achieved in [AI06]. Stated as a
theorem, we have:

Theorem 1.1 (Informal). There exists a Las Vegas data structure for Euclidean approximate near
neighbor search in Euclidean space with performance matching that of optimal data-independent
LSH [AI06].

Second, we show that the data-dependent Monte Carlo algorithm of [ALRW17] can be made Las
Vegas using similar techniques. Thus, not only do we match optimal data-dependent hashing
[AR15] in performance, but we also provide a full range of space-time tradeo�s a la [ALRW17].
Stated as a theorem, we have:

Theorem 1.2 (Informal). There exists a Las Vegas data structure for Euclidean approximate near
neighbor search in Euclidean with performance matching that of optimal data-dependent hashing
[AR15]; moreover, this data structure can be adapted to achieve the space-time tradeo�s of Andoni
et al. [ALRW17].

Moreover, by a reduction of Nguyen [Ngu14], our results provide optimal locality-sensitive
data structures for Rd under the `p norm for all p ∈ [1, 2] in both the data-independent and the
data-dependent settings, giving us the following corollaries:

Corollary 1.3 (Informal). There exists a Las Vegas data structure for Euclidean approximate near
neighbor search in Rd under the `p norm for p ∈ [1, 2] with performance matching that of optimal
data-independent LSH [Ngu14].

Corollary 1.4 (Informal). There exists a Las Vegas data structure for Euclidean approximate
near neighbor search in Rd under the `p norm for p ∈ [1, 2] with performance matching that of
optimal data-dependent LSH [AR15]; moreover, this data structure can be adapted to achieve the
space-time tradeo�s of Andoni et al. [ALRW17].

Finally, in the process of proving our results, we construct a geometric adaptation of the splitters
of Naor et al. [NSS95] using CountSketch [CCF04], which may be of independent interest.

Our results are summarized in a more quantitative form in Table 1.1, where a lower ρ value
corresponds to performance that scales better with dataset size.

4



1. Introduction

Metric
Technique Hamming `2

LSH[IM98, AI06] (Monte Carlo) ρ = 1/2 ρ ≈ 1/4
Data-dependent LSH[AR15] (Monte Carlo) ρ ≈ 1/3 ρ ≈ 1/7
CoveringLSH [Pag16] ρ ≈ 0.69 ρ ≈ 0.69
LSF + Splitters [Ahl17] ρ ≈ 1/2 ρ ≈ 1/2
Our result (data-independent) — ρ ≈ 1/4
Our result (data-dependent) ρ ≈ 1/3 ρ ≈ 1/7

Table 1.1.: Progress on Las Vegas (r , cr )-approximate near neighbor search for c = 2.

1.3. Organization

The remainder of this thesis is organized as follows:

• In Chapter 2, we provide an expository survey and introduction to the theory of locality-
sensitive hashing. We describe optimal locality-sensitive hashing schemes for Hamming
space and `1 in Section 2.2. We sketch the construction of an optimal locality-sensitive
hashing scheme for Euclidean space in Section 2.3. In addition, we introduce related
topics—dimensionality reduction (Section 2.3) and derandomization with bounded inde-
pendence (Section 2.4)—that will be of use in Chapter 3.

• In Chapter 3, we develop and prove our main technical results. In Sections 3.3, 3.4, 3.5
and 3.6, we develop the result for data-independent setting in detail. In Section 3.5, we also
develop the family of CountSketch splitters that adapt the splitters of Naor et al. [NSS95]
to Euclidean space. In Section 3.7, we show how these same ideas apply to spherical
locality-sensitive �ltering in the context of data-dependent algorithms. Finally, a note
showing that good “Las Vegas” �lter families imply good Monte Carlo �lter familes (as
de�ned in [Chr17]) is included in Appendix A.

5



2. A Survey of Locality-Sensitive Hashing
for Approximate Near Neighbor Search

In this chapter, we provide an introduction to the algorithmic theory of (approximate) nearest
neighbor search, highlighting key historical results and introducing the necessary technical
tools along the way. We assume no background other than a basic familiarity with algorithms
and probability.

2.1. Introduction

In the nearest neighbor search problem, we are given a databaseD of n points in a metric space
(X ,D) and asked to construct a data structure to e�ciently answer queries for the point in D
that is closest to a query point q ∈ X . For many application settings, the space X is Rd and the
metric D is an `p norm (1 ≤ p ≤ ∞), the latter de�ned as follows:

D(x ,y) = ‖x − y‖p =

(
d∑
i=1
(xi − yi )

p

)1/p
,

where we take the appropriate limit for p = ∞.
The nearest neighbor search problem in Euclidean space can be solved e�ciently when the

dimension of the spaceX is “low” (e.g., [Cla88, Mei93]). However, all known data structures with
strongly sublinear query time for nearest neighbor search su�er from a “curse of dimensionality,”
in which either the space or time complexity of the data structure is exponential in the dimension
d . Thus researchers (e.g., [IM98, GIM99, KOR00]) have also considered an approximate version
of nearest neighbor search. Fixing parameters r > 0 (search radius) and c > 1 (approximation
ratio), this problem is stated as follows:

De�nition 2.1 ((r , cr )-approximate near neighbors). Given a databaseD of n points in a metric
space (X ,D), construct a data structure that, for any query point q ∈ X , returns a point in D
within distance cr of q, provided there exists a point in D within distance r of q.

If one has encountered approximation algorithms before, one might ask why we consider this
problem, which has has an additional search radius parameter r , rather than the more natural
approximation problem where we ask for any point in D that is no more than c times as far
from x as the nearest neighbor of x . Har-Peled et al. [HIM12] establish a relationship between
these two problems: The latter can be reduced to the former with a polylog(n) overhead in time
and space and a 1 + o(1) loss in the approximation factor. Thus, it more or less su�ces to solve
the (r , cr )-approximate near neighbors problem, which is easier to reason about.

6



2. A Survey of Locality-Sensitive Hashing for Approximate Near Neighbor Search

r

cr

q

Figure 2.1.: An instance of (2, r )-approximate nearest neighbor search in R2.

And indeed, (r , cr )-approximate near neighbor search is the main problem that we will tackle
in this thesis. More speci�cally, our goal will be to obtain algorithms for (r , cr )-approximate
near neighbor search in Rd that are e�cient in the following three performance metrics:

1. Query time: Answer queries in time sublinear in n and polynomial in d .

2. Space usage: Require no more than a polynomial amount of space in n and d .

3. Preprocessing time: Construct the data structure in time polynomial in n and d .

In the remainder of this section, we will brie�y summarize the results surveyed in Chapter 1 in
slightly more formal terms, now that we have de�ned approximate near neighbor search.

2.1.1. Bounds for Approximate Near Neighbor Search

In their seminal work, Indyk and Motwani [IM98] propose locality-sensitive hashing (LSH) as a
solution for approximate near neighbors and provide an LSH data structure for Hamming space
that overcomes the curse of dimensionality. In particular, their data structure obtains query time
O(dnρ ) and space usage O(dn1+ρ ) for an exponent of ρ = 1/c . Over the past two decades, the
LSH framework and its generalization locality-sensitive �lters (LSF) [BDGL16, Chr17, ALRW17]
have emerged as leading approaches for �nding approximate near neighbors, both in theory
and in practice. These frameworks serve as the basis of e�cient approximate near neighbors
data structures for a variety of metric spaces (e.g., [IM98, BGMZ97, DIIM04, AI06, CP17]; see
also [AI17, AIR18] for recent surveys). Corresponding lower bounds for the LSH framework
have also been found [MNP07, OWZ14], with the construction of [IM98] known to be optimal
for Hamming space via the result of [OWZ14].

Recently, a line of work [AINR14, AR15, ALRW17] has focused on data-dependent LSH, which
are approximate near neighbors data structures where the “bucketing” of points depends on
the database D. This stands in contrast to earlier data-independent LSH and LSF (e.g., [IM98]),
in which the families of hash functions and �lters used are determined independently of D.
The data dependence allows such data structures to overcome the lower bound of [OWZ14] for

7



2. A Survey of Locality-Sensitive Hashing for Approximate Near Neighbor Search

data-independent LSH, with [AR15] obtaining an improved exponent of ρ = 1/(2c2 − 1) + o(1)
for Euclidean approximate near neighbors.

More recently, [ALRW17] obtain space-time tradeo�s with data-dependent hashing, extend-
ing the result of [AR15] to data structures with di�erent exponents for space usage and query
time. The state-of-the-art bounds for approximate near neighbor search in Rd under the `p
norm with p ∈ [1, 2] are given by exponents ρu , ρq ≥ 0 such that

cp
√
ρq + (c

p − 1)√ρu ≥
√
2cp − 1. (2.1)

That is, given ρu , ρq satisfying 2.1, [ALRW17] show that there is an algorithm with expected
O(dnρq+o(1)) query time, O(dn1+ρu+o(1)) space usage, and O(dn1+ρu+o(1)) preprocessing time.

2.2. Locality-Sensitive Hashing

In this section, we introduce the locality-sensitive hashing framework [IM98]. In this framework,
randomized partitions of the metric spaceX are used to reduce the search space for approximate
near neighbor search. After setting up the necessary machinery (Theorem 2.1), we apply this
framework to obtain e�cient approximate near neighbors algorithms for the Hamming and `1
spaces.

2.2.1. The Locality-Sensitive Hashing Framework

The key de�nition in the LSH framework is that of a locality-sensitive hash family:

De�nition 2.2 ((r , cr ,p1,p2)-sensitive hash family). For a metric space (X ,D) and a set U , a
distributionH over maps h : X → U is said to be (r , cr ,p1,p2)-sensitive if, for all x ,y ∈ X , the
following holds:

• If D(x ,y) < r , then Ph∼H(h(x) = h(y)) ≥ p1;

• If D(x ,y) > cr , then Ph∼H(h(x) = h(y)) ≤ p2.

We also refer to such distributionsH as LSH families.

To provide some intuition for the de�nition, note that the �rst condition says any two “near”
points will be hashed to the same element of U (i.e., bucket) with probability at least p1. Thus,
if we sample su�ciently many hash functions, there will likely be one that maps a given pair
x ,y with D(x ,y) < r to the same bucket. Similarly, the second condition implies any two “far”
points will be hashed to the same bucket with probability at most p2. For this de�nition to be
useful, we will need that p1 > p2, which we assume in the sequel.

Remarkably, all one needs is an (e�cient) LSH family to obtain an e�cient algorithm for
approximate near neighbor search that fails with probability at most 0.9. (Note that we can
always reduce the failure probability by running independent copies of the data structure.) This
is formalized through the following theorem:

8



2. A Survey of Locality-Sensitive Hashing for Approximate Near Neighbor Search

Theorem 2.1 ([IM98]). Consider the (r , cr )-approximate near neighbors problem on (X ,D). Let
H be a (r , cr ,p1,p2)-sensitive hash family on (X ,D). De�ne

ρ =
log(1/p1)
log(1/p2)

.

Then (r , cr )-approximate near neighbors can be solved with failure probability at most 0.9 in:

• Query time that is the total cost of:

– O(nρ/p1) distance computations;

– O(nρ/p1 · dlog1/p2(n)e) hash function evaluations;

• Space usage that is the total cost of:

– Storing n data points;

– O(n1+ρ/p1) machine words;

– Storing O(nρ/p1 · dlog1/p2(n)e) hash functions;

• Preprocessing time that is the total cost of:

– Sampling O(nρ/p1 · dlog1/p2(n)e) hash functions fromH ;

– O(n1+ρ/p1 · dlog1/p2(n)e) hash function evaluations.

Proof. Our basic procedure will be as follows: During preprocessing, sample a hash function
h ∼ H and hash each x ∈ D into its corresponding bucket h(x) ∈ U . To answer a query for q,
�rst compute h(q). Then, for each x ∈ D hashed to h(q), check if D(x ,q) < cr , returning once a
near neighbor is encountered.

We will make this basic procedure more powerful in two ways: First, as alluded to before, we
can replicate this procedure multiple times by sampling multiple hash functions h. This will
make false negatives less likely, but also make us encounter more “false positives,” i.e., points x
such that D(x ,q) > cr , during our search. To remedy this, our second trick is to “amplify” the
hash family: We sample a tuple д = (h1, . . . ,hk ) from the product distributionHk and de�ne

д(x) = (h1(x), . . . ,hk (x)).

It is not hard to see that this identi�cation makesHk into a (r , cr ,pk1 ,pk2 )-sensitive hash family.
This LSH family is “ampli�ed” in the sense that the ratio pk1 /p

k
2 is now larger than p1/p2.

Now, let us analyze the basic procedure with the ampli�ed LSH familyHk replicated L times.
First, we bound the probability of a false negative. That is, suppose for a query q, there exists
some x ∈ D such that D(x ,q) < r . The probability that we do not �nd x in our search, i.e., the
probability that x and q are never hashed to the same bucket, is at most(

1 − pk1
)L
≤ e−Lp

k
1 .

To make this a constant so that our algorithm succeeds with at least constant probability, we
will want Lpk1 to be at least a constant. Next, we bound the number of false positives. For any

9
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x ∈ D such that D(x ,q) > cr , the expected number of hash collisions is at most Lpk2 . Thus, by
linearity of expectation, we expect at most n · Lpk2 false positives total. By Markov’s inequality,
the probability that there are more than 3n · Lpk2 false positives is at most 1/3. Therefore, we
can guarantee that we encounter at most this many false positives by terminating the search
early, incurring an additive 1/3 cost in failure probability.

To bound the performance, note that for any query, we evaluate Lk di�erent hash functions
and compute at mostO(Lnpk2 ) distances. Next, for space usage, in addition to storing the dataset,
we need to store a lookup table for each of the replicas that lets us look up dataset points by
hash bucket, coming in at a cost of Ln machine words. Furthermore, we need to store each of
the Lk hash functions that we sampled. Finally, for preprocessing, we sample Lk hash functions
and generate lookup tables based on the hash functions evaluated on D. For the latter, the cost
is dominated by that of making Lnk hash function evaluations.

For parameters, we set L = p−k1 , so we get an at most 1/e probability of false negatives, and
k = dlog1/p2(n)e, so n · pk2 < 1. Plugging these values into the costs enumerated above, we get
the desired performance bounds. In particular, L ≤ nρ/p1 because k ≤ log1/p2(n) + 1. And by a
union bound, our failure probability is at most 1/e + 1/3 < 0.9. �

Remark. We keep careful track of the impacts of p1 and p2 in our bookkeeping above, as they
may factor into the asymptotic costs as a function of c , r , and d . In particular, the costs blow if
either p1 → 0 and p2 → 1, both of which may happen in practice.

Given this cornerstone of a theorem, one approach to e�cient approximate near neighbors
algorithms is to construct good LSH families. This is the approach taken by [IM98, DIIM04, AI06],
among others. In the sequel, we will see basic applications of this theorem to approximate near
neighbor search in Hamming space and `1 space.

2.2.2. LSH for Hamming Space

Hamming space is the discrete metric space (X ,D) where X = {0, 1}n and D(x ,y) = ‖x − y‖ is
the number of indices i such that xi , yi . Hamming space is more or less the simplest metric
space for which high-dimensional approximate near neighbor search is a relevant problem. This
metric is useful for modeling datasets with binary features, a natural application setting.

From the theory angle, Hamming space is of importance because it is “easy” in two di�erent
ways:

1. It provides a simple setting to demonstrate the power of the LSH framework;

2. It reduces to approximate near neighbor search in Rd under the `p norm for 1 ≤ p ≤ 2.

The latter property makes Hamming space ideal for approximate near neighbor search lower
bounds [MNP07, OWZ14]: A lower bound for Hamming space implies lower bounds for all `p
spaces, and as noted before, these lower bounds are tight. In our discussion of Hamming space,
however, we will focus primarily on the upper bound.1

1Detailed discussion of lower bounds, although of major importance (and a fascinating application of Fourier
analysis over Boolean functions), is out of the scope of this exposition.

10
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Theorem 2.2. (r , cr )-approximate near neighbor search for Hamming space can be solved with
query time Õ(dnρ ), space usage Õ(dn+n1+ρ ), and preprocessing time Õ(dn1+ρ ) for ρ = 1/c . (Here,
the Õ hides polylog(n) factors.)

Proof. LetH be the uniform distribution over the dictator functions {0, 1}d → {0, 1}. That is,
H is uniform over the set of functions h such that h(x) = xi for some i ∈ [d]. Observe that each
hash function takes constant time to sample and evaluate, but that distances take O(d) time to
compute.

To compute ρ, notice that Ph∼H(h(x) = h(y)) = 1 − ‖x − y‖ /d . Thus, we have

ρ =
log(1/p1)
log(1/p2)

=
log(1 − r/d)
log(1 − cr/d) ≤

1
c

(where the inequality follows from (1 − r/d)c ≥ 1 − cr/d and taking logs). The theorem now
follows from applying Theorem 2.1. In particular, p1 is bounded away from 0, as p1 > 1 − 1/c if
cr < d , and p2 satis�es 1/log(1/p2) = O(d/r ). �

Although the result for Hamming space is almost a direct consequence of Theorem 2.1, it is
instructive to unravel the construction a bit to get a feel for what the algorithm is doing. Our
hash functions consist of sampling ∼ d

r logn bits from each point into a “�ngerprint” of sorts.
For an approximation factor of c = 2, we use Θ(n1/2) such hash functions. And when cr ≈ d/2,
the setting corresponding approximately to random data, we hash into Θ(n) buckets.

Finally, we note that by the result of O’Donnell et al. [OWZ14], this LSH scheme is the best
possible for Hamming space.

2.2.3. LSH for `1
In this section, we describe a simple LSH scheme for Rd under `1 norm that is similar in spirit to
the reduction of Har-Peled et al. [HIM12] of `1 approximate near neighbor search to Hamming
approximate near neighbor search.

We assume without loss of generality that r = 1. With this assumption, we reduce approximate
near neighbors on Rd under the `1 norm to approximate near neighbors on the hypercube
[0,a]d under the `1 norm. This reduction is a standard trick in the approximate near neighbor
search literature and is useful for a variety of metrics (e.g., Section 3.6.2). We then give an LSH
family for [0,a]d that is, in a sense, a generalization of the LSH family from Theorem 2.2.

Lemma 2.3 ([HIM12]). Suppose we can solve (1, c)-approximate near neighbor search in [0,a]d
under the `1 norm and failure probability f . Then we can solve (1, c)-approximate near neighbor
search in Rd under the `1 norm with the same performance bounds and failure probability f +1/a.

Proof. We sample v uniformly from [0,a]d and partition Rd into hypercubes of side length a
using the lattice a · Zd + v . We then build a separate data structure for each hypercube that
has a non-empty intersection with D. To handle queries, we only query the data structure of
the hypercube containing the query point (if it exists). With this approach, the performance
bounds are clearly the same as that of the data structure for [0,a]d .

It remains to bound the failure probability. The only way that we increase false negatives is
by separating two “near” points x ,q such that ‖x − q‖1 ≤ 1 into di�erent hypercubes. For this
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to occur, there must exist some coordinate i such that a face of the hypercube separates xi and
qi . Hence this event occurs with probability at most

P(x ,q lie in di�erent hypercubes) ≤
d∑
i=1

|xi − qi |

a
≤

1
a

by a union bound over the coordinates. Union bounding with the original failure probability,
we get a �nal failure probability of at most f + 1/a. �

Theorem 2.4. (r , cr )-approximate near neighbor search for Rd under the `1 norm can be solved
with query time Õ(dnρ ), space usage Õ(dn +n1+ρ ), and preprocessing time Õ(dn1+ρ ) for ρ = 1/c .

Proof. LetH be the distribution over maps [0,a]d → {0, 1} given by selecting a coordinate i
and a threshold t ∈ [0,a], each uniformly at random, with the map sending x to 0 if and only if
xi < t . Note that a hash function of this form takes constant time to sample and evaluate, but
distances still take O(d) to compute.

To evaluateH as an LSH family, note that for any x ,q ∈ [0,a]d ,

P
h∼H
(h(x) = h(q)) =

1
d

d∑
i=1

(
1 − |xi − qi |

a

)
= 1 −

‖x − q‖1
ad

.

It follows that the quality of this family is

ρ =
log(1/p1)
log(1/p2)

=
log(1 − 1/ad)
log(1 − c/ad) ≤

1
c
.

Taking a to be a su�ciently large constant, we have 1/p1 = O(1) and 1/log(1/p2) = O(d). Thus,
approximate near neighbor search on [0,a]d can be solved with the desired time bounds, and by
Lemma 2.3, the same is true of approximate near neighbor search on Rd under the `1 norm. �

Remark. In Har-Peled et al. [HIM12], a slightly di�erent approach is taken: Instead of construct-
ing a LSH family for [0,a]d directly, they discretize [0,a]d and embed the discretized version of
the problem into Hamming space. The resulting LSH families, however, are morally the same.

And on the lower bound side, we note that the exponent ρ = 1/c is again the best we can
hope for from the LSH framework, as Hamming space {0, 1}d embeds isometrically into Rd
under the `1 norm.

2.3. Dimensionality Reductions

When designing algorithms for high-dimensional data, the theory of dimensionality reductions
provides a natural toolkit to apply. At the highest level, the goal of a dimensionality reduction
is to map a high-dimensional space onto a space of lower dimension while preserving some
property (e.g., distance or norm) in expectation. Such maps are inherently lossy; nonetheless, a
well-tuned dimensionality reduction can capture enough of the geometry of the original space
to make much more e�cient approximation algorithms possible.
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In this section, we introduce distance-preserving dimensionality reductions for Euclidean
space. We start with the classical Johnson-Lindenstrauss lemma and then explore more compu-
tational aspects of Euclidean dimensionality reduction. Each of the dimensionality reduction
schemes we discuss here will be applied in our construction of a Las Vegas data structure for
approximate near neighbor search in Rd in Chapter 3.

2.3.1. The Johnson-Lindenstrauss Lemma

The Johnson-Lindenstrauss lemma [JL84] states that for any D ⊆ Rd of size n, there exists a
linear map Rd → Rt for t = Θ(ε−2 logn) that preserves all pairwise Euclidean distances in D
up to a multiplicative factor of 1 ± ε . That is, there exists a matrix A ∈ Rt×d such that

(1 − ε) ‖x − y‖2 ≤ ‖Ax −Ay‖2 ≤ (1 + ε) ‖x − y‖2 (2.2)

for all x ,y ∈ D. A linear map with this property is said to be of distortion 1 ± ε for D.
We prove this result using the probabilistic method. That is, we de�ne a distribution over

matrices A ∈ Rt×d and show that 2.2 is satis�ed with positive probability. A probabilistic proof
of this form is also useful in a computational context: It gives us a way to “construct” such an A
in practice.

Before we give the proof, we make a small reduction. Observe that ‖Ax −Ay‖2 = ‖A(x − y)‖2.
Thus, it is equivalent to ask that A preserves the norms of all z such that z = x − y for x ,y ∈ D.
So if we show that the norm of z is preserved (up to 1 ± ε) with probability 1 − 1/2n2, then by a
union bound, 2.2 holds with probability at least 1/2. It therefore su�ces to show the following,
where we care about the case δ = 1/2n2 in particular:

Theorem 2.5 (Distributional Johnson-Lindenstrauss). For any d > 0 and ε,δ such that 0 <
ε,δ < 1/2, there exists a probability distributionA over matrices in Rt×d for t = Θ(ε−2 log(1/δ ))
such that for any x ∈ Rd ,

P
A∼A

(���� ‖Ax ‖22
‖x ‖22

− 1
���� > ε) < δ .

Proof. We take A to be a distribution where the entries of A are independent Gaussians. This
stems from the observation that ifд is ad-dimensional spherical Gaussian, then 〈д,x〉 is normally
distributed with variance ‖x ‖22. In other words, 〈д,x〉2 is an unbiased estimator for ‖x ‖22. We
can stack independent copies of these estimators and take the mean (i.e., scale each Gaussian
bym−1/2) to get a more concentrated estimate. The question now becomes: How many samples
do we need in order to obtain an estimate that is within a multiplicative factor of 1 ± ε with
probability 1 − δ?

At an intuitive level, we need 1/ε2 samples to get an estimator with standard deviation 1/ε .
To prove this formally, we assume without loss of generality that ‖x ‖2 = 1. Let

Z =
1
t

t∑
i=1
〈дi ,x〉

2 ,

where дi for i = 1, . . . , t are spherical Gaussians. Observe that Z is a χ -squared distribution
with t degrees of freedom. Hence we may apply the following tail bound for χ -squared random
variables (see [Wai19] for a proof):

13
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Lemma 2.6. Suppose Z is distributed as a χ -squared distribution with t degrees of freedom. Then

P

(����Zt − 1���� ≥ ε) ≤ 2 exp
(
−tε2

8

)
.

This lemma tells us that O(ε−2 log(1/δ )) samples su�ce to get within ε of the true mean with
probability at least 1 − δ , yielding the desired bound. �

Although the sampling of the matrix A is simple to describe, it can be unwieldy when applied
in a computational setting: Multiplication by this matrix can be slow, especially when ε is small.
This motivates the discussion of faster algorithms for dimensionality reduction, which we will
discuss next.

2.3.2. Fast Johnson-Lindenstrauss Transform

The Fast Johnson-Lindenstrauss Transform (FJLT) is a Euclidean dimensionality reduction scheme
introduced by Ailon and Chazelle [AC09]. Instead of multiplying by a matrix of Gaussians, we
�rst precondition our input with a randomized Walsh-Hadamard transform. After precondi-
tioning, we sample from our preconditioned vector with a sparse sampling matrix. We have a
speed gain over the Johnson-Lindenstrauss distribution de�ned above because multiplication
by a Walsh-Hadamard matrix can be done in time O(d logd), and sampling can be done in time
proportional to the output dimension. This speedup does not come for free, however: Our
output dimension is worse than that of Theorem 2.5.

For d = 2k , de�ne the d-th (normalized) Walsh-Hadamard matrix as

Hd =

[ 1√
2

1√
2

1
√2 −

1√
2

] ⊗k
,

where A⊗k denotes the k-fold Kronecker product of A with itself. Let Dd be a diagonal matrix
all of whose diagonal entries are in {−1, 1}, sampled independently and uniformly at random.
Finally, let Sd be a t × d (for t to be determined later) sampling matrix, where each of the t rows
samples a single coordinate uniformly at random from Rd and scales it by

√
d/t . Our FJTL is

then the product
A = SdHdDd .

We can assume without loss of generality that d is indeed a power of 2, since we can always
pad our vectors with 0 to reach a power of 2 with only a constant factor overhead.
Remark. We note that there are multiple ways to set the sparse sampling matrix Sd . Our choice
of Sd is simple to analyze, but comes at the expense of getting the optimal output dimension.

With this setup, we show the following preconditioning lemma, which says that after multi-
plication by Dd and Hd , any vector has small `∞ norm with high probability:

Lemma 2.7. With probability at least 1 − δ ,

‖HdDdx ‖∞ ≤

√
2 log(d/δ )

d
.
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To prove this lemma, we will need the Azuma-Hoe�ding concentration inequality, which we
state here:

Theorem 2.8 ([Hoe63, Azu67]). Let X1, . . . ,Xn be independent random variables bounded by
|Xi | ≤ xi . Then

P

(����� n∑
i=1

Xi −

n∑
i=1
E(Xi )

����� ≥ ε
)
≤ 2 exp

(
−
1
2

ε2∑n
i=1 x

2
i

)
.

Proof of Lemma 2.7. For any vector x ∈ Rd of unit norm, we have that each entry of HdDdx is
distributed as

1
√
d

d∑
i=1

Zixi ,

where the Zi are independent Rademacher random variables. (A Rademacher random variable
is a uniform random variable over {−1, 1}.) To bound this sum, we apply Azuma-Hoe�ding:

P

(����� d∑
i=1

Zixi

����� ≥ ε
)
≤ 2 exp

(
−
1
2ε

2
)
.

Setting ε =
√
2 log(d/δ ) and dividing by

√
d , we get that

P

(����� 1√d d∑
i=1

Zixi

����� ≥
√

2 log(d/δ )
d

)
≤
δ

d
.

By taking a union bound over all entries of HdDdx , the desired `∞ bound follows. �

Theorem 2.9 (Fast Johnson-Lindenstrauss Transform). For any d > 0 and ε,δ such that 0 <
ε,δ < 1/2, the FJLT distributionA over matrices in Rt×d for t = Θ(ε−2 log(1/δ ) log(d/δ )) is such
that for any x ∈ Rd ,

P
A∼A

(���� ‖Ax ‖22
‖x ‖22

− 1
���� > ε) < δ .

Proof. By Lemma 2.7, after multiplication by HdDd , we obtain a vector with low `∞ norm with
probability at least 1 − δ . Assuming that this is the case, we can now apply Azuma-Hoe�ding
again: Each coordinate of y = HdDdx is bounded by

√
2 log(d/δ )/d in absolute value. Sampling

t coordinates Z1, . . . ,Zt from y, we get an estimator for ‖y‖22 = 1 with concentration

P

(�����dt t∑
i=1

Z 2
i − 1

����� > ε
)
≤ 2 exp

(
−
1
2

ε2t

2 log(d/δ )

)
.

For t = Θ(ε−2 log(1/δ ) log(d/δ )), we get a failure probability of δ . �

Putting everything together, the FJLT gives us an algorithm for dimensionality reduction to
dimension Θ(ε−2 log(1/δ ) log(d/δ )) in time O(d logd + ε−2 log(1/δ ) log(d/δ )).
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2.3.3. CountSketch

In our last section on dimensionality reductions, we discuss CountSketch [CCF04], a dimen-
sionality reduction scheme that is extraordinarily simple, but achieves a worse dimensionality
reduction guarantee than that of the Johnson-Lindenstrauss lemma or even the FJLT. Count-
Sketch was introduced by Charikar et al. [CCF04], where it was originally used to �nd frequent
items in streams of data. Since then, CountSketch has also been used as a component in more
powerful dimensionality reductions that have excellent sparsity guarantees [KN14, CJN18]. For
our purposes in Chapter 3, CountSketch will be useful because it can be easily derandomized
and can be easily made to have orthogonal rows; we show that a slight variant of CountSketch
has the same dimensionality reduction property.

The CountSketch distribution is de�ned as follows: We uniformly select from the set of t × d
matrices (with t to be determined later) with exactly one non-zero entry in every column and
only have non-zero entries from the set {−1, 1}. Another way to think about this distribution is
that we hash each element of [t] to an element of [d] and sum with random signs over each
hash bucket to get the output vector.

We obtain the below bound for CountSketch as a dimensionality scheme:

Theorem 2.10 (CountSketch). For any d > 0 and ε,δ such that 0 < ε,δ < 1/2, the CountSketch
distribution A over matrices in Rt×d for t = Θ(ε−2δ−1) is such that for any x ∈ Rd ,

P
A∼A

(���� ‖Ax ‖22
‖x ‖22

− 1
���� > ε) < δ .

Our proof technique for this result comes from the class of moment methods. That is, in order
to bound the tails of a non-negative random variableX , we bound a moment (i.e., an expectation
of the form E(X t )) of X . Then, to get a tail bound, we apply Markov’s inequality in the form

P(X ≥ λ) = P(X t ≥ λt ) ≤
E(X t )

λt
.

Moment bounding is a remarkably precise and versatile technique for controlling the tails of a
random variable; it has been a cornerstone for the analysis of dimensionality reductions (e.g.,
[KN14, CJN18]). The moment bound we will be using is Chebyshev’s inequality, which is simply
the above for t = 2.

Proof of Theorem 2.10. Again, assume without loss of generality that ‖x ‖2 = 1. We use the
second moment method to analyze the random variable Z = ‖Ax ‖22 − 1. Let ηr,i be an indicator
for whether Ar,i is non-zero, and let σi be the sign of the non-zero entry of A ·,i . Note that the
ηr,i ’s and σi ’s are mutually independent. Then

Z =
t∑

r=1

∑
i,j

ηr,iηr, jσiσjxix j .
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By Chebyshev’s inequality,

P(|Z | > ε) ≤
1
ε2
E(Z 2)

=
1
ε2
E

©­«
t∑

r=1

(∑
i,j

ηr,iηr, jσiσjxix j

)2ª®¬
+

1
ε2
E

(∑
r,s

((∑
i,j

ηr,iηr, jσiσjxix j

) (∑
i,j

ηs,iηs, jσiσjxix j

)))
.

Due to the independence of the random variables and since each σi has expected value 0, the
expected values of all terms in the second summation are zero. By similar logic, the expected
value of the �rst term is equal to

2
t∑

r=1

∑
i,j

E(ηr,iηr, j )x
2
i x

2
j = 2t

∑
i,j

1
t2
x2i x

2
j ≤

2
t
.

(The only terms that don’t cancel are the ones where all the σi ’s involved are squared.) Hence
P(|Z | > ε) ≤ 2/(ε2t). For t = Θ(ε−2δ−1), we get the desired bound. �

2.3.4. LSH for Euclidean Space via Dimensionality Reduction

In this section, we describe how the theory dimensionality reductions can be applied to obtain
an e�cient approximate near neighbors algorithm for Euclidean space. The LSH scheme we
describe is due to Andoni and Indyk [AI06] and is optimal for Euclidean space. Instead of giving
full technical details in this section, however, we will only give an idealized sketch of the main
ideas, as the full details are rather messy. We do note that these ideas are developed in full in
the context of locality-sensitive �lters in Section 3.4.

The result that Andoni and Indyk show is the following:

Theorem 2.11 ([AI06]). For su�ciently largen andd , there exists a (r , cr ,p1,p2)-sensitive family
of hash functionsH on Rd with the following properties:

1. Sampling, storing, and evaluating a function h ∼ H can be done in timeO(poly(t t )), where
t = Θ(logα n) for some α < 1.

2. The probabilities p1 and p2 are such that p1,p2 are bounded away from 1 and 1/p1 = no(1).
Furthermore,

ρ =
log(1/p1)
log(1/p2)

=
1
c2
+ o(1).

As before, we can assume without loss of generality that r = 1. By the reduction of Lemma 2.3,
it su�ces to solve the problem for a hypercube [0,a]d under the `2 norm for a a su�ciently
large constant. (Note that Lemma 2.3 applies here since the unit `2 ball in Rd is a subset of the
unit `1 ball in Rd .)
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Figure 2.2.: The “ball-carving” LSH of Andoni and Indyk [AI06].

The �rst step in the construction ofH is to sample a projection matrixA ∼ A, whereA is the
Johnson-Lindenstrauss distribution of Theorem 2.5 that mapsRd intoRt , for some t = Θ(logα n).
Let us choose an error parameter ε such that ε−2 � t1/2. Then, by Theorem 2.5, the probability
that the distortion of projecting a single vector is greater than 1 ± ε is at most exp(−Θ(ε2t)).

Now that we are mapped into Rt , we select an almost optimal LSH family for Rt in a brute
force way. In particular, since t � logn, even O(poly(t t )) = O(no(1)). With high probability,
no point is mapped outside of [0, 2a]t . Therefore, it su�ces to focus on this hypercube. Using
the probabilistic method, one can show that one can obtain an almost optimal LSH family by
carving up [0, 2a]t with hyperballs selected uniformly at random (see Figure 2.2). We give a
quick impression of this approach in the next paragraph.

Letw be a slowly growing function of n such that ε−2 � w2 � t . We can construct something
that is almost an LSH function as follows: Sample N points from the set [−w, 2a+w]t uniformly
at random and consider the hyperballs of radius w centered at each of these N points. We will
choose N big enough so that [0, 2a] is barely covered by these hyperballs (e.g., such that each
point expects to be in O(1) hyperballs). Conditioning on a point x ∈ [0, 2a]t being contained in
a random hyperball S , it turns out that the probability that a point y is also in S is approximately

exp
(
−
t

2 ·
‖x − y‖2

4w2

)
up to o(1/w2) terms; for details, see Section 3.4. Playing fast and loose with the probabilities, if
we were able to create a LSH function by hashing into these hyperballs, then we would expect
p1 ≈ exp(− t2

1
4w2 ) and p2 ≈ exp(− t2

c2
4w2 ). This would give us the desired ρ.

For this approach to really work though, we would also need to show that we aren’t severely
a�ected by the distortion from the dimensionality reduction. Based on our parameter settings,
this is indeed true: Since ε−2 � w2 , we have p1 ≈ p1− exp(−Θ(ε2t)) and p2 ≈ p2+ exp(−Θ(ε2t)),
where the adjustments to p1 and p2 correspond to union bounds with event that the dimension-
ality reduction fails.

Although many details are left out, this proof sketch describes the high level approach of
using dimensionality reductions for approximate near neighbor search: Reducing to a much
lower dimension gives us access to “exponential” time algorithms, which are optimal but too
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expensive in higher dimensions. However, doing so comes at the cost of incurring distortion,
which must be carefully controlled.

2.4. Derandomization

The �nal technical toolkit that we will introduce is that of derandomization. The techniques for
derandomizing algorithms encompass a vast expanse of theoretical computer science research.
In this section, we restrict our attention to the particular approach of using random variables of
bounded independence.

A model in which to reason about randomized algorithms is the following: De�ne a random-
ized algorithm to be an algorithm that behaves deterministically as a function of its input and
an additional stream of uniformly random bits. Then, to quantify the amount of randomness
used by an algorithm, we can look at the maximum number of random bits that the algorithm
ever reads. At one extreme, a deterministic algorithm always reads zero bits.

The goal of derandomizing algorithms is then to reduce (and ideally bring to 0) the number
of random bits needed by an algorithm while minimizing the impact on performance. We will
see in this section how using random variables that are bounded in their independence can
bring us towards this goal.

2.4.1. k-wise Independent Random Variables

One motivation for k-wise independent random variables comes from hashing: Imagine that
one wants to build a hash table that maps elements in a universeU to a set ofm buckets. If one
wanted a fully random hash function U → [m], then one would need O(|U| logm) random
bits to sample/store the hash function. However, for most practical applications of hashing,U
is massive (e.g., all 64-bit integers), so this approach is clearly infeasible.

The class of k-wise independent random variables o�ers a compromise between space usage
and full independence: Instead of requiring that n random variables all look independent at the
same time, we only ask that they look independent within every subset of size k . Formally, the
de�nition is as follows:

De�nition 2.3 (k-wise independent random variables). Given a �nite set T and random vari-
ables X1, . . . ,Xn taking values in T , the random variables Xi are said to be k-wise independent
if for all (t1, . . . , tn) ∈ T n , we have

P

(
n∧
i=1

Xi = ti

)
=

n∏
i=1
P(Xi = ti ).

Now that we have de�ned k-wise independent variables, the natural next step is to construct
them. One natural construction of k-wise independent variables comes from �nite �elds:

Lemma 2.12. Let Fq be a �nite �eld of size q. For a0, . . . ,ak−1 sampled uniformly at random
from Fq , the random variables Xu , u ∈ Fq given by

Xu =

k−1∑
i=0

aiu
i
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are k-wise independent.

Proof. To show k-wise independence, it su�ces to show that for all distinct u1, . . . ,uk in Fq
and (x1, . . . ,xk ) ∈ Fkq , there exists a unique degree k polynomial P ∈ Fq[x] such that P(ui ) = xi
for all i . Let

V =


1 u1 · · · uk−11
1 u2 · · · uk−12
...
...
. . .

...

1 uk · · · uk−1k


be the Vandermonde matrix on u1, . . . ,uk . Then a vector a = [a0, . . . ,ak−1] could be the
coe�cients of P if and only if Va = [x1, . . . ,xk ]. It is a standard exercise to show that

det(V ) =
∏
i<j

(ui − uj ).

Since the ui are all distinct, det(V ) , 0. Therefore, V is invertible and P is unique. �

Note that in this construction, the tuple (a0, . . . ,ak−1) requires only k logq bits to store. Since
there exist �nite �elds of size 2m , this means we can have up to n = 2m random variables that are
k-wise independent and take values in {0, 1}m using just O(km) bits. Returning to our hashing
example, if we are happy withk-wise independence, then we only needO(k min(log |U| , logm))
bits to store a k-wise independent hash function.

2.4.2. Derandomizing with k-wise Independence

We now turn to designing, analyzing, and derandomizing algorithms with k-wise independent
random variables. A key property of k-wise independent random variables we will need is the
following:

Lemma 2.13. Let X1, . . . ,Xn be a collection of k-wise independent random variables taking val-
ues in the reals. Then, for any i1, . . . , ik ∈ [n],

E

(
k∏
j=1

Xi j

)
=

k∏
j=1
E(Xi j ).

Proof. This is immediate from the de�nition of k-wise independence and expanding the sums
for the expected values. �

This lemma unlocks the technique of moment bounding for k-wise independent random
variables. That is, we can obtain tail bounds for sums of k-wise independent random variables
using up to the k-th moment. And conversely, when an analysis of an algorithm on independent
random variables only looks at the �rst k moments, the same analysis goes through if one
replaces the independent random variables by k-wise independent random variables with the
same distribution. Note that this gives us a partial derandomization of the original algorithm.

We now apply exactly this technique to derandomize CountSketch (Theorem 2.10). Recall
that in the proof of CountSketch, we had indicator random variables ηr,i for whether Ar,i was
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non-zero and Rademacher random variables σi giving the sign of the non-zero entry in the i-th
column of A. We can also characterize the CountSketch distribution in terms of these random
variables: We independently sample one-hot column vectors η ·,i and random signs σi . For our
derandomized CountSketch, we instead sample the columns η ·,i according a 2-wise independent
distribution and the signs σi according to a 4-wise independent distribution, with the sets {η ·,i }
and {σi } sampled independently from each other.

Theorem 2.14 (Derandomized CountSketch). For any d > 0 and ε,δ such that 0 < ε,δ < 1/2,
the derandomized CountSketch distribution A over matrices in Rt×d for t = Θ(ε−2δ−1) is such
that for any x ∈ Rd ,

P
A∼A

(���� ‖Ax ‖22
‖x ‖22

− 1
���� > ε) < δ .

Proof. The same moment bounding argument as that of Theorem 2.10 works. In particular, we
use the 4-wise independence of the σi to argue that terms involving σiσjσi′σj′ have expected
value 0 if {i, j} , {i ′, j ′}; we use the 2-wise independence of the η ·,i to expand E(ηr,iηr, j ). �

This result shows that instead of using O(d log t) bits of randomness by sampling with full
independence, we can use just O(logd) bits of randomness with k-wise independent random
variables to implement CountSketch. Moreover, this tells us that we can simulate the results of
CountSketch by iterating over all possible random seeds in polynomial time.

In Section 3.5, we apply a similar argument to derandomize the variant of CountSketch that
we use during the “tensoring” step of our algorithm. The only di�erence is that instead of using
k-wise independent random variables for η ·,i , we use k-wise independent permutations, which
we introduce next.

2.4.3. k-wise Independent Permutations

For our construction of CountSketch splitters in Section 3.5, we will need k-wise independent
permutations. These are the permutation analogs of k-wise independent random variables, with
the property that the distribution of any k entries is indistinguishable from that of a random
permutation.

De�nition 2.4 (k-wise independent permutations). A family H of permutations [n] → [n] is
k-wise independent if for all distinct i1, i2, . . . , ik ∈ [n] and all distinct j1, j2, . . . , jk ∈ [n],

P
h∼H
((h(i1),h(i2), . . . ,h(ik )) = (j1, j2, . . . , jk )) =

1
n(n − 1) · · · (n − k + 1) .

Although de�ned analogously to k-wise random variables, the dependence between entries
for k-wise independent permutations makes them much harder to construct. In fact, no e�cient
families of k-wise independent permutations are known for k ≥ 4 [AL13]. Fortunately for us,
our use case needs only k = 2, for which explicit constructions are known:

Lemma 2.15. Let Fq be a �nite �eld of size q. The set of invertible, a�ne maps Fq → Fq : x 7→
αx + β forms a 2-wise independent family of permutations on Fq .
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Proof. It su�ces to show that for any distinct x1,x2 ∈ Fq and any distinct y1,y2 ∈ Fq , there
exists a unique invertible a�ne map Fq → Fq . Indeed, given these values, the unique invertible
a�ne map is given by α = (y1 − y2)/(x1 − x2) and β = (x1y2 − y1x2)/(x1 − x2). �

Note that our proof also shows that this family consists q(q − 1) permutations. Thus each
element can be represented with O(logq) bits.
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3. Optimal Las Vegas Approximate Near
Neighbors in `p

In this chapter, we develop and prove the main technical results of this thesis. We show that
approximate near neighbor search in high dimensions can be solved in a Las Vegas fashion (i.e.,
without false negatives) for `p (1 ≤ p ≤ 2) while matching the performance of optimal locality-
sensitive hashing. Speci�cally, we construct a data-independent Las Vegas data structure with
query timeO(dnρ ) and space usageO(dn1+ρ ) for (r , cr )-approximate near neighbors inRd under
the `p norm, where ρ = 1/cp + o(1). Furthermore, we give a Las Vegas locality-sensitive �lter
construction for the unit sphere that can be used with the data-dependent data structure of
Andoni et al. (SODA 2017) to achieve optimal space-time tradeo�s in the data-dependent setting.
For the symmetric case, this gives us a data-dependent Las Vegas data structure with query
time O(dnρ ) and space usage O(dn1+ρ ) for (r , cr )-approximate near neighbors in Rd under the
`p norm, where ρ = 1/(2cp − 1) + o(1).

3.1. Introduction

Almost all data structures that solve approximate near neighbors while overcoming the curse
of dimensionality are Monte Carlo. That is, they fail with some probability to �nd a near
neighbor of the query point when one exists. There are applications, however, where such a
failure probability is undesirable, e.g., fraud detection or �ngerprint lookups within a criminal
database. Furthermore, tuning the failure probability precisely can be di�cult in practical
settings [GIM99]. These shortcomings of the Monte Carlo approach have motivated the study
of Las Vegas data structures for approximate near neighbor search, in which the data structure
must always return a near neighbor whenever one exists, but the runtime of the queries is
permitted to be a random variable.1 In the literature, this problem has also been referred to
as that of constructing approximate near neighbors data structures that are “without false
negatives” [Pag16, GPSS17], “with total recall” [PP16], “exact” [AGK06], or “explicit” [KKKC16].

The problem of constructing Las Vegas data structures for approximate near neighbors traces
back to [Ind00] and [AGK06]. However, it was not until recently that Las Vegas data structures
have come close to matching the bounds achieved by the best Monte Carlo LSH data structures:
[Pag16] constructs a Hamming space data structure with exponent ρ = O(1/c), coming within

1Note that a Las Vegas data structure can be converted into a Monte Carlo data structure with failure probability
δ as follows: Run the data structure twice for the expected runtime (i.e., breaking if no near neighbor is returned),
and repeat this log(1/δ ) times independently. However, no reduction in the other direction (from Monte Carlo to
Las Vegas) is known to exist.
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a constant factor of the optimal ρ = 1/c of [HIM12], and [Ahl17] closes the gap, achieving
ρ = 1/c+o(1)with a new construction based on dimensionality reductions and locality-sensitive
�lters. Through standard reductions (see [HIM12]), the Hamming space data structure of [Ahl17]
can be used to solve (r , cr )-approximate neighbors for `p with ρ = 1/c + o(1) for all p ∈ [1, 2].
Although this result is optimal for Hamming space and `1 in the data-independent setting, it
leaves open whether a Las Vegas data structure can match the performance of Monte Carlo data
structures for p ∈ (1, 2] and in particular, for the important case of Euclidean space (i.e., p = 2).
Progress on this front was made by [SW17, Wyg17], which give new Las Vegas data structures
for Euclidean (r , cr )-approximate near neighbors. However, these data structures do not match
the performance of the best Monte Carlo approaches for this problem and in some instances
require exponential space or an approximation factor that is ω(1).

In this chapter, we resolve the above open problem from [Ind00, Pag16, Ahl17] by constructing
the �rst Las Vegas data structure for Euclidean (r , cr )-approximate near neighbors with exponent
ρ = 1/c2+o(1). This exponent matches that of the ball lattice LSH construction of [AI06], which
was later shown to be optimal in the data-independent setting by [OWZ14]. By a reduction
[Ngu14, Section 5], our data structure implies a data structure for approximate near neighbors
in `p for p ∈ (1, 2) with exponent ρ = 1/cp + o(1), which is again tight by [OWZ14].2

We achieve this result by combining the approaches of [Ahl17] and [AI06] with some new
applications of dimensionality reduction to derandomizing geometric problems: We modify and
extend the general approach outlined in [Ahl17] for Las Vegas approximate near neighbors data
structures to the more di�cult `2 case. Furthermore, we translate ball lattice hashing [AI06] to
the LSF framework, construct using CountSketch [CCF04] a geometric analog of the splitters
described in [NSS95, AMS06], and give a two-stage sequence of dimensionality reductions
that allows for more e�cient processing of false positives than in [Ahl17]. These techniques
culminate in the following theorem and corollary:

Theorem 3.1. There exists a Las Vegas data structure for Euclidean (r , cr )-approximate near
neighbors in Rd with expected query time Õ(dnρ ), space usage Õ(dn1+ρ ), and preprocessing time
Õ(dn1+ρ ) for ρ = 1/c2 + o(1).

Corollary 3.2. There exists a Las Vegas data structure for (r , cr )-approximate near neighbors
in Rd under `p for 1 < p < 2 with expected query time Õ(dnρ ), space usage Õ(dn1+ρ ), and
preprocessing time Õ(dn1+ρ ) for ρ = 1/cp + o(1).

For the data-dependent setting, we apply similar high-level techniques to obtain a Las Vegas
version of the data-independent spherical LSF used in the data-dependent data structure of
[ALRW17]. We then substitute our Las Vegas LSF family in for the spherical LSF family of
[ALRW17] to obtain a Las Vegas data structure for data-dependent hashing with space-time
tradeo�s:

Theorem 3.3. Let p be such that 1 ≤ p ≤ 2, and suppose ρu , ρq ≥ 0 are such that

cp
√
ρq + (c

p − 1)√ρu ≥
√
2cp − 1.

2Our data structure also implies a new Las Vegas construction for approximate near neighbors in Hamming
space and `1, matching the bounds of [Ahl17]. This can be done via the embedding of Hamming space into Euclidean
space (with distances squared) and the reduction from `1 to Hamming space, respectively.

24



3. Optimal Las Vegas Approximate Near Neighbors in `p

There exists a Las Vegas (r , cr )-approximate near neighbors data structure in Rd under `p with ex-
pected query time Õ(dnρq+o(1)), space usage Õ(dn1+ρu+o(1)), and preprocessing time Õ(dn1+ρu+o(1)).

This result of Theorem 3.3 matches the optimal data-dependent hashing bounds given by
[AR15, AR16, ALRW17] and resolves open questions of [Ahl17] regarding data-dependence
and space-time tradeo�s for Las Vegas data structures. In particular, we have an exponent of
ρ = 1/(2c2 − 1) + o(1) for Euclidean approximate near neighbors in the symmetric case ρu = ρq .
The approach we take to make the data-independent spherical LSH of [ALRW17] into a Las
Vegas �lter family applies similar ideas and techniques as those of Theorem 3.1 and Corollary 3.2,
but in a more technically involved way. Thus, we �rst describe in detail the construction for the
data-independent setting before discussing how to adapt the construction to the data-dependent
setting in Section 3.7.

The combination of Theorem 3.1, Corollary 3.2, and Theorem 3.3 shows that relative to Monte
Carlo data structures, Las Vegas data structures for approximate near neighbors in Rd under the
`p norm no longer have “polynomially higher” query time as noted in the survey [AI17], but
rather match the best Monte Carlo constructions for all p ∈ [1, 2] in both the data-independent
and data-dependent settings.

The rest of this paper is structured as follows: In Section 3.2, we cover some preliminary
notions. In Section 3.3, we provide a more technical description of how our construction works
for the data-independent setting. Sections 3.4, 3.5 and 3.6 contain the details of the construction
for the data-independent setting. Finally, Section 3.7 describes how to adapt the approach of
the previous sections to the data-dependent setting.

3.1.1. Background and Techniques

LSH [HIM12] has been one of the most popular foundations for approximate near neighbors
data structures in recent years. The basic object of this framework is a locality-sensitive hash
family, a distribution over hash functions such that any pair of “close” points is mapped to
the same bucket with probability at least p1 and any pair of “distant” points is mapped to the
same bucket with probability at most p2. A major contribution of [HIM12] is the result that
such a hash family implies a data structure for approximate near neighbors with exponent
ρ = log(1/p1)/log(1/p2).

Our construction roughly �ts into the locality-sensitive �lters (LSF) framework, a gener-
alization of LSH to a setting where each point is associated to a set of �lters instead of a
single hash bucket. The basic object of this framework is a locality-sensitive �lter family (see
Section 3.2). This framework allows for greater �exibility on the algorithm designer’s part
[BDGL16, Chr17, ALRW17] and has been successfully used to construct Las Vegas locality-
sensitive data structures for Hamming space [Ahl17]. There are also known lower bounds for
LSF: [Chr17] extends the lower bound of [OWZ14] to a Monte Carlo formalization of LSF, and
in this paper, we extend the results of [OWZ14, Chr17] further to LSF families with Las Vegas
properties.

The construction of �lters we use is inspired by the ball lattice LSH of [AI06]. In [AI06], an
LSH family is constructed by covering a low-dimensional space Rb with lattices of balls and
hashing each point to the �rst ball it is covered by. We apply this idea in the context of LSF,
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constructing an LSF family with Las Vegas properties, in which each point is mapped to the set
of balls containing it (i.e., the �lters in the LSF family are the balls in the lattices of balls).

We combine this �lter family with the general approach of [Ahl17] for Las Vegas approximate
near neighbors data structures to obtain our data structure for Euclidean space. In [Ahl17], Ahle
�rst constructs an LSF family with Las Vegas properties for a low-dimensional space {0, 1}b ,
where b = Θ(logn). Then, a “tensoring” construction (as in [Chr17]) is used to combine LSF
families for {0, 1}b into an e�cient LSF family for {0, 1}B , where B = Θ(log1+β n). However,
directly tensoring with randomly sampled �lter families is not su�cient for a Las Vegas data
structure, and thus a key innovation of [Ahl17] was to apply the splitters of [NSS95, AMS06]
as a derandomization tool. These splitters create a limited set of partitions of Hamming space,
each of which corresponds to a way to tensor together lower-dimensional �lter families such
that the union of these tensored families is a �lter family for {0, 1}B with Las Vegas properties.

We show that this approach extends from Hamming space to Euclidean space with some
modi�cations. In particular, we adapt splitters to the geometric setting of RB by constructing
a collection P of orthogonal decompositions (see Section 3.2.3) of RB such that each vector
x ∈ RB is “split” into components of almost equal length by at least one of the orthogonal
decompositions in P. The collection P is constructed with a new variation of CountSketch
[CCF04] using 2-wise independent permutations [AL13]. This geometric analog of splitters,
which we call “CountSketch splitters,” lets us obtain a similar result as [Ahl17] for tensoring
together �lter families for the lower-dimensional space Rb into a �lter family for RB .

The �nal technique of dimensionality reduction is needed to go from e�cient LSF families for
RB to a Las Vegas locality-sensitive data structure for Rd , where the dimension d is arbitrary.
The Johnson-Lindenstrauss lemma [JL84] states that the dimension of a set of n points can be
reduced to dimension O(ε−2 logn) while preserving pairwise distances up to a multiplicative
factor of 1 ± ε . This idea is useful for high-dimensional approximate near neighbors and has
a long history of being applied in various forms to such data structures (e.g., [Ind00, DIIM04,
AI06, AC09, Ahl17, SW17]). However, as these dimensionality reduction maps are typically
randomized in a Monte Carlo sense, [Ahl17, SW17] require the dimensionality reduction to
have an additional “one-sided” property to preserve the Las Vegas guarantee. Our construction
relies on the same one-sided property and also improves on the runtimes of [Ahl17, SW17] for
this dimensionality reduction stage with a more careful two-stage sequence of reductions and
an application of FastJL [AC09].

3.2. Preliminaries

3.2.1. c-Approximate Near Neighbors

If X = Rd and D is an `p norm, then one can assume without loss of generality that r = 1, in
which case we also refer to (r , cr )-approximate near neighbors as c-approximate near neighbors.
We will use this convention throughout the rest of this chapter.

3.2.2. Locality-Sensitive Filters

The basic object of the LSF framework is a �lter family, which we de�ne as follows:
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De�nition 3.1. Given a metric space (X ,D), a (symmetric) �lter family F is a collection of
subsets of X . An element F ∈ F is known as a �lter. For a point x ∈ X , de�ne F (x) B {F ∈ F :
x ∈ F } to be the set of all �lters that contain x . A �lter family can also be characterized by the
values F (x) for all x ∈ X , i.e., as a map from X to the power set of �lters.

In Section 3.7, we also consider asymmetric �lter families in order to obtain space-time
tradeo�s. Asymmetric �lter families generalize (symmetric) �lter families by having di�erent
�lters for database points and query points.

De�nition 3.2. An asymmetric �lter family F for a metric space (X ,D) is a collection of pairs
of subsets of X , with each pair consisting of an update �lter and a query �lter. We refer to a
such a pair collectively as an asymmetric �lter. For each x ∈ X , de�ne Fu (x) to be the set of
asymmetric �lters in F whose update �lter contains x . Likewise, de�ne Fq(x) to be the set of
asymmetric �lters in F whose query �lter contains x .

The (symmetric) �lter families of De�nition 3.1 are simply asymmetric �lter families such
that Fu = Fq .

In [Chr17], Christiani de�nes (r , cr ,p1,p2,pq ,pu )-sensitive �lter families as distributions over
asymmetric �lters with certain locality-sensitive properties. Although we will not be using
this de�nition because we require families that have a Las Vegas guarantee, we note that the
�lter families considered in Sections 3.4, 3.5 and 3.7 can be converted into (r , cr ,p1,p2,pq ,pu )-
sensitive �lter families by de�ning the distributions to be sampling a �lter uniformly at random
from the family. This reduction extends the lower bound proven in [Chr17] to the �lter families
we consider, meaning our later constructions of �lter families are optimal. See Appendix A for
more details about the lower bound.

3.2.3. Projections and Orthogonal Decompositions

Also useful to us are orthogonal decompositions of a vector space Rd , i.e., families of projections
that express Rd as a direct sum of d ′-dimensional subspaces. Formally, we de�ne these families
as follows:

De�nition 3.3. A family {Pi }ki=1 of d ′ × d matrices is an orthogonal decomposition of Rd if
kd ′ = d and the set of row vectors of P1, . . . , Pk forms an orthonormal basis of Rd .

Given a linear map P : Rd → Rd ′ , the distortion of P with respect tox ∈ Rd is
√
d/d ′ ‖Px ‖2 /‖x ‖2.

This value measures the extent to which P preserves the length of x .

3.2.4. Notation

For a point x ∈ Rd , we use S(x , r ) to denote the sphere of radius r with center x and B(x , r )
to denote the ball of radius r with center x . We use N(µ, Σ) to denote the normal distribution
with mean µ and covariance matrix Σ.
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3.3. Overview of Data-Independent Construction

As discussed in Section 3.1.1, our construction for the data-independent setting can be roughly
broken down into three stages. The �rst stage takes place in Rb , where b = Θ(logα n) is a power
of two and 0 < α < 1; the second stage takes place in RB , where B = Θ(log1+β n) is a power
of two and 0 < β < α ; and the third stage takes place in the original dimension Rd . Although
any α and β satisfying these constraints gives a data structure with exponent ρ = 1/c2 + o(1),
the speci�c choice of α and β a�ects the o(1) term in ρ. Setting α = 4/5 and β = 2/5 gives the
fastest convergence of ρ to 1/c2. (This choice of parameters yields an additive o(1) term in the
exponent that diminishes as Õ(log−1/5 n).)

The stages of our construction proceed as follows:

1. Construct an LSF family that solves c-approximate near neighbors in Rb . We accomplish
this by translating the ball lattice hashing approach of [AI06] to the LSF framework. Our
construction starts by sampling a collection of ball lattices to cover Rb , with the individual
balls being the �lters of a �lter family F . We then show that this sampled �lter family
has the desired “Las Vegas” locality-sensitive properties with probability at least 1/2. We
also describe an algorithm to verify these properties given a sampled F . It su�ces for the
sampling to succeed with probability 1/2, since if the veri�cation fails, we can restart—the
constant probability of success implies we expect to restart at most O(1) times.
More concretely, our LSF family will have the following properties: a �lter family F
can be constructed e�ciently (in time O(poly(bb )) = no(1)); for any x ∈ Rb , F (x) can be
computed e�ciently (in timeO(poly(bb ))); for all points x ,y ∈ Rb such that ‖x − y‖2 ≤ 1,
F (x) ∩ F (y) , ∅; and for all points x ,y ∈ Rb such that ‖x − y‖2 ≥ t ,

E
F
(|F (x) ∩ F (y)|) ≤ exp(−Ω(t2)),

with the constant implied by the big-Ω to be speci�ed later.

2. Construct an e�cient LSF family that solves c-approximate near neighbors in RB . Let P be
an orthogonal decomposition of RB into subspaces of dimension b. We can construct
a �lter family for RB from B/b �lter families for Rb (one for each subspace of P) by
applying a “tensoring” operation. In the tensored �lter family, the set of �lters containing
a point x ∈ RB is the direct product of the sets of �lters containing each component of x
in the subspaces of P. We repeat this for a collection P of orthogonal decompositions of
RB into Rb . We have our �nal �lter family be the union of these tensored �lter families.
The collection P of orthogonal decompositions we consider has the property that every
vector in RB is “split” into components that are almost equal in length by some orthogonal
decomposition in P. To construct P, we �rst describe a modi�cation of CountSketch
using 2-wise independent permutations where each element of the modi�ed CountSketch
family is an orthogonal projection. We then construct the elements of P in a “divide-and-
conquer” manner by composing CountSketch projections that each halve the dimension
of the space. Important to us is the fact that P has size poly(BB/b ) = no(1).
The splitting property ofP implies that if x ,y ∈ RB are such that ‖x − y‖2 ≤ 1, then there
exists an orthogonal decomposition P ∈ P such that all components of x − y under P
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have length at most (1 + ε)
√
b/B for ε = Θ(log−α/2 n). Thus, if a pair of points x ,y ∈ RB

are “close,” then there exists an orthogonal decomposition P ∈ P such x and y are “close”
in all subspaces given by P. Furthermore, an analogous property bounding the expected
number of shared �lters holds for “distant” points in RB . These are useful because they
let the Las Vegas properties for the �lter families in Rb transfer to the �lter family in RB .
The result is a �lter family for RB with Las Vegas properties, such that the set of �lters
containing x ∈ RB can be e�ciently computed (because of tensoring). We can use this
�lter family to obtain a data structure for Euclidean c-approximate near neighbors in RB
with exponent ρ = 1/c2 + o(1).

3. Reduce approximate near neighbors in Rd to d/B instances of approximate near neighbors
in RB . We reduce the original c-approximate near neighbors problem in Rd to d/B in-
stances of c ′-approximate near neighbors in RB , where c ′ = (1 − ε)c for ε = Θ(log−β/2 n).
This is done with a two-stage dimensionality reduction process that again uses orthogo-
nal decompositions. We construct distributions over orthogonal decompositions using
distributions of Johnson-Lindenstrauss maps in which all elements are projections.
Orthogonal decompositions of Rd into subspaces of dimension d ′ have the property that
if x ,y ∈ Rd are such that ‖x − y‖2 ≤ 1, then at least one component of x − y under
the decomposition will have length at most

√
d ′/d . Thus, if we treat each subspace as

a separate instance of approximate near neighbors, then all x and y that are “close” in
Rd will also be close in at least one of the subspaces in the orthogonal decomposition,
preserving the Las Vegas guarantee.
A caveat of applying an orthogonal decomposition is that two “distant” points could be
close in some subspaces, such that solving approximate near neighbors in those subspaces
produces false positives for the original problem. We must �lter out these false positives
to maintain the Las Vegas guarantee. To reduce the time spent checking for false positives,
we break the dimensionality reduction from Rd to RB into two steps: The �rst step
uses FastJL to map Rd into RB′ for B′ = O(poly(log(dn))), and the second step uses a
random Gaussian projection to map RB′ into RB . We check for false positives after each
level of projection. This process has a runtime overhead of O(d poly(log(dn))) per point.
Hence query time, space usage, and preprocessing time are dominated by those of solving
approximate near neighbors in the subspaces.

In the following three sections, we describe in detail the constructions for each stage.

3.4. Ball La�ice Filters for Rb

In this section, the variables b, w , and δ are each functions of the number of points n, such that
b = Θ(logα n), w = Θ(logβ/2 n) and δ = Θ(1/b) where α and β are as de�ned in Section 3.3.
(One can also consider the explicit parameter setting α = 4/5 and β = 2/5.)

We start by introducing some notation and a lemma relating to balls in Rb . Let Vb denote the
volume of a unit b-ball, letCb (u) denote the volume of the cap at distance u from the center of a
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unit b-ball3, and de�ne Ib (u) B Cb (u)/Vb to be the relative cap volume at distance u for a b-ball.

Lemma 3.4 ([AI06]). For all b ≥ 2 and 0 ≤ u ≤ 1,

1
√
b

(
1 − u2

) b
2 . Ib (u) ≤

(
1 − u2

) b
2 .

(Here, the . drops a constant universal across b.)

The following proposition is the main result of this section; the distribution F over �lter
families with Las Vegas properties that we construct will be used in the tensoring step in
Section 3.5.

Proposition 3.5. There is a distributionF over �lter families forRb with the following properties:

1. A �lter family F can be sampled from F in expected time O(poly(bb )).

2. For all x ∈ Rb , F (x) can be computed in expected time O(poly(bb )).

3. For all x ,y ∈ Rb such that ‖x − y‖2 ≤ 1, F (x) ∩ F (y) , ∅.

4. Let t ≥ 0 be a �xed constant. For all x ,y ∈ Rb such that ‖x − y‖2 ≥ t ,

E
F∼F
(|F (x) ∩ F (y)|) ≤ O

(
poly(b) exp

(
−
b

2
t2 − 1 − o(1)

4w2

))
.

In particular, for t = 0,

E
F∼F
(|F (x)|) = O

(
poly(b) exp

(
b

2
1 + o(1)
4w2

))
.

Each �lter in the �lter families that we sample will be a ball of radius w . Like in [AI06], we
consider in�nite lattices of such balls in Rb , in particular translations of the lattice of balls
of radius w with centers at 3w · Zb . Each such lattice of balls thus corresponds to an o�set
v ∈ [0, 3w]b .

Let F0 be the distribution over �lter families such that a �lter family F is sampled by
generating N o�sets v1, . . . ,vN , where each o�set is sampled independently and uniformly
from [0, 3w]b , and then de�ning

F B
N⋃
i=1

{
B(u,w) : u ∈ vi + 3w · Zb

}
.

The set of �lters a point belongs to is exactly the set of balls that contain it. (This di�ers from
the ball lattice LSH of [AI06], in which a point gets hashed to the smallest i such that the ball
with o�set vi contains it.)

3Alternatively, Cb (u) is half the volume of the intersection of two unit b-balls whose centers are distance 2u
apart.
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A �lter family sampled from F0 does not necessarily satisfy property 3. Thus, to ensure
property 3 holds, we obtain F from F0 by adding a veri�cation step that drops all �lter families
drawn fromF0 that do not satisfy property 3. Checking that property 3 holds exactly is di�cult,
since there are in�nitely many pairs x ,y ∈ Rb such that ‖x − y‖2 ≤ 1. We instead verify a
stronger condition and choose N so that a �lter family sampled from F0 satis�es this stronger
condition with probability at least 1/2. Then a �lter family can be sampled from F with O(1)
samples from F0 in expectation.

The stronger condition we check is the following: Consider the lattice L B δ · Zb and a
smaller radius w ′ B w − 1

2δ
√
b. We check that for all x ,y ∈ L such that ‖x − y‖2 ≤ 1 +

δ
√
b, there exists some �lter F ∈ F with center u such that x ,y ∈ B(u,w ′). This condition

su�ces because for every pair x ′,y ′ ∈ Rb such that ‖x ′ − y ′‖2 ≤ 1, there exist x ,y ∈ L such
that ‖x ′ − x ‖2 , ‖y ′ − y‖2 ≤ 1

2δ
√
b. In particular, ‖x − y‖2 ≤ 1 + δ

√
b, and for all u ∈ Rb ,

x ,y ∈ B(u,w ′) implies x ′,y ′ ∈ B(u,w). Note that this condition holds if it holds on the
subset L ∩ [0, 6w]b by the lattice structure of the �lters. Therefore, it is enough to check
O((6w/δ )2b ) = O(poly(bb )) pairs of points in L, which can be done in O(N poly(bb )) time.

The next lemma lower bounds the probability of success for a �xed “close” pair x ,y ∈ L:

Lemma 3.6. Let x ,y ∈ L be such that ‖x − y‖2 ≤ 1 + δ
√
b. Suppose an o�set v ∈ [0, 3w]b is

sampled uniformly at random. The probability there exists a point u ∈ v + 3w · Zb such that
x ,y ∈ B(u,w ′) is at least Ω(poly(b−1)Vb3−b exp(−b2

1+o(1)
4w2 )).

Proof. Let E1 be the event that there exists a u ∈ v + 3w · Zb such that x ,y ∈ B(u,w ′) and E2 be
the event that there exists a u ∈ v + 3w · Zb such that x ∈ B(u,w ′). Because E1 implies E2, we
can condition to obtain

P(E1) = P(E2) · P(E1 |E2)

≥

(
w ′

3w

)b
Vb · 2Ib

(
1 + δ

√
b

2w ′

)
.

For the �rst term, assuming su�ciently large b and w :

P(E2) = Vb3−b
(
1 − δ

√
b

2w

)b
= Vb3−b exp

(
b log

(
1 − δ

√
b

2w

))
≥ Vb3−b exp

(
−
b

2
1

4w2 · 8wδ
√
b

)
= Vb3−b exp

(
−
b

2
1

4w2 · o(1)
)
.

We now bound the second term. Since Ib (u) is decreasing inu, we �rst upper bound its argument
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(for large enough b andw) as 1
2w ′ (1+δ

√
b) ≤ 1

2w (1+3δ
√
b). Let ξ = 1

2w (1+3δ
√
b). By Lemma 3.4,

P(E1 |E2) ≥ Ib (ξ )

&
1
√
b

(
1 − ξ 2

) b
2

=
1
√
b
exp

(
b

2 log
(
1 − ξ 2

) )
≥

1
√
b
exp

(
−
b

2ξ
2(1 + ξ 2)

)
≥

1
√
b
exp

(
−
b

2
1

4w2

(
1 + 3δ

√
b
)2 (

1 + 1
w2

))
= poly(b−1) exp

(
−
b

2
1

4w2 (1 + o(1))
)
.

The desired bound now follows from combining our bounds on P(E1) and P(E1 |E2). �

Let p = Ω(poly(b−1)Vb3−b exp(−b2
1+o(1)
4w2 )) be the least probability with which two “close”

points share a �lter in a random ball lattice as in Lemma 3.6. Setting N = Θ(p−1b log(w/δ )) =
O(poly(bb )) allows all checks for x ,y ∈ L ∩ [0, 6w] to succeed with probability at least 1/2 by
the union bound. Thus it is possible to check that a �lter family sampled from F0 satis�es the
stronger condition in O(poly(bb )), and property 1 follows. To get property 2, note that there are
only N = O(poly(bb )) o�sets, and thus computing the set of �lters containing a given point can
be done by iterating over all N o�sets and �nding for each o�set the �lter (if any) that contains
the point.

It remains to verify property 4. Let x ,y ∈ Rb be such that ‖x − y‖2 ≥ t ≥ 0. The construction
succeeds with probability at least 1/2. Therefore,

E
F∼F
(|F (x) ∩ F (y)|) = E

F∼F0
(|F (x) ∩ F (y)| | construction succeeds)

≤ 2 E
F∼F0
(|F (x) ∩ F (y)|).

We prove a lemma that lets us bound the expected value on the right-hand side:

Lemma 3.7. Let x ,y ∈ Rb be such that ‖x − y‖2 ≥ t ≥ 0. Suppose an o�set v ∈ [0, 3w]b is
sampled uniformly at random. The probability there exists a point u ∈ v + 3w · Zb such that
x ,y ∈ B(u,w) is at most Vb3−b exp(−b2

t 2
4w2 ).

Proof. Let E1 be the event that there exists a u ∈ v + 3w · Zb such that x ,y ∈ B(u,w) and E2 be
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the event that there exists a u ∈ v + 3w · Zb such that x ∈ B(u,w). By Lemma 3.4,

P(E1) = P(E2) · P(E1 |E2)

≤ Vb3−b · Ib
( t

2w

)
≤ Vb3−b

(
1 − t2

4w2

) b
2

≤ Vb3−b exp
(
−
b

2
t2

4w2

)
.

�

Applying Lemma 3.7, we get that

E
F∼F0
(|F (x) ∩ F (y)|) ≤ N ·Vb3−b exp

(
−
b

2
t2

4w2

)
= O

(
poly(b) exp

(
−
b

2
t2 − 1 − o(1)

4w2

))
,

which gives us property 4 and completes our proof of Proposition 3.5.

3.5. Tensoring Up with CountSketch Spli�ers

In this section, we combine a tensoring operation on LSF families with a Euclidean analog of
splitters [NSS95, AMS06] to construct a distribution over �lter families for RB . This distribution
will give us an e�cient data structure for Euclidean c-approximate near neighbors in RB . In
Section 3.5.1, we construct CountSketch splitters, a collection of orthogonal decompositions
with a “splitting” property. In Section 3.5.2, we show how to use CountSketch splitters, tensoring,
and Proposition 3.5 to get the desired distribution over �lter families for RB .

3.5.1. A Collection of “Spli�ing” Orthogonal Decompositions

In this subsection, we assume without loss of generality that both the initial dimension d and
the dimension d ′ (d ′ < d) of the space that we decompose Rd into are powers of two. We can
ensure this by padding zeroes to either space while increasing the dimension by at most a
constant factor.

We describe how to construct a collection P of orthogonal decompositions of Rd into Rd ′

such that for any vector x ∈ Rd , there is an orthogonal decomposition in P that “splits” x into
components in Rd ′ that are almost equal in length. Using a modi�ed CountSketch [CCF04], we
get this splitting property while having only poly(dd/d ′) orthogonal decompositions in P. We
call the resulting family P of orthogonal decompositions CountSketch splitters.

Theorem 3.8 (CountSketch splitters). For all 0 < ε < 1/2 and d ′ = Ω(1/ε2), there exists a
collection P of orthogonal decompositions of Rd into Rd

′

such that |P| = O(poly(dd/d ′)) and for
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Figure 3.1.: Matrix A0.

all x ∈ Rd of unit norm, there exists a decomposition P ∈ P such that�����
√

d

d ′
‖Px ‖2 − 1

����� < ε
for all P ∈ P.

To construct such a collection P, we introduce a variation of CountSketch using 2-wise
independent permutations [AL13]. The traditional CountSketch implementation [CCF04] gives
a family of linear maps from Rd to Rd ′ , where d ′ = Ω(1/(ε2δ )), such that for all x ∈ Rd , the
distortion is within 1 ± ε with probability at least 1 − δ . (See Section 3.2 for the de�nition
of distortion.) We prove a similar result for a modi�ed CountSketch where each element of
the family is a projection. CountSketch can be derandomized with k-wise independent hash
families; we do the same for our variant with 2-wise independent permutations.

De�ne ε B 10/
√
d ′. Furthermore, let A0 be a d ′ × d matrix with exactly one non-zero entry

per column and exactly d/d ′ non-zero entries per row, such that all of its non-zero entries have
value

√
d ′/d . (See Figure 3.1.) Then, let H be a family of 2-wise independent permutations of

[d] and Σ be a family of 4-wise independent hash functions [d] → {±1}. Let Ah,σ for h ∈ H
and σ ∈ Σ be the matrix obtained by permuting the columns of A0 by h and then multiplying
the i-th column by σ (i) for each i ∈ [d]. We de�ne our modi�ed CountSketch family to be
A B {Ah,σ : h ∈ H ,σ ∈ Σ}. To analyze this family, we use the second-moment method,
following the approach of [CJN18].

Lemma 3.9. Suppose A is sampled uniformly at random from A. For all x ∈ Rd of unit norm,

P

(�����
√

d

d ′
‖Ax ‖2 − 1

����� > ε
)
<

1
10 .

Proof. Let ηr,i be an indicator for whetherAr,i is non-zero, and let σi be the sign of the non-zero
entry of A ·,i . Then for A sampled uniformly at random, the η ·, j vectors are drawn from a 2-wise
independent permutation of d elements and the σi values are 4-wise independent, with the sets
of values {η ·, ·} and {σ ·} themselves being independent of each other.
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For the event to not occur, it su�ces that

d

d ′
‖Ax ‖22 − 1 ∈ [−2ε + ε2, 2ε].

Therefore, it is enough to analyze the random variable Z B d
d ′ ‖Ax ‖

2
2 − 1. Rewrite

Z =
d ′∑
r=1

∑
i,j

ηr,iηr, jσiσjxix j .

By Chebyshev’s inequality,

P(|Z | > ε) ≤
1
ε2
E(Z 2)

=
1
ε2
E

©­«
d ′∑
r=1

(∑
i,j

ηr,iηr, jσiσjxix j

)2ª®¬
+

1
ε2
E

(∑
r,s

((∑
i,j

ηr,iηr, jσiσjxix j

) (∑
i,j

ηs,iηs, jσiσjxix j

)))
.

Due to the 4-wise independence of the σi and the fact that ηr,iηs,i = 0 when r , s , we have that
the expectations of all terms in the second summation are zero. By the same reasoning, the
expectation of the �rst term is equal to

2d ′
∑
i,j

E(ηr,iηr, j )x
2
i x

2
j = 2d ′

∑
i,j

d/d ′

d

d/d ′ − 1
d

x2i x
2
j

≤ 2
(
1
d ′
−
1
d

) (∑
i

x2i

)2
≤

2
d ′
.

Thus P(|Z | > ε) ≤ 2/(ε2d ′) < 1/10. �

We now construct the collection P of orthogonal decompositions of Rd into Rd ′ . Let ` ∈ Z
be such that d = 2`d ′. Let dj = 2jd ′ and εj = 10/

√
dj for j ∈ {0, . . . , `}. Let A1, . . . ,A` be

families of modi�ed CountSketch projections as de�ned above, where Ai consists of linear
maps Rdi → Rdi−1 .

Each orthogonal decomposition in P can be constructed in the following manner: Start
with some A0 ∈ A` . Let A1 : Rd` → Rd`−1 be any projection onto ker(A0) (equivalently,
a projection onto the orthogonal complement of the row space of A0). We then choose
A00,A10 ∈ A`−1, and set A01 and A11 to be projections onto ker(A00) and ker(A10), respec-
tively. Similarly, we choose As1 · · ·si−10 ∈ A`−i+1 for each (s1, . . . , si−1) ∈ {0, 1}i−1 for all i ∈ [`]
and set As1 · · ·si−11 to be a projection onto ker(As1 · · ·si−10). For each (s1, . . . , s`) ∈ {0, 1}` , de�ne
Ps1 · · ·s` B As1 · · ·s`As1 · · ·s`−1 · · ·As1s2As1 . We take the set

P B
{
Ps1 · · ·s` : (s1, . . . , s`) ∈ {0, 1}`

}
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x
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...

...
...

...
...

x0· · ·00 x0· · ·01 · · · · · · · · · x1· · ·10 x1· · ·11
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A0···00 A0···01 A1···10
A1···11

Figure 3.2.: An orthogonal decomposition P ∈ P applied to some vector x ∈ Rd .

to be an element ofP. (In particular, it is not di�cult to see thatP is an orthogonal decomposition
of Rd .) For a diagram of this process, see Figure 3.2.

We now prove that the set P of all such orthogonal decompositions P (i.e., over all choices
of elements from the Ai ) has the desired properties for Theorem 3.8. Suppose x ∈ Rd is of unit
norm. By Lemma 3.9 there is some A0 ∈ A` that projects x to x0 ∈ R

d`−1 with distortion 1 ± ε` .
Then A1 also projects x to x1 ∈ R

d`−1 with distortion 1 ± ε` by the Pythagorean theorem:

‖x0‖
2 + ‖x1‖

2 = ‖x ‖2 .

Inducting on i , we have by Lemma 3.9 that there exists some As1 · · ·si−10 ∈ Ai at each level that
projects xs1 · · ·si−1 with distortion 1 ± ε`−i+1 to xs1 · · ·si−10. Summing the geometric series due to
the exponentially increasing εj , observe that the total distortion of any xs1 · · ·s` relative to x in
this construction is bounded by

exp (log(1 ± ε`) + log(1 ± ε`−1) + · · · + log(1 ± ε0)) = exp(O(±ε` ± ε`−1 ± · · · ± ε0))
= 1 ±O(ε),

since ε0 = 1/
√
d ′ = O(ε). Therefore, the orthogonal decomposition

P B {Ps1 · · ·s`x : (s1, . . . , s`) ∈ {0, 1}`}

satis�es the distortion property required for Theorem 3.8.
Finally, we check that |P| is small enough. Note that each element ofAi can be characterized

by a permutation h on d elements drawn from a 2-wise independent permutation family and a
function σ : [d] → {±1} drawn from a 4-wise independent hash family. Both h and σ can be
characterized by O(logd) bits, so |Ai | = O(poly(d)) for all i . Each element of P is de�ned in
terms of 2`−1 ≤ d/d ′ selections fromAi families. Hence |P| = O(poly(d)d/d ′) = O(poly(dd/d ′)),
and our construction of P for Theorem 3.8 is complete.
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3.5.2. E�icient Filter Families for RB

In this subsection, B and ε are functions of n such that B = Θ(log1+β n) and ε = Θ(log−α/2 n),
where α and β are as de�ned in Section 3.3. (One can also consider the explicit parameter setting
α = 4/5 and β = 2/5.) Let w = Θ(logβ/2 n) be as de�ned in Section 3.4. Finally, we use P to
refer to a family of CountSketch splitters decomposing RB into subspaces of dimension b.

We construct a �lter family with Las Vegas properties for RB via a tensoring operation. The
tensoring operation produces a �lter family for RB by combining B/b �lter families for Rb with
respect to an orthogonal decomposition of RB . We take the union of several tensored �lter
families, one for each element ofP, to obtain the �lter family for RB that we want. The splitting
property of P gives this �lter family the desired Las Vegas properties.

We begin by de�ning what it means to “tensor” together �lter families and then state the
main result (Proposition 3.10) for this subsection.

De�nition 3.4. The tensoring operation takes an orthogonal decomposition {Pi }d/d
′

i=1 of Rd into
Rd
′ and �lter families F1, . . . ,Fd/d ′ for Rd ′ and returns a �lter family G whose �lters are such

that

G(x) = F1

(√
d

d ′
P1x

)
× · · · × Fd/d ′

(√
d

d ′
Pd/d ′x

)
.

In particular, the �lters of G are implicitly characterized by de�ning G(x) for each x ∈ Rd .

Proposition 3.10. There is a distributionG over �lter families for RB with the following prop-
erties:

1. A �lter family G can be sampled fromG in expected time O(poly(BB/bbb )).

2. For all x ∈ RB , G(x) can be computed in expected time O(poly(BB/bbb ) + |G(x)|).

3. For all x ,y ∈ RB such that ‖x − y‖2 ≤ 1, G(x) ∩ G(y) , ∅.

4. Let t ≥ 0 be a �xed constant. For all x ,y ∈ RB such that ‖x − y‖2 ≥ t ,

E
G∼G
(|G(x) ∩ G(y)|) ≤ O

(
poly(BB/b ) exp

(
−
B

2
t2 − 1 − o(1)

4w2

))
.

In particular, for t = 0,

E
G∼G
(|G(x)|) = O

(
poly(BB/b ) exp

(
B

2
1 + o(1)
4w2

))
.

LetF be as in Proposition 3.5 andP be as in Theorem 3.8, with the elements ofP decomposing
RB into copies of Rb . To sample a �lter family from G, we �rst de�ne GP as a �lter family
obtained by applying the tensoring operation to P ∈ P and B/b �lter families drawn from
F. Now, de�ne G0 B

⋃
P∈P GP . Our sampled family G is de�ned by scaling G0 so that

G(x) = G0(x/(1 + ε)).
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Such a G can be sampled in time

|P|
B

b
O(poly(bb )) = O(poly(BB/bbb )),

which yields property 1. To compute G(x), we �rst compute F (x) in time O(poly(bb )) for each
F sampled from F. There are poly(BB/b ) such F , so the time for this step is O(poly(BB/bbb )).
Finally, G(x) can be generated from the sets F (x) in O(|G(x)|), giving us property 2.

To see property 4, suppose x ,y ∈ RB are such that ‖x − y‖2 ≥ t ≥ 0. Let x ′ = x/(1 + ε) and
y ′ = y/(1+ ε). Then for GP , where P B {Pi }B/bi=1 ∈ P and F1, . . . ,FB/b are sampled fromF, we
have

E(|GP(x
′) ∩ GP(y

′)|) =

B/b∏
i=1
E
Fi∼F

(�����Fi
(√

B

b
Pix
′

)
∩ Fi

(√
B

b
Piy
′

)�����
)

≤

B/b∏
i=1

poly(b) exp
(
−
b

2

B
b ‖Pix

′ − Piy
′‖22 − 1 − o(1)

4w2

)
= O

(
poly(bB/b ) exp

(
−
B

2
t2 − 1 − o(1)

4w2

))
.

And since
E
G∼G
(|G(x) ∩ G(y)|) = poly(BB/b )E(|GP(x ′) ∩ GP(y ′)|),

the above gives us property 4.
Finally, to verify property 3, suppose x ,y ∈ RB are such that ‖x − y‖2 ≤ 1. Let x ′ = x/(1 + ε)

and y ′ = y/(1 + ε). By the splitting property of P (see Theorem 3.8), there exists some P in P
such that for all P ∈ P, √

B

b
‖Px ′ − Py ′‖2 ≤ 1.

Then G(x) ∩ G(y) ⊇ GP(x ′) ∩ GP(y ′) , ∅ by the tensor de�nition of GP and property 3 of F.
This completes our proof of Proposition 3.10

Corollary 3.11. There exists a Las Vegas data structure for Euclidean c-approximate near neigh-
bors in RB with expected query timeO(nρ ), space usageO(n1+ρ ), and preprocessing timeO(n1+ρ )
for ρ = 1/c2 + o(1).

Proof. We use the distribution G constructed in Proposition 3.10. Recall our parameter set-
tings for b and B in terms of α and β , i.e., b = Θ(logα n) and B = Θ(log1+β n). Notice that
poly(BB/bbb ) = no(1). Recall also that w = Θ(logβ/2 n). For w , we speci�cally set

w B

√
B

8 lognc .

By Proposition 3.10, for G ∼ G, the expected number of �lters containing any x ∈ RB is
O(n1/c

2+o(1)). In preprocessing, we sample G and compute G(x) for each x in D, which takes

38



3. Optimal Las Vegas Approximate Near Neighbors in `p

time O(n1+1/c2+o(1)). Because we need |G(x)| space to store the �lters containing x , space usage
is also O(n1+1/c

2+o(1)). Finally, to answer queries with this data structure, we can compute G(q)
for a query point q ∈ RB in expected time O(n1/c

2+o(1)). The expected number of collisions
between q and distant points in D is n · O(n−1+1/c2+o(1)) = O(n1/c

2+o(1)). Hence the expected
runtime of a query is O(n1/c2+o(1)). �

3.6. Projecting Down

We complete our construction of the data structure in this section by de�ning a two-stage
sequence of dimensionality reductions that e�ciently reduces the original problem into d/B
instances of approximate near neighbors in B dimensions. In this reduction, it is guaranteed that
any pair of near neighbors are considered near neighbors in at least one of the lower-dimensional
problems.

Our dimensionality reduction improves on previous implementations of the “one-sided”
dimensionality reduction idea [Ahl17, SW17, Wyg17] in that the overhead per point is now
Õ(d) instead of having a linear dependence on d2. The data structure in [Ahl17] implements
this idea for Hamming space and has O(1) false positives from each lower-dimensional problem.
Each false positive requires O(d) time to �lter out, resulting in a total cost of O(d2/B). Our
two-stage dimensionality reduction lets us spend only Õ(d) time handling false positives. The
data structures of [SW17] and [Wyg17] implement one-sided dimensionality reduction for
Euclidean space, but require Ω(d2) time to compute the dimensionality reduction since they
multiply by a random rotation in Rd . We note that this can be improved to Õ(d) by applying a
slightly modi�ed FastJL.

After applying the dimensionality reduction, we use the data structure constructed for RB
from Section 3.5 to get a Las Vegas data structure that solves c-approximate near neighbors for
all dimensions with an exponent of ρ = 1/c2 + o(1).

3.6.1. E�icient Distributions of Orthogonal Decompositions

In this subsection, we prove two “one-sided” dimensionality reduction results (Proposition 3.12
and Lemma 3.14) using orthogonal decompositions. These results will be used to reduce the
dimension of the problem from d to B.

For this subsection, we assume without loss of generality that the initial dimension d is a
power of two. We can guarantee this by padding zeros, which increases d by at most a constant
factor.

Proposition 3.12. For all 0 < ε < 1/2, 0 < δ < 1/2, and d ′ = Ω(ε−2 log(1/(εδ )) log(1/δ )), there
exists a distribution P1 over orthogonal decompositions of Rd into Rd

′

such that for all x ∈ Rd of
unit norm and i ∈ [d/d ′], where P B {Pi }

d/d ′
i=1 is sampled from P1,

P
P∼P1

(�����
√

d

d ′
‖Pix ‖2 − 1

����� > ε
)
< δ .

Furthermore, the set of values {Pix}
d/d ′
i=1 is computable in O(d logd) time.
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To construct this distribution P1, we use a modi�ed FastJL [AC09]. Let Hd be the d-
dimensional Hadamard matrix, and consider the distribution A over d ′ × d matrices de�ned as
follows: Sample a d ×d diagonal matrix D whose diagonal entries are independent Rademachers
and a d ′ × d matrix S whose rows are standard basis vectors sampled without replacement. We
take A B SHdD to be the sampled element ofA. Note that A is orthogonal. We analyzeA with
the following lemma:

Lemma 3.13. SupposeA ∈ A is sampled uniformly at random. Then for all x ∈ Rd of unit norm,

P

(�����
√

d

d ′
‖Ax ‖2 − 1

����� > ε
)
< δ .

Proof. Let A ′ be the distribution A with the modi�cation that the rows of the coordinate
sampling matrix S are sampled with replacement. Applying [Hoe63, Theorem 4] followed by
[CNW16, Theorem 9], we have for p = log(1/δ ) that

E
A∼A

(���� dd ′ ‖Ax ‖22 − 1����p ) ≤ E
A∼A′

(���� dd ′ ‖Ax ‖22 − 1����p )
< εpδ ,

since x 7→ |x |p is a convex function. By Markov’s inequality, the lemma follows. �

We now construct our distribution P1 over orthogonal decompositions by samplingD ∈ Rd×d
and a random permutation matrix P ∈ Rd×d . We de�ne the orthogonal decomposition to be the
rows of PHdD partitioned into d/d ′ matrices of dimension d ′ × d . Since PHdD is orthogonal,
the resulting family is an orthogonal decomposition. By Lemma 3.13, this distribution over
orthogonal decompositions satis�es the condition of Proposition 3.12.

Lemma 3.14 ([SW17]). For all 0 < ε < 1/2, 0 < δ < 1/2, and d ′ = Ω(ε−2 log(1/δ )), there exists
a distribution P2 over orthogonal decompositions of Rd into Rd

′

such that for all x ∈ Rd of unit
norm and i ∈ [d/d ′], where P = {Pi }

d/d ′
i=1 is sampled from P2,

P
P∼P2

(�����
√

d

d ′
‖Pix ‖2 − 1

����� > ε
)
< δ .

Proof. Sample a random rotation R in d-dimensions and de�ne the orthogonal decomposition
to be the rows of R split into d

d ′ matrices of dimension d ′ × d . By the Johnson-Lindenstrauss
lemma, if d ′ = Ω(ε−2 log(1/δ )), then the property holds with the desired probability. �

3.6.2. Constructing the Data Structure for Rd

Let ε be a function of n with ε = Θ(log−β/2 n), where β is as de�ned in Section 3.3. (One can
also consider the explicit parameter setting β = 2/5.)

Our algorithm for c-approximate near neighbors works by a sequence of two reductions to
lower dimensional c-approximate near neighbors problems. In the �rst reduction, we reduce the
dimension by applying an orthogonal decomposition drawn from P1 (as in Proposition 3.12)
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for δ = 1/(nd) and ε as above to obtain d/B′ problems in dimension B′ B Θ(ε−2 log2(nd)). We
then reduce the dimension further by applying an orthogonal decomposition drawn from P2
(as in Lemma 3.14) with δ = 1/n and ε as above for each B′-dimensional problem to obtain a set
of B-dimensional problems. Finally, we apply the algorithm of Corollary 3.11. We describe the
steps in greater detail below.

A General Reduction

We give a general reduction from c-approximate near neighbors in Rd to d/d ′ instances of c ′-
approximate near neighbors in Rd ′ for c ′ B c(1−ε), assuming a distribution P over orthogonal
decompositions of Rd into Rd ′ such that for P B {Pi }d/d

′

i=1 sampled from P ,

P
P∼P

(�����
√

d

d ′
‖Pix ‖2 − 1

����� > ε
)
< δ

for all x ∈ Rd of unit norm.
We start by sampling an orthogonal decomposition P ∼ P . Then P decomposes Rd as

a direct sum of d/d ′ subspaces of dimension d ′. For any two points x ,y ∈ Rd such that
‖x − y‖2 ≤ 1, if we let x1, . . . ,xd/d ′ and y1, . . . ,yd/d ′ be the components of x and y under P,
respectively, then there exists some i such that

√
d/d ′ ‖xi − yi ‖2 ≤ 1. Therefore, if x and y

are near neighbors in Rd , then they are also near neighbors in at least one of subspaces after
scaling by

√
d/d ′. That is, all pairs of near neighbors in Rd correspond to at least one pair of

near neighbors in the subspaces.
Our only worry is that ‖x − y‖2 > c , but

√
d/d ′ ‖xi − yi ‖2 ≤ (1 − ε)c , i.e., we have a false

positive. By the de�nition of P , the expected number of false positives is bounded above by
δ · nd/d ′ for a query y ∈ Rd . However, we can �lter out these false positives out by continuing
on in the algorithm for the lower-dimensional problem as if a false positive x did not share
a �lter with y. The cost of �ltering out such a false positive is O(d), since we need to check
whether ‖x − y‖2 > c for each candidate near neighbor x returned. Thus the total cost of false
positives is δnd2/d ′.

Proof of Theorem 3.1

We now prove Theorem 3.1 by describing a data structure in which the above reduction is
applied twice. We �rst apply the reduction to get from dimension d to dimension B′ using P1
and δ B 1/(nd). For this, we need time δnd2/B′ = O(d/B′) to handle false positives and time
O(d logd) to compute the orthogonal decomposition of q. The space overhead of storing an
element of P1 is O(d). We apply the reduction again to get from dimension B′ to B using P2
and δ B 1/n. This time, we need time O(B′2/B) to handle false positives and time O(B′2) to
compute the orthogonal decomposition of q. The space overhead of storing an element of P2
is O(B′2). However, these costs are incurred d/B′ times, once for each of the subproblems to
which the reduction is applied.

We are �nally ready to account for the costs of the entire data structure. Let c ′′ = c(1− ε)2 be
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the approximation factor for the B-dimensional subproblems. Then the total query time is

O(d logd) +O
(
d

B′

)
+

d

B′

(
O

(
B′2

B

)
+O

(
B′2

)
+
B′

B
· n1/c

′′2+o(1)
)
= Õ(dn1/c

2+o(1)),

the total space usage is

O(d) +
d

B′

(
O(B′2) +

B′

B
· n1+1/c

′′2+o(1)
)
= Õ(dn1+1/c

2+o(1)),

and the total preprocessing time is

n ·O(d logd) + d

B′

(
n ·O(B′2) +

B′

B
· n1+1/c

′′2+o(1)
)
= Õ(dn1+1/c

2+o(1)).

These match the desired exponent of ρ = 1/c2 + o(1), proving Theorem 3.1.
For the parameter setting α = 4/5 and β = 2/5, the o(1) term in the exponent is bounded by

Õ(log−1/5 n).

Proof of Corollary 3.2

We �rst state a result of [Ngu14]:

Lemma 3.15 ([Ngu14, Theorem 116]). There exists an explicit map f : Rd → Rd poly(ε−1 logd )

such that for all x ,y ∈ Rd such that ‖x − y‖p ≤ dO (1), we have

(1 − ε) ‖x − y‖pp − ε ≤ ‖ f (x) − f (y)‖22 ≤ (1 + ε) ‖x − y‖
p
p + ε .

To construct a data structure for Corollary 3.2 (for c-approximate near neighbors in `p ) we
consider a random shift of the lattice d · Zd and for each resulting grid cell, build a separate
data structure for c-approximate near neighbors on the hypercube of side length d + 2 that
has the same center as the grid cell. Then, for each point in Rd , we expect it to belong to
(1 + 2/d)d = O(1) such data structures, adding a constant factor overhead. To see correctness,
observe that there exists a data structure containing every pair of points x ,y ∈ Rd such that
‖x − y‖p ≤ 1.

We �nish by constructing a data structure for c-approximate near neighbors in `p for a
hypercube of side length d + 2. Notice that ‖x − y‖p ≤ O(d

√
d) ≤ dO (1) for all x ,y in the

hypercube. We may thus apply Lemma 3.15 with ε = 1/logn to obtain an embedding into an
instance of c ′-approximate near neighbors in `2, where c ′ = (1 − 2ε)cp/2. Theorem 3.1 then
gives us a Las Vegas data structure solving c-approximate near neighbors in `p with exponent
ρ = 1/cp + o(1).

3.7. Las Vegas Data-Dependent Hashing

Our goal in this section is to construct a data-independent Las Vegas �lter family for the unit
sphere inRB , where B = Θ(logn ·log logN ), and as a consequence of [ALRW17] (which provides
optimal space-time tradeo�s for Monte Carlo data-dependent hashing), prove Theorem 3.16.
Our main result, Theorem 3.3, then follows as a consequence of the techniques in Section 3.6.

42



3. Optimal Las Vegas Approximate Near Neighbors in `p

Theorem 3.16. Suppose ρu , ρq ≥ 0 are such that

c2
√
ρq + (c

2 − 1)√ρu ≥
√
2c2 − 1.

Then there exists a Las Vegas data structure for Euclidean c-approximate near neighbors inRB with
expected query timeO(nρq+o(1)), space usageO(n1+ρu+o(1)), and preprocessing timeO(n1+ρu+o(1)).

We accomplish this by applying the high-level approach used in the previous sections to
LSF on a sphere. Speci�cally, we construct a Las Vegas LSF family for the unit sphere in Rb
by discretizing the sphere to a �nite subset for which we have a “brute force” probabilistic
construction. We then use the CountSketch splitters of Section 3.5.1 to extend this construction
to the unit sphere in RB . We obtain Theorem 3.16 by plugging our Las Vegas LSF family for
the unit sphere in RB into the data-dependent data structure of [ALRW17] for RB . Since the
one-sided dimensionality reductions of Section 3.6 still apply, the desired data structure for
Theorem 3.3 follows.

The resulting construction matches the bounds of [ALRW17] across the entire space-time
tradeo�. In particular, for the symmetric case, we match [AR15], achieving an exponent of
ρ = 1/(2c2 − 1) + o(1), which is known to be optimal for data-dependent hashing.

3.7.1. Approximate Near Neighbors on a Sphere

The technical bulk of this section consists of solving (r , cr )-approximate near neighbor search
on a sphere in Rd . That is, we consider approximate near neighbors for the metric space (X ,D),
where X ⊆ Rd is a sphere and the metric D is Euclidean distance. We assume without loss of
generality that the sphere is the unit sphere S(0, 1). However, note that this implies we can no
longer assume that r = 1.

Like in the Euclidean setting, we can tackle approximate near neighbor search on a sphere
using the framework of LSF. Speci�cally, we consider a class of LSF families specialized for
the unit sphere known as spherical LSF. In spherical LSF, each asymmetric �lter is given by a
randomly sampled Gaussian in Rd ; membership in the �lter is determined by inner products
with the vector. We de�ne this class of LSF families in greater detail below. Previously, this
class of LSF families was studied in the Monte Carlo setting by [AR15, BDGL16, ALRW17].

As our goal is to handle space-time tradeo�s for LSF, we assume for the remainder of this
section that all the �lters and �lter families we consider are asymmetric (see Section 3.2).

Spherical LSF

Spherical LSF on the unit sphere is de�ned in terms of two parameters: an update parameter ηu
and a query parameter ηq . Each asymmetric �lter T in spherical LSF corresponds to a vector
z ∼ N(0, I ), such that a database point u belongs toT if 〈z,u〉 ≥ ηu and a query point q belongs
to T if 〈z,q〉 ≥ ηq . That is, both the update and query �lter of T are spherical caps, with the
sizes of these caps determined by ηu and ηq , respectively.

To analyze such a �lter family, we de�ne functions

F (η) B P
z∼N(0, I )

(〈z,x〉 ≥ η),
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where x ∈ S(0, 1) is an arbitrary point, and

G(s,ηu ,ηq) B P
z∼N(0, I )

(〈z,u〉 ≥ ηu and 〈z,q〉 ≥ ηq),

where u,q ∈ S(0, 1) are arbitrary points such that ‖u − q‖2 = s . These functions give the
probability that a point x lies in a �lter with parameter η and the probability that a database
point u and a query point q share a �lter with parameters ηu and ηq , respectively.

The following lemmas provide estimates for F and G:

Lemma 3.17 ([ALRW17, AIL+15]). For η →∞,

F (η) = exp
(
−(1 + o(1))η

2

2

)
.

Lemma 3.18 ([ALRW17, AIL+15]). For η,σ →∞ and 0 < s < 2,

G(s,η,σ ) = exp
(
−(1 + o(1))η

2 + σ 2 − 2ησc(s)
2s(s)2

)
,

where c(s) B 1 − s2/2 and s(s) B
√
1 − c2(s) are the cosine and sine, respectively, of the angle

between two points that are distance s apart on the unit sphere.

3.7.2. Las Vegas Spherical LSF Families in Rb

We start by constructing a spherical LSF family in dimension b = Θ(logα n), where α = 2/3,
with a Las Vegas property. Speci�cally, we prove the following:

Proposition 3.19. For all r > 0, there exists a distribution F over spherical LSF families for
S(0, 1) in Rb with the following properties:

1. A �lter family F can be sampled from F in time O(poly(bb )/G(r ,ηu ,ηq)).

2. For all u,q ∈ S(0, 1), Fu (u) and Fq(q) can be computed in time O(poly(b)/G(r ,ηu ,ηq)).

3. For all u,q ∈ S(0, 1) such that ‖u − q‖2 ≤ r , Fu (u) ∩ Fq(q) , ∅.

4. All �lters in F are subsets of spherical LSF �lters sampled with parameters ηu and ηq .

As observed in [ALRW17], random sampling constructs good spherical LSF families with
high probability. Our main challenge is sampling a spherical LSF family while being able to
verify that it indeed has the desired properties for all points in the sphere. We apply a similar
technique as in Section 3.4: We divide the space into grid cells, each containing a small portion
of the sphere. The intersection of each grid cell and the sphere can be contained in a small
spherical cap W , where we use the same shaped spherical cap for each grid cell. We then
discretizeW with a �ner mesh L and round each point inW to its nearest neighbor in L. Finally,
we sample spherical LSF families until we obtain a satisfactory LSF family for L. The resulting
LSF family for the entire sphere is obtained by pasting together the �lters for the rotations ofW
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that correspond to grid cells. In the remainder of this subsection, we describe this construction
in detail.

For the �rst step our construction, we reduce the problem to spherical caps comparable in
size to r ; our resulting �lter family will be the union of the �lter families we construct for all the
spherical caps we consider. To do so, we take a random shift of the lattice rb · Zb and consider
the (axis-aligned) hypercubes with side length r (b + 2) centered at the lattice points. We build a
separate �lter family for the intersection of S(0, 1) and each hypercube. Due to the random
shift, each point in Rb belongs to (1 + 2/b)b = O(1) hypercubes in expectation. Hence this
reduction adds only a constant factor overhead. Furthermore, for each pair of points that are at
most distance r apart, there exists a hypercube containing both points, so this step does not
separate any pairs of near neighbors.

Now, consider a hypercube centered at O ∈ rb · Zb that intersects S(0, 1), and let O ′ be the
point on S(0, 1) closest to O . This hypercube is contained in B(O ′, r (b + 2)

√
b), so it su�ces

to construct a �lter family for the spherical capW B S(0, 1) ∩ B(O ′, r (b + 2)
√
b). For δ > 0,

let L be a subset of W of size poly((b/δ )b ) such that each point in W is at most distance rδ
from a point in L.4 Fixing δ = Θ(1/b), we can round each point to its nearest neighbor in L
with negligible loss in precision—points that are initially at most distance r apart remain at
most distance r (1 + 2δ ) = r (1 + o(1)) apart and points that are initially at least distance cr apart
remain at least distance (c − 2δ )r = cr (1 − o(1)) apart. This rounding therefore worsens the
approximation factor by a factor of at most 1 + o(1).

After rounding all database and query points inW to L ⊆W , we show how to construct a
spherical LSF family forW . Observe that p B G(r ,ηu ,ηq) is a lower bound on the probability
that a database point u and a query point q such that ‖u − q‖2 ≤ r both belong to a randomly
sampled �lter. Thus, if we sample N B Θ(p−1 log |L|) �lters, the condition Fu (u)∩Fq(q) , ∅ for
all pairs u,q ∈ L at most distance r apart holds with probability at least 1/2 by the union bound.
Let the resulting distribution over spherical LSF families for W be F0. Given F0, we sample
a �lter family such that the condition holds for all pairs u,q ∈ L that are at most distance r
apart. Because the success probability is 1/2, we expect to sample at most O(1) times. Checking
whether the condition holds takes time O(N |L|2) = O(poly(bb )/G(r ,ηu ,ηq)).

This spherical LSF family works for each spherical capW associated to a hypercube, since
each hypercube can be contained in the same-shaped spherical cap. Thus we only need to do
the above sampling procedure once to obtain a spherical LSF family for the entire sphere by
taking the union over all caps. Our last step is to analyze the properties of this LSF family and
show that it satis�es the properties stated in Proposition 3.19.

By the de�nition of sampling above, we immediately have properties 1 and 3. Observe that
for each cap, there are only N = O(poly(b)/G(r ,ηu ,ηq)) �lters. Thus to compute Fu (u) (and
similarly for Fq(q)), we can iterate over the set of �lters and check for each whether 〈z,u〉 ≥ ηu .
This gives us property 2. Finally, property 4 follows from the de�nition of the �lter family.5

4One construction is to project the lattice rδ/
√
b · Zb ∩ B(O ′, 2r (b + 2)

√
b) onto the sphere S(0, 1). Then each

point inW is at most distance rδ/2 from a point in the lattice. Projecting the lattice onto S(0, 1) increases distances
by a factor of at most

√
2.

5We actually expect to reject up to 1/2 of the �lters sampled this way, so the distribution is slightly di�erent
than that of typical spherical LSF, but by the argument for property 4 in Proposition 3.5, this only a�ects upper
bounds on expected values by a factor of 2.

45



3. Optimal Las Vegas Approximate Near Neighbors in `p

3.7.3. Tensoring Up Spherical LSF

We show how to use a modi�cation of the tensoring operation to construct a LSF family for
S(0, 1) in RB , where B = Θ(logn · log logn).

We start with some parameter settings. De�ne K = Θ(log1/2 n), and suppose ρu and ρq are
such that

(1 − c(r )c(cr ))√ρq + (c(r ) − c(cr ))
√
ρu ≥ s(r )s(cr ).

By [ALRW17, Section 3.3.3], there exist ηu and ηq such that the following hold:

F (ηu )

G(r ,ηu ,ηq)
≤ n(ρu+o(1))/K

F (ηq)

G(r ,ηu ,ηq)
≤ n(ρq+o(1))/K

G(cr ,ηu ,ηq)

G(r ,ηu ,ηq)
≤ n(ρq−1+o(1))/K .

Let η′u B ηu
√
b/B and η′q B ηq

√
b/B. Then

F (η′u )

G(r ,η′u ,η
′
q)
≤ n

1
K

b
B (ρu+o(1))

F (η′q)

G(r ,η′u ,η
′
q)
≤ n

1
K

b
B (ρq+o(1))

G(cr ,η′u ,η
′
q)

G(r ,η′u ,η
′
q)
≤ n

1
K

b
B (ρq−1+o(1)).

The spherical LSF parameters η′u and η′q are what we will use to instantiate the distribution F
of Proposition 3.19 for our tensoring construction. Finally, de�ne the maximum distortion we
allow to be 1 ± ε , where ε = log−α/2 n.

We begin our construction by noting that there exists a collection P of orthogonal decompo-
sitions of RB into Rb such that for any pair u,q ∈ S(0, 1), there exists a P ∈ P such that every
projection in P projectsu, q, andu−q with distortion 1±ε . Furthermore,P has size bounded by
|P| ≤ poly(BB/b ). Formally, we show that CountSketch splitters satisfy the following stronger
version of Theorem 3.8:

Lemma 3.20. For all 0 < ε < 1/2 and d ′ = Ω(1/ε2), there exists a collection P of orthogonal
decompositions of Rd into Rd

′

such that |P| = O(poly(dd/d ′)) and for all x1,x2,x3 ∈ Rd of unit
norm, there exists a decomposition P ∈ P such that�����

√
d

d ′
‖Pxi ‖2 − 1

����� < ε
for all P ∈ P and all i ∈ {1, 2, 3}.
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Proof. Let A be as in Lemma 3.9. By Lemma 3.9 and the union bound, for A sampled from A,

P

(�����
√

d

d ′
‖Axi ‖2 − 1

����� > ε for any i ∈ {1, 2, 3}
)
<

1
2 .

Thus, we may apply the divide-and-conquer construction of Theorem 3.8 to obtain the desired
result. At each level in the divide-and-conquer, there exists some A ∈ Aj that projects xi for
each i ∈ {1, 2, 3} with low distortion by our preceding observation. �

Given this collection of orthogonal decompositions P, we prove the following:

Proposition 3.21. For all r , c such that c > 1 and cr ≥
√
2, there exists a distribution G over

�lter families for S(0, 1) in Rb with the following properties:

1. A �lter family G can be sampled fromG in time O(no(1)).

2. For all u,q ∈ S(0, 1), Gu (u) can be computed in time O(no(1) + |Gu (u)|) and likewise for
Gq(q).

3. For all u,q ∈ S(0, 1) such that ‖u − q‖2 ≤ r , Gu (u) ∩ Gq(q) , ∅.

4. For all u,q ∈ S(0, 1), we have that

E
G∼G
(|Gu (u)|) ≤ poly(BB/b ) F (ηu )

G(r ,ηu ,ηq)
≤ n(ρu+o(1))/K

and

E
G∼G
(|Gq(q)|) ≤ poly(BB/b )

F (ηq)

G(r ,ηu ,ηq)
≤ n(ρq+o(1))/K .

Furthermore, if ‖u − q‖2 > cr , then

E
G∼G
(|Gu (u) ∩ Gq(q)|) ≤ poly(BB/b )

G(cr ,ηu ,ηq)

G(r ,ηu ,ηq)
≤ n(−1+ρu+o(1))/K .

To construct our LSF family, we independently sample, for each orthogonal decomposition
P ∈ P, B/b �lter families F 1, . . . ,F B/b from F (of Proposition 3.19) for S(0, 1) ⊆ Rb and
r ′ B r (1 + 8ε). We then construct a �lter family GP according to a modi�ed version of the
tensoring operation. We de�ne a modi�ed version of the tensoring operation because the
projections in P do not necessarily map points on S(0, 1) in RB to points on S(0, 1) in Rb (even
after normalizing the projection map).

Fix u ∈ S(0, 1), and de�ne u ′i to be the projection of Piu onto the sphere S(0,
√
b/B) in Rb .

We then de�ne

GPu (u) B F
1
u

(√
B

b
u ′1

)
× · · · × F

B/b
u

(√
B

b
u ′B/b

)
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if ‖u ′i − Piu‖2 ≤ ε for all i ∈ [B/b] and de�ne GPu to be the empty set otherwise. We de�ne
GPq (q) similarly for query points q ∈ S(0, 1). The �lter family G for S(0, 1) that we want will
be the union of the �lter families GP over all P ∈ P.

By the parameter setting of [ALRW17, Section 3.3.3], G(r ,ηu ,ηq) ≥ n−o(1) when cr ≥
√
2.

Thus, by Proposition 3.19, we can sample from F and compute the �lters containing a given
point in time O(no(1)). The overhead of P is also only no(1). This gives us properties 1 and 2 for
G.

The “splitting” property of P makes our �lter family G Las Vegas locality-sensitive. For
every pair u,q ∈ S(0, 1) such that ‖u − q‖2 ≤ r , there exists some P ∈ P so that the three
distances u, q, and u − q are preserved (i.e., with distortion within 1 ± ε) for all projections
P ∈ P. Then GPu (u) and GPq (q) are non-empty. It follows from the Las Vegas property of �lter
families drawn from F0 that u ′i and q′i share a �lter for each i ∈ [B/b], since scaling Piu and Piq
to u ′i and q′i increases the distance between them by at most a factor of 1 + ε . The accumulation
of these distortions results in a distance between

√
B/bu ′i and

√
B/bq′i that is at most r ′. Hence

GPu (u) ∩ G
P
q (q) , ∅ by Proposition 3.19, which gives us property 3.

To bound the number of �lters containing a point and the number of collisions, we use the
fact that F is a distribution over spherical LSF. Notice that for a database point u to belong to a
spherical LSF �lter characterized by the tuple z B (z1, . . . , zB/b ), where the zi ∈ Rb correspond
to the centers of the �lters in each of the B/b subspaces and z is thought of as belonging to RB ,
we must have

(1 ± ε) 〈z,u〉 =
√

b

B

(B/b∑
i=1

〈
zi ,

√
B

b
u ′i

〉)
≥

√
B

b
η′u = ηu .

Similarly, we would need (1± ε) 〈z,q〉 ≥ ηq for a query point q. To obtain average case behavior
for the random variable 〈z,q〉, we can sample a random rotation of S(0, 1) that we apply to
all database and query points at the very beginning, with only poly(B) overhead. Then z is
distributed as a spherical Gaussian, and we get by Lemma 3.17 that

P ((1 + ε) 〈z,u〉 ≥ ηu ) ≤ F ((1 − 2ε)ηu ) ≤ no(1)/KF (ηu )

and
P

(
(1 + ε) 〈z,q〉 ≥ ηq

)
≤ F ((1 − 2ε)ηq) ≤ no(1)/KF (ηq).

Furthermore, if ‖q − x ‖2 > cr , then by Lemma 3.18,

P((1 + ε) 〈z,u〉 ≥ ηu and (1 + ε) 〈z,q〉 ≥ ηq) ≤ G(cr , (1 − 2ε)ηu , (1 − 2ε)ηq)
≤ no(1)/KG(cr ,ηu ,ηq).

Since there are a total of

|P| ·

(
poly(b)

G(r ,η′u ,η
′
q)

)B/b
=

poly(BB/b )
G(r ,ηu ,ηq)

�lters in a �lter family sampled fromG and poly(BB/b ) = no(1)/K , property 4 now follows. This
completes our proof of Proposition 3.21.
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3.7.4. Proofs of Theorems 3.3 and 3.16

Now to prove Theorem 3.16, note that the �lter family that we constructed in Proposition 3.21
can be used as a drop-in replacement for the �lter family used in the data-dependent data
structure of [ALRW17]. By the parameter settings given in [ALRW17, Section 4.3], the �lter
family will always be instantiated with cr ≥

√
2 (our cr corresponds to r ∗/R in [ALRW17]). We

now show that the resulting data structure is Las Vegas. The only way randomness leads to
false negatives in the data structure of [ALRW17] is through the �ltering step, when two near
neighbors fail to share a �lter. However, this cannot happen with our LSF family by property 3
of Proposition 3.21. (Randomness is also used elsewhere, e.g., for the fast preprocessing step
described in [AR15], but this randomness does not create false negatives.)

Finally, to reduce the dimension of the problem from d to B, we apply the same dimensionality
reductions as in Section 3.6. To make this reduction step work, we need to slightly modify
the data-dependent data structure of [ALRW17], since our reduction requires the option of
continuing after encountering a false positive. In [ALRW17], at certain nodes of the decision
tree, only one point is stored at a vertex as a “representative” for speci�c base cases of the
recursion. We require the entire list of points mapped to that vertex to be stored, since it could
be that the representative point is a false positive. This modi�cation increases space usage
negligibly. We �nish by noting that the reduction of [Ngu14] for `p still applies, from which
Theorem 3.3 follows.
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Appendix

A. Las Vegas Locality-Sensitive Filter Families

In this appendix, we de�ne “Las Vegas” data-independent �lter families and show that they
imply Monte Carlo families of �lters as de�ned in [Chr17]. Combined with [Chr17, Theorem
1.5], this reduction implies analogs of the data-independent lower bounds of [OWZ14] hold for
Las Vegas LSF families. It follows from these lower bounds that the exponents of Theorem 3.1
and Corollary 3.2 are optimal for LSF in the data-independent setting.

Let (X ,D) be a metric space. We start with a Monte Carlo de�nition of LSF families as
considered in [Chr17]:

De�nition .1 ((Symmetric1) Monte Carlo �lter families [Chr17]). A distribution F over �lters
is said to be Monte Carlo (r , cr ,p1,p2,q)-sensitive if the following holds:

• For all x ,y ∈ X such that D(x ,y) ≤ r ,

P
F∼F
(x ∈ F ,y ∈ F ) ≥ p1.

• For all x ,y ∈ X such that D(x ,y) > cr ,

P
F∼F
(x ∈ F ,y ∈ F ) ≤ p2.

• For all x ∈ X , PF∼F (x ∈ F ) ≤ q.

To obtain Las Vegas algorithms using LSF, we need a stronger notion of �lter family, which
we de�ne as follows:

De�nition .2 (Las Vegas �lter families). A distribution F over �lter families is said to be Las
Vegas (r , cr ,p2,q,N )-sensitive if the following holds:

• For all x ,y ∈ X such that D(x ,y) ≤ r ,

P
F∼F
(F (x) ∩ F (y) , ∅) = 1.

• For all x ,y ∈ X such that D(x ,y) > cr ,

E
F∼F
(|F (x) ∩ F (y)|) ≤ p2.

1In [Chr17], asymmetric �lter families yielding space-time tradeo�s for LSF are also discussed. These �lter
families have separate “query” and “update” �lters. However, since this section focuses only on the symmetric
setting, we merge the (asymmetric) LSF parameters pq and pu of [Chr17] into the single (symmetric) parameter q.
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• For all x ∈ X , EF∼F(|F (x)|) ≤ q.

• The number of �lters in F sampled from F is always N .

This de�nition is general in the sense that for a set of �lters to be usable in a Las Vegas setting,
it must guarantee that every pair of “close” points is contained in a �lter. Furthermore, p2 and q
are analogous to those of De�nition .1, and our lower bound is independent of the size N .

With this de�nition of LSF in a Las Vegas setting, the remaining proofs are straightforward:
We �rst show a general reduction from Las Vegas LSF to Monte Carlo LSF, and then, for the
speci�c case of `p spaces, we show that the lower bound of [Chr17] and [OWZ14] still holds.

Lemma .1. Suppose a distributionF over �lter families is Las Vegas (r , cr ,p2,q,N )-sensitive, and
de�ne p ′1 B 1/N , p ′2 B p2/N , and q′ B q/N . Then there exists a distribution F over �lters that
is Monte Carlo (r , cr ,p ′1,p

′
2,q
′)-sensitive.

Proof. Let F be the distribution over �lters where we �rst sample F ∼ F and then sample
a �lter uniformly at random from F . One can check that F is Monte Carlo (r , cr ,p ′1,p ′2,q′)-
sensitive. �

Proposition .2. Suppose 0 < p < ∞. Every Las Vegas (r , cr ,p2,q,N )-sensitive �lter familyF for
Rd under the `p norm must satisfy

ρ B
log(q)

log(q/p2)
≥

1
cp
− od (1)

when p2/q ≥ 2−o(d ). (In particular, this lower bound depends only on p2 and q and not on N .)

Proof. By the reduction of Lemma .1 and [Chr17, Theorem 1.4], we have that

ρ =
log(q′/p ′1)
log(q′/p ′2)

≥
1
cp
− od (1).

�
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