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Geometric Deconstruction of Supersymmetric Quantum Field Theories

Abstract

Quantum field theories, despite their central importance in modern physics, remain

poorly understood due to a lack of techniques available for studying their strong cou-

pling regimes. This thesis reports progress in the development of a geometric language

for describing and analyzing aspects of five dimensional supersymmetric quantum field

theories with interacting strongly coupled ultraviolet fixed points. It is explained in

detail how various properties of these five dimensional field theories admit a mathe-

matical interpretation in terms of the topology and complex structure of Calabi-Yau

varieties, and how this correspondence between field theory and geometry has advanced

the understanding of the landscape, dualities, and renormalization group flows of these

theories. In particular, it shown how the geometric framework sets the stage for a po-

tentially exhaustive classification of strongly coupled five dimensional fixed points by

studying renormalization group flows from six dimensional supersymmetric quantum

field theories compactified on a circle.
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1 Introduction

One of the major successes of string theory has been its capacity to unify non-abelian

gauge theory and general relativity within a common framework. However, over the past

three decades physicists have come to appreciate the fact that string theory is also useful

for probing aspects of non-gravitational ultraviolet (UV) complete quantum field theories

(QFTs) and rather ironically string theory has since become one of the primary tools used

for investigating such theories. A rather striking demonstration of string theory’s potential

to shed light on QFTs was the discovery of non-trivial UV complete supersymmetric QFTs

(SQFTs) in six and five dimensions in 1990s [1, 2]. This discovery came as quite a surprise

because it was previously believed that the only self-consistent QFTs in dimenisons d > 4

were trivial theories since power counting arguments suggest that interacting theories in

d > 4 are non-renormalizable. This breakthrough has paved the way for a growing body

of research on 5d and 6d QFTs in which supersymmetry-protected field theoretic data is

analyzed in terms of the geometric and topological properties of an associated complex

manifold.

The capacity for string theory to characterize various aspects of certain QFTs in terms

of geometric data is to a large extent due to supersymmetry. In order to preserve super-

symmetry in string compactifications it is necessary that the compactification manifold

have a prescribed holonomy group, which in turn limits the possible choices to certain

manifolds possessing very unique structures. In some cases, the moduli spaces of supersym-

metric vacua of the QFT describing the string compactification at long distances can be

interpreted as complex or Kähler deformation parameter spaces associated to the compact-

ification manifold. This establishes a correspondence between field theory and geometry

which permits SQFTs to be analyzed in terms of an auxiliary geometric object. For exam-

ple, the hallmark of a self-consistent QFT, namely the existence of a UV fixed point, is in
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these geometric terms equivalent to the existence of a special locus in parameter where the

manifold develops a singularity. This converts the physics problem of classifying SQFTs

with non-trivial UV fixed points to the mathematics problem of cataloguing geometric sin-

gularities, and this change in perspective has led to remarkable progress, especially for

understanding 6d SQFTs.

Among UV complete SQFTs of various dimensions, 6d theories are rather special for a

number of reasons. One reason is that their spectra include both BPS anti-self-dual strings,

a feature which has thus far prevented the study of such theories by means of a semi-classical

limit. For this reason, string theory is essentially the only tool available for analyzing these

theories in a systematic fashion. Another reason 6d SQFTs are special is that their UV

completions are believed to be 6d superconformal field theories (SCFTs), which due to

a theorem by Nahm [3] is the largest number of dimensions for which a superconformal

algebra may exist. The fact that 6d theories are maximal both in terms of dimension and

supersymmetry seems indicative of a distinguished position in the landscape of possible

QFTs, and indeed they have proven to be the most amenable to exhaustive classification

due to their comparatively rigid structure. Furthermore, their compactifications to lower

dimensions have been studied extensively and have revealed deep insights into the properties

of SQFTs in d < 6.

For the above reasons, the classification of 6d SCFTs cleanly illustrates the utility of

geometry for studying SQFTs. The first example is due to Witten [1], who proposed that

6d (2, 0) theories can be realized as the low energy description of type IIB string theory

compactified on a local Calabi-Yau 2-fold. In this description, the UV conformal fixed

point corresponds to surface singularities in the 2-fold, known to correspond to simply

laced Lie algebras. More recently, it was shown that 6d (1, 0) SQFTs (of which (2, 0)

theories are a special case) can be constructed in string theory as low energy limits of F-
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theory compactifications on elliptically fibered Calabi-Yau 3-folds [4, 5], where their UV

fixed points correspond to singular limits in the geometric moduli spaces characterized

by collapsing configurations of complex curves in the base of the fibration, signaling the

emergence of tensionless strings.

The problem of geometrically classifying 5d SCFTs has enjoyed comparatively less suc-

cess. One major result to emerge from the initial flurry of literature that was generated in

the 1990s was the classification of rank

1
one 5d SCFTs in terms of local Calabi-Yau three-

folds containing a collapsing Kähler surfaces called del Pezzo surfaces.[6, 7]

2
Another was

the identification of (p, q) 5-brane webs in type IIB string theory (many of which have geo-

metric M-theory duals) as an extremely flexible tool for constructing 5d theories. Roughly

at the same time, a classification of UV complete 5d gauge theories was proposed [8], which

placed certain constraints on the gauge symmetries and matter representations compatible

with the existence of a non-trivial Coulomb branch. Although it was understood that the

gauge theoretic classification proposed in did not constitute a complete classification of 5d

SCFTs due to the fact that non-Lagrangian SCFTs would be absent from the list of per-

missible theories (e.g. local P2
), this work has nonetheless received a great deal of attention

over the years.

However, subsequent studies of increasingly intricate (p, q) 5-brane webs in type IIB

string theory revealed many examples of 5d SQFTs whose matter content clearly con-

tradicted the matter bounds of [8], and this has motivated physicists to revisit the 5d

classification problem [9, 10, 11, 12, 13, 14, 15, 16]. A recent paper [17] argues that the

incompleteness of the existing gauge theoretic classification of 5d SQFTs was due to overly

strict constraints, and proposes a classification which subsumes all known gauge theory

1The rank of a 5d SQFT is defined as the number of independent massless u(1) gauge fields which
characterize the dynamics of the theory on the Coulomb branch.

2Del Pezzo surfaces can be thought of as a complex projective space in which a finite number of points
have been excised and replaced with two spheres.
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examples to date. Shortly after, it was confirmed that the new classification criteria are

necessary but not sufficient to ensure the existence of a UV fixed point, and the lack of

sufficiency is essentially explained by the presence of non-perturbative particles which are

invisible in perturbation theory but which nonetheless affect the dynamics of theory. This

reaffirmed the notion that the only way to reliably argue self-consistency of a 5d SQFT is to

study constructions (e.g. string compactifications) in which the non-perturbative physics

is fully manifest. Consequently, the problem of geometrically classifying 5d SCFTs was

revisited in [18], and the geometric classification was extended to rank two.

The modest success of the rank two geometric classification in [18] is complemented

by an intriguing observation, namely that all rank two 5d theories can be viewed as mass

deformations of 6d theories compactified on a circle, and moreover that coupling enough

matter to a given 5d theory (non-uniquely) inverts RG flows and geometrically leads to the

emergence of a torus fibration structure. Due to the string duality between M-theory and

F-theory, the torus fibration structure implies the presence of an intrinsic Kaluza-Klein scale

which is indicative of a 6d, rather than 5d, fixed point. In other words, all known examples

seem to descend from 6d progenitors by way of RG flows which admit a clear geometric

interpretation. The practical implication is that it is in principle possible to systematically

study large mass deformations of circle compactified 6d theories to various 5d fixed points

in the language of Calabi-Yau geometry, bearing in mind the rather appealing possibility

that all 5d fixed points can be realized in this manner. This observation has led to recent

work on geometrically classifying circle compatifications of 6d SCFTs in an effort to lay the

groundwork for a systematic study of RG flows to 5d fixed points.

The aim of this thesis is to provide a detailed account of the author’s recent work

towards a complete classification of 5d N = 1 SQFTs, with a particular emphasis on the

refinement of the dictionary between 5d physics and Calabi-Yau geometry. This goal is to
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demonstrate how refining the correspondence between physics and Calabi-Yau geometry has

led to a number of advances in understanding the RG flows, dualities, global symmetries,

anomalies, and various other physical properties of 5d N = 1 theories. Of particular

importance is the geometric manifestation of the connection between 5d KK theories and

their lifts to 6d theories compactified on a circle, as this connection paves the way for a

rich and potentially exhaustive exploration of the landscape of 5d UV fixed point in terms

of geometric transitions between the moduli spaces of different Calabi-Yau threefolds.

The following sections of this thesis are organized as follows. Section 2 reviews general

field field theoretic aspects of 6d (1, 0) and 5d N = 1 SQFTs. Section 3 describes a

new classification of candidate 5d N = 1 (simple) gauge theories with interacting UV

fixed points, which subsumes all known counterexamples to previously stipulated bounds

on matter content. Section 4 reviews some general features of F-theory and M-theory

compactifications on Calabi-Yau threefolds. Section 5 gives a detailed description of the

geometric interpretation and classification of 5d N = 1 SQFTs in terms of Calabi-Yau

geometry is given. Finally, in Section 6 some key aspects surrounding the connection to

circle compactifications of 6d (1, 0) and their subsequent RG flows to 5d fixed points are

surveyed. Some relevant mathematical background is collected in the Appendices.

2 Minimally Supersymmetric Quantum Field Theories

The modern viewpoint on physics uses symmetry as an organizing principle for various

kinematical and dynamical aspects of a theory. The demand that a theory exhibit super-

symmetry is a particularly stringent requirement not only because it organizes the states of

the theory into very specific representations of the supersymmetry algebra, but also because

supersymmetry permits the existence of moduli spaces of supersymmetric vacua with intri-

cate mathematical properties. The aim of this section is to review some universal features
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of SQFTs in 6d and 5d which are direct consequence of minimal supersymmetry, without

committing to a particular Lagrangian presentation. These universal features, which in-

clude representations of the massless states and properties of the tensor/Coulomb branch

of vacuum moduli, act as a guidepost for the geometric constructions discussed in later

sections.

2.a Six dimensions

There are four distinct 6d supersymmetry algebras, labeled (NL,NR), consisting of 2NL

left chiral and 2NR right chiral spinors [19, 20]:

• the maximal (2, 2) algebra;

• the chiral (2, 0) algebra;

• the non-chiral (1, 1) algebra;

• and the minimal chiral (1, 0) algebra.

The focus of this thesis is the 6d (1, 0) supersymmetry algebra and the dimensional re-

ductions of this algebra to 5d and 4d. The (1, 0) supersymmetry algebra is defined by the

following graded commutation relation:

{QA,QB} = (2i�ABPM + �ABZM )�M , (1)

where QA
denotes a pair of symplectic-Majorana Weyl spinors with Sp(1)R indices A = 1, 2,

�M
is a 6d gamma matrix, PM the momentum operator, and ZM is a “central charge” which

due to its Lorentz index M = 0, . . . , 5 corresponds to stringlike excitations of the theory.

The possible supermultiplets are dictated by the representations of massless states under

little group SO(4) ⇠= SU(2)⇥SU(2) ⇢ SO(1, 5). Labeling each irreducible representation of
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SU(2)i by its spin ji, it can be shown that there are four massless multiplets transforming in

the representation (j1, j2). The massless representations along with their associated Lorentz

covariant fields are [21]:

• gravity: (1, 1) � 2(12 , 1) � (1, 0), which embeds into a graviton, Sp(1)R doublet of

left-chiral gravitini, and a self-dual two form;

• tensor: (1, 0)� 2(12 , 0)� (0, 0), which embeds into an anti-self-dual two form BMN , a

right-chiral Sp(1)R doublet of tensorinos, and a real scalar ';

• vector: (12 ,
1
2)� 2(0, 12), which embeds into a one form AM , and an Sp(1)R doublet of

left-chiral gauginos;

• hyper: 2(12 , 0)�4(0, 0), which embeds into an Sp(1)R doublet of right-chiral hyperinos,

and two complex scalars.

There can be a moduli space of supersymmetric vacua, denoted M, which is parametrized

by the vacuum expectation values (VEVs) of Lorentz scalars. According to the above

representations, the only supermultiplets which contain scalar fields are the tensor multiplet

and hypermultiplet, and thus the moduli space splits locally into two branches, the tensor

branch and the Higgs branch:

M
locally⇠= MT ⇥MH (2)

analogous to the well-studied case of 4d N = 2 supersymmetry (see for example [2]). The

tensor branch MT is parametrized by VEVs of tensor multiplet scalar fields, while the Higgs

branch MH is parametrized by VEVs of hypermultiplet scalar fields. The tensor branch

can be thought of as the generalization of the Coulomb branch in 4d and 5d to the setting

of 6d SQFTs.
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The focus of this thesis is on the tensor (Coulomb) branch. The starting point for

analyzing the connection between the tensor branch and the spectrum of physical states is

to observe that the (1, 0) algebra in Eq. 1 admits an extension by a Lorentz vector “central

charge” ZM
. A standard computation which rewrites the anticommutator in Eq. 1 in terms

of an operator and its Hermitean conjugate can be used to show that the tension T of any

massive stringlike excitations in the Hilbert space of the theory must be bounded below

according to [19, 20]:

T � Z = |ni'
i +mj'D

j |, (3)

where ni,m
j
are respectively electric and magnetic charges and the parameters 'i,'Dj can

only depend on the local coordinates of the tensor branch. States which saturate the bound

in Eq. 3 are referred to as Bogomol’nyi-Prasad-Sommerfield (BPS) states and preserve a

fraction of supersymmetry by virtue of the fact that these states are annihilated by some

of the supercharges. These states are “robust” in the sense that generic perturbations of

the theory cannot change the number of states in a multiplet and hence the BPS condition

should persist in the full quantum theory. A 6d version of the standard Dirac quantization

argument asserts that there exists a lattice of self-dual charges ni with a symmetric integral

pairing

(n, n0) = Aijnin
0
j . (4)

By standard power counting arguments, 6d (1, 0) SQFTs are not perturbatively renor-

malizable and thought to be IR free. Nevertheless, following work in the 1990s which

used string theory to argue the existence of (1, 0) theories with non-trivial UV fixed points

[1, 22, 23], there has since been an enormous amount of work devoted to mapping out the
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landscape of these exotic theories [4, 24, 25, 26].

Much of what is understood about 6d (1, 0) theories is inferred from the low energy

effective theory on the tensor branch. In order for an effective theory to correspond to a

relevant deformation of a strongly coupled UV fixed point, there are a number of necessary

criteria that must be satisfied. The most basic criterion is the existence of a special locus

in MT corresponding to the fixed point. On the tensor branch, there can be various special

loci where a BPS string becomes tensionless. The metric on the tensor branch is relate to

the Dirac pairing:

ds2 = �Aijd'
i
d'j

(5)

Given a generic point 'i 2 MT, the UV conformal fixed point is thought to be the special

point 'i = 0, at finite metric distance, characterized by the vanishing of all string tensions,

and hence the emergence of tensionless interacting strings.

Another necessary requirement is the cancellation of chiral anomalies, which in 6d are

visible in correlation functions involving the insertion of four conserved currents associated

to continuous symmetries. Of the various possible types of anomalies, only pure gauge

(corresponding to the insertion of four identical currents) and mixed gauge-gauge (corre-

sponding to the insertion of two types of one gauge current and two types of another gauge

current) pose a problem for the consistency of the UV fixed point theory. Assuming ‘t

Hooft anomaly matching, the same anomalies should be visible at a generic point on the

tensor branch and thus one can safely assume that an anomaly-free effective theory on the

tensor branch can be viewed as a deformation of an anomaly-free 6d SCFT [20].

The anomalies described above can be encoded in a 8-form polynomial I8 constructed

from characteristic classes of the principal bundles associated to the various symmetries

of the 6d theory. According to the Green-Schwarz-West-Sagnotti mechanism (see [27] and
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[28]), the anomaly polynomial I8 can be split into two pieces

I8 = Ione loop + IGS (6)

where Ione loop captures one loop quantum contributions and IGS captures contributions

from variations of couplings of the form

ˆ
Bi ^ I4,i. (7)

In the above expression, the two forms Bi
are the anti-self-dual tensors and the four forms

I4,i are constructed from the characteristic classes associated to the gauge and gravity field

strengths. More explicitly, the Green-Schwarz term can be expressed as [29]:

IGS =
1

2
AijI4,iI4,j , Ii = aic2(R) + bip1(T ) +

X
cijTrF

2
j , (8)

where c2(R) is the second Chern class of the Sp(1)R bundle, p1(T ) is the first Pontryagin

class of the spacetime tangent bundle, and Fi are the field strengths of various gauge

and global symmetries. Following the conventions of [20], the coefficients of I4,i must

satisfy the following constraints: Consider a collection of vector multiplets in the adjoint

representations of the gauge algebras gi and a collection of hypermultiplets transforming

in the representations Ri = �fRi,f ,Rij = �fRij,f (where Rij denotes a hypermultiplet

representation Ri⌦Rj of gi�gj .) Then in terms of the representation theoretic coefficients

AR, BR, CR defined by

trR F 2 = ARtrF
2, trR F 4 = BRtrF

4 + CR(trF
2)2, (9)
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gauge anomaly cancellation implies the following constraints for matter charged under gk:

Badj
k

�
X

R
k

nR
k

BR
k

= 0

Cadj
k

�
X

R
k

nR
k

CR
k

= �12AijCikCjk,

(10)

while gauge-gauge anomaly cancellation implies the following constraints for matter charged

under gk � gk0 :

X

R
k

,R
k

0

nR
k

,R
k

0AR
k

,R
k

0 = 16AijCikCjk0 , (11)

where in the above expressions the coefficients nR
k

, nR
k

,R
k

0 denote the numbers of hy-

permultiplets charged under the algebras gk, gk � gk0 , respectively. Note also that the

cancellation of gauge-gravitational mixed anomalies requires

Aadj
k

�
X

R
k

nR
k

AR
k

= �48AijKiCjk, (12)

while pure gravitational anomaly cancellation imposes

nH � nV = 273� 29nT, KiKjA
ij = 9� nT, (13)

where nH, nV, nT are the numbers of hypermultiplets, vector multiplets, and tensor multi-

plets, respectively. Note that while the above discussion only pertains to anomalous con-

tinuous non-abelian gauge symmetries, there can also be anomalies due to abelian global

symmetries as well as discrete gauge. However, these other types of anomalies do not play

a role in the present discussion.

The anomaly cancellation conditions in Eq. 10 and 11 along with the negative semi-
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definiteness of the matrix Aij
(a consequence of the positive semi-definiteness of the metric

in Eq. 5) significantly limit the types of vector multiplets and hypermultiplets which may

appear in a UV complete theory. It should be noted, however, that these constraints are

necessary but not sufficient to ensure the existence of a non-trivial UV fixed point. Although

it is unclear precisely what additional constraints would need to be added to produce a set

of conditions which is both necessary and sufficient, the conjectural classification of 6d (1, 0)

theories in terms of F-theory compactified on an elliptically fibered Calabi-Yau manifold

implies that these constraints are somehow encoded in geometry. Generalities of F-theory

compcatifications of 6d theories are discussed in Section 4.b.

2.b Five dimensions

While it is important for the purposes of this thesis to have in mind some general prop-

erties of 6d (1, 0) SQFTs, the main focus is 5d minimally supersymmetric QFTs and their

relationship to 6d theories.

The 5dN = 1 supersymmetry algebra, which can be obtained by dimensionally reducing

the 6d (1, 0) algebra in Eq. 1, is generated by a pair of Sp(1)-Majorana spinors [30]:

{QA, QB} = �AB((�2iPµ + ZD
µ )�

µ + Z), µ = 0, 1, . . . , 4. (14)

The above algebra can be extended by various “central charges” similar to the 6d SUSY

algebra described in Eq. 1. However, in contrast to the 6d case, there can be central charges

Z which are Lorentz scalars. This is a reflection (or perhaps an indication) of the fact that

the BPS degrees of freedom include particles.

The massless supermultiplets can in principle be obtained via dimensional reduction of

the 6d (1, 0) supermultiplets described at the beginning of the previous subsection. First,

consider a 6d vector multiplet, which consists of a one-form AM and a symplectic (Sp(1)R)-
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Majorana Weyl fermion. Taking the direction x5 to be compact, the 6d vector reduces to

the bosonic fields of a 5d vector multiplet, AM = (Aµ, A5), where A5 is a real scalar, and

6d symplectic-Majorana Weyl fermion reduces to a 5d symplectic-Majorana fermion. Next,

recall that a 6d hypermultiplet consists of a complex Sp(1)R doublet of scalar fields and

a symplectic-Majorana Weyl spinor. This 6d symplectic-Majorana Weyl spinor fermion

also reduces to a 5d symplectic-Majorana spinor (of opposite chirality), while the complex

scalars reduce straightforwardly to 5d hypermultiplet scalars. Lastly, there is the tensor

multiplet, which notably includes the anti-self-dual two form BMN , a symplectic-Majorana

Weyl spinor (i.e. the tensorino) of the same chirality as the hypermultiplet spinor, and a

single real scalar '. The tensorino reduces in the usual fashion. As for the two form, it

can also be shown that the 6d fields B5⌫ , Bµ⌫ ,' reduce to the bosonic fields of a 5d vector

multiplet since the anti-self-duality condition dB = � ? dB reduces to a constraint relating

the fields B5⌫ and Bµ⌫ , which in are Hodge dual in five dimensions. Thus, the dimensional

reduction of the tensor multiplet introduces additional vector multiplets which can mix with

the dimensionally reduced 6d vector multiplets by means of an enhanced gauge symmetry.

To summarize, the massless fields of a 5d N = 1 SQFT are:

• a vector multiplet consisting of a one-form Aµ, a real scalar �, and a symplectic-

Majorana spinor;

• a hypermultiplet consisting of an Sp(1)R doublet of complex scalars, and a symplectic-

Majorana spinor.

The extension of the 5d SUSY algebra by central charges Z,ZD
µ introduces a bounds

for the masses and tensions of BPS states:

M � Z, T � ZD. (15)
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Once again, there is a moduli space of supersymmetric vacua M which splits locally into

a Higgs branch MH parametrized by VEVs of the hypermultiplet scalars and a Coulomb

branch MC parametrized by the VEVs of vector multiplet scalars

h�ii ⌘ �i, i = 1, . . . , r, (16)

where the rank r is the maximum number of massless u(1) fields in the theory.

3
The central

charges are controlled by the VEVs of the scalar fields in the vector multiplet [31],

Z = ni�
i + n0m0, ZD = mi�D

i (17)

where m0 ⌘ 1/g20 is the “instanton mass” (with g0 being the bare Yang-Mills coupling) and

n0 is the charge of a state under the instanton current j ⇠ trF ^ F .

It is argued in [8] that the dynamics of a low energy effective abelian theory on the

Coulomb branch are controlled entirely by a one-loop exact prepotential F = c0 + ci�
i +

cij�
i�j+cijk�

i�j�k
generated by integrating out massive fermions, whose derivatives deter-

mine the matrix of u(1) gauge couplings and cubic Chern-Simons couplings in the following

action:

S =

ˆ ✓
@2F

@�i@�j

◆
d�i ^ ?d�j +

✓
@2F

@�i@�j

◆
F i ^ ?F j

+
1

24⇡2

✓
@3F

@�i@�j@�k

◆
Ai ^ F j ^ F k + · · ·

Notice that the coefficients c0, ci in the schematic expression for F can be set to zero with

no loss of generality, as they do not affect the couplings of the universal terms in the

3If the low energy effective theory on M
C

admits a non-abelian gauge symmetry enhancment
�r

i=1u(1)i ! g, then r = rank(g); however some UV complete 5d theories do not admit non-abelian
gauge symmetry enhancements, such as the 5d theory defined by M-theory compactified on local P2. These
subtleties and others are discussed in detail in Section 4.c.
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above action. An exact expression for F is derived in [8] assuming that the abelian theory

admits an enhancement at the origin of the Coulomb branch, to a weakly-coupled gauge

theory with gauge symmetry g and some number of full hypermultiplets transforming in

the representation R = �fRf with bare masses mf .
4
Expanding the VEVs h�ii = �i

in a

basis of simple coroots,

� ⌘ �i↵_
i , (18)

one can write

6F = 6Fclassical + 6F1-loop

6Fclassical =
3

g20
hij�

i�j + kdijk�
i�j�k

6Fquantum =
1

2

2

4
X

e2adj
|Ze(�)|3 �

X

f

X

w2R
f

|Zw(�)|3
3

5

Z↵ = h�,↵i, Zw = h�, wi+mf

(19)

where in the above expression g0 is the bare gauge coupling, hij = tradj(titj) is the in-

verse metric tensor of the Lie algebra g, k is the classical Chern-Simons level, dijk =

1
2trF(ti{tj , tk}), ↵ are roots of g, w are weights of the representation Rf , and h·, ·i is the

canonical pairing between roots and coroots–see Appendix A for the relevant mathematical

background. Note that

trR
f

(ti{tj , tk})�i�j�k = 2c(3)R
f

dijk�
i�j�k = 2cR

f

X

w2R
f

h�, wi3, (20)

4It is also possible to introduce half-hypermultiplets transforming in pseudoreal representations R
f

;
however, in such cases deformation by a mass term is not possible.
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where c
(3)
R

f

is the cubic Dynkin index

5
, and dijk is only non-zero for su(n � 3). Gauge

invariance requires the classical Chern-Simons level k to be quantized as

k +
1

2

X

f

c
(3)
R

f

2 Z, (21)

which is necessary to keep the coefficients of the prepotential integral multiples of 6 (the in-

tegrality of the one-loop Chern-Simons couplings are discussed in [32], and their topological

origins are clarified in Section 4.c). Notice also that the vector multiplets and hypermulti-

plets contribute with opposite sign to Fquantum.

From the explicit expression in Eq. 19, one can see that the derivatives of the prepo-

tential determine the one loop corrected values of various physical parameters at a given

point �i 2 MC, including

• monopole string tensions, �D(�)i = @iF = Z↵
i

(�)fi(�)

• effective u(1) couplings (equivalently, the metric on MC), h(�)ij = @i@jF

• one-loop Chern-Simons couplings, k(�)ijk = @i@j@kF ,

where it is emphasized that all derivatives above are computed with respect to Coulomb

branch parameters �i
. Eq. 19 can also used to infer the general structure of the Coulomb

branch. Since the Coulomb branch is characterized by the property that the gauge sym-

metry g is broken to the Cartan subalgebra, it follows that in general the Coulomb branch

must be a cone inside a subset of W ⇢ Rn
defined by the condition that Z↵ � 0. In a basis

of simple coroots described in Eq. 18, the distinguished Weyl chamber W (see Eq. 214)

5The cubic Dynkin index is equal to unity for the fundamental representation of su(n).
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can be expressed as a subset of the closed orthant Rr
�0 ⇢ Rr

defined by �i � 0.6 That is,

MC ⇢ W ⇢ Rr
�0, W = {�i | Z↵

i

(�) � 0}. (22)

The condition Z↵
i

> 0 is necessary for the interior of the Coulomb branch because the region

where Z↵
i

! 0 is a neighborhood of a gauge symmetry enhancement, characterized by the

emergence of an su(2) due to the emergence of massless W-bosons along with tensionless

monopole strings magnetically charged under the same u(1).

The interior of the Coulomb branch is partitioned into a number of different phases

corresponding to the absolute value signs of the terms |Zw(�)|3 in the hypermultiplet con-

tribution to Fquantum in Eq. 19. The hyperplanes in MC defined by

Zw(�) = 0, (23)

are regions where the low energy effective theory breaks down due to the appearance of

a massless charged BPS particle in the hypermultiplet. Formally continuing across the

hyperplane Zw(�) = 0 causes the Chern-Simons couplings to jump discontinuously, and

thus defines a region in the Coulomb branch where the low energy dynamics is described by

a different prepotential F 0
. The prepotentials in two phases of MC separated by hyperplane

Zw(�) = 0 thus have the property

6F 0(�)� 6F(�) = Zw(�)
3. (24)

6One way to see that the W is a subset of the closed orthant Rr

�0 ⇢ Rr is to use the fact that a
generalized Cartan matrix C is an M-matrix, and hence given any vector v ⇢ Rr, C

ij

vj � 0 implies vi � 0
for all i.
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Z
↵
1 !

0 Z ↵ 2
!
0

Zw2 ! 0

�1�2

UV fixed point

Figure 1: Coulomb branch of the 5d theory su(3)0 coupled to a single fundamental hy-

permultiplet. In this example, the Coulomb branch is equal to the distinguished Weyl

chamber, which is partitioned into two phases separated by the hyperplane Zw2 = 0 where

a BPS state in the fundamental hypermultiplet becomes massless. Note that the gauge al-

gebra su(3) has W-bosons ↵1,↵2 in terms of which the weights wi=1,...,3 of the fundamental

representation are 2w1 = ↵1, 2w2 = �↵1 + ↵2, 2w3 = �↵2.

It follows that the full Coulomb branch can be viewed as a union of phases M(p)
C :

MC = [pM(p)
C . (25)

As an example, a schematic depiction of the Coulomb branch for su(3)0 coupled to a single

hypermultiplet in the fundamental representation is presented in Fig. 1.

Thus far, the discussion has only been concerned with the low energy effective abelian

theory and has made no appeal to the existence of a non-trivial UV fixed point. Similar

to the 6d case, there are some necessary conditions the abelian theory must satisfy to be

a relevant deformation of a strongly-coupled UV fixed point. Note that these conditions

18



must be satisfied in the limit that all relevant deformations are switched off

1

g20
= mf = 0, (26)

which places the theory in the strong coupling limit g0 ! 1.

One condition is that the abelian theory must remain well defined at all energy scales

and thus cannot run into a Landau pole at some finite energy scale. To ensure that this

does not happen, the quantum corrections to the bare u(1) couplings must remain non-

negative, and hence we require that the matrix of effective couplings is positive definite on

the interior of the Coulomb branch [8]:

�h(�)ij = h(�)ij � 1

g20
hij > 0. (27)

Since h(�)ij = @i@jF is the Hessian of the cubic polynomial F , the above condition implies

that F must be positive for all � on the interior of MC. Comparing this condition to the

expression for Fquantum in Eq. 19, we see that this condition cannot be satisfied if either the

number of hypermultiplets is too large or the “size” of the hypermultiplet representations

is too large. It is possible to make to notion of the size of a representation precise by

expanding all weights w in a basis of positive simple roots, w = wi↵i. One can then use

the length l(w) =
P

iwi as a precise definition of the size of the terms which contribute to

Fquantum. The length of a weight is defined in Appendix A.c.

Another condition that must be satisfied is that all BPS states must have positive

mass on the interior of any phase of the Coulomb branch. This condition and the one

described in the previous paragraph place heavy constraints on the multiplicities and types

of hypermultiplet representations which can appear in a 5d gauge theory with a non-trivial

UV fixed point. A full list of permitted representations is given in Table 1.
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The above conditions are necessary but not sufficient to guarantee the existence of a

non-trivial UV fixed point. It appears that the additional conditionMC ⇠= W imposed in [8]

leads to a set of sufficient conditions for the existence of UV fixed point, as all of the theories

identified under these assumptions admit a standard geometric construction in terms of

M-theory compactified on a Calabi-Yau manifold of complex dimension three. However,

these conditions are too stringent and exclude some consistent examples of 5d SQFTs

with non-trivial UV fixed points [17]. The difficulty in identifying a set of perturbative

conditions both sufficient and necessary for the existence of a non-trivial UV fixed point is

due to the existence of non-perturbative BPS states whose dynamics are not visible at any

order in perturbation theory but which nevertheless affect the consistency of the theory.

At the time of writing, the only reliable way known to identify UV fixed points is thus

to study constructions (such as string compactifications) in which the non-perturbative

physics is manifest. That being said, the above conditions can still be use to determine a

list of candidate gauge theories. The following section discusses the classification of these

candidate gauge theories in detail.

3 Candidate Supersymmetric Gauge Theories in Five Dimen-

sions

The classification of 5d N = 1 gauge theories with non-trivial UV fixed points was initiated

in the [31], where it was pointed out that these theories can be asymptotically safe despite

not being perturbatively renormalizable as is evident from standard power counting argu-

ments in five dimensions (for example, the mass dimension of the bare gauge coupling g0 is

1, as can be seen from the kinetic term

´
d� ^ ?d�). Shortly thereafter, a classification of

candidate gauge theories was proposed in [8]. This list of candidate theories was computed
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by assuming that the Coulomb branch is isomorphic to a distinguished Weyl chamber,

MC ⇠= W , requiring that the metric be positive on the entirety of the Coulomb branch

as in Eq. 27, and then cataloguing the gauge algebras and hypermultiplet representations

which obey these conditions. A notable consequence of these conditions was the exclusion

of all 5d quiver gauge theories. However, it was pointed out in [33, 34] that certain quiver

gauge theories are in fact dual to theories with simple gauge groups, which is indicative of

a loophole in the consistency conditions described in [8]. More recently, there have been

a number of papers describing string theory constructions of UV complete gauge theories

that are absent from the list of candidates theories in [8], many of them involving intricate

configurations of (p, q) 5-branes, 7-branes and orientifold planes [9, 10, 11, 12, 13, 14, 15, 16].

The existence of these counterexamples is motivation to revisit the problem of classifying

UV complete 5d N = 1 theories.

The purpose of this section is to describe in detail recent efforts [17] to classify candidate

UV complete 5d N = 1 gauge theories with simple gauge algebra g in a purely field

theoretic setting. In this section and thereafter, it is assumed such theories possess non-

empty Coulomb branches and hence that every candidate theory can be described in some

phase as a low energy effective abelian theory. The following notation is used to describe a

5d gauge theory with gauge symmetry gk with topological label k (i.e. Chern-Simons level

or discrete theta angle) and nf hypermultiplets transforming the representation Rf :

gk +
X

f

nR
f

Rf .

A list of shorthand notation for allowed representations of simple gauge algebras appears

in Table 1.

Recall from the previous section that there are a number of conditions necessary to

ensure that the matrix of u(1) couplings remains positive definite at all energy scales on the
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g F Sym2 ^2 ^3 S/C adj
su(n) n 1

2!(n+ 1)n 1
2!n(n� 1) 1

3!(n+ 2)(n+ 1)n � (n+ 1)(n� 1)

so(n) n � � � 2d
n�2
2 e 1

2!n(n� 1)
sp(n) 2n � 1

2!(2n+ 1)(2n� 2) 1
3!(n+ 1)(2n)(2n� 4) � 1

2!(2n+ 1)(2n)
e6 27 � � � � 78
e7 56 � � � � 133
e8 � � � � � 248
f4 26 � � � � 52
g2 7 � � � � 14

Table 1: The dimensions of allowed representations of simple gauge algebras which appear

in UV complete 5d N = 1 theories. The top row indicates the shorthand used to indicate

a representation in the shorthand notation gk +
P

f Rf .

Coulomb branch, and hence that the low energy effective theory is free of Landau poles.

The conditions are:

• the one-loop contribution �h(�)ij to the effective coupling matrix h(�)ij is positive

definite at all points �i
on the interior of MC;

• the multiplicity and “size” of hypermultiplet representationsRf must be appropriately

restricted to ensure that F remains a positive function at all points on the interior of

MC;

• and all BPS strings have must have positive tension on the interior of the MC;

furthermore, all BPS particles must have positive mass on the interior of a given

phase M(p)
C .

In [17], the quadratic Dynkin index (see Appendix A for the relevant mathematical back-

ground)

c
(2)
R

f

= N
X

w2R
f

l(w)2, l(w) =
X

i

wi, w = wi↵i, (28)
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is chosen as a measure of the size of a representation Rf . Recall from Eq. 22 that the

region W ⇢ Rr
�0 is defined by the condition that Z↵

i

� 0. Since the Cartan matrix is

non-singular, it is always possible to find a ray in the direction �⇤ 2 W for which Z↵
i

= 1.

Given a single hypermultiplet in the representation Rf , this implies (note that the classical

Chern-Simons term vanishes)

6F(�⇤) =
X

e2adj
|l(e)|3 �

X

w2R
f

|l(w)|3. (29)

The difference of sums in Eq. 240 is negative if

7 c
(2)
R

f

> c
(2)
adj. On the other hand,

dimCRf < dimC adj (30)

implies c
(2)
R

f

< c
(2)
adj—a proof is given in Appendix B. In light of these observations, the

classification program described in [17] excludes representations of larger complex dimension

than the adjoint representation. This choice is supported by the fact that matter in the

adjoint representation precisely cancels the vector multiplet contribution to Fquantum and

promotes the theory to an N = 2 gauge theory; thus, the adjoint representation can be

viewed as a strict “upper bound” on the types of matter hypermultiplets which can define a

UV complete N = 1 theory. Furthermore, as is discussed in greater detail below, violating

the condition in Eq. 30 results in a violation of Assumption 3 and is expected to not

produce a UV complete theory.

Having restricted the allowed matter representations to the list in Table 1, the remaining

task is to place bounds on the multiplicities of the various allowed matter representations.

This is accomplished in [17] via a combination of analytic and numerical methods used

to test several working assumptions which conjecturally lead to identical results. Among

7For pseudoreal representations, one must replace c(2)Rf
with 1

2 c
(2)
Rf

.
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these, the main assumption is the following:

Assumption 0. The Coulomb branch MC ✓ W is defined by the condition that all

monopole string tensions are positive except possibly on the boundary @MC,

MC = {�D
i (�) > 0} (31)

and moreover that the boundary is a union of hyperplanes defined by rational vectors:

@MC = [i @Mi
C, @Mi

C = {�D
i (�) = 0} = {mij 2 Q |

X

j

mij�
j = 0}. (32)

The condition of rationality is motivated by the assumption that all UV complete 5d

gauge theories can be realized as a low energy limit of M-theory compactified on a local

Calabi-Yau 3-fold, as discussed in Section 4.c. Note also that by definition it must be the

case that h(�)ij is positive definite for all � 2 MC. A virtue of Assumption 0 is that it

in cases of conventional theories, namely those for which MC = W , in the vicinity of a

partial gauge symmetry enhancement the monopole string tensions �D
i are proportional to

the BPS masses of W-bosons Z↵
i

= Cij�
j
, where the coefficients Cij are the components

of the Cartan matrix and hence automatically rational (in fact, integral).

Example: su(3)0 + nFF. As an example of a family of UV complete 5d N = 1 gauge

theories which can be tested using Assumption 0, consider su(3) at Chern-Simons level

k = 0, coupled to nF hypermultiplets in the fundamental representation 3. Since k is even,

we must also restrict nF to be even. The region W is defined by 2�1 � �2 and 2�2 � �1,

where it can be assumed with no loss of generality that �i � 0. For nF  6, the metric
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h(�)ij and string tensions �D
i=1,2 are positive everywhere on W . Using Mathematica it can

be shown that there are no theories with nF > 10, hence it is only necessary to check the

cases nF = 8, 10.

In the case of fundamental matter, the BPS states w1, w2, w3 have masses Zw1 =

�1, Zw2 = ��1 + �2, Zw3 = ��3 and hence the state w2 contributes with indeterminate

sign to the prepotential, dividing W into two phases:

W = W+ [W�, W+ = {2 � z � 1}, W� = {1 � z � 1

2
}, z ⌘ �2

�1
. (33)

For nF = 8, consider first the phase W+, for which z > 1, where positivity of h(�)ij imposes

the condition 1.6 � z. The relevant string tension is given by

�D
1 =

1

2
(z � 2)(3z � 4) > 0 =) z <

4

3
⇡ 1.3 < 1.6, z 2 W+ (34)

and hence the monopole string �D
1 vanishes on a rational boundary. The other monopole

string tension �D
2 is positive throughout this region. Next, consider the phase W�, for

which z < 1, and where positivity of h(�)ij imposes the condition z � .6. The relevant

string tension is given by

�D
2 =

3

2
(2z � 1)(4z � 3) > 0 =) z >

3

4
= .75 > .6, z 2 W�. (35)

Thus the theory su(3)0 +8F has a physically consistent Coulomb branch which is a subset

of W . For nF = 10, the region in W for which h(�)ij is non-negative is reduced to

z = 1 2 W+ \W�, �D
i (z = 1) = 0, h(z = 1) =

0

B@
1 �1

�1 1

1

CA , (36)
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along which string tensions vanish and the metric develops a zero direction. This is an

indication that the theory is not sensible in the 5d strong coupling limit g0 ! 1. However,

it is possible to define a sensible Coulomb branch by making a deformation to g0 < 1, and

it turns out that the theory su(3)k=0 + 10F has a 6d UV fixed point rather than a 5d UV

fixed point. Such theories are referred to as marginal in the classification of [17].

While in principle Assumption 0 can be used to classify 5d gauge theories of arbitrary rank

r with the aid of a symbolic computing tool such as Mathematica, due to practical limita-

tions (e.g. limited processing speed), Assumption 0 was only used to analytically classify

candidate gauge theories with r  3. To overcome these practical limitations, three addi-

tional assumptions believed to be equivalent to Assumption 0 are introduced; these three

assumptions, which are used to classify theories analytically up to r  3 and numerically

up to r  5, are as follows:

Assumption 1. If the metric h(�)ij > 0 for � interior to some cone in W , then there

exists a Coulomb branch MC ✓ W.

Assumption 2. If all monopole tensions �D
i (�) > 0 for � interior to some cone inside

W , then the metric h(�)ij(�) is positive definite for the same �.

Assumption 3. If F(�) > 0 for all � interior to W , then there exists a Coulomb

branch MC ✓ W.

Conjecture. Assumptions 0-3 lead to identical results from the point of view of

classification.
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Several remarks are in order. Assumption 1 simply applies the metric positivity con-

dition h(�)ij > 0 to some region interior to W , and in this sense can be viewed as a

generalization of the conditions described in [8]. Assumption 2, combined with the defini-

tion of MC, asserts that the existence of a positive tension cone inside of W is sufficient

to guarantee the existence of a candidate Coulomb branch. From a practical standpoint,

the computational approach implied by starting with Assumption 2 is simpler than that of

Assumption 0 since Assumption 2 only involves the gradient of the prepotential and not

the Hessian. Assumption 3 is motivated by the case-by-case observation that positivity of

the prepotential is sufficient to guarantee the convergence of the perturbative contribution

to the five-sphere partition function (see appendix of [17] for a discussion of the five-sphere

partition function). However, it is unclear whether or not positivity of the prepotential

guarantees convergence of the full five-sphere partition function, including non-perturbative

contributions. The advantage of starting with Assumption 3 is that one need only analyze

the prepotential; however, the disadvantage is that the behavior of the prepotential must

be studied on all of W as opposed to subset.

Finally, it is worth stressing that Assumptions 2 and 3 are complementary to one

another, in the sense that Assumption 2 can be used to include candidate theories by

identifying a positive tension region inside W , while Assumption 3 can be used to exclude

candidate theories by identifying a region in W where the prepotential is not positive.

3.a Classification overview

The following classification results are divided into two classes of theories:

• standard theories, which are countably infinite families of theories with classical gauge

algebras, whose associated matter bounds depend functionally on the rank of the

theory and asymptotically approach the original bounds derived in [8], and
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• exceptional theories, which are sporadic examples in rank r  8 that must be studied

on a case-by-case basis.

The classification of standard theories is accomplished by analytically determining coarse

upper bounds, namely theories which satisfy Assumption 3 in certain special subsets of W ,

and then assessing whether or not Assumption 2 is satisfied in the same subsets in order

to assess the candidacy of theories, thereby refining the upper bounds.

The classification of exceptional theories (for which the rank r  8) is carried out by

involving both analytic and numerical search methods. The analytic methods involve the

use of Mathematica to derive exact inequalities bounding the Coulomb branch parameters

�i
to regions in which the metric h(�)ij is a positive definite matrix, while the numerical

methods entail lattice discretizing W and applying Assumptions 1 and 2 to the resulting

lattice points. The following strategy is employed: Assumption 0 is used to analytically

classify cases for which r  3. For 3 < r  5, numerical searches are used to check the

conditions of Assumption 0 in certain subsets of W in order to identify test cases, which are

then checked analytically against Assumptions 1 and 2. Finally, for 5 < r  8, numerical

methods are used in combination with Assumptions 1 and 2 to identify candidate exotic

theories.

There is a notion of marginality which is extremely useful for characterizing candidate

theories that saturate the matter bounds derived according to the methods described above.

A marginal theory is a theory for which there exists a Coulomb branch at finite coupling

g0 < 1, but which does not have a 5d UV fixed point. In the strong coupling limit g0 ! 1,

marginal theories are characterized by the collapse of the Coulomb branch to a region of

lower dimension along which the metric h(�)ij develops null directions:

dimR( lim
g0!1

MC) < r, deth(�) = 0 for � 2 lim
g0!1

MC. (37)
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In order to preserve the dimensionality of the Coulomb branch, it is thus necessary to

deform the theory by going to finite coupling which in turn introduces an intrinsic scale

that cannot be removed from the theory. Most marginal theories are anticipated to be the

low energy effective descriptions of 6d SQFTs compactified on a circle, but for some it is

unclear whether or not they have 6d UV fixed points.

The utility of expressing the classification of gauge theories in terms of marginal theo-

ries is that their descendants, obtained by large mass deformations, are also UV complete

theories. The reason is that a large mass deformation of a hypermultiplet is achieved by

tuning the bare (full) hypermultiplet mass to be infinitely large,

mf ! ±1, (38)

which decouples the hypermultiplet and thereby makes the prepotential more convex. From

Eq. 20, it is evident that a large mass deformation shifts the classical Chern-Simons level

k:

k
m

f

!±1�! k0 = k ⌥ 1

2

X

f

c
(3)
R

f

, (39)

and hence the existence of a candidate su(n)k gauge theory coupled to matter implies the

existence of a candidate su(n)k0 gauge theory, where k0 is the shift of k according to Eq.

39.

3.b Standard theories

The results of the classification of standard candidate gauge theories are summarized here

with accompanying remarks—see Table 2 for a list of all marginal standard theories. The

details of the analysis are carried out explicitly in the case of su(n) theories in order to
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illustrate the method. The cases of sp(n) and so(n) theories are analyzed in an analogous

manner, and the details of the computations can be found in [17]. Note that in many of

these cases it is more convenient to work in the orthogonal basis of weights; the conversion

between the basis of fundamental weights and the orthogonal basis is explained in the

Appendix A.

3.b.1 su(n)

The standard theories are of the form su(n)k+nFF+nSym2Sym2+n^2^2
. Theories with

n^2 = 1, nF = 8 are equivalent, at the level of the prepotential, to theories with nSym2 = 1,

and thus it is sufficient to study the nSym2 = 0 cases and later use this equivalence of

matter contents to obtain the remaining theories. In the orthogonal basis, the prepotential

in the phase

{a1 � a2 � · · · � an�1 � 0} ⇢ W (40)

is given by the following expression:

F
su(n) =

1

2g20

nX

i=1

a2i +
k

6

nX

i=1

a3i +
1

6

nX

i<j

(ai � aj)
3 � nF

12

nX

i=1

|ai|3 � n^2

6

nX

i<j

|ai + aj |3, (41)

where

Pn
i=1 ai = 0. There are three regions {~a} ⇢ W which define the strong coupling

limit Coulomb branches of the marginal su(n) theories, namely

S(1)
su(n) = {(a, a, . . . , a,�(n� 1)a)}

S(2)
su(n) = {(a, 0, . . . , 0,�a)}

S(3)
su(n) = {(a, a, 0, . . . , 0,�2a)}

(42)
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nSym2 n^2 nF |k| F MC

1 1 0 0 a

(1)
1 � u(1) S(2)

su(n)

1 0 n�2 0 a

(1)
n�2 � u(1) S(2)

su(n)

1 0 0 n
2 u(1)2 S(1)

su(n)

0 2 8 0 Even n : e

(1)
7 �A

(1)
1 �A

(1)
1 �su(2) S(2)

su(n)

Odd n : d

(1)
8 � a

(1)
1 � su(2)

0 2 7 3
2 Even n : d

(1)
8 � su(2) S(3)

su(n)

Odd n : e

(1)
7 � su(2)� su(2)

0 1 n+6 0 a

(1)
n+6 � u(1) S(2)

su(n)

0 1 8 n
2 so(16)� u(1)2 S(1)

su(n)

0 0 2n+4 0 d

(1)
2n+4 S(2)

su(n)

(a) Marginal su(n) theories with CS level k, nSym2
symmetric, n^2

antisymmetric, and nF funda-

mental hypermultiplets. See Eq. 42 for an explicit description of the Coulomb branches described

in the far right column.

n^2 nF F MC

1 8 e

(1)
8 � su(2) S

sp(n)

0 2n+ 6 d

(1)
2n+6 S

sp(n)

(b) Marginal sp(n) theories with n^2
anti-

symmetric and nF fundamental hypermulti-

plets. See Eq. 56 for a description of the

Coulomb branches.

nF F MC

n� 2 a

(2)
2n�5 S

so(n)

(c) Marginal so(n>4) theories with nF fun-

damental hypermultiplets. See Eq. 59 for a

description of the Coulomb branch.

Table 2: Classes of standard gauge theories. Note that all of these theories are marginal

and their descendants have non-trivial 5d UV fixed points. Also included are one-instanton

flavor symmetry enhancements F , which are listed in [17] and were computed following the

analysis in [35].
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where a � 0. Applying Assumption 3 to the three regions S(i=1,2,3)
su(n) give rise to the following

coarse inequalities:

S(1)
su(n) : nF(n

2 � 2n+ 2) + 2|k|n(n� 2) + n^2(n� 2)(n2 � 4n+ 8)  2n3

S(2)
su(n) : nF + (n� 2)n^2  2n+ 4

S(3)
su(n) : 5nF + 5n^2(n� 2) + 6|k|  10n+ 24.

(43)

For n > 6 there are only five cases for which at least one of the above inequalities is

saturated while not violating any of the others, namely

(n^2 , nF, |k|) =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

(2, 8, 0)

(2, 7, 32)

(1, n+ 6, 0)

(1, 8, n2 )

(0, 2n+ 4, 0).

(44)

Next, the idea is to apply Assumption 2 to the above test cases. First, expand the Coulomb

branch parameters in the vicinity of S(1)
su(n) as ai = a + �i, �i ⌧ 1. This implies that the
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monopole string tensions can be expressed as

�D
i = (@a

i

� @a
i+1)Fsu(n)

=

✓
1

g20
+

✓
n+ k � nF

2
� 3

2
nn^2 + 4n^2

◆
a

◆
(�i � �i+1) +O(�2)

(45)

�D
n�1 = @a

n�1Fsu(n)

=
n

g20
a+

⇣
n3 � kn(n� 2)� nF

2
(n2 � 2n+ n)� n^2

4
(n3 � 6n2 + 16n� 16)

⌘ a2

2

+O(�).

(46)

Since �i > �i+1, all of the above string tensions are positive at weak coupling, and remain

positive in the strong coupling limit g0 ! 1 only if the following inequalities are obeyed:

0  2n+ 2k � nF � n^2(3n� 8)

0  n3 � kn(�2)� nF
2
(n2 � 2n+ 2)� n^2

4
(n3 � 6n2 + 16n� 16).

(47)

By a similar analysis, the tensions in S(2)
su(n) remain positive in the strong coupling limit

only if

0  2n+ 4� nF � n^2(n� 2)

2 � n^2 .

(48)
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Finally, the string tensions in the vicinity of the region S(3)
su(n) can be approximated as

�D
1 =

✓
1

g20
+

✓
n+ k � 1

2
nF � 1

2
n^2(n� 2)

◆
a

◆
(�1 � �2) +O(�2) (49)

�D
2 =

a

g20
+

✓
n+ 4 + k � 1

2
nF � 1

2
n^2(n+ 2)

◆
a2/2 +O(�) (50)

�D
i =

✓
1

g20
+ (4� 2n^2)a

◆
(�i � �i+1) +O(�) (51)

�D
n�1 =

2a

g20
+ 2

✓
n+ 2� k � 1

2
nF � 1

2
n^2(n� 3)

◆
a2 +O(�), (52)

where a1 = a + �1, a2 = a + �2 and ai = �i for 3  i  n � 1 with infinitesimal expansion

parameters �i. It follows from the above expressions that for string tensions to remain

positive in the vicinity of the region S
(3)
su(n), the following inequalities must be obeyed:

2 � n^2

0  2n+ 2k � nF � n^2(n� 2)

0  2n+ 4� 2� nF � n^2(n� 3).

(53)

According to Assumption 2, if there is an su(n) theory which satisfies any of the above

inequalities on one of the three regions S(i=1,2,3)
su(n) , then theory has a non-trivial UV fixed

poin. The results of this analysis, namely a list of marginal su(n) theories, are collected in

Table 2a.

3.b.2 sp(n)

The standard sp(n) theories are sp(n) + nFF+ n^2^2
. In the orthogonal basis, there is a

single phase

{a1 � a2 � · · · � an � 0} = W. (54)
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The prepotential in this phase is

F
sp(n) =

1

2g20

nX

i=1

a2i +
1

6

2

4
nX

i<j

�
(ai � aj)

3 + (ai + aj)
3
�
(1� n^2) + (8� nF)

nX

i=1

a3i

3

5 . (55)

Since there is only a single phase, the classification can be carried out entirely using As-

sumption 2. The region {~a} ⇢ W which defines the strong coupling limit Coulomb branch

of the marginal sp(n) theories is

S
sp(n) = {(a, 0, . . . , 0)}, a � 0. (56)

Marginal sp(n) theories are listed in Table 2b.

3.b.3 so(n)

The stnadard so(n) gauge theories are so(n) + nFF. As in the sp(n) case, there is only a

single phase

{a1 � a2 � · · · � an � 0} = W. (57)

The prepotential for n = 2r + 1 is

F
so(2r+1) =

1

g20

rX

i=1

a2i +
1

6

rX

i<j

⇥
(ai + aj)

3 + (ai � aj)
3
⇤
+

1

6
(1� nF)

rX

i=1

a3i . (58)

The region {~a} ⇢ W which defines the strong coupling limit Coulomb branch for marginal

theories is

S
so(2r+1) = {(a, 0, . . . , 0)}, a � 0. (59)
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The prepotential for n = 2r is

F
so(2r) =

1

g20

rX

i=1

a2i +
1

6

rX

i<j

⇥
(ai + aj)

3 + (ai � aj)
3
⇤� 1

6
nF

rX

i=1

a3i . (60)

The strong coupling limit Coulomb branch for marginal theories is again defined by region

in Eq. 59. See Table 2c for a list of marginal so(n) theories.

3.c Exceptional theories

The results of the classification of candidate exceptional gauge theories, which was carried

out in [17] in Mathematica using a combination of analytic and numerical methods, is

displayed in Tables 3-11. The majority of the exceptional theories appearing in these tables

are marginal, with some limited counterexamples which are discussed in Section 3.c.1.

Some comments are in order:

For sp(2) flavor symmetry enhancements were computed in [35] and all found to be

of affine type, which indicates a 6d fixed point. For example, sp(2) + 1 ^2 +8F has a 2d

Coulomb branch in the strong coupling limit, which implies a 6d UV fixed point with a 2d

tensor branch, namely the 6d rank 2 E-string theory compactified on a circle. Likewise,

g2 + 6F has an affine type global symmetry and hence must have a 6d UV fixed point.

In rank 3, the list of su(4) theories subsumes all previously identified examples in [8, 9,

10, 11, 12]. The sp(3) theories can be coupled to half-hypermultiplets in the three index

antisymmetric representation ^3
. However, due a global anomaly described by Witten

in [36], these theories must also be coupled to an odd number of half-hypermultiplets in

the fundamental representation. It should be noted that this anomaly manifests itself at

the level of the prepotential F , and breaks the integral quantization of the coefficients

of 6F when the theory is coupled to an even number of half-hypermultiplets. While this

classification corroborates the existence of many sp(3) predicted by other means, the theory
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sp(3) + 7
2F+ 1^2 +1

2^3
is excluded due to an apparent lack of a Coulomb branch.

In rank 4, the theory su(5) 3
2
+2F+3^2

requires a more involved analysis. This theory

is not marginal and may in fact have a 5d UV fixed point. However, a careful analysis

reveals that at least one of the hyperplane boundaries @Mi
C is not the vanishing locus of a

polynomial with rational coefficients, violating Assumption 0. In order this theory to make

sense, it must then be the case that there is a phase transition due to the emergence of a

massless non-perturbative particle which forces the one-loop CS couplings to jump discon-

tinuously, before � can reach the non-rational boundary. It may be the case that properly

accounting for the effects of this extra, as-yet-unidentified non-perturbative particle would

reveal that this theory is in fact marginal, which would be consistent with the affine-type

global symmetry enhancement to e

(2)
6 �u(1) described in Table 9a. As for f4 gauge theories,

it appears none of them are marginal.

In rank 5, su(6) theories can be coupled to half-hypermultiplets in the unusual represen-

tation ^3
. The same is true in rank 6, for su(7)|k| theories (see Table 11a). However, due

to practical limitations, it has not been determined according to the methods described in

this section whether or not su(7)±5 + 1^3
is marginal; see the following section for further

discussion.

3.c.1 Exotic theories

There are a handful of 5d gauge theories which despite saturating matter bounds are not

marginal, meaning that a subset of the bounding hyperplanes of the Coulomb branch @Mi
C

cannot be expressed as integral linear combinations mij�
j = 0. This is problematic because

it implies that a BPS string magnetically charged under an irrational linear combination of

u(1)s becomes tensionless, which appears to be unphysical. One possible explanation for

the existence of an apparent irrational boundary �D
i = 0 is that the apparent boundary
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nSym2 nF k F MC

1 0 3
2 su(2)� u(1) 2�1 = �2 � 0

1 1 0 a

(1)
1 � u(1) �1 = �2 � 0

0 10 0 d

(1)
10 �1 = �2 � 0

0 9 3
2 e

(1)
8 � su(2) 2�1 = �2 � 0

0 6 4 so(12)� u(1) 2�1 = �2 � 0
0 3 13

2 u(3)� u(1) 2�1 = �2 � 0
0 0 9 u(1) 2�1 = �2 � 0

Table 3: Marginal theories su(3) with Chern-Simons level k, nSym2 symmetric and nF
fundamental hypermultiplets. The theories with k < 0 can be obtained by the interchange

�1 $ �2.

n^2 nF F MC

3 0 a

(2)
5 at ✓=0, 2�1 = �2 � 0

sp(3)�u(1) at ✓=⇡

2 4 a

(2)
11 2�1 = �2 � 0

1 8 e

(1)
8 � su(2) �1,�2 � 0

0 10 d

(1)
10 �1 = �2 � 0

Table 4: Marginal sp(2) gauge theories with n^2 antisymmetric, nF fundamental hyper-

multiplets.

nF F MC

6 a

(2)
11 2�1 = �2 � 0

Table 5: A marginal g2 gauge theory with nF fundamental hypermultiplets.

does not belong to the phase of the Coulomb branch under consideration, and that before

encountering the apparent boundary a phase transition occurs which changes the BPS

charge lattice.

In the example su(3)0+8F described above, it is possible to identify apparent boundaries

which are not physical. For instance, although not irrational, the boundary @2F+ which in
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nSym2 n^2 nF k F MC

1 1 0 0 a

(1)
1 � u(1) 2�1 � �2 � �1 = �3 � 0

1 0 2 0 a

(1)
2 � u(1) �1 = �2 = �3 � 0

1 0 0 2 u(1)2 �1 = �2/2 = �3/3 � 0

0 4 0 4 e

(2)
6 3�1 � �3 � �1 = �2/2 � 0

0 4 0 1, 2, 3 sp(4)� u(1) �1 = �2/2 = �3 � 0

0 4 0 0 a

(2)
7 �1 = �2/2 = �3 � 0

0 3 4 0 a

(2)
11 � u(1) �1 = �2/2 = �3 � 0

0 3 4 1 sp(7)� u(1) �1 = �2/2 = �3 � 0

0 3 4 2 e

(2)
6 � su(4) �1 = �2/2 = �3 � 0

0 3 0 5 sp(3)� u(1) �1 = �2/2 = �3/3 � 0

0 2 8 0 e

(1)
7 � b

(1)
3 2�1 � �2 � �1 = �3 � 0

0 2 7 3
2 b

(1)
9 �1 = �2/2 = �3/2 � 0

0 2 0 6 sp(2)� u(1) �1 = �2/2 = �3/3 � 0

0 1 10 0 a

(1)
11 �1 = �2 = �3 � 0

0 1 8 2 e

(1)
8 � u(1) �1 = �2/2 = �3/3 � 0

0 1 0 7 su(2)� u(1) �1 = �2/2 = �3/3 � 0

0 0 12 0 d

(1)
12 �1 = �2 = �3 � 0

0 0 8 3 e8 � u(1) �1 = �2/2 = �3/3 � 0
0 0 0 8 u(1) �1 = �2/2 = �3/3 � 0

Table 6: Marginal su(4) theories with Chern-Simons (CS) level k, nSym2 symmetric, n^2

antisymmetric, nF fundamental hypermultiplets. The theories with negative CS level are

obtained by �1 $ �3.

the phase W+ = {2 � z � 1} is given by

@2F+ =
1

2
(6z � 5) = 0 (61)

occurs at z ⇡ .83, and clearly lies outside of the phase W+. Before the apparent boundary

described above can be reached, the theory undergoes a phase transition at z = 1. This

example can be avoided simply by carefully identifying the phases of W .

Another example which cannot be avoided by judicious analysis of the perturbative
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n^3 n^2 nF F MC

1 0 5 e

(1)
6 3�1 � �3 � 2�1 = �2 � 0

1
2 1 5

2 sp(4) �1 = �2/2 = �3/3 � 0
1
2 0 19

2 so(19)� u(1) 2�1 � �2 = �3 � �1 � 0

0 2 0 c

(1)
2 at ✓=0, �1 = �2/2 = �3/3 � 0

sp(2)�u(1) at ✓=⇡

0 1 8 e

(1)
8 � su(2) {2�1��3��1 \ �3��2�(�1+�3)/2} [

{3�1��3�2�1 \ 2�1��2�(�1+�3)/2},�1 � 0

0 0 12 d

(1)
12 �1 = �2 = �3 � 0

Table 7: Marginal sp(3) gauge theories with n^3 rank-3 antisymmetric, n^2 antisymmetric,

nF fundamental hypermultiplets.

nS nF F MC
7 0 sp(7)� u(1) �1 = �2/2 = �3 � 0

6 1 a

(2)
11 � su(2) �1 = �2/2 = �3 � 0

5 2 c

(1)
7 �1 = �2/2 = �3 � 0

4 3 e

(2)
6 � a

(2)
5 �1 = �2 � �3 � �1/2 � 0

2 4 a

(2)
12 �1 = �2 = 2�3 � 0

Table 8: Marginal so(7) gauge theories with nS spinor and nF fundamental hypermultiplets.

data is the quiver gauge theory su(2)1 � su(2)2 + 5F1 + 2F2 + 1(F1,F2), which according

to the stipulations of Assumption 0 has an apparent irrational boundary, but which can be

shown to transition to a phase with a dual gauge theory description su(3) 3
2
+9F before the

apparent irrational boundary can be reached in moduli space.

In such examples, the presence of an apparent boundary signals the limitations of the

gauge theory description because the inherently perturbative conditions @iF = 0 are not

sufficient to identify all of the bounding hyperplanes @Mi
C. Said differently, the physics

of non-perturbative particles are not visible in the perturbative description come to the

“rescue” and remove the apparent irrational boundary. However, there are some examples

of theories for which all bounding hyperplanes appear to be irrational, thus making it
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n^2 nF |k| F

3 3 0 c

(1)
3 � su(3)

3 1 3 su(4)� su(2)� u(1)
0 5 11

2 so(10)� u(1)

3 2 3
2 e

(2)
6 � u(1)

(a) Exceptional su(5)k gauge theories with

n^2
antisymmetric, nF fundamental hyper-

multiplets. In the above table, the first en-

tries are marginal theories, while the last one

is an exotic theory.

n^3 nF F
1
2 4 so(8)� u(1)

(b) Marginal sp(4) gauge theories with n^3

rank-3 antisymmetric, nF fundamental hy-

permultiplets.

nF F

3 sp(3)� su(2)

(c) Exceptional f4 gauge theories with nF
fundamental hypermultiplets.

nS nC nF F

5 2 0 a

(2)
14

5 1 1 a

(2)
13

4 4 0 e

(2)
6 � e

(2)
6

4 3 1 f

(1)
4 � sp(4)

4 2 2 a

(2)
7 � d

(2)
7

3 3 2 c

(1)
6 � sp(2)

(d) Marginal so(8) gauge theories with nS
spinor, nC conjugate spinor, nF fundamen-

tal hypermultiplets. Due to triality of the d4

Dynkin diagram, for each of the above the-

ories there exists an entire family of theo-

ries obtained by permutation of the values

(nF, nS, nC).

nS nF F

4 1 e

(2)
6 � su(2)

3 3 c

(1)
3 � sp(3)

2 5 a

(2)
9 � a

(2)
4

1 6 a

(2)
14

(e) Marginal so(9) gauge theories with nS
spinor, nF fundamental hypermultiplets.

Table 9: Rank 4 exceptional gauge theories.
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n^3 nSym2 n^2 nF |k| F

2 0 0 0 0 a

(2)
2 � a

(2)
2

3
2 0 0 5 0 so(3)�su(5)�u(1)2
3
2 0 0 3 2 so(3)�su(3)�u(1)2
3
2 0 0 0 9

2 so(3)� u(1)2

1 0 1 4 0 d

(1)
4 � a

(1)
1 � u(1)

1 0 1 3 3
2 a

(2)
2 � a

(2)
2 � su(4)

1 0 1 0 4 su(2)� u(1)2

1 0 0 10 0 d

(1)
10

1 0 0 9 3
2 e

(1)
8 � a

(1)
2

1
2 1 0 1 0 ?

1
2 1 0 0 3

2 ?

1
2 0 2 2 3

2 d

(3)
4 � su(2)� u(1)

1
2 0 2 2 1

2 su(5)� u(1)
1
2 0 2 0 7

2 su(3)� u(1)
1
2 0 1 9 0 su(11)� u(1)
1
2 0 1 8 3

2 so(16)�su(2)�u(1)
1
2 0 0 13 0 su(13)� u(1)2
1
2 0 0 9 3 su(9)� u(1)2

0 0 3 0 3 d

(3)
4 � su(2)

0 0 3 0 1 sp(3)� u(1)
0 0 3 0 0, 2 su(3)� u(1)2

0 0 0 0 9 u(1)

(a) Marginal su(6)k gauge theories with n^3
rank-3 an-

tisymmetric, nSym2
symmetric, n^2

antisymmetric, nF
fundamental hypermultiplets.

nS nF F

4 2 b

(1)
3 � su(4)

3 4 c

(1)
3 � sp(4)

2 6 a

(2)
11 �a

(2)
2 �a

(1)
1

1 7 a

(2)
15

(b) Marginal so(10) gauge theo-

ries with nS spinor, nC conjugate

spinor, nF fundamental hypermul-

tiplets.

nS nF F
5
2 0 sp(2)� u(1)

2 3 a

(2)
5 �a

(2)
2 �a

(2)
2

3
2 5 a

(2)
2 � sp(5)� u(1)(2)

1 7 a

(2)
13 � a

(1)
1 � u(1)(2)

1
2 8 sp(9)

(c) Marginal so(11) gauge theories

with NS spinor, nF fundamental

hypermultiplets. We use u(1)(2) for
a u(1) compactified with an outer

automorphism twist.

Table 10: Rank 5 exceptional gauge theories.
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n^3 nF |k| F

1 6 0 d

(1)
6

1 5 3
2 so(10)�su(2)�u(1)

1 0 5 u(1)2

(a) Exceptional su(7)k gauge theories with

n^3
rank-3 antisymmetric and nF fundamen-

tal hypermultiplets. The first two theories

are marginal, while the last entry in the

above table could be non-marginal or exotic.

nS nC nF F
5
2 0 0 sp(2)� u(1)

2 0 4 e

(2)
6 � a

(2)
2 � a

(2)
2

3
2 1 1 su(4)� su(2)
3
2

1
2 4 a

(2)
2 � sp(4)

3
2 0 6 sp(6)�su(2)�u(1)

1 1 4 a

(2)
7 � a

(1)
1 � a

(1)
1 � u(1)(2)

1 1
2 6 sp(6)� su(2)� su(2)

1 0 8 a

(2)
15 � a

(1)
1

1
2

1
2 8 a

(2)
15 � u(1)(2)

1
2 0 9 sp(9)� u(1)

2 1
2 0 su(4)

(b) Exceptional so(12) gauge theories with

nS spinors, nC conjugate spinors, nF funda-

mental hypermultiplets. The final entry in

the above table could be non-marginal or ex-

otic, while the other theories are all marginal.

nS nF F

1 5 a

(2)
9 � a

(1)
1

1
2 9 a

(2)
17

(c) Marginal so(13) gauge theories with nS
spinor, nF fundamental hypermultiplets.

nS nF F

1 6 a

(2)
11 � a

(1)
1

(d) Marginal so(14) gauge theory with nS =
1 spinor, and nF = 6 fundamental hypermul-

tiplets.

nF F

4 su(4)�su(2)�u(1)

(e) The e6 gauge theory with nF = 4
fundamental hypermultiplets could be non-

marginal or exotic.

nF F

3 ?

(f) The e7 gauge theory with nF = 7
fundamental hypermultiplets could be non-

marginal or exotic.

nF F

0 ;
(g) The e8 gauge theory cannot be coupled

to matter.

Table 11: Rank 6, 7, 8 exceptional gauge theories.
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extremely difficult to determine whether or not such a theory actually correspond to a

consistent 5d theory. Such theories are referred to as exotic, and five examples are known:

• su(5) 3
2
+ 3^2 +2F

• su(7)5 + 1^3

• so(1) + 2S+ 1
2C

• e6 + 4F

• e7 + 3F.

In the above list, only the first theory is anticipated to be marginal due to the affine flavor

symmetry enhancement. The status of the remaining theories is at present unclear due to

practical limitations. The 5d e6 is suspected to descend from the circle compactification of

6d e6 + nFF where nF = 4 or 5, while the e7 theory is suspected to descend from the circle

compactification of 6d e7 + nFF where nF = 3 or

7
2 .

3.d Six dimensional theories on a circle

Marginal gauge theories are expected to correspond to circle compactifications of 6d SQFTs.

A number of these 6d fixed point theories have been identified in string theory using both

F-theory and (p, q) 5-brane webs [37] in type IIB string theory. In particular, there are two

families of marginal 5d gauge theories whose associated brane constructions are known and

for which the explicit lift to 6d has been identified. The following is a brief summary of the

string theoretic constructions used to analyze these theories.

3.d.1 su(n)k + nFF+ n^2^2 and sp(n) + nFF+ n^2^2

Theories with matter in the fundamental and antisymmetric representations can be con-

structed using ordinary brane webs, by introducing orientifold O7

�
planes and resolving
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5d KK theory 6d (1, 0) theory on S1

su0(n)/sp(n� 1) + (2n+ 4)F
sp(n�2)

1 [so(4n+ 8)]

su0 + 1^2 +(n+ 6)F
su(n�1)

1 [su(n+ 7)]

su(2n)0 + 2^2 +8F [e7]1

[su(2)]
su(2)
2

su(2)
2 · · ·

su(2)
2| {z }

n�1

[su(2)]

su(2n+ 1)0 + 2^2 +8F [so(16)]
sp(1)
1

su(2)
2 · · ·

su(2)
2| {z }

n

[su(2)]

su(2n)± 3
2
+ 2^2 +7F [so(16)]

sp(1)
1

su(2)
2 · · ·

[su(2)]
su(2)
2| {z }

n�1

2

su(2n+ 1)± 3
2
+ 2^2 +7F [e7]1

[su(2)]
su(2)
2

su(2)
2 · · ·

su(2)
2

[su(2)]
su(2)
2| {z }

n�1

2

sp(n� 1)/su(n)±n

2
+ 1^2 +8F 12 · · ·2| {z }

n

Table 12: Marginal 5d theories with su(n), sp(n) theories coupled to fundamental and

two-index antisymmetric hypermultiplets, along with their 6d lifts. The 5d theories are

anticipated to be the circle compacifications of the 6d theories in the right column, where

the notation g/g0 indicates that the two 5d theories are anticipated to be dual. Note that

the 6d theories are presented in F-theory notation, where [f]
g

k denotes a single tensor with

Dirac pairing �k, gauge algebra g, and flavor algebra f. F-theory constructions of 6d (1, 0)
theories are discussed in Section 4.b.

the orientifold planes into pairs of 7-branes. The 6d lifts of such theories are studied in

[10, 38, 39, 40, 41]. In each of these cases, the corresponding 6d theories can be realized

in terms of type IIA brane constructions involving NS5-branes, D6-branes, D8-branes and

a single O8

�
-plane; T-duality maps this configuration to a configuration of NS5-branes,

D5-branes, D7-branes, and a pair of O7

�
-planes, which can then be resolved into two pairs

of 7-branes. See Table 12 for a list of the 6d lifts of these theories.

45



5d KK theory 6d (1, 0) theory on S1

so(n) + (n� 2)F [su(2n� 4)]
su(n�2)

2 with Z2 twist

su0(n) + (n� 2)F+ 1Sym2 [su(n� 1)]
su(n�1)

2
su(n�1)

2 [su(n� 1)] with Z2 twist

su(n)0 + 1Sym2 + 1^2 [su(2)]
su(2)
2 · · ·

su(2)
2| {z }

n�1

[su(2)] with Z2 twist

su(n)±n

2
+ 1Sym2

su(2n�1)
2 with Z2 twist

Table 13: Marginal 5d theories with so(n), su(n) theories coupled to fundamental and

two-index symmetric and antisymmetric hypermultiplets, along with their 6d lifts. The

5d theories are anticipated to be the (possibly twisted) circle compacifications of the 6d

theories in the right column. Note that the 6d theories are presented in F-theory notation,

where [f]
g

k denotes a single tensor with Dirac pairing �k, gauge algebra g, and flavor algebra

f. F-theory constructions of 6d (1, 0) theories are discussed in Section 4.b. The entry in the

last line of the above table has not been studied in the literature at the time of writing.

3.d.2 so(n) + nFF and su(n)k + nFF+ n^2 ^2 +nSym2Sym2

String theoretic engineering of these theories requires the presence of O7

+
-planes [13]. These

cases were studied in [41], where it is shown that the 6d theories can be realized by type

IIA constructions again involving NS5-branes, D6-branes, and D8-branes, but the circle

compactification must be performed with a twist by a discrete Z2, which is realized in the

brane configuration as a combination of worldsheet parity and reflection in the directions

transverse to the D8-branes.

8
T-duality maps these brane configurations to NS5-branes and

D5-branes in the presence of O7

+
and O7

�
-planes. The O7

�
-planes can again be resolved

into 7-branes. See Table 13 for a list of the 6d lifts of these theories.

8See also [42] for a discussion of discrete global symmetries in 6d theories, and [43] for a recent study of
twisted compactifications to 4d.
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4 Calabi-Yau Compactifications and Geometric Engineering

4.a Generalities of string compactifications

Part of what makes string theory such a rich arena for studying physics is the fact that myr-

iad theories in lower dimensions can be realized as string compactifications. This subsection

collects some general facts characterizing string theory compactifications in preparation for

the detailed discussion of Calabi-Yau in the following subsections. Much of this discussion

is adapted from [44, 45].

A string compactification refers to studying superstring theory in D dimensions on the

spacetime background

R1,d�1 ⇥XD�d (62)

where XD�d is a compact manifold of real dimension D � d and characterize length scale

LX . One then studies the resulting theory in a limit where the characteristic length scale l

of the elementary degrees of freedom (where l is the string scale `string in string theory and

the 11D Planck length `Planck in M-theory) is much smaller than the characteristic scale

LX ,

l ⌧ LX (63)

in order to preserve the validity of the semiclassical background. The low energy limit of

this theory is the dynamical regime of characteristic energies E such that

E ⌧ 1

LX
, (64)

which is described by an effective theory on R1,d�1
.
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In order to preserve supersymmetry, some conditions must be placed on the compact-

ification manifold XD�d. In terms of the low energy effective description of the string

compactification as a supergravity theory on the spacetime background in Eq. 62, there

must exist a supersymmetric variation of the fields whose action on the gravitino  is triv-

ial. More precisely, it must be possible to equip the manifold XD�d with a spinor ✏ such

that

� M = rM ✏ = 0. (65)

The amount of preserved supersymmetry is determined by the number of covariant con-

stantly spinors satisfying the above condition; roughly speaking this ensures that the spinors

in the flat spacetime are independent of their position on the internal manifold XD�d.

Assuming that the internal manifold is oriented, the existence of spinors satisfying the

condition in Eq. 65 can be related to a condition on the holonomy of the tangent bundle

of XD�d. The reason is that holonomy group, which describes the change of orientation of

tangent vectors parallel transported around closed loops on XD�d, is generically equivalent

to the structure group SO(D�d), and thus it follows that the action of the holonomy group

on tangent vectors can be lifted to an action on the spin bundle via the lift of the structure

group SO(D�d) to Spin(D�d). However, in special cases, the holonomy group is reduced

to a subgroup G ⇢ SO(D � d). In such cases, it is possible to identify an element in the

spin bundle which is invariant under the action of the lift of the holonomy group, and by

parallel transport such an element will remain invariant on the entire manifold XD�d.

There is a special class of manfiolds of real dimensionD�d = 2k for which the holonomy

group is guaranteed to be a subgroup of the structure group. These manifolds, called Calabi-

Yau manifolds (or CY k-folds for short), are Ricci flat Kähler manifolds with holonomy

SU(k) ⇢ SO(2k). Compactification on a CY manifold of dimension 2k preserves 21�k
of
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real dimension manifold holonomy SUSY

k T k 1 1
4 K3 (CY2) SU(2) 1/2
6 CY3 SU(3) 1/4
7 G2 G2 1/8
8 hyper-Kähler Sp(2) 3/16
8 CY4 SU(4) 1/8
8 Spin(7) Spin(7) 1/16

Table 14: Holonomy groups and the corresponding fractions of preserved supersymmetry

associated to various compactification manifolds studied in string theory.

the supersymmtery generators in the D-dimensional supergravity theory. There are other

examples of manifolds whose holonomy groups ensure the existence of covariantly constant

spinors; see Table 14 for a list of known SUSY-preserving compactification manifolds.

In the above discussion, the internal manifold is assumed to be compact. However, it

is also possible to consider string compactifications on non-compact internal manifolds—

that is, internal manifolds whose volumes are infinite. In these setups, the focus is on

local dynamics decoupled from gravitational interactions, and at low energies these local

dynamics are described by a non-gravitational QFT on R1,d�1
.

More precisely, consider a theory on the spacetime background R1,d�1 ⇥XD�d, whose

gravitational dynamics are described at low energy by the action

S ⇠ vol(XD�d)

ˆ
R1,d�1

R ?d 1, (66)

where R is the d-dimensional Ricci scalar and ?d is the Hodge star operator in d dimensions.

Comparing the above action with the Einstein-Hilbert action

SEinstein-Hilbert =
1

16⇡GN

ˆ
R1,d�1

R ?d 1 = Md�2
Planck

ˆ
R1,d�1

R ?d 1 (67)
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implies vol(XD�d) ⇠ Md�2
Planck and hence, assuming d > 2, scaling the volume of the in-

ternal manifold to be infinite also sends the Planck scale to infinity, and thus decouples

gravitational interactions.

Nevertheless, despite the fact that gravitational interactions are effective frozen in this

limit, depending on the details of the internal manifold it is still possible in some cases to

study localized dynamics described at low energies by an action with a finite kinetic term

in d dimensions. This is the viewpoint of the following subsections, which are devoted to

stringy and geometric constructions of 5d and 6d SQFTs via compactification on a CY

manifold of real dimension 2k = 6.

As a final remark, it is often useful to study singular limits of the internal manifold

XD�d, as singularities can encode information about the local dynamics. For this reason, it

is more appropriate and convenient to study (generically singular) algebraic varieties over

the complex numbers as opposed to smooth manifolds, whose desingularizations can be

viewed as smooth complex manifolds suitable for traditional string compactifications.

4.b F-theory compactifications to six dimensions

The aim of this subsection is describe some general properties of F-theory compactified on

a T 2
fibered CY 3-fold, which has real dimension six.

F-theory provides a powerful framework for constructing consistent (generically strongly-

coupled) type IIB string theory vacua with non-trivial axio-dilaton profiles

⌧ ⌘ C0 + ie��
(68)

where C0 is the axion and � is the dilaton [46]. The fundamental principle underlying

F-theory and its intimate connection to geometry is the observation that the axio-dilaton

transforms under the SL(2,Z) symmetry of type IIB string theory in precisely the same
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manner as the complex structure modulus of a two-torus T 2 ⇢ C with complex structure

⌧ ,

⌧ ! a⌧ + b

c⌧ + d
,

0

B@
a b

c d

1

CA 2 SL(2,Z), (69)

and hence the axio-dilaton profile can be viewed as describing a family of auxiliary genus one

complex curves T 2
fibered over spacetime. Thus, it follows that a compactification of type

IIB string theory on a manifold B of complex dimension two with non-trivial axio-dilaton

profile must be described by F-theory compactified on a T 2
fibered CY 3-fold X:

type IIB on R1,d�1 ⇥B ⇠= F-theory on R1,d�1 ⇥X (70)

where

X
locally⇠= T 2 ⇥B. (71)

It should be stressed that the volume of the auxiliary T 2
is non-dynamical in this setup,

and moreover the duality between F-theory and M-theory implies that a purely 6d theory

necessarily corresponds to a generically singular limit of X. Consequently, the Kähler

moduli of X do not play a significant role in the present discussion and only become

relevant when exploring the connection between F-theory and M-theory.

In the following discussion, it is assumed that the base B of the T 2
fibration is a

compact Kähler manifold. The non-compact limit relevant for geometric engineering of 6d

SQFTs can in principle be obtained by studying the limit vol(B) ! 1. However, it is not

guaranteed that every local T 2
fibered CY 3-fold, viewed formally as a fibration over an

open set in B, can in practice be consistently embedded in a 3-fold fibered over a compact
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base B; see [47] for a study of a bases suitable for F-theory compactifications on a CY

3-fold in the case that T 2
is an elliptic curve.

When the T 2
is an elliptic curve, it follows that the 3-fold X is an elliptic fibration over

B, which as an algebraic variety can always be realized as a special case of the Weierstrass

equation

P = y2z � (x3 + fxz2 + gz3) = 0. (72)

The above equation describes a hypersurface in a projective bundle locally of the form

P2 ⇥ B, where P2
denotes a complex 2d projective space with homogeneous coordinates

[x : y : z], f 2 �(O(�4KB)), g 2 �(O(�6KB)) are sections of line bundles over the base

B, and O(KB) is the canonical line bundle over B.

9
Informally, f and g can be viewed

as functions of B which determine the complex structure of the elliptic fiber T 2 ⇢ P2
over

each point in B. The values of f and g for which the elliptic curve degenerates and becomes

singular in P2
can be determined by identifying the regions where the rank of the tangent

space reduces, namely

P = @xP = @yP = @zP = 0. (73)

The solution to the above equation is the zero locus of the discriminant of the cubic poly-

nomial P :

0 = � = 4f3 + 27g2 = �0

Y

a

�a, �a = �
m

a

a = 0, (74)

where the right hand side of the above equation reflects the possibility that the discriminant

9The choice of line bundle over B is mandated by the requirement that X be a CY variety. For X to be
CY, it is sufficient that the first Chern class of the tangent bundle of X is trivial.
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can factor into multiple algebraically irreducible components corresponding to the zero loci

of the roots �a = 0. The region � = 0 in B is called the discriminant locus. Since f, g,�

are all polynomials in the local coordinates of B, Eq. 74 indicates that the elliptic fiber

can become singular along complex codimension one locus in the base B. The possible

degenerations of the elliptic fiber were classified by Kodaira ([48, 49]) and Néron, and can

be deduced entirely from the order of vanishing of the sections (f, g,�) in the vicinity of

each irreducible component �a = 0, expressed a polynomial in a local coordinate on B.

It turns out that nearly all of the singular elliptic fibers are in one-to-one correspondence

with the Dynkin diagrams of the classical algebras; see Table 15 for a list of all the types of

singular elliptic fibers which can develop over codimension one loci in B, specified in terms

of the orders of vanishing for (f, g,�).

Assuming the above mathematical structure, the relationship between 6d physics and

the local geometry of X can be understood as follows [50, 51]: The local physics of F-

theory on a non-compact 3-fold X in the vicinity of the discriminant locus � = 0 is

encoded in the worldvolume dynamics of 7-branes wrapping complex curves Ca ⇢ B. At

low energies, 7-brane worldvolume theory is described by a 6d (1,0) SQFT on the tensor

branch. The anti-self-dual BPS strings in the 6d spectrum arise from D3 branes wrapping

various configurations of curves Ca ⇢ B, where the tensions of the strings are proportional

to the volumes of the curves. Thus, at the heart of the correspondence between geometry

and physics in this setup is the identification of the tensor branch moduli ' of the 6d

theory and the Kähler moduli of B describing the relative sizes of the holomorphic 2-cycles

Ca 2 H2(B,Z).

The field content and other aspects of the low energy effective theory are determined

by various geometric and topological properties of the 3-fold X. For example, the 6d field

content should consist of some numbers nT, nV, nH of tensor, vector, and hypermultiplets,
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fiber type ord(f) ord(g) ord(�) gADE monodromy

In 0 0 n an�1

✓
1 n
0 1

◆

II 1 1 2 �
✓

1 1
�1 0

◆

III 1 � 2 3 a1

✓
0 1
�1 0

◆

IV � 2 2 4 a2

✓
0 1
�1 �1

◆

I

⇤
0 � 2 � 3 6 d4

✓�1 0
0 �1

◆

I

⇤
n 2 3 n+ 6 dn+4

✓�1 �n
0 �1

◆

IV

⇤ � 3 4 8 e6

✓�1 �1
1 0

◆

III

⇤ 3 � 5 9 e7

✓
0 �1
1 0

◆

II

⇤ � 4 5 10 e8

✓
0 �1
1 1

◆

Table 15: Possible singular elliptic fiber types which can develop over irreducible compo-

nents of the discriminant locus � = 0 in B. The singularity types are specified in terms

of the order of vanishing of the sections f, g,�, expressed locally as polynomials in the

complex coordinates of B. Also listed is the SL(2,Z) monodromy experienced by the axio-

dilaton ⌧ encircling the corresponding component of the discriminant locus, which signals

the presence of a configuration of 7-branes and O7 planes.
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respectively. In terms of the geometry of the elliptic fibration X, these numbers are given

by

n0
V + nT = h1,1(X)� 2

n0
H = h2,1(X) + 1

nT = h1,1(B)� 1,

(75)

where n0
H, n

0
V indicates the number of uncharged hypermultiplets and vector multiplets.

10

Perhaps more pertinent to the discussion of 6d SQFTs is the singularity structure of

the elliptic fibers over the discriminant locus � = 0. The singularities of the elliptic fibers

over codimension one loci in B are related to 6d gauge symmetries, while the singularities

in codimension two are related to localized matter hypermultiplets. Consider first the

codimension one components �a = 0 of the discriminant locus. Given a Weierstrass model

defined as in Eq. 72, the complex structure ⌧ of the elliptic curve is determined by the

j-invariant

j(⌧) = �1728
(4f)3

�
=

1

q
+ 744 + 196884q + · · · , q = e2⇡i⌧ . (76)

By inverting the above equation, it is possible to study the behavior of ⌧ in the vicinity

of a component �a = 0 of the discriminant locus. In particular, one can compute the

monodromy of ⌧ around the locus �a = 0. Physically, the monodromy is related to the

charge of 7-branes wrapping the component �a = 0, and thus it is possible to infer the

non-abelian gauge symmetry on the stack of 7-branes entirely from the Kodaira singularity

type.

In order to probe the singularity type, it useful to compute a resolution of the singular

10The number n0
V

of uncharged vector multiplets can also be viewed as the number of vectors in the
Cartan subalgebra.
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elliptic 3-fold which preserves the Calabi-Yau condition. Such a resolution naturally resolves

the singular elliptic fiber in such a way that the singular points on the elliptic fiber are

replaced by rational curves Fi birational to P1
. The intersection pattern of the resulting

collection of curves takes the form of a Dynkin diagram associated to a simply laced Lie

algebra g (see Table 15); the Lie algebra g is then the 6d gauge algebra of the 7-brane

worldvolume theory. When components of the resolved elliptic fiber are interchanged by

moving around a closed path in B, the 6d gauge algebra g̃ is then the quotient of g by this

discrete monodomy, which acts is an outer automorphism of the Dynkin diagram. The key

takeaway is that the full gauge algebra g associated to a singular elliptic fibration over a

collection of curves Ca = {�a = 0} ⇢ B is

g = �ag(Ca). (77)

The codimension two singularities are subtler. Consider a smooth curve C ⇢ B defined

by a reduced component � = 0 ⇢ B, assume that the gauge algebra g(C) is simply

laced. The genus g of the curve C determines the number of adjoint hypermultiplets

in the 6d spectrum charged under g. There can also be special points on C where the

elliptic fiber further degenerates. These codimension two loci in B can correspond to

points of intersection between the 7-brane configuration wrapping C and other 7-brane

configurations where additional charged matter is localized. In field theoretic terms, the

additional degeneration of the elliptic fiber at an intersection point (say, between C and

another curve C 0
) can be interpreted as a localized Higgsing genhanced ! g � g

0
, and thus

it is sometimes possible to infer the types of representations Rj localized at C \ C 0
by

studying the decomposition of the adjoint representation ([52, 53]):

adj(genhanced) ! adj(g) +
h
�dimC(g0)

i=1 1i
i

+
⇥�j(Rj �Rj)

⇤
. (78)
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When the algebra g̃ associated to C is non-simply laced, one can use the fact that g̃ is an

outer automorphism twist of a simply laced algebra g to deduce a similar branching rule:

adj(g̃) ! adj(g) +
h
�d�1

j Rj

i
, (79)

where Rj is a representation of the algebra g. The number nR
j

can be determined in terms

of a degree d branched cover C̃ ! C of degree d [54]:

nR
j

= (d� 1)(g � 1) +
1

2
deg(R) (80)

where g is the genus of C and R is the ramification divisor of C̃ over C. More generally,

when the curve C ⇢ is singular, there can be more exotic matter representations localized

at the singular points. Note that the type of representation R under which localized matter

transforms can be more precisely inferred by studying the behavior of the elliptic fiber over

C in a desingularization X 0 ! X of the singular elliptic fibration X; this is discussed in

more detail in the following section, as the desingularization is closely connected to F-theory

on the background R1,4 ⇥ S1 ⇥X, which is dual to M-theory on the background R1,4 ⇥X.

From the above discussion it is clear that 6d gauge symmetries and matter represen-

tations are intimately connected to the singularities of the elliptic fiber over the reduced

components Ck = {�k = 0} ⇢ B of the discriminant locus. Thus, it is no surprise that

the gauge anomaly cancellation conditions in Eq. 10 - 13 can also be phrased in geometric
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terms:

Aadj
k

�
X

R
k

nR
k

AR
k

=
6

�k

ˆ
B
KB · [Ck]

Badj
k

�
X

R
nRBR = 0

Cadj
k

�
X

R
k

nR
k

CR
k

= � 3

�2
k

ˆ
B
[Ck] · [Ck]

X

R
k

,R
k

0

nR
k

,R
k

0AR
k

,R
k

0 =
1

�k�k0

ˆ
B
[Ck] · [Ck0 ]

9� nT =

ˆ
B
KB ·KB,

(81)

where in the above expression

´
B[C] · [C 0] denotes the intersection product of the algebraic

cycles associated to the complex curves C,C 0 ⇢ B, and �k are the representation-theoretic

normalization coefficients which convert between the trace in fundamental representation

and traces in other representations. Stated differently, we have the following correspondence

between classes KB, [Ck] and the charge lattice vectors Ki, Cik (no sum over k):

Kk ⇠ KB, �kCik ⇠ [Ck], �Aij ⇠
ˆ

. (82)

The above discussion implicitly assumes a fixed topology (i.e. fixed values of the Kähler

moduli 'i
) for the base B. For the low energy effective theory on the tensor branch to

have a UV fixed point, there must be a region at finite distance in the tensor moduli

space MT corresponding to a scale invariant theory characterized by the emergence of

interacting tensionless strings. Geometrically, this corresponds to the statement that there

must exist a point 'i = 0 at finite metric distance in MT where all 2-cycles shrink to zero

volume, meaning that the strings arising from D3 branes wrapping holomorphic 2-cycles

become tensionless. According to a theorem due to Grauert [55], a necessary and sufficient
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condition for the 2-cycles Ca to be simultaneously collapsible is that the intersection matrix

of the 2-cycles be negative definite:

ˆ
B
[Ci] · [Cj ] = Aij < 0. (83)

Note that the above condition can be viewed as the geometric origin of the negative semi-

definiteness of the symmetric Dirac pairing matrix Aij
on the tensor branch.

4.c M-theory compactifications to five dimensions

This subsection describes some general properties of M-theory compactified on a general

CY 3-fold. See [56, 57, 58] for earlier work investigating compactifications on a 3-fold with

finite volume from the perspective of 11d supergravity.

Consider M-theory compactified on a smooth CY 3-fold X, not necessarily elliptically

fibered. At low energies, this setup is described by a 5d N = 1 SQFT on the Coulomb

branch MC. One way to infer the relationship between the moduli of the 3-fold X and the

low energy multiplets containing Lorentz scalars is to use the fact that 5d two-form fields

can be dualized to one-form fields and hence the single 6d self-dual two-form in the gravity

multiplet and n
(6)
T anti-self-dual two forms in the tensor multiplet dimensionally reduce to

5d vectors. On the other hand, the dimensional reduction of the n0
H uncharged 6d scalars

is trivial, and hence the number of uncharged 5d scalars is the same as in 6d. Altogether,

this leads to the following numbers of vector multiplets and hypermultiplets, enumerated

in terms of their scalar fields [21]:

n
(5)
V = n

(6)
V + nT + 1 = h1,1(X)� 1

n0
H = h2,1(X) + 1.

(84)
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The one Kähler modulus unaccounted for in the first formula above corresponds the overall

size of X and belongs to a hypermultiplet [56].

The elementary M-theory degrees of freedom are M2-branes, while their solitonic mag-

netic duals are M5-branes. Thus, M2-branes wrapping holomorphic curves C 2 X give rise

to 5d BPS particles whose charges are proportional to the volumes of the wrapped curves,

while M5-brane wrapping holomorphic surfaces D 2 X gives rise to solitonic (magnetic

dual) BPS strings whose tensions are proportional to the volumes of the wrapped surfaces.

Since the structure of the 5d Coulomb branch MC is essentially determined by the Dirac

quantized charges of the massive BPS spectrum, it is no surprise that the Kähler moduli

space of a 3-fold Xp (which describes the relative volumes of the holomorphic 2-cycles C

and 4-cycles D) corresponds to a particular phase of the Coulomb branch, M(p)
C [32]:

M(p)
C $ NefX

p

. (85)

A precise definition of the moduli space NefX
p

is given below.

To establish contact between the geometry of X and the physics of the 5d theory,

one first formally passes to a non-compact limit vol(X) ! 1 in order to decouple the

gravitational modes in the 5d description. In this limit, the 3-fold X can be viewed as a

local neighborhood of a collection of holomorphic cycles. Given a local 3-fold X, one can

select a basis of independent algebraic (complex) 2-cycles Di and expand a Kähler form

11

J in a basis of divisor classes [Di] which generate the intersection ring of X:

J = �i[Di], i = 1, . . . , h1,1(X)� 1. (86)

Note that since X is non-compact, there can be both compact and non-compact cycles.

11It is assumed that X is a smooth projective variety and moreover that the Kähler form J , which is an
integral cohomology class, can be expressed as the class of a nef R-divisor in the intersection ring of X.
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Dj

Na
Nb

Nc

Di

Figure 2: A local neighborhood of two compact complex surfaces in a CY 3-fold. The above

diagram is a (p, q) 5-brane web, whose dual (in the sense of convex geometry) is the toric

diagram for the local 3-fold viewed as a neighborhood of Di [ Dj = Bl2F0 [ F0 meeting

non-compact complex surfaces Na, Nb, Nc along compact complex curves (i.e. the lines of

intersection).

The compact holomorphic 4-cycles Di=1,...,r correspond to abelian gauge charges controlled

by Coulomb branch parameters �i
, while non-compact 4-cycles Nj=1,...,M ⌘ Dr+1,...,r+M

correspond to abelian global charges controlled by mass parameters mj
. Thus, we have

h1,1(X) = r +M + 1. (87)

Given a Kähler form J , the volumes of various compact complex q-cycles Cq can be com-

puted using the formula

vol(Cq) =
1

q!

ˆ
C

q

Jq =
1

q!

ˆ
X
[Cq] · Jq. (88)

The above formula implies that the masses of BPS particles (the special case q = 1 of the

formula in Eq. 88) and the prepotential have unique expressions in terms of the (compact
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and non-compact

12
) Kähler moduli �i

of X:

F = vol(J) =
1

3!

ˆ
X
J3 =

1

3!
�i�j�k

ˆ
X
[Di] · [Dj ] · [Dk] ⌘ 1

3!
kijk�

i�j�k. (89)

It follows that the triple intersection numbers kijk along with a complete basis of algebraic

1-cycles Ci whose associated classes span the cone of algebraic curves MoriX uniquely define

an effective 5d theory in some phase of the Coulomb branch, since

NefX = {�i | vol(Ci) =

ˆ
C

i

J � 0 for all Ci 2 MoriX} (90)

and the rest of the low energy physics is encoded in F . The space NefX is called the nef

cone of X; from the above definition it is clear that the nef cone of X is the dual of the

Mori cone in the sense of convex geometry.

Consider a low energy effective 5d theory associated to a 3-fold X. The boundaries of

the Kähler moduli space NefX can be characterized by various types of singularities. The

possibilities are as follows (see Figure 3) [59]:

• a complex 1-cycle C can shrink to a point;

• a complex 2-cycle D can shrink to a complex 1-cycle;

• or a complex 2-cycle D can shrink to a point.

Regarding the first type of singularity described above, it is sometimes possible to tune the

Kähler moduli beyond the locus in NefX where the volume vol(C) = 0 so that formally

vol(C) < 0. In such cases, there exists a related 3-fold X 0
with different topology in which

there exists a complex curve C 0
satisfying vol(C 0) = �vol(C) for the given value of �. This

12The Kähler parameters associated to non-compact complex 2-cycles correspond to mass parameters
in the 5d field theory setting. Note that triple intersections of three non-compact complex 2-cycles are
ill-defined and can thus be ignored.

62



(a) (b)

(c)

Figure 3: The three types of geometric singularities which can develop in Calabi-Yau 3-folds

are illustrated using (p, q) 5-brane webs. Transition (a) corresponds to a 4-cycle shrinking

to a 2-cycle, (b) corresponds to a 4-cycle shrinking to a point, and (c) is a flop transition

obtained by first shrinking a 2-cycle to a point and blowing up another 2-cycle.

implies that the two 3-folds X,X 0
are related by a flop transition,

X ⇠ X 0, (91)

whereby a curve in C 2 X collapses to zero volume and another curve C 0 2 X 0
is “blown

up” to positive, finite volume. The equivalence relation ⇠ between X and X 0
implies

�vol(C)3 = [6FX � vol(C)3]� 6FX ⌘ 6FX0 � 6FX = vol(C 0)3. (92)

Regarding the second type of singularity, namely one in which a complex 2-cycle shrinks

along a ruling to a complex 1-cycle, there is no topology changing process analogous to a

flop transition which replaces X with a different 3-fold X 0
in which the collapsed surface is

replaced by another complex surface with opposite volume. Thus it follows that the collapse

of a complex surface to a curve can only occur on a genuine boundary of the moduli space.

The third type of singularity is perhaps the most important. In order for the 5d theory
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to have a non-trivial UV fixed point, there must exist a special point �i = 0 in the Kähler

moduli space NefX at finite metric distance from an arbitrary generic point �i
at which

a complex 2-cycle shrinks to a point. This mathematical requirement stems from the

observation that the scale invariant UV fixed point of a 5d theory is characterized by the

simultaneous emergence of interacting massless charged particles and tensionless monopole

strings. The point �i = 0 corresponds to a singular limit Y of X which geometrically

engineers the strong coupling fixed point, and it is only when such a singular limit exists

that a 5d theory associated to a 3-fold X can be viewed as a deformation of a non-trivial

UV complete theory.

Note that if X has a singular limit X ! Y , it must also be the case that X 0
shares the

same singular limit X 0 ! Y . The full Kähler moduli space of theories Xp with a common

singular limit Y is called the extended nef cone, and can be viewed as a union of the nef

cones of all Xp,

NefY = [pNefX
p

. (93)

Thus it follows that the full Coulomb branch of a 5d SQFT with a non-trivial UV fixed

point is identified with the extended nef cone of a family of 3-foldsXp mapping to a common

singular limit Y :

MC $ NefY . (94)

See Figure 4 for a schematic depiction of the nef cone of a singular 3-fold Y associated to

the UV fixed point of a 5d SQFT. A brief dictionary between 5d physics and CY 3-fold

geometry is given in Table 16.

The following section describes how the correspondence between CY geometry and 5d
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�1�2

NefX NefX0

C

D1D2

C 0

D0
2 D0

1

D0
2D1D2 D0

1

singular limit Y

Figure 4: Schematic depiction of the nef cone of a local CY 3-fold.

5d BPS spectrum CY 3-fold topology
Coulomb branch extended nef cone

BPS strings (tension) holomorphic 4-cycles (volume)

BPS particles (mass) holomorphic 2-cycles (volume)

phase transition flop transition (2-cycle shrinks to point)

gauge symmetry enhancement 4-cycle shrinks to 2-cycle

UV fixed point 4-cycle shrinks to a point

Table 16: Dictionary between 5d physics on the Coulomb branch and the Kähler (topolog-

ical) deformations of a CY 3-fold.
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physics has been (and continues to be) used to classify 5d N = 1 SQFTs.

5 Geometric Deconstruction of Five Dimensional Theories

This section describes further development of the correspondence between Calabi-Yau geom-

etry and the physics of 5d N = 1 SQFTs established by way of M-theory compactifications,

and the application of this correspondence to the problem of classifying 5d SQFTs with

non-trivial UV fixed points, as well as 6d (1, 0) SQFTs compactified on a circle.

Two approaches to the classification problem are described. The first is a “bottom up”

approach which deals purely with M-theory compactifications and aims to classify theo-

ries rank-by-rank, similar in spirit to the gauge theoretic classification described in earlier

sections. A proposed exhaustive classification of rank one and two theories is presented.

However, due to the rapid increase in complexity with the rank of the 5d theories in ques-

tion, it turns out this approach is impractical for the classification of theories with rank

r > 2. Nevertheless, the classification of rank two theories reveals an interesting geomet-

ric manifestation of the link between saturated 5d matter bounds (i.e. marginal theories)

and compactifications of 6d (1, 0) theories on a circle, which suggests that a “top down”

approach to classification, whereby one first classifies 6d SQFTs on compactified a circle

and studies their mass deformations, could possibly cover the full landscape of 5d theories.

5.a Background, simplifying assumptions, and consistency conditions

The geometric classification of 5d N = 1 SQFTs was initiated in the 1990s roughly at the

same time as the classification of 5d N = 1 gauge theories [7, 6]. A major result to emerge

from these papers was the exhaustive classification of rank one 5d SQFTs in terms of local

CY 3-folds, each of which can be described as the total space of the canonical bundle of a

del Pezzo surface dPn, n  8. Roughly at the same time, it was also observed that many
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if not all of the classified gauge theories could be obtained from “canonical” RG flows of

6d SCFTs compactified on a circle, realizable as geometric transitions of elliptically fibered

CY 3-folds; see [8, 60]. Additionally, toric CY 3-folds were also identified as a large class

of 3-folds which give rise to consistent 5d theories via M-theory compactification; see for

example [37, 61].

The geometric classification problem was not revisited systematically until much more

recently in [62], where the authors propose in precise mathematical terms the broadest class

of singular CY 3-folds believed to give rise to UV complete 5d N = 1 theories via M-theory

compactification, as well as some insights into the structure of sub-classes of 3-folds which

fall under this characterization.

13
The essence of the proposal in [62] is that every canonical

3-fold singularity corresponds to a 5d N = 1 UV fixed point. Intuitively speaking, a 3-fold Y

has a canonical singularity if Y is normal

14
, if some positive multiple pKY of the canonical

class KY can be used to define a dual line bundle O(pKY ), and if Y admits a resolution

X ! Y which preserves the Calabi-Yau condition

15
possibly at the expense of X having

isolated point singularities. This viewpoint converts the 5d classification problem into the

challenging open mathematical problem of classifying 3-folds with canonical singularities.

Given the apparent difficult of classifying geometric singularities, it should mentioned

that an alternative approach for constructing UV complete 5d SQFTs is to classify suitable

(p, q) 5-brane web configurations in type IIB string theory. (It is important to bear in mind

here that (p, q) 5-brane webs constitute a far more general class of string theory backgrounds

than toric CY 3-folds.) Fivebrane webs have proven to be an extremely useful tool for

exploring 5d SQFTs with semi-classical limits, understanding gauge theory dualities, and

13See also [63], in which examples of non-flat T 2 fibered CY 3-folds are shown to encode (in a highly
structured fashion) geometric transitions to several local 3-fold singularities which correspond to known 5d
fixed points.

14A normal algebraic variety is a variety which does not contain any “unwanted” gluings of its subvarieties
or tangent spaces.

15A projective variety X is Calabi-Yau if its first Chern class c1(X) = 0.
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computing the Nekrasov partition function using the refined topological vertex [64, 65, 66].

These 5-brane configurations can in principle be mapped to purely geometric M-theory

backgrounds via a chain of string dualities. For example, when the web only includes 5-

branes, one can compactify the type IIB configuration on a circle transverse to the web

and T-dualize, which results in a configuration of D6-branes and Kaluza-Klein monopoles.

This resulting type IIA string theory background lifts to M-theory on a toric CY 3-fold

whose associated toric diagram is the (convex geometric) dual of the (p, q)-brane web [61]

(a detailed discussion of toric CY 3-folds is given in Section 5.c.) However, despite the

fact that 5-brane webs provide a rich arena for constructing and studying 5d UV fixed

points, the downside is that they are rather complicated to construct and consequently

appear rather difficult to systematically classify, in comparison to the geometric methods

described below.

Aside from practicality, there is also the question of generality of the available methods.

In particular it is unclear which of CY 3-folds or (p, q) 5-brane webs provides a more general

setup for studying UV complete 5d theories. For more complicated 5-brane webs such as

those involving 7-branes, O5-planes, and O7-planes, the precise map between the web and

CY geometry (provided a map exists) is poorly understood, and it may be the case that

the M-theory background at the end of this map has some unusual features which obstruct

a conventional geometric interpretation. Thus, the current situation seems to be that both

CY geometry and 5-brane configurations provide methods for constructing 5d theories in

which the non-perturbative physics is fully manifest, but it remains to be seen which of the

two methods is more general. Furthermore, it is also unclear that all UV complete gauge

theories can be constructed using one of these two methods (see Figure 5).

The viewpoint taken in this thesis is that CY geometry, if understood properly, has the

potential to be both the simplest and most general framework for discussing UV complete
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CY 3-fold5-brane

gauge theory

Figure 5: The three methods known for constructing UV complete 5d N = 1 theories.

Gauge theories have the disadvantage of being blind to non-perturbative physics, and do

not include non-Lagrangian theories. Neither (p, q) 5-brane webs in type IIB string theory,

nor CY 3-fold compactifications in M-theory suffer from these shortcomings. However, it

remains unclear whether or not these two non-perturbative constructions are equivalent.

Furthermore, it is unclear whether or not all consistent gauge theories can be constructed

via either 5-branes or 3-fold compactifications.
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5d theories, and hence the relationship between 5d physics and CY geometry deserves fur-

ther investigation. The foundation of the classification programs described in the following

sections is the idea that any smooth CY 3-fold X 0
with a singular limit Y 0

corresponding

to a 5d fixed point is related by a suitable combination of complex structure and Kähler

deformations to a smooth local 3-fold X with a physically equivalent

16
singular limit Y ,

where X can be viewed as a neighborhood of a connected collection of complex 2-cycles

[iDi, and the existence of the singular limit Y can be inferred solely from the topological

properties of X. Such a 3-fold X is referred to as shrinkable:

Definition. Let X be a smooth Calabi-Yau 3-fold modeled locally as a neighborhood

of a connected union of compact Kähler surfaces, D = [Di. Then X is shrinkable

if D intersects a (possibly empty) union of non-compact Kähler surfaces N = [Ni

and there exists a singular limit X ! Y of Kähler forms such that:

1. All compact complex curves Cj ⇢ D and Kähler surfaces Di 2 D have zero

volume in limit Y ;

2. Y is at finite metric distance in NefX from a point X0 at which all compact

complex curves C 2 N have zero volume while some surfaces Di 2 D have

positive volume.

The following criteria are conjectured to be necessary and sufficient for a 3-fold X to

be shrinkable:

16Physical equivalence Y ⇠ Y 0 of two singular limits Y, Y 0 means that the interacting 5d UV fixed point
theories to which they correspond differ only by decoupled free states.
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Conjecture. Let X be a smooth Calabi-Yau 3-fold modeled locally as a neighborhood

of a connected union of compact Kähler surfaces, D = [Di and let J = �i[Di]. Then

X is shrinkable if and only if �J · C � 0 for all C 2 [iMoriD
i

and at least one

compact Kähler surface Di 2 D has positive volume with respect to J .

When the inequality �J ·C � 0 in the conjectured criteria for shrinkability is saturated,

the property of shrinkability implies that the union of compact complex 2-cycles D = [Di

is contractible, which in turn implies that D can be mapped to an isolated singular point

p 2 Y . (More precisely, contractibility implies the existence of a holomorphic map X ! Y

which restricts to an isomorphism away from D ⇢ X.) For this reason it is conjectured

that shrinkability also implies the existence of a similar holomorphic map:

Conjecture. Let X be a shrinkable Calabi-Yau 3-fold modeled locally as a neigh-

borhood of a connected union of compact Kähler surfaces, D = [Di intersecting a

(possibly empty) union of non-compact Kähler surfaces N = [Nj . Then there exists

a holomorphic map f : X ! Y sending D to a point p and N to a collection of

curves C = [Ck such that f |X�D�N : X �D �N ! Y � C is an isomorphism.

The existence of the holomorphic map described above permits one to assume that

Y is a canonical singularity, which is the converse of the assertion about 3d canonical

singularities. This introduces a dramatic simplification to the problem because it is known

that the components of the resolutions of canonical 3-fold singularities are rational or ruled

surfaces, and hence Di can be assumed to be birational to P2
or to a complex surface which

is locally P1⇥C where C is a smooth curves of genus g, i.e. a P1
ruled surface over a curve

C. See Appendix C for relevant mathematical background, including the definition of a
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ruled surface.

An additional simplifying assumption which is justified in the classification programs

described in the following sections is that the divisor classes of any two surfaces D1, D2 can

be assumed to intersect transversely in a 3-fold X. Suppose D1, D2 ⇢ X are glued along a

curve C = D1 \D2. Then it follows from the condition of transversal intersection that the

normal bundle of C in X splits into a direct sum

NC,X = NC,D1 �NC,D2 . (95)

In a neighborhood of the curve C, the tangent bundle TX of the 3-fold X can be described

locally as a direct sum of the tangent and normal bundles of C:

TX|C = TC �NC,X = TC �NC,D1 �NC,D2 . (96)

The Calabi-Yau condition, namely the vanishing of the first Chern class, c1(TX) = 0,

implies that the first Chern class of the normal bundle of C must cancel the first Chern

class of the tangent bundle of C, and hence the degrees of the two summands must satisfy

(C2)D1 + (C2)D2 = ��C = 2g(C)� 2 (97)

where in the above equation the notation (C2)D
i

is shorthand for

´
D

i

[C] · [C].

Given the above assumptions, one can attempt to “construct” local CY 3-folds by check-

ing shrinkability of configurations of pairwise transversally intersecting Kähler surfaces

which satisfy these local consistency conditions—see Figure 6. The more nuanced ques-

tion of whether or not such a local construction guarantees the existence of a 3d projective

algebraic variety with vanishing first Chern class is left for future work.
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Di Dj

Dk

Dl

Cij

Cjk

Cjl

Ckl

Figure 6: Schematic graphical representation of a collection of intersecting Kähler surfaces

in a CY 3-fold X. The problem of classifying UV complete 5d theories can be converted

to the problem of identifying configurations of surfaces (like the one depicted above) which

are compatible with the CY condition and which collapse to a point at a special point finite

distance in NefX from any generic point �i
.

5.b Dictionary between geometry and physics

These constructions encode various physical properties in an extremely accessible manner.

First, the Mori cone of the 3-fold X, which is the convex cone of holomorphic curves

(physically, electric BPS states), is given by

MoriX = [iMoriD
i

/ ⇠ (98)

where the schematic equivalence relation ⇠ in the above equation refers to equivalences

of algebraic cycles Ci due to transverse gluings. The prepotentials of associated to such

configurations can be read off immediately in terms of the triple intersection numbers kijk,
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as

ˆ
X
[Di]

3 =

ˆ
D

i

K2
D

i

=

8
>><

>>:

9� pi for P2
blown up at pi points

8� 8g � pi for a ruled surface blown up at pi pointsˆ
X
[Di]

2 · [Dj ] =

ˆ
D

j

[Cij ]
2 =

ˆ
D

i

KD
i

· [Cij ]

ˆ
X
[Di] · [Dj ] · [Dk] =

ˆ
D

i

[Cij ] · [Cjk]

(99)

where it is stressed that the triple intersection numbers are invariant under permutation of

the labels i, j, k.

Another property which can be computed immediately from a configuration of surfaces

[Di are the Cartan matrices Cij corresponding to all possible weak coupling limits. One

simply needs to identify all curves Fi ⇢ Di which can correspond to massive W-bosons,

whose massless limits corresponding to partial gauge symmetry enhancements. Given a

collection {Fi}a of such curves, the Cartan matrix Ca
ij describing the full enhanced gauge

symmetry is the given by the intersection matrix

Ca
ij = �

ˆ
Ca

i

[Dj ]. (100)

Another useful equation which is used frequently is the adjunction formula for surfaces.

Given a surface D and a curve C ⇢ D, the following equation always holds

ˆ
D
(KD · [C] + [C]2) = 2g(C)� 2. (101)

Finally, there is the question of determining the numbers of Coulomb branch parameters

and mass parameters associated to a collection of compact surfaces, [Di. The number of
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Coulomb branch parameters is obviously just the number of compact surfaces. However,

the number of mass parameters is a subtler notion, and can essentially be thought of as the

number of linearly independent non-compact Kähler surfaces which can be glued to [Di.

A pair of complex surfaces D,D0
(compact or non-compact) are declared to be linearly

equivalent if

ˆ
X
[D] · [Ci] =

ˆ
X
[D0] · [Ci] for all Ci 2 MoriX . (102)

Straightforward computations show that it is possible to consistent assign a geometric

mass number µ[D] to a compact complex surface D, which indicates the number of linearly

independent non-compact Kähler surfaces that can be attached to the surface D. The

geometric mass number corresponds to the number of mass parameters in the 5d theory.

For rational or ruled surface D blown up at p points in any configuration, one finds (keeping

in mind that linear equivalence must also be checked against compact surfaces)

µ(BlpD) = p+ µ(D), µ(D) =

8
>><

>>:

0 for D rational

g + 1 for D ruled over a curve of genus g.

(103)

The reason that the genus of a curve C over which a surfaceD is ruled contributes additional

mass parameters can be seen by introducing a birational map D ! D0
in which the curve

C degenerates to a rational curve C 0
with g nodal singularities, and computing µ(D0); refer

to the beginning of Section 5.d for a more detailed explanation of this birational map.

To compute the number of mass parameters M associated to a collection of intersecting

surfaces [Di, one simply sums over the geometric mass numbers for all surfaces Di and
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subtracts the number of linear equivalences which identify the curves C ⇢ [Di:

M([Di) = µ([Di) =
X

i

µ(Di)� (linear equivalences of curves). (104)

It is important not to confuse independent linear equivalences with transverse intersections

D\D, as the number of intersections may be larger than the number of linear equivalences.

Example: F2 [ F0. As an example, consider the 3-fold X which is a local neighborhood of

D1 [D2, D1 = F2, D2 = F0 (105)

intersecting along a single curve C12 = D1 \D2,

C12|D1 = E ⌘ E1, C12|D2 = E ⌘ E2. (106)

One can easily see that the CY condition is locally satisfied:

ˆ
D1

[C12]
2 +

ˆ
D2

[C12]
2 = �2 + 0 = �2 = 2g(E)� 2. (107)

The Mori cone for Fn is generated by the curves E,F , and since E ⇠ E, we have

MoriX = {C | C = a1E1 + a2F1 + a3F2, ai 2 Z�0}. (108)

Let J =
P

�i[Di] be a Kähler form. Using Eq. 99, the volumes of the Mori cone generators
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are

vol(E1) =

ˆ
�E1

J = 2�2

vol(F1) =

ˆ
�F1

J = 2�1 � �2

vol(F2) =

ˆ
�F2

J = ��1 + 2�2,

(109)

and hence the nef cone is isomorphic to the Weyl chamber of su(3):

NefX = W
su(3). (110)

The prepotential is

6F = k111�1
3 + 3�1�2(k121�1 + k122�2) + k222�2

3

= 8�1
3 + 3�1�2(�2�2) + 8�2

3.

(111)

There is one set of curves which are good candidates for W-bosons, namely F1, F2, and

their Cartan matrix is

(

ˆ
�F

j

[Di]) =

0

B@
2 �1

�1 2

1

CA = C
su(3). (112)

The number of mass parameters mj should be

M = µ(D1 [D2) = µ(D1) + µ(D2)� (E1 ⇠ E2) = 2� 1 = 1, (113)
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which indicates that this is a pure su(3)k theory, with the following identifications:

Fi $ ↵i 2 adj(su(3)), C12 $ non-perturbative state, m $ 1

g20
. (114)

The number of mass parameters M = 1 can be cross checked by explicitly checking linear

equivalence on a collection of non-compact surfaces NC
i

glued to D1 [D2 along the gener-

ators of MoriX . Furthermore, since X is toric, one can draw the toric diagram according

to the methods described in the following subsection and check explicitly that only a single

linearly independent non-compact surface is allowed (for toric 3-folds, there are always 3

linear equivalences of divisors, and since the toric diagram of F2 [ F0 has four boundary

points, one finds there is 4� 3 = 1 linearly independent non-compact surface.)

5.c Example: toric Calabi-Yau threefolds and fivebrane webs

Before delving into the details of the classification program, it is worthwhile to discuss

an important class of examples which nicely satisfies the conjectural properties described

in the previous subsection, namely toric singular CY 3-folds Y which can be described

combinatorially in terms of a convex lattice polygon PY called a toric diagram.17 A toric CY

3-fold Y can be viewed as a fan ⌃Y in a standard real three-dimensional lattice isomorphic

to Z3 ⇢ R3
, with coordinates (x, y, z). The toric diagram PY is then convex lattice polygon

forming the convex hull of the intersection of the fan ⌃ with the set of points satisfying

z = 1 in Z3
:

PY = ⌃Y \ {z = 1} ⇢ Z3. (115)

17More precisely, these are toric Gorenstein 3-fold singularities, which are also canonical.
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Resolutions of the 3-fold singularity X ! Y which preserve the Calabi-Yau condition corre-

spond precisely to complete triangulations PX of the toric diagram PY . The (planar) dual

of a fully triangulated toric diagram PX , in which polygonal faces are replaced by points,

and boundary lines between faces are replaced by lines perpendicular lines connecting the

new points, correspond precisely to (p, q) 5-brane web diagrams via the M-theory/type IIB

string theory duality described towards the beginning of the previous subsection.

A fully triangulated toric diagram or equivalently a (p, q) 5-brane web has the following

geometric interpretation:

• Surfaces: Lattice points on the interior of the toric diagram PX correspond to compact

Kähler surfaces, while lattice points on the boundary of the toric diagram are non-

compact Käher surfaces. The dual statement in the 5-brane web is that closed faces

correspond to compact surfaces, while open faces correspond to non-compact surfaces.

• Curves: An edge joining an interior point to any other point represents a compact

curve, while an edge joining a boundary point to another boundary point represents

a non-compact curve. The dual statement in the 5-brane web is that a boundary

between a closed face and any other face (open or closed) corresponds to a compact

curve, while a boundary between two open faces corresponds to a non-compact curve.

• Points: Any three lattice points forming the vertices of an irreducible triangle in the

toric diagram correspond to a point at the intersection of three surfaces. The dual

statement is that trivalent vertices correspond to points.

Consider a resolution X ! Y specified in terms of a triangulation PX of the toric

diagram PY . The information relevant for studying 5d N = 1 theories is the Mori cone

and the prepotential, from which the nef cone can readily be computed. The following

algorithm can be used to extract this data from the toric diagram PX :
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1. Assign a divisor class [Di] to each lattice point ~vi = (xi, yi, 1), and assign a curve class

[Cij ] to each edge between lattice points ~vi,~vj where at least one of the two points is

in the interior of PX . This means that each lattice point corresponds to a monopole

string with magnetic charge under a gauge or global u(1).

2. Identify all elementary quadrilaterals formed from pairs of minimal triangles in the

triangulation. Suppose the vectors ~vi,~vk,~vj ,~vl form the vertices of a quadrilateral,

and further suppose that the edge dividing the quadrilateral into two pieces is the

edge between ~vi and ~vj . Then the four vertex vectors satisfy a linear relation (no sum

on repeated indices):

(Cij)i~vi + (Cij)j~vj + ~vk + ~vl = 0. (116)

Solve the above relation for (Cij)i, (Cij)j . The variable coefficients in the above

relation can be interpreted as the BPS charges of the curves under the u(1)’s associated

to the vertices, namely

(Cij)i =

ˆ
X
[Di] · [Cij ], (Cij)j =

ˆ
X
[Dj ] · [Cij ],

ˆ
X
[Dk] · [Cij ] =

ˆ
X
[Dl] · [Cij ] = 0,

(117)

where the last two equations above are required for consistency. Repeat this step for

all quadrilaterals in PX .

3. The set of charge vectors (Cij)k for fixed i, j and variable index k computed via

the above procedure determine an overcomplete basis for MoriX . A basis can be

determined by removing all elements (Cij)k which can be expressed as non-negative

integral linear combinations of the other charge vectors. This determines a generating

set for MoriX .
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4. The set of Mori charge vectors described above determine linear equivalences among

divisor classes [Dk]. These equivalences can be computed by associating a vector of

charges (Cij)k to each class [Dk] (i.e. fixing k and allowing i, j to vary), and solving

the equations

X
ak(Cij)k = 0, ak 2 Z. (118)

The linear equivalences derived according to this procedure determine the number of

non-compact divisor classes which should be removed. For a 3-fold, one finds there are

precisely three linear equivalences, so that the number of independent non-compact

divisor classes is three less than the number of boundary points of PX . This forms a

basis for NefX .

5. Elementary triple intersection numbers kijk =
´
X [Di] · [Dj ] · [Dk] with i 6= j 6= k can

be computed by assigning triple intersection number 1 to any three divisors classes

whose associated lattice points ~vi,~vj ,~vk form the vertices of a minimal triangle in

the triangulation of PX , and 0 otherwise. Moreover, triple intersection numbers for

which two of the labels i, j, k are identical are computed by the Mori charge vectors.

All remaining triple intersection numbers, namely those for which i = j = k can be

computed by using the linear relations to write a solvable linear system.

Example: F0. As an extremely simplistic example, consider the local 3-folds viewed as
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neighborhood of F0, with toric diagram

N1

N2 N3

N4

(119)

and four test non-compact surfaces Ni (the internal point is the surface D = F0, located

at ~v0 = (0, 0, 1)). There are four quadrilaterals qijk0 with vertices ~vi,~vj ,~vk,~v0, from which

one can derive the linear relations, for example (using the notation Ci0 = Ni \D0)

q1240 : ~v1 + ~v4 + (C20)2~v2 + (C20)0~v0 =

0

BBBB@

�(C20)2

0

(C20)2 + (C20)0 + 2

1

CCCCA
= 0 (120)

which implies

(C20)2 = 0, (C20)0 = �2. (121)

Proceeding similarly with the remaining quadrilaterals leads to the following matrix of

charges:

0

BBBBBBB@

~C10

~C20

~C30

~C40

1

CCCCCCCA

t

=

0

BBBBBBB@

0 1 1 0 �2

1 0 0 1 �2

1 0 0 1 �2

0 1 1 0 �2

1

CCCCCCCA

. (122)
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From the above matrix, one can see there are three linear equivalences of divisors, namely

N1 �N4 = 2N1 + 2N2 +D = 2N3 + 2N4 +D = 0. (123)

The elementary triple intersections kijk with i 6= j 6= k are

k120 = k240 = k130 = k340 = 1 (124)

with all others vanishing. The triple intersections of the form kiij can be determined from

the matrix of charges, and the remaining triple intersections kiii can be determines by using

the above linear equivalences to solve the linear system. In the basis J = �D+µ1N1, finds

the following prepotential:

6F = 8�3 � 6µ�2. (125)

As a side remark, the canonical class of D can be obtained from the toric diagram as the

sum of all curves Ci0:

KF0 =
4X

i=1

Ci0. (126)

In order to interpret a toric 3-fold PX according to the formalism described in the previous

subsection, one interprets the toric diagram PX as describing a collection of rational or

ruled surfaces of the form

Di =

8
>><

>>:

P2
blown up at p points

Fn blown up at p points

(127)
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where Fn is a Hirzebruch surface, and where the surfaces Di can be blown up at finite

collections of p points in variable configurations. For a given surface Di, the exact type can

be determined by blowing down all �1 curves in Di and computing the self-intersections

´
D[Ci]2 of all curves Ci, and then comparing this data with rational and ruled surfaces.

Note that the individual complex surfaces Di are not in general themselves toric, even

though the entire 3-fold X, viewed as a neighborhood of surface [Di, is toric.

5.d Rank one and two theories

The classification of rank one and two 5d N = 1 SQFTs is carried out in [18] according

to the framework described in the previous subsections, with the help of some additional

simplifying assumptions. A summary of these simplifying assumptions is reproduced below:

• Transversality. Non-transversal intersections can arguably be bypassed via a suit-

able complex structure deformation or a flop transition. Thus, it is assumed that

some combination of these processes will always lead to a 3-fold characterized by

transversally intersecting surfaces [Di.

• No ruled surfaces over curves with g > 0. A ruled surface over a curve C of genus g

can always be reinterpreted as a Hirzebruch surface Fn which has been blown up at

two distinct points and glued to itself by identifying the exceptional divisors of the

blowup. The basic idea is that the stability of the moduli space Mg of stable curves

of genus g ensures that the complex structure of a smooth curve C of genus g can be

degenerated to that of a rational curve C 0
with g nodes singularities (note that the

arithmetic genus of C 0
matches that of C.) A rough sketch of the computation that

justifies this assumption is as follows. Consider a Hirzebruch surface Fn, that is a

P1
ruled surface over a smooth rational curve E with self-intersection

´
F
n

[E]2 = �n.

Let F ⇠= P1
denote the fiber of the ruling, satisfying

´
F
n

[F ] · [E] = 1,
´
F
n

[F ]2 = 0,
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and define the effective rational curve H with class [H] = [E] + n[F ]. Now consider

a Hirzebruch surface which has been blown up at two distinct generic points H \ F ,

with exceptional divisors X1, X2 satisfying

´
F
n

[Xi]2 = �1. Gluing this surface to

itself by making the identification of algebraic cycles X1 = X2 results in the following

canonical class

K ! K 0 = K + 2X1 + 2X2. (128)

Furthermore, the Mori cone is given by the positive linear space of classes [Ci] such

that

[Ci] 2 {[H]� [X1]� [X2], [Xi], [F ]� [Xi], [E]}. (129)

Flopping the curves F �X1 = F �X2 is a birational map to a new surface D0
with

Mori cone generated by classes [C 0
i] such that

[C 0
i] 2 {[H]� [X1]� [X2], [F ], [E] + 2[F ]� [X1]� [X2]}, (130)

where one can verify

ˆ
D0
([H]� [X1]� [X2])

2 =

ˆ
F
n

[H]2 � 2

ˆ
D0

K 0 · ([H]� [X1]� [X2]) =

ˆ
F
n

K · [H] + 4

ˆ
D0
([E] + 2[F ]� [X1]� [X2])

2 =

ˆ
F
n

[E]2 + 2

ˆ
D0

K 0 · ([E] + 2[F ]� [X1]� [X2]) =

ˆ
F
n

K · [E]

(131)

Defining H 0 = H�X1�X2, E
0 = E+2F �X1�X2 and using the adjunction formula
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in the new surface D0
, the above computation reveals

g(H 0) = g(H) + 1, g(E0) = g(E) + 1, (132)

which implies that D0
is a ruled surface over a smooth curve E0

of genus g(E0) =

g(E) + 1 = 1, of degree

´
D0 [E0]2 = �(n � 2). Reversing the sequence of steps

described above shows that a ruled surface over a curve of genus g0 > g is birational

to a ruled surface over a curve of genus g. Thus, when possible it is more convenient

for the purpose of classification to simply work with Hirzebruch surfaces, and their

blowups and self-gluings. Observe that this exchange of surfaces makes it possible to

compute the geometric mass number straightforwardly:

18

µ(D0) = µ(Bl2Fn)� (self-gluing) = 1 + 2� 1 = 2 = 1 + g. (133)

It turns out that this can be done for rank two theories, but due to more complicated

gluings it is unclear whether or not this substitution is feasible in higher rank theories.

Nevertheless, in practice it appears that flop transitions can always reduce this genus.

A more careful mathematical argument is given in [18].

• Bounds on the numbers of blowups. The blowup of P2
at nine points in generic

19

configuration results in a surface, namely dP9, whose Mori cone is generated by a

countably infinite number of curve classes. A similar phenomenon is expected to occur

for Fn blown up at p points in general configuration. This is proven explicitly in the

18It is possible to see that a ruled surface over a curve of genus g > 0 should have a geometric mass
number which depends on the genus g more directly, by studying the representations of BPS states arising
from M2 branes wrapping the P1 fiber under the massive little group SO(4) ⇢ SO(1, 4). In this case, in the
vicinity of an su(2) enhancement where the fiber shrinks, one finds the emergence of g hypermultiplets, i.e.
g copies of the representation 4(0, 0)� 2(0, 1

2 )–see [23].
19Here “generic” can be interpreted to mean that the configurations of points are chose such that no

curves of self-intersection -2 are introduced.
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appendix of [18] for n  7. This observation is useful because an infinitely generated

Mori cone is expected to be indicative of a 5d theory with an infinite-dimensional

flavor symmetry, which is clear unphysical and hence indicative of a pathology.

The rank one classification following from the above assumptions is straightforward and

reproduces the del Pezzo series as expected. Some additional simplifying assumptions are

made for the specific case of the rank two classification. In particular, it is argued that

the intersections Di \ Dj must be smooth rational curves, and that the surfaces Di can

be assumed to be blowups of points in general configuration of P2
or Fn. Furthermore,

by a judicious application of the bounds on n and the numbers (p1, p2) of points at which

the surfaces (D1, D2) are blown up, is possible to reduce the classification to the following

cases:

Rank 1 $ dPn, n < 9

Rank 2 $

8
>><

>>:

Blp1Fn [ dPp2

Blp1Fn [ F0

(134)

From a practical standpoint, this is useful because it significantly reduces the inevitable

overcounting of flop (and physically) equivalent theories.

A brief summary of the results is as follows. All rank one and two shrinkable 3-folds

can be viewed as belonging to families of RG flows (i.e. rank-preserving infinite mass

deformations which are induced by flops of �1 curves into non-compact surfaces as depicted

in Figure 7) descending from a finite list of non-shrinkable 3-folds which correspond to 6d

(1, 0) SQFTs compactified on a circle. Table 17 lists all of the rank two theories in some

phase of the Coulomb branch, along with their corresponding geometries, from which all

rank one and two 5d theories descend. Note that all of these theories are marginal gauge
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C

Bl1D

N
C 0

D

N
C 0

D

Figure 7: Mass deformation and subsequent RF flow of 5d su(2) + 1F. The red curve

C is a BPS particle of mass vol(C) =
´
C J = � + m. The fundamental hypermultiplet

can be decoupled by tuning m ! �1, which in turn sends vol(C) ! �1, and triggers a

flow to su(2)0. Geometrically, the RG flow can be interpreted as flopping a curve into a

non-compact surface and scaling the curve to infinite volume. A shorthand for this process

is simply to decrease the number of blowups carried by the surface D.

theories, many of which exhibit multiple semi-classical limits where they can be described

as gauge theories.

There are two caveats to the results of the rank two classification. The first concerns

su(3) 1
2
+ 1Sym2

, whose dual 5-brane construction involves an O7

+
plane. It has been

observed that the CY 3-folds engineering su(n) theories coupled to hypermultiplets in the

two-index symmetric representation exhibit some geometry pathologies which have yet to

be properly understood. These theories generically involve O7

+
planes, which in some

sense provide an alternative viewpoint on these pathologies. The second caveat is that the

3-fold engineering su(3)8 does not appear to be shrinkable despite the fact that this theory

satisfies the necessary requirements of the gauge theoretic classification.
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D = D1 [D2 g+
P

R
f

Rf

(F6 [ dP4)⇤ sp(2)✓=0 + 3^2

(F2 [ dP7)⇤ su(3)4 + 6F
sp(2) + 4F+ 2^2

g2 + 6F
(Bl9F4 [ F0)⇤ su(3) 3

2
+ 9F

sp(2) + 8F+^2

(Bl10F6 [ F0)⇤ su(3)0 + 10F
sp(2) + 10F

Table 17: Rank 2 geometries with maximal numbers of mass parameters, M . In the above

table, D denotes the rank 2 Kähler surface, while g+
P

R
f

Rf is the corresponding gauge

theory description. These geometries denoted as (·)⇤ are not shrinkable and correspond to

6d theories compactified on a circle. The notation for the above geometries D1[D2 is such

that the gluing curve C12 = D1 \D2 is always chosen to be C12|D1 = E. Combined with

the requirement of a specific Cartan matrix Cij(g), this convention is sufficient to fix (up

to automorphisms) the curve C12|D2 .

5.e Physical equivalence and global symmetries

Consider two 3-folds Y, Y 0
with canonical singularities corresponding to a pair of 5d UV

fixed point theories. If the two theories differ only by presence (or absence) of a decoupled

sector of non-interacting physical states, then the 3-folds are said to be physically equiva-

lent. Two smooth 3-folds X,X 0
are physically equivalent if they have physically equivalent

canonical singularities, X ! Y,X 0 ! Y 0
. At the time of writing, this notion has not been

made completely mathematically precise. Nevertheless physical equivalence is an immensely

useful notion because it cuts down on the redundancies that are inevitably encountered in

the geometric classification problem.

Physical equivalence is actually motivated from the (p, q) 5-brane web picture, where it

is has been observed that Hanany-Witten transitions [67], due to the movement of 7-branes

through 5-brane webs, can modify the (p, q) charges of the 5-branes by reorganizing the

20 Note that while Bl8F3[P2 has no gauge theory description, this theory is related to the effective quiver
gauge theory su(2)1 � su(2)2,✓=0 + 5F1 + (F1,F2) by a flop transition; refer to [18] for additional details.
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dP2 [ dP2

SU(2)0⇥SU(2)0

F2 [ dP6

SU(3) 7
2
+5F

Sp(2)+1AS+4F

F3 [ dP6

SU(3) 9
2
+5F

Sp(2)+2AS+3F
G2+5F

F2 [ dP5

SU(3)3+4F
Sp(2)+4F

F3 [ dP5

SU(3)4+4F
Sp(2)+1AS+3F

F4 [ dP5

SU(3)5+4F
Sp(2)+2AS+2F

G2+4F

F2 [ dP4

SU(3) 5
2
+3F

F3 [ dP4

SU(3) 7
2
+3F

Sp(2)+3F

F4 [ dP4

SU(3) 9
2
+3F

Sp(2)+1AS+2F

F5 [ dP4

SU(3) 11
2
+3F

Sp(2)+2AS+1F
G2+3F

(F6 [ dP4)�

Sp(2)0+3AS

F2 [ dP3

SU(3)2+2F
F3 [ dP3

SU(3)3+2F

F4 [ dP3

SU(3)4+2F
Sp(2)+2F

F5 [ dP3

SU(3)5+2F
Sp(2)+1AS+1F

F6
3��2X1�X2[ dP3

SU(3)6+2F
Sp(2)�+2AS

G2+2F

F6
2�[ dP3

Sp(2)0+2AS

F1 [ dP5

SU(3)2+4F

F1
��X1�X2[ dP2

F1
X1[ dP2

SU(3) 1
2
+1F

F3 [ dP2

SU(3) 5
2
+1F

F2 [ dP2

SU(3) 3
2
+1F

F4 [ dP2

SU(3) 7
2
+1F

F5 [ dP2

SU(3) 9
2
+1F

Sp(2)+1F

F7 [ dP2

SU(3) 13
2
+1F

G2+1F

F6
3��2X1�X2[ dP2

SU(3) 11
2
+1F

Sp(2)�+1AS

F6
2�[ dP2

Sp(2)0+1AS

F2 [ dP1 F1 [ dP1

SU(3)0

F2 [ F0

SU(3)1

F4 [ F0

SU(3)3

F6 [ F0

SU(3)5
Sp(2)�

F8 [ F0

SU(3)7
G2

F3 [ dP1

SU(3)2

F5 [ dP1

SU(3)4

F7 [ dP1

SU(3)6

F6 [ dP1

Sp(2)0

F3 [ P2 F6 [ P2

(F10 [ F0)�

SU(3)9

F1 [ dP6

SU(3) 5
2
+5F

Sp(2)+5F

F1 [ dP4

SU(3) 3
2
+3F

F1 [ dP3

SU(3)1+2F

dP8

SU(2) + 7F

dP7

SU(2) + 6F

dP6

SU(2) + 5F

dP5

SU(2) + 4F

dP4

SU(2) + 3F

dP3

SU(2) + 2F

dP2

SU(2) + 1F

dP1

SU(2)�

F0

SU(2)0

P2

(dP9)�

SU(2) + 8F

Rank 1 Rank 2

With O7+

(SU(3)0+1Sym+1F)�

SU(3) 1
2
+1Sym

Bl8F3 [ dP1

SU(3)�2+8F, Sp(2)+1AS+7F

(Bl9F4 [ F0)�

SU(3)� 3
2
+9F, Sp(2)+1AS+8F

F1 [ dP7

SU(3)3+6F
Sp(2)+1AS+5F

Bl2F1 [ dP4

SU(3) 1
2
+5F

[SU(2)+1F]⇥[SU(2)+2F]

Bl3F1 [ dP4

SU(3)0+6F
[SU(2)+2F]⇥[SU(2)+2F]

Bl2F1 [ dP5

SU(3)1+6F
[SU(2)+1F]⇥[SU(2)+3F]

Bl1F1 [ dP6

SU(3)2+6F, Sp(2)+6F
SU(2)�⇥[SU(2)+4F]

Bl1F1 [ dP5

SU(3) 3
2
+5F

SU(2)�⇥[SU(2)+3F]

Bl2F1 [ dP3

SU(3)0+4F
[SU(2)+1F]⇥[SU(2)+1F]

Bl1F1 [ dP4

SU(3)1+4F
SU(2)�⇥[SU(2)+2F]

Bl1F1 [ dP3

SU(3) 1
2
+3F

SU(2)�⇥[SU(2)+1F]

Bl1F1
X1[ dP2

SU(3)0+2F
SU(2)�⇥SU(2)�

(Bl5F1 [ dP6)�

SU(3)0+10F, Sp(2)+10F
[SU(2)+4F]⇥[SU(2)+4F]

Bl4F1 [ dP6

SU(3) 1
2
+9F, Sp(2)+9F

[SU(2)+3F]⇥[SU(2)+4F]

Bl3F1 [ dP6

SU(3)1+8F, Sp(2)+8F
[SU(2)+2F]⇥[SU(2)+4F]

Bl4F1 [ dP5

SU(3)0+8F
[SU(2)+3F]⇥[SU(2)+3F]

Bl3F1 [ dP5

SU(3) 1
2
+7F

[SU(2)+2F]⇥[SU(2)+3F]

Bl2F1 [ dP6

SU(3) 3
2
+7F, Sp(2)+7F

[SU(2)+1F]⇥[SU(2)+4F]

Bl7F2 [ F0

SU(3)� 5
2
+7F, Sp(2)+1AS+6F

[SU(2)+5F]⇥SU(2)�

(F2 [ dP7)�

SU(3)4+6F
Sp(2)+2AS+4F

G2+6F

Bl5F1 [ dP2

[SU(2)+4F]⇥SU(2)0

Bl4F1 [ dP2

[SU(2)+3F]⇥SU(2)0

Bl3F1 [ dP2

[SU(2)+2F]⇥SU(2)0

Bl2F1 [ dP2

[SU(2)+1F]⇥SU(2)0

Bl1F1
��X1�X2[ dP2

SU(2)�⇥SU(2)0

Bl8F3 [ P2

Figure 8: The above diagram, which appears in [18], displays the RG flows among rank 1

and rank 2 5dN = 1 theories triggered by mass deformations. The first and the second rows

in each box correspond to the geometric and the gauge theoretic descriptions respectively

of a 5d theory.

20
The parent theory in each branch is a 5d KK theory related to a 6d

theory on compactified on S1
. Unless otherwise indicated, the notation for the above

geometries D1 [ D2 is such that the gluing curve C12 = D1 \ D2 is always chosen to

be C12|D1 = E. Combined with the requirement of a specific Cartan matrix Cij(g), this
convention is sufficient to fix (up to automorphisms) the curve C12|D2 .
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monodromy cuts. It turns out that the 5d theories associated to two 5-brane webs related

by a Hanany-Witten (HW) transition induced by the movement of 7-branes through the

web are physically equivalent.

Since the (p, q) charges can be changed, on the side of CY geometry the self-intersections

of curves can be changed. A simple, yet illustrative example is the HW transition depicted

in Figure 10, where the HW transition converts an F0 theory to an F2 theory or vice versa.

The F0 theory of course engineers a perfectly consistent 5d theory on account of being

contractible, but the curve E ⇢ F2 is stuck at zero volume when mass parameters are

switched off, which is indicative of additional states that modify the BPS lattice but which

are decoupled from the interacting 5d sector that becomes strongly coupled in the UV. For

example, in [64] it is shown that the Nekrasov partitions of two theories related by an HW

transition differ by an overall factor which can be removed.

Geometrically, the most benign version of an HW transition is the addition of a �2

curve to the Mori cone. This is a complex structure deformation of D in the following

sense: Consider a surface D, and suppose D is blown up at two distinct points p1, p2, so

that Bl2D has two new Mori cone generators X1, X2 satisfying

´
Bl2D[Xi]2 = �1. Now blow

down X2 and move the point p2 into a special configuration p02, namely the configuration

where p2 ⇢ X1, and blow up Bl1D at that special point p02. The resulting surface Bl

0
2D

now has two new Mori generators, X1 �X2, X2, where

ˆ
D
([X1]� [X2])

2 = �2,

ˆ
D
[X2]

2 = �1. (135)

Consider now a 3-fold X defined by collection of surfaces, say D[D0
(where D0

may be

reducible) and suppose that there is a �2 curve C ⇢ D which does not intersect the gluing
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locus, i.e. C \ (D \D0) = 0. Then, with mass parameters switched off, one finds

vol(C) = 0. (136)

Clearly, X cannot be contractible. However, there is still a chance that X is shrinkable

provided that the volume of C can be made positive by switching on a mass parameter.

Thus isolated �2 curves are not an obstruction to shrinkability and it seems inevitable

that they are included in any analysis of 5d fixed points. In fact, the freedom to make

deformations that involve the introduction of �2 generators to the Mori cone seems to be

extremely useful for analyzing global symmetries. The reason global symmetries are related

to �2 curves is that a rational self-intersection �2 curve in a compact surface is a fiber (i.e.

self-intersection 0) in a non-compact surface, and hence behaves like a W-boson for a non-

dynamical symmetry. (In the brane picture, adjacent �2 curves are transversely separated

along stacks of parallel external 5-branes, which signal a flavor symmetry enhancement

when the �2 curves contract.) Thus to study global symmetry enhancements of a 3-fold X,

it may prove useful to work with a complex structure deformation X 0
in which a maximal

number of �2 curves are adjacent to one another.

A clear example of this principle is the del Pezzo series, dPn, which is known by various

arguments to have enhanced flavor en symmetry at the strong coupling fixed point. However,

by construction del Pezzo surfaces cannot contain any Mori cone generators with self-

intersection less than �1. Nevertheless, if the above discussion of �2 curves is accurate,

dPn should be physically equivalent to a complex structure deformation

f
dPn which has a

configuration of �2 curves exhibiting the global symmetry enhancement. Indeed, this is
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the case—see Fig. 9. For example, the cases n = 2, 3 are toric,

`� x1

x1

`� x1

`

dP1

`� x1 � x2

x2

x1 � x2

`� x1

`

g
dP2

`� x1 � x2 � x3

x3

x2 � x3

x1 � x2

`� x1

`

g
dP3

where we have

´
fdP

n

[`]2 = 1,
´
fdP

n

[xi] · [xj ] = ��ij . Note that the flavor symmetry enhance-

ment in ordinary del Pezzo was computed in [68] by a different, but related method in which

a basis of �2 curves can be shown to generate the automorphism group ofH2(dPn,Z), which

turns out to be the Weyl group for en. See also the discussion concerning global symmetries

in the appendix of [18].

6 Six Dimensional Theories on a Circle

Arguably the most important result to emerge from the classification of rank two theo-

ries is an improved geometric understanding of what happens when a theory saturates a

matter bound and becomes marginal. The key point that makes the geometry of marginal

theories accessible in this framework is the observation that the geometric procedure for

mass deforming a theory depicted in Fig. 7 can in principle be (non-uniquely) reversed.

To illustrate this, consider a collection of surfaces (Blp1D1) [i Di. Since the shorthand for

coupling certain types of matter is simply to blow up a surface at a point, one might ask

what kind of theory is obtained when the number of blowups on D1 is increased from p1

to p1 + 1 (assuming implicitly that a particular configuration of p1 + 1 points has been

selected.)

The expectation is that the procedure of coupling additional matter (i.e. blowing up
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2
x1 � x2

3
x1 � x2 x2 � x3

` � x1 � x2 � x3

4

x1 � x2 x2 � x3

` � x1 � x2 � x3

x3 � x4

5

x1 � x2 x2 � x3

` � x1 � x2 � x3

x3 � x4 x4 � x5

6

x1 � x2 x2 � x3

` � x1 � x2 � x3

x3 � x4 x4 � x5 x5 � x6

7

x1 � x2 x2 � x3

` � x1 � x2 � x3

x3 � x4 x4 � x5 x5 � x6 x6 � x7

8

x1 � x2 x2 � x3

` � x1 � x2 � x3

x3 � x4 x4 � x5 x5 � x6 x6 � x7 x7 � x8

Figure 9: Configurations of �2 curves in the complex structure deformations

f
dPn of del

Pezzo surfaces dPn which intersect in the pattern of en Dynkin diagrams. These config-

urations of �2 curves manifest the global symmetry enhancement which occurs when the

deformed del Pezzo surface contracts inside a 3-fold X. In the above diagram, the curve

` is has self-intersection

´
fdP

n

[`]2 = 1 and xi are �1 curves. The Mori cone generators are

represented by the nodes of the Dynkin diagrams, and the edges between the nodes indicate

intersections.
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⌦

⌦

⌦
⌦

Figure 10: Hanany-Witten transition induced by the movement of a 7-brane through a 5-

brane configuration. The 7-brane, indicate by ⌦, is extended in a real 3d space transverse

to the plane of the web and is pointlike in the plane of the web. The dashed line emanating

from the 7-brane marks a monodromy cut which is the result of a deficit angle created in

the transverse directions by the presence of the 7-brane; by conservation of (p, q) charge,

any 5-brane which crosses the cut must change its charge and hence its orientation in the

web. Geometrically, the result is that the surface F2 gets “deformed” to the surface F0.

However, HW transitions are believed to be leave the physics of the 5d UV fixed essentially

unchanged, as their only effect in this context is to introduce decoupled extra states to the

5d spectrum.

95



a surface Di) can only be performed finitely many times before some kind of pathology

develops, such as the emergence of an infinitely-generated BPS charge lattice. The more

important thing that happens to such theories is that in practice they develop a genus one

fibration structure, which according to the duality between M-theory and F-theory is a

clear signal that such theories cannot have a 5d UV fixed point. Recall that

M-theory on R1,4 ⇥XT 2 = F-theory on R1,4 ⇥XT 2 ⇥ S1
R (137)

where XT 2 is a T 2
fibered CY 3-fold with vol(T 2) = 1

R . The above duality implies that

if it is possible to identify a genus one curve E ⇢ X, then such a curve is responsible for

introducing an intrinsic scale to the theory which cannot be removed. Such theories are

anticipated to be 6d SQFTs compactified on S1
R, and are called 5d KK theories in reference

to the Kaluza-Klein scale R which is introduced as a byproduct of the compactification.

According a theorem [69, 59], a CY 3-fold has a genus one fibration structure if and

only if there exist an effective divisor DE such that

ˆ
X
[DE ]

3 = 0, ([DE ] · [DE ])X 6= 0. (138)

(Alternatively, the divisor DE could have the property that

´
X [DE ] · c2(X) 6= 0.) This

turns out to be the case for all of the rank one and two 3-folds X described in the previous

subsection which are anticipated to correspond to 5d KK theories. As a simple example,

consider the threefold X which a local neighborhood of the surface dP9 = Bl9P2
. The curve

class

[E ] = 3[L]�
9X

i=1

[Xi],

ˆ
dP9

[L]2 = 1,

ˆ
dP9

[Xi] · [Xj ] = ��ij , (139)
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is the class of an elliptic curve. The only surface which could play the role of the elliptic

surface DE is of course dP9 itself, which is easily seen to satisfy:

ˆ
X
[dP9]

3 =

ˆ
dP9

K2 = 0, ([dP9] · [dP9])X = K = �[E ]. (140)

Another example is the Z2 twisted circle compactification of 6d su(5)+10F which has 5d

gauge theory description so(7)+ 5F and in a particular phase corresponds to the geometry

D1 [D2 [D3 = F0 [ F6 [ F16,g=5. (141)

where D1 \ D2|D1 = F + 2E,D1 \ D2|D2 = E,D2 \ D3|D2 = 2H,D2 \ D3|D3 = E. A

straightforward computation shows that the Coulumb branch MC = {(2a, 2a, a)} where

a � 0 and hence the elliptic surface has divisor class

[DE ] = 2[D1] + 2[D2] + [D3]. (142)

which due to the gluings satisfies

ˆ
X
[DE ]

3 = 0, ([DE ] · [DE ])X = 2(�2[F1] + 8[F2]� [F3]). (143)

In view of this connection between matter bounds and 6d SQFTs, it was proposed in [18]

that all 5d SQFTs are descendants of (possibly twisted) compactifications of 6d SQFTs on

a circle, and that a potential classification strategy is to geometrically classify 5d KK and

study their subsequent rank-preserving RG flows.
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6.a Untwisted single tensor 5d KK theories

In [70], a concrete procedure for carrying out the classification of 5d fixed point theories

by studying rank preserving RG flows of 5d KK theories is described. The essential idea

is to first determine a local smooth 3-fold XE which can be associated to all single tensor

6d SQFTs, that is, to every UV complete 6d (1, 0) SQFTs whose tensor branch has real

dimension one. The single tensor 6d SQFTs form a significant fraction of the elementary

building blocks of more complicated 6d SQFTs, and can subsequently be “stitched together”

in an appropriate manner in order to construct more complex 6d SQFTs—see [4]. Since the

full landscape of 6d SQFTs is believed to be decomposable into configurations assembled

from these elementary building blocks, the full realization of this classification strategy is

to determine the precise rules for gluing together the local 3-folds XE in the M-theory

setting—this is discussed in [71].

The reason why it is believed that the program of studying rank preserving RG flows can

be made systematic is that the RG flows triggered by deforming �1 curves and tuning their

volumes to be infinitely large can be categorized into three different types. Consider a pair

of surfaces Di, Dj and let C ⇢ Di [Dj be a �1 curve. Then, there are three possibilities

to consider[70]:

• C does not intersect any junction Di \ Dj , in which case large mass deformations

sending the volume of C to infinity simply decouple matter after C is flopped into a

non-compact surface.

• C intersects a point on a junction Di \Dj ; this can only lead to flop transitions.

• C is part of some junction Di \Dj . In this situation, if Di, Dj are joined in a loop,

then it is possible to break one of the junctions in the manner depicted in Fig. 11.

In the following subsections, the mathematical background and computational methods
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C

D2

D1

C

0

D

0
2

D

0
1

D

0
2

D

0
1

Figure 11: Schematic picture of an RG flow which is done by shrinking a �1 curve that is a

curve of intersection between two surfacesD1, D2. This RG flow can only be rank-preserving

if the surfaces are joined in a loop of some sort.

necessary to realize this classification program are described in some detail. The reason this

is non-trivial is that topological information needs to be carefully extracted from resolutions

of singular elliptically fibered CY 3-folds. The main computations necessary to carry out

this classification can be divided into two types: computation of the triple intersection

numbers between surfaces Di, Dj , Dk in elliptic 3-folds, and the computation of the degrees

of the surfaces Di whenever they are ruled surfaces.

In order avoid cumbersome notation, the brackets used to distinguish a complex sur-

face D from its divisor class [D] are dropped, with the expectation that the distinction is

contextually clear. Furthermore, the following subsections adopt the shorthand

ˆ
X
[Di] · [Dj ] · [Dk] = (Di ·Dj ·Dk)X (144)

where the subscript X in the above expression is included only if the intersection ring in

which the computation is performed is ambiguous.
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6.b Tate form of the Weierstrass model

In favorable cases, the Weierstrass equation

P = y2z � (x3 + fxz2 + gz3) = 0. (145)

describing any local 3-fold which develops singular fibers of prescribed Kodaira type over a

curve C ⇢ B with C2 = �k can be brought into Tate form [53, 72]:

W0 = y2z + a1xyz + a3yz
2 � (x3 + a2x

2z + a4xz
2 + a6z

3) = 0 (146)

where again [x : y : z] are homogeneous coordinates defining the P2
fibers of a projective

bundle, z is a function on B, and x, y, an are sections of O(�2KB),O(�3KB),O(�nKB)

(KB is the canonical line bundle on B.) The sections f and g can be written as

f = �1

3

✓
a21
4

+ a2

◆2

+
a1a3
2

+ a4 (147)

g =
2

27

✓
a21
4

+ a2

◆3

+
a23
4

� 1

3

✓
a21
4

+ a2

◆⇣a1a3
2

+ a4

⌘
+ a6 (148)

and � can be computed using the explicit expression for the discriminant. The minimal

orders of vanishing of an for each Kodaira-Tate singularity type can be found in Table 4 of

[73].

The polynomial equation W0 = 0 cuts out a Calabi-Yau hypersurface X0 inside a rank

two projective bundle Y0 defined by [x : y : z] over B, where the generically singular limit

X0 is the 3-fold of the 6d theory, XE . Consider a compact holomorphic curve C defined by

the vanishing of a local coordinate e0 = 0, over which the orders of vanishing of the sections
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an are qn. The polynomial W0 then takes the form

W0 = y2z + a1,q1e
q1
0 xyz + a3,q3e

q3
0 yz2 � (x3 + a2,q2e

q2
0 x2z + a4,q4e

q4
0 xz2 + a6,q6e

q6
0 z3)

(149)

where an = eqn0 an,q
n

.

X0 is singular at e0 = 0 if the elliptic fiber over C is not of type I0, I1 or II. This can

be verified explicitly by noticing that the system of equations

W0|e0=0 = (@xW0)|e0=0 = (@yW0)|e0=0 = (@e0W0)|e0=0 = 0, (150)

which identifies a singularity along e0 = 0, admits a solution x = y = 0 whenever q3 � 1,

q4 � 1 and q6 � 2, which precisely happens whenever the Kodaira-Tate fiber type is not

equal to I0, I1 or II. To resolve the singularity, blowups are required.

6.c Blowups and resolution

Suppose the equation W (yi) = 0 describes a singular projective variety X ⇢ Y realized

as a hypersurface of an ambient projective space Y with homogeneous coordinates yi.

Furthermore, suppose that the singular locus of X is a subset of the complete intersection

g1(yi) = g2(yi) = · · · = gn(yi) = 0, where gi(yj) are homogeneous polynomials in yj . The

singular locus of X can then be partially resolved by blowing up the locus g1 = g2 = · · · =
gn = 0, which is designated the center of the blowup. A blowup can thus be described in

terms of its center (g1, g2, . . . , gn), and a section e whose zero locus e = 0 is the exceptional

divisor E of the blowup. This data is conveniently represented by the following succinct
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notation:

(g1, g2, . . . |e), (151)

which is shorthand for the substitution

g1 = eg01, g2 = eg02, · · · (152)

The blowup introduces a new ambient projective space Y 0 ! Y in which the locus g1 =

g2 = · · · = 0 of the original projective bundle Y has been replaced by a projective space

[g01 : g02 : · · · ] located at e = 0 in Y 0
. Note that unlike gi, g

0
i are merely variables defining

homogeneous coordinates and not polynomials in the coordinates yj of the ambient space

Y . In practice it is economical to abuse notation and simply use the symbol gi to refer to

g0i. In more precise terms, the loci g0i = 0 are the proper transforms of the loci gi = 0 under

the blowup map.

For simplicity, suppose gi = yi for some subset of the indices i. Then, substituting Eq.

152 into W , one writes

W = epW 0(yi) (153)

where the primes on the coordinates have been dropped and p is some number such that

e does not divide W 0
. Then one can replace X by the hypersurface X 0

defined by W 0 = 0

in Y 0
, where X 0

is the proper transform of X under the blowup. This procedure defines

a map of hypersurfaces X 0 ! X where X 0 ⇢ Y 0
is said to be the blowup of X along the

center g1 = g2 = · · · = W = 0 (note that center must intersect X).

Getting back to the original task at hand, the goal is then to obtain a smooth elliptic

fibration starting from X0 and performing a sequence of blowups which do not change the
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canonical class of the threefold,

Xr
f
r! Xr�1

f
r�1! · · · f2! X1

f1! X0, (154)

and such that for some choice of positive r < 1 the elliptic fibration Xr ! B is smooth.

Only then does one obtain a smooth 3-fold Xr = X̃E which is a suitable M-theory back-

ground. Let ni = |{g1, g2, . . . , gn
i

}| be the number of generators of the blowup center at

step i, and let ei = 0 be the resulting exceptional divisor. The proper transform Wi�1 = 0

is defined by

Wi�1 = epii Wi (155)

where ei does not divide Wi. To satisfy the Calabi-Yau condition one can show that the

following condition is necessary:

pi = ni � 1 (156)

Example: I2 model. Let us illustrate the above discussion with a simple example, namely a

singular elliptically fibered threefold characterized by a type I2 Kodaira fiber over a curve

C ⇢ B with (C2)B = �k. This geometry X0, designated the ‘I2 model’, can be realized

explicitly by the following Weierstrass equation:

W0 = y2z + a1xyz + a3,1e0yz
2 � (x3 + a2,1e0x

2z + a4,1e0xz
2 + a6,2e

2
0z

3) = 0. (157)

The above equation cuts out a hypersurface in the ambient 4-fold Y0 ! B whose fibers

have homogeneous coordinates [x : y : z]. By looking for solutions to the equations W0 =

@xW0 = @yW0 = @e0W0 = 0, one can easily show that the singular locus of X0 is

e0 = x = y = 0. (158)
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The singular 3-fold X0 can be resolved by blowing up Y0 along the above singular locus,

which entails making the substitution

(x, y, e0|e1) : x = e1x1, y = e1y1, e0 = e1e0,1. (159)

The new ambient space Y1 ! B has fibers with homogeneous coordinates [e1x1 : e1y1 :

z][x1 : y1 : e0,1]. The total transform of X0 under the blowup is described by the following

equation:

e21W1 = 0 (160)

where the zero locus of the section

W1 = y21z + a1x1y1z + a3,1e0,1y1z
2

� (e1x
3
1 + a2,1e0,1e1x

2
1z + a4,1e0,1x1z

2 + a6,2e
2
0,1z

3)
(161)

describes the proper transform X1. By showing that the equations W1 = @x1W1 = @y1W1 =

@e0,1W1 = @e1W1 = 0 have no solution, one can easily verify that X1 is smooth, and hence

X1 ! X0 is a resolution.

6.d Components of the resolved elliptic fiber

After the resolution, the elliptic fiber EC over any curve C in B splits into irreducible

components F i
C as

EC =
X

i

niF
i
C . (162)
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If the resolved fiber intersects according to the pattern of a Dynkin diagram gC , the EC

is the highest root of the algebra gC and the coefficients ni are the coefficients of the

linear expansion of EC in a basis of simple roots F i
C . The equations describing F i

C can be

obtained by studying the arithmetically irreducible components of ei = Wr = 0 where ei are

the proper transforms after all the blowups have been performed. Arithmetically irreducible

means that while factoring the equation, one keeps in mind that all the coefficients in the

equation are sections over C, and in particular, it may happen that the equation factorizes

if one treats the coefficients as numbers but does not if one treats them as sections. The

components obtained by treating these coefficients as numbers are called geometrically

irreducible but it is sometimes the case that only a subset of the geometrically irreducible

components are arithmetically irreducible. Stated differently, over a point on C, the fiber

degenerates into geometrically irreducible components; but as one moves over C, there can

be monodromies permuting a geometrically irreducible components among one another, and

then the collection of geometrically irreducible components invariant under the mondromies

is known as an arithmetically irreducible component. It is the arithmetically irreducible

components that become the fibers F i
C of the irreducible divisors Di

C .

These ideas are illustrated below for the I2 model in which case ei = Wr = 0 turns out

to be arithmetically irreducible. The singular fiber F of the resolved I2 model X1 ! B

splits into the following irreducible components:

F = F 0 + F 1, (163)

where the above components are defined by

F 0 : e0,1 = W1 = 0 =) a1x1y1z � e1x
3
1 + y21z = 0

F 1 : e1 = W1 = 0 =) �e20,1z
2a6,2 � e0,1x1za4,1 + e0,1y1za3,1 + a1x1y1 + y21 = 0.

(164)
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The two irreducible components F 0, F 1
intersect in two distinct points:

F 0 \ F 1 : e0,1 = e1 = y1(y1 + x1a1) = 0 ⇢ [0 : 0 : z][x1 : y1 : 0], (165)

as is illustrated by the following affine Dynkin diagram:

f0

F 0

f1

F 1

(166)

Observe that the above Dynkin diagram is the affine a1 Dynkin diagram associated to the

Lie algebra su(2).

As the irreducible components F i
C move over C, they sweep out complex surfaces in the

threefold Xr. Thus the fibral divisors define a natural basis of divisors in Xr which have

the structure of P1
bundles Di

C ! C (i.e. locally, these divisors are isomorphic to F i
C ⇥C).

In terms of the projection ' : Xr ! B, these divisors are the irreducible components of the

pullback

'⇤C =
rX

i=0

miF
i
C . (167)

Having explicitly computed a resolution Xr ! X0 of the singular threefold X0, it is now

possible to describe Xr as local neighborhood of a collection of transversely intersecting

surfaces [i,CD
i
C by computing the triple intersection numbers (Di

C · Dj
D · Dk

E)Xr

and the

degrees ni
C of Di

C .

6.e Computation of triple intersection numbers

A triple intersection number (Di
C ·Dj

D ·Dk
E)Xr

can be computed by pushing it forward to

intersection ring of B as outlined in [74]. Since the map ' : Xr ! B is a composition of
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blowdowns and the canonical projection of the elliptic fibration to the base, it is necessary

to determine the action of the pushforward associated to each of the maps comprising the

composition '.

The first type of pushforward map necessary to understand is the pushforward f⇤ asso-

ciated to a blowup f : Y 0 ! Y . Consider a blowup of Y along the center g1 = g2 = · · · =
gk = 0, which is assumed to be a complete intersection of hypersurfaces gi = 0 meeting

transversally in Y . Denote by Gi the classes of the divisors gi = 0, and let E be the class

of the exceptional divisor of f . Note that the divisor classes Gi do not depend on E. Then,

following from a collection of useful results in intersection theory (see for example [75]), it

turns out that the pushforward of an arbitrary power of the class E can be expressed as

f⇤E
p = (�1)k+1hp�k(G1, . . . , Gk)

kY

i=1

Gi (168)

where hi(x1, . . . , xk) is the complete homogeneous symmetric polynomial of degree i with

the convention that hi is identically zero for i < 0 and h0 = 1. An equivalent and possibly

more practical way of expressing the above fact is as follows:

f⇤E
p =

kX

j=1

MjG
p
j , Mj ⌘

Y

i 6=j

Gi

Gi �Gj
. (169)

Using this formula, computing the pushforward of any formal analytic function Q(E) =
P

QaE
a
in the intersection ring

21
of Y 0

is now straightforward:

f⇤Q(E) =
kX

j=1

MjQ(Gj). (170)

Observe that the pushforward eliminates the dependence on the exceptional divisor class

21More precisely, this ring should perhaps be thought of as the formal power series intersection ring.
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E.

The second type of pushforward map needed is the pushforward ⇡⇤ associated to the

projection ⇡ : Y0 ! B. It is noted here that ambient projective space Y0 is a rank 2

projective bundle P(V ) ! B where V = O�O(�2KB)�O(�3KB). Assuming that the P2

fibers of Y0 have homogeneous coordinates [x : y : z], denote by H the class of a hyperplane

P1
defined by ax+ by + cz = 0 in Y0.

The pushforward of any formal analytic function of H can be expressed as an analytic

function of the class �KB. This fact is a consequence of the properties of a particular type of

characteristic class called the Segre class s(V ) ⌘ 1/c(V ) where c(V ) = (1�2KB)(1�3KB),

where V is the tangent bundle of the rank 2 vector bundle V . By a theorem,

⇡⇤

✓
1

1�H

◆
= s(V ) =

1

c(V )
, c(V ) = (1� 2KB)(1� 3KB). (171)

Performing a formal power series expansion on the both sides of the above expression and

matching terms, one finds

⇡⇤1 = 0, ⇡⇤H = 0, ⇡⇤H
p+2 = (�2(�2)p + 3(�3)p)(�KB)

p
(172)

Given a formal power series Q(H) =
P

QaH
a
, by a straightforward computation one can

use the above formulas to show that

⇡⇤Q(H) = �2
Q(H)

H2

����
H=2K

B

+ 3
Q(H)

H2

����
H=3K

B

+
Q(0)

6K2
B

. (173)

The two types of pushforward maps described above permit the computation of the push-

forward of a triple intersection product in the intersection ring of a resolved elliptically

fibered Calabi-Yau threefold Xr ! B to the intersection ring of B. Since Xr is a hyper-
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surface of the ambient projective bundle Yr, it convenient to work in the intersection ring

of Yr in which the divisor classes Di can be expressed as intersections D0
i · [Wr], and where

D0
i =

P
aiEi. Let [Wr] denote the class of the divisor Wr = 0 in the intersection ring of

Yr. Then it follows that

(Di ·Dj ·Dk)X
r

= (D0
i ·D0

j ·D0
k · [Wr])Y

r

= Qijk(El, H,�KB)B (174)

where by definition

E0 = f⇤ � ⇡⇤C. (175)

In words, the above triple intersection product can be expressed as an analytic function Q

of the (appropriate pullbacks of the) divisor classes Ei, H,�KB. Using the fact that

f = f1 · · · � fr�1 � fr, (176)

one can use the properties of the pushforward maps ⇡⇤, fi⇤ described above to explicitly

evaluate the triple intersection (pullback notation is suppressed for clarity):

⇡⇤ � f⇤Qijk(El, H,�KB) = ⇡⇤ � f1⇤ � · · · � fr⇤Qijk(El, H,�KB) = Q0
ijk(C,�KB)B. (177)

Example: I2 model. Consider again the case of the I2 model, as an illustration of the

computation of triple intersection numbers using the methods described above. In this

case, there are two fibral divisors D0, D1 whose divisor classes in Y1 are

D0 = E0 � E1, D1 = E1, (178)
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where E0 = f⇤
1 �⇡⇤C. Consider, for example, the triple intersection number (D0 ·D0 ·D0)X1 .

Again suppressing pullback notation for clarity, one may write

(D0
0
3 · [W1])Y1 = (E0 � E1)

3(3H � 6KB � E1) (179)

= 2E4
1 + (�6E0 � 3H + 6KB)E

3
1 +

�
6E2

0 + 9E0H � 18E0KB

�
E2

1

+
��2E3

0 � 9E2
0H + 18E2

0KB

�
E1 + (�6E3

0KB + 3E3
0H).

(180)

First, use the fact that the divisor classes of the generators gi = 0 of the blowup center are

G1 = H � 2KB, G2 = H � 3KB, G3 = E0 (181)

to compute the pushforward of the above expression to the intersection ring of Y0 by making

the substitution Eq. 169, leading to:

f1⇤(D
0
0
3 · [W1])Y1 = E0H

3 +
��9E0KB � 4E2

0

�
H2

+
�
3E3

0 + 26E0K
2
B + 20E2

0KB

�
H

+ (�24E0K
3
B � 24E2

0K
2
B � 6E3

0KB).

(182)

Next, use Eq. 173 to compute

⇡⇤ � f1⇤(D0
0
3 · [W1])Y1 = �4(C ·KB + C2)B. (183)

Using adjunction, namely (K · C + C2)B = 2g(C) � 2 = �2, and the assumption that

(C2)B = �k, the above expression evaluates to

(D0 ·D0 ·D0)X1 = ⇡⇤ � f1⇤(D0
0
3 · [W1])Y1 = �4(C ·KB + C2)B = 4(2� k + k) = 8. (184)
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6.f Computation of degrees

In order to fully describe XE as a collection of transversally intersecting ruled surfaces, it

is necessary to determine the degrees of the surfaces.

6.f.1 Split case

Assume for now that the Kodaira fiber type is split. Since Di
C is a P1

bundle over C, it can

be expressed in terms of a projective line bundle Li
C over C:

Di
C = P[O � Li

C ] ! C, (185)

The degree ni
C of Di

C can be computed as

ni
C = (L0i

C · C)Di

C

(186)

where L0i
C is the divisor class dual to the pull back of line bundle Li to Di. One can use the

fact that the intersection product is invariant under the pushforward to the base to write

ni
C = (Li

C · C)B (187)

where

Li
C = aiCKB + biCC (188)
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for some integers aiC , b
i
C is the pushforward of L0i

C . Using the fact that C is a genus zero

curve of self-intersection �k in B, the degree of Si
C can be expressed as

ni
C = (C · (aiCKB + biCC))B = aiC(k � 2)� biCk. (189)

Example: I2 model. The resolved I2 model consists of two divisors D0, D1
associated to

the irreducible components F 0, F 1
of the resolved elliptic fiber F = F 0 + F 1

. The degree

of D0 can be computed as follows. First recall that F 0
is defined by

e0,1 = a1x1y1z � e1x
3
1 + y21z = 0 ⇢ [e1x1 : e1y1 : z][x1 : y1]. (190)

It is simplest to work in the affine open set x 6= 0 of the ambient space Y1. Using the fact

that the homogeneous coordinates are invariant under the following scaling,

[e1x1 : e1y1 : z][x1 : y1] ⇠= [�0e1x1 : �0e1y1 : �0z][�1x1 : �1y1] (191)

for �i 2 C⇥
(where above implicit use has been made of the scaling behavior e1 ⇠= ��1

1 e1),

one can set �0 = 1/z. Define x0 = x1/z, y
0 = y1/z, solve for e1

e1 =
y02

x03
+

a1y
0

x02
, (192)

and set �1 = 1/x0. Defining  = y0/x0, one finds F0 is locally parametrized by

[ ( + a1) :  
2( + a1) : 1][1 :  ]. (193)

There is an obvious regular map (i.e. a projection) of the above algebraic variety onto the
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following affine variety:

( ( + a1), 
2( + a1)) ⇢ C2. (194)

The above variety is a rational parametrization of a nodal curve by the parameter  . In

order to determine the divisor class L0 associated to the line bundle L0 of which  is a

section, one simply explicitly computes the divisor class [ ] associated to the hyperplane

 = 0 in terms of the classes generating the intersection ring, namely

L0 = [ ] = [x0/y0] = H + 2L� E1 � (H + 3L� E1) = �L = KB. (195)

Thus in this case it is not necessary to compute pushforwards; one easily determines degree

of D0
to be

n = k � 2 (196)

6.f.2 Non-split case

In the non-split fiber case, the divisor Di
C can be regarded as an siC-cover of a P1

bundle

over C ramified over a finite number of points where a subset of the distinct P1
fibers

collapse into a higher multiplicity P1
. In such cases, it is useful to interpret Di

C as a ruled

surface over a higher genus curve.

Suppose f : S ! C is a ramified s-cover a ruled surface p : S0 ! C. That is, suppose

S
⇡! S0 p! C. (197)

The above equation implies that one can find a factorization f = p � ⇡. In practice, when
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computing degrees, the actual object studied is the P1
bundle p : D0 ! C, and thus it is

necessary to understand how to use what is understood about the bundle D0 ! C to infer

properties of the bundle D ! C.

The key to understanding S as a ruled surface is a particular interpretation of the

projection f of the fibration as being a different composition of maps than the one described

above. This composition is called the Stein factorization [76]:

D
f 0
! C 0 ⇡0! C, (198)

where ⇡0 : C 0 ! C is a degree d map, and it is assumed that ⇡0
is a s-cover of C. There is a

theorem which guarantees the existence of a factorization f = ⇡0�f 0
under mild assumptions

about the nature of the morphism f : D ! C. Thus it ends up being the case that one can

use the Stein factorization of the projection f to interpret D as a ruled surface according

to the following commutative diagram:

D D0

C 0 C

⇡

f 0

⇡0

p
f

(199)

In other words,

f = p � ⇡ = ⇡0 � f 0. (200)

Below, it is described how compute the degree of such a surface along with the genus

of the curve defining the base of the fibration. Let ⇡ : S ! S0
be a (possibly branched)

s-cover of a ruled surface p : D0 ! C 0
over a smooth base curve C 0

of genus g0. Assume
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that the degree of D0
is �C 02 = n. Now let C = ⇡⇤C 0

be a (possibly branched) s-cover of

C 0
. Using the properties of the pushforward, it follows that the self-intersection of C is

C2
D = ⇡⇤(C

2)D0 = sC 02
D0 = �sn. (201)

Next, it is described how to compute the genus of C. Suppose the s-cover ⇡ : D ! D0

is branched along 2b fibers. Denoting by F 0
the class of a generic fiber of D0

and defining

F ⇢ D such that sF = ⇡⇤F 0
, the canonical class of D is given by

KD = ⇡⇤KD0 + b⇡⇤F 0. (202)

Using the fact that that KD0 = �2C 0 + (2g0 � 2� n)F 0
, it follows that

KD = �2⇡⇤C 0 + (2g0 � 2� n)⇡⇤F 0 + b⇡⇤F 0 = �2⇡⇤C 0 + s(2g0 � 2� n+ b)F, (203)

under the assumption (⇡⇤C 0 · F )|D = 1. Using adjunction and the fact that (C2)D = �sd

one finds that C has genus

g(C) =
s

2
(2g0 + b� 2 +

2

s
). (204)

The specific case of a double cover (i.e. s = 2) covers nearly every example of interest.

Setting s = 2 and assuming g0 = 0 we find

g(C) = b� 1. (205)

Hence S is a ruled surface over a smooth curve of genus b� 1.
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6.g Computation of the number of blowups

In the light of the above discussion, the fiber F i
C can be thought of as living in a ruled

surface D̃i
C over a curve of genus giC and which has been blown up at some number of

points, b0iC . In practice, in all of the examples, D̃i
C arises via self-gluings of a Hirzebruch

surface Di
C , and for the purposes of computing the Mori cone, it is better to work in terms

of Di
C rather than D̃i

C . To convert from the description Di
C to D̃i

C , one first performs 2giC

blowups on Si
C . Suppose further that they are paired up as xµ, yµ where µ = 1, · · · , giC .

Then we self-glue xµ ⇠ yµ for each µ. So the number of blowups biC carried by Di
C equals

biC = b0iC + 2giC (206)

The number of blowups can be determined via the triple intersection numberDi
C ·Di

C ·Di
C

which according to Eq. 99 is equal to (K 0i
C ·K 0i

C)Di

C

where K 0i
C is the canonical class of Di

C

modified by the curves used for self-gluing. In this case,

K 0i
C = (Ki

C) + 2
X

µ

(xµ + yµ) +
X

↵

x↵ (207)

where x↵,↵ = 1, · · · , b0iC describes the blowups not used for self-gluing. Using the fact that

Ki
C ·Ki

C = 8 for all Hirzebruch surfaces, one can show

biC = 8� 6giC � (Di
C)

3
(208)

Example: I2 model. Returning once again to the example of the I2 model, assume k = 2.

Applying the computational techniques in the above discussion make it possible to describe

the resolution X1 described in Eq. 161 as a pair of surfaces intersecting each other, namely

D0 [D1, where D0 = F0, D1 = Bl4F0 and the curves in D1 \D2 = C
(1)
12 + C

(2)
12 is given by
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F0

Bl4F0

C
(2)
12

F 0

C
(1)
12

X3

X4

F 1 �X3 �X4

X4

Figure 12: Geometry of the resolution X1 ! X0 of the 3-fold defined by a �2 curve carrying

a type I2 Kodaira fiber. Observe that the elliptic curve is the red curve E = F 0 + F 1 =
F 0 + (F 1 � X3 � X4) + X3 + X4. The brane web depicted in the above figure does not

correspond to a toric 3-fold because of the double gluing between the two surfaces.

C
(1)
12 |D0 = E,C

(i)
12 |D1 = E �X1 �X2 (and similarly for i = 2) where (X2

i )D1 = �1 are the

exceptional curves of the blowups; see Figure 12. This description is sufficient information

to identify the Mori cone of X1, from which flop transitions and (either rank preserving

or rank reducing) RG flows to 5d fixed point theories can be computed. See Figure 13 for

an example of a rank-reducing RG flow from 6d su(2) + 4F to a 5d su(2)✓=0. Having a

full list of descriptions such as this one for all single tensor 6d theories, along with the 5d

avatar of the gluing rules used to combine 6d theories (1, 0) together into more complicated

systems is the starting point for classifying RG flows which are anticipated to lead to an

extremely rich family of 5d theories. Although the classification could in principle be quite

complicated due to the complexity of the Coulomb branch phase, if the geometric structure

of the resulting smooth 3-folds is uniform enough then in principle the classification can be

automated and carried out algebraically.
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D0

D1

E

5d KK

‘

E

D0

5d theory

vol(E ) ! 1

Figure 13: Rank reducing RG flow of the 6d theory [su(4)]
su(2)
2 compactified on a circle, to

pure 5d su(2)✓=0. The dashed lines indicate periodic identification in the vertical direction.

5d KK
F0

—

—

Bl4F0 F1
—

—

Bl3F0

5d SCFT
F1—Bl3F0

flop flop

RG flow

Figure 14: Rank preserving RG flow of the 6d theory [su(4)]
su(2)
2 compactified on a circle,

to pure 5d su(2)✓=0. The double line notation connection pairs of surfaces indicates that

they are glued twice, while the single line in the notation F1—Bl3F0 for the 5d theory at

the end of the transitions indicates that the two surfaces are glued along a single line. The

dashed lines indicate periodic identification in the vertical direction.
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6.h Selected results

The main result of [70] is a description, in terms of a collection of intersecting surfaces,

of all rank one 6d (1, 0) theories compactified on a circle S1
, using the resolutions listed

in Table 18. Two sample results are presented below; for an exhaustive list of geometries

associated to rank one 6d theories on a circle, refer to [70], and see [71] for details about

the extension of this work to arbitrary rank.

6.h.1 g2 with (10� 3k) fundamental hypers

The F-theory construction involves of this theory involves a non-split I

⇤
0 Kodaira fiber over

a curve C ⇢ B with

´
B[C]2 = �k (a “�k curve”), where 1  k  3. The Tate model is

defined by

a1 = 0, a2 = 0, a3 = 0, a4 = a4,2e
2
0, a6 = a6,3e

3
0. (209)

Using the resolution (see also Table 18)

(x, y, e0|e1), (y, e1|e2), (210)

and the geometry for the KK theory turns out to consist of the following three surfaces (see

Appendix C.b): D0 = Fk�2, D1 = F4�k, D2 = F18�3k,g=10�3k, glued in a chain along the

curves indicates above the self intersection numbers towards the boundaries of the nodes:

0k�2

e or h

h or e

k � 2 2 � k 14�kk � 4 36 � 9k 218�3k,10�3k

e

3k � 18

e 3h

(211)
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For example, the restriction of the curve C01 = D0 \D1 to D1 is given by C01|D1 = E.

6.h.2 su(n) with one antisymmetric hyper and n+ 8 fundamental hypers

The F-theory construction involves a split In fiber over a �1 curve in the base. The Tate

models and their resolutions can be found in Table 18. For even n = 2m, the geometry is

(refer to the previous subsection for an explanation of the notation):

01

13
314

223
414

(2m� 3)1m+1

(2m� 1)2m+8
m+3

1

-3

3

-5

4

1

-1

-3

2

-4

3

m + 1

�m � 3

�m � 3

�m � 2

(2m� 2)1m+1

m + 1

�m � 1

h

h

h

h-x

h

h

e

e

e

e

h

e

e

0

f

-1

-1

x

-2

-1

e

f-x

-y

x

-1

-1f-x

x

h-x

-1

-1

-1

f-x

f-x

x

e-x

e-x

f-x

h+f-

P
xi

1

1

1

1

1

1

1

1

(212)

and for odd n = 2m+ 1 the geometry is given by:

01

13
314

223
414

(2m� 1)1m+2

1

-3

3

-5

4

1

-1

-3

2

-4

3

m + 3

�m � 3

2m2m+9
m+2

�m � 5

�m � 2

h

h

h

h-x

e

e

e

h

e

e

0

f

-1

-1

x

-2

-1

e

f-x

-y

x

-1

-1f-x

x

h-x

-1

h+f-x

h+f-

P
xi

x

e-x

e-x

f-x

1

1

1

1

1

1

1

(213)
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Group Kodaira Type Resolution

SU(2) I

s
2, I

ns
2 , III, IVns

X0 X1

(x, y, s|e1)

SU(3)
USp(4)
G2

I

s
3, IV

ns

I

ns
4

I

⇤ns
0

X0 X1 X2

(x, y, s|e1) (y, e1|e2)

SU(4)
Spin(7)

I

s
4

I

⇤ss
0

X0 X1 X2 X3

(x, y, s|e1) (y, e1|e2) (x, e2|e3)

Spin(8) I

⇤s
0 X0 X1 X2 X3 X4

(x, y, s|e1) (y, e1|e2) (x� xisz, e2|e3) (x� xjsz, e2|e4)

F4 IV

⇤ns
X0 X1 X2 X3 X4

(x, y, s|e1) (y, e1|e2) (x, e2|e3) (e2, e3|e4)

SU(5) I

s
4 X0 X1 X2 X3 X4

(x, y, s|e1) (x, y, e1|e2) (y, e1|e3) (y, e2|e4)

Spin(10) I

⇤s
1 X0 X1 X2 X3 X4 X5

(x, y, s|e1) (y, e1|e2) (x, e2|e3) (y, e3|e4) (e2, e3|e5)

E6 IV

⇤s
X0 X1 X2 X3 X4

X5X6

(x, y, s|e1) (y, e1|e2) (x, e2|e3) (e2, e3|e4)
(y, e3|e5)(y, e4|e6)

E7 III

⇤
X0 X1 X2 X3 X4

X5X6X7

(x, y, s|e1) (y, e1|e2) (x, e2|e3) (y, e3|e4)
(e2, e3|e5)(e2, e4|e6)(e4, e5|e7)

E8 II

⇤
X0 X1 X2 X3 X4

X5X6X7X8

(x, y, s|e1) (y, e1|e2) (x, e2|e3) (y, e3|e4)
(e2, e3|e5)(e4, e5|e6)(e2, e4, e6|e7)(e4, e7|e8)

SO(3) I

ns
2 X0 X1

(x, y|e1)

SO(5) I

ns
4 X0 X1 X2

(x, y, s|e1) (x, y, e1|e2)

SO(6) I

s
4 X0 X1 X2 X3

(x, y, s|e1) (y, e1|e2) (x, e2|e3)

Table 18: Blowup centers for crepant resolutions of various singular local elliptic CY 3-folds

characterized by a single C ⇢ B forming the reduced discriminant locus. Refer to Section

6.c for an explanation of the notation. This table is taken from [74], in which the above

resolutions are collected and used for the computation of various topological properties of

the resulting smooth elliptic threefolds.

121



7 Conclusion and Outlook

This thesis has presented a detailed account of recent advances in the study of 5d N = 1

supersymmetric quantum field theories, which include a new classification of candidate

5d gauge theories, a classification of rank two 5d UV fixed points (many of which are

non-Lagrangian), and recent work towards classifying circle compactifications of 6d (1, 0)

theories in anticipation of a systematic investigation of RG flows from 5d KK theories to 5d

fixed points. A recurring theme throughout these projects has been the refinement of the

correspondence between 5d supersymmetry-protected data and the topological properties of

the local Calabi-Yau 3-folds on which M-theory is compactified in order to construct these

theories. It has been shown that using the language of Calabi-Yau geometry to describe 5d

theories is advantageous both because Calabi-Yau compactifications constitute a framework

in which non-perturbative physics is manifest, and also because local Calabi-Yau 3-folds

modeled as neighborhoods of intersecting complex surfaces are arguably the simplest and

most flexible mathematical constructions of 5d theories due to their intrinsically combina-

toric nature. In this way, Calabi-Yau geometry has facilitated the analysis and exploration

of many supersymmetry-protected aspects of 5d theories, and continued work on clarifying

the relationship between geometry and physics in this setting will have many benefits.

While promising progress has been made, there is much work left to be done on the prob-

lem of classifying 5d UV fixed points as well as further developing the available geometric

tools for interpreting aspects of 5d theories. Regarding the first point, there is a currently an

ongoing effort to extend the classification of ordinary circle compactifications of 6d theories

to twisted compactifications, namely those for which the 6d fields are twisted by the action

of a discrete subgroup of the global symmetries upon transport around the compactifica-

tion circle. In particular, there is the possibility that such twisted compactifications have

a direct geometric interpretation in terms of genus one (as opposed to elliptically) fibered
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Calabi-Yau threefolds and it would be extremely useful to develop this interpretation, for

instance to make the study of twisted compactifications more systematic.

Regarding the second point, there are many aspects of 5d theories which are yet to be

completely understood in terms of Calabi-Yau geometry. One notable example is global

symmetry enhancements which occur at the UV fixed point, for which there is some evidence

of computability in terms of complex structure deformations which produce configurations

of intersecting �2 curves. However, there are many unanswered questions surrounding this

topic, such as how to construct symmetries associated to non-simply laced algebras, as well

as what conditions indicate the maximality of the symmetry enhancements.

Another aspect which warrants further investigation is the possibility of developing

techniques for computing the Nekrasov partition function (which captures BPS degenera-

cies) in terms of the description of a Calabi-Yau as a collection of intersecting surfaces,

perhaps along the lines of the refined topological vertex in the case of toric 3-folds. Yet

another future avenue to is study the connection between non-gravitational 5d SQFTs and

5d supergravity theories from the point of view of embedding local 3-folds into compact

Calabi-Yau 3-folds. The conjectural boundedness of Hodge numbers for compact Calabi-

Yau threefolds suggests that most consistent 5d theories identified according to the above

program actually do not admit a consistent coupling to gravity, and it would be interesting

to identify which theories can be coupled to gravity, as well as to use the existence of local

singularity structures in compact 3-folds corresponding to 5d SQFTs as a means to gain

insight into the non-gravitational sector of the corresponding supergravity theories similar

to [77]. Moreover, there is also the possibility of extending the geometric interpretations of

5d matter hypermultiplets described in this thesis to the more exotic matter representations

that appear in gravitational theories. Finally, it is worth mentioning that it may even be

possible to classify families of 3-folds (either compact or non-compact) by using consistency
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conditions on topological data, such as the triple intersection numbers, which are inspired

by the “building blocks” perspective of Calabi-Yau 3-folds that has been at the heart of

much of the work described herein.

A Lie Algebras and Weight Spaces

Much of the notation and content of the following section is adapted from [78]. In this

appendix only, note that summation over repeated indices is indicated explicitly for clarity,

and the components of vectors � belonging to the coroot space are expressed with lowered

index, �i.

A.a Root and coroot spaces

Let R ⇢ VR be a set of roots in the root space VR, and let V _
R be the coroot space dual

to VR. A subset S ⇢ R is called a system of simple roots if all elements e 2 S are linearly

independent and every root e0 2 R belongs to the nonnegative or nonpositive integer linear

span of S. A positive root is a positive linear combination of elements of S, and similarly for

negative roots. As suggested by this definition, there exists a partition R = R+ [R� [R0,

where R+ is the set of positive roots, R� = �R+ and R0 is the set of zero roots. To every

choice of S, one can associate a distinguished Weyl chamber W(S), where

W(S) = {� 2 V _
R | h�, ei � 0, e 2 S}. (214)

Simple coroots are defined by

↵_
i = 2

↵i

h↵i,↵ii , (215)
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where above h, i is the Euclidean inner product. The Cartan matrix is defined as:

Aij = h↵i,↵
_
j i = 2

h↵i,↵ji
h↵j ,↵ji ⌘ D�1

j h↵i,↵ji. (216)

An element of the

� =
X

i

�i↵
_
i (217)

For some computations, it is convenient to expand the simple roots in the Dynkin basis22,

or the basis of fundamental weights !i, as fundamental weights are canonically dual to

simple coroots. To illustrate this point, consider the inner product

h�,↵ii =
X

j,k

�jAikh↵_
j ,!ki =

X

j,k

�jAik�jk =
X

k

Aik�k. (218)

We can apply the same logic above to the scalar product as applied to two coroots:

h�,�i =
X

i,j

�i�jh↵_
i ,↵

_
j i =

X

i,j

�jD
�1
j Aji�i ⌘

X

i,j

�jhji�i, (219)

where in the above equation we have defined the metric tensor

(h�1)ij = (A�1)ijDj . (220)

Therefore, the vector multiplet scalars for the classical kinetic term can be said to be in the

(canonical dual of the) Dynkin basis when the quadratic form is given by the inverse of the

Lie algebra metric tensor in Eq. 220.

22Note that the rows of the Cartan matrix (A
ij

) are the simple roots in the Dynkin basis.
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A.b Changing from Dynkin to orthogonal basis

In some cases, we find it more convenient to work in the orthogonal basis. Therefore,

for reference we derive the linear transformation necessary to express the coroot � in the

orthogonal basis, given an expansion of � in terms of simple coroots ↵_
i .

To begin, recall that the Dynkin basis is canonically dual to the basis of simple coroots

in the following sense

h↵_
i ,!ji = �ij , (221)

In matrix form, the above equation reads

A⌦t = I, (222)

where we define ⌦ through the following relation:

⌦ = (AAt)�1A. (223)

Note that the rows of the above matrix ⌦ are the fundamental weights, where ⌦ can be

viewed as a change of basis matrix from the orthogonal basis to the Dynkin basis:

!i =
X

j

⌦ij êj . (224)

The matrix ⌦ will be useful in the following derivation.

In order to determine the correct change of basis for �, we will first convert the simple

roots ↵i to the orthogonal basis, using the Dynkin basis as an intermediate step. Expanding
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↵i, we find

↵i =
X

j

Aijwj =
X

j,k

Aij⌦jkek, (225)

where êk is a standard basis vector. By inverting ⌦ and exploiting the canonical pairing

between simple coroots and fundamental weights, we notice that we may write:

h�, êki =
X

i,l

(⌦�1)kl
⌦
�i↵

_
i , wl

↵
=
X

i

(⌦�1)ki�i, (226)

where ⌦�1
is the pseudo-inverse of ⌦. Therefore, the inner product between � and a simple

root must satisfy the following equation:

h�,↵ii =
X

k

0

@
X

j

Aij⌦jk

1

A
 
X

l

(⌦�1)kl�l

!
=
X

j

Aij�j . (227)

In the above equation, one identifies

eAik =
X

j

Aij⌦jk (228)

as the components of the matrix whose rows are the simple roots in the orthogonal basis.

Therefore, it must be the case that the coroot is expressed in an orthogonal basis as

�i =
X

j

⌦ij
e�j . (229)

In practice, the following notation is used:

ai ⌘ e�i. (230)
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Note that the above notation is consistent with commonly used notation in the literature.

A.c Lengths of weights, quadratic Dynkin index of a representation

In this section, we expand roots and weights in a basis of simple roots ↵i=1,...,r
G

(this basis

is referred to as the ↵-basis in [78]). The length23 l(e) of a root e =
P

i ei↵i is defined as

follows:

l(e) =
X

i

ei. (231)

By linearity, we can extend this notion to weights w =
P

iwi↵i:

l(w) =
X

i

wi. (232)

The lengths of the weights of an irreducible representation R(w+) with highest weight w+

are related to the quadratic Dynkin index c
(2)
R(w+) (also referred to as simply ‘the index’ of

the representation R(w+)) [79]:

c
(2)
R(w+) =

dim(R(w+))

dim(G)
hw+, w+ + 2�i = N(g)

X

w2R(w+)

l(w)2, (233)

where in the above expression

� =
1

2

X

e2R+

e. (234)

23In [78], the ‘length’ of a root or weight is referred to as the ‘height’.
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For classical Lie algebras g, the normalization constant C(G) is chosen so that the index of

the fundamental representation is equal to 1:

N(g) =
1P

w2F l(w)2
. (235)

However, a different normalization is chosen for the exceptional Lie algebras.

B Bound on Matter Representation Dimension

In our classification, we assume that the dimension of the largest matter representation (or

half-dimension, in the case of pseudoreal representations) is no larger than the dimension

of the adjoint representation. In this section, we explain why this assumption is implied

by Assumption 3 in, which asserts that the prepotential must be positive on the entire

fundamental Weyl chamber.

There exists a point �⇤
in the fundamental Weyl chamber where the inner products

e · �, w · � are equal to the lengths of the corresponding root or weight. This can be

understood as follows. In a basis of simple roots, the inner product e · � may be expressed

as:

e · � =
X

i,j

ei�jh↵i,↵
_
j i =

X

i,j

ei�jAij , (236)

and a similar expression holds for w · �. The conditions placed on � parametrizing the

fundamental Weyl chamber W(S) thus translate to the following inequalities:

X

j

Aij�j � 0. (237)
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Evidently, it is always possible to find a solution �⇤
to the equation

X

j

Aij�j = 1 for all i, (238)

since the only constraint on the coefficients

P
j Aij�j is that they be non-negative, and a

Cartan matrix is by definition nonsingular. At this point �⇤
, we find

e · �⇤ =
X

j

ej = l(e), w · �⇤ =
X

j

wj = l(w). (239)

Therefore, at infinite coupling 1/g20 = 0, the prepotential evaluated at this point �⇤
is

proportional to

6F(�⇤) =
X

e2roots
|l(e)|3 �

X

w2R
f

|l(w)|3 (240)

and the classical CS term

X

w2F
(w · �⇤)3 =

X

w2F
l(w)3 = 0. (241)

The difference of sums in Eq. 240 is negative if

c
(2)
adj < c

(2)
R

f

. (242)

(In the case of pseudoreal representations, replace c
(2)
R

f

with

1
2c

(2)
R

f

.) To see this, assume that

the above inequality holds, and observe that l(w) 2 1
2Z for any weight w, and therefore up
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to an overall constant, the quadratic indices

c
(2)
R

f

=
X

w2R
f

n2
w, c

(2)
adj =

X

e2adj
n2
e, (243)

where nw 2 Z�0. We therefore find that the quadratic indices are proportional to sums

of squares of positive integers. If the above sums satisfy the inequality in Eq. 242, then

it must also be true that the sums of cubes n3
w, n

3
e satisfy the same inequality. But the

sums of the cubes of these positive integers are proportional to the sums of the cubes of the

lengths. Therefore, it follows that Eq. 240 must be negative, which violates the condition

imposed by Assumption 3 at the point �⇤
.

One can verify that dim(Rf ) > dim(adj) implies that c
(2)
R

f

> c
(2)
adj, which justifies the

exclusion of matter representations with dimension greater than that of the adjoint from

our classification.

C Some Intersection Theory

For clarity of notation, in this appendix the bracket notation distinguishing the class of a

divisor [D] or curve [C] from the divisor D or curve C itself is dropped. Furthermore, the

intersection product in the intersection ring of a space X is denoted by (C ·C 0)X or simply

C · C 0
when the meaning is clear.

C.a Some useful geometric notions

Let X be a smooth projective variety. The set of all curve classes in X with holomorphic

representatives is called the Mori cone, where two representatives are regarded as equivalent

if they have identical intersection numbers with all divisors of X. The Mori cone can be

represented as the real span of a set of generators Cµ; consequently, an arbitrary curve C
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with holomorphic representative can be expressed as a non-negative linear combination of

these generators:

C = aµCµ, aµ 2 Z�0, (244)

Note that Cµ themselves are linear combinations of a basis Ci of all (possibly non-holomorphic)

curve classes. The dual of the Mori cone (in the sense of convex geometry) is called the nef

cone, and consists of all divisors D such that

(D · C)X � 0 (245)

for all C belonging to the Mori cone of X.

Let X = S be a surface with canonical class K. Suppose ⇡ : S0 ! S is the blowup of

S at a single point p on a curve C, and assume that C has multiplicity m at p. Then the

proper transform C 0
of C in S0

is denoted by

C 0 = ⇡⇤(C)�mE. (246)

Moreover, the canonical class K 0
of S0

can be expressed in terms of K,S as

K 0 = ⇡⇤K + E. (247)

Finally, consider gluing a surface S to itself by identifying two curves C1, C2 2 S. This

induces a birational map ⇡ : S ! S0
. The canonical class K 0

of S0
is then given by

⇡⇤K 0 = K + C1 + C2. (248)
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Pullback maps are left implicit when the context is clear.

C.b Ruled surfaces

A ruled surface Fn,g is a projective surface which can be viewed as a P1
bundle Fn,g ! e

over a curve E with genus g and degree n = �(E2)F
n,g

. When g = 0, Fn,0 ⌘ Fn =

P[O�O(�n)] ! E is a Hirzebruch surface. The Mori cone of Fn,g is the positive real span

of the curve classes E,F , namely all curves of the form

aF + bE, (a, b) 2 Z2
�0, (249)

where

(E2)F
n,g

= �n, (E · F )F
n,g

= 1, (F 2)F
n,g

= 0. (250)

It is also useful to define the curve class

H = E + nF, (H2)F
n,g

= n, (H · F )F
n,g

= 1, (H · E)F
n,g

= 0, (251)

in terms of which the canonical class is

K = �2E � 2F = �2H + (2g � 2 + n)F. (252)

(Note that the canonical class can be derived by starting with the parametrization K =

aF +bE and then demanding that adjunction is satisfied for curves of known genus.) Given

a curve C = aE + bE, the genus g(C) can be expressed as a function of the genus and self-
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intersection of E using the adjunction formula:

2g(C)� 2 = ((K + C) · C)F
n,g

= 2a(b� 1) + b(�bn+ 2g + n� 2). (253)

C.c Total transforms versus proper transforms

This subsection explains the distinction between the total and proper transforms of a curve

in a surface, along with what this distinction implies about self-intersections of curve classes.

Let f : S0 ! S be the blowup of a surface S at a point p 2 S. The exceptional divisor of

this blowup is a curve E ⇠= P1
. Now, consider a smooth curve C ⇢ S which passes through

the point p. By construction,

f⇤(C) = C 0 + E, f⇤(C
0) = C, f⇤(E) = 0. (254)

The curve C 0
the proper transform of C, and the curve f⇤(C) is the total transform of the

curve C. Informally, the proper transform can be thought of as the inverse image of all

parts of the curve C away from the blowup locus. More formally, C 0
is the closure (in the

Zariski topology) of the curve f�1(C � {p}). The total transform, by contrast, is simply

the inverse image of the entire curve C.

What is the self-intersection of the curve C 0
in S0

? Observe that the curve C 0
meets E

transversally at one point and hence we have

(C 0 · E)S0 = 1. (255)

Using the above, it follows from a useful result called the projection formula that

0 = f⇤(f⇤(E) · C)S = (E · f⇤(C))S0 = (E2)S0 + (E · C 0)S0
(256)
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and hence

(E · f⇤(C))S0 = 0, (E2)S0 = �(E · C 0)S0 = �1. (257)

Therefore, one may write

(C 02)S = (f⇤(C)� E)2S0 = (f⇤(C))2S0 + (E2)S0 � 2(f⇤(C) · E)S0 = C2
S � 1. (258)

Thus the self-intersection of the curve C 0
is reduced by 1. For convenience, pushforward

and pullback notation is often suppressed, and one simply writes

C 0 = C � E, (259)

keeping in mind that (C · E)S0 = 0. This construction has a simple generalization to the

case where several points pi 2 S are blown up. Let C be a curve which passes through each

point pi with multiplicity mi. Then the proper transform of C is

C 0 = C �
X

miEi, (260)

where (C · Ei)S0 = 0, (E2
i )S0 = �1.
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