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Abstract

The Unique-Games Conjecture (UGC) [1] is a central open-question in theoretical computer sci-

ence. If true, it implies optimal inapproximability results for everyMax-CSP. Despite impressive

recent progress towards the conjecture [2, 3, 4, 5, 6] there are no candidate instances for everyMax-

CSP that would saturate the integrality gap of Raghavendra’s “UGC-optimal” Semi-Definite Pro-

gram (SDP) [7]. In parallel, though it is known that reducing the factoring problem toMax-3-SAT

can yield an efficient quantum algorithm for approximating conjectured classically hardMax-CSP

instances [8], no “natural” family of Max-CSP instances are known to give quantum advantage.

Furthermore, it is an open-question whether efficient quantum algorithms can approximate Max-

CSPs better than classical polynomial time algorithms on instances that saturate the integrality gap

of Raghavendra’s SDP [8]. A natural complementary starting point, therefore, is to investigate the

complexity landscape of random instances of sparseMax-CSPs.

In this thesis, we make progress in understanding the complexity landscape of suchMax-CSPs. We

prove that random instances of allMax-CSPs exhibit solution-space geometries akin to those of ob-

jects from statistical physics calledmean-field spin glasses [9]. As a consequence of this connection,

the optimal number of clauses satisfied by typical instances of suchMax-CSPs can be expressed as a

function of the ground state energy density of the related mean-field spin glass.

Complementing this connection, we prove that certain solution-space geometries, called overlap-gap
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properties [10], continue to obstruct larger families of algorithms such as local quantum algorithms

and overlap-concentrated algorithms on typical instances of suchMax-CSPs [11, 12]. We provide the

exact approximation ratio at which the obstruction occurs, using a result of Huang and Sellke [13].

In the absence of overlap-gap properties, we give unifying sum-of-squares (SoS) relaxations using

novel maximum-entropy constraints for optimizing mean-field spin glasses on the sphere that match

the conjectured optimal value achievable by any efficient algorithm [14]. This relaxation can certify

the correct energy of the instances (with high probability) in the full-Replica Symmetry Breaking

regime, providing an efficient algorithmic proof of the Parisi formula on the sphere in this regime.

In doing so, we circumvent prior certification lower-bounds against the standard SoS hierarchy

on these problems [15] and provide a proof template to obtain low-degree SoS certificates for the

spectral statistics of certain randommatrices under the appropriate entropy constraints.

Our work adds to the growing body of recent results linking variants of the overlap-gap property to

algorithmic hardness for increasingly powerful families of algorithms. Additionally, our work gives

explicit negative results for quantum advantage on random optimization problems using NISQ

algorithms and ports over various statistical physics concepts into the sum-of-squares framework,

yielding further fine-grained understanding of the complexity landscape of typical instances of

sparse Max-CSPs.

iv



Contents

Title Page i

Copyright ii

Abstract iii

Table of Contents v

Dedication vii

Acknowledgements viii

1 Introduction 1

2 Preliminaries 4
2.1 Random constraint satisfaction problems (CSPs) . . . . . . . . . . . . . . . . . 4
2.2 Mean-field spin glasses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Solution geometry of optimization problems . . . . . . . . . . . . . . . . . . . . 16
2.4 Fourier analysis on the hypercube . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.5 Concentration inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.6 Local algorithms & Coupled interpolations . . . . . . . . . . . . . . . . . . . . 23
2.7 Sum-of-Squares Optimization: Proofs-to-Algorithms . . . . . . . . . . . . . . . 29
2.8 High-Dimensional Gaussian Distributions . . . . . . . . . . . . . . . . . . . . . 32
2.9 Real Polynomials: Linear Representations and Smooth Approximation . . . . . . 33
2.10 GraphMatrices and Schatten Norm Bounds . . . . . . . . . . . . . . . . . . . . 48
2.11 RandomWalks and the Semi-Circle Law . . . . . . . . . . . . . . . . . . . . . . 54

3 Obstructions for Local QuantumAlgorithms on RandomMax-CSPs 58
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.3 Generic p-local algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

v



3.4 Concentration Analysis for Generic Local Algorithms . . . . . . . . . . . . . . . 68
3.5 StrengthenedMcDiarmid’s Inequality for biased distributions . . . . . . . . . . . 86
3.6 Vanishing Neighborhoods of Sparse RandomGraphs . . . . . . . . . . . . . . . 91

4 RandomMax-CSPs inherit hardness from Spin Glasses 97
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
4.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.3 Concentration Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.4 Sparse and dense models have the same free energy . . . . . . . . . . . . . . . . . 107
4.5 Overlap gaps in a randomMax-CSP . . . . . . . . . . . . . . . . . . . . . . . . 120
4.6 Implications for algorithmic hardness . . . . . . . . . . . . . . . . . . . . . . . 124

5 Sum-of-Squares Relaxations for Spherical Spin Glasses 136
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
5.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
5.3 Spin-Glass Principles for Sum-of-Squares Programs . . . . . . . . . . . . . . . . 158
5.4 Discretized fRSB Constraints via Fourier Analysis of Gaussians . . . . . . . . . . 183
5.5 Low-Degree Polynomial Approximation of Top-Eigenspace of Hessian . . . . . . 190
5.6 Feasibility, Rounding and Optimality . . . . . . . . . . . . . . . . . . . . . . . 221
5.7 Sum-of-Squares Proofs for Commutative Analytic Inequalities . . . . . . . . . . 229
5.8 Sum-of-Squares proofs for Non-Commutative Analytic Inequalities . . . . . . . 245
5.9 Semi-Definite Encodings &Maximum Entropy Constraints . . . . . . . . . . . . 255
5.10 Matrix Sum-of-Squares Proofs: Truncated Pre-orderings and Convex cones . . . . 261

References 273

vi



Tomy maternal grandmother, my late grandparents & father-in-law, and my
sports coaches (gurus).

vii



Acknowledgments

Graduate school is not for the faint of head or heart, and successful completion not only relies on
one’s own intellectual prowess and effort, but also on constant support and guidance from one’s
advisor(s), teachers, collaborators, family and friends.

My first and foremost gratitude is to my advisors, Professors Peter J. Love and Boaz Barak. They
have given me limitless intellectual freedom, constant encouragement and timely advice. I am espe-
cially grateful to Peter for accepting me when I was devoid of much knowledge or skill, and giving
me the question that was the starting point for this thesis:

What rigorous statements can be made about the performance of theQAOAp algorithm at shallow
depth?

Many thanks are also owed to Professor Madhu Sudan for always encouraging me to improve my
communication skills and teaching three wonderful classes during my time as a graduate student.
I am also grateful to Prof. Anurag Anshu for serving on my committee and asking many poignant
questions. I would like to extend a special acknowledgement to Prof. SueYeon Chung for repeatedly
hosting me at the Simons foundation, offering wonderful advice about research, and introducing
me to a set of problems at the intersection of statistical physics and machine learning that are ripe
for mathematical analysis. The theory group at Harvard and the quantum information group at
Tufts have provided a great atmosphere, with plenty of free food and intellectual stimulation. I’d
like to thank Yifei Huang, Chi-Ning Chou, Kai Wang, Thibaut Horel, Eric Lu, David Holland and
JonathanWurtz for keeping me on my toes and being wonderful company.

My next debt of gratitude is owed to my wife, Jimin Lee, who has silently and consistently sup-
ported me through this journey. She has inspired me with her work-ethic, selflessness and artistic
delicacy. Her mere presence in my life has been inspiring, motivating and uplifting.

I was fortunate to be born to my parents and cannot repay them for all they have taught and given
me - values, work-ethic, discipline, courage and the freedom to chase my dreams. They have lived
their lives as a testament to all the teachings they have conferred upon me. I am also fortunate to
have had my sister as a confidant, and have been the selfish beneficiary of her assistance and advice
on innumerable occasions.

viii



At regular intervals, I have had the warmth and support of Benjamin Cohen andMichaela-Shtilman
Minkin, who have provided their respective abodes as sanctums so that I may enjoy a home-cooked
meal reminiscing about the “old days” at Kensho.

I owe all my collaborators a lot for teaching me, but I am especially grateful to Jonathan Shi for
being a mentor, intellectual companion and friend, all at the same time. It is with Jonathan that I
carved out a research vision from the starting point that Peter provided me, the first steps towards
which are taken in this thesis. I will fondly remember the innumerable ten-hour long zoom white-
board sessions over the course of the last three years, during which we have proved theorems on top-
ics as diverse as high-dimensional probability, combinatorics, randommatrices, sum-of-squares, and
matrix & functional analysis. In this journey of developing our own research questions, learning the
requisite mathematics, and then answering (some of) these by developing new tools, I have matured
as a researcher together. Meaningful connections are often formed when people take on intense and
grand journeys of craft together, and I am fortunate to have had the pleasure of starting one at such
a critical stage with Jonathan.

Unbounded bows of humility are owed to my middle-school and high-school teachers Mrs. Jain,
Mrs. Pant, Mrs. Nigam, Mrs. Menezes, Mrs. Chatterjee, Mrs. D’Souza andMrs. Arora, along
with a general debt of fortune at having had my character shaped by my alma-matter, St. Columba’s
School in NewDelhi, India.

My last salutations are reserved for my sports coaches and fellow trainees back in India. Competitive
sports marked some of the most wonderful days of my childhood, full of purpose, energy, passion,
healthy competition and a single-minded drive and focus to increase one’s skills and strength. The
lessons I learned from the training sessions and tournaments have helped me through life in gen-
eral, and my journey through graduate school in particular. Even though I failed to become a good
athlete, I hope my coaches will take some solace in knowing that the wisdom in their teachings has
given me the ability to begin carving out a path in another area of human enterprise.

ix



1
Introduction

This thesis attacks the following central question:

How powerful are certain families of algorithms for random optimization problems?

Two particular family of such problems whose mathematical properties have been rigorously and

intensively examined in the literature are those of random (max)-constraint satisfaction problems
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(Max-CSPs) and the so-called “mean-field spin glass” problem [16, 17, 18, 19, 20, 21, 22]. The for-

mer problems are canonical in theoretical computer science, as a large family of them are known to

beNP-complete on worst-case instances. The latter problems have become ubiquitous in statistical

physics and spin glass theory over the last many years, as they are a relaxation of models invented to

describe the low-temperature behavior of certain magnetic alloys. For constraint satisfaction prob-

lems, the goal is to find an underlying input to the variables thatmaximizes the number of satisfied

clauses, and the goal of the spin glass problem is to find an underlying configuration of “spins” (as-

signments) to electrons (variables) thatminimizes the ground state energy (cost function). As it

turns out, mathematical ideas that were developed to study the theory of spin glasses, both by math-

ematicians and theoretical physicists, can also be applied (with certain caveats) to try and understand

the theory of randomMax-CSPs [23, 24]. Two questions that then naturally follow are:

1. How general is the mathematical connection between these two family of problems?

2. What are the algorithmic consequences (if any) of such a connection (if one exists)?

Both these questions have been previously studied. For instance, it is known that the size of the

maximum-cut in random d-regular graphs can be linked to the Sherrington-Kirkpatrick spin-glass

model [24], and a similar connection is known for the randommax-k-SAT problem (with a differ-

ent spin-glass model) [25]. Similarly, in a line of work initiated by Gamarnik and Sudan [26], it has

been shown that various families of algorithms, such as local classical algorithms and low-degree

polynomials, are obstructed from computing arbitrarily good solutions for certain spin glass models

and randomMax-CSPs [13, 27, 28, 29, 30, 10]. The core contributions of this thesis are to further

our understanding of both these questions by:

1. Demonstrating that local quantum algorithms, which are strict generalizations of local clas-

sical algorithms, are obstructed on any randomMax-CSP that exhibits a certain form of
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“clustering” of near-optimal solutions (called the overlap-gap property). This result relies on

introducing a new family of local algorithms that generalize local classical algorithms, and

showing that they are “stable” (in a precise sense).

2. Showing that a large family of randomMax-CSPs posses such a solution-space geometry, and

that it can be used to obstruct a larger family of algorithms (called “overlap-concentrated”

algorithms [13]) up to a precise constant. This result follows by strengthening the technique

that connects various randomMax-CSPs to different spin glasses.

3. Proving that there exists a low-degree sum-of-squares proof that certifies the optimal value

(to arbitrary precision) for certain spin glasses on the sphere under the requisite entropy

constraints. This result introduces a new semi-definite optimization hierarchy, which is well

suited to give certificates for random optimization problems with a large number of solutions

when they are “well spread-out” over the underlying domain.

The remainder of this thesis is organized with an introductory chapter on the preliminaries (Chap-

ter 2), followed by chapters that detail the aforementioned results in chronological order (Chap-

ter 3, Chapter 4, Chapter 5). Each chapter begins by providing motivation for the problem studied,

a review of the relevant prior literature, and a statement of the main results along with the key ideas

used in proving them.
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2
Preliminaries

2.1 Random constraint satisfaction problems (CSPs)

A CSP instance, denoted I , consists of n variables and a set of constraints, denoted E(I). In a ran-

dom CSP instance, the constraints E(I) are drawn from a distribution Λ on functions f : Σk → R.

Definition 2.1.1 (Instance of a randomCSP). Let Λ be a distribution on functions f : Σk → [−1, 1]
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with alphabet Σ = {±1}. Fix a constant α > 0. Then, a random CSP over n variables {σi}ni=1 and

m = αn clauses is generated by: for each i = 1, . . . ,m, draw i1, . . . , ik uniformly i.i.d from [n],

draw f ∼ Λ, draw k random signs εi uniformly i.i.d from {±1}, and add the constraint e to E(I),

describing the clause fe(σe) := f(ε1σi1 , . . . , εkσik).

Remark 2.1.2. The canonical case is to take Λ which is supported on a single predicate f : Σk →

{0, 1}. For example, the OR predicate corresponds to kSAT. Our proofs apply to the more general set-

ting of Definition 2.1.1, but it does not apply to |Σ| > 2 or instances without random signs. Note that

the constraints are scaled so that the output of f is always in the interval [−1,+1]. Predicates of mixed

arity may be simulated using k-ary predicates that ignore some input variables.

We denote this randommodel as CSPΛ(α). We study the highly unsatisfiable regime; for example,

one can think of α$ exp(k).

In this work, we use the language ofHamiltonians. In other settings this quantity may be called the

objective function, the value, or the score of the assignment.

Definition 2.1.3 (CSP Hamiltonian). Consider a CSPΛ(α) instance I on [n]. For any input σ ∈

{±1}n let

Hα(σ) = 1
α
∑

e∈E(I)
fe(σe) . (2.1)

Remark 2.1.4. We divide by α so that, regardless of the value of α, the value of the Hamiltonian is in

the same interval [−n,+n].

Definition 2.1.5 (Optimal value of a CSP instance). Define the maximum or optimal value of a

5



CSPΛ(α) instance I by:

vI =
1
n max

σ∈{±1}n
Hα(σ) . (2.2)

When the predicates in the CSP are 0/1-valued, the maximum value of a CSP instance I is the maxi-

mum possible fraction of constraints that can be satisfied.

Remark 2.1.6. By a union bound, with high probability all assignments to a random CSP with pred-

icate f satisfy f̂(∅) + O( 1√
α ) fraction of constraints. The purpose of our work is to precisely study the

behavior of the 1√
α term.

Remark 2.1.7. The constraints of an instance of CSPΛ(α) are slightly dependent because of the fixed

number of edges m = αn. In the proof we will pass to the “Poisson model” in which the number of

edges is Pois(αn), or equivalently, the multiplicity of each constraint is an i.i.d Pois
(

α
2knk−1

)
random

variable.

2.2 Mean-field spin glasses

2.2.1 The Parisi Formula

Let n denote the number of particles or variables in the system. We introduce the mathematical

objects describing a spin glass:

Definition 2.2.1 (Mixture polynomial). Amixture polynomial is ξ(s) =
∑k

p≥1 c2p sp for some non-

negative coefficients c2p .

Definition 2.2.2 (Gaussian disorder). The disorder coefficients J(p) are an order-p tensor where each

axis has length n. When J(p) is a Gaussian tensor, we say that there isGaussian disorder. Specifically,
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for each (i1, . . . , ip) ∈ [n]p, we have J(p)[i1, . . . , ip] ∼ N (0, 1) i.i.d.1

We now have enough to define our spin glasses. The mixture polynomial specifies the random

model, and the disorder coefficients determine the instance of the model. For example, ξ(s) = s2

(or ξ(s) = s2/2 in some works) specifies the well-studied Sherrington-Kirkpatrick spin glass model.

Definition 2.2.3 (Finite mixed spin glass). Fix a mixture polynomial ξ. A spin glass is a random

Hamiltonian Hξ : {±1}n → R given by sampling Gaussian disorder J := (J(p) : p = 1, 2, . . . ),

where the J(p) are independent, then

Hξ(σ) =
k∑

p=1

cp
n(p−1)/2

〈
J(p), σ⊗p

〉
=

k∑

p=1

cp
n(p−1)/2

∑

(i1,...,ip)∈[n]p
J(p)[i1, . . . , ip]σi1 . . . σip . (2.3)

We say that Hξ is an instance of the randommodel SGξ.

SGξ is also known as themixed p-spin model2 (in contrast to the pure p-spin model, in which the

mixture polynomial is sp, i.e. all interactions have the same size p).

An early motivator of spin glass theory was the conjecture (and eventual proof) of the following

representation for the ground state energy of the model:

Theorem 2.2.4 (Parisi formula [32, 33, 34, 35, 36]). Fix any spin glass model SGξ. Sample a se-

quence of independent instances {Hξ
n=1,H

ξ
n=2, ...} from SGξ for increasing values of n. Then the

1We follow the definition in [31, Chapter 2]. Some definitions of Gaussian disorder use a symmetric
Gaussian tensor, which is equivalent up to scaling of the ck and on(1) change in the free energy density. This is
because the models only differ on tensor entries [i1, . . . , ip] such that i1, . . . , ip are not all distinct, which only
make up on(1) fraction of all entries of the tensor.

2The p = 1 term is a Gaussian external field. Some spin glass models are instead defined with a fixed exter-
nal field.
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limit

GSED(SGξ) := lim
n→∞

max
σ∈{±1}n

1
nH

ξ
n(σ) , (2.4)

almost surely exists. Furthermore,

GSED(SGξ)
a.s.
= min

ζ∈U
Pξ
∞(ζ) , (2.5)

wherePξ
∞ is the Parisi functional at zero temperature with mixture polynomial ξ. The Parisi func-

tional at zero temperature and the set U is defined below in Definition 2.2.5.

Definition 2.2.5 (Parisi functional at zero temperature [32, 36]). Given a function ζ in

U =

{
ζ : [0, 1)→ R≥0 : ζ is right-continuous, non-decreasing,

∫ 1

0
ζ(t)dt <∞

}
, (2.6)

the Parisi functionalPξ
∞(ζ) is

Pξ
∞(ζ) = Φζ(0, 0)−

1
2

∫ 1

0
sξ′′(s)ζ(s)ds , (2.7)

where the functionΦζ(x; t) : R× [0, 1]→ R is the solution of the Hamilton-Jacobi-Bellman equation

∂tΦζ(x; t) +
ξ′′(t)
2

(
∂xxΦζ(x; t) + ζ(t)

(
∂xΦζ(x; t)

)2)
= 0 , (2.8)

with initial conditionΦζ(x; 1) = |x|.

The optimum value of a spin glass is infζ∈U Pξ
∞(ζ). The value ALG achievable by efficient algo-

rithms is given by infζ∈L Pξ
∞(ζ) for an extended class of functionsL ⊇ U defined below. See [13,

Section 6.1] and references therein for well-posedness considerations.
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Definition 2.2.6 (ALG). Let ALG= infζ∈L Pξ
∞(ζ), where the class of functionsL is defined by

L =






ζ : [0, 1)→ R≥0 : ζ is right-continuous,

‖×′′ · ζ‖TV[0,t] <∞ for all t ∈ [0, 1),
∫ 1
0 ξ(t)ζ(t)dt <∞





(2.9)

where the total variation ‖f‖TV(J) on an interval J is

‖f‖TV(J) = sup
n∈N

sup
t0<···<tn,ti∈J

n∑

i=1
|f(ti)− f(ti−1)| . (2.10)

Theorem 2.2.7 ([23, Lemma 5.4]). For even mixture polynomials ξ such that c2 = 0, ALG <

GSED(SGξ) holds with strict inequality.

We state one other fact about spin glasses. One way to characterize a spin glass is as a Gaussian pro-

cess on the state space {±1}n with covariance structure given by the mixture polynomial ξ. The co-

variance of the GaussiansHξ(σ1),Hξ(σ2) is a function of the normalized inner product, or overlap,

of σ1 and σ2.

Fact 2.2.8 (Gaussian characterization of a spin glass). Let {Hξ(σ)}σ∈{±1}n be a spin glass instance of

the randommodel SGξ. Then these variables are jointly Gaussian, with mean zero and covariance

E
[
Hξ(σ1)Hξ(σ2)

]
= n · ξ

(
〈σ1, σ2〉

n

)
, (2.11)

where 〈· , ·〉 is the standard inner product.

2.2.2 Replica Symmetry Breaking

Full-Replica Symmetry Breaking is an imposition on the allowed overlaps in the solution space,

and is equivalently known in the literature as the condition of “no Overlap-Gap”. As is intuitively
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suggested by the nomenclature, the condition implies that the normalized overlap of two configura-

tions sampled i.i.d. from the Gibbs distribution can take any value between 0 and 1. More precisely,

given σ1, σ2 ∼ G⊗2
n,β ,

supp

(
1
n |〈σ1, σ2〉|

)
= [0, qβ] ,

where qβ → 1 as β → ∞. In fact, this condition can be used to ascertain finer properties about the

input hamiltonianHn when it is an instance of a spherical Spin Glass, and the following proposition

from Subag [37] outlines these (equivalent) properties.

Proposition 2.2.9 (full-RSBModels [37, Proposition 1]). The following conditions are equivalent:

1. Given the mixture polynomial ν for the input hamiltonian Hn, ν′′(q)−1/2 is concave for q ∈

(0, 1].

2. The Parisi Measure μβ has full support [0, qβ] for any β > 0.

3. The following can be said about the support of the Parisi measure based on the mixture polyno-

mial μ’s behavior at 0:

(a) If β ≤ ν(0)′′−1/2, then supp(μβ) = {0}.

(b) If β > ν(0)′′−1/2, then supp(μβ) = [0, qβ] where qβ is the unique solution of

ν′′(q)−1/2 = β(1− q) .

Additionally, the CDF of the overlap distribution μβ has the following form,

μβ(q) =






μ′′′(q)
2βv′′(q)3/2

, if q ∈ [0, qβ)

1, if q ∈ [qβ, 1] .
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The first condition of Proposition 2.2.9 asserts the concavity of the negative square-root of the sec-

ond derivative of the mixture polynomial under the fRSB assumption, and the third one allows us

to have an explicit characterization of the CDF of the overlap distribution.

2.2.3 The Generalized TAP Free Energy

There are two formulations of the limiting free energy density for typical instances of spherical

hamiltonians, where the first is the so-called Crisanti-Sommers representation of the infamous

Parisi-Variational Principle and the second is an explicit expression of the same, proved by Subag [38]

via a generalized TAP formula. Under the fRSB assumption, the generalized TAP formula will be

computable as an explicit function of the mixture polynomial, and so we work with the generalized

TAP representation of the Free-Energy shown by Subag [38].

A result of Chen and Sen [39] in conjunction with the fact that the mixture polynomial continues

to be concave under re-scaling as,

s→ ν(qs) ,

gives a clean expression for E∗(q) (which is the ground state energy at radius q) as a function of the

mixture polynomial in the fRSB regime.

Lemma 2.2.10 (fRSB Ground State Energy, [39]). The ground state energy of the mixed spherical

spin glass under fRSB on the ball Bn at radius q is given as,

E∗(q) = E∇2(q) =
∫ q

0
ν′′(t)1/2dt . (2.12)
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Restating the points above for q = 1 corresponds to the case that σ ∈ Sn−1(
√
n), and yields that

lim
n→∞

1
n max

σ∈Sn−1(
√
n)
Hn(σ)

a.s.
= E∗(1) =

∫ 1

0
ν′′(t)1/2dt , (2.13)

provided the coefficients {γk}
dH
k=2 satisfy Proposition 2.2.9.

2.2.4 Eigenvalue Distribution of theHessian

As is shown by Subag [37], under the fRSB condition (Proposition 2.2.9) it suffices to look at the

top-δn eigenvectors of the hessian (∇2H) at every point in the unit ball and follow iteratively per-

pendicular directions with infinitesmal updates. The reason for the perpendicular updates corre-

sponds to the ultrametric structure of the solution space [22], but the reason for following the top

eigenspace is built upon two key observations:

1. The eigenvalues of the hessian (∇2H) are distributed as a mixture polynomial dependent

scaling of the Wigner Law for GOE(n− 1)matrices,

∇2H ∼
√
n/(n− 1) · ν′′(q)1/2GOE(n− 1) .

Furthermore, with uniform control over every point σ ∈ Bn that maximizes the generalized

TAP Free Energy at distance ‖σ‖22, there are (with high probability) at least δn eigenvectors

with eigenvalue at least 2ν′′(q)1/2 − ε [37, Lemma 3].

2. It then follows by a Taylor expansion argument and some algebra that the last iterate will

have energy given by a truncated sum of the Chen and Sen formula (Lemma 2.2.10) and,

under the fRSB assumption, this will be arbitrarily close to optimal. More specifically, the
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algorithm will output a value,

k∑

i=0
(1− ε(qi)) · ν′′(qi)1/2 ≈

∫ 1

0
ν′′(q)1/2dq ,

where qi is the #2-norm of the i-th iterate and ε(qi) is some arbitrarily small number that

depends only on choosing a sufficiently large (but constant) number of iterates.

The most critical observation in the argumentation above is to notice that the maximum eigenvalue

of∇2Hwill be a scaling of the Wigner law by a factor that will exactly correspond to the optimum

in the fRSB setting. One can then construct an algorithm that starts at the origin, iteratively makes

infinitesmal perpendicular updates that also maximize∇2H, and then outputs the last iterate.

2.2.5 Hessian Ascent

We state here, for completeness, the pseudo-code of the algorithm proposed by Subag [37].

Algorithm 1Hessian-Based Optimization for Spherical Spin Glasses [37, Pg 12]
v0 = ( 1√

k , 0, . . . , 0).
i = 1.
while i ∈ [k] do

Choose x ⊥ vi−1 with ‖x‖ = 1, such that,
• 〈x,∇⊥H(vi−1)〉 = 0.
• 〈x,∇2

⊥H(vi−1)x〉 ≥ (1− ε)2ν′′(vi).
vi = vi−1 +

1√
kx.

i← i+ 1.
end while
Output vk.

The⊥ sign denotes that the gradient∇⊥H(vi−1) and hessian∇2
⊥H(vi−1) are projected to be or-

thogonal to vi−1 itself.
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The algorithm’s structure is extremely critical in inspiring the “right” approach for a Sum-of-Squares

algorithm.

2.2.6 The Algorithmic Threshold of Huang and Sellke [13]

The value achieved by our matrix SoS relaxation (after rounding) is provably ε-close to ALGSp for

any ε > 0. ALGSp is precisely characterized by [13, Proposition 2.2 and Equation 2.5] and given

by a relaxed version of the Crisanti-Sommers formula [40]. When h = 0 (which is the case for the

hamiltonian given in Equation 5.1) the infimum is given by Equation 2.14.

Proposition 2.2.11 (Variational Algorithmic Threshold for Spherical Spin Glasses, [13, Equations

1.3-2.5]). The value achieved by Subag’s algorithm is given by the following variational principle,

ALGSp = inf
(B,μ)∈V(ν)

(
1
2

[
h2

Bμ(0)
+

∫ 1

0

(
ν′′(t)
Bμ(t)

+ Bμ(t)
)
dt
])

, (2.14)

where, Bμ(t) = B−
∫ 1
t ν

′′(q)μ(q)dq and the optimizing set is the following collection of tuples,

V(ν) =
{
(B, μ) ∈ R>0 × L([0, 1]) : B >

∫ 1

0
ν′′(t)μ(t)dt

}
, (2.15)

with the setL denoting a relaxation of the set of all CDFs over the interval [0, 1] specifically defined as,

L([0, 1]) =
{
μ : [0, 1)→ R≥0 : μ is right-continuous,

∫ 1

0
ν′′(t)μ(t)dt <∞

}
. (2.16)

By [13, Corollary 1.8] the above variational representation can be simplified to an explicit formula.

We restate the proposition, restricting to the case that h = 0 and the hamiltonian only has terms

with with degree∈ [2, dH].

Proposition 2.2.12 (Explicit Algorithmic Threshold, [13, Corollary 1.8]). The algorithmic thresh-
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old is given as a function of the mixture polynomial as,

ALGSp = q1ν′′(q1)1/2 +
∫ 1

q1
ν′′(q)1/2dq , (2.17)

where q1 ∈ [0, 1) is the unique solution to,

ν′(q1) = q1ν′′(q1) . (2.18)

When h = 0 and γ1 = 0, the only way to satisfy Equation 2.18 is when q1 = 0, which immediately

implies that for the family of hamiltonians detailed in Equation 5.1,

ALGSp =

∫ 1

0
ν′′(q)1/2dq . (2.19)

For the solution to Equation 2.18 in the case that γ1 = 0 and h = 0, observe that

ν′(q1) = q′′ν (q1) =⇒
dH∑

i=2
i · γ2i q

i−1
1 = q1




dH∑

i=2
i(i− 1) · γ2i q

i−2
1





=⇒
dH∑

i=2
i · γ2i q

i−1
1 =

dH∑

i=2
i(i− 1) · γ2i q

i−1
1

=⇒
dH∑

i=2
i(2− i) · γ2i q

i−1
1 = 0

=⇒
i∑

i=3
(2− i)γ2i q

i−1
1 = 0 ,

and since (2 − i) < 0 for i > 2, the above term can only be made 0 at q1 = 0. This immediately

justifies the algorithmic threshold in Equation 2.19 and one notices that this threshold coincides

with the ground state energy under fRSB in the Chen and Sen formula (Lemma 2.2.10).
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In general, the contribution of the first term in Equation 2.14 comes from the initial gradient term.

The present program presented in this thesis does not account for this (in the interest of brevity) but

a modest generalization of the program does (as is demonstrated in forthcoming work).

2.3 Solution geometry of optimization problems

Solution geometry refers to the distribution of the optimal and near-optimal solutions on the Boolean

hypercube. Given a HamiltonianH : {±1}n → R, what do we mean by “near-optimal solutions”?

We consider two notions. The first, used when considering computational tasks, is the set of σ such

thatH(σ) ≥ v for some value v. The second, a “smoother” notion from statistical physics, is that

near-optimal solutions are samples from a low-temperature Gibbs distribution.

Definition 2.3.1 (Gibbs distribution). Given a Hamiltonian H : {±1}n → R and an inverse

temperature parameter β ≥ 0, theGibbs distribution is the distribution on {±1}n with probability

proportional to eβH(·).

Definition 2.3.2 (Partition function). The partition function of H is the normalizing constant of the

Gibbs distribution, i.e. the exponentially-weighted sum

ZH(β) =
∑

σ∈{±1}n
eβH(σ) . (2.20)

The most important geometric notion is the overlap of two assignments, which is exactly the nor-

malized inner product and is linearly proportional to the Hamming distance between the assign-

ments:

Definition 2.3.3 (Overlap). The overlap between two assignments (configurations) σ1, σ2 ∈ {±1}n is
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the normalized inner product,

R(σ1, σ2) =
〈σ1, σ2〉

n . (2.21)

Note that the overlap is always in [−1, 1]. We study the distribution ofR(σ1, σ2)when σ1, σ2 are

independently sampled near-optimal solutions. Roughly speaking, a gap in the support of this dis-

tributions (i.e. an overlap gap) implies obstructions for some types of algorithms.

We also study pairwise overlaps between more than two samples. An example is the distribution of

the 3-tuple of overlaps in a “triangle” of independent near-optimal solutions σ1, σ2, σ3. Topological

gaps in this distribution will also obstruct algorithms. The generalization of overlap used in this

paper is the I-overlap; given a set σ of |σ| = # assignments, each in {±1}n, we define an overlap value

for every subset of σ.

Definition 2.3.4 (I-overlap). Consider any σ := (σ1, . . . , σ!) ∈ ({±1}n)! and any I ⊆ [#]. Define

the I-overlap of σ as

RI(σ) =
1
n

n∑

j=1

∏

i∈I
(σi)j . (2.22)

The I-overlap recovers the definition of overlap when I has two elements.

We define an overlap vector to associate a set of # assignments with all of its possible I-overlaps:

Definition 2.3.5 (Overlap vector). Consider any σ := (σ1, . . . , σ!) ∈ ({±1}n)!. Then its overlap

vector Q(σ) ∈ [−1, 1]2[!] lists all possible I-overlaps; that is, Q(σ)I = RI(σ) for every I ∈ 2[!].

Definition 2.3.6 (Overlap polytope). Consider the set of all possible overlap vectors Q(σ) for any

positive n ∈ N and sets of vectors σ ∈ ({±1}n)!. ThenR(!) ⊆ [−1, 1]2[!] is the closure of this set.
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Formally,

R(!) = {Q(σ) : n ∈ N , σ ∈ ({±1}n)!} . (2.23)

Remark 2.3.7. Since R∅(σ) = 0 for all σ, we can ignore this coordinate, and thenR(!) is a non-

degenerate convex polytope inR2!−1. For example,R(2) is a regular tetrahedron inR3.

Definition 2.3.8 (Preimage of overlap vectors). For any open subset S ⊆ R(!) (in the Euclidean

subset topology ofR(!)), let U(!)
n (S) ⊆ ({±1}n)! be the preimage of S in dimension n; i.e. the set of

σ ∈ ({±1}n)! such that Q(σ) ∈ S. We drop the superscript when # is in context.

We are interested in the distribution onR(!) of the overlap vectorQ(σ1, . . . , σ!)when σ1, . . . , σ!

are independently sampled near-optimal solutions.3 Our main result shows that the support of this

distribution for a Max-CSP in the n → ∞ then α → ∞ limit equals that of a corresponding spin

glass. Hence, overlap gaps (formally defined in Section 4.5) transfer between the two models.

The proof uses the concept of free energy, defined as the logarithm of the partition function.

Definition 2.3.9 (Free energy). The free energy of H is logZH(β).

The free energy at low temperature (β→∞) matches the optimal value of the Hamiltonian. This is

a commonly-used fact (for example, [31, Equation 1.7]); we include the short proof.

Fact 2.3.10. The maximum value of a Hamiltonian H : Ω → R on a finite domainΩ is related to

its free energy by

max
σ∈Ω

H(σ) ≤ 1
β logZH(β) ≤ max

σ∈Ω
H(σ) + log |Ω|

β . (2.24)

3It is likely that the distribution converges in some sense as n → ∞, and then converges again as β → ∞,
but our proof does not show this nor use this.
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Proof. We have

1
β log

∑

σ∈Ω
exp (βH(σ)) ≥ max

σ∈Ω

1
β log exp (βH(σ)) = max

σ∈Ω
H(σ) , (2.25)

and

1
β log

∑

σ∈Ω
exp (βH(σ)) ≤ max

σ∈Ω

1
β log |Ω| exp (βH(σ)) = max

σ∈Ω
H(σ) + log |Ω|

β . (2.26)

2.3.1 Extended remark on multi-overlaps

The I-overlap for |I| > 2 is a type ofmulti-overlap, i.e. a higher-order version of the standard over-

lap. In fact, the structures we will use to obstruct algorithms only constrain the pairwise overlaps

with |I| = 2. The pairwise overlaps characterize functions that are rotationally-invariant. Multi-

overlaps may be useful when studying CSPs at small α.

The I-overlap is general enough to capture any property of the solution geometry which is permutation-

invariant under the action of Sn permuting the bits of {±1}n. Formally, we have the following:

Definition 2.3.11 (Permutation-invariant function). Let a permutation π ∈ Sn act on σ ∈ {±1}n

as σπi = σπ(i) and on a function f : {±1}n → R (extended coordinate-wise to f : ({±1}n)! → R) as

fπ(σ) = f(σπ). Then f is permutation-invariant if it is fixed by all π.

Fact 2.3.12. Any permutation-invariant function f : ({±1}n)! → R can be expressed as a function

onR(!),

f(σ1, . . . , σ!) = f(Q(σ1, . . . , σ!)) . (2.27)
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If f(σ1, . . . , σ!) is additionally invariant under the action of S! which permutes the inputs then f

is determined by the overlapsR{1},R{1,2},R{1,2,3}, . . . ,R{1,2,3,...,!}. The corresponding overlap

polytope is [−1,+1]!, which is significantly smaller and simpler. These overlaps are a more common

definition of multi-overlap than Definition 2.3.4 [41].

2.4 Fourier analysis on the hypercube

Fourier analysis is commonly used to study Boolean functions [42]. For example, the Fourier basis

provides a convenient way to understand the action of linear operators on a Boolean function.

We consider the space of Boolean functions f : {±1}k → Rwith the expectation inner product,

over the uniform distribution on {±1}n. These functions have a canonical decomposition.

Definition 2.4.1 (Fourier spectrum of a Boolean function). Every function f : {±1}k → R permits

a unique decomposition as a linear combination of parity functions. Specifically,

f(σ) =
∑

S⊆[k]
f̂(S)

∏

i∈S
σi , (2.28)

where f̂(S) are called the Fourier coefficients.

One can verify that the monomials
{∏

i∈S σi
}
S⊆[k] form an orthonormal basis, often called the

Fourier basis.

Recall that the average value of f is exactly the Fourier coefficient of the empty set:

Fact 2.4.2. Eσ∈{±1}n [f(σ)] = f̂(∅).

We also consider the noise stability of a Boolean function, which describes how resistant the func-

tion is to independent noise on its input bits.
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Definition 2.4.3 (ρ-correlated). Fix σ ∈ {±1}k and ρ ∈ [−1,+1]. Then a random sample τ of the

distribution Nρ(σ) chooses each spin τi independently as

τi =






σi with probability 1+ρ
2 ,

−σi with probability 1−ρ
2 .

(2.29)

SinceEτ∼Nρ(σ)[τiσi] = ρ, we say that τ is ρ-correlated with σ.

Definition 2.4.4 (Noise stability of a Boolean function around a point). For ρ ∈ [−1,+1], define

the noise stability of the Boolean function f : {±1}k → R around point σ ∈ {±1}n as

Stabρ[f](σ) = E
τ∼Nρ(σ)

[
f(σ)f(τ)

]
. (2.30)

Definition 2.4.5 (Noise stability of a Boolean function). The noise stability of a Boolean function

f : {±1}k → R is defined as

Stabρ[f] = E
σ∼{±1}k

[
E

τ∼Nρ(σ)
[f(σ)f(τ)]

]
= E

σ∼{±1}k

[
Stabρ[f](σ)

]
. (2.31)

Fact 2.4.6 ([42, Theorem 2.49]).

Stabρ[f] =
∑

S⊆[k]
ρ|S|̂f(S)2 =

k∑

j=0
ρj‖f=j‖2 , (2.32)

where ‖f=j‖2 =
∑

T⊆[k],|T|=j f̂(T)2 is the Fourier weight of the jth Fourier level of f.

21



2.5 Concentration inequalities

In the probabilistic combinatorics literature, “with high probability” means with probability 1 −

on(1), where f = on(g) denotes limn→∞
f(n)
g(n) = 0.

Remark 2.5.1. All of the quantities that we consider are exponentially concentrated. As a consequence,

for all ε > 0, the stated theorems hold with ε slack with probability at least 1 − exp(−Cn), for

some C > 0 depending on ε. For ease of exposition, we have opted to simply state the results with high

probability.

Lemma 2.5.2 (Concentration under spin glass Gibbs distribution, [31, Theorem 1.2]). Let β > 0

and f : {±1}n → R≥0 be arbitrary. Let {H(σ)}σ∈{±1}n be a Gaussian process such that EH(σ)2 ≤

s2 for all σ ∈ {±1}n. Let X = log
∑

σ∈{±1}n exp(βH(σ))f(σ). Then for all x ≥ 0,

P
∣∣X−EX

∣∣ ≥ x ≤ 2 exp
(
−x2

4s2β2

)
. (2.33)

For a spin glassHξ, we will think of X as having mean C · n+ o(n), which formally holds if f satisfies

exp(−C′ · n) ≤ f(σ) ≤ exp(C′ · n) for all σ. By Fact 2.2.8, EHξ(σ)2 = n · ξ(1) = O(n), so

X typically fluctuates by onlyO(
√
n). An important special case of this concentration inequality is

concentration of the maximum value ofH. The proof is in Section 4.3.

Corollary 2.5.3. Let {H(σ)}σ∈{±1}n be a Gaussian process such thatEH(σ)2 ≤ s2 for all σ ∈

{±1}n. Then for all x ≥ 0,

P
∣∣∣∣ max
σ∈{±1}n

H(σ)−E max
σ∈{±1}n

H(σ)
∣∣∣∣ ≥ x ≤ 2 exp

(
−x2
4s2

)
. (2.34)

We use a similar concentration inequality for the CSP setting. The proof is found in Section 4.3.
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Lemma 2.5.4 (Concentration under CSP Gibbs distribution). Let β > 0 and f : {±1}n → R≥0 be

arbitrary. Let {H(σ)}σ∈{±1}n be a sample from CSPΛ(α). Let X = log
∑

σ∈{±1}n exp(βH(σ))f(σ).

Then for all x ≥ 0,

P
∣∣X−EX

∣∣ ≥ x ≤ 2 exp
(

−x2α
4(n+ x

β)β
2

)
. (2.35)

Exactly analogously to Corollary 2.5.3, we conclude concentration of the max.

Corollary 2.5.5. Let {H(σ)}σ∈{±1}n be a sample from CSPΛ(α). Then for all x ≥ 0,

P
∣∣∣∣ max
σ∈{±1}n

H(σ)−E max
σ∈{±1}n

H(σ)
∣∣∣∣ ≥ x ≤ 2 exp

(
−x2α

4(n+ x)

)
. (2.36)

2.6 Local algorithms & Coupled interpolations

A local algorithm assigns a (random) label to each vertex v independently at the beginning and then

updates it based on the labels of a small neighborhood of v. Intuitively, the labels associated to the

vertices form a stochastic process and in the end the local algorithm assigns a value to each vertex

according to its final label. In Section 2.6.1 we introduce factors of i.i.d. algorithms [26, 23]. These

algorithms parameterize a family of local algorithms that capture most common classical local algo-

rithms. We then introduce the QAOA in Section 2.6.2.

2.6.1 Factors of i.i.d. algorithms

A local algorithm takes an input (hyper-) graphG and a label set S, runs a stochastic process {XG(t)}t

that associates to each vertex v a label XG
v (t) ∈ S at time t, and outputs the assignment σv to each ver-

tex v according to its final label. While there is a huge design space for local algorithms, a factors of

i.i.d. algorithm of radius p has the following restrictions: (i) the initial label for each vertex v is set to

be an i.i.d. set of random variables XG
v (0). (ii) For each vertex v, the assignment σv is a random vari-
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able that only depends on the labels from a p-neighborhood of v. (iii) The assignment function for

each vertex is the same. Common local algorithms such as Glauber dynamics and Belief Propagation

are examples of factors of i.i.d. algorithms.

To be more concrete, let us start with a formal definition of the p-neighborhood of a vertex in a hy-

pergraph, which is a generalization from the p-neighborhood of a graph by considering two vertices

v and w to be adjacent if they belong to the same hyperedge e.

Definition 2.6.1 (p-neighborhood and hypergraphs with radius p). Let G be a hypergraph, v ∈

V(G), and p ∈ N. The p-neighborhood of v is defined as

BG(v, p) := {w ∈ V(G) |w is p hyperedges away from v} .

Let G be a hypergraph, v ∈ V(G), and p ∈ N. We say (G, v) has radius p if Bp(Gv) = G. Further, let

k ∈ N, we define

Gp := {(G, v) | (G, v) has radius p and G is connected, finite, and k-uniform}

be the collections of hypergraphs with radius at most p.

Next, to capture the fact that local algorithms assign the value of a vertex v by only looking at a p-

neighborhood, it is natural to define an equivalent classes of local induced subgraphs rooted at v as

follows.

Definition 2.6.2 (Rooted-isomorphic graphs). Let G1,G2 be two hypergraphs and v ∈ V(G1) ∩

V(G2). We say G1 and G2 are rooted-isomorphic at v, denoted as G1 ∼=v G2, if there exists a hyper-

graph isomorphism φ : V(G1)→ V(G2) such that φ(v) = v. Similarly, let L ⊆ V(G1) ∩ V(G2), we

say G1 ∼=L G2 if there exists a hypergraph isomorphism φ : V(G1) → V(G2) with φ(v) = v for all
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v ∈ L.

In the future usage of Definition 2.6.2, we think ofG1 andG2 as some neighborhoods. Intuitively,

when the neighborhood of v1 and v2 are rooted-isomorphic, then the local algorithm will give the

same output to them.

The last notion of local algorithms to capture is the assigning process f from the labels of a p-neighborhood

to a value. In particular, a local algorithm should produce the same output value for v1 and v2 when

the induced subgraphs of their p-neighborhood are rooted-isomorphic. For simplicity, we focus on

the case where the label set S = [0, 1].

Definition 2.6.3 (Factor of radius p, [23, Section 2]). Let p ∈ N. We define the collection of all

[0, 1]-labelled hypergraphs of radius at most p as

Λp :=
{
(G, v,X) | (G, v) ∈ Gp and X ∈ [0, 1]V(G)

}

We say (G1, v1,X1), (G2, v2,X2) ∈ Λr are isomorphic if there exists a hypergraph isomorphism φ :

V(G1)→ V(G2) such that (i) φ(v1) = v2 and (ii) X2 ◦ φ = X1.

Finally, we say f : Λp → {−1, 1} is a factor of radius p function if (i) it is measurable and (ii)

f(G1, v1,X1) = f(G2, v2,X2) for every isomorphic (G1, v1,X1), (G2, v2,X2) ∈ Λp.

Now, we are ready to define factors of i.i.d. algorithms. Intuitively, the output distribution of a

factors of i.i.d. algorithm with radius p on a vertex v is determined by the p-neighborhood of v.

Definition 2.6.4 (Factors of i.i.d., [23, Section 2]). Let k, p ∈ N. A factors of i.i.d. algorithm A

with radius p is associated with a factor of radius p function f with the following property. On input

a k-uniform hyper graph G, the algorithm A samples a random labeling X = {X(v)}v∈V(G) where
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X(v)’s are i.i.d. uniform random variables on [0, 1]. The output of A is σ ∈ {−1, 1}V(G) where

σv := f(Bp(G, v), v, {X(w)}|w∈Bp(G,v))

for each v ∈ V(G).

2.6.2 The QAOA algorithm

The algorithm. The QAOA algorithm was proposed by Farhi et al. [43] as a way to approxi-

mately solve hard combinatorial optimization problems. The QAOA algorithm works by applying,

in alternation, weighted rotations in the X-basis to introduce mixing over the uncertainty in the so-

lution space and weighted cost e−iβjHc(G) unitaries to introduce correlation spreading encoded by

the Hamiltonian of the desired cost-function to maximize. This weighting is accomplished by giving

some assignment of weights to weight vectors β̂ = (β1, . . . , βp) and γ̂ = (γ1, . . . , γp), and then

running a classical optimizer to help find the ones that maximize the output of QAOA. Various

methods, including efficient heuristics, to optimize these angles are studied in the literature [44, 45].

The QAOA circuit parametrized by angle vectors γ̂ and β̂ looks as follows,

Up(β̂, γ̂) =
p∏

j=1
e−iβj

∑n
k=1 Xke−iγjHc(G) .

Typically, the initial state on which the circuit is applied is a symmetric product state, most notably

|0〉⊗n or |+〉⊗n. The expected value that QAOA outputs after applying the circuit on some initial

state
∣∣ψ0
〉
is,

〈
ψ0
∣∣U†Hc(G)U

∣∣ψ0
〉
.

It is the expectation value above that is optimized (by maximizing) for various choices of β̂ and γ̂

26



under a classical optimizer, and the solution corresponding to this solution comes from a measure-

ment in the Z-basis of the stateUp(β̂, γ̂)
∣∣ψ0
〉
. We will notate by QAOA(β̂, γ̂) a QAOA circuit of

depth 2pwith angle parameters β̂ and γ̂. In our regime, we will work with any collection of fixed

angles (β̂, γ̂). The fixed angles regime is necessary when reasoning about the concentration of over-

laps of the solutions produced by a p-local algorithm on coupled instances with shared randomness.

If the angles of QAOA vary between the coupled instances, then we cannot assert that the coupled

instances will share randomness when labeling vertices with identical neighborhoods.

The diluted k-spin glass Hamiltonian andQAOA. We can rewriteHk,d,n as a Hamilto-

nian for a quantum system by replacing σi with the Pauli Zmatrix. This yields a k-local Hamilto-

nian that the QAOA ansatz tries to maximize. The Hamiltonian is,

ĤG
k,d,n(σ) = −

∑

(v1,...,vk)∈E(G)

k⊗

i=1
σz(vi) , (2.37)

where σz(vi) is a 2 × 2 Pauli Z matrix for the i-th vertex (qubit) in the hypergraphG. We want to

maximize the following expectation value,

max
αj,βj,j∈[p]

〈
ψ0
∣∣U†Hk,d,n(G)U

∣∣ψ0
〉
= max

αj,βj,j∈[p]
−

∑

(v1,...,vk)∈E(G)

(
〈
ψ0
∣∣U†

( k⊗

i=1
σz(vi)

)
U
∣∣ψ0
〉
)

.

(2.38)

QAOA at shallow depth. Note that the only ”spreading” of correlation is introduced by the

operator e−iβjHC(G) which is applied only p times. The hamlitonian in consideration is k-local, and

therefore, after p operations a qubit iwill interact with no more than

|BG(vi, p)| ≤
(
(k− 1) ·max

i∈[n]
|Πi(E(HG))|

)p
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vertices, where,

Πi(E(G)) = {e ∈ E(G) | e is a hyperedge that contains vi} . (2.39)

Proposition 3.3.3 makes a precise statement about the locality of QAOAwith fixed angles. Bound-

ing the size of maxi∈[n]Πi(E(HG)) is the main subject of Lemma 3.6.1, which parameterizes p ap-

propriately as a function of the number of vertices n in the graph (logarithmic) as well as the param-

eters of k and d so that this size is o(n). This is sufficiently small for the purposes of our obstruction

theorem.

2.6.3 Coupled interpolation

Stated below is a way to couple two random hyperrgraphs with a parameter t that controls the

strength of this coupling. Obstructions using the stability of a family of algorithms often use this

approach to give a proof by contradiction when the solution space of the problem exhibits “gaps” in

overlap of nearly-clustered solutions of correlated instances.

Definition 2.6.5 (Coupled Interpolation, [23, Section 3.2]). The coupled interpolationHd,k,n,t

generates a coupled pair of hypergraphs (G1,G2) ∼ Hd,k,n,t as follows:

1. First, a random number is sampled from Poisson(tdn/k), and that number of random k-

hyperedges are uniformly drawn from the set [n]k and put into a set E.

2. Then, two more random numbers are independently sampled from Poisson((1− t)dn/k), and

those numbers of random k-hyperedges are independently drawn from [n]k to form the sets E1

and E2 respectively.

3. Lastly, the two hypergraphs are constructed as G1 = (V,E ∪ E1) and G2 = (V,E ∪ E2).
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2.7 Sum-of-Squares Optimization: Proofs-to-Algorithms

2.7.1 Sum-of-Squares Certificates and Pseudo-Expectations

We first define formally the notion of “axiom” which will be a collection of polynomial inequalities

for us (up to a certain degree).

Definition 2.7.1 (SoS AxiomsA). A set of axiomsA is a collection of polynomial equalities and

inequalities, formally written as,

A = {fi = 0}Mi=1 ∪
{
gj ≥ 0

}K
j=1 ,

where, fi and gj are polynomials over some domain.

Critical to the notion of efficient SoS algorithms are low-degree proofs of non-negativity of poly-

nomials over the underlying Hilbert space. A proof of non-negativity will require the degree to be

atleast at large as that of the polynomial whose for which non-negativity is being shown.

Definition 2.7.2 (SoS Non-Negativity Proof of Deg-k). Given polynomials p(x), q(x) with x ∈ Ωn,

a deg-k SoS proof of non-negativity of p− q is given as,

p(x)− q(x) =
r∑

i=1
g2i (x) , ∀x ,

where gi are polynomials with degree no more than k/2.

It is not hard to see that r ≤ nk/2 and that this further means that a low-degree SoS proof of negativ-

ity is efficiently verifiable. When a low-degree SoS proof of deg-k exists, it is written as,

9k p ≥ q .
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If the proof exists modulo some SoS axiomsA, then it is written as,

A 9k p ≥ q .

The existence of a low-degree SoS proof immediately implies the existence of a poly(n) time algo-

rithm, which invovles solving a particular (low-rank) SDP. Specifically, this means that given,

A 9k p ≥ q =⇒ O(MKn)O(k) algorithm to output the proof.

By strong duality, an important consequence of the above is that whenever the set of axiomsA can

be satisfied and there is a low-degree SoS proof, there is a linear operator called a pseudodistribution

which respects the axiomsA, is positively correlated with low-degree polynomials, and respects

non-negativity of squared polynomials of not too-large degree. This operator is the output of the

underlying Semi-definite program.

Definition 2.7.3 (Pseudo-distribution of deg-k). A pseudodistributionD with respect to SoS axioms

A of deg-k is a linear operator that satisfies the following propositions,

Scaling: ẼD[1] = 1.

Non-negativity: ẼD[g2] ≥ 0 , ∀polynomials g with deg(g)≤ k/2.

Satisfies Axioms: The following holds for the polynomials in the axiomsA:

1. ẼD[aifi] = 0, ∀ai such that deg(aifi)≤ k.

2. ẼD[b2i gi] ≥ 0, ∀bi such that deg(big2i )≤ k.

Another fact about pseudo-distributions that is utilized when reasoning about recovering specific
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conditional pseudo-distributions that stay close in Frobenius norm to a desired unknown low-

degree polynomial is a Cauchy-Schwarz inequality for pseudo-distributions.

Lemma 2.7.4 (Pseudo Cauchy-Schwarz Inequality, [46, 21. Theorem]). Given a degree-d pseudo-

distributionD over Sn−1 and polynomials p, q of degree≤ d/2, the following holds,

(
Ẽ
D
pq
)2
≤
(
Ẽ
D
p2
)(

Ẽ
D
q2
)
. (2.40)

2.7.2 Rounding &Quadratic-Sampling Lemma

Critical to a relaxation of a problem to a space where it is tractable to solve, is the ability to “round”

back the relaxed solution into the original solution space with (hopefully) minimal loss in solution

quality. For SoS relaxations, since pseudo-moment matrices are positive-semi definite (PSD), a nat-

ural candidate for rounding is to use these as moment-matrices for some underlying distribution

D that is chosen appropriate to the problem at hand [47, 46]. For the purposes of our rounding

algorithm, conditioned on the pseudo-moment matrices of the pseudo-distribution for the SoS re-

laxation of our program being close in Frobenius norm to the low-degree moments of the uniform

distribution on a δn-dimensional sphere, it will suffice to use the degree-2 pseudo-moments as the

covariance matrix of gaussian. This technique is known as the quadratic sampling lemma.

Lemma 2.7.5 (Spherical version of Quadratic Sampling Lemma, [46, 23. Lemma]). For every

degree-2 pseudo-distributionD over Sn−1, there exists a gaussianN (μ,Σ) overRn, such that,

μ = Ẽ
x∼D

[x] ,

and,

Σ = Ẽ
x∼D

[(1, x)(1, x)T] .
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2.8 High-Dimensional Gaussian Distributions

2.8.1 Moments of Gaussian Distributions

We state below two elementary facts about the moments of Gaussian distributions.

Lemma 2.8.1 (Moments ofN (0, 1)). Given a random variable X ∼ N (0, 1), its moments are given

as follows,

E[Xm] =






0 if m is odd ,

m!
(m/2)!

1
2m if m is even .

The above lemma can be proved by a straightforward integration-by-parts argument.

Lemma 2.8.2 (Isserlis’ Lemma). Given (x1, . . . , xm) ∼ N (0, Σm), the following holds,

E
[ m∏

i=1
xi

]
=
∑

p∈P2m

∏

{i,j}∈p
Cov[xi, xj] , (2.41)

where P2m is the set of partitions of {1, . . . ,m} into pairs of indices.

In order to provide an explicit decomposition of the up-to-q-th moment matrix EN (0,Id)[((xx)T)⊗q]

of the multi-variate normal distribution (Lemma 5.3.1), the standard Isserlis’ lemma (Lemma 2.8.2)

is used to compute the appropriate entry-wise scalings.

2.8.2 Hypercontractivity of Low-Degree Polynomials of Gaussians

It is a standard result by now that low-degree polynomial functions of gaussians are “stable” (in the

#2-norm) to small perturbations in the input. This critically relies on a standard hyper-contractive

inequality that applies to smooth functions of gaussians with bounded-degree.
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Lemma 2.8.3 (Hypercontractivity of LDPs of Gaussians, [28, Proposition 3.3]). Given a function

f : Rn → R with f ∈ L2(Rn, μ⊗n) where μ ∼ N (0, 1) and f is a multi-variate polynomial with

deg(f) ≤ d, the following statement holds,

Px∼μ⊗n

[
f(x)2 ≥ t E

x∼μ⊗n

[
f(x)2

]]
≤ exp

(
−dt1/d

3e

)
, (2.42)

for any t ≥ (6e)d.

The lemma above is used in the SoS certification of the Schatten norms of the hessian (∇2H) to

obtain strong concentration statements when bounding the so-called “noise” term.

2.9 Real Polynomials: Linear Representations and Smooth Approximation

2.9.1 Multi-index notation

Amulti-index α over {0} ∪ [n] is a tuple (α1, . . . , αn) of non-negative integers, representing a multi-

set of indices, such that

xα =
∏

i∈[n]
xαii

for x ∈ Rn.

We have the following notation:

α! =
∏

i∈[n]
αi!

α!! =
∏

i∈[n]
αi!!

|α| =
∑

i∈[n]
αi

‖α‖∞ = max
i∈[n]

αi
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α + β = (α1 + β1, . . . , αn + βn)

α + k = (α1 + k, . . . , αn + k) .

2.9.2 Polynomials Represented as CoefficientMatrices

Definition 2.9.1. AmatrixM is amatrix representation of a polynomial p(x) if there are a and b

such that

p(x) ≡ ((1, x)⊗a)TM (1, x)⊗b ,

where (1, x) is the (1+ n)-dimensional vector formed by prepending x with a single coordinate equal to

1.

A matrix V is a matrix representation of the≤ d pseudo-moments of x if

∑

{i1,...,ia,j1,...,jb}=S
V(i1,...,ia),(j1,...,jb) = Ẽ

x

∏

s∈S
xs ,

where S is taken to be a multiset.

Definition 2.9.2. Amatrix representationM of a polynomial or a set of pseudo-moments is super-

symmetric if

M(i1,...,ia),(ia+1,...,ia+b) = M(iσ(1),...,iσ(a)),(iσ(a+1),...,iσ(a+b))

for every permutation σ ∈ Sa+b.

Proposition 2.9.3. IfM : (R1+n)⊗b → (R1+n)⊗a is a matrix representation of a polynomial p and

V : (Rn)⊗b → (Rn)⊗a is a matrix representation of the pseudo-moments Ẽx(1, x)a+b, and at least
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one ofM or V is supersymmetric, then

〈M,V〉 = Ẽ
x
p(x) .

Definition 2.9.4 (Normalized Coefficient Matrices of Polynomials). Given a polynomial p ∈

R[x1, . . . , xn] with deg(p) ≤ d written in the monomial basis as,

p(x) =
∑

α,|α|≤d
Cαxα ,

the following matrixMp ∈ (R({0}∪[n])×({0}∪[n]))⊗1d/22 constitutes its canonical coefficient represen-

tation:

Mp(u, v) :=
|S(u) + S(v)|
(S(u) + S(v))!CS(u)+S(v) , (2.43)

where S builds a multi-index over [n] out of an element of ({0}∪[n])k by counting the number of times

each element of [n] appears in the tuple.

This is the unique supersymmetric representation of p as a matrix in (R({0}∪[n])×({0}∪[n]))⊗1d/22.

Lemma 2.9.5. Let p be a homogeneous degree-d polynomial with constant coefficients. Let M ∈

(Rn$d/2%×n&d/2') be the canonical (mode-symmetric) matrix representation of p(v) as a polynomial

in v.

Suppose that a hierarchical pseudo-distribution over v ∈ Rn satisfies {‖v‖22 = 1} and {κ̃j [v] = 0} for

all j ;= 2 and {∥∥∥Ẽ v⊗2
∥∥∥
2

2
≤ O(1)

n

}
.
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Then 



Ẽ p(v)2r ≤






O(1) ‖M‖2r
op
/nr(d−2)/2 , if d ≡ 2 mod 4

O(1) ‖M‖2r
op
/nrd/2 , otherwise





.

Proof. LetV = Ẽ[v⊗dr][v⊗dr]T. By lem:??,V is an average over all the different mode-permutations

ofU = [Ẽ vvT]⊗dr.

We will invoke Proposition 2.9.3 on (M ⊗MT)⊗r andV, withV as the mode-symmetric represen-

tation. It suffices then to show that






〈
(M⊗MT)⊗r, π(U)

〉
≤






O(1) ‖M‖2r
op
/nr(d−2)/2 , if d ≡ 2 mod 4

O(1) ‖M‖2r
op
/nrd/2 , otherwise






for every permutation π of modes.

We can represent this trace inner product as a graph in tensor diagrammatic notation, where we

have r copies ofM as nodes, each with degree =d/2> on the left and degree ?d/2@ on the right, and r

copies ofMT, each with degree ?d/2@ on the left and degree =d/2> on the right, and we connect the

nodes with edges representing multiplications by Ẽ vvT (or reshapings thereof), with the configura-

tion of edges specified by the permutation π.

SinceM is assumed to be mode-symmetric, we can permute the modes of each copy ofMwithout

changing the value of the diagram.

In order to take maximal advantage of the 2-norm bound on Ẽ v⊗2, we will arrange the graph so

that as many edges as possible have both endpoints on the same side (so that they represent a mul-

tiplication by the vector Ẽ v⊗2 rather than the matrix Ẽ vvT), and we’ll call these edges non-crossing

edges.
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Wewill construct an assignment of each of the modes of each copy ofM to be either left or right so

that the resulting graph has all of its edges non-crossing if d ≡ 0, 1, 3 mod 4, or so that the resulting

graph has at least r(d− 2) non-crossing edges if d ≡ 2 mod 4.

To do this, if d is odd, we first arbitrarily add r “imaginary” edges, one imaginary edge incident to

each node, so that each node has even degree d+ 1 when counting imaginary edges.

Now the graph is Eulerian, with each vertex having degree 2?d/2@, so we can construct a union

of Eulerian cycles (one for each connected component) on the graph. Then for each edge on an

Eulerian cycle, we will alternate sides, putting both endpoints of the first edge on the left, both end-

points of the second edge on the right, etc.

Each time we exit a node, it’s in the opposite of the direction we entered it from, ensuring that there

is always space on each node for each edge to get its assigned direction, since each node will have the

same number of left as right directions remaining whenever the we enter the node following the

Eulerian cycle. The only exception is self-loops, which always immediately re-enter the node from

the same direction in which it exited, which is never a problem as long as there is a way to exit the

vertex which is not a self-loop. Then one of these non-self-loop edges must be taken after the self-

loop(s), in order for the entire connected component to be in the Eulerian cycle, so that we satisfy

the invariant that an entering edge is always paired with an exiting edge on the opposite side. There

is one case in which it is not possible to exit the vertex, which is when all of its incident edges are self-

loops, which is only possible when d is even. When d ≡ 0 mod 4, a node with all self-loops still

gets half of its self-loops assigned to the left and half of them assigned to the right, all non-crossing.

When d ≡ 2 mod 4, such a node will be forced to have exactly one self-loop be a crossing edge,

leading to a total of at least r(d− 2) non-crossing edges due to at least (d− 2)/2 of them per node.

When d is odd, one imaginary edge per node gets assigned a direction without using it, meaning that
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each node has exactly one more real edge on one of the two sides. The direction of the first edge in

the cycle that comes after each imaginary edge may be chosen to ensure that half of the nodes have

the extra edge on the left and half of them have the extra edge on the right.

Now we apply Hölder’s inequality with (M ⊗MT)⊗r and the mode-permutation of π(U) con-

structed to have at least t non-crossing edges, where t = rdwhen d ≡ 0, 1, 3 mod 4 and t =

r(d− 2)when d ≡ 2 mod 4 , to get that

〈
(M⊗MT)⊗r, σ(U)

〉
≤ ‖M‖2r

op
Tr
[((

Ẽ v⊗2
)(

Ẽ v⊗2
)T)⊗t/2

⊗
(
Ẽ vvT

)⊗(rd−t)
]

≤ O(1) ‖M‖2r
op
Tr
((

Ẽ v⊗2
)(

Ẽ v⊗2
)T)⊗t/2

≤ O(1) ‖M‖2r
op
/nt/2 .

2.9.3 Fourier Analysis of Gaussian "2-Spaces

The design of the cumulant constraints in the relaxation above critically uses the insight that such

a constraint implies an orthogonal (Fourier) decomposition (in the low-degree moments) for a cur-

rent iterate as a function of the prior iterate. As the cumulant constraints are consistent with the

low-degree cumulants of a gaussian, they allow the use of the Hermite polynomials as the Fourier

basis. This decomposition, in conjunction with gaussian cumulant combinatorics and matrix re-

shaping arguments, permits a sum-of-squares proof to control the nuclear norm of the higher-order

derivatives of the hamiltonian. Introduced below are key definitions and properties of Hermite

polynomials, including combinatorial formulae for algebraic manipulation of the Hermite polyno-

mials.
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Univariate Hermite Polynomials

The standard gaussian measure on (R,B(R))will be denoted as dg = e−x2/2dx leading to a proba-

bility space (R,B(R), dg).

Definition 2.9.6 (Univariate Hermite polynomials). The univariate hermite polynomials are de-

fined in the following equivalent ways:

1. Appell Sequence

H0(x) = 1 ,

∂xHd(x) = dHd−1(x) .

2. Rodrigues’ formula

Hd(x)e−x2/2 = (−1)d∂d
x e−x2 .

3. Generating Function

∞∑

d=0

ad
d!Hd(x) = eax−a2/2 .

We can define the set of all measurable functions of X ∼ N (0, 1), and conclude that it forms a

vector space denoted #2(X). Furthermore, we can endow this vector space with an inner product,

〈f, g〉 =
∫ ∞

∞
f(x)g(x)dg(x) ≤Cauchy-Schwarz ‖f‖2‖g‖2 ,
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under the gaussian measure. It is not hard to check that,

〈Hd(x),He(x)〉 = d! δde ,

which implies that Hermites form an orthogonal basis for the set of all functions that are square-

integrable. Since the Hermites form an orthogonal basis, any function f ∈ #2(dg) can be expressed

as,

f(x) =
∞∑

d=0

fd
d!Hd(x) ,

where,

fd = 〈f,Hd〉 = E
x∼N (0,1)

[f(x)Hd(x)] = Cov(f,Hd) .

Since the vector space is complete, one can always increase the degree of the Hermites till one actu-

ally converges to the desired function (in the #2-sense),

lim
d→∞

〈
f−

d∑

k=0

fk
k!Hk, f−

d∑

k=0

fk
k!Hk(x)

〉
= lim

d→∞

∫ ∞

−∞

(
f(x)−

d∑

k=0

fk
k!Hk(x)

)2

dg(x) = 0 .

Multivariate Hermite Polynomials

Given a centered gaussian processX = {Xk | 1 ≤ k ≤ n}with some covariance structure, the

Hermite basis is given by the multivariate Hermite polynomials. A straightforward generalization of

the generating function in the univariate case using the covariance matrix defined as,

{
Cij = E[XiXj]

}n
i,j=1 ,

suffices to obtain the required definition.
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Definition 2.9.7 (Multivariate Hermite Polynomials). The generating function for the multivariate

Hermite polynomials of the space (#2(X ),B(Rn), d$g) is defined as,

Ψ(X , a1, . . . , an) = e〈"a,X 〉− 1
2 〈X ,CX 〉 ,

where we are abusing notation so thatX is interpreted as a vector. The multivariate Hermite polyno-

mials ofX are then,

Hm1,...,mn(X1, . . . ,Xn) = Hm(Y1, . . . ,Ym)|(Y1,...,Ym1 )→X1,...,(Ymn−1+1,...,Ymn )→Xn (2.44)

= ∂a1 . . . ∂amΨ(Y1, . . . ,Ym, a1, . . . , am) ,

where m = m1 + · · · + mn and Cov(Yi,Yj) = Cov(Xα(i),Xα(j)) with α : [m] → [n]mapping the

indices as shown in Equation 2.44.

Listed below are some properties of multivariate Hermite polynomials. As the above mapping trick

shows, we need not worry about non-distinct indices as we can do a simple substitution after taking

the derivatives. Therefore, we only define the multivariate Hermite polynomials in the regime that

the number of variables is equivalent to the degree.

Proposition 2.9.8 (Properties of multivariate Hermite polynomials). The multivariate Hermite

polynomials {Hm1,...,mn(X1, . . . ,Xn)}m1,...,mn satisfy the following:

1. Appell Sequence

H0(X1, . . . ,Xn) = 1 ,

∂XkHn(X1, . . . ,Xn) = Hn−1(X1, . . . ,Xk−1,Xk+1, . . . ,Xn) .
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2. Recurrence Formula

H0(X1, . . . ,Xn) = 1 ,H1(Xi) = 1 ∀i ∈ [n] ,

Hn(X1, . . . ,Xn) = XnHn−1(X1, . . . ,Xn−1)−
n−1∑

j=1
CjnHn−2(X1, . . . ,Xj−1,Xj+1, . . . ,Xn−1) .

3. Conditional Expectation

Hn(X1, . . . ,Xn) = E



n∏

j=1
(xj + ιYj)



 |x1=X1,...,xn=Xn .

4. Independent Factorization

If X1, . . . ,Xk ⊥ Xk+1, . . . ,Xn, then,

Hn(X1, . . . ,Xn) = Hk(X1, . . . ,Xk)Hn−k(Xk+1, . . . ,Xn) .

5. Invariance under Sn

∀π ∈ Sn , Hn(X1, . . . ,Xn) = Hn(Xπ(1), . . . ,Xπ(n)) .

6. Multilinearity

∀a, b ∈ R, Hn+1(X1, . . . ,Xn, aY+ bZ) = aHn+1(X1, . . . ,Xn,Y) + bHn+1(X1, . . . ,Xn,Z) .
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7. Multinomial Expansion

∀a1, . . . , an ∈ R,

Hn

( n∑

k=1
akXk

)
=

∑

k1≥0,...,kn≥0,k1+···+kn=n

(
n

k1, . . . , kn

) n∏

i=1
akii Hn(X1, . . . ,X1︸ ︷︷ ︸

k1

, . . . ,Xn, . . . ,Xn︸ ︷︷ ︸
kn

) .

The proof for the properties is omitted, but can be derived relatively straightforwardly from the

generating function definition of the Hermites using basic properties about the derivative operator

and some elementary combinatorics.

It is critical to understand the cumulants of a distribution, as they are polynomial transforms of

the moments that possess convenient additive properties. For instance, the cumulants of the sum

of two independent random variables add, whereas this is not true for the moments (and knowing

the moments would typically require doing some complicated fourier convolution). The analytic

definition of cumulants along with the “moment-cumulant” formula can be used to compute the

expected values of the multivariate Hermite polynomials explicitlywhen used in conjunction with

Isserlis’ lemma (Lemma 2.8.2).

TensorHermite Polynomials

The above properties can be further extended to the case where we tensor hermite polynomials,

on account of having a collection of gaussian vectors. A complete exposition can be found in [48,

Chapter 4] and we omit it for brevity. The main result used is [48, Theorem 4.3] which provides a

way to evaluate the moments of the product of two Hermite polynomials via the use of the moment-

cumulant formula by summing over closed loops (with no crossings) over the lattice of partitions.
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2.9.4 Gaussian Cumulants: Symmetric Invariant Representations and Par-

tition Lattices

Due to the structure of the coefficient matrix representation of polynomials of finite degree overR,

we will invoke projectors into the symmetric subspace (∨dRn). As it turns out, this is also the natu-

ral class of subspaces to restrict to when evaluating the eigendecomposition of moment matrices of

the multi-variate normal distribution.

Definition 2.9.9 (Symmetric Subspace∨dRn). The symmetric subspace ∨dRn is a subspace of

(Rn)⊗d which is stabilized under the action of the linear representation of the symmetric group Sd

as,

∨dRn :=
{
v ∈ (Rn)⊗d |Pd(π) · v = v , ∀π ∈ Sd

}
, (2.45)

where the linear representation Pd(π) of π ∈ Sd is given by,

Pd(π) =
∑

i1,...,id∈[n−1]

(
eiπ−1(1)

⊗ . . .⊗ eiπ−1(d)

)
(ei1 ⊗ . . .⊗ eid)

T . (2.46)

As will be seen in Lemma 5.3.1, the moment matrix of the multi-variate normal distribution de-

composes into an eigenbasis where we must apply the symmetric projectors (so as to have the same

moment for the same collection of indices and their powers). The symmetric projector, as defined

below, simply “averages” over all permutations of the multi-index of degrees to accomplish this.

Definition 2.9.10 (Orthogonal projector sym into ∨dRn). The projector sym : (Rn)⊗d → ∨dRn is

a linear map defined as follows,

sym :=
1

|Sd|
∑

π∈Sd

Pd(π) . (2.47)

Proving orthogonality relies on showing that symTsym = sym. A standard argument for this
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can be found in, for instance, [49, Proposition 1]. One can use Isserlis’ lemma (Lemma 2.8.2) in

conjunction with elementary properties of Definition 2.9.10 to observe the following fact about

moments of tensor powers of multi-variate random vectors,

Proposition 2.9.11 (Isserlis’s formula for tensor moments, [49, Eq. 14]). Given a multi-variate

normal vector x ∼ N (0, Idn), the following holds for every d ≥ 2,

E
x∼N (0,Id)

[
x⊗d
]
=

1
nd

∑

M∈M2d




∑

I=(i1,...,i2d) ,I∈S(M)

(
ei1 ⊗ . . .⊗ eid

) (
eid+1 ⊗ . . .⊗ ei2d

)T


 ,

(2.48)

whereM2d denotes the set of all possible perfect matchings over 2d vertices, M is a perfect matching

inM2d, and S(M) denotes a choice of indices i1, . . . , i2d ∈ [n]2d where ij = ik for every (j, k) ∈M.

The representation above is used in the eigendecomposition of Ex∼N (0,Idn)
[
(xxT)⊗d] in Lemma 5.3.1.

Extending the above idea further, the actual maximum-entropy constraints on the pseudo-distribution

constrain the cumulants in any δn-dimensional subspace to fall off akin to a specific sub-gaussian

distribution. This necessitates the introduction of a cumulant matrix.

Definition 2.9.12 (Cumulant Matrix κd of X1, . . . ,Xn). Given a degree parameter d > 0 and a

jointly distributed family of random vectors X1, . . . ,Xn, the d-th cumulant matrix κd(X1, . . . ,Xn) ∈

∨dRn is described as,

κd(X1, . . . ,Xn)i1,...,id :=
∑

π∈P(i1,...,id)
(|π|− 1)!(−1)|π|−1

∏

B∈b(π)
E
[
∏

i∈B
Xi

]
, (2.49)

whereP(i1, . . . , id) denotes the lattice of partitions of the set {i1, . . . , id}, π denotes a particular par-

tition from the lattice, b(π) denotes the collection of disjoint subsets of π, and |π| denotes the size of the

partition.
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Wewill be interested in the regime where d = Oε(1) and, therefore, the number of summands for

each entry in the degree-d cumulant matrix will beO(dd) = Oε(1). The number of entries in the

matrix will beO(nd) = nO(1/ε) = poly(n). We would like the cumulants (of large but constant

degree) of the conditional pseudo-distributions in the program (Equation P.3) to match those of

a multi-variate gaussian in δn-dimensions (scaled appropriately). The cumulants of a multi-variate

normal distributionN (0, Idn) beyond the second degree are zero.

Fact 2.9.13 (Cumulants ofN (0, Idn)). The first and second cumulants ofN (0, Idn) are,

κ1(N (0, Idn)) = 0 , (2.50)

κ2(N (0, Idn)) = Idn . (2.51)

2.9.5 Weierstrass Approximation and Bernstein Polynomials

We briefly state the definition for Lipschitz continuity and introduce the Bernstein polynomial. We

then state a version of the famedWeierstrass Approximation theorem [50] using the Bernstein poly-

nomials [51]. Specifically, we state the precise quantification of the desired degree of the Bernstein

polynomial required to approximate any Lipschitz continuous function f on some compact interval

[a, b].

Definition 2.9.14 (Lipschitz Continuity). A function f : [a, b]→ R is C-Lipschitz continuous if,

|f(x)− f(y)|
|x− y| ≤ C , ∀x, y ∈ [a, b] . (2.52)

Definition 2.9.15 (Bernstein Polynomials). Given a continuous function f ∈ C([a, b],R), its k-th

46



Bernstein Polynomial Bk is defined as,

Bk =
k∑

i=0
f
(
a+ i(b− a)

k

)(
k
i

)
(x− a)i(b− x)k−i

(b− a)k
. (2.53)

Bernstein polynomials can be used to approximate any C-Lipschitz continuous function with maxi-

mum error at most ε

Theorem 2.9.16 (Weierstrass Approximation Theorem via Bernstein Polynomials). Given any

continuous function f : [a, b] → R that is C-lipschitz, it can be approximated with maximum error ε

using a Bernstein polynomial Bk(x) with degree k = C(b−a)3
2ε3 .

The ability of a low-degree (univariate) polynomial to approximate the step-function is well estab-

lished by, for instance, [52, Theorem 4.4 and Lemma 4.5]. Furthermore, this low-degree polynomial

approximation permits a low-degree SoS proof, provided the inputs are over some compact inter-

val [a, b]where a and b are chosen independent of n [53, Theorem 3.2]. It is permissible to use the

Bernstein polynomials as they are the uniqueminimizers of the maximum error, and therefore, the

low-degree SoS proof can be made to apply to them. We require a version of Theorem 2.9.16 that

is applied tomatrix (univariate) polynomials with respect to their Frobenius norm, and such a the-

orem can be proved by generalizing Lukác’s theorem to hold for matrices in a compact interval of

the Loewner order (Proposition 5.5.7 and Theorem 5.5.8). The matrix SoS system then gives a low-

degree certificate of non-negativity of the approximating Bernstein polynomial.
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2.10 GraphMatrices and SchattenNorm Bounds

2.10.1 GraphMatrices

Invoking the trace power method on a randommatrixM to bound its Schatten norm ‖M‖p is by

now a mainstay in randommatrix theory and sum-of-square proofs for certifying these norms [54,

55, 56]. To bound the p-Schatten norm of the Hessian, we use the machinery of the “graph matrix”

framework [55, 56]. The definitions below capture the minimal concepts used in the building-

block of arbitrary graph matrices. For a comprehensive treatment, see [55, Section 2 & Section 7].

This framework will prove critical in bounding the “noise” term to be of order o(“signal”)when

certifying the p-Schatten norm of the higher-order derivatives.

LetG = (V,E) denote some (possibly random) graph. We first introduce the notion of an “index”

shape which is just am-tuple of distinct variables that can be concretely fixed by a “realization” to be

anym-tuple of vertices inV(G).

Definition 2.10.1 (Index Shape). An index shape U = (u1, . . . , um) is a tuple of distinct variables,

which induces a set of (unrealized) vertices V(U) = {u1, . . . , um}.

The notion of an index shape is sufficient to describe a shape α, which can be seen as a representa-

tion of a subgraph ofGwith a specific edge structure.

Definition 2.10.2 (Shapes). Given some graph G = (V,E), a shape α is represented by a 4-tuple

(Uα,Vα,Wα,E(α)) where,

• Uα ⊂ V(G) is the set of “left” index shapes.

• Vα ⊂ V(G) is the set of “right” index shapes.

• Wα ⊂ V(G) satisfiesWα ∩ (Uα ∪ Vα) = ∅, and is termed the set of “middle” index shapes.
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• E(α) is a set of (hyper)edges that are induced by the index shapes in Uα ∪ Vα ∪Wα where the

vertices are distinct.

Given any shape α, we can get a “realization” of the shape by associating some fixed set of vertices to

every index shape in α. A realization of a shape α is termed a “ribbon”.

Definition 2.10.3 (Ribbons). Given some graph G = ([n],E), a shape α = (Uα,Vα,Wα,E(α))

and a realization σ : V(α) = Uα ∪ Vα ∪Wα ↪→ [n], a ribbon R = σ(α) is given as,

R = σ(α) := (σ(Uα), σ(Vα), σ(Wα), σ(E(α))) , (2.54)

where, σ(Uα) = (σ(u1), . . . , σ(um)) and σ(Vα) and σ(Wα) are defined similarly. The action on the

edge set σ(E(α)) is obtained by applying σ to every (u, v) ∈ E(α) as (σ(u), σ(v)).

A “realization” of the left index shapeUα and right index shapeVα indexes into a matrixMα (Defi-

nition 2.10.4) whose value is then given by a generalized fourier coefficient that also depends on the

middle index shapeWα. This intuitively implies that a graph matrix for some shape α consists of

specifying the entries ofMα at every possible ribbon induced by α.

Definition 2.10.4 (GraphMatrix). Given a graph G = (V = [n],E) and a shape α, the graph

matrix associatedMα is defined for any entry by indices A,B ⊂ [n] the satisfy |A| = |Uα| and

|B| = |Vα| as,

Mα(A,B) :=
∑

σ,σ(Uα)=A,σ(Vα)=B
χσ(E(α)) , (2.55)
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where,

χσ(E(α)) :=
∏

e∈ σ(E(α))
χ(e) , (2.56)

and χ(e) = 1 if e ∈ E(G) and−1 otherwise.

Note that the coefficients χ(e) : E(G) → {±1}. Therefore, for a random graphG = (V,E) chosen

according to some product measure μ⊗
(|V(G)|

2
)
, they can be chosen to be the fourier coefficients of

an appropriate fourier basis.

The above definitions work for simple graph matrices where the underlying input graph is a random

graph on the ground set of vertices [n]. However, the hessian∇2H(σ) is a correlated randommatrix

∈ Rn2×n2 with gaussian entries. To deal with this, the notion of a graph matrix is generalized to

hold for shapes α where the underlying ground sets are for variables of different types i ∈ [t] and

independence is not assumed over edges, but over some set of hyperedges.

For this paper, t = 2: The first ground set is for σ ∈ Bn−1 and the second ground set is for the ele-

ment 0 (which denotes whether a variable shows up in a certain monomial or not). The hyperedges

for the hessian can be seen as independent when drawn from a distribution over a non-simple graph

with generalized matrix indices over all possible monomials of degree up to dH.

Definition 2.10.5 (Ground Sets). The ground sets {Ni}i∈[t] consists of variables of every type i.

For this paper, t = 2, withN1 = {0} andN2 = {1, . . . , n}. The variable of type 1 is σ0, and the

variables of type 2 are {σ1, . . . , σn}.

Definition 2.10.6 (GeneralizedMatrix Index Pieces). Given a family of ground sets {Ni}i∈[t], a
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matrix index piece A = ((a1, . . . , am), i, p) corresponds to the monomial,

pA :=
m∏

i=1
xpi,aj , (2.57)

where i represents the type, xi,aj is the aj-th variable of type i, and p is the degree of every element in the

monomial.

Once again, for the purposes of this work, pA will be a monomial over {σi}ni=1 of degree p ∈ [dH −

2], where we implicitly use the convention that σp0 = 1. The monomial itself will be now be asso-

ciated with a vertex in a hypergraph (along with the indices {i, j} that represent the action of the

derivative operator). Therefore, a matrix index Awill correspond to a set of distinct monomials

{pAi}i∈[m].

Definition 2.10.7 (GeneralizedMatrix Index). A generalized matrix index A = {Ai}mi=1 is a

collection of distinctmatrix index pieces, where distinctness is enforced by requiring that, for every

i < j, either ti < tj or ti = tj and pi < pj.

The size of the generalized matrix index |A| = m is the number of index pieces it consists of, and the

vertex set induced by it isV(A) = ∪i∈[m]V(Ai) = ∪i∈[m] ∪j∈|Ai| {(aj, i)}.

Shapes α and ribbons σ(α) fixed by realizations σ : V(α) ↪→ ∪i∈[t]Ni have the same definitions

as before, but on the space of generalized matrix indices with the additional constraint that σ be

type-respecting (that is, it maps every unrealized vertex v ∈ V(α) to [Ni]where i is the type of v).

Together with a fourier coefficient χ(e) defined for every hyper-edge e ∈ E, this yields a natural def-

inition for generalized graph matricesMα with the fourier basis for χ(e) being the rescaled hermite

polynomials [55, Section 7.2.2.].
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2.10.2 MinimalWeight Vertex Separators and SchattenNorm Bounds

Before giving an explicit bound on the Schatten norms of generalized graph matricesMα, we need

to introduce the notion of aminimum weight vertex separator. To do this, we must first associate a

weight w(v) to every vertex v ∈ V(α) of a shape α.

Definition 2.10.8 (Vertex weight). Given a shape α, the weight of a vertex v ∈ V(α) is,

w(v) = logn(|Ni|) . (2.58)

Note that this immediately implies that w(σ0) = 0 and w(σ) = 1.

Definition 2.10.9 (Weight of a shape). For any q > 0 and shape α, the weight of any subset of vertices

V ⊆ V(α) is given by,

w(V) =
∑

v∈V
w(v) .

The above definitions suffice to precisely state the notion of a minimal weight vertex separator Smin,

which corresponds to a subset of vertices ofV(α) that separateUα andVα with minimal weight.

Definition 2.10.10 (Minimal weight vertex separator). Aminimal weight vertex separator Smin for

a shape α is a subset Smin ⊂ V(α) that separates Uα and Vα with the condition that w(Smin) ≤ w(S)

for all other separators S.

Before stating the final bound, we introduce one last notion of an α-partition, which corresponds to

the set of valid partitions of the ground sets {Ni}i∈[t] induced by a shape α.

Definition 2.10.11 (α-Partition). Given a shape V(α) = ∪i∈[t]Vi(α), an α-partition for vertices of

type i is a set Pi which partitions Ni with every element Iv ∈ Pi associated to a unique vertex v ∈ Vi(α).
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The α-partition of V(α) is then given by the tuple P := (P1, . . . , Pt).

The set Pα denotes the set of all possible α-partitions induced by α. Given a partition P ∈ Pα, a real-

ization (inducing a ribbon) σ acting on α will be assumed to be type-respecting and Pα-respecting if

it maps every v ∈ V(α) to some w ∈ Iv(Pi)where i is the type of v.

Given some shape α, we will need the following bound on the Schatten norm of generalized graph

matricesMα of inputs graphs with vertices being monomials of {σ0} ∪ {σ1, . . . , σn} up to degree

dH, and labelled hyperedges with i.i.d.N (0, 1)weights.

Theorem 2.10.12 (Schatten Norm Bounds on Shapes, [55, Lemma 8.7]). Given a shape α, a parti-

tion P ∈ Pα, the minimal weight vertex separator Smin of α and some q ∈ N, the following holds,

E
N
[Tr[(Mα,PMα,P)

q]] ≤
( ∏

e∈E(α)
h+le (BN (2qle))2q

)
(2q)2q|V(α)|nq(w(V(α))−w(Smin))+w(Smin) ,

(2.59)

where le is the label for the hyperedge e, and BN (2qle) =
√
2qle with h+le (·) defined as in [55, Def-

inition 7.33] and bounded as in [55, Lemma 8.15]. Furthermore, Mα,P denotes a generalized graph

matrix where each entry sums over fourier-coefficients for ribbons induced by realizations σ that are

also Pα-respecting.

The bound above is critical in bounding the contribution of the “noise” term in the proof of Lemma 5.5.1

in conjunction with the maximum entropy constraint.

Theorem 2.10.13 (Spectral Norm Bounds on Shapes, [55, Lemma 8.7]). Given a shape α, a parti-

tion P ∈ Pα, the minimal weight vertex separator Smin of α, the following holds:

E
N

[
‖Mα,P‖op

]
≤
( ∏

e∈E(α)
h+le (BN (2qle))2q

)
(2q)2q|V(α)|nq(w(V(α))−w(Smin))+w(Smin) , (2.60)
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where le is the label for the hyperedge e, and BN (2qle) =
√
2qle with h+le (·) defined as in [55, Def-

inition 7.33] and bounded as in [55, Lemma 8.15]. Furthermore, Mα,P denotes a generalized graph

matrix where each entry sums over fourier-coefficients for ribbons induced by realizations σ that are

also Pα-respecting.

2.11 RandomWalks and the Semi-Circle Law

We are interested in random walks over a complete hypergraph with i.i.d. gaussian weights. Specif-

ically, we critically use the the set of “Dyck-shaped” closed walks to compute a “signal” term when

certifying even trace powers of the Hessian (∇2H). As is proven in Lemma 5.5.1, the signal term

will be stronger than the corresponding “noise” term, yielding sums-of-squares proofs for both a

lower bound and an upper bound for the Schatten norm of∇2H.

2.11.1 Dyck-ShapedWalks

We introduce the notions of a Dyck-shaped walk, followed by the notation used to indicate Dyck

paths and indices into specific nodes involved in the walk. We borrow notation from [57, Section

4.2], and redefine it here for completeness.

Definition 2.11.1 (q-Dyck Paths). The set Tq of q-Dyck paths is the set of all zero-indexed length-2q

integer walks τ that are:

Closed τ0 = τ2q = 0.

Non-negative τi ≥ 0 for all i ∈ [2q].

Unit Monotone Indices |τi − τi−1| = 1 for all i ∈ [2q].
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We think of a q-Dyck path τ = (τ0, . . . , τ2q) as a set of indices that represent a valid Dyck sequence

that can be instantiated by a sequence ω of (q+ 1) vertices in [n].

Definition 2.11.2 (2q-walk instantiation of a q-Dyck path). Given a q-Dyck path τ ∈ Tq, a walk

w ∈ [n]2q is an instantiation of τ specified by a zero-indexed vector ω ∈ [n]q+1 if:

Root Vertex w0 = ω0.

Ascending Transition If τi − τi−1 is equal to 1, and this is the jth time it has been equal to 1, then

wi = ωj.

Descending Transition If τi − τi−1 is equal to−1, and j is the largest value less than i such that

τi = τj, then wi = wj.

Unique Shape ωi ;= ωi−1 for any i.

Fact 2.11.3. The number of q-Dyck paths is |Tq| = Cq, where Cq is the qth Catalan number. The

number of instantiations of a path τ ∈ Tq is n(n− 1)q.

2.11.2 CatalanNumbers and the Semi-Circle Law

It is a standard result in randommatrix theory that the limiting spectral distribution of theGOE(n)

ensemble is given by the semi-circle law. Since we give low-degree SoS certificates of the Schatten

norms of the hessian∇2H(σ) converging to moments of this distribution, certain facts about the

integral representation and asymptotic approximation are abundantly useful.

Definition 2.11.4 (Catalan Numbers). For any n > 0, the n-th Catalan number is given by the

following formula,

Cn =

(2n
n
)

n+ 1
, (2.61)
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which represents the number of ways to have n balanced parentheses in a sequence of 2n spots.

Wewill use the fact that the n-th Catalan number Cn is the 2n-th moment of the semi-circle law to

give a low-degree matrix SoS certifying closeness of a particular matrix Bernstein polynomial to the

appropriate moment of the semi-circle law.

Fact 2.11.5 (Integral Representation for Catalan Numbers). For any n > 0,

Cn = 4n
∫ 1

−1
x2n 2π

√
1− x2dx = E

x∼μsc
[x2n] , (2.62)

where μsc =
2
π
√
1− x2 represents the density function for the semi-circle law.

2.11.3 Truncated moments of the Semi-Circle Law

We require explicit representations for integrals that evaluate various quantities that are related to

the CDF of the semi-circle law.

Proposition 2.11.6 (Integrals related to μsc). The following (real) integral identities hold (up to

constants of integration):

∫ 2
π
√
1− x2dx = CDF(x) = x

√
1− x2
π +

arcsin x
π ,

∫
x · 2π

√
1− x2dx = −2(1− x2)3/2

3π .

The proofs of the integral identities above follow using elementary u-substitution arguments and

are omitted in the interest of brevity.

When computing the expected correlation between a Bernstein polynomial that approximates the

“ramp function” and the value of an element chosen under the semi-circle measure, it will be crucial

to evaluate multiple truncated moments on different compact intervals. The integrals summarized
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above are used extensively therein (Corollary 5.5.12).
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3
Obstructions for Local Quantum

Algorithms on RandomMax-CSPs

The results of this chapter are based on the paper by Chou, Love, Sandhu and Shi [11].
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3.1 Introduction

Recent developments [58, 59, 60] of noisy intermediate-scale quantum (NISQ) devices [61] have

brought us to the door of near-term quantum computation. As experimentalists can now build

programmable quantum simulators up to 256 qubits [60], this motivates an important theoretical

question: what computational advantage can such a NISQ device provide?

One of the constraints of NISQ devices is the inability to create high-fidelity global entanglement.

This motivates the study of the power of quantum algorithms that are local. A leading candidate in

this regime of quantum algorithms is theQuantum Approximate Optimization Algorithm (QAOA) [43]

at shallow depths. While there have been some recent results [62, 63, 64] that formally examine the

QAOA algorithm at depth p = 1 or 2, very few results exist for super-constant depth QAOA [65,

66].

Given the imminent quest of demonstrating quantum computational advantage, it is important to

clarify for what optimization problems can near-term quantum algorithms (such as local quantum

algorithms) reliably be expected to demonstrate computational advantage.

We show that local quantum algorithms, a large natural class of NISQ algorithms, are obstructed

by a geometric property of the solution space known as the coupled Overlap-Gap Property [23]. We

conjecture that this property is satisfied by most CSPs (and indeed show this to be partially true

in the next chapter chapter 4. Specific problems known to have this property include the diluted

k-spin glass Hamiltonian (equivalent to a max-cut problem on random k-hypergraphs) [23], in-

dependent set on random graphs [65], planted clique [67], and many other problems that so far

seem to elude efficient algorithms and be algorithmically hard [29]. In this manuscript, it was also

demonstrate that the randomMax-k-XOR problem has this property, but this exposition is not

stated here in favor of the more general result that is achieved in the next chapter which subsumes
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this (chapter 4).

Critical to our approach is a new definition of local algorithms we term generic local algorithms

(See Section 3.3). Previous work relating statistical-physics-derived OGPs to local algorithms lever-

aged the factors of i.i.d. framework for local algorithms, which fails to contain local quantum algo-

rithms, as we demonstrate in Proposition 3.3.2. Our definition of generic local algorithms subsumes

local quantum and classical algorithms (see Proposition 3.3.2 and Proposition 3.3.3) but still satis-

fies strong concentration properties (see Theorem 3.4.4 and Theorem 3.4.5), allowing obstruction

techniques for local classical algorithms [23] to apply to the quantum case. One of our core tech-

nical contributions involves deriving a strengthened version of McDiarmid’s inequality for highly-

biased random variables using a martingale argument (see Lemma 3.5.6).

3.2 Main Results

The most general form of our obstruction result is stated below.

Theorem 3.2.1 (Obstruction to generic local algorithms given coupled OGP, informal). For every

k ≥ 2, and a constraint function f : {−1, 1}k → {0, 1}, suppose there exists d0 where a random signed

or unsigned (k, d)-CSP(f) satisfies the coupled OGP for every d ≥ d0 and p(n) is such that it satisfies

the requirements of Theorem 3.4.4 and Theorem 3.4.5, then the following holds: There exists ε0 > 0

such that a generic p(n)-local algorithm cannot output a solution that is better than (1 − ε0)-optimal

with high probability.

The theorem effectively obstructs any algorithm that makes assignments for variables by looking

at o(n) sized local neighborhoods irrespective of how these decisions are made and what kind of

randomness is used, provided the problem exhibits a coupled OGP.
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3.3 Generic p-local algorithms

We introduce a concept of “local random algorithm” which will allow for different runs of the same

local algorithm to ”share their randomness”, even when run on mostly-different instances. Later we

will demonstrate that QAOA is a local algorithm under this definition.

Definition 3.3.1 (Generic local algorithms). We consider randomized algorithms on hypergraphs

whose output A(G) ∈ SV assigns a label from some set S to each vertex in V. Such an algorithm is

generic p-local if the following hold.

• (Local distribution determination.) For every set of vertices L ⊂ V, the joint marginal distri-

bution of its labels (A(G)v)v∈L is identical to the joint marginal distribution of (A(G′)v)v∈L

whenever
⋃

v∈L BG(v, p) ∼=L
⋃

v∈L BG′(v, p), and,

• (Local independence.) A(G)v is statistically independent of the joint distribution of A(G)v′ over

all v′ ;∈ BG(v, 2p).

Consequently, it will be possible to sample A(G)v without even knowing what the hypergraph looks

like beyond a distance of p away from v.

This definition is more general than the factors of i.i.d. concept used in probability theory [26, 23].

Our definition, for instance, encompasses local quantum circuits whereas factors of i.i.d. algorithms

satisfy Bell’s inequalities and do not capture quantummechanics.

Proposition 3.3.2 (Generic local strictly generalizes factors of i.i.d.). There exists a generic 1-local

algorithm as defined in Section 3.3 that is not a 1-local factors of i.i.d. algorithm as defined in Sec-

tion 2.6.1.
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A proof of this proposition is provided and consists of setting up a Bell’s inequality experiment

within the framework of a generic 1-local algorithm.

Proof. We describe a circuit that implements a Bell experiment: a Bell pair of entangled qubits is

created, and then a unitary transformation is randomly and independently applied to each qubit

before they are measured (equivalently, a random basis is chosen for each measurement).

Consider 4 qubits |acaebebc〉 in the state |0〉⊗4. Apply theH gate to ac, ae and bc so that they enter

into the |+〉 state, and leave be as is. Using ae as the control qubit, apply a CNOT gate to be. This

results in the creation of a Bell pair
∣∣φ+

〉
between ae and be. Now apply a controlled unitary C-U

to ae using ac as the control qubit. Similarly, apply the controlled unitary C-U to be using bc as the

control qubit. Finally, measure all qubits in the Z basis.

Now, form a graph over the qubits of this circuit, with edges between pairs of qubits that are inter-

acted on by the same gate, as well as a self-loop on be so as to distinguish it from ae:

G = ({ac, ae, be, bc}, {{ac, ae}, {ae, be}, {be, bc}, {be}}) .

An 1-local algorithm on graphs which implements the above quantum circuit when run onG is as

follows:

1. Create a qubit for each vertex, in the |0〉 state.

2. Apply a Hadamard gate to each vertex without a self-loop.

3. For every edge between a vertex of degree 4 with a self-loop and a vertex of degree 2, apply a

controlled-not gate from the vertex of degree 2 to the one of degree 4.
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4. For every edge incident to a vertex of degree 1, apply a controlled-U gate from that vertex to

the one at the other endpoint of the edge.

5. Measure all qubits in the Z basis and output the results.

ac

ae be

bc ac :
ae :
be :
bc :

|+〉
|+〉
|0〉
|+〉

U
U

Figure 3.1: A graphG (left) on which the algorithm described in the proof of Proposition 3.3.2 executes a quantum
circuit (right) which performs a Bell experiment. ae and be are entangled, as suggested by their names. ac and bc are
independent and correspond to control qubits.

We show that this algorithm is 1-local by doing casework on each ”type” of vertex. It is ok for the

output on a vertex to depend on the degree of the vertex and whether it has any self-loops, as these

are functions of the 1-neighborhood of the vertex. Thus the types of vertices are as follows:

Degree-1 vertices The output of a vertex of degree 1 is always an independent uniform distribu-

tion over {−1, 1}. The only interaction of the corresponding qubit is being the source of a

controlled-U gate. This gate commutes with Pauli-Z operators on the source qubit. There-

fore, the measurement in the Z basis commutes past the controlled-U gate, effectively making

this part of a circuit a Zmeasurement on a |+〉 state, followed by classical control determin-

ing whether to apply aU gate on its neighbor. Since this measurement is always independent

and invariant with respect to the hypergraph, the algorithm is 1-local on these vertices.

Degree-2 vertices These can interact with degree-1 vertices and degree-4 vertices with self-loops. If

we consider the Heisenberg picture and propagate the Zmeasurements backward through

the circuit, the first gates we encounter are controlled-U gates from the degree-1 vertices. Re-

call that we can treat those controlled-U gates as a single-qubitU gate controlled classically by
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a single random bit. If theU gate happens, then a Zmeasurement after theU gate is equiv-

alent to aU†ZUmeasurement before theU gate; otherwise it remains a Zmeasurement. If

there’s more than one degree-1 neighbor and more than one consequentU gate, then our

measurement isU2†ZU2 instead, and we’ve reached the initialization of our qubit. If the

other neighbor is a degree-4 vertex with a self-edge, then there’s a controlled-NOT acting on

our degree-2 vertex, andU†ZU after the controlled-NOT is equivalent to some linear com-

bination of phase changes on the degree-4 vertex multiplied by some single-qubit unitary on

the degree-2 vertex. At this point, our measurement operator has reached the initializations

of 2 qubits, both in the 1-neighborhood of the degree-2 vertex we started with. If there was

noU gate applied in step 4, and only one or more controlled-NOTs instead, then a Z on the

target after a controlled-NOT gate is equivalent to the product of Z on the target and Z on

the source before the gate. Then the Z on the target will reach an initialization, while the Z

on the source commutes past other being on the source of other controlled-NOT gates, to

also reach the initialization. Thus we have described how the measurement is a function of

edges in the 1-neighborhood, and how the support of the measurement in the Heisenberg

picture is within the 1-neighborhood, so that if all other measurements also have supports in

their respective 1-neighborhoods, the algorithm is 1-local on vertices of degree 2.

Degree-4 vertices These can interact with degree-1 vertices and degree-2 vertices, but only if they

have a self-loop. The action of degree-1 vertices (in step 4 of the algorithm) is identical with

the degree-2 case above. If the backwards-propagating measurement is Z at the time when it

hits the source of a controlled-NOT gate, the Z on the source after the controlled-NOT is

equivalent to a Z on the source multiplied by an X on the target before the gate. The Z on

the source then propagates back through another controlled-NOT if it exists, remaining a

Z until it hits the initialization. The Xs on the target degree-2 vertices commute through at

64



most one other controlled-NOT gate on the target end until it hits the initialization of the

degree-2 vertex. At the end of this process, the support of the measurement operator on the

qubit initializations is fully determined by and restricted to the 1-neighborhood of the ver-

tex. On the other hand, if the measurement isU†ZU by the time it touches the source of a

controlled-not, it propagates backwards into a linear combination of single-qubit unitaries

on the source and I or X operators on the target. The unitary on the source then hits the ini-

tialization of the degree-4 vertex, while the I or the X commutes past any other controlled-

NOTs the degree-2 vertex might be the target of, to hit the initialization of the adjacent

degree-2 vertex. Again, the measurements in the Heisenberg picture are fully determined

by and restricted to the 1-neighborhood.

All other degrees Vertices of any other degree do not interact with other vertices in the algorithm.

By the above casework, this algorithm is 1-local.

Note that this process cannot be encoded in a 1-local factors of i.i.d. algorithm since this setup allows

for signaling strategies that violate Bell inequalities, whereas 1-local factors of i.i.d. can be explained

by using latent variables to describe the evolution of the randomness of the 1-neighborhood of every

vertex. An extension of this circuit which would involve generating p entangled qubits in a similar

process generalizes the argument to p-local algorithms.

3.3.1 Locality properties of QAOA for hypergraphs

We show that any QAOA circuit of depth pwith some fixed angle parameters (β̂, γ̂) is a p-local al-

gorithm. This allows us to describe a process to sample outputs of this circuit when it is run on two

different input hypergraphs.

Proposition 3.3.3. For every p > 0, angle vectors β̂ and γ̂, QAOAp(β̂, γ̂) is generic p-local under
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Definition 3.3.1.

Proof. To see this, consider the structure of QAOA: we start with a product state
∣∣ψ0
〉
where each

qubit corresponds to a vertex in the hypergraph, apply the unitary transformationU = Up(β̂, γ̂)

to the state, and then measure each vertex v in the computational basis with the Pauli-Z operator

σz(v). Equally valid and equivalent is the Heisenberg picture interpretation of this process, where

we keep the product state
∣∣ψ0
〉
fixed but transform the measurements according to the reversed

unitary transformationU†, so that we end up taking the measurementsU†σz(v)U on the fixed initial

state.

Because the σz(v) operators all commute with each other, their unitarily transformed versions

U†σz(v)U also mutually commute, and the measurements can be taken in any order without any

change in results. LetM(v) = U†σz(v)U andM(L) = {U†σz(u)U | u ∈ L}.

To show that QAOA satisfies the first property of generic p-local algorithms, we need to show that

the marginal distribution of its assignments to any set L′ ⊆ V of vertices depends only on the union

of the p-distance neighborhoods of L′. To show this, since we are allowed to take the measurements

in any order, take the measurements inM(L′) before any other measurement. Then since the ac-

tion of the unitaryU = Up(β̂, γ̂) on qubits in L′ does not depend on any feature of the hypergraph

outside of a radius of p around L′, the operatorsM(L′) are fully determined by the p-local neigh-

borhoods of L′, and since we take them before every other measurement, the qubits are simply in

their initial states when we make these measurements, thus the distribution of outputs is fully deter-

mined.

The same type of reasoning shows that the assignment to each v ∈ V is statistically indepen-

dent of the assignments to any set of vertices outside of a 2p-distance neighborhood of v. Take

L′′ ⊂ V \ B(v, 2p). ThenM(v) acts on a radius-p ball around v, and each measurement inM(L′′)
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acts on a radius-p ball around a vertex in L′′, and by taking {M(v)} ∪ M(L′′) before any of the

measurements inM({B(v, 2p) \ {v}), we ensure that the qubits being measured byM(v) are dis-

joint from and unentangled with those measured by anything inM(L′′). Hence the measurement

M(v) is independent of all measurements inM(L′′). We conclude that QAOAp is a generic p-local

algorithm.

3.3.2 Shared randomness between runs of a generic local algorithm

We describe a process to sample the outputs of a generic local algorithm when run twice on two

different hypergraphs, so that the two runs of the algorithm can share randomness when the hyper-

graphs have some hyperedges in common.

This is not meant as a constructive algorithm, but a statistical process with no guarantee of feasible

implementation.

The idea is to start with two t-coupled hypergraphs, which for large enough n, are likely to have

some set of vertices L+ whose p-neighborhoods are identical between the two hypergraphs. Since

these vertices have identical p-neighborhoods, a generic p-local algorithm behaves identically on

the vertices in L+. We pick a random t+ fraction of the elements of L+, and assign the same labels

to those vertices in the two coupled instances. Then the remaining labels on each hypergraph are

assigned by generic p-local algorithms, conditioned on the output being consistent with the already

assigned labels.

Definition 3.3.4 (Randomness-sharing for generic local algorithms). Let A be a generic p-local

algorithm, (G1,G2) ∼ Hd,k,n,t, and S be a label set. A pair of runs with t+-shared randomness of A

on G1 = (V,E ∪ E1) and G2 = (V,E ∪ E2) with some shared edge set E is defined follows:

1. Let L+ be the set of all vertices v ∈ V such that E(BG1(v, p)) ⊂ E and E(BG2(v, p)) ⊂ E. Gen-
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erate the vertex set L ⊂ L+ by including each element of L+ independently with probability

t+.

2. Since
⋃

v∈L(BG1(v, p)) =
⋃

v∈L(BG2(v, p)), the algorithm has the same joint marginal distri-

bution for its outputs on L when it is run on G1 or G2. Let σ ∈ SL be a sample from this joint

marginal distribution.

3. Let σ1 be a sample of A(G1), conditioned on (σ1)v = σv for all v ∈ L. Similarly for σ2 being

a conditioned sample of A(G2). Then σ1 and σ2 are individually distributed the same as inde-

pendent runs of the algorithm on G1 and G2 respectively, and together are the output of the two

runs with t+-shared randomness.

3.4 Concentration Analysis for Generic Local Algorithms

The most technical part of this work is to establish concentration theorems for generic local algo-

rithms. First, let us specify the choice of parameters we are going to work with in the rest of the

paper.

Parameter 3.4.1. For every even k ≥ 4, there exists η0 > 0 such that the following holds: for every

τ ∈ (0, 1) and 0 < η ≤ η0, there exist d0, n0 > 0 from Theorem 3.2.1 and we consider running

a generic p-local algorithm on a random d-sparse k-uniform hypergraph G with size n ≥ n0, degree

d ≥ d0 and p satisfying,

2p+ 1 ≤ (1− τ) log n
log
(
d(k−1)
ln 2

) .

Recall that to get obstruction from the coupled OGP, we have to show that the correlation between

the outputs of a generic local algorithm on t-coupled hypergraphs is highly concentrated around its

expected valueR(t). This is formally stated in the following theorem.
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Theorem 3.4.1 (Generic local algorithm’s outputs overlap on coupled hypergraphs). Let (k, η, τ, d, n, p)

be parameters satisfying Parameter 3.4.1.When two random t-coupled hypergraphs (G1, G2) ∼

Hd,k,n,t are sampled and a pair of t-shared-randomness runs of a generic p-local algorithm are made

on G1 and G2, the overlap between the respective outputs σ1 and σ2 concentrates. That is, ∀ δ′ > 0,

∃ γ′ > 0, such that,

PG1,G2,σ1,σ2

[∣∣∣∣〈σ1, σ2〉 − E
G1,G2,σ1,σ2

[〈σ1, σ2〉]
∣∣∣∣ ≥ δ′ · n

]
≤ 2e−δ′nγ

′
,

where the probability and expectation are over both the random sample of hypergraphs and the ran-

domness of the algorithm.

To prove Theorem 3.4.1, we have to show concentration with respect to both the internal random-

ness of the algorithm and the randomness from the problem instances. It turns out that the former

is quite non-trivial due to the correlation between coupled hypergraphs as well as the dependencies

introduced by each round of the local algorithm. This results in a generalization and strengthening

of [65, Concentration Theorem] and [23, Lemmas 3.1 & 3.2].

To resolve the correlation issue, we introduce the notion of locally mixed random vectors (Defini-

tion 3.4.2) that capture the shared randomness between different runs of the local algorithm. We

then show in Theorem 3.4.4 that the correlation between a locally mixed random vector and the

output of a generic p-local algorithm will still concentrate around its expectation with high proba-

bility.

Definition 3.4.2 (Locally mixed random vectors). For a hypergraph G with vertex set [n], a vector

r ∈ Rm is a (G, p)-mixed random vector over S1, . . . , Sm ⊆ [n]with respect to σ ∈ Rn if:

• |rj| ≤ 1 for all j ∈ [m],
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• rj is jointly independent of rj′ for j′ where dist(Sj, Sj′) > 2p as well as σi for i where dist({i}, Sj) >

2p, where,

dist(U,V) = min
u∈U,v∈V

dist(u, v) .

Remark 3.4.3. The purpose of the r vector is to enable reasoning about functions of more than one run

of the algorithm, possibly with shared randomness between the runs. When considering functions of the

output of a single run of the algorithm, it will suffice to take rj ≡ 1, which is trivially (G, p)-mixed over

S1, . . . , Sm with respect to σ for all G, p, σ, and S1, . . . , Sm.

Theorem 3.4.4 (Concentration of local functions of spin configurations). Let (k, η, τ, d, n, p) be

parameters satisfying Parameter 3.4.1. Let #, m ∈ N. Let σ be the output of a generic p-local algo-

rithm on a fixed hypergraph G. Let vj,i ∈ [n] for j ∈ [m] and i ∈ [#]. Let r = (r1, . . . , rm) be a

(G′, p)-mixed random vector (Definition 3.4.2) over {v1,i | i ∈ [#]}, . . . , {vm,i | i ∈ [#]} with respect

to σ for some hypergraph G′ for which G is a subgraph of G′. Now, consider a sum,

X =
∑

j∈[m]

h(σvj,1 , . . . , σvj,!)rj ,

where |h| ≤ 1. Suppose that each vertex v occurs at most C times among the different vj,i. Then, pro-

vided that BG′(i, 2p) has at most nA vertices in it for each i ∈ [n], the following holds:

Pσ,r[|X−E
σ,r
[X]| ≥ δn] ≤ e−Ω(δ2m/(C!nA)) .

Next, we show concentration (over the randomness of the problem instances) of functions of hy-

pergraphs which satisfy a bounded-differences inequality with respect to small changes in the hyper-

graphs. This lemma is itself an application of the strengthening of McDiarmid’s inequality, stated in

Lemma 3.5.6.
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Theorem 3.4.5 (Concentration of bounded local differences on coupled hypergraphs). Let (k, η, τ, d, n, p)

be parameters satisfying Parameter 3.4.1. Let A and a be the corresponding exponents from Lemma 3.6.1.

Let f be a function of two hypergraphs over n vertices V, such that

|f(G1,G2)− f(G′
1,G′

2)| ≤ r(n)

for some r whenever (G1,G2) differs from (G′
1,G′

2) by the addition and/or removal of a single hyper-

edge e ∈ [n]k from one or both graph and

max
i∈[n]

max
G∈{G1,G2,G′

1,G
′
2}
|BG(i, p)| ≤ nA/2.

Then

PG1,G2∼Hn,k,d,t

[∣∣∣∣f(G1,G2)− E
G1,G2

f(G1,G2)

∣∣∣∣ ≥ δn r(n)
]
≤ 2 exp

(
−δ2n

4(2−t)d/k+2δ/3

)
+2 exp

(
−na/2

)
.

The theorem above is a generalization of the second part of [65, Concentration Theorem].

Organization of this section. In the rest of this section, we prove Theorem 3.4.4 and The-

orem 3.4.5 in Section 3.4.1 and Section 3.4.2 respectively. Finally, we present the proof for Theo-

rem 3.4.1 in Section 3.4.3 and show several useful corollaries in Section 3.4.4.

3.4.1 Concentration over the internal randomness of the algorithm

In this subsection, we prove Theorem 3.4.4 (restated below) which shows the concentration over

the internal randomness of the algorithm. The proof is based on a Chernoff-style argument with a

careful analysis on the combinatorial structure of the moment generating function.
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Theorem 3.4.4 (Concentration of local functions of spin configurations). Let (k, η, τ, d, n, p) be

parameters satisfying Parameter 3.4.1. Let #, m ∈ N. Let σ be the output of a generic p-local algo-

rithm on a fixed hypergraph G. Let vj,i ∈ [n] for j ∈ [m] and i ∈ [#]. Let r = (r1, . . . , rm) be a

(G′, p)-mixed random vector (Definition 3.4.2) over {v1,i | i ∈ [#]}, . . . , {vm,i | i ∈ [#]} with respect

to σ for some hypergraph G′ for which G is a subgraph of G′. Now, consider a sum,

X =
∑

j∈[m]

h(σvj,1 , . . . , σvj,!)rj ,

where |h| ≤ 1. Suppose that each vertex v occurs at most C times among the different vj,i. Then, pro-

vided that BG′(i, 2p) has at most nA vertices in it for each i ∈ [n], the following holds:

Pσ,r[|X−E
σ,r
[X]| ≥ δn] ≤ e−Ω(δ2m/(C!nA)) .

Proof. We begin the proof by centering the variables Xj so that we can crucially conclude that they

contribute 0 to the moment generating function when their expected value is taken. For technical

reasons (to make odd moments zero), we also introduce a global independent random sign s ∼

{±1}.

Zj = s
[
Xj −E

σ,r
[Xj]

]
= s
[
h(σvj,1 , . . . , σjj,!)rj −E

σ,r
[h(σvj,1 , . . . , σjj,!)rj]

]
, ∀j ∈ [m] .

Note as an immediate consequence that Eσ,r[Zj] = 0, ∀j ∈ [m]. Also, the goal now becomes

showing Pσ[|
∑

j Zj| ≥ δm] < e−Ω(δ2m/(C!nA)).

We start with analyzing the moment generating function of Zj as follows,

E
σ,r








∑

j∈[m]

Zj




t

 =
∑

1≤j1,...,jt≤m
E
σ,r




∏

k∈{j1,...,jt}
Zk



 , ∀t ∈ N .
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For the j-th summand on the right to be non-zero, every factor Zk must be statistically dependent on

at least one other term in {Zj1 , . . . ,Zjt}.

We count the number of summands that can be non-zero. If any Zji is independent from all other

Zji′ , then the entire term is zero, sinceE[Zji ] = 0. Therefore if a summand is non-zero, then the

interference graph between the factors Zji has no isolated vertices. As a relaxation of this condition,

the interference graph contains a forest with at most t/2 components as a subgraph. Therefore,

we can upper bound the number of non-zero terms by summing over all such forests the number

of ways to assign factors Zji into vertices of that forest so that any two connected factors are not

independent from each other.

We will split up the forests by the number of components they have, so first we count the number

of forests over t vertices with w components for w ≤ t/2. By a generalization of Cayley’s formula

[68], there are wtt−w−1 such forests if we assume that the first w vertices are in different compo-

nents. Since we do not have the corresponding requirement on our factors, we may simply choose w

vertices arbitrarily to be in different components, multiplying by
( t
w
)
to find that there are at most

( t
w
)
wtt−w−1 ways to draw a forest with w components over our t indices j1, . . . jt.

We now count the number of ways to assign them factors into these forests so that any two factors

connected by an edge are statistically dependent on each other. A vertex may be arbitrarily selected

from each component of the factor graph (say, choose the one with the lowest index in [t]) to be

assigned any of them factors. Once that vertex has been assigned, each of its neighboring vertices

has at most C#nA choices of dependent factors, since each factor is dependent on at most #nA of the

spins σi, and there are at most C factors which are a function of each spin. The same applies to all

other vertices in the component.
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Therefore, there are at most
t/2∑

w=1

(
t
w

)
wtt−w−1mw(C#nA)t−w (3.1)

ways to generate a possible non-zero term.

Let aw =
( t
w
)
wtt−w−1mw(C#nA)t−w, and we will find the index w∗ that maximizes aw∗ by comput-

ing the ratio
aw
aw−1

=
t!

w!(t−w)!wm
t!

(w−1)!(t−w+1)!(w− 1)tC#nA
=

(t− w+ 1)m
(w− 1)tC#nA .

At this point, we do some casework. In the case where t ≤ m/(C#nA), the above ratio is greater

than 1 whenever w < 1 + t/2, so w∗ = t/2, recalling that we only have even moments because Zj

contains a factor of a global sign s ∼ {±1}. In the case where t ≥ m/(C#nA), the ratio is less than 1

whenever w > ((1+ 1/t)m+ C#nA)/(m/t+ C#nA), which is implied by w > 1+m/(2C#nA), so

w∗ ≤ 1+m/(2C#nA)

In the former case where t ≤ m/(C#nA) and w∗ = t/2, we have

aw∗ =
1
2

(
t

t/2

)
tt/2mt/2(C#nA)t/2 ≤ 2ttt/2mt/2(C#nA)t/2.

In the latter case where t ≥ m/(C#nA) and w∗ > 1+m/(2C#nA),

aw∗ =

(
t
w∗

)
w∗tt−w∗−1mw∗(C#nA)t−w∗

≤ ew∗

(w∗)w∗
w∗tt−1mw∗(C#nA)t−w∗

≤ ew∗ tt−1m(C#nA)t−1

≤ et/2tt−1m(C#nA)t−1.
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In either case,

aw∗ ≤ 2ttt/2mt/2(C#nA)t/2 + et/2tt−1m(C#nA)t−1,

so the number of non-zero terms in the expression of E
[
(
∑

Zj)t
]
is at most t/2 times this bound

on the maximum value of aw∗ , and, recalling that |Zj| ≤ 1,

E
σ








∑

j∈[m]

Zj




t

 ≤ 2t−1tt/2+1mt/2(C#nA)t/2 + 1
2 e

t/2ttm(C#nA)t−1.

Wemultiply both sides by θt and divide by t! and sum over even t (recalling that the definition of

Zj contains a random global sign making all odd moments zero) to obtain a bound on the moment

generating function

E
σ

[
eθ

∑
j∈[m] Zj

]
≤

∑

t∈N even

θt

t! 2
t−1tt/2+1mt/2(C#nA)t/2 +

∑

t∈N even

θt

2 · t! e
t/2ttm(C#nA)t−1.

We handle the two terms separately. For the first one, we reparameterize the index t and then make

use of Stirling’s approximation:

∑

t∈N even

θt

t! 2
t−1tt/2+1mt/2(C#nA)t/2 =

∑

t∈N

θ2t

(2t)!2
2t−1(2t)t+1mt(C#nA)t

=
∑

t∈N

tt+1

(2t)! (8θ
2mC#nA)t

≤
∑

t∈N

tt+1
√
2π(2t)2t+1/2e−2t (8θ

2mC#nA)t

≤
∑

t∈N

tt+1tt+1/2
√
2π(2t)2t+1/2e−t−1t!

(8θ2mC#nA)t

=
e

2
√
π
∑

t∈N

t(2eθ2mC#nA)t
t!
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=
θ2mC#nAe2eθ2mC!nA+2

√
π .

For the second term,

∑

t∈N even

θt

2 · t! e
t/2ttm(C#nA)t−1 ≤

∑

t∈N

θt

2 · t! e
t/2ttm(C#nA)t−1

≤ m
2
√
2π C#nA

∑

t∈N

(e3/2θC#nA)t√
t

≤ m
2
√
2π C#nA

∑

t∈N
(e3/2θC#nA)t

≤ m
2
√
2π C#nA(1− e3/2θC#nA)

.

Putting these bounds together,

E
σ

[
eθ

∑
j∈[m] Zj

]
≤ θ2mC#nAe2eθ2mC!nA+2

√
π +

m
2
√
2π C#nA(1− e3/2θC#nA)

.

ByMarkov’s inequality,

Pσ
[∑

Zj ≥ δm
]
≤ e−θδmE

σ

[
eθ

∑
j∈[m] Zj

]

for all θ. Choosing θ = δ/(2e3/2C#nA)with 0 < δ ≤ 1, we get

E
σ

[
eθ

∑
j∈[m] Zj

]
≤ δ2meδ2m/(2e2C!nA)

4e(C#nA)
√
π +

m√
2π C#nA

.

Therefore,

Pσ




∑

j
Zj ≥ δm



 ≤ δ2me(−
√
e+1)δ2m/(2e2C!nA)

4e(C#nA)
√
π +

me−δ2m/(2e3/2C!nA)
√
2π C#nA

.
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The identical bound holds for Pσ
[∑

j Zj ≤ −δm
]
.

3.4.2 Concentration over randomness of problem instance

In this subsection, we prove Theorem 3.4.5 which shows concentration of coupled hypergraphs

with respect to the randomness of problem instances. We start with stating and proving a special

case of Theorem 3.4.5 to illustrate the structure of the argument in a simpler setting.

Lemma 3.4.6 (Concentration of Bounded Local Differences on RandomHypergraphs). For every

p ∈ N, let A and a be the corresponding exponents from Lemma 3.6.1. Let f be a function of a hyper-

graph on n vertices, such that |f(G1)−f(G2)| ≤ r(n) whenevermaxi∈[n]max(|BG1(i, p)|, |BG2(i, p)|) ≤

nA/2 and G1 differs from G2 by the addition or removal of a single edge. Then

PG∼Hn,k,d

[∣∣∣∣f(G)−EG f(G)
∣∣∣∣ ≥ δn r(n)

]
≤ 2 exp

(
−δ2n

4d/k+ 2δ/3

)
+ exp

(
−na/2

)
.

Proof. The proof follows by arguments similar to those used in the second part of [65, Concentra-

tion Theorem], although we have to derive a strengthening of McDiarmid’s inequality (Lemma 3.5.6),

deferred to Section 3.5.

LetKn be the set of hypergraphs over n verticesVwith small neighborhoods

Kn = {G ∈ Hn,k | max
v∈V

|BG(v, p)| ≤ nA/2}.

Let ρ(G,G′) be equal to |E E E′|whereE is the symmetric difference, forG = (V,E) andG′ =

(V,E′). Then let

g(G) = min
G′∈Kn

f(G′) + ρ(G,G′) r(n).
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Now g has the property that |g(G1) − g(G2)| ≤ r(n)wheneverG1 differs fromG2 by the addition

or removal of a single edge.

G ∼ Hn,k,d may be viewed as the agglomeration of nk different independent random variables, one

for each possible hyperedge e, each random variable denoting the multiplicity of that hyperedge,

distributed as Poisson(dn/nk/k) , since the sum of independent Poisson random variables is itself

another Poisson random variable. And each of these variables is highly biased, being equal to 0 with

probability exp
(
−dn/nk/k

)
≥ 1 − dn/nk/k. Therefore, applying Lemma 3.5.6 on g as a function

of nk independent variables, simplifying, and applying the bound 2− dn/nk/k ≤ 2,

PG∼Hn,k,d [|g(G)−EG g(G)| ≥ δn r(n)] ≤ 2 exp
(

−δ2n
4d/k+ 2δ/3

)
.

Finally, f(G) = g(G)wheneverG ∈ Kn, and by Lemma 3.6.1,

PG∼Hn,k,d [G ;∈ Kn] ≤ e−na/2 .

Therefore, by a union bound,

PG∼Hn,k,d [|f(G)−EG f(G)| ≥ δn r(n)] ≤ 2 exp
(

−δ2n
4d/k+ 2δ/3

)
+ exp

(
−na/2

)
.

We now prove Theorem 3.4.5 (restated below) which shows that the expected values for certain

functions on coupled hypergraphs also concentrate. More specifically, we will assert that all suf-

ficiently local functions of pairs of hypergraphs will concentrate very heavily around the expected

value of the function.
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Theorem 3.4.5 (Concentration of bounded local differences on coupled hypergraphs). Let (k, η, τ, d, n, p)

be parameters satisfying Parameter 3.4.1. Let A and a be the corresponding exponents from Lemma 3.6.1.

Let f be a function of two hypergraphs over n vertices V, such that

|f(G1,G2)− f(G′
1,G′

2)| ≤ r(n)

for some r whenever (G1,G2) differs from (G′
1,G′

2) by the addition and/or removal of a single hyper-

edge e ∈ [n]k from one or both graph and

max
i∈[n]

max
G∈{G1,G2,G′

1,G
′
2}
|BG(i, p)| ≤ nA/2.

Then

PG1,G2∼Hn,k,d,t

[∣∣∣∣f(G1,G2)− E
G1,G2

f(G1,G2)

∣∣∣∣ ≥ δn r(n)
]
≤ 2 exp

(
−δ2n

4(2−t)d/k+2δ/3

)
+2 exp

(
−na/2

)
.

Proof. Wemostly follow the proof of Lemma 3.4.6.

Let ρ(G1,G2,G′
1,G′

2) = |(E1EE′1)∪(E2EE′2)|, whereG1 = (V,E1),G2 = (V,E2),G′
1 = (V,E′1),

andG′
2 = (V,E′2). Then let

g(G1,G2) = min
G′
1∈Kn,G

′
2∈Kn

f(G′
1,G′

2) + ρ(G1,G2,G′
1,G′

2) r(n),

so that |g(G1,G2) − g(G′
1,G2)| ≤ r(n)whenever (G1,G2) differs from (G′

1,G′
2) by the addition or

removal of a single hyperedge in [n]k from one or both graphs.

To apply Lemma 3.5.6, we consider g as a function of nk variables, one for each possible hyper-

edge. The set of possible values for each variable is {∅, {G1}, {G2}, {G1,G2}}, specifying which

of the hypergraphs have that edge. In the coupled random hypergraph model according to Def-
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inition 2.6.5, where hereG1 = (V,E ∪ E1) andG2 = (V,E ∪ E2) each edge’s multiplicity

in E is given by a Poisson(tdn/nk/k) distribution, and its multiplicities in E1 and E2 are given by

Poisson((1 − t)dn/nk/k) distributions, for a total probability of (1 − exp
(
−tdn/nk/k

)
)(1 −

exp
(
−(1− t)dn/nk/k

)
)2 ≤ (2 − t)dn/nk/k that this edge is in either hypergraph. Therefore,

applying Lemma 3.5.6,

PG1,G2∼Hn,k,d,t

[∣∣∣∣g(G1,G2)− E
G1,G2

g(G1,G2)

∣∣∣∣ ≥ δn r(n)
]
≤ 2 exp

(
−δ2n

4(2− t)d/k+ 2δ/3

)
.

Finally, f(G1,G2) = g(G1,G2)whenever (G1,G2) ∈ Kn × Kn. Since the marginal distribution of

G1 inG1,G2 ∼ Hn,k,d,t is the same as the distribution ofG1 ∼ Hn,k,d, and the same holds forG2, by

a union bound,

PG1,G2∼Hn,k,d,t [(G1,G2) ;∈ Kn×Kn] ≤ PG1∼Hn,k,d [G1 ;∈ Kn] +PG2∼Hn,k,d [G2 ;∈ Kn] ≤ 2e−na/2 .

Therefore, by another union bound,

PG1,G2∼Hn,k,d,t

[∣∣∣∣f(G1,G2)− E
G1,G2

f(G1,G2)

∣∣∣∣ ≥ δn r(n)
]
≤ 2 exp

(
−δ2n

4(2−t)d/k+2δ/3

)
+2 exp

(
−na/2

)
.

3.4.3 Proof of Theorem 3.4.1

Finally, we are ready to prove Theorem 3.4.1 (restated below) using Theorem 3.4.4 and Theo-

rem 3.4.5.

Theorem 3.4.1 (Generic local algorithm’s outputs overlap on coupled hypergraphs). Let (k, η, τ, d, n, p)

be parameters satisfying Parameter 3.4.1.When two random t-coupled hypergraphs (G1, G2) ∼
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Hd,k,n,t are sampled and a pair of t-shared-randomness runs of a generic p-local algorithm are made

on G1 and G2, the overlap between the respective outputs σ1 and σ2 concentrates. That is, ∀ δ′ > 0,

∃ γ′ > 0, such that,

PG1,G2,σ1,σ2

[∣∣∣∣〈σ1, σ2〉 − E
G1,G2,σ1,σ2

[〈σ1, σ2〉]
∣∣∣∣ ≥ δ′ · n

]
≤ 2e−δ′nγ

′
,

where the probability and expectation are over both the random sample of hypergraphs and the ran-

domness of the algorithm.

Proof. By Theorem 3.4.4, takingG = G2,m = n, C = # = 1, vj,1 = j, h(s) = s, and rj = uj,

Pσ2

[∣∣∣∣〈σ2, u〉 −E
σ2
〈σ2, u〉

∣∣∣∣ ≥ 2δn
]
≤ exp

(
−Ω(δ2n1−A)

)
,

for every bounded vector u ∈ [−1, 1]n, with the probability and expectation over the randomness of

the algorithm, where A corresponds to the exponent in Lemma 3.6.1.

Again by Theorem 3.4.4, takingG = G1,m = n, C = # = 1, vj,1 = j, h(s) = s, rj = (σ2)j, and

G′ = G1 ∪ G2, using the fact that 〈σ1, σ2〉 =
∑

i∈[n](σ1)i(σ2)i,

Pσ1,σ2

[∣∣∣∣〈σ1, σ2〉 − E
σ1,σ2
〈σ1, σ2〉

∣∣∣∣ ≥ 2δn
]
≤ exp

(
−Ω(δ2n1−A)

)
+ exp

(
−Ω(δ2n1−A′)

)
, (3.2)

with the probability and expectation over the randomness of the algorithm. In the above, we uti-

lize the fact thatG′ ∼ Hd(2−t),k,n. To bound A′, one bounds the 2p-neighborhood ofG′ using

Lemma 3.6.1 invoked with degree d(2− t) ≤ 2d.

We argue now that f(G1,G2) := Eσ1,σ2 〈σ1, σ2〉 satisfies a bounded-differences inequality, so that

|f(G1,G2) − f(G′
1,G′

2)| ≤ 2knA whenever maxi∈[n]maxG∈{G1,G2,G′
1,G

′
2}
|BG(i, p)| ≤ nA and

|(E(G1)E E(G′
1)) ∪ (E(G2)E E(G′

2))| ≤ 1. This is because by the definition of p-local, the only
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coordinates of σ1 or σ2 that can change in marginal distribution when an edge is changed are those

that are within a distance of p from any of the k endpoints of the changed hyperedge, inG1 andG′
1,

orG2 andG′
2 respectively.

Therefore by Theorem 3.4.5,

PG1,G2

[∣∣∣∣ Eσ1,σ2 〈σ1, σ2〉 − E
G1,G2

E
σ1,σ2
〈σ1, σ2〉

∣∣∣∣ ≥ 2kδ′nAn
]
≤ 2 exp

(
−(δ′)2n

4(2− t)d/k+ 2δ′/3

)
+2 exp

(
−na/2

)
,

where a is from the statement of Lemma 3.6.1.

By a union bound and triangle inequality with (3.2) then, and taking δ′ = δ/(knA),

PG1,G2,σ1,σ2

[∣∣∣∣〈σ1, σ2〉 − E
G1,G2

E
σ1,σ2
〈σ1, σ2〉

∣∣∣∣ ≥ 4δn
]
≤

2 exp
(

−δ2n
4(2− t)kn2Ad+ 2knAδ/3

)
+ 2 exp

(
−na/2

)
+ exp

(
−Ω(δ2n1−A)

)
+

exp
(
−Ω(δ2n1−A′)

)
.

3.4.4 Corollaries of concentration analysis

As a corollary to Theorem 3.4.1, we can inherit the concentrated overlap of two independent hy-

pergraphsG1,G2 ∼ Hd,k,n. This is essential to reasoning about the fact that the overlap at t = 0

between the solutions is desirably small with high probability.

Corollary 3.4.7 (Generic local algorithm output overlap on independent hypergraphs). Suppose p

is as in Lemma 3.6.1. When two random hypergraphs G1, G2 are sampled i.i.d. fromHd,k,n and a

generic p-local algorithm is run on both hypergraphs, the overlap between the respective solutions σ1 and

82



σ2 concentrates. That is, ∃ δ′ > 0 and γ′ > 0, such that,

PG1,G2,σ1,σ2 [|〈σ1, σ2〉 −E[〈σ1, σ2〉]| ≥ δ′ · n] ≤ 2e−δ′nγ
′
, (3.3)

where the probability is over both the random sample of hypergraphs and the randomness of the algo-

rithm.

Proof. By Theorem 3.4.1 at t = 0 withG1 independent ofG2.

We now assert the concentration of hamming weight of the solutions output by a generic p-local

algorithm over the randomness of the algorithm. This result is equivalent to the second part of [65,

Concentration Theorem] and [23, Lemma 3.2]. In our case, it is a corollary of Theorem 3.4.4.

Corollary 3.4.8 (Concentration of hamming weight of generic local algorithm output). Given a

d-sparse k-uniform hypergraph G ∼ Hd,k,n, suppose that,

PG[max
i

BG(vi, 2p) ≥ nA] ≤ e−na ,

and

PG[max
i

BG(vi, p) ≥ n
A
2 ] ≤ e−n

a
2 ,

Let σ be the output of a generic p-local algorithm. Then, ∃ γ > 0 such that, ∀ δ > 0,

PG,σ

[∣∣∣∣|σ|− E
G,σ

[|σ|]
∣∣∣∣ ≥ δn

]
≤ e−δ2nγ , (3.4)

where |σ| =
∑n

i=1
1
2(1− σi) is the number of−1s in σ.

83



Proof. Instantiate Theorem 3.4.4 by asserting that the following holds for the graphG,

Pσ

[∣∣∣∣∣

n∑

i=1
σi −Eσ [σ]

∣∣∣∣∣ ≥ 2δn
]
≤ exp

(
−Ω(δ2n1−A)

)
. (3.5)

with # = 1, C = 1,m = n, vj,1 = j, rj = 1, and h(s) = s. We now invoke Lemma 3.4.6 with

f = Eσ[|σ|]. Now, notice that the definition of generic p-local algorithms (Definition 3.3.1) implies

that on adding or removing a hyperedge e, f can change by no more than 2knA, since changes are

restricted to the p-neighborhood. Therefore, providedG is a graph with maxi B(vi, 2p) ≤ nA, we

obtain,

PG,σ

[∣∣∣∣Eσ [|σ|]−EG Eσ [|σ|]
∣∣∣∣ ≥ 2kδ′nAn

]
≤ 2 exp

(
−δ′2n

4d/k+ 2δ′/3

)
+ exp

(
−na/2

)
.

By setting δ′ = δ/knA, and taking a triangle inequality over Equation 3.5 and a union bound,

PG,σ

[∣∣∣∣|σ|− E
G,σ

[|σ|]
∣∣∣∣ ≥ 2δn

]
≤ 2 exp

(
−δ2n1−2A

4dk+ 2δk/(3nA)

)
+ exp

(
−na/2

)
+ exp

(
−Ω(δ2n1−A)

)
.

The last corollary we obtain from Theorem 3.4.4 is that the objective function value, that is, the

energy corresponding to the spin configuration output by a generic p-local algorithm, also concen-

trates heavily around the expected value. This is equivalent to [23, Lemma 3.1] with substantially

stronger concentration.

Corollary 3.4.9 (Concentration of energy of generic local algorithm output). Given a d-sparse

k-uniform hypergraph G ∼ Hd,k,n, suppose that

PG[max
i

BG(vi, 2p) ≥ nA] ≤ e−na ,
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and

PG[max
i

BG(vi, p) ≥ n
A
2 ] ≤ e−n

a
2 .

Let σ be the output of a generic p-local algorithm. Then, ∃γ > 0, such that, ∀δ > 0,

PG,σ

[∣∣∣∣H
G
d,k,n(σ)− E

G,σ
[HG

d,k,n(σ)]
∣∣∣∣ ≥ δn

]
≤ e−δ2nγ .

Proof. For sufficiently large n, the degree of the vertices inG are distributed as Poisson(d). There-

fore, by a standard Chernoff bound for the Poisson distribution [69, Theorem 1],

PPoisson(d)

[
deg(v) ≥ d+ n

a
2
]
≤ exp

(
−na

2
(
d+ na/2

)
)

.

Applying a union bound to the above for every vertex v ∈ V(G) yields that the degree of every

vertex can be upper bounded by d+ n
a
2 ≤ 2n

a
2 , for sufficiently large n.

An instantiation of Theorem 3.4.4 on a graphG chosen so that the degree of every vertex is not

more than 2n
a
2 implies that,

Pσ
[∣∣∣HG

d,k,n(σ)−Eσ [H
G
d,k,n(σ)]

∣∣∣ ≥ 2δn
]
≤ exp

(
−Ω

(
δ2dn1−A−a/2

2k

))
, (3.6)

wherem = dn, # = k, C = 2n
a
2 and hj(sj,1, . . . sj,k) = −

∏!
i=1 sj,i, where sj,i denotes the spin of the

i-th vertex of the j-th hyperedge.

We instantiate Lemma 3.4.6 with f = Eσ[Hd,k,n]. Note that if we change one hyperedge e ofG,

then because of the fact that a generic p-local algorithm will only affect the joint distribution in a p-

neighborhood around every vertex, we notice that f cannot change by more than 2CknA = 4knA+
a
2
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whenG satisfies the bounded neighborhood proposition in the hypothesis. Therefore,

PG,σ

[∣∣∣∣Eσ [H
G
d,k,n(σ)]−EG Eσ [H

G
d,k,n]

∣∣∣∣ ≥ 2Ckδ′nAn
]
≤

2 exp
(

−δ′2n
4d/k+ 2δ′/3

)
+ exp

(
−na/2

)
+ exp

(
−na

2
(
d+ na/2

)
)

.

By a union bound and triangle inequality with Equation 3.6, followed by taking δ′ = δ/(CknA),

PG,σ

[∣∣∣∣H
G
d,k,n(σ)− E

G,σ
[HG

d,k,n(σ)]
∣∣∣∣ ≥ 4δn

]
≤

2 exp
(
−δ2n1−2A−a

4dk+2
3kδ/nA+a/2

)
+ exp

(
−na/2

)
+ exp

(
−na+ log(n)
2
(
d+na/2

)
)
+ exp

(
−Ω(δ2dn1−A−a/2)

2k

)
.

Note that we can guarantee that 2a + A < 1 with an appropriate choice of a,A > 0, which

is made possible by choosing an appropriate value of τ > 0 in Parameter 3.4.1. For an explicit

characterization, refer to Lemma 3.6.1 and [65, Equation (75), Neighborhood Size Theorem].

3.5 StrengthenedMcDiarmid’s Inequality for biased distributions

We introduce the notions of a martingale and a Doob martingale, followed by a concentration result

for bounded difference martingales in Fan et al. [70] , and conclude with a proof of a strengthened

version of McDiarmid’s inequality for highly-biased distributions.

3.5.1 Martingales & concentration

Definition 3.5.1 (Martingales). Amartingale with respect to random variables X1, . . . ,Xn is given by

a sequence of random variables Z1, . . . ,Zn such that the conditional expectation of each Zi conditioned
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on all previous data points X<i in the sequence is,

E[Zi | X1, . . . ,Xi−1] = Zi−1 .

Furthermore, all expectations are bounded: E[|Zi|] < ∞. If Xi = Zi, then Z1, . . . ,Zn is said to be a

martingale with respect to itself.

A commonmartingale is the so-calledDoob martingale where we set the random variables Zi to be

the averages of some bounded function f acting on X1, . . . ,Xn conditioned on observations up to

X<i.

Definition 3.5.2 (Doob martingales). TheDoob martingale of a function f of random variables

X1, . . . ,Xn is the martingale sequence given by,

Zi = E[f(X1, . . . ,Xn) | X1, . . . ,Xi] ,

so long as E[|f(X1, . . . ,Xn)|] <∞.

We introduce some more technical definitions below.

Definition 3.5.3 (Martingale difference). Themartingale difference sequence of a martingale

Z1, . . . ,Zn is given by the sequence Yi = Zi − Zi−1, noting thatE[Yi] = 0 by definition.

Definition 3.5.4 (Quadratic characteristic sequence). The quadratic characteristic sequence of a

martingale Z1, . . . ,Zn with martingale difference sequence Y2, . . . ,Yn consists of the values

〈Z〉i =
∑

j∈[i]
E[Y2j | Z1, . . . ,Zj−1].

To prove the version of McDiarmid’s inequality with a highly-biased distribution, we will need
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a result that generalizes the concentration bounds of Azuma and Bernstein, using the quadratic

characteristic sequence as the martingale analogue of the variance. The generalization is given by

Fan et al. [70] and was previously used to bound deviations of functions of the indicator variables of

edges in sparse random graphs in Chen et al. [71].

Theorem 3.5.5 (Theorem 2.1 and Remark 2.1 combined with equation (11) of [70]). Let Z1, . . . ,Zn

be a martingale with martingale differences Yi satisfying |Yi| ≤ 1 for all 2 ≤ i ≤ n. For every

0 ≤ x ≤ n and ν ≥ 0, we have

P
[
|Zn − Z0| ≥ x and 〈Z〉n ≤ ν2

]
≤ 2 exp

(
−x2

2(ν2 + x/3)

)
.

3.5.2 StrengthenedMcDiarmid’s inequality

Lemma 3.5.6 (McDiarmid’s inequality for biased distributions). Suppose that X1, . . . ,Xn are sam-

pled i.i.d. from a distribution D over a finite setX , such that D assigns probability 1−p to a particular

outcome χ0 ∈ X . Let f : X n → R satisfy a bounded-differences inequality, so that

|f(x1, . . . , xi−1, xi, xi+1, . . . xn)− f(x1, . . . , xi−1, x′i, xi+1, . . . xn)| ≤ c

for all x1, . . . , xn, x′i ∈ X . Then

P[|f(X1, . . . ,Xn)−E f(X1, . . . ,Xn)| ≥ ε] ≤ 2 exp
(

−ε2

2np(2− p)c2 + 2cε/3

)
.

Proof. f is bounded because it has a finite domain. Therefore, let Zi = E[f(X1, . . . ,Xn) | X1, . . . ,Xi]

be the Doob martingale of f(X1, . . . ,Xn) and let Yi = Zi − Zi−1 be its martingale difference se-

quence.
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Wewill show that |Yi| ≤ c. We take

gj(x) := E
xj+1,...,xn∼D

[
f(X1, . . . ,Xj−1, x, xj+1, . . . , xn)

]
,

so that by definition,

Yi = E[f(X1, . . . ,Xn) | X1, . . . ,Xi]−E[f(X1, . . . ,Xn) | X1, . . . ,Xi−1].

= E
xi+1,...,xn∼D

f(X1, . . . ,Xi−1,Xi, xi+1, . . . , xn)− E
xi,...,xn∼D

[f(X1, . . . ,Xi−1, xi, xi+1, . . . , xn)]

= gi(Xi)− E
x∼D

[gi(x)]

= E
x∼D

[gi(Xi)− gi(x)] .

Then it becomes a simple matter to compute

|Yi| =
∣∣∣∣ Ex∼D

[
gi(Xi)− gi(x)

]∣∣∣∣ ≤ E
x∼D

[∣∣∣gi(Xi)− gi(x)
∣∣∣
]
≤ c.

Next, we show that 〈Z〉i ≤ (2 − p)pc2n. By definition, 〈Z〉i =
∑

j∈[i] EXj∼D[Y2j | X1, . . . ,Xj−1]

and it will suffice to show that EXj∼D[Y2j | X1, . . . ,Xj−1] ≥ (2− p)pc2. We start with

E
Xj∼D

[
Y2j
]
= E

Xj∼D

[(
E
x∼D

g(Xj)− g(x)
)2
]

We split the expectation of Y2j over Xj ∈ X into two cases, one where Xj = χ0 and one where

Xj ;= χ0. Then

E
Xj∼D

[
Y2j
]

= PXj∼D[Xj = χ0] E
Xj∼D

[
Y2i | Xj = χ0

]
+ PXj∼D[Xj ;= χ0] E

Xj∼D

[
Y2i | Xj ;= χ0

]
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Since PXj∼D[Xj ;= χ0] = p and |Yi| ≤ c, we bound the second term in the above by pc2. Continuing

with the first term,

E
Xj∼D

[
Y2j
]
≤ pc2 + PXj∼D[Xj = χ0]

(
g(χ0)− E

x∼D
g(x)

)2

= pc2 + PXj∼D[Xj = χ0]
(
g(χ0)− Px∼D[x = χ0]g(χ0)− Px∼D[x ;= χ0] Ex∼D

[g(x) | x ;= χ0]
)2

= pc2 + PXj∼D[Xj = χ0]
(
Px∼D[x ;= χ0]g(χ0)− Px∼D[x ;= χ0] Ex∼D

[g(x) | x ;= χ0]
)2

= pc2 + PXj∼D[Xj = χ0]Px∼D[x ;= χ0]
(
g(χ0)− E

x∼D
[g(x) | x ;= χ0]

)2

≤ pc2 + (1− p)pc2.

If we scale down the martingale Z1, . . . ,Zn by a factor of c, we obtain a newmartingale with mar-

tingale differences bounded by 1 in absolute value and with ith quadratic characteristic at most

p(2− p)i. Therefore, by Theorem 3.5.5, taking ν2 = p(2− p)n,

P
[
1
c |Zn − Z0| ≥ ε and 〈Z〉n ≤ p(2− p)n

]
≤ 2 exp

(
−ε2

2(2p(1− p)n+ ε/3)

)
.

Since 〈Z〉n ≤ p(2− p)n is always true, and absorbing a factor of c into a rescaling of ε,

P [|Zn − Z0| ≥ ε] ≤ 2 exp
(

−ε2

2np(2− p)c2 + 2cε/3

)
.
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3.6 VanishingNeighborhoods of Sparse RandomGraphs

We state here a theorem that is a mild generalization of the one proved by Farhi et al [65]. The theo-

rem follows the prior proof but requires some extra accounting to account for the arity of the hyper-

edges, and the use of probability generating functions as opposed to moment generating functions

due to the slightly different model of randomness.

Lemma 3.6.1 (Vanishing local neighborhoods of random sparse k-uniform hypergraphs). Let k ≥ 2

and d ≥ 2 and τ ∈ (0, 1). Then there exists a > 0 and 0 < A < 1, such that, for n large enough and

p satisfying

2p+ 1 ≤ (1− τ) log n
log
(
d(k−1)
ln 2

) ,

the following are true:

PG∼Hn,d,k [max
i

BG(vi, 2p) ≥ nA] ≤ e−na ,

and

PG∼Hn,d,k [max
i

BG(vi, p) ≥ n
A
2 ] ≤ e−n

a
2 .

Intuitively, the above lemma says that the local neighborhood of each vertex is vanishingly small

with high probability. To prove Lemma 3.6.1, we utilize a modified version of the proof of Farhi et

al. [65, Neighborhood Size Theorem] to handle the case of sparse random hypergraphs.

Proof. First, note that given dn
k hyperedges (which is the expectation of the Poisson(dn/k) distri-

bution from which the number of edges are sampled), each of size k, the expected number of hyper-

edges some vertex vi shows up in is,

E
|E|
[Πi(E(HG))] = dn

k · Pe∼[n]k [vi ∈ e] ≤ dn
k ·
(
nk−1

nk

)
k = dn

k ·
(
1
n

)
k = d . (3.7)
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Now, consider another model of a k-uniform hypergraph in which we sample nk edges indepen-

dently, each with probability p. This induces a Bin(nk, p) distribution on the number of hyper-

edges. To compare this with our model, we compare the expected number of hyperedges as,

pnk = dn
k =⇒ p = d

knk−1 .

Note that the degree distribution of a vertex (which is equivalent to the number of hyperedges it

appears in) in this model is given as,

Bin
(
knk−1,

d
knk−1

)
.

The distribution above converges to Poisson(d) in the large n limit, and its moment generating

function is dominated by that of the Poisson(d) distribution for all large but finite n. Formally,

φ
(
Bin
(
knk−1,

d
knk−1

))
= (1− d(1− et))knk−1 ≤ ed(et−1) = φ(Poisson(d)) .

Therefore, the number of vertices in the 1-neighborhood of any vertex v ∈ V(G) can be bounded

from above (in the large n limit) as,

(k− 1)Poisson(d) .

So, we will consider the scaled Galton-Watson process above starting at some vertex v ∈ V(G),

which is itself a Galton-Watson process [72]. We upper bound the scaled Galton-Watson process

above with the Galton-Watson process induced by the Poisson(d(k − 1)) distribution (at an appro-

priate level) by comparing their respective probability generating functions. Note that the probabil-

ity generating function of (k − 1)Poisson(d) is fPoisson(d)(zk−1). To look at the x-th neighborhood,
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we will use the probability generating function of the x-th level of the underlying Galton-Watson

process, denoted as fx. Now, by [72, Theorem 4.1],

fx = f◦x1 :=

x︷ ︸︸ ︷
f1 ◦ · · · ◦ f1 ,

where f1 = fPoisson(d)(zk−1) = f(k−1)Poisson(d)(z). By comparing the pgf of the Galton-Watson

process of f(k−1)Poisson(d)(z) and the Galton-Watson process of fPoisson(d(k−1))(z), one can observe

that,

fx−1 ≤ gx ,

where gx = g◦x1 , and g1 = fPoisson(d(k−1))(z). We now repeat the argument in [65, Neighborhood

Theorem] that bounds the size of a Poisson(d(k− 1)) branching process.

Let Zx denote the size of the x-th generation of a Poisson(d(k − 1)) branching process. Note that

Z0 = 1, Z1 = Poisson(d(k − 1)) and, more generally, one can look at the moment generating

function of the Poisson(d(k− 1)) branching process as,

E
Branching(d(k−1))

[etZx ] = ed(k−1)(E[etZx−1 ]−1) .

We denote by φx(t) the moment generating function of the Poisson(d(k− 1)) branching process. It

is straightforward to see by an inductive argument used in [65, Neighborhood Size Theorem] that,

φx

((
ln 2

d(k− 1)

)x)
≤ e , ∀k ≥ 0.

Furthermore, by an application of Markov’s inequality to the moment generating function, the
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following is true for any u, t > 0,

PBranching(d(k−1))

[
Zx ≥ u

(
(d(k− 1))

ln 2

)x]
≤ e−u

( d(k−1)
ln 2

)x
φx(t) ≤ e−ue , (3.8)

where the last inequality follows by a choice of t =
(

ln 2
d(k−1)

)x
.

We now bound the probability that the total number of nodes in the branching process at height x

is at least c via a union bound,

PBranching(d(k−1))

[ x∑

i=1
Zi ≥ c

]
≤

x∑

i=1
P[Zi ≥

c
x ] .

Let c = (d(k − 1))sx
(
d(k−1)
ln 2

)x
and u = dsx

x , where swill be chosen later to demonstrate the

existence of A. Substituting these into Equation 3.8 yields a lower bound on the size of the neigh-

borhoods induced by the Poisson(d(k− 1)) branching process as,

PBranching(d(k−1))

[ x∑

i=1
Zi ≥ (d(k− 1))sx

(
d(k− 1)
ln 2

)x
]
≤ xe−

dsx
x e ≤ e−dsx/2 , (3.9)

where we assume a sufficiently large choice of x. Denote by pr(vi) the probability that a vertex vi in

a random k-uniform hypergraph with p = d
knk−1 has a x-neighborhood with size at least that of

Equation 3.9, conditioned on the hypergraph having r hyperedges. Extending the argument in [65,

Neighborhood Size Theorem] further,

∞∑

r=dn/k
P[G has r hyperedges] · pr(vi) ≤

∞∑

r=0
P[G has r hyperedges] · pr(vi) ≤ e−dsx/2 .
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Since an increase in the number of sampled edges will only increase pr(vi), it follows that,

∞∑

r=dn/k
P[G has r hyperedges] · pdn/k(vi) ≤ e−dsx/2 .

Now, the number of edges are distributed as Poisson(dn/k). SinceE[Poisson(dn/k)] = dn
k ,

∞∑

r=dn/k
P[G has r hyperedges] = P[G has ≥ dn/k hyperedges] .

Note that the mean of the Poisson(dn/k) distribution is an integer. Consequently, the median of

the distribution is also dn
k [73]. Then,

P[Poisson(dn/k) ≥ dn/k] ∈
(
1
2
− P[Poisson(dn/k) = dn/k], 1

2
+ P[Poisson(dn/k) = dn/k]

)
.

Now, by applying Stirling’s approximation,

P[Poisson(dn/k) = dn/k] ≤ 1√
2πdn/k

.

Consequently,

P[Poisson(dn/k) ≥ dn/k] ≥ 1
2
− P[Poisson(dn/k) = dn/k] ≥ 1

2
− 1√

2πdn/k
=

1
2
− od,n(1) .

This yields an upper bound for the probability of a x-neighborhood exceeding the desired size as,

pdn/k(vi) ≤
(
2+ od,n(1)

)
e−dsx/2 ≤ e−dsx/3 ,

for sufficiently large x.

95



We set

2p ≤ x− 1 = (1− τ) log n
log
(
d(k−1)
ln 2

) − 1

for some τ ∈ (0, 1). Then, let log = logd(k−1) and define L = logd(k−1)
( 1
ln 2
)
. Consequently,

the remaining argument follows exactly as in the last part of the proof of [65, Neighborhood Size

Theorem]. Specifically, Equation 3.9 reduces to [65, Eq. 75, Neighborhood Size Theorem] with

w = (1− τ) given the parameter choices above after some algebra.
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4
RandomMax-CSPs inherit hardness from

Spin Glasses

The results of this chapter are based on the paper by Jones, Marwaha, Sandhu and Shi [9].
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4.1 Introduction

In this work, we formalize a general and deep connection between two intensely studied classes of

optimization problems: constraint satisfaction problems (CSPs), studied in computer science, and

spin glass models, studied in statistical physics. We demonstrate that as the clause density of the

randomCSP increases, the geometric properties of the set of nearly-optimal solutions converge

to those of a corresponding spin glass model. In these spin glass models, the very same geometric

properties imply bounds on the average-case approximability achieved by broad classes of algo-

rithms [74, 28, 29]; these bounds are conjectured to be the best possible among all polynomial-time

algorithms [75, 13]. The correspondence we establish here implies that the same lower bounds ap-

ply to average-case CSPs.

CSPs are paradigmatic computational tasks. Their study has led to foundational results in compu-

tational hardness, approximability, and optimization [76]. In recent years, we have learned more

about CSPs through methods inspired by statistical physics, especially when the clauses of the CSP

are chosen randomly [16, 77, 24, 78, 79]. By identifying the solution quality of a variable assign-

ment with the energy of a configuration of particles, we can investigate “physical” properties of the

CSP, such as phase transitions or solution clustering at different temperatures. Surprisingly, these

physical properties can have computational consequences.

We study randomCSP instances with Boolean variables, random literal signs, and number of con-

straints which is a large constant times the number of variables, such that each constraint acts on a

constant number of variables. If n is the number of variables, thenm = αn is the number of con-

straints for some constant α. For large enough α, the CSP is unsatisfiable with probability 1 − on(1).

Therefore the goal is to find a variable assignment that maximizes the number of satisfied con-

straints, and we think of these asMax-CSPs.

98



Given a randomMax-CSP, howmany constraints can be satisfied? How are the best assignments

distributed around the hypercube? Can we find these assignments with efficient algorithms? Statis-

tical physicists use questions like these to investigate the solution geometry of a problem. Our main

result connects the solution geometry of a Max-CSP (with large enough α) to that of a spin glass. As

a consequence, much of our mathematical and algorithmic understanding of spin glasses transfers

to CSPs at large clause density.

A spin glass (more properly amixed mean-field spin glass) is a random system of n particles (vari-

ables) specified by amixture polynomial ξ(s) =
∑

p≥1 c2p sp. In this model, the interaction strength

between every p-tuple of particles is an independent Gaussian with variance c2pn1−p; this can be

thought of as a randomly-weighted CSP on the complete p-uniform hypergraph. We show that as

the clause density of any randomCSP increases (α → ∞), the solution space starts to resemble that

of a spin glass. For example, Max-Cut on random graphs with large constant average degree qualita-

tively looks like the Sherrington-Kirkpatrick model, where c2 = 1, {ci}i6=2 = 0 [80, 24]. (Note that

our proof applies to Max-2XOR instead of Max-Cut, so we do not recover this result exactly.)

4.2 Main results

Formally, we relate the free energy density of a randomMax-CSP instance to that of a particular spin

glass. The associated spin glass is determined only by the Fourier weights of the CSP. In fact, the

mixture polynomial of the spin glass is, up to a constant, the noise stability polynomial of the CSP:

Theorem 4.2.1 (Free energy density). Generate a random CSP instance I (with cost function HI )

consisting of α · n independent and uniform constraints of a predicate f : {±1}k → {0, 1} with

99



randomly signed literals. Define the polynomial

ξ(s) = Stabs(f)− f̂(∅)2 =
k∑

j=1
‖f=j‖2sj , (4.1)

where Stabs(f) is the noise stability polynomial of f, and ‖f=j‖2 is the Fourier weight of f at degree j.

Generate a random spin glass instance Hξ with mixture polynomial ξ.

Let β > 0, and define ZI(β) =
∑

σ∈{±1}n eβHI(σ) and ZSGξ(β) =
∑

σ∈{±1}n eβH
ξ(σ) as the respective

partition functions. Then

1
βn logZI(β) = f̂(∅) +

1
βn

logZSGξ(β)√
α + O

(
β2
α2

)
+ on (1) . (4.2)

where the second-to-last term (which may depend on n) satisfies
∣∣∣O
(
β2
α2

)∣∣∣ ≤ C · β2
α2 whenever

β
α ≤ ε0

for absolute constants C, ε0 > 0, and the last term is random and is on (1) w.h.p.

Prior work relates the free energy density of specific CSPs such as Max-kXOR [24, 78] andMax-

kSAT [81] to that of a spin glass. Theorem 4.2.1 generalizes this connection to any randomMax-

CSP with randomly signed literals.

The asymptotic equivalence of the free energy density implies the equivalence of several properties

of the solution geometry for large enough α. We show two specific implications of Theorem 4.2.1.

The first is that the optimal value of a randomMax-CSP in the large clause density limit can be

found with a spin glass calculation.

Corollary 4.2.2. (Optimal value equivalence). Generate a random CSP instance I consisting of α · n

independent and uniform constraints of a predicate f : {±1}k → {0, 1} with randomly signed

literals. Let vI be the maximum fraction of constraints of I that can be satisfied. Let ξ be defined as in

Equation 4.1, and GSED(SGξ) as the (non-random) ground state energy density of the associated spin
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glass. Then

vI = f̂(∅) +
GSED(SGξ)√

α + o
(

1√
α

)
. (4.3)

where the last term is at most κ(n, α) w.h.p for a function κ(n, α) satisfying κ(n, α) ·
√
α → 0 as

n→∞ then α→∞.

Computing the minimum value, or ground state energy, of a spin glass can famously be done using

the Parisi formula.

The second implication relates to algorithmic hardness.1 Intuitively, when global minima are lo-

cated in clusters, some algorithms cannot efficiently find them. A recent body of work (starting with

[26]) has pinpointed hardness on the presence of an overlap gap property (OGP), showing how this

property obstructs noise-stable algorithms from (1 − ε)-approximating average-case instances. We

show that a flexible version of the OGP, called the branching OGP [13], exists on a spin glass exactly

when it exists on the associatedMax-CSP at large enough clause density. As a result, the techniques

that obstruct algorithms on certain spin glasses also work on the correspondingMax-CSPs.

Corollary 4.2.3 (OGP equivalence, informal). Take anyMax-CSP. Consider the associated spin

glass SGξ, where ξ is defined as in Equation (4.1). Then SGξ exhibits an OGP at value v if and only if

theMax-CSP exhibits an OGP at value f̂(∅) + v√
α for all sufficiently large α.

The formal class of algorithms we obstruct is as follows [13]. Consider two correlated instances with

correlation parameter t ∈ [0, 1]. A deterministic2 algorithm is overlap-concentrated if for every t, the

overlap (a.k.a the Hamming distance) between the two output assignments for the two correlated
1For this implication, we need to boost Theorem 4.2.1 to interpolate the free energy density restricted to

any given overlap and correlation structure.
2A randomized algorithm is overlap-concentrated if it is overlap-concentrated for every fixing of the

randomness.
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instances is concentrated inside a narrow interval. This is a notion of noise robustness that many

commonly-used algorithms have, including approximately Lipschitz algorithms on spin glasses [13]

and local classical and local quantum algorithms on randomMax-CSPs [11]. Additionally, survey

propagation with a constant number of message-passing rounds likely has this property [82, 75, 83].

Theorem 4.2.4 (OGP obstructs algorithms with overlap concentration, informal). Consider an al-

gorithmA with overlap concentration. ThenA cannot output arbitrarily good approximate solutions

on instances of Max-CSPs which exhibit an OGP.

Our proof of Theorem 4.2.4 follows that of Huang and Sellke [13], who prove the same result on

spin glasses. Only a few changes are needed to transfer their result to Max-CSPs. Note that this

result also applies to CSPs with small α if they exhibit an OGP.

It is known that an OGP (specifically, a branching OGP) exists with high probability on spin glasses

with even mixture polynomials without quadratic terms [23, 13]. Combining this with the results

that we have stated, we conclude the following:

Corollary 4.2.5 (informal). Consider a randomMax-CSP with a predicate f such that the only

nonzero Fourier coefficients of f have even degree j ≥ 4. For almost all instances of theMax-CSP,

no algorithm with overlap concentration can output (1 − ε)-approximately optimal solutions for all

ε > 0.

For example, this unconditionally obstructs overlap concentrated algorithms from approximating

random 4XOR instances.

Corollary 4.2.3 makes progress on [11, Problem 9.2 (arXiv version)], asking which CSPs exhibit

an OGP at large clause density. A full characterization of spin glasses with an OGP, and thereby

CSPs in the large α limit, is not complete (although spherical spin glasses have been classified [84,

Proposition 1]). For example, the Sherrington-Kirkpatrick model is strongly suspected to have no
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OGP, but this is not fully proven [85].

We cannot help but mention that these topological properties of the solution space (i.e. the solution

geometry) may precisely characterize the algorithmic approximability of spin glasses and random

CSPs [86]. For spin glasses, the following is known:

Theorem 4.2.6. For all spin glasses SGξ, there is a value ALG (given by an extended Parisi formula)

such that:

1. [87, 74, 88] Assume that the minimizer of the extended Parisi functional for SGξ exists. Then

for all ε > 0, there is an efficient algorithm that outputs a solution with value ALG − ε on

almost all instances.

2. [13] Assume the mixture polynomial ξ is even. For all ε > 0, the spin glass exhibits a branch-

ing OGP with value ALG + ε, which therefore obstructs overlap-concentrated algorithms from

achieving this value on almost all instances.

It is likely the case that the same holds for CSPs with sufficiently large α. Specifically, there are ex-

plicitly computable constants ALG ≤ OPT for any CSP predicate f such that the optimum value

of the CSP is about f̂(∅) + OPT√
α (Corollary 4.2.2), but the threshold for efficient algorithms ap-

pears to be f̂(∅) + ALG√
α . In this paper we prove that the lower bound transfers (Part 2). The upper

bound (Part 1) is known for Max-Cut by [89], and can likely be generalized to an arbitrary CSP (in

a similar way that [74] generalizes [87] for spin glasses). Existence of an OGPmay also characterize

approximability of randomCSPs for small α, but proving this is significantly more difficult.
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4.3 Concentration Proofs

In this section, we furnish the proofs of concentration inequalities that we use. We start with Corol-

lary 2.5.3. The exponent in this corollary can be improved to exp
(
− x2

2a

)
, which is the statement of

the Borell-TIS inequality, but we utilize this argument since it analogously proves Corollary 2.5.5.

Corollary 2.5.3. Let {H(σ)}σ∈{±1}n be a Gaussian process such thatEH(σ)2 ≤ s2 for all σ ∈

{±1}n. Then for all x ≥ 0,

P
∣∣∣∣ max
σ∈{±1}n

H(σ)−E max
σ∈{±1}n

H(σ)
∣∣∣∣ ≥ x ≤ 2 exp

(
−x2
4s2

)
. (2.34)

Proof. Take f(σ) = 1 in Lemma 2.5.2 to obtain the free energy X = ZH(β). By the lemma, we have

P
[∣∣∣∣

1
βZH(β)−E 1

βZH(β)
∣∣∣∣ ≥ x

]
≤ 2 exp

(
−x2
4s2

)
. (4.4)

On the other hand, by Fact 2.3.10, limβ→∞
1
βZH(β)

a.s.
= maxσ∈{±1}n H(σ), and since the right-hand

side concentration is uniform in β, we may take the limit β → ∞ on the left-hand side to conclude

the claim. Formally, a.s. convergence implies limβ→∞ E 1
βZH(β) = Emaxσ∈{±1}n H(σ). Slutsky’s

theorem then implies

1
βZH(β)−E 1

βZH(β)
a.s.→ max

σ∈{±1}n
H(σ)−E max

σ∈{±1}n
H(σ) . (4.5)

This implies that the probability of lying in the test region (−∞,−x] ∪ [x,∞) is the same between

the right side and the limit of the left-hand side.

We will now prove Lemma 2.5.4. This proof applies to the Poisson model. The same proof works

for the exact model, because McDiarmid’s inequality is proven with a martingale argument, which
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still holds for non-independent random variables. We will use the following variant of McDiarmid’s

inequality, which applies to a Lipschitz function of i.i.d random variables which are highly biased.

Lemma 4.3.1 ([11, Lemma 7.6 (arXiv version)]). Suppose that X1, . . .XN are sampled i.i.d from a

distribution D over a finite setX such that D assigns probability 1− p to a particular outcome x0 ∈ X .

Let F : XN → R satisfy a bounded-differences inequality, so that

∣∣F(x1, . . . , xi−1, xi, xi+1, . . . , xN)− F(x1, . . . , xi−1, x′i, xi+1, . . . , xN)
∣∣ ≤ c (4.6)

for all x1, . . . , xn, x′i ∈ X . Then

P[
∣∣F(X1, . . . ,XN)−E F(X1, . . . ,XN)

∣∣ ≥ ε] ≤ 2 exp
(

−ε2

2Np(2− p)c2 + 2cε/3

)
. (4.7)

We deduce the following corollary for Poisson random variables.

Corollary 4.3.2. Suppose that X1, . . . ,XN are sampled i.i.d from Pois(p). Let F(X1, . . . ,XN) satisfy

the bounded-differences inequality, so that

|F(x1, . . . , xi−1, xi, xi+1, . . . , xN)− F(x1, . . . , xi−1, xi + 1, xi+1, . . . , xN)| ≤ c (4.8)

for all x1, . . . , xn ∈ N. Then

P[
∣∣F(X1, . . . ,XN)−E F(X1, . . . ,XN)

∣∣ ≥ ε] ≤ 2 exp
(

−ε2

2Np(2− p)c2 + 2cε/3

)
. (4.9)

Proof. Fixm ∈ N. We approximate Pois(p) ≈ Bin(m, p/m), apply the lemma to the corresponding

(finitely many, 0/1-supported) Bernoulli random variables, then take the limitm→∞.
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Formally, let (Xi,j)i∈[N],j∈[m] be i.i.d Ber(p/m), and let

F′(Xi,j) := F(
m∑

j=1
X1,j, . . . ,

m∑

j=1
XN,j) . (4.10)

Applying the version of McDiarmid’s inequality to F′, we conclude

P[
∣∣F′(Xi,j)−E F′(Xi,j)

∣∣ ≥ ε] ≤ 2 exp
(

−ε2

2Np(2− p)c2 + 2cε/3

)
. (4.11)

Notice that the right-hand side is independent ofm. Taking the limitm → ∞ independent of all

the other parameters, the left-hand side converges to P[|F(X1, . . . ,XN)− E F(X1, . . . ,XN)| ≥ ε]

as desired. This is justified as follows. We have Bin(m, p/m)
d→ Pois(p) asm → ∞. Writing

F′(Xi,j) = F(X′
1, . . . ,X′

N)where X′
i ∼ Bin(m, p/m), by the continuous mapping theorem (F is

continuous since the domain is discrete) and Slutsky’s theorem,

F(X′
1, . . . ,X′

N)−E F(X′
1, . . . ,X′

N)
d→ F(X1, . . . ,XN)−E F(X1, . . . ,XN) .

Hence we may conclude that the probability of lying in the test region (−∞,−ε] ∪ [ε,∞) is the

same between the right side and the limit of the left-hand side.

Lemma 2.5.4 (Concentration under CSP Gibbs distribution). Let β > 0 and f : {±1}n → R≥0 be

arbitrary. Let {H(σ)}σ∈{±1}n be a sample from CSPΛ(α). Let X = log
∑

σ∈{±1}n exp(βH(σ))f(σ).

Then for all x ≥ 0,

P
∣∣X−EX

∣∣ ≥ x ≤ 2 exp
(

−x2α
4(n+ x

β)β
2

)
. (2.35)

Proof. We consider the nk random variables Xe equal to the multiplicity of each edge e ∈ [n]k and

the function F = 1
βX. The Xe are i.i.d as Pois(α/nk−1). If a single edge is added, then sinceH(σ)
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changes by at most
maxf∈supp(Λ),x∈{±1}k |f(x)|

α ≤ 1
α , (4.12)

we also have that F changes by only at most 1
α .

Therefore we may apply Corollary 4.3.2 with constant c = 1
α , p =

α
nk−1 , and ε = x

β . The denomina-

tor in the right-hand side exponent of Equation 4.9 is

−ε2

2Np(2− p)c2 + 2cε/3 (4.13)

=
−x2(

2n
α (2−

α
nk−1 ) +

2x
3αβ

)
β2

(4.14)

=
−x2α(

2n(2− α
nk−1 ) +

2x
3β

)
β2

(4.15)

≤ −x2α
4
(
n+ x

β

)
β2

. (4.16)

This completes the proof.

4.4 Sparse and dense models have the same free energy

In this section we prove Theorem 4.2.1. We first define a linearly coupled model for both CSPΛ(α)

and SGξ. We connect the free energy of the coupled models via the Guerra-Toninelli interpolation

as in several prior works [90, 23, 91, 11]; our proof is especially inspired by [81].

Definition 4.4.1 ((A, b)-coupled models). Let A ∈ {0, 1}!×!′ be a 0-1matrix and b ∈ R!′
≥0 a

nonnegative vector satisfying (Ab)i = 1 for all i ∈ [#].
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An (A, b)-coupled model of SGξ is a collection of randomHamiltonians G1, . . . ,G! related by





G1
...

G!




= A





G′
1
...

G′
!′




, (4.17)

where each G′
i′ is the Hamiltonian for an independent instance of SGs→

√
bi′ ξ(s)

. The grand Hamilto-

nian is G : ({±1}n)! → R defined by G(x) =
∑!

i=1 Gi(xi).

An (A, b)-coupled model of CSPΛ(α) is a collection of randomHamiltoniansH1, . . . ,H! related by





H1
...

H!




= A





H′
1
...

H′
!′




, (4.18)

where eachH′
i′ is the Hamiltonian for an independent instance of CSPΛ(bi′α). The grand Hamilto-

nian isH : ({±1}n)! → R defined byH(x) =
∑!

i=1Hi(xi).

In this section we use G for a grand Hamiltonian of a spin glass andH for that of a CSP. Expecta-

tions are over the randomness of the Hamiltonians.

Notice that A is {0, 1}-valued. One can think of this matrix as choosing which of the #′ indepen-

dent “hidden” instances are connected to each of the # “observed” instances. The vector b gives the

variances of the hidden instances, and the scaling is set so that the variance of each observed instance

is the same as a single instance.

Remark 4.4.2. This model describes any linear correlation structure on #HamiltoniansH1, . . . ,H!,

in the sense that it is equivalent to the following alternative model. For the CSP model, there are 2!

parameters (ηS)S⊆[!] such that ηS specifies the fraction of constraints that are simultaneously shared

108



between all of the Hamiltonians in S and the remaining constraints are sampled independently.

We study the free energy of our models, restricted to sets of assignments with particular overlap

vectors.

Definition 4.4.3 (Free energy of states with given overlap). Let S ⊆ R(!) be an open set. LetH :

({±1}n)! → R be a grand Hamiltonian. Define ZH,S(β) as the partition function ofH when the

configuration tuples are restricted to those having overlap vector in S; that is,

ZH,S(β) =
∑

x∈U(!)
n (S)

eβH(x) . (4.19)

Define the free energy density ofH as

φH,S(β) =
1

β#n logZH,S(β) . (4.20)

Remark 4.4.4. We ignore the edge case U(!)
n (S) = ∅.

Nowwe can state our main interpolation.

Theorem 4.4.5 (Interpolation of randomMax-CSPs and spin glasses; generalized version of Theo-

rem 4.2.1). Choose a positive integer #. Consider any set S ⊆ R(!). Let G andH be grand Hamilto-

nians for (A, b)-coupled models of SGξ and CSPΛ(α), respectively, where ξ is related to Λ as in Equa-

tion 4.1. Then:

E φH,S(β) = E
f∼Λ

[f] + 1√
α E φG,S(β) + O

(
β2
α2

)
+ on (1) . (4.21)

where the second-to-last term (which may depend on n) satisfies
∣∣∣O
(
β2
α2

)∣∣∣ ≤ C · β2
α2 whenever

β
α ≤ ε0

for constants C, ε0 > 0 depending on #.
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Furthermore, by the concentration arguments in Section 2.5, we may drop the expectations over G,H

with the qualitative change that the last term is random and is on (1) with high probability.

In order to use the Guerra-Toninelli interpolation, we modify the CSP model so that the number of

constraints ism ∼ Pois(αn) rather thanm = αn fixed. Because Pois(αn) concentrates around its

mean as n → ∞, the free energy density is asymptotically the same. Using this lemma contributes

the on(1) term to Equation 4.21.

Lemma 4.4.6. Let φ(Pois)
H,S and φ(exact)

H,S denote the free energy density of a CSPΛ(α) instance with

m ∼ Pois(αn) and m = αn clauses, respectively. Then

∣∣∣E φ(Pois)
H,S − E φ(exact)

H,S

∣∣∣ ≤
1√
αn = on (1) . (4.22)

Proof. Letm be the number of edges in the Poisson model and αn in the exact model. Couple the

two models so that the first αn edges of the Poisson model equal the exact model. Comparing the

Hamiltonians of the two instances, we find

1
α

∑

e∈E(I(exact))

fe(σe)−
1
α · |m− αn| ≤ 1

α
∑

e∈E(I(Pois))

fe(σe) ≤
1
α

∑

e∈E(I(exact))

fe(σe) +
1
α · |m− αn| ,

(4.23)

where we have used that |f(x)| ≤ 1. This gives a corresponding bound on the difference in free

energy density:
∣∣∣φ(Pois)

H,S − φ(exact)
H,S

∣∣∣ ≤
|m− αn|

αn . (4.24)
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Taking the expectation,

∣∣∣E φ(Pois)
H,S − E φ(exact)

H,S

∣∣∣ ≤ E
∣∣∣φ(Pois)

H,S − φ(exact)
H,S

∣∣∣ (Jensen’s inequality) (4.25)

≤
Em∼Pois(αn) |m− αn|

αn (Equation 4.24) (4.26)

≤
(
Em∼Pois(αn)(m− αn)2

)1/2

αn (Jensen’s inequality) (4.27)

=

√
αn
αn =

1√
αn . (4.28)

4.4.1 Proof of Theorem 4.4.5

For notational convenience, we assume in this proof that Λ is supported on a single predicate f. The

general case is handled by converting f̂(∅) back to Ef∼Λ[f].

Fix positive integers #, #′. We define an interpolated Hamiltonian

K(t, x) = Hα(1−t)n(x)− (1− t)#n̂f(∅) +

√
t
αG(x) , (4.29)

whereHα(1−t)n is the grand Hamiltonian of an (A, b)-coupled model of CSPΛ(α(1− t)). The

parameter t controls the interpolation from theMax-CSP (when t = 0) to the spin glass (when

t = 1).

We let β > 0 be a parameter independent of n. We will later choose β such that 1 F β F α as

α→∞.

Fix an open subset S ⊆ R(!). We write the average free energy density ofK, at inverse temperature
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β, among states that produce overlap vectors in S:

φβ(t) := E
H,G

φK(t,·),S(β) (4.30)

=
1
#n

1
β E

H,G
log

∑

x∈Un(S)
exp (βK(t, x)) . (4.31)

In this proof, we upper-bound the derivative d
dt φβ(t), and thereby the difference between φβ(0) and

φβ(1), showing that the free energy densities of G andH are close.

Taking the derivative of φβ(t)

Let’s calculate d
dt φβ(t). First, we generalizeK and φβ so the t-dependence of G andH are controlled

by independent parameters:

K̃(ρ, γ, x) := Hρ(x)− ρ#
α f̂(∅) +

γ√
αG(x) , (4.32)

φ̃β(ρ, γ) :=
1

β#n E
Hρ,G

log
∑

x∈Un(S)
exp
(
βK̃(ρ, γ, x)

)
. (4.33)

When ρ = (1− t)αn and γ =
√
t, we recover the original expressions:

K(t, x) = K̃((1− t)αn,
√
t, x) (4.34)

φβ(t) = φ̃β((1− t)αn,
√
t) (4.35)
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We then take a derivative using the chain rule:

d
dtφβ(t) =

(
∂

∂ρ φ̃β(ρ, γ)
)

dρ
dt +

(
∂

∂γ φ̃β(ρ, γ)
)

dγ
dt (4.36)

= −αn
(

∂

∂ρ φ̃β(ρ, γ)
)
+

1
2
√
t

(
∂

∂γ φ̃β(ρ, γ)
)

(4.37)

We also introduce a Gibbs expectation operator to use when computing the partial derivatives.

Given a function p(x), the average of pwith respect to the Gibbs distribution of K̃(ρ, γ, x) is

〈p〉x :=

∑
x∈Un(S) p(x) · exp

(
βK̃(ρ, γ, x)

)

∑
x∈Un(S) exp

(
βK̃(ρ, γ, x)

) . (4.38)

The Poisson derivative

To calculate ∂
∂ρ φ̃β(ρ, γ), we introduce #

′ new variables ρ1, . . . , ρ!′ to parameterize the independent

Poisson instances used to constructHρ. We introduce intermediate functions

K̃(ρ1, . . . , ρ!′ , γ, x) =
∑

i∈[!]

[(
A





H′ρ1
1
...

H′ρ!′
!′





)

i
(xi)−

(
A





ρ1
...

ρ!′





)

i

f̂(∅)

α +
γ√
αGi(xi)

]
,

(4.39)

φ̃β(ρ1, . . . , ρ!′ , γ) =
1

β#n E
H′ρ1
1 ,...,H

′ρ!′
!′

E
G

[
log

∑

x∈U(!)
n (S)

exp
(
βK̃(ρ1, . . . , ρ!′ , γ, x)

)]
. (4.40)
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When ρi′ = bi′ρ for all i′ ∈ [#′], we recover the original functions K̃ and φ̃β. In this case, through

another application of the chain rule,

∂

∂ρ φ̃β(ρ, γ) =
∑

i′∈[!′]

(
∂

∂ρi′
φ̃β(ρ1, . . . , ρ!′ , γ)

)
∂ρi′
∂ρ =

∑

i∈[!′]

bi′
∂

∂ρi′
φ̃β(ρ1, . . . , ρ!′ , γ) . (4.41)

We use the explicit derivative of a Poisson variable:

Fact 4.4.7 (Derivative of a Poisson variable).

∂

∂λ E
X∼Pois(λ)

[
f(X)

]
= E

X∼Pois(λ)

[
f(X+ 1)− f(X)

]
(4.42)

Because of Fact 4.4.7,

∂

∂ρi′
φ̃β(ρ1, . . . , ρ!′ , γ) = φ̃β(ρ1, . . . , ρi′ + 1, . . . , ρ!′ , γ)− φ̃β(ρ1, . . . , ρi′ , . . . , ρ!′ , γ) (4.43)

=
1

β#n E
H′ρ1
1 ,...,H

′ρ!′
!′

E
G
log
〈
exp
(
βK̃(ρ1, . . . , ρi′ + 1, . . . , ρ!′ , γ, x)− βK̃(ρ1, . . . , ρi′ , . . . , ρ!′ , γ, x)

)〉

x

(4.44)

=
1

β#n E
H′ρ1
1 ,...,H

′ρ!′
!′

log
〈
exp
(
β
∑

j∈[!]
Aji′
(
(H′ρi′+1

i′ −H′ρi′
i′ )(xj)− f̂(∅)

))〉

x
. (4.45)

The difference ofH′ρi′+1
i′ andH′ρi′

i′ is a single extra clause (normalized by α), applied to k random

indices of the input with random signs. Let f∗ be the extra clause. Then

=
1

β#n Ef∗ log
〈
exp



β
α
∑

j∈[!]
Aji′
(
f∗(xj)− f̂(∅)

)



〉

x

. (4.46)
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When β
α is small, this term can be Taylor-expanded as log z = log (1− (1− z)) = −

∑
p≥1

(1−z)p
p :

=
−1
β#n Ef∗

∑

p≥1

1
p

(
1−

〈
exp



β
α
∑

j∈[!]
Aji′
(
f∗(xj)− f̂(∅)

)



〉

x

)p
. (4.47)

We introduce additional “replicas” x(s) of x. Precisely, each x(s) is an i.i.d. copy of x. For any func-

tion w and any set of replicas y0, y1, . . . , we have the identity 〈w(y0)〉p =
〈∏

s∈[p] w(ys)
〉
. As a

result,

=
−1
β#n Ef∗

〈
∑

p≥1

1
p

p∏

s=1

(
1− exp



β
α
∑

j∈[!]
Aji′
(
f∗(x(s)j)− f̂(∅)

)



)〉

x(1),x(2),...

. (4.48)

We Taylor-expand this expression in β
α . The first line comes from the p = 1 term and the second line

comes from the p = 2 term:

=
−1
β#n Ef∗

〈
− β

α
∑

j∈[!]
Aji′
(
f∗(xj)− f̂(∅)

)
− β2

2α2

(∑

j∈[!]
Aji′
(
f∗(xj)− f̂(∅)

))2

+
β2

2α2

(∑

j∈[!]
Aji′
(
f∗(xj)− f̂(∅)

))(∑

j∈[!]
Aji′
(
f∗(yj)− f̂(∅)

))
+ O

(
β3
α3

)〉

x,y
.

(4.49)

Notice that because the clause applies random signs to its input,

E
f∗

[〈
f∗(xj)

〉
xj

]
= f̂(∅) . (4.50)

115



As a result, the only terms that remain are

=
−β

2α2#n Ef∗
〈 ∑

i,j∈[!]
Aii′Aji′

(
− f∗(xi)f∗(xj) + f∗(xi)f∗(yj)

)〉

x,y
+

1
#nO

(
β2
α3

)
. (4.51)

From here, we rewrite the correlation of f∗ as a function of the noise stability of f. Specifically, let

ua = εa(xi)da and va = εa(yj)da for some uniformly chosen ε ∈R {±1}k and d ∈R [#]k. Then u, v

are marginally uniform points in the hypercube that areR(xi, yj)-correlated.

Write f∗(σ) = f(ε1σd1 , . . . , εkσdk). Then

〈
f∗(xi)f∗(yj)

〉
xi,yj

= 〈f(u)f(v)〉xi,yj =
〈
StabR(xi,yj)[f]

〉
xi,yj

(4.52)

where StabR(xi,yj)[f] is defined as in Definition 2.4.5. Using this, we get

=
−β

2α2#n
∑

i,j∈[!]
Aii′Aji′

〈
− StabR(xi,xj)[f] + StabR(xi,yj)[f]

〉
x,y +

1
#nO

(
β2
α3

)
(4.53)

=
β

2α2#n
∑

i,j∈[!]
Aii′Aji′

〈
ξ(R(xi, xj))− ξ(R(xi, yj))

〉
x,y +

1
#nO

(
β2
α3

)
. (4.54)

We can now write the ρ-derivative of φ̃β:

∂

∂ρ φ̃β =
β

2α2#n
∑

i′∈[!′]

∑

i,j∈[!]
bi′Aii′Aji′

〈
ξ(R(xi, xj))− ξ(R(xi, yj))

〉
x,y +

1
#nO

(
β2
α3

)
(4.55)
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The Gaussian derivative

We compute the derivative of φ̃β(ρ, γ)with respect to γ. Since the variance of each Gi is independent

of γ, the derivative pulls into the expectation operator:

∂

∂γ φ̃β(ρ, γ) =
1

β#n E
Hρ,G

∂

∂γ log
[ ∑

x∈Un(S)
exp
(
βK̃(ρ, γ, x)

)]
(4.56)

By the chain rule, the γ-derivative of the partition function is proportional to the Gibbs average of

the γ-derivative of the Hamiltonian K̃:

=
1
#n E

Hρ,G

[〈
∂

∂γ

(
K̃(ρ, γ, x)

)〉

x

]
(4.57)

Notice that the expectation is a correlation between a Gaussian process and a Gibbs measure, so we

can use the following formula:

Lemma 4.4.8 (Stein’s lemma with Gibbs average [31, Lemma 1.1]). Consider two jointly Gaussian

processes {Y(σ)}σ and {Z(σ)}σ. For any w, let 〈·〉σ1,...,σw be the w-product Gibbs measure with respect to

the process {Z(σ)}σ. Then

E
Y,Z

[〈Y(σ)〉σ] = E
Z

[〈
E
Y

[
Y(σ)Z(σ)

]〉

σ
−
〈
E
Y

[
Y(σ)Z(σ′)

]〉

σ,σ′

]
. (4.58)

Consider the following Gaussian processes:

SHρ,G : (x)→ ∂

∂γ

(
K̃(ρ, γ, x)

)
(4.59)

THρ,G : (x)→ βK̃(ρ, γ, x) (4.60)
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Applying Lemma 4.4.8 then yields

=
1
#n E

H′ρ,G

[〈
E

H′ρ,G

[
SHρ,G(x)THρ,G(x)

]〉

x
−
〈

E
H′ρ,G

[
SHρ,G(x)THρ,G(y)

]〉

x,y

]
. (4.61)

The derivative only acts on the Gaussian components of the Hamiltonian K̃:

=
1√
α#n E

Hρ,G

[〈
E
G

[
G(x)THρ,G(x)

]〉

x
−
〈
E
G

[
G(x)THρ,G(y)

]〉

x,y

]
(4.62)

=
β√
α#n E

Hρ,G

[〈
E
G

[
G(x)

(
Hρ(x)− ρ#

α f̂(∅) +
γ√
αG(x)

)]〉

x
−

〈
E
G

[
G(x)

(
Hρ(y)− ρ#

α f̂(∅) +
γ√
αG(y)

)]〉

x,y

]
(4.63)

The constant terms (proportional to f̂(∅)) cancel. Furthermore, G is centered and is independent of

H: For each independent instance G′
i , E[G′

iHρ] = 0, and by linearity of expectation,E[GHρ] = 0.

All that remains is

=
βγ
α#n EG

[〈
E
G

[
G(x)G(x)

]〉

x
−
〈
E
G

[
G(x)G(y)

]〉

x,y

]
. (4.64)

Using the definition of an (A, b)-coupled model, this is

=
βγ
α#n EG

[〈 ∑

i,j∈[!]

∑

i′,j′∈[!′]

Aii′Aji′
√
bi′bj′ EG [G

′
i′(xi)G

′
j′(xj)]

〉

x
−

〈 ∑

i,j∈[!]

∑

i′,j′∈[!′]

Aii′Aji′
√
bi′bj′ EG [G

′
i′(xi)G

′
j′(yj)]

〉

x,y

]
. (4.65)

118



By Fact 2.2.8, we can write the covariance as a function of ξ:

E
G
[G′

i′(xi)G
′
j′(yj)] =






nξ(R(xi, yj)) i′ = j′

0 otherwise
(4.66)

Thus, we have

=
βγ
α# EG

[〈 ∑

i,j∈[!]

∑

i′∈[!′]

Aii′Aji′bi′
(
ξ(R(xi, xj))− ξ(R(xi, yj))

)〉

x,y

]
. (4.67)

Putting it all together

Nowwe can calculate the total derivative of φβ(t):

d
dtφβ(t) = −αn

(
∂

∂ρ φ̃β(ρ, γ)
)
+

1
2
√
t

(
∂

∂γ φ̃β(ρ, γ)
)

(4.68)

=
(−β
2α# +

βγ
2α#
√
t
) ∑

i′∈[!′]

∑

i,j∈[!]
bi′Aii′Aji′

〈
ξ(R(xi, xj))− ξ(R(xi, yj))

〉
x,y −

1
#
O
(
β2
α2

)

(4.69)

= O
(
β2
α2

)
, (4.70)

since γ =
√
t and # is a constant. So

∣∣∣φβ(1)− φβ(0)
∣∣∣ ≤ max

t∈[0,1]

d
dtφβ(t) = O

(
β2
α2

)
. (4.71)

This proves Theorem 4.4.5.
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4.5 Overlap gaps in a randomMax-CSP

Theorem 4.4.5 implies that many quantities are equivalent for CSPΛ(α) at large α and its associated

spin glass model. For example:

1. Free energy of a single instance (proving Theorem 4.2.1).

(# = 1, #′ = 1, A = [[1]], b = [1], S = R)

2. Free energy of a single instance, restricting the Hamming weight toW ⊆ [−1, 1] (related to

[91]).

(# = 1, #′ = 1, A = [[1]], b = [1], S = {r ∈ R : r{1} ∈W})

3. Existence (or non-existence) of an overlap gap property in the overlap range (s, t).

(# = 2, #′ = 1, A = [[1], [1]], b = [1], S = {r ∈ R : s < r{1,2} < t})

4. Existence (or non-existence) of an overlap gap property in the overlap range (s, t) for η-

coupled Hamiltonians [23].

(# = 2, #′ = 3, A = [[1, 1, 0], [1, 0, 1]], b = [η, 1− η, 1− η], S = {r ∈ R : s < r{1,2} <

t})

5. Existence (or non-existence) of the branching overlap gap property in [13].

(Choice of parameters in Section 4.5.1)

We use Theorem 4.4.5 to show how CSPΛ(α) inherits the overlap gap property from a spin glass.

This proof is a generalization of [23, Proof of Theorem 5] and [11, Lemma 8.14] to hold for arbi-

trary (A, b)-coupled instances. We use the same argument to transfer the branching OGP of [13], a

hierarchical style of OGP described by a rooted tree.
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Definition 4.5.1 (OGP [75]). AHamiltonian H : {±1}n → R exhibits the overlap gap property

(OGP) at value v if there are−1 ≤ s < t ≤ 1 such that for all σ1, σ2 with H(σ1) ≥ v,H(σ2) ≥ v, we

have

R(σ1, σ2) ;∈ (s, t) . (4.72)

Definition 4.5.2 (Average-OGP, nonstandard definition). AHamiltonian H exhibits the average-

OGP at value v if the same holds whenever 1
2(H(σ1) +H(σ2)) ≥ v.

Remark 4.5.3. The average-OGP implies the OGP. On the other hand, the OGP implies the average-

OGP with a weakened (larger) value. The interpolation in this work transfers the average-OGP.

Proposition 4.5.4. If SGξ exhibits the average-OGP at value v with high probability, then for all

ε > 0, for all sufficiently large α, CSPΛ(α) exhibits the average-OGP at valueEf∼Λ[f] + v+ε√
α with

high probability, when ξ is related to Λ as in Equation 4.1.

Proof. Let # = 2, and let S = (a, b) be the overlap gap for the spin glass model SGξ. Using ??, for

sufficiently large α, we have w.h.p

max
x∈U(!)

n (S)

1
#nH(x) ≤ E

f∼Λ
[f] +

max
x∈U(!)

n (S)
1
!nG(x) + ε

√
α + on(1) . (4.73)

The overlap gap property implies that w.h.p

max
x∈U(!)

n (S)

1
#nG(x) ≤ v . (4.74)
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Hence with high probability we also have

max
x∈U(!)

n (S)

1
#nH(x) ≤ E

f∼Λ
[f] + v+ 2ε√

α . (4.75)

Analogously, we can transfer a generic version of the OGP on (A, b)-coupled models.

Definition 4.5.5 (Generic OGP). For a relatively open subset S ⊆ R(!), randomHamiltonians

H1, . . . ,H! : {±1}n → R exhibit an S-OGP at value v if

max
(σ1,...,σ!)∈U

(!)
n (S)

1
#n (H1(σ1) + · · ·+H!(σ!)) ≤ v . (4.76)

The size of the OGP is #.

Proposition 4.5.6. If an (A, b)-coupled model of SGξ exhibits an S-OGP at value v with high proba-

bility, then for all ε > 0, for all sufficiently large α, the (A, b)-coupled model of CSPΛ(α) exhibits an

S-OGP at valueEf∼Λ[f] + v+ε√
α with high probability, when ξ is related to Λ as in Equation 4.1.

4.5.1 The branching OGP

The branching OGP gives bounds tight algorithmic bounds for a class of spin glass models, match-

ing the performance of certain approximate message passing algorithms [13]. We present the some-

what involved definition and show that it is captured by our framework.

Definition 4.5.7 (Tree-coupled ensemble). A tree-coupled ensemble of Hamiltonians is defined by:

1. A rooted tree of height D defined by the vector$k ∈ ZD
+, so that every node at depth d has kd+1

children. We describe the nodes of the tree as T($k) and the leaves of the tree as L($k).
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2. A coupling vector$p ∈ ZD+1
+ , so that

0 = p0 ≤ p1 ≤ · · · ≤ pD = 1 . (4.77)

Given these parameters, we generate a family of Hamiltonians (H(u))u∈L("k) as follows. Generate in-

dependent instances of the Hamiltonian H̃(v) for every non-root v ∈ T($k), and scale3 each by a factor

of pd − pd−1 where d is the depth of v in the tree. Use these to construct the Hamiltonians H(u) for each

u ∈ L($k) defined by

H(u) =
D−1∑

d=0
H̃(a(u,d)) , (4.78)

where a(u, d) is the dth ancestor of u. The size of the ensemble is
∣∣∣L($k)

∣∣∣ =
∏D

i=1
$ki.

Definition 4.5.8 (Branching OGP). A tree-coupled ensemble of Hamiltonians exhibits a branching

OGP with gap η at value v if:

• there is$q ∈ ZD+1
+ with 0 ≤ q0 < q1 < · · · < qD = 1,

• define Q ∈ RL("k)×L("k) by Qu,v = qlca(u,v), where lca(u, v) is the depth of the least common

ancestor of u and v,

• define

Q(η) =
{
$σ ∈ ({±1}n)L("k) : ∀u, v ∈ L($k).

∣∣∣R(σ(u), σ(v))− Qu,v

∣∣∣ ≤ η
}

• it holds that for all (σ(u))u∈L("k) ∈ Q(η), the average value over u ∈ L($k) of H(u)(σ(u)) is at

3For the spin glass, scale the variance of each Gaussian by pd − pd−1; for the CSP, scale the number of
clauses by pd − pd−1.
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most v.

The size of the OGP is
∣∣∣L($k)

∣∣∣ =
∏D

i=1
$ki.

Remark 4.5.9. Our definition is slightly simplified from [13]. We always fix (using their notation)

m = 0, because as we show below in Section 4.6.1, it suffices to obstruct algorithms which have mean

zero.

A tree-coupled ensemble is an instance of an (A, b)-coupled model, Definition 4.4.1, using the fol-

lowing choice of parameters:

• # = |L($k)|.

• #′ = |T($k)|.

• Au,v = 1 if u = v, or v ∈ T($k) is a non-root ancestor of u ∈ L($k); otherwise Au,v = 0.

• bv = pd − pd−1 for every v ∈ T($k) at the dth level of the tree.

The presence of the branching OGP is determined by the set

S = {r ∈ R : ∀u, v ∈ L($k) .
∣∣r{u,v} − Qu,v

∣∣ < η} . (4.79)

Therefore, by Proposition 4.5.6, the branching OGP transfers from the spin glass to the CSP.

4.6 Implications for algorithmic hardness

We prove that the OGP has consequences for the performance of manyMax-CSP algorithms,

specifically those which are overlap-concentrated. This section follows [13, Section 3] which proves

a similar result for spin glasses, with the changes that (1) an instance of (the Poisson version of) the
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CSPmodel consists of i.i.d Poisson random variables whereas a spin glass consists of i.i.d Gaussian

random variables; (2) we debias the algorithms first to simplify the proof. We do not enforce any

time or space constraints on algorithms and the proofs apply equally well to arbitrary functions

satisfying the assumptions.

Definition 4.6.1 (t-correlated instances). For t ∈ [0, 1], a t-correlated pair of instances I1
t and I2

t of

the model CSPΛ(α) is created by:

1. Generate Pois(αtn) random clauses of the CSP. Let I1
t and I2

t both be initially equal to this

instance.

2. Independently generate two additional sets of Pois((1− t)αn) clauses. Add the first set of clauses

to I1
t and the second set to I2

t .

Equivalently, we let I1
t be an instance with Pois(αn) clauses, then independently with probability 1− t

for each possible clause and sign pattern, we re-sample the multiplicity Pois
(

α
2knk−1

)
of the clause and

sign pattern to generate I2
t .

Equivalently, sample I1
t , I2

t from the (A, b)-coupled model with A = [[1, 1, 0], [1, 0, 1]], b = [t, 1 −

t, 1− t].

Definition 4.6.2 (Overlap-concentrated algorithm, [13, Definition 2.1]). A deterministic algorithm

A is overlap-concentrated if for every t ∈ [0, 1] and constant δ > 0, the event

∣∣R(A(H1
t),A(H2

t ))−ER(A(H1
t),A(H2

t ))
∣∣ ≤ δ (4.80)

occurs w.h.p, where H1
t ,H2

t are t-correlated instances.

Our results also apply to randomized algorithms which are overlap-concentrated w.h.p over the
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random seed. For the remainder of the section, we assume the algorithm is deterministic.

4.6.1 Debiasing

By a debiasing procedure, we may assume without loss of generality that an overlap-concentrated

algorithmA satisfies E[A(H)] = 0. More formally,

Proposition 4.6.3 (Debiasing spin glass algorithms). LetA be a deterministic algorithm for opti-

mizing an instance H of SGξ such that

1. A is overlap-concentrated

2. H(A(H)) ≥ v whp.

Then there is a deterministic algorithmA′ such that EA′(H) = 0 and

1. A′ is overlap-concentrated

2. H(A′(H)) ≥ v− o(n) whp.

Proof. We use the first column of J(2) to symmetrize the algorithm. Since the first column is only a

small fraction of the input, this will not significantly affect the output value. Our technique can be

interpreted as a derandomization procedure for randomized spin glass algorithms that use a small

number of random bits.

In the case of ξ(s) = c21 s, the optimal algorithm isA(H) = sgn(J(1)) and we ignore this case.

Let C̃ ∈ Rn be the first column of J(2) and let C = sgn(C̃) ∈ {±1}n be the entrywise sign. Let

J′(p) := J(p) ◦ C⊗p restricted to coordinates 2 through n. (4.81)
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where ◦ is the entrywise/Hadamard product. The algorithmA′ runsA on J′(p) to produce a candi-

date solution σ′ ∈ {±1}n−1 on coordinates 2 through n. Then it outputs C ◦ [1, σ′].

To compute the expectation, observe that C and J′(p) are probabilistically independent. Therefore

E[C ◦ [1, σ′]] = E[C] ◦ [1,E[σ′]] = 0 ◦ [1,E[σ′]] = 0 . (4.82)

The value of the output is

H(C ◦ [1, σ′]) =
∑

p≥1

cp
n(p−1)/2

〈
J(p),C⊗p ◦ [1, σ′]⊗p

〉
(4.83)

=
∑

p≥1

cp
n(p−1)/2





〈
J′(p), σ′⊗p

〉
+

∑

(i1,...,ip)∈[n]p:
at least one equals 1

J(p)[i1, . . . , ip]σ′i1 · · · σ
′
ip




(4.84)

Since σ′ is independent of J(p)[i1, . . . , ip] such that at least one index equals 1, the second term is a

mean-zero Gaussian with varianceO(np−1). Whp,

=
∑

p≥1

cp
n(p−1)/2

(〈
J′(p), σ′⊗p

〉
± O(n(p−1)/2√log n)

)
(4.85)

=
∑

p≥1

cp
(n− 1)(p−1)/2

〈
J′(p), σ′⊗p

〉
± o(n) (4.86)

≥ v− o(n) . (4.87)

where the last inequality holds whp by assumption onA.

It remains to show thatA′ remains overlap-concentrated. Consider t-correlated Hamiltonians

H1
t ,H2

t . Let C1,C2 ∈ {±1}n be the signs of the respective first columns of J(2) and let q = E[C1
1C2

1 ]
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(note that all of the coordinates have the same distribution). We have

E[R(A′(H1
t),A′(H2

t ))] = q ·E[R(σ′1, σ′2)] . (4.88)

We also have

R(A′(H1
t),A′(H2

t )) =
1
nC

1
1C2

1 +
1
n

n∑

i=2
σ′1i σ′2i C1

iC2
i . (4.89)

As before, σ′ and C1,C2 are independent. With σ′ fixed, the terms σ′1i σ′2i C1
iC2

i are independent with

deviation from the mean bounded by 2. Their mean over C1,C2 is q · R(σ′1, σ′2). Therefore by

Bernstein’s inequality,

PC1,C2

[∣∣R(A′(H1
t),A′(H2

t ))− q · R(σ′1, σ′2)
∣∣ ≥ L

n

]
≤ exp

(
−L2/2

n+ 2L/3

)
.

By overlap concentration,

P
[∣∣q · R(σ′1, σ′2)− q ·E[R(σ′1, σ′2)]

∣∣ ≥ δ
]
≤ on(1) . (4.90)

Take L
n = δ and apply the triangle inequality and a union bound to conclude the claim.

Proposition 4.6.4 (Debiasing randomCSP algorithms). The same statement holds for the model

CSPΛ(α).

Proof. In the CSP model, we may use the first n
log n constraints to symmetrize the algorithm. Since

the entropy of a single constraint is approximately k log n, this will provide at least n bits of entropy

for symmetrization.4 Any ω(1) bits of entropy are enough to maintain overlap concentration whp.
4This is called randomness extraction in computer science literature.
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Let I be the instance of CSPΛ(α). Let C̃ be the first n
log n clauses of the CSP and let C ∈ {±1}n

extract the bit labels of the first variable in each clause, so that C equals n independent random bits.

Let I ′ be the CSP instance consisting of the remaining clauses of I , then flipping the sign of the

variable i by Ci in each constraint.

The algorithmA′ runsA on I ′ to produce a candidate solution σ′ ∈ {±1}n. Then it outputs C◦σ′.

The analysis proceeds as in the previous proof. Since C and I ′ are independent,

E[C ◦ σ′] = E[C] ◦E[σ′] = 0 ◦E[σ′] = 0 . (4.91)

The number of clauses used in C̃ is o(n), hence the Hamiltonian value is affected by at most o(n).

Overlap concentration ofA′ follows exactly as in the prior proof.

Fix an algorithmA. For t ∈ [0, 1], letH1
t andH2

t be a t-correlated pair of Hamiltonians for CSPΛ(α).

We define the correlation function χ : [0, 1]→ R forA by

χ(t) = E
[
R(A(H1

t),A(H2
t ))

]
. (4.92)

4.6.2 Correlation function

The correlation function χ satisfies the following properties.

Proposition 4.6.5. For any algorithmA run on an instance I of CSPΛ(α) such that E[A(I)] = 0,

χ : [0, 1]→ [0, 1] satisfies

1. χ is continuous,

2. χ(t) is strictly increasing,
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3. χ(0) = 0, χ(1) = 1

4. for all t ∈ [0, 1], χ(t) ≤ t.

As we show, the correlation function χ(p) is equal to the noise stability ofA viewed as a function of

independent Poisson random variables, from which the listed properties easily follow.

In this section, we prove Proposition 4.6.5. The proof uses Fourier analysis ofA in the same way as

[13, Proof of Proposition 3.1]. We must use the more general Efron-Stein basis and a mild general-

ization of the noise operator defined in Definition 2.4.3.

Definition 4.6.6 (Efron-Stein decomposition). For a function f ∈ L2(Ωm, π⊗m), we define

f⊆S(x) = ExS
[f(x) | xS], where the expectation means that the variables xi for i ∈ S are indepen-

dently resampled from π, and f=S(x) =
∑

J⊆S(−1)|S|−|J|f⊆J(x).

A core property of this decomposition, as stated in [92, Section II.2.2], is that f=S depends only on xi for

i ∈ S, and furthermore
〈
f=S, g

〉
= 0 for any g that does not depend on all xi for i ∈ S. Additionally,

by [42, Theorem 8.35 and Proposition 8.36],

f =
∑

S⊆[m]

f=S =
∑

S⊆[m]

( ∑

α∈Nm
|Ω|, supp(α)=S

f̂(α)φα

)
, (4.93)

whereNm
|Ω| = {0, . . . , |Ω|− 1}m and,

φα =
m∏

j=1
φαi , (4.94)

with φ0 = Id.
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Using this decomposition, anyA : Ωm → [−1, 1]n under the input measure π⊗m can be written as

A = (f1, . . . , fn) , (4.95)

where each fi can be described as in Definition 4.6.6.

We now define the noise operator on a domain Ωm with an arbitrary product measure π⊗m:

Definition 4.6.7 (Noise operator, [92, 93]). Given a probability space (Ω, π) and a noise parameter

ρ ∈ [0, 1], define the noise operator Tρ, which acts on a function f ∈ L2(Ωm, π⊗m) as

Tρ[f](σ1, . . . , σm) = E
τ∼Nρ(σ)

[
f(τ1, . . . , τm)

]
, (4.96)

where the distribution Nρ(σ) chooses each coordinate τi independently as






τi = σi with probability ρ ,

τi ∼ π with probability 1− ρ .
(4.97)

Proof of Proposition 4.6.5. Define the Fourier weight on a level j as

Wj =
1
n

n∑

i=1

∑

S⊆[m],|S|=j

∥∥A=S
i
∥∥2 . (4.98)

Then, when x, y are generated as in Definition 4.6.1 with t = p,

χ(p) = E [R(A(x),A(y))] = 1
n E[〈A(x),A(y)〉] = 1

n E
[〈
A(x),Tp[A](x)

〉]

=
1
n E

[〈
T√p[A](x),T√p[A](x)

〉]
=

1
n

n∑

i=1

∑

S⊆[m]

p|S|
∥∥f=S

i
∥∥2 =

∑

j≥0
p|S|Wj . (4.99)
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This follows for two reasons. First, the noise operator acts on a p · m-sized random subset of [m],

equivalent to the (average) number of shared clauses generated by Definition 4.6.1. Second, the

noise operator satisfies the semi-group property of Tp = T√p ◦ T√p.

The desired properties for χ(p) now follow straightforwardly. χ(p) is continuous as it is a polyno-

mial in p. It is strictly increasing as the coefficients are nonnegative and not all zero. χ(0) = 0 and

χ(1) = 1 by computation. Finally we have

χ(p) =
∑

j≥1
p|S|Wj ≤ p ·




∑

j≥1
Wj



 = p . (4.100)

Definition 4.6.8 (Correlation function, [13, Proposition 3.1]). A function χ : [0, 1] → [0, 1] that

satisfies the properties of Proposition 4.6.5 is called a correlation function.

Definition 4.6.9 (η-forbid an algorithm). An OGP with gap (s, t) η-forbids an algorithmA if

ER(A(H1
r),A(H2

r )) is in the η-interior of the interval (s, t) for H1
r and H2

r a pair of r-correlated

instances for some r ∈ [0, 1]. In other words, the open ball with radius η around the point is contained

in (s, t).

More generally, an S-OGP η-forbids an algorithmA if EQ(A(H1), . . . ,A(H!)) is in the η-interior

of S.

Definition 4.6.10 (η-forbid a correlation function). An S-OGP η-forbids a correlation function

χ if S ⊆ [−1, 1](
!
2) only depends on pairwise overlaps, and (χ(ρi,j))i,j is in the η-interior of S where

ρi,j = EHi(σ)Hj(σ) is the correlation of Hamiltonians Hi and Hj (for any fixed arbitrary σ).

Observe that if an OGP forbids the correlation function of an algorithm, then it also forbids the

algorithm.
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Theorem 4.6.11 (Existence of even spin glass OGP, [13, Proposition 3.2]). For all even functions

ξ and v > ALG, there is η > 0 and an integer # such that for all correlation functions χ there is

a coupled model for SGξ on at most #Hamiltonians and a set S η-forbidding χ such that with high

probability the coupled model exhibits an S-OGP at value v. Specifically, the coupled model is a tree-

coupled ensemble and the OGP is a branching OGP.

4.6.3 Final obstruction

We now show that the presence of a branching OGP on a randomMax-CSP upper-bounds the

performance of any overlap-concentrated algorithm.

Theorem 4.6.12 (Formal version of Theorem 4.2.4). Suppose that CSPΛ(α) exhibits a size-# branch-

ing OGP at value v for a constant #. Suppose that an overlap-concentrated algorithmA is η-forbidden

by the OGP for a constant η > 0. Then w.h.p the output ofA has value at most v.

Proof. Let p be the probability thatA outputs a solution of value at least vwhen run on a single

instance of CSPΛ(α), so that we want to prove p ≤ on(1). Fix the correlation structure of the

Hamiltonians for which the branching OGP holds, and letH(u) be the correlated Hamiltonians.

Consider running algorithmA on each of the instancesH(u). Let E be the event that the average

value of the output solutions is at least v. On the one hand, by [13, Proof of Proposition 3.6(a)],

P[E ] ≥ p! . (4.101)

On the other hand, E is unlikely, because the expected output ofA lies in the forbidden region of

the OGP, and if the output ofA lies in the forbidden region, then by definition E does not hold.
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Specifically,

P[E ] ≤ P[A(H(u)) outside of forbidden region] . (4.102)

The right-hand side can be union-bounded across the
(!
2
)
pairwise overlaps describing the forbidden

region. In order to lie outside the region, the deviation from the expectation must be at least η in

one of the coordinates. By overlap concentration, the deviation probability is at most
(!
2
)
· on(1) =

on(1). Combining this with Equation 4.101 and taking the #th root yields the claim.

Remark 4.6.13. Note that [13] obstruct a broader class of algorithms that can output solutions in the

convex hull of the solution space; since we restrict to algorithms that output valid values, we do not use

the technical considerations of [13, Section 3.3].

Combining Theorem 4.6.11, Proposition 4.5.6, Theorem 4.6.12, we conclude the following:

Corollary 4.6.14. Let I be an instance of CSPΛ(α) such that every predicate f in the support of Λ is

even. For all ε > 0 there is α0 > 0 such that for all α ≥ α0 and all overlap-concentrated algorithms,

w.h.p it holds that
1
nH

α(A(I)) ≤ E
f∼Λ

[f] + ALG+ ε√
α . (4.103)

where ALG is defined in Definition 2.2.6 for ξ related to Λ as in Equation 4.1.

Using Theorem 2.2.7, which states that ALG is strictly less than the ground state energy for even

spin glasses with no degree-2 part,

Corollary 4.6.15 (Formal version of Corollary 4.2.5). Let I be an instance of CSPΛ(α) such that for

every predicate f in the support of Λ, the only nonzero Fourier coefficients of f have even degree j ≥ 4.

There are constants ε > 0, α0 > 0 such that for all α ≥ α0 and all overlap-concentrated algorithmsA,
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w.h.p it holds that
1
nH

α(A(I)) ≤ vI −
ε√
α . (4.104)

In particular, for α = α0, the value is bounded away from vI by a constant factor.

Remark 4.6.16. As in Remark 2.5.1, assuming:

1. the OGP holds with probability at least 1− exp(−C1 · n), which is shown by [13] in their proof

of Theorem 4.6.11

2. A is overlap-concentrated with probability at least 1− exp(−C2 · n) for C2 = C2(δ)

then the conclusions of Theorem 4.6.12, Corollary 4.6.14, Corollary 4.6.15 hold with probability at

least 1− exp(−C · n), where C depends on C1,C2.
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5
Sum-of-Squares Relaxations for Spherical

Spin Glasses

The results of this chapter are based on the paper by Sandhu and Shi [14].
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5.1 Introduction

We establish sum-of-squares (SoS) optimization analogues of thermodynamics concepts, principles

and techniques, including the replica-symmetry-breaking (RSB) ultrametric structure which has

been foundational to modern progress in the rigorous mathematical characterization of various

models in statistical physics. These models include the Sherrington-Kirkpatrick (SK) model (and its

generalizations) [32, 33, 34, 94, 95, 19, 22], the Spherical and Ising Perceptron [96, 97, 98], as well

as average-case constraint-satisfaction problems (CSPs) [17, 24, 78, 25, 99, 11, 9].

We propose an extension of SoS that searches over parameterizations of entire distributions/manifolds

of solutions rather than searching over individual solutions. This allows us to exploit theminimum

energy/maximum entropy principle from statistical mechanics in SoS.

In equilibrium statistical mechanics, the Gibbs distribution is the distribution that maximizes en-

tropy over all distributions that have the same mean energy. This fact can be proven with Lagrange

multipliers in the space of distributions: in other words, it has a dual certificate in the convex opti-

mization problem of maximizing entropy over an affine set of probability distributions. What pre-

vents us from using this principle is that the set of all probability distributions is exponentially large,

and furthermore, the relaxation of the set of all distributions to the set of all low-degree pseudo-

distributions fails to faithfully preserve the usual definition of entropy.

One possible approach is to define a low-degree proxy for entropy over the customary notion of a

pseudo-distribution over solutions. This however is not always sufficient by itself, as it misses one of

the core properties of high-entropy distributions: isoperimetric/concentration inequalities.

We augment SoS with the ability to reason about the isoperimetric properties of parameterized fam-

ilies of measures, for example, the uniformmeasure over large-dimensional spheres. This entails en-

coding a Poincaré inequality into the dual proof system. The resulting pseudo-distribution can then
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be rounded by first rounding the parameters of the measure encoded in the pseudo-distribution,

then sampling from the measure (assuming it is easy to do so).

It is this ability to reason about (strong) duality in the space of distributions that inspires the anal-

ogy to thermodynamics, as the Legendre transform (a special case of convex conjugation) is founda-

tionally used to do exactly that in the study of thermodynamics.

This constitutes a first step toward certifiable and polynomial-time constructive versions of math-

ematical results that use the RSB ultrametric structure, including certain rigorous cavity method

calculations such as the Aizenman-Sims-Starr scheme [100], by recreating those results with SoS

proofs. As a starting point, we apply these techniques to recreate—with a constant-degree SoS

program—Eliran Subag’s algorithm to optimize spherical spin glasses [38, 37], showing that once

an appropriate fRSB ansatz from spin glass theory is encoded into the program, SoS automatically

recovers and certifies the optimality of Subag’s algorithm conditioned on that ansatz.

In this manuscript, we tackle the case of solutions lying on the sphere as a starting point due to the

simpler geometry compared to the hypercube. In forthcoming work, we generalize this analysis to

the boolean hypercube so as to handle problems such as the SKmodel (and its generalizations) and

randomMax-CSPs. These problems pose challenges similar to those posed by the spherical spin

glass problem (explained below) with exponentially many well-separated solutions [101, 13], RSB

ultrametric structure [85, 9], and sometimes certification lower bounds [102].

Inspired by the line of work that establishes the sum-of-squares meta-algorithm as optimal among

polynomial-time algorithms in a wide variety of domains [103], we hope that this work opens a path

to placing SoS as optimal in the average-case setting as well, where SoS has heretofore been bested by

relatively simple iterative algorithms [37, 87, 104, 89] on problems like these.

The SoS algorithms in this (and forthcoming) work have solution quality exactly as good as the
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spectral algorithm for spherical spin glasses [37, 13], the approximate-message passing (AMP) al-

gorithm for the SKmodel [87, 74] and the variant of a belief-propagation (BP) algorithm for cer-

tain Max-2-CSPs [89]. Additionally, the SoS algorithm uses a prior result connecting sparse ran-

domMax-k-CSPs to spin glasses [9] to generalize and work for allMax-k-CSPs. Therefore, this

means the SoS algorithm is at least as good as local (classical and quantum) algorithms and certain

low-degree polynomial (LDP) algorithms on these families of optimization problems. This makes

substantial progress towards demonstrating some form of “equivalence” between these families of

algorithms[28, 105], and leaves open the interesting question of whether meaningful lower-bounds

on doing better than these approximation ratios can be demonstrated against a large class of semi-

definite optimization programs (SDPs)—This is motivated by the recent hardness results stemming

from the so-called overlap-gap property [10], which many of the aforementioned problems possess

in different parameter regimes.

We briefly highlight some features which previously made the problem of optimizing spherical spin

glasses troublesome to tackle within the SoS paradigm.

Exponentially manywell-separated solutions Previously used “randomized reweigh-

ing”, “Gaussian conditioning”, or “Gaussian contraction” methods for rounding SoS relaxations [47,

106, 107, 108] fail to make progress in the presence of exponentially many separated solutions. This

is because they attempt to single out a single solution by simulating (in a pseudo-distribution) a pro-

cess (in an actual distribution) where an individual solution is singled out by polynomially suppress-

ing the probabilities of all other solutions. But when exponentially many well-separated solutions

exist, any individual solution can continue to have exponentially small probability even after using

any sublinear-degree polynomial to reweigh a distribution.

This feature presented a gap between powerful SoS techniques and relatively simple iterative local-
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update techniques which can, in contrast, be enabled by the presence of exponentially many well-

separated solutions, allowing it to iteratively improve upon a rough first guess to achieve a near-

optimal solution [87, 109, 37, 89].

Replica-symmetry-breaking ultrametric structure The RSB ultrametric structure of

the set of solutions introduces an exponentially large and complexly structured set of (approximate)

symmetries in the solution set [39, 101]. This presents a conceptual difficulty for rounding in two

ways: first, any such symmetry must generally be broken by an effective rounding scheme, since this

rounding scheme would have to isolate a single solution out of this highly symmetric set [110]. Sec-

ond, each symmetry in the solution set corresponds to degrees of freedom in a pseudo-distribution

that solves the relaxation, since, heuristically, each set of true solutions in the orbit of that symmetry

can have arbitrary probability in an actual distribution over solutions. These multitudinous degrees

of freedommust be dealt with when rounding these pseudo-distributions. In a spectral rounding

scheme, for example, each of those degrees of freedom could potentially contribute spurious spec-

tral mass, making it harder to isolate the spectral mass that leads to true solutions.

Certification lower bound & input-oblivious rounding As in the case of the SK

model [102], there is a SoS certification lower bound for the value of spherical spin glasses [15, 111],

meaning it is impossible to give a SoS proof that certifies that a particular solution is actually opti-

mal without adding additional assumptions on those solutions. While this doesn’t preclude an SoS

algorithm for optimization of this value, it is a barrier for a common framework for analysis of con-

vex relaxation roundings where strong duality between the primal (pseudo-distribution) and dual

(SoS proof) solutions [112] is used to prove the quality of an approximation by demonstrating that

a rounded solution loses at most some proportion of value from a dual-solution-promised upper

bound [113]. As well, it renders it useless to try to invoke any upper bound on the problem value in
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any SoS proof that contributes to the algorithm.

5.1.1 Contributions

Low-degree entropy constraints To meet these difficulties, we introduce a “pseudo-

Gibbs” pseudo-distribution that trades off a customized notion of entropy against the value achieved

by the pseudo-distribution. More explicitly, much in the same way that a true Gibbs distribution is

the unique lowest-energy distribution at any given thermodynamic entropy, our pseudo-Gibbs is

the unique highest-value pseudo-distribution at any given level of pseudo-entropy. While previous

work has already used various notions of customized entropy to constrain pseudo-distributions [106,

107, 108], we believe this is the first use of an entropy constraint that reduces the program value to

less than the true optimum, thus enabling the thermodynamic analogy.

The “pseudo-Gibbs” approach yields a natural input-oblivious rounding scheme derived from an

identifiability argument showing that only a small number (in the spherical spin glass case, one) of

pseudo-distributions simultaneously satisfy both the energy and the entropy constraints. This is

inspired by SoS in the statistical inference setting, where SoS-certifiable upper bounds yield identi-

fiability arguments which yield good roundings when the arguments can be made into SoS proofs

[114, 105]Thus we also give a nearly-tight SoS certification of the best average value achieved by

entropy-constrained distributions of solutions, using the entropy constraint to circumvent the

aforementioned certification lower bounds on the injective norms of random tensors.

Ultrametricity & smooth conditional rounding An RSB ansatz [115, 32, 116, 117]

roughly specifies that every optimal solution is a leaf in an ultrametric tree [22] rooted at the ori-

gin whose non-leaf nodes are cluster centers in the interior of the solution domain, with subclus-

ters distributed roughly evenly around each cluster center. The fRSB limit takes this picture to

the limit where there are an infinite number of levels in the ultrametric tree, along the way gain-
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ing some fractal-like properties [118, 95, 22] and enabling arbitrarily good discrete approximations

[119, 38, 87].1

We encode this structure into a SoS program by adopting a “pseudo-distribution of conditional

distributions” structure mimicking not only the geometric but also the probabilistic [120, 118, 95]

structure of fRSB ansatze. We specify a sequence of steps of fixed length on the ultrametric tree

v1, . . . , vk, and at each step we have a pseudo-distribution over conditional pseudo-distributions

of the next step conditioned on the current step. This structure enables us to constrain that the

next step should resemble some mixture of high-entropy Gaussians, where entropy is specified by a

Schatten norm of the covariance matrices, and it allows us to reason about replicaswithin the SoS

system. Other than this ansatz, we only need to specify that the Hamiltonian of the sum of all the

steps is large in expectation.2

This pseudo-distribution can faithfully represent exponentially many well-separated points because

the combination of the energy and entropy constraints forces the pseudo-moments of each point

on the path to be a smooth function of all preceding points: this essentially lets it represent entire

manifolds of solutions by taking advantage of the smoothness of those manifolds. We believe this is

the first time that a pseudo-distribution rounding strategy takes advantage of the provable existence

ofmany potential solutions (possessing some regularity in their occurrence) rather than a proof

(explicit or implicit) that there are a limited number of solutions [47, 121, 106, 107, 108].
1The fact that the support of the Gibbs measure should reside in an ultrametric space was first predicted

by Parisi [32]. Ruelle then gave a construction of a randommeasure supported on the leaves of an ultramet-
ric tree, defined by a family of cascading independent Poisson-Dirichlet processes on the inner nodes - This
construction was termed the Ruelle Probability Cascades [120, 94] and it gave an object on which the Parisi
formula could be equivalently re-written. It was later shown by Panchenko [22] that the so-called Ghirlanda-
Guerra identities [118] implied the ultrametricity of the solution-space. It is an interesting question as to
whether there exist SoS proofs to certify that solutions reside in a hierarchically organized ultrametric space
consistent with the RSB framework, and certifying this (at least in some regimes) is an interesting question in
its own right.

2We also specify that each step should be orthogonal to the sum of the previous ones, but this is only for
convenience, so that the sum at the end lies exactly on the unit sphere.
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This smoothness enables a stronger notion of “conditioning” when rounding a pseudo-distribution

than previously used [47, 121], with the ability to step-wise round a pseudo-distribution over two

continuous-valued variables x and y into an explicit pseudo-distribution over y given a rounded

value of x. A guarantee of this stronger conditional rounding is that the resulting pseudo-distribution

inherits certain conditional constraints on the original pseudo-distribution, conditioned on the

rounded value of x, up to some noise.

Robustness We show that our algorithm is robust to any perturbation to the inputs which has

small spectral norm in every square matrix reshaping of the input tensors, as well as certain graph

matrices in the input. More precisely, letMd be the canonical coefficient matrix of the degree-d

part of the input polynomial, as in Definition 2.9.4. Furthermore, letWq,r be the set of all length-q

closed walks w over [n] so that there are r edges that appear an odd number of times in w, and let

Xq,r be the canonical coefficient matrix of the sum over all w ∈ Wq,r of the product over {i, j} ∈ w

of 1
n∇

2Hn(σ)i,j whereHn is the input polynomial. Let ΔMd and ΔXq,r be the change in these co-

efficient matrices effected by a perturbation to the input. Then the value of the output changes by

only a factor of (1 ± O(ε)) if ‖ΔMd‖op ≤ εn7d/28/2−1/2 and
∥∥ΔXq,r

∥∥
op
≤ εn. Compare this to

the with-high-probability bounds of ‖Md‖op ≤ O(n7d/28/2−1/2) and
∥∥Xq,r

∥∥
op
≤ O(n1−r/2).

Note that this is, for example, robust to rank-1 perturbations of the input, even of norm up to

εn7d/28/2−1/2. The condition onMd follows from Lemma 5.4.4 and ?? and the condition on ΔXq,r

follows from the analysis in Lemma 5.5.1.

This follows in a long line of work+ demonstrating that where spectral or iterative algorithms are

known to solve an average-case problem given strict assumptions on the distribution the instances

are sampled from, a sum-of-squares algorithm can provide a robust alternative more forgiving of

model misspecification.
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5.1.2 The Problem

TheHamiltonian: Dense Random Low-Degree Polynomials

The goal is to optimize a random polynomial of degree dH over the hypersphere Sn−1 of radius 1.

A spherical spin glass corresponds to the low temperature limit of a material whose hamiltonian is

given by the very same random polynomial.

Definition 5.1.1 (Mixed Spherical p-Spin Glass). The hamiltonian of a mixed spherical dH-spin

glass is given as,

Hn(σ) =
dH∑

k=1
γk
√
n
∑

i1,...,ik∈[n]k
gi1,...,ikσi1 . . . σik , (5.1)

where gi1,...,ik
i.i.d.∼ N (0, 1) for every k ∈ [dH]. Furthermore, the coefficients

{
γk
}p
k=2 are non-negative,

real valued and independent of n.3

The goal of the optimization task is to maximize the hamiltonian above over Sn−1(1),

max
σ∈Sn−1(1)

Hn(σ) .

This quantity is called the ground state energy of the spherical spin glass and is equivalent to its so-

called free energy at zero temperature.

Note that we formulate the problem on the unit sphere, but have adjusted the Hamiltonian to be

equivalent to previous formulations on the radius-
√
n sphere [38, 37].

3Although we do not handle a linear term k = 1 in this manuscript, such a term can be accommodated
with a modification of the SoS-encoded RSB ansatz in order to allow for a drift term. We implement this in
forthcoming work addressing the SKmodel and its generalizations.
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TheMixture Function

The solution quality achieved by the algorithm on this optimization problem depends on the struc-

ture of the mixture coefficient {γk}
dH
k=2. Under a specific assumption (Proposition 2.2.9) on these,

termed “full-Replica Symmetry Breaking” (fRSB), our algorithm will output a solution that is arbi-

trarily close to the true optimal value.

Definition 5.1.2 (Mixture Polynomial). The mixture polynomial of a hamiltonian Hn(σ) is given

as,

ν(q) =
dH∑

k=2
γ2kq

k ,

and is defined for q ∈ [0, 1].

5.1.3 Pseudo-distributions over parameterized distributions

A SoS relaxation [103] takes an optimization problem of the form

max
x∈Rn

p(x)

subject to q1(x) ≥ 0
...

qm(x) ≥ 0

where p, q1, …, qm are polynomials and augments the domain of the problem in a certain way to

make both the constraint set and the objective function convex in the new augmented domain. This

convex program is then solvable in polynomial time, and various techniques are used to convert the

solution found in this augmented domain back to a solution in the original domain without losing

too much of the objective value.
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The augmentation adds variables representing the low-degree moments of a distribution over the

original solution domain, converting the objective into one of optimizing the pseudo-expectation of

the original polynomial objective p(x), which is a linear objective in the pseudo-moments, since the

expectation of a polynomial is simply a linear combination of moments. Similarly, the original poly-

nomial constraints qi(x) ≥ 0 each become a family of linear constraints on the pseudo-moments.

Finally, the SoS relaxation adds consistency constraints between the new pseudo-moment variables

stating that the pseudo-expectation of every low-degree square polynomial is non-negative. This can

be realized as a single convex constraint simply requiring a certain matrix of pseudo-moments to be

positive semi-definite.

To this basic framework, we introduce additional symbols v1, . . . , vk each representing a random

variable taking values inRn. The convex program variables are now not pseudo-moments of the vi,

but pseudo-moments of the moments of vi, for example Ẽ(E(vi)j)2. For this to be non-trivial as a

relaxation, we add non-convex polynomial constraints on the moments, restricting the set of possi-

ble distributions represented by vi, before taking the pseudo-moment relaxation of these moments.

In the case of the spherical spin glass, the distribution of each vi is parameterized conditioned on all

previous v1, …, vi−1, so that, for example, Ẽ(E1(v1)4(E2(v2)3)2)3 is a variable in the program4. The

distribution of vi here is constrained to be a statistical mixture of high-dimensional spherical Gaus-

sians with mean zero and covariance a low-degree polynomial of the previous iterates (the covariance

is allowed to arbitrarily depend on the problem input).

Note that the property of being a Gaussian distribution is expressible as a family of polynomial

constraints on the moments of vi conditioned on v1, . . . , vi−1 by the property that the third-and-

higher-order cumulants of Gaussian distributions are all zero.
4Note that this term is not expressible as a joint moment, making this set-up strictly stronger than the

approach of using joint moments as program variables. This system is made more precise in Section 5.3.2
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We then ask the convex program to maximize the pseudo-expectation of the expected value (with re-

spect to v1, …, vk) of the spherical spin glass Hamiltonian evaluated at the point σ := 1√
k (v1 + · · ·+ vk).

We stress that this is the only place where the SDP depends on the problem input.

Because the hierarchical and probabilistic structure of these distributions reflect Parisi’s original

“fRSB ansatz” assumption used to calculate the value of the SKmodel [115, 32] (and are also one

possible instantiation of the Ruelle Probability Cascades (RPCs) [120] pivotal in the mathematical

proof of the Parisi formula) we refer to these constraints on the moments of the vi’s as an encoding

of the discretized fRSB ansatz into SoS, or the fRSB constraints. These constraints may be seen as

an average-case of analogue of results that have shown, for instance, that there exist sum-of-squares

algorithms for the unique games problems conditioned on certificates being available for small-set

expansion in the underlying constraint graph.

5.2 Main Results

We show that the following statements have low-degree SoS proofs with high probability under the

discretized fRSB constraints:

• Every homogeneous polynomial pwhose mode-symmetric coefficient matrix is bounded by

C in spectral norm has expectationE p(σ) at mostO(C/n1deg(p)/22/2−1/2) (Section 5.4).

• The Schatten norms of the Hessian ofHn(σ) are bounded within an o(1)multiplicative error

of their true values, giving an SoS certification of the semicircle law. (Section 5.2).

• The low-degree moments of the higher-order derivatives are similarly bounded by constants

independent of n and k (the number of steps).

• All pseudo-distributions that nearly optimize the Hamiltonian are close to each other in

Frobenius norm (Lemma 5.2).
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These facts come together to show that maximizing a spherical spin-glass Hamiltonian subject to

these automatically recovers Subag’s algorithm [37] and achieves equivalent performance under an

input-oblivious rounding procedure which also is robust to spectral norm perturbations of certain

matrix polynomials of the input (Equation 5.2).

SoS Certificates for p-SchattenNorms of theHessian

We state an informal version of Lemma 5.5.1 which gives a low-degree matrix SoS certificate for

upper and lower bounds on the p-Schatten norms of the hessian∇2H(σ)when p = O(1). The

resulting moments are, up to o(1)multiplicative error, the moments of the Wigner semicircle law

given in terms of the Catalan numbers.

Theorem 5.2.1 (Certifiable Approximate Wignerianity (Informal)). Let Cq refer to the qth Catalan

number. Then for each p and q positive integer, with high probability over the randomness of the in-

stance, there are low-degree sums-of-squares proofs demonstrating that for all pseudo-distributions over

σ satisfying the maximum-entropy condition,

E
σ

(∥∥∇2H(σ)
∥∥2q
2q − nCq(ν′′(‖σ‖22))

q
)2p
≤ o(n2p) ,

E
σ

(
Tr∇2H(σ)2q−1)2p ≤ o(n2p) .

After proving this, we give low-degree SoS proofs that the higher-order derivatives∇iH(σ) provide a

negligible contribution for every 3 ≤ i ≤ dH. A simple Taylor expansion argument then allows one

to transform the Hessian-maximization explicitly encoded in Subag’s algorithm [37, Hessian based

optimization, Pg. 12] into the maximization of the (pseudo)-expectation of the difference in energy

between two orthogonal increments.
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SoS certificates for low-degree moments of theHigher-Order Derivatives

We state an informal version of the statement that gives upper bounds on the low-degree moments

of the polynomial that is induced by the evaluation of the higher-order derivatives of the spherical

spin-glass hamiltonian.

Lemma 5.2.2. Let σ := v1 + · · · + vk−1 as well as v := vk satisfy the fRSB constraints. Then there is

a low-degree SoS proof that

E 〈∇rHn(σ), v⊗r〉p ≤ pO(pdH) .

This proof forms the bulk of the technical challenge in the paper, and involves finding the “cor-

rect” matrix representations of the mixed moment tensor E[σ⊗dH−r ⊗ v⊗r] that have small nuclear

norm, and making this an inductive process over the number of vi. Doing this involves appealing

to the law of conditional cumulance, and controlling mixed moment tensors over partitions of the

set {1, . . . , dH} to have nuclear norm that can “fight” the spectral norm of a randommatrix that

corresponds to the (closest to) square reshaping of the matrix representation of the polynomial of

the disorder terms of the higher-order derivatives. This is done by using the Fourier decomposition

of the mixed moment tensors, and then finding representations for each rank-1 component of these

that have small nuclear norm.

Universality of PerturbedMatrix Bernstein Polynomial Approximation

A critical part of the SoS proof of optimality uses the fact that the unique set of pseudo-distributions

(with sufficiently large but constant degree) that satisfy the maximum-entropy constraint on pro-

gram variables in a path along the ultrametric tree are closely aligned with a Bernstein polynomial

approximation of a particular matrix function of the previous steps in the tree. This matrix Bern-

stein polynomial is a low-degree approximation of the step-function that is non-zero only along

149



the top-δn eigenvectors of the hessian. Demonstrating this crucially relies on the fact that there ex-

ists a low-degree (matrix) SoS certificate that demonstrates that the Bernstein polynomial is close in

Frobenius norm to the conditional covariance matrix (which is a variable in the polynomial gram-

mar the pseudo-distribution is defined over).

Theorem 5.2.3. Given u =
∑i−1

j=1 vj and vi as defined in Equation P.2, a (matrix) Bernstein poly-

nomial p(∇2H(u)) that is a low-degree approximation of the step-function that projects into the top-δn

eigenvectors of the hessian∇2H(u) (Proposition 5.5.7), a pseudo-distribution (of sufficiently large but

constant degree) over u and vi that satisfies both the maximum-entropy condition and the optimality

condition, the following is true:

∥∥E[(vivTi )⊗q | u− p(∇2H(u))]
∥∥
F ≤ O(ε1/4/nq/2) . (5.2)

Final Result: Matrix SoS Relaxation for Spherical Spin Glasses

Our final result is captured by the following theorem.

Theorem 5.2.4. For every ε > 0 and n, there exists a set of SDP constraints Rε of polynomial size,

along with a randomized polynomial-time rounding algorithm Q which takes a degree-Oε(1) pseudo-

distribution as its sole input and outputs a point in Sn−1, such that with high probability with respect to

a spin glass Hamiltonian H,

H(Q(Solve(H,Rε, ε))) ≥ (1− ε)ALG ,

where Solve(H,Rε, ε) is any routine which outputs a pseudo-expectation satisfying the constraints

R and maximizing H to poly(ε) precision if one exists, andALG is a conjectured upper limit on the

quality of solution achievable by polynomial-time algorithms, elaborated on below.
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Furthermore, when the spherical spin glass model satisfies the fRSB condition (Proposition 2.2.9), we

have

H(Q(Solve(H,Rε, ε))) ≥ (1− ε) max
σ∈Sn−1

H(σ) .

Our SoS program yields (under a natural, input-oblivious rounding) a solution with approxima-

tion quality given by a relaxation of the so-called Crisanti-Sommers formula [40] proved by Huang

and Sellke [13]. This relaxed value, known as ALG, is arbitrarily close to the optimumwhen the

coefficients of the polynomial satisfy a certain analytic condition (Proposition 2.2.9) referred to as

full-Replica Symmetry Breaking (fRSB). Furthermore, the relaxed value is provably the optimal

achieved by the family of “approximately-Lipschitz” algorithms [13] and conjectured to be optimal

among all polynomial-time algorithms [13, 9].

5.2.1 Technical Overview

The Sum-of-Squares Program

We state our program and briefly explain and motivate the constraints.

We recall the discussion of notation in Section 5.1.3. In addition, we state axiomatic constraints as,

for example, {p(v1) ≥ 0} and {p(v1, v2)}|v1 , which mean respectively Ẽ E1[p(v1)q(v1)2] ≥ 0 and

Ẽ E1
[
E2[p(v1, v2)q(v2)2] · r(v1,E2[v2],E2[v22], . . . )2

]
≥ 0 for all polynomials q and r for which

those pseudo-expectations are defined. Here, E2[v2] is the expectation of v2 conditioned on v1. As

stated before, this system is made more precise and formal in Section 5.3.2.

The actual solution is represented implicitly as a sum of k equally-sized components σ =
∑k

i=1 vi/
√
k.
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The program is then

max ẼE


H




k∑

j=1

vj√
k







 (P.0)

s.t.

∀i ∈ [k] . (P.1)
{
‖vi‖22 = 1

}

|v1,...,vi−1
, (5.3)

∀i ∈ [k] . (P.2)





〈
vi,

i−1∑

j=1
vj

〉
= 0





|v1,...,vi−1

, (5.4)

∀i ∈ [k] . ∀j ∈ [di]\{2} . (P.3)

{
cumj [vi | vi−1] = 0

}
|v1,...,vi−2

, (5.5)

∀i ∈ [k] . (P.4)
{∥∥∥E

i

[
vivTi | vi−1

]∥∥∥
op

≤ 1+ on(1)
δn

}

|v1,...,vi−2

, (5.6)

∀i ∈ [k] . ∀j = (j1, . . . , jn) st |j| ∈ deg(Ẽ) . (P.5)
{∥∥∥∥E

[(
vivTi

)⊗d
| vi−1

]
− p

(
nHej

)∥∥∥∥
2

F
≤ Oε(1)

}

|v1,...,vi−2

. (5.7)

1. The first constraint sets a normalization.

2. The second constraint asserts that every successive component of the solution is orthogonal

to the last “point” (given by the sum of the components prior to the current increment).

The first and second constraint enforce the requirement that the equally-sized components
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lie on a path in the aforementioned ultrametric tree which reflects the hierarchical organiza-

tion of the solution-space.

3. The third constraint implies that the successive (conditional) components must be highly

”entropic” by mimicking the low-degree cumulants of the gaussian, since a rescaling of the

gaussian gives the uniform distribution over a sphere. To notice why this is a reasonable con-

straint, note that the (pseudo)cumulant as defined in Section 5.3.1 can be encoded as a set

of linear constraints by “linearizing” the products of pseudo-expectations in each summand.

This is explained further in Section 5.9.

4. The fourth constraint implies that conditioned on the rounded values of the previous compo-

nents, the current component continues to be “well-spread out” in all δn-dimensional sub-

spheres by curtailing the op-norm of the covariance. More details about these constraints

and their encoding can be found in Section 5.9.

5. The final constraint simply asserts that the (conditional) moments of an “iterate” vi should

be expressible as being close to low-degree polynomials (in the #2-sense) of the fourier basis

given by the Hermite polynomials. The precise choice of polynomial is inferred from the

proof that bounds the contribution of the higher-order derivates of the hamiltonian under

the requisite entropy constraints.

Constraints Equation P.3 and Equation P.4 introduce a new “conditional pseudo-expectation”

object which allows us to specify a conditional constraint conditioned on continuous-valued

variables in a pseudo-distribution—a constraint that continues to be true after rounding

previous components and extracting the conditioned pseudo-distributions on the remain-

ing variables. A precise definition of the operator cum1/ε(·) for pseudo-distributions can

be found in Section 5.3.1, and an encoding of the set of affine constraints for the SDP solver

induced by a hierarchical pseudo-distribution object can be found in Section 5.3.2.
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We round this pseudo-distribution one step at a time, first sampling from a Gaussian distribution

matching the first-and-second pseudo-moments of v1 and using the proof of smoothness to extract

a pseudo-distribution over v2, . . . , vk satisfying approximately the same constraints but with the

rounded value of v1 instead of v1 as a formal variable. Doing this iteratively obtains rounded values

for all the variables, at which point the obtained solution can be read off as the sum of v1, . . . , vk.

Technical challenges: Approaches that don’t work

Our initial motivation was to consider embedding the existing iterative spectral algorithm for spheri-

cal spin glass models by Subag [37] into the SoS framework. Unfortunately, following the algorithm

too closely fast leads to approaches that are not compliant with a low-degree SoS framework, and

the fix is to actually achieve stronger results (such as a certificates of the value achievable) by using a

different relaxation. Some of the obstacles imminent in a “direct” translation of Subag’s algorithm

into the SoS framework are detailed below.

Reweighed iterative rounding along a path in the ultrametric tree. It is natural to consider

explicitly representing steps in the ultrametric tree as program variables (Section P.1, Equa-

tion P.2) as this follows the path of the iterative spectral algorithm. It then becomes readily

apparent that previous methods of rounding fail to make progress due to the impossibility of

proving that there are few good solutions (since, in fact, there are many good solutions).

This—along with the thermodynamic picture—motivates the addition of the entropy con-

straints, so that while there may not be a small number of individual solutions, there is in-

stead a small number (in this particular case, there is exactly one) of pseudo-Gibbs pseudo-

distributions, each representing an extremely large number of solutions distributed with

some regularity.

Eigendecompositions and edge statistics for the eigenspectrum. Progressing in this direction,
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one runs into further problems if one attempts to follow the iterative spectral algorithm of

Subag too closely: the proofs and algorithm of Subag make heavy use of high-degree SoS op-

erations and objects, such as concentration inequalities with exponentially decaying tails [37,

Lemma 3] and eigendecompositions [37, Eq 3.10 & Eq. 3.11].

In fact, while Subag uses randommatrix theory to strongly characterize the top fraction of

eigenvalues of the Hessian of the Hamiltonian at interior points of the sphere, we may use

neither the strong forms of concentration provided by randommatrix theory nor assume

any access to eigendecompositions. We cannot usefully refer to the actual spectral norm of

this Hessian in any low-degree SoS proof, because any useful bound on that actual spectral

norm would be a SoS certification of the injective norm of a random tensor, contradicting

or nearly-contradicting existing certification lower bounds [15]. Instead, we provide a low-

degree weakening of both: we characterize the randommatrix concentration by a low-degree

and we characterize eigenspectra through access to their uniform low-degree moments via

their Schatten norms.

Disorder chaos. To compound the technical challenge, we believe it is not possible to capture the

true Gibbs distribution with a low-degree SoS program due to disorder chaos: small pertur-

bations in the Hamiltonian lead to large fluctuations in the moments of the Gibbs distribu-

tion [39, Theorem 3][122, Eq. 2.11, Eq. 5.16 & Eq. 5.22], whereas SoS is generally believed

to excel when solutions are stable to input perturbations. Instead, we consider a surrogate

entropy constraint which selects for “flat” extrema with high local entropy, meaning that

each solution found is surrounded by a cluster of many similar-valued solutions [123, 124].

In this way, we find robustness to Hamiltonian perturbations, since a small perturbation to

the Hamiltonian may precipitously drop the probability of many individual isolated solu-

tions out of a Gibbs distribution, but it will not drop all solutions out of a wide cluster of
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similarly-valued solutions.

Certifying injective norms under pseudo-distribution entropy constraints

In Lemma 5.5.1, we show that the Schatten norms of the Hessian (∇2H(σ)) can be shown to be

equivalent (up to some noise terms) to the moments of the semi-circle law with a low-degree SoS

proof. A similar analysis can be used to bound the Schatten norms of the high-order derivatives

(∇iH(σ) , i ≤ dH) of the Hamiltonian. Crucially, the only non-negligible contribution to the

Hamiltonian comes from a signal term in the hessian, and the other derivatives contribute (certi-

fiably) negligible amounts. The signal term corresponds to even-length non-backtracking walks

in the trace powers of the Hessian, evaluated at every vi in an ultra-metric path specified in Equa-

tion P.2. To sufficiently suppress the contribution of the numerous noise terms, one crucially

use the maximum-entropy constraint on the pseudo-distribution, and an application of a matrix

Hölder’s inequality then allows one to uniformly apply the bound on the q-the Schatten norm of

the pseudo-distribution as well as the zero cumulants to “fight” the contribution from all other

walks that constitute the noise term.

The maximum-entropy constraint on the pseudo-distribution (Equation P.3, Equation P.4) is cru-

cial since it allows one to avoid any possible complications that might arise from existing near-linear

lower bounds on certifying the maxima of random tensors on the sphere [15, 111]. Though the

lower bounds are for tensors with independent entries and the derivatives of the hamiltonian have

non-trivial correlations, the analysis of Subag shows that these correlations “average-out” in the

asymptotic limit to approach independent ensembles [37, Eq. 3.10].

This serves as a template for future work bounding spectral statistics of other models of randomma-

trices and tensors via low-degree SoS proofs with an appropriate maximum-entropy constraint on

the underlying pseudo-distribution, thereby converting standard arguments from randommatrix
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theory and free probability to be SoS compliant.

Max-Entropy Induces Smooth Conditionals

Intuitively, we make the optimality constraints fight against the maximum-entropy constraints until

the two constraints meet, causing the disappearance of many degrees of freedom in the pseudo-

distribution.

After showing that the gain in energy at each step is determined by the quadratic form of the incre-

mental step with the Hessian at that point, we show that the maximum-entropy constraint forces

the pseudo-distribution to be localized in the top eigenspace of that Hessian. Because this needs to

be a SoS proof, we require an SoS certification on the approximate maximum value of the Hessian at

each step.

However, as previously mentioned, we cannot actually refer to the precise eigendecomposition of

this Hessian in low-degree proofs. Therefore, we approximate the eigendecomposition using low-

degree moments of the eigenspectrum (given by Schatten norms of the Hessian), and approximate

the top eigenspace by a Bernstein polynomial approximation of a step function applied to the Hes-

sian. In this way, we show that many (in this case, all) of the pseudo-moments of an optimizing

high-entropy distribution are nearly smooth functions of the pseudo-distribution variables repre-

senting the previous steps in the ultrametric tree, because these pseudo-moments are close in Frobe-

nius norm to a low-degree polynomial of the previous steps.

Rounding Smoothly Conditional Pseudo-distributions

The keystone of the rounding is to take a pseudo-distribution over several variables with conditional

constraints, and round the first variable while also extracting a pseudo-distribution over the remain-

ing variables when some of the conditional moments vary smoothly as a function of the first vari-

157



able. It suffices here to apply the pseudo-inverse of the faithfully-rounded part of a pseudo-moment

matrix of the first variable to the cross-moments of the first variable with all other variables. The re-

quired degree for the pseudo-moment matrix of the first variable varies with the smoothness of the

conditional: the higher degree the dependence of the conditional moments on the first variable, the

higher the degree of the pseudo-moment matrix that is needed. This is elaborated in Section 5.3.4

and Lemma 5.6.3.

5.3 Spin-Glass Principles for Sum-of-Squares Programs

5.3.1 Low-Degree Approximation of Entropy

Gaussian moments

Lemma 5.3.1 (Isserlis’ Lemma (Matrix form)). Given (x1, . . . , xn) ∼ N (0, Idn) and when q is even,

E
[
(xxT)⊗q

]
=

q/2∑

i=0

(
q!2

(q− 2i)! i!2 22i

)
sym

(
(wwT)⊗i ⊗ Id⊗(q−2i)

n
)
sym, (5.8)

where w ∈ (Rn)⊗2 is defined as w =
∑

i∈[n] ei ⊗ ei and Idn ∈ Rn×n is the identity matrix.

Proof.

E
x∼N (0,Idn)

[
x⊗q(x⊗q)T

]

=
n∑

a1,...,a2q=1




∑

p∈P22q

∏

{k,l}∈p
E

x∼N (0,Idn)

[
xakxal

]


 (ea1 ⊗ . . .⊗ eaq)(eaq+1 ⊗ . . .⊗ ea2q)
T

=
∑

p∈P22q

n∑

a1,...,a2q=1




∏

{k,l}∈p
E

x∼N (0,Idn)

[
xakxal

]


 (ea1 ⊗ . . .⊗ eaq)(eaq+1 ⊗ . . .⊗ ea2q)
T
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=
∑

p∈P22q

n∑

a1,...,a2q=1




∏

{k,l}∈p
δak,al



 (ea1 ⊗ . . .⊗ eaq)(eaq+1 ⊗ . . .⊗ ea2q)
T ,

where the first equality follows directly from Lemma 2.8.2, the second from the commutativity of

the sum operator and the final uses the fact that the 1-marginals of the multivariate normal distribu-

tion are independent.

LetRi be the subset of P22q where i of the pairs are elements of
([q]
2
)
also i of the pairs are elements

of
([2q]\[q]

2
)
. Note that |Ri| =

( q
2i
)2f(q − 2i)g(i)2, where f(m) = m! is the number of match-

ings between a set ofm elements and another set ofm elements, and g(m) = (2m)!/(m!2m) is

the number of matchings among a set of 2m elements. Let sym be as defined in Definition 2.9.10

and let ri be the element ofRi given by ri = si ∪ ({{q}} + si) ∪ (ti + {{0, q}}), where si =

{{1, 2}, . . . , {2i − 1, 2i}} and ti = {{2i + 1}, {2i + 2} . . . , {q}} and where for sets S and T, we

define S+ T as equal to {s+ t}s∈S,t∈T. Then,

=

q∑

i=0

∑

p∈Ri

n∑

a1,...,a2q=1




∏

{k,l}∈p
δak,al



 (ea1 ⊗ . . .⊗ eaq)(eaq+1 ⊗ . . .⊗ ea2q)
T

=

q∑

i=0
|Ri| sym

n∑

a1,...,a2q=1




∏

{k,l}∈ri

δak,al



 (ea1 ⊗ . . .⊗ eaq)(eaq+1 ⊗ . . .⊗ ea2q)
Tsym

=

q∑

i=0
|Ri| sym

[


n∑

a1,...,a2i=1




i∏

j=1
δa2j−1,a2j



 (ea1 ⊗ . . .⊗ ea2i)




( n∑

aq+1,...,aq+2i=1




i∏

j=1
δaq+2j−1,aq+2j





(eaq ⊗ . . .⊗ eaq+2i)
T

)

⊗




n∑

a2i+1,...,aq=1

n∑

aq+2i+1,...,a2q=1




q∏

j=2i+1
δaj,aq+j



 (ea2i+1 ⊗ . . .⊗ eaq)(eaq+2i+1 ⊗ . . .⊗ ea2q)
T




]
sym

=

q/2∑

i=0
|Ri| sym ((wwT)⊗i ⊗ Id⊗(q−2i)) sym .
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Definition 5.3.2 (Projectors into symmetrized gaussian eigenspaces). Let K′
j ⊆ (Rn)⊗q be the

subspace given by K′
j := sym (w⊗j ⊗ (Rn)⊗q−2j).

Let Kj ⊆ (Rn)⊗q be the subspace of K′
j that is perpendicular to K′

j+1.

Corollary 5.3.3. Given (x1, . . . , xn) ∼ N (0, Idn) and when q is even,

E
[
(xxT)⊗q

]
=

q/2∑

i=0
(1+ O(1/n)) niΠKi , (5.9)

whereΠKi is the projector to the space Ki defined in Definition 5.3.2.

Proof. Starting with the expression in Lemma 5.3.1, we point out that

sym
(
(wwT)⊗i ⊗ Id⊗(q−2i)

n
)
sym = ni (q− 2i)!4ii!

q!2 ΠKi +
∑

j>i
O(ni)ΠKj

This is since, by Definition 5.3.2, the column/rowspace of that matrix is inside ofK′
i, and we can

figure out the coefficients of the projectors as follows:

The part of sym
(
(wwT)⊗i ⊗ Id⊗(q−2i)

n
)
sym that is in the subspaceKi must be a multiple of ΠKi

since, supposing that u

• The nis in front of the projectors are from the fact that ‖w‖ =
√
n.

• The q!2 in the denominator are from converting the the two averaging operations of sym

into sums over the orbits.

• The (q− 2i)! is for the number of mode permutations on both sides of Id⊗(q−2i) that take it

back to itself. The terms where different mode permutations are applied to the left and to the
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right of Id⊗(q−2i) serve to cancel out the asymmetric parts of Id⊗(q−2i). (Note that a mode

permutation that does not map w⊗i ⊗ (Rn)⊗(q−2i) to itself instead maps it to a subspace of

the sum of its orthogonal complement andK′
i+1).

• The 4ii! is for the number of mode permutations on both sides of (wwT)⊗i that take it back

to itself: i! permutations that exchange ws with other ws and 2i permutations on each side

which switch the two modes of the individual ws. The terms where different mode permu-

tations are applied to the left and to the right of (wwT)⊗i serve to cancel out the asymmetric

parts.

Now it is simply a matter of putting this expression into Lemma 5.3.1.

Lemma 5.3.4. Let q be even and positive. Let

Lj :=
q!
nj sym

(
(wwT)⊗j ⊗ Id⊗(q−2j)

)
sym .

For symmetric matrices M satisfying,

TrMp < γ(TrM)p , ∀p ≤ q

and

Tr[M] ≥ 1 ,

the following statements hold:

1.
〈
M⊗q,L0

〉
≤ (1+ Oq(γ))(TrM)q ,
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2.
〈
M⊗q,Lj

〉
≤

Oq(γ)
nj (TrM)q , ∀j ∈ {1, . . . , q/2} ,

where Oq(γ) indicates something linear in γ with dependencies in q suppressed and Oq(δγ) indicates

Proof. Using the definition of Lj we have,

〈
M⊗q,Lj

〉
=

q!
nj
〈
M⊗q, sym

(
(wwT)⊗j ⊗ Id⊗(q−2j)

)
sym
〉

=
q!
nj

1
|Sq|2




∑

π1,π2∈Sq

〈
M⊗q,Pπ1

(
(wwT)⊗j ⊗ Id⊗(q−2j)

)
Pπ2

〉




=
q!
nj

1
|Sq|2




∑

π1,π2∈Sq

〈
M⊗qPπ2 ,Pπ1

(
(wwT)⊗j ⊗ Id⊗(q−2j)

)〉




=
q!
nj

1
|Sq|2




∑

π1,π2∈Sq

Tr
[
Pπ2

(
M⊗q)T Pπ1

(
(wwT)⊗j ⊗ Id⊗(q−2j)

)]


 .

Tensor diagram To reason about how to split the term above into a product of trace products,

we describe the tensor diagram:

1. There are 2j blocks of w, each with 2 wires that come out. Of these, j blocks are “inner”

blocks and j blocks are “outer” blocks. The wires of the “inner” blocks are of type 1 and

those of the “outer” blocks are of type 2.

2. There are q − 2j blocks of Id, each with 2 wires that come out. For each block, one wire is of

type 1 and the other wire is of type 2.
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3. There are q blocks ofM, each with 2 wires that come out. For each block, one wire is of type

1 and the other wire is of type 2.

4. Wires of type 1 are wired to each other by permuting indices of the row space ofM, as dic-

tated by π1. Similarly, wires of type 2 are wired to each other by permuting the indices of the

column space ofM, as dictated by π2.

Unfolding the trace product in order to make the tensor diagram apparent, and applying the permu-

tations π1 and π2 to the unfolded indices gives,

〈
M⊗q,Lj

〉

=
q!
nj

1
|Sq|2




∑

π1,π2∈Sq

∑

a1,b1,...,aq,bq

(
(M⊗q)T(bπ2(1),...,bπ2(q)),(aπ1(1),...,aπ1(q))

)(
(wwT)⊗j(Id)⊗(q−2j)

)

(a1,...,aq),(b1,...,bq)





=
q!
nj

1
|Sq|2

( ∑

π1,π2∈Sq

∑

a1,b1,...,aq,bq

(
Ma1,b1 · · ·Maq,bq

)(
wa

π−1
1 (1)

,a
π−1
1 (2)

· · ·wa
π−1
1 (2j−1)

,a
π−1
1 (2j)

)

(
wb

π−1
2 (1)

,b
π−1
2 (2)

· · ·wb
π−1
2 (2j−1)

,b
π−1
2 (2j)

)(
Ida

π−1
1 (2j+1)

,b
π−1
2 (2j+1)

· · · Ida
π−1
1 (q)

,b
π−1
2 (q)

))
.

The choice of 2 permutations corresponds to the square of number of bipartite matchings over q

vertices,

|Sq|2 = (q!)2 .

Number of cycles betweenM and Id Furthermore, for any fixed π1 and π2, for the terms in

the unfolded expression to be non-zero the following must hold,

aπ−1
1 (!)

= bπ−1
2 (!)

, ∀# ∈ [2j+ 1, q] .
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This implies that the number of non-zero contributions come only from π1 and π2 choices when

there are cycles in the tensor diagram between an equivalent number of nodes ofM and Id, which

pairs the diagonal elementsMa
π−1
1 (!)

,b
π−1
2 (!)

with the diagonal elements of Id (which are 1) and the

remaining 2j elements with appropriate indices of the w blocks.

Note that the maximum contribution will come from products of 2-cycles betweenM and Id. For

every fixed π1, there are (q − 2j)! permutations π2 that lead to this configuration, with each con-

tributing Tr[M]q−2j. For a cycle in this bipartite graph ofM and Id nodes, the length of the cycle is

equivalent to the number of nodes it touches.

LetQ1,Q2 ⊆ [q] be defined as,

Q1 =
{
π−1
1 (#) | # ∈ [2j+ 1, q]

}
,

and,

Q2 =
{
π−1
2 (#) | # ∈ [2j+ 1, q]

}
.

In what follows, #i denotes a cycle of length i and the number of cycles of that length are denoted

η(#i), chosen subject to the constraint that,

2η(#2) + 4η(#4) + · · ·+ 2(q− 2j)η(#2(q−2j)) = 2(q− 2j) . (5.10)

Furthermore, SQ1 and SQ2 denotes the restriction of the permutations π1 and π2 to the coordinates

inQ1 andQ2 respectively. The general decomposition of the contribution to the inner product

from these blocks is then given as,

∑

π1∈SQ1 ,
π2∈SQ2

∑

ai,bj,
i∈Q1,j∈Q2

( ∏

i∈Q1,j∈Q2

Mai,bj

)
=
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∑

π1∈SQ1

(
Tr[M]q−2j+

∑

r=2,4,...,2(q−2j),
Equation 5.10 holds with η(!2)<(q−2j)

( η(!r)−1∏

i=0

( r/2−1∏

k=1
((q− 2j)−

∑

a=0,2,...,r−2

a
2
η(#a)− i r

2
− k)

))
Tr
[
Mr/2

]η(!r))

≤ (q− 2j)!
(
Tr[M]q−2j

)
+ (q− 2j)!γ

(
q!(q− 2j)2(q−2j)(Tr[M])q−2j

)
,

where we used the facts thatM = MT, Tr[M] ≥ 1, |SQ1 | = (q− 2j)! and Tr[Mp] ≤ γTr[M]p for

every 2 ≤ p ≤ q.

Note that the above expression immediately implies that when j = 0 and,

Lj = L0 = q!sym Id⊗q sym ,

the correlation betweenM and L0 is,

〈
M⊗q,L0

〉
≤ 1

q!q!Tr[M]q + γ
(
(q!)2q2q Tr[M]q

)

= (1+ Oq(γ))Tr[M]q ,

where we used the fact that η(#i) ≤ (q−2j) = q via Equation 5.10 as well as the fact that q−2j = q

for j = 0. The notationOq(γ) suppresses the dependencies on q since we work in the regime that

γ ≈ O(1/n) and q = Oε(1).

Number of cycles betweenM and w Since w =
∑

i∈[n] ei ⊗ ei is a reshaping of the identity,

it immediately implies that the remaining product terms are non-zero only when,

(
aπ−1

1 (i) = aπ−1
1 (i+1)

)
∧
(
bπ−1

2 (i) = bπ−1
2 (i+1)

)
, ∀i ∈ [2j− 1] .
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Therefore, for any fixed π1 and π2 there are only 2j
2 = j degrees of freedom in choosing the remain-

ing indices ai and bj, where i ∈ [q] \ Q1 and j ∈ [q] \ Q2.

Similar to the case in the number of cycles betweenM and Id, the length of the cycle here corre-

sponds to the number of nodes being touched. Note, however, that cycles here will correspond to

increments of 4 nodes and that there are 4j total nodes remaining. Therefore,

4η(#4) + 8η(#8) + · · ·+ 4jη(#4j) = 4j , (5.11)

where the notation is equivalent to the one used in Equation 5.10.

∑

π1∈S[q]\Q1 ,
π2∈S[q]\Q2

∑

ai,bj,
i∈[q]\Q1,j∈[q]\Q2

(∏

i,j
Mai,bj

)( ∏

i=1,3,...,2j−1
wa

π−1
1 (i)

,a
π−1
1 (i+1)

wb
π−1
2 (i)

,b
π−1
2 (i+1)

)
=

∑

π1∈S[q]\Q1

(
j!Tr

[
M2]j+

∑

r=4,8,...,4j,
Equation 5.11 holds with η(!4)<j

( η(!r)−1∏

i=0

( r/2−2∏

k=0,2,...,even(r/2−2)

(
2j−

∑

a=0,4,...,r−4

a
2
η(#a)− i r

2
− k
)1+1k>0

))
Tr
[
Mr/2

]η(!r))

≤ (2j)!j!γ
(
Tr[M]2j

)
+ (2j)!γ

(
2j(4j/r)·(r/2−2)(Tr[M])r/2η(!r)

)

≤ γ
(
(q!)2 + q!(q)q

)
Tr[M]q = Oq(γ)Tr[M]q ,

where we again used the facts thatM = MT, Tr[M] ≥ 1, |S[q]\Q1 | = (2j)!, η(#r) ≤ 4j/r, j ≤ q/2

and Tr[Mp] ≤ γTr[M]p for every 2 ≤ p ≤ q. Furthermore,Oq(γ) once again suppresses the

dependencies in q since γ is on(1) and q = Oε(1).

Number of cycles betweenM, w and Id The previous two cases restrict to the case where

the cycles in the tensor diagram only involve two types of matrices. However, in the general case, for
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any fixed π ∈ S[q], π2 ∈ S[q] can have cycles with arbitrary block chains. Note, however, that the

smallest possible chain that involvesM,w and Id blocks will have atleast 3M blocks. Consequently,

this will invoke a Tr
[
M3]a term which, by the contractivity of the trace (Tr[Mp] ≤ γTr[M]p) will

only have negligible contributions. Let f(q) denote a function of q that gives themaximum number

of ways cycles can be chosen with some π2, such that they have arbitrary blocks of typeM, w and Id.

Then, we have the following bound for the contributions of these terms,

∑

π1∈Sq

( ∑

π2∈Sq ,
cross cycles

)
≤ (q!− ((2j)! + (q− 2j)!))

(
2f(q)Tr

[
M3]q/3

)

≤ 2(q!)f(q)γTr[M]q ≤ Oq(γ)Tr[M]q ,

where we again used the facts that 2f(q)(q!)γ = Oq(γ) and the contractivity of the trace in conjunc-

tion with the fact that Tr[M] ≥ 1.

Correlation betweenM⊗q and Lj for j ≥ 1 Putting all three results together, we have the

following,

〈
M⊗q,Lj

〉
≤ 1

njq!

((
(q− 2j)!

(
Tr[M]q−2j

)
+ γ(q− 2j)!

(
q!(q− 2j)1(q−2j) Tr[M]q−2j

))

(
γ
(
(2j)!j!Tr[M]2j + (2j)!(2j)(4j/r)(r/2−2) Tr[M]2j

))
+ γ2(q!)f(q)Tr[M]q

)

≤ γ
njq!g(q)Tr[M]q ≤

Oq(γ)
nj Tr[M]q ,

where g(q) is some function of q obtained by multiplying f(q) some appropriately large function of

q (for instance, q5q suffices).

The point of the lemma above is to show that, if there is matrix representationM of a polynomial p

with normalized trace, such that its trace is contractive, then the correlation ofM⊗q with the eigen-
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bases of the q-th moment matrix of the standard normal variable can be show to be small (in a quan-

titatively precise sense).

Definition 5.3.5 (cumj for pseudo-distributions). Given a pseudo-moment matrix V ∈ ∨dRn of a

pseudo-distributionD with degree-d, its j-th cumulant matrix cumj[V] ∈ ∨jRn for j ≤ d is given as,

cumj[V]i1,...,ij :=
∑

π∈P(i1,...,ij)
(|π|− 1)!(−1)|π|−1

∏

B={j1,...,j|B|}∈b(π)
Vj1,...,j|B| . (5.12)

The definition above is a straightforward extension of Equation 2.49 for the case of pseudo-distributions

with the exception being that one now uses entries in the pseudo-moment matrixV that com-

pletely characterizes the pseudo-distribution. Therefore, the cumulant matrix cumj[V] is given

by a sub-matrix of the pseudo-moment matrix for every j ≤ d. This also immediately gives (in

conjunction with Lemma 5.3.1) a decomposition for cumj[V]whenV = N (0, Idn) in terms of

super-symmetric matrices. This is useful in encoding the maximum-entropy constraint (see Sec-

tion 5.9.1) as well as for invoking the maximum-entropy constraint on a reshaping of the underlying

program variable when demonstrating low-degree SoS certificates for the derivatives of the hamilto-

nian (Lemma 5.5.1 and ??).

5.3.2 Hierarchical pseudo-distributions

We define a notion of “pseudo-distributions over distributions” that we refer to in this case as “hier-

archical pseudo-distributions”.

The formal variables of this pseudo-distribution will be themoments of a distribution over v1, . . . , vk

rather than the variables v1, . . . , vk themselves. In this way, the program is a relaxation of optimizing
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a function over some convex set of distributions.

This allows us to refer to polynomials of moments in a sum-of-squares proof, rather than just poly-

nomials of the variables (e.g. Ẽ(E x)2(E y) instead of Ẽ x2y). In this way, we can impose the con-

straint that the distribution over a pseudo-distribution variable v1 is Gaussian without imposing

any specific Gaussian (by constraining the pseudo-moments of the cumulants of v1), and argue in

sum-of-squares proofs that functions of v1 are also “pseudo-sub-Gaussian”.

We impose a hierarchical structure on v1, …, vk, with a filtration so that v1 is sampled first, then v2,

and so on. What this means is that there are k formal expectation operators E1, …Ek which must

be placed in order: E1 E2 is valid but E2 E1 is not. Furthermore, the argument to Ei may be any

polynomial in v1, . . . , vk, and Ei+1. For example,E1(E2 v32)2 is a valid expression.

The variables of the SDP are the pseudo-expectations of “monomials” of this system, such as Ẽ E1[v1],

Ẽ E1[E2[v2]], Ẽ E1[v31 E2[v22]], and Ẽ E1[v21 (E2[v2])3(E2[v42])2]. The default constraints in the SDP

are the usual non-negativity of square polynomials and the scaling Ẽ 1 = 1.

We also introduce notation for conditional constraints. Let p be any polynomial in v1, …, vk and their

expectations under Ei, Ei+1, …, Ek. Then {p ≥ 0}|i−1 means (intuitively) that p ≥ 0 for every

value of v1, . . . , vi−1 in the support of the distribution. More rigorously, axiomatically for sum-of-

squares, it asserts that

E
1
. . . E

i−1
pq2 ≥ 0 ,

for any qwhich is a polynomial in v1, …, vi−1 and falls under the degree bound.

Heretofore in this section, we have considered v1, . . . , vk to be scalar variables, but more generally

they will be vectors and scalar products in this section may be substituted by tensor products.
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Formal definitions

We proceed by defining a monomial basis for these hierarchical pseudo-distributions.

Definition 5.3.6 (Polynomial Grammar for Hierarchical Pseudo-Distributions). Let v1, ..., vk be

vector-valued variables inRn.

• Let

mon[k] := {1, vk, v2k, . . . } .

• For i ∈ [k− 1], let

mon[i] :=
{
1, vi, v2i , . . .

}
·
(
{1} ∪

(
E
i+1

mon[i+ 1]
)
∪
(
E
i+1

mon[i+ 1]
)2
∪ . . .

)
,

where the operations ·, Ei+1, and (·)2 are applied elementwise when operating on sets. For ex-

ample, {a, b} · {x, y} = {ax, ay, bx, by} and (Ei+1{x, y})2 = {(Ei+1 x)2, (Ei+1 y)2}.

• Let

mon[0] := E
1
mon[1] .

• Let closure(mon[0]) be the formal additive closure of all terms in mon[0].

• The degree of a monomial in this system

Definition 5.3.7 (Hierarchical Pseudo-Distributions). A hierarchical pseudo-expectation Ẽ is a

linear functional on closure(mon[0]),

Ẽ[·] : closure(mon[0])→ R ,

that satisfies the following constraints:
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Scaling: Ẽ E1 E2 . . .Ei 1 = 1 for all i ∈ [k].

Non-negativity of squares: Ẽ E1 . . .Ei x2 ≥ 0 for all x ∈ closure(mon[i] ∪ Ei mon[i]) and all

i ∈ [k], where it is understood that Ei Ei = Ei.

We need a different grammar to express valid sentences in sum-of-squares proofs, where we may, for

example, refer to v1 even in a constraint that is conditioned on v1.

Definition 5.3.8 (Polynomial Grammar for Hierarchical Sum-of-Square Proofs). Let v1, ..., vk be

vector-valued variables inRn.

• Let fil[k+ 1] be the set of all polynomials in v1, …, vk.

• For i ∈ [k], let fil[i] be the additive and multiplicative closure of fil[i+ 1] andEi fil[i+ 1]

Definition 5.3.9. A conditional constraint is written

{p ≥ 0}i−1

for p ∈ fil[i], and means

ẼE
1
. . . E

i−1
p · q(v1, . . . , vi−1)

2 ≥ 0

for all polynomials q under the degree bound, where it is understood thatEj vi = vi Ej whenever j > i

and that Ei = Ei Ei+1 andEi = Ei Ei.

Insufficiency of joint expectation operator and connection to replicas

It may be tempting to attempt to simply the above system and express everything in terms of the

joint moments of v1, …, vk, so that there is only one expectation operator to deal with.
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However, doing so discards the power to express what would otherwise be low-degree information:

for example,E1(v1(E2 v2)2) cannot be written as any product of bounded-degree joint moments of

v1 and v2.

One may see this by introducing a replica of v2: another variable uwhich has the same joint mo-

ments with v1 as v2 does. Then one can in fact write these expectations-of-polynomials-of-expectations

as joint expectations in the replicas: E1(v1(E2 v2)2) = E1 E2 Eu v1v2u. Then the dependency graph

between v1, v2, and u is a triangle, whereas if we expressed a nontrivial product of joint moments of

v1 and v2 in terms of replicas, the resulting dependency graph would always be disconnected.

Motivation and examples

We will want to add maximum-entropy constraints to restrict the spectral norms of the pseudo-

moment matrices of some formal variables. This would normally fall outside of the scope of tradi-

tional SoS proofs, in which the atoms are the formal variables themselves, not the moment matrices

of (pseudo-)distributions over those variables.

However, we want to encode a notion that roughly says “For all values of x, there is a mixture of

conditional distributions over ywhose moments satisfy these constraints”, where x and y are both

formal variables in the proof system.

The solution is to treat each pseudo-moment of y, as well as products of pseudo-moments of y, as a

formal variable with respect to x (but only x! it would make no sense to encode something like “for

all values of y, the moments of y satisfy...”), and add a family of constraints accordingly.

To illustrate, the constraint “for all values of x, the second moment of y is at most α (in the joint

distribution over y and z conditioned on each specific value of x)”, where x, y, and z are all scalar-
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valued formal variables, which we will abbreviate as

{
Ẽ
y,z
[y2 | x] ≤ α

}
,

would translate to the following constraints:

∀p ∈ R≤d/2−2[x] . Ẽx Ẽy [y
2 | x]p(x)2 ≤ Ẽ α p(x)2 ,

which translate to the SDP constraint, with Ẽx Ẽy[y2 | x] as a program variable in its own right,

Ẽ(Ẽ
y
[y2 | x]− α)(1, x)⊗d(1, x)⊗dT H 0 .

Slightly more generally, if x, y, and z are now taken to be vector-valued variables and the bound is

now that the spectral norm of the second moment matrix of y is at most q(x), the constraints are

∀p ∈ R≤d/2−2[x] .
∥∥∥∥Ẽy,z p(x)

2 yyT
∥∥∥∥ ≤ Ẽ q(x) p(x)2 ,

which translate to the SDP constraint

Ẽ(q(x) Id−yyT)⊗ (1, x)⊗d(1, x)⊗dT H 0

(we omit the other direction of the spectral norm constraint because it is the spectral norm of a PSD

matrix).

Definition 5.3.10 (Polynomial Grammar for Hierarchical Pseudo-distributions (informal)). Let v1,

..., vk be vector-valued variables inRn.

• Let fil[k] be the set of polynomials of up to degree dk in vk.
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• For i ∈ [k− 1], let fil[i] be the set of polynomials up to degree di in vi and x and Ẽi[x | vi] for

x ∈ fil[i+ 1], where the degree of x in fil[i+ 1] counts toward the degree of x or Ẽi[x | vi] in

fil[i].

• For example, for α, α′, β, and γ multi-indices and b and c natural numbers, the formal ex-

pression vαk−1vα
′
k

(
Ẽk[v

β
k | vk−1]

)b (
Ẽk[v

γ
k | vk−1]

)c
is an element of fil[k − 1] with degree

|α|+ |α′|+ b|β|+ c|γ|.

Definition 5.3.11 (Hierarchical Pseudo-distributions (informal)). A hierarchical pseudo-expectation

Ẽ1 is a linear functional on fil[1],

Ẽ
1
[·] : fil[1]→ R ,

that satisfies the following constraints:

Scaling : Ẽ1

[
Ẽ2

[
. . . Ẽi [1 | vi−1] · · · | v1

]]
= 1 for all i ∈ [k].

Expectation idempotence : Ẽ1

[
. . . Ẽi [x | vi−1] . . .

]
= Ẽ1

[
. . . Ẽi−1 [x | vi−2] . . .

]
for all x ∈

fil[i].

Non-negativity of squares : Ẽ1

[
. . . Ẽi

[
x2 | vi−1

]
. . .
]
≥ 0 for all x ∈ fil[i].

Formal system

In full generality, suppose S is a set of formal variables, T is a tuple of formal variables with no inter-

section with S, and p is a polynomial mapping S and T to real-valued matrices.

Then we may write {
Ẽ
T
[p(S,T) | S] H 0

}
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as a constraint, with again the same shorthand

{∥∥∥∥ẼT [p(S,T) | S]
∥∥∥∥ ≤ q(S)

}

to mean both q(S) Id− ẼT[p(S,T) | S] H 0 and q(S) Id+ ẼT[p(S,T) | S] H 0.

In the following, S, T, andU are always assumed to be disjoint sets of formal variables. Some valid

inference rules are:

A 9! {ẼT[p(S,U,T) | S ∪ T] H 0}
A 9! {ẼT∪U[p(S,U,T) | S] H 0}

. (instantiation)

A 9! {ẼT[p(S,T) | S] H 0}, A 9!′ {ẼT[q(S,T) | S] H 0}
A 9!+!′

{(
ẼT[p(S,T) | S]

)
⊗
(
ẼT[q(S,T) | S]

)
H 0
} . (multiplication)

A 9! {ẼT[p(S,T) | S] H 0}, {ẼT[q(S,T) | S] H 0}
A 9! {ẼT[p(S,T) + q(S,T) | S] H 0}

. (addition)

The following are syntactic equivalences, meaning that the expressions may be substituted for each

other in whichever context they appear:

Ẽ
T
[p(S,T) | S] H 0 ≡ Ẽ

T
[p(S,T) | S ∪ U] H 0,

Ẽ
T∪U

p(S,T) H 0 ≡ Ẽ
T
p(S,T) H 0,
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Ẽ
T
p(S,T)⊗ Ẽ

T
q(S,T) H 0 ≡ Ẽ

T
q(S,T)⊗ Ẽ

T
p(S,T) H 0 .

Soundness for actual distributions

Suppose thatD is an actual distribution over variables x, y such that

∀x ∈ supp(D, x) . E[f(y) | x] H 0.

Then it satisfies the corresponding pseudo-distribution constraint

{
Ẽ
y
[f(y) | x] H 0

}

since

∀p ∈ R[x] . E[f(y)p(x)2] =
∫∫

f(y)p(x)2μ(x, y)dydx =
∫

p(x)2E[f(y) | x]μ(x)dx H 0 ,

since the integrand is always PSD.

5.3.3 Conditional constraints

We write fil[i] to refer to the set of formal variables that are available at step i of the filtration:

namely, v1, …, vk, Ẽvi+1 [vi+1 | vi], Ẽvi+2 [vi+2 | vi+1], Ẽvi+1

[
Ẽvi+2 [vi+2 | vi+1] | vi

]
, etc.

We write

{p(fil[i]) ≥ 0}|v1,...,vi−1
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to mean

Ẽ
v1

[
q1(fil[1])2 Ẽv2

[
q2(fil[2])2 . . . Ẽvi

[
qi(fil[i])2p(fil[i]) | vi−1

]
. . . | v1

]]
≥ 0

for all polynomials q1, . . . qi fitting under the degree bound.

Proposition 5.3.12. For every polynomial p and every i,

{p(v1, . . . , vi) ≥ 0}|v1,...,vi−1
9 {p(v1, . . . vi) ≥ 0}|v1,...,vi .

5.3.4 Conditioning recovers Low-DegreeMoments

Sum-of-Squares proof of exact recovery

Lemma 5.3.13 (SoS version of degree-2 recovery). Given a vector-valued degree-1 polynomial f(x) in

vector x such that,

Ẽ[f(x)f(x)T] ;= 0 ,

then, either Ẽ[f(x)] ;= 0 or Ẽ[f(x)xT] ;= 0.

Proof. We show the contrapositive under the assumptions,

Ẽ[f(x)] = A Ẽ[x] + b = 0 ,

and,

Ẽ[f(x)xT] = Ẽ[(Ax+ b)xT] = A Ẽ[xxT] + b Ẽ[xT] = 0 ,

where we used the fact that f(x) = Ax + b for some A and b (due to linearity). We now directly
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evaluate the second pseudo-moment as,

Ẽ[f(x)f(x)T] = Ẽ[(Ax+ b)(Ax+ b)]T

= Ẽ[(Ax+ b)(xTAT + bT)] = Ẽ[AxxTAT + AxbT + bxTAT + bbT]

= (A Ẽ[xxT] + b Ẽ[xT])AT + (A Ẽ[x] + b)bT

= 0 · AT + 0 · bT = 0 .

The proof above is a low-degree (matrix) SoS proof.

Lemma 5.3.14 (Low-degree moments from low-degree polynomials). Suppose f(x) is a vector-

valued degree-j polynomial in a vector x. Then, if

Ẽ[f(x)f(x)T] ;= 0 ,

of equivalently the 2j-th pseudomoments are non-zero for f(x), it is the case that,

Ẽ
[
f(x)

(
(1, x)⊗j)T

]
;= 0 .

Proof. To prove this simply set A rep
= f(x) as the coefficient matrix of f and note that this is a matrix

of size nO(j)×O(j). Now, A is a linear-operator in (Rn)⊗j. Therefore, we can set y = (1, x)⊗j and

apply Lemma 5.3.13 yielding a low-degree (matrix) SoS proof.

Closeness of distribution to conditional Pseudo-distribution

We need to show that the row-space of a cross-matrix is contained within the rank-1 image of the

column space.
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Lemma 5.3.15. For any pseudo-distribution over vector-valued random variables x and y that satisfies

the constraint {‖y‖22 ≤ C} for some constant C, the rowspace of Ẽ yxT is a subspace of the columnspace

of Ẽ xxT.

Proof. The proof follows by (pseudo)Cauchy-Schwarz and re-scaling,

Ẽ[xyT] Ẽ[yxT] = Ẽ[xyT](Ẽ[xyT])T

I Ẽ[x(yTy)xT] I C Ẽ[xxT] .

The following main lemma of this subsection demonstrates that when the dependence of the con-

ditional pseudo-moments of y on the value of x is “smooth” enough to be well approximated by a

low-degree polynomial and it is possible to sample from a distribution that is close enough to the

marginal distribution of x, then we can recover a “conditional pseudo-distribution” over y given a

rounded value of x.

Lemma 5.3.16 (Pseudo-Distribution is close to Low-Degree Moments of a Distribution). Suppose

thatD is a degree-D pseudo-distribution over variables x and y satisfying {‖x‖ = 1, ‖y‖ = 1}

along with the entropy constraints of the program. Suppose that there exist unknown degree-Di matrix

polynomials Fi so thatD satisfies the constraint system

{∥∥∥Ẽ[y⊗i | x]− Fi(x)
∥∥∥
2

2
≤ κ2 Ẽ

∥∥[y⊗i | x]
∥∥2
2

}

i
,

with Di ≤ D for all i ≤ deg(D). Then if x̂ ∼ D̂ where D̂ is an actual distribution satisfying

(
E

x̂∼D̂
(1, x̂)⊗i − Ẽ

x∼D
(1, x)⊗i

)(
E

x̂∼D̂
(1, x̂)⊗i − Ẽ

x∼D
(1, x)⊗i

)T

I γ2 Ẽ
x∼D

[
(1, x)⊗i((1, x)⊗i)T

]
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for all i, it is possible to recover a specific pseudo-distributionD′(x̂) over y which satisfies

∥∥∥∥ E
x̂∼D̂

[
Ẽ

y∼D′(x̂)
y⊗i
]
− Ẽ

x,y∼D
y⊗i
∥∥∥∥
2

2
≤ (κ + γ)2 Ẽ

x,y∼D

∥∥y⊗i∥∥2
2

for all i.

Furthermore, with probability at least 1− γ,

D′(x̂) will have degree d′ where d′ is the largest number so that for all d′′ ≤ d′, it is true that Dd′′ ≤

d̂.

Proof. Fix any given i. Let pi be the degree of Fi. Let

Ci = Ẽ[y⊗i((1, x)⊗pi)T]
(
Ẽ[((1, x)⊗pi)((1, x)⊗pi)T]

)+
.

Then by Lemma 5.3.15 combined with the Moore-Penrose pseudo-inverse property that X+X is

equal to the projector to the rowspace of X,

Ci Ẽ((1, x)⊗pi)((1, x)⊗pi)T = Ẽ[y⊗i((1, x)⊗pi)T]
(
Ẽ[((1, x)⊗pi)((1, x)⊗pi)T]

)+
Ẽ((1, x)⊗pi)((1, x)⊗pi)T

= Ẽ[y⊗i((1, x)⊗pi)T] .

Summarizing,

Ẽ(Ci((1, x)⊗pi))((1, x)⊗pi)T = Ẽ y⊗i((1, x)⊗pi)T.

By Lemma 5.3.14, this implies

D |=
{∥∥∥Ci((1, x)⊗pi)− Ẽ[y⊗i | x]

∥∥∥
2

2
≤ κ2

∥∥∥Ẽ[y⊗i | x]
∥∥∥
2

2

}
. (5.13)
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Therefore, we defineD′(x̂) by its pseudo-expectations:

Ẽ
y∼D′(x̂)

y⊗i := Ci(1, x̂)⊗pi .

Nowwe can argue by triangle inequality,

∥∥∥∥ E
x̂∼D̂

Ẽ
y∼D′(x̂)

y⊗i − Ẽ
x,y∼D

y⊗i
∥∥∥∥ =

∥∥∥∥ E
x̂∼D̂

Ci(1, x̂)⊗pi − Ẽ
x,y∼D

y⊗i
∥∥∥∥

≤
∥∥∥∥ E
x̂∼D̂

Ci(1, x̂)⊗pi − Ẽ
x,y∼D

Ci(1, x)⊗pi
∥∥∥∥+

∥∥∥∥ Ẽ
x,y∼D

Ci(1, x)⊗pi − Ẽ
x,y∼D

y⊗i
∥∥∥∥

≤
∥∥∥∥ E
x̂∼D̂

Ci(1, x̂)⊗pi − Ẽ
x,y∼D

Ci(1, x)⊗pi
∥∥∥∥+ κ

√
Ẽ

x,y∼D
‖y⊗i‖22 ,

and then by definitions and Lemma 5.3.17,

∥∥∥∥ E
x̂∼D̂

Ci(1, x̂)⊗pi − Ẽ
x,y∼D

Ci(1, x)⊗pi
∥∥∥∥ =

∥∥∥∥Ci

[
E

x̂∼D̂
(1, x̂)⊗pi − Ẽ

x,y∼D
(1, x)⊗pi

]∥∥∥∥

=

√

TrCi

[
E

x̂∼D̂
(1, x̂)⊗pi − Ẽ

x,y∼D
(1, x)⊗pi

] [
E

x̂∼D̂
(1, x̂)⊗pi − Ẽ

x,y∼D
(1, x)⊗pi

]T
CT
i

≤

√

Tr γ2Ci

[
Ẽ

x,y∼D
((1, x)⊗pi) ((1, x)⊗pi)T

]
CT
i

= γ

√

Tr
[

Ẽ
x,y∼D

(y⊗i) ((1, x)⊗pi)T
] [

Ẽ
x,y∼D

((1, x)⊗pi) ((1, x)⊗pi)T
]+ [

Ẽ
x,y∼D

((1, x)⊗pi) (y⊗i)T
]

≤ γ
√

Tr Ẽ
x,y∼D

(y⊗i) (y⊗i)T

= γ
√

Ẽ
x,y∼D

‖y⊗i‖22 .
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Lemma 5.3.17. Suppose that x and y are vector-valued indeterminates. Then

(Ẽ yxT)(Ẽ xxT)+(Ẽ xyT) I Ẽ yyT .

Proof. We show that

((Ẽ yyT)+)1/2(Ẽ yxT)(Ẽ xxT)+(Ẽ xyT)((Ẽ yyT)+)1/2 I Id .

Consider the whitened variables u = ((Ẽ xxT)+)1/2x and v = ((Ẽ yyT)+)1/2y so that Ẽ uuT I

( 1
dimrΠrow) Id and Ẽ vvT I ( 1

dimrΠrow) Id.

Then the inequality we want to show becomes

(Ẽ vuT)(Ẽ uvT) I Id .

This is equivalent to the statement that for all x,

(Ẽ 〈x, v〉 uT)(Ẽ u 〈x, v〉) ≤ ‖x‖22 .

by Cauchy-Schwarz inequality for pseudo-distributions, this is implied by

(Ẽ 〈x, v〉2)1/2(Ẽ ‖u‖22)
1/2 · (Ẽ ‖u‖22)

1/2(Ẽ 〈x, v〉2)1/2 ≤ ‖x‖22 .

But since u and y are whitened, Ẽ ‖u‖22 = 1 and Ẽ 〈x, v〉2 ≤ ‖x‖22 Ẽ ‖v‖
2
2 = ‖x‖

2
2.
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5.4 Discretized fRSB Constraints via Fourier Analysis of Gaussians

5.4.1 Projector lemmata for Fourier bases of Gaussians

Lemma 5.4.1. Suppose thatM and V are both matrix-valued indeterminates. Let projd be the pro-

jector intoHn
d(u), the subspace of degree-d spherical harmonic functions in an indeterminate u ∈ Rn,

applied entrywise when it is applied to a matrix-valued function.

Suppose that at least one ofM or V is a polynomial in u, and let D be the minimum of the degree ofM

or V as a polynomial in u.

Then

E 〈M,V〉 =
D∑

d=0
〈projd(M), projd(V)〉 .

Proof. SinceM =
∑

d projd(M) andV =
∑

d projd(V), this amounts to showing that

E 〈projd(M), projd′(V)〉 = 0

when d ;= d′. To see this, observe that

E 〈projd(M), projd′(V)〉 = E
∑

i,j
projd(M)i,j projd′(V)i,j

=
∑

i,j
E projd(Mi,j) projd′(Vi,j) .

This last expression is zero since projd(Mi,j) and projd′(Vi,j) are orthogonal to each other under the

functional inner product.

Lemma 5.4.2. Suppose that V is a matrix-valued indeterminate that always satisfies ‖V‖1 ≤ C. Let
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D be any non-negative integer. Then

∑

d∈[D]

‖projd(V)‖1 ≤ C
√
D .

Proof. By Parseval’s theorem,

E ‖V‖2F ≥
∑

d
‖projd(V)‖

2
F .

∑

d∈[D]

TrRd projd(V) = Tr
∑

d∈[D]

Rd projd(V) ≤ Tr
∑

d∈[D]

|Rd|| projd(V)| .

Lemma 5.4.3. Suppose that V is a matrix-valued indeterminate that always satisfies ‖V‖1 ≤ C. Let

D be any non-negative integer. Then

∑

d∈[D]

‖projd(V)‖
2
F ≤ C2 .

Proof. By Parseval’s theorem (enforced as constraints that every subsequenct vi+1 must be close to a

low-degree polynomial in the prior variables),

E ‖V‖2F ≥
∑

d
‖projd(V)‖

2
F .

By a L1-L2 norm inequality,

C2 ≥ E ‖V‖21 ≥ E ‖V‖2F .

184



5.4.2 Sub-Weibull bounds for the Injective TensorNorm

Lemma 5.4.4. Let p(σ, u) be a homogeneous degree-d polynomial with constant coefficients, with

each monomonial of degree dσ in σ and degree du in u so that d = dσ + du. Let T be the canonical

coefficient tensor representation of p(σ, u). Let the matrixM with domainR⊗1d/22 and codomain

R⊗7d/28 be the canonical matrix representation of p as a polynomial in σ and u. Suppose thatM is also

mode-symmetric—in other words, that there is a polynomial q(x) so thatM is the canonical matrix

representation of q.

Suppose that a hierarchical pseudo-distribution over v1, . . . , vi ∈ Rn with u = vi satisfies, for all j ≤ i,
{∥∥vj

∥∥2
2 = 1

}

|v1,...vj−1
and

{
κ̃!
[
vj
]
= 0
}
|v1,...vj−1

for all # ;= 2 and
{〈

vj,
∑j−1

!=1 v!
〉
= 0
}

|v1,...,vj−1

and {∥∥∥Ẽ v⊗2
j

∥∥∥
2

2
≤ 1

δn

}

|v1,...vj−1

.

Then

‖p(σ, u)‖
S̃W(d/2) ≤

O(1) 2dσ ‖M‖
op

(δn)1d/22/2−1/2 .

Proof. To bound ‖p(σ, u)‖
S̃W(d/2), for any given even kwe must show a bound on

E p(σ, u)k .

First, we apply a multinomial expansion with σ =
∑

j∈[i−1] vj and then a weighted version of

Lemma 5.7.4:

Ẽ
1

[
. . . Ẽ

i

[
p (σ, u)k | vi−1

]
. . .
]
= E

〈
T, σ⊗dσ ⊗ u⊗du

〉k

= E



∑

|α|=dσ

(
dσ
α

)〈
T, v⊗α ⊗ u⊗du

〉



k
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≤ 2(k−1)dσ
∑

|α|=dσ

(
dσ
α

)
E
〈
T, v⊗α ⊗ u⊗du

〉k

= 2(k−1)dσ
∑

|α|=dσ

(
dσ
α

)〈
T⊗k,E(v⊗α ⊗ u⊗du)⊗k

〉
,

where the last equality is by the bilinearity of the tensor product.

It would be enough to have a matrix representationVα of E(v⊗α ⊗ u⊗du)⊗k such that

〈
T⊗k,E(v⊗α ⊗ u⊗du)⊗k

〉
=
〈
M⊗k,Vα

〉

(note that while T is mode-symmetric, T⊗k is not—therefore, our freedom to permute the modes

of E(v⊗α ⊗ u⊗du)⊗k to obtainVα is limited to those permutations that stabilize each set of modes

associated with any one copy of T) and, letting ‖·‖1 be the nuclear norm,

‖Vα‖1 ≤
O(1)kkd/2

(δn)k1d/22/2−k/2 .

Then we would have by 1-∞Holder’s inequality for the Schatten norm (Lemma 5.8.3),

2(k−1)dσ
∑

|α|=dσ

(
dσ
α

)〈
T⊗k,E(v⊗α ⊗ u⊗du)⊗k

〉
≤ 2(k−1)dσ




∑

|α|=dσ

(
dσ
α

)O(1)kkd/2 ‖M‖k
op

(δn)k1d/22/2−k/2





= 2kdσ
O(1)kkd/2 ‖M‖k

op

(δn)k1d/22/2−k/2

=

(
kd/2

O(1) 2dσ ‖M‖
op

(δn)1d/22/2−1/2

)k

,

completing the argument.

Now we must find that matrix representationVα of E(v⊗α ⊗ u⊗du)⊗k. The plan is to decompose

E(v⊗α ⊗ u⊗du)⊗k into a sum of products of cumulants by the moment-cumulant formula, reshape
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each product of cumulants to achieve minimal rank, then bound the nuclear norm of each reshaped

product of cumulants via its rank and the bound on the Frobenius norm given by Lemma 5.4.6.

By the moment-cumulant formula, letting α′ = α + duei so that v⊗α ⊗ u⊗du = v⊗α′ and |α′| = d,

E(v⊗α ⊗ u⊗du)⊗k =
∑

π∈P(kα′)

Rπ ·
⊗

β∈π
κ|β|(v⊗β) ,

where P(kα′) is the set of all ordered partitions of kα′, andRπ is the mode permutation that maps
∑

β∈π β to kα′.

We set

Vα :=
∑

P(kα′)

QπRπ ·
⊗

β∈π
κ|β|(v⊗β) ,

for some set of mode-permutationsQπ that maps kα′ to a matrix reshaping so that each copy of α′

has exactly ?d/2@ of its modes moved to the left (co-domain) side of the matrix and =d/2> of its

modes moved to the right (domain) side of the matrix.

Our choice ofQπ will be to maximize the sum over β ∈ π of the differences between the number of

modes of β that end up on the right minus the number of modes on the left, for those β that end up

with more on the right than on the left. We argue that it is always possible to pick aQπ that makes

this summed discrepancy Δ at least as large as |π|− k if d is even and as large as |π| if d is odd.

We do this by associating each β ∈ π with a number xβ, where xβ is the sum over all copies of α′ in

kα′ of the number of modes of β that are in that copy of α′.

d is even If |π| ≤ k then the problem becomes trivial because Δ is never negative. On the other

hand, if |π| > k, then the average size of a β ∈ π is less than d. By pigeonhole, there is a subset ρ ⊆ π

so that |γ| < d for every γ ∈ ρ and also
∑

γ∈ρ(d − |γ|) ≥ |π| − k. Furthermore, |γ| ≥ 2 for every
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γ ∈ ρ or else this entire term associated with π is zero. For each of these γ ∈ ρ, we greedily allocate as

many of the modes of γ to the right as possible.

d is odd In a new proof that was discovered by the authors [14] it is possible to unify the ap-

proach taken in this proof, and it can be found in the full version of the paper [14, Section 4].

Definition 5.4.5. Let x(1), …, x(m) be a sequence of vector-valued random variables. The mth joint

cumulant tensor κm(x(1), . . . , x(m)) of these variables is the tensor whose entries are given by

(
κm(x(1), . . . , x(m))

)

i1,...,im
:= κm(x(1)i1 , . . . , x(m)

im ) .

Suppose that v1, . . . , vk is a sequence of vectors and that α : [m] → [k] is a function so that x(j) = vα(j)

for all j ∈ [m]. Then we may also denote

κm(v⊗α) := κm(x(1), . . . , x(m)) .

Lemma 5.4.6. Let v1, . . . , vk satisfy the fRSB constraints. Then for every α, we have

∥∥κ|α|(v⊗α)
∥∥2
2 ≤

O(1)
n|α|−1 .

There is a SoS proof of this.

Proof. We prove this by induction on the smallest index in α. We also use α as the normal unordered

multi-index here because the 2-norm of a tensor is invariant with respect to mode permutations

The inductive hypothesis is that the lemma holds for all α whose smallest index is at least j + 1, and

we would like to show that it holds for all α whose smallest index is at least j.
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Base case For the base case, it is sufficient to take j = k + 1 and therefore α = 0, in which case

κ|α|(v⊗α) = 1, which satisfies the desired bound.

Inductive step By the law of total cumulance

κ|α|(v⊗α) =
∑

π∈P(α)
κ|π|








⊗

β∈π
κ|β|(v⊗β | vj)



 | vj−1



 .

Since the joint cumulant of any constant with any other quantities is zero and vj is a constant when

conditioning on vj, the only non-zero terms in that summand are where every β ∈ π that contains

the index j is a singleton that contains only a single copy of j.

Therefore,

κ|α|(v⊗α) =
∑

π∈P(α−αjej)
καj+|π|



v
⊗αj
j ,




⊗

β∈π
κ|β|(v⊗β | vj)



 | vj−1



 .

Since each β now only contains indices that are at least j + 1, the inductive hypothesis applies to

conclude
∥∥∥κ|β|(v⊗β | vj)

∥∥∥
2

2
≤ O(1)

n|β|−1 .

Therefore, by ??,

∥∥∥∥∥∥
καj+|π|



v
⊗αj
j ,




⊗

β∈π
κ|β|(v⊗β | vj)



 | vj−1





∥∥∥∥∥∥

2

2

≤ O(1)
nαj+|π|−1 ·

∏

β∈π

O(1)
n|β|−1

=
O(1)
nαj−1 ·

∏

β∈π

O(1)
n|β|

=
O(1)
nαj−1 ·

O(1)
n|α|−αj
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=
O(1)
n|α|−1 ,

completing the argument.

5.5 Low-Degree Polynomial Approximation of Top-Eigenspace of Hessian

5.5.1 Certifiable ApproximateWignerianity of theHessian

Subag [38] showed that the eigenspectrum of the Hessian converges exponentially quickly to the

semicircle law, with a scaling factor of
√

ν′′(‖x‖22).

Here we give a sums-of-squares-certifiable approximate version of the same statement and argument.

To make this statement fit in the low-degree sums-of-squares framework, we relax the requirement

somewhat so that we certify only the low-degree moments of the semicircle law by bounding the

Schatten norms of the Hessian.

Doing this involves a careful combinatorial calculation to count the number of non-backtracking

walks (which correspond to the signal terms) that result in the trace power calculation and an invo-

cation of graph matrix norm bounds to control the noise terms [55].

The result of this is an expression for the even Schatten norms of∇2H(x) as a low-degree polyno-

mial in x. A max-entropy condition on x then gives a certification that these trace powers are often

within a small error of the prediction given by the semicircle law by allowing for a significant sup-

pression of the noise terms.

The analysis of the noise terms essentially uses the tools of graph matrix norm bounds [55] (albeit

losing a log factor in the process) in conjunction with the maximum-entropy constraints, a reshap-

ing argument and Hölder’s inequality.
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Lemma 5.5.1 (Certifiable Approximate Wignerianity). Let Cq refer to the qth Catalan number.

Then for each p and q positive integer, with probability 1 − exp(−O(n/ log n)) over the randomness

of the instance, there are sums-of-squares proofs whose degree depends only on p and q and dH demon-

strating that for all pseudo-distributions over σ satisfying the constraint ‖σ‖2 = ζ for some ζ and the

max-entropy condition that
∥∥∥Ẽ((1, ζ−1/2σ)(1, ζ−1/2σ)T)⊗i

∥∥∥
δ–CE
≤ O(1) for all i ≤ 4pqdH,

E
σ

(∥∥ 1
n∇

2H(σ)
∥∥2q
2q − nCq(ν′′(‖σ‖22))

q
)2p
≤ o(n2p) ,

E
σ

(
Tr
( 1
n∇

2H(σ)
)2q−1

)2p
≤ o(n2p) .

Proof. In this proof, the big-O notationO(·)will refer to asymptotics with respect to n, with q, p,

dH, and ν treated as constants.

We begin by writing the expectation (over the randomness of the instance) of the 2q-th Schatten

norm of∇2H(σ) as a polynomial in σ, and show that this polynomial is close to nCq(ν′′(‖σ‖22))q.

Later we will write the 2pth moment of 2qth Schatten norm of 1
n∇

2H(σ) as a polynomial in both σ

and the gaussian tensors g (as in Definition 5.1.1), to show concentration (in both σ and g) around

the expectation.

For convenience, we define

Tα =
γ|α|
α!

∑

π∈S|α|

gαπ(1),...,απ(|α|) ,

where in an abuse of notation, α is used as both a multi-index and an (arbitrarily) ordered tuple of its

constituent indices.

Then
1
n∇

2H(σ)i,j =
∑

|α|≤dH−2

1√
nTα∪{i,j}σα ,
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where, again in another abuse of notation, we treat α as both a multi-index and a multi-set.

The trace of the 2q-th power of the Hessian can now be written as, letting C2q be the set of closed

walks of length 2q over [n], where w(i) is the ith vertex in the walk when w ∈ C2q, and we take

w(0) := w(2q),

Tr
[
( 1n∇

2H(σ))2q
]
=
∑

w∈C2q

2q∏

i=1

( 1
n∇

2H(σ)
)
w(i−1),w(i) (5.14)

=
1
nq
∑

w∈C2q

2q∏

i=1

∑

|α|≤dH−2

Tα∪{w(i−1),w(i)}σα (5.15)

=
1
nq
∑

w∈C2q

∑

α1,...,α2q
|αi|≤dH−2

2q∏

i=1
Tαi∪{w(i−1),w(i)}σαi (5.16)

:= signal+ noise , (5.17)

where signal is the part of that polynomial that is simultaneously even in σ and degree-0 when ex-

pressed in the Hermite basis (equivalently, having non-zero expected value) as a polynomial in g, and

noise is everything else.

Signal term First, let us define, using notation from Section 2.11.1 to represent Dyck-shaped

walks,

dyck :=
1
nq
∑

τ∈Tq

∑

ω∈Ωτ

∑

α1,...,αq
|αi|≤dH−2
α1 6=... 6=αq

q∏

i=1
T2
αi∪{W(τ,ω)i−1,W(τ,ω)i}σ

2αi ,

where the notation α1 ;= . . . ;= αq is used to indicate that none of the αi are equal to each other.

Let supersignal denote the degree-0 portion of dyckwhen expressed in the basis in g. We will show
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that

signal = (1+ O(1/n))supersignal = (1± O(1/n))Cq(ν′′(‖σ‖22))
q .

We start by showing that

signal = (1+ O(1/n))supersignal .

First, note that by linearity of the Hermite decomposition (in this case equivalent to linearity of

expectation), each of the summands has its own degree-0 term, additive with each other, all of which

are non-negative and within aO(1) factor of each other since the magnitude of the degree-0 part of

each summand is determined only by q, ν, and the cardinalities of the indices in α1, . . . , αq and ω or

w. And the summands in dyck are a subset of those that contribute to signal, specifically the subset

where the walk w is Dyck-shaped and αi = αj whenever the j is the falling step corresponding to i

which is a rising step in the Dyck-shaped walk and all α’s are otherwise distinct.

Therefore it suffices to show that the number of summands in dyck corresponding to a certain even

monomial σ2β is within a factor of (1 − O(1/n)) of the total number of summands that contribute

nontrivially to the same monomial in signal.

First, we argue that most of the nonzero terms in the expectation are where {α1, . . . , α2q} is a mul-

tiset where all elements are even cardinality. Since we fixed 2β = α1 + · · · + α2q, there is no factor

of n in the combinatorics of how that 2β is divided into the terms α1 + · · · + α2q, so any factor

of n difference will come from the choice of the walk w. But the condition that the different fac-

tors of Tαi∪{w(i−1),w(i)} must multiply together into an even polynomial is a strong one. Consider

any specific pairing of values of i such that paired up values have the same index in T: if i and j are

paired up so that αi ∪ {w(i − 1),w(i)} = αj ∪ {w(j − 1),w(j)}while αi ;= αj, then that im-

plies ({w(i − 1),w(i)}E{w(j − 1),w(j)})E(αiEαj) = ∅, which fixes at last two of the choices

of w(i − 1), w(i), w(j − 1), and w(j). Meanwhile the equality condition means that if two of those
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choices remain unfixed, then they must be equal to each other. In the end, this is at least one factor

of n fewer choices than if αi = αj instead.

So now it suffices to show that, for a specific choice of α′1, . . . , α′q such that β = α′1 + · · · + α′q, it is

the case that most of the terms where {α1, . . . , α2q} = 2{α′1, . . . , α′q} as a multiset equality are in

the situation where w is a Dyck-shaped walk whose pairs of rising and falling steps correspond to the

pairs of {α1, . . . , α2q}.

To see this, note that for a walk to be closed and traverse each edge an even number of times, it must

necessarily have at most q + 1 distinct vertices since it has at most q distinct edges. But in order for

it to not be a Dyck-shaped walk, it must repeat at least one edge without retracing its steps to in

order to get back to that edge, meaning that the graph of traversed edges contains a non-trivial cycle,

meaning that there are at most q distinct vertices in the walk.

Therefore there areO(1/n) as many non-Dyck-shaped closed walks as there are Dyck-shaped ones,

since enumerating the Dyck-shaped walks involves making q + 1 arbitrary choices of vertices from

[n] instead of q choices.

And we cannot have mismatches in the pairings between αis and the pairings between rising and

falling steps in the Dyck-shaped walk without introducing additional constraints where at least two

of the vertices of the walk are forced to be equal to some of the indices in the αis.

Finally we show that

supersignal = (1± O(1/n))Cq(ν′′(‖σ‖22))
q .

Evaluating the Hermite basis with respect to g (equivalently, the Gaussian moments),

E
g
supersignal =

1
nq
∑

τ

∑

ω

∑

α1,...,αq
ζα1,...,αq,ω

q∏

i=1
σ2αi (|αi|+ 2)!

(αi ∪ {W(τ, ω)i−1,W(τ, ω)i})!
γ2|αi|+2 ,
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where ζα1,...,αq,ω is the product of the double factorials of one less than double the number of oc-

currences of each index i ∈ [n] among α1, . . . , αq and ω (this factor coming from the Gaussian

moments or Hermite basis).

Now, since this will necessarily be an even symmetric polynomial, it decomposes into a sum of prod-

ucts of even power sums, by Newton’s identities. We will argue that we only need to care about

the terms that are powers of ‖σ‖22, because the other terms will be asympotically smaller by a SoS

proof. This follows from the bound on
∥∥∥Ẽ((1, ζ−1/2σ)(1, ζ−1/2σ)T)⊗i

∥∥∥
δ–CE

, which implies that

Ẽσ ‖σ‖
2j
2j ≤ O(1/n)‖σ‖22 for j ≥ 2, and from an argument that the coefficient in front of any term

with a factor of ‖σ‖2j2j is within a constant factor of the coefficient in front of the same term with

that factor replaced by ‖σ‖2j2 . And this is true because the number of summands corresponding to

each choice of σ1, . . . , σq doesn’t depend on what those choices are

This allows us to conclude that we only lose a multiplicative factor of (1 − 1/n) by redefining

ζα1,...,αq,ω = 1 regardless of the choices of indices involved. And a similar argument allows us to

substitute (αi ∪ {W(τ, ω)i−1,W(τ, ω)i})!with αi! again with only a loss of a factor of (1− 1/n)

Finally, we can carry through the calculation, using Fact 2.11.3 in the second equation after the

summands lose dependence on τ and ω:

E
g
supersignal =

(1+ O(1/n))
nq

∑

τ

∑

ω

∑

α1,...,αq

q∏

i=1
σ2αi (|αi|+ 2)!

αi!
γ2|αi|+2

=
(1+ O(1/n))

nq Cqn(n− 1)q
∑

α1,...,αq

q∏

i=1
σ2αi (|αi|+ 2)!

αi!
γ2|αi|+2

=
(1+ O(1/n))

nq Cqn(n− 1)q
(
∑

α
σ2α (|α|+ 2)!

α! γ2|α|+2

)q

=
(1+ O(1/n))

nq Cqn(n− 1)q



dH∑

r=2

∑

|α|=r−2

σ2α r!
α!γ

2
r




q
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=
(1+ O(1/n))

nq Cqn(n− 1)q



dH∑

r=2
r(r− 1)γ2r‖σ‖

2(r−2)
2




q

=
(1+ O(1/n))

nq Cqn(n− 1)q
(√

ν′′
(
‖σ‖22

))2q

= n
(
1± O

( 1
n
))

Cq

(√
ν′′
(
‖σ‖22

))2q

,

where the third-to-last equality uses the fact that ‖x‖2m2 =
∑

|α|=m
m!
α! x

2α.

Odd moments Because all terms of Tr
( 1
n∇

2H(σ)
)2q−1 are odd in g, its expectation over g is 0

and therefore all terms are noise terms. The argument follows the same outline as the noise term for

the even moments.

Noise Terms The full proof for bounding the Schatten norms of the shapes that constitute

the “noise terms” is rather long and arduous, and can be found in the full version of the paper [14].

We only briefly outline the strategy, which consists of applying known bounds for graph matrices

of gaussian disorder [55] with each graph matrix being a representation of a particular term in the

noise2p polynomial as,

noisewp =
∑

κ

cκ
n2qp

〈
Mκ, (σ⊗deg(Uκ)(σ⊗deg(Vκ)))

〉
,

withUκ andVκ representing the left and right vertices for the shape κ.

Lemma 5.5.2. Let a ∈ R and g ∈ Rn and α be a multi-index. When converting the monomial axα

into the Hermite basis, agα =
∑

β bβHβ(g), it will be the case that bβ ≤ a|α||α| for all β, and at most

2|α| different values of β will have a non-zero bβ.

Furthermore, all non-zero β will be equal to α − 2γ for some multi-index γ satisfying 2γ ≤ α.
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Proof. Note that the change-of-basis matrix when changing from the monomial basis to the Her-

mite basis for a single-variate polynomial is a triangular matrix when the basis polynomials are or-

dered by degree, meaning that the change of basis can be done by matching the coefficients of the

highest-degree parts, then moving down one degree at a time. The resulting coefficients in front of

the Hermite polynomial basis elements are bounded in absolute value by a constant factor (depend-

ing on degree) times the sum of the absolute values of the coefficients of the monomial basis that

have degree at least as large as the currently considered Hermite polynomial basis element.

When considering multivariate polynomials, the same thing happens but now the upper bound is

given by a constant factor (depending on degree) times the sum of all monomials that have larger-

than-or-equal degrees in all variables.

5.5.2 Certifiable Taylor Expansion

We state an elementary combinatorial lemma using Hölder’s inequality that transparently shows

that Lemma 5.5.1 implies an upper bound on the certified value of the hessian under the maximum

entropy constraint.

Lemma 5.5.3 (Hölder’s inequality for Hessian certificate). Given the certificate in Lemma 5.5.1 the

following holds by a sum-of-squares proof:

E
σ

(
1
k

〈
1
n∇

2H(σ),E
v

[
vvT | σ

]〉)2pq(p−1)
≤
(
(1− ε+ O(ε2))2ν′′(‖σ‖22)

1/2 1
k

)2pq(p−1)
+ on(1) .

Proof. The proof follows by a simple combinatorial argument to choose p large enough, so that

Cp ≈ (1− ε+ O(ε2)), followed by an application of Hölder’s inequality. First, note that,

(Cp/2ν′′(‖σ‖22)
p/2)2q(p−1) =

(
ν′′(‖σ‖22)C

1/p
p/2

)2pq(p−1)
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∼ ν′′(‖σ‖22)
2pq(p−1)/2




(

4p/2
√
π
( p
2
)3/2

)1/p



2pq(p−1)

=
(
2ν′′(‖σ‖22)

1/2
)2pq(p−1)

((
23

p3(π)

)1/2p)2pq(p−1)

By the maximum entropy constraint,

∥∥∥Ẽ
v
[vvT | σ]

∥∥∥
q

q
≤
(
1+ on(1)

δn

)q−1
,

and using Hölder’s inequality in conjunction with Lemma 5.7.10 then yields,

Ẽ
σ

(
1
k

〈
1
n∇

2H(σ), Ẽ
v

[
vvT | σ

]〉)2pq(p−1)
=

1
k2pq(p−1) Ẽσ

([〈
1
n∇

2H(σ), Ẽ
v

[
vvT | σ

]〉])2pq(p−1)

≤ 1
k2pq(p−1) Ẽσ

∥∥∥∥
1
n∇

2H(σ)
∥∥∥∥
2pq(p−1)

p

∥∥∥Ẽ
v

[
vvT | σ

]∥∥∥
2pq(p−1)

q

≤ 1
k2pq(p−1) Ẽσ

∥∥∥∥
1
n∇

2H(σ)
∥∥∥∥
2pq(p−1)

p

(
1+ on(1)

δn

)2p(q−1)(p−1)

≤ 1
k2pq(p−1)

(
(nν′′(‖σ‖22)

p/2Cp/2)
2q(p−1) + o(n2q(p−1))

)(1+ on(1)
δn

)2p(q−1)(p−1)

≤ 1
k2pq(p−1)

n2q+2p−2q

n2pq−2q

(
ν′′(‖σ‖22)pq(p−1)(Cp/2)

2q(p−1)

δ2p(q−1)(p−1)

)
+ on(1)

= 1
p+

1
q=1

1
k2pq(p−1)

(
2ν′′(‖σ‖22)

1/2
)2pq(p−1)

(
1

(δ
√
π)1/p(p/2)3/(2p)

)2pq(p−1)
+ on(1)

We first invoke a series argument (ignoring contributions second-order and higher as pwill be large)

to expand the denominator terms as,

(δ
√
π)1/p = 1+ log(δ

√
π)

p + O
(

1
p2

)
,

(p/2)3/2p = 1+ 3 log(p/2)
2p + O

(
1
p2

)
.
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Wewould like the approximation term to be 1−ε+O(ε)2 ≈ 1
1+ε+O(ε2) . Equating the denominator

(and ignoring contributions larger than second-order),

1+ ε+ O
(

1
p2

)
= 1+ 3 log(p/2)

2p +
log(δ
√
π)

p + O
(
log(p/2) log(δ

√
π)

p2

)
.

The first-order solution to the above equation is given by the so-called Lambert-W function [125]

and is,

p(ε, δ) =
−3W

(
−4

3π1/3
· ε
δ2/3

)

2ε
.

The choice of δ = A(ε) = O(ε) comes from Corollary 5.5.12 yielding a final value for p as,

p(ε) = −
3W

(
−4

3π1/3
· O(ε1/3)

)

2ε
.

Note that as ε << 1 we can do a Taylor expansion of the Lambert-W function around 0,

W0(z) =
∞∑

n=1

(−n)n−1

n! zn = z− z2 + 3
2
z3 − 8

3
z4 + . . . ,

yielding,

p(ε) = − 3
2ε

W
(
−4
3π1/3

· O(ε1/3)
)

=
2

π1/3
O(ε−2/3)− O(ε−1/3) + O(1) .

Close to 0−, the Lambert function is linear in the first-order and, therefore, monotone. This implies

that one can scale by a constant factor (smaller thanO(ε−2/3)) so that p(ε) is an integer and assert

that,
2

π1/3
O(ε−2/3)− O(ε−1/3) + O(1) = p(ε) ≥ 2 ,

for a sufficiently small ε. This allows for the conclusion that the Hölder conjugate q ≥ 1 (making
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the Schatten q-normmaximum-entropy constraint convex), and that,

(
1

(δ√q)1/p(p/2)3/2p

)2pq

= 1− ε+ O(ε2) =⇒

Ẽ
σ

(
1
k

〈
1
n∇

2H(σ), Ẽ
v

[
vvT | σ

]〉)2pq
≤
(
(1− O(ε))2ν′′(‖σ‖22)

1/2 1
k

)2pq
+ on(1) .

Lemma 5.5.4 (Taylor Series expansion under maximum-entropy). Given a program iterate σ, in-

crement v and conditional hierarchical pseudo-distributionsDv|σ,Dσ satisfying the axioms of the pro-

gram, the following statement holds,

E
v,σ

(
1
n

(
H
(
σ + v√

k

)
−H(σ)

))
≤ (1−O(ε)−on(1))ν′′(‖σ‖22)

1/2 1
k+O

(
1
k3

)
+on(1) , (5.18)

with high probability over the randomness of the input.

Proof. The proof for this follows by combining the following three facts:

1. The low-degree p-Schatten norm SoS certificate of the hessian∇2H(σ)with an appropriately

large choice of p (Lemma 5.5.1). This conjoined with a Holder’s inequality yields the desired

bound.

2. The gradient term is zero since the first cumulant is zero.

3. The low-degree SoS certificates that, for all p ∈ [3, dH], the contributions of 〈∇rH(σ), v⊗r〉

are O(1)
kr/2

.
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The Taylor expansion of theH(σ + v√
k) around σ is given as,

1
nH
(
σ + v√

k

)
=

1
nH(σ) + 1√

kn
〈∇H(σ), v〉+ 1

2kn

〈
∇2H(σ), vvT

〉
+

dH∑

r=3

1
kr/2r!n

〈∇rH(σ), v⊗r〉 .

Applying the conditional pseudo-expectation operators as well,

E
σ,v

(
1
nH
(
σ + v√

k

)
− 1

nH(σ)
)

=

dH∑

j=2

1
j!kj/2n

Ẽ
σ,v
〈∇rH(σ), v⊗r〉 ,

where we used the fact that the gradient is zero. To isolate the contribution of the derivatives, we

will apply Lemma 5.7.7 in conjunction with a pseudo-Jensen inequality for even powers. Since there

are only k steps, only the hessian term will survive while the others will contribute no more than

O(1/k3/2) per step.

dH∑

j=2

1
j!kj/2n

E
σ,v
〈∇rH(σ), v⊗r〉 = 1

2k Eσ
〈
1
n∇

2H(σ),E
v

[
vvT | σ

]〉
+ O

(
1

k3/2

)
+ on(1) .

We now bound the hessian term.

(
1
k Eσ

[〈
1
n∇

2H(σ),E
v

[
vvT | σ

]〉])2pq(p−1)
≤Lemma 5.7.2 Eσ

(
1
k

〈
1
n∇

2H(σ),E
v

[
vvT | σ

]〉)2pq(p−1)

≤
(
(1− O(ε))2ν′′(‖σ‖22)

1/2 1
k

)2pq(p−1)
+ on(1) .

Applying Lemma 5.7.7 yields,

1
k

(
E
σ

[〈
1
n∇

2H(σ),E
v

[
vvT | σ

]〉])
≤
((

(1− O(ε))2ν′′(‖σ‖22)
1/2 1

k

)2pq(p−1)
+ on(1)

)1/(2pq(p−1))
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= (1− O(ε))2ν′′(‖σ‖22)
1/2 1

k



1+ on(1)
(
(1− O(ε))2ν′′(‖σ‖22)1/2 1

k

)2pq(p−1)





1/(2pq(p−1))

=Taylor expansion (1− O(ε))2ν′′(‖σ‖22)
1/2 1

k



1+ on(1)
2pq(−1)

(
(1− O(ε))2ν′′(‖σ‖22)1/2 1

k

) + on(1)





= (1− O(ε))2ν′′(‖σ‖22)
1/2 1

k (1+ on(1)) = (1− O(ε)− on(1)) 2ν′′(‖σ‖22)
1/2 1

k .

A similar calculation as above for the higher-order derivative certificates concludes the argument.

We demonstrate that the global optimization stated in the axioms of the program (which is feasible

as shown in Section 5.6.1) in conjunction with the upper bound on the (pseudo-expected) increase

of the energy at every step concludes a lower bound as well.

Lemma 5.5.5 (Local hessian maximization via maximum-entropy and global maximization). Given

the maximum entropy constraints (Equation P.3, Equation P.4) and the (feasible) constraint of global

(hamiltonian) maximization, the following lower bound holds,

E
k,...,i



H




i∑

j=1

vj√
k



−H




i−1∑

j=1

vj√
k







 ≥ (1− O(ε)ν′′(‖σ‖22)1/2

k − O
(

1
k3

)
− on(1) .

Proof. The proof for this follows by straightforward linear manipulation of the upper bounds on

the sum-of-squares certificates obtained from the hessian certificate and higher-order derivative

certificates at steps vi and vi−1.
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5.5.3 Matrix Bernstein Approximation Bound via Analytic Sparsity

We will give a procedure to build sum-of-squares certificates for the evaluation of the spectral mo-

ments of the Hessian∇2H(σ) under another average taken over the conditional moments of the

filtration of the iterates v1, . . . , vi, which are also formal variables in the polynomial grammar of the

sum-of-squares proof system. We begin by introducing a univariate matrix polynomial (of low de-

gree) that is a good approximation to the indicator function that “lights up” in the top eigenspace of

the Hessian.

UnivariateMatrix Bernstein Polynomials In this section, we define thematrix bern-

stein basis polynomials over symmetric matrices with eigenvalues in a compact interval I ⊂ R. The

matrix Bernstein polynomial Bfd(M) of degree d approximating a continuous function f : I → R

will have the same desirable properties as in the scalar regime when the underlying inputs are sym-

metric matrices, including a low-degree SoS proof of positivity over the Loewner order (Corol-

lary 5.5.9).

Definition 5.5.6 (Matrix Bernstein Basis Polynomials). Given a degree d ≥ 0, the d + 1matrix

Bernstein basis polynomials on the interval I = [a, b] ⊂ R are defined as,

Bd,i =
(
d
i

)
(M− a Id)i(b Id−M)d−i

(b− a)d
, (5.19)

whereM is a symmetric matrix such that a Id IM I b Id.

Given a step-function Sα : I = [a, b] → Rwith the step at α ∈ (a, b), we define the linear ramp
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function Lα,γ : [a, b]→ R as a continuous approximation of the step-function as follows,

Lα,γ(x) =






0 x ∈ [a, α − γ] ,

x x ∈ (α − γ, α + γ) ,

1 x ∈ [α + γ, b] .

(5.20)

Typically, γ will be chosen to be significantly smaller than α. For the Hessian∇2
⊥H(·), the linear

ramp function approximates its top δn-dimensional eigenspace with the following choice: a =

−2ν′′(·)1/2, b = 2ν′′(·)1/2, α = 2ν′′(·)1/2 − 2ε/3 and γ = ε/3. The choice of ε and δ correspond

to [37, Lemma 3].

Proposition 5.5.7 (Matrix Bernstein Approximation of Lα,γ). Let I = [a, b] ⊂ R. Then, given

a linear-ramp function Lα,γ : I → R, the Bernstein polynomial BLα,γd (·) defined over symmetric

matrices M with a Id IM I b Id that approximates it is given as,

BLα,γd (M) :=
d∑

j=0
Lα,γ

(
a+ j(b− a)

d

)(
d
i

)
(M− a Id)j(b Id−M)d−j

(b− a)d
. (5.21)

Furthermore, BLα,γd has the following properties:

1. Symmetric Positive Semi-Definiteness: BLα,γd (M) H 0.

2. Operator Norm Bound: BLα,γd (M) I Id.

3. Close in Frobenius Norm: LetΠα+γ,b be the orthogonal projector to the subspace ofM with eigen-

values in [α + γ, b] and p = BLα,γd (M)

δ′n . Then, for any d ≥ 8ν′′(q)1/2
ε3 ,

∥∥∥∥p−
1
δ′n

Πα+γ,b

∥∥∥∥
F
≤

√
2δ′′′

δ′2
1√
n ,
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where,

δ′′′ = max
{
ε2,

3
4
(δ− δ′′)

}
.

Proof. We prove each item in sequence.

1. Symmetric Positive Semi-Definiteness: This follows immediately from the following observa-

tions:

• The value of the scaled linear ramp function
(d
i
)Lα,γ(a+j(b−a)/d)

(b−a)d ≥ 0 for every j ∈ [d]

since the function is non-negative and b > a.

• Any monomial of p1(M − a Id) = (M − a Id)j and p2(b Id−M) = (b Id−M)d−j

would by symmetric PSD, and therefore, we have that p1(·)p2(·) is a symmetric and

positive definite matrix since a Id IM I b Id.

• A positive linear sum of symmetric and positive semi-definite matrices is a symmetric

positive semi-definite matrix.

2. Operator Norm Bound: Diagonalizing the symmetric matrix immediately implies that,

BLα,γd (M) = O





BLα,γd (λ1)
. . .

BLα,γd (λn)




OT , (5.22)

where the Bernstein polynomials applied to the eigenvalue are as defined in Equation 2.53.

Then, by Definition 2.9.15,

BLα,γd (λi) =
d∑

j=0
Lα,γ(a+ j(b− a)/d)

(
d
j

)(
λi − a
b− a

)j(b− λi
b− a

)d−j
,
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≤
d∑

j=0

(
d
j

)(
λi − a
b− a

)j(b− λi
b− a

)d−j

=
d∑

j=0

(
d
j

)
yj(1− y)d−j = (y+ (1− y))d

= 1 ,

where we used the facts that Lα,γ(a+ j(b− a)/d) ≤ 1 for every λi ∈ [a, b] and the substitu-

tion y = λi−a
b−a ∈ [0, 1]. The last equality follows by the binomial formula. This immediately

implies that,

BLα,γd (M) ≤ O IdOT = Id .

3. Close in Frobenius Norm: We apply [37, Lemma 3] repetitively to obtain 0 < δ′′ < δ′ <

δ < 1 corresponding to the choices of 0 < ε/3 < 2ε/3 < ε < 1 respectively. Then,

applying Theorem 2.9.16 for f = Lα,γ with the choice of parameters a, b, γ stated above, we

have,

∥∥∥∥p−
1
δ′n

Πα+γ,b

∥∥∥∥
F
=

1
δ′n

√√√√√
δ′′n∑

i=1
ε2 +

δ′n∑

i=δ′′n+1

(1/2+ ε)2 +
δn∑

i=δ′n+1

(1/2+ ε)2 +
n∑

i=δn
ε2

=
1
δ′n




√

(δ′′n)ε2 + (δ′ − δ′′)n
(
1
2
+ ε

)2
+ (δ− δ′)n

(
1
2
+ ε

)2
+ (1− δ)nε2





=
1
δ′n




√

(1− δ− δ′′)ε2n+ (δ− δ′′)
(
1
2
+ ε

)2
n





=
1
δ′n

(√

(1− 2δ′′)ε2n+
(
δ− δ′′

4

)
n+

(
δ− δ′′

2

)
εn
)

≤ 1
δ′n

(√
(1− 2δ′′)ε2n+ 3n

4
(δ− δ′′)

)
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≤ 1
δ′n

(√
ε2n+ 3n

4
(δ− δ′′)

)
≤

√
2δ′′′

δ′2
1√
n ,

where we used the definition of the Frobenius norm, in conjunction with a rewrite of the

projector diagonalized into the eigenbasis of BLα,γd (M) and the fact that ε < 1.

Theorem 5.5.8 (Hilbert’s positivstellensatz for univariate Matrix Polynomials of Symmetric Matri-

ces). Given a matrix polynomial 0 I p ∈ R[X] with deg(p) ≤ d with X symmetric, the following

holds,

p(X) =
r∑

i=1
s2i (X) = si(X)si(X)T , (5.23)

where si(X) are matrix polynomials with deg(si) ≤ d and r <∞.

Proof. The proof follows by using the Spectral theorem to diagonalize symmetric matrices (which

have real eigenvalues) and then applying Hilbert’s positivstellensatz for scalar real-valued polynomi-

als on each eigenvalue. Formally,

0 I p(X) =
d∑

i=0
aiXi =

d∑

i=0
aiOΛiOT =

d∑

i=0
O(aiΛi)OT

= O
( d∑

i=0
(aiΛi)

)
OT = O





p(λ1)
. . .

p(λn)




OT

= O





∑r
i=1 si(λ1)2

. . .
∑r

i=1 si(λn)2




OT
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=
r∑

i=1
si(X)2 =

r∑

i=1
si(X)si(X)T ,

where we used the facts that p(λi) ≥ 0 for every i ∈ [n] as p(X) is a symmetric PSDmatrix, and that

s2i (X) are also symmetric PSDmatrices.

Arguing for a generalization of Lukác’s theorem boils down to a similar argument. The above theo-

rem of non-negativity constitutes a low-degree matrix SoS proof.

Corollary 5.5.9 (Low-Degree Matrix SoS Certificate for Theorem 5.5.8). There exists a degree-k SoS

proof for Theorem 5.5.8. More specifically, for a univariate matrix polynomial 0 I p(·) of symmetric

matrices with deg(p) = d,

{
X(σ) = X(σ)T

}
9k p(X(σ)) =

r∑

i=1
si(X(σ))si(X(σ))T . (5.24)

Proof. Note that under the axioms of the matrix SoS system as stated in Section 5.10, a matrix SoS

proof for the non-negativity of p(X(σ)) constitutes a sum of matrix polynomials {PS,j(σ)}S⊆[r],j∈[m]

conjugating tensor products of positive matrices. For the purposes of this proof, {Mi(σ)}i∈S = {0}

and by convention
⊗

i∈S Mi = Id. Settingm = r and PS,j(σ) = Sj(X(σ))with j ∈ [m] immediately

yields a SoS proof with degree k = as Sj(X(σ)) are symmetric matrix polynomials.

Lemma 5.5.10 (Equivalence with semicircle moments). Let X(σ) = M(σ)/(2ν′′(‖σ‖22)1/2)

for a symmetric matrixM(σ) with entries that are low-degree polynomials in σ. LetD be a pseudo-

distribution over σ satisfying the conclusions of Lemma 5.5.1 and let p be a degree-d polynomial. Then,

for all positive integer r,

Ẽ
D

(
1
n [Tr p(X(σ))]− E

x∼μsc
[p(x)]

)2r
≤ on(1) ‖p‖2r2
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where μsc is theWigner semicircle law given by μsc(x) =
2
π
√
1− x2.

Proof. Wewrite p(·) in the monomial basis, and then apply a Cauchy-Schwarz inequality on the

summands to separate the constants from the SoS program variables (which are functions of σ).

This, followed by an application of Lemma 5.5.1 in concurrence with recursive applications of the

AM-GM inequality on low-degree polynomials in σ yield the desired bound. We will crucially use

the facts that the moment variable r = Oε(1) and that the degree of the polynomial d = Oε(1).

First, we define

yi(σ) :=
1
n Tr

[
X(σ)i

]
− E

x∼μsc

[
xi
]
.

Then, for all bounded i and bounded even j,

Ẽ
[
yi(σ)j

]
≤ o(1) , (5.25)

which follows directly from Lemma 5.5.1.

Expressing p(x) =
∑d

i=0 cixi and using linearity of the trace and expectation immediately gives,

Ẽ
[(

1
n Tr[p(X(σ))]− E

x∼μsc
[p(x)]

)2r
]
= Ẽ




( d∑

i=0
ci
1
n Tr

[
X(σ)i

]
−

d∑

i=0
ci E

x∼μsc
[xi]
)2r



= Ẽ




(
∑

i
ciyi(σ)

)2r


 .

Applying the strategy of first isolating the terms containing the program variables
(
{yi(σ))}di=0

)

from the constant terms that come from the coefficients {ci}di=0 via an application of the Cauchy-
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Schwarz (CS) inequality yields,

Ẽ
σ∼D




( d∑

i=0
ciyi(σ)

)2r

 = Ẽ
σ∼D

[(
〈c, y(σ)〉2

)r] CS
≤ Ẽ

σ∼D

[( d∑

i=0
c2i

)r( d∑

i=0
y2i (σ)

)r]

=

( d∑

i=0
c2i

)r

Ẽ
σ∼D

[( d∑

i=0
y2i (σ)

)r]
= ‖p‖2r2 Ẽ

σ∼D




∑

k0+···+kd=r

(
r

k0, . . . , kd

)
y2k00 (σ) · · · y2kdd (σ)





= ‖p‖2r2
∑

k0+···+kd=r

(
r

k0, . . . , kd

)
Ẽ

σ∼D

[
y2k00 (σ) · · · y2kdd (σ)

]
. (5.26)

In order to apply AM-GM recursively, we will “factor” the monomial product term. To do this we

set two new program variables in every step,

z1(σ) = (y2k00 (σ) · · · y
2kd/2
d/2 (σ)) =

(
yk00 (σ) · · · ykdd (σ)

)2
,

z2(σ) = (y
2kd/2+1(σ)
d/2+1 · · · y2kdd (σ)) =

(
y
kd/2+1
d/2+1 (σ) · · · y

kd
d (σ)

)2
.

Now, note the following for any two polynomials p1(σ), p2(σ) of degree≤ dr,

0 ≤ Ẽ
[(
p21 (σ)− p22(σ)

)2]
= Ẽ

[
p41 (σ)

]
+ Ẽ

[
p42(σ)

]
− 2 Ẽ

[
p21 (σ)p22(σ)

]
. (5.27)

The above immediately implies that with p1(σ)2 = z1(σ) and p2(σ)2 = z2(σ), the following holds,

Ẽ
σ∼D

[
y2k00 (σ) · · · y2kdd (σ)

]
= Ẽ [z1(σ)z2(σ)] ≤

1
2

(
Ẽ[z21 (σ)] + Ẽ[z22(σ)]

)
. (5.28)

We recurse on z21 (σ) and z22(σ) until the remaining term is a singleton power of some yj(σ)with

j ∈ {0, . . . , d}. The recursion continues forO(log2(d)) levels and this implies that every singleton

has power y
2c log(d)kj
j at the end of the recursion for some constant c > 0.
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Unfolding the recursion finally yields,

Ẽ
σ∼D

[
y2k00 (σ) · · · y2kdd (σ)

]
= Ẽ [z1(σ)z2(σ)]

≤ 1
dc




d∑

j=0
Ẽ

σ∼D

[
y
dckj
j

]



≤ 1
dc




d∑

j=0
on(1)



 ≤ on(1) ,

where we used the fact that 2c log(d)kj = dckj ≤ rdc is a bounded even number when d, r = Oε(1),

and applied Equation 5.25 to obtain the second inequality. The final equality also follows from the

fact that the sum is over d = Oε(1) terms. Using the above bound in Equation 5.26 gives,

Ẽ
σ∼D




( d∑

i=0
ciyi(σ)

)2r

 = ‖p‖2r2
∑

k0+···+kd=r

(
r

k0, . . . , kd

)
Ẽ

σ∼D

[
y2k00 (σ) · · · y2kdd (σ)

]

≤ ‖p‖2r2
∑

k0+···+kd=r

(
r

k0, . . . , kd

)
on(1) ≤ ‖p‖2r2

(dr)r

2d
· on(1) .

Since d, r = Oε(1), this yields that,

Ẽ
[(

1
n Tr[p(X(σ))]− E

x∼μsc
[p(x)]

)2r
]
≤ ‖p‖2r2 f(ε)on(1) ,

for some bounded function f(ε), concluding the proof.

5.5.4 Normalizing the Bernstein Polynomial under the Semi-CircleMeasure

Lemma 5.5.11 (Average Area of Bernstein Polynomial under μsc). For the semi-circle measure μsc
and Bernstein polynomial of the step function described in Proposition 5.5.7, there exist upper and

lower bounds as follows,
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1. Upper bound:

E
μsc

[
BL

αγ(x)
]
≤ 4
√
2

3π φ3/2 + ε− O(φ5/2)− o(φ5/2) .

2. Lower bound:

E
μsc

[
BL

αγ(x)
]
≥ 4
√
2

3π φ3/2 − ε

Proof. We compute the area of the semi-circle where the Bernstein polynomial “lights up” to nor-

malize the correlation appropriately. To avoid unnecessary complications, we will use the uniform

lower bound of 0 and uniform upper bound of φ2 on the terms, leading us to a lower and upper

bound of the correct leading order.

The upper bound We being by computing the upper bound by using the uniform upper

bound of φ2 on the ramp part,

E
x∼μsc

[
BL

αγ (x)
]
=

∫ 1

−1
BL

αγ (x)2π
√
1− x2dx ≤

∫ 1

−1

(
Lα
γ(x) + ε

) 2
π
√

1− x2dx

=

∫ 1

−1
Lα
γ(x)dμsc(x) + ε

∫ 1

−1
dμsc(x)

=

∫ 1−φ

−1
0 · dμsc(x) +

1
φ2

∫ 1−φ+φ2

1−φ
(x− (1− φ)) dμsc(x) +

∫ 1

1−φ+φ2
dμsc(x) + ε

≤ 0+ 1
φ2φ

2
∫ 1−φ+φ2

1−φ
dμsc(x) +

∫ 1

1−φ+φ2
dμsc(x) + ε

=

∫ 1

1−φ
dμsc(x) + ε = (1+ ε)− CDF(1− φ) .
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To evaluate the above, we take the Taylor expansion of CDF(1 − φ) around 1 (using the fact that

φ(ε) << 1) and have,

1− CDF(1− φ) = 1−
(
1
2
+

(1− φ)
√
1− (1− φ)2
π +

arcsin 1− φ
π

)

Taylor expansion
= 1−

(
1− 4

√
2

3π φ3/2 + O(φ5/2) + o(φ5/2)

)

=
4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2) ,

where o(φ5/2) denotes terms of higher power than 5/2 and utilizes the fact that φ(ε) << 1.

The lower bound The lower bound follows a similar computation, using the uniform lower

bound of 0 on the ramp part,

E
x∼μsc

[
BL

αγ (x)
]
=

∫ 1

−1
BL

αγ (x)2π
√
1− x2dx

≥
∫ 1−φ

−1

(
Lα
γ + ε

) 2
π
√

1− x2dx+
∫ 1

1−φ

(
Lα
γ − ε

) 2
πdx

=

∫ 1−φ+φ2

1−φ

1
φ2 (x− (1− φ)) dμsc(x) +

∫ 1

1−φ+φ2
dμsc + ε

(∫ 1−φ

−1
dμsc(x)−

∫ 1

1−φ
dμsc(x)

)

≥ 1− CDF(1− φ+ φ2) + ε (CDF(1− φ)− 0− 1+ CDF(1− φ))

= 1− CDF(1− φ+ φ2) + 2ε(CDF(1− φ)− 1
2
)

= 1−
(
1
2
+

(1− φ(1− φ))
√
1− (1− φ(1− φ))2
π +

arcsin 1− φ(1− φ)
π

)

+ 2ε
(
−1
2

+
4
√
2

3π φ3/2 + O(φ5/2) + (φ5/2)

)

=
4
√
2

3π φ3/2(1− φ)3/2 + O(φ5/2(1− φ)5/2) + o(φ5/2(1− φ5/2) + 2ε4
√
2

3π φ3/2 + ε

≥ (1+ 2ε)4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2)− ε ,
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where fourth equality uses a similar taylor expansion as the one used in computing the upper bound.

Corollary 5.5.12 (Large Hilbert-Schmidt Correlation between Bernstein Polynomial and Hessian).

Given the Bernstein matrix polynomial BL
αγ as defined in Proposition 5.5.7, it is the case that

Ẽ
σ∼D

(
1
n

[
〈BL

αγ (X),X〉
]
− ψ
)2p
≤ on(1) , (5.29)

where X = M(σ)/2ν′′(‖σ‖22)1/2 is a re-centered and normalized Hessian, and for some ψ ≥ 1− ε.

Proof. To compute the correlation with the matrix Bernstein polynomial that approximates the

ramp function, we will use the definition of the Bernstein polynomial followed by linearity (again)

in conjunction with the bounds above.

1
n

[〈
BLα,γd (X),X

〉]
=

1
n Tr

(
X · B

Lαγ
d (X)

)
,

By Lemma 5.5.10,



 1

Ex∼μsc

[
BL

αγ (x)
]




2p

Ẽ
σ∼D

(
1
n

[
〈BL

αγ (X),X〉
]
− E

x∼μsc

[
x · BL

αγ (x)
])2p

≤



 1

Ex∼μsc

[
BL

αγ (x)
]




2p

on(1) ≤ on(1) ,

provided that Ex∼μsc

[
BL

αγ (x)
]
= C(ε) and p = Oε(1), where the former will follow from Lemma 5.5.11

with the appropriate choice of constants made later.
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This reduces the goal to showing that,

Ex∼μsc

[
x · BL

αγ (x)
]

Ex∼μsc

[
BL

αγ (x)
] ≥ 1− ε , (5.30)

for an appropriate choice of d(ε). Since this does not involve any SoS program variable, it need not

be a SoS proof.

By the definition in Section 5.5.3 and appropriately rescaling the interval
[
−2ν′′(‖σ‖22)1/2, 2ν′′(‖σ‖

2
2)

1/2
]
→

[−1, 1] and denoting the re-scaled area of the semi-circle containing the valid fraction of eigenvectors

as

φ :=
A(ε)

2ν′′(‖σ‖22)1/2
,

we have the following,

Lα
γ(x) =






0 , x ∈ [−1, 1− φ) ,
1
φ2 (x− (1− φ)) , x ∈

[
1− φ, 1− φ+ φ2] ,

1 , x ∈
(
1− φ+ φ2, 1

]
,

where A(ε) is chosen later. TheWeierstrass approximation (Theorem 2.9.16) gives,

‖BL
αγ (x)− Lα

γ(x)‖ ≤ ε , ∀x ∈ [−1, 1] ,

provided deg(BL
αγ (·)) ≥ O

(
1
ε3

)
.

Average correlation between x and BL
αγ (x) under μsc We now compute the scalar proxy

for the correlation between the hessian and the matrix Bernstein polynomial under the semi-circle
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measure. This will be normalized appropriately using Lemma 5.5.11.

E
x∼μsc

[
x · BL

αγ (x)
]
=

∫ 1

−1
x · BL

αγ (x)2π
√

1− x2dx

≥
∫ 1−φ

−1
x
(
Lα
γ + ε

) 2
π
√
1− x2dx+

∫ 1

1−φ
x
(
Lα
γ(x)− ε

) 2
π
√
1− x2dx

= ε

∫ 1−φ

−1
xdμsc(x)− ε

∫ 1

1−φ
xdμsc(x) +

∫ 1−φ+φ2

1−φ
x ·
(

1
φ2 (x− (1− φ))

)
dμsc(x) +

∫ 1

1−φ+φ2
xdμsc(x)

= ε

(∫ 1−φ

−1
xdμsc(x)−

∫ 1

1−φ
xdμsc(x)

)

︸ ︷︷ ︸
I(ε,φ)

+

∫ 1−φ+φ2

1−φ
x ·
(

1
φ2 (x− (1− φ))

)
dμsc(x)

︸ ︷︷ ︸
II(φ)

+

∫ 1

1−φ+φ2
xdμsc(x)

︸ ︷︷ ︸
III(φ)

≥ −2ε
3π

(
(1− (1− φ)2)3/2 + (1− (1− φ)2)3/2

)
+

2
3π
(
1− (1− φ+ φ2)2

)3/2

=
2
3π

[
(1− (1− φ+ φ2)2)3/2 − 2εφ3/2(2− φ)3/2

]

where the first inequality follows from using the closeness of the Bernstein polynomial to the Lα
γ

function, and the final inequality follows from the observation that II(φ) ≥ 0 and the use of Propo-

sition 2.11.6 to evaluate I(ε, φ) and III(φ).

The final lower bound Combining the upper bound on Ex∼μsc

[
BL

αγ (x)
]
via Lemma 5.5.11

with the lower bound on the correlation term computed above yields,

Ex∼μsc

[
x · BL

αγ (x)
]

Ex∼μsc

[
BL

αγ (x)
] ≥

2
3π
[
(1− (1− φ+ φ2)2)3/2 − 2εφ3/2(2− φ)3/2

]

1+ ε− CDF(1− φ)

=
2
3π
[
(2φ+ 2φ3 − 3φ2 − φ4)3/2 − 2εφ3/2(2− φ)3/2

]

4
√
2

3π φ3/2 + o(φ3/2)

≥
2
3π2

3/2φ3/2
(
(1− 4φ)3/2 − 2

23/2
ε(2− φ)3/2

)

4
√
2

3π φ3/2 + o(φ3/2)
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≥
4
√
2

3π φ3/2 ((1− 3
24φ+ O(φ2)

)
− 2ε

)

4
√
2

3π φ3/2 + o(φ3/2)

=
1− 20φ− 2ε

1+ o(φ) .

For completeness, we also demonstrate an upper bound of (roughly) the same quantitative strength

on the normalized correlation between x and BL
αγ (x) under μsc. To do this, we utilize a lower bound

on the normalization term given in Lemma 5.5.11 and compute an upper bound on x · BL
αγ (x) using

the uniform upper bound of φ2 on the ramp part.

The final upper bound A similar computation as above yields,

Ex∼μsc

[
x · BL

αγ (x)
]

Ex∼μsc

[
BL

αγ (x)
] ≤

∫ 1
−1 x ·

(
Lα
γ(x) + ε

)
dμsc(x)

(1+ 2ε) 4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2) + ε

=

∫ 1−φ
−1 x · 0dμsc(x) +

∫ 1−φ+φ2
1−φ

x
φ2 · (x− (1− φ)) dμsc(x) +

∫ 1
1−φ+φ2 xdμsc(x) + εEx∼μsc [x]

(1+ 2ε) 4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2) + ε

≤

∫ 1−φ+φ2
1−φ xdμsc(x) +

∫ 1
1−φ+φ2 xdμsc(x)

(1+ 2ε) 4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2) + ε
=

∫ 1
1−φ xdμsc(x)

(1+ 2ε) 4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2) + ε

=
2
3π
(
1− (1− φ)2

)3/2

(1+ 2ε) 4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2) + ε
=

2
3π (φ(2− φ))3/2

(1+ 2ε) 4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2) + ε

≤
2
3π2

3/2φ3/2

(1+ 2ε) 4
√
2

3π φ3/2 + O(φ5/2) + o(φ5/2) + ε
=

1
(1+ 3ε) + O(φ) + o(φ) .

A choice of A(ε) = O(ε) suffices for the desired approximation ratios, yielding φ = O(ε)
2ν′′(‖σ‖22)1/2

.
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5.5.5 Local Strong Convexity

Upper bound for
∥∥E[vivTi | vi−1]

∥∥q
q underMaximum-Entropy

We aim to show that the operator normmaximum-entropy constraint (Equation P.4) in conjunc-

tion with the fact that Tr
[
E
[
vivTi | | vi−1

]]
= 1 implies that for q > 1, the Schatten q-norm of the

conditional covariance is bounded appropriately.

Proposition 5.5.13 (Bounded Schatten q-norm of conditional covariance). Given the maximum-

entropy constraint of Equation P.4 and the fact that,

Tr
[
E
[
vivTi | | vi−1

]]
= 1 ,

the following holds true,
∥∥∥E
[
vivTi | | vi−1

]∥∥∥
q

q
≤ 1+ on(1)

(δn)q−1 .

Proof. This follows by an application of a (1,∞)-Matrix Hölder’s inequality (Lemma 5.8.3) as

follows,

∥∥∥E
[
vivTi | | vi−1

]∥∥∥
q

q
= Tr

[
E
[
vivTi | | vi−1

]q]
=

〈
E
[
vivTi | | vi−1

]q−1
,E
[
vivTi | | vi−1

]〉

≤
∥∥∥∥E
[
vivTi | | vi−1

]q−1
∥∥∥∥
op

∥∥∥∥E
[
vivTi | | vi−1

]q−1
∥∥∥∥
1

=
∥∥∥E
[
vivTi | | vi−1

]∥∥∥
q−1

op

∥∥∥∥E
[
vivTi | | vi−1

]q−1
∥∥∥∥
1

≤
(
1+ on(1)

δn

)q−1
· 1 = 1+ on(1)

(δn)q−1 .

Note: While q − 1 is fractional, one can use the standard trick of converting to integer powers

in conjunction with the encoding of the operator norm constraint via a slack-matrix to make the
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assertion that ∥∥∥∥E
[
vivTi | | vi−1

]q−1
∥∥∥∥
op

=
∥∥∥E
[
vivTi | | vi−1

]∥∥∥
q−1

op
,

has a sum-of-squares proof using Lemma 5.7.7.

Local Strong Convexity of the Pseudo-covariance: Lower boundingH
(∑i

j=1
vj√
k

)

Arguing for a lower bound on the expected value of the Hessian (∇2H(σ)) boils down to arguing

about the following convex program at every step iwith σ =
∑i−1

j=1 vj,

max
E[vivTi |vi−1]

〈
∇2H(σ),E[vivTi | vi−1]

〉

subject to

‖vi‖22 = 1

E
[
vivTi | vi−1

]
H 0

Tr
[(
E
[
vivTi | vi−1

)q]]
≤ 1+ on(1)

(A(ε)n)q−1 .

By reasoning similar to the certifiable Taylor expansion argument (Lemma 5.5.4), one can extend

the lower bound we reason about below to imply that the rounding procedure outlined in 3 stays

close to the value of ALG at every step.

At a high-level, we will use the fact that Hölder’s inequality is tight when fp || gq and then use a SoS

certificate for a version of Klein’s inequality (see Lemma 5.8.10) with strong convexity of the map

x→ xq over the feasible set to bound the Frobenius norm of Bd(∇2H(σ))− E[vivTi | vi−1].

Theorem 5.5.14 (Optimality of the Bernstein Polynomial Bd(∇2H(σ)). For σ =
∑i−1

j=1
vj√
k , given

the Bernstein polynomial Bd(∇2H(σ)) (as defined in Definition 5.5.6 and Proposition 5.5.7) and
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V = Ẽ[vivTi | vi−1] such that V is optimal,

∥∥∥∥
Bd(∇2H(σ))

A(ε)n − V
∥∥∥∥
2

F
≤ O(ε)‖V‖2F , (5.31)

where A(ε) is as is defined in Corollary 5.5.12.

Sketch of Proof: The actual proof of this lemma is also rather arduous, and involves invoking

the sum-of-squares proof of the (trace) strong convexity of x → xq as shown in Lemma 5.8.10 and

combining it with a sum-of-squares proof that upper bounds the quantity
∥∥Eσ

[
Bd(∇2H(σ))

]∥∥q
q.

Bounding the latter quantity requires some additional technical work, and for the sake of brevity, is

delegated to the full paper [14].

5.5.6 Uniqueness & Identifiability

Theorem 5.5.15 (Informal). Any probability distribution that satisfies the constraints must match

the low-degree moments of the Subag distribution, up to Frobenius norm error.

Furthermore, it is easy to sample from a distribution that is close to the low-degree moments of the

Subag distribution.

Proof. By the low-degreeness constraint on the iterates, the conditional moments of each iterate

must be a low-degree function of the previous iterates, up to some Frobenius norm error.

By Lemma 5.3.16, this means that we can use the original moment tensor to compute conditional

moment tensors, conditioned on specific values of the previous iterates, up to some Frobenius norm

error.

Furthermore, since the conditional moments are close to uniform distributions over spheres, we can

always sample from them.
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5.6 Feasibility, Rounding andOptimality

5.6.1 Feasibility

To show feasibility we will work with 2, which is a variant of Subag’s algorithm (1). Fix 0 < ε < 1

and A(ε).

Algorithm 2 Randomized Hessian-Ascent [126]
v1 ∼ SA(ε)n−1(1).
w1 =

1√
kv1.

while i ∈ {2, . . . , k} do
vi ∼ SeigenA(ε)n−1(∇2H(wi−1))(1)
wi = wi−1 +

vi√
k .

i← i+ 1.
end while
Output vk.

The only difference between 1 and 2 is that x is chosen uniformly at random from the unit sphere

on the δn-dimensional subspace corresponding to the top eigenvectors of the Hessian projected

orthogonal to vi−1 as∇2
⊥H(vi−1). Critically, 2 continues to be nearly optimal for the same reason as

the original algorithm is [37, Lemma 3 & Theorem 4] in conjunction with the fact that the first step

can be arbitrary. A more detailed explanation for the equivalence between these two algorithms can

be found in [126, Section 3.2.7].

Consequently, showing feasibility amounts to showing that 2 satisfies, at every iteration i ∈ [k], the

constraints of the SoS program at the corresponding cumulant SoS variable. Demonstrating this is

done by showing that:

1. The uniform distribution on the unit-sphere satisfies the conditional maximum-entropy

constraints imposed on valid pseudo-distributions at every iterate i ∈ [k].
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2. The cumulative norm increments have the same norms and are incrementally orthogonal.

This is trivially true by construction and is omitted in the formal proof.

3. The conditional pseudo-expectation of the quadratic form of the hessian under vi is at least

(1− ε)2ν′′(qi).

The statements above are proved formally in Lemma 5.6.1 below.

Lemma 5.6.1 (Feasibility of the SoS program). Given 0 < ε < 1 and A(ε), the following facts hold:

1. For i = 1, . . . , k,

{
κ̃j [vi | vi−1] = 0

}
1,...,i−2 , j ;= 2 ,

{∥∥∥E[vivTi | vi−1]
∥∥∥
op
≤ 1+ on(1)

A(ε)n

}

|1,...,i−2
.

2. For i = 1, . . . , k,

E
x∼SA(ε)n−1(eigen(∇2

⊥H(wi−1)))
[xT∇2

⊥H(wi−1)x] ≥ 2ν′′(q)1/2 − ε .

Proof. Note that every probability distribution is a pseudo-distribution of degree 2n, sinceEx[1] =

1 (by normalization of probability) and Ex[p2(x)] ≥ 0 for any polynomial p since it can be viewed

as an inner product between non-negative quantities. Therefore, we set Ẽ = Ex to show that the

maximum-entropy constraints (Equation P.3, Equation P.4) bounds are satisfied. [37, Lemma 3]

immediately implies that the expected quadratic form of the hessian is arbitrarily close to the largest

eigenvalue under the uniform distribution on the sphere of the top A(ε)n-dimensional subspace of

the Hessian orthogonal to the current iterate.
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The ‖·‖
op
constraint Proving this constraint amounts to showing that the operator norm

of the covariance of vi conditioned on v1, . . . , vi−1 is bounded from above by 1
A(ε)n . Since vi ∼

SA(ε)n−1(eigen(∇2
⊥H(wi−1))), note that conditioned on v1, . . . , vi−2,

∥∥∥E[vivTi | vi−1]
∥∥∥
op

=

∥∥∥∥∥ E
v∼SA(ε)n−1(eigen(∇2

⊥H(wi−1)))

[
vvT
]∥∥∥∥∥

op

=Rotational Invariance of Haar-Measure

∥∥∥∥∥ E
v′∼Sn−1(1A(ε)n⊕ 0(1−A(ε))n)

[
v′v′T

]∥∥∥∥∥
op

=Lemma 5.6.2 with q=1

∥∥∥∥∥∥
1− on(1)
A(ε)n E

x∼N (0, IdA(ε)n+0(1−A(ε)n )

[
xxT
]
∥∥∥∥∥∥
op

=
1− on(1)
A(ε)n

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥





1
. . .

1

0
. . .

0





∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
op

≤ 1+ on(1)
A(ε)n ,

where in the above calculation v′ ∼ Sn−1(1A(ε)n ⊕ 0(1−A(ε))n) refers to a unit vector chosen uni-

formly at random from the A(ε)n-dimensional sphere where the last (1 − A(ε))n-coordinates are

0.

The κ̃j [vi | vi−1] constraint To show this constraint is satisfied, we follow a similar strategy.

Note that, ∀j ;= 2, the following holds

κ̃j [vi | vi−1]k1,...,kj = cumj [v]k1,...,kj
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=moment-cumulant expansion
∑

π∈P(k1,...,kj)
(−1)|π|−1(|π|− 1)!

∏

b∈π
E
[
∏

a∈b
via

]

=by Lemma 5.6.2 and rotational invariance
∑

π∈P(k1,...,kj)
(−1)|π|−1(|π|− 1)!

∏

b∈π

1− on(1)
(A(ε)n)|b|

E
[
∏

a∈b
v′ia

]

=
1− on(1)
(A(ε)n)j

∑

π∈P(k1,...,kj)
(−1)|π|−1(|π|− 1)!

∏

b∈π
E
[
∏

a∈b
v′ia

]

=
1− on(1)
(A(ε)n)j

· κj
(
N
(
0, IdA(ε)n

))
= 0 .

Note that the above is actually on(1) and not strictly zero. However, rescaling the constraints with

the #2-norm of every iterate allows for this reasoning to be valid vis-a-vis the SoS program presented

above.

The last step is to invoke soundness for all distributions (Definition 5.3.2) which implies that the

corresponding pseudo-distribution comprising the low-degree moments of the “Subag distribu-

tion” implicit in 2 satisfies the maximum-entropy constraints (Equation P.4, Equation P.3). Invok-

ing [127, Corollary 59] in conjunction with a Taylor series argument immediately implies that the

hessian has the largest contribution, and the final energy is lower-bounded by
∑k

i=1
1
k ν

′′(qi)1/2 − ε ·

k(ε) − O
(

1
k(ε)1/2

)
, which is arbitrarily close to

∫ 1
0 ν

′′(q)1/2dqwith the appropriate choice of k(ε).

The upper bound follows from Lemma 2.2.10, as no configuration can have value greater than the

true maximum.

Lemma 5.6.2 (Equivalence of re-scaled gaussian and uniformmoments). Given x ∼ N (0, Idn) and

v ∼ Unif(Sn−1(1)), the following holds,

E
v
[(vvT)⊗q] =

(1− On(1/n))
nq E

x
[(xxT)⊗q] . (5.32)
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Proof. The proof will use the rotational invariance of both distributions and an explicit entry-by-

entry comparison between the rescaled Gaussian moment matrix and the real Haar distribution

moment matrix.

E
x
[(xxT)⊗q] =

n∑

a1,...,a2q=1
E
x
[xa1 · · · xa2q ](ea1 ⊗ · · ·⊗ eaq)(eaq+1 ⊗ · · ·⊗ ea2q)

T .

By exactly the same argument,

E
v
[(vvT)⊗q] =

n∑

a1,...,a2q=1
E
v
[va1 · · · va2q ](ea1 ⊗ · · ·⊗ eaq)(eaq+1 ⊗ · · ·⊗ ea2q)

T .

It is elementary to see from Lemma 2.8.1 and the definition of the Γ-function that the 2mi-th mo-

ment of xi ∼ N (0, 1) is,

E
xi∼N (0,1)

[x2mi
i ] = (2mi − 1)(2mi − 3) · · · (3)(1) = (2mi)!

2mimi!
=

Γ(mi + 1/2)2mi
√
π . (5.33)

Symmetry implies that the odd moments of the 1-marginals of the uniform distribution are 0. By

[128, Theorem, Pg. 2], the even moments are

E
v
[va1 · · · va2q ] = E

v

[
!∏

i=1
(v2i )mi

]

=

∫

v∈Rn

(
!∏

i=1
(v2i )mi

)
dσ =

∫
v∈Sn−1(1) v

αdσ
∫
v∈Sn−1(1) dσ

=
2Γ(m1 + 1/2)Γ(m2 + 1/2) · · · Γ(m! + 1/2) (Γ(1/2))n−!

Γ(q+ n/2)
Γ(n/2)
2Γ(1/2)n

=
Ex[xa1 · · · xa2q ]

2q
Γ(n/2)

Γ(q+ n/2)

=
Ex[xa1 · · · xa2q ]

n(n+ 2)(n+ 4) · · · (n+ 2q− 2)
, (5.34)
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where 2(m1 + · · · + m!) = 2qwithmi denoting the number of times an index ai ∈ [n] appears

in {a1, . . . , a2q} and # being the number of distinct indices. Combining Equation 5.34 and Equa-

tion 5.33 immediately yields that,

E
v
[va1 · · · va2q ] =

(1− On(1/n))
nq E

x
[xa1 · · · xa2q] , (5.35)

for every a1, . . . , a2q ∈ {1, . . . , n}.

5.6.2 Quadratic Sampling from large-enough Pseudo-Moments

The pseudo-distribution tells us that any real distribution whose moments match that of the pseudo-

distribution will achieve good value on the problem. The certification proof contains the informa-

tion to argue that our rounding scheme produces a distribution whose moments match that of the

pseudo-distribution.

A candidate rounding, then, is

xi ∼ N
(
0, Ẽ[vivTi ]

)
,

where Ẽ[vivTi ] represents the pseudo-covariance matrix of the SoS program variable vi. This is made

possible by the quadratic sampling lemma (Lemma 2.7.5), which asserts that

xi = Σ1/2g ,

where g ∼ N (0, Idn) and Σ = ẼDi [vivTi ].
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Algorithm 3 Rounding the pseudo-distribution
Input: A pseudo-distributionD satisfying the entropy constraints.
Output: A list of vectors v̂1, . . . , v̂k such that, with all but exponentially small probability,
H(̂v1 + · · ·+ v̂k) ≥ (1− ε)ALG and ‖v̂1 + · · ·+ v̂k‖ = 1.

1. SetD1 = D.
2. For i from 1 to k:

(a) Sample

v̂i ∼ N
(
0, Ẽ

Di
vivTi

)
.

(b) GenerateDi+1 by applying Lemma 5.3.16 toDi and v̂i.

5.6.3 Proof of optimality

The proof of optimality relies on using the fact that Ẽ
[
E[vivTi | vi−1]

]
is close in Frobenius norm to

the top eigenspace of the Hessian in the orthogonal subspace for every i ∈ [k].

Lemma 5.6.3. LetD be a pseudo-distribution satisfying the entropy constraints. Let v̂1, . . . , v̂k be the

outputs of the iterative rounding scheme of 3.

Then

E
v̂1,...,̂vk

H(̂v1 + · · ·+ v̂k) ≥ (1− O(ε))
∫ 1

0
ν′′(q)1/2dq

Proof. We assume the desired statement is true at iteration i− 1 and prove it for iteration i (the base

case is trivial). We inductively apply Theorem 5.5.14 to conclude that

∥∥∥E
[
(v̂iv̂Ti )⊗q − p(v̂i−1)

]∥∥∥
F
≤ O(ε1/4)

nq/2

for some polynomial p.

Now, since the Bernstein polynomial is close to the projector into the top-eigenspace of the Hessian,

as is demonstrated in Proposition 5.5.7, it becomes easy to see that the conditional covariance ma-
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trix is close to the Bernstein polynomial in Frobenius norm. Therefore, by a triangle inequality, we

obtain that, ∥∥∥∥ E
v̂1,...,v̂k

[
(vivi)T −Πδn(∇2H())

]∥∥∥∥
F
≤ on(1) .

At this point, we invoke the inductive hypothesis and use the certified Taylor expansion to conclude

the desire lower bound.

Note: Throughout the proof, we used the information that Ẽ[Ev1,...,vk ]may be replaced byEv̂1,...,̂vk

which follows since the conditional pseudo-distributions Ẽ[E[ · | vi−1]] generated in the filtration

can be shown to be close to the low-degree moments of an actual distribution (Lemma 5.3.16).

Following through with this on the induction in conjunction with Lemma 5.6.2 to convert from

gaussians to uniform (by scaling) shows that the E[· | vi−1] operator in the filtration is consistent

with the moments of a gaussian, and this concludes the proof.

Corollary 5.6.4 (ALG − ε-optimality). The SoS program with rounded outputs generated using 3

achieves value

E
v̂1,...,̂vk

[H(v̂1 + · · ·+ v̂k)] ≥ ALG− ε ,

Proof. This is a straightforward consequence of [13], when combined with Lemma 5.6.3 and the

Borell-TIS inequality.
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5.7 Sum-of-Squares Proofs for Commutative Analytic Inequalities

5.7.1 Pseudo-Jensen inequalities

Lemma 5.7.1 (Pseudo-Jensen Inequality for arbitrary functions). Given a real polynomial f :

Rn → R with degree≤ d and a pseudo-distributionD of degree r > 2d overRn, the following

holds,

Ẽ
D

[
(f(x))2

]
≥
(
Ẽ
D
[f(x)]

)2
. (5.36)

Proof. We prove the statement using a “variance” like computation.

0 ≤ Ẽ
D

[(
f(x)− Ẽ

D
[f(x)]

)2
]
= Ẽ

D

[
f(x)2 − 2f(x) Ẽ

D
[f(x)] +

(
Ẽ
D
[f(x)]

)2
]

= Ẽ
D
[f(x)2]− 2 Ẽ

D

[
f(x) Ẽ

D
f(x)
]
+

(
Ẽ
D
[f(x)]

)2

= Ẽ
D
[f(x)2]− 2 Ẽ

D
[f(x)] Ẽ

D
[f(x)] +

(
Ẽ
D
[f(x)]

)2
= Ẽ

D
[f(x)2]−

(
Ẽ
D
[f(x)]

)2
,

where the first inequality uses the definition of a pseudo-distribution and the second-last equality

uses the fact that the pseudo-expectation operator outputs a real number and is a linear operator.

Remark Extending the above proof to hold for even degree monomials is straightforward and

follows by setting f(x) = g(x)p when attempting to prove pseudo-Jensen for g(x)2p, thereby yielding
(
Ẽ[g(x)p]

)2
≤ Ẽ[g(x)2p].

Lemma 5.7.2 (Pseudo-Jensen inequality for even powers). Given a real polynomial f : Rn → R

with degree≤ d, an even number 2p > 0 and a pseudo-distribution of degree> 4dp, the following
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holds,

Ẽ
D

[
f(x)2p

]
≥
(
Ẽ
D
[f(x)]

)2p
.

Proof. We prove this by induction, and use Lemma 5.7.3 in conjunction with a direct application

of Lemma 5.7.1 to prove the inductive step.

Base case The case when p = 1 simply reduces to Lemma 5.7.1.

Inductive step We assume the statement is true up to 2 ≤ 2p − 2 = 2(p − 1). For the case of

2p ≥ 4, we obtain the following,

Ẽ
D

[
f(x)2p

]
−
(
Ẽ
D
[f(x)]

)2p

= Ẽ
D

[
f(x)2p

]
− Ẽ

D

[
f(x)2

]
Ẽ
D
[f(x)]2p−2 + Ẽ

D

[
f(x)2

]
Ẽ
D
[f(x)]2p−2 −

(
Ẽ
D
[f(x)]

)2p

= Ẽ
D

[
f(x)2

(
f(x)2p−2 − Ẽ

D
[f(x)]2p−2

)]

︸ ︷︷ ︸
I

+ Ẽ
D
[f(x)]2p−2

︸ ︷︷ ︸
= ẼD[(f(x)p−1)2]≥0

(
Ẽ
D

[
f(x)2

]
− Ẽ

D
[f(x)]2

)

︸ ︷︷ ︸
≥0 by Lemma 5.7.1

.

To evaluate Iwe will apply Lemma 5.7.3 in conjunction with the inductive hypothesis. First, note

that,

I = Ẽ
D
[f(x)2p]− Ẽ

D

[
f(x)2

]
Ẽ
D
[f(x)]2p−2 ≥ 0

⇐⇒ Ẽ
D
[f(x)2p] ≥ Ẽ

D

[
f(x)2

]
Ẽ
D
[f(x)]2p−2 .

Now,

Ẽ
D
[f(x)2p] ≥Lemma 5.7.3 with s=1 ẼD

[
f(x)2

]
Ẽ
D
[f(x)2p−2] ≥by I.H. ẼD

[
f(x)2

]
Ẽ
D
[f(x)]2p−2 ,
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which concludes the proof.

Lemma 5.7.3 (Convex correlation inequality). Given an even number 2p > 0 and a number s > 0,

such that 1 ≤ 2s ≤ p, the following holds,

Ẽ
D

[
f(x)2p

]
≥ Ẽ

D

[
f(x)2s

]
Ẽ
D

[
f(x)2p−2s]

Proof. We prove this by induction. For the base case, we consider p = 1.

Base case When p = 1 and 2s = 1, the following

Ẽ
D

[
f(x)2

]
≥ Ẽ

D
[f(x)] Ẽ

D
[f(x)] = Ẽ

D
[f(x)]2 ,

holds by Lemma 5.7.1.

Inductive step We assume the statement is true up to 2p− 2 = 2(p− 1). For the case of 2p, we

obtain the following by generalizing the calculation in Lemma 5.7.1,

0 ≤ Ẽ
D

[
f(x)2p−4s

(
f2s(x)− Ẽ

D

[
f2s(x)

])2
]

=

(
Ẽ
D

[
f(x)2p

]
− Ẽ

D

[
f(x)2p−2s] Ẽ

D

[
f(x)2s

])
− Ẽ

D

[
f(x)2s

](
Ẽ
D

[
f(x)2p−2s]− Ẽ

D

[
f(x)2p−4s] Ẽ

D

[
f(x)2s

])
.

Note that, since s ≥ 1, we have that 2p − 2s ≤ 2(p − 1)which allows us to invoke the inductive

hypothesis and conclude that,

Ẽ
D

[
f(x)2p−2s]− Ẽ

D

[
f(x)2p−4s] Ẽ

D

[
f(x)2s

]
≥ 0 .
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Since deg(f(x)2s) = deg((f(x)s)2) ≤ 2dp, we immediately have that ẼD[f(x)2s] ≥ 0 and this

implies,

Ẽ
D

[
f(x)2p

]
−Ẽ

D

[
f(x)2p−2s] Ẽ

D

[
f(x)2s

]
≥ Ẽ

D

[
f(x)2s

](
Ẽ
D

[
f(x)2p−2s]− Ẽ

D

[
f(x)2p−4s] Ẽ

D

[
f(x)2s

])
≥ 0 .

5.7.2 "1-to-"t norm inequality

Stated below is an elementary 1-to-t-norm inequality that permits a very simple Sum-of-Squares

proof ofO(t).

Lemma 5.7.4 (#1-to-#t norm inequality, Mild generalization of [129, SoS triangle inequality]).

Given a1, . . . , am ∈ R and t = 2k for some k > 0, the following holds,

9t (a1 + · · ·+ am)t ≤ mt−1(at1 + · · ·+ atm) .

Proof. The proof is by induction in conjunction with [129, Proposition (squaring SoS proofs)].

Base case (t = 2) In this case, we set a = a1 and b = a2 + · · ·+ am, and observe that,

(a1 + · · ·+ am)2 =
m∑

i=1
a2i + 2

∑

i<j
aiaj, ,

and that,

m(a21 + · · ·+ a2m)− (a1 + · · ·+ am)2 =
∑

i<j
(ai − aj)2 .
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The above immediately implies that,

(a1 + · · ·+ am)2 ≤ m(a21 + · · ·+ a2m) ,

where the SoS proof is clearly degree-2.

Inductive step For the inductive step, we assume the following,

9t/2 (a1 + · · ·+ am)t/2 ≤ mt/2−1(at/21 + · · ·+ at/2m ) .

By [129, Proposition (squaring SoS proofs)], this immediately implies that,

9t (a1 + · · ·+ am)t ≤ mt−2(at/21 + · · ·+ at/2m )2 .

Using the base case with t = 2 and a′1 = at/21 , . . . , a′m = at/2m , this immediately yields the following,

92 (at/21 + · · ·+ at/2m )2 ≤ m(at1 + · · ·+ atm) ,

which finishes the proof.

5.7.3 Ideal reduction inequalities

Lemma 5.7.5 (Quadratic ideal reduction). Let c > 0 be a constant. There is a SoS proof that if

(x− y)2 ≤ c2 then x− y ≤ c.

Proof. (x − y)2 ≤ c2 is equivalent to c2 − (x − y)2 ≥ 0, which is equivalent by factoring to

[c− (x− y)][c+ (x− y)] ≥ 0.
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We can add [c− (x− y)]2 to both sides to get [c− (x− y)][2c] ≥ [c− (x− y)]2 ≥ 0. Dividing both

sides by 2c, we get c ≥ (x− y).

Lemma 5.7.6. Let c > 0 be a constant. There is a SoS proof that if (x− y)4 ≤ c4 then x− y ≤ c.

Proof. (x − y)4 ≤ c4 is equivalent to c4 − (x − y)4 ≥ 0, which is equivalent by factoring to

[c− (x− y)][c3 + c2(x− y) + c(x− y)2 + (x− y)3] ≥ 0.

We can add [c − (x − y)]2[c + (x − y)]2 to both sides to get [c − (x − y)][2c3 + 2c2(x − y)] ≥

[c− (x− y)]2[c+ (x− y)]2 ≥ 0.

We can then add 2[c − (x − y)]2c2 to both sides to get [c − (x − y)][4c3] ≥ 2[c − (x − y)]2c2 ≥ 0.

Dividing both sides by 4c3, we get c ≥ (x− y).

Lemma 5.7.7. Let c > 0 be a constant. There is a SoS proof that if (x− y)2p ≤ c2p then x− y ≤ c.

Proof. (x − y)2p ≤ c2p is equivalent to c2p − (x − y)2p ≥ 0, which is equivalent by factoring to

[c− (x− y)][c2p−1 + c2p−2(x− y) + c2p−3(x− y)2 + · · ·+ (x− y)2p−1] ≥ 0.

Recursively generalize the previous two arguments.

Proposition 5.7.8 (Quadratic ideal reduction with pseudo-expectations). Given non-SoS program

variables y = an, c(n) = o(n) for a ≥ 1 a constant, a non-SoS program variable c(n) = o(n), and a

low-degree SoS proof that,

Ẽ
x
(x− y)2 ≤ c(n)2 ,

there are low-degree SoS proofs that,

Ẽ
x
(x2) ≤ y2 + 2yc(n) + c2(n) = y2 + o(n2) , (5.37)
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Ẽ
x
(x2) ≥ y2 − o(n2) , (5.38)

Ẽ
x
(x) ≤ y+ o(n) , (5.39)

Ẽ
x
(x) ≥ y− o(n) . (5.40)

Proof. We first use quadratic ideal reduction to show the linear bounds, and then use those to ob-

tain the quadratic bounds.

Linear bounds By the pseudo-Jensen inequality (Lemma 5.7.1) and the given SoS proof,

(Ẽ
x
(x− y))2 =

(
Ẽ
x
[x]− y

)2
≤ Ẽ

x
(x− y)2 ≤ c(n)2 .

Then, by Lemma 5.7.5 on (Ẽx(x)− y)2 ≤ c(n)2, we have that,

Ẽ
x
(x− y) ≤ c(n) . (5.41)

Using the fact that (Ẽx(y−x))2 ≤ Ẽx(y−x)2 = Ẽx(x−y)2 ≤ c(n)2, one can again use Lemma 5.7.5

to conclude that,

y− Ẽ
x
(x) ≤ o(n) =⇒ Ẽ

x
(x) ≥ y− o(n) .

Quadratic bounds Now,

Ẽ
x
(x− y)2 = Ẽ(x2) + y2 − 2y Ẽ

x
(x) ≤ c(n)2 .

Using the implication in Equation 5.41 and the given bound,

Ẽ
x
[x2] ≤ c(n)2 − y2 + 2y(c(n) + y) = y2 + 2yc(n) + c(n)2 ≤ y2 + o(n2) .
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Using the fact that Ẽx(x− y)2 ≥ 0 and Ẽx(x) ≥ y− o(n),

Ẽ
x
(x− y)2 = Ẽ

x
(x2) + y2 − 2y Ẽ

x
(x) ≥ 0

=⇒ Ẽ(x2) ≥ 2y Ẽ
x
(x)− y2 ≥ 2y(y− o(n))− y2 = y2 − o(n2) .

Proposition 5.7.9 (Odd pseudo-moment bounds from Ideal Reductions). Given non-SoS program

variables y = an, c(n) = o(n) for a ≥ 1 a constant, a pseudo-distribution of degree≥ 4p + 2, and

low-degree SoS proofs that,

Ẽ
x
[(x− y)2j] ≤ o(n2j) , ∀1 ≤ j ≤ 2p+ 1 ,

there exist low-degree SoS proofs that,

Ẽ
x
(x− y)2j+1 ≤ o(n2j+1) , ∀1 ≤ j ≤ p (5.42)

Ẽ
x
(y− x)2j+1 ≤ o(n2j+1) , ∀1 ≤ j ≤ p . (5.43)

Proof. We begin the following observation using the pseudo-Jensen inequality (Lemma 5.7.1) and

the given bound over even pseudo-moments,

0 ≤
(
Ẽ
x
(y− x)2j+1

)2
=
(
Ẽ
x
(x− y)2j+1

)2
≤ Ẽ

x
(x− y)4j+2 ≤ o(n4j+2) , ∀ 1 ≤ j ≤ 2p− 1 .

We then apply a similar argument as in Lemma 5.7.5 to 0 ≤
(
Ẽx(y− x)2j+1

)2
≤ o(n4j+2) as
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follows,

o(n4j+2)−
(
Ẽ
x
(y− x)2j+1

)2
≥ 0

=⇒
(
o(n2j+1)− Ẽ

x
(y− x)2j+1

)(
o(n2j+1) + Ẽ

x
(y− x)2j+1

)
≥ 0

=⇒
(
o(n2j+1)− Ẽ

x
(y− x)2j+1

)(
o(n2j+1) + Ẽ

x
(y− x)2j+1

)
+
(
o(n2j+1)− Ẽ

x
(y− x)2j+1

)2
≥ 0

=⇒
(
o(n2j+1)− Ẽ

x
(y− x)2j+1

){(
o(n2j+1) + Ẽ

x
(y− x)2j+1

)
+
(
o(n2j+1)− Ẽ

x
(y− x)2j+1

)}
≥ 0

=⇒
(
o(n2j+1)− Ẽ

x
(y− x)2j+1

)
o(n2j+1) ≥ 0

=⇒
(
o(n2j+1)− Ẽ

x
(y− x)2j+1

)
≥ 0 ,

which yields the desired bound.

Lemma 5.7.10 (Pseudo-moment bounds via inductive ideal reductions). Given non-SoS program

variables y = an, c(n) = o(n) for a ≥ 1 a constant, a pseudo-distribution with degree≥ (4p + 2) ·

deg(x) and a low-degree SoS proof that,

Ẽ
x
(x− y)2j ≤ c(n)2j = o(n2j) , ∀1 ≤ j ≤ 2p+ 1

there are low-degree SoS proofs that,

y2p − o(n2p) ≤ Ẽ
x
(x2p) ≤ y2p + o(n2p) , (5.44)

y2p+1 − o(n2p+1) ≤ Ẽ
x
(x2p+1) ≤ y2p+1 + o(n2p+1) . (5.45)

Proof. We prove this by appealing to strong induction. The base case corresponds to Proposi-

tion 5.7.8. The assumption will be guaranteed for the particular use case by the certificates provided

in Lemma 5.5.1.
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Base case For j = 1, the base case is immediately implied by Proposition 5.7.8 which gives the

following bounds,

Ẽ
x
(x2) ≤ y2 + 2yc(n) + c2(n) = y2 + o(n2) ,

Ẽ
x
(x2) ≥ y2 − o(n2) ,

Ẽ
x
(x) ≤ y+ o(n) ,

Ẽ
x
(x) ≥ y− o(n) .

Inductive hypothesis Assume that,

y2j − o(n2j) ≤ Ẽ
x
(x2j) ≤ y2j + o(n2j) , ∀ j ∈ {2, 3, 4, . . . , p− 1} ,

and

y2j+1 − o(n2j+1) ≤ Ẽ
x
(x2j+1) ≤ y2j+1 + o(n2j+1) , ∀ j ∈ {1, 2, 3, . . . , p− 1} .

Inductive step We will demonstrate lower and upper bounds for the case that j = p for both

the even (2j = 2p) and odd (2j + 1 = 2p + 1) case. We will need the former (even) for the latter

(odd), and therefore, we begin with the even case. By the definition of a pseudo-distribution and the

certificates given in the theorem condition,

0 ≤ Ẽ
x
(x− y)2p ≤ c(n)2p = o(n2p) .

expanding the LHS yields,

Ẽ
x
(x− y)2p = Ẽ




2p∑

j=0
(−1)2p−j

(
2p
j

)
xjy2p−j




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= y2p + Ẽ
x

[
x2p
]
+

2p−1∑

j=1
(−1)2p−j

(
2p
j

)
y2p−j Ẽ

x
[xj]

=(−1)2p−j=(−1)j y
2p + Ẽ

x

[
x2p
]
+

2p−1∑

j=1
(−1)j

(
2p
j

)
y2p−j Ẽ

x
[xj] .

For the lower bound, we use the expansion of the LHS with the inductive hypothesis and positivity,

y2p + Ẽ
x

[
x2p
]
+

2p−1∑

j=1
(−1)j

(
2p
j

)
y2p−j Ẽ

x
[xj] ≥ 0

=⇒ Ẽ
x

[
x2p
]
≥ −y2p −

2p−1∑

j=1
(−1)j

(
2p
j

)
y2p−j Ẽ

x
[xj]

=⇒ Ẽ
x
[x2p] ≥ −y2p −

∑

j∈{2,4,...,2p−2}

(
2p
j

)
y2p−j Ẽ

x
[xj] +

∑

j∈{1,3,...,2p−1}

(
2p
j

)
y2p−j Ẽ

x
[xj]

=⇒ Ẽ
x
[x2p] ≥ind. hyp. −y2p −

∑

j∈{2,4,...,2p−2}

(
2p
j

)
y2p−j(yj + o(nj)) +

∑

j∈{1,3,...,2p−1}

(
2p
j

)
y2p−j(yj − o(nj))

=⇒ Ẽ
x
[x2p] ≥ −y2p − y2p

2p−1∑

j=1
(−1)j

(
2p
j

)
−

2p−1∑

j=1

(
2p
j

)
y2p−jo(nj)

=⇒ Ẽ
x
[x2p] ≥ −y2p − y2p




2p∑

j=0
(−1)j

(
2p
j

)
− 2



− (1+ a)po(n2p)

=⇒ Ẽ
x
[x2p] ≥(1−1)2p=0 −y

2p + 2y2p − o(n2p1) = y2p − o(n2p) .

For the upper bound, we combine the expansion of the LHS with the inductive hypothesis and the

upper bound given by the condition,

Ẽ[x2p] ≤ o(n2p)− y2p −
2p−1∑

j=1
(−1)j

(
2p
j

)
y2p−j Ẽ

x

[
xj
]

= o(n2p) +
∑

j=1,3,...,2p−1

(
2p
j

)
y2p−j Ẽ

x
[xj]−

∑

j=2,4,...,2p−2

(
2p
j

)
y2p−j Ẽ

x
[xj]− y2p
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≤ind. hyp. o(n2p) +
∑

j=1,3,...,2p−1

(
2p
j

)
y2p−j(yj + o(nj))−

∑

j=2,4,...,2p−2

(
2p
j

)
y2p−j(yj − o(nj))− y2p

= o(n2p)− y2p − y2p
2p−1∑

j=1
(−1)j

(
2p
j

)
+

2p−1∑

j=1

(
2p
j

)
y2p−jo(nj)

= o(n2p)− y2p − y2p



2p∑

j=0
(−1)j

(
2p
j

)
− 2



+ o(n2p)
2p−1∑

j=1

(
2p
j

)
a2p−j

≤(1−1)2p=0 o(n
2p)− y2p + 2y2p + (1+ a)2po(n2p) ≤ y2p + o(n2p) .

Using the bounds,

−o(n2p+1) ≤ Ẽ
x
(x− y)2p+1 ≤ o(n2p+1) ,

guaranteed by Proposition 5.7.9 and the bounds for the case that j = 2p as proved in the above

(even) induction step, a similar computation gives the desired result for the odd case.

5.7.4 Strong Convexity for xq via Linear Interpolation

Stated below is a low-degree SoS proof that the function f : x → xq for q ∈ (1, 2] is strongly convex

when p is dyadic as the Hölder conjugate. This proof is presented for the purpose of modularization

and will be “lifted” to a proof of trace strong convexity for the same function in Lemma 5.8.10, pro-

viding a template to convert scalar SoS proofs into SoS proofs for trace versions of the same state-

ment.

Lemma 5.7.11 (Strong convexity of x → xq). Let the function f : x → xq with dom(f) ∈
[
0, 1

(A(ε)n)

]
and q = 2k

2k−1
for some k ≥ 1. Then, ∀x ;= y ∈ dom(f),

9 yq − xq ≥ q(y− x)xq−1 + C(y− x)2 ,

where C = (q−1)
(p−1)(δn)q−2 .
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Proof. Wewqnt to show (with p/(p− 1) = q =⇒ 1/(q− 1) = (p− 1)) that,

yq − xq ≥ q(y− x)xq−1 +
(q− 1)

(p− 1)(δn)q−2 (y− x)2, ∀q ∈ (1, 2].

Let x = a1/(q−1) and y = b1/(q−1). Then,

bp − ap ≥ q(bp−1 − ap−1)a+ (q− 1)
(p− 1)(δn)q−2 (b

p−1 − ap−1)2 .

Dividing both sides by (b− a) (assuming b > aWLOG):

p∑

i=1
bi−1ap−i ≥

p−1∑

j=1
bj−1ap−1−j

(
qa+ (q− 1)

(p− 1)(δn)q−2 (b
p−1 − ap−1)

)
.

We now linearly interpolate between the summands in the LHS by breaking each into a weighted

sum of two terms as,

p∑

i=1
bi−1ap−i =

p−2∑

i=0

[(
1− j

p− 1

)
(bjap−1−j) +

j+ 1
p− 1

(bj+1ap−2−j)

]
,

where we use the fact that p is even and p − 1 is odd. Rewriting the sum in the LHS and RHS from

zero indices yields the following final form,

p−2∑

j=0

[(
1− i

p− 1

)
(biap−1−i) +

i+ 1
p− 1

(bi+1ap−2−i)

]
≥

p−2∑

j=0
bjap−2−j

(
aq+ (q− 1)

(p− 1)(δn)q−2 (b
p−1 − ap−1)

)
.

Re-arranging the terms immediately yields that,

p−2∑

i=0
bjap−2−j

[(
p− 1− j
p− 1

)
a+

(
j+ 1
p− 1

)
b−

(
aq+ (q− 1)

(p− 1)(δn)q−2 (b
p−1 − ap−1)

)]
≥ 0 ,
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which, with a bit of algebra becomes equivalent to showing that,

p−2∑

i=0
bjap−2−j

[(
1− j

p− 1

)
a+

(
j+ 1
p− 1

)
b− qa− (q− 1)

(p− 1)(δn)q−2 (b
p−1 − ap−1)

]

=

p−2∑

i=0
bjap−2−j

[
a (1− j(q− 1)) + b((j+ 1)(q− 1))− aq− (q− 1)

(p− 1)(δn)q−2 (b
p−1 − ap−1)

]

=

p−2∑

i=0
bjap−2−j

[
(q− 1)(b(j+ 1)− aj) + a− aq− (q− 1)

(
bp−1 − ap−1

(p− 1)(δn)q−2

)]

=

p−2∑

i=0
bjap−2−j

[
−a(q− 1) + (q− 1)(j(b− a) + b)− (q− 1)

(
bp−1 − ap−1

(p− 1)(δn)q−2

)]

= (q− 1)
p−2∑

i=0
bjap−2−j

[
(b− a) + j(b− a)−

(
bp−1 − ap−1

(p− 1)(δn)q−2

)]

=divide by (b−a) (q− 1)
p−2∑

i=0
bjap−2−j



(j+ 1)− 1
(p− 1)(δn)q−2




p−2∑

i=0
biap−2−i









Now, clearly j + 1 ≥ 1. Furthermore, since, x = ap−1 and b = yp−1 with the given constraints that

ap−1 ≤ 1
δn and b

p−1 ≤ 1
δn ,

a, b ≤ideal reduction by Lemma 5.7.7
1

(δn)1/(p−1) .

Note that p − 1 is odd, so technically one needs to apply a slightly different version of Lemma 5.7.7

for the case that y = 0, c > 0, x > 0 and there is an odd power. Factoring xp−1 − cp−1 = (x −

c)
∑p−2

i=0 xicp−2−i, separating the terms with even powers as being squared, and then taking xc as a

factor for the odd terms (yielding sums of even squares for the factored terms) yields a SoS proof for

odd-degree ideal reduction in the desired special case. The concluding step in the strong convexity
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argument is to use this ideal reduction and observe that,

biap−2−i ≤ 1
(δn)i/(p−1)

1
(δn)(p−2−i)/(p−1) =

1
(δn)(p−2)/(p−1) =

1
(δn)1−1/(p−1)

=
1

(δn)1−(q−1) =
1

(δn)2−q

=⇒ −
p−2∑

i=0
biap−2−i ≥ −(p− 1) 1

(δn)2−q

=⇒ −1
(p− 1)(δn)q−2

p−2∑

i=0
biap−2−i ≥ 1

(p− 1)
1

(δn)q−2
−(p− 1)
(δn)2−q = 1 .

The above set of inequalities in conjunction with the facts that a, b ≥ 0 and q > 1 finishes the

proof.

5.7.5 AM-GM-type inequality

We state and prove a version of the AM-GM inequality and briefly comment on how to straight-

forwardly extend it to a non-commutative version for symmetric matrices.

Lemma 5.7.12 (Scalar AM-GM inequality). Given any k ∈ Zeven and real-valued variables

x1, . . . , xk, the following holds,

94k
k∏

i=1
xi ≤

1
k

k∑

i=1
xki .

Proof. We proceed by induction on k.

Base case k = 2 For the case that k = 2, the inequality follows by the non-negativity of 1
4(x1 −

x2)2 in conjunction with Lemma 5.7.4.

1
4
(x1 + x2)2 − x1x2 =

1
4
(x21 + x22) +

1
2
x1x2 − x1x2 =

1
4
(x21 + x22)−

1
2
x1x2 =

1
4
(x1 − x2)2 ≥ 0 .
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Furthermore, invoking Lemma 5.7.4 withm = 2 and t = 2 gives,

1
4
(x1 + x2)2 ≤

1
4
21(x21 + x22) =

1
2
(x21 + x22) .

Combing the above two inequalities yields the desired result.

Inductive hypothesis Assume the inequality holds for even powers up to k = 2m,

x1 · · · xk ≤
1
k(x

k
1 + · · ·+ xkk) .

Inductive step Set k′ = 2m+1 = 2k. Now,

1
k

2k∑

i=1
x2ki =

∑k
i=1 x

2k
i

k +

∑2k
j=k+1 x

2k
j

k
2

≥by Lemma 5.7.4

(
xk1+···+xkk

)2

k2 +

(
xkk+1+···+xk2k

)2

k2

2

≥by inductive step
(x1 · · · xk)2 + (xk+1 · · · x2k)2

2

≥by Lemma 5.7.4 with a1 = x1 · · · xk, a2 = xk+1 · · · x2k

(
x1 · · · xk + xk+1 · · · x2k

2

)2
=

1
4
(x1 · · · xk + xk+1 · · · x2k)2

≥by 1
4 (a+ b)2 ≥ ab (x1 · · · xk)(xk+1 · · · x2k) = x1 · · · x2k .

In the event that the even number is not a power of 2, we reduce to the case that it is by adding

“dummy” variables that have a specific value. Let k = 2m and let k′ be the smallest number that

is a power of 2 such that k′ > k. Then, set xkk+1 = · · · = xkk′ =
1
k
∑k

i=1 xki = α and yi = (x1/k
′

i )k as
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a polynomial of radicals of xi. By straightforward algebraic manipulation,

αk′ =
(
1
k

k∑

i=1
xki

)k′

=

(∑k′
i=1 xki
k′

)k′

=

(∑k′
i=1 yk

′
i

k′

)k′

≥by power-of-2 version (y1 · · · yk′)k
′
= yk′1 · · · yk′k′

=
(
xk1 · · · xkk

)(
xkk+1 · · · xkk′

)
=
(
xk1 · · · xkk

)
αk′−k

=⇒ αk ≥
(
xk1 · · · xkk

)
=⇒ by Lemma 5.7.7 with y = 0 and c = ε α ≥ x1 · · · xk + ε .

Note: By a simple symmetrization procedure, the above inequality can be extended to hold for sym-

metric matrices as well. The appropriate lemma is stated as Lemma 5.8.9.

5.8 Sum-of-Squares proofs for Non-Commutative Analytic Inequalities

5.8.1 Matrix Cauchy-Schwarz inequality

We begin by stating a straightforward proof of a matrix Cauchy-Schwarz inequality, which works on

symmetric matrices where the entries are low-degree polynomials in the SoS program variables.

Lemma 5.8.1 (Matrix Cauchy-Schwarz). Given two symmetric matrices A,B ∈ Mn(p(σ)) where

p ∈ R≤d[σ1, . . . σn], the following holds,

{A = AT,B = BT} 9 〈A,B〉2 ≤ ‖A‖2F‖B‖
2
F .

Proof. The proof follows by simply “flattening” the matrices into a n2-dimensional vector, and
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applying the SoS proof for the standard Cauchy-Schwarz inequality.

‖A‖2F‖B‖
2
F − 〈A,B〉

2 = Tr
[
ATA

]
Tr
[
BTB

]
−
(
Tr
[
ATB

])2

=




n∑

i1,j1=1
A2
i1,j1








n2∑

i2,j2=1
B2i2,j2



−




n∑

j=1
〈colj(A), colj(B)〉




2

=




n∑

i1,j1=1
A2
i1,j1








n2∑

i2,j2=1
B2i2,j2



−




n∑

i,j=1
AijBij




2

=




∑

(i1,j1);(i2,j2)
Ai1,j1Bi2,j2 − Ai2,j2Bi1,j1




2

≥ 0 .

5.8.2 The 2-∞-2 Matrix Hölder’s inequality

We state low-degree SoS proofs for Matrix versions of Hölder inequalities with (2,∞, 2) and (1,∞)

conjugate pairs. The general form of Hölder’s inequality for matrices is typically proved using the

weak majorization of singular values, however, these proofs are not low-degree SoS proofs.

Lemma 5.8.2 ((2,∞, 2)-Matrix Hölder’s Inequality). Given two PSD symmetric matrices A,B ∈

Mn(R), the following holds,

{0 I A, 0 I B,B = λ Id−CCT} 94deg(xTBx) Tr
[
ABAT

]
≤ λ‖A‖2F .

Proof. We begin by giving a deg(xTBx) SoS proof that,

Tr
[
ABAT

]
≤ Tr

[
A(λ Id)AT

]
= λTr

[
AAT

]
= λ‖A‖2F .
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Observe the fact that B = λ Id−CCT by the system of axioms and, therefore, for every x ∈ R,

xT(A(λ Id)AT − ABAT)x = λxT(AAT) Id x− (ATx)TB(ATx)

= λyTy− yTBy = λ‖y‖22 − yTBy

= λ‖y‖22 − (λ‖y‖22 − yTCCTy)

=
∥∥∥CTy

∥∥∥
2

2
≥ 0 ,

where we used the fact that 0 ≤ ‖B‖
op

= λ Id−CCT by our axioms. We now show that Tr
[
ABAT

]
≤

λTr
[
AAT

]
= λ‖A‖2F permits a low-degree SoS proof.

λTr
[
AAT

]
− Tr

[
ABAT

]
= λ

( n∑

i=1
eTi (AAT)ei

)
−
( n∑

i=1
eTi (ABAT)ei

)

=

( n∑

i=1
eTi
(
A(λ Id)AT − ABAT

)
ei

)
≥ 0 .

5.8.3 The 1-∞Matrix Hölder’s inequality

Lemma 5.8.3 ((1,∞)-Matrix Hölder’s Inequality). Given two symmetric matrices A,B ∈ Mn(R),

the following holds,

{A = λ Id−CCT, 0 I B = DDT} 94 〈A,B〉 ≤ ‖A‖op ‖B‖1 .

Proof. The proof for this is similar to the proof of Lemma 5.8.2. Note that,

〈A,B〉 = Tr
[
ATB

]
≤ Tr[λ IdB] = λTr[B] .
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A SoS proof for this is as follows,

‖A‖
op
‖B‖1 − 〈A,B〉 = λTr[B]− Tr

[
ATB

]
= Tr

[
(λ IdB− ATB)

]
= Tr

[
(λ Id−AT)B

]

= Tr
[
(λ Id−(λ Id−CCT)T)B

]
= Tr

[
(CCT)TB

]

= Tr
[
CCTDDT

]
= Tr

[
C(DTC)TDT

]
= Tr

[
DTC(DTC)T

]

= Tr
[
((DTC)T)T(DTC)T

]
=
∥∥∥(DTC)T

∥∥∥
2

F
≥ 0 .

5.8.4 The Araki–Lieb–Thirring inequality

We prove a special case of the Araki–Lieb–Thirring inequality via sum-of-squares proofs. First we

handle the power-2 case for illustrative purposes and as a base case.

Lemma 5.8.4. Let A and B be symmetric matrix variables. Then

9
{
TrABAB ≤ TrA2B2

}
.

Proof.

tr(AB− BA)(AB− BA)T ≥ 0

=⇒ trABBA− trABAB− trBABA+ trBAAB ≥ 0

=⇒ 2 trA2B2 − 2 trABAB ≥ 0 .

Next we handle a general asymmetric version of the inequality as a lemma to demonstrate the gener-

248



alization of Lemma 5.8.4 to higher powers.

Lemma 5.8.5. Let p = 2k for k ∈ N. Then

9 {trU2p ≤ tr
(
UTU

)p
} .

Proof.

(Up − (UT)p)(Up − (UT)p)T = Up(Up)T + (Up)TUp − U2p − (UT)2p

which shows that, using the cyclic property of the trace, its invariance to transpose, and the fact that

the trace of a PSDmatrix is non-negative,

9 {trU2p ≤ tr
(
UT
)p
Up} .

Similarly, letting q = p/2,

[Uq(UT)q − (UT)qUq][Uq(UT)q − (UT)qUq]T

= Uq(UT)2qUq + (UT)qU2q(UT)q − [Uq(UT)q]2 − [(UT)qUq]2

which shows that

9 {tr
(
UT
)p
Up ≤ tr

[
(UT)p/2Up/2

]2
} .

Continuing on in this manner and chaining the inequalities, we have

9 {trU2p ≤ tr
(
UTU

)p
} .
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Finally we show the inequality for all powers of 2.

Theorem 5.8.6. Let A and B be symmetric matrix variables and let p = 2k for k ∈ N. Then

9
{
tr(AB)p ≤ trApBp

}
.

Proof. We prove this by induction, with base case given by Lemma 5.8.4. Assume by inductive

hypothesis (taking the substitution p→ p/2, A→ A2, and B→ B2) that

9
{
tr
(
A2B2

)p/2 ≤ trApBp
}
.

Then all that remains is to show that

9
{
tr(AB)p ≤ tr

(
A2B2

)p/2}
.

This follows from Lemma 5.8.5 by takingU = AB and using the cyclic property of the trace.

5.8.5 Matrix Hölder’s inequality for dyadic norms

The following is the Schatten norm version of Hölder’s inequality with p = 4 and q = 4/3,

reformulated to be a polynomial inequality. We handle this special case first for illustrative purposes

and as a base case before generalizing to larger p.

Lemma 5.8.7. Let A and B be symmetric matrix variables. Then

9
{
(trA3B)4 ≤ (trA4)3(trB4)

}
.
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Proof. First,

(trA3B)2 =
〈
A2,AB

〉2

≤
∥∥A2∥∥2

2‖AB‖
2
2

= (trA4)(trABAB)

by the Cauchy-Schwarz inequality.

By applying Lemma 5.8.4 to the above,

(trA3B)2 ≤ (trA4)(trA2B2) .

Finally, by another application of Cauchy-Schwarz,

(trA3B)4 ≤ (trA4)2(trA2B2)2 ≤ (trA4)3(trB4) .

Next we generalize this to the Schatten norm version of Hölder’s inequality with p = 2k and q =

1+ 1/(2k − 1)

Lemma 5.8.8. Let A and B be symmetric matrix variables. Let p = 2k for k ∈ N. Then

9
{
(trAp−1B)p ≤ (trAp)p−1(trBp)

}
.

Proof. We show this inductively, assuming that

9
{
(trXp/2−1Y)p/2 ≤ (trXp/2)p/2−1(trYp/2)

}
.
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By taking X = A2 and Y = AB in the above, we get

(trAp−1B)p/2 ≤ (trAp)p/2−1(tr (AB)p/2) .

By applying Theorem 5.8.6 to get tr (AB)p/2 ≤ trAp/2Bp/2,

(trAp−1B)p/2 ≤ (trAp)p/2−1(trAp/2Bp/2) .

By squaring both sides,

(trAp−1B)p ≤ (trAp)p−2(trAp/2Bp/2)2 .

Finally, by another application of Cauchy-Schwarz,

(trAp−1B)p/2 ≤ (trAp)p−1(trBp) .

We now give a statement that can be obtained by a straightforward generalization of Lemma 5.7.12.

5.8.6 Matrix AM-GM-type inequality

Lemma 5.8.9 (Matrix AM-GM-type inequality). Given k ∈ Zeven and symmetric matrices

M1, . . . ,Mk ∈Mn(R), the following holds true,

9∏k
i=1 deg(Mi)

tsym[M1, . . . ,Mk] ≤
1
k

k∑

i=1
Mk

i ,
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where,

tsym[M1, . . . ,Mk] :=
∑

π∈Sk

∏

i∈[k]
Mπ(i) .

Proof. The proof follows exactly the same structure as in Lemma 5.7.12 with the small change in-

troduced by the non-commutativity of the symmetrization that needs to be applied in the matrix

case.

5.8.7 Strong trace convexity for dyadic norms

Lemma 5.8.10 (Strong convexity for TrMq). Given a symmetric PSDmatrix 0 I X I 1
δn Idn, and

some q ∈ (1, 2] with q = p
(p−1) =

2k
2k−1

, there is a low-degree SoS proof that,

X→ Tr[Xq] ,

is (q−1)
(p−1)(δn)q−2 -strongly convex.

Proof. The proof follows by making the standard SoS proof in Lemma 5.7.11 amatrix SoS proof.

We briefly sketch the proof by providing a template for how to “lift” scalar SoS proofs into matrix

SoS proofs (for symmetric PSDmatrices) that immediately yield SoS proofs for trace versions of a

scalar inequality.

Step-1: PSD radicals Much in the same way SoS proofs can be made over variables that are

radicals of the base variable to handle fractional powers, the same can be done with symmetric PSD

matrices by recursively factorizing them into square roots (that are also PSD). This simply requires

that the underlying fractional power by diadic, which it is (in our case). Therefore, we set,

a = Y1/(p−1) , b = X1/(p−1) .
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Step-2: Commutators Note that, in a non-commutative ringR overR, for any a, b ≥ 0 and

a > b, it is the case that,

(a− b)




p−1∑

i=0
aibp−1−i



 = ap − bp +
p−1∑

i=1
[ai, b]bp−1−i .

If we assume that the ring has an involution operator T : R→ R then note that for every symmetric

a, b ∈ R, a cyclic linear functional Tr : R→ R acts as,

Tr
[
[ai, b]c

]
= Tr[(ab− ba)c] = Tr[abc− bac] = Tr[abc]− Tr[bac]

=cyclic action of Tr Tr[abc]− Tr[cba] =symmetric Tr[abc]− Tr
[
cTbTaT

]
= Tr[abc]− Tr

[
(abc)T

]
= 0 .

The above immediately implies that,

Tr



(a− b)




p−1∑

i=0
aibp−1−i







 = Tr[ap − bp] +
p−1∑

i=1
Tr
[
[ai, b]bp−1−i] = Tr[ap]− Tr[bp] .

Using this on the desired statement of strong trace convexity (under radicals), a little bit of algebra

yields the following,

= Tr[ap − bq] ≥ Tr



(a− b)




p−2∑

j=0
ajbp−2−j



(qa− C(ap−1 − bp−1)
)


+

CTr




p−2∑

i=1
[ai, b]bp−2−i(ap − bp)



− qTr




p−2∑

i=1
[ai, b]bp−2−ia





≡ Tr



(a− b)




p−1∑

i=0
aibp−1−i







 ≥ Tr



(a− b)




p−2∑

i=0
aibp−2−i



(qa− C(ap−1 − bp−1)
)




≡ Tr



(a− b)




p−1∑

i=0
aibp−1−i −

p−2∑

i=0
aibp−2−i (qa− C(ap−1 − bp−1)

)






 ≥ 0
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≡ Tr



(a− b)
p−2∑

i=0




(
1− j

p− 1

)
(ajbp−1−j) +

j+ 1
p− 1

(aj+1bp−2−j)−
p−2∑

i=0
aibp−2−i (qa− C(ap−1 − bp−1)

)






 ≥ 0 .

By introducing extra commutators to deal with the remaining factorization, a similar computation

as the one above pushes the proof through similar to the approach in the scalar case.

5.9 Semi-Definite Encodings &Maximum Entropy Constraints

5.9.1 EncodingMaximum-Entropy Constraints into the SDP

We briefly describe how to encode the maximum-entropy constraints into the semi-definite pro-

gram by introducing the required auxiliary variables and using the definition of hierarchical pseudo-

distributions.

The cumj [vi | vi−1] = 0 constraint This constraint follows by a standard linearization trick

where we assert that the (pseudo)cumulants of degree j ∈ [1/ε] \ {2} of the pseudo-distribution

are identically 0. The linearization simply replaces all products in the summands of the pseudo-

cumulants with new variables and uses these as the variables for the pseudo-expectation operator in

a new PSDmatrix.

(
w
⊗1/ε
i w

⊗1/ε
i

)T
H 0 ,

{〈
fmomj(w⊗1/ε

i ),APj

〉
= 0
}

.

In the constraints above, every entry (APj)i1,...,ij of the flattened tensor contains rows which give the

prefix to the summands in the pseudo-cumulants over the lattice of partitionsP(i1, . . . , ij) (Equa-
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tion 5.12). Furthermore, fmomj
(
Ẽi
[
vivTi | vi−1

])
refers to a tensor so that every entry i1, . . . , ij of

cumj (vi | vi−1) ∈ ∨jRn is seen as,

cumj
(
vivTi | vi−1

)

i1,...,ij
=

∑

P(i1,...,ij)
(|π|− 1)!(−1)|π|−1fmomj(w⊗1/ε)j1,...,j|B|

=
〈
fmomj(w⊗1/ε),APj

〉
= 0 ,

where,

fmomj(w⊗1/ε)j1,...,j|B| :=
∏

B={j1,...,j|B|}∈b(π)
Ẽ
i

[
vivTi | vi−1

]

j1,...,j|B|
∈ ∨|B|Rn .

This implies that the constraints on every index i1, . . . , ij can be seen as linear combinations of the

linearization of the pseudo-moments of Ẽi[vivTi | vi−1]. Note that each of these terms can be ex-

plicitly represented using the super-symmetric eigendecomposition of the even moments of a multi-

variate normal distributions (Lemma 5.3.1).

The
∥∥E[vivTi | vi−1]

∥∥
op
≤ 1+on(1)

A(ε)n constraint This constraint uses the matrix Sum-of-

Squares framework (Section 5.10) to encode the constraint on the operator norm of the conditional

pseudo-variance matrix of every iterate variable vi. The constraint translates to the following two

constraints,

E[vivTi | vi−1] I
1+ on(1)
A(ε)n Id , −E[vivTi | vi−1] I

1+ on(1)
A(ε)n Id

which is encoded using slack matrices Si,1 and Si,2 ∈ Rn×k as,

E[vivTi | vi−1] =
1+ on(1)
A(ε)n Id−Si,1STi,1 ,
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and,

E[vivTi | vi−1] = Si,2STi,2 −
1+ on(1)
A(ε)n Id .

5.9.2 Chain rules forHigh Entropy Pseudo-distributions

Lemma 5.9.1 (Chain rule for spectral norm of pseudo-moments). Let j and k be integers. Let x

and y be random vector-valued variables such that
∥∥E[(x⊗j)(x⊗j)T]

∥∥
op
≤ α and the conditional

distribution of y satisfies
∥∥E[(y⊗k)(y⊗k)T | x = v]

∥∥
op
≤ β for all v in the support of x. Then

∥∥∥E
[
(x⊗j ⊗ y⊗k)(x⊗j ⊗ y⊗k)T

]∥∥∥
op
≤ αβ. (5.46)

Proof. We first begin by a rewrite of the moment matrix in a more convenient algebraic form that

will be useful during the calculations.

E
[
(x⊗j ⊗ y⊗k)(x⊗j ⊗ y⊗k)T

]
= E

[(
x⊗j(x⊗j)T

)
⊗
(
y⊗k(y⊗k)T

)]
. (5.47)

We will make y independent of x in the calculation below adding the PSDmatrix,

β Id−y⊗k(y⊗k)T .

Doing so will give an extremal case of the desired inequality. Now, we apply a Tensor-Product-

operator norm bound in conjunction with some algebra as follows,

∥∥∥E
[
(x⊗j ⊗ y⊗k)(x⊗j ⊗ y⊗k)T

]∥∥∥
op

=
∥∥∥E
[(

x⊗j(x⊗j)T
)
⊗
(
y⊗k(y⊗k)T

)]∥∥∥
op

=

∥∥∥∥∥

∫

v∈ supp(x)
dP[x = v]

(
v⊗j(v⊗j)T

)
⊗E

[
y⊗k(y⊗k)T

∣∣ x = v
]∥∥∥∥∥

op
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≤

∥∥∥∥∥

∫

v∈ supp(x)
dP[x = v]

(
v⊗j(v⊗j)T

)
⊗E [β Id

∣∣ x = v
]
∥∥∥∥∥
op

=

∥∥∥∥∥

∫

v∈ supp(x)
dP[x = v]

(
v⊗j(v⊗j)T

)
⊗ β Id

∥∥∥∥∥
op

= β

∥∥∥∥∥

∫

v∈ supp(x)
dP[x = v]

(
v⊗j(v⊗j)T

)
⊗ Id

∥∥∥∥∥
op

= β
∥∥∥E

x

[(
x⊗j(x⊗j)T

)]
⊗ Id

∥∥∥
op

= β
∥∥∥E

x

[(
x⊗j(x⊗j)T

)]∥∥∥
op
≤ αβ .

The above proof can be made a SoS proof by using the hierarchical conditional expectation operator

Ẽ[· | ·] in place of conditional expectations and using the fact that the operator-norm bound on the

conditional moments can be expressed in matrix SoS with a slack variable.

We now state and give the proof of a similar chain rule for Frobenius norms.

Lemma 5.9.2 (Chain rule for Frobenius norm of pseudo-moments). Let j and k be integers. Let x

and y be random vector-valued variables such that,

∥∥∥Ẽ
x
[(x⊗j)(x⊗j)T]

∥∥∥
2

F
≤ αj ,

∥∥∥∥Ẽy [(y
⊗k)(y⊗k)T | x = v]

∥∥∥∥
2

F
≤ βk .

Then, the following holds,

∥∥∥∥Ẽx,y
[
(x⊗j ⊗ y⊗k)(x⊗j ⊗ y⊗k)T

]∥∥∥∥
2

F
≤ αjβk . (5.48)

Proof. This lemma essentially allows one to bound the second moments (and equivalently cumu-

lants) of the pseudo-distribution over the joint variables x, y given maximum entropy constraints

on x and y. The proof follows by introducing replicas and then using the maximum-entropy con-
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straints.

∥∥∥∥Ẽx,y
[
(x⊗j ⊗ y⊗k)(x⊗j ⊗ y⊗k)T

]∥∥∥∥
2

F

=

〈
Ẽ
x,y

[
(x⊗j(x⊗j)T)⊗ (y⊗k(y⊗k)T)

]
, Ễ
x,̂y

[
(x̂⊗j(x̂⊗j)T)⊗ (ŷ⊗k(ŷ⊗k)T)

]〉

=

〈
Ẽ
x

[
(x⊗j(x⊗j)T)⊗

(
Ẽ
y

[
y⊗k(y⊗k)T

])]
, Ễ
x

[
(x̂⊗j(x̂⊗j)T)⊗

(
Ễ
y

[
ŷ⊗k(ŷ⊗k)T

])]〉

= Ẽ
x
Ễ
x

[〈
(x⊗j)(x⊗j)T, (x̂⊗j)(x̂⊗j)T

〉〈
Ẽ
y

[
(y⊗k)(y⊗k)T | x

]
, Ễ
y

[
(ŷ⊗k)(ŷ⊗k)T | x̂

]〉]

= Ẽ
x
Ễ
x

[〈
(x⊗j)(x⊗j)T, (x̂⊗j)(x̂⊗j)T

〉(
Ẽ
y

[
(y⊗k)(y⊗k)T | x

])2
]

≤ βk

〈
Ẽ
x

[
(x⊗j)(x⊗j)T

]
, Ễ
x

[
(x̂⊗j)(x̂⊗j)T

]〉

≤ αj · βk .

It is straightforward to see that the proof above is a degree-O(jk) SoS proof under the maximum-

entropy constraints.

We now state a helper lemma used to show that the higher-order derivatives have negligible (certifi-

able) contribution to the energy under the suitable maximum-entropy constraints.

Lemma 5.9.3. Given the maximum-entropy constraints that,

κ̃j [v | u] = 0 , ∀j ∈ {1, 3, 4, 5, . . . , d} ,
∥∥∥Ẽ[vvT | u]

∥∥∥
q

q
≤
(
(1+ ε)

δn

)q−1
,

∥∥∥Ẽ[vvT | u]
∥∥∥
2

F
≤ O(1+ on(1))

n ,
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the following bound on the frobenius norm of the pseudo-moment matrix holds,

∥∥∥Ẽ
[
v⊗2i | u

]∥∥∥
2

F
≤

Oε,δ,d(1)
ni , (5.49)

for every i ∈
[d
2
]
.

Furthermore, there is a matrix representation V of Ẽ[v⊗2i | u] such that {V H 0} and

{
TrV ≤

Oε,δ,d(1)
n7i/28

}
,

implying that {〈
M, Ẽ[v⊗i(v⊗i)T | u]

〉
≤ Oε,δ,d(1)

‖M‖
op

ni

}

wheneverM is supersymmetric.

Proof. We show the Frobenius norm bound by expanding the sum and using the cumulant con-

straint to expand into a sum over perfect matchings over 2i vertices (with arbitrary choice of dimen-

sions) and then applying Hölder’s inequality.

∥∥∥Ẽ
v

[
v⊗2i | u

]∥∥∥
2

F
= Tr

[(
Ẽ
v

[
(vvT)⊗i | u

])2]
=
∑

j1,...,j2i

Ẽ
v

[
vj1,...,j2i | u

]2

=moment-cumulant formula
∑

j1,...,j2i




∑

σ∈P(j1,...,j2i)

∏

b∈σ
κ̃|b| [v | u]b




2

=maximum-entropy constraint on cumulants
∑

j1,...,j2i




∑

M∈M2i(1,...,2i)

∏

e∈M
Ẽ
v
[ve | u]




2

≤by Lemma 5.7.4 |M2i|
∑

j1,...,j2i

∑

M∈M2i(1,...,2i)

∏

e∈M
Ẽ
v
[ve | u]2

= |M2i|
∑

M∈M(1,...,2i)

∑

j1...,j2i

∏

e∈M
Ẽ
v
[ve | u]2
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= |M2i|2
∑

j1,...,j2i

i∏

k=1
Ẽ
v

[
vj2k−1vj2k | u

]2

= |M2i|2
∥∥∥Ẽ

v

[
vvT | u

]∥∥∥
2i

F
≤ |M2i|2

(∥∥∥Ẽ
v

[
vvT | u

]∥∥∥
2

F

)i

≤ |M2i|2
(
O(1+ on(1))

n

)i
.

The last implication claimed in the lemma statement follows from Proposition 2.9.3 and Lemma 5.8.3.

5.10 Matrix Sum-of-Squares Proofs: Truncated Pre-orderings and Convex

cones

In establishing an analog to a maximum-entropy constraint for pseudo-expectations, it will be neces-

sary to reason about the positive-semidefiniteness of matrix polynomials over pseudo-distributions.

A typical maximum-entropy analog will be of the form ẼD(c Id−xxT) I 0 for some c. To this

end, we lay the groundwork for matrix polynomial constraints on pseudo-distributions and matrix

sum-of-squares proofs.

In the same way the scalar sum-of-squares optimization framework is framed by the Krivine-Stengle

Positivstellensatz, there is an analogous Positivsemidefinitheitsstellensatz supporting matrix sum-

of-squares optimization [130]. The notion of scalar sum-of-squares proofs over axioms (expressed

as polynomial inequalities) is captured by truncated preorderings, sets of polynomials containing

1 that are closed under addition and also closed under multiplication by any square polynomial.

Analogously, quadratic modules in matrix sum-of-squares are the sets of symmetric matrix polyno-

mials, containing the one-dimensional identity matrix, that are closed under addition and also under

conjugation by any symmetric matrix polynomial.
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The relevant result is Theorem 14 (Positivsemidefinitheitsstellensatz). Translated to the language of

polynomial matrices over the reals, it states that F H 0 on the set whereG1 H 0, . . .Gm H 0 if and

only if there exists k ∈ N and B and Cmatrices in the quadratic module generated byG1, . . . ,Gm

such that FB = BF = F2k + C. We can relax this so that we only consider proofs of the form F = C

where C is in the aforementioned truncated preordering, meaning that C is a sum of terms of the

form AGiAT and AAT.

Matrix sum-of-squares proofs generalize polynomial sum-of-squares: a scalar polynomial constraint

{f ≥ 0} in the matrix sum-of-squares setting is notational shorthand for an 1× 1 matrix polynomial

constraint {[f] ≥ 0}. Matrix polynomials used in constraints will always be symmetric as matrices.

We writeD |=! {M1(x) H 0, . . . ,Mm(x) H 0} if ẼD H
(⊗

i∈S Mi
)
HT H 0, for every multiset

S consisting of elements of [m] and every matrix polynomialH that validly left-multiplies
⊗

i∈S Mi

such that |S|# + 2 deg(H) ≤ d. The tensor product may be taken in any order since the different

orderings are related to each other via conjugation by a permutation matrix.

For a d×dmatrix A(x)with entries that are polynomials in x, we write {M1(x) H 0, . . . ,Mm(x) H

0} 9! {A H 0} if there exists some k and a sequence of matrix polynomials (PS,j(x))S⊆[r],j∈[m] such

that

A =
∑

S⊆[m],j∈[k]
PS,j

(
⊗

i∈S
Mi

)
PS,jT ,

where each of the summands have degree at most #, and where the empty tensor product is defined

as the one-dimensional identity matrix. Some special cases are 90 {Id H 0}, {A H 0} 9deg(PAPT)

{PAPT H 0} for every matrix P that validly conjugates A, and {f ≥ 0,M H 0} 9deg(fM) {fM H

0}.

Matrix sum-of-squares proofs satisfy all of the same inference rules as given above for polynomial

sum-of-squares proofs, except that the multiplication rule is replaced by the following matrix ana-
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log:

A 9! {A H 0}, A 9!′ {B H 0}
A 9!+!′ {A⊗ B H 0} . (tensor product)

This rule follows from the observation that A = MFMT and B = NGNT implies A ⊗ B =

(M⊗N)(F⊗ G)(M⊗N)T.

The same complexity and soundness properties hold for the matrix case as in the scalar case, and

furthermore the proofs are of identical substance.

Theorem 5.10.1. There exists a (n+ |A|)O(d)-time algorithm that, given any explicitly bounded and

satisfiable systemA of matrix polynomial constraints in n variables, outputs (up to arbitrary accuracy)

a degree-d pseudo-distribution that satisfiesA.

Lemma 5.10.2 (Soundness). If D |=! A for D a pseudo-distribution andA a system of matrix

polynomial constraints, and there exists a matrix sum-of-squares proofA 9!′ B, then D |=!·!′ B.

5.10.1 Spectral norms of matrix formal variables

We may sometimes write a constraint as {‖M‖ ≤ α}, which is understood as equivalent to the pair

of constraints {M I α Id,−M I α Id}.
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