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Abstract

Modern optimization problems emerging in statistics and signal processing are increasingly
high dimensional and thus scalable numerical techniques are needed to analyze these prob-
lems. In this dissertation, we consider primal-dual methods for constrained optimization on
Riemannian manifolds.

In the first chapter of this dissertation, we propose a distributed regularized primal-dual
method in conjunction with the sample average approximation approach to stochastic
optimization. The proposed algorithm requires projection onto the feasible set. Furthermore,
in the proposed algorithm, the norm of the Lagrangian multipliers are controlled by
augmenting the corresponding Lagrangian function with a quadratic regularization term
on the Lagrangian multipliers. Specifically, we show that when the step-size of the primal-
dual algorithm satisfies a certain condition, the norm of the Lagrangian multipliers is
upper bounded by an expression that is inversely proportional to the parameter of the
regularization. We use this result to compute upper bounds on the sub-gradients of the
Lagrangian function. We prove a convergence rate for attaining the optimal objective value.
We also demonstrate a trade-off between the convergence rate to the optimal objective value,
and the decay rate of the constraint violation, in the sense that improving the convergence
rate slows the decay rate of the constraint violation and vice versa. We demonstrate the
convergence of our proposed algorithms numerically for distributed regression with the
hinge and logistic loss functions over different graph structures.

In the second chapter, we propose a projection-free primal-dual method via optimization

on Riemannian manifolds. More specifically, we consider a stochastic primal-dual method
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for constrained optimization over Riemannian manifolds with bounded sectional curvature.
We prove non-asymptotic convergence to the optimal objective value. For the class of
hyperbolic manifolds, we establish a convergence rate that is related to the sectional
curvature lower bound. We prove a similar convergence for the elliptic manifolds, using
Toponogov’s comparison theorem. In particular, we compare the elliptic manifold with
a positive sectional curvature to the model space (in this case sphere). By analyzing the
convergence of our algorithm on the model space, we in turn characterize the convergence
on the elliptic manifolds with a positive sectional curvature.

We demonstrate the performance of the stochastic primal-dual algorithm on the sphere
for the non-negative principal component analysis (PCA). More specifically, for the sym-
metric spiked covariance model and under the non-negativity constraint on the principle
component, we empirically show that the stochastic primal-dual method outperforms the
spectral method. We also examine the performance of the primal-dual method for the
anchored synchronization from partial noisy measurements of relative rotations on the
Lie group SO(3). Lastly, we show that the primal-dual algorithm can be applied to the
weighted MAX-CUT problem under constraints on the admissible cut. Specifically, we
propose different approximation algorithms for the weighted MAX-CUT problem based on
optimizing a function on the manifold of direct products of the unit spheres as well as the

manifold of direct products of the rotation groups.
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Chapter 1

Introduction

Stochastic optimization is a collection of techniques for minimizing or maximizing an
objective function that involves the expectation of a random variable. Over the last few
decades, mathematical programming for stochastic optimization has become an important
discipline that has a wide range of applications in computer science, engineering, and
statistics.

To make stochastic optimization problems tractable, various structural assumptions are
normally considered. These assumptions include limits on the decision space, convexity
of the objective function and the constraints, data generation model, etc. To examine these
assumptions, we begin by introducing some formal concepts and notations in the sequel.
Let X be the domain of all feasible decisions and x a specific decision. We would like to
search over X to find a decision that minimizes a cost function F. Let { € E denotes random
variable with the distribution P that is available only after the decision is made. Consider

the following stochastic optimization problem

min £(x) @ Ep[F(x )] 2 [ F(x:0)dP(E) (1.1a)
subject to : I (x) <0, k=1,2,---,m. (1.1b)

where {F(-;{),¢ € E} and {h} are collections of real valued functions defined on the

feasible set X', and P is a probability measure on Z. Throughout the paper, we denote an



optimal solution of the problem in egs. (1.1a)-(1.1b) by x* € &.

To goal of stochastic optimization is to compute an optimal solution x* of the problem in
egs. (1.1a)-(1.1b), using an iterative (sequential) method. Specifically, at each iteration t € IN,
an estimation x; of x* is computed, using the first-order or second-order information of the
involved cost functions and constraints in egs. (1.1a)-(1.1b), such that x; — x* as t — co.

The assumptions about the structure of the optimization problem such as how data are
generated or processed can varies depending on the application. Each application has a
set of assumptions, such as observational data with exogenous noise in statistical inference
problems, or generative data with endogenous noise in engineering design problems. Since
the solution methods are tied to the structural assumptions, each method leverages a certain

set of assumptions to efficiently solve a subclass of optimization problems.

1.1 Structural Assumptions

There are several structural assumptions regarding the stochastic optimization problem in
egs. (1.1a)-(1.1b). In the sequel, we classify these assumptions following the treatment of

Hannah (2015):

Data Structure (Batch vs. Online Optimization) In the batch model, all the samples
(F(x;8i))4,C1, -+ ,Cu ~ P are available for solving the optimization problem. Such
optimization problems emerges in clustering, regression, prediction, as well as estimation
and detection of a signal via maximizing the likelihood function.

In contrast, in online (streaming) optimization model, the samples are observed sequen-
tially, that is, training data arrive one-by-one, cannot be stored in memory for long, and
should be processed as soon as possible. The online optimization models emerge in variety
of applications such as online PCA, e.g. Feng et al. (2013), and reinforcement learning, e.g.

Chen and Wang (2016).



Oracle Model (Constructive vs. Black Box) The oracle model determines the way data is
generated in the stochastic optimization. In the constructive model, the function F(x;¢) can
be evaluated at any x € X, given ¢ € E. In contrast, in the black box model of optimization,
the information about stochastic function F(x;¢) (such as gradient) can only be generated
at a single query point x € X, given ¢ € E. The black box optimization is particularly
a relevant model in training neural networks, where the underlying risk function is not

known.

Data type (Observational vs. Generative) Data are observational if the samples (x;, F(x;; &))",
are given a priori and fresh samples cannot be generated. An example would be using n
observations to fit a parametric statistical model. In contrast, in the generative model, fresh
samples can be obtained. For instance, in the reinforcement learning applications Chen
and Wang (2016), fresh samples can be obtained by taking an action in a given state and

incurring a penalty (or receiving a reward).

Noise generation (Exogenous vs. Endogenous) The random variable ¢ is exogenous if
the decision x does not affect the distribution of {. Likewise, noise is endogenous if the
choice of x may affect the distribution of ¢.

For instance, in Markov Decision Processes (MDPs), the uncertainty is endogenous and
depends on the decider’s actions. In contrast, in a variant of MDPs, called Markov Chance-
Decision Processes (MCDPs), the decision process alternates between observing uncertain
inputs and deterministic actions, and thus the uncertainty is exogenous. See Hentenryck
and Bent (2009) for discussion about the exogenous and endogenous models of Markov

decision processes.!

1.2 Optimization Approaches

In practice, the objective function f(x) in eq. (1.1a) is implicit due to the following reasons:

The author would like to thank Professor David Parkes for pointing out the reference to him.



¢ The underlying distribution P is unknown. In this case, Monte Carlo methods are

used to draw samples 1, -+, ¢, ~ P.

¢ Even when P is known, computing the integral in eq. (1.1a) may be difficult or

inefficient when ¢ is high dimensional.

Consequently, optimization methods to solve eqgs. (1.1a)-(1.1b) rely on the Monte Carlo
approximation methods for the stochastic objective function. In the sequel, we consider two
approximation techniques for the stochastic optimization. To simplify the discussion, in the

rest of this chapter, we ignore the inequality constraints in eq. (1.1b).

1.2.1 Sample Average Approximation (SAA)

In the sample average approximation (a.k.a. empirical risk minimization), the empirical
average of the risk function is minimized in lieu of the population objective, i.e., the following

deterministic minimization problem is solved

def = F 1.2
%g}fn n g X; Cz ( a)
subject to : I (x) <0, k=1,2,---,m, (1.2b)

where ¢y, -+, ~ P areii.d. samples.

Consistency of SAA estimators

Theoretical properties of SAA estimates is well-understood, see Shapiro (1991), Shapiro
(2003), Shapiro and Xu (2008). Most theoretical results follow directly from the the law of
large numbers and central limit theorem due to the construction of SAA. In the following,
we summarize some of the results of Shapiro and Xu (2008) regarding the consistency of the
SAA method.

It is known that the sample average function fn(x) converges with the probability one



(w.p.1) to the expected value f(x) uniformly in x € X, i.e.,

lim < sup |/ (x) —f(x)‘ =0, (1.3)
n—oo XGX

when the following regularity conditions holds

(C1) The set X is compact.

(C2) For a.e. ¢ € E, the function F(+;{) is continuous on X.

(C3) {F(x;)}xex is dominated by the integrable function, i.e., there is a P-integrable

function ¢(&) such that sup, ., |F(x;5)| < ¢(G) for ae. ¢ € E.

The assumption (C3) holds, e.g. if |F(x;¢)| < C and some C € R for all (x,§) € X x E. This,
in turn, holds if F(-, -) is continuous, and X is compact.

It is possible to determine the rate of convergence, using Cramér’s Large Deviation
Theorem. In particular, define the moment generating function of the random variable

F(x;&(w)) — f(x) as follows
My (1) £ Elexp (H(F(x;:§(@)) — f(x)))): (14)

Furthermore, consider the following assumptions:

(C1") For every x € X, the moment generating function is finite valued for all ¢ in the

neighborhood of zero,

(C2’) There exists a measurable function « : & +— IRy and constant v > 0 such that
[F(x;¢) = F(x;0) < x(@)]lx" — x]|7, (1.5)
forall¢ € E,and all x,x" € X.

(C3’) The moment generating function M, (t) of x(&(t)) is finite valued for all f in a neigh-

borhood of zero.

Conditions (C1’) and (C3’) means that the probability distribution of the random variable

F(x,¢) and x(&(t)) dies exponentially fast in the tail, respectively. Assumptions (C1’) and

5



(C3’) holds when the corresponding random variables have a distribution supported on a

bounded subset of IR. The following theorem is now proved in Shapiro and Xu (2008):

Theorem 1.1. (SHAPIRO AND XU, 2008, THEOREM 5.1) Suppose that conditions (C1°)-(C3’) hold
and the set X is compact. Then, for any ¢ > 0, there exists positive constants C = C(¢) and
B = B(e) independent of n such that

P {sup |ful(x) = f(x)| > e} < C(e)e P, (1.6)

xek
Under more stringent conditions, including Lipschitz continuity of F(-,¢), convexity of
F(x,¢) and &, and f(x) having a unique optimum x. € X, a similar result holds for the

optimal value
nt[x; — x*] 5 N(0,02(x")), (1.7)

where x;, and x* denotes the optimum of optimization problems in egs. (2.1a)-(2.1b), and
egs. (2.2a)-(2.2b), respectively, and 4 denotes convergence in distribution.

The limiting Gaussian distribution in eq. (1.7) can be used to determine the number
of samples needed to generate an e-optimal solution with at least probability 1 —a. An
e-optimal solution is defined any solution £ € A" such that f(£) < f(x*) + € for a specified
€ > 0. However, there is a trade-off between the accuracy of ﬁ, and the time needed to
search ﬁ

We note two limitations associated with SAA when the number of samples # is large.
First, SAA requires going through the whole samples &1, - - - ,§,; at each iteration. Second, it
is only available for problems with exogenous noise and constructive data generation. It
cannot accommodate any problems with black box generation. The data are processed in a
batch manner

To partially address the first issue, variance reduction techniques have been proposed

which we briefly review in the sequel.



Variance Reduction for SAA Approach

Consider the following optimization problem

.o def 1
min fulx) =5

n
Y F(x:6i), (1.8)
i=1
and let x; denotes an optimal solution. A standard first-order method to solve (1.8) is
gradient descent, which can be described by the following update rule for t =1,2,-- -,
1 n
xp =TIy | x-1 — L Y VFE(x;¢) |- (1.9)
i=1
However, at each step, gradient descent requires evaluation of n derivatives, which is

expensive. A remedy for this issue is to use the stochastic gradient descent, where at each

iteration t = 1,2, ..., we draw i; randomly from 1, ..., n, and compute
xp =TTy (x4—1 — s VF(x;C3,)) - (1.10)

The expectation IE[x;|x;_1] yields the same update rule in eq. (1.9).

Compared to the deterministic gradient descent in eq. (1.9) that requires n gradients,
the stochastic gradient only need a single gradient VF(x; ;). However, the main challenge
with the stochastic gradient is that it adds variance to the convergence rate. In particular,
if g1(x;—1;:) is large, then the variance is large and the convergence rate is slow as the
step-size (learning rate) must be vanishing.

Variance reduction techniques are methods to circumvent the necessity of a small step-
size in the stochastic gradient descent methods, see Johnson and Zhang (2013), Xiao and
Zhang (2014), Shalev-Shwartz and Zhang (2013).

At each time, we maintain a version of estimated x as X that is close to the optimal
value x!. For example, we can keep the value of x after every m iterations of the stochastic
gradient decent. Moreover, we maintain the average gradient, i.e.,

n
V(Jl:efi;VF(x;Ci)- (1.11)

Although the computation of y requires one pass over all the samples, this only occurs after



each m iterations of the algorithm.
Note that the expectation of VF(x; ;) — y over uniform distribution of i ~ Uniform{1,2,--- ,n}

is zero. Thus, at each t = 1,2, - -, draw i; uniformly from {1,2,---,n} and update
xp =My (xe—1 = e (VF(xe-1;8) — VF(X;6i,) + 1)) (1.12)

We thus have

IE[x¢|x;—1] = TLy (xtl - % ZVP(xtl}‘:z‘)> . (1.13)
i=1

Intuitively, the variance of the update rule is reduced since both X and x; converge to the

same value x;;, and thus y — 0. Therefore, if VF(X;¢;) — VF(x};&;), then

VF(thl,éi) — VF(J/C\, é{l) +u— VF(xt,l,gi) — VF(XZ, lgl) — 0. (1.14)

1.2.2 Stochastic Approximation (SA)

The stochastic approximation (SA) model dates back to Robbins and Monro (1951). In the
sequel, we first describe the original work of Robbins and Monro (1951). We then describe

its application in the context of stochastic optimization.

Robbins-Monro Algorithm

The problem that led to the original work of stochastic approximation in Robbins and Monro
(1951) concerns the sequential estimation of the location of the root of a function when
the function is unknown and only noise-corrupted observations at arbitrary values of the
argument can be made, and the corrections at each step are small.

More specifically, Robbins-Monro’s algorithm is a recursive procedure for finding the
root x, of a real-valued function f(-) of a real variable x € X. The function is not known, but
noise-corrupted observations could be taken at the values x selected by the experimenter.

If f(-) were known and continuously differentiable, then the problem can be solved



using Newton’s method, where a sequence x; of the root x, can be defined recursively by

X1 = xe — (f'(x)) 7 f(xe), (1.15)

where f'(x;) denotes the derivative of f(x;) with respect to x;. Without loss of generality,
suppose f(x) < 0 for x > x,, and f(x) > 0 for x < x,, and f'(x;) is strictly negative and
bounded in a neighborhood of x,. Then, x; converges to x, if x is in a small neighborhood
of the root x,.

An alternative approach to Newton’s method is to use the following recursion with a

small but fixed 7 > 0

Xev1 = Xt +1f (%), (1.16)

The recursion in eq. (1.16) does not require differentiability, and is guaranteed to converge
when xj is close to x,.

Now, suppose f(-) is unknown, and only noise corrupted observations can be taken
at values x. In this black-box model, Newton’s procedure in eq. (1.15) cannot be applied.
However, the procedure in eq. (1.16) can be used if f(x;) is replaced by an estimate of its
value that is obtained by averaging many observations.

Robbins and Monro (1951) recognized that taking an excessive amount of samples at
each point x; and using the sample average in place of f(x;) in eq. (1.16) is inefficient,
since x; is an intermediatry parameter in the calculations. Consequently, they proposed the

following procedure

Xe41 = Xt + 1e8t, (1.17)

where g; is the noisy estimate of the value f(x;) in eq. (1.16), where 7; is an appropriate

sequence satisfying
ne >0, 7 —0, Y 1=00, (1.18)
t=1

Lastly, we remak that In the general Robbins-Monro algorithm, g; and x; takes value in RY.



Application in Stochastic Optimization

Robbins-Monroe algorithm has led to the SA approach in stochastic optimization, where
the stochastic objective function is optimized by using the stochastic sub-gradients. More
specifically, at each iteration ¢t € IN of the algorithm, a query x; € X’ is made to stochastic
oracle, and a stochastic (noisy) sub-gradient g(x¢; ¢;) € 0F (x4; &), & ~ P is observed, where
Ep[g(x;¢)] = Vf(x), ie., g(x;&) is an unbiased estimator of the true sub-gradient. Based
on the observed stochastic sub-gradient g(x;; ¢;), the decision vector x; is update to x1.
Specifically, in the absence of the inequality constraints in eq. (1.1b), x;1 is updated as

follows,

xep1 = Hy(xe — 1:8(x1,Gt)),

where 7; is the step-size, and I1y(+) is the Euclidean projection onto the feasible set X.

To state the convergence of the algorithm, the following conditions must hold:
(C1) ny >0,t >0.
(C2) T2 = oo,
(C3) LiZo 77 < oo
(C4) |¢| < B for a fixed B > 0, where ¢ ~ P.
(C5) f(x) is strictly convex, i.e., infs |y, |<1/5(X — xs, Vf(x)) > 0, for every 0 < < 1.

Under conditions (C1)-(C5), x; converges to x, almost surely. To see the necessity of the

conditions (C1)-(C5), suppose

1§ (xe, Gl < L,

where || - ||« is the dual norm of the induced norm || - ||. If (C2) is violated, i.e., the step-size

satisfies Y%, 17; < 00, and X = RY (e.¢. unconstrained optimization) then

T—1
XT — X9 = — Z ﬂtg(xt,f:t),
t=0
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is a bounded sequence. Hence, if x is far from the optimal solution x*. In addition, as xr

converges to x* as T — oo, then

xt —x7-1 = —n18(x1,é1) = 0,

as T — oo. Thus, we must have 77 | 0, and condition (C3) enforces this restriction.

There are two main advantages in the stochastic approximation model compared to
SAA model. First, stochastic approximation has a lower memory requirement and does
not impose any assumption on the oracle model. Second, until recently, it was commonly
believed that SAA methods converge faster than SA methods. This changed with Ne-
mirovski et al. (2009), Juditsky et al. (2011), which established that SA techniques can in
fact outperform SAA methods for stochastic convex learning. Lan (2012) improved on
these results further using an accelerated stochastic mirror descent algorithm for stochastic

composite optimization.

1.3 General Overview of Primal-Dual Sub-Gradient Methods

Lagrangian relaxation and duality have been effective tools for solving large-scale con-
strained optimization problems specified in eq. (1.1a)-(1.1b). Based on the Lagrangian
relaxation, the constrained optimization problem in eq. (1.1a)-(1.1b) can be recast as a
saddle point (minimax) optimization problem.

To solve such saddle point problems, sub-gradient methods have been studied in the
seminal work of Arrow et al. (1958). Nemirovskii and Yudin (1978) considered a different
approach where they combined the sub-gradient method with a simple averaging scheme
in the context of Lagrangian saddle point problems and provided convergence results with
an adaptive step-size rule. In Kallio and Ruszczynski (1994), a perturbation approach is
proposed, where the sub-gradients of the Lagrangian function are evaluated at perturbed
points. Nemirovski (2004) proposed Mirror-Prox. algorithm for computing saddle points of
continuously differentiable convex-concave functions with Lipschitz continuous gradient

and the rate of convergence O(1/T) after T steps. Juditsky et al. (2011) also studied a
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stochastic variant of the Mirror-Prox. algorithm with the convergence rate of O(c/+/'T),
where ¢ is the variance of the stochastic sub-gradient estimation error. Nedi¢ and Ozdaglar
(2009b) also studied a primal-dual sub-gradient algorithm under the Slater constraint
qualification and provide stronger estimates on the convergence rate of the generated primal
sequences.

Among more recent results on (stochastic) primal-dual algorithms are Chen et al. (2014),
Zhang and Xiao (2017), Chambolle and Pock (2011). In those studies, a class of convex

optimization problems with the following saddle-point structure is studied,

minmax{(Kx,y) + G(x) — J(y)}, (1.19)
xeX ye)y

where where K : X — ) is a linear operator, and | : }V — IR is a simple, proper, convex,
lower semi-continuous (l.s.c.) function. Here, by simple, we mean that the proximal operator
of | is easy to compute. The motivation for the saddle point optimization problems in
eq. (1.19) comes from image processing applications. To solve the saddle point problem
in eq. (1.19), Chen et al. (2014) studied a multi-step acceleration scheme in conjunction
with the primal-dual method without smoothing the objective function. For deterministic
SPP, the accelerated primal-dual method achieves the same optimal rate of convergence
as Nesterov’s smoothing technique. Zhang and Xiao (2017) have also proposed a similar
accelerated stochastic primal-dual method for the regularized empirical risk minimization.
In particular, after performing a Legendre transformation, the regularized empirical risk

miniimization takes the form of the saddle point problem in eq. (1.19).

1.4 Main contributions and outline of the thesis

In this dissertation, we propose and analyze primal-dual algorithms for solving stochastic
optimization problems with inequality constraints in eqs. (1.1a)-(1.1b). In particular, we

make the following contributions:

¢ Chapter 2: We propose a distributed regularized primal-dual method in conjunction
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with the sample average approximation in egs. (1.2a)-(1.2b) of the stochastic optimiza-
tion problem egs. (1.1a)-(1.1b). The main novelty of the proposed algorithm is to add
a regularization term on the Lagrangian multipliers in the Lagrangian function to

control the norm of the Lagrangian multipliers.

More specifically, we propose a distributed method to solve minimax optimization
problem associated with the Lagrangian function with a quadratic penalty term on
the Lagrangian multipliers. Based on this regularization term, we establish an upper
bound on the norm of the Lagrangian multipliers that is inversely proportional to the
parameter of the regularization. By controlling the norm of the Lagrangian multipliers,

we in turn control the norm of the sub-gradients of the Lagrangian function.

In addition to the convergence, we also prove a novel constraint violation bound for
the regularized primal-dual algorithm. The main result of this chapter is the following.
We prove that when one of the inequality constraints is binding at the optimal point(s),
there is a trade-off in the convergence rate and the constraint violation rate. More
precisely, improving the convergence rate deteriorates the constraint violation rate
and vice versa. Interestingly, we show that such a trade-off does not exist if all the

inequality constraints are strictly feasible at the optimal point(s).

The main contributions of the first chapter is summarized as follows:

— We propose a distributed (multi-agent) regularized primal-dual method to solve
the optimization problem in egs. (1.2a)-(1.2b) associated with the sample average

approximation.

- We prove that under certain restrictions on the step-size, the norm of the La-
grangian multipliers are bounded. We in turn prove that the divergence between

local estimation of different agents diminishes, and thus agents reach consensus.

— We prove a convergence result for the distributed regularized primal-dual algo-
rithm. We also analyze the constraint violation of the proposed algorithm. We

prove an interesting trade-off between the convergence rate and the constraint
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violation bound due to the adding the regularization to the Lagrangian function.
The material of the first chapter is based on the following papers:

— M. Badiei Khuzani, Na Li, “Distributed Regularized Primal-Dual Method: Convergence
Analysis and Trade-offs”, Submitted to IEEE Transaction on Automatic Control, 2016.

(currently under the second round of reviews)

— M. Badiei Khuzani, Na Li, “Distributed Regularized Primal-Dual Method"”, in the pro-
ceedings of IEEE Global Conference on Signal and Information Processing, Washington
DC, USA, 2016

— M. Badiei Khuzani, “Distributed Proximal Method for Regularized Empirical Risk

Minimization”, Submitted to Conference on Decision and Control, Flordia, 2018.

¢ Chapter 3: We propose a primal-dual method in conjunction with the stochastic
approximation method for constrained optimization over Riemannian manifolds with
bounded sectional curvature. To the best of our knowledge, this is the first time that
primal-dual methods have been generalized for optimization on Riemannian geometry.
For the proposed primal-dual method, we also present a novel non-asymptotic con-
vergence to the optimal objective value. Specifically, for geodesically convex objective
functions and for the class of manifolds with the negative sectional curvature (i.e.
the hyperbolic manifolds), we prove a global convergence in the objective value that
involves the sectional curvature of the underlying manifold. Similarly, for the class of
manifolds with the positive sectional curvature (i.e. the elliptic manifolds), we prove a
global convergence to the optimal objective value. The approach we take for this class
of manifolds is novel and is based on the comparative geometry techniques. More
precisely, based on comparison geometry methods from differential geometry, we
prove a convergence result for elliptic manifolds that involves the sectional curvature.
To demonstrate the consistency of the upper bounds for elliptic and hyperbolic mani-
folds, we show that when the sectional curvature diminishes (i.e. flat manifold), the

convergence bounds coincide up to a constant multiplicative factor.
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The main contributions of the second chapter is summarized as follows:

— We prove non-asymptotic convergence of the primal-dual algorithm for optimiz-

ing functions on manifolds with a bounded sectional curvature.

— For the class of manifolds with the positive sectional curvature (i.e. the elliptic
manifolds), we prove a global convergence to the optimal objective value. The
approach we take for this class of manifolds is based on the comparative geometry

techniques.

— Similarly, for the class of manifolds with the negative sectional curvature (i.e. the
hyperbolic manifolds), we prove a global convergence in the objective value that

involves the sectional curvature of the underlying manifold.

— We consider three applications for the Riemannian primal-dual algorithm, namely
(i) the non-negative principal component analysis (PCA), (ii) the anchored state
syn- chronization on the rotation group SO(3), and (iii) the weighted MAX-CUT

problem under graph constraints.
The material of the second chapter is based on the following papers:

- M. Badiei Khuzani, Na Li, “Stochastic Primal-Dual Method on Riemannian Manifolds
with Bounded Sectional Curvature”, submitted to Springer’s mathematical programming,

Series A, 2017.

— M. Badiei Khuzani, Na Li, “Stochastic Primal-Dual on Riemannian Manifolds of Bounded
Sectional Curvature”, in the proceeding of International Conference on Machine Learning

and Applications, Cancun, Mexico, 2017.

¢ Chapter 4: We conclude the dissertation in chapterfour, where we summarize the
contribution of this dissertation. We also discuss some problems that are not addressed

in this dissertation, and can be explored as a future research direction.
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Chapter 2

Distributed Primal-Dual Method on

Connected Graphs

2.1 Introduction

Recent advances in networked systems such as sensor networks as well as the compelling
need to solve high dimensional problems more efficiently have stimulated a significant
interest in distributed optimization methods. In addition, the size and complexity of modern
datasets has increased significantly over recent years, and thus it is imperative to be able to
solve problems with a very large number of features or training examples efficently. With
terabytes of data, it is desirable to assign smaller subsets of the data to different processors,
and the processors must communicate to find parameters that minimize the loss over the
entire dataset.

The goal of decentralized optimization over a network is to optimize a global objective
that can be represented as a sum of local cost functions. In the distributed framework, subsets
of cost functions are assigned to multiple processors (agents), where agents are connected
on a newtork. Furthermore, each agent use only local computation and communication
to optimize the global cost function. Distributed optimization arises in many applications

including trajectory optimization for formation control of vehicles Jadbabaie et al. (2003);
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Stipanovic¢ et al. (2004); Fax and Murray (2004) decentralized control of power systems
Bakirtzis and Biskas (2003), packet routing Stern (1977), and estimation problems in sensor
networks Ogren et al. (2004).

We develop and analyze distributed algorithms based on the primal-dual algorithm of
subgradients, and we provide sharp bounds on their convergence rates as a function of the
network size and topology. In particular, we propose a distribution optimization method to

solve the following stochastic optimization problem

min f(x) “Ep[F(x;0)] = | F(x0)dP() (2.1a)
subject to : I (x) <0, k=1,2,---,m, (2.1b)

where {F(-;¢),¢ € E} and {h;}]_, are collections of real valued functions defined on the
feasible set X', and P is a probability measure on E. To design a distributed algorithm to
solve egs. (2.1a)-(2.1b), we consider the sample average approximation (SAA) in conjunction
with the stochastic optimization problem described in egs. (2.1a)-(2.1b). In particular, the

expected cost function in eq. (2.1a) is approximated by the average of the realizations:

.2 def 1 &
min f(x) = ;fi(x)/ (2.2a)
subject to : Ig(x) <0, k=1,2,---,m, (2.2b)

where f;(x) d:efF(x; ¢i),and 1, -+ ,Cn ~iiq. P are i.id. samples from the distribution P.

2.1.1 Contributions

We prove a convergence rate for the distributed deterministic and stochastic primal-dual
algorithm under the Lipschitz continuity assumption on the objective function and the
inequality constraints. In particular, we prove convergence rates for achieving the optimal
value of the objective function. We also prove two constraint violation bounds for the
primal-dual algorithm. In particular, we show that when one of the inequality constraints is

binding at the optimal point(s), there is a trade-off in the convergence rate and the constraint
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violation rate. In particular, improving the convergence rate deteriorates the constraint
violation rate and vice versa. Interestingly, we show that such a trade-off does not exist if
the constraints are strictly feasible at the optimal point(s).

The convergence analysis we present relies on the regularization of the Lagrangian
multipliers in the Lagrangian function. In particular, by augmenting the Lagrangian function
with a quadratic regularization term, we establish an upper bound on the norm of the
Lagrangian multipliers that is inversely proportional to the parameter of the regularization.
By controlling the norm of the Lagrangian multipliers, we in turn control the norm of the

sub-gradients of the Lagrangian function.

2.1.2 Previous Works

Distributed optimization methods dates back to the seminal work of Bertsekas and Tsitsiklis
on parallel computation Bertsekas and Tsitsiklis (1989). More recently, there has been a
growing interest in developing distributed optimization methods for constrained optimiza-
tion problems, e.g., see Koshal et al. (2011); Duchi et al. (2012a); Lee and Nedic (2013); Ram
et al. (2010). In Duchi et al. (2012a), a distributed dual averaging algorithm is proposed,
where each agent projects its local variable onto the feasible set X'. When the feasible set
has more structure, i.e., it can be written as the intersection of finitely many simple convex
constraints, a distributed random projection algorithm is studied Lee and Nedic (2013),
where the projection is computed locally by each agent based on the random observations
of the local constraint components.

In the case of optimization with coupled linear equality constraints, i.e., when decision
variables of agents must jointly satisfy a set of linear equality constraints, penalty and
barrier function methods are established Li and Marden (2014). Moreover, based on a game
theoretic argument, the asymptotic convergence to the optimal solution is proved. For
distributed optimization with a set of global non-linear inequality constraints like this paper,
distributed primal-dual methods are studied in Koshal et al. (2011); Yuan et al. (2011); Zhu

and Martinez (2012). A variation of this method is also studied Chang et al. (2014), where
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each agent has local inequality constraints. However, the proposed methods in Koshal et al.
(2011); Yuan et al. (2011); Zhu and Martinez (2012) require a projection of the Lagrangian
multipliers onto a simplex at each algorithm iteration, where the simplex itself is compute
using a Slater vector. Since computing a Slater vector can be computationally expensive in
practice, such distributed primal-dual methods are not suitable when agents have a low
computational budget.

Notations and Definitions. Here, we collect the standard notations we use in the
remainder of the chapter. We denote the general norm by || - ||, and define the corresponding
dual norm according to

Iyl = sup (x,y).
[[x[=1
The sub-differential set of a convex function f : X — IR is defined as

def

of (x) = {g € RI|f(y) + gy —x) < f(x), Vxy € X }.

A function f is L-Lipschitz with respect to the induced norm | - || on a subset X C RY if,

f(x) = fW)I <Lllx—yll VxyeX.

A function is p-smooth on X if Vf is Lipschitz continuous with respect to the norm || - ||,

IVf(x) = VW <pllx—yl, YxyeX.

A function f : X — R is o-strongly convex with respect to the norm || - || over X iff

f) + gy —x) + 2 lx =yl < £(y),

for all x,y € X,g € df(x). We denote the set of integers [#] d:ef{l,Z,- -+ ,n} and [T —

1] Cl:ef{O, 1,---,T—1}. We also let [x]+ d:efmax{O,x}.
We denote the Euclidean projection via ITy (x) def argmine v || x — y||3. We use the stan-

dard asymptotic notation for sequences. If a,, and b, are positive sequences, then a, = O(by,)

means that limsup,, ,  a,/b, < o, whereas a, = Q(b,) means that liminf, . a,/b, > 0.
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Furthermore, a, = O(b,) implies a, = O(b,polylog(b,)). Moreover a, = o(b,) means
that lim, ;e a,/b, = 0 and a, = w(b,) means that lim,_,. a,/b, = co. Lastly, we have

ay = @(bn) if ay = O(bn) and ay = Q(bn).

2.2 Preliminaries

In this section, we formally state the optimization problem as well as the assumptions that

we consider in the rest of the paper.

221 The Lagrangian function

We consider distributed regularized primal-dual algorithms for solving the sample average
approximation (SAA) in egs. (2.2a)-(2.2b). Often, when convenient, we will write the inequal-
ity constraints i (x) <0,k =1,--- ,m, compactly as h(x) < 0 with h(x) d:ef(h1 (x), -l (x)T.

(g (1), gn, (1))T €

Similarly, we use gj(x) to denote the matrix of sub-gradients g (x)
R™,

To solve the deterministic optimization problem in eqs. (2.2a)-(2.2b), we propose a
distributed (multi-agent) optimization framework, where different agents can communicate
their informations with their neighbors on a connected graph. To make the analysis of
convergence simple, throughout the paper, we assume that the number of agents is equal to
the number of observed samples. Nontheless, the convergence analysis can be extended
readily to the more general case, where each agent receives more than one sample.

To describe a distributed optimization algorithm for the constraint optimization problem
in eqgs. (2.2a)-(2.2b), we define a Lagrangian function for each agent. Specifically, each
function f;(-) in eq. (2.2a) is assigned with one agent in a network of n nodes. The

regularized Lagrangian function associated with the i-th agent is then defined by,

L (6, 2) & fi(x) + (4, h(x)) — 1IN, 23)

foralli=1,2,---,n, where /\d:ef(/\l, -++,Am) is the vector of the Lagrangian multipliers.
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We also define the sub-gradients of the Lagrangian function as follows

VoL (2, A) B g (0) + 3 Ak - g (%), (2.4)
k=1

VALY (x,A) ¥ h(x) — aA. (2.5)

Based on the definition of the Lagrangian function L (-, -) in (2.3), we design a distributed
algorithm for the following minimax optimization problem
min max 1 Zn; L¥(x, A). (2.6)
XX AR 1 =
The primal-dual pair (x},A}) € X x RY is a saddle point of the minimax optimization

problem in eq. (2.6), if it satisfies the inequalities

n n
Y LE(An) < — ) Li(x A, (2.7)

for all x € X, and A € R/. Note that the saddle point (x}, A}) may not be unique, unless
the Lagrangian function is strongly convex with respect to the primal variables, and strongly
concave with respect to the dual variables. Therefore, in the following, the primal-dual pair
(x%,A}) denotes a generic saddle point of the minimax problem (2.6).

Furthermore, we use (x§, A§) to denote the saddle point of the unregularized Lagrangian

function corresponding to « = 0.
2.2.2 Assumptions

We make the following assumptions about the feasible set and the underlying functions:

(Al) (Convex FeasiBLE SET) The feasible set X’ is non-empty, and convex, and contains the
origin. Furthermore, the feasible set X’ is known by each agent. Furthermore, there

exists a Slater vector x € relint(X'), such that i (x) < Oforallk=1,2,--- ,m.
The following assumption is standard in the optimization literature:

(A2) (Liprscartz ConTINUOUS FUNCTIONS) We assume that the functions f;(+) and h(-) are

convex on the feasible set X, for all i € [n] and k € [m]. Further, the sub-gradients
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g5 (x) € 9fi(x), and gy, (x) € ohi(x),Vk € [m] are bounded

Igs (Il <L, llgn ()]« < L,

for all x € X, where L < o is a constant.

Under Assumptions (A1)-(A2), the primal problem in eq. (2.2a)-(2.2b) and its dual
problem have the same optimal objective value, and a dual optimal solution A exists and is
finite Aj < oo, see Nedi¢ and Ozdaglar (2009a).

The communication network between the n agents is represented with a connected
graph G = (V,E), where V = {1,2,--- ,n} is the set of nodes of the graph, and EC V x V
is the set of edges between those nodes. Thus, (i, ) € E if the node (agent) i communicates
with the node (agent) j, and vice versa. We assume that the connectivity graph is fixed in
the sense that it does not change during the algorithm run-time

Associated with the graph G = (V, E), we consider a communication matrix P d:ef[pij], (i,j) €
V x V for averaging the information that each node receives from its neighbors. We consider

the following assumption regarding the communication matrix P:

(A3) (comMmUNICATION MATRIX) The graph G and the weight matrix P satisfy the following

conditions:

1. The graph G is connected.

2. The weight matrix P is doubly stochastic,

Px1,=1,,

1l xp=1I,

where 1, € IR" is the column vector with all elements equal to one.

3. The weight matrix P = [p;;] respects the structure of the graph G = (V,E), i.e.,

pij >0 if (i,j) € E
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For n x n doubly stochastic matrices, the singular values can be sorted in a non-increasing
fashion o1 (P) > 02(P) > - -+ > 0,(P) > 0, where 07 (P) = 1 due to (A3). Throughout the

paper, we refer to 1 — 0»(P) as the spectral gap of the matrix P.

2.3 Distributed Deterministic Primal-Dual Algorithm

To describe the algorithm, we need the following definition of the Bregman divergence:

Definition 2.1. (BREGMAN DIVERGENCE, BREGMAN (1967)) Let p : S = R, S = dom(¢) be a
1-strongly convex function defined on a convex set S C RY such that  is differentiable on relint(S),

assumed to be non-empty. The Bregman divergence Dy : S x relint(S) — [0, 00) is defined as

follows

Dy(xy) Zp(x) — p(y) — (x— v, Vo (y)),

where V(y) represents the gradient vector 1 evaluated at y.

In the sequel, we consider different examples of the Bregman divergences associated

with different norms (cf. (Sra et al., 2012, Section 5.7)):

. 1 1
* Euclidean space: || - || = || - ||2, (x) = ExTx, and Dy(x;y) = EHx—yH%.

e Simplex: For this setup, || - || = || - ||1. Depending on the feasible set X, there are several
choices:

1
. 2 - —
1. When X is unbounded, then (x) = eln(n)||x|]p(d) with p(d) =1+ In(d)’

d def
42

2. When X is bounded, assuming without loss of generality X C B ={x € R? :

1
|x|l1 < 1}, one can set p(x) = 2eln(d) ©7, |x;|PD), where p(d) =1+ 2In(d)’
3. When X is a part of simplex S d:ef{x € R : Y4, x; < 1}, or flat simplex

def

(Ss={x € RL : Y7 | x; = 1}) intersecting relintIR%, then the entropy function is

a good choice of modulus, i.e., P(x) = h(x) af Y4 xIn(x;) — x;.
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* Spectahedron: This is the matrix analogue of the /;-norm case. Here, the embedding
space of X is the space $? of block-diagonal symmetric matrices, with fixed block-
diagonal structure v = [vy,- -, vy (m diagonal blocks of row sizes vy, -+, Up). gd
is equipped with the product norm (X,Y) = Tr(XY") and the trace norm || X||; =
Zﬂl Ai(X), where A;(X) is the eigenvalues of the matrix X € S and |v| = YJ°, v

(with their multiplicities taken into account).

1. When & is unbounded, then ¢(X) = 2eIn(|v|)[|A(X)][ (s, where |v] = YL, v

2. When & is bounded, assuming without loss of generality, X C B} d:ef{X e S
X1 < 1}, we take (X) = eln(|v]) T [A:(X)[().

3. When X is a part of the spectaderon ¥ Gl:ef{X €S :Tr(X) <1,0 < X} (or
the flat spectaderon X, d:ef{X € 8" : Tr(X) < 1,0 < X} intersecting the interior

{X < 0} of the positive semi-definite cone S d:ef{X € 8V :0 = X}, one can take

the modulus as the matrix entropy ¥ (X) def 2h(X) = 2211'1 Ai(X) In(A(X)).

In the procedure outlined in Algorithm 1, the i-th agent maintains a local copy of the
primal variables x;(i) € X" as well as the Lagrangian multipliers A¢(i) € IR"'. Here, x;(i)
and A;(i) stand for the primal and dual estimates of the i-th agent, respectively, after t € IN
steps. Therefore, x;(i) and A(i) have the same dimension as the primal variable x and
dual variable A. The initialization and the update rules for x;(i) and A;(i) are described in
Algorithm 1.

We remark that Algorithm 1 is an example of “anytime algorithm", meaning that it is
stoppable at any time and it returns X;(i) as the solution of the i-th agent to the optimization
problem in eq. (2.2a)-(2.2b). Moreover, the solution improves as t increase in the sense that
the cumulative objective function f(X;(7)) of the i-th agent tends to the optimal objective
value f(x{) for all i € [n] as t — oo.

The proximal operator in eq. (2.8a) captures the natural geometry of the feasible set X
For some nice geometries, the proximal operator has a closed form expression. For instance,

In the case of the Euclidean geometry, the proximal step eq. (2.8a) reduces to the projected
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Algorithm 1 Di1STRIBUTED REGULARIZED PRIMAL-DUAL METHOD

1: Initialize: xo(i) =0 € &, Ap(i) = 0 € R, Vi € V and a non-negative, non-increasing step size

sequence {77:}£2,.
2: fort =0,1,2,--- at the i-th node do

3: Update the auxiliary primal and dual variables
~ . : . . . 1 .
X (i) = arggg{l{<VXL?‘(xt(z),/\t(z)),x —x(i)) + aDlp(x; xt(z))} , (2.8a)
A(i) = gy (A (i) + 7 VALY (2 (0), At (i) (2.8b)
4 Run the consensus steps
Xpp (i Z piixi(j (2.9a)
)Lt+1 Z Pl]/\t (2.9b)
5: Compute the weighted average: X;(i) = Z*E%fxs() forallie V.
6: end for o
7: Output: x;(i) foralli € V.

1
gradient descent. In particular, using the proximal function ¢(x) = ExTx, the proximal step

in eq. (2.8a) yields

X (i) = My (xe (1) — me Vi Lf (x4(0), At (7))

In the case of the /;-norm, using the entropy function as the proximal function ¥(x) =

Y% x;In(x;) — x;, yields the associated Bregman divergence
Dy (x; %) = Dxr(x||%) = leln xi/%;).

The update rule in eq. (2.8a) then turns into

[xe ()] exp (=17 Vo L (x: (i), A+ (7))
T [ ()] exp (=7 VL (x2(), Ae (1))

Remark 2.2. To compute a concise convergence rate, in Algorithm 1 we use the special initialization

[x¢(D)]; = ji=1,2,---,d.

xi(0) =0 € X, A;(0) = 0 € R}),. Without this restriction, the convergence analysis we present for
Algorithm 1 is valid, but the convergence bounds would be different from the results we demonstrate

in the sequel. In practice, Algorithm 1 can be initialized from any feasible point X x IR}, as we
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demonstrate in the numerical simulations in Section 2.6.

2.4 Comparison with Related Primal-Dual Methods

Regularized Lagrangian methods for constrained optimization have been studied extensively
Koshal et al. (2011); Mahdavi et al. (2012a,b); Yuan et al. (2016). In Mahdavi et al. (2012a), a
regularized online primal-dual method is studied, where it has been shown that it achieves
a sub-linear ‘regret” and satisfies the inequality constraints asymptotically. However, the
analysis of Mahdavi et al. (2012a) is not applicable to the multi-agent settings since it does
not provide a guarantee for the boundedness of the norm of the Lagrangian multipliers
|A¢(7)||- It turns out that bounding this norm is essential for analyzing the ‘consensus terms’
(cf. Lemma 2.8).

To ensure the boundedness of the norm of the Lagrangian multipliers in the multi-agent
settings, a distributed regularized primal-dual algorithm similar to Algorithm 1 is proposed
in Yuan et al. (2016). However, the optimization problem only includes one constraint /1(x) <
0 (i.e.,, m = 1) under the additional assumption that min,.;—o [|Vi(x)|l2 > p, Vh(x) €
oh(x), for some p > 0. Moreover, the analysis of the convergence rate in Yuan et al.
(2016) depends on p. Specifically, the difference in function value at the final estimate
and the optimal value is upper bounded by an expression which is proportional to 1/p.
Therefore, when p is small, the upper bound is potentially very loose. More importantly,
the convergence rate of Yuan ef al. (2016) has a network scaling of O(n®) compared to
O(log% (n)) that we prove in this paper (cf. Theorem 2.5).

To bound the norm of the Lagrangian multipliers in distributed primal-dual methods, a
different strategy is used in Yuan et al. (2011); Zhu and Martinez (2012); Chang et al. (2014);
Koshal et al. (2011). Specifically, consider a Slater vector ¥ € relin(X), i.e., the vector that

satisfies

h(%) < 0. (2.10)
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Let e ming_1 ;... u{—hi(%)} and define

F(A) € inf £(x) + (A, h(x)).

xeX

In the proposed primal-dual algorithms in Yuan et al. (2011); Zhu and Martinez (2012);
Chang et al. (2014); Koshal et al. (2011), each agent projects its local Lagrangian multipliers

At (i) onto the following simplex

AEL e RY Al < pt - (F(R) - ()}, (2.11)

where A € IR™ is an arbitrary vector. However, there are two drawbacks with the projection
onto the simplex:

First, to compute the simplex A, a Slater vector £ must be computed which is inefficient.!
For instance, to compute a Slater vector ¥ for a feasible set defined by linear inequality
constraints X = {x € RY . (ag, x) < by, k=1,2,---,m} where a; € RY, by € R, we must

solve the following optimization problem

X = arg legpr(lb — Ax, (2.12)

where bd:ef(bl,- -, by)T € R™! and Ad:d(ul;- cay) € R™*“. Provided that there exists
a vector that satisfies the inequality constraints strictly, the solution of the minimization
problem (2.12) yields a Slater vector, i.e., A¥ < b.

Second, the projection onto the simplex A requires solving a separate minimization
problem. In comparison, the projection in Algorithm 1 is onto the non-negative orthant
IR" which can be computed efficiently by replacing each negative component of the vector

Y1 pijAe(j) in Step 4 of Algorithm 1 with zero.

ITo guarantee a zero duality gap, we also assume that the Slater condition holds. However, computing a
Slater vector is not needed in Algorithm 1.
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2.5 Convergence Rate and Constraint Violation Bounds

Here, we prove a convergence rate for Algorithm 1, and also establish two constraint
violation bounds. We defer the proof of the theorems to Appendix 2.7.
We first establish a general upper bound for the cost function in eq. (2.2a) for an arbitrary

choice of the step-size {1; };c[7] and the regularization parameter a > 0:

Lemma 2.3. Suppose Assumptions (A1)-(A3) hold. Then, after T — 1 € IN iterations of Algorithm
1, the estimation X1(i) € X of each agent i = 1,2, - - -, n satisfies the following inequality

Fu(r() ~ fulid) < 1[;Ew%m FET ) - 5] - 5 T L w1

Ztoﬂt tO] t=0 j=1
T-1

fa ik

u M:

QVJﬁwu»mo»M+nvuﬁwu»mu»@)]
(2.13)

Proof. See Section 2.7.1. O

In the sequel, we examine each term in the upper bound of Lemma 2.3.

The first term is intuitive as it measures the distance between the initial point (which is
specified as the origin x((i) = 0, Vi € [n] in Algorithm 1) and an optimal point x.

The second term measures the distance between the primal variables of different agents
in the network since it includes the pairwise difference ||x;(i) — x;(j)||. This term, often
referred to as the “consensus” term in the distributed optimization literature, is related to
the spectral gap of the weight matrix P.

The third term is due to adding the regularization term to the Lagrangian function (2.3).
Although choosing an arbitrary large regularization parameter « results in a smaller upper
bound, certain trade-offs between the convergence rate of the algorithm and the constraint
violation of the inequality constraints (2.43) prohibits a large value for « (see Theorem 2.5
below).

The last term in the upper bound (2.13) includes the norms of the sub-gradients defined
in eqgs. (2.4)-(2.5). In the earlier studies of the primal-dual methods, these norms were

bounded under different assumptions on the feasible set, see Yuan et al. (2011); Zhu and
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Martinez (2012); Chang et al. (2014). The challenge is due to the fact that the Lagrangian
multipliers A;(i) in the sub-gradients may take a large value. Therefore, to ensure that
the vector of Lagrangian multipliers has a bounded norm, various assumptions on the
teasible set and the inequality constraints were considered. In our analysis, the norm of the
Lagrangian multipliers is controlled by adding the regularization term to the Lagrangian
function, see (2.3).

Based on Lemma 2.3, we derive the following explicit convergence rate for Algorithm 1

using a decreasing step-size:

Theorem 2.4. (CONVERGENCE RATE) Suppose Assumptions (A1)-(A3) holds. Let R d:efsupx,y cx W(x) —

_R_

Y(y). Consider T — 1 iterations of Algorithm 1 with the step-size of 11; = and the reqularization

Vil
parameter that satisfies any < 1 for all t € [T — 1]. The estimation of the i-th agent Xr(i) € X
satisfies
P e g =~ RClog(T)
xr(i)) — fu(xd) < —=2"~2, T >2, 2.14
o) = Fusg) < =280 @19
foralli=1,2,--- ,n, and where C is defined as follows,
3
3/2 2 /0T 2
CMq 1 S22 4 oor2 (14 MECLRY (log(TVeT) ) (2.15)
2 o 1—0(P)
Proof. See Section 2.7.2. O

Let us emphasize a few points about Theorem 2.4.

The constraint a; < 1 on the regularization parameter can be easily satisfied since
{n:}32, is a decreasing sequence and usually takes a small value. In addition, with a
regularization parameter « = ©(y/n), the scaling of the algorithm is (’)(log% (v/n)) which is
slightly worse than the dual averaging algorithm by a factor of log(/n) Duchi et al. (2012a).
Moreover, when o« = @ (y/m), the upper bound in eq. (2.14) grows linearly in the number of
constraints m. It is interesting to see whether the linear growth rate can be improved.

In the upper bound (2.14), the convergence rate of the algorithm is given by @(T_%)

when « is independent of T. It is well-known that a lower bound for the regret of the central-
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ized first order methods with non-smooth objective functions has an order of Q(T~1/2), see
Agarwal et al. (2009). Therefore, when « is independent of the number of steps T, Algorithm
1 is order optimal up to a polynomial factor of log(T).

In the primal-dual methods, the algorithm output violates the constraints. This is in
contrast to the penalty function methods in which, the solution satisfies the constraints all
the time. In the next theorem, we show that the upper bound on the constraint violation is

related to the regularization parameter a > 0.

Theorem 2.5. (CONSTRAINT VIOLATION BOUND) Suppose Assumptions (A1)-(A3) holds. Consider

T — 1 iterations of Algorithm 1 with the step-size 1; = \/% and the reqularization parameter

anp < %,Vt € [T —1]. Then, the constraint violation has the following asymptotic bound for all
ieV,
2

=0(a), (2.16)
2

H [i ih(fﬂi))]

+

Furthermore, if the optimal solution x;j is strictly feasible h(x() < 0 at an optimal point, we have

2
1&, . . alog(T)
— Zh(xT(z))] =0 () . (2.17)
H [Tl i=1 + 12 \/T
Proof. The proof is deferred to Section 2.7.5. O

From Theorems 2.4 and 2.5, we observe that when one of the constraints is binding at the
optimal solution, i.e., i (x}) = O for at least one coordinate k € [m], there is a tension between
the convergence rate in egs. (2.14)-(2.15) and the decay rate of the constraint violation bound
in eq. (2.16). Clearly, by adopting a small regularization parameter «, we obtain a small
constraint violation bound. However, a small « yields a large upper bound in egs. (2.14)-
(2.15). To examine this trade-off more precisely, suppose « = @(T~") for r € (0,1/2). In
this case, the convergence rate as characterized in eqs. (2.14)-(2.15) is (5(1/ T%_r), while
the constraint violation in eq. (2.16) becomes O(1/T"). Interestingly, when the inequality
constraints are satisfied strictly at an optimal point, ie., I (xj) < 0,Vk € [m], then the

constraint violation bound in eq. (2.17) decays to zero as T — oo even for « = O(1).
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Consequently, there is no trade-off between the convergence rate and the constraint violation

when I (x§) < 0,Vk € [m].

2.6 Numerical Experiments

In this section, we report the numerical simulations studying the convergence of the
regularized primal-dual method for distributed regression on synthetic data. To demonstrate
the performance of Algorithm 1, we consider the classification problem.

M-estimation is a popular approach to classification and regression problems in statistical
machine learning. Most high-dimensional estimation and prediction methods propose to
minimize a cost function (empirical risk) that is written as a sum of losses associated with
each data point. More precisely, given n data-points 61,65, ...,0,, 6; € RY, a parameter vector
x € IR? is estimated by solving the following minimization problem

x: = arg min R,(x)+ ¢(x), (2.18)

x€Xyp
where X, , is the constraint set, ¢ : IR” — R is a regularization that is potentially non-
differential (e.g. ¢;-regularization), and ﬁn(x) is the empirical risk function defined as

follows

Ri(x) &

-

S|
I
—_

0(x;6,). (2.19)

i
Here, £ : R” x R? - R is the loss function. The population cost function associated
with Eq. (2.19) is R(x) = IEp[l(x,0)] where P is the distribution of the data points, i.e.,
01, 0 ~iia P.

In many binary classification problems, we are given n pairs 01 = (ay,b1),--- ,0, =
(ay,by), where ay, - - ,a, € R? are the feature vectors with the associated labels by, - - - , by €
{0,1}. Accordingly, we would like to learn a model of the form IP(b; = 1|a; = a) = o ({(xo, a))
with xy € R? is a parameter vector (thus p = d) and o : R — [0,1] is a threshold function.
As a result, the loss function has a special structure of the form ¢(x;6;) = ¢(x; (a;, b;)) =

¢(bi(x,a;)). For instance, the hinge loss function is given by ¢;(x, a;) def max{0, b;(x,a;)}.
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Similarly, the logistic loss function is given by ¢;(x, a;) def log(1 + exp(bi(x,a;))). Therefore,

the optimization problem in eq. (2.18) can be rewritten as follows

x; = arg min — ZE x,a;)) + ¢(x). (2.20)

XGXV,,} n?;

Alternatively, the regularization can be considered as a constraint, i.e.,

X} = arg xrgn)l(?d m Zé x,a;)), (2.21a)
subject to : ¢p(x) < A, (2.21b)

where A > 0 is the regularization parameter, and the constraint in eq. (2.21b) is placed to
avoid over-fitting.

We apply the primal-dual approach to solve the constrained regression problem in
egs. (2.21a)-(2.21b). In the sequel, we consider two examples of smooth and non-smooth

classifiers.

* Smooth case: we consider a logistic loss function with a norm constraint as well as a

set of box constraints

. def 1 ¢
min x)=—) log(l+exp(bi{a;x 2.22a
i (x) ”i; 8( p(bi(ai, x))) (2.22a)

subject to  hy(x) = =1 —x, <0,

hk+d(x) =Xx—Uu SO, k:1,"' ,d. (222b)
where (a;,b;) € R? x {—1,+1}.

¢ Non-smooth case: we consider a hinge loss function with a norm constraint as well

as a set of box constraints

. def 1 &
min = - E [1—b(a;, x 2.23a
oni n = Gl (223

subject to  h(x) = —1 —x, <0,

hk-‘rd(x) =Xk —u S O/ k = 1/ e /d/ (223b)
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where (a;,b;) € R? x {~1,+1}.

In our simulations with the logistic classifier, we generate a; from a uniform distribution

on the unit sphere. We then choose a random vector from Gaussian distribution w ~
1

N(0, I;»x4) and generate the labels b; ~ Bernoulli(p), where p = . Itis

1+ exp({w, a;))
straightforward to verify that L = max;_15... , ||a;|| = 1 and R = 1. Note that the solution

of the optimization problem in eq. (2.22a) approximates w under the restrictions specified
in Egs. (2.22b). We consider vectors of the dimension d = 5 (thus m = 10) and study three
different network sizes, n € {50,100,200} and two different upper/lower limits I = u = 0.1.
To show that Algorithm 1 works for any initialization, instead of using the origin as the
initialization point of Algorithm 1, we generate a random vector v € N(0, I;4) and then
choose x((i) = v/||v||2. We also use the step-size 7; = R/+/t + 1 in all simulations, where
here R = 1.

For a graph G of n nodes, let e (; 1) denotes the maximum relative error of the network,

f(x() — f(x5)
f(xo(D) = f(x)

define 6 (t;n) d:efmaxi:m,...,n |h(x: (i) ]| /]|h(X0(i))|| as the maximum constraint violation

. def
ie,eg(t;n) = maxj—12.. »

for every node in the graph i € V. Further, we

among all the nodes in the network. In the case of the centralized the primal-dual method,
we similarly use €(t;n) and 6(t;n) to denote the relative error gap and the constraint
violation, respectively. In our simulations, we use MATLAB convex programming toolbox
CVX Grant and Boyd to compute f(xj).

To investigate the performance of Algorithm 1 on different networks, we consider
random and structured graphs in our simulations, namely (a): Watts-Strogatz small-world
graph model Watts and Strogatz (1998), (b) Erdos-Réyni random graph Bollobas (1998), (c)

unwrapped 8-connected neighbors lattice, (d) two-clique graph (barbell graph). See Fig. 2.1.

Figure 2.1 shows the maximum error ¢;(T;n) for the distributed dual averaging al-
gorithm Duchi et al. (2012a) (dotted lines), and the distributed regularized primal-dual
algorithm (solid lines). For both algorithms, we used the normalized graph Laplacian

as the weight matrix (cf. Section 2.2.2). In the distributed dual averaging algorithm, the
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Figure 2.1: Illustration of four graph models used in simulations and the corresponding average maximum
relative error gap g (T;n) withn =100 (I = u =1, d = 5) for logistic loss function (middle row) and hinge
loss function (bottom row). Left to right: Watts-Strogatz graph with K = 20 and ¢ = 0.02, Erdds-Réyni
random graph with p = 0.06, two-clique (barbell) graph, unwrapped 8-connected neighbors lattice.

step-size is given by 77; = %@. For the primal-dual algorithm, the stepsize 1; = \/%
is independent of the spectral gap. It is clear from Figure 2.1 that on the barbell graph as
well as on the lattice, the convergence of both algorithms is slow. This is due to the fact that
the spectral gap 1 — 0»(P) of both networks is quite small and thus reaching consensus on
these networks is more difficult.

We also observe that the primal-dual algorithm shows an oscillatory behavior on the
barbell graph, whereas the dual averaging algorithm does not. This difference is attributed

to the choice of stepsizes. In the dual averaging algorithm, the stepsize is modulated by the

spectral gap. Therefore, when the spectral gap is very small (as is the case for the barbell
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graph), the stepsize is small which suppresses the oscillations. In contrast, the stepsize of the
primal-dual algorithm is independent of the spectral gap. Notice that due to incorporating
the spectral gap in the dual averaging algorithm, the structure of the network must be
known a priori by each agent. This requires extra communication at the beginning of the
dual averaging algorithm.

We note that in the distributed dual averaging algorithm Duchi et al. (2012a), at each

iteration, a projection onto the following feasible set is required
X =Bi(R)N{x € R?: x € [, u]"}. (2.24)

When the intersection in eq. (2.24) is non-empty, the projection onto X amounts to solving
a separate minimization problem. In contrast, in the distributed primal-dual method, the

projection is onto the Euclidean ball B4 (R), which has a closed form expression

R-x

Consequently, each iteration of the regularized primal-dual method is computationally more
efficient compared to that of the dual averaging method. From Figure 2.1 , we observe that
despite this difference in the computational complexity of iterations, the performance of the
primal-dual algorithm is comparable to that of the dual averaging.

To investigate the effect of network size on the convergence of the distributed primal-dual
algorithm, we next compare the performance of the distributed and centralized primal-dual
algorithms. Figure 2.2 shows the constraint violation as well as the convergence rate in the
centralized primal-dual algorithm without regularization and the distributed primal-dual
algorithm with the values u = I = 0.1. In this simulations, we choose the initial points
(x;(0),A;(0)) of the distributed primal-dual algorithm randomly from the feasible region
X x R (cf. Remark 2.2). In this particular example, we observe that in the decentralized
primal-dual algorithm, the algorithm output x;(7) is almost feasible for all t and i € V. In
contrast, in the centralized primal-dual algorithm, the outputs are infeasible. Here, we thus

clearly observe that the regularization can mitigate the constraint violation.

35



——n =50 ——n =50
—o—n =100 ——n =100
0.8 —=n=150 107! —=—n=150

- - 10°
0 500 1000 1500 2000 0 500 1000 1500 2000
Iterations T' ITterations 7'
(a) (b)
1 10°
——n =50 ——n =50
—=—n =100 —=—n =100
0.8 —=—n=150 —=—n=150
o8 T
s & 107
S04 S
0.2
0 102
0 500 1000 1500 2000 0 500 1000 1500 2000
Iterations T’ Iterations T’
(c) (d)

Figure 2.2: Distributed logistic regression on synthetic data using Watts-Strogratz graph with K = 20,
0=002,n=11n= ﬁ and | = u = 0.001, Panel (a): Constraint violation 6(T;n) of the centralized

PD algorithm without regularization, Panel (b): Convergence rate €(T; n) of the centralized PD algorithm
without reqularization, Panel (c) Constraint violation 8g(T; n) of the decentralized PD algorithm, Panel (d):
Convergence rate eg(T; n) of the decentralized PD algorithm.

2.7 Proofs of Main Results

2.7.1 Proof of Lemma 2.3

We prove Lemma 2.3 by establishing a recursion for the primal variables using the update
rule in Steps 3-4 of Algorithm 1. For the primal point of the saddle point (x§, Aj) € X x R’}
in the minimax problem (2.6) corresponding to & = 0, the following equalities hold,

Dy (x5; x141(i)) = Dy <x32 ipijft(j)>

j=1

n
< Y piiDy (x5: (7)),
=1



where the last step follows by the convexity of the divergence Dy, (x;-). Taking the sum
overi =1,2,---,n and using the fact that } ;' ; pij = 1 due to (A3), we derive
n n
Y Dy (xp;x141(1)) < ) Dy (x4; %4 (i (2.26)
i=1 i=1
Now, we derive an upper bound for the right hand side of eq. (2.26). To this end recall the

recursion for X;(i) from eq. (2.8a) in Algorithm 1. Notice that the recursion in eq. (2.8a) can

be alternatively rewritten as follows

Vye(i) = Vip(xi (i) — 1: Vo Li (x(7), Ae (7)), (2.27a)
xXi(i) = argfgg)f} Dy (x;y:(i)), (2.27b)

where ¥;(i) is an auxiliary variable. From eq. (2.27a) and the definition of the Bregman

divergence (cf. Definition 2.1), we obtain that

= (VL (x:(2), A(0)), 20 — xe(0)) = (Vi (5(0)) = Vip(xi()), x5 — (7))
= Dy (xg;x:(2)) — Dy (xg; 71 ()) + Dy (x:(0); 9 (7)),
(2.28)
where the last equality is due to the generalized triangle inequality of the Bregman diver-
gence.
Now, from the Pythagorean Theorem for the Bregman divergence (cf. Bubeck et al.

(2015)) and the fact that x;(i) is the projection of y;(i) onto the feasible set X', we have that

Dy (xp; X1 (i)) < Dy (xg; 71 (i))- (2.29)
Plugging the inequality (2.29) into (2.28) and rearranging terms gives us
Dy (x;21(i)) < Dy (xg; x¢(1)) + Dy (e (0); 5 (1)) + e (Ve L (22 (2), Ae (7)), x5 — x4(d))- (2.30)

We combine equations (2.26) and (2.30) to derive

n

Dy (xg; (i) + Y Dy (x:(1); 7¢(7))

i=1

™=

§D¢<xo,xt+l< )<

Il
—_
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n

+ ; (VL (20 (0), Ae (D)), x5 — xe(0))- (2.31)

To compute an upper bound on the divergence Dy (x;(i);J:(i)), we leverage the definition

of the Bregman divergence to obtain
Dy (xe(0); 9:(i)) + Dy (e (0); x:(i)) = (Vp(xe (i) = V(52 (D)), %:(2) — §e(i))
= (VoL (0 (D), (@), () =3 (0)), - (232)

where the last step follows by eq. (2.27a). Furthermore, using the Fenchel-Young inequality,

we obtain
(VL (x¢ (i), A (i), xe () — 92 (i) < %ﬂ?HVxL?‘(Xt(i),At(i))Hi + %th(i) — (D)) (2.33)

Now, since the modulus ¥ is a 1-strongly convex modulus with respect to the induced norm
|| - || on the feasible set X' (cf. Definition 2.1), the divergence Dy (-; -) satisfies the following

inequality

Dy (xu(i);3(0)) > 50 (i) — 7u(i) | (234

Dy (xa(i);5u(0)) < 577 VoLt (xa(i), M) 2 (2.35)

Substituting the inequality (2.35) in eq. (2.31) and rearranging terms yields

™=

(VL (xe (1), At (7)), x4 (i) — xg) (2.36)
1

n

D5 24(1)) — L Dy () + 97 21 9L i), A () -

IN
™=

1

Taking the sum over t = 0,1,2,---,T — 1 and using the telescopic sum yields

T-1

e{VaLE (i), At (7)), 2 (i) = xp) (2.37)
0

M-

Il
—
-
|

n

n T-1
Dy (xg;x0(i)) — ; Dy (xp; x1(i)) + % ;) mt 3 V7L (e (0), A+ (D)) |13

IN
=

I
MR

1

Now, recall from (A2) that f;(-) and & (-) are convex functions for all i € [n] and k € [m].
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Therefore, the Lagrangian function Lf (-, A¢(i)) is convex, i.e.,

L (xe (i), Ad (1)) — Li (x9, At (1)) < (VL (22 (2), Ae(8)), 2 (2) — xp)- (2.38)

Substituting the inequality (2.38) in eq. (2.26) and dropping non-positive terms on the right

hand side gives us

T—-1 n
3 201 (L (), Aa() = L?(xs,w))) (239
t=0 i=
< YDyl w() + Y ZmHV L (xa(), () 2 (2.40)
i=1 t=0 i=

After expanding the Lagrangian function on the left hand of eq. (2.39), we derive

T-1 n
Y L 2u(fitu() - fixy))
T-1 n
+ & ;2’7t<<h(xt(i))/)\t(i)> - <h(x§),/\t(i)>> < rh.s. of (2.39).

Since x;; € X is a saddle point, it must satisfies the inequality constraints, i.e., 1(x§) =< 0.
Furthermore, the dual variables are non-negative A;(i) > 0, and thus the inner product
(h(x3),At(i)) < 01is non-positive. Therefore, we can remove the second inner product term
from the left hand side of the preceding inequality
— n
Z Y 2n (f, xe(i)) — fi(xg ) + Z sz )),A(i)) < ths. of eq. (239).  (2.41)
=0 i=1 t=0 i=
We now proceed by computing a bound on the second term on the Lh.s. of the inequality

(2.41). To this end, we state a lemma:

Lemma 2.6. For all T € IN, the following inequality holds

T-1 n T-1 n
2 Y meall A (D13 ~ Z Z’?t VAL (x: (i NIZ< Y, Zzﬂt ), A(D)). (242)
t=0 i=1 t=0 i= t=0 i=

Proof. See Appendix A.2. O

Using the lower bound (2.42) of Lemma 2.6 in conjunction with eq. (2.41) results in the

39



following inequality

~

-1

Y | A (D) |13 (2.43)
=0 i=1

T-1 n n
Y 32 (il (i) = fixi)) < 12 Dyl

t=0 i=1

~~

T-1 n
+ 3 Yo ni (IVaLf Cee (i), A(D)I + [IVALE Cxe(0), Ae(0))]13) -

t=0 i=1
Now, recall the definition of the cumulative cost function f,(-) in (2.2a). Our goal in the
rest of the proof is to establish an inequality in terms of the cumulative cost function. To

this end, we first use the convexity of f;(-) due to (A2) to derive the following inequality

[ilxe(7) + (8, (x: (7)), x:() — x:(j)) < fixe(i))- (2.44)

We then substitute (2.44) into eq. (2.43) to obtain

T-1 n

L L 2m( ({7 = £i(x))) (2.45)
T-1 n

+ L L 2mgs () 1) - xi(j))) < rhs. of (2.43)

From the definition of the cumulative cost function in eq. (2.2a), we have f,(x:(j)) =
1 —~
- Y1 fi(x¢(j)). A similar equality holds for f,(x{). We proceed from eq. (2.45) using the

cumulative cost function,

n T-1 n
2n Z 7 (fo — fulx5)) <Y Dy (x5 %o(i Z(:) Y | A(0) |13
i=1 t i=
Z_: Y 7e{8 s (xe (7)), 22 (7) — 2:(0)) (2.46)
t=0 i=1
T-1 n

Z Z (V7L Cee (), A (D) I1Z + [IVALE (e (), Ae (D)) 3) -

From Step 5 of Algorithm 1, recall the definition of the running average X7(j). Since the
functions f;(-),i € V is convex (cf. (Al)), so is the cumulative function ﬁ,() (see (2.2a)).

Therefore,

T-1., 7 -
Futzr(j)) < B b))
Zt ot

(2.47)
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We divide both sides of eq. (2.46) by W and use the inequality (2.47) to derive

t—0 Mt)
o) = Folod) < e 5 Dy ;) IUINOLE
1 T-1 n
o L Lmlga (a1 G) - () (248)
T-1 n
£ T Y (VL (i), A+ VAL G (), M) )

T
o
i

L

From the Cauchy-Schwarz inequality and the upper bound ||gy,(x:(j)) |« < L (cf. (A1), we

derive

(87 (a (i), xi() = x(0)) < lgg ()l ) — 0]
< Lixi(j) - x ()] (249)

Substituting the upper bound (2.49) in (2.48), and subsequently changing the role of the

variables i and j completes the proof.

2.7.2 Proof of Theorem 2.4
To prove Theorem 2.4, we need the following lemmata:

Lemma 2.7. Consider the step-size 17; > 0 and the regularization parameter x > 0 that satisfy

e < 1forall t € [T —1). Then, the sub-gradients of the Lagrangian function are bounded by

IVALE (e (), Ae(i)) 5 < 2mL2R? + 222 || A4 (3) 13, (2.50)
2L Gai), A0 |2 < 2 (1 - ’”LR> @51)
forallt € [T —1].
Proof. See Section 2.7.3. O

Lemma 2.8. Consider the stepsize 1y = for some constant € Ry and the regularization

Ui
V1+t
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parameter « that satisfies o < 1 for all t € [T — 1]. Then, the consensus term is bounded by

T-1 3/2 % _
Y mllxe(i) — x(j)|) < 5L <1 4 m n LR) <log(TV ) Z (2.52)
t=0 —

1—0’2

forallt € [T —1],and foralli,j € V.
Proof. See Section 2.7 4. O

Now, consider the upper bound (2.13) in Lemma 2.3. We use the upper bounds (2.50)-

(2.51) in Lemmas 2.7 as well as the consensus bound (2.52) in Lemma 2.8 to obtain

Fa(®r (i) = fu(x5) (2.53)
1 — 1 T-1 n
Zt T Zsz x5 Xo( ; 5 ; Z{ (207 — amy) || Ae(i )H%]r (2.54)

where after some algebraic calculations, the constant A is computed as,

3
3/2 2 2
Adef g2 g2 (14 LR (log(TvinT) \ & (2.55)
o 1—0(P)

We further restrict the step-size and the regularization parameter to satisfy an; < % for all
t € [T —1]. In this case, we can drop the last term in the upper bound (2.53) since it is

non-positive. Hence,

~ RZ T-1
Fu(®r (i) = fulxg) < -+ Z Anz |, (2.56)
Zt ot
where we also used the fact that Dlp(xa‘ ;X0) < R2. We now use the step-size 1; = i For
this step-size, the following lower and upper bounds hold
T-1 -1 R
N = >2R(VT —1) (2.57a)
=0 i—o Vi+1
T-1 ) T-1 R )
n? = ; 1S < R*(1+1og(T)) < 5R*log(T), (2.57b)

H
I
S

for all T > 2, respectively. Substituting the bounds in eq. (2.57) in eq. (2.56) yields

FEr() — Flag) < [1 >

S 713 + Alog( )} T>2.
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Since log(T) > 1/4 for T > 2, we can obtain the following expression

~ « _ Rlog(T) 5
FEr) = fss) < 2B 14+ 3a], 722

Defining C 4 (5A/2) completes the proof.

2.7.3 Proof of Lemma 2.7

From Algorithm 1, recall the update rule for the Lagrangian multipliers A1 (i). Taking the

norm of the vector A;;1(7) results in

Z leAt

[Aty1(P)]]2 =

2
n

< Y piill Az,

1

-
Il

IN
M:

pijl I TIry (At () + 7:VaLi(x:(7), Ae (7)) |12 (2.58)

-
Il
—_

where in the last equality, we substituted A;(j) from eq. (2.8b) in Step 1 of Algorithm 1. We
use the non-expansive property of the projection to compute the following inequality from

eq. (2.58),

A1 (D) ]l2 < ZPz; | (Ae() + 1 VAL (xe (), A () |
j=

< Z pij [|A+(7) + 1V aLy(xe (7). Ae ()

where the last step follows by using the triangular inequality. We now square both sides of

the preceding inequality to obtain

2
[ A1 (i) H2 <ZPZJH)U + 1t VaL; (xt(])/)‘t(j))“z)

(@) ,
< 2 pis [Asi) + m VAL (), A )5
=

(2.59)
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where (a) follows from Jensen’s inequality. Recall the definition of the sub-gradient
VaLj(x:(j), At(j)) from eq. (2.5). Substituting VA L;(x:(j), At(j)) in eq. (2.59) yields

n

e ()13 < Y pig 11— ) Ae(f) + el (e ()15
j

—
o
=
—_

IN
.MS

Pj((l +8(0) (1 —an) [ A3+ 1+ 07 ) h(x(1))]F),  (2.60)

~
Il
—

where in (b), we used the Fenchel-Young inequality which holds for any §(t) > 0. Here, 6(t)
is a degree of freedom that allows us to tighten the upper bound in eq. (2.60) by balancing
the two terms inside the parenthesis.
Taking the summation with respecttoi =1,2,--- ,n results in
ZHMH DI <(1+06(8) (1 — ar) ZZHM )3 (2.61)
i=1

+(1+ (5_1( ))nmvyt L?R?,

where we use the fact ||h(x(j))||3 < mL?R? due to Lipschitz continuity assumption (A2),
and Y ; p;j = 1 since the weight matrix P is doubly stochastic by (A3).

Now, suppose that the regularization parameter satisfies ar; <1 forall t € [T —1]. In
this case, we choose §(t) = &t 1, where &(t) € ((1 — n)?,1). Substituting for 6(¢)

(1 —na)?

in eq. (B.1), we obtain

n n )
3 e ()=o) 1 1) B + 5

i=1 - t) — (1 —max)?

From this recursive formula and the fact that A;(0) = 0 for all i € [n] in Algorithm 1, we

nmL2?R?

obtain

" 2152 ! ( )Hk Ks(k)
EH)\Hl )|5 < nmL?R [;Og(g) (1—a(f)a)?

(c) nmLZRZ t t
< Y a(@)a T (1—ne)
(=0 k=011
@ nmL2R2
< 7""11521{ , (2.62)

where (c) follows by setting ¢(k) = (1 — nxa) forall k = 0,1,---,¢t, and (d) is due to the
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following inequality
t t
> e [T (1—ma) <1, (2.63)
which holds when na < 1,Vt € [T —1]. We defer the proof of the inequality (2.63) to
Appendix A.1.
Using the upper bound in eq. (2.62), we derive
m

87 (xe(D)) + ) Aige () e (x: (7))

k=1

IV L (2 (2), A (@) ||+ =

*

< g (xe ()]« + Z/\zk M gn, (xe (7)) ]«

=
Nas)

= L1+ [|A:(@)]1)

g 3/2
2L (1 + W) , (2.64)

—~
=

where (e) follows from the triangle inequality, (f) follows by using the upper bounds on the
sub-gradients ||g¢, (x¢(7)) ||« < L and ||gn, (x¢(7))[|« < L due to (A2), and (g) follows by using
the upper bound (2.62) in conjunction with the inequality ||A;(i)||1 < +/m||A:(i) |2 between
the ¢1- and ¢>-norms.

We prove the upper bound on ||V ,L*(x;(i), A+(i))||3 in Lemma 2.8 as follows

IVALE Cer (i), A(@)) 13 = IR (xe(0)) — ade (D) 13
< (A Cxe(D)]]2 + al|Ae(0) [12)

h) , .
< 2||n(x (i) 117 + 207 A ()13

—

(i)
< 2mL2R% + 202 A (1) |I3,

where (h) follows from the inequality (a + b)? < 24 + 2b?%, and (i) follows by Lipschitz
continuity of each hi(-) for k € [m] as well as the compactness of the feasible region X'. This
completes the proof of Lemma 2.8.

In the sequel, we prove an upper bound on ||V, L¥(x;(i), A¢(i))||3 which we use later in
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Appendix 2.7.5. To this end, we use eq. (2.62) to compute

IVALE (xe (i), A () |2 = (7 (22 (2)) — ade (@) |12

< Gl + A2
<v/mLR + « - ‘/@LR

< 2LR+/nm, (2.65)

where (e) is due to the triangle inequality. Therefore,

VAL (x¢ (i), A (0))]13 < 4L*R*nm. (2.66)

2.7.4 Proof of Lemma 2.8

To prove Lemma 2.8, we compute a recursion for the consensus terms ||x41(i) — x¢41(j) |-

We have that

ll2¢e1(2) — x4 (j

n
E Pik — p]k xt )
k=1
n
< Z ‘Plk ]k|||xt )H

n n
Z pic — Pl 1%e(k) — e (R) | + }_ [pax — pyellxe(R) [, (2.67)
k=1 k=1

where the last step follows by the triangle inequality. Now, from eq. (2.27b) recall that
Xi(k) = argminycy Dy(x;7¢(k)). From the first order optimality condition for x;(k), we

then have that
(VD (R(K) 7u(6)), x — T(K) >0, Vxe X, (2.68)

From the definition of the Bregman divergence (cf. Definition 2.1), we have V Dy (x;(k); y: (k)) =
Vi (x(k)) — Vp(y:(k)). Thus, the optimality condition in eq. (2.68) can be written as follows

(Vp(xi(k)) = Vp(ui(k)), x = %i(k)) =0, Vxe X
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We substitute Vi (i7;(k)) from eq. (2.27a) to obtain
(Vp(xe(k)) — Vip(xe (k) + 17:VaLi(xe(k), At (k)), x = % (k) > 0, (2.69)

for all x € X. Let x = x;(k). We now have the following chain of inequalities

(k) — 2O 2 (T () — T E), (k) — (0)

(
& (VL (), A (K)), 31 (k) — %1(6))

(©)
< el| VL (2 (), A () [ ][ (k) — xe (K) || (2.70)

where (a) is due to the fact that the modulus ¢ is 1-strongly convex with respect to the norm
|- |l, (b) is due to the inequality (2.69), and (c) is due to the Cauchy-Schwarz inequality.
From eq. (2.70) we readily obtain

[t (k) = Xe (k)| < 76 VL (2 (), As (K)) [+ (2.71)
Substituting the preceding inequality (2.71) in eq. (2.67) yields
lxt1 (1) — 2 ()| < ﬂtké [pik = PirllIVxLic(xe (k), At (K)) ||«
+ = piell @) )
Now, consider the norm ||x;(k)||. We have

[t (k)| =

n
Y prexi-a(0)
=1
n ~
<Y el 122 (O]
=1
< Y Aprel %=1 (6) = 21 (O] + Y [prel 1xe-1 (O
(=1 (=1

<1 Y kel IVaLo(xe1 (€), A1 (D)1 + Y prel l[xe-1 (O) Il (2.73)
(=1 =1

where the last inequality follows by invoking the inequality in (2.71), i.e.,

1X-1(6) = 21 (O] < 72 [ VaL(xe-1(6), Ara (6)) ||+ (2.74)
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Plugging eq. (2.73) into (2.72) yields

e 1 () — 202 ()| < éf |[P?ie = [P?jel - [lxi-1(0)]
1

+'7t2\ it = [Pliel[IVxLe(x:(£), A (£)) ||+

+ 1t Z |[P?]ie — [Pl VxLo(xe-1(£), Ar—1(€)) ||+ (2.75)
/=1

Define the state transition matrix ®(t —1,7) = def

P!~". Pursuing the recursive analysis of (2.75)
and using the state transition matrix ®(t —1,r), yields a more compact form of inequality,
t n

41 () = 22 () < Z(})mzz (@t =1, )i = [@(t = 1, )je| - [VaLe(xr(£), Ar(€))]],
r= =1

(2.76)
where in deriving eq. (2.76) we used the initial condition ||x¢(i)|| = 0, Vi € [n]. We use the

upper bound (2.64) to bound the norm ||V yL;(x,(¢), A+(€))]]« in eq. (2.76),

Z’WZI D(t— 1,1 — [®@(t—1,0)]ul. (277

nm /
i) — 3l < L {1+ : ZLR)

Now, from the definition of #;-norm we have
n

Z ®(t—1,1)]i = [@(t = L)l = [[@(t = 1,7)]i = [@(t = 1,7)]jllx.

Therefore, eq. (2.77) can be rewritten more compactly as follows

ZmH (t—=1,1)]i — [®@(t—1,7)][ (2.78)

nm3/2
r|xt<z'>—xf<j>HSL(1+ LR)

Multiply and divide by #; to derive

3/2
) = 0l < 2 (14 " [ZOZWH (=10~ (@1}l . @79)

In the sequel, we bound the term inside the bracket on the right hand side of eq. (2.79). To

do so, we need the following lemma:

Lemma 2.9. (DucHz et al. (20124)) For all doubly stochastic matrices P satisfying the conditions
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of (A2), and [®(t — 1,7)] = [P"™"], the following bound holds

I[@(t—1,7)]i = [®(t = L7)]jll2 < 202(P)"".

Now, consider the stepsize 177; = \/% for some constant # € IRy. In this case, the
step-size ratio is % = \/ﬁi—% < /T, where the inequality follows from the fact that t €

{0,1,---,T—1}and r € {0,1,--- ,t — 1}. Based on Lemma 2.9, we compute the following

upper bound

Z:H [@(t=1,7)]i = [®(t = 1,7)]jlh < VTnl[[@(t - 1,7)]i = [®(t = 1,7)]jll2
< VT - (@:(P)), (280
where in the first inequality, we used the fact that ||x||; < /n|/x||2 for any vector x € R".

Based on the upper bound we derived in eq. (2.80), we observe that the following inequality

"t ! ’ ] ’1 ’

if we have that

log(TV/nT) gef
tor 2 By e (2.82)

In the case that t — r < 7, we simply use the following trivial bound

Mr nr t+1
— ||| ®(t—1,7)]; — [®P(t—1,7)i|1 <2—=2 , 2.83
" e -1, — (@(— 1) <27 =2/ 28

where the inequality follows by using the triangle inequality ||[®(t —1,7)]; — [®(t —

Ln)ilh < [[[@(t—1,7)]li + [®(t —1,7)]j]l1, and the fact that [®(t —1,7)] is a doubly
stochastic matrix which implies ||[®(t —1,7)];|]; = 1 for all i € [n].

Now, to bound the sum inside the bracket of eq. (2.79), we break the sum into two terms
using T as the threshold. We obtain that

t—1 t—7

Y @t — 10— [@¢ -1l = ¥ L@ 1,0 - [@(t— 1,72
r=0 Wt r=0 rlt
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£y e -1 - @ -1,

r=t— T-‘rlnt
(gt r+1+2 fi t+1 (2.84)
- T r+1’ ’

—T+1
where in (g), we used the inequality (2.81) for the first sum and (2.83) for the second.
To compute an upper bound for the last term of the inequality (2.84), we state the

following lemma:

Lemma 2.10. For a given T > 2, and for all t > T — 1, the following inequality holds

t—1
y il (2.85)
r=t—71+1 r+ 1

Proof. See Appendix A.3. O

We use the inequality (2.85) in Lemma 2.10 to compute an upper bound (2.84) as below

r t— 1 3
T (=1, — [t -1, 7)) 2 < L 423
r= 017 T

(h) log(T+v/nT) :
<142 (bg(@(m)l) (2.86)

2142 <log(Tr)>

1-— 0'2( )
() _ (log(Tv/nT) :
<5 (1_02(1))> ) (2.87)

where in (h) we used the fact that t € {0,1,--- ,T—1} and thus (t —7+1)/T <1, and put
the value of T from eq. (2.82). In add1t10n in (i) we used the fact that log(x)~! > 1 —x, and
(j) follows by the fact that 3 (lOg(T;C)) > 1forall T > 2 and forall n € IN.

We substitute eq. (2.87) in eq. (2.79) which gives us

3/2 o %
) = )] <5t (1427 LR (ﬂ%@f@) " @s9)

Multiplying both sides of the inequality (2.88) by #; and taking the sum over t =0,1,--- , T —
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1 yields

W

o 1—0o(P

Z el|xe () — xe(j)|| < 5L <1 + ”mg/ZLR> (1°g(Tr ) i (2.89)

2.7.5 Proof of Theorem 2.5

We start from our earlier result in eq. (2.39) in Appendix 2.7.1, which we repeat here,

Li:
1

:\»—x

e (L8 Ger(0), M) = L, M) (2.90)

T

Il
—_

- £M=

<

D(xp; xo(i)) + eIV L (xe(0), Ae () [13-

Il
—_
N

i t=0

Moreover, from eq. (A.5) in Appendix A.2, we have the following inequality

1= wr . 1= ‘
. Z 2 20 (L (xa(), A) = L (i (), As())) < [IAN1Z + - Z Y R IVALE (e (i), Ae(0) |13,
t=0 i=1 t=0 i=1
(2.91)
for all A € R”!. Combining the inequalities in egs. (2.90) and (2.91) yields
lii (L (i), A) = LE (x5, M )<1li xo(i)) + || A3
"i=0im o ~nH 0’ 2
1 T-1 n ) 1 T-1 n ) )
+o Z DRIV L (e (), A2 + - ) ZmHVAL“ X (), Ae(0)) I (2.92)
=0 i=1 =0 i=

Recall the definition of the Lagrangian function from (2.3). We expand the Lagrangian

functions on the left hand side of eq. (2.92),

LT 2 () - 55 igé (0 B(0) — (i), h(x§)))
T-1 n
& L a1 = IAIP) < eh. of 252, 299

Now, we notice that —(A:(i), h(xj)) > 0 since A(i) = 0 and h(x§) = 0 for an optimal
point xj € X of the problem (2.2a)-(2.2b). Furthermore, ||A;(i)||*> > 0 is non-negative. By

eliminating these two non-negative terms from the left hand side of (2.93), we obtain that

_ -1 n T-1
Z ZZ: A (x (i) — A2 Y 7
=0 =0 i=1 t=0

% ne (fi(xe (i) — fi(x5))

S\H

&M=
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1T1n

:\H

1 n
< - Y D(xg;x0(i) + [|A]I5 +
i=1

We now move the quadratic term ||A||3 from the right hand side to the left hand side of the

inequality,

=

1 T 1 n T—1
— 3 2 (filx(i) — filx g; 1A, (e (i) >—\M||%(1+0<§]m)]

1
t=0 i=1

|-
.M:

Il
_

<

T-1 n

D(xg; xo(i)) + — Z Zm IV L (e (2), A (D)) |17 + E Z(l) Y I VALE (xe (D), Ae(0) |13
t=0 i=1

(2.94)

We now divide both sides of the preceding inequality by ﬁ Based on the convexity
t=0 It
condition of f;(-),Vi € [n] and hi(+), Vk € [m] in (A2) as well as the definition of the running

average Xr(i) in Algorithm 1, we compute

1¢& 1 1 «
;l; — fi(xp)) ﬁ; H/\Hz( Zz_olﬂt+2>] (2.95)
1 1= i
< T m<n§D b xo(i +7202 PRIV LS (e (i), () 2
1T—1 n
= Y Y IVALE i), M) 3)-

..ﬁ
Il

0i

Il
—_

Since the vector A = (Ay,- -+, Ayy) € R is arbitrary, we can maximize the terms inside the

bracket in the Lh.s. with respect to each element of the Lagrangian multiplier Ay, k € [m],

2
u 1 % 1 LRy L
max Z — [|AlI3 -+ 5 ] =— Y lzhkm(z))] .
AERE |15 ( 251 1t 2) (2a+ﬁ) = ["is N
(2.96)
Substituting eq. (2.96) into eq. (2.95) gives us
1 ULB By Qe . ?
— Z (fi®r(i) = fi(xg)) + ———— Y | = Y m(xr(i))| < rhs. of (2.95). (2.97)
(21x+ TEm ) = iz n
t=0 ']

We now use the upper bounds in egs. (2.64),(2.66) to upper bound the sub-gradients on the

right hand side, and use the fact that || x}||*> < R? since x§ € B;(R). After some calculations,
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we derive that

2

1 ~

S pamEO)]

< R+ A , (2.98)
<2a—|—ZT1 ) Zto’ﬁ( f=2017t>

*Z (fi(xr(#)) = fi(xo)) +

where we recall the definition of the constant A from eq. (2.55).
From the description of Algorithm 1, we note that X7(i) € X. Now, the following two

scenarios can occur:

() 1y (fi(®r(i)) — fi(xg)) > 0: In this case, we simply eliminate this term from the

left hand side of eq. (2.98).

() Y7 (fi(xr(i)) — fi(x3)) < 0: This case can occur since the output ¥r(i) € X of
the primal-dual algorithm (cf Algorithm 1) can violate the inequality constraints, i.e.,
h(X7(i)) > 0 for some constraints k € [m]. Therefore, the value of the function at

x7(i) can be potentially smaller than that of an optimal solution.

To take both cases into account, we define the function F(T) as below

- 2 (fi(&r(0) — Fi(x5)) 299)

Clearly, the absolute value of the function in (2.99) is finite, i.e., |F(T)| < co for all T =
0,1,2,--- since each local function f]() is defined on a compact set X’ and it is Lipschitz
continuous. Let F (T )defmax{O F(T)}. In Case (i), we have F(T) < 0 and thus F(T)
vanishes. Further, in Case (ii), 74 (T) = F(T). Using the definition of F (T) in conjunction

with eq. (2.98) gives us
1 m e ] 1 ) =,
3 L [ L] <7m s R+AY i),
i=1

Zt o

whence we derive

[i }ih@(i»]

2

1
L2 et —=— | F
=gty )R
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+ 2 ( Lo+ 1> (2122 +A Tf nf) , (2.100)
(Liso 1) t=0
where 11 & (hl, ).
To compute an asymptotic bound, note that Y-/ ' 7, = Q(v/T) and Y-/ n? = O(log(T))
for the step-size 17; = 17/+/t + 1. Moreover, 7 (T) = O(1) as F.(T) < oo. Therefore, we
obtain from (2.100) that

2
= O(a). (2.101)
2

[}1 ih(@(i»]
i=1 n

We now prove the second part of Theorem 2.5. To prove (2.17), in the sequel we
show that when the inequality constraints are satisfied strictly, we indeed have 7, (T) =

O(log(T)/~/T). To prove this result, we recall the following inequality from eq. (2.44),

filxe (7)) < filxe (D)) + (g5 (x: (7)), x:(j) — x:(2)).- (2.102)

Using the Cauchy-Schwarz inequality as well as the Lipschitz bound |[gf, (x:(j))[[« < L in
(A2) yields

filxr(7))) < filxe (D)) + (85, (xe (7)), x: () — x:())
< filxe () + llg £ (e (G2 () — 2 (D)
< filxi(i) + Ll (j) — x:(8)]]

We multiply both sides of the inequality by #; and subsequently take the sum over t =
0/1/"' IT_1I

T-1

Z nefi(xe(j)) < Z nefi(xe (i) + L Z 1ellxe () — x: (0) [].

t=

Divide both sides of the preceding inequality by and use the inequality (2.47) to

ZT 1
derive

fi(x;(T)) < fil%:(7)) Z ZﬂtHXt —xt ().
t=0
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Equivalently, by subtracting f;(x;) from both sides of the inequality and then reversing the

sign, we obtain

—(fixr (D)) — fi(xg)) < —(fi(¥r(j) — fi(x7)) Z Z’?tth —x(i)[l. (2.108)
From the inequality (2.52) of Lemma 2.8 with the stepsize 77; = \/tTl’ the consensus term is
bounded by

B B log(T)
Z Zmet x(i)|| = (9< N > (2.104)
Therefore, the inequality (2.103) becomes
~E ) = (2) < (@) - AED 0 (). s
We use (2.105) to upper bound F(T) in eq. (2.99). In particular
1
F(T) <~ ()~ i) + 0 (52 ) 2106

We now argue that the first term of the upper bound (2.106) is non-positive and hence can

be dropped. To do so, we prove a lemma first:

~ . d
Lemma 2.11. Recall the definition of the cumulative cost function f,(x) =) Ly | fi(x) and suppose
the optimal solution of the minimization problem in (2.41)-(2.43) satisfies the inequality constraints

strictly. That is, h(xj) < 0. Then,

fu(x) = fu(x5) >0, (2.107)
forall x € X.
Proof. See Appendix A 4. O

We use the inequality (2.107) in Lemma 2.11 with x = X7(j) to derive

E(fz( r(j)) = fi(x)) = fu(®r(j)) — fu(x5)) = O

Consequently, the sum in eq. (2.106) is non-positive. Removing the sum from eq. (2.106)
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proves that 7(T) = O (103(%) ), which in turn proves F (T) = max{0, F(T)} = O <log(T)/\/T).

Now, recall that Y-/ 7; = Q(v/T) and Y/ #? = O(log(T)), we conclude from eq.
(2.100) that

o (k).

1&, . .
sEreo] | e (%

+

2.8 Conclusions and Discussions

In this paper, we have studied a distributed regularized primal-dual methods for convex
optimization of separable objective functions with inequality constraints. In the proposed
distributed methods, the Lagrangian function is regularized with the squared norm of the
Lagrangian multipliers. As a result, the norm of Lagrangian multipliers are bounded from
above, and consequently, the norm of sub-gradients of the Lagrangian function are also
bounded. Using this regularization, we proved a convergence rate for attaining the optimal
objective value, and we also presented an asymptotic analysis of the constraint violation of
the primal-dual solutions.

We showed an interesting trade-off between the convergence rate of the algorithm and
the constraint violation bound. In particular, the convergence rate is inversely proportional
to the regularization parameter, whereas the constraint violation bound is directly propor-
tional to the regularization parameter. To guarantee that both the constraint violation and
convergence bounds vanishes as the number of iteration increases.

As a future research, it is interesting to have a comprehensive analysis of the distributed
penalty /barrier function methods, and compare their convergence rates with the distributed

primal-dual algorithms we developed in this paper.
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Chapter 3

Stochastic Primal-Dual Method on

Riemannian Manifolds

3.1 Introduction

Modern optimization problems emerging in statistics and signal processing are increasingly
high dimensional and thus scalable numerical techniques are needed to analyze these
problems. Optimization methods on Riemannian manifolds are promising techniques for
constrained optimization problems that exploit the geometry of the feasible set to improve
the computational efficiency. To use these techniques, the feasible set must admit the

structure of a Riemannian manifold,

min £(x) L EplF(x:6)] = [ F(x2)dP(@) (3.12)
subject to : Ig(x) <0, k=1,2,---,m, (3.1b)

where {F(-;{),¢ € E} and {h} are collections of real valued functions defined on the
Riemannian manifold M, and P is a probability measure on E. Here, by including the
explicit inequality constraints (3.1b), the objective function f is optimized over a submanifold
of M.

The problem in egs. (3.1a)-(3.1b) can alternatively be framed as an Euclidean optimiza-
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tion using the Whitney embedding theorem Whitney (1936). Specifically, the problem in
egs. (3.1a)-(3.1b) can be treated as an optimization problem in the Euclidean space with
the implicit constraint set X', where X’ is the image of the embedding map ¢ : M — R*>"*!
for an n-dimensional manifold M. To solve such constrained optimization problems in
the Euclidean space, many algorithms have been devised over recent years, see Bertsekas

(1976) for a survey of those results. However, the Euclidean optimization techniques are

inadequate for optimizing functions on manifolds due to the following reasons:

(i) in most cases the Euclidean optimization methods rely on the convexity of the feasible

set X' to ensure convergence,

(if) optimization over the ambient space must be carried out on a much larger dimension

than that of the low-dimensional manifold,
(iii) the embedding map ! is often difficult to compute.

To circumvent these issues, we propose a primal-dual algorithm to directly optimize
the objective function on the manifold M, where hereafter we refer to as the Riemannian
primal-dual algorithm. In the proposed method, the primal variables are restricted to the
manifold M hence the underlying method is projection free. Consequently, the proposed

algorithm scales adequately to high dimensional problems.

3.1.1 Contributions

We prove non-asymptotic convergence of the primal-dual algorithm for optimizing functions
on manifolds with a bounded sectional curvature. Specifically, for geodesically convex
objective functions and for the class of manifolds with the negative sectional curvature (i.e.
the hyperbolic manifolds), we prove a global convergence in the objective value that involves
the sectional curvature of the underlying manifold.

Similarly, for the class of manifolds with the positive sectional curvature (i.e. the elliptic
manifolds), we prove a global convergence to the optimal objective value. The approach

we take for this class of manifolds is based on the comparative geometry techniques. More
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precisely, using Toponogov’s comparison theorem, we prove a convergence bound that also
involves the sectional curvature. To demonstrate the consistency of the upper bounds in the
elliptic and hyperbolic case, we show that when the sectional curvature diminishes (i.e. a
flat manifold), both convergence bounds coincide up to a constant multiplicative factor. We
also extend our global convergence analysis to asymptotically elliptic manifold, where the
sectional curvature is lower bounded by the quadratic distance function.

We consider three applications for the Riemannian primal-dual algorithm, namely
(i) the non-negative principal component analysis (PCA),
(if) the anchored state synchronization on the rotation group SO(3),
(iii) the weighted MAX-CUT problem under graph constraints.

First, we consider the non-negative PCA problem, where we consider a symmetric
spiked covariance model. We compare the Riemannian primal-dual algorithm to the spectral
method for the traditional PCA problem. Interestingly, we show empirically that the
Riemannian primal-dual method outperforms the spectral method in low SNR regimes
under the cosine similarity metric, due to the non-negativity constraint on the principal
component. The same observation has been made in Montanari and Richard (2016) using
approximate message passing, and thus our algorithm can be viewed as an alternative
approach. We further show that our proposed framework scales very gracefully with the
sample size while the semi-definite programming (SDP) approach is limited to sample sizes
of a few hundreds.

Next, we apply the Riemannian primal-dual algorithm to the anchored synchronization
problem, where the objective is to identify the elements of the rotation group SO(3) from
partial noisy observations of their relative rotations. In particular, we consider the problem
of minimizing the mean squared error (MMSE) associated with the noisy measurements.
Due to the invariance of the mean squared error under rotation, we include certain inequality
constraints (anchors) to the MMSE problem as a symmetry breaking approach. To handle

the inequality constraints, we in turn use a primal-dual method and show that it converges
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to the true rotation states for the measurements that are defined on the Erdds-Réyni random
graphs.

Lastly, we use the primal-dual algorithm for the weighted MAX-CUT problem under
certain restrictions on admissible cuts, see Lee et al. (2016a). The weighted MAX-CUT
problem belongs to the class of integer programming problems, and hence it is intractable
in general, unless P = NP. However, by using the standard ‘lifting” argument Goemans and
Williamson (1995), the MAX-CUT problem can be relaxed to optimizing a function on the
manifold of direct product of unit d-spheres 9289 ® .- 057 where d is the dimension
of the lifted vector. We thus apply optimization methods on the manifold to this problem.
Remarkably, regardless of initialization point, the optimization techniques on manifolds

achieves solutions that matches that of SDP on dense Erdos-Réyni random graphs.

3.1.2 Previous Works

Optimization methods on Riemannian manifolds generalize the Euclidean optimization

techniques, and thus they are classified similarly Ji (2007):

* Gradient descent methods. This is the class of first-order methods that were studied for
manifolds by Luenberger (1972, 1973) and Gabay (1982). These methods were further
expanded for systems and control theory applications by Brockett (1993), Smith (2013),
and Mahony (1994). A stochastic gradient descent for the Hadamard-Cartan hyperbolic
manifolds is also studied Bonnabel (2013). However, the convergence analysis of Bonnabel

(2013) for the elliptic manifolds does not involve the sectional curvature.

* Newton and quasi-Newton’s methods. In Newton’s method, the Hessian information of
a function is used to accelerate the convergence speed. However, the complexity of
computing the Hessian matrix as well as the matrix inversion in Newton’s method
restricts its use to low dimensional problems. Quasi-Newton’s methods are first-order

methods with a super-linear local convergence rate that update the Hessian through
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analyzing successive gradient vectors. The Riemannian Newton’s method was studied

by Smith (1994) and Mahony (1996) for the compact Lie groups, and Riemannian quasi-
Newton’s methods on the Grassmann manifold were studied in Brace ef al. (2006); Savas

and Lim (2010).

* Conjugate gradient method. Conjugate gradient method is an algorithm for solving systems
of linear equations whose matrix is symmetric and positive semi-definite. This method
can also be used as an iterative method for unconstrained minimizination Fletcher and
Reeves (1964). Conjugate gradient method was generalized to the Riemannian manifolds
by Smith (1994) and was applied to problems on the Stiefel and Grassmann manifolds in
Edelman et al. (1998).

Note that with the exception of Bonnabel (2013), these optimization methods are de-
terministic. Further, these methods do not include the inequality constraints in (3.1b) in
the optimization problem. However, incorporating the inequality constraints is useful as it
extends the Riemannian optimization techniques to sub-manifolds of well studied manifolds
such as Lie groups or a sphere.

The remainder of this chapter is organized as follows. In Section 3.2, we review basic
materials of differential geometry that are necessary for our analysis. In Section 3.3, we
formulate the optimization problem and we also present a primal-dual algorithm for
solving it. We also study the convergence rate of the proposed algorithm on two different
classes of manifolds, namely manifolds with negative bounded curvature, and the elliptic
manifolds of positive bounded curvature. In Section 3.6, we develop Riemannian primal-
dual method for the non-negative PCA problem. Further, we use the primal-dual algorithm
for synchronization of rotations from noisy observations over the Lie group SO(3). We also
study the application of the primal-dual method for the MAX-CUT problem on random
graphs. We provide the proofs of the main theorems in Section 3.7, while the more technical
parts of the proofs are deferred to the appendices. Lastly, we discuss our results and

conclude the paper in Section 3.8.
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Notations and Definitions. A list of symbols used in this paper is provided in Table 3.3
at the end of this paper. We use the standard asymptotic notation. In particular, if x,, and y,
are positive sequences, then x, = O(y,) means that limsup, ,, 3* < c0. We denote both
vectors and matrices by X = (X1, Xp,- -+, X;;) and X = [Xj;], respectively. For two vectors
X and Y, the vector inequality X < Y means the element-wise inequality, i.e., X; < Y; for all
i=1,2,---,n. Moreover, for (non-negative) sequences x; and y;, x; < y; means that there
exists a constant ¢ < oo such that x; < c-y; foralli € {1,2,---,n}. For a scalar 2 € R we
define [a]+ =max{0,a}. We denote the projection of the vector X onto the closed set X by
ITy(X) = argmingcy || X — Y||2. We often use the shorthand [T] ={1,2,---,T} to denote a
set. Lastly, for vectors X defined in the Euclidean space and manifolds, || X|| denotes the

Euclidean 2-norm, and the norm defined by the metric on the manifold, respectively.

3.2 Preliminaries

To provide a self-contained presentation, we review relevant Riemannian geometry defi-
nitions here. A brief review of the Lie groups is also provided in Appendix B.4. A more
comprehensive treatise on this subject can be found in Lee (2009); Do Carmo and Do Carmo

(1976).

3.2.1 Riemannian manifold

A Riemannian manifold (M, g) is a real smooth manifold M equipped with a Riemannain
metric g. In particular, the metric g is defined at each point p € M by the bi-linear map
gp : TyM x Ty M — R and induces an inner product structure on the tangent space T, M.
For any two vector fields X,Y € X(M) on the space of smooth time invariant vector fields
X(M), we denote the inner product by (X,,Y,) = g,(X;,Yy). Accordingly, the norm of a
vector X, € T, M is denoted by || X, || d:ef(gp(Xp,Xp))%.

Definition 3.1. (AFFINE CONNECTION) The affine connection on a manifold M is a bilinear map

X(M) x X(M) = X(M) and (X,Y) — VY, such that for all functions f € C>(M,R) it
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satisfies
* VixY = fVxY
o Vx(FY) = df(X)Y + fVxY,
where df (X) is the directional derivative of function f in the direction of X.

Define a coordinate chart (U, ¢) as ¢ : Y — V), where Y C M is an open setand V C R".
The affine connection on an n-dimensional manifold is completely determined by 7 real
valued smooth functions on U, namely the Christoffel symbols Ffj on local coordinates
(uy, -+ ,uy). Let 9y denotes the vector field d/0du; on U. Then, in local coordinates, the

affine connection can be characterized in terms of the covariant derivative of basis vectors
=k
k=1

The Levi-Civita connection on M is an affine connection that (i) preserves the metric
Vg = 0, and (ii) is torsion free, i.e., for any two vector fields X,Y € X(M) we have
VxY — VyX = [X,Y] where [-, ] is the Lie bracket of the vector fields. Throughout the
paper, we adopt this connection. In conjunction with the Levi-Civita connection, the

Christoffel symbols of the second kind take the following particular form
kdef 1y p
L= 5 z;g (9;gi1 + 9igj1 — 91gij)

where g,j = (9,,9;), and [g"/] is the inverse of the matrix [g,;] such that g"/g,; = 6,j, where

dyj is the Dirac delta function.

Definition 3.2. (RIEMANNIAN GRADIENT) The gradient of a real-valued function f € C*(M)
at the point p € M, denoted by grad,, f, is the unique vector in Ty M such that (gradp f,Xp) =
dpf(Xp) forall X, € T, M.

Definition 3.3. (RiIEMANNIAN HEss1AN) Given a real-valued function f € C?(M) on a Rie-

mannian manifold, the Riemannian Hessian of f at a point p € M is a (0,2)-tensor field
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Hess f(p) : TyM x T, M — R defined as
def
Hess f(p )[Xpr ] <vXp grad 1Y > (vzf(Xerp))pr
o def PP
where V=f = V'V f. Further, let V f= (V2 (Xp, Xp))p-

In the coordinate chart (¢, ¢) where p € U C M, the Hessian tensor takes the following

form

n n

2 k(32

(VEflp= X ( of)y = X Tl (akf)p> ditm @ duty,
m, (=1 k=1

where @ denotes the tensor product on the product of the cotangent spaces TyM ® T, M.

The Riemann curvature tensor in terms of the Levi-Civita connection is defined as

follows

R(X,YV)ZEVRVyZ — VyVxZ ~VixnZ, X,Y,Z € X(M).

The sectional curvature at point p € M is then defined as

(R(Xp, Yp)Xp, Yp)

<X Xp) (Yp, Yp) — (Xp, V)2 (3.2)

Ky(Xp, Y, )
where X, Y, € T, M. In particular, when X, and Y, are orthonormal, then we simply have
Kp(Xp, Yp) = (R(Xp, Yp)Xp, Yy).

3.2.2 Geodesic curve

A geodesic on a smooth manifold M equipped with an affine connection V is defined as a
curve 7 : [0,1] — M such that the parallel transport along the curve preserves the tangent

vector to the curve. Specifically,

at each point along the curve, where ¥(t) is the derivative with respect to t. Alternatively,
the geodesics of the Levi-Civita connection can be defined as the locally distance-minimizing

paths. Specifically, in a Riemannian manifold M with the metric tensor g, the length of a
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path 7 : [0,1] — M is the following functional,

def [1 N
L™ [ a0 (50 3(0) . 63
Accordingly, the distance d(p, ) between two points p,q € M is defined as
d(p,q) d:efinf{L['y] cy:[0,1] = M,v(0) = p,v(1) = g, is piecewise smooth} .

Using the Euler-Lagrange equations to minimize the functional in eq. (3.3) yields the

following set of differential equations for geodesics in local coordinates,

Fi(s) + Y0 Tt (5)7ls) = 0. (3.4
k=1

Definition 3.4. (EXPONENTIAL MAP) The (geodesic) exponential map exp, : Ty,M — M isa

mapping from v € T,M to q € M. In particular,
expp(v) =7(1), veT,M,

where y : [0,1] — M is a geodesic such that v,(0) = p, 7,(1) = g, and ,(0) = v.

In the case that the exponential map admits an inverse, we denote it by logp(q) ‘M —
T, M, M = expp(TpM) C M, and we refer to it as the Riemannian logarithmic map or

simply the logarithmic map.

Definition 3.5. (GEODESIC CONVEXITY) A real-valued function f : M — IR is geodesically convex

if for any two points p,q € M we have

fr(®) < (A=1)f(p) +1tf(q), foralltel0,1], (3.5)

where (t) : [0,1] — M is the geodesic with the initial and end points of y(0) = p and y(1) =g,

respectively. Equivalently, in terms of the logarithmic map logp(-), the condition (3.5) is described

by
f(p) +(grad, f,1og,(q)) < f(q), forallp,qe M. (3.6)
Now, we consider the geodesics of the product manifold N = M @ M ® - -+ ® M with
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the product metric tensor. In particular, we argue that y(f) = (y1(),- - -, ya(t)) determines
a geodesic for M, where each ;(t) is a geodesic for the i-th manifold. To see this, consider
the inclusion embedding ¢ : M — N. Given a vector X € T, M, we denote the push-forward
of X to T,(,)N via (di), : T,M — T,,) N by X. Note that this extension X is not unique. Let
VY and VM denote the Levi-Civita connection for N and M, respectively. By the Gauss
formula (Lee, 1997, Thm. 8.2), the relation between the Levi-Civita connections on N and

M are established by

VY = VY + (X, Y), (3.7)

L -
d:efl—I(Tp M)L (V?{ Y) is the second fundamental form, and (T, M)*

where II(X,Y) def (V?{?)
denotes the orthogonal complement of T, M.

From eq. (3.7), we observe that there exists a natural inclusion of X in N, such that
I(X,Y) = 0. Specifically, consider the local coordinates (x1,---,x;) for p € M. We
locally have X = Y%, X;(p)0;, where X;(p) are smooth functions. Now, consider the local

coordinate (x1,- -+, x4, %1, - ,Jﬁ(n_l)d) of i((p) € M. Then, for the canonical inclusion

(n—1)d
Xi(t(p)ai+ ) 0x9;, (3.8)

i=1

~

X =

M-

Il
—_

we have II()A(, ?) = 0, see Taringoo (2015).

We now notice that due to eq. (3.7) and the choice of the extension in eq. (3.8), we have
Vi, Y+ Y) = VY + -+ VY, where X, Y; € X(M),i =1,2,-- - ,n; see
(Do Carmo and Do Carmo, 1976, Excer. 1, Chap. 6). The claim now follows by letting
X; = Y; = i(t) and noting that for a geodesic Vé\f(tﬂi(t) = 0.

3.2.3 Parallel Transport

Parallel transport provides a way to compare different tangent spaces on manifolds. For

a curve v : [0,1] — M, t — () with the local expression (1(t),---,yx(f)) and a vector
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field X(t) = ¥; xi(t)(9;) (1), we define

dX

A z

The vector field X(t) is called parallel if dX /dt = 0. For a parallel vector field, we use the
notation P, ), (;)X(s) to denote the transport of the vector X(s) € T, )M to the tangent

space at y(t), i.e., Py ()1 X(s) € Ty M.

3.3 Problem Statement and Algorithm

3.3.1 Primal-Dual Algorithm
In this paper, we are concerned with the following optimization problem:

Problem 3.6. Suppose M is a smooth, complete, connected Riemannian manifold, equipped with a
smooth metric tensor, and F(-,&),hy, -+, hy € C?(M,R) are functions that are obtained through

restriction of their domains to the manifold M. Compute
min £(x) CEplF(x:0)] = [ F(x:8)dP(),
subject to : h(x) 20,

where h@((hl,hz,- o hy).

Notice that since M is a finite dimensional complete metric space by the problem
statement assumption, the Hopf-Rinow theorem Do Carmo and Do Carmo (1976),Milnor
(2016) ensures that it is also a geodesically complete manifold, i.e., any two points in M are
joined by at least one minimal geodesic.

Associated with the Problem 3.6, we define the (stochastic) Lagrangian functions

L%(x,A; &) € C2(M x R x E,IR) on the manifold M as follows

L(x,A;¢) =F(x;¢) + (A, h(x)), (39)

where A € RY is the vector of Lagrangian multipliers. For each point on the manifold
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x € M, we define the active set A(x)={i € {1,2,---,m} : hj(x) = 0}. We now have the

following definition, cf. Bergmann and Herzog (2018):

Definition 3.7. The linear independent constraint qualification (LICQ) on manifold M holds at x
if {grad h;(x),i € A(x)} is linear independent on T, M.

The following result due to Yang et. al. Yang et al. (2014) shows that the Karush-Kuhn-
Tucker (KKT) conditions in the Euclidean space can be generalized to the Riemannian

geometry:

Theorem 3.8. (YANG ef al., 2014, TaM. 4.1) Suppose that x;j is a local solution of Problem 3.6
such that LICQ holds at x;. Then, there is a Lagrange multiplier vector A such that the following

conditions are satisfied at (x§, A§),

grad, L(x5,A5) =0

hi(x5) =0, A5 =0, Ajoh(xy) =0,
where o is the element-wise (Hadamard) product.

Instead of dealing with the Lagrangian function in eq. (3.9), we use the Tikhonov
regularization of the Lagrangian multipliers which enables us to analyze the convergence

rate of the forthcoming algorithm

. «
L*(x,4:8) = F(x;:8) + (A, h(x)) = S [IAl13, (3.10)
. «

L*(x, A) = Ep[L* (%, ;)] = f(x) + (A, h(x)) = S [IAlI3, (3.11)
where A € R"! is the Lagrangian dual vector for the inequality constraints, and a > 0 is the
regularizer parameter that controls the norm of the dual variables. The remainder of this
paper will make extensive use of this regularization.

Based on eq. (3.10), we define
grad, L*(x,A;¢) = grad, F(x;¢) + (A, grad, h(x)) (3.12)

grad, L*(x,A) = h(x) — aA. (3.13)
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Algorithm 2 now describes the primal-dual method on the Riemannian manifold M. At
Step 3 of the algorithm, a point from the manifold x; € M is queried from the stochastic
oracle, and an estimate gradxt F(x¢,¢t) of the true gradient gradxt f(x;) is received.

Here, we briefly remark about two generalizations of Algorithm 2 that we will not
consider in this chapter. Nevertheless, with such generalizations, the convergence results

would be the same as those of Algoirthm 2.

1. The exponential map exp in Algorithm 2 can be generalized to the retraction mapping.
Conceptually, a retraction R at x € M, denoted by Ry, is a mapping from T, M to M
with a local rigidity condition that preserves gradients at x. In particular, we have the

following definition:

Definition 3.9. (RETRACTION MAPPING (ABsIL et al., 2009, DeFINITION 4.1.1.)) A retrac-
tion on a manifold M is a smooth mapping R from the tangent bundle T M onto M with the

following properties. Let Ry denotes the restriction of R to the tangent space T, M.

* Ry(0y) = x, where 0y denotes the zero element of Ty M.

* With the canonical identification Ty, TxM = Ty M, Ry satisfies
DR,(0,) = Idr, pq, (3.14)
where IdT \ denotes the identity mapping on Ty M, and DR, is the differential map.

The condition in eq. (3.14) is called the local rigidity condition. Due to the natural
identification Tp, Ty M = Ty M, the local rigidity condition implies that for every
tangent vector X € Ty M, the curve cx : t — Ry (t§) satisfies ¢x(0) = X. Moving
along this curve cx is thought of as moving in the direction X while constrained to

the manifold M.

2. The gradient grad f in Algorithm 2 corresponding to a continuously differentiable
function f € C!(M) can be replaced with the generalized gradient or the Clarke

subdifferential of a locally Lipschitz function f, see Yang et al. (2014). Recall that a
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function f on M is said to be L-Lipschitz on a set U if

f(x) = f(y)| <L-d(x,y), Yxyel, (3.15)

where L > 0. If for every x € M, f is L-Lipschitz at x for some L > 0, then f is said

to be locally Lipschitz on M.
Now, suppose f : M — IR is a locally Lipschitz function on M. The generalized
directional derivative of f at x € M in the direction X € Ty.M, denoted by f°(X;x) is
defined by (cf. Yang et al. (2014))

(1) i Tim £ 29— (@) £ IDPO[X]) — fo 97 (p(y)

lim lin , , (3.16)

where (U, ¢) is a coordinate chart. Notice that the definition of f°(X; x) is independ

on the choice of charts, see Motreanu and Pavel (1982).

Using the definition of the generalized directional derivative in eq. (3.16), the Clarke

subdifferential of a locally Lipschitz function f at x € M is defined as follows

def

Af (x) =X e oM+ (X, X) < f(X;x), VX € TeM . (3.17)

3.3.2 Assumptions

We impose the following assumptions throughout the paper:

(A1) There exists a sub-manifold ¢/ (x}) C M with diameter R = SUP, yer/(x5) d(x,y) < co

such that for all x € U(xg), the gradients are bounded by || grad, f(x)|| < My,
| grad, hi(x)|| < My, and |I(x)| < G,k € {1,2,--- ,m} for some positive bounded

values My, My, and G. In the case that M is compact, we simply take U (x5) = M.

For a non-asymptotic convergence result, we also require the following assumption:

(A2) The functions f(x) and h(x),k =1,2,--- ,m are geodesically convex on the manifold

M in the sense of Definition 3.5.

Based on Assumption (A2), any local minima of a geodesically convex function over

M is a global minima. The Kronecker products and the logarithms of determinants
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Algorithm 2 Stochastic Primal-Dual Method on the Riemannian Manifolds

1: initialize: xo € U(x§) € M, A9 =0, and a decreasing sequence {qt}tTZO as the step size

€ Ry
2: fort=20,1,---,T do
3: Query x; and receive gradxt F(xt; ) where & ~ P.
4: Update x;1 and A;11 as follows
5: Xep1 <= €Xp,, <—17t grad, L*(xy, )\t;gt)) .
6 A1 ¢ gy </\t + 1 grad,, L¥(x;, M).
7: end for
return {x;}]_;.
are two examples of functions that are geodesically convex on the cone of positive
definite matrices, see Wiesel (2012) for some applications of this result in the context
of covariance estimation.
(A3) The linear independent constraint qualification (LCQI) holds at the global optimum
(or optima).
Associated with the stochastic gradient vector, we define the estimation error
er = grad, f(x;) —grad, F(x:, ).
(A4) We assume that the estimations are unbiased, i.e., [E[e;|F;] = 0 for all t € [T], where §;

is the o-algebra of the random variables Go, - - - , ;1.

Moreover, when we prove the high probability bounds, the estimation error e; must
have a distribution whose tail decays sufficiently fast. To make this statement more

precise, we require the following definition:

Definition 3.10. The Young-Orlicz modulus is a convex non-decreasing function i : R —
R, such that (0) = 0 and P(x) — oo when x — co. Accordingly, the Orlicz norm of an

integrable random variable X with respect to the modulus 1 is defined as
1X[ly =inf{§ > 0:E[p(|X]/p)] <1}.

Among the classical examples of the Young-Orlicz moduli are ¢,(x) =x",p > 1
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and ¢, (x) =exp(x) — 1. Throughout the paper, we consider the modulus ¥, (x)
=exp(x’) — 1. Accordingly, we say X is sub-Gaussian when || X[y, < oo, and sub-

exponential when || X[y, < 0.

3.4 Convergence on Hyperbolic Manifolds

We first consider the case of hyperbolic manifolds. In particular, throughout this section, we

make the following assumption:

(A5) At every point on the manifold p € M, the sectional curvature is negative and lower

bounded by «, i.e., k < K(X,,Y,) <0 forall Xp,Y, € T,M.

The Euclidean space R" is a simple example of a manifold that has zero sectional
curvature everywhere ¥ = 0 and hence satisfies the condition of Assumption (A5). A
non-trivial example of a hyperbolic manifold is the statistical manifold given by {p(:|6) }sco
under the Fisher information metric Lafferty and Lebanon (2005). Here, 6 = (y,0), ©® =
R" ! x Ry, and p(-|u,0) = N(u, 021, 1) is the multivariate Gaussian having mean y €
R"!, and variance ¢2I,,_; with ¢ > 0.

Under Assumption (A5), the following results are known:

(R1) For any point p € M, there exists a unique distance minimizing geodesic between p

and ¢ for all g € M.

(R2) For any two points p,q € M x M, the squared Riemannian distance function d*(p, q)
is a continuously differentiable function for all g € M /{p}, ie., d* € C2(M x M,R}).

(R3) The exponential map is a diffeomorphism from the tangent bundle T M &f Up{p} x

Ty M onto the manifold M. Hence, the logarithmic map logp : M — Ty M exists.

The proofs of these assertions are based on the fact that on manifolds with the negative
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sectional curvature, the cut-locus! as well as the conjugate-locus2 of p are empty; cf. (Milnor,
2016, Lemma 19.1).
With these technical details in place, we are now ready to state the first main theorem of

this paper:

Theorem 3.11. Suppose Assumptions (A1)-A(5) hold. Let {x¢, A+ }]_, be a sequence of the primal-
dual points generated by Algorithm 2 with the step size 1y < 1/, such that (x;, Ar) € U(x§) x Ry
forallt =0,1,---,T. Then,

%iﬂm[f(xt)] — f(xq)
1
Yy

1,1 NPV .
2R3 X (A+ (4 2Ry w2l + 00 (B + Ellel |

and the constants A and B are defined as
2
A= 4mG? + M? (1 + VamG> , (3.18)

3
B = M? <1 + \/TG> . (3.19)

Notice that in Theorem 3.11, it is essential that the sequence of the primal-dual points
must remain inside the sub-manifold ¢/ (x(), as otherwise, the gradients of the Lagrangian
function can become unbounded. Similar to the Euclidean optimization algorithms, projec-
tion of the primal variables to the sub-manifold ¢/ (x}) guarantees the boundedness of the
gradients.

Moreover, similar to the regularized primal-dual method in the Euclidean space, the
value of the regularization parameter a« determines the rate at which the constraints violation

decays to zero, see Khuzani and Li (2016). In particular, we have the following corollary:

IThe cut-locus is the set of cut points of p, namely the points g along the emanating geodesic 7 : [0, 00) —
M, v(0) = p such that if y(ty) = g and y(¢) = 4, > tp, there exists a geodesic between p and § shorter than
7| [0,4]- In this case, a geodesic between p and g stops to be distance minimizing beyond 4.

2The conjugate locus is the set of conjugate points of p € M, i.e., the points g € M on the manifold that

are connected by a 1-parameter family of geodesics to p. In this case, a geodesic between p and g is not locally
distance minimizing.
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Corollary 3.12. Consider the conditions of Thm. 3.11 and let e; = 0,t € [T] (i.e., deterministic

algorithm). Further, choose the step size as 17; = —L_ and let any < 1forallt=0,1,---,T (thus

Vi
« < 1). Using the asymptotic notations, the convergence rate is

log(T) n 1 ) /

minBlf(x)] - f(x) = O ((xz(ﬁ— D @(VT-1)

te[T]

where Ty =1/ Y —4 s is the normalized step size. In particular, when o = 1/ T for e (0,1),

and the constraint violation is
2

=0 (),
2

T-1
[;) ﬁth(Xt)]

+

the rate of convergence and constraint violation are O (1/ Tg) and O(1/ TFTﬂ), respectively.

From Corollary 3.13, we observe that there is a tension between the rate of convergence
and the decay rate of the constraint violation. Specifically, increasing a results in smaller
dual variables. This in turn results in a larger constraint violation since the magnitude of
the dual variables controls the penalty of violating the inequality constraints.

It is worthwhile to compare the convergence bound described in Theorem 3.11 with
that of the stochastic optimization over the Euclidean space (x = 0). We observe that the
convergence rate on the hyperbolic manifolds depends on the second and third moments
of the gradient estimation error, i.e., IE[||e;||?] and IE[||e;]|?], respectively. In comparison, the
convergence rate of the Euclidean optimization techniques only depends on the variance of
the estimation error, also see Duchi and Namkoong (2016).

Moreover, similar to the regularized primal-dual method in the Euclidean space, the
value of the regularization parameter « determines the rate at which the constraints violation

decays to zero, see Khuzani and Li (2016). In particular, we have the following corollary:

Corollary 3.13. Consider the conditions of Thm. 3.11 and let e, = 0,t € [T] for simplicity

(deterministic algorithm). Further, choose the step size as n; = ﬁ and let anyy < 1 for all

t=0,1,---,T (thus « < 1). Using the asymptotic notations, the convergence rate is

. o log(T) !
g[l%]l]E[f(xt)] —flx) =0 (aZ(\/T_ 1) * a3(VT — 1)) /
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and the constraint violation is
2

=0(a),
2

where 1] d:efm/ Y10 1t is the normalized step size. In particular, when a =1/ T for e (0,1),

T-1
[; ﬁth(Xt)]

+

the rate of convergence and constraint violation are O (1/ Tg) and O(1/ T%) respectively.

From Corollary 3.13, we observe that there is a tension between the rate of convergence
and the decay rate of the constraint violation. Specifically, increasing a results in smaller
dual variables. This in turn results in a larger constraint violation since the magnitude of
the dual variables controls the penalty of violating the inequality constraints.

Also, observe that in the asymptotic convergence analysis of stochastic algorithms, the
step size of the algorithm must satisfies Yi° ; 7; = co and Y4 177 < 0o, Zhang et al. (2008).
As we observe from Corollary 3.13, the step size in Algorithm 2 only needs to have a
converging ratio Y./, 72/ Y/_; 71 — 0 as T — 0. For instance, the step size 7 = 1//t + 1

in Corollary 3.13 is diverging Yi° ; 7; = o0 and Y, 577 = oo, but the ratio is converging.

3.5 Convergence on the Elliptic Manifolds

In this section, we focus on the class of manifolds with positive and asymptotically non-

negative sectional curvatures. First, we consider the following assumption:

(A5) Atevery point on the manifold p € M, the sectional curvature is positive and bounded

from below by x > 0, i.e., K(X,,Y,) > « for all X,,Y, € Ty M.

The compact Lie groups, such as SU(2) and SO(3), the compact Grassmann manifold
G(n,1) =0(n)/0O(1) x O(n — 1) (one dimensional subspaces of R"), and a sphere are the
notable examples of this class of manifolds.

In contrast to the case of hyperbolic manifolds, the exponential map fails to be a local
diffeomorphism on the entire tangent plan T, M on the elliptic manifolds. Nevertheless, for

any given point p € M, there exists a neighborhood 1B, (0,) d:ef{Xp € TyM:gp(Xy, Xp) <
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is

r} C TyM around 0, € T, M for some radius r € Ry such that the restriction exp, |, (0,)
r\¥p

a diffeomorphism onto its range expp(]Br(Op)) C M, cf. (Lee, 2009, Lemma. 5.10).
The following definition is concerned with the largest value of such r over the entire

manifold M.

Definition 3.14. (INJECTIVITY RADIUS) The injectivity radius of M is defined as

. def , .
i(M)Z inf i(p),

where

i(p) d:efsup{f €ERy :exp, g (0,)i5 4 diffeomorphism}.
r\¥p

The next theorem establishes the convergence bound of the stochastic primal-dual
method on the elliptic manifolds. Since the elliptic manifolds of interest in this paper are
compact, in the following we assume that the gradients of the Lagrangian function are

bounded on the entire manifold, that is i/ = M.

Theorem 3.15. (NON-AsymrTOTIC CONVERGENCE) Suppose Assumptions (A1), (A2), (A3),
(A4), and (A5’) hold. Let {x;, \+}]_, be the sequence of the primal-dual points generated by
Algorithm 2 with the step size 1y < min{1/a,i(M)/||X;||}. Then, for all the primal-dual pairs
(xe,Ar) € M/{C(x§)} x Ry, t =1,2,---, T, we have

minE [(f(x;) — f(xg)) - sine(v/kd (xt, x5))] (3.20)

te[T)

2 . . T-1
e [“ (fd<xofxo>) + L (A Ellel e, (321)

where sinc(x) @[sin(x)/x, th_ grad, L*(xt, Ay;Gt), and C(x5) C M denotes the conjugate

locus of the point x;j (cf. Section 3.4).

Let us emphasize a few important points about Theorem 3.15.
First, note that due to Myers’ theorem (cf. Thm. B.3), d(x;, x}) < 71/+/k. Due to the
assumption x; ¢ C(xj), we indeed have the strict inequality d(x;, x) < 7w/+/k. To observe

this, note that when d(x;, x;;) = 71//k, the manifold M has a diameter 77/+/k and thus by
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Cheng’s rigidity result Cheng (1975), M is isometric to the sphere of radius /x. In this case,
x; and x;; are conjugate (antipodal points) which is excluded by the statement of Theorem
3.15. Hence, d(x;, x§) < 7t/+/x and sinc(y/xd(xt, x3)) € (0,1]. As a result, when the right
hand side of the upper bound

Second, as the curvature lower bound diminishes « | 0, sinc(xd(x:, x})) T 1 and
%sin2 (4(1(3@, xS)) — %dz(xo, x3). We thus observe that the convergence bounds we
obtained in Theorems 3.11 and 3.15 are in agreement (up to a constant factor of 1/2 in the
second term) in the asymptotic of vanishing curvature |x| — 0. This consistency is appealing
in light of the fact that different proof techniques are used to analyze the convergence rates
for elliptic and hyperbolic manifolds.

Third, note that although computing the exact value of the injectivity radius i(M) is
challenging in general, if the sectional curvature is further bounded from above 0 < x <
K(Xp,Yp) < 6 for all Xp, Y, € T, M, then Klingenberg (1995) has shown that M is compact
and either i(M) > 7t/ V8, or there is a closed geodesic 7 of minimal length among all
closed geodesics in M such that i(M) = 1L[7]. By establishing a lower bound on L[v], the
Cheeger-Gromov-Taylor inequality provides a more refined lower bound (cf. (Cheeger et al.,

1982, Theorem 4.3.)),
-1
Vol (B, (0
i(p) >min{ w/V6, sup r <1 + O(f(p))> , forallp e M,
0<r<m/4v/é Vol (B, (p))

where Vol(IB2,(0,)) denotes the volume of the the ball By, (0,) € T, M with respect to the

pull-back metric via the exponential map, i.e.,
« def .
S5 (Xp, Yp) = exp® gp(Xp, Yp)= gp(dexp(X,),dexp(Y,)) forall X, Y, € T,M. (3.22)

Lastly, we note that in the Euclidean optimization methods, the distance between the
initial and optimal points d(xo, x;) often appears as a quadratic term in the upper bound
and hence greatly influences the convergence speed, e.g. see Nedi¢ and Ozdaglar (2009b).
In contrast, from the upper bounds in Theorem 3.15 we observe that the primal-dual

optimization on the elliptic manifolds is less sensitive to the initialization point.
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In the following theorem, we characterize a high probability convergence bound when

the tail of the estimation error ||e;|| decays as a sub-Gaussian random variable.

Theorem 3.16. (HiGH-PrOBABILITY CONVERGENCE) Consider the assumptions and the step size
iy of Thm. 3.15. Further, suppose |||et|||,,, = p < co. Then, there exists a constant ¢ > 0, such that
with the probability of at least 1 — 29,

min (f(x;) — f(xp)) - sinc(vxd(xt, x5))

te[T)

NI

<
— vT-1 1
Zt:() nt K t=1 c2

1 T-1 2 T-1
+ 12,32 max {logz (f/g) (Z 77?) , 7log(c2/g) Z ’71&2}] ’

! [2 sin’ (‘é};d(xo,x(ﬁ)> +(A+4p?) Y gp 4 B/RBLEE(2/0) (Tzl ﬂf) 2
t=0

c2 t=0 t=0

forall xy e M,t=1,2,---,T.

Although the statement of Theorem 3.16 only includes the estimation errors with a
sub-Gaussian tail, the proof we present is somewhat more general and includes those cases
where the norm of the estimation error ||e|| has a tail decaying faster than a sub-Gaussian,
i.e., when e[, = p < oo forall v > 2. In those cases, a tighter bound can be proved, cf.
Section 3.7.3.

We note that in Assumption (A5’), the sectional curvature lower bound must be strictly
positive, i.e., k > 0. However, for certain types of manifolds that are encountered in practice
such as the Grassmann manifold G(n,7) = O(n)/O(r) x O(n — r) with r > 2 (r-dimensional
subspaces of IR"), or the Stiefel manifold St(n,r) = O(n)/O(n —r), the sectional curvature
is only non-negative K (Xp, Yp) > ( for all Xy, Yy € Tp/\/l and for all p € M, see ?. To take
these important manifolds into account, we replace Assumption (A6) with the following

milder assumption:

(A5”) At every point on the manifold p € M, the sectional curvature is non-negative, i.e.,

0 < K(Xp,Yp) forall X;,Y, € T,M.

Under the condition stated in (A5”), we obtain the following convergence result:
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Theorem 3.17. (NoN-AsyMPTOTIC CONVERGENCE) Suppose Assumptions (A1), (A2), (A3),(A4)
and (A5”) hold. Let {x;, A+}]_, be the sequence of the primal-dual points generated by Algorithm
2 with the step size 1; < min{1/a,i(M)/||X;||}. Then, for all the primal-dual pairs (x;, A) €
M/{C(x§)} xRy, t =1,2,---, T, we have

min E [(f(xr) — £(x§)) - sinc(v/xd(x1,33))]

te[T]

1 2 ] T—1
<L [st(ﬁd<xo,xs>)+2<A+1Emetu21>n%,
EZﬁ:Q Nt 2 t=0

K

where A is defined in eq. (3.18), sinc(x) gsin(x) /x, X; Y_ grad, L*(xt, Ay; ¢r), and C(x5) C M

denotes the conjugate locus of the point x;j (cf. Section 3.4).

3.6 Numerical Experiments

In this section, we evaluate the performance of Algorithm 2 for three applications. In
particular, we consider the non-negative online principal component analysis (PCA), the
anchored synchronization on the rotation group SO(3), and the graph Max-Cut problem. In
each example, the optimization is carried over a sub-manifold of a positively curved (elliptic)
Riemannian manifold. Moreover, the cases of PCA and synchronization are stochastic

optimization problems, whereas the graph Max-Cut is a deterministic optimization.

3.6.1 Non-negative Online PCA
Problem Description

The problem formulation we consider here is due to Montanari and Richard (2016). The
principal component analysis (PCA) is a popular dimension-reduction technique that
deals with estimating the direction of maximal variability in given zero-mean samples
¢o, -+ ,6r_1 € RY from a d-dimensional probability distribution P(¢). In particular, PCA

can be formulated as the following non-convex optimization on the unit sphere,

max Ep[(x, &) = /: (x,)2dP(2), (3.23)

xesd
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where ¢ is a random vector distributed with the distribution of P(-) and the support E, and
S? ¢ R is the unit sphere
de:ef{(xo,~ o, xg) € RIFL: ixiz = 1} )
i=0
The solution of eq. (3.23) corresponds to the principal eigenvector of the covariance matrix
IE(ZZT) which we denote by &*.

In practice, the underlying distribution P(¢) is unknown and the problem in egs.
(3.23)-(3.23) cannot be solved directly. The standard approach is thus to approximate
the population objective (3.23) with the following empirical cost function

1 T-1
max Ep [(x, &2 = T t;:)(x, &2, (3.24a)

Subject to:x € S°, (3.24b)

where Pr is the empirical measure. The solution of eqs. (3.24a)-(3.24b) corresponds to

T-1 T
the principal eigenvector of the sample covariance matrix %

Er d:efzf (o, -+ ,&7r—-1). In the low dimension regime T/d — oo, PCA is successful in recov-

which we denote by

ering the population eigenvector in the sense that |7 — &[] — 0 with a high probability
as T — oo Anderson (1963). However, it is well-known that when the dimension is com-
parable to the sample size T = O(d), PCA undergoes a phase transition. Specifically, in
the limit of T,d — o0, T/d — a € (0,1) the phase transition threshold is \/a below which
limr e (€7, &) = 0. That is, the empirical eigenvector &7 is uninformative about the
population eigenvector ¢.. Clearly, without any further structure, recovering the high-
dimensional principle component is challenging. Thus, to increase the phase transition
threshold, some side information about the population component ¢ is normally considered.
For example, &, is either sparse Zou et al. (2006); Ma (2013); Journée et al. (2010); Grbovic
et al. (2012), resides inside a cone Deshpande et al. (2014), or is simply a non-negative vector
Montanari and Richard (2016). In the sequel, we focus on the simple case of non-negative
PCA which arises naturally in the non-negative matrix factorization problem. In particular,

we consider the non-negative PCA problem under the symmetric spiked covariance model
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Algorithm 3 Riemannian Primal-Dual Method for Non-negative Online PCA

1: require: A sequence of samples o, ¢1,- - -, from eq. (3.25b).
2: initialize: Choose 2y € N(0,1;) and set xy = %0/ ||%|. Let Ag = 0. A decreasing sequence
{m}f;ol for the step size as in Thm. 3.15. The regularizer free parameter &« € R..
fort=20,1,2,--- do

Query the oracle and receive ;.

Compute X; = 2<Xt, gt>§t + As

Update variables as follows:

xp41 4= cos(7el| Xe ) xe + sin(e | Xe ) -

At+1 < H]Ri ((1 — Dé)At — ntxt).

return ét.}rl = X¢41.
9: end for

with a single spike Johnstone and Lu (2012); Montanari and Richard (2016). The associated

non-convex optimization problem can be written as follows

max Tr(YxxT) (3.25a)

X

Subject to: x € sl x=0, (3.25b)

where the samples Yd:ef(g',‘g, o, &r-1)T € RT™*T are generated according to the following

model
Y = V/SNRE,.ZL + Z. (3.26)

Here, & = 0,[|¢«|]2 = 1, and Z = [Z;] is the symmetric noise Z;; = Z;;, where Z;; ~

N(0,1/T) are i.i.d. additive noise, and Z;; ~ N(0,2/T).

Remark 3.18. Maximizing the empirical cost function as in eq. (3.24a) leads to an offline algorithm
in which all the samples o, - - - ,&1—1 are available. In contrast, in the proposed Algorithm 3, the
samples Go, - - - ,{T—1 are observed sequentially. That is, the Riemannian primal-dual method we

develop in the sequel is an online algorithm.

Algorithms

Riemannian Primal-Dual Method Since the Riemannian optimization techniques for the

classical PCA problem in egs. (3.24a)-(3.24b) are well-established Absil et al. (2009), here we
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mostly summarize the results for the primal-dual method in Algorithm 3. In particular, for

each point x € $¢ € R™*!, the tangent space T,S* is given by
T,8" = {z e R™: (x,2) = 0}. (3.27)

Given a vector z € R?*?, the orthogonal projection onto the tangent space T,S% is I, (z) =
z — x(x,z). To verify that this is indeed a projection, notice that (x,IL:(z)) = (x,z) —
(x,x){(x,z) = 0 and thus IT,(z) € T,S".

It is a standard exercise to show that the geodesic of S¥ with the initial point y(0) = x €

S, and the velocity 7(0) = z € T,S%/{0} is exactly the great circle,

z

y(t) = cos(tHzH)x+sin(tHzH)m, (3.28)
Hence, the exponential map has the following expression
. z
exp,(z) = cos(|\z||)x+sm(||z||)m. (3.29)

This map can be understood as the rotation of the point x € S in the direction of z with the
angle ||z||. From the exponential map (3.29), we verify that the injectivity radius is i(x) = 7,
since given a point on the sphere x € S% its antipodal point —x can be reached by choosing
2] = 7.

Given a sample ¢ € &, we define the Lagrangian function
L5, 458) = (x,8)+ (A,x) — 3]l
We compute the gradient grad,, L*(x,A;€) € T,S? as follows
grad L*(x,A; ) = 2(x, §)C + A.

The pseudo-code for the problem in eqgs. (3.25a)-(3.25b) is described in Algorithm 3.
Corresponding to the estimate 7, we define per coordinate constraint violation and the

overlap performance metrics as follows
s« def 5
Ny (Er) = [ Tge (&)1 / V4,
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AOverlap (6T) dZEf ’ <§T/ §*> |

Semi-definite Programming (SDP) To evaluate the performance of the Riemannian primal-
dual method, we also study the performance of the SDP method for the non-negative PCA

problem given in egs. (3.25a)-(3.25b),

min(Y, X) (3.30a)
Tr(X) =1, (3.30b)
X=0, X>0, (3.300)

where X = [X;;] > 0 denotes the element wise inequality X;; > 0, and X = 0 is the positive
semidefinite constraint.Given the solution X, € R™*T of the SDP problem eq. (3.30a)-
(3.30c), we first compute the decomposition X, = ZiTzl /\iuiuiT, where Ay > Ay --- > A, are
eigenvalues, and {u;}9_; are the corresponding eigenvectors. We then take the absolute

value of the leading eigenvector &1 = |u;| as the estimate of the principle component.

Numerical Results

We report our numerical results for the mixture model of Montanari and Richard (2016),
where the samples are generated according to eq. (3.26). In particular, we let
Cuji = \/%’ s
0, igsS,
where S C {1,2,---,d} and |S| = éd. We consider T = d = 2000 and choose SNR €
{0.05,0.1,- - - ,2} and sparsity level 6 € {0.1,0.5,0.9}. For each SNR value and the sparsity
level §, we compute the average value of the overlap AoVeﬂap(fT) over 30 trials.
Figure 3.1 shows the average overlap oneﬂap(f,‘ ) of Algorithm 3 at different SNR values.
the performance of the spectral method for the standard PCA (e.g. without non-negativity
constraint), where we first compute the singular value decomposition (SVD) of YYT /T and

then choose the leading eigenvector &(Y) corresponding to the largest eigenvalue.
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Figure 3.1: Comparison between the average overlap AOWW@ ) of Algorithm 3 for online non-negative
PCA, and the spectral method for the standard PCA over 30 trials and for the sample size of T = 2000 and
different sparsity levels 6. (a) Riemannian primal-dual method, (b) SVD algorithm.
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Figure 3.2: Average constraint violation AdCV(fT) of the Riemannian primal-dual solution for different sample
sizes over 30 trials. (a) T = 20, (b) T = 200, (c) T = 2000.
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We observe from Figure 3.1 that at low SNR regimes, the primal-dual method on
Riemannian manifolds yield a better overlap with the principal component compared to
the spectral method, due to capturing the non-negativity constraint. Moreover, the sparsity
level ¢ of the principle component &, does not affect the SVD decomposition algorithm. In
particular, we obtain the same overlap values from SVD regardless of the sparsity level 6. In
contrast, the performance of Algorithm 3 significantly improves in low SNR regimes as the
sparsity level § decreases.

Figure 3.2 shows the average constraint violation Al (é7) of the Riemannian primal-dual
solution for different sample sizes T € {20,200,2000} over 30 trials. Evidently, the constraint
violation is only significant in the low SNR regimes, where the samples ¢o,--- ,{r—1 are

nearly random Gaussian. However, by increasing the sample size T, the amount of constraint
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Table 3.1: Average performance comparison of the online Riemannian primal-dual method and offline SDP
for non-negative PCA problem over 30 trials. The reported numbers for the run time is per trial and 6 = 0.9
and SNR = 1.

SDP Primal-Dual
Sample Size | Aoverlap Run-Time(sec) | Aoverlap Run-Time(sec)
T=10 0.941 0.52 0.767 0.0029
T =50 0.824 8.12 0.807 0.0032
T =100 0.799 94.49 0.809 0.0050
T =200 0.841 1304.15 0.816 0.0103
T = 1000 N/A N/A 0.821 0.0849

violation of the Riemannian primal-dual solution diminishes. Notice that the amount of
constraint violation also depends on the tunable parameter « of the regularizer, which is
fixed to « = 0.1 in all the experiments.

We now turn to the SDP method, and compare its average overlap performance
oneﬂap(fT) over 30 trials with Algorithm 3 in Table 3.1. Further, we have computed
the algorithm run time in each case and reported the amount of time (sec) that each trial
takes.> We use Cvx Grant and Boyd to solve the SDP problem in egs. (3.30a)-(3.30c), where
we choose the best precision settings. We observe that although SDP is a polynomial time
algorithm, it scales very poorly in practice and can not be applied to problems with a large
sample size T. In fact, for the sample size T = 1000, we were unable to obtain the principle
component from SDP due to the physical memory limitations of our setup.? In contrast, the

Riemannian primal-dual method scales gracefully with the sample size T.

Remark 3.19. We note that the SDP method achieves substantially higher overlaps than Algorithm
3 when the sample size is small in Table 3.1. This is due to the fact that the SDP algorithm is an
offline algorithm in which all the samples &y, - - - , &T—1 are known. In comparison, Algorithm 3 is

an online algorithm and thus it naturally requires more samples to converge to a good solution.

3We measured the elapsed time of each algorithm using the tic — toc command in MATLAB.

4The experiments are performed in MATLAB on a Windows 7 machine equipped with the dual core 2.10
GHz Intel Xeon processor, and 32GB of RAM.
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3.6.2 Anchored Synchronization on SO(3)

In general, the synchronization problem is concerned with estimating a set of elements
g1, -+ ,8n of a group G from noisy observation of their relative positions y;; = w;;  g; * gj_l,
where w;; is the noise which is also an element of the group G. The synchronization
problems on Z, and U(1) groups have been studied in Javanmard et al. (2016). The case of
synchronization on SO(3) has also received a great deal of attention Boumal et al. (2014);
Singer and Shkolnisky (2011).

The rotation group SO(3) is the natural state-space for the orientation of rigid bodies,
and thus has many applications in robotics and computer vision for camera registration,
see, e.g., Horn (1990), Gurwitz and Overton (1989). Therefore, in the sequel we focus on the
synchronization problem for recovering the elements of the rotation group Ry, R, -+, R, €

SO(3).
Geometry of the Rotation Group SO(3)
The rotation group SO(3) can be defined as follows
SO(B3) = {R € GL(3,R) : RT xR = I,det(R) = 1},

where GL(3,R) is the set of 3 x 3 non-singular matrices, and the group operation * is

simply the matrix multiplication. Moreover, the metric is defined by ¢(R1, R2) = (Ry, R2) =

Tr(RIR;) for any Ry, R, € SO(3), which induces the Frobenius norm denoted by || - ||f.
The Lie algebra so(3) associated with the Lie group SO(3) is the set of all skew symmetric

matrices, i.e.,
50(3) = TISO(3) = {X e R¥3: X = —XT},

where the Lie bracket is the commutator [X, Y] = XY — YX. The tangent plan at any other
point R € SO(3) can be obtained simply by TrSO(3) = Rso(3) = {RX : X € s50(3)}. The

generators of the algebra e, e, e3 correspond to the derivative of rotation around each of
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the standard axis, namely

00 O 0 01 0 -1 0
ey = 00 -1 1|, e= 0O 0 0|, ex= 1 0 O
01 0 -1 00 0 0 O

The commutator of the basis is given by [e;, e;] = €jjex, for i, j, k € {1,2,3} where €;j is the
Levi-Civita symbol. Due to the compactness, the rotation group SO(3) admits a bi-invariant
metric with a non-negative sectional curvatures K > 0, cf. (Milnor, 1976, Corollary 1.3). In
general, consider the n-dimensional Lie group G with its associated Lie algebra g. Given a

generator ey, ez, - - - , e, of the algebra g, the structure constants a;j. are defined as follows
n
def
lei ej] = ) aijrer, i = ([ei ef], ex).
k=1

Note that the structure constants depend on the choice of the metric. For two orthonormal
vectors X,Y € g, a generator can always be constructed such that ey = X and e; = Y. As
shown by Milnor (1976), the sectional curvature for a bi-invariant metric is given by
K(X,Y) = X V)2 = i<a211>2 >0 (331)
i=
In the special case of the rotation group SO(3), the identity of eq. (3.31) gives us K(X,Y) =
1/4 for all X,Y € s0(3). Hence, the condition of Assumption (A4’) is satisfied.
The exponential map exp : s0(3) — SO(3) for the matrix Lie groups is simply the matrix
exponential, i.e., exp(X) = Y5>, X*/k! for X € s0(3). However, dealing with the infinite
series of the matrix powers is challenging for numerical reasons. We thus alternatively use

Rodrigues’ rotation formula (Murray et al., 1994, p. 28),

sin([|X|[r) 5, 1= cos(||X]lr)
X1 X117

exp(X) =1+ X%, X €s50(3),X #0. (3.32)

SRecall that a group is compact, if its point-set topology is compact.
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The logarithmic map log; : SO(3) — s0(3) is also given by

logs(R) = | Pl (333)
0g;(R) = ¢ 3.33

where ¢ satisfies cos(¢) = (Tr(R) —1)/2 and || log(R)||r = ¢. We note that when Tr(R) =
—1 two solutions for the log function exist, namely, if u = (u1,up, us) is the unit eigenvector
of R associated with the eigenvalue 1, then log(R) = £ (uje; + uze, + uzes), see Park and
Ravani (1997). Hence, the injectivity radius is inj(SO(3)) = .

From the logarithmic map, the geodesic distance between the two rotation matrices

R, R; € SO(3) can be determined as follows

d(R1,R2) = || log;(R{Ry)||r = || log;(R3 R1)| ¢ (3.34)

= arccos ((Tr(RlTR2) — 1)> = arccos <(<Rl'Rz>_1)> . (3.35)

2 2

Measurement Model

Consider the undirected, connected graph G = (V, E) with vertices Vd:ef{ 1,2,---,n} and
edges E C V x V. The set of measurements of the relative rotations on the undirected graph

G can be described as follows,
Y, = W;R}(RY)", (i,j) € E, (3.36)

where here W;; € SO(3) are i.i.d. multiplicative noise that are sampled from a distribution
with the probability density function g : SO(3) — R, with respect to the Haar measure y

(see Appendix B.4). In particular,

Lo SRI(ER) =1.

We assume that the multiplicative noise is unbiased, i.e., ]Eg[VVij] = I. Notice that the
measurement (i,j) and (j,i) on the undirected graph are the same, and hence we have
YIJT = (I/Vin?(R?)T)T = I/le-R?(R?)T = Yj;. Thus necessarily, W;; = R?(R?)TI/VI-]TRZ'(R?)T.

The symmetry on the observations also enforces certain restrictions on an admissible density
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function g; see Boumal et al. (2014).

Algorithms

Riemannian Primal-Dual Algorithm To apply the Riemannian primal-dual framework to
the synchronization problem, we begin with the problem of minimizing the mean squared

error (MMSE) on the product manifold M & SO(3) ®SO3) ® - - - ®SO(3),

minimizege MEy | Y, d*(I Y;iR,R])|, (3.37)
(i,j)€E

where Rd:ef(R1,- -+, Ry), Yd:ef(Yij)(i,j)eE, and Wj; = Y;;R;R]. Notice that the mean squared

error (MSE) in eq. (3.37) is invariant under the right transformation R; — R;A for A € SO(3)
and all i = 1,2,---,n, ie., d*(I, YZ-jR]-RiT) = d?(I, Yi]-R]-AATRiT). A symmetry breaking
strategy is to consider some reference nodes (anchors), that is R; = R? for i € Vcv,
see Boumal et al. (2014). Employing anchors to eliminate redundancies and pin down the
underlying state configuration is also a common approach in the localization of sensor
networks, where anchors consist of those sensors that are able to estimate their locations
based on a standalone localization mechanism such as GPS Romer (2005).
Including the anchors in the MMSE problem (3.37) yields
minimizege i %IEY (i’j)ZEE IT— YRR ||F], (3.38a)

subjectto: ||[I — RIRY||2 <0, icVCV. (3.38b)

Two remarks on the reformulation in egs. (3.38a)-(3.38b) are in order.
First, note that the geodesic distance in eq. (3.37) is replaced with the Frobenius distance
dr(R1, Ry) et |I — RTR;||F, R1, Ry € SO(3). This relaxation is permissible since the geodesic

distance and the Frobenius distance are boundedly equivalent with respect to topology of

SO(3) Huynh (2009), i.e., there are positive constants a,b > 0 such that

a-dr(Rq1,R2) <d(Ry,Ry) <b-dp(Ry,Ry).
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Second, notice that the equality constraints R; = R are written in the inequality forms.
An advantage of the current formulation is that the inequality constraints can be easily
modified to impose soft constraints ||[I — RTRY||2 < e on the rotation states for some € > 0.
This is particularly useful when side information R?,i € V are themselves some estimates
of the true states.

We now apply the Riemannian primal-dual method to the problem in egs. (3.38a)-(3.38b).

We define the Lagrangian function,

Lo IR3n><3n % ]RnJr N IR+ % IR3n><3n

1 1 ®
(R A;Y) = 5 Y - Y;RR]|E+ 5 Y Al - RiRY|E — §|I/\II§-
(ij)€E iev

The elements of the gradient vector grad L*(R,A;Y) = (Z4,- -+ ,Z,) are given by

Zi=— ), (I-RRjY;)YV;R— ), Y(I-Y;RiR))R,
jeN(i) JEN()
— AiRY(I = (RY) "Ry, (3.39)

where 1, is the indicator function, and we recall N (i) d:Ef{ jeV:(ij)eE}

Given the restriction L*(R,A;Y) = L%(R,A;Y)|pm, we obtain the i-th element of the

gradient grad L*(R, A; Y) by projecting Z; onto Tg,SO(3) = R;s0(3),

(grad L* (R, A;Y) ) = g o2 (Z:) = Riskew(R!Z)

1
= SRi(R{Zi — Z[Ry), (3.40)

where skew(X) d:ef(X — XT)/2 is the skew symmetric matrix based on X. Notice that

(grad L*(R,A;Y)); € Rjs0(3). Since the exponential map is a map from T;SO(3) = so0(3)
to SO(3), we subsequently use the left translation to compute an element of s; € s0(3) as

follows
si =R !(grad L*(R,\;Y)); = %(R?Zi —Z'R)), (3.41)

which is clearly a skew symmetric matrix.

90



Algorithm 4 Riemannian Primal-Dual Method for Synchronization on SO(3)

1: require: A connected synchronization graph E C V x V on the vertices V.
2: initialize: RY € SO(3), AY =0 foralli € V.

3. fort=20,1,---,T—1do

4:  Let I/Vlt] ~ g(X) be i.i.d. noise terms for all edges (i,]) € E.

5:  Observe the noisy samples Yf] = I/Vit].R?(R?)T of all edges (i,]) € E.
6:  Compute grad L*(R, AY) = (X!, X5, -+, X!) from eqs. (3.39)-(3.41).
i X! 1-— X!
7. Rf-{—] . RE I— Sln(Tlt”t i ||F)Xlt + COS(T{t ||2 i ||F) (Xlt)z )
||XiHP ||XiHF
8 A« max{0, (1 —a)Al + || R; — RY|2}.
9: end for

return (R}, R}, .- RI).

We now are in position to describe the structure of the Riemannian primal-dual algorithm

for solving (3.38a)-(3.38b), see the pseudocode of Algorithm 4.

Semi-Definite Programming (SDP) Convex relaxation using SDP was introduced in Arie-
Nachimson et al. (2012) for SO(3). Our treatment here is based on Wang and Singer (2013).
The method is similar to the Goemans and Williamson approximation algorithm to Max-Cut
that uses SDP (cf. Subsection 3.6.3).

The first step of the relaxation involves the observation that the following least squares

problem (without anchor node)

1 T2
min > ) [IT—YR;R{ |7 (3.42)
(ij)eE

is equivalent to the maximization problem

T
max 2 Te(YyRiR;). (3.43)
(ij)€E

The second step of relaxation introduces the matrix M = [M;j]; jjcy«v of relative rotations,

whose elements are defined by
M;=R/R;, (i,j)eVxV. (3.44)

Note that M;; € R**?, and thus M € R¥**". The matrix M admits the following decompo-
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sition
M = RRT, (3.45)

where we recall the definition of the matrix R = (Ry, - - - , R;;). The trace maximization in

eq. (3.43) can now be written as follows

Mg;gzi . Tr(MY) (3.46a)
subjectto: M;; =13, i=1,2,---,n (3.46b)
M >0, rank(M)=3 (3.46¢)
det(M;j) =1, (i,f) € [n] x [n], (3.46d)

where Y = [Yj] (i j)c[n)x[n] IS the observation matrix (note that Y is symmetric). The convex
relaxation of the problem in eqs. (3.46a)-(3.46d) corresponds to the following problem

without the rank and determinant constraints, i.e.,

max Tr(MY) (3.47a)
Me]RSnXSn
subjectto: M;; =13, i=12,---,n (3.47b)

M = 0. (3.47¢)

Numerical Results

We now evaluate the performance of Algorithm 4 on the connected Erdos-Réyni random
graph G(n, p). In all experiments, we use the isotropic Langevin distribution as an analogue
of the Gaussian distribution for the rotation group in the following simulations Boumal et al.

(2014),

-exp(B(R,N)), R €SO(3), (3.48)

NI =

g(R) =
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Figure 3.3: Synchronization on the Erdds-Réyni random graph G(n, p) with n =100, p = 0.05, s =5 =
0.05 and « = 1073, Panel (a): anchored synchronization with a single anchor V = {i}. Panel (b): anchor-free
synchronization.

08 -09

Figure 3.4: The trajectories (blue curves) of column vectors of the matrix R} in R> at different iterations
t=1,2,---, T and for two different trials. The column vectors of the true state R are shown by the red filled
circles, where i =1 ¢ V is not an anchor node. From left to right: first, second column, and third columns.

where N € SO(3) denotes the mean value, § > 0 is the concentration parameter, and Z is

the normalization factor,

Z= [, ePBIRN)du(X) (3.49)
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(a)
2 /50(3) exp(B(R, I))dp(R) (3.50)

Y exp(B)(Io(28) — 1 (28)), (3.51)

where (a) is due to the bi-invariance of the Haar measure (cf. Appendix B.4), and in (b),
Ip(2B), I;(2B) are the Bessel functions of the first kind.

Let B = 10, and consider the Erdds-Réyni random graph G(n, p) with n = 100 and
p = 0.05. Further, let ; = 7 = 0.05 and a = 1073. Figure 3.3 shows the Frobenius distance
dr(R, RY) = |R! — RY||f for all i € V and at different iterations t = 1,2, - -- ,1000, where
both anchored and anchor-free synchronizations are considered. In our simulations, we
used the rejection sampling method to sample from the density function (3.48).

In the case of anchored synchronization, we consider only one anchor V = {i}, where
i € V is chosen randomly. We observe from Figure 3.3 that in the absence of any anchors,
the algorithm does not converge to the true rotation states R?,i € V due to the invariance of
the MSE under rotation. Nevertheless, by including an anchor, the symmetry of the MSE is
broken and the algorithm correctly detects the true underlying states.

Figure 3.4 shows the trajectories of the column vectors of the first node in the graph R} =
[R};|R!,|R!;] with a blue curve at different iterations t = 1,2,---, T and for two different
trials of Algorithm 4. Further, the column vectors of the true matrix R = [R?, |R%,|RY,] are
shown by the red filled circles. Clearly, the trajectory of each column vector Ry;,i =1,2,3
clusters around its true state RY.. Note that the trajectories oscillate around their true
states due to using a constant step size 77; = 7 = 0.05. However, these oscillations can be
suppressed if a smaller step size is used.

To compare the (online) Riemannian primal-dual algorithm in egs. (3.38a)-(3.38b) with
that of the (offline) SDP algorithm in eqs. (3.47a)-(3.47c), similar to Section 3.6.1, we define
the average overlap associated with the estimated rotation matrices R = (Ry, - - -, R,) as

follows

Lodef 1 & —~
Aoverap(R) = £ ) | Tr(RYRY)]. (3.52)
i=1
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Table 3.2: Average performance comparison of the online Riemannian primal-dual method and offline SDP
for synchonization on the Erdds-Réyni random graph.

SDP Primal-Dual
Graph Size | Aoverlap Run-Time(sec) | Aoverlap  Run-Time(sec)
n=10 0.845 0.42 0.767 0.19
n =20 0.752 1.12 0.802 0.62
n =250 0.704 20.49 0.641 1.24
n = 100 0.631 600.15 0.561 1.90
T =200 N/A N/A 0.581 3.49

In Table 3.2, we compare the average overlap achieved by the Riemannian optimization
method and that of SDP relaxation, where the partial observations are generated according
to the the Erd6s-Réyni random graph. Once again, we oberve that although SDP yields better
overlap values, it poorly scales to large graphs. In contrast, the Riemannian primal-dual

method scales gracefully to higher graph sizes.

Remark 3.20. Note that since the SDP relaxation does not incorporate anchor nodes, to have a fair
comparison, in Table 3.2, we used gradient descent on the Riemannian manifold to minimize the
MMSE in eq. (3.38a) without the constraints in (3.38b). In this case, the recoverd rotation matrices
are different from the underlying rotation matrices. Thus, the overlap AOWW(R) defined in eq.

(3.52) measures the similarity of the recoverd rotation matrices with that of the ground truth.

3.6.3 Weighted MAX-CUT Problem
Problem Description

Consider a weighted graph G = (V, E, w) with vertices deef{l,Z,- .- ,n}, and edges E C
V x V, where w : E — R} assigns a non-negative weight w;; to each edge (7,j) € E and
wjj = 0 when (i,j) ¢ E. Further, w;; = 0,i € V and max; jc[, wjj < c0. The non-negativity
condition of the weight coefficients is inessential and is only imposed to simplify our
analysis in the sequel. The weighted MAX-CUT problem is concerned with finding a set of
vertices S (not necessarily unique) that maximizes the total weights of the edges in the cut

(S, V/S), that is ZU(S) = ZiGS,jEV/S (AJl]
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The MAX-CUT problem has diverse applications which include statistical physics, where
the combinatorial optimization methods are useful for finding the ground states d”Auriac
et al. (1997). Another application of the weighted MAX-CUT problem is in layout design
of very large scale integrated (VLSI) circuits, where the goal is to minimize the number of
locations that wires change layers to minimize the risk of breaking the chip.

To find the maximum cut w(S), the following integer quadratic program can be formu-

lated
max Z“]U — XXj) (3.53a)
g
subjectto: x; € {—1,1}, forallie V, (3.53b)

where x; = 1ifi € S, and x; = —1if i € V/S. Since the problem in eqs. (3.53a)-(3.53b) is
NP-hard, an approximate algorithm based on the following relaxation of egs. (3.53a)-(3.53b)

is proposed in Goemans and Williamson (1995),

max. Z wij(1 = (o, 7)) (3.54a)
g
subject to : 0; € st forallieV, (3.54b)

where 1 < d is the dimension of the lifted vectors.
A different relaxation of the integer programming problem in (3.53a)-(3.53b) is also

established in Goemans and Williamson (1995),

arccos({(c;, o))

max Wi (3.55a)
subject to : 0; € st forallieV, (3.55b)

Algorithms

Primal-Dual Method for Sum-of-Squares (SOS) Optimization As we have already ob-

served in the PCA problem, in practice the SDP method hardly scales beyond 7 of a few
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hundreds, although it yields the best known integrality gap for the MAX-CUT problem.®
Javanmard et al. (2016) have shown empirically that a heauristic gradient ascent method
for the closely related community detection problem converges to good local optima that
are undistinguishable from the SDP optimum. Montanari (2016) and subsequent work of
Mei et al. (2017) have further proved that the local optima of eqgs. (3.54a)-(3.54b) are indeed
within a gap from the SDP optimum in (3.68a)-(3.68b), where the gap is proportional to
n/+/d. Motivated by those observations and with the understanding that the objective
value of egs. (3.54a)-(3.54b) does not have spurious local minima, we apply the Riemannian
optimization techniques to the MAX-CUT problem.

In the sequel, we characterize a Riemannian primal-dual algorithm in conjunction with
the partial sum-of-squares (SOS) method proposed in Erdogdu et al. (2017). In the sequel, we
tirst review preliminaries of sum-of-squares (SOS). Our treatment closely follows Erdogdu
et al. (2017).

For even integers d, SOS(d) is a relaxation of the integer programming problem in eqs.
(3.53a)-(3.53b) with decision variable X : S — IR, where S denotes the set of subsets S C V

of cardinality |S| < d. In particular, SOS(d) is given by the following optimization problem

1 .
max o Z wii(1—X({i,j})), (3.56a)
(i,j)€E
subjectto: X(©@) =1, 0= M(X), (3.56b)

where M(X) is the moment matrix. In particular, the moment matrix M(X) is indexed by
the sets 51,5, C V, |S1],|S2| < d/2, and has enteries M(X)s, s, = X(51ASz), where S1AS;
is the symmetric difference between sets S; and S;. Alternatively, M(X)s, s, = (cs,, 0s,) for

a collection of vectors 05, S € S. Notice that

M(X)s;s = llos|lz = X(5AS) = X(?) = 1. (3.57)

®In fact, the unique game conjecture Khot ef al. (2007), which is a statement about the optimal inapproxima-
bility of certain class of computer science problems, implies that the SDP method is optimal for the MAX-CUT
problem in the sense that it yields the conjectured optimal integrality gap of approximately 0.878.
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Furthermore, M(X)s, s, = X(51AS2) is equivalent to the following condition
<0'51,0'52> = <0’S~1,0'S~2>, VS1ASQ = §1A§2. (358)

The case of SOS(2) corresponds to the SDP relaxation that we review in the subsequent part.
In the case of SOS(4), the optimization problem in eqs. (3.56a)-(3.56b) takes the following

explicit form

max Z wii(1—(oi, 07)) (3.59a)

(i,j)€E
subject to : 0; € s, (3.59b)
(0s,,05,) = (04, 01,), Vs1,82,t,t0 € DUV UE, (3.59¢)

where o & (0@, (gi)iev, (i) (i jevxv). Unfortunately, implementation of SOS optimization
is extremely difficult, without significant computational resource. In particular, even for the
moderate graph sizes, the size of the decision variable ¢ as well as the number of constraints
in eq. (3.59c¢) is significantly large, and thus the convergence is very slow.

For this reason, in the sequel, instead of solving the optimization in eq. (3.59), we deal
with a toy model to show that the primal-dual algorithm can be applied when equality
constraints of the form of (3.59¢) are present in the formulation of the MAX-CUT problem.

In particular, we consider an optimization problem on the manifold of direct product
of d-spheres M = $?®5/® .- ®S? = S equipped with the product metric gr =
gD gD - @ g and the product topology, where g is the metric induced by the embedding

of each sphere in R+, We now study a relaxation of eqgs. (3.53a)-(3.53b) as follows

oy % xoneM n ;w” 0'“0-]>) (3.60a)
subject to : (03, 07) = —1, forall (k1) € E. (3.60b)

Notice that replacing the equality constraint (3.60b) with the inequality constraint (o}, o) <
—1 does not change the problem. Given a locally optimal solution ¢* = (o7, - -, 0;;) of egs.

(3.60a)-(3.60b), we next generate a sequence of random vectors uy, - - - ,un € S? and find the
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cut Sy ={ieV: (o', u) >0},k=1,2,---,N. Notice that corresponding to each random
vector uy, a separating hyperplanes is defined in IR" ™. Further, notice that the constraints
in (3.60b) ensures that, irrespective of a chosen hyperplane, the designated edges of L are
included in Sy x V /S forallk=1,2,---,N.

Now, we characterize the geometry of the constraint manifold M. For each point
p € ¢ C R, the tangent space T,S? is defined in eq. (3.27). Given p = (p1,--- ,pn) €

M =5"® ... ®5 the tangent space of the product manifold takes the following form

TyM =T, p)ST @ @S (3.61)

~T,8aT,8"® - &T,5S", (3.62)

where the isomorphism is induced by the differential of the projection onto each sphere

with the differential of the inclusion map as its inverse.
Let /\def(/\l, o, An). We view M =S4 ® ... ® 8% =2 §"%4 a5 a submanifold of R (@+1)

and define the following Lagrangian function

L*(o,A) : IR”X(d“) x R" — R,

sz] 0’11(7] + Z Akl 1+<0'k10'l>)_*|’/\”2
z<] (k1)eE

The directional derivative of L in the direction of zd:ef(zl,~ ozt € R @) can be

computed as below

n e
mL (c+ez,A)— L%, M)

£—>O S
a
= sz] zlla] Zwlj 0'112]
z<] z<]
+ Y Malzoo) + ). Aulowz),
(k1)eE (k1)eE
b) 1
= Z wz; 21/0] +2 Z Agi zk/01>
l] 1 (k1)eE

where to derive (b), we exchanged the role of indices i,j in the second term of (a) and

used the fact that w;; = wj;, and w;; = 0 for all i, € [n]. Let N(i) d:ef{j €V:(i,j) € E}. We
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further made a similar observation for the terms with the dual variables. Based on Definition
3.2, we compute the gradient as an element of the tangent space T,R"* (@+1) o Rrx(@+1) 59

follows
dL%(o,A)(z) = Tr(grad L*(o, A) - z7) = (grad L%(c, A), z),
where the i-th element of the gradient vector grad L* (o, A) is
1 n
(grad L*(o,A)); = ~ 3 Y wijgi+2 Y Aoy,
=1 JEN(i)

Define L*(c,A) as the restriction of L*(c,A) to the product manifold M, ie., L*(c,A)
=L*(o,A)|pm. We now compute grad L*(c, A). Due to the isomorphism in eq. (3.62), it

suffices to compute the projection of each coordinate i € [n] of the vector grad L*(¢, A) onto

its corresponding tangent plane T,.S?. In particular, we have

gradL(o,A) = (X3, -+, X4), (3.63)
where
X; = HTVisd ((grad L* (o, A)))) (3.64)
1 n
= 7 wl‘j(o'i<0'i,0'j> —aj)+2 Z Aij((fi<¢7i,(7j> —0']'). (3.65)
n = ) )
j=1 JEN(i)

To describe the algorithm, we need to specify the stopping criteria. We define the
constraint violation associated with the solution vector o = (01, -+, o) € MR- @5 as

follows

, (3.66)

def 1
Al(U') = \/ﬁ HH]Rf (hij(ai’gj))(i,j)eﬁ

where hjj(0;, 0}) L+ (g, 0)).
We also define the norm of the gradient associated with the primal-dual pair (o, A) as

follows
def 1 «
Mo, A) = 7 |lgrad L* (o, A)|| ¢, (3.67)
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Algorithm 5 Randomized Hyper-Plane Rounding Method for MAX-CUT

1: require: Tolerances tolj, tols. A graph E C V x V with weighted edges wjj, (i,]) € E.
A sub-graph E C E.
2: initialize: Choose u1,--- ,up, U'ZQ e s, /\? =O0foralli € V, and A; > tol; and
Ay > tol,. A decreasing sequence {7;};°, for the step size as in Thm. 3.15. The
regularizer free parameter a# € IR} and the dimension 4 > 1.
while Ay > tol; and A, > tol,y do
Compute grad L* (¢!, Af) = (X!, -+, X}) from eqs. (3.63),(3.65).
Update variables as follows:
t
ot e cos(e| Xt )of +sin(pel X! ) gy, =1, .
A = max {0, (1 — )AL + (1 + (e, o))}, (i) € E.
Compute A; = A1(c!) and A; = Ay(of, AY).
end while
return Sy = {i € V: <¢71.t+1,uk> >0},k=1,2,---,N.

where || - || is the Frobenius norm, and we recall A d:ef()\l, -++ ,Am). Based on these stopping

criteria, the pseudocode for the MAX-CUT problem is described in Algorithm 5.

Semi-Definite Programming (SDP) The semi-definite programming relaxation of MAX-
CUT is due to seminal work of Goemans and Williamson (1995). The problem in egs.
(3.54a)-(3.54b) is non-convex, due to a non-convex feasible set. A semi-definite programming
(SDP) relaxation for this problem can be characterized by defining the matrix Y dZEf[Yij] with
elements Yj; d:ef<c7i, o), as well as Wd:ef[wi]-]. The optimization in (3.54a)-(3.54b) can now be

rewritten as a trace maximization problem over elliptope,

max iTr(W(l -Y)) (3.68a)

subject to : diag(Y) =1, Y >0, (3.68b)

where diag(Y) is a diagonal matrix, where diagonal elements are {Y;;}" ; and the off-
diagonal elements are all zeros. Further, 1 and I denote the all ones and identity matrices,
respectively. Given the solution Y, of (3.68a)-(3.68b), we compute the eigenvalue decompo-
sition Y, = UXZUT, where & = diag(Aq,- -+, Ay) is a diagonal matrix with the eigenvalues
A1 > Ay > --- > A, as the diagonal elements, and U = (Uy,--- ,U,) is a column ma-

trix composed of the eigenvectors Uy, - - - ,U,,. We then choose the principle component
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u; = (Uy, Uy, - -+, Uy,) and select the following cut
S = {i € V:sign(Uy;) > 0}.

Note that the spectral rounding method we used here is due to Javanmard et al. (2016)

and is different from the hyperplane rounding technique of Goemans and Williamson (1995).

Numerical Results

Here, we only present the experimental results for the performance of Algorithm 4 as well
as the semi-definite programming of Section 3.6.3. In particular, we apply Algorithm 4
to obtain the maximum cut in the Erd6s-Rényi random graphs G(n, p), where each edge
is connected with the probability of p € [0,1] independent from every other edge, and n
is the number of vertices. We only consider the connected realizations of G(n, p) in the
simulations, so that each cut-set S determines a unique partition of the vertices. The weights
w;; corresponding to the edges (i,j) € E are i.i.d. and w;; = |w|,w ~ N(0,1), ie., wjj is
distributed according to the folded Gaussian distribution.

First, we consider the unconstrained settings, where E = @. Since the SDP method
cannot be applied to large problems beyond 7 of a few hundreds, we restrict our analysis to
the small graph sizes of n € {30,40,50, - - - ,400} and we consider a fixed choice of the lifting
dimension d = 3. We use CVX Grant and Boyd with the best precision to solve the SDP
problem in egs. (3.68a)-(3.68b). Figure 3.5 shows the objective values w(S) attained by the
primal-dual algorithm and the SDP method, where A; = 0 (no constraint), and A, = 10-3.
We also put a limit of 5000 iterations, after which the algorithm generates the output even if
the threshold A, = 1073 is not reached.

In our simulations, we let « = 0, and #; = 1 = 1 for t < 1000, and #; = n = 1/100
for t > 1000. Further, we generate N = 1000 samples of random vectors on the sphere
uy,--- ,uny and compute different cuts Sy,---,Sy. We then choose the best cut among
S1,- -+, Sy that maximizes the objective function in (3.53a).

Interestingly, we observe from Figure 3.5 that when the random graph is dense (p =
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Figure 3.5: Denormalized objective value n x w(S) of the Riemannian optimization method for the uncon-
strained problem E = @ and the SDP algorithm on G(n, p) with different number of nodes n. Panel (a) sparse
graph p = 1/100, Panel (b) dense graph p = 1/10.

1/10), the objective values from the SDP and Riemannian methods is indistinguishable, even
when the graph size n grows. Evidently, for sparse graphs (p = 1/100), the SDP generally
provides better solutions, although the scalability issue of the SDP prohibits its use for larger
graphs.

We remark that in all of our simulations with Algorithm 3, we obtained good solutions,
irrespective of the initialization point. This observation is an empirical evidence for our
earlier suggestion that all the local minima of the MAX-CUT problem are close to the
global minimum or minima. In fact, this observation has already been rigorously proved in
Montanari (2016).

Next, we consider the constrained settings, where the elements of E C V x V are
sampled randomly to obtain a subgraph E C E with the cardinality |E| = 20. Figure
3.6 denotes the the inner product (c;, 0}), for all (i,j) € E. Evidently, the inner products
(07,0j),(i,j) € E satisfy the constraints (3.60b) asymptotically. We also demonstrated the
errors in the constraint violation and the norm of the gradient as defined in egs. (3.66) and

(3.67).
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Figure 3.6: Panel (a): The decay of errors A1(c) and Ay(o, A) as defined in egs. (3.66) and (3.67), resp.
Panel (b): The inner product (c;, ), (i,) € E for E C E, |E| = 20 at different iterations with a = 0.01 and
1 =n = 1/100.

3.7 Proofs of Main Results

In this section, we provide the proofs of main theorems and their corollaries, while deferring
the more technical proofs to the appendices. In particular, we first prove the convergence
results for Algorithm 2 when the sectional curvature is non-positive x < K (Xp,Yp) <
0,Xp,Yy € TyM for all p € M. We then prove a different convergence results for positive
curvature case K(Xp,Y,) > x > 0. We also prove a high probability convergence bound

under certain technical assumptions on the norm of the estimation error ||¢;||.

3.71 Proof of Theorem 3.11 (Hyperbolic Manifolds)

We start by writing the Taylor expansion of £ o exp,, at the point p € M for some smooth

generic function ¢ € C>(M,R). Note that ¢ o exp pisa function defined on the tanget space

T,M = R". Furthermore, we note that ;e‘ _Oé(expp(eX)) = Vx{(p) = (grad, {, X) for

any X, € T, M. Thus, based on the first order Taylor expansion with the integral remainder

we derive (cf. Smith (1994))

1
é(expp(eXp)) ={(p) + e(gradp 0, Xp) + 62/0 (1- S)V%(pé(expp seX,) ds, (3.69)
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where V3 (=(V{(X,, X))y

Now, we identify the parameters p = x4, X, = X; = —gradxt L¥(xt, A; &) € Ty M,
€ = 11, and /(x) = }d*(x,x;). Due to (A2) in Section 3.4, the squared distance function is
differentiable, and grad, 3d*(x, x}) = —log, (x}), where the Riemannian logarithm exists

due to (A3). Therefore, from the expansion in eq. (3.69) we compute

1 1
EdZ(eprt(th),xa‘) Zidz(xt/xé) — ni{log,, (xp), X¢)

1 1
+ Emz/o (1- s)V%QdZ(expxt (smeXt), x5) ds. (3.70)

Due to the update rule in Algorithm 2 we have x;;1 = exp,, (17:Xt). Therefore,

1 1 %
Edz(xtﬂr X)) :Edz(xt, x5) — ’7t<108xt (x5), Xt)

1 1
+ 517,52/0 (1- s)V%de(expxt(szt),xS) ds. (3.71)

Now, to bound the last term of the expression in eq. (3.71), in the following we consider
the special case of the Hadamard manifolds, where the sectional curvature is negative
everywhere on M.
In this case, the maximum eigenvalue Anax of the Hessian of the squared distance
1

function ((x) = 3d*(x, xj) is upper bounded by (cf. Bonnabel (2013),Cordero-Erausquin
et al. (2001))

,d?(x, xp) || 32 (x, x5)

) <
2 tanh( ]K];dz(x,xg))

gd(x,xé)\/%|ic|+1, (3.73)

where we recall that ¥ < 0 is a lower bound on the sectional curvature. Therefore,

(3.72)

)\max <V

V& d*(exp,, (sm:Xi), x5) < (d(expy, (s7:Xi), x5)/ 1k]/2 + 1) [ X% (3.74)
From eq. (3.71) and the inequality (3.73) we derive

1 1 * " 1
Edz(xtﬂ,xa‘) §§d2(xt, xXp) — 1 <10gxt(x0)/Xf> + ;ﬂtZHXtHZ
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+ e [

d(exp,, (sn:Xt), xg) ds. (3.75)

Using the method of integration by parts for the last term results in

0= shtexp (smixo), 7i) ds = (5= 5 ) dlexpy (1), %) g
1 s2\ d .
_/0 <s — 2> gd(expxt(szt),xo) ds
a) 1
2 74 (xt41, x0)

ds

/1 < SZ) <thﬁ’)’(5)Xt’ logexpxt (smeXt) (X6)>
S —_— —
2 d(expxt (sm:Xt), x5)
x 1 52
51,35) 1l e Xl [ (55 )
(©)

o1
d(xe11,%0) + gﬂtHXtH, (3.76)

where to derive (a), we used the fact that y(s ) = expx (sm:X;) is a geodesic with the initial

point y(0) = x;, and the tangent (0) = #;X;. Therefore,

d
35 P (smeXy) = 1Py, (s) Xt

where Py, ()Xt is the parallel-transport of the vector X; from the tangent plan Ty, M to
the tangent plan T, () M. To derive the step (b), we used the following inequality for the
inner product in the integrand,

(Prys(5) Xt 108, 7, (66))
[Py (5) X lld(expy, (516 X4), x5)

Lastly, in step (c), we used the fact that a geodesic 7(s) has a constant velocity and thus
1Py sy ) Xell = [ X[

By putting together the inequalities (3.75) and (3.76), we derive

M {log,, (x5), Xe) < 5d(xt,x5) — 5% (xe41,%5)

+m|\XH2< 2@()) s Xnxe. e

Since (x¢,A¢) € Br(x§) x Ry for all t € [T], we have d(x;11,x;) < R and from eq. (3.77) we
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derive

1 1
mllogs, (x65), Xe) <542, %5) = 3% (111, %))

Rl uz< "‘R> VI3, . 679

2V/2 32 "

Due to the geodesic convexity condition (A2), we also have the following inequality
L*(xt, At) — L (xg, M) < —(log,, (xp), grad,, L*(x¢, At)). (3.79)

Thus, from (3.78) and using the fact that X; = —L*(x¢, A; &) = er — L(x¢, At), we have after

the summation over t =0,1,--- ,T — 1 that

[ 1 2 * V |K R 2 2
< —
2 :771‘ (xt, At) — L (x5, A1) < Zd (%0, x0) + ( 22 ) 2 , i1 Xl

Z 1 )1° + Z ni(log, (x5),er). (3.80)

3x/§
We now obtain a similar inequality for the dual variables. For all A € IR", we have
IAerr = AlI* = [Tl (As + 71 grad, L* (xe, Ar) — A|1®
< || A¢+ e grad, L*(xp, Ay) — A2
< A = A+ 2ni(grad,, L* (xe, Ar), Ae — A) + 17| grad,y, L* (xe, As) |12 (3.81)
The summation over t =0,1,--- ,T — 1 and using the telescoping sum series gives us
[AT41 — A2 (3.82)

T—1 T—1
<M+ ) 2me(grad,, L (xe, A), As = A) + ) i [l grad,, L* (xe, Ad) |1,
t=0 t=0

where we used the fact that Ayg = 0. Since the left hand side of (3.82) is positive, we can

write
T-1 1 ) 1 T-1 ) )
Y- m(grad,, L(xi A, A — A < AP+ 5 1 il grady, L AP (389)
t=0 t=0
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Due to the concavity of L*(x;, -) we have the following inequality
L{X(Xt, )\) — L{X(Xt, At) S (grad)\t L"‘(xt, )\f),)\ — /\t>
Consequently,
« 1o, 15 5 « 2
Z 771‘ xt, —L (xt,/\t)) < *H)\” + E Z ur || gradA L (Xt, At)” . (384)
t=0

Combining egs. (3.80) and (3.84) gives

T-1

1 1
Z 77t xt/ L“(ng /\t)) < EH/\HZ + Edz(xo, XS) + Z ;7t<10gxt(x3)’et>
=0
— R ] =1
+* 7|l grad, L (xt, As) > + \/F n2 )1 X2 + Y2 31,113 (3.85

To further proceed, we state a lemma:

Lemma 3.21. Consider Assumption (A1), and let Mgmax{Mf, Mg} and ny < 1/aforall t € [T).

Then, for all realizations of the stochastic process Co, - - - ,C1—1 € &, the following inequalities hold
ligrad,, LG )] < v (14 Y2,
| grad,, L*(xt, Ar) || < 2v/mG,

forall t € [T].

Now, recall that X; = ¢; — gradxt L%(x;, A+) and consider the following inequality
IXell" < 2" ler | + 2" grad, L* (xe, Ar)|"
< 2" e ||" +2" M (1+\/TG>W, n=2,3, (3.86)
where the last inequality is due to the upper bound in Lemma 3.21. Moreover,
| grad,, L*(x1, )| < 2/G. (387)

Based on these two upper bounds, we obtain from (3.85) that,

Zm (01, 4) = (x5, A1) < AN + 502 (00,35) + X g, (36, 1)
t=0
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P15 (s arayfelrzr) fel?) i + Y (5 e (3.88)
2 t=0 ! 3\/§ =0 b

where A and B are two non-negative constants defined in egs. (3.18) and (3.19), respectively.

We now expand the left hand side to obtain
T-1 o ) 5
Y 1 (f ) = £xa) + (A () = (Ao, () + 5 (1A = A1)
t=0
< rh.s. of eq. (3.88).

Since h(x}) = 0 and A; > 0, and due to positivity of ||A; ||?, we can remove these terms from

the left hand side which then leaves us

T-1 T—1
Yo a+1
X )~ £Ga) + <<A, Y () - “(’Z”W)
t=0
1, = " e 2\, 2
sid (x0,%5) + z ni10g,, (x3),e) +5 Y- (A+ (1+2y/Ixl/2R)ler]2)
t=0 t=0

(3.89)

Maximizing the terms inside the parenthesis in the Lh.s. with respect to the vector A € IR"!

gives us
T-1 i 2

We eliminate the second term on the Lh.s. since it is positive. We then take the expectation

from both sides,

T-1
Y o (EIf ()] = f(5)) <5 SR Z( + (1+2y/ Il /2R)E s ] ) 7

[x] §

3v2 |

To derive this inequality, we used the fact that x; is §;-measurable since it is computed from

_|_

Z(BHE[IIE IPD)? (3.91)

all the random variables ¢y, &1, - - - ,¢;—1. Hence,

E[(log,, (x7), er)] = E[E[(log,, (xp), er)[¢]]
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= ]E[(logxt(xé),]E[L“(xt,/\t) — L*(x¢, Ay Ge)|Ge))] (3.92)

=0. (3.93)
Combining eq. (3.91) with the inequality

T-1 T-1
(minBLf(x0)] = £55)) e < L m(BLf ()] = F(33))

te[T]

yields the inequality of Theorem 3.11.

Proof of Corollary 3.13

Given the step size 7; = 1/+/t+1 and based on the Riemann sum approximation of

integrals, we compute the following upper bounds

——dt=2VT - 3.94
Zm Zﬁ_ e (394a)
T-1 1 T-1
g < g
Zm t0t+1_1+/0 +1dt 1+ log(T), (3.94b)
Z Tzl L Y L NP (3.94¢)
= < +/ t=3— —. 94c
w=X (t+1)2 0 (t+1)3 VT

Using the same technique, we can also prove a lower bound Y/ ' #; > 2(v/T — 1). From

these upper and lower bounds and based on the inequality of Theorem 3.11, we derive

. iy log(T) 1
{g[lﬁlE[f(xt)] f(xO)—O(az(ﬁ_l)+a3(ﬁ_1)>- (3.95)

Now, we recall our previous results in eq. (3.90),

. * :
{g[ljg]l(f(xt) —f(xo))+WH [ Z neh(x } Hz

1 . 8/l =1
S oyTT, (dz(xofxo) + A Z i+ 3HB ) 17?) , (3.96)
Yo Mt t=0 t=0

where we set ¢; = 0 for simplicity. Let the constant F > 0 be such that

min (f(x,) — f(x§)) = ~F <0.

te[T]
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From the bounds (3.94a)- (3.94c) we derive

(5 ] [ 2T -Det1y
t=0

+ll2 — 2

+ (2\8/?\/_?1_)“1;1 (dZ(xo,xg) + A(1+1og(T)) + S@B(s—z/ﬁ)> .

Now, we divide both sides by 1/ Y/ 1+ < 1/(2V/T —2) and use the definition 7 17t = 17t/ Yo

to derive
VT —1a+1
H[th w) | < T T (397)
+ Qf\/% ?’i‘;l <R2+A(1 +1og(T)) + S\QWB(?) —2/ﬁ)>,

where we used the fact that d?(x, xt) < R2, and also used Jensen’s inequality for 2-norm,
0 q y

ie.,

T-1
|5 ]} = gl ]

Therefore, from (3.97), we obtain the following asymptotic result
T-1 2
[ el [, = 0@

3.7.2 Proof of Theorem 3.15 (Elliptic Manifold)

To prove the theorem, we first state a proposition:

Proposition 3.22. (Law oF CosINE ON ErLiptic MANIFOLDS) Let { x4, /\t 1 be the sequence of the
primal-dual points generated by Algorithm 2 with the step size 1y < min{l/a&, i(M) /|| X¢||}. Then,
forallt =1,2,---,T, we have

cos(v/xd(x11,x3)) > cos(vxd(xs, x3)) cos(v/xd(xt, x141))

+ sin(v/xd (x¢, x§)) sin(v/xd (x, x411)) cos &,

where Oy is the angle between the arms (x;, x§) and (x¢, Xp41).

The proof of Proposition 3.22 is based on the comparative geometry techniques and is
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deferred to Appendix B.2.
Now, recall that x; ¢ C(x{;), i.e., x; is neither a conjugate or a cut point for x. Hence,

log, (x3) exists and the cosine similarity is well-defined,

<Xt/ logxt (XS)>

—_— 3.98
1% d(xe ) (3.98)

cost =

where we recall the definition X; = — graer L*(x¢, At; & ). From Proposition 3.22, we thus

obtain,

cos(v/xd (xt41,%5)) = cos(v/xd(xt, x5)) cos (17:v/ | X¢ )

+ Sin(ﬁd(xf/ XS)) Sln(?ﬁ\/]?”XtH) <Xt’ logxt<x3>>

Xl - d(xe, x5)

In the next step, we write the first order Taylor’s expansion with the remainder term,
1
cos(ev/x[|Xi]) =1 = Snix]| Xi|* cos(v)
. 1 .
sin( /x| Xill) = /x| Xl = S| Xe|? sin(@),
where 0,7 € (0,17:1/x|| X¢||). Hence,

cos(v/xd(x11,x3)) > cos(v/xd(xt, x5)) + nix(Xy, log, (x7)) - sinc(v/xd(xt, x§))

1
— el X,

where A % (sin(&) sin(y/kd (x¢, x§) ) cos(8) + cos(c) cos(v/kd(xt, x§))), and sinc(x) = sin(x)/x.

Since |A| < 2, we then have

nec(Xe,log,, (x)) - sinc(v/xd (xt, X5))

< cos(V/xd(xt+1, %)) — cos(Vid (x1, 7)) + x| X%

From the definition X; = ¢; — grad. L*(x;, A;), we obtain
g Xt

—p{grad,, L% (x;, Ar), log,, (x7)) - sinc(v/xd(x1, x5))
< cos(v/rd(x141,%3)) — cos(v/kd(x1,33)) + ]| X

— nix{er, log, (xg)) - sinc(v/kd(xt, X)) (3.99)
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Now, from the geodesic convexity inequality in eq. (3.79) we have
i (L% (xp, Ay) — L¥(x5, At))) - sine(v/xd (x4, x3)) < rhs. of eq. (3.99).
By expanding the left hand side we compute
i (F(xe) — f(x3) + (A, h(xy))) - sinc(v/xd (x;, x5)) < rhes. of eq. (3.99), (3.100)

where we removed the term — (A, h(x()) - sinc(y/kd(x;, x§)) in the left hand side since
0 < Ay, h(xg) =0, and sinc(y/xd(x¢, x§)) > 0 due to the fact that d(x¢, x§) < 7w/+/x (cf. Thm.
B.3 in Appendix B.2).

We now proceed by analyzing the following two cases:

e Case of (A¢, h(xt)) > 0:

We noted earlier sinc(/kd(x¢, x3)) > 0. Therefore, (A, h(x;)) sinc(v/kd(x¢, x5)) > 0 in
this case and we can drop this term from the left hand side of (3.100). After taking the

expectation and dividing both sides by x we obtain

mE|(f(x) = £(x)) sinc(v/xd (x1, )]
1

< (B[ (cos(vd(xis1,35)) — cos(vd(xr,xi)) |+ FE(I X 3100
e Case of (A, h(x:)) < 0:

To analyze this case, we begin from our earlier result in eq. (3.84) for the dual variables

which is also valid in the elliptic case,
IAer1 = AI? < (1A = Al + 2i(grad,, L* (xi, Ar), Ae — A) + 17 || grad,, L* (xi, Ae)[|%
Therefore, after using the concavity of L*(x;, -), we derive

200 (L (x1, A) — L* (21, Ar)) < | Ae = AP = | A1 — AlI> + 7| grad,, L*(x, Ag)[I*. (3.102)
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Expanding the left hand side with A = 0 yields
o
2 (= (Aa () + AP ) < 1A = Aesa |2+ 72 grad, L (e A1)
Hence, by dropping the second term on the left hand side, we get

1 1 1
el () < SIAP = S AP+ 577 | grady, L (i, A 2 (3.103)

Combining the inequalities (3.103) and (3.100) results in
e (£ (xe) — £(x5) ) sine(v/xd (1, 55)) + 7 (As, h(x1)) - (sine(v/rd (x1, x5)) = 1)
x 1 1
< cos(v/xd(xp41,%5)) — cos(v/xd (xi, x5)) + 7| Xe|* + Sl = S Al

. « 1
— ic{er, log,, (x5)) - sinc(Vd (xi, x5)) + 577 || grad,, L* (xi, Ar)|*.

The second term on the left hand side is non-negative since (h(x;), A;) < 0 under the
current case, and sinc(v/kd(xt, x;)) < 1. Therefore, after eliminating this term and then

taking the expectation, we arrive at

necE[(f (xt) — f(x5)) sinc(v/xd (xt, x5) )]
< Elcos(v/xd (x111,%5)) — cos(Vxd (xt, x5))] + 17 KIE[]| X |

1 1 1
+ SE[[IA1%] = SE[Aeal?] + 5 77 E[| grad,, L* (xt, Ar) [7]- (3.104)
2 2 2

Further, under the condition (h(x;),A;) < 0, the following inequality holds due to
(3.103),

1 1 1
S = SAeall® + Sl grad,, L (xe, A |2 = 0. (3.105)

From the preceding inequality, we see that the upper bound (3.104) for the case
(h(xt),Ar) < 0 is larger than the upper bound (3.101) for the case (h(x¢),A:) > 0. As

a result, we write a unified upper bound in both cases

B[ (xe) — £ (xp)) sine(v/d (x1, 7))
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—_

< —E [(cos(vxd (x4, x5)) — cos(v/xd (xt, x3))) | + %]E LA = 1A11?)]

+ 7 E[|| grad,, L* (xi, Ad) |I%] + 7 E[|| grady, L* (xe, Ar)|12] + 77 Eler]|?], (3.106)

x

where here we used the fact that || X;||? < 2||e¢||? + 2] grad, L*(xt, At) |>. Now, we leverage
the upper bounds on the gradients that we computed in Lemma 3.21. After taking the sum

overt=0,1,---,T — 1 we obtain

T-1
t;) E[(f (xe) — f(x5)) sine(v/xd (x1, 7))

d)1
K

—

<

(Bfeos(v/&d(xr11,3%))] — cos(v/xd(x0, %))
T-1
+ 310l — SEIATIP] + ¥ (A -+ EllesP)
t=0
T-1

(1 — cos(v/xd(xo,x3))) + ZO(A + E[[le:]|*) 57

e

<

—~
~

<

RN R |-

T—1
in? (de(xo,xs)) + Y (A4 EllleP)r2,
t=0

where in (d), A is the constant we defined in eq. (3.18), and in (e) we used the fact that

Ag = 0. Now, using the following inequality

T-1
(min]E[(f(xt) — f(x3)) sinc(ﬁd(xt,xé))]) ;} 1t

te([T]
T-1
< g mIB[(f (x1) — f(x5)) sine(v/xd (x, x5))],

completes the proof.

3.7.3 Proof of Theorem 3.16 (Elliptic Manifold-High Probability Bound)

Here, we use the concentration inequalities for random variables with bounded Orlicz
norm to obtain a high probability bound for the convergence of the primal-dual algorithm,

cf. Duchi et al. (2012b), Lan et al. (2012). Throughout this subsection, recall that §; =
o(Go,++,Ge-1)-
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Following the analysis in Section 3.7.2 without taking the expectation, we obtain
T-1
> m(f(xr) = f(x5)) sine(vVied (x1, 7))
t=0

2 . X . T—-1
< 22 (fdm,xO)) Y (A P2
K 2 =0

T—1

—x ZO eler, 10, (x3)) - sinc(v/kd(x1, %3)).

Consider the term —x Y./ ' ; (er,log, (x3)) - sinc(y/xd(xt, x5)). Due to Theorem B.3 in

Appendix B.2, we have d(x;, x§) < 7t/+/k and hence sinc(\/xd(x¢, x3)) > 0. Therefore,

[(er, Jog, (x5)) - sinc(v/kd(xt, x5))| < [lex]| - [[Tog,, (x5) || - sinc(v/xd (xt, x5))
les]|d (xs, x3) - sinc(v/xd (x¢, x3))

- \}gfletll sin(+v/kd (x1, x5))

1
< —|les]].
< =l

Due to a bounded Orlicz norm of error |[let[,, = p < oo given §¢, we have

(3.107)

E [y (VB (e, log,, (x5)) - sine(v/d (xt, x5))|) 5]

(@)
< E[p (B lel)IF:] <1,

where (a) is due to the the upper bound (3.107) and the fact that the Young-Orlicz moduli

1 is non-decreasing (cf. Definition 3.10). Hence,

I{et, log,, (x5)) - sine(vxd (xt, x3))) ly, < B/ V.

In the following lemma, we state a tail bound for random variables with bounded Orlicz

norm:

Lemma 3.23. (TALAGRAND, 1994, COROLLARIES 2.8-2.9) Let Yy, Yy, -, Yr_1 be independent

random variables centered at zero such that ||Y;||y, < {. There exists an absolute constant ¢ > 0
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depending on v only such that for every sequence 7 = (1o, -+ ,y7—1) and € > 0 we have’

e 1 <y <2
T-1 &2 eV
r mYy| > el| <2exp <—c - min ( , V )) , (3.108)
=0 713" I,
o v >2
r Z N Y| > el | < 2exp (—c - max (2, V>) , (3.109)
=0 715" (71,

where v + v = 1.
We now use the second tail bound (3.109) in Lemma B.8 with { = 8/+/x and
def % . *
Y; = (ey, log, (x5)) sine(v/d (x, x5)).

Recall from eq. (3.93) that IE[Y;|§:] = 0. Then, for any é > 0 we have

5%k SV
>0| <2exp | —c-max ,
] P ( {ﬁzllvllz BTl })

5%
< 2ex <_>
P Bl

T-1

Y niler,log,, (x5)) - sinc(v/d(x1, %))

t=0

P

16l

where 5 d f(;yo, --+,17—1). Hence, with the probability of at least 1 — ¢ we have

T-1
kY felenlog, (x8)) - sinc(vEd(xy, x3)
t=0
T—1
< x| T nilen log,, () -sinch(xt,xs»\
t=0
1 2\ 2
< BVxnl:2 <c1°g <Q>> : (3.110)

Now, consider the term Y-/ #7||e;||?. We define

def

2 Jer||2 — Efler |51

"For the case of 1 < v < 2, the constant factor of 2 on the right hand side does not appear in Corollary 2.9
of Talagrand (1994). However, we include this factor to have a symmetric bound in both cases of 1 < v < 2 and
v > 2.
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The following lemma is proved in Appendix B.3:
Lemma 3.24. Let ||et[l|,, = B for O <wv. Then, || Z|[y, < 3022
Y 2

Using Lemma 3.24 along with the tail bounds (3.108) and (3.109) in Lemma B.8 results

in the following inequality,

-1
Flled)* = Z e[ [lex ][]

<2exp | —c & \Vid o2
= p 3%4154“ 2H2 3048y % ,
712 BYlln ||$

where 72 d:ef(ﬂ%/ n3,- %), and we define x V¥ yd:efmin{x,y} if2 <v <4and xV’

yd:ef max{x,y} if v > 4. Moreover, due to the upper bound (B.13) in Appendix B.3 we have

2
Ellle 250 < 1 (2)).

Consequently, with the probability of at least 1 — ¢ we derive the following inequality for

v>2,
T-1 2 T-1
4 2
¥l < Er (2) o
t=1 t=1

+ 263} (nn I (g1os (2)) A Il (G108 (5))) ;G

where we define x AV yd:efmax{x,y} if2<v<4and x A"y = min{x,y} ifv > 4.
Based on the inequalities (3.110)-(3.111) and the union bound, we derive that with the
probability of at least 1 — 2¢ the following inequality holds,
T-1 T-1

—x ) nelerlog,, (x5)) - sinc(vxd(xy, x5)) + ) 20 e <
t=0

t=1

S (D) S eavasints (L os (2))

+4ﬁ23% <||17 |2 < log <Q>>2 AV H772HL%2 <ilog <2)>l> . (3.112)

Using the upper bound (3.112) in conjunction with the proof of Section 3.7.2 gives us the
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desired high probability convergence bound. Note that the convergence bounds we obtained

in Theorem 3.16 is a special cases of our general analysis here when v = 2.

3.7.4 Proof of Theorem 3.17 (Elliptic Manifolds with Non-negative Curvature)

Here, we only present a sketch of the proof. The complete proof is similar to the proof of
Theorem 3.11 in Section 3.4 for the hyperbolic manifolds. The only difference here is that a
different upper bound on the Hessian of the quadratic distance function is used. Specifically,

we use the following upper bound:

Lemma 3.25. Consider the condition stated in (A5”). for all x; € M and all X,Y € Ty, M. Then,
d?(xy, x5) 1 2
Vx — §§(1—|—\/1—|—4K2)HXH , forall X € Ty, M.

Proof. The proof is due to (Villani, 2008, pp. 276-279). For completeness, we present the proof
here. Given the points x;, x; € M, let y(t) : [0,d(x¢, x{)] — M be a minimizing geodesic that
connects these two points, where y(0) = x; and y(d(x¢, x5)) = x;5. Let (e1(£),e2(t), - - - ,en(t))
with eq(t) d:ef"y(t) be an orthogonal basis for T, M. We note that e;(t) = (t) is the
eigenvector of the Hessian with the identity eigenvalue V, (W) = [ler(t)])*.
Therefore, we focus on other eigenvalues in the tangent space T, ;) M.

Let A;(t) d:ef(Vgi( 9 (d(xt,x3)))(r) denote the Hessian of the distance function (not quadratic).

Then, the following inequality holds
Ai(t) + AZ(t) + K(ex (1), ei(t) <0, (3.113)
where K is the sectional curvature. Now, we compute the Hessian of the map x > dz(x, x5),

dZ ’ *
V2 <(xsz)> = d(x,x5)V2d(x,x}) + Vd(x,x3) @ Vd(x, x3).

For x = (t) we further have that

v (B a6, 55) Va0, 36) + (0 9 410
= tV2d(y(t), x5) +e1(t) @ e (t).
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Hence, for any ¢;(t),i = 2,3,--- ,n we have that
def 2 dz(xt/ xé) 2 * 2
5i(t) = Vi —s )= tVend(r(t), xg) + (ex(t), ei(t))” = tAi(t). (3.114)
From (3.113) and the identity (3.114), we establish
t6;(t) — &;(t) + 62 (t) < —2K(ey(t),e;(t)), i=2,3,---,m. (3.115)

Now, due to Assumption (A4’), we have the inequality K(e;i(t),e;(t)) > —x/d(y(t),x§) =

—x /2. Therefore,
ti(t) < &i(t) —67(t) +x, =23, ,n. (3.116)

Now, if 5;(t) > (1 + /1 + 4x2) /2, the right hand side becomes negative and hence d;(t) < 0.
We thus conclude that §;(¢) < (14 /1 + 4x2)/2. O

From the Taylor series expansion in (3.70) and Lemma 3.25, we now obtain

1 N 1 N N 1
Edz(xtﬂ,xo) :Edz(xt/ xg) + ne(log,, (xp), Xe) + g(l + V14 42| X7,

The rest of the proof now is similar to Appendix 3.7.1.

3.8 Conclusions and Discussions

In this paper, we have developed a primal- dual method for optimizing functions over the
Riemannian sub-manifolds. We analyzed the convergence of the proposed algorithm on
manifolds with the positive (elliptic) and non-positive (hyperbolic) sectional curvature with
a lower bound. We also analyzed the convergence rate of the algorithm on asymptotically
elliptic manifolds, where the sectional curvature at each given point on the manifold is
lower bounded by the inverse of the quadratic distance function. We outlined a few practical
problems for which the primal-dual algorithm is applicable.

In the primal-dual algorithm we proposed, the minimizing geodesics must be computed

at each algorithm iteration. This amounts to solving a system of coupled ordinary differential
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Table 3.3: List of symbols and their description

Symbol Description

M Riemannian Manifold
T,M  Tangent vector at p € M
T, M Cotangent vector at p € M
TM  Tangent bundle
X(M)  Space of smooth vector fields on M
G Lie group
g Lie algebra
0% Geodesic
exp,, Geodesic exponential map at p € M
rk Christoffel symbols
gp(+,-)  Metric tensor at p € M
\Y Levi-Civita connection
K(-,-)  Sectional curvature tensor
Ric(+,-) Ricci curvature

equations (cf. eq. (4)) which can be computationally expensive in the absence of symmetries
to exploit. One remedy for this issue is to replace the exponential map in Algorithm 1
with a retraction [1]. Conceptually, a retraction can be thought of as an approximation
of the exponential map that provides flexibility in terms of computation. Fortunately,
every manifold that admits a Riemannian metric also admits a retraction defined by the
exponential mapping. We note that the theoretical analysis we presented in this paper for
the exponential map can be generalized to obtain similar results for the retractions. In
this work, we established a connection between the convergence rate of the primal-dual
algorithm and the sectional curvature as a geometric invariant of smooth manifolds. As a
future research, it is interesting to obtain performance guarantees in terms of the topological
invariants such as the Betti or Euler numbers. In fact, the Gauss-Bonnet theorem and its
higher dimensional variant, the Chern-Gauss-Bonnet theorem, establish a relation between
the Riemannian curvature (a geometric invariant) and the Euler number (a topological
invariant). This relation as well as the geometric analysis of this paper can be used to obtain

performance guarantees in terms of the Euler number.
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Chapter 4

Concluding Remarks

Modern optimization problems emerging in variety of disciplines such as signal processing,
machine learning, statistics, can be formulated as a saddle point optimization problems.
Saddle-point problems arise naturally in constrained optimization via the Lagrangian
formulation. Maximum-margin estimation of structured output models also can be cast as
a bilinear saddle point problem. Similarly, Von Neumann two-player games can often be

solved as bilinear minimax problems.

4.1 Thesis Summary

In this thesis, we proposed and analyzed primal-dual algorithms for solving stochastic
optimization problems with inequality constraints. In both algorithms, the natural non-
Euclidean geometry of the feasible set is captured via a proximal operator or via exponential

map from differential geometry.

¢ Chapter 2: We studied a distributed regularized primal-dual method for optimizing
sample average approximation of the stochastic optimization problem. We proved a
convergence to the optimal objective value for the distributed regularized primal-dual
algorithm under the Lipschitz continuity assumption on the objective function as well

as the inequality constraints. We also proved two constraint violation bounds for
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the regularized primal-dual algorithm. We proved that when one of the inequality
constraints is binding at the optimal point(s), there is a trade-off in the convergence
rate and the constraint violation rate. More precisely, improving the convergence rate
deteriorates the constraint violation rate and vice versa. Interestingly, we show that
such a trade-off does not exist if the constraints are strictly feasible at the optimal
point(s). The convergence analysis we present relies on the regularization of the
Lagrangian multipliers in the Lagrangian function. In particular, by augmenting the
Lagrangian function with a quadratic regularization term, we establish an upper
bound on the norm of the Lagrangian multipliers that is inversely proportional to the
parameter of the regularization. By controlling the norm of the Lagrangian multipliers,

we in turn control the norm of the sub-gradients of the Lagrangian function.

Chapter 3: We considered a projection free primal-dual method. In particular, we
have developed a regularized primal-dual method for optimizing functions over the
Riemannian submanifolds. We analyzed the convergence of the proposed algorithm on
manifolds with the positive (elliptic) and non-positive (hyperbolic) sectional curvature
with a lower bound. We also analyzed the convergence rate of the algorithm on
asymptotically elliptic manifolds, where the sectional curvature at each given point on
the manifold is lower bounded by the inverse of the quadratic distance function. We

outlined a few practical problems for which the primal-dual algorithm can be used.

In the primal-dual algorithm we proposed in the second chapter, the distance minimiz-
ing geodesics must be computed at each algorithm iteration. For some special class of
manifolds such as sphere, Grassmann manifold, and Stiefel manifold computing the
distance minimizing geodesic is facillitated due to the symmetry. However, for general
manifolds, finding the distance minimizing geodesic amounts to solving a system of
coupled ordinary differential equations (cf. eq. (3.4)) which can be computationally
expensive. One remedy for this issue is to replace the exponential map in Algorithm 2
with a retraction Absil et al. (2009). Conceptually, a retraction can be thought of as an

approximation of the exponential map that provides flexibility in terms of computation.
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We note that the theoretical analysis we presented in this paper for the exponential

map can be generalized to obtain similar results for the retractions.

In this work, we established a connection between the convergence rate of the regu-
larized primal-dual algorithm and the sectional curvature as a geometric invariant of
smooth manifolds. As a future research, it is interesting to design adaptive algorithms
that use the local geometric information of the underlying manifold, such as the
sectional curvature, to improve the convergence speed. In particular, the step-size of
such adaptive algorithms should depend on the sectional curvature of the current

point.

4.2 Future Research Directions

We demonstrated the application of two novel primal-dual algorithms for stochastic opti-
mization with inequality constraints. We also analyzed the convergence of both algorithms.
However, there are some improvements and questions that can be further explored.

In the case of the distributed regularized primal-dual method studied in Chapter 1, there
are some limitations in the analysis that need to be addressed.

First, the distributed regularized primal-dual method does not capture the smooth
structure of the objective function and constraints. More specifically, when the objective
function and the constraints have Lipschitz continuous gradients, Nemirovsky’s Mirror-Prox.
algorithm Nemirovski (2004) yields a convergence rate of O(1/T) compared to O(1/+/T)
of the primal-dual algorithm. It is thus interesting to develop a distributed Mirror-Prox.
algorithm with improved convergence rate of O(1/T).

Second, in terms of the network size 1, we proved a scaling of O(log(n)3/?) is the
convergence rate, and O(1/n) in the constraint violation bound, using a regularizer « =
O(y/n). A natural question to address is what is the best scaling limit for the convergence
rate achieved by a distributed algorithm. For instance, it is known that distributed dual

averaging Duchi ef al. (2012a), yields the scaling of O(log(n)). Thus, a natural question is if
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O(log(n)3/?) is an artifact of our convergence analysis. Moreover, it is interesting to see if
the scaling O(/n) for the constraint violation can possibly be improved.

In the case of the stochastic primal-dual method on the Riemannian manifold, there are
some questions that are not addressed by the analysis of the second chapter.

First, due to inherent non-convexity of the optimization on Riemannian manifolds, the
primal-dual algorithm proposed in this paper can potentially converge to a saddle point or
a local minima. Recently, Lee et. al. Lee et al. (2016b) has shown that stochastic gradient
descent on the Euclidean space with random initialization always converges to a local
minima. We expect a similar result hold for the stochastic primal-dual method proposed in
this paper. In fact, our numerical simulations suggests that stochastic primal dual method
always converge to a local minima.

Second, even if the stochastic primal-dual algorithm converges to a local minima, the
performance of the algorithm can be potentially poor for bad local minima. To partially
resolve this issue, recently there has been some interests in adjusted Langevin dynamics for
stochastic optimization, see Raginsky ef al. (2017). The invariant measure of the Langevin
dynamics is the Gibbs measure that concentrates around the global minima of the non-
convex cost function. Consequently, it is possible to escape shallow local minima (in addition
to saddle points) by choosing a sufficiently low temperature parameter for the Langevin
dynamics. However, to the best of our knowledge, the analysis of the Langevin dynamics so

far has been limited to the Euclidean geometry without explicit inequality constraints.
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Appendix A
Supplement for Chapter 2

A1 Proof of Inequality (2.63)

Lemma A.1. Suppose i <1 forall t € [T]. Then,
t t
Y e [T (1—ma) <1
Proof. For ease of notation, let 6; := n;« € (0,1]. First, suppose 6y # 1 forallk =1,2,--- ,¢t
In this case, the sum of products is monotone increasing in 6y and by expanding the sum,

we derive

t
Zeg 1—9k Bo(1—61)(1— 6,) - - (1—9t))+(91(1—92).--(1—9t))+---+9t
/=0 k=

IN®

(1—91 1-6,)- (1—99)+(91(1—92)---(1—9t))+---+9t

1=

X
(1—91+91 (1—6,)-- (1—9t))+(92(1—93)...(1—99)+---+9t

é(1—92—|-92 (1—9t)) <o+ 6

=(1—6;)+6:=1, (A1)

where (f) follows by combining the first and second parentheses in (e), (g) follows by

combining the first and second parentheses in (f), and so on.
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Now, consider the case where 6 = 1 for some indices k € {1,2,--- ,t}, and let j be the
largest index among those indices, i.e., §; = 1 and 6; < 1 for all k € {j+1,---,t}. In this
case,

t t t t
Y0 [T (-6)= ZGekgL(l —6) =1,

(=0 k=41 =j

where the last equality can be proved using the same approach we used to derive (B.6). [

A.2 Proof of Lemma (2.6)

Similar to the proof of Lemma 2.3 in Section 2.7.1, we derive a recursive formula for the
Lagrangian multipliers. For any A € R, we have the following recursion for the Lagrangian

multipliers in Algorithm 1,

2

||At+1(i) —AH% = (A.2)

7

2

]

n
piiAt(j) — A
-1

where we substituted A;;1(i) using the consensus step eq. (2.9b) in Algorithm 1 for A, (i),
and the fact I'lg, (A) = A for a vector A € R,.. We proceed from eq. (A.2) as follows

(a) 2

[Ars1 (D) = AR < || Y pijyj(t) — A
j:l

2
2

—
=

i ,nzlvz-j(w) A VAL (), )
1= 2

—
n
N

IN
™=

pifllAe() = A+ VAL (), A ()12

‘ﬂ..
[y

pis (IA4() = AP + VAL (e (), M4 () 3

I
™=

-
Il
—_

+ 206V aLi (v (), A1) A () = A)), (A3)

where (a) follows by the non-expansive property of the projection (cf. (Hiriart-Urruty and
Lemaréchal, 1996, Chapter II1.3)), (b) follows by replacing v;(t) = A¢(j) +17: VaLj(x:(f), At(f)))
from eq. (2.8b) in Step 2 of Algorithm 1, (c) follows from the convexity of the squared
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norm. Now, taking the sum overi =1,2,--- ,n and using an analysis similar to the proof of

Lemma 2.3, from eq. (A.3) we compute

Li

M:

2 (VaLi(xe (i), Ae(i)), A — Ae(i)) (A4)

M=n

<

14:(0) — A5 + Z Z’?fHVALi(Xt@M\t(i))H%-

t=0 i=1

Il
—_

i

Since the Lagrangian function L;(x;(i), -) is concave, we can write the following inequality

Li(xi(i), A) = Li(xe (i), Ae(i)) < (VaLi(xi(i), Ar(i)), A = Ae (D))

Therefore, using the preceding inequality , we rewrite eq. (A.4) as follows

T-1 n n T-1 n
;) ;2m(Li<xt(i),A) —LiCx (i), Ad(0)) < ) IA13 + ;) ;ﬂfHVALi(XtU),M(i))H%
(A.5)

where we also use the fact that A;(0) = 0 for all i € [n] (see Algorithm 1). Since A € R is
an arbitrary vector, we set A = 0 in eq. (A.5),

n

i Y VAL (i), Ae(i)) |12 > i fsz (x:(1),0) — Li(x:(i), At (7))
=0 t=0 i
T—

i=1 1
— L L )+ Z Zm A3,
t=0 i=1

»-nH

where the last inequality follows by expanding the Lagrangian functions.

A.3 Proof of Lemma 2.10

Consider the change of variable r = m + (t — T 4 1) for the following sum

—1 1 1
r:t;rJrl r+1 Z 0 v/m+ ( t—T+2)

(@)

- dx
= m*fo N TR TS)]
_ ﬁmﬁ—m). (A6)
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where (a) follows by the fact that the Riemann sum can be bounded from above by the

integral. The second term in the preceding equality can be bounded as follows

2VE-VE—TH+2) =2(Vi-T+2- 1+_T;2—\/t—r+2)

(b)
< 2(\/1‘—7—1—2- <1+172> —\/t—T—i—Z)
2t—1+2
T—2
< _T=c A7
= V12 (A7)

where (b) follows from the inequality (1+ x)" <1+ rx forall r € [0,1] and x > —1. Using

the upper bound (A.7) in eq. (A.6) gives us

-1
Z 1 < T—1 < T

r=t—7+1 r+1 \/t_T+2 \/t—T—f—Z.

We multiply the preceding inequality by v/t +1,

[t+1 t—l—l \F
rtT+1 ¥ - +2_

where (c) follows by the fact that 12 is monotone decreasing in t, and thus it is

maximized by t = 7 —1.

A4 Proof of Lemma 2.11
Since f;(+) is convex on X, so is f(-). Therefore,

f(x) = f(x) = (&, x — xq), (A.8)

for all § € 9f(x};), x € X. We now write the Karush-Kuhn-Tucker (KKT) conditions Boyd
and Vandenberghe (2004) for the optimal solution x; and the vector of optimal Lagrangian

multipliers Aj = (A1, A, =+, Aim),
[C1] (G, x —x5) 20, V& e€df(xg) + Ly A - Oi(x5),
[C2] Mg - Ii(x5) =0, k=1,2,---,m,
[C3] h(x§) < 0and A§ = 0.
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From [C2] we note that A, ; = 0 since h(x§) < 0 for k = 1,2,--- ,m. Consequently, the

condition in [C1] turns into

(¢, x—x35) >0, forall § € of (x5),x € X.
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Appendix B
Supplement for Chapter 3

B.1 Proof of Lemma 3.21
From the update rule of A; in Algorithm 2 we have

2
Il = [Tlrs (3 +grad, Lu(A0) |
< HAt + 7 grad,, La(xt//\t)Hz

= | A+ meh(xe) — amehe|?

—~

a

< (1+8) (1= )| Adll? + (1 + 67 e () |2

b
< (146 (1 = )| Ael|> + (1+ 6, )ymn? G, (B.1)

Natd

—
=

where (a) follows from Young's inequality with §; > 0, and the last step follows by

Assumption (Al). Recall that 7;a < 1 for all ¢+ € [T]. Therefore, we can choose é; =

(1_8:7%)2 — 1, where & € ((1 —n:a)?,1). This choice of J; results in (1+6;)(1 —1;a)? = &
and we can proceed from eq. (B.1) as below
2 2 ey 2
[Aeall” < el A" + P p—
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From this recursion with Ayp = 0, we compute
t
7 Ty €
g — (1 —nea)?

[Ara]? <mG* Y
=0 !

GZ t
Zwa H (1 — )
(B.2)

—

i m
Ll R
d) mG2
S 7/
where (c) follows by choosing ¢, = (1 — ) for all k = 0,1 t, and (d) is due to the
following inequality,
t t
Yo JT 1 —ma) <1, (B.3)
(=0 k=0(+1
which holds when ;o < 1forallt =0,1 T — 1. For now, we proceed with the proof
returning to establish the inequality (B.3) later.
From eq. (B.2) and Assumption (A1) with M =max{M s ¢}, we now obtain
| grad,, La(xi, )| < [[grad,, f(x) + [Ad] - | grad, i)
<M <1 + ‘/TG> . (B.4)
Similarly,
I grady, La(xe, Ad)|| < [1h(xe) [ + ol Al
< G (1+/m)
< 2y/mG. (B.5)
nie € (0,1]. First, suppose

We now prove the inequality (B.3). For ease of notation let 6; =
t. In this case, the sum of products is monotone increasing in

Oy #1forallk =1,2
-+ 0

and we have
(1-6)) +

i 6y ﬁ (1—6k)
k=0(+1
(11— 9t)> + (91(1 —6;) -

=0
(90(1 —61)(1—62)
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A
INe

((1—91)(1—92).-.(1—9t))+(91(1—92)-.-(1—@))+---+9f
f

—
=

(164601 —62) - (1-0)) + (621 05) - (1—8) ) - +6,

—~
=

(1= +0)(1—03) - (1—6)) +- +6,

=(1-0)+06=1, (B.6)

where (f) follows by combining the first and second parentheses in (e), (g) follows by
combining the first and second parentheses in (f), and so on.
Now, consider that 6y = 1 for some k € {1,2,---,t} and let j be the largest index, i.e.,
0; =1and 6y < 1forallk € {j+1,---,t}. In this case, we simply have
t t t

Yo TT 1-e0=Y6 T] 16y -1,

where the last equality can be proved using the same approach we used to derive (B.6).

B.2 Proof of Proposition 3.22

First, we state a definition.

Definition B.1. (MEYER, 1989, DEr. 2.1) A geodesic hinge <y,7vo,0 in M consists of two non-
constant geodesic segments 7y,yg with the same initial point making the angle 8. A minimal

connection yy between the endpoints of v and 7y is called a closing edge of the hinge.

In the following theorem M, denotes the model space that has a constant sectional

curvature x everywhere on the manifold.

Theorem B.2. (ToroNoGov’'s COMPARISON THEOREM (MEYER, 1989, TuHM. 2.2)) Let M be a
complete Riemannian manifold with the sectional curvature K > x.
Let vy, 7yo, © be a hinge in M with vy minimal and L[vy] < % in case k > 0, and 71 a closing

edge. Then, the closing edge of 41 of any hinge %, ¥o, ¢ in M, with L[] = L[], L[] = L[v0]
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satisfies
L[y] = L[n]- (B.7)

Before we proceed with the proof, we state a few technical remarks about the minimality
condition of the geodesics 7o, y1 in Theorem B.2. When the sectional curvature lower bound
is positive ¥ > 0, the minimality condition of the geodesics 7o, 1 puts a restriction on their

lengths. This is due to Myers’ theorem that is stated below:

Theorem B.3. (MILNOR, 2016, THM. 19.4) Suppose the Ricci curvature tensor satisfies
Ric(X,X) > (n—1)/7%,
for every unit vector X € X(M), where r is a positive constant. Then every geodesic -y on M of

length L|y] > mtr contains conjugate points; and hence is not minimal.

Notice that the Ricci tensor is related to the sectional curvature. In particular, given a
unit-length vector X € T, M, we obtain the Ricci curvature of X by extending X = U, to an

orthonormal basis Uy, - - - , U,. Then,

Ric(X, X) = Tr((R(U, U)U,, Uj)) = ) 1<R(u,1, u)u,, U;)

—~
Nabd

=

n

K(un/ Ui)/

Il
—_

i
where (a) is due to the fact that (R(U,, U,)U,, U,) = 0. Now, the fact that K > x > 0

implies that Ric > (n — 1)x. Therefore, by Theorem B.3, any minimal geodesics o, 71 must

satisfy L[7yo], L[y1] < %

We now use Theorem B.2, where here the model space Mj is a sphere of radius 1/+/x.
We consider a geodesic hinge where x; is the joint of this hinge. Further, the end points of
the geodesics 7y and v are respectively x, and x;;1. Since our derivations for the sphere
is based on the assumption that L[] = d(x;, x.) < \7/% and L[y| = L[], the condition
Lly] < % is satistied. We now have the following chain of inequalities,

cos(VRL[71]) & cos(VRLIT]) B9
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b - - . TN s ~
2 cos(VAL[]) cos(v/KL[Fo]) + sin(VEL[7]) sin(v/KL[Fo]) cos 8 (B.9)
9 cos(v/L[7]) cos(v/KL[yo]) + sin(v/KL[]) sin(v/KL[7o]) cos 8, (B.10)
where (a) follows from inequality (B.7) and the fact that cos(x) is a monotone decreasing
function on the interval x € [0, 7], (b) follows from the law of cosine on the sphere Meyer
(1989), and (c) follows from the fact that L[] = L[], L[§0] = L|yo] due to Theorem B.2.
Hence, by putting L[y1] = d(x¢11,xx), L[y] = d(x¢, x.), and L[yo] = d(x411, x¢) in inequality
(3.93), we have that following inequality for any elliptic manifolds with K > x > 0,
cos(v/xd(xt11, %)) > cos(v/xd(xs, xx)) cos(v/xd(xs, x141))
+ sin(v/xd(x¢, x.)) sin(v/xd (x¢, x;41)) cos 0. (B.11)

Notice that here d(x;, x;+1) is well-defined since we assumed that the step size satisfies

e < i(M) /[ Xel].

B.3 Proof of Lemma 3.24

Let p € N, and |[et|,, = p. Recall that Z; = llet||? — IE[||e¢||?|S:], where J; is the o-field of
all the random variables ¢, - - - , 1.

The p-th moment of Z; can be upper bounded as follows

E[|Z7[3:] = [ [ller]® ~ Elller 3] " 5]
(a)
< 2V ([l 151 + 277 | [Elled] P 3] 15

)
< 27U (e8] + 27 E [ fler |27 [3] 3]

o E [l 131], (B.12)

where (a) follows from the inequality |x — y|P < 2P ~1(|x|P + |y|F) for p € N, (b) follows

from Jensen’s inequality, and (c) follows from the law of total expectation. Now, we compute

136



an upper bound for [ [||e;[|?”|F;] as follows

E [[le:]|?”|3:] :/0 20027 P (|ler| > w)du
= ” 2p—1 llecll” /B ~ pu'/p"
2w (S ) g
d )
(S) / 2pu2p71]E |:eH€t||V/‘BVi| .eiuv/ﬁvdu
0
(e) © 1 /g
< 4;9/ u?P e B gy
0

2p
(0 4pF~7 1 (i”) , (B.13)

v

forp=1,2,---, where (d) follows from Markov’s inequality, (e) follows from the fact that
lelll, = # and hence E [e”gf“v/ ﬁv} < 2 by the monotone convergence theorem, (f) follows
by first applying a change of variable t = u"/B" and then using the definition of the Gamma
function T'(x) = [~ +* L exp(—t)dt.

By putting together the inequalities (B.12) and (B.13), we obtain
4 2
B (|2P[5:] = & [Jle? - Blled 515 <2250 (2, pen.

Given 7y > 2ﬁ2, we now have

kwwAmrﬂ=2w7 E |12 7)/)5]
p=0
<14y, I (p)

p"y

(8) 1+22 ((ﬁ)vy

2
— (V2B/ 7)Y

where (g) follows from the identity pI'(p) = p!. Therefore, from the upper bound (B.14),

—_

=

—1, (B.14)

we conclude that it suffices that v > 2,823% to ensure

E [exp(1Z:["/2/v"/?) 5] <2.
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B.4 Lie Groups and Haar Measure

Here, we briefly review the important aspects of Lie groups that we require for our numerical

studies. A more comprehensive treatise can be found in (Lee, 2009, Chapter 5).

Definition B.4. A Lie group (G, *) is a smooth Riemannian manifold and an abstract group with
the group operation  and the identity element e, such that G x G — G : (g1, §2) — g1 * g2 and

inverse G — G : g — ¢~ ! are C™ maps.

Definition B.5. A Lie algebra is a vector space g over the field IF, equipped with with a skew-

symmetric bilinear form [-,-] : g X g — g that satisfies the Jacobi identity,

[ [y 2] + [z [x vl + [y, [2,x]] = 0,
forall x,y,z € g.

The connection between the Lie algebras and Lie groups is established through left
invariant vector fields. In particular, we define the left translation as Ly : G — G : Lg(h) =
g * h. Similarly, for the right translation R¢(h) = hx g. A vector field X € X(G) is left

invariant iff d,Lo X (h) = X(g * h) for all g, h € G, i.e., the following diagram commutes

dLg
T¢ —— TG

.

L8
G — G

Here, dL, is the differential of L.
Let g denotes the set of all left invariant vector fields. Given a vector v € T,G, define the
map L°(g) = d.Lgyv which provides a smooth left invariant vector field. Then g = T,G by

the linear isomorphism v — L°.

Definition B.6. The (group) exponential map on Lie groups is defined as
Exp:g— G, X ®x(1), (B.15)
where ®x (t) is the integral curve of §(t) = X(g(t)) with the boundary condition g(0) = e.
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We remark that in general the group exponential map (Def. B.6) is different from the
geodesic exponential map (Def. 3.4). However, these two notions coincide, i.e., Exp(X) =
exp,(X), under the condition that the Riemannian metric is both left and right invariants

(bi-invariant) Pennec (2013),

(X,Y)g = (dgLyX, dgLyY),

(X,Y)g = (dgRi X, dgR;Y), Vg, h€G, X, Y€ T,G.

We now define the notion of a Haar measure for the compact Lie group G. Let B(G) be
the Borel c-algebra of G, i.e., the smallest c-algebra that contains all the open sets of G.
A regular Borel measure on G is left Haar measure (left invariant) if u(gS) = u(S) for all
S € B(G) and g € G. Similarly, y is a right Haar measure (right invariant) if 1(Sg) = u(S)
for all S € B(G) and g € G. Now, we have the following theorem (cf. (Applebaum and
Heyer, 2014, Thm. 1.2.1))

Theorem B.7. Let G be locally compact and Hausdorff. Left Haar measure and right Haar measure
exist and are unique up to a positive multiplicative constant. Furthermore, such measure assigns

finite mass to compact sets in G.

Among the example of compact Hausdorff Lie groups are O(n), SO(n), U(n), and
SU(n).

B.5 Review of Orlicz Spaces and Orlicz Norm

In this appendix we present basic definitions and results about Orlicz spaces and the
corresponding Orlicz norms. For a more comprehensive treatment on this subject see Chen
and Nauk (1996).

Let (X;X; 1) be a measure space and ¢ be a Young-Orlicz modulus (cf. Definition 3.10).

Let LY(X') denote the space of all real-valued measurable functions f onto X such that

I flly =inf{B : E,p(|f]/B) < 1} < co.
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Define £¥(X) =LY¥(X)/ ~ through the identification that f ~ g if f = ¢ almost everywhere
with respect to the measure .. Note that for the choice of Young-Orlicz modulus ¢, = x?,
we recover the familiar £F(X') space; the space of functions for which the p-th power of the

absolute value is Lebesgue integrable, i.e.,

it = ([, 1van) <

Further, note that for any measure space (X, %, 4) and any Young-Orlicz modulus ¢, £¥(X)
is a complete normed vector space (Banach space) Dudley.
Now, we state a concentration inequality for the sum of random variables that we use in

our derivations:

Lemma B.8. (TALAGRAND, 1994, COROLLARIES 2.8-2.9) Let Yy, Y1, -+, Yr_1 be independent
random variables centered at zero such that ||Yi||y, < {. There exists an absolute constant ¢ > 0

depending on v only such that for every sequence 7 = (10, -+ ,j7—1) and ¢ > 0 we have'

e 1 <y <2
T-1 82 v
P Zth >el| <2exp (—Comin <2,V>>,
=0 115" I It
e y>2
P MY > el| <2exp (—c-max( 5 ” )),
=0 113" 1117,

where v+ vl = 1.

For the case of 1 < v < 2, the constant factor of 2 on the right hand side does not appear in Corollary 2.9
of Talagrand (1994). However, we include this factor to have a symmetric bound in both cases of 1 < v <2 and
v > 2.
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