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ABSTRACT
We model the polarized thermal dust emission from protostellar cores that are assembled by super-

sonic turbulent Ñows in molecular clouds. Self-gravitating cores are selected from a three-dimensional
simulation of supersonic and magnetohydrodynamic (MHD) turbulence. The polarizationsuper-Alfve� nic
is computed in two ways. In model A it is assumed that dust properties and grain alignment efficiency
are uniform; in model B it is assumed that grains are not aligned at visual extinction larger than A

V,0 \
3 mag, consistent with theoretical expectations for grain alignment mechanisms. Instead of using a spe-
ciÐc set of grain properties, we adopt a maximum degree of polarization Results are there-Pmax\ 15%.
fore sensitive mainly to the topology of the magnetic Ðeld (model A) and to the gas distribution that
determines the distribution of (model B). Furthermore, the radiative transfer in the MHD model isA

Vsolved with a non-LTE Monte Carlo method, to compute spectral maps of the J \ 1È0 transition of CS.
The CS spectral maps are used to estimate the turbulent velocity, as in the observations. The main
results of this work are the following : (1) Values of P between 1% and 10% (up to almost arePmax)typical, despite the nature of the turbulence. (2) A steep decrease of P with increasingsuper-Alfve� nic
values of the submillimeter dust continuum intensity I is always found in self-gravitating cores selected
from the MHD simulations if grains are not aligned above a certain value of visual extinction A

V,0(model B). (3) The same behavior is hard to reproduce if grains are aligned independently of (modelA
VA). (4) The Chandrasekhar-Fermi formula, corrected by a factor f B 0.4, provides an approximate esti-

mate of the average magnetic Ðeld strength in the cores. Submillimeter dust continuum polarization
maps of quiescent protostellar cores and Bok globules have recently been obtained. They always show a
decrease in P with increasing value of I consistent with the predictions of our model B. We therefore
conclude that submillimeter polarization maps of quiescent cores do not map the magnetic Ðeld inside
the cores at visual extinction larger than mag. The use of such maps to constrain models ofA

V,0B 3
protostellar core formation and evolution is questionable. This conclusion suggests that there is no
inconsistency between the results from optical and near-IR polarized absorption of background stars and
the observed polarization of submillimeter dust continuum from quiescent cores. In both cases, grains at
large visual extinction appear to be virtually unaligned.
Subject headings : ISM: clouds È ISM: kinematics and dynamics È polarization È

radio continuum: ISM È submillimeter È turbulence
On-line material : color Ðgures

1. INTRODUCTION

The topology of the magnetic Ðeld inside and around
protostellar cores can be predicted with models for their
formation and evolution. Models of subcritical cores con-
tracting under the e†ect of gravity and ambipolar drift, for
example, predict a rather uniform magnetic Ðeld roughly
perpendicular to the core major axis. Such models can be
tested if the magnetic Ðeld topology is constrained obser-
vationally.

Polarization maps of submillimeter thermal dust emis-
sion have recently been obtained for a number of protostel-

1 ppadoan=cfa.harvard.edu.

lar cores and Bok globules (Minchin, Bonifacio, & Murray
1996 ; Glenn, Walker, & Young 1999 ; Greaves et al. 1999 ;
Coppin et al. 2000 ; Davis et al. 2000 ; Matthews & Wilson
2000 ; Bastien, & Greaves 2000 ; Ward-Thompson etValle� e,
al. 2000 ; Henning et al. 2001). Results are still sparse, but
they are readily used to try to test theoretical models of core
formation and evolution (Glenn et al. 1999 ; Coppin et al.
2000 ; Davis et al. 2000 ; Ward-Thompson et al. 2000). Since
the interpretation of the observations is hardly unique, it is
useful to compute polarization maps of the theoretical
models, where the full three-dimensional information is
available, and to infer their observable properties. Theoreti-
cal polarization maps have been previously computed by
Wardle & (1990) for the molecular disk at theKo� nigl
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Galactic center and by Fiege & Pudritz (2000) for molecular
cloud Ðlaments.

In this work we assume that protostellar cores are
assembled by supersonic turbulent Ñows in molecular
clouds. We have shown in a previous work that the forma-
tion of cores by turbulent shocks provides an excellent
interpretation of the relation between integrated intensity
and rms velocity in molecular clouds (Padoan et al. 2001).
Alternative interpretations of this newly discovered pro-
perty of molecular clouds have not been proposed so far.
Furthermore, supersonic turbulence is ubiquitously
observed in molecular clouds, and therefore models of core
formation and evolution must take into account this turbu-
lent environment self-consistently. We do so by selecting
self-gravitating cores from a numerical simulation of super-
sonic, self-gravitating magnetohydro-super-Alfve� nic,
dynamic (MHD) turbulence. The simulation is intended to
represent a molecular cloud region with size L \ 6.25 pc,
rms turbulent velocity km s~1, and average gasp

v
\ 3.0

density SnT \ 320 cm~3. These are typical values for
molecular clouds according to LarsonÏs relations (Larson
1981). The three selected cores have a mass of B60 andM

_a maximum gas density D105 cm~3.
The polarized thermal dust emission is computed in two

ways. In model A it is assumed that dust properties and
grain alignment efficiency are uniform; in model B it is
assumed that grains are not aligned at visual extinction
larger than mag, in line with theoretical expecta-A

V,0\ 3
tions for grain alignment mechanisms (Lazarian, Goodman,
& Meyers 1997). Instead of using a speciÐc set of grain
properties, we adopt a maximum degree of polarization

Results are therefore sensitive mainly to thePmax\ 15%.
topology of the magnetic Ðeld (model A) and to the gas
distribution that determines the distribution of (modelA

VB). A Monte Carlo method is used to compute the distribu-
tion of in the MHD model.A

VWe Ðnd that despite the relatively weak magnetic Ðeld
averaged over the whole computational box, SBT \ 3.3 kG
and SB2T1@2\ 7.1 kG, the degree of polarization is typically
between 1% and 10% (as observed), spanning a range of
values almost up to In protostellar cores (Davis et al.Pmax.2000) and Bok globules (Henning et al. 2000), P is always
found to decrease with increasing submillimeter dust con-
tinuum intensity I. This is consistent with our MHD model
only if grains are not aligned above a certain value of the
visual extinction, (model B), in agreement with pre-A

V,0vious results from optical and near-IR polarized absorption
of background stars (Goodman et al. 1995 ; Gerakines et al.
1995 ; Arce et al. 1998).

We also solve the radiative transfer in the MHD model
with a non-LTE Monte Carlo method, to compute spectral
maps of the J \ 1È0 transition of CS. We use these maps to
estimate the turbulent velocity dispersion in the same way
as in the observations. This turbulent velocity dispersion is
used, together with the dispersion in the polarization angle,
to infer the magnetic Ðeld strength using the
Chandrasekhar-Fermi formula (Chandrasekhar & Fermi
1953). It is found that the volume-averaged three-
dimensional magnetic Ðeld strength can be estimated,
despite the large dispersion in the polarization angle, if the
Chandrasekhar-Fermi formula is used with a coefficient
fB 0.4.

The polarization properties of turbulent molecular
clouds depend on the average magnetic Ðeld strength, rela-

tive to the kinetic energy of turbulence, as measured by the
rms Mach number, that is the ratio of the rmsAlfve� nic MA,
Ñow velocity and the velocity, (Clemens et al. 2000 ;Alfve� n
Ostriker, Stone, & Gammie 2001). A complete statistical
study of the polarization properties of turbulent clouds with
di†erent values of will be presented separately, and willMAbe more useful in the future, when a larger number of polar-
ization maps of submillimeter and far-IR dust emission will
be available (especially if future satellite missions of the type
of M4 [Clemens et al. 2000] will be dedicated to this
purpose). In the present work we focus on the properties of
a few cores, to provide insight in the interpretation of recent
submillimeter observations.

The MHD models are presented in the next section, while
in ° 3 we describe the method for computing the polarized
dust emission. The selection of self-gravitating cores from
the synthetic continuum map is discussed in ° 4 and the
observational results are summarized in ° 5. In ° 6 the
Chandrasekhar-Fermi formula is tested on the selected
cores. Results are discussed in ° 7, and conclusions are sum-
marized in ° 8.

2. THE MHD MODEL

We solve numerically the compressible MHD equations
on a three-dimensional staggered mesh, with volume-
centered mass density and thermal energy, face-centered
velocity and magnetic Ðeld components, and edge-centered
electric currents and electric Ðelds (Nordlund, Stein, &
Galsgaard 1996). In our numerical units the equations are
the following :

L ln o
Lt

] ¿ Æ V ln o \ [$ Æ ¿ , (1)

L¿
Lt

] ¿ Æ $¿ \ [ P
o

+ ln P] 1
o

j Â B [ $'] f , (2)

P\ oT , (3)

LB
Lt

\ $ Â (¿ Â B) , (4)

j \ $ Â B , (5)

+2'\ Co , (6)

plus numerical di†usion terms, and with periodic boundary
conditions ; is the velocity, B is the magnetic Ðeld, ' is the¿
gravitational potential, f is an external random force, T is
the gas temperature, and T \ const is assumed. The iso-
thermal approximation is appropriate for the short cooling
time in relatively dense molecular gas (see discussion in
Padoan, Zweibel, & Nordlund 2000). The constant C is
given by

C\ 4nGl02 o0
v02

, (7)

where the velocity is measured in units of length in unitsv0,
of time in units of and density in units of We usel0, l0/v0, o0.spatial derivatives accurate to sixth order, interpolation
accurate to Ðfth order, and HymanÏs third-order time step-
ping method (Hyman 1979). We solve for the gravitational
potential with a Fourier method, using a softened gravita-
tional kernel.
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For the purpose of this paper we have run a numerical
simulation of supersonic, and self-super-Alfve� nic,
gravitating MHD turbulence, by solving numerically the
equations above, in a 1283 mesh. The initial density Ðeld is
uniform. The initial magnetic Ðeld is also uniform and
oriented parallel to the z axis : Since magnetic ÑuxB \ B0 zü .
is conserved in the computational box, the magnetic Ðeld
averaged over the whole computational volume is constant
in time. The initial velocity Ðeld is random. It is generated in
Fourier space, with a normal distribution of amplitudes and
random phases, and with power only in the Fourier com-
ponents in the shell of wave-number 1 ¹ kL /2n ¹ 2. The
Ñow is driven by an external random force ( f in the momen-
tum eq. [2]). The random force is also generated in Fourier
space with a normal distribution, with power only in the
range of wave-number 1 ¹ kL /2n ¹ 2. A Helmholtz decom-
position is performed on both the initial velocity and the
random force, and only the solenoidal component is used.
In order to produce a force that varies continuously in time,
we actually specify randomly distributed Fourier com-
ponents of the time derivative of the acceleration, and
compute the acceleration as a time integral. The time deriv-
atives of the Fourier components of the acceleration are
regenerated at time intervals of about one dynamical time.

We let the Ñow evolve for one dynamical time, deÐned as
where L is the linear size of the computationaltdyn\ L 0/pv

,
box, and is the rms Ñow velocity. A self-gravitating Ñowp

vis never statistically relaxed. First a number of collapsing
and accreting cores is generated, and later the cores begin to
merge. The numerical resolution (1283 numerical mesh)
allows only the description of the initial phase of the col-
lapse of single cores. Results are progressively inaccurate at
later times, when the numerical resolution cannot cope with
the exceedingly high density. We therefore interrupt the
simulation at a time when most cores are just recently
formed and start to collapse, which is about one dynamical
time of the large scale.

Periodic boundary conditions and large-scale external
forcing are justiÐed by the fact that we simulate a region of
turbulent Ñow inside a larger turbulent molecular cloud.
The rms Mach number of the Ñow is which corre-M

s
B 11,

sponds to a linear size pc, and an average gasL 0B 6.25
density SnT B 320 cm~3, using empirical Larson type rela-
tions (Larson 1981). The average magnetic Ðeld in this
model is rather weak, as justiÐed by our previous work
(Padoan & Nordlund 1997, 1999), and such that the average
magnetic energy is approximately twice the thermal energy.
Assuming a kinetic temperature T \ 10 K, the rms Ñow
velocity is km s~1 ; the average magnetic Ðeldp

v
\ 3.0

strength is SBT \ 3.3 kG, while SB2T1@2\ 7.1 kG. Despite
this low value of SBT, strongly magnetized cores are formed
by the process of turbulent fragmentation (the maximum
Ðeld strength in the simulation is 127.8 kG), due to com-
pressions and stretching in the turbulent Ñow.

3. POLARIZED THERMAL DUST EMISSION

We compute the polarized thermal dust emission from
the MHD model following the formalism in Fiege &
Pudritz (2000) (see also Wardle & 1990). As in FiegeKo� nigl
& Pudritz (2000) we are interested in the thermal dust emis-
sion at submillimeter wavelengths, and therefore the e†ect
of self-absorption (Hildebrand et al. 1999) and scattering
(Novak et al. 1989) can be neglected. We further assume

that the grain properties are constant2 and the temperature
is uniform. With these assumptions, the Stokes parameters
Q and U are proportional to the following integrals along
the line of sight :

q \
P

o cos 2t cos2 c ds , (8)

u \
P

o sin 2t cos2 c ds , (9)

where o is the gas density, t is the angle between the projec-
tion of B on the plane of the sky and north, and c is the
angle between the local B vector and the plane of the sky.
The polarization angle s is then given by

tan 2s \ u
q

. (10)

The degree of polarization P, deÐned as

P\ JQ2] U2
I

, (11)

where I is the intensity, is given by

P\ a
Jq2] u2
&[ a&2

, (12)

with

&\
P

o ds , (13)

and

&2\ 1
2
P

o(cos2 c[ 2/3) ds , (14)

The coefficient a in equation (12) is deÐned as

a \ RF
Cpol
Cran

, (15)

where R, F, and are deÐned by Lee & DraineCpol, Cran(1985). is the grain polarization cross section, whichCpoldi†ers for oblate spheroids,

Cpol \ C
M

[ C
A

, (16)

and prolate spheroids.

Cpol\ (C
A

[ C
M
)/2 , (17)

where and are the polarization cross sections forC
A

C
Melectric Ðeld parallel and perpendicular to the symmetry

axis of the grain. is the average cross section for ran-Crandomly oriented grains,

Cran\ (2C
M

] C
A
)/3 . (18)

R is the Rayleigh polarization reduction factor due to
imperfect grain alignment, and F the polarization reduction
factor due to the turbulent component of the magnetic Ðeld.
In our case F\ 1 because the three-dimensional magnetic

2 Fiege & Pudritz (2000) consider explicitly the contributions to the
polarized emission from several grain species, which is not required here
since we do not specify any particular set of grain properties.
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Ðeld is provided by the MHD model (assuming that no
small-scale structure is unresolved in the numerical
solution). However, in this work we do not attempt to use
speciÐc models for the grain cross sections and for the
reduction factors, since our aim is to investigate the e†ect of
the magnetic Ðeld topology. We therefore adopt a constant
value of a \ 0.15, which is equivalent to assuming a reason-
able value for the maximum degree of polarization, Pmax\15%, since

Pmax\
a

1 [ a/6
. (19)

In Figure 1 we have plotted of astronomicalCpol/Cransilicate spheroids, for ““ perfect spinning alignment,ÏÏ as a
function of the ““ axial ratio,ÏÏ deÐned as (a ] b)/(2c), where a,
b, and c are the long, intermediate, and short axes, respec-
tively. For prolate spheroids b \ c ; for oblate spheroids
a \ b. With this deÐnition, the ratio is nearly theCpol/Cransame, at given ““ axial ratio,ÏÏ for prolate and oblate spher-
oids. The astronomical silicate is that discussed by Draine
& Lee (1984), as modiÐed by Li & Draine (2001). For wave-
lengths j in the range 100 km \ j \ 1 mm, isCpol/Cranalmost independent of j. Figure 1 is computed for j \ 350
km. The adopted value of a \ 0.15 would require only mod-
erate deviations from sphericity, provided the degree of
alignment R is reasonably high. If for example RB 0.33, a
reasonable value of approximately 1.3 for the axial ratio
gives the assumed value of a.

We have computed polarization maps from the MHD
model in two cases. In the Ðrst case, or model A, it is
assumed that grains are aligned independently of their
visual extinction, in the second case, or model B, it isA

V
;

assumed that grains are not aligned at visual extinction
larger than mag. In order to compute theA

V,0\ 3 A
V
,

intensity of the radiation Ðeld was computed with a Monte

FIG. 1.ÈGrain cross section ratio as a function of grain axial ratio for
prolate spheroids (dashed line) and oblate spheroids (solid line), at wave-
length j \ 350 km. The grains are the ““ astronomical silicate ÏÏ discussed by
Draine & Lee (1984), as modiÐed by Li & Draine (2001).

Carlo method. Photon packages were sent into the cloud
from the background and the scatterings and absorption
processes were simulated. In each cell the number of incom-
ing photons was registered and the intensity relative to the
background was used to compute the e†ective values of A

V
.

The dust opacity was calculated from the relation between
and as given by Bohlin, Savage, & Drake (1978).N(H2) A

VThe albedo of the grains was 0.5 and the asymmetry factor
of the scattering g \ 0.6.

The polarization maps are plotted in Figure 2 for both
model A and in Figure 3 for model B. The average magnetic
Ðeld (volume-average over the whole computational box) is
oriented in the vertical direction. The length of the polariza-
tion vectors is proportional to the degree of polarization,
with the longest vector corresponding to P\ 14%. The
contour map shows the submillimeter dust continuum
intensity I. Model B shows systematically low values of the
degree of polarization P in the brightest regions, because at

mag the dust contributes to the total Ñux, but not toA
V

[ 3
the polarized Ñux (P is deÐned as the ratio of polarized and
total Ñux). This does not happen in model A, with the excep-
tion of one region (core C3).

There is no obvious correlation between P and I over the
entire map, as shown in the scatter plots of Figure 4. P
spans a range of values 0.3% \ P\ 14%, with
SPT \ 5.6%. Such relatively large values of P, comparable
to typically observed values, are usually found in models of

turbulence. This is due to the fact that eachsuper-Alfve� nic
line of sight is normally dominated by one particular dense
Ðlament (or edge-on sheet), where the magnetic Ðeld is
rather uniform because it is ampliÐed in the directions per-
pendicular to the shock compression that generates that

FIG. 2.ÈPolarization map from the MHD model (model A). The
average magnetic Ðeld is oriented in the vertical direction. The length of the
polarization vectors is proportional to the degree of polarization, with the
longest vector corresponding to P\ 14%. Only one polarization vector
every three computational cells is plotted. The contour map shows the
submillimeter dust continuum intensity I. The position of the self-
gravitating cores C1, C2, and C3 (see text in °4) is also shown. [See the
electronic edition of the Journal for a color version of this Ðgure.]
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FIG. 3.ÈAs in Fig. 1, but assuming unaligned grains above A
V,0\ 3

mag (model B). [See the electronic edition of the Journal for a color version
of this Ðgure.]

Ðlament (or sheet). The power spectrum of turbulence con-
tains most of the energy on the largest scales, which con-
strains the magnetic Ðeld tangling, in the sense that the
number of correlation lengths of the magnetic Ðeld can
never be ?1 (see the discussion in ° 7).

4. SELF-GRAVITATING CORES

For our polarization study, we select the brightest cores
in the intensity map shown in Figure 2, in a similar way as
protostellar cores would be selected from a submillimeter
dust continuum map. Since we are interested in relating the
observable properties of the cores with their intrinsic three-
dimensional structure, we have limited our selection to
intensity maxima that are also well deÐned in the three-

dimensional MHD data cube. We have excluded the
remaining two or three bright cores that are not easily iden-
tiÐed in the original three-dimensional data cube, because
of the contribution of multiple structures along the line of
sight.

We have selected three cores that we call C1, C2, and C3.
Their position is shown on the maps in Figures 2 and 3. We
have veriÐed, using the MHD data cube, that the cores C1,
C2, and C3 are gravitationally bound (gravitational energy
in excess of the kinetic energy of turbulence). While the core
C1 is still being assembled by a turbulent shock (this is also
indicated by its position as a density peak in a strongly
curved segment of a Ðlament), the core C3 is collapsing with
a surrounding Ñow characterized by accretion along numer-
ous Ðlaments converging toward the core. The magnetic
Ðeld around the core is roughly aligned with these accretion
Ðlaments. In the core C1 the magnetic Ðeld is roughly
aligned with the Ðlament where the core is located (it is
ampliÐed in that direction by the shock compression), and
is therefore strongly curved inside the core. The core C2
seems to be an intermediate case between C1 and C3.

The collapsing/accreting conÐguration of the core C3 can
be explained as follows. Once a core is formed by a shock as
a density peak along a Ðlament (or on a sheet), part of the
gas is moving along the Ðlament (or on the sheet) away from
the core, because of the pressure gradient. However, as long
as the core becomes massive enough, its gravitational force
becomes larger than the pressure gradient and the Ñow
along the Ðlament is reversed back into the core. In the
simple case of a single shock the collapsing core will be
accreting along two Ðlaments (the two sides of the original
Ðlament), while in the case of the brightest cores, located at
the intersection of a number of shocks, many accreting Ðla-
ments can be found.

The region of the polarization map around each core is
shown in the Figures 5aÈ5c for model A. The polarization
vectors are here plotted for one position every two compu-
tational cells, and the largest polarization vectors (found in
the core C1) corresponds to PB 11.5%. The respective
scatter plots of P versus I (also for model A) are shown in
the left panels of Figure 6, where the intensity I is plotted in

FIG. 4.ÈL eft : Scatter plot of the degree of polarization versus the emission intensity from the entire map in Fig. 2. Only the polarization vectors shown in
Fig. 2 are used, that is one position every three computational cells. The average degree of polarization is SPT \ 5.6%. Right : As left panel, but from the
entire map in Fig. 3, that is with unaligned grains above mag.A

V,0\ 3



Core C1 Core C1; AV,0=3 mag

Core C2 Core C2; AV,0=3 mag

Core C3 Core C3; AV,0=3 mag

FIG. 5a FIG. 5d

FIG. 5b FIG. 5e

FIG. 5c FIG. 5f

FIG. 5.ÈFigs. 5aÈ5c show the polarization maps as in Fig. 2, but limited to the regions around the cores C1, C2, and C3 (see text). The polarization vectors
are here plotted for one position every two computational cells, and the largest polarization vectors (found in the core C1) corresponds to PB 11.5%. Figs. 5d
and 5f are as 5aÈ5c, but from the map in Fig. 3, that is with unaligned grains above mag. [See the electronic edition of the Journal for a color version ofA

V,0\ 3
this Ðgure.]
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FIG. 6.ÈL eft panels (model A) : Scatter plots of the degree of polarization versus the emission intensity from the maps in Figs. 5aÈ5c. Only the polarization
vectors shown in Fig. 5 are used, that is one position every two computational cells. Right panels (model B) : Same as left panels, but from the maps in the
lower panels of Figs. 5d and 5f, that is assuming unaligned grains above mag.A
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FIG. 7.ÈL eft panel (model A) : Scatter plot of the degree of polarization versus the emission intensity for the core C1, seen from three orthogonal points of
view. Right panels (model B) : Same as left panels, but with unaligned grains above mag.A

V,0\ 3

linear units, for a more direct comparison with published
observational plots. The di†erence in the P-I plot between
the cores C1 and C3 is remarkable in model A. The plot for
the core C1 is characterized by a lower envelope with P

increasing with increasing I, while the plot for the core C3
shows a very clear upper envelope with P decreasing with
increasing I. The excursion of the values of P on the
envelopes is from approximately 2% to 9% in the Ðrst case
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FIG. 8.ÈL eft panels (model A) : Histograms of the polarization angle s from the polarization maps shown in Figs. 5aÈ5c. All the available polarization
vectors have been used, that is one per computational cell. Right panels (model B) : Same as left panels, but from the polarization maps in Figs. 5d and 5f, that
is with unaligned grains above mag.A

V,0\ 3

and from approximately 8% to 2% in the second case. The
plot for the core C2 looks like an intermediate case.

Should we conclude that the P-I plot is a diagnostic for
the time evolution of a core, from an early shock phase to a

collapse phase? The integration of the Stokes parameters
along di†erent lines of sight shows that the P-I plot of the
core C3 depends on the direction of the line of sight. Along
certain directions P and I are virtually uncorrelated ; along
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TABLE 1

ESTIMATED PARAMETERS FOR THE THREE CORES C1, C2, AND C3

C1 C2 C3

CORE x y z x y z x y z

p
v

( km s~1) . . . . . . 0.96 0.96 0.82 0.94 1.34 1.04 1.00 0.73 1.32
ps (rad) . . . . . . . . . . . 0.48 0.73 0.37 0.59 0.58 0.71 0.55 0.73 0.65

(0.49) (0.70) (0.37) (0.64) (0.62) (0.71) (0.52) (0.74) (0.65)
f . . . . . . . . . . . . . . . . . . . 0.32 0.48 0.29 0.43 0.29 0.46 0.35 0.63 0.31

(0.32) (0.46) (0.29) (0.46) (0.31) (0.46) (0.33) (0.64) (0.31)

NOTE.ÈFrom top to bottom: rms turbulent velocity from CS spectral maps ; rms polarization angle ;
correction factor for the Chandrasekhar-Fermi formula (see text). Values in parenthesis are for the case of
unaligned grains above mag.A

V,0\ 3

others P decreases with increasing I because the magnetic
Ðeld is roughly parallel to the line of sight toward the center
of the core, or because of a cancellation e†ect due to the
direction of polarization within material in front of the core.
The P-I plot is therefore sensitive to the viewing angle and
is not a diagnostic for the evolutionary state of the cores (at
least with the present numerical resolution that allows only
the description of the very early phase of the core collapse).

The situation is di†erent when grains are assumed to be
aligned only at visual extinction below mag, as inA

V,0\ 3
model B. The polarization maps of the cores in the case of
model B are shown in Figures 5dÈ5f, and the corresponding
P-I plots are in the right panels of Figure 6. The upper
envelope in the P-I plot, with P decreasing with increasing
I, is always found, since at visual extinction above A

V,0 \ 3
mag the dust contributes to the continuum intensity I, but
not to the polarized Ñux (P is deÐned as the ratio of pol-
arized and total ÑuxÈeq. [11]). The direction of polariza-
tion is also a†ected by the lack of alignment of grains at
large visual extinction. As an example, the region at the
south of the core C2 shows a magnetic Ðeld direction
roughly parallel to the elongation of the core in model A,
while the magnetic Ðeld direction is almost perpendicular to
the core elongation in model B.

Figure 7 shows the P-I plots for the core C1 seen from
three di†erent orthogonal directions, in model A (left
panels) and B (right panels). These plots show that P always
decreases with increasing I in model B, independent of the
viewing angle.

The histograms of the polarization angle s in the maps of
Figure 5 are plotted in Figure 8. For computing these histo-
grams we have used all the polarization vectors available,
that is one per computational cell. Since the maps are made
of 20] 20 pixels, we have used 400 polarization vectors for
each histogram, while in Figures 4 and 5 only
10 ] 10 \ 100 vectors were used for clarity. The plots in
Figure 7 show very broad distributions of s. The values of s
are limited to the interval [[n/2, n/2], but the reference
direction, or the origin of the interval, can be shifted arbi-
trarily by an amount between 0 and n. We have done so in
order to minimize the dispersion of s, which is obtained by
shifting the origin of the angle to the approximate location
of the minimum in the histogram. In this way the dispersion

has a robust physical meaning, independent of the partic-psular local orientation of the average magnetic Ðeld relative
to north. No Gaussian Ðt of the histogram is attempted, and

is simply deÐned asps
ps \ S(s [ SsT)2T1@2 (20)

with the values of s deÐned in the interval that minimizes
this expression, as explained above. Di†erences between
models A and B are rather small. Results are listed Table 1.
For both models A and B we Ðnd the average value of the
rms s to be ps \ 0.60 ^ 0.11.

5. OBSERVATIONAL P-I PLOTS OF ““ QUIESCENT ÏÏ CORES

In this work we deÐne as ““ quiescent ÏÏ any starless or low
mass star-forming core. We do not try to model regions of
massive star formation, where the enhanced radiation Ðeld
must have a considerable e†ect on the grain alignment
(Draine & Weingartner 1996, 1997).

A number of recent submillimeter polarization maps of
quiescent cores can be used to study the correlation of the
degree of polarization P and the submillimeter dust contin-
uum intensity I. Davis et al. (2000) observed the Serpens
low-mass star-forming region, which contains eight cores.
Polarization maps of the three cores L1544, L183, and L43
were obtained by Ward-Thompson et al. (2000), and three
more cores, CB 26, CB 24, and DC 253-1.6 (CG 30) were
mapped by Henning et al. (2001). All these regions were
observed at 850 km, with the SCUBA bolometer array at
the James Clerk Maxwell Telescope. In all of the 14 cores
the value of P is found to decrease rather steeply with
increasing I. Polarization vectors from the lower intensity
regions around the cores are always much larger than the
vectors close to the center of the cores.

P-I plots are presented both in Davis et al. (2000) and in
Henning et al. (2001). They are very similar to the P-I plots
from our model B, presented in the previous section. The
upper envelope of the plots is deÐned by values of P from
1%È2% at the highest I, to 8%È10% at the lowest values of
I. The drop in P is roughly consistent with a constant pol-
arized Ñux, where the polarized Ñux is deÐned as P] I. This
suggests that a signiÐcant fraction of the dust emission is
from grains that do not contribute signiÐcantly to the
polarization, presumably unaligned grains.

Model A cannot reproduce the same result for all cores,
but only in some cases, owing to the fortuitous orientation
of the magnetic Ðeld or to a cancellation e†ect also depen-
dent on the orientation of the core relative to the line of
sight. It is possible that a numerical simulation with higher
resolution, able to follow the collapse of cores to larger
densities, may generate a stronger cancellation e†ect. The
gravitational collapse is expected to drag the lines of force
of the magnetic Ðeld toward the core center, which could
generate a cancellation e†ect. However, it is not clear how
important this e†ect may be, once diluted over the size of
the telescope beam. It is also difficult to imagine that it
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FIG. 9.ÈSpectral maps of the J \ 1È0 transition of CS. The maps are located around the cores C1, C2, and C3, from top to bottom, respectively. The
regions shown in the maps correspond to the regions included in the maps of Fig. 5. The velocity axis ranges from -2.76 to 2.76 km s~1, and the antenna
temperature axis from 0 to 3 K.

should be independent of orientation, since the average
magnetic Ðeld before the collapse deÐnes a speciÐc direc-
tion.

6. DISTRIBUTION OF POLARIZATION ANGLE AND

MAGNETIC FIELD STRENGTH

In linear transverse oscillations of a line of force (for
example waves in a uniform medium) the ratio of theAlfve� n
lateral and transverse velocities is equal to the deviation of
the line of force from a straight line. This deviation of the
Ðeld from a straight line is measured by the angle s between
the straight line and the local line of force. If the transverse

velocity is the velocity and the lateral velocity isAlfve� n vA,
the rms turbulent velocity thenp

v
,

ps B
p
v

vA
4 MA , (21)

where is the Mach number. This is strictlyMA Alfve� nic
valid only in linear theory. We can deÐne a coefficient f that
quantiÐes the deviation from the prediction of the linear
theory :

f 4
SvA2T1@2
p
v
/ps

\SB2/(4no)T1@2
p
v
/ps

, (22)
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where the numerator is the rms velocity, averagedAlfve� n
inside the volume under study. Equation (21), or equiva-
lently the value f\ 1, was Ðrst used to derive the magnetic
Ðeld strength in the Galaxy by Davis (1951) and Chandra-
sekhar & Fermi (1953). This method was further discussed
by Zweibel (1990) and Myers & Goodman (1991). It has
also been tested on the results of MHD simulations of sub-

turbulence by Ostriker et al. (2001). They Ðnd thatAlfve� nic
for small dispersion of the polarization angle (ps \ 0.44
radians) the Chandrasekhar-Fermi formula provides a
good estimate of the plane of the sky Ðeld strength, if a
coefficient fB 0.5 is used. Similar results are found by
Heitsch et al. (2001), using numerical simulations of mildly

turbulence.super-Alfve� nic
In protostellar cores and Bok globules the dispersion of

the polarization angle is sometimes very large, and the
Chandrasekhar-Fermi formula is not expected to hold.
However, the formula is sometimes applied irrespective of
the large value of (e.g., Itoh et al. 1999 ; Davis et al. 2000 ;psHenning et al. 2001). This is perhaps justiÐed by the expec-
tation that the degree of topological complexity of the mag-
netic Ðeld, and so the value of should be related in someps,way to the rms Mach number A full numericalAlfve� nic MA.
study of the dependence of on can be pursued withps MAthe MHD turbulence simulations and will be presented
elsewhere. For the purpose of this work we test the
Chandrasekhar-Fermi formula on the cores C1, C2, and C3,
and provide the values of the corresponding correction
factor f.

The turbulent velocity dispersion in protostellar cores
and Bok globules is often estimated using the line width of
the CS molecule. It is possible that the bulk of the CS
emission come from an envelope around the core, and not
from the core interior, where most of the dust emission is
generated, at least for the densest cores. This complicates
the application of the Chandrasekhar-Fermi formula and
its interpretation. For this reason, we have tested the
formula by deÐning the turbulent velocity as given by the
CS spectra.

Maps of synthetic spectra of the J \ 1È0 transition of CS
are computed using a non-LTE Monte Carlo radiative
transfer code (Juvela 1997, 1998), from the three-
dimensional density and velocity Ðelds generated in the
numerical MHD experiment. The method of computing
synthetic spectra was presented in Padoan et al. (1998). We
assume a linear size of the computational box L \ 6.25 pc, a
uniform temperature T \ 10 K, an rms turbulent velocity

km s~1, and an average gas density SnT \ 320p
v
\ 3.0

cm~3. These values are used to scale the numerical vari-
ables into physical units. In the radiative transfer computa-
tion the full three-dimensional density and velocity Ðelds
are used. The radiative transfer is a nonlocal problem, and
so it is solved for the whole three-dimensional computa-
tional box.

Spectral maps are obtained for the same lines of sight
that deÐne the polarization maps. The CS spectral maps
that match the polarization maps of Figure 5 are plotted in
Figure 9. All the spectra are used to compute the rms veloc-
ity This is deÐned as the rms velocity averaged along thep

v
.

spectral proÐle, without any Gaussian Ðt :

p
v
\
A/ (v[ SvT)2T (v) dv

/ T (v) dv
B1@2

, (23)

where T (v) is the antenna temperature at the velocity
channel v, and the result is averaged over the whole spectral
map of each core. The average velocity SvT is deÐned as

SvT \ / vT (v) dv
/ T (v) dv

(24)

The values of for three orthogonal lines of sight are listedp
vin Table 1. The average value is km s~1.p

v
\ 1.01^ 0.19

In order to determine the value of the coefficient f, we
Ðnally need to compute the rms velocity in the cores.Alfve� n
This is done directly in the three-dimensional MHD data
cube. Using the values of computed in the previouspssection, and the values of and rms computed here, wep

v
vAcan now evaluate the coefficient f. Results are listed in Table

1. The average value of f is found to be f \ 0.40^ 0.11 for
both models A and B.

7. DISCUSSION

In order to describe the formation of protostellar cores
we have simulated the dynamics of molecular cloud turbu-
lence on a relatively large scale (B6 pc). Simulating a large
scale is necessary because the boundary and initial condi-
tions of a numerical simulation (and much more of an
analytic model) are always idealized in some way. For
example, a numerical simulation or an analytic model
describing the evolution and collapse of a single protostellar
core can hardly be considered as models for the core forma-
tion, since the core is obviously formed by the ad hoc setup
of the initial conditions. On the other hand, if a larger scale
is simulated, the process of core formation is controlled by
the gas dynamics on the large scale, and may even be rather
insensitive to the speciÐc initial and boundary conditions at
the large scale.

In the simulation used for this work the typical size of
cores is less than one-tenth of the size of the computational
box, and so we argue that our periodic boundary conditions
do not a†ect too much the formation and evolution of dense
cores. The setup of the initial conditions is also unlikely to
a†ect dramatically the outcome of the simulation, since
after one dynamical time the turbulent Ñow begins to lose
memory of its initial conditions. The random external
driving force can instead have important e†ects, in the sense
that the Ñow would develop much more small-scale struc-
ture if the forcing was done on a small scale, and the
number of correlation lengths of the magnetic Ðeld, Ncorr,could be relatively large. However, that would imply a
power spectrum of turbulence peaking on small scales. In
contrast, all observational evidence for the power spectrum
of turbulence in molecular clouds is consistent with a scale-
free dynamics (Larson 1981 ; Miesch & Bally 1994 ; Ossenk-
opf & Mac Low 2000), with most energy on the largest
scale. The large scale driving used in the present simulation,
is therefore consistent with the observations. As a conse-
quence, the number of correlation lengths of the magnetic
Ðeld must be relatively small, This explains theNcorrD 1.
relatively large values of P found from our super-Alfve� nic
simulations, since a signiÐcant cancellation e†ect requires
both a weak magnetic Ðeld (super- turbulence) andAlfve� nic
a large number of correlation lengths.

It is well established that the polarized extinction of back-
ground stars at optical and near-IR wavelengths does not
reveal the magnetic Ðeld direction in the dense interiors of
molecular clouds, beyond an optical depth magA

v
\ 1È2



No. 2, 2001 POLARIZED DUST EMISSION FROM PROTOSTELLAR CORES 1017

(Goodman et al. 1995 ; Arce et al. 1998). This is generally
interpreted as the e†ect of unaligned grains at large visual
extinction, since it can be shown that most alignment
mechanisms are ine†ective at large optical depth (Lazarian
et al. 1997). Wiebe & Watson (2001), on the contrary,
suggest that the results of polarization studies of back-
ground stars can be explained by a cancellation e†ect due to
the magnetic Ðeld tangling along the line of sight. This
requires turbulence and a large number ofsuper-Alfve� nic
correlation lengths of the magnetic Ðeld, They ÐndNcorr.that is necessary to explain the observations, andNcorr º 10
use a numerical MHD simulation by Stone, Ostriker, &
Gammie (1998) as an example of a theoretical model with

However, as explained in the previous para-Ncorr [ 10.
graph, there is no observational evidence in favor of a
power spectrum of turbulence with a peak at small scale,
which is needed to produce a large value of The simu-Ncorr.lation by Stone et al. (1998) used by Wiebe & Watson (2001)
is performed with a random driving on an intermediate
scale, which explains the large value of but is certainlyNcorr,not motivated by the observations.

In ° 5 we have seen that recent submillimeter polarization
maps of quiescent cores always produce P-I plots character-
ized by an upper envelope with P decreasing with increasing
I. This result is predicted by our model B, that is, by
assuming that grains at visual extinction larger than

mag are not aligned. It is not reproduced by modelA
V,0\ 3

A, where the grain alignment is assumed to be independent
of because the magnetic Ðeld tangling in the cores isA

V
,

insufficient to produce such drop in P. Although it is still
possible that higher resolution simulations following the
core collapse to higher densities generate a larger cancel-
lation e†ect, that remains to be proven. From the present
calculations it seems that the reasonable assumptions of
model B provide a good interpretation of the observational
P-I plots. If this interpretation is correct, we can conclude
that submillimeter polarization maps cannot probe the
magnetic Ðeld structure inside quiescent cores, at visual
extinction larger than mag. The use of such mapsA

V,0 \ 3
to constrain models of protostellar core formation and evol-
ution is therefore questionable, especially if the e†ect of
unaligned grains is not taken carefully into account. Polar-
ization studies of submillimeter dust continuum emission
from quiescent cores are therefore not inconsistent with pre-
vious results of polarized extinction of background stars at
optical and near-IR wavelengths mentioned above.

The speciÐc value of mag used to computeA
V,0 \ 3

model B is a ““ conservative ÏÏ choice. A value of A
V,0 B 2

mag, or even lower, is not ruled out by our study. It is likely
that the alignment efficiency of grains begins to decrease
signiÐcantly at mag, as suggested by theoreticalA

V
\ 1È2

studies (Lazarian et al. 1997). In this work we show that at
values of visual extinction larger then 3 mag grains must be
almost completely unaligned.

The MHD simulation used in this work has a limited
numerical resolution. A 1283 numerical mesh has been used
and the volume selected around each core contains only 203
computational cells. Di†erences in the polarization maps of
the cores between models A and B (see Fig. 5) are equally
limited. A much higher numerical resolution could in prin-

ciple generates even larger di†erences between the magnetic
Ðeld orientation in the densest regions of the cores and in
their lower density envelopes. The center of the core at

mag, for example, could have collapsed dragging inA
V

[ 3
the magnetic Ðeld lines, and this process would be totally
invisible in the polarization maps. However, models for the
formation and evolution of protostellar cores could be
tested with polarization maps of quiescent cores if the com-
parison were limited to the regions of low visual extinction
around the cores.

We have shown in the previous section that the
Chandrasekhar-Fermi formula predicts the value of the rms

speed in the cores, if a correction factor fB 0.4 isAlfve� n
used, and if the rms turbulent velocity is derived from the
line width of the J \ 1È0 CS transition. The value of psshould be appropriately minimized as discussed in the pre-
vious section. However, in order to infer a magnetic Ðeld
strength from an rms speed and the gas density inAlfve� n ps,the cores must be estimated, which introduces a signiÐcant
uncertainty.

8. CONCLUSIONS

In this work we have computed dust continuum polariza-
tion from protostellar cores, assembled by supersonic turb-
ulent Ñows in models of molecular clouds, using numerical
simulations of highly supersonic MHD turbulence. The
results are compared with recent polarization maps of
quiescent protostellar cores and Bok globules.

The main results of this work are the following (1) Values
of P between 1% and 10% (up to almost are producedPmax)by turbulence. (2) A steep decrease of P withsuper-Alfve� nic
increasing I, as observed in a number of protostellar cores
and Bok globules, is always found in self-gravitating cores
selected from the MHD simulation if grains are not aligned
above a certain value of visual extinction (model B). (3)A

V,0The same behavior is hard to reproduce if dust grains are
aligned independently of (model A). (4) TheA

VChandrasekhar-Fermi formula, corrected by a factor
f B 0.4, can be used to estimate the average magnetic Ðeld
strength in the cores.

We conclude that submillimeter polarization maps of
quiescent cores may not faithfully map the magnetic Ðeld
inside the cores at visual extinction larger than A

V,0B 3
mag. The use of such maps to constrain models of protostel-
lar core formation and evolution is questionable, especially
if the e†ect of unaligned grains is not properly taken into
account. This conclusion shows that there is no inconsis-
tency between the results from optical and near-IR pol-
arized absorption of background stars, and the observed
polarization of submillimeter dust continuum from quiesc-
ent cores. In both cases, grains at large visual extinction
appear to be virtually unaligned.
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