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Abstract

The imperfect information game is a mathematical model that is

very useful for modeling interactions in a wide variety of domains, and

algorithms that compute the solutions of such games are extremely valu-

able. Counterfactual regret minimization (CFR) is a very promising al-

gorithmic paradigm for this setting. However, current high-performance

CFR algorithms are designed to work well for only a limited subset of

games with a small number of available actions, such as poker, and thus

have narrow applicability. This thesis discusses the importance of de-

veloping more general algorithms to solve mathematical games, justi-

fies why CFR is a promising path forward for creating these solutions,

and ultimately addresses this situation by proposing two novel variants

of CFR, one of which in particular is especially promising as a general

solution. By approximating the value of information to be gained at

different times and states of the game, these algorithms match the per-

formance of current best methods on small games while also, for one

algorithm, extending to large games by performing faster than current

high-performance methods by an exponential factor, serving as an ex-

ample of a more general solution for imperfect information games.
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 Introduction

. Motivation

Modern machine learning and statistical models have the capacity

to aid humans in a wide variety of decision-making tasks, and indeed,

many such models are widely used today, often in high-stakes environ-

ments that range from medicine to criminal law.

While a wide variety of different models optimized for different fea-

tures exist, one class of models that is particularly interesting is games.

A mathematical game is a type of model that is uniquely positioned

to represent interactions between different agents, and using games as

models of different features of the world has been critical to develop

human understanding of systems as disparate as global economy and

biological evolution.

Historically, there has been a large amount of philosophical interest

in a feature of games referred to as imperfect information, where partici-

pants in such a system are able or forced to hide information from one

another. However, algorithmic game theory, the field dedicated to using

computational tools to solve and better understand games, has largely

focused on games where there is no hidden information.

The modern world is currently facing an ever-increasing onslaught

of applications that require a sophisticated knowledge of imperfect in-

formation settings to address properly. Increasingly complicated mod-

els of pricing and cybersecurity are two technical areas in which deci-
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 Introduction

sions need to be made optimally despite enormous amounts of unknown

information. However, these models function equally well in human-

centered applications as well, from modeling negotiations to situations

of bias.

In recent years, the field of algorithmic game theory has responded

to this growing need for good models of hidden information by devel-

oping a variety of algorithms precisely for imperfect information games.

However, because hidden information introduces so much complexity

into models, many of these algorithms are optimized only for a narrowly-

defined subset of games. That is, they can be said to lack generality.

. Role of this Thesis

The purpose of this thesis is to offer novel solutions and progress on

the matter of how to best increase the generality of how equilibria are

computed in imperfect-information zero-sum games. These terms, if

unfamiliar, will be defined shortly in the coming pages.

.. The Path Forward

To move toward this goal, in this thesis, I will first provide an overview

of games and how they are solved, introducing the requisite background

while also proposing an algorithmic paradigm known as counterfactual

regret minimization (CFR) as the best path toward generality. I will ex-

plore this paradigm in depth, paying special attention to its limitations,

and highlighting how other researchers have overcome these barriers in

recent years through tools such as Monte Carlo methods and function-

approximating neural networks.

After establishing the current obstacles preventing CFR from serv-

ing as a general solution, in Chapter  I will propose a two new variants

within this algorithmic paradigm directly designed to be general solu-
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 Introduction

tions that operate by approximating the value of information at different

game states and times. I will experimentally test these variants against

current benchmarks to show not only improved practical performance,

but also significant theoretical improvements (for one variant in partic-

ular) by performing faster than current best methods by an exponential

factor. This allows for applications to much larger and differently struc-

tured games without narrow optimization, dramatically increasing the

generality of the CFR technique.

.. Thesis Contribution

The primary contribution of my thesis consists of the two novel classes

of algorithms and their applications to large games that cannot be ad-

dressed by current methods. These variants are not intended to serve

as "magic bullets" that solve the generality problem completely. Rather,

they serve to introduce a framework based on approximating the value

of information that has promising potential for future use. The frame-

work can guide the design of more general solutions that extend even

beyond the CFR variant algorithms I propose, and in Chapter  I ex-

plore a selection of these applications.

While these novel algorithms and their framework for approaching

generality form one possible path toward more general solutions, I also

hope that this work highlights the importance of generality in modern

algorithmic game theory as a whole, facilitating the creation of models

that can help us understand important features of the modern world in

a wide variety of settings.





 Background: Games and

How to Solve Them

. Games

What is a game? What does it mean to play a game perfectly? Is this

possible for any game? As discussed in the introduction, games are

mathematical models critical for understanding a variety of systems in-

volving interactions between agents, and the purpose of this thesis is to

reveal how we can construct algorithms to solve such games in a more

general way. In this chapter, I will introduce some concepts fundamen-

tal to game theory that are necessary to better understand the path to-

wards achieving generality in solving these games.

The study of games as mathematical objects dates back centuries,

but was largely codified in modern study by John von Neumann (von

Neumann ). In the framework that von Neumann proposes, a game

is an object that models strategic actions among rational, self-interested

agents by allowing them to perform actions at certain points in time that

change the state of the game. Players will generally choose the appro-

priate action from a constrained set of actions according to a strategy,

which they can change at any point. There are additionally different

types of strategies a player can employ: a pure strategy is defined by the

player deterministically choosing one of the possible actions, while a





 Background: Games and How to Solve Them

mixed strategy is defined by a probability distribution over the different

available actions.

In classical game theory, a game has a solution, which is the optimal

strategy for a player to use in that particular game. For many types of

games, this solution is called the Nash equilibrium, which is the stable-

state description of the strategies of the game’s players at the point when

each player is aware of the strategies of all other players, and no player

has any incentive to modify their own strategy (Nash ).

There are a wide variety of different classifications of games, and

different classifications have different mathematical properties. In zero-

sum games, one player’s gain is necessarily another player’s loss, and

there is no change in total utility after the game is over. For example, in

most varieties of poker, one player gaining a sum of money is balanced

by the other players losing that exact sum amongst themselves. In con-

trast, a general-sum game has no restraints on net change in utility.

Another important classification of games is that of perfect informa-

tion vs imperfect information games. In a perfect information game, every

player has full and equal knowledge of the game state (e.g. tic-tac-toe).

In an imperfect information game, each player has limited knowledge of

the game state (e.g. a card game where you are unable to see the cards

of other players). In this thesis, I will be focusing on zero-sum imperfect

information games. I will also limit the discussion to games with perfect

recall, in which players never forget information.

This conceptual breakdown and categorization of games is useful,

and makes it apparent that games can be used to model a wide variety

of processes. Yes, a parlor game like chess or poker can be modelled

mathematically as a game, but so can economic systems, negotiations,

and any system in which agents are self-interested and interacting with

other actors.
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 Background: Games and How to Solve Them

To interact with games in a rigorous way, it is necessary to formal-

ize this definition of a game. Additionally, for algorithms to learn to

play games effectively, this formalization allows algorithms to under-

stand game structure. Many different formalizations exist for different

classes of games, and there are many different methods to categorize

games as well. One particular category of games is known as normal-

form games.

.. Normal-form Games

Normal-form games are among the simplest to define, and can model

interactions between a finite number of players. In a normal-form game,

each player will choose an action available to them, then all actions will

be revealed simultaneously. After the actions are revealed, the game

is over and each player receives a reward that depends both on their

individual action, and the actions of all other players.

A normal-form game can be represented by the tuple: 〈N ,A,u〉

• N is a finite set of n elements, where n is the number of players:

{1,2,3, ...,n}.

• A is the set of all possible action combinations, where each el-

ement of A is a vector of length n. Each vector represents the

actions taken by each player. For example, let Ai be the set of ac-

tions available to player i. Suppose player  chooses action a1 ∈ A1,

player  chooses action a2 ∈ A2, and so on. Then [a1, a2, ..., an] ∈A.

• u is the utility function that maps each possible element of A to a

vector representing the reward that each player receives. Letting

reward be a real number, we have: u : A→R
n.

We can note that a game is zero-sum when the sum of all elements in

the vector u(A) for all A ∈A is zero.





 Background: Games and How to Solve Them

To make this model concrete, consider a game of rock-paper-scissors

between two people, where each player can choose between the actions

R,P ,S. Let a reward of −1 correspond to losing, a reward of 1 correspond

to winning, and a reward of 0 correspond to a tie. The Nash equilibrium

of this game is a mixed strategy where the probabilities of selecting each

action R,P ,S are equal at 1
3 . This game can be modelled as normal-form:

N = {1,2}

(There are two players.)

A =
{
[R,R], [R,P ], [R,S], [P ,R], [P ,P ], [P ,S], [S,R], [S,P ], [S,S]

}
(A1 = A2 = {R,P ,S}, so each possible action combination is represented here.)

u :

[R,R] 7→ [0,0]

[R,P ] 7→ [−1,1]

[R,S] 7→ [1,−1]

[P ,R] 7→ [1,−1]

[P ,P ] 7→ [0,0]

[P ,S] 7→ [−1,1]

[S,R] 7→ [−1,1]

[S,P ] 7→ [1,−1]

[S,S] 7→ [0,0]

(R beats S, S beats P, P beats R)

Normal-form games allow us to model a great number of different

behaviors, but they still have some limitations. For example, many inter-

esting games involve players taking more than just one action, and these
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 Background: Games and How to Solve Them

action may be taken in sequence (e.g. chess, an auction, or any negoti-

ation). Because normal-form games model only one action per player

simultaneously, modelling such sequential games as normal-form re-

quires creating a separate action for each possible action sequence. That

is, if one wants to represent a multi-action game as a normal-form game,

there must be a distinct action representation not only for each possible

action sequence for a player, but also for each possible response to any

action by any other player.

This large number of elements in A, growing exponentially as the

number of turns increases, can make it impractical for algorithms to

develop good strategies for games represented in this way. Furthermore,

because the entire action sequence is encoded in a single action, it can

be very difficult to reason about the state of the game in an intermediary

state.

Because of these limitations, the mathematical model that I will use

in this thesis to model games is that of the extensive-form game.

.. Extensive-form Games

Extensive-form games, proposed in  by Harold Kuhn (Kuhn and

Tucker ), model sequential actions between players, where the ac-

tions each player takes may depend on the history of previous actions.

Extensive form games can be thought of as an extension of normal-form

games, though they also represent a wide variety of different game states

based on the previous actions. These games states and certain properties

they possess are organized into a game tree.

An extensive-form game can be represented by the tuple: 〈N ,T ,A,u〉.
The definitions of these terms vary slightly from their definitions for

normal-form games.

• N is a finite set of n+ 1 elements, where n is the number of ratio-

nal players: {1,2,3, ...,n,c}. The c player is referred to as "chance",





 Background: Games and How to Solve Them

and is used to model probabilistic events in game play, such as a

random dice roll.

• T is the game tree. Nodes in this tree represent the game state,

while edges represent actions, which move the game to a new state.

The game tree contains a variety of pieces of information:

– H is a finite set of histories. A history is a sequence of actions

starting from the root of the game tree. Each game state is

modelled by one history.

* Z ⊆ H is the set of terminal histories, game states that

represent the end of the game.

– p is a function mapping from a history to the player who takes

an action at that game state. p: h 7→ i | h ∈H, i ∈N .

– τ is a function that, given a chance node as an input, will

return the probability distribution of actions for the chance

player at that game state.

• A is the set of all possible actions performable by any player at

any point in the game tree. A(h) is the set of actions performable

at history h by player p(h).

• u is the utility function that maps each terminal history of the game

tree to a vector representing the reward that each player receives.

Letting reward be a real number, we have: u : Z→R
n.

Understanding this formulation of extensive-form games can be dif-

ficult (why, for example, must there be a chance player?). To better illus-

trate the formulation of extensive form games, let us consider a model

game that we will revisit throughout this thesis: Kuhn Poker.





 Background: Games and How to Solve Them

. A Model Game: Kuhn Poker

As a favorite toy game of the imperfect-information game community,

Kuhn poker is a wonderfully appropriate place to begin our discussion

on imperfect-information games. An understanding of this model game

is important because ) it allows us to better understand the properties

of extensive-form games with a concrete example, and ) Kuhn Poker

and similar games will be especially relevant for testing the effectiveness

of the novel algorithms I will propose later in this thesis.

Kuhn poker is a simple imperfect-information game created by the

mathematician Harold W. Kuhn in  (Kuhn and Tucker ). It is

modelled after poker, and is played by two players who win or lose

money that they bet. Reward is measured in units of "chips", and the

game is especially useful because it has a known Nash Equilibrium in

which the second player will win an average of 1
18 of a chip per game.

To play the game, two players each ante  chip into the pot. The pot is

a pool of chips to be claimed by the winner of the game, and an ante is a

forced bet. Each player is then dealt one of three cards, labeled 0, 1, and

2, randomly, and this information is not shared with the other player.

Player  begins by selecting one of two actions: pass or bet. Passing

moves play to the other player. Betting requires placing one additional

chip in the pot. The players alternate performing an action until one

of the following occurs: ) two passes or two bets in a row, or ) a pass

occurs after a bet. If the game ends with situation  (two passes or two

bets), the player with the higher-numbered card wins the entire pot. If

the game ends with situation  (pass after bet), the player who made the

previous bet wins the entire pot. A summary of the possible terminal

action sequences with associated rewards are listed in Table ..

Kuhn poker can very intuitively be modeled as an extensive-form

game, which is an important step in allowing algorithms to learn strate-
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 Background: Games and How to Solve Them

Terminal Action Sequence Reward

P: bet, P: bet + to high card player, - to low card player
P: bet, P: pass + to P, - to P
P: pass, P: pass + to high card player, - to low card player
P: pass, P: bet, P: bet + to high card player, - to low card player
P: pass, P: bet, P: pass + to P, - to P

Table .: The terminal action sequences of Kuhn Poker with associated re-
wards

gies for Kuhn poker. Let us reconsider the tuple that defines an extensive-

from game, 〈N ,T ,A,u〉, defining each of these terms for Kuhn poker.

N =
{
1,2, c

}
. There are two players, and the chance player controls

the random actions of dealing cards.

The game tree T can be seen in Figure .. This tree details each

possible history, represented as a node. A filled black circle indicates a

history h where p(h) = c (the active player is chance). Similarly, a blue

square indicates p(h) = 1 (Player  is acting), and a red circle indicates

p(h) = 2 (Player  is acting). Black diamonds represent terminal histories

(Z), and are filled with the reward for player .

Continuing with defining the the parameters of our extensive-form

representation, A =
{
Deal:0, Deal:1, Deal:2, Pass, Bet

}
. For any non-

terminal history h such that p(h) ∈ {1,2}, A(h) = {Pass, Bet}.
Lastly, the function u maps a terminal history to a vector of length

, and is partially defined in Figure .. The reward for Player  is listed

in the tree, and because Kuhn Poker is zero-sum, the reward for Player

 is the additive inverse of this number. For example, letting z be the

leftmost terminal history in the tree, u(z) = [−1,+1].

Again, understanding the mathematical representations of these games

is important because algorithms learning optimal solutions only have

access to the information contained in the representation used.
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 Background: Games and How to Solve Them

Figure .: The game tree of Kuhn poker. PyGraphViz library used to visual-
ize (Hagberg et al. ).

Looking at Figure ., notice how this tree demonstrates that chance

actions are considered a part of each history. Because there are nP r(3,2) =
3!

(3−2)! = 6 ways the cards can be distributed by chance, there are 6 times

more terminal histories in Figure . than terminal action sequences

in Table .. If there are a large number of outcomes from chance events,

this can dramatically increase the total number of histories. Imagine

playing Kuhn poker with a -card deck. In this variation, there would

be 9900 times more terminal histories than terminal action sequences

(of which there are still only 5). Fortunately, extensive-form games offer

a simplification via information sets.

.. Imperfect Information

Kuhn poker is an imperfect information game; the game is only partially

observable because each player cannot see the other’s cards. Because this

hidden information cannot be used to inform a player’s actions, when

multiple histories have the exact same information available to the ac-

tive player, these histories can be grouped into an information set.
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 Background: Games and How to Solve Them

To emphasize, information sets are grouped from the information-

awareness of the current active player. Information sets are powerful,

as the probability distribution over actions for any strategy will be iden-

tical for every history in a given information set. For example, when

playing Kuhn poker, if Player  is given the card labeled 1, the two his-

tories in which Player  is given the card 0 and the card 2 are contained

within the same information set, and Player  has the same probability

of betting regardless of which history is the current game state.

Taking a look at Figure ., is it clear how the information sets

should be grouped for Kuhn poker? Are all  information sets iden-

tifiable? Figure . provides a visualization of the game tree with infor-

mation sets included. In this figure, dashed boxes group histories into

information sets. Note how at each successive layer of the tree, the active

player changes, the so the information available to create each informa-

tion set alternates between players.

Figure .: The game tree of Kuhn poker, with information sets. PyGraphViz
library used to visualize (Hagberg et al. ).

At this point, we have a clear model for how to represent games, and

an understanding of different tools used to model important features
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 Background: Games and How to Solve Them

of imperfect information games, such as probabilistic events or infor-

mation sets. However, it is unclear how this model makes it easier to

solve these games. In the following section, I will review many of the

current techniques used to solve imperfect information games, and of-

fer a path forward on what techniques are most promising for providing

more general solutions to imperfect information games.

. How to Solve for Equilibria

In perfect information games, it is possible to calculate Nash equilib-

ria by searching the the game tree, and many types of search algorithms

have been proposed for different categories of perfect information games.

For instance, the minimax search algorithm forms a heuristic value ap-

proximation for each action at a given game state by traversing the game

tree while the active player works to minimize their loss in response to

all other players trying to maximize it.

Why does this technique not work in imperfect information games?

In imperfect information games, at any given game state, the active

player only knows what information set they are in. They do not know

the particular history. Because the different histories in the same in-

formation set may be in very different branches of the game tree (as is

visible in Figure .), they likely lead to starkly different rewards. It is

also insufficient to simply average expected value across all possible his-

tories for the current information state, as the probabilities of being at

different histories are not necessarily equal, and these probabilities can

be reasoned about with better approaches.

The first algorithms used to solved imperfect information games

were nearly all variations of an approach known as linear program-

ming. Linear programming attempts to maximize a variable or vector

(representing a strategy), subject to a number of linear inequalities. For
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a two-player zero-sum game, standard linear programming computes

the Nash Equilibrium of a game in time exponential in the number of

information states in the game tree. The approach works by iterating

over all possible deterministic strategies, which grow exponentially in

the number of information sets of the game. Despite the expensive time

complexity, linear programming is useful on small games, and later op-

timizations even reduced the time complexity to polynomial in the num-

ber of information states. However, linear programming is still not scal-

able, and in response, a wide variety of different algorithms have been

proposed.

Reinforcement Learning (RL) is an approach that has historically

scaled to very large game tree sizes for a variety of perfect information

games, providing hope for a general solution. Unfortunately, RL meth-

ods, including deep RL, generally fail to converge to equilibria when ap-

plied to imperfect information games. There have, however, been excep-

tions to this observation. Neural fictitious self play (NFSP) has been able

to converge to equilibria in large-scale games by aggregating samples of

the game tree and representing strategies as neural nets in a model-free

manner (Heinrich and Silver ). Another area of active research lies

in first-order methods, which take a gradient-based optimization ap-

proach. Because these methods rely only on calculating the gradient of

a function representing the rewards of strategies, they have some of the

best theoretical time complexity bounds of all modern methods (Kroer

et al. ). Unfortunately, they have had limited practical success.

Among the variety of possible algorithms that can solve large imper-

fect information games, the approach that I believe has the best chances

of leading to true generality, and the approach I will focus on for the

remainder of my thesis, is the regret-based approach. In the following

chapter, I will outline the fundamentals of regret-minimization and ex-

plain why the technique is superior to the above methods for producing
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generality in solutions. I will also introduce an algorithmic paradigm

known as counterfactual regret minimization that applies the principles

of regret minimization to extensive-form games.
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Minimization

When a person must make a decision in a situation of uncertainty, then

later information reveals that the best course of action was different

from the one chosen, it is normal for that person to feel an amount

of regret. In this chapter I will provide an overview to regret mini-

mization, then specifically explore how counterfactual regret minimiza-

tion applies these ideas to extensive form games. After this algorithmic

paradigm is made clear, I will discuss how to evaluate the quality of the

strategies produced by algorithms through a metric called exploitability,

then finally look at some of the current limitations preventing coun-

terfactual regret minimization algorithms from serving as general solu-

tions.

. Regret

The game-theoretic concept of regret, following from the human experi-

ence, is defined to be the difference in utility between the action that was

taken and the optimal action. While it is clear that minimizing regret

should tend to lead to better strategies, the optimal method for minimiz-

ing regret is not immediately apparent. Additionally, there are different

quantities that can be minimized that may lead to different strategies.
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For example, investing money in the stock market does not minimize

worst-case regret, but may minimize average-case regret.

In , Hart and Mas-Colell proposed a regret minimization ap-

proach known as regret matching (Hart and Mas-Colell ). In abstract

terms, a player using regret matching will choose an action. After hav-

ing the reward for all actions revealed, the player will evaluate how

much they regret the action they took in their action sequence by sub-

tracting the reward of their chosen action from the rewards of all other

actions. This value for each action, the regret, is positive if a player re-

grets not choosing that action.

According to regret matching, the next time a player encounters that

game state in a subsequent playing of the game, they will select each

available action with probability proportional to the positive regret of

that action. That is, for all actions with positive regret, the probability

of choosing that action will equal the regret of that action divided by

the sum of all positive regrets. For example, consider a game state with

three available actions, A, B, and C. If the respective regrets of these ac-

tions are calculated as −1, 1, and 2, then a player using regret matching

will select action A with probability 0, action B with probability 1
3 , and

action C with probability 2
3 . Using this approach, the most-regretted

actions have a higher probability of being selected, but the strategy is

also not deterministic, which prevents subsequent moves from being

predicted and exploited by an opponent.

Regret minimization is so named because using strategies like regret

matching causes a player to minimize their regret in future playthroughs

of the game. Traditionally, regret minimization has been applied to

games such as the bandit problem rather than extensive-form games.

However, the creation of counterfactual regret minimization in  led

to a tractable method to apply ideas of regret minimization to extensive-

form games (Zinkevich et al. ).
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. The CFR Algorithm

.. Overview

The fundamental idea of counterfactual regret minimization (CFR) is to

represent overall regret as the sum of many additive terms. Then, by

minimizing these additive terms independently, overall regret can be

minimized as well. This section is concerned with explaining the details

of how this algorithmic process functions.

Because CFR works on extensive-form games, the algorithm cannot

have a single global regret value. There must be a way to distinguish

different game states. Rather than storing information about regrets for

each possible action sequence, however, CFR instead stores regrets for

each information set and subsequent action. So, CFR will have a tabular

representation of regrets. For each information set in the game, and for

each valid action at that information set, CFR will store and continually

update the cumulative regret of choosing that action at that information

set. The cumulative regret is the sum of the regrets for that informa-

tion set/action pair at all iterations. Because the strategy is created by

performing regret-matching on these tabular regrets within each infor-

mation set, an upper bound on the total regret of the strategy can be

generated by summing the regret at each information set/action pair.

These terms (the regrets at an information set/action pair) are re-

ferred to as counterfactual regrets. The counterfactual regret for choosing

action a at information set I intuitively represents how much a player re-

grets using their current strategy, called σ , rather than a strategy that is

identical to σ at all information sets except for I , at which it selects ac-

tion a with probability 1. This counterfactual regret is represented as

r(I,a).

An agent will gradually learn the optimal strategy by performing a

large number of iterations, where each iteration corresponds to travers-
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ing the game tree a single time. This is often referred to as "self-play", as

the algorithm plays against itself (though exploring every history rather

than selecting one as in normal gameplay). In each iteration, there is a

forward pass, during which each action at each history is explored un-

til every terminal history has been reached. Then, after the traversal is

complete and the utility payoffs at each terminal history are revealed,

there is a backward pass, in which the revealed utilities are used to cal-

culate the counterfactual regret at each information set/action pair. The

appropriate tabular counterfactual regret value is then updated based

on this result so the table’s value reflects the cumulative counterfactual

regret at that information set/action pair across all iterations. There are

different flavors of CFR that handle regret updating among the players

differently, though all have similar results. For this thesis, I use an alter-

nating method, in which at each iteration, the game tree is traversed once

per player. The respective player is then defined as the regret-updating

player, and that player updates the global regrets only at game states

where they are the active player. In the following iteration, all players

will use the updated strategy generated from these updated regrets. The

approach for this is outlined in Subsection ...

After this training phase, the agent is able to play the game based

on their strategy, which is defined by the tabular counterfactual regret

values. The player’s strategy follows the previously discussed regret-

matching technique, in which the strategy is defined proportionally to

positive regrets. If all regrets are non-positive, an action is sampled at

uniform random. By repeatedly traversing the game tree during train-

ing, the average strategy (averaged over all iterations) is proven to con-

verge to the Nash equilibrium, and this approximation of the Nash equi-

librium tends to improve with more iterations.
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.. Averaging

This is a lot of new information, and I will soon provide a mathemati-

cal grounding for this algorithm to make it more concrete. Before that,

however, a simple sanity check is warranted: why are we concerned with

the average strategy rather than the most recent? Why use cumulative

regrets rather than the most recent regrets?

It is true that the most recent iterations tend to be better models of

the game that the first several iterations. However, beyond the fact that

it is the average strategy that is proven to converge to the Nash equilib-

rium, there are several intuitive reasons why averaging is important.

Firstly, averaging strategies and using cumulative regrets allows us

to represent mixed strategies. We can demonstrate this by returning to

rock-paper-scissors (though the analogy is imperfect because the game

is not sequential). If the strategy were set according to the most recent

regrets at each iteration, no matter how many iterations were conducted,

after a loss the strategy would always demand choosing a single action

(the action that would have won the previous round) with probability

1, because this is the only action with a positive regret. This is clearly

not the game’s equilibrium. Instead, averaging the strategy over many

iterations using cumulative regrets would lead to the equilibrium of an

equal probability of choosing each action.

Secondly, averaging prevents your opponent from exploiting any

single deterministic policy you might have. For example, suppose you

are playing a game of poker, and discover that you have been given the

best hand in the game. While you may be tempted to bet a large amount

of money, an opponent could exploit that strategy by folding (giving up

without betting anything) whenever you bet large amounts. Averaging

strategies ensures that the probabilities of selecting any action at a given

information set are perfectly balanced so an opponent can never exploit

the chosen action. This need to prevent exploitability also justifies why
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the strategy dictates selecting actions proportionally to positive regret,

rather than simply deterministically selecting the action with the largest

counterfactual regret.

.. Updating Regrets

At this point, we are well-equipped to better understand how CFR cal-

culates regrets to generate an optimal strategy. While we understand the

general approach of the algorithm, in this section we will define exactly

how regrets are updated during the reverse traversal of the game tree.

Recalling our representation of extensive-form games, u is a utility

function that maps each terminal history of the game tree to a vector

representing the reward that each player receives. Let u[i] denote the

payoff to the regret-updating player i. We can then define the counterfac-

tual value at a non-terminal history to be equal to the expected payoff

from following our strategy σ . This is done by summing the the player

payoff u[i] for each terminal history multiplied by the probability of

reaching that terminal history (noting that some terminal histories may

be unreachable). Finally, let us define πσ (h,h′) to be the probability of

reaching history h′ from history h following strategy σ , and let πσi−(h,h
′)

be the probability of reaching history h′ from history h following strat-

egy σ when only considering the probabilities of players other than i

(i.e. player i can be thought of not acting according to σ , but to reach

h′). This models the probability that an opponent will allow you to reach

a particular game state. Recall Z is the set of terminal histories and let

h0 be the root history of the game tree. Then, we can formally define the

counterfactual value at history h with a given strategy σ as:

v[i](σ,h) =
∑
z∈Z

u[i](z) ·πσ (h,z) ·πσi−(h0,h)
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To break this down: the counterfactual value of a node for a given

player is dependent on the strategy employed, and this value can be

found by summing over all terminal histories the following quantity:

the payoff to the regret-updating player at that terminal history, multi-

plied by the probability of reaching that terminal history from the cur-

rent history when playing according to strategy σ , multiplied by the

probability of chance and your opponent allowing you to reach the cur-

rent history from the beginning of the game. The first two terms in this

product define the expected value given you are at history h, while the

third term scales this expectation by the likelihood of your opponent

letting you reach this history. This third term in the product is impor-

tant, as a node that has an extremely high expected value will often be

inaccessible since your opponent, using strategy σ as well, will generally

not allow you to visit it.

With a definition for counterfactual value, it is simple to create a

rigorous definition for counterfactual regret at a given history. Let σ [I 7→
a] refer the the strategy identical to σ , except at information set I , action

a is chosen with probability 1.

r(h,a) = v[i](σ [I 7→ a],h)− v[i](σ,h)

This matches our earlier non-formal definition of counterfactual re-

gret: the difference in expected utility between the strategy that always

chooses a at I , and the true strategy. However, a counterfactual value

at a given history is not very useful, since a player does not know which

history they are in when they are playing the game. To remedy this, we

can define counterfactual regret at an information set:

r(I,a) =
∑
h∈I

r(h,a)
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which matches our definition of counterfactual regret proposed in

earlier Subsection ... Note that by summing the regrets for all histo-

ries, we are providing a maximum bound on total regret in the strategy.

We have learned that CFR uses a tabular representation to store the

cumulative counterfactual regrets for each information set/action pair.

Letting rt(I,a) represent r(I,a) at iteration t using strategy σ t, the cumu-

lative regret at iteration T , RT (I,a) (which will be stored in the table) is

then:

RT (I,a) =
T∑
t=1

rt(I,a)

At this point, the iteration has concluded, the table has been up-

dated, and we can now use our updated cumulative regrets to update

our strategy from σT to σT+1. We do this following the strategy of regret

matching as described in Section ., where the probability of choosing

each action is proportional to that action’s positive regret. The probabil-

ity of choosing action a at information set I , is given by:

• if R(I,a) is positive, the probability is equal to R(I,a) divided by the

sum of all positive cumulative regrets for all actions at information

set I .

• if R(I,a) is non-positive, but ∃a′ ∈A(I) such that R(I,a′) is positive,

then the probability is 0.

• if R(I,a) is non-positive and @a′ ∈A(I) such that R(I,a′) is positive,

then the action is chosen uniform randomly.

We can represent this formally as:

σT+1(I,a) =


max(0,RT (I,a))∑

a∈A(I) max(0,RT (I,a)) if denominator > 0

1
|A(I)| otherwise
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After this step, we have finally updated our strategy (keep in mind

we are storing our converging average strategy as well), and we are ready

to start iteration T + 1. When we have concluded the desired number of

iterations, we can return our average strategy, and CFR is complete.

. How To Measure Success?

Once CFR is complete and we have a returned strategy, how should we

measure how good a strategy is?

There are many possible answers. We could compare two strategies

by having bots each adopt one of the strategies and play many games

against each other, checking if one tends to win more than the other.

Similarly, we could force these bots to both play against the same oppo-

nent that has a standardized strategy.

These approaches are useful, and are actively used to compare differ-

ent algorithms for solving imperfect information games today. However,

approaches like these do have some disadvantages. It can be difficult to

quantify an absolute metric for quality of the strategy, and furthermore,

since different strategies may vary in how strongly they exploit the mis-

takes of their opponent, the win/loss ratio may not even serve as an

accurate correlate of strategy quality.

Rather than relying on gameplay, ideally, we would want a method

to measure a given strategy for closeness to the Nash equilibrium of

the game. Unfortunately, for many games, the Nash equilibrium is un-

known. However, we can approximate this closeness through a metric

known as exploitability, which is the key metric used to evaluate strategy

optimality.

The exploitability of strategy σ measures by how much more the

Best-Response strategy is able to beat σ relative to the Nash equilibrium

strategy, averaged across all player positions. It is calculated as the ex-
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pected loss per game to player i given player i plays by strategy σ , and

the opposite player plays by strategy B(σ ). The Nash equilibrium is de-

fined to have an exploitability of 0, and so the smaller our strategy’s

exploitability, the closer we are to the Nash equilibrium.

The Best-Response strategy, B(σ ), is defined as the strategy that achieves

the highest expected value when played against σ . That is, the Best-

Response strategy has access to σ , and knows the probabilities with

which its opponent will choose any action at any information state. Thus,

the Best-Response strategy can deterministically choose their actions

to minimize the expected value of their opponent. The Best-Response

strategy is a pure strategy in which the action that minimizes the ex-

pected value of the player using σ should be chosen with probability

1, as measured by the counterfactual values of the different information

set/action pairs available.

To put this more formally, let σi be a strategy used by player i, let σNi
be a Nash equilibrium strategy used by player i, and let Ui(σi ,σ ′j ) be the

expected utility payoff to player i playing with strategy σi against any

number of opponents playing with strategy σ ′j . Then, the exploitability

for player i is given by:

εi(σi) =Ui
(
σNi ,B

(
σNi

))
−Ui(σi ,B(σi))

and total exploitability for the strategy σ averaged across all player

positions with player set of N is given by:

ε(σ ) =
1
|N |

∑
i∈N

εi(σ )

. Pros and Cons

While CFR is an extraordinary algorithm, there are some limitations to

using CFR as a general method for solving imperfect information games,





 Counterfactual Regret Minimization

and there are two principal problems for generality in the standard CFR

algorithm presented.

In CFR, the entire game tree must be traversed on each iteration.

This task is impractical for games with extremely large game trees (e.g.

Stratego). Other techniques, though inferior in practice (such as rein-

forcement learning), need only to sample a single path in the tree. A

general solution should not be restricted by the shape or size of the game

tree.

Secondly, and partially as a consequence of the first limitation, CFR

cannot be applied to large games due to unreasonable requirements for

both time and memory. As a result, making a large game tree game solv-

able via CFR requires abstraction. Abstraction algorithms take a game

tree as input, and produce a substantially smaller game tree out as out-

put to serve as an "abstraction" of the game with many game states joined

together into single states. While this allows for CFR to be applied to a

much broader set of games, it hinders generality for a number of rea-

sons. Firstly, this is a less faithful game representation, and courser

abstractions allow for faster convergence but the resulting strategies

are more exploitable and often don’t translate perfectly to the original

game. Perhaps even more importantly, good abstraction algorithms re-

quire prior knowledge of the game’s equilibrium. While this is not a

problem in extremely well-studied games like poker, this task makes it

infeasible to apply CFR to novel large games.

Base on these limitations, a fundamental hurdle that CFR faces in

becoming more general is its current inability to perform well on large

or nonstandardly structured game trees.

.. So Why CFR?

The central aim of this thesis is to highlight a path forward in producing

generality in methods of solving imperfect information games. I have
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narrowed my focus to regret-based approaches and CFR in particular,

and the choice to promote this single category of algorithms as the path

toward generality despite its limitations requires justification.

Regret-based approaches, and in particular CFR, have a variety of

advantages relative to the other methods of solving imperfect informa-

tion games mentioned in Chapter .

First and foremost, minimizing regret definitionally minimizes ex-

ploitability (Zinkevich et al. ). This is extremely important for achiev-

ing generality. In the early days of solving imperfect information games,

linear programming techniques were widely used and often maximized

expected value. At first, algorithms trained by these techniques on poker

consistently beat professional human players; however, human players

soon learned how to exploit the poker bots’ strategy. By minimizing

regret, it is guaranteed that no opponent could take advantage of your

strategy.

Additionally, CFR is the algorithm that has generated nearly all of

the top-performing strategies in imperfect-information games (Brown

and Sandholm b)(Moravčík et al. ). Additionally, among algo-

rithms that converge to the Nash equilibrium, while CFR does not have

the best theoretical convergence, in practice it has the best empirical

convergence by a substantial margin. It is true, however, that the major-

ity of algorithms for imperfect-information games have been tested on

largely on poker, and this narrow scope may limit the conclusions we

can draw about the generality of regret minimization.

Finally, and perhaps most importantly, CFR as an algorithmic paradigm

is remarkably plastic, and has given rise to an entire "CFR family" of al-

gorithms that have been fine-tuned optimize for a variety of different

properties. In the following chapter, we will see how this plastic na-

ture of CFR has led to the generation of CFR variants that overcome the

highlighted limitations above.
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CFR Variants

While CFR has revolutionized performance in calculating equilibria

in imperfect information games, it nonetheless has a variety of weak-

nesses that prevent it from being a truly general solution. However, as

claimed in the previous chapter, the extraordinary flexibility of the CFR

paradigm allows for the creation of CFR variants — modifications to the

original algorithm (which is commonly referred to as vanilla CFR) that

modify its mathematical properties or performance.

In this chapter, I will highlight some modifications to the CFR algo-

rithm that have been recently proposed that resolve the main limitations

of the vanilla CFR algorithm mentioned in Section ..

. Discounted CFR

This variant, in contrast to the other two, does not address a philosophi-

cal limitation with vanilla CFR. However, its role in increasing empirical

performance has been so central in recent literature that it is still worth

mentioning briefly.

In vanilla CFR, each iteration contributes equally to the cumulative

regret stored in a table. However, it is likely the case that some iterations

(most notably the first iterations), contribute far less accurate approxi-

mations of regret. As a result, the algorithm must run for more total
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iterations to allow the cumulative regrets to converge to more accurate

ratios. This inefficiency led in  to the development of a family of

algorithms known as Discounted CFR (Brown and Sandholm a).

Discounted CFR works by assigning a weight to each iteration, and

the influence of that iteration on the updates to the cumulative regrets is

scaled by that weight. We discussed in the previous chapter why using

only the most recent regrets is not a feasible approach (it leads toward

exploitability and doesn’t support mixes strategies as well), but by us-

ing this weighting approach, one could employ discounted CFR to more

heavily weight later iterations of the algorithm, as later iterations tend

to have more accurate regret approximations. Indeed, one of the most

popular and successful variants of discounted CFR is known as Linear

CFR. In linear CFR, the weight given to each iteration increases linearly

throughout training. That is, the updates to cumulative regret at itera-

tion t are weighted by the multiplicative factor t.

While simple in concept, discounted CFR has had substantial influ-

ence. In particular, by weighting contributions to positive and negative

regrets differently via hyperparameters, discounted CFR has led to new

state-of-the-art performance in a selection of games (Brown and Sand-

holm a). While discounted CFR works by adjusting the weight of

each iteration on updating cumulative regret, the average strategy is still

computed using the method described in Subsection ...

Discounted CFR has been instrumental in demonstrating the prac-

tical value of CFR techniques and the flexibility of the algorithm. Ad-

ditionally, it inspires many of the ideas presented in Chapter  that are

used to build more general algorithms.
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. Monte Carlo CFR

As discussed in the previous chapter, one of the most challenging prob-

lems in creating more general CFR techniques for imperfect information

games is finding methods to converge to equilibria for games with trees

that can be unboundedly large.

For example, consider the imperfect information game of no-limit

poker. When played with -blind stacks (this refers to the amount

of money available to bet), no-limit poker contains 7.16 × 1075 game

states (Johanson ). Solving such a game with a vanilla CFR imple-

mentation would require 1.241 × 1049 yottabytes of memory, which is

beyond unreasonable.

For contrast, approximately 4.48 × 1044 states exist in chess (Tromp

). This is an enormous difference. To put the magnitude of this

difference in context, it is estimated that there are approximately 1055

atoms in the earth, while there are an estimated 1080 atoms in the entire

universe.

Because it is unreasonable to traverse the game tree for many dif-

ferent varieties of games, Monte Carlo CFR (MCCFR) was developed

to introduce sampling methods that dramatically reduce the size of the

traversed area of the game tree (Lanctot, Waugh, et al. ), making CFR

methods much more generally applicable to different tree shapes and

sizes.

Monte Carlo methods refer to a broad class of statistical methods

for modelling uncertainty via random variables. In MCCFR, we use this

technique at certain information sets to sample a particular action ac-

cording to a probability distribution rather than traversing every single

action. Although this sampling approach generally requires more itera-

tions to reach the same exploitability as vanilla CFR, the astonishingly

lower cost per iteration often leads to much faster convergence to the

Nash equilibrium.
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There are many methods for performing this sampling, and here I

will focus on two variants of MCCFR that are especially relevant for my

contributions in the following chapter: Outcome Sampling and External

Sampling.

Outcome sampling is a sampling method that requires only a single

action to be sampled at every information set encountered in an itera-

tion, ultimately leading to a single terminal history. Following this, the

tabular cumulative regrets for each of the sampled information set/ac-

tion pairs will be updated.

This sampling is performed by choosing each action with probability

equal to the probability that action is chosen under the current strategy.

So, if we let σ t(I,a) represent the probability of choosing action a at in-

formation set I at iteration t according to current strategy σ t, in outcome

sampling we will sample a ∈A(I) with probability σ t(I,a).

Outcome sampling has a variety of extraordinary properties. A nor-

mal traversal in vanilla CFR has computational complexity linear in the

tree size, while outcome sampling has complexity logarithmic in tree

size (in other words, vanilla CFR is exponential in tree depth and out-

come sampling is linear in tree depth). Considering a tree with branch-

ing factor 10 and depth 10, a single iteration in vanilla CFR requires

visiting over one billion game states (
∑9
i=0 10i), while a single itera-

tion in outcome-sampled MCCFR requires visiting only ten game states.

While outcome sampling requires more iterations to reach the same ex-

ploitability, it is generally able to do so far more quickly that vanilla

CFR.

Additionally, because only a single action sequence is considered at

each iteration, some recent work has explored applying reinforcement

learning (RL) techniques to outcome-sampled MCCFR (Steinberger et al.

), which has the potential to introduce the expansive suite of RL

tools into CFR algorithms.
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External sampling is a blend of outcome sampling and vanilla CFR

that is perhaps the most commonly used variant of MCCFR today. In

External sampling, at all game states where the regret-updating player

is the active player, all actions are traversed, just like in vanilla CFR.

However, at all other nodes (the opponent or chance nodes), an action is

sampled according to outcome sampling.

Consider our fictional free with branching factor 10 and depth 10.

If there are two players who alternate turns, while vanilla CFR still vis-

its over one billion nodes per iteration, external sampling MCCFR vis-

its just over  thousand nodes with two players if the regret-updating

player goes second (
∑9
i=0 10b

i
2 c, where bxc is the floor function). This is

still a dramatic reduction, and in fact, external sampling generally per-

forms astoundingly better than outcome sampling, requiring both fewer

iterations and less time to converge to the equilibrium. In fact, external

sampling is used in almost all state-of-the-art CFR algorithms (Brown

and Sandholm b)(Moravčík et al. ). Despite this, external sam-

pling does not have many of the same theoretical properties of outcome

sampling.

While outcome sampling traverses a number of nodes that grows

linearly with game tree depth, the number of nodes traversed in exter-

nal sampling grows according to O
(
2
√
n
)
, where n is the tree depth. This

is an improvement from the O(2n) bound of vanilla CFR, but still pos-

sesses an exponential factor that limits its applicability to large trees.

While some researchers have proposed the term "moderately exponen-

tial growth" to describe this rate of growth, I will continue to use the

term "exponential" throughout this thesis.

Using the game of Kuhn poker as a model, Figure . illustrates a

possible partial traversal when player  is the regret-updating player

for both outcome sampling (yellow) and external sampling (blue) using

their respective sampling strategies as defined above.





 The New Kids on the Block: CFR Variants

Figure .: The game tree of Kuhn poker with information sets — highlighted
to show a possible partial traversal for outcome sampling (yellow)
and external sampling (blue).

An important aspect of MCCFR to be mindful of, despite its bene-

fits, is that all varieties of MCCFR, including both outcome and exter-

nal sampling, introduce small errors into the updated strategy. Because

all actions that are not sampled contribute no counterfactual value to

the strategy updates, there is a large amount of noise introduced to

the convergence process, especially when a very valuable action is not

sampled. As a result, as the algorithm converges to the Nash equilib-

rium near the end of training, the convergence can be stifled due to this

noise, a phenomenon referred to as the introduction of variance. For-

tunately, variance-reduction has been an extremely fruitful field of re-

search in recent years, and methods to reduce variance multiple orders

of magnitude have been introduced as a standard counterpart of MC-

CFR use (Schmid et al. ).
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. Deep CFR

In the previous chapter, I mentioned that using CFR to solve extremely

large games often requires abstraction, putting the game tree through

an abstraction algorithm to dramatically reduce its size. This can be

harmful because it leads to both poorer and more exploitable strategies,

but most importantly for developing truly general CFR, a good abstrac-

tion algorithm requires prior knowledge about the game’s equilibrium,

which is not possible for many novel games.

The final variant of CFR I will discuss, Deep CFR, is perhaps the

most significant development toward generality in CFR in the past few

years. Invented in , Deep CFR obviates the need for abstraction

by removing the table of regrets entirely, instead using a deep neural

network to approximate the behavior of vanilla CFR on the full, unab-

stracted game (Brown, Lerer, et al. ). Neural networks have histori-

cally been extremely useful methods of implementing function approx-

imation in large state spaces (particularly in deep reinforcement learn-

ing), and they are similarly useful when applied to CFR.

At each iteration of Deep CFR, the following steps are performed.

First, a constant k partial traversals of the game tree are conducted, gen-

erally with external sampling. Following this, a neural network referred

to as the "value net" called V is trained from scratch. At a high level, the

purpose of this value net is to approximate the cumulative regret of tak-

ing each available action given an information set. The network takes

a single information set as input, and outputs a vector of length |A(I)|,
where each value in this vector corresponds to a single action in A(I).

These values for an information set/action pair are known as advantages,

and they corresponds to the cumulative regrets for each action (RT (I,a))

in vanilla CFR. To train the value net, a variety of approaches have been

used, though the original approach minimizes mean squared error be-

tween predicted advantage and stored samples of instantaneous regrets
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in all other iterations. These samples of instantaneous regret are stored

in memory buffers unique to each player that we can call MV,i , where i

corresponds to the player.

After an iteration is complete, Deep CFR then needs to produce

a representation of the average strategy. To do this, a memory bank

MΠ is created, which stores information set probability vectors of the

form σ (I), or a vector containing the probability of choosing each action

at A(I). During training, whenever an information set I belonging to

player p is traversed during the opposing player’s traversal of the game

tree, σ t(I) is added to MΠ. If linear CFR is applied, it will be stored

with weight t. At the conclusion of a run, a second neural network Π

called the policy net will be trained on MΠ, after which Π represents

the strategy to be used. Π can be used to generate the average strategy

at a given information set; it takes an information set as its input, and

returns a vector containing the probabilities of selecting each action at

that information set according to the strategy.

To successfully use Deep CFR, multiple banks of memory must be

managed: there will be nMV,i banks, one for each of n players, which

store sampled instantaneous regrets, along with the final memory bank

MΠ, which stores sampled σ (I) objects. Generally, these memory banks

will be bounded in size. If a memory bank is filled during training, items

can be sampled randomly for removal using a sampling approach such

as reservoir sampling.

Deep CFR, while only given a cursory overview here, nonetheless

greatly expands the philosophical properties of CFR solutions. Two ex-

tremely strong advantages in particular are: . Deep CFR removes the

need for abstracting games, allowing CFR for the first time to solve large

novel games, and . One no longer needs to visit information set I to up-

date σ (I), as the neural net is able to construct these associations.
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. Where Does CFR Stand Today?

The three variants of CFR highlighted here all contribute greatly to re-

solving the factors limiting generality in CFR highlighted in Section .,

and taken together, my hope is that these CFR variants illustrate the

potential of CFR in leading toward general solutions for imperfect in-

formation games. Unfortunately, even these modern CFR variants today

possess some limitations preventing them from fully achieving this goal.

Importantly, while MCCFR allows for the partial traversal of larger

game trees, the current best-performing sampling strategy, external sam-

pling, is heavily optimized for the subset of games with small branching

factors. In particular, the centrality of poker as a model game in the im-

perfect information space has led to an over-optimization for the game

tree of poker. In addition, extant sampling methods are often inefficient

in which information sets are sampled. In the following chapter, I will

resolve this dilemma by introducing a new sampling scheme that can be

applied to game trees of any shape, including game trees that external

sampling is not practical for due to high branching factor.

Additionally, while Deep CFR is an excellent move forward in gener-

ality of CFR techniques, the high cost of retraining the value net at every

iteration makes it impractical for many settings. As a result, Deep CFR

is not currently used in any top-performing CFR models. In Chapter , I

will introduce a new framework that allows for the potential removal of

part of this cost, demonstrating that Deep CFR could provide a general

solution to problems that historically other methods have been used to

solve.

While these discussed CFR variants certainly mark large steps in

improving the generality of CFR techniques, these two limitations mark

what I see as the two largest obstacles to CFR being a general solution

to imperfect information games. In the following two chapters, I will

highlight these two mentioned areas where these novel algorithms fall
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short in their generality, proposing my own CFR variants that directly

address these limitations.
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Methods

. The Philosophy behind Sampling

As discussed in the previous chapter, one of the most difficult problems

in effective CFR algorithms is finding methods to traverse game trees

that can be extremely large or unconventionally shaped.

Because of the centrality of poker as a model game for imperfect in-

formation systems, many CFR variants are optimized for the shape of

the game tree of poker-style games. However, poker has a game tree

with small branching factor that is not representative of the structure of

many other imperfect information games. Since our ambition is to de-

velop CFR methods that can contribute to problem solving in real-world

imperfect information settings, optimizing algorithms to the shape of

one particular game hinders generality.

There are a variety of different ways that trees can grow. Two of

the most important when considering CFR algorithms are the game’s

branching factor and depth. A tree with large branching factor has a large

number of different actions available to the active player at each game

state, while a tree with a large depth corresponds to a game with a large

number of actions taken per game.

External sampling, the current best-performance sampling technique

(far superior to outcome sampling), actually performs extremely ineffi-
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ciently or fails entirely on games with large branching factors, leaving

outcome sampling as the only currently available option. This leaves an

enormous gap in current knowledge surrounding how to traverse such

large or nonstandardly shaped game trees, and little work has been done

to fill this gap. There are a few exceptions to this; for example, some

recent work in  has proposed a method of robust sampling, which

is identical to external sampling, but rather than traversing all action

paths at the node of the set player, a pre-fixed number k is defined, and

at each node of the set player, k paths are traversed (Li et al. ). Ap-

proaches like this are a step in the right direction, but are still limited,

as they do not avoid exponential growth and are not taking advantage

of knowledge of the distribution of information.

Sampling, at its core, is a tool that tries to understand the game

broadly while only interacting directly with a smaller subset of the game.

It should be used intelligently to sample only the information that is

needed to find the Nash equilibrium. Current sampling strategies rarely

employ this idea, instead defining patterns of sampling that approximate

the game tree as a whole.

The value of information in different loci of the game tree at different

times may be described informally by the Pareto Principle: sampling a

very small number of areas may be responsible for a very large quantity

of relevant information for determining the optimal strategy. In other

words, the importance of information at different locations in the game

tree and at different points in time may be distributed according to a

power-law distribution.

Sampling should attempt to identify the highest-importance infor-

mation by responding to a variety of factors rather than using a uniform

sampling approach. In particular, I propose achieving this by:

. Varying sampling technique by iteration.

. Varying sampling technique by locus in the game tree.
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I have not seen any evidence of either of these techniques ever being

utilized in CFR, and I believe that sampling according to the impor-

tance of information to be gained may be the most promising path to

creating CFR algorithms that generalize to varied shapes of game trees

and different classes of imperfect information games. To address this, I

developed two classes of sampling techniques that work by approximat-

ing the value of information at different states or times. The first varies

sampling strategy with iteration, while the second varies sampling strat-

egy with locus in the game tree. The ultimate goal of such methods is

to introduce a novel sampling strategy with the performance of external

sampling that can be generalized to large games that are currently only

traversable by outcome sampling.

After writing and implementing variations of these two algorithms,

I computed their exploitability in comparison to pure OS and ES strate-

gies. I used Deepmind’s Openspiel implementations of OS and ES to

compare exploitability among the different approaches (Lanctot, Lock-

hart, et al. ).

. Varying by iteration

At different iterations in the training process, different information is

known about the game tree. So, a more optimal sampling algorithm may

be found by varying sampling technique between iterations, following

the basic principle driving discounted CFR.

In particular, we could create a mixed sampling strategy in which

the high-performance external sampling (referred to hereafter as ES) is

used to quickly generate a coarse approximation of the Nash equilib-

rium, which can then be traversed efficiently with outcome sampling

(OS), which will with high probability visit the nodes identified by ES

to be more likely to be part of an optimal strategy. In this sense, we can
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manage an exploration-exploitation trade-off by using ES to explore the

game tree, and the much more efficient OS to exploit action sequences

likely to contain important information.

As a quick note: this concept of exploitation can easily be confused

with the previously established concept of exploitability. While I will

continue to use both terms, it is worth emphasizing that exploitation

refers to a sampling strategy taking advantage of information, while ex-

ploitability is a metric that measures the closeness of a strategy to the

Nash equilibrium.

As an elementary example, following the linear intuition behind the

successful linear CFR, consider a sampling method that linearly de-

creases the probably of using ES in a given iteration from 1 to 0 over

the course of training. That is, given a uniform random number x in

range [0,1] each iteration, we will employ ES if x > current iteration
total iterations . In this

way, near the beginning of training, when little information about the

strategy is known, we will be more likely to explore via ES, and near the

end of training, when the optimal strategy is beginning to take form, we

will exploit sample paths nearer to this optimal strategy via OS.

To measure the performance of this sampling method, we can com-

pute the exploitability (see Section .) of the average strategy after each

iteration, leading to a demonstration of how quickly each sampling al-

gorithm converges to zero exploitability. A graphical illustration of this

is demonstrated for the game of Kuhn poker in Figure .. In this toy ex-

ample, external sampling is clearly superior to outcome sampling when

measured according to iteration.

Because the small tree size of Kuhn poker limits the usefulness of

comparisons and introduces a substantial amount of noise, I will be

comparing benchmarks on two different games. Leduc Hold’em (a sim-

ple poker variant with reduced deck size and limits on betting amounts)

will be used to model performance on poker-style game trees, while
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Figure .: A single CFR training session of Kuhn poker consisting of 28 iter-
ations for both external and outcome sampling. This toy example
illustrates how the exploitability of the average strategy can be plot-
ted over time.

Liar’s dice (a game involving predictions about the results of dice rolls)

will be used to model performance on larger game trees with large branch-

ing factors.

Additionally, I propose measuring exploitability as a function of

nodes touched during traversal rather than as a function of iteration

number. External sampling, as it traverses every node touched by out-

come sampling in addition to many more during a single iteration, will

necessarily show faster convergence on a per-iteration basis. However,

the iterations of ES are exponentially more computationally expensive

than those of OS in the number of visited game states. Because we aim

to measure the efficiency with which low exploitability can be reached,

exploitability as a function of nodes touched is a much more useful met-

ric. Another option could be to measure exploitability as a function of

time, but due to possible variance in implementation of the relevant al-

gorithms I decided nodes touched would be more informative.
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I tested the performance of variations of the proposed mixed sam-

pling method that varies by iteration on both Leduc Hold’em to under-

stand the implications of such a sampling method on poker-style games.

In particular, I tested:

• performance of the mixed sampling method in which the prob-

ability of selecting external sampling decreases linearly over all

iterations

• performance of the mixed sampling method with an exponential

decrease in probability of selecting external sampling.

• performance of the mixed sampling method that re-selects a sam-

pling method at every visited node, rather than once for the entire

iteration.

• performance with the introduction of an explicit exploration vs.

exploitation hyperparameter when outcome sampling is used.

.. Results on Poker-style games

After measuring the performance of a number of different sampling al-

gorithms that vary by iteration, the results indicate that a linearly de-

creasing mixed sampling strategy can match the performance of pure

external sampling on Leduc Hold’em (the current best sampling method).

Additionally, the exponentially decreasing mixed strategy, while infe-

rior in some settings, nonetheless performs far better than outcome sam-

pling while having the same computational complexity. As such, this

technique could offer dramatic performance improvements in large games

that ES cannot be used for. For context, Leduc Hold’em has a average

branching factor between 2 and 3, and the average depth across all ter-

minal histories is 16.31. While these results will be discussed individu-
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ally, an overview of the different variations of this sampling strategy can

be seen in Figure ..

Linear

Before conducting these tests, I anticipated that a mixed sampling method

with linear decrease in probability of selecting ES would perform bet-

ter than simply averaging external and outcome sampling methods to-

gether due to OS being used later in the training process, exploiting

the already partially-optimized strategy. Not only is this true, but Fig-

ure .a indicates that this mixed sampling method matches perfor-

mance of ES on Leduc Hold’em.

While I hoped that this sampling of strategy-relevant nodes by OS

would increase the average convergence per node touched, this mixed

sampling approach does not appear to offer any significant benefit over

ES in Leduc Hold’em.

Exponential

While the linear decrease in probability of selecting ES matches the per-

formance of pure ES, it doesn’t solve the problems regarding the time

complexity of ES. This linear approach reduces the time complexity of

the sampling method by only a constant factor in the number of itera-

tions (the expected number of iterations will be the arithmetic average

of the expected number of iterations for pure OS and ES). Ideally, we

would want to decrease this complexity exponentially in the number of

iterations instead. We can do this by decreasing the probability of select-

ing ES exponentially rather than linearly in the number of iterations.

Specifically, we can define a halflife H . On each iteration i, we can

generate a uniform random number x in range [0,1], then employ ES if

x < 2(− i
H ). Using this method, the probability of using external sampling

will be cut in half every H iterations. Because H does not vary with the
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(a) Linear Decrease of p(ES) from 1 to 0 (b) Exponential decrease of p(ES) with halflife 210 = 1024

(c) Exponential decrease of p(ES) with halflife 23 = 8 (d) Linear Decrease of p(ES) from 1 to 0, re-selecting sam-
pling method at each node

Figure .: Four variations of a mixed sampling strategy in which either ES or
OS is selected to be used at each iteration. The probability of select-
ing ES, p(ES), varies with iteration based on a different functions.
All trials took place over 212 iterations on Leduc Hold’em.
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number of iterations, the time complexity of such a sampling method

can be linearly bounded in game-tree depth! The iterations at which

ES is used will still have an exponential in depth cost, but because the

ES iterations are occurring spaced logarithmically across time, the total

complexity can be bounded linearly, like outcome sampling. In other

words, the computational complexity both this exponential approach

and OS would grow logarithmically with the size of the game tree, while

that of ES would grow linearly.

We can additionally estimate the percentage of iterations for which

ES is used, which we can call P er(ES). Letting i be the current iteration

step, I the total number of iterations, and H the halflife measured in

iteration count, we have:

P er(ES) =
∑I
i=1(2)(−

i
H )

I

Unfortunately this exponentially decreasing mixed sampling strat-

egy is unable to match the performance of ES. In Figure Figure .b,

P er(ES) = .338, and performance is comparable but slightly inferior to

ES. However, to bound the complexity of this sampling method in linear

time in tree depth, H cannot increase faster than logarithmically in the

number of iterations performed. So, to model situations where H � I ,

Figure .c illustrates an example in which H = I
512 .

In this example, performance is notably inferior to pure ES, indi-

cating that the exponential factor may not be able to be removed en-

tirely while matching the performance of ES. However, in Figure .c,

P er(ES) = .0027, an extremely small fraction, with OS accounting for

the sampling method used on nearly all iterations. Despite this, this

mixed strategy still shows a dramatic improvement relative to pure OS.

This indicates that this exponentially-decreasing sampling method (lin-

early bounded in the tree depth) could result in dramatic performance

improvements compared to OS on games too large for ES use. So, this
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exponentially decreasing sampling method could offer enormous per-

formance increases in applying CFR to large games.

Selection by Node

For all previous experiments, we have selected a sampling method at the

start of the iteration, and used this method to traverse the game tree.

However, it is also possible to select a new sampling method at each

individual node in the game tree. In Figure .d, I followed the same

linear decrease proportional to iteration method as in Figure .a, but

re-selected a sampling strategy at each node in the tree rather than once-

per iteration. Performance appears to be relatively unchanged relative

to the standard linear method, and indeed, ES and OS are still selected

at the same ratio. However, this approach introduces new possibilities

surrounding different loci that will be explored further in the following

section, Section ..

.. An Explanation through an Exploration

Hyperparameter

Throughout this chapter so far, I have philosophically justified the per-

formance of these mixed strategy methods by referring to the ability of

outcome sampling to exploit a partially-optimized strategy discovered

by external sampling.

In a final experiment, I attempt to substantiate this claim by intro-

ducing an explicit exploration-exploitation hyperparameter λ into the

OS algorithm.

λ, defined to be a number in the range [0,1] that stays constant for

the duration of training, defines the probability of engaging in "explo-

ration" by sampling uniformly each time a node is encountered. Specifi-

cally, at any node, if outcome sampling is used, the chosen action will be
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λ Exploitability

 .
. .
. .
. .
 .

(a) Linear Mixed Sampling Method

λ Exploitability

 .
. .
. .
. .
 .

(b) Pure Outcome Sampling

Table .: Exploitability of strategies produced by two sampling algorithms for
Leduc Hold’em, trained for 210 iterations with varying exploration
hyperparameters. λ indicates the probability that an action at a given
node will be selected at uniform random rather than using the stan-
dard outcome sampling procedure.

sampled uniformly (exploration) with probability λ, and will be sam-

pled according to the strategy (as in normal outcome sampling) with

probability 1−λ. The standard outcome sampling I introduced in Chap-

ter  has λ = 0, while an approach that samples all actions uniformly

randomly has λ = 1. Table . shows the exploitability after training of

average strategies produced by both a per-node linearly-reduced mixed

sampling method (the same method employed in Figure .d), and pure

outcome sampling.

These results support the justification that outcome sampling offers

improvement to the tested mixed strategies due to its ability to exploit

approximated strategies. In pure outcome sampling, increased exploita-

tion (smaller λ) is unable to offer improved performance past a certain

threshold (∼ λ = .5.) In contrast, in our mixed approach, higher levels

of exploitation continue to offer increased performance until λ = 0. This

supports the claim that outcome sampling leads to good performance in

our mixed sampling method by exploiting a partially-optimized strat-

egy.
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.. Section Review

At this point, we have demonstrated a few critical insights about the per-

formance of sampling strategies that vary in the probability of selecting

ES or OS based on iteration number on poker-style games:

• A linear decrease in ES/OS ratio can maintain similar performance

while reducing complexity by a constant factor.

• An exponential decrease in ES/OS ratio can reduce complexity by

an exponential factor, allowing for applicability to large games.

While inferior to pure ES on small games, this method produces

substantially better results than the current best option OS on large

games.

• The benefit found in this method is attributable to the ability of

OS to exploit a partially-optimized strategy.

We can then propose a general mixed sampling strategy M(f ). This

strategy takes in a function f mapping from iteration number to the

probability of using ES at that iteration, and uses this function to sample

efficiently. Generally, f will be a decreasing function, and in this section

we particularly discussed linearly decreasing (within defined bounds)

and exponentially decreasing functions f can adopt.

. Varying by Locus in Tree

In the previous section, we discussed how the optimal sampling method

may vary with iteration. In this section, I will propose a new idea: that

the optimal sampling method may vary with locus in the game tree.

Some game states are uninteresting to traverse during training because

they offer little information about the optimal strategy. For example, at a

game state that clearly has one best action, only that best action needs to
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be sampled. Despite this, external sampling employs the same sampling

approach at all nodes. By adjusting sampling strategy according the

the potential value of information to be gained, a far superior sampling

strategy can emerge.

Unfortunately, the precise distribution of the value of information

in the game tree is unknown. To remedy this, we can look toward an

idea prevalent in statistics known as importance sampling. Importance

sampling is a method for estimating the properties of a distribution by

only being able to sample from a different distribution. In our setting,

we can use our already collected samples that are aggregated in R(I,a),

the cumulative regret for an information set/action pair, in an analogous

manner to better estimate the distribution of the value of information

within the game tree.

To achieve this, I propose a mixed sampling method that performs

external sampling normally, though it performs outcome sampling when-

ever two conditions are met:

. There is a single action with an relatively high probability of being

selected according to the strategy.

. The strategy is reasonably confident that it is correct about that

action being the best.

Because the action sequences at such states likely hold little valuable

information (as the best action has already been identified), this method

may allow the exploitative property of outcome sampling to allow us to

selectively traverse game states with high value of information.

To implement this, at each game state, I determined if there was a

single best action by referencing the average strategy for that iteration

and checking if the probability of selecting any action at that informa-

tion set exceeded a threshold value (e.g. .85). Because some probabilities

(those that correspond to simple rational numbers) are especially likely
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Figure .: Beta(60,10), an example probability distribution from which cutoff
values are sampled in this mixed-sampling strategy. This is the dis-
tribution used in the experiements in Figure .. Visualization by
Keisan.

to appear in the average strategy, I eliminated the noise caused by small

changes in threshold having large effects on results by sampling this

threshold value from a beta distribution, a distribution defined on [0,1].

In this way, I was able to vary this cutoff value without noise. The details

of this distribution do not need to be known to understand my results,

but the pdf of the distribution used to sample for the experiments de-

picted is seen in Figure . The distribution has mean .85, though the

sampled value may range with moderate probability from .70 to .95.

However, simply identifying if there is a predicted best action is in-

sufficient. I measured the confidence that this single action was in fact

the true best through varying methods:

• Measuring confidence by iteration, borrowing the exponential schemes

from Section . in which the lack of confidence decreases expo-

nentially over time.

• Measuring confidence by node, establishing a threshold number of

times a node must be visited before outcome sampling can confi-

dently be applied.
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To demonstrate the effects of varying these factors, I present four

experiments. In each experiment, the cutoff is sampled from Beta(60,10)

while the method for determining confidence was varied:

• Pre-set iteration threshold: A threshold equal to some fraction of

the total number of iterations was defined. Before that iteration,

external sampling is used. Afterwards, we consider ourselves con-

fident in the approximated optimal strategy, and begin to employ

outcome sampling where appropriate (based on the cutoff).

• Exponentially-decreasing iteration threshold: This scheme is bor-

rowed from Section .. A uniformly random number x in range

[0,1] is generated. Letting i be the current iteration and I the to-

tal number of iterations, if x < 2(− i
H ), for a pre-defined halflife H

that does not vary in the number of iterations, we employ external

sampling. Otherwise, we consider ourselves confident and employ

outcome sampling where appropriate that iteration (based on cut-

off).

• Node visit count threshold: Rather than depending on iteration

number, this strategy measures confidence at a node by consider-

ing the number of times that node has been visited during training.

If this number exceeds a predefined threshold, then outcome sam-

pling is employed where appropriate. Because nodes near the root

of the tree are much more likely to be visited than nodes near the

leaves, this method causes outcome sampling to be applied more

frequently near the root of the tree.

The results of the experiments testing each of these methods can be

seen in Figure .. I additionally tested using the most recent strategy

rather than the average strategy, though performance was far degraded

using the most recent strategy and is not included in the figure.
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(a) Pre-set iteration threshold of I
2 (b) Exponentially decreasing iteration threshold with

halflife 210 = 1024.

(c) Exponentially decreasing iteration threshold with
half life 23 = 8

(d) Confidence measured by visits per node, threshold
set at 100.

Figure .: This is a sister figure to Figure .. It presents four variations of a
mixed sampling strategy in which either ES or OS is selected to be
used at each node. In all trials, a cutoff was drawn from Beta(60,10).
In each trial, if a confidence criteria was met, any node with an ac-
tion probability above the cutoff was traversed with outcome sam-
pling. All trials took place over 212 iterations on Leduc Hold’em.
212 iterations performed on Leduc Hold’em with different mixed
sampling strategies varying by locus in tree.
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In many ways, these results mimic the results from Figure .. Per-

formance for the linear case and per-node case approximately match the

performance of external sampling. However, looking at the exponential

sampling plots, it is evident that we do not fully remove the exponen-

tial factor as we did when applying the exponential scheme to iteration

alone.

Why is the exponential speed-up not observed in this case? The opti-

mal strategy for imperfect information games is defined as a probability

distribution over the available actions, and so this optimal strategy of-

ten does not have a single best action at a given information set. It turns

out that for many games, it is rare for a single action to be chosen at any

information set with a high probability.

For the game of Leduc Hold’em, I analyzed this pattern by looking

at the returned strategy after 216 iterations of training by external sam-

pling. In the returned average strategy, only 23.7% of game states had

an action that would be selected with probability > .85. So, because ex-

ternal sampling will be applied at all nodes below this cutoff, this mixed

sampling strategy is still dependent on external sampling and does not

offer the same computational complexity improvements.

This poses two major problems:

. We do not experience an exponential decrease in time complex-

ity when performing an exponential decrease for confidence, as

> 75% of nodes (for this game) will always only be traversed by

external sampling in this method. This can be seen in Figure .c,

where despite a very short half life, this mixed sampling strategy

visits far more nodes than pure OS. So, this sampling strategy is

not generalizable to large games, which is a primary aim.

. Additionally, because different games vary in how probabilistic the

optimal strategy is (the optimal strategy of some games may have

zero actions selected with high probability), this sampling method
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is contingent on properties of the tree shape, which limits the gen-

erality of such a method.

While these downsides limit the applicability of such a sampling

method to large games, I am still optimistic about further optimizations

to this sampling paradigm, as will be discussed in the next chapter.

.. Section Review

In this section, I introduced a sampling algorithm that varies by locus in

the game tree by incorporating outcome sampling in areas where a sin-

gle action is thought to be best. However, for the two reasons mentioned,

this method does not offer the same generality as the former iteration-

varying method. Despite this, this approach was still able to match ES

performance on poker-style games, and the framework of varying by

locus may offer promising future results.

. Chapter Summary

At the time of the writing of this thesis, among all CFR variants cur-

rently developed, the best-performing sampling algorithm for use on

poker-style games was external sampling, and the only feasible sam-

pling algorithm on large games was outcome sampling.

In this chapter, we discussed two novel sampling methods that are

mixed sampling strategies of external and outcome sampling.

The first method, varying strategy by iteration number, works by

mapping iteration numbers to the probability of employing external

sampling with a nonincreasing function f . When f is linearly decreas-

ing, performance matches that of standard external sampling, despite

half of all iterations using outcome sampling. When f is exponentially

decreasing, the computational complexity of this sampling method is
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linearly bound in the depth of the tree, allowing for application to ex-

tremely large game trees with predicted correspondingly large gains in

performance over the current standard of outcome sampling.

The second method, varying strategy by locus in the game tree, works

by using the stored cumulative regrets to approximate the value of the

information to be gained at different points in the game tree. External

sampling is used when this potential value is high, and outcome sam-

pling is used when it is low. This method is able to match the perfor-

mance of external sampling on poker-style games. Unfortunately, this

sampling strategy does not generalize well for imperfect information

games with probabilistic strategies, and because this problem can pre-

vent this method from being bound in linear time, it is also less applica-

ble to large games.
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So far, we have demonstrated the effect of mixed-strategy sampling

techniques on poker-style games. However, the entire purpose of intro-

ducing these methods is to allow them to be applied more generally. Two

particular applications of interest are extremely large games or games

with high branching factors, and Deep CFR.

. Large Games

In this section, I will offer a preliminary result confirming that a mixed

sampling strategy that decreases the probability of selecting ES expo-

nentially with iteration offers a significant performance increase on large

games, thus serving as a sampling method than can be applied generally

to different tree shapes.

To model extremely large games, I use the model game Liar’s Dice.

Liar’s Dice has a branching factor that increases with the number of dice

used. When five six-sided dice are used, this branching factor is 61,

which is dramatically larger than that of most poker variants (2 or 3).

The approximate size of a game tree can be given by
∑d

1 b
d (think of

summing the number of nodes on each layer of the tree), where b is the

average branching factor and d is the average depth. So, game tree size

increases exponentially with depth, and polynomially with branching

factor (however, the degree of this polynomial tends to be quite large).

Why do we say external sampling is infeasible for high branching fac-





 Moving Beyond Poker

tor games rather than large depth games, if depth contributes more to

traversed area size?

The answer is that the tree must always be traversed to full depth in

CFR, as the regrets are updated according to the utility function stored

at each terminal history. So, no sampling method can avoid the need

to traverse the tree to full depth, including outcome sampling. How-

ever, notice that when b = 1 (as it does for the traversed area of outcome

sampling), the number of nodes traversed
∑d

1 b
d , is equal to d, forming

a linear relationship. It is by increasing the branching factor that this

exponential increase is felt, and this is why external sampling fails on

games with large branching factors. Letting I be the total number of

iterations, d the average tree depth, and b the average branching factor,

the total number of nodes visited by OS during a training session can be

approximated by I × d. Meanwhile, The total number of nodes visited

by ES during training can be approximated by I ×
∑d

1 b
bd/2c for  players,

where bxc is the floor function.

Because sufficiently large game trees are unable to be traversed by

ES in any reasonable amount of compute time, OS will always outper-

form ES (trivially) for these games. It would still, however, be useful to

compare ES performance to both OS performance and that of the novel

sampling methods introduced in this section. We have been using ex-

ploitability as a metric to measure performance in these games. Unfor-

tunately, calculating exploitability is extremely computationally expen-

sive (it requires traversing the entire tree), and so games that are im-

practical to traverse with ES are also impractical to have the exploitabil-

ities of their strategies calculated. Even worse, Because ES still samples

a single action at every other layer, calculating exploitability requires

traversing a number of nodes that grows exponentially greater in tree

depth than simply performing an ES traversal. So, for any game that is
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large enough for ES to be impractical, it is exponentially more impracti-

cal to calculate exploitability.

To illustrate this problem, in a game of Liar’s Dice with a single -

sided die, traversing the tree with OS is virtually instantaneous. Travers-

ing with ES requires generally < second. However, the time required to

compute exploitability exceeded  hours (on my machine). As a result,

comparing performance as measured by exploitability on these games is

unfortunately not a practical task.

A primary result of this thesis is that the sampling method intro-

duced in Subsection .., M(f ), where f is exponentially decreasing,

bounds computational complexity linearly in the depth of the game tree,

rather than exponentially as does ES. As a result, this sampling method

theoretically dramatically improves on the current best option for large

trees, OS.

Although testing this directly is not possible due to the cost of com-

puting exploitability, it is possible to create a toy approximation of this

effect. Specifically, we can use games with a moderate branching factor

(so exploitability is still computable), while adding an artificial cost to

each iteration performed with external sampling. This is an extremely

coarse approximation, but can at least provide an intuition about the

type of benefit the exponentially-decreasing ES/OS ratio sampling method

will provide in large games where ES is impractical.

To model this, I used a representation of liars dice with a single -

sided die, which has has a far more humble average branching factor of

13 and average depth 12.41. To model the cost of ES, I made each node

traversed via an ES method (in both pure ES and the mixed sampling

method) incur ten times the normal cost (that is, the single node counts

as ten nodes touched). Due to the high cost of computing exploitabil-

ity, I computed exploitability at four points throughout training, and

additionally bounded training time by the number of nodes touched.
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Figure .: The exploitability of three sampling methods over 216 iterations of
Liar’s Dice. The mixed sampling method uses the proposed expo-
nential decrease in probability of selecting ES with halflife 24 = 16.
Despite having the same time complexity as outcome sampling, this
mixed strategy shows marked improvement.

Because the halflife should not grow with the number of iterations, the

experiment is conducted over 216 iterations of outcome sampling with a

very relatively small halflife of 24 = 16 for the mixed sampling method.

This corresponds to P er(ES) = .00034 (the percent of iterations for which

ES is used), which is a remarkably small fraction. The results can be seen

in Figure ..

These results (to be taken with a grain of salt due to the coarseness

of the approximation) offer quite a hopeful sign, confirming the results

presented in Section .. By using this novel exponentially decreasing

mixed sampling strategy, large games impractical for solving with ex-

ternal sampling can show dramatic improvements in performance over

the current approach of outcome sampling.
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. Deep CFR

Due to the position of Deep CFR as one of the most promising tools de-

veloped in the past few years leading toward truly general CFR, I want

to briefly discuss how the general improvements to CFR sampling dis-

cussed in this thesis could potentially be carried over to Deep CFR to

increase its applicability.

Firstly, as discussed in Section ., Deep CFR must collect samples

of the game tree to run, and this collection has traditionally been done

via external sampling. Because not even Deep CFR avoids a dependency

on tree-traversal, it is limited to the same subset of games as its sampling

method. So, the introduction of the mixed-sampling method proposed

in Section . already substantially improves the generality of Deep CFR

and its performance on large or non-standardly shaped games. Because

Deep CFR does not require domain-specific knowledge or game tree ab-

straction, the introduction of this mixed sampling method alone offers

significant expansion of the game space these general methods can be

applied to. However, the potential for similar techniques to further im-

prove Deep CFR extends further.

The core feature of Deep CFR is the introduction of a value net, a

neural network for approximating Rt(I,a), the cumulative regret values.

The time cost of retraining this neural network at every iteration is quite

large, and this is a factor that limits how well Deep CFR can be applied

to many types of problems. To address this problem directly, I propose

varying the decision to retrain the neural net with iteration, just as sam-

pling strategy was varied with iteration in Section .. In this compari-

son, retraining the value net is a binary decision analogous to deciding

to use external sampling for the iteration. With this framework, retrain-

ing the neural net is a tool to gain confidence in the value of R(I,a) that

it is approximating. As more iterations are completed, confidence in

this approximation grows, and so retraining is less necessary; instead,
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we can exploit the high probability that Rt(I,a) ≈ Rt+1(I,a) to avoid the

need to retrain.

On the iterations where retraining is skipped, there are a few op-

tions. It is possible to leave the value net untouched, and approximate

Rt(I,a) as Rt−1(I,a). However, it is also possible to make small adjust-

ments to the network from the previous iteration rather than retraining

entirely. For instance, rather than retraining from scratch, one could

train the network starting from its existing weights from the previous

iteration, introducing a small constant number of new samples to adjust

the weights slightly.

Deep CFR stands strongly to benefit from this paradigm of perform-

ing actions with probabilities that vary with the value of information,

and exploring how this proposed framework can be applied to Deep

CFR is a very promising area of future work.

. Further Work

While large games and Deep CFR are two examples of promising ap-

plications of the ideas presented in this thesis, there are many future

directions where this work could be taken.

For example, while this thesis focused on creating more general al-

gorithms with the aim of moving closer to solving complex systems like

negotiations, it is also necessary to represent these systems as mathemat-

ical objects that can be algorithmically traversed. While there has been

some work in mathematically representing these situations as games (Lewis

et al. ), the work is largely unfinished. For example, developing

methods to translate between natural language and a graphical repre-

sentation of the game could be critical for this goal.

Additionally, it may be possible to develop variants of CFR that can

parse patterns in the game tree without needing to traverse the entire
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tree. Many games, for instance, are strikingly symmetric. However,

CFR is unable to extract any patterns in game tree shape, making simple

games difficult to learn. Consider, for example, the game of battleship

on an n× n grid with a single ship of length n. For a reasonable human

player, an opponent’s ship can be sunk in at most n moves by never se-

lecting the same row or column twice. However, CFR is currently unable

to reason about game structure at all.

While there are many directions that can lead toward more general

CFR, I hope to highlight one in particular as especially promising: de-

veloping more rigorous methods of approximating the distribution of

the value of information.

Both sampling variants I proposed exploit the fact that not all game

states at all points in time hold information that is equally valuable. In-

stead, the most valuable information is held by a small group of game

states at particular times. An optimal sampling algorithm should se-

lectively visit only the game states with the most valuable information

to be gained. In my proposed sampling algorithms, I called attention

to patterns, such as information being more valuable in early iterations,

and then generated heuristics to exploit these patterns.

However, there have been multiple methods developed that approach

the identification of these distributions with more rigor than identifying

patterns. Notably, Russell and Wefald have outlined a paradigm of ra-

tional meta-reasoning that is able to estimate the value of information to

be gained at any node by calculating how large the change in expected

value of that node must be to cause a change in strategy much higher up

in the game tree (Russell and Wefald ). While this technique has been

broadly applied in perfect information settings, it has not yet seen any

imperfect information use I am aware of. There are definitely complica-

tions with this approach, as the standard method of traversing the entire

tree to perform these calculations is not realistic. However, if these cal-
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culations can be coupled with sampled traversals, we could potentially

have much more fine-tuned granularity with which we can identify the

value of information.

. In Review

The aim of this thesis as a whole has been to offer a path forward on

the matter of how to best increase the generality of how equilibria are

computed in imperfect-information zero-sum games.

In pursuit of this goal, I defined CFR as a promising algorithm for

this purpose, and presented two major classes of CFR sampling algo-

rithms, a mixed sampling method that varies with iteration, and a mixed

sampling method that varies with locus in the game tree. Overall, while

both methods show promise as areas of future work, I present the first

method (varying by iteration) as a general sampling method that not

only extends CFR’s applicability to large games, far outperforming out-

come sampling, but also matches the performance of the current best

methods on poker-style games as well.

While these sampling algorithms provide a concrete step toward

more general CFR, I also want to highlight the framework that lead to

these algorithms in the first place. Both algorithms rely on the nonuni-

form distribution of value of information across game states and itera-

tion number in the training process, and these algorithms yield the per-

formance they do because they are able to selectively traverse the areas

of the game tree with the highest density of importance in information.

This same principle, distributing computation according to the value of

information, can be applied in numerous other settings as part of more

general solutions.

As a closing note, I hope to emphasize that the work in this area

is far from done and there is enormous potential for CFR and related
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algorithms to be generalized further. As a component of this ongoing

effort, I hope for this thesis to chart out one particular promising path

among many.
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