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Analytical results on Seiberg-Witten equations on homology S* x S3

Abstract

This thesis studies the Seiberg-Witten equation on a periodic 4-manifold obtained from
a homology S! x S3.

The first chapter is a brief introduction of the topic. The second chapter reviews basic
preliminaries on Seiberg-Witten equations. The third chapter proves the compactness
given a uniform L2-bound on curvature and a C°-bound on the spinor. The fourth chapter
reconstructs the Bauer-Furuta invariant with analysis, showing that the finite-dimensional
approximation map will recover the full configuration space and the Seiberg-Witten map.
The fifth chapter generalizes the fourth chapter into the periodic manifold setting, showing
that the extra boundary conditions will impose an exponentially decaying factor in the

higher modes.
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1 Introduction

1.1 History

Gauge theory has been an extremely useful tool when it comes to studying the structure of
low-dimensional manifolds. In 1994, Nathan Seiberg and Edward Witten [15] found that,
the moduli space of solutions to the Seiberg-Witten equations (called monopoles) is an
extremely powerful tool when it comes to finding new differential invariants of 4-manifolds.
Over the years, many fruitful results in low-dimensional manifolds have been obtained by
understanding the Seiberg-Witten equations.

One reason that Seiberg-Witten equations are powerful is due to the natural compact-
ness that many other PDEs don’t have. On a compact 4-manifold, one can deduce all
Sobolev bounds on monopoles that only depend on the metric data, giving us a naturally
compact moduli space. Hence, defining a count or understanding the structure of the
moduli space will be straightforward once the transversality issue is taken care of.

To fully utilize this compactness, a Fredholm framework to the linearized problem is
crucial. Once the Fredholm framework is established, introducing suitable purturbations
to the equation will resolve the transversality issue of the Seiberg-Witten map, so that the
moduli space will be transversally cut out as a finite dimensional smooth manifold. Since
the linearized problem is elliptic after quotienting the gauge group, the Fredholmness of
the linearized operator is automatic for compact 4-manifolds.

However, when it comes to generalizations to non-compact settings, both the com-

pactness and the Fredholmness will be questionable if no a priori assumptions are given.



One treatment to noncompact cases starts with extra structure (for example, cylinder with
product metric, contact 3-manifolds with its symplectization, etc.), and carefully deals with
the Fredholm setting by choosing different Sobolev completions of the configuration space,
then look at a specific subset of configurations that have some asymptotic/finite behaviors.
This way, one may still utilize the Fredholm machinery with a compact moduli space, and

further define smooth invariants.

1.2 Previous work on periodic 4-manifolds

As stated previously, in the non-compact cases, the biggest problem arises when it comes
to the Fredholmness of the linearized Seiberg-Witten equation. In the cases of periodic
manifolds (which will be defined later), using Fourier-Laplace series and suitable weighted
Sobolev norms, Taubes [14] was able to establish a Fredholm agenda that is widely used in

the understanding of periodic manifolds:

Theorem (1.2.1) (|14] Theorem 3.1). Let 0 = {9,141 : C°(E;) = C*(Ej1)}, be an
end-periodic, elliptic differential complex over an end-periodic n-manifold, M. Suppose that

the associated complex {041,y : C®(E;y) = C®(Ej11y])} has index = 0 and is such that

for each j € {0,--- N}, the induced map

5j+1 : Hj(Ey,ay>/im5'j — Hj+1(Ey,ay)/im5'j+15'j

is ingective. Then there is a discrete set D € R without accumulation points such that for

all 0 € [2,00), m > q, and 6 € R\ D, the complex



0= Ly, 5(E0) = Ly, s(E1) = - = L} s(En) — 0
1s Fredholm.

Many interesting results arise following that line. In particular, Mrowka, Ruberman,
and Saveliev [12]| defined a Casson-type invariant that comes from counting Seiberg-Witten
solutions with an index-correction term that exactly cancels out the effect on this count

when perturbations are introduced:

Theorem (1.2.2) (|12] Theorem A). Let X be a smooth oriented homology oriented 4-

manifold with the integral homology of S* x S3, and define

/\SW(X) = #M<X7g7ﬁ) - w(X797B)

Then Asw (X) is independent of the choice of metric and generic perturbation ; moreover,

the reduction of Asw (X) modulo 2 is the Rohlin invariant of X .

Many properties about this invariant came into public in the recent decade. For exam-
ple, see [5], [6], |7], 8], and [9].

It is worth noting that, the constructions and results listed above are based on the
Fredholm framework built in [14]. In these cases, either the assumptions on the 4-manifold
to guarantee the triviality of the moduli spaces were imposed(for example, the existence of
a PSC metric), or topological structures on this 4-manifold (for example, a mapping torus

of finite-order diffeomorphisms, or manifolds obtained by performing surgery on known



manifolds) were given. For a general periodic manifold, the failure of compactness has

broken down the general Fredholm machineries in the closed 4-manifold cases.

1.3 Previous constructions of SWF homotopy types

In |2, Bauer and Furuta constructed a homotopy refinement of the Seiberg-Witten invari-
ant for 4-manifolds. Roughly speaking, one look at the Seiberg-Witten map, and take a
sequence of finite dimensional subspaces exhausting the full configuration space, and then
use the approximation of the Seiberg-Witten map between finite-dimensional vector spaces
to define a stable map between the sphere spectra. This invariant takes value in the stable
homotopy of spheres, hence detects torsion invariants that are not previous illuminated by
the integer counts of the Seiberg-Witten solution.

In [10], Manolescu has constructed a homotopy refinement of the Monopole Floer ho-
mology for 3-manifolds with b; = 0. Later, this construction has been generalized to much
larger families of 3-manifolds, as well as the Pin(2)-equivariant version. The main idea be-
hind the construction is to use the continuous Conley index from dynamical system, which
yields Morse homology in non-compact cases with some mild dynamical conditions. This
suits the gradient-flow picture in dimension 3 very well, and in [10], Manolescu proved that,
by taking a finite dimensional approximation of the Coulomb gauge slice, the approximate
flow will completely determine the homological information of this dynamical system.

It is worth noting that, both cases use the linearized Seiberg-Witten map, and took a
finite dimensional approximation using the lower eigenspace of this elliptic operator. This

way, one can prove that when the eigenvalue cutoff is high enough, all solutions (which



are uniformly bounded under any Sobolev norm) can be uniformly approximated by the

lower-mode projection. This motivates the project of this thesis.

1.4 Main results

Now it is time to present the main results. First, the compactness of a certain family of

solutions:

Theorem |(3.2.2)l There exists a constant Cy, depending only on the metric, such that for
a locally L*-bounded solution (A, ®) € iQ' (W) @ I'(ST) to the Seiberg-Witten equation
over Wy, over each segment W, there exists (A', ®') gauge equivalent to (A, ®)|w, , such

that

1A ®) | < Con

for any n and all m > 0.

And then, we introduce the main result with intuitive languages. For the concrete

statement, one may refer to Theorem |(5.4.2)]

Theorem ((5.4.2). For E > 0, define the lower-mode and higher-mode split as in Section
. Let U5 be any C° Seiberg- Witten configuration on W, and denote its restriction onto

the segment W, by Wy, then if the following conditions hold:

1. For anyn, V5 is smooth and in the lower-modes,

2. H\IJS,OHLf is uniformly bounded by R< = 10C},

there exists a real number Ey >> 1, such that for any E > Ey, the sequence \IlfL,0 uniquely
determine two sequences of L3-bounded configuration {V>} C U> and {V2}, such that

5



over each segment, together they solve the higher-mode projection of cutoff Seiberg- Witten
equation.

Moreover, up to a gauge transformation, their sum is a continuous locally-L? configura-
tion, and the L?-norm of the higher-modes W depends on the norm of the initial lower-mode

configurations Vg from all segments, but in an exponentially decaying way.



2 Preliminaries

In this chapter, we review some basic concepts related to the Seiberg-Witten equations,

and set up notations for proceeding chapters. Most of this chapter can be found in [11].

2.1 Spin® structures, spinor bundles, and Dirac operators

The Seiberg-Witten equation mainly concerns smooth manifolds in dimension 3 and 4. This
section is dedicated to define spin or Spin® structures over manifolds with these dimensions,
with concrete construction.

We start by defining the group Spin®(n). Let R"™ be the standard Euclidean space in

dimension n, and let

T(R") = P e'rR"

k>0
be its associated tensor algebra. We define the Clifford algebra C1(R™) to be the quotient

of T(R™) by the ideal generated by elements of the form

v + [|vf|* 1

for all v € R™. The induced multiplication on CI(R") will be called the Clifford multipli-
cation. The grading over T'(R™) descends to CI(R"™) to a Z/2Z-grading, giving rise to a

decomposition into even and odd part

CUR") = Cly(R™) ® Cl(R,,).



The natural filtration from 7'(R™) given by the gradings

k<t

induces a filtration of CI(R™) by the quotient map. We may consider the associated graded

algebra defined via

P 7/ Fi-r,

k>0
and by checking the basis vectors, it is naturally isomorphic to the exterior algebra A*(R™).
We then define Spin(n) as the unit elements in Cly(R™). For Spin(n), we consider the
complexified Clifford algebra, and take degree-even unit elements there. One can check
that

Spin‘(n) = Spin(n)®{i1}51.

In particular, in dimension 3 and 4, we have the following identifications:

Spin(3) = SU(2),  Spin(4) = SU(2) x SU(2),  Spin“(4) = U(2) xp U(2).

In general, the definition for spin representations extends to the bundle case. Starting
with a Riemannian manifold X of dimension 3 or 4, once we can lift its frame bundle (which
is a principal SO(n)-bundle where n equals the dimension) to the spin or Spin® bundle, we
may use spin representations to define an associated vector bundle over X.

More concretely, a spin (or Spin®) structure t over X™ is defined to be a lift of the

frame SO(n)-bundle Fr(X) to a Spin(n) (or Spin°(n)) bundle. Together with the spin



representation, this gives rise to a rank-2 complex vector bundle over X in dimension 3,
and a direct sum of two rank-2 complex vector bundles over X in dimension 4. We call these
vector bundles the spinor bundles associated to the Spin® structure. From this perspective,
one can see that a spin structure induces a Spin® structure, but the reverse is not true.

Note that the map Spin(n) — SO(n) is 2-to-1, the Levi-Civita connection on X lifts to
a spin structure by local lifting. For Spin®(n), however, we need another U(1)-connection A
on the determinant line bundle over the Spin®(n) bundle, in order to determine a connection
on this Spin®(n) bundle together with the Levi-Civita connection. Such connections over
spin or Spin® bundles are called spin or Spin“-connections.

Once such a connection is fixed, we may define the Dirac operator as the composition

of the following sequence:

Da: C=(S) = T*X@0%(S) — C=(S).

where the first map is given by V4 and the second map is given by Clifford multiplication.
This operator is self-adjoint and elliptic. In dimension 4, in particular, since we can further
decompose the spinor bundle into the direct sum of positive and negative spinor bundles

and Clifford multiplication interchanges them, we can further split the Dirac operator into

Dy C®(S%) = T*X@C™(S%) = C®(57).



2.2 Seiberg-Witten equations

In this section, we review the Seiberg-Witten equation in dimension 3 and 4.
We start with dimension 3. Suppose (Y, g) is a 3-dimensional Riemannian manifold.
Endow Y with a Spin® structure t with associated spinor bundle S, the Seiberg-Witten

equation is given by the following system of equations

Dp® =0

p(Fg) = (®P7),,

where g : T'(S) — I'(S) is the Dirac operator associated to B on the spinor bun-
dle, p denotes the Clifford multiplication, and (®®*), denotes the traceless part of ®P* €
['(End(S5)), which is identified with a purely-imaginary self-dual 2-form via Clifford multi-
plication. A solution to this equation is called a monopole.

In dimension 4, suppose (X, g) is a 4-dimensional Riemannian manifold. Similarly,
endow X with a Spin® structure t with associated spinor bundle S*, the Seiberg-Witten

equation is given by the following system of equations

Pyd =0

d+A = pil (q)q)*)o

where I} : T'(ST) — T'(S™) is the Dirac operator associated to A on positive spinors,
p denotes the Clifford multiplication, and (®®*), denotes the traceless part of ®P* €

['(End(S™)) which is identified with a purely-imaginary self-dual 2-form via Clifford mul-

10



tiplication.

One relationship between the Seiberg-Witten equations in dimension 3 and dimension 4
is when we have a cylindrical 4-manifold Rx Y3, In this case, a 3-dimensional monopole cor-
respond to the critical point of the so-called Chern-Simons-Dirac functional Losp. And by
using the Spin® structure induced on the cylinder, up to a choice of gauge, a 4-dimensional
monopole corresponds to a gradient flowline of Logp. Using this Morse theoretic picture, [4]
built the Seiberg-Witten Floer homology for a closed 3-manifold, precisely by considering
flowlines that connects 3-dimensional monopoles.

One natural advantage of the Seiberg-Witten equation is the compactness of its moduli
space. Over a closed manifold of dimension 3 or 4, for £ > 1, we can consider the space
that consists L?-solutions to the equation. The gauge group acts on the moduli space, and
one can prove that the quotient space is compact under any Sobolev norm.

It is useful to recall the compactness argument in dimension 4. For the C° norm of the

spinor, we exploit the so-called Bochner-Weitzenbock formula:

* % S F
DPad = ViV AP + 1o+ 7A ) (3)

where s represents the scalar curvature. We take the inner product with ¢, and at the

point p where |®| takes its maximum value, we have

s(p)|®(p)* +2(p)* <O0.

Hence |®(p)* < max(—s).

11



3 Compactness on periodic manifolds

3.1 Setup

In this chapter, we start by setting up the arena.

Let X be a closed oriented 4-manifold, such that H,(X;Z) = H,(S' x S3,Z). We fix
a homology orientation on X by choosing 1 € Z = H'(X;Z), and let Y be an embedded
3-manifold inside X such that its homology class [Y] the Poincaré dual of 1. In this thesis,
we further assume that, [Y] is realized by a rational homology sphere, i.e. b;(Y) = 0.

By cutting X open along Y, we obtain a 4-manifold W with boundary OW = =Y [[ Y.

By gluing infinitely many copies of W (denoted by W,,) along their boundaries

Uy Woy Uy Wo Uy Wi Uy - -

we obtain a cyclic cover of X. Such manifolds are called periodic in this thesis, and in
particuilar, we denote this peiodic manifold obtained from W by W.

We now endow X with a Riemannian metric g. Throughout this paper, we further
require that ¢ is cylindrical near Y, i.e. there exists d > 0 such that whenever a point
r € X satisfies dist(z,Y) < d, we have g(x) = dt* + gy where gy is a fixed metric on Y,
and t is the cylindrical coordinate. We then can lift g to a metric on W, such that it is
cylindrical on all necks. We will also denote this metric by g by an abuse of notation.

Note that there is an isometry on W, defined via shifting, i.e. a map W, — W

mapping W,, isometrically to W,,;. We will denote this map by 7.

12



By the homological assumption, X has two spin structures, both inducing the unique
spin® structure on X. We will denote this spin® structure by s, and its spinor bundles
by S*. One can lift this spin® structure s to W, and obtain a periodic spin® structure,
which will also be denoted by s. Note that for this spin® structure over X, we may fix
a reference connection on the determinant line bundle L, and we denote it by Ay;. We
can further lift Ay to W, to obtain a periodic reference connection over W, as well. This

way, over W, we can write any smooth spin®-connection as Ag+ A, where A € Q1(W;iR).

Consider the couple (A, ®) where A € Q'(W;iR) is a smooth spin® connection and
® € I'(ST) a smooth positive spinor. The gauge group G = Map(W,,, S!) acts on such
couples by the rule

u(A, @) = (A — v 'du, ud).

This action is free on irreducible monopoles, and has an S* stabilizer on reducible monopoles.

In the compact cases, it is usually convenient to work with Sobolev completions due to
the Fredholm property of the linearized problem. Elliptic regularity guarantees that any
monopole in the Sobolev completion is gauge equivalent to a smooth monopole, and the
compactness guarantees that the moduli space is compact once we work with a gauge-fixing
slice. When the expected dimension of the moduli space is 0, and we fix a generic metric
and perturbation to take care of transversality issues, we have a well-defined solution count.
Furthermore, if b* > 1, this count will be independent from the metric and perturbation

used in the construction. For more details, one may refer to many standard texts on

13



Seiberg-Witten equations, for example, [11].

3.2 Compactness

Similar to the cases where the base manifold is compact, it’s crucial to establish compact-
ness results to further understand the Seiberg-Witten equations over a general 4-manifold.
However, for cases where the manifold is non-compact, the compactness will not hold for
a general monopole solution unless certain suitable Sobolev settings are established, and
certain boundedness assumptions are assumed. For exmaple, in the case where we have
a cylinder Y x R with cylindrical metric, we are interested in the solutions with the so-
called finite energy condition. In that case, due to the presence of the Chern-Simons-Dirac
functional and the Morse theoretic picture, up to a gauge transformation, the finite-energy
condition will correspond to flowlines that connect critical points of the Chern-Simons-
Dirac functional. This compactness will be the analytic foundation for the definition of the
monopole Floer homology. For details, see [4].

In general, to investigate the Seiberg-Witten equation on W, we first notice that there
is a family of solutions that comes from lifting solutions of Seiberg-Witten equation on X,
or in general, on a p-fold cover of X by gluing p copies of W together and furling it up into
a compact manifold. In this thesis, those solutions are called periodic solutions of period
p. However, these solutions are well studied since they come from a compact base: their
compactness results are well-established, and in cases of a product manifold S* x Y when
Y is a homology sphere, they will be trivially coming from 3-dimensional monopoles.

In this thesis, we mainly focus on solutions that satisfies the following important asump-

14



tions:

Definition (3.2.1). Given (A, ®) a pair of smooth configurations on W,,, we say that

(A, ) satisfies the assumptions, iff
L [y IF 4|17 is uniformly bounded independent of n;
2. |®|co(w,) is uniformly bounded independent of n.

For a solution to the Seiberg-Witten equation satisfying the assumptions, we will also

call them locally L?-bounded in this thesis.

Notice that these assumptions are different from the finite-energy assumption over the
entire periodic manifold. In the Fredholm framework outlined in |14], one shall define the
weighted sobolev norm by choosing a function p : W, — R such that p(7(z)) = p(z) + 1.
Utilizing this framework means that everything in the configuration space will have a
natural exponential decay when we approach the positive end — which is not the case even
just for periodic solutions. These two assumptions are inspired by the cylindrical cases as
well: with 3-dimensional compactness being proved, all we are interested in are flowlines
that connect monopoles, which are proved to have uniformly bounds on both the spinor
and energy.

Without these assumptions, compactness will fail immediately even for cylindrical cases.

With these assumptions, we can establish the compactness result:

Theorem (3.2.2). There exists a constant C,, depending only on the metric, such that for

any locally L*-bounded solution (A, ®) € iQ' (W) @ T(ST) to the Seiberg- Witten equation

15



over Wy, over each segment W, there ezists (A', ®') gauge equivalent to (A, ®)|w,, such
that

(A", @)l ) < Crm

for any n and all m > 0.

Similar to any standard Seiberg-Witten text, we first need a gauge-fixing lemma that
provides L?-bounds via bounds on the first derivatives. The gauge we are exploiting on
each segment will be the Coulomb-Neumann gauge. This lemma was proved in [10], but

we will also include the proof for the sake of completeness:

Lemma (3.2.3). Let X be a four-manifold with totally geodesic boundary such that H*(X;R) =
0. Let v denote the unit normal vector field to 0X. Then there exists a constant K such

that for any a € QY (X) with a(v) = 0 on 0X, we have
lall72 < K(|ldal7. + |d"al72).

Proof. Assume there is a sequence of normalized 1-form a,, such that a,(r) = 0 and

/ lan)? = 1,/ (|da,|* + |d*an|*) — 0.
X X

Using the Bochner-Weitzenbdck formula to integrate by parts, we obtain:

/X (IVanl? + (Ric(ay). a)) = /X (danl? + |dau ).

16



This gives a uniform L?-bound on a,. Hence by passing to a subsequence, we may assume
that a,, converges weakly in L?-norm to a, such that da = d*a = 0, and a(v) = 0. Therefore,
a solves the Hodge-Laplacian equation with Neumann boundary condition, hence must be

zero since H'(X;R) = 0. This contradicts with the fact that ||a,|/,. = 1. O
Now, as stated previously, we go back to the proof of the compactness theorem.

Proof. We first notice that, for periodic solutions, we can obtain all L? bounds which depend
only on the metric of X, since we can view them as solutions over a compact manifold, and
we can then invoke the standard compactness argument.

Now, given a locally L*-bounded solution (A, ®) satisfying the assumptions. To get a
bound for the spinorial part, let S denote the supremum of |®| over W,,. The supremum
S is either attained, or not.

If 3p € W, such that |¢(p)| = S is attained: in this case, A|¢|*(p) > 0. Therefore,

using the Seiberg-Witten equations and the identity
Al®)? = 2(®, ViV 4P) — 2(V 4P, V1 P)

together with the Bochner-Weitzenbock formula for the Dirac operator

. F
D PAD = ViV AD + Z(I) +50

at p, the standard Seiberg-Witten compactness argument will give a pointwise bound on

|®| which only depends on the metric of X.

17



If the supremum S is not attained, then we can find a sequence of points {x,} such
that |®(x,)] — S. Let Wy, denote the segment that contains x,. To set the stage for
elliptic bootstrapping later, we need to work with a slightly larger domain to begin with.
Hence, instead of working with W (and its copies W,,), we introduce the manifold W (e)
by attaching two cylindrical collars of width € on both ends of W. When ¢ is sufficiently
small, we can also define W,,(¢) to be the extended version of W,, as a submanifold of W,
by also including two collars of width e that come from W,,41.

We restrict (A, @) to Wy, (¢) and denote the restriction by (A,,®,). We can view the
restrictions as a sequence of solutions on W (e), and view z,, as a point in W CC W (e).

Thus, we now have a sequence of Seiberg-Witten solutions over W (e) given by (A, ®,,),
and a sequence of points {z,} C W CC W (e). By modifying this sequence using a gauge
transformation, we may assume that d*A, = 0, and A,|sw)(v) = 0. Hence by Lemma,
and the curvature L2-assumption, we obtained an L2?-bound on A,,.

Now it is time to invoke the Seiberg-Witten equations and elliptic bootstrapping. It
provides bounds on all the Sobolev norms of (A, ®,) if we restrict to any compact subset
of W(e). In our context, we choose W (e/10). Hence, by passing to a subsequence, we can
assume that (A,, ®,) converges to some Seiberg-Witten solution (A, Poo) over W(e/10)
in C'™ topology up to gauge transformations, where x,, converges to some interior point
reW cC W(e/10). Clearly, (Aw, Ps) solves the Seiberg-Witten equation over W (e/10)
and [P ()| = S is an interior maximum value for |®.|, hence the previous geometric
bound will also apply.

This concludes the proof for the spinorial C°-bound that only depends on the metric.
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To prove bounds for the connection part, note that the only step we are missing to
conduct elliptic bootstrapping is a uniform bound on [|F"[;2y,, that only depends on
metric (rather than just an a priori uniform bound).

Assume that it is not the case. That is, there exists a sequence of monopoles {(a, ¢,)}52,

over W, that satisfies the following conditions:
L. Vn, sup,ep. [on(x)| = S, < S < 00; (proved in the first part of the proof)
2. Vi, supyes(fy, |Foo )% = Qu < 00
3. lim,, o @, = 0.

Without loss of generality, we may assume that Vn, over W, we have fWo |d~a,|* >
(1— %)Qi This is easily done by a translation. We normalize the curvature by considering
Wy, = Q%dan, therefore we obtain a sequence of closed 2-forms w,, whose L?-norm over each
segment is uniformly bounded by 1. (Note that the closedness comes from the Bianchi

identity.) In particular, over Wy, we have
1 2
1 — = <|lwnllz2 ) < L.
n
We start with a construction of cutoff functions over a segment W. Consider a smooth
function x* : W — R, such that
L x*[o+w =0
2. XTlo-w =1
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3. |[VxT(2)| < Cy for some Cy that only depends on the metric.

Let x~(z) = 1—xT(z). Clearly x~ is another cutoff function that vanishes on 0~ W, equals
to 1 on OTW, and satisfies the same derivative bound as x*. For the sake of simplicity of
notations, we use x; to denote y* on Wy, by regarding x* naturally as a function defined
on the segment Wj first, and then extending it by 1 or 0 constantly in both directions
according to the boundary value.

We first prove that, over each segment, we can obtain a uniform L2-bound for w,.

We start by consider a general monopole (A, ¢) satisfying our assumptions. For any

integer k, over the segment Wy, by the Bianchi identity, we have
0=dF,=dF, +dF;.

Notice that we have established the geometric C°-bound for |¢|. Hence for a monopole,

there exists a constant C' that only depends on the metric, such that

—12 __ +12 __ * 2 2
/Wk|dFA| —/Wk|dFA| —/Wk|d<<¢¢ o)l so/wk|v,4¢|

We now establish a geometric bound for fWk [Va¢[?. Consider x = x;_1x/,;- Then we

have

/ Vgl < / Vol
Wi Wik—1,k+1]
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Now, consider the Bochner-Weitzenbock formula:
* % S F
DiPad = ViVad+ 16+ 5 -

Take the inner product with x?¢ on both side of the Bochner-Weitzenbock formula and

integrate by part over the support, we have

/ XV 402
Wk—1,k+1]

- / (V1 Va(x%6)) + / (AOP) © 6,V 49)
Wik—1,k+1] Wik—1,k+1]

< / (6, V'V ) + 2 / sup dx| - [9]co - XV 4
Wik—1,k+1] Wik—1,k+1]

IN

1
S FA 2
/ ~X’|ol? +/ (=, X°¢) +C (/ IXVA¢|2>
Wik—1,k+1] 4 Wik-1k+1] 2 Wlk—1,k+1]

S ¢ 4 2
S/ —!¢\2+/ L +C (/ \XWW)
Wik—1,k+1] 4 Wik—1h+1 4 Wlk—1,k+1]

<C'+C ( / |va<z>|2)
Wk—1,k+1]

where C,C" are constants that only depends on the metric. Hence, fw[k_l ft1] XV 40|?

satisfies a quadratic inequality with constant coefficients, therefore bounded by a constant.
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Now, notice that d + d* is an elliptic operator, by a priori estimate, we have

/ VP < O / P4 |dF + | F )
Wy

Wlk—1,k+1]

< C/ |F~|* + 20/ |dF~?
Wk—1,k+1] Wk—1,k+1]

SC’(l—l—Sup/ |F%).

m

Similarly, we have that

[owppzo[ PR P F)
Wi Wk—1,k+1]
< C’/ |[FT* +2C |dFT|?
Wik—1,k+1] Wk—1,k+1]
<C.

Apply the above estimates to our sequence {(w,)}, in conclusion, we have

C

Hw;||Lf(Wk) =

and

C
||w:“L%(Wk) = O

Now we construct an anti-self-dual harmonic 2-form w over W,,. w is constructed by
taking the limit, which will be explained below.

We start with the interval W[—1,1]. Since {w,} is L?*-bounded on this interval, by

22



passing to a subsequence, it converges weakly in L? (and strongly in L?) to a 2-form w
defined over W[—1, 1]. This 2-form is clearly closed and anti-self-dual, hence harmonic.

Now we move on to the interval W/[0,2]. Using the subsequence in the previous step
and passing to a further subsequence, by a similar argument, we can construct another
anti-self-dual 2-form (called ' for this moment only) defined over W/0,2]. Note that w’
and w must agree on W0, 1], i.e. the intersection of the two intervals, hence we can view
w’ as a smooth extension of w across Wy. We will abuse the notation and denote this newly
defined 2-form over W[—1,2] by w as well.

The rest of this argument for the construction of w will be an inductive argument. By
iterating this process on both ends alternatively, we can define an anti-self-dual harmonic

2-form w over W, and moreover, by the L2-boundedness assumption, we have that

/ |w|? = sup/ lw|? = 1.
Wo ko Jw

Finally, we will show that such 2-forms cannot exist. We first notice that H*(W,.;R) =
H?(W4;R) = 0. Hence by de Rham isomorphism, we can write w = db for some 1-form b
over W,,. We will later modify the choice of b by applying some gauge transformations.

There are two possibilities with regard to w:
L [y [w]? < oo
2. i |wf? = .

Case 1: [ |w|* < .
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In this case, fix ¢ < where Cj is the constant in the definition of y*, and K

1
20000 K
is the constant in Lemma |(3.2.3). By case assumption, there exist integers N; < 0 and

Ny > 0, such that

/ lw|? < e, / lw|? < e.
WN WN

1 2
Consider a cutoff function y = X&XJJ(@ supported on W[Ny, Ns|, and let w’ = d(xb). On
the one hand, w’ is compactly supported and exact, hence fWoo WwAW = fWoo d(xbAw') =0

by Stoke’s theorem. On the other hand,

/ W AW = —/ |w]? + / d(xb) A d(xb)
oo W[N1+1,N2—1] VVNIUVVN2

:—/ |w|2—|—2/ de/\b/\le—/ x2db A db
W[N1+1,N2—1] WNI UWN2 WNl UWN2

— [ B+ 2 P oy DB
0

IN

2
< -1+ 2C ||b||L§(WN1uWN2) :

We choose b in Coulomb-Neumann gauge over Wy, U W, and arbitrarily extend it to

the entire W, smoothly. By |(3.2.3)] we have

2 2
1072wy o,y < 2K Nl T2 vy, oy, < 40
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Since € < m, this finally leads to

/ w'/\w’<—1+i<0
. 100 =

hence we obtain a contradiction.
Case 2: [, |w|]* = oc.
The proof for this case is essentially the same. By case assumption, there exist integers

N; < 0 and Ny > 0, such that

/ lw|? > 100CH K.
W[Nl,NQ]

Notice that we have a uniform L? upper bound on each segment. We choose b in
Coulomb-Neumann gauge over Wy, U Wy, just like the first case, and arbitrarily extend it

to the entire W, smoothly. By considering the same cutoff function y = XJ_leJJ\r@ supported

on W[Ny, Np] and w’' = d(xb), we have

/ WAW = —/ |w|? —i—/ d(xb) A d(xb)
o W[Nl—‘rl,Ng—l] WN1UWN2

:—/ W+2/ XdXAb/\db+/ x2db A db
W[Nl—‘rl,NQ—l] WNIUWNQ VVN1 UWN2

- ] +2Co |1b]172
/W[N1+1,N2_1] LI(Wn, UWn,)

IN

< —100CyK +4CyK < 0.

Hence we obtain a contradiction as well. OJ
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Remark (3.2.4). It is worth noting that, if we consider Y;, = 07W,,, then the restriction
of a monopole (a, ¢) on Y, also has all Sobolev norms bounded by constants independent

of n.

26



4 Model Case: compact 4-manifolds

We start off this idea by applying it to compact 4-manifolds. This is different from the

non-compact case, but they share some motivational similarities with simpler analysis.

4.1 Seiberg-Witten map and Bauer-Furuta invariant

Throughout this section, X is a compact 4-manifold, endowed with a Riemannian metric
g and a Spin® structure 5. Let ST denote the associated spinor bundles. We denote the
space of Spin® connections by C'onn, and for a Spin® connection A € Conn, we denote its
associated Dirac operator denoted by D ,.

This way, the Seiberg-Witten map reads:

SW : Conn x (iQY(X)@I(5T)) —  Connx (I(S7) @i (X)®iQ’(X)® H'(X;R))

(A7 a, ¢) = (A, lDAQb + a¢7 F;xr + d+a - U(¢)7 d*a7 aharm)

The map SW is equivariant with respect to the gauge action G = Map(X, S'), where
the action is given by multiplication on spinors, adding —iu~*du on the connections, and
trivially on forms. Fix a basepoint * € X, we can consider the based gauge group Gy, which
is a subgroup of G obtained as the kernel of the evaluation homomorphism Map(X, S') —
St at .

Now we fix a reference connection A. Under the action of G, the space A + kerd is
invariant, with quotient isomorphic to the Picard torus. Therefore, By fixing a reference

connection A and look at the restriction of SW on A-+ker d, after quotienting Gy, we obtain

27



a bundle map between bundles over Pic?(X).
Now we look at one fiber. On each fiber, denote Q}(X) @ T'(ST) and I'(S™) @ QH(X) ®
Q°(X)® H'Y(X;R) by V and W respectively. the Seiberg-Witten map can be decomposed

into its linear part and nonlinear part:

SW =1+¢

where [ = (ID,d*, d*, Tharm), and ¢ is SW — L.

We can also utilize the Coulomb gauge-fixing condition, by considering the Fredholm
map induced by I'(S™) @& Q" (X) @ H'(X;R) and its preimage under the condition d*a = 0.

Now we fix the connection A and work with the fiber over {A}. As a shorthand, we
use ) to always denote the positive Dirac operator associated to the reference connection,
namely ) = lD:

Similar to the idea of [2], we may use eigenspaces to decompose the configuration spaces.
Since [*[ is a nonnegative self-adjoint second-order elliptic operator, it only has nonnegative
discrete real spectrum. Fix E a large real number such that E? is not in the spectrum of
I*]. Let V<F denote the finite dimensional subspace spanned by the eigenvectors of [*] with
eigenvalue in [0, £?], and let V>£ denote the orthogonal complement of V<¥ in V under
the standard L?-metric. We also let W= be the image of V=¥ under [, and let W<¥ be its
orthogonal complement of it. Clearly, this gives a similar decomposition of W with respect

to the operator {I*, where W<F contains the cokernel of [.

Lemma (4.1.1). For E > 0, the restriction of | on V>¥ and the restriction of I* on W>E
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gives an L2-adjoint pair of linear isomorphisms between V=¥ and W>E,

Proof. Assume x € kerl|y~r. Then [*I(z) = 0 is a linear combination of eigenvectors of I*],
which leads to a contradiction. The surjectivity part comes form the definition of W>F.
For [*, observe that Vo = Y/, € W>¥ where z;, are images of eigenvectors of [*l,
I*(x) = > p_; Mexy where A is the corresponding eigenvalue, hence I* is well-defined as a

map to V=¥, and bijecive as well.

]

The above lemma shows that, [ basically works as the square root of [*/ in the higher
modes subspace. Moreover, due to the way we split V and W, we can set up the L?-norm

of [ (and similarly [*) in the higher modes:

Lemma (4.1.2). For x € V>E we have

11@) |2 > E ]l 2

Proof. Write the eigendecomposition of x = Y ;_, x;, where zy, is an eigenvector of [*I with

eigenvalue )\, > FE? . Using the L2-orthogonality of eigenspaces, we know that

n n

li(@)* = CU), 2)pz = Y (wzw, ze) > B2 Y Jla® = B2 ]|

k=1 k=1
]

Lemma (4.1.3). Let X be a compact manifold, and E and F be two vector bundles over
X. Letl: C®(E) — C™(F) be a first order elliptic differential operator,and let I* be its
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L*-adjoint. Assume that we decompose V.= C®(E) and W = C*®(F) by the spectrum of I*
as above into lower modes V< (W< ) and higher modes V= (and W= ). Then, for a € C*(E)

and B € C*°(F) both in higher modes, we have

Jworae) = [ s

X

Proof. Notice that both [*l and (II* are invertible when restricted to higher modes, and

()= = 1 (1) 2. O

Now let’s get back to the Seiberg-Witten equation. As we decompose V and W into
direct summands, we could further project SW onto these direct summands. Let the
superscript with < (or >) denote that we apply the L%-projection onto W<F and W>¥

then we will have

Sw<.:vFgytf o WP (4)
(CL<, ¢<)7 (a>7 ¢>) = l(a<7 ¢<) + (a¢7 _U(¢)7 aharm)< (5)
and
) L e e (6)
(@, ¢%), (@, ¢7) = Ua”,¢7)+ (ad, —0(), aharm)” - (7)

Now, let’s analyze the relationship between these projection images for a monopole so-
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lution. Suppose we start with a monopole solution (a, ). Then SW (a, ¢) = 0 implies that
both SW< and SW~ sends (a, ¢) to zero. In particular, using this fact that SW~=(a, ¢) = 0,

this implies that

(a”,¢7) = 17" ((—a¢, o(¢), tharm)”)

(Notice that here, [7! is well-defined since we are inverting the higher modes only.)
As a side remark — since the harmonic 1-forms live in the kernel of [, they are automat-

ically zero in the higher modes projection.

4.2 Compactness on lower and higher modes of monopoles

We need to first establish compactness results on the lower-mode and higher-mode parts
of monopoles, using the bounds we obtained from the compactness of their sum.

Note that since we proved the L2-bounds for a when a comes from a monopole with
Coulomb gauge-fixing condition, we can define all Sobolev norms using the Dirac operator

and the signature operator instead. Namely, we define

/2] ‘ L(k=1)/2] ‘
lélls = > 1B DYl .+ >, B BY DS,
j=0 j=0
and
/2] . L(k=1)/2] '
lallz = D 1@ 0 8ll,.+ Y (@Yo,
j=0 j=0
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The Sobolev norms defined via the reference connection and the metric will be equivalent
to this one, due to the Bochner-Weitzenbock formula and elliptic estimates. Hence, to
obtain estimates under those Sobolev norms, we only need to multiply all estimates that

we got by a constant which only depends on the choice of reference connection and metric.

Proposition (4.2.1). For a monopole solution (a, ¢) with Coulomb gauge condition, denote
its lower and higher-mode projection by (a~, »<) and (a”, ¢~) respectively. Then there exists

a constant C' that only depends on the metric, such that we have the following estimates:
116713 < L= a2,
2. 16<[I7> < ll#llz
8. Nl |70 < 1= [ o
4 Nla[72 < llal7:
5. D7 5. < Uit (a3 )+ (1672 )

6. 116> 12, < Clelies
- N9a” e < CFF= 1002 11l 2

Proof. 1. By the equation [7] we have

¢ = —(" D)7 D" (11" (ag)).
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Therefore, by L? orthogonality, we have

[ @)= w0

_ /X (—(D" D)D" (117 (ag)), ¢)
_ /X (~(BD") (11" (a0)), —ag)

By Lemma |(4.1.2)] and Cauchy inequality, we have

/X (—(DD") (I (a0)), —a)
_E2 1T (a6)|2 lladl
3l

||¢||Loo/| 2.

2. This is due to the L? orthogonality between ¢< and ¢~.

3. The proof is almost identical to[I] Notice that the second equation of [7] reads

= (070) 0" (11 (0(¢)))-
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Therefore, by by L? orthogonality, we have

/X(a>,a>):/X(a>,a)

_ /X (079) 710" (11" (0(6))), )
_ /X ((007) (I ((6))), 7(9)).

By Lemma |(4.1.2)] and Cauchy inequality, we have

1
SﬁHU( )72
||¢||Loo/ 9
|B|”.

4. This is due to the L? orthogonality between ¢< and a”.

5. Now we first obtain a constant bound on [, [V 4¢”|?. Note that by the Bochner-
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Weitzenbock formula, we have

[ver< [peps [ Sop
s/X|<a¢>>|2+cé|¢>|2
< [ oo+ gl [ jap
<ol [ 1o+ OOl [ g
<1+ gl [

Similarly, for a~, by the gauge assumption, we have

/X!Va>|2§0/ @ +C [ loto)f

C 0o
"¢"L / 612+ C 9l / 92

< (C+ )9l / 9

This shows that ¢~,a> € L2. Now we enhance this bound by considering HID¢>H 12
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We have

[ 1wek = [ o po)
- [ (~tasy. 1)
— [ ' aoy.o7)

<c(f W Pr([ 1Va-of+ [ Ja-vop):

0 ([ 1)t Glall e + 0l,) [ (a2 + (9

[0l oo (lall oo + 1]l o)
C—t LE L (HGHQLf(X) + Hqﬁﬂif()())-

<C

6. The L2-bounds on a” is similar. By the equation, we have

[ 10 = [ 0a,007)

- [ (ot 007)
- /X (00(8)”,a)
<o / 712} 161 9]

<c ”¢“L°° 165 Nl

]

Remark (4.2.2). It’s worth noting that, we can mimic this process to inductively obtain

similar bounds on any Sobolev norm L?, by integrating-by-part once in order to lower the
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order of derivation by 1, and using the Seiberg-Witten equation and Cauchy inequality.
Similar to the L? case, the Cauchy inequality cuts the contribution of E by a square root.

In general, one can expect the following inequalities to hold:

2 oot )2 2 2
L o717, < U=l (jja) 7, + [16]175)

2 9ll7 2
2. ||la> (17, < Cl2iz o)1, .

Remark (4.2.3). It is also worth noting that, if £ > 1, due to the Seiberg-Witten com-
pactness, all the aforementioned Sobolev bounds are further bounded by a constant that
only depends on the metric and reference connection, and independent from the choice
of E. Furthermore, by combining these constant bounds for higher modes in and
the standard compactness for (a, ¢), we can also obtain constant Sobolev bounds for lower
modes (a<, »<) that also does not depend on E, as long as £ > 1.

In other words, for any nonnegative integer k, there exists a constant Dy independent
from the choice of £ > 1, such that for any monopole solution (a,¢) € V and its lower

mode (a<,¢<) (and higher mode (a”, ¢~)) with respect to E, we have
1(@=, ¢z < D, l(a”, ¢7)l2 < Di.

4.3 Contraction map

Definition (4.3.1). Let U denote the map

R e ) A A
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(a%,9%),(a”,¢7) = 17 ((=(a" +a”) (6% + ¢7), 0 (6= + ¢7),0)7).

We will view this map as a family of maps from V>F to itself, parametrized by an element

in V<EF,

Then, given a lower-mode configuration (a<,¢<), we can see that (a”,¢”) is a fixed
point of ¥((a<, <), —) when it solves the Seiberg-Witten equation together with (a<, ¢=<).
Note that not every lower-mode configuration comes from a monopole, since it also has to

satisfy the lower-mode projection of the SW map.

Theorem (4.3.2). Fiz k > 3 an integer. Then there exists constants Dy, and Cy, such
that for all sufficiently large E > Ey, whenever (a=,¢<) is in the ball of radius Ry under

the L}, s-norm in V=¥ the induced map

U((a<,¢%),—): VF 5 V7F,

is a contraction map when restricted to the ball of radius Cy under the Li-norm in V¥

therefore has a unique fixed point.

Remark (4.3.3). The choice of L}, is to guarantee that, all dervatives of (a<, ¢=) up to

order k will be bounded in L3, hence in L*. This will be useful in the coming estimates.

Proof. To simplify notations, we use ¥(a;, ¢;) to denote ¥((a*<, ¢<), (a;, ¢;)), and omit the
lower-mode parameter. Unless specified otherwise, (a<, ¢<) will be reserved to refer to the
parameter of this map V.

By Remark , any monopole solution will have its lower mode bounded under the
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Li-norm by a constant Ry independent of £ > 1. Due to Sobolev embedding, there exists
a constant A > 1 only depending on the metric, such that for any configuration (a, ¢), we

have

(@, @)l o < All(a; )15

We choose Ry = 2Dj3. From the above argument, for any configuration inside the
L3 3 ball of radius Ry, ARj bounds the L**-norm for all the derivatives up to order k.

Hence, throughout the proof, we will assume that

I@%.69)l3., < Re.

By Lemmal|(4.2.1)| as long as £ > 1, this L7, ;-ball of radius R}, encloses the lower-mode
projection image of all monopole solutions in its interior, regardless of the choice of F.

We first show the following lemma.

Lemma (4.3.4). Fiz k > 3, then there exists a large constant Cy with the following
significance:

There exists By such that:

1. For any E > Ey with its corresponding splitting of configuration spaces into lower
and higher modes, the ball B, (V) encloses the higher-mode projection image of

all monopole solutions in its interior, reqardless of the choice of E.

2. For any E > Ey, with its corresponding splitting of configuration spaces into lower

2
and higher modes, any lower-mode parameter (a<, ¢<) inside B]L%:J’S(V<E) will induce
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a map ¥ that maps the L2-ball of radius Cy, inside V> to itself.

Namely, for any E > Ey and (a~,¢<) € B}L%z*‘"’(V<E), over the ball B, (V7F), we

have

W™, ¢ )Mz < (@™, 67z -

Proof. This is a direct calculation. Similar to the construction of Dy, by Lemma
and Remark |(4.2.3)] we choose Cy = 2Ry. Since k > 3, AC}, also serves as an L> bound.

Note that
W(a”,67) = (D7 (0% + ") (0% + 7)), 07 (0(6% + 67),0)7)

We start with estimating the L?-norm of above. Using the boundedness on inverse operators

and L2-orthogonality, we have

1
1 (a”, )2 <

< = (I + @) (&% + 67} + o(6= + 673

Now we expand the bracket on the right-hand side fully. By Minkowski inequality,

1(a= +a”) (@< + ¢™)|[22 + (0(6= + 7))

<2(|a“¢= |72 + a=¢7[I72 + lla” =72 + a” 0™ Iz + (0 (6) 2 + (06772 + (0(6%, 671 72).

We bound each term depending on whether it’s a linear term on the higher-modes, a

quadratic term, or a constant term that does not depend on higher modes.
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For linear terms, we apply L*-bounds on the lower-modes factor. The bound on lower
modes comes from the assumption that (a<,¢<) is L7 43-bounded, hence each term will
then be bounded by CRZ ||(a”, ¢”)||%..

For constant terms, using L°°-bounds on the both lower-modes factors, we know that
they will be bounded by C'R}.

For quadratic terms on the higher-modes, since we are working with the LZ-ball of
radius C}, by applying this radius bound on either one of the factors, these terms will be
bounded by CC2 ||(a>, ¢>)]|%..

In total, we have

C
190”6713 < 2 (B +CD) (@, 077+ RY) (8)

1

%2, Wwe can choose Fj sufficiently large, such that

Due to the presence of the factor

whenever E > Ey and (a”,¢>) € BE (V>F), we have
> >)[2 L
Mo”6 < 22

This shows that, once we have uniform L bounds, we will obtain a contraction map for
a sufficiently large ball under the L?-norm. While the argument for higher Sobolev norm
bounds will be given below, it is worth noticing that L*> bounds will be automatic by
Sobolev embedding once k£ > 3.

Now we bound the L?-norm. Note that
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11T (@™, ™ )7= = (@™ +a™) (@ +¢7) |72 + (0(6= + 67),0) 2

hence we have

1% (a”, 67172 = [((a= +a”)(¢= + ) [l72 + (0 (6= +¢7),0)7 7= + ¥ (@™, ™)z -

The inequality gives us a bound on the last term. For the first two terms, by
L*-orthogonality, it is bounded from above by ||(a< + a”)(¢< + )22 + |o(6= + )| %2.
Similar to the L?-calculation, by expanding them out completely and using L*-bound

assumptions, we obtain the following estimate:

1@< +a*)(6= + ") 132 + (6= +67), 00 |7 < € (B2 + C) (@, 673 + RY)
(9)

By Lemma |(4.1.2)| we know that

1
(0, 62 < 5 0™, 62 < 25 0™, 7)1

Hence the right-hand side of @) is further bounded by C (R ad |(a” ¢>)||i% + Rﬁ) .

Combining and @D, we get

w612 < oLt 4D

I(a>,6”)I% + RY).

This method works for the L7 norm in general. We notice that we defined our Sobolev
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norms using the linear operator [. Thus, for any positive-order derivatives, the first deriva-
tion cancels out with the inverse operator in the definition of ¥, and all derivations commute

with higher-mode projection. Therefore, we have

19(@”, 67) 2 = (@ + @) 0 + ™) |2+ 06 +67),071%  + [¥(a”,67)]2

For the right hand side, in particular the first two terms, the argument is very similar
to the L? case: we can fully expand all derivatives and use L*-bounds on any term in-
volving the lower-mode. For the quadratic terms on higher-modes, we simply use Sobolev

multiplication. Hence we obtain:
(0 + )6 + )7 I, < CUBL+C @, 7, + RY)

and

I(o(6=+67).07 I3 | < CURE+C) (@™ 073, + B,

where C' is a constant that only depends on the metric and the choice of &.
Further, by Lemma |(4.1.2)| notice that for any higher-mode configuration (a~, ¢~), we

have

1

2 2
@, 67) 3, < = 10”671

since the Sobolev norms are defined by [. Combining it with L? bounds that we
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established, we have

(R; + CF)

> >N (12
(e, o)y < CO—F—

(@ 67)II%: + RY). (10)

Now we determine C}, to prove the lemma. We enlarge Cy, so that %C’,% > CR}. We

can then choose Ej sufficiently large, such that

C(R; +CF)

<
E3

1
1

This way,

1
[0, 0713 < 5C2,

which finishes the proof.

Therefore ¥ maps the ball of radius CY} to itself. n

We now go back to the proof of the theorem. To unpack this statement in more details,
let’s consider two higher-mode configurations (a1, ¢1) and (as, ¢2) inside this bounded ball.

Then

(ar, 1) — Y(az, ¢2) = (IDA(—(aﬂbl — azpo + a<(<;51 — o) + <Z><(a1 —az))) ,

0 (2Reb(6=, 61 — ) + r(61) — 7(62),0)7))

The proof will follow a very similar calculation to Lemma |(4.3.4)l Notice that the only

diffrerence (that we can take advantage of) is, there are no constant terms on higher modes
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anymore. Therefore, following an almost identical argument, we can obtain Sobolev bounds
for W(ay, ¢1) — W(ag, ¢2) in terms of the Sobolev norm of (a1, ¢1) — (az, ¢o) similar to
and , but without the R} terms which came from the constant terms. Hence by taking
Ey large enough, we obtain a contraction map for any £ > Fy and (a<, ¢<) € Bé%”(vdj).

Nontheless, for the sake of completeness, we will lay out the calculation for L? and L?
norm.

For the L?-norm, we have

[¥(ar, é1) — W(a, )1
<5 (larr — aagalls + 10%(61 — 23 + 1001 — aa)
+12Reb(6%, 61 — Ba)3a + o (9) = o(62)I7, )
<z (2laror — 022 + N — a)bla) + (01 — D)2 +116%(an — an)]

+12ReB(O%, 61 — b2)[32 + (61 + 2,61 — )2,

1

S5 (6AR} [|(a1 — az,é1 — 2)|72 + 8ACY || (a1 — az, 1 — ¢2)][72)
8A

< (BR+ C9) (a1 — az,61 = 62)][72

For the L3-norm: to estimate |[[(¥(a1,¢1) — ¥(ag, ¢2))||72, since the only difference
betwee this term and [|¥(aq, ¢1) — W(ag, |5, is the fact that we dropped the inverse
operators in the expressions of ¥, we can repeat the above estimate verbatim only without

the é factor. Hence we have

19(a1, 61) — W(as, do)|[72 < [ W(ar, é1) — U(az, éo)[|72+8A(REHCE) [|(a1 — as, 1 — do)I72 -
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On the other hand, due to Lemma |(4.1.2)]

1
(a1 = az, 61 = Gl < 75 ll(ar — az, 61 = éa)lz3

Hence combining the inequalities above, we have

1
[¥(ar, 61) = W(az, 62}y < 75 CARE +C2) @1 — 0z, 61 — 62)]I3;.

For Li-norm estimates, one can obtain a similar bound by an almost identical argument,
where the bound is given by 2zCA(RE + C})|[(a1 — az, 1 — ¢2)||2Li Hence by taking E
sufficiently large, for any E > Fj, we obtain a contraction map from BéE(V>E ) to itself.
Therefore, by Banach fixed-point theorem, there exists a unique fixed point to the map ¥,

and moreover, this unique fixed point depends analytically on the parameter (a~,$<). 0O

In conclusion, we proved that for energy E high enough, solving the Seiberg-Witten
equation will be the same as solving it on the lower-mode projections — the moduli space
will be projected injectively into the finite dimensional space, and we can construct an
explicit homotopy from the full Seiberg-Witten map to the approximated Seiberg-Witten
map using the projection.

This way, we fiberwise recovered the construction of Bauer-Furuta invariant. This
construction could be carried over to the compact family over Picard torus, and this gives
us a bound on the dimension of the finite dimensional subspace to take, in order to get into

the stable range of the stable homotopy invariant.
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5 General periodic manifolds, exponential dependence

In this section, we set up the analysis for a locally L?-bounded solution over the peri-
odic manifold W,. Unlike closed cases, in this case we cannot deal with these solutions
altogether due to the absence of Fredholm machinery. However, since we proved the com-
pactness on each segment, we can restrict the solution on each segment, and utilize the
Fredholmness of the linearized problem on each piece under spectral boundary conditions

similar to [1].

5.1 Choice of gauge

To set up the arena, we start by fixing a periodic connection Ag on the spinor bundle, with
its associated Dirac operator denoted by 1) : T'(ST) — T'(S™). Over the cylindrical neck,
we assume Ay is also cylindrical, i.e. Ay = By + d/dt for some 3-dimensional connection
By. Here, we choose By such that the associated Dirac operator of By has trivial kernel on
Y.

We first set up the Seiberg-Witten map on a segment W. To make the linearized
Seiberg-Witten map Fredholm, we need to choose an elliptic gauge, and then truncate the
map using the spectral boundary condition similar to |1], i.e. truncating the spectrum of
the linearized operator restricted on the boundary. In the gauge slice, further, we want the
monopoles to be C'*°-bounded. It is clear from Theorem that the only possible issue
with compactness will be the L?-norm of the 1-form. Hence, we need to choose a gauge

slice, such that subject to the gauge slice condition, the residual gauge action is S*, and
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monopole solutions have their L?-norms bounded.
For the choice of gauge, we consider the double Coulomb gauge condition, i.e. all
1-forms A such that

d5A =0,

and

d§A|aW - O,

where d} and dj represent 4-dimensional and 3-dimensional formal adjoint of the exterior
derivative d respectively. We denote all such 1-forms on W by QL. (W). This way, the
pullback to the boundary will map such configurations into the 3-dimensional Coulomb
slice.

To be more specific in our setting, on the boundary W = =Y [[Y, we can take the
Coulomb slice V' = ikerd} @ I'(ST|y) for both copies of Y. The residual gauge action
on the 3-dimensional Coulomb slice V' will therefore be S*, given by constant actions on
spinors and trivial actions on 1-forms.

However, the residual gauge action over Q. (W) is worth looking at more carefully.
Since H'(W;R) = 0 by topological assumptions, every gauge transformation as a closed
1-form can be written as an exact 1-form. namely, we may assume that the full gauge
group G has the form

G={c!: fe =W

Subject to the Double Coulomb gauge condition, the infinitesimal residual gauge action
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is precisely given by the solution to the following Laplace equation:

AT/Vf = Oa

with boundary condition

Aow flow = 0.

Knowing that the only harmonic function on the boundary is constant, the boundary
condition is equivalent to that f is constant on both boundary components.

For such function f, a = df solves the Hodge-Laplace equation

da=0,da=0

together with the boundary condition

alow = d(flow) = 0.

And for such a 1-form, it will be smooth by elliptic regularity and exact by de Rham
isomorphism, hence it gives back a function smooth f up to a constant.

Hence, the space of nonconstant harmonic functions taking constant value on the bound-
ary components is isomorphic to the space of harmonic 1-forms subject to Dirichlet bound-
ary condition. By Hodge decomposition on manifolds with boundary (for reference, see

[13]), this space is isomorphic to the relative cohomology of W rel 9W | hence 1-dimensional
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in our case.

Hence, in order to fully bound the L?-norm of the 1-form in this Coulomb slice, we
need to take a complement of the one-dimensional space spanned by the harmonic 1-form
satisfying Dirichlet boundary conditions. One possible condimension-one condition we can
impose in addition to the Double Coulomb condition, for example, is the L?-orthogonal

complement. We denote this codimension-one subspace of Q¢ (W) by Q¢ o(W)

Lemma (5.1.1). Let W be a Riemannian four-manifold described above, and let Q. o(W)
denote the codimension-one subspace of coexact 1-forms satisfying the Double Coulomb
gauge condition, as described above. Then there exists a constant K such that for any
a € L} (Qpeo(W)), we have

2 2
lallz> < K {|dal[z2 .

Proof. Assume there is a sequence of L?-normalized coexact 1-form a,,. and

/ da,|* — 0.
w

By passing to a subsequence, we may assume that a, converges weakly in L?-norm to
a, such that da = d*a = 0. Since the L? Jp-horm of the boundary restriction is bounded by
Sobolev inequality, d,,a = 0 in H~/2(0W) which compactly embeds into H~*(0W), hence
is harmonic and zero. Therefore, a solves the Hodge-Laplacian equation with Dirichlet
boundary condition, hence a is smooth. The L? weak convergence now imply L2-strong
convergence, hence it can only converge to zero due to the fact that we are working with
the complement space of such solutions. Hence we obtain a contradiction. O]
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This way, we have chosen a linear gauge slice, such that the residual gauge action is S*,
and all Sobolev norms of any symptotically periodic monopole are uniformly bounded on
each segment.

Since near the boundary Y the metric is cylindrical, we can consider the linearized
SW map on the boundary 3-manifold at (By,0) on Y as well. We can explicitly write the

linearized Seiberg-Witten operator on the Coulomb slice in this case:

l(a,d) = (xdya, Dp, ).

By the assumption and the fact that H'(Y;R) = 0, this operator is a self-adjoint elliptic
operator of zero index with trivial kernel, hence it is an isomorphism under any suitable
Sobolev completion. And since this operator is self-adjoint and elliptic with trivial kernel, it
has nonzero discrete spectrum. We may consider VV~, defined as the subspace of V' spanned
by eigenvectors of | with negative eigenvalues. We then denote the L?-projection from V
to V= by m~. Similarly, we may consider the subspace of V' spanned by eigenvectors of [
with positive eigenvalues, and denote this subspace and the L2-orthogonal projection onto
it by V* and n respectively.

We now have all the notations to set up the truncated 4-dimensional Seiberg-Witten

map, and the linearized map with spectral boundary conditions. We consider

SW : iQbeo(W) & T(ST) = i Q" (W) e T(ST) e V- @ V'

(A7 @) = (d+A + FAO - U((I))a lDCI) + A(I)7 T (Aa (1))|3+W7 7T+(Aa (I))|3*W)
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This way, the linearlized map will be Fredholm under suitable Sobolev completion:

Proposition (5.1.2). The linearization of SW at 0 on the double Coulomb gauge slice,

given by

<d+7 lD7 7T—prkerd*¢3+W7 7T+prkerd*ig*W) :
Ly (1Q0c(W) @ T(ST)) = LEEQH (W) @ T(S7)) © L (V- @ VY

is a Fredholm operator. Equivalently, there exists a constant C, such that for all ¥ =

(A, @), if we denote (170, mi%_ (V) by 7714, mF_, we have

k+1/2(

10, <€ (It Al + 1D + 10+ vl + 70l )

Indeed, we can get a stronger inequality. Denote the complementary spectral boundary

(1 s T 8y () by (s, w0), we have

||‘I’Hi§+1(W) + ||7T+¢+”Li v) T 7w | 2 ()

+1/2 k+1/2

k+1/2

=C (Hd+AHi§ T H]ﬁ@“iz - qu”i2 + HWWMHL%H/Q(Y) T Hﬂﬂb*HL? (Y)> - (1)

In particular, when acting on configurations with spectral boundary condition, i.e. the
space U consisting of ¥ = (A, ®) € Qpe (W) @ T(ST) such that (%, w5, ) (V) =0,
the map

L=d"D):U—iQ"(W)®T(S7)

1s Fredholm.
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Proof. We prove the statement for the full Double Coulomb gauge slice. The slice we chose
is a codimension-one subspace, hence won'’t affect the Fredholmness.

The proof basically follows from the Bochner-Weitzenbdck formula and integration by
parts.

Note that by assumption, the metric near OW is cylindrical, hence by taking the inner

product with ¢ and a on the Bochner-Weitzenbock formulas

Pibaé = ViVas + S0+ 2 g

(d*d+ dd*)a = V*Va + Ric(a, —)

and intergration by parts, for any (a,¢) € Qpeo(W) ® I'(S*), we have

[ ok = [ 19a0P+5 [ @ Foreg [ stol+ | @l Batolow)= [ @low. Pa(6lo-w)

and

1
/|d+a\2:—(/ |da|2—/ da A da)
w 2 w w
1

= 5(/‘}[/(|Va|2 + Ric(a,a)) — (/Y(a Ada)|grw — / (a Nda)ls-w))

Y

= %(/W(]Va]Q + Ric(a,a)) + /aﬂ/v(a’ *da) — /BW(C% *da))

where we used the double Coulomb gauge condition when integrating fW |da|? by parts.
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Indeed, near the boundary, we write a = f (¢, z)dt + oy (x), where t is the cylindrical factor,

with the orientation such that 0, is the outward pointing normal vector. Observe that

[ @aa)= [ jif~ [ (ao.0p—duf)

d*a = 0, we obtain

and

| Ve~ [ 1vep— [ (o)~ [ ()i s,

Double Coulomb condition implies that ag € ker d* and f’(0) = 0, hence

/W\da\Q:/W(\Va\Q—l—Ric(a,a)).

d
We write L = (D 4,d"), and | = (D, %) Combining the previous identities, schemat-

ically, we have

Jowee = [ wups [ mvws [ e [ @) (2)

where R represents a uniformly geometrically bounded zeroth order operator that con-
tains all curvature terms involved.
Now, we split the spectrum of [ according to the sign, and rewrite the boundary terms.

Let the superscript ¥* = 7%. Hence,
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/8+W<w+,zw+> - Aw(w, )
:/WW(M’WIH(_ /aw(w"m’»+/a+ww+’w+)+(_/aW(W’W”-

Note that for the right hand side, the first two terms are nonnegative, and the last two
terms are non-positive. For spectral boundary conditions where the last two term vanishes,
this sum will be nonnegative.

Therefore, we have

[ [ e [ wepe [ wrwn s [ @),

Hence we established the L? norm estimate needed.
We can then further establish similar bounds for L? using elliptic estimates. This
finishes the proof.

]

Remark (5.1.3). It is worth noting that, the Fredholmness of on the Double Coulomb
slice can also be deduced by invoking Proposition 17.2.6 in [4]. This approach is elegantly
written in Chapter 7 of Khandhawit’s thesis [3]. Indeed, since the full linearized Seiberg-
Witten map with spectral boundary conditions is Fredholm, we can modify the spectral
projection into another projection where their difference is compact, such that on the

boundary, this new projection restricted to Q°(Y) & I'm(ds) is exactly the projection that
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annihilates Q°(Y). This way, by taking the preimage of (0,0) € Q°(X)®Q°(Y), we retrieve
the desired Fredholm map, where the spectral projection on the boundary represents the
spectral projection on ker d*, direct sum the projection that annihilates Q°(Y), i.e. the

dt-factor.

Hence, working with the gauge slice Qlcqo(W) gives us an S'-equivariant Fredholm
linearized map on each segment. Now suppose we start with a smooth configuration ¥ =
(A, @) over W, we can then restrict it onto each segment W,, (and denote this restriction
by ¥,, = (A, ®,)), and choose the described gauge on each segment.

As a sidenote, the boundary Y between adjacent segments is worth looking at more
carefully. Under the Double Coulomb slice over W,,, the restrictions of (A,,®,) onto
both boundary components fall into 3-dimensional Coulomb slice. Namely, by writing
A = fdt + oy, we have

oo € ker d*.

The restriction of spinors to both boundary components fall into the 3-dimensional
Coulomb slice as well. Hence, by looking at Y = 9tW,, = 9" W, 1, we know that the
restriction of ¥,, and ¥, onto Y differ by a constant map u : Y — S', and the pullback
of A, and A, ;1 to Y coincides.

However, at this point, we do not have controls over f. Since the gauge class is chosen
separately on each segment, across the neck, we may have discontinuities in the dt direction.
However, this extra discontinuity turned out to not be an issue at the end, since we can

find a suitable gauge transformation in L? that annihilates that dt factor while preserving
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the rest of the boundary configuration.

5.2 Compactness for modes on manifolds with boundaries

Given this Fredholm map, we can now mimic the construction on compact manifolds, and
decompose the configuration spaces into lower and higher modes, such that the linearlized
operator is an isomorphism on higher modes, with bounded norm on its inverse. This
section is dedicated to the analysis to set it up.

Let U denote the subspace of iQtqo(W) @ I'(S*). Let U° that consists of config-
urations satisfying the spectral boundary conditions. Similarly, let T denote the space
QT (W) @& T(S7), and let T° denote the subspace of T' with configurations that satisfy
the complementary spectral boundary conditions. Here, the term “complementary spectral
boundary condition” is worth explaining in more details. Near the boundary, we identify
QT (W) with QYY) via w — *3i,yw, and T'(ST) with T'(S™) via Clifford multiplication
under d/dt. This way, the space T° exactly consists of all self-dual 2-forms w such that
the restriction on the positive/negative boundary only has negative/positive spectrum with

respect to [ respectively.

Proposition (5.2.1). The linearized Seiberg-Witten map L : L2(U°) — L*(T) is Fredholm.

Similarly, the formal adjoint map L* : L?(T°) — L*(U) is also Fredholm.

Proof. By the Bochner-Weitzenbdck formula and Rellich lemma, L has closed range
and ker L C U° has finite dimensions. Similarly by using integration by parts as well, L*
has closed range and ker L* C T° is finite dimensional as well. It only suffices to show that
if w € L*(T) is perpenticular to the image of U® under L , then u € T°. In particular, we
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only need to show above statement for the forms.

We only prove the statement with respect to one boundary component. The other
boundary will be a verbatim repetition, with the opposite spectrum and an opposite sign
with the d/dt term. Consider Y = 0~ W.

First, using integration by part, since L*u = 0, u is smooth in the interior of W. Near
the boundary, we identify u with time-dependent 1-forms on Y, and write u = «; + [,
where oy € kerd*, and 3, € Im(d). Write the four-dimensional operator L* restricted on

forms (which is *4d4) explicitly under this identification, we have
d
0= sydsu = d—? — xdzoy — &, (13)

This shows that d55, = 0, hence 8, = 0 for all ¢. Therefore, we can write a; further as

a t-dependent sum of eigenvectors of xd over ker d*:

Qp = Z ux (t)nA

where {n,} is an orthonormal basis on ker d*, and A represents the eigenvalue. By , in
the interior, ,uy — Muy = 0. Hence uy (t) = e*t=0)u, (to) for some fixed to > 0. Ast — 0,

the sum

Z ux ()

A>T
will have a smooth limit, by choosing any 7T positive.

Now, for any A < 0, we consider a bump function y, such that x(¢) = 1 near ¢t = 0,
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and x(t) is supported where ¢t < ty,. Consider the test function ¢,(f) = x(¢)n.. This
test function satisfies the spectral boundary conditions for L, hence it is in the space U°.

Therefore, dj ¢y is perpendicular to u in L?. Using integration by parts, this shows that
u(to)e M =0

which implies uy(ty) = 0 for all negative A\. Hence u is smooth across the boundary 0~ W.

The other boundary component is similar. Thus u € T°. [

Now we view L as an unbounded operator with respect to L?-norm. We now need to
define a mode split on both UY and T, such that L induces an isomorphism on higher-modes,
and || Lu|| ;. > E ||ul|;- on this higher-mode subspace.

We may consider the quadratic form

Q(\Dl,\lfg):/ (LW, LY,)

w

defined on U°. Similarly, we may consider the dual quadratic form on T°, given by

Q" (W, W) = / (L0, L),

w

We now look for eigenvectors of @), by minimizing Q(¥, ¥) on the L2-unit sphere S C U°.
Namely, let

A1 &/IéfSQ(\IJ’ v) > 0.
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Hence we have a sequence {V,,} C S such that

Q(\I/n, \Ifn) — /\1.

By the Weitzenbock formula , this sequence {¥,,} C S is also bounded in L?. Hence by
passing to a subsequence, it has a weak limit in L? which is a strong limit in L?. Therefore,
when working with the Li-closure, @) attains its infimum ;.

We now consider Uy, C L3(U°) consisting of all vectors, such that

Q(U, W) = A |02,

The Bochner-Weitzenbock formula guarantees that this space is finite dimensional
(since every sequence in the L2?-unit ball of Uy, has a converging subsequence in L?.)
Moreover, since a function in this space solves the equation L*Lf = \;f in the interior,

every function in this space is smooth in the interior.

Proposition (5.2.2). In fact, Uy, only consists of smooth functions, and L(Uy,) C T°, i.e.
their image under L consists of smooth functions that satisfy the complementary spectral

boundary condition.

Proof. Similar to the kernel case, we only consider the forms part. We write an arbitrary
I-form in Uy, as a, and let w denote La € L*(T). We will show that, both a and w is
smooth across the boundary, and w obeys the complementary spectral boundary condition.

Therefore, by an integration by part argument, we can actually show that, w is an eigenvalue
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of Q*.
Write @ = oy + dfy + ydt, where oy € kerd*, df; € Im(d) and v is a function that
represents the dt component of a. With out loss of generality, we assume f; integrates to

zero on each 3-dimensional slice. By the definition of double Coulomb slice, we have

fo=0, Al+ddf=0.

We now consider w. By identifying w with a 1-form near the boundary, we can write w
as

o + xdoy + d(f] + 7)

Continue to differentiate the above via x4ds, we get L*La and on the interior it should
be A1 f. To lay out the calculation, the coclosed, exact, and constant component of *4d,w
equals to

af = (xd)(xd)ar,  d(f +v),  dd(f; + ).

Notice that the 4-dimensional coclosed condition

7; +d"df, =0

can be used to rewrite the exact part into d(f; — d*df;). Hence in the interior, by equaling

above components to those of A\ja, we deduced

- t” + d*dft = )\lfh — CK;/ + (*d)(*d)@t = >\105t-
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Since fy = 0 and f is smooth in the interior, the first equation implies that f; is smooth
across the boundary. Indeed, by introducing the odd extension F; on (—¢,¢) x Y where
Fy = sgn(t) fiy, Fy solves the eigenvalue equation of —9;7 + d*d on this cylinder, hence it is
smooth. Therefore ~ is also smooth due to the fact that v = —d*df.

It is left to analyze a;. Split a; into the positive and negative spectrum

ozt:aj—i-oc;,

and by mode projection, we have

—(ozti)" + (>x<d)(>|<d)ozfE = )xlozti.

Hence both of them are smooth in the interior.
Since a satisfies the spectral boundary condition, near W, af = 0. Thus, similar to
the argument for the smoothness of f, ;" is smooth across the boundary.

On the other hand, we write o, as a time-dependent sum of eigenvectors of *d:

Q; = Z 2 ()

A<0

For each component, we have a second-order ODE

(=02 + X)) (1) = A 2a(2),
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hence the component z,(¢) is smooth on ¢ > 0, rather than ¢ > 0.

On the other hand, for w, the corresponding component has the form

((%zA(t) + )\Z)\(t)) M-

As before, take the test function g(¢) = x(¢)nx. This test function satisfies the spectral

boundary condition for L, hence it is in the space U°. L(qy) therefore satisfies

/VV(LqMLa):Al/(qA,a).

On the other hand, Lgy = (A + 0;x) - n», therefore the above identity becomes

/W (A 000) - (Buza () + Aaat)) = A / O}

w

Integrate by part against terms with d;y, and use (—07? + A?)z)(t) = A;2)(¢), we have
022 (0) + Azx(0) = 0.

Hence, wy(t) := 0rza(t) +A2x(t) is zero when t = 0, i.e. w vanishes on the negative spectrum
as t = 0. Denote the negative spectral projection of w by w™, then since w™ obeys the
second order elliptic equation (—9? + (xd)(*xd) — \;) = 0 with zero boundary, it is smooth
at t = 0 as well. This proves that w € TV.

Hence, a = /\%L*w is also smooth.
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O

This process then becomes iterative. At each step, we can minimize the quadratic form,
use elliptic estimate to prove the eigenspace is finite-dimensional and smooth, and take the

orthogonal complement. This way, we decomposed U into a direct sum
UOIU)\l@U)\z@"'

where \; < Ay < --- is a discrete sequence of real numbers.

Now we take a positive real number E. We define

vs=J U,

Ni<E?

and

U= J U

)\i>E2

By definition, U< and U~ are orthogonal, and we have

Q(¥, ) > E? |2,

1.e.

1
117 < 2 129

whenever ¥ € U~.

On the range side, we take the finite dimensional subspace K to be the orthogonal
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complement of im L, i.e. the cokernel of L. We then let T'< be the direct sum of K and the
image of U<, and let T be the L2-orthogonal complement of 7'< in 7. L then maps U~
isomorphically to 77, and the norm of the inverse operator L™ on T~ is bounded by 1/E.

Similar to the notation in compact cases, we denote the projection of ¥ onto higher (or

lower) modes by a superscript, i.e. ¥~ (or U<).

Remark (5.2.3). It is worth noting that, once we have spectral boundary condition (or
complementary spectral boundary condition for L*), using the Bochner-Weitzenbock for-

mula, we have
112wy < CUN 2wy + ILEN7201) < C N2 -
Namely, if we define the norm
21z = 22wy + L 2y

then this norm is equivalent to the L?-norm on U. Note that for this norm, we have a

natural inequality on U~ by its definition,

1
el 2 < = Ml (14)
E

and

=], < 1]l - (15)
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The following two estimates will be very useful:

Proposition (5.2.4). The L*-projection onto the higher mode is a bounded operator on
U with respect to L?-norm, i.e. there exists a constant C' that only depends on the metric,

such that for any E and ¥ € U, we have
2 2
||\I/>||L§(W) <C ||\Ij||Lf(W)

and

2
= N 2wy <

= Q

2
197 22 0,
Proof. Since ||-||, is equivalent to the L#-norm, This follows from and (15). O

Remark (5.2.5). It is also worth noting that, we will have similar L} estimates for the
space T N T>, which is the subspace of T™ satisfying complementary spectral boundary

condition, by repeating the above proposition verbatim and interchaging every occurence

of L with L*, and @) with Q*.

5.3 Fredholmness and contraction

In this section, we analyze the non-linear equation on a single segment.
Suppose we take a locally L?*-bounded solution ¥ = (A, ®), and denote the restriction

to the segment W,, by ¥,,. Over each V,,, we decompose V,, into three parts:

U, =V + 05 + 02

66



such that ¥ and W are in U~ and U< respectively satisfying the spectral boundary
conditions, and U2 will be explained below.

To further unpack this splitting, we need to first establish some tools to construct W2,

Consider a cutoff function x~ : [0,d] — R, such that x () = 1 near t = 0, and
X~ (t) = 0 near t = d. Let x*(t) = x*(—t) defined on [—d, 0] be the symmetric version of
x~. By identifying a neighborhood of 9*W with a cylinder, we can naturally define xy* as
cutoff functions on W, such that they are constantly 1 near 0W, and vanish outside a
cylindrical neighborhood. We assume that |Vx*|co < C, for some fixed constant C,, that

only depends on the metric.

Definition (5.3.1). Given a smooth 3-dimensional L%-configuration 1) = (a, @) over YV’
such that 7%y = 0, we can write ¢» = Y, ; fit'a. We can then define a 4-dimensional

extension Wy, of ¥ into the half cylinder R<y x Y via

\de,(t, ZE) = Z f)\e_AthS)\.
A

Similarly, if 777 = 0, we can define a 4-dimensional extension W, of v into the half cylinder
RZO XY via

\I]w(t7 x) = Z f)\eiAtgb)\-
A
For W, by identifying a neighborhood of 0TW with (—d,0] x Y, we have

Lemma (5.3.2). If ¢ is on the positive boundary of W, and ¢ € V~, then ¥, defined

above is an Li+1/2 configuration on W whenever v is in L3 for any k > 0. Namely, there
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exists some constant Ceyy only depending on the metric, such that

1%y 72

k+1/

(—d,0]xY) < Oext ||1/J||i% (Y)

Proof. Write ¢ = Y, fa¢x. Since the Sobolev norm over Y is defined via [, ¢ € L} is

equivalent to the convergence of

> ONFRL

A<0

Consider

r) = Z fre Moy

A<0
By explicit computation via L = % + [, we know that LW, = 0. Hence in this case, the

Sobolev norm over W (at least near the boundary) is equivalent to

19ul2+ > || 2

L2

> [

Hence ¥, € L? +1/2 is implied by the convergence of

/ Z f2 72)\t>\2/€+1dt

d \<0

On the other hand,

/ Zf2 72)\t)\2k+1dt < / ZfZ 72)\t)\2k+1dt <= Zf)\)\det < 00

d 3«0 0 A< /\<0

Hence W, is in Li+1/2' O
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Remark (5.3.3). It is worth noting that we also have the inequality in the other direction

coming from Sobolev embedding:

191172 (V) < Comp 124132

kH/Q((—d,O} xY) "

We now explain the construction of ¥?. Note that both U< and U™ satisfies the spectral
boundary condition since both are contained in U, the only inhomogeneous boundary values

are expected to be contained in W2.

Definition (5.3.4). Given a pair of configurations (¢*,¢7), where ¢* € V7T is defined
over 0-W and ¢ € V~ is defined over 0YW, we define the smooth extension of this pair

to be a configuration over W, given by

o ot -
Vit pry =X Wyr X7 Uy (16)

By the above definition and Lemmal|(5.3.2)| we have the following estimate immediately:

Proposition (5.3.5). There ezist a constant C' that only depends on the metric, such that

Hl/}tHLi(Y) + ||¢4_—HLi(Y) =C H\Ij(awfﬂ/’;) Ly 1 /2(W)

and

0
H\Ij(wt,zm

12, ,(W) = C(”thLg(y) + H%:”Li(y)).
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Moreover, we also have

o
HL‘I’wt,w;)

Li1/2W) : COWJ:HL%W) + Hw;HL%(Y))

as well.

Proof. For the first two estimates, they are a reiteration of Lemma |(5.3.2)and Remark
(5.3.3), only with a uniformly bounded cutoff function.

For the third estimate, it only suffices to notice that

1o} _ + _
LUyt yoy = X - Wy +dx™ - Uy
Then the rest will follow from the first estimate. O]

To match the boundary conditions, we need to define U9 as the smooth extension of
the pair

(¢:7n+1a ¢Ivn—1) (17>

where dzinﬂ is the restriction of U, + W=, on 0 W,,1;. This way, ¥ will be a continuous
function across the boundary, and solves the Seiberg-Witten equation on each segment.
Now let’s go back to the equation. We can schematically write the Seiberg-Witten

equation as

LU = U4#T

where L = (Ip Ay, d"), and the symbol # represents the quadratic term in the equation.
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Namely, if we have W) = (A1, ®1) and ¥y = (A, P2), then
1
\1’1#\1/2 = (—§(A1(I)2 + Agcbl), O'((Dl, (I)Q))

This way, the above schematic representation becomes concrete.
Similar to the closed case, we will work with a fixed Sobolev norm, and obtain a con-
traction map. Recall that in the closed case, the core estimate we enacted in L? is the

following:

Proposition (5.3.6). In the case of a closed manifold, there exists a constant C' inde-
pendent of E such that, for any E > 0 and its correcponding mode-splittings, given any
configuration ¥, we have

C
> v >
1Ly = 2 1271z

and

1971, > €]l
[l

The rationale is that, on a closed manifold, the Sobolev norm defined via the first-order
elliptic operator L and its adjoint L* is equivalent to the standard Sobolev norm due to
the elliptic estimate, and the above statement is obvious under the Sobolev norm defined
via L.

However, this is no longer the case for manifolds with boundary, due to the presence of

boundary terms in the elliptic estimate. If we define the L%-splittings by minimizing the
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functional

Q) = [ |

over the domain under an elliptic boundary condition, then in order to obtain similar
estimates, we will need to estimate the commutator of V and 7~ in details.

There is a way to bypass this general Li-estimate issue, by working with L?-norm
exclusively. Notice that if we indeed end up with a solution in L?, we get the smoothness
from elliptic estimate.

However, the estimate in L? poses another issue. For the quadratic term in the form
U<#U~ or W”#WU~ in the equation, in order to bound these terms by both of their factors

with a factor depending on E, we will need the Sobolev embedding
L3 — L*
to be compact, and then use Sobolev multiplication
L' x L' — L2

However, the desired compactness fails. Therefore, We need to modify the Seiberg-Witten
equation, such that the equation remains unchanged whenever we're inside the Seiberg-
Witten bounds, and that the quadratic terms are reduced to a bounded term when we are
outside that ball. By introducing a cutoff function, we can write a new equation that is

bounded more elegantly.
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To make it concrete, fix a large real number M specified in a moment, we consider a

smooth function b: R — R, such that

whenever |z| < M, and

b(x) = plx]

whenever |z| > 2M, where 1 is a fixed constant that depends only on the metric, such that
< % where sg represents the maximum of the absolute value of the scalar curvature.
The value of M will be chosen such that for any locally L?-bounded monopole solution
W, ||¥][g, < M/100. The existence of M is guaranteed via the compactness, i.e. Theorem
(3.2.2)]
We are now ready to write down the cutoff equation. The cutoff equation will be given

by

1

LV =——
1+ b(|V))

UHU, (18)

And for the sake of typography, the input of b is sometimes omitted, and we assume
that b always refers to b(|V|) whenever it happened.

For this new equation, we are now ready to establish the contraction map as before. By
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projecting the cutoff equation to the higher modes, we have

1
14+ b(]¥))

> —1(

(U#T) — LTY)>.

Therefore, we can mimic the compact construction and write a map F : U~ — U~ param-

eterized by a pair of configurations (U<, (¢F,47)), defined via

Definition (5.3.7).

1
>y 71 a0 >
F\I,<7(¢f7w;)(\11 )=1L (1 TH(T]) (U#D) L‘I'wt,w;)) : (19)
where ¥ is a shorthand for U~ + U< + \IJ? o o) When the parameters are clear in the
— +

context, the subscript will be omitted.

We now prove that, when the parameters are within a ball the contains all monopoles,

F maps a bounded ball into itself. We first prove a lemma.

Lemma (5.3.8). Let Uy € T be any configuration such that ||\I/0HL% < K for some constant
K > 1, and let W = L™Y(V7). Then there exists a constant C' that only depend on the
metric, such that for any E > Ey large enough, we have

[0 ],2 < CE2R2,
Proof. Fix r € (0,1), we take a cutoff function xo : R — R, such that

Xo(z) = 1,Vz > 2r;
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Xo(z) = 0,Vz < r;

and

Vxo|l < C/r

for some constant C'.
Fix r small enough, such that within distance 3r to the boundary OW, the metric is

cylindrical. This way, we can define a cutoff function xy : W — R via

x(7) = xo(dist(z, OW))

if dist(z, 0W) < 3r, and x(z) = 1 identically elsewhere.
For the sake of notations, for any 0 < < ry < 3r, we let N[rq, ] denote the union of

two cylindrical subset of W, defined via

Nlri,rol = {x € W <dist(z, 0W) < ro}.

Then we can write Wy = xWo + (1 — x) Wy, and

U~ = do+ ¢1

where ¢g = L™ (xWo)~ and ¢y = L™((1 — x)¥p)~
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For ¢, we have

L@l < 1T =)ol 1y

< ol oy 10 =207

N[0,27]) L2(N[0,27])

< O ||| i

< O | Woll oty < O K,

where C' is a constant that only depend on the metric.
Hence, by the Bochner-Weitzenbdck formula, since ¢, satisfies the spectral boundary

condition, we have

IVl e < CUILA[ 2 + (|01l )

1
< O(Cr 2 1 Woll s, + 5 101 = ) Poll 2y

C

< O(Cr 2 1 Woll s, + O 1Woll i)

1
< CPR (o + 1) Wy, < OrPER2

for some constant C' that only depends on the metric.

For ¢q, notice that since L¢, is the higher-mode projection of a compactly-supported
configuration, L¢, satisfies the complementary spectral boundary conditions. Hence we
have

1L ol > < E7H L™ Lol -
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Also, notice that xW, is compactly supported, L* commutes with IT~. Thus,

12" Looll 2 = L (x%0)*) |
= (L (x0))” |
< 1L (x®o)ll 2
< IVl - [olll 2 + IxIV®olll )
< O 1ol g2 ey + I1Woll 12)
< OO [ Woll ity + 11 Woll z2)

S C(T_l/QKl/Q + K)

By taking r~! > K, the above is bounded by 2C7r~%2K'/2. Combining the two estimates
together, we have

| Lol - < CE~ Y™ 2K,

Hence, by the Bochner-Weitzenbock formula, we have

IVooll 2 < CILoll L2 + [l 2)
1
< C(CE_lr_l/ZKl/Q + I ||\IIO||L2(W))

C
< C(CE™'r 2K 4 — [ Wall i)

< C(CE Y2 12KY2 4 %K”Q)

< CE'r PRV,
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for some constant C' that only depends on the metric.

Now, we take Ey = K, and for any E > FE,, we take r = E~'. This way, we have

IVéill,s < CE-2KY2,

and

IV éoll s < CE-2K2.

Namely, we proved that and

197l < CETVPKY2 4 B7H [ W0 2
< CE Y212 + CE! ”\IIOH},/‘IQ
< CEYV?KY? { CE7'K

< CE71/2K1/2.

In particular, if we have

Lemma (5.3.9). Let U< € U be an L3-bounded lower-mode configuration. Let W9 be the

smooth extension of some Lf/z—uniformly bounded boundary configuration 1. Let F' be the
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map defined by (@ parameterized by U< and WO, Let

1
14+ b(|W< 4 w9))

U~ = F(0) =L (U= + D)= +97)) — LT7)”

then there exists a constant C' that only depend on the metric, such that for any E > Ej

large enough, we have

_ 1/2
1915 < CET2(19] oty + 19l 20

Proof. We adapt the proof of Lemma in this case. For the sake of notation, let
U= U< 4 0o,

We first split off the boundary extension term L~*(LW?)>. Note that L¥? is compactly
supported, hence it already satisfies the complementary boundary condition. On that
space, L* enlarges the norm of a higher-mode configuration by a factor of £ as well, since

L* commutes with the modes projection. Hence, we have
(7 292)7 || 2 = B{|[(L97)7]] 2
Notice that by the since L* is a first order operator,

192 2 S8 |20 ,2) = S+ B 0070
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That is,

C
w7 < [@92)7| -
Hence, we know that
_ C C
127 (Ee))| e < CIEE))| 2 < 5 12U < 5 (12975

We now understand the bounds on the higher-mode projection of —— (\I/#\IJ) Similar

1+b T+6(10])

to the proof of Lemma|(5.3.8) we consider the cutoff function x defined the same way, and

adapt the definition of ¢ and ¢;. Namely, let

1

do =L (x

and ¢1 = L™ ((1 — X) 15 |\I,D(\If#\lf)) Then U> = ¢ + ¢ — L~H(LT?)>.

For ¢, we have the following:

Izonle < |10 (w4v)

1
1+ b(]W))

<O =) p2(vpo.20)

L2

1 2
< M2 W1 v o2

< o2y,

By Proposition |(5.2.4), we can bound the L?-norm of ¢, by Cr!'/2 ||\IJ||2/22W) as well.
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Similarly, for ¢q, since L¢ is compactly supported, we have

1ol < CEH L Lepoll o -

Therefore, notice that L* commutes with 7~ when the complentary spectral boundary

condition is satisfied, we have

1

12 Ll < (2 gy (P00 |
< H<L*<XH+(|\IJI)(\P#\I}>> L
1
SCHV(XW(‘I’#‘I’)) .

< COT ] 2 vpan + IV 2y
<C(r'? I a2y T IV 200))

< Cr ' 11 22 )

Hence,

9ol 2 < C Lol 2 < CET' ™ 2|10 oy -
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Therefore, by taking r = 1/E, we have

||\I]>||L§ < ||¢0||L§ + ||¢1||L§ + HL_l((L\Ija)>)HL§
_ 1/2 — ¢
< € (B, + W) + B [299]) )

_ 1/2 -
< C (B2 oy + 190 s300) + B 10022 )

_ 1/2
< CE2(1W] iy + 19 )

when F is large enough. O]

Now we reiterate how the contraction map is defined in Definition |(5.3.7) Given lower-
mode and boundary configurations U< and 13, we can define a map from L?(U°) to itself,

given by

F(@>y:L%Tiihaﬁxm#m)—L@aiwﬂy> (20)

where \I/?w 5oy 18 the smooth extension of the pair (¢, 1) as in Definition |(5.3.4), and ¥
-V

is a shorthand for the sum U~ + U< + \II‘? o) A fixed point of the map F' corresponds
- ¥y

0

to a higher-mode configuration such that, together with U< + ‘If( o e
— 4

. they solve the

higher-mode projection of the cutoff equation

1
1+ b(]W))

> =LY (U#T) — LUY)>.
In the next two propositions, we prove that, for sufficiently large E, the map F' maps a
ball of certain radius inside L?(U°) that contains all locally L?-bounded solutions to itself,

and F is a contraction map — hence it has a unique fixed point inside this ball.
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Proposition (5.3.10). Given lower-mode and boundary configurations V< and ¢$, sup-

pose that H\II<HL% < R< and ||¢$HL2 ) < R? are uniformly bounded, then for any R~ > 1,
1/2

there exists an Fy such that for any E > Ey, the map F defined in Definition |(5.3.7) in-
duced by aforementioned parameters V< and wi maps the ball of L?-radius R~ of U° to

itself.

Proof. We start with any higher-mode configuration inside this ball: |[¥~|| 2 < R~, and

estimate the L?-norm of F'(¥~>). Let ¥ denote W<+ ¥~ —I—\I/‘Z/}Jr ooy and let b denote b(|¥|).
- Yy

Note that
1

PO =17,

(T#T) - L\I’?wi,w;>)>'

We estimate the terms inside L™!, and use Lemma By triangle inequality and

Proposition |(5.3.5),

1 3]
1+b(qj#\p)_up(wiw;) Lo
< |- (wpw +HL\118
—l14+0b 12 WD) L2
<|lg w0 | U+ 931l o)
=11 12 - Lf/Q(Y) + L§/2(y).
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For the first term,

—— (U#V))

i

ot

<153

L2

I

L2

NS

+ H VY| - [P

)

1+ L2

Note that since % < M + 1/p almost pointwise, both terms above are bounded by a

geometric constant times ||VV|| ..

Hence in total, we have

1

o (UA)

<OV
L2

I

|v]

175 < M + 1/p almost pointwise, we have

For the L?-norm, notice that

—— (V#V)
s

< (M +1/p) W] -
L2

Therefore, combining all bounded we obtained, together with Proposition |(5.3.5), we
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have

H—1+b UHV) — LU

<M ||\IJ||L2 +C HV\P“L? + C(H@D——FHL? + Hw-‘rHL2/2(Y

CUNWlz + 192,z oy + 1952z

1/2

CON gy + 197 g + |90, | st waH%m ez o)

<C (1050 419 g + €O gy + 105 g0

<0 (1990 + 19 g 1+ 150 0

by absorbing constant coefficients.

Hence, by Lemma , we have
1/2
||F(\I’>)||L§ < OE_1/2 <||\I]<||L§ + ||\I’>||L§ + HQ/JJ:”Lz + H@Z@Hﬁ/z ) .

By the assumptions, the right hand side is bounded by CE~'/?(R< 4 R> +2R?)'/2. Hence,
for any fixed R>, by taking £ > 100C*(R< + R> + 2R?)/(R”>)?, we obtain a family of

well-defined maps from the ball of radius R~ to itself. O

We now fix R< and R?. We will need to take these values, such that the balls of these
radii enclose all configurations from a monopole solution. Therefore, we need to establish

compactness results for all modes.
Proposition (5.3.11). For a locally L?-bounded monopole solution on W, denote its
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restriction on segment W, by ¥ = (A, ®) under the previous described gauge condition.
We denote the projection onto the positive(negative) spectrum of its restriction to the neg-
ative(positive) boundary by vT and ¢ respectively, and define the smooth extension W9 as
before, using these spectral boundary values. Then ¥ — U? satisfies the spectral boundary
condition, and we can project it as V< = (A<, ®<) and ¥~ = (A~, D) respectively.

Then, there exists a constant Cy that only depends on the metric, such that we have the

following estimates:

L], <0

1/2

2 7l < G
51913 < 56
4 Il <Gy

Proof. Notice that 9= = 77 (¥|5-y ). Since we have C* bounds established, W¥|s-yy is
uniformly C'*°-bounded as a 3-dimensioanl configuration. It only suffices to show that 7
is a bounded operator under our Sobolev norm. However, in fact, if we define the Sobolev
norm using [, 7 is clearly bounded for any Sobolev norm over Y. Hence, we proved 1 and
2.

Using Proposition we know that LW? is uniformly L?-bounded.

We now prove 3, and 4 will be a direct consequece of 3 by taking £ > 1. Notice that ¥

is uniformly C'*°-bounded, hence in particular, it is C°-bounded. Also notice that

L(V7) = (U#¥) — LY?)~
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Hence by Lemma |(5.3.8)} it suffices to show that for monopoles,
[(T#P) — L7| , < C.

Notice that we already proved L¥? is uniformly L2-bounded, it only suffices to show

that

||\I/#\II||L§ < C.

Due to the compactness for monopoles, V#WV is smooth and has all its Sobolev norms

uniformly bounded. Hence it completes the proof. [

Hence, by taking R< = 10C}, and R? = 10C}, we now obtained a family of maps F,

that maps the ball of Li-radius B> = 10C}, to itself.

Next, we need to prove that this is a contraction map. Namely,

Proposition (5.3.12). Fizr R<, R>,and R° as above. Then there exists a constant «
independent of E with the following significance: Given two higher-mode configurations V7

and V3, as long as they are L? bounded by R~ , we have
> > &> >
|FOU7 — W3y < 07— W3]

In particular, when E is larger than 2a, F is a contraction map on the ball of radius

R>.
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Proof. Note that

1 1
F(Uy —V5) = L_l(m(‘l’l#%) - H—b—(\\DQD(%#%P)'
We first bound the L?-norm.
F \I’> \If> 1 ! U, AU : W, AU
| F°( Mie < EHW( 17 1)—W( o 2)
(H Uy # (V) — H (W1 — Uy)# 0,y H 1# Vs (b |‘1’2 ) b(|W1])) )
1+b|\If‘ 12 14+ b(|¥s|) (14 b()Wq])) (1 + b(| W) 12 '

For the first two terms, notice that ng—(\lf) < M, we have

(\Ill - \112)#\1[2
1+ b(]W2])

L2

H‘IH#(‘IH —Uy)
14+ b(|¥))

v+

L2

For the third term, notice that |[b(|Ws|) — b(|U1])| < C|(|V2] — |U4])| < C|¥y — Wy,

hence we have

H W # Wy (b |‘I’2) b(|¥4]))
T4 b(|Wq]))(1+ b(|Ws]))

L2

<OM?||¥y — Uyl|;- .

Therefore,

CM? +2M

1P = W5), < ——

[0y = Wl 2 -
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We now need to bound the Li-norm. By Proposition |(5.2.4), we only need to show that

IEWT = W) + ILE YT = ¥5)[| < Cf[¥1 = Wl 2.

This is immediate by repeating the L?-estimate verbatim, with the 1/F factor dropped.

]

Hence, by contraction mapping theorem, the map F' will have a unique fixed point inside
the bounded ball, depending analytically on the parameters. If we start with a monopole
solution, by restrictiing it to each segment, take out the smooth bondary extension, and
project it onto lower-modes, we will have a sequence of configurations in the space U< x
VEtx V.

In the compact case, due to the absence of V*, we projected the Seiberg-Witten mod-
uli space injectively into a finite-dimensional configuration space, and approximated the
Seiberg-Witten map via a finite-dimensional approximation. In this case, the space we
obtained is not finite-dimensional. Nontheless, we will see that, we can “reconstruct" the
boundary conditions, if we are only given a sequence of uniformly bounded lower-mode

configurations.

5.4 TIteration and convergence

We now lay out a construction from a sequence of lower-mode configurations, in order to
obtain a solution to the higher-mode equation.

Notice that in the compact case, this process is done once and for all — the contraction
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mapping has a unique critical point, and this critical point will be the desired higher-mode
configuration. In the periodic case, however, the key issue arises with the continuity: the
higher-modes come with some complementary spectral boundary value, which will sabotage
the continuity on the boundary. Therefore, we need to compensate for the discontinuity on
the boundary by introducing some new smooth extensions. These extensions in turn will
then sabotage the equation, with a much smaller norm. We then iterate this process, and by
showing that each step comes with a exponentially decaying factor, we have a convergence
to some continuous configuration that eventually solves the equation on each segment.
Before laying out the process, we start with a technical lemma that allows us to compare

two different higher-modes that come from two different steps of iteration.

Lemma (5.4.1). Let Y= € U be a fized configuration in U. Let 1p; = (wiJr,z/Jlf_) and
Yy = (1/12_+,¢§'7) be two sets of spectral boundary configurations, i.e. two elements in
V= x V*, and let V9 = W, be their smooth extensions per Definition|(5.3.4) Let W7, U3

be two higher-mode configurations. Then if we let F; denote the contraction map defined in

Definition parameterized by W< and V9 respectively:

1
1+ b(|U< + W9 4 U>|)

Fy(0™) = LY (T + U2 + U H#(T< 4 02 4 0>) — LUY)>

Then there exists a constant C' such that

IF (0T = Fa(05) |2 < CUNYT = W3 [l + I = Y2lliz | v)-

—1/2
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Proof. We only need to estimate the L2-norm of L(F;(¥7)— Fy(\V3)), since for the space U,
the norm |||, is equivalent to the L2-norm, and for the space U~, the L*-norm is uniformly

bounded by (1/E times) the L*-norm of its image under L. and Similar to the argument

in Proposition |(5.3.8)| using Proposition |(5.3.5), we have

HLGKWT%—F%W@Mh2<H Wy,

Wy H# W
<l 1+b22#2L

ot - 1w,
2
< (CM? +2M) (|07 — U5 + 0 — 0l , + C |l¢r — w2HL2_1/2(Y)

< O(I9F = U3l + 91 = Yallsz, )

]

Let us start with a sequence of lower-mode configurations {¥;,}. We let h, denote

<

o on the plus (or minus) boundary of

their L2-norms. We then denote the restriction of ¥
W, by ¥ 4., and denote the spectral projection on the boundary by 7t as before.

Note that this sequence of configurations on W, is not continuous at all — in fact, on

each segment, it satisfies the spectral boundary condition, i.e.
7T$w:78i70 =0.

Hence the first step will be smoothly extending the spectral boundary condition from

adjacent pieces inwards. Namely, we consider \If270 defined as follows:

\1/270 = g?

+.h< — o)<
(m wn—1,3+,o’ﬂ' ¢n+1,a—,o)
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where the right hand side has the meaning given by Definition |(5.3.4)| Intuitively, we just
take the nonzero complementary spectrum from the lower-mode configurations on W, 41,
and extend them inwards into W,,. By Proposition and Sobolev embedding, we have

that

)

L3 (1)

1920 ]l 2y < c<Hw+w:_1,a+,o + |7 om0l

L2

2 ()

||\Ijn+1 0“L§(Wn+1) + H\I/;—LOHL%(W,L_Q)

= C(hps1 + hn-1). (21)

Now, over each segment, we may consider the configuration W=, + W9 . This is a
continuous configuration across W,,. We now solve our first high-mode configuration. Let

‘Ili’(? = Uy + U2 as a shorthand, consider
W2 = Fye, o (0) = Lo

via we defined, where b, o = b(|\I/§[‘?|)

Then, by Lemma |(5.3.9) combining with ,we have

1/2

1970ll 2 < CET (1950 + ol oy + 10 + oll )
< CE (W0l otowy + 150l 2y + 12200ty + 1920l 2r)
< CEY2(hy 4 hY? + hyyy + W2+ 1+h1/2) (22)
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We let U5 = W)+ V>, € U. We can now inductively construct the sequence.

Suppose we just constructed \I/np - By definition, ¥~ has half of its boundary

np—1
spectrum vanishing. However, similar to the reason that W}, is not defining a continuous
configuration across the periodic manifold, for the other half of the spectrum, it might be
non-zero, introducing some new discontinuity along 0W'.

Therefore, we define ‘I’Z,p to be a sum of \Ifg’p_l and the smooth extension that comes

from the the newly introduced boundary value. More specifically, if we denote the restric-

>

n,a_,p)’ we

tion of W7 — W7, on the positive (or negative) boundary by 4, ,, = (or
define

o0 _ 0
W, =00 U

> .
n— 18+ T wn«kl,B*,pfl)

And similar to U

»0, We can define \I/ip as the next iteration, with updated parameters:

> >
\Ijn,p - F\II;O,‘I/‘?L’F,(\IJTL,;)—I)'

The induction is complete.

We now estimate these terms relative to other terms from previous step or adjacent

pieces. By Proposition |(5.3.5)]

”\I'a,pﬂ < C(H7T+ ;—1,(%,

)

+ Hﬂ‘@f _
n+1,07,p
L2 ,(Y)

ZJ)HL%(W ) L2
" 12(Y)

Hfo — >

-1
n+l,p n+1,p— 1HL2 Wit1) + H\Ijn Lp \Ijnfl,pfl L%(Wn,l))‘

(23)
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And by Lemma |(5.4.1)] we have

H\an—l \II;IJHL%(W) < C(H\I’i \P>p 1HL2 + H n 18+,p7 _¢n+13 ,p)

L

CUNZ, = Wl o+ (19520 = 2

C¥y = Vapall e + ¥, — V2

+ H\Pn 1p -y

nilvpfl ||L2

< CE (195, = 92l o + 197100 = Bia el

+H\Ijn 1,p \Iji—l,p—lnﬁ)'

We are now ready to present the main theorem.

2 ()

)

(24)

Theorem (5.4.2). Let U5 be any C° Seiberg- Witten configuration on W, and denote its

restriction onto the segment W, by W, then if the following conditions hold:

1. For any n, \I/,io € (U°)< is in the lower-mode subspace satisfying spectral boundary

conditions,

2. H\PfL,OHL% is uniformly bounded by R< = 10C},

there exists a real number Ey >> 1, such that for any E > Ey, we can find sequences of

uniformly L?-bounded configuration {¥>} C U> and {W9}, such that over each segment,

together they solve the higher-mode projection of cutoff Seiberg- Witten equation

1
L(¥”) =
() <1+b(|\If<+\If>+\Iﬂ9|)
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Moreover, this sum is L?-gauge equivalent to a C°-configuration across the periodic manifold
Wo. These two sequences are unique inside the ball of L? radius R” = 10C},.

Moreover, the L3-norm of ¥ depends on the norm of the initial lower-mode configura-
tions W5 from all segments, but in an exponentially decaying way: if we let h, denote the
L2-norm of the lower-mode configuration U5, then the norm of > depends on the lower

mode U on all segments, with an exponentially decaying dependence:

o

10 )2 < C | (B/3C) 2 (hn + hi/%) + > (E/3C) W2 (hyy o+ /)
k=—o00
k#0

Proof. We first prove the uniqueness. Assume we have two such pairs of sequences, denoted
by ({2}, {¥2}) and ({3}, {¥'2}) respectively.

Observe that by continuity, ¥? is the smooth extension of the complemetary spectral
boundary of W<+ W~ from adjacent segments. Hence, by Proposition , the L2-norm
of W2 — 0'? is bounded by || — V7 ||, + || ¥ — ¥

HL2 1HL2'

On the other hand, since

\I/> = F\Ij<7\1;8(\p>>

By Proposition [(5.3.12), ¥~ is the unique fixed point inside the ball of L? radius 10Cs.
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Hence, by Lemma |(5.4.1)]

15 = Wil < CUNT = Wl + ([0 — W] + 90 = W]])

< OB~ W (W W ¥~ ¥l 9
Since ||V, — U'~|| 12 is uniformly bounded, we take n such that
> > 1 > >
||\Pn_\lln||L22_Sup||\Ijk _\I/k”LQ‘
T 2 kez !

Then by taking £ > 10C, yields a contradiction, unless sup,cy || Vg — \I/’,?HL% =0
Hence, ¥~ = U'~. Therefore, as the smooth extension of the boundary value of ¥~ + U<
from adjacent segments, W9 = ¥'? as well.

We now show the existence. For a contraction map, we only need to show that the
iterative process yields a limit.

Hence, constructing the sequence of solution as described above, we need to show that
by taking p — 0o, the norm of this infinute sum will converge uniformly on each segment.

To simplify notation, we let m,  denote ||\IIT>L - and let m?  denote

w1l
np—1IL2(w)’

H\Ilg \I/ap IHLQ(WH) Then re-writing and , we have

0 > >
mn,p—i—l S C(mn—i—l,p + mn—l,p)

and

mip-i-l < CE™ (m + mn+1 D + mn l,p) (26)
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Let v = CE~!. Hence, let
M; = Z m, .,
p=0

We first show that this sum always converges. Note that by (22), m, , is uniformly

bounded by 1 when we fix E larger than 100C*R?.

> — >
Hence, let mg,,, , = sup,cz m,; ,, we have
> -1, >
mma:p,erl S SCE mmax,p'

Hence Z;io M, qrp converges and is bounded from above by 2, whenever E > 6C, i.e.
v < 1/6.

Thus,

IN

In general, for a term m  in this infinite sum, we iteratively use to bound it from

above in terms of a sum of m,,,, s, i.e. we write

[o¢]
> >
My p < Z Cn+k,pmn+k,o-

k=—o0
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> _ o0 > . .
We then rearrange the sum M7 = >~ m, , using above, i.e.

o0 o
> >
S (z c) -
p=0

k=—o00

We now determine the coefficient we obtained this way. Denote Z;io Criip by Cotp
for simplicity.
First, we observe that each step, using replaces any term with three terms from

the previous step, where the sum of their coefficient is 3y times the original coefficient.

Therefore,
[o.¢] o 1
Chrap = 3v)P = <2,
k;o T ;( W =13 <

whenever v < 1/6.

Moreover, for each C,4,, we can consider the generating function
Y14z +27 P,

and C,, 11, equals to the coefficient of the term z* in the expansion. Therefore, C,,,\ equals

to the coefficient of the term z* in the expansion of

d A+ taty,

p=0
In other words,

oo [e.e]
nyp(l +x+ar )P = Z Cryph.

p=0 k=—o00
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On the other hand,

Z Cpipa® —Zv (14z+27 7

k=—o00

=14+y(l+z+a )Y PYA+z+a)
p=0

=1 +y(14z+az7" Z Crpnz®

k=—o00

=1+ Z Crgk—1 + Cpyp + Cn+k+1)xk

k=—o00

Thus, we have

(1 =79)Crsk = V(Crgr—1 + Cryny1),  k#0

and

(1 =7)Cn =1+7(Cp1 + Cppa).
Let 6 = /(1 —~), and let D,, = (1 — v)C,,. When v << 1, ¢ is roughly the size of ~,

and D, is roughly the size of C,. Above can be rewritten as

Dyt = 0(Dpyk—1+ Dpyit1), k#0 (27)

and

D, =1+0(Dyp1+ Dyiq).

Note that the sequence D, is symmetric about n, therefore, we only need to look at

positive k’s.
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By , let a; < 1 and ay > 1 be the two roots of z? — %a: + 1 = 0, then there exists

constants A and B, such that
Dy = Ak + Bab,  k>0.

However, since » ;o) Dnyrr1 = (1 =) 4oy Cnskrr < 00, B must be zero. Hence,
Dpypi1 = Aak. To fully write a; in terms of E, we have

1 - Vi— 4 20 2
= 6= <3y=3CE"

= <2
26 1+ 1 — 452 I—7

a1 =

whenever 26 < 1, i.e. v < 1/3. Hence, putting all above together, we have

M7 <A S (B/30) Fm,,,.

k=—o0

Finally, using , we have

m? o < CE Y2 (hy + B2 + hyyy + W2+ by + B2,

n—1

which implies that

o0

Mz <0 |3 (BIBC)T M 2+ 12 4 (B/SC) 20+ 11/
k=—00
k+#£0

Finally, we examine the continuity issue. Along the boundary Y = 0TW,, by our

construction, the pull-back configurations from both W, and W, to the 3-manifold Y
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will be the same. Therefore, the discontinuity might only occur in the dt component of
the 1-form. A priori, we don’t have controls for the dt-factors, and this component cannot
be retrieved from the components parallel to Y. Nontheless, we show that there exists an
L3-gauge transformation, such that this dt-component is annihilated.

Since the issue is completely local around the common boundary of adjacent segments,
we only need to set up the problem on the cylinder (—s,s) x Y, where {0} X Y represents
this common boundary. We let a_ and a, represent two 4-dimensional 1-forms defined on
(—s,0] x Y and [0, s) x Y respectively, such that both a™ and a~ are coclosed, and their

restrictions on {0} x Y as 3-dimensional 1-forms coincide.

Proposition (5.4.3). There ezist gauge transformations dyf+, such that ax — dyf+ agree
on {0} x Y, and the 1-form A defined to be a_ —dsf- and ay —dyfy on W= = (—=s,0] x Y

and W+ =(0,s) x Y respectively is coclosed and L3.

Proof. We write out the dt component explicitly, i.e.

a4+ = O./:t<t) + ui(t)dt

where o is a time-dependent 3-dimensional 1-form, and u.. is a time-dependent 3-dimensional
0-form. By Sobolev embedding, u(0) € L} ,(Y).

The double Coulomb gauge condition writes

Qily = 0y
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and this 1-form is coclosed; moreover, we also have

*

u, —d'ar =0.

Suppose fi has been found. Consider f which is f_ over W~ and f* over W*. Then
since dy f+ is coclosed, and f cancels out the dt component on the boundary, we formally
have that

—O2f + d*df = 8(t)(u_(0) — v_(0)).

We let ug denote an orthonormal basis of eigenfunctions for the Laplacian on Y, with

eigenvalue £ > 0. Write

and

u—(0) —v-(0) = ZQEME,

E

then fg(t) obeys the following second-order ODE

~fe+ Efe=0(t)qe. (28)

As a side remark, u_(0) —uy(0) € Lfﬂ(Y) implies that 3~ , vVEq% < oc.

A suitable solution for the equation (28)) is

1
fo= e Pgy

2VE

102



Therefore, we let

and

1 ooy
frt) =2 =C “apn
+ N E EMNE

Note that away from Y, fy is smooth, since it is L3-bounded away from Y and solves

the eigenequation for djdy. Also, for the di-component, on W~ and W, it is

and

1 —VEt
ui(t) + 5 ; e " qBiE-

Hence for each mode, the dt-components of this modified 1-form A is continuous. Similarly,
on each mode of the 1-form component of A, by writing an orthonormal basis for the Hodge-
Laplacian on exact 1-forms such that d matches this basis with ug, and using the fact that
under these bases, d enlarges the L2norm by a factor of v/E on each eigenspace, we can
show that each mode of the parallel 1-form part of A is continuous as well.

We now show that A is in L?2. We need to show that, dfs is L?-bounded on W=*
respectively. Let V denote the 3-dimensional covariant derivative. We will only prove it
for W, since the argument for W~ will be identical.

We first bound |[Vdf*|| 2+ Note that on exact 1-forms, d* is an elliptic opera-

tor without kernel (b1(Y) = 0). Thus, [[Vdf|;2(y, is bounded by a constant C' times
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|d*df || 12y~ Hence,

We then bound |[0ydf ™| 1o+

/[ | lﬁtdz \/— QE,UE|2<C |Z thEalME’2
0,s)xXY

[OOO XY E
E
e / S e
_CZ_QE ||U (0) _U+(O)HL§/2(Y)'
Finally, We then bound ||(9t2f+||L2(W+):
1 VE _ /5 )
|07 e VP gpupl? < C/ 1> ¢V qpupl
/[O,s)XY ' XE: 2VE [0,00) XY zE: 2
_ / Zje 2\/th]2§
[0,00) E

ot = g -0 = w0l -

Therefore, this gauge transformation is uniformly L3-bounded across the boundary, by

the L?,,-norm of the difference in dt-factor from restrictions on both sides. Hence by

1/2

applying this gauge transformation (with a local cutoff function), we obtain a continuous
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Seiberg-Witten solution with uniformly L2-bounded spinor and connection, which allows

us the invoke bootstrapping and prove smoothness. [

By cutting off this gauge transformation with a cutoff function, we may construct a
L?-gauge transformation supported near the boundary on each segment. After this gauge

transformation, the configuration will be locally L? and continuous. This finishes the proof.

]
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