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Abstract

Computational chemistry and materials science aim to explain and predict the behavior of chemical sys-

tems using computational models. To achieve this goal, we require a method that accurately describes the

ground state electronic structure of chemical systems. Due to its combination of computational efficiency

and accuracy, density functional theory (DFT) is the most popular tool for these calculations. However,

while DFT is exact in principle, the formalism contains a term called the exchange-correlation (XC) func-

tional, which provides the energy difference between the exact interacting-electron system and a model

non-interacting system. This XC functional is unknown and therefore must be approximated in practice,

and this approximation is the key limiting factor in the accuracy of DFT.

Recently, machine learning (ML) has gained attention as a means to develop more accurate XC func-

tionals. While significant progress has been made in this direction, it has proven difficult to overcome the

persistent trade-offs between accuracy, computational efficiency, numerical stability, and chemical trans-

ferability. To address this problem, we developed a framework called CIDER for learning XC function-

als that are accurate, transferable, and efficient. CIDER consists of two key components. First, we use

a Bayesian machine learning model called Gaussian process regression to learn functional forms that can

be carefully tuned to balance accuracy and smoothness, an important trade-off in functional design. Sec-

ond, we design nonlocal features of the density that enable the model to obey exact physical constraints

on the exchange functional, and we implement computationally efficient algorithms to evaluate these fea-

tures within different types of DFT software. The combination of fast, nonlocal input features with a flex-

ible and tunable ML model enables the accurate description of molecular and solid-state systems within a

single model. We also extend the CIDER framework to explicitly fit band gaps and other electronic prop-

erties, thereby addressing the infamous band gap problem of DFT within a machine learning framework.

In this dissertation, I will first provide introductions to DFT and Gaussian process regression, and then

I will provide an overview of existing research on ML XC functionals and outstanding challenges in the

field. After that, I will describe the CIDER framework in detail, including the theoretical justification for

the structure of the XC functional, the computationally efficient implementation of the models, and the

application of CIDER functionals to physically complex problems requiring large-scale materials simula-

tions, such as point defects in semiconductors and polarons in ionic crystals.
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0
Introduction

The electronic structure of chemical systems is the key to understanding their behavior and properties. If

we can accurately compute the electronic structure of molecular and materials systems, we can perform

a variety of useful tasks like predicting novel physical phenomena to guide experimental research,27,114

building massive databases of predicted materials properties to aid the research community,79 and even

screening hypothetical materials for their properties in order to discover ideal candidates for a given ap-

plication.174 Such remarkable capabilities seem to suggest an optimistic future for scientific research, in

which efficient and reliable computational screening guides experimental investigations to rapidly improve

technologies that are critical to modern human societies, including pharmaceuticals, electronics, chemical

catalysis, and renewable energy.

In practice, however, it is currently uncommon (though not unprecedented) for computational model-

ing to genuinely drive practical developments in materials discovery and design problems. One of the key

reasons for this is that it is difficult to develop electronic structure methods that are both quantitatively

accurate and sufficiently computationally efficient for modeling complex, technologically relevant systems.

In many cases, the only reasonable candidate for such tasks is a method called density functional theory

1



(DFT).73,99

Due to its balance of accuracy and efficiency, DFT is an indispensable tool in computational chemistry

and materials science. While DFT is an exact theory, the exchange-correlation (XC) functional describing

quantum mechanical effects must be approximated in practice, and this approximation is the key limit-

ing factor in the accuracy of DFT. Hundreds of approximate XC functionals have been developed in an

attempt to calculate accurate chemical data,134 but significant progress remains to be made in the devel-

opment of highly accurate XC functionals.

The shortcomings of existing approximations have motivated the development of machine learning (ML)

models for more accurate XC functionals.92 Because modern ML methods allow a function of unknown

form to be fit to known training data, it should be possible to overcome limits in our physical knowledge

of the XC functional by simply fitting it to experimental chemical data. However, ML functional design is

a relatively nascent field; while some progress has been made in leveraging ML to improve the accuracy of

XC functionals compared those designed by human intuition and physical principles alone, ML functionals

are not yet in common use among DFT practitioners.

There are several key reasons for the limited applicability of current ML functionals. First, one of the

key factors determining an XC functional’s accuracy is the complexity of the inputs to the functional, i.e.

the features or “ingredients” from which it predicts the XC energy.158 More complex inputs allow for more

accurate models but also increase the computational cost of the DFT calculation, potentially making them

less useful in practice. Many of the most successful ML functionals still make use of ingredients already

employed by conventional, non-ML functionals, and therefore they inherit the limitations of these features.

Not much practical progress has been made pairing ML functionals with novel features that can precisely

characterize the system at a lower computational cost than existing methods.

Second, as the complexity of an ML model increases, it becomes more difficult to incorporate known

physical properties into the XC functional. Because these “exact constraints,” as they are known in DFT

research, have been shown to improve the transferability and accuracy of XC functionals,93 incorporat-

ing them is highly desirable if the goal is a general model for use in a broad range of applications. Most

existing ML functionals do not incorporate these exact constraints, and those that do use conventional,

well-known ingredients for which the constraints are easier to enforce.

Finally, because DFT simulations require the functional derivative of the XC functional with respect

to the electron density, it is imperative that practical models be relatively smooth and numerically stable.

Early research in ML functionals showed that achieving this numerical stability is difficult,188 which could

limit the application of ML functionals to practical problems.

To address these problems, I will introduce a methodology for learning XC functionals called the

2



Compressed Scale-Invariant Density Representation (CIDER). CIDER comprises strategies for machine

learning XC functionals using nonlocal descriptors of the electrons in a chemical system while also incorpo-

rating exact constraints. There are several key goals behind the design of CIDER functionals:

• To develop a machine learning model that yields smooth, numerically stable XC func-

tionals. DFT calculations run with ML functionals should converge (successfully finish) at least as

consistently as conventional functionals.

• To incorporate exact constraints into functionals with unconventional descriptors. The

purpose of this goal is to avoid the limitations of conventional XC functional ingredients while still

leveraging the benefits of physical constraints for transferability and robustness.

• To efficiently featurize the electronic environment in a chemical system. In other words,

to develop inputs to the ML model that significantly improve the accuracy of DFT calculations

without significant increase to the computational cost of the DFT calculation. This goal requires

both careful design of the features and optimization of the code used to evaluate the features.

• To design highly transferable and data-efficient ML functionals. Because training data for

XC functionals is relatively scarce, ML functionals should be able to learn highly transferable trends

from very little data. In addition, because one of the key benefits of DFT is its universality (i.e. its

equal applicability to chemical systems of different phases and to elements from across the periodic

table), an ideal ML functional should reproduce this benefit.

In order to narrow the scope of the work when addressing the objectives above, this dissertation focuses

on the exchange part of the exchange-correlation functional. However, the methodology is generalizable to

the full XC functional, and details relating to how this generalization can be done are discussed at several

points in the thesis. The long-term goal of CIDER is to provide general and transferable XC functionals

capable of accurately describing complex and heterogeneous chemical systems.

The rest of this dissertation is organized as follows. Chapter 1 provides an overview of DFT and XC

functionals, which is critical background for the rest of the thesis. Chapter 2 provides an introduction

to and history of machine learning-based density functional design. Chapter 3 provides an overview of

Gaussian process regression, the machine learning technique used throughout this work. Chapter 4 cov-

ers the proof-of-principle development and implementation of CIDER, particularly how exact constraints

are incorporated into complex nonlocal features. Chapter 5 discusses the implementation of CIDER for

“production-scale” DFT calculations. In particular, it focuses on the development of a more useful train-

ing scheme and the efficient implementation of nonlocal features of the density. Chapter 6 explores how

CIDER functionals can be extended to address the band gap problem, one of the most critical challenges

3



in DFT research. Finally, Chapter 7 summarizes the progress made through this work, as well as what

further key developments in functional design can be made with the current implementation of CIDER as

a starting point.
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1
Density Functional Theory

One of the most critical domains of computational science is the atomistic modeling of chemical systems.

Because the electrons and nuclei that make up chemical systems are so small, they can only be accurately

described by quantum mechanics. This section provides an overview of the derivation of DFT from the

many-body Schrödinger equation, and then proceeds to describe some of the specifics of DFT that are

relevant for the design of exchange-correlation functionals. Because constants are distracting, this disserta-

tion will employ “atomic units,” in which

ℏ = e = me = 4πε0 = 1 (1.1)

(from left to right, the reduced Planck’s constant, the magnitude of the electron charge, the electron rest

mass, and 4π times the vacuum permittivity).
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1.1 The Many-Body Problem for Chemical Systems

The nonrelativistic, time-independent Schrödinger equation for a collection N electrons and Nion nuclei is

HΨelec-ion(x1,x2, · · · ,xN ;X1, · · · ,XNion) = EΨelec-ion(x1,x2, · · · ,xN ;X1, · · · , XNion) (1.2)

with the Hamiltonian operator H defined as

H =− 1

2

N∑
i=1

∇2
i −

1

2

Nion∑
A=1

∇2
A

MA
−

N∑
i=1

Nion∑
A=1

ZA

ri −RA
−

N∑
i=1

Vext(ri)

+
N∑
i=1

N∑
j=i+1

1

|ri − rj |
+

Nion∑
A=1

Nion∑
B=A+1

ZAZB

|RA −RB |
+

N∑
A=1

ZAVext(RA) (1.3)

In Eqs. 1.2 and 1.3, xi = (ri, σi) is the combined real-space coordinate and spin state of electron i,

XA = (RA,ΣA) is the combined real-space coordinate and spin state of nucleus A, ZA is the nuclear

charge of A, MA is the mass of nucleus A, and ∇i and ∇A are the gradient operators acting on electron i

and nucleus A, respectively. The external potential Vext(r) captures the effect of any electric field sources

outside the system, and it vanishes if there are no external fields. The abbreviation of x = (r, σ) will be

used throughout this section, so f(x) is the same as f(r, σ), and g(x3) is the same as g(r3, σ3), etc. Be-

cause electrons are fermions, the spin σi of electron i can only take on the values of +1/2 and −1/2, which

will be abbreviated as ↑ (spin-up) and ↓ (spin-down), respectively.

1.2 The Born-Oppenheimer Approximation

Equation 1.3 takes into account the kinetic energy of the particles (via the first two terms) and their

Coulomb interactions (via the last three terms). In principle, solving Eq. 1.2 for the eigenvalues E and

eigenfunctions Ψelec-ion can provide us with the exact energy states and wave functions (including the

ground state) for any chemical system that is well-described at a nonrelativistic level. However, solving for

a wavefunction Ψelec-ion that simultaneously captures the distribution of electrons and nuclei at the same

time is quite a complicated task, and in most cases, it turns out to be unnecessary. Because the mass of a

proton or neutron is roughly 1800 times greater than the mass of an electron, atomic nuclei move much

more slowly than electrons in general. Mathematically, one can see this by observing that MA >> 1

in Eq. 1.3, and therefore that the kinetic energy of the nuclei (the second term) will likely be negligible

compared to the kinetic energy of the electrons (the first term). Therefore, it is usually a very reasonable

approximation to treat the electrons as moving in a static electric field created by the nuclei. Then, one

can solve the electronic wave function Ψ(x1, · · · ,xN ) for a given arrangement of nuclei {RA}, which are

6



treated as static point charges. This approach is called the Born-Oppenheimer approximation.19,136

Within the Born-Oppenheimer approximation, the Hamiltonian of Eq. 1.3 becomes

HBO =
N∑
i=1

(
−1

2
∇2

i − Vext(ri)−
Nion∑
A=1

ZA

|ri −RA|

)
+

N∑
i=1

N∑
j=i+1

1

|ri − rj |

+

Nion∑
A=1

Nion∑
B=A+1

ZAZB

|RA −RB |
+

Nion∑
A=1

ZAVext(RA) (1.4)

The last two terms are constant for stationary ions and do not act on the electrons at all, so we can ex-

clude it from the “electronic energy.” In addition, −
∑Nion

A=1
ZA

|ri−RA| applies the same potential to each elec-

tron, so we can write

vext(r) = −Vext(r)−
Nion∑
A=1

ZA

|r−RA|
(1.5)

Combining the above two equations and removing the last two terms from Eq. 1.4 (because they depend

only on the positions of the nuclei), we arrive at the Born-Oppenheimer electronic Hamiltonian,

Helec =
N∑
i=1

(
−1

2
∇2

i + vext(ri)

)
+

N∑
i=1

N∑
j=i+1

1

|ri − rj |
(1.6)

For the remainder of this work, we will work with the above Hamiltonian. For brevity, we will denote

Helec as H and define rij ≡ |ri − rj |, resulting in the equation

H =
N∑
i=1

(
−1

2
∇2

i + vext(ri)

)
+

N∑
i=1

N∑
j=i+1

1

rij
(1.7)

Note that the Hamiltonian of Eq. 1.7 is a function of the nuclear coordinates through the external poten-

tial vext(r). The electronic wave function Ψ(x1, · · · ,xN ) satisfies

HΨ = EΨ (1.8)

In principle, one can solve for any eigenstate using Eq. 1.8, including excited states. However, while ex-

cited states play a critical role in many physical and chemical processes, this work is focused on finding the

ground-state energy or lowest eigenvalue E0 of Eq. 1.8, for a given set of nuclear coordinates (or geome-

try) {RA}. While E0 can be found by explicitly diagonalizing H and taking the lowest eigenvalue, it can

also be found via the variational approach by minimizing the expectation value of Eq. 1.7:

E0 = min
Ψ∈A

⟨Ψ|H|Ψ⟩ (1.9)
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The notation Ψ ∈ A is shorthand to denote that the minimization is subject to the constraint that Ψ is

antisymmetric with respect to the exchange of particles. A wave function is antisymmetric if, upon the

exchange of any two spin-coordinates xi and xj , the value of the wave function is multiplied by −1. For

example, for exchange of x1 and x2,

Ψ(x2,x1,x3, · · · ,xN ) = −Ψ(x1,x2,x3, · · · ,xN ) (1.10)

The reason for this restriction is that electrons are spin-1/2 particles and therefore fermions, and fermions

can only have antisymmetric wave functions.

The ground-state electronic energy E0 is sufficient to describe a plethora of important quantities, in-

cluding the enthalpy and barrier heights of chemical reactions (if not driven by photo-excitation), the

bulk properties of solids, the migration of chemical species in liquids and solids, and much more. Even

some properties that intuitively seem related to excited states can be obtained from ground-state energies.

For example, the fundamental (or electronic) band gap of a material, which is important for electronic

and photovoltaic applications, can be computed from the ground-state energies of the bulk solid, the solid

with one extra electron, and the solid with one less electron. (Note that the optical gap, which differs from

the electronic gap by the exciton binding energy, is not accessible by ground-state calculations.) Because

ground-state solutions of the electron Schrödinger equation are so useful (and yet still quite difficult),

the goal of this work (and much of modern quantum chemistry) is simply to accurately compute E0 for

Eq. 1.8.

Before proceeding, we make a final note about the motions of the nuclei in chemical systems. While

nuclei move slowly compared to electrons, their dynamics are still important. The motion of nuclei de-

termines the mechanisms of chemical reactions and the vibrational and phonon modes of molecules and

materials. Therefore, after computing the electronic ground state, we must be able to recover equations

of motion for the nuclei from the Born-Oppenheimer approximation. To do so, we note that the total

ground-state energy of a chemical system in the Born-Oppenhemier approximation can be recovered sim-

ply by adding the purely nuclear terms of Eq. 1.4 to the electronic energy E0. This allows us to write the

potential energy of the nuclei as

Uion(R1, · · · ,RNion) =

Nion∑
A=1

Nion∑
B=A+1

ZAZB

|RA −RB |
+

Nion∑
A=1

ZAVext(RA) + E0(R1, · · · ,RNion) (1.11)

Starting with the potential energy Uion, one can solve for the motion of the ions. For example, this can be
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done classically by computing the forces on the nuclei as

FA = −∇AUion(R1, · · · ,RNion) (1.12)

and then propagating the positions of the nuclei using Newton’s equation of motion F = ma. This is use-

ful for performing molecular dynamics simulations to explore the migration of atoms in a solid, chemical

reaction mechanisms, etc. Alternatively, one can write down the Schrödinger equation for the nuclei as

Hion = −
Nion∑
A=1

∇2
A

2MA
+ Uion(R1, · · · ,RNion) (1.13)

Solving the above equation in a harmonic approximation allows one to compute vibrational and phonon

modes of molecules and solids, respectively.

The rest of this work focuses exclusively on solving for the ground-state energy of the electrons within

the Born-Oppenheimer approximation. Because we are not focused on excited states, the ground-state

electronic energy will be denoted simply E for brevity (as opposed to E0).

1.3 Densities and Density Matrices

The electronic wave function Ψ is in general a complicated, complex-valued function of 3N real numbers

(the spatial coordinates of the electrons) and N numbers each in the set {−1/2, 1/2} (the electron spins).

To better analyze the electronic structure of a system, it is helpful to define simpler quantities that char-

acterize the distribution of electrons. The simplest of these quantities are the 1-particle reduced density

(or simply the density) n(r) and spin-density nσ(r), defined by

nσ(r) ≡ N
∫ N∏

i=2

d3ri
∑

σi=↑,↓

|Ψ(x,x2, · · · ,xN )|2 (1.14)

n(r) =
∑
σ

nσ(r) (1.15)

where x = (r, σ). For the rest of this work, a sum over spin
∑

σ implies a sum of the ↑ and ↓ spin-states.

The density n(r) is the total probability density of electrons at point r, and in atomic units, −n(r) is the

charge density due to the electrons. Because of this, the density obeys the condition

∫
d3rn(r) = N (1.16)
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One can also write the 1-particle reduced density matrix (and its spin equivalent)

nσσ
′

1 (r, r′) ≡ N
∫ N∏

i=2

d3ri
∑

σi=↑,↓

Ψ∗(x,x2, · · · ,xN )Ψ(x′,x2, · · · ,xN ) (1.17)

n1(r, r
′) =

∑
σ

nσσ1 (r, r′) (1.18)

Because the nonrelativistic Hamiltonian does not act on the spins of the electrons and therefore commutes

with the Sz operator, it is generally possible to write the ground-state wave function such that n↑↓1 (r, r′) =

n↓↑1 (r, r′) = 0. In such cases, the part diagonal in the spin nσσ1 (r, r′) fully specifies the density matrix, and

we will abbreviate it nσ1 (r, r′). One can also define higher-order reduced densities and density matrices.

For example, the two-particle reduced density is

ρ2(r, r
′) = N(N − 1)

∑
σσ′

∫ N∏
i=3

d3ri
∑

σi=↑,↓

|Ψ(x,x′,x3, · · · ,xN )|2 (1.19)

These reduced quantities can prove quite useful. For example, the energy E for the electronic Hamiltonian

H can be written as73

E =
1

2

∫
d3r ∇ · ∇′n1(r, r′)

∣∣∣∣
r′=r

+

∫
d3rn(r)vext(r) +

1

2

∫
d3rd3r′

ρ2(r, r
′)

|r− r′|
(1.20)

where ∇ is the gradient with respect to r and ∇′ is the gradient with respect to r′. Unfortunately, one

cannot simply minimize E with respect to quantities like ρ2 (as can be done with the wave function using

the variational principle of Eq. 1.9) because the allowed forms that ρ2 can take is restricted in complicated

ways by the requirement that it arises from an N -electron wave function via Eq. 1.19. There are methods

for directly approximating the two-particle density matrix,137 but they are beyond the scope of this work.

We will return to the use of the reduced density and density matrix later, but for now we will proceed to

see what happens when we try to obtain the ground-state energy by directly diagonalizing the Hamilto-

nian of Eq. 1.7.

1.4 Exact Solution of the Schrödinger Equation

To solve Eq. 1.8 numerically on a computer, we need to construct a basis set

{Φa(x1, · · · ,xN )} (1.21)
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that spans the space of possible many-electron wave functions and then compute a Hamiltonian matrix H

and overlap matrix S whose matrix elements are

Hab = ⟨Φa|H|Φb⟩ (1.22)

Sab = ⟨Φa|Φb⟩ (1.23)

Note that because the electronic wave function is antisymmetric (Eq. 1.10), the basis set must also be an-

tisymmetic:

Φa(x2,x1,x3, · · · ,xN ) = −Φa(x1,x2,x3, · · · ,xN ) (1.24)

In the Φ basis set, Eq. 1.2 becomes a generalized eigenvalue problem

Hc = E Sc (1.25)

For a given eigenvector c, there is an eigenstate with energy E and wave function

Ψ =
∑
a

caΦa (1.26)

There is one critical flaw in the above formalism; constructing a sufficient basis set for a given chem-

ical system requires a number of basis functions that scales factorially with the number of electrons in

the system. This results in a factorial growth in the computational and memory costs of solving Eq. 1.25,

limiting the direct solution of the Schrödinger equation to systems with a few dozen electrons at most.

To study complex chemical systems, we must simulate systems with hundreds, thousands, or even tens

of thousands of electrons, and the direct solution of Eq. 1.25 for systems this large is computationally in-

feasible. Therefore, it is necessary to develop reasonable approximations that reduce the computational

complexity of finding the ground-state electronic energy of a chemical system. The simplest of these ap-

proximations is called Hartree-Fock theory, which is covered in the next section.

1.5 Hartree-Fock Theory

Hartree-Fock (HF) theory is a method for approximating the ground-state energy and wave function

of the electrons in a chemical system. The basic idea behind the HF method is to restrict the many-body

wave function to a simpler form (or ansatz) and then minimize the energy within that functional form.

This approximate wave function must obey the Pauli exclusion principle of Eq. 1.10. One wave function
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that satisfies this constraint is a Slater determinant Φ of orthogonal single-electron wave functions:

ΦHF(x1,x2, · · · ,xN ) =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(x1) ψ2(x1) · · · ψN (x1)

ψ1(x2) ψ2(x2) · · · ψN (x2)

...
... . . . ...

ψ1(xN ) ψ2(xN ) · · · ψN (xN )

∣∣∣∣∣∣∣∣∣∣∣∣∣
(1.27)

⟨ψi|ψj⟩ = δij (1.28)

The normalization factor 1/
√
N ! ensures that ⟨ΨHF|ΨHF⟩ = 1, and the Slater determinant form ensures

that the wave function is antisymmetric (Eq. 1.10). The Hartree-Fock ansatz is essentially a form of mean-

field approximation, in which the electrons are described as occupying independent one-electron orbitals

ϕi(x), with the only correlation between electrons being that necessary to make the wave function anti-

symmetric. The Hartree-Fock ground-state is

ΨHF
0 = argmin

Ψ∈{Φ}
{ ⟨Ψ|H|Ψ⟩} (1.29)

where {Φ} is shorthand for the set of possible Slater determinants in Eq. 1.27, and H is the Hamiltonian

of Eq. 1.7. The ground-state energy is

EHF
0 =

〈
ΨHF

0

∣∣H∣∣ΨHF
0

〉
(1.30)

Because Eq. 1.30 is the exact expectation value of the energy for an approximate wave function, HF the-

ory is variational, meaning that the HF ground-state energy is an upper bound on the exact ground-state

energy198:

EHF
0 ≥ Eexact

0 (1.31)

Due to its construction from single-particle orbitals, HF theory is also exact for all one-electron systems.

Evaluating the expectation value of the Hamiltonian explicitly, we obtain the HF energy

EHF =
〈
ΦHF∣∣H∣∣ΦHF〉

=
∑
i

(〈
ψi

∣∣∣∣−1

2
∇2

∣∣∣∣ψi

〉
+ ⟨ψi|vext|ψi⟩

)

+
N∑
i=1

N∑
j=i+1

(⟨ψi(1)ψj(2)||ψi(1)ψj(2)⟩ − ⟨ψi(1)ψj(2)||ψj(1)ψi(2)⟩) (1.32)
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where the four-center integral is defined as

⟨ξa(1)ξb(2)||ξc(1)ξd(2)⟩ ≡
∑
σ1

∑
σ2

∫
d3r1d

3r2
ξ∗a(x1)ξc(x1)ξ

∗
b (x2)ξd(x2)

|r1 − r2|
(1.33)

for spin-orbitals ξa(x) and

⟨χa(1)χb(2)||χc(1)χd(2)⟩ ≡
∫

d3r1d
3r2

χ∗a(r1)χc(r1)χ
∗
b(r2)χd(r2)

|r1 − r2|
(1.34)

for spatial orbitals χa(r). It turns out that by rearranging the terms of Eq. 1.32, we can express the HF

energy as a sum of four functionals of the 1-particle density and density matrix:

EHF = T [n1] + V [n] + U [n] + Ex[n1] (1.35)

T [n1] =
1

2

∫
d3r ∇ · ∇′n1(r, r′)

∣∣∣∣
r′=r

(1.36)

V [n] =

∫
d3rn(r)vext(r) (1.37)

U [n] =
1

2

∫
d3rd3r′

n(r)n(r′)

|r− r′|
(1.38)

Ex[n1] = −
1

2

∫
d3rd3r′

∑
σ

|nσσ
1 (r, r′)|2

|r− r′|
(1.39)

where the HF density and density matrix can be written straightforwardly in terms of the single-particle

orbitals as

nσσ
′

1 (r, r′) =

N∑
i=0

ψ∗i (x)ψi(x
′) (1.40)

n1(r, r
′) =

∑
σ

nσσ1 (r, r′) (1.41)

n(r) =
∑
σ

nσσ1 (r, r) (1.42)

It is worthwhile to understand each of the four terms in Eq. 1.35 intuitively. The first term, T [n1], rep-

resents the kinetic energy of the electrons and can be written more intuitively in terms of the orbitals as

T [{ψi}] =
1

2

∑
σ

N∑
i=1

∫
d3r |∇ψi(x)|2 (1.43)

The second term, V [n], is the external potential energy and represents the attractive interaction between

the electrons and nuclei, as well as the interaction of the electrons with any external fields. The Hartree

energy, U [n], is the classical electrostatic repulsion energy of the electron density distribution with itself,
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with the factor of 1
2 to avoid double-counting the interaction. Notably, U [n] spuriously causes a given elec-

tron to repel itself ; physically, a given electron should only feel the repulsive interactions with the N − 1

other electrons in the system. This double-counting effect is called self-interaction error, and it is corrected

exactly by the exchange energy Ex[n1], which arises from the structure of the Slater determinant wave

function of Eq. 1.27. After adding Ex[n1] to the total energy, electrons now only get repelled by N − 1

electrons. Note the use of the spin-separated density matrix in Eq. 1.39; one of the most important fea-

tures of the exchange energy is that it only affects electrons with the same spin state.

1.5.1 The Canonical Hartree-Fock Equations

To find the ground state of HF theory, we need to variationally minimize Eq. 1.35 with respect to the or-

bitals ψi(r), subject to the constraint that the orbitals are orthonormal, i.e. ⟨ψi|ψj⟩ = δij . To do this, we

can construct a Lagrangian with Lagrange multipliers ϵij to enforce orthonormality198:

L = EHF −
N∑
i=1

N∑
j=1

ϵij (⟨ψi|ψj⟩ − δij) (1.44)

Values of the orbitals for which
δL

δψi(x)
=

δL
δψ∗i (x)

= 0 (1.45)

are critical points of the energy on the manifold of orthonormal orbitals, and one of these points will pro-

vide the global minimum (ground-state) energy. Plugging Eq. 1.44 into Eq. 1.45 gives

∑
j

ϵijψj(x) = −
1

2
∇2ψi(x) +

∑
σ′

∫
d3r′ vσ

′

HF(r, r
′)ψi(r

′, σ′) (1.46)

vσHF(r, r
′) =

[
vext(r) +

∫
d3r′′

n(r′′)

|r− r′′|

]
δ(r− r′)− nσ1 (r, r

′)

|r− r′|
(1.47)

where vσHF(r, r
′) is a nonlocal effective potential. This almost looks like a single-particle Hamiltonian ex-

cept for the left-hand side, which depends on all the orbitals at once. However, it turns out that the HF

wave function is invariant under unitary transformation of the orbitals,198 meaning that for an orthogonal

matrix C, the wave function is invariant under the transformation

ψi(x)←
N∑
j=1

Cijψj(x) (1.48)
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If we choose the columns of C to be the eigenvectors of the matrix ϵ, we can transform Eq. 1.47 so that

ϵij = ϵiδij , yielding the canonical HF equations

ϵiψi(x) = −
1

2
∇2ψi(x) +

∑
σ′

∫
d3r′ vσ

′

HF(r, r
′)ψi(r

′, σ′) (1.49)

We can then define an effective mean-field Hamiltonian Heff by

Heff ψ(x) = −
1

2
∇2ψ(x) +

∑
σ′

∫
d3r′ vσ

′

HF(r, r
′)ψ(r′, σ′) (1.50)

for an arbitrary single-particle spin-orbital ψ(x) We are now left with what looks like a straightforward

eigenvalue problem in partial differential equation form, with the key exception that the effective poten-

tial vHF(r, r
′) depends on the orbitals themselves, making the differential equation nonlinear. This means

that to solve for the orbitals ψi, we must solve Eq. 1.49 self-consistently such that the orbitals that solve

the partial differential equation are the same (within some acceptable numerical tolerance) as those which

generated the effective potential. Computationally, this process typically involves solving Eq. 1.49 for the

orbitals repeatedly, then using those orbitals to regenerate the effective potential at each step, until self-

consistency is reached. This process is called a self-consistent field (SCF) calculation.

In principle, the above discussion concludes the treatment of the HF method from a theoretical perspec-

tive. However, we can simplify HF theory further by taking advantage of the fact that the nonrelativis-

tic Hamiltonian does not act on the electron spin. Because of this, HHF
eff commutes with the Sz operator

([HHF
eff , Sz] = 0), so without loss of generality we can restrict each orbital to be an eigenstate of Sz:

ψi(r, σ) = ϕi(r)δσσ′ (1.51)

where σ′ ∈ {↑, ↓} and ϕi(r) is a spatial orbital. Given a system with N↑ spin-up electrons and N↓ spin-

down electrons, we can then re-index the orbitals as

ψi(x) = ϕ↑,i(r)δσ↑

ψi+N↑(x) = ϕ↓,i(r)δσ↓ (1.52)

Note that this ability to express each HF orbital as an eigenfunction of Sz does not apply once relativistic

effects are fully accounted for, but these effects are beyond the scope of this work.

In general, the energy-minimizing Slater-determinant might be spin-polarized, meaning that ϕ↑,i(r) ̸=

ϕ↓,i(r). However, in closed-shell molecules, in which all molecular orbitals are doubly occupied or empty,
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ϕ↑,i(r) = ϕ↓,i(r). Restricting the orbitals with this equality significantly simplifies the problem. If a quan-

tum chemist is fairly certain that a system is closed-shell, they will typically use restricted HF theory be-

cause it can be significantly faster than unrestricted HF. However, sometimes the exact ground state of a

system is closed-shell in the sense that spin quantum number is S2 = 0, but the Hartree-Fock ground state

is not closed-shell, i.e. ϕ↑,i(r) ̸= ϕ↓,i(r). This situation is called spin-symmetry breaking and typically in-

dicates a failure of HF theory due to its inability to account for electron correlation effects. If HF provides

a useful answer at all in such cases, it will only be when unrestricted orbitals are used.

Choosing the spin-orbitals to be eigenstates of Sz as in Eq. 1.52 but not restricting the orbitals to obey

ϕ↑,i(r) = ϕ↓,i(r) is called unrestricted Hartree-Fock. As discussed in Section 1.5.3, unrestricted HF sim-

plifies the HF equations compared to Eq. 1.49, and it comes at no loss of generality in the nonrelativistic

case. If one enforces ϕ↑,i(r) = ϕ↓,i(r), this is called restricted Hartree-Fock. Unlike unrestricted HF, re-

stricted HF comes with a loss of generality, as it might not be the case that ϕ↑,i(r) = ϕ↓,i(r) for the HF

wave function that minimizes the energy. However, if the number of spin-up and spin-down electron elec-

trons are the same, and if the spin-symmetry breaking issue discussed above does not occur, the system is

considered closed-shell, and it is true that ϕ↑,i(r) = ϕ↓,i(r) for the HF ground state. Because closed-shell

chemical systems are so common, closed-shell restricted HF is a highly useful technique for simplifying the

HF equations, and it is discussed in Section 1.5.2.

1.5.2 The Closed-Shell Restricted Hartree-Fock Equations

Consider an even number of electrons N , with an equal number of spin-up and spin-down electrons N/2.

Under the restriction that

ψi(x) = ϕi(r)δσ↑ (1.53)

ψi+N/2(x) = ϕi(r)δσ↓ (1.54)

the density matrix and density become

n1(r, r
′) = 2

N/2∑
i=1

ϕ∗i (r)ϕi(r
′) (1.55)

n(r) = n1(r, r) (1.56)

In terms of these quantities, the HF total energy is still the same as Eq. 1.35, with the important excep-

tion that now the exchange energy can be expressed without the spin index. The exchange energy can be
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expressed in terms of the density matrix or spatial orbitals as

Ex[n1] = −
1

4

∫
d3rd3r′

|n1(r, r′)|2

|r− r′|
(1.57)

= −
N/2∑
i=1

N/2∑
j=1

∫
d3rd3r′

ϕ∗i (r)ϕj(r)ϕi(r
′)ϕ∗j (r

′)

|r− r′|
(1.58)

Having completely removed the spin index from Eq. 1.35, the HF equations are significantly simplified:

ϵiϕi(r) = −
1

2
∇2ϕi(r) +

∑
σ′

∫
d3r′ vHF(r, r

′)ϕi(r
′) (1.59)

vHF(r, r
′) =

[
vext(r) +

∫
d3r′′

n(r′′)

|r− r′′|

]
δ(r− r′)− 1

2

n1(r, r
′)

|r− r′|
(1.60)

These equations are much simpler to work with than the general equations of Eq. 1.49 due to the lack of

spin index. Also, only half as many spatial orbitals are required since each spatial orbital holds two elec-

trons. This significantly improves the computational efficiency of HF theory.

1.5.3 The Unrestricted Hartree-Fock Equations

Releasing the restriction that each spatial orbital is the same for the spin-up and spin-down case, but

maintaining the restriction that the orbitals are Sz eigenstates, we can write

ψi(x) = ϕ↑,i(r)δσ↑ (1.61)

ψi+N↑(x) = ϕ↓,i(r)δσ↓ (1.62)

where in general, ϕ↑,i(r) ̸= ϕ↓,i(r). In this case, the density matrix and density become

nσ1 (r, r
′) =

Nσ∑
i=1

ϕ∗σ,i(r)ϕσ,i(r
′) (1.63)

n1(r, r
′) =

∑
σ

nσ1 (r, r
′) (1.64)

n(r) = n1(r, r) (1.65)
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In terms of the density matrix, the energy is the same as Eq. 1.35, but the HF equations can now be sepa-

rated into two sets of equations, one spin-up and one spin-down:

ϵσ,iϕσ,i(r) = −
1

2
∇2ϕσ,i(r) +

∑
σ′

∫
d3r′ vσHF(r, r

′)ϕσ,i(r
′) (1.66)

vσHF(r, r
′) =

[
vext(r) +

∫
d3r′′

n(r′′)

|r− r′′|

]
δ(r− r′)− nσ1 (r, r

′)

|r− r′|
(1.67)

While we still need to compute the same number of orbitals as in the general case of Eq. 1.49, these or-

bitals are split between two eigenvalue problems, so the computational complexity still ends up being sig-

nificantly reduced compared to the general HF equations of Eq. 1.49.

1.5.4 Shortcomings of Hartree-Fock

The key weakness of Hartree-Fock is that it does not include correlations between electrons. Because elec-

trons repel each other, their distributions are not independent but correlated. In Hartree-Fock, on the

other hand, the only correlations between electrons are the exchange interactions necessary to antisym-

metrize the wave function.

Another weakness of Hartree-Fock is that, in spite of its simplicitly, it can still be quite computation-

ally expensive. Due to the four-center integrals of Eq. 1.33, naive implementations of the HF method have

a computational cost that scales as Θ(N4) with the number of electrons. While this is less computation-

ally expensive than the more advanced quantum chemistry methods discussed in the next section, the cost

still grows quickly with system size. By improved algorithm design, the computational complexity can be

brought down to Θ(N3), with the bottleneck typically being the evaluation of the exact exchange term

(Eq. 1.39). Significant research effort has been put into accelerating the evaluation of exact exchange.

Some approaches seek to reduce the prefactor of the Θ(N3)-scaling algorithm.28,75,113,128,212 Other meth-

ods are able to asymptotically achieve quadratic or even linear scaling with system size once the system

gets very large,98,152,184 though linear scaling can only be achieved for systems with a finite band gap (i.e.

systems that are not metallic).

1.6 Quantum Chemistry Methods with Corrrelation

Many methods have been developed to approximately introduce correlation into the electronic system,

many of which build on top of HF theory. One example is many-body (Möller-Plesset) perturbation the-

ory,185 which treats the HF wave function as the initial ground state of a mean-field Hamiltonian and

then applies the “perturbation” as the difference between the exact and mean-field Hamiltonians. This
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approach can be effective when electronic correlation effects are weak (and therefore the HF wave function

is close to the exact wave function), but this is often not the case.

Another class of approaches is called coupled-cluster theory.185 In coupled-cluster theory, an ansatz

for the correlated wave function is employed in which high-order excitations of an initial wave function

(typically the HF wave function) are assumed to be products of lower-order excitations,198 which greatly

simplifies the many-body problem. Coupled-cluster theory has proven quite effective, so much so that

coupled-cluster singles and doubles with perturbative triples, or CCSD(T), is often considered the “gold

standard” model for main-group molecular chemistry. However, due to the complicated nature of the

coupled-cluster equations, coupled-cluster theory is quite computationally expensive. The cost of CCSD

scales as Θ(N6) with the number of electron N , and the perturbative triples correction in CCSD(T) scales

as Θ(N7).

Finally, a class of methods called Quantum Monte Carlo65 obtains an estimate of the ground-state en-

ergy by stochastically sampling a correlated wave function. There are many flavors of Quantum Monte

Carlo, but two illustrative flavors are variational Monte Carlo and diffusion Monte Carlo. In variational

Monte Carlo, one writes down an explicit ansatz for the fully correlated wave function, typically built on

top of the HF wave function. This ansatz typically contains correlation effects that are too complicated to

compute analytically, so they are integrated numerically using stochastic Monte Carlo methods. Parame-

ters in the the wave function are optimized variationally to find lower-energy wave functions. In diffusion

Monte Carlo, the fully-correlated wave function is sampled by simulating it as a “stochastic process con-

sisting of diffusion plus branching” (Hammond, Lester, and Reynolds65). Quantum Monte Carlo is typi-

cally very computationally expensive due to the need to extensively sample the wave function to obtain a

sufficiently precise estimate of the energy, but its computational cost scales relatively well with respect to

system size compared to coupled-cluster theory. For example, auxiliary-field quantum Monte Carlo scales

as Θ(N4) with system size.109

While all of the methods listed above are useful in many applications and have even been modified to

increase their computational efficiency and scalability to large chemical systems, they are in general too

computationally expensive for routine application to systems with hundreds or thousands of electrons. To

solve this problem, some methods have been developed that circumvent the use of the wave function en-

tirely by attempting to write the ground-state electronic energy as a functional of a simpler quantity than

the full many-body wave function. The most popular and computationally efficient of these approaches is

density functional theory (DFT), which is covered in the next section and is also the focus of this disserta-

tion.

19



1.7 Density Functional Theory

Two key observations can help us simplify the electronic structure problem. First, note than in the many-

electron, Born-Oppenheimer Hamiltonian (Eq. 1.7), the only quantity that depends on the specifics of the

chemical system (i.e. the positions of the nuclei, external fields, etc.) is the external potential vext(r). All

other interactions depend only on the arrangement (and number) of electrons. Second, consider the elec-

tron density given by Eqs. 1.14 and 1.15. As shown in Section 1.5 (Eq. 1.37), the external potential energy

⟨Ψ|
∑

i vext(ri)|Ψ⟩ can be written as

〈
Ψ

∣∣∣∣∣
N∑
i=1

vext(ri)

∣∣∣∣∣Ψ
〉

=

∫
d3r vext(r)n(r) (1.68)

which only depends on the density and external potential. This expression looks much more convenient

to work with than the many-body wave function, and it raises the question: Can we express the ground-

state electronic energy E[n] as a functional of the density? It turns out that, using a formalism called

“constrained search” developed by Levy and Lieb,118,127,136 we can.∗ By taking the expectation value

of Eq. 1.7 over a trial wave function Ψ and then substituting in Eq. 1.68, we get an expression for the

ground-state energy E:

E = ⟨Ψ|H|Ψ⟩ =
∫

d3r vext(r)n(r) +

〈
Ψ

∣∣∣∣∣∣
N∑
i=1

−∇
2
i

2
+

N∑
i=1

N∑
j=i+1

1

rij

∣∣∣∣∣∣Ψ
〉

(1.69)

The above equation still depends on the wave function Ψ, but notably, the second term does not depend

on the nuclear positions, only the electronic wave function. Suppose we restrict our possible density distri-

butions n(r) to those that can be produced by some many-body fermionic wave function Ψ. In this case,

we can write the second term as a minimization of the energy over the set of wave functions that yield the

density distribution n(r):

E =

∫
d3r vext(r)n(r) + min

Ψ→n(r)

〈
Ψ

∣∣∣∣∣∣
N∑
i=1

−∇
2
i

2
+

N∑
i=1

N∑
j=i+1

1

rij

∣∣∣∣∣∣Ψ
〉

(1.70)

The reason we can do this is that the search for the ground-state wave function is a variational problem;

⟨Ψ|H|Ψ⟩ ≥ E for any fermionic wave function Ψ because E is the smallest eigenvalue of Eq. 1.7. There-

fore, Eq. 1.70 represents the lowest possible energy of the system under the constraint that the electron
∗The proof that the energy is a functional of the density was first provided by Hohenberg and Kohn73 in 1964,

setting off the modern development of DFT. However, the constrained search approach is more general and intu-
itive, so we use that to build up the intuition for DFT in place of the original Hohenberg-Kohn theorems.
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density is n(r). If we can find the density that yields the lowest possible energy for Eq. 1.70, we will ob-

tain the ground-state energy and electron density of the system.

Given our restriction to the space of densities arising from a many-body wave function, the second term

in Eq. 1.70 is a unique functional of the density,118,127,136 and we can rewrite the energy as an explicit

density functional:

E[n] = V [n] + F [n] (1.71)

V [n] =

∫
d3r vext(r)n(r) (1.72)

F [n] = min
Ψ→n(r)

〈
Ψ

∣∣∣∣∣∣
N∑
i=1

−∇
2
i

2
+

N∑
i=1

N∑
j=i+1

1

rij

∣∣∣∣∣∣Ψ
〉

(1.73)

The functional F [n] is universal; it depends only on the electron density distribution n(r), not the specific

chemical system under study. By optimizing the density n(r) to yield the smallest possible energy E[n],

we can find the ground-state energy of a chemical system. One can also make F a functional of the spin-

density:

E[n↑, n↓] = V [n↑ + n↓] + F [n↑, n↓] (1.74)

F [n↑, n↓] = min
Ψ→{n↑(r),n↓(r)}

〈
Ψ

∣∣∣∣∣∣
N∑
i=1

−∇
2
i

2
+

N∑
i=1

N∑
j=i+1

1

rij

∣∣∣∣∣∣Ψ
〉

(1.75)

This formalism is helpful for spin-polarized systems. However, because the non-spin-polarized and spin-

polarized formalisms are so similar, we will write most of the DFT equations just for the non-spin-

polarized case for brevity, including the spin-polarized case only when critical to understanding part of

the theory.

Remarkably, Eq. 1.73 provides us with an exact formalism for the ground-state energy, but it does not

tell us how to evaluate F [n] explicitly. Can we evaluate F [n] exactly, and if not, can we approximate it

accurately? This question is covered in the next section.
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1.8 The Kohn-Sham Formalism

Consider the functional F [n] in Eq. 1.73. The argument of the minimization contains two terms, the ki-

netic energy T [Ψ] and the electrostatic (Coulomb) energy W [Ψ]:

T [Ψ] =

〈
Ψ

∣∣∣∣∣−1

2

N∑
i=1

∇2
i

∣∣∣∣∣Ψ
〉

(1.76)

W [Ψ] =

〈
Ψ

∣∣∣∣∣∣
N∑
i=1

N∑
j=i+1

1

rij

∣∣∣∣∣∣Ψ
〉

(1.77)

One could consider approximating W [Ψ] by the classical electrostatic repulsion energy of the density, also

known as the Hartree energy:

U [n] =
1

2

∫
d3rd3r′

n(r)n(r′)

|r− r′|
(1.78)

This would be a rough approximation but a reasonable starting point. (Specifically, self-interaction error

will arise from the repulsion of an electron’s probability distribution with itself, and electronic correla-

tions are not accounted for.) It is less immediately clear how to approximate T [Ψ]. Using similar intu-

ition about molecular orbitals used to motivate the development of Hartree-Fock, Walter Kohn and Lu J.

Sham decided to express the spin density as a set of fictitious, orthogonal orbitals ϕi(r).99 For the non-

spin-polarized case, the density is

n(r) = 2

N/2∑
i=1

|ϕi(r)|2 (1.79)

This looks identical to the closed-shell, restricted HF density of Eq. 1.56. We will make one formal change

to the above equation, which is to remove the bound on the sum (thereby working with a complete, infi-

nite set of orthogonal orbitals) and introduce occupation numbers fi for the orbitals:

n(r) =
∞∑
i=1

fi|ϕi(r)|2 (1.80)

In Eq. 1.80, the occupation numbers fall in the range fi ∈ [0, 2], with 2 being a doubly occupied orbital

and 0 being an unoccupied orbital. The orbitals must be orthonormal, ⟨ϕi|ϕj⟩ = δij , and the occupation

numbers must sum to the number of electrons,
∑

i fi = N . In general, fi = 2 when i ≤ N/2, and fi = 0

otherwise, in which Eqs. 1.79 and 1.80 are identical. For the rest of this work, when summing over orbitals

with occupation numbers,
∑

i will abbreviate
∑∞

i=1, or alternatively a sum to some cutoff
∑Norb

i=1 when we

are discussing computational implementations and therefore need a finite cutoff.

The choice to introduce these occupation numbers might seem strange at first, but it will help us ex-
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tract important properties from DFT later on. The equivalent spin-polarized density is

nσ(r) =
∑
i

fi,σ|ϕi,σ(r)|2 (1.81)

where fi ∈ [0, 1] are the occupation numbers of the orbitals, and ⟨ϕσ,i|ϕσ,j⟩ = δij and
∑

i fσ,i = Nσ. Un-

like Hartree-Fock, these orbitals are fictitious rather than being an explicit ansatz for the wave function.

However, one can still compute their kinetic energy as

T [{ϕi}] =
1

2

∑
i

fi

∫
d3r |∇ϕi(r)|2 (1.82)

We then choose the orbitals to minimize the kinetic energy for a given density:

{ϕi}[n] = argmin
{ϕi}→n(r)

T [{ϕi}] (1.83)

Ts[n] = min
{ϕi}→n(r)

T [{ϕi}] (1.84)

The term Ts[n], called the non-interacting kinetic energy, turns out to be relatively close to T [Ψ] in most

cases. This is because the orbitals, while fictitious, are constructed quite similarly to the Hartree-Fock or-

bitals, so Ts[n] essentially yields the kinetic energy of non-interacting electrons constrained to the density

n(r). We can rewrite F [n] as a sum of U [n], Ts[n], and an additional term called the exchange-correlation

(XC) energy Exc[n]:

F [n] = Ts[n] + U [n] + Exc[n] (1.85)

Exc[n] ≡ F [n]− (Ts[n] + U [n]) (1.86)

Notably, Exc[n] is defined as the difference between F [n] and Ts[n] + U [n], so Eq. 1.85 is exact. Unfortu-

nately, we still do not have a way of solving for Exc[n], which at first glance makes it look like no progress

has been made. However, because we have subtracted rough but reasonable approximations to the kinetic

and Coulomb energies from F [n] (both of which are strictly positive), |Exc[n]| << |F [n]| in nearly all

cases. Therefore, when we design approximations to the unknown but exact Exc[n], we will be approxi-

mating a relatively small contribution to the energy, as opposed to approximating most of the energy for

F [n]. This approach is called Kohn-Sham DFT, after its inventors,99 and Walter Kohn won the 1998 No-

bel Prize in Chemistry for its development.
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Writing out the total energy within Kohn-Sham DFT, we get

E[n] = Ts[n] + V [n] + U [n] + Exc[n] (1.87)

When expressed in terms of the orbitals, Ts[n] is identical to the HF kinetic energy. Therefore, remark-

ably, the total energy formulas for Hartree-Fock and Kohn-Sham DFT are the same for a given set of or-

bitals, except that the exact exchange energy Eexact
x [n1] of HF is replaced by the XC functional Exc[n]

of DFT. This is helpful because it means the computational implementations of HF and DFT are quite

similar. However, it is important to remember that the derivations of HF and DFT are very different.

In HF theory, the orbitals constitute an approximate ansatz for the ground-state wave function, and the

Hamiltonian is evaluated exactly over that wave function. In DFT, the orbitals are fictitious and serve as

a proxy non-interacting system whose energy gets mapped to the exact ground-state energy of the inter-

acting system via Exc[n].

1.9 Solving for the Kohn-Sham Ground State

Suppose now that we have some (approximate or exact) functional Exc[n]. How do we solve for the

ground-state energy? When the energy is minimized, it is at a local minimum as a functional of the Kohn-

Sham orbitals. Therefore, the functional derivatives of the energy with respect to the orbitals will vanish.

Enforcing this condition with Lagrange multipliers leads to a set of partial differential equations that must

be solved for the orbitals. Following the same procedure used to derive the HF equations in Section 1.5,

we find that the Kohn-Sham orbitals must satisfy the partial differential equation

−1

2
∇2ϕi(r) + veff[n](r)ϕi(r) = ϵiϕi(r) (1.88)

The eigenvalues ϵi are also fictional like the orbitals (though ϵi within the generalized Kohn-Sham scheme

of Section 1.10 can be used to obtain the ionization potential, electron affinity, and band gap, c.f. Chap-

ter 6). Note that the effective potential veff[n](r) is itself a functional of the density:

veff[n](r) = vext(r) +

∫
d3r′

n(r′)

|r− r′|
+
δExc[n]

δn(r)
(1.89)

The potential veff[n](r) is a functional of the density n(r), which is determined by the orbitals ϕi(r), which

in turn are determined by the potential veff[n](r). Therefore, solving for the ground-state density and or-

bitals requires iteratively solving Eq. 1.88 until self-consistency is reached, i.e. until the effective potential

yields the same orbitals that were used to generate the effective potential (to within some acceptable nu-
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merical tolerance). This is the same concept as for the HF method. The computational cost of each solu-

tion of Eq. 1.88 scales as Θ(N3) with the number of electrons, which is significantly faster than alternative

quantum chemistry methods. Having reached self-consistency, the total energy E[n] is

E[n] =
1

2

∫
d3r

∑
i

fi|∇ϕi(r)|2 +
∫

d3r vext(r)n(r) +
1

2

∫
d3rd3r′

n(r)n(r′)

|r− r′|
+ Exc[n] (1.90)

1.9.1 Computational Implementation

On a computer, Eq. 1.88 must be solved numerically, which requires expressing ϕi in a finite basis set

ϕi(r) =

Nbasis∑
µ=1

ciµχµ(r) (1.91)

In this basis set, Eq. 1.88 becomes a generalized eigenvalue problem of size Nbasis:

Hci = ϵiSci (1.92)

with

Hµν =

〈
χµ

∣∣∣∣−1

2
∇2ϕi(r) + veff[n](r)

∣∣∣∣χν

〉
(1.93)

Sµν = ⟨χµ|χν⟩ (1.94)

The computational cost of solving the generalized eigenvalue problem of Eq. 1.92 for ϵi and ci scales cu-

bically with the basis set size Nbasis, which in turn is proportional to the number of electrons N . This

routine gives rise to the Θ(N3) scaling of DFT.

1.10 Generalized Kohn-Sham DFT

Pure Kohn-Sham DFT, as described above, assumes that the XC energy is a pure functional of the elec-

tronic density n(r). However, for reasons we will explain later, we might want to write a functional that

explicitly depends on the density matrix n1(r, r′), i.e.

n1(r, r
′) =

∑
i

fiϕ
∗
i (r)ϕi(r

′) (1.95)

Note that even in exact Kohn-Sham theory, Eq. 1.95 is not the exact 1-particle density matrix of the

many-electron system in the way that n(r) is the exact density of that system, but rather the 1-particle
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density matrix of the fictional Kohn-Sham Slater determinant (i.e. Eq. 1.27 constructed from the occupied

Kohn-Sham orbitals). The density n(r) = n1(r, r) is still the fundamental physical quantity.

Using an XC functional written explicitly as a functional of n1, rather than a pure functional of the

density n, is called generalized Kohn-Sham DFT. Within the generalized formalism, the energy functional

becomes

E[n1] =
1

2

∫
d3r ∇ · ∇′n1(r, r′)

∣∣∣∣
r′=r

+

∫
d3r vext(r)n(r) +

1

2

∫
d3rd3r′

n(r)n(r′)

|r− r′|
+ Exc[n1] (1.96)

with the effective Hamiltonian equation given by

−1

2
∇2ϕi(r) +

∫
d3r veff[n1](r, r

′)ϕi(r
′) = ϵiϕi(r) (1.97)

with the nonlocal effective potential

veff[n1](r, r
′) =

[
vext(r) +

∫
d3r′′

n(r′′)

|r− r′′|

]
δ(r− r′) +

δExc[n1]

δn1(r, r′)
(1.98)

Just like with pure Kohn-Sham DFT, the solution to Eq. 1.97 must be solved self-consistently.

1.11 Jacob’s Ladder of Density Functional Approximations

Finally, we have arrived at a convincing formalism for obtaining the ground-state electronic energy of

a chemical system in the form of (pure or generalized) Kohn-Sham DFT. The formalism is exact, but it

also features a set of orbitals that, while fictional, intuitively correspond to the molecular orbitals of meth-

ods like Hartree-Fock. The only challenge left is to develop approximations to the XC energy (Exc[n] or

Exc[n1], depending on whether we are using the pure or generalized approach) that are computationally

efficient but also sufficiently accurate to provide useful insights into chemical systems. This is the central

theoretical challenge of Kohn-Sham DFT.

In the six decades since the formulation of Kohn-Sham theory, hundreds of approximations have been

developed for Exc,115,134 which are far too numerous to summarize here. Thankfully, there exists a conve-

nient way of classifying conventional approaches to XC functional design called Jacob’s ladder.158 Intro-

duced by John Perdew, the analogy consists of five rungs on a ladder, with each rung corresponding to a

different type of XC functional. These rungs are defined by their “ingredients” (known as features or de-

scriptors in ML terminology), which are the inputs from which the XC functional is predicted. The lower

rungs consist of simple ingredients that can be computed very quickly but are often insufficient to describe
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Figure 1.1: Jacob’s ladder of density functional approximations. The lower rungs are generally less computation-
ally expensive and less accurate, while the higher rungs are more computationally expensive and more accurate.

the exchange and correlation effects in a system. Each rung introduces more complex ingredients, thereby

increasing the computational cost of the functional but also increasing its ability to accurately predict the

XC energy. The Jacob’s ladder classification scheme for XC functionals is illustrated in Figure 1.1.

1.11.1 Local Density Approximation

To explore the different levels of Jacob’s ladder, we will work in spin-restricted Kohn-Sham theory for the

sake of simplicity, but all of these approaches are straightforwardly extensible to unrestricted Kohn-Sham

DFT. Starting from the bottom, the first rung on the ladder is the local density approximation (LDA).

The LDA approximates the XC energy as a local functional of the density n(r), which has the form

Exc[n] =

∫
d3r exc (n(r)) (1.99)

This integrand exc is called the XC energy density. The LDA is called a local functional because the

energy density at r depends only on the value of the density at r. Any approximation of this form will

clearly be a rough one, since interactions between electrons are intrinsically nonlocal in nature due to the

Coulomb operator. In other words, the exact exc(r) clearly depends on the density at points other than r.
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1.11.2 Generalized Gradient Approximation

The second rung on Jacob’s ladder is the generalized gradient approximation (GGA). GGAs follow the

same principle as the LDA, but the XC energy density is also allowed to depend on the gradient of the

density:

Exc[n] =

∫
d3r exc (n(r), |∇n(r)|) (1.100)

Making exc a function of the magnitude of ∇n (and not its direction) ensures that the Exc[n] is invari-

ant under rotation of the density. Because the gradient depends not only on the density at r, but also the

shape of the density in an infinitesimally small region around r, GGAs are called semilocal functionals

rather than local functionals.

1.11.3 Meta-Generalized Gradient Approximation

The third rung is the meta-GGA. The meta-GGA introduces the kinetic energy density,

τ(r) =
1

2

∑
i

|∇ϕi(r)|2 (1.101)

(which integrates to the total non-interacting kinetic energy Ts[n]) and uses it as an ingredient for the XC

energy density

Exc[n] =

∫
d3r exc (n(r), |∇n(r)|, τ(r)) (1.102)

Because τ depends on the orbitals in addition to the density itself, we must abandon pure Kohn-Sham

DFT to use meta-GGAs. Technically, it is possible to employ orbital-dependent functionals in pure Kohn-

Sham DFT using the optimized effective potential approach,22,136 but most orbital-dependent functional

implementations use the generalized Kohn-Sham approach because the implementation of the optimized

effective potential method is more difficult and technically involved.206

Also, while meta-GGAs are orbital-dependent, the dependence on the orbitals is semilocal, so we still

consider meta-GGAs to be semilocal functionals like GGAs. Classifying the first three rungs of Jacob’s

ladder—LDA, GGA, and meta-GGA—as semilocal emphasizes that they usually have similar computa-

tional efficiency. Meta-GGA calculations are somewhat slower than LDA and GGA calculations due to the

increased complexity of computing the kinetic energy density and the nonlocal XC potential, but typically

the difference in computational cost is a factor of 2-3 at most.
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1.11.4 Hybrid DFT

The fourth rung is the popular approach of hybrid DFT, which is the lowest rung of Jacob’s ladder in

which the XC functional depends nonlocally on the orbitals. The key feature of hybrid DFT is that the

exact exchange energy Ex[n1] of Hartree-Fock (Eq. 1.39) is mixed into the functional. To distinguish it

from approximations to the exchange energy, we will from now on refer to Ex[n1] of Eq. 1.39 as Eexact
x [n1].

The simplest type of hybrid XC functional, called a global hybrid, consists of a semilocal contribution to

the XC energy mixed with some fraction ax of Hartree-Fock exchange:

Eglobal hybrid
xc [n1] = Esemilocal

xc [n1] + axE
exact
x [n1] (1.103)

In principle, one might consider using no semilocal exchange and ax = 1 exact exchange, thus describing

exchange effects exactly and correlation effects via semilocal DFT:

Exc[n1] = Esemilocal
c [n1] + Eexact

x [n1] (1.104)

However, because the errors of semilocal exchange and correlation parts of semilocal functionals tend to

partially cancel each other,136,138 this functional form is not very accurate for most chemical systems.

Hybrid DFT also has more complicated variations. One of the most popular of these is the range-

separated (RS) hybrid,70 in which the 1/r Coulomb kernel in the exchange energy is separated into a

short-range and long-range part using some range-separation parameter ω:

1

r
=

(1− erf(ωr))

r
+

erf(ωr)

r
(1.105)

The first term is short range in the sense that it vanishes like (1 − erf(ωr)) as r → ∞ (which goes to zero

much faster than a negative exponential), and the second term is long range in the sense that it decays

slowly (like 1/r) as r → ∞. The divergence of the the Coulomb operator as r → 0 is contained in the

short-range part, while the long-range part is finite at r = 0. Using this separation into short-range and

long-range parts, one can use different fractions of “short-range exact exchange,”

Eexact,sr
x [n1] = −

1

2

∑
σ

∫
d3r

∫
d3r′

|n1,σ(r, r′)|2(1− erf(ω|r− r′|))
|r− r′|

(1.106)

and “long-range exact exchange,”

Eexact,lr
x [n1] = −

1

2

∑
σ

∫
d3r

∫
d3r′

|n1,σ(r, r
′)|2 erf(ω|r− r′|)
|r− r′|

(1.107)
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resulting in a functional of the form

Ers hybrid
xc [n1] = Esemilocal

xc [n1] + asr
x E

exact,sr
x [n1] + alr

xE
exact,lr
x [n1] (1.108)

One can also vary the fraction of exact exchange locally in real space, resulting in what is called a “lo-

cal hybrid functional.”130 Doing so requires defining an exchange energy density eexact
x [n1](r) such that

Eexact
x [n1] =

∫
d3r eexact

x [n1](r) (1.109)

There is no unique definition of this energy density, but the most common one used is

eexact
x [n1](r) = −

1

2

∑
σ

∫
d3r′

|n1,σ(r, r
′)|2

|r− r′|
(1.110)

A local hybrid functional might then look like

Elocal hybrid
xc [n1] = Esemilocal

xc [n1] +

∫
d3r ax[n1](r)e

exact
x [n1](r) (1.111)

where ax[n1](r) is typically a semilocal functional.

1.11.5 Random Phase Approximation and Double Hybrid DFT

In all the previous rungs of Jacob’s ladder, the XC energy depends only on the form of the occupied or-

bitals. However, in the fifth and final rung of Jacob’s ladder, explicit correlation is introduced into the

functional. These explicit correlation methods, such as the Random Phase Approximation (RPA)169 and

Möller-Plesset perturbation theory (MP),59,185 depend on the form of the unoccupied orbitals as well.

Functionals incorporating perturbation theory-based correlation are called double hybrids. Explicit cor-

relation can significantly improve the accuracy of XC functionals, and the most accurate DFT approaches

for molecular benchmark datasets are typically double hybrids.60 However, double hybrids also inherit the

much larger computational cost of methods like RPA and MP correlation, making them impractical for

many large-scale applications. For this reason, we focus our attention on only the first four rungs of Ja-

cob’s ladder.

1.12 Exact Constraints and Appropriate Norms

While Jacob’s ladder gives us a hierarchy of ingredients from which the XC functional can be constructed,

it provides no guidance on what the actual mathematical form of the XC energy density exc[n1](r) is.
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How, then, can we write down an explicit approximation for the XC energy? We could empirically fit

some arbitrary function to reproduce experimental data, but it would also be helpful to have some robust,

physics-based principles guiding the design of XC functionals.

To address this problem, researchers often design functionals by writing out exact constraints on the XC

energy that are known from physics,93 and then they design an explicit formula (typically by hand) that

interpolates between these constraints in some reasonable way. For example, one simple exact constraint is

that the exchange energy is spin-separable, meaning that the exchange energy of a spin-polarized system

Ex[n↑, n↓] can be expressed in terms of the exchange functional for non-spin-polarized systems Ex[n] as154

Ex[n↑, n↓] =
1

2
(Ex[2n↑] + Ex[2n↓]) (1.112)

Enforcing this constraint narrows down the possible mathematical forms of the exchange functional.

Sometimes, exact constraints provide insufficient information to design an XC functional. In this case,

one can also consider designing the XC functional to be exact for appropriate norms, which are the prop-

erties of simple chemical systems (often isolated atoms) for which the XC energy is forced to be exact. A

popular example is the total energy of the hydrogen atom, since it is arguably the simplest relevant chem-

ical system. Enforcing these appropriate norms provides a way to make XC functionals more realistic for

chemical systems without extensive empirical fitting.

As a concrete example, consider a distribution of electrons where the density is a constant ρ everywhere

in space. This is, of course, a fictional system with an infinite number of electrons and infinite XC energy,

but the XC energy density is finite. By symmetry, the XC energy density is also unique in this case, and it

takes the form

exc[n](r) =
Exc[n]

V
= eUEG

xc (ρ) (1.113)

where V →∞ is the volume of the uniform electron gas, and eUEG
xc (ρ) is a function yielding the XC energy

density of the uniform electron gas (UEG) of density ρ. The correlation part of this function can be com-

puted numerically using Quantum Monte Carlo,29 and the exchange part can be derived analytically as40

eUEG
x (ρ) = −3

4

(
3

π

)1/3

ρ4/3 (1.114)

Because the LDA XC energy density only depends on the density as eLDA
xc (n(r)), enforcing Eq. 1.113

uniquely defines the LDA as

ELDA
xc [n] =

∫
d3r eUEG

xc (n(r)) (1.115)

One could therefore consider the uniform electron gas an appropriate norm for the LDA. Several exact
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constraints, including the spin-scaling constraint of Eq. 1.112, are incidentally enforced by the LDA form

above.

There are a total of 17 known exact constraints that can be obeyed by semilocal functionals,191 and

there are a number of other exact constraints that are impossible to obey with semilocal functionals but

might be useful for the design of more complex functionals.93 These constraints have played a critical role

in the development of nonempirical XC functionals, as discussed in Chapter 2.

1.12.1 Uniform Scaling

Before proceeding, we will discuss one more constraint, which plays a critical role in this dissertation.

Consider an initial density distribution n(r), and then consider a transformed density

nλ(r) = λ3n(λr) (1.116)

This transformation of the density n(r) → nλ(r) is called uniform scaling, so named because it is equiva-

lent to compressing (for λ > 1) or expanding (for λ < 1) a density distribution uniformly in each coordi-

nate direction while maintaining its relative shape. The scaled density obeys the normalization condition

∫
d3rnλ(r) =

∫
d3rn(r) (1.117)

It turns out that one can analytically derive the behavior of different density functionals under uniform

scaling of the density. For example, the non-interacting kinetic energy functional obeys the relation-

ship41,180

Ts[nλ] = λ2Ts[n] (1.118)

For shorthand, we can say that Ts[n] scales as λ2 under uniform scaling. The most important of these uni-

form scaling relationships for the purpose of this work is the behavior the exchange functional, which sat-

isfies41,122

Ex[nλ] = λEx[n] (1.119)

The correlation functional does not have simple behavior under uniform scaling, but it does have the low-

density (λ << 1) and high-density (λ >> 1) limits93,120,121,123

lim
λ→0

Ec[nλ] = λC0[n] (1.120)

lim
λ→∞

Ec[nλ] > −∞ (1.121)
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where C0[n] is a (generally unknown) functional of the density.

Notably, since tuning λ in Eq. 1.116 essentially allows one to scale the magnitude of the density, en-

forcing the exchange uniform scaling rule of Eq. 1.119 removes the magnitude of the density as a degree of

freedom from the XC functional, greatly simplifying the functional design problem. For example, consider

the LDA exchange functional:

Ex[n] =

∫
d3r exc(n(r)) (1.122)

The only LDA form that enforces Eq. 1.119 is

Ex[n] = Ax

∫
d3r (n(r))4/3 (1.123)

where Ax is a constant, which can be set to − 3
4

(
3
π

)1/3 by enforcing the UEG limit. That Eq. 1.123 satis-

fies Eq. 1.119 can be seen by substituting Eq. 1.116 into Eq. 1.123.

As a more complex example, consider a GGA:

Ex[n] =

∫
d3r exc(n(r), |∇n(r)|) (1.124)

Because ∇nλ(r) = λ4∇n(λr) and nλ(r)
4/3

= λ4n(λr)4/3, the exchange uniform scaling rule can be en-

forced by writing the GGA as

Ex[n] = Ax

∫
d3r (n(r))4/3Fx

(
|∇n|
n4/3

)
(1.125)

Therefore, without any loss of physically meaningful flexibility in the model (since we have simply en-

forced an exact constraint), we replaced an unknown function of two variables exc(n(r), |∇n(r)|) with an

unknown function of one variable Fx

(
|∇n|/n4/3

)
, which is a much simpler function to work with. In gen-

eral, any exchange functional of the form

Ex[n] = Ax

∫
d3r (n(r))4/3Fx (x[n](r)) (1.126)

where x[n](r) is a vector density functional satisfying

x[nλ](r) = x[n](λr) (1.127)

satisfies the uniform scaling rule of Eq. 1.119. The property of Eq. 1.127 is called scale-invariance because

the value of x[nλ](r/λ) is equal to x[n](r) and therefore does not vary as λ varies.

For orbital-dependent functionals within the generalized Kohn-Sham formalism, Eq. 1.119 does not
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strictly hold because the shape of the orbitals can change with λ. However, a strictly true equivalent rule

for density matrix-dependent functionals can be written as

Ex[n1,λ] = λEx[n1] (1.128)

where

n1,λ(r, r
′) = λ3n1(λr, λr

′) (1.129)

While Eqs. 1.119 and 1.128 are different conditions, the orbitals (and therefore density matrix) for a given

density tend not to change much when switching from an exchange density functional to an exchange den-

sity matrix functional.61 Therefore, these two conditions are often roughly equivalent in practice. Because

of this, we will typically refer to Eq. 1.119 when discussing the uniform scaling behavior within both the

pure and generalized Kohn-Sham schemes.

1.13 Strengths and Shortcomings of Conventional XC Functionals

All of the functional forms on Jacob’s ladder are approximate; it is not mathematically possible for them

to exactly reproduce the XC energies of all systems because the ingredients used as inputs to the func-

tional are too simple to describe all possible variations of the density and density matrix. It is therefore

critical to understand what types of properties different types of functionals are and are not capable of

describing accurately.

The LDA approximation is only exact for a uniform electron gas. The LDA XC energy will be inex-

act for any inhomogeneous system, even a simple one like the hydrogen atom. The LDA provides a quite

reasonable description of properties like lattice constants and bulk moduli, but its predictions for other

properties, like cohesive energies of solids, are highly inaccurate. To illustrate this, consider the benchmark

of 64 solids presented by Zhang et al.235 The LDA162,213 predicts the lattice constants of these solids with

a mean absolute relative error of 1.4% and 10.6% compared to experiment, respectively. PBE159 (a popu-

lar GGA) has errors of 1.2% and 11.6%, quite similar to LDA. However, the LDA mean absolute relative

error for cohesive energies (the energy per atom required to dissociate a solid into its constituent atoms)

is 19.3%, while for PBE it is only 5.5%. Clearly, the LDA description of bond energies is quite poor. The

reason for this is that the LDA overstabilizes delocalized electrons, meaning electrons involved in cova-

lent bonding, compared to localized electrons, meaning those in isolated atoms. As a result, it drastically

overestimates the energy required to dissociate bonds in most cases. The overstabilization of delocalized

electrons occurs because the LDA is derived from the uniform electron gas, and therefore it assumes that

the electrons are always delocalized, even if they are not, and this results in a poor description of localized
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electrons.

GGA functionals partially fix this problem by “detecting” regions of localized and delocalized electrons.

This distinction is possible because localized density distributions will typically have larger density gra-

dients than delocalized electrons. This results in a significantly improved description of bond energies as

well as other properties. However, the description of properties like band gaps and barrier heights is typ-

ically poor with GGAs due to self-interaction error.16,60 Meta-GGA functionals provide even greater im-

provement for bond energies because the kinetic energy density τ enables the disctinction of one-electron,

metallic, and weakly bonded regions of the density distribution.191,192 In addition, because meta-GGAs

are orbital dependent, they provide an improved description of band gaps over GGA functionals.231

While semilocal functionals can be significantly improved by increasing their complexity from LDA to

GGA to meta-GGA, all semilocal DFT suffers from self-interaction error, even in the simplest cases. For

example, semilocal DFT drastically underestimates the energy required to dissociate the H +
2 ion because

it cannot adequately distinguish the bonded electron distribution and (half-occupied) atomic electron dis-

tribution.83 On the other hand, Hartree-Fock describes the H +
2 bond dissociation exactly and without

self-interaction error, as it does with all one-electron systems.83 As a result, the fraction of Hartree-Fock

exchange in hybrid DFT tends to improve a variety of properties, including molecular bond energies and

barrier heights.60 Arguably the starkest improvement made by hybrid DFT is for band gaps, which are

systematically underestimated by semilocal DFT but predicted much more accurately by hybrid function-

als like HSE06.16,70

Unfortunately, hybrid DFT comes with a few key drawbacks. First, it is significantly more computa-

tionally costly than semilocal DFT because the exact exchange energy and potential must be evaluated.

Conventional implementations of hybrid DFT can be orders of magnitude slower than semilocal DFT. Sig-

nificant research effort has made hybrid DFT much more computationally tractable,28,75,98,113,128,152,184,212

but the slowdown compared to semilocal DFT can still be computationally prohibitive for some problems,

especially solid-state systems with hundreds or thousands of atoms.

The second problem with hybrid DFT is that, while it can describe exchange effects exactly, it does

not improve the description of correlation. This places some significant limitations on its accuracy for

systems with static correlation and other problems for which semilocal correlation is insufficient. Hybrid

DFT even describes some types of systems less accurately than semilocal DFT because it does not have as

much cancellation of error between the exchange and correlation parts. An excellent example is metallic

solids, for which hybrid DFT typically predicts unphysically weak bond energies and overestimates lattice

constants.235 Hybrid DFT provides inaccurate descriptions of these systems because the exact exchange

interaction is completely screened at long-distance in metallic systems, which is a correlation effect not
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accounted for by hybrid DFT. Semilocal DFT tends to describe metals well due to cancellation of error.

Since the semilocal exchange and correlation holes tend to cancel at long range, the combined XC func-

tional implicitly assumes a “screened” exchange effect, similar to how the exact correlation hole screens

the exact exchange hole in solids (especially metals).136

1.14 Summary

In this chapter, we have introduced the nonrelativistic, quantum mechanical many-electron problem and

the Kohn-Sham density functional theory approach to solving it. DFT treats the electron density as the

fundamental variable for determining the ground-state energy, which greatly simplifies the many-electron

problem, but it is not known how to calculate the energy as a density functional. Kohn-Sham DFT uses

fictional molecular orbitals to calculate a “non-interacting kinetic energy,” yielding a practical algorithm

for DFT calculations and leaving us with the XC energy as the one unknown term in DFT. While Kohn-

Sham DFT is an exact theory (as is the generalized Kohn-Sham formalism), it is in practice necessary to

approximate it. To do so, a variety of approximate XC functional forms are used, mostly lying on the Ja-

cob’s ladder of density functional approximations.

These approximate functionals suffer from significant shortcomings such as self-interaction error, which

limit their ability to describe technologically important systems like semiconductors,54,110 battery materi-

als,69 and catalysts.223 For this reason, XC functional design remains a critical research front six decades

after the inception of density functional theory. To lay the groundwork for progress that needs to be made

in XC functional design, the next chapter provides a high-level overview of how XC functionals are de-

signed. It also provides the motivation for and history of ML methods for XC functional design, which

serves as context for the CIDER framework presented in this dissertation.
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2
Design of Exchange-Correlation Functionals

As discussed in Chapter 1, the central theoretical problem of Kohn-Sham DFT is developing good approx-

imations to the exchange-correlation functional Exc[n] (or Exc[n1] for the generalized Kohn-Sham formal-

ism). This chapter provides background on the various strategies for developing these density functionals,

with a focus on the recent development of machine learning methods. However, to understand the develop-

ment of machine learning-based functionals, it is important to first summarize the methods currently used

to construct most density functionals, which can be separated into nonempirical and empirical approaches.

2.1 Nonempirical Functionals

The nonempirical approach consists of designing functionals from first pinciples by interpolating smooth,

hand-designed functions of the inputs (e.g. density and density gradient for a GGA) between known ex-

act constraints on the XC functional. We have already covered these constraints and how they are used

in Section 1.12, so here I will simply mention a couple of important works and their impact on the field.

First off, the standard LDA is a nonempirical functional and provided the first demonstrations of the use-
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fulness of Kohn-Sham DFT.93 The PBE functional159 was designed as a nonempirical GGA and, likely

due to its intentional simplicity and lack of reliance on fitting to particular classes of systems, has been

used in so many applications that the paper introducing it is the sixteenth most-cited scientific paper in

history. Finally, the SCAN functional191 demonstrated that the nonempirical approach could be applied

to more complex functionals by enforcing 17 exact constraints and appropriate norms on a meta-GGA

functional. LDA, PBE, and SCAN are probably the most popular functionals in their respective rungs

of Jacob’s ladder for materials science applications, where researchers do not have access to much data

for empirically fitting functionals and also require models that are robust across a wide range of chemical

compositions.

There are many other useful nonempirical XC functionals, but the key point here is that nonempirical

functional design has played a key role in the development of modern DFT, especially in materials science

and solid-state physics applications.

2.2 Empirical Functionals

In spite of its widespread success and influence, the nonempirical approach to functional design is not per-

fect. One of the problems with nonempirical functionals is that the model systems that serve as exact con-

straints bear little resemblance to real chemical systems and can be overly restrictive. For example, the

uniform electron gas29,40 and near-uniform electron gas197 (characterized by a constant density distribu-

tion throughout space and a near-constant density with small variations, respectively) serve as popular

model systems but bear little resemblance to real molecules (though they do qualitatively reproduce some

important features of metallic solids, such as the highly delocalized electrons and the lack of band gap).

As another example, the Lieb-Oxford bound on the XC energy states that159,243

Exc[n↑, n↓] =

∫
d3rexc[n↑, n↓](r) ≥ −1.679

∫
d3r (n(r))

4/3 (2.1)

The Lieb-Oxford bound is a global condition in the sense that the bound only applies to the integral

Exc[n]. However, the only way to guarantee Eq. 2.1 is obeyed for arbitrary systems is to enforce it locally

such that

exc[n↑, n↓](r) ≥ −1.679 (n(r))4/3 (2.2)

It can be argued that this is an overly restrictive condition, since it is possible to design functionals that

obey Eq. 2.1 for most real chemical systems even while violating Eq. 2.2 in some regions of space.

To illustrate this limitation of exact constraints and show why empirical fitting of functionals is a de-

sirable approach, consider the W4-11 dataset, which consists of high-accuracy quantum chemical reference
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values for the atomization energies of 140 small molecules. According to Goerigk et al.,60 the mean ab-

solute error (MAE) of the nonempirical PBE functional is 15.0 kcal/mol for this dataset. On the other

hand, the semi-empirical revPBE functional237 has an MAE of only 7.5 kcal/mol on this dataset.60 Tun-

ing just two parameters cuts the errors for these bond energies in half. The only difference between PBE

and revPBE is that two adjustable parameters, which in PBE were set using the nearly uniform electron

gas and local Lieb-Oxford bound as exact constraints, were empirically tuned in revPBE to reproduce ex-

act exchange energies of isolated atoms.

Another problem with nonempirical functional design is that there are not enough constraints to guide

the design of complex functionals, and even if there were, it might be implausible to hand-design a func-

tional form incorporating all of them. The well-known SCAN meta-GGA functional191 made use of 17

exact constraints and appropriate norms to help specify the functional form, which constitutes most of the

known constraints that a semilocal functional can feasibly obey. Any functional more complicated than a

meta-GGA would have significantly more degrees of freedom and therefore would require more constraints.

Even if such constraints could be derived, it would be remarkably difficult to hand-design a functional

form that interpolated between all of them.

This difficulty can be seen in the types of functionals that have become popular and successful at dif-

ferent levels of theory. For example, across a large benchmark database of molecular properties called

GMTKN55, the most accurate GGA functional as determined by a weighted average error metric is

revPBE, and the most accurate meta-GGA is SCAN (both with empirical dispersion corrections).60 The

revPBE functional, as discussed above, only has two empirical parameters, while SCAN is nonempirical.

However, the most accurate hybrid functional is ωB97X-V,131 which has 10 empirical parameters fit to an

extensive molecular benchmark dataset. Popular nonempirical hybrid functionals like PBE01 were found

to be much less accurate on average than ωB97X-V and the other empirically tuned hybrids. In the same

work, the most accurate double hybrid functionals (from the fifth rung of Jacob’s ladder) were also empir-

ically tuned.60 Based on these results, it appears that more complex functional forms are more difficult to

design without empirical tuning, confirming the intuition above.

Conventional empirical functionals are typically constructed by creating some heuristic feature set (such

as polynomials of semilocal ingredients regularized to fall in [0, 1] or [1, 1]9,131,239) and then performing

linear regression in this space, possibly regularized to avoid numerical stability issues. This distinguishes

them from the machine learning approaches discussed later in this chapter, which use more sophisticated

ML methods like neural networks and Gaussian process regression instead of linear regression with feature

engineering.
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2.3 To Fit or Not to Fit? The Generalizability Problem

The above discussion makes empirical tuning of density functionals sound like the preferable approach,

and empirical functionals tend to be popular for applications in molecular chemistry. However, empirical

functionals suffer from a key problem: They are often overfit to their training data, which is usually biased

toward main-group molecular systems, and do not generalize well to systems that are dissimilar from their

training data. Nonempirical functionals have been found to generalize better across chemical space.93

Because of this, there is a tension between the costs and benefits of nonempirical and empirical func-

tional design, characterized by the following key considerations:

• Empirical functionals can accurately fit data on which they are trained, making them especially use-

ful for main-group chemistry where significant training data is available.

• The accuracy of empirical functionals often does not generalize to types of systems not seen in their

training data, which is problematic because many important classes of systems do not have accurate

benchmark data available.

• Nonempirical functionals are highly generalizable and robust, so they can often be applied equally

well to simple organic molecules and complex solid-state systems. They are far more popular than

empirical functionals in materials science.

• At higher rungs of Jacob’s ladder, it becomes difficult to design nonempirical functionals because

there are so many degrees of freedom, so the most popular hybrid functionals for chemistry are em-

pirical. In addition, it is not always clear which constraints are helpful and necessary and which are

overly restrictive.

This is the state of the competition between nonempirical and empirical density functional methods. Since

machine learning models are, in some sense, an extension of empirical functional approaches, there are

several key questions to answer when developing ML methods for DFT. Can machine learning improve

functional accuracy compared not only to nonempirical functionals but also compared to conventional em-

pirical approaches? Can machine learning functionals be designed such that they generalize across a broad

range of systems like nonempirical functionals? Is it possible to combine aspects of empirical and nonem-

pirical functional design into machine learning-based functionals, in order to get the “best of both worlds”

by accurately fitting training data and also generalizing across a broad range of chemical compositions and

phases of matter?
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2.4 History of Machine Learning Density Functionals

The shortcomings of existing approximations have motivated the development of machine learning (ML)

models for more accurate functionals.92 This concept was first introduced by Tozer et al.,203 who in 1996

used a neural network to fit XC potentials within the local density approximation. Between then and

roughly 2019, the basic ideas behind ML functionals developed within two main bodies of work. The first

is the conventional empirical functional design philosophy discussed above, which has significantly influ-

enced the development of ML functionals. Much of the data used to train and benchmark more sophisti-

cated ML functionals was originally collected and aggregated for the development and benchmarking of

semi-empirical functionals,60,134,234 and much of the intuition about the promises and pitfalls of ML func-

tionals originated in comparisons between conventional nonempirical and semi-empirical functionals.93,138

Major developments in this field include those from the groups of Donald Truhlar,232,233,234 Martin Head-

Gordon,131,132,133 and Axel Becke.9 Notably, Wellendorf et al. developed semi-empirical functionals that

employed Bayesian estimates of the uncertainty of the functional,221,222 an important early step in the

transition from conventional semi-empirical functional design to more complex ML methods.

The second relevant body concerns the introduction of more complex ML methods, like kernel-based re-

gression models and neural networks, into the functional design methodology. Early work in this direction

was done by Kieron Burke and coworkers starting in 2012.74,125,187,188 These works mostly focused on an-

swering fundamental questions about ML functional design using simple one-dimensional model systems.

The lessons learned from this work included the following:

• Designing functionals with stable and accurate functional derivatives is difficult.188

• One can learn the mapping from the external potential directly to the energy to circumvent the

density entirely.21

• Introducing exact constraints to ML functionals can improve their accuracy.74

• Functionals can be trained self-consistently to improve their accuracy and transferability.125

Starting around 2019, these two bodies of work merged. Rather than using simple statistical learning

models to fit functionals for real chemical systems or using complex ML models to study simple model sys-

tems, researchers began applying more sophisticated ML approaches to real molecular systems. As with

conventional functional design, researchers have taken this work in several different directions. Some ML

functionals use the same ingredients from Jacob’s ladder that conventional functionals use, but replace

the form of the XC energy density exc(n, |∇n|, τ, . . . ) with a machine learning model like a neural net-

work.39,94,95,148,205 This approach aims to improve the flexibility of the model by circumventing the limits
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of hand-designed functional forms and leveraging the sizable databases that have been made over the years

for fitting empirical functionals. However, no matter how expressive and flexible the ML model is and how

much data is available to train it, these approaches cannot overcome limitations that are inherent to the

features of Jacob’s ladder, such as the computational cost of hybrid DFT and the self-interaction error of

semilocal DFT.

Other ML functionals use projections of the electron density or density matrix onto atom-centered ba-

sis sets as input to an ML model, resulting in an atomic decomposition of the the XC energy.31,32,38,135

Unlike conventional functionals, these models depend explicitly on the density and atomic positions, as

opposed to the density only, and some models depend on the atomic species as well as the atomic posi-

tions.38 Likely as a result of this explicit structure dependence, these models are highly accurate across

a small set of systems similar to those on which the model is trained, but they do not match the uni-

versality of most conventional XC functionals. For example, the original DeePKS functional31 was only

applicable to closed-shell organic molecules. DeePKS functionals for other systems have been developed

since then,126 but these functionals are not broadly transferable across chemical space. Most likely, mak-

ing such a general functional would require a large amount of data due to the structure dependence of

the model, and such data is difficult to obtain at sufficient accuracy due to the difficulty of experimental

measurements and the computational cost of more accurate quantum chemistry methods. Recent work

by Chen and Yang32 has made progress on this problem by training geometry-dependent functionals on a

variety of (mostly main-group) molecular systems, but this method has not yet been demonstrated with

self-consistent calculations or solid-state systems.

Yet another recent approach uses a real-space grid and convolves the density to create features in

real space.117,147,173 This approach has better transferability across chemical space than the geometry-

dependent approach above and requires less training data than other ML functionals (as shown by Nagai

et al.,147 who used a training set of only three molecules), but the accuracy achieved thus far is not con-

sistently better than conventional semi-empirical XC functionals. For example, the NN-NRA by Nagai et

al. is more accurate than the conventional empirical M06-L239 and M06240 functionals for main group ion-

ization potentials, but less accurate for barrier heights.147 It seems likely that significant work remains to

be done to design density descriptors that can overcome the shortcomings of conventional Jacob’s ladder

functionals. A critical component of the CIDER framework consists of improved versions of this type of

descriptor.

The above discussion categorizes ML functionals primarily by the inputs to the model. This is a rea-

sonable categorization scheme because the choice of model inputs determines the computational cost of

the functional (since evaluating the ML model from the features is very computationally efficient in most
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cases). For example, an ML functional that uses the exact exchange energy density as an input will be

more computationally expensive than a functional that uses only meta-GGA features. In addition, the

choice of input features also places a cap on the accuracy of a model. As discussed in Section 1.13, there

are some intrinsic limitations to different functional forms. For example, no GGA functional can accu-

rately predict band gaps without sacrificing the accuracy of other properties due to the lack of derivative

discontinuity in pure density functionals,143,231 no matter how sophisticated an ML model is used to con-

struct the GGA.

2.5 Obtaining Reference Densities

The input to an XC functional is a Kohn-Sham density or density matrix, and the output is the XC en-

ergy. To obtain these training labels, one must have both a density and the exact energy that corresponds

to that density. In the case of the XC energy, one must also have the exact Kohn-Sham orbitals so that

the kinetic energy can be computed and subtracted from the total energy. This data is quite challeng-

ing to obtain, since most experiments do not observe density distributions, and most quantum chemistry

methods do not easily yield Kohn-Sham orbitals or even the density. This problem is particularly im-

portant because empirical functionals have been shown to yield less accurate densities than nonempirical

functionals in some cases.138 Presumably ML functionals are also at risk of suffering from this problem.

The most common approach to attaining reference densities and orbitals is to simply perform a self-

consistent DFT calculation with an existing functional and treat the density and orbitals of that calcula-

tion as “exact.” In some ways, this is a reasonable approach. For many systems, the DFT error arises from

conventional functionals predicting a reasonable density but incorrectly predicting the energy from that

density.186 However, some systems, especially transition states, strongly correlated systems, and systems

with highly localized electrons, conventional DFT methods predict inaccurate density distributions.186

Using these densities as references for training a new model for the XC energy will yield an incorrect func-

tional, since the exact functional should predict the correct energy for the correct ground state density. For

other (non-degenerate) densities, the functional should predict higher energies. Training the functional to

predict the correct energy from an inaccurate density is therefore incorrect.

Another problem with simply fitting with densities from existing functionals is that the density and

energy might not be self-consistent after training. The ML functional might predict the right energy for

the density distribution used for training, but then when used in a self-consistent field calculation, it might

optimize to a different density and predict an incorrect energy.

To solve the issue of the density being inconsistent with the energy, one can start by training a

model using an existing functional’s densities, then training a new model on the densities obtained self-
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consistently using the first model. Then one can train a third model with the second model’s densities and

so on until the model no longer changes significantly between iterations, meaning the energy and density

are consistent. However, this does not solve the density accuracy problem, since the self-consistently ob-

tained density might still be inaccurate compared to the true ground state density.

Several researchers have managed to improve the prediction of density distributions by explicitly fitting

them. One approach to training the density involves training the XC functional self-consistently using a

fully differentiable DFT program.31,39,94,124 Another approach is to include the density error in the loss

function through Monte Carlo weight optimization between self-consistent field calculations.147,148 In both

cases, one must obtain accurate an reference density from a higher-level quantum chemsitry method like

CCSD.185

The problem of obtaining accurate densities for XC functional training is interesting, but in this work

we are focused exclusively on the exchange part of the functional. Because this exact exchange energy can

be written explicitly in terms of the orbitals, it serves as good training data even if the orbitals themselves

do not correspond to the “exact” Kohn-Sham orbitals. Therefore, we leave the problem of obtaining refer-

ence densities to future work and simply use GGA calculations to obtain reference orbitals for our training

data.

2.6 The Exchange Functional

For this work, we focus on training the generalized Kohn-Sham (KS) exchange functional (Eq. 1.39).

There are several reasons for focusing on the exchange functional, rather than the full XC functional.

First, compared to the full XC energy, it is much easier to collect training data for Eexact
x [n] because it

can be computed analytically from a KS density matrix (via Eq. 1.39). This makes it ideal for initial

studies on real molecular systems. Second, evaluating the exact exchange energy is usually the compu-

tational bottleneck of hybrid DFT calculations, in which a fraction of exact exchange is mixed into an

otherwise semilocal XC functional. For periodic solids, hybrid DFT can be orders of magnitude more ex-

pensive than semilocal DFT and scales poorly with system size, which places limits on its applications.128

There have been recent developments in the efficient computation of the exchange energy for periodic sys-

tems,28,75,98,128,212 but these approaches are still more costly than semilocal DFT. In addition, the linear-

scaling approaches are only applicable to systems with band gaps, making them impractical for applica-

tions like catalysis on metal surfaces. An efficient ML exchange model could drastically reduce the com-

putational cost of a calculation compared to hybrid DFT while preserving its accuracy. This is important

because there are some technologically relevant systems, like semiconductor point defects54,110 and bat-

tery materials,69 for which semilocal DFT is inaccurate but can be corrected by mixing an empirically
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tuned fraction of exact exchange to form a hybrid functional.2,179,207 Similar applications might be found

in areas like heterogeneous catalysis,223 where semilocal DFT is also frequently inadequate to describe the

systems of interest. An ML exchange functional could make accurate studies of these systems faster and

more practical.

Studying the exchange functional on its own is also important for developing a robust combined XC

functional. The exchange and correlation energy errors tend to cancel each other because the exchange-

correlation hole is more localized than the exchange or correlation holes on their own. However, this can-

cellation of error is neither controlled nor universal.138 This means that in situations where such cancel-

lation of error does not occur, an otherwise accurate XC functional could fail unexpectedly. Having an

exchange functional that is accurate on its own provides a baseline for ensuring physically realistic be-

havior in these systems. semilocal functionals rely heavily on cancellation of error effects, so it is an open

question what descriptors, if any, are capable of describing the shape of the exchange hole with sufficient

accuracy and efficiency to replace the exact exchange operator. Knowing the answer to this question could

assist future functional design.

2.7 Summary

In this section, I provided an overview of different approaches to functional design with a focus on recent

machine learning methods. While existing methods have made significant progress, there is still significant

room for improvement in making functionals with a good balance of accuracy, computational efficiency,

and chemical transferability. The CIDER framework introduced in this dissertation provides a new way

to tie together some key desirable features for an XC functional, including expressive but computationally

efficient features, universality/lack of geometry-dependence, and the incorporation of exact constraints.

The next chapter provides a description of Gaussian process regression, the ML technique used to train

CIDER functionals.
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3
Gaussian Process Regression

Gaussian process regression is a Bayesian statistical learning method used to fit continuous data. Because

all the models in this work use Gaussian process regression to fit the exchange energy, it is worth summa-

rizing the basic ideas behind Gaussian processes. This discussion closely follows the excellent textbook by

Rasmussen and Williams168 but is less detailed, and I present slightly different forms of some equations

for the sake of setting up the specific problem of learning density functionals.

3.1 Derivation

Consider the problem of learning some function f(x), with x being a feature vector of independent vari-

ables. Let X be a feature matrix, where each row xi is the feature vector for training point i, and let y be

a target vector, where each element yi is the observed value of the target function for training point i. In

most applications, the observations yi are noisy or uncertain observations of f(x):

yi = f(xi) + ϵi (3.1)
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where ϵi is a random variable representing the uncertainty. To handle this uncertainty quantitatively, we

must select some prior for ϵi indicating what we think the noise of observation i is. A mathematically con-

venient prior is the normal distribution of standard deviation σi:

ϵi ∼ N (0, σ2
i ) (3.2)

where N (µ, σ2) is the normal distribution with mean µ and variance σ2. While most introductions to

Gaussian processes assume a single noise hyperparameter σnoise, in this work we will address the more

general case where each observation i has a different noise σi. This is important because observations of

different chemical properties will have different uncertainties depending on the method used to compute

the property, the typical magnitude of the property computed, etc. If we collect the noise variances σ2
i in

a diagonal matrix Σnoise, we can write the distribution of the deviations between y and the function val-

ues f as a multi-dimensional normal distribution

y ∼ N (f ,Σnoise) (3.3)

To learn f(x) via Bayesian inference, we also need to place a prior on the values of f(x). Again, it is

convenient to use a normal distribution. However, f(x) is a continuous function rather than a discrete set

of variables like the training observations y. To describe such a function, we need to employ a Gaussian

process, defined by Rasmussen and Williams as “a collection of random variables, any finite number of

which have a joint Gaussian distribution.”168 The notation for a Gaussian process is

f(x) ∼ GP (m(x), k(x,x′)) (3.4)

where m(x) and k(x,x′) are the mean and covariance functions of the Gaussian process, respectively. The

above equation and definition mean that for any matrix of inputs X, the prior probability distribution of

the values of f(x) are

f ∼ N (m,K) (3.5)

where f is a vector with fi = f(xi), m is a vector with mi = m(xi), and K is a matrix with elements

Kij = k(xi,xj). Using Eqs. 3.3 and 3.5, one can write

y ∼ N (m,K+Σnoise) (3.6)

Now we have a probability distribution for our observation vector y. Once we observe y, how do we pre-
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dict the value of our function for a new point x∗? First, we construct a joint distribution for the observa-

tions y and the value of the function at x∗:

 y

f(x∗)

 ∼ N
 m

m(x∗)

 ,
K+Σnoise k∗

k⊤∗ k(x∗,x∗)

 (3.7)

where k∗ is a column vector whose entries are k(xi,x∗). Then, we can use this joint distribution to solve

for the conditional probability distribution of f(x∗) given the observations y. This process is fairly mathe-

matically involved, so we will skip to the result here. The reader is referred to Chapter 2.2 and Appendix

A.2 of Rasmussen and Williams for mathematical details.168 The result is

f(x∗)|y ∼ N
(
k⊤∗ [K+Σnoise]

−1
y +m(x∗), k(x∗,x∗)− k⊤∗ [K+Σnoise]

−1
k∗

)
(3.8)

While the variance is useful in many contexts (because it represents the model’s estimate of the uncer-

tainty of its own prediction), in this work we only need the mean, which gives us a learned function of the

form

f(x∗) = m(x∗) +
∑
α

k(x∗,xi)αi (3.9)

with the following weight vector α:

α = (K+Σnoise)
−1

y (3.10)

One powerful feature of using Gaussian process regression is that the learned function Eq. 3.9 requires

only the observations (xi, yi), uncertainties σ2
i , mean function m(x∗), and kernel function k(x,x′). This

kernel defines the covariance between the values of the predictive function for two points, i.e. k(x,x′) =

Cov(f(x), f(x′)). As discussed in the next section, the shape of the kernel function determines the possible

shapes of the predictive function.

3.2 Covariance Kernels

Within Gaussian process regression, the form of the covariance kernel k(x,x′) determines the complexity,

smoothness, and other properties of the predictive function f(x). For example, if one chooses the kernel to

be a dot product

k(x,x′) = x · x′ (3.11)

then the Gaussian process regression becomes equivalent to Bayesian linear regression. Linear models

can be quite useful, but in other situations, such as XC functional design, more complex functions are re-
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quired.

Throughout this work, we use the squared-exponential kernel

k(x,x′) = Σ0 exp

[
−1

2
(x̄− x̄′)

2
]

(3.12)

where Σ0 is a hyperparameter constant and x̄ is a vector with elements x̄i = xi/li. The parameters li

are called length-scale hyperparameters, and they control how sharp or smooth the squared-exponential

function is. Equation 3.12 essentially serves as a similarity metric in the feature space. When |x̄ − x̄′| is

smaller, k(x,x′) is larger, and as |x̄ − x̄′| → ∞, k(x,x′) → 0. The intuition is therefore that points that

are far away from each other in the feature space should be mostly independent of each other (i.e. have

small covariance), whereas points that are very close should have similar values (i.e. have large, positive

covariance). The Σ0 parameter reflects our prior expectations of the average squared magnitude of f(x) −

m(x).

One important feature of the squared-exponential kernel is that it is infinitely and continuously differ-

entiable. This is critical because the functional derivative of the XC energy is required to perform self-

consistent field calculations for DFT (Eqs. 1.88 and 1.97). A kernel with discontinuous derivatives would

lead to convergence issues in self-consistent field calculations.

Picking appropriate length-scale hyperparameters li is critical to learning an effective model. When li

is small, small perturbations to xi can be lead to large changes in the function value. This means that the

model can fit the training data more accurately, but the model can also become more prone to overtrain-

ing. In addition, functionals need to be reasonably smooth (i.e. not-too-quickly varying with respect to

changes to the orbitals) in order to run self-consistent field calculations that converge easily. When li is

large, the predictive function does not change as quickly when xi changes; this makes the model smoother

and less prone to overfitting, but it also reduces the capacity of the model to fit sharper curves in the

function and can therefore lead to under-fitting.

As a final note, when I talk about a functional being more or less “smooth,” I do not refer to a strict

mathematical definition of smoothness, but rather to a qualitative description of how quickly the model

varies with respect to its inputs. A model whose output has high-frequency oscillations with respect to the

model inputs is considered less smooth than one with lower-frequency oscillations.
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4
The CIDER Framework

Having introduced DFT and existing machine learning approaches to designing exchange-correlation func-

tionals, we now proceed to our contribution to this nascent field, which is called the Compressed Scale-

Invariant Density Representation (CIDER). We introduce the theory behind CIDER and then use it to

train a Gaussian process model for the exchange energy that obeys the critical uniform scaling rule for

exchange. The resulting exchange functional is significantly more accurate than any semilocal functional

tested here for predicting the exact exchange energy, and it has good transferability across main-group

molecules. This work therefore serves as an initial step toward more accurate exchange functionals, and it

also introduces useful techniques for developing robust, physics-informed exchange-correlation models via

machine learning.

The results in this chapter were initially published in my 2022 paper “CIDER: An Expressive, Nonlocal

Feature Set for Machine Learning Density Functionals with Exact Constraints,” published in the Journal

of Chemical Theory and Computation with my advisor, Boris Kozinsky.24 The references to “Support-

ing Information” in this chapter refer to the Supporting Information for this paper, which is available at

DOI:10.1021/acs.jctc.1c00904. Please see the original manuscript for funding information.
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4.1 Introduction

The foundation of CIDER is a set of descriptors of the density distribution that are invariant under uni-

form scaling of the density (Eq. 1.127). We use these features as inputs to train a Gaussian process for

the exchange functional Ex[n]. This scale-invariance allows the exchange model to obey the uniform scal-

ing rule Ex[nλ] = λEx[n] (see Section 1.12.1 for details). The resulting exchange functional requires only

119 training systems to be transferable across the first four rows of the periodic table. It outperforms all

semilocal exchange functionals investigated here for predicting the total and atomization exchange ener-

gies, and it accurately reproduces main-group atomization energies when replacing the exact exchange

contribution in B3LYP hybrid functional.190 It has good numerical stability, allowing it to be used in self-

consistent field calculations with standard integration grids. The CIDER approach thus provides an initial

step toward a robust and efficient approximation to the exact exchange energy.

The rest of this chapter is structured as follows: Section 4.2 introduces the CIDER formalism, and Sec-

tion 4.3 describes the Gaussian process models used with the CIDER descriptors to train exchange func-

tionals. Section 4.4 describes the methods for performing the DFT calculations and training the CIDER

functional, and Section 4.5 contains the results and a discussion of the new functional’s performance

across a diverse set of chemistries. Finally, Section 4.6 concludes with a summary of the findings.

4.2 The CIDER Formalism

To develop an ML model for the exchange energy, an expressive set of nonlocal descriptors of the density

must be used as input to the model. One could use a neural network (NN) to learn the features from the

raw density distribution in real space, but training features this way is data intensive, with 105-106 train-

ing points used in recent works.172,242 In addition, these NNs rely on a specific grid structure over which

convolutions are performed, which could impede their use in realistic production calculations. Alterna-

tively, one could project the density or density matrix onto atomic basis sets, as is done in NeuralXC and

DeePKS,31,38 but these two models do not incorporate any physical constraints into the features, making

it infeasible to incorporate exact constraints into the model itself. The difficulty of incorporating physical

constraints and intuition into such models could limit their transferability and universality. A compromise

between these two approaches is to design features based on nonlocal convolutions of the density, as was

done by Lei and Medford117 and by Nagai et al.,147 and then use these features as input to an ML model.

We seek to improve on this third approach by designing descriptors that are highly expressive and which

also constrain the resulting ML model to known properties of the exact functional.

The most important constraint for the exchange energy is derived from the principle of uniform scaling,
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which was introduced in Section 1.12.1. Consider a density distribution n(r), and a scaled density

nλ(r) = λ3n(λr) (4.1)

Several important exact constraints can be written using this scaled density. They include the uniform

scaling rules for the non-interacting kinetic energy Ts[n] (Eq. 1.118) and exchange energy (Eq. 1.119).

Equation 1.119 implies that the exchange energy can be written as

Ex[nλ] = −λ
(
3

4

)(
3

π

)1/3 ∫
d3rFx[n](r)n

4/3(r) (4.2)

with the exchange enhancement factor (XEF) Fx[n](r) obeying the scale-invariance property of Eq. 1.127,

i.e. Fx[nλ](r) = Fx[n](λr). Equation 4.2 is the form used by most semilocal exchange functionals. The con-

stant in front of the integral is chosen so that Fx = 1 for the uniform electron gas (UEG). The functional

for a non-spin-polarized density Ex[n] can be extended to the spin-polarized case using the spin-scaling

rule of Eq. 1.112.154 Because Eq. 1.112 uniquely and simply defines the spin-polarized exchange energy

from the non-spin-polarized exchange energy, the remainder of the discussion in this section refers to the

non-spin-polarized case.

For Fx[n](r) to be scale-invariant, it must be a functional of scale-invariant features. The conventional

descriptors of the gradient ∇n and kinetic energy density τ = 1
2

∑
i |∇ϕi|2 satisfy Eq. 1.127 and are there-

fore scale-invariant:

s =
∇n

2(3π2)1/3n4/3
(4.3)

α =
τ − τW
τ0

(4.4)

where τW = |∇n|2/8n is the kinetic energy density of a single-orbital system and τ0 = (3/10)(3π2)2/3n5/3

is the kinetic energy density of the UEG. The descriptor α was first introduced in by Sun et al.192 While

these descriptors are useful, they are semilocal, so they cannot fully encode the complex, nonlocal struc-

ture of the exchange functional. The challenge is therefore to construct a set of nonlocal descriptors that

are scale-invariant, which can be used to accurately train an ML model for Ex[n].

Nonlocality can be introduced to the features by performing convolutions on the density with a short-

range kernel, as done in the Near-Region Approximation (NRA) by Nagai et al.147 However, these fea-

tures are not scale-invariant. To achieve scale-invariance, we use an approach similar to that developed

by Janesko and co-workers for “Rung 3.5” semi-empirical functionals.81,82,84 Rung 3.5 functionals use the

52



one-particle density matrix n1(r, r′):

n1(r, r
′) =

∑
i

fiϕi(r)ϕi(r
′), (4.5)

where ϕi(r) are the Kohn-Sham orbitals and fi are the occupation numbers (2 for the occupied orbitals

in a non-spin-polarized system and 0 for unoccupied orbitals).The density matrix n1(r, r′) is projected

onto a semilocal model for the density matrix at each point r to construct the Rung 3.5 energy density

eRung3.5[n](r):

eRung3.5[n](r) =

∫
d3r′

n1(r, r
′)nmodel

1 (r′ − r; r)

|r− r′|
(4.6)

Importantly, the model density matrix nmodel
1 (r′ − r; r) is position-dependent in a way that gives

eRung3.5[n](r) convenient behavior under uniform scaling. For example, if nmodel
1 (r′ − r; r) is the exchange

hole of the UEG, then eRung3.5[nλ](r) = λ4eRung3.5[n](λr).

Following this approach, we introduce a scale-invariant set of integral descriptors to describe the density

distribution around a point:

Gnlm(r) =

∫
d3r′ gnlm(r′; r)n(r+ r ′) (4.7)

gnlm(r′; r) = B
3/2
0

√
4πl−1

(
8π

3

) l
3

Ylm(r̂′)(|r′|
√
a)2n+le−a|r

′|2 (4.8)

In the above equation, the functions Ylm(r̂′) represent the real spherical harmonics, and the exponent a is

a function of r and a semilocal functional of the density:

a[n](r) = π
(n
2

)2/3 [
B0 + C0

(
τ

τ0
− 1

)]
(4.9)

where B0 and C0 are tunable constants satisfying B0 ≥ C0 > 0. Notable choices include B0 = 1—in which

case G000 = 2 for the non-spin-polarized UEG—and B0 = C0 = 6
5π (6π

2)2/3—in which case a is related to

the exponent for a single Slater-type orbital density (see Appendix A.1 for a proof):

n(r) ∝ e−(
√
2a)r (4.10)

The B0 = 1 case is important because the exchange hole integrates to -1 (-2 if summed over spin for a

non-spin-polarized system), so for B0 = 1, g000 is approximately shaped like the UEG exchange hole

and has the correct norm for the exchange hole for the UEG. This gives the feature a sensible shape and

length-scale, and it also gives a known UEG reference value for that feature, allowing the UEG constraint

to be enforced.
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If B0 = C0, a is finite in atomic core regions but will vanish at the center of single bonds, where τ = 0.

If C0 = 0, a will vanish at the atomic tails as the density goes to zero. In each case, the length scale of

the Gaussian distribution becomes infinite, which is incompatible with the goal of a computationally effi-

cient functional and is also poor inductive bias because the exchange hole is localized around the reference

point. Therefore, B0 must be greater than C0, and C0 must be positive.

In this work, we use the constant A to define the length-scale, such that

B0 = A (4.11)

C0 =
A

32

6

5π
(6π2)2/3 ≈ 0.18A (4.12)

This choice was found to yield a smooth length-scale in real space. We also define several choices of A for

the model, resulting in different widths of the Gaussian kernels:

• WIDE: A = 1

• MEDIUM-WIDE: A = 2

• MEDIUM-TIGHT: A = 4

• TIGHT: A = 8

These nonlocal features, along with the semilocal features s and α, constitute the Compressed Scale-

Invariant Density Representation (CIDER), so named because the features satisfy

Gnlm[nλ](r) = Gnlm[n](λr) (4.13)

(the scale invariance property of Eq. 1.127) and provide an efficient representation of the density distribu-

tion around a point r in real space.

The XC energy is invariant under rotation and translation of the system. The raw CIDER descriptors

above are translationally invariant but not rotationally invariant. To create rotationally invariant descrip-

tors, contractions using Clebsh-Gordon coefficients are performed. This is similar to the approaches used

in the Tensor Field Network,202 the Moment Tensor Potential,182 the RIDR functional,135 and Lei and

Medford’s nonlocal density features,117 which are recently developed ML methodologies for chemistry and

materials science.

In its current iteration, the CIDER descriptors are used to define the feature vector x, where Gnl is a
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vector containing Gnlm for m ∈ {−2l − 1,−2l, ..., 2l + 1}:

x1 = s2

x2 = α

x3 = G00

x4 = ∥G01∥2

x5 = ∥G02∥2/
√
5

x6 = s ·G01

x7 = C(s,G02, s)

x8 = C(s,G02,G01)

x9 = G00(2
−4/3A)

x10 = G00(2
4/3A)

(4.14)

G00(λA) indicates that the length-scale parameter A was changed to λA for this integral. C(a,b, c) con-

tracts the two l = 1 terms a, c and the l = 2 term b to an l = 0 term using Clebsh-Gordon coefficients

(see Appendix A.2 for details). For length-scale parameter A, Eq. 4.14 contains all possible rotationally

invariant contractions of features with l ≤ 2, with the exception of x11 = C(G01,G02,G01). We found

that this set of features provides a good balance between computational efficiency and model expressive-

ness. In principle, one could expand the feature set by including contractions of features with l > 2 and

by using multiple different length-scale parameters, but to keep the computational cost of feature evalua-

tion tractable, this is not done here. One could also attempt to learn on smaller feature sets, including a

semilocal model containing only x1 and x2. However, as discussed in the Supporting Information (Section

S2.2), this results in insufficiently accurate models. In Section S2.2, we also show that adding the feature

x11 does not improve the accuracy, and excluding the additional l = 0 features x9 and x10 is detrimental

to accuracy. We therefore conclude that Eq. 4.14 is a reasonable choice of feature vector.

The above descriptors will be referred to as Version A. We also tried introducing Gnlm descriptors for

n ̸= 0, yielding Version C (Compact) descriptors, which are the same as Version A except for the last two:

x9 = G10

x10 = G00(2A)

(4.15)

While x10 is a “tight” descriptor like in Version A, x9 has the same exponent as the other nonlocal fea-
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tures but is multiplied by ar2. This version allows us to examine the effects of eliminating the widest fea-

ture (thus “Compact”), which is useful because shorter-range features might be more amenable to compu-

tationally efficient evaluation in optimized implementations of the model.

Normalizing features is generally helpful in machine learning applications. Using the descriptors devel-

oped by Becke,10 Becke and Edgecombe,11 and Mardirossian and Head-Gordon132 as guidance, we apply

the following transformations to the above descriptors:

x1 →
γxx1

1 + γxx1

x2 →
2

1 + x2
2
− 1

x3 →
γ0ax3

1 + γ0ax3
− c3

x4 →
γ1x4

1 + γ1x4

x5 →
γ2x5

1 + γ2x5

x6 → x6

√
γx

1 + γxx1

√
γ1

1 + γ1x4

x7 → x7
γx

1 + γxx1

√
γ2

1 + γ2x4

x8 → x8

√
γx

1 + γxx1

√
γ1

1 + γ1x4

√
γ2

1 + γ2x5

x9 →
γ0bx9

1 + γ0bx9
− c9

x10 →
γ0cx10

1 + γ0cx10
− c10

(4.16)

The resulting transformed descriptors all fall in a finite range, making them more convenient for ML mod-

els. The hyperparameters in the equations above were selected heuristically as described in the Supporting

Information (Section S1), but they could also be optimized, if desired, by treating them as hyperparame-

ters of Gaussian process regression models, as explained in Section 4.3. The constants c3, c9, c10 guarantee

that the zero feature vector x = 0 corresponds to the UEG. The UEG limit can therefore be enforced by

setting Fx = 1 for x = 0 in Eq. 4.2.

4.3 Gaussian Process Exchange Models

To train ML models of the functionals, we employ Gaussian processes (GPs, discussed in Chapter 3),

which are commonly used for non-parametric regression in Bayesian statistical learning models.168 For

a training set size N , matrix of inputs X (the set of feature vectors x(i) for the training points i =

{1, ..., N}), vector of outputs y, and kernel function k(x,x′), the standard GP relations for the predictive
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mean f(x) and variance σ2 are

f(x∗) = k⊤∗ (K+ σ2
noiseI)

−1y (4.17)

σ2(x∗) = k(x∗,x∗)− k⊤∗ (K+ σ2
noiseI)

−1k∗ (4.18)

In the above equation, x∗ is the test point; k∗ is a vector containing k(x(i),x∗) for each x(i) in X; I is the

identity matrix; and Kij = k(x(i),x(j)) for each x(i),x(j) in X. The kernel function k(x,x′) can be any

function satisfying the rules for an inner product, and it may contain a set of hyperparameters θ that may

need to be optimized. These hyperparameters can be chosen by maximizing the marginal likelihood

ln p(y|X, θ) = −1

2
y⊤(K+ σ2

noiseI)
−1y − 1

2
ln |K+ σ2

noiseI| −
N

2
ln 2π (4.19)

The noise parameter σnoise can also be optimized in this manner. One popular covariance kernel is the

squared-exponential kernel

k(x,x′) = exp

(
−1

2
|(x− x′)⊙ a|2

)
(4.20)

where ⊙ represents the element-wise product, and a is a hyperparameter vector containing the inverse

standard deviation in each direction in feature space. This kernel is used for some of the preliminary mod-

els discussed in the Supporting Information (Section S1) and as the base kernel for the additive kernel

discussed below. The squared-exponential kernel yields highly expressive, nonlinear models because it is

equivalent to linear regression on an infinite set of nonlinear basis functions.168 It is also is smooth and in-

finitely differentiable, which is important for ML functional models because they must be differentiated to

obtain the exchange potential.

One drawback of the GP is that evaluating Eq. 4.17 for a single test point scales linearly with the train-

ing set size N , so evaluating GPs with large training sets is computationally expensive. To enable efficient

evaluation of the model, some developers of GP-based molecular dynamics force fields map the GP to a

cubic spline of the features, so evaluation of the model has a low cost that is independent of training set

size.57,208,209,226 However, this approach is only feasible for n ≤ 4 features because the amount of mem-

ory required for the spline coefficients scales as Gn, with G the grid size in each dimension. With the 10

features in the CIDER model, Eq. 4.20 cannot be mapped to a cubic spline.

This problem can be solved by the additive kernel developed by Duvenaud et al.42:

kadd
n (x,x′) = σ2

n

∑
1≤i1<i2<···<in≤D

n∏
d=1

kid(xid , x
′
id
) (4.21)

where D is the dimensionality of the feature vector, n is the order of the kernel, and ki(xi, x
′
i) is the kernel
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for feature i. For this kernel, the predictive mean can be linearly decomposed into terms with a maximum

of n features per term. Each of these terms can be mapped to a cubic spline in a memory-efficient manner

for n ≤ 4. See Appendix A.3 for a more detailed explanation.

4.3.1 Model Details

The additive Gaussian process approach allows interactions of any order in the descriptors to be accounted

for by changing n in Eq. 4.21. Using the feature vector x of Eq. 4.14, the kernel for the exchange matrix is

constructed by multiplying the x1 kernel by an n = 2 additive kernel for the other 9 descriptors:

kCIDER(x,x
′) =σ2

1k1(x1, x
′
1)

+σ2
2k1(x1, x

′
1)

10∑
i=2

ki(xi, x
′
i)

+σ2
3k1(x1, x

′
1)

9∑
i=2

10∑
j=i+1

ki(xi, x
′
i)kj(xj , x

′
j)

(4.22)

where ki(xi, x′i) = exp
(
− 1

2a
2
i (xi − x′i)2

)
is a squared-exponential kernel. The exponent hyperparameters ai

and weights σn are fit using iterative maximum likelihood optimization. In practice, σ1 and σ2 vanish dur-

ing hyperparameter optimization. The resulting predictive mean is mapped onto a sum of cubic splines,

as described in previous work on molecular dynamics potentials.57,226 Because the maximum number of

features per term in Eq. 4.22 is 3, the cubic splines are at most three-dimensional.

We train our predictive function F pred
x (x[n](r)) to the XEF, Fx[n](r), and evaluate Ex[n] via Eq. 4.2:

Fx[n](r) =
eex

x [n](r)

eLDA
x (n(r))

(4.23)

eex
x [n](r) = −1

4

∫
d3r′

|n1(r, r′)|2

|r− r′|
(4.24)

eLDA
x (n) = −3

4

(
3

π

)1/3

n4/3 (4.25)

In Eq. 4.24, eex
x [n](r) is the exact exchange energy density, and n1(r, r

′) is the density matrix (Eq. 4.5).

Equation 4.24 is not a unique definition, as any eex
x [n](r) for which

Ex[n] =

∫
d3r eex

x [n](r) (4.26)

is equally valid, but Eq. 4.24 is the easiest to compute and was found to be the easiest to which to fit the

model as well. The Supporting Information (Section S4) includes a discussion of alternative exchange en-

ergy densities. One of the challenges with the definition in Eq. 4.24 is that the XEF increases exponen-
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tially at the atomic tails. To make the model easier to train, the Chachiyo GGA exchange functional,30

which reproduces Fx at atomic tails, was used as a baseline functional, and the difference between the ex-

act and baseline XEF Fx[n](r)− FCachiyo
x [n](r) was learned.

The standard GP model uses a single noise parameter σnoise, which is constant for all observations.

However, we expect observations of Fx to have a larger uncertainty for smaller densities because the ex-

change energy density is divided by (n(r))4/3. Therefore, we use a heteroskedastic noise model, in which

each training point has a different noise parameter. This noise parameter is a function of the density n(r)

and takes the form

σ2
noise(n) = v1 +

v2
1 + t2n

+
v3

1 + t3n
(4.27)

where t2 = 50, t3 = 106, and v1, v2, and v3 are treated as hyperparameters and optimized by marginal

likelihood maximization. The values of σ2
noise for each training point are then used to construct the diago-

nal Σnoise matrix used in the GP formalism in Chapter 3.

For numerical stability, the ML part of the functional is cut off at low densities. This is done using the

function

Fx = FChachiyo
x + fcutF

ML
x , (4.28)

where

fcut =


0 n < nc,min

1
2 (1− cos(πxcut)) nc,min ≤ n ≤ nc,max

1 n > nc,max

(4.29)

xcut =
ln(nc/nc,min)

ln(nc,max/nc,min)
, (4.30)

nc = max(n, nc,max), (4.31)

where nc,max = 10−3 and nc,min = 10−6 Bohr−3.

Also for numerical stability, we define a value acut below which the exponent a(r) in Eq. 4.9 is exponen-

tially damped so that it cannot go to zero:

a→


a a ≥ acut

acut exp(a/acut − 1) a < acut

(4.32)

acut is set to A/16 for A in Eq. 4.11. This damping of the exponent violates the uniform scaling rule, but

only at low densities for very diffuse orbitals.
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4.4 Methods

4.4.1 Computational Details

The PySCF194 code was used for all calculations. To compute the CIDER descriptors, we first projected

the density matrix onto the def2 Coulomb fitting auxiliary basis.217 Then, the overlaps of the descriptor

functions gnlm(r′; r) with the auxiliary basis were computed using the libcint193 library as interfaced

through PySCF. These overlaps were contracted with the density to give the descriptors Gnlm(r), which

were then used to compute the XEF. Then, the functional derivatives were computed and used to evaluate

the exchange matrix elements. The functional was treated self-consistently except for the fcut function in

Eq. 4.29, which was not differentiated with respect to the density. The formulas for the functional deriva-

tives and matrix elements are written in Appendix A.4. The fireworks78 package was used to automate

calculation workflows.

4.4.2 Training and Testing the Gaussian Process

The dataset developed by Jensen et al.86 was used to train, validate, and test the exchange model. This

dataset is an expansion of the G2/97 test set175 that includes elements that are under-represented in

the G2/97 set as well as six non-bonded systems.87 The molecules were categorized by the elements

they contained (Al, Be, B, Li, Mg, Na, P, Si, S, F, Cl), with the earlier elements in the list taking prece-

dence (e.g., SF6 was categorized under S). The last set contained mostly organic molecules with none of

these elements. Each sub-group was shuffled, and then for each dataset of size N , Ntrain = floor(0.4N),

Nval = round(0.2N), and Ntest = N − Ntrain − Nval molecules were placed in the training, validation,

and test sets, respectively. He2, Be2, and Ar2 were placed in the training, validation, and test sets, respec-

tively. Later it was realized that the dataset contained a duplicated P2 molecule. Both duplicates were

placed in the test set, so one was simply removed. The final partitions contained 79 training set molecules

(55 closed-shell, 24 open-shell), 42 validation set molecules (29 closed-shell, 13 open-shell), and 90 test set

molecules (64 closed-shell, 26 open-shell). In addition to these molecules, the training set was augmented

with isolated atoms H-Kr, as well as the excited spin states of Sc, Ti, V, and Cr with 2Sz = 3, 4, 5, 4, re-

spectively. The inclusion of isolated atoms helped better describe the shapes of the tails of atoms, and it

also introduced some transition metal atoms to the training set. There were no transition metal-containing

systems in the Jensen dataset.

The density matrices and energies for each system were evaluated self-consistently using PBE159 in

the def2-QZVPPD basis set. From the PBE density matrix, the conventional exchange energy density

(Eq. 4.24) was calculated in real-space for each molecule on the level-3 grids implemented in PySCF.
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The same level-3 grids were used for all SCF calculations. The Sz = 0 systems were performed in the Re-

stricted Kohn-Sham (RKS) formalism, and the rest were performed in the unrestricted Kohn-Sham (UKS)

formalism. From the real-space grids, 14,695 points were sampled from which to train the exchange en-

hancement factor model:

• 481 points from closed-shell atoms,

• 4471 points from open-shell atoms,

• 6903 points from closed-shell molecules in the Jensen train partition,

• 2840 points from open-shell molecules in the Jensen train partition.

The training set size of 14,695 was chosen to maximize the training set size while keeping the compu-

tational cost tractable. For comparison, we benchmarked the train and validation performance of the

CIDER functional for different training set sizes in Supporting Information Section S2.1 and found only

a weak dependence of the accuracy on training set size. The points were selected randomly from the set of

points for which the electron density was greater than 10−6 Bohr−3. Finally, the UEG limit was appended

as an additional training point, with the density set to 108 to minimize the uncertainty in Equation 4.27.

In summary, the CIDER model was trained to the exact exchange energy densities of density matrices ob-

tained from self-consistent PBE calculations.

Gaussian process models with the kernel specified in Eq. 4.22 were trained to the training set described

above. The parameters for the kernels were selected as described in detail in the Supporting Information

(Section S1). Several combinations of exact constraints, descriptor types, and descriptor length-scales were

tested, but we focused on three for the main body of this work:

• CIDER-X-AHW: Version A descriptors, Uniform Electron Gas (UEG) constraint, WIDE descriptors

(A = 1 in Eq. 4.11),

• CIDER-X-CHW: Same as CIDER-X-AHW but with Version C descriptors,

• CIDER-X-CHMT: Same as CIDER-X-CHW but with MEDIUM-TIGHT descriptors (A = 4 in

Eq. 4.11).

All models were implemented in the scikit-learn package156; the additive RBF was implemented as a

custom Kernel object. The additive kernel models were mapped to cubic splines using the interpola-

tion.py package.43 The best-performing model on the validation set (CIDER-X-AHW) was selected as

the final model.

To evaluate the accuracy and transferability of CIDER-X-AHW on static densities, the exchange ener-

gies and atomization energies were evaluated on the test set PBE density matrices using CIDER-X-AHW.
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To evaluate the self-consistent performance of the functional, the atomization energies of the Jensen set

were computed self-consistently using two functionals: CIDER-X-AHW alone (i.e. replacing exact ex-

change with CIDER in an HF calculation) and B3LYP-CIDER, in which the 20% HF exchange contri-

bution of the B3LYP hybrid functional190 was replaced with 20% CIDER-X-AHW.

4.4.3 Benchmarking CIDER on the Minnesota Database

To evaluate the applicability of the CIDER functional to different properties, the B3LYP-CIDER func-

tional was applied to the BH76 (barrier heights), IP23 (ionization potentials), and TMBE33 (transition

metal bond energies) datasets from the Minnesota 2015B Database232 as distributed in the ACCDB col-

lection of databases.142

The Minnesota Database contains some systems, especially metal-containing systems, which can settle

into metastable densities due to the presence of symmetry-breaking ground states. To avoid these sta-

ble minima, all Minnesota Database calculations were performed in the UKS formalism. For these calcu-

lations, each system was initially converged with a PBE calculation, and its internal stability was then

tested using the uhf_internal tool in PySCF.194 If the test found an instability and returned new or-

bitals, these orbitals were used to initialize another UKS calculation. This was repeated until a stable

ground state was found. Finally, an SCF calculation was performed with the functional of interest start-

ing from the stable ground state of the PBE calculation. All calculations were performed in the def2-

QZVPPD basis,167,219,220 with the def2 effective core potential (ECP)3 used for elements of Period 5 and

above. Convergence of calculations was attempted to as low a threshold as 10−9 hartree (Ha), but calcula-

tions were accepted if they converged to 10−6 Ha.

To compare the non-relativistic DFT calculations performed here with the relativistic reference values

in the Minnesota Database, the spin-orbit corrections (SOC) from Supplementary Information Table S19

of the revM06 paper215 were applied.

4.5 Results and Discussion

4.5.1 Static density benchmark

As shown in Figure 4.1, three different versions of the CIDER functional all outperform existing semilocal

functionals for predicting the exact exchange energy of PBE density matrices. We chose to compare with

PBE159 and SCAN191 because of their popularity, with the Chachiyo GGA30 because it is the baseline

for our ML model, and with MN15-L233 because it had the lowest root mean square error (RMSE) of the

semilocal functionals we investigated for atomization exchange energy on the validation set. At first, this
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Figure 4.1: RMSE of the Kohn-Sham exchange energy and atomization exchange energy for semilocal functionals
and CIDER functionals on the Train, Validation, and Test partitions of the Jensen dataset, in kcal/mol.

is surprising because MN15-L is a non-separable meta-generalized gradient approximation (mNGA), mean-

ing that its exchange part does not obey the uniform scaling rule and therefore contains some correlation-

like character.233 Due to the cancellation of error between the exchange and correlation parts, however,

it makes sense that the nonseparable XC part of MN15-L might achieve a lower error for exact exchange

than other semilocal functionals. The Supporting Information (Table S1) contains the validation set errors

for several other semilocal functionals,7,13,165,201,221 which perform similarly to the functionals discussed

here.

The best-performing CIDER functional in Figure 4.1 is CIDER-X-AHW, with an RMSE on the test

set of 12.0 kcal/mol for exchange energy (EX) and 12.5 kcal/mol for atomization exchange energy (AEX),

which is defined as the difference between EX and the value of EX for the molecule’s constituent atoms.

These errors are only 18% (EX) and 27% (AEX) of the RMSE of the most accurate semilocal functional,

the Chachiyo GGA.30 Notably, the performance of all CIDER functionals is nearly identical on the train,

validation, and test sets, indicating good transferability.

The other notable finding in Table 4.1 is that longer length-scale descriptors (CIDER-X-AHW) do not

improve the description of EX over shorter length-scale descriptors (CIDER-X-CHMT), but they do give

an improvement for AEX. In particular, the accuracy of AEX degrades as the length-scale gets shorter,

while the accuracy of EX stays about the same. This suggests that a descriptor with a short length-scale

cannot describe the localized atomic density and the more delocalized molecular density simultaneously.

On the other hand, descriptors with longer length-scales can accurately describe both single-center and

multi-center exchange holes. Because of its accuracy on the validation set for both EX and AEX, CIDER-
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Table 4.1: MAE and RMSE of the CIDER-X-AHW and B3LYP-CIDER functionals on the Jensen dataset in
kcal/mol, with the reference values being HF for CIDER-X-AHW and B3LYP for B3LYP-CIDER.

Partition CIDER-X-AHW B3LYP-CIDER
MAE RMSE MAE RMSE

Train 8.7 12.5 1.7 2.5
Validation 9.0 12.9 1.8 2.5
Test 7.9 11.6 1.6 2.3
Combined 8.4 12.2 1.7 2.4

X-AHW was used for the self-consistent field calculations below. The adjustable parameters for Eqs. 4.16

and 4.27 for CIDER-X-AHW are γ0a = γ0b = γ0c = 1/2, γ1 = 0.025, γ2 = 0.015, v1 = 10−6, v2 = 0.000503,

and v3 = 0.391.

4.5.2 Self-consistent field calculations with B3LYP-CIDER

To be useful, the CIDER exchange functional must not only outperform semilocal exchange functionals,

but also accurately match the results of calculations performed using HF or hybrid functionals. To test

this, SCF calculations were performed using CIDER-X-AHW and B3LYP-CIDER. Table 4.1 gives the

mean absolute error (MAE) and RMSE of these functionals compared to HF and B3LYP, respectively.

Before examining these results, it is worth noting that KS exact exchange (against which CIDER is

trained) and HF exact exchange (against which CIDER is tested for SCF calculations) are different quan-

tities yielding different effective potentials.61 To illustrate why this is, consider that in mean-field theory,

the Hamiltonian matrix elements ⟨µ|Ĥ|ν⟩ must be evaluated for some basis set {χµ(r)} (assumed to be

real for simplicity). The KS and HF exchange potential matrix elements are, respectively,

⟨µ|v̂KS
x |ν⟩ =

∫
d3rχµ(r)χν(r)

δEx[n]

δn(r)
(4.33)

⟨µ|v̂HF
x |ν⟩ = −1

2

∫
d3rd3r′ χµ(r)χν(r

′)
n1(r, r

′)

|r− r′|
(4.34)

These two forms of the exchange matrix elements are distinct. Therefore, the HF and KS exchange ener-

gies, potentials, and densities are different, though this difference tends to be small (about 0.03-0.04% of

the total exchange energy for isolated atoms).61 Because exact computation of δEx[n]
δn(r) is complicated and

computationally expensive,108 most modern hybrid DFT calculations (including those performed in this

work) use the Generalized Kohn-Sham (GKS) scheme,62,178 in which the HF matrix elements are used for

the exact exchange potential instead of the pure KS matrix elements. Because the difference between HF

and KS exchange is small, and because evaluating δEx[n]
δn(r) is difficult, it is reasonable to compare CIDER
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Figure 4.2: MAE (kcal/mol) of the B3LYP and B3LYP-CIDER functionals compared to both each other and
the reference values232 for the BH76 (barrier heights), IP23 (ionization potentials), and TMBE33 (transition metal
bond energies) databases.

exchange to HF exchange. A more detailed explanation of exchange functionals in the GKS scheme is pro-

vided in Supporting Information Section S5 using the Levy-Lieb constrained search formalism.118,119,127

As shown in Table 4.1, CIDER-X-AHW has an RMSE of 12 kcal/mol, which is fully explained by the

RMSE of the CIDER-X-AHW predictions for static densities of 14 kcal/mol (Figure 4.1). It is notable

that the SCF atomization energy errors slightly improve on the atomization exchange energy errors for

static densities, even though the functional was only trained on static densities. This suggests that the

CIDER exchange potential is sensible.

The 14 kcal/mol error of the CIDER-X-AHW functional with respect to exact exchange is small com-

pared to that of the semilocal exchange functionals investigated here (Figure 4.1), but large compared to

the desired chemical accuracy of 1 kcal/mol. However, hybrid functionals often use a small fraction of ex-

act exchange, e.g. 20% for B3LYP. Because of this, B3LYP-CIDER reproduces B3LYP with an RMSE

of only 2.3 kcal/mol on the test set (Table 4.1). While greater than 1 kcal/mol, this error is promisingly

small considering that many of the atomization energies in the Jensen database involve breaking several

chemical bonds at once.

To test the accuracy of the CIDER functional for both properties and systems significantly different

than those contained in the training set, B3LYP and B3LYP-CIDER were used to compute the barriers

heights of the BH76 database, the ionization potentials of the IP23 database, and the transition metal

bond energies of the TMBE33 database. These databases are subsets of the Minnesota 2015 Database.232

The MAEs for the transition metal bond energies in Figure 4.2 are divided by the average number of

bonds broken per data point, which matches the presentation in the original work.232
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As shown in Figure 4.2, B3LYP-CIDER exacerbates the systematic underestimation of barrier heights

of B3LYP, leading to an increase in MAE from 4.1 kcal/mol to 6.8 kcal/mol compared to the reference

values. The MAE between B3LYP-CIDER and B3LYP is 2.8 kcal/mol. The deviation from B3LYP could

potentially be improved by including the density distributions of transition states in the CIDER training

set, as currently all training set systems are isolated atoms or molecules at equilibrium geometry.

For ionization potentials, B3LYP-CIDER performs well; the MAE compared to B3LYP is 1.7 kcal/mol,

and the error compared to reference values is worse by only 0.5 kcal/mol. Most of the error compared to

B3LYP arises from the transition metal systems. For the main-group IP13-MG dataset, B3LYP-CIDER

reproduces B3LYP to chemical accuracy (0.8 kcal/mol), while the functionals deviate by 3.0 kcal/mol for

the transition metal IP10-TM subset. The chemically accurate reproduction of main-group IPs is notable

because B3LYP-CIDER was not trained on any ionic systems. It might be that the uniform scaling rule

allows the functional to relate ionic densities to atomic ones, e.g. relating C+ to B because they have the

same shell structure.

For transition metal bond energies, B3LYP-CIDER has an MAE of 8.7 kcal/mol relative to B3LYP.

However, B3LYP-CIDER is more accurate than B3LYP compared to the reference values; the error of the

CIDER functional seems to cancel some systematic error of B3LYP for metal bond energies. It is known

to be challenging to describe transition metal bonds with hybrid functionals because the semilocal func-

tional’s cancellation of error is lost.211 While ideally the CIDER functional would describe the exchange

energy accurately, it is reassuring to see that it behaves like a semilocal functional when its accuracy

breaks down, leading to sensible behavior.

Of note, the IP10-TM and TMBE33 datasets include ions, bonded transition metal systems, and fifth-

period elements treated with effective core potentials, none of which are present in the training set for

CIDER. While CIDER is clearly a less faithful reproduction of HF for these systems than for systems sim-

ilar to the training set, the resulting errors compared to reference values are similar. In addition, other

than the isolated Fe atom and Pd+ ion, which had to be treated with level shifting and a high damping

factor, calculations using the CIDER exchange functional converged successfully, as shown in Table 4.2.

This suggests that the structure of the CIDER functional encourages transferability and stability.

Lastly, it is worth noting that the CIDER-X-AHW functional was not trained to any total energies,

only exchange energy densities. It is possible that retraining the coefficients of hybrid functionals specif-

ically for use with CIDER could significantly improve their accuracy, especially when the functional in-

cludes a higher fraction of exact exchange or already has a systematic error for some properties or systems

(like B3LYP for barrier heights). An additional consequence of training to the exchange energy density is

that it is nontrivial to extend the methodology presented here to the correlation functional. This is be-
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Table 4.2: The threshold to which B3LYP-CIDER SCF calculations converged, in Ha, for the 451 systems in-
volved in this study.

Convergence Threshold Number of Systems
10−9 425
10−8 18
10−7 3
10−6 3

Unconverged* 2
Total 451

* The two “unconverged” calculations were the Pd+ ion and Fe atom, which would only con-
verge to 10−7 Ha when level shifting was applied.

cause the correlation energy density would be much harder to compute and more ambiguously defined

than the exchange energy density. However, this is a limitation of the current Gaussian process model and

training procedure, not of the CIDER features themselves. To train a correlation functional, one could ei-

ther develop an approach to train to total correlation energies with a Gaussian process or use a model for

which it is easier to train to total energies, such a neural network.

4.5.3 Comment on Computational Cost

The cost of evaluating the ML model is insignificant because it is mapped to a cubic spline, and the com-

putational bottleneck is the evaluation of the features. Because this initial CIDER model has a large fea-

ture set, uses a relatively dense integration grid, and lacks matrix element screening for scalability, feature

evaluation is slow for practical applications. However, all of the nonlocal features used in the model are

orbital-independent and have a finite length-scale, suggesting that linear-scaling and efficient implementa-

tions are possible. The challenge of optimizing CIDER functionals to have near-semilocal DFT cost will be

addressed in the next chapter.

4.6 Conclusion

In this chapter, we presented the basics of the CIDER framework, which uses nonlocal features to describe

the density distribution in a scale-invariant manner. This feature set was used to train a Gaussian process

regression model to accurately describe the Kohn-Sham exchange functional Ex[n], to a level of precision

previously only attained by exact evaluation of the functional. The CIDER functional can replace a small

fraction of HF exchange in hybrid functionals to accurately reproduce atomization energies, and it has

excellent numerical stability, which has previously been a challenge for ML functionals.
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These proof-of-principle results demonstrate that smooth, numerically stable exchange functionals can

be learned that satisfy known exact constraints, accurately reproduce the target energy, and can be ap-

plied across a broad range of the periodic table. This demonstration is a first step towards a functional

that could help bridge the gap between efficient semilocal functionals and accurate hybrid functionals, as

well as provide a groundwork for developing XC functionals with post-hybrid DFT accuracy.

The next chapter describes a reworking of the initial CIDER formalism to make it computationally ef-

ficient and practical for production-scale DFT calculations. In particular, we modify the shape of the fea-

tures, implement CIDER within both Gaussian-type orbital and plane-wave DFT codes, and introduce a

Gaussian process approach for fitting the functional directly to the total exchange energy, as opposed to

the exchange energy density used as training data in this chapter.
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5
CIDER for Accurate, Large-Scale Materials Simulations

The previous chapter introduced the CIDER framework and showed that nonlocal features of the density

could be used to accurately learn the exchange energy. However, as mentioned in that chapter, evaluation

of the features was quite slow in practice, limiting the practical applicability of the method. Performing

practical, large-scale simulations with nonlocal machine-learned functionals requires developing simple,

physically intuitive features and implementing them with a computationally efficient algorithm that scales

favorably with system size. Accomplishing this goal is the focus of this chapter. In particular, we focus

on designing an exchange functional that is both accurate and computationally efficient, thereby helping

bridge the gap between fast but inaccurate semilocal DFT calculations and slow but accurate hybrid DFT

calculations.

The result of this work is an exchange functional that is both orbital-dependent and nonlocal, but

which can be evaluated at roughly the cost of semilocal functionals and is significantly faster than hybrid

DFT in plane-wave codes. By training functionals with several different feature sets, we elucidate the roles

of orbital-dependent and nonlocal features in learning the exchange energy and determine that both types

of features provide vital and independently important information to the model. We substitute our new
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functional into existing hybrid functionals to achieve hybrid-DFT accuracy on thermochemical benchmark

sets and improve the accuracy of band gap predictions over semilocal DFT. To demonstrate the scalabil-

ity of our approach as well as the practical benefits of improved band gap prediction, we compute charged

defect transition levels in silicon using large supercells. Due to its transferability and computational ef-

ficiency for both molecular and extended systems, our model overcomes the cost-accuracy trade-off be-

tween semilocal and hybrid DFT, and our general approach provides a feasible path toward a universal

exchange-correlation functional with post-hybrid DFT accuracy and semilocal DFT cost.

The results in this chapter were initially published in my 2023 article “Nonlocal Machine-Learned Ex-

change Functional for Molecules and Solids,” in review in Physical Review B and co-authored with my

advisor, Boris Kozinsky.25 The references to “Supplemental Material” in this chapter refer to the Supple-

mental Material of the arXiv pre-print available at arXiv:2303.00682. Please see the original manuscript

for funding information.

5.1 Introduction

To make the CIDER framework practical for production-level DFT calculations, we modify the form of

the nonlocal density features and then implement efficient algorithms to evaluate these features within

both Gaussian-type orbital and plane-wave DFT. We also extend the CIDER Gaussian process model to

fit the total exchange energy rather than restricting it to fit the exchange energy density, thereby improv-

ing the flexibility and practicality of the model. We use this exchange functional to implement efficient

and accurate hybrid DFT surrogates that can be used in a variety of applications. Because our new func-

tional form is both transferable and numerically stable, we believe that our approach will also be useful for

learning the full XC functional, allowing us to address problems where DFT accuracy is limited by both

exchange and correlation effects.

By training and testing exchange functionals with different feature sets, we find that to learn the ex-

change functional well enough to reproduce hybrid DFT accuracy, it is necessary to include both a semilo-

cal orbital-dependent feature (i.e. the kinetic energy density) and nonlocal density-dependent features in

the model input. Having developed this “nonlocal meta-GGA,” we show that it accurately predicts molec-

ular properties and improves solid-state band gap predictions over standard meta-GGAs, which is a cen-

tral problem in DFT. The performance for solid-state band gaps is particularly promising because only 9

systems in the training set are solids, with the others being isolated molecules and complexes. We also en-

counter only a few convergence problems in our self-consistent field (SCF) calculations of 2462 molecular

and 453 periodic systems, indicating that the functional has good numerical stability. To demonstrate the

transferability and efficiency of the model, we simulate systems with over 500 atoms to predict charged
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defect transition levels in silicon.

The rest of this chapter is organized as follows. Section 5.2 provides a brief overview of the ML prob-

lem. Section 5.3 covers the design of the exchange functional form and nonlocal features. Section 5.4 dis-

cusses the Gaussian process model for fitting total exchange energies. Section 5.5 covers the computation-

ally efficient implementation of the nonlocal features, which requires different algorithms for Gaussian-type

orbital and plane-wave DFT codes due to the use of different basis sets and integration grids within these

codes. Section 5.6 presents our results and discusses the accuracy of the CIDER functionals as well as

their computational efficiency within plane-wave DFT. Section 5.7 contains our conclusion. Appendix B.1

provides a detailed description of the computational methods used in this study, and Appendix B.2 pro-

vides additional mathematical details for the plane-wave implementation of CIDER.

5.2 Learning the Exchange Functional

In Kohn-Sham DFT,99 it is often convenient to separate the XC energy into exchange and correlation

parts, i.e. Exc[n] = Ex[n] +Ec[n]. The exchange energy Ex[n] accounts for the antisymmetric nature of the

fermionic wave function, while the correlation energy Ec[n] accounts for additional many-body correlation

effects between the electrons. The exchange energy is the main focus of this work and can be trivially gen-

eralized from non-spin-polarized DFT to spin-polarized DFT via the spin-scaling constraint of Eq. 1.112,

so all formulas in the theory section are written for the non-spin-polarized case for simplicity.

The exact exchange energy can be expressed in terms of the occupied Kohn-Sham orbitals {ϕi(r)} as

Eexact
x [n] = −

∑
ij

∫
d3r

∫
d3r′

ϕ∗i (r)ϕj(r)ϕi(r
′)ϕ∗j (r

′)

|r− r′|
. (5.1)

Evaluating Eq. 5.1 is computationally expensive. However, the improved accuracy of hybrid DFT arises

from mixing a fraction of Eexact
x [n] into an otherwise semilocal XC functional. These considerations ex-

plain the cost-accuracy trade-off between semilocal and hybrid DFT. Our goal is to fit Eq. 5.1 as accu-

rately as possible with a computationally efficient surrogate model.

5.3 Exact Constraints and Nonlocal Features

This section provides a review of semilocal DFT and the uniform scaling constraint, and then it builds

on these concepts to describe changes this work makes to the nonlocal CIDER features from Chapter 4.

While Section 5.3.1 is mostly a review of Sections 1.11 and 1.12.1, it provides a good starting point for the

discussion in Section 5.3.2.
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5.3.1 Uniform Scaling and Semilocal Exchange Functionals

The simplest approximate exchange functional is the local density approximation (LDA), in which the

exchange energy is written as an integral over a function of the density n(r) at each point in space

Ex[n] =

∫
d3r eLDA

x (n(r)) , (5.2)

where in the restricted Kohn-Sham formalism,99 the density is expressed in terms of the occupied orbitals

as

n(r) = 2
∑
i

|ϕi(r)|2 . (5.3)

Typically, eLDA
x (n) is defined as the exchange energy density of the uniform electron gas40

eLDA
x (n) = −3

4

(
3

π

)1/3

n4/3. (5.4)

In addition to making Eq. 5.2 exact for the uniform electron gas, Eq. 5.4 also satisfies the uniform scaling

rule for exchange (Section 1.12.1 and Eq. 1.119).

More sophisticated functionals that obey Eq. 1.119 can be designed by writing the exchange energy

density as the product of Eq. 5.4 and an exchange enhancement factor Fx:

Ex[n] =

∫
d3r eLDA

x (n(r))Fx(x(r)). (5.5)

In the above equation, x(r) is a vector of scale-invariant features xi, where scale-invariance is defined by

Eq. 1.127. For example, a generalized gradient approximation (GGA) exchange functional is constructed

by making Fx a function of the reduced gradient s of the density

s =
|∇n|

2(3π2)1/3n4/3
. (5.6)

Because s satisfies Eq. 1.127, the GGA form

Ex[n] =

∫
d3r eLDA

x (n(r))Fx(s(r)) (5.7)

satisfies Eq. 1.119. Likewise, a meta-GGA can be constructed by making the exchange enhancement factor

a function of two ingredients Fx(s, α), where

α =
τ − τW
τ0

(5.8)
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is a scale-invariant quantity that depends on the kinetic energy density

τ(r) =
1

2

∑
i

|∇ϕi(r)|2 , (5.9)

and τW = |∇n|2
8n and τ0 = 3

10 (3π
2)2/3n5/3 are the single-orbital and uniform electron gas kinetic energies,

respectively.

5.3.2 Updated Nonlocal Features for CIDER

In our initial construction of the CIDER formalism,24 the exchange functional is defined as

Ex[n] =

∫
d3r eLDA

x (n(r)) Fx (s(r), α(r), {Gnlm(r)}) . (5.10)

In Eq. 5.10, the functions {Gnlm(r)} are nonlocal features of the density defined by

Gnlm(r) =

∫
d3r′ gnlm(r′; r)n(r+ r ′), (5.11)

where gnlm(r′; r) is the kernel function

gnlm(r′; r) =MlYlm(r̂′)
(
a(r)|r′|2

)n+l/2
e−a(r)|r

′|2 , (5.12)

with Ml = B
3/2
0

√
4πl−1

(
8π
3

) l
3 . The position-dependent exponent a(r) is defined as a semilocal quantity

a[n](r) = π

(
n(r)

2

)2/3 [
B0 + C0

(
τ(r)

τ0(r)
− 1

)]
, (5.13)

where B0 and C0 are adjustable constants that control how quickly the width of the Gaussian-type func-

tion in Eq. 5.12 decreases as the density and kinetic energy density increase. Equation 5.13 behaves

quadratically under uniform scaling, i.e.

a[nλ](r) = λ2a[n](λr). (5.14)

This property ensures that Gnlm(r) is scale-invariant (Eq. 1.127) and therefore that Eq. 5.10 satisfies the

uniform scaling rule (Eq. 1.119).

Using these scale-invariant nonlocal features, we were able to train an ML exchange functional that

accurately reproduced hybrid DFT atomization energies,24 but there is room for improvement in making

the features more physically intuitive and easier to implement with production-level performance. In this
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work, we simplify the features by removing the spherical harmonics and instead adding a second position-

dependent exponent to the kernel function, resulting in the new features

Gi(r1) =

(
Bi +B0

2

)3/2 ∫
d3r2 Φ(a(r2), bi(r1), r12)n(r2) (5.15)

Φ(a, b, r) = exp
[
− (a+ b) r2

]
, (5.16)

where r12 = |r1 − r2|. Multiple features G1, G2, ... are generated by evaluating Eq. 5.15 with different

choices of exponent bi(r), which in turn are tuned by constants Bi and Ci as discussed below. Because

the position-dependent exponents increase as the density increases, the a exponent effectively damps the

value of the integrand when r2 is near the atomic core, which we intend to limit the interaction between

the valence region and core region. The prefactor
(
Bi+B0

2

)3/2 is chosen so that Gi = 2 for the non-spin-

polarized uniform electron gas.

To retain the scale-invariance of the features, any choice of a[n](r) and bi[n](r) that satisfies Eq. 5.14 is

sufficient. For example, the exponents can be an orbital-independent function of the density and its gradi-

ent

a[n](r) = π
(n
2

)2/3 [
B0 + C0

(
|∇n|2

8nτ0

)]
(5.17)

bi[n](r) = π
(n
2

)2/3 [
Bi + Ci

(
|∇n|2

8nτ0

)]
(5.18)

or can be made kinetic energy-dependent, as in our previous work:

a[n](r) = π
(n
2

)2/3 [
B0 + C0

(
τ

τ0
− 1

)]
(5.19)

bi[n](r) = π
(n
2

)2/3 [
Bi + Ci

(
τ

τ0
− 1

)]
. (5.20)

Equations 5.17 and 5.18 are used for the nonlocal GGA presented in this work (c.f. Section 5.4), while

Eqs. 5.19 and 5.20 are used for the nonlocal meta-GGA. Throughout Sections 5.5.1–5.5.3, the
(
Bi+B0

2

)3/2
factor and the feature index i will be dropped for simplicity, as the inclusion of the scaling factor and the

introduction of additional features by introducing new Bi and Ci is trivial.

Before continuing, we briefly discuss the construction of the XC potential when nonlocal features are

employed. A typical semilocal functional has a multiplicative XC potential

δExc
δn(r)

=
∂exc(r)

∂n(r)
. (5.21)
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A meta-GGA also has a non-multiplicative potential

δExc
δτ(r)

=
∂exc(r)

∂τ(r)
. (5.22)

This above term is non-multiplicative because it depends on the orbitals through τ(r), rather than de-

pending exclusively on the density n(r). For a given basis set {χµ(r)}, the contributions of the XC poten-

tial to the effective Kohn-Sham Hamiltonian matrix are

V xc
µν =

∫
d3rχ∗µ(r)χν(r)

δExc
δn(r)

+
1

2

∫
d3r∇χ∗µ(r) · ∇χν(r)

δExc
δτ(r)

. (5.23)

When nonlocal features are included in the XC energy density, e.g.

Exc =

∫
d3r exc (n(r), |∇n(r)|, τ(r), G(r)) , (5.24)

both δExc
δn(r) and δExc

δτ(r) include terms that depend on other coordinates r′:

δExc
δn(r)

=
∂exc(r)

∂n(r)
+
∂exc(r)

∂G(r)

∂G(r)

∂n(r)
+

∫
d3r′

∂exc(r
′)

∂G(r′)

δG(r′)

δn(r)
(5.25)

δExc
δτ(r)

=
∂exc(r)

∂τ(r)
+
∂exc(r)

∂G(r)

∂G(r)

∂τ(r)
+

∫
d3r′

∂exc(r
′)

∂G(r′)

δG(r′)

δτ(r)
(5.26)

In Eq. 5.25, ∂G(r)
∂n(r) describes the local dependence of G(r) on the density, and δG(r′)

δn(r) describes the nonlo-

cal dependence on the density. While the expressions for δExc
δn(r) and δExc

δτ(r) are more complicated than for a

meta-GGA, they still contribute to the XC potential matrix exclusively via Eq. 5.23. Therefore, any DFT

code supporting meta-GGAs can evaluate this type of functional if a routine is added to evaluate the non-

local contributions to Eqs. 5.25 and 5.26.

5.4 Gaussian Process Models for the Exchange Functional

5.4.1 Overview

To study the impact of different features on the accuracy of an ML exchange functional, we implement

four functional types that use different sets of features.

SL-GGA is a standard, semilocal GGA like PBE,159 except trained via machine learning. The ex-

change enhancement factor (Fx in Eq. 5.5) is a function of s only.

NL-GGA is a nonlocal GGA. The exchange enhancement factor is a function of s and also three non-

local features of the form in Eq. 5.15, with Eqs. 5.17 and 5.18 for the exponents.
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SL-MGGA is a standard, semilocal meta-GGA like SCAN,193 except trained via machine learning.

The exchange enhancement factor is a function of s and α.

NL-MGGA is a nonlocal meta-GGA. The exchange enhancement factor is a function of s, α, and

three nonlocal features of the form in Eq. 5.15, with Eqs. 5.19 and 5.20 for the exponents.

In short, the SL-GGA and SL-MGGA are semilocal functionals, while the NL-GGA and NL-MGGA

augment the semilocal functional form with nonlocal features of the density. As described below, Gaus-

sian process models for the exchange energy are trained using each of these four feature sets. Section 5.4.2

explains how a Gaussian process can be fit to total exchange energies of systems, Section 5.4.3 lists the

specific mathematical form of each feature vector that is used as input to the Gaussian processes, and Sec-

tion 5.4.4 lists the covariance kernels for each feature set.

5.4.2 Fitting the Total Exchange Energy

In this section, we introduce a method to train a Gaussian process to the total exchange energy, as op-

posed to the nonunique exchange energy density used in our previous work.24 While we only learn the

exchange energy in this work, the approach in this section also applies to the XC energy, so we write the

formulas for Exc for the sake of generality. We index the chemical systems in the training set by i and j;

while the feature implementations are different for Gaussian-type orbital and plane-wave DFT, the role of

systems computed within these two frameworks is identical with regard to model training. The XC energy

of a system i is given by a numerical integral of the energy density

Ei
xc =

∑
g∈i

wi
gexc(x

i
g), (5.27)

where g indexes grid points, wi
g are the quadrature weights, and xi

g is the feature vector of molecule i at

point g.

Constructing a Gaussian process for Exc requires defining the covariance between the XC energies for

two different systems, i.e. Cov(Ei
xc, E

j
xc) (c.f. Chapter 2.2 of Rasmussen and Williams168). The covariance

of sums of random variables a, b, c, and d is

Cov(a+ b, c+ d) =Cov(a, c) + Cov(b, c) + Cov(a, d) + Cov(b, d). (5.28)

Using Eq. 5.28, Cov(Ei
xc, E

j
xc) can be expressed in terms of the covariances between the exchange energy
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densities as

Cov(Ei
xc, E

j
xc) =

∑
g∈i

∑
h∈j

wi
gw

j
hCov(exc(x

i
g), exc(x

j
h)) (5.29)

=
∑
g∈i

∑
h∈j

wi
gw

j
hkexc(x

i
g,x

j
h), (5.30)

where kexc(x,x
′) is the kernel function for the covariance between the exchange energy densities for fea-

ture vectors x and x′. Unfortunately, this expression can be quite expensive to compute because there are

tens of thousands of grid points for each small molecule in the training database, and there are several

hundred training molecules. Therefore, even for a database of this size, at least 1012 evaluations of the ker-

nel are required. To circumvent this problem, a set of control points x̃a can be sampled from the training

database to use as a basis set for the feature space (as described in Appendix B.1.6), effectively creating a

sparse Gaussian process168. Equation 5.30 is then approximated as

Cov(Ei
xc, E

j
xc) ≈

(
k̃i
exc

)T
K̃−1k̃j

exc (5.31)(
K̃
)
ab

=kexc(x̃a, x̃b) (5.32)(
k̃i
exc

)
a
=
∑
g∈i

wi
gkexc(x

i
g, x̃a). (5.33)

In this work, the exchange functional alone is trained, and the kernel function is expressed in terms of

the exchange enhancement factor Fx = ex/e
LDA
x . This leads to the adjusted expressions

Cov(Ei
x, E

j
x) ≈

(
k̃i
)T

K̃−1k̃j = Kij (5.34)(
K̃
)
ab

= kFx(x̃a, x̃b) (5.35)(
k̃i
)
a
=
∑
g∈i

wi
g(e

LDA
x )igkFx(x

i
g, x̃a), (5.36)

where kFx(x,x
′) is the covariance kernel for the exchange enhancement factor and (eLDA

x )ig = eLDA
x (ni(rg))

is the LDA exchange energy density at coordinate g for molecule i (see Eq. 5.4). Having obtained the co-

variance matrix K from the matrix elements in Eq. 5.34, we can plug it into the predictive function for a

Gaussian process (Eqs. 3.9 and 3.10) to obtain the predicted exchange energy density168

eCIDER
x (x∗) = eLDA

x (n∗)
∑
a

kFx(x∗, x̃a)αa (5.37)

α =
∑
i

k̃i
{
[K+Σnoise]

−1
y
}
i
, (5.38)
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where n∗ and x∗ are the density and feature vector at a test point and Σnoise is the noise matrix for the

training points.

5.4.3 Model Types and Feature vectors

This section lists the feature vectors for each model type in terms of s (Eq. 5.6), α (Eq. 5.8), and the non-

local features Gi (Eq. 5.15). All of the feature vectors below are designed such that for the uniform elec-

tron gas, x = 0. Since the exchange enhancement factor is Fx = 1 for the uniform electron gas,40 the

uniform electron gas constraint is enforced with a single noiseless training point FCIDER
x (0) = 1. All func-

tionals in this work satisfy the uniform electron gas constraint.

For the SL-GGA, the feature vector x (Eq. 5.5) is of dimension 1:

x1 =
γs2

1 + γs2
, (5.39)

where γ = 0.243. For the SL-MGGA, the feature vector is of dimension 2:

x1 =
γs2

1 + γs2
(5.40)

x2 =
2

1 + α2
− 1. (5.41)

The NL-GGA feature vector is of dimension 4:

x1 =
γs2

1 + γs2
(5.42)

x2 =
G1

2 +G1
− 1

2
(5.43)

x3 =
G2

2 +G2
− 1

2
(5.44)

x4 =
G3

2 +G3
− 1

2
. (5.45)
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Lastly, the NL-MGGA feature vector is of dimension 5:

x1 =
γs2

1 + γs2
(5.46)

x2 =
2

1 + α2
− 1 (5.47)

x3 =
G1

2 +G1
− 1

2
(5.48)

x4 =
G2

2 +G2
− 1

2
(5.49)

x5 =
G3

2 +G3
− 1

2
. (5.50)

The three nonlocal features G1, G2, G3 are given by Eq. 5.15, and the parameterization of the kernel expo-

nents (i.e. the constants Bi and Ci in Eqs. 5.17-5.20) is described in detail in Appendix B.1.8.

5.4.4 Kernels

To fully define the Gaussian process model for the exchange energy, we need to specify the kernel function

kFx(x,x
′) and the noise matrix Σnoise. The noise matrix is constructed to heuristically approximate the

model uncertainty for each data point as described in Appendix B.1.7. To reflect the different number of

features in each functional type, a different kernel is used for kFx(x,x
′) for each, as specified below:

kSL-GGA(x,x
′) = ΣCovk1(x1, x

′
1) (5.51)

kSL-MGGA(x,x
′) = ΣCovk1(x1, x

′
1)k2(x2, x

′
2) (5.52)

kNL-GGA(x,x
′) = ΣCovk1(x1, x

′
1)

4∑
i=2

4∑
j=i+1

ki(xi, x
′
i)kj(xj , x

′
j) (5.53)

kNL-MGGA(x,x
′) = ΣCovk1(x1, x

′
1)

5∑
i=2

5∑
j=i+1

ki(xi, x
′
i)kj(xj , x

′
j), (5.54)

where ΣCov is a covariance hyperparamter that can be tuned for each model, and the base kernel ki(x, x′)

for all of the above is the squared-exponential kernel

ki(x, x
′) = exp

[
−1

2

(
x− x′

li

)2
]
. (5.55)

Equations 5.53 and 5.54 use the additive Gaussian process approach of Duvenaud et al.42

Because the cost of evaluating Gaussian processes scales linearly with the number of training points,

we map the models to cubic splines after training so they can be evaluated efficiently. The semilocal ker-

nels have 1 and 2 features, so they can be mapped to 1 and 2-dimensional cubic splines, respectively. The
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nonlocal kernels are a sum of 3-dimensional kernels, so they can be mapped to a sum of 3-dimensional

cubic splines.24,57,208,226 For a description of the hyperparameter selection process for these models, see

Appendix B.1.8.

5.5 Efficient Implementation of Nonlocal Features

This section focuses on the efficient implementation of nonlocal features within Gaussian-type orbital and

plane-wave DFT, which is vital for the practicality of CIDER as well as any nonlocal density functional.

5.5.1 Auxiliary Expansion of the CIDER Features

Evaluating Eq. 5.15 via simple numerical integration is computationally expensive due to quadratic scaling

with the number of grid points. The key insight to designing a faster approach comes from Román-Pérez

and Soler,170 who developed a method to expand van der Waals density functionals as a sum of convolu-

tions that could be computed efficiently using the Fast Fourier Transform (FFT). They observed that a

function of the form in Eq. 5.16, which depends exclusively on the distance between two points and on a

semilocal functional of the density at each point, can be approximately expanded as170

Φ(a(r2), b(r1), r12) ≈
∑
αβ

paα(a(r2))p
b
β(b(r1))Φαβ(r12). (5.56)

In Eq. 5.56, α and β are indices which each correspond to interpolation control points qα and qβ , respec-

tively, and paα(a(r)) and pbβ(b(r)) are interpolating functions which take the values paα(qα′) = δαα′ and

pbβ(qβ′) = δββ′ at the interpolating points. The term Φαβ(r) ≡ Φ(qα, qβ , r).

The Gaussian form of Eq. 5.16 is particularly conducive to the use of an even-tempered basis for inter-

polation, in which qα takes the form

qα = q0λ
α (5.57)

for some constant λ > 1. Román-Pérez and Soler170 used cubic splines for interpolation, and for the solid-

state implementation of CIDER we follow this approach, with paα(a(r)) being a cubic spline in the trans-

formed coordinate γ(r) = ln(a(r)/q0)
ln(λ) . However, for the molecular implementation, we instead treat the
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control points as a basis set of Gaussians e−qαr212 onto which the function e−a(r1)r
2
12 is projected:

paα(a(r)) ≡
∑
β

(S−1a )αβsα(a(r)) (5.58)

(Sa)αβ =

∫
d3r exp

[
−(qα + qβ)|r|2

]
(5.59)

sα(a(r)) =

∫
d3r′ exp

{
− (a(r) + qα) |r′|2

}
. (5.60)

As λ → 1, the number of control points (for the interpolation scheme) and number of basis functions (for

the basis expansion scheme) both become infinite, and the kernel expansion becomes exact for both ap-

proaches. We determined that the cubic interpolation yields better numerical stability for the plane-wave

implementation, while the basis expansion form is sufficiently stable for the molecular implementation.

The benefit of expanding the kernel in this manner is that it allows the nonlocal features (Eq. 5.15) to

be expressed as a sum of convolutions

G(r1) =
∑
β

pbβ(b(r1))
∑
α

∫
d3r2Φαβ(r12)θα(r2), (5.61)

with θα(r) = paα(a(r))n(r). Within plane-wave DFT, the convolutions can be performed with quasi-linear

computational complexity by using FFTs.170 In addition, because CIDER uses a squared exponential for

Φαβ(r12) (Eq. 5.16), the integrals of Eq. 5.61 can be evaluated analytically if θα(r) is projected onto a

Gaussian-type orbital basis. We use this approach to design an efficient implementation of nonlocal fea-

tures for molecular DFT (Section 5.5.2).

The Román-Pérez and Soler technique effectively solves the problem of implementing CIDER for an

all-electron plane-wave DFT calculation. However, such calculations are infeasible for all but the smallest

atoms because a prohibitively large plane-wave basis would be required to describe the core electrons. In

addition, pseudopotentials cannot be reliably used with nonlocal features because G(r) calculated on the

pseudo-density is not sufficiently similar to the exact, all-electron feature to get accurate results. To solve

this problem, in Section 5.5.3 a method is introduced to implement nonlocal features within the Projector-

Augmented Wave (PAW) formalism, which requires careful attention to the contributions to G(r) from the

core regions around the atoms.

5.5.2 Efficient Nonlocal CIDER Features for Molecular DFT

Computing Eq. 5.15 using simple numerical integration is prohibitively expensive because the number of

operations is proportional to the square of the number of grid points. While van der Waals functionals

like VV10214 are usually computed this way within Gaussian-type orbital codes, the contribution of such
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functionals is sufficiently small and smooth that a very sparse grid can be used. The nonlocal features

require a grid of the same density as the semilocal XC grid, and the number of operations per pair of grid

points is higher for evaluating Eq. 5.15 than, for example, the VV10 kernel. It is therefore necessary to

reduce the computational complexity of evaluating the nonlocal features for molecular systems.

In this section, we present a charge-partitioning and density fitting-based approach to compute the non-

local features within Gaussian-type orbital DFT codes for molecular systems, which we have implemented

for use in the PySCF code.194,195 Much of this approach is based on the work of Franchini et al.,53 who

developed a similar method for computing the Coulomb energy. To start, the density is partitioned into

atomic contributions using Becke partitioning,8

nA(r) =WA(r)n(r) (5.62)∑
A

WA(r) = 1, (5.63)

where A is the atom index and WA(r) are the atomic Becke weights. The first step in evaluating G(r) is

to project θα(r) onto spherical harmonics for each atom (with L being the combined l and m indices and

RA being the position of atom A):

θAα,L(r) =

∫
dΩAθα(r)WA(r)YL(ΩA) (5.64)

r = RA + (r cosϕ sin θ, r sinϕ sin θ, r cos θ), (5.65)

where ΩA = (θ, ϕ) is the solid angle and YL(Ω) are the spherical harmonics. This projection is done nu-

merically using Lebedev grids.112 Then each L channel is projected onto an even-tempered Gaussian basis

{χA,L,µ(r)} as follows:

χA,L,µ(r) = YL(r̂)Nl,µr
l exp

(
−µr2

)
(5.66)

θ̃Aα,L,µ =

∫
dr r2+lNl,µ exp

(
−µr2

)
θAα,L(r), (5.67)

where Nl,µ is a normalization constant. The exponents µ are constructed using the even-tempered Gaus-

sian approach with tunable parameter βaux

µn = µmin (β
aux)

n
n = {0, 1, ..., N} (5.68)

A transformation to θAα,L,µ is then performed by multiplying θ̃Aα,L,µ by the inverse overlap matrix of the χ
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basis for each l channel:

θAα,L,µ =
∑
ν

[(
Sχ
A,L

)−1]
µν

θ̃Aα,L,ν (5.69)

(
Sχ
A,L

)
µν

= ⟨χA,L,µ|χA,L,ν⟩ . (5.70)

For each atom, a second even-tempered basis {ξA,L,µ(r)} is introduced to serve as a basis for the convo-

lutions of χA,L,µ(r). The following projections are computed using analytical Gaussian integrals:

F̃A
β,L,ν =

∑
α,µ

θAα,L,µ

∫
d3r1d

3r2 Φαβ(r12)χA,L,µ(r1)ξA,L,ν(r2). (5.71)

The transformation to FA
β,L,ν is then performed by multiplying F̃A

β,L,ν by the inverse overlap matrix of the

ξ basis, similarly to Eq. 5.69.

The second to last step is to transform FA
β,L,ν to Fβ(rg), where rg are the DFT integration grid points.

Because evaluating every ξ orbital of every atom at every rg would be computationally expensive, FA
β,L,ν

is first transformed to a cubic spline FA
β,L,G,p, where G is a radial coordinate index and p indexes the poly-

nomial coefficients of the spline in the interval between points G and G + 1. The transformation from

FA
β,L,G,p to Fβ(rg) is then performed as

Fβ(rg) =
∑
A

∑
L

YL(r̂gA)

3∑
p=0

(rgA − rG)pFA
β,L,G,p, (5.72)

where rgA = rg −RA. The spline index G is a step function of |rgA|. The computational cost of evaluating

the splines depends heavily on the efficiency of memory access patterns on the processor, so the coordi-

nates are sorted by G before evaluating the contributions to Fβ(rg) from each atom.

The last and simplest step to compute G(r) is to evaluate the sum

G(r) =
∑
β

pbβ(rg)Fβ(rg). (5.73)

After computing the XC energy from G(r) and the semilocal features, the contributions to the XC poten-

tial from the θα(r) terms can then be computed by passing backward through the matrix multiplications

and spline evaluations detailed above.

The gradient of the total energy with respect to nuclear positions is required for the evaluation of

forces. For this implementation of the CIDER functional with nonlocal features, the energy gradient with
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respect to the nuclear position of atom A is given by

∇AExc =∇sl
AExc +

∑
g

(∑
α

δExc
δθα(rg)

θα(rg)

)
∇Awg +

∑
g

∑
β

δExc
δFβ(rg)

∇AFβ(rg)

wg, (5.74)

where wg is the numerical integration quadrature weight corresponding to the coordinate rg. The analyti-

cal energy gradient for a semilocal functional ∇sl
AExc is given by Johnson et al.88 Eq. 11.

The computational bottleneck of this algorithm is the spline evaluation in Eq. 5.72, whose cost scales

quadratically with system size. Specifically, the cost scales as Θ(Ngrid Natom Nβ l
2
max), where Ngrid is the

number of integration grid points, Natom is the number of atoms, Nβ is the number of kernel interpola-

tion points in Eq. 5.56, and lmax is the maximum spherical harmonic order used in the ξ basis. All other

components of the algorithm are performed on individual atoms and therefore scale linearly with system

size.

5.5.3 Quasi-linear-scaling Nonlocal Features for Plane-Wave DFT with PAW

This section covers our algorithm for evaluating the nonlocal CIDER features within the Projector-

Augmented Wave (PAW) method,15 a generalization of the pseudopotential method that can recover the

full wave function and electron density. We have implemented this algorithm in the GPAW code.44,145 As

discussed above, Eqs. 5.56 and 5.61 enable the evaluation of G(r) in O(N logN) complexity if the density

n(r) is represented on an FFT grid. However, in the PAW formalism of Blöchl,15 the all-electron density

n(r) is represented as

n(r) = ñ(r) +
∑
A

(n1
A(r)− ñ1A(r)), (5.75)

where A indexes the atoms, ñ(r) is the pseudo-density on the FFT grid, and the terms with the 1 super-

script are represented on radial support grids centered around each atom and extending to some cutoff

radius rc. Within the cutoff radius of atom A, ñ(r) = ñ1A(r) and n1A(r) is the all-electron density. Outside

the cutoff radius of atom A, n1A(r) = ñ1A(r).

For a semilocal functional, Eq. 5.75 yields a simple expression for the XC energy Exc[n]:

Exc[n] = Exc[ñ] +
∑
A

(Exc[n
1
A]− Exc[ñ

1
A]). (5.76)

However, the case is not so simple for a nonlocal functional such as CIDER. If Eq. 5.15 is evaluated on

the pseudo-density ñ(r), the resulting G(r) is not equal to the all-electron feature even outside the cutoff

radius because the convolutions used to compute the feature are nonlocal. For the same reason, evaluat-

ing Eq. 5.15 on the atomic density n1A(r) does not yield the all-electron feature inside the cutoff radius.
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Therefore, an implementation of CIDER (and other nonlocal functionals with similar forms, such as some

kinetic energy and van der Waals functionals) for PAW must construct a “pseudo-feature” G̃(r) that is

smooth but yields the correct feature outside the cutoff radius, as well as construct the “all-electron fea-

ture” G(r) on the radial support grids inside the cutoff radius. Because of this difficulty, current plane-

wave implementations of nonlocal functionals like van der Waals correlation96 use the pseudo-density

rather than the full PAW density. When this approach is used, one may need to use PAW datasets with

more valence electrons, increasing computational cost.96 In addition, because CIDER computes the ex-

change energy, which is of much larger magnitude than the van der Waals correlation energy, higher pre-

cision is required. A similar problem exists for kinetic energy density functionals. There is an implemen-

tation of semilocal kinetic energy functionals with PAW,116 and of nonlocal kinetic energy functionals

with ultrasoft pseudopotentials,227 but no nonlocal kinetic energy functional implementation within PAW.

Therefore, by designing an algorithm for computing nonlocal features for CIDER within the PAW for-

malism, we also enable the full integration of van der Waals functionals and orbital-free DFT225 into the

PAW method.

Starting from Eq. 5.75, the all-electron value of G(r) outside the core region is given by

G̃(r) =
∑
β

pbβ

(
b̃(r)

)[
F̃β(r) +

∑
A

∆FA,β(r)

]
(5.77)

F̃β(r1) =
∑
α

∫
d3r2 Φαβ(r12)θ̃α(r2) (5.78)

∆FA,β(r1) =
∑
α

∫
d3r2 Φαβ(r12)

(
θ1A,α(r2)− θ̃1A,α(r2)

)
. (5.79)

The quantities b̃(r) and θ̃α(r) are evaluated on the pseudo-density ñ(r); θ1A,α(r) and θ̃1A,α(r) are evaluated

on n1A(r) and ñ1A(r), respectively. F̃β(r) can be evaluated simply using FFTs. To compute ∆FA,β(r), the

term ∆θ1A,α(r) = θ1A,α(r) − θ̃1A,α(r) is first projected onto spherical harmonics and Gaussians as described

in the previous section. Because ∆θ1A,α(r) is localized within the augmentation region and mostly spheri-

cal, far fewer spherical harmonics and Gaussians are required per atom than for the Gaussian-type orbital

implementation. This projection yields ∆θ1A,α,L,µ. The Gaussians are then analytically projected into re-

ciprocal space to yield ∆θ1A,α,L(k). In reciprocal space,

∆FA,L,β(k) =
∑
α

Φαβ(k)∆θ
1
A,α,L(k). (5.80)

The above equation applies because the convolution Φαβ(k) has angular momentum number l = 0. Note

that in this section, denoting a symbol as function of k implies that it is the Fourier transform of the real-

space function corresponding to that symbol. For example, Φαβ(k) is the Fourier transform of Φαβ(r).
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Inspired by the PAW method itself, we perform the following trick to approximate ∆FA,β(r) on the

FFT grid. We introduce two sets of functions, {gAi (r)} and {hAj (r)}. The hAj (r) functions form a local-

ized basis (i.e. each function vanishes for r > rc) and are meant to fit the high-frequency components of

∆FA,β(r) introduced by the all-electron density inside the core region. For the current implementation of

these functions, we use differences between Gaussians and smooth polynomials that match their deriva-

tives at rc. The other functions gAi (r) are both localized and smooth, and are meant to augment ∆θ1A,α(r)

to yield the correct values of ∆FA,β(r) outside of the augmentation region. To do this, least-squares linear

regression is used to fit the following function to ∆FA,β(r):

ŷA,β(r) = ŷ1A,β(r) + ŷ2A,β(r) (5.81)

ŷ1A,β(r) =
∑
j

Djβh
A
j (r) (5.82)

ŷ2A,β(r1) =
∑
i,α

Ciα

∫
d3r2ϕαβ(r12)g

A
i (r2), (5.83)

where the coefficients Ciα and Djβ are determined by the regression. The necessary integrals are actu-

ally performed in reciprocal space since Eq. 5.80 yields ∆FA,L,β(k) rather than ∆FA,β(r). At first glance,

this appears to be a complicated and expensive fitting problem, but by separating the basis functions into

their individual angular momentum channels and doing a separate regression for each channel, it becomes

tractable. The details for this procedure are described in Appendix B.2.1.

Because the functions hAj (r) are localized, in the complete basis set limit ∆FA,β(r) = ŷ2A,β(r) outside

the augmentation region. Therefore, by defining

θ̃aug
α (r) ≡ θ̃α(r) +

∑
A

∑
i

CA
iαg

A
i (r), (5.84)

one can compute

G̃(r) =
∑
β

pbβ

(
b̃(r)

)
F̃ aug
β (r) (5.85)

F̃ aug
β (r) =

∑
α

∫
d3r2Φαβ(r12)θ̃

aug
α (r), (5.86)

which satisfies the condition that the pseudo-feature G̃(r) is equal to the all-electron feature G(r) outside

the augmentation region (within the limit of complete basis sets).

Within the core regions, F̃ aug
β (r) is projected onto the radial support grids using a set of projectors in

a very similar formalism to PAW itself. This quantity will be called F̃ 1,aug
A,β (r), in keeping with the PAW
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notation, and it takes the form

F̃ 1,aug
A,β (r) =

∑
j

BA
jβ f̃

A
j (r) + F̃ 1,0

A,β(r)−
∑
j

f̃Aj (r)

[∫
1

d3r′p̃Aj (r
′)F̃ 1,0

A,β(r
′)

]
(5.87)

BA
jβ =dv

∑
g∈A

F̃ aug
β (rg)p̃

A
j (rg). (5.88)

In the above equations, f̃Ai (r) and p̃Aj (r) are sets of atom-centered functions satisfying
〈
f̃Ai

∣∣∣p̃Aj 〉 = δij ,

and p̃Aj (r) vanish for r > rc so that the numerical integral of Eq. 5.88 can be performed efficiently on the

FFT grid points inside the cutoff sphere of atom A. The symbol dv represents the FFT grid volume ele-

ment. This is directly analogous to the projector-partial wave pairs in PAW.15 The construction of f̃Ai (r)

and p̃Aj (r) is described in Appendix B.2.2. F̃ 1,0
A,β(r) is an approximate convolution of θ̃1A,α(r), and while

arbitrary, it helps make the f̃Aj (r) expansion more efficient. Using this construction, the all-electron and

pseudo-features on the radial support grids are, respectively,

G1
A(r) =

∑
β

pbβ
(
b1A(r)

) (
F̃ 1,aug
A,β (r) + ŷ1A,β(r)

)
(5.89)

G̃1
A(r) =

∑
β

pbβ

(
b̃1A(r)

)
F̃ 1,aug
A,β (r). (5.90)

The exchange correlation energy is then

Exc[n] = Exc[ñ, G̃] +
∑
A

(
Exc[n

1
A, G

1
A]− Exc[ñ

1
A, G̃

1
A]
)
, (5.91)

where all three terms are semilocal functionals of the density and of the nonlocal features. The first term

is evaluated on the FFT grid and the second two on the radial support grids on the atoms.

The use of nonlocal features introduces a few additional terms to the forces and stresses not present for

semilocal DFT. The force terms are

FA = Fsl
A + FPASDW

A (5.92)

FPASDW
A =

∑
α

dv
∑
ig

CA
iα∇gAi (rg)

∂Exc
∂θα(rg)

+
∑
β

dv
∑
jg

∂Exc

∂BA
jβ

∇p̃Aj (rg)F̃β(rg). (5.93)

87



The stress terms are

σµν = σsl
µν + σPASDW

µν (5.94)

σPASDW
µν =

∑
α

∑
A

dv
∑
g

{[
(rg −RA)µ

∂Exc
∂θα(rg)

] [∑
i

CA
iα∇νg

A
i (rg)

]}

+ δµν
∑
β

∑
A

∑
j

(
∂Exc

∂BA
jβ

BA
jβ

)

+
∑
β

∑
A

dv
∑
g

[(rg −RA)µFβ(rg)]

∑
j

∂Exc

∂BA
jβ

∇ν p̃
A
j (rg)


+
∑
k

GkµGkν

|Gk|
∑
β

(
∂Exc

∂F̃β(Gk)

)∗∑
α

Φ′αβ(|Gk|)θα(Gk). (5.95)

In the above equations, Fsl
A and σsl

µν refer to the force and stress equations for semilocal functionals within

the PAW formalism (see Section IIID of Ref.105).

There are several significant contributions to the computational cost of the above approach for evalu-

ating G(r), which all scale linearly or quasi-linearly with system size. The first contribution comes from

computing the Fourier transforms of θ̃aug
α (r) and F̃ aug

β (r) (as well as the functional derivatives with respect

to these quantities), which is necessary to compute the convolutions like those in Eq. 5.86 in reciprocal

space. The cost of these operations scales as Θ(NαNFFT log(NFFT)), where Nα is the number of kernel

interpolation points in Eq. 5.56 and NFFT is the size of the FFT grid used for integrating the XC energy.

The second contribution arises from computing the convolutions in Eq. 5.86 in reciprocal space, and scales

as Θ(N2
αNFFT). The third contribution comes from computing the PAW correction to θ̃aug

α (r) (the sum in

Eq. 5.84). This and related terms scale as Θ(NFFT,atom Natom Nα), where NFFT,atom is the number of FFT

grid points inside the core region of an atom and Natom is the number of atoms. The last contribution

consists of all the other PAW correction-related routines (e.g. computing CA
iα), which depend only on the

density on the atomic radial grids and therefore scale linearly with Natom. The overall scaling with system

size N is then Θ(N log(N)). Notably, none of the components of the algorithm scale with the number of

k-points.

5.6 Results and Discussion

Using Gaussian process regression, we fit each of the model types in Section 5.4 (SL-GGA, NL-GGA,

SL-MGGA, and NL-MGGA) to match the exact exchange energy on subsets of the GMTKN5560 and

SOL62205,235 databases, as well as a few dozen other training points. We provide a summary of our meth-

ods in this section and explain them in more technical detail in Appendix B.1.
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Figure 5.1: Accuracy of PBE0/CIDER (Eq. 5.97) compared to PBE0 for each functional type on the GMTKN55
database of molecular properties, using the MoM error metric. The database subsets are60: “all”: Full database;
“small”: Basic properties and reaction energies for small systems; “large”: Reaction energies for large systems and
isomerization reactions; “barrier”: Barrier heights; “inter NCI”: Intermolecular noncovalent interactions; “intra
NCI”: Intramolecular noncovalent interactions.

To train the ML functionals, ground-state DFT calculations were first performed using the PBE func-

tional.159 Then, for each chemical system in the training set, the density and orbitals obtained from the

PBE calculation were used to compute the features described in Section 5.4.3, as well the exact exchange

energy of Eq. 5.1. The computed features were used as the inputs to the Gaussian process to predict the

exact exchange energy. See Appendices B.1.2 and B.1.3 for details.

The training and validation systems were chosen as described in Appendix B.1.4. The SOL62

database205,235 contains cohesive energies for a mix of metals and non-metals, for which 9 were used

for training, 22 for validation, and 31 for testing. The GMTKN55 database contains 55 sub-databases

blocked into five categories: small-molecule properties (“small”), larger molecule reactions and isomer-

izations (“large”), barrier heights (“barrier”), intermolecular noncovalent interactions (“inter NCI”), and

intramolecular noncovalent interactions (“intra NCI”). The training and validation data consist of twelve

sub-databases of GMTKN55 and contain some representative systems from each category, but dispropor-

tionately taken from the “small” category. All data not used for training or validation is considered the

GMTKN55 test set. This GMTKN55 partitioning results in 280 train data, 163 validation data, and 1062

test data. Further technical details for training are provided in Appendices B.1.6 and B.1.7.

The SL-GGA, NL-GGA, SL-MGGA, and NL-MGGA functionals used for benchmarking below are the

functionals of each type with the best validation set performance, as described in Appendix B.1.8. One

important technical note is that each functional was trained via delta-learning on top of some baseline

exchange functional. We tried PBE and the Chachiyo GGA30 as baselines, and Chachiyo proved more

accurate for each functional class. However, as described in Section 5.6.3 below, slight numerical stability
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improvements were found when using the NL-MGGA with a PBE baseline (dubbed NL-MGGA-PBE).

As described in more detail in Section 5.6.3, we also found that retraining NL-MGGA-PBE with a more

diverse training set from GMTKN55 (which is described in Appendix B.1.5) results in improved numerical

stability. Therefore, the resulting functional with the PBE baseline and diverse training set, dubbed NL-

MGGA-DTR, was used for the applications in Sections 5.6.4-5.6.7.

When testing and benchmarking the functionals, all calculations (both conventional and CIDER func-

tionals) were performed self-consistently, with the exception of the SOL62 cohesive energies. These were

obtained non-self-consistently from PBE orbitals, due to the difficulty of computing the isolated atom

energies in plane-wave DFT. This is a small technical barrier that will be addressed in future work. All

calculations in the main text used static geometries, with the exception of the defect calculations in Sec-

tion 5.6.7; in this section, the silicon lattice parameters and defect structures were optimized with both

PBE and CIDER.

In Section 5.6.1, we demonstrate that the NL-MGGA is capable of learning the exchange functional

more accurately than the other feature sets, and in Section 5.6.2 we use 1 and 2-electron systems to pro-

vide intuition for why this is. Next, we fine-tune the accuracy and numerical stability of the NL-MGGA

(Section 5.6.3) and demonstrate that the resulting exchange functional can be used to match the accuracy

of hybrid DFT (Section 5.6.4).

Having designed an accurate exchange functional, we demonstrate that it can be used to improve band

gap predictions over standard meta-GGAs in Section 5.6.5. In Section 5.6.6, we show that for large sys-

tems in plane-wave DFT, our implementation of the NL-MGGA form is similarly efficient to semilocal

meta-GGAs and orders of magnitude more efficient than hybrid DFT. Lastly, in Section 5.6.7, we take ad-

vantage of our new functional’s efficiency and accurate band gap predictions to compute charge transition

levels of point defects in silicon, which is a notoriously challenging task for DFT due to the underestima-

tion of band gaps and the large supercell sizes required to simulate isolated point defects.54

5.6.1 Accuracy of Different Model Types

We assess the accuracy of our exchange functionals by substituting them for exact exchange in hybrid

functionals to create a “surrogate hybrid” functional. For example, one of the simplest and most popu-

lar hybrid functionals is PBE0,1 which mixes a 1/4 fraction of exact (Hartree-Fock, HF) exchange into the

PBE functional159:

Exc[n] =
3

4
EPBE

x [n] +
1

4
EHF

x [n] + EPBE
c [n]. (5.96)
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In this section we perform so-called PBE0/CIDER calculations, where the exchange-correlation energy is

Exc[n] =
3

4
EPBE

x [n] +
1

4
ECIDER

x [n] + EPBE
c [n]. (5.97)

One can also generalize PBE0/CIDER with different fractions of CIDER exchange. We will call this func-

tional form PBE0(α)/CIDER, and it will be used in later sections:

Exc[n] = (1− α)EPBE
x [n] + αECIDER

x [n] + EPBE
c [n]. (5.98)

Throughout the results, we will also use abbreviations like PBE0/SL-GGA and PBE0/NL-MGGA, which

indicate that the specific CIDER functionals used in PBE0/CIDER are the SL-GGA and NL-MGGA, re-

spectively.

All ML functional results in this section refer to the PBE0/CIDER surrogate hybrid form. Because our

exchange functionals are trained on exact exchange energies, they are “perfect” if they exactly reproduce

the predicted reaction energies of PBE0 on the test set. To measure the error of the exchange functionals,

we calculate the average error between PBE0/CIDER and PBE0 for each functional type on GMTKN55

and SOL62. All calculations on GMTKN55 are SCF calculations, but the SOL62 cohesive energy CIDER

and PBE0 calculations are performed non-self-consistently with PBE orbitals. See Appendices B.1.2 and

B.1.3 for details.

The average deviations of the machine-learned functionals from PBE0, using the mean of means (MoM)

metric (i.e. the mean of the mean absolute deviations, or MADs, for the sub-databases of GMTKN55),

are presented in Fig. 5.1. Results for all functionals include D4 dispersion corrections,26 with the

PBE0/CIDER functionals using the PBE0 dispersion parameters. The nonempirical PBE and r2SCAN56

functionals, while not designed to reproduce PBE0, are included in Fig. 5.1 to show typical deviations be-

tween GGAs, meta-GGAs, and hybrids.

While the trends vary slightly in the different subsets of GMTKN55, the key trend is that the qual-

ity of the fit to exact exchange improves going from SL-GGA to NL-GGA to SL-MGGA to NL-MGGA.

Notably, the SL-GGA and NL-GGA suffer from out-of-distribution transferability issues, resulting in

larger deviations from PBE0 even compared to the PBE functional on the test set. On the other hand,

the ML meta-GGAs are more transferable outside the training data than the ML GGAs, so they match

PBE0 more closely than PBE and r2SCAN on the test set. The NL-MGGA is more accurate than the

SL-MGGA, achieving an MoM of less than 1 kcal/mol on the test set. The fact that the NL-MGGA out-

performs both the NL-GGA and SL-MGGA suggests that the kinetic energy and nonlocal features provide

non-redundant information, meaning that nonlocal density features cannot replace the kinetic energy den-
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Figure 5.2: Average deviation of PBE and the PBE0/CIDER ML functionals from PBE0 on the SOL62 cohesive
energies database.
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Figure 5.3: Geometries and density distributions of the 1-electron systems dataset. a) Hydrogen atom. b) H +
2 .

c) H 2+
3 -linear. d) H 2+

3 -triangular.

sity nor vice versa. As shown in Fig. 5.2, the same general trends apply for SOL62; the NL-MGGA is the

most accurate and transferable ML functional for reproducing PBE0, followed by the SL-MGGA and then

the NL-GGA.

Because GMTKN55 contains a variety of properties and systems, the performance of the functionals is

somewhat dependent on the choice of error metric. However, the general trends are the same as for the

MoM metric. See Supplemental Material Section S2A for a discussion of the impact of error metric on the

results.

5.6.2 Impact of Nonlocality and Derivative Discontinuity on Model Accuracy

Overall, the SL-MGGA model is more accurate than the NL-GGA model across the databases tested here.

However, the fact that NL-GGA improves over SL-GGA and that NL-MGGA improves over SL-MGGA

suggests that the nonlocal features contribute useful, non-redundant information about the density for ex-

change energy prediction. This raises the question: What types of systems require the nonlocal features,

and which require the semilocal orbital dependence of the kinetic energy density? We hypothesize that
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Table 5.1: Mean absolute deviation (kcal/mol) of the four types of ML exchange functional for simple 1 and 2-
electron systems compared to Hartree-Fock.

Model 1e Systemsa 2e Systemsb

SL-GGA 2.9 8.7
NL-GGA 2.5 5.5

SL-MGGA 4.8 3.9
NL-MGGA 1.1 2.7

a The 1-electron system dataset consists of the energies of H +
2 , H 2+

3 -linear, and H 2+
3 -

triangular referenced to the energy of the isolated hydrogen atom. All nearest-neighbor bond
lengths are 0.7 Å.

b The 2-electron system dataset consists of three energy differences between He+, He-singlet,
and He-triplet, where He-triplet is the neutral helium atom excited state with both electrons
having the same spin.

the derivative discontinuity of the exchange functional143 plays a key role. Because only the kinetic en-

ergy density—and not the nonlocal features of the NL-GGA—includes a derivative discontinuity passing

through integer electron number, the NL-GGA (as well as any smooth, pure density functional) cannot be

expected to accurately capture energy differences involving a change in electron number, such as ioniza-

tion energies and electron affinities. On the other hand, existing semilocal meta-GGAs are fundamentally

limited by their locality and cannot be expected to accurately describe the relative energies of density dis-

tributions with the same number of electrons but drastically different shapes. This is especially true of

one-electron systems, for which the kinetic energy is simply determined by the density gradient.

To explore this hypothesis, we set up two simple sets of systems. The first set is one-electron systems

for different arrangements of protons: the hydrogen atom, the H +
2 molecular ion, the linear H 2+

3 molec-

ular ion, and the triangular H 2+
3 molecular ion, all with bond lengths of 0.7 Å, as illustrated in Fig. 5.3.

Because each system contains only one electron with different degrees of delocalization, we expect that

only the functionals with nonlocal features can accurately predict energy differences between these sys-

tems. Table 5.1 shows the MAD between the ML exchange functionals and Hartree-Fock for the energy

differences between the hydrogen atom and the molecular ions. As expected, the SL-GGA and SL-MGGA

are both less accurate than NL-GGA and NL-MGGA. This confirms that the nonlocal features successfully

characterize single-electron delocalization in a way that is not feasible with semilocal functionals.

The second set of systems consists of the He+ ion, the He singlet (closed-shell ground state), and the

He triplet (open-shell excited spin state with two same-spin electrons). Because the exchange energy has a

discontinuous derivative as the number of electrons of a given spin passes through an integer,34,143 the en-

ergy differences between He+ and He triplet and between He singlet and He triplet can only be described

accurately by functionals that capture this derivative discontinuity. As shown in Table 5.1, the absolute
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Table 5.2: The number of systems in the GMTKN55 database for which a given functional did not achieve SCF
convergence with thresholds of 10−8 Eh for total energy and 10−4 Eh for the orbital gradient of the energy. All
functionals use the PBE0/CIDER form (Eq. 5.97).

Functional Number of Unconverged Calculations
SL-GGA 10
NL-GGA 16

SL-MGGA 5
NL-MGGA 3

NL-MGGA-PBE 1
NL-MGGA-DTR 0

deviations from Hartree Fock for the energy differences between these three systems are larger for SL-

GGA and NL-GGA than for SL-MGGA and NL-MGGA. This indicates that the derivative discontinuity

included in the kinetic energy density is essential for capturing energy differences related to electron addi-

tion/removal. Notably, the NL-MGGA is the most accurate of the four functional types for both datasets.

These observations regarding the role of the derivative discontinuity explain why a previous attempt at

machine learning a GGA resulted in more accurate atomization energies but less accurate ionization po-

tentials than PBE.94 Likewise, the role of nonlocality explains why Kovács et al.100 found that existing

meta-GGAs, as well as 25 meta-GGAs they empirically trained, suffer from a trade-off between cohesive

energy accuracy and band gap accuracy. Meta-GGAs are limited in their ability to describe both these

properties at once due their semilocality. In addition, while we do not exhaustively try many possible

NLDFs to conclusively show that they can only yield accurate models when paired with orbital-dependent

features, the NLDFs we have implemented do need to be paired with a meta-GGA formalism to improve

their accuracy. These findings provide evidence that to accurately and transferably fit a nonlocal, orbital-

dependent quantity like the exchange energy, an ML functional should contain both orbital dependence

and nonlocality in its feature set.

5.6.3 Fine-tuning for Numerical Stability

Because XC functionals are used within SCF calculations, they must be numerically stable and con-

sistently achieve electronic convergence on real systems to be useful for practical applications. For the

GMTKN55 dataset, we found that some systems do not quite converge to our default convergence thresh-

olds, which were 10−8 Hartree atomic unit (Eh) for the total energy and 10−4 Eh for the orbital gradi-

ent of the energy. (See Appendix B.1.9 for more details on how we remedied convergence problems.) We

found that these calculations could only be converged with a 10−7 Eh energy threshold and 2 × 10−3 Eh

gradient threshold. Interestingly, this problem is least severe for the NL-MGGA, as illustrated in Table
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Figure 5.4: Accuracy of GMTKN55 predictions for the NL-MGGA and the NL-MGGA-PBE and NL-MGGA-
DTR variants described in the text (all using the PBE0/CIDER form), compared to PBE0. Train/test partition
results are not shown because the train and test data are different for the NL-MGGA-DTR functional.

5.2, which shows the number of systems for each functional type which did not converge to the 10−8 Eh

energy and 10−4 Eh gradient thresholds. We believe this is because the increased model dimensionality of

the NL-MGGA allows it to fit the exchange energy with a smoother function of the input features.

Because the NL-MGGA still sees some convergence problems, we decided to explore two modifications

of the NL-MGGA for improved numerical stability. The first is the NL-MGGA-PBE, which has the same

hyperparameters and feature shape as the NL-MGGA but uses the PBE functional as a baseline rather

than the Chachiyo functional.30 NL-MGGA-PBE was screened during the validation procedure (Ap-

pendix B.1.8) but was found to be slightly less accurate than the NL-MGGA with the Chachiyo baseline.

However, only 1 system sees a convergence issue in Table 5.2 with NL-MGGA-PBE, compared to 3 with

NL-MGGA. We also tried training an NL-MGGA model with the PBE baseline and a more chemically

diverse subset of GMTKN55, as described in Appendix B.1.5. We refer to this new train/validation/test

partition as DTR (for “diverse training”), and it yields the NL-MGGA-DTR, for which all GMTKN55

systems achieve an orbital gradient convergence of 10−4 Eh or lower. In fact, all but 10 of the 2462

GMTKN55 systems converge to within 10−9 Eh for energy and 10−4.5 Eh for orbital gradient with NL-

MGGA-DTR, and the rest to within 10−8 and 10−4 Eh, respectively.

As shown in Fig. 5.4, which displays MoM errors of PBE0/CIDER versus PBE0, the accuracy of these

three NL-MGGA variants is similar across the GMTKN55 dataset. The three functional variants also

have nearly identical performance for the SOL62 cohesive energies, with MADs compared to PBE0 of 0.13

eV/atom for all three. Therefore, for the remainder of this work, we adopt the NL-MGGA-DTR model as

our primary functional of choice for applications, and we name it CIDER23X-NL-MGGA-DTR.
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Figure 5.5: MoM error for all of GMTKN55 (left) and MAD on the DTR test set (right) relative to GMTKN55
reference values, for semilocal, hybrid, and CIDER functionals.

5.6.4 Obtaining Hybrid DFT Accuracy

In this section, we show that by substituting NL-MGGA-DTR for exact exchange in hybrid function-

als, accurate predictions of the XC energy can be obtained for molecular systems without additional pa-

rameter tuning. In particular, we look at PBE0/CIDER (Eq. 5.97) and another type of functional called

PW6B95/CIDER. The original PW6B95 functional238 is

EPW6B95
xc [n] = 0.28EHF

x [n] + EPW6B95
xc,sl [n], (5.99)

where EPW6B95
xc,sl is a meta-GGA term. Just like with PBE0/CIDER, we substitute CIDER in for Hartree-

Fock exchange to obtain PW6B95/CIDER:

EPW6B95
xc [n] = 0.28ECIDER

x [n] + EPW6B95
xc,sl [n]. (5.100)

We chose to construct PW6B95/CIDER functionals because the original PW6B95238 is among the most

accurate functionals on the GMTKN55 database.60,95

For PBE0/NL-MGGA-DTR, PW6B95/NL-MGGA-DTR, and several semilocal56,132,159,237 and hy-

brid1,131,133,190,238 functionals, Fig. 5.5 shows the MoM error on all of GMTKN55 as well as the mean

absolute error (MAE) on the test partition used for NL-MGGA-DTR. The errors are relative to the high-

accuracy benchmark data collected in the GMTKN55 database.60 All functionals include D4 dispersion
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Table 5.3: Error statistics for 255 band gaps from the database published by Borlido et al.,16 in eV. The ML
functionals use the PBE0(α)/CIDER formalism of Eq. 5.98.

PBEa r2SCANa SL-MGGAa NL-MGGA-DTRa HSE06b PBE0b
α = 0.25 α = 0.25 α = 0.35

ME (eV)c −1.14 −0.81 −0.74 −0.61 −0.38 −0.17 0.40
MAE (eV)d 1.16 0.87 0.82 0.71 0.58 0.53 0.73
RMSE (eV)e 1.50 1.18 1.10 1.02 0.86 0.80 0.90

MAREf 0.53 0.41 0.41 0.35 0.33 0.33 0.67

a This work.
b Borlido et al.16
c Mean error.
d Mean absolute error.
e Root mean square error.
f Mean absolute relative error.

corrections26 except for B97M-V,132 ωB97X-V,131 and ωB97M-V,133 which all use VV10 dispersion.214

PBE0/CIDER calculations use PBE0 dispersion parameters, and PW6B95/CIDER calculations use

PW6B95 dispersion parameters. We show conventional semilocal functionals in shades of blue, conven-

tional hybrid functionals in orange, and CIDER functionals in green.

As Fig. 5.5 shows, the PBE0/NL-MGGA-DTR functional is comparable in accuracy to r2SCAN, but

the combination of systematic errors in the NL-MGGA-DTR functional and in PBE0 itself prevent it from

outperforming the most accurate meta-GGA (B97M-V) or any of the hybrid functionals. On the other

hand, because PW6B95 is much more accurate than PBE0 on the GMTKN55 dataset, PW6B95/NL-

MGGA-DTR is more accurate than all semilocal functionals explored here. It is also more accurate than

the PBE0 and B3LYP190 hybrid functionals and equivalent in accuracy to the range-separated hybrid

ωB97X-V.131 This shows that the NL-MGGA-DTR exchange functional can be used to calculate molec-

ular reaction energies with an accuracy that was previously not feasible without exact exchange mixing.

As with Section 5.6.1, the analysis of the errors on GMTKN55 depends somewhat on the error metric

used. These nuances are discussed in further detail in Supplemental Material Section S2B, which also pro-

vides a comparison between the nonlocal and semilocal meta-GGA models.

5.6.5 Using CIDER for Improved Band Gap Prediction

The band gap problem,157,181 in which semilocal DFT tends to drastically underestimate the band gaps

of solids, stands in the way of a variety of important applications like high-throughput screening for opti-

cal and electronic properties and semiconductor point defect physics.54,110,176 By introducing a derivative

discontinuity into the XC functional, meta-GGAs partly mitigate this problem,163 but they still tend to
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significantly underestimate band gaps.18 Exceptions include mBJ204 and TASK,4 which each have impor-

tant drawbacks. The mBJ functional provides the exchange potential only, not the energy,204 and TASK

does not predict atomization energies and lattice constants as well as SCAN.4,100,111 This reinforces the

discussion in Section 5.6.2 regarding the accuracy trade-offs meta-GGAs must make due to their semilocal-

ity.

By introducing nonlocality into the exchange energy, PBE0/NL-MGGA-DTR (Eq. 5.97 or Eq. 5.98

with α = 0.25) improves band gap predictions over PBE and r2SCAN, as shown in Table 5.3. This im-

provement occurs even though the CIDER functionals are not fit to solid-state band gaps. The PBE0/SL-

MGGA also improves band gap predictions over r2SCAN, but significantly less so than PBE0/NL-MGGA-

DTR. The database used for testing covers 255 of the 472 band gaps in the database published by Borlido

et al.,16 with La, Yb, and Th-containing systems being excluded as well as systems with a greater than

0.05 eV difference between the spin-orbit-corrected and non-spin-orbit-corrected band gaps (as computed

with PBE by Borlido et al.16). See Appendix B.1.11 for details, and see Supplemental Material Section S3

for error metrics for all 453 solids in the database that do not contain La, Yb, or Th.

To provide a clearer picture of the improved band gap prediction provided by the NL-MGGA-DTR

functional, Table 5.4 shows the band gap predictions for a selected subset of systems that are commonly

studied.231 In addition, Figs. 5.6 and 5.7 contain band structures for silicon (Si) and boron phosphide

(BP), respectively, which show that PBE0/NL-MGGA-DTR provides similar band structures to PBE and

r2SCAN but with a wider band gap.

There is room for improvement in these band gaps, since PBE0/NL-MGGA-DTR still systematically

underestimates band gaps compared to the state-of-the-art HSE0670,106 range-separated hybrid functional,

as well as the PBE0 functional to which PBE0/CIDER is an approximation. One possible solution is to

tune the fraction of CIDER exchange, which is already done with exact exchange within hybrid DFT to

optimize functional accuracy for different applications.146 As shown in Table 5.3, PBE0(α)/NL-MGGA-

DTR with α = 0.35 has increased band gaps over α = 0.25 and similar error statistics to HSE06. However,

one drawback of this approach is that because NL-MGGA-DTR increases band gaps less than exact ex-

change for a given mixing fraction, one might need a large fraction of NL-MGGA-DTR to fit band gaps.

This large fraction might not provide accurate predictions of other material properties. Alternative ap-

proaches to improve CIDER band gaps include using physical intuition and exact constraints to tune the

derivative discontinuity contribution from the kinetic energy density (as is done in the TASK functional4),

introducing more nonlocal features to improve the accuracy of the functional in general, and training on

fundamental band gaps (i.e. differences between ionization potentials and electron affinities). However,

considering the drastic increase in computational cost associated with using HSE06 or PBE0 compared to
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Table 5.4: Band gaps for a small subset of solids (in eV). CIDER refers to PBE0/NL-MGGA-DTR.

PBE r2SCAN CIDER HSE06 Expt.16

Si 0.57 0.76 1.05 1.15 1.17
Ge 0.12 0.48 0.71 0.81 0.74
InP 0.69 1.12 1.47 1.52 1.42

GaAs 0.59 1.08 1.36 1.43 1.52
CdSe 0.71 1.19 1.48 1.69 1.74
BP 1.25 1.42 1.71 1.98 2.10

GaP 1.61 1.88 2.09 2.29 2.35
CdS 1.20 1.65 2.02 2.27 2.48
GaN 1.88 2.33 2.65 3.18 3.50
ZnS 2.13 2.69 3.04 3.37 3.72
C 4.13 4.34 4.70 5.33 5.50

BN 4.21 4.79 5.08 5.63 5.96
CaO 3.68 4.23 4.53 5.32 6.88
MgO 4.73 5.63 6.11 6.42 7.67
NaCl 5.11 5.90 6.32 6.45 8.75
LiF 9.07 10.05 10.40 11.39 13.60
Ar 8.71 9.61 9.71 10.36 14.15

ME −1.93 −1.42 −1.11 −0.74 -
MAE 1.93 1.42 1.11 0.76 -
RMSE 2.41 1.88 1.66 1.31 -
MARE 0.45 0.29 0.18 0.11 -
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Figure 5.6: Band structures of silicon with three different functionals. The black dotted line is positioned at the
valence band maximum, and the orange dotted line is located at the experimental band gap of 1.17 eV.
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Figure 5.7: Band structures of boron phosphide with three different functionals. The black dotted line is posi-
tioned at the valence band maximum, and the orange dotted line is located at the experimental band gap of 2.10
eV.

semilocal DFT, the ability to mitigate the underestimation of band gaps without explicitly fitting them—

and while accurately predicting other properties like bond energies—already serves as a major step toward

solving the band gap problem.

5.6.6 Benchmarking Performance on Large Condensed Matter Systems

The key benefit of the nonlocal features used to learn the exchange functional is that the quasi-linear-

scaling algorithm used to compute them within plane-wave DFT (Sections 5.5.1 and 5.5.3) is over an or-

der of magnitude faster than the evaluation of exact exchange for large systems and does not depend on

the number of k-points. To illustrate this efficiency, Fig. 5.8a shows the wall time to perform a ground-

state SCF calculation for a 216-atom diamond supercell with semilocal and PBE0/CIDER functionals in

GPAW.44,145 These wall times are compared to those of the hybrid DFT implementation in JDFTx,196

which uses the adaptively compressed exchange algorithm128 to compute the exact exchange energy as ef-

ficiently as possible. The CIDER functionals, including those with nonlocal features, all take less than 170

seconds (compared to 60 seconds for PBE and 79 seconds for r2SCAN). When run on the same number

of processors, PBE0 is roughly 700 times slower than the NL-MGGA-DTR functional. Even the GPU-
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Figure 5.8: Computational cost for plane-wave DFT SCF calculations of large systems with different function-
als. All semilocal (blue) and CIDER (green) calculations were performed with GPAW on one 64-core Intel Ice Lake
node for diamond and two 64-core nodes for silicon. The PBE0 CPU calculation (bright orange) was performed on
one 64-core node, while the GPU calculation (light orange) was performed on one Nvidia A100 GPU. Both PBE0
calculations were performed with JDFTx.196 a) Diamond 216-atom bulk supercell with Γ-point sampling only.
Note the logarithmic time axis. b) Diamond and silicon neutral vacancy formation energies with 216-atom super-
cell with 2× 2× 2 Monkhorst-Pack k-point mesh.141

accelerated evaluation of PBE0 is about 40 times slower than NL-MGGA-DTR.

The efficiency of CIDER functionals for large systems makes it practical to perform more compli-

cated calculations like defect formation energies. Figure 5.8b shows the wall time for computing the

neutral vacancy formation energies in diamond and silicon using 216-atom supercells for semilocal and

PBE0/CIDER functionals. All of the functionals are of comparable computational cost, with the NL-

MGGA-DTR model being only 25% slower than r2SCAN for diamond and 50% slower for silicon. This

small decrease in efficiency comes with a significant benefit: As shown in Table 5.5, of the functionals

tested, the NL-MGGA model and its variants give the closest match to PBE0 for predicting these vacancy

formation energies, with PBE0/NL-MGGA-DTR giving deviations of 0.18 eV and 0.23 eV for diamond

and silicon, respectively. The HSE06 and PBE0 formation energies were computed using VASP.102,103,104

See Appendix B.1.12 for further calculation details.

5.6.7 Charged Defect Transition Levels in Silicon

One of the consequences of the band gap problem is that transition levels in charged defects are not ac-

curately described by semilocal DFT, so hybrid DFT is typically used when accurate transition level pre-

dictions are needed. In this section, we show that by improving band gap prediction, CIDER is able to

accurately predict defect transition levels in silicon. The transition levels associated with the single va-

cancy,216 as well as the boron,51 phosphorus,77 copper,97 and sulfur37,177 substitutionals, were computed

as described in Appendix B.1.13, using a 512-atom supercell, 2 × 2 × 2 Γ-centered k-point mesh, and full

structural relaxation for each defect and functional.
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Table 5.5: The formation energies of the neutral vacancies in diamond and silicon (in eV), computed with 216-
atom supercells and a 2 × 2 × 2 Monkhorst-Pack k-point mesh.141 All CIDER functionals use the PBE0/CIDER
surrogate hybrid form.

Functional C Si
PBE 6.47 3.61

r2SCAN 6.36 4.19

SL-GGA 6.11 3.48
NL-GGA 6.73 3.50

SL-MGGA 6.66 4.16
NL-MGGA 6.77 4.58

NL-MGGA-PBE 6.77 4.58
NL-MGGA-DTR 6.79 4.42

HSE06 6.96 4.54
PBE0 6.97 4.65

Figure 5.9 shows the computed transition levels compared to experiment with two different finite-size

correction schemes: the Freysoldt finite-size corrections55 (Fig. 5.9a) and the potential alignment correc-

tion (Fig. 5.9b). We computed the transition levels with PBE and PBE0(0.3)/NL-MGGA-DTR (Eq. 5.98

with α = 0.3). The latter functional was chosen because its band gap matches the 1.17 eV experimen-

tal gap; however, PBE0/NL-MGGA-DTR yields similar results (see Supplemental Material Section S7).

Supplemental Table S13 provides a more detailed list of all computed transition levels. In the rest of this

section, PBE0(0.3)/NL-MGGA-DTR is referred to simply as CIDER for brevity.

PBE and CIDER both give reasonable descriptions of the ++/0 transition level in the silicon vacancy

and the boron acceptor level. However, the phosphorus donor level is not well-described by PBE due to

its severe underestimation of the band gap; CIDER remedies the band gap underestimation and therefore

predicts a transition level in good agreement with experiment. To correct for band gap underestimation,

one could predict defect levels from PBE by scaling the gap (and with it, the transition levels) to the ex-

perimental gap, but this makes it difficult to distinguish true shallow levels from deep levels that happen

to sit near the (too-low) PBE conduction band edge.110 For example, PBE predicts a transition level of

0.66 eV for the -/-- transition of CuSi (Fig. 5.9a), 0.05 eV above the conduction band minimum. Without

further information, it is unclear whether this state is resonant in the conduction band or localized in the

gap. CIDER, on the other hand, places the -/-- level inside the gap at 0.97 eV, in good agreement with

the 1.00 eV level from experiment.

More generally, Fig. 5.9a shows that paired with the Freysoldt correction, CIDER matches each level

in the figure with an error of 0.10 eV or less compared to experiment, with the exception of the +/0 level

in CuSi. For this transition, the experimental level is 0.20 eV,97 while the CIDER level is 0.02 eV with the
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Figure 5.9: Electronic transitions levels for the single vacancy and several substitutional defects in silicon com-
puted using different functionals and finite-size correction schemes. The grey bars represent the band gap for the
given functional (or experiment). The experimental references are from the following sources: vacancy,216 boron,51

phosphorus,77 copper,97 and sulfur.37,177 CIDER refers to PBE0(0.3)/NL-MGGA-DTR.

Freysoldt correction and 0.07 eV with the potential alignment correction only. The HSE06 level was previ-

ously reported to be 0.21 eV by Sharan et al.,183 in good agreement with experiment. However, Sharan et

al. used a 64-atom supercell with a 2 × 2 × 2 Monkhorst-Pack k-point mesh.141 This supercell size is rel-

atively small, and the k-point mesh is both small and fails to sample the band edges, which can interfere

with the description of relatively delocalized defect states. When we recalculated the CIDER transition

level using Sharan et al.’s supercell size and k-point mesh, we obtained 0.18 eV with Freysoldt corrections,

in good agreement with their result and with experiment. In the Supplemental Material (Section S7A), we

provide further evidence that the HSE06 level itself is not converged with respect to k-point mesh. This

finding illustrates the importance of using well-converged supercell sizes and k-point meshes in point defect

calculations, a requirement that is made much easier by the efficiency of the CIDER functionals compared

to hybrid DFT. Why this particular transition level is underestimated by both hybrid DFT and CIDER is
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Figure 5.10: Change in charge distribution in the (001) plane (integrated over the z axis) for several charge tran-
sition levels in point defects of silicon. Blue shades represent an increase in electron density, while red shades indi-
cate a decrease in electron density. “MaxDisp” is the maximum ionic displacement between the charge states, and
“Loc.” is the fraction of the charge difference contained within a 5 Å sphere around the defect site. Loc. is greater
than 1 for the vacancy ++/0 transition because more than 2 electrons are drawn in to the defect region upon addi-
tion of an electron pair, depleting electron density in the surrounding region.

an interesting question warranting future investigation.

In addition to yielding more accurate transition levels, CIDER predicts somewhat different charge dis-

tributions than PBE as well. Figure 5.10 shows the charge density differences between charge states for

several of the transition levels in Fig. 5.9. There are a few notable takeaways from these plots. First, as

expected, the charge density differences are larger for transitions that result in large ionic displacements

(as indicated by the MaxDisp in the bottom of each plot). Second, these ionic displacements and resulting

charge distortions are noticeable more than 5 Å away from the defect site for some transitions, indicating

the importance of large supercells. Lastly, a slightly larger fraction of the charge associated with the tran-

sition is contained within a 5 Å sphere around the defect site for CIDER than for PBE (as indicated by

the Loc. metric in the bottom of each plot), suggesting that CIDER localizes the defect charge more ef-

fectively than PBE. This is reassuring because unphysical charge delocalization is one of the key driving

factors of erroneous charge transition level predictions in semiconductor point defects.110

In summary, our results indicate that the CIDER approach could be a route toward high-accuracy de-

fect calculations at similar cost to semilocal DFT, which would significantly broaden the potential scope
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of point defects research. In particular, it could be used to improve the accuracy of high-throughput point

defects studies,20 which are currently only computationally feasible with semilocal functionals like PBE.

5.7 Conclusion

We have demonstrated that by combining the kinetic energy density (a semilocal, orbital-dependent quan-

tity) with nonlocal, density-dependent features, it is possible to design functionals with comparable ac-

curacy to hybrid DFT at a drastically reduced computational cost for plane-wave DFT calculations. We

can do this by learning exact exchange energies, without the use of any high-accuracy reference data from

experiments or wave function theory. We have shown that our nonlocal meta-GGA model has higher ac-

curacy than semilocal functionals on both molecular benchmarks and solid-state band gap prediction, and

that these improvements can assist with applications such as semiconductor point defect calculations.

The developments presented here serve a variety of purposes. As is, the exchange functional we de-

signed can be used as an exact exchange surrogate in scenarios where hybrid DFT is impractical, such as

large extended systems. This expands the scope of calculations that can be performed at hybrid DFT ac-

curacy. In addition, the techniques we have introduced to learn smooth, physically constrained functionals

and implement efficient nonlocal features could be used in other contexts, such as orbital-free DFT225 and

van der Waals functional design.14,96,170

Importantly, the ability to systematically vary the descriptor complexity in our machine learning ap-

proach allows us to extract physically nontrivial information about the nature of the exchange interac-

tions. Specifically, we find that both nonlocality and derivative discontinuity are independently impor-

tant for the structure of the exchange energy density functional. This clarifies a key limitation of existing

semilocal functionals.

Lastly, our approach can be generalized to learn the full XC functional, providing a path to highly

transferable and universal functionals capable of describing challenging and heterogeneous chemistry. We

anticipate that these developments will contribute to significantly improving the cost-accuracy trade-off of

DFT, accelerating the pace and efficacy of materials and chemical research by providing a stronger theo-

retical backing in various sub-fields.

In this chapter, we found that the NL-MGGA functional form improves solid-state band gap prediction

compared to semilocal DFT. However, as shown in Table 5.3, the band gaps are still underestimated com-

pared to both experiment and PBE0. To address this problem, the next and final chapter of this thesis

explores how machine learning functionals can be explicitly trained to predict accurate band gaps, paving

the way toward solving the band gap problem with ML functionals.
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6
Obtaining Accurate Energy Gap Predictions with

CIDER

In the previous two chapters, we saw that the CIDER framework can be used to accurately predict molec-

ular properties like bond energies and barrier heights, and it can also improve band gap predictions over

semilocal DFT. However, as shown in Table 5.3, CIDER still underestimates band gaps compared to hy-

brid DFT. This problem is not unique to CIDER; very little work has been done on obtaining accurate

band gaps with machine-learned XC functionals. In this chapter, we introduce a way to explicitly train

functionals to predict accurate band gaps and energetic data (like bond energies) simultaneously, thereby

significantly expanding the capabilities of CIDER and ML functionals in general.

Our approach consists of two key innovations to address the band gap problem. First, we design an

approach for machine learning density functionals based on Gaussian processes to explicitly fit single-

particle energy levels. Second, we introduce novel nonlocal features of the density matrix that are expres-

sive enough to fit these single-particle levels. Combining these developments, we train a machine-learned

functional for the exact exchange energy that predicts molecular energy gaps and reaction energies of a
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wide range of molecules in excellent agreement with reference hybrid DFT calculations. In addition, while

being trained solely on molecular data, our model predicts reasonable formation energies of polarons in

solids, showcasing its transferability and robustness. Our approach generalizes straightforwardly to full

exchange-correlation functionals, thus paving the way to the design of novel state-of-the-art functionals for

the prediction of electronic properties of molecules and materials.

The results in this chapter were initially published in my 2024 article “Addressing the Band Gap Prob-

lem with a Machine-Learned Exchange Functional,” in review in the Journal of Chemical Theory and

Computation and co-authored with my colleague, Stefano Falletta, and my advisor, Boris Kozinsky.23 The

references to “Supporting Information” in this chapter refer to the Supporting Information of the arXiv

pre-print available at arXiv:2403.17002. Please see the original manuscript for funding information.

6.1 Introduction

The band gap problem, referring to the difficulty of predicting accurate fundamental band gaps with

Kohn-Sham density functional theory (DFT),99,157 is one of the most critical challenges in modern elec-

tronic structure theory. The problem arises from an insufficient description of the exchange-correlation

(XC) energy, particularly the self-interaction error.144,161,171,230,236 Specifically, semilocal DFT is noto-

rious for systematically underestimating band gaps.157 A variety of approaches have been developed to

address the band gap problem, most of which are based on hybrid DFT, in which a fraction of the ex-

act exchange energy is mixed into a conventional semilocal XC functional.9 Hybrid DFT tends to predict

more reasonable band gaps for both molecules and solids,16,70,139,228,229 though obtaining consistently ac-

curate band gaps requires system-specific tuning of the fraction of exact exchange due to different levels of

screening in different materials.189 (For simplicity, we also refer to molecular HOMO-LUMO gaps as band

gaps.) Significant research has been dedicated to addressing this problem nonempirically. For example,

optimally tuned hybrid functionals and related methods139,224,228,229 tune the fraction of exact exchange

based on exact conditions given by Janak’s theorem.80 Other approaches include local17 and dielectric-

dependent241 hybrid functionals, which can be employed to study heterogeneous systems, where the ideal

fraction of exact exchange is not constant in real-space. Machine learning-based methods to tune the pa-

rameter empirically for each chemical system have also been developed.90,91 Another approach to acquir-

ing accurate band gap predictions, called Koopmans functionals,36,153 uses orbital-dependent (but not

exact exchange-based) information to enforce piecewise linearity of the energy with respect to the number

of electrons, thereby removing self-interaction. While these hybrid DFT and orbital-dependent approaches

tend to come at significantly higher computational cost than semilocal DFT, they demonstrate that ad-

dressing the band gap problem is possible, even for large and complex systems.
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Concurrently with these developments, research on the the use of machine learning to improve the ac-

curacy of XC functionals has gained traction over the past few years,92,188 but the focus of previous work

has been on training the machine learning model to total and relative energies of chemical systems.95 This

does not guarantee the accurate learning of band gaps. Since the fundamental band gap in Kohn-Sham

DFT is related to the derivative of the energy with respect to the number of electrons,80 it necessarily de-

pends on the behavior of the functional for a fractional number of electrons.33 Good proxies for these frac-

tional electron systems are not common in molecular benchmark datasets, so it is expected that obtaining

accurate gaps will require dedicated training.

Accurately fitting energy gaps could be useful on multiple fronts. First off, accurate gaps are valu-

able in and of themselves for predicting the electronic properties of materials. Second, errors in energy

gaps are closely tied to self-interaction and delocalization error,34 so fitting energy gaps could potentially

help improve the accuracy of DFT densities and barrier heights, which are currently hindered by self-

interaction in conventional DFT. An initial illustration of this was provided by the DM21 functional,95

which achieved state-of-the-art performance on molecular benchmarks partly by explicitly fitting systems

with fractional charge. The behavior of a given functional for fractionally charged systems is closely re-

lated to its predictions of energy gaps,35 so explicit fitting of energy gaps could help generalize and ex-

pand the basic ideas that made DM21 effective.

In this work, to address the band gap problem in the context of machine-learned functionals, we in-

troduce a methodology for explicitly learning their contributions to both the total energies of chemical

systems and the single-particle energy levels of those systems. This enables the accurate predictions of

energy gaps, since these are calculated as differences of highest-occupied and lowest-unoccupied energy

levels. Starting from the CIDER framework covered in the previous two chapters, we adapt CIDER to fit

training data composed of both energy and single-particle energy levels with a single model (as opposed

to energy only). Next, we introduce novel features of the density matrix that are sufficiently expressive

to capture both the exchange energy and its contributions to the single-particle energy levels. Finally, we

combine these two developments to train an exchange functional and show that it simultaneously provides

a good description of the relative energies and energy gaps of molecular systems. While our functional is

trained solely on isolated molecular systems, we show that it can be effectively used to localize polarons in

solids and predict their formation energies by reducing the electron self-interaction, which is a promising

illustration of the transferability of the method and of its potential to describe solid-state systems. While

the current model operates as a surrogate for hybrid DFT and therefore inherits its limitations, such as

the need for system-specific tuning and poor description of strong correlation, it can be straightforwardly

extended to full XC functionals. In addition, the new model circumvents the need to evaluate the exact
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exchange energy used in hybrid DFT, which could enable the development of lower-cost alternatives to the

state-of-the-art hybrid DFT methods used for band gap prediction.

The previous chapter focused on the high-performance implementation of CIDER functionals for

production-level DFT calculations. Here, we instead introduce and test novel features based on the den-

sity matrix and a new model training approach, laying the foundations for future work on performance

optimization and force/stress implementation. Our new models are already sufficiently well-optimized to

perform 100-atom isolated or periodic SCF calculations on a few dozen CPU cores, but as initially imple-

mented do not always provide a significant performance gain over hybrid DFT at this system size. How-

ever, due to the more favorable computational cost scaling of the new features with system size compared

to hybrid DFT, we expect that optimizations of this new approach will be useful for large-scale materials

simulations.

The rest of this chapter is organized as follows. Section 6.2 introduces the basic definitions and con-

cepts that are critical to understanding the band gap problem and fitting single-particle energies. Sec-

tion 6.3 describes how Gaussian process regression can be used to fit XC functionals to the energies of

chemical systems as well as their single-particle energy levels. Section 6.4 describes the new features we

use to train the functional in this work. Section 6.5 provides computational details for the training and

benchmarking calculations performed. Section 6.6 presents and discusses the accuracy of the new func-

tional for predicting molecular properties, energy gaps, and polaron formation energies. Finally, Sec-

tion 6.7 concludes and discusses future directions and extensions of this new methodology.

6.2 Janak’s Theorem and Derivative Discontinuity

In Kohn-Sham DFT,62,99,178 the one-body reduced density matrix n1(r, r′) and the electron density n(r)

are written in terms of a set of fictitious orbitals ϕi(r) and their occupation numbers fi as

n1(r, r
′) =

∑
i

fiϕ
∗
i (r)ϕi(r

′) (6.1)

n(r) = n1(r, r) (6.2)

where the index i labels the electron states. All of our models are implemented for both the spin-restricted

formalism and the (collinear) spin-unrestricted formalism, for which the density matrix also has a spin

index σ:

n1,σ(r, r
′) =

∑
i

fσ,iϕ
∗
σ,i(r)ϕσ,i(r

′) (6.3)

For simplicity, for most of this work we will use the spin-restricted formalism with fi ∈ [0, 2].
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Within the spin-restricted formalism, the total energy of the system is written as a functional of n1, as

given by Eq. 1.96. Minimizing Eq. 1.96 requires self-consistently solving for the orbitals ϕi(r) using the

partial differential equation of Eq. 1.97 with the nonlocal effective potential of Eq. 1.98. We reprint these

formulas here for convenience:

E[n1] =
1

2

∫
d3r ∇ · ∇′n1(r, r′)

∣∣∣∣
r′=r

+

∫
d3r vext(r)n(r) +

1

2

∫
d3rd3r′

n(r)n(r′)

|r− r′|
+ Exc[n1] (6.4)

ϵiϕi(r) = −
1

2
∇2ϕi(r) +

∫
d3r veff[n1](r, r

′)ϕi(r
′) (6.5)

veff[n1](r, r
′) =

[
vext(r) +

∫
d3r′′

n(r′′)

|r− r′′|

]
δ(r− r′) +

δExc[n1]

δn1(r, r′)
(6.6)

The eigenvalues ϵi are the DFT single-particle energy levels. We employ generalized Kohn-Sham

DFT62,178 (Section 1.10), in which the XC energy Exc[n1] is an explicit functional of the density matrix

rather than the density. The reason for this choice is that the exact XC energy has a discontinuous deriva-

tive with respect to the number of electrons N 143,160:

∆xc(N) =
∂Exc(N)

∂N+
− ∂Exc(N)

∂N−
(6.7)

∆xc(N) ̸= 0 N ∈ Z (6.8)

where ∂
∂N−

and ∂
∂N+

are the left and right-hand derivatives with respect to N , respectively. This deriva-

tive discontinuity ∆xc(N) cannot be captured by a smooth, explicit functional of the density Exc[n], but it

can be described by a density matrix functional Exc[n1].163,231 Accurately predicting ∆xc(N) is critical for

determining the ionization potential (IP), electron affinity (EA), and band gap (BG) of a system because

these quantities depend on the derivative of the total energy with respect to N :

IP = −∂E(N)

∂N−
(6.9)

EA =
∂E(N)

∂N+
(6.10)

BG = EA + IP =
∂E(N)

∂N+
− ∂E(N)

∂N−
(6.11)

The question is then how to practically compute terms like ∂E(N)
∂N−

. Thankfully, Janak’s theorem80 allows

us to write the derivatives of the energy with respect to orbital occupation numbers fi and eigenvalues ϵi

as

ϵi =
∂E[n1]

∂fi
(6.12)
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This theorem allows us to write the IP, EA, and BG as

IP = −∂E[n1]

∂fVB
= −ϵVB (6.13)

EA =
∂E[n1]

∂fCB
= ϵCB (6.14)

BG =
∂E[n1]

∂fCB
− ∂E[n1]

∂fVB
= ϵCB − ϵVB (6.15)

In the above equation, we denote the eigenvalue corresponding to the valence band maximum (for solids)

or highest-energy occupied orbital (for molecules) as ϵVB, and the eigenvalue corresponding to the conduc-

tion band minimum or lowest-energy unoccupied orbital as ϵCB. The corresponding occupations of these

orbitals will be denoted fVB and fCB, respectively.

Working from Eqs. 6.13–6.15, there are two key problems to solve in order to learn an XC functional

Exc[n1] that accurately predicts the band gap and related properties. First, we must design a way to train

the derivatives of our functional with respect to orbital occupation numbers to reference band gaps, ion-

ization potentials, and electron affinities. We address this problem in Section 6.3. Second, we must design

features with explicit density matrix dependence and significant derivative discontinuities, or else it will

be implausible to design a functional obeying the above relationships (since pure density functionals lack a

derivative discontinuity163,231). We address this challenge in Section 6.4.

Before proceeding, we note that Exc[n1] can be decomposed into exchange and correlation parts, the

former of which can be written exactly in terms of the spin-polarized density matrix:

Exc[n1] = Ex[n1] + Ec[n1] (6.16)

Eexact
x [n1] = −

1

2

∑
σ

∫
d3r

∫
d3r′
|n1,σ(r, r

′)|2

|r− r′|
(6.17)

where Ex is the exchange energy, and Ec is the correlation energy. Equation 6.17 (which is equivalent to

Eq. 1.39) is explicitly known but computationally expensive to evaluate, and it is used within hybrid DFT

to obtain much more accurate band gaps than those obtained with semilocal DFT. For these reasons, it

is an excellent learning target for testing our new methodology, and having a good exact exchange “sur-

rogate” is potentially useful in its own right for accelerating hybrid DFT calculations. Therefore, in this

work, rather than learning the full XC functional, we learn Eexact
x [n1] and substitute it in place of exact

exchange in existing hybrid functionals.
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6.3 Gaussian Process Models for DFT Energies and Eigenvalues

In this section, we introduce our Gaussian process-based approach for fitting exchange and correlation

functionals to both total energies and single-particle energy levels. Our current implementation only ad-

dresses the exchange functional, but the approach described in this section generalizes to the full XC func-

tional as well. This methodology builds on the Gaussian process approach from Chapter 5 for fitting total

exchange energies, but we describe the full approach in this section for sake of clarity and generality.

6.3.1 Background

We briefly discuss the components relevant to fit and evaluate a Gaussian process predictive mean, i.e. the

function that the Gaussian process model learns. A more thorough discussion was presented in Chapter 3

of this dissertation. The detailed theory of Gaussian process regression, which is a Bayesian statistical

learning method, can be found in the textbook by Rasmussen and Williams168 (Chapter 2).

Consider the problem of learning some function f(x), with x being a feature vector of independent vari-

ables. Let X be a feature matrix, where each row xi is the feature vector for training point i, and let y

be a target vector, where each element yi is the observed value of the target function for training point i.

Then, there are two key components necessary to construct a Gaussian process regression for f(x). The

first is the covariance kernel k(x,x′), which defines the covariance between the values of the predictive

function for two points, i.e. k(x,x′) = Cov(f(x), f(x′)). The matrix of covariances between training points

is denoted K with matrix elements Kij = k(xi,xj). The second is the noise labels σi, indicating the esti-

mated prior uncertainty on each training observation i. We will denote the diagonal matrix whose entries

are the noise covariances σi2 as Σnoise. Using these components, the predictive function for a test point x∗

takes the form168

f(x∗) =
∑
α

k(x∗,xi)αi (6.18)

with the following definition for the weight vector α:

α = (K+Σnoise)
−1

y (6.19)

In the case of fitting energies of molecules and solids, we need to fit an extensive quantity in which the

training labels are integrals of the predictive function f(x) over real space. The next section covers adjust-

ments to the Gaussian process model necessary to perform this task.
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6.3.2 Fitting Total Energy Data

This section provides a more general description of the approach for fitting density functionals that was

presented in our previous work.25 Consider an extensive quantity F , which is a contribution to the total

electronic energy of a chemical system. While our approach currently focuses on the exchange energy Ex,

it can also be used to fit the correlation energy, full XC energy, or other extensive quantities. We can fit F

by learning a function that gets integrated over real-space to yield F for a given system:

F =

∫
d3r f (x(r)) (6.20)

In the above equation, f (x(r)) is the predictive function for the energy density to be learned by the Gaus-

sian process. In practice, the integral in eq. 6.20 must be performed numerically. For a given chemical

system indexed by m, we write

Fm =
∑
g∈m

wm
g f
(
xm
g

)
(6.21)

where g indexes quadrature points and wm
g are the respective quadrature weights.

In order to construct a Gaussian process for Eq. 6.21, we need to compute the covariance between two

observed values Fm and Fn for chemical systems m and n. Because the covariance between sums of ran-

dom variables can be written as Eq. 5.28, the covariances between the numerical integrals Fm and Fn can

be written in terms of the covariance kernel for f(x) as

Cov(Fm, Fn) =
∑
g∈m

∑
h∈n

wm
g w

n
hCov(f(xm

g ), f(xn
h)) (6.22)

=
∑
g∈m

∑
h∈n

wm
g w

n
hk(x

m
g ,x

m
h ) (6.23)

where k(x,x′) is the covariance kernel for f(x). Computing the above double numerical integral directly

would be expensive. To overcome this issue, we define a small set of “control points” x̃a and approximate

Cov(Fm, Fn) using a resolution-of-the-identity approximation:

Cov(Fm, Fn) = Kmn ≈ k̃mK̃−1k̃n (6.24)(
K̃
)
ab

= k(x̃a, x̃b) (6.25)(
k̃m

)
a
=
∑
g∈m

wm
g k(x

m
g , x̃a) (6.26)
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Using this definition of the covariance kernel, the predictive function can be expressed as

f(x∗) =
∑
a

k(x∗, x̃a)αa (6.27)

α =
∑
m

k̃m

{
[K+Σnoise]

−1
y
}
m

(6.28)

with K being the matrix with elements defined in Eq. 6.24, k̃m being the vector defined in Eq. 6.26, and y

being the vector of training labels Fm.

6.3.3 Fitting Single-Particle Energy Levels

Having summarized the Gaussian process regression scheme for total energies, we now extend it to fitting

single-particle energy levels. From Eq. 6.12, ϵmi is the partial derivative of the total energy of system m

with respect to the occupation number fmi of orbital i. By inserting Eq. 6.12 into Eq. 6.21, one can write

the eigenvalues ϵmi (or contributions to the eigenvalues) in terms of the predictive function f(x) for the

total energy (or contributions to the total energy):

ϵmi =
∑
g∈m

wm
g

∂f(xm
g )

∂fmi
(6.29)

ϵmi =
∑
g∈m

wm
g

∂f(xm
g )

∂xm
g

·
∂xm

g

∂fmi
(6.30)

One can then write the covariance between a given energy level ϵmi in chemical system m and the energy

of another chemical system Fn or another energy level ϵnj :

Cov (ϵmi , Fn) = Cov
(
∂Fm

∂fmi
, Fn

)
= d̃miK̃

−1k̃n (6.31)

Cov
(
ϵmi , ϵ

n
j

)
= Cov

(
∂Fm

∂fmi
,
∂Fn

∂fnj

)
= d̃miK̃

−1d̃nj (6.32)

(
d̃mi

)
a
=
∑
g∈m

wm
g

∂xm
g

∂fmi
· ∂

∂xm
g

k(xm
g , x̃a) (6.33)

The above equations, like Eq. 6.24 for energy data, allow eigenvalue data to be trained using Gaussian

process regression. One can fit single-particle energy levels using exact constraints, such as piecewise lin-

earity and quadraticity constraints as discussed below in Section 6.3.4, and/or using reference data such as

ionization potentials and band gaps, as discussed in Section 6.3.5.

Before proceeding, we note that the XC energy is one of several terms in the DFT total energy in

Eq. 6.4. However, the other terms can be computed explicitly from the orbitals or density matrix. There-
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fore, given a set of orbitals sufficiently close to the exact ones, any training label for the total energy E

can also be used as a training label for Exc by subtracting all energy contributions besides the Exc from

the training label E. These reference orbitals can be obtained by different means, such as by computing

them with an existing functional (e.g. Kirkpatrick et al.95) or computing them self-consistently while

training (e.g. Dick and Fernández-Serra39). The same concept applies to the energy levels ϵi, since by

Eq. 6.12 we can subtract the occupation number derivatives of all other energy terms from ϵi to find the

XC contribution to ϵi. We make this note to emphasize that all expressions for total energy and energy

level training data below also serve as XC energy training data.

One can also train the correlation energy in isolation (by subtracting the exact exchange energy of

Eq. 6.17 from Exc) or the exchange energy in isolation (by computing Eq. 6.17 for the training systems

and taking its derivative with respect to orbital occupation to obtain the exchange contributions to the

eigenvalues). In this work, we pursue the latter approach of training only the exchange energy to create

surrogates for hybrid DFT.

6.3.4 Piecewise Linearity and Quadraticity Constraints

The total energy E of a system obeys a piecewise linearity constraint for a fractional number of electrons

N .34,35,161 The energy as a function of N is

E(N) = (1−N + ⌊N⌋)E (⌊N⌋) + (N − ⌊N⌋)E (⌊N⌋+ 1) (6.34)

where ⌊x⌋ is the floor of x. For simplicity (and without loss of generality), we can write the expression

above for N ∈ [0, 1]:

E(N) = (1−N)E(0) +NE(1) (6.35)

Because the eigenvalues ϵVB and ϵCB are the left-hand and right-hand derivatives of the energy with re-

spect to particular number, respectively (as discussed in Section 6.2), they also have rigorous relationships

with the total energy:

E(1)− E(0) = ϵCB(0) = ϵVB(1) (6.36)

Similarly, as derived in Appendix C.1, the exchange energy is “piecewise quadratic” in the number of

electrons under the frozen orbital approximation. By combining this quadratic form with the exchange

contribution to the CB eigenvalue, ϵx,CB = ∂Ex
∂fCB

, one can write the exchange energy for N ∈ [0, 1] as

Ex(N) = (1−N)2Ex(0) +N2Ex(1) + (ϵx,CB(0) + 2Ex(0))N(1−N) (6.37)
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Equivalently,

Ex(N) = (1−N)2Ex(0) +N2Ex(1) + (2Ex(1)− ϵx,VB(1))N(1−N) (6.38)

Combining the above two equations,

2(Ex(1)− Ex(0)) = ϵx,CB(0) + ϵx,VB(1) (6.39)

The above conditions provide training data that does not require actually collecting any experimen-

tal or quantum chemical computational data. For example, one can fit to Eq. 6.36 by minimizing the loss

function

L =
(
Emodel(1)− Emodel(0)− ϵmodel

CB (0)
)2

+
(
Emodel(1)− Emodel(0)− ϵmodel

VB (1)
)2 (6.40)

where “model” indicates that the quantity is the value predicted by the machine learning model being

trained. Note that in Eq. 6.40, no reference values are required for the energy or energy levels; the training

data arises from a physical requirement of the model rather than a computed or experimentally measured

reference value. The loss function of Eq. 6.40 is closely analogous to how the actual Gaussian process

training works, since in practice the Gaussian process minimizes a weighted mean-squared loss function

subject to regularization.

One could also use the above strategy for the exchange energy via Eq. 6.39. However, one important

caveat is that Eq. 6.39 only applies under the frozen orbital approximation (c.f. Appendix C.1), i.e. if

there are no changes to the orbitals when going from N = 0 to N = 1. Since the frozen orbital approxima-

tion is not obeyed perfectly in real systems, there might be some (typically small) non-quadratic behavior

in the exact exchange functional. Therefore, instead of training to the exact quadraticity in Eq. 6.39, one

can train to equivalence between exact exchange and model exchange:

2(Emodel
x (1)− Emodel

x (0))−
(
ϵmodel

x,CB (0) + ϵmodel
x,VB (1)

)
=

2(Eexact
x (1)− Eexact

x (0))−
(
ϵexact

x,CB(0) + ϵexact
x,VB(1)

)
(6.41)

Even though the piecewise quadraticity of the exchange energy is only approximate due to the frozen or-

bital assumption, a perfect machine learning model for exact exchange will reproduce Eq. 6.41. Therefore,

while Eq. 6.41 actually does require computing exact exchange energy training data, fitting the model to

minimize the error for this condition helps give the model the same amount of quadratic behavior as exact

exchange and therefore serves a similar role as the piecewise linearity constraint on the total energy.
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6.3.5 Fitting Single-Particle Energy Levels to Reference Data

One can also train single-particle energy levels to explicit reference data. For example, for a given refer-

ence electron affinity EA for a system, one can fit the total energy and band edges as

E(1)− E(0) = ϵCB(0) = ϵVB(1) = EA (6.42)

Likewise, for an ionization potential IP,

E(−1)− E(0) = −ϵVB(0) = −ϵCB(−1) = IP (6.43)

For band gaps,

ϵCB(0)− ϵVB(0) = EA + IP (6.44)

For exchange, one can fit the quadratic component of the fractional charge energy curve to that of exact

exchange, i.e. adding the following condition as a target:

ϵmodel
x,CB (0)− ϵmodel

x,VB (1) = ϵexact
x,CB(0)− ϵexact

x,VB(1) (6.45)

In addition, one can simply train the contributions of the model exchange to the single-particle energy

levels to match the exact exchange contributions. For example, for the band gap, one can add as a target

the condition

ϵmodel
x,CB (0)− ϵmodel

x,VB (0) = ϵexact
x,CB(0)− ϵexact

x,VB(0) (6.46)

6.4 Smoothed Density Matrix Exchange Features

In this section, we introduce what we call smoothed density matrix exchange (SDMX) features, which are

computationally efficient, nonlocal featurizations of the density matrix that are quadratic in orbital occu-

pations. The basic idea of SDMX is to “smooth” out the density matrix around a reference point r and

also project it onto low-order spherical harmonics (i.e. principle quantum numbers of ℓ = 0 and ℓ = 1). As

a result, one can obtain very simple (but nonlocal) proxies for the shape of the exchange hole |n1(r, r′)|2,

which can be used for fitting both the exchange and correlation energies. The formulas and details for the

different SDMX versions are described below. These features take significant inspiration from the “Rung

3.5” functionals developed by Janesko et al.81,82,84,85 There are a few key differences, however. For exam-

ple, the Rung 3.5 approach requires multiplying the exact density matrix by a model density matrix to

make an approximate exchange hole, whereas the SDMX approach multiplies a “smoothed” density matrix
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by itself. As a result, the SDMX features have quadratic dependence on the density matrix.

One key consideration in the design of the SDMX features is their behavior under uniform scaling of

the density (Eq. 1.116). This manipulation is important because the exact exchange energy obeys the rela-

tionship122

Ex[nλ] = λEx[n] (6.47)

The correlation energy does not have such a simple behavior, but it does have the low and high-density

limits limλ→0Ec[nλ] = λC0[n] and limλ→∞Ec[nλ] = C∞[n],121 where C0[n] and C∞[n] are density

functionals that do not depend on λ. Therefore, if one wishes to design an XC functional that rigorously

matches these known behaviors under uniform scaling, it is critical that the features used as input to the

functional have a simple behavior under uniform scaling. In keeping with this design objective, all SDMX

features have power law behavior under uniform scaling, as discussed below.

The construction of the most basic SDMX feature starts with a smoothed, spherically averaged density

matrix

ρ0(R; r) =

∫
d3r′h(|r′ − r|;R)n1(r′, r) (6.48)

where R is a length-scale parameter, and h(u;R) is a smooth function. Then, one can construct the set of

features H0
j (r) as

H0
j (r) = 4π

∫
dRR2−j ∣∣ρ0(R; r)∣∣2 (6.49)

where j is real. Currently we use j ∈ {0, 1, 2}, but other values of j (including non-integers) are possible.

However, j < 0 and j > 2 might cause numerical stability issues or even make H0
j (r) non-integrable.

Currently, h(u;R) takes the form

h(u;R) =

(
2

π

)3/2
4

4−
√
2

e−2u
2/R2

R3

(
1− e−2u

2/R2
)

(6.50)

Different functions could be chosen, but the important aspect of the smoothing functions is that convolv-

ing the density matrix with it yields a smoothed approximation to the spherically averaged density matrix

at distance R, and that the level of smoothing increases as R increases. These properties are necessary 1)

to obey uniform scaling rules and 2) to ensure that ρ0(R; r) can be expanded efficiently using a Gaussian

basis. To evaluate H0
j (r), the smoothed density matrix ρ0(R; r) is evaluated at a discrete set of distances

Ri and then interpolated over R using a Gaussian basis; H0
j can then be evaluated analytically within the

Gaussian basis, as described in the Supporting Information (Section S1). Note that under uniform scaling
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(Eq. 1.116), this feature scales as λ3+j , i.e.

H0
j [nλ](r) = λ3+jH0

j [n](λr) (6.51)

The complexity of the SDMX features can be increased by also calculating expectation values of the

gradients of the smoothed density matrix with respect to the length-scale R, as follows:

H0d
j (r) = 4π

∫
dRR4−j

∣∣∣∣ ∂∂Rρ0(R; r)
∣∣∣∣2 (6.52)

In practice, these features can be obtained at almost no computational overhead compared to the original

H0
j features because the bottleneck computational operations are the same as those needed to compute H0

j

(see Supporting Information). This makes them a valuable way to increase the complexity of the featuriza-

tion. The uniform scaling behavior of H0d
j is also λ3+j .

The angular complexity of the SDMX features can be increased by computing (in addition to ρ0) the

following higher-order quantity

ρ1(R; r) =

∫
d3r′ [∇h(|r′ − r|;R)]n1(r′, r) (6.53)

which involves the gradient of h(|r′ − r|;R) with respect to r. Then, one can compute new features

H1
j (r) = 4π

∫
dRR4−j ∣∣ρ1(R; r)

∣∣2 (6.54)

These are more costly to compute than H0
j or H0d

j , but they provide significantly more information to the

model because they contain ℓ = 1 angular information. The uniform scaling behavior of H1
j is also λ3+j .

Finally, one can combine the radial and Cartesian derivatives to construct one more type of feature

H1d
j (r) = 4π

∫
dRR6−j

∣∣∣∣ ∂∂Rρ1(R; r)

∣∣∣∣2 (6.55)

which also scales as λ3+j under uniform scaling and comes at very little additional computational cost if

ρ1(R; r) was already computed to evaluate H1
j (r).

We combine all of these features with semilocal features to learn the exchange functional, as described

in Section 6.5. As with all our previous functionals, these models obey the uniform scaling rule of the ex-

act exchange energy as well as the uniform electron gas limit.
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6.5 Methods

6.5.1 Model Details

The exchange energy was fit using a Gaussian process as described in Section 6.3. One key difference from

our previous work (Chapter 5) is that instead of using an additive Gaussian process kernel and then map-

ping it to cubic splines after training,25 we instead used a standard squared exponential kernel, which im-

proves the flexibility of the model as explained in Appendix C.2. This kernel has the form

k(x,x′) = Σ0Ax
2 n4/3 (n′)

4/3
exp

[
−1

2
(x̄− x̄′)

2
]

(6.56)

where x̄i = xi/li is the feature vector scaled by a set of length-scale hyperparameters li and Σ0 = 2 is

a covariance hyperparameter. In Eq. 6.56, n and n′ are the values of the density for the two grid points

at which the features x and x′ are evaluated, respectively, and Ax = − 3
4

(
3
π

)1/3 is the uniform electron

gas exchange prefactor.40 As explained in Appendix C.3, the use of Eq. 6.56 as the kernel results in an

exchange functional of the form

Ex =

∫
d3r ex(r) (6.57)

ex(r) = Axn(r)
4/3g(x(r)) (6.58)

for some function g(x) of the feature vector. Each hyperparameter li was set to the standard deviation

of xi over a random sample of grid points in the training set systems. Because evaluating the Gaussian

process is computationally expensive, we fit a small, dense, feed-forward neural network to reproduce the

Gaussian process after training was complete. It would also be possible to directly train a neural network

to the training data, but the current approach was found to be easier for the time being and yielded suffi-

ciently accurate and numerically stable models.

The feature vector for the final model was the following:

x = {s, α, H̃0
1 , H̃

0
2 , H̃

0d
1 , H̃0d

2 , H̃1
0 , H̃

1
1 , H̃

1
2 , H̃

1d
0 , H̃1d

2 } (6.59)

In the above equation, s = |∇n|
2(3π2)1/3n4/3

is the reduced density gradient. Here α = τ−τW
τ0

is the iso-orbital

indicator,192 with τ = 1
2

∑
i fi|∇ϕi|2 being the kinetic energy density, τW = |∇n|2

8n the one-electron ki-

netic energy density, and τ0 = 3
10 (3π

2)2/3n5/3 the uniform electron gas kinetic energy density. In addition,

H̃j(r) = γjHj/n(r)
1+j/3 is a normalized version of the SDMX feature described in Section 6.4, with γj

chosen such that the value of H̃j is 1 for the uniform electron gas. All of these features are invariant under
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uniform scaling, meaning that for nλ(r) as defined in Eq. 1.116,

x[nλ](r) = x[n](λr) (6.60)

Because of this property, the learned exchange functional of Eqs. 6.57–6.58 obeys the uniform scaling rule

of Eq. 6.47.

The particular choice of features in Eq. 6.59 was determined by computing the covariance of the fea-

tures over a sample of grid points in the training set and picking some of them that had low covariance

with each other. The number of features was chosen to balance efficiency and accuracy. The implemen-

tation of the new SDMX features for Gaussian-type orbital calculations is described in the Supporting

Information (Section S1). We have implemented the approach for isolated systems (all-electron and pseu-

dopotential formalisms) and periodic systems (pseudopotential formalism with uniform grids). In future

work, we will implement support for plane-wave DFT and all-electron periodic calculations.

Throughout the rest of this work, we will refer to models trained with the feature set given by Eq. 6.59

as CIDER24X, and we will refer to the NL-MGGA-DTR model from Chapter 5 as CIDER23X.

6.5.2 Training Data

The training set for our models consisted entirely of molecular data and contained the following subsets:

• The uniform electron gas exchange energy,40 which is effectively incorporated as an “exact con-

straint” by giving it zero noise in the Gaussian process model. To find the uniform electron gas fea-

ture vector, we used a combination of analytical and numerical integration with Mathematica76 and

numpy67 to compute the uniform electron gas limits of the SDMX features.

• The molecular part of the “DTR” training set of our previous work,25 which is a subset of 225 rela-

tive molecular energies from the GMTKN55 database.

• The atomization energies of the W4-11 database, which is a subdatabase of GMTKN55.

• The HOMO, LUMO, and HOMO-LUMO gaps of the molecules and atoms in W4-11.

• The ionization potentials and electron affinities of the G21IP, G21EA, and 3d-SSIP30 databases.

G21IP and G21EA are subdatabases of GMTKN55 and contain main-group atoms and small

molecules. 3d-SSIP30129 is a database of 20 spin-state excitations and 10 ionization potentials of

3d transition metal atoms.
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• Equations 6.41 and 6.45 for the ionization potentials and electron affinities of G21IP, G21EA, and

3d-SSIP30.

The incorporation of training data for periodic systems will be addressed in future work. We trained two

versions of CIDER24X: One with the energy level training data (i.e. the latter three subsets above), which

we denote CIDER24X-e for shorthand; and one without the energy level training data, which we denote

CIDER24X-ne for shorthand. Comparing these models, which otherwise were trained with identical hyper-

parameters, feature sets, and training data, allowed us to investigate the effects of energy level fitting on

the model predictions.

6.6 Results and Discussion

To highlight the performance of the new SDMX features, we compare CIDER24X (with and without en-

ergy levels in the training data) with CIDER23X, which is the NL-MGGA-DTR model from our previous

work25 that is fit only to the total energy data. In each case, we substitute the machined-learned exchange

model in place of exact exchange in the PBE01 functional:

Exc =
1

4
ECIDER

x +
3

4
EPBE

x + EPBE
c (6.61)

where ECIDER
x is the CIDER exchange energy, EPBE

x is the PBE159 exchange energy, and EPBE
c is the

PBE correlation energy. Except for Section 6.6.3, in which we vary the fraction of CIDER exchange, all

results for CIDER23X and CIDER24X refer to Eq. 6.61. Therefore, “perfect” performance for these mod-

els means predicting the same energy and single-particle energy levels as PBE0.

Before proceeding, we summarize the shorthand for each functional explored in Sections 6.6.1 and 6.6.2:

• PBE: The PBE functional159 (a nonempirical GGA) with D4 dispersion corrections.26

• r2SCAN: The r2SCAN functional56 (a nonempirical meta-GGA) with D4 dispersion corrections.

• PBE0: The PBE0 functional1 (a nonempirical hybrid functional) with D4 dispersion corrections.

• CIDER23X: The PBE0 surrogate defined by Eq. 6.61, with the NL-MGGA-DTR CIDER func-

tional25 used as the replacement for exact exchange. The PBE0 D4 dispersion corrections were

used.

• CIDER24X-ne: The PBE0 surrogate defined by Eq. 6.61, with the CIDER functional from this

work—trained without explicit energy level reference data—used as the replacement for exact ex-

change. See Section 6.5.2 for details. The PBE0 D4 dispersion corrections were used.
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• CIDER24X-e: Same as CIDER24X-ne, except that the surrogate exchange functional was fit to

energy level exact constraints and reference data in addition to relative energies of molecules. See

Section 6.5.2 for details. The PBE0 D4 dispersion corrections were used.

For computational details, see Appendix C.4.

6.6.1 Molecular Energetic Data

Due to their limited descriptive power, semilocal functionals suffer from a trade-off between the accurate

description of band gaps and bond energies.100 Therefore, a key question for a new functional design ap-

proach is whether it can accurately predict energies and energy gaps using a single model. To this end, we

benchmarked the performance of CIDER23X and CIDER24X on the GMTKN55 database,60 a set of 1505

relative energies of molecules covering five categories of data: small-molecule reaction energies and other

basic properties (“small”), large-molecule reaction energies and isomerization energies (“large”), barrier

heights (“barrier”), intermolecular noncovalent interactions (“inter nci”), and intramolecular noncovalent

interactions (“intra nci”). As shown in Figure 6.1, the energy predictions made by CIDER24X without

eigenvalue training (CIDER24X-ne) match PBE0 even more closely than CIDER23X, and in fact provide

a chemically accurate match to PBE0 across the GMTKN55 database, with a mean absolute deviation

(MAD) of 0.43 kcal/mol across all of GMTKN55. This suggests that the CIDER24X descriptors are more

expressive and capable of fitting exact exchange than the previous features. When eigenvalue training data

is incorporated (CIDER24X-e), the model agrees somewhat less closely with PBE0 than CIDER23X does.

This suggests that even with these expressive features, there is a trade-off between the accuracy of energy

predictions and eigenvalue predictions. However, the deviation from PBE0 is still fairly small on an ab-

solute scale (1.2 kcal/mol across all of GMTKN55) and also typically smaller than the deviation between

PBE0 and semilocal functionals like PBE and r2SCAN. In addition, as shown in Figure 6.2, CIDER23X

and CIDER24X (with and without eigenvalue training data) all have very similar average deviations from

the higher-level quantum chemistry and experimental reference values provided by GMTKN55. Thus, the

worse match of CIDER24X-e to exact exchange does not translate into significantly worse property predic-

tions relative to “ground truth.” Overall, even with eigenvalue training data, CIDER24X has comparable

accuracy to the popular meta-GGA r2SCAN for predicting relative energies of molecular systems.

6.6.2 Molecular HOMO-LUMO Gaps

Having seen that we can fit an exchange functional to eigenvalue data while still obtaining reasonable

predictions of molecular energies, we now show that the eigenvalue training actually results in improved

band gaps. As shown in Table 6.1, for the case of a few common small molecules, CIDER23X predicts
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Figure 6.1: Mean absolute deviations (MAD) of different functionals from PBE0 (with D4 dispersion corrections)
for each category in the GMTKN55 database, as well as the whole database (“all”) and the data not used for train-
ing CIDER24X (“test”). CIDER23X and CIDER24X refer to the PBE0/CIDER functional form of Eq. 6.61.
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Figure 6.2: Mean absolute errors (MAE) of different functionals compared to experimental and quantum chem-
ical reference values for each category of the GMTKN55 database, as well as the whole database (“all”) and the
data not used for training CIDER24X (“test”). CIDER23X and CIDER24X refer to the PBE0/CIDER functional
form of Eq. 6.61.
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HOMO-LUMO gaps that are similar to those of r2SCAN and much smaller than those of PBE0, showing

that training to energies alone is insufficient to achieve hybrid accuracy for band gaps. CIDER24X-ne also

significantly underestimates these gaps compared to PBE0, though they are slightly larger than those of

CIDER23X. CIDER24X-e, on the other hand, predicts HOMO-LUMO gaps in excellent agreement with

PBE0, with all gaps matching to within 0.3 eV (compared to roughly 2-3 eV deviations for CIDER23X).

This demonstrates that explicitly incorporating the eigenvalue training data is necessary to obtain com-

parable energy gaps to hybrid DFT; such accurate predictions do not arise simply from introducing more

expressive features like SDMX.

The energy levels of the simple molecules above were a subset of the training data for CIDER24X-e,

but as shown in Figure 6.4, the accurate HOMO-LUMO gap predictions are transferable to larger and

more complex molecules whose eigenvalue data was not used to fit CIDER24X-e. These more complex

molecules were taken from subdatabases of GMTKN55 and are illustrated in Figure 6.3. For every sub-

database except C60ISO (C60 isomers), CIDER24X-e has a mean absolute deviation of 0.2 eV or lower

from PBE0. Even for C60ISO, CIDER24X-e exhibits better agreement with PBE0 than CIDER23X and

semilocal DFT. We expect that the difficulty in describing the HOMO-LUMO gaps of C60 isomers arises

from the delocalized nature of the aromatic bonds in these systems. In practice, we expect that long-range

exchange contributions to the band gap will be negated by screening correlation effects in systems like

these, which means they will be easier to handle with a full XC functional. This intuition is matched by

the fact that PBE0 significantly overestimates the HOMO-LUMO gap of the C60 molecule compared to

experiment. The PBE0 gap of C60 is 2.94 eV (as computed for this work with a def2-QZVPPD basis),

while the experimental gap is 1.86 eV (via temperature-dependent microwave conductivity166), suggesting

that too much long-range exchange interaction is physically unrealistic in this type of system.

Overall, there is a clear advantage to explicitly fitting energy gaps and using the more powerful SDMX

feature set introduced in this work. For molecular energetic data, the CIDER24X-e model has similar ac-

curacy to r2SCAN and only slightly lower accuracy than PBE0 (Figure 6.2), while at the same time pre-

dicting energy gaps in excellent agreement with PBE0, especially compared to semilocal functionals (Fig-

ure 6.4). These results were obtained without computing the exact exchange energy, which is a promising

indication that machine learning can help solve the band gap problem without the significant computa-

tional cost associated with hybrid DFT.

6.6.3 Polaron Formation Energies

One of the most important applications of the eigenvalue-fitting technique in this work would be the
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Table 6.1: HOMO-LUMO gaps of small molecules (in eV). CIDER23X and CIDER24X denote substituting the
respective exchange functionals into PBE0 in place of exact exchange. Note that the training data of CIDER24X-e
contained (among other data) the HOMO-LUMO gaps of these systems.

System PBE r2SCAN PBE0 CIDER23X CIDER24X-ne CIDER24X-e
CO 7.02 7.78 9.97 7.75 7.99 10.06
F2 3.63 4.52 7.79 4.71 5.26 7.77
HF 9.08 10.46 12.12 9.94 10.29 12.19
N2 8.29 9.06 11.57 9.12 9.60 11.86

H2O 6.56 7.74 9.12 7.29 7.57 9.23

Figure 6.3: An example molecular system from each of the subdatabases used for HOMO-LUMO gap bench-
marking. From left to right: FH51, small organic molecules; MB16-43, randomly generated main-group molecules;
Amino20x4, amino acid conformers; UPU23, RNA-backbone conformers; C60ISO, C60 isomers. See Goerigk et
al.60 for details on the subdatabases.
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Figure 6.4: Mean absolute deviations (MAD) of different functionals vs. PBE0 for the prediction of HOMO-
LUMO gaps for different classes of molecules from the GMTKN55 database.60 Note that CIDER24X-e was not
trained on the HOMO-LUMO gaps of these systems.
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Table 6.2: Fraction of exact exchange and CIDER exchange necessary to enforce the piecewise linearity of the
total energy (Eq. 6.62) for the hole polaron in MgO and the electron polaron in BiVO4. The fractions of exact
exchange are taken from Ref.47.

System Exact Exchange CIDER24X-ne Exchange CIDER24X-e Exchange
MgO Hole 0.34 0.86 0.48

BiVO4 Electron 0.14 0.48 0.19

prediction of electronic properties of solids. Because we have not yet implemented the use of solid-state

training data, we do not expect the current model to consistently predict accurate solid-state band gaps.

However, due to the excellent description of localized electron levels described in the previous section, we

decided to test the ability of CIDER24X to describe the formation energies of polarons in solids, which are

quasiparticles consisting of an electron (or hole) and the lattice distortion induced by the excess charge.52

The formation energy of a polaron is the energy difference between the bulk solid with a delocalized

charge in the valence band (hole polaron) or conduction band (electron polaron) and the distorted struc-

ture with the excess charge localized on the distortion. The accurate description of polarons with DFT is

difficult due to self-interaction error.46,47 A semilocal functional like PBE will result in the polaron having

positive formation energy: Rather than inducing a lattice distortion and localizing on the distorted site,

the excess charge will simply delocalize, resulting in no polaron formation.

Models that mitigate self-interaction, such as DFT+U and hybrid DFT, can be used to localize po-

larons, but the ideal parameterization of the model (e.g. the value of U in DFT+U , the fraction of ex-

act exchange in hybrid DFT) is system-dependent and needs to be determined. Falletta and Pasquarello

introduced an approach to model polarons based on selecting the parameter of the functional to enforce

the piecewise linearity condition of the total energy with respect to polaron occupation.46,47 Specifically,

through Janak’s theorem,80 the piecewise linearity of the total energy can be enforced by imposing the

polaron level to be constant upon fractional electron occupation, namely

ϵpolaron(q) = ϵpolaron(0) (6.62)

where ϵpolaron(q) is the polaron level at a system net charge of q, calculated at the equilibrium polaron

geometry with q = +1 for hole polarons or q = −1 for electron polarons. The above condition is non-

empirical because it is a requirement for the piecewise linearity of the total energy with respect to elec-

tron number, which is a known behavior of the exact DFT energy.35 This in turn yields ground state and

transport properties of polarons that remain robust irrespective of the adopted functional.45,46,47,48,49

The CIDER24X functional can be used to localize polarons similarly to the way the PBE0(α) hybrid
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functional is used. In particular, the PBE0(α) functional is defined as

EPBE0
xc (α) = αEexact

x + (1− α)EPBE
x + EPBE

c (6.63)

where α is the fraction of exact exchange energy Eexact
x admixed to the semilocal exchange. As α in-

creases, the electron polaron level ϵpolaron(−1) becomes lower in energy relative to the delocalized con-

duction band edge. Similarly, the hole polaron level ϵpolaron(+1) stabilizes with respect to the delocalized

valence band edge. Generally, a dependence with α is also found for the neutral polaron level ϵpolaron(0).

Since the dependence of such polaron levels is generally roughly linear with α,47 it is straightforward to

identify the fraction of exact exchange such that Eq. 6.62 is obeyed. Likewise, in the case of the CIDER

functional, we choose the mixing fraction of CIDER24X-e such that Eq. 6.62 is obeyed. We call this func-

tional CIDER(α) for short:

Exc(α) = αECIDER24X
x + (1− α)EPBE

x + EPBE
c (6.64)

We test this equation with both CIDER24X-ne and CIDER24X-e.

In this work, we focus on the hole polaron in MgO and the electron polaron in BiVO4. After determin-

ing the ideal functional parameterization via Eq. 6.62, there are two ways to determine the polaron forma-

tion energy. The first is to compute the formation energy from the polaron eigenvalue via47

Eeigval
f (q) = q(ϵb − ϵpolaron) + (EP(0)− EB(0)) (6.65)

where q is the polaron charge and EP(q) and EB(q) are the total energies of the distorted and bulk crystal

structures at charge q, respectively. The distorted structure is the equilibrium geometry obtained with the

excess polaron charge q. The band edge ϵb is the valence band maximum for hole polarons and conduction

band minimum for electron polarons. One can also use the traditional “∆SCF” approach47

E∆SCF
f (q) = EP(q)− EB(0) + qϵb (6.66)

For both approaches, the energies and eigenvalues must have finite-size corrections applied. We employ

the correction scheme used by Falletta and Pasquarello.50 For a perfectly piecewise-linear functional,

Eeigval
f = E∆SCF

f , but the two values differ in general because Eq. 6.62 is only one condition of piecewise

linearity and does not enforce perfect piecewise linearity. Therefore, it is interesting to compare the two

approaches. For further computational details, see Appendix C.4, and see Falletta and Pasquarello47 for

details on the method for evaluating polaron formation energies.
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Figure 6.5: Charge distributions of the hole polaron in MgO (left) and of the electron polaron in BiVO4 (right),
obtained using the Eq. 6.64 with CIDER24X-e. Visualization performed using Vesta.140 The CIDER24X-ne po-
laron charges are similarly localized, as shown in Supporting Information Figure S3.

Table 6.2 shows the fraction of exact and CIDER24X-e exchange necessary to fulfill the piecewise lin-

earity condition of Eq. 6.62. The fraction of CIDER24X-e necessary to enforce this condition is somewhat

larger than that of exact exchange, but not unreasonably so. The need for a 30-40% larger mixing fraction

suggests that CIDER is still capturing roughly two-thirds of the derivative discontinuity introduced by ex-

act exchange. On the other hand, for CIDER24X-ne, which contains no eigenvalue training data, roughly

three times as much CIDER exchange is required compared to exact exchange to enforce Eq. 6.62. This

indicates that the physically realistic description of the polaron eigenvalues requires explicit eigenvalue

fitting.

The key question is now whether enforcing Eq. 6.62 causes the polaron charge to localize on the lattice

distortion with a reasonable formation energy. Figure 6.5 illustrates that the polarons are in fact localized.

For both the MgO and BiVO4 polaron, the charge density difference between the charged and neutral dis-

torted systems is highly localized on the site of the distortion. Figure 6.5 shows the charge distribution for

CIDER24X-e, but the results for CIDER24X-ne are nearly identical and shown in Supporting Information

Figure S3. Next, we compare the polaron formation energies obtained with CIDER with those obtained

with piecewise-linear functionals, including PBE0(α), γDFT,46,47 µDFT,49 and DFT+U .45 Specifically,

the γDFT and µDFT functionals are based on adding a weak local potential to the semilocal PBE Hamil-

tonian to favor polaron localization. The parameters of these functionals, γ and µ, respectively, are fixed

in order to ensure the piecewise-linearity condition in Eq. 6.62. Similarly, in DFT+U calculations, the pa-

rameter U is applied to the orbitals constituting the polaron state to enforce Eq. 6.62.

Table 6.3 shows the polaron formation energies computed with a variety of different self-interaction cor-

rection methods including hybrid DFT and CIDER24X. As shown in Table 6.3a, the CIDER24X-ne for-

mation energies, as computed by Eq. 6.65, are in reasonable agreement with PBE0 (with deviations of 0.00

and 0.21 eV for MgO and BiVO4, respectively) in spite of the unphysically large fractions of CIDER ex-
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Table 6.3: Formation energies (in eV) of the MgO hole polaron and BiVO4 electron polaron computed with differ-
ent piecewise-linear functionals. The PBE0 and CIDER functionals use the exchange mixing fraction of Table 6.2,
and the other methods are parameterized as described in the table footnotes.

(a) Formation energies from eigenvalue method of Eq. 6.65.

System γDFTa µDFTb DFT+U c PBE0(α)a,d CIDER24X-ne(α)e CIDER24X-e(α)e

MgO −0.50 −0.47 −0.64 −0.53 −0.53 −0.29
BiVO4 −0.44 −0.44 −0.49 −0.63 −0.84 −0.39

(b) Formation energies from ∆SCF method of Eq. 6.66.

System γDFTa µDFTb DFT+U c PBE0(α)a,d CIDER24X-ne(α)e CIDER24X-e(α)e

MgO −0.42 −0.67 −0.57 −0.50 −0.54 −0.23
BiVO4 −0.59 −0.62 −0.73 −0.71 −1.38 −0.72

aUsing the method and γ parameter of Falletta and Pasquarello.47 The eigenvalue formation
energy is taken from that work, and the ∆SCF formation energy is from this work.
bUsing the method and U parameter of Falletta and Pasquarello.49 The eigenvalue formation
energy is taken from that work, and the ∆SCF formation energy is from this work.
cUsing the method and µ parameter of Falletta and Pasquarello.45 The eigenvalue formation
energy is taken from that work, and the ∆SCF formation energy is from this work.
dThis functional corresponds to Eq. 6.63.
eThis functional corresponds to Eq. 6.64.

change required to enforce piecewise linearity (Table 6.2). The CIDER24X-e formation energies are also

negative, indicating a stable polaron, though CIDER24X-e underestimates both polaron formation ener-

gies by 0.24 eV compared to PBE0.

In principle, the ∆SCF formation energies in Table 6.3b should be the same as those in Table 6.3a;

however, this is not the case due to the imperfect piecewise linearity of the functionals. Previously de-

veloped approaches (γDFT, µDFT, DFT+U , and PBE0) have deviations between Eqs. 6.65 and 6.66

ranging up to 0.24 eV for these polarons, though the larger of the two PBE0 deviations is only 0.08 eV

(for BiVO4). This problem is much more extreme for CIDER24X-ne, which does not have any train-

ing data for energy levels. For BiVO4, there is a deviation between Eqs. 6.65 and 6.66 of 0.54 eV, with

the CIDER24X-ne formation energy disagreeing with PBE0 by 0.67 eV. The problem is less severe for

CIDER24X-e, which is fit to energy level data and trained to be roughly piecewise quadratic in orbital

occupation. For BiVO4, Eqs. 6.65 and 6.66 deviate by 0.33 eV (still significant but closer to the devia-

tions for other methods). In addition, with Eq. 6.66, CIDER24X-e deviates by only 0.01 eV from PBE0

for BiVO4. This hints that the energy level training, while still in need of further development, might give

CIDER24X-e more physically realistic behavior for fractional charges. However, since we have only studied

two polarons, further work is required to say this with certainty.
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In general, more research is required to understand the behavior of this new class of functionals for po-

laron and defect problems. In particular, we expect that fitting our exchange model to both energy data

and band gaps of solids will significantly improve the agreement between CIDER24X-e and PBE0. As it

stands, however, CIDER24X-e already provides a reasonably physically realistic description of these po-

larons, which is an initial indication of the transferability of the CIDER model across chemical space and

its ability to tackle problems beyond simple benchmark datasets.

6.7 Conclusion

We have introduced a general framework for fitting XC functionals to both total energy and single-particle

energy levels using machine learning. This approach leverages Janak’s theorem to connect the DFT eigen-

values to the derivative of the energy with respect to orbital occupation. We have also introduced a new

class of features of the density matrix, called SDMX features, that can be used to learn the XC functional.

The SDMX features use nonlocal convolutions of the density matrix to obtain approximate characteriza-

tions of the exchange hole without generating the full exact exchange operator required by hybrid DFT.

To illustrate the capabilities of this new approach and feature set, we trained a nonlocal exchange func-

tional to molecular energies and single-particle energy levels and demonstrated that it is possible to re-

tain the accuracy of previous models for energy data while drastically improving the accuracy of energy

gaps. Our CIDER24X-e model is as accurate as r2SCAN for relative energies in the GMTKN55 database,

but it predicts larger HOMO-LUMO gaps than r2SCAN, in good agreement with hybrid DFT. For simple

small molecules as well as more complex systems like RNA backbone chains, CIDER24X-e gaps agree with

the reference PBE0 gaps with a mean absolute deviation of 0.2 eV or less. Despite being trained solely on

molecular data, CIDER24X-e is sufficiently chemically transferable to give a physically realistic description

of polarons in solids, such as the hole polaron in MgO and the electron polaron in BiVO4.

While the framework presented here was illustrated using only the exchange functional and a Gaus-

sian process model, the method is extensible to learning the full XC functional as well as to other machine

learning approaches like neural networks. A full XC functional trained using this approach could provide

a route toward accurately describing the electronic properties of heterogeneous systems like solid surfaces

and interfaces. Combined with careful code optimization for the feature generation, it could even be fea-

sible to attain such accuracy at computational cost similar to semilocal DFT, since our models do not re-

quire evaluating the computationally expensive exact exchange energy.
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7
Conclusion and Outlook

With the introduction of CIDER, we have created a suite of tools and techniques for overcoming some of

the key shortcomings of density functional theory. In particular, we have developed the following novel

capabilities:

• The incorporation of known physical constraints into machine-learned functionals with nonlocal and

expressive density descriptors that go beyond the Jacob’s ladder framework.

• Efficient implementations of nonlocal density descriptors to overcome the cost-accuracy trade-off

between semilocal and hybrid DFT.

• Transferability across broad swaths of chemical space, including the ability to describe complex sys-

tems like defects and polarons in solids when the training data only contains isolated molecules and

bulk solids.

• A methodology for accurately fitting ML functionals to band gaps and other data derived from

single-particle energy levels.
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In addition to being useful in and of themselves, these developments lay the groundwork for future ad-

vancements in functional design. In particular, extending CIDER to full exchange-correlation functionals

could enable the development of functionals that are even more accurate than hybrid DFT and that do

not suffer from its shortcomings, such as high computational cost and poor description of metallic and

strongly correlated systems. Such functionals could make it feasible to study complex problems—such as

those found in catalysis,223 battery materials,69 and semiconductor physics54,110—that are out of reach of

existing methods.
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A
Appendices for Chapter 4

A.1 Relationship Between CIDER Length-Scale and Slater Orbital Density

Consider Eq. 4.9 in the case that B0 = C0 = 6
5π (6π

2)2/3. Then, noting that τ0 = 3
10 (3π

2)2/3n5/3, Eq. 4.9

becomes

a[n](r) = π
(n
2

)2/3
C0

τ

τ0
(A.1)

=
4τ

n
(A.2)

Now suppose that the density distribution is a spin-unpolarized, two-electron system, in which case τ =

|∇n|2
8n . Then

a[n](r) =
1

2

(
|∇n|
n

)2

(A.3)
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If the electron pair occupies a Slater-type orbital, then

n(r) =
σ3

4π
e−σr (A.4)

for some σ. This orbital has |∇n|/n = σ, so

a[n](r) =
σ2

2
(A.5)

Then it holds from Eqs. A.4 and A.5 that n(r) ∝ e−(
√
2a)r, as asserted in Eq. 4.10.

A.2 Rotationally Invariant Contractions of Features of Higher Angular Order

This section discusses how to contract two l = 1 features and one l = 2 feature into an l = 0 feature.

Take tensor features a,b, c, with l = 1, 2, 1, respectively, defined with real spherical harmonics (x, y, z for

l = 1 and xy, yz, z2, xz, x2 − y2 for l = 2). We can convert these features to and from the space of complex

spherical harmonics using the following rules, with Ylm the real spherical harmonics and Y m
l the complex

ones:

Ylm =


i√
2
(Y m

l − (−1)mY −ml ) m < 0

Y 0
l m = 0

1√
2
(Y −ml + (−1)mY m

l ) m > 0

(A.6)

Y m
l =


1√
2
(Yl|m| − iYl,−|m|) m < 0

Yl0 m = 0

(−1)m√
2

(Yl|m| + iYl,−|m|) m > 0

(A.7)

This allows us to contract b and c to an l = 1 feature in the complex feature space.

d−1 =

√
6

10
b−2c+1 −

√
3

10
b−1c0 +

√
1

10
b0c−1 (A.8)

d0 =

√
3

10
b−1c+1 −

√
4

10
b0c0 +

√
3

10
b+1c−1 (A.9)

d+1 =

√
6

10
b+2c−1 −

√
3

10
b+1c0 +

√
1

10
b0c+1 (A.10)

Then, in Eq. 4.14, C(a,b, c) = axdx + aydy + azdz.
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A.3 Proof That Additive Kernels Have Mappable Predictive Means

Consider a kernel with the following structure:

k(x,x′) =
∑
{i}n

n∏
d=1

kid(xid , x
′
id
) (A.11)

This is a general sum of kernels of order n, with combinations of n features {i}n used as input to the ker-

nels. For M training points, the predictive mean is determined by the learned weights αj :

f(x′) =
∑
j

αjk(x
′,x(j)). (A.12)

By expanding k(x′,x(j)) and switching the order of summations, it can be seen that f(x′) is a sum of

functions of the subsets of descriptors:

f(x′) =
∑
j

αj

∑
{i}n

n∏
d=1

kid(x
′
id
, x

(j)
id

) (A.13)

f(x′) =
∑
{i}n

∑
j

αj

n∏
d=1

kid(x
′
id
, x

(j)
id

)

 (A.14)

f(x′) =
∑
{i}n

g{i}n

(
x′{i}n

)
(A.15)

g{i}n

(
x′{i}n

)
=
∑
j

αj

n∏
d=1

kid(x
′
id
, x

(j)
id

) (A.16)

Therefore, the predictive mean function can be mapped to a sum of functions of dimension n. If n ≲ 4,

these component functions can be interpolated using cubic splines in a memory-efficient manner, which

makes derivative evaluation easy and brings the computational cost of evaluation down to O(1) per test

point.

A.4 Functional Derivatives for CIDER Nonlocal Features

The Gaussian process is a function of a set of features

ex[n](r) = −
3

4

(
3

π

)1/3

(n(r))4/3Fx(x[n](r)) (A.17)

with the total exchange energy being

Ex[n] =

∫
d3r ex[n](r) (A.18)
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For the remainder of this section, we denote terms like x[n] as x for brevity. Calculating the exchange

potential requires functional derivatives with respect to n(r), ∂αn(r) for α = x, y, z, and τ(r). Existing

routines in PySCF194 and other DFT codes can compute the Generalized Kohn-Sham potential from the

functional derivatives with respect to these quantities.

These functional derivatives can be written as

δEx
δn(r)

=−
(
3

π

)1/3

n(r)1/3Fx(x(r))

− 3

4

(
3

π

)1/3 ∫
d3r′ n(r′)4/3

(∑
i

∂Fx
∂xi

∣∣∣∣
x(r′)

δxi
δn(r)

∣∣∣∣
r′

)
(A.19)

δEx
δ(∂αn(r))

=− 3

4

(
3

π

)1/3 ∫
d3r′ n(r′)4/3

(∑
i

∂Fx
∂xi

∣∣∣∣
x(r′)

δxi
δ(∂αn(r))

∣∣∣∣
r′

)
(A.20)

δEx
δτ(r)

=− 3

4

(
3

π

)1/3 ∫
d3r′ n(r′)4/3

(∑
i

∂Fx
∂xi

∣∣∣∣
x(r′)

δxi
δτ(r)

∣∣∣∣
r′

)
(A.21)

The terms ∂Fx
∂xi

are provided by the Gaussian process or cubic spline. If the index i corresponds to a semi-

local descriptor, then
δxi
δn(r)

∣∣∣∣
r′
=
∂xi
∂n

∣∣∣∣
n(r)

δ(r− r′) (A.22)

and the integral over r′ reduces to evaluating the derivatives at r.

For the CIDER model, the Gnlm descriptors (Eq. 4.7) only have nonlocal dependence on the density

n(r); the dependence on τ(r) is local, and Gnlm does not depend on ∂αn(r). Therefore, Eq. A.22 applies

with τ(r) in place of n(r), even if xi is nonlocal. The kinetic term ∂xi

∂τ

∣∣
τ(r)

= ∂Gnlm

∂τ

∣∣
τ(r)

, needed to evalu-

ate Eq. A.21, arises solely from the derivative of the exponent:

∂Gnlm

∂τ

∣∣∣∣
τ(r)

=
∂Gnlm

∂a

∣∣∣∣
a(r)

∂a

∂τ

∣∣∣∣
τ(r)

(A.23)

∂Gnlm

∂a
=
l

2a
Gnlm(r)−Hnlm(r) (A.24)

∂a

∂τ
=C0π

(n
2

)2/3 1

τ0
(A.25)

Hnlm(r) =

∫
d3r′ |r′ − r|2 gnlm(r′ − r; r)n(r′) (A.26)
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The density derivatives are similar, but with an additional nonlocal term gnlm(r− r′; r′):

δGnlm

δn(r)

∣∣∣∣
r′
=
∂Gnlm

∂n

∣∣∣∣
n(r)

δ(r− r′) + gnlm(r− r′; r′) (A.27)

∂Gnlm

∂n

∣∣∣∣
n(r)

=
∂Gnlm

∂a

∣∣∣∣
a(r)

∂a

∂n

∣∣∣∣
n(r)

(A.28)

∂a

∂n
=π

(
1

4n

)1/3 [
2

3
(B0 − C0)− C0

τ

τ0

]
(A.29)

The second term on the right hand side of Eq. A.27 introduces a nonlocal term vnlm(r) in Eq. A.19 of the

form

vnlm(r) =

∫
d3r′ fnlm(r′)gnlm(r− r′; r′) (A.30)

fnlm(r) = −3

4

(
3

π

)1/3

n(r)4/3
∂Fx
∂Gnlm

∣∣∣∣
x(r)

(A.31)

To obtain the Generalized Kohn-Sham potential, one must compute the matrix elements for an atomic

orbital basis {|µ⟩} (such that ⟨r|µ⟩ = χµ(r)):

vµν =

∫
d3rχµ(r)

δEx
δn(r)

χν(r)

+
∑

α=x,y,z

∫
d3rχµ(r)

δEx
δ(∂αn(r))

∂αχν(r)

+
∑

α=x,y,z

∫
d3rχν(r)

δEx
δ(∂αn(r))

∂αχµ(r)

+
1

2

∫
d3r (∇χµ(r) · ∇χν(r))

δEx
δτ(r)

(A.32)

The above equation assumes real orbitals. Typically, the integrals over r are evaluated numerically on

a real-space grid. Because their contributions are local, all terms except for Eq. A.30 can be evaluated

with this standard numerical integration approach. Equation A.30 gives rise to a double integration in

Eq. A.32:

vnlmµν =

∫
d3r [χµ(r)χν(r)]

×
∫

d3r′ fnlm(r′)gnlm(r− r′; r′) (A.33)

This analysis leaves three nonlocal terms that must be evaluated at each iteration: Gnlm(r) (Eq. 4.7),

Hnlm(r) (Eq. A.26), and vnlmµν (Eq. A.33). This is done using a density fitting (DF) auxiliary basis
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{Θp(r)},

χµ(r)χν(r) =
∑
p

Cµν
p Θp(r) (A.34)

Then the nonlocal terms can be evaluated in a computationally efficient manner,

Gnlm(r) =
∑
p

np ⟨gnlm(r)|Θp⟩ (A.35)

Hnlm(r) =
∑
p

np ⟨gnlm(r)||r′ − r|2|Θp⟩ (A.36)

vnlmµν =
∑
p

Cµν
p vnlmp (A.37)

vnlmp =

∫
d3rfnlm(r) ⟨gnlm(r)|Θp⟩ (A.38)

The integral over r in the last equation is evaluated numerically; all braket notation terms are evaluated

analytically. The density np in the auxiliary basis is computed from the atomic orbital density matrix Pµν ,

which in turn is evaluated from the KS orbitals ϕi and occupations fi:

np =
∑
µν

Cµν
p Pµν (A.39)

Pµν =
∑
i

ficiµciν (A.40)

ϕi(r) =
∑
µ

ciµχµ(r) (A.41)

The above equations assume real coefficients ciµ.
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B
Appendices for Chapter 5

B.1 Computational Details

B.1.1 Overview

To explore the effectiveness of different features for learning the exchange energy, four types of functional

were trained, with the model and feature vector details provided in Section 5.4:

• SL-GGA: A semilocal GGA model based on the reduced squared gradient s2 (Eq. 5.6).

• NL-GGA: A nonlocal model based on s2 and three nonlocal features with Eqs. 5.17 and 5.18 for the

exponents.

• SL-MGGA: A semilocal meta-GGA model based on s2 and the iso-orbital indicator α (Eq. 5.8).

• NL-MGGA: A nonlocal model based on s2, α, and three nonlocal features with Eqs. 5.19 and 5.20

for the exponents.

The purpose of training both semilocal and nonlocal GGA and meta-GGA models is to test the expressive
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power of the nonlocal descriptors. In our previous work (see Table S1 of Ref.24), we found that a stan-

dard, semilocal meta-GGA could not effectively learn the exchange energy density, but in this work, we

determined that a semilocal meta-GGA can learn the total exchange energy much more effectively than it

can learn the exchange energy density.

The two primary datasets used in this work were the GMTKN5560 and SOL62205,235 databases. The

GMTKN55 database contains 1505 molecular reaction energies based on 2462 single-point calculations,

covering five categories: small-molecule properties, larger molecule reactions and isomerizations, barrier

heights, intermolecular noncovalent interactions, and intramolecular noncovalent interactions. The SOL62

dataset consists of 42 non-metals and 20 metals as categorized by Zhang et al.235 We follow Trepte and

Voss205 in excluding Pb and Th from Zhang et al.’s initial set of 64 solids. Twelve subsets of GMTKN55

and half of SOL62, along with a few other systems, were used for training and validation, as detailed in

Section B.1.4.

Throughout this work, we used pymatgen155 and ase72 for structure manipulation and calculation

setup, fireworks78 for automated workflow management, and Scikit-learn156 for the Gaussian process mod-

els. The computational details for the PySCF and GPAW calculations are provided in Appendices B.1.2

and B.1.3, respectively. Appendices B.1.4 and B.1.5 describe the training and validation set selection, and

Appendix B.1.6 covers the selection of control points for the sparse Gaussian processes. Appendix B.1.7

describes the selection of noise hyperparameters and training/validation loss functions, and Appendix

B.1.8 describes the list of hyperparameters tested for each model and the model selection procedure. Ap-

pendix B.1.9 describes how we handled convergence issues for CIDER models on GMTKN55, and Ap-

pendix B.1.10 describes the PySCF and GPAW settings that are specific to the CIDER functionals. Ap-

pendix B.1.11 describes the band gap benchmark methods. Appendix B.1.12 describes the computational

cost benchmarking of CIDER for plane-wave DFT calculations. Finally, Appendix B.1.13 describes our

methodology for computing charged defect transition levels.

B.1.2 Molecular Calculations and Reference Data Generation

Molecular systems, including the nanoclusters discussed in Appendix B.1.4, were computed using the

PySCF code.194,195 All calculations were performed using the def2-QZVPPD basis set167,220 (with effec-

tive core potentials for atoms larger than Kr) for the atomic orbitals and the def2-universal-jkfit auxil-

iary basis set218 for the classical Coulomb energy. The seminumerical exchange (SGX) module in PySCF,

which is similar to the computationally efficient chain-of-spheres exchange algorithm,152 was used to com-

pute the exchange energy and potential for hybrid functionals. For SGX, level 1 PySCF grids were used

with P-junction screening turned off. For a given sub-database in GMTKN55, restricted DFT was used if
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all systems in that sub-database had Sz = 0; otherwise, unrestricted DFT was used. The exception was

the PCl3 transition state in the INV24 database, for which spin symmetry breaking occurs for some func-

tionals. This system was calculated with unrestricted DFT as well. For SCF calculations, the nonlocal

features and XC energy were computed on level 3 PySCF grids.

For benchmarking comparison, the GMTKN55 database was evaluated with the above settings using

the PBE,159 revPBE,237 r2SCAN,56 PBE0,1 B3LYP,190 and PW6B95238 functionals, all with D4 disper-

sion corrections,26 and the B97M-V,132 ωB97X-V,131 and ωB97M-V133 functionals.

To collect the exact exchange energy training data, the ground-state orbitals from the PBE calcula-

tions were used to compute the exact exchange energy Eexact
x via Eq. 1.39, and the feature vectors were

computed from the corresponding PBE densities. The features were computed on level 1 PySCF grids.

For training set feature generation only (not the SCF calculations), the integral in Eq. 5.15 was computed

numerically with the r2 coordinate evaluated on level 3 PySCF grids without pruning. This dense grid is

necessary for numerical stability and precision in the core region.

B.1.3 Solid-State Calculations and Reference Data Generation

The electron densities and ground-state energies of the SOL62 dataset were computed in GPAW44,145 us-

ing the PBE geometries obtained by Trepte and Voss,205 with an energy cutoff of 1000 eV and the same

k-point meshes as Trepte and Voss. The h parameter in GPAW was set to the minimum value required

to avoid aliasing of the density, i.e. 0.096 Å. Fermi-Dirac smearing with a width of 0.01 eV was used for

periodic systems. For isolated atoms, fixed occupations were used unless numerical instabilities occurred

as a result, which was the case for six atoms (Pb-2, Pd-2, Pt-2, Sn-2, Ta-5, and V-5, where the number

is the ground-state magnetic moment 2S). In these cases, Fermi-Dirac smearing with a width of 0.002 eV

was used. The default Davidson solver was used for all solids except the alkaline earth metals, which were

solved with the conjugate gradient (CG) method. The CG method was used for all isolated atomic sys-

tems. To compute cohesive energies for training, the experimental ground state magnetic moments were

used for the isolated atom references. The convergence threshold was set to 10−6 eV per valence electron

for both isolated atoms and periodic systems. The density convergence threshold was set to 10−4 per elec-

tron for periodic systems and 10−3 per electron for isolated atoms. The eigenstates convergence threshold

was set to 4 × 10−8 eV2/electron for periodic systems and 10−5 eV2/electron for isolated atoms. The cell

size for the isolated atoms was chosen to be about 11.7 Å across, with perturbations included to break

symmetry. Compared to a larger box size of 17.5 Å, the PBE atomic energies had a root mean square de-

viation of 0.012 eV and maximum deviation of 0.080 eV (for Zr). Because of the small average deviation,

and the fact that the train and test reference values were computed on the atom-in-a-box systems rather
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than determined by experiment, the smaller boxes were used to lower the computational cost and mem-

ory requirements of training and testing. Symmetry constraints were also turned off for the isolated atom

calculations.

Training the CIDER models to the solid-state data required computing the exact exchange energy and

the nonlocal features for each system. To obtain exact exchange energies, the hybrid module of GPAW

was used to compute the non-self-consistent exact exchange energy (EXX) from the PBE orbitals ob-

tained in the above calculations. However, because the k-point meshes above are too dense for evaluation

of EXX to be computationally feasible, the periodic systems were first recomputed with a coarser k-point

mesh (for each system, the smallest even, Γ-centered mesh with a linear k-point density of at least 4.5 k-

points per Å−1), and the EXX was computed on this mesh. All nonlocal density features were evaluated

on the density and orbitals obtained from the denser k-point mesh. They were evaluated with the internal

CIDER settings qmax = 300 and λ = 1.8 (see Section B.1.10 for details).

The PBE0 cohesive energies were computed using the same procedure above, with the PBE0 energies

being defined as

EPBE0 = EPBE,dense − EPBE,coarse + EPBE0,coarse, (B.1)

with dense denoting the calculation done with the dense k-point mesh and coarse denoting the coarser k-

point mesh discussed above.

B.1.4 Construction of Training and Validation Sets

The total exchange energy of a molecule is highly basis-set and code-dependent, and it is dominated by

the core contributions for large atoms. In practice, only relative exchange energies between systems is rel-

evant for most chemistry and materials science applications. Therefore, rather than training the model to

match total exchange energies, we trained to match the exchange energy differences between systems. For

example, the target and predicted values for the atomization energy of water would be

Etarget
x = Eex

x [nO] + 2Eex
x [nH]− Eex

x [nH2O] (B.2)

Epred
x = Êx[nO] + 2Êx[nH]− Êx[nH2O], (B.3)

where Eex
x [n] and Êx[n] are the exact and model exchange energies for density distribution n(r), respec-

tively.

The training and validation sets were constructed from four sources:

Molecules: The W4-11 (atomization energies), BH76 (barrier heights), BH76RC (reaction ener-

gies for BH76 reactions), MB16-43 (“mindless benchmarking” of reaction energies), S22 (noncovalently
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bound dimers), G21IP (ionization potentials), PA26 (proton affinities), RG18 (noble gas dimers), ACONF

(alkane conformers), ALKBDE10 (alkali/alkaline earth diatomic bond energies), HEAVYSB11 (dissoci-

ation energies for molecules with heavy atoms), and SIE4x4 (self-interaction problems) subsets from the

GMTKN55 database were used for training and validation. See the original GMTKN55 paper60 and ref-

erences therein for more details on the datasets. Each set was randomly split into two-thirds training and

one-third validation, except for the BH76 and BH76RC subsets. Because the data points in these sub-

sets are based on the same systems, and also because they include the forward and backward reactions for

the same chemical equation, a different splitting procedure was chosen to maintain train-validation inde-

pendence. First, the 34 unique transition states in BH76 were identified and split half-and-half into the

training and validation sets. All 40 reactions with the training transition states were used for training, and

all 36 reactions with the validation transition states were used for validation. All 17 BH76RC reactions

with systems in the BH76 training partition were used for training, and the other 13 reactions were used

for validation. All data not in the training or validation set was classified as the GMTKN55 test set. This

data partitioning scheme resulted in 280 train data, 163 validation data, and 1062 test data in GMTKN55.

Bulk solids: Half of the SOL62 cohesive energy database (11 randomly selected elemental metals and

20 randomly selected non-metals) was used for training and validation. Nine systems (C-diamond, Li,

GaAs, MgO, LiF, ZrC, TiC, Pd, and Pt) were hand-selected for the training set to cover a range of chem-

ical space, while the other 22 systems were used for validation. All data not in the training or validation

set was classified as the SOL62 test set.

Nanoclusters: Six nanocluster atomization energies were added to the training set as a “bridge” be-

tween the isolated and extended systems in the study. These were Ca13 and Zn26, with the initial struc-

ture obtained based on the Materials Project79 bulk lattice constant and structure optimization at the

PBE/def2-TZVP level in Orca149,150,151; C35H36 (hydrogen-capped diamond), obtained from Refs.5,6

and also structurally optimized in Orca at the PBE/def2-TZVP level; and Na4Cl4, [Na13Cl14]– , and

[Na14Cl13]+, all using the Materials Project bulk lattice constant without further structure optimization.

Atoms: Absolute and relative energies of the isolated atoms H-Kr and a few excited spin states were

included in the training set. Specifically, the training points consisted of the absolute energies of the H

atom and the noble gases He, Ne, Ar, and Kr; the relative energies of the elements with nuclear charge Z

and Z + 1 for Z = {1, ..., 35}, and the relative energies of the following ground state/excited state spin

pairs: Sc 1/3, Ti 2/4, V 3/5, Cr 6/4, and Ni 2/0. The preceding numbers correspond to the magnetic mo-

ment 2S.

In addition to fitting to the above training data, the uniform electron gas constraint was enforced as

described in Section 5.4.3, and the uniform scaling constraint was enforced by the scale-invariance of the
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input features. The ground-state total energies of the SOL62 solids and isolated atoms were computed

with GPAW as described in Section B.1.3. The ground-state energies for all other training data were eval-

uated with PySCF as described in Section B.1.2. The selection of train and validation databases from

GMTKN55 includes a wide variety of chemistries and properties. However, because training data is sam-

pled disproportionately from small-molecule properties, there is a large distribution shift between the

train/validation and test sets, with the test sets containing more large molecules, isomerization reactions,

and barrier heights. The use of this train/test partition therefore serves as a strong test of transferabil-

ity. The accuracy on SOL62 also strongly reflects the transferability of a model because only 9 solid-state

systems were included in the training set, and SOL62 covers a wide variety of chemistries.

B.1.5 A More Diverse Training Set for Numerical Stability

To design a more diverse training set for the NL-MGGA-DTR functional, a kernel function was defined for

the “covariance” between two training points in GMTKN55:

kGMTKN(x,x
′) = exp

(
−x · x′

328

)
, (B.4)

where x is the vector of errors for 82 functionals benchmarked on the GMTKN55 database by Goerigk et

al.60 with D3(BJ) dispersion corrections,12,63,89 normalized so that the mean square error across all func-

tionals for that individual data point is 1. This kernel essentially provides a larger similarity score between

data points for which the (normalized) errors tend to be similar for a given functional. The kernel matrix

was constructed for the entire GMTKN55 database and then factorized using a method called Cholesky

decomposition with complete pivoting,66,71 which factors a given matrix A as follows:

P⊤AP = LL⊤, (B.5)

In Eq. B.5, P is a permutation matrix that orders the vectors x in Equation B.4 in decreasing order of

their variance, conditioned on the preceding feature vectors, in the space implicitly spanned by the kernel

function. Intuitively, this means that later vectors, as ordered by P, are likely to be nearly linearly de-

pendent (in the kernel space) on the earlier vectors. Therefore, by picking the first N training points as

ordered by P and using the remaining data for testing, we can get a training set whose errors correlate as

much as possible with all the test data, effectively making the training set more diverse and potentially

preventing out-of-distribution error of the ML model.

We follow this procedure and select the first 225 pivots for the training set, the next 75 pivots for the

validation set, and the remaining 1205 pivots for the test set. With this dataset partitioning, more than
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99% of the GMTKN55 test set data points contain at least one system not present in the train or valida-

tion sets, so the test set is still sufficiently independent to assess the transferability of the functionals to

new systems. All training points not contained in GMTKN55 were kept the same as in Appendix B.1.4.

B.1.6 Control Point Selection for Sparse Gaussian processes

In Eqs. 5.32 and 5.33, a set of control points {x̃a} is required to evaluate the Gaussian process covariance

kernel in the sparse approximation. These control points were initially selected by randomly sampling fea-

ture vectors from the PySCF grids for the training set (Appendix B.1.2). All training data was sampled

except the SOL62 data, since the features for these systems were evaluated in GPAW.

Due to the size of the numerical grids from which the features were sampled, there were a large number

of potential control points for the sparse Gaussian process, many of which were nearly linearly dependent

in the implicit feature space of the covariance kernel function. To reduce the size of the control point set,

a Cholesky decomposition with pivoting (Eq. B.5) was performed on an initial sample size of roughly 104

feature vector samples with a tolerance of 10−5, and only control points corresponding to signficant pivot

indices were kept. This reduced the number of control points from roughly 104 to 102.

B.1.7 Selection of Noise Hyperparameters and Loss Functions

Chemical and material properties have a wide range of magnitudes, from less than 1 kcal/mol for some

van der Waals binding energies to greater than 100 kcal/mol for many covalent bond dissociation energies.

Correspondingly, different magnitudes of XC errors are expected and acceptable for these properties; an

error of 1 kcal/mol might make a van der Waals binding energy prediction useless but be acceptable for

an atomization energy. To train the exchange functionals, it was therefore necessary to weight the noise

hyperparameter of each training point to reflect the feasible and desired precision for the property of in-

terest. To do so, we used the data provided with GMTKN5560 to compute the MAD of four hybrid func-

tionals (PBE0-D3(BJ), B3LYP-D3(BJ), PW6B95-D3(BJ), and ωB97X-V) compared to the reference data

on each sub-database (denoted MADhybrid
DB , where DB is the sub-database of interest), and then created

characteristic uncertainties for each sub-database as follows (in Hartree atomic units):

σ̃DB = MADhybrid
DB

(
σ0

MADhybrid
W4-11

)
, (B.6)

where W4-11 is a small-molecule atomization energy sub-database in GMTKN55 and σ0 = 0.03 Eh. One

drawback of the above approach is that it favors high accuracy on systems that are already described well

by conventional, dispersion-corrected DFT (like simple van der Waals dimers) and assumes a large uncer-
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tainty on systems like self-interaction-dominated bond energies, for which even hybrid functionals with

small exchange mixing perform poorly. To remedy this, the noise parameter was augmented with a con-

stant weighting for every system:

σDB =

√
2

1/σ2
0 + 1/σ̃2

DB
. (B.7)

With this definition, the matrix Σnoise in Eq. 5.38 is a diagonal matrix with (Σnoise)ii being the σ2
DB for

the database to which training point i belongs. Constructing the Gaussian process for this noise parameter

is equivalent to regression with the loss function

L =
1

2

∑
DB

NDBMSDDB

(
1

σ2
0

+
1

σ̃2
DB

)
, (B.8)

where MSDDB stands for the mean squared deviation of a given GMTKN55 sub-database labeled by

“DB,” and NDB is the number of points in the sub-database. This weighting ensures that training points

with small expected errors are appropriately weighted while those with larger expected errors for conven-

tional functionals do not become under-weighted. For systems outside the GMTKN55 database that were

in the training set, σ̃DB was set by hand.

B.1.8 Hyperparameter Selection and Validation Procedure

The models tested in this work have several discrete and continuous hyperparameters to be optimized,

which are listed below.

• The covariance prefactor hyperparameter ΣCov in eqs 5.51–5.54.

• The kernel length-scale (li, where i is the feature index) in eq 5.55.

• For the nonlocal functionals only, the feature exponent parameters Bi and Ci in Eqs. 5.17–5.20.

• The baseline exchange functional on top of which the CIDER model is trained via ∆-learning. We

tested PBE159 and the Chachiyo GGA.30

It would be quite challenging and expensive to implement differentiation of the marginal likelihood with

respect to the second parameter, and nearly impossible for the third since backpropagation would need to

be performed through the feature evaluation step. Therefore, we used various combinations of hyperpa-

rameters to train the models, and then for each functional type, we selected the best-performing model on

the validation set as the final candidate functional.

To obtain a discrete set of exponent hyperparameters to test for the nonlocal functionals, we devel-

oped a reduced number of parameters to specify the feature exponents. Similarly to the previous CIDER
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work24, a control parameter A tunes B2 and C2 simultaneously, in two different schemes. The first scheme

(S1) is

B2 = A

C2 =
A

32

6

5π
(6π2)2/3 ≈ 0.18A. (B.9)

The second scheme (S2) provides a different mixture of density-based and gradient/kinetic energy-based

terms:

B2 =
A

16

6

5π
(6π2)2/3 ≈ 0.36A

C2 = B2. (B.10)

In both schemes, the other constants are determined by B2 and C2:

B1 =
1

2
B2, B3 = 2B2, B0 =

D

A
B2 (B.11)

C1 =
1

2
C2, C3 = 2C2, C0 =

D

A
C2, (B.12)

where D is an additional parameter to tune the B0 and C0 coefficients separately from the other coeffi-

cients. With these schemes, all 8 parameters {Bi}, {Ci} that define the three-feature CIDER model were

reduced to two parameters per scheme. For each scheme, we performed a hyperparameter search over the

grid A = {1/2, 1, 2, 4, 8} and D = {1/2, 1, 2, 4, 8}, resulting in a total of 50 feature constructions to test.

Because there were already 50 features from which to select the nonlocal functionals, we set the covari-

ance and feature length-scales for these models heuristically:

ΣCov = R1

〈
∆F 2

x
〉

train (B.13)

li = R2

√
⟨x2i ⟩train, (B.14)

where ⟨⟩train is an expectation value over all the grid points in the exchange energy training set, ∆Fx is

the deviation of the exact exchange enhancement factor at a given point from the baseline functional en-

hancement factor, xi is the i-th regularized feature (see Section 5.4.3), and R1 and R2 are constants. R1

and R2 were set based on the criteria that the resulting functionals converge consistently in both GTO

and plane-wave calculations and exhibit a small total energy deviation between the PAW and all-electron

GTO atomization energies for a few small molecules. R2 = 1 worked best for both the nonlocal GGA and

meta-GGA, while the most practical values of R1 depended on the baseline functional and model type, as
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Table B.1: R1 values for each functional type and baseline functional.

Type/Baseline R1

NL-GGA/PBE 1.0
NL-GGA/Chachiyo 20.0
NL-MGGA/PBE 0.05

NL-MGGA/Chachiyo 1.0

shown in Table B.1. The meta-GGA models required a smaller covariance prefactor to achieve good sta-

bility than the GGA models. We set R1 to be larger by a factor of 20 for functionals with the Chachiyo

baseline compared to the PBE baseline because
〈
∆F 2

x
〉

train was roughly 20 times larger for PBE than

Chachiyo.

For the semilocal functionals, there was no need to validate over the possible feature constructions,

leaving more flexibility to test R1 and R2 systematically. For the functionals with Chachiyo baseline, we

tested R1 = {1, 2, 4, 8, 16, 32, 64, 128}, while for the PBE baseline each R1 was divided by 20 to give a

roughly equivalent ΣCov. For the semilocal functionals, R2 =
{
1, 12 ,

1
4

}
were tested, resulting in 24 func-

tionals to validate. Note that for NL-MGGA-DTR, we determined from validation set SCF calculations

that R1 = 0.1 with the PBE baseline resulted in sufficiently stable models, so this larger value was used.

In addition, we did not search over feature length-scale for NL-MGGA-DTR, and instead used the features

determined to be most accurate for NL-MGGA and NL-MGGA-PBE.

After the functionals were trained, we selected the top 10 functionals of each type and baseline func-

tional, as classified by non-self-consistent performance on the validation set via Eq. B.8. To validate these

functionals, the GMTKN55 train and validation set reaction energies were predicted using self-consistent

calculations with a convergence threshold of 10−6 Eh and a gradient threshold of 2× 10−3 Eh. For a given

functional, if any calculation failed to converge when starting from both the default initial guess of PySCF

and from the PBE orbitals, the functional was deemed insufficiently numerically stable and disqualified

from further consideration. The non-self-consistent cohesive energies of the SOL62 validation set were also

computed. Of the functionals for which all calculations converged, the validation loss consisted of

Lval = LMOL + LSOL (B.15)

LMOL =
1

2

∑
DB

NDB/VAL ×MSDSCF
DB/VAL ×

(
1 +

σ2
0

σ̃2
DB

)
(B.16)

LSOL = MSDNSCF
SOL62/VAL22, (B.17)

where MSDSCF
DB/VAL is the self-consistent mean square deviation on the validation partition of GMTKN55

subset DB, NDB/VAL is the number of validation data in DB, and MSDNSCF
SOL62/VAL22 is the non-self-
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consistent mean square deviation of the 22 validation-set cohesive energies per atom. The final functional

of each type was selected based on which candidate had the lowest loss for Eq. B.15. The validation re-

sults and selected hyperparameters for the functionals are provided in the Supplemental Material (Section

S4).

B.1.9 Difficult Convergence Cases

The default convergence tolerance for the calculations performed with CIDER functionals was 10−8 Eh,

except for the NL-MGGA-PBE and NL-MGGA-DTR calculations, which were converged to 10−9 Eh when

possible. Some CIDER calculations did not converge to this tolerance within the default PySCF settings.

There were two different classes of convergence problems. First, for a few systems, some CIDER calcula-

tions did not converge from the PySCF starting guess, but the convergence issues were resolved by start-

ing from PBE ground-state orbitals. Second, for some systems (especially isolated atoms and ions, as well

as alkali and alkaline earth-containing systems), a numerical stability issue was observed for some CIDER

calculations, in which the energy converged to a reasonable tolerance (less than 10−7 Eh), but the orbital

gradients oscillated around 10−3 Eh without converging fully. In these cases, the energy tolerance was set

to 10−7 Eh, and the gradient tolerance was set to the (rather large) 2 × 10−3 Eh. All CIDER calculations

converged to these thresholds. PBE starting orbitals were also used for these loose-threshold calculations.

Even with these looser thresholds, the achieved energy and orbital gradient convergence is still sufficient to

compare thermochemical data in the GMTKN55 database.

B.1.10 CIDER Functional Settings

The CIDER functionals require a few additional settings to specify the precision of the accelerated feature

calculations. For the molecular version, these settings are lmax, the maximum spherical harmonic order

for auxiliary basis expansions in Section 5.5.2; λ, in Eq. 5.57; βaux, in Eq. 5.68; and qmax, the maximum

value of qα (Eq. 5.57). The ξ basis in Eq. 5.71 uses the same parameter λ for the even-tempered basis as

Eq. 5.57. We chose lmax = 10, λ = βaux = 1.6, and qmax = 1000
36 Z2

max, where Zmax is the minimum of 36

and the charge of the largest nucleus in the given GMTKN55 sub-database. These settings were found to

be in good agreement with numerical integration of the features. The minimum control point q0 was set

automatically based on the minimum allowed value of the kernel exponent a(r).

For the plane-wave implementation, only λ = 1.8 and qmax = 300 needed to be specified. A larger

qmax,atom = 10Z2 was used for each atom on the radial support grids, with Z being the atomic number. In

both the Gaussian-type orbital and plane-wave implementations, all other CIDER-specific parameters (like

the minimum exponents for the various auxiliary bases) were set automatically based on the chosen basis
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set and nonlocal feature parameters (i.e. the parameters in Appendix B.1.8).

B.1.11 Band Gap Calculations

Band gaps for the database of Borlido et al.16 were computed in GPAW44,145 as the difference between

the conduction band minimum and valence band maximum for a ground-state SCF calculation. The en-

ergy cutoff for these calculations was 520 eV, and the grid spacing was set to h = 0.134 Å to avoid any

aliasing of the density. Fermi-Dirac k-point smearing was used with a width of 0.01 eV, except for the no-

ble gas systems, for which no k-point smearing was used. The k-point mesh for each system was selected

to be the smallest even, Γ-centered mesh with a linear k-point density of at least 6 k-points per Å−1. For

each system, if the PBE band gap we obtained was more than 0.1 eV larger than the PBE band gap ob-

tained by Borlido et al.,16 we inferred that the k-point mesh was too coarse and reran the band gap cal-

culation with a linear k-point density of 10 k-points per Å−1. Using this methodology, we reproduced the

PBE band gaps of Borlido et al. with a mean, mean absolute, and maximum error of -0.01, 0.03, amd 0.17

eV, respectively, and the SCAN results with a mean, mean absolute, and maximum error of 0.00, 0.03, and

0.15 eV, respectively.

For PBE0/NL-MGGA-DTR and PBE0(0.35)/NL-MGGA-DTR, a few systems did not converge with

the default CIDER PAW corrections, and a denser core integration grid and smaller set of feature pro-

jectors (i.e. the gAi and pAi functions of Section 5.5.3) were used. Even with these settings, one system

(ReSe2) did not converge with PBE0(0.35)/NL-MGGA-DTR, and it had to be run with SG15 norm-

conserving pseudopotentials (NCPP).64 For the 255 calculations in the main text, the mean, mean ab-

solute, and maximum deviations between PBE0/NL-MGGA-DTR with NCPP and PAW were 0.03, 0.12,

and 1.12 eV, respectively. In addition, the band gap for ReSe2 with PBE0/NL-MGGA-DTR was 1.29 eV

with PAW and 1.30 eV with NCPP, so the use of pseudopotentials appears reasonable for this particu-

lar case. We think that the convergence issues are due to numerical problems with the PAW corrections

for nonlocal features, and improving the numerical stability of these corrections will be a subject of future

work.

For the band gaps in Table 5.4, the same procedure was used, except with denser k-point meshes con-

taining 12 k-points per Å−1. The HSE06 band gaps were computed using VASP,104 with the k-point mesh

set to contain 4000 k-points divided by the number of atoms in the unit cell. This is a coarser mesh than

was used for the semilocal and CIDER calculations, but we found that the band gap difference compared

to larger k-point densities was less than 0.01 eV.
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B.1.12 Supercell and Neutral Defect Performance Benchmark

The atomic structure of the 215-atom single vacancy cells of diamond and silicon were obtained using

VASP102,103,104 with PAW datasets,15,105 an energy cutoff of 520 eV, the “Accurate” precision setting,

and a 2×2×2 Monkhorst-Pack k-point mesh,141 starting with the PBE lattice constant obtained in VASP

using the same settings with a 14× 14× 14 Γ-centered k-point mesh. Using these structures, SCF ground-

state calculations with static atomic positions were performed in GPAW44,145 for the 216-atom bulk and

215-atom vacancy cells for each functional. The formation energy of the neutral defect was computed as

Eformen = Edefect − 215

216
Ebulk, (B.18)

where the bulk and defect energies were computed with 216 and 215-atom supercells, respectively, with

a 2 × 2 × 2 Monkhorst-Pack k-point mesh, 520 eV plane-wave cutoff, 0.134 Å grid spacing, and 10−5 eV

convergence threshold. The time to evaluate the formation energy for each functional was computed as

the sum of the time taken for the bulk and vacancy cell calculations, as obtained from the GPAW internal

calculation timer. The HSE06 and PBE0 formation energies were obtained using VASP with the same

structures, k-point grid, and energy cutoff.

For the Γ-point calculations used in fig 5.8a, GPAW was also used for the semilocal and ML function-

als. For the hybrid DFT calculations, JDFTx196 was used with the adaptively compressed exchange128

algorithm for exchange, a 19.2 Eh plane-wave cutoff, a 10−6 Eh convergence threshold, and SG15 norm-

conserving pseudopotentials.64

B.1.13 Charged Defect Calculations

The charged defect levels were computed with PBE, PBE0/NL-MGGA-DTR, and PBE0(0.3)/NL-MGGA-

DTR. The mixing parameter α = 0.3 of the last functional was selected to match the zero-temperature

experimental band gap of silicon, 1.17 eV. For each functional, the lattice constant, band edges, and band

gap were obtained from a unit cell relaxation with 520 eV cutoff, h = 0.134 Å, and a 24 × 24 × 24 k-point

mesh in GPAW.44,145 Then, a 512-atom supercell was created for each defect, with perturbed structures

used for the vacancy to break symmetry. For each charge state and defect, the geometry was relaxed in

GPAW using the BFGS with Line Search algorithm to a tolerance of 0.05 eV/Å with a Γ-point only cal-

culation. This geometry was then used as the starting point for the final geometry relaxation, which was

performed with a 2 × 2 × 2 Γ-centered k-point mesh and a force convergence tolerance of 0.01 eV/Å. Be-

cause PBE0(0.3)/NL-MGGA-DTR is so similar to PBE0/NL-MGGA-DTR, and because the lattice con-

stants are similar, we saved time for this functional by starting the final relaxation from the fractional co-
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ordinates of the PBE0/NL-MGGA-DTR calculations.

The formation energies of the defects were calculated as54

Ef [Xq] =Etot[X
q]− Etot[bulk]−

∑
i

niµi + qEF + Ecorr[X
q], (B.19)

where Etot is the total ground-state energy of the supercell DFT calculation, Xq is defect X in charge

state q, EF is the Fermi level, and Ecorr[X
q] is a finite-size energy correction for the defect. The stoi-

chiometry changes and chemical potentials ni and µi were neglected because they do not impact electronic

transition levels. We used the Freysoldt finite-size correction-scheme for Ecorr[X
q],55 which combines an

electrostatic and potential alignment correction. This correction requires an estimate of the dielectric con-

stant ϵ, for which we used the experimental value of 11.9.199

Because some of the defects studied in this work are shallow donors and acceptors, and because elec-

trostatic corrections like those developed by Freysoldt et al.55 and Kumagai et al.107 assume localized

charges, these corrections might be inaccurate. Therefore, for comparison, we also computed the transi-

tion levels using the potential alignment correction only, i.e.

Ecorr[X
q] = q

(
V̄∞esp[X

q]− V̄∞esp[bulk]
)
, (B.20)

where V̄∞esp is the average electrostatic potential in a region far from the defect site. This is equivalent to

the full Freysoldt correction with ϵ→∞. We used pymatgen155 to perform the corrections.

B.2 Construction of Feature Projector Functions for CIDER within PAW

B.2.1 Construction of Feature Smoothing Projectors

We solve for the coefficients Djβ and Ciα in Eqs. 5.82 and 5.83 by minimizing the loss function

L =
∑
β

wβ

∫
d3r [ŷA,β(r)−∆FA,β(r)]

2
. (B.21)
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For the current implementation, wβ = 1, but this could be changed if needed to encourage better smooth-

ness or numerical precision. We start with the following set of functions:

gi←nlm(r) =


Ylm(r̂)P (2n+ l, r/rc) r < rc

0 r ≥ rc
(B.22)

P (n, x) =


1
2 (1 + cosπx) n = 0

Q(n− 1, x) n ∈ O

R(n− 2, x) n ∈ E

(B.23)

Q(m,x) = 5

(
sin

πx

2
− 1

2
+

1

2
cosπx

)
xme−mx2

(B.24)

R(m,x) =
1

2
(1− cos(2πx))xme−mx2

, (B.25)

where O and E are the sets of positive odd and even integers, respectively. Then we introduce the matrix

P

P =

 P11 P12

(P12)⊤ P22

 . (B.26)

In the above equation, P11 is an NhNa ×NhNa matrix,

P 11
jβ,j′β′ = δββ′

〈
hAj
∣∣hj′〉+ δjj′δββ′σ11, (B.27)

where Nh is the number of hAj functions and Na is the number of control points for kernel interpolation.

Similarly, P22 is an NgNa ×NgNa matrix,

P 22
iα,i′α′ =

∑
β

wβIβ,iα,i′α′ + δii′δαα′σ′22 (B.28)

Iβ,iα,i′α′ =

∫
d3rϕiαβ(r)ϕi′α′β(r) (1 + σ22fcut(r)) (B.29)

ϕiαβ(r) =

∫
d3r′ Φαβ(r

′ − r)gAi (r
′), (B.30)

where Ng is the number of gAi functions. The constants σ11, σ22, and σ′22 are regularization constants to

reduce the magnitude of the feature augmentation correction in the core region, which helps with numeri-

cal stability by preventing the pseudo-feature from being unrealistically large in the core.

Lastly, P12 is an NhNa ×NgNa matrix:

P 12
jβ,iα = wβ

∫
d3rhj(r)ϕiαβ(r). (B.31)
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The coefficients can be solved by minimizing the loss Eq. B.21, which results in the linear system

D

C

 =

 P11 P12

(P12)⊤ P22

−1b1

b2

 , (B.32)

where

b1jβ = wβ

∫
d3k∆FA,β(k)h

A
j (k) (B.33)

b2iα =
∑
β

wβ

∫
d3k∆FA,β(k)ϕiαβ(k). (B.34)

The matrix P is block-diagonal in the angular momentum channels due to the orthogonality of spheri-

cal harmonics, so each angular momentum channel can be solved separately. This makes the whole rou-

tine fairly efficient, and the number of operations per SCF cycle is linear-scaling in the number of atoms.

The Fourier transforms of the gAi and hAj functions needed for Eqs. B.33 and B.34 are obtained using

the NUMSBT algorithm,200 and the ∆FA,β(k) is decomposed into angular momentum channels via the

∆FA,L,β(k) term obtained in Eq. 5.80. Also, note that there are a larger number of α and β indices in the

atomic augmentation regions than on the FFT grid. The above fitting procedure is only used for indices

going up to the maximum α index on the FFT grid. The higher indices (corresponding to larger values

of qα that are only relevant in the core regions) are solved by simply projecting onto the hAj (r) basis, i.e.

setting D =
(
P11

)−1
b1 in the subspace of core region-only α indices. This procedure is equivalent to as-

suming that the larger qα contributions to θα and Fβ are localized in the core region, which is reasonable

because these contributions correspond to high densities and short length-scales for Φαβ(r) (Eq. 5.16).

B.2.2 Construction of the Feature Augmentation Projectors

The feature augmentation projectors used in Eq. 5.87 are constructed as

pi←nlm(r) = Ylm(r̂)P (2n+ l, r/r0) (B.35)

P (n, x) =


xn(x2 − 1)2 x < 1

0 x ≥ 1

. (B.36)
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The on-site function sets f̃Ai (r) and p̃Aj (r) are then computed as

p̃i(r) = pi(r)fcut(r) (B.37)

f̃i(r) =
∑
j

(
S−1

)
ij
pj(r) (B.38)

Sij =

∫
d3r pi(r)pj(r)fcut(r) (B.39)

fcut(r) =


1
2

(
1 + cos πr

rc

)
r < rc

0 r ≥ rc
. (B.40)

The construction localizes p̃Aj (r) inside the core region and satisfies the condition that
〈
f̃Ai

∣∣∣p̃Aj 〉 = δij .
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C
Appendices for Chapter 6

C.1 Piecewise Quadraticity Constraint on the Exchange Functional

The exact exchange functional, as given by Eq. 6.17, can be written in terms of the orbitals and their oc-

cupation numbers as

Eexact
x = −1

2

∑
σ

∑
i

∑
j

fσ,ifσ,j

∫
d3r

∫
d3r′

ϕ∗σ,i(r)ϕσ,j(r)ϕσ,i(r
′)ϕ∗σ,j(r

′)

|r− r′|
(C.1)

Because Eexact
x is spin-separable, i.e.

Ex[{ϕ↑,i}, {ϕ↓,i}] =
∑

σ=↑,↓

Ex[{ϕσ,i}] (C.2)

we can focus on a single spin-channel without loss of generality:

Eexact
x = −1

2

∑
i

∑
j

fifj

∫
d3r

∫
d3r′

ϕ∗i (r)ϕj(r)ϕi(r
′)ϕ∗j (r

′)

|r− r′|
(C.3)

157



We wish to investigate the behavior of this quantity as the number of electrons in the system N changes,

and specifically the behavior for fractional electrons (N /∈ Z). For simplicity, we denote the initial electron

number as N = 0 (though the derivation applies for any initial number of electrons) and explore the effect

of increasing the electron count to N = 1. We will assume that

∂ϕi(r)

∂N
= 0 N ∈ (0, 1) (C.4)

This is equivalent to the frozen orbital approximation employed in the derivation of Koopmans’ theorem.

Under this assumption, all changes to the density arise from changes to the orbital occupation numbers,

which obey the following rules for N ∈ [0, 1] (assuming non-degeneracy of the orbitals):

fi(N) =


1 ϵi < ϵCB

N ϵi = ϵCB

0 ϵi > ϵCB

(C.5)

Under these condition, Eq. C.3 becomes (for N ∈ [0, 1])

Eexact
x =− 1

2

∑
i:ϵi<ϵCB

∑
j:ϵj<ϵCB

∫
d3r

∫
d3r′

ϕ∗i (r)ϕj(r)ϕi(r
′)ϕ∗j (r

′)

|r− r′|

−N
∑

i:ϵi<ϵCB

∫
d3r

∫
d3r′

ϕ∗i (r)ϕCB(r)ϕi(r
′)ϕ∗CB(r

′)

|r− r′|

− N2

2

∫
d3r

∫
d3r′

ϕ∗CB(r)ϕCB(r)ϕCB(r
′)ϕ∗CB(r

′)

|r− r′|
(C.6)

which is quadratic in N . Thus, we have shown that the exact exchange energy is piecewise quadratic

under the frozen orbital approximation, with the quadratic regions between consecutive integer electron

numbers.

C.2 Standard Versus Additive Squared-Exponential Gaussian Process Kernels

One of the most popular and useful kernel functions for Gaussian processes (and the one employed in this

work) is the squared exponential kernel, which for vector inputs takes the form

k(x,x′) = Σ0 exp

[
−1

2
(x̄− x̄′)

2
]

(C.7)

where x̄i = xi/li is the feature vector scaled by a set of length-scale hyperparameters li, and Σ0 is a scalar

hyperparameter.
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One of the drawbacks of Gaussian processes is that the computational cost of evaluating them scales

linearly with the number of training points (or, in the case of the modified models in Section 6.3.2, the

number of control points). This can be computationally costly, so it would be preferable to map the Gaus-

sian process to a more efficient model once training is complete. One possible map is a cubic spline, which

can be evaluated efficiently but becomes impractical to store and evaluate for higher-dimensional functions

(d > 4). In our previous work,24,25 to make this cubic spline map practical, we used an additive kernel42

that is a linear combination of terms that each depend on a limited number of features. For example, a

cubic additive kernel would be

kadditive(x,x
′) = Σ0

Nfeat∑
i=1

Nfeat∑
j=i+1

Nfeat∑
m=j+1

ki(xi, x
′
i)kj(xj , x

′
j)km(xm, x

′
m) (C.8)

with each scalar kernel function being

ki(x, x
′) = exp

[
−1

2

(
x− x′

li

)2
]

(C.9)

where li are hyperparameters. Equation C.8 yields a predictive function that can be mapped to a sum

of three-dimensional cubic splines24, and therefore can be evaluated efficiently. However, restricting the

kernel in this way limits the expressiveness of the model, as only linear combinations of three-feature func-

tions can be described. For example, if the feature vector is X = (a, b, c, d), Eq. C.8 could successfully fit

f(x) = abc + bcd but not f(x) = abcd. Equation C.7, on the other hand, can be used to fit both functions

exactly.

In our previous models like CIDER23X, we found that the limitations imposed by Eq. C.8 did not im-

pede training accurate models in practice, and it was worthwhile to use the additive kernel so that the

model could be mapped to cubic splines after training. In this work, however, we opted for the improved

flexibility of Eq. C.7, and instead of mapping to cubic splines, we mapped the final model to a neural net-

work to improve computational efficiency. A more through benchmark of the trade-offs between the ad-

ditive and standard kernels would be an interesting subject of future research, but it is not critical to the

key points of this work.

C.3 Exchange Kernel Functional Form

Equation 6.56 is the kernel used in this work, and the predictive function for a given kernel is given by

159



Eq. 6.27. Substituting Eq. 6.56 into Eq. 6.27 gives

f(x∗) =
∑
a

k(x∗, x̃a)αa (C.10)

=
∑
a

{
Σ0Ax

2 n
4/3
∗ (ña)

4/3
exp

[
−1

2

(
x̄∗ − ¯̃xa

)2]}
αa (C.11)

= Axn
4/3
∗
∑
a

exp

[
−1

2

(
x̄∗ − ¯̃xa

)2] [
Σ0Ax(ña)

4/3αa

]
(C.12)

= Axn
4/3
∗ g(x∗) (C.13)

In the above equations, αa is given by Eq. 5.38, n∗ and ña are the densities at the grid points where x∗

and x̃a are evaluated, respectively, and x̄∗ and ¯̃xa are the feature vectors normalized by the length-scale

hyperparameters, i.e. x̄i = xi/li. In the final line, we see that f(x∗) is the product of the LDA exchange

energy density40 and some learned function of the feature vector g(x∗). Since f(x∗) in our case is the ex-

change energy density, this confirms that Eq. 6.58 holds.

C.4 Computational Details

All DFT calculations were performed using PySCF.194,195 Benchmark calculations of GMTKN5560,164

molecules were performed with the def2-QZVPPD basis set167,220 and def2-universal-jkfit auxiliary ba-

sis218 for the Coulomb energy. Hybrid DFT calculations were performed using the seminumerical ex-

change (SGX) module in PySCF. D4 dispersion corrections26 were used for all molecular DFT calcula-

tions, with PBE0 D4 parameters used for the CIDER functionals. Other calculation settings were identical

to those in our previous work25 (Appendix A2) unless otherwise stated.

For the MgO and BiVO4 polaron calculations, the GTH-PBE pseudopotentials58,68,101 and DZVP-

MOLOPT-SR-GTH basis sets210 were used. For Mg, Bi, V, and O, the 2, 5, 13, and 6-electron pseudopo-

tentials were used, respectively. For MgO, a 64-atom supercell with a 81 × 81 × 81 uniform grid was used

for the calculation (both for constructing the density and integrating the XC energy and potential), and a

103 × 103 × 117 uniform grid was used for 96-atom BiVO4 supercell calculations. The bulk and distorted

structures were obtained from the work of Falletta and Pasquarello,46,47 with the distorted structure re-

laxed using PBE0(α) with α chosen to satisfy eq 6.62. These structures were used without further opti-

mization with the CIDER functionals. Only the Γ point was sampled. The finite-size corrections described

in Ref.50 and used in Ref.46,47 were used to correct for the effects of localized ionic polarization and excess

charges in a periodic supercell model system. The formation energy of the polarons was then evaluated as

described by Falletta and Pasquarello.46,47

All DFT calculations, isolated and periodic, including those using CIDER functionals, were performed
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self-consistently with static geometries.
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