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ABSTRACT

Variable selection plays a key role in modern high-dimensional statistics. This dissertation provides
a comprehensive survey of theory and methods developed by the author and collaborators, with a
specific focus on two areas: false discovery rate (FDR) control and Bayesian variable selection. In
the domain of FDR control, we introduce a data-splitting method to asymptotically control the
FDR while maintaining a high power. Furthermore, a Multiple Data Splitting (MDS) method is
proposed to stabilize the selection result and boost the power. In Chapter 1, we apply both DS and
MDS to the generalized linear models, which appear to be more robust in finite-sample cases com-
pared to existing methods. Chapter 2 provides some following discussions regarding the proposed
method and Chapter 3 compares the power of the proposed method with two existing methods:
the model-X knockoft and Gaussian mirror. In terms of the Bayesian variable selection, the pos-
terior is typically high-dimensional and analytically intractable. Exact inference methods based on
sampling, such as Markov Chain Monte Carlo (MCMC), can encounter challenges related to mix-
ing. Variational inference has emerged as an attractive alternative for approximating the posterior
distribution. By recasting the sampling problem as an optimization problem, variational inference
can significantly reduce computational time. In chapter 4, we apply the variational inference to
group variable selection with spike-and-slab prior and propose an efficient parameter-expanded
coordinate-ascent algorithm to obtain the optimal variational Bayes approximation. The proposed
method has demonstrated good performance in both simulations and a real data example.

iii



Contents

TITLE PAGE

COPYRIGHT

ABSTRACT

TABLE OF CONTENTS

o INTRODUCTION

0.1
0.2
0.3

False Discovery Rate Control . . . . . .. .. ... ... ... ... .......
Bayesian Variable Selection . . . . . . ... ... o oo oL Lo
Outline of Dissertation . . . . . . v v v v v v e e e e

1 A SCALE-FREE APPROACH FOR FALSE DiscOVERY RATE CONTROL IN GENER-
ALIZED LINEAR MODELS

I.I
1.2
1.3
1.4
.5
1.6
1.7

Abstract . . . ... e
Introduction . . . . . . . . ..
FDR Control via Mirror Statistics . . . . . . . . . o v v v v i e
Generalized Linear Models in Moderate Dimensions . . . . . . . ... ... ...
Generalized Linear Models in High Dimensions . . . . . .. ... ... ... ..
Numerical Illustrations . . . . . . . . . . . . .. ... .. ...
Conclusion . . . . . . . . . e

2 REJOINDER: A SCALE-FREE APPROACH FOR FDR CONTROL IN GENERALIZED
LINEAR MODELS

2.1
2.2
2.3

2.4
2.5

Introduction . . . . . . . . ..
Reformulation to Facilitate Use of Prior Information . . . . . . ... ... ...
Connectionsto E-value . . . . . ... ... ... .. ... .. ... .. ...
Power Analysis . . . . . ... ... .. L
Future Directions . . . . . . . . . . . . . e

iv

ii

iii

iv

o N N S

12
17
25
34
45

47
48
52
55
58



3 PoOwWER ANALYSIS OF DATA SPLITTING AND OTHER RELATED METHODS FOR

FDR ConTROL 60
3.1 Abstract . . .. ... e 61
3.2 Introduction . . . . . . . . ... 61
3.3 Theoretical Setups and the Analysis of Data Splitting . . . . . . ... ... ... 64
3.4  Power Analysis of Other FDR Control Methods . . . . . ... ... ... .... 72
3.5  Correlation Caveats under Special Designs . . . . . . ... .. ... ... .... 77
3.6 Simulations. . . . . . . ... 82
3.7 Discussion . . . . . . .. e e e e 87

4 A VARIATIONAL SPIKE-AND-SLAB APPROACH FOR GROUP VARIABLE SELECTION 89

4.1 Abstract . ... e 90
42 Introduction . . . . . . ... e 90
4.3  AClassof Spike-and-Slab Priors . . . . . . ... ... . oL L L 95
4.4  Variational Methods for Grouped Variable Selections . . . . .. ... ... ... 98
4.5 TheoreticalResults . . . . . . . . .. ... . ... .. I11
4.6 SimulationStudy . . . . ... oL 119
47 ARealDataExample. . . ... ... ... ... . Lo L 127
48 Conclusion . . . . . . . .. e 129
APPENDIX A SUPPLEMENTARY MATERIALS OF CHAPTER I 131
Ax Proofs . . ... 131
A.2  Additional Numerical Results . . . . ... ... ... ... ........... 199
APPENDIX B SUPPLEMENTARY MATERIALS OF CHAPTER 3 215
B Algorithms . . . . . ... L 215
B.2 Hamming errors of FDR Control Methods Based on Least-Squares . . . . . . . . 217
B.3  Main proof insights and technical tools . . . . ... ... ... ... .. ... 219
B.4 Proofof Theorems . . . . . . . . . . . .. . . . . ... 222
ArPENDIX C SUPPLEMENTARY MATERIALS OF CHAPTER 4 240
C.r  Algorithm and Implementation Details . . . . ... ... .. ... ....... 240
C.2  Additional Numerical Results . . . . . ... ... ... ... ... ....... 241
C.3 Proofs . . . . . e 250
C.4 Methodological Details . . . . . ... ... ... .. .. .. .. .. .. ..... 280
REFERENCES 302



1.4

Listing of figures

A cartoon illustration of the mirror statistic. 4; denotes the mirror statistic of feature X;. So
and S denote the index set of the null features and the relevant features, respectively. Features
with mirror statistics larger than the cutoff zareselected. . . . . . . . ... ... ... 4

A logistic regression example with » = 250,p = 500, p; = 10,and X; ~ N(O,]P). The
true coefficient for a non-null featurej € S is set to be [EJJ.‘ = =4 with equal probability.

Top left: the normalized debiased Lasso estimates Tqu for the null features. Top right: the
p-values of the null features. Both histograms are generated based on 20 independent runs (with
regeneration of the response vector y) of the algorithm in Rong Ma & Li '*®. Bottom left: the
normalized debiased Lasso estimates Y}DS (see (1.21)) for the null features. Bottom right: the
mirror statistics of the null features. Both histograms are generated based on a single run of
Algorithm 6. . . . . . . . . . 31
Empirical FDRs and powers for logistic regressions in the small-z-and-p setting. In the left panel,
we fix the signal strength at |(8;| = 6.5forj € S and vary the correlation 7. In the right

panel, we fix the correlation at » = 0.2 and vary the signal strength. The number of the rel-

evant features is p; = 30 across all settings. Knockoff features are created using the minimum
variance-based reconstructability (MVR) construction. . . . . . . . ... ... L. 35
Empirical FDRs and powers for logistic regressions in the large-z-and-p setting. In the left panel,
we fix the signal strength at |{8J*| = 11 forj € S and vary the correlation 7. In the right panel,

we fix the correlation at » = 0.2 and vary the signal strength. The number of the relevant
features is p; = 50 across all settings. Knockoft features are created using the minimum variance-
based reconstructability (MVR) construction. . . . . . . . ... ... 37
Empirical FDRs and powers for negative binomial regressions. In the left panel, we fix the sig-

nal strength at |[31*| = 6forj € S and vary the correlation 7. In the right panel, we fix the
correlation at 7 = 0.3 and vary the signal strength. The number of the relevant features is

1 = 50 across all setting. Knockoff features are created using the minimum variance-based
reconstructability (MVR) construction. . . . . . .. ... oo 38

vi



1.6

3.3

3.4

Empirical FDRs and powers for logistic regressions. Left panel: the signal strength is fixed at

|‘8j*|=4 forj € S}, and the number of the relevant features p; (i.c., sparsity) varies. Right panel:

1 is fixed at 6o and the signal strength varies. Knockoft features are created using the equi-correlated
COMSTIUCHION. .+ v v v v v v v v v v e et e e e e e e e e e e e e e e e e 39
Empirical FDRs and powers for Poisson regressions. Left panel: the signal strength is fixed at

|{8j*|:z forj € S and the correlation factor 7 varies. Right panel: the correlation factor is fixed

at 7 =o.5 and the signal strength varies. The number of the relevant featuresis py=so. . . 40

Empirical FDRs, powers (left figure) and ROC curve (right figure) for the Normal mean model.
We set the number of features p = 800 and the number of relevant features p; = 160. We

vary the signal strength from 0.2 to 1.0. Each dot and each line represent the average from soo
independentruns. . . . . . .. L oL 51
Empirical FDRs and powers for the Normal mean model. We set the number of samples » =

500 and the number of features p = 800. We vary the signal strength from 0.2 to 1.8, and

vary the designated FDR control level 4 from 0.05 to 0.3. Each dot represents the average from

rooindependentruns. . . . . ... L. 55

The relative efficiency of the model-X knockoft against data splitting and Gaussian
mirror. From left to right the covariance structures are: 2-by-2 blockwise with vary-

ing coefticient p; k-by-k blockwise with a fixed coefficient p = 0.45 and varying &;

and autoregressive with varying coefficient p (see Theorems 3.5.1-3.5.2 for more de-

tails). The plotted curves are the ratios between the RQ metrics of the various model-

X knockoft methods against that of data splitting or Gaussian mirror (they have iden-
tical RQ values). Three knockoft constructions are considered: the equi-correlated-
knockoft (Equi), the CI-knockoff (CI), and the MVR-knockoff (MVR). . . . .. 8o
The Hamming errors for different FDR control methods in low-dimensional cases.

From (a) to (d): the settings follow Experiment 1 (orthogonal design), Experiment 2
(auto-regressive design), Experiment 3 (2-by-2 blockwise design), and Experiment 4
(k-by-k blockwise design). The y-axis is log P(Hamm; ), and the x-axis is the signal strength
parameter 7 in the Rare/Weak model. DS: data splitting; GM: Gaussian mirror; MK:
model-X knockoff; MKO: the oracle MK in which the true  is used; BHq: the Benjamini-
Horchbert procedure applied to the OLS coefficients. . . . . .. ... ... ... 84
The Hamming errors for different FDR control methods in high-dimensional cases.
From (a) to (b): the settings follow Experiment s (2-by-2 blockwise design) and Ex-
periment 6 (k-by-k blockwise design), respectively. The axes and abbreviations are the
same as those in Figure 3.2, except that OLS is replaced by the debiased lasso in each
FDR controlmethod. . . . . . . ... . .. L 86
The false discovery proportions and powers for different FDR control methods in Ex-
periment 7 (k-by-k block-wise design, high-dimensional). Left panel: varying signal
strength; Middle panel: varying correlation; Right panel: varying block size. The ab-

breviations are the same as thosein Figure 3.3. . . . . .. .. .. ... ... ... 8~

vii



A

A6

A8

Simulation results of sparse grouped linear regression. Left column: (G, k) = (600, 5),

€ {0,0.1,0.2,0.3,0.4}. Middle column: (p, k) = (0.2,5), G € {200, 600,1000,1400, 1800}.

Right column: (G, p) = (600,0.2),k € {3,5,7,10,15}. . . . . ... ... ... 122
Simulation results of sparse additive model. Left column: (G,d) = (600,5),p €

{0.1,0.3,0.5,0.7,0.9}. Middle column: (4, 0) = (5,0.5), G € {200, 400, 600, 800, 1000}.

Right column: (G, p) = (600,0.5),d € {3,4,5,7,10}. . ... ... ...... 125

Empirical FDRs and powers for logistic regressions in the small-z-and-p setting. The
algorithmic settings are as per Figure 2 of the main paper, except that features have con-
stant pairwise correlation, i.e., IS A7) Knockoff features are created using the

maximum entropy (ME) construction. . . . . ... ... ... L 200
The same as the previous figure, except that features have constant pairwise partial cor-
relation, i.e., Zl-j_- U — /10%) Knockoff features are created using the maximum en-

tropy (ME) construction. . . . . . .. ... L L L 201

Empirical FDRs and powers for logistic regressions in the small-z-and-p setting. The
algorithmic settings are as per Figure 2 in the main paper, except that features have Toeplitz
partial correlation, i.e., ZZ-J_-I = 771, Knockoff features are created using the maxi-

mum entropy (ME) construction. . . . . ... ... L L oL 201
Empirical FDRs and powers for logistic regression in the large-z-and-p setting. The
algorithmic settings are as per Figure 3 in the main paper, except that features have con-
stant pairwise correlation, i.e., = A7) Knockoff features are created using the
MVR construction. . . . . . . . . ... e e e 202
Empirical FDRs and powers for negative binomial regressions. The algorithmic set-

tings are as per Figure 4 in the main text, except that features have constant pairwise
correlation, i.e., ¥ = U7 | Knockoff features are created using the minimum variance-
based reconstructability (MVR) construction. . . . . .. .. ... ... ... 203
Empirical FDRs and powers for negative binomial regressions with non-normal de-

sign matrices. In the left panel, we fix the signal strength at ]ﬂj*| = Storj € S;and

vary the correlation. The data is generated from a mixture of two Gaussians centered
at0.5 X 1, and —0.5 X L. In the right panel, we fix the correlation at » = 0.3 and

vary the signal strength. The data is generated from a centered multivariate zdistribution
with S degrees of freedom. The number of the relevant features is p; = 50 across all
settings. Knockoft features are created using the minimum variance-based reconstructabil-
ity (MVR) construction. . . . . ... ... ... ... .. 204
Empirical FDRs and powers for negative binomial regressions. The algorithmic settings are

as per Figure 4 in the main text. dBHq stands for the BHq with p-values calculated via the de-

biased Lasso™°. . . . . . .. L e e e e e e e 204
Empirical FDRs and powers for logistic regressions. The algorithmic settings are as
per Figure s in the main paper, except that » = 0.1. Knockoft features are created
using the equi-correlated construction. . . . . ... ... L L L 205

viii



Ao

A.10

A1l

A1z

B.1

C.a

Left: Empirical FDRs and powers for Poisson regressions. The algorithmic settings

are as per Figure 6 in the main text with » = 0.5 and \ﬁj*] = 2 forj € ;. Knockoff
features are created using the equi-correlated construction. Right: Estimated noise level
o using the scaled Lasso '3* for a Gaussian linear model with » = 800, p = 2000,

p1 = 50,and o = 1. Each row of the design matrix is independently drawn from
N(0,X), in which X is blockwise diagonal consisting of ten identical unit-diagonal sub-
matrices. We consider two types of sub-matrices: (1) a Toeplitz correlation matrix de-
tailed in Section A.2.2; (2) a constant correlation matrix. The x-axis shows the corre-
lation among features. For any relevant featurej € Sj, [EJ* = £8,/logp/n with equal
probability. Each dot in the figure represents the average from so independent runs.

Empirical FDRs and powers for linear regressions. Each row of the design matrix is indepen-
dently drawn from N(0, X) with X being blockwise diagonal. In the top two panels, = con-
sists of ten identical unit-diagonal Toeplitz matrices. In the bottom two panels, = consists of
five identical unit-diagonal matrices, of which all the off-diagonal entries are set to be 7. ﬂjf for
j € Sy areiid. samples from N(0, %), in which s is referred to as the signal strength. The sig-
nal strength along the x-axis in the right two panels shows multiples of 1/log p/7. In the left
two panels, we fix the signal strength at 6/log p/ and vary the correlation factor 7. In the
right two panels, we fix the correlation factor at » = 0.6 and vary the signal strength. The
number of the relevant features is p; = 70 across all settings, and the designated FDR con-
trol levelisg = 0.1. Knockoff features are created using the equi-correlated construction.
Each dot in the figure represents the average from so independentruns. . . . . . . . .. 209
Comparison of the gene expression distributions between the synthetic glucocorti-
coid dexamethasone treatment group and the vehicle-treated control group for genes
NFKBIA, EEF1A1, FKBPs, and RPL1o. All of them are selected by MDS or have se-

lection frequencies above 0.5 by Knockoff. . . . . . ... ... o000 212
Number of the genes selected by Knockoff among soo independent runs. The me-
dian, mean and standard deviation are 19, 16 and 12, respectively. . . . . . . . .. 213

The two axes represent [; and R;, respectively. The grey region is A;. The left ellipse

is the smallest probability contour of Zj that intersects with A,. The right two ellipses
are the smallest probability contour of Z; that intersects with .A¢, for a small [Qj and
alarge [Qj, respectively. . .. ... L 219

Simulation results of GVSSB with three slab priors in sparse grouped linear regression
model. . . .. e 243
Additional simulation results of sparse grouped linear regression with four coefhicients
distributions. (7, p, p;, p, k) = (800, 2000,5,0.2,5),SNR € {0.1,0.2,0.3,0.4,0.5}.244

ix



C3

C4

Additional simulation results of sparse generalized additive model with non Gaussian
features. Left column: (1,d) = (1,5),SNR € {0.3,0.4,0.5,0.6,0.7}. Middle
column: (SNR,d) = (0.5,5),7 € {0,0.5,1,1.5,2}. Right column: (SNR, z) =

(0.5,1),d € {3,4,5,7,10} .« o o oo 245
MCC and LMSE results for GVSSB with and without EM updates. » = 600, G =

600, p; = 5, k = 5. The initialization of A ranges from o.o1 to 100, withw €

{(%, %, % ..................................... 249



To MY BELOVED PARENTS.

xi



Acknowledgments

My deepest gratitude goes to my advisor, Prof. Jun S. Liu, without his unwavering guidance, exper-
tise, and encouragement, my research achievements would never have been possible. Our journey
began in the summer of 2019 when I was only a junior undergraduate student, just starting to get
involved in research. Meeting Jun at the onsite of my academic career was a stroke of great fortune.
His insightful thoughts, methodology to approach a problem, taste of research, and unique statisti-
cal viewpoints have impacted me through my entire Ph.D. career.

The next acknowledgment will be directed to my thesis committee members, Prof. Zheng Tracy
Ke and Prof. Lucas Janson. I am grateful for the opportunity to collaborate with Tracy, whose pro-
found theoretical background have equipped me with solid mathematical tools and helped me be-
come a better researcher. Additionally, I extend my sincere appreciation to Lucas for his thought-
provoking discussions to our paper, which have led to many new avenues for future research. I
would also like to express my sincere gratitude to Prof. Subhabrata Sen. It has been a pleasant ex-
perience working with him and learning from him.

I would like to express my heartfelt gratitude to Chenguang Dai. I also met him during my sum-
mer internship at Harvard University. At that time, he is like a second supervisor to me, providing
invaluable guidance and support in my first research project. By looking at him, I firmly know what
a remarkable Ph.D. journey entails and what qualities define a great researcher. I have never felt lost
in my journey, for I only need to walk the path he once tread. Even at this point in my life, he con-
tinues to serve as a role model to me.

I am grateful to all the faculty and administrative staff members of the Department of Statistics
at Harvard University. They spend tremendous effort to create an incredibly inclusive culture. I
thoroughly enjoy every presentation given in Monday’s colloquium and Thursday’s Stat 300.

I have been fortunate to work with my wonderful collaborators Chenguang Dai, Xin Xing, Xi-
aodong Yang, Changhao Ge, and Yuanchuan Guo. Working together with them is truly amazing.

My Ph.D. experience has been more than pleasant thanks to my amazing friends, especially Sidian
Lin and Saiwen Zhang. Sidian has been an incredibly supportive friend, and I am deeply grateful to
her for indulging me like a child. Saiwen has been by my side through my Ph.D. journey, offering
invaluable suggestions that have greatly influenced my life and shaped who I am now.

Finally and most importantly, I am immensely grateful to my parents, Jinpei Lin and Aixin Zhao.
Their unconditional love and belief in me have been the driving force behind the completion of this
dissertation.

xii



Introduction

Scientific researchers nowadays often have the privilege of collecting a large number of explanatory
features targeting a specific response variable. A ubiquitous belief, however, is that the response
variable depends only on a small fraction of the collected features. It is thus important to identify
these relevant features to enhance the reproducibility and interpretability of the downstream anal-
ysis. This dissertation tackles the variable selection problem in the regression setting from both the

Frequentist and the Bayesian perspectives.



0.1 FarLsE DiscovERY RATE CONTROL

In regression analysis, we denote the explanatory features (variables) as { X1, . . . , X, }, with p being
potentially large, and denote the response variable as y. We assume that the response variable y only
depends on a subset of features X5, = {X; : j € S}, and the task of feature selection is to identify
the set §1. Mathematically, a feature X; is considered to be irrelevant or null if and only if y 1 X; |
X_; following the definition in Candes et al. >>. We define S to be the index set of the null features.

Many advances in feature selection methods for regression analyses have been made in the past
few decades, such as stepwise regressions 46 T asso regression '*7, and Bayesian variable selection
methods . A desirable property of a feature selection procedure is its capability of controlling the
number of false positives, which can be mathematically formulated as controlling the false discovery
rate (FDR) '?, i.e., keeping the FDR below a targeted level. FDR is defined as:

{/:jeSo,je§}
#{jestvi

FDR = E[FDP], FDP = 7

where S denotes the set of the selected features, and FDP stands for “false discovery proportion”.
The expectation is taken with respect to the randomness in both the data and the selection proce-
dure (if it is stochastic).

The most prominent FDR control procedure is perhaps the Benjamin-Hochberg (BHq) pro-
cedure '*. BHq requires p-values and guarantees exact FDR control when all the p-values are inde-
pendent. Benjamini & Yekutieli '* generalized BHq to handle dependent p-values. They proved
that BHq also works under any arbitrary dependence structure if a shrinkage of the control level by

j.;l 1/ is applied. Further discussions on generalizing BHq can be found in Sarkar *** for stepwise
multiple testing procedures with positive dependence, Storey et al. ** for weak dependence, Wu '3

and Clarke & Hall** for Markov models and linear processes.



Another class of powerful methods is based on the “knockoft filter” idea, which achieves FDR
control by creating “knockoft” features in a similar spirit to adding spike-in controls in biological ex-
periments instead of resorting to p-values. Barber & Candes” first proposed the fixed-design knock-
off filter, which achieves exact FDR control for low-dimensional Gaussian linear models regardless
of the dependency structure among features. The model-X knockoff filter** further extends the ap-
plicability of knockoff filtering to high-dimensional problems and can be applied without having to
know the underlying true relationship between the response and features.

In high-dimensional regression, it can be challenging to either construct valid p-values (even
asymptotically) or estimate accurately the joint distribution of features, thus limiting the applica-
bility of both BHq and the model-X knockoft filter. The data-splitting framework developed in
this dissertation appears to fill in this gap. We focus here on a single data-splitting procedure (DS,
henceforth) and its refinement the multiple data-splitting procedure (MDS, henceforth).

We here give a glance at how DS works. The mechanism of DS is deeply motivated by the seminal
work of Knockoff7*? and uses the fundamental idea of “self-contrasting”. DS aims at obtaining two
independent regression coefficients for each feature via two potentially different statistical fitting
procedures applied to each part of the data. Using the two estimates, DS then constructs a test statis-
tic M; for each feature X, referred to as the “mirror statistic”, which should possess the following

two key properties as illustrated in Figure 1:

(P1) A feature with a larger positive mirror statistic is more likely to be a relevant feature.

(P2) The distribution of the mirror statistic of any null feature is symmetric about zero.

Property (P1) suggests that we can rank the importance of each feature by its mirror statistic, and
select those features with mirror statistics larger than a cutoff (z in Figure 1). Property (P2) implies
that we can estimate (conservatively) the number of false positives, i.e., #{;j : j € So, M; > 7},

using the left tail of the distribution, #{; : M; < —z}.
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Mirror Statistics
Figure 1: A cartoon illustration of the mirror statistic. {; denotes the mirror statistic of feature X;. So and S; denote

the index set of the null features and the relevant features, respectively. Features with mirror statistics larger than the
cutoff 7 are selected.

To reduce the variability of the selection result and enhance the power of DS, we propose MDS,
which is built upon multiple independent replications of DS. Instead of ranking features by their
mirror statistics, MDS ranks features by their znclusion rates, i.e., the selection frequency adjusted
by the selection sizes among multiple DS replications. Empirically, we observe that MDS simultane-
ously reduces the FDR and boosts the power, suggesting that MDS yields better rankings of features

than DS.

0.2 BAYESIAN VARIABLE SELECTION

The structure of regression coefficients can vary beyond just sparsity, and the presence of group
structure is common in many statistical applications. For example, in multifactor analysis of vari-
ance, multi-level categorical predictors are typically represented by a group of dummy variables.

In genomics, genes within the same pathway may naturally form a group due to their functional
relationships or involvement in common biological processes. Additionally, in additive models,
each additive component may be approximated using a span of basis functions, leading to a natural

grouping of coefficients. When regression coeflicients exhibit both group structure and sparsity,



they often demonstrate an “all-in-all-out” behavior. This means that either all elements from the
same group are selected, indicating that the entire group is relevant to the model, or none of them
are selected, suggesting that the entire group can be omitted from the model.

One way to achieve group sparsity is by imposing a penalty on the entire group, as implemented

162

in the widely-used Group Lasso method '**. The estimator{/éis obtained by minimizing the follow-

ing objective function:
1 G G
ZﬂY*E:L@W+2§:¢@MM, (1)
=1 =1

where 4 is the regression coefficient and p; is the dimension of .. The group SCAD method, intro-
duced by Wang et al. '#*, extends the group Lasso penalty to the SCAD penalty, which also operates
at the group level. The benefits of group sparsity have been investigated in several studies, including

Huang et al. ©

and Lounici et al. . For a more comprehensive review of penalization methods for
group variable selection, we refer readers to Huang et al. 57,
In contrast to penalization methods, from a Bayesian perspective, the group sparsity can be easily

encoded through the model selection prior. The “golden-standard” one may be the spike-and-slab

prior, which typically takes the form:

?

=8 y) = [0 = 7)%(@8) + 778,

=1
p

=y 6) =[o(0 -6,
=1

g~ m(9),

where y is a binary vector that indexes 27 possible models, & controls the overall sparsity, dy is the
point mass at zero (spike distribution) for modelling null features and z(8,) is the “slab” distribu-
tion for modeling relevant features.

However, sampling from the posterior distribution resulting from the spike-and-slab prior can



be computationally forbidden as there exists 27 potential models. One way to overcome the compu-
tational challenge is to replace the discrete mass at zero with a continuous distribution with a small

variance. This approach has been successfully applied * 19,120,6

. These works enable us to compute
the maximum a posteriori (MAP) estimates numerically, which converges faster than Markov Chain
Monte Carlo (MCMC) methods in general.

We adopt variational Bayes (VB), which recasts the sampling problem as an optimal approxima-
tion to the true posterior. VB minimizes the Kullback-Leibler (KL) divergence between the poste-
rior and a family of tractable distributions. One commonly employed family of distributions in VB
is the mean-field family. Within this family, model parameters are assumed to be independent. The
key advantage of the mean-field VB is its ability to significantly reduce the posterior dimension from
O(2?) to O(p), which leads to substantial computational savings. Compared to the MAP-finding

procedure, VB ofters a natural tool for inference via the VB posterior, making VB particularly at-

tractive for high-dimensional problems where it’s hard to obtain valid p-values.

0.3 OUTLINE OF DISSERTATION

In Chapter 1, we apply the data splitting procedure for false discovery rate control in the generalized
linear models. Our procedure requires neither calculating p-values nor constructing knockofts. The
procedure proposed is scale-free as it only hinges on the symmetry of the mirror statistics. In chapter
2, we include the rejoinder of discussions regarding our paper#°. These discussions stimulate many
new thoughts for future research and we highlight some comments raised by the discussants.
Although DS performs well in practice 38:40 3 theoretical power comparison between DS and
its counterparts is still missing. To fill in this gap, in Chapter 3, we present power analysis for three
FDR control methods: knockoff, Gaussian mirror, and data splitting. Our comparison also sheds

light on the impact of the correlation structure of the design matrix on the power of FDR control



methods.

In chapter 4, we switch gear to Bayesian group variable selection using variational inference. We
offer a unified treatment for a class of spike-and-slab priors, both methodologically and theoretically.
Our method is further extended to sparse additive models to cope with non-linearity between the

response variable and features.



A Scale-free Approach for False Discovery

Rate Control in Generalized Linear Models

ConNTrIBUTION This chapter is based on a published paper Dai et al. *° in Journal of American
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1.1 ABSTRACT

The generalized linear model (GLM) has been widely used in practice to model counts or other
types of non-Gaussian data. This paper introduces a framework for feature selection in the GLM
that can achieve robust false discovery rate (FDR) control. The main idea is to construct a mzr-
ror statistic based on data perturbation to measure the importance of each feature. FDR control

is achieved by taking advantage of the mirror statistic’s property that its sampling distribution is
(asymptotically) symmetric about zero for any null feature. In the moderate-dimensional setting,
ie,p/n — x € (0,1), we construct the mirror statistic based on the maximum likelihood es-
timation. In the high-dimensional setting, i.e.,p > #, we use the debiased Lasso to build the
mirror statistic. The proposed methodology is scale-free as it only hinges on the symmetry of the
mirror statistic, and thus can be more robust in finite-sample cases compared to existing methods.
Both simulation results and a real data application show that the proposed methods are capable of
controlling the FDR and are often more powerful than existing methods including the Benjamini-

Hochberg procedure and the knockoff filter.

1.2 INTRODUCTION

The generalized linear model (GLM) is a powerful tool for building a linear relationship between
certain characteristics of a non-Gaussian response variable y (e.g., categorical and count data) and
p explanatory features X, . . ., X, through a link function. Although p is often large in the current
big data era, the response variable y most likely depends only on a small subset of features. Thus, it
is of significant interest to identify those relevant features in order to both sharpen the analysis and

better understand the results. A desirable feature selection procedure is expected to control the false



discovery rate (FDR)'* defined as:

1So N S|

FDR = E[FDP], with FDP = 0 °1
S|v1

in which FDP stands for the “false discovery proportion,” and Sp, S denote the index sets of the null
and the selected features, respectively. The expectation is taken with respect to the randomness in
both the data and the selection procedure. Existing FDR control methods that can be applied to
GLMs include the Benjamini-Hochberg (BHq) procedure and the model-X knockoff filter 355,

There are notable limitations, however, when applying either BHq or Knockoft in practice. BHq
requires p-values, which are difficult to construct in high dimensions. Javanmard & Javadi ®® and
Rong Ma & Li'"® considered applying BHq to high-dimensional linear and logistic regression mod-
els, respectively, with p-values obtained via the debiased Lasso ®®141%4 However, the debiased
Lasso only provides asymptotically valid p-values, which often appear highly non-uniform under
the null in finite-sample cases (e.g., see Figure 1.1 and also the discussions and empirical evidences in
Dezeure et al. #* and Candgs et al. *?).

Knockoft requires nearly exact knowledge of the joint distribution of all features, potentially
limiting its applicability in high dimensions. If this distribution is unknown, Barber et al. 8 showed
that the inflation of the FDR is proportional to the estimation error in the conditional distribution
P(X; | X_j), where X ; = {Xi,...,X,}\{X;}. Simulation results in Dai et al. ** also suggest that
mis-specifying the joint distribution of the features may result in an FDR inflation and power loss.
Recent developments in generating good knockoft features include Yaniv Romano & Candes '59,
Jordon etal. 75 (using deep generative models) and Stephen Bates & Wang '*° (using sequential
MCMC algorithms). Furthermore, * generalized the model-X knockoff filter using conditioning
to allow features following an exponential family distribution with unknown parameters. Bates

etal.'°, Yang et al. "7, Marandon et al. °* apply the similar “knockoft-type” idea to the novel detec-
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tion problem. Power analysis of Knockoff and related methods has been carried out in Weinstein
etal. 148 149 and7°.

In this paper, we propose a new FDR control framework for the GLM, which requires neither
p-values nor the joint distribution of features. Two asymptotic regimes for the GLM are consid-
ered. The moderate-dimensional setting refers to the regime where p/n — x € (0,1). In this
case, the classical asymptotic result for the maximum likelihood estimator (MLE) breaks down in
the sense that the asymptotic normal distribution of the MLE involves additional bias and variance
scaling factors '3?. As a result, BHq faces the challenge of estimating these two scaling factors in or-
der to obtain valid p-values, which remains an open problem for GLMs other than logistic/probit
regressions. In contrast, our proposed method is scale-free and does not require estimating the afore-
mentioned scaling factors, thus can be easily and validly applied to all GLMs. The high-dimensional
setting refers to the regime where p >> #, in which we use debiased Lasso estimates and prove that
the proposed method achieves FDR control under certain regularity conditions. A main advan-
tage of our method over BHq is that we do not need the variances of debiased Lasso estimates and
only rely on the symmetry of the estimates under the null to control FDR, which is much easier to
achieve in finite-sample cases.

The rest of the paper is structured as follows. Section 1.3 introduces our FDR control frame-
work and two basic methods for constructing the mirror statistic: Gaussian mirror and data split-
ting. Sections 1.4 and 1.5 concern FDR control for the GLM in the moderate-dimensional and
the high-dimensional settings, respectively. Sections 1.6.1 and 1.6.2 demonstrate the competitive
performances of our proposed methods through simulation studies on popular GLMs including
logistic, Poisson, and negative binomial regressions. Section 1.6.3 considers selecting relevant genes
associated with the glucocorticoid response based on single-cell RNA sequencing data. Section 1.7
concludes with final remarks. Proofs and additional numerical results are given in Supplementary

Materials.
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1.3 FDR CONTROL viA MIRROR STATISTICS

For a given response variable y, we consider p candidate features X7, . . . , X). Let X, be the design
matrix, in which each row x] for7 € [z]" is an independent realization of these features. Let y =
(915 - - -, ¥x)7 be the associated response vector. We assume that the conditional distribution P (y |
X) depends only on a subset of features with the corresponding index set denoted as Sy. Let p; =
IS1] andpy = p — p1. We call X; relevant (non-null) if j € S;; otherwise we call it a null feature.
The index set of the null features is denoted as Sy. The goal is to identify as many relevant features as
possible with the FDR under control. Throughout, we denote the power of a selection procedure

as:

Power = [E|S) ﬁgl/pl,

in which .S denotes the index set of the selected features.
Similar to Knockoff, our FDR control framework requires constructing a mirror statistic M; for

each feature X; with the following two properties:

(A1) A feature with alarger mirror statistic is more likely to be a relevant feature.

(A2) The mirror statistic’s distribution under the null is (asymptotically) symmetric about zero.

By Property (A1), we can rank the features by their mirror statistics and select those with their mir-
ror statistics greater than a cutoff. For any cutoft # > 0, Property (A2) suggests an approximate
upper bound on the number of false positives,

_ #{jj € So, My >t} < #{j - M; < —1}

FDP() = i a > vl ~ 34> gV (x-1)

which leads to the following FDR control framework as outlined in Algorithm 1.

*[n] denotes the set {1, ..., n}.
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Algorithm 1 The FDR control framework.

1. Construct the mirror statistic A, for j € [p].

2. Given a designated FDR level 4 € (0, 1), set the cutoff 7, as:

T, = inf{t >0: F/D\P(t) = ##{/{] .]1;[(4,<>_£}\/+11 < q} :
-4V

3. Select the features S = V:M; > z,}.

Remark 1.3.1 The data-driven cutoff T, and the selection set S are motivated by Knockoff”. The
“+17in the numerator of FDP(¢) is theoretically redundant for asymptotic FDR control, but is critical
for Knockoff to achieve finite-sample FDR control. We recommend to keep the “+17 in practice to make

S slightly more conservative, especially when the number of relevant features py is small.

A general recipe for constructing the mirror statistic in regression settings is as follows. For
. . . ~(1) ~(2) . " .
j € [p], we obtain two estimates, ﬂj and (Ej , of the true coeflicient ﬂj . We standardize the two
estimates (more details in Section 1.4.2) so that the resulting mirror statistics to have comparable

variances. The standardized estimates 7}0) and T;Z) should satisty the following conditions:
Condition 1.3.1
* (Independence) The two regression coefficients are (asymptotically) independent.

o (Symmetry) The distribution of either of the two regression coefficients is (asymptotically) sym-

metric about zero under the null.

The mirror statistic M; proposed in Dai et al. 38 takes a general form:

My = sign (1, TV ATV, 1 77)), (12)
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where f{u, v) is a user-specified bivariate function defined on R* x R that is non-negative, ex-
changeable in # and v, i.e., flu, v) = flv, #), and monotonically increasing in both # and v.
. . . T(l) T(Z)

Note that for a relevant feature j € Sy, the two regression coeflicients | and i tend to be
large in magnitude and have the same sign if the estimation procedures are reasonably accurate.
Since f{#, v) is monotonically increasing in both || and |s|, the mirror statistic A4 is likely to be
positive and relatively large, which implies Property (A1). In addition, for a null feature j € Sp,

, . . 1 2 . .
Property (A2) holds given Condition 1.3.1 since 7}( ) and 7}< ) are (asymptotically) independent and
one of them is (asymptotically) symmetric about zero.

Three convenient choices of A, v) are

Au,v) =2min(u,v), fu,0)=uv, flu,v) =u+v. (1.3)

The first choice leads to the mirror statistic proposed in Xing et al. '5°, while the third choice corre-

sponds to the “sign-maximum” between ‘7}(-1) + 7§Z)| and ‘7}(-1) — 7}(-2)

, and is optimal in a sim-

plified setting as shown by Dai et al. 3% The optimality of the sign-max mirror statistic for Knockoft

has also been empirically observed by Barber & Candes” and recently proved by 76 under the weak-

and-rare signal setting. The following subsections review two recently proposed methods, Gaussian
. g : : enes 70 and 72

mirror 5% and data splitting >, for constructing the two regression coefficients ; and ki that

satisfy Condition 1.3.1.

1.3.1 GAUSSIAN MIRROR

For an easy illustration, we restrict ourselves to low-dimensional (z > p) linear models. The idea of

Gaussian mirror is to create a pair of perturbed mirror features,
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in which ¢; is an adjustable scalar and Z; follows N(0, 1) independently acrossj € [p]. The linear
model with 8% as the true parameter vector can then be equivalently recasted as:
B B
_ 7
y=X X X B e (r5)
. . . ot = . . .
In low dimensions, we obtain 8 and 8 , as well as the normalized estimates T]* and T}_: via the
ordinary least squares (OLS). For any null feature j € S, both Yj and T; follow a z-distribution
centered at zero. Thus, the resulting A4; satisfies the symmetry requirement in Condition 1.3.1.
Furthermore, since (77, T]'_) asymptotically follows a bivariate normal distribution, we can choose

a proper ¢; as below so that 7}+ and 7} are asymptotically independent:"
g = 1PZX1/1P52, (1.6)

where PJ_‘j is the projection matrix onto the orthogonal complement of the column space spanned
by X_;.

Itis possible to generate ()(7r ,X;) simultaneously for all j € [p] and fit the GLM once. However,
despite the increasing computational demand, the one-feature-per-fit procedure introduces the least
noise, and thus gives a better ranking of the features. In simulation studies, we also consistently

observe superior performances of the one-feature-per-fit procedure.

1.3.2 DATA SPLITTING

The simplest way to obtain two independent regression coeflicients is via data splitting. Specifically,
we randomly split the data into two halves, (y(l),X(l)) and (y(z) , X(Z)), and estimate {/éj(.l) and‘/E\;z),

as well as their normalized versions 7}(-1) and 7}(-2), using each part of the data. The independence

TSlightly different from Xing et al. 1%, because we standardize the OLS estimates, we cannot achieve the
finite-sample independence between Yf and Tf by varying ¢;.

Is



between the two estimates is naturally implied by data splitting. The symmetry requirement in Con-
dition 1.3.1 can be satisfied if, for any null feature, either of the estimates is (asymptotically) normal
and centered at zero. As we will show later, desirable estimates can be constructed for the GLM un-
der certain conditions. We assume a half-half data splitting throughout, which generally leads to the
highest power based on our empirical observations.

The potential power loss is a major concern of using data splitting. Dai et al. >* proposed to rem-
edy this issue by aggregating results from repeated sample splits, which also helps to stabilize the
selection result. We use DS and MDS to refer to the single data-splitting and multiple data-splitting
methods, respectively. The idea of MDS is to obtain multiple selection results via repeated sample
splits, and determine the importance of a feature based on its inclusion rate /; defined as:

1(j € S) ~ 1 &K1 es®)

IS v1

where/fj is a natural estimate of [}, 7 is the total number of sample splits, and S() i the index set
of the selected features in the -th sample split. Note that ) | i =Pr( m > 1),and, if all \E(k) | >
1, then ) j/]} =1. We then select those features with their empirical inclusion rates/]} larger than a
properly chosen cutoft. The MDS procedure as summarized in Algorithm 2 can be applied on top

of the DS procedure designed for the GLM (see Sections 1.4 and 1.5).

Algorithm 2 Aggregating selection results from multiple sample splits.

1. Sort the estimated inclusion rates: 0 < ?(1) < ?(2) <. < /]\(p).

2. Given a designated FDR level 4 € (0, 1), find the largest £ € [p] such that?(l) +--+
Ip<gq

3. Select the features S = {7: /I; > /[\(g) }.
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Ideally, we would like to conduct as many sample splits as possible in order to estimate the in-
clusion rates accurately. In practice, however, we find that the power of MDS no longer improves
much after a small number of independent sample splits (e.g., 72 > s0). In addition, Dai et al. 38
showed that, for the normal means problem, MDS can retrieve almost the full information regard-
ing the feature selection task, in the sense that with high probability the inclusion rates give the same

ranking of features as the p-values calculated using the full data.

1.4 GENERALIZED LINEAR MODELS IN MODERATE DIMENSIONS

Fory = (y1,...,y,)T, we consider the following GLM with canonical link function p:

n

20 | %,8) = [ ) exp(rl 8 — o] 8%)), (1.8)

=1

in which ﬂ* denotes the p dimensional true coefficient vector. In the moderate-dimensional setting,
we assume that p/z — x € (0,1). Note that the classical setting with fixed p corresponds to the case

x = 0. We impose the following assumption on the link function p as in Abbasi .

Assumption 1.4.1 (Assumption 1 in Abbasi ") Define the Moreau envelop of the loss function i.e.,

the negative log likelibood, of the GLM in (1.8) as:

Gla,y,£) = min {th(v — 2+ plx) — xy} .

Forallci,cy € R and © > 0, there exists a continuous function g : R x R X Rso — R such that
1 ¢ T px V4
Z Z G(Clhz' + Cle‘/g 7}’1’7 T) — g(cla 2, T)?
=1
where the convergence is in probability over the distribution of y, the random matrix X € R”*? with
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i.i.d. standard Gaussian entries, and the random vector b with i.i.d. standard Gaussian entries.

Assumption 1.4.1 holds for a wide range of GLMs and machine learning models including logistic
. . . . , ..

regression, Poisson regression, and support vector machines'. We further assume that x;’s are i.i.d.

observations for a distribution with mean o and covariance matrix X, and that the signal strength

converges to a constant, i.e., y, := Var(x] ) — %

1.4.1 PROPERTIES OF THE MLE

Let p(XB) = (p(x]8), -+ ,p(x18))T. The MLE of 8* can be written as

~

f = argmin {ilTﬁ(Xﬂ) - inXﬂ} ; (1.9)

PER?

which can behave very differently when ¥ > 0 compared with the classical setting. First, the GLM
may not be identifiable, i.e., the MLE does not exist uniquely. For instance, for logistic regression,
the MLE does not exist if the two classes are well separated, and the corresponding phase transition
curve for the existence of a unique MLE is recently derived by Candés & Sur *#. Throughout Sec-
tion 1.4, we assume the existence of a unique MLE with probability approaching 1 as #,p — o0
whenever necessary. Second, the MLE is asymptotically biased and its asymptotic variance also dif-
fers from the classical result. By generalizing the results of Zhao et al. 166 and Salehi et al. "**, we have

the following asymptotic characterization of the MLE.

Proposition 1.4.1 Consider the GLM defined in (1.8) in which x; 4N (0,%). Let © = 7' and

T = @El. Assuming that \/nz j* = 0(1), we have

Vil - af)

< x| MLE exists | — ®(x), (1.10)
7/ T
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where O (x) is the CDF of the standard Gaussian, and a,., o, are two universal constants depending on

the link function p, the true coefficient vector B, the signal strength y, and the ratio .

Remark 1.4.1 The proof of Proposition 1.4.1 uses the stochastic representation of the MLLE in Zhao
et al. """ and the Convex Gaussian Min-max Theorem (CGMT). The Gaussian assumption on the x;’s
is not required for the DS procedures per se, but allows us to use the CGMT directly to prove theoretical

results. The constant pair (ay, ko2 ) is the limit of

== @”8*> == 8 I.II

in which P/é; is the projection matrix onto the orthogonal complement of B*. The convergence of (2, 7%)

follows from a routine application of CGMT as in Salebi et al. '>*. More details can be found in

Lemma A.1 in Supplementary Materials.

Remark 1.4.2 Note that sz = Var(X; | X_;). Wecan thus estimate it via a node-wise regression
approach. More precisely, we regress X; against X and obtain the residual sum of squares RSS;. An

unbiased estimator of 7]2 is then /7\}2 = RSS;/(n —p+1).

By Proposition 1.4.1, we need to estimate the bias and variance scaling factors (2., o) in order
to obtain p-values. This is in general very challenging as it requires one to first estimate the signal
strength y. Sur & Candgs '** proposed the ProbFrontier method to estimate y using the phase tran-
sition curve that calibrates the existence of a unique MLE. However, to the best of our knowledge,
existing results only cover logistic/probit regressions and there is no unified approach to derive the
curve for a general GLM. Therefore, it remains unknown how one should apply BHq going beyond

logistic/probit regressions.
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1.4.2 FDR CONTROL VIA DATA SPLITTING

In comparison with BHg, the DS procedure outlined in Algorithm 3 does not require estimating

the scaling factors (a4, o4 ), thus is applicable to all GLMs in the moderate-dimensional setting. By
~(

(1.10), we normalize the two independent MLEs 3

! and{/é(z) as below,

~1)51) ~(2)5(2)
10 Z 3050 10 325 (1.12)

where ?j(»l) and ?}2) are two independent estimates of 7; (see Remark 1.4.2). Although the asymp-
totic standard deviation of [/é] isoy/ 7j, We can safely drop the constant ¢, because our FDR control
framework (Algorithm 1) is scale-invariant with respect to the mirror statistics. DS also does not
require estimating the bias scaling factor «, since a*ﬂ]’f = 0 under the null. Thus, the symmetry

requirement in Condition 1.3.1 is asymptotically satisfied according to Proposition 1.4.1.

Algorithm 3 The data-splitting method for GLMs in the moderate-dimensional setting.

1. Split the data into two equal-sized halves (yV), X)) and (y?), X@).
2. Forj € [p], regress X}(l) onto X(_lj), and regress ij) onto X(_Zj) Let
O] )
LRSS oo RSS
I T wa—p+1 T T wjz—p+1

in which RSS; is the residual sum of squares.

3. Find the MLEs ‘/é(l) andE(Z) using each part of the data. For; €  [p], calculate the
mirror statistic M following (1.2) based on 7}41) and ]}@ defined in (1.12).

4. Select features using Algorithm 1.
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To theoretically justify DS, we define S strong to be the largest subset of ; such that

VvV min |87 = . (1.13)
]'GSI,Strong

Note such a set might be empty. Let p1 sirong = ’Sl,strong |. We require the following assumptions.
Assumption 1.4.2
(1) 1/C < 0in(Z) < 0max(X) < C for some constant C > 0.

(2) PO — 06, lim infpl,strong/])o > 0as ﬂ,p — OQ.

Remark 1.4.3 Assumption 1.4.2 (1) also appears in Zhao et al."*, in which oiin(X) and oimax(Z)
refer to the smallest and the largest eigenvalues of the covariance matrix X. Empirically we observed
that DS may still achieve FDR control even if Assumption 1.4.2 (1) is violated, e.g., when features have
constant pairwise correlation (see Section B.1.1 and Section B.1.2 in Supplementary Materials). The
condition i inf py sirong [po > O can be possibly relaxed to accommodate the cases of very sparse sig-
nals and the global null by imposing some additional weak-correlated assumption among the mirror

statistics (e.g., see Assumption 1.5.1 (z)(a)).

Proposition 1.4.2 Consider a GLM defined in (1.8), in which x; %N (0,%). For any FDR control

level g € (0,1), under Assumption 1.4.2, we have

FDP < g+ 0,(1) and limsup FDR < g

n,p—>00

for the DS procedure outlined in Algorithm 3.

Remark 1.4.4 We give a sketch of proof for Proposition 1.4.2. Without loss of generality, we assume
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gp1 < (1 — q)po, otherwise we can simply select all features and the FDR is under control. Let
H(t) = P (sign(Z1.2)A| 241, |22]) > ¢),

in which Zy, Z, are two independent standard Gaussian variables, and fis the bivariate function used

in constructing the mirror statistic. The main proof arguments are

ZjGSo 1(M; > )
sup

?
—1| — 0 and P(z, <) —1, (1.14)
0<r<r* ZJ'GSO 1(]‘4] < _t) 1

in which t* satisfies H(t*) = /di

ong . *
2ig)pe’ Assumption 1.4.2 (2) ensures that t* is bounded as n, p — 0.

q
We show the first part of (1.14) via Markov’s inequality, i.e., bounding Cov(1(M; > t),1(M; > t))

Jfori,j € So. For the second part, using the signal strength condition (1.13), we prove that

]P( min  M; > t*> —1, n,p— 0.
jGSI,strong

By the definitions of t* and t,, this implies FD\P(Z‘*) < g, and thus P (7, < ) — 1.

As discussed in Section 1.3.2, we can further enhance the power and the stability of the selection

result via MDS. The following proposition establishes FDR control for MDS.

Proposition 1.4.3 Consider the GLM defined in (1.8), in which x; N (0,%). For any FDR control

level g € (0,1), if p1 swrong/p1 — Las n,p — 00, under Assumption 1.4.2, we have

FDP < g+ 0,(1) and limsup FDR < g

n,p—>00

for the MDS procedure based on Algorithm 3.

Remark 1.4.5 We impose an additional signal strength condition py swong/p1 — 1 when proving
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FDR control for MDS. Note that DS is free of this assumption (see Proposition 1.4.2), and numerical
studies (e.g., see Section 1.6 and Table B.z in Supplementary Materials) suggest that MDS achieves
FDR control whenever DS does, even if P1strong /p1 < 1. However, it remains unclear how this assump-

tion can be possibly relaxed.

1.4.3 FDR cONTROL viA GAUSSIAN MIRROR

Cover*° showed that the MLE exists uniquely only if x € (0,1/2], hence DS is only applicable
whenx € (0,1/4],1e.,7 > 4p. The same issue also occurs to Knockoff as it doubles the num-
ber of features. Besides, evenif x € (0,1/4] and the MLE exists uniquely as z,p — 00, in the
finite-sample case, there is still a chance that the MLE does not exist uniquely for some sample splits
used in MDS. To overcome this issue, we consider the Gaussian mirror method, which extends the
applicability to x € (0,1/2] as long as the MLE exists uniquely on the full data.

As discussed in Section 1.3.1, we fit a GLM using the response vector y and the augmented set of
features (X, )(7' ,X;) to find the MLEs, :@j and [@j_, associated with the pair of perturbed mirror
features ()(7r ,X;") defined in (1.4). Let Zyg be the covariance matrix of (X_j,Xj+ ,X;), and let

Oug = Zon

aug- We have the following asymptotic characterization.

Proposition 1.4.4 Consider fitting a GLM using the response vector y and the augmented set of fea-

tures (X, Xj X ) defined in (1.4). Then, the asymptotic distribution of the MLLE (:87 , ;67) is

~+ .
vV ‘ff_ _ "‘?* & 45 N(0,0%), (r.15)

in which ©™ is the 2 X 2 submatrix at the right bottom of © 4,4 corresponding to (XJ+ X )y e, o are

defined as in Proposition 1.4.1, and the design matrix is Gaussian.

23



We can choose a proper scalar ¢; so that the off-diagonal entry of ©* is zero. This implies that the
/\Jr A~
MLEs ﬂj and ﬂj are asymptotically independent by Proposition 1.4.4. In practice, we can plug in

the sample version of %, and the resulting scalar ¢; is in the form of (1.6). Besides,
105 = 1/03, = Var(XT | X7, X)) ~ Var(XF | X)) = 2 4 &,

where the approximately-equal sign follows from the fact that the asymptotic independence be-
>t AT . L
tween ﬁj and ﬁj implies the asymptotic independence between XJ+ and X" conditioning on X_.

/\J’_ ~—
We thus normalize 8. and 8. as
Fj andf,

=G E . T =54k (116)

with ?]2 defined in Remark 1.4.2. We summarize the Gaussian mirror method in Algorithm 4.

Algorithm 4 The Gaussian mirror method for GLMs in the moderate-dimensional set-
ting.

1. Forj € [p], calculate the mirror statistic A4 as follows.

(a) Simulate Z; from N(0, 7,,).
(b

Calculate the scaling factor ¢; according to (1.6).

(c
(d

)
) Fita GLM using y and (X_, Xf,Xj_) to find the MLEs {/éj and (/éj_

) Estimate ?]; following Remark 1.4.2.

(e) Calculate the mirror statistic A4, following (1.2) based on Tf and 7 defined
in (1.16).

2. Select features using Algorithm 1.
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Proposition 1.4.5 Consider a GLM defined in (1.8), in which x; “N (0,%). For any FDR control

level g € (0,1), under Assumption 1.4.2, we have

FDP < g+ 0,(1) and limsup FDR < g4

n,p—>00

for the Gaussian mirror method outlined in Algorithm 4.

The normality assumption on the design matrix in this section is mainly for technical purposes to
apply the Convex Gaussian Min-max Theorem (CGMT). We expect that all propositions in Section
1.4 hold more generally with the proviso that the joint distribution of features has a sufficiently light
tail (see the discussion in Sur & Candgs '**). Empirically, the proposed methods work well for non-

Gaussian designs (e.g., see Figure B.6 in Supplementary Materials).

1.5 GENERALIZED LINEAR MODELS IN HiIGH DIMENSIONS

We consider the high-dimensional setting (p >> #), in which we base the mirror statistic on the
regularized estimator instead of the MLE. Considering computational feasibility, we focus on the

data-splitting methods. For the GLM defined in (1.8), we define its loss function as
U(n,v) = —uv+ p(v),

which is just the negative log-likelihood up to an additive constant. Denote

. o(u,v) - 0*l(u,v)
i) = 20 i = P00

35(}/ ﬂ 325()/,95[@)
o Y= g
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Note that both £(#, v) and £(x, v) are scalars, whereas éﬂ (y,x)isap x 1vector and @;(y, x)isap X p

matrix. For a general mapping ¢ defined on the space (y, x), we define

1 n
P,g= ;Zg i»x;) and Pg=1E[P,g].

i=1

Let Wybean n X n diagonal matrix with W7 = 5(x]8). Then the sample version of the Hessian

matrix can be written as Pnf[g = X/EX/; /n, in which X = W} Xis the weighted design matrix.

I.5.1 CONSTRUCTION OF THE MIRROR STATISTIC VIA DEBIASED LASSO

The mirror statistic is built upon the Lasso estimator:

cR?

(yXR —argmm{ Zﬁ(_yl, x; —l—lHﬂHl} (1.17)

To symmetrize 8, we consider the following debiasing adjustment '#°:

;éd::é_@pn%' (1.18)

Here © is referred to as the decorrelating matrix.

Various proposals of © have been documented in the literature. For example, Javanmard & Mon-
tanari ® proposed an optimization approach to simultaneously minimize the bias and the variance
of Ed We follow the approach in Javanmard & Montanari 7 and Zhang & Zhang 164 and set ® as
an estimator of ® = X771, where ¥ = E[X{}*Xﬁ*] /n is the Hessian matrix evaluated at the true
coefficient vector 8*.

One natural way to construct @in high dimensions is via regularized node-wise regression as

detailed in Algorithm s, based on the fact that ®; _; corresponds to the coefficients of the best linear
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predictor of Xﬂ* j using X[g*’_j. Note that estimating © only involves the second moment and does

not require any distributional assumption of X (e.g., normality).

Algorithm 5 Construction of the decorrelating matrix ©.

1. Node-wise Lasso regression. Forj € [p], let

~ .1 2
;/j:argm_m ZHX@/—X[;,_Q’Hz+)-j||7’”1 .
yeRr1

2. Define matrix C with E’jj =1land Z}k = —?j’ , for k # j, where /;7] , is the k-th entry of
?j.
3. Let ® = G 2C, in which G* = diag(?f, e ,?;) with

2 _ (Y. — Y- T\TY-
7 = &g, = Xp_7) X,/

As an example, for linear models, the canonical link function is p(v) = v/2, and the loss func-

tion and its derivative simplify to

U(u,v) = —uv + v*/2, é{g(y, x) = —xT(y —x74).

In addition, since 5(v) = 1, W and X simplify to 1, and X, respectively. Thus ®@ = Z~ is sim-
ply the population precision matrix of features. As a result, the debiased Lasso estimator for linear

models takes the form of

-~ o~ 1A ~
{8 :ﬂ-i- ;@XT@—Xﬂ).
Plugging in y = XB* + ¢, we have the following decomposition,

~

Vi@ —B)=Z 1A, Z| X~ N(0,2B58"), A=+a@S D@ —F), (119)
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where X = (X7X)/n is the sample covariance matrix.

For GLMs, we have a similar decomposition as (1.19),
~d * .
\/Z(ﬂj —ﬂj.) =Zi+ A; forj € [p], (1.20)
in which Zj defined as
_\/Zejwpnéﬁ* = _ﬁ Z ®j;xi[_)’i —l—p(xlT[@*)],
i=1

asymptotically follows the normal distribution by the central limit theorem. Here ©;. denotes the
J-th row of ©. Under certain conditions, we show that the bias term A vanishes asymptotically (see
Proposition 1.5.1), thus the symmetry requirement in Condition 1.3.1 is satisfied. Note that the
asymptotic variance of Z; is

77 = (OE[P,lp{5]0); = (030); = 0,

~d
and we further normalize ﬂ], as

~d .
E:ﬂj./a} with 0‘2 (@P Eﬁ% )j, (1.21)

in which ?JZ is a consistent estimator of 0]2

DS proceeds by first randomly splitting the data into two halves, (), X)) and (y®), X(?)), and

~(1.d ~
then calculating the two independent debiased Lasso estimates ﬂu’ ) and 8 @)

which ", 3% and 8,8

following (1.18), in
are computed via (1.17) and Algorithm s, respectively. The mirror
statistic M is constructed following (1.2) based on the normalized estimators T and 7 defined

in (1.21). A summary of the DS procedure for high-dimensional GLMs is given in Algorithm 6.
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Algorithm 6 The data-splitting method for GLM:s in the high-dimensional setting.

1. Split the data into two equal-sized halves (yV), X(V) and (y?), X@).

2. Construct the normalized debiased Lasso estimator on each part of the data.

~(1 ~(2
(a) Calculate the Lasso estimators (8( ) and [8( ) via (1.17).

(b) Obtain 6" and®"” following Algorithm s. For j € [p], let

~2(1 ~ (1) 5 T AT ~2(2 ~(2) ;T AT

A 7d A 7d
(c) Normalize the debiased Lasso estimators ﬂ(l : and ﬂ(z : from (1.18), i.e., for
se bl () C.d)
IR CORPNG| 2) _ &4 2
1) =873, 17 =8"/3". (1.22)

3. Forj € [p], calculate the mirror statistic M4, following (1.2) based on 7}<-1) and 7;2).

4. Select features using Algorithm 1.
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For FDR control, DS relies only on the symmetry of the debiased Lasso estimator, whereas BHq
further requires estimating its variance in order to obtain the Z-score. Our simulations show that
the symmetry requirement is much less stringent and kicks in much earlier than the asymptotic nor-
mality of the Z-score in finite-sample cases. In the case of linear models, BHq needs to estimate the
noise level 7, which is a challenging task in high dimensions (e.g., see the right panel of Figure B.9
in Supplementary Materials). If the variance is under-estimated, BHq is at the risk of losing FDR
control since the resulting p-values for the null features would skew to the left. On the other hand,
if the variance is over-estimated, BHq can be overly conservative, leading to a significant power loss.
In contrast, DS is scale-free, i.e., any rescaling of all the mirror statistics does not materially change
the selection result, thus is expected to perform more robustly than BHq. Numerical comparisons
between DS and BHq can be found in Figures B.8 and B. 1o in Supplementary Materials.

Figure 1.1 illustrates the above discussion via logistic regression. Detailed algorithmic settings are
in the figure caption. We obtain the normalized debiased Lasso estimators le-qu and TJDS following
RongMa & Li' 8 and Algorithm 6, respectively. We see that for BHq, the histogram of T]EHq under
the null is far from that of the standard Gaussian, and the resulting p-values of the null features are
significantly right-skewed. In contrast, for DS, the symmetry requirement in Condition 1.3.1 is
approximately satisfied.

Xing etal. ' and Dai et al. ** consider high-dimensional linear models based on the same FDR
control framework described in Section 1.3. However, both methods may not be easily applicable to
GLMs. Xingetal. "5 hinges on post-selection adjustments to symmetrize the regression coefficients
under the null. To the best of our knowledge, post-selection adjustments have only been worked
out for specific GLMs including logistic regressions and Cox’s proportional hazards model '*%, but
remain unknown for general GLMs. The DS procedure proposed in Dai et al. *® requires the sure

screening property, which is a stronger signal strength assumption than the one in this paper.
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Figure 1.1: A logistic regression example with z = 250, p = 500, p; = 10, and X; ~ N(0, [P)' The true coefficient
for a non-null feature ; € S is set to be 18]* = =4 with equal probability. Top left: the normalized debiased Lasso

estimates Yqu for the null features. Top right: the p-values of the null features. Both histograms are generated based
on 20 independent runs (with regeneration of the response vector y) of the algorithm in Rong Ma & Li 118 Bottom left:
the normalized debiased Lasso estimates 7}35 (see (1.21)) for the null features. Bottom right: the mirror statistics of the
null features. Both histograms are generated based on a single run of Algorithm 6.

I.5.2

Let G)g» = @g/(@l‘i@]j)l/z, p = max,%; |®2-|,5 = max;c|y) #{z’ : @2» =+ 0}, and define ZES

THEORETICAL JUSTIFICATION OF THE DATA-SPLITTING METHODS

7/], = argmin]E [”Xﬁ*J —Xﬁ*,—j}’Hg] ’

yeRr1

i.e., the coeflicient vector of the best linear predictor of Xﬁ* j using X[g*7_ " Define S1,strong S the

largest subset of S; such that

\/n/logpjes

min |181*| — 00.

1,strong
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Assumption 1.5.1 There exist some constantsey € (0,(1—p)/(14p)), a2 > 0, C> 0, ¢ > 0such

that the following conditions are satisfied.

(1) Bounded design. max;c ) je(p) | Xyl < Calmost surely, and

P 16851 v Xpe _ v lloo > C) = O0(p~).
(g%!%ﬁ\ %H,e,mu > ) )

(2) Regularity conditions.

(a) p(v) is Lipschitz continuous for |v| < C;
(b) |p(v)| and |p(v)| are upper bounded for |v| < C;

() 1/C < opin(Z) < omax(T) < C.
(3) Sparsity conditions.

(a) s =o(\/n)log*? p) and s = O(p™);

(b) pr = o(y/n/log"? p A p/>=%2) and py yuong > Cllogp)™.

Remark 1.5.1 We consider the random-design scenario with a boundedness assumption™"*. Simi-
lar conditions for the canonical link function p appear in Van de Geer et al. '*°, and hold for popular
GLMs including logistic, Poisson, and negative binomial regressions. In contrast to the moderate-
dimensional setting, we impose certain sparsity conditions on the true coefficient vector f* and the
asymptotic covariance matrix © of the debiased Lasso estimator, so that their respective estimators en-

Jjoy a fast convergence rate (see Bickel et al. "’ , Javanmard € Montanari” , and Van de Geer et al.'#° ).

Proposition 1.5.1 Under Assumption 1.5.1, we have || A|| oo = O,(max{s, p1} logp/~/n). where A

is the bias term as defined in (1.20).
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Proposition 1.5.2 Forany FDR control level g € (0,1), in the asymptotic regime p = O(n”) for

some constant r > 1, under Assumption 1.5.1, we have

FDP < g+ 0,(1) and limsup FDR < g

n,p—>00

for the DS procedure outlined in Algorithm 6.

Remark 1.5.2 The proof of Proposition 1.5.2 still hinges on (1.14), except that t* can no longer be
bounded given that features are sparse. We conduct a more delicate analysis of Cov(1(M; > ¢t), 1(M; >
t)) fori,j € Sy under Assumption 1.5.1 to obtain a tighter upper bound. The key technical tools are

Lemmas 6.1 and 6.2 in Lin?>.

Proposition 1.5.3 Assume that there exists some constant C > 0 such that MaXje s\, ,ons V7| 18]* | <

C. Then, under Assumption 1.5.1, the MDS procedure based on Algorithm 6 satisfies

FDP < g+ 0y(1) and limsup FDR < g

7,p—>00

in the asymprotic regime p = O(n”) for some constant r > 1.

Remark 1.5.3 Similar signal strength conditions on 1 strong and S} \Slﬁtmng also appear in Biihlmann
& Mandozzi*°. Although we do not find a workaround to drop those conditions, we conjecture that

they are not essential for MDS to achieve FDR control.

Remark 1.5.4 In both moderate and high dimensions, DS and MDS are able to select all relevant
Seatures in S gyong with probability approaching one. Thus, an immediate lower bound of the power
5 1 strong /p1. See Dai et al. 38 [for more discussions on the power guarantees of DS, MDS (for linear

models) and Knockoff.
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1.6 NUMERICAL ILLUSTRATIONS

Recall that the abbreviations DS, MDS, BHq, GM, and Knockoff refer to the single data-splitting
method, the multiple data-splitting method, the Benjamini-Hochberg procedure, the Gaussian mir-
ror method, and the model-X knockoff filter, respectively. For DS, we construct the mirror statistic
by (1.2) with A{#, v) = nv. For MDS, we replicate DS for so times and aggregate the results using
Algorithm 2. For Knockoft, we test out the following constructions and report the best results: (1)
the second-order construction, including the egui-correlated construction and the asdp* construc-
tion; (2) the minimizing reconstructability construction '*?, including the minimum variance-based
reconstructability (MVR) construction and the maximum entropy (ME) construction. We assume
that the covariance matrix of the features is unknown, and examine two estimators including the
Ledoit—Wolf estimator (the python package kzockpy) and a James-Stein-type shrinkage estimator
(the R package knockoff). The computational costs of different procedures are summarized in Table
B.3 in Supplementary Materials.

For all the synthetic examples, we set |{8;| the same across the relevant features j € Sj and ran-
domly generate their signs with equal probability. The elements of S; are randomly drawn from
{1,..., p}. With a bit abuse of terminology, we refer to \ﬂj*| forj € S as the signal strength. The
designated FDR control level is set to be g = 0.1 henceforth. Each dot in the figures represents the

average from so independent runs.

1.6.1 THE MODERATE-DIMENSIONAL SETTING

LOGISTIC REGRESSION

We consider two moderate-dimensional settings for logistic regressions. The first one is the classical

small-z-and-p setting, with sample size = 500, dimension p = 60, and the dimension-to-sample-

*asdp refers to approximate semidefinite program.

34



size ratio x = p/n = 0.12. The second one concerns with the large-z-and-p setting, with » = 3000,
p = 500,and ¥ = 1/6. The number of the relevant features p; is 30 and 5o in the small-z-and-p
and the large-z-and-p settings, respectively. In both settings, we consider six competing methods
based on the MLE, including DS, MDS, GM, BHq along with its adjusted version ABHg, and
Knockoft. The implementation details of DS and GM are given in Algorithms 3 and 4, respectively.
BHq uses the classical p-values calculated via the Fisher information, whereas ABH(q is based upon
the adjusted p-values derived recently by '*3.

Each row of the design matrix is independently drawn from N(0, Z) with a Toeplitz correlation
structure, i.e., X; = #7=71, The variance of each feature is then standardized to be 1 /n. We consider
the scenarios with different correlations 7 and signal strengths. The detailed simulation settings can
be found in the captions of Figures 1.2 and 1.3. We report additional results for different types of
covariance matrix X in Section B.1.1 of Supplementary Materials, including the case where features
have constant pairwise (partial) correlation.

Logistic (n = 500, p = 60) Logistic (n = 500, p = 60)

0.10 0.10
1% * a [ 4 =
somi Por Pl g b
o * o i d x
0.03- 0.03- %
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[] [ e DS e DS
060t * X = 4 wmps 0.60- . 4 * wos
« ! = BHq A = BHq
5 - A ABHq 5 1 ABHq
£ 0.40- r . GM £ 0.40- 1 . GM
S % S A *
o . * Knockoff 0O- : *  Knockoff
* £
. ® 2
0.20- * 0.2012 %
*
00 01 02 03 04 45 50 55 6.0 65
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Figure 1.2: Empirical FDRs and powers for logistic regressions in the small-z-and-p setting. In the left panel, we fix the
signal strength at |‘BJ*| = 6.5 forj € S; and vary the correlation 7. In the right panel, we fix the correlation at 7 = 0.2
and vary the signal strength. The number of the relevant features is p; = 30 across all settings. Knockoff features are
created using the minimum variance-based reconstructability (MVR) construction.
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Empirical FDRs and powers of different methods under the small-z-and-p setting are summa-
rized in Figure 1.2. The FDRs of all the six competing methods are under control across all settings.
In terms of the power, BHq performs the best in all cases and MDS performs the second best. We
see that ABHq is less powerful than BHq, indicating that the asymptotics for the p-value adjust-
ment has not kicked in when 7 and p are small. Except for MDS, all the perturbation-based meth-
ods, such as DS, GM and Knockoff, are not as powerful as the p-value-based methods. A possible
reason is that when 7 and p are small, perturbations employed in these methods may have diluted
the signal too much. More interestingly, however, MDS gains back almost all the lost power due to
sample splitting without sacrificing FDR control.

Results under the large-z-and-p setting are summarized in Figure 1.3. We see that BHq loses
FDR control because the classical p-value under the null, calculated via the Fisher information, is
non-uniform and skew to the left. In contrast, ABHq still controls the FDR well and enjoys the
highest power, verifying the asymptotics of the MLE derived in Sur & Candes '**. MDS and GM
also perform competitively and have a slightly lower power than ABHq. In particular, GM shows

much improved performances compared with the small #z-and-p setting.

NEGATIVE BINOMIAL REGRESSION

We consider a negative binomial regression model with the dispersion parameter set to be 2, i.e., the
target number of successful trials is 2. We set sample size z = 3000 and dimension p = 500, re-
sulting in a dimension-to-sample-size ratio of ¥ = 1/6. We simulate the design matrix as described
in Section 1.6.1, and test out the scenarios with different correlations 7 and signal strengths. The
detailed simulation settings can be found in the caption of Figure 1.4. The number of the relevant
features is p; = S0 across all settings. In Section B.1.2 of Supplementary Materials, we report addi-
tional results for the case where features have constant pairwise correlation.

We consider five competing methods based on the MLE, including DS, MDS, BHq, GM and
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Figure 1.3: Empirical FDRs and powers for logistic regressions in the large-7-and-p setting. In the left panel, we fix the
signal strength at |‘BJ*| = 1l forj € S and vary the correlation 7. In the right panel, we fix the correlation at » = 0.2
and vary the signal strength. The number of the relevant features is p; = S0 across all settings. Knockoff features are
created using the minimum variance-based reconstructability (MVR) construction.

Knockoft. The implementation details of DS and GM are given in Algorithms 3 and 4, respectively.
BHq is based upon the classical p-values calculated via the Fisher information, which is known to be
incorrect**. However, to the best of our knowledge, the exact asymptotic distribution of the MLE
has not been derived and no proper adjustment exists.

The empirical FDRs and powers of different methods are summarized in Figure 1.4. We sce that
BHq is the only method losing FDR control because of the non-uniformity (skew to the left) of
the p-values under the null. We also tested using the debiased LASSO method to get p-values for
BHq and FDRs were still out of control (see Figure B.7 in Supplementary Materials). Among the
methods with FDR control, GM and MDS consistently perform the best over different levels of
correlation and signal strength. MDS has a slightly lower power but also a lower FDR compared
with GM, and is significantly better than DS in the sense that it simultaneously reduces the FDR
and boosts the power. Knockoft has the lowest power among all competing methods for the same

reason as discussed in Section 1.6.1.
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Figure 1.4: Empirical FDRs and powers for negative binomial regressions. In the left panel, we fix the signal strength at
|[8JJ.‘\ =6 forj € S1 and vary the correlation 7. In the right panel, we fix the correlation at » = 0.3 and vary the signal
strength. The number of the relevant features is p; = S0 across all setting. Knockoff features are created using the
minimum variance-based reconstructability (MVR) construction.

1.6.2 THE HIGH-DIMENSIONAL SETTING
LOGISTIC REGRESSION

We consider a case with sample size z=800 and dimension p=2,000. Each row of the design matrix is

18 weletX =

independently drawn from N(0, X). Following a similar setup as in Rong Ma & Li
0.1 x Xp, where Xp is blockwise diagonal consisting of ten identical unit-diagonal Toeplitz matrices
with the correlation factor 7=0.3. In Section B.2 of Supplementary Materials, we give more details
about the simulation setup and report additional results for 7=o.1. Scenarios with different sparsity
levels p; and signal strengths are examined, for which details can be found in the caption of Figure
1.5. We consider four competing methods, including DS, MDS, Knockoft, and the BHq procedure
in Rong Ma & Li"*®. DS and MDS use the debiased Lasso estimator, with implementation details

given in Algorithm 6. For Knockoft, we empirically found that the equi-correlated construction of

knockoft features yields the highest power.
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Figure 1.5: Empirical FDRs and powers for logistic regressions. Left panel: the signal strength is fixed at \ﬂ;|=4 for

jE S1, and the number of the relevant features py (i.e., sparsity) varies. Right panel: py is fixed at 60 and the signal
strength varies. Knockoff features are created using the equi-correlated construction.

The empirical FDRs and powers of different methods are summarized in Figure 1.5. We see that
all methods control the FDR successfully. In terms of the power, MDS is the leading method across
difterent levels of sparsity and signal strength, and has a significantly higher power than DS. Even
DS appears to be more powerful than BHg, suggesting that the p-values constructed following
Rong Ma & Li '™ can be highly non-informative (skew to the right) in finite-sample cases. Knock-
off performs competitively when the signal is sparse, but can potentially suffer when p; becomes

larger.

POISSON REGRESSION

We consider a case with sample size z=800 and dimension p=1,600. In Section B.2.2 of Supplemen-
tary Materials, we report additional results for various values of p. Similar as described in Section
1.6.2, each row of the design matrix is independently drawn from a (|x] 8*| < 4)-truncated multi-
variate normal distribution, with covariance matrix ¥ = 0.01 x X, where X is blockwise diagonal

consisting of eight identical unit-diagonal matrices, of which all the oft-diagonal entries are set to be
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7. We consider the scenarios with different correlation factors 7 and signal strengths (see the caption
of Figure 1.6). Methods DS, MDS, and Knockoft are examined. To the best of our knowledge, there
is no available BHq procedure for high-dimensional Poisson regression. We follow Algorithm 6 to

implement DS and MDS, and use the equi-correlated construction to create knockoff features.
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Figure 1.6: Empirical FDRs and powers for Poisson regressions. Left panel: the signal strength is fixed at |[8; \ =2 for
JE 51 and the correlation factor 7 varies. Right panel: the correlation factor is fixed at 7 =0.5 and the sighal strength
varies. The number of the relevant features is p;=50.

The empirical FDRs and powers of different methods are summarized in Figure 1.6. All the three
competing methods have FDR under control across all settings. In terms of the power, Knockoft
achieves the highest power when the correlation among features is small. However, the power of
Knockoft decreases rapidly when the correlation becomes larger and can be much lower compared
with MDS. Besides, we see that MDS significantly boosts the performance of DS by simultaneously

reducing the FDR and increasing the power.

1.6.3 REAL DATA APPLICATION

Compared with traditional bulk RNA sequencing technologies, single-cell RNA sequencing (scR-

NAseq) allows researchers to examine the sequence information of each individual cell, thus promises
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to advance research in cancer genomics and metagenomics. In this section, we consider selecting the
relevant genes with respect to the glucocorticoid response in a human breast cancer cell line, us-

ing the scRNAseq data in Hoffman et al.>7. A total of 400 T47D A1-2 human breast cancer cells
were treated with 100 nM synthetic glucocorticoid dexamethasone (Dex) at 1h, 2h, 4h, 8h, and 18h
timestamps. An scRNASeq experiment was performed at each timestamp, resulting in a total of
2,000 samples of gene expressions for the treatment group. For the control group, there are 400
vehicle-treated control cells. An scRNAseq experiment was performed at the 18h timestamp to ob-
tain the corresponding profile of gene expressions. After proper normalization, the final scRNAseq
data® contains 2,400 samples, each with 32,049 gene expressions. To further reduce the dimension-
ality, we first screen out the genes detected in fewer than 10% of cells, and then pick up the top 500
most variable genes following Hoffman et al. 57.

We consider a logistic regression model with » = 2,400 andp = 500. Since the MLE does
not exist uniquely on this data, we cannot use the method in Sur & Candes '** to obtain p-values.
Instead, we apply DS outlined in Algorithm 6 using the debiased Lasso estimator. As sample size 7
is larger than dimension p, we directly estimate the precision matrix © (see Equation (1.18) and the
discussion therein) by inverting the sample Hessian matrix 5. We then replicate DS for soo times
and aggregate the results using the MDS procedure outlined in Algorithm 2. Table 1.1 summarizes
the selected genes by MDS, BHq "%, Knockoff, and three de-randomized KnockofF procedures.
BHq only selects 1 gene, RPL1o, which is also selected by MDS.

We run Knockoff for soo times and report the genes whose selection frequencies are above o.5s.
The set of the selected genes appears unstable. Specifically, the highest selection frequency is only
0.75, and the size of the selection set ranges from o to 53 with a mean of 16 (see Figure B.12 in
Supplementary Materials). As shown in Table 1.1, there are 17 genes whose selection frequency

by Knockoft is above 0.5, among which 14 are also selected by MDS. We also found that Knockoft

$The data is available at https: //www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE141834.
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does not select any genes for approximately 20% of the soo runs. Further, FDR control is no longer
guaranteed for the aggregated list of the genes selected by multiple Knockoft runs.
To stabilize Knockoff, we test out three de-randomized Knockoft procedures proposed in the

following papers.

1. Zhimei Ren & Candes '®. The method repeats the base procedure v-Knockoff®+ and con-
trols the & family-wise error rate, i.e., the number of the false discoveries, rather than the
FDR. Table 1.1 lists the selected genes with £ € {1, 2,3}. Compared to the selection results
of MDS, the set of the selected genes with £ = 2 are similar, while the selection results with

k = 1and k = 3 are more and less conservative, respectively.

2. Nguyen et al. *°*. Based on “intermediate p-values”, the method summarizes the selection
results of multiple Knockoft runs using quantile aggregation®”. As shown in Table 1.1, it

selects 15 genes, among which 14 are also selected by MDS.

3. Gimenez & Zou ’*. The method simultaneously samples two knockoff copies in the base
Knockoff procedure in order to stabilize the selection result. We independently repeat the
procedure for soo times and report the selection frequency of each gene. As shown in Table
1.1, there is only 1 gene with selection frequency above 0.5, and only 4 genes with selection
frequency above 0.3. The selection result becomes more conservative when we further in-

crease the number of knockoff copies.

The existing literature confirms interactions between the glucocorticoid receptor (GR) and a
majority of the genes selected by MDS. A summary of the references associated with the selected
genes are given in Table 1.2, and we highlight some of the supporting evidences in Section B.3 of
Supplementary Materials. Curiously, we do not find any relevant literature documenting how GR

may interact with genes LYGE and BLOC1S1, which have been consistently selected by most of the
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. Renetal.

Gene MDS Knockoff Nguyenetal. Gimenezand Zou b1 k=2 k=3
NFKBIA v 0.75 v 0.59 v v v
HSPB1 v 0.71 v v v v
LYGE v 0.66 v 0.41 v v v
BLOC1S1 v 0.65 v 0.34 v v
IGFBP4 v 0.64 v v v v
ATF4 v 0.64 v v v
SERPINAG v 0.63 v v v
RPLi1o v 0.61 v v v v
DDIT4 v 0.60 v v v
EEF1A1 v 0.59 v v v v
SEMA3C v 0.58 v v v
EIF4EBP1 v 0.57 v v v v
FKBPs v 0.54 v v v v
NUPR1 v 0.51 v v
DSCAM-AS1 v v v v
BCL6 v v v
HSPAIA v

KRT19 0.52 v v v
MSX2 0.51 0.40 v v
S100A11 0.50 v v
RPLPoP6 v
UHMKI1 v

Table 1.1: Genes selected by MDS, Knockoff and de-randomized Knockoff procedures °>°#1¢?  For Knockoff and the
method in Gimenez & Zou >*, we report the genes with selection frequencies above 0.5 and 0.3 among 500 indepen-
dent runs, respectively. For MDS and the methods in Nguyen et al. 1°% and Zhimei Ren & Candeés 7, we repeat the
corresponding base procedure for 50 times and aggregate the selection results. The de-randomized Knockoff procedure
in Zhimei Ren & Candés *° controls the & family-wise error rate, and we report the selection results for £ € {1, 2, 3}.
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Gene

Reference

NFKBIA

Auphan etal.?, Deroo & Archer #'

HSPB1

Barr & Dokas?, Tuckermann et al. '3?

LY6E

BLOC1S1

IGFBD4

Cheung etal. ', Okazaki et al. 196 "Conover et al. 3

ATF4

Adams?>

SERPINA6

GeneCards-SERPINAG, Zhou et al. '7°

RPL1o

Zorzatto et al. 17"

DDIT4

Wang et al. '#5, Boldizsir et al. '”, Wolff et al. '*

EEF1A1

NCBI-EEF1AT®

SEMA;3C

Williamson et al. *5*

EIF4EBD1

Watson et al. '4°

FKBPg

AGCOH-FKBPs, Nair et al. **

NUPR 1

Wikigenes-NUPR 1, Mukaida et al. *?

DSCAM-AS1

Zhao et al. **7, Chen & Caij *°

BCL6

Goodman et al. 55

HSPAIA

NCBI-Gene, Kirschke et al. *°

KRT19

Romanod et al. ''7

MSX2

Jaskoll et al. 5

S100AII

RPLPoP6

UHMK1

Table 1.2: The references in support of the selected genes. There are five genes that we do not find direct supporting
evidence in the existing literature for their interactions with the glucocorticoid receptor (GR), which might be of interest
for further investigations. The red hyperlinks point to the documented information of the corresponding genes in some
widely referred databases including GeneCards, Strings, Wikigenes, the National Center for Biotechnology Information

(NCBI), and Atlas of Genetics and Cytogenetics in Oncology and Harmatology (AGCOH).

tested methods and can be of interest for further investigations. Figure B.11 in Supplementary Ma-
terials demonstrates the sharp difference in the gene expression distributions between the treatment

group and the control group for four genes: NFKBIA, EEF1Ar, FKBPs and RPL1o, all of which

are selected by MDS and having a Knockoff selection frequency above o.s.

44




1.7 CONCLUSION

We have described a general framework for feature selection in GLMs with FDR asymptot-
ically under control. In particular, we detail the constructions of the mirror statistic under
two asymptotic regimes, i.e., the moderate-dimensional setting (p/7 — x € (0,1)) and the
high-dimensional setting (p > 7). Compared to BHq, the proposed methodology enjoys
a wider applicability and improved robustness due to its scale-free property. Compared to
Knockoft, it does not require the knowledge of the joint distribution of features and is less
affected by the correlations among features.

We conclude by pointing out several directions for future work. First, it is of immediate
interest to generalize the proposed methods to handle cases where subsets of explanatory
features exhibit group structures. Second, we would like to investigate the applicability of
our FDR control framework to dependent observations (e.g., stationary time series data).
These two types of data structures appear a lot in practice including genetic studies and fi-
nancial engineering. Third, moving beyond parametric models, we can consider the FDR
control problem in semi-parametric single-index models, in which the link function be-

comes unknown.
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Rejoinder: A Scale-free Approach for FDR

Control in Generalized Linear Models

ConNTRIBUTION This chapter is based on the rejoinder*® published in Journal of American

Statistical Association jointly with Prof. Jun S. Liu, Chenguang Dai, and Xin Xing.
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2.1 INTRODUCTION

After our paper*® has been accepted by Journal of American Statistical Association, Prof.
Ian McKeague, Prof. Jane-Ling Wang, and Prof. Marina Vannucci (three co-Editors of
JASA Theory&Methods) invite our paper to be presented at Joint Statistical Meeting 2023,
with discussion. Eventually, we received six discussions and this chapter is based on the
rejoinder*” to all the discussions.

There are many exciting new ideas proposed by the discussants that are worthy of fur-
ther investigation. Gerda Claeskens & Zhou*’ raised important questions regarding the
ultra-sparse setting and the impact of tuning parameter choices; Janson % pointed out the
two-stage formulation in Li & Fithian *® and possible extensions of DS; Law & Bithlmann 3
provided detailed power calculations for GM and DS; Sai Li & Zhang '** outlined numer-
ous novel findings (e.g., scale-free FDR control, fastMDS etc.); Xia & Cai *** illustrated
better ways of adjusting the BHq procedure and the bias-variance tradeoff; Zhang & Ma 'S
pointed out a possible way of improving DS by combining with factor-adjusted techniques
and suggested future researches for regression with hierarchically-structured predictors; and
both Zhang & Ma'** and Xia & Cai'** pointed out a potential connection between MDS
and e-value based approaches.

In this rejoinder, due to the space limit, we are only able to highlight some comments
raised by the discussants and provide some analyses in response to a few of their sugges-
tions. In Section 2.2, we reformulate DS into a two-stage algorithm and discuss new po-
tentials to construct mirror statistics. In Section 2.3, we connect the MDS procedure with

e-value and propose a new algorithm to derandomize DS. In Section 2.4, we compare the
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ranking qualities of different FDR control procedures and thus provide a way to theoret-
ically compare their powers. In Section 2.5, we discuss possible improvements and future

research directions.

2.2 REFORMULATION TO FACILITATE USE OF PRIOR INFORMATION

2.2.1 A UNIFIED FRAMEWORK FOR KNOCKOFF AND DS

A common feature of Knockoff, DS, and GM is that they construct test statistics by con-
trasting two important measures of each feature. We here revisit the contrasting formula-
tion from a conditional inference point of view to gain some new insights.

Li & Fithian *® showed that Knockoff can be recast as a conditional inference procedure

on a “whitened” estimator. Inspired by Janson

3’s comment, we present a similar refor-
mulation. This formulation not only brings together DS and Knockoft within a unified
framework but also sheds light on how to construct more powerful mirror statistics. It fur-
ther complements the algebraic equivalence between Knockoft and DS as pointed out by
Sai Li & Zhang "*'.

Under the regression setting with p features, and more generally, we consider p hypothe-
ses H;,j € [p], each associated with the null B; = 0. Suppose we have two independent

estimates ‘8]( ) and (8]( ) for coeflicient ﬂj, of which ‘8]( ) follows a normal distribution cen-

tered at {Bj. DS can be viewed as a special case of the following two-stage algorithm.

Stage 1. We accomplish the following two tasks with only access to 2(1)’ \(/8\(2) |, and domain
knowledge or information from independent data sources: (a) order the p hypothe-

ses, H(1), - - . , H(y), so that the front ones are more likely rejected; and (b) make a
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guess ¥, on the sign of 8, where ¢, = 1 corresponds to ; > 0 and —1, otherwise.

Stage 2. We verify the consistency of our guesses by comparing v, with sign@z)). For each
k, we reject those hypotheses among Hyyy, . . . , H(;—y) with sign(;é;)) = 1/(/.). We

estimate the FDP of this rejection set as:

~(2)
1+, sign(B,,) # ¥,
EDP, — > ik 1(sig (/8()) V())

o) : (2.1)
> ik l(sign(ﬂ(l,) )= %(l‘)) Vi1

The procedure ends by ﬁndingé = arg max; {FDP; < g}.

To show that DS is a special case of the above two-stage algorithm, we set ;kj = sign(;g\j(.l))

and sort the hypotheses based on [A4}] in the decreasing order. Recall the mirror statistics:
7 O N ) NPV O e~ )
M= sign (@ )sign @A L B, (22)

in which f{#, v) is non-negative, symmetric about # and v, and monotonically increasing in

both # and v. For each k&, we have:

.2
1+ Zz’<k1(51gn(18(i)) 7é %(Z')) . 1+ Z;’<k1(M(i) < O) - 1+ Zj 1(114] < —|M(/€)D
N E) S I(Mpy >0V S I(M > (M) vl
Zz‘</e1(81gn(18(i)) = w(i)) V1 ZKk ( () = ) Z] ( j = | (k)|)
(2.3)

where the last equality holds because the order of the hypotheses is given by |A4;]. Note

FDP, =

that the key step in Algorithm 1 in Dai et al. *° is to find the smallest # > 0, denoted as 7,

such that
by = M=) (2.9
2 1M; > V1
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We then reject all the hypotheses with A4; > z,. This is equivalent to Stage 2 since the value
of F/D\P(t) only changes when ¢ crosses some |A1].
We should emphasize that sign(ﬁ/@) can not be used at Stage 1. Specifically, the validity

of the two-stage algorithm relies on the following approximation:

Z (mgn(ﬂ 0 ) # Yy Hp isnull) = Z (mgn(ﬂ 0 ) (9> H(p is null). (2-5)

i<k i<k

The above equation holds since sign(ﬁg‘))) has equal probability of being +1 under the null
and is independent of the ordering of the hypotheses and the choice of ;k]

2.2.2 PRIOR-ASSISTED DS

The flexible two-stage formulation of DS enables us to incorporate prior information into
the procedure. For example, in genetic studies, we may have domain knowledge and other
independent data showing that certain genetic variations are more likely associated with a
given disease. To illustrate this, we consider the following toy example.

Assume that @.1) and:é](, independently follow NQ@ 1), where ﬂ \/W forj € S,
with J controlling the signal-to-noise ratio. Suppose we know that all the ﬂj’s are all non-

negative. We consider the following three mirror statistics:

M; = sign(@,)sign(3)(B.1 + 8.
M, = sign(/?@))(@‘”r +187D, (2.6)
oty = sign(B )@ + 187,

From the two-stage perspective, we can carefully specify ;k] and order the hypotheses using
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Figure 2.1: Empirical FDRs, powers (left figure) and ROC curve (right figure) for the Normal mean model. We set the
number of features p = 800 and the number of relevant features p; = 160. We vary the signal strength from 0.2 to
1.0. Each dot and each line represent the average from 500 independent runs.

~(1
the prior information that 8’s are non-negative. While A4, sets y, = sign(l@; )) without
considering any prior information, ]% and]/l;[j set their ;ﬁj = 1 to be consistent with the

~(1 ~2 ~

prior. As for ordering the hypotheses, |{@J( : + |ﬂj( )| | used in A is a better ranking than
~(1 ~(2 ~ ~(1
|(@]( )| + ]ﬂ; )| used in M; and M;. Indeed, if we know 8, > 0 and see that [8]( ' < 0, we
should downgrade the priority of H,.

We set the number of features asp = 800, of which p; = 160 are relevant features.
We replicate DS 500 times, and the results of the FDR, power, and ROC curve are shown
in Figure 2.1. Empirically, all three mirror statistics control FDR across all settings, with
]/I>Ij enjoying the best ROC curve and the highest power, indicating that a better choice
of ¢, and a carefully-designed ordering strategy can both boost the power. This example
demonstrates that given prior information, there could be better choices of mirror statistics
than the form of A4; in (2.6), which was proven to be optimal in a general prior-free setting

(see Proposition 2.1 in Dai et al. **).
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Note that]llj may still be sub-optimal mirror statistics in this case. It is an interesting
challenge for the researchers to figure out how to systematically and optimally incorporate

prior information in DS and other FDR control methods to improve their powers.

2.3 CONNECTIONS TO E-VALUE

2.3.1 DERANDOMIZE DS VIA E-VALUE

As pointed out in the discussions of Xia & Cai "** and Zhang & Ma 165 the e-BH proce-
dure ' has received much attention recently as an alternative to p-value based FDR control
methods. Ren & Barber ¢ and Xia & Cai '5* show that both Knockoff and DS can be for-
mulated as an e-BH procedure. This leads to a difterent way of derandomizing DS using
e-values than MDS.

Let ]VI]@ denote the mirror statistic of feature X; in the -th data split, £ € [m]. Define

k
~ 1M > 21)
G =P v ® ®
14+ (M7 < —2)

: (2.7)

in which 7 is the threshold defined in Algorithm 1 in Dai et al. *°. Note that FDR control
of the e-BH procedure outlined in the Algorithm 7 below holds for any « > 0, although

116

this parameter can potentially affect power. Ren & Barber "¢ suggested 2 = ¢/2, and
pointed out that & should be smaller than g when 7 > 1; otherwise, the e-BH procedure
may have zero power. In practice, without losing asymptotic FDR control, we may try mul-

tiple choices of # < 1 and choose the one that yields the largest selection set.

Theorem 2.3.1 Under Assumptions 3.1 and 4.1 in Dai et al.** for the moderate-dimensional
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Algorithm 7 Derandomize DS: an e-BH procedure.

1. Calculate the average e-values: ¢; = > /" | ej(k) /m, j € [pl.
2. Sort the average e-values: ¢y > e) > ... > €(p)-

3. Given a designated FDR levelg € (0,1), find the largest ¢ € [p] such thate(y
r/(tq).

4. Select the features S = Ve >p/Ug)}.

v

and the high-dimensional regime, respectively, the e-BH procedure in Algorithm 7 asymptoti-

cally controls FDR at any designated level g € (0,1).

The proof of Theorem 2.3.1 is very similar to that of Theorem 3 in Ren & Barber"*®. The

key is to establish

k
Y e, 1M > 20)

k k
Vjes 1M < =)

<1+o0(1)

for Voo > 0, which, as shown in Remark 3.4 in Dai et al. #°, is also crucial for justifying the

DS procedure, and relies on certain assumptions on the covariance matrix of the features.
2.3.2 COMPARISON WITH MDS
The inclusion rate and the e-value has the following relationship.

Theorem 2.3.2 Va > 0, assume MDS targets at the FDR level o and the e-value is defined

as in Equation (2.7), then the inclusion rate I; and the average e-value e; satisfy

:2* |\.§5'
1
—
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under Assumptions 3.1(2) or 4.1(3)(b) of Dai et al.** for moderate or high dimensions, respec-

tively.

Remark 2.3.1 Note that both the inclusion rate I; and the average e-value e; can be written

as

1 m

=" w1 > 0,

m

k=1
L Gy
in which the weight w; is
V4 V4
i 1w = 30O > A0 g ple =14 3 1M < =),

s=1 s=1

By the definition of 7, we have ae; > pl. Theorem 2.3.2 shows that this inequality in fact be-
comes an equality asp — o0. In fact, the above theorem holds true only if minge/,, S0 —

00, which can be guaranteed by Assumption 3.1(2) and Assumption 4.1(3 )(b) of Dai et al.*.

We shall emphasize that MDS and the e-BH procedure are still very different despite of
the nice coincidence in Theorem 2.3.2. For example, the connection between their selec-
tion rules remains unclear. We empirically compare the two procedures on a simple Nor-
mal means model. We set z = 500, p = 800, and sample X; from N(y]., 1) fori € [n],j €
2. We set 20% of #;s to be nonzero, and generate them from N(0, 2rlogp/n). ris re-
ferred to as the signal strength, and we test out scenarios with 7 varing from 0.2 to 1.8. The
mirror statistic for each . is

7

sign(X;" X)) (1K) + 1%7)),

J

where XJ(-I) and XJ(-Z) are the sample means on each half of the data. We also vary the des-
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ignated FDR control level 4 from 0.05 to 0.3. The simulation results are summarized in
Figure 2.2. Both methods control FDR well across most of the settings. MDS tends to have

a higher power when the signal is weak or the designated level ¢ is small.
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Figure 2.2: Empirical FDRs and powers for the Normal mean model. We set the number of samples # = 500 and the
number of features p = 800. We vary the signal strength from 0.2 to 1.8, and vary the designated FDR control level g
from 0.05 to 0.3. Each dot represents the average from 100 independent runs.

2.4 POWER ANALYSIS

Law & Bithlmann ** compared GM and DS for linear models in the moderate-dimensional
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regime where p/n — x € [0,1/2). We here extend their results to Knockoffs. Consider the

linear model:

y=XB" +e¢, (2.8)

in which X, ., is a random design matrix and ¢,,; ~ N(0,¢?7,). Let X be the Knockoff
features. Let = and =* denote the covariance matrices for X and [X, X], respectively. Theo-
rem 2.4.1 below summaries the variance calculations for the regression coefficient estimator
;éof different methods. Similar calculations also apply to generalized linear models (GLMs)

in the moderate-dimensional regime.

Theorem 2.4.1 Consider the linear model in (2.8) where the rows of X are i.i.d. samples
from N(0,%). Denote ® =37, @ = 3+ andrf =1/0y, a)jz =1/07%, j € [pl. When

n > 2p + 2, we have

~OLS ~KN ~GM ~GM ~DS ~DS§
Estimator Igj [Ej (ﬂj,l + (gj,z )/2 (ﬂj,l + /g]‘,z )/2
Varian 7 a a a
ariance
Tn—p-1) wjn—2p-1) gr—p-2) 7(n—2p-2)

OLS yields the lowest variance of E, which is free of additional noise (GM, Knockoff)
or sample splitting (DS). Besides, when p/n — «, the relative efficiency of GM, DS and

Knockoff against OLS are 1, (1 — 2x) /(1 — «), and (1 — 2x)w7) /((1 — x)7}), respectively,

i.e., OLS = GM > DS > Knockoff. The gap between GM and DS vanishes asx — 0,
and the gap between DS and Knockoft is large if a)f / 7]2 is small. Since X is a principal sub-

matrix of 2*, we have wjz < Tf, where the inequality is often strict. Specifically, 'Z'JZ and

wf are the conditional variances of X; given X_; and [X_;, X], respectively. Thus, wf = 7]2

onlyif X; L X | X;. If we use OLS to rank features, the optimal construction of X should
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be the one that maximizes wjz, i.e., the MVR-Knockoft procedure proposed in Spector &
Janson **?.

We consider a special case where X is block-wise diagonal. Each block is a 2 X 2 matrix, in
which the diagonal and the oft-diagonal elements are 1 and p, respectively. In this case, TJZ =
1 — p?andall a)]z’s are equal forj € [p]. We calculate the relative efficiency of the MVR-
Knockoft procedure against DS, i.e., a)f / TJZ», for p varying from 0 to 0.9. Table 2.1 shows

that the relative efficiency of MVR-Knockoffs decreases as the correlation p increases. This

is consistent with the patterns observed in Figures 2, 3, and 4 of Dai et al. *°.

P 00 ©0I 02 03 04 05 06 07 08 09
@

j‘?‘/rg 1.oo 0.99 0.97 0.93 0.89 0.85 0.82 078 o075 o072

7

Table 2.1: Relative efficiency of the MVR-Knockoff procedure against DS.

We end this section by clarifying the question raised by Gerda Claeskens & Zhou ** re-
garding the power of DS and MDS in ultra-sparse models. Specifically, they see a power de-
crease of general contrast-based methods outlined in Section 2 (e.g., DS/MDS/Knockoff)
when the model is ultra-sparse. For example, when the number of relevant features is only
5, if we setg = 0.1, the selection rule in (2.4) will make no rejections even when the signal-
to-noise ratio is arbitrarily high (because of “+1” in its numerator). This also explains why
the power gap between BHq and the contrast-based methods disappears when we set a

larger g.
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2.5  FUTURE DIRECTIONS

Motivated by the fascinating comments and analyses from our discussants, in this section,
we list some future directions that may enhance the performance and broaden the applica-
bility of DS and other FDR-control methods.

A number of discussants have suggested alternative approaches to DS. Janson ©* high-
lighted the post-selection literature, which provides a novel approach for obtaining two
independent estimators by introducing additional randomness to the response variable.

I10

Rasines & Young *° showed that this approach allows for a higher selection and inferen-
tial power than DS. Sai Li & Zhang'*' proposed a “mirror-statistic-free” method, which
relies on well-designed #-statistics and is also free of estimating the variance factor. Their
simulation showed that the proposed ,,-BH method achieved a comparable or even higher
power compared to DS. However, their approach still faces challenges of instability and po-
tential power loss associated with data splitting, and the MDS framework may help resolve
these issues. Xia & Cai*’* corrected the BHq procedure proposed in Rong Ma & Li***

by adopting the variance estimator adjustment from Liu et al. °', which can be a subject of
independent investigation.

Law & Bithlmann** proposed a high dimensional GM approach for linear models and
demonstrated encouraging results in simulation studies. However, their method is com-
putationally demanding, which requires a total of p2 Lasso fittings. The fast data-splitting
technique proposed by Sai Li & Zhang '** offers potential solutions to speed up GM in

high dimensions. Furthermore, extending the methodology to high-dimensional GLMs

presents an intriguing avenue for future explorations.
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Gerda Claeskens & Zhou ** raised an important point regarding the choice and the im-
pact of the hyper-parameters in our and other related FDR control methods. Theoretically
speaking, the hyper-parameters should be specified so that the sure screening property*®
or the asymptotic normality ** holds. It is important to investigate the robustness of our
method with respect to different choices of hyper-parameters and examine how they affect
the performance of the approach.

It is of great value to generalize the DS framework to more structured and non-linear
problems. Zhang & Ma ' pointed out some promising applications of our method, e.g.,
high dimensional interaction analysis and collective analysis of data from multiple resources.

For non-linear problems, Zhao & Xing '**

combines the DS procedure with sliced inverse
regression to control the FDR without assuming any conditional distribution of the re-
sponse. Exploring group feature selection and investigating additional applications in addi-
tive models could also yield fruitful insights.

Our rejoinder aims to stimulate further explorations in combining classic data-splitting
approaches with FDR control. The discussions so far have highlighted several promising
directions for future research. We would like to express our sincere gratitude once again to

the discussants and editors for providing us with this invaluable opportunity to engage in

this meaningful and insightful intellectual exchange.
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Power Analysis of Data Splitting and Other
Related Methods for FDR Control

ConNTRIBUTION This chapter is based on the joint work with Prof. Jun S. Liu and Prof.

Zheng Tracy Ke.
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3.1 ABSTRACT

Recently, there has been significant interest among researchers in false discovery rate (FDR)
control methods. This paper presents power analysis for three representative FDR control
methods: the model-X knockoft, Gaussian mirror, and data splitting. For each method, we
investigate convergence rates of both type-I and type-II errors. Our analysis is conducted

in high-dimensional settings and considers a general correlation structure for the design
matrix. Our results highlight a crucial correlation caveat in FDR control: when the design
matrix exhibits a complex correlation structure, achieving valid FDR control may necessi-

tate sacrificing statistical power.

3.2 INTRODUCTION

Reproducibility and replicability of scientific discoveries have garnered significant atten-
tion. FDR control'* is a statistical procedure designed to control the fraction of false dis-
coveries in multiple testing and feature selection tasks. We focus here on FDR control in a
linear regression model. Let X = [X;, X5, ..., X,]" € R"*? denote the design matrix, and

let y € R” be the response vector. We assume the following model:

y=XB+z, )Q%N(O,Z), z ~ N(0,5°1,). (3.1)
Here 8 € R? is a sparse coefficient vector and X € R?*7 is the covariance matrix of p vari-
ables. Let S denote the support of 8, where each variable j € S'is called a “signal” variable.
Given any S, an estimate of S, define FDR (§) = E [|3’ ns)/av |3’|)} . The goal of an

FDR control method is to obtain a proper 8 such that FDR(S) < ¢, for a pre-specified
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level g € (0,1). The main purpose of this work is to analyze the rates of convergence of the
numbers of false positives and false negatives for a few representative FDR control meth-
ods recently proposed. Specifically, we will characterize these rates as explicit functions of
the signal sparsity, individual signal strength, covariance matrix of X, and threshold on the
variable importance metrics. These results provide a picture of the receiver operating char-
acteristic (ROC) curve and can be used to understand how the power changes with the
targeted FDR level.

There have been numerous results about the power of FDR control methods. For ex-
ample, assuming that the individual signal strength is sufficiently large, Fan et al. #* and Dai
etal.’* showed, respectively, that the knockoff method”** and the data splitting method
achieve full power asymptotically. In a regime where 7 and |||y are constant fractions of
p and the individual signal strength is small, several papers developed approximate message
passing (AMP) theory to study the power of different FDR control methods, such as the
counting-knockoft with lasso statistics '+, the model-X knockoft with £,-regularized statis-
tics"5°, and the conditional randomization test'**. In a sparse regime where 7z and ||8||o are
powers of p and the individual signal strength is small, Ke et al. 7 compared the powers of
several versions of knockoff by deriving their variable selection phase diagrams. Some works
utilized power analysis to motivate new FDR control methods. For example, Liu & Rigol-
let”® proposed CI-knockoft to improve the power of SDP-knockoft, Spector & Janson '*?
proposed MVR-knockoff that maximizes the power when the least-squares estimator is
used and Spector & Fithian "** proposed optimal-power knockofF statistics by incorporat-
ing prior information.

In this paper, we impose a Rare/Weak signal model 7" on j, where ||8||o ~ p'~* for
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aconstant$ € (0,1). We allow 7 to be both smaller or larger than p, to cover both high-
and low-dimensional settings. We also allow for an arbitrary covariance matrix for X. Com-
pared with Fan et al. #* and Dai et al. **, we study a regime where signals are weaker. Com-
pared with the aforementioned AMP-based papers, we study a sparser setting where ||3||o/p
converges to zero rather than a constant; additionally, these papers assumed that X = 7,

in (3.1), but our framework can accommodate an arbitrary =. Compared with Ke et al.”®,
we consider a wider class of FDR control methods and allow for an arbitrary %, whereas
they focused on the knockoff method and considered only a special block-wise diagonal
covariance structure.

We consider three methods in this paper: the model-X knockoft*?, Gaussian mirror '3,
and data splitting *>****. Among these three methods, power analyses for Gaussian mirror
and data splitting have never been conducted in the weak-signal regime. Existing results
of these two methods are for the strong-signal regime '3**, where model selection consis-
tency is attainable. When signals are weak, we need to characterize the numbers of false
positives and false negatives more carefully, which requires case-by-case analysis for difter-
ent FDR control methods and various covariance structures. For example, analyzing data
splitting and Gaussian mirror requires new techniques beyond those in Jin et al. 7* for lasso
and those in Ke et al.7° for knockoff.

One application of our results is to study the effect of = on the power of FDR control
methods. The model-X knockoft, Gaussian mirror and data splitting all follow an idea first
introduced in Barber & Candes”: constructing surrogate variables to act as references for
the original variables. However, when the original variables are correlated, adding surrogate

variables to the model may yield power loss. We call it the correlation caveat of FDR con-

63



trol. This phenomenon has been observed by Ke et al. 7 when they compared the power of
different versions of knockoff. Our results provide a more complete picture. Additionally,
we find that certain ways of constructing surrogate variables can be more resistant to the
correlation caveat.

The rest of the paper proceeds as follows. Section 3.3 focuses on the data splitting method
as a core example and presents our results for this method. Section 3.4 extends the results to
two other methods, the model-X knockoft and Gaussian mirror. Section 3.5 applies the ob-
tained results to study the correlation caveat. Section 3.6 contains simulations, and Section
3.7 concludes with a short discussion. Proofs and additional discussions are provided in

Supplementary Materials.

3.3 THEORETICAL SETUPS AND THE ANALYSIS OF DATA SPLITTING

3.3.1 THE DATA SPLITTING METHOD FOR FDR coNTROL

The data splitting method starts by randomly splitting the 7z samples into two halves, (y1y, X))
and (y(2), X(2)). For each half of the samples, it runs a sparse regression method to obtain
an estimate of 4. Let [@(1) and {é(Z) denote the two estimates. We define the importance met-

ric, also called the mirror statistic, for variable 7 as
A D2) 1) ~(2)
M= sign(B" B 181+ 187). (32)

Given a target FDR level g € (0, 1), the selected set of variables is § = {j : M; > T(9)},

where

Ao My < —)+ 1
T(q)m1n{t>0. #U:]lj/fj>t}\/l Sq}. (3-3)
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In (3.3), #1{7 : W} > t} is the size of S,and #{; - W; < —t} estimates the number of false

positives. Therefore, T(q) is the smallest threshold such that the estimated FDR is below 4.

Remark 3.3.1 The mirror statistic M bas a more general form M; = sign {8 ﬂ )ﬂ ]/3 | ]ﬂ
where f{-, -) can be chosen as any nonnegative monotone function’®. As pointed out by Dai
et al.’* (and see Ke et al.”’ about a similar arqgument for the knockoff), the form in (3.2) is

favorable to power. Therefore, we opt to analyze this particular version.

This method runs a sparse regression on each half of samples. We consider two choices:
~ols
When p < 7/2, Dai et al.*® used the ordinary least-squares (OLS), where 8 = (X'X)'X"y.
When p > /2, Dai et al. ** recommended using the debiased lasso ®*'+>'¢*. Given (y, X),
~lasso

let (8 be the classical lasso estimator, and let Q be an estimator of Q = X7 (see Algo-

rithm s for details of computing .(AZ) The debiased lasso estimator is

~d ~lasso -~ lasso

B=5"+n0X(y—XE (3-4)

For either OLS or debiased lasso, we run it on the two halves of samples separately to get

1@(1) and [é(z). We call the resulting methods DS-OLS and DS-debiased-lasso, respectively.
Compared with the model-X knockoff and Gaussian mirror (to be described in Section 3.4),
these methods construct their mirror statistics by splitting data into two halves rather

than by generating new feature variables”"%5. In this paper, we study powers of DS-OLS
and DS-debiased-lasso, as well as the model-X knockoff and Gaussian mirror, under a

Rare/Weak signal mode] 47",
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3.3.2 THE RARE/WEAK SIGNAL MODEL

The Rare/Weak model is a theoretical platform for studying the performance of a multiple
testing or variable selection method. Foranya € R, denote by v, the point mass at 4.

Givene, € (0,1) and 7, > 0, the Rare/Weak model imposes a prior on the entries of £ as:
iid .
[Bj ~ (I —¢)n + €V, 1<;<p. (3.5)

A method is evaluated by its average performance over the above generative model. We let

the fraction of signals & and the individual signal strength T be the following functions of

£ :p_s, T, = a'n_l/2\ /2rlog(p), (3.6)

where 3 € (0,1) and » > 0 are fixed constants, characterizing signal rarity and strength,

)4

respectively. Since 771/ \/@ is the minimax order of signal strength for successful vari-
able selection 5°, this is a weak-signal regime.

We shall study the power of FDR control methods under Models (3.1), (3.5), and (3.6).
The power varies with the target FDR level 4. Our plan is to characterize the receiver oper-
ating characteristic (ROC) curve. Towards this end, we switch from the data-driven thresh-

old in (3.3) to an arbitrary threshold, and let

Sw)={1<;<p: M; > t,(u)}, where  £,(z) = on 2\ [2ulog(p).  (3.7)

As u varies, the expected numbers of false positives and false negatives both change. Let S
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be the true support of 2 (i.e., the set of nonzero /Ej’s). Define
FP,(u) = E(ISm)\S]),  FN,(x) = E(|S\S(x)|), (3.8)

where the expectation is taken with respect to the randomness of both £ and y. In Sec-
tion 3.3.3, we will provide the rates of convergence for FP,(#) and FN, (), respectively,

as explicit functions of # and model parameters (7, 9, =, o%). This provides a complete pic-
ture of a method’s ROC curve. One way of “summarizing” the whole ROC curve is the

optimal Hamming error defined as follows, where we select the best # that minimizes the

sum of FP,(#) and FN,,().

Hammj = muin{Harnm],(u)}, where  Hamm, (%) := FP,(x) + FN,(x).  (3.9)

In presenting our results, we frequently need the following definition:

Definition 3.3.1 (Multi-log(p) term) Consider a sequence {a,}32,. If for any fixed 8 > 0,
ap’ — coandap™ — 0, wecall a, a multi-log(p) term and writea, = L, (L,isa
generic notion for all multi-log(p) terms). If there is a constant by € R such that a,p=" =
Ly, we write a, = Lppb‘), which means for any fixed d > 0, app_b(’” — 00 and app_bo_’; —

0.

To see why this notation is convenient, we consider P(V > #,(x)) for V' ~ N(0,n"'c?).
Using Mills’ ratio, this probability is ~ [47% log(p)]*/*p™*. Here u affects the probability
in two places, but its effect at p™* is dominating as p — 00. Using the above definition,

we can write P(V > #,(u)) = L,p~", which is convenient for presentation. This multi-
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log(p) notation is standard in theoretical works for Rare/Weak models’>**. Throughout

this paper, we define 24 := max{a, 0} forany 2 € R.

3.3.3 MAIN RESULTS FOR THE DATA SPLITTING METHOD

First, we consider the low-dimensional setting where p = o(z) and the [é(l) and (@(2) in (3.2)

are computed from OLS. The following theorem is proved in Supplementary Materials:

Theorem 3.3.1 (Data Splitting, low-dimensional case) Fix 3 € (0,1) and r > 0. Consider
the linear model in (3.1) where B satisfies Models (3.5)-(3.6). Suppose p = o(n) and C* <
Tmin(2) < oma(Z) < C, fora constant C > 0. Write Q = > and denote by Q; the jth

diagonal of Q. For the DS-OLS procedure, as p — oo,

’ ?
—07 B O min{(\/r— a2~
FP,(n) < L, E p EN,(x) < L,p 32 :P O min{(Vr= V)%, r/2}
=1 j=1

: 1 . . (1) ~(2) :
Next, we consider the high-dimensional setting where 8~ and 8 " in (3.2) are obtained
from the debiased lasso. The conclusions are similar, but we need a sparsity condition on

Q.

Theorem 3.3.2 (Data Splitting, bigh-dimensional case) Fix & € (0,1) and r > 0. Consider
the linear model in (3.1) where B satisfies Models (3.5)-(3.6). Suppose p >+ = o(\/n),
C' < 0in(2) < 0nx(Z) < G and maxi<j<, || Q. |lo = o(n/ log(p)), for constants e > 0

and C > 0. For the DS-debiased-lasso procedure, asp — oo,

? ?
FPy(n) <L,y p %", ENy(u) S Lp~® Y p % mod(Vmvii.o2y,
=1 j=1

68



The two theorems provide the following insights. First, the rates of convergence for
FP,(x) and FN,(«) depend on the sparsity parameter $, signal strength parameter 7, and
the diagonals of Q) (which are related to the Fisher information of estimating each indi-
vidual 8 ). Second, there is a clear trade-off between FP,(x) and FN,(#) as  varies, which
motivates us to focus on the best # which achieves the optimal Hamming error defined in
(3.9). The rate of the optimal Hamming error can be deduced easily from Theorems 3.3.1-

3.3.2. For illustration, we consider a special case where

lim max |Q; —w| =0, for a constantw > 0. (3.10)
P00 log(p) <j<p—log(p)

This is true when X is an identity matrix, or a Toeplitz matrix, or a blockwise diagonal ma-

trix (see Section 3.5). We introduce the following function of (4, 7, w):
(S rw)=1—3— (r— wd): /(4or). (3.11)

Corollary 3.3.1 In the settings of either Theorem 3.3.1 or Theorem 3.3.2, if (3.10) is satis-

fred, then we have Hamm; ps < Lyp™ (Brw),

Fixing the sparsity level 3, function 7. (3, 7, @) is monotonically decreasing in 7and w ™.
This implies that as the signal strength increases and the diagonals in Q become smaller,
the Hamming error becomes smaller. Let /2% = (2v/1 — 3 4+ 2 — $)w. When r > 7%,
Hamm; ;¢ — 0, which suggests that the data splitting method with the optimal threshold
can achieve model selection consistency. This can be regarded as a sharper version of the

“beta-min” condition in Fan et al. #* and Dai et al. ?*: while their condition is on the order

of signal strength, we assume that the signal strength is already at the minimax order and
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characterize the exact constant.

Remark 3.3.2 In Theorem 3.3.1, we assumep = o(n). If p/n — « fora constant x €
(0,1/2), the results for DS-OLS will be different from that stated in the theorem, and the
rates of convergence for FP,(u) and ¥N, () will depend on x. To see the reason, we consider
the OLS estimator, wberc‘(@ak ~ N(B,72(X'X)™"). If p = o(n), the jth diagonal of n(X'X) ™!
converges to Q. However, if p/n — «, then it converges to Q;/ (1 — «). The situation is even
worse for DS-OLS, because data splitting further doubles x to 2x. Fortunately, this is not an

issue for debiased lasso.

3.3.4 COMPARISON WITH THE PROTOTYPES

Ke et al.7® introduced the definition of a prototype for the fixed-design knockoff. We ex-
tend their definition to define the prototypes of the data splitting methods. For DS-OLS,
the prototype runs OLS using (y, X) and let A1, = |/%Ols\ For DS-debiased-lasso, the pro-
totype runs debiased lasso using (y, X) and let A1, = \(@Jd\ For these prototypes, we can
define S(x), FP, () and FN, () similarly as in Section 3.3.2. Since these prototypes use full
data for variable selection without bothering FDR control, we expect them to have better
power than the corresponding version of DS. Such a power difference reveals the price for

achieving FDR control.

Theorem 3.3.3 (Prototype of data splitting) We consider either the prototype of DS-OLS

in the setting of Theorem 3.3.1, or the prototype of DS-debiased-lasso in the setting of Theo-
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rem 3.3.2. Asp — o0,

? »
D0 < LY P £ Lt 3
j=1 j=1

Comparing the bounds here with those in Theorems 3.3.1-3.3.2, we observe that for
the same threshold #, FP, () has the same rate of convergence, but FN, () has a faster
rate. This suggests that there is indeed a price paid for achieving a valid FDR control. For-
tunately, such a difference has almost no impact on the optimal Hamming error, as sup-

ported by the following corollary:

Corollary 3.3.2 In the setting of Theorem 3.3.3, if (3.10) bolds, then Hamm; p,,,, < L,p™ Fr),

Comparing with Corollary 3.3.1, we have seen that these data splitting methods have the
same convergence rates for the Hamming error as their respective prototypes. This obser-
vation may elicit initial surprise, given that both (@(1) and ‘@(2) are computed using only half
of the samples, and the signal-to-noise ratio should decrease by a factor of 1/+/2. To under-
~(1)

stand what happens, we let ; = B](.l) + (éj@ andletR; = £

3 (@;2). The M;in (3.2) is

equivalent to
M; = sgn(|f] — [R;]) x max{|[{, |R;[}. (3.12)

We illustrate our point with the low-dimensional case of p = o(%). It can be shown that

~(m ~ols

181( ) 7 %Z_l)f(m)y(m), form € {1,2}. Thus,I; ~ %Z_IX’)/ = [Bj . Therefore, as long

as |I;] > |R;| with high probability (which is true when ‘8], is a signal), M has the same tail
~ols

behavior as |ﬂj |. This explains why there is no decrease in signal-to-noise ratio caused by

data splitting.
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Remark 3.3.3 Here we treat the debiased lasso as a prototype rather than an FDR control
method. In fact, when a2 is known, the debiased lasso can output an individual p-value for
each variable; and we can apply the Benjamini-Hochberg procedure on those p-values to control
FDR. However, in practice, o is usually unknown. Existing methods for estimating o such as
the scaled lasso'>* tend to over-estimate o>. This will make the null p-values skew to the right
and cause a significant power loss*’. In contrast, all the FDR control methods considered in

this paper do not require an estimate of .

3.4 PoOwWER ANALYSIS OF OTHER FDR CoNTROL METHODS

We extend the results in Section 3.3 to two other recent FDR control methods, the model-
X knockoff** and Gaussian mirror **°. Similarly as in Section 3.3.3, for each method, we
have a theorem for the low-dimensional case and a theorem for the high-dimensional case.
Due to the space constraint, we only present the theorems for high-dimensional settings

and relegate the theorems for low-dimensional settings to Supplementary Materials.

3.4.1 THE MODEL-X KNOCKOFF AND ITS POWER ANALYSIS

Ke et al.7° studied the fixed-design knockoff combined with lasso or OLS, under the Rare/Weak

model (3.5)-(3.6), with a primary interest in block-wise diagonal covariance structure. In
comparison, we consider here the model-X knockoff** with debiased lasso, and allow for a
much broader class of designs.

In the model-X knockoff, an augmented design X,,, = [X, X] is constructed. Given
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5 € R? such that 0 <5; < 1and diag(s) < 2%, the rows of X € R*¥?is sampled as follows:

- ) > — diag(s
rows of [X, X] il\izN(O >%8)  with X"8 = &) . (3.13)

> — diag(s) )y

When X is not known 4 priori, it can be replaced by an estimator %, e.g., sample covariance

. ~aug ) . .
matrix. Let§ ~ € R? be the debiased lasso estimator of regressing y on X,,g. Define

M =sen(|B| - B, o)) x max{|E°], 16,51}, 1</<p. (3.14)

Given a target FDR level g € (0,1), the selected set of variables is S = {; : ]l/[]l“f > T(q)},
where 7(q) is computed similarly as in (3.3) with 44, replaced by M.

Let S (), FP,(#) and FN,(#) be defined similarly as in Section 3.3.2, with A, replaced
by M}‘f. We aim to derive the rates of convergence for FP,(#) and FN,(«). Define

QU gm0 -G 0F Gas)

Theorem 3.4.1 (Model-X knockoff) Fix $ € (0,1) and r > 0. Consider the linear model
in (3.1) where f satisfies Models (3.5)-(3.6). Suppose p' > = o(y/n), C < Tmin (Zang) <
Tmax (Zaug) < G and max<j<, ||Q;l,1g||0 = o(n/ log(p)), for constants e > 0 and C > 0. As

p — o5

Vi Vi
—a — — ._ min r— (1 Ly/2
o =1
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Additionally, we can characterize the optimal Hamming error in the special case where

lim max |Q?lg —al =0, for a constant > 0. (3.16)
P log(p)<j<p-log(p)

Corollary 3.4.1 In the setting of Theorem 3.4.1, if (3.16) holds, then Hamm, yn < L,p™ S

where .(3, r, -) is the same function as in (3.11), except that w is replaced by a.

In comparing Theorem 3.4.1 and Corollary 3.4.1 with Theorem 3.3.2 and Corollary 3.3.1,
we observe that the rates of convergence of FP,(#) and FN,,(«) are both slower in the
model-X knockoff than in the data splitting method, since 2; > € is always true. The
main reason is that the model-X knockoff augments the original design matrix to have 2p
variables, whereas the data splitting method always operates on p variables. A benefit of
the model-X knockoft is that it guarantees an “exact” FDR control**, while the data split-
ting method only provides an asymptotic FDR control***. Therefore, the power loss of
model-X knockoft to data splitting can be regarded as a price paid for achieving the “exact”
FDR control.

In the special setting of Corollary 3.4.1, the “beta-min” condition for consistent model
selection is T = (24/1 — 3 + 2 — 9)a. For examples such as blockwise diagonal = or
Toeplitz =, both (3.10) and (3.16) hold, and so we can explicitly compute 7XF /725 as in

Section 3.5.

Remark 3.4.x Our results also shed light on how to improve the power of the model-X knock-
off: By (3.15) and Theorem 3.4.1, the power is primarily hinged on the diagonal entries of

Q8. Therefore, one can improve power by choosing s in (3.13) to maximize the diagonals of
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Q8. Liu € Rigollet’’ and Spector € Janson ">’ made similar discoveries but in different

theoretical frameworks.

Remark 3.4.2 Weinstein et al. '*,"° studied the model-X knockoff method combined with
lasso or L,-regularized statistics, and they used the AMP theory to characterize the trade-off
between false positives and false negatives. In comparison, we study the model-X knockoff com-
bined with debiased lasso. In the settings in Weinstein et al.'*,"’, p/n and ||B||o/p converge
to some constants, and = = I, In contrast, we consider a sparser regime and allow for ar-
bitrary covariance. Liu € Rigollet’’ also studied the model-X knockoff combined with debi-
ased lasso, and discovered that the diagonals of O™ are key quantities affecting the power.
Houwever, they assumed that Q) is given and only characterized the conditions for achieving
asymptotically full power. In contrast, we allow Q) to be estimated from the data, and provide
explicit convergence rates for the false positives and false negatives. Spector € Janson '’ stud-
ted the model-X knockoff combined with OLS. They proposed a new approach for constructing
X as in (3.13), which achieves the minimum mean-squared error for estimating B. However,

they did not provide results for the convergence rates of the false positives and false negatives.

3.4.2 GAUSSIAN MIRROR AND ITS POWER ANALYSIS

The original Gaussian mirror'>* was designed primarily for the strong-signal regime and
relied on the post-selection theory of lasso®s. Here, we use a variant of Gaussian mirror®?,
which is more suitable for the current weak-signal regime. Given (y, X), let Q be an estima-

tor of Q, and write ¢; = 1/ﬁjj forl <;j<p. Wedrawzy, ..., z, a N(0,1,), and for each
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XV = 261, -, X K, - ), with  x = x; £ ¢z;. (3.17)
e oy
Letf; denote estimated coefficient of 9ch by running the debiased lasso on X'). Define
N .
][4;5 = SIgn(ﬂj lgj )(’ﬂj ‘ + |18] Da 1<j<p (3.18)

Given a target FDR level g € (0, 1), Gaussian mirror selects S = {; - ME" > T(g)}, where

T(g) is computed similarly as in (3.3) with M, replaced by ]VIfm.

Remark 3.4.3 The original Gaussian mirror chooses ¢; = (I, — P_;)x||/||(1, — P—;)z;]|
in (3.17), where P_; is the projection matrix to the linear span of {x; : k # j}. In high-
dimensional settings, Law & Biiblmann® suggested changing ¢;to1/ ﬁjj. In addition, the
original Gaussian mirror runs the re-fitted OLS on the subset of variables selected by lasso.

Law €9 Biihlmann su ggested using the debiased lasso instead.

Let S(x), FP,(x) and FN, () be defined similarly as in Section 3.3.2, with A4; replaced
by M]gm.
Theorem 3.4.2 (Gaussian mirror) Fix $ € (0,1) and r > 0. Consider the linear model
in (3.1) where B satisfies Models (3.5)-(3.6). Suppose p' > = o(\/n), C' < in(T) <
Tmax(Z) < G and maxi<i<, || Q. |lo = o(n/log(p)), for constantse > 0.and C > 0. As

p — X,

? ?
FPP (%) S LP ZP70171”’ FNP(%) S Lpp_‘S prﬂﬂfl 1'1111’1{(\/;7\/;)17 y-/z}
j:l ]‘:1
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Corollary 3.4.2 In the setting of Theorem 3.4.2, if (3.10) holds, then Hamm,, ;) < L,p™ ($r),

Comparing Theorem 3.4.2 and Theorem 3.3.2, Gaussian mirror and data splitting have
the same rates of convergence. That’s because the asymptotic joint distribution of (Iéj , {éj_)
in Gaussian mirror is the same as that of (1@;1) , {éjz)) in data splitting. However, the finite-
sample performance of Gaussian mirror is often slightly better since it always works on the
n X (p~+1) design matrix while the data splitting method works on two (/2) X p design ma-
trices, which leads to a faster convergence of (/AZ;F , (éj_) to its asymptotic joint distribution,
compared to (‘@;1) , 1@;2))- This results in a smaller multi-log(p) term in Gaussian mirror.

Similar to the model-X knockoff, Gaussian mirror also augments the design matrix to in-
clude more than p variables. However, Gaussian mirror still enjoys the same rate of Hamm;
as the prototype in Section 3.3.4. This is because Gaussian mirror and the model-X knock-
off have two different schemes of adding variables. The model-X knockoff adds p variables
simultaneously, while Gaussian mirror adds one variable at a time. Our results show that

the one-at-a-time scheme is better for power. On the other hand, the p-az-a-time scheme can

control FDR exactly” rather than just asymptotically.

3.5 CORRELATION CAVEATS UNDER SPECIAL DESIGNS

We now use the results in Sections 3.3-3.4 to study the influence of = on the power of FDR
control methods. The established rates of FP,(#) and FN,(«) depend on («, 3, r, X). We
hope to define a quantity that only depends on X but still captures the performance on the

power. To this end, we first link the three methods by introducing the following unified
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expression for their variable importance metrics (e.g., mirror statistics):
My = sgo(|E| — R) x max{|z), R}, 1< <p, (3.19)

where for data splitting, /; = (12)71(.1) + [@](2))/ 2R, = ([ZZJ(.I) - {éj(.z)) /2; for the model-

~aug A auy

X knockoft, I; = ‘8]. ,andR; = § , fj; and for Gaussian mirror, /; = ([@;L + ﬁj_) /2,

R; = (B]Jr — (éj_) /2. Then, the false positive/negative rates at 7 are determined by the joint
distribution of (Z;, R;). In our proofs for theorems in Sections 3.3-3.4, we have actually

proved the following lemma:

Lemma 3.5.1 (Joint distribution of I; and R;) As p — oo, the following statements hold.:

* Fordata splitting, in the setting of Theorem 3.3.2, (\/n/\/Qy;)(1; — B R)) —4
N(O, ).

o Forthe model-X knockoff, in the setting of Theorem 3.4.1, \/ZA].*I/ 2 (£ — 18/" R;) =4

N(0, 1), where A; € R**? is the principal sub-matrix of Q™8 restricted to {j,p + j}.

* For Gaussian mirror, in the setting of Theorem 3.4.2, (\/n/ /) (L — [Ej, R;) =4
N0, ).

By Lemma 3.5.1, E[[] ~ #,and E[R;] =~ 0. We call Z; the “information statistic” and R;
the “reference statistic”. Let ;(X) denote the asymptotic variance of y/%1;. In special cases
where (3.10) and (3.16) hold, there exists a constant »* > 0 such that lim,_, o Maxiog(s)<j<p—log(p) ‘U]‘(Z) —
v*| = 0(ie., by Corollaries 3.3.1, 3.4.1 and 3.4.2, v* = w for data splitting and Gaus-
sian mirror, and v* = « for the model-X knockoff). We then call v* the Ranking Quality

(RQ) metric of an FDR control method. In what follows, we compute the RQ metrics
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for three methods under different classes of designs. For the model-X knockoft, there are
many choices of s in (3.14), such as SDP-knockoff and Equi-knockoff”, CI-knockoff*°, and
MVR-knockoff**. In theoretical calculations, we only include those versions such that
the RQ metric has an explicit expression; whereas we evaluate the RQ metrics for all the
versions numerically.

We first consider a class of Toeplitz covariance matrices where the off-diagonal entries
decay exponentially fast, as in the following theorem. Recall that a smaller RQ metric in-
dicates a better ranking quality. We observe that the design correlations affect the model-X

knockoft more than for data splitting or Gaussian mirror.

Theorem 3.5.1 (Autoregressive covariance structure) Given p € (—1,1), let A,(p) be the
special form of = with 3(1,j) = p"\. For data splitting and Gaussian mirror, the RQ
metric is equal to (1+ p*) /(1 — p*). For Cl-knockaff, the RQ metric is equal to [(1+ p*) /(1 —

A

We then consider a class of blockwise diagonal covariance structures. By varying & in
the definition of M, (p, k) below, it covers: (i) the 2-by-2 blockwise structure studied in
Ke et al. 7%; (ii) the equal-correlation covariance structure (k = p); (iii) the general k-by-k

129

blockwise structure. The rest two have also been investigated in Spector & Janson

Theorem 3.5.2 (Permuted blockwise diagonal covariance) Given p € (—1,1) and an inte-
gerk > 2, let By(p) be the k X k matrix whose diagonal entries are 1 and off-diagonal entries
arep. Foranyl < m < k, let By ,,(p) be the rop left size-m diagonal block of By(p). Suppose
1+(k—1)p > 0. Let M, (p, k) be the special form of 3: = = Pdiag(Bi(p), . . ., Bi(p), Bis(p)) P,

wheres = p — (k— 1) |p/k| and P can be any row-wise permutation matrix. The RQ metric
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Figure 3.1: The relative efficiency of the model-X knockoff against data splitting and Gaussian mirror. From left to right
the covariance structures are: 2-by-2 blockwise with varying coefficient p; k-by-k blockwise with a fixed coefficient
p = 0.45 and varying &; and autoregressive with varying coefficient p (see Theorems 3.5.1-3.5.2 for more details).
The plotted curves are the ratios between the RQ metrics of the various model-X knockoff methods against that of
data splitting or Gaussian mirror (they have identical RQ values). Three knockoff constructions are considered: the equi-
correlated-knockoff (Equi), the Cl-knockoff (Cl), and the MVR-knockoff (MVR).

s
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2k—2

For this class of covariance, the effect of p is asymmetric in the sense that a negative p is
more fatal to the magnitude of the RQ metric. A tiny negative p can cause the RQ metric
to blow up. Intuitively speaking, negative p leads to large positive off-diagonal elements
in Q, which in turn induces high correlations among the A4;’s. This makes it harder to

distinguish signal from noise.

Numerical comparison: Figure 3.1 demonstrates the correlation caveat of the model-X
knockoft under three constructions. Note that the prototype of the model-X knockoff is

the debiased lasso, and the RQ metric for debiased lasso is the same as that for data split-
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ting or Gaussian mirror, we plot the ratio between the RQ metric of the model-X knockoff
and that of data splitting or Gaussian mirror. Recall the definition of /25 and /&, this ra-
tio is equivalent to 72° /7XF, which can be understood as the relative power efficiency of the
model-X knockoft, with larger values indicating better performance. From Figure 3.1, ex-
cept for the case p = 0, the relative efficiency of the model-X knockoff is always strictly
smaller than 1. For both M, (p, k) and 4,(p), as p increases, the relative efficiency of the
model-X knockoff becomes worse, meaning that the correlation caveat is more severe when
the design correlation is larger. For a fixed p, when the block size £ increases, the relative
efficiency of the model-X knockoff becomes higher when the surrogate variables are con-
structed from Cl-knockoff and MVR-knockoff but continues to drop for Equi-knockoff.
This suggests that the correlation caveat can be less severe when there are more pairs of
correlated variables (e.g., when £ = 12, the relative efficiency of CI-knockoft and MVR-
knockoft is already > 0.95). Among the three variants of the model-X knockoff, MVR-
knockoft performs the best. In fact, MVR-knockoft is constructed to minimize 25;1 a; (2

is defined in (3.15)); by Lemma 3.5.1, this indeed minimizes the RQ metric.

Remark 3.5.1 We have seen the correlation caveat of the model-X knockoff; in contrast to
data splitting or Gaussian mirror, which bas almost no power loss compared to the prototype.
However, the issue for data splitting or Gaussian mirror is that they are tied to the debiased
lasso (or OLS), but the debiased lasso is not necessarily the best prototype”®”. In contrast, the
model-X knockoff bas the flexibility to combine with any prototypes, which can potentially be

better than the debiased lasso.
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3.6 SIMULATIONS

We use simulations to validate the theoretical results in Sections 3.3-3.5. For simplicity,
we use DS, MK, and GM to refer to data splitting, model-X knockoff, and Gaussian mir-
ror, respectively. For all three methods, we plug in the ordinary least-squares (OLS) in the
low-dimensional setting and debiased lasso in the high-dimensional setting. For MK, we
construct the augmented design using MVR-knockoft as motivated by the discussion in
Section 3.5, with X in (3.13) replaced by an estimator 5. Additionally, we consider two
other methods for reference. The first is MKO, which is an oracle version of MK with ac-
cess to true X. The second is BHq, which is the method mentioned in Remark 3.3.3. We
first implement OLS (in the low-dimensional setting) or the debiased lasso (in the high-
dimensional setting) on the original data (y, X), and then apply the Benjamini-Horchberg
procedure to the p-values computed from these estimated coefficients; this method re-
quires an estimate of o2, for which we use the scaled lasso. In summary, we will consider
five methods: BHq, DS, MK, MKO, and GM. For each experiment setting, we will report
the optimal Hamming error Hamm; , based on an average of 100 repetitions. Additionally,
in Experiment 7, we will also report the false discovery proportion and the power. For all

experiments, we generate (y, X) from Model 3.1, where 3 follows the Rare/Weak model

(3.5)-(3.6).

3.6.1 THE LOW-DIMENSIONAL SETTING

Wesetn = 20000andp = 500, and consider different covariance structures. The
Rare/Weak model in (3.5)-(3.6) has two parameters, § and ». We consider different values

of & in different experiments. For each fixed &, we vary » from 0.1 to 1.5 with step size 0.1.

82



To compute Hamm;]k for a method, we consider a grid of thresholds from 0 to 10 with step
size 0.01 and choose the one that minimizes the sum of false positives and false negatives.

Experiment 1 (Orthogonal design). Let X = I,. Two sparsity levels are considered & =
0.2and & = 0.5. The results are in Figure 3.2(a). We found that all methods perform
similarly in the orthogonal design, which is consistent with the theory.

Experiment 2 (Auto-regressive covariance). Let 2(1,7) = pl"~/l. We vary p € {0.3,0.7}
andset 3 = 0.2. The results are in Figure 3.2(b). We found that (i) GM and BHq have
similar performances as least-squares; (ii) The gap of the Hamming errors between MK and
GM/DS becomes larger when 7 or p grows, which are consistent with our theory.

Experiment 3 (2-by-z blocks). We consider a 2-by-2 blockwise diagonal covariance ma-
trix, where we take p € {0.4,0.8} and set = 0.2. The results are in Figure 3.2(c). We
found the same phenomenon as in Experiment 2, which is aligned with our theory.

Experiment 4 (Larger blocks). Given block size k, every oft-diagonal element of each
block is set to be —1/k. Wevary £ € {5,20} andset = 0.5. The results are in Fig-
ure 3.2(d). According to Section 3.5, as £ increases, the gap of the Hamming errors be-
tween MK and other methods should become larger. However, our simulations reveal that
this is only true for MKO, the “oracle” version of MK when we know the exact covariance
matrix. The reason why MK violates this prediction is that the Python package knockpy
automatically applies the Ledoit-Wolf shrinkage** to the sample covariance matrix when
the conditioning number of that matrix is too large. Thus the estimated covariance matrix
deviates significantly from the population covariance matrix even when the sample size 7
is much larger than the dimension p, which results in the violation of the theoretical pre-

diction. It is worth noting that although this type of shrinkage performs well in practice, it
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Figure 3.2: The Hamming errors for different FDR control methods in low-dimensional cases. From (a) to (d): the set-
tings follow Experiment 1 (orthogonal design), Experiment 2 (auto-regressive design), Experiment 3 (2-by-2 blockwise
design), and Experiment 4 (k-by-#£ blockwise design). The y-axis is logp(Hamm;), and the x-axis is the signal strength
parameter 7 in the Rare/Weak model. DS: data splitting; GM: Gaussian mirror; MK: model-X knockoff; MKO: the oracle
MK in which the true X is used; BHq: the Benjamini-Horchbert procedure applied to the OLS coefficients.

causes MK to lose the critical sign-symmetry property, which ultimately leads to the break-

down of the finite-sample control of FDR.

3.6.2 THE HIGH-DIMENSIONAL SETTING

We focus on the blockwise diagonal covariance structure and consider the settings where p
is comparable or larger than 7. In these settings, we need to implement debiased lasso for

each FDR control method. However, how to estimate Q crucially affects the performance.
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In Experiments 5 and 6, we focus on studying the differences among FDR control methods
and do not want the results to be dominated by the precision matrix estimation. Therefore,
we plug in the true Q to construct the debiased lasso estimator for every method (since
MK still requires plugging in i, we skip it but only keep MKO in the comparison). While
in Experiment 7, we hope to report the real performances, so we use the original debiased
lasso as in (3.4), where Q is estimated using Algorithm s.

Experiment § (2-by-z blocks). Let (n,p) = (1500, 800). Wesetk = 2,3 = 0.5,and
let p range in {0.6, 0.9}. For each p, we vary 7 from 1 to 6 with the step size 0.2. The results
are summarized in Figure 3.3(a). We find that: (i) GM and BHq perform similarly as im-
plied by Theorem 3.3.3 and 3.4.2. (ii) There exist discrepancies between DS and GM/BHq
and between MKO and GM/BHgq. We should note that the sources of these two discrep-
ancies are different. The discrepancy between DS and GM/BHgq is attributed to the multi-
log(p) term L, as discussed after Theorem 3.4.2 and the discrepancy between MKO and
DS mainly comes from different RQ metrics. (iii) The difference between MKO and other
methods becomes more apparent when p becomes larger, which is consistent with our dis-
cussion in Section 3.5.

Experiment 6 (Larger blocks) Let (n,p) = (1500, 800). We fix & = 0.5 and consider
k € {5,10}. For each &, let p = —1/k, and we vary  from 1 to 6 with the step size 0.2. The
results are in Figure 3.3(b). Besides the first two observations already seen in Experiment s,
we also find that the discrepancy between MKO and the other methods increases with .

Experiment 7 (False discovery proportions and powers) We study the false discovery pro-
portion and the power separately, focusing on the £-by-k blockwise diagonal covariance

structure. Let (7,p) = (1000,2000) and § = 0.5. In the left panel of Figure 3.4,
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Figure 3.3: The Hamming errors for different FDR control methods in high-dimensional cases. From (a) to (b): the set-
tings follow Experiment 5 (2-by-2 blockwise design) and Experiment 6 (k-by-# blockwise design), respectively. The axes
and abbreviations are the same as those in Figure 3.2, except that OLS is replaced by the debiased lasso in each FDR
control method.

k = 40,p = 0.8, and rvaries from 3 to 8. In the middle panel, £ = 2,7 = 6,andp
varies from 0.1 to 0.9. In the right panel, » = 6, 0 = —1/k, and  varies from 2 to 40. We
set the targeted FDR level at 0.1. All methods control the false discovery proportion rea-
sonably well. In nearly all settings, GM achieves the highest power. Although BHq yields
the best Hamming error in Experiments 4-5 when the threshold is optimally chosen, it is
over-conservative when we use the data-driven threshold for a target FDR level. The issue
comes from the over-estimation of o as discussed in Remark 3.3.3. MKO performs better
than MK in the first setting and when p < 0.5 in the second setting; MKO performs much
worse than MK in the third setting, for a similar reason explained in Experiment 4. In the
middle panel, as p becomes large, all methods become worse. But for MK and MKO, their

performances deteriorate much faster than competing methods, which suggests a more

serious outcome of high correlation for these methods.
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Figure 3.4: The false discovery proportions and powers for different FDR control methods in Experiment 7 (k-by-£
block-wise design, high-dimensional). Left panel: varying signal strength; Middle panel: varying correlation; Right panel:
varying block size. The abbreviations are the same as those in Figure 3.3.

3.7 DiscussioN

128

Inspired by the recent work of Spector & Fithian "**, we are also interested in leveraging

prior information to enhance the power of FDR control methods. We have used the Rare/Weak
model in Section 3.3.2 as a theoretical platform for power analysis, but we can also treat it

as a way to encode prior information. As mentioned in Remark 3.3.2, there is flexibility

in choosing the mirror statistics in (3.2) for data splitting. The current choice is favorable

when the method has no prior information of 8. However, when the parameters ($, ) of

the Rare/Weak model are known, it is possible to modify the mirror statistics to further
improve power.

The debiased lasso has been employed in all three FDR control methods. One cannot
help wondering if some other estimators are possible. In our proofs, we rely on a property
of the debiased lasso estimator®®: I@d = N ({8 , n’lazﬁiﬁl) + 9, and we can show that
19]loc = op( \/logW) in our settings. Recently, Bellec & Zhang'" proposed a debiasing

procedure for an arbitrary convex-penalized least-squares estimator, and they showed that
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this general debiased estimator has a similar decomposition into a normally distributed
vector plus a negligible bias vector 0. Therefore, we can similarly extend our power analysis
to these general debiased estimators.

Going beyond linear regression models, we can consider the generalized linear models. In
low-dimensional settings, the consistency and asymptotic normality of the maximum like-
lihood estimator (MLE) have been extensively studied”s. Recently, asymptotic normality
for the MLE of high-dimensional generalized linear models has also been established "
in the settings where p/z and ||| /p both converge to constants. We hope to extend our
power analysis to generalized linear models under the Rare/Weak framework (3.5)-(3.6) on
8. Because ||8]|o/p = o(1) in our setting, we prefer to use regularized estimators. Rong Ma
& Li**® proposed an estimator for the logistic regression, where they used the Taylor expan-
sion to get an approximate linear model and then computed a debiased estimator. Given
this result, it is a promising future work to extend our power analysis to the logistic regres-

sion.
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A Variational Spike-and-Slab Approach for

Group Variable Selection

CoNTRIBUTION This chapter is based on a paper Lin et al. ** jointly with Prof. Jun S. Liu

and Changhao Ge
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4.1 ABSTRACT

Under a class of generic spike-and-slab priors for high-dimensional linear regression with
grouped variables, we present a parameter-expanded Coordinate-Ascent Variational Infer-
ence algorithm for obtaining the optimal variational Bayes approximation, which is compu-
tationally more efficient than the classical one. Theoretically, we present general conditions
on the spike-and-slab priors under which contraction rates for both the true posterior dis-
tribution and its variational approximation can be obtained. Some previous theoretical
results can be viewed as special cases of our proposed framework. The method and theory
are further extended to fitting additive models. Our simulation studies and real data ap-
plication demonstrate that the proposed method is superior to existing methods in both

variable selection and parameter estimation.

4.2 INTRODUCTION

Researchers nowadays have the privilege of collecting many explanatory features targeting a
specific response variable. In many applications, these features can be naturally partitioned
into disjoint groups. This occurs when dealing with multi-level categorical predictors in
regression problems®* or when using basis expansions of additive components in high-
dimensional additive models®>*°. The grouping structure of variables can also be incor-
porated into a model to leverage domain knowledge. Single nucleotide variations in the
same gene, for example, form a natural group. The response variable, on the other hand,
most likely depends only on a few groups of variables. Therefore, identifying these relevant

groups is crucial for improving the computational efficiency of downstream analysis and
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enhancing the interpretability of scientific findings.

Under a Bayesian framework, sparsity and shrinkage considerations can be encoded in
the prior. Typical examples include the Laplace (Bayesian Lasso) 7, horseshoe**, and spike-
and-slab priors?*3">. Identifying relevant groups is often achieved by specifying priors
over the groups of variables'°>>7'5%">5_In this paper, we consider a discrete spike-and-slab

prior of the following form for group variable selection:

7~ g(7);
S~ z(S), whereS C {1,...,G}; (4.1)

6~ 00(6). V¢S, and G~ h(8), YeES,

where g is a density function defined on (0, 00), S indicates all possible 2% models, 7(S)
controls the overall sparsity and enables model selection, dy is the point mass at 0 (spike
distribution) for modeling null features and 4 is the slab distribution for modeling relevant
features (e.g., a multivariate Gaussian distribution).

Despite the great success of the spike-and-slab prior, it faces computational challenges
associated with the discrete nature and the large exploration space in high-dimensional
settings. Instead of directly applying Markov Chain Monte Carlo (MCMC) methods to
sample from the posterior, which can mix very slow *°, people resort to obtaining a good
analytic approximation to the posterior. One popular method is the variational Bayes (VB)
approximation'*, which finds the member in a family of approximation distributions P
that is the closest to the true posterior distribution in terms of the Kullback-Leibler (KL)
divergence. The mean-field family, which assumes that the joint density is a product of the

marginals (i.e., mutually independent), is a widely adopted choice for P. A commonly used
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algorithm for minimizing the KL divergence between the family 7P and the target is the Co-
ordinate Ascent Variational Inference algorithm (CAVI)'7, which iteratively optimizes each
component of the mean-field density while holding all the others fixed. For more applica-
tions and a general review of VB, we refer interested readers to Blei et al. **.

In this paper, we apply the variational Bayes for the high-dimensional linear regression
with grouped variables and the additive model under the general spike-and-slab prior (4.1).
When the group structure is present, simply adopting the CAVI algorithm as in the non-
group case (see Ray & Szabé '*5 and the references therein) will lead to intractable terms as
explained in Section 4.4.2. These terms are challenging both to evaluate and optimize, mak-
ing the CAVI update computationally expensive. To address the computational challenge,
we consider a specific, yet comprehensive, family of distributions, where each distribution
in the family can be written as a scale mixture of multivariate normal distributions. Many
widely employed slab functions fall within this family, including the multi-Laplacian and
multivariate t-distribution. For this class of hierarchically structured slab distribution, we
propose a novel mean-field family, which involves an additional set of parameters to facil-
itate an analytical formula for each updating step. In doing so, we bypass the intractable
terms and the time-consuming multivariate optimization step that would have appeared in
every iteration had we not used this hierarchical structure. Consequently, our strategy sig-
nificantly reduces the computation time. This reparametrization has also been used in Park
& Casella 7 and Xu & Ghosh 5 for efficient sampling in the context of Bayesian Lasso
and Bayesian group Lasso, respectively. Our algorithm is implemented in the R package
GVSSB.

Unlike Ray & Szabé '™, which utilized external methods to estimate 7, we directly incor-

92



porate the unknown noise level 7 into the mean field family. As a byproduct, our method
can be used to obtain an estimator of ¢. The benefit of incorporating & into the estimation
has been pointed out in Krzakala et al. **. They observe that when ¢ is learned during the
mean-field approximation, the performance of the mean-field approach improves dramati-
cally compared to the one where the true ¢ is known 4 priori. Another reason to estimate &
along with the mean-field approximation is that the accuracy of the external methods may
create a potential bottleneck in the overall performance of the method.

A unified theoretical treatment of spike-and-slab priors in (4.1) is still absent for grouped
linear regression. Previous studies are usually restricted to specific choices of spike-and-
slab priors and require case-by-case treatments. For example, Ning et al. "°* dealt with the
Dirac-and-Laplace prior, and Bai et al. © worked with the Laplace-and-Laplace prior. We
generalize their results and provide contraction rates for the large class of spike-and-slab pri-
ors characterized by Assumption 4.3.1. Our theorem is similar in spirit to Jiang & Sun”°,
who developed a unified framework for the non-group spike-and-slab prior. In addition
to investigating the posterior distribution, we also derive theoretical properties of its VB
approximation. Under slightly stronger assumptions than those required for proving the
contraction rate for the true posterior, a similar contraction rate holds for the VB posterior.

I15

Our proof needs a more delicate treatment than the proof in Ray & Szabé '*s, given our
consideration of the general slab function, hierarchical representation, and the incorpora-
tion of the unknown ¢.

A notable discovery from our theoretical results is that with properly chosen hyper-

parameters, nearly all slab functions exhibit optimal contraction rates both for the true

and the VB posterior. This even includes the Gaussian slab, which is known for penaliz-
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ing too much when the signal is large*”. This gives rise to the question of how to choose a
suitable set of hyper-parameters. In this paper, we adopt an empirical Bayes-based approach
to optimize the hyper-parameters, which utilizes the mean-field approximation of the true
posterior and improves the performance and robustness of the proposed method. Simi-
lar ideas on using empirical Bayes to determine the hyper-parameters can be traced back to
Johnstone & Silverman73,7# in the context of the Gaussian sequence model and wavelet
shrinkage. For linear regression, combining empirical Bayes and variational inference has
been explored in individual variable selection* and in bi-level variable selection**.

Note that the proposed method not only provides a point estimator for 2 but also pro-
vides a natural tool for inference via the VB posterior. This differs significantly from the
penalized regression such as group Lasso'®* and group SCAD *#*. From a Bayesian perspec-
tive, penalized regression can be reformulated as finding the mode of the posterior with
properly chosen priors. Built upon this, new mode finding algorithms and new penalties
are proposed, including EMVS ' and Spike-and-Slab Lasso '*° for the non-group case and
Spike-and-Slab group Lasso® for the group case. While these approaches enable efficient
algorithms to compute a point estimator for 3, uncertainty quantification can be time-
consuming given the slow mixing of MCMC algorithms. Bai et al.® resorts to the debiased
Lasso-type approach for inference. However, it requires estimating the precision matrix
which is an even more challenging task than linear regression. Furthermore, regarding the
point estimator, the convergence speed of Bai et al. ¢ is often significantly slower than our
algorithm, sometimes by orders of magnitude. This discrepancy arises because Bai et al. ©
requires obtaining estimators along a path of hyper-parameters, while we incorporate the

estimation of hyper-parameters into our algorithm.
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The rest of the paper is structured as follows. Section 4.3 introduces a class of spike-and-
slab priors. Sections 4.4.1 and 4.4.2 discuss variational approximations with general spike-
and-slab priors, where detailed updating rules are provided. Section 4.4.3 focuses on hier-
archical spike-and-slab priors, and Section 4.4.4 discusses how to choose hyper-parameters.
Section 4.4.5 extends the proposed method to the high-dimensional additive model. The-
oretical properties are investigated in Section 4.5. Section 4.6 demonstrates through ex-
tensive simulations that our methods achieve the best or near-best performances among
all the competitors and provide satisfactory coverage of the confidence region. Section 4.7
applies our method to the prediction of ethanol concentration using NIR spectroscopy ab-
sorbance values. Section 4.8 concludes with a few final remarks. Additional proofs, method

derivations, and simulation studies are collected in Supplementary Material.

4.3 A CLASS OF SPIKE-AND-SLAB PRIORS

Throughout the paper, we consider a linear regression model

G
Y=> X +¢ (4.2)

=1

where Y € R”, X; € R”, 67 € R” ande ~ N(0,021,). p; stands for the size of group
7. We center the response vector Y'and each covariate vector X; to have zero mean and stan-
dardize latter to || X;|| = /7. Welet S, be the set of groups whose associated coefficients &

are nonzero and denote its size by s, = |S,|. Our focus is on the high dimensional regime

with G > nand ¢, = max{\/s,log G/n, \/supmaxlogn/n} — 0, where pp, = max, p;

denotes the maximum group size. The following assumptions characterize a class of generic
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spike-and-slab priors as in (4.1).
Assumption 4.3.1
(a) Variance prior: The density function g(o*) is continuons and positive for any o € (0, +00).

(b) Model Selection Prior: 7(S) satisfies w(0) < 1, and with constants Ay, 4> > 0,

W(S*) > 6—1415* IOgG’ Z 7Z'(S) S €_A2[1°gG,Vt Z 1

S| S|>¢

(c) Slab Prior: For z, = maxes, || G| + ¢, and some constant A5 > 0, the slab function b(z)

satisfies

inf h(z) = G,

2|2l <z
where, N positive sequences a, and by, a, = b, (and b, < a,) means that limsup b, /a, <

Q.

Assumption 4.3.1(a) is easily satisfied if we let ¢ be the inverse-gamma density function.
Assumption 4.3.1(b) requires the model selection prior to assign sufficient mass to the
true model S, while down-weighting the large models exponentially fast. The following

commonly-used priors satisfy this assumption.

1. (Bernoulli Prior). The iid. Bernoulli prior 7(S) selects each group j with probabil-

ity 1/G. This prior meets the Assumption 4.3.1(b) with any 4; > land 4, = 17°.
2. Ningetal. *°* assumes 7(S) = w(]S]) (§|) “land

Bl < lU(J) < BZ
GV pe)Bs (s —1) (G V sprr)Bs”
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with constants By, B,, B3, B; > 0. This prior meets the Assumption 4.3.1(b) with

any 4; > B; + 1and any 4, < By provided pya = O(log G/ log ).

3. (Beta-Binomial Prior). As a special example of the aforementioned prior in Ning
et al. "%, the Beta-Binomial prior selects each group ;j with probability », with 7 fol-

lowing the distribution Beta(1, G*). It satisfies Assumption 4.3.1(b) with # > 1.

The i.i.d. Bernoulli prior and the Beta-Binomial prior might be the two most well-adopted
model selection priors, where both can be described in a uniform way by introducing a set

of binary latent variables (z;)¢; as follows:

z; | w ~ Bernoulli(w),
(4.3)
G, | zi ~ z:h(6;) + (1 — 2;)00-

Assumption 4.3.1(c) requires the tail of the slab distribution to be heavy enough so that
the prior can pose enough mass around the true regression coefficients. Note that As-
sumption 4.3.1(c) doesn’t prevent us from using the Gaussian slab as long as the variance
of the Gaussian slab lies in some interval. Denote the dimension of z as p;. For Gaussian
slab function h(z) = (2772)2/% exp[—||z|*/(272)], Assumption 4.3.1(c) can be satisfied
with 4422/ log G < 22 < G%/Prand 45 = 1/A4} + A’ /2. For Laplace slab distribu-
tion h(z) o< A exp[—2,||z||], the inverse scale parameter 1, should be chosen such that
G/ < 2, = AYlog G/z, with A = A} + AY to satisfy Assumption 4.3.1(c). In the
case of t slab distribution with degree of freedom v, h(z) o (02)2/2[1 + g2 ||2||* /»]~12)/2,
the choice of G45/% < Joi < G45/(tp) /22 satisfies Assumption 4.3.1 with 43 =

Ay/2 + A5 /2. For the Cauchy slab, its inverse-scale parameter should be chosen in the
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same way as the t slab with the degree of freedom » = 1.

4.4 VARIATIONAL METHODS FOR GROUPED VARIABLE SELECTIONS

4.4.1 VARIATIONAL APPROXIMATIONS WITH GENERAL SPIKE-AND-SLAB PRIORS

The resulting posterior distribution IT(- | X, ¥) under the spike-and-slab prior (4.1) in-
cludes 2¢ potential models and is thus difficult to evaluate even for moderate G. We adopt

a Variational Bayes approach to approximate it with the following mean-field family:

Por = { Puzyo = | [ 4()a(@) ¢ | (4-4)
J
where
9(P) o VO P)P) T and g(8) = y NG D)+ L= 7)h (45)

The corresponding VB posterior is defined as the minimizer of the KL divergence between

a mean-field density and the true posterior:

I1:= argmin KL(P,s,.[II(- | X, Y)). (4.6)

P;t,Z,;/,VGPMF

Similar to the hierarchical representation of the prior (4.3), we let (z,); be a set of bi-
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nary random variables, the mean-field density can also be defined equivalently as:

z; ~ Bernoulli(y,),

G | z; ~ zZ-N(‘ul‘, )+ (1 —z;)0.

I1§

The mean-field family (4.4) and (4.5) is inspired by Ray & Szabé '*5, and similar mean-
field families have been widely used in the literature (Huang et al. ©', Carbonetto & Stephens ™,
Titsias & Lézaro-Gredilla"** to name a few). The mean-field density for each &; is designed
to capture the spike-and-slab nature of the prior distribution. While CAVI suggests that
the optimal slab distribution should ideally be proportional to exp(— || X;6;—¢||*/(25*))b(6)),
we choose Gaussian slab in the mean-field family mainly for the computational efficiency.
Additionally, as the sample size 7 increases, the effect of the likelihood dominates the prior,
leading to Gaussian tails in the posterior'*s.

One major difference between our mean-field family and the one in Ray & Szabd ' is
that we directly incorporate o into the family. Ray & Szabd '*> only considered the regres-
sion parameter @ in their mean-field family and replaced the unknown o2 with a plug-in
estimator 6. Yang & Martin *5* found that this approach led to unstable performances in
simulations and proposed to do a weight average over various fixed-o* parameter estimates.
Furthermore, Krzakala et al. ** found that by considering ¢ as a variable to optimize over
rather than a parameter can help escape local minima due to the nonconvexity of the KL
divergence. In contrast to Yang & Martin "*® and Ray & Szab6 '™, our method directly
puts o> into the mean-field family for simultaneous estimation, which can help greatly in

improving the estimation accuracy of both o2 and regression coefficients.
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4.4.2 COMPUTATIONAL ALGORITHMS

In this subsection, we make simplified assumptions that the prior on o2 is Inverse-Gamma
with shape parameter « and scale parameter §, specifically g(s?) oc (¢?)~(**) exp(—8/?)"
and that the spike-and-slab prior takes the special, yet well-adopted form (4.3). In this case,
g(o*) becomes an Inverse-Gamma distribution with shape parameter « + 7/2 and scale
parameter 4 + v/2. We now provide a detailed CAVI algorithm to determine parameters v
and Y 2; and to obtain the variational posterior IT defined as (4.6).

Specifically, with the latent variable z; = 1 and all other parameters fixed, we update the

variational parameters ¢, and X; by minimizing the following objective functions:

fily; |~) = —28E, 5, log h(6;) + wI X[ Xt — 2V X, + 21X Yy X,
1 U (4.7)
(2 |~) = —log(|Z]) — 2, 5, log h(6)) + 5 Tr(XIXZ),

where & = (v/2+8)/(n/2+ ) is defined as the reciprocal of the expectation [, [1/5°] un-
der the mean-field density. Furthermore, fixing #, ¥ and y, we update vas v = ]E%EJH Y—

X8||*, which equals to

G G G
=1 =1 =1 j#i
(4.8)

"When 2 = = 0, this becomes the noninformative improper prior, i.e. g(¢%) o 1/5*.
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Using similar calculations, we can also obtain the updating rule for y:

1
7, =logi™ | — |20]X[Y =2} yulX[ Xy, — Tr(XIXi(p] + %))
JF (4.9)

)

Given (4.8), we find that the slab function does not affect the updates of v, but only af-

: 1 :
—I—% log27 + > log %] —i—% + I, 5, log h(6;) + log I

These calculations can be found in Supplementary Materials.

fects the updates of 2, ; and y, via the expectation IE, s, log 5(6;). For the Gaussian slab
h(6;) ~ N(0,27°1,), this expectation can be easily computed. Thus the updates for z, =
and y, have nice analytic formulas:

-1

%= (XX +2°L,) 7 =5 | XY=y XX |

J# (4.10)

1 1
+ 5 log|Zi] + prlogd + “pl%; %) :

v, = logif1 (log N ﬁ)

Note that calculating ¥ — Zj ” ;/ij‘uj foreach7 = 1,..., G in every iteration can be com-
putationally expensive, with a time complexity of O(np) per calculation, with p being the
number of predictors. This results in a total computation complexity of O(zpG) per itera-
tion, as we need to calculate a similar term G times. To improve the computation efficiency,

we can define

r=Y-— Z;/]Xj‘uj, ri=r+yXpy,. (4.11)
J

Then, the calculation of ¥ — Zj i y])(}‘uj is simply adding » with y X;u , which reduces the

computational complexity from O(zp) to O(np;). Consequently, the overall time com-
P plexity p p q Y
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plexity for the entire iteration decreases from O(7pG) to O(np), representing a significant
improvement for large datasets with numerous groups.

Other than the Gaussian slab, which benefits from explicit analytical formulas, the ex-
pectation IS, 5, log h(8;) may not always have a closed-form expression with respect to g,
and X,. Sometimes, even if such an explicit expression exists, it may be too complicated to
be useful. For instance, in the case of multi-Laplacian slab 5(6;) o exp|—21|/6;||], a natural
extension of Laplace prior to the multivariate case, evaluating [E, s, log (6;) requires cal-
culating the ¢, norm for a general multivariate Gaussian random variable, of which the ana-
lytical form is very complicated and involves special functions such as “the Lauricella func-
tion”"**. Thus we cannot simply extend the method in Ray & Szabé '™ to the group case.
For a general slab function, one should resort to numerical or sampling methods to evalu-
ate and optimize over I, 5, log/(&;). One standard method is the reparametrization trick
developed in Variational autoencoder”. Specifically, we can reparametrize ¢; = Z}/ ZZZ‘ +u,
where Z; ~ N(0, 1,)) and then deal with Ez, log b(Z}/ °Z: + ¢,)- However, this approach
involves solving G such multivariate optimization problems in each iteration, one for every
group 7. Thin can be computationally expensive, particularly when the group size is large.

Therefore, our method requires modifications for slab functions other than the Gaussian

slab.

4.4.3 HIERARCHICAL SPIKE-AND-SLAB PRIORS

By introducing a set of hidden variables («;)¢ ;, the multi-Laplacian slab 5(6;) ~ exp[—A1]/]|]

can be rewritten hierarchically as a scale mixture of multivariate normal distributions .
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Specifically, we can rewrite the multi-Laplacian distribution as:

2
_ +1 2
6| a; ~ N(0,2;%L,), a; ~ Inv-Gamma <Pl EVE
This motivates us to study a special family of slab distributions, in which each density can
be written as a scale mixture of multivariate normal distributions. Throughout, for any

h(6;) in this family, we rewrite it equivalently as:
6, | a; ~ N(0,e;°L,,), i ~ bla}), (4.12)

where  is a one-dimensional density function. This family is quite rich and includes mul-
tivariate Gaussian, multi-Laplacian, and multivariate-t distribution if we choose b to be
constant, inverse Gamma, and Gamma distribution, respectively.

Since we introduce a new set of parameters («;)¢_; into our model, we also incorporate

them into the mean-field family. The novel augmented mean-field family can be expressed

as:

PMF == P[L,Z,}/,K,U = H q(@7 djz)q(az) ) (4-1 3)
J

9(6022) = yN(, Z)q(2) + (L= 7)3b(e),  g(a?) o< (V7T h(a2)  (44)

and (o) is the same as in (4.4). It is worth noting that «; and ; are not independent. Ac-
tually, let z; be the binary latent variable indicating whether §; = 0, 2; and ¢, are indepen-

dent conditional on z;.
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We now present a CAVI algorithm to compute the variational posterior IT under the
hierarchical slab distribution (4.12) and the augmented mean-field family (4.13). Similar to

the derivation in Section 4.4.2, «, and Z; can be updated as the minimizer of

files |~) = P Bl + @ XT Xp, — 2Y X, + 201X Yy X,

. I (4.15)
gi(Z |~) == —log(|Z/]) + B4/ Z: + ;TV(XUCZ),
for which we have explicit solutions:
3, = (X1X,/7 + El2L,)
XTr (4.16)
=31t
luz 5.2

where 7;, & is defined the same as (4.11) and (4.8), and |27 is the expectation of #? under
g(a7). We can see the updates for X; and . now are rather similar to those for the Gaussian
slab (4.10). However, the update for y, is slightly different from (4.9). Specifically, y, can be
updated as:

w
1—w

1
V= Iogif1 {log + E[KZ-]E,Q&? + log | %] JF#ZTZ;I#[] +log G| , (4.17)

where

C= [y e han (4.13)

is the normalizing constant of ¢(27).

Note that by leveraging the hierarchical representation of the slab distribution, we get
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rid of the computationally expensive multivariate optimization with intractable terms (4.7),
resulting in nearly analytical formulas for the updates for %;, . and y.. It suffices to calcu-
late the expectation E,,«7 and the normalizing constant C;, which are just one-dimensional
integrals and can be efficiently calculated through either numerical integration or Monte
Carlo approximation. Furthermore, for some commonly used slab functions, closed-form
expressions for these terms are available. Specifically, g(«?) is the inverse Gaussian distri-
bution for the multi-Laplacian slab and the Gamma distribution for the multivariate-t

slab. The exact updates for these parameters can be found in Table C.1 in Supplementary
Material. Similar ideas of using hierarchical representations to avoid intractable terms in

62,114

variational approximation have also been adopted in the logistic regression , which is

essentially equivalent to the Pélya-gamma data augmentation **>#

Finally, x; should be updated as the minimizer of the following loss function:

1
Uk, |~) = -3 [(Ki —uly, — Tr(EZ-))]EK[aﬂ —log C,,

where C; is the normalizing constant in (4.18) and is also related to ;. This leads to a sur-

prisingly simple updating rule:

ki = plu, + Tr(%), (4.19)

which is invariant to the choice of b and does not involve additional computational cost.
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4.4.4 HYPER-PARAMETER SPECIFICATION

Assumption 4.3.1 (b) and Assumption 4.3.1(c) are essentially assumptions on the hyper-
parameters of the model selection prior 7 and the slab function 4, denoted as w and A
respectively. In the special case of the model selection prior (4.3), w controls the overall
sparsity. A can be multi-dimensional and we interchange the notations 4, and by with b
and b respectively to highlight their dependences on A. Mis-specification of these hyper-
parameters can lead to sub-optimal parameter estimation rates****. In this section, we pro-
pose a data-adaptive approach to determine A and w.

One possible solution to find satisfactory hyper-parameters A and w is by cross-validation
(CV). However, since we are dealing with two hyper-parameters, performing two-way CV
can be computationally expensive, especially when testing a large number of possible val-
ues.

We here adopt the empirical Bayes method, which obtains A and w by maximizing the

marginal likelihood of the data Y. That is, we want to maximize

log IT(Y|2, w) zlog// I1(Y, 2,0, 6|2, w)dzdo*dé (4.20)
§Ja2Jz

for (4.3) and maximize

log IT(Y]4, w) :log/// I1(Y, 2%, 2,07, 0|2, w)de’dzdo*dd
o2 JzJa?

for slab distributions with hierarchical representation (4.12).

By treating z, 4, o> as hidden variables, the optimization of (4.20) falls into the EM
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framework. However, the traditional EM algorithm requires to compute the expected

log-likelihood under the true conditional posterior P(z, 8, 5*|Y, A, w) in the E-step. This
involves intractable calculations since there are 2¢ possible combinations of z. The varia-
tional EM algorithm, on the other hand, sidesteps this issue by using a simpler, tractable
distribution ¢(z, 6, o*) to approximate the true posterior distribution P(z, 8, 7*|Y, 1, w).

Here, we choose ¢ from the mean-field family (4.4). By Jensen’s inequality, we have

log IT(Y|2, w) = log// /H(Y,z,a‘z,é’u,w)
0Ja> Jz

(4.21)
H(Y;Z,a‘z’ 6’2,1{})
> /67/02 /ZQ(z,ﬁ,al)log R L(g,2,w),

where the surrogate function £(g, A, w) is usually called Evidence Lower Bound or ELBO.
Then the optimization can be cast into two steps. In the E-step, the mean-field distribu-
tion ¢ is optimized to close the gap between the ELBO and the true log likelihood, which
is equivalent to minimizing the KL divergence between the mean-field family and the true
posterior and can be achieved via CAVI algorithm. In the M-step, the hyper-parameters
A and w are optimized by maximizing the ELBO. The detailed algorithm can be found in
Algorithm 9 in Supplementary Material.
The ELBO L(g, A, w) can be rewritten as a sum of the expected log-likelihood of the
data and the KL divergence between the mean-field density 4 and the prior I1(z, o2, ¢ |
A, w):

L(g,2,w) =E, [logP(Y| X,2,6,6*)] — KL (9(z,6,0")||11(z, 6,5 | 2, w)) ,

where the first term is a constant with respect to hyper-parameters 1 and w. Hence, max-
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imizing the ELBO with respect to A and w is equivalent to minimizing the KL divergence
between ¢ and IT. For the general slab function A, this optimization gives rise to the up-
dates:
G
Zz’:l 71'

G
w= —G , A= arg max ; 7/1.]]3#[_’21. log bz(@-). (4.22)

We can see the update for w does not depend on the slab function 4, but the updates for 4
involves I, s, log 5, (&;). For the Gaussian slab, where b, (6;) ~ exp(—4/4]|7), the update

for A in (4.22) has analytical formula:

Z;‘Gzl Y Pi .
Zz'Gzl 7, Ir (2 + x“ﬂ“zT )

For slab functions with hierarchical representations, the updates become

G G
w= %’ A = arg max {Z;/Z./ g(a?) log%(wf)dﬂf , (4.23)
=1 “lz'

where the closed-form solution is available for multi-Laplacian and multivariate-t slabs (see
Table C.1 in Supplementary Material).

A similar idea of combining empirical Bayes and variational approximation for hyper-
parameter specification has been adopted in Carbonetto & Stephens**, Cai et al. **, Kim

1 100

etal.”®. Furthermore, Mukherjee et al. "*° considered the nonparametric prior and estab-
lished the consistency of the variational EM estimator. Our method differs from these ap-
proaches as we include the noise variance ¢ in our mean-field family, whereas they regard

o® as a hyper-parameter and update it in the M-step.
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4.4.5 EXTENSIONS TO ADDITIVE MODELS

Let Y € R” be the response vector and let X € R”*? be the design matrix. We consider the

following nonparametric additive model:

p
Y, = @+ Zﬁ()(z]) TEn & N(Ou ‘72) (4.24)

=1

where g is a constant and the /s are smooth univariate functions. For the identification
purpose, we assume that all /s are centered, i.e. ) |7 | £(X;) = 0. A basic idea for dealing
with the additive model is to approximate each f; by a linear combination of a set of pre-

defined basis functions {¢jk}15 h<d

d
,]S(x) %Z@k@jk(x)’ ]:17 uva

k=1

where ;, are unknown parameters. One commonly-used basis function is B-splines , Let
X; = {@jk (Xy7) Fr<i<ni<i<a be the n X d matrix where the (7, )th element X, = i (X5)

then the additive model (4.24) can be approximated as:

p
Y~u+ ZX}@] +¢, &~ N(0,0).
=1
To simplify the model, we can standardize Y and discard the intercept .
When the number of predictors p is large, it is often the case that only a small fraction
of the f;’s are non-zero. It is equivalent to estimate a sparse (6}-)5-]:1, where most of §/’s are

zero vectors. When ﬁ does not affect Y, the entire §; should be zero. This problem fits well

109



into the framework of group variable selection and can be addressed using the Variational
Bayes approach developed before. More specifically, the design matrices for each group
are the matrices of basis functions, 5(}, 7 = 1,...,p. We employ the spike-and-slab prior
(4.3) as our working prior to induce the group sparsity. The slab function can be set to a
general b or the hierarchical slab (4.12). We choose the mean-field family (4.4) or (4.13) to
approximate the resulting distribution, where we employ the CAVI algorithm to optimize
the parameters. Hyper-parameters are determined using the variational EM algorithm. The
whole optimization pipeline is summarized in Algorithm ¢ in Supplementary Materials.
Similar additive models have been considered in the literature. One approach involves
the use of penalization methods to identify important components, with methods such

% introduced the

as COSSO*, group lasso'*? and adaptive group lasso . Meier et al.
sparsity-smoothness penalty, which not only shrinks coefficients to zero but also con-

trols the smoothness of the estimated functions. Building upon this, Simon N. Wood

& Sifken "** extends the idea by proposing an iterative algorithm to estimate the hyper-
parameters that control smoothness. Chouldechova & Hastie ** and Yin Lou & Gehrke "*°
enabled to select each f; as zero, linear or nonlinear by carefully choosing the penalization
function. Another line of research involves imposing different priors on the expansion pa-
rameters. Examples include the multivariate extension of the Dirichlet-Laplace prior*+7,
the Spike-and-Slab group Lasso priorG, and the functional horseshoe prior'**, to name a
few. Fabian Scheipl & Kneib +7 used spike-and-slab prior structure to propose a general
framework to handle both Gaussian and non-Gaussian regression models. This framework

also accommodates predictors being various types of functions and effects, including non-

linear functions, interactions, and spatial effects. Compared with existing literature, our
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method provides uncertainty quantification via the VB posterior, distinguishing itself from
penalization-based and MAP-finding methods. Moreover, our approach offers greater scal-
ability compared to MCMC-based methods. Thus our method bridges the gap between

scalability and uncertainty quantification and provides an efficient way to determine hyper-

parameters.

4.5 THEORETICAL RESULTS

We establish the contraction rates for both the exact posterior distribution under the generic
spike-and-slab prior (4.1) with Assumption 4.3.1 and the VB posterior I resulting from
(4.6) with mean field family (4.4) or (4.13). Proofs for all theorems can be found in Supple-
mentary Materials.

Foravectord = (6] ,...,6,)7, weletS; = /e {l,...,G} : 6 # 0} be the index
set of nonzero groups in & with sy = |Ss|. We denote the ¢4, £5, and ¢, ; norms of G as |||,
16]|, and ||8]]2.1, respectively, where [|8]|2, = 37, [|4:]]. is the sum of the within-group
{ norms. For the design matrix X, we define || X, = max{||X;|| : 1 <j < G}, whichis
the maximum matrix operator norm among all sub-matrices X;. For two positive sequences
a, and b,, we write 2, < b, ifbotha, < b,and 4, > b,, where definitions of “<” and
“>” can be found in Assumption 4.3.1. Moreover, we write 2, S &, (ora, 2 b,) to mean

a, < b, (ora, > b,) for sufficiently large 7.

4.5.1 GROUPED LINEAR REGRESSION

Consider the linear model (4.2). Recall S, is the index set of nonzero groups with s, =

|S, |, p: is the dimension of @ and . is the maximum group size. We first introduce the
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following definitions and assumptions.

Definition 4.5.1 (Full-rank models) Let F be the set of all full-rank models, i.c.,
F ={SC{l,...,p} : X; Xy is invertable}.

Definition 4.5.2 (Minimum United Eigenvalue (MUEV)) The minimum united eigen-
value of order t for the design matrix X is defined as

e
MUEV(z) := min inf
sieFisusi<es20 | || X|2]16]13

Assumption 4.5.1 (MUEV condition) There exists a constant K > 0 such that
2 = A(K) := MUEV((K + 1)s) > 0.

The definition of MUEV can be seen as a generalization of that in the non-grouped lin-
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ear regression’. Another well-adopted local eigenvalue used in the literature is:

Definition 4.5.3 (Minimum Sparse eigenvalue (MSEV)). The smallest scaled singular

value of dimension t is defined as:

X8

MSEV(z) = inf{—,
X1z 11112

OSSQSt}.

In their papers, they need MSEV(7) to be larger than zero for some constant 7> 0. Com-

paring MUEV with MSEYV, the following lemma essentially states that our MUEV condi-
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tion is weaker than the condition required by MSEV. The proof of this Lemma is the same

as the one in Jiang & Sun’° and is thus omitted.

Lemma 4.5.1 Foranyt > s,

MUEV(£) > MSEV(2).

We further make an assumption on the configuration of the problem, a similar assump-
tion has also been adopted in Bai et al. ¢, It allows the number of group G to grow near
exponentially with #. The maximum group size can also grow with # but should grow at

most in the order of log G/ log 7. It also specifies the growth rate of the true model size s,.

Assumption 4.5.2 Assume (G, 5., Pmax) satisfies:

G>n, logG=o0(n), s, =0(n/1ogG), pmax = O(logG/logn).

Let P, denote the measure associated with the true model (4.2). Now we are ready to

present the theorem regarding the contraction rate for the exact posterior distribution.

Theorem 4.5.1 (Posterior Contraction) If for some constants C; > 0and C, > 0,

Assumptions 4.3.1 and 4.5.1 hold with A, + A + 1 < (4, — C, — C,)K, and Assumption

4.5.2 bolds. Then, for any constants My, M, > \/S(maX{Az, 1} + C, + 1)K, the posterior
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distribution 11(c, S, 8 | X, Y) concentrates on

72 . 1— Mg, 1+ Mg, )
g'i 1+M15n71_M15n ’
Q=159 |08, <K, Se F.
\ 16 — 8*|| < Mav/nae,/(VA|X]l,) )
in the sense that
P, (H(ﬁ |X, Y) >1— efC'lK,r*logG) z 1— €7C2K:*logG/2. (425)

Remark 4.5.1 The key lemma in our proof is Lemma C.3.1 in Supplementary Materials.
This Lemma was first introduced in Bernardo et al.'* to establish the consistency of the pos-
terior distribution and was later used to establish the contraction rate for the Bayesian high

dimensional regression with shrinkage priors and spike-and-slab priors, respectively'>77°.

This theorem provides the posterior contraction rate for estimating both the regression
coefficients " and the noise level o, with general slab functions. The contraction rates
match those derived by Ning et al. *°4, in which they only dealt with the multi-Laplacian
slab function. When pp.x = 1, the posterior contraction rate for estimating &° simplifies
to Mo,/ /2, which is consistent with the contraction rate obtained when sparsity is im-
posed at the individual level 7. Furthermore, the theorem implies that the selection set is
unlikely to substantially overshoot the true relevant group S, and the posterior distribu-
tion will concentrate most of its mass on a set with a reasonable number of false positives.

Compared with the results in Jiang & Sun’°, our theorem provides a more detailed char-

acterization of the relationship between the exponential terms in the contraction rate and

114



constants Ay, A, A3, K, My, M, in Assumptions 4.3.1 and 4.5.1. This is useful in prov-
ing the subsequent contraction rate for the VB posterior. For the VB posterior, we need an
additional assumption on the smoothness of the slab function /(¢;) and a more stringent

MUEV condition on the design matrix.

Assumption 4.5.3 (Local Log Lipschitz) Forany (S,6) € Q and foranyj € S
| log () —log h(F)| < LI|6; — 77 ||,

where L can depend on n and p.

Then for spike-and-slab prior with both general slab function and hierarchical slab func-

tion, the VB posterior possesses the following contraction rate:

Theorem 4.5.2 (VB posterior contraction) Suppose Assumptions 4.3.1 and 4.5.1 hold

with Ay + Ay + 1 < AK, and Assumption 4.5.2 holds. Further assume for some p, >>

max{s.e,, 1}, there exists K, s.t. 2(p K) > 0. Then for any constants My, M, > \/8(max{4,,1} + 1)K

and

log G
L= O(max {min {n—og, ||X||0\/logn},min {\/nlogGen, ||X||0\/logn5*£n}} ),
Sk
(4.26)

the VB posterior distribution I1(c, S, 6) concentrates on

( o 1— Myp%, 1+ M/, )
a2 1+ MY, 1 — Mipl/%e, |
O, =159 08 < Kp s, S€ F,

16 = *|| < Mop)*VVnowen (\) 2, K 1XI,) |
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in the sense that

P, (ﬁ(ﬁﬂn)) Y

Remark 4.5.2 The main ingredient in our proof is to bound the KL divergence between VB
posterior Tl and the exact posterior T1(- | X, Y). We adopt the technical framework developed
in Ray €5 Szabd'", with additional treatments for the unknown variance and hierarchical
representation of the slab function. Once we obtain the bound for KL divergence, we can apply
Theorem s in Ray € Szabd'"S to establish the VB contraction rate. Similar to their results,

our theorem also holds for other mean-field families, such as

Phar = {Ps = qs(0)a(#)} , (4.27)

where gs(0) indicates a distribution with a single fixed support set S C {1,...,G}. To be
more specific, we can choose gs to be the product of a multivariate normal distribution and a
Dirac distribution at zero, i.e, g5 = N(ug, Zs) @ dg, where ug € RS and Ty € RP*P5 isa

positive definite matrix with either general form or block-wise diagonal form.

Our theorem suggests that the VB posterior ﬁ(a, S, 6) has a high probability of concen-
trating on a small neighborhood of the true parameters. The contraction rate for ¢, may be
of independent interest since Ray & Szabd '*S only considered the contraction rates for §*
and used a plug-in estimator for ¢,. This provides a theoretical guarantee for a good model
selection performance and small estimation error for both # and 7, as we will see in Section
4.6 and Section C.2.5 in Supplementary materials.

The VB contraction rate for both ¢, and ¢* differ from their posterior counterparts by a
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factor of Jo}/ 2. This factor also appears in Ray & Szabé %, where they only needed P, =
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00 (can be arbitrarily slow). In contrast, our theorem has an additional requirement of
P, > s.&,. We found that this extra requirement stems from the VB estimation of 7. If
o, is known a priori or s,¢, = O(1), i.c., the signal is relatively sparse, we can omit this
condition, resulting in a VB contraction rate similar to that provided by Ray & Szabé'*s.
However, we regard this as a technical assumption, as our method performs well when the
noise level is unknown and when the number of relevant groups increases.

We are left with the question of whether the restriction on the Lipschitz constant L
(4.26) contradicts with Assumption 4.3.1(c). For example, for the multivariate Gaussian
slab, where h(6)) = (2772) 2/ exp[—||6;||*/(272)], L = 22,/ 72 In this case, according to
(4.26), 7 has a lower bound, but this does not violate the upper bound given by Assump-
tion 4.3.1(c). A similar argument applies to other commonly-used slab functions including

the multi-Laplacian slab and the multivariate-t slab.

4.5.2 SPARSE GENERALIZED ADDITIVE MODELS
We assume that the true generative model is:

Vi

Y= Zﬁ(}(l]) Tt & & N(Oa Ui)?
=1
where each X; takes value in (4, b, with 2 < b being finite numbers, and each f; € C¥[0, 1]
forsomex € N,i.e., each f]* is continuous up to the x-th derivative. As we discussed in

Section 4.4.5, the additive model (4.28) can be written as:

Vi

)/z- = ZX]@* + 5[ + &y & 7Y N(O’ U'i),
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where <9J* is a d-dimensional vector of basis coefficients and 9, is the bias.
Denote X; = (Xy,...,X,)nX = [X,.... X0 = (9,...,9,)Tand &7 =
(67,...,6,7). Lets, be the number of nonzero function components. Define ¢, = max{s, logp/n, s,dlogn/n}

we make the following assumptions:
Assumption 4.5.4

(a) Assume thatp > n,logp = o(n) and d < n"/ >+,
(b) The true number of nonzero functions satisfies s, = o(n/logp A n*/*D [log ).
(c) X satisfies Assumption 4.5.1 and Ay (E(T)?) < kin for some constant ky > 0.

(d) The bias J satisfies ||0]| S \/sxnd™*.

Assumption 4.5.4(a) assumes that 4, the size of basis expansions, is of the same order as
7"/ @) whichis a commonly assumed for additive models*"°. Assumption 4.5.4(b) en-

sures ne2 — 0. Assumption 4.5.4(c) and (d) are hard to verify but have been shown to

n
hold with appropriate basis functions, e.g., cubic B-splines'®>"**. Similar sets of assump-

tions have also appeared in Bai et al. © and Wei et al. "#7. Let IP, denote the probability with

respect to the true data generating distribution (4.28).

Theorem 4.5.3 (VB posterior contraction’) Suppose Assumptions 4.3.1 and 4.5.1 bold

with Ay + A3 + 1 < A, K, and Assumption 4.5.2 holds. Further assume for some p >

max{s.e,, 1}, there exists K, s.t. 2(p K) > 0. Then for any constants My, M, > \/8(max{4,1} + 1)K

and

nl ~ ~
L= O(max {min {n—ogp, HXH,,\/logn}, min {\/nlogpen, HXH,,\/logm*En}} ),
Sx

(4.28)
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the VB posterior distribution I1(c, S, 6) concentrates on

/ 0.2 I_Mlpi/zgn 1+M1/0}1/25n N
= < [T anme T angre |
ﬁﬁn =1 (0,5,09): 1S\, | < Kp 5., SE€F,

?
%Hife = YA < Mg/ ngien | () 2(p, K) | X

J

in the sense that

P, <ﬁ(ﬁﬁn)> — L (4.29)

Remark 4.5.3 Similar to the grouped linear regression, the above theorem also lays the the-
oretical foundation for good prediction error and model selection consistency as we will see in
the simulations. For the exact posterior distribution, we can get rid of the P, in the above theo-

2x+1

rem so that the contraction rate for estimating Zle (X)) is ne; < slogp + snt/ ) Jog .
The minimax rate for estimating Zj;l f(X) isslogp + st <AV 12 Lphich is only better

than 0%7‘])051’67’le concentration rate b)l a IOg n term.

4.6  SIMULATION STUDY

We test our method in three scenarios: grouped linear regression, sparse generalized additive
models, and uncertainty quantification. Additional simulation results can be found in Sec-
tion C.2 in Supplementary Materials. Section C.2.1 investigates the effect of different slab
functions. Sections C.2.2 and C.2.3 provide additional simulation results for grouped lin-
ear regression and generalized additive models, respectively. In Section C.2.4, we compare

the proposed method to the “Oracle” Gibbs sampler in a moderate-scale problem. In Sec-
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tion C.2.5, we assess the estimation accuracy of the unknown noise level 7, using GVSSB,
comparing it with SSGL and the Gibbs sampler. Section C.2.6 examines the performance
of GVSSB with and without the variational EM optimization of the hyper-parameters. We
also investigate the robustness of our method with respect to the initialization of hyper-
parameters.

In our implementation, we found that fvarious slab functions yield comparable per-
formance within the framework of GVSSB. Thus we employ the GVSSB with a multi-
Laplacian prior. The initial hyperparameters aresettod = landw = 1/G. Eachy,
is initialized as 1/ G, and y is determined by ridge regression via the glmnet package, with
hyperparameter minimizing the 1o-fold CV error. Following the approach of Ray & Sz-
ab6 '*5, we use a prioritized updating strategy, starting updates with groups showing strong
signal coefhicients and finishing with weak or no signals. Relevant groups are selected as
S=1{i: 7, > 0.5}. Group coefficients are estimated by g, = I(y, > 0.5)u,, where I(-)
denotes the indicator function.

Our stopping criterion is defined as follows: after each iteration, we calculate the binary
entropy H(y,) := —y,logy, — (1 —y,) log(1 — y,) for each group 7 = 1,- - - , G. Given two
predefined thresholds ¢z and ¢;, the algorithm terminates when the change in binary en-
tropy between two steps is less than ¢z, and the change in 7 is below ¢;. A similar stopping
rule has been adopted in Huang et al. © and Ray & Szabd '*5. The complete algorithm is
detailed in Algorithm 9 in the Supplementary Materials, with specific update rules outlined
in Table C.1 in the Supplementary Materials.

For evaluation purposes, we use TP, TN, FP, and FN to denote the numbers of true

positives, true negatives, false positives, and false negatives, respectively. We evaluate the
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model selection performance via Precision, Recall and Matthews correlation coefficient

(MCC), where Precision = TP/(TP + FP), Recall = TP/(TP + FN) and

TP x TN — FP x FN

MCC = :
\/ (TP+FP)(TP+FN)(TN+FP)(TN+FN)

MCC is a reliable and informative score in binary classification tasks’* and higher values in-
dicate better model selection performances. We also report log of mean squared estimation
error(LMSE) for grouped linear regression. For sparse generalized additive model, since
there exists no underlying truth, we report the log of the mean squared prediction error,
also denoted as LMSE. Throughout, each dot in the figure represents the average from 200

independent runs.

4.6.1  GROUPED LINEAR REGRESSION

This analysis focuses on comparing the GVSSB with several well-established methods in
high-dimensional grouped linear regression, including Group Lasso (grLasso), Adap-

tive Group Lasso (AdGlasso), Group Smoothly Clipped Absolute Deviation (grSCAD),
Group Minimax Concave Penalty (grMCP), and Spike-and-Slab Group Lasso (SSGL).
These methods were initially introduced by Yuan & Lin "**, Fan & Li**, Wang & Leng '*’,
and Bai et al. ®, respectively. The implementations for grLasso, AdGLasso, grSCAD, and
grMCP are available in the R package grpreg. For these methods, the penalty parameter is
selected as the largest value that results in an error within one standard error of the mini-
mum CV error, commonly referred to as lambda.1se. The SSGL method is implemented
using the SSGL package, with hyperparameters chosen based on the smallest Generalized

Information Criterion (GIC), as suggested by Bai .
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Figure 4.1: Simulation results of sparse grouped linear regression. Left column: (G, /e) = (600, 5),ﬁ S
{0,0.1,0.2,0.3,0.4}. Middle column: (p, k) = (0.2,5), G € {200, 600,1000, 1400, 1800}. Right column:
(G,.p) = (600,0.2), % € {3,5,7,10,15}.

We simulate the response vector y from the linear model y = X8* + ¢ with e ~ N(0, 7,)
and randomly locate £ nonzero groups. We generate i.i.d. features from N(0, ) where
Y; = 0.6for7,jin the same group, and X, = p for 7,/ notin the same group, and diag-
onals equal 1. We consider the sample size # = 200, and the group size p; = S across all
groups. The coefficients in every nonzero group are sampled uniformly from [—0.5,0.5].

Group size G, between group correlation p and the nonzero group number £ are varied.

The results are summarized in Figure 4.1.
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GVSSB achieves the highest MCC and lowest LMSE in nearly all settings. It also yields
the near best precision while maintaining reasonably comparable recall rates as penalization-
based methods. This means that our method effectively capture only those groups that
significantly contribute to the response vector y. The estimation errors of grMCP and
grSCAD are similar, whereas grSCAD exhibits the highest recall rate at the expense of se-
lecting an excessive number of variables, thereby resulting in lower precision and MCC.

In constrast, both grLasso and AdGlasso exhibit similar performance, which is inferior to
grMCP. They demonstrate comparable recall rates to grMCP but with significantly lower
precision. This discrepancy suggests that they tend to select a surplus of irrelevant groups,
ultimately leading to a deterioration in estimation error. On the other hand, SSGL is overly
conservative, selecting very few groups and performing the worst in terms of LMSE.

Table 4.1 presents the running times of each method for varying numbers of groups
G. GVSSB consistently records the shortest running times among all evaluated methods,
closely followed by other frequentists methods. This efficiency is largely due to the hyper-
parameter update technique in Section 4.4.4, which rules out the need for CV in hyper-
parameter selection adopted by the frequentists methods. In contrast, SSGL’s implementa-
tion involves searching along a path of hyper-parameters. This requirement renders SSGL

less efficient, typically by a large margin, especially for large G.

4.6.2 SPARSE GENERALIZED ADDITIVE MODEL

In addition to the six methods discussed in Section 4.6.1, we also include the Sparse Ad-
ditive Models (SpAM) developed by Ravikumar et al. "> and Generalized Additive Model

Selection (GAMSel) developed by Chouldechova & Hastie ** for comparisons. The imple-
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Table 4.1: Running time (in seconds) for grouped linear regression based on 200 replicates.

G 200 600 1000 1400 1800

GVSSB 3.44 9.79 16.20 23.74 28.69
AdGlasso 6.25 14.04 21.44 35.00 44 .43
grLasso 5.27  12.45 18.66 30.28 38.20
grMCP 722  14.28 20.82 32.92 40.54
grSCAD 9.40 18.36 26.34 39.70 47.40
SSGL 223.96 684.39 1096.10 1856.16 2392.15

mentation of these methods can be found in the R package SAM and gamsel, respectively.
The penalization parameters for both methods are chosen via 1o-fold CV as discussed in
Section 4.6.1. Since there is no true underlying coefficient #” in the additive model, we ex-
amine the mean-squared prediction error using 500 leave-out noiseless (i.e. &7 = 0) test
data points.

The true model we consideris ¥; = fi(x1) + f2(x:2) + f3(x;3) + fi(xu) + &, where
& " N(0,1) fori = 1,..., m, with fi(%) = Ssin(x), 5(x) = 2(* — 0.5), f3(x) = exp()
and f;(x) = 3x. The covariates are generated independently from N(0, %), where X has
an auto-regressive structure with %; = I/, We expand each additive component using
d basis functions. The experiment is carried out with a fixed sample size of # = 200. The
correlation parameter p and the number of features G are varied. The spline dimension d is
also varied to test the robustness of each method. The results are summarized in Figure 4.2.

In this example, two Bayesian methods GVSSB and SSGL surpass others in all four eval-
uated criteria, highlighting their proficiency in both coefficient estimation and feature se-
lection for sparse additive model. These two methods exhibit comparable performance

across most settings. One exception occurs when the correlation p = 0.9, where GVSSB

achieves slightly superior MCC and precision, but slightly inferior recall and LMSE com-
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Figure 4.2: Simulation results of sparse additive model. Left column: (G,d) = (600,5),p €

{0.1,0.3,0.5,0.7,0.9}. Middle column: (d,p) = (5,0.5), G € {200, 400,600, 800, 1000}. Right column:
(G,p) = (600,0.5),d € {3,4,5,7,10}.

pared to SSGL. The grMCP and grSCAD yield similar performances in most cases except
when p = 0.9, where grMCP exhibits a greater deterioration across all four criteria com-
pared to grSCAD. AdGlasso and grLasso continue to exhibit nearly identical performance,
which aligns with their performance in grouped linear regression. They demonstrate mod-
erate precision and MCC but fall short in estimating coefficients. SpAM demonstrate low
Precision and MCC, reflecting suboptimal variable selection ability. GAMSel presents un-

stable performance across different p, G, and d.
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4.6.3 UNCERTAINTY QUANTIFICATION

A main advantage of our method is that it bridges frequentists methods and the full Bayesian
approach by providing a scalable and convenient inference tool via the VB posterior. In this
section, we examine the coverage probability of the 95% credible region for both GVSSB

and SSGL, considering both group coverage and marginal (individual) coverage.

For GVSSB, the credible region for the 7th group at level « is defined as:

p

{0} ify, <a,
542 = 1 48, 18, — 2 < 22 (0} i£7, > aand 42, > 2 (w),
(816, )2 < £ @)Y U0} othervise
(4.30)
where HxHé,1 = T3 %, 7(;,() represents the quantile of the chi-squared distribution with
degree p;,at; = 1 — f andz;, = ; + 1 — y,. To obtain the marginal credible interval,

we replace the group-level variables ¢, and Z; with marginal ones and adjust the degree of
freedom of the chi-squared distribution to 1. In contrast to our method, SSGL adopts the
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de-biasing approach '# for inference, which requires further estimation of the precision
matrix.

We adopt a grouped linear regression setting with » = 300, G = 500,p;, = 5,and
o7 = 1. The design matrix is generated similarly as in Section 4.6.1. We randomly select
k = 10 groups to have nonzero coefficients, with each element uniformly distributed in
[—1.5,1.5]. The results are summarized in Table 4.2.

GVSSB consistently outperforms SSGL in both marginal and group coverage. While

SSGL demonstrates optimal coverage for null variables, its performance significantly drops
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Table 4.2: Coverage probability of 95% credible region for GVSSB and SSGL. Both the marginal and grouped probabili-
ties are reported. Results are based on 200 independent replicates.

Nonzero Null Nonzero Null Nonzero Null

GVSSB 0933 1.000 0.924  1.000 0.931 1.000
SSGL  0.83¢6 0947 0.818 0.947 0.829  0.948
GVSSB  0.908 1.000 0.889 1.000 0.884  1.000
SSGL  0.643 0946 0.605 0.944 0.616 0.944

Marginal

Grouped

for relevant variables, particularly for group coverage. One reason for that might be at-
tributed to the challenge in accurately estimating the precision matrix, which is essential

for SSGL’s inference validity. In contrast, GVSSB maintains robust coverage for nonzero
groups and individuals across various settings even when the design matrix is moderately
correlated between groups. Although the credible region given by VB posterior is inevitablely
smaller due to its nature of mean-field approximation, we found it is acceptable, as the the
coverage for both groups and individuals does not drop much when the correlation p be-
comes large. We also found that GVSSB achieves 100% coverage probability for null vari-
ables. This high coverage for null variables in GVSSB is due to the discrete nature of the

spike-and-slab prior, which often assigns a y value extremely close to o for null groups.

4.7 A REAL DATA EXAMPLE

In this section, we investigate the performances of various methods for fitting the Near
Infrared (NIR) Spectroscopy data, which is available in the R package chemometrics. This

dataset was initially analyzed by Liebmann et al. *” and subsequently examined by Curtis
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etal.’” and Shin etal. **>. The data consists of glucose and ethanol concentrations (in g/L)
for 166 alcoholic fermentation mashes made from various feedstocks, such as rye, wheat,
and corn. Our objective is to predict the ethanol concentrations using 235 variables that
contain NIR spectroscopy absorbance values collected from a transflectance probe within
the wavelength range of 1115-2285 nanometers (nm).

We apply the additive model in our analysis to capture the relationship between ethanol
concentrations and NIR spectroscopy absorbance values. The absorbance values are ex-
panded by d basis functions, where d varies from 3 to 15. The sample size for this model is
n = 166, and the number of potential groupsis p = 235. To assess the model’s perfor-
mance, we report the ten-fold prediction error. Specifically, the dataset is partitioned into
ten equal folds. In each run, we train our model using none folds and use the remaining
one to calculate the prediction error. This process is then repeated ten times, with each fold
serving as the validation set once. Finally, we compute the average prediction error across
all ten runs. On each training set, we further use 10-fold CV to choose the slab function
which yields the best prediction error among three options: multivariate Gaussian slab,
multi-Laplacian slab, and multivariate Cauchy slab. The results are summarized in Table
4.3.

Our findings reveale that GVSSB consistently ranks as the best or second-best in terms
of the prediction error across all expansions size d among the evaluated methods, which
shows its robustness to variations in d. The lowest prediction error is achieved by SSGL at
a basis degreed = 5, butits performance declines with larger d, suggesting a higher sus-
ceptibility to overfitting compared to GVSSB. This issue is similarly observed in AdGlasso,

grLasso, and SpAM. On the other hand, GAMSel demonstrates robustness with respect
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Table 4.3: Average prediction errors for NIR data analysis. The lowest prediction error for each d is marked in bold.

d 3 4 5 6 7 8 10 15
GVSSB  6.18 4.53 457 5.60 .96 .88 6.06 7.68
AdGlasso 8.24 6.71 5.84 7.42 694 772 967 12.60
grlasso 823 671 584 734 7.00 772 963 1274
grMCP 951 38.64 1529 10.98 47.24 20.67 31.66 28.28
grSCAD  9.51 2632 19.56 21.54 8511 12576 101.06 123.21
SSGL 8.15 6.06 4.06 s5.42 651 698  8.01 12.59
SpAM  4.83 6.03 642 821 802 754 1133 14.42
GAMSel 619 633 612 617 608 598  6.04 6.07

to d. Note that GAMSel imposes regularization on the smoothness of the estimated func-
tions, which highlights its necessity in managing high-order spline expansions to prevent
overfitting. Notably, grfSCAD and grMCP significantly underperform across moderate to

large d, indicating their limitations in this analysis.

4.8 CONCLUSION

We have introduced a large class of spike-and-slab priors for variable selection and linear
regression involving grouped variables. To approximate the true posterior, we have estab-
lished a variational Bayes framework that can handle both generic slab functions and hi-
erarchical slab functions. The proposed method is then extended to the additive model.
Our method is shown to be particularly attractive as it outperformed empirically all the
published methods we considered and exhibits near optimal contraction rate theoretically.
The convergence of the proposed algorithm is much faster than traditional Bayesian ap-

proaches, which rely heavily on MCMC sampling techniques under such settings.
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Several directions for further developments are worthwhile to consider. Our method
is currently designed for group sparsity, it would be interesting to extend our method to
bi-level variable selection, i.e., the variable selection at both the group levels and individual
levels. Going beyond the linear model, it is also of interest to investigate the applicability
of our method for dealing with generalized linear models and other nonlinear models. In-
corporating spline smoothness in generalized additive models represents another promising
direction for improving the performance of our method. Theoretically, our theorems only
apply pointwisely to pre-fixed hyper-parameters, how to make the theorems hold uniformly
over a range of hyper-parameters and determine if the variational EM algorithm developed
in our paper can correctly pin down the hyper-parameter into this range is of immediate

interest.
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Supplementary Materials of Chapter 1

A.1 PRrROOFs

We consider the general form of the mirror statistic defined in (2) of the main paper, in

which function f{#, v) is non-negative, exchangeable in # and v, and monotonically increas-
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ing in both # and v. Forany # > 0 and # > 0, let

L(n) = inf{o > 0 : flu,v) >t}

with the convention inf @ = +00. The CDF and pdf of the standard normal distribution

are denoted as @ and @, respectively. For r € IR, let
Q(Z’) =1- cD(If), H(Z’) = ]P(sign(ZIZZ)f(|Z1|, |Zz|) > Z')7
in which Z,, Z, independently follow the standard normal distribution.

A.1.1  PROOF OF PROPOSITION 3.1

Lemma A.1.1 Let X = 1, For (v, a,) defined in (11) of the main paper, we have
P ?
Ty — /KOy, @y — &y, asn,p — 00,

where (o, a,.) is the unique solution of the following problem:

R — 2y — T
i o+ 355580 — a8

—l—]E[]VIﬁ(ayZl a'\/_Zz—i- e 15)}}

(A.1)

Here, Zy, Z, ~ N(0,1) are mutually independent and also independent of the data, and

My(000) = mip {ota) + 5. 0.

x€R 2t

132



Proof of Lemma A.1.1. The proof relies on Thrampoulidis et al. "*° and Salehi et al. >,
in which the key technical tool is the Convex Gaussian Min-max Theorem (CGMT). We
introduce a new variable # = X} and rewrite the optimization problem in (9) of the main
paper as

1

1
ﬁe]}{r;{%w ;lTﬁ(u) - ;yTu st u = XB.

By the method of Lagrange multipliers, the above optimization problem is equivalent to a

min-max problem specified as below,

(PO) ﬂe]Rr}"l,iuré]R" max %lTjo(u) — %yTu + %UT(I/t — XB).
We refer to this min-max optimization problem as the primary optimization (PO) problem
henceforth.

We proceed to associate the PO with an auxiliary optimization (AO) problem using
CGMT. Similar to Salehi et al. **, we decompose 8 = P8 + P, in which Pis the pro-
jection operator projecting onto the column space spanned by 8, and rewrite the PO as
below,

1 1

1 1 1
i —1Tp(s) — =yTu + —vTu — —0TXPB — —0TXPB.
pepin max - pu) = yTu+ - otu — - 0T XPE =~ oTXP7f

Before we apply CGMT, we remark that we can simply assume the feasible sets of v, # and /8

are convex and compact following Lemma A.1 and Lemma A.2 in Thrampoulidis et al. 136

For simplicity, we omit the details here and write the AO as:

1 1 1 1
(AO)  min  max—1Tp(x) = ~y"u + —oT(u — XP) = ~("h||P"£| + |07 P~8),

BER? u€R” vER” 1
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in which b and ¢ independently follow N(0, 7,,) and N(0, Z,), respectively.
We proceed to simplify the AO. Let » = ||v|| //7. Maximizing with respect to the direc-

tion of v, the AO can be written as

u _XPE_|Ppl
Vi

min  max llTjo( ) — —y u— \/_gTPL/Z +7r ‘ H . (A2)

BER? u€R? r>0 7

136

By Lemma A.3 in Thrampoulidis et al. **°, we swap the order of min-max in the optimiza-

tion problem (A.2). Let o = || P18||/ /%, « = (B,8") /||8"||*>. Then P8 = af*. Optimizing
with respect to the direction of PL[B, we can further simplify the optimization problem

(A.2)as

aXB*  \/xah

VRV

T

P

max min -1
r>0 ucR”,0>0,0€R 7

(u) - P

—y u+ —HgH0‘+ r

Using the square-root trick, i.e., 1/x = infj50 {% + 55 }, we obtain

n  aXB  \[xoh

(1) - av Ve
N,

! y %+—Hg\|0'+

P\

max min -1
r>0 u€R",0>0 n

2
‘ r
2€R, 0>0

We proceed to optimize with respect to #. Based on completion of square, we have

_lyTu_i_a\V __%_\/_Jb ’
_ N WP 2 op VE o
n Hu aXp Viah = H 2ndr n A n 'b.
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Optimizing with respect to the direction of #, the AO can be simplified as below,

2
max min  R,(c5a,d,r) = @Hgﬂo*—l— r_blF O—CyTX/Z* - ﬁayTb
n n

>0 ¢>0,2€R,0>0 n 20 2nor

1 " y 1
+ ;%((xX{@ +0'\/;10+ 5, 5),

in which the function A4, is applied in an element-wise fashion. We now reduce the orig-
inal vector optimization problem into a scalar optimization problem. Since the objective
function is convex in 7, «, d and concave in 7, we can swap the order of min and max.

We proceed to further simplify the AO by invoking asymptotics. By the law of large

numbers and Assumption 3.1, we have the following convergence results,

@ b - EGY);

() X Ly EGXTE);

() %M (aXﬁ +0'\/_h—|—5— 31) i>1E[M (ayZl—i-a‘\/_Zz—i-; ;)}
1 1

(d) ;WJ—\/—\/—WJ— 0,(1/v/n);
© \/?H H _rlel oo _

T

S

Based upon these facts, R, converges in probability to

._ 7oLy 1
D(o,a,0,7) := mca'—i—zg 55 E(”) a]E(yXT(Q)+]E[ ﬁ(wyZ1+(7\/;Zz+gragr)]

We note that the objective function D(e, 2, 9, r) is convex in 7, &, 9 and concave in 7, since

the convexity is preserved through point-wise limit. The covergence of the optimizers can
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be established based on the same arguments as in Lemma B.1 and Lemma A.s in Thram-

poulidis et al. 3¢ This completes the proof of Lemma A.1.1.

Proof of Proposition 3.1. The proof is essentially the same as the proof of Theorem 3.1 in
Zhao etal. . Denote ¥ = LLT as the Cholesky decomposition of the covariance matrix X.
Let

o =Lp", §=LT8, (A.3)

in which ‘/é is the MLE of the true regression coefficient ‘8*. By Proposition 2.1 in Zhao
et al. ¢, B has the same distribution as the MLE of the GLM with true regression coeffi-
cient §* and features i.i.d. drawn from N(0, 7,). Note that it is sufficient to consider the

case X = [, as the general result follows from the following relationship,

_ Al
where sz = Gﬁ )
Forj € [p], we have the following decomposition,

o~ o~

vl —aly) _ VrlG—ab)a,  Vrla —a)f

16 we can show

Using the same arguments as in the proof of Theorem 3.1 in Zhao et al.
that the first term converges to the standard Normal in distribution and the second term

vanishes asymptotically. This completes the proof of Proposition 3.1.
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A.1.2 PROOF OF PROPOSITION 3.2

In addition to the notations introduced in (A.3), we require the following notations for the

ease of presentation. Let (#,v)s = #"2v forany #,v € R?, and ||«||3 = #"Zu. Let

f= W %<W,ﬂ*>zﬂ*, (A.4)

n

in which 7 follows N(0, ©) and is independent to everything else. Recall that y2 =
Var(x]8") calibrates the signal strength, and we assume y, — yasz,p — o0.
Forj € [p], define the standardized MLE T} as well as its centered approximation ?} as

below,

T \/Z?ﬂ@j oV ”KTJ'(IBJ' - “n{g;)
J o ] o
* n

(As)

in which ¢, is the unique optimizer of the optimization problem in (A.1). Without chang-
ing the selection result of DS outlined in Algorithm 1, we multiply the normalized MLE in
(12) of the main paper by a constant factor so that it follows the standard normal distribu-
tion asymptotically.

Forj € [p], let

v, = % with ¥ ~ N(0,R), (A.6)
z

where ]NQZ] = z'l'fjél-j and © is defined to be:
@=L (1], — Le*&”) L
1671

where L is defined to be the Cholesky decomposition of . Define R = Rs, 5,. Witha
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quick calculation, we have: Oy, 5, = Oy, s, thus R; = 7,7,0,;. Let M, be the correspond-
. . . . 7 7 .
ing approximated mirror statistic constructed based upon 7} and 7;™ following (2) of the

main paper.

TECHNICAL LEMMAS

Lemma A.1.2 Define S = S, U Sy, T 4 Vs.

Proof of Lemma A.1.2. By the stochastic representation of the MLE (see Proposition A.1 in

Zhao et al. "*®), we have:
~ T
7 4 VP st'
1£]]

Then we calculate the distribution of £ Denote ¥ = LLT as the Cholesky decomposition

(A7)

of the covariance matrix =. A simple calculation yields
_ d
LTPsZ =& |PyZlly = |fls,

in which Z following N(0, 1,) is independent to everything else. Note Py; is the projection

matrix onto the orthogonal complement of g". Thus we have:

1

Py
’ 1671

ggT.

I, —

Then we have £ ~ N(0, ©). Combinig this with (A.7) and (A.6), we get the proof.

Lemma A.1.3 Under Assumption 3.2, there exists a constant C > 0 such that for any e €
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(0,1), we have

P ( max |7, /7 — 1‘ >e| <pexp(—C(n/2—p+1)¢).
el 170
Proof of Lemma A.1.3. By Assumption 3.2, we have

m1n72 =1/max©; > 1/01x(0) = omin(Z) > 1/C > 0,

€l 7 JER] (A.8)
ma[p)](f]2 = 1/m1n® < 1/0in(©) = gux(Z) < C < 0.
JjE

Thus, it is sufficient for us to consider max;e/,) ‘ TZ‘ Since RSS; follows 72;(2 S p1? by

the union bound and a Bernstein-type inequality, for any ¢ € (0, 1), we have

?]2—7]2‘>5) Z]P(

P (?EI%)]( 72’ > 5) <pexp( (n/Z—]J—i-l)sZ)

for some constant C > 0.

Lemma A.x.4 Under Assumption 3.2, as n, p — 00, we have

sup |P(7; > ¢) — Q(¢)] — 0.
teR €S0

Proof of Lemma A.1.4. Without loss of generality, we assume # > 0. Forany ¢ € (0,1), we

condition on the event £} N E,, in which

51={|Jn/ﬁ—@!<£}, Ezz{ma[;]c} 1\<g}.
S
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For large enough 7 and p, E; and E, hold with high probability by Lemma A.1.1 and Lemma

A.1.3, respectively. Note forj € SO,(@; = 0, we have
m%xﬂ}/T 1| <max] /Tl 00 )V — a‘*]/a*—i—max| 1| < (e+1)g/oy + ¢,
J€So

which further implies that

max ]7}/7} — 1 0. (A.9)
JE€So
We proceed to show that
max}V/V 1|— L— ‘L>O (A.10)

J€lpl ||ﬂ|

Indeed, by the definition of £in (A.4), we have

1z Wiz 1, £,
=120 o B2
? p< n>z

The second term converges to o in probability, since (1, 8"/, )s follows the standard nor-

mal distribution. For the first term, we have

For any £ > 0, denote

E = {max|T/e/T/e—1| Sg}, E, = {max|m/Vk—1| Ss}.
kESH ke[p]
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By (A.9) and (A.10), for large enough 7 and p, we have P(E;) > 1 — cand P(E,) > 1 — .

Forj € Sp, we have:

t
P(T; > ¢) > P(T; > ¢t | E)P(E) > P (7} > 1

4 —¢ —¢
(A.r1)
Similarly, we have:
~ t
P(T; > ¢) §1P(7}> 1+£) +e. (A.12)
Combining (A.11) and (A.12), we have
sup |P(T; > ¢) — P(T; > )| > 0. (A.13)
t>0,j650

Following the same argument, we are able to prove

sup |P(V; > 1) —P(V; > 1) 2= 0. (A.14)

>0, j€So

Then it follows that

sup |P(7;>¢)— Q)| < sup |P(T;>¢) — P(T; > 1)

t>0,j€S() l‘>0,j€So

+ sup [P(T;>4) - Q)|

>0, j€So
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The equality follows from Lemma A.1.2. The convergence in the last line follows from

(A.13)and (A.14).

Lemma A.1.5 If (A.9) holds, asn,p — 00, we have

sup }]P(]MJ > t) — H(t)’ — 0.
tE]R,jESQ

Proof of Lemma A.1.5. Without loss of generality, we assume # > 0. Let ZW and Z? be
two independent random variables following the standard normal distribution, which are

also independent to 7}@ and 7;2). For any ¢ > 0, for large enough 7 and p, we have

10> 0) + (rf <—1(1"), 1" <0)
1> 0) + P29 < —1(1)), 1) < 0) +

where all the equalities follow from the fact that f{#, v) is monotonically increasing with
respect to # and v, and the two inequalities follow from (A.9) as well as the independence

between the random variables. Similarly, we can show that

P(M; > t) > H(t) — 2¢
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for large enough 7 and p. This completes the proof of Lemma A.1.5.

Lemma A.1.6 Under Assumption 3.2, as n, p — 00, we have

sup

1,j€So0, t1,2ER

|]P(Tz >n,T;>6) PV, >n,V,> fz)‘ — 0.

Proof of Lemma A.1.6. Without loss of generality, we assume #; > 0Oand# > 0. For

7,7 € So, we have

P(T; >0, T;> ) > P(T; > 4, T;
- t -
EIP( z‘> : 77}
1—c¢
- t -
Z]P( z'> 77}>
1—c¢
- f -
—P(Vi> 7>
1—¢
- t -
2P< l> ,V]>
1—c¢
151
>]P(V,->—,V-
- (1—¢)2 "/
151
- (1—¢)2 "/

t_zg | E)P(E)

1t—25> —f

125) —f

lt_zg |E2>1P(E2) iy

> Oi—zg)z}Ez)]P(Ez)—g

%)
e ) o
(i—e2)

in which the equality in the fourth line follows from Lemma A.1.2. Similarly, we have

5]
P(T;>u,T>6)<P|(V,>——,
(L> 01> 5) ( (1+¢)?

%)

V> ——— 2¢.
g <1+.e>2)+ y

Combining (A.15) and (A.16) leads to the claim in Lemma A.1.6.
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Corollary A.1.1 Under Assumption 3.2, for any Borel set Bin R, asn,p — 00, we have

sup |P((T;,T;) € B) = P((V;, V;) € B)| — 0.
Z',]'ES()E]R

Proof of Corollary A.1.1. The proof follows from Lemma A.1.6 and Example 2.3 in Billings-

16

ley

Lemma A.1.7 Under Assumption 3.2, as n, p — 00, we have

supvar(l S 1> t)) < % + O(IR|})) + o(1),

teR 0 JESo
in which ||R||; = E;‘J |R;1/2%-

Proof of Lemma A.1.7. Without loss of generality, we assume £ > 0. We have

supVar(i Z (M, > t)) < lz ZsupVar(l(]l/Ij > 1))

R 0 jeso 0 jes, R

1
+ = Z sup Cov(1(M; > t),1(M; > t)).
0 i?éjESO reR

1(M; > ¢) is just a Bernoulli variable, and its variance is no larger than 1/4, hence the first

term is upper bounded by 1/(4py ). For the second term, since

Cov(1(M; > 1),1(M; > 1)) < |P(M; > t,M; > t) — H*(t)| + |P(M, > t)P(M; > t) — H*(z)],
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by Lemma A.1.s, it is sufficient to show that for 7,j € Sy and 7 # ,

sup |[P(M; > £, M; > t) — H*(¢)| < O(|Ry]) + o(1),

teR

where the o(1) term is uniform in 7, .

We have the following decomposition based on the signs of 75” and le),

P(M; > t,M; > 1) =P

= [1

Denote @, and @ as the CDF and pdf of the bivariate normal distribution with variances
1 and correlation 7, respectively. Let ¢(”) be the 7-th derivative of @. Recall Mehler’s iden-

tity®’, thatis, forany 1,1, € R,

N
D,(t1,1,) = D) D(t2) + Y ;@Wl) (1) (22).
n=1 "
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For 1}, we have the following upper bound,

z

L =E :]P(f.z) > I,(x), 7}2) > I,(y)) | TV =x>0, 7;1) =y> O]

z

—E[P(r? > L), VP > 1) |1V =x>0, 1V =y > o] +o(1) (A18)

< E [QUNQUEG) | TV =x >0, " =y > 0] + ORs]) + (1),

in which “o(1)” is uniform in 7, 7 by Lemma A.1.6. The second line in the proof follows
from Lemma A.1.6, and the third line follows from Mehler’s identity and Lemma 1 in

Azriel & Schwartzman®, i.e.,

2

< OQ.

- su teR (nil)(t)
Z[ Per P ]

n!
n=1

Similarly, we can upper bound /,, /5 and Z;. Combining the four upper bounds to-

gether, we obtain an upper bound on IP(M; > ¢, M; > t) as below,

P (sign(Z™ 11201 \10)) > £,5ign(Z TAIZP 1 1T01) > £) 4+ O(|Ryl) (1),
(A.19)

in which Zl(-z) and Z](Z) are two independent random variables (also independent to every-
thing else) following the standard normal distribution. We can further decompose the first
term in (A.19) into four terms as (A.17) by conditioning on the signs of ZZ(-Z) and Zj(»z), and

repeat the upper bound in (A.18). This leads to

P(M; > t,M; > t) < H*(t) + O(|R;]) + o(1).
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Similarly, we can establish the corresponding lower bound.

Corollary A.1.2 Under Assumption 3.2, asn,p — o0, foranyt € R, we have

LN 1> ) — ()

Do s,

2.

Proof of Corollary A.1.z. By Lemma A.1.7 and Lemma A.1.5, we have

EKL S 1> 1) —H(t))z] < 4%0 + O(|IR||) + o(1).

Po JESo

Under Assumption 3.2, we have |R]|; — 0 following the arguments in the proof of
Lemma A.2 in Zhao et al. "°. For the sake of completeness, we provide brief arguments
here.

By Cauchy-Schwartz inequality, we have:
SR <\ SR (A.20)
iy i
Thus it suffices to upper bound ) . y R? -

ZR?J = Z(Ti”j@lﬁ)z
i

rJ

po
S Tfnax Z ®zzd = Tfnax Z a'l'(@SO)z (A'ZI)
i i=1
2 (=
Spoffnaxa'max(G)z < po arzmxgzg SPOCZ,

where 7, = 1/ min(0) < 1/04in(©) = ax(E) and the second to the last inequality

max
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follows from ¢, (©) = 1/ (2).

Combining (A.21) and (A.20), we have: O(||R||;) — 0.

Corollary A.x.3 Under Assumption 3.2, asn,p — o0, foranyt € R, we have

S UM 1) - SR> 1

Pl JES P JES

L.

Proof of Corollary A.1.3. We can walk through the same route as we prove Corollary A.1.2
to prove Corollary A.1.3. Note we have characterized the joint distribution of 7} forj €
Syin Lemma A.1.2. Lemma A.1.3 already holds forj € [p]. For Lemma A.1.4, we first
calculate the distribution for 7}, € Sy. Unlike; € S, the asymptotic distributions for
every single 7 can be different for ; € S. They follow the normal distribution but can

differ both in the means and the variances.

NG

P(T; >t =P >t
7y

-p nTJ(ﬁj - am@j) o \/ZTJ"Z”(@J‘ )

Tx T%
Y O L A )

/ Tur\/P 2
NN
=P Vj>t—;ﬂj +0(1),
T

where the third equation follow from Lemma A.1.2 and the last equation follows from

a, 2 Ay T 2 V/xoy, and ‘Hf% — 1‘ 250, Furthermore, o(1) is uniform overj € S;.
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Define

Qt) =P <Vj> t— M) :

then we have:

sup  |P(7; > ¢) — Qi(¢)] — 0

teR, jES

foranyr € R.

Lemma A.1.6 can also be modified for j € S; similarly. Let 4;,, = \/Z?janﬂ]* /7, we have:

sup  |P(7; > g, T; > L) =PV >t —a;,, V>t — ozj7n)| — 0.
tl,l‘ze]R, l’J’ESl

For Lemma A.1.5, let M(x, y) = sign(xy)A|x], |y|) and oz](fz = \/Z?j(")a,(f)ﬂ;/a;. Define

1 1 2 2
Hr) = P(M(ZY + 4, 27 +a2) > 1),

where Z](-l), Z](-z) are two independent random variables from N(0, Ejj). Then follow the

same proof in Lemma A.1.5, we have:

sup |P(M; > 1) — Ht)] — 0.
tG]R,jGSL

Similarly, we are able to prove Lemma A.1.7 forj € ;.
After repeating all the steps from Lemma A.1.2 to Lemma A.1.7, we are left to prove

|Rs,.5 /11 = 0. It suffices to prove the maximum eigenvalue of © is bounded and the rest of
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proof is the same as Corollary A.2. For any x € R?, we have

KT@x = ATL T ([], 5*5”) L%

1
RGE
< Gmax (I], - ”;Hzﬂ*aﬂ) ik
|27 '%||* = x"Ox

1
~ Omin(Z)

IN

l[1%,

where the second inequality follows from the fact that the eigenvalue of a projection matrix
is either o or 1. Thus we have: a'max(é) < 1/0min(Z). Thus we complete the proof.

Similarly, we have:

Corollary A.1.4 Under Assumption 3.2, asn,p — oo, foranyt € R, we have

1

Pl,strong

Ls0.

Z (M > 1) —

j€S1 ,strong

P(M; > ¢)

pl sstrong ]ESI ,strong

PROOF OF PROPOSITION 3.2
For the ease of presentation, we introduce the following notations. For # € R, denote

1

a]())(t): _ZI(M>Z-)’ a}v(t):_zl(%>t)v
Po JE€So p JES

~ 1 ~ 1

() == 1M < —1), Vy(e) == 1(M;< —2).
Do s, P
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Let 7, = p1/po. Denote

B Go(2) . 70(2) H(z)
FDP (1) = G0 + 1,Gi(z)’ FDR) = Qo) +1,Gl()’ PR = RGy(e)

Lemma A.1.8 We bhave asn,p — oo,

sup ‘E;g(t) - H(z‘)‘ Ly,
r€eR

fgﬂg ‘?fj(r) — H(t)‘ 250.

Proof of Lemma A.1.8. We prove the first claim based on an e-net argument. The second
claim follows similarly. Forany ¢ € (0,1),denote —00 = & < o] < -+ < o}, = o0
where N, = [2/¢], such that H(e,_,) — H(&;) < ¢/2 for k € [N,]. Such a sequence {&}

exists because H(#) is continuous and in the range of [0, 1]. We have

teR

P (sup 62(1‘) — H(z) > g) <P U sup ag(t) —H(t) > ¢

We note that both @g(t) and H(¢) are monotonic decreasing function. Therefore, for any

k € [N.], we have
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By Corollary A.1.2, we have

P (sup /C\;;)(t) — H(zr) > 5) < ZNE:]P (E}g(az_l) — H(d,_,) > f)

t€eR P 2
< N.max P (G)(,) ~ H(d ) > T) — 0.
as 7, p — oo. Similarly, we can show that
N:
P (mff;;;(r) —H() < —g) <>'rp (6;;(04) — H(Z) < _£>
€R P 2
< N max P (G)() — H(#) < =) — 0.
This concludes the proof of the first claim in Lemma A.1.8.
Lemma A.1.9 Foranye > 0, we have:
PM; < —t) <P(M < —t) +¢, Vi€ S8, VkeS, (A.22)

asn — 00 and p — oQ.

Proof of Lemma A.1.9. We only prove the case for f{z,v) = u + v, other choices of /
follow similarly. Note that for & € S, 74;) and Tiz) are asymptotically normal with zero
mean and unit variance, while forj € S, le) and 7;2) are asymptotically normal with
mean d}}n), 4](-71) and variance 1 — 6]*2/\]6’*“2 e,

Denote; =1~ & 2/116||* and ®, = ﬁrja*ﬁ; /7. Without loss of generality we
assume ‘8]* > 0 throughout. Let Z; and Z, be two independent standard normal random

Q)

variables. Note 2,7, / #;,, — luniformly for7 = 1,2and; € 5. Forany ¢ > 0, by Lemma
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A.1.5 and the proof of Corollary A.1.3, we have:

P(M(Zy,2,) < —t) < PM(TV, 1) < —2) 4 ¢/3, fork € S,

PM(T)", T7) < =) < P(M(021 + 020 + 1,,) < —1) +¢/3, forj €S

with probability converging to 1. Note that by (A.3), we have 5]* = jﬂ;, thus forany; €
S1\S1,strong> 5]*2/”(9*”2 — 0. This implies ¢; — 1. Then for j € S\ S} srong We have:

PM(oiZy+p; 020 +py,) < —t) SP(M(Zi+p,,, 2o +p,,) < —1) +¢/3.
While for j € S} rong, We have: K, = 00,0
P(M; < —t) < P02V +p,, < 0) + P(;2% + 1, <0) <¢/3
asn, p — 00. Then it suffices to prove:
PM(Zi+u, Zy +p) < —t) < P(M(Zy,2,) < —t) (A.23)

for any z # 0. Consider a coordinate system with x-axis and y-axis representing Z; and Z,.
Denote 4 = {(x,y) : M(x,y) < —t}, which lies in the second and the forth quadrant and

is symmetric about the line y = —x. Consider the following change of variables,
x=x+ty, y=x-y

which corresponds to rotate the coordinate system 7/4 counter-clockwise. Denote the
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rotated 4 as A, which is now symmetric about the x-axis and y-axis. 4 is also bounded by
y=xandy = —x. Let Uy = Z; + Z, and U, = Z; — Z,, which can be seen as the rotated
Z; and Z,. Note that Z; and Z, independently follow the standard normal distribution, U;
and U, thus independently follow the normal distribution with mean zero and standard

deviation v/2. Then we have:

P(M(Zy + 1, Z, + ) < —t) = P((Uy + 2, Us) € A),
(A.24)

P(M(Z,2,) < —t) = P(U;, Uy) € A).

Denote 4, = {x y=u, (x,7) € A}. Then 4, is a symmetric interval centered at zero.
We then have
P(U; € 4,|U, = u) > P(U; + 2u € A4,|Us = u),

by the density of the normal distribution. Integrating out U, we have

P((Uy + 2, Us) € 4) < P((Uy, U,) € 4).

Combining this inequality with (A.24) and (A.23), we have proved (A.22).

Proof of Proposition 3.z.

It follows that Ve > 0, Vz > 0, as #, p — oo, with high probability, we have

D UM < —) < =) P(M;< —1) +¢

1 1
pl JES Pl JES

<1 > H(e) + 2¢ = H(t) + 2.
b =)
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in which the first inequality follows from Corollary A.1.3, and the second inequality fol-

lows from Lemma A.1.9. Then we have as , p — 00, with high probability,

VO(2) + 7, (1 + 2¢)H()

FDD(z) = = =
GO (2) + 7,G(2)

<

P2(0) 4 1,71 —
Ai(t) +7V, ) < (1+ 7,4 Ce)FDP(z), (A.2s)
p

(6) + 7, Gy(2)

for some constant C > 0, in which the last inequality follows from Lemma A.1.8.

Define z,, such that H(z,) = g];:q;f By Assumption 3.2, #, is upper bounded. We then

show, for any given FDR control level g € (0, 1), we have:
) — 1. (A.26)
It suffices to show that with probability approaching one,

FDP(z,) < g.

By Corollary A.1.4, we can show, for any fixed # > 0,

1

1(M; > 1) 251
Pl,strong

jeSI ,strong

Then we have:

+o,(1) < ——T— +4,(1).

FDP(s)) < T 2(147)

H(tq) +P1,strong

Combine with (A.25), we have F/Iﬁ)(tq) < q/2 + 0,(1), which implies (A.26). Then we
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have

limsup E [FDP, (7,)] = limsup E [FDP, (7,) 1(z, < #,)] + limsup E [FDP, (7,) 1(z, > ¢,)]

< limsup E [FDP, (7,) 1(z, < z,)] +¢

p—0

< lim sup E|[FDF, (z,) — FDF, (r,) [1(7, < 1)
p—00

+ limsup E “FDPJr Tq — FDP (Tq> ‘1 )}
p—00

+limsup E [FDP 7, < tq)] te
p—00

< lim sup]E[ sup ‘FDP — FDPp(f)‘ ]
p—o0 0<t<t,

+11msup1E[ su FDPT —FDPP(t)H
p—ro0 0<t<tq

+limsup E [FDP ]

p—0

The first two terms are o based on Lemma A.1.8 and the dominated convergence theorem.

For the third term, note that:
FDP(z,) < FDP(z,) < 4,

where the last equality is based on the definition of 7, This concludes the proof of Propo-

sition 3.2.
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A.1.3 PROOF OF PROPOSITION 3.3

Similar to the proof of Proposition 3.2, we multiply Yf) for7 € {1,2}in (12) of the main
paper by m, which does not change the selection result of the DS procedure (Algo-
rithm 3 of the main paper).

The proof relies on verifying the conditions in the non-sparse regime of Proposition 3 in
Dai et al.?®. Dai etal.** provides sufficient conditions for MDS to achieve FDR control.
In the non-sparse regime, we need to verify two conditions: (i) the power of DS is bounded
below by by some constant x > 0; (ii) the mirror statistics are consistent at ranking fea-
tures, i.e., SUPc, s, P(; < I;) — 0.

We first show that the power of DS is lower bounded with high probability. As we show
in the proof of Proposition 3.2, any feature; € Sj srong Will be selected by DS with high

probability. Thus the power of DS is larger than pi srong /p1. Furthermore, we have:

sup  P(L <) —0.
l‘ESI,stmng7]‘ES0

Note p1 srong/p1 — 1, by Proposition 3 in Dai et al. **, we have completed the proof.

A.1.4 PROOF OF PROPOSITION 3.4

Similar to equation () of the main paper, we can reparametrize the GLM with respect
to the features (X_;, X;“ , ;") so that the corresponding true regression coefficients are

(Bij, (8]* /2 and (8]* /2, respectively. In addition, the asymptotic signal strength y and the ratio
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x remain the same, whereas the conditional variance becomes
+ -\ _ — +Y *
Var(X' | X_,X) = Var(X; | X_,X) = 1/©},

in which ©* is defined in Proposition 3.4. The proof of Proposition 3.4 thus follows from

Lemma A.1.1 and the proof of Theorem 3.1 in Zhao et al. "°.

A.1.s PROOF OF PROPOSITION 3.5

The proof of Proposition 3.5 is essentially the same as the proof of Proposition 3.2, once

we have the following Lemmas (in particular, Lemma A.1.14).

Lemma A.1.x0 For the response vector y, we consider fitting two GLMs with respect to the set
of features X = (Z,Xy,...,X,) € R** @+ (full model) and X = (X, ... ,X,) € R?
(reduced model), respectively, in which each row of- X are i.id. samples from N(0, ]p), and

Z is a null feature following N(0, I,,). Denote the MLE; of the full model and the reduced
model ozs(/é e R and ‘é € R?, respectively. Denote the difference between the two MLE;s as

A= ;lgz:(pﬂ) — B Then we have
1A]|oe = Oy (7).

Proof of Lemma A.1.10. The proof relies on the theoretical results derived in Sur et al. *#
(see Section 7 therein), and the main technical tool is the leave-one-out analysis. In the fol-
lowing, we sketch the proof of Lemma A.1.10, and refer the readers to the results in Sur

et al. ** for complete details.
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We first construct a surrogate of 1@ as below following Equation (86) in Sur et al. "*#,

in which
~ 1~ - 1~
G= —XTDgX, w= —XngZ.
n n
D..

zisann X 7 diagonal matrix with entries o (%78) for i € [n],and by is defined as below

following Equation (91) in Sur et al. "%,

- ZT7
b ZTD;/ ZHD;/ 2y

where

1 -~ i~ -
H=1— —D%/ ZXG’IXFD;/ > and 7=y, —J@&B), i€[n]
n

By Theorem 8 and the arguments in Section 7.4 in Sur et al. *#, we have

IAllse < 118 = Bllso + 161G~ ]|

< n71+o(1) + n71/2+o(1)Héfleoo.

~Y

Thus it remains to bound ||G~"w||sc.
Note that both X and D/; are independent to Z. Therefore, conditioning on X, G lw

follows a multivariate normal distribution with mean o and covariance matrix X specified
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as below,
| N
>, =—G lXTDéXG ' < sup [p”(xlT(@)‘ﬁG XD XG™!

n? i€[n]

= ~sup |/ HRIG,

7 e [n]

By Lemma 7 in Sur et al. "**, we have Jmm(é) > A > 0 with high probability. This implies
Jmax(ZZ) = Op(l/n>7

which further leads to
|G w]|0e < 4/logn/n.

We thus complete the proof of Lemma A.1.10 via

HAHoo 5 n71+o(1) + n71/2+o(1) /logn/n — Op(nflJro(l)).

Remark A.x.x Lemma A.1.10 also holds in the case where each row of the design matrix X
independently follows a multivariate normal distribution with a general covariance matrix
2 satisfying Assumption 3.2(1). In addition, by Lemma A.1.10, we know that the infinity
norm of the absolute difference between the normalized MLE;s (defined similarly as (A.s)) of
the full model and the reduced model behave as

VallAlloe = 0,(n™/27W) = o(1),

which is crucial in the proof of Lemma A.1.14.
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Lemma A.x.x1 Asn,p — 00, we have

max [¢; — 7;| = 0,(1),
max g, — 5| = (1)

in which ¢; is defined in (6) of the main paper and v; = Var(X; | X_)).

Proof of Lemma A.1.11. Recall that ¢; = ||Pfj)(}||/||Pf]Z]|| Note that

IPLZIP ~ 2 and [PEEI ~ 2

In addition, Pijj and Pf]Xj are independent since Z; is independent to the design matrix

X. The proof is thus completed by the Hoeffiding’s inequality and the union bound.

Lemma A.x.12 Forj € [p|, we consider fitting the GLM using the response vector y with

respect to the two augmented sets of features, (X_;, X; + ¢Z,, X; — ¢Z;) and (X_;, X; +

7.2, X; — 1,Z)), in which v; = Var(X;|X_;) and c; is defined in (6) of the main paper. Denote
. . /\+ ~—

the MLEs associated with features X; + ¢Z;, X; — ¢Z;and X; + 1,2, X; — 1;Z; as ﬁj , 1@}.

and *l/@\;r, *:@7, respectively. Further, we denote their normalized versions, defined similarly as

(A.s), as Tf, 7;_ and *?f, */7\;_ Then, under Assumption 3.2, as n, p — 00, we have

sup ]P(Tj+ >0,T; >8)— P(*?f > z‘l,*/Y\;-_ > )| — 0.
jE€Ppl n,0ER

Proof of Lemma A.1.12. We consider fitting the GLM using the response vector y with re-

spect to the augmented set of features (X_;, Xj, Z;). Denote the MLEs as T{@_j, T(/@\j, 9. We
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have the following relationship,

~F — ~ OoF o ~
b +8 =8, B +78 =T,
~F o~
BB =/ B B ="
By Proposition 3.1, |T:§| = 0,(1//n). By (A.8) and Lemmas A.1.3, A.1.11, we have

/\

*ﬁ( = max 3,/ (1/5 ~ 1/5)/2] Va'3| = 0,(1).

max

J€lpl

Similarly, we have

max |7~ — T—o
max [T =T = (0.

The proof of Lemma A.1.12 thus completes based on the similar arguments as in the proof

of Lemma A.1.6.

Remark A.1.2 Without loss of generality, by Lemma A.1.12, instead of calculating c; fol-
lowing (6) of the main paper, we assume ¢; = 7, forj € [p| henceforth in order to simplify the

proofs.

Lemma A.x.x3 Under Assumption 3.2, asn,p — 00, we have

sup |P(M; > t) — H(z)| — 0.
Z‘G]R,jESo

Proof of Lemma A.1.13. We fit a GLM with respect to the augmented set of features (X_;, X;’ X ),
of which the augmented covariance matrix and precision matrix are denoted as %, and

© g, respectively. Based on 5 and @, we define W, V; and MV;“, ~th similarly as
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A.6). Note that V7" and V7 are independent since ¢; = 7. Besides, the normalized MLEs
j j p =%
77“, T, as well as their approximations 7;, ?7, are defined similarly as (A.s).

Forj € Sy, we have

P(M; > ¢)

P (sign(7 7,)AIT 11T 1) > ¢)
P (sign (7 VAUV 1) > ¢) +o(1)

H(z) + o(1).

The second line follows from Corollary A.1.1, in which the asymptotic vanishing term o(1)

is uniform over j € Sy and # € R. The proof of Lemma A.1.13 is thus completed.

Lemma A.1.14 Under Assumption 3.2, asn,p — 00, we have

1 1
supVar(— Zl(]\/fj > t)) < i + O(||Rg, ||l1) + o(1),

teR 0 jESO

inwhich || R, [l = 32, jes, 1Ryl /25

Proof of lemma A.1.14. Foranyj € Sp, let Tf, T be the normalized MLEs defined simi-

larly as (A.s), when we fit a GLM with respect to the augmented set of features (X_;, )(7“ , X;_)
Foranyiz,j € So,i # j,let*T},*T; and * 7}*, “T; be the normalized MLEs when we fit

a GLM with respect to the augmented set of features (X_;;, XX, Xj“ , Xj_), in which

X_[; denotes the design matrix excluding the /-th and j-th columns. Correspondingly, we

define * V;“, “V; and” ~Vﬁ, * I~/f following (A.6), and define * if, * ?}_ following (A.s).
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Forany7,j € Sy,7 # jand ¢ > 0, we have

P(M, > 1, M; > ) = P (sign(T T VAT T71) > sign (T T)AITL 1T ) > 1)
= P(sign (T T AT LI T N) > esign (T T)A T 1T D) > ) o)
= P (sign (VYA VLIV 1) > esign (VYA VLIV D) > 6) + (1),
in which the second line follows from Lemma A.1.10, and the last line is based on the sim-
ilar arguments as in the proof of Lemma A.1.6 and Corollary A.1.1. The rest of the proof

follows similarly as the proof Lemma A.1.7, based on a similar decomposition as (A.17) by

conditioning on the signs of * Vf and * V. The proof of Lemma A.1.14 is thus completed.

A.1.6 PROOF OF PROPOSITION 4.1 AND 4.2

Without loss of generality, we assume that the Lipschitz constant of 5(v) is 1 (see Assump-

tion 4.1(2)). Forj € [p], denote

Let> = Pnégég be the sample version of Z.
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TECHNICAL LEMMAS

Lemma A.x.xs Under Assumption 4.1, for any e > 0, there exists a constant C, > 0, such

that P(M:_E%) > 1 — ¢, in which the events E;, F5, E, E, are defined as below,

1 > %
5= {LIG - 012 < Cprlogp/n).
£ ={IB-#1h < G lgpin}.
£ = {max [~ 7l < Coogpin |
£ = {max [~ )l < Cflogp/n |

Proof of Lemma A.1.15. Lemma A.1.15 follows from the standard arguments in Bickel

etal.’5, Raskutti et al. ''*, Bithlmann & Van de Geer*', and Van de Geer et al. "#°.

Lemma A.x1.16 Under Assumption 4.1, we have

2 - 2| = o, begpi)

max
jel
max 1/2 ~ I/Tf‘ = Oy(y/slogp/n).

Proof of Lemma A.1.16. The proof follows similarly as the proof of Theorem 3.2 in Van
de Geer et al. "*°, combined with some enriched arguments that we detail below. For any
¢ > 0, we condition on the high probability event N?_ =. Since Xz = VVEVV;X(@;*, we
have the following decomposition,

R 1
22— ox] (XA

g =X [@J—XAy_j;?>—7j;::]1+]27

4
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in which )
L ==X (X
1 ” B \ By T

AR
= (W = 1) (e~ ).
We proceed to upper bound 7; and 7,.
We further decompose /; into four terms, [y = Iy + Iy, + 113 + Ii4, in which

1
I = —77]T77j - sz'a

n
Iy = % ]TXﬁ*v—J'(%' _?J')’
Iz = %;/J-TX;;T, y (XZJ _X@ﬁ%‘) ’
Ly = %%'TX/ZT*,—/' (1 N WéWﬂ_z) <Xﬂ*”‘ — *’ﬁf) '

For I3, by Assumption 4.1(2), we have: P(max;<; <, |Xp- ;| > C) = O(p~*) for some pos-

itive constant C'and ¢. Thus [|7,/[cc < || X+l + HXﬁ*,—ﬁ’jHoo < C with high probability.

Since E[;;jT;yj./n] = Tf, we have:

max /iy = Op(y/logp/)

JjE

based on the union bound and the Hoeftding’s inequality.

For I}, since ]E[;yj.TXﬂ*7_]»] = 0, we have

rnstXII?/ Xy —j/nlloc = Op(4/logp/n),
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by the union bound and the Hoeftding’s inequality. It follows that

I, < Xy . = 0,(s]
max [z maXHv /7l %THV, Villi = Op(slogp/n).

For 1}, since Y is s—sparse, by Assumption 4.1(2), we have

1 < )
%&?H%Hl < \/E%fHVJHz

=5 2&"[2 e S e

< VisC.

In addition, by the KKT condition of the j-th nodewise Lasso regression, we have

max ] (6, - %7, /nllee < 2

It follows that

< T =
ma s < max [l max | X]_ (X, — X 5 /nll = Oy fslogp/n).

For 1,4, we first notice that

Xy — Kot 7l < 70 + 157, — 7l
< 2C+ Clly, =7l

<3C.
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By Assumption 4.1(1), it follows that

o 7 SR e Tx
max [, < 3¢ Z Jo(xi/j:) Tﬁ*(xlﬂ )
jell n = pE)

= 0,(||IX(8 — £")II/v/n)

= Oy(y/p1logp/n),

in which the second inequality follows from the Cauchy-Schwarz inequality. Combining

the upper bound on max;e(y 111, max;e[y) /12, Maxje[y) /13 and max;e[y [14, we show that

;2&)}([1 = 0,(4/slogp/n).

Finally, max;e[,) , can be upper bounded similarly as max;c ) /15. This completes the
proof of the first claim in Lemma A.1.16. The second claim follows by noticing that 1/77 is

uniformly upper bounded because
1/7}2 = ®sz < a'max(@) = 1/G'min(z> <C (A2’7)

This completes the proof of Lemma A.1.16

Lemma A.1.17 Under Assumption 4.1, we have

max ||©;. — O, ||} = O,(sy/logp/n),
jell

max ||®;. — ©; ||, = Oy(1/slogp/n),
jell

max|@)j,‘2é\)j—, — 0,/ = O,(y/slogp/n).
selel 7
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Proof of Lemma A.1.17. By Lemmas A.1.15 and A.1.16, for any ¢ > 0, there exists a con-

stant C, > 0, such that P(NS_ E%) > 1 — ¢, in which E: for 7 € [4] are specified in Lemma

A.1.15,and
s i)
E = {%&)]( 1//2:]2 — 1/712‘ < Cﬂ/slogp/n}.

In the following, we condition on this high probability event N¢_, .

We first note that by (A.27),
~ ~
17, < |17 —1/7| +1/7; < 2GC,.
Thus, by Equation (A.27), we have

O -0, | = C |7 —C. |7
max |, — &, [ls = max G /5 — G,/

1/?]?—1/712’

< Y — . 1/7 .
< rgﬁ\!y] 7,H1r,r€1§)]< /7 +r,r€1§)]<H7jHl§gﬁ
< 2C,Cusy/logp/n + C7 | C,Cn/51/slog p/n

= O,(sy/logp/n).
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Similarly, we have

0. -0 |, = C.|]7—C. )7
19 = Ol = gy G /5 = G/ 51

17 - 1/7]

< max |[7. — .||, max1/7> + max ||y.||, max
i H?’] 7’]H2j€[p] /7 s H?’sz],e[p]

< 2GC,C.o/slogp/n + Cf/CZCM [slogp/n
— 0,(y/+logp/n).

For the last claim in Lemma A.1.17, we employ the following decomposition.

~ ~

~ ~T

B ) 420,56, —0,)"

= [1 + 12.

For I, by Assumption 4.1(2), we have

max f; < e (2) max |0, — O, |2
J€R]

j€ll
= Oy(slogp/n).
For I,, we have
maxl = 2maxe (6, — ©;)7
=2mv/z -1/

= 0,(\fslogp/n).

This completes the proof of Lemma A.1.17.
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Lemma A.x1.18 Under Assumption 4.1, we have

max [7; — ;| = Oy(sy/logp/n),
max [1/5; = 1/gj| = Oy(sy/logp/n).

Proof of Lemma A.1.18. By Assumption 4.1(2), &> = O, > Tmin(®) > 1/C, > 0.

Therefore, we only need to consider the first claim in the lemma. In addition, since

max [7; — ;| <m

~2 ~2
ax |77 — 7| /o < \/C, max|7r — o7,
7l 7l 5 =\l < 2 Jelo 5 =]

it is sufficient to show that

~
max[7; — 77| = Oyls\/logp/n).

We note that

max [0 — | < max |0, 50, — ©,,| + max|®, 50 — ©, 30, |.
el T T e T T e T

By Lemma A.1.17, the first term is O,(+/slogp/n). Using the same arguments as in the
proof of Theorem 3.1 in Van de Geer et al. **° (page 1198), we can show that the second

term is O, (s1/log p/n). This completes the proof of Lemma A.1.18.

171



PrROOF OF PROPOSITION 4.1

We first note that forj € [p], the bias term A; can be decomposed into the following three

terms,
RIJ' — @@ﬁpﬂg * — ﬂéj,l)ngﬂ*a
g; i
7 J
\/_
Roy = ?](6 Pl - )(/3 £,
\/_/\ . .

We proceed to bound each term. Forany ¢ > 0, there exists a constant C, > 0 such that
P(N2,E5) > 1 — ¢, in which E: for 7 € [4] are defined in Lemma A.1.15, E and E are

defined in Lemma A.1.17, and £, E§, Ej, Ej; are defined as follows,

E; = {max ||©j7 - ®],H1 S CEJ\/ logp/”} )
7€)

E;, = {max ||(:5j -0, < CE\/Jlogp/n} )
Jj€l)

E; — {HGIED)](‘J jl § Cg.f\/logp/}’l},

E, = {m;[;;]dl/?j —1/g] < Cgsy/logp/n} :
e

In the following, we condition on this high probability event N}2, £%. By Assumption

4.1(1), we further assume that 7, p are large enough so that C.sy/logp/n V C.y/slogp/n <
1.
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For R, j, we have

~ . ~ . 1 1
max R;; < max ﬁ <®]-7. — ®j7.) Pnﬁg* + max \/Z@]-’.Pnf/y (: — —) ‘
J€El JEl | g5 j€lp] 7 o

= [1 + [2.

For 13, since E[Pnéﬂ*] =0and ||éﬂ* || s is upper bounded by Assumption 4.1(2)(3), we have

1PLe+ oo = Op(y/logp/n)

using the union bound and the Hoeffding’s inequality. Since &> > 1/C, (see the proof of

Lemma A.1.18), it follows that

b < /Gl P oo max |6, - ;)
J

= v/n0y(y/logp/n)Oy(s¢/logp/n)

= Oy(slogp//n)

by Assumption 4.1(1). For /5, using the same argument, we have

~ . 1
L < vrmax ||©:||co || Prls || oo max | = —
2 < Vi [ 2 max 2

< Vi (18 = @]l + ] ) Oy(y/logp/n)Oy(5y/10g /)

= Oy(slogp/\/n).

1
9

For R, j, using the KK'T condition of the nodewise Lasso regression, we have

o
‘ (@)j,.Pnzz —¢

~2
N
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Since

max1/7> < max|1/7> — 1/7| + max1/7
aX/]_jeﬁl/] /7| jea[p?/,

€l
< Coy/slogp/n + max1/©;;
7€)

<14+ G

and

max 1/7; < max|1/g; — 1/0;| + max1/a;
i [p] JElp]

JEWR]
< Cus\[logp/n +1/70(2)
<1+4++/G

by Assumption 4.1(3), we have

Roy < (1+ CVa||€, Ll — o] || B £l = Op(v/adpuy/logp/n) = Oy(pilogp/ V).

by Assumption 4.1(1).
For Rs j, the first term is 0,(1) following the proof of Theorem 3.1 in Van de Geer et al. *°.

For the second term, we note that

~T ~
1X0, [loo < 1O/ [l + 1 X(©;. — ©;.) "l
< Xlloo + X7 llo0 + X1l 1(©, — ©5.) T
< | Xlloo + 1K~ lloo / inf [o(+"8") ] + [ Xl|oo (€7, — ©5,) Ty

< 400

by Assumption 4.1 (2)(3). By the mean value Theorem and Assumption 4.1, it follows that
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1 ~T ~ .
R, < \/—T%HX@,-,-HooHX(/@ =B = Op(prlogp/v/n).

Combining the bound for R, j, R, ;and R3 j, we have:

1Alloe = Op(max{s, p1} logp//n).

This completes the proof of Proposition 4.1.

CORE LEMMAS FOR PROPOSITION 4.2

The core lemmas to the proof of proposition 4.2 is Lemma 6.1 and Lemma 6.2 in Liu**.
We will detail the specific form of them for the sake of completeness. More specifically,
we prove Lemma A.1.19, which is a generalized form of Lemma 6.1 and may be useful for
future research.

Define @(¢) to be the distribution function for Gaussian random variables. Let Q(¢) =
1 — ®(r)and G(r) = 2Q(¢). Lety, = (¢,,¥,,), £ = 1,...,nbeindependent and
identically distributed 2-dimensional random vectors with zero mean and unit variance for

each component.

Lemma A.1.19 Supposc thatp < cn” and E||y,||37 > < oo for some fixed ¢ > 0,r >

0,6 > 0ande > 0. Assume |Cov(¥,,, ¥,,)| < Cllogp)~>77 for some y > 0. Then we bave:

P2 ¥al = 6V, |20 ¥l = 22V/7)

G(tl)G(l'z) —1 S C(Iogp)—1—7’1

uniformly for 0 < ty < \/blogp, 0 < t, < \/blogp withy, = min(1/2,y).
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Proof of Lemma A.1.19. Similar to the proof of Lemma 6.1 in Liu**, we define:

v, = vl < Va/(logp)*} — E [y{ll¥ll2 < vr/(logp)*}] ,
9}1‘ =¥, - %'

mp<
o ([5
(s

> t/n

>l‘z\/—)

> tv/n — /n/(logp)?,

> tv/n — /n/(logp)* )

i1 i2

> /n/(logp) > (

> /n/(logp) )

Note that

S B Iy, 11y, > v ogp)")] = o/ log)

forj =1,2. Thus

P ( y
=1

>y {ly,| > va/(logp)*}

=1

> ﬁ/(long) <P (

>27/n/ <logp>2>

i

< P(lyy) > Vi/(logp)")
< C(logp)¥*G(1)G(t,)

for0 < # < (/blogp,0 < 1, < (/blogpandj = 1,2. The last inequality follows
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similarly to the proof of Lemma 6.1 in Liu**. So it suffices to show:

P(I X5 ul > 61v/n — v/ /(logp)?, | 1 ol = tay/n — V/n/(logp)*)

G(tl)G(tz) 1| < C(logp)—1—71

for0 <4 < \/blogp,0 <1, < \/blogp.
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By Theorem 1 in Zaitsev '**, we have:

(3

< P(I] > 6 = 2(logp) >, || > 12 — Z(IOgP)_Z) +cexp(—a(logp)?),

a| = 0vn—/n/(logp)’,

i2

> t/n — /n/(logp)* )

where ¢, ¢, are two constants and W = (W5, IW,) is a two-dimensional normal vector

H2b7+2+5

with mean zero and covariance matrix Cov(y, ). Further, by E||y, < 00, we have:

|Cov(W1, W,)| < C(logp)~> 7 and |Var(W;) — 1| < C(logp) > 77 forj = 1,2. So for

large ¢ we have:

P(|W] > 6 = 2(logp) %, |W2| > 1, — 2(logp)~?)

< P(|W/\/Var(W7)| > & — c(logp) 2, |Wa/\/Var(W,)| > £, — c(logp) ).

(A.28)
In order to bound the last term, we consider the following two inequalities. Define a

bivariate Gaussian random variable (U}, U, ) with unit variance and correlation w > 0.
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Without loss of generality, suppose #; > 0 and #, > 0, we have:

P(U, > u, Uy, > uy) = m//exp( xszy—_aj;)xy) doxdy
x>+ 9 —cu(xz—i—yz))

< - - — dxd

- 2m/(1—wz) /m /,,2 eXp( 2(1 - w?) "

2
t) > dxdy

1 2
27y/(1 = a2) /m /m P (_ 2(1+w)
1 2 Qlua VT ) QUur VT T ).

(A.29)
On the other hand:
+y )
P(U, > uy, Uy > uy) > —dxd

(U 1, V2 2) . /—l—a) /ul/uz ( — ) Y (430)

=V1—?Q(u;/V1 — 0?)Q(uy/V1 — ?).

In our case, w < C(logp) —277, which goes to zero when p — oo. Thus we have:

P(U > m, Uy > u;) < (14 Cw)Q(#; — Ct10) Q1 — Cuyw). (A1)

For0 < u; < y/blogp,0 < u, < \/blogp, we have: max{mw, u,w} < C\/Z(Iogp)_3/2_7.

By the density of the standard normal random variable, we have:

Q(u1 — C(logp) >>77) < (1 + C'(logp) ") Q(uy), (A32)
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for some constant C'. Combining (A.29), (A.31) and (A.32), we have:

P(Ur > w1, Uy > ) < (1+ C(logp) ™" 77) Q1) Q(a12).
Replace #; with #; — c(logp) ™2, u, with £, — ¢(logp) 2, we have:

P(U > 11— c(logp) ™, Ur > 1, — c(logp) %)

< (14 Cllogp)™7)Q(tr — c(logp) ) Q2 — c(logp) )
< (1+ Cllogp) ™7 + C'(logp) ~**)Q(#1)Q(t2)

< 1+ C'(logp) ™ 77)Q(1)Q(2)

(A.33)

for some constant C”, where the second inequality follows similarly as (A.32).

Similarly, we have:

P(Ur > 11 = c(logp) 2, Us > 1, — c(logp) %) > (1 = Cllogp) ) Q(1)Q(z2). (A-34)

Note that the last term in (A.28) can be divided into four terms depends on the sign of
Wi and W,. We can bound each term similarly as (A.33) and (A.34). Summarize these

four terms, we get:

P (1) Var(IA)| > 1 = cllogp) ™, | W/ /Var(W5)| > 1 — cllogp) )

< (1+ C(logp) ™ 7)G(1)G(z)

uniformly for 0 < z < /blogp, 0 < £, < \/blogp. By noting that ¢; exp(—c,(logp)?) <
C(logp) ' G(1)G(2,) for 0 < 1 < /blogp,0 < t, < \/blogpasp — 00, we obtain
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that:

> #v/n — /n/(logp)?,

71 i2

(%

< (1+ C(logp) ™) G(1)G(1)

> t/n — /n/(logp)* )

uniformlyin 0 < 5 < /blogp, 0 < t, < y/blogp. Similarly, we can prove that:

(1%

> (1 - C(logp)™7)G(1)G(%).

| = avn—/n/( (logp)?,

i2

> t/n — /n/(logp)* )

This finishes the proof of Lemma A.1.19.

Chosee #, = 1, we get the special case of Lemma 6.1 in Liu**.

Corollary A.1.5 (Lemma 6.1 in Liu®*, two-dimension) Swuppose thatp < cn” and
By, (3724 < oo for some fixed ¢ > 0,7 > 0,b > 0 and & > 0. Assume |Cov(,, ¥7,)| <
Clogp)~>77 for somey > 0. Then we have:

PO val =26V |2 ¥ul 2 0V)
G(¢)?

1] < C(logp) ™7

uniformly for 0 <t < \/blogp.

Choose , = 0, we get the special case of d = 1 of Lemma 6.1 in Liu®*. Let (], ..., ¢,
be independent and identically distributed random variables with zero mean and unit vari-

ance. Then we have:
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Corollary A.1.6 (Lemma 6.1 in Liu®*, one-dimension) Suppose thatp < cn” and

E|S |72 < oo for some fixed ¢ > 0,7 > 0,b > 0and ¢ > 0. Then we have:

P>k Sl = 14/7)

Sup G([)
0<t<y/blogp

— 1| < Clogp) /2.

Then we state Lemma 6.2 in Liu ”*.
Lemma A.1.20 (Lemma 6.2 in Liu®*) Suppose thatp < cn” and E||y,||37 " < oo
Jorsome fixedc > 0,7 > 0,b > 0ande > 0. Assume that |Cov(¥,,, ¥,,)| < 9 for some

0 < & < 1. Then we have:

“

uniformly for 0 < ¢ < \/blogp, where Conly dependson c,n,r, ¢, 0.

> t\/n,

>
k=1

> v
k=1

> z\/z) < Cle+ 1) exp(—2/(1+9)).

In the proof of Proposition 4.2, ¥,’s and {;’s are sub-Gaussian random vectors (vari-
ables). Thus the moment assumption on ¥, and {; in Lemma A.1.19, Lemma A.1.20,
Corollary A.1.5 and Corollary A.1.6 satisfies naturally for any 4 > 0 and » > 0. Through-

out, we set b = 16.

PROOF OF PROPOSITION 4.2

We detail the proof for the case f{#, v) = u + v, and the arguments can be easily generalized
to other forms of flu, v). Forj € [p],7 € {1,2}, we multiply Yf) defined in (22) of the

main paper by a constant /7/2, which would not change the selection result of DS. Recall
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the decomposition in (20) of the main paper. Denote

7?) - Z(-i)/oy — /n/2@j,-Pn/2é/3*/0}'a ]NM] — Sign(ﬁl)ﬁz))f(lﬁl)h |§—(2)|)

J

Note that 7?1) is the sum of /2 i.i.d. terms with zero mean and unit variance. Forz > 0,

denote

Qe) =1=@(), H(t)=P(sign(WW)A|M], |W]) > 2),

where W}, W, independently follow the standard normal distribution. For any designated

l-* :[{_1 (M) .
2(1 = g)po

The proof contains the following steps. For notational convenience, C > 0 denotes a

level g > 0, denote

general positive constant and may vary line by line throughout.

* Step 1: we show that

max \le') — 7}@\ = 0,(1/+/logp). (A.35)

E€So,i€{1,2}

We condition on the following high probability events for some suitable constant

C >0,
El = { max ||A(l)||oo S CSIng/\/z}’
/e{1,2}
e 729 o] < C\/logp ¢,
’ {J’G[z’l}l,zl‘gl,z}| U o] < @}

_ ~7)
E; = {je[pﬁ?gl,z} 1/5;7 —1/q;] < Cn/logp/n}.

182



By the decomposition in (20) of the main paper, we then have

77 =171 =12°0/5" —1/5) + &[5 < Cslogp//n.

By Assumption 4.1, we conclude the proof of (A.35).

* Step 2: we show that

P(M; > 1)
max sup |———— — 1| — 0. (A.36)
j€lp] te(0,r%] H(Z)

We decompose IP(]IZ] > ¢t) as follows:
PM;>0)=P(T) >t~ T, TV > 0) + P(I}) < - — T, T} < 0).

By Corollary A.1.6, we have foranyj € [p|,7 € {1,2},

P(1}) > 1)

o) -1 < C(logp)_3/2 (A.37)

sup

t€(0,C/logp]

for any constant C > 0. Thus, conditioning on ijz), we have
P(7)) >~ T, T > 0) < (1+ Clogp) >)P(W > ¢ — T, T > 0).
Repeating the argument for 7;2), we have

P(M; > 1) < [L+ C(logp) **|H(2).
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Similarly, we have the lower bound
P(M; > ¢) < [1 = C(logp)*/*|H(2).

Note that
pH(4+/logp) < pP(|W| + | W3] > 44/logp)
< 2pP(| W] > 24/logp) — 0.

Besides, since pH(£*) = gp1srong/2(1 — q)po — 00,1 < 44/log p asymptotically.

We thus conclude the proof of (A.36).

Step 3: we show that

> jess (M) > 1)
PoH(2)

sup —1

t€(0,£%]

— 0 in probability.

We use a similar technique asin RongMa & Li"**. Letzg < 21 < ... < 24, = 1 /2,
wherezy = H(¢t*)and z; = ¢,/p + 55/361‘3/10 fori € [dy] withc, = pH(¢*). The
constant 3 € (0, 1) will be specified later, and , = [log((p/2 — ¢,)/c*)]"/%. Note
thatfor7 € [d,], z;/z,-1 — 1 uniformly over7asp — oco. Denotet; = H '(z,)
fori € [d,)], thus H(¢;)/H(t;—1) — 1uniformly overzasp — 00. Since for any

r € (8, t1),

> jesy 1 (M; > 1) il < Zjesol(M > 1))
Po H(z,

H(z) o poH(t;21)

ZJGSO M >tl 1) .
po

IN

Zjeso 1(f‘/ff > t;1) H(t; )

PoH(t;) H(t:) poH(t;-1)

ZjGSol(M >t) H(t) _1|
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it is sufficient for us to prove that

Z]’GHO l(jh] > ti)
POH(tZ')

max
i€ [dy]

— 1‘ — 0 in probability.

By the union bound and Markov inequality, Ve > 0, for large enough 7, p, we have

Zfesl) 1(]% > ti) ZjGSo 1<]h] > tl') - ]P(jhj > tz‘)
- >
i (mH pH(2) =) =P\ o) 2 /2
dp
2 ~

< 4e ;szz( )Var<jezsol(]\/fj > tl‘))
dp

=472 E[V(5)]
=0

Then it suffices to prove that Zfio E[V(%)] — 0asn,p — 00. We have the follow-

ing decomposition,
E[V(1)] = - > var(1(8; > 1)) + ¥ Cov(1(; > 1), 1(; > 1))
ERY) JESo ERY) JHRESo j#k

= V() + Va(2).
For V1(¢), by (A.36), for large enough 1, p, we have

D sy P(M; > 1) < C
pE(E) T poH()

Vi(z) <
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For V5(¢), we further decompose it as

1
PoHA(?)

) ) 1
Z Cov(l(ﬂ/fj > 1), 1(My > t)> +1pgl—]2(t)

k€T

V() =

3 Cov(l(fl/fj > 1), 10/, > t)>

= L(1) + L(2).

inwhichT = {(7,7) : £,j € So, i #j, ©; # 0} andT* = {(¢,)) : i, € So, ¢ #
ja ®ﬁ = 0}
We first upper bound 7, (#). Similar to Lemma A.1.19, we can show that for any

(k) € Iand 7 € {1,2},

-1

sup < C(logp)_S/z.

11,02€ (0,44 /log p]

Using the decomposition in (A.17) and the similar arguments in Step 2, for any

(/'a k) € I¥, we can show that

P(M; > t, M}, > t)
H2(2)

sup -1 < C(logp)fs/z.

t€(0,*]

Combining with (A.36), we have

sup L(2) < C(logp) /2.

t€(0,£%]

Let I and W, be two independent normal random variables with zero mean and
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unit variance. We then upper bound 7, (¢). By Lemma A.1.20, we have:

1 P(M; > 1, My > )
Sz Z H?(¢)
P(T" + 77| > ¢ [T + T > 1)
(1)

1§ RO ] > 0
()

inwithp = max;y |®2] The forth inequality follows from the following simple

inequality,

1
H(r) = EP(!VVJ + | W] > 1) > ZP(|W + W] > ¢).

N =

It follows that

2¢/(14¢)
L(z) < gH(t*)_2€/(l+€) < 9 (—PO ) < C(logp)_3/2.

PO pO pl,strong
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Finally, we choose d'so that

Z E[V(#)] < ;1?6(;1) + Cdp(logp)%/z

1 C
Sz_ﬁz 1/3

i Cdp(logp)_3/2 — 0,
G =0 & T

where the last inequality follows from the facts that the series is convergent and ¢ =
PH(t*) = qpp1swong/Po — 00 by Assumption 4.1. We thus complete the proof of
Step 3.

* Step 4: we show that for any constants ¢; > 0,¢, > 1,

Y s 1TV > 01, |TP] > 1)
4poQ(1)Q(12)

sup —1

t1€[0,£1],t2€[0,l7p]

— 0 in probability,

in which b, = \/ 2logp — c; loglog p. Using the union bound and an e—net argu-

ment, it is sufficient to show that for any #; > 0,

Y es WY > 0, 1T > 1)

:0()0(n) !

sup
tze[o,bp]

— 0 in probability.

We use the similar technique as detailed in Step 3. Specifically,letzy < 2y < ... <
24, = Linwhichz, = 2Q(b,) and z; = ¢,/p + c§/3e"§/p fori € [d,) with¢, =
2pQ(b,) and d, = [log((p — ¢,)/ c;'/ *)]//%. The key is to upper bound the following
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term:

1 (1) 5(2)
Ult, 1) == Var( 179 > 4, |T?| > t2)>
16p;Q*(11) Q*(%2) JGZSO / /
= Z U1J‘(l‘1, ) + Z UZ,z’J’(tb ) + Z Uz,z',j(fb 5)
JESo ijer ijer

=1(n, )+ L(a,t) + L(n, 6),

whereI' = {(7,7) : 4,7 € So, i #j, @5 # 0}, IV = {(¢,j) : ,j € Sy, ©; = 0}, and

1 1 2
Ut 1) = 1Gz%Qz(h)szVar(1(|7j N> a, |19 > tz)),
1 1 2 1 2
Usiglin ) = {ears o Var(1UT0 > 0, (01> ) 1070 > 4,177 > 1)),

For I;(#1, 1), by (A.37), we have

¢
20Q(1)Q(%2)

[1(l‘17 12) <

For I,(#,t;), by Lemma A.1.20, we have for any (7,7) € I'and #, € (0, Cy/logp],

P(7"| > 1, |17)"| > 0)P(|T?| > 1, |17 > 1)
16930 (1) Q% (12)
< CP()_ZQ(tl)_28/(1+€)Q(t2)_2€/(1+€)

UZ,iJ'(th ) <

< CPO—ZQ(tZ)—Ze/(IJre)_
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It follows that

L(t, 1) < 9Q(tz)*zé/ (t+e) < QSQ(@)*%/(H@.

DPo Po
Note that for x > 1, Q(x) and ¢(x) /x are in the same order. Thus

(b,) (log p)/> (logp)t=—/2
Q(bp) ~ b ~ ~ .
) p\/Zlogp—czloglogp P

By Assumption 4.1, we then have

Cs —-3/2
L(n,02) < PU=0/(40) (log p)ele—D/(+) < Cllogp)™",

where the second inequality follows from the assumption thata; < ;—ﬁ ands =
»

o(p™).

For I;(#, t,), by Corollary A.1.5 and (A.37), we have forany (7,7) € I*and#, €

[0, b,),

(1+ C(logp)—*?)* (1= C(logp)3/*)* < Cllogp) >
2% 25 B o

UZ,z’J(tla n) <

Thus we have

]3(l’1,t2) S C(logp)%/z.

Then using the same argument as in step 3, we get the proof.
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* Step 5: we show that

ZjES() 1(]‘4] > [>

PoH(?) -

sup
+€(0,£%]

— 0 in probability. (A.38)

Using the results in Steps 1, 3, 4, we proceed by conditioning on the following high

probability events:

Jj€lplie{1,2}

S o (M > 1)
Es = ¢ sup /<5 ! —
t€(0,2%]

PoH(2)
Eg = sup
t1€[0,C],t2€[0,b],]

in which ¢ > 0 is sufficiently small and ¢, = Cslogp/+/n = 0(1/1/logp). Note that

E, = { max |Tj<‘i) — j}@| < Ep},

Sé},

1) 72)
Y W > 0, 157 > 1) _1‘ Sg}

4p0Q(11)Q(2)

conditioning on Ej,

{Mj > t} — {WI) + 77 > r—ZEP}.

J

Therefore,

STUM, > 1) =D UM > - 2) < UM, > 1, sign(T))) # sign(T7))

JESo JESo JE€So

<D UL < 171> =) + YUY < 5 [TV > 1~ )

7€5 7€5

= 1(2) + L(2).
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By symmetry, we only detail the bound for /1(¢). If z — ¢, < b,, by E, we have

. . )
4(2) Zj6501(|7;<'2)| >t —g) Zjes01(|7f )| > &, |7§2)| >t —gp)

poH(z) poH(z) poH(z)
c 204t —g) 41— ¢)Q(g)Qt — )
- H(z) H(z)

< CeQ(r =)/ Q) < Ce

for large enough p, where the last to the second inequality follows from the simple

fact that

H(e) = 12P (|| + [72] > 1) 2 1/2P(|W1] > £) = Q(1).

Ift — ¢, > b,, by Assumption 4.1, with ¢; = 1 + 2a,, we have

00 Ses WL <4 177> 8y)
PoH(E) PoH(0)
L 21+90() 41— )Qle)Qby)
S HY H()
Cep(b, < Ce(log p)(>—/2

< ) <
pr(t*) Pl,strong

< Ce.

It follows that

ZjGSO 1(M; > ) < ZJESO 1<]~‘/IJ >t —2g)
PoH(2) - PoH(?)
(14 2)H(t — 2¢,)
- H(z)

+ Ce

+ Ce

<1+ Ce,
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since H(z + o(1/+/logp))/H(z) = 1+ o(1) uniformly over # € [0, #*]. Similarly, we

can show that
ZjESO 1(M; > 1)
PoH(?)

This completes the proof of (A.38).

>1-— Ce.

Step 6: we are ready to finish the proof of Proposition 4.2. Throughout, we con-
dition on the high probability event N¢_, E;. We first show that for any designated

FDR control level g, the cutoft 7, < #*. By events £}, £, E3, we have

min |T< | > min |(n/2)1/2ﬂ [ai| — C\/logp

jGSI,str011g7 iE{l,Z} jESI strong

for some constant C > 0. Similarly, we have

max |7ji)| < Cy/logp.

j€So, i€{1,2}

By the definition of S; rong, We have

min |T<-i)| > max ]7?1')| and sign(T( )= 51gn(Tj( )s Y/ € St srong-

JES1 strong, 1€{1,2} j€So, 1€{1,2}

This further implies

min AM; > max |M}], (A.39)
_]ESI strong ]GS(

and thus features in S srong Will always be selected by DS. Using the similar argu-
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ments in Step 5, we have for any ¢ > 0,

LS™ 1 < —) < H@Y 1 + o).
Po €S0

Using the similar arguments in Step 2, along with the union bound, we have

P(Zl(Mj < =) > 1) <Y PM; < 1)

JES JES

. apt
<pH({) < —HL__ 0.
=P (t)_z(l—Q)Po_)

Define the following high probability event

E, = {Zl(Mj < —f) = 0}.

jGS 1

Then we have

FDP(¢*) = FDP(¢)1(E;) + FDP(¢)1(E)
Zje[p] l(ﬂ/fj < _t*>1(E7) ZjESO 1(]‘4] < _t*)

= + =

S e L, > 1) S 1M, > ) + g 1M, > )
(14 )H(#)
= (L= ¢)H(#*) + p1suwong/Po
(1+¢)g
T 2—(1+e)g

+¢
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By the definition of 7, we have 7, < £*. It follows that

2 jes, LM, > 7,) (1+ &)poH(7,)
Zje[p] (M > 7,) — Zje[p] 1(M; > 7,)
(1+¢)* > e, 1M < —7)

T LM > )

< (1+3¢)g.

FDP =

The proof is thus completed.

PROOF OF PROPOSITION 4.3

Proof of Proposition 4.3. By (A.39), we have:

P ( min [; > max[-> — 1. (A.40)

Z‘GSI,strong ]’GSO 4

We proceed to show that as #, p — 0o, with probability approaching 1, maxjes,\s, yons I =
0. We consider the mirror statistic with f{#, v) = # + v. The same arguments can be easily
generalized to cover other forms of f{#, v). We first define 9 € (0, ¢), for some constant

¢ > 0. For simplicity, let p1 weak = p1 — P1strong For sufficiently smalle > 0, there exists a
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constant C, > 0 such that the following events hold with high probability,
E = AV < Casl
= { max 1401 < Citogp/ v,

E, = max |27 /g < 2+ lo
2 {je[]’l?e‘{u}| j ol <4/ ( 9)1 gp},

= )
E“{fevi%é’{i,ﬂ'l/% — 1/ < Cs Iogp/n},

E4 = { max |Zl(-l)/0'l‘ + ZZ(Z) /0’1‘ S \/2(2 + 5) logpl,weak}a

€S8 \Sl ,strong

Es = sup — 1|V -1 <ep.
0<r<r* H<t) H(t)
Throughout, we condition on the events N>_ E;. We then have
M; < 7V 4 79| = )25 15 )27 15
l'ESfI\lSal',)s(tmng - l'ESfI\lSal',)s(tmng | ! + ! | Z'GSfl\lSal'ylerong |(n/ ) ﬂl /a-Z + (n/ ) ﬂl /a.Z |
< max |[Z9/5+2% /s
l‘eSl\Sl,s[rong
+2 omax |(n/2) /50 + Z0(/5 — 1)) + AP 50

1ES] \Sl,s[mngvke{hz}

< /22 + ) log e + C o= 7,

for some constant C > 0. Thus, if feature X; is selected by DS, the cutoff 7, (see Algorithm

1) should be smaller than 7.
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On the other hand, conditioning on the event E5, we have

i 1 (]M} > \/2(2 + 9) logpl,weak + C)
PO J€So
> (1 — 5) |:H(\/2(2 + 5) logpl,weak + C>:|
1—¢
>

P <| Wi+ W] > 1) 2(2+ 8) log prea + C) > Cpy i,

for some constant C' > 0. The second to the last inequality follows from

H(t) = 12P(|W| + | W] > t) > 1/2P(|W7 + W] > ¢).

—(14¢)

1,weak

Since py weak < p1, we have pop; V(Vle;:) > p1, which further implies that the cutoff 7, cannot

Thus, there are at least C'pop

null features whose mirror statistics are larger than 7,,.

be smaller than 7,,. Otherwise > | €S0 1(][41 > Tq) > p1, which contradicts to the fact that,

by the definition of 7,

D 1M > ) < (149 ) UM < —7,)

JESo J€So

<2(1+4¢)g/(1—9q) Z 1(M; > 7,)

€8]

<2(1+¢e)gp/(1—q).

We thus have shown thatas 7, p — oo,
P max [;,=0) — 1
€S \Sl ,strong
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The rest of the proof follows by repeating the arguments in the proof of Proposition 3
in Dai et al.**. First, we give a lower bound for the cutoff ¢ defined in Algorithm 2. Specifi-

cally, we show thatas z, p — 00, we have
]P(g 2 [70 +Pl,weak - 1) — L (A4I)

Using the same arguments in the proof of Lemma 4 in Dai et al. **, we can show that as
7, p — 00,

P(Y L <q) —1L

jGS()

In the following, we show that

I < N L =0, = (> weak — 1 p.
{Coeafof ms 1=of={zpepm-1

JESo

Indeed, suppose £ < po + pi1weak> then we have

q ZJSZ“FI ](/) < szSo ]J + 2Z'GSI\Sl,strong [l < q
g —+ 1 g + 1 - pO +p1,weak B ]70 +pl,w€ak‘

Combining Equations (A.40) and (A.41), we complete the proof of Proposition 4.3.
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A2 AppDITIONAL NUMERICAL RESULTS

A.2.1 THE MODERATE-DIMENSIONAL SETTING
LOGISTIC REGRESSION

We provide additional numerical results to complement Section 5.1.1. We consider the

following types of the covariance matrix .

1. The small-z-and-p setting.

(a) Features have constant pairwise correlation, i.e., %, = )

(b) Features have constant pairwise partial correlation, i.c., Z;l = A7),

(c) Features have Toeplitz partial correlation, i.e., Z;l =y,
2. The large-n-and-p setting.
(a) Features have constant pairwise correlation, i.e., Z; = el

For the small-z-and-p setting, the empirical FDRs and powers of different methods in sce-
narios (a), (b) and (c) are summarized in Figures A.1, A.2 and A.3, respectively. For the

large-7-and-p setting, the results in scenario (a) are shown in Figure A.4.

NEGATIVE BINOMIAL REGRESSION

To complement Section s.1.2, we provide additional numerical results by considering the
case where features have constant pairwise correlation, i.e., Z,;; = 7#) and the case where
the joint distribution of features is non-normal. The empirical FDRs and powers of difter-

ent methods are summarized in Figures A.5 and A.6, respectively. The performance of the
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Figure A.1: Empirical FDRs and powers for logistic regressions in the small-z-and-p setting. The algorithmic
settings are as per Figure 2 of the main paper, except that features have constant pairwise correlation, i.e.,
Z,-j = Vl(#f). Knockoff features are created using the maximum entropy (ME) construction.

140

BHq with p-values calculated from the debiase Lasso '*°, denoted as dBHq, is also reported

in Figure A.7.

GLOBAL NULL

We consider logistic and negative binomial regressions under the global null (all /ZJ* = 0).
Wesetz = 3000, p = 500, and simulate each row of the design matrix from N(0, X)
independently. We investigate four scenarios of Z: (a) Toeplitz correlation Z;; = #7715 (b)
constant correlation %, ; = 7; (c) Toeplitz partial correlation szl = il (d) constant
partial correlation Egjl = 7. The variance of each feature is then standardized to be 1/7.
Note that the precision matrix =~ essentially calibrates the correlation structure of the
MLE. Thus, scenario (d) represents the extreme case where the mirror statistics are highly
correlated. Empirical FDRs of DS and MDS are summarized in Table A.1. Both DS and

MDS achieve FDR control under the global null in most scenarios except for the extreme
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Figure A.2: The same as the previous figure, except that features have constant pairwise partial correlation, i.e.,
ZZ-J_-I = rl("7éj). Knockoff features are created using the maximum entropy (ME) construction.
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Figure A.3: Empirical FDRs and powers for logistic regressions in the small-7z-and-p setting. The algorith-
mic settings are as per Figure 2 in the main paper, except that features have Toeplitz partial correlation, i.e.,
El-;l = r‘ll_fl. Knockoff features are created using the maximum entropy (ME) construction.
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Logistic (n = 3000, p = 500) Logistic (n = 3000, p = 500)
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Figure A.4: Empirical FDRs and powers for logistic regression in the large-7-and-p setting. The algorithmic
settings are as per Figure 3 in the main paper, except that features have constant pairwise correlation, i.e.,
Z,-j = rl(#f). Knockoff features are created using the MVR construction.

logistic 7»=0.0 r=0.2 r=0.4 r=0.6 7=0.8
dinveylipe paniall corr " (0.06,0.18)  (0.16;0.51) (0.28;70.64) (0.02,-0.88)
negative binomial

doepi e praniall cor " (0.08,%0.14)  (0.12290.40) (0.24,70.76)  (0.82;0.9%)

Table A.1: FDRs of DS and MDS under the global null. Each pair of the numbers in the brackets denote the FDRs of DS
and MDS, respectively, averaged over 50 independent runs. (- -) refers to (0.00, 0.00).

case (d).

THE CASE 1 srong <K P1

To complement Remark 3.5, for logistic and negative binomial regressions, Table A.2 sum-
marizes the empirical FDRs of DS and MDS with varying p; srong /p1 and signal strengths
forj € S1\Sistrong- Both DS and MDS still achieve FDR control even when py sirong /21 is as

small as o.1.
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Figure A.5: Empirical FDRs and powers for negative binomial regressions. The algorithmic settings are as per
Figure 4 in the main text, except that features have constant pairwise correlation, i.e., ZZ] = rl(i#j). Knockoff

features are created using the minimum variance-based reconstructability (MVR) construction.

A.2.2 THE HIGH-DIMENSIONAL SETTING

To complement Section s.2, we first detail the Toeplitz matrix aligned along the diagonal of

the covariance matrix X as below,

_ 'y - -
1 (1;/_1)7 ([;),_1)}’ P,il 0
@ -2)r 1 @ —2)r 2r r
Pl Pl pF-1r  p-l
Y
2 -2
B R S @;,—_IV 1]

where p’ equals to p divided by the number of blocks, and the correlation factor » € (0, 1).
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Figure A.6: Empirical FDRs and powers for negative binomial regressions with non-normal design matrices.

In the left panel, we fix the signal strength at \ﬂ]*| = Sforj € S1 and vary the correlation. The data is
generated from a mixture of two Gaussians centered at 0.5 X 1, and —0.5 X 1,. In the right panel, we fix
the correlation at » = 0.3 and vary the signal strength. The data is generated from a centered multivariate
t-distribution with 5 degrees of freedom. The number of the relevant features is p; = 50 across all settings.
Knockoff features are created using the minimum variance-based reconstructability (MVR) construction.
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Figure A.7: Empirical FDRs and powers for negative binomial regressions. The algorithmic settings are as per Figure 4 in
the main text. dBHq stands for the BHq with p-values calculated via the debiased Lasso .
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Logistic regression

S1\S1,strong =30 p=60 p =9 p =120 p =150
G167 | (eeseey (eensey (eeniesy) (eensey (eepeey

Negative Binomial regression

67 | (eeneed (eenesl) (984881 (eetiee) (a8ieel)

Table A.2: Empirical FDRs of DS and MDS. Each pair of the two numbers in the bracket denote the FDRs of
DS and MDS in each scenario, respectively, averaged over 50 independent runs. The design matrices are

generated in the same way as the right panels in Figures 3 and 4, respectively. For j € 1 strong, We fix ]ﬂj*| =
11 for logistic regressions and |18j*‘ = 6 for negative binomial regressions. Throughout, we fix p1 strong = 15.

We then vary the weak signal strength \ﬂ]*] forj € Sl\Sl,srrong from 0.001 to 1, and vary the number of the
relevant features p; from 30 to 150. The designated FDR level 4 is set to be 0.1.

LOGISTIC REGRESSION

We report additional numerical results for high-dimensional logistic regressions. The al-
gorithmic settings are as per Figure 5 in the main text, except that » = 0.1. The empirical

FDRs and powers of different methods are summarized in Figure A.8.
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Figure A.8: Empirical FDRs and powers for logistic regressions. The algorithmic settings are as per Figure 5 in
the main paper, except that » = 0.1. Knockoff features are created using the equi-correlated construction.
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POI1SSON REGRESSION

We report additional numerical results for high-dimensional Poisson regressions. The de-
sign matrix is simulated as per Figure 6 in the main text with » = 0.5. The signal strength
is set to be |ﬁ]*| = 2ftorj € S;. The empirical FDRs and powers of different methods are

summarized in the left panel of Figure A.9.

0.15- 1.7
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U 0.05-
*
] * * *
0.00 16
4 Methods
A
A e DS <o
0.60- T A A MDS
) * *  Knockoff
= 1.5
4 £
& 0.40- .
* ° it
*
0.20- | | | * 14
800 1000 1200 1400 1600 b 02 04 06 08
P Correlation

Figure A.9: Left: Empirical FDRs and powers for Poisson regressions. The algorithmic settings are as per Figure
6 in the main text with » = 0.5 and |ﬂ]*\ = 2forj € §i. Knockoff features are created using the equi-

correlated construction. Right: Estimated noise level & using the scaled Lasso 132 for a Gaussian linear model
withz = 800, p = 2000,p; = 50,and & = 1. Each row of the design matrix is independently drawn
from IN(0, %), in which X is blockwise diagonal consisting of ten identical unit-diagonal sub-matrices. We
consider two types of sub-matrices: (1) a Toeplitz correlation matrix detailed in Section A.2.2; (2) a constant

correlation matrix. The x-axis shows the correlation among features. For any relevant featurej ISR 1@;

18, /Iogp/n with equal probability. Each dot in the figure represents the average from 50 independent
runs.
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LINEAR REGRESSION

We report additional results for the Gaussian linear model y = XB* + ¢ with sample size

n = 800 and dimensionp = 2,000. Each row of the design matrix is independently
drawn from N(0, X). We consider two types of the covariance matrix X as detailed in the
caption of Figures A.9 (right panel) and A.1o. We independently sample [8]* forj € S; from
a zero-mean normal distribution, of which the standard deviation is referred to as the signal
strength. The number of the relevant features is p; = 70 across all settings.

We consider four competing methods: DS, MDS, Knockoft, and the BHq procedure
proposed in Javanmard & Javadi®®. DS and MDS use the debiased Lasso estimator (Algo-
rithm 6). BHq utilizes the same debiasing approach, and estimates the noise level using the
scaled Lasso (see the right panel of Figure A.9). For Knockoft, we empirically found that
the equi-correlated construction of knockoff features yields the highest power.

The empirical FDRs and powers of different methods are summarized in Figure A.1o.
FDRs of the four competing methods are under control across all settings. Interestingly,
MDS’s FDRs are much lower than those of DS’s in most cases, and are also significantly
lower than the nominal level. For the Toeplitz correlation design, Knockoff achieves the
highest power in a majority of settings except when the signal is relatively weak. DS and
MDS also perform competitively and consistently and enjoy a higher power than BHq over
different levels of correlation and signal strength. For the constant correlation design, the
power of Knockoff decreases rapidly and can be much lower than DS and MDS. We see
that the empirical FDRs of BHq are nearly zero across all settings. One possible reason is
that the scaled Lasso over the estimated noise level (see the right panel of Figure A.9) results

in right-skewed p-values and an over conservative BHq procedure. The numerical results
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suggest that bypassing the task of estimating the noise level gives the data-splitting methods

a substantial advantage over BHgq.
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Figure A.10: Empirical FDRs and powers for linear regressions. Each row of the design matrix is independently drawn
from N(O, Z) with 2 being blockwise diagonal. In the top two panels, 2 consists of ten identical unit-diagonal Toeplitz
matrices. In the bottom two panels, 2 consists of five identical unit-diagonal matrices, of which all the off-diagonal
entries are set to be 7. 1@; forj € S} are i.i.d. samples from N(O, 12), in which s is referred to as the signal strength.
The signal strength along the x-axis in the right two panels shows multiples of 4/ 10gp/n. In the left two panels, we fix
the signal strength at 64 /logp/n and vary the correlation factor 7. In the right two panels, we fix the correlation factor
at 7 = 0.6 and vary the signal strength. The number of the relevant features isp1 = 70 across all settings, and the
designated FDR control level is g = 0.1. Knockoff features are created using the equi-correlated construction. Each dot
in the figure represents the average from 50 independent runs.
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A.2.3 REAL DATA APPLICATION

We highlight the following supporting evidences for the genes selected by MDS.

(i) The NFKBIA gene is a coding gene for the protein NF-kappa-B inhibitor alpha, and
the glucocorticoids are potent inhibitors of nuclear factor kappa B (NF-kappa B) acti-

vation >*',

(ii) The HSPB1 gene encodes the heat shock protein 27 (Hsp27), and the synthesis of
Hsp27 is regulated by glucocorticoids. The HSPA1A gene also interacts with Hsp7o.
In vitro it acts as an ATP-independent chaperone by inhibiting protein aggregation
and by stabilizing partially denatured proteins, which ensures refolding by the Hspzo-

complex”.

(iii) The IGFBP4 gene encodes the insulin-like growth factor-binding protein 4, regulated

by glucocorticoids (e.g., dexamethasone inhibits IGFBP4 expression)*"'°*5.

(iv) The ATF4 gene is a coding gene for the activating transcription factor 4, which is

repressed by glucocorticoids and induced by insulin*.

(v) The SERPINAG gene is a coding gene for the protein corticosteroid-binding globulin
CBG), which is a major transport protein for glucocorticoids and progestins in the
! portp g prog
blood of almost all vertebrate species 7°. Among its related pathways are Glucocorti-

coid Pathway (Peripheral Tissue), Pharmacodynamics.

(vi) The DDIT}4 gene encodes the DNA damage-inducible transcript 4 protein, and

among its inducers are glucocorticoids *+>'*52,
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(vii) Williamson etal. 5" showed that activation of PlexinB1 by SEMA3C and SEMA4D

promotes nuclear translocation of the GR.

(viii) The FKBPs gene encodes the FKs06 binding protein 51, a co-chaperone in the heat

I0I

shock protein 9o (Hspgo) and steroid complex, which regulates GR sensitivity "',

(ix) Goodman etal.*’ reported that glucocorticoids, along with mineralocorticoids, ef-
tectively expand the cytokeratin-s-positive cell population induced by 3-ketosteroids,
which requires induction of the transcriptional repressor BCL6 based on suppression

of BCL6.

(x) The HSPA1A gene encodes a 7okDa heat shock protein, which is a member of the
heat shock protein 70 (Hsp7o) family. Hsp7o promotes GR ligand release and inacti-

vation by inducing partial unfolding 8o,

Figure A.11 demonstrates the sharp difference in the gene expression distributions be-
tween the treatment group and the control group for four genes: NFKBIA, EEF1A1,
FKBPs and RPL1o. Figure A.12 shows the histogram of the number of the selected genes

among soo independent runs of Knockoft.
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Figure A.11: Comparison of the gene expression distributions between the synthetic glucocorticoid dexam-
ethasone treatment group and the vehicle-treated control group for genes NFKBIA, EEF1A1, FKBP5, and
RPL10. All of them are selected by MDS or have selection frequencies above 0.5 by Knockoff.
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Figure A.12: Number of the genes selected by Knockoff among 500 independent runs. The median, mean and
standard deviation are 19, 16 and 12, respectively.
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A.2.4 COMPUTATIONAL COST

Table A.3 summarizes the computational costs, where 7 refers to the number of sample
splits in MDS. In moderate dimensions, DS runs two MLE fits on each part of the data.
GM perturbs features one by one and needs p MLE fits. Both MDS and GM can be easily
parallelized if parallel computing resources are available. To adjust the MLE, ABHq uses
the ProbFrontier method** to estimate the bias and the variance scaling factors. For logis-
tic regressions, the ProbFrontier method typically requires BK MLE fits, in which K'is the
size of a grid on (0, 1/2] and B is the number of Monte Carlo simulations. In high dimen-
sions, both DS and BHq"** use the debiased Lasso estimator and require p Lasso fits to
construct the decorrelating matrix (see Algorithm 5). When p is large, the computational
cost of Knockoft is mostly dominated by knockoft sampling, and varies a lot by different

knockoff constructing methods.

thod moderate dimension high dimension
metho # MLE fits other # Lasso fits other
DS 2 -- 2(p+1) --
MDS 2m -- 2m(p+1) --
GM p -- -- --
BHq -- -- p+1 --
ABHq I ProbFrontier -- --
Knockoff I KF sampling 1 KF sampling

Table A.3: Comparison of the computational costs. p and 7 refer to the number of features and the number of DS
replications in MDS, respectively.
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Supplementary Materials of Chapter 3

B.1 ALGORITHMS

In this section, we discuss the algorithm for Gaussian mirror using debiased lasso. We can

reinterpret Gaussian mirror as a “knockoft”-type algorithm by redefining
XV = [, X, X, Xt - X, B, with % = ¢z;. (B.1)
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Let8;, B, denote the respective least-squares/debiased lasso coefficients of x; and ;, by re-

gressing y on XV Define
= g|/2, and RM=|E]/2, 1<j<p, (B.2)

and then combine /;, R; using (3.19) in the main text. It’s easy to see the above definition
is the same as the original one defined in Section 3.4 when using least-squares. This rein-
terpretation will further facilitate the use of Gaussian mirror when using debiased lasso
estimator to construct the importance measure.

Note that by setting ¢; = 1/ ﬁjj, we have max; [¢; — 1/Q;| = 0,(1) under the assump-
tions in Theorem 3.4.2. Thus it’s safe to treat ¢; as a constant independent of X. Then the

covariance matrix of [X, %] for Gaussian Mirror has a simple blockwise diagonal form

w_|= 0]
0 Var(x)

since g; is drawn independently from x; and X_; Thus the precision matrix for [X, %] is

Q 0

, which is still sparse so that we can employ debiased lasso as an estima-
0 1/Var(x))
tor.

In order to compute M, it is necessary to derive the debiased lasso estimator for each
augmented design matrix [X, %;]. This involves estimating the augmented design matrix.
Initially, it may appear that estimating p precision matrices is required to obtain p mirror
statistics, one for each X¥). However, due to the independent imputation of ¥, it is suffi-

cient to estimate Q only once for the original design matrix X. The debiased lasso estimator
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for the Gaussian mirror is constructed as follows:

dem - |Q X o
B =+ (- 1% 516, 8,,.)) (B.3)
e

where ¢; is the inverse of ﬁjj and @1: " [é A 1) is the lasso estimator employed on the aug-
mented design matrix [X, &;]. Law & Bithlmann ** also considered using debiased lasso to
construct importance measures for Gaussian mirror. Notably, their approach indeed re-
quires estimating p precision matrix. In comparison, our algorithrn can be seen as a faster

version since we utilize the independence structure to simplify our implementation. The

algorithm is summarized as follows.

Algorithm 8 Gaussian mirror using debiased lasso

1. Using Algorithm s to estimate Q for the original design matrix X.
2. Calculatecf =1/Q.

3. Obtain the “information statistic” /; and “reference statistic” R; from (B.3) as

~d,gm ~d,gm
]j = |{8j ’ande = |(8p+1 :

4. Construct M; as in (3.19) and apply Algorithm 1 to select features.

B.2 HaAMMING ERRORS OF FDR CONTROL METHODS BASED ON LEAST-SQUARES

In this section, we present theorems for the model-X knockoft and Gaussian mirror when
least-squares estimator is plugged in. We call the resulting method MK-OLS and GM-OLS

respectively. All proofs of theorems will be postponed to Section B.4.

Theorem B.2.1 (Model-X knockoff; low-dimensional case) Fix $ € (0,1) and r > 0. Con-

sider the linear model in (3.1) where B satisfies Models (3.5)(3.6) in the main text. Suppose
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P =0(n), C7" < 0in(Zang) < Tmax(Zawg) < G fora constant C > 0. For the MK-OLS

procedure, asp — 00,

? ?
FPP(%) < LP Zp—df uj FNP(%) < Lp])_s Zp—aj min{ (v/7—v/#)%., (1+ij|)—1},/2}‘
J=1 j=1
Corollary B.2.x In the setting of Theorem B.2.1, if (3.16) in the main text holds, then

Hamm; r < Lpp™ ) where 7,8, r, -) is the same function as in (3.11) in the main

text, except that w is replaced by a.

As implied by Remark 1 in the main text, if p/» — & for some constantx € (0,1/2),
the rates of convergence for FP,(«) and FN, (#) will depend on . Similar to DS-OLS, MK-

OLS also doubles x to 2x, which inflates the variance from ; to 2;/(1 — 2x).

Theorem B.2.2 (Gaussian Mirror, low-dimensional case) Fix 3 € (0,1) and r > 0. Con-
sider a linear regression model where B satisfies Models (3.5)-(3.6) in the main text. Suppose
p = 0(n),C" < 0pin(E) < onu(T) < C foraconstant C > 0. Forthe GM-OLS

procedure, asp — 00,

V4 V4
FP,(n) < L, lefﬂﬁf " FN,(n) < Lp~* ZP—Q} min{ (vi- V2. %”}. (B.4)
=

=

Corollary B.2.2 In the setting of Theorem B.2.2, if (3.10) in the main text holds, then

Hamm;,GM < Lppf* (S,r,w)_

The main observation here is that when p/n — x, GM only inflates {; to Q;/(1 — ),
making it the only FDR control method among three considered methods whose rate of

convergence of optimal Hamming error is tied to that of prototype.
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Figure B.1: The two axes represent [J and Rj-, respectively. The grey region is A,. The left ellipse is the smallest prob-
ability contour of Z that intersects with 4,. The right two ellipses are the smallest probability contour of Z; that
intersects with .A;, for a small (@j and a large (Bj, respectively.

B.3 MAIN PROOF INSIGHTS AND TECHNICAL TOOLS

Lemma 3.5.1 suggests that (/;, R;) approximately follows a bivariate normal distribution,
with mean vector (ﬂj, 0)" and covariance matrix A;. In Figure B.1, we plot the probability
contours of this bi-variate normal when j is a signal variable and when 7 is a non-signal vari-
able, respectively. The event M; > ¢ can be equivalently expressed as a rejection region

A, C R? suchthatM; > rifand onlyif (/;, R;) € A, asshown in Figure B.1. Then,
the probability of having a false positive at j and the probability of having a false negative at

j can be approximated respectively by

Zy ~ N((0,0), A;/n),
P(Z, € A) and P(Z ¢ A), where

Zy ~ N((ﬂj, 0)', Aj/”)‘

For each FDR control method considered in Lemma 3.5.1, the two diagonal entries of A;
are equal to each other. We thus re-parametrize A, by v; = A;(1,1) and 9, = A;(1,2)/A,(1,1).
In what follows, we study how (v;, 9;) affect P(Z, € A,) and P(Z; ¢ A,). Without loss
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of generality, we assume d; > 0 and ﬂj > 0 in this section. The analysis of the cases where
9 < Oor [8]. < 0is very similar and thus omitted.

First, consider P(Zy € A,). Recall that the critical order for nonzero 2 is Viog(p)/n
Hence, the order of # of interest is also \/W. For ¢ of this order, since the density
of Z decays exponentially fast and the variance of Z is in the order of 1/#, the probabil-
ity mass in A, is mostly concentrated in local neighborhoods of the points at which the
probability contours of Z, first ‘hit’ A,. In detail, we define a family of ellipses: Eq(¢c) =
{z € R* : ZA;z = c}. Let ¢* be the smallest ¢ such that y(c) intersects with A,. Then,
Ey(c*) N A, contains two points Fz; (see Figure B.1), with 2§ = (¢, J;¢). The probability

mass in A, is concentrated in the two local neighborhoods of +z;. Introduce
U ={zeR:[z(1) +2(2)| > 1+ )z, [2(1) —2(2)] > (1—3)t.}

Then, £2j are also the points at which the contours of Z; first ‘hit’ if,. By similar argu-
ments, the probability mass in U4, is concentrated near the two local neighborhoods of £z.
This implies

P(Zye A) = P(Z, elU,).

Note that Zy(1) +Zy(2) and Zy(1) — Zy(2) are independent of each other. Hence, P(Z, €
U,) can be expressed explicitly via the tail probability of normal random variables. By direct

calculations and the Mills ratio, we obtain

8v? 1 nt*
~ J -
P(Z, € A) = . 5]2) X — exp{ Zvj}' (B.s)
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Next, consider P(Z; ¢ A,) = P(Z; € A), where A is the complement of A,. Sim-
ilarly, define £ (c; ‘8]) ={z € R*: (2 — u)Ai(z — ) = ¢}, withy = (8,0)’;and
let ¢* be the smallest ¢ such that £ (c; (8]) intersects with Af. Then, E;(c*; ‘8]) N A, con-
tains only one point z}. There are two cases. (i) The weak-signal case, where B, is small, and
z; = (¢, 3](1@] — 1))". (ii) The strong-signal case, where B is large, and 2} = ([8]/ 2, —(Bj/ 2).
Using similar calculation as before, we can derive

v? n(B.—t)2
] X — p{—M}, for a weak signal 7,

S Y PR AY —= €X
n'nzt“(lfz)‘f) V2w 20;

P(zi ¢ A) ~ (B.6)

nB?
) 11/'(1;23]) % \;ﬁ exp{ — Tﬂjﬂ) }, for a strong signal ;.
nf; 4 Y Y

Combining (B.s)-(B.6), we obtain proxies to the false positive probability and false neg-
ative probability at /. Between the two cases in (B.6), the weak-signal case is more relevant
to variable ranking quality, because strong signals are easy to stand out, and the power of
an FDR control method is primarily driven by ranking of weak signals. Furthermore, when
(Ej and ¢ are at the critical order \/IogW, in (B.5)-(B.6), it is the “exponents” that play a
dominating role. In summary, we claim:

(a). When  is a non-signal variable, the probability of having a false positive at j is ap-
proximately equal to P(|N(0, v;)| > 1).

(b). When  is a weak signal variable, the probability of having a false negative at  is ap-
proximately equal to P(|N(ﬂ],, v)| < ¢).

Different FDR control methods lead to different values of vy, v, . . ., v,. If a method
yields small vy, v5, . . . , v,, then this method is considered to have a high “ranking quality.”

The key technical tool that makes the above discussion rigorous is the following lemma,
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which is proved in Ke et al. 7.

LemmaB.3.1 Fixd > 1, a vector p € R, a covariance matrix S € R, and an open set
S C R such that u ¢ S. Suppose b = infes{(x — u)'S " (x — p)} < oc. Consider a sequence

of random vectors X, € R?, indexed by p, satisfying that

1
Xl %) ~ Nty 370.05%)

where u , € R? i5s a random vector and S, € R? is a random covariance matrix. As
P — 00, suppose for any fixed y > 0 and L > 0, P(||u,—ul| > y) <ptandP(||Z,-Z| >
y) < p~E Then, asp — oo,

P(X,€8) =Lp "

The main message of the above lemma is that it helps convert the calculation of IP (X, €
S) to the calculation of 4. Thus the proof of different FDR control methods now becomes

the specifications of S, u, and the calculation of &.

B.4 ProoOF oF THEOREMS

B.4.1 PrOOF OF THEOREM 3.3.3

Note the results are invariant to 7, without loss of generality, we assume ¢ = 1 hereafter.
For ease of notation, from now on, we do a re-parametrization by changing (4, X;) to
(v/nB,X;/+/n). In our scaling, X; ~ N(0,n'X) and the Rare/Weak signal model (3.5)

in the main text becomes

(@j i (1 —=¢)v +&vs,, 7, =+/2rlogp, 1</7<p. (B.7)
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We first prove the theorem when debiased lasso is employed. For the debiased lasso estima-

tor I@j, we have the following decomposition:
B —p=z+s, Z|X~N0,05Q), o=(OS-N@E—F. (B

By the above decomposition, we have:

o

4 B; 1 facn )
\/210gp (\/ZIOg "2logp ( ZQ)J]’) " \/210gp. (B9)

For any constant y, define the event

= {1858" - o)l <y} {13/ V2Togp < 7} .

Note that we assume p'*7 = 0(,/%). By the Chernoff bound, it’s easy to see that for
anyC > 0and L > 0,P(||8llo > Cyv/n/logp) < p~*asn,p — o0o. Thus we know
18]lo = o(y/n/ log p) with high probability. By the standard arguments in Bickel et al. s,
Raskutti et al. "**, Bithlmann & Van de Geer*', and Van de Geer et al. '#°, it’s easy to see for
any L > 0,u, P(E) < p~taslongasp = o(¢"). Thus the assumptions required to apply

Lemma B.3.1 are satisfied. Then we have:

Pmﬂ>¢ﬂEQWﬂ=o=L‘ﬂW,
|ﬂ | < \/2ulogp \,@ \/2rlogp) ) (V9

(B.10)
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It follows that

V4
FPP(u):Z(l—gp |ﬂ|>\/2ulog |(8 =0) pr 7 ”,
=1
? » )
FN,(#) = Z P( \(8 | < \/2ulogp |‘@ V/2rlogp) = Lp™* Zp_gﬂ' V=Vl
=1 /=1
(B.11)
The proof for OLS follows similarly. For the least-squares estimator, we have:
B —p=2z Z~NO0, XX (B.12)
Note that
(XX);' = (I = Py)x| ™%, where Py =X (X /X )7'X_/,
(B.13)

i }[;Zz—p—s—l n—p+1
Qﬁn—p—l—l n ’

17 = P_p)x]|* =

Using union bound and the concentration for the chi-square random variable, when p/n —

x, for any € > 0, we have:

P <max
J€

When p = o(n), x = 0. Thus by Lemma B.3.1, the proof is completed.

1—

Qy

17 = P_y)1” —

> 5) Spef(”fpﬂ)gzm. (B.14)

B.4.2 PROOF OF THEOREMS 3.3.I AND 3.3.2

To prove Theorems 3.3.1 and 3.3.2, we need the following Lemma.
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Lemma B.4.x Let Z;“, Z; be two independent normal random variables following from

N(ﬂ]/ 2logp,2Qy;/(21ogp)). Define M; = sign(Z Z7 ) (12| +1Z;71) /2, then we have:

P(M; > V| B;=0) = Lp™ %"

(B.15)
P(M; < Vu | 8, = /2rlogp) = Ly~ "l (/=vioh,
Proof of Lemma B.4.1. By definition, we have:
(84, > V) = {sgn(Z° 2127+ 1) > 2a)
_ [t - + —
={Z >0,2Z7 >0, Zf +Z > 2/u} (B.16)
+ - + — —
U{zf <0,2 <0,Z +Z7 < -2\/u} :=R,.
Define by = (\/u, \/n)', we have:
-1 -1
20)... 20)...
inf 1/ |7 b =hy| " by = Q;'u. (B.r7)
Peks 20 2Q;
Thus by Lemma B.3.1, P(M; > \/u | [8]. =0) = Lppﬂf;lu.
On the other hand, for b € R}, it’s easy to see
—1
2Q);
inf 3 (5 — (V7. V) (b= (Ve )
’ 20 (B.18)
1
-l 2
- Q]_/ min {(\/;_ \/;)-‘,-7 EV} )

where QJ;-I(\/; — \/u)3 is achieved when by = (\/u, \/u) and Q];-lr/ 2 is achieved when
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by = (\/7,0) or (0, /7). Thus P(M; < \/u | B = /2rlogp) = Lpp_QJ;l min (VF—vi 37},
The proof of Lemma B.4.1 is completed.

We then use Lemma B.4.1 to prove Theorems 3.3.1 and 3.3.2. For the OLS estimator,

we have:
(1)
2
~(2)
&

Similar to B.13, we have:

1| X/ Xw);"
N B; | o) ‘ (B.1o)

3 X' X))y

_ n/2—p+1 n
(X/(z')X(Z') )le =4 2€); 2-p (B.20)

7 ?(fl/z—p+1 n—2p+2

for7 =1,2.
Thus for any ¢ > 0, using union bound and the concentration for chi-square random

variable, we have:

20 N
]1) X/XZ il _ v > <2 *(n/Z*[H*l)E /8. B.
Q’erbf]l,?é[z] Eo &) 1—ox| ~f) = (B-21)

Thus by Lemma B.3.1 and Lemma B.4.1, the proof is completed.

For the debiased lasso estimator, by the decomposition in (B.8), we have:

3% (¥
1 ~ (7)) ~ (7 5
~ N( 0 (Q()Z()Q()) ) 4+ — (B.22)
b/

J
\/2logp \/210gp’210gp \/2logp

for 7 = 1, 2. Using the same argument as in the proof of Theorem 3.3.3, for any y we have:

~ (D)) ~©6) ; _
P ({18758 - 20l 2 U {11 27} ) < B
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forany L and for 7 = 1, 2. The proof is thus completed by Lemma B.3.1 and Lemma B.4.1.

B.4.3 PROOF OF THEOREMS 3.4.1 AND B.2.1

We first prove the following Lemma.

Lemma B.4.2 Ler

(Z,2) ~ N((ﬂj/ 2logp, 0),714j/210gp> ,  where d; = a;
£l

Define
) +1, if|Z] > |Z]
M= (2] V7)) ~
=1, f1Z] < |z,

then we bave:

P(M; > \u | f,=0)=Lp 5 "

P(M; < /u| B, = /2rlogp) = I OO

Proof of Lemma B.4.2. Define

R,=1{Z > Vu.Z; > |Z|} U{Z < —Vu.Z; < —|Z}},
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then we can represent {A; > \/u} as R,. Define by = (\/, \/ﬁﬁ].)’ , we have:

—1 —1
1 ) )
e R S e R (B.28)
hER, 4 1 J 1 J
P P
Thus by Lemma B.3.1, P(A; > \/u | ﬂj =0)= Lppdfil”.
—1
Note that »/ i b can be viewed as a contour of an ellipsoid and the long/short

.Pj 1
shaft of the ellipsoid are paralleled with y = %, thus we have:

-1

1 p
inf {0 - (R0 | - (VR0)) b2 min {(VE - VAL (4 g2}
(B.29)
It follows that
PM; < Vu | f,= \/2rlogp) = Ly~ VR ()2}
Thus we have completed the proof of Lemma B.4.2.
The debiased lasso estimator for knockoff can be written as:
[@d’kf—[@ _ Z+5aug, 7 | Xaug - N(O, ﬁaugiaugﬁaug)’ é\aug _ (ﬁaugiaug_[) {8 —[@ ’
0
B.30)

~ aug
bl

where X, = [X, X], X~ = X X, and B is the lasso estimator employed on Xoug-

By the property of debiased lasso, we can prove for any fixed y > 0Oand L > 0,asp —
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({nggmga _qm, > 7} U {usaugnoo/\/logp > 7>}) <

Thus we can apply Lemma B.3.1 and the proof is thus completed.

For the least-squares estimator for knockoft, we have:

~ols kf _
E N ((6,0), (KugXa) ™)
Similar as before, we have:

n—2p+1 7
sz—Zp—H n—2p+1

(X;ngaug) j]_'l =d %

Thus we have:

o 2
P X Xl — —L—| >¢) < pe 2 tDE/8
(?éf}j( KagXaug)j — 75| > ¢) <pe

" (B.31)
—1 7
: (?elﬁ '(X;ngaug)f‘+pJ+ﬁ T 1-2x

> E) Spef(n72p+l)52/8

Furthermore, for the off-diagonal term, we have:

1
gXaug ([ Paug)X ”2 aug aug, j aug ij

The conditional distribution of X; given Xy, _; is

N(—Xpy S S

aug,—j““aug,—j,—j aug,—j,jaQ

aug,jj ) ’
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thus it’s easy to see that given X,y —;,

aug aug, J aug j‘XJ aug 7 jzaugv_jzj ) Qaugz/] aug,—j<*aug, J

We can upper bound the diagonal term of (X ~!similarly as (B.31). Further by

aug,—y~ aug, j

employing the tail bound for normal random variables and combining (B.31) gXaug i ﬂ,

concentrates on

—d]/( ) aug -7, Jzaug,—jj = 0&1/0]/(1 - ZK)

with similar rates as in (B.31). Then by the union bound, the proof is completed.

B.4.4 PROOF OF THEOREMS 3.4.2 AND B.2.2

Our analysis of the Gaussian mirror is based on Algorithm 8. We first prove the following

Lemma.

Lemma B.4.3 Let Z;, Z] be two independent normal random variables following from

N(B,/+/2logp, Q;/(2logp)) and N(0, Q;/(2logp)). Define

+, #12] > |2

[u—y

=1zl viz])-

I
—_

then we bave:

P(M; > \/u|B,=0) =Lp %"
P(M; < V| /gj = \/@) _ Lpp_gﬂfl min{ (VF—viyt, i}
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Proof of Lemma B.4.3. Note that we can represent the event {A4; > /u} as R, defined
in (B.27). Define by = (1/#,0)’, we have:

-1 -1

inf { i | 7 hy="n|" by = Q. (B.32)

hER!, v
Q]] QJ]’

Thus by Lemma B.3.1, P(A; > /u | B = 0) = Lppgffl”. On the other hand, for b € R¢,

we have: .

. / Q]] /
’ Qi (B.33)

— Q" min {(\/7» V% lr} .

2
where Q' (/r — \/u)7 is achieved when by = (1/x,0) and Q'7/2 is achieved when
by = (V7/2,\/7/2). Thus P(M; < i | B, = \/2rlogp) = Lyp~ % ™1 Viiir,
The proof of Lemma B.4.3 is completed.
Note that in our new implementation of Gaussian mirror in Algorithm 3, we do not
directly run debiased lasso on the augmented matrix [X, ;. Instead, we utilize the indepen-
dence between the imputed variable x; and X and construct the estimator as in (B.3). For

the ease of notation, we define
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Plugging in y = X8 + ¢, we have the following decomposition,

BT gz, z| 30 ~n0.8757a%), 0 - @7 p| || —g].
0
(B.35)

~d,gm
We then prove the 4 *" has the same asymptotic behavior as the debiased lasso directly
run on [X, &;]. This can be established by replicating the proof in Van de Geer et al. **° as we

detail it here.

Lemma B.4.4 Forany fixed y > 0 and L > 0, as p — oo,

NN - - _
P ({187578" - a9l = o {19/ Viogr = ) <5 (Ba)
Proof of Lemma B.4.4. We first upper bound 1109/ o Note that

(i

- S0S0) -
199]oe < 1Q7Z" — Il|oclI(£', 0)" = Bl (B:37)

By the convergence rate of lasso, we have:

P (110 = £l = Clélo/Iogp) <5~ (B.38)

For notational convenience, C > 0 denotes a general positive constant and may vary line
by line throughout and we denote C’ as a constant depending on C which goes to infinity

as C goes to infinity. Note that the traditional result for lasso gives the convergence rate of

181l0/log p/n as they assume ||X;|| = /7 while we assume || X;|| = 1.
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Then we prove:

P (||ﬁ(")§(f) e > C /logp/n) <p . (B.39)

We now decompose ﬁ(j)i(j) — Iinto three parts as follows:
~(Na0) - e OX' ~ 272
[Q7EY — I]loo = max{|[ QX — [[|oo, [[ QX% | oo, [[|%]|7 /7 — 1]} (B.40)
We then define
I= 08— flw, [ =|OXFlle, 1= [5I2/E =1, (B

and upper bound each term separately. For ease of notations, we lets = maxi<;<, [|€;.||o-

For the term 7, by the KKT condition of lasso, we have:

P ([> Cy /logp/n) <p°. (B.42)

For the term /77, we have:

~ d
1511% /5 = 1= llz]* = 1=z, /n — 1. (B.43)

By the concentration inequality of the chi-squared random variable, we can upper bound

Il as Cy/log p/n with probability 1 — p~€.
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For the term /7, note that X; = ¢;z; and 2; is independent of X and 3, we have:

P (105 2 61020 lgp/n) <157 (B4

By the argument in Van de Geer et al. **°, we have:

Q20 — Q|0 < Cy/slogp/n (B.45)

with probability 1 — p~¢". Note that [|Q|o, < Cands = o(n/logp), we can also upper

bound 17 as Cy/log p/n with probability 1 — p~¢".

Summarizing the above arguments, we have:

P (us@uw > c\/logp/nu/zuoflogp) =P (57 = Cllgllologp/ V) <"

(B.46)
Then we upper bound ||ﬁ(/)§(i)ﬁ(i) — Qb so-
Note that:
167576" — 0. = 1Q"E” ~ n&") + 18" ~ Q¥

N ES0)) ~ () ~
= Q75" — ool Q7 [ + 1 = Qoo + 1/ — 0

< Cy/logp/nv/s + Cy/slogp/n + Cy/logp/n
< Cy/slogp/n
(B.47)

with probability 1 — p_C/, where the first term in the second to last equality follows from

the fact that Hﬁ(j) |; < Cswith probability 1 — p~¢". For any fixed y and L, note that
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s = o(n/logp), we can safely set C large enough such that Cy/slogp/n < ybut C' > L.
Thus we have completed the proof of Lemma B.4.4.

Combine Lemma B.3.1, Lemma B.4.3 and Lemma B.4.4, we have completed the proof
of Theorem 3.4.2.

For Theorem B.2.2, when the OLS is plugged in for GM, if we regress y on [X, %], we

have:
BN ((/z, 07, (i(’)) 1) . (B.43)

Note that z; is independent to X and ¢; concentrates on Q;;/(1 — ) exponentially fast, we

can get the proof by repeating the arguments in Lemma B.4.4, with 9, = 0 and ﬁ(/)i(f)ﬁ(f)

replaced by (i(i))_l.

B.4.5 PRrROOF OF THEOREM 3.5.1

By Corollaries 3.3.1, 3.4.1 and 3.4.2, v* = w for data splitting and Gaussian mirror, and
v* = afor model-X knockoff. Thus it suffices to get the diagonal term of precision matrix
Q) and the augmented precision matrix Q*8, where the latter, by the definition of knock-

off, can be simplified to calculate the diagonal term of

[2diag(s) — diag(s)='diag(s)] - (B.49)

The inversion of an augoregressive covariance matrix has the following tri-diagonal form:
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\

Thus o* = (14 p*)/(1 — p*) for DS and GM.
For CI-knockoft,

2

1—
diag(s) = [diag(=™")] " = diag (1 — L

1+ﬁ2’”
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Lets; =1 — p*ands; = (1 — p?)/(1 4 p?), we have

2diag(s) — diag(s)="diag(s)

( B \
S e
liﬁzfliz ) liﬁzfi
e
= 2diag(s) — =
52 1:;5152
\ l:ﬁz 5152 51 ) (B.s2)
( A
L p
P 1P p
.
— diag(;)l — ) f > diag(s)
1+p* p
\ ﬁ 1 V,

Note the matrix in the middle of the above equation can be obtained by flipping the sign

of pin >, thus we know:

[2diag(s) — diag(s)='diag(s)] = diag(;)flidiag(s)fl,

where 3 € R?”*? and ij — (_ﬁ)\f—jl‘
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It follows that:

diag( [Zdiag(s) — diag(s)= " diag(s )] _1>

i 1 (1 +J02)2 (1 +J02)2 1 (B~54)
= disg ((1 s A R AN Gy G —Jo2>2>

Thus v* = (14 p%)?/(1 — p*)? for Cl-knockoft.

B.4.6 PrOOF OF THEOREM 3.5.2

For the permuted blockwise diagonal covariance matrix, it suffices to study one block. With
a bit abuse of notation, we denote X = By (p). We can represent Zas X = (1 — p)I + pll.

Then using Sherman-Morrison formula, we have

41 . Vi /
> —l_ﬁ(l 1+(k—1)ﬁn)‘ (B.ss)

Thus the diagonal terms of =" all equal to [1 + (£ — 2)p]/[(1 — p) (1 + (k — 1)p)].
For Cl-knockoft,

(B.s6)

diag(s) = [diag(=™")] " = diag ((1 )l l)f)) .

1+ (k—2)p
Plug this into (B.49), and with some tedious calculation we can derive the exact form of the
RQ metric 8. The key observation here is that 2diag(s) — diag(s)= ™" diag(s) still belongs

to the family of M, (p, k), thus we can employ Sherman-Morrison formula again to get its

inverse. Note that we can set diag(s) as in (B.56) only when p > —1/(2k — 3), otherwise

the augmented covariance matrix is no longer positive definite. Thus this puts a restriction
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on the value of p when one can use Cl-knockoft.
For SDP-knockoff, we first prove: diag(s) = min{24in(X), 1}1;, where Ayin (Z) is the
minimum eigenvalue of %, which gives the same construction as Equi-knockoft. Recall that

SDP solves diag(s) from the following semi-definite programming
min Z(l —5i), subjectto 0 <'s5; <1, diag(s) < 2X. (B.s7)
J

Due to the symmetry of %, one can prove the minimizer of the above optimization must

have s; = ... = 5,. Thus the semi-definite programming (B.57) becomes
max s, subjectto 0 <5 <1, s, X 2%, (B.s8)

whose solution is simply s = min{24,,;,(X), 1}. Note that only when —1/(2k — 2) < p <
1/2, the above construction makes 24 full rank, thus this also puts a restriction on the
value of p when one can use SDP/Equi-knockoff. Note that when —1/(2k—2) < p < 1/2,
diag(s) = 1. Using the same calculation as in CI-knockoff, we can derive the RQ metric v*

for SDP/Equi-knockoft.
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Supplementary Materials of Chapter 4

C.1 ALGORITHM AND IMPLEMENTATION DETAILS

Here we present the algorithm for GVSSB with hierarchical slab functions. The algorithm
for general slab functions can be easily modified. We summarize the parameter updates for
two specific slab functions, namely the multi-Laplacian and multivariate t distributions, in

Table C.1.
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Algorithm 9 Component-wise Grouped Variational Bayes

Initialize: Ay, A, A, w,0, 2, 1,7, %
r: while max{Ay — ¢y, A, — ¢,} > 0do
a := order({||x, I }Z,)
Yold =7
fork=1to Gdo
1= ay
update X, 1, 7, \\ see equation (4.16) and equation (4.17)
update «; \\ see equation (4.19)
end for
update 4, w \\ see equation (4.23)
wo: Ay =max{|H(y,) — H(y, ,,),i=1....G}
II: Opld — T
12: if Ay < gy then
13 & :=E[|Y- Zileﬁ,H%]/n \\ see equation (4.8)
14: end if
15: A, = |5’— 5'01d|
16: end while

4

Y 2N v RoW

C.2 AppITiIONAL NUMERICAL RESULTS

C.2.1  COMPARING SLAB PRIORS

Beyond the multi-Laplacian distribution, we explore two additional slab functions in
GVSSB: the multivariate Gaussian distribution and the multivariate Cauchy distribution.
The simulation setup is the same as the one in Section 4.6.1. The results are summarized
in Figure C.1. Across most scenarios, the multivariate Gaussian slab exhibits a slightly
worse performance in terms of MCC, Precision, and LMSE, yet it demonstrates a slightly
higher Recall rate. The multi-Laplacian and the multivariate Cauchy priors perform simi-
larly across most evaluation metrics, with the latter achieving slightly better Precision. This

analysis underscores the minimal impact of slab prior choice on variable selection and per-
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Table C.1: Update rules for multi-Laplacian distirbution and multivariate t distribution with degree of freedom ».

Multi-Laplacian Multivariate T with degree of freedom »

s, (xx/2+ 21,) " (x1x/2 + H208)
Y, X/ > X3

Iogitfl(log o+ %(log | logitfl(log =+ %(log %] + vlog %
Vi +log 7 + p;log % — /% —(v+ pi) log Vlz; 4K V;;fo

—2logL(*57) + &= k,) 2 ,)) +log D(*F) — logI(3)
i wle + Tr(Z)) i+ Tr(Z)
w (CL7)/G (CL7)/G
2 YLyt )/ L (O + %) Sl Sy

formance in GVSSB, affirming its robustness to different prior distributions.

C.2.2 GROUPED LINEAR REGRESSION

In this example, we focus on scenarios with low signal-to-noise ratios (SNR). We set 2 =
800, G = 400, p; = 5,k = 5,and p = 0.2, while coefficients in each nonzero group are

randomly drawn from the following distributions:
* Muld-Laplacian distribution with hyper-parameter equals to 1,
* Multivariate Gaussian distribution with covariance matrix 7,

* Gaussian Mixture distribution with one component generating from N(0, 2/,,) and

the other four components generating from N(0, 0.57,,),
* Multivariate t distribution with degree of freedom equals to 3.

We adjust o, to range SNR from 0.1 to 0.5. The results are summarized in Figure C.2.

GVSSB consistently ranks as the best or near the best across all metrics except for Recall.
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Figure C.1: Simulation results of GVSSB with three slab priors in sparse grouped linear regression model.

Although SSGL has the best recall rate, its Precision is very close to zero, indicating it se-
lects too many null groups. The inclusion of these excessive null groups leads to the worst
mean squared error among all competing methods. The implementation of SSGL fixes the
slab parameter 1; = 1and chooses the spike parameter A, from an increasing ladder of
values {1, ...,100}. The poor variable selection performance suggests that the GIC crite-
ria that SSGL adopts select a rather small A4, making it difficult to distinguish signal from
noise. On the other hand, the four frequentist methods considered exhibit rather similar

performance across all settings. This suggests that their approaches are comparable and
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don’t significantly outperform one another in this context.

Laplacian Gaussian Gaussian Mixture Student T
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Figure C.2: Additional simulation results of sparse grouped linear regression with four coefficients distributions.
(n,p,p,-,ﬁ,/e) = (800, 2000,5,0.2, 5), SNR € {0.1, 0.2,0.3,0.4, 0.5}.

C.Z.} SPARSE GENERALIZED ADDITIVE MODEL

The true modelis ¥; = fi(xa) + fa(va) + fs (1) + fulwu) + & wheree; "% N(0,02)
fori = 1,...,mwithfi(x) = Scos(2mx), folx) = 2, fo(x) = 4log(|x]) and fi(x) =

6 tanh(x). The standard deviation of the noise ¢, is chosen to vary the signal-to-noise ratios
from 0.3 to 0.7. The covariates are generated via X;; = (W + tU;) /(1 + 1), fori =

1,...,nandj = 1,...,pwhere Wy, ..., W, and U;areiid. from Urnif]0,1]. Therefore,
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corr(X,

7

Xy) = /(1 + ) foranyj # k. We fix the sample size # = 200 and the feature

size p = 600. The correlation 7 and the number of basis functions d are varied. The results

are summarized in Figure C.3.
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Figure C.3: Additional simulation results of sparse generalized additive model with non Gaussian features. Left column:
(¢,d) = (1,5),SNR € {0.3,0.4, 0.5, 0.6,0.7}. Middle column: (SNR,d) = (0.5,5),¢ € {0,0.5,1,1.5,2}.
Right column: (SNR, #) = (0.5,1),d € {3,4,5,7,10}.

In this example, GVSSB leads with the best MCC and LMSE, and ranks near the top in

Precision. Its Recall is also high, only outperformed by SSGL. The grMCP follows GVSSB

closely in overall performance. SSGL shows low Precision and Recall, along with a notably

poor LMSE. In contrast, GAMSel demonstrates high Precision but low Recall, with its

245



LMSE being the second worst. AdGLasso, grLasso, grSCAD, and SpAM show variations

in Precision and Recall but have similar MCC and LMSE outcomes.

C.2.4 COMPARISON WITH GIBBS SAMPLER

In this section, we compare our method with Bayesian Group Lasso with Spike-and-Slab
prior (BGLSS) developed by Xu & Ghosh 3¢, which is a Gibbs Sampler with Dirac-and-
Laplace prior available in the R package MBSGS. Unlike our method, they use the Monte
Carlo EM algorithm to automatically calibrate hyper-parameters.

We consider a scenario where (7, G, p;, k) = (200,200, 5,10). We generate features
independently from N(0, X), where £; = 0.6 for 7 # jin the same group and X; = 0.2
for 7, j not in the same group. The coefficients in relevant groups are sampled i.i.d. from
Unif]—0.5,0.5]. We vary the SNR from 0.5 to 2.5. For BGLSS, we set 5000 burnin steps
and use the median value of the coefficients estimated from the following 5000 steps as the

final estimation.

Table C.2: The simulation results of GVSSB and BGLSS. » = 200, G = 200, p; = 5, k =10, X; =1, 3; = 0.6
for 7 # 7 in the same group and Zl-j = 0.2 for 7, not in the same group. Each row of the design matrix is generated
independently from N(0, ).

SNR 0.5 I 1.5 2 2.5

GVSSB-G o021 049 0.63 o072 0.79
MCC GVSSB-C  0.18 o043 0.58 0.69 0.76
GVSSB-L o0.22 o0.47 o0.61 o070 o0.77

BGLSS 0.13 026 0.37 0.49 0.61
GVSSB-G  -5.42 -5.56 -5.80 -6.06 -6.33
GVSSB-C  -5.42 -5.56 -5.77 -6.03 -6.28
GVSSB-L  -5.40 -5.56 -5.80 -6.04 -6.29

BGLSS  -5.48 -5.53 -5.61 -5.72 -5.93

LMSE
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The results for the LMSE and MCC are summarized in Table C.2. We can see that
GVSSB consistently performs on par with or surpasses BGLSS in terms of LMSE, regard-
less of the choice of slab functions. Moreover, GVSSB achieves higher MCC values, indi-
cating better variable selection performance. These results demonstrate that the variational
approach is not inferior to the Gibbs sampler, while also oftering the advantage of shorter

running times.

C.Z.S ESTIMATION OF THE NOISE LEVEL

In Section 4.4, we highlighted one of the advantages of GVSSB, which is its ability to in-
corporate the unknown noise level into the mean-field family. This allows for simultane-
ous estimations of both the noise level o5 and the regression coefficients. We compare our
methods with SSGL and BGLSS and evaluate the performance using [6* /2 — 1|. The ex-
perimental setup here is similar to Section C.2.4, except £ = 5. The SNR ranges from o.5
to 1.5.

For BGLSS, we discovered that the choice of the initial value for &> has a significant im-
pact on the performance. If we simply set o> = lasthe starting point, which is done in the
R package MBSGS, the MCMC algorithm fails to converge. To mitigate the mixing problem,

132

we compute the initial value of o> using the scaled Lasso '**. We set the iteration number
to 10000 and discarded the first S000 samples as burn-in. The estimation is obtained using
the sample mean of o> from the remaining S000 samples.

The results presented in Table C.3 clearly show that our methods consistently outper-

form their Bayesian counterparts. Among the three variants of GVSSB, the multivariate

Gaussian slab performs slightly better, while the multi-Laplacian slab and multivariate
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Table C.3: Simulation results of |° /o> — 1|. n = 200, G = 200, p; = 5, k = 5. The covariance structure of
features is the same as in Section C.2.4. SNR ranges from 0.5 to 1.5.

SNR 0§ 07 09 12 1.5

GVSSB-G o.15 o0.15 0.14 0.12 O.II
GVSSB-C o0.19 0.18 0.16 0.13 0.12
GVSSB-L o0.19 0.18 0.16 o0.13 o0.12
SSGL 0.44 0.53 0.60 0.60 0.56
BGLSS 0.33 0.36 0.32 0.26 0.20

Cauchy slab exhibit similar performances. BGLSS performs better than SSGL but does not
achieve the same level of accuracy as the GVSSB methods. SSGL tends to favor parsimony
in variable selection, which can lead to the exclusion of relevant groups and consequently
an overestimation of o2.

One possible reason that BGLSS performs worse than our method may be that their
prior for §; depends on the unknown noise level . Specifically, for nonzero groups, they
set 0 | o o< exp(—A4[|¢;|| /o). Thus, the Gibbs updates for §s and &> are coupled together,
potentially leading to a slower convergence. This is validated by our observation that the
mixing for ¢® can be poor at times (auto-correlation exceeding o.s even after gaps) and also

potentially explains why a bad initialization can cause the algorithm to fail to converge.

C.2.6 THE EFFECT OF UPDATING HYPER-PARAMETERS

In Section 4.5, we have proved the robustness of the VB approach to the choice of hyper-
parameters, provided that the hyper-parameters fall within certain wide intervals. However,
in finite sample cases, the accuracy can still be affected by the choice of hyper-parameters.
Improper choices may lead to poor performances™*®. In this section, we show that the vari-

ational EM algorithm developed in Section 3.4 can help mitigate the sensitivity to hyper-
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Figure C.4: MCC and LMSE results for GVSSB with and without EM updates. z = 600, G = 600, p; = 5, k=S5.

The initialization of 1 ranges from 0.01 to 100, with w € {é, %, %}

parameters.

Wesetz = 600, G = 600, p; = 5, k = S. Each sample is generated independently
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from a normal distribution N(0, X) with X;; = 0.6 if variable 7 and j belong to the same
group and Z; = 0.2 for 7and j belong to different groups. The true coefficients are gen-
erated from a uniform distribution Unif][—1, 1]. The SNR is set to 0.5. To initialize the
hyper-parameter 1, we consider values ranging from 0.01 to 100, with w taking on three
different values: 1/G, 1/2,and (G — 1)/G. We then summarize the MCC and the LMSE
in Figure C.4, where we compare the performance of our algorithm with and without the
variational EM updates of hyper-parameters.

From Figure C.4, we found that the variational EM updates of hyper-parameters im-
prove the performance of our algorithm significantly in most cases and also stabilize the
algorithm across different initializations. When the hyper-parameters are not properly
chosen, the variational EM updates can regain some power even if the original algorithm
with hyper-parameters fixed has no variable selection ability. Hence, we recommend using
the variational EM updates unless one is highly confident about the value of the hyper-

parameters in practical scenarios.

C.3 Proors

C.3.1 PROOF OF THEOREM 4.5.1

Equation (4.25) is equivalent to
P, <H(§c |X, Y) > o Gk« logG> SJ o Ok logG/Z‘ (CI)

Similarly to Jiang & Sun7°, the main recipe to prove (C.1) is the following lemma.
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Lemma C.3.1 Consider a parametric model { Py} ge g, and a data generation D from the

true parameter B, € B. Let T1(8) be a prior distribution over B. If
(él) H(Bo) S 50,‘

(b) There exists a test function (D) such that

Sup Egll — p(D)] < 3, Eg [p(D)] < 43
€ Drest

()

Py, (/ ;ZiDD))dH(ﬂ) < 3z> <%

Then for any 05,

do + o
0203

]Pﬁ* (H(BOUBtestlD)Z ) Sé\/l+5/2+53

In our case, we let

D=(X,Y), f=(s,5,06), Py(D)=N(Y| X651,
By =A{(0,8,0) : |S\S.| > Ks,)} U{(c,5,0) : S¢ F)},

Btest = Bl ) 827
<

2
T%

&:{@&Qe%: ¢

B, = {(a’, S8 eBNB:|6— ¢ > Mzo«*\/;gn/uyxuoﬁ)} .

1 _MIEn 1 —f-Mlén
1+M1£,L’1—M1£n ’

We take the test function as
P = max{@l, @2}a
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with

-1
no>

gplzl{ max >M15n},

SEF:|S\Sx | <Ksx
_ il
o=t mas s T~ G| > Moo 21XV |

where for any matrix 4, A" = (A7A) 7 AT. Then we prove the following lemmas:

Lemma C.3.2 Suppose Assumption 4.3.1 hold. Then
H(B()) < gf[AZK*O(l)]:* log G'

The proof of this lemma follows similarly to the proof of Lemma 5.2 in Jiang & Sun’° and

is thus omitted.

Lemma C.3.3

]E*¢1 5 6_[M12/8_K_0(1)}”5;%7 sup ]E(J,S,&) (1 - @1) 5 e—[M%/%B—o(l)}mi

(0’,5,5)681

Proof of Lemma C.3.3. We can rewrite @, as

- P
@1:1{ max M—l >M15n}
SEF:|S\Su| <Ko n
T—P
31{ max M—l‘ >Mlen}.
|S\Sx | <Ksi n

Note that the projection matrices Ps, s, < Ps,us, for nested models S; C S5, we know

T(I — Pgus, )¢ achieves its maximum and minimum value when S\S, = 0 and [S\S,| =
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Ks,. For each |S\S,| = K5, or 0, we have:

IP*< —1‘ >MIE”>

(i

ET<1 - PSUS*>5

n

n n

It’s easy to show e, > (K4 1)s,pmax by Assumption 4.5.2. Thus, by Lemma S.3.2 in Jiang

& Sun”® (concentration inequality for the Chi-square random variable), we have:
P (@ >1+ Mlgn) < ¢~ (1/8=0()ne;
n

n

]]E) (Zi_(K'i‘l)f*Pmux < 1 _ Ml£n> j 6*(1/870(1))1155'
Then we know

]E*¢l S |i1 + (; ):| X 67(1/870(1))”52 é ef[Mlz/S*Kfo(l)}nzi'

Sx

Then we show the second part of the lemma. Define

A {'YT(I—PSUS*)Y

2
nos

—1‘ SMlén} .

Then we can rewrite @, = maxse rs\s,|<ks, P; - Lhus @, > @, forany {§ € F :

IS\S,| < K5, }. Soforany S € F, |S\S,| < K, we have:

sup Eusp(l—90,) < sup Epsgd— @175).
(0’75,9)631 (0‘,579)631
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We then provide a uniform bound for each E(, 5.4 (1 — ¢, ().

ET([ - pSUS*)E
no? | o*

Ewsol — 0,5 = Plse < — 1’ < Mlgn)

The restriction ¢* /o2 ¢ [;ﬂﬂjﬁi” , %] of By implies that

' — Pyus, )e
no? |a?

£T<I— P5US*)E

n

- 1’ Z Mlgn-

—1‘ SMlgn —

Then

ET ([ — Pgug*)é
n

Pesol—o ) <P ( — 1‘ > Mlgn)

S P (@ > 1+M15n> + P (XM <1 _len) 5 e—[1/8—o(1)]nzﬁ.

n n

Note this bound holds uniformly for all (¢, S, §) € ©, we have proved the second part of

the lemma.

Lemma C.3.4

E.p, < B /8—K—o(D)lns; sup Epsa(l—0,) S o~ 5/8—o(V)lne;
(J,S,é’)eBz

Proof of Lemma C.3.4. We begin to prove the first part. Forany § € F such that [S\S,| <

Ks,, we have:
185, Y — G, 1P

= T Xgus, (X5, Xous, )~ Xsus, €

oy
e Xgus, (Xhs Xsus, ) " Ksus,e €T Pous,
B 2'min (XEUS*XSUS*) - ||)(||g/‘l 7
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where PSUS* = Xgug* (X}US*XwS*)ilXSUS*. This 1mphes

p, <1 { max ¢ Py, > Mﬁnsi/4}

SEF:|S\Su | <Kisx

Similar to the proof of Lemma C.3.3, we have:

G
E.p, < (K;*) X P (Reiryupmn > Mine/4)

< ( If ) xRS0 < VB /8—K—o(Dlne:
Sx

Where the second inequality comes from Lemma S.3.2., part (b) in Jiang & Sun7°.

Then we prove the second part. Similar to the proof of the second partin Lemma C.3.4,

define
Pas = 1{IXhs. Y = .|| > Mov/nzae, | IXNVD) }

then @, = maxge 7.|5us, | <k, , 5 We then have:

sup Egsg(l—9,) < sup Egsg(l—0,)
(0,5,6)€B, (0,5,0)€B,

We proceed to bound

Ewsa(l - 2,9 = Plosy (nxzus*Y— G| <

Mza'*\/;fn>
2|1x]l,v2
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In B,, we know:

XI5, ¥ — Gius. || = I1Xhus, (Ksus, fsus, + Xsns: Osus, + o¢) — o, |

= [|65us. — Gsus, + X, = Nbsus, — Gis, || — ollXhus. el

Then we have:

Mza'*\/%é
E, <P, Oss. — O || — ol X0 ¢ & <—”>
5901~ 22) < P (I, = | = ool < T2
Mza‘*\/an)
= Plso (olXhs el = s, — B || — 20V
= Pross (Al = s, — sl - o0
Mza'*\/;én)
231, V2

M — Mg,
< Pse) (HPSUS*EH > 1

2 1+M1 n\/_ )
Mz 1-— len 2
S IP (Z?K+1)J*anax > (T 1+M1£n) 7l£n>

< oM /8—0()]nd}

< Prsg <‘7||XSUS* | >

Y

where the second and the third inequality follow from the definition of B, and the last
inequality follows from the part (b) in Lemma S.3.2 in Jiang & Sun’°. We have thus com-

pleted the proof of Lemma C.3.4.

Lemma C.3.5 Suppose Assumption 4.3.1 holds. For any constant y > 0,

( N(Y | X6,2])

dH S 9 < (A1+A43+147)54 log G < ,—CysxlogG
N(Y | X6, 21) (#:5.8) < e ~ ¢ ’

where the constant C,>0 depends on 1.
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Proof of Lemma C.3.5. Similar to the proof of Lemma 5.5 in Jiang & Sun’°, the proof

consists of four steps.

(1) Let
0-2/0-;2( E [17 1 + ;71£i]a

Q. =450 :5=4,, : (C.2)

16— 611 < 7,0060/ 5o/ ). 1 € 5,

\

Then it is obvious that

N(Y | X8, 1) N(Y | X8, 1)
dH >TI1(Q,) in ;
N(Y | X6, 21) wshea. N(Y | X6, 21

(2) Proveify, < 1then

H(Q*) > 6—[A1+A3+1+a(1)}5* log G;

(3) Prove thatif

| Ps.£|* < Cne’and ||¢||* < 2Cn,

then for any small 73 > 0:

Lo N(Y| X6, RIS 73 24V Ty oD log G,
(0,5,0)€Q N<Y| X€*7 0'7%[) ~ |

(4) Prove

P, (||Ps.el|* < Cne, and [|¢||* < 2Cn) 21— ¢ [C/2—o(W)ne;

Once we established the aforementioned 4 steps, we then choose sufficiently small »,, 7, , 7,
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and suitable C > 0 such that

n> C;71+;7§/2+\/E';72+773. (C3)
Then we have:
N(Y | X8, 02[ dH( S,8) < ¢ UrtAsTITs 108G
N(Y| X8, 7

L Nv| xRy,
< ]P* II Q* f ’ < (A1+A43+147)s4 log G
B ( () (J,ngeﬂ* N(Y| X6,021) — ¢

. 1nf N(Y| X€7 02[> < 6_(7_0(1))5* logG
(a’,S,ﬁ)EQ* N(Y| X€*70'i[) -

IN
=3

<P, (||Ps.el|* > Cne® or ||e]|* > 2Cn) S e~ [C/2oWln

Set C, = C/2, we complete the proof. Thus it remains to prove Steps (2), (3) and (4).
Proof of (2):

n(Q,) = / e g(?)d x =(8.) x [ / h(6))d8;.

o ies, N6 1<n0een (5u /o)

By Assumption 4.3.1, the first term is bounded from below as:

AL
R (C

2
*

forany ¢ > 0.
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The third term is bounded below by

/ H(8)d8
jeSs, TNG= 1<mawen/ (sxy/Pmax)

> 1d0; x inf b(z
H/ §l<preen (oFom) <||Z||<maxjes* 167 17,7480 (52 /) ( )>

JESK

> T1 V5 e (/) x G (C.5)

JES.

> 1127 (sen ) G/ Bo) o G5

JESK

SxPmax/ 2 5xPmax 10g £n—Sx Pmax 10g (5% r/Pmax) (7—A35%
> pispms/2 gemes 0g 1 —su s 08 5e ) (43

where V), (17,04,/ (54y/Pmas) ) denotes the volume of a p; dimension ball with radius 7,4, / (s+y/Pmax)-
The second inequality of (C.s) follows from Assumption 4.3.1 and the last two inequali-

ties follow from the fact that:
710/2 / — Pmax 'max
Vy(R) Z p, " "RY > p w2 R

forany R < 1.

Then it’s easy to show that

/ b(@)d@] 2 6—(A3+1+0(1))J* logG (CG)
16=67 1| <7,7xn/ (51 r/Pmax)

JES.

Combine (C.4), (C.6) and the fact that 7(S,) 2> ¢ 16 the proof of (2) is accom-

plished.
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Proof of (3):

—2log A = ||oye + X (6" — 8)||*/o* — ||¢l|* + 2nlog(c? /o2)

= (73/7 = Dllell” + |1X(6" = §)/ol|* + 20.TX(8" — 6) /7" + 2nlog(e /7).

(C.7)
By the definition of (C.2), we have:
729%En
log(e?/5%) < pen, 16" — Ol < 7,048/ \/5uPmars |1 X(F° = O)|| < /25 Pmax X :
! > V/SxPmax
(C.8)
Furthermore, we have:
eTX(0" — 6) = &' X5, (65, — 65,) < || X5, ell[|6" — 6. (C.9)
Note
HXT*EH = HXT*PS*£H < /75 Pmax V 1 Cey. (C.10)

Combining (C.7), (C.8), (C.9) and (C.10), we have proved the part (3).

Proof of Part (4). It follows from the fact that:

P(||Ps,¢||* > Cne2) < ]P(;f > Cne’)

P(|le]|> > 4n) < P(y> > 4n).

Then by the concentration of the chi-squared random variable (Lemma S.3.2 in Jiang &

Sun”), we have concluded the proof.
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We set

5\0 _ e—[AzK—o(l)]:* logG’ é\l _ e—[min{Ml,Mz}z/S—o(l)}x* IogG7 51 _ e—[min{Ml,Mz}z/S—K—a(l)]:* logG’

92 _ 6—[A1+A3+1+;7].f* logG’ 5/2 _ €—C;7.c* logG'

Let » = C,K/2, then we choose sufficiently small ,, 7, and 7, in (C.3), which allows us
to set C = C,K. Further define 9; = ¢~ ©@X+108G/2 then we have:
50 + 31 — 6_[(A2—C2)K—(A1+A3+1)];* logG <« E—CIK:* log G
0203 ~
a\i + 5/2 + 53 — e—Csz*logG/Z.

Thus we have completed the proof.

C.3.2 PROOF OF THEOREM 4.5.2

We first prove Theorem 4.5.2 for general slab functions and the proof for hierarchical slab
functions can be derived similarly and we comment on some of the differences at the end.
We first upper bound the KL divergence between the VB posterior IT and the true poste-
rior I(- | X, Y) and then use Theorem s in Ray & Szabd '*S to complete the proof.

The posterior distribution can be represented as

(1) = 3 ¢TI 1) @8

SeF

where ) o > g5 = land ITg(|Y) is the posterior for 85 € R’ in the restricted model

Y= ngg + oe.
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DefinetheeventI' =TI, N1 NI, NI N TN T, as

I = {H (S e F: |S\S*| < K, |X) Y) >1— e—CﬁK:*logG}

g /
le =11 i c 1 ]1415}17 1 +Mlgn |){7 Y Z 1— €*C1K/J* log G
a2 14+ M, 1 — Mie,

L = 11 (16— 8] < My/ame,/ (VAT |X],) | X.¥) 21— C,clm*logc}

I— Py)e||?
R:’m Qﬂ_4<%}
n
])~ 2
b wsﬂ <&%
n

{
{
{
{

RzlmwﬁﬂSHMbpmby%,
i€[G]

where K is chosen so that iK' > K + 2, min{M}, M,} > \/8(max{d,,1} + C, + 1)K’
and S'is defined later in (C.11), which satisfies [S\S,| < KG,.

By Theorem 4.5.1, we have P, (I'y N I} N T,) — 1. Note that

d
- PP L2,
then for any constant C > 0,

. 2
P (H(]_ PS)EH >14 an) < e—[Cz/S—o(l)]nsﬁ‘
—71 >

Similarly,
d
1Pl £ 22
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Then for any constant C > 0

P (||P§5||2 o ng> < 8o

n =

For I's, let V; = X1, then V; ~ N(0, X1.X;). Define U; = (XI.X;) "2V}, then ||Uj||> ~ x

Using Lemma 8.1 in Bithlmann & Van de Geer**, we have:

P <max |UNI?/p: > 161og G) < exp[—log G] — 0.

1<i<G

Then we have, with probability converging to 1,
17l < XN Uil < 4]1X][o 1/ pimax log G.

Thus, we have P(T) — 1.
Define 3 = M, \/nao.e,/(/A(K')||X]|,)- Under event T, since

@ 6ll > 8 [ X, 1) <TI(6: |6 - & >5[ X, Y),

it follows that:

1
E q; Z 1 o e—ClK’,r* logG . E—ClKJ* IOgG 2 E
SEF:|S\Su | <Ko, || || <8
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Furthermore, we have:

(K41)s5 G
SeF:[8\S| <Ks}| < < eGIH,
ermsisiys 3 (7)<

Thus there exists a set S such that:
IS\S.| < Ks,, [|65]] <9, g5 2 (2¢)7'GKHD, (C.11)

We first upper bound the KL divergence between the VB posterior @ arising form the fam-

ily P} and the true posterior I1(- | X, Y) where P} is defined as (4.27).

Lemma C.3.6 For the VB posterior @ arising from the family P}, it satisfies:

~ ~ ~ 51/219 Pmax IOgG
KL(QIITI(- [ X D)1y = (K + )5 log G + pmax|S| + LIS +

AK) AKX

+ & (IS1211X10v/ 78,8 + [|1X171515%) -

Proof of Lemma C.3.6. Note an N, 5(/45, 35) ® dg distribution is only absolutely continuous

with respect to the gsITs(- | X, Y) ® dy, then we have:

log AN(uz, Z5) ® g(d%) ® dg
quHS<"X7 Y> &® 35[
log AN(u, 2 )
< logi + inf B, 5., og dN(u5, Z5) @ m(a?)
5 e ST AT CY)

inf KLQII(X, 1) = inf B, s,
0cQ SyugZs,v
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We can calculate IT (- | X, Y) as follows:

IS (2) g (2) [T 6(9)
D, S
j€s

v

where Dy is the normalizing constant. We add ;% and subtract 5% in the exponent to con-

veniently compare it with the VB posterior. Now let

s = (X{X5) ' XLY and B = o} (X[ X5) ™,

the VB posterior Q is
1 =X+ S | U-P) Y2 =52 o\ /2
Dt T I () 2e() [ 2(8). (C.12)

JES

where Dy is the normalizing constant. Note that the product of 5(&;) is injected to match

the form of T1(- | X, Y).
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Choose v = ||(I — P;)Y]|?, then we have:

log dN(p5, %5) @ 7(o?)

52550

dITy(-|X, Y) 2
= Iog& + E, {é — 1} (]E/‘@%”Y;;Z(S&SH - U)
I JZZYHZ D B llogh(8)) — log h(4)]
j€s
< logg_; +E, [‘;_2 _ 11 (H([_ PS)YH;(T; tr(Pg) — z}) (C.13)
+ (7 — ];S;;HZ i LE, s, Z ler — &
j€s

D ; Ps T
<o |2 1|25 250515 ]
We first upper bound log(D, /D).

D. J S exp (=3 lY = Xebill? + 2 — 5) () @/2g() [Tes b(8)do?d;

D [ Jexp (=¥ = Xsbsll> + 27— POV = 52 ) (72)-012g(eR) [T b6 el

Let

7 Mie, 1+ Mie
By=3(6,0) €RE xR : <2 : — 1
g {(S’ ) ERE X R : I — Gl <29, 5 2 S {H—M’gn’l—M{g,j}

Let 6: denote the extension of a vector 8z € R?5 to R? with &5 ;= b5, forj € Sand
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L_9§J.: Oforjgés’. On T, we have:

i 7 Mg, 1+ Mie,

() < s € B [ — 61 > 2900, 1)+ 15 (2 5 100, L0002 ) )
* 1n 1}1

qf( (B € B : |3 — )| > 29— 84| | X, 1)

g3
1—Me 1+ M
+H3<02:§¢ [ MIE”, +M15”] | X, Y))

1+ Mie, 1 — Mie,

— M, 1+ M,
§q§1<1‘1(6611%f’:|\¢9—€*H>9\X,Y)+H< ¢[ o 1T IE”MX,Y))

1+ M, 1 — Mie,

< 2€1+(K+1)J* log G—(K+2)sxlog G 1/2

Thus, we have:

Sy esp (Y~ 585 IR) () 2() T s () A
IT5(Bs| Y)1r = ffCXP( 2,2”Y X2 )(0.2> "/2g(52) Hjesb(@)da'zdﬁg Ir,
> élr.

Therefore on I, we can upper bound log 22 38

| 2] Sy exp (—#HY—X:@%HZ + 5 = 2 ) (2) () [y h(6)dd
0g
S Iy, e (=17 = X5l + s [ — PYYIR — 52 (62)-2g(o2) [Ty b(6) e

NI = X85> 0 (IR~
: =2 - h(8 CA log 2
B (53,831):)633 ( 52) Za'i 20-2 Z Z (]) + og

JES JES
2\ || Y — X652 — .
< s (1- %) R s - g g2
(65, o) €8s 4 207,
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Combing (C.13) and (C.14), it suffices to upper bound

E.. s, [I65— 6] and sup [|Y — X364 — o. (C.15)

G3€B5

For the first term in (C.15), we have:

Erx, (16— 1] < \/Euz, [16— 85121 = /lles — &I + T7(5) < lles— 8514/ T(29).

(C.106)

Note 23 = ai(Xng)_l, then we have:

: 7S |pmas
Tr(Z5) < F1S|pmas Aman (X[ X5) ) = =70 (C.17)
) < Al ) )
Note we have:
UTXngv

Apin(X1X;) = min  —3—" > 2(K) || X]|2. C.18
( SXS> ve]Rm:v;éO HUHZ = ( )H Ha ( )

The last inequality comes from IS\S, US,| < (K+1)s,. Then combine (C.17) and (C.18),

we have:

T}"(ZS) < —ai’S’pmax

< A®xE (C.19)

We then bound the first term in (C.16).

lees = 51l < NI(XEX5) " XXG O || + ol | (X X) ™ Xel| = T+ 1.
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For I, we first calculate || XT X505 |2

D ARESP> G AL

gGS’
=21 > x|
g€S  jESNS,
<> IENS] Y lxxe |
€8 FESNS,
<SENS Y AXAD A () 6]
g€S JESNS,
<Y IENS Y IXEgr
g€S JESNSK

< 11115 1S1s. 115,117

where the first inequality follows from Cauchy inequality and the second to last inequality

follows from the fact that Apa (X XT) = Apax (X]X,) < [|X][2. Then we can upper bound

I by:
- XIZISI 25218511 _ 1125165
I < A (XTX) 7Y || XT X5, 6% g” o ST < s (C.20)
(( SXS) )H SXSf Sf” R(K)HXH(% l(K)

Then it remains to upper bound II. On I', we have:

N 2\1/2 z
ol A R 4080 og O

TAK) X2 AK)||X2 = 2K |1xT, (C.21)

Combining (C.20) and (C.21), we get the upper bound for ||z; — & |, which, together with

(C.19), gives the upper bound for the first term in (C.15).

269



For the second term in (C.15), we have:

1Y = X551* — o= | Y = X05]* — 0= | Y = X0 + X(&" — G5)|I* — »

= G2lell® + 20.6TX(6" — &) + [|1X(6" — G9)|I* — [|(Z — Py) 11|
(C.22)

For ||({ — Ps) Y]|?, we have:

I(Z = P)Y1I* = [|(7 — Pe) (X365 + X565, + one) | = (1 — Py) (X + aue) |

Thus we can decompose (C.22) into the summation of three terms as follows:

1= (|lell* = (7 = Py)el®),
II=20,6"X(6" — 65) — 20,6 (I — P5) X305,

2

I = |[X(6" = G5)|I* — (I — P5) X5,

For I, we have under I':

1= Peel|* < ne;.

For the second term, we have:

E1X(0" — 65) — &' (I — Py) X5 = ' X5(65 — O5) + € X, 5 — €T (L — P5) X, 5
= ' X5(65 — b5) + ¢ PeXrs, 65
< e Xsl[1165 — sl + lle" PsXns, |15

= [1X5Pgel[ 1165 — 6511 + 1145

SNS,

Pye[[165

< (IS 52 |1 X0/ e,
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For the last term, under I, we have:

1X(6" = 89)|I* = (7 = Po) X5 G5 |1* = 1X5(65 — ) + XG5 1” — 1I(7 = Po) X5

< 2[|X5(65 — 65)|1* + 2| X5 65

P (17 = Po) X5 65|

= 2| X3(65 — 6)|I” + || X5

Ak
< 2US|IXIIZ1165 — 651> + 251 X1 1165 117

< 41X (5] + 5.)9*

Combining these three pieces together, we obtain an upper bound for the second term in

(C.15). Then we can upper bound KL(QHH( | X, Y)) as

0 max Ji/z nax 1O
KLQITI(: | X, 1)) < (K+1)s,log G+ 5 + ( WT TH. +¢z(> )‘—’Xm

+ & (ne, + (1812 + /%) IXMlo/nend + |1 XUZ(1S] + 5.)9%) + LIS[V2S.

Note 1(K) < v/2(K), p5 < pmax|S| and S| < s,, we accomplished the proof.

We define a sub-family of P}, as

Our = {Ps = H q ) ® I},
jes
where 4(0;) = N (‘uj, D;). Note that any distribution in Q4 can be obtained by restricting
s in P} to be block-wise diagonal, i.e., for any 7,/ € Sand not in the same group, their
correlation equals to 0. We then upper bound the KL divergence between the VB poste-
rior arising from the family Q. and the true posterior. Let Dg be the block-wise diagonal

matrix where the diagonal terms are D;, j € S.

271



Lemma C.3.7 For the VB posterior 0 arising from the family Qp it satisfies:

KL(Q|TI(- | X. 1)ir = (K + 1)s, log G + ps + &, (IS["2(|X]|,v/me, + |1 X1[715]5°)

~ xl*/ 2 41/ Pmax log G -
+ LS| (l(K) + X,2K) > + |S|pmax log(1/2(K)).

Proof of Lemma C.3.7. Similar as in the proof of Lemma C.3.6, it suffices to upper bound:

B o MNleg, Ds) @ g(*
bt T8 dN(s, %) @ 4()

~—

dN(u3, %5) @ q(0°)
dllz(-|Y)

+ E,..p;.log (C.23)

where S satisfies (C.11).
We first deal with the first term in (C.23), which is just the KL divergence between two

multivariate Gaussian random variables and can thus be calculated as:

(log(I=511D5 1) = s + TH(='Dy))

| =

Now define the 7-th diagonal block of Dz as o2(XIX;) ™' forany i € S, then we have:

Tr(Z2 'D;) = ps. Thus it remains to upper bound the first term: log(| %3 D5 ).

— / 2 S
D5 = [T < [T Awe X7 < 1]

j€s j€s (C.24)

[Z5] < Aax(Z5)5 < (|1 X]]o v/ A(K)) 5.

Note p5 < |S]|pmax then the first term in (C.23) can be upper bounded by: |S|pmay log(1/2(K)) /2.
We can upper bound the second term in (C.23) similarly as in Lemma C.3.6. The only

difference is now we need to bound 77(Ds) instead of 77(X;) and the rest of the proof is
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the same.

T o Ps
=2 %) Z mmXTX Zz DIE = ame €

]GS

Combining (C.23), (C.24) and (C.25), we have:

KL(QITI(- | X, Y)) X IS|1og G + ps + LIS["*8 + ¢, (ne; + (5] + 5% |X]| /e, 8 + |IXIF(IS] + 5.)5%)

51/25 \/Pmax 10g \/Pmax <
+ LIS + + |S]pmax log(1/A(K)).

Note that (1) > A(K), we have accomplished the proof.

Corollary C.3.1 The variational posterior I arising from the family Py satisfies:

KL(TI|TI(- | X, Y)Ir = (K + 1), log G+ p5 + & (ISI"2[|X[|,v/me,S + [1X]7115%)

&% 4/ log G -
+L|S|( (K)+ IXTA0K) + [S]pmax log(1/2(K)).

The proof of this Corollary can be shown easily by noting that Q4 is a subclass of Py
Then we are ready to present the proof of Theorem 4.5.2.
Proof of Theorem 4.5.2. Let IE, be the expectation under the true data generating process

Y = X6 + 7,¢. Note that 5, TI(Q, ) < E,II(Q, )1r + o(1) and

ELJI(Q, )1 < e ki loe€,
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s we have:

Using Theorem s in Ray & Szabé

E,II(Q )i < ——— KL(TI||TI(- | X, 1
( ﬁn)I‘_.(éanS*log(; (ITTI(- | X, Y)) + o(1)

By Corollary C.3.1, we have:

~ , C 1 .f* -Y*En _S‘* 1
E.I(Q )i < — {1+, L+ +L + .
(Q, )1r ﬁn{ KK " AKK (Wlogcz(K) ||X0||\/logn/1(1())}

By Assumption (4.26) and p, > max{s,¢,, 1} we have completed the proof for general slab
functions.

We then state the proof for hierarchical slab functions. The proof is basically the same
as the above reasoning. As an example, we upper bounded the KL divergence between the
VB posterior Q, which arises from the augmented mean field family defined in (4.13) and
IT5(- | X, Y). For any h(6;) which can be rewritten hierarchically as a scale mixture of mul-

tivariate normal distributions, we write it as:
2 -2 2 T(.2
6; | a; ~ N(0,a;°L,), a; ~ h(a;).

Then the posterior density ITg(- | X, Y) can be calculated as:

1 L r=XP4 5 — 5% - oy —n gl
D_ze 20 S7S 217% 2‘7% (0‘2) /zg(a.z) H(ajz)lbj/ze 3 b(a]Z)7
Jj€S
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where D, is the normalizing constant. The density of VB posterior can be written as

R T o 0o ) ([ A )2~
Dt = = 2 (P2) () [ [ (@ (),

JjES

where Dy is the normalizing constant.

Choose v = ||(I — P5)Y]|* and xf = E,, 5[10]% then we have:

logdN(s;, %) & 7()
A ()

D o E, s ||Y — X:6:* —
:log—”—i—]Ev{—;_l]( /‘S’Zs” 365l U)

252
I 17— 202 Y? _U+Z By, ]]E/‘s [|‘9‘||2—7Cﬂ
j€s
4, [02 1} <H(1—P3>YI|22£ (Py) - > WS LR
:logg—;+Ev{§—I]%.

Thus it suffices to upper bound the first term. Note that if the slab function 4(§;) can be
written as a scale mixture of multivariate Gaussian random variables, then the density func-
tion b only depends on the £, norm of the §;. In this case, with a little abuse of notation, we
denote the slab function for &, as b(||,]).

By integrading out &7, we can calculate D, /Dy as

D, S Jexp (==Y = Xl + 55 = 52 ) () (e TLes b5 o5

D [ Jexp (=3 ll¥ = Xebsll> + (7 = P)YI? = 5 ) (03)-0/g(e2) Tz blog)do?ds
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Therefore on I, we can upper bound log g—]’; as

7\ 1Y = Xss]* — v
1— = SYS I ol — low2.
(&—S;Fe& ( 0'2> 202 + Z 161l = x| + log
: : jes

For &; in Bg, we have: ||6; — 65| < 23.

sup D 111 = 51 = sup 3161 = Eves, (1611 < 5B (116, 871 + 21315,

Ses Ses

The first term has already been upper-bounded in the proof of Theorem 4.5.2.

C.3.3 ProOF OF THEOREM 4.5.3

The proof of Theorem 4.5.3 is rather similar as the proof of Theorem 4.5.2. The first step
is to obtain the contraction rates for the true posterior. It suffices to validate Lemma C.3.1.
We only emphasize the main difference from the proof of Theorem 4.5.2 here. To make
better comparisons between this proof and the proof of Theorem 4.5.2, we still use X to
denote the basis expanded design matrix X,

Difference 1: When we want to prove Lemma C.3.3 for additive models, ¢, is now

equivalent to

(¢ +9)T(L — Pos, ) (e + 9)

901:1{ max —1‘>M12n}.

SEF:|S\S, | <K
Expanding the numerator of the test function, we have:

(e 4+ 0)T(I — Psus, ) (e 4 8) = ||(I — Psus, )el|* 4 2eT(1 — Pous, )0+ ||(1 — Psus, )d||*.
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Note that:
=17 = Psus, Jell[|(1 — Psus, )l < e"(1 — Psus, )0 < [[(1 — Psus, Jelll| (£ — Psus, )l
we have:
(1(7=Psus, Jell = [ (7= Psus,)3I)* < (e4+3)T(I—Psus, ) (e+9) < (|(I=Psus, Jell+1| (1= Psus, )3|)*-

Then using the above inequality, we can repeat the proof of Lemma C.3.3 for additive
models.

Difference 2: We then prove Lemma C.3.4 for additive models. Under the null,

I1X5 s, ¥ — G, |12 -
SUS, - Sus.ll” (£ + 0 Xous, (XF 5. Xsus, ) Xous, (e 4 9).

Thus we have under the null:

<1 - [
P2 = {SE}':R?ﬁSKJ*(g—i_ NTPsus, (¢ + 0) > Mine./ }

< 1{ max (|l€T Psus, €| + ||5TPSUS*3||)2 > Mingi/4} .
SEFHIS\Sk|<Kss

Note that 0" Pg 5,0 < ||9]|* < sund™** < s,d = o(ne?). Thus

E.p, < (K]'jr*) x P <;/(K+1)x*d > (M4 - 0(1))”5i> :
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Furthermore, under the alternative, we have:

105, ¥ = Gus, | = 6sus. — Grus, | — ol Xius, ell — 1XKGus, -

Note that ||X§US* | = o(y/ne,/ (|1 X]|,V/2)), the rest of the proof follows similarly as the
proof of Lemma C.3.4.
Difference 3: When we repeat the proof of Lemma C.3.5 for the additive models, the

only difference is in part (3). We here prove that if:
|Ps,el|” < Cne,,  |lel|> <2Cn, and €70 < y,ne.

then for any small 7y > 0:

Inf N<Y‘ Xe, 0—2]) > e_[C;71+’7%/2+\/E’72+;73+’74+0(1)]”5%
s6co N(Y | X0, 021) ~

Note that 7, can be arbitrarily small, since for any 7,, we have:

2

P(78 > gn8l) = P(PIZ > pyned) < e 4/ = o(er%)

where Z is a standard normal random variable. Note that for additive models, we have:

—2logA = |lue + 3+ X(6" — 8)[*/ — ||e|]* + 2nlog(c? /)
= (72/7 = Dllell® + |X(6" = 0) /l|* + 206" X(6" — 6) /& + 2nlog(e* /77)

+ 9117 /* + 20,79/ + 297X(6" — 6) /7.
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Then the proof is completed by noting that ||9]|* = o(ns2) and 37X (6" — 6) < ||9|||| X (6" —
O = o(ne;).

After establishing the contraction rate for the true posterior, we then complete the proof
by bounding the KL divergence between the VB posterior and the true posterior. The pro-
cess is also rather similar to that in the proof of Theorem 4.5.2 and we only mention key
differences here.

Difference 4: We define u; similarly as (C.12) and then
ez — G511 < 11 (X5X5) " Xi X505 | + o l| (X3X5) ™" Xl + || (X3 X5) XG0 = I+ I+ LI

The upper bound for I and II can be derived similarly as in (C.20) and (C.21). For III, we

have:

T TS _
1= TR 050 < (oS5 < St

We then upper bound || ¥ — X;6;||* — v. Note that

Y — Xs65||> — v =1+ 1T + 111,

where
I=|loe + 31 = |(Z — P5)(owe + 9)|,
I =2(oye + ) X(6" — ;) — 2(cue + 9)T(I — Py) X565,
I = ||X(6" = 65)|1* — (1 — Ps) Xz 05 1*.

Note that

I=||Py(oue + I)|I* < 2751 Psel|* + 2[18]* = e

279



For 11, we only have to take care of "X(6" — ) and 3" (I — P;) X585, since the rest of the

terms have been dealt with in the proof of Lemma C.3.6. For both terms, we have:

X0~ G5) < IBNIX(E" = B3Il < 2/snd(|XT|oA/ 5] + 5.9,

(I = Pe) X505 < ||(1 = Pe)o|| [ XG5 | < /sumd ™™ || X|o/5:8

The rest of the proof can be completed by repeating the proof of Theorem 4.5.2.

C.4 METHODOLOGICAL DETAILS

In this section, we provide a comprehensive derivation of the CAVI updates, which encom-
pass Section 4.4.2 and Section 4.4.3, in addition to the EM updates discussed in Section
4.4.4. For CAV], the formulas are derived by minimizing the KL divergence with respect to
one parameter while keeping others constant. The EM updates are rooted in the principle

of maximizing the Evidence Lower Bound (ELBO).

C.4.1 Proors FOR CAVI UPDATES WITH GENERAL SLAB FUNCTIONS

Proof of (4.7): Since the discrete component of KL(P, s.,.,||T1(- | Y)) is independent of
and %, it suffices to compute the KL divergence between the continuous part of the varia-

tional family and the posterior. By expanding and simplifying the formula for KL (P, s ;. o[s,—1 || TI(- | Y))
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with respect to the 7-th group, we have:

hi(/"7 Z) = KL(PF,Z,%UIZI:IHH(' | Y))

(C.26)

- II(Y[-)II(-)
= E,5005-1 llogpﬂ,z,y,ﬂzil — log W}
P,

2, 7,0|2:=1
= E/L,Z,y,v\z,-:l |i10g % - log H(ﬂ):| + C,
where Cis a constant independent of  and %, T1() is the prior and TI(Y]-) is the likelihood
function.

Recall that P, 5, ,,,—1 takes the mean-field form (4.4), it can be rewritten as

Pﬂ,zmv\z,':l = P/z,ilﬂ',y,,-,v X N([u[, Zz’)v

wherep ;2 ;and y_areall parameters other than those in the 7th group. Furthermore,
the prior IT1(0) = h(6;) x I1_;isalso an independent product of marginals. Note here
that we update our parameters (u,, ;) in a coordinate ascent manner. Therefore, by
rewriting b;(¢, Z) as ZJ,-([ui, %;) for any fixed x_, ¥_; and plugging in the log-likelihood of

linear regression, (C.26) can be computed as

~ N(/,cl., %) 1 <
B %) = By llog S T e
=1

h(6;)

1

- TYS. T™You — ) TY. C.

= [TV(XZ-XZZZ) + e[ XX, ZWC#,-+2;7]#PG)§#,} (C27)
1

-5 log(|Z]) — E, 5, log h(6;) + C.

Here C is independent of ¢;and X, and 1 / & is the expectation of 1/ o2 under the mean-
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field family and will be provided later. Generally, a direct optimization of (C.27) is not
feasible. Here we also adopt the idea of separate optimization. By fixing %, (or «,), we get
the objective functions f; (or g;) in (4.7).

Proof of (4.9): This proof is similarly to the proof of (4.7). First, notice that the param-

eter y, controls the sparsity in the variational posterior. Instead of computing the condi-

tional KL divergence, here we expand the full KL divergence KL(P, x.,,,||TI(- | X, ¥)) with
respect to the 7-th group as:
KL(Py 50 [ITI(- | X, 1))
= Euxpe _1{z, 1} log% + Lz=0} 10g1 —% ZLJZIIY - EG:XZ-@-II% +C
L ! i=1
= ylog(y) + (1= ) log(1 — ) — y,log —— — P log(am) — T2 Lijog]3,

= 7By 5,108 h(8) + S5 B, [IIY - ZXﬂH

The constant C, which is independent of 7, may vary in different lines. Expanding the last
two lines and taking its derivative to zero, we obtain the equation

, 1
T 5 |2 XT Y = 2yl XX, — THXI X (] +5)

b=y \ ¥ j#i (C.28)

w
=Y,
—w

log

Pz

log 27+~ log |Z] —l—% + I, 5, log h(6;) + log I

which gives the update rule (4.9).
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Proof of (4.8): It’s well known that the optimal form for g(o*) will be the exponential of

the expected log of the complete conditional, i.e.,

9(7*) o exp{E[log p(<’|)]},

where the expectation is taken with respect to the mean-field family.
For the linear model, when we impose a prior distribution g(¢?) on ¢?, the posterior

distribution can be expressed as::

P21 o (P) () exp (— - zz’ﬂ”f”Z) .

202

Thus it suffices to calculate E[|| Y — 37 X,4,||3], where the expectation is taken with

respect to ¢. This quantity has been previously computed in the proof of (4.9). We have:

G
E(lY - X4l
=1

G G G
=YY-2) y ¥+ Yy TN ] +2))+ Y Y youl XXy,

i=1 i=1 i=1 i

Denote the last line of the above equation to be v, then we have:

If we set g(o°) as the Inverse-Gamma(z, ) distribution, then we know g(o) also follows

an Inverse-Gamma distribution with shape parameter 7/2 + « and scale parameter v/2 + 8.
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Asaresult,1/5* = E[1/?] = (/2 + a)/(v/2 + B) and &> = (v/2 + B)/(n/2 + a).

C.4.2 Proors FOR CAVI UPDATES WITH HIERARCHICAL SLAB FUNCTIONS

The proof follows a similar approach as in the case of general slab functions, with addition
calculations of variables «;.
Proof of (4.15): Similar to the proof of (4.7), we consider the KL divergence condition

on z; = 1, with an extra variable «;:

KL(P/hE’}”K’ﬁlZ[:IHH(. ‘ Y))

Ly XG:X<9||2+1 N 2) | o
252 £ T8 N0, 4,71,

) l

1
=E, [ﬁ] { — 2V X, + X X, + Tr(X]X20) + 2 ; 7]#1)@%#]}
j 7

1 1
+3 { — log || —]),-] + E]EK" 2] [Tr(Z)) + wlw] + C.

By fixing %; and y, separately, we can get the expression of f; and g; in (4.15), and the proof
is thus completed.

Proof of (4.17): With the knowledge from the proof of (4.9), ¥, should optimize:

()
W)

1 SN YN, 2)q(a2) + (1= 7,)0(8)h(a
BloalY- ;Mf“”log wN(0, 271, )h(a2) + (1 — )30 (6))

‘We have calculated the first term before, and it suffices to calculate the second term, which
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is:

og 1AV ZDa(e) + (1= )00 (6)h(a) ]
wN(0,2; 2D, )blef) + (1= w)do(6)b(e)

1—y,

—710g7’ +(1 7)10g Tk |log

Nl =)q() ]
N(0,2; %L, )b(a?)

The last term is the conditional KL divergence between the variational posterior and the

prior of g; and «,. This can be further extended as

1 N(l“z" El>q(alz)
(o)

= —
8 N(0.2:21,)i22)

1 ~
] = 5 (B} (], + Tr(%))) — log || — pEloga} — pi] +KL(q]| ).

Combining all terms together, the update for y, can be obtained as:

7, = logit™' {log + = [p]E,Clloga + log S| + 4= 'w ] — KL(g]|h)| . (C.29)

Recall that in mean-field family, 4(«7) = é (af)f’f/ 267/ 21;(05]2), where C; is the normaliz-
ing constant. Substituting this into equation (C.29) yields the update rule (4.17).

Proof of (4.19): Because «; is not related to the log-likelihood, the first term in the KL
divergence remains constant fixing all parameters other than «,. Therefore, we only need

to optimize the KL divergence between the variational posterior and the prior, which is

defined by:

Nig, 2:)q(})
N(0,2; %L, )h(a?)

(i) = KL(N(z,, £)q(a2) IN(0, 1, ) () = Elo
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Plugging in the ¢(27) in (4.14) here, it can be computed as:

Nl S)q(a? 2 2
((x;) = Elog (‘u” )q(jl,) =K [0‘—’(9}@ — ﬁxl} —log C; + C
N(0, ;21 ) h(a?) 2 2

= _E [(Kl' - zuth“z‘ - TV(ZZ'))EKf“ﬂ - log C; + C;

where C; is the normalizing constant of g(«7), and C' is a constant irrelevant to ;. Further-
more, it’s easily proven by the chain rule that 9log C;/0x; = — %Emaf. Take derivative of

{(x;), we have

M(x:) 0 <_l [(x; — &l e, — Tr(Z)) Ea?] — log C’)

Ox; :8_7ci 2
1 1 OE.2> 1
= B2’ — =(k; — upul — Tr(Z)) —t + —E, a2
2 K;az Z(Kl luzluz 7'( 1)) aK,' + 2 Kzaz
1 OE, a2

= ——(x; —upul — Tr(Z;
By the Cauchy-Schwarz inequality,

OE, .a? 1
— = (Evaf — (Ega?)?) <0,

and the equality doesn’t hold for a continuous probability distribution ¢(27) here. There-
fore, £(;) has a unique minimizer x; = g ] + Tr(%;).
C.4.3 ProoOFs FOR EM UPDATES

In this section, we provide the proof of equations (4.22) and (4.23). We begin by obtaining
the explicit formula for the Evidence Lower Bound (ELBO) as defined in (4.21), and then

determine its maximizer with respect to the hyper-parameters. For a general slab function,
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the ELBO is given by

[1(Y, z, 6| )* I1 A)I1 I1(4)z, 2*
‘C(Py,Z,y,v) :Ez,ﬁlog ( ,Z, | ,ZU) — Ez, 1 (Hz7 ) (z]w) ( ’Z, )
Pﬂgw(z, 9) P

4,y (z, 5)
T1(z|w)T1(8|z, %)
dP .+ C
// Panied e

—Z (;/llogy +(1— ;/l)log

ha(6:) )
Yy E, 5 log -2 ) 4 ¢,
7 71 Ui gN([u Z)

z

where Cis the expected log-likelihood and is not related to the update of hyperparameters.
Then by taking partial derivatives with respect to w , we can easily get the equation w =
S 7,/ G. The hyperparameter 1 is the maximizer of S0 7By 5, loghi(6)).

For the hierarchical spike-and-slab prior, the ELBO is similar to (C.30), except that we

incorporate another set of parameters (,)7,. Specifically, it has the following form:

(z, 8, 2|2%, w
#27” /// , | >dpﬂ72,w<,v+c
zJda /LZ}/KUZ7 0‘)
}12
s [uzykvz’aa) s ) Ky

=1 z

— Z (;/ Iog ” +1=y,) log _— Yy ;/l./ q(af)log%(af)duf) + C.

Here the constant C may vary in different lines. The update formula for w can be derived

by taking derivatives, and 2 should be chosen to optimize 37 | 2 f g(a?)log by (a2)de?.
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