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Abstract
Stein’s lemma was proposed by the statistician Charles Stein as a beautiful and

simple lemma about normal distributions. In spite of its simplicity, it has applications

to many important methods of information processing and statistical inference, such

as principal Hessian directions, Stein’s unbiased risk estimator (SURE), the James-

Stein estimator and empirical Bayes methods. In this dissertation, we study and

generalize several information processing methods based on Stein’s lemma.

We begin by studying the spectral method, which was first proposed in the statis-

tics literature as principal Hessian directions. We solve the optimal design problem

of preprocessing functions which play a significant role in the performance of spectral

methods. We show that under mild technical conditions, there exists a uniformly

optimal preprocessing function for all sampling ratios.

Next, we move to the analysis of the multi-rank spectral method for estimating a

low-rank subspace. We focus on the regime where both the signal dimension and the

number of measurements go to infinity with a fixed ratio and provide an asymptotic

characterization of and performance of the method. Our analysis reveals a phase

transition phenomenon where both the performance of spectral methods and the
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Abstract

computational complexity are significantly di↵erent in the two phases.

Finally, we consider another important application of Stein’s lemma, namely,

Stein’s unbiased risk estimator (SURE). SURE was first derived for the Gaussian

observation channel and later extended to distributions in the exponential family. We

further generalize the SURE formalism to discrete observation models and propose

approximate Stein’s unbiased risk estimator (A-SURE). We prove the approximate

consistency of the proposed A-SURE and apply it to improve the performance of

binary imaging with quantum image sensors.
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Chapter 1

Introduction

Stein’s lemma [1] was proposed by Charles Stein under Gaussian models. LetX ⇠

N(µ, �2) be a normal random variable and f : R ! R be an absolutely continuous

function with derivative f 0, then Stein’s lemma shows that

E
�

(X � µ)f(X)
�

= �2E
�

f 0(X)
�

. (1.1)

Before moving on to introducing the applications of Stein’s lemma, we can already

see how powerful and remarkable this probabilistic formula is. Consider the scenario

where µ is unknown and f(·) is a function outputting an estimate of µ from the

observed data X. Suppose we want to estimate the covariance Cov(X, f(X))
def

=

E
⇣

�

X�µ
��

f(X)�E(f(X))
�

⌘

= E
�

(X�µ)f(X)
�

. The di�culty of estimating this

covariance lies in the fact that the covariance depends on the unknown parameter µ.
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Chapter 1: Introduction

However, Stein’s lemma provides an simple unbiased covariance estimator �2f 0(X).

This unbiased estimator is computable by evaluating �2f 0(·) at the data point X,

which is free of the unknown parameter µ.

The result can be adapted to multivariate normal distributions with arbitrary

means. Consider an n�dimensional random vector x ⇠ N(µ, �2I), where µ 2 Rn.

Let f : Rn ! R be a coordinate-wise absolute continuous function, which means

that the function f is absolute continuous on any coordinate if we fix the remaining

n� 1 coordinates. The multivariate Stein’s lemma is

E
�

(x� µ)f(x)
�

= �2E
�rf(x)

�

(1.2)

Over the past decades, Stein’s lemma has laid the foundations for many widely-

used methods for information processing and statistical inference. Among them are

principal Hessian directions [2–8], Stein’s unbiased risk estimator (SURE) [1, 9–12],

the James-Stein estimator [13–18], and empirical Bayes methods [19–26]. In this

chapter, we will introduce three important applications of Stein’s lemma: the James-

Stein estimator, principal Hessian directions, and Stein’s unbiased risk estimator. In

particular, special attention is devoted to how Stein’s lemma is utilized to develop

these applications.
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Chapter 1: Introduction

1.1 James-Stein Estimator

Consider a general statistical inference problem. The observation x follows distri-

bution p
✓

(x) with some parameter ✓. Our task is to derive an estimator b✓(x) of the

unknown ✓. To measure the quality of an estimator, a general framework has been

developed in statistical decision theory [27–36]. Define the risk function R(✓, b✓) as

R(✓, b✓)
def

= E
✓

�

L(✓, b✓(x))
�

=

ˆ
L(✓, b✓(x))p

✓

(x) dx,

where L(·, ·) is the loss function measuring how close the estimate is to the ground

truth. For example, a popular choice of loss function is the square loss defined as

L(✓, b✓(x)) =
�

�✓ � b✓(x)��2. Based on the risk function, di↵erent types of criteria

for finding the optimal estimator have been developed in the literature. Minimax

criterion [37–44] has been widely studied by frequentists. An estimator b✓
M

is called

minimax if it satisfies

sup
✓

R(✓, b✓
M

) = inf
b
✓

sup
✓

R(✓, b✓).

An alternative criterion in the Bayesian decision theory is the Bayes estimator [45–

51]. In the presence of a prior distribution ⇡(✓), the Bayes risk R(⇡, b✓) is defined as

R(⇡, b✓)
def

=

ˆ
R(✓, b✓)⇡(✓) d✓.

3



Chapter 1: Introduction

An estimator b✓
⇡

is a Bayes estimator if it minimizes the Bayes risk

R(⇡, b✓
⇡

) = inf
b
✓

R(⇡, b✓).

In practice, it is sometimes infeasible to find the minimax estimator or the Bayes

estimator. But we still hope to find an estimator that is not “dominated” by any

other estimator, which leads to the concept of admissibility [52–59]. An estimator b✓

is said to be inadmissible if there exists another estimator b✓
0
such that

R(✓, b✓
0
) R(✓, b✓) for all ✓, and

R(✓, b✓
0
) <R(✓, b✓) for some ✓.

Otherwise, the estimator b✓ is admissible. In words, an estimator is admissible if

there is no other estimator that is always “better” than it. Admissibility is a desired

property of estimators and it has a connection with Bayes estimators in discrete

settings. When ✓ belongs to some discrete finite set, any Bayes rule is admissible [60].

On the other hand, by the complete class theorem [61], an admissible estimator must

be a (generalized) Bayes estimator for some prior ⇡(✓).

The James-Stein estimator [13–18] studies the estimation of a location parameter

based on Gaussian samples. Let x ⇠ N(µ, I) 2 Rn and our task is to estimate

the location parameter µ from one observation of x. The most intuitive estimator

is to simply use bµ = x, which is also the maximal likelihood estimator (MLE).

4
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When n  2, this MLE had been proven to be admissible under square loss function.

However, for n � 3, people had been struggling to show the admissibility of MLE,

until the James-Stein estimator was proposed in [13], which proved that the MLE

was actually inadmissible. This result came as a total surprise to the statistics society

and it is known as Stein’s paradox [62,63].

The James-Stein estimator is constructed as

bµJS(x) =

✓

1� n� 2

kxk2
2

◆

x.

Under the square loss function, we can calculate the risk function of the James-Stein

estimator using Stein’s lemma

R(µ, bµJS) = �n+

�

�

�

�

�

✓

1� n� 2

kxk2
2

◆

x� x

�

�

�

�

�

2

2

+ 2
n

X

i=1

@bµJS

i

@x
i

= n� (n� 2)2E
✓

1

kxk2
2

◆

< n = R(µ, bµMLE),

where bµJS

i

denotes the ith coordinate of bµJS and x
i

represents the ith coordinate of

the observed data x. Applying Stein’s lemma, we show that the risk function of the

James-Stein estimator is always smaller than the risk function of the MLE, which

proves that the MLE is inadmissible. The James-Stein estimator exploits the infor-

mation of all coordinates of x to form the estimate µ̂JS

i

of the location parameter µ
i

.

This seems counterintuitive because the coordinates of x are independent. However,

the essence of the James-Stein estimator lies in the shrinkage factor 1� n�2

kxk22 . At the

5
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cost of introducing a bit of bias, the shrinkage reduces the variance of the estima-

tor. Remarkably, this tradeo↵ is so subtly navigated that the James-Stein estimator

achieves uniformly lower risk than the MLE.

The James-Stein estimator is one of the most significant applications of Stein’s

lemma. Besides proving the inadmissibility of the MLE, the James-Stein estimator

conveys a clear message of how to improve the MLE: shrinkage, which also leads to

a connection to the empirical Bayes estimators [19–26].

1.2 Principal Hessian Directions

In this section, we introduce principal Hessian directions [2–8], which is an ap-

plication of Stein’s lemma for e↵ective dimension reduction [64–77]. Consider a

regression problem comprising a univariate response variable y 2 R and an explana-

tory variable x 2 Rn. Suppose the response variable y depends on x only through a

low-dimensional representation of x, i.e.,

y|x ⇠ y|⇠T
1

x, ..., ⇠T
r

x. (1.3)

Here ⇠
1

, ..., ⇠
r

2 Rn are r vectors spanning an r-dimensional subspace. This model

implies that the original n-dimensional predictor variable x can be replaced by the

r-dimensional variable [⇠T
1

x, ..., ⇠T
r

x] without loss of any information, which leads

to a dimension reduction in the explanatory variable. An example is illustrated in

6
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⇠1

⇠2

x

ˆx

Figure 1.1: An illustrative example of e↵ective dimension reduction with n = 3, r =
2. In this example the response variable y depends on the predictor variable x only
through x̂, which is the projection of x onto the subspace spanned by ⇠

1

and ⇠
2

. So
the e↵ective dimension reduction space is the space formed by ⇠

1

and ⇠
2

.

Figure 1.1. The subspace spanned by {⇠
1

, ..., ⇠
r

} is called the e↵ective dimension

reduction space for the regression of y on x. Principal Hessian directions studies the

estimation of the e↵ective dimension reduction space from m independent samples

y
1

,x
1

, ..., y
m

,x
m

.

Principal Hessian directions [2–8] considers the model where x follows multi-

variate Gaussian distribution. Without loss of generality, we assume x ⇠ N(0, I).

Under this assumption, the principal Hessian directions consists of two steps. First

construct a data matrix

D =
1

m

m

X

i=1

(y
i

� y)x
i

xT

i

(1.4)

where y is the mean of y
i

’s. Second, we find the r eigenvalues of D which have

7
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the largest absolute values and output the subspace spanned by the r corresponding

eigenvectors of D.

The idea of principal Hessian directions came out of the estimation of a Hessian

matrix. Consider the function f(x)
def

= E(y|x) and we assume it is twice di↵erentiable.

Then the associated Hessian matrix H(x) 2 Rn⇥n is defined such that the i, jth entry

of H(x) is

H
i,j

(x) =
@2

@x
i

@x
j

f(x).

From (1.3), we can check that f(x) = E(y|x) is only a function of ⇠T
1

x, ..., ⇠T
r

x. A

moment of thought will convince us that the rank of E(H(x)) is at most r and the

eigenvectors corresponding to the nonzero eigenvalues of E(H(x)) lie in the subspace

spanned by {⇠
1

, ..., ⇠
r

}. So the eigenvectors of E(H(x)) associated with the r nonzero

eigenvalues can provide a perfect estimate for the e↵ective dimension reduction space.

Unfortunately, in most scenarios E(H(x)) cannot be precisely calculated since it

depends on the potentially unknown regression model in (1.3).

This is when Stein’s lemma comes to the rescue. Applying Stein’s lemma, we

have

E(H(x)) = E
�

(Y � EY )xxT

�

. (1.5)

This should start to look familiar. Using the sample mean of the m data points

to replace the population mean on the right hand side of (1.5), we reach the data

matrix (1.4) used in the principal Hessian directions method.

8



Chapter 1: Introduction

Although the principal Hessian direction method was first proposed for e↵ective

dimension reduction in the regression model, it has also yielded brilliant results

in signal recovery applications that share similar formulations. A special case of

principal Hessian directions with r = 1 was introduced in [78] as the initialization step

of an alternating minimization algorithm for the application of phase retrieval [78–

86]. Later in the context of phase retrieval, this initialization step is used under the

name of spectral method [80–82]. And in the construction of data matrixD (1.4), the

term y
i

�y is replaced by T (y
i

) where T (·) is a user-specified preprocessing function.

For example, in [81], Chen and Candes proposed the trimming preprocessing function

in order to achieve linear sample complexity. Another popular choice is the subset

preprocessing function designed in [84]. While the existing designs in the literature

stand on sound intuitions, they are not expected to be optimal. In chapter 2, we

address the optimal design problem of the preprocessing functions in the asymptotic

regime.

The model of (1.3) for r > 1 also appears naturally in many important problems

in statistical signal processing and machine learning, such as covariance sketching

[87, 88], coherence retrieval [89, 90], multiplexed imaging [91], and the learning of

shallow neural networks [92, 93]. Recently, the rank-r spectral method was applied

to the problem of multiplexed phase retrieval for optical imaging in complex media

[91]. These authors observe through numerical experiments that the performance of

the spectral method undergoes phase transitions as one varies the sampling ratio.

9
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However, previous work on the performance analysis of spectral methods only focuses

on the rank-1 case. In chapter 3, we present an exact asymptotic characterization

of the performance of the rank-r spectral methods with a general rank r � 1. Our

results serve to rigorously explain the origin of the phase transition phenomenon

in [91] and to establish the corresponding fundamental limits.

1.3 Stein’s Unbiased Risk Estimator

Another important application derived from Stein’s lemma is Stein’s unbiased risk

estimator (SURE) [1, 9–12]. SURE studies a signal recovery problem where we seek

to reconstruct a signal x 2 Rn from the observation y 2 Rn from a potentially noisy

channel p(y
�

�x). Consider a general reconstruction function x̂ = f
✓

(y), f
✓

: Rn ! Rn,

where ✓ is the parameter of the reconstruction function. To tune the parameter ✓, a

standard approach is to minimize the quadratic loss, i.e.,

✓ = argmin
✓

1

n
||x� f

✓

(y)||2
2

.

However, the quadratic loss is not accessible to us due to its dependence on the

unknown signal x we want to reconstruct. Fortunately, when the observation pro-

cess follows a Gaussian distribution y ⇠ N(x, �2I), Stein’s lemma can provide an

unbiased estimator for the quadratic loss. Stein’s unbiased risk estimator for the

10
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Gaussian model is constructed as

bR = ��2 +
1

n
||y � f

✓

(y)||2
2

+
2�2

n

n

X

i=1

@f
✓,i

(y)

@y
i

, (1.6)

where f
✓,i

(·) denotes the ith coordinate of f
✓

(·) and y
i

represents the ith coordinate

of y. The bR defined above is computable since it only depends on the observation

y and the reconstruction function f
✓

(·), which are both known to us. Using Stein’s

lemma, we can show that

E( bR) = E
x

✓

1

n
||x� f

✓

(y)||2
2

◆

, (1.7)

which is saying that bR is an unbiased estimator of the quadratic loss. In (1.7), x is

assumed to be fixed and the expectation is taken over the randomness of the observa-

tion process y ⇠ N(x, �2I). The magic thing about SURE is that the unbiasedness

holds for any unknown x. SURE is derived using Stein’s lemma as follows

E
⇣

�

�x� f
✓

(y)
�

�

2

2

⌘

= E
�

�x� y + y � f
✓

(y)
�

�

2

2

= n�2 + E
�

�y � f
✓

(y)
�

�

2

2

+ 2E
�

x� y
�

T

�

y � f
✓

(y)
�

= �n�2 + E
�

�y � f
✓

(y)
�

�

2

2

+ 2
n

X

i=1

Cov(y
i

, f
✓,i

(y))

= �n�2 + E
�

�y � f
✓

(y)
�

�

2

2

+ 2�2

n

X

i=1

E@f
✓,i

(y)

@y
i

= E( bR).

Equipped with SURE, now we have an alternative approach to tune the param-
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Chapter 1: Introduction

eters of the reconstruction function f
✓

(·), which is to search for the parameter ✓ in

order to minimize SURE

✓ = argmin
✓

bR.

When n is large, both the quadratic loss and bR have small variance. Thus the

unbiased SURE can approximate the loss function well with high probability, assuring

the performance of the parameter tuning based on SURE.

After the success of the SURE-based schemes proposed in [10, 12] for Gaussian

channels, people also tried to harness the power of the SURE methodology to tune

parameters for reconstruction functions in other observation channels. The approach

was extended to Poisson noisy channel [94], mixed Poisson-Gaussian channel [95] and

continuous exponential family channels [96]. However, in many real-world applica-

tions, the observation process does not necessarily follow distributions in exponential

family. On the other hand, due to the e↵ect of quantization, many practical channels

yield discrete observations. In such cases, the exact unbiased risk estimator may not

exist but we can still find a good approximation for SURE. In chapter 4, we come

up with a novel idea of finding an approximate Stein’s unbiased risk estimator (A-

SURE) for general discrete noisy channels. We will present an e�cient algorithm for

calculating the A-SURE and discuss some important performance bounds.

12



Chapter 1: Introduction

1.4 Outline of Dissertation

In this dissertation, we focus on two important applications of Stein’s lemma:

principal Hessian directions and Stein’s unbiased risk estimator. First, we study the

asymptotic analysis of spectral methods, which originate from the classical princi-

pal Hessian directions. The previous study of principal Hessian directions in [2, 4]

focuses on finite sample analysis which assumes the number of measurements m is

much larger than the signal dimension n. In this thesis, we consider the asymptotic

regime where both the number of measurements m and signal dimension n go to 1

at a fixed ratio m/n = ↵. We provide the exact asymptotic analysis of the perfor-

mance of the spectral methods, which reveals a phase transition phenomenon. The

exact asymptotic analysis also enables us to optimally design the preprocessing func-

tions, which play a significant role in the performance of spectral methods. Then,

we generalize Stein’s unbiased risk estimator (SURE) to general discrete observation

channels. For most discrete observations, there exists no exact unbiased risk estima-

tor. However, we derived an approximate Stein’s unbiased risk estimator (A-SURE).

The approximate consistency property of the proposed A-SURE can guarantee the

performance of the A-SURE when the signal dimension is high.

In chapter 2, we present the optimal design of a spectral method widely used

to initialize nonconvex optimization algorithms for solving phase retrieval and other

signal recovery problems. Our work leverages recent results that provide an ex-

act characterization of the performance of the rank-1 spectral method in the high-

13



Chapter 1: Introduction

dimensional limit. This characterization allows us to map the task of optimal design

to a constrained optimization problem in a weighted L2 function space. The latter

has a closed-form solution. Interestingly, under a mild technical condition, our re-

sults show that there exists a fixed design that is uniformly optimal over all sampling

ratios. Numerical simulations demonstrate the performance improvement brought by

the proposed optimal design over existing constructions in the literature. In a recent

work, Mondelli and Montanari have shown the existence of a weak recovery threshold

below which the spectral method cannot provide useful estimates. Our results serve

to complement that work by deriving the fundamental limit of the spectral method

beyond the aforementioned threshold.

In chapter 3, we study a spectral method for estimating a low-rank subspace from

a collection of nonlinear measurements. Di↵erent from chapter 2 where we consider

the rank-1 spectral method that outputs the leading eigenvector as the estimate of

one single signal, now we consider rank-r spectral methods for arbitrary r � 1. Com-

pared to the rank-1 case, the more general case studied here presents some unique

technical challenges that cannot be addressed by techniques used in previous work.

In chapter 3, we present an exact asymptotic characterization of the performance of

the spectral method, which also reveals a phase transition phenomenon. To illustrate

our results, we consider the examples of multiplexed phase retrieval and the learning

of two-layer neural networks. In both cases, our analytical predictions accurately

match simulation results. Moreover, the theoretical results allow us to derive opti-

14



Chapter 1: Introduction

mal forms of the spectral method, which lead to further performance improvement.

In a recent work, Lu and Li have shown the asymptotic analysis of rank-1 spectral

methods. Our analysis serves to complement that work by extending the results to

generic r�dimensional subspace estimation settings.

In chapter 4, we generalize Stein’s unbiased risk estimate (SURE) to the approx-

imate Stein’s unbiased estimator (A-SURE) for general discrete observation models.

SURE was first proposed by Stein for the independent, identically distributed (iid)

Gaussian model in order to derive estimates of the risk based on mean square er-

ror. Later, SURE was generalized for continuous exponential families and Poisson

models. In recent years, SURE and generalized exponential family SURE criterion

has been employed in a variety of denoising problems for tuning parameters that

minimize an unbiased estimate of the mean-squared error (MSE). However, its use

has been limited to the exponential families, which precludes many important appli-

cations with discrete observation. In chapter 4, we begin by designing an algorithm

for finding the approximate Stein’s unbiased risk estimator (A-SURE) counterpart

for general, discrete probabilistic observations from noisy channels, not necessarily

exponential family models. This enables extending the SURE design technique to a

much broader class of problems. Then we prove the approximate unbiasedness of the

proposed A-SURE and convergence of A-SURE in high-dimensional limit, which are

two important properties that will guarantee the performance of the approximate un-

biased risk estimator technique for predicting the value of the loss function. Finally,
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Chapter 1: Introduction

we apply the A-SURE technique to a real-world application– binary imaging with

quantum image sensors. By designing the reconstruction process as a linear com-

bination of elementary reconstruction processes, we show the superior performance

of the A-SURE in predicting the MSE and tuning the parameters, which leads to

improved performance of reconstruction with quantum image sensors.

We summarize the dissertation and point out several possible future directions

in chapter 5.
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Chapter 2

Optimal Spectral Initialization for

Signal Recovery

2.1 Introduction

An active line of recent work studies nonconvex optimization algorithms for solv-

ing the classical phase retrieval problem (see, e.g., [78,80–86]). Compared to methods

using convex relaxation [97–100], the nonconvex approaches tend to require much

lower computational complexity and memory footprints. A key ingredient in many

such algorithms is a simple yet highly e↵ective spectral method [2, 78, 81]. It pro-

vides an initial estimate that is su�ciently close to the target signal. Starting from

this “warm start”, local search schemes such as gradient descent can then carry out

further refinement to reach globally optimal solutions.
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This chapter studies the optimal design of the aforementioned spectral method.

Throughout this chapter, we consider the following sensing model. Let ⇠ 2 Cn denote

the target signal we seek to estimate, and {a
i

2 Cn}
1im

be a collection of sensing

vectors. Given s
i

= ha
i

, ⇠i, the ith measurement y
i

2 R is drawn independently from

y
i

⇠ p
�

y
�

� |s
i

| �, 1  i  m, (2.1)

where p(· | ·) is a conditional density function modeling the (potentially noisy) sensing

process. Clearly, the phase information of s
i

is missing, as y
i

only depends on the

magnitude of s
i

. The spectral method we study consists of two simple steps [2,78,81].

First, construct a data matrix as

D
def

=
1

m

m

X

i=1

T (y
i

)a
i

a⇤
i

, (2.2)

where T : R 7! R is a user-specified preprocessing function, and a⇤
i

denotes the

conjugate transpose of a
i

. Second, we compute x
1

, an eigenvector associated with

the largest eigenvalue of D. The vector x
1

is then our initial estimate of ⇠ (up to

an unknown scalar).

The idea of this spectral method first appeared in the statistics literature under

the name of principal Hessian directions [2]. In the context of phase retrieval, it

was introduced by Netrapalli, Jain, and Sanghavi as an initialization step for their

alternating minimization algorithm [78]. Finite sample performance analysis of the
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Chapter 2: Optimal Spectral Initialization for Signal Recovery

spectral method can be found in [78, 80, 81]. Under Gaussian design, the squared

correlation between the eigenvector x
1

and the target vector ⇠ is shown to approach

1 with high probability, when the number of samples m is su�ciently large with

respect to the signal dimension n. In particular, by introducing a trimming step on

the measurements (see (2.4) below), Chen and Candes [81] show that it su�ces to

have m � c · n, where c is some su�ciently large constant.

In [101], Lu and Li presented an asymptotically exact characterization of the

performance of the spectral methods. Specifically, under Gaussian design and when

m,n ! 1 at a fixed ratio ↵ = m/n, they show that the squared correlation between

⇠ and x
1

converges in probability to a deterministic value, i.e.,

�

�h⇠,x
1

i��2
k⇠k2kx

1

k2
P���!

n!1
⇢(↵; T (·)). (2.3)

Moreover, explicit formulas are available to compute the limit value ⇢(↵; T (·)). [See

Section 2.3.1 for details.] The above asymptotic characterization was first derived for

the real-valued case and under the assumption that T (y) � 0 [101]. Then Mondelli

and Montanari generalize the characterization to the complex-valued case in [102],

where the assumption that T (y) be nonnegative is also shown to be unnecessary.

The performance of the spectral method depends heavily on the form of the

preprocessing function T (·) used in (2.2). (Accordingly, on the right-hand side of

(2.3), our notation for the limit squared correlation ⇢(↵; T (·)) makes its dependence

on T (·) explicit.) Several designs have been proposed in the literature, including the
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trimming scheme introduced in [81]:

T
trim

(y) = y 1{|y|a}, (2.4)

and the subset scheme proposed in [84]:

T
subset

(y) = 1{|y|�b}. (2.5)

In (2.4) and (2.5), 1{·} denotes the indicator function on a set, and a, b are some

tuning parameters. See also [83] for yet another design that improves the robustness

of the method in the presence of outliers.

While the existing designs in the literature are all based on sound intuitions (and

ingenuity), they are not expected to be optimal. Equipped with the exact asymptotic

characterizations obtained in [101,102], we now have the luxury to ask the following

question: given any specific sensing model in (2.1), what is the corresponding optimal

form of the preprocessing function? Specifically, we consider the following optimal

design problem:

⇢
optimal

(↵)
def

= sup
T (·)2F

⇢(↵; T (·)), (2.6)

where ⇢(↵; T (·)) is the limit squared correlation in (2.3), and F denotes a set of

admissible functions from which we search for the optimal one. The exact definition

of F will be given in (2.17) in Section 2.2. It serves to restrict the search space to

make sure that the asymptotic predictions obtained in [101, 102] are applicable. In
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Chapter 2: Optimal Spectral Initialization for Signal Recovery

what follows, we refer to ⇢
optimal

(↵) as the optimal performance curve.

The first result addressing the optimal design problem was obtained by Mondelli

and Montanari [102], who show that

⇢
optimal

(↵) = 0, for ↵  ↵
weak

, (2.7)

where ↵
weak

is a fundamental threshold (referred to as the weak recovery threshold

in this chapter). Given the definition of ⇢
optimal

(↵), the result in (2.7) implies that,

when the sampling ratio ↵  ↵
weak

, the spectral method cannot provide any estimate

that has nontrivial correlation with the target vector ⇠, no matter how one chooses

the preprocessing function. Moreover, Mondelli and Montanari show that

⇢
optimal

(↵) > 0, for ↵ > ↵
weak

. (2.8)

They establish this by constructing a specific preprocessing function, denoted by

T
MM

(·), such that

⇢(↵; T
MM

(·)) > 0 for ↵ > ↵
weak

.

For any sensing model (2.1), explicit formulas are provided in [102] to compute ↵
weak

and T
MM

(·). We defer such technical details to Section 2.2 [see (2.13) and (2.14)].

We note that, while the preprocessing functions T
MM

(·) serve to show that the

optimal performance curve ⇢
optimal

(↵) is strictly positive when ↵ > ↵
weak

, these

functions do not solve the optimization problem in (2.6). Thus, important questions
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remain as to what ⇢
optimal

(↵) should be beyond ↵
weak

and whether there are optimal

preprocessing functions that can potentially achieve this bound.

In this chapter, we present a complete solution of the optimal design problem for-

mulated in (2.6). Specifically, we provide an exact analytical expression for ⇢
optimal

(↵)

for all ↵ > 0 and for any sensing model. Moreover, under a mild technical condition

(which is satisfied by many sensing models), we construct an optimal preprocessing

function T
optimal

(·) that solves the design problem. Somewhat surprising about the

optimal solution is the fact that T
optimal

(·) does not depend on the sampling ratio ↵.

In other words, the proposed T
optimal

(·) is uniformly optimal for all ↵. Finally, when

the aforementioned technical condition does not hold, we show that the supremum

in (2.6) cannot be achieved by any function in the admissible set F . In this case, we

construct a family of preprocessing functions T "

↵

(·) whose performance will approach

⇢
optimal

(↵) as a parameter " ! 0. This chapter mainly follows the results of [103].

The rest of the chapter is organized as follows. Our main results are stated as

Theorem 1 in Section 2.2. To illustrate these results, we present worked examples

corresponding to two di↵erent sensing models. Numerical simulations demonstrate

the performance improvements brought by the proposed optimal design over heuris-

tic choices given in (2.4) and (2.5) as well as the function T
MM

(·) constructed in [102].

To set the stage for proving our results, Section 2.3 recalls the asymptotic charac-

terization of the spectral method obtained in previous work [101, 102]. This charac-

terization allows us to map the optimal design problem in (2.6) to a (constrained)

22



Chapter 2: Optimal Spectral Initialization for Signal Recovery

optimization problem in a weighted L2 function space. The proof of Theorem 1 is

given in Section 2.4. Although we state and prove our results for the more general

complex-valued case in this chapter, the treatment of the real-valued case is the same,

mutatis mutandis. See Remark 3 in Section 2.2 for an explanation of these changes.

2.2 Main Results

We start by introducing two functions that will play central roles in our later

technical discussions. Let

S ⇠ CN (0, 1) (2.9)

be a standard complex normal random variable. Define

⌘(y)
def

= E
S

⇥

p
�

y
�

� |S| �⇤ (2.10)

and

µ(y)
def

= E
S

⇥|S|2 p�y �� |S| �⇤, (2.11)

where p(·|·) is the conditional density function associated with the sensing model in

(2.1). It is easy to verify that

ˆ
⌘(y) dy =

ˆ
µ(y) dy = 1. (2.12)

The results of this chapter as well as those of [102] can be conveniently stated
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in terms of these two functions. For example, the weak recovery threshold ↵
weak

introduced in [102] can be written as

↵
weak

def

=
h

ˆ
[µ(y)� ⌘(y)]2

⌘(y)
dy
i�1

. (2.13)

Moreover, the preprocessing function constructed in [102] is

T
MM

(y)
def

=

p
↵
weak

T ⇤(y)p
↵� (

p
↵�p

↵
weak

)T ⇤(y)
, (2.14)

for ↵ > ↵
weak

, where

T ⇤(y) def

= 1� ⌘(y)/µ(y). (2.15)

In Appendix A.1, we show that the integral on the right-hand side of (2.13) is

always finite. Moreover, ↵
weak

� 1 under any sensing model with complex-valued

Gaussian design, and the lower bound is achieved by the case of noiseless phase

retrieval, i.e., y
i

=
�

�ha
i

, ⇠i��2. (For the real-valued case, the lower bound reduces to

↵
weak

� 1/2.)

2.2.1 Optimal Design

Our optimal design of the preprocessing function leverages the asymptotic char-

acterizations given in [101,102], which are derived under some technical assumptions

on T (·). Specifically, let Y be a random variable whose conditional distribution given
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S is

Y |S ⇠ p
�

y
�

� |S| �. (2.16)

Let �
Y

denote the support of the probability measure of Y . We shall assume that

the preprocessing function T (y) belongs to the following admissible set :

F def

=
n

T (y) : 0 < sup
y2�Y

T (y) < 1 and inf
y2�Y

T (y) > �1
o

. (2.17)

In words, we require that T (y) should have a bounded range and that the upper

boundary of that range should be positive.

Theorem 1 Suppose that the target signal ⇠ is an arbitrary vector in Cn with

k⇠k = 1, and that the sensing vectors {a
i

}
1im

are drawn independently from

the circularly-symmetric complex normal distribution, i.e., a
i

⇠
i.i.d.

CN (0, I
n

). As

m,n ! 1 with m/n ! ↵ 2 (0,1), the following hold with respect to the optimal

design problem in (2.6):

1. For each ↵ > ↵
weak

, let �
↵

denote the unique positive solution of the equation

f(�) = 1/↵, where

f(�)
def

=

ˆ
�Y

[µ(y)� ⌘(y)]2

⌘(y) + µ(y)/�
dy. (2.18)

Then

⇢
optimal

(↵) =

8

>

>

>

<

>

>

>

:

(1 + �
↵

)�1, for ↵ > ↵
weak

,

0, otherwise.

(2.19)
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2. Assume ↵
weak

< 1. If inf
y2�Y

µ(y)

⌘(y)

> 0, the optimal performance curve ⇢
optimal

(↵)

can be achieved by

T
optimal

(y) = 1� ⌘(y)/µ(y) 2 F . (2.20)

3. Assume ↵
weak

< 1. If inf
y2�Y

µ(y)

⌘(y)

= 0, then ⇢
optimal

(↵) cannot be achieved

by any function T (·) 2 F . However, there exists a family of preprocessing

functions
�T "

↵

(·) 2 F 
0<"<1

such that

lim
"!0

⇢(↵; T "

↵

(·)) = ⇢
optimal

(↵).

4. As an explicit construction of such a family, we can set T "

↵

(y) = c

"
↵(y)

1+c

"
↵(y)

, where

c"
↵

(y) = max

⇢

v"
↵

µ(y)� ⌘(y)

⌘(y) + µ(y)/�
↵

,�1 + "

�

. (2.21)

Here, �
↵

is the same constant as in (2.19), and v"
↵

� 1 is a scalar that can be

uniquely determined by the linear constraint
´
�Y

c"
↵

(y)[µ(y)� ⌘(y)] dy = 1/↵.

Remark 1 Theorem 1, whose proof is given in Section 2.4, provides a complete solu-

tion to the optimal design problem formulated in (2.6). As mentioned earlier, when

inf
y2�Y

µ(y)

⌘(y)

> 0, the preprocessing function T
optimal

(·) given in (2.20) is uniformly

optimal, as it does not depend on the sampling ratio ↵. We also note that there is

a strong connection between T
optimal

(·) and the function T
MM

(·) designed in [102]. In

fact, T
optimal

(·) is exactly equal to T ⇤(·) in (2.15). Thus, from a practical perspective,
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our results have a simple message: instead of following the recipe of (2.14), which

modifies the preprocessing function for di↵erent values of ↵, one should just use a

fixed optimal function.

Remark 2 From the definitions given in (2.10) and (2.11), one can readily verify

that T
optimal

(y) = 1 � ⌘(y)/µ(y) = 1 � 1/E
S|Y
⇥|S|2 | y⇤. This connection between

T
optimal

(·) and the scalar conditional mean estimator E
S|Y
⇥|S|2 | y⇤ is very intriguing

and might be worth further investigation.

Remark 3 (The real-valued case) The results of Theorem 1 can be directly ap-

plied to the real-valued case, after we make the following changes: (1) In the defi-

nitions of ⌘(y) and µ(y) in (2.10) and (2.11), the random variable S is now drawn

from N (0, 1) instead of CN (0, 1); (2) In the statement of Theorem 1, we shall assume

⇠ 2 Rn and that the sensing vectors a
i

⇠
i.i.d.

N (0, I
n

).

2.2.2 Worked Examples

To show how the results stated in Theorem 1 can be applied in practice, we

present two worked examples corresponding to two di↵erent sensing models.

Example 1 (Poisson measurements) Here we consider the Poisson model, where

y
i

⇠ Poisson
�

 ·��ha
i

, ⇠i��2 �,
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and  > 0 is an additional parameter indicating the signal-to-noise ratio in the sens-

ing process. Note that the measurements {y
i

} here are nonnegative integers instead

of continuous variables. Theorem 1 still applies. We just need to understand the

integration in (2.18) as summations.

Let Z = |S|2, with S defined as in (2.9). It is well-known that Z follows the

exponential distribution with parameter 1. Using this property, we can compute the

function in (2.10) as

⌘(y) = E
Z



e�Z(Z)y

y!

�

=
y

y!

ˆ 1

0

e�zzye�z dz =
y

(+ 1)y+1

. (2.22)

Similarly, the function in (2.11) becomes

µ(y) =
y(y + 1)

(+ 1)y+2

. (2.23)

Since y only takes nonnegative integer values,

inf
y

µ(y)

⌘(y)
= inf

y

y + 1

+ 1
=

1

+ 1
> 0.

It then follows from Theorem 1 that there exists a uniformly optimal preprocessing
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function, which in our case is

T
optimal

(y) = 1� + 1

y + 1
=

y � 

y + 1
. (2.24)

Substituting (2.22) and (2.23) into (2.13), we get

↵
weak

=

 1
X

y=0

[µ(y)� ⌘(y)]2

⌘(y)

��1

=

 1
X

y=0

y(y � )2

(+ 1)y+3

��1

= 1 + 1/.

Finally, the function f(�) in (2.18) can be calculated as

f(�) =
�

(+ 1)2

1
X

y=0

✓



+ 1

◆

y (y � )2

y + �(+ 1) + 1

=C
�,

ˆ 
+1

0

x�(+1)

1� x
dx� �(� + 1), (2.25)

where C
�,

= �(�+1)2(1+ 1



)�(+1)+1. In reaching (2.25) we have used the identities

that ˆ
v

0

xu

1� x
dx =

1
X

y=0

ˆ
v

0

xu+y dx =
1
X

y=0

vy+u+1

y + u+ 1
,

for any u > 0 and 0 < v < 1. In our case, we choose u = �(+1) and v = /(+ 1).

Figure 2.1 shows the function f(�) for  = 5. From its definition in (2.18),

it is easy to verify that f(�) is strictly increasing, and that lim
�!0

+ f(�) = 0 and

lim
�!1 f(�) = 1/↵

weak

. It follows that, for each ↵ > ↵
weak

, there is a unique �
↵

> 0
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β
10−3 10−2 10−1 100 101 102 103

f(β)

0
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0.8 1/αweak

1/α

βα

Figure 2.1: The function f(�) in (2.25) for  = 5. Here, lim
�!1 f(�) = 1/↵

weak

=
5/6. For any ↵ > ↵

weak

, there is a unique positive solution �
↵

to the equation
f(�) = 1/↵.

satisfying the equation f(�
↵

) = 1/↵. Applying Theorem 1, the optimal performance

curve is simply ⇢
optimal

(↵) = (1 + �
↵

)�1.

In Figure 2.2, we compare the proposed optimal preprocessing function in (2.24)

against the the trimming scheme in (2.4), the subset scheme in (2.5), as well as

T
MM

(·) in (2.14). In our experiments, the signal dimension is set to n = 4096 and

 = 5. For each given ↵, we set the parameter a in (2.4) to be the optimal integer

choice within {1, 2, . . . , 50}. For (2.5), its parameter b is tuned in the same way. For

our optimal design, its theoretical curve is given by ⇢
optimal

(↵); for the other three

functions, we use the asymptotic predictions to be detailed in Section 2.3.1 to evaluate

their theoretical curves. Simulations results in the figure show the averages over 16

independent trials, with the error bars indicating ±1 standard deviation. The figure
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α = m/n
0 1 2 3 4 5 6 7 8

Squared Correlation

0

0.2

0.4

0.6

0.8

1
Toptimal(·)
TMM(·)
Tsubset(·)
Ttrim(·)

Figure 2.2: Analytical predictions and numerical simulations for the Poisson channel
with di↵erent preprocessing functions. T

optimal

(·) denotes the optimal function given
in (2.24). It is compared against the trimming scheme in (2.4), the subset scheme in
(2.5), as well as T

MM

(·) in (2.14). Numerical results are averaged over 16 independent
trials.

clearly demonstrates the improvement brought by the optimal design. In particular,

we can see that the optimal preprocessing function (2.24) achieves the upper bound

⇢
optimal

(↵). Its performance dominates that of (2.4), (2.5), and (2.14) uniformly over

all ↵.

Example 2 (The Gaussian channel) In the second example, we consider a sens-

ing model with Gaussian noise:

y
i

= max
�

�

�ha
i

, ⇠i��2 + w
i

, 0
 

,
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where w
i

⇠
i.i.d.

N (0, �2). When �2 > 0, we have

⌘(y) =

8

>

>

>

<

>

>

>

:

exp
�

�

2

2

� y
�

�
�

y

�

� �
�

, if y > 0,

⌘
0

�(y), if y = 0,

and

µ(y) =

8

>

>

>

<

>

>

>

:

(y � �2)⌘(y) + �p
2⇡

exp
�� y

2

2�

2

�

, if y > 0,

µ
0

�(y), if y = 0,

where �(·) is the CDF of the standard normal distribution, �(·) denotes the Dirac

delta function, and ⌘
0

, µ
0

are two numerical constants defined as

⌘
0

def

=

ˆ 1

0

�
�� z/�)e�z dz =

1

2
� e�

2
/2�(��) (2.26)

and

µ
0

def

=

ˆ 1

0

�
�� z/�)ze�z dz (2.27)

=
1

2
+ (�2 � 1)e�

2
/2�(��)� �/

p
2⇡

respectively. In Appendix A.2, we show that

inf
y�0

µ(y)

⌘(y)
> 0. (2.28)

32



Chapter 2: Optimal Spectral Initialization for Signal Recovery

It then follows from Theorem 1 that the optimal performance curve ⇢(↵; T (·)) can be

achieved by the following uniformly optimal preprocessing function

T
optimal

(y) =

8

>

>

>

<

>

>

>

:

1�
h

y � �2 + ��

0
(y/���)

�(y/���)

i�1

, if y > 0,

1� ⌘0

µ0
, if y = 0,

(2.29)

where �0(·) denotes the PDF of the standard normal distribution.

Next, we consider the noiseless case, i.e., �2 = 0 and y
i

=
�

�ha
i

, ⇠i��2. Here, the

two functions ⌘(y) and µ(y) take much simpler forms:

⌘(y) = e�y and µ(y) = ye�y, (2.30)

but the challenge arises from the fact that, in this case,

inf
y�0

µ(y)

⌘(y)
=

µ(0)

⌘(0)
= 0. (2.31)

As stated in Theorem 1, under (2.31), the optimal performance curve ⇢(↵; T (·))

cannot be achieved by any admissible function T (·) 2 F . In this case, we can con-

struct a family of admissible preprocessing functions whose performance arbitrarily

approaches ⇢(↵; T (·)). For any ↵ > ↵
weak

, these functions take the form of

T "

↵

(y) =
c"
↵

(y)

1 + c"
↵

(y)
, (2.32)
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where 0 < " < 1 is a parameter. Substituting (2.30) into (2.21), we have

c"
↵

(y) = max

⇢

v"
↵

�
↵

(y � 1)

�
↵

+ y
,�1 + "

�

,

and v"
↵

is a positive constant that can be uniquely determined by the following equa-

tion: ˆ 1

0

c"
↵

(y)(y � 1)e�y dy = 1/↵.

We show in Section 2.4.3 that, as " ! 0, the performance of T "

↵

(·) will converge to

the optimal performance curve ⇢
optimal

(↵). This is demonstrated in Figure 2.3, where

we compare the performance curves of the preprocessing functions (2.32) for three

di↵erent values of " against the theoretical upper bound ⇢
optimal

(↵). We see that,

when " = 0.3, the achievable curve is already very close to ⇢
optimal

(↵).
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α = m/n
0 1 2 3 4 5 6 7 8

Squared Correlation
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Upper Bound
ε = 0.3
ε = 0.5
ε = 0.8

Figure 2.3: Analytical predictions and numerical simulations for the noiseless obser-
vation model. The blue curve corresponds to the theoretical upper bound that no
preprocessing function in the admissible set F can achieve. This upper bound can
be approached by a family of preprocessing functions T "

↵

(·), as " ! 0. Numerical
results (for n = 4096) are averaged over 16 independent trials, with the error bars
indicating ±1 standard deviation.

2.3 Technical Background

2.3.1 Asymptotic Characterizations of the Spectral Method

To set the stage for proving our main results on optimal design, we first review

the precise asymptotic characterizations of the spectral method obtained in previous

work [101,102].

Let S and Y be the random variables defined in (2.9) and (2.16), respectively.
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Recall the admissible set F defined in (2.17). For any preprocessing function T (·) 2

F , the support of the probability measure of the random variable T (Y ) is bounded.

Let ⌧ denote the upper boundary of the support, i.e.,

⌧
def

= sup
y2�Y

T (y) < 1.

We consider two functions

�(�)
def

= �E
S,Y

T (Y ) |S|2
�� T (Y )

�

(2.33)

and

 
↵

(�)
def

= �/↵ + �E
Y

 T (Y )

�� T (Y )

�

, (2.34)

both defined on the open interval (⌧,1). Within their domains, it is easy to check

that both functions are convex and that �(�) is strictly decreasing. Consequently, if

the following conditions

 
↵

(�⇤) = �(�⇤) (2.35)

and

 0
↵

(�⇤) > 0, (2.36)

hold for some �⇤ 2 (⌧,1), then that �⇤ must be unique.

Theorem 2 (Asymptotic characterization [101,102]) Let the target signal ⇠

be an arbitrary vector in Cn with k⇠k = 1. Assume that the preprocessing function
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T (·) 2 F , and that the sensing vectors a
i

⇠
i.i.d.

CN (0, I
n

). As m,n ! 1 with

m/n ! ↵ 2 (0,1), we have

�

�h⇠,x
1

i��2
k⇠k2kx

1

k2
P�! ⇢(↵; T (·)),

where the limit value on the right-hand side is

⇢(↵; T (·)) def

=

8

>

>

>

<

>

>

>

:

 

0
↵(�

⇤
)

 

0
↵(�

⇤
)��

0
(�

⇤
)

, if (2.35)(2.36) hold for �⇤ > ⌧,

0, otherwise.

(2.37)

The above theorem shows that, in the high-dimensional limit, the squared cor-

relation between ⇠ and the estimate x
1

converges in probability to a deterministic

value ⇢(↵; T (·)), which can be exactly computed as in (2.37). Moreover, this asymp-

totic prediction exhibits a phase transition phenomenon: ⇢(↵; T (·)) is nonzero if and

only if (2.35) and (2.36) hold for some �⇤ > ⌧ .

Remark 4 The asymptotic prediction stated in Theorem 2 was first obtained in [101]

for the case of real-valued sensing vectors. In that setting, the random variable S

in (2.33) and (2.34) should be drawn from N (0, 1). Additionally, [101] makes an

assumption that T (y) � 0. Later, Mondelli and Montanari show that the same

characterization holds for the complex-valued case. They also removed the restriction

that T (y) be positive by generalizing a result for spiked random positive semidefinite

matrices [104] to spiked Hermitian matrices. In [101, 102], there is also a technical

37



Chapter 2: Optimal Spectral Initialization for Signal Recovery

assumption that, as � approaches ⌧ from the right,

lim
�!⌧

+
E

Y

 T (Y )

(�� T (Y ))2

�

= lim
�!⌧

+
E

S,Y

 T (Y )|S|2
�� T (Y )

�

= 1. (2.38)

However, a close inspection of the arguments in [101] (especially those in Propositions

2, 3, and 4 there) will show that the first equality in (2.38) is used to guarantee that

�(�) intersects with a modified version of  
↵

(�) at a point �⇤ > ⌧ whereas the second

equality in (2.38) is needed in the proof of an unrelated result. Neither condition will

be necessary here, if we present the limit value ⇢(↵; T (·)) in the form of (2.37).

2.3.2 Reformulations of the Optimal Design Problem

The optimal design problem formulated in (2.6) seeks to find the supremum

of ⇢(↵; T (·)) over all admissible preprocessing functions in the set F . Using the

asymptotic characterizations of ⇢(↵; T (·)) given in (2.37), we can convert the problem

to

sup
T (·)2F

 0
↵

(�⇤)
 0
↵

(�⇤)� �0(�⇤)

s.t.  
↵

(�⇤) = �(�⇤) and  0
↵

(�⇤) > 0 for some �⇤ > ⌧.

.

For a given T (·) and a given ↵, it is possible that there is no �⇤ > ⌧ satisfying the

equality and inequality constraints in the above optimization problem. In that case,

the value of the objective function is understood to be equal to 0.

Finding the supremum of  

0
↵(�

⇤
)

 

0
↵(�

⇤
)��

0
(�

⇤
)

is equivalent to finding the infimum of
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��

0
(�

⇤
)

 

0
↵(�

⇤
)

, where the numerator ��0(�⇤) is positive due to the monotonicity of �(�).

We also rewrite the expectations in (2.33) and (2.34) in terms of ⌘(y) and µ(y)

defined in (2.10) and (2.11), as

�(�) = �

ˆ
�Y

T (y)

�� T (y)
µ(y) dy

 
↵

(�) = �/↵ + �

ˆ
�Y

T (y)

�� T (y)
⌘(y) dy.

Taking derivatives then gives us

inf
T (·)2F

´
�Y

⇥ T (y)

�

⇤�T (y)

⇤

2

µ(y) dy

1/↵� ´
�Y

[ T (y)

�

⇤�T (y)

]2⌘(y) dy
(2.39)

s.t.

ˆ
�Y

T (y)

�

⇤�T (y)

[µ(y)� ⌘(y)] dy = 1/↵

and

ˆ
�Y

⇥ T (y)

�

⇤�T (y)

⇤

2

⌘(y) dy < 1/↵ for some �⇤ > ⌧.

The problem in (2.39) still appears unwieldy. To further simplify it, we observe

that the objective function of (2.39) as well as the equality and inequality con-

straints are all scale invariant since they are related to T (y) only through the ratio

T (y)

�

⇤�T (y)

. Thus, if (T (y),�⇤) is a feasible solution satisfying the constraints, so will

be (aT (y), a�⇤) for any constant a > 0. Meanwhile, the value of the objective func-

tion remains unchanged. Exploiting this invariance, we can always assume �⇤ = 1,
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without loss of generality. This allows us to introduce a change of variables

c(y)
def

=
T (y)

1� T (y)
, (2.40)

and simplify (2.39) as

(P
0

) V
0

def

= inf
c(·)2Fc

´
�Y

[c(y)]2µ(y) dy

1/↵� ´
�Y

[c(y)]2⌘(y) dy
(2.41)

s.t.

ˆ
�Y

c(y)[µ(y)� ⌘(y)] dy = 1/↵ (2.42)

and

ˆ
�Y

[c(y)]2⌘(y) dy < 1/↵, (2.43)

where F
c

denotes the admissible set for c(y), defined as

F
c

def

=
n

c(·) : 0 < sup
y2�Y

c(y) < 1 and inf
y2�Y

c(y) > �1
o

. (2.44)

Note that the mapping (2.40), or equivalently, T (y) = c(y)

1+c(y)

, provides a one-to-one

correspondance between F
c

and

F \
n

T (·) : sup
y2�Y

T (y) < 1
o

.

The additional constraint that sup
y2�Y

T (y) < 1 is both necessary and su�cient for

our purpose, as we have fixed �⇤ = 1. Moreover, we adopt the following notational

convention: if there is no feasible c(y) 2 F
c

satisfying the constraints (2.42) and
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(2.43), the value of the objective function V
0

= +1.

It will be more convenient to study

(P
1

) V
1

def

= inf
c(·)2H

´
�Y

[c(y)]2µ(y) dy

1/↵� ´
�Y

[c(y)]2⌘(y) dy
(2.45)

s.t. (2.42) and (2.43) hold, (2.46)

where we simply relax F
c

in (2.44) to a larger set

H def

=
n

c(·) :
ˆ
�Y

[c(y)]2(⌘(y) + µ(y)) dy < 1
o

. (2.47)

We note that any function in F
c

is finitely bounded. It then follows from (2.12) that

the function must belong to H. In the next section, we will present a closed-form

solution to (P
1

). It forms the foundation of our proof of Theorem 1.

2.4 Proof of Theorem 1

In this section, we prove Theorem 1 in three steps. First, we show in Section 2.4.1

that the right-hand side of (2.19) is an upper bound for the optimal performance

curve ⇢
optimal

(↵). To establish equality, we consider two cases, depending on the

value of inf
y

µ(y)/⌘(y). When inf
y

µ(y)/⌘(y) > 0, we show in Section 2.4.2 that the

aforementioned upper bound can be achieved by the uniformly optimal solution given

in (2.20), and that this optimal solution belongs to the feasible set F . The remaining
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case, when inf
y

µ(y)/⌘(y) = 0, is considered in Section 2.4.3, where we construct a

family of admissible functions
�T "

↵

(·) 
0<"<1

and show that their performance curves

approach the upper bound.

2.4.1 An Upper Bound for ⇢
optimal

(↵)

Following the discussions in Section 2.3.2, we know that

⇢
optimal

(↵) =
1

1 + V
0

 1

1 + V
1

, (2.48)

where V
0

and V
1

are the optimal values of (P
0

) and (P
1

), respectively. That V
1

 V
0

is due to the fact that the set F
c

in (P
0

) is a subset of H in (P
1

). In what follows,

we present a solution of (P
1

).

For each � > 0, the (sublevel set) condition

´
�Y

[c(y)]2µ(y) dy

1/↵� ´
�Y

[c(y)]2⌘(y) dy
 �

is equivalent to
´
�Y

[c(y)]2[µ(y)/� + ⌘(y)] dy  1/↵. To lighten the notation, we

define two functionals

Q(c(·), �) def

=

ˆ
�Y

[c(y)]2[µ(y)/� + ⌘(y)] dy, (2.49)
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and

L(c(·)) def

=

ˆ
�Y

c(y)[µ(y)� ⌘(y)] dy. (2.50)

It is easy to see that (P
1

) is equivalent to

V
1

= inf
⌦� is nonempty

�, (2.51)

where

⌦
�

def

=
�

c(·) 2 H : Q(c(·), �)  1

↵

and L(c(·)) = 1

↵

 

. (2.52)

Note that we can omit the quadratic constraint in (2.43) as it is implied byQ(c(·), �) 
1

↵

.

Lemma 1 For any � > 0,

1

↵2f(�)
= min

c(·)2H
Q(c(·), �)

s.t. L(c(·)) = 1/↵

, (2.53)

where f(�) is the function defined in (2.18). Moreover, the optimal solution to (2.53)

is given by

c⇤(y) =
µ(y)� ⌘(y)

[↵f(�)](⌘(y) + µ(y)/�)
. (2.54)

Proof: Since ⌘(y) + µ(y)/� is a nonnegative function, we can define a weighted
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L2 function space, where the inner product between two functions f
1

(y) and f
2

(y) is

hf
1

(y), f
2

(y)i
�

def

=

ˆ
�Y

f
1

(y)f
2

(y)[⌘(y) + µ(y)/�] dy.

The optimization problem (2.53) then becomes that of finding a minimum norm

solution on a linear variety, i.e.,

min
c(·)

hc(y), c(y)i
�

s.t. hc(y), µ(y)� ⌘(y)

⌘(y) + µ(y)/�
i
�

= 1/↵

.

The optimal solution is well-known (see, e.g., [105]). It should take the form of

c⇤(y) = v
µ(y)� ⌘(y)

⌘(y) + µ(y)/�
,

where the scaling constant v is determined by the constraint
´
�Y

c⇤(y)[µ(y)�⌘(y)] dy =

1/↵. Solving this equation gives v = 1/[↵f(�)] and thus (2.54), the squared norm of

which gives us the left-hand side of (2.53). ⌅

Applying Lemma 1, we know that the set ⌦
�

in (2.52) is nonempty if and only if

f(�) � 1/↵. (2.55)

44



Chapter 2: Optimal Spectral Initialization for Signal Recovery

From its definition given in (2.18), f(�) is a strictly increasing function, with

lim
�!0

f(�) = 0 and lim
�!1

f(�) = 1/↵
weak

.

Consequently, for ↵  ↵
weak

, the condition (2.55) cannot be satisfied by any finite

�. In this case, the optimal value of (2.51) is V
1

= 1. Using (2.48), we conclude

that

⇢
optimal

(↵) = 0 for ↵  ↵
weak

,

recovering the results previously obtained in [102].

When ↵ > ↵
weak

, there is a unique �
↵

> 0 such that f(�
↵

) = 1/↵. It follows from

the monotonicity of f(�) that V
1

= �
↵

. Substituting this into (2.48), we get

⇢
optimal

(↵)  (1 + �
↵

)�1 for ↵ > ↵
weak

. (2.56)

In the next two subsections, we show that this inequality is in fact an equality.

2.4.2 Uniformly Optimal Preprocessing Function

First consider the case when inf
y

µ(y)/⌘(y) > 0. In all of our subsequent dis-

cussions, we shall also assume that ↵
weak

< 1. For each ↵ > ↵
weak

, we know from
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Lemma 1 that the upper bound in (2.56) is achieved by

c⇤(y) =
µ(y)� ⌘(y)

[↵f(�
↵

)](⌘(y) + µ(y)/�
↵

)
=

µ(y)� ⌘(y)

⌘(y) + µ(y)/�
↵

, (2.57)

where the second equality is due to the fact that f(�
↵

) = 1/↵. It is easy to verify

that

� 1 < inf
y2�Y

c⇤(y)  sup
y2�Y

c⇤(y)  �
↵

. (2.58)

From (2.40), the corresponding preprocessing function is

T (y) =
c⇤(y)

1 + c⇤(y)
=

1

1 + 1/�
↵

⇥

1� ⌘(y)

µ(y)

⇤

.

As mentioned in Section 2.3.2, the performance of the spectral algorithm is scale

invariant. So a scaled version

T
optimal

(y) = 1� ⌘(y)

µ(y)
(2.59)

can achieve the same performance. Next, we show that T
optimal

(y) 2 F . This would

then imply that ⇢
optimal

(↵) � (1+�
↵

)�1, which, together with (2.56), gives us (2.19).

Since ⌘(y) � 0 and µ(y) � 0,

⌧ = sup
y2�Y

T
optimal

(y)  1.
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Under the condition inf
y

µ(y)/⌘(y) > 0, we also have inf
y2�Y T

optimal

(y) > �1. What

remains to be shown is that ⌧ > 0. To that end, we note that, under the assumption

↵
weak

< 1, there must exist y for which µ(y) > ⌘(y). (See our discussions at the

end of Appendix A.1.) This then guarantees that ⌧ > 0.

2.4.3 Truncated Preprocessing Functions

In this section, we consider the case when

inf
y

µ(y)/⌘(y) = 0. (2.60)

Under (2.60), the function T
optimal

(·) in (2.59) is not lower bounded, and thus it is

not in the admissible set F . By the uniqueness of (P
1

) and since F is a subset of H

in (2.47), we can conclude that the right-hand side of (2.19) cannot be achieved by

any function in F in this case.

Next, we show that the family of preprocessing functions
�T "

↵

(·) 2 F 
0<"<1

de-

fined in (2.21) can approach the optimal performance curve, i.e.,

lim
"!0

⇢(↵; T "

↵

(·)) = ⇢
optimal

(↵) (2.61)

for all ↵ > ↵
weak

.

We start by showing that the scaler v"
↵

in (2.21) can indeed be uniquely deter-
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mined by the linear constraint L(c"
↵

(·)) = 1/↵. To that end, we define

c
v

(y) = max

⇢

v
µ(y)� ⌘(y)

⌘(y) + µ(y)/�
↵

,�1 + "

�

, (2.62)

with v � 0 being a varying parameter, and examine

h(v)
def

=

ˆ
�Y

c
v

(y)[µ(y)� ⌘(y)] dy (2.63)

=

ˆ
�Y

max

⇢

v
µ(y)� ⌘(y)

⌘(y) + µ(y)/�
↵

,�1 + "

�

[µ(y)� ⌘(y)] dy.

We note that �1 + " < 0 and c
v

(y)[µ(y) � ⌘(y)] � 0 for all y 2 �
Y

. A moment of

thought will convince us that h(v) is an increasing function of v for v � 0. Moreover,

h(0) = 0. To study the limit of the function as v ! 1, we denote by �+

Y

the subset

over which µ(y) > ⌘(y). As shown in Appendix A.1, when ↵
weak

< 1, the subset

�+

Y

is nonempty. We have

h(v) �
ˆ
�

+
Y

c
v

(y)[µ(y)� ⌘(y)] dy

= v

ˆ
�

+
Y

[µ(y)� ⌘(y)]2

⌘(y) + µ(y)/�
↵

dy,

which tends to 1 as v ! 1. It then follows that there exists a unique positive

solution v"
↵

to the equation h(v) = 1/↵.

To establish (2.61), we recall our reformulations of the optimal design problem

presented in Section 2.3.2. Given the equivalence of the optimal design problem and
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the optimization problem (P
0

) in (2.41), our tasks boil down to showing that (1)

c"
↵

(y) 2 F
c

and (2) for each ↵ > ↵
weak

,

lim
"!0

ˆ
�Y

[c"
↵

(y)]2⌘(y) dy =

ˆ
�Y

[c⇤(y)]2⌘(y) dy, (2.64)

lim
"!0

ˆ
�Y

[c"
↵

(y)]2µ(y) dy =

ˆ
�Y

[c⇤(y)]2µ(y) dy, (2.65)

where c⇤(y) is the optimal solution given in (2.57). Note that the linear constraint

(2.42) in (P
0

) is always satisfied, due to the way we set the scalar v"
↵

in (2.21). The

quadratic constraint (2.43) will also be satisfied for all su�ciently small ", given the

convergence in (2.64) and the fact that we have
´
�Y

[c⇤(y)]2⌘(y) dy < 1/↵.

By its definition in (2.21), it is easy to see that

� 1 + "  inf
y2�Y

c"
↵

(y)  sup
y2�Y

c"
↵

(y)  v"
↵

�
↵

. (2.66)

Moreover, since µ(y) > ⌘(y) over a nonempty subset of �
Y

, we have sup
y2�Y

c"
↵

(y) >

0. Thus, we can verify that c"
↵

(y) 2 F
c

.

Next, we show that v"
↵

! 1 as " ! 0. Recall that

L(c"
↵

(·)) = L(c⇤(·)) = 1/↵. (2.67)
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The latter equality implies that

ˆ
�Y

max
�

c⇤(y),�1 + "
 

[µ(y)� ⌘(y)] dy  1/↵,

which, using the notation introduced in (2.62) and (2.63), can be written as h(1) 

1/↵. Meanwhile, the first equality in (2.67) can be written as h(v"
↵

) = 1/↵. Since

h(v) is an increasing function of v, we must have v"
↵

� 1.

Define two sets �
1

and �
2

, with �
1

[ �
2

= �
Y

, such that c"
↵

(y) = �1 + " for

y 2 �
1

and c"
↵

(y) = v"
↵

µ(y)�⌘(y)

⌘(y)+µ(y)/�↵
for y 2 �

2

. Similarly, define a subset �0
1

such

that c⇤(y)  �1 + " for y 2 �0
1

. We can easily verify that �0
1

⇢ �
1

, since c"
↵

(y) =

max
�

v"
↵

c⇤(y),�1 + "
 

and v"
↵

� 1. It follows from (2.67) that

0 =L(c⇤(·))� L(c"
↵

(·))

=

ˆ
�

0
1

⇥

c⇤(y)� (�1 + ")
⇤ �

µ(y)� ⌘(y)
�

dy

+

ˆ
�1\�0

1

⇥

c⇤(y)� (�1 + ")
⇤ �

µ(y)� ⌘(y)
�

dy

� (v"
↵

� 1)

ˆ
�2

µ(y)� ⌘(y)

⌘(y) + µ(y)/�
↵

�

µ(y)� ⌘(y)
�

dy.

(2.68)

For y 2 �
1

\ �0
1

, we know µ(y)� ⌘(y) < 0 and c⇤(y) � �1 + ". Thus,

ˆ
�1\�0

1

⇥

c⇤(y)� (�1 + ")
⇤ �

µ(y)� ⌘(y)
�

dy  0. (2.69)
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Also for y 2 �0
1

, we have �1  c⇤(y)  (�1 + "), so

�

�

�

�

�

ˆ
�

0
1

⇥

c⇤(y)� (�1 + ")
⇤ �

µ(y)� ⌘(y)
�

dy

�

�

�

�

�

 "

ˆ
�Y

[µ(y) + ⌘(y)] dy = 2". (2.70)

Substituting (2.69) and (2.70) into (2.68), we get

(v"
↵

� 1)

ˆ
�2

[µ(y)� ⌘(y)]2

⌘(y) + µ(y)/�
↵

dy  2".

Let �+

Y

be the subset such that µ(y) > ⌘(y) for y 2 �+

Y

. We must have �+

Y

⇢ �
2

. It

follows that

1  v"
↵

 1 + 2"
⇣

ˆ
�

+
Y

[µ(y)� ⌘(y)]2

⌘(y) + µ(y)/�
↵

dy
⌘�1

and thus v"
↵

! 1 as " ! 0.

What remain to be shown are (2.64) and (2.65). The proofs for the two cases are
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essentially identical, so we only show how to establish (2.64), as follows:

�

�

�

�

�

ˆ
�Y

([c"
↵

(y)]2 � [c⇤(y)]2)⌘(y) dy

�

�

�

�

�


ˆ
�Y

�

�c"
↵

(y)� c⇤(y)
�

�

�

�

�c"
↵

(y)
�

�+
�

�c⇤(y)
�

�

�

⌘(y) dy

(a)

 C
"

ˆ
�Y

�

�c"
↵

(y)� c⇤(y)
�

� ⌘(y) dy

 C
"

ˆ
�Y

�

�

�

c"
↵

(y)�max
�

c⇤(y),�1 + "
 

�

�

�

⌘(y) dy

+ C
"

ˆ
�Y

�

�

�

max
�

c⇤(y),�1 + "
 � c⇤(y)

�

�

�

⌘(y) dy

(b)

 C
"

|v✏
↵

� 1|
ˆ
�Y

�

�c⇤(y)
�

� ⌘(y) dy + C
"

· "
ˆ
�Y

⌘(y) dy

(c)

 C
"

|v✏
↵

� 1| (1 + �
↵

) + C
"

· ".

Here, to obtain (a), we have used the boundedness of c"
↵

(y) as given in (2.66) and

that of c⇤(y) as given in (2.58). Consequently, it is su�cient to set the constant to

be

C
"

= 2 + (v"
↵

+ 1)�
↵

.

To reach (b), we have used the following properties:

�

�max {x,�1 + "}�max {y,�1 + "}��  |x� y|

and
�

�max {x,�1 + "}� x
�

�  "
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for any x, y � �1. Finally, the inequality (c) follows from the boundedness of
�

�c⇤(y)
�

�

and the fact that
´
�Y

⌘(y) dy = 1. Since v"
↵

! 1 as " ! 0, we have (2.64).
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Chapter 3

Phase Transitions of Multi-Rank

Spectral Methods

3.1 Introduction

In chapter 2, we focus on the rank-1 spectral method that outputs the leading

eigenvector as the estimate of a single target signal. Now we consider the problem

of estimating a low-rank subspace from nonlinear measurements. Specifically, let

⇠
1

, ⇠
2

, ..., ⇠
r

2 Rn be a basis spanning a rank-r subspace, and let {a
i

2 Rn}
1im

be

a collection of sensing vectors. Given {aT

i

⇠
1

, ...,aT

i

⇠
r

}, the ith measurement y
i

2 R

is drawn independently from

y
i

⇠ f
�

y
�

�aT

i

⇠
1

, ...,aT

i

⇠
r

�

, 1  i  m, (3.1)
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where f(· | ·) is a conditional density function modeling the sensing process.

We seek to estimate the underlying subspace spanned by {⇠
i

}
1ir

from the set

of measurements {y
i

}
1im

. This task arises in many important problems in statis-

tical signal processing and machine learning. Examples include e↵ective dimension

reduction in exploratory data analysis [2, 4], covariance sketching [87, 88], coherence

retrieval [89, 90], multiplexed imaging [91], and the learning of shallow neural net-

works [92, 93].

In this work, we study a simple spectral method [2, 4, 91] for estimating the

subspace. The method consists of two steps. First, we construct a data matrix

D
def

=
1

m

m

X

i=1

T (y
i

)a
i

aT

i

, (3.2)

where T : R 7! R is a user-specified preprocessing function. Second, we compute

the r
1

leading eigenvectors and the r
2

trailing eigenvectors of D and use them as

estimates of the target signals {⇠
1

, ..., ⇠
r

}. Here, 0  r
1

, r
2

 r with r
1

+ r
2

= r. The

rule for determining the value of r
1

and r
2

will be given later in this section.

There is a simple intuitive way to understand why spectral methods would work.

From (3.2), D is the sample average of m i.i.d. rank 1 matrices. When m is large,

by law of large number

D
def

=
1

m

m

X

i=1

T (y
i

)a
i

aT

i

⇡ E(T (y
i

)a
i

aT

i

).
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Under the assumption that the sensing vectors {a
i

}
1im

are drawn independently

from the rotationally invariant multivariate normal distribution, a
i

i.i.d.⇠ N (0, I
n

),

without loss of generality, we can assume ⇠
i

= e
i

, for i = 1, ..., r, where e
i

is the ith

canonical basis. See Appendix B.1 for a justification of the assumption. Write the

sensing vector a
i

as block-partitioned form

a
i

=

2

6

6

4

s
i

u
i

3

7

7

5

,

where s
i

2 Rr and u
i

2 Rn�r. From (3.1), we know that y
i

only depends on s
i

and

is independent of u
i

. Define z
i

def

= T (y
i

) and we have

D ⇡

2

6

6

4

E(z
i

s
i

sT
i

) 0

0 E(z
i

)I
n�r

3

7

7

5

.

Denote s
i,j

as the jth entry of s
i

. When E(z
i

s
i

sT
i

) is diagonal matrix, the r eigenvec-

tors corresponding to the diagonal entries of E(z
i

s
i

sT
i

) are e
1

, ..., e
r

, which perfectly

align with the signal ⇠
1

, ..., ⇠
r

.

Without loss of generality, suppose

E(z
i

)s2
i,1

> E(z
i

)s2
i,2

> ... > E(z
i

)s2
i,r1

> E(z
i

)
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and

E(z
i

) > E(z
i

)s2
i,r1+1

> E(z
i

)s2
i,r1+2

> ... > E(z
i

)s2
i,r1+r2

,

where r
1

+ r
2

= r. Now e
1

, ..., e
r1 are the r

1

leading eigenvectors of the expected

matrix and e
r1+1

, ..., e
r1+r2 are the eigenvectors corresponding to the smallest r

2

eigenvalues. When E(z
i

s
i

sT
i

) is not diagonal matrix and contains r distinct eigen-

values, among which r
1

eigenvalues are greater than E(z
i

) and r
2

eigenvalues are

smaller than E(z
i

), then the leading r
1

eigenvectors and trailing r
2

eigenvectors span

the same subspace as {⇠
1

, ..., ⇠
r

}.

In this chapter, we study the spectral method which outputs the subspace spanned

by first r
1

eigenvectors and last r
2

eigenvectors of D as estimate for the target sub-

space spanned by {⇠
1

, ..., ⇠
r

}. Although analytically we need the channel information

(3.1) to determine r
1

and r
2

, in practice when n is large, r
1

and r
2

can be found by

the relative locations of spike eigenvalues of D to the bulky spectrum of D. De-

tails about the characterization of asymptotic spectrum of D will be discussed in

Section 3.2.

The idea of this spectral method can be traced back to the classical work of

principal Hessian directions [2, 4] in the statistics literature. It was introduced to

the signal processing community by the authors of [78], who use a special case of

this method (for r = 1) to initialize their alternating minimization algorithm for

nonconvex phase retrieval. Subsequently, the performance of the spectral method has

been analyzed, both in the finite sample regime [78,80,81] and the high-dimensional
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asymptotic regime [101, 102]. The main benefit of studying the asymptotic regime

is that it allows one to obtain exact analytical characterizations and fundamental

performance limits. Such analytical results also make it possible to derive the optimal

form of the preprocessing function T (·), as demonstrated in chapter 2 [103].

Existing results in the literature on performance analysis focus on the special

rank-1 case. In this chapter, we present an asymptotic characterization of the per-

formance of the spectral method for estimating a subspace with a general rank r � 1.

The more general rank-r spectral methods studied in this chapter present some

unique technical challenges that are not addressed in the previous rank-1 case. Exact

asymptotic characterization of performance analysis is provided, which also reveals

a phase transition phenomenon as one varies the sampling ratio.

In this chapter, we provide a precise asymptotic characterization of the perfor-

mance of the spectral method for general r � 1 under Gaussian measurements.

Unlike previous study of spectral method which only uses the leading eigenvector,

we extend the method to using eigenvectors associated with both largest and smallest

eigenvalues. In particular, we show that, as n and m both tend to infinity with the

sampling ratio ↵ = m/n kept fixed, the squared cosine similarities (to be defined in

(3.13) (3.31)) between eigenvectors (the leading r
1

eigenvectors and trailing r
2

eigen-

vectors) and {⇠
1

, ..., ⇠
r

} converge in probability to limit values. Explicit formulas are

provided for computing these limit values.

The rest of the chapter is organized as follows. Our main results are stated as
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Theorem 3 and Theorem 4 in Section 3.2. We consider two scenarios: the first is when

the separability condition (to be defined in assumption 7) holds and the problem

decouples into p separate sub-problems; the second is when we do not assume the

separability condition and study the magnitude of projection of each eigenvector onto

the target subspace. To illustrate these results, we present worked examples with

applications to multiplexed phase retrieval and the learning of a two-layer neural

network in Section 3.3. Examples and numerical simulations are provided there to

demonstrate and verify the analytical results. The proof of Theorem 3 and Theorem 4

is given in Section 3.4. Although we state and prove our results for the real-valued

case in Theorem 3, the analysis for the complex-valued case is essentially the same.

See Remark 6 in Section 3.2.1 for how to adapt our results to the complex-valued

problems.

3.2 Main Results

In this section we present our main results under two di↵erent scenarios. We

first consider the case when the separability condition to be defined in assumption 7

holds. The corresponding results are summarized in Theorem 3. Then we study the

general case where the separability condition is not satisfied and see Theorem 4 for

details.
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3.2.1 Main Results: Decoupling Case

We first introduce the assumptions for Theorem 3.

Assumption 1 The sensing vectors {a
i

}
1im

are drawn independently from mul-

tivariate normal distribution, a
i

i.i.d.⇠ N (0, I
n

). We consider the asymptotic region

where m,n ! 1 with m/n ! ↵ 2 (0,1).

Assumption 2 Without loss of generality, we assume the target signals {⇠
1

, ..., ⇠
r

}

are vectors in Rn such that

h⇠
i

, ⇠
j

i =

8

>

>

>

<

>

>

>

:

1, if i = j,

0, if i 6= j.

(3.3)

Since we consider general sensing model in (3.1), we can always use QR-decomposition

and adapt f(·|·) accordingly to make sure that our target signals {⇠
1

, ..., ⇠
r

} satisfy

(3.3).

Assumption 3 Let S
1

, ..., S
r

, Y and Z be random variables such that

S
1

, ..., S
r

i.i.d.⇠ N (0, 1),

Y |S
1

, ..., S
r

⇠ f(y|s
1

, ..., s
r

)

Z = T (Y )

(3.4)

where f(·|·) is the conditional density function in (3.1) representing the observation

model, and T (·) is the preprocessing function used in the construction of data matrix
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in (3.2). We assume that P(Z = 0) < 1 and Z has bounded support. Let ⌧
u

> 0 be

the supremum and ⌧
l

6= 0 be the Infimum of this support, i.e.

⌧
u

= inf{z : P(Z  z) = 1},

⌧
l

=sup{z : P(Z � z) = 1}.
(3.5)

Assumption 4 Among the r random variable S2

1

, ...S2

r

, r
1

of them are positively

correlated with Z and r
2

of them are negatively correlated with Z, where r
1

� 0, r
2

� 0

and r
1

+r
2

= r. Without loss of generality, we assume S
i

is ordered by the correlation

with Z so the first r
1

are positively correlated with Z and the last r
2

are negatively

correlated with Z, i.e.

EZS2

1

> ... > EZS2

r1
> EZ, (3.6)

and

EZ > EZS2

r1+1

> ... > EZS2

r

. (3.7)

Assumption 5 As � approaches ⌧
u

from the right,

lim
�!⌧

+
u

E Z

(�� Z)2
= lim

�!⌧

+
u

E ZS2

i

�� Z
= 1, (3.8)

for i = 1, ..., r, and as � approaches ⌧
l

from the left

lim
�!⌧

�
l

E Z

(�� Z)2
= sgn(⌧

l

) ·1, lim
�!⌧

�
l

E ZS2

i

�� Z
= �sgn(⌧

l

) ·1, (3.9)
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for i = 1, ..., r, where sgn(·) is the sign function. This assumption ensures that the

random variable Z has su�cient probability mass near both the supremum ⌧
u

and

infimum ⌧
l

of the support.

Assumption 6 E ZS

2
i

��Z

6= E ZS

2
j

��Z

when � > ⌧
u

and � < ⌧
l

, for any 1  i < j  r.

This assumption guarantees that the largest r
1

and smallest r
2

eigenvalues of D will

not converge to the same value and thus the information of ⇠
i

and ⇠
j

is separable

from the processed observations z
i

= T (y
i

).

Assumption 7 We introduce the following “separability condition”: E(g(Z)S
i

S
j

) =

0 for any 1  i < j  r, and g(·) any bounded function within the interval [⌧
l

, ⌧
u

].

This assumption is not particularly strict and is met by practical sensing models

such as multiplexed phase retrieval. One kind of general model that satisfies this

assumption is when Y |S
1

, ..., S
r

⇠ Y |S2

1

, ..., S2

r

. In words, it is when the observa-

tion y depends on aT⇠
i

only through the norm (aT⇠
i

)2. This separability condition

guarantees that the r�dimensional problem in (3.32) (3.33) decouples to r separate

1-dimensional problems (3.14) (3.15). When this assumption does not hold, corre-

sponding properties will be discussed in Theorem 4 .

Under the above assumptions, our main results on the exact analysis of spectral

methods in the high-dimensional limit with Gaussian measurements are stated in

Theorem 3. To light the notations, we first define several auxiliary functions which

will play significant roles in our later technical discussions. Let S
1

, ..., S
r

and Z be

the random variables distributed according to (3.4). We define functions
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�
i

(�)
def

= �E


Z S2

i

�� Z

�

(3.10)

and

 
↵

(�)
def

= �/↵ + �E


Z

�� Z

�

, (3.11)

both defined over the intervals � 2 (�1, ⌧
l

)[ (⌧
u

,1). We can check that �
i

(�) and

 
↵

(�) are convex functions over the interval (⌧
u

,1) and both are concave functions

over the interval (�1, ⌧
l

). Also �
i

(�) is strictly decreasing both on (⌧
u

,1) and on

(�1, ⌧
l

). From the convexity and concavity, we can easily check that there exist

a unique minimum of  
↵

(�) over (⌧
u

,1) and a unique maximum of  
↵

(�) over

(�1, ⌧
l

). We denote the minimum by �u

↵

= argmin
�>⌧u

 
↵

(�) and the maximum by

�l

↵

= argmax
�<⌧l

 
↵

(�). Consider a modified version of  
↵

(�) as

⇣
↵

(�)
def

=

8

>

>

>

<

>

>

>

:

 
↵

�

max{�,�u

↵

}� , if � 2 (⌧
u

,1),

 
↵

�

min{�,�l

↵

}� , if � 2 (�1, ⌧
l

).

(3.12)

This modified function ⇣
↵

(�) is non-decreasing over (⌧
u

,1) and is non-decreasing

over (�1, ⌧
l

). Finally define the squared cosine similarity between two vectors ⇠, x

as

⇢(⇠,x) =

�

�h⇠,xi��2
k⇠k2kxk2 . (3.13)

Theorem 3 Under assumptions 1-7, the following hold:
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1. For any ↵ > 0 and i = 1, ..., r, there exists a unique solution, denoted by �u

i

, to

the equation

⇣
↵

(�) = �
i

(�), � > ⌧
u

. (3.14)

We can find the largest r
1

of �u

i

’s in descending order and denote them by

�u

k1
> �u

k2
> ... > �u

kr1
, where k

1

, ..., k
r1 2 {1, ..., r}. Due to assumption (5),

�u

i

6= �u

j

for i 6= j. Note that this rearrangement of k
i

can be di↵erent for

di↵erent ↵. Similarly, for any ↵ > 0 and i = 1, ..., r, there exists a unique

solution, denoted by �l

i

, to the equation

⇣
↵

(�) = �
i

(�), � < ⌧
l

. (3.15)

Here, we find the smallest r
2

of �l

i

’s, i.e., �l

kr1+1
> �l

kr1+2
> ... > �l

kr
, where

k
r1+1

, ..., k
r

2 {1, ..., r}. We can view k
i

as a mapping from {1, ..., r} to itself.

2. Let x
1

, ...,x
r1 be the eigenvectors of D (defined in (3.2)) associated with the top

r
1

leading eigenvalues(in descending order) and x
r1+1

, ...,x
r

be the eigenvectors

of D associated with the smallest r
2

eigenvalues(in descending order). As n !

1, for i = 1, ..., r
1

⇢(⇠
ki
,x

i

)
P�!

8

>

>

>

<

>

>

>

:

 

0
↵(�

u
ki
)

 

0
↵(�

u
ki
)��

0
i(�

u
ki
)

, if  0
↵

(�u

ki
) > 0,

0, if  0
↵

(�u

ki
) < 0,

(3.16)
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and for i = r
1

+ 1, ..., r

⇢(⇠
ki
,x

i

)
P�!

8

>

>

>

<

>

>

>

:

 

0
↵(�

l
ki
)

 

0
↵(�

l
ki
)��

0
i(�

l
ki
)

, if  0
↵

(�l

ki
) > 0,

0, if  0
↵

(�l

ki
) < 0,

(3.17)

where  0
↵

(·) and �0
i

(·) are the derivatives of the two functions. Also for i, j 2

{1, ..., r},

⇢(⇠
j

,x
i

)
P�! 0, for j 6= k

i

. (3.18)

3. Let �D

1

, ...,�D

r1
be the top r

1

eigenvalues of data matrix D, and �D

n�r2+1

, ...,�D

n

be the smallest r
2

eigenvalues. As n ! 1,

�D

i

P�! ⇣
↵

(�u

ki
), for i = 1, ..., r

1

, (3.19)

and

�D

n�r+i

P�! ⇣
↵

(�l

ki
), for i = r

1

+ 1, ..., r. (3.20)

From the definition of ⇣
↵

(·) in (3.12), we know ⇣
↵

(·) is non-decreasing over

(⌧
u

,1) and over (�1, ⌧
l

). Thus ⇣
↵

(�u

ki
) � ⇣

↵

(�u

ki+1
) for i = 1, ..., r

1

� 1, and

⇣
↵

(�l

ki
) � ⇣

↵

(�l

ki+1
) for i = r

1

+ 1, ..., r � 1. Furthermore, for i = 1, ..., r
1

� 1,

the inequality is strict if and only if  0
↵

(�u

ki
) > 0. For i = r

1

+ 1, ..., r � 1, the

inequality is strict if and only if  0
↵

(�l

ki+1
) > 0.

Remark 5 (Phase transition) The above theorem provides a complete solution to
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the exact analysis of the multi-rank spectral methods in the high-dimensional limit

under the separability condition. From Theorem 3, we can find generic phase transi-

tions depending on the sign of  0
↵

(�u

ki
) or  0

↵

(�l

ki
). When the derivative is positive, the

limiting squared cosine similarity between the target signal and corresponding eigen-

vector of D is strictly positive. Also the spectral gap between two adjacent eigenvalues

converges to a positive value, which guarantees the feasibility of iterative algorithms

such as power iterations. When  0
↵

(�u

ki
) < 0 for i = 1, ..., r

1

or  0
↵

(�l

ki
) < 0 for

i = r
1

+1, ..., r, the limiting squared cosine similarity converges to zero and the spec-

tral gap ( for i = 1, .., r
1

we mean the gap between �D

i

and �D

i+1

, for i = r
1

+1, ..., r, we

mean the gap between �D

n�r+i�1

and �D

n�r+i

) diminishes to zero, imposing convergence

issues on iterative algorithms for finding eigenvectors.

Remark 6 (The complex-valued case) The results of Theorem 3 are applicable

to the complex-valued case with the following changes: (1) In the definitions of �
i

(�)

in (3.10), replace S2

i

by |S
i

|2 and the random variable S
i

is now drawn independently

from CN (0, 1) instead of N (0, 1); (2) For the observation model, we now assume

⇠
i

2 Cn, the sensing vectors a
i

i.i.d.⇠ CN (0, I
n

) and the sensing model in (3.1) is

now y
i

⇠ f(y
�

�|ha, ⇠
1

i|2, ..., |ha, ⇠
r

i|2). Correspondingly, in assumption 3, the random

variable Y is now drawn from Y
�

�|S
1

|2, ..., |S
r

|2.

Remark 7 (The optimal preprocessing functions) From Theorem 3, we can

see that the cosine similarities between {⇠
1

, ..., ⇠
r

} and the eigenvectors of D ac-

tually share the same form as the case of r = 1 studied in [101, 102]. So we can

66



Chapter 3: Phase Transitions of Multi-Rank Spectral Methods

directly apply the results in chapter 2 [103] to find the optimal preprocessing func-

tion. In particular, based on the observation model in (3.1), define �
Y

as the support

of Y . If we want to maximize the cosine similarity between ⇠
i

and the corresponding

eigenvector of D, when inf
y2�Y

µi(y)

⌘(y)

> 0, the optimal design of preprocessing function

is given by

T
i

(y) = 1� ⌘(y)/µ
i

(y), (3.21)

where

⌘(y)
def

= E
Si

⇥

p
�

y
�

� S
i

�⇤

= p
Y

(y) (3.22)

and

µ
i

(y)
def

= E
Si

⇥

S2

i

p
�

y
�

�S
i

�⇤

. (3.23)

In (3.22) and (3.23), p(·|·) is the conditional density function of Y given S
i

, where

Y and S
i

are two random variables defined in assumption 3.

If inf
y2�Y

µi(y)

⌘(y)

= 0, then the theoretical upper bound on cosine similarity cannot

be achieved by any bounded function. However, there exists a family of bounded

functions
�T "

↵

(·) 
0<"<1

which approaches the theoretical upper bound as " ! 0. One

explicit example of such a family of preprocessing functions is

T "

↵

(y) =
c"
↵

(y)

1 + c"
↵

(y)
, (3.24)
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where

c"
↵

(y) = max

⇢

v"
↵

µ
i

(y)� ⌘(y)

⌘(y) + µ
i

(y)/�
↵

,�1 + "

�

. (3.25)

Here, �
↵

is the unique positive solution of the equation f(�) = 1/↵, where

f(�)
def

=

ˆ
�Y

[µ
i

(y)� ⌘(y)]2

⌘(y) + µ
i

(y)/�
dy, (3.26)

and v"
↵

� 1 can be uniquely determined by
´
�Y

c"
↵

(y)[µ
i

(y)� ⌘(y)] dy = 1/↵.

In the previous discussion, we present the asymptotic results for spectral meth-

ods with fixed ↵ and demonstrate the phase transition phenomenon by the sign of

of derivative of  
↵

(·). In practice, it would be more convenient to give the charac-

terization in terms of the sampling ratio ↵ and the results are summarized in the

following proposition.

Proposition 1 Under assumption 1-7, there exists a constant e↵ such that for any

↵ > e↵, as n ! 1,

⇢(⇠
i

,x
i

) > 0,

for i = 1, ..., r and

⇢(⇠
i

,x
j

) = 0,

for i, j 2 {1, ..., r} and i 6= j. Moreover, as ↵ ! 1, ⇢(⇠
i

,x
i

) ! 1 for i = 1, ..., r.

Remark 8 Proposition 1 shows that for su�ciently large sampling ratio ↵ > e↵, the

information of ⇠
i

will only be contained in the corresponding eigenvectors x
i

for all
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i = 1, ..., r. As the sampling ratio goes to infinity, the eigenvectors will perfectly

recover the target signals. Upper bound on e↵ and proof of proposition 1 are given in

appendix B.2.

3.2.2 Main Results: General Case

While in Section 3.2.1 we consider the case when assumption 7 holds and the

proble decouples to r separate fixed point equations, it is also of practical interest to

study the scenario when the separability condition is not satisfied. In this case, it is

no longer true that one eigenvector of D only contains the information of one target

signal ⇠
i

. In general, an eigenvector of D can have positive squared cosine similarity

with all the target signals and information of ⇠
i

can be included in r eigenvectors.

So it makes more sense to study the principal angles between the subspace spanned

by the target signals {⇠
1

, ..., ⇠
r

} and the eigenvectors {x
1

, ...,x
r

} of the constructed

data matrix D. For the sake of completeness, we introduce the definition of principal

angles as follows.

Let U and W be two r�dimensional subspace of Rn, then there exists a sequence

of r principal angles 0  ✓
1

 ...  ✓
r

 ⇡/2 between U and W , with the first one

defined as

✓
1

def

= min

⇢

arccos
⇣ |hu, wi|
kukkwk

⌘

: u 2 U , w 2 W
�

= arccos
⇣ |hu

1

, w
1

i|
ku

1

kkw
1

k
⌘
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and the other principal angles are defined in a recursive way as

✓
i

def

= min

⇢

arccos
⇣ |hu, wi|
kukkwk

⌘

:

u 2 U , w 2 W , hu, u
j

i = 0, hw,w
j

i = 0, 8j 2 {1, ..., i� 1}
�

= arccos
⇣ |hu

i

, w
i

i|
ku

i

kkw
i

k
⌘

and the vectors u
1

, ..., u
r

and w
1

, ..., w
r

are the corresponding principal vectors. The

principal angles can be viewed as a generalization of the angle between two vectors

to the angles between two subspaces. So next we will focus on the analysis of the

principal angles between the subspace of the target signals and the subspace of r

corresponding eigenvectors of D.

Consider the observation model in assumption 1-3, replace assumption 4-7 by the

following assumptions:

Assumption 8 Define matrix F 2 Rr⇥r such that F
i,j

= E(ZS
i

S
j

). Among the

r eigenvalues of F , r
1

of the eigenvalues are greater than EZ and r
2

of them are

smaller than EZ, where r1 � 0, r
2

� 0 and r
1

+ r
2

= r.

Assumption 9 As � approaches ⌧
u

from the right, all the r eigenvalues of E Z

2

��Z

SST

will go to +1, i.e.,

lim
�!⌧

+
u

�
i

⇣

E Z2

�� Z
SST

⌘

= 1, (3.27)

for i = 1, ..., r, where S is a column random vector whose jth element is the random

variable S
j

. Also, as � approaches ⌧
l

from the left, all the r eigenvalues of E Z

2

��Z

SST
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will go to �1, i.e.,

lim
�!⌧

�
l

�
i

⇣

E Z2

�� Z
SST

⌘

= �1, (3.28)

for i = 1, ..., r. This assumption is saying that the random variable Z has su�cient

probability mass near both the supremum ⌧
u

and infimum ⌧
l

of the support. Also we

assume

lim
�!⌧

+
u

⇣
↵

(�) > �
i

(F ), (3.29)

for i = 1, ..., r, where �
i

(F ) is the ith eigenvalue of F . And for i = 1, ..., r,

lim
�!⌧

�
l

⇣
↵

(�) < �
i

(F ). (3.30)

Assumption 10 Each eigenvalue of (⇣
↵

(�)I�F )�1E Z

��Z

SST for � > ⌧
u

and � < ⌧
l

has multiplicity 1. This assumption guarantees that the largest r
1

and smallest r
2

eigenvalues of D will not converge to the same value and thus the information of

target signals is separable from the processed observations z
i

= T (y
i

).

Under assumption 1-3 and 8-10, the spectral method we consider first constructs

the data matrix D as in (3.2) and then outputs the eigenvectors x
1

, ...,x
r1 cor-

responding to the largest r
1

eigenvalues of D and eigenvectors x
r1+1

, ...,x
r

corre-

sponding to the smallest r
2

eigenvalues of D. Define X as the subspace spanned by

{x
1

, ...,x
r

} and define ⌅ as the subspace spanned by the target signals {⇠
1

, ..., ⇠
r

}.

Then spectral methods estimate the target subspace ⌅ by the eigenvectors subspace

X . To measure the performance of subspace estimation, we extend the squared co-
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sine similarity between vectors to the squared cosine similarity between subspaces

as

⇢(⌅,X )
def

=
r

X

i=1

cos2(✓
i

), (3.31)

where ✓
i

is the ith principal angle between ⌅ and X . The following theorem sum-

marizes our main results in this setting.

Theorem 4 Define S as a random vector whose ith coordinate is the random vari-

able S
i

. Under assumptions 1-3 and 8-10, the following hold:

1. For any ↵ > 0, there exists r solutions to the equation

det
⇣

I � �⇣
↵

(�)I � F
��1

�

E Z2

�� Z
SST

�

⌘

= 0, � > ⌧
u

, (3.32)

and we can find the largest r
1

of the solutions in descending order and denote

them by �u

1

> �u

2

> ... > �u

r1
. Due to assumption 10, we have �u

i

6= �u

j

for i 6= j.

Similarly, for any ↵ > 0, there exists r unique solutions to the equation

det
⇣

I � �⇣
↵

(�)I � F
��1

�

E Z2

�� Z
SST

�

⌘

= 0, � < ⌧
l

. (3.33)

and we find the smallest r
2

of solutions and denote them by �l

r1+1

> �l

r1+2

>

... > �l

r

.

2. Let x
1

, ...,x
r1 be the eigenvectors of D (defined in (3.2)) associated with the top

r
1

leading eigenvalues(in descending order) and x
r1+1

, ...,x
r

be the eigenvectors
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of D associated with the smallest r
2

eigenvalues(in descending order). Let

⌅ be the subspace spanned by {⇠
1

, ..., ⇠
r

} and X be the subspace spanned by

{x
1

, ...,x
r

}. As n ! 1,

⇢(⌅,X )
P�!

r1
X

i=1

1
 ↵(�

u
i )>0

· !(�u

i

) +
r

X

i=r1+1

1
 ↵(�

l
i)>0

· !(�l

i

), (3.34)

where 1{·} is the indicator function, and !(·) is defined as

!(�)
def

=
 0
↵

(�)

 0
↵

(�) + e!(�)
(3.35)

where

e!(�)
def

=

tr

✓

adj
⇣

A(�)
⌘

µ
�

E Z

2

(��Z)

2SS
T

◆

tr

✓

adj
⇣

A(�)
⌘

µ2

�

E Z

2

��Z

SST

◆ (3.36)

and adj(·) denotes the adjugate matrix, µ
�

is a matrix defined as

µ
�

def

=
�

 
↵

(�)� I
��1

,

and A(�) is a matrix defined as

A(�)
def

= I � µ
�

E Z2

�� Z
SST .

Furthermore, if  
↵

(�u

i

)  0 for i 2 {1, ..., r
1

} or  
↵

(�l

i

)  0 for i 2 {r
1

+
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1, ..., r}, we have

⇢(⇠
j

,x
i

)
P�! 0, 8j 2 {1, ..., r}. (3.37)

3. Let �D

1

, ...,�D

r1
be the top r

1

eigenvalues of data matrix D, and �D

n�r2+1

, ...,�D

n

be the smallest r
2

eigenvalues. As n ! 1,

�D

i

P�! ⇣
↵

(�u

i

), for i = 1, ..., r
1

, (3.38)

and

�D

n�r+i

P�! ⇣
↵

(�l

i

), for i = r
1

+ 1, ..., r. (3.39)

Same as in Theorem 3, for i = 1, ..., r
1

� 1, we have ⇣
↵

(�u

i

) � ⇣
↵

(�u

i+1

) with

the inequality being strict if and only if  0
↵

(�u

i

) > 0. For i = r
1

+ 1, ..., r � 1,

⇣
↵

(�l

i

) � ⇣
↵

(�l

i+1

), where we have strict inequality if and only if  0
↵

(�l

i+1

) > 0.

3.3 Worked Examples

3.3.1 Multiplexed Phase Retrieval

To show how the results stated in Theorem 3 can be applied in practice, we present

examples corresponding to multiplexed phase retrieval model [91]. In particular, we
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consider the following sensing model

y
i

=
r

X

j=1

�
j

(aT

i

⇠
j

)2, (3.40)

where �
1

, ..., �
r

2 R are the source strength parameters of the corresponding image

signals. We use the subset preprocessing function

T (y) = 1{y�t}. (3.41)

Under (3.41), we can simplify the expression of �
i

(�) and  
↵

(�) as

�
i

(�) =
c
i

�

�� 1
and  

↵

(�) = �(1/↵ +
d

�� 1
),

where

c
i

def

= EZS2

i

and d
def

= EZ.

Figure 3.1 shows the analytical predictions of performance of spectral method

and compares them with numerical simulation results. In our experiments, number

of signals r = 3 and the source strength parameters are set to �
1

= 2, �
2

= 1

and �
3

= �1.5. So we have r
1

= 2 and r
2

= 1. The threshold in the subset

preprocessing function is set to t = 1.2. The figure clearly demonstrates that our

analytical predictions match numerical results.
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α = m/n
0 2 4 6 8 10 12 14

Squared Correlation

0

0.1

0.2
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0.7
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ρ(ξ2,x2)
ρ(ξ3,x3)

Figure 3.1: Analytical predictions and numerical simulations for the multiplexed
phase retrieval model. Numerical results (for n = 8192) are averaged over 16 inde-
pendent trials, with the error bars indicating ±1 standard deviation.

Figure 3.2 demonstrates the improvement brought by optimal design of prepro-

cessing functions. In this experiment, we compare the squared cosine similarity using

the optimal preprocessing functions (denoted by ⇢
opt

(⇠
1

,x
1

) and ⇢
opt

(⇠
2

,x
2

)) and the

subset preprocessing functions (denoted by ⇢
sub

(⇠
1

,x
1

) and ⇢
sub

(⇠
2

,x
2

)). We set the

number of signals to r = 2 and the source strength parameters �
1

= 0.7, �
2

= 0.3.

For this observation model, we can check that inf
y

µi(y)

⌘(y)

= 0 for i = 1, 2. So we

choose the optimal preprocessing functions of the form (3.24) with " = 0.1. For any

given ↵ and for the estimation of ⇠
1

and ⇠
2

respectively, we set the threshold t in the

subset preprocessing functions (3.41) to the optimal among the set {0.2 ⇤ k : k 2 N}.

We can see from the figure that both theoretically and experimentally, the optimal
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α = m/n
0 1 2 3 4 5 6 7 8

Squared Correlation

0

0.2

0.4

0.6

0.8

1
ρopt(ξ1,x1)
ρopt(ξ2,x2)
ρsub(ξ1,x1)
ρsub(ξ2,x2)

Figure 3.2: Analytical predictions and numerical simulations for the multiplexed
phase retrieval model. Numerical results (for n = 4096) are averaged over 16 in-
dependent trials, with the error bars indicating ±1 standard deviation. For the
optimal designs, the real lines indicate the theoretical upper bounds no bounded
preprocessing functions can achieve. As we can see from the figure, when " = 0.1,
the performance is already very close to the upper bound.

preprocessing functions achieve better performance.

3.3.2 Shallow Neural Networks

In this subsection, we show a example where assumption 7 is not met and we

can apply Theorem 4 to get the asymptotic characterization of the squared cosine

similarity between subspace of eigenvectors and the target subspace. We consider
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the learning of a two-layer neural network, where the model is

y
i

=
r

X

j=1

�
j

max(0,aT

i

⇠
j

). (3.42)

The max(0, ·) is the rectified linear unit (ReLU) function and �
j

’s are the weights

in the second layer of the network. In this experiment we consider the subset pre-

processing function defined in (3.41). The subset preprocessing function allows us

to simplify the terms in the fixed point equation and expression of squared cosine

similarity as

 
↵

(�) =�(1/↵ +
d

�� 1
),

E Z2

�� Z
SST =C/(�� 1),

E Z2

(�� Z)2
SST =C/(�� 1)2,

where

C
def

= EZSST 2 Rr⇥r and d
def

= EZ.

Figure 3.3 compares the asymptotic predictions of the performance of spectral

method with numerical results. In our experiment, number of signals r = 2 and the

weight parameters are set to �
1

= 1.2 and �
2

= 1. In this setting, r
1

= 2 and r
2

= 0.

The threshold parameter in the subset preprocessing function (3.41) is set to t = 1.5.

In the experiment we compute the magnitude of projection of x
i

onto the the target

subspace spanned by the orthogonal signals {⇠
1

, ⇠
2

}. In particular we define the

magnitude of projection of x
i

as (⇠T
1

x
i

)2 + (⇠T
2

x
i

)2, which corresponds to the term
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α = m/n
0 5 10 15 20 25 30

Projection on Target Subspace
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0.1

0.2

0.3
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Projection of x1
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Figure 3.3: Analytical predictions and numerical simulations for the magnitude of
projection of each eigenvector onto the target subspace with the model of a two-layer
neural network. Numerical results (for n = 4096) are averaged over 16 independent
trials, with the error bars indicating ±1 standard deviation.

1
 ↵(�

u
i )>0

·!(�u

i

) in (3.34). The figure clearly demonstrates that the numerical results

match our analytical prediction of the projection of each eigenvector on the target

subspace, so the prediction of the squared cosine similarity defined in (3.31), which

is the summation of the projection of all the eigenvectors, is also accurate.

3.4 Proof of Main Results

In this section, we give the proof of Theorem 3. First we build a link between

the eigenvalues of the data matrix D and the eigenvalues of M
µ

(to be defined

in Section 3.4.1) through a fixed point equation. The fixed point equation allows
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us to connect our problem to a generalized version of the spiked population model

[104, 106–109] in random matrix theory. From [104, 106], we know the asymptotic

eigenvalues spectrum ofM
µ

consists of a bulky part and few spikes. The information

of the signals of interest is contained in the eigenvectors corresponding to spike

eigenvalues and the exact asymptotic characterization of the spike eigenvalues is

provided in Section 3.4.2. Finally, we study the limiting behavior of eigenvectors of

D by the partial derivatives of the spike eigenvalues of M
µ

with respect to µ, from

which we can calculate the squared cosine similarities defined in (3.13) and (3.31).

Before proceeding to the proof of Theorem 3, we introduce an important sim-

plification. Since the sensing vectors a
i

’s are drawn from the rotationally invariant

multivariate normal distribution, any set of orthogonal vectors {⇠
1

, ..., ⇠
r

} are equiv-

alent in the sense that the squared cosine similarity defined in (3.13) will have exactly

the same probability distribution. See Appendix B.1 for a proof. For the rest of this

chapter, we assume

⇠
i

= e
i

, for i = 1, ..., r, (3.43)

where e
i

is the ith canonical basis of Rn.
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3.4.1 Fixed-Point Characterization of Eigenvalues

First, write the data matrix D defined in (3.2) in a block-partitioned form as

D =

2

6

6

4

A qT

q P

3

7

7

5

(3.44)

where A 2 Rr⇥r, q 2 R(n�r)⇥r and P 2 R(n�r)⇥(n�r). Define

M
µ

= P+ qµqT (3.45)

for some µ 2 Rr⇥r, the following lemma gives a link between the eigenvalues of D

and eigenvalues of M
µ

.

Lemma 2 Consider matrices D, M
µ

in (3.44) (3.45). For any � not eigenvalue of

A and is eigenvalue of D with multiplicity k, if we set

µ⇤ = (�I
r

�A)�1, (3.46)

then � is also eigenvalue of M
µ

⇤ of multiplicity k.

On the other hand, if � is eigenvalue of M
µ

with multiplicity k, which satisfies

µ = (�I
r

�A)�1, (3.47)
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then � is also eigenvalue of D with multiplicity k.

Proof: From the definition of D and P in (3.2) and (3.44), we know P is real

symmetric matrix and we assume it can be diagonalized by orthogonal matrix V ,

P = V diag{�P

1

, ...,�P

n�r

}V T .

Define

eV =

2

6

6

4

I
p

0

0 V

3

7

7

5

,

and

eD = eV
T

D eV =

2

6

6

4

A qTV

V Tq diag{�P

1

, ...,�P

n�r

}

3

7

7

5

.

Since eV is an orthogonal matrix, eD and D share the same eigenvalues. Similarly,

we know

fM
µ

= V TM
µ

V = diag{�P

1

, ...,�P

n�r

}+ V TqµqTV

shares the same eigenvalues with M
µ

. Without loss of generality, we can prove

the results in Lemma 2 assuming P is a diagonal matrix with the form P =

diag{�P

1

, ...,�P

n�r

}.
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Writing out the characteristic polynomial of D as

p
D

(t) = det(tI �D) = det

0

B

B

B

@

2

6

6

4

tI �A qT

q tI � P

3

7

7

5

1

C

C

C

A

(a)

= det(tI � P )·

det

0

@tI �A� qTdiag

(

1

t� �P

1

, ...,
1

t� �P

n�r

)

q

1

A

=det(tI � P ) · det(tI �A)·

det

0

@I � (tI �A)�1qTdiag

(

1

t� �P

1

, ...,
1

t� �P

n�r

)

q

1

A ,

(3.48)

where (a) is by applying Schur’s determinant identity. The characteristic polynomial

of M
µ

is

p
Mµ(t) =det(tI � P � qµqT )

= det(tI � P )·

det

0

@I � diag

(

1

t� �P

1

, ...,
1

t� �P

n�r

)

qµqT

1

A

(b)

= det(tI � P )·

det

0

@I � µqTdiag

(

1

t� �P

1

, ...,
1

t� �P

n�r

)

q

1

A ,

(3.49)

where (b) is due to the identity det(I + AB) = det(I + BA). Comparing (3.48)
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and (3.49) we find that

p
D

(t) = det(tI �A) · p
M

⇤
µ
(t)

when µ⇤ = (tI�A)�1. So when t is not eigenvalue of A, det(tI�A) 6= 0 and p
D

(t)

shares the same roots with p
M

⇤
µ
(t), which leads to the conclusions in Lemma 2. ⌅

Lemma 2 gives us a way to study the eigenvalues of D through the eigenvalues

of M
µ

and solving (3.47). Next, we will discuss the characterization of asymptotic

spectrum of M
µ

.

3.4.2 Asymptotic Eigenvalue Spectrum of Mµ

Write the sensing vector a
i

as block-partitioned form, we get

a
i

=

2

6

6

4

s
i

u
i

3

7

7

5

,

where s
i

2 Rr and u
i

2 Rn�r. Then matrix M
µ

can be written as

M
µ

= UfMUT ,
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where U = [u
1

, ...,u
m

] and

fM = diag(z
1

, ..., z
m

) +

2

6

6

6

6

6

4

z
1

sT
1

...

z
m

sT
m

3

7

7

7

7

7

5

µ



z
1

s
1

... z
m

s
m

�

. (3.50)

From (3.50), it is obvious that the asymptotic spectrum of fM is composed of two

parts. The first part is a bulky spectrum following the density of Z. The second part

are spikes outside of the density support of Z. From (3.49), we know that a spike �

is a solution of

det

 

I � µ



z
1

s
1

... z
m

s
m

�

diag

⇢

1

�� z
1

, ...,
1

�� z
m

�

2

6

6

6

6

6

4

z
1

sT
1

...

z
m

sT
m

3

7

7

7

7

7

5

!

= 0

(3.51)

From the observation model in (3.1) and the assumption of signals in (3.43), we

know z
i

only depends on s
i

and is independent of u
i

. So U and fM are independent.

Furthermore, since the entries of U follow rotationally symmetric i.i.d. Gaussian

distribution, the distribution of the eigenvalues of M is the same as that of

Udiag
⇣

�
f
M

1

, ...,�
f
M

m

⌘

UT , (3.52)

where �
f
M

i

is the ith eigenvalue of fM .

85



Chapter 3: Phase Transitions of Multi-Rank Spectral Methods

As shown in [102,104,106], the extreme sample eigenvalues of matrices in the form

of (3.52) will converge almost surely in the high-dimensional limit. In particular, we

can calculate the spikes of M from the spectrum of fM. Let �
f
M be a spike of fM, a

spike eigenvalue �M of M will converge almost surely to

�M

a.s.!  (�
f
M) (3.53)

if  0(�f
M) > 0, where  (·) is defined in (3.11). Otherwise it will be hidden in the

bulky spectrum. So there exists a phase transition of whether the spike will come

out of the bulk depending on the sign of the derivative of  (�
f
M).

3.4.3 Characterization of Eigenvectors of D

Now we have finished the discussion of characterization on eigenvalues of D. The

spectral methods output eigenvectors as estimate of signals so next we will focus on

the characterization of eigenvectors. In particular, we will build a bridge between

eigenvectors of D and that of M
µ

and calculate the squared cosine similarities

through the partial derivatives of �Mµ with respect to µ.

Under the assumption in (3.43), the squared cosine similarity defined in (3.13)

is a function of xT

i

e
j

for i, j = 1, ..., r. So we need to know the first r entries of

x
1

, ...,x
r

, which can be calculated using the following lemmas.

Lemma 3 Consider matrices D and M
µ

in (3.44) (3.45). For any � not eigenvalue
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of A and is eigenvalue of D with multiplicity 1, the eigenvector of D associated with

� is

ex = �

2

6

6

4

µ⇤qTx

x

3

7

7

5

(3.54)

where � =
q

1

kµ⇤
q

T
xk2+1

and x is the eigenvector of M
µ

⇤ associated with �, with µ⇤

taking the form in (3.46).

Proof: First we can easily check that

kexk2
2

= �2

⇣

kµ⇤qTxk2 + kxk2
2

⌘

= 1.

Then we only need to show that Dex = �ex. Writing D as the block-partitioned form

in (3.44), we want to show that

Aµ⇤qTx+ qTx = �µ⇤qTx (3.55)

and

qµ⇤qTx+ Px = �x. (3.56)

We can see that (3.55) is true because

�µ⇤qTx�Aµ⇤qTx = (�I �A) · (�I �A)�1qTx = qTx,
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and (3.56) is the direct result of x being the eigenvector of M
µ

⇤ = P + qµ⇤qT

associated with eigenvalue �. ⌅

Since the cosine similarities only depend on the first r entires of the eigenvectors,

the quantity of interest is µ⇤qTx. The following lemma gives a way to calculate it

through the partial derivatives of the spike eigenvalue.

Lemma 4 Let matrix M
µ

be defined in (3.45), where µ is real symmetric matrix

such that µ = W diag(µ
1

, ..., µ
r

)W T . Define �
j

as the jth largest eigenvalue of M
µ

.

Assume �
j

is with multiplicity 1 and is di↵erentiable with respect to µ
i

, the following

holds

@�
j

@µ
i

= (xTqw
i

)2, (3.57)

where x is the eigenvector of M
µ

associated with �
j

and w
i

is the ith column of W .

Proof: We know that the eigenvalue �
j

is the solution of

det
⇣

P + qµqT � �I
⌘

= 0.

So we have

@

@u
i

det

0

@P +
r

X

i=1

µ
i

qw
i

wT

i

qT � �
j

I

1

A = 0. (3.58)

For simplification of notation, define

B = P +
r

X

i=1

µ
i

qw
i

wT

i

qT � �
j

I.

88



Chapter 3: Phase Transitions of Multi-Rank Spectral Methods

Applying Jacobi’s formula [110], (3.58) becomes

tr

✓

adj
⇣

B
⌘⇣

qw
i

wT

i

qT � @�
j

@µ
i

I
⌘

◆

= 0. (3.59)

When �
j

is eigenvalue of multiplicity 1, we know B is of rank n� r � 1. So adj(B)

is of rank 1 and

adj(B)

tr(B)
= xxT .

From (3.59), we have

@�
j

@µ
i

=
tr
�

adj(B)qw
i

wT

i

qT

�

tr
�

adj(B)
�

= tr(xxTqw
i

wT

i

qT ) = (xTqw
i

)2,

which completes the proof of lemma 4. ⌅

3.4.4 Proof of Theorem 3

Now we are ready to prove our asymptotic characterizations in Theorem 3. Con-

sider the model stated in assumptions 1-7, by law of large number,

A
a.s.! diag

�

E(ZS2

1

), ...,E(ZS2

r

)
�

def

= F , (3.60)
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and



z
1

s
1

... z
m

s
m

�

diag

⇢

1

�� z
1

, ...,
1

�� z
m

�

2

6

6

6

6

6

4

z
1

sT
1

...

z
m

sT
m

3

7

7

7

7

7

5

a.s.! E
⇣ Z2

�� Z
SST

⌘

,

where

S
def

=

2

6

6

6

6

6

4

S
1

...

S
r

3

7

7

7

7

7

5

is a r-dimensional random column vector. Now as m,n ! 1, since det(·) is a

continuous function, the spike eigenvalues of fM
µ

studied in (3.51) will converge

almost surely to the solutions of

det

✓

I � µE
⇣ Z2

�� Z
SST

⌘

◆

= 0 (3.61)

Notice that the first r
1

leading eigenvalues and the smallest r
2

eigenvalues of D

are not eigenvalues of A with probability 1. From lemma 2, we are seeking solutions

of

µ = (�
j

I
r

�A)�1, (3.62)

where �
j

is the jth eigenvalue of M
µ

. From the asymptotic characterization of

eigenvalues of M
µ

, we know when �
j

is hidden in the bulky spectrum, @�j

@µi
= 0 for
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all i = 1, ..., r. By lemma 3 and lemma 4, we can conclude that the first r elements of

the corresponding eigenvector of D will converge to 0 in this case. Thus the squared

cosine similarity defined in (3.13) is non-zero if and only if the eigenvalue is a spike

outside of the bulky spectrum. Now we can focus on the solution of (3.62) where

�
j

is a spike eigenvalue of M
µ

. Combing (3.61) with (3.53) (3.62), we can conclude

that the spike eigenvalue of D will converge almost surely to  (�
f
Mµ) where �

f
Mµ is

a solution of

det

✓

I �
⇣

 (�)I � F
⌘�1

E
⇣ Z2

�� Z
SST

⌘

◆

= 0, (3.63)

which also satisfy that  0(�f
Mµ) > 0. By the definition of F in (3.60) and assumption

(6), we know both
⇣

 (�)I � F
⌘�1

and E
⇣

Z

2

��Z

SST

⌘

are diagonal matrices, which

decouples the r�dimensional problem in (3.63) to r 1�dimensional problem:

E
⇣ Z2

�� Z
S2

i

⌘

+ EZS2

i

=  (�), (3.64)

and  0(�) > 0.

Since  (�) is a convex function over (⌧
u

,1), a concave function over (�1, ⌧
l

)

and we impose the constraint that  0(�) > 0, we can replace  (�) by ⇣
↵

(�) defined in

(3.12) and reach the fixed point equations in (3.14)(3.15) of Theorem 3. We can prove

that there are always a unique solution to (3.14) in (⌧
u

,1) and a unique solution

to (3.15) in (�1, ⌧
l

) by the following facts: �
i

(·) is monotonically decreasing over

(⌧
u

,1) and over (�1, ⌧
l

) for i = 1, ..., r,  
↵

(·) is monotonically non-decreasing over
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(⌧
u

,1) and over (�1, ⌧
l

), and from assumption 4, for i = 1, ..., r,

lim
�!⌧

+
u

�
i

(�) = lim
�!1

 
↵

(�) = 1,

lim
�!⌧

�
l

�
i

(�) = lim
�!�1

 
↵

(�) = �1,

lim
�!1

�
i

(�) = lim
�!�1

�
i

(�) = E(ZS2

i

) < 1,

lim
�!⌧

+
u

 
↵

(�) =  
↵

(�u

↵

) < 1,

lim
�!⌧

�
l

 
↵

(�) =  
↵

(�l

↵

) < 1

(3.65)

Once we find the solutions of the fixed point equations (3.14) and (3.15), if  0(·) >

0 at the solution, by (3.53) we know the corresponding eigenvalue will come out as

a spike. When  0(·)  0 at the solution, the corresponding eigenvalue will converge

almost surely to the upper or lower boundary of the bulky spectrum of D, which

leads to the expressions in (3.19) and (3.20).

Next we prove the results concerning the squared cosine similarities in (3.16),

(3.17) and (3.18). As m,n ! 1, F will converge to a diagonal matrix, so W we

consider in lemma 4 will converge almost surely to I and µ = diag(µ
1

, ..., µ
r

). So the

eigenvalue of fM
µ

, which will converge to the solution of (3.61), only depends on one

diagonal coordinate of µ. Then the spike eigenvalue of M
µ

, which will converge to

 
↵

(�
f
Mµ), also only depends on one diagonal coordinate of µ. Together with (3.54)
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in lemma 3 and (3.57) in lemma 4, we can reach (3.18) and

⇢(⇠
ki
,x

i

)
P�!

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

@⇣↵

�

Q�1
ki

(1/µki
)

�

@µki

�

�

�

µ⇤
u,ki

�

µ

⇤
u,ki

�2

@⇣↵

�

Q�1
ki

(1/µki
)

�

@µki

�

�

�

µ⇤
u,ki

�

µ

⇤
u,ki

�2
+1

, if  0
↵

(�u

ki
) < 0,

0, if  0
↵

(�u

ki
) < 0,

(3.66)

for i = 1, ..., r
1

, where µ⇤
u,ki

= 1/Q
ki(�

u

ki
), and

⇢(⇠
ki
,x

i

)
P�!

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

@⇣↵

�

Q�1
ki

(1/µki
)

�

@µki

�

�

�

µ⇤
l,ki

�

µ

⇤
l,ki

�2

@⇣↵

�

Q�1
ki

(1/µki
)

�

@µki

�

�

�

µ⇤
l,ki

�

µ

⇤
l,ki

�2
+1

, if  0
↵

(�u

ki
) < 0,

0, if  0
↵

(�u

ki
) < 0,

(3.67)

for i = r
1

+ 1, ..., r, where µ⇤
l,ki

= 1/Q
ki(�

l

ki
) and

Q
i

(�)
def

= E
Z2S2

i

�� Z
, for � > ⌧

u

and � < ⌧
l

.

In (3.66) and (3.67), Q�1

i

(1/µ) is a explicit way to write out the solution of (3.61).

We can easily check that there exists a functional inverse of Q
i

(·) for i = 1, ..., r

because Q
i

(�) is decreasing from 1 to 0 when � > ⌧
u

and decreasing from 0 to �1

when � < �⌧
l

. We can use chain rule to calculate the partial derivatives in (3.66)
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and (3.67)

@⇣
↵

�

Q�1

ki
(1/µ

ki)
�

@µ
ki

=
�⇣ 0

↵

�

Q�1

ki
(1/µ

ki)
�

Q0
ki

�

Q�1

ki
(1/µ

ki)
�

(µ
ki)

2

.

Finally make a change of variable and rewrite (3.66)(3.67) in terms of �u

ki
and �l

ki
,

we can reach (3.16) and (3.17) in Theorem 3.

3.4.5 Proof of Theorem 4

Now we are ready to prove the asymptotic results for general sensing models

stated in Theorem 4. The derivation of fixed point equations follows from (3.63).

Since the eigenvector will contain information of target signals if and only if the

derivative of  
↵

(·) function is positive, we can replace  
↵

(·) in (3.63) by ⇣
↵

(·) and

reach the fix point equations (3.32) and (3.33) in Theorem 4. Next we prove that

there always exist r solutions to (3.32) and to (3.33). In particular, we show the

r solutions of (3.32) and the same proof can be applied to show the existence of

solutions for (3.33).

� is a valid solution to (3.32) if and only if one of the eigenvalues of

B(�)
def

=
�

⇣
↵

(�)I � F
��1

�

E Z2

�� Z
SST

�

(3.68)

is 1. From assumption 9, we know all the eigenvalues of B(�) will go to 1 as �

approaches ⌧
u

from the right. Also since ⇣
↵

(�) ! 1 as � ! 1, we know that all

the r eigenvalues of B(�) will converge to 0 as � ! 1. Since the r eigenvalues of
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B(�) are continuous functions of �, there exist at least r solutions to (3.32).

Lemma 5 Under assumption 1-3 and 8-10, denote the r eigenvalues of B(�) (as

defined in (3.68)) as �
i

(B(�)) and arrange them in descending order, then for i =

1, ..., r, �
i

(B(�)) is strictly decreasing from 1 to 0 for � 2 (⌧
u

,1).

Using the above lemma, whose proof is given in the appendix, we can show that

there exist r distinct solutions of (3.32). Finally we derive the result in (3.34). When

⇠
i

= e
i

, we have

⇢(⌅,X ) = tr
�

GGT

�

=
p

X

i,j=1

(eT

i

x
j

)2,

where G 2 Rr⇥r and G
i,j

= eT

i

x
j

. When  0
↵

(�u

i

) < 0 for i = 1, ..., r
1

or  0
↵

(�l

i

) < 0

for i = r
1

+ 1, ..., r, we have eT

j

x
i

= 0 for all j = 1, ..., r. When  0
↵

(�u

i

) > 0 for

i = 1, ..., r
1

, from (3.54) in lemma 3 and (3.57) in lemma 4, we get

r

X

j=1

(eT

j

x
i

)2 =

P

r

j=1

@

@uj
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(�) · u2

j

�

�

�

�
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�

 ↵(�)I�F

��1

P
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@

@uj
 
↵

(�) · u2
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�

�

�

�
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�

 ↵(�
u
i )I�F

��1
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(3.69)

where � is a function of µ as the solution of (3.61). We can calculate @

@uj
 
↵

(�) by

the chain rule

@

@u
j

 
↵

(�) =  0
↵

(�) · @�
µ
j

(3.70)

Define

A
µ

(�)
def

= I � µE
⇣ Z2

�� Z
SST

⌘
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and from (3.61) we have

@ det(A
µ

(�))

µ
j

= 0. (3.71)

Furthermore, apply Jacobi’s formula [110] and (3.71) becomes

@�

µ
j

=

tr

✓

adj
�

A
µ

(�)
�

⇣

w
j

wT

j

E
�

Z

2

��Z

SST

�

⌘

◆

tr

✓

adj
�

A
µ

(�)
�

µE
⇣

Z

2

(��Z)

2SS
T

�

◆ . (3.72)

Combing (3.69) (3.70) and (3.72), we can reach the formulas on squared cosine

similarity between subspace spanned by eigenvectors of D and subspace spanned by

target signals stated in (3.34) (3.35) and (3.36).
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Chapter 4

A-SURE: Approximate Stein’s

Unbiased Risk Estimator for

Discrete Observations

4.1 Introduction

In a landmark paper, Stein [1] derived a beautiful and simple lemma for Gaussian

random variables. Based on multivariate version of Stein’s lemma, Stein’s unbiased

risk estimate (SURE) was proposed for independent, identically distributed (iid)

Gaussian model. Given a n�dimensional observation y ⇠ N (x, �2I) and a recon-

struction function x̂ = f(y) where f : Rn ! Rn is absolutely continuous for each

coordinate, define the Stein’s unbiased risk estimator (SURE) as:
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R̂ = ��2 +
1

n
||y � f(y)||2

2

+
2�2

n

n

X

i=1

@f
i

(y)

@y
i

, (4.1)

where k · k
2

is the l
2

-norm and f
i

(y) stands for the i�th coordinate of function f(y).

Then we have

E
x

(R̂) = E
x

✓

1

n
||f(y)� x||2

2

◆

, (4.2)

which shows that SURE is an unbiased estimator of the risk based on mean square

error. When the signal dimension is large, SURE estimator and the mean square

error both have small variance for regular reconstruction function f(·). So we can use

SURE estimator, which is only a function of the observation, to estimate the mean

square error, which is not accessible since it also depends on the unknown parameter

x. Under Gaussian channel, the SURE criteria is to tune the parameters of the

reconstruction function f(·) by minimizing SURE instead of the mean square error

itself, which is unknown since we don’t know the ground truth signal x. Compared

with the regular ensemble-based criteria to tune the parameters, the SURE-based

method can achieve adaptive parameter tuning, which means we can have di↵erent

parameters by minimizing the corresponding SURE of di↵erent observations. Also,

the SURE-based tuning is training samples free, so to tune the optimal parameters
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for reconstruction (in the sense of minimizing SURE), we only need one observation.

Nowadays, with more fancy estimators on di↵erent types of applications being of

interest, SURE has been developed in a wider range of applications. Among them

are image denoising [12], lasso and generalized lasso estimators [111, 112], convex-

constrained regression estimators [113], reduced rank regression [114], singular value

thresholding [115] and hierarchical model [116]. These researches provide a new

reconstruction algorithm f(·) and calculate the corresponding form of SURE using

equation (4.1).

Except finding SURE for new estimators, recent research of unbiased risk esti-

mator has also been focused on other independent channels, which assume that each

coordinate of the observation follows i.i.d. probabilistic channel with the parameters

being the corresponding coordinate of the signal we want to recover. After Donoho

and Johnstone proposed the SureShrinkage procedure to recover a function of un-

known smoothness from noisy sampled data [10], more and more denoising problems

try to harness the power of SURE to improve their performance. The SURE-LET ap-

proach [12] designs the denoising function as the linear combination of a set of basic

functions and tunes the parameters by minimizing SURE estimator. After achiev-

ing superior performance in the i.i.d. Gaussian noise channel, the approach was

extended to Poisson noisy channel [94], mixed Poisson-Gaussian noisy channel [95]

and deconvolution problems where the observation depends on a linear transform

of the signal instead of the signal itself [117, 118]. The i.i.d. Gaussian probabilistic
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channel is also extended to other continuous exponential family channels [96], which

makes the methodology more widely applicable. However, in real world applications,

the channels are not necessarily exponential family and the observations in a lot of

cases are discrete due to quantization. In these cases, the exact SURE may not exist

but we can still find a good approximation for SURE, which still works perfectly

in predicting the risk and tuning the parameters. So in this chapter, we propose

a novel idea of finding approximate Stein’s unbiased risk estimator (A-SURE) for

general discrete noisy channels. We also present an e�cient algorithm for finding

the A-SURE and prove some important properties of the proposed A-SURE. In par-

ticular, we show the approximate unbiasedness and convergence in high dimensional

limit of the A-SURE to make sure that the proposed idea doesn’t su↵er significantly

from the approximation and the estimator has a small variance to guarantee that

the A-SURE is a good estimate of the true MSE for high-dimensional problems.

To illustrate the power of the proposed A-SURE in real world applications, we

also apply the A-SURE to tune parameters for binary imaging problems with quan-

tum image sensors (QIS) [119]. QIS is envisioned as the next generation imaging

technology with numerous applications [120–122]. QIS Binary imaging is a binary-

quantized imaging scheme following a quantized Poisson process, which is reminiscent

of traditional photographic film. In this chapter, we design the binary imaging re-

construction algorithm as a linear combination of basic reconstruction functions and

use the A-SURE criteria to tune the corresponding coe�cients. Extensive experi-
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ment results show that the A-SURE approach can well predict the inner product

and thus tune the parameters for the minimum mean square error. Comparison with

state-of-art binary imaging algorithms [119,123] also shows the superior power of the

A-SURE approach in this application.

The rest of this chapter is organized as follows: in Section 4.2, we state the prob-

lem settings and the discrete i.i.d. channel where we derive A-SURE. The intuition

behind A-SURE and the details of an e�cient algorithm to find the proposed A-

SURE are established in Section 4.3. Based on the proposed A-SURE, we state the

properties of approximate unbiasedness and convergence in high-dimensional limit

in Section 4.4 and prove them. In Section 4.5, we extend the method of finding the

A-SURE for i.i.d. channel to the scenario of deconvolution, where the observations

depend on a linear transform of the signal of interest. Application on binary imaging

with quantum image sensors using the A-SURE based approach shows a superior

performance in Section 4.6. Finally, we draw the conclusions in Section 4.7.

4.1.1 Notation

In this chapter, we use bold lower case letter to denote vector signal, e.g. x and

y. The ith entry of a vector x is denoted by x
i

. The corresponding upper case means

the corresponding random variable. We use f(y) to denote an Rn ! Rn function

taking vector y as input. We denote f
i

(y) as the ith coordinate of the output of the

function f(y). For distributions, we use p
x

(y) to denote a parametric distribution of
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Y with parameter X = x, which can also be viewed as the conditional distribution

of Y given X, P
Y |X(y|x). The expectation E

x

(·) is the expectation given vector x as

fixed known parameter and the randomness is from the distribution of Y given X,

P
Y |X(y|x). Function of the observation g(y) is a Rn ! R function that maps the

observation vector to a risk estimator.

4.2 Problem Settings

In the following of this chapter, we consider general finite discrete noisy chan-

nels. Note that continuous cases can be approximated by quantization so consider-

ing discrete case is general enough. Suppose x is a bounded n-dimensional signal

we want to estimate and we know that 0  x
i

 b for i = 1, 2, ..., n. Discrete

n-dimensional observation y is obtained through i.i.d. channel, which means the

conditional distribution P
y|x(y|x) factorizes and each coordinate follows the same

parametric distribution p
x

(y):

P
Y|X(y|x) = ⇧n

i=1

P
Yi|Xi(yi|xi

) = ⇧n

i=1

p
xi(yi) (4.3)

Here x
i

is the ith coordinate of x and y
i

is the ith coordinate of y. In this chapter,

we only consider finite discrete channel, so without loss of generality we assume the

observations y
i

2 {1, 2, ..., k}.

For any reconstruction algorithm x̂ = f(y), where f(·) : Rn ! Rn, what we want
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to find is an approximate unbiased estimator of the mean-squared error (MSE), which

is defined as

MSE =
1

n
||f(y)� x||2

2

=
1

n
||f(y)||2

2

� 2

n
f(y)Tx+

1

n
||x||2

2

. (4.4)

The MSE is the sum of three terms, 1

n

||f(y)||2
2

, � 2

n

f(y)Tx and 1

n

||x||2
2

. Note

that for any given signal x, the third term is the same for di↵erent reconstruction

algorithms f ’s, so we don’t need to consider the third term when we want to tune

the parameters of reconstruction algorithm. Also, the A-SURE we want to find is

a statistic so it can only be a function of y and not depend on x. The first term

1

n

||f(y)||2
2

is a statistic of y itself so we only need to find an approximate unbiased

estimator for the second term:

1

n
f(y)Tx =

1

n

n

X

i=1

f
i

(y) · x
i

.

In the next section, we will concentrate on how to find an approximate unbiased

estimator g(y) such that

E
x

(g(y)) ⇡ E
x

(
1

n

n

X

i=1

f
i

(y) · x
i

). (4.5)
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4.3 Pointwise Projection Algorithm for Finding

the A-SURE on General Noisy Channels

4.3.1 1-d Case with Projection-Based A-SURE

Before going to the more challenging case of high-dimensional signals, we will

start with 1-d simple case and illustrate the projection idea to find the A-SURE.

For 1-d case, both x and y are scalers with x 2 [0, b] and y 2 {1, 2, ..., k}. The

reconstruction function f : {1, 2, 3, ..., k} ! R. Then equation (4.5) becomes

E
x

(g(y)) ⇡ E
x

(f(y) · x). (4.6)

Writing the expectation out, we can get

k

X

y=1

(p
x

(y) · g(y)) =
k

X

y=1

(p
x

(y) · f(y) · x). (4.7)

Note that in equation (4.7), both LHS and RHS are functions of the signal x.

We can use the idea of projection to make the approximation hold. Next, we will

illustrate the idea of projection-based A-SURE by a simple example of 1-d binomial

observation channel.

Suppose the signal x that we want to reconstruct is a probability x 2 [0, 1]. The

observation y is discrete and y ⇠ Binomial(2, x). So in this example, y 2 {0, 1, 2}.
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A simple example of the reconstruction function f is

f(y) =

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

0.1, if y = 0

0.5, if y = 1

0.8, if y = 2

For this reconstruction function, we will show how to find the approximate unbi-

ased estimator of f(y) · x using the idea of projection.

For this example, by the definition of binomial distribution, we know that

p
x

(y) =

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

(1� x)2, if y = 0

2x(1� x), if y = 1

x2, if y = 2

Writing equation (4.7) out, we want to have

g(0)(1� x)2 + g(1) · 2x(1� x) + g(2)x2 ⇡

0.1x(1� x)2 + 0.5x · 2x(1� x) + 0.8x · x2 (4.8)

From the above equation, the LHS is a linear combination of three functions of x

and the RHS is a function of x that we want to approximate. This naturally becomes
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Figure 4.1: The function basis and the function to approximate.

the problem of projection. The three functions on the LHS are the basis and we want

to find an approximation of the RHS function in the subspace represented by the

left three functions as basis, which is shown in Figure 4.1.

Here the simple way to find an approximation in a subspace is the l
2

projection,

whose goal is to find the g(0), g(1), g(2) that minimizes

ˆ
1

0

[g(0)(1� x)2 + g(1) · 2x(1� x) + g(2)x2

�(�0.1x3 + 0.8x2 + 0.1x)]2dx. (4.9)

The minimization problem is easy to solve and we can get the g(y) that minimizes

equation (4.9):
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Figure 4.2: Function approximation comparison.

g(y) =

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

0.005, if y = 0

0.075, if y = 1

0.805, if y = 2

(4.10)

The approximation comparison is shown in Figure 4.2.
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4.3.2 A Challenging High-Dimensional Case: Projection with

Conditioning

From the above example, we know that the problem of finding the A-SURE is

basically a linear projection problem for 1-d case. Now we will show how to extend

the idea to the high-dimensional case, which is the case of interest.

In high-dimensional case, for any reconstruction function f : Rn ! Rn, both LHS

and RHS of equation (4.5) are functions of x. Then our goal is to find the estimator

g(y), which is a function of a n-dimensional vector y. Rewriting equation (4.5) out,

we get:

X

y

p
x

(y)g(y) ⇡
X

y

p
x

(y)(
1

n

n

X

i=1

f
i

(y) · x
i

). (4.11)

Since we are considering discrete finite observations, each coordinate of y can

only take discrete values 1, ..., k, the function g : {1, ..., k}n ! R can be regarded

as an kn-dimensional vector. Then the heuristic way to find the function g(·) such

that equation (4.5) holds is to view g(y) as the coe�cients of the basis functions

p
x

(y) and do projection on the space of x. However, if we do this n-dimensional

projection directly, the number of basis for the projection will be kn, which makes

this exponential algorithm not feasible in practice. Also, there is no guarantee that

this unbiased estimator has a small variance.

Next we will introduce the pointwise projection method which is much more fea-
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sible with polynomial complexity and guaranteed small variance for large dimension

n.

Our goal is to find an unbiased estimator such that E
x

(g(y)) ⇡ E
x

( 1
n

P

n

i=1

f
i

(y) ·

x
i

). Note that the RHS of the equation is the mean value of n terms, so instead of

doing one projection to find g(y), we can achieve the approximate unbiasedness if

we have n estimators g
i

(y) for i = 1, 2, ..., n and for each i,

E
x

(g
i

(y)) ⇡ E
x

(f
i

(y) · x
i

). (4.12)

Then we can choose the risk estimator g(y) to be

g(y) =
n

X

i=1

g
i

(y) (4.13)

to achieve equation (4.5).

Now our goal is to find n approximate unbiased estimator g
i

(y) for i = 1, 2, ..., n

such that E(g
i

(y)) ⇡ E(f
i

(y) · x
i

) for all i = 1, 2, ..., n. Writing the expectation

explicitly, we can get

X

y

p
x

(y)g
i

(y) ⇡
X

y

p
x

(y)x
i

f
i

(y). (4.14)
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Note that this summation is still over kn possible values of y and both LHS and

RHS are functions of n-dimensional vector x.

However, since we assume the observation channel is i.i.d. channel, we can use

conditioning to further simplify it. Suppose we denote y�i as the elements of y

except y
i

. Then if we write the expectation by conditioning on y�i, what we want is

E(g
i

(y)|y�i) ⇡ E(f
i

(y) · x
i

|y�i). (4.15)

for all possible realizations of y�i.

Following this conditioning idea, our task to find g
i

(y) can be done in two steps.

First we take in the value of y�i, then to find the function g
i

(y) : {1, ..., k}n ! R is

to find g
i,y

�i(y
i

) : {1, ..., k} ! R. Second, find g
i,y

�i(y
i

), which can be considered as

a k-dimensional vector. The way to find this k-dimensional vector is to find the best

projection coe�cients such that

E
xi(gi,y�i(y

i

)) ⇡ E
xi(fi(y) · xi

|y�i), (4.16)

where the conditional expectation given n-dimensional vector x can be substituted

by conditional expectation given x
i

because the conditional distribution of f
i

(y) · x
i

given y�i is not a function of x�i. So the distribution of g
i,y

�i(y
i

)) given y�i should
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also be a function free of x�i. Once we have such a g
i,y

�i(y
i

), by law of iterated

expectations, we know that

E(g
i

(y)) = E(E(g
i

(y)|y�i)) = E(E(g
i,y

�i(y
i

)|y�i)) ⇡

E(E(f
i

(y) · x
i

|y�i)) = E(f
i

(y) · x
i

). (4.17)

The way to find g
i,y

�i(y
i

) such that E
xi(fi(y) · xi

|y�i) ⇡ E
xi(gi,y�i(y

i

)) is to do

projection.

Rewriting the equation, we want to have

X

yi

g
i,y

�i(y
i

) · p
xi(yi) ⇡

X

yi

f
i

(y
i

,y�i) · x
i

· p
xi(yi). (4.18)

for all possible values of x
i

. Now this can be done by a one-dimensional projection

and the summation is over k terms instead of exponentially many kn terms.

To find g
i,y

�i(y
i

), di↵erent projection methods can be used. In this chapter, we

focus on the projection that minimizes L
2

norm of the projection error, which is the

most natural projection and e�cient to compute.

In order to satisfy equation (4.18), we can find g
i,y

�i(y
i

) by projection. In equation

(4.18), both LHS and RHS are functions of x
i

. On the right hand side, we can view

p
xi(yi) as the set of basis functions for y

i

= 1, ..., k and g
i,y

�i(y
i

) as the coe�cients
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for the corresponding basis functions. Thus finding the function g
i,y

�i(y
i

) can be

formulated as a projection problem.

For simplicity, define the following notation. gi is a vector whose mth coordinate

is g
i,y

�i(y
i

= m). So gi is a vector of length k because the observation y
i

can take

values {1, ..., k}. Here, gi is all that is needed to specify g
i,y

�i(y
i

). Also, define vector

the f i whose mth coordinate is f
i

(y
i

= m,y�i). Vector f i is also of length k.

Suppose x
i

is bounded and can only take real values in the interval [0, b], which is

the case for most real world applications (like image processing). Then the objective

of the projection is to find the vector gi such that the l
2

norm

ˆ
b

0

0

@

X

yi

g
i,y

�i(y
i

) · p
xi(yi)�

X

yi

f
i

(y
i

,y�i) · x
i

· p
xi(yi)

1

A

2

dx
i

(4.19)

is minimized.

Solving the above optimization problem is straightforward and the optimization

yields the minimizer:

gi =< P, P >�1 · < P, Px > ·f i, (4.20)

where k ⇥ k matrices < P, P > and < P, Px > are defined as
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< P, P >
(p,q)

=

ˆ
b

0

p
x

(y = p) · p
x

(y = q)dx, (4.21)

< P, Px >
(p,q)

=

ˆ
b

0

p
x

(y = p) · p
x

(y = q) · xdx. (4.22)

Note that < P,P >�1 · < P,Px > is shared when we do projection for di↵erent

coordinates i0s so we only need to calculate it once and for each coordinate we only

need to do a simple low-dimension (the dimension equals the number of possible

observation of the discrete channel) matrix multiplication to get the projection result

gi, which makes the computation quite e�cient.

After the projection, we get the vector gi, but this is the unbiased estimator

function for g
i,y

�i(y
i

). The last step needed is to plug in the actual value of y
i

to get

g
i

(y). To be precise, g
i

(y) is the y
i

th coordinate of gi =< P, P >�1 · < P, Px > ·f i.

The algorithm to calculate the proposed approximate unbiased risk estimator

g
i

(y) for 1

n

P

n

i=1

f
i

(y) ·x
i

is summarized in algorithm 1. The algorithm is computing
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. . . g
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=< P, P >�1 · < P, Px > ·

2

6

6

6

6

6

6

6

6

6

4

f
1

(y
1

= 1,yr1) f
2

(y
2

= 1,yr2) . . . f
n

(y
n

= 1,yrn)

f
1

(y
1

= 2,yr1) f
2

(y
2

= 2,yr2) . . . f
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n

(y
n

= k,yrn)

3

7

7

7

7

7

7

7

7

7

5

(4.23)

Then we get the entry g
yi,i as the value of g

i

(y). Note that this approach is

polynomial time complexity and should be general enough for any random channel

p
x

(y) as long as the observation y
i

is discrete and finite.

4.4 Important Properties of A-SURE

Previous sections give the intuitive idea and algorithm for the proposed A-SURE.

However, no theoretical guarantee for the performance of the proposed algorithm

has been provided yet. Although we showed that the expectation of the proposed

A-SURE approximates the true inner product between the signal of interest and the

estimated signal, we still need a quantitative measure on how close the approximation
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Algorithm 1 Pointwise Projection Based A-SURE
Input: Observation y = (y

1

, y
2

, . . . , y
n

), the reconstruction algorithm x̂ = f(y), the
conditional probability of the channel p

x

(y) and the upper bound b for signal x.

1: From the conditional probability p
x

(y) and the upper bound b, calculate

< P, P >
(p,q)

=

ˆ
b

0

p
x

(y = p) · p
x

(y = q)dx,

< P, Px >
(p,q)

=

ˆ
b

0

p
x

(y = p) · p
x

(y = q) · xdx.

2: for i = 1 to n do
3: for m = 1 to k do
4: Find the mth coordinate of f i: f

i

(y
i

= m,y�i)
5: end for
6: Calculate gi =< P, P >�1 · < P, Px > ·f i
7: Get g

i

(y) as the y
i

th coordinate of gi

8: end for
9: Calculate g(y) = 1

n

P

n

i=1

g
i

(y).
Output: g(y)

is and need to show that the A-SURE have small variance so that in real applications

the A-SURE we get is close to the inner product we care about with high probability.

In this section, we bound the di↵erence between the projection based estimator and

the true mean and prove that the variance of the projection based estimator will go

to zero for local function f as the dimension of the signal goes to infinity.

4.4.1 Approximate Unbiasedness

In this section, we will concentrate on quantitative measure on how close the

expectation of A-SURE and the expectation of the true inner product are.
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Agian, we denote y�i as the elements of y except y
i

and x�i as the elements of

x except x
i

.

Proposition 2

�

�

�

�

�

E
x

✓

1

n
f(y)Tx

◆

� E
x

(g(y))

�

�

�

�

�

 C(P
y|x, b) (4.24)

where

C(P
y|x, b) = sup

f2A
sup
x

�

�f � PB(f)
�

�

and

A =

8

<

:

k

X

i=1

a
i

· p
x

(i)x, 0  a
i

 b

9

=

;

, B = span{p
x

(i)}k
i=1

and PB(·) is the L
2

projection.

First, taking the sum out of the absolute value, we have

�

�

�

�

E
x

(
1

n
f(y)Tx)� E

x

(g(y))

�

�

�

�

 E
x

0

B

@

1

n

�

�

�

�

�

�

X

i

(f
i

(y)x
i

� g
i

(y))

�

�

�

�

�

�

1

C

A

(4.25)

Then by iterative expectation formula, we have:

E
x

⇣

�

�f
i

(y)x
i

� g
i

(y)
�

�

⌘

= E
x

✓

E
x

⇣

�

�f
i

(y)x
i

� g
i

(y)
�

�

�

�y�i

⌘

◆

(4.26)
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Since the distribution of |f
i

(y)x
i

� g
i

(y)| is not a function of x�i given x
i

and

y�i, the second expectation can condition on less things. Then the original equation

is equal to

E
x

(|f
i

(y)x
i

� g
i

(y)|) = E
x

(E(|f
i

(y)x
i

� g
i

(y)||y�i, x
i

))

 E
x

(sup
xi

E(|f
i

(y)x
i

� g
i

(y)||y�i, x
i

)) (4.27)

Therefore the di↵erence of the innerside expectation of equation (4.27) is less than

or equal to the supremum over x
i

of the projection error. In addition, the outside

expectation is less than sup
y

�i sup
xi
{Projection error} because the expectation is

taken over the randomness from y�i. Then we have

E
x

0

B

@

1

n

�

�

�

�

�

�

X

i

(f
i

(y)x
i

� g
i

(y))

�

�

�

�

�

�

1

C

A

 sup
i

sup
y

�i

sup
xi

{Projection error} (4.28)

Since we assume that f
i

(y) 2 [0, b] for all i0s, the projection error can be further

specified by plugging in our algorithm to get the A-SURE. Then the di↵erence in

the expectation can be bounded by the solution of an optimization problem:

E
x

0

B

@

1

n

�

�

�

�

�

�

X

i

(f
i

(y)x
i

� g
i

(y))

�

�

�

�

�

�

1

C

A


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sup
a2[0,b]k

�

�

�

�

�(Px� P · < P, P >�1 · < P, Px >) · a��
�

�

�

1
(4.29)

which is the supremum of the projection error. Here a is a column vector of length

k, P is a row vector with ith coordinate being p
x

(y = i) and Px is a row vector with

ith coordinate being p
x

(y = i) ·x. The || · ||1 means the superior of the function over

x 2 [0, b]. So we know that

�

�

�

�

�

E
x

✓

1

n
f(y)Tx

◆

� E
x

(g(y))

�

�

�

�

�

 sup
a2[0,b]k

�

�

�

�

�(Px� P · < P, P >�1 · < P, Px >) · a��
�

�

�

1

= sup
f2A

sup
x

�

�f � PB(f)
�

� = C(P
y|x, b) (4.30)

4.4.2 Convergence of A-SURE in High Dimension Limit

Besides proving that the A-SURE estimator to be approximately unbiased, we

also want the estimator to have small variance so that good predicting performance is

guaranteed. Therefore in this part we are going to prove that the A-SURE estimator

has asymptotic zero variance for local function.
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We say a reconstruction function f(·) is a local function if x̂
i

= f
i

(y) only depend

on the neighborhood coordinates of y. The number of coordinates in the neighbor-

hood of one coordinate should be of order o(n). Also we require that for any j such

that x̂
i

= f
i

(y) depends on y
j

, y
j

will a↵ect only o(n) number of coordinates of f(y).

Next, we will show that for local reconstruction function f(·), the corresponding

A-SURE will converge to its mean in large n limit.

Proposition 3 Get g(y) as the result of algorithm 1 and we assume the reconstruc-

tion function f(·) is a local function. Then as the dimension of the signal x and y

goes to infinity, we have

lim
n!1

Var
x

(g(y)) = 0. (4.31)

We know that :

Var
x

(g(y)) = Var
x

(
1

n

X

i

g
i

(y)) =
1

n2

Var(
X

i

g
i

(y))

=
1

n2

(
X

i,j

Cov(g
i

(y), g
j

(y))) (4.32)

Note that the summation is over n2 number of terms and we will show that only

o(n2) number of terms are nonzero and bounded.
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Now we can consider each term in equation (4.32): Cov(g
i

(y), g
j

(y)). From the

procedure of getting the A-SURE, it’s not hard to notice that g
i

(y) only depends on

f
i

(y), and f
i

(y) only depends on the local observations near coordinate i. So g
i

(y) is

only a function of ylocal i. By similar logic, we know that g
j

(y) is only a function of

ylocal j. As long as (i, j) are not in each other’s local area, then the covariance term

Cov(g
i

(y), g
j

(y)) should be 0 since they are independent. By the definition of local

function, for any fixed i, there are only o(n) number of j which will have non-zero

Cov(g
i

(y), g
j

(y)) and the covariance is bounded. When we sum over the n2 number

of covariance terms Cov(g
i

(y), g
j

(y)), only n · o(n) ⇠ o(n2) number of terms will

be nonzero and each of them is bounded. So when we divide the result by n2, the

result will go to zero when the dimension n goes to infinity. Here each covariance

term Cov(g
i

(y), g
j

(y)) is bounded because f
i

(y) 2 [0, b] for all i0s. Then after the

projection both y), g
j

(y) are bounded, so is their covariance.

Note that local function is a su�cient but not necessary condition for the con-

vergence of A-SURE. In practice, many approximate local reconstruction algorithms

f(·) will also result in very small variance of the A-SURE.

Similarly, we know that for local reconstruction function f(·), we have

lim
n!1

Var
x

✓

1

n
f(y)Tx

◆

= 0 (4.33)

Combining equation (4.29) (4.31) and (4.33), we know that
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lim
n!1

P

 

�

�

�

�

g(y)� 1

n
f(y)Tx

�

�

�

�

 C(P
y|x, b) + ✏

!

= 1 (4.34)

for any ✏ � 0. This shows that the proposed A-SURE is approximate consistent,

which guarantees that the A-SURE is a good estimator of the true inner product

when signal dimension n is large enough.

4.5 Extension to Deconvolution: Adding the Blur-

ring

In real world applications, sometimes the observations are not acquired directed

from i.i.d. channel observations of the signal we want to estimate. Instead, in many

cases we want to do reconstruction through i.i.d. channel on a linear transform of the

signal. Applications of this scenario includes deconvolution problem, binary imaging

and so on. In this section, we will show how our previous algorithm to find the

A-SURE can be extended for this scenario.

Suppose the parameters we want to reconstruct is an n-dimensional signal x. The

observation is a m-dimensional signal y with m � n. The coordinates of y follow a

pointwise independent channel y
i

i.i.d.⇠ p
si(yi), where s

i

is the ith coordinate of
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s = H · x. (4.35)

Here H 2 Rm⇥n is a full rank acquisition matrix with rank n. Then what we

want to find is an approximate unbiased estimator of 1

n

f(y)Tx for any reconstruction

function f(·) : Rm ! Rn.

Note that in this model, H 2 Rm⇥n is full rank, so the matrix HT ·H is also full

rank. The signal of interest can be written as

x = (HTH)�1HT s. (4.36)

Then the inner product of interest 1

n

f(y)Tx is:

f(y)Tx = f(y)T (HTH)�1HT s = (H(HTH)�1f(y))T s. (4.37)

Note that this expression works for both m = n and m � n. When m = n,

H(HTH)�1 = H�T , where H�T means the inverse of HT .

From equation (4.37), it’s not hard to find that the inner product of interest

shares a very similar structure with the previous i.i.d. channel case. So in this
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Algorithm 2 Finding A-SURE for Deconvolution Scenario
Input: Observation y = (y

1

, y
2

, . . . , y
m

), the reconstruction algorithm x̂ = f(y), the
conditional probability of the channel p

s

(y), the acquisition matrix H and the
upper bound b for signal x.

1: From the conditional probability p
s

(y) and the upper bound b, calculate

< P, P >
(p,q)

=

ˆ
b

0

p
s

(y = p) · p
s

(y = q)ds,

< P, Ps >
(p,q)

=

ˆ
b

0

p
s

(y = p) · p
s

(y = q) · sds.

2: for i = 1 to m do
3: for j = 0 to k do
4: Find the jth coordinate of f i: the ith coordinate of m-dimensional vector

H(HTH)�1f(y
i

= j,y�i)
5: end for
6: Calculate gi =< P, P >�1 · < P, Ps > ·f i
7: Get g

i

(y) as the y
i

th coordinate of gi

8: end for
9: Calculate g(y) = 1

m

P

m

i=1

g
i

(y).
Output: g(y)

scenario, we just need to replace the reconstruction function f by H(HTH)�1f and

take it to the previous case and we get very similar algorithm for finding A-SURE

for the deconvolution case. The details of the algorithm can be found in algorithm

2.
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4.6 Application: Binary Imaging with Quantum

Image Sensors

So far we have demonstrated the intuitive idea behind the A-SURE, the e�cient

algorithm to compute the A-SURE and important properties of A-SURE to guar-

antee the performance of A-SURE. In this section, we will look into a real world

application– binary imaging, where we apply the A-SURE methodology to tune the

parameters of reconstruction algorithm and achieve better performance. Next we will

start with introducing the problem of binary imaging with quantum image sensors

(QIS). Then we will show how to design the reconstruction by linear combinations

of basic reconstruction functions and finally compare the results of the proposed ap-

proach to other state of the art algorithms to show the power of A-SURE in real

world applications.

4.6.1 Binary Imaging Problem

Figure 4.3 illustrates the binary sensor model. Here we consider the problem of

binary imaging with multiple exposures. The vector x is the ground truth image

vector we want to reconstruct. The observation y is acquired in several steps. First,

a new vector s is obtained by a distortion matrix H such that s = H · x. Here the

matrix H depends on the optical properties of the image sensor and in most cases

H can be viewed as the operation of upsampling followed by filtering with a short
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Figure 4.3: The way that observations are generated for binary imaging

filter g. Then taking the vector s as the parameter, we get independent stochastic

observations w
i

’s, which are the counts of the photons on certain locations. w
i

’s can

be modeled as realizations of a Poisson random variable whose intensity parameter

is equal to s, i.e., w
i

i.i.d.⇠ Poisson(s).

As a photosensitive device, each pixel in the image sensor converts photons to

electrical signals, whose amplitude is proportional to the number of photons imping-

ing on that pixel. Then binary quantization scheme thresholds the observation w
i

to get binary observations b
i

’s such that b
i,j

= 1 if w
i,j

� 1 and b
i,j

= 0 if w
i,j

= 0,

where w
i,j

is the j�th coordinate of w
i

and b
i,j

is the j�th coordinate of b
i

. Third,

we repeat this process k times to get the observations b
i

, for j = 1, 2, ...k. Then the

observation y is the summation of the temporal oversampled binary observations:

y =
P

k

i=1

b
i

.

With all these steps, the final observations y
i

’s actually follows independent bi-

nomial distribution with parameter 1� e�si . So y
i

⇠ Binomial(k, 1� e�si), where s
i
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is the ith coordinate of s = H · x and y
i

is the ith coordinate of y.

In this binary imaging model, the noisy observation channel is discrete and there

is no close form unbiased risk estimator. However, we can use the proposed pointwise

projection algorithm to find an A-SURE. Using this estimator, we can do accurate

prediction for the true inner product of interest and thus tune the parameters of the

reconstruction algorithm to get a better reconstruction result.

4.6.2 A-SURE-LET Approach for Binary Imaging

In this section, we will show the scheme for binary imaging with the A-SURE-LET

approach, which is to model the reconstruction algorithm as the linear combination

of a set of basic functions and then tune the coe�cients of the basic functions by

minimizing the A-SURE estimator.

Using the LET approach, we assume the denoising function is of the form

f(y) =
p

X

c=1

a
c

· f c(y). (4.38)

Here with the same application, we assume that f c(y)0s are the basic denoising

algorithms to be described in detail later. Our goal is to tune the parameters a0
c

s to

minimize the MSE which is of the form
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MSE =
1

n
||f(y)� x||2

2

=
1

n
||

p

X

c=1

a
c

· f c(y)� x||

=
1

n

p

X

i=1

p

X

j=1

a
i

a
j

f i(y)T f j(y)� 2

n

p

X

c=1

f c(y)Tx+ ||x||2
2

(4.39)

Plugging in the A-SURE for the true inner products, what we want minimize is

ˆMSE =
1

n

p

X

i=1

p

X

j=1

a
i

a
j

f i(y)T f j(y)� 2

n

p

X

c=1

n

X

i=1

gc
i

(y) + ||x||2
2

. (4.40)

Find the gradient of ˆMSE with respect to a = (a
1

, a
2

, ..., a
t

) and set the gradient

to zero, we can get that a = M�1b, where

[M]
i,j

= [f i(y)T f j(y)]
1i,jp

, [b]
c

=
n

X

i=1

gc
i

(y). (4.41)

When the total number of basic functions are large, the matrix M is approxi-

mately not invertible, in this case, one way to make the algorithm still work is to

replace M�1 by (M+ µI)�1 with small µ (typically set to the order of 10�2). Then
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we have

a = (M+ µI)�1b (4.42)

With the above way to tune the coe�cients, we can use algorithm 2 to find the

A-SURE and get the optimal coe�cients that minimize the MSE in the A-SURE

sense. Now the last step is to find a set of reasonable basic functions. Here we design

the basic function as the following form. First we plug in the observation y to a

pointwise MLE channel:

f(·) = argmax
si
p
si(yi) (4.43)

In the binary imaging setting, this function has a close form:

f(i) = �log(1� i

k
) (4.44)

after the pointwise MLE channel, we project each coordinate to the set [0, b].

Then we apply Wiener filtering which is of the form:

H�1

�

= (HTH + �STS)�1HT , (4.45)

with S being the operation of a Laplacian operator on images.

After Wiener filtering, we apply standard wavelet denoising function, which is
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composed of wavelet transform, pointwise thresholding function and inverse wavelet

transform. Here we use the empirical good-behaving pointwise thresholding function

of form:

✓
T

(!) = !(1� exp(�(
!

T
)4)), (4.46)

with T being some free parameter to be chosen.

Here we describe the form of a basic function f c(y), which is the cascade of

pointwise MLE, Wiener filter and wavelet denoising. f c(y) for di↵erent c corresponds

to a di↵erent choice of � in equation (4.45) and di↵erent a choice of T in equation

(4.46). By designing, assume that we have p
1

number of possible choices of �’s and

p
2

number of possible choices of T ’s, then the total number of basic functions is

p = p
1

⇥p
2

. After computing the reconstruction results and corresponding A-SURE,

we can get the final set of coe�cient by equation (4.42).

Figure 4.4 gives the whole picture of the reconstruction algorithm with the A-

SURE-LET approach.

4.6.3 Experimental Results

We do experiments on 256 ⇥ 256 images and show the accurate prediction of

the proposed A-SURE estimator and how the A-SURE-LET approach can tune the

parameters of the reconstruction algorithm and thus leads to supreme performance.
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Figure 4.4: The proposed reconstruction algorithm for binary imaging

Accurate Prediction

We will show the power of the proposed A-SURE in accurately predicting the

mean square error (with a constant shift of the l
2

-norm of true signal) of the binary

imaging reconstruction algorithm with the parameter taking di↵erent values. In

particular, we will fix the value of � in the Wiener filter and vary the value of T in

the pointwise nonlinearity function ✓
T

(·). We vary the value of T within the interval

[0, 3].

We rescale the image input such that b = 1.6. For simplicity, we assume that
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Figure 4.5: The perfect match of the true MSE and the A-SURE (with a constant
shift) for di↵erent values of T

the matrix H is identity matrix and the temporal oversampling factor is k = 16.

We compute the MSE with a constant shift, which is of the form 1

n

kf(y)k2
2

� 2

n

·

f(y)T · x, and the A-SURE, which is of the form 1

n

kf(y)k2
2

� 2 · g(y), for basic

reconstruction functions which is in the form of pointwise MLE followed by wavelet

denoising with di↵erent values of T in the wavelet denoising. In Figure 4.5, we can

see a perfect match of the true MSE and the A-SURE (with a constant shift), which

experimentally verifies that the A-SURE is a consistent estimator. So the A-SURE

is an good estimator to predict MSE for algorithms on high-dimensional data.

Parameter Tuning

After demonstrating the power of the proposed A-SURE in predicting the MSE,

now we show the performance of the proposed A-SURE-LET approach on tuning
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the parameters of the reconstruction algorithm with experiments on real images of

size 256⇥ 256.

Again, we first rescale the image such that b = 1.6. In the experiment we use

the temporal oversampling factor of 16 and a spatial oversampling factor of 2. So

the matrix H is a tall matrix which can be viewed as the operation of upsampling

by 2 and then filtering with a short filter (0.5, 1, 0.5). In the reconstruction part,

we set p = p
1

⇥ p
2

= 12 ⇥ 3 = 36, which means that we use a total number of 36

basic functions and tune the coe�cients of their linear combination. Finally we set

µ = 0.08. We compare the performance of the reconstruction problem by PSNR

defined as

PSNR = 10 · log
10

(
Max

x

MSE
) (4.47)

which is a decreasing function of MSE. In the Table 4.1, we compare the per-

formance of A-SURE-LET approach to other state-of-the-art approaches MLE [119]

and MAP [123]. We also compare the what we can do if we know the true inner

product but not use A-SURE as an estimator(we call it MSE-LET). Note that the

MSE-LET is not a practical reconstruction algorithm because it uses the information

of the true ground truth signal, thus it is a ideal case only for comparison purpose.

Experiments show that the A-SURE can help tune the parameter a to achieve better

MSE than MLE and MAP in most cases and su↵er no significant loss than the ideal

optimal MSE-LET. Figure 4.6 shows the imaging results for the above mentioned
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Table 4.1: Performance Comparison
PSNR (dB) MLE MAP A-SURE-LET MSE-LET

image 1(skier) 17.6 21.4 22.0 22.3
image 2(lake) 19.8 23.9 24.5 24.8
image 3(goat) 20.0 23.6 24.2 24.5

image 4(columns) 20.2 23.9 23.8 24.2
image 5(boat) 20.7 24.4 25.2 25.5
image 6(houses) 20.0 22.5 23.2 23.4

algorithms on real images.

Remark 9 (Computational Complexity) Note that the computational complex-

ity of the proposed algorithm is not to naively run the forward reconstruction algo-

rithms k ⇥ n times because we are only changing the value of one coordinate of y
i

at a time. So when changing the value of only one coordinate, instead of running

the reconstruction algorithm again (which is O(nlogn)), we can use the facts that

the Wiener filtering matrix H�1

�

is sparse and the wavelet transform is sparse. By

exploiting the sparsity structure, we just need to do small adjustments with com-

putation complexity O(logn) when changing the value of one observation pixel. So

the total computation complexity of the A-SURE-LET approach is O(p · k · nlogn),

which avoids the annoying factor of n2 and thus makes it much more e�cient for

high-dimensional signal x.
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!!! !

!!! !

!!! !

!!!! !

Figure 4.6: Reconstruction results on real images (the first column corresponding to
image 6 and the second column corresponding to image 3 in Table 4.1). The first
row is the original image (ground truth), the second row corresponds to the MLE
results, the third row corresponds to the MAP results and the last row is the results
of the proposed A-SURE-LET approach.
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4.7 Conclusion

In this chapter, we proposed a novel idea on finding an approximate unbiased

risk estimator(A-SURE) for discrete i.i.d. channel. We gave both the intuitive idea

behind it and o↵ered an e�cient algorithm to find the proposed A-SURE. Properties

of approximate unbiasedness and asymptotic convergence behavior are also proved

to make sure that the A-SURE is close to the inner product we care about with high

probability. Based on the minimization of the A-SURE, the A-SURE-LET approach

shows the power of A-SURE on tuning parameters for real world application of binary

imaging on QIS.
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Conclusion

In this dissertation, we study spectral methods and Stein’s unbiased risk esti-

mator, which are two widely used information processing methods based on Stein’s

lemma. In particular, we solve the optimal design problem of spectral methods and

provide an exact asymptotic performance analysis of spectral methods, which also

reveals a phase transition phenomenon. For the Stein’s unbiased risk estimator, we

extend the SURE methodology to general discrete observation channels.

The contribution of chapter 2 is that we give a complete solution to the optimal

design of spectral methods. We provide an upper bound on the performance of

spectral methods in the asymptotic regime. Under a mild technical condition, we

propose an optimal preprocessing function that can achieve the theoretical upper

bound. When the condition does not hold, we prove that the upper bound can

not be achieved by any bounded function but we designed a family of preprocessing

136



Chapter 5: Conclusion

functions that can approach the theoretical upper bound arbitrarily close.

In chapter 3, we study a multi-rank spectral method for e↵ective dimension reduc-

tion and estimating multiple signals in nonconvex settings. In particular, we consider

generalized linear sensing models and present an exact asymptotic characterization

of the performance in the high-dimensional limit. Our analysis reveals a phase tran-

sition phenomenon that depends on the sign of derivative of function  
↵

(·) defined

in (3.11) at the solution of a fixed point equation. When the derivative is negative,

the estimate given by the spectral method carries no information about the original

signals; when the derivative is positive, the estimate becomes increasingly aligned

with the corresponding target signal. The spectral gaps between adjacent eigenvalues

are also significantly di↵erent in the two phases, leading to di↵erent computational

complexity. Numerical simulations show that our asymptotic formulas can provide

accurate predictions even at moderate signal dimensions.

The generalization of Stein’s unbiased risk estimator (SURE) to approximate

Stein’s unbiased risk estimator (A-SURE) is discussed in chapter 4. SURE was first

proposed for Gaussian observation channels and was later generalized to channels

modeled by exponential family distributions. The contribution of chapter 4 is that

we further generalize the idea of SURE to discrete observation models. By quan-

tization, our method also provides the recipe of finding the approximate unbiased

risk estimator for an arbitrary continuous observation channel. We also prove an

approximate consistency property which gives a performance guarantee when the

137



Chapter 5: Conclusion

signal dimension is high. Application to binary imaging with quantum image sen-

sors demonstrates the superior performance of the proposed A-SURE in predicting

the loss function and tuning parameters. Experiments show improved performance

brought by the A-SURE based method compared with existing reconstruction algo-

rithms.

At the end of this dissertation, we point out several possible future directions.

For the analysis in chapter 2 and chapter 3, one key assumption we use in de-

riving the asymptotic results is that the sensing vectors a
i

’s follow i.i.d. Gaussian

distribution. However, this assumption is invalid in many real-world applications like

phase retrieval. The theoretical results will make more sense if we consider sensing

models that better approximate the underlying sensing process. For example, in the

application of phase retrieval, a more realistic sensing model is the coded di↵raction

pattern(CDP) model introduced in [80, 124]. Interestingly, numerical simulations

suggest that the performances of spectral methods in the asymptotic regime are the

same for di↵erent types of orthogonal sensing matrices. This is the so-called univer-

sality phenomenon. A reasonable start is to study the asymptotic performance of

spectral methods when the sensing process is modeled by a rotational symmetric ran-

dom orthogonal matrix. Naturally, a follow-up question is what is the corresponding

optimal design of spectral methods.

In chapter 2, we provide the optimal design of spectral methods for the rank-1

case. When the separability condition introduced in chapter 3 holds, the optimal
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design can be adapted to the rank-r case for arbitrary r � 1. It would be interesting

to investigate the optimal design problem when the separability condition is not sat-

isfied for general rank-r spectral methods. In chapter 3, we study the squared cosine

similarity between the subspace spanned by the eigenvectors and the target subspace

and provide the exact formula to calculate its limiting value in the asymptotic regime.

It would be interesting to study the optimal preprocessing function that can maxi-

mize this squared cosine similarity and check whether the preprocessing function is

uniformly optimal for all sampling ratio ↵.

Another interesting finding is that the optimal preprocessing function is closely

related to the conditional mean estimator. In particular,

T
optimal

(y) = 1� ⌘(y)

µ(y)
= 1� 1

E
S|Y
�|S|2��y� .

It would be interesting to investigate this very intriguing connection and build an

intuitive explanation.

In chapter 3, we study the performance of spectral methods under two scenarios:

when the separability condition holds and the general cases. When the separability

condition is satisfied, the problem we study decouples into r separate sub-problems

and every eigenvector only contains information about one target signal. When

the separability condition is not satisfied, the eigenvector can contain information of

several target signals so we study the magnitude of the projection of each eigenvector

onto the target subspace. It would be also interesting to study the cosine similarity
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between each eigenvector and each target signal in the target subspace.

In chapter 4, we provide a generic methodology to find the A-SURE and prove

some important properties of the A-SURE. While we develop e�cient ways to cal-

culate the proposed A-SURE when the reconstruction functions are structured, the

computation complexity can be high when we consider an arbitrary reconstruction

function. One possible future direction is to study possible ways to optimize the

e�ciency of algorithms to calculate the A-SURE.
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Supplementary Proofs for

Chapter 2

A.1 Several Properties of ↵weak

In this appendix, we show that the integral on the right-hand side of (2.13) is

always finite. In particular, we establish the following fundamental lower bound on

the weak recovery threshold.

Proposition 4 For any sensing model given in (2.1), we have

↵
weak

� 1,

where the lower bound is achieved when y
i

=
�

�ha
i

, ⇠i��2.
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Proof: Using the definition in (2.13), we have

↵�1

weak

=

ˆ
�Y

�

µ(y)� ⌘(y)
�

2

⌘(y)
dy

=

ˆ
�Y

[µ(y)]2

⌘(y)
dy � 2

ˆ
�Y

µ(y) dy +

ˆ
�Y

⌘(y) dy

=

ˆ
�Y

[µ(y)]2

⌘(y)
dy � 1, (A.1)

where the last equality is due to (2.12). Thus, we just need to show that
´
�Y

[µ(y)]

2

⌘(y)

dy 

2.

Let Z = |S|, where S ⇠ CN (0, 1). Let g(z) denote the density function of Z. We

have

[µ(y)]2 =
h

ˆ 1

0

z2 p(y | z)g(z) dz
i

2


h

ˆ 1

0

z4 p(y | z)g(z) dz
ih

ˆ 1

0

p(y | z)g(z) dz
i

=
h

ˆ 1

0

z4 p(y | z)g(z) dz
i

⌘(y),

where the bound is due to the Cauchy-Schwarz inequality. Using this upper bound,

we have

ˆ
�Y

[µ(y)]2

⌘(y)
dy 

ˆ 1

0

z4g(z)

ˆ
�Y

p(y | z) dy dz

=

ˆ 1

0

z4g(z) dz

= E[Z4] = 2. (A.2)
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For the noiseless channel described in Section 2.2.2, we have ⌘(y) = e�y and µ(y) =

ye�y for y � 0. So
´
�Y

[µ(y)]

2

⌘(y)

dy =
´1
0

y2e�y = 2, which achieves the bound in (A.2).

⌅

Remark 10 When the sensing vectors are real-valued Gaussian random vectors, the

lower bound for the weak recovery threshold reduces to ↵
weak

� 1/2. We can use the

same proof as above, with only one change: In (A.2), the random variable Z = |S|

with S ⇠ N (0, 1). Thus, E[Z4] = 3.

In our proof of Theorem 1, we will also use the following property: Let �+

Y

def

=

�

y : µ(y) > ⌘(y)
 

. If ↵
weak

< 1, then the subset �+

Y

is nonempty, with
´
�

+
Y
⌘(y) dy >

0. To establish this, we recall from (A.1) that ↵
weak

< 1 if and only if

1 <

ˆ
�Y

[µ(y)/⌘(y)]2⌘(y) dy

=

ˆ
�

+
Y

[µ(y)/⌘(y)]2⌘(y) dy +

ˆ
�Y \�+

Y

[µ(y)/⌘(y)]2⌘(y) dy


ˆ
�

+
Y

[µ(y)/⌘(y)]2⌘(y) dy +

ˆ
�Y \�+

Y

⌘(y) dy (A.3)


ˆ
�

+
Y

[µ(y)/⌘(y)]2⌘(y) dy + 1, (A.4)

where (A.3) is due to the fact that µ(y)/⌘(y)  1 for y 2 �
Y

\ �+

Y

, and (A.4) is due

to (2.12). Using (A.4), we can conclude that
´
�

+
Y
[µ(y)/⌘(y)]2⌘(y) dy > 0 and thus

´
�

+
Y
⌘(y) dy > 0.
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A.2 Proof of (2.28)

We note that

inf
y�0

µ(y)

⌘(y)
= min

⇢

inf
y>0

µ(y)

⌘(y)
,
µ
0

⌘
0

�

.

By construction, ⌘
0

, µ
0

as defined in (2.26) and (2.27) are both positive. Thus, to

show (2.28), we just need to prove that inf
y>0

µ(y)

⌘(y)

> 0. To that end, we note that,

for y > 0,

µ(y)

⌘(y)
= �h(y/� � �), (A.5)

where h(x)
def

= x + �

0
(x)

�(x)

, with �(x) and �0(x) denoting the CDF and the PDF of

the standard normal distribution, respectively. The function h(x) is related to the

inverse Mill’s ratio [125] . It is a strictly increasing function, and h(x) > 0 for all x.

It follows that

inf
y>0

µ(y)

⌘(y)
= lim

y!0

+

µ(y)

⌘(y)
= �h(��) > 0.

For completeness, we provide a proof that h(x) is a strictly increasing function,

and h(x) > 0 for all x as follows:

Suppose Z is a random variable with standard normal distribution. For any

constant x,

x > E(Z
�

�Z < x) =

´
x

�1 z 1p
2⇡

exp(� z

2

2

) dz

�(x)
= ��0(x)

�(x)
. (A.6)

Rewriting (A.6) and we get h(x) > 0 for all x 2 (�1,1).
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Next we prove that h0(x) > 0 for for x 2 (�1,1).

h0(x) = 1� x�0(x)
�(x)

�
h�0(x)
�(x)

i

2

.

Also

Var(Z
�

�Z < x) = E(Z2

�

�Z < x)� ⇥E(Z
�

�Z < x)
⇤

2

=

´
x

�1 z2�0(z) dz

�(x)
�
h�0(x)
�(x)

i

2

= 1� x�0(x)
�(x)

�
h�0(x)
�(x)

i

2

= h0(x)

So h0(x) = Var(Z
�

�Z < x) > 0 for all x 2 (�1,1) and we can conclude that

h(x) is an strictly increasing function for x 2 (�1,1).
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B.1 Justification for the Assumption ⇠i = ei

In this appendix, we show that without loss of generality, we can assume that

⇠
i

= e
i

for i = 1, ..., r, where e
i

is the ith canonical basis of Rn. First define

⇠ = [⇠
1

, ..., ⇠
r

] 2 Rn⇥r as the generic target signals and define E
r

= [e
1

, ..., e
r

]. We

can always find a orthogonal matrix R such that ⇠ = RE
r

. The spectral method

outputs eigenvectors of

D = Adiag(T (aT

1

⇠), ..., T (aT

m

⇠))AT ,
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where A = [a
1

, ...,a
m

] is the collection of sensing vectors. Define a0
i

= RTa
i

and

A0 = [a0
1

, ...,a0
m

], we can also write the data matrix D as

D = RA0diag(T (a0T
1

E
r

), ..., T (a0T
m

E
r

))ATRT .

Due to the rotational symmetry of i.i.d. Gaussian distributed A, we know A0 follows

the same distribution as A. So we can conclude that the distribution of eigenvectors

of D with ⇠ being target signals is the same as the distribution of RX, where X is

eigenvectors of D with E
r

being target signals. So the cosine similarities between

the eigenvectors and the target signals are the same under any orthogonal transform

of target signals. So without loss of generality, we can assume that ⇠
i

= e
i

for

i = 1, ..., r.

B.2 Proof of Proposition 1

First we define the sets ⇤
i

’s such that for i = 1, ..., r
1

, ⇤
i

contains all the zero-

crossing points of �
i

(�) on the open interval (⌧
u

,1) and for i = r
1

+ 1, ..., r, ⇤
i

contains all the zero-crossing points of �
i

(�) on the open interval (�1, ⌧
l

), where

�
i

(�)
def

= E �2Z

(�� Z)2
� E �ZS2

i

�� Z
.
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From assumption 5, we know ⇤
i

is non-empty and contains finite number of elements.

For i = 1, ..., r
1

, define

�
c,i

def

= max
�2⇤i

�

and for i = r
1

+ 1, ..., r, define

�
c,i

def

= min
�2⇤i

�.

Define

↵
i

def

= E Z2

(�
c,i

� Z)2
(B.1)

for i = 1, ..., r. Then we can show that for ↵ > ↵
i

, the squared cosine similarity

between ⇠
i

and its corresponding eigenvector will be positive and the squared cosine

similarity will go to 1 as ↵ ! 1 following the same arguments as in the proof of

proposition 1 in [101]. What remains to be be shown is that when ↵ > e↵, the

information of ⇠
i

will be contained in x
i

.

In order to show that the order of the eigenvectors is the same as the the order

of E(ZS2

i

), it su�ces to prove that the order of the �
i

(·) functions follows the same

as E(ZS2

i

). In particular, if we want to prove that the first eigenvector contains the

information of ⇠
1

, we can show that �
1

(�) > �
i

(�) for all i = 2, ..., r when � > �u

↵

.

We prove that �
1

(�) > �
i

(�) for all i = 2, ..., r when � > �u

↵

is true for ↵ su�ciently

large as follows.

The point �u

↵

is uniquely determined by the equation  0
↵

(�) = 0 over (⌧
u

,1).
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Calculating the derivative of  
↵

(�) we get

1

↵
= E Z2

(�u

↵

� Z)2
. (B.2)

From (B.2), we can easily check that �u

↵

is an increasing function of ↵ and �u

↵

! 1

as ↵ ! 1. Next we show that �
1

(�) > �
i

(�) for � being su�ciently large constant.

From assumption 2 we know E(ZS2

1

) > E(ZS2

i

). Writing the inequality condi-

tioning on the sign of Z, we have

E(ZS2

1

) > P (Z < 0)E(ZS2

i

�

�Z < 0) + P (Z > 0)E(ZS2

i

�

�Z > 0). (B.3)

Also, we can write out �
1

(�) and �
i

(�) conditioning on the sign of Z and get

�
1

(�)/�� �
i

(�)/� =
ZS2

1

�� Z
� ZS2

i

�� Z

=P (Z < 0)E( ZS2

1

�� Z

�

�

�

�

Z < 0) + P (Z > 0)E( ZS2

1

�� Z

�

�

�

�

Z > 0)

� P (Z < 0)E( ZS2

i

�� Z

�

�

�

�

Z < 0)� P (Z > 0)E( ZS2

i

�� Z

�

�

�

�

Z > 0)

>P (Z < 0)E(ZS2

1

�

�Z < 0)/�+ P (Z > 0)E(ZS2

1

�

�Z > 0)/�

� P (Z < 0)E(ZS2

i

�

�Z < 0)/(�� ⌧
l

)

� P (Z > 0)E(ZS2

i

�

�Z > 0)/(�� ⌧
u

)

=E(ZS2

1

)/�� P (Z < 0)E(ZS2

i

�

�Z < 0)/(�� ⌧
l

)

� P (Z > 0)E(ZS2

i

�

�Z > 0)/(�� ⌧
u

)
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To show �
1

(�) > �
i

(�), it su�ces to show that

E(ZS2

1

) >P (Z < 0)E(ZS2

i

�

�Z < 0)
�

�� ⌧
l

+

P (Z > 0)E(ZS2

i

�

�Z > 0)
�

�� ⌧
u

.

(B.4)

From (B.3), we know that (B.4) is true for

� > ⌧
u

+
2max{|⌧

u

|, |⌧
l

|}
E(ZS2

1

� E(ZS2

i

))
⇥

max

⇢

�

�

�

P (Z < 0)E(ZS2

i

�

�Z < 0)
�

�

�

,
�

�

�

P (Z > 0)E(ZS2

i

�

�Z > 0)
�

�

�

�

.

(B.5)

Similarly, we can derive equivalent conditions of (B.5) such that when � > e�
1

,

the order of �
i

(�) is the same as the order of E(ZS2

i

) for i = 1, ..., r
1

. Also for

i = 1, ...r, we can derive equivalent conditions of (B.5) such that when � < e�
2

,

the order of �
i

(�) is the same as the order of E(ZS2

i

). Finally, from (B.2) we can

write the condition of � > e�
1

as ↵ > e↵
1

where e↵
1

= 1/E Z

2

(

e
�1�Z)

2
and write the

condition of � < e�
2

as ↵ > e↵
2

where e↵
2

= 1/E Z

2

(

e
�2�Z)

2
. Finally we can conclude that

when ↵ > e↵
def

= max
�

e↵
1

, e↵
2

,↵
1

, ...,↵
r

 

, we have ⇢(⇠
i

,x
i

) > 0, for i = 1, ..., r and

⇢(⇠
i

,x
j

) = 0, for i, j 2 {1, ..., r} and i 6= j,.
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B.3 Proof of Lemma 5

Define

B0(�) def

=
�

⇣
↵

(�)I � F
��1/2

�

E Z2

�� Z
SST

��

⇣
↵

(�)I � F
��1/2

,

and B0(�) shares the same eigenvalues as B(�) defined in (3.68). For �
1

> �
2

> ⌧
u

,

we prove the eigenvalues of B0(�
1

) are smaller than the eigenvalues of B0(�
2

) in two

steps: first we show B0(�
2

) � C(�
2

)
�

E Z

2

�1�Z

SST

�

C(�
2

), where

C(�)
def

=
�

⇣
↵

(�)I � F
��1/2

.

This is because for any x 2 Rp,

xTB0(�
2

)x = E Z2

�
2

� Z

�

xTC(�
2

)S
��

xTC(�
2

)S
�

T

> xTC(�
2

)
�

E Z2

�
1

� Z
SST

�

C(�
2

)x.

Second we show the ith eigenvalue of C(�
2

)
�

E Z

2

�1�Z

SST

�

C(�
2

) is greater or equal to

the ith eigenvalue of B0(�
1

). Since C(�) shares the same eigenvectors for all � > ⌧
u

,

we denoteC(�
1

) = W⇤
1

W T andC(�
2

) = W⇤
2

W T . DefineR0 = E Z

2

�1�Z

SST , then

we know the eigenvalues of C(�
2

)R0C(�
2

) are the same as ⇤
2

W TR0W⇤
2

. Also the

eigenvalues of C(�
1

)R0C(�
1

) are the same as ⇤
1

W TR0W⇤
1

. Since ⇣
↵

(·) is a non-

decreasing function over (⌧
u

,1), we can write ⇤
2

W TR0W⇤
2

= H⇤
1

W TR0W⇤
1

H
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Appendix B: Supplementary Proofs for Chapter 3

where H is a diagonal matrix whose diagonal entries H
i,i

� 1 for i = 1, ..., r. Define

the PSD matrix R = ⇤
1

W TR0W⇤
1

. What remains to prove is the eigenvalues of

HRH are greater or equal to the eigenvalues of R, which is stated in the following

lemma.

Lemma 6 Let R 2 Rr⇥r ⌫ 0 be a PSD matrix and H 2 Rr⇥r be a diagonal matrix

such that H
i,i

� 1 for i � 1, ..., r. Then the eigenvalues of HRH and eigenvalues

of R satisfy

�
i

(HRH) > �
i

(R),

for i = 1, ..., r.

Proof: Since R is PSD matrix, we can write R = R1/2R1/2. The matrix HRH

shares the same eigenvalues as R1/2H2R1/2. We can write the di↵erence of two

matrices

R1/2H2R1/2 �R1/2R1/2 = R1/2

�

H2 � I
�

R1/2 ⌫ 0.

where the di↵erence is PSD because the diagonal entries H
i,i

� 1 and H2 � I ⌫ 0.

By Weyl’s inequality [126], we reach the conclusion. ⌅
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[43] É. Marchand and F. Perron, “On the minimax estimator of a bounded normal
mean,” Statistics and probability letters, vol. 58, no. 4, pp. 327–333, 2002.

[44] C. Boutilier, R. Patrascu, P. Poupart, and D. Schuurmans, “Constraint-based
optimization and utility elicitation using the minimax decision criterion,” Ar-
tificial Intelligence, vol. 170, no. 8-9, pp. 686–713, 2006.

[45] C. Robert, The Bayesian choice: from decision-theoretic foundations to com-
putational implementation. Springer Science & Business Media, 2007.

[46] L. Schwartz, “On Bayes procedures,” Zeitschrift für Wahrscheinlichkeitstheorie
und verwandte Gebiete, vol. 4, no. 1, pp. 10–26, 1965.

[47] L. LeCam, “On some asymptotic properties of maximum likelihood estimates
and related bayes estimates,” Univ. California Pub. Statist., vol. 1, pp. 277–
330, 1953.

[48] D. A. Freedman, “On the asymptotic behavior of Bayes estimates in the dis-
crete case,” The Annals of Mathematical Statistics, vol. 34, no. 4, pp. 1386–
1403, 1963.

[49] P. Diaconis and D. Freedman, “On the consistency of Bayes estimates,” The
Annals of Statistics, vol. 14, no. 1, pp. 1–26, 1986.

[50] W. C. Stirling and D. R. Morrell, “Convex Bayes decision theory,” IEEE Trans-
actions on Systems, Man, and Cybernetics, vol. 21, no. 1, pp. 173–183, 1991.

156



Bibliography

[51] T. Matsushima, H. Inazumi, and S. Hirasawa, “A class of distortionless codes
designed by Bayes decision theory,” IEEE transactions on information theory,
vol. 37, no. 5, pp. 1288–1293, 1991.

[52] A. Wald, “An essentially complete class of admissible decision functions,” The
Annals of Mathematical Statistics, pp. 549–555, 1947.

[53] C. R. Blyth, “On minimax statistical decision procedures and their admissibil-
ity,” The Annals of Mathematical Statistics, vol. 22, no. 1, pp. 22–42, 1951.
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