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Distributed quantum inner product estimation

Anurag Anshu* Zeph Landau' Yunchao Liu?

Abstract

As small quantum computers are becoming available on different physical platforms, a bench-
marking task known as cross-platform verification has been proposed that aims to estimate the
fidelity of states prepared on two quantum computers. This task is fundamentally distributed,
as no quantum communication can be performed between the two physical platforms due to
hardware constraints, which prohibits a joint SWAP test. In this paper we settle the sample
complexity of this task across all measurement and communication settings. The essence of
the task, which we call distributed quantum inner product estimation, involves two players
Alice and Bob who have k copies of unknown states p,o (acting on C?) respectively. Their
goal is to estimate Tr(po) up to additive error ¢ € (0,1), using local quantum operations and
classical communication. In the weakest setting where only non-adaptive single-copy measure-
ments and simultaneous message passing are allowed, we show that k& = O(max{1/e2,/d/e})
copies suffice. This achieves a savings compared to full tomography which takes Q(d®) copies
with single-copy measurements. Surprisingly, we also show that the sample complexity must be
at least Q(max{1/e2,v/d/e}), even in the strongest setting where adaptive multi-copy measure-
ments and arbitrary rounds of communication are allowed. This shows that the success achieved
by shadow tomography, for sample-efficiently learning the properties of a single system, cannot
be generalized to the distributed setting. Furthermore, the fact that the sample complexity re-
mains the same with single and multi-copy measurements contrasts with single system quantum
property testing, which often demonstrate exponential separations in sample complexity with
single and multi-copy measurements.

1 Introduction

We consider the following task. Alice is given k copies of an unknown state p acting on C¢ and Bob
is given k copies of a possibly different unknown state o acting on C?. Their goal is to estimate
Tr(po) up to additive error ¢ € (0,1) with success probability at least 2/3, using local quantum
operations and classical communication (LOCC). We refer to this task as distributed quantum inner
product estimation.

We stress that the distributed aspect of the task, namely that there is no quantum channel
between Alice and Bob, is fundamental to the problem. If we were to allow a quantum channel, the
task would be easily accomplished with & = O(1/£?) copies, by Alice sending Bob copies of her state
and Bob performing the SWAP test with his copies. Distributed quantum inner product estimation
is the central step of a procedure known as cross-platform verification, proposed in [EVB-+20]: the
goal is to test whether the output states of two quantum computers on different platforms (such as
ion traps and superconducting qubits) are close to each other, but joint quantum operation across
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Figure 1: We consider 3 different communication settings. (a) Simultaneous message passing
(SMP), where Alice and Bob each sends a message to the Referee, who computes a function of
the two messages. (b) One-way communication, where Alice sends a message to Bob, and Bob
performs a measurement on his states conditioned on Alice’s message. (c) Arbitrary rounds of local
quantum operations and classical communication (LOCC), where the operation in each round is
conditioned on all messages in previous rounds.

the platforms cannot be performed. A related application is to use a well-calibrated quantum
computer to test another quantum computer on a different platform. See Section 3 for a discussion
of other applications.

Within our distributed setting without quantum communication there are still a number of
communication features to consider, namely what kind of classical communication shall be allowed
between Alice and Bob. The weakest would be to simply allow Alice and Bob to send information
to a third party that then performs a classical calculation (known as simultaneous message passing,
Fig. 1a). The strongest would be to allow multi-round communication between Alice and Bob
(Fig. 1c). In addition, we also consider in what form Alice and Bob can access their samples: the
simplest setting would be access to a single copy of the state at a time; we also consider the most
general setting where Alice and Bob can access multiple copies of their state at a time, allowing them
to do a joint measurement on multiple copies in tensor product. Furthermore, their measurement
bases can be adaptive: each new measurement operator could depend on all previous measurement
outcomes and communication.

In this paper we settle the sample complexity of distributed quantum inner product estima-
tion under all these possible specifications of communication and sample access. We show that
the sample complexity remains the same (up to a constant factor) across all measurement and
communication settings, ranging from the weakest non-adaptive single-copy measurements and si-
multaneous message passing (Fig. 1a), to the strongest adaptive multi-copy measurements and
arbitrary rounds of classical communication (Fig. 1c).

Theorem (Main result). There ezists an algorithm for inner product estimation with non-adaptive
single-copy measurements and simultaneous message passing that uses k = O(max{1/e?,v/d/e})
copies. Furthermore, any algorithm for inner product estimation with arbitrary rounds of adap-
tive multi-copy measurements and classical communication must use at least Q(max{1/e? \/d/e})
copies.

Our algorithm with single-copy measurements is a variant of the one proposed in [EVB+20],
where they also observed similar performance via numerical simulation.
There are multiple lenses to view our result:

e The first is as a practical answer to the aforementioned question of comparing (or calibrating)
the outputs of two quantum systems that don’t share a quantum channel. From this point
of view, with the more experimentally relevant single-copy measurements, the sample cost
of O(V/d) (when ¢ is a constant) represents a saving from the naive approach of doing full



tomography on each system’s output state, which takes Q(d®) copies [HHJ+17], making the
task experimentally feasible with ~ 20 — 30 qubits instead of just a few qubits using full
tomography. On the other hand, the task is not scalable in general as our lower bound shows
that the task still requires an exponential number of copies (relative to the number of qubits)
even with arbitrary multi-copy and adaptive measurements.

e The second is to view the result in contrast to similar problems that are sample-efficient.
Specifically, if instead of both Alice and Bob having unknown quantum states, the goal is to
compare Alice’s unknown state to the classical description of a known state, then this task
reduces to direct fidelity estimation [FL.11; SLP11] and can be done using O(1/¢?) copies,
via for example the classical shadows algorithm [HKP20]. In fact, as our task only involves
learning a specific property of Alice and Bob’s quantum systems, one might expect that it is
analogous to shadow tomography, which is known to be sample-efficient in many cases [Aar20;
AR19; HKP20; BO21]. In contrast, our result shows that learning the properties of multiple
quantum systems in a distributed setting is very different from learning a single system, and
the classical communication constraint is a significant obstacle for sample-efficiency.

e The third lens involves focusing on the result’s sample complexity staying the same under
different measurement and communication models. This is surprising because these different
models are known to have very different power for other tasks. With respect to the power
of multi-copy measurements, the sample complexity of learning an unknown mixed state p
acting on C? is Q(d%) with single-copy measurements, and improves to O(d?) with multi-copy
measurements [OW16; OW17; HHJ+17]. Moreover, exponential separations in sample com-
plexity between single and multi-copy measurements have been shown in several single system
quantum property testing tasks [BCL20; ACQ21; CCH+21]. In the distributed setting, our
results provide a counterexample to this mounting evidence that coherent access to multiple
copies provides an advantage in learning properties of quantum systems. In contrast with
our results that do not vary with the different communication models described in Fig. 1,
we remark that there are certain partial functions that achieve exponential separations in
communication complexity [KNT+01].

e Finally, we can step back and consider the model of distributed quantum property testing,
where the goal is to estimate some linear function f(p, o) of the states with Alice and Bob,
where there is no quantum channel between them — a setting motivated by hardware con-
straints as it is hard to perform cross-platform operations. With this view, our paper resolves
the sample complexity for estimating f(p,o) = Tr(po). It is an intriguing open question to
investigate whether the features of our results — both the sample complexity and the fact
that the complexity doesn’t change for a variety of classical communication protocols and
access to multi-copy measurements — come from the special structure of inner product, or are
general and apply to other distributed quantum estimation tasks.

Recently a comprehensive framework was established that considered different models of how
an experimentalist can estimate properties of a physical system [ACQ21]. Looking into the future
we will have many different physical platforms for quantum computing, as well as limited quan-
tum communication networks. Therefore it is well motivated to generalize this framework to the
distributed setting and study the power of different models, where besides the classical communica-
tion considered in this work we can also allow limited amounts of quantum communication across
different systems. These efforts will be relevant in both the near-term era for quantum device
characterization [EHW+20; KR21; CEK+21; GDR+21], and the fault-tolerant era for distributed
quantum information processing [WEH18].



2 Overview

Our task, abbreviated as IP., is formally defined as follows.

Definition 1 (Inner product estimation, IP.). Alice is given k copies of an unknown state p acting
on C% and Bob is given k copies of an unknown state o acting on C*. Their goal is to estimate
Tr(po) up to additive error e € (0,1) with success probability at least 2/3, using local quantum
operations and classical communication (LOCC).

We will often work with the following decision problem.

Definition 2 (Decisional inner product estimation, DIPE). Alice and Bob are each given k copies
of a pure state in C*. They are promised that one of the following two cases hold:

1. Alice and Bob both have |¢>®k, for a uniformly random state |¢) ~ C2.

2. Alice has |$)®* and Bob has |)®*, where |¢) and |¢) are independent uniformly random
states in CY.

Their goal is to decide which case they are in with success probability at least 2/3, using an inter-
active protocol that involves local quantum operations and classical communication.

DIPE is a special instance of IP.. To see this, notice that in case 1, the inner product between
Alice and Bob’s state is 1, while in case 2 the inner product is

E Tov)= E_ [P =7 )

¢, yp~Cd ¢, yp~Cd

on average, which is exponentially small. Here we use ¢ to represent the density matrix [¢)¢|.
Therefore, if Alice and Bob can solve TP, with accuracy say € = 0.1, then they can also solve DIPE
with high probability. Our main result thus implies that DIPE can be solved with single-copy
measurements using k = O(+v/d) copies.

The reason for introducing DIPE is that it is the main problem for showing our lower bounds.
We prove a Q(v/d) lower bound for DIPE against arbitrary interactive protocols with multi-copy
measurements, even though the input states in DIPE are only limited to pure states. Based on this
lower bound, we then show a Q(v/d/e) lower bound for estimating the inner product between pure
states via a reduction to DIPE, which implies the lower bound in our main result.

2.1 Algorithms in the symmetric subspace

In the following we show how to develop algorithms with multi-copy measurements to solve DIPE,
and develop tools towards proving lower bounds.

Our starting point is to notice that locally, Alice’s state has the same distribution between
the two cases, which is |))®* for a uniformly random state |¢)) ~ C¢, and the same for Bob.
This implies that some kind of communication is necessary, as Alice and Bob cannot distinguish
between the two cases by themselves. Furthermore, notice that states of the form \1/1>®k have a
special structure, due to the invariance under permutation of different subsystems. We will heavily
exploit this structure in both algorithms and lower bounds, which is captured by the symmetric
subspace.



Definition 3 (Symmetric subspace). The symmetric subspace of (C)®* is defined by

VEC! = {lw) € (€)% : Py(r) |w) = w) ,Vm € Sy} 2)
Here Py() is a unitary operator given by Py(mw) = ZZ_,}.,ik:O ‘Z‘ﬂ,—l(l), sy (i1, ik, and
7w is a permutation on k items. An equivalent definition of the symmetric subspace is
k
vk ¢4 = span {|¢>® |y € cd} . (3)
Here span denotes linear combination with complex coefficients. Let T be the type function that
acts on vectors i = (i1, ...,i) € {0,...,d—1}* as T(i) = (lo, ..., Lq_1), where {; is the number of
times that j appears in (i1, ...,ix). Another equivalent definition of the symmetric subspace is
d—1
vk €4 = span Z i1, yig) €= (Lo, ... lg—1),4; >0,y L=k . (4)
T (1)=¢ §=0

The equivalence of the three definitions is non-trivial. We refer to [Har13] for the proof of this
fact as well as other facts about the symmetric subspace that we use.

From the definition, it is clear that no matter which case they are in, Alice and Bob’s state
is always inside the symmetric subspace. Therefore they only need to construct measurement
operators that are supported on VFC? as well. To characterize such measurements, it is helpful to
consider the orthogonal projector on to VFC¢.

Lemma 1. Let Hg% be the orthogonal projector on to VEC?, that is, the positive Hermitian operator

with eigenspace VEC which satisfies H§§’fn-H§§’; = Hg&lfn. This operator has the following equivalent
forms
d+k—1 1
dk _ ok _ L
A R B NS S ) )
TESE
In particular, the dimension of the symmetric subspace is
d+k—1
dim V¥ €4 = Tv (n;@ﬁ;) - < * . > (6)

Suppose Alice measures her state |¢)®" with a POVM {M;}. The probability of seeing the
outcome ¢ is given by

T (M [9)(617* ) = Tr( MIIGE, |6)(0l®F 1%, ) = Tr (T84, MLTLE, @)l ™). (7)

Therefore, we can assume without loss of generality that the POVM is supported on VFC?, that
is, it satisfies M; = Hg&lanng;fn and ), M; = Hg&lfn. We single out the following POVM as the
“standard POVM” in V*C?.

Definition 4 (Standard POVM). It is defined as the following continuous POVM:

{(‘”:_ 1) | du}. (8)

Here du denotes the uniform measure over pure states in CO.



Alice and Bob each has k copies of an unknown
state.

Alice and Bob each has k copies of an unknown
state. They share a random unitary matrix U.

1. Alice measures all copies with the stan- 1. Alice rotates each copy of her state by U

dard POVM, gets result .

. Bob measures all copies with the standard

POVM, gets result v.

They compute a function of u, v.

and measures in the computational basis,
gets A ={aq,...,a;}.

. Bob rotates each copy of his state by U

and measures in the computational basis,
gets B = {by,...,bx}.

3. They compute a function of U, A, B.

(a) Multi-copy

(b) Single-copy

Figure 2: Algorithm templates for distributed quantum estimation tasks. Both algorithms only
use simultaneous message passing for communication (Fig. 1a). The multi-copy algorithm (a) is
a deterministic strategy, while the single-copy algorithm (b) is randomized and requires shared
randomness between Alice and Bob.

Lemma 1 ensures that Eq. (8) is indeed a POVM in VFC?. What is special about it and why
do we call it “standard”? As we now show, the motivation for considering this POVM in our tasks
comes from the fact that it is the optimal POVM for performing tomography on an unknown pure
state. More precisely, given \¢>®k as k copies of an unknown pure state, consider the following
simple algorithm: Measure |¢>®k with the standard POVM, and output the measurement outcome
|u). The average fidelity is given by

d+k—-1
B ol (T el

_ <d +k— 1) o Tr<¢®k+1 -u®k+1)

E [(glu)[?

k u~Cd

C(d+k—1\[d+ k" dk+1  @k+1
_< k ><k+£) E{mW1¢ >

e
Cd+k

Here the third line follows from Lemma 1. It is shown in [Har13] that the above average fidelity is
the highest when ¢ is given uniformly at random. This implies that k = O(d) copies is necessary
and sufficient to learn an unknown pure state with 0.99 fidelity using multi-copy measurements.

Lemma 2 (See e.g. [Har13]). Let |¢)®* be k copies of an unknown pure state, where |¢) ~ C? is
uniformly random. Suppose we would like to do full tomography: learn |¢) with as few copies as
possible. Consider the general strategy of measuring |¢>®k with a POVM and preparing a state |¢')
based on the measurement outcome. Then the standard POVM is the optimal measurement for this
task, in the sense that it achieves the optimal average fidelity

E |(¢]¢")* (10)

where the expectation is over the randomness in |p) as well as the randomness in quantum mea-
surement.



Given the optimality of the standard POVM in tomography, perhaps it is useful for inner product
estimation as well? Here the main challenges are two-fold. First, we have two unknown quantum
systems instead of one, so we need to design a distributed and possibly interactive algorithm.
Second, we want to use much less than O(d) copies, as otherwise we can just perform tomography.

Here we propose an algorithm template for solving the distributed inner product estimation
problem, which can also be applied to other distributed estimation problems. The idea (described
in Fig. 2a) is that Alice and Bob each performs the standard POVM, and then they compute a
function of their measurement outcomes. Note that this algorithm can also be implemented in
the SMP communication model, as Alice and Bob can send their results to a Referee, who then
computes the function. Despite its simple and non-adaptive nature, we show that k = 0(\/8)
copies suffices to solve DIPE in this model.

Theorem 1. There exists an algorithm (using the template in Fig. 2a) that solves DIPE using
k= O(Vd) copies, with success probability at least 2/3.

In this algorithm, after receiving Alice and Bob’s measurement results u and v, the Referee
simply computes |(u|v)|?, and then decides case 1 or case 2 based on its value. To see how this
works, note that Eq. (9) implies that the overlap between Alice’s state |¢) and her measurement
outcome u is roughly |(#|u)| ~ /k/d. Using this observation, in case 1 where Alice and Bob have
the same state, we show that their measurement results roughly have overlap

k
ulv)| = =. 11
ulo)] =~ ()
On the other hand, in case 2 where Alice and Bob have independent random states, their measure-
ment results are uncorrelated, and we show that |(u|v)| ~ %. Therefore k = O(v/d) is sufficient
to distinguish between the two cases. See Section 4 for a detailed analysis.
Next, we show that this algorithm can be generalized to solve IP. for pure states.

Theorem 2. Suppose Alice has \¢>®k and Bob has ]¢>®k, for arbitrary unknown pure states
|p), [¢p) € CL. There exists an algorithm (using the template in Fig. 2a) that estimates Tr(g)) =
{o|W)|? within additive error € € (0,1) using k = O(max{1/e2,/d/e}) copies, with success proba-
bility at least 2/3.

Here as well, the Referee computes a simple function of |(u|v)|? as the estimator for |(¢[¢)]?.
The analysis of this algorithm involves heavy calculations and is presented in Section 4.

Note that the above algorithms require that the input states are i.i.d. copies of a pure state.
When the input is p®* for some mixed state p, the above algorithms do not apply as p®* is in
general not supported on VFC?. We do not consider multi-copy measurements on mixed states in
this paper because single-copy measurements already suffice (Theorem 6). However, we believe that
similar sample complexity can be achieved if we replace the standard POVM (which only works for
pure states) with the POVM used in optimal mixed state tomography [OW16; OW17; HHJ+17].

2.2 Lower bounds against multi-copy measurements

Following the algorithms presented above which only uses SMP communication, a natural question
is can Alice and Bob solve the inner product estimation problem using fewer copies with an inter-
active algorithm? Surprisingly, we show that interaction and adaptive strategies cannot improve
the sample complexity by more than a constant factor.

We start by analyzing the following simple algorithm for DIPE which uses one-way communi-
cation (Fig. 1b):



1. Alice measures all copies of her state with the standard POVM, gets result u, and sends to
Bob.

2. Conditioned on u, Bob performs a two-outcome measurement {M,,, Hg&lfn — M, } on all copies
of his state, and decides case 2 if he sees M,,, and case 1 otherwise.

This algorithm is a natural generalization of the algorithm template shown in Fig. 2a. Here
the main difference is adaptiveness: after seeing Alice’s measurement outcome u, Bob can choose
his measurement based on u, and therefore for different u he can perform different measurements.
This model is more powerful than the algorithm in Fig. 2a, as Bob can always perform the standard
measurement and simulate the SMP communication by himself. Therefore the main question is
what is Bob’s optimal measurement to distinguish between the two cases, and what performance
it achieves.

In the following we show how to exactly identify Bob’s optimal measurement strategy, and then
show that it still requires Q(v/d) copies to solve DIPE. To start with, we consider the distinguishing
task that Bob needs to solve after receiving Alice’s message. In case 2 when they have independent
random states, Bob’s state is always the maximally mixed state (in V*C?%)

1
Om = ek (12)

W sym*
k

In case 1 when they have same random states, Bob’s state is “updated” after seeing the outcome
u as

= (T4 Bl (13)

One way to see this is by Bayes’ theorem Pr[¢|u] = Pr[u|¢] = (dH,z_l) [(u|$)|** as both u and ¢ are
marginally uniformly distributed. Then, the optimal distinguishing measurement is related to the
trace distance,
max Te(Ma(om = pu)) = 5llou — ol (19
0< My <Hgym
What is the optimal measurement to distinguish o, and p,? Intuitively, Bob’s knowledge is
that if his state is in case 1, then from the expression Pr[¢|u] o |(u|¢)|?" it will be slightly biased
towards the vector |u), while in case 2 his state is uniform. Therefore, a projector onto a subspace
without |u) would have larger overlap with oy, and smaller overlap with p,. Motivated by this
observation, we consider the following subspace of V*C¢,

Wy, = span{]w@k : vy € C, (v]u) = 0} , (15)

and let IIy, be the orthogonal projector onto W,. We show via a sequence of arguments that
ITyy, indeed achieves the maximum in LHS of Eq. (14). Furthermore, using this we can prove that
Hpu — omll1 = O(k?/d), which leads to the following lower bound.

Theorem 3. Consider a one-way protocol where Alice performs the standard measurement and
sends the result to Bob. Then k = Q(\/a) copies are necessary for Alice and Bob to solve DIPE.

There are two important issues that we need to solve in order to obtain a lower bound against
arbitrary interactive protocols. First, in the above argument we only analyzed Bob’s optimal
strategy if Alice performs the standard measurement. However this is not necessarily the overall
optimal strategy, as it is possible that Alice could perform some other measurement so that Bob



could do much better. Second, Alice and Bob could potentially use a multi-round interactive
protocol to beat the Q(v/d) lower bound.

In the following we sketch a proof of a Q(v/d) lower bound for DIPE against arbitrary interactive
protocols. First consider the general one-way protocol: Alice performs a POVM {M;} on her copies
and sends the result i to Bob. After receiving i, Bob performs a two-outcome POVM on his copies
to decide which case they are in. Same as before, in case 2 Bob’s state always equals the maximally
mixed state o,. On the other hand, in case 1 Bob’s state gets updated after seeing i, given by

(")

pi= —— B Te(M oK) ool (16)
Tr (M) o~°

We show that when k = o(v/d), p; is indistinguishable from oy, no matter what M; is, which implies
a Q(\/E) lower bound for DIPE against one-way protocols, and then generalize this argument against
arbitrary interactive protocols.

The indistinguishability between p; and oy, follows from a connection to optimal measure-and-
prepare channels. First, we change our view on M;, from a measurement to a state (appropriately
normalized), and then consider it as an input to the quantum channel

d+k—1
MP(1) := ( + f >
% M IR, The

From Eq. (16), Bob’s state p; is the output state of this channel on the input o i

tdlsym

ETr(7 - oKl ool (a7

g

channel MP is a well known measure-and-prepare channel, which was related to optimal cloning
by Chiribella [Chill]. Using this connection, we argue that when k = o(v/d), the output of MP on
arbitrary input is indistinguishable from o, which is shown via an upper bound of the max-relative
entropy between p; and oy,.

Definition 5 (Max-relative entropy). The max-relative entropy of two mized states p and o is
defined as

Diax(p||lo) := inf {)\ ER:p< eAa} . (18)
Here A > B means that A — B is positive semi-definite.

Closeness in max-relative entropy can be understood as a form of multiplicative closeness, which
is very strong as it implies closeness in many other distances including the trace distance. We show
that Dyax(oml|pi) < k2/d always holds regardless of Alice’s strategy. This implies a stronger version
of Theorem 3 that holds against arbitrary one-way protocols.

Interestingly, we then show that the above closeness in max-relative entropy is sufficient to
prove lower bound against arbitrary interactive protocols. The argument does not follow if we only
have, for example, closeness in trace distance.

Theorem 4. k = Q(\/E) copies is necessary for Alice and Bob to solve DIPE, even when they are
allowed arbitrary interactive protocols (or arbitrary LOCC operations).

Finally, we construct a lower bound instance for estimating the inner product of arbitrary pure
states with accuracy e, which allows a reduction to DIPE. This proves the following general lower
bound.



Theorem 5. Suppose Alice has input \¢>®k and Bob has input ]¢>®k, for arbitrary unknown pure
states |p), [1p) € CL. Then k = Q(v/d/e) copies is necessary for them to estimate Tr(¢p)) up to
additive error e € (0,1) with success probability 2/3, even when they are allowed arbitrary interactive
protocols (or arbitrary LOCC operations).

Recall that in the non-distributed setting, k = O(1/¢2) copies suffice to solve IP. using SWAP
test. In Section 5.4 we discuss the SWAP test in more detail, and also show it is optimal by proving
a (1/€?) lower bound, even when the input states are pure. Clearly, this lower bound proven in
the non-distributed setting also applies to our distributed setting. Combining the two lower bounds
gives the lower bound in our main result.

2.3 Single-copy measurement suffices

We now turn to the weaker and more experimentally relevant setting of single-copy measurements.
Here, Alice and Bob can only measure their states one copy at a time. At any given time step,
when Alice is measuring a copy of her state, her choice of the measurement basis could depend on
her previous measurement outcomes as well as the messages she received from Bob.

In the following we consider the algorithm template in Fig. 2b, which is in the weakest mea-
surement and communication setting. Here Alice and Bob only communicate in the SMP model,
and are allowed to have shared randomness so that they can implement the same random unitary
matrix U. Moreover, their measurement strategy is non-adaptive, as they always measure in the
same basis, independent of previous outcomes. We show that an algorithm in this setting already
suffices to essentially achieve the optimal sample complexity.

Theorem 6. Suppose Alice has p®* and Bob has o®F, for arbitrary unknown mized states p,o
acting on CL. There exists an algorithm (using the template in Fig. 2b) that estimates Tr(po)
within additive error ¢ € (0,1) using k = O(max{1/e2,v/d/e}) copies, with success probability at
least 2/3.

A variant of our algorithm was analyzed numerically in [EVB+20] which observed similar per-
formance. It is interesting to point out that the function computed by the algorithm in the 3rd
step (Fig. 2b) actually does not depend on U — the frequencies of the outcome bit strings are all we
need. This is because of the rotation invariance of the inner product Tr(po) = Tr(U pUt - UaU T).

The main idea of the algorithm, as well as the main spirit of the template in Fig. 2b, follows
from the idea that quantum property estimation problems can often be reduced to classical property
estimation problems after we apply a random projection on the unknown quantum state, which
can be implemented by a random unitary rotation with computational basis measurement. This
idea has led to powerful algorithms that achieve optimal performance with single-copy measure-
ments [HKP20; BCL20]. In our task, we show that the quantum inner product estimation problem
reduces to a classical inner product estimation problem of two discrete distributions

o= (BUpUT[D), gy := (b|UcUT|b), (19)

where b € {0,...,d—1}. We use a standard collision estimator that counts the number of pairwise
collisions among the measurement outcomes to estimate this classical inner product _, ppq, and
show that k = O(max{1/e2,v/d/e}) measurement samples suffice.

Although this algorithm achieves similar performance as the algorithm with multi-copy mea-
surements, they can be very different in some aspects. First, the single-copy algorithm (Fig. 2b)
requires shared randomness between Alice and Bob, while the multi-copy algorithm (Fig. 2a) is

10



a deterministic strategy. Second, the multi-copy algorithm can be more efficient if we have some
prior knowledge such as an upper bound on the inner product (see Theorem 8 and Theorem 13).
In addition, a natural question is can Alice and Bob still achieve the optimal sample complexity
using single-copy measurements and simultaneous message passing, but without shared random-
ness. In Appendix D we analyze a natural algorithm in this setting where Alice and Bob perform
independent classical shadow estimation, and show that this algorithm requires O(d) samples. This
gives evidence that shared randomness is necessary to achieve the optimal sample complexity (using
single-copy measurements and SMP), and we leave the proof of this statement for future work.

3 Discussion

Our results for distributed quantum inner product estimation can be applied to prove upper and
lower bounds for estimating several other quantities. For example, our algorithm with single-copy
measurements (Theorem 6) implies O(max{1/¢%,v/d/e}) sample complexity for estimating purity
Tr(,oQ) within additive error £. Combining purity estimation with inner product estimation, we
can estimate fidelity-like measures by renormalizing Tr(po) with Tr(p?) and Tr(o?) (see [LYM+19;
EVB+20] for more details). We can also estimate the squared Hilbert-Schmidt distance

Dig(p,0) = Tr((p — 0)2) = Tr(p2) + Tr(02) —2Tr(po) (20)

in the distributed setting with single-copy measurements which has the same sample complexity.
In fact our lower bound for inner product estimation also implies a tight lower bound for estimating

DI2{S(p7J)'

Corollary 1. There exists an algorithm for estimating D%S(p,a) within additive error € € (0,1)
with non-adaptive single-copy measurements and simultaneous message passing that uses k =
O(max{1/e%,V/d/e}) copies. Furthermore, any algorithm for estimating D3s(p, o) with arbitrary
rounds of adaptive multi-copy measurements and classical communication must use at least

Q(max{1/e%,V/d/e}) copies.

To see the lower bound, note that our lower bound for inner product estimation holds even for
pure states (Theorem 5). For pure states p and o, the inner product and D%S is related by

Tr(po) =1— M, (21)

which directly implies a Q(max{1/e%,1/d/e}) lower bound for estimating DZ%q with pure input
states.

Finally, it is an interesting future direction to apply our algorithm templates in Fig. 2 as well
as our techniques for proving lower bounds to other distributed quantum property estimation
problems. For example, we can consider estimating linear functions f(p,o0) = Tr(W - p® o) in the
distributed setting, where W is an arbitrary Hermitian operator supported on C?® C?. Our results
settle the sample complexity for estimating W = SWAP. Clearly the sample complexity should
depend on some property of W, as the task is easy when W = W4 ® Wp is separable. In addition,
it is also interesting to consider estimating multiple linear functions at the same time using ideas
from shadow tomography [Aar20; AR19; HKP20; BO21].

11



4 Inner product estimation with multi-copy measurements

In this section we develop algorithms for solving DIPE as well as IP. with multi-copy measurements.
These algorithms only use the simultaneous message passing model for communication (Fig. 1) and
are instances of the template in Fig. 2a.

We start with the following technical lemma which is used frequently in the paper and can be
understood as follows: to sample a random d-dimensional unit vector, we can first sample a random
d — 1-dimensional unit vector, and then sample the d-th entry from an appropriate distribution,
and then renormalize the vector.

Lemma 3 (Decomposition of a random state). Let |¢) be a random unit vector in C%, and let
{10),]1),...,|d = 1)} be an arbitrary orthonormal basis of C%. Then |¢) can be decomposed into 3
independent random variables o, 0, |v) as

|p) = ae'? 0) +V1—a?|v). (22)
Here,

e a € [0,1] is a positive real random variable with density 2(d — 1)(1 — 22)*2x, and o? has
density (d — 1)(1 — 2)%72, where z € [0, 1],

e 0 €[0,2n] is a uniformly random phase,
e |v) is a random unit vector in span{|1),...,|d —1)}.

Proof. The proof follows from basic properties of the distribution of random unit vector in C¢ and
we refer to [HP06, Chapter 4.2] and [Nec07] for more details.
A random unit vector in C% can be characterized as'

‘¢>: (617---7§d)T
V0GP + -+ €l

where §; are independent standard complex normal random variables. &; has the following proper-

(23)

ties: it can be written as &; = |¢;|e?, where 6, € [0,27] is a uniformly random phase and |¢;|? has
exponential distribution with density e™ (x > 0). Then we have
‘¢>: (51707"'70)T (07527"'7£d)T
244 2 244 2
VIE] €al” V&l |l (24)

0 T (0,&,...,&)"
= ae® (1,0,...,007 + /1 - a2—222 0

Vi + -+ el
where a = \/ﬁ whose density is easy to calculate (see e.g. [HP06, Lemma 4.2.4]). The
independence between « and |v) = \/% follows from the fact that the distribution of |v)
is independent of \/[&2]2 + - - - + |€4]2. This concludes the proof. O

!Technically the distribution of a random pure state should be the distribution of a random unit vector modulo
the global phase. Here for simplicity we just think of random pure states as random unit vectors; this will not affect
any results.
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4.1 A simple algorithm for solving DIPE

In the following we show how to solve DIPE by performing the standard POVM. Suppose Alice
has state |¢)** and performs the standard POVM {(dJr],z_l) |u)(u|F du}. The probability density
of the measurement outcome |u) can be written as

("3 et a (25)

where du denotes the density of random unit vector. This resulting distribution is certainly not
uniform; it can be understood as a biased distribution towards the vector |¢). Following the spirit
of Lemma 3, we decompose |u) as

lu) = ae® |¢) + /1 — a2 ‘u/> , (26)

where «, 0, |u') are independent random variables, # is a uniformly random phase, and |u') is a
random unit vector in (Cf;ll, where we define (Ci:l as the d — 1 dimensional subspace of C? that is
perpendicular to |¢). This looks similar to the distribution of a uniformly random unit vector; the
only difference is that now «a = |(¢|u)| has density

<d+k‘—1

. )x% 2(d—1)(1 — 2242z, x € (0,1). (27)

We have already shown in Eq. (9) that E|(¢|u)|* = %. This means that |u) and |¢) have a

larger overlap than the typical overlap of two random vectors. We can also calculate the variance
following a similar argument as Eq. (9),

k+1

2
Vaar(l(oh)l®) = El(olul* ~ (51 )

d+k—1 o [(k+1)2

- E 4, _(rT-

E el (T e - (55)

d+k—1 k+1)\?
_ E Trloe®k+2. ©k+2) _ (P2

( k >uN<cd (67020t 2) d+k
C(d+k=1\d+E+1\"" (E+1\? (@d-D(k+1)
N k k+2 d+k) (d+k?2d+k+1)

This means that with high probability

@l ="5x0 (“—E> | (20)

(28)

d d

We show that this leads to a simple algorithm for DIPE with & = O(v/d) copies.

Theorem 7. Consider the following algorithm for DIPE which uses the template in Fig. 2a: Alice
and Bob both perform the standard POVM on all copies of their states, and obtain results |u) , |v),
respectively. Then they compute |(u|v)|?, and decide case 2 if |(u|v)]* < 1 and case 1 otherwise.
This algorithm decides DIPE with high probability when k = O(\/E)

13



Algorithm 1 Quantum inner product estimation with multi-copy measurement

Input: k copies of unknown pure states |¢), [¢)) € C?
Output: an estimate of f = |(¢]1))|?

1: Alice measures |¢)®* with the standard POVM and obtains result |u)

2: Bob measures |1))** with the standard POVM and obtains result |v)

2
3: Return —r(d;gk) (u|v>|2 - —Td:%

Proof. We start with case 2 where Alice has |¢)®* and Bob has |))®*, for independent random
vectors |@) , |¢) ~ C<. In this case the results u,v are independent; their average overlap is easy to
calculate as

E Tr(uv) = <d+k B 1>2 E  Tr(uv) Tr< ®k ¢®k) ( ®k w@k)

k u,v,¢,p~Ca
= E_ Tw) Tr( ok Hgly’fn) ( ok Hgy’;) (30)
= E Tr(u)= E
N u,u~Cd d’
By Markov’s inequality, we have
1
Pr[\<u!v>!2 > FO] <0.1, (31)

so the algorithm returns “case 2” with probability at least 0.9.
In case 1 where Alice and Bob both has |¢)®* for a random state |¢) ~ CZ, following the
above discussions we write their measurement outcomes as |u) = ae® |¢) + V1 — a2 |u/) and |v) =

Be?" |¢) + /1 — 52 |v'). Then we have
[(ulv)| > [(lu)| - [lv)] — [(u'[v")] (32)

Note that |u’) and |v') are independent random vectors in (Ci:l. Therefore, using Eq. (29), with
high probability we have

kE—OWEk) 0OQ1) _ V10
[(ulv)| = y _\/32\/8

when k = C - V/d for some large constant C' > 0. This implies that the algorithm returns “case 17
with high probability. O

(33)

4.2 Analysis of the estimation algorithm

Next we consider quantum inner product estimation (IP.) with pure input states. Suppose Alice
has input state |¢)®* and Bob has input state [1))®*, we would like to estimate f := |(¢[))|? up to
additive error e, with success probability at least 2/3. Note that unlike DIPE, here the input states
are no longer random; the algorithm has to succeed with probability at least 2/3 for all possible
input states.

14



The estimation algorithm (presented in Algorithm 1) is similar to the previous section, which
simply returns a function of |(u|v)|?, the overlap of Alice and Bob’s measurement outcomes after
performing the standard POVM. However here with arbitrary input states the performance of this
algorithm is much less clear, as |(u|v)|? does not necessarily have a nice correlation with f. As a
first step, we show that the estimator given by Algorithm 1 is unbiased.

Lemma 4. Let |u), |v) be Alice and Bob’s measurement outcomes in Algorithm 1, respectively. We
have

E|(u|v)|* = A+ Bf (34)
where A := (gi—%fz, B .= %. Here the expectation is over the intrinsic randomness of quantum
measurements.

Proof. Following the previous section, we first use the decomposition technique in Lemma 3. We
can write Alice and Bob’s measurement outcomes as

lu) = ae'? o) + V1 —a? |¢/> ,
o) = Be' ) + V1= B2 |4).

For clarity we restate the properties of a, 0, |¢') (similar properties hold for 3, ¢, |¢’)). They are
independent random variables satisfying

(35)

1. « is a positive real variable distributed on [0, 1] with density

<d+k—1

. >x2k 2(d —1)(1 — 22)4 2z, (36)

We have already shown in the previous section that Ea? = % and Ea* = %.

2. 0 is a uniformly random phase in [0, 27].

3. |¢) is a random vector in (Ci:l, which is the d — 1 dimensional subspace of C? that is
perpendicular to |¢).

We can write (u|v) as

(ulv) = aBe T (ple) + V1 = a2Be" (¢/|¢) + /1 = BRae™ ($|¢') + /(1 — a®)(1 = B) (¢'[W).

(37)

There are 16 terms in |(u|v>|2, and it’s easy to see that all cross terms have a random phase,

which becomes 0 after we average over the random phase. Therefore there are only 4 non-zero
terms in E |(u|v)|?, given by

E|(ulo)” = E [a282f + (1= a®)82 [(¢/[)[* + (1 = 82)a® [(o[v)]* + (1 = a®)(1 = 87) |(#'|v)["] -
(38)
Next, note that E|¢')¢'| is the maximally mixed state in (Ci:l that can be written as I_d‘ﬁ(d)‘,
which gives ;
21—

E|[(¢'|4)] 1 (39)
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By symmetry we also have E |(¢¢/)]* = %. Next, since ¢’ and ¢’ are independent, we have

E[& )" = B Tr(j¢'X'| - [wXv'])

ol
I—[p)ol I —[¥)¥|
:Tr< i—1 d-1 ) (40)
d-2+f
T (d-1)7
Therefore
o (k+1D?, 2d-1(k+1) 1—f (d—1)? d—2+f
R et v e s el S KRy
C2k+1)  d—2 (k+1)2 2(k+1) 1
BCEY SRR CEY )L +f<(d+k)2 TdrRe (d+k:)2> (41)
A+ 2%k k2
ECER RN ESELs
O

Let w := (|(u|v)|* — A)/B. We have shown that Ew = f, so w is an unbiased estimator for f.
The main question is therefore to calculate the variance of w.

Lemma 5. Let w = (|(u|v)|* — A)/B be the estimator returned by Algorithm 1, where A = (giz')fg,

B = (d_ﬁ)g. The variance of w is upper bounded by

fodf 1 d d2>' ()

Var(w)ﬁ()(z*ﬁ*ﬁ*ﬁ*ﬁ
The proof involves heavy calculations and is given in Appendix A. As a corollary of the above
lemmas we have the following result on the performance of Algorithm 1.

Theorem 8. For any ¢ € (0,1), Algorithm 1 returns an estimate of f within € additive error with
probability at least 2/3, provided that

[V dYd
]{7>C’-max{€—2,7,g,m,% . (43)
for some constant C > 0. Since f < 1, it suffices to have
k‘ZC’-maX{%,ﬁ}, (44)
e’ €

which corresponds to the sample complexity when no prior knowledge on f is assumed.

5 Lower bounds against multi-copy measurements and interactive
protocols

Next we develop lower bounds for distributed quantum inner product estimation with multi-copy
measurements. We start by focusing on the decisional inner product estimation problem (DIPE,
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Definition 2). In Section 5.1 we prove a Q(v/d) lower bound for DIPE against arbitrary interactive
protocols with multi-copy measurements. The use of optimal cloning in the lower bound (as shown
below) eludes its intuitive understanding, so we attempt to find a more elementary argument in
Section 5.2. The argument currently works in the special case where Alice performs the standard
POVM and sends the result to Bob, who then performs a two-outcome POVM to solve DIPE.
We show that this protocol has a nice structure which allows us to exactly identify Bob’s optimal
measurement strategy after receiving Alice’s message. Next, in Section 5.3 we construct a lower
bound instance for estimating the inner product within e accuracy, and prove a Q(v/d/e) lower
bound based on a reduction to DIPE. Finally, in Section 5.4 we discuss the SWAP test and prove
its optimality via a (1/£2) lower bound for inner product estimation in the non-distributed setting.
Combining the two lower bounds implies the lower bound in our main result.

Recall that in the DIPE problem, Alice and Bob are required to distinguish between (1) they
both have k copies of the same random state |¢), and (2) Alice has |¢)®* and Bob has |1)®*, where
|¢) and |¢) are independent random states. Alice and Bob’s protocol can be viewed as implementing
a two-outcome POVM {M, I — M} that acts on (C?)®?* where outcome M corresponds to “case
2”. In order to solve the DIPE problem, M needs to satisfy

1. Pry ca [M accepts ¢ @ ¢¥F] = Eyca Tr (M¢®F © ¢®F) < 1,
2. Pry g [M accepts ¢®F @ T,Z)®k] =Eg pca Tt (M(;S@k ® ¢®k) > %
It’s easy to see that the above requirements can be satisfied if and only if M satisfies
1
E T (M (6% 0 -6 0 ¢®)) > 2. (45)
RIN 3

When Alice and Bob are allowed general quantum measurements on (C%)®?*_ the above task
can be solved with £ = O(1) using SWAP test (see Section 5.4 for more details). However, here
they are only allowed local quantum operations and interactive classical communication. In the
following we establish lower bounds for £ using these measurements.

5.1 Lower bound against arbitrary interactive protocols

We start by considering the general one-way protocol: suppose Alice performs an arbitrary POVM
{M;} and sends the result i to Bob, and after seeing i Bob performs a two-outcome POVM {N;, I —
N;} where N; corresponds to “case 2”. Here for simplicity we consider discrete POVMs for Alice;
the same argument also holds for continuous POVMs. The measurement operator implemented by
Alice and Bob that corresponds to “case 2" is

Myp = Z M; ® N;. (46)
i

From Eq. (45) we have

1 ®k & p®F _ Bk o s®k
3 = ¢,1E<cd Tr (MAB (¢ peT e >>
sk, Ok @ gBF
= Tr (MAB <m®am_¢§cd¢ @0 )) i
Tr (M1 )

= Z T dvh—1N Tr(Ni(om — pi))s

A
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where p; is Bob’s effective post-measurement state in “case 1”7 after seeing i,

(d—i—k—l)

pii= m&d T (M )01 ™" ) 86| (48)

In the following we show that p; is always close to oy, in max-relative entropy for an arbitrary M;
when k = o(v/d), which implies that Bob cannot distinguish which case they are in.

To achieve this we build a connection between DIPE and optimal cloning, a well studied task
in quantum information. Note that Bob’s post-measurement state in “case 1”7 can be written as

(d—i—k—l)

Tr<H§ly]an Hsym) grCe r< ym Millaym |#)] >‘¢><¢’ (49)

Pi =

Define the following operator which can be viewed as a density matrix on V*C¢?,

dk 35 rrdok
71w il (50)
T (T M )
and the “measure-and-prepare” channel
_(d+k-1 ®k ®k
Ml = (TR TY) B T Kol el G1)

then Bob’s state can be viewed as the output of MP acting on the measurement operator, pgop, =
MP(7). Analogous to the fact that the standard POVM is the optimal POVM for tomography, it
is shown that MP is the optimal measure-and-prepare channel that maps states of the form ]w>®k
to an approximation of |¢>®k [Har13]. Our goal here is to show that when k is small, the output
state of MP is always close to the maximally mixed state o, regardless of the input.

The cloning channel is defined in a somewhat similar spirit:

Clone,_x(p) := (") ek I9F=s) 11k 52
s—k p) T (d+k 1) sym P& sym* ( )

Here the input state p is supported on (C?)®* and output is supported on (C4)®*. This channel is
the optimal channel that maps states of the form [1))®* to an approximation of |¢)®*. When s = 0
this channel prepares the maximally mixed state op,. Chiribella showed a remarkable connection
between the above two channels.

Lemma 6 (Chiribella [Chill], also see [Harl3]). The optimal measure-and-prepare channel is a
convex combination of optimal cloning channels: for any density matriz p on VFC?,

k d+k 1)

Z d+2k 1 Cloneg_,(Tri_s p). (53)
s=0

Intuitively, when k is small the performance of MP should be bad, and therefore the output
should contain little information about the input and be close to oy,. Chiribella’s theorem can be
used to formally establish this closeness in max-relative entropy.
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Lemma 7. Let M be an arbitrary positive semi-definite Hermitian operator on (C%)®*. Then Bob’s
post-measurement state corresponding to M satisfies

(d+k—1)

_ k ®k ®k —k2/d

ppon = ———i B Tr(M o)) o)l = e o, (54)

Tr (Mg, ) o~
d,k d,k
Proof. Let 7 = Mmoo density matrix on VFCY. Then
Tr (Hsym MHSym)
PBob = MP( )
(d+k 1)
_ Z d+2k 1 Cloneg_,;(Tri_s7) (55)
d k 1

. (+k )amz (d+k—-1)---d s Ry
- (d+2kk—1) (d+2k—-1)---(d+k) — —

Here in the first inequality we simply discard all the (positive) terms that correspond to s # 0. O

It’s easy to see that Lemma 7 implies Q(\/E) lower bound against arbitrary one-way protocols.
Below we show that it also provides the key component for the lower bound against arbitrary
interactive protocols. In fact we prove a stronger result, which works against arbitrary separable
measurements.

Definition 6 (Separable measurements). A two-outcome POVM {M,I — M} is separable, denoted
as {M,I — M} € SEP, if and only if it satisfies

M=) A®B, I-M=> A;®B], A;,B,A; B >0. (56)
t t

Here Ay, A} are Hermitian operators supported on Alice’s system and By, B are Hermitian operators
supported on Bob’s system.

It is well-known that separable operations strictly contains LOCC operations — that can be
implemented by an interactive protocol [BDF+99; CD09], and it is a common practice to use SEP
as a larger approximation of LOCC due to its simple form. In the following we prove a Q(\/E)
lower bound against SEP.

Theorem 9. k = Q(\/a) copies is necessary for Alice and Bob to solve DIPE, even when they are
allowed arbitrary interactive protocols (or arbitrary LOCC operations), or more generally, arbitrary
separable operations.

Proof. Let {M,I — M} € SEP, where M = ), A; ® B; corresponds to “case 2”. For Alice and Bob
to successfully solve DIPE, M satisfies

< ﬁcd Tr (M <¢®k ® P&k _ B ¢®k))

ETe(40®) To(Bu™) - E To(M (6% @ 6°))

Z b pmCe ¢~Cd
_ zt: M Te(Biow) ~ B Tr(M (qs@k ® ¢®k>>.

("%
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Using Lemma 7 we have

(d—i—k—l)

s B T (Adlo)ol™) le)el™" (58)

wa_Un )
Tr(AtHg§]f11) oC

om < e

which implies that

d+k—1
Tr(Biow) < ¢* “W LB, Tr(4eloxol™*) Te( B 6)ol™)
29
— el#/dﬂ E ﬁ((At ® Bt)¢®k ® ¢®k> )
Tr(AtHg§]fIl> oL
Therefore,
% < Zt: % Tr(Biom) — ¢>£E<cd Tr (M (¢®k ® ¢®k)>
= Et: o quE(cd Tr<(At ® B)¢™* @ ¢®k> B ¢£ECd Tr<M <¢®k © ¢®k>> (60)
_ (ekZ/d _ 1) ¢Pcd Tr(M (¢®k 2 ¢®k>>
< Fd_q
which implies that k& = Q(v/d). O

5.2 Understanding a one-way protocol for DIPE

Next we analyze the following one-way protocol which is a natural generalization of the algorithms
presented in Section 4 (restated for convenience):

1. Alice measures all copies of her state with the standard POVM, gets result u, and sends to
Bob.

2. Conditioned on u, Bob performs a global two-outcome measurement {M,, Hg&'fn — My} on all

copies of his state, and decides “case 2”7 if he sees M, and “case 1”7 otherwise.

The reason for presenting this analysis is the following utility compared with the previous section.
First, here we are able to exactly identify Bob’s optimal measurement strategy for the above
protocol, which provides intuition on how to think about the problem in an interactive setting.
Second, the analysis implies a Q(\/E) lower bound for this protocol without using Chiribella’s
theorem.

Let M4p be the measurement operator implemented by Alice and Bob that corresponds to

“case 2”. Then dah o1
Mis= E_ < + k-

u~C

¢ ) o @ o o)

20



Following the discussion above, M4p satisfies

% <, E.,Tr (MAB (qb@’f R Y — ¢ ® ¢®’“))
= BT (Myow) - (d * : - 1> Tr<u®k¢®k) Ty (Mu¢®k> (62)
= uEECd Tr(My(om — pu))-

Here, o, = ﬁnﬁ;’fn is the maximally mixed state in VFC?, and

k

d+k—1 ok 2%
= E U 63
pui= ("L B 100 o) (63)
is Bob’s post-measurement state in “case 1”7 after seeing u. Identifying Bob’s optimal measurement
is equivalent to computing the trace distance between p, and oy, as

1
max Tr(Mu(om = pu)) = 5llpu = omlh- (64)
OSMUSHS),’II\

Therefore we need to analyze the spectrum of p, and compare with the uniform distribution oyy.
We show that the state p, has a nice block-diagonal structure. For any fixed state |u) € C¢,
define the following subspaces

W! = span {Hg}’ffn [u)®' @ [0)2F o) € C7, (v|u) = 0} , (65)

and let II!, be the orthogonal projector onto W(. Clearly, each W} (t = 0,...,k) is a subspace of
VvkECY, as we are applying the projector Hg&lfn on all states in the definition, and the subspaces W}
are mutually orthogonal. In fact, we show that the symmetric subspace VFC? can be decomposed

as a direct sum of W! as

VECi=Wla® ... @ Wk (66)
Let’s denote |u) as |0). To prove this, we use a characterization of VFC? (Definition 3) as
d—1
VECT =span{ > i, ik) 0= (Lo, lao1) b =0, L=k
T (i) =¢ Jj=0
d—1
=@ span< D lin,.ik) = (Lo, Lar) b = 0, =1 L=k (67)
i (i)=¢ j=0

O 1~

t
t

i
o

Using the above characterization it is easy to show that dimW;} = (d+',z:§_2). We show that Bob’s
state p,, is block-diagonal in the subspaces W, and furthermore is uniform in each of the subspaces.

Therefore p, = Y, B II!, with coefficients 8; > 0.

Lemma 8. For any |u) € C?, Bob’s post-measurement state p, (Eq. (63)) has the following block-
diagonal form

(k+t)(E+t—1)---(t+1)
(d+2k—-1)(d+2k—2)---(d+ k)

k
Pu = Z 5tHZ, By = (68)
t=0
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The proof is presented in Appendix B. Meanwhile, the maximally mixed state can be written

as
k

1 1
O = g Mm = oy 2 1 (69)
(%) (") =

As the above decompositions for p, and oy, have the same block-diagonal structure, it’s easy to
calculate the trace distance between p, and o, as well as the optimal measurement to distinguish
them.

Lemma 9. Suppose k = O(v/d) and k = w(1), then the optimal POVM to distinguish p, and oy
is given by {HQ,H?;’; — 119}, and we have

d-1 (d+k—2)---(d—1)
Td+k—1 (d+2k—1)---(d+ k)

1
B} | pu — Um”l = Tr(Hg(Um - Pu)) (70)

Proof. First note that for any m > 0, % > #‘lk. This gives

(d+k—1)---d d \"_
(d+2k—1)~--(d+k)2<d+k> et/ (71)

-1
To construct the optimal distinguishing measurement, we need to compare [3; with (d+£_1) .

For each t =0,...,k, we have

() - (e s -

When t = 0, this shows that Gy < (dH,z_l)_l. When ¢t > 1, we have

d+k—1 d+k—1)--d .
Bt( k >2k'(d+2k_1)...(d+k)2k'ek/d_“(l)‘ (73)

Therefore, when d is large enough, W2 is the only subspace on which oy, has larger support than
pu- This proves the first equality in Eq. (70). For the second equality, we have

dmW? (YY) -1

Tr(Hgam) - (d+Z—1) - (d+Z—1) T A+ k-1 (74)

wnd (d+k—2)-(d-1)
Tr(ngu):ﬁo'dimWSZ(d+2k_1)m(d+k)- (75)
|

Lemma 9 implies the optimal strategy for Bob’s measurement as well as a Q(v/d) lower bound
for this protocol.

Theorem 10. Consider a one-way protocol where Alice performs the standard measurement and
sends the result to Bob. Then Bob’s optimal measurement strateqy conditioned on receiving u s
the two-outcome POVM {HQ,H?;’; — 119}, Furthermore, this protocol requires k = Q(v/d) copies
for Alice and Bob to solve DIPE.
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Proof. Without loss of generality we assume that k = O(v/d) and k = w(1), as a lower bound that
works against k = w(1) will also work against £k = O(1).

Following the discussion around Eq. (62), Alice and Bob aims to maximize E,,ca Tr(My(om — pu))-
For any |u) € C? we have identified the measurement that maximizes Tr(M,(cm — pu)). Therefore
the overall optimal strategy for Bob is to measure {II?, Hgl;; —TI%} after seeing Alice’s outcome u.
In order for Alice and Bob to sucessfully distinguish with probability 2/3, we have

1
g < uEE(Cd Tr(Mu(Um - pu))
< & T(M(om - )
u~Cd (76)
Cd-1 (d+k-2)---(d-1)
S d+k—-1 (d+2k—1)---(d+k)
= O(k?/d).
Therefore k = Q(+/d) is necessary for Alice and Bob to solve DIPE. O

5.3 Lower bound for estimation

Next we extend our lower bound for DIPE to a lower bound for IP.. The key step is to consider
the following decision problem as a lower bound instance.

Problem 1. Suppose Alice and Bob are each given k copies of a pure state in C4T1. Let e € (0,1).
They are promised that one of the following two cases hold:

. . ok
1. Alice has (v/T —¢ee® |0) + \/E\<;5>)®k and Bob has (x/l —ee?|0) + \/E\@) , where |¢) is a
uniformly random state in span{|1),]2),...,|d)}, and 0,0" are independent random phases
in [0, 27].
. . ok
2. Alice has (V1 —ee® |0) + /2 |¢>)®k and Bob has <\/1 — e |0) + /2 |1,Z)>) , where |¢) , [¢)
are independent random states in span{|1),|2),...,|d)}, and 6,0" are independent random

phases in [0, 27].

Their goal is to decide which case they are in with success probability at least 2/3, using an inter-
active protocol that involves local quantum operations and classical communication.

Note that in the above definition, the random states |¢) , |¢) are supported on span{|1),|2),...,|d)}
and are always orthogonal to |0). We have increased the dimension from d to d+ 1 for convenience,
which does not change the form of our lower bound. Our main result in this section is the following
lower bound for this problem.

Theorem 11. k = Q(V/d/¢) copies are necessary for Alice and Bob to solve Problem 1, even when
they are allowed arbitrary interactive protocols (or arbitrary LOCC operations), or more generally,
arbitrary separable operations.

Note that here (as well as in Theorem 12) the lower bound holds for arbitrary ¢ € (0,1). The
proof follows from a reduction to DIPE and is presented later. We show that this implies a tight
lower bound for IP..
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Theorem 12. Suppose Alice has input ]¢>®k and Bob has input ]1/1>®k, for arbitrary unknown pure
states |¢) , [¢) € C4. Then k = Q(Vd/e) copies is necessary for them to estimate Tr(¢h) = |(¢p|p)|?
up to additive error € with success probability 2/3, even when they are allowed arbitrary interactive
protocols (or arbitrary LOCC operations), or more generally, arbitrary separable operations.

Remark 1. In Section 5.4 we present a Q(1/e%) lower bound for IP., which is proven in the non-
distributed setting and also applies to our distributed setting. Combining the two lower bounds gives
the lower bound in our main result. See Section 5.4 for more details.

Proof. Note that for any estimation algorithm, its success probability can be amplified to 1 — J by
taking the median of O(log %) independent executions. Therefore choosing the success probability
to be an arbitrary constant will only change the sample complexity by a constant factor. Suppose
there is an algorithm A with interactive communication between Alice and Bob that, on input &
copies of arbitrary unknown pure states, estimates the inner product up to additive error ¢/100,
with success probability at least 0.99. Here ¢ is the parameter in the definition of Problem 1, and we
assume that ¢ < 0.01. To prove the theorem statement it suffices to prove that using this protocol
they can solve Problem 1 with success probability at least 2/3.
Consider the inner product between Alice and Bob’s states of the two cases in Problem 1. In
case 1 the inner product of Alice and Bob’s input states is given by
f1:= ‘(1 —e)e? =0 4 5‘2 =1-2 422+ 2¢(1 —¢) cos(0' —0). (77)

In case 2 the inner product is given by

fa = (= )0 e (o)

A sketch of the remaining argument is as follows: in case 1 the inner product f; is distributed
roughly as f1 = 1 — 2e + 2e cos(7y) for a uniformly random phase v. In case 2 the inner product f,
is concentrated around (1 — )2, as |(1|¢)| = O(1/+/d) with high probability. Therefore, after Alice
and Bob estimate the inner product between their states using algorithm A, they can decide case
2 if the result is close to (1 — ¢)?, and decide case 1 otherwise.

= (1= + [(@|W)* + 22(1 — &) Re(e" "D (] g)).  (78)

Algorithm 5 for Problem 1:

1. Alice and Bob estimate the inner product between their states using algorithm A4, obtain
result f.

2. They decide case 2 if f € [(1 —€)? — 5, (1 —€)? + 5], and decide case 1 otherwise.

The performance of algorithm A guarantees that if Alice and Bob are in case i (i = 1,2), then
|f — fil < 155 holds with probability at least 0.99. In the following we show that algorithm B can
decide Problem 1 with success probability at least 2/3.

If Alice and Bob are in case 1, then

2 _ ¢ 2, ¢
Pr[f e[(l—-¢) - %7(1 —€) +%]]
<Prlfell-o7 - 05,0 -2+ Al - A < 5] +001
< Pr [fl ce[(1—¢e)? - 1%50, (1—¢e)?+ 1%]} +0.01 (79)
< Pr J[cos(y) € [-0.0203,0.0152]] 4+ 0.01
y~[0,27]
< 0.03.
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Therefore the algorithm returns case 1 with probability at least 0.97.
If Alice and Bob are in case 2, first note that

[£21(810) 7 + 22(1 = &) Re(e" @) (]0))| < &2 [(olu)] +2¢(1 — &) (1)) < 2 (). (80)

Therefore,

Prlfel—o? - 5.1 -o+

>Pr|fre (-2 = 1=, (1= + 1oo) AlF = fol < 7]

> Prfa € [(1 - = 505, (1= &) + 05l | + Pr|IF = fol < 1o5] -1 (s1)
ZPr[f2€[(1—6)2—ﬁ,(l 5)2—|—ﬁ]]—0.01

> P [Wl6)] < 5] - 0oL

When d is larger than some fixed constant, |[(1|¢)| < 200 holds with high probability. Therefore
the algorithm returns case 2 with high probability. O

Proof of Theorem 11. The main idea of the proof is to leverage the independent random phases
6,6’ to build a reduction to DIPE.

Suppose Alice and Bob implement a two-outcome POVM {M, I — M} via an interactive protocol
where M corresponds to “case 2”. In order to solve Problem 1, M satisfies

< E  Tr(M(®ap—Uag)), (82)
¢,
0,6’ ~[0,27]

W =

where

Oup = ((1 — ) |0)0] + v/2(1 — £)e™ [0XB| + v/e(1 — £)e™ ™ |p)0| + & |¢><<z>|)®k

@ (1 =) 10)01 + V(T =216 103wl + v/ = e |90l + < fuwl) "
and
Wap = (1= 2)10)0] + VL= 20 o) + V2= 2)ea)o] + < )el)
@ (1= 2) 001 + VT =3¢ 0K0] + V2T = e 6)0] + <)ol v
By linearity, we have
, By T(MOap—Vap) = E Tr <M <W E, 0w E O B>> (85)

9,0'~[0,27]

The random phases 6,6’ are always independent, so the integral can be calculated separately for
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Alice and Bob. First consider Alice’s system. The integral over the random phase 6 gives

((1 = <) )0l + V=~ 2)e” 0} + V(T — 23~ [6)0] + ela)

GN[O 27r}
k _
Yo ~(} ) 1, (0001~ @ 6| 1k, (56)
t=0

= ggt(l — )kt <IZ> |GeX el

where the state |¢;) is defined as

)= —— S [0)gld)s (87)

V (8) sciigisi=t

a uniform superposition of ¢ stored in t of the k registers. We define the state |¢;) similarly. Here
the second line of Eq. (86) is proven in the following lemma.

Lemma 10. For any € € (0,1) and pure state |¢p), we have

- (1= 2010000+ VET =206 o)l + V(T =26~ 0] +< ol )

e (B k(o ekt I (88)
=Y -o ()Hsym(\oxor © 16)0l") 1145,

Proof. First note that after expanding the tensor product, in each term the number of /(1 — £)e® |0)

must be equal to the number of 1/e(1 — &)e™® |¢)0|, because otherwise the term will be 0 after
performing integral over the random phase 6. This guarantees that in each term the number of Os
(¢s) on the ket side equals the number of 0s (¢s) on the bra side. Next, consider a term of the form

lo(é,¢,...,0,0,0,...,0)) (1(,,...,,0,0,...,0)] (89)

which has & — t 0s and t ¢s, and 0,7 are arbitrary permutations. Each term of this form has
a one-to-one correspondence with the terms in the expansion of the tensor product. Moreover,
regardless of o and 7 the coefficient of this term is always

et(1 —e)k . (90)

Finally, using the characterization of Hg&lfn =43 s, Pa(m) (Lemma 1) it is easy to see that the

sum of unique terms of the form in Eq. (89) equals
k _
() s, (or01°*" @ ol s, (o1)
which concludes the proof. O
The state after averaging over random phase can be understood as follows: first sample a random

t according to binomial distribution B(k,e), then the state is ¢ copies of ¢ uniformly distributed
(in superposition) in k registers. This gives the same average state as in Problem 1, because

Oap = |¢t><¢t| ® [ty X,

E
0,0'~[0,27] '~ B(

Uap = ’<Z5t><<l5t’ @ |Gy N b | -

(92)
E A
9,6'~[0,27] ¢ t’NB(k

Effectively we have reduced Problem 1 to the following decision problem.
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Problem 2. Suppose Alice and Bob are each given one copy of a pure state in (CT1)®F. They
are promised that one of the following two cases hold:

1. Alice has |¢;) and Bob has |¢y), where |¢) is a uniformly random state in span{|1),|2),...,|d)},
and t,t" are independent random variables with binomial distribution B(k,e).

2. Alice has |¢¢) and Bob has |[(y), where |¢) ,|1) are independent random states in span{|1),]2),...

and t,t" are independent random variables with binomial distribution B(k,¢).

Their goal is to decide which case they are in with success probability at least 2/3, using an inter-
active protocol that involves local quantum operations and classical communication.

We have shown that Alice and Bob’s average state is the same for Problem 1 and Problem 2.
Therefore any measurement strategy will have the same success probability for Problem 1 and
Problem 2, and any lower bound for Problem 2 will also hold for Problem 1. In the following we
prove a Q(v/d/e) lower bound for Problem 2 via a reduction to DIPE.

The idea is to simulate the input to Problem 2 using the input to DIPE. Suppose Alice and Bob
are trying to solve DIPE with m = 100ke 4+ 100 copies, where in case 1 Alice and Bob both have
|p)®™, and in case 2 Alice has [¢)®™ and Bob has [1))®™, where ¢, 1) ~ C%. Alice samples a random
variable t ~ B(k,e), which satisfies t < m with high probability. Alice throws away m — t copies
of her state, then applies a unitary that maps |¢)*" |0>®k_t to |¢:) as constructed in Lemma 11
below. Bob also performs the same procedure. Then their resulting states will be close to the input
states of Problem 2, where the two cases in DIPE also correspond to the two cases in Problem 2.
Therefore they can decide DIPE with high probability using the algorithm for Problem 2.

In the above argument we have used the following lemma.

Lemma 11. For any t € {0,...,k}, there exists a unitary operator U, acting on (CH1)®k that
satisfies

U 6)* 10)°7" = |on) (93)
for any state |¢) € span{|1),...,|d)}.

Proof. Tt suffices to prove that the map |#)®"0)®*~* s |¢;) preserves inner product. This follows
from

Wloy == S @) | X 10010)

— (k
(2) \sciigio= TCIH]|T|=t

- (%) HZ| (0l (/] 5 0)5 1) (04)
t) SClk],|S|=t

= (¢/|9)'

_ <¢/|®t <0|®k_t |¢>®t |0>®k—t

for any |¢),|¢) € span{|1),...,[d)}.
In fact a circuit for implementing Uy is easy to describe. On input |¢ , We can prepare
Sg o)y 0)¥%7%|S), then use S to perform control swap operations on the registers, which

>®t ‘0>®k—t
1
(¥)
gives \/ﬁ > 5l#)s10)5]S). Now, since |¢) is supported on span{|1),...,|d)} and always orthog-
t

onal to |0), we can reversibly compute S from [¢)¢|0)g. This means that we can uncompute the
|S) register from —A— "¢ |¢) ¢ |0) 5 |S), resulting in [¢;). O

V&)
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In more details, for any ¢ > 0, suppose there is an algorithm A that can solve Problem 2 using
k copies with success probability at least 0.99. Let m = 100ke + 100. Consider the following
algorithm for DIPE.

Algorithm B for DIPE:

1. Alice has input state |¢>®m. She samples t ~ B(k,e). If t > m, she throws away all of her
input states and prepares the state [A) = [0)®%. If ¢ < m she throws away m — ¢ copies of
her input states and prepares |A) = |¢;) using the procedure described in Lemma 11.

2. Bob samples ' ~ B(k,¢) and prepares the state |B) similarly.

3. They run A on |A)A| ® |BXB]|, and return according to A.
First we bound the probability Pr[t > m|. Let Xi,..., X} be i.i.d. 0/1 random variables with

mean . Chernoff bound gives
X, 4. X
Pr [M

k6§52
> < —_ .
: _6—1—5} _exp( 5 ) (95)

(e+9)
Let 0 =99¢ + % > g, then

Prt > m| < Pr[X; +--- X} > 100ke + 100]
X1_|_...Xk
=Pr{—=

r[ .

(-%)
< exp I

< exp (—25) < 0.01.

Here, the last line uses kd > 100. To prove that algorithm B decides DIPE with high probability,
it suffices to show that in both case 1 and case 2 the average state that Alice and Bob prepare is
close to the average state in Problem 2. This follows from the above bound on failure probability.
In case 1 the average state that Alice and Bob prepare is

m ®2
JE (Z (})<0 2"l + Prle > |o><0|®’“> . (o7)

t=0

26+ﬂ

It’s easy to see that the trace distance between this state and the average state for Problem 2 can
be upper bounded by

m ®2
k t k—t ®k
ﬁcd (; <t>€ (1 —e)" " [pe )| + Pr[t > m] [0)(0] ) -, EECdt,t’NIE(k,e) )| @ |y Ny | 1
< 4Pr[t > m] < 0.04,

(98)

and the same bound also holds for case 2. Therefore, since A decides Problem 2 with probability
at least 0.99, algorithm B decides DIPE with high probability. Then the Q(v/d) lower bound for
DIPE implies that

m = 100ke + 100 = Q(Vd), (99)

which gives k = Q(v/d/e).
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SWAP

Figure 3: The SWAP test for estimating the inner product. The probability of seeing measurement
outcome 0 at the output qubit equals %(po).

5.4 Optimality of the SWAP test

Recall that in the non-distributed setting where arbitrary quantum operations on p®* @ o®* are
allowed, we can estimate f = Tr(po) using k = O(1/€2) copies using SWAP test. The SWAP
test refers to the well-known circuit for estimating inner product shown in Fig. 3. The probability
of seeing 0 at the output qubit equals #(M). In experiment, given p®* and 0®*, we repeat
the SWAP test k times and use the k bits output {1,..., 23} to estimate f = Tr(po) as f =
1-2. %, which is an unbiased estimator for f. The variance is given by Var( f) = %
Therefore k = O(1/£?) copies is sufficient to estimate f within e additive error with probability at
least 2/3.

As the SWAP test only uses two-copy measurements, it is natural to ask if we can do better
with general multi-copy measurements. An improved algorithm for estimating the inner product
with multi-copy measurements was given by [BOW19], which we refer to as generalized SWAP test.
A related work by [FRS+20] addresses the optimal precision of inner product estimation with a
given number of copies.

Lemma 12 (Generalized SWAP test [BOW19]). There exists an algorithm which takes input p®* @

o®* outputs an unbiased estimator for f = Tr(po) using multi-copy measurements that has variance
1 k-1 9 9 2k—-1 ,
R (Tr(p?c) + Tr(po?)) — Rt (100)

This algorithm is optimal in the sense of having optimal variance among all unbiased estimators.

In the worst case the optimal variance is (1/k). As Tr (p2cr) and Tr(p02) can be upper bounded

by f, this implies that
L f
k=0|-+= 101
<€ * 82> (101)

copies is sufficient to estimate f within e additive error with probability at least 2/3.

Both the standard and the generalized SWAP test requires Q(1/e%) copies in general. In the
following we show that this is optimal by proving a €2(1/£2) sample complexity lower bound for
estimating inner product.

Lemma 13. Suppose there is an algorithm that on input p®*@0®*, where p,o act on C?, outputs an
estimate of Tr(po) within € additive error with success probability at least 2/3. Then k = Q (1/¢?).

Proof. Define the states [1g) , [11) as
1 1
o) =15 —€l0) +4/5 +ell),

2 2 (102)

) = /5 +el0) +4/3 < ).
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Consider the task of distinguishing between the two cases (1) &* ©|0)(0|¥, and (2) ¥&F ®[0)(0]®*.
In case 1 the inner product is given by |(0|1/)0>|2 = % — ¢, and in case 2 the inner product is given
by [(0]41)]* = 1 +¢. Therefore using the algorithm for inner product estimation we can distinguish
between the two cases with high probability. This implies that the fidelity between the two cases
is at most 1 — (1).

On the other hand, the fidelity between the two cases is given by
1—0Q(1) > F(yg" @ |0)0| ", 4F" @ 0)0|*") = F(vo, ¢1)" = (1 - 4e®)* > 1~ dke®,  (103)
which implies that k = Q(1/£?). O

Clearly, this lower bound also applies to our distributed setting as it is a special case of non-
distributed setting. Combining this with our lower bound in Theorem 12, we have the following
stronger lower bound for IP,.

Corollary 2. Suppose Alice has input p©* and Bob has input o®%, for arbitrary unknown mized

states p,o acting on C. Then
1 vd
k=Q (max{—2,£}> (104)
e?’ €

copies is necessary for them to estimate Tr(po) within additive error € with success probability 2/3,
even when they are allowed arbitrary multi-copy measurements and interactive protocols.

6 Inner product estimation with single-copy measurements

Next we show how to solve quantum inner product estimation using single-copy measurements. The
algorithm only uses non-adaptive measurements and simultaneous message passing for communica-
tion (Fig. 2b). The high-level idea is to reduce quantum inner product estimation to classical inner
product estimation via performing a random projection on the quantum states. The general idea
of reducing quantum property estimation to classical property estimation via random projection
has been used in other tasks such as shadow tomography [HKP20] and state certification [BCL20].
Here we show this technique is also effective for learning multiple quantum systems.

6.1 Classical collision estimator

We start by reviewing the classical collision estimator for estimating the inner product of two
discrete probability distributions. The idea of collision estimator is to count the pairwise collisions
between two sets of samples from two discrete distributions, which has been widely used in property
testing of probability distributions [DGP+19; Can20).

Consider two unknown distributions p, ¢ supported on {0, ...,d—1}. We are given i.i.d. samples
T1y...,Tm ~pand y1,...,Yn ~ ¢, and the goal is to estimate the inner product g := Zztol DpGb-

Definition 7 (Collision estimator). Given samples x1,...,Tm ~ D and Yi,...,Ym ~ q from two
discrete distributions p,q, the collision estimator is defined as

1 m
D SR (105)
m?
k=1
where 1[X] =1 when X is true and 0 otherwise.
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Algorithm 2 Quantum inner product estimation with single-copy measurement
Input: number of basis settings IV, number of measurements for each basis m, k = Nm copies of
unknown mixed states p, o acting on C%
Output: an estimate of f := Tr(po)
1: fori=1...N do
sample a random unitary matrix U; ~ U(d)
measure m copies of p in the basis {UZT |b)(D] U,-}Z;é and obtain X = {x1,...,2}

measure m copies of ¢ in the basis {UZT |b)(b] U,-}Z;é and obtain Y = {y1,...,ym}
compute the collision estimator (105) using X and Y, denote by g;

let w; = (d+ 1)92 -1

7: end for

8: Return w := % SN w

It is easy to see that the collision estimator is an unbiased estimator for the inner product. We
can also calculate its variance as follows.

Lemma 14. The variance of the collision estimator is upper bounded by

d—1 d—1
- g 1
Var(g) < =5+ — <Zpbq§ + Zzﬁ%) : (106)

b=0 b=0

Proof. The variance is given by

Var(j) = Eg* — ¢°

1 m
= Z Ellz; =y - [z = ys] — ¢°
7.k, l,s=1

d-1 d-1
1
=1 (ng +m?(m —1)°¢* + m*(m —1) Y ppgi +m*(m —1) ZP%%) -
b=0 b=0
g 1 (= d-1
2 2

In the third line, the four terms in the bracket come from 4 different cases in the sum: j =Nk = s,
JEINKkFEs, j=INk#s,j#INk=s, respectively. O

(107)

IN

The variance can be further upper bounded by Var(g) < O(g/m), which implies the well-known
fact that O(g/e?) samples suffices to estimate g within e additive error with success probability at
least 2/3. However in our case it is crucial to keep the original expression in Lemma 14, as we will
see later that p and ¢ will be close to uniform, which significantly reduces the variance compared
to the worst case bound O(g/m).

6.2 Analysis of the estimation algorithm

Next we provide an analysis of the estimation algorithm (Algorithm 2) which uses the template
in Fig. 2b. A variant of Algorithm 2 was proposed by [EVB+20] which also provided a numerical
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analysis of the variance. The only difference is that in Algorithm 2 we use the collision estimator to
estimate the classical inner product, while [EVB+20] uses the inner product between the empirical
distributions. We remark that the two estimators should have similar performance, and here we
use the collision estimator because it is easier to analyze.

The main idea of Algorithm 2 is to rotate p,o by a random unitary matrix U, then estimate
the inner product of the distributions p(U), ¢(U), where

po(U) = BUpU) . a(U) = (b[UaUTp), (108)

which are the discrete probability distributions that correspond to the measurement outcome of
UpU' and UoUT in the computational basis. Their inner product is defined as

d—1
O|UpUT b)Y (b|UcUT|b). (109)
b=0

Let g(U,S) denote the collision estimator (line 5 of Algorithm 2) in a single iteration, with
unitary U and samples S = {X,Y'}. Its mean is given by

E (U, S) =Eg(U)

U,S U
d—1
E (b|UpU|b) (bUoUT[b)
b=0
=d E_ @lol) Wloly) (110)
1
= mTr((I®I+SVVAP)p@ o)
1+ f
S d+ 1

Here the fourth line follows from the characterization of Hgﬁm (Lemma 1, also see Lemma 22). This
implies the following.

Lemma 15. Let w be the estimator returned by Algorithm 2. Then w is an unbiased estimator for
f="Tr(po).

To calculate the variance of w it suffices to calculate the variance of g(U,S). This is because
each iteration ¢ = 1,..., N is independent and

N
Var(w) = % ZVar(wi) = %(d + 1)2Var(§(U, S)). (111)

The total variance Var(g(U,S)) involves two parts: the variance introduced by the random
unitary U and the variance introduced by the intrinsic randomness of quantum measurement. The
law of total variance gives

Var(g(U, 5)) = Vary (E[g(U, 5)|U]) + E[Var(g(U, 5)|U)], (112)

which precisely corresponds to the two parts described above. These terms can be upper bounded
as follows.
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Lemma 16. The variance of g(U,S) with respect to U and S can be upper bounded by

- 1 - 1 1
Vary (B0 S)0) = O (5 )+ ENaGO SO =0 (gt o). (1)
Therefore the total variance is
Var(g(U, S)) = O i—k—l +—1 (114)
I =ENB T m2d T maz )

The proof is given in Appendix C, where we also show that the above bounds are tight. In
particular, when p, o are pure states the exact form of the variance is given by

(14 f)* = d6 = f)f +d+2(1 - f)?

d(d + 1)2(d + 2)(d + 3)
L+ f m—1  4+8f 2m — 1d?(1+ f)? +5d(1+ f)? +2(1 — f)?
A+ D)m2 w2 dr)d+2) dd+1(d+2)d+3)

1 1 1

:‘2(1)'(@*@*@)’

Var(g(U, S)) =

(115)

where the first line corresponds to Vary (E[g(U, S)|U]), the second line corresponds to Ey [Var(g(U, S)|U)],
f = Tr(po) and the constant in (1) does not depend on f.

Combining Lemma 15 and Lemma 16 we have the following characterization of the performance
of Algorithm 2.

Theorem 13. Let w be the estimator returned by Algorithm 2, which uses N random unitary bases
and m copies for each basis. Then we have Ew = f and

1 1 d 1
Var(w) = NO (a + poo + E) . (116)

The sample complexity is given by k = Nm. When ¢ = Q(1), it suffices to choose N = 1 and
m = O(Vd/e) to achieve € additive error with probability at least 2/3. In general, for any e > 0,
Algorithm 2 returns an estimate of f within € additive error with probability at least 2/3, provided

that
l<:2C-maX{i ﬁ} (117)

g2’ ¢
for some constant C' > 0 that does not depend on f.

Proof. For any ¢ € (0,1), from the three terms in Eq. (116) it is necessary and sufficient to have

1 o d 1

NZmaX{l,@}, Nm 26—2, Nmze—z. (118)

Here we ignored constants. The third condition implies that k > 6% The first two conditions imply
that

1 d d 1 1 +d
kzN-—-izi'max 1, —= ¢ = max —,£ . (119)
VN € ~ ¢ Vide e?’ e
. . . _ 1 _ \d
This lower bound is also achievable as we can choose N = max {1, P} and m = N O
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Combining our lower bound in Corollary 2 with Theorem 13 we have the following.

Theorem 14 (Main result, restatement). For any ¢ € (0,1), the sample complezity of IP. is

1 Vd
k=06 <max{€—2,?}) (120)

across all measurement and communication settings.

Therefore our results completely settle the sample complexity of distributed quantum inner
product estimation in the general setting without any prior knowledge on f.

Interestingly, if we are promised an upper bound on f, then for pure states our algorithm
with multi-copy measurements (Algorithm 1) has better sample complexity. For this, note that in
Eq. (43) the first two terms in the RHS have respective factors of f and /f. If f is promised to be
small, then the number of copies with Algorithm 1 clearly improve in comparison to the worst case
(f = 1). In contrast, our algorithm with single-copy measurements (Algorithm 2) does not have
this feature due to the constant prefactor (as shown in Eq. (115)) that does not depend on f.
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A Proof of Lemma 5

Let w = (|(u[v)|* — A)/B where A = (31%62, B = (d_ﬁc)Q. The variance is given by

Var(w) = Ew? — f2

1 A% 24

= Elup -5 -2 p (121)
d+k)? d+2k)?  2(d+ 2k

— ( —;;4 ) E\(u!v>]4— ( _;:4 ) _ ( —11;2 )f _f2-

Therefore it suffices to calculate E |(u|v)|*. Recall that

(ulv) = aBe’ =0 (p|ih) +1/1 — a2 e’ <¢/|w>+ 1— Bae™ ™ <¢‘1//>+\/(1 —a2)(1 - p?) <¢/(‘¢/>)7
122

36


https://doi.org/10.1038/s41567-020-0932-7
https://doi.org/10.1145/380752.380786
https://doi.org/10.1103/PRXQuantum.2.010201
https://doi.org/10.1088/1361-6633/ab1ca4
https://doi.org/10.1007/s00023-007-0345-5
https://doi.org/10.1145/2897518.2897544
https://doi.org/10.1145/3055399.3055454
https://doi.org/10.1103/PhysRevLett.107.210404
https://doi.org/10.1126/science.aam9288

where ¢, 6 are random phases. The first step in calculating E |(u|v)|* is to perform the integral
with respect to the random phases. This can be achieved by the following lemma.

Lemma 17. Let q, g, h,l be compler numbers. Then
E
0,6~[0,27]
= lq* +1gl" + A" + 11"
+ 4 (lgP PP+ 11219 + [LPR1P + lal*lg® + lalh? + lal*[1 + glg*h* + ghg*T) .

, . . 4
=g 4 e%g+ e Oh 41

(123)

The proof is by brute force calculation. To use this lemma, we assign the complex numbers
4,9,h,l as

q=aB(gly)
9=V1-0a25(¢'[v)

= V1 - B2 (o]¢)
VA= a)(1-52) (¢']0).
It remains to calculate each term in RHS of Eq. (123). The key tools to calculate these terms are

the moments of the random state |¢')¢’|. Recall that for an arbitrary state |¢) € C?, the random
state |¢') is defined as a uniformly random state in (Cgil, which is the d — 1 dimensional subspace

(124)

l

of C? that is perpendicular to |¢). The moments of |¢')(¢'| is given as follows.

Lemma 18. Let [1)) € C? be an arbitrary vector, and let (Ciil be the d — 1 dimensional subspace
of C¢ that is perpendicular to |). Then

(I =)™ D Palm) (I = [0)g)™F . (125)

TESE

1
d+k—2)-(d—1)

In particular, the k = 1,2 moments are given as

WXW
Wim (Cd 1| ><1/} | - -1 7’

! 1®2 1
S B VR = G (2 = 1)) 2 + (I = [)w)®* SWAP (I — [u)))*2)

(126)

Proof. The proof follows from a simple observation. Note that LHS is proportional to the orthogonal
projector onto \/k(Ciil. Lemma 1 implies that

o/ )| =

: d—1\®k
o (Cd L d+k—2 <sum of all permutations on ((Cwl ) )

(d—1)
(127)

1
i
)1 (7 — [6)oD®* S Palm) (I — [

TESK

T (dtk—2)---(d-1)

where the second line follows from the fact that each permutation operator on ((Ciil)@’k equals the
same permutation on (C?)®* with the basis [¢))(¥| being projected out. O
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We define the following operator

SWAPy, := (I — [)}(¢))** SWAP (I — [¢))(¢)])*? (128)

which is the SWAP operator projected onto ((Cill)m.
Using Lemma 18 it is easy to calculate the following useful quantities.

Lemma 19.

_ 2
£ o - B0
Proof.
B[/ )] = gy (7~ 100D + SWAPy) fuw|®?)
= s (= g (WA, o)) (130)
201
dd—-1)"
]
Lemma 20. (1-f)d+2f—-2)
B WP K = == (131)
W~Cy T
Proof.
ANTANE: / 2 _ (I - |¢><¢|)®2 + SWAP¢ I— |7/)><7;Z)|
B (@) (o) ? = 1o (AL Lol )
= g (= 2+ (1= )+ TEWAP, -1 [0)0]) — (1 = 1))
- g (@2 =90 = 1=
(- pd+2f-2)
dd—12
(132)
]
bemma 21. 2d — 2+ )2 +2(d -2+ f?)
ARTANES - -
¢,N%ill |<¢ ‘w >| - d2(d _ 1)2 (133)
W/ ~Cy
Proof.
E|(¢'[v")]" = Wl_l)z Tr(((1 = [@)@)* + SWAPy) (I — [¢)()** + SWAPy))
(134)

(d=2+f)?+2(d -2+ f?) + Tr(SWAP, - SWAPw)
- d2(d )2

38



where we have used Tr((1 — [¢}¢])®? - (I — [)¢])¥?) = (d — 2+ f)?, and

Tr(SWAP - (I — [)(1h])¥?) = Tr(SWAP(I — o)) 2> (I — [0} ) ¥ (I — o) ¢])®?)
= Tr((I — |} (I — [WXW[)(I — |oX8) (T — [¥)X¢])) (135)
=d—-2+ f2

Finally,

Tr(SWAP - SWAPy) = (Tr((1 — [} ) (I — [¢)¢])))*

—(d-2+ )2 (136)

O

Having the above lemmas, and recall the fact that Ea? = ES2 = £l and Eo* = ES* =

T d+k
%, we are now ready to calculate each term in RHS of Eq. (123).

Let’s start with the last two terms. Using E |[¢'}¢/| = w and E [¢'}¢'| = %, we can

show that )
EWW@WMMWMW@zé:é. (137)
This gives
Ealo*h* — F aha*l* — (d—1)%(k +1)? ‘ f2=r (k+1)2 . ase)
GO =R T A kP k+ 102 d-12  (d+k)2d Tkt 1)? '
Next, we have
B (k4 2)2%(k+1)?
Elgl =Ealiift = (d+k+1)2(d+k)2f2
Elg|* = E|n[*
=E(1—a®)?3'[(¢]v)["
_([@d-Ddk+)(k+2) o
T dHk2d+k+1)? (=) dd—1)
20k +1)(k +2) (139)

- (d+k)*(d+k+1)? (1= f)?
Bl =E(1 — (1 - )2 |(¢|9)[

= (d_1)2d2 ANTANE:

= @ rras i e B

C2d—2+4 f)2+2(d -2+ f?)

T (A k)2 k+ 1)
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Next,

E|gP|hl? = Ea*(1 - a?)82(1 - 82) |(¢/ |0} [(])]?
_ (k+1)2
T [d+k)2(dTk+1)2 (=17
E|i?[g® = E [I2[h]?

= E(1 - a?287(1 = 82) [(¢/[u")|* (& |v))|”

d—1)%d(k

B (d(+ k)lzdikili E [(&'[¢")[* [(¢/|¢)[°
_ (k+1)

A+ k(A +E+1)

Elq*|g|* = E|q|*|h]?
— Ea?(1 - a?)8 (¢ [)?

(k12 +2)
BRCE LTSI AEL

E|qPl]? =Ea*(1 - a®)B*(1 - 2 f [{¢' [0

_ (k+1)
B S A

(1-f)d+2f-2) (140)

Then the variance is given by

Var(w) = 4 ;ka,( oyt~ @ +2k> 2(d 4};2%)1’ e
- (d(ﬁ ?32 <(k - 2)1<:Elk g A 11<;)4(k gy
L 2Ad-2+ f)2];2(d -2+ f?) (141)
AT = S pyagap -y SEEDEED) g
“kk—il)zf(d—ﬂfﬂ (k+1)k(f2 f)) _ <d+]-€42k>2 _2<d222k>f_f2.

To calculate an upper bound of the above exact expression of the variance, note that the sum inside

the bracket must be positive, so we can relax the coefficient (d(-ﬁ;i)l)Z to 1. This gives

(k+2)2(k +1)2 Ak 4+ 1)(k +2) 20d -2+ f)2+2(d -2+ f?)

2 2
4(l<:];1) _(1_f)2+8(kkjl)(1_f)(d+2f_2)+8(/<;+1114(k+2)f(1_f)
2 20 £2 2
4(1<:;41) f(d_2+f)+8(k:+1)k4(f f)_(d:jk:) _2(d4};22k)f_f2 (142)
4f —2f% 2f +f2+4 4d+4 d*+2
B k + k;2 k3 L4
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B Proof of Lemma 8

In the following we write |u) as |0) and provide an analysis of Bob’s post-measurement state
(72T B el o (143
i

First, we decompose the integral with respect to random vector ¢ ~ C? using Lemma 3 as

19) = e |0) + V1 — a2 |v), (144)

then we can consider the integral with respect to 3 independent random variable «, 6 |v), which
becomes

p=<d+k_1> £ (a? |0§0] + e VI~ a2 0)o] + ac~y/T— a? [0)0] + (1 — o) fu)e]) 0

k
k
—1
= (Y Bty (8 s, (00 @ ol ) g,

t=0
(145)

Here we have performed integral over the random phase 6, which follows from Lemma 10.
From Eq. (145), the next step is to perform integral over v. Note that here v is a random vector

on span{|l),...,|d — 1)}. Using Lemma 1 we have
L fdyk—t—=2\""
k d—1,k
Bl = (17277 mha (146)
Here we use Hg Hllg " to denote the orthogonal projector onto VF~fspan{|1),...,|d —1)}. This
gives
k -1
d+k—-1 ifd+Ek—t—-2 k d—1,k—
p= ( i > EY o1 —a?) t( L ) ( ) gk, (10)0/*" @ iy~ ) sk,
t=0
(147)
Next, recall that we have defined the projectors IT* onto the subspaces
W' = span {Hgylfn 10)%" @ [0)®*" : v) € span{[1),...,|d— 1>}} , (148)
where we have dropped the subscript u as here |u) = |0). We show that this projector can be
written as L
d—1,k—
i = (g, (10401 o1t i (149)
Consider a orthogonal basis of V¥C? = spanB (Definition 3), where
d—1
B=1q > lin,oovin): 0= (Lo, ... La1),t; =0, =k (150)
2T (3)=¢ J=0
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Here ¢; denotes the number of times that j appear in the basis. Consider |b) € B with pattern /.
Clearly, if £y # t then IT* |b) = 0. If £y = t, then

k 1k
i) = (g, (10401 & 11,6 ) 1
kN qdk (oot 151
:<t>ns§m|0>® ® |b) (151)

= [b),

where

V') = > i1,y ik—t) . (152)

i1t A0 (01 —g) =4

Therefore, IT¢ is the orthogonal projector onto

d—1
Span{ Z lit, ... yig) €= (Lo, ..., Lg—1),4; > 0,0 = t,ZEj = k‘} , (153)
=0

T (1)=¢

which equals to W?.
Now we can write Bob’s state as

k -1
(d+k—1 dest) g ot (A=t =2\ TR
p-( k )Igtgzoa (1—-a%) bt ; IT". (154)

The final step is to calculate the integral with respect to a. We have

1
Ea2(k+t)(1 o a2)k—t — / a2(k+t)(1 o a2)k—t2(d o 1)(1 o a2)d—2ada
@ 0

1
(x=a?% = / (d—1D)zF (1 — 2)Hr—t=2qy (155)
0
_ (d_l)(k+t)!(d+k—t—2)!
(d+2k—1)!
Here we have used the fact that for m,n € Z, fol 21 —z)"dx = (mTfl:-Ll!-l)!' This concludes the

proof of p = Zfzo BITE, where

e (1 e () ()

(k+t)(k+t—1)---(t+1)
(d+2k—1)(d+2k—2)---(d+ k)

(156)

C Proof of Lemma 16

As the variance involves up to the 4th moment of random states, we need the following technical
lemma.

Lemma 22. Let A, B,C, D be Hermitian matrices. Then

JE, (iAW) wiBl) = -

ﬁ (Tr(A) Tr(B) + Tr(AB)), (157)
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and

E , WlA) WIBlY) (WICI) = (Tr(A) Tr(B) Tr(C) + Tr(AB) Tr(C)

1
d(d+1)(d + 2)
+ Tr(A) Te(BC) + Tr(C) Tr(AB) + Tr(ABC) + Tr(ACB)) ,

(158)
and similarly
S (IAR) (IBIY) (WICT) (wIDIY)
1 (159)
Tr(A® BC®D - P, .
S ddrDd+2)(d+3) 2;4 (A@BoC®D- Fum)
Proof. This directly follows from the characterization of Hsym (Lemma 1), which gives
E ok = Py( 160
JEL W0 = a3 e (160
O

We start with the second term of Eq. (112). Using the expression for the variance of collision
estimator in Lemma 14, we have

E [Var(5(U, $)0)] < E |27 (161)

o (Zpb<U>qb<U>2 + Zpbw)?qbw))
b b

We have already shown that E g(U) = %, so the first term in RHS is O(1/m?2d). For the second
term, notice that

d—1 d—1
2 _ t iz 2
EY o(U)a(U)? =E ) bUpUT ) (bUaUT|b)
b=0 b=0 (162)
=d B Wlelv) (Wloly)”
= 0(1/ dz),
where the third line follows from Lemma 22. This implies that
- 1 1
Ig[Var(g(U, SHU)] =0 <w + m) . (163)
Next we consider the first term of Eq. (112), which is
Vary (E[g(U, S)|U]) = Varyya)9(U)
1+ f)?
- gup- U
U~U(d) 9(0) (d+1)2
=S B AU ) (00U ) (ltpU ) (il — T
b1,b2=0 U~u(d) (d + 1)2 .
(164)
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The above sum consists of two different cases: by = b and b; # by. In the second case, the
distribution of {UT |by),UT |by)} can be understood as follows: first sample a uniformly random
vector [1)) ~ C?, then sample a uniformly random vector in (Cill, denoted as i) ~ (Ciil. Recall

that (Ci:l is the d — 1 dimensional subspace of C? that is perpendicular to |¢). Then we have

Varg (BE[G(U, S)|U])) =d E_(($lpl) (Wloly))?

E
Y~ C

2
Hdd=1) B (lole) Wlolo) (Wlelwr) (Jolw) - GG (199)

~

/ d—1
P N(Cwl

To calculate the second term in RHS, we first calculate the integral with respect to ¢’ and then
calculate the integral with respect to v, which is

JE Wlele) wlol) (o]l (0'lolw)
Y/ ~Cy !

= B | @t o) B, (W/lol") (W'lolv) | -

(166)
We have shown in Lemma 18 that

/ 12
W“‘%Zj_l |¢ ><1[) ‘ - d(d _ 1)

(2= 1)) + (1 = [} *> SWAP (I - [0)e)®*)  (167)

and using this we have
dd—=1) E_ (@p[¢") (W|o¢’)
wl"’(cwl

= (1= @lpl¥)) (1 = (Wloly)) + Tr(p(I — [¥X¢ o (I = [¥)¢])) (168)
= (1= (@lpl)) (1= @lol)) + f + (Wlpld) @lold) = (bl(po +op)|e)
=14 f = (@lplv) = Wlov) +2(lplv) (Wloly) — (l(po +ap)l¥) .

Plugging this into Eq. (166), we have
d(d—1) . (Wlplp) Wloly) (@' |p|d") (¥'|o]e’)
w/NCill

= B0+ Wlply) (Wloly) — Wlpld)?* Wlolw) — (Wloly) (¢lole)?

(169)
+2 (W) (Wlale)® = @lpl) (Wlofy) Wl(po +op)le)
_ a4
=@ Towd)
where we have ignored the negative terms. Then Eq. (165) becomes
2 2
Vary (B[§(U, $)[U]) = d- O(1/d*) + Ezl(;fi) +o(/d) - 81:)32 -

=0(1/d?),
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and the total variance is given by

Var(§(U, $)) = Vary (E[3(U, $)|U]) + E[Var (§(U, $)|U)] = O (% + % + #) L)

To show that the above upper bound is tight, we proceed by calculating the exact expression
of the variance when p and o are pure states. We start with the following technical lemma.

Lemma 23. Let p,o be pure states, and f = Tr(po). Then

_ 1+
JE, Wlel) (lolw) = gt

W) (Wloli)? = g
8f + 4f?
chd (Wlply) (Plaly) (bl(po +op)l) = dd+1)d12)

44+ 16f + 4f2
(d+1)(d+2)(d+3)

2 —
JE, Wlolv)® ot} = E

(172)

2 2
JE, Wl wlolw)’ = 5

Proof. This follows from a direct calculation with Lemma 22. O
Now we are ready to calculate the variance as follows.
Var(§(U, 5)) = Varg (E[(U, 8)[U7]) + E[Var(§(U, ) V)]
4+ 16f + 4f? (1+ f)? 2(4f +2)

(d+1)(d+2)(d+3)  dd+1) d(d+1)(d+2)
2(4f*+16f +4) 4f% +8f (14 f)?

dd+1)(d+2)(d+3) dd+1)(d+2) (d+1)
d—1 d—1
g (mm_ D) > i + (mm_g DS 52, - 277:”5 Ly
b=0 b=
B+ f)2=d6—f)f +d+2(1— f)?
N d(d+1)2(d + 2)(d + 3)

1+ f (m—1) 448f  2m—1d*(1+ ) +5d(1+ f)*+2(1 - f)*
m2(d+1) m?  (d+1)(d+2) m? d(d+1)(d+2)(d+ 3) ’
(173)

0

+

D Inner product estimation with independent classical shadow

Suppose Alice rotates her state p with a random unitary U and measures in the computational
basis, obtaining result x. Define the classical shadow as the following operator

S =(d+ 1)U |z)z| U — I. (174)

It is shown [HKP20] that E .S = p, where the expectation is over the randomness of U as well as the
randomness of quantum measurement. Consider the following algorithm for distributed quantum
inner product estimation:

1. Alice obtains classical shadow {Si,...,Si} using k copies of her unknown state p.
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2. Bob obtains classical shadow {77,...,T)} using k copies of his unknown state o.

3. They compute g = Tr<<% Zle Si> . <% 25:1 Tj))

Note that each classical shadow estimation uses an independent unitary, so the classical shadows
are independent from each other. Also, the above algorithm can be implemented with simultaneous
message passing without shared randomness.

Theorem 15. For any ¢ > 0, the above algorithm returns an estimate of f = Tr(po) within e
additive error with probability at least 2/3, provided that

1 d
k>C- —, = 175
> C' - max {52’ . } (175)
for some constant C > 0 that does not depend on f.

Proof. AsEES; = p and ET; = o, the estimator g satisfies Eg = f := Tr(po). It remains to analyze
the variance of g. We have

2
Var(g ZTrST —f?
=t (176)
IE Z Tr(S:T;) Tr(S,T;) — f>.

1,3,q,l=1

There are four cases:
1. i =gq, j =, there are k? terms of the form IETr(ST)2.
. i#q, j#1, this gives k2(k — 1)2f2.
3. i=gq, j #1, there are k*(k — 1) terms of the form ETr(STy) Tr(STy).

[\)

4. i # q, j =1, there are k*(k — 1) terms of the form E Tr(S,T) Tr(S2T).

Below we calculate these terms assuming p and o are pure states; the results will be upper bounds
of the case when p and ¢ are mixed states. Let’s start with case 3. We have

E Tr(ST}) Tr(STy) = ETr(So)?
_EZ (@l UpU ) ((d -+ 1) (2l UoUz) — 1)2

= dE ($loly) ((d+1) (Vlo ) - 1)°

— Ed(d+ 17 (lple) (Wlol9)? — 2d(d + 1) (Wlols) Wil +1 (7D
_ S i

=d(d + 1)2d(d+1)(d+2) 2d(d + 1)d(d+1) +1

_d(1+2f)

o d+2
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Now the variance can be written as

! s (k—1)? 2(k — 1) d(1 + 2f)
Var(g) = 15 ETr(ST)" + =5 f* + =3 d+2 I (178)
- % ETr(ST)* + O(1/k).

It remains to calculate ETr(ST)?. We have
9 2
ETe(ST)* = E Z @|UpUt|z) (y|VoVily) ((d+ 1)2 ( <nyvay>( —d+ 2))

= E (wlole) (6lo16) ((4+ 17 [lo) — (@+2)°
-E d2<d + 1" (Wlplw) (dlol) [(¥1o)]"

—2d*(d + 1)°(d + 2) (¢lple) (Slol@) |(]¢)]* + (d +2)° (179)
- K d*(d+ 1) (Wlple) (@lole) [(]0)]" —2(d +2)(d +2 + f) + (d +2)°

(d+1)? 2
= (2d° +10d + 4df + 12+ 8f) —2(d +2)(d + 2+ f) + (d + 2)

-~ (d+2)2

B2 f +4d® +2d —Af —2
N d+2

= 0(d%).

Here, the fifth and sixth lines are calculated using the technique of writing moments of a random

pure state as sum of permutations (Lemma 22). This gives

Var(g) = O <Z—z + %) . (180)

Note that the result ETr(ST)? = O(d?) is consistent with Lemma 6 of [HKP20]. O
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