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Strong Omega Consistency

Abstract

This dissertation attempts to formalize the informal observation that large
cardinal axioms are consistent with each other and are well-ordered in terms
of consistency strength. In Chapter 1, we review the more general observa-
tion that “natural” mathematical theories tend to be well-ordered in terms of
consistency strength, and we survey several “unnatural” counterexamples to
well-ordering in the consistency strength hierarchy. In Chapter 2, we observe
that the hierarchy of S-consistent sentences is well-ordered and generally agrees
with the ordering of large cardinal axioms in terms of consistency strength,
but this hierarchy admits sentences that are inconsistent with each other. In
Chapter 3, we use Hugh Woodin’s 2-logic to define a hierarchy of strongly
()-consistent large cardinal axioms. We show, under certain strong hypothe-
ses, that the strongly (2-consistent large cardinal axioms are well-ordered and

jointly strongly €2-consistent with each other.
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Chapter 1

The Consistency Strength

Hierarchy

1.1 The Hierarchy of Natural Systems

Set theorists have observed that “natural” extensions of ZFC are well-ordered
in terms of “logical strength.”! T have put scare quotes around “logical strength”
because there are multiple precise notions of logical strength to choose from.
For example, (Simpson, 2010) emphasizes the ordering of systems in terms of
consistency strength, where one system T is stronger than another system S
just in case T proves the consistency of S. (Lowe & Steel, 1999) also empha-
sizes the ordering of natural systems in terms of consistency strength, but that

paper defines T to be stronger than S just in case T proves every IIY theorem

!Discussions of this phenomenon can be found in (Shelah, 1984), (H. Friedman & Simp-
son, 2000), (Feferman, Friedman, Maddy, & Steel, 2000), (Burgess, 2005), (Kanamori, 2008),
(Koellner, 2009), (Tennant, 2009), (S. D. Friedman, Rathjen, & Weiermann, 2013), (Hauser
& Woodin, 2014).



of S.2 (Feferman, 2008) and (Koellner, 2011) emphasize the ordering of natural
systems under interpretability. Although there are subtle differences between
these orderings, they tend to agree with each other on comparisons between
“natural” systems, which suggests that there is a “canonical” ordering of these
systems.

The scare quotes around “natural” are necessary because the notion of a
natural sentence or axiom system is not precise. In this context, a “natural”
sentence is intended to be contrasted with sentences that are cooked up using
metamathematical-tricks.® Standard examples of unnatural sentences include
the self-referential sentences devised by Godel and Rosser to prove the incom-
pleteness theorems. Standard examples of natural set-theoretic sentences in-
clude statements about cardinal arithmetic (e.g., the Continuum Hypothesis),
descriptive set theory (e.g., Projective Determinacy), infinitary combinatorics
(Suslin’s Hypothesis), and large cardinal axioms (e.g., “There is a measurable
cardinal.”)

Large cardinal axioms play a particularly special role in this setting. It is
usually the case that a natural set-theoretic sentence A is found to be equicon-
sistent (over ZFC) with a large cardinal axiom LCy. Large cardinal axioms,
in turn, are often directly comparable to each other in terms of consistency

strength. So the consistency strength of two seemingly unrelated natural sen-

2In fact, Lowe and Steel claim that this is “perhaps the most natural way to define the
consistency strength order.”

3A distinct use of “naturalness” occurs in discussions about the justification of new
axioms for set theory. In those discussions, “natural” axioms are distinguished from “arbi-
trary” axioms by satisfying some special epistemic, conceptual, or methodological require-
ment. For example, large cardinal axioms might be considered “natural” because they satisfy
a methodological maxim such as “maximize.” An example of this use of “naturalness” is
given in (Bagaria, 2004).



tences A and B are often compared by first (i) finding large cardinal axioms
LCy and LCp that are equiconsistent with A and B (respectively), and then
(ii) comparing the consistency strengths of LC'4 and LCp. In many cases,
this is the only known way of comparing the two statements. As explained by

John Steel:

We know of no way to compare the consistency strengths of PFA
and the existence of a total extension of Lebesgue measure except
to relate each to the large cardinal hierarchy. The same is true for
most other comparisons: the large cardinal hierarchy is essential.
(J. Steel, 2014)

The main goal of this chapter is to survey several “unnatural” counterex-
amples to well-ordering in the consistency strength hierarchy. The variety of
these examples makes it difficult to articulate a precise notion of “naturalness.”
Although this dissertation is primarily concerned with extensions of ZFC, the
well-ordering of natural systems is actually a much broader phenomenon that
includes systems of first-order and second-order arithmetic.* Many of the
classic counterexamples to well-ordering in the consistency strength hierarchy
are formulated in terms of systems of arithmetic, so this chapter will study

extensions of PA as well as extensions of ZFC.

1.2 Relative Consistency and Interpretability

This section includes technical details concerning relative consistency and in-

terpretability that will be used in the later sections. The objects in our hi-

4The hierarchy of systems of second-order arithmetic is heavily studied in the Reverse
Mathematics program. See (Simpson, 2009).



erarchies are recursively enumerable presentations of axiom systems,
or systems for short. Most of this dissertation will focus on systems in the
language of first-order set theory, although this chapter will also include some
results about systems in the language of first-order arithmetic. Given a Godel-
numbering for the formulas of a language L, a system S is defined by a ¢
formula Axiomg(z) in the language of first-order arithmetic. The axioms of S
are precisely those sentences o such that PA F Axiomg("o 7). Associated with
S is a XY formula Provg(z), and the theorems of S are precisely the sentences
o such that PA F Provg(T¢ 7). The sentence Con(S) is short for =Provg("L™).

We can now define relative consistency and equiconsistency:

Definition 1.1. Let S and T be axiom systems.
1. Relative Consistency: S <., T iff PA  Con(T) — Con(S).

2. Equiconsistency: S =, Tiff S <., Tand T <., S.

One of the main techniques for establishing relative consistency results is
the method of interpretations, as studied in (Tarski, Mostowski, & Robin-
son, 1953). Interpretations provide a method for converting theorems of one
system into theorems of another system. This requires defining a translation

between the languages of the two systems.



Definition 1.2 (Translations). Let L; and L, be languages with only
finitely many non-logical symbols. Let 7 be finite list of L, formulas sat-
isfying the following properties:

e There is a designated domain formula ¢, (z).

e For each constant symbol ¢ in Ly, there is a corresponding formula
we().

e For each n-ary function symbol f in L;, there is a corresponding
formula pr(xq, ..., 2, Y).

e For each n-ary relation symbol R in L;, there is a corresponding
formula @r(z1, ..., x,).

The translation generated by 7 is the mapping ¢ — ¢7 of L
formulas® to Ly formulas defined recursively as follows:

1. Atomic Formulas
(L7 = (L)
For each pair of variables z and y: (z =y)" = (v = y)

= @c(z)
fzr,.yxy) =y =

(a
(b
(c
(d

T

~— — ~—

For each constant symbol ¢ in Ly: (z =¢)7 :
[

For each n-ary function symbol f in Ly:
Or(T1, ey Tny Y)

(e) For each n-nary relation symbol R in Li: [R(z1,...,x,)]" =
OR(T1, oy Tp)

2. Compound Formulas

(a) For each L; formula ¢: (—p)" = —(¢")
(b) For each pair of L; formulas ¢ and ¥: (@ A )T = (" A7)
(©
(d) For each L; formula ¢: (zep)™ = Jx[p,(z) A @]

For each L; formula ¢: (Vaxp)™ = Va[p () — ¢

5Strictly speaking, we have not defined ¢ for every L; formula ¢. Each L; formula
must first be converted into a logically equivalent “normal form” before the translation can
be applied. For example, if ¢; and co are both constant symbols, then the sentence (¢; = ¢2)



We will routinely identify a translation ¢ +— ¢ with the finite list of formulas
7 that generates it.
For a translation to be an interpretation between axiom systems, the

target system must prove the translations of the initial system’s axioms.

Definition 1.3 (Interpretations). Let S and T be axiom systems. An
interpretation of S in T is a translation 7 from the language of S into

the language of T that satisfies the following two conditions:
1. PA F Provp("3ze,(x)7)

2. For each sentence o in the language of S: PA F Axiomg("o7) —

Provp(To™7)

The fundamental fact about interpretations is analogous to the soundness

theorem of first-order logic.

Lemma 1.1 (Soundness Theorem For Interpretations). Let 7 be an in-

terpretation of S in T. For each sentence ¢ in the language of S:

PA + Provg("o7) — Provy(To™ )

It immediately follows that interpretability implies relative consistency. For
suppose T is an interpretation of S in T. Since (L)™ = (L), the soundness the-
orem for interpretations tells us that PA F Provg(" L") — Provy("L7). Since
Con(S) and Con(T) respectively abbreviate =Provg(" L") and —Provy(" L"),

this is equivalent to PA = Con(T) — Con(S).

must first be converted to the logically equivalent sentence Jz3y(x =1 Ay = co Az = y)
before we can apply the translation.



A particularly important class of systems are the reflexive systems, which
are those systems that can prove the consistency of all of their finite sub-
systems. Any extension of PA in the language of arithmetic (or ZFC in the
language of set theory) is reflexive. The following facts about interpretability

between reflexive systems will be helpful in the remainder of this chapter.®

Lemma 1.2. Let S and T be X¢-complete reflexive systems.

1. (Orey Compactness) T interprets S iff T interprets every finite

fragment of S.

2. (Orey-Hayek) T interprets S iff T proves every I} theorem of S.

1.3 Rosser-like Sentences

The oldest and most commonly cited counterexamples to well-ordering in the
consistency strength hierarchy make use of “self-referential” sentences similar
to those used by Godel and Rosser. Results of this sort were first published in
Soloman Feferman’s seminal paper (Feferman, 1960), and additional results are
presented in papers such as (Montague, 1962), (Jeroslow, 1971), and (Svejdar,
1978). For concreteness, we will walk through one of these examples in detail.
All formulas and axiom systems in this section are in the language of first-
order arithmetic. In particular, a translation is always understood to be a
translation from the language of first-order arithmetic into itself.

There are two components to the main theorem in this section: certifi-

6See Chapter 6 of (Lindstrém, 2017).



cates for interpretations, and Rosser-like sentences. Certificates for in-
terpretations are analogous to Godel numbers for sentences. Recall that an
interpretation is a certain kind of translation, and a translation is generated by
a finite list of formulas. We can therefore assign code numbers to translations
in such a way that the set of code numbers for translations is computable.
Recall that, in order for a translation 7 to be an interpretation of a sen-
tence o in a system S, we need to know whether ¢” is provable in S. But the
systems that interest us are extensions of Q, so provability is not effectively
decidable. We therefore cannot effectively decide when a code for a transla-
tion is a code for an interpretation. We get around this problem by “bundling”
codes for translations together with codes for the proofs witnessing that these
translations are indeed interpretations. We call the number calling all of this

information a certificate.

Definition 1.4 (Certificates of Interpretability). Let S be a system and
let o be a sentence. A certificate for o <j,; S is a number of the form

2t3P54 where:
1. t codes a translation.

2. p codes a proof of Jxy:(x) in S, where ¢;(x) is the domain formula

of the translation coded by t.

3. q codes a proof of o' in S, where ¢! is the translation of o under the

translation coded by t.

It is easy to see that o is interpretable in S if and only if there is a certificate



for o <ix S. Moreover, the set of certificates for o <;; S is computable, and
therefore representable in (). Generalizing the definition just given, we can
make sense of certificates for more complicated statements such as “S + o
<int O + 77, where S is a finite system and o and 7 are individual sentences.

In particular, we will use the following fact in our main result.

Lemma 1.3. Let S and T be axiom systems, let o,, denote the sentence

with Godel number n, and let CERTg 1(n, m, k) be the ternary relation:

CERTgs r(n,m, k) <=k is a certificate for S + o, <int T + 0y,

If S is finite, then CERTgr(n,m,k) is computable, and therefore repre-

sentable in Q by a formula certs t(x,y,z).

The other component of our main theorem involves the use of Rosser-
like sentences. Recall that Rosser’s sentence R can be thought of as saying
“For every number coding a proof of me, there is a smaller number coding a

refutation of me.” That is:

PAF R <+ (Vz)[Proof("R™, z) — (Jy < x)Proof("R™, y)]

More generally, we will say that a sentence o is Rosser-like if o is provably
equivalent in PA to a sentence of the form (Vz)[N(z) — (3y < x)P(y)].
The following lemma about Rosser-like sentences will be used in our main

theorem.



Lemma 1.4. Let 0 = (Vx)[N(z) — (3y < z)P(y)] be a Rosser-like
sentence such that (i) N(x) represents the set N in Q, (i) P(z) represents

the set P in Q, and (iii) N U P is nonempty. Then:

1. If o is true, then P is nonempty and Q F o.

2. If o is false, then N is nonempty and Q F —o.

Proof. Part 1: Assume o is true. Then every member of N is preceded by a
smaller member of P. By assumption, N U P is nonempty, so it has a smallest
member ng. If ng belonged to N, then it would be a member of N that isn’t
preceded by any smaller member of P, contradicting the truth of o. So ng
can’t belong to N. Therefore ny belongs to P. This establishes that P is
nonempty.

Now we need to show that Q proves 0. Recall that N(z) and P(x) represent
N and P in Q. We know that ng is in P, and we know that there are no

members of N less than or equal to ng. So we have:

QF P(no) (1.1)

QF N(z) =z £ ng (1.2)

Recall the following basic fact about Q:

QFzLng—nyg <z (1.3)

Informally, the three facts above tell us that ng satisfies P(x), and every num-

10



ber satisfying N(z) is bigger than ngy. In other words: for every number
satisfying N(z), there is a smaller number (namely, ng) satisfying P(z). So
we have the desired result.

QF (Vo) [N(z) = By < x)P(y)] (1.4)

(

-
g

Part 2: Now assume o is false. Then there must be a number ng in N that
is not preceded by any smaller number from P. This establishes that N is
nonempty. Now we need to show that Q proves —o. We know that ng is in N,

and we know that no number in P is smaller than ng. So we have:

QF N(no) A (—=Jy < no)P(y) (1.5)

By existential generalization, we get:

QF Jz[N(x) A (=Fy < z)P(y)] (1.6)

[]

Now that we understand the general behavior of Rosser-like sentences, we

can finally give our example of mutually uninterpretable systems.

Theorem 1.1. (Feferman) Any consistent extension of PA has a pair of

mutually uninterpretable extensions.

Proof. Let S be a consistent extension of PA. Note that S is reflexive and X

complete, so we can appeal to the Orey Compactness and Orey-Hayek lemmas.

11



Since S is consistent, let ¢4 = Con(S). Then S + ¢, is a consistent extension
of S, and by the second incompleteness theorem we know that o, is a I19
sentence that is not provable in S. So by the Orey-Hdayek lemma we know S
+ @4 isn’t interpretable in S. It follows from Orey’s compactness lemma that
there is some finite fragment Sy of S such that Sy + 4 is not interpretable in
S either. We can assume without loss of generality that Sy contains Q. Since
So is finite, let certs, s(x,y, z) be the formula representing the relation “z is a

certificate of Sy + 0, <ing S + 0.7 We can then construct the formula:

O (z) = (Vz) [certs, s(z,"pa ', 2) = (Fw < z)certg, s(Tpa ', z,w)]

In English, ®(x) says, “For any certificate of Sy + z <iny S + ¢a, there is a
smaller certificate of Sy + pa <ingy S + 0,.” Applying the fixed-point lemma,
we get a sentence g such that:

QF pp ¢ (Vz)[certs, s(Tpp ", Toa™, 2) = (Fw < z)certs, s(Toa,"p ", w)]

N

-~

@("eB7)

So pp says, “For any certificate of Sy + ¢ <int S + @a, there is a smaller
certificate of Sy + pa <int S + op.” The remainder of the proof is simplified
by introducing names for the following four systems:

A=8S+ pa B=S+ g

Ay =50+ pa Bo=050+ ¢B

12



Now observe that ¢ is a Rosser-like sentence where:
o certg,s("wp,Tpa ", z) represents the set of certificates for By <in A.
o certs,s(Twa, "B, 2) represents the set of certificates for Ay <iy B.

We claim that the systems A and B are mutually uninterpretable. Assume for
contradiction that A is interpretable in B, or B is interpretable in A. Then A,
is interpretable in B, or By is interpretable in A. So there is either a certificate
of Ay <t B, or there is a certificate of By <;,; A. We can therefore apply our

lemma on Rosser-like sentences:
e If pp is true, then there is a certificate of Ay <;x B and Q F ©p.
o If pp is false, then there is a certificate of By <j,y A and Q F —yg.

Now if g is true, then the fact that there is a certificate of Ag <j,; B implies
that Ay is interpretable in B. And the fact that @ proves ¢p implies that

B is interpretable in S. (Recall that S contains Q, so if Q proves ¢p, then

13



S proves pp too. But B is just S + . So S proves every theorem of B.)
By the transitivity of interpretability, it follows that Ag is interpretable in S.
This contradicts our statement at the beginning of the proof that Ag is not
interpretable in S.

On the other hand, if ¢g is false, then the fact that Q proves —pp implies
that By is inconsistent. (Recall that By contains Q, so if QQ proves —¢p, then
Bo proves —p too. But By is just Sy + g, so By proves both g and —pg.)
Additionally, the fact that there is a certificate of By <;,;x A implies that By
interpretable in A. Since A interprets an inconsistent system, it follows that
A itself is inconsistent. This contradicts our statement at the beginning of the
proof that A is a consistent extension of S.

Since we get a contradiction whether g is true or false, we conclude that

A and B are mutually uninterpretable. O

Note that the result given above can easily be replicated for consistent
extensions of ZFC, since consistent extensions of ZFC are reflexive and X9-

complete just like PA is.

14



1.4 Yablified Rosser Sentences

This section discusses a possible counterexample to well-ordering in the inter-

pretability hierarchy inspired by Yablo’s paradox from (Yablo, 1993).

Paradox 1.1 (Yablo). Let (Y;,) be the sequence of sentences where Y,, =

“For all ¢ > n, Y; is false.” Then each Y, yields a contradiction whether

it is true or false.

Proof. Suppose Y, is true. Then Y; is false for every ¢ > n. In particular,
Y, 11 is false. Since Y, is false, there must be some k£ > n + 1 such that Y}
is true. But the fact that Y is true for some k > n implies that Y,, is false.
Contradiction.

Now suppose Y, is false. Then there is some k > n such that Y} is true.
Repeat the argument from the paragraph above to show that the truth of Yj

yields a contradiction. O

In general, given a predicate P and a self-referential sentence S = “This
sentence is P”, we can “Yablify” S into a sequence of sentences (.S,), where S,
= “For all i > n, S; is P.”" The sequence (Y,,) above is the result of Yablifying
the Liar sentence, “This sentence is false.” So Yablo’s paradox can be viewed
as showing that the paradoxical nature of the Liar sentence is preserved under
Yablification.

Are the meta-mathematical properties of other self-referential sentences
preserved under Yablification? For example, suppose we Yablify Godel’s sen-

tence G = “I am not provable in PA.”

"(Leach-Krouse, 2014) calls this “unfurling.” (Cook, 2014) calls this “unwinding.”

15



Definition 1.5. Let Prov(x) be a provability predicate for PA. Let G(x)

be the formula obtained by the fixed-point lemma such that:

PAF G(z) <> (V2 > 2)—Prov("G(%)™)

For each number n, let G,, be the sentence G(n). We call (G,,) the sequence

of Yablified Godel sentences generated from Prov(x).

So for any provability predicate Prov(x), we have a corresponding Godel
sentence G and a corresponding sequence of Yablified Gédel sentences (G,,).
Under what conditions, if any, do the G,,’s inherit the meta-mathematical
properties of G? For example, are the G,,’s unprovable from PA if PA is
consistent? Are they independent from PA if PA is w-consistent? (Ciesliriski &
Urbaniak, 2013) shows that it suffices for the underlying provability predicate
to be standard — that is, it suffices for Prov(x) to satisfy the three Hilbert-
Bernays-Lob derivability conditions used to prove the second incompleteness
theorem. In fact, in addition to inheriting the meta-mathematical properties of
G, (Cieslinski & Urbaniak, 2013) shows that the G,,’s are all provably equivalent

to G (and, therefore, they are all provably equivalent to each other.)

Theorem 1.2 (Ciedliniski-Urbaniak). Let Prov(x) be a standard prov-
ability predicate. Let G and (G,,) be the associated Godel sentence and

sequence of Yablified Godel sentences, respectively. Then for each natural

number n : PAF G < G,,.

What happens if we Yablify Rosser’s sentence, “I am not Rosser-provable”?

16



Recall that n encodes a “Rosser proof” for a sentence ¢ just in case (i) n
encodes a proof of ¢, and (ii) no number smaller than n encodes a refutation
of 0. More formally, given a proof predicate Proof(x,y), the associated Rosser

provability predicate is the formula:

Provg(z) = (Jy)[Proof(z,y) A (Vz < y)—=Proof(neg(z), z)]

We therefore define the Yablified Rosser sentences as follows:

Definition 1.6. Let Proof(x,y) be a proof predicate for PA, and let
Provg(x) be the associated Rosser-provability predicate. Let R(z) be the

formula obtained by the fixed-point lemma such that:

PAF R(z) <+ (Vz > x)Provg("R(%)7)

For each number n, let R,, be the sentence R(n). We call (R,) the sequence

of Yablified Rosser sentences generated from Proof(x,y).

(Ciedliniski & Urbaniak, 2013) shows that the Yablified Rosser sentences
inherit the meta-mathematical properties of the original Rosser sentence; if
PA is consistent, then each sentence R, is independent of PA. Unlike the
Yablified Godel sentences, however, (Cieslinski & Urbaniak, 2013) does not
show that the R,,’s are all provably equivalent to R. Nor does the paper show
that the R,,’s are all provably equivalent to each other.

Let us say that a sequence of Yablified Rosser sentences (R,,) is a Cieslinski-

Urbaniak sequence just in case each R, is not provably equivalent to R, 11

17



in PA. (Leach-Krouse, 2014) observes that the existence of such a sequence
“would constitute a memorable and somewhat natural (from the point of view
of a logician interested in paradoxes) counterexample to the well-foundedness

of the relation of interpretability.”

Lemma 1.5. Let (R,) be a Ciedliniski-Urbaniak sequence, and let T, :=
PA + R,. Then (T,) is a strictly descending chain in the interpretability

hierarchy

Proof. Working in PA, if R, is true, then R; is not Rosser-provable for all
1 > n. In particular, R; is not Rosser-provable for all : > n+ 1. So R, is
true. This establishes that PA proves (R,, — R,1). It follows that T,, proves
every theorem of T),,1. So T,, interprets T}, 1.

Since we're assuming (R,) is a Cieslinski-Urbaniak sequence, R, cannot
be provably equivalent to R, .1 in PA. So it must be the case that PA does
not prove (R,.1 — R,). So R, is a II{ theorem of T}, that is not provable in
T,+1. By the Orey-Hayek lemma, it follows that 7)1 does not interpret T,.

So T, is strictly weaker than T}, in the interpretability hierarchy. O

Are there any Cieslinski-Urbaniak sequences? It would be ideal if we could
show that any reasonably “natural” proof predicate generates a Cieslinski-
Urbaniak sequence. For example, say a proof predicate Proof(x,y) is standard
if its associated provability predicate (Jy)Proof(x,y) is standard. Does every
standard proof predicate generate a Cieslinski-Urbaniak sequence? (Leach-

Krouse, 2014) shows that it does not.
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Theorem 1.3 (Leach-Krouse). Let Proof; (x,y) be a standard proof predi-
cate. There is another proof predicate Proofy(x,y) which does not generate

a Cieslinski-Urbaniak sequence and which satisfies:

PA  (Jy)Proof; (x,y) <+ (Jy)Proofy(x,y)

This result does not deny the existence of a Cieslinski-Urbaniak sequence.
Rather, it tells us that the mere standardness of a proof predicate does not
guarantee that it generates a Cieslinski-Urbaniak sequence. Nor can we guar-
antee that a proof predicate generates a Cieslinski-Urbaniak sequence by re-
quiring it to satisfy additional “schematic” properties similar to the Hilbert-
Bernays-Lob derivability conditions. The issue is that the notion of Rosser-
provabilty is sensitive to the order in which proofs are assigned Gédel numbers.
As Leach-Krouse says, “the hoped-for ‘natural’ example of an infinite sequence
of theories of descending interpretability strength will, in general, be polluted

by details of coding.”

1.5 Slow Consistency

This section discusses a counterexample to well-ordering in the interpretability
hierarchy involving the notion of slow consistency, as studied in (S. D. Fried-
man et al., 2013) and (Rathjen, 2017). We will begin with an informal de-
scription of “slow provability.” Let f be some partial computable function.
The notion of f-provability in PA can be thought of as a proof procedure

that requires completing a computation of f(n) before ¥, induction axioms
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are allowed to be used in a proof.® We say PA is f-consistent just in case no
contradiction is f-provable from PA.

The notion of f-consistency is motivated by the desire to find a reasonably
“natural” sentence that is strictly between PA and PA + Con(PA) in the in-
terpretability hierarchy. One can see why “PA is f-consistent” might be such
a statement by observing that consistency implies f-consistency (trivially),
but f-consistency does not necessarily imply consistency. After all, suppose
f(n) is only defined for n < 100 (remember that f is assumed to be a partial
computable function), and suppose the only contradictions in PA are provable
from Y199 axioms. Since f(100) is not defined, the f-provability procedure
can never finish a proof using a Yoy induction axiom, and therefore the con-
tradictions in PA are not f-provable. In other words, PA is f-consistent even
though it is inconsistent. This gives us hope that, for the right choice of
f, the statement “PA is f-consistent” might be strictly weaker than “PA is
consistent.”

The example in the previous paragraph makes it apparent that PA is f-
consistent just in case I3, is consistent for all n such that f(n) is defined. So

we can formalize f-consistency statements as follows:

8This characterization of f-provability is found in (Henk, 2016).

20



Definition 1.7. Let F(z,y) be a ¥; formula defining a partial computable
function f, and let F'(x) | abbreviate the formula JyF(z,y). Then we let

F-Con(PA) abbreviate the sentence:

F-Con(PA) :=Vn|[F(n) J— Con(I%,)]

Note that PA proves Con(PA) — (Vn)Con(I¥,). So for any formula F'(z), PA
proves Con(PA) — F-Con(PA). Since F-Con(PA) is a ITJ sentence, it follows

from the Orey-Hayek lemma that:

PA <y PA 4+ F-Con(PA) <;,; PA + Con(PA)

To show that the interpretability relations above are strict, it suffices to show
that (i) PA does not prove F-Con(PA), and (ii) PA does not prove the state-
ment “F-Con(PA) — Con(PA).” Item (i) is easy to show provided that F'(z,y)

defines a total computable function.

Lemma 1.6. Assume F(z,y) is a ¥; formula that defines a total com-

putable function. If PA is consistent, then PA does not prove F-Con(PA).

Proof. Suppose for contradiction:

PA FVn[F(n) ]— Con(I%,)] (1.7)

-~

F-Con(PA)

The proof of F-Con(PA) only uses finitely many induction axioms, so there is
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a least k such that:

¥, FVn[F(n) }]— Con(I%,)] (1.8)

By universal instantiation:

Since F(z,y) is assumed to define a total computable function, we know F'(k) |
is a true XY sentence. Since I3 is Y9-complete, it follows that F'(k) | is

provable in I¥;. Therefore:

I¥, F Con(IXg) (1.10)

It follows from the second incompleteness theorem that I3, is inconsistent.

This contradicts the assumption that PA is consistent. So PA does not prove

F-Con(PA). O

So to ensure that F-Con(PA) is strictly stronger than PA, we want F(z,y)
to define a total computable function. But if F(z,y) defines a total com-
putable function, then it might seem like F-Con(PA) is necessarily equivalent
to Con(PA). After all, F-Con(PA) says that 1%, is consistent for every n such
that F'(n) | is true. Since F'(x,y) is supposed to define a total function, F(n) |
is true for every n. So every I3, is consistent. So PA is consistent.

From the perspective of PA, however, it could be the case that F(z,y) is
not a provably total function. That is, PA might not prove (Va)(3ly)F(z,y).

So the reasoning we just gave from F-Con(PA) to Con(PA) might not be
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formalizable in PA. This suggests that we ought to find a formula F(z,y)
defining a total computable function f that is not provably total in PA. This
is the strategy taken in (S. D. Friedman et al., 2013). A standard way of
generating non-provably-total functions is by generating hierarchies of fast-
growing functions. Accordingly, the authors of (S. D. Friedman et al., 2013)
construct a hierarchy of fast-growing functions (f, : @ < g¢) that culminates

in a non-provably total function f.,. They therefore show:

Theorem 1.4 (Friedman et al.). Let F. (x,y) represent f., in PA. If PA
is consistent, then PA ¥ F. -Con(PA) — Con(PA).

This establishes that PA + F. -Con(PA) is strictly between PA and PA
+ Con(PA) in the interpretability hierarchy. This is already an interesting
result, because it is the first example of a system strictly between PA and
PA + Con(PA) in the interpretability hierarchy that isn’t obtained by using
the fixed-point lemma. But it is not yet a counterexample to well-ordering in
the interpretability hierarchy. In order to produce an infinite chain of systems
between PA and PA + Con(PA), (Rathjen, 2017) constructs a much longer
hierarchy of fast-growing functions (f, : @ < mgn), where gy is the Howard-
Bachmann ordinal and each f, is a non-provably-total function in PA. Letting

T, = PA + “PA is f,-consistent,” Rathjen’s paper shows the following result.

Theorem 1.5 (Rathjen). Assume PA is consistent. The sequence of

systems (T, : o < 7gp) is a strictly descending chain between PA and

Con(PA) in the interpretability hierarchy.
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1.6 Incomparable Large Cardinal Axioms

This section presents a pair of set-theoretic systems that are incomparable
in terms of consistency strength. The example is due to (Hauser & Woodin,
2014), and is inspired by a pair of incomparable arithmetical systems given in
(Shelah, 1984). The background theory for this section is ZFC, so all sentences
and systems are assumed to be in the language of set theory.

Let M stand for the statement “There is a measurable cardinal.” Let 2M
stand for the statement “There are two measurable cardinals.” Let P’ stand

for the statement:
P’ = =Con(ZFC+2M) — —Con(ZFC+M)

P’ is motivated by the intuition that, if the existence of two measurable car-
dinals is inconsistent with ZFC, then the contradiction probably lies in the
concept of measurability itself, so the existence of just one measurable cardi-
nal should be inconsistent with ZFC. Our goal is to show that ZFC+M and
ZFC+P’ are incomparable in terms of consistency strength. We will use the

following lemma for establishing incomparability.

Lemma 1.7. Let T and S be extensions of ZFC. If there is a model of

ZFC satistying Con(T) and —~Con(S), then S %con T.

Proof. We will prove the contrapositive. By definition, if S <., T, then PA
F Con(T) — Con(S), and therefore ZFC = Con(T) — Con(S). It follows that

there can’t be any models of ZFC satisfying Con(T) and —=Con(S). O
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So to show that ZFC+M and ZFC+P’ are incomparable in terms of consis-
tency strength, it suffices to (i) find a model of ZFC satisfying -Con(ZFC+M)
and Con(ZFC+P’), and (ii) find and a model of ZFC satisfying Con(ZFC+M)
and —=Con(ZFC+P’). We will start with item (i):

Lemma 1.8. Assume ZFC + Con(ZFC+2M). Then ZFC+M £, ZFC+P".

Proof. Part 1: Note that ZFC+2M directly implies P’. So it is clearly the case

that ZFC + Con(ZFC+2M) implies Con(ZFC+M+P’). Since we're assuming

ZFC + Con(ZFC+2M), we can conclude that ZFC+M+P’ is consistent.
Part 2: Now we show that ZFC+M+P'+—=Con(ZFC+2M) is consistent.

If it wasn’t consistent, then we’d have:
ZFC+M+P' - Con(ZFC+2M) (1.11)

It follows that ZEFC+M+P’ proves every theorem of ZFC + Con(ZFC+2M).
We just observed in Part 1 that Con(ZFC+M+P’) is a theorem of ZFC +
Con(ZFC+2M), so it follows that ZFC+M+P’ proves its own consistency.
But then ZEC+M+P’ is inconsistent, contradicting the conclusion of Part 1.

Part 3: Now we prove the main result. From Part 2, we know that there
is a model M of ZFC satisfying M+P’'4+—-Con(ZFC+2M). By the definition of
P’, we have:

M E —~Con(ZFC+2M) — —Con(ZFC+M) (1.12)

~~

Pl
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Since 9 satisfies =~Con(ZFC+2M), it follows that:
M F —Con(ZFC+M) (1.13)

Now work in 9. 99t thinks there is a measurable cardinal k, so V is a tran-
sitive (and therefore arithmetically sound) model of ZFC. Since P’ is a true
arithmetical sentence in 99T, P’ must be true in V. So Vj is a model of ZFC
+ P’. Therefore:

M E Con(ZFC+P') (1.14)

So M is a model of ZFC satisfying both =~Con(ZFC+M) and Con(ZFC+P’),
as desired. O

To show that ZFC+P’ fcon ZFC+M, it suffices to find a model of ZFC sat-
isfying Con(ZFC+M) and —=Con(ZFC+P’). Ideally, the argument would go as
follows: assuming ZFC+2M is consistent, there is a (nonstandard) model 9t of
ZFC+2M satisfying =Con(ZFC+2M). Since ZEC+2M proves the consistency
of ZFC+M, we have:

9 = Con(ZFC+M) (1.15)

Now suppose for contradiction that Con(P’) is true in 9. If P’ were a 119
sentence (which, unfortunately, it is not), then it would follow that P’ is true

in 9. So we would have:

M E Con(ZFC+M) — Con(ZFC+2M) (1.16)

J/

-~
P/
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As noted above, Con(ZFC+M) is true in 9. So Con(ZFC+2M) is true in I
as well. But this contradicts the fact that 9 is a model of =Con(ZFC+2M).
So Con(P’) can’t be true in 9 after all. So 9 is our desired model of ZFC
satisfying Con(ZFC+M) and —=Con(ZFC+P’).

The problem with this argument is the fact that P’ is not really a II9
sentence. (Hauser & Woodin, 2014) overcomes this problem by replacing P’

with the following I1{ sentence:
P := (Vn < w) [=Con, (ZFC+MC2) — —Con _,2» (ZFC+MC)]

Here, Con,,(T) is the statement that there is no number below n coding a proof
of a contradiction from T. As Hauser and Woodin explain, the plausibility of

P is essentially the same as that of P’.

As far as P is concerned, there is certainly a strong intuition that
something like this ought to be correct: if the existence of two mea-
surable cardinals were to lead to a contradiction, one would expect
that the inconsistency rests on an incoherency in the concept of
measurability itself and therefore should be reproducable from one
measurable cardinal. Since two measurables are equipped with a
wider arsenal of combinatorial tools than one measurable, a proof
of 0 = 1 from the former will most likely be shorter than a proof of
0 = 1 from the latter. In the statement P this is acknowledged by

k
the increase from length k to length 22" although, on conceptual
grounds, the exact numerology is clearly unimportant. (Hauser &
Woodin, 2014)

It is not immediately clear that the arguments we gave for the incompara-
bility of ZFC+M and ZFC+P’ can be re-purposed for ZFC+M and ZFC+P.

The fact that P’ involved consistency sentences allowed us to make repeated
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use of the second incompleteness theorem. The sentence P, in contrast, only
uses “bounded” consistency sentences, so we would need a corresponding
“bounded” version of the second incompleteness theorem to mimic the ar-
guments we gave above. Fortunately, (Hauser & Woodin, 2014) supply such
a theorem. Let “T" |, ¢” abbreviate the statement that there is a number
below k coding a proof of ¢ from T, and let “T is k-inconsistent” abbreviate
the statement that there is a number below £k coding a proof of a contradiction

from T. Then Woodin and Hauser show:

Lemma 1.9 (Bounded 2nd Incompleteness Theorem). Let T be a recur-

sively axiomatized theory containing PA. For sufficiently large k, if it is

the case that T b, Cony (T), then T is 922"_inconsistent.

With this lemma, and some technical modifications to the argument we sketched
above, we can complete the proof that ZFC4+P %o, ZFC+M. So we have the

result:

Theorem 1.6 (Hauser-Woodin). Assume ZFC + Con(ZFC+2M). Then

ZFC+M and ZFC+P are incomparable in terms of consistency strength.

1.7 Descending Chains of Large Cardinal Ax-
ioms

In this section, we give a strictly descending chain of set-theoretic systems in

the consistency strength hierarchy.® As before, let M stand for the sentence

9The following example was suggested by Hugh Woodin conversation.

28



“There is a measurable cardinal.” Working in ZFC 4+ =Con(ZFC+MC), there
must be a (nonstandard) natural number satisfying the formula ®(z) = “z
is the least number coding a proof of a contradiction from ZFC+M.” Now

consider the sequence of axiom systems (7,,) where:

T, = ZFC + =Con(ZFC+M) + Jz[®(x) A there are x — n inaccessibles]

Intuitively speaking, each system T, asserts the existence of fewer inaccessi-
ble cardinals than its successor T;,, so this should produce a strictly descending
chain of systems in terms of consistency strength. We verify this expectation

below.

Theorem 1.7. Assume ZFC + Con(ZFC+M). Then (7)) is a strictly

descending chain of systems in the consistency strength hierarchy.

Proof. Part 1:: First we check that each system T, is consistent. Since we're
assuming ZFC+M is consistent, we know from the second incompleteness the-
orem that ZFC+M+—-Con(ZFC+M) is also consistent. So it has a model 9.

Since 2N thinks there is a measurable cardinal, we have:

M E (Vo € w)|there are x inaccessible cardinals.] (1.17)

Since 2 thinks that ZFC+M is inconsistent, 99T thinks there is a least number
a coding a proof of a contradiction from ZFC+M. In other words, ®(a) is true
in 9.

Since we're assuming Con(ZFC+M) is true in V', a must be a nonstandard
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natural number in 9. So for any (standard) natural number n, 9% thinks that

(a —n) is a natural number. So we have:

M E there are (a — n) inaccessible cardinals. (1.18)

This shows that 9 is a model of T},, so T}, is consistent.

Part 2: Now we show that each T, proves Con(7,.1). This establishes
that the sequence of T,,’s is strictly decreasing in consistency strength.

Work in T),. By definition of T},, there is a least natural number a coding
a proof of a contradiction from ZFC+M. So ®(a) is true. The definition of
T, also tells us that there are at least (a — n) inaccessibles, so let x be the
(a—n)th inaccessible cardinal. Then Vj is a transitive model of ZFC + “There
are a — (n + 1) inaccessible cardinals.” Moreover, since ~Con(ZFC+M) and
®(a) are both true arithmetical sentences, they are both true in V. So Vj is a
model of ZFC + ®(a) + “There are (a— (n+ 1) inaccessibles.” In other words,

V.. is a model of T},;1. So we proved the consistency of T}, 1 from T,,. O
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Chapter 2

The (-Logic Hierarchy

2.1 Strong Logics

Due to the variety of unnatural counterexamples to well-ordering in both the
interpretability and consistency strength hierarchies, it is difficult to give a
precise definition of what counts as a “natural” or “unnatural” sentence. Given
the vagueness of the distinction, one might worry that there isn’t a genuine
phenomenon here; perhaps the well-ordering of “natural” systems is contingent
upon the peculiar tastes of 20th century set theorists. Saharon Shelah has

raised precisely this kind of question:

Explain the phenomena of linearity of consistency strength (and
of large cardinal properties): to what extent is it the outcome of
the history of set theory, the history of mathematics and human
perceptions. (Shelah, 2003)
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Hugh Woodin raises a similar question regarding large cardinal axioms:

To the uninitiated, the plethora of large cardinal axioms seems
largely a chaotic collection founded on a wide variety of unrelated
intuitions. An enduring mystery of large cardinals is that empir-
ically they really do seem to form a well-ordered hierarchy. The
search for an explanation leads to the following question: is it
possible to formally arrange the large cardinal axioms into a well-
ordered hierarchy incorporating the known comparisons of specific
axioms? (Woodin, 2001)
As a partial response to these questions, we will try to to isolate a precisely-
defined class of statements I' and a corresponding relation <r such that the
members of I' are provably well-ordered by <r under reasonable assumptions.!
Our hierarchy ought to be sufficiently correct in the sense that (i) I' should
include as many “natural” sentences as possible, and (ii) the orderings <r and
<con should agree on comparisons between “natural” sentences. Additionally,
our hierarchy ought to be sufficiently absolute in the sense that membership
in ' and the ordering <r should not be highly sensitive to one’s background
assumptions. The absoluteness requirement is important to answering She-
lah’s question, because it suggests that the hierarchy is not an accidental
consequence of one specific conception of set theory.
Our general strategy for replacing the vague notion of a “natural” sentence
will involve the use of strong logics and their corresponding notions of satis-
fiability. Notice that in Chapter 1, some of the unnatural counterexamples to

well-ordering were possible because first-order logic allows such a wide variety

of pathological models. In particular, the systems produced in Section 1.7

"'We will leave open-ended what counts as “reasonable assumptions.” First we will see
what assumptions are needed to find the hierarchy we are looking for, and then we will
assess whether the assumptions seem reasonable.
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were only satisfiable in models of set theory that have non-standard natural
numbers. In other words, those systems were not satisfiable in w-models of
ZFC. We could therefore avoid some of the counterexamples to well-ordering
in the consistency strength hierarchy by restricting the class of systems we are
interested to just the w-satisfiable systems.

Once we’ve fixed a class of models, we can define a strong logic with the
usual notions of validity, satisfiability, and entailment. For example, a sentence
is w-satisfiable just in case it is true in some w-model. A sentence is w-valid
just in case it is true in all w-models. And we say that a system S implies
a sentence o in w-logic (i.e., S F, o) just in case o is true in every w-model
of S. As studied in (Koellner, 2010), there is an entire hierarchy of strong
logics satisfying varying degrees of absoluteness. We will start by studying the

hierarchy of sentences that are satisfiable in $-logic.

2.2 The p-Logic Hierarchy

Both (Shelah, 2003) and (J. Steel, 2014) have suggested well-ordering sentences
according to the heights of their minimal transitive models. We will define a
[-model to be a transitive €-model of ZFC. Strictly speaking, it would be
more accurate to call these fzpc-models, since we are directly building into
the definition of our S-models that they always satisfy ZFC. Since we are only
concerned with extensions of ZFC, we can simplify our notation by dropping
the “ZFC” subscript, and this shouldn’t cause any confusion.

The first thing to note about S-logic is that virtually all of the “natural”
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set-theoretic sentences known to be consistent with ZFC are -satisfiable. This
is because the primary methods for producing relative consistency results in
set theory — forcing and inner models — both work by producing S-models of
ZFC. So the class of S-satisfiable sentences meets the first correctness condition
of including many natural sentences.

The second thing to note about [-logic is that the [-satisfiable sentences
admit a very simple well-ordering. The height of a f-model is simply the
least ordinal not contained in that model. Since the ordinals are well-ordered,
it automatically follows that every [-satisfiable sentence has a height-minimal
[-model. We can therefore well-order the [-satisfiable sentences by comparing
their height-minimal models. That is, we can define the the well-ordering <g

between [-satisfiable sentences o and 7 as follows:

0 < T <= the shortest S-model of ¢ is shorter than the shortest S-model of 7

The relation <z meets our second desired correctness condition, in the sense
that <g and <., agree on comparisons between natural sentences. This is
again due to the fact that relative consistency results are established by the
methods of forcing and inner models. Recall that a natural sentence A is
usually found to be equiconsistent with a large cardinal axiom LC'y. Usually
A is shown to be consistent relative to LC'y by showing that any countable
pB-model of LC4 can be expanded (via forcing) to a countable f-model of
A of the same height. This establishes both A <., LC4 and A <g LCj.

Likewise, LC' is usually shown to be consistent relative to A by showing that
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any countable S-model of A can be restricted to an “inner model” of the same
height. This simultaneously establishes both LCy <con A and LCy <g A. So
A and LC}y are not only equiconsistent (and mutually interpretable), but also
have minimal S-models of the same height.

What about comparisons between large cardinal axioms? We noted in
Chapter 1 that large cardinal axioms are often directly comparable in terms
of consistency strength, but they are also often comparable under the stronger

relation of rank reflection. Asnoted in (Bagaria, Koellner, & Woodin, 2019):

We are interested in the relative strength of these notions. In the
first instance one is interested in consistency strength. But in gen-
eral when one shows that one large cardinal axiom is stronger than
another, one gets much more than greater consistency strength; one
actually gets that the one large cardinal axiom implies that there
are rank initial segments of the universe that satisfy the other large
cardinal axiom. (Bagaria et al., 2019)

For our purposes, it suffices to say that JzP(x) rank-reflects JzQ(za) just in

case:

ZFCt P(k) = V, EZFC + 3zQ(x)

It’s easy to see that if JxP(x) rank-reflects JxQ(z), then ZFC + JxP(z)
directly proves the consistency of ZFC + JzQ(x), and every S-model of 3z P(z)
contains a shorter f-model of JzQ(x). So JxP(x) is strictly greater than
JxQ(z) both in terms of <o, (by the second incompleteness theorem) and in
terms of <g.

So we've seen that the orderings <g and <., agree on comparisons be-
tween natural sentences and large cardinal axioms, and the orderings agree

on orderings between large cardinal axioms that are comparable in terms of
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rank-reflection (which is often the case.) Since natural sentences are usually
compared in consistency strength by passing through the large cardinal hierar-
chy, it follows that the orderings <g and <., generally agree on comparisons
between natural sentences. So the ordering <z satisfies our second correctness
correction.

The next point to make is that the [-satifiability hierarchy satisfies our
absoluteness requirement. This is a consequence of Shoenfield’s Absoluteness

Theorem:

Lemma 2.1 (Shoenfield Absoluteness). Assume ZFC. Let a be a real

number. Every 3i(a) relation is absolute for all inner models of ZFC

containing a.

Since truth in L is generically invariant, it follows from Shoenfield’s theorem
that X! sentences are generically invariant. By the Lowenheim-Skolem The-
orem and Mostowski Collapsing Theorem, we know that every [-satisfiable
sentence has a countable 3-model, so B-satifiability is expressible as a ¥} prop-
erty. It follows that as long as two set theorists agree on ZFC, they will not
disagree with each other about g-logic. That is, they won’t have contradictory
beliefs about which statements are [-satisfiable, or how [-satisfiable sentences

compare under the -hierarchy.?

2Tt can be the case that one theory can recognize more facts about (-logic than the
other. For example, if T = ZFC + “There is a measurable cardinal” and S = ZFC + “There
is an inaccessible cardinal”, then clearly T can recognize the S-satisfiability of S, but not
vice-versa. But this just shows that T is a stronger theory than S, it doesn’t show that the
theories contradict each other.
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2.3 Good Large Cardinal Axioms

We saw in the previous section that the [-logic hierarchy does a fairly good
job of formalizing the claim that natural sentences are well-ordered by con-
sistency strength. The collection of (-satisfiable sentences includes virtually
all the “natural” set-theoretic sentences, the orderings <g and <, agree on
comparisons between natural sentences, and the hierarchy enjoys a high degree
of absoluteness.

We now begin a new task. We will seek a hierarchy similar to the $-logic
hierarchy, but this time we want our hierarchy to capture an additional fea-
ture specific to the large cardinal axioms: compatibility. If LC1 and LC2 are
large cardinal axioms that are each individually consistent with ZFC, then it
is usually the case that they are jointly consistent with ZFC. This clearly isn’t
true of “natural” sentences in general, nor is it generally true of S-satisfiable
sentences. For example CH and —CH are both (-satisfiable sentences, but
they contradict each other. We can also find pairs of J-satisfiable sentences
that contradict each other by exploiting an easy version of the second incom-

pleteness theorem.
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Theorem 2.1. Assume there is an inaccessible cardinal. Then the sen-
tences “There is a f-model” and “There are no [-models” are both (-

satisfiable. More specifically:

1. If there is at least one f-model, then “There are no S-models” is

[-satisfiable.

2. If there is an inaccessible cardinal, then “There is a [-model” is

[-satisfiable.

Proof. The key observation in the proof is that the property of being a S-model
is absolute for f-models. That is, if M is a S-model, then for any m € M, the
sentence “m is a S-model” is true in M if and only if m really is a S-model.

Part 1: Assume there is at least one S-model. Then there is a height-
minimal [S-model My. Now suppose for contradiction that there is m € M,
such that “m is a f-model” is true in M. By our observation about abso-
luteness, m really is a S-model. But since m is a member of My, m must be
a shorter f-model than M,. This contradicts the assumption that M, is a
height-minimal S-model. So “There are no S-models” is true in the S-model
Mjy. In other words, “There are no S-models” is S-satisfiable.

Part 2: Now let k be an inaccessible cardinal. Then Vj is a f-model. By
the Lowenheim-Skolem Theorem and Mostowski Collapsing Theorem, there is
a countable S-model M. Since M is countable, we know it is a member of
V... By our observation about absoluteness, “M is a -model” is true in the

f-model V.. In other words, “There is a S-model” is [-satisfiable. O
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The examples of incompatible [§-satisfiable sentences we have seen so far
suggest two general features the sentences in our hierarchy ought to satisfy if
they are to be compatible with each other. First, to avoid incompatible pairs
of sentences obtained by forcing (such as CH and —~CH), we’re going to want
our sentences to satisfy some form of generic invariance. Fortunately, many
large cardinal axioms satisfy a property closely related to generic invariance.
(Lévy & Solovay, 1967) proved that if k is a measurable cardinal, then its
measurability cannot be destroyed by any forcing notion smaller than x. More
generally, we say that a formula P(z) is generically stable if, whenever « is
a cardinal satisfying P(x) in V, it continues to satisfy P(x) under any forcing

notion of cardinality smaller than .2 That is:

ZFCF P(k) A |P| < k = VI E P(k)

Second, to avoid incompatible sentences similar to those obtained by the sec-
ond incompleteness theorem, our sentences need to satisfy some form of up-
ward persistence. Notice that an “anti-large cardinal axiom” can usually
be satisfied in an initial segment of the universe, but it can later be falsified
in a large initial segment of the universe. For example, if k; and ko are the
first and second inaccessible cardinal, respectively, then “there are no inac-
cessible cardinals” is true in Vj, but false in Vj,. In contrast, once “there is
an inaccessible cardinal” is true in some rank-initial segment of the universe

satisfying ZFC, it remains true in all larger initial segments satisfying ZFC.

3See (Hamkins, 1999) and (Hamkins & Woodin, 2000) for some generalizations of the
Levy-Solovay theorem.
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This property of upward persistence (or “local verifiability”) is quite common

among large cardinal axioms, as explained by Joel Hamkins:

Examples of local large cardinal properties would include inacces-
sible, Mahlo, weakly compact, Ramsey, measurable, Woodin, su-
perstrong, almost huge, huge, rank-into-rank and many others. In
particular, some local large cardinal properties are extremely high
in the large cardinal hierarchy. ... [G]lobal large cardinal proper-
ties include: uplifting, strongly uplifting, unfoldable, strongly un-
foldable, tall, strong, strongly compact, supercompact and many
others. (Hamkins, 2014)

Fortunately, it turns out that upwardly persistent sentences can be character-
ized by a very simple syntactic property. In ZFC, every Y5 sentence is provably
equivalent to a sentence of the form (3a)(V,, F o), and likewise any sentence of
the form (Ja)(V,, F o) is provably equivalent to a 35 sentence.* The upward

persistence of Y5 sentences is demonstrated in the following lemma.

Lemma 2.2 (¥, Truth Lemma). Say that a rank-initial segment of the
universe is a rank-model if and only if it satisfies ZFC, and a sentence
is rank-satisfiable if and only if it is true in some rank-model. Then we

have the following results:

1. 35 Upward Absoluteness: Assume ZFC. Then every rank-satisfiable

> sentence is true.

2. Y9 Downward Absoluteness: Assume there is a proper class of in-

accessible cardinals. Then every true Y, sentence is rank-satisfiable.

4Thoughout this dissertation, by a ¥, sentence, we will always mean a ¥57¢ sentence.
That is, we say a sentence is Y if it is provably equivalent to a Xo sentence in ZFC.
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Proof. Fix a ¥, sentence o. Given the preceding remarks about 35 sentences,
we can assume without loss of generality that o has the form (Ja)(V, F ).
The key observation in both results is that statements of the form V,, F & are
absolute for rank-models.

Part 1: Assume (3a)(V, E ®) is rank-satisfiable. Then there is a rank-
model V; in which (Ja)(V, F @) holds. So there is an ordinal oy < & such
that Vi, E [V, F ®]. By our remark about absoluteness above, it follows that
Voo E @ is true. Therefore (Ja)(V, E @) is true, as desired.

Part 2: Assume (Ja)(V, F @) is true. Then there is o such that V,,, F ®.
Since we have a proper class of inaccessibles, let x be an inaccessible bigger
than «g. Then V, is a rank-model, and by our remark about absoluteness
above, V,, E [V,, E ®]. Therefore V, F (Ja)(V, F ®). This shows that
(Ja)(V, E @) is rank-satisfiable, as desired. O

The two features of large cardinal axioms that we have discussed so far —
generic stability and Y5 definability — motivate the following definition due
to (Woodin, 2000).

Definition 2.1 (Good Large Cardinal Axioms). A good large cardinal

axiom is a sentence of the form JxP(z) where P(x) is ¥y and generically

stable.

The s requirement on good large cardinal axioms ensures that no “anti-large
cardinal axioms” count as good large cardinal axioms. For example, we know
that the collection of -satisfiable, good large cardinal axioms will not include

contradictory pairs of sentences like “There is an inaccessible cardinal” and
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“There are no inaccessible cardinals”, because the latter is a Il; sentence that
is not expressible as a Y5 sentence. Likewise, the generic stability requirement
blocks simple-minded uses of forcing to concoct incompatible pairs of good
large cardinal axioms. For example, consider the decidedly unnatural “large

cardinal properties” defined below:

1. P(x) = “x is inaccessible and the Continuum Hypothesis is true.”

2. Q(x) = “z is inaccessible and the Continuum Hypothesis is false.”

Without the generic stability requirement on good large cardinal proper-
ties, the sentences 3z P(x) and JzQ(z) would count as [-satisfiable, good large
cardinal axioms, yet they clearly contradict each other. With the generic sta-
bility requirement, we can be sure that these kinds of sentences are not allowed

in our hierarchy.

2.4 Good Large Cardinal Axioms and 07

We saw in the previous section that, by restricting the hierarchy of S-satisfiable

)

sentences to the “good large cardinal axioms,” we could avoid pairs of incom-
patible sentences that are easily obtained by forcing or the second incomplete-
ness theorem. Unfortunately, we will show below that, with a little more effort,

it is possible to concoct pairs of [-satifiable, good large cardinal axioms that

are incompatible with each other.?

5An improved version of the result below shows that there are incompatible good large
cardinal axioms with minimal S-models of the same height. That result requires more
sophisticated machinery involving infinitary logic and admissible sets, so we give a more
elementary result here.
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Theorem 2.2. Assume 07 exists and assume there is an inaccessible car-
dinal k. Then there are [-satisfiable, good large cardinal axioms that
contradict each other. Moreover, these axioms have -models of the same

height.

Proof. Part 1: Let ZFC* abbreviate the system ZFC + “0% exists.” We will
start by showing that there are two countable transitive models of ZFC# of
the same height that disagree on 0%. Since we're assuming 07 exists and & is
inaccessible, we know that V; is a transitive model of ZFC#, and V,, computes
07 correctly. Applying the Léwenheim-Skolem Theorem and Mostowski Col-
lapsing Theorem to V., we get a countable transitive model M; of ZFC¥ that
also computes 07 correctly. Since M; is countable, we know that the height
of M is some countable ordinal c.

Now let P = Coll(w, < w}’) be the forcing notion that collapses wy to a
countable ordinal. Since 0% exists, there is a P-generic filter G over L. It
follows that « is countable in L[G], so there is a real number a € R coding
. Since M is a countable transitive model of ZFC# with height coded by a,

we have:

V E (37) [z is a ctm of ZFC# with height coded by d (2.1)
®(x,0)

Observe that (3z)®(x,a) is a true Xi(a) sentence, and L[G] is an inner
model containing a. It follows from Shoenfield’s lemma that (Jz)®(x,a) is

true in L|G]. So there must be M in L[G] such that:

6See exercise 10.13 of (Schindler, 2014).
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L[G] E M, is a ctm of ZFC# with height coded by a (2.2)

&(Ms,a)

Now ®(Ms, a) is absolute for L|G], so M; really is a countable transitive
model of ZFC# with the same height as M;. Moreover, since M, belongs to
L|G], and L[G] does not contain 0%, we know that the 0% of M, is not the
true 0%. So M; and M, disagree on 0%.

Part 2: Now we prove the main theorem. From Part 1, we have models
M, and M, that are the same height and disagree on 0%. So there is a number
n such that n € (0%)M but n ¢ (0#)™2. Since the property “z is 077 is 3
definable and and cannot be changed by forcing, it follows that the formulas

below define good large cardinal properties:

e P(z) = “r is an inaccessible cardinal and 0% exists and n € 0%.”

e Py(z) = “r is an inaccessible cardinal and 07 exists and n ¢ 0%.”

Now it’s clear that the sentences 3z P (z) and Jx P, (x) are good large cardinal
axioms that contradict each other. By design, M; is a S-model of JzP;(z),
and M, is a f-model of JxPy(x), so these sentenes are both [-satisfiable and

have S-models of the same height. ]

Note that the sentences JzP;(z) and JzPo(x) in the proof above satisfy
a stronger condition than being 3, sentences — they are both ¥} sentences.
Also, both sentences satisfy a stronger condition than generic invariance: they
are invariant under all width extensions. In fact, 07 is absolute between any

two transitive models M and N of ZFC that both contain max(wi/, w).”

"Thanks to Peter Koellner for these observations.
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We could eliminate this pair of incompatible good large cardinal axioms
from our hierarchy if we strengthened the required notion of satisfiability even
further. Although both large cardinal axioms were [-satisfiable, only one of
them was satisfiable in a $-model that correctly computed 0%. So let us say
that a sentence is strongly [-satisfiable just in case it is satisfiable in a
B-model that computes 07 correctly. Then the result above cannot be used
to show that there are incompatible pairs of strongly [S-satisfiable, good large
cardinal axioms. Unfortunately, we can simply reproduce the problem using
higher-order versions of 0%. For example, we could produce an analogous pair
of contradictory sentences that disagree on the computation of (0%)#. We
could try to transcend these examples of incompatible sentences by restricting
our hierarchy to sentences that are satisfiable in highly canonical models called
pure extender mice and ordering these sentences under the mouse order.®
However, the mouse order only extends as far as the inner model program,
which currently takes us as far as a proper class of inaccessible limits of Woodin
cardinals. In the next chapter, we will seek an ordering of the good large

cardinal axioms that can take us beyond the reach of inner model theory.

8See (J. R. Steel, 2019)
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Chapter 3

The Strong ()-Consistency

Hierarchy

As mentioned at the end of Chapter 2, we would like a method of well-ordering
the good large cardinal axioms that extends beyond the reach of the inner
model program. Hugh Woodin has provided such a method using the appara-
tus of Q-logic. Assuming a proper class of Woodin cardinals, Woodin’s method
compares two good large cardinal axioms JzP(z) and JxQ(x) by comparing
the lengths of the shortest Q-proofs of the sentences “V is P-closed” and “V
is (Q-closed” (these notions will be explained in the following sections.) As
Woodin explains, this well-ordering of the good large cardinal axioms extends

the ordering provided by the inner model program.
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If the Q2-Conjecture holds in V', then this hierarchy includes all
large cardinal axioms Jx¢(z) such that the universe V is ¢-closed.
This, arguably, accounts for the remarkable success of the view
that all large cardinal axioms are comparable. ... [Rlestricted to
those large cardinal axioms currently within reach of the Inner
Model Program, this order coincides with the usual order which
is (informally) defined in terms of consistency strength. (Woodin,

2001)

As in Chapter 2, we would to be able to show that all the axioms in this
well-ordered hierarchy are compatible with each other. That is, we would
like to be able to show that JzP(x) and JzQ(x) are compatible with each
other, provided that they are both good large cardinal axioms and “V is P-
closed” and V-is Q-closed” are both (2-provable. The difficulties encountered
in showing this motivate the definition of strong {2-consistency.

The background theory assumed throughout this chapter is ZFC. We will
frequently need to assume the existence of a proper class of Woodin cardinals,
so we will let PCW abbreviate the theory ZFC 4 “There is a proper class of

Woodin cardinals.”

3.1 (-Logic

This section reviews the basic concepts of 2-logic needed for the rest of the

chapter.

Semantics of (2-Logic

As we saw in Chapter 2, a strong logic is determined by specifying a class of

models or “test-structures.” The test-structures for {2-logic are models of ZFC
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of the form V¥, where « is an ordinal and P is a forcing notion. We will call
these 2-models. A sentence is (2-satisfiable just in case it is true in at least
one (2-model, and a sentence is {2-valid just in case it is true in all 2-models.

As with our definition of “f-model” used in Chapter 2, our definition of
an “Q2-model” is more accurately called an “Q2zpc-model,” since we have built
into the definition that they are always models of ZFC. Since we will only
need to work with models of ZFC, we can simplify our notation by dropping
the “ZFC” subscript, and this shouldn’t cause any confusion. Similar remarks
apply to our definitions of “Q2-satisfiability” and “Q-validity.”

-logic is best behaved in the context of a proper class of Woodin cardinals,

in part because of the following fact.

Lemma 3.1 (Generic Invariance of Q-Logic). Assume a proper class of
Woodin cardinals. Then the properties of (2-satisfiability and 2-validity

are generically invariant.

Proof. The key fact needed in the proof is the ¥y resurrection lemma: if o
is a true Y, sentence, then from any universe V¥, there is an extension VF*Q
in which o is true.!

We will now show that (2-consistency is preserved when moving “inward”
from a forcing extension V¥ to the ground model V. Suppose o is (-satisfiable
in VE. Then V¥ thinks that o is true in some Q-model V2. But then V thinks
that VF*Q is an Q-model of 0. So o is Q-satisfiable in V, as desired.

Now we show that ()-satisfiability is preserved when moving “outward”

from the ground model V' to a forcing extension V. Suppose ¢ is Q-satisfiable

!See Theorem 2.2 in (Larson, 2011).
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in V. By ¥, resurrection, o is {2-satisfiable in some extension VF*@ of VF. We
just showed in the previous paragraph that {2-satisfiability is preserved when
moving “inward,” so the Q-satisfiability of o in V¥*@ implies the Q-satisfiability
of o in V¥, as desired.

This shows that ()-satisfiability is generically invariant. It easily follows

that Q-validity is generically invariant as well. O

Since (2-models are generalizations of the rank-models encountered in Chap-

ter 2, the following lemma is a consequence of the ¥ Truth Lemma.

Lemma 3.2 (Il Truth Lemma). Assume a proper class of inaccessible

cardinals.

1. Let 0 be a ¥, sentence. Then o is (2-satisfiable if and only if it is

true in some universe VF.

2. Let o be a II; sentence. Then o is (2-valid if and only if it is true in

every universe V¥, In particular, every Q-valid II, sentence is true.

Proof. Fix a Y5 sentence o. Since we're assuming that there is a proper class of
inaccessible cardinals in V| it follows that there is a proper class of inaccessible
cardinals in every universe V¥. We can therefore apply the ¥, truth lemma in
every universe V¥ — that is, o is true in V¥ if and only if V¥ think that o is
true in some rank-model.

Now suppose that o is Q-satisfiable. Then o is true in some Q-model VF.
It follows that V¥ thinks that V,, is a rank-model of . So o is true in VF.

Conversely, suppose ¢ is true in VF. Then V¥ thinks o is true in some rank-
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model V,. It follows that V' is an Q-model of . This establishes item (1).

Item (2) follows easily. O

Proofs in (2-Logic

The Q-validity of a sentence is witnessed by an object called an Q-proof. Un-
like proofs in first-order logic, {2-proofs are not finite arrays of symbols; instead,
they are universally Baire set of reals. Many equivalent characterizations
of universally Baire sets are available in (Feng, Magidor, & Woodin, 1992). We
will give a definition of universally Baire sets in terms of tree representations,
since this makes the connection with forcing (and therefore Q-validity) most
transparent. In the following definitions, a tree is always a tree on w X x for
some cardinal k. A projection of a tree is therefore a subset of the Baire space

w*, which we identify as a set of “reals.”

Definition 3.1 (Universally Baire Sets of Reals).

1. Two trees are P-complements if they project to complementary

sets of reals in both V and V.

2. A set A is universally Baire for P if A is the projection of a tree
T that has a P-complement. We say such a tree T" witnesses that

A is universally Baire for P.

3. A set A is universally Baire if for every P, there is a tree T" wit-

nessing that A is universally Baire for P.

Assuming a proper class of Woodin cardinals, the universally Baire sets can be
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arranged in a well-ordered hierarchy under the relation of Wadge reducibil-
ity, where A is Wadge reducible to B (written A <y, B) if and only if A is a
continuous preimage of B. Each universally Baire set A is therefore associated
with an ordinal |A|y indicating its rank in the Wadge hierarchy. Since uni-
versally Baire sets play the role of “proofs” in Q-logic, we will think of |A|y
as the “length” of a universally Baire set A.

The definition of an €2-proof involves the notion of an “A-closed” set. We
will use the simpler notion of a “strongly A-closed set” as defined in (Bagaria,
Castells, & Larson, 2006). As explained in that paper, our use of strongly
A-closed sets in the definition below does not change the resulting notion of
Q-provability (provided that we are working in the context of a proper class of
Woodin cardinals.) As with our earlier definition of Q-validity, the notion of
an (-proof defined below is more accurately called an “Qzpc-proof,” but we

will drop the “ZFC” subscript to simplify the notation.

Definition 3.2 (Q-Provability and Q-Consistency). Let A be a set of real

numbers and let o be a sentence.

1. A countable transitive model M of ZFC is strongly A-closed iff

AN M|G] € M[G] for every generic extension M |G| of M.

2. A set of reals A is an Q-proof of ¢ iff (i) A is universally Baire, and
(ii) “o is Q-valid” holds in all strongly A-closed, countable transitive

models of ZFC.

3. A sentence is (2-consistent if its negation is not {2-provable.
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As one might expect, the existence of an 2-proof for a sentence guarantees the

Q-validity of that sentence.

Lemma 3.3 (Soundness of Q-Proofs). Assume a proper class of inacces-

sible cardinals. Then every 2-provable sentence is (2-valid.

Proof. The key is the following fact: if V, satisfies ZFC, then V, is elementarily
equivalent to a strongly A-closed countable transitive model of ZFC.?

Now suppose A is an Q-proof of o. Let V¥ be an arbitrary Q-model.
Since we have a proper class of inaccessibles, we can pick an inaccessible k
large enough to recognize that V} is an Q-model. By the fact mentioned
in the paragraph above, V, is elementarily equivalent to a strongly A-closed,
countable transitive model of ZFC. Call it M. Since A is an ()-proof of o, it
follows that “o is Q-valid” is true in M. By elementarily, “o is 2-valid” is true
in V. Since V is large enough to recognize that VX is an Q-model, V, must

think that o is true in V', It follows that o really is true in V¥, as desired. [

Just like the semantic notions of (2-satisfiability and 2-provability, the cor-
responding notions of 2-provability and (2-consistency are generically invariant
in the context of a proper class of Woodin Cardinals.> Whether there is a cor-
responding “completeness theorem” for €2-logic is still an open question. The
)-Conjecture holds that, assuming a proper class of Woodin cardinals, every
()-valid sentence is €)-provable.

Recall from the II; truth lemma that every (2-valid II, sentence is true.

Given the soundness theorem of 2-logic, it follows that every (2-provable Il

2See Proposition 2.18 of (Bagaria et al., 2006).
3See Theorem 2.35 of (Bagaria et al., 2006).
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sentence is true.
We will need one more basic property of (2-proofs in the following sec-

tions.

Lemma 3.4 (Downward Absoluteness Lemma). Let o be any sentence in

the language of set theory, and let A be a set of real numbers.

1. If A is universally Baire and V,, satisfies ZFC, then V. E “A is uni-

versally Baire.”

2. If Ais an Q-proof of ¢ and V,, satisfies PCW, then V, F “A is an

Q-proof of ¢.”

Proof. Claim (1) is proven in Lemma 2.15 of (Bagaria et al., 2006). For claim
(2), assume A is an Q-proof of 0. Then A is a universally Baire set of reals
such that “o is 2-valid” is true in every strongly A-closed, countable transitive
model of ZFC. It follows directly from Claim (1) that “A is a universally Baire
set of reals” continues to hold in V.. And it’s clear by examining the definition
if “strongly A-closed” that the statement “(o is 2-valid) is true in all strongly
A-closed countable transitive models of ZFC” is absolute for V,. Therefore,

M recognizes that A is an (2-proof of o. O

3.2 Strong ()-Consistency

As mentioned earlier, Woodin’s method of comparing two good large cardinal
axioms JzP(x) and Jz@Q(x) requires comparing the lengths of the minimal

Q-proofs of the sentences “V is P-closed” and “V is -closed.” We have
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explained the notion of an Q-proof (and its length), so now we need to explain
what it means for V to be “P-closed” with respect to some good large cardinal
axiom JzP(z). In (Woodin, 2001), Woodin defines V' to be P-closed just in
case for every set X, there is a transitive set M and a cardinal xk € M such
that (i) X € M, and (ii) M satisfies ZFC + “k is a P-cardinal.” Stated more
informally, V' is P-closed just in case every set X belongs to some transitive
model of ZFC that contains a P-cardinal “above” X. A virtue of this definition
is that it makes no reference to the actual universe V. However, in order to
streamline the proofs in this chapter, we will use the following definition which

is easily seen to be equivalent to Woodin’s.

Definition 3.3. Let JzP(z) be a good large cardinal axiom. Then V is
P-closed iff for every V,,, there is a transitive set M D V,, that satisfies

ZFC + “There is a P-cardinal above «.”

Now suppose that 3z P(z) and 3xQ(x) are both good large cardinal axioms
such that “V is P-closed” and “V is ()-closed” are both Q-provable. Let us
sketch a naive argument that attempts to show that these axioms are compati-
ble with each other. First, since “V is P-closed” is an 2-provable II; sentence,
we know it is true (by the IIy truth lemma.) It follows that there is a transitive
model M of ZFC + “There is a P-cardinal.” Likewise, since “V is ()-closed”
is an Q-provable Il sentence (and is therefore true), we would like to say that
M is a rank-initial segment of some transitive model N of ZFC + “There is
a -cardinal.” Since X, cardinals are preserved under vertical extensions, it
follows that the P-cardinal from M is still a P-cardinal in N. So N should

be a transitive model containing both a P-cardinal and a ()-cardinal, which
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would show that these large cardinal axioms are compatible with each other.
Of course, the problem with this argument is that our official definition of “V’
is (Q-closed” does not say that any transitive set can be extended to a transi-
tive model with a ()-cardinal; instead, our definition only says that rank-initial
segments of the universe can be vertically extended to transitive models with
Q-cardinal. So we are not licensed to extend M to a larger model N.*

Since extending M to a bigger model with a -cardinal didn’t work, let’s
try finding an appropriate sub-model of M. Working in M, we know there
is a cardinal s such that M satisfies “x is a P-cardinal.” Since this is a >,
sentence, we would like to use ¥y downward absoluteness to get a rank-initial
segment Mg of M such that 3 > k and Mg F ZFC + “k is a P-cardinal.” Now
recall that we’re working in M, so Mgz appears to be a rank-initial segment of
the universe. Also recall that “V is ()-closed” is assumed to be an {2-provable
IT, sentence (and is therefore true.) We would like to invoke the fact that V'
is ()-closed to say that Mjp is a rank-initial segment of some transitive model
N of ZFC + “There is a QQ-cardinal.” Since Mjp is a rank-initial segment of
N, we know that the P-cardinal in Mj is preserved in IV, so N should be our
desired model with both a P-cardinal and a ()-cardinal.

Unfortunately, the argument above runs into two problems. First, our use

4One might object that we could avoid this problem if we stuck to Woodin’s original
definition of “V is @-closed,” which made no reference to rank-initial segments of the uni-
verse. But we still encounter problems under Woodin’s original definition. Suppose V is
both P-closed and @-closed (in Woodin’s sense.) Since V' is P-closed, it follows that () is
contained in some transitive model M that satisfies ZFC + “There is a P-cardinal k.” Since
V is Q-closed, it follows that M is contained in some transitive model N that satisfies ZFC
+ “There is a Q-cardinal.” One might think that IV is the desired model containing both a
P-cardinal and a @Q-cardinal. The problem, however, is that there is no guarantee that M
is a rank-initial segment of N. Without this guarantee, we do not know that the P-cardinal
from M is preserved in N.
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of ¥y Downward Absoluteness to find Mg is unjustified, since ¥ Downward
Absoluteness requires M to satisfy ZFC + “There is a proper class of inac-
cessible cardinals” (we were only guaranteed that M satisfies ZFC.) Second,
although we assumed that “V is ()-closed” was Q2-provable in V| it does not
necessarily follow that “V is @-closed” is 2-provable in M. Although we had
a lemma showing that 2-provability is downward absolute for rank-initial seg-
ments satisfying PCW, it is not generally true that (2-provability is downward
absolute to arbitrary transitive models of ZFC. So the extension of Mg to N
was unjustified.

We can get around both of these problems if the definition of “V is P-
closed” required M to be sufficiently correct about (2-logic. In the best case
scenario, suppose we knew that M was a transitive model of PCW that cor-
rectly computed all facts about Q-provability correctly.’ Requiring M to be a
model of PCW takes care of the first problem, since it gives us a proper class
of inaccessible cardinals in M. Requiring M to correctly recognize all facts
about (2-provability takes care of the second problem, since it guarantees that
M correctly recognizes the (2-provability of “V is ()-closed.”

This is overkill. To show that “There is a P-cardinal” and “There is a
(Q-cardinal” are compatible, we don’t need M to compute all facts about -
provability correctly. We just need M to correctly recognize the 2-provability
of the IIy sentence “V is ()-closed.” Likewise, if we wanted to show that
Jx P(z) is compatible with some other good large cardinal axiom JxR(x) for

which “V'is R-closed” is Q-provable, then we would need a (possibly different)

5The motivation for making M a model of PCW rather than ZFC is the fact that Q-logic
behaves most naturally in the context of a proper class of Woodin cardinals.
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model N that correctly recognizes the (2-provability of “V is R-closed.” These

considerations motivate the following definition.

Definition 3.4 (Strong Q2-Consistency). Let 3xP(z) be a good large car-

dinal axiom, and let o be an 2-provable II; sentence.

1. We say that V' is P-closed with respect to o just in case for every

V., there is a transitive set M D V,, such that:

(a) M EPCW
(b) M E “o is Q-provable.”
(¢) M E “There is a P-cardinal above «a.”

2. We say that JxP(x) is strongly (-consistent iff “V is P-closed

with respect to ¢” is {2-provable whenever ¢ is an {2-provable I,

sentence.

It might seem odd to call the above notion “strong €2-consistency.” Usu-
ally, one says that a sentence is consistent just in case it is satisfiable in some
model (if one is speaking model-theoretically), or a sentence is consistent
just in case it does not prove any contradictions (if one is speaking proof-
theoretically.) However, our definition of strong )-consistency requires the
provability of many sentences in (-logic. So this might seem like a form of
“validity” rather than a form of “consistency.” The justification for the name
“strong (2-consistency” comes from the fact that any good large cardinal axiom

that is strongly (2-consistent is also (2-consistent in the usual sense.
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Theorem 3.1. Assume a proper class of Woodin cardinals. Let JxP(x)

be a good large cardinal axiom. If 3z P(x) is strongly Q-consistent, then

it is 2-consistent.

Proof. Let 3z P(z) be a strongly 2-consistent, good large cardinal axiom, and
let o be any Q-provable I, sentence. We will show that 3z P(x) must be con-
sistent with o. Since 3xP(z) is strongly {2-consistent, and o is an Q-provable
[T sentence, it follows directly from the definition of strong 2-consistency that
“V'is P-closed with respect to ¢” is Q2-provable. Note that “V is P-closed with
respect to ¢” is also a Il sentence. So by the I, truth lemma, we know that V
really is P-closed with respect to o. It follows that there is a transitive model
M that satisfies PCW + JzP(x) + “o is Q-provable.” Now observe that M
thinks that o is an Q-provable Il sentence, so M must think that o is true
(since we can apply the Iy truth lemma inside of M.) Thus M is a transitive
model of both JzP(x) and o, which shows that 3z P(x) and ¢ are consistent
with each other.

Now we will show that JxP(x) is Q-consistent. Since JxP(z) is a 3
sentence, it follows that =3z P(z) is a II; sentence. We just showed in the pre-
vious paragraph that 3z P(z) is consistent with every Q-provable Il sentence,

so =3z P(z) cannot be Q-provable. In other words, 3z P(z) is Q-consistent. [J
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3.3 The Consistency Theorem

We eventually want to check that strongly )-consistent, good large cardinal
axioms are compatible with each other. But first we want to check that strong
()-consistency is a reasonable notion of “consistency.” It would be very odd,
for example, if large cardinal properties that were actually realized in the
universe didn’t count as strongly 2-consistent. The following theorem shows
that, assuming the 2-conjecture, we can infer the strong (2-consistency of a
good large cardinal axiom under reasonable conditions. We will also use this

theorem in the proof of the Uniform Ordering Theorem.

Theorem 3.2 (The Consistency Theorem). Assume a proper class of in-
accessible limits of Woodin cardinals, and assume the Q2-Conjecture holds.
If P(z) is a good large cardinal property such that there is a proper class

of P-cardinals, then 3z P(z) is a strongly Q-consistent, good large cardinal

axiom.

Proof. Let P(x) be a good large cardinal property such that there is a proper
class of P-cardinals. Let ¢ be an arbitrary (2-provable Il sentence.

Part 1: We start by showing that V' is P-closed with respect to 0. Fix
an arbitrary rank initial segment V,. Since we have a proper class of P-
cardinals, let kK be a P-cardinal above «. By 5 downward absoluteness, there
is f > k such that “s is a P-cardinal” holds in V3. Since we have a proper
class of inaccessible limits of Woodin cardinals, let 0 be an inaccessible limit of
Woodin cardinals above 3. Since ¢ is an inaccessible limit of Woodin cardinals,

we know that (i) Vs F PCW. Since P-cardinals are preserved under vertical
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extensions, we also know that (ii) Vs F “k is a P-cardinal above a.” Finally,
since o is )-provable in V', it follows from the downward absoluteness of -
proofs that (iii) Vs F “o is Q-provable.” So Vs meets all the requirements
needed to show that V' is P-closed with respect to o.

Part 2: Now we show that “There is a P-cardinal” is strongly €2-consistent.
Since o is an arbitary (2-provable II, sentence, it suffices to show that “V is
P-closed with respect to ¢” is 2-provable.

Observe that all the assumptions used in Part 1 continue to hold in every
universe V¥, Since V has a proper class of P-cardinals, and P-cardinals are
generically stable, there is still a proper class of P-cardinals in VF. Likewise,
there is still a proper class of inaccessible limits of Woodin cardinals in V.
Also, since Q-provability is generically invariant, o is still Q-provable in V.

Since all the assumptions used in Part 1 are true in every universe V¥,
it follows “V is P-closed with respect to ¢” is a Il, sentence that is true in
every universe V', It follows from the II, truth lemma that “V is P-closed
with respect to ¢” is 2-valid, and by the 2-conjecture it follows that “V is
P-closed with respect to ¢” is {2-provable. By definition, that makes “There

is a P-cardinal” a strongly Q2-consistent, good large cardinal axiom. O]

3.4 The Joint Consistency Theorem

We can now show that strongly 2-consistent, good large cardinal properties
are compatible with each other. In fact, we will show that they satisfy a very

strong form of consistency.
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Definition 3.5 (Joint Strong Q-Consistency). Let JxP(z) and JzQ(x)

be good large cardinal axioms, and let o be an {2-provable II, sentence.

1. We say that V' is (P, Q))-closed with respect to o just in case for

every V,, there is a transitive set M O V,, such that:

(a) M EPCW

(b) M E “o is Q-provable.”

(¢) M E “There is a P-cardinal above «.”
(d) M E “There is a Q-cardinal above «.”

2. The good large cardinal axioms “There is a P-cardinal” and “There

is a Q-cardinal” are jointly strongly (-consistent iff “V is (P, Q)-

closed with respect to ¢” whenever ¢ is an (2-provable Il sentence.

It is easy to show that if two good large cardinal axioms are jointly strongly
()-consistent, then they are jointly 2-consistent (that is, the conjunction of
the two axioms is ()-consistent. The proof is very similar to the argument
showing that strong ()-consistency is indeed stronger than (2-consistency. We
will now show that strongly €2-consistent, good large cardinal axioms are jointly

strongly 2-consistent with with other.

Theorem 3.3 (Joint Consistency Theorem). Assume a proper class of
Woodin cardinals. If 32z P(z) and JxQ(x) are both strongly 2-consistent,

good large cardinal properties, then they are jointly strongly (2-consistent.
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Proof. Part 1: It will help to introduce a bit of notation. If ¢ is a II, sentence

P abbreviate the statement

and JxP(z) is a good large cardinal axiom, let o
“V is P-closed with respect to 0.” Notice that since o is also a II, sentence,
we can iterate this notation. That is, if JzQ(x) is also a good large cardinal
axiom, then (of)% abbreviates “V is Q-closed with respect to of. We will
also use the notation (7@ to abbreviate the statement “V is (P, Q)-closed

with respect to 0.” Now we will show that if o is a Il sentence and JxP(z)

and JxQ(z) are both good large cardinal axioms, then:

ZFC Froy (07)? — ¢P@)

Assume (07)? holds. To show that ¢"@ follows, we need to show that every
V., has an appropriate vertical extension with a P-cardinal and a ()-cardinal
above a. So fix V,,. Since (¢7)? holds, we know that V,, has a vertical extension
M such that (i) M E PCW, (ii) M F “o¥ is Q-provable,” and (iii) M F “There
is a ()-cardinal xk above a.”

Work in M: since M is a model of PCW, we can use ¥y downward abso-
luteness to get a rank-initial segment Mg of M such that 8 > k and Mg F

P is an Q-provable II, sentence in

ZFC + “k is a Q-cardinal above «.” Since o
M, it is true in M. It follows that My has a vertical extension N such that (i)
N E PCW, (ii) N E “o is Q-provable,” and (iii) N F “There is a P-cardinal A
above 3.7 Since (Q-cardinals are preserved under vertical extensions, we also

have (iv) N F “k is a @Q-cardinal.” Note that N is a vertical extension of

Mpg, which in turn is a vertical extension of V,. So IV is the desired vertical
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extension of V,, with a P-cardinal and a ()-cardinal above «..

Part 2: Now we prove the main theorem. Let o be an Q-provable Il
sentence. Since P(z) is strongly Q-consistent, it follows that o is an Q-
provable II, sentence. Since @Q(x) is strongly Q-consistent, it follows that
(67)? is also Q-provable. From Part 1, it follows that ¢(P?) is Q-provable. By

definition, that makes P(z) and Q(x) jointly strongly -consistent. O

3.5 The Uniform Ordering Theorem

We have not said anything yet about the ordering of strongly €2-consistent,
good large cardinal axioms. Recall that Woodin originally compared the
strength of good large cardinal axioms JxP(z) and JzQ(x) by comparing
the lengths of the shortest proofs of “V is P-closed” and “V is @-closed.”
Let us introduce some notation to state this more succinctly. For any large
cardinal axiom 3z P(x) and any Q-provable II, sentence, let 0¥ abbreviate the
statement “V is P-closed.” Additionally, for any -provable sentence o, let
|o| be the length of the shortest Q-proof of 0. Now we can say that if 3xP(z)
and JzQ(x) are both good large cardinal axioms, then JxP(x) is weaker than
JzQ(x) in consistency strength just in case |of| < |09|.

The task of well-ordering strongly (2-consistent, good large cardinal axioms
is more complicated, since the strong {2-consistency of Iz P(z) is not witnessed
by the Q-provability of a single sentence. Instead, the strong {2-consistency of
JzP(x) is witnessed by the Q-provability of “V' is P-closed with respect to ¢”

for every 2-provable II, sentence. Generalizing the notation we introduced in
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the previous paragraph, let of abbreviate the statement “V is P-closed with
respect to 0.” Then the ordinals associated with JzP(x) are all the ordinals
of the form |0f|q, where o is an Q-provable II, sentence.

We could try reducing all this information to a single ordinal by associating
JzP(x) with the supremum of the all the relevant ordinals |o0¥|q. Unfortu-
nately, this method assigns every strongly (2-consistent, good large cardinal

axiom to the same exact ordinal.®

Lemma 3.5. Assume a proper class of Woodin cardinals. Let 3zP(x) be

a strongly (2-consistent, good large cardinal axiom. If:

V = {|o|q : o is an Q-provable II, sentence}

VP = {|67|q : 0 is an Q-provable II, sentence}

Then:
sup(V") = sup(V)

Proof. Fix a II, sentence 0. We can assume without loss of generality that o
has the form (Va)(V,, E ®).

Part 1: First we show that ZFC proves (in first-order logic) that ot implies
o. Suppose o is true. Fix an arbitrary V,,. By the truth of o, we know V,, has
a vertical extension M in which ¢ is an {2-provable I, sentence. It follows from
the I, truth lemma that o is true in M. Since o is the sentence (Va)(V, F @),

it follows that @ is true in all rank-initial segments of M, including V,,. Since

5Thanks to Hugh Woodin for pointing this out.
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Vi, was chosen arbitrarily, we've just shown that (Va)(V, E @) is true. So o is
true.
Part 2: Now we prove the main theorem. By definition, if P(x) is strongly

P is an Q-provable I, sentence whenever o is. So V' C V),

()-consistent, then o
and therefore sup(VF) < sup(V). By Part 1, every Q-proof of o% is also an Q-
proof of . So for each Q-provable Il sentence o, we know that |o|q < |07]q.

It follows that sup()V) < sup(V"). Therefore sup(V") = sup(V). O

Fortunately, another method for ordering strongly €2-consistent, good large
cardinal axioms is available to us. Suppose that for any two large cardi-
nal axioms 3z P(z) and JzQ(x), the following uniform ordering condition
holds: either (i) |0F|q < [09]q for every Q-provable II, sentence o, or (ii)
|09)q < |o¥]q for every Q-provable I, sentence o. Then we can fix a single
Q-provable II, sentence O, and we can compare any two strongly {2-consistent
large cardinal axioms 3P(x) and 3Q(z) just by comparing the ordinals |©F|q
and |©%]q. Although the choice of © would affect the specific ordinal associ-
ated with each large cardinal property, the ordering of large cardinal axioms
would not depend on the choice of ©. We will show below that the uniform
ordering condition holds under limited conditions.

First, we need to strength the notion of a good large cardinal axiom. Say
that 3z P(z) is a great large cardinal axiom if, in addition to being a good

large cardinal axiom, the following are provable in ZFC:
1. P(k) —[k is an inaccessible limit of Woodin cardinals]

2. (The Q-Conjecture Property) P(k) — [V, F The Q-Conjecture]
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Second, we need to strength the notion of rank-reflection that we intro-
duced back in Chapter 1. Say that 3z P(x) strongly rank-reflects 3xQ(z)

just in case:

ZFCt P(k) — V,, FE ZFC + “There is a proper class of Q-cardinals.

We can now state conditions under which the uniform ordering condition holds

between two great large cardinal axioms.

Theorem 3.4 (Uniform Order Theorem). Assume a proper class of in-
accessible limits of Woodin cardinals. If 3z P(x) and JzQ(x) are strongly
-consistent, great large cardinal properties that are comparable in terms
of strong rank-reflection, then the uniform ordering condition holds be-
tween them. More specifically: if JxP(z) strongly rank-reflects JzQ(x),

then |0%]q < |0F|q for every Q-provable II, sentence o.

Proof. Part 1: First we establish some preliminaries. By the Montague-Levy
reflection principle, we can fix an inaccessible limit of Woodin cardinals ¢ such
that universal Baireness is absolute for Vs. Now, given a universally Baire set
A, say that M is an A-good model iff M is a vertical extension of Vj that
satisfies PCW + “A is universally Baire.” The following basic facts about

A-good models will be helpful in Part 2 below.
e Fact 1: For every universally Baire set A, there is an A-good model.

To show Fact 1, ix a universally Baire set A and an inaccessible limit

of Woodin cardinals A > §. It follows from the downward absoluteness of
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universal Baireness that V) is a vertical extension of Vj that satisfies “A is

universally Baire.” So V) is an A-good model.

e Fact 2: For any sentence o, the sentence “A is an (-proof of ¢” is

absolute for A-good models.

To show Fact 2, suppose A is an 2-proof of o. Then (i) A is universally
Baire, and (ii) “o is Q2-valid” is true in all strongly A-closed countable transitive
models of ZFC. If M is an A-good model, then condition (i) holds in M by
definition, and it’s easy to see that condition (ii) is absolute for M. So M
thinks that A is an Q-proof of o.

For the converse, suppose M thinks that A is an Q-proof of ¢. Then M
thinks that (i) A is universally Baire, and (ii) M thinks that “o is 2-valid” is
true in all strongly A-closed countable transitive models of ZFC. As before, it
is easy to see that condition (ii) is absolute for M, so we just need to show
that A really is universally Baire. Since A is universally Baire in M, it follows
from the downward absoluteness of universally Baire sets that A is universally
Baire in Vs. And since universal Baireness is absolute for Vj, it follows that A

really is universally Baire.

e Fact 3: If A <y B, then every B-good model is also A-good. Conse-
quently, if the shortest B-good model is shorter than the shortest A-good

model, then B <y A.

To show Fact 3, suppose M is a B-good model and A <y, B. Clearly

M contains all continuous functions between universally Baire sets, including
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the continuous function witnessing A <y, B. Since M thinks B is universally
Baire and M thinks A <y B, it follows that M thinks A is univerally Baire
too. So M is A-good.

Part 2: Now we prove the main theorem. Let ¢ be any Q2-provable Il
sentence. Since P(z) is strongly Q-consistent, we know that o is Q-provable.
So o has a minimal Q-proof A. By Fact 1, there is a height-minimal A-good
model M. We will show that there is a B-good model shorter than M, where
B is an Q-proof of 09.

Since M is A-good, and A is an Q-proof of of, we know from Fact 2 that
M E “Ais an Q-proof of ¢F'.” By the I, truth lemma, o” is true in M.
Working in M, Vs has a vertical extension N that satisfies (i) PCW, (ii) “o is
Q-provable,” and (iii) “There is a P-cardinal x > «.”

Now look at N,. Since P(x) strongly rank-reflects Q(z), we know that (i)
N, F “There is a proper class of ()-cardinals.” Since ()-cardinals are great
large cardinals, they are all inaccessible limits of Woodin cardinals. So we
have (ii) N, F “There is a proper class of inaccessible limits of Woodin car-
dinals.” Additionally, since k is a great large cardinal (and therefore satisfies
the Q-Conjecture property), we have (iii) N, F The Q-conjecture. Notice
that the three properties enumerated in this paragraph allow us to apply the
Consistency Theorem in N,. So (iv) N, F “Q(z) is strongly Q-consistent.”

Recall that o is Q2-provable in N, so by downward absoluteness, o is also
()-provable in N,. Since N, recognizes that o is an {2-provable II, sentence,
and N, recognizes that Q(x) is a strongly {2-consistent good large cardinal

property, it follows that N, F “o? is Q-provable.” So N, thinks that ¢® has
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an {)-proof B. In particular, N, thinks that B is universally Baire, so Ny is a
B-good model.

Note that we’ve just found a B-good model N, that is shorter than a
height-minimal A-good model M. By Fact 3 above, it follows that B <y A.
Moreover, it follows from Fact 2 above that B really is an Q-proof of 9. So the
shortest Q-proof of @ is shorter than the shortest Q-proof of o”. Therefore

0%q < |o”]q. O

The upshot of the Uniform Ordering Theorem is that the “uniform or-
dering” condition holds between strongly ()-consistent, great large cardinal
axioms JxP(z) and JzQ(z) that are comparable in terms of strong rank re-
flection. The theorem also tells us that, under these circumstances, the or-
dering of |0”|q and |0%|q agrees with the ordering of the axioms “There is
a P-cardinal” and “There is a ()-cardinal” in terms of consistency strength.
After all, if 3z P(z) strongly rank reflects 3zQ(x), then we know that |of|q
is greater than |09|g, and we know that JwP(x) is greater than JzQ(x) in
terms of consistency strength. We can therefore define the following ordering

of strongly 2-consistent axioms.

Definition 3.6 (Strong 2-Consistency Ordering). Let © be the sentence
“0=0.” The ordering <, between strongly 2-consistent, good large car-

dinal axioms P(z) and Q(z) is defined as follows:

JP(z) <s 3Q(z) <= |0F|q < |09

Note that we have defined <4, to hold between all good large cardinal
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axioms, not just great large cardinal axioms that are comparable under strong
rank reflection (as required by the Uniform Ordering Theorem.) Since every
good large cardinal axiom 3P(x) is associated with an ordinal |©F]q, it’s clear
that <, defines a well-ordering on all the good large cardinal axioms. What’s
not clear is how much <y, and <o, agree with each other when the conditions
for the Uniform Ordering Theorem aren’t met. Likewise, when JzP(x) and
JxQ(x) are strongly Q-consistent, good large cardinal axioms that don’t meet
the conditions for the Uniform Ordering Theorem, it’s not clear how much the
ordering of JzP(x) and Jz@Q(x) under <, is sensitive to our choice of the

sentence O.

3.6 Conclusion

To sum up our results: the Joint Consistency Theorem tells us that if there
is a proper class of Woodin cardinals, then strongly €2-consistent, good large
cardinal axioms are jointly strongly {2-consistent. Strictly speaking, we don’t
need any additional hypotheses to know that these large cardinal properties
are also well-ordered by <., but in these general conditions, we didn’t check
how well <y, and <., agree with each other, or how sensitive <, is to the our
choice of the sentence ©. If we assume a proper class of inaccessible limits of
Woodin cardinals, then the Uniform Ordering Theorem at least tells us that
<str and <., agree on comparisons between great large cardinal properties
that are comparable in terms of strong rank reflection, and the ordering of

these properties under <, does not depend on our choice of ©. Additionally,
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if we assume the (2-conjecture holds, then the Consistency Theorem tells us
that if 3z P(x) is a good large cardinal axiom such that there is a proper class
of P-cardinals, then 3z P(z) is strongly Q-consistent. The generic invariance
of Q-provability guarantees that all of these results are generically invariant.

One possible point of concern is the definition of a good large cardinal
axiom. We mentioned back in Chapter 2 that not all large cardinal properties
are Yo definable. For example, the standard formulation of the axiom “There is
a supercompact cardinal” is X3. Note, however, that the statement “(3x)(V; F
There is a supercompact cardinal)” is Y.

The assumptions needed for the Uniform Ordering Theorem are even more
restrictive. Recall that great large cardinals are inaccessible limits of Woodin
cardinals and satisfy the Q2-Conjecture Property. If the (2-Conjecture turns
out to be true, then the Q-Conjecture Property comes for free (for sufficiently
large cardinals), so it might not be such a restrictive assumption. But the
requirement that great large cardinal properties must be inaccessible limits of
Woodin cardinals means that we cannot apply this analysis to many of the
smaller large cardinal axioms. In response to this, we might point out that
we don’t need to use the strong (2-consistency hierarchy to analysis cardinals
below the level of “proper class of inaccessible limit of Woodin cardinal.” After
all, the inner model program already provides a very robust and informative
analysis of large cardinal axioms below that level. The point for the strong
()-consistency hierarchy was specifically that it could provide an analysis of
the large cardinal axioms beyond the inner model program.

One might also complain that there is a degree of unnaturalness in the way

71



we assigned ordinals to strongly (2-consistent large cardinal properties. Recall
that JxP(z) is assigned the ordinal |©F|, where © was arbitrarily chosen to
be the sentence “0=0." In this dissertation, we are primarily concerned with
the ordering of large cardinal axioms rather than the specific ordinal assigned
to each axiom, so the Uniformity Theorem tells us that the choice of © is
not important (at least for large cardinal properties satisfying the conditions
needed for the Uniform Ordering Theorem.) However, there may be reasons
for wanting to find the “right” ordinal associated with a large cardinal axiom.

One last point remains to be made. Recall that in Chapter 2, we com-
plained that the hierarchy of rank-consistent ¥, sentences was too trivial,
because rank-consistency and truth were equivalent for >, sentences. Is the
same true for strong {2-consistency? We showed in the Consistency Theorem
that we can get the strong -consistency of JzP(x) from a proper class of
P-cardinals. So the question remains whether the strong (2-consistency of
Jx P(z) implies the actual existence of P-cardinals. The answer to this ques-
tion is “no.” There is in fact an inner model M of PCW that (i) contains
no large cardinals stronger than Woodin cardinals (in particular, no inacces-
sible limits of Woodin cardinals), yet (ii) correctly computes Q-provability
(and, therefore, strong Q-consistency.) So if xP(z) is strongly Q-consistent
in V', and JxP(z) is a stronger axiom than being Woodin, then M recognizes
that JxP(z) is strongly {2-consistent even though M thinks there aren’t any
P-cardinals. This is analogous to the observation in Chapter 2 that L can

recognize the [-consistency of “large” large cardinal axioms even though they
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are false in L.”

"Thanks to Peter Koellner and Hugh Woodin for pointing this out.
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