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Abstract

In the sparse recovery problem one wants to reconstruct an approximatelly k-sparse vector
x € R" using time and number of measurements that are sublinear, i.e. way less 7, ideally
nearly linear in k. Depending on the setting, measurements correspond to one of the
following: linear combinations of the entries of x, a non-linear function of some linear
function of x , Fourier coefficients, the logical OR of entries in x. In this thesis I describe
several new contributions to the field of sparse recovery, as well as indicate how sparse
recovery techniques can be of great significance in the design of exact algorithms, outside of

the scope of the problems they first were created for.

e Standard Sparse Recovery:

— The state of the art /,/¢, scheme: optimal measurements, O(klog?(n/k)) decod-

ing time and O(log(n/k)) column sparsity, via a new, non-iterative approach.
e Non-linear Sparse Recovery:

— The first sublinear-time algorithm for one-bit compressed sensing.

- A set of O(klog® n)-time algorithms for compressed sensing from intensity only
measurements. The algorithms use O(klogn) measurements, being the first

sublinear-time measurement-optimal algorithms for the problem.

e Sparse Fourier Transform

ii



- A nearly sample-optimal algorithm for ¢,/ ¢> Sparse Fourier Transform in any

dimension.
- A nearly optimal sublinear-time deterministic algorithm for /., /¢ Sparse Fourier
Transform.

e Design of Exact Algorithms

- A nearly optimal algorithm for sparse polynomial multiplication.

— An almost optimal deterministic algorithm for the MODULAR-SUBSETSUM problem,
running in time mn - 20(V/ logm-loglogm)

- A nearly optimal Las Vegas algorithm for the MODULAR-SUBSETSUM problem,
running in time O ().

— An (almost) output-sensitive algorithm for the SuBserSum problem.
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denotes the time of solving Linear Programs [CLS19], and the state-of-the-
art algorithm takes n“ time where w is the exponent of matrix multiplica-
tion. The results in [Don06, CRT06, NT09a] do not explicitly state the ¢, /¢

guarantee, but their approach obtains it by an application of the Johnson-
Lindenstrauss Lemma; they also cannot facilitate € < 1, obtaining thus only
a 2-approximation. The c in previous work is a sufficiently large constant,
not explicitly stated, which is defined by probabilistically picking an error-
correcting code of short length and iterating over all codewords. We estimate

¢ > 4. We note that our runtime is (almost) achieved by [HIKP12a], but our
running time is always sublinear in 7, in contrast to [HIKP12a] which can be

uptonlogn. . ... ...
Summary of constants in Section 1.2, the column “Parameter” indicates which
parameter is depending on that constant. Note that constants Cy, Cr, Cg, Co, 17

are used in both algorithm and analysis, but constants C; and { are only
being used in analysis. Cy, is the related to the guarantee of the output of the
algorithm. . . ... ... .
Summary of constants in Section 1.3, the column “Parameter” indicates which
parameter is depending on that constant. Note that set L is the input of the
algorithm in Section 1.3 and the output of the algorithm in Section 1.2.
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3.3 Ilustration of the iteration between Line 25 and Line 28 in Algorithm 10. The
round solid points represent grid points in Gg,, and the dashed lines rep-
resent decision boundaries of Ig,,. In this example we have | supp (=1 +
z(0)| = 3, and the dotted squares represent boxes Be (yj(f_l) + zj(f),Zl_H vy)
for f € supp(y“~Y +z()). The algorithm repeatedly samples a random
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s} Fesupp(y(t-D+z(0) do not intersect with the dashed lines (i.e. decision bound-
aries of Ilg,,). In the figure, we color a shifted box in green if it does not
intersect with dashed lines, and color in red otherwise. After a series of failed
attempts from (a) to (b), we finally have a successful attempt in (c). . .. .. 128

3.4 Illustration of good and bad shifts in Definition 3.1.14. In (a), the small
square represents box Be(c, ), and the dashed lines represent the decision
boundary of II,,. The arrows in (b) and (c) represent two different shifts,
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boundaries of e 138

3.5 Ilustration of Lemma 3.1.15. In (a) the smallest square represents box
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Introduction

0.1 Standard Compressed Sensing/Sparse Recovery

Compressed Sensing, or sparse recovery, is a powerful mathematical framework the goal
of which is to reconstruct an approximately k-sparse vector x € R"” from linear measure-
ments y = Px, where & € R"™*". The most important goal is to reduce the number of
measurements m needed to approximate the vector x, avoiding the linear dependence on
n. In discrete signal processing, where this framework was initiated [CRT06, Don06], the
core principle that the sparsity of a signal can be exploited to recover it using much fewer
samples than the Shannon-Nyquist Theorem. We refer to the matrix ® as the sketching or
sensing matrix, and y = ®x as the sketch of vector x.

Sparse recovery is the primary task of interest in a number of applications, such as
image processing [TLW 06, LDP07, DDT*08], design pooling schemes for biological tests
[ECG'09, DWG'13], pattern matching [CEPR07], combinatorial group testing [SAZ09,
ESAZ09, KBG'10], localizing sources in sensor networks [ZBSG05, ZPB06], as well as
neuroscience [GS12]. Furthermore, not surprisingly, tracking heavy hitters in data streams,
also known as frequent items, can be captured by the sparse recovery framework [Mut05,
CHO09, KSZC03, Ind07]. In practice, streaming algorithms for detecting heavy hitters have
been used to find popular destination addresses and heavy bandwidth users by AT&T
[CJK"04] or answer “iceberg queries” in databases [FSGM99].

Sparse recovery attracts researchers from different communities, from both theoretical

and practical perspective. During the last ten years, hundreds of papers have been published



by theoretical computer scientists, applied mathematicians and electrical engineers that
specialize in compressed sensing. While numerous algorithms with running time linear in
the universe size n are known, [Don06, CRT06, IR08, NT09a, BIR08, BD09a, SV16] to name
a few, our goal is to obtain algorithms that are sublinear, something that is crucial in many
applications.

The desirable quantities we want to optimize may vary depending on the application.
For example, in network management, x; could denote the total number of packets with
destination i passing through a network router. In such an application, storing the sketching
matrix explicitly is typically not a tenable solution, since this would lead to an enormous

space consumption; the number of possible IP addresses is 232

. Moreover, both the query
and the update time should be very fast, in order to avoid congestion on the network.
Incremental updates to x come rapidly, and the changes to the sketch should also be
implemented very fast; we note that in this case, even poly-logarithmic factors might be
prohibitive. Interested readers can refer to [KSZC03, EV03] for more information about
streaming algorithms for network management applications.

Sparse recovery schemes that are optimal across all axis are a challenge and an important
theoretical and practical problem. For most sparse recovery tasks, we have algorithms that
achieve different trade-offs for the various parameters of interest. One exception is the
ls /U guarantee, for which the breakthrough work of Larsen, Nelson, Nguyén and Thorup
[LNNT16] shows that this trade-off is unnecessary.

“The goal of that research is to obtain encoding and recovery schemes with good compression

rate (i.e., short sketch lengths) as well as good algorithmic properties (i.e., low encoding, update and

recovery times).” — Anna Gilbert and Piotr Indyk [GI10]

0.1.1 Previous work

Since compressed sensing has been extensively studied in the literature for more than a
decade, different guarantees of interest have been suggested (x_j is the vector that occurs

after zeroing out every i that does not belong among the largest k coordinates). In what



follows x € R" is the vector we want to sketch, x is the approximation to x, k is the sparsity
and € is the fineness of the approximation. The most extensively studied error guarantees

are the following.

° Ez/gz : ||x—x’||2 S (1—|—€)Hx7kH2~ [ 51/51 : Hx—x’||1 S (1+€)||x,k||1.
o loo/lot ||x = [0 < llx—ll2.

o loo/l1: [Jx = &'l|oo < fllx—ill1- o Lo/l |lx = x[l2 < (1+€) llxilh-

Regarding the universality of the scheme, there are two different guarantees, one is
the for-all guarantee and the other is the for-each guarantee. In the for-all guarantee, one
wants to design a sketch that gives the desired result for all vectors x € R". In the for-each
guarantee, one wants to design a distribution over sketches that gives the desired result for
a fixed vector x € R". We note that {«/ />, {2/ {, are impossible in the for-all model, unless
Q(n) measurements are used [CDD09]. The standard approach for the for-all guarantee is
via RIP matrices, satisfying the so-called Restricted Isometry Property. In what follows, we
will refer to the for-each model, unless stated otherwise.

The first set of schemes that initiated the research on compressed sensing are given in
[CRT06, Don06]. There the authors show, for any x € R", given y = ®x, it is possible to
satisfy the ¢, /¢ guarantee for all vectors, if ® is a Gaussian matrix with O(klog(n/k)) rows.
The schemes in [CM06, CCF02] achieve the {« /¢» guarantee with O(klogn) measurementz,
matching known lower bounds [JST11], O(nlogn) decoding time and O(logn) update time.
The state of the art for /. / /> is [LNNT16], which gives optimal number of measurements,
sublinear decoding time, O(logn) update time and 1/ poly(n) failure probability. Price
and Woodruff [PW11] show that in order to get ¢,//¢, with constant failure probability
< 1/2 with the output being exactly k-sparse output requires Q)(e~2k) measurements. They
also showed non-k-sparse output requires Q(e~'klog(n/k)) measurements in the regime
€ > y/klogn/n, and gave an upper bound of O(e~'klogn) measurements, showing thus
a separation in the measurement complexity between k-sparse and O(k)-sparse output.

Later, in the breakthrough work of Gilbert, Li, Porat and Strauss [GLPS10] an algorithm

3



that runs in sublinear time, and has O(log(n/k) log? k) column sparsity, was devised. On
generic norms, nearly optimal bounds have been given by Backurs, Indyk, Razenshteyn and
Woodruff [BIRW16]. We note, however, that their schemes are not computationally efficient:
they have exponential running time, except in the case of Earth-Mover-Distance, which has

time polynomial in n and logk n.

Measurements. The number of measurements corresponds to physical resources: memory
in monitoring devices of data streams, number of screens in biological applications, or
number of filters in dynamic spectrum access (DSA) of radio signal [HMT*13].

In applications such as medical imaging, it is crucial to reduce the number of mea-
surements, since the radiation used in CT scans could potentially increase cancer risks
for patients. For instance, [PSL*12] showed that a positive association between radiation
exposure from CT scans in childhood and subsequent risk of leukemia and brain tumors.

For more applications, we refer the readers to [QBI"13].

Encoding Time. Designing algorithms with fast update/encoding time is a well-motivated
task for streaming algorithms, since the packets arrive at an extremely fast rate [TZ12];
even logarithmic factors are crucial in these applications. Also in digital signal processing
applications, in the design of cameras or satellites which demand rapid imaging, when
we observe a sequence of images that are close to each other, we may not need to encode
the new signal from the beginning, rather than encode only that part which differs from
the current signal; the delay is then defined by the update time of our scheme. Moreover,
in Magnetic Resonance Imaging (MRI) update time or encoding time defines the time the
patient waits for the scan to happen. Improvement of the runtime has benefits both for
patients and for healthcare economics [LDSP08].

A natural question is the following: what are the time limitations of our data structures,
regarding update time? Regarding the streaming setting, the first lower bounds are given
in [LNN15] for non-adaptive algorithms. An algorithm is called non-adaptive if, during

updates, the memory cells are written and read depend only on the index being updated



and the random coins tossed before the stream is started to being processed. The lower
bounds given concern both randomized and deterministic algorithms; the relevant bounds
to sparse recovery are for £, //, estimation. However, for constant failure probability their
results do not give anything useful, since their lower bounds start to kick in when the failure
probability becomes very small, namely o(Z_W).

For the column sparsity (which could be smaller than update time, and hence the lower
bounds in [LNN15] might not apply!), the only known lower bounds are known for RIP
matrices, which are used in the for-all setting. To the best of our knowledge, the first
non-trivial lower bounds were given by Nachin [Nac10], and then extended by Indyk and
Razenshteyn in [IR13] for RIP-1 model-based compressed sensing matrices. Lower bounds
for the column sparsity of RIP-2 matrices were given in Nelson and Nguyén [NN13], and
then to RIP-p matrices in Allen-Zhu, Gelashvili and Razenshteyn [AZGR16]. Roughly
speaking, the lower bounds for ¢, indicate that if one aims for optimal measurements,
m = klog(n/k), in the regime k < 1/ log® n, one cannot obtain column sparsity better than
Q(m). This indicates that the for-all case should be significantly worse, in terms of column

sparsity, than the for-each case.

Decoding Time. Another very important quantity we want to minimize is the time needed
to reconstruct the approximation of x from its compressed version. This quantity is of
enormous significance in cases where the universe size is huge and we cannot afford to
iterate over it. This is often the case in networking applications, where the universe size is
the number of distinct IP addresses. In MRI applications the decoding time corresponds
to the time needed to reconstruct the image after the scan has been performed. Decoding
time is highly important also in satellite systems, modern radars and airspace surveillance,

where compressed sensing have found extensive application [End10].

1 the lower bounds in [LNN15] also depend heavily on the streaming model, so they do not transfer
necessarily to all scenarios where sparse recovery finds application.



Our Contribution. We give the state of the art algorithm for ¢, /¢, compressed sensing,
which achieves optimal sample complexity, has decoding better than any previous attempt
and is always sublinear (as long as the number of measurements remain sublinear), and
achieves O(log(n/k)) column sparsity, significantly better than previous work. Previous
work on sublinear-time compressed sensing employed an iterative procedure, recovering
the heavy coordinates in phases. We completely depart from that framework, and give
the first sublinear-time ¢, /¢, scheme which achieves the optimal number of measurements
without iterating; this new approach is the key step to our progress. Towards that, we
satisfy the ¢, /¢, guarantee by exploiting the heaviness of coordinates in a way that was
not exploited in previous work. Via our techniques we obtain improved results for various
sparse recovery tasks, and indicate possible further applications to problems in the field, to

which the aforementioned iterative procedure creates significant obstructions.

0.2 Sparse Fourier Transform

When the measurements are not arbitrarily chosen, but have to be chosen from a structured
ensemble, the most important subtopic is the sparse Fourier transform, where one desires to
reconstruct a k-sparse vector from Fourier measurements. In Optics imaging [Goo05, Voell]
and Magnetic resonance imaging (MRI) [ASSNO8], the physics [Rey89] of the underlying
device restricts us to the Fourier ensemble, where the sparse Fourier problem becomes
highly relevant. In fact, one of the initial motivations of Candes, Romberg and Tao came
out due to the aforementioned applications. The number of samples plays a crucial role:
they determine the amount of radiation a patient receives in CT scans, and taking fewer
samples can reduce the amount of time the patient needs to stay in the machine. The
framework has found its way in practical life-changing applications. Software includes the
Comrressep SENSING GRAB-VIBE, CS SPACE, CS SEMAC and CS TOF by Siemens [Sie],
as well as Compressed Sense by Phillips [Phi]. Its incorporation in the MRI technology
allows faster acquisition rates, depiction of dynamic processes or moving organs, as well as

acceleration of MRI scanning up to a factor of 40. On the webpage of SIEMENS Healthineers,



for example, one can see the following, as well as numerous similar statements.
This allows bringing the advantages of Compressed Sensing GRASP-VIBE to daily clinical

routine.
o Perform push-button, free-breathing liver dynamics.
e Quercome timing challenges in dynamic imaging and respiratory artifacts.
e Expand the patient population eligible for abdominal MRL

The Fourier transform is in fact ubiquitous: image processing, audio processing, telecom-
munications, seismology, polynomial multiplication, SUBSET SuMm and other textbook al-
gorithms are a few of the examples where the Fast Fourier Transform finds applications.
The Fast Fourier Transform by Cooley and Tukey [CT65] runs in O(nlogn) time, and
has far-reaching applications in all of the aforementioned cases. It is thus expected that
algorithms which exploit sparsity assumptions about the input, and can outperform FFT in
applications are of high practical value. More specifically, sparsity assumptions have given
researchers the hope of defeating the FFT algorithm of Cooley and Tukey, in the special
(but of high practical value) case where the signal is approximately sparse. Moreover, since
FFT serves as an important computational primitive, and has been recognized as one of the
10 most important algorithms of the 20th century [Cip00], every place where it has found
application can possibly be benefited from a faster algorithm. The main intuition and hope
is that signals arising in practice often exhibit certain structures, such as concentration of
energy in a small number of Fourier coefficients.

Generally, the two most important parameters one would like to optimize are the sample
complexity, i.e. the numbers needed to obtain from the time domain, as well as the time
needed to approximate the Fourier Transform.

Two different lines of research exist for the problem: the one focuses solely on sam-
ple complexity, while the other tries to achieve sublinear time while keeping the sample
complexity as low as possible. The first line of research operates via the renowned Re-

stricted Isometry Property (RIP), which proceeds by taking random samples and solving a



linear/convex program, or an iterative thresholding procedure [CT06, DDTS06, TG07, BDO0S,
DMO08, RV08, BD09b, BD09a, NT09b, NV09, GK09, BD10, NV10, Foull, Boul4, HR16]. The
analysis of the algorithms is performed in the following way, in two steps. The first step
ensures that, after sampling an appropriate number of points from the time domain, the
inverse DFT matrix restricted on the rows indexed by those points acts as a near isometry on
the space of k-sparse vectors. All of the state of the art results [CT06, RV08, Boul4, HR16]
employ chaining arguments to make the analysis of this sampling procedure as tight as
possible. The second part is how to exploit the aforementioned near-isometry property to
find the best k-sparse approximation to the signal. There the approaches either follow an
iterative procedure which gradually denoise the signal [BD08, NT09b, NV09], or perform ¢;
minimization [CT06], a method that promotes sparsity of solutions.

The second line of research tries to implement arbitrary linear measurements via sam-
pling Fourier coefficients [GL89, Man92, KM93, GGIT02, AGS03, GMS05, Twe08, Iwel0,
HIKP12a, HIKP12b, LWC13, Iwel3, PR14, IKP14, IK14, Kap16, Kap17, CI17, BZI17, MZIC17,
LN19] and use sparse functions (in the time domain) which behave like bandpass filters in
the frequency domain. The seminal work of Kapralov [Kap17] achieves O(klogn) samples
and running time that is some log factors away from the sample complexity. This would
be the end of the story, apart from the fact that this algorithm does not scale well with
dimension, since it has an exponential dependence on d. Indeed, in many applications, one
is interested in higher dimensions, rather than the one-dimensional case. The main reason?
why this curse of dimensionality appears is due to the lack of dimension-independent ways
to construct functions that approximate the /., ball and are sufficiently sparse in the time
domain. A very nice work of Kapralov, Velingker and Zandieh [KVZ19] tries to remedy
that by combining the standard execution of FFT with careful aliasing, but their algorithm
works in a noiseless setting, and has a polynomial, rather than linear, dependence on k; the

running time is polynomial in k,logn and the exponential dependence is avoided. It is an

2But not the only one: pseudorandom permutations for sparse FT in high dimensions also incur an
exponential loss, and it is not known whether this can be avoided.



important and challenging question whether a robust and more efficient algorithm can be
found.

We note that in many applications, such as MRI or computed tomography (CT), the
main focus is the sample complexity; the algorithms that have found their way to industry
are, to the best of our knowledge, not concerned with sublinear running time, but with
the number of measurements, which determine the acquisition time, or in CT the radiation
dose the patient receives. Lastly, we bring to the readers’ attention the recent work on
sparse Fourier transform in the continuous setting, see [Iwel0, Iwel3, Iwel3, BCG™14, PS15,

CKPS16, AKM"18].

Our Contribution (1). We give a randomized algorithm which uses O(klogklogn) sam-
ples, it is dimension-free, it operates for any universe size, and achieves the strongest £« / />
guarantee, while running in time comparable to the Fast Fourier Transform. All previous
algorithms proceed either via the Restricted Isometry Property or via filter functions. Our
approach totally departs from the aforementioned techniques, and we believe is a fresh look

to the sparse Fourier transform problem.

Our Contribution (2). We give a polynomial time algorithm to find a set of O(k?log? 1)
samples, which allow computing the best k-term approximation to the Sparse Fourier
Transform of a signal in time O(k? log3 n). Our approach also yields an algorithm with
O(k*logn) sample complexity but O(nklogn) running time, as well a nearly optimal

construction of an incoherent matrix, using rows of the DFT matrix.

0.3 Non-Linear Compressed Sensing

0.3.1 Compressed Sensing from Intensity-Only Measurements

In recent years a variant of the sparse recovery problem, called compressive phase retrieval,
has become an active topic, which seeks to recover a sparse signal x € R"” (or C") from

the phaseless measurements y = |®x| (or y = |®x| + v with post-measurement noise), where



|z| denotes a vector formed by taking the absolute value of every coordinate of z. The
primary goal remains the same, i.e. to use as fewer measurements as possible. Such type of
measurements arises in various fields such as optical imaging [SEC*15] and speech signal
processing [R]93]. There has been rich research in geometric algorithms for this problem (see,
e.g. [CSV13, CLS15b, CLS15a, GWX16, IPSV16, IVW17]) that run in at least polynomial time
while there have been relatively few sublinear time algorithms — [CB]C14, IVW16, PYLR17,
Nak17a] are the only algorithms to the best of our knowledge. Most existing algorithms
consider sparse signals, and thus such sublinear time algorithms have a flavour of code
design, akin to Prony’s method. Among the sublinear-time algorithms, [CBJC14] considers
sparse signals only, [PYLR17] considers sparse signals with random post-measurement
noise, [[VW16] allows adversarial post-measurement noise but has poor recovery guarantee,
[Nak17a] considers near-sparse real signals with no post-measurement noise but achieves
constant-factor approximation and thus outperforms all other sublinear-time algorithms
for real signals. The approach in [Nakl17a] employs combinatorial techniques more widely
used in the theoretical computer science literature for the classical sparse recovery problem.
The later work of [LN18] has improved upon [Nak17a], giving a set of new algorithms that
are sample-optimal and run in sublinear time.

More quantitatively, suppose that the decoding algorithm R, given input y = |®x]|,
outputs an approximation X to x, with the guarantee that the approximation error d(x, X)
is bounded from above. When x € R”, both x and —x yield the same measurements, the
approximation error d(x,x) has therefore the form d(x,%) := min{||x — X||, |x + X||} for
some norm || - [|. When x € C", the approximation error d(x,X) = minge[ ) [|x — efx]].

Specifically we consider the following three types of error guarantee:
o (loo/l2) mingejo ) [lx — %o < Tz lxgll2 for x € C";
o (l2/ly) mingejgon [l x — %, < (1+¢€)||x_k||2 for x € C";
o (01/41) min{||x — X1, [|x + X|l1} < (1 +¢€)|x_x|]1 for x € R",
where x_j denotes the vector formed by zeroing out the largest k coordinates (in magnitude)

10



of x. Note that when x is noiseless, that is, when x_; = 0, all guarantees mean exact recovery
of x,ie., x = x.

Besides the error guarantees, the notions of for-all and for-each in the sparse recovery
problems also extend to the compressive phase retrieval problem. In a for-all problem, the
measurement matrix @ is chosen in advance and will work for all input signals x, while in
a for-each problem, the measurement matrix ® is usually random such that for each input

x, a random choice of ® works with a good probability.

Our Contribution. We give (/¢ and (5 /¢, schemes that achieve O(klogn) measure-
ments and O(klog n) running time. Previous algorithms either assumed that the signal is
sparse, either ran in significantly worse time and/or satisfied a weaker guarantee. Along the
way, we also develop a new O(k)-measurement and O(klogk)-time algorithm for exactly

k-sparse signals.

0.3.2 One-Bit Compressed Sensing

In modern acquisition systems measurements need to be quantized: that it means that we
have access only to y = Q(Ax) for some Q : R"” — A™ [BB08]. In other words, Q maps
every element of the encoded vector to an element to a finite alphabet .A. The most common

paradigm is when A = {—1,1} and

y = sign(Ax),

where the sign function is applied to any element of the vector. In hardware systems such
as the analog-to-digital converter (ADC), quantization is the primary bottleneck limiting
sample rates [Wal99, LRRB05]. Moreover, as indicated in [LRRBO05], the sampling rate has to
decrease exponentially in order for the number of bits to be increased linearly. Furthmore,
power consumption is dominated by the quantizer, leading to increased ADC costs. Thus,
the one-bit compressed sensing framework provides a way to disburden the quantization

bottleneck by reducing the sampling rate, i.e. the total number of measurements [BB0S].
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Apart from having important applications, the problem of one-bit compressed sensing is
also interesting from a theoretical perspective, as it is a natural and fundamental question on
high-dimensional geometry. One can think of it in the following way: can we construct a set
of hyperplanes H such that we can approximate the direction a k-sparse vector x € IR” given
sign((x,h)), for all h € ‘H? If we want a uniform guarantee, i.e. being able to approximate
the direction of x for every x, this means that every region defined by the hyperplanes and
the sphere must have “small” diameter. Othewise, if we want to reconstruct the direction of
x with some target probability, then it suffices that most regions defined by the sphere and
the hyperplane have small diameter. The latter formulation is very closely related to the

problem of random hyperplane tesselations [PV14].

Previous Work

The problem of one-bit compressed sensing was introduced in [BB08], and has received
a fair amount of attention till then; one can see [LXZL18] for details. Efficient algorithms,
which proceed by by solving linear or convex programs when the sensing matrix consists
of gaussians, appear in [PV13a, PV13b, GNJN13]. Algorithms that are based on iterative
hard-thresholding have been suggested in [JDDV13, JLBB13]. Moreover, the paper of Plan
and Vershyin [PV14] studies the very relevant problem of random hyperplane tesselations.
The authors in [GN]JN13, ABK17] give also combinatorial algorithms for support-recovery
from one-bit measurements using combinatorial structures called union-free families.

The work of [BFNT16] introduces schemes for one-bit compressed sensing for the
scenario where the underlying singal is sparse with respect to an overcomplete dictionary
rather than a basis; this scenario is common in practice. Researchers have also tried to reduce
the reconstruction error by employing different techniques and under different models. One
approach suggested is Sigma-Delta quantization [KSW16, GLP*10]. If adaptivity is allowed
and, moreover, the measurements take the form of threshold signs, the authors in [BFN*17]

show that the reconstruction error can be made exponentially small.
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Figure 1: An illustration of the standard sparse recovery problem in its simplest form. The vector x to be
sensed has a few non-zero coordinates, and P is the sensing matrix, with much less rows than columns. Given
Y one wants to reconstruct x.

(a) Sparse image (b) Dense image (c) Wavelet coefficients

Figure 2: Examples of sparsity. Subfigure (a) contains an image from the Hubble space telescope. The image
is sparse because it contains a small number of bright pixels, which contain the important information in order
to reconstruct the image. The castle in Subfigure (b) is not sparse, but its wavelet coefficients in Subfigure (c)
give a much sparser representation.

Our Contribution. We give an algorithm for one-bit compressed satisfying what we call
8 — €5/ £ guarantee, which uses O(klogn + 6~2k) measurements, and runs in poly(k - log 1)
time. This is the first algorithm for the problem running in sublinear time, and even
compares with the best super-linear time algorithm in terms of sample complexity; precisely,

for k < nl=7 it is uses less measurements.
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Figure 3: Light waves reflected off the sculpture enter the first lens and are refracted (bent) as a function of
their spatial frequencies. Lower frequency waves are only weakly refracted, passing straight through the center
of the lens. Higher frequency waves are refracted more at the edges. The "output” of the first lens is a series of
unfocused wave fronts with higher spatial frequencies toward the periphery and lower frequencies toward the
center. These waves constructively and destructively interfere. The first lens has thus performed an "optical”
Fourier transformation of the incident light rays. If you put your head midway between the two lenses (at the
so-called Fourier plane) and looked back towards the Queen, you would see nothing except a vague diffuse
glow representing the average intensity of light entering the first lens. The light waves are unfocused and
would not form a picture on your retina. You are in "optical” k-space. The second lens reverses this procedure,
reassembling the waves dispersed in optical k-space back to their original relationships. The second lens thus
performs an inverse Fourier transform, allowing the creation of a focused image.
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Figure 4: A typical setup of Coherent Diffractive Imaging, which gives rise to a signal recovery problem
from phaseless measurements. In the basic CDI setup (forward scattering), an object is illuminated by a
quasi-monochromatic coherent wave, and the diffracted intensity is measured. When the object is small and
the intensity is measured far away, the measured intensity is proportional to the magnitude of the Fourier
transform of the wave at the object plane, with appropriate spatial scaling.
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Figure 5: A synthetic example demonstrating the importance of phase in reconstructing a signal from its
Fourier transform.

0.4 Sparse Polynomial Multiplication

Multiplying two polynomials is a fundamental computational primitive, with multiple
applications in computer science. Using the Fast Fourier Transform, one can perform
multiplication of polynomials stored as vectors of floating point numbers, in time O(nlogn),
where 7 is a bound on the largest degree.

An important and natural question is whether, and under which circumstances, a
faster algorithm can be invented. Researchers have tried to obtain algorithms that beat the
O(nlogn)-time bound, when the two polynomials are sparse, i.e. the number of non-zero
terms in each polynomial is at most s. Interestingly, some ideas from the relevant literature
have found applications in computer algebra packages such as Maple, Mathematica and
Singular, including ways to represent and store polynomials [Maz01, MP14, MP15, GR16].

When two polynomials have at most k coefficients, the trivial algorithm gives O(k? log nlog s)
time, which is already and improvement for s < /n. It is important though to obtain an
algorithm that is output-sensitive, i.e. runs in nearly linear time with respect to k, the num-
ber of non-zero coefficients in the product. A result of Cole and Hariharan [CH02] obtains
an algorithm that runs in O(klog® ) time, when the coefficients of the two polynomials
are non-negative. A data structure for carefully allocating and de-allocating memory has
been designed in [Yan98], trying to tackle the problem of memory handling can be the main

bottleneck in complexity of sparse multiplication in practical scenarios. The aforementioned
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algorithm is based on a heap, an idea which was also lead to implementations developed
in [MP07, MP09, MP14, MP15]. The authors in [MP09] develop a parallel algorithm for
multiplying sparse distributed polynomials, where each core uses a heap of pointers to
multiply parts of polynomials, exploiting its L3 cache. The same authors in [MP14] have
created a data structure suitable for the Maple kernel, that allows for obtains significant
performance in many Maple library routines.

When the support of the product is known or structured, work in [Roc08, Rocll,
VDHL12, VDHL13] indicates how to perform the multiplication fast. Using techniques
from spare interpolation, Aarnold and Roche [AR15] have given an algorithm that runs
in time that is nearly linear in the “structural sparsity” of the product, i.e. the sumset of
the supports of the two polynomials. When there are not “too many” cancellations, this is
roughly the same as the size of the support of the product, and the above algorithm is quite
efficient. However, in the presence of a considerable amount of cancellations in the product,
the aforementioned algorithm becomes sub-optimal. Removing this obstacle seems to be
the final step, and has been posed as an open problem in the excellent survey of [Roc18].

In this thesis, we resolve the aforementioned open question, giving an algorithm that
is nearly optimal in the size of the input plus the size of the output. Due to its small
computational complexity and simplicity, we expect our algorithm to be implemented in
modern computer algebra software.

We note that one can use the rather heavy hammer of the sparse Fourier transform
[GMS05, HIKP12a, HIKP12b, Kap16, Kap17, KVZ19] to obtain nearly optimal algorithms
for sparse polynomial multiplication, but these algorithms come at a cost, since they are
way more complicated, and invoke the filter functions; functions which are sparse in the

time domain and approximate the /., box in the frequency domain.

Our Contribution. We give a clean, nearly optimal for multiplying two sparse polynomials
with integer coefficients. Our algorithm runs in time which is proportional to the size of the

input plus the size of the output.
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0.5 Subset Sum

SUBSETSUM is one of the most important problems in computer science, and is taught in
almost every undregraduate course. In this problem we are given a set S of n integers
and a target ¢, and are asked to find a subset of S that sums up to t. The problem has
been established as NP-complete by Karp [Kar72], and belonged to his initial list of NP-
complete problems. Belmman’s classical algorithm from 1957 [Bel57] solves the problem in
pseudopolynomial O(# - t) time, and it’s an archetypical example of algorithm design via
dynamic programming. Another classical algorithm is the “meet-in-the-middle” algorithm
of [HS74] , which gives O(2"/?) time, regardless of the value of t. Using RAM parallelism
Pisinger showed how to shave a logt factor from the pseudopolynomial algorithm [Pis03],
thus being the first improvement over Bellman’s classical approach. If all elements are
bounded by M, Pisinger has also showed how to obtain a pseudopolynomial solution
in O(nM) time. Apart from being a cornerstone in algorithm design, SuBserSum has
also played an important role in cryptography: Merkel and Hellman [MH78] based their
cryptosystem on it, something that initiated work in cryptostystems based on KNAPSKACK,
see [Sha84, BO88, CR88, Od190, IN96].

The SuseTSuM problem has given rise to a plethora of algorithmic techniques, some
of which have been recorded in books devoted to the specific problem [KPP04, MT90].
The problem still attracts a lot of researches, with important algorithmic contributions
happening the last 10 years [O'B11, LMS11, BCJ11, DDKS12, AKKM13, GS17, AKKN15,
AKKN16, LWWW16, BGNV17, Ned17, Bril7, KX17, JW18, ABHS19, ABJ"19]. The work of
[BGNV17] shows that with polynomial space one can beat the trivial bound of 2", while
in Merlin-Arthur setting Nederlof showed that the running time can become T*/27°(),
Very recently, the work of Koiliaris and Xu [KX17] gave the first deterministic algorithm
for SuBSETSUM that runs in time O(min{+/nt, t*/3}), while the almost independent work of
Bringmann [Bri17] gave a randomized O(t + n)-time algorithm. Two years later, another
O(t + n) algorithm [JW18] showed up, which proceeds by cleverly manipulating formal

series. The running time of [Bril7] and [JW18] is optimal under the Strong Exponential
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Time Hypothesis, as proved in [ABHS19].

Possibly the most important generalization of SUBSET SuM is the MODULARSUBSETSUM
problem, where the addition operation is performed over Z,,. The structural properties of
the problem have been investigated in the field of Additive Combinatorics for more than half
a century[EGZ61, Ols68, Ols75, Alo87, NSV08, Sze70, Vu08]. The dynamic programming
approach to MODULARSUBSETSUM runs in time O(mn), but, interestingly enough, going
beyond this barrier requires new ideas, as well as different techniques from the latest
improvements in the non-modular case. The fastest deterministic algorithm runs in time
O(min{/nm, m5/4)}) [KX17], while the fastest randomized algorithm due to Axiotis et.al.
[ABJ"19] runs in time 5(m + n); the latter algorithm matches a conditional lower bound
from from [ABHS19], similar to the standard Suser Sum problem. The deterministic
approach of [KX17] carefully partitions the input into sets that can be covered by arithmetic
progressions, then solves each arithmetic progression separately and combines the results
with multiple FFTs. The algorithm of [AB]*19] takes a totally different route, and manages
to improve Bellman’s dynamic programming approach by using a sophisticated hashing
approach to compute the new attainable subset sums after insertion of every element;
interestingly enough, their approach crucially exploits the modularity of the problem, and

does not extend to SUBSET SuM.

Our contribution (1). We give the first deterministic algorithm for MODULAR SUBSET Sum
that runs in O(m!*°()) time; in specific our algorithm runs in time that is proportional to
the number of all attainable sums times an m°(!) factor. This almost matches the randomized
algorithm of [AB]"19] and the lower bound of [ABHS19], and is polynomially better than
the previous deterministic algorithm by Koiliaris and Xu [KX17]. Along the way we obtain
a state of the art deterministic algorithm for sumset computation, which should be of
independent interst.

Our approach also yields state of the art result or the randomized version of the problem.
We obtain a Las Vegas algorithm running in O(m) time, a mild improvement over the

algorithm of [AB]*19] which was Monte Carlo. We also give a novel, nearly optimal Las
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Vegas algorithm for sumset computation, which we believe is significantly simpler than the
previous Las Vegas algorithm for the problem [CHO02].

Our improvements are obtained by delving deeper into the additive structure of Mob-
ULAR SUBSET SUM than previous work. Rougly speaking, our algorithms proceed by
computing all attainable subset sums in a bottom-up fashion and carefully define a “termi-
nating condition”; when the condition is satisfied, this forces the solution space to have a

specific additive structure, which we then exploit.

Our Contribution (2). We give an almost output sensitive randomized algorithm for
the classical SUBSET Sum problem. Precisely, let S(S, t) be the set of all attainable subset
sums of S which are at most . Our algorithm runs in time proportional to (ignoring
logarithmic factors) |S(S,t+t/ poly(logt))|. The textbook algorithm of Bellman runs in
time O(|S| - S(S,t)), while the algorithm of Bringmann [Bri17] runs in time ©(t). Thus,
although the latter matches a conditional lower bound from the k-CL1QUE problem [ABHS19],
in many interesting cases the textbook dynamic programming algorithm can be much better.
Moreover, both algorithms proceed by computing S(S, t), the set of all subset sums. In light
of the above, our algorithm should be viewed as making considerable progress in obtaining

the best of both worlds.
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Chapter 1
Standard Compressed Sensing

1.1 /¢,/¢, Compressed Sensing; Without Iterating

1.1.1 Owur result

Our main result is a novel scheme for ¢,/¢, sparse recovery. Our contribution lies in
obtaining better decoding time, and O(log(n/k)) column sparsity via new techniques. The
problem of improving the column sparsity to O(log(n/k)) was explicitly stated in [GLPS10]
as an open problem. Moreover, as an important technical contribution, we introduce a
different approach for sublinear-time optimal-measurement sparse recovery tasks. Since this
iterative loop is a crucial component of almost all algorithms in sublinear-time compressed
sensing [[IPW11, PS12, HIKP12a, GNP 13, IKP14, Kap16, GLPS17, CKSZ17, Kap17, LNW18,
NSWZ18], we believe our new approach and ideas will appear useful in the relevant
literature, as well as be a starting point for re-examining sparse recovery tasks under a

different lens, and obtaining improved bounds.

1.1.2 Notation

For x € R" we let H(x, k) to be the set of the largest k in magnitude coordinates of x. We
also write xg for the vector obtained after zeroing out every x;, ¢ S, and x_x = X[\ H(xk)-

We use || - ||, to denote the ¢, norm of a vector, i.e. ||x|, = (L, |xi|”)1/p.
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Reference Measurements | Decoding Time | Encoding Time
[Don06, CRT06] | klog(n/k) LP klog(n/k)
[CCF02, CMO06] | € 2klogn e nlogn logn

[NT09a] klog(n/k) nklog(n/k) log(n/k)
[CMO04] e 2klog”n e klog‘ n log” n

[CCF02, CM06] | e 2klog‘n e klog”n logn

[GLPS10] e klog(n/k) | e lklog‘n log(n/k) - log” k
Our result e klog(n/k) | e klog®(n/k) | log(n/k)

Table 1.1: (A list of {5/ y-sparse recovery results). We ignore the “O” for simplicity. LP denotes the time of
solving Linear Programs [CLS19], and the state-of-the-art algorithm takes n® time where w is the exponent of
matrix multiplication. The results in [Don06, CRT06, NT09a] do not explicitly state the { / £y guarantee, but
their approach obtains it by an application of the Johnson-Lindenstrauss Lemma; they also cannot facilitate
€ < 1, obtaining thus only a 2-approximation. The c¢ in previous work is a sufficiently large constant, not
explicitly stated, which is defined by probabilistically picking an error-correcting code of short length and
iterating over all codewords. We estimate ¢ > 4. We note that our runtime is (almost) achieved by [HIKP12a],
but our running time is always sublinear in n, in contrast to [HIKP12a] which can be up to nlogn.

1.1.3 Technical statements
We proceed with the definition of the ¢, /¢, sparse recovery problem.

Problem 1.1.1 (¢, / ¢, sparse recovery). Given parameters €,k, n, and a vector x € R". The goal is
to design some matrix ® € R™*" and a recovery algorithm A such that for y = ®x, x’' = A(D,y))

x' satisfies

¥ ~xla<(1+e) min_z—x|a

k-sparse z€R”"

We primarily want to minimize m (which is the number of measurements), the running time of A

(which is the decoding time) and column sparsity of P.

In table 1.1, we provide a list of the previous results and compare with ours. Here, we

formally present our main result.

Theorem 1.1.2 (stronger ¢, /¢, sparse recovery). There exists a randomized construction of a

linear sketch ® € R"™ " with m = O(e klog(n/k)) and column sparsity O(log(n/k)), such
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that given y = ®x, we can find an O(k)-sparse vector x' € R" in O(m - log(n/k)) time such that

[x' = x|2<(1+€) min |]z— x|}
k-sparse z€R”"

holds with 9/10 probability.

Remark 1.1.3. In the regime where k is very close to n, for example k = n/poly(logn), we get an
exponential improvement on the column sparsity over [GLPS10]. In many applications of compressed
sensing, this is the desired regime of interest, check for example Figure 8 from [BI0O8]: n = 71,542

while m > 10,000, which corresponds to k being very close to n.

Remark 1.1.4. As can be inferred from the proof, our algorithms runs in time O((k/€)log?(en/k) +
(k/€)log(1/€)), which is slightly better than the one stated in Theorem 1.1. The algorithm
in [HIKP12a] achieves also the slightly worse running time of O((k/€)lognlog(n/k)). That
algorithm was the first algorithm that achieved running time O(nlogn) for all values of k, € for
which the measurement complexity remained sublinear, smaller than «yn, for some absolute constant
7. A careful inspection shows that our algorithm achieves running time that is always sublinear, as

long as the measurement complexity remains smaller than yn.

1.1.4 Overview of techniques and difference with previous work

This subsection is devoted to highlighting the difference between our approach and the
approach of [GLPS10]. We first give a brief high-level description of the state of the art
algorithm before our work, then discuss our techniques, and try to highlight why the
previous approach could not obtain the stronger result we present in this paper. Lastly, we

show how our ideas can be possibly applied to other contexts.

Summary of [GLPS10].

The algorithm of [GLPS10] consists of O(logk) rounds: in the r-th round the algorithm
finds a constant fraction of the remaining heavy hitters. Beyond this iterative loop lies the
following idea about achieving the ¢, /¢, guarantee: in order to achieve it, you can find

all but & heavy hitters i such that |x;|> = Q(%¢||x_/|3). This means that the algorithm is
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allowed to “miss” a small fraction of the heavy hitters, depending on their magnitude. For
example, if all heavy hitters are as small as @(+/€/k||x_¢||2), a correct algorithm may even
not find any of them. This crucial observation leads naturally to the main iterative loop of
combinatorial compressed sensing, which, as said before, loop proceeds in O(log k) rounds.
Every round consists of an identification and an estimation step: in the identification step
most heavy hitters are recognized, while in the estimation step most of them are estimated
correctly. Although in the estimation step some coordinates might have completely incorrect
estimates, this is guaranteed (with some probability) be fixed in a later round. The reason
why this will be fixed is the following. If a coordinate i is badly estimated, then it will
appear very large in the residual signal and hence will be identified in later rounds, till
it is estimated correctly. One can observe that the correct estimation of that round for
coordinate i cancels out (remedies) the mistakes of previous rounds on coordinate i. Thus,
the identification and estimation procedure, which are interleaved, work complementary
to each other. The authors of [GLPS10] were the first that carefully managed to argue
that identifying and estimating a constant fraction of heavy hitters per iteration, gives the
optimal number of measurements.

More formally, the authors prove the following iterative loop invariant, where k, =
k377",e, = €277 for r € [R] with R = logk: Given x € R" there exists a sequence of vectors

{x},¢(r), such that x"1) = x() — () and
1(x = %) kI3 < (1 +e) x5 (1.1)
In the end, one can apply the above inequality inductively to show that

X 2
Z M3 < (1+e)xl

We now proceed by briefly describing the implementations of the identification and
the estimation part of [GLPS10]. In the identification part, in which lies the main technical
contribution of that work, every coordinate i € [n] is hashed to O(k/¢e) buckets and in

each bucket O(log(en/k))-measurement scheme based on error-correcting codes is used
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to identify a heavy hitter; the authors carefully use a random error-correcting code of
length O(loglog(en/k)), so they afford to iterate over all codewords and employ a more
sophisticated approach and use nearest-neighbor decoding. This difference is one of the
main technical ideas that allow them to obtain O(e 'klog(n/k)) measurements, beating
previous work, but it is also the main reason why they obtain k - poly(log n) decoding time':
performing nearest neighbor decoding and storing the code per bucket incurs additional
poly(logn) factors. Moreover, for every iteration r they need to repeat the identification
scheme r times in order to bring down the failure probability to 277, so that they afford a
union-bound over all iterations. This leads to an additional O(log?® k) factor in the update
time. The estimation step consists of hashing to O(k/e€) buckets and repeating O(log(1/€))
times. Since the identification step returns O(k/e€) coordinates, the O(log(1/¢€)) repetitions
of the estimation step ensure that at most k/3 coordinates out of the O(k/¢e) will not be
estimated correctly. This is a desired property, since it allows the algorithm to keep the 2k
coordinates with the largest estimates, subtract them from x and iterate.

In the next section, we will lay out our approach which improves the decoding time and
the column sparsity of [GLPS10]. The iterative procedure of [GLPS10] lies in the heart of
most compressed sensing schemes, so we believe that this new approach could be applied

elsewhere in the sparse recovery literature.

Our approach

As we mentioned before, our approach is totally different from previous work, avoiding the
iterative loop that all algorithms before applied. Our algorithm consists of four steps, each
one being a different matrix responsible for a different task. The first matrix, with a constant
number of rows allows us to approximate the tail of the vector x, an approximation that
will appear useful in the next step. The second matrix along with its decoding procedure,

which should be regarded as the identification step, enables us to find a list L of size O(k/¢€)

IThe authors do not specifically address the exponent in the poly(log ), but we estimate it to be > 4.
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that contains k coordinates?, which are sufficient for the ¢,/ ¢» guarantee. This matrix has
O(e 'k - log(en/k))) rows. The third matrix with its decoding procedure, which should
be regarded as the pruning step, takes the aforementioned list L, and prunes it down
to O(k) coordinates, which are sufficient for the ¢,/¢, guarantee. This matrix again has
O(e k- log(1/€)) rows, for a total of O(e'klog(n/k)) rows. The last matrix is a standard

set-query sketch.

Step 1: Tail Estimation

Lemma 1.1.5 (tail estimation). Let c; > 1 denote some fixed constant. There is an oblivious
construction of matrix & € R™*" with m = O(log(1/9)) and column sparsity O(log(1/0)) such
that, given Dx, there is an algorithm that outputs a value V € R in time O(m) such that

1

1
el B <V < vl

holds with probability 1 — ¢.

Our first step towards the way for stronger sparse recovery is the design a routine
that estimates the ¢, norm of the tail of a vector x € R”, which we believe might be
interesting in its own right. More generally, our algorithm obtains a value V such that
el x_ckllb <V < Hlx_g||b, using O(1) measurements. Here c; is some absolute constant.
To obtain this result we subsample the vector at rate ®(1/k) and then use a p-stable
distribution to approximate the subsampled vector. While the upper bound is immediate,
the Paley-Zygmund inequality does not give a sufficient result for the lower bound, so more
careful arguments are needed to prove the desired result. We obtain our result by employing
a random walk argument.

One additional possible application in sparse recovery applications where a two-stage
scheme is allowed, e.g. [DLTYO06, DDT'08], would be to first use the above routine to

roughly estimate how many heavy coordinates exist, before setting up the measurements.

2We note that this term is exactly k, not O(k). Although not important for our main result, it will be crucial
for some of our applications of our techniques.
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For example, we could first run the above routine for k = 1,2, 22 ... Dlogn, obtaining values
V1, V2, Vi, ..., Viggn, and then use these values to estimate the size of the tail of the vector
is, or equivalently approximate the size of the set of the heavy coordinates by a number
k. We can then run a sparse recovery algorithm with sparsity k’. Details can be found in

Section 1.4.

Step 2: The Identification Step The goal of this step is to output a list L of size O(k/€)
that contains a set of k coordinates that are sufficient to satisfy the ¢, /¢, guarantee. The
column sparsity we are shooting for at this point is O(log(en/k)) , and the decoding time

should be O(mlog(en/k)).

Lemma 1.1.6 (identification sketch). There exists a randomized construction of a matrix ® €
R™", with m = O(e 'k - log(en/k)) and column sparsity O(log(en/k)), such that given
y = Px, one can find a set L of size O(k/e€) in O(mlog(en/k)) time, such that

dT C S, |T| <k: Hx — XTH2 < (1 +€)Hx_kH2,
holds with probability at least 9/10.

For this routine, we will set up a hierarchical separation of [n] to trees. We will call this
separation interval forest. we set T = k/e. Then we partition [n] into T intervals of length
g = n/7, and set up an interval tree for each interval in the following way: every interval
tree has branching factor

logq
loglog g
with the same height (this is consistent with the fact that every tree contains g nodes). At
the leaves of every interval tree there are the nodes of the corresponding interval.

Our approach consists is now the following. For each level of the interval forest we hash
everyone to k/e buckets in the following way: if two coordinates 7,i’ are in the same interval
(node of the interval forest) they are hashed to the same bucket. The above property can be

regarded as “hashing interval to buckets”. Moreover, every x; is multiplied by a Gaussian
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random variable. We repeat this process for loglog(en/k) per level.

The decoding algorithm is the following. First, we obtain a value V using the routine
in Step 1, Lemma 1.1.5. Then we proceed in a breadth-first (or depth-first, it will make no
difference) search manner and find an estimate for every interval, similarly to [LNNT16,
CHO9], by taking the median of the loglog(en/k) buckets it participates to. There are two
technical things one needs to show: First, we should bound the decoding time, as well as
the size of the output list L. Second, we need to show that there exists a set T’ of size at
most k that satisfies the guarantee of the Lemma 1.1.6. For the first part, we show that
the branching process defined by the execution of the algorithm is bounded due to the
loglog(en/k) repetitions per level. For the second part, we show that for every coordinate
i € H(x,k) the probability that i € L is proportional to k|x;|*/(e||x_¢||3). Then we show
that the expected ¢5 mass of coordinates i € L\ H(x,k) is €||x_¢||3. This suffices to give the
desired guarantee for Lemma 1.1.6.

We provide details in Section 1.2.

Step 3: The Pruning Step

Lemma 1.1.7 (pruning sketch). Let cp,c3 > 1 denote two fixed constants. There exists a random-
ized construction of a matrix ® € R"™", with m = O(e 'k - log(1/€)), with column sparsity
O(log(1/€)) such that the following holds :

Suppose that one is given a (fixed) set L C [n] such that
L] = O(k/e), AT C L, |T| <k:|x—xrl2 < (1+¢)|x_kl2
Then one can find a set S of size c3 - k in time O(m), such that
[l = xsll2 < (14c5-€)[[x—«ll2
holds with probability 9/10.

We will now prune the list L obtained from the previous step, to O(k) coordinates. We

are going to use O(e 'k - log(1/€)) measurements. We hash every coordinate to k/e buckets,
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combining with Gaussians, and repeating O(log(1/€)) times. A similar matrix was also
used in [GLPS10], but there the functionality and the analysis were very different; moreover,
the authors used random signs instead of Gaussians. We will heavily exploit the fact that
a standard normal g satisfies Pr[|g| < x] = O(x). The reasons why we need Gaussians is
the following: if we have a lot of large coordinates which are equal and much larger than
Vel x_k||2, we want to find all of them, but due to the use of random signs, they might
cancel each other in a measurement. Switching to Gaussians is the easiest way of avoiding
this undesirable case.

Our algorithm computes, for every i € L, an estimate X; by taking the median of the
O(log(1/€)) buckets it participates to, and then keeps the largest O(k) coordinates in
magnitude to form a set S. We then show that these coordinates satisfy the ¢, /¢, guarantee.
We will say that a coordinate is well-estimated if |%;| = @(|x;|) £ Vek—1||x_g||]o. For the
analysis, we define a threshold T = ||x_||2/V/k, and classify coordinates based on whether

|x;| > T or not.
e In the case |x;| > T the expected mass of these coordinates i ¢ S is small;

e In the other case the number of coordinates i with |x;| < T are O(k). This allows us to
employ an exchange argument, similar to previous work, e.g. [PW11], but more tricky

due to the use of Gaussians instead of random signs.

We note that the way we compute the estimates ; is different from previous work: one
would expect to divide the content of a bucket that i hashed to by the coefficient assigned to
x;, in order to get an unbiased estimator, but this will not work. The details can be found in
Section 1.3.

In the end, this step gives us a set S suitable for our goal, but does not give good

estimations of the coordinates inside that set. For that we need another, standard step.

Step 4: Set Query We estimate every coordinate in S using a set query algorithm of Price
[Prill], obtaining the desired guarantee. This matrix needs only O(k/e) measurements, and

runs in O(k) time, while having constant column sparsity.
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Lemma 1.1.8 (set query, [Prill]). For any € € (0,1/10]. There exists a randomized construction
of a matrix & € R™*", with m = O(k/€) and column sparsity O(1), such that given y = ®x and
a set S C [n] of size at most k, one can find a k-sparse vector Xg, supported on S in O(m) time, such

that
I%5 — x5[13 < ellxpps|l3.
holds with probability at least 1 — 1/ poly (k).

Our Theorem 1.1.2 follows from the above four steps by feeding the output of each
step to the next one. In the end, we rescale €. More specifically, by the identification step
we obtain a set L of size O(k/€) which contains a subset of size k that satisfies the ¢,/ ¢,
guarantee. Then, the conditions for applying the pruning step are satisfied, and hence we
can prune the set L down to O(k) coordinates, which satisfy the ¢,/¢, guarantee. Then we
apply the set-query sketch to obtain estimates of these coordinates.

In what follows we ignore constant terms. The number of measurements in total is

\1// + (k/€)log(en/k) + (k/€)log(1/e)+ (k/€) .

——
identification step pruning step set query

tail estimation

The decoding time equals

U (k/€e)log(en/k)log(en/k) + (k/€)log(1/e) + \k/

set query

tail estimation identification step pruning step

The column sparsity equals

=

\1/ + log(en/k) + log(1l/e) + \1/

tail estimation set query

identification step  pruning step
1.1.5 Possible applications of our approach to other problems

Exactly k-sparse signals. When the vector we have to output has to be k-sparse, and not
O(k)-sparse, the dependence on € has to be quadratic [PW11]. Our algorithm yields a state

of the art result for this case, too. One can observe that the analysis of the algorithm in
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Section 1.2 outputs a O(k/¢€)-sized set which contains a set T of size k that allows (/¢
sparse recovery. Performing a CounTSKETCH with O(k/€?) columns and O(log(k/€) rows,
and following a standard analysis, one can obtain a sublinear algorithm with measurement
complexity O(e~tklog(en/k) + e 2klog(k/¢)). This is an improvemnet on both the runtime

and measurement complexity over previous work [CCF02].

Block-Sparse Signals. Our algorithm easily extends to block-sparse signals. For a signal of
block size b we obtain sample complexity O(k/ (eb) log(bn/k) + (k/€)), with a running time
nearly linear in k. This matches the sample complexity of previous super-linear algorithms

[BCDH10, CIHB09], which also could not facilitate € < 1.

Phaseless Compressed Sensing. In Phaseless Compressed Sensing, one wants to design
a matrix ® with m rows, such that given y = ®x, one can find a vector X such that
minge(oon [|x — %] < (1+¢€)||x_k||2- This problem has received a fair amount of atten-
tion [OYDS11, LV13, CBJC14, YLPR15, PYLR17, Nakl7a, LN18], and the state of the art
algorithm has O(klogn) measurement complexity [Nak17a, LN18]. One of the problems
is that the iterative loop approach cannot be used here, since it is heavily based on the
linearity of the sketch. However, our identification and pruning step do not use the linearity
of the sketch, and work also with phaseless measurements. Previous algorithms such as
[Nak17a, LN18] suffered a klogn factor in the number of measurements already from the
first step, but this is avoidablue using our new approach. We hope to see an extension down

this avenue that gives O(klog(n/k)) measurements.

One-Bit Compressed Sensing. Another important subfield of Sparse Recovery is one-bit
compressed sensing, where one has access only to one-bit measurements, i.e. y = sign(Ax),
where the sign function on vectors should be understood as pointwise application of the
sign function on each entry. Sublinear algorithms appear in [Nak17b, Nak19], but they both
do not obtain the optimal number of measurements in terms of k and n, which is klog(n/k),

but rather the slightly suboptimal klogn. One of the most important reasons is that the
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iterative loop cannot be implemented in such a scenario. It is a natural question whether our
new approach can give the optimal number of measurements. The thresholding step, namely
the part where we take use V to filter out non-heavy intervals cannot be implemented here,
but perhaps there is still a way to make a similar argument. One first approach should be to
show that sublinear decoding with optimal measurements is achieved using non-adaptive
threshold measurements, such as in [KSW16] and [BFN"17] (note that the latter one uses

adaptive measurements though).

Sparse Fourier Transform. The standard approach to discrete sparse Fourier transform,
is to implement linear measurements by using Fourier measurements [GGIT02, GMS05,
HIKP12a, HIKP12b, Iwel3, IKP14, 1K14, Kap16, CKSZ17, Kap17]. The idea is to hash the
spectrum to B buckets by carefully multiplying in the time-domain the vector x with a
sparse vector z. In the frequency domain this corresponds to convolving the spectrum of the
x with an approximation of the filter of an indicator function of an interval of length roughly
B. Due to the Uncertainty Principle, however, one has to exchange measurement complexity
and decoding time with the quality of the filter. For example, implementing hashing to
buckets using “crude” filters leads to leakage in subsequent buckets, giving additional error
terms. When iterating as usual, these errors accumulate and make identification much
harder. The sophisticated approach of [Kap17] manages to design an iterative algorithm, in
the same vein with previous algorithms, which takes O(e~'klogn) measurements. It would
be interesting to see if the approach we suggest avoids some of the problems created by
this iterative loop, and can give simpler and faster sparse Fourier transform schemes. It
would be interesting to obtain such a result even using adaptive measurements. The work
[CKSZ17] has some interesting ideas in the context of block-sparse vectors that could be

relevant.

1.2 The Identification Linear Sketch

The goal of this section is to prove the following result,
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Theorem 1.2.1 (Restatement of Lemma 1.1.6). Let C; > 1 be a fixed constant. There exists a

randomized construction of a matrix & € R™*", with
m = O(e 'klog(en/k)),

with column sparsity O(log(en/k)) such that given y = ®x, one can find in time O(mlog(n/k))
a set L of size Cr, - k/€, such that

AT C L |T| <k:|x—x7|2 < (1+¢€)||x_kl2
with probability 9/10.

In Section 1.2.1, we provide the definition of sketching matrix ® and present the decoding
algorithm. We proved some concentration result in Section 1.2.2. We analyzed the running
time of algorithm in Section 1.2.3. We proved the guarantees of the algorithm in Section 1.2.4.

Finally, we bound the number of measurements in Section 1.2.5.

1.2.1 Design of the sketch and decoding algorithm

Notation | Choice | Statement Parameter

Cy 4 Definition 1.2.3 H

Cr 100 Definition 1.2.4 R

Cp 10° Definition 1.2.5 B

Co 10° Lemma 1.4.4 Blow up on tail size
Cp 10% Lemma 1.2.9 L

n 1/9 Lemma 1.2.6,1.2.7 | Shrinking factor on V'
¢ 1/4000 | Lemma 1.2.6,1.2.7 | ¢ < 1/400

Table 1.2: Summary of constants in Section 1.2, the column “Parameter” indicates which parameter is
depending on that constant. Note that constants Cy, Cr, Cp, Co, 1] are used in both algorithm and analysis,
but constants Cy, and { are only being used in analysis. Cy is the related to the guarantee of the output of the
algorithm.

We are going to use a hierarchical separation of [n] into intervals. We will call this
separation an interval forest.

Before discussing the matrix, we need the following definitions. We define
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Definition 1.2.2 (size of the each tree in the forest). Let
T=k/e¢,
assuming that k/e < n/16. The size of each tree in the forest is
g=n/t=ne/k

Definition 1.2.3 (degree and height of the interval forest). Let Cy > 1 be a sufficiently large

constant such that

(logq/ loglogq)CHlogq/loglogq > .

Let D denote the degree of the tree, and let H denote the height of the tree. We set D and H,

D = [logq/loglogq], and H = [Cylogq/ loglogq].

Definition 1.2.4 (number of repetitions per level). Let R denote the number of repetitions in

each level. Let Cr > 1 denote some sufficiently large constant. We set R = Crloglog g.

For ¢ € {0,1,...,H} we define Z;, which is a family of sets. Every set Z; is a decompo-
sition of [1] to TD! intervals of (roughly) the same length. The set Z; is a decomposition
of [n] to T intervals of (roughly) the same length length 4. If needed, we can round 4 to a

power of 2. This means that
Zo={lo1, Io2, ...}
where
Ipr=1[1,7], o2 =[t+1,27],...

We can conceptualize these sets as a forest consisting of T trees, each of branching factor
D and height H, where the /-th level partitions [n] into disjoint TD’ intervals of length
n/(t-D') = gq-D~". For £ € {0,...,H}, interval I; is decomposed to D disjoint and

33



continuous intervals

Ipv1jpt1s- -0 Ioy1, 1) D

of the same length, except possibly the last interval.

We say that an interval Iy is a child of interval I, ; if j' = [j/D].

Definition 1.2.5 (sketching matrix ®). Let Cp > 1 be a sufficiently large constant. Let B =
Cgk/e. Let matrices @), ..., &), where every matrix ®Y) consists of R submatrices {Cbﬁf) re[r]-
For every £ € [H] and r € [R], we pick 2-wise independent hash functions hy, : [tD’] — [B].
We define measurement vy, = (CDg)x)b as:
Yerp = Z Z 8it,rXj,
j€hy, (b) i€l
where g; o, ~ N (0,1), i.e. independent standard Gaussians.

We slightly abuse notation and treat y as matrix the mapping to vector should be clear.

Note that Cp should be chosen such that Cp > Cp, where Cy appears in tail estimation

in Lemma 1.4.4.

1.2.2 Concentration of estimation

In the following lemmata, ¢, 7 € (0,1) are absolute constants with 1 > # > 1/10 > { (See
a choice for our application in Table 1.2). The exact values of the constants will be chosen
below.

The following lemma handles the probability of detecting a heavy interval at level 4.

Lemma 1.2.6 (handling the probability of catching a heavy hitter). Let V be the value in Line
8 of Algorithm 1. Let V = €V be the value in Line 9 of Algorithm 1. Let j' € T;_y, and let j be one
of its children. Let z; be defined as follows,
2
2 = median |y, )|
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Algorithm 1 interval-forest sparse recovery

1: procedure INTERVALFORESTSPARSERECOVERY(X, 11, k, €) > Theorem 1.2.1
2: Choose constants Cy, Cg, 17, Co > According to Table 1.2
3: T« (k/€) > Definition 1.2.2
4: g«—n/t > Definition 1.2.2
5. H<« [Cylogq/loglogq] > Definition 1.2.3
6: D <« [logg/loglogq] > Definition 1.2.3
7. R < [Crloglogq] > Definition 1.2.4
8: V < LeLpTArLEstimaTION(X, k, 2, Cp, 1/100) > Algorithm 3
9: VeV > Lemma 1.2.6

10: Ty < {10,1,...,10,1—}

11: for/{=1— Hdo

12: Ty < RecursiveBTREE({, R, D,y,Ty_1,V) > Lemma 1.2.9
13: end for

14: L+ Ty

15: return L > Lemma 1.2.10
16: end procedure

17: procedure RECURSIVEBTREE(Y, R, D, 7, T, V)

18: T+ @

19: fort € T do

20: Let Iy, Iy, -, Iy j, denote the child intervals of I, 1

21: for p € [D] do

22: zj, + median,¢g)[ye, . n or(in) |2 > Definition 1.2.5
23: end for

24: if z;, > yV then

25: T+ T'U{jp}

26: end if

27: end for

28: return T’

29: end procedure

If [|x1,, 13 > Cj¢|lx_k||3, where C; > 2, then with probability 1 — C].*R/6 (over the randomness of

hy,and g, for r € [R],i € [n] in Definition 1.2.5), we have that
zj >z nV.
Proof. Fix r € [R]. Let b = hy,(j), and define | = Uten (v) Iy ;. We observe that

[Yersl? = I|x/38%, where g ~ N(0,1).
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By property of Gaussian distribution, we have

2 2
2 _ 21 ~ - Ui
P (lyeral? < (/CIlE] < 2= [T <\ 2L

It implies, since |[x/]|5 > [|x1,;[15 > Cj¢[lx 3, that

€ 2
Pr {yeal® < lleilB] < /2

Since Lemma 1.4.4, we have V < 1||x_||3. Because V =€V,

2
Pr [|ye.p* < V] < =

7TC]

The R repetitions ensure that the failure probability can be driven down to C]-_R/ °,

R > R/2
=) ([3)

< 2R . (277/7T)R/4 . Cj—R/4

because

< (2” : (2/97r)3>

< (2R . (217/7.[)12/4 . 27R/12) . C_—R/6

j
RI2 1

j
—_ ] 7
where the first step follows from a union bound, the third step follows from C; > 2, and

the forth step follows from n <1/9.

O]

The following lemma handles the probability of a non-heavy interval being considered

“heavy” by the algorithm at level /.

Lemma 1.2.7 (handling the probability of false positives). Let V be the value in Line 9 of
Algorithm 1. Let j' be an index in Ty, and let j be one of its children. If ||xy, 13 < C&llx—coll3,

then with probability 1 — 2=R/3 (over the randomness of hy, and g;,, for r € [R],i € [n] in
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Definition 1.2.5) we have that
zj < nV.

Proof. Fix £ € [H] and consider the set H, that contains the Cok coordinates j” with the
largest [|xj, , |5 values. Define ngj ) = H, \ {j}. Fix r € [R] and observe that by a union-

bound we get that

1

. Coe 1
[EI]H € H ‘ hfr = h@,r(]ll)] < C k- CBk/G CL < 5

i 20/
because Cg > 20C.

We condition on the event V" € H// ) 2 he,(j) # hey(j"). A standard calculation now

shows that

1 e
2 2 2
E [yenn, )] < i 13+ & g -l

€ » le 2
< g*Hx—cokHz + FBEHX—CngZ
2§e
< [ x_cokll3,

where the last step follows from CLB <.

We now apply Markov’s inequality to obtain

Pr (e ) 2 1] < Pe (W, 2 g Ix-cull]

2éeHx cokll3

10k ||xfCokH2
g

<5

==

< — < .
< 50 by ¢ < /400

By a union bound, the unconditional probability Pr [| Yo, () > > UV] < .. Finally, we
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can upper bound the probability that z; = median, ¢z |[y¢1,, (j) |2 is greater than 77V,

1.2.3 Analysis of running time

Lemma 1.2.8 (bounds of D, H with respect to R). Let D, H as in Definition 1.2.3. It holds that

D <2610 gud H <2610,

Proof. Since H > D, it suffices to prove the claim only for H.

logqg log1 R_
— 1 — 1 k) = slog og(en/k) 2510
Hloglogq < CH 0gq CH 0g (€Tl/ ) CH < 26 ,

where the third step follows from q = en/k, and the last step follows from loglog(en/k) +
log Cy < (Cr/6)loglog(en/k) — 10 and note that loglog(en/k) > 2 because we assume

k/e <n/lé.
O

Lemma 1.2.9 (running time). Let R as in Definition 1.2.4 and D, H as in Definition 1.2.3. Let
Ty be the set obtained by applying procedure RECURSIVEBTREE H times (lines 11-13) of Algorithm
1, and let Cp > 1 be some sufficiently large absolute constant. With probability 1 — H - 2-R/6+1 e

have that:
o [Th| < CrL-k/e,
o The running time of BIREESPARSERECOVERY is
0 (e—lk log(en/k) - D) .
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Proof. Let Cp =2(Co+1/7).

First, it is easy to see that |Tp| is bounded by
|To| =Tt =k/e < Crk/e.

We claim that if we condition on the event that |T;_1| < Crk/e, then with probability
1—2 R/6+1 |Ty| < Crk/e. The proof of both bullets will then follow by a union-bound over
all H levels. Indeed, consider the set Q; containing the |T;_1|D < Cr - (k/€) - D coordinates

j that are children of some j’ € T;_;. Define

. €
B = {7 € Qr | Iy B < £5-cul

By definition of B, and Q,, we have
[Be| <|Qe| < Cp-(k/€)-D.
Moreover, Lemma 1.2.7 gives
Vj € By, Pr [z; > nV] <27R/3

Define random variables W; to be 1 if z; > 1V, and 0 otherwise. Then
k
E LZ wj] < Sk ks
i€B, €
An application of Markov’s inequality gives

Pr Zw.zc—LkD-rR“ < 27 R/6HL
3, 1= 2¢

Conditioning on Zje B, Wj < %D .27 R76 we will upper bound the size of Tj.
First, observe that there exist at most (Cok +k/(Ge)) j € I, for which [[xy, |7 >
C¢ |l x_cykll3- This gives

k\  Cik
ITy| < <C0k+ g€> + Z—LGDz—R/@ (1.2)
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If CL > 2(Cyp+1/7), then we can upper bound the first term in Eq. (1.2),
k 1\ k 1Cik
— < -) < 2
C0k+€€_ (CO+§>€ S5
For the second term in Eq. (1.2), we can show that

Cik D2 R/6 < 1%’

2¢€ 2 €

or equivalently D < 2R/6, which holds by Lemma 1.2.8.
We have D levels, and at each level ¢ we have |Ty| = O(k/e), conditioned on the
aforementioned events happening. The children of T is then O(k/€ - D). Since we have R

repetitions the total running time per level is O((k/€) - D - R), and the total running time is

O((k/e)-D-R-H)=0 ((k/e) -D -loglogq - 10?5)?;11) =0 ((k/e)-D -log(en/k)),

where the first step follows from definition of R and H, and the last step follows from
definition of 4.

Therefore, it gives the desired result. O

1.2.4 Guarantees of the algorithm

Lemma 1.2.10 (guarantees). Let L = Ty be the set obtained by applying procedure RECURSIVEB-
TREE R times (lines 11-13) of Algorithm 1, we have that, with probability 9/10, there exist T' C L

of size at most k, such that
[l — xp |3 < (1+€) x5
Proof. Define

. €
H = {] € H(x,k) ' 3C; > 2, |x2 > cjkuxkug}.

Moreover, associate every j € H with its corresponding C; =
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Pick j € H. Let also ji, j2, ..., ju, be numbers such that

j S Il,jl’j € 12,]'2,. . .,j € IR,jH-

Forany t € {1,...,H -1}, if I, € Ty, then I41,,, € Tyy1 with probability 1 —C;- R/6 by
Lemma 1.2.6. Since C; > 2, this allows us to take a union bound over all H levels and claim
that with probablity 1 — HC]._R/ ®,j € Tg. For j € H define random variable to dj to be 1 if
j & Th.

2 . —R/6.2
E [(5]9(]} <H Cj X;
<H-C/ R/écfux ll3

€
—H. C R/6+1 B H%

lx

— 80k Hx kHZ/

where the first step follows by definition of J;, the second step follows by the fact that j € H,

and the last step follows by Lemma 1.2.8. Since |H| < k, we have that

E [Z 5]x]2

< M| el < ol
i 80k 80
Then applying Markov’s inequality, we have
Pr|) 6xf > EHx,kH% < i
) 40

We condition on the event } ey 5jx]2 < §||x_k||3- Setting T' = H N Ty we observe that

lx—xplE= Y &xF + lIxmp s+ X e
JEHNH (x,6)

€ 2€
§||x Kll3 + k- Hx—kH%+Hx—kH%

<(1+ 3€)Hx—kH§~

where the second step follows by the bound on ) ;cr 5]-x]2 and the fact that every j ¢ T

satisfies |xj|? < (2¢/k)||x_k|[3.
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Rescaling for € we get the desired result. O

1.2.5 Bounding the number of measurements

In this subsection, we prove that
Claim 1.2.11 (#measurements). The number of measurements is O(e 'k - log(en/k)).

Proof. Recall the definition of T and g,
T=k/e, gq=n/t.

We thus have the following bound on the number of measurements:

log(en/k)

B.H.R:CB(k/€>'CHW

- Crloglog(en/k) = O ((k/e€)log(en/k)).

1.3 The Pruning Linear Sketch

The goal of this section is to prove Theorem 1.3.1.

Theorem 1.3.1 (Restatement of Lemma 1.1.7). Let Cp,«, 3 > 1 be three fixed constants. There
exists a randomized construction of a matrix ® € R™*", with m = O((k/€) - log(1/€)), with
column sparsity O(log(1/€)) such that the following holds :

Suppose that one is given a set L C [n] such that
|L| =CpL-k/e, AT C L |T| <k:|x—x7|2 < (1+¢€)||x_kl2
Then procedure PRUNE (Algorithm 2) can find a set S of size B - k in time O(m), such that
[ = xslla < (14 a-€)f|x_k[2

holds with probability 9/10.

In Section 1.3.1, we provide some basic definitions and description of our algorithm. We

analyze the coordinates from several perspectives in Section 1.3.2. We prove the correctness
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of our algorithm in Section 1.3.3 and analyze time, number of measurements column sparsity,

success probability of algorithm in Section 1.3.4.

1.3.1 Design of the sketching matrix, and helpful definitions

Notation | Choice Statement Parameter

Cr 10* +500C; | Definition 1.3.2 | R

Cp 5 x 10° Definition 1.3.2 | B

Ce 4/5 Fact 1.3.3 Gaussian variable
Cr 10% Theorem 1.3.1 L

o 5 Theorem 1.3.1 | Blow up on e

B 100 Theorem 1.3.1 | Blow up on k

Table 1.3: Summary of constants in Section 1.3, the column “Parameter” indicates which parameter is
depending on that constant. Note that set L is the input of the algorithm in Section 1.3 and the output of the
algorithm in Section 1.2.

Definition 1.3.2 (sketching matrix ®). Let Cg,Cp > 1 be absolute constants. Let R =
Crlog(1/€). Let B = Cgk/e. Forr € [R], we pick 2-wise independent hash function h, : [n| — [B],
as well as normal random variables {gi, }ic|n) rc(r) and take measurements
Yrp = Z Xi&ir-
ich;1(b)

Given the set L, for every i € L we calculate

z; = median |y, , ;)|,
T

€[R]
and keep the indices i with the Bk largest z; values to form a set S of indices, for some
absolute constant p sufficiently large. We describe this pruning step in Algorithm 2. For the

analysis, we define the threshold

T = ||x ]2/ Vk. (1.3)

We will need the following standard fact about the Gaussian distribution. Then we proceed

with a series of definitions and lemmata.
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Algorithm 2 the prune procedure

1: procedure PRUNE(x,n,k,€,L) > Theorem 1.3.1
2 R «+ Crlog(1/€)

3 B + Cgk/e

4 forr=1— R do

5: Sample h, : [n] — [B] ~ 2-wise independent family
6 fori=1—ndo

7 Sample g;, ~ N(0,1)

8 end for

9: end for

10: forr=1— R do

11: forb=1— Bdo

12: Yrp < Zieh;l(b) Xi&ir

13: end for

14: end for

15: fori € L do

16: Zi < median,e[R] |yr,h,(z')’

17: end for

18: S+« {i € L:z isin the top Bk largest coordinates in vector z}
19: return S

20: end procedure

Fact 1.3.3 (property of Gaussian). Suppose x ~ N(0,0?) is a Gaussian random variable. For any

t € (0, 0] we have

Pr(x > f] € [;(1 _ %@,%(1 _ é;)] .

Similarly, if x ~ N (u,0?), for any t € (0, 0], we have

4t 2t
> B -
Prl|x| > t] € [1 5(7,1 30]

The form we will need is the following:

P <t <L
BMCETE

t.

Uil &~

Thought the analysis, for convenience we will set Cy = 4/5. Another form we will need is:

1
P € |5z=,2(| =063
gNme) {Igl [BCg H

Proof. The first form is true by simple calculation. The second form is holding due to
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numerical values of cdf for normal distribution,
1
Pr [|glr| € [BC ZH =2(f(2) — f(1/3Cy)) = 2(f(2) — £(5/12)) > 2(0.977 — 0.662) = 0.63,

2
where f(x) = [*_ E\/'%z dx is the cdf of normal distribution. O

Stochastic dominance is a partial order between random variables and it is a classical
concept in decision theory and decision analysis [HR69, Baw75]. We give the simplest

definition below and it is sufficient for our application.

Definition 1.3.4 (stochastic domination of Gaussian random variables). Let 01 < 0 and
random variables X ~ N(0,0%),Y ~ N (0,03). Then we say that |Y| stochastically dominates |X|,
and it holds that

Pr(|Y| > A] >Pr[|X|>A], VA>O.
We formally define the set L as follows:

Definition 1.3.5 (set L, input of the algorithm). Let C; > 1 be a fixed constant, and let set
L C [n] be defined as:

L] =CL-k/e, IT C [T <kt [x—xrll2 < (1+€)|x_-
We provide a definition called “badly-estimated coordinate”,

Definition 1.3.6 (badly-estimated coordinate). We will say a coordinate i € [n] is badly-estimated
if

1 1 e

Zi ¢ @' xil = 100 /&

Hx k||2/ | 1|+

L Ve
100 Vk ’

Then, we can define “badly-estimated set”,

Definition 1.3.7 (badly-estimated set B3). Let set L be defined as Definition 1.3.5. We say B C L

is a badly-estimated set if for all i € B, z; is a badly estimated coordinate (see Definition 1.3.6).
We define a set of large coordinates in head,
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Definition 1.3.8 (large coordinates in head). Let T be defined in (1.3). Let L be defined in
Definition 1.3.5. Let Cq be the constant from Fact 1.3.3. Define set

M ={ie LNH(x,k): |xi| >3C,1},

which contains the head coordinates of x that are in L and are larger in magnitude than 3C,T.

1.3.2 Analyzing head and badly-estimated coordinates

Lemma 1.3.9 (expected error from coordinates above 7). We have that

€
E|). xz-lzi<r] < < [lx k3
[ie/\/l l 100

Proof. Fix i € M. Observe that for r € [R]
’]/;,h,(i)‘ ~ Hxh;l(i)”Z‘N(Orlﬂ-
Since
13y ll2 = ||

we have that the random variable |y’ h, (i)\ stochastically dominates the random variable
x| - INV(0,1)].
By Fact 1.3.3, we have that
T
Pr [|y;,h,(i)| < T} <C

Sl

Because of the R = Crlog(1/¢€) repetitions, a standard argument gives that

4

T C'log(1/€)
Pr [1Zi<T = 1] S <Cg‘x‘>
i

for some absolute constant C' > Cr/3.
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We now bound

T C'log(1/€)
E [Z X2 1zi<T] < Y x (Cg'>
ieM j | x|

) T C'log(1/€)—2
- Lo (Gn)

ieM
€
<k-T%. —
=T 700
€
= ﬁ”x—k”%/

where the first step follows by the bound on E[1;,.¢] = Pr[l;,«r = 1], and the third
step by choosing by choosing Cr > 1 to be some sulfficiently large constant and the facts

C' > Cr/3and (Cgt)/|x;| < 1/3.
O

Lemma 1.3.10 (probability of a fixed coordinate is badly-estimated). A coordinate i is badly-
estimated (as in Definition 1.3.6) probability at most

e3

100%2CL°
Proof. Fix r and set set b = h,(i). Recall the definition of y,, = Y1 Xigir in Defini-
tion 1.3.2. We have that

Y, 8

jen 1 (0)\{i}

Y, 8

jeh: L (D)\{i}

i rxi| — < \yrp| < |girxi| +

7

Now, |gi,x;| will be at in [(1/3Cq)|x;|,2|x;|] with probability at least 0.63 (due to Fact 1.3.3).

Moreover, for any j € H(x, k) \ {i}, h,(j) # b with probability 1 —1/B =1 —¢/(Cgk) >
1—1/(Cgk). By a union bound, we get with probability at least 1 —1/Cp, for all j €
H(x,k)\ {i}, hy(j) # b. Conditioning on this event, we have,
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2
€
E gj,rxj) = —|lx_ll3-
(J‘ehyl(b)\{i} Cek

We then apply Markov’s inequality to get that with probability at least 1 — 10*/Cj,

2
€

( 12 gj,rxj) SmHLkH%'

jehy " (b)\{i}

Therefore, by a union bound,

1 1 \/E 1 f 1 10
P v = — ¥ . - -

where the last step follows by Cp > 5 x 10°.
Note that z; is obtained by taking median of R copies of i.i.d. |y, |. For each r € [R], we
define Z, = 1 if |y, | falls into that region, and 0 otherwise. We have E[E§:1 Z,] > 0.6R.

Using Chernoff bound, we have

R
Pr [Z Z, <09- 0.6R] < Pr
r=1

R R
Y Z. <09E[) zr]]
r=1

r=1

¢ O1EIE, 7]

<
<e —-10.12.0.6R
Thus,
1 1 1 _1p12.
Pr z; g | | f ‘ 1’ 4+ \/> 30.12 0.6R
3C 100 \f 100 \f

< 2—0.002R
— 2—0.002Cg log(1/¢€)
< 270.002(10000+500CL) log(1/€)

e3

< TAND — 7
o 1002CL

48



where the third step follows from choice of Cg.

1.3.3 Guarantee of algorithm
We now proceed with the proof of Theorem 1.3.1.

Proof. By Lemma 1.3.9 and an application of Markov’s inequality we have that
Z xiz e < €||x—k||%/
iEM

with probability 99/100. Let this event be &;.

Moreover, by Lemma 1.3.10,

e|L|
<
E[B] < 1002Ct’
so, by Markov’s inequality, we have
Pr ||B| < CILLT S 1~ /100 > 997100
— 100C. | — -

Let this event be &.
By taking a union bound, &; and &, both hold with probability 98/100. Plugging size of

|L| (< Cp - k/€) into equation of event &, we get

eL| _ ek
100C; — 100°

1B| < (1.4)

It means there are at most €k/100 coordinates that badly-estimated.

We remind that our goal is to bound

lx — xs[13 = flxs]l3
= llxsanl3 + llxs 12

= [lxgpqll3 + HX(E\M)mBH% + ||x(§\M)\BH%
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1. Bounding ||x ,,5[3. Consider the set
I={ie L\ M:|xij| >1/3},

which contains the coordinates in L with magnitude in the range [37,3C,7). By the definition
of 7, clearly, |I| < 3k + k = 4k, because we can have at most k such elements in H(x, k),
and at most 3k such elements in the tail [n] \ H(x, k). Since the number of badly estimated
coordinates is at most €k/100 and the size of S is Bk for sufficiently large B, we can have at
most 4k + €k /100 < Bk coordinates i € L which are not in M and are larger than 7. This

means that all coordinates in M with estimate z; > T will belong to S. This implies that

MNS={ie M:z <1},
and hence

||me§||% = E xiz e < e||x,k||%,
ieM

since we conditioned on event &;.

2. Bounding HX(E\M)QBH%- For every i € (S\ M) N B) we have the trivial bound |x;| < 7.

Since (S \ M) N B) C B, because the event £, we get that

k2
I snonslB < 1Bl 72 < K Bidle e

e —_ 2
=700 & 1oo I1=ll2

where the second step follows from (1.4) and (1.3).

3. Bounding x5 1), sll3. Observe that set (S\ M) \ B consists of well-estimated coordi-
nates that are less than 7 in magnitude, and their estimates do not belong to the largest pk
estimates. For convenience, set Q = (S\ M) \ B, then it is obvious that Q = S\ (M U B).

We define three sets Hy, Hy, Hj3 as follows,

H =QNT, H=QNT, and Hz= (T\(MUDB))\S.
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Using the definition of Q, we can rewrite Hj, H,, and Hj as follows

Hy=(S\(MUB)NT=SNMUBNT,

Hy=(S\(MUB))NT=SNMUBNT,

Hz = (T\(MUB))\S=SNMUBNT.

We can show that

=, (1.5)
and
HyUH; = (SNMUBNT)N(SNMUBNT)
=MUBNT
=T\(MUB). (1.6)
Then,

Ilxollz = llxm, 13+ [lxm, 115
= [lxe 13 + (e o 12 = 1285 112)
< lxe 115 + 27l = w3

< g, 15+ (1 + @) llxill3 — [l 113,

where first step follows from H; N Hy = @ and H; U Hy = Q, the second step follows
from Eq. (1.5) and (1.6), the third step follows from [|x7\ (145 15 < ||x7/|3 and the last step
follows from [|x7(|5 < (1+€)||x /3.

We define d, E, a, b as follows

1
d = |Hy|, E = —ve/k||x_kll2 a = max |x;|, b = min |x;|. (1.7)
4 i€H; i€Hs
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Let i* and j* be defined as follows:

i* = argmax |x;|, and * = argmin |x;|.
gi€H1| l|/ ] gj€H3| ]|

(1.8)

Recall the definitions of H; and H3, we know Hj is a subset of S and H; is a subset of S.

Since the set S contains the largest Bk coordinates, thus we have
Zj > z;,Vie Hl,j € Hs.

It further implies zj+ > z;.

By Definition 1.3.6, we have

\/»
> |y
and
\/»
<

Then, we can show that 2 < 6Cyb + E in the following sense:

a=|xp| by def. of i*,a,(1.8), (1.7)
< 3Cqzi + 103 Ve /k|x_kll2
< 3Cezj + 208 Ve/klx il
< 6Cq ZOS\/GTHLkHz
= 6Cgb + 205 Ve k| x k2 by def. of j*,b,(1.8),(1.7)
< 6Cgb+E by def. of E, (1.7)

Note that Hy = (T\ (M UB))\'S = S\ (T UM U B). Therefore,

|Hs| > |S] = |T| = M|~ |B]
> pk—k—k—k
= (B - 3)k.
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Finally, we can have
e |13 = llxa, 13 < da® — (B — 3)kb?

< d(6Cgb + E)* — (B — 3)kb? by a < 6Ceb+ E

= (36Czd — (B — 3)k)b* + 12C4bdE + dE?

< (36C3k — (B — 3)k)b* + 12CgbkE + kE? byd <k
< (36C3k — (B — 5C3)k)b* + 12C¢bkE + kE? by Cy > 4/5
< —36kCyb” + 12CgbkE + kE? by p > 77C;

— k(6Cgb — E)* + 2kE?
< 2kE?

< eflx¢ll3.

where the last step follows from definition of E.

Thus, we have
%13 < (1+2€)[|lx_lf3.

Putting it all together. We have

I = x5]15 = [lxgpqll5 + Hx(g\M)QBH% + ||x(§\M)\BH%
£
100
< (1+4e)|lx—3

< ellxgll3 + s llxkll + (1 +2€) [lx 13

Finally, we can conclude & = 5 and p = 100.

1.3.4 Time, measurements, column sparsity, and probability

In this section, we will bound the decoding time, the number of measurements, column

sparsity and success probability of algorithm.
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Decoding time. For each i € L, we compute z; to be the median of R values. For this part,
we spend O(|L| - R) = O((k/e) -log(1/€)) time. Moreover, calculating the top Bk estimates
in L only takes O(|L|) time. Therefore, the decoding time is O((k/¢€) - log(1/¢)).

The number of measurements. The number of measurements is the bucket size B times

the number of repetitions R, which is O(BR) = O((k/¢€) -log(1/¢)).

Column sparsity. Each i € [n] goes to one bucket for each hash function, and we repeat R

times, so the column sparsity is O(R) = O(log(1/¢€)).

Success probability. By analysis in Section 1.3.3, the success probability is at least 0.98.

1.4 Tail Estimation

In Section 1.4.1, we present a standard result on random walks. In Section 1.4.2, we present
some results on p-stable distribution. In what follows we asssume that 0 < p < 2. We show

an algorithm for £, tail estimation in Section 1.4.3.

1.4.1 Random walks

Theorem 1.4.1. We consider the following random walk. We go right if B; = 1 and we go left if
B; = 0. The probability of B; = 1 is at least 9/10 and the probability of B; = 0 is at most 1/10.
With at least some constant probability bounded away from %, for all the possible length of the random

walk, it will never return to the origin.

This is a standard claim, that can be proved in numerous ways, such as martingales etc.

For the completeness, we still provide a folklore proof here.

Proof. Let p > 1/2 be the probability of stepping to the right, and let 4 = 1 — p. For integer
m > 1, let P, be the probability of first hitting 0 in exactly m steps. It is obvious that P, = 0
if n is even, and P; = ¢q. In order to hit O for the first time on the third step you must

Right-Left-Left, so P; = pg®. To hit 0 for the first time in exactly 2k + 1 steps, you must go
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right k times and left k + 1 times, your last step must be to the left, and through the first 2k
steps you must always have made at least many right steps as left steps. It is well known

that the number o such path is Ci, which is the k-th Catalan number. Thus,

K (2k
Pyi1 = Ceg'q ™t = Ce-q(pg)* = qk(pji ( k )

since

1 [2k
Ck_k+1(k)

By [Wil05], the generating function for the Catalan numbers is

1—+v1—4x
c(x) =Y Gt = —
k>0

so the probability that the random walk will hit 0 is

Y Prii =4 Ci(pg)*
k>0 k>0
=q-c(pq)
o 1-idp
-1 2pq
1—+/1—49(1—9)
2p
1- V14514
2p
1—(1-29)

2p

by definition of c(x)

=q/p
<1/9.

Thus, we complete the proof. ]

1.4.2 p-stable distributions

We first provide the definition of p-stable distribution. For the more details, we refer the

readers to [Ind06].
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Figure 1.1: This is a visualization of part of the proof in Claim 1.4.8. We consider an example where there
are] =10 blocks, By =1,Bp =1,B1 =1,B3=0,B4=0,B5=1 B, =1 B,=0,Bg3 =0,Bg =1
and Byg = 0. Recall the two important conditions in the proof of Claim 1.4.8, the first one is By = 1 and
the second one is, for all j € [I], E;.,:2 By > (j —1)/2. The number on the green arrow is Z},ﬁ Bj. Itis to
see that the example we provided here is satisfying those two conditions. Recall the definition of set Sy and
So. Here S1 = {2,3,5,6,9} and Sy = {4,7,8,10}. Then S} = {2,3,5,6}. The mapping 7 satisfies that
n(4) =2, (7) =3, n(8) = 5 and (10) = 6.

Definition 1.4.2 (p-stable distribution). A distribution D over R is called p-stable, if there exists
p > 0 such that for any n real numbers ay,ay,--- ,a, and i.i.d. variables x1,x3,--- ,x, from
distribution D, the random variable Y | a;x; has the same distribution as the variable ||a||,y, where

y is a random variable from distribution D.

Theorem 1.4.3 ([Z0186]). For any p € (0,2, there exists a p-stable distribution.

Gaussian distribution defined by the density function f(x) = \/%e*xz/ 2, is 2-stable.
Cauchy distribution defined by density function f(x) = %1 sz is 1-stable. Let D, denote

the p-stable distribution. For p =2, D, is N'(0,1) and for p =1, D, is C(0, 1).

1.4.3 [,-tail estimation algorithm

The goal of this Section is prove Lemma 1.4.4.
One can try to prove such a claim for p = 2 with random signs, instead of Gaussians,

by applying the Paley-Zygmund inequality to obtain the lower bound. A straightforward
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Algorithm 3 /,, tail estimation algorithm

1: procedure LrLrTAILEsTIMATION(X, k, p, Cp, &) > Lemma 1.4.4

2: > Requires Cp > 1000

3: m < O(log(1/9))

4: Choose g;; to be random variable that sampled i.i.d. from distribution D), Vi, t €
] x [m]

5. Choose ¢;; to be Bernoulli random variable with E[J;;] = 1/(100k), Vi, t € [n] x [m]
6: > Matrix A is implicitly constructed based on g;; and J;
7: for t € [m] do

8: Vi< Yl 0it - Sit* Xi

9: end for

10: V < medianc || |y |?

11:  return V > ol —cokllh <V < gllxkllp

12: end procedure

calculation indicates that this approach does not give the desired result, hence we need a

new argument to deal with the lower bound.

Lemma 1.4.4 (Restatement of Lemma 1.1.5). Let Cy > 1000 denote some fixed constant. There
is an oblivious construction of matrix A € R"™*" with m = O(log(1/9)) along with a decoding
procedure LPLPTATLESTIMATION(X, k, p, Co, &) (Algorithm 3) such that, given Ax, it is possible to

output a value V in time O(m) such that
1 p 1 14
il <V <=
10k”x—C0ka — V — ka—kH 7
holds with probability 1 — .

Proof. Let m = O(log(1/6)). For each i € [n],t € [m], we use g;; to denote a random
variable that sample from distribution D,,.
For each i € [n],t € [m], we use J;; to denote a Bernoulli random variable such that

1, with prob. 101W;
Oip =

0, otherwise.

Then we have



For each t € [m], we define y; as follows

n
Ve =Y 0is8itXi. (1.11)
i=1

For each t € [m], we define A; as follows

n Up
Ay = (Z(s}ftxf> : (1.12)
i—1
Using Claim 1.4.5 and Claim 1.4.8
Pr [y < x| ] <1/5
0.0 Yt (2C0k)1/p —Cokllp| = .
Using Claim 1.4.6 and Claim 1.4.7
Pr | [ye| > B lx | <1/5
ol > Py x| < 175

Finally, we just take the median over m different independent repeats. Since m =

O(log(1/6)), thus, we can boost the failure probability to ¢.
O

It is a standard fact, due to p-stability, that y; follows the p-stable distribution : A; - D,,.

Since p-stable distributions are continuous functions, we have the following two Claims:

Claim 1.4.5 (upper bound on |y¢|). Let y; be defined in Eq. (1.11), let A; be defined in Eq. (1.12).

There is some sufficiently small constant « € (0,1) such that
I;I‘[|yt| <u- At] <1/10.

Claim 1.4.6 (lower bound on |y;|). Let y; be defined in Eq. (1.11), let A be defined in Eq. (1.12).

There is some sufficiently large constant B > 1 such that

It remains to prove Claim 1.4.7 and Claim 1.4.8.
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Claim 1.4.7 (lower bound on A;). Let A be defined in Eq. (1.12). Then we have

1
Pr| A > oo x| <1/10.

Proof. The proof mainly includes three steps,

First, for a fixed coordinate i € [n], with probability at most 1/(100k), it got sampled.
Taking a union bound over all k largest coordinates. We can show that with probability at
least 1 — 1/100, none of k largest coordinates is sampled. Let ¢ be that event.

Second, conditioning on event ¢, we can show that

1

E[A] < W”x—k”p-

Third, applying Markov’s inequality, we have
PI'[A,} Z ﬂ] S E[At]/a
Choosing a = k%/r | x_k|lp, we have
1
Pr AtZWHX_ka Sl/lO.
O

Claim 1.4.8 (upper bound on A;). Let Ay be defined in Eq. (1.12). For any Cy > 1000, we have

1
I?SI' |:At < (2C0k)1/pHxC0ka:| < 1/10

Proof. Without loss of generality, we can assume that all coordinates of x; are sorted, i.e.
X1 > xp > -+ - > x,. Then we split length n vector into / blocks where each block has length
s = Cok. Note that it is obvious [ - s = n.

For each j € [I], we use boolean variable B; to denote that if at least one coordinate in
j-th block has been sampled. For a fixed block j € [I], the probability of sampling at least

one coordinate from that block is at least
1 S 1 Cok
_ - =1 S — > .
1 (1 100k> 1 (1 100k) = 9/10
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Thus, we know 1 > E[Bj] >9/10.
Warm-up. Note the probability is not allowed to take a union over all the blocks.
However, if we conditioned on that each block has been sampled at least one coordinate,

then we have

n
Af = Z(Sl’/txl
iz
Sh
> ) X
i—1
1/, p p
2 / s (x]s+1 + Xis42 +ooet xjs+s>
]:
= Lixpp.
s

Fixed. For simplicity, for each j € [I], we use set T; to denote {(j —1)s +1,(j — 1)s +
2.+, (j—1)s+s}.
Using random walk Lemma 1.4.1, with probability at least 99/100, we have : for all
jE {2,. .. ,l},
i By > (j—1)/2.
j'=2
We know that with probability at least 99/100, By = 1. Then with probability at least 99/100,
we have

i
Bi1 =1, and Z B]'/ > (]— 1)/2,V] S [l]
j=2

We conditioned on the above event holds. Let set S; C [n] denote the set of indices j such

that B] =1,1i.e,
Si=1{j|B=1je n\{1}}.

Let set So C [1] denote the set of indices j such that B; =0, i.e.,

So={j|Bj=0j¢€[n\{1}}.
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Due to Z;,ZZ By > (j—1)/2,Vj € [l], then it is easy to see S; > Sp and there exists a
one-to-one mapping 7 : So — S| where S| C S; such that for each coordinate j € S,
7(j) < j. Since we are the coordinates are being sorted already, thus

Yl llp = 3 llxr

j€51 65/

= ZHxT -1

j€s]

P
Y llarllp

jGSo

\Y]

which implies that

Ay =) ofx Z I llp > 5 - slp-

i=1 €Sy

Thus, with probability at least 9/10, we have

1
Ay > an—snp
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Chapter 2
Non-Linear Compressed Sensing

2.1 Compressed Sensing from Intensity-Only Measurements

2.1.1 Results

In this section we give an overview of the sublinear-time results which we have obtained for
the sparse recovery problem with phaseless measurements.

First, we consider the case of noiseless signals. Similar to the classical sparse recovery
where O(k) measurements suffice for noiseless signals by Prony’s method [Pro95], it is
known that O(k) phaseless measurements also suffice for exact recovery (up to rotation)
and the decoding algorithm runs in time O(klogk) [CBJC14]. Their algorithm is based on a
multi-phase traversal of a bipartite random graph in a way such that all magnitudes and all
phases are recovered by resolving multi-tons. We prove a result with the same guarantee,
but our algorithm takes a different route using more basic tools and being less technically
demanding. Apart from being significantly simpler, it also can be modified so that it trades

the decoding time with the failure probability; see Remark 2.1.19.

Theorem 2.1.1 (noiseless signals). There exists a randomized construction of & € C"*" and a
deterministic decoding procedure R such that ¥ = R(®, |®x|) satisfies that ¥ = e'%x for some
6 € [0,27) with probability at least 1 — 1/ poly(k), where ® has m = O(k) measurements and R
runs in time O(klogk).
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The next results refer to approximately sparse signals and improve upon the previous
ones with various degrees. For the /., /¢, problem our result, stated below, improves upon
[Nakl7a] in terms of the error guarantee and the decoding time. It requires a modest
assumption on the pattern of the valid phases of the heavy hitters as defined below, which
is often satisfied in applications where the valid phases lie in a set of equidistant points on
S!. Throughout this subchapter we identify S! with [0,277) and assume both the unoriented
distance d(-, -) and the oriented distance d(-,-) on S! are circular. We shall also use [] to

denote the set {1,...,m} for any positive integer m, a conventional notation in computer

science literature.

Definition 2.1.2 (y-distinctness). Let P = {p1,...,pm} be a finite set on S*'. We say P is -
distinct if the following conditions hold: First, d(p;, p;) > 1 for all distinct i,j € [m]; and it holds

for every pair of distinct i,j € [m] that

maxd(x, + x; — x;, P) € {0} U [, 7).

te[m]

Intuitively, (i) means that the phases are at least 77 apart from each other, and (ii) means
that if we rotate the set P of the valid phases to another set P’ such that some valid phase
coincides with another one (in the expression above x; is rotated to the position of x;), then
either P = P’ or there exists an additive gap of at least # around some phase. This precludes

the case where P is approximately, but not exactly, equidistant.

Definition 2.1.3 (head). Let x € C". Define Hy(x) to be (a fixed choice of) the index set of the k

largest coordinates of x in magnitude, breaking ties arbitrarily.

Definition 2.1.4 (e-heavy hitters). Let x € C". We say x; is an e-heavy hitter if |x;|> >

ellx_1/el3

Definition 2.1.5 (phase-compliant signals). Let x € C". Let P C S be a set of possible phases and
T be the set of all (1/k)-heavy hitters in T. We say that x is (k, P)-compliant if {i € T : argx;} C P.

Theorem 2.1.6 (Y« /{2 with optimal measurements). There exists a randomized construction

of ® € C"™*" and a deterministic decoding procedure R such that for x € C" which is (O(k), P)-
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compliant for some n-distinct P C S*, the recovered signal X = R(®, |Dx|, P) satisfies the lo/ {2
error guarantee with probability at least 0.6, and O has m = O((k/n)logn) rows and R runs in
time O(k/n + kpoly(logn)).

It is clear that the lower bound for the traditional compressive sensing problem is also a
lower bound for the compressive phase retrieval problem, and it is known that the ¢,/ />
compressive sensing problem requires ()(klog n) measurements [DBIPW10]. Therefore the
theorem above achieves the optimal measurements constant # up to a constant factor.

An immediate corollary of the /. /¢, sparse recovery algorithm is an ¢,/¢; sparse
recovery algorithm, stated below, which improves upon [Nak17a] in approximation ratio
(from a constant factor to 1 + €) and decoding time but allows a constant failure probability

instead of an 0, (1) failure probability as in [Nak17a].

Corollary 2.1.7 (¢ / with near-optimal measurements). There exists a randomized constric-
tion of ® € R™" and a deterministic decoding procedure R such that for x € C" which is
(O(k), P)-compliant for some n-distinct P C S!, the recovered signal ¥ = R(®, |®x|, P) satisfies
the €/l error quarantee with probability at least 0.6, and ® has m = O((k/ min{n,e})logn)
rows and R runs in time O((k/ min{y, e}) poly(logn)).

It is also known that the classical compressive sensing problem with for-each ¢//;
error guarantee and constant failure probability requires Q((k/e€)log(n/k)) measure-
ments [PW11]. Our result above achieves the optimal number of measurements up to
a logarithmic factor.

For the (/¢ error guarantee with 1/ poly(#n) failure probability, we shall increase the
number of measurements to O(k/€? - logn), as in the following theorem. This improves
on [Nak17a] in terms of the approximation ratio, the failure probability and most importantly
the decoding time. We note that the best decoding time of the existing algorithms is
O (kM poly(log n)). However, we restrict the set P of valid phases to an equidistant set

with gap at least 7, that is, up to a rotation, P = {ezni%}jzgl._qm,l for some m < 27t/1.

Theorem 2.1.8 (¢, /¥, with low failure probability). There exists a randomized construction

of ® € R™™" and a deterministic decoding procedure 'R such that for each x € C" which is
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(O(k/€), P)-compliant for some P C S' that is equidistant with gap at least 17, the recovered signal
X = R(D, |Px|, P) satisfies the {3/ ly error guarantee with probability at least 1 — 6, and ® has
m = O((en) 2klog(n/8)) rows and R runs in time O((en) 2k poly(log(n/s))).

We note that the number of measurements becomes O (e~ 2klogn) when 7 is a constant

and the failure probability 6 = 1/ poly(n), which is usually the case.

2.1.2 Toolkit

Theorem 2.1.9 (Bernstein’s inequality, [DP09, p9]). Let X1, X, ..., X, be i.i.d. random variables
with X; — EX; < Kand 0* =Y}  EX? — (EX;)% Then
P n n % 22
r {;Xl — E;Xi > /\} < exp <_f72+é1<7\> .
The two results concern heavy hitters, one for estimating the value of a heavy hitter and

the other for finding the positions of the heavy hitters.

Theorem 2.1.10 (CounT-SKETCH, [CCFO02]). There exist a randomized construction of a matrix
® € R™" with m = O(Klogn) and a deterministic algorithm R such that given y = |®x| for
x € C", with probability at least 1 — 1/ poly(n), for every i € [n], the algorithm R returns in time

O(logn) an estimate |X;| such that
] — |51 < =[xl
K

Theorem 2.1.11 (Heavy hitters, [LNNT16]). There exist a randomized construction of a matrix
® € R™" with m = O(Klogn) and a deterministic algorithm R such that given y = |®x| for
x € C", with probability at least 1 — 1/ poly(n) the algorithm R returns in time O (K - poly(logn))
a set S of size O(K) containing all (1/K)-heavy hitters of x.

We remark that the paper [LNNT16] does not consider complex signals but the extension
to complex signals is straightforward. The algorithm is not designed for the phaseless sparse
recovery either, the identification algorithm nevertheless works when the measurements

are phaseless because it only relies on the magnitudes of the bucket measurements; see
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Theorem 2 and Section B in [LNNT16]. Estimating the values of the candidate coordinates
requires knowing the phases of the measurements but our theorem above does not concern

this part.

Theorem 2.1.12 ([ER59]). Let V be a set of n vertices. There exists an absolute constant k such that
kn log n uniform samples of pairs of distinct vertices in V induce a connected graph with probability

at least 1 — 1/ poly(n).

Theorem 2.1.13 (Phase Prediction, [TMB™17]). Let V be a set of size n and 7t : V — S! be the
phase function of the elements in V. A query returns a random pair {u,v} € V x V uniformly at
random, along with an estimate of the oriented distance d(7t(u), 70(v)), which could be incorrect
with probability 1/3. There exists an absolute constant csp such that cspnlogn queries suffice to find

the relative phase differences for all u € V with probability 1 — 1/ poly(n) in time O (n*logn).

We remark that the paper [TMB*17] concerns only the sign prediction for real signals,
ie, m:S— {—1,1}, and can be straightforwardly generalized, with minimum changes, to
the setting in the theorem statement above. The runtime in [TMB*17] is O(n®logn) since
for each pair (u,v) it runs a sign prediction algorithm in O(nlogn) time to determine the
sign difference between u and v (correct with high probability) and enumerate all @(n?)
pairs. This is unnecessary, as we can fix 1 and enumerate v so we run the sign prediction
algorithm just O(n) times.

The following lemmata will be crucial in the analysis of our algorithms.

Lemma 2.1.14. Suppose that x,y,ny, ny, n3 € C such that |ny|, |ny|, |n3| < emin{|x|, ly|} for

some € < 1/9. Denote by 0 be the phase difference between x and y. Then given the norms

|x 4 n1l, [y +nal, |x +y +n1y +nz + n3,

we can recover 6 up to an additive error of co\/€. Furthermore, if 0 € (ce, 7T — ce) we can recover 0

up to an additive error of ce.
Proof. 1f we know |x|, |y| and |x + y|, it follows from the Law of Cosines that

o PPty Ry
os(T=0) =" h W Wl
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Let x' = x4+ ny and y' = y + ny then x + y + ny + ny + n3 = x' +y' + n3. Suppose the phase
difference between x" and y' is €', then we would pretend x’ + y' + n3 to be x' + i’ and

obtain an approximation 6" to 6’ as

/12 12 _ |/ ! 2 _ I=5 I ol 2
cos(rr— 0" = X7+ Y] / |x Y +n3° _ —Ray — R i fﬁyns 15T
2[x'] - y'| X' ||

Hence

|’ |[n3] + [y [|m3] + |3 ]?

A <e+e+9e? < 3e.
x| - [y'|

| cos(rt — 0") — cos(mr —0')| <

Similarly we have

x| Iyl

+v, |v] <cq€,
|x +n1| |y + na| [v] !

cos(t —0') = cos(mr —0) -

and thus

cos(t—0") —cos(r — 0 :c059< x| . Kl —1>—i—1/.
(7 =)~ cos(m =) rm] Ty+m

x|yl 117
Note that =, 5 € [13e/ 7=¢), it follows that

|cos(rt — 0") — cos(t — 0)] < cze

and thus

| cos(rt — 0") — cos(t — 0)] < cze.

Therefore there exists cg such that |0 — 6’| < cg+/€; and furthermore, there exists ¢ such that

when 6 € (ce, T — ce), it holds that
16" — 6] < ce. O

Lemma 2.1.15. Let x,y,n1,n3,€ be as in Lemma 2.1.14. Suppose that argy = arg x + 0 for some

6 € (0,27), where addition is modulo 27t. Given the norms
’X-{-Tll’, Iyl, |x+y+1’11 +TZ3‘, ’x—{—ﬁy+nl +”3’, :B — eZcez‘,

we can recover 0 up to an additive error of ce, provided that 6 € (2ce, T — 2ce) U (7T + 2ce, 271 —

2ce).
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Proof. By Lemma 2.1.14, we can recover || up to an additive error of ce when [0] €
(ce, T — ce). To determine the sign, we rotate y by angle 2ce and test the angle between x
and this rotated y again by Lemma 2.1.14. Suppose that the angle between x and By is ¢
and we have an estimate of |¢| up to an additive error of ce, provided that |¢| € (ce, T — ce),
which means that |6| € (2ce, T — 2ce). It holds that

—2ce, 6 >0;

|9 = 16] =

2ce, 0 < 0.

when (0| € (2ce, T — 2ce). The left-hand side is approximated up to an additive error of 2ce

and thus we can distinguish the two cases. O

Lemma 2.1.16 (relative phase estimate). Let x,y,11,13,€ be as in Lemma 2.1.14 and further
assume that ce < 71/9. Suppose that argy = arg x + 0 for some 6 € (0,27), where addition is

modulo 27t. Given the norms

x4+ n1, |y), |x + 20y 4ong g, j,0=0,1

we can recover 8 up to an additive error of ce.

Proof. From Lemma 2.1.15, we know that we can recover 6 up to an additive error of ce
when 0 € I, where I = (2ce, 1 — 2ce) U (71 + 2ce, 2pi — 2ce). We accept the estimate if the
estimate is in the range of I’ := (3ce, T — 3ce) U (7t + 3ce, 2pi — 3ce).

in/2 in/2

y) =

arg x + ¢, then we can recover ¢ up to an additive error of ce for ¢ € I, thatis, for 0 € | :=

Consider the phase difference between x and ¢"/“y and suppose that arg(e

(7t/2+2ce,3/2—2ce) U (—m /24 2ce, /2 — 2ce), which is I rotated by 71/2. We accept the
estimate when it is in the range of |’ := (7r/2+ 3ce,37w/2 — 3ce) U (—m/2 + 3ce, 1/2 — 3ce).

Note that I’ U ]’ covers the whole §' when ce < 7/8. O

2.1.3 Noiseless Signals

We shall need the following theorem from [Nak17a], which shows that one can recover an

exactly K-sparse signal up to a global phase using O(K) measurements and in time O(K?).
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The runtime was not claimed in [Nak17a] but is easy to analyse.

Theorem 2.1.17 ([Nak17a]). Let L be a 2K x 2K lower triangular matrix with each non-zero entry
being 1, and A be the vertical concatenation of L and Ipj.or. Let Fox be the first 2K rows of a Discrete
Fourier Transform matrix. For x € C" such that ||x|o < K, given y = |AF,xx|, we can recover x

up to a rotation in time O(K?).
We are now ready to prove Theorem 2.1.1, which we restate below.

Theorem 2.1.18 (noiseless signals). here exists a randomized construction of & € C"*" and a
deterministic decoding procedure R such that ¥ = R(®, |®x|) satisfies that ¥ = ¢"¥x for some
6 € [0,27t) with probability at least 1 — 1/ poly(k), where ® has m = O (k) measurements and R

runs in time O(klogk).

Proof. Let B = k/(clogk) and h : [n] — [B] be an O(k)-wise independent hash function,
where ¢ is a constant. We hash all n coordinates into B buckets using h. It is a typical
application of Chernoff bound that the buckets have small size (see Lemma 2.1.28), more

specifically,

Pr{EIj € [B] : |h1(j) Nsupp(x)| > 5logk} < polil(k)'

In each bucket we run the algorithm of Theorem 2.1.17 with K = 5log k. The number of
measurements used for each bucket is @(log k). For each j € [B], we can find x;,1(;) up to a
global phase, so it remains to find the relative phases across different x;,-1(;).

Let F, ..., Rogk be independent random 0/1 matrices of n columns, where F; has acg2t
rows for ¢ > [% logk] + 1 and acg2’logk rows otherwise, and « is a sufficiently large
constant. Each entry in F; equals to 1 with probability 27, that is, E[(F);;] = 2. Our
measurement matrix is the vertical concatenation of Fy, ..., Fogr. The total number of

measurements is

k .
clogk

O(logk) + Y. wcg2+ Y acglogk - 2¢ = O(k)
¢>[%1ogk] (<[} logk]

as desired. Next we show the correctness.
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We set supp(x) = U]B:1 supp(xj,-1(j)) and compute ¢ such that 2071 < |supp(x)| < 2
Now, consider the rows of Fy. Denote the j-th row of F; by (F;);. Define a row index set | to

be
J={j:|supp((F);) Nsupp(x)| =2}.

Observe that each j is contained in | with constant probability and we focus on the mea-
surements corresponds to the rows in J. From such a measurement we can obtain a random
pair {u,v} C supp(x) and, moreover, (h(u),h(v)) is uniformly random on [B] x [B]. We
also obtain |x, + x,| and, because we also know |x,|, |x,|, we can infer the relative phase
between x,, x,. The relative phases we obtain are always correct since the signal is noiseless.
Let M be the ordered set of such pairs (1, v) along with the label that we obtain about the
relative phase between u and v. We split M into equal-sized sets of edges M, M», ...,
each of size cgf2’. In each M j we run a depth-first search to infer the relative phases. If the
graph is connected, which happens with probability 1 — 27, we will find all the relative
phases correctly. We take the pattern of relative phases that appears most often. It follows
from standard Chernoff bounds and our choice of parameters for F, that the overall failure

probability is at most 1/ poly(k). O

Remark 2.1.19. Note that if we hash to k=% buckets, solve in each bucket and then combine the
buckets, we can obtain a failure probability at most exp(—k*) and a running time of O (k**%). This
is a trade-off between decoding time and failure probability that the previous algorithms did not

achieve.

Remark 2.1.20. We show how to implement efficiently the routine which finds the set of rows of F
whose support intersect supp(x) at 2 coordinates. For { > [} logk] the expected number of rows of
F, containing an index i € supp(x) is 2 ‘acg2’ = acg. So the probability that there are more than
2acg2’ pairs (i, q) such that i € supp(x) Nsupp(F;), is exp(—Q(2%)) < 1/ poly(k). A similar
result can be obtained for ¢ < 3 logk. Suppose that F, is stored using n lists of nonzero coordinates
in each column, we can afford to iterate over all such pairs (i,q), keep an array C[q| that holds the

cardinality of supp(x) Nsupp((Fy)q). At the end, we find the values of q with C[q] = 2. This
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implementation makes the algorithm run in O(klogk) time.

214 [l /ly Algorithm

In this section, we set ¢ to be the constant in Lemma 2.1.16 and € = min{#/(5¢), 7t/ (9¢) }.
Let P C S! be #-distinct and suppose that it contains the phases of all 1/ (ék)-heavy hitters
for some (large) constant C.

We first describe our construction of the measurement matrix ® and then present the
analysis and the recovery algorithm. Let R = cg logn for some constant cg to be determined.

The overall sensing matrix @ is a layered one as

Here
o ®pyy is the sensing matrix in Theorem 2.1.11 with K = k.
o P is the sensing matrix of COUNT-SKETCH with K = Ck/e.

e pis a row vector

L= (Ulgl M8 - 77ngn> ’
where 7; are i.i.d. Bernoulli variables with E; = 1/(Cok) and g; are i.i.d. N (0,1)

variables.

e Each @, (r € [R]) is a matrix of 4B rows defined as follows, where B = cgk/e. Let

hy : [n] — [B] be a pairwise independent hash function and {c;;}” ; be pairwise
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Algorithm 4 Algorithm for the /> phaseless sparse recovery. Assume that the elements
in P are sorted.

1:
2:

10:
11:

12:
13:

14:
15:
16:

17:
18:
19:
20:
21:

S <« the set returned by the algorithm in Theorem 2.1.11 with K = k
Run a CouNT-SKETCH algorithm with K = Ck/e to obtain an approximation |X;| to |x;]
forallie S

L« [ X nigixil
S« {ieS:|xj|>L}
if L = 0 then
Run the algorithm for the noiseless case with sparsity Cok
else
for each r € [R] do
bj < h,(i) foralli e &
for each i € S’ with distinct b; do
6, < estimate of phase difference between x; and (p, x) using Lemma 2.1.16
for eachi € S’ do
51- — median,e[R] §m-
Choose an arbitrary iy € S’
for each p € P do
0, < p
0/ < 0/ +6; — 0, foralli € S"\ {i}
if d(0,P) <n/2foralli € S then
return X supported on S’ with arg x; = 6
end if
end if

independent random signs. Define a B x n hashing matrix H, as

(1—n)ov;, i€h7();
(Hy)ji =

0, otherwise.

The 4B rows of ®, are defined to be

ei(zceél+g£2)p + (Hr)b,-/ l1,=0,1,b=1,...,B.

We present the recovery algorithm in Algorithm 4, where we assume that the set P of

valid phases has been sorted. In the following we analyse the algorithm in four steps.
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Step 1 By Theorem 2.1.11, the set S has size O(k) and, with probability 1 — 1/ poly(n),

contains all (1/k)-heavy hitters. The CounT-SkETCH (Theorem 2.1.10) guarantees that
~112 €
i = % ” < = lxill3 2.1)

for all i € S with probability at least 1 — 1/ poly(n).

Step 2 We shall see that L, calculated in Line 3, ‘approximates’ the desirable tail %fokH%
First we upper bound L. Decompose x into real and imaginary parts as x = y + iz with
v,z € R" and consider Ly = Y;1,¢;y; and Lo = Y;17;,iz;. Note that L? = 2 + L2.
Choosing Cp > 200, we have

Pr{n; =0 forall i € Hi(y) UH(z)} > 0.99 (2.2)

Condition on this event below. Note that L; ~ N (0, | ¥ 7:y:]3), and

2

Yy

Pr {L% > 2.2822
2

} < 29(—2.282) < 0.0225.

On the other hand, E|Y; 7;v:> = Y (Eni)y? < |ly—«||3/ (Cok) thus

|

prdiz> 22, el <o0ms.
Cok

2

Yy
1

20 )
> — <0.
= Cokka} < 0.05,

and hence

Similarly we have

105
Pril3 > ——|z_«|3 ¢ <0.0725.
Cok

Therefore, taking a union bound of both events above and noting that ||y_¢||3 + ||z_¢]|5 <

|x_¢||3, we have that

105
Pr {LZ > Cokux_kug} < 0.145. (2.3)

We therefore obtained an upper bound of L. The next lemma lower bounds L.

73



Lemma 2.1.21. With probability at least 0.8, it holds that 1> > ﬁﬂx,CzkH%, where Cq1,Cy are

absolute constants.

Proof. Decompose x into real and imaginary parts as x = y + iz with y,z € R". Consider
Ly =Y ;nigiyi and Ly = Y, 17;izi, which are both real. Note that 1?2 = L% + L%.

First consider L;. We sort coordinates [n] \ Hi(y) by decreasing order of magnitude.
Then, we split the sorted coordinates into continuous blocks of size Cyk and let S; denote the
j-th block. Let 6; be the indicator variable of the event that there exists i € S; such that#; =1,
then ¢;’s are i.i.d. Bernoulli variables with Eé; =1 — (1 — 1/(Cok))Sk > 1 — exp(—C}/Co),
which can be made arbitrary small by choosing C) big enough. It is a standard result in
random walks (see, e.g., [KT75, p67]) that when E §; is small enough, with probability at
least 0.95, every partial prefix of the 0/1 sequence (91, 62,3, ...) will have more 1s than
0s. Call this event £. In fact, one can directly calculate that Pr(€) = 1 — (1 — p)?/p when
p := Ed; > 1/2, and thus one can take C; = [1.61C| such that Pr(£) > 0.95.

Condition on £. We can then define an injective function 7t from {j : ¢; = 0} to
{j : 6; = 1}. Specifically, we define 7(j) = ¢, where J; is the k-th 0 in the sequence and / is
the k-th 1 in the sequence. Clearly that 7 is injective, 71(j) < j and J,(j) = 1. It follows that

1
Z nilyi* > Z:f5j||5j+1”2 > Z ﬂHSjJﬂH%
icn) i jio=1 2
1 1 , 1
25 Logplsmlzty L
jioj=1 "2 j:o

1
- @H&r%;’)”%
71*1(]‘]) exists

1 1 1 1
Y ISl +5 Y == ISil3
j:éjzl Cék 2 j:(Sj:O Cék

v
N

> Ly cul3

This implies that L1 = }_; 7;g;y; with probability at least 0.95 will stochastically dominate a
gaussian variable N (0, %zk ly_ck|l3). Combining with the fact that Pre a0 {l8] < £} <

0.05, we see that

1
2 2
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Similarly for the imaginary part z and L,,

1
Pr {L% 2 WHZ—CQkH%} > 0.9.

Condition on that both events above happen. For notational convenience, let Ty = Hyi(y)

and T, = Hcék(z), then

1
> = L% + L% > m(”yn”% + HZT§H%)

1 2 2
> m”y(nuny 12 + lzer,um)ell2)

1 2
T2 90T /ka(TluTz)CHZ
162 -2C;

1 2
2 m”xqc;kuz-

Therefore, we can take C, = 2C}, above and C; = 162C;. ]

Combining (2.2), (2.3) and Lemma 2.1.21 and taking Cp = 210, we conclude that with
probability at least 1 — 0.365,

el el < 17 < ol il 2.4)
Step 3 We now show that the trimmed set S’ is good in the sense that its elements are not
too small and it contains all (1/k)-heavy hitters. This is formalized in the following lemma.
Lemma 2.1.22. With probability at least 0.63, it holds that
(i) |xi* > Zgllx_cxl3 forall i € S'; and
(i) S' contains all coordinates i such that |x;|*> > ||x_k|[3.

Proof. The events (2.1) and (2.4) happen simultaneously with probability at least 1 — 0.365 —

1/ poly(n) > 1 — 0.37. Condition on both events. Let C = %Cl, then

(i) fori e §',itholds that |x;| > L — \/%foCZkHZ > \/%Hx,czkﬂz;

(i) if [xi[> > gllx—k]3, then i > Zrllx il — g llx-kl2 = L. O
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Step 4 The rest of the algorithm is devoted to finding the relative phases among i € S'.
We have from our construction the measurements
n
et t3) Y o+ Y (1 —mi)oixi|, 1,62=0,1, j€[B], r € [R].
i=1 ich ()
We note that Line 11 in the algorithm is valid because we have access to

. T n
, 5C\i + ez(Zceéﬁrjfz) Z 0igiXi + Z (1 — 1’]1-/)0'1-/,73(,'1'/ .

i=1 i'ehy  (hy (i)\S'

Y nigixi

i=1

_
X3,

The analysis of this step directly leads to a proof of Theorem 2.1.6, which we show

below.

Proof of Theorem 2.1.6. First we condition on the success of Lemma 2.1.22, which hold with
probability at least 1 — 0.37.
Fix ani € S'. For r € [R], the probability that it is isolated from every other i’ € S’ is C%;
Define the random variable
Z = Y. (L —yi)ow .
i'eh; (ke (i))\S'

Observe that

e

() N Hey(0)| =1} 21— 2

and that

E|Z]? = CT;kHX_czkH%-

By Markov’s inequality, we have that |Z]> < é%i |x_x||3 with probability at least 0.1.
Choose Cg such that é—g < 2%1 and g—; < 11—0, then the assumptions on noise magnitude in
Lemma 2.1.16 will be satisfied for x; with probability at least 0.8.

Let 6; be the (oriented) phase difference x; with i ; 77;¢;x;. We can invoke Lemma 2.1.16
and obtain an estimate ’9},1» which satisfies |§r,i — 0| < ce. This happens with probability at

least 0.8 as demonstrated above. Taking the median over R = cg log n repetitions with an
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appropriate constant cg, we see that 0; satisfies
16; — 6;] < ce (2.5)

with probability at least 1 — 1/n%. This allows for taking a union bound over all i € §'.
Therefore (2.5) holds for all i € S’ simultaneously with probability > 1 —1/n.

Next, assume that it happens that (2.5) holds for all i € S’. Consider the for-loop of
Lines 15 to 20. It is clear that when 0; is exactly the phase of x;,, it will hold that 0; is an
accurate estimate to the phase of x; up to an additive error of 2ce < 1/2. The if-clause in
Line 18 will be true and the algorithm will terminate with an X. Since the phases of the
entries are at least 1 apart, there will be no ambiguity in rounding and the phases in ¥
are all correct, hence the error ||x — X||> only depends on the magnitude errors, which is
exactly (2.1), obtained from applying CouNT-SkeTCH. When 6] is not x;,, by the rotational
(k,17)-distinctness, {6/} will coincide with P exactly or the if-clause will not be true. This
shows the correctness.

Remove the conditioning at the beginning of the proof increases the overall failure
probability by an additive 1/n. The overall failure probability is therefore at most 0.37 +
1/n < 04.

Number of Measurements The submatrix @y has O(klogn) rows, the submatrix ®cg
has O((k/e)logn) rows, each @, for r € [R] has O(k/e) rows. Hence the total num-
ber of rows is dominated by that of ®cg and the R independent copies of ®,’s, that is,
O((k/€)logn+ R(k/€)) = O((k/e)logn) = O((k/n)logn).

Runtime Line 1 runs in time O(k poly(logn)), Line 2 in time O(|S|logn) = O(klogn),
Line 4 in time O(k). The runtime before the if-branch of Line 5 is thus O(k poly(logn)).
For the if-branch of Line 5, the noiseless case runs in time O(klogk), the for-loop from
Line 8 to 11 in time O(Rklogk) = O(kpoly(logn)), the for-loop from Line 12 to 13 in time
O(R|S'|) = O(klogn), the for-loop from Line 15 to 20 in time O(k/7) since |P| = O(1/y),

the if-clause in Line 18 can be verified in time O(k) if the elements in P are sorted in advance.
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Hence the total runtime of the if-branch of Line 5 is O(k/# + k poly(logn)).
Therefore, the overall runtime is O(k/15 + k poly(logn)). O

21.5 {p/{, with low failure probability for real signals

In this section, we assume that the valid phases are equidistant on S! with a gap at least 7

for all 1/ (Ck)-heavy hitters of x, where C is a (large) absolute constant.

Overview

Our algorithm resembles the real-signal algorithm in [Nak17a], but with a careful modifi-
cation so that it achieves a better decoding time. Similarly to the /., /¢> case, we first find
aset S of size O(%) containing all £-heavy hitters, point-query every i € S and then keep
the largest O(k) coordinates. As before, our goal is to find the relative phases among the
coordinates in S. For the real-signal algorithm in [Nak17a], phases degenerate to signs, and
the goal becomes what is called a Sign Prediction Problem, which is solved via a careful
reduction to the stochastic block model on a graph of t nodes with failure probability o(1).
The failure probability has been improved to 1/ poly(#) in [TMB*17], and this polynomially
small failure probability, as we shall see later, will be critical in attaining an O(klogn)
measurement complexity while achieving an O(k poly(logn)) decoding time.

As said above, the previous algorithm in [Nak17a] essentially reduces the problem of
inferring the relative signs on set S to a sign prediction problem, which we now extend
to complex signals as the Phase Prediction Problem. In order for this type of reduction to
work, the algorithm employed a pruning procedure on S to obtain a subset T C S such
that the following three conditions hold: (a) finding the relative phases in T still gives the
05/ 1y error guarantee; (b) for every i € T, |x;| is “large” enough; (c) sampling a pair from T

is “fast” enough. We adopt the same pruning but do not immediately reduce to the Phase

T

og \Tl) buckets and solve

Prediction Problem. Instead, we hash all n coordinates to B = O(

the Phase Prediction problem in each bucket separately using O(log® |T|) measurements.

Invoking the Chernoff bound and the Bernstein’s inequality, we see that the conditions (a),
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(b) and (c) will hold simultaneously in each bucket with high probability, which allows
for a union bound over all buckets. The low failure probability of the Phase Prediction
Problem also guarantees that the algorithm will succeed in all buckets. The remaining
piece is to combine the relative phases across buckets. However, we cannot run again the
algorithm for the Phase Prediction Problem directly on B buckets because it would not give
a runtime linear in k. Observe that we can afford an additional O(log |T|) factor in the
number of measurements, it is possible to obtain a time linear in k as follows. We create

a graph on B vertices (corresponding to the B buckets) with O(|T|) random edges, and

thus the graph is connected except with probability at least ————. Each edge consists of

poly(|T})
O(log |T|) estimates of the relative phase between two vertices (buckets), which drives the

1

poly(|T])

buckets is now a simple Depth First Search, running in linear time of the graph size. At the

failure probability down to . The algorithm for finding the relative phases among
end we output X supported on T with the relative phases found.

To recover the relative phases within and across buckets, we downsample the coordinates
to obtain a subsignal consisting of exactly two coordinates in T so that we can infer their
relative phases. We repeat this process for sufficiently many times so that we can recover
the relative phases among different pairs of coordinates in T and obtain a global picture
of relative phases for all coordinates in T. Therefore the downsampling rates have to be
carefully chosen in order not to blow up the number of measurements while achieving an

overall failure probability of p()%

y(n)
T is unknown before the execution, thus we concatenate the sensing matrices of carefully

. We also note that our algorithm is non-adaptive and

chosen sizes for each possible value of [log |T|] =1,2,...,0(logk).

Algorithm and Sensing Matrix

We present the algorithm in Algorithm 5, and describe the sensing matrices of the subrou-
tines COMPUTEAPPROX, SIGNEDEDGESPREDICTION and COMBINEBUCKETS below. We note that
the absolute constants involved in the algorithms can be determined constructively as we

unfold our analysis, though we do not attempt to optimize the constants in the analysis.
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Algorithm 5 An algorithm for the ¢, /¢, sparse recovery. The absolute constants C, C’, Cy, C,
etc., are constructive from the analysis.

. S « the set returned by the algorithm in Theorem 2.1.11 with K = Ck/e
. Estimate |%;| for all i € S using COUNT-SKETCH with K = C'k/e
S < index set of the largest Cok coordinates among {|x;|}
. fort € [Czk] do
Lt + CoMPUTEAPPROX(X, t)
end for
: T < PrRUNE(x, S, {L;})
t B+ M')?nﬂ
: 1« [log|T|]
- A [ ikt logy(3)
: forr € [A] do
Pick O(k)-wise independent hash function #, : [n] — [B]
for j € [B] do

Signs; « RELPHASESINBUCKETr,l(xhrq( oy LH)NT)

ieS

© ® NS U AW N =

S S Y
L e =

end for

Signsy < CoMBINEBUCKETS, (|X|, T, hy, {L:})

Signs, < relative phases on T inferred from {Signsj} je(p] and Signsg
: end for

: Keep the most frequent pattern among {Signsr}rem

: Output x1 with the relative phases inferred

| T S v S S G Gy Sy

e CoMPUTEAPPROX(x, t, S): The sensing matrix has Cpk layers. The t-th layer has ©(logn)

independent rows of the form

(51g1 52g2 5ngn>'

where g; are i.i.d. A/(0,1) variables and ¢; are i.i.d. Bernoulli random variables such

that ES; = 1/(Crt), where Cy is an absolute constant.

o RELPHASESINBUCKETS, ;: The sensing matrix has p, ; independent rows, where the g-th
row is given by
(‘511,18%1 092032 5q,n(7q,n> ,
and
pr1 =0 (ezl,?zlzﬂog(czk) ~1+ 2)4) :

en?
Csl(log(Cok)—142)?

In the above, {J,;} are ii.d. Bernoulli variables with Ed,; = for some
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Algorithm 6 PRUNE Algorithm, which, given a vector X, a set S and a sequence of thresholds
{L:}, outputs a pruned set T

1:

»

3:
4:

5:
6:
7

function PRUNE(X, S, {L;})

{zitiegs) < {I%il}ies

Sort all z; in decreasing order

Find maximum m € [|S|] such that |z|5 >
2lo)

T+ {ieS:|xi| >z}

return T
end function

€ Ip—1
Co(log(Czk)—lo+2)2Lm (where 207 < m <

constant C; large enough and {0y} are i.i.d. random signs, and the constant inside

the ®-notation for p,; depends on C; and the absolute constant csp in Theorem 2.1.13.

e CoMBINEBUCKETS, ;: The sensing matrix has (Choise + Cphase)lQl rows, divided into Q;

layers of (Cpoise + Cphase)l rows each, where Cpoise and Cphase are absolute constants,
and

Co 4
for some absolute constant C,,.
For each g = 1,...,Q; we pick a random vector ((5,7,1, 0q2, - .,5[,,,1) of i.i.d. Bernoulli
coordinates such that Ed,; = ©(ey?27/ (log(Cok) — I 4 2)~2). Each layer consists of

two sublayers, a noise estimation layer of Cpoise!/ rows and a relative phase estimation

layer of Cphase! rows. The j-th row (j =1,..., Cpeisel) in the noise estimation layer is

(‘sq,l‘:q,j,lgq,j,l 09284,j28qj2 5%71‘:6/,]',”807,]',") ’

where {,;;} are ii.d. Bernoulli variables such that EZ,;; = 1/2 and {g,;;} are i.i.d.
standard normal variables. The j-th row (j = 1, ..., Cphase!) in the phase estimation
layer is

<5q,1‘7w',1 0920y 2 ‘5%”‘7%]371) ’

where {¢, ;;} are i.i.d. Bernoulli variables such that Ec,;; = 1/C" for some absolute

constant C”.
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Algorithm 7 ComBINEBUCKETS Algorithm. The absolute constants Cy, C1, C,, C}, CJ, C”, etc.,
are constructive from the analysis.

1: function CoMBINEBUCKETS, ;(|X|, T, hr, { L+ })

2 Qgood < 19 €[Q]:[{i€T: 65 =1} =|h({i € T:6,; =1})| =2}
3 for each g in Qgooq do

4: {ug, o5} <~ {ieT:4,;, =1}

5: end for

6 Trim Qgood by removing the g’s with duplicate {u,, v} pairs

7 Gp < empty graph on ,(T)

8 for each g in Qg4 do

9

: lw1l, ..., |wc,, 1| ¢ measurements from the noise estimation layer
10: J < {] € [Cnoisel] : gq,j,uq = éq,j,vq = 0}
11: L} + median;; |w;|?
12: Linres ¢ Cre L
: thres ™ 2¢7C, (log (Cok)—1+2)2 I 7|
13: if L) > Linres then
14: |21], - -, |2C et | ¢ measurements from the phase estimation layer
15: ]good — {] € [Cphasel] FO0qjug = Ogjo, = 1}
16: for each j € Jy504 do
17: 0; < relative phase bethen Xu, and x,, by applying Relative Phase Test
(Lemma 2.1.14) to |x, |, | Xy, | and |z;]
18: Round 0; to the nearest phase in P
19: end for
20: Add an edge (h;(u),h,(v)) to Gp with label being the most frequent
{Qj}je[lgood}
21: end if

22: end for

23: Signy < the relative phases among all j € h,(T) collected by a depth first search on
Gg

24: return Sign,

25: end function

Next we describe how the algorithms CoMPUTEAPPROX, SIGNEDEDGESPREDICTION, COM-

BINEBUCKETS operate.

o COMPUTEAPPROX(X, t): Suppose that the measurements in the f-th layer are y1, . . ., Yo (1og n)-

— ; 2
Return L = median, y;.

e RELPHASESINBUCKET, (2, T): For notational convenience, let us drop the subscripts r
in this paragraph and call a g € [p;] good if [{i € T : §,; = 1}| = 2. For each good g,

let {u,0} = {i € T : 4;; = 0} and run the Relative Phase Test (Lemma 2.1.14) to find an
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estimate of the relative phase between z, and z,. Recall that P is equidistant with gap
at least 77, we can correct the estimate up to an additive error of /2, and therefore we
obtain the relative phase between z, and z, with probability at least 2/3. We split all
good g’s into groups of size cspl[log!], where csp is the constant from Theorem 2.1.13.
For each such group, we build a graph, called a working graph, on vertex set T with
the edge set and labels defined by the pairs recovered from the corresponding 4’s in
the group, and solve the Phase Prediction Problem (Theorem 2.1.13) to find a pattern

of relative phases on T. We then return the most frequent pattern across all groups.

e ComBINEBUCKETS, (|X], T, hy, {L}): The pseudocode is presented in Algorithm 7. The

following is an intuitive description.

We call a g € [Q] good if [{i € T :4,; =1}| = |h,({i € T : §,; = 1})| = 2, that
is, there are exactly two indices {uq, vq} in T which are subsampled and hashed to
different buckets. Retain the good gq’s with distinct {u,,v,} pairs only. For each of
the retained good ¢’s, we first check whether the noise in the subsampled signal is
too large (Lines 9 to 13). Each |w]-|2 for j € | is an estimate of the noise energy, and
their median L; is supposed to be a good estimate. If L; is bigger than some threshold
Lihres, We reject that g; otherwise, we accept the g and proceed to estimate the relative
phase between x,, and x,,. For each measurement from the phase estimation layer,
we run the Relative Phase Test (Lemma 2.1.14) to find Cppase! estimates of the relative
phase between x,, and x,,, and keep the most frequent estimate of the relative phase
as the relative phase estimate between the bucket pair {/,(u,),h(v;)}. We build a
graph Gp on the vertex set /1, (T) with the edge set and labels defined by the accepted
{h+(uq), h(vq)} pairs. By traversing Gg with a depth first search, we can collect the

estimates of the relative phases among all j € h,(T), whenever G is connected.

2.1.6 Analysis

We start with the total number of measurements and runtime.
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Lemma 2.1.23. The total number of measurements is O (e =2y 2klogn).

Proof. 1t is straightforward that the number of measurements for both the heavy hitter
algorithm in Theorem 2.1.11 and CountSkercH is O(e lklog(n/J)). The number of
measurements for CompuTEAPPROX is O(klogn).

Since we need to stack the sensing matrices of RELSIGNsBUCKET and COMBINEBUCKETS
forl = 1,2,...,logk, the total number of measurements for RELSIGNSBUCKET is upper

bounded by (up to a constant factor)

1?(log(Cok) —1+2)*

I=1 r=1  j=1 e’
1 log(Cok) ol logk] , .
= Wlogkn z; I {41} I*(log(Cok) — 1 +2)
1
S a2 log, n ( ) 2'1(log(Cok) — 1 42)* + ) 2! log k(log(Cok) — 1 + 2)4) )

1>1logk 1<llogk

The first term in the bracket can be bounded as

log(Cok3/4) 42
Y 2U(log(Cok) —1+2) < YT 20s@R TR (1og(Cok) — u 4 2)ut
l>i logk u=log5+2

< 20klog(C2k) )

M4
u
u=0 2

< klogk,
and the second term as

Y 2'logk(log(Cok) — I +2)* < k¥ log® k.
lgilogk

It follows that the number of measurements needed for RELSIGNSBUCKET is O (e 2klogn).
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The total number of measurements for COMBINEBUCKETS are (constants are suppressed):

%8k /Tlog k 1
& I
E ({ ] -‘ log, n) <€2 52 (log(Cak) l+?_)4 . l)

I=1
< 621172 log, n (l>§gk121 (log(Cok) —1+2)* + l<§)gk2112(log(czk) — 1+ 2)4)
The two terms in the bracket can be bounded similarly as before, giving O(e =22k logn)
measurements for COMBINEBUCKETS in total.
Therefore, the total number of measurements used by the algorithm overall is O (e 252k logn),

as desired. O

Lemma 2.1.24. The decoding time of the algorithm is O (e 2k poly(log(n/9))).

Proof. In Algorithm 5, Line 1 takes O((k/e) poly(log(n/6)) times, Line 2 O((k/€)logn)
time and Line 3 O(k/€) time. Each call to routine ComPUTEAPPROX routine takes O(logn)
time and thus Lines 4-6 take O(klogn) time. The routine PRUNE takes O(|S|log|S|) =
O(klogk) time owing to sorting. Hence Lines 1-10 takes O((k/¢) poly(log(n/J)) time in
total.

Next we examine RELSIGNSINBUCkETs. We shall see later in the analysis (Lemma 2.1.28)
that we can discard the repetition r in which hashing results in some bucket having more
than K log |T| elements from T, where K; is an absolute constant. We can compute (i)
for all i € T in time O(|T|poly(logk)) using multi-point polynomial evaluation, and thus
in time O(|T| + |B|) = O(T) count the number of elements of T in each bucket. Hence
we may assume that each bucket contains at most K, log |T| elements from T in each call
to RELSIGNSINBUCKETS, which will run in O(p,; poly(log|T|)) = 0(6217 poly(logk)) time.

The total contribution of RELSIGNSINBUCKETS to the recovery algorithm is thus

1 1 k
O <A -B- eziﬂpoly(logk)> =0 <€2]72]T\ poly <log 5)) .

In CoMBINEBUCKETS (Algorithm 7), Lines 2-5 take time O(@ poly(logk)), provided that

the sensing matrix is stored as 7 lists of nonzero entries in each column (cf. Remark 2.1.20).

We can use the phase estimation sublayer to determine whether J,; = 0; note that we
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may lose a good row q if 0y, = 0 for all j € [Cppasel], but this happens with 1/ poly(|T|)
probability and counts in the failure probability of the algorithm. The trimming step in Line 6
can be implemented by ignoring q if (14, v,) has already been added to the graph G, which
will be stored using the adjacency list representation. The body of the loop from Line 9 to
Line 13 takes O(I) = O(logk) time, and repeating |Qgood| = O(# poly(logk)) times takes
O(# |T| poly(logk)) time in total. Since we can stop adding new edges to Gp after adding
«|T| edges, Line 23 runs in time O(|T|). The overall runtime of a call to COMBINEBUCKETS is
thus 0(62%72 |T| poly(logk)), and the total contribution of CoMBINEBUCKETS to the decoding
time is
@ <A : ﬂpoly(logk}) =0 <€21172]T] poly (10g§>> .
Line 19 of Algorithm 5 runs in time O(A - |T|- (1/%)) = O((|T|/n)log(1/4)). The total

decoding time follows immediately. O

Now we start proving the correctness of Algorithm 5. First we have the following lemma

for Steps 1-3.

Lemma 2.1.25. With probability 1 — /2, it holds that
(i) (%] — |12 < sl x_cull3 for all i € [n]; and
(i) |lxs — x[3 < (1+09€)||x_

Proof. Part (i) is the classical COUNT-SKETCH guarantee (Theorem 2.1.10). Part (ii) is similar
to the proof of [PW11, Theorem 3.1] but we present the proof below for completeness.
Let H; = (S\ S) N Hy(x), Hy = (5°) N Hy(x) and I = S\ Hy(x). It is clear that

lrs — x5 = loe—il3 + Nl 13 + lxms, 13 — 1213 (2.6)
Since each i € Hj is displaced by i’ € I, we have that
lxi| =6 < |xi| < |xv| < |xo|+8, VieHy,i€l,

_ c . . . ‘ ‘
where 6 = /551 l|x_c,kl|2 is the estimation error from COUNT-SKETCH. Let 4 = maX;ep, ||,
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b = min;¢ |x;|, then a < b+ 26 and

s, 13— [lx113 < ka® — (C2 — 1)kb?
< k(b+26)* — (C; — 1)kb?

= —(Cy — 2)kb* + (4ké)b + 4k6? 2.7)
<
- C— Zk(s

e~ 22|l eyl
= "2(C, —2) Tkl

On the other hand, by the guarantee of Theorem 2.1.11, the set S contains all Zr-heavy
hitters and thus
€ ,
il* < llx-curellz, Vi€ He.
Hence
i3 < |l - S llx-curelld < Gllx-il @8
2112 = Ck""~ €l2 = c'" = 2
By choosing C and C; large enough, part (ii) follows immediately from (2.6), (2.7) and

(2.8). O

In the rest of the analysis we condition on the events in the preceding lemma. Recall

that we have access only to |;| in our scenario.

Lemma 2.1.26 (ComPUTEAPPROX). With probability at least 1 — 1/ poly(n), the subroutine
CoMPUTEAPPROX(, t) returns a number L which satisfies C%t [x_cptl3 < L < Yjx_4||3, where C;

and Cy are absolute constants.

Proof. The argument is similar to the proof of (2.4) in Section 2.1.4. For instance, one can

take Cp = 110 and show that

1 . L
Toaqg 1 X— <L < -—|lx_ > 0.55.
Pr{19747t”x ol < L < Sllx tHz} > 055

Repeating ©(log 1) times with a big enough constant in the ®-notation, we can boost the

success probability of the event above to 1 — 1/ poly(#n). O
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Lemma 2.1.27. The subroutine PRUNE(x, S, {L;}) returns a set T C S such that the following

conditions hold:

o VieT,|x;| > o Ly, where ly is such that 21 < |T| < 2,

€
IOg(CZk) 710+2)2

o [lxr —x|3 < (1+¢€)llxl3.

Proof. The first bullet is immediate by the design of the algorithm. For the second bullet

first observe that
ler — x|[5 = [|lxs\rll5 + |25 [13-

The second term is bounded in part (ii) of Lemma 2.1.25 that ||xs||3 < (1+€)]|x_¢]|3.
For the first term, let 1,, be such that 2/»=1 < m < 2 and C,, = (log(Cok) — Ly + 2)2.
Suppose that the coordinates of x are sorted in decreasing order in magnitude. We have for

IT| +1 < m <log(Cak) that

Bl < ==L

€ €
<

lx—ml3 < s ? -+ ekl + el

thus by the guarantee of COUNT-SKETCH,

€
1l < o (i P+ [l + r-culld) + 5l cull

€

One can inductively obtain that

||xS\TH% = |X|T|+1’2 + oo+ |kl

c log(Cak) c c log(Czak) c
< 1+ ) + (1 + )
C0(|T| + 1)C\T|+1 m_%_ﬂ < ComC,, 2Cok m—ZT‘T—i—l ComC,,

log(Cak) c c log(Cak) 1
<
L (1 * COmCm> =P\ ¢ L mC,,

m=|T|+1 0 m=|T|+1

Ix—cpe13-

Observe that
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and

log(&2h) ¢ l 1 log(Cak) .
< (2°—m) - 2
m—;—o—l mCm 2lo=1(log(Cok) — Ip +2)? l:%l 2I-1(log(Cok) — 1 +2)2
log(Cak) 1
<2
- Z;EJ (log(Cak) — 14 2)2
1
<2) =<4,
e

which implies that
e e
lrsirll < eexp (e + e ) Iv-cal?

Taking Cp and C, big enough completes the proof. O

The second part of the preceding lemma shows that if we can recover the phases of the
coordinates in T exactly, the ¢, /¥, error guarantee will be satisfied. Next we shall argue
that we can recover the phases of the coordinates in T exactly with probability at least
1—1/ poly(|T|) in each loop from Lines 12 to 17 in Algorithm 5. Assume that |T| > 2, since
otherwise the algorithm is trivially correct with any guess of phase of the only coordinate

inT.

Lemma 2.1.28. It holds that

1
< 10| < ; >1—— .
Pr{Kllog\T\ <|TNh () < Kplog|T| for all j € [B]} = 1= o
Let T' =TU Hc,41)1] (x). It similarly holds that
1
/ / -1/ < ! 1 > ra———
Pr {Kjlog |T| < |T'Ni;'(j)| < Kylog|T] forall j € [B]} > 1 20[TF

Furthermore,

2 Kslog|T]| 2 , 1
, S T |x_c,m ||, forallj e [B] s >1~ 0TF

Pr { [

In the above, Ky, Ko, K3 are constants depending only on ¢ and K4, K} are constants depending only

on ¢ and C,.
Proof. The first is a standard application of the Chernoff bound. We nonetheless present
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the proof for completeness. For i € [n] and j € [B], let X;; be the indicator variable of the

event k(i) = j. Then EX;; = CIT%‘T‘ and EY ;.1 X;j = clog|T|. Note that X; ; are negatively

associated, thus Chernoff bound can be applied, which, with appropriate constants, yields

that

Pr {K1 log|T| < |TNA(j)| < K210g|T|} = Pr {K1 log |T| < ¥ X;; < Ky log m}
ieT
1

> .
= 20|T[°

This allows us to take a union bound over all j € [B].

The bound on |T" Nk, !(j)| is similar, noting that now EY,;cp X;; = c%log |T| €
[c(C2+1)log|T|,c(Ca +2)log |T|] and one can choose K] and K}, to be linear in Cj.

Next we prove the last part of the lemma. We shall use Bernstein’s inequality (The-
orem 2.1.9). Fix j € B and consider the random variables Z; ;, indexed by ([n] \ S) x [B],

defined as Z;; = 15,1 |xi|>. It is easy to see that

VigT. (2.9)

1
xi|? < T |x_cy/mll5

Indeed, let T = Hc,11)j7/(x) \ Hg,|r|(x), then

IT| - [xcyrnym I < x5 < llx_cym 13

whence (2.9) follows immediately.
In order to apply the Bernstein’s inequality, we need to bound the variance of } ;¢ Z; j,
which we can do as

2 2
1
E<_z zz-,]) —(E.z zl-,]-> =(|B| e )2|xz| rrg;|xl| (T

i¢T i¢T’ igT
1

< -
< BT

2

2

where the last inequality follows from (ii) in Lemma 2.1.27.

It then follows from the Bernstein’s inequality (Theorem 2.1.9) and appropriate choices
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of constants that

Kslog|T| 1
{zeZT:CZZ] = IT| Hx C2|T|H2 ]0|T’5'

which again allows for taking a union bound over all j € [B]. ]

We continue with the proof of the guarantees of CoMPUTEAPPROX, RELPHASESINBUCKET

and COMBINEBUCKETS.

Lemma 2.1.29 (RELPHASESINBUCKETS). In Line 14 the invocation of RELPHASESINBUCKETS, |

finds the relative phases of coordinates i € h, 1(j) N T with probability 1 — ﬁ.

Proof. Assume that the events in the preceding lemma all happen. Let T" = T U H ¢, 1) 7|(X)
and we call a g € [p,] super-good if |T' Nk, 1(j)| = 2.
A g € [p,] is good with probability at least
T () e i e e
1—
< 2 > <CBl(log(C2k) -1+ 2)2) < Csl(log(Cok) — I + 2)2>

€K2 K%GZ
>exp | ——~ ) 55 —
4G, ) 2C2(log(Cok) — 1 +2)

Conditioned on the fact that g is good, it is super-good with probability

c ) |(H(cy 41y \T)Nk (7))

<1  Cyl(log(Cak) — 1 +2)2 = exp < ic, (K; — K1)> ,

which can be made arbitrarily close to 1 by adjusting the constant Cs.
Since there are p,; rows, choosing an appropriate hidden constant in p,;, we can
guarantee that the expected number of good g is 4.68cspl?. Hence by a Chernoff bound, with

probability at least 1 — (0.1183)12 0T there are csp/? measurements correspondmg to

20|T

Ccopl? !

good q’s, and most of them are supergood. This implies that there are at least llogl = Togl

working graphs. Moreover, the expected energy of noise in each good measurement equals
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(omitting the subscript ¢)

2
2 2
€1
E S.ox:| = o
ieh,lX(:j)\T ST Gal(log(Cok) — 1+42)2 H hrl(])\THZ
er’ 2
_ o
 Gl(log(Cok) —1+2)2 H L GNT ||,
= Gl(log(Cok) —1+2)>  [T| ~Gi|Tlll
Ks 5 € 1 )
< L —
o C317 (log(Czk) —1 _|_2)2 |T| ||x—C2\T|||2

K3C1C0 2 €
< . .
=76 T Collog(Gok) T+ 2)2 1T

We can choose an appropriate constant Cy that is big enough such that in each such
measurement the Relative Phase Test succeeds, by Markov’s inequality, with probability at
least 3. Along with the guarantees of the Phase Prediction Problem, it follows that using

every working graph we can find the relative phases of the coordinates in 1, 1(j) N T with

)lolgl —

probability at least 1 — 1833 By a Chernoff bound, with probability at least 1 — (

>1-—

1-3 o 20|1T\ 7, at least half of the working graphs predict the relative phases correctly.

The overall failure probability is at most 20\T\4 + 20\T|4 = 10\1T|4‘ O

Lemma 2.1.30 (COMBINEBUCKETS). In Line 16 the subroutine COMBINEBUCKETS,; finds the

relative phases between h,(T) with probability at least 1 — 710‘%4.

Proof. We call a g € [Q] good, and call a good g accepted if L > Linyes. We shall also define
(i) a notion called excellent g for the good g’s; and (ii) an event &, regarding a low noise
magnitude in the Relative Phase Test for all accepted q’s. Then our argument goes as follows.

Consider the following events:
e &;: There are at least 2! excellent q’s.
o &: All excellent g’s will be accepted.
e &3(q): Given that g is accepted, its associated edge has the correct relative phase

between {u4,v,}.
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o &4: Gp is connected.

When &; and &, happen, there are at least x2' edges in the graph Gg. If £5(g) happens for
all accepted g's, all edges in the graph have correct labels, and the algorithm would return a

correct answer whenever &, happens. We claim that

P& z1- 20|1T|4; (2.10)
prEz1- 40|1T|4; (2.11)
{éq,j,f{)/fgq,j,i}(gﬂg(]) - 212
Pr (&(9)|&) >1— 1201|T|6 for each accepted 4. (2.13)

a4
Since the pair {u4, v,} is uniformly random for a good g, it follows from Theorem 2.1.12 that

1

>1— ——0.
Pr (84) = 1 60””4

By
Hence the overall failure probability, after taking a union bound, is at most ﬁ as desired.

Below we prove our claims. A g € [Q)] is good with probability

Pr{|n({i € T: 6, = 1) :2’|{i € T:6y =1} =2} Pr{|{i € T: 5, =1} =2}

=0(1)-Q <<E’> <2l(log(C2k€) —1 +2>2>2>

=0 ((1og(c2k§2— I+ 2)4> |

Similarly to the proof of the preceding lemma, a good g is super-good with probability that

can be made arbitrarily close to 1.

For a good g, let {uy, v} = {i € T: 4,; = 1} and v; € R" be the noise vector defined as

O, iX; i é T,
q,1°vts 7
(Vq)i

0, ieT.
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When g is supergood,

Bl gl e B < e Tl

ot 2T 2 (log(Cok) — 1 +2)2 T2 = [T (log (Cok) — 1 +2)2 '~ @ITHz
Recall that Ly > ﬁﬂx_QmH%. With an appropriate choice of the hidden constant
(depending on Cy and C) in the subsampling rate E ¢, ;, it follows from Markov’s inequality

that
Cueﬂz
P 2 <
oy GE 1C[CIC, (log(Cok) — 1+ 2)

2LT} > 0.95. (2.14)

We call a g excellent if it is supergood and satisfies the event in (2.14). Uncondition-
ing on goodness and supergoodness, we know that each g is excellent with probability
Q(€?/ (log(Cok) — 1 +2)*), and the expected number of excellent g’s among [Q;] is Q(2'). By
an appropriate choice of the constant C, and a Chernoff bound, we see that with probability
1-— ﬁ there exist k2! excellent q’s that correspond to different edges in the graph Gg,
where « is the constant in Theorem 2.1.12. This proves (2.11), which regards &;.

Next we consider &. Note that Pr(j € J) = 1/4, by a Chenorff bound and choosing

Choise = 1320, we have that |J| > 2601log |T| with probability at least 1 — ﬁ. Taking a
union bound over all good ¢’s,
1
P > 2601og |T| for all >1— ——. 2.1
r{|J| > 260log |T| for all good g} > 20[T]A (2.15)

Recall that a good bucket is supergood with overwhelming probability. A similar
argument to the proof of (2.4) in Section 2.1.4 gives that (for instance, C; = 316, C} = 10,
C;, =3)

pef{ Gllu)-c <l < g3} = 07.
By a Chernoff bound and a union bound over all good 4’s,

__ 1
20[T*
(2.16)

1
Pr { C—iH(vq)_qH% < L < G5y |5 for all good q' |J| > 2601log|T| for all good q} >1
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Define the event & as

1
& = {On(vq)_qn% < L < G5l I3 for all good q}f
1

then it follows from (2.15) and (2.16) that

1 1 1
Pr(&) > 1— - =1
1(&0) 2 1= 577 ~ 07T 20|T[+’

which proves (2.10).
In the rest of the proof we condition on £. When g is excellent, we have that

C//€772
CiCo(log(Cok) —142)2

C“Giyz
4C1Co(log(Cok) — I +2)?

2
Ly < vl < ¢4 4 Lin = Lir

and g will be accepted. This proves (2.12), which regards &,.
As the last step, we consider £;. Suppose that g is accepted, then we have
"

1 s e’
— / < < — -
Ci H(VQ)—C2H2 —= LL] = Ci 4C0(10g(C2k> _ l _|_2)2

Lir),

that is,
. 2/
4Cy(log(Cok) — I +2)2

1(vg) ;I3 < C” Ly

Consider now one of those accepted gq’s and the associated Cppasel estimates from the

phase estimation layer. Define the following two conditions:

(P1) Tgjug = Ogjmg = 1

(Pz) Oq,ji = 0 forallie HCé (Uq)

Note that Pr(P;) = (&)* =: 2y and Pr(P,) > e~%/C" Choosing C" = 45 and Cphase = @
large enough and by two Chernoff bounds, we conclude that, with probability at least

1— ﬁ, there are at least yCppase! measurements satisfying (P1) and at least 0.7 fraction

of them satisfy (P,). We shall focus on the measurements satisfying (P;).
In each measurement that further satisfies (P), the expected noise energy

1 en?

2
E 0,:0,:%; | = — 3 < L.
(o) (;T i q"’“) o l)-ci 12 = gesogicp — 1+ 22 M7
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By Markov’s inequality, we can guarantee that each Relative Phase Test fails with probability
at most %. Hence, by a standard Chernoff bound, at least % of those tests will give the

correct answer, and thus the majority of the yCphase! tests will give the correct answer, with

_1
120-261”

&s. O

probability at least 1 — provided that Cphase > %. This proves (2.13), which regards

Combining Lemmata 2.1.28, 2.1.29 and 2.1.30, we see that each loop from Lines 12 to 17
in Algorithm 5 finds the relative phases among {x;};cr correctly with probability at least
1—- m Since there are A repetitions, we can recover the relative phases with probability
at least 1 — /2. Unconditioning on the events in Lemma 2.1.25, we see that the failure

probability is at most 6. The proof of Theorem 2.1.8 is now complete.

2.2 One-Bit Compressed Sensing

2.2.1 Owur Contribution

We study the non-uniform case under adversarial noise and give the first result that achieves
sublinear decoding time and nearly optimal O(6~2k + klog ) measurements, where ¢ is the
reconstruction error, k is the sparsity and 7 is the universe size. For clearness, this scheme
allows reconstruction of a fixed x € R" and not of all x € R”; we refer to this a non-uniform
guarantee.

We compare with two previous schemes, which are the state of the art. The first scheme
appears in [PV13b], which achieves 6 2k log(n/k) measurements and poly(n) decoding time,
while the other appears in [Nak17b] and achieves O(5~2k + klog(n/k)(logk + loglogn))
measurements and poly(k, logn) decoding time. We mention that the aforementioned two
works are incomparable, since they exchange measurements and decoding time. However,
generalizing [Nak17b] and using the linking/clustering idea of [LNNT16] (which is closely
related to list-recoverable codes), we are able to almost get the best of both worlds. Our
scheme is strictly better the scheme of [PV13b] when k < nl=7, for any constant y; we note

that the exponent of k in our running time is the same as the exponent of # in the running
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time of the relevant scheme of [PV13b].

We note that [PV13b] discusses also uniform guarantees for the one-bit compressed
sensing problem. Our result is non-uniform and thus incomparable with some of the results
in that paper; the relevant parts from [PV13b] are Theorem 1.1 and subsection 3.1. It is
important to note that the guarantee of our algorithm cannot be achieved in the uniform
setting, even when linear measurement are allowed [CDD09] (i.e. we do not have access
only to the sign of the measurement), thus a comparison is meaningful (and fair) only with

a non-uniform algorithm.

2.2.2 Preliminaries and Notation

For a vector x € R" we define H(x, k) = {i € [n] : |x;|> > tllx_|l3}. Ifi € H(x,k),
we will say that i is a 1/k-heavy hitter of x. For a set S we define x5 to be the vector
that occurs after zeroing out every i € [n] \ S. We define head(k) to be the largest k in
magnitude coordinates of x, breaking ties arbitrarily, and we define x_; = X[;\nead(x), Which
we will also refer to as the tail of x. Let S"! = {x € R" : ||x|| = 1}. For a number 6
we set sign(f) = 1if § > 0, and —1 otherwise. For a vector v = (v1,v,...,v,) We set
sign(v) = (sign(v1),sign(v2),...,sign(v,)). We also denote P([n]) to be the powerset of

[n].

Definition 2.2.1 (Vertex Expander). Let I' : [N] x [D] — [M] be a bipartite graph with N left
vertices, M right vertices and left degree D. Then, the graph G will be called a (k, {) vertex expander
if for all sets S C [N], |S| < k it holds that T(S) > (1 —{)|S|D.

2.2.3 Main Result

The main result of this subchapter is the following.

Theorem 2.2.2. There exists a distribution D € R™*", a procedure DEc : {—1,+1}" — R" and

absolute constants C1,Cy > 1 such that
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Vx € 8" 1 : Pgp[X = DEc(sign(®x)) : ||x — X||3 > 2||x_[|3 +6] < e QO LG

and ||X]|o = O(k).
The number of rows of ® is m = O(klogn + 672k), and the running time of Dec is

poly(k,logn).

It should clear that since X is O(k)-sparse, we do not need to output an n-dimensional

vector, but only the positions where the vector is non-zero.

2.2.4 Overview of our Approach

The one-bit compressed sensing framework has a neat geometrical representation: one can
think of every measurement sign((®;, x)) indicating on which side of the hyperplane ®; the
vector x lies. One of the results of [PV13b] shows that this is possible with O(5~2klog(n/k))
random hyperplanes when random post-measurement noise v is added, i.e. y = sign(®Px +
v); the paper gives also other, very intersesting results, but we will not focus on them in this
work. To achieve sublinear decoding time we do not pick the hyperplanes (measurements)
at random, but we construct a structured matrix that allows us to find all 1/k-heavy hitters
of x. This approach also has been followed in one of the schemes of [Nak17b]. There the
author implemented the dyadic trick [CH09] in the one-bit model, showing that it is possible
to recover the heavy hitters of x from one-bit measurements, using O(klog(n/k)(logk +
loglogn)) measurements. Our results is an extension and generalization of that paper,
along with the linking and clustering technique of [LNNT16].

In the core of our scheme, lies the design of a randomized scheme which is analo-
gous to the “partition heavy hitters” data structure of [LNNT16]; we call this scheme
ONE-BiT PARTITIONPOINTQUERY. More concretely, the question is the following: given a
partition P of the universe [n], is it possible to decide if a given set S € P is heavy, when we
are given access only to one-bit measurements? We answer this question in the affirmative

and then combine this routine with the graph clustering technique of [LNNT16]. We thus
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show that, similarly to that paper, it is possible to reduce the problem of finding the heavy

coordinates in the one-bit framework to the same clustering problem.

2.2.5 Toolkit

Lemma 2.2.3 (Chernoff Bound). Let Xy, ..., X, be Bernoulli random variables with E[X;] = p.

There exists an absolute constant c.y, such that

P

1Y Xi—pr| > epr] < e P
i
Lemma 2.2.4 (Bernstein’s Inequality). There exists an absolute constant cp such that for indepen-

dent random variables Xy, ..., X,, with | X;| < K we have that

VYA > 0,1P < o~ CBA/0? 4 e CBA/K

|ZXZ-—]EZXZ~|>A
1 1

where % = Y ; E(X; — EX;)>.

Theorem 2.2.5 (Fixed Signal, Random Noise Before Quantization [PV13b]). Let x € RN and
G € R™N, each entry of which is a standard gaussian. If y = sign(Gx + v), where v ~ N (0, 0?1),

then the following program

% = argmax (y, Gx),s.t. ||z]1 < Vk

returns a vector X such that ||x — x||3 < 8, as long as

m = Q6 2(c* + 1)klog(N/k)).

2.3 Main Algorithm

Our algorithm proceeds by finding a set S of size O(k) containing all coordinates i € H(x, k)
and then runs the algorithm of [PV13b], by restrictring on columns indexed by S. The

scheme that is used to find the desired set S is guaranteed by the following Theorem.
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Theorem 2.3.1. There exists a randomized construction of a matrix ® € R™*", a decoding
procedure OneBitHeavyHitters : {—1,1}" — P([n]) and an absolute constant c, such that
S = OneBitHeavyHitters(sign(®x)) satisfies the following, with probability 1 — n%l a) |S| < ck,
and b) Vi € H(x,k),i € S. Moreover, the number of rows of ® equals m" = O(klogn) and the

running time of OneBitHeavyHitters is O (k - poly(logn)).
Given the above theorem we show how to prove the Theorem 1.

Proof. We vertically concatenate the matrix @ from Theorem 2.3.1 and the matrix G guar-
anteed by Theorem 2.2.5. Then, we run the algorithm OneBitHeavyHitters(sign(®x)) to

obtain a set S. Then we run the following algorithm:
% = argmax (y, Gsz),s.t. ||z] < V.

Last, we output ¥. Since Gx = Gsxs + G\ sX[u\s, and G\ sXpps ~ N (0, Hx[n]\sH%I)

and ||xp;\sll2 < 1, by combining the guarantees of theorems 2.2.5 and 2.3.1 we have that

I — %15 = [lxs = %53 + [lxpusll5 < 6 + 2]l x]15,
because [[xpsll3 < [[x_kll3 + Cichead(k)\Hxp) X7 < 1xkll3 +kgllxillz = 2[x 5. O

Remark: From the discussion in this subsection, it should be clear than any algorithm
that runs in linear time in 7 and has the same guarantees as as Theorem 2.2.5 immediatelly
implies, by our reduction, an algorithm that achieves O(kpoly(logn)) time. Thus, any
subsequent improvement of that type over [PV13b] gives an improvement of our main result

in a black-box way.

2.3.1 Reduction to small Sparsity

The following trick is also used in [LNNT16]. If k = Q)(log n), we can hash every coordinate

to @ (k/ log n) buckets and show that it suffices to find the ; 0}5 —-heavy hitters in every bucket
separately. Here, we give a proof for completeness. First, we state the following lemma,

which is proven in section 2.4.
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Theorem 2.3.2. Let C’, Cy be absolute constants and suppose that k < C'logn. Then there exists
a randomized construction of a matrix ® € R™ " with m" = O(klogn) rows, such that given
y = sign(dx), we can find, with probability 1 — n= and in time O (poly(logn)), a set S of size
O(k) containing every i € H(x, k).

Given this lemma, we show how to prove Theorem 2. This lemma is also present in

[LNNT16], but, for completeness, we prove it again here.

Proof. If k < C'logn, we run the algorithm guaranteed by the previous lemma. Otherwise,
we pick a hash function g : [n] — [C"k/logn] and for j € [C"k/logn] we obtain set S;
using lemma. We then output the union of all these sets. Define z = C"k/ logn. We argue
correctness.

For j € [C"k/ log n] we use the Chernoff Bound to obtain that

P[lg7() N H(x k)| > logn] < =<5,

We will now invoke Bernstein’s inequality for the random variables {Xi =1e0)= j} e\ ( k);
i€ln X,

for these variables we have K < 1||x_¢/|3 and

(72<

=

_ _ k k
ICRE L P SRR S M
ie[n]\H(x,k) ie[n]\H(x,k)

log k _cm
Pll Y x> x| <ol
i€g1(j)\H(xk)

By a union-bound over all 2z = 2C"k/ log n events, 2 for every buckets j € [z], we get

the proof of the lemma.

We now focus on proving Theorem 2.3.2.
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2.3.2 One-BitPartitionPointQuery

In this section we prove the following Theorem, which is the main building block of our

algorithm.

Theorem 2.3.3. Let x € R" and a partition P = {Py, Py,. .., Pr} of [n]. There exists an oblivious
randomized construction of a matrix Z € R™*" along with a procedure ONE-BITPARTITIONPOINTQUERY :
[T] — {0,1}, where m = O(klog(1/6)), such that given y = sign(Zx) the following holds for

j* e T].

1. If P} contains a coordinate i € H(x, k), then ONE-BITPARTITIONPOINTQUERY (j*) = 1 with

probability 1 — 4.

2. Ifthere exist at least ck indices such that ||xp,||2 > ||xp,. ||2, then ONE-BITPARTITIONPOINTQUERY (j*) =

0 with probability 1 — 6.
Moreover, The running time of is O(log(1/6)).

We describe the construction of the the matrix Z. We are going to describe the matrix
as a set of linear measurements on the vector x. Fori € [n],j € [T|,B € [Cpk],¢ € [3],7 €

[Cslog(1/0)] we pick the following random variables:
1. fully independent hash functions h, , : [T] — [Cgk].

2. random signs 0 g ¢,. Intuitively, one can think of this random variable as the sign

assigned to set P; in bucket B of sub-iteration ¢ of iteration r.

3. normal random variables g;,. One can think of this random variable as the gaussian

associated with i in iteration r.

Then, for every B € [Cpk], ¢ € [3],7 € [Cglog(1/J)] we perform linear measurements

ZB Ay = UjBtr Z 8i,rXis
jeh, | (B) ieP,

as well as measurements —zp ¢, (the reason why we need this will become clear later).
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Of course we have access only to the sign of the measurement: yg,, = sign(zp,). We
slightly abuse notation here, as y is described as a 3-dimensional vector; it is straightforward
to see how this vector can be mapped to a 1-dimensional vector.

We will make use of the following lemmata. The value Cp is a large enough constant,
chosen in order for the analysis to work out. Before proceeding with the lemmas, we pick

constants C,, C; such that

L PyoyonllY] < Cu =%

2. Py nonllY] > Cial = %

Lemma 2.3.4. Fix i* € H(x,k), j* such that i* € Pj-, as well as r € [C3log(1/5)]. We also set

By = hy4(j*). Then, with probability at least 3 we have that for all ¢ € [3] either

Y8y tr = Uj*,Byt;r OY YB,tr = —Uj* Byl

Proof. For the need of the proof we define B, = hr_el (h,¢(j*)). First, observe that for all

¢ € [3] that the random variable

Yo=Y Oipor ) SirXi

jeB N} ieh;

is distributed as

Y. )Y 2] -N(01).

jeB M\ {j*} i€P;

Observe that with probability at least 33, |Y/| will be at most

Cy YooY X
jeB; N\ {j*} 1€R

Define

Zy = Z Z X2,

jeB; N\ {j*} €D
Consider now the set Pyaq of P;, j € [T] \ {j*} for which there exists i € H(x,k) such

that i € P;. Since there are at most 2k elements in Py,q, with probability at least 1 — CLB
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it holds that B;l N Ppad = @. Let this event be W. It is a standard calculation that
E[Z,|W] < Cin | x_x||3. Invoking Markov’s inequality one gets that Z; is at most czT?k llx x5

with probability at least %—3‘ Putting everything together, this gives that

20
Yol > Cuy/ x4l

with probability . The probability that there exist I € [3] such that |Y;| > Cy/ czT?ka—kH 2

is at most %. We now observe that the

1
| Y. girxil = Callxp.|l2 = Ca—=lx_kll2
ier* ! \/%

with probability at least 3. The above discussion implies that with probability at least
3 the quantity |Zl’€pj* gi x| is larger than |Yy|, for all I € [3], if C;/Vk > C, CZ—;)k. This
means that, with probability at least 3, the sign of zg, ;, will be determined by the sign
of 0 B0 Lie P i Xi for all ¢ € [3]. This implies that if };. p. SirXi > 0, we will get that
YB,tr = OjB,er- On the other hand, if } ;¢ Py 8irXi < 0 then yg, ¢, = —0j B, This gives
the proof of the lemma.

O]

Lemma 2.3.5. Let j* such that HxP].* 2 > 0. We also define By = h, ;(j*). Assume that there exist

at least ck indices j such that [|xp[|2 > [|xp.

2, for some absolute constant c. Then, with probability

%, there exists indices {1,y € [3] such that

Y8y, 0or = OBy o and YBy, lor = TUj%,By, b1

Proof. For the need of the proof we also define B, ' = h;} (B0 (j*))- Fix £ € [3]. Let Pgooq be

the set of indices j € [T] such that [[xp ]2 > [|xp.

5. Let the random variable Z, be defined

as
Zy = |{j € Pgooa \ {j*} :j € B/}

Observe now that E[Z,] = chk = ¢, and moreover Z, is a sum of independent Bernoulli

random variables with mean Cin, hence a standard concetration bound gives that, for c large
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enough, Z, will be larger than 4C3C2 with probability %. This implies that

Y. g3 > 4CiCE|xp, |13
jEB N}

for all ¢ € [3]. This implies that, for any A € R,

P

Y O}/B[Zgi,rxi>)L] >
jeB NGy ieh,

P [2C,Cullxr. 2 IN(0,1)] > 2]

The above implies that

19
je€BA{j*} icP;
and moreover
19
P || Z 8irXi| < CuHxPj*HZ > 50’

which implies that with probability % we have that

X i B L Y&l <21 ) gixil.

jeB;"\{j*y €D 1€Py
Observe now that yp, /, is the same as the sign of

Z]-E BAG*} OB L Yic P, 8irXis which, because of the random signs, means that

1

P [yBM,F = 1] = 2"

Moreover, we get that y3, ¢, and 0} g, ¢, are independent. Conditioned on the previous

events, the probability that either

YB,tr = Uj,By b,

for all ¢ € [3], or
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YBytr = —UBybr

for all £ € [3], is %. This gives the proof of the claim since % + % < % = %

We are now ready to proceed with the proof of Theorem 2.3.3.

Proof. We iterate over all r € [C3log(1/6)] and count the number of “good” repetitions:
a repetition r is good if for all £ € (3], vy, ,(i*),6r = Tipn, (%) OF Yn, ()6r = — i, ()00
We also check if there exists | € [3] such that yy, ), = 0 by checking the values of
Ynre(ioyer = 0 and =Y, gy, = 0. If there exists no such ¢ and the number of good
repetitions is at least [3C3log(T/5)] + 1 we output 1, otherwise we output 0.

We proceed with the analysis. First of all, if there exists an £ € [3] that satisfies yy,¢(j-),¢, = 0,

%y

this would mean that ||xp.

| = 0. Let us assume that this is not the case, otherwise we can
ignore j*. If i* € H(x, k) belongs to Pj, for some j*, using Lemma 2.3.4 the expected number
of good iterations equals (3/5)Cslog(1/6),and by a Chernoff Bound we get that at least
(2.6/3) - (3/5)Cslog(1/5) = (2.6/5)C3log(1/5) repetitions will be good with probability

1 e 0Uog(TI/) > 1 g,

for large enough Cs. In the same way, using Lemma 2.3.5 we can bound by ¢ the probability
that a set P+, for which there exist at least ck set P with |[xp]|> > ||xp.[|2, has more than
[3C3log(T/6)] — 1 good repetitions. This concludes the proof of the lema.

O

The following lemma is immediate by taking 6 = T~ ~! and taking a union-bound over

all j € [T).

Lemma 2.3.6 (ONE-BITPARTITIONCOUNTSKETCH). Let x € R" and a partition P = {P, P,, ..., Pr}
of [n]. There exists a randomized construction of a matrix Z € R™*", such that given y = sign(Zx),
we can find in time O(klogT) a set S of size O(k) that satisfies contains every j € [T| for which

there exists i € Hy(x) N P;. Moreover, the failure probability is T~
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2.3.3 One-Bit b-tree

We now describe the scheme of ONE-BiT b-tree. The b-tree is a folkore data structure
in streaming algorithms, first appearing in [CH09] in the case of vectors with positive
coordinates. The version of the b-tree we are using here is more closely related in [LNNT16].
We remind the reader that the aforementioned papers treated the case where we have
access to @x and not only to sign(®x). Here, we describe it a sensing matrix associated
with a decoding procedure, rather than a data structure. Given the b-tree, we can find
elements i € H(x,k) and get an analog of Theorem 1; however, this would only give
1/poly(logn) failure probability. Getting 1/poly(n) failure probability requires using the
ExPANDERSKETCH algorithm of [LNNT16]In fact, we can use the ONE-BIT b-tree to speed up
the ONE-BIT EXPANDERSKETCH decoding procedure, but since our overall scheme already has
a polynomial dependence on k in the running time due to the application of Theorem, this
will not give us any crucial improvement. However, we believe that it might of independent
interest in the sparse recovery community.

The following lemma holds.

Lemma 2.3.7. Let k,b < n be integers. There exists a randomized construction of a matrix A €
RM*" such that given y = sign(Ax) we can find a set S of size O (k) such that Vi € H(x,k),i € S.

The total number of measurements equals

M= O(kbigggk)(log(k/é) +loglog(n/k) —loglog b))
the decoding time is
0(bkloi§g£k)(10g<k/5) +loglog(n/k) — loglog b))

and the failure probability is J.

Proof. Let R be the smallest integer such that kbR > n; this means that R = [log(n/k)/ logb].
Forr =0,..., R we use the ONE-B1T PARTITTONCOUNTSKETCH scheme guaranteed by Lemma,

with § = 6/(bkR) and partition P, = {{1,..., [} {[&]| +1,....2[#=]}, ...}, of size
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T, = ©(kb').

The total number of measurements equals

log(n/k)

O(Rklog(bkR/5)) = O(k og 5

(log(k/é) +1loglog(n/k) —loglogh)).

We can think of the partitions Ty, Ty, ..., Tr as the levels of a b-ary tree; for every set if

T € T,, there are b sets T" € T,;1 which are neighbours of T. The decoding algorithms starts

at quering the ONE-BiT PARTITIONCOUNTSKETCH for r = 0 to obtain a set So. Then, for every

i € [1,7], it computes all the neighbours of S,_1, where the for a total of O(b|S|) sets. Then

using ONE-BITPARTITIONPOINTQUERY we query every new partition, to obtain a set S, of

size O(k). The output of the algorithm is the set Sg. The running time then is computed as
log(n/k)

O(bRklog(bkR/6) = O(bkw(log(k/é) +loglog(n/k) —loglogb))

O

From the above lemma, we get the following result, by carefully instatianting the

parameter b.

Lemma 2.3.8. There exists a b such that the ONE-BIT b-tree uses Oy~ 'klog(n/5)) measurements

and runs in time O (v~ (klog(n/5))**"), for any arbitarily constant .
Proof. We set b = (klog(n/4))7 and observe that the number measurements is at most

logn
0 < k’y(log(k/é) +loglogn

while the decoding time becomes

S log(k/2) +loglogn)> _0 (}Yklog(n/(i)) ,

logn
log(k/J) 4 loglogn

0 <(klog(n/5))7k7 : S (log(k/) +loglogn)> ~0 (}Y(klog(n/a))“"*)

O]
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2.3.4 One-Bit ExpanderSketch

In this subsection we prove Theorem 2.3.2. Given the results about ONE-BITPARTITIONCOUNTSKETCH
we developed in the previous sections, the proof of the theorem is almost identical to
[LNNT16] with a very simple modification. For completeness, we go again over their

construction. We remind the reader that in our case k = O(logn).

Construction of the Sensing Matrix: We first pick a code enc : {0,1}1°8" — {0,1}9og"),
which corrects a constant fraction of errors with linear-time decoding; such a code is
guaranteed by [Spi96]. We then partition enc(i) into s = ©@(logn/loglogn) continuous
substrings of length t = @(loglogn). We denote by enc(i); the j-th bitstring of length t in
enc(i).

We define s hash functions hy, hy, ..., hs : [n] — [poly(logn)]. Let also F be an arbitrary
d-regular connected expander on the vertex set [s] for some d = O(1). For j € [s], we define

I; C [s] as the set of neighbours of j. Then, for every j € [n] we define the bit-strings

mi,]‘ = h](l) o enc(i)j ) hl"l(])(l> ...0 hl"d(j)(i)/

and the following partitions PU) containg set P,ggj, where m;; is a string of ©(t) bits,

such that:

: : (/)
Vi€ [n],ic Py,

Then for every partition PU) we pick a random matrix ®U) using Lemma 2.3.6 with
sparsity k, as well as a random matrix Z() using Lemma 2.3.3 with sparsity k and failure
probability m. Each of these matrices has O(klog(2°"))) = O(kt) = O(kloglogn)
rows. The total number of rows is O(skloglogn) = O(klogn). Then our sensing matrix is
the vertical concatenation of ®1),Z(1) . &) 7(s),

Decoding Algorithm: For every j € [s] we run the decoding algorithm of Lemma 2.3.6

on matrix ®U) to obtain a list L; of size O(k) such that every “heavy” set of PU) is included.
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The running time in total is m - k - poly(log n) = poly(logn). For every j € [s], we now have

that:

e With probability 1/poly(logn), h; perfectly hashes every P,g{ ) for every i € H(x, k).

ij
o With probability 1/poly(logn), for every i* € H(x,k), [|x,q [l2 = Bl ]2
ml',]-

e With probability 1/poly(log ), the decoding procedure on ®U) succeeds. This follows
by taking a union bound over the events of the previous two bullets and the failure

probability guarantee of Lemma 2.3.6 in our instance.

We call by “name” of P,g{'g]. the O(loglogn)-length substring of bits of m; ;, which corre-
spond to the bits of /;(i). We then filter out vertices in layer j, by keeping only those that
have unique names. Our next step is to point-query every set z € L; using the matrices
Z1) and Theorem 2.3.3 and keep the largest O(k) coordinates; this is the difference with
[LNNT16], since we can implement only one-bit point query. Now we let G be the graph
created by including the at most (d/2) };_; L; edges suggested by the z’s across all L;,
where we only include an edge if both endpoints suggest it. Now the algorithm and analysis

proceeds exactly as [LNNT16].
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Chapter 3
Sparse Fourier Transform

3.1 (Nearly) Sample Optimal Sparse Fourier Transform in Any Di-

mension

3.1.1 Preliminaries

For any positive integer n, we use [n] to denote {1,2,--- ,n}.

We assume that the universe size n = p“ for any positive integer p. Our algorithm
facilitates n = 1_[?:1 p; for any positive integers p1, ..., ps, but we decide to present the case
n= pd for ease of exposition; the proof is exactly the same in the more general case. Let
w = /P where i = v/—1. We will work with the normalized d-dimensional Fourier

transform

1 T
T ceof 't d
NG tg[p]d xt-w! V€ p]

X =
and the inverse Fourier transform is

1 g
Vn Y xpw e [p)”
felp)

For any vector x and integer k, we denote x_ to be the vector obtained by zeroing out

Xt =

the largest (in absolute value) k coordinates from x.
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3.1.2 Owur result

Apart from being dimension-independent and working for any universe size, our algorithm
satisfies ¢, /{2, which is the strongest guarantee out of the standard guarantees considered
in compressed sensing tasks. A guarantee G is stronger than guarantee G, if for any
k-sparse recovery algorithm that satisfies G; we can obtain a Q)(k)-sparse recovery algorithm
that satisfies Go. See also below for a comparison between /o, /¢> and ¢,/ />, the second
stronger guarantee.

Previous work is summarized in Table 3.1. Our result is the following.

Theorem 3.1.1 (main result, informal version). Let n = p? where both p and d are positive
integers. Let x € . Letk e {1,...,n}. Assume that R* > ||X||eo/||X_k||2 where log R* =
O(log n) (signal-to-noise ratio). There is an algorithm that takes O(klogklogn) samples from x,

runs in O(n) time, and outputs a O(k)-sparse vector y such that

- 1.
1¥ = yllo < —=lI%kl2

vk
holds with probability at least 1 — 1/ poly(n).

Comparison between (/¢ and {5/l (or {,/¢1). For the sake of argument, we will
consider only the ¢, /¢, guarantee which is stronger than ¢, /¢;. The ¢, /¢, guarantee is the
following: for X € C" one should output a z such that | X — z| < C||X_k||2, where C > 1is
the approximation factor. Consider C = 1.1 1 and think of the following signal: for a set S
of size 0.05k we have |x;| = ﬁ || ¥5]|2. Then the all zeros vectors is a valid solution for the

0/, guarantee, since
- . . 4 . . .
10— %113 = I|%s13 + [|%513 = 0.05k - §Hx§||% + (%5113 = 1.2]1%5]13 < 1.1%)%5]3-

It is clear that since 0 is a possible output, we may not recover any of the coordinates

IThis is the case with the RIP based approaches, which obtain ¢,/¢;. In fact many filter-based algorithms
facilitate (1 + €) on the right hand side, with the number of measurements being multiplied by e~!. By enabling
the same dependence on e Lour algorithm facilitates a multiplicative € factor on right hand side of the (o /¢5,
which makes it much stronger. Thus, a similar argument can go through.

112



Reference Samples Time Filter | RIP | Guarantee
[GMS05] k1og®@ n k1og®@ n Yes | No | £/6
[CTO6] klog® n poly(n) No Yes | (/04
[RV08] klog2 klog(klogn)logn | O(n) No Yes | 0r/0;
[HIKP12a] klog” nlog(n/k) klog?nlog(n/k) | Yes | No |42/t
[CGV13] klog’ klogn O(n) No | Yes |4/t
[1K14] 241084 1og 1 O(n) Yes | No | 4e/t>
[Boul4] klog klog” n O(n) No Yes | (/0
[HR16] klog” klog n O(n) No Yes | 62/l
[Kap16] 27k log nloglogn 27k log" n Yes No | /4
[KVZ19] k*log” klog” n Klog’klog’n | Yes | Yes | Exactly k-sparse
Theorem 3.1.1 | klogklogn O(n) No No | le/l>

Table 3.1: n = p*. We ignore the O for simplicity. The leo /{5 is the strongest possible guarantee, with £/ ()
coming second, {5 /¢q third and exactly k-sparse being the less strong. We note that [CT06, RV0S, CGV13,
Bou14, HR16] obtain a uniform Quarantee, i.e. with 1 — 1/poly(n) they allow reconstruction of all vectors;
leo /Uy and €y /Uy are impossible in the uniform case [CDD09]. We also note that [RV08, CGV13, Boul4,
HR16] give improved analysis of the Restricted Isometry property; the algorithm is suggested and analyzed
(modulo the RIP property) in [BDO08]. The work in [HIKP12a] does not explicitly state the extension to the
d-dimensional case, but can easily be inferred from the arguments. [HIKP12a, IK14, Kap16, KVZ19] work
when the universe size in each dimension are powers of 2. We also assume that the signal-to-noise ratio is
bounded by a polynomial of n, which is a standard assumption in the sparse Fourier transform literature
[HIKP12a, IK14, Kap16, Kap17, LN19].

in S, which is the set of “interesting” coordinates. On the other hand, the /., /¢, guarantee
does allow the recovery of every coordinate in S. This is a difference of recovering all 0.05k
versus 0 coordinates. From the above discussion, one can conclude in the case where there
is too much noise, ¢, /> becomes much weaker than ¢« /¢, and can be even meaning]less.
Thus, ¢« /{5 is highly desirable, whenever it is possible. The same exact argument holds for

/.

3.1.3 Summary of previous Filter function based technique

One of the two ways to perform Fourier sparse recovery is by trying to implement arbitrary
linear measurements, with algorithms similar to the ubiquitous CountSkeTCcH [CCF02].
In the general setting COUNTSKETCH hashes every coordinate to one of the O(k) buckets,
and repeats O(log n) times with fresh randomness. Then, it is guaranteed that every heavy

coordinate will be isolated, and the contribution from non-heavy elements is small. To
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implement this in the Fourier setting becomes a highly non-trivial task however: one gets
access only to the time-domain but not the frequency domain. One natural way to do
this is to exploit the convolution theorem and find a function which is sparse in the time
domain and approximates the indicator of an interval (rectangular pulse) in the frequency
domain; these functions are called (bandpass) filters. Appropriate filters were designed in
[HIKP12a, HIKP12b]: they were very good approximations of the rectangular pulse, i.e. the
contribution from elements outside the passband zone contributed only by 1/ poly(n) their
mass. These filters had an additional log n factor (in one dimension) in the sparsity of the
time domain and they are sufficient for the purposes of [HIKP12a], but in high dimensions
this factor becomes logd n. Filters based on the Dirichlet kernel give a better dependence in
terms of sparsity and dimension (although still an exponential dependence on the latter),
but the leak to subsequent buckets, i.e. coordinates outside the passband zone contribute
a constant fraction of their mass, in contrast to the filter used in [HIKP12a]. Thus one
should perform additional denoising, which is a non-trivial task. The seminal work of
Indyk and Kapralov [IK14] was the first that showed how to perform sparse recovery with
these filters, and then Kapralov [Kap16, Kap17] extended this result to run in sublinear time.
We note, that any filter-based approach with filters which approximate the /., box, suffers
from the curse of dimensionality. [KVZ19] devised an algorithm which avoids the curse of
dimensionality by using careful aliasing, but it works in the noiseless case and has a cubic

dependence on k.

3.1.4 RIP property-based algorithms: a quick overview

We say the matrix A € C"*" satisfies RIP (Restricted Isometry Property [CT05]) of order k
if for all k-sparse vectors x € C" we have || Ax||3 &~ ||x||3. A celebrated result of Candes and
Tao [CTO06] shows that Basis Pursuit (/1 minimization) suffices for sparse recovery, as long
as the samples from the time domain satisfy RIP. In [CTO06] it was also proved using generic
chaining that random sampling with oversampling factor O(log® 1) gives RIP property for

any orthonomal matrix with bounded entries by 1/+/n. Then [RV08] improved the bound to
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O(k -log?k - log(klog ) - log ) and [CGV13] improved it to O(k - log® k - log n). Subsequent
improvement by Bourgain [Boul4] has lead to O(klogk - log® n) samples, improved by
Haviv and Regev to O(klog®k - logn)[HR16]. The fastest set of algorithms are iterative
ones: for example Iterative Hard Thresholding [BD09a] or CoSaMP [NT09b] run O(logn)
iterations” and each iteration takes O(n) time.

We note the very recent lower bound of [Rao19]: a subsampled Fourier matrix that
satisfies the RIP properties should have Q(klogk - d) rows®. This bound is particularly
useful in high dimensions, since it deteriorates to a trivial bound in low dimensions. We
still believe though that a bound of Q(klogklogn) should hold in all dimensions. Thus,
what remains is to obtain the ¢, /¢, guarantee by giving a tighter analysis, and removing
the one logk factor to match the lower bound, but our algorithm already allows Fourier

sparse recovery with these number of samples, even with a stronger guarantee.

3.1.5 Overview of our technique

Let x € C")' denote our input signal in the time domain. In the following we assume the
knowledge of y = ﬁ |IX_k||2 and R* which is an upper bound of ||X]|«/#, and bounded by
poly(n). These are standard assumption [HIKP12a, IK14, Kap16, Kap17, LN19] in the sparse
Fourier transform literature. The bound on R* is useful for bounding the running time and
in any of [HIKP12a, IK14, Kap16, Kap17, LN19] a log n can be substituted by log R* in the
general case, which is also the case for our algorithm. We note that our algorithm will be
correct with probability 1 — 1/ poly(n) whenever R* < 2", this is fine for every reasonable
application.

Consider the simplest scenario: d = 1, p is a prime number and a 1-sparse signal X

which is 1 on some frequency f*. From a sample x; in the time-domain what would be the

2To be precise, their running time is logarithmic in the signal-to-noise ratio, but we assumed throughtout
this subchapter that this quantity is polynomial in #.

3[BLLM19] independently gives a similar bound for d = logn.
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most reasonable way to find f*? For every f € [p| we would compute
\/ﬁwftxt — \/ﬁa]ft . L Z (U_f/tff/ — w(f_f*)t,
n
f'elpl

and keep, for t # 0, the frequency that gives a real number. Since (f — f*)t will be zero only
for f = f*, we are guaranteed correct recovery. In the noisy and multi-dimensional case
or p is an arbitrary integer, however, this argument will not work, because of the presence
of contribution from other elements and the fact that (f — f*) "t can be zero modulo p for
other frequencies apart from f. However, we can take a number of samples t and average
Vnwf't, and hope that this will make the contribution from other frequencies small enough,
so that we can infer whether f corresponds to a heavy coordinate or not. More specifically,
we pick a list T of size O(k) uniformly at random from [p]? and compute

vn Y w 'ty

IT| et

for all frequencies f. We show that if |T| = O(k) our estimator is good on average (and
later we will maintain O(logn) independent instances and take the median to make sure
with probability 1 — 1/ poly(n) the estimators for all the frequencies are good), and in fact
behaves like a crude filter, similarly to the ones used in [IK14], in the sense that every
coordinate contributes a non-trivial amount to every other coordinate. However, these
estimators do not suffer from the curse of dimensionality and our case is a little bit different,
requiring a quite different handling. The main reason is that in contrast to the filters used in
[IK14], there is not an easy way to formulate an isolation argument from heavy elements
that would allow easy measurement re-use, like Definition 5.2 and Lemma 5.4 from [IK14].
Buckets induced by filter functions have a property of locality, since they correspond to
approximate /o, boxes (with a polynomial decay outside of the box) in [p]*: the closer two
buckets are the more contribute the elements of one into the other. Our estimators on the
other side do not enjoy such a property. Thus, one has to go via a different route.

In what follows, we will discuss how to combine the above estimators with an iterative

loop that performs denoising, i.e. removes the contribution of every heavy element to other
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heavy elements.

We first implement a procedure which takes O(klog n) uniform random measurements
from x and has the guarantee that for any v > y any y € cl?'" where I¥— Yl < 2v
and y is independent from the randomness of the measurements, the procedure outputs a

O(k)-sparse z € ClP such that |X — y — z||eo < v with probability 1 — 1/ poly(n).

Lemma 3.1.2 (LINFINITYREDUCE procedure/data structure, informal). Let p = ﬁHf,kH 2,
and v > . Let T©) be a list of O(klogn) i.i.d. elements in [p]?. Let S be top O(k) coordinates in
%. There is a procedure that takes {x; Y7, y € CP I and v as input, runs in O(n) time, and outputs
z € CP 5o that if |X¥—ylleo < 2v, supp(y) C S and y is independent from the randomness
of T, then ||X —y — z||ee < v and supp(z) C S with probability 1 — 1/ poly(n) under the

randomness of T (©).

Namely, we can take O(klogn) measurements and run the procedure in Lemma 3.1.2 to
reduce (the upper bound of) the /., norm of the residual signal by half. We call the procedure
in Lemma 3.1.2 LINFINITYREDUCE procedure. More generally, we can take O(H - klogn)
measurements and run the LINFINITYREDUCE procedure H times to reduce the /o, norm
of the residual signal to 1/2F of its original magnitude, with failure probability at most
1/ poly(n). This is because if v > 2Hy and ||¥ — y|| < v, then we can proceed in H
iterations where in the h-th iteration (h € [H]) we can take O(klogn) fresh measurements
from x and run the LINFINITYREDUCE procedure to make the /o, norm of the residual signal
at most 27 v. Note that if we set H = log R*, we have already obtained a recovery algorithm
taking O(klognlog R*) measurements, because we can drive down (the upper bound of)

the /o norm of the residual signal from ||X||e to y in log R* iterations.

O(klogn) measurements for k = O(logn)

We first discuss a measurement reuse idea that leads us to a sparse recovery algorithm
(Algorithm 8) taking O(klogn) measurements for k = O(logn). We set H = 5, and let
T ={7W,..., TH, where each 7" is a list of O(klog ) i.i.d. elements in [p]%. Note that
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TW,..., TH are independent. In our sparse Fourier recovery algorithm, we will measure
x;forallt € T.

In a nutshell, our approach finely discretizes the space of possible trajectories the
algorithm could evolve, and carefully argues about the correctness of the algorithm by

avoiding the intractable union-bound over all trajectories.

Recovery algorithm. The recovery algorithm proceeds in log R* — H + 1 iterations, where
each iteration (except the last iteration) the goal is to reduce the upper bound of /., norm of
the residual signal by half. Initially, the upper bound is R*. It is important to note that we
use the same measurements 7 = {7(1),..., T(H)} in all of these log R* — H + 1 iterations.

In the following, we will describe one iteration of the recovery algorithm. Let y €
ClP" denote the sparse vector recovered so far, and let the upper bound of ||X — y|| be
2v. Running the LINFINITYREDUCE procedure H times where in the h-th time we use
measurements in 7 "), we obtain a O(k)-sparse z such that with probability 1 — 1/ poly(n),
X — v — z|| <217y < 0.1v (we call such z a desirable output by the LINFINITYREDUCE
procedure). Instead of taking vy + z as our newly recovered sparse signal, for each f €
supp(y + z), we project y ¢ + z to the nearst points in Goe, := {0.6v(x +yi) : x,y € Z} and
assign to y’f, where y’ denotes our newly recovered sparse signal. For all f & supp(y + z),
we let y; = 0.

To simplify our exposition, here we introduce some notations. We call Gy, a grid of side
length 0.6v, and we generalize the definition to any side length. Namely, for any r, > 0, let
grid G,, = {re(x +yi) : x,y € Z}. Moreover, we define I, : C — G,, to be the mapping

that maps any element in C to the nearest element in G,,. Now we can write y’ as

, Moev(yr +zf), if f € supp(y +2);
Yr=

0, if f & supp(y + z).

At the end of each iteration, we assign y’ to y, and shrink v by half. In the last iteration,

we will not compute y/, instead we output y + z. We present the algorithm in Algorithm 8.
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Algorithm 8 Fourier sparse recovery by projection, O(klogn) measurements when k =
O(logn)
1: procedure FOURIERSPARSERECOVERYBYPROJECTION(X, 11, k, pt, R*) > Section 3.1.5
2: Require that y = ﬁHf_kﬂz and R* > ||X||e /1

3: H<+ 5 v+ uR* /2, y+0 byc ClP" refers to the sparse vector recovered so far
4  Let T={TW,..., T} where each T is a list of i.i.d. uniform samples in [p]?
5: while true do
6: v+ 217 Hy
7: Use {x;}te7 to run the LINFINITYREDUCE procedure (in Lemma 3.1.2) H times
(use samples in 7" for each 1 € [H] ), and finally it finds z so that ||X — y — z||e < V/
8: if v/ <y then return y +z > We found the solution
9: y/ «~0
10: for f € supp(y +z) do
11: y} < Toeu(yr + 2zf) > We want || X — ¥/||c < v and the depend-
12: end for > ence between i’ and 7T is under control
13: yy,veuv/2

14: end while
15: end procedure

Analysis. We analyze i’ conditioned on the event that ||¥ — y — z|[|« < 0.1v (ie. z is
a desirable output by the LINFINITYREDUCE procedure, which happens with probability
1—1/ poly(n)). We will prove that i’ has two desirable properties: (1) || — /||« < v; (2)
the dependence between iy’ and our measurements 7 is under control so that after taking v’
as newly recovered sparse signal, subsequent executions of the LINFINITYREDUCE procedure
with measurements 7 still work with good probability. Property (1) follows from triangle
inequality and the fact that [|[X — (¥ + z)|lo < 0.1v and ||(y + 2) — ¥ |l < 0.6v. We now

elaborate on property (2). We can prove that for any f € [p]*,
Y € {Toeu(Xf +0.1v(a+ Bi)) s o, p € {—1,1}}.

Let S denote top 26k coordinates (in absolute value) of X. We can further prove that for any
fes, y} = 0. Therefore, the total number of possible i is upper bounded by 4/°/ = 40
If k = O(log 1), we can afford union bounding all 4°X) = poly(n) possible v/, and prove
that with probability 1 — 1/ poly(#n) for all possible value of i/’ if we take i’ as our newly

recovered sparse signal then in the next iteration the LINFINITYREDUCE procedure with
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measurements 7 gives us a desirable output.

Sufficient event. More rigorously, we formulate the event that guarantees successful
execution of Algorithm 8. Let & be the event that for all O(log R*) possible values of
NS {y%*,y%*,. .., #2H=1}, for all possible vector y where yp = 0for f € Sand yy €
{oev (X +0.1v(a + Bi)) : &, p € {—1,1}} for f € S (we also need to include the case that
y = 0 for the success of the first iteration), running the LINFINITYREDUCE procedure (in
Lemma 3.1.2) H times (where in the h-th time measurements {x;},.;u are used to reduce
the error from 22~"v to 21~"v) finally gives z so that || ¥ — y — z||c < 2!"Hv. The randomness
of & comes from T = {7, .. TH,

First, event & happens with probability 1 — 1/ poly(n). This is because there are
400 Jog R* possible combinations of v and y to union bound, and each has failure probability
at most 1/ poly(n). For k = O(logn), and any R* < 2" this gives the desired result.
Second, conditioned on event £ happens, Algorithm 8 gives correct output. This can be
proved by a mathematical induction that in the f-th iteration of the while-true loop in

Algorithm 8, [|X — y||e < 27'uR*.

O(klogklogn) measurements for arbitrary k

Using random shift to reduce projection size. We remark that in the analysis of the
previous recovery algorithm, if we can make sure that every y; + z; has only one possible
outcome when projecting to the grid G, then we no longer need to union bound 4°%)
events. However, if X is very close to a grid point in Gy, (or X € Goey), then no matter
how close y¢ +zf and X 7 are, Ilpey (y Ftz f) will have 4 possible values.

To address this, we introduce random shift, whose property is captured by Lemma 3.1.3.
To simplify notation, for any r, > 0 and ¢ € C we define box Be(c, 1p,) := {c + r,(x + yi) :
x,y € [-1,1]}. Forany S C C, let I1,,(S) = {Il,(c) : c € S}.

Lemma 3.1.3 (property of a randomly shifted box, informal). If we take a box of side length 2r,

and shift it randomly by an offset in B (0, ¥5) (or equivalently, [—rs,ts| X [—1s,1s]) where rg > 1y,
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and next we round every point inside that shifted box to the closest point in Gy, where rg > 2rs, then

with probability at least (1 — r,/1s)? everyone will be rounded to the same point.

In the following, we present a sparse Fourier recovery algorithm that incorporates the
random shift idea. The algorithm takes O(klogklogn) measurements. We set H = O(logk)
and take measurements of 7 = {7(1),..., T}  where T" is a list of O(klogn) i.i.d
elements in [p]?. Note that 71, ..., 7(H) are independent, and the choice of H is different
from Section 3.1.5.

In a nutshell, our approach finely discretizes the space of possible trajectories the
algorithm could evolve; in contrast to the case of k = O(logn), the number of trajectories
becomes much larger. For that, we perform random shifting after the samples are taken,
such that the number of trajectories is pruned, and we need to argue for a much smaller
collection of events. We note that we make the decoding algorithm be randomized: the
randomness in previous algorithms was present only when taking samples, and the rest of
the algorithm was deterministic. However, here we need randomness in both cases, and
that helps us prune the number of possible trajectories. To the best of our knowledge, this is

a novel argument and approach, and might be helpful for future progress in the field.

Recovery algorithm. Similar to the k = O(logn) case (Section 3.1.5), we assume that we
have already obtained a O(k)-sparse y € CPY such that |X¥ — y|lo < 2v and y is “almost”
independent from 7. We show how to obtain y' € CI? I such that I¥ — 1|l < v with
probability 1 — 1/ poly(n) and y’ is “almost” independent from 7. The main idea is we
first run LINFINITYREDUCE procedure H = O(logk) times to get an O(k)-sparse z € Cl )
such that ||¥ — y — z[| < 52;v. Then we repeatedly sample a uniform random shift s € C
(Where HSHOQ < 1073v; here we consider complex numbers as 2D vectors) until for every
f € supp(y + z), all the points (or complex numbers) of the form y¢ + z¢ + s +a + bi where
a,b € [~ 53z, 505) round to the same grid point in G o4y Finally, for every f € supp(y + z),

we assign ITg o4, (y rtzp+ s) to y}; all remaining coordinates in y’ will be assigned to 0. We

present an informal version of our algorithm in Algorithm 9, and defer its formal version to
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Algorithm 9 Fourier sparse recovery by random shift and projection (informal version)

1: procedure FOURIERSPARSERECOVERY(X, 11, k, p1, R¥) > Theorem 3.1.1, n = pd
2. Require that y = ﬁ“f—kHZ and R* > ||X||e /1

@

H < O(logk), v < uR*/2, y+0 vy ClP" refers to the sparse vector recovered
so far

4 LetT ={7W, ..., TH)} where each T" is a list of ii.d. uniform samples in [p]?
5: while true do

6: V' 4~ v

7: Use {x;}te7 to run the LINFINITYREDUCE procedure (in Lemma 3.1.2) H times

(use samples in 7" for each h € [H] ), and finally it finds z so that || ¥ — y — z||cc < V/

8: if v/ <y then return y +z > We found the solution
9: repeat
10: Pick s € B (0,1073v) uniformly at random
11: until Vf € supp(y + z), [Tlo.0a (Beo (v + 25 +5,0'))[ =1
12: y « 0
13: for f € supp(y +z) do

14: y}  Tooa (ys + 25 +5) > We want ||X — y//||c < v and the depend-
15: end for > ence between i’ and T is under control
16: y«—vy,vev/2

17: end while
18: end procedure

the appendix.

Analysis. Now we analyze the above approach. First, we have the guarantee that ||X —
¥'|lc < v. Moreover, note that by our choice of s, for every f € supp(y +z), y5 +zf +s
and X + s round to the same grid point in G 04y. Therefore, for the new vector y" we have
recovered, we “hide” the randomness in 7, and the randomness only leaks from failed
attempts of the shifts. In the following, we show that each attempt of shift succeeds with
probability 1.

We can restate the procedure of choosing s to be:

repeatedly sample s ~ B (0,10%v),

until for all f € supp(y + z), | ITp. 04y (Boo (v +zp+s, L)) ‘ -1

220k

Note that | supp(y + z)| = O(k). Let us say that we can always guarantee that | supp(y +

z)| < 50k. By Lemma 3.1.3 where we let r, = s0p Ts = 1073y and rg = 0.04v, for
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f € supp(y +z),

1
Pr [‘HO.MV (Boo(yf+zf+s,2;/—0k)> ‘ = 1] > (1-— @)2 >1— 00k

Ts

By a union bound over f € supp(y + z), the probability is at least 1 that for all f €
supp(y +z), T4y (Beo (Y + 25 + 5, 5m5))| = 1.

Therefore, with probability 1 — 1/ poly(n), we will only try O(log n) shifts. We can apply
a union bound over O(log n) possible shifts, and prove that with probability 1 — 1/ poly(n)
if taking i’ as our new y, and shrinking v by half, the LINFINITYREDUCE procedure will work

as desired as if there is no dependence issue.

Sufficient event. Let S be top O(k) coordinates in X. Let L = O(logR*) denote the
number of iterations in Algorithm 9. For ¢ € [L], let v, = 2=‘uR*. For ¢ € [L — 1], let
sé”) be the a-th uniform randomly sampled from B (0,1073v,) as appeared on Line 10 in
Algorithm 9. For the sake of analysis, we assume that Algorithm 9 actually produces an
infinite sequence of shifts sgl), 522),. ... We formulate the event that guarantees successful
execution of Algorithm 9. We define event &, to be all of the following events hold.

1. For all £ € [L — 1], there exists a € [10logn] so that for all f € S,

. 1
‘HO.QALW, (Boo(xf + Séa), wokl/g)) ' =1.

2. For £ = 1, if we run the LINFINITYREDUCE procedure H times with y = 0 and measure-
ments in 7, we get z such that ||¥ — z||c < 2!~ Hv; and supp(z) C S.
3.Forall ¢ € {2,...,L}, for all a € [10logn], if we run the LINFINITYREDUCE procedure H
times with y = ¢ where

Io.0av, (Xf +s§”ﬂ1), if f€S;

Gr= B
0, if f €.

then we get z such that || — y — z|| < 2!"Hv, and supp(y +z) C S.
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We can prove that event & happens with probability 1 — 1/ poly(n). Moreover, we can
prove that conditioned on event &, Algorithm 9 gives correct output. We defer both proofs

in the appendix.

3.1.6 Algorithm for d-dimensional Sparse Fourier Transform

In this section, we will give a Fourier sparse recovery algorithm that takes O(klogklogn)
measurements with “f/¢” guarantee. We assume the knowledge of y = ﬁ X _k]|2. In
fact, a constant factor approximation suffices, but we prefer to assume exact knowledge
of it in order to simplify exposition. All of the arguments go through in the other case,
with minor changes in constants. We also assume we know R* so that R* > ||X]|e /y. We

assume that log R* = O(logn). For larger log R* = O(poly(n)), our algorithm will still
1

work, but the decoding time will be worse by a factor of fogglf. Note that our assumptions
on y and R* are standard. For example, [IK14] make the same assumption. We assume that
we can measure the signal x in the time domain, and we want to recover the signal X in the
frequency domain.

In our algorithm, we will use y as a threshold for noise, and we will perform log R*
iterations, where in each iteration the upper bound of /., norm of the residual signal (in
the frequency domain) shrinks by half. In Section 3.1.7, we give some definitions that will
be used in the algorithm. Then we present our new algorithm for d-dimension Fourier

sparse recovery in Section 3.1.8. In Section 3.1.9, we prove the correctness of the proposed

algorithm.

3.1.7 Notations

For a subset of samples (or measurements) {x;};cr from the time domain, where T is a list

of elements in [p]?, we define %!”} in Definition 3.1.4 as our estimation to X.

Definition 3.1.4 (Fourier transform of a subset of samples). Let x € cl. For any T which is
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Figure 3.1: Illustration of box Beo(c,r) and grid Gr,. Box Bu(c, 1) refers to all the points in the square
centered at ¢ with side length 2r. Grid Gy, refers to all ‘the solid round points, and the distance between origin
O and Ay is rg. Note that the dashed lines are decision boundaries of the projection Iy, and all the points
inside a minimum cell separated by the dashed lines are mapped (by I1y,) to the same grzd point in Gy, (which
is the center of the cell). We have 11, (c) = Ay and I1;, (Beo(c, 7)) = {Al,Az, Az, Ag}.

a list of elements in [p]?, for any f € [p], we define

70— wf ' tx
=T Z g

In order to reuse samples across different iterations where we drive down the upper
bound of the residual signal by half, in each iteration after we obtain estimations to heavy
hitters (or equivalently large coordinates), instead of subtracting the estimates directly, we
need to “hide” the randomness leaked by the samples. We interpret each estimate (which
is a complex number) as a point on a 2-dimension plane, and hide the randomness by
rounding the estimate to the nearest grid point (where the side length of the grid is chosen
to be a small constant fraction of the target /., norm of the residual signal in the frequency
domain), which we call “projection onto grid”. In Definition 3.1.5, we formally define
box and grid, and in Definition 3.1.6 we define projection to grid. We illustrate these two

definitions in Figure 3.1.
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Definition 3.1.5 (box and grid). For any ¢ € C and r > 0, we define box Boo(c,7) C C as
Boo(c,r) ={c+x+yi:xye€[-rr1]}

Namely, if we consider complex numbers as points on 2D plane, box Be(c, 1) refers to £« ball
with radius r centered at c.

For any r > 0, we define grid G, C C as
G ={xr+yri:x,y€Z}.

Definition 3.1.6 (projection onto grid). For any r > 0, we define I1, to be a maping from C to G,,

so that for any ¢ € C,
— in|c—c|,
[1,(c) = arg Cm/ggny lc — ¢

where we break the tie by choosing the one with minimum |c'|. As a natural generalization, For

C C C, we define

IL(C) = {IL(c) : c € C}.

3.1.8 Algorithm

We present our new sparse Fourier recovery algorithm in Algorithm 10. Its auxiliary function
LINFINITYREDUCE is in Algorithm 11. Important constants are summarized in Table 3.2.

In Algorithm 10, we define “bucket size” B = O(k) and number of repetitions R =
O(logn). For each r € [R], we choose 7, to be a list of B independent and uniformly
random elements in [p]¢. We will measure x; for all ¢ € U,e[r)7r, and use LINFINITYREDUCE
in Algorithm 11 to locate and estimate all the “heavy hitters” of the residual signal so that if
we substract them then the /o, norm of the new residual signal shrinks by half. The input to
LINFINITYREDUCE is a signal x € C"" in the time domain (but we can only get access to x;
where t € U,¢[)7;), a sparse vector y € C"" in the frequency domain that we have recovered
so far, and v > yu such that || ¥ — y||c < 2v where we will refer X — y as the currect residual

signal (in the frequency domain). It is guaranteed that LINFINITYREDUCE(x, 1, y, { T, }R_ |, v)
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(a)h=0 (b) h=1 () h=H

Figure 3.2: Illustration of the behavior of Line 16 to Line 20 in Algorithm 10. For any f € [p], we draw
box Boo(yj(f_l) + zf,21’h1/g) after h iterations of the for loop between Line 17 and Line 19 in Algorithm 10,

where h € {0,1,...,H}. Conditioned on LINFINITYREDUCE is correct, for every h € {0,1,...,H}, after

h-th iteration we have Xy € Beo (y}gil) +z f,Zl_hv@). When h = 0, i.e. before the loop between Line 17 and

Line 19 starts, we know that X¢ € B (yj(f_l), 2vy) as depicted by (a). After each iteration in h, the radius of

the box shrinks by half (and its center might change). Finally after H iterations, as depicted by (c), we obtain
(01

20D such that %5 € Buo(y} V) + 2,217y,
returns a O(k)-sparse z so that ||X¥ — y — z|| < v with probability 1 — 1/ poly(n).

Algorithm 10 in total maintains H = O(log k) independent copies of such error-reduce
data structures, where in the h-th copy it measures 7 = {ﬁ(h)}re[m for h € [H]. We
denote 7 = {T(h)}re[R]- If log R* < H, then we can simply use different 7" in different
iterations. In that case L = 1 and H = log R* in Algorithm 10. We will get z(!) on Line 20
such that ||¥ — y(© — z||, < u (we will prove in the analysis this holds with probability
1 — 1/ poly(n)) where y(© = 0, and return z() + y(® on Line 22.

If log R* > H, we have to reuse the samples. We proceed in L iterations (in the loop
between Line 14 and Line 33 in Algorithm 10), where L = log R* — H + 1. For ¢ € [L], as
defined in Line 15,1, = 27‘uR* refers to the target {, of the residual signal in the /-th
iteration (namely, for ¢ € [L — 1] we want to obtain y(*) so that ||¥ — y()|| < v/). In the
(-th iteration where ¢ € [L], by using the samples in 7 = {71,y (Line 16 to Line 20),
the algorithm tries to get z(¥) so that ||¥ — y*~1) — z(0)||, < 217Hy,. The intuition on the
behavior of Line 16 to Line 20 is depicted in Figure 3.2.

If ¢ = L the algorithm will return y*~1) + z(1) as in Line 22; otherwise, the algorithm will
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O

&+ _

(a) a failed attempt (b) another failed attemp (c) a successful attempt

Figure 3.3: Illustration of the iteration between Line 25 and Line 28 in Algorithm 10. The round solid points
represent grid points in Gg,, and the dashed lines represent decision boundaries of Ilg,,. In this example
we have | supp(y\'=Y) + z(0)| = 3, and the dotted squares represent boxes Boo(yj(f*l) + zj(f),Zl‘Hw)for
fe supp(y(g’l) +2(). The algorithm repeatedly samples a random shift s ~ Boo(0,avy), until all the

shifted boxes {Boo(yj(f*l) + zj(,g),Zl‘Hw) + s}fEsupp(y(g,UH(g)) do not intersect with the dashed lines (i.e.

decision boundaries of Ilg,, ). In the figure, we color a shifted box in green if it does not intersect with dashed
lines, and color in red otherwise. After a series of failed attempts from (a) to (b), we finally have a successful
attempt in (c).

try to compute y(*) based on y(‘~V + z(), In Line 25 to Line 28, the algorithm repeatedly
samples a uniform random shift s, € B (0,av,) (where a« € (0,1) is a small constant
chosen in Table 3.2) until the shift is good, where shift s, is good if and only if for each
f € supp(y!“=1 4 z(9)), all the points in B (y~ 1) + 29 +5,,21"Hyy) (i.e. the box obtained
by applying shift s, to the box B (y‘~1) 4 z(*), 21-Hy,)) project to the same grid point in Gpv,-
We depict the process of obtaining the shift s, in Figure 3.3. It is crucial to note that if the

shift s, is good and the vector z(*) we get is desirable (namely || — y(*~1 —z(0) ||, < 21-Hy)),

then for each f € supp(y‘~V +z(9), T14, (yj(f*l) + zj(f) +5¢) = Igy, (X5 + 5¢).
On Line 31, we assign g, (y](f_l) + zj(f) +s¢) to yj(f). Because B is a small constant,

we still have the guarantee that ||¥ — y“) || < v,. Moreover, by assigning ITg,, (yj(f_l) +

zy) + ) = Ty, (Xf +5¢) to y](f), we “hide” the randomness in 7 = {T(h)}he[H]. Now
the randomness in 7 only leaks from failed attempts of the shifts. For analysis purpose,
we maintain a counter a, for ¢ € [L — 1] recording the number of attempts until we have

sampled a good one. By our choice of parameters, we can prove that with high probability

ay < 10logn for each ¢ € [L — 1]. Thus intuitively the leaked randomness is under control,
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Algorithm 10 Fourier sparse recovery by random shift and projection

1: procedure FOURIERSPARSERECOVERY(X, 11, k, p1, R¥) > Theorem 3.1.19, n = pd
2 Require that u = ﬁ“f—kHZ and R* > ||X||e /1 > R* is a power of 2
3 B+ Cg-k > Cpg is a constant defined in Table 3.2
4: R < Cgr-logn > Cg is a constant defined in Table 3.2
5. H < min{logk + Cy,log R*} > Cp is a constant defined in Table 3.2
6 forh=1— Hdo
7 forr=1— Rdo
8 T, «alist of B i.i.d elements in [p]?
9: end for
10: TW  {T,MyR
11: end for > We will measure x; for t € Uye|p) e[r) ﬁ(h)
122y« 0 >y e C"
13: L+ logR*—H+1
14: for/{=1— L do
15: Vp — 2-¢ uR* > Target {, of the residual signal in iteration ¢
16: z+0 > z is a temporary variable used to compute z(*)
17: forh=1— Hdo
18: z < z + LINFINITYREDUCE(X, n,y(f_l) +2z, T, 21-hy,)
19: end for
20: 20 2z > We want || — y(c=1) — 20|, < 21-Hy,
21: if / = L then
22: return y(L=1 4 z(1)
23: end if
24: a+0 > A temporary counter maintained for analysis purpose only
25: repeat
26 Pick sy € B (0, avy) uniformly at random > a € (0,1) is a small constant
27: a<a+1 > B in the next line is a small constant where « < < 0.1
28: until Vf € supp(y“~1 +z(9), |Hﬁw(8w(yyfl) + zj(f) + 50,217 Hyy)) =1
29: ayp < a
30: for f € supp(y‘~V +z(0) do
31: yj(f) I, (yj(f*l) + zj(f) +5¢) > We want [|X — ¥\l < v,
32: end for

33: end for
34: end procedure

and we can formally apply a union bound to prove that with good probability all possible

invocations of LINFINITYREDUCE by our FOURIERSPARSERECOVERY produce desirable output.
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3.1.9 Analysis

In order to analyze the algorithm, let S C [n] be top Csk coordinates of X where Cg = 26, and
let S = [n]\ S. In order to analyze the performance of LINFINITYREDUCE in Algorithm 11,

we need the following definition.

Definition 3.1.7 (uniform sample). We say t is sampled from [p]* uniformly at random if for each

i € [d], we independently sample t; from [p] uniformly at random. We use t ~ [p]? to denote it.

Fact 3.1.8. Let w = ¢2™/¥ where p is any positive integer. For a fixed f € [p)*\ {0}, B, [wf'1] =
0.

Proof. Note that E, ]d[wf ' = [Ticjg) Bt~y (/] by the fact that ¢y, ..., t; are independent.

lp
Because f # 0, there exists i € [d] so that f; # 0. We have

10
E [w/it] ==Y (wf)
fiN[P][ ] p ;
1 (w01 = (W)
p 1—wfi

where the second step follows from the sum of geometry series where w/i # 1, adn the

third step follow from (w/i)P = ¢2ifi = 1. Therefore, E ]d[wf " =o.

t~[p

We define measurement coefficient as follows:

Definition 3.1.9 (measurement coefficient). For any f € [p)? and any T which is a list of
elements in [p]?, we define
A — frt
w!
F=mE

By definition of cjm and d-dimension Fourier transform, we can decompose f;ﬂ as

follows.
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Notation | Choice | Statement Parameter
Cg 100 Lemma 3.1.18 B

Cr 103 Lemma 3.1.17 R

Ch 20 Algorithm 10 H

« 1073 Algorithm 10 Line 26 shift range
B 0.04 Algorithm 10 Line 28 grid size
Cs 26 Lemma 3.1.17, Lemma 3.1.18 | ||

Table 3.2: Summary of important constants.

Lemma 3.1.10 (measurement decomposition). For any f € [p]? and any T which is a list of

elements in [p]?,

Proof. We have

= C[T] X
g

where the first step follow by the definition of 5C\J[(T] in Definition 3.1.4, second step follows

by the definition of inverse d-dimensional Fourier transform (see Section 3.1.1), third and
forth step follow by rearranging terms, last step follows by the definition of measurement

coefficients ¢ in Definition 3.1.9. O

Let T be a list of i.i.d. samples from [p]¢, then the coeffcients c}ﬂ defined in Defini-
tion 3.1.9 have the following property.

Lemma 3.1.11 (properties of coeffcient c). Let T be a list of B independent and uniform random
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Lemma Meaning

Lemma 3.1.10 | measurement decomposition

Lemma 3.1.11 | properties of coefficient

Lemma 3.1.12 | noise bound

Lemma 3.1.13 | guarantee of LINFINITYREDUCE

Lemma 3.1.15 | property of a randomly shifted box

Lemma 3.1.17 | event £ happens

Lemma 3.1.18 | correctness of our algorithm

Table 3.3: Summary of Lemmas.

elements in [p]?. Then we have

1. c” 1.
2. Forany f € [p]*\ {0}, Er [|cm|2] =1
3. Forany f,f' € [p)?, f # f', Er |:CJ[(T] qu =0.

Proof. Part 1. By definition of c({)T],

m _ 1 0t
cn = — w 't =1.
0 =TT 4

Part 2. Let T = {ty,...,tp}, where t; is independently and uniformly chosen from [p]*.

For any f € [p]*\ {0},
(T]2] _ 1] [1]
Elc; W—?[cf ‘Cf]
Ll Y o e
’T| |:l]€ }
Y wf )
i,j€[Bli#]

1 1 T
11 £ 1)
_]T|+|T|2..§. E o)

1 1
=77 e Y
11
|1 B’

where the forth step follows by Erfw/ (1)) = B, _[pjs [wf ] = 0, in which Eq[w/ 4] =



E, [ [w/'!] because i # J, ti, tj are independent and uniformly random distributed in [p]4,

ti—ti ~ [p]% E, [ [w/"f] = 0 follows by by Fact 3.1.8 and f is not a zero vector.
Part 3. For any f, f' € [p|4, f # f/,

| 1 Th—fTH
1 ] o e
i,j[B]

‘ .

S S B ot )

i,je[Bli#j i€[B]

=

ije[Blizj i~ [Pl il ie[B) i~ PN

N RN P )
=0,

where the second step follows from separating diagonal term and off-diagonal terms, the
third step follows from #; and ¢; are independent, the last step follows from Fact 3.1.8 where
f—f #0, and at least one of f and f’ is not 0.

O

Let T be a list of independent and uniformly random elements from [p]¢. We are going

to measure x; for t € T, and take J?E[T] (recall its definition in Definition 3.1.4) as estimate to

X¢. By Lemma 3.1.10, fj[fT] = Lprelp) C][}j X The following lemma bounds the contribution

of coordinates from V where V C [p]?\ {f}, namely | ¥ Frev CJ[IT_} f Xf|. When analyzing the
quality of f}ﬂ

usually set V = [p]?\ {f}.

as an approximation to J?f, we consider coordinates in V' as noise, and we

Lemma 3.1.12 (noise bound). For any f € [p], T which is a list of B i.i.d. samples from [p]? and

Pr[
T

V C [n] such that f €V,

1

Y Tz —
f=f=f 100°

flev

> 20, <
_\/E Viz2l >
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Proof. First, we can prove that Et szfev CJ[IT_] f X

2
] = 2||%v|)3, because

2
= E 2<mx><”a?>]
] TL,fze Cr-pr i\ p s

= E[f 7CF —f]’?fl’?fz

f1 szV
} %52

ZEUff/

= Zl%vI

where the third step follows from Lemma 3.1.11 that for f — f1 # f — f», Er {cjm f cj[ﬂ f2:| =0,
[T]

and the last step follows from Er “c Fop

2
] =1/B in Lemma 3.1.11.

Then the lemma follows from Chebyshev Inequality and the fact that

2
T] =~ o 1, . 2
Var <E _ = Zllxv 2.
T [f’ v r [f’GV ! ] b

]
ff
In the next lemma, we show the guarantee of LINFINITYREDUCE in Algorithm 11.

(T] 7
it

Lemma 3.1.13 (guarantee of LINFINITYREDUCE in Algorithm 11). Let x € cl ]d, and n = pd.
Let R = Crlogn, and B = Cgk. Let Cg > 10% and Cg > 10%. Let y = ﬁ”.&\,kHZ, and v > . For

r € [R], let T; be a list of B i.i.d. elements in [p]”. Let z € C" denote the output of
LINFINITYREDUCE (X, 11, y, { T; } 1, v).

Let S be top Csk coordinates in X, where Cs = 26. If ||X — yl|lc < 2v, supp(y) C S and y
is independent from the randomness of {T;}X_,, then with probability 1 — 1/ poly(n) under the
randomness of {T:}R |, |I¥ —y — z|lo < v and supp(z) C S. Moreover, the running time of

LINFINITYREDUCE is O(n log2 n).
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Algorithm 11 Procedure for reducing /., norm of the residual signal

1:
2
3:
4
5

17:

procedure LINFINITYREDUCE(x, 1, y, { T } R, v)

Require that ||X — y[je < 2v

Let w be inverse Fourier transform of y

forr=1— Rdo
for f =1—ndo

Uy < ﬁ\/ﬁ YieT, wat(xt —wy)
end for
end for
for f=1—ndo
n = median, ¢ (g {1y, }
if |7| <v/2 then
Zf 7
else
Zf +~—0
end if
end for
return z

18: end procedure

> Lemma 3.1.13

> We have W =y

> Implemented by FFT which takes O(nlogn) time

— [T/]

>w =P up, = (x —w);

> Take the median coordinate-wise

> Guarantee ||X —y — z||ee < v

Proof. Note that Vf € S,

X 4l3 1

~ |
<
<\ G-k

where the last step follows from choice of Cs.

for any f € [p]? and r € [R],

N
7] t;;

Mf,, =

(7]
= (x —w);

wf't

51

Let w denote the inverse Fourier transform of y. Note that on Line 6 in Algorithm 11,

(xt — wt)

T, ~
= Z C'E(_Jf,( f/—yf/),

freln]

where the second step follows by the notation in Definition 3.1.4, and the third step follows

by Lemma 3.1.10. Therefore,

Xp—yp=up— ),
Felp\if}
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By Lemma 3.1.12,
Pr |:
T,

10, .
ﬁH(X —y)[p]d\{f}Hz

1

[fﬁ] > TH(X— )| ]d\{f}Zl < 100° (3.2)

crlp(Xp —yyp)
frelpl™\{f}

We have

IN

VB (H(f— Vsl +1[(x = y)g\{f}||2>

10 ~
< 22 (1=l sl + 185112

§—<2V \/E—F\[]O
(21/ \/E—I—\[y)

< 0.12v, (3.3)

where the first step following by triangle inequality, the second step follows by the as-
sumption that supp(y) C S, the forth step follows by Cp > 10°, the last step follows by
p<v.

Therefore,

)3 Hr (Xp —yyp)

P — (x¢ — <0. =
7;1'[|Mf,r (Xf yf)| <S 0121/] Pr |: , .
frelpl™\{f}

< 0.121/]

=1—Pr 2 ][[r]f (Xf/ yf/) > 0121/]

[Fepriin
. 10,
>1-Pr o Fr =yl 2 2N E =)yl
*Llrerrin b
1
=17 1007

where the first step follows by (3.1), the third step follows by (3.3), and the last step follows
by (3.2).

Thus we have

~ ~ 1
I%r[uf,r S BOO(Xf — yf,0.121/)] > %I‘[‘Mf/r — (Xf —yf)’ < 0.121/] >1- 100°
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Let 17y = median, ¢ gjuy, as on Line 10 in Algorithm 11. By Chernoff bound, with probability
1—1/ poly(n), more than 3R elements in {uf,}R | are contained in box Beo (X — yf,0.12v),
so that Ny € Boo(ff —Ys 0.121/)‘

Therefore, we have
Prl[ns — (Xf —yf)| <017v] > Pr[|ns — (Xf —yp)| < V2-0.12v] > 1—1/ poly(n).

Let E be the event that for all f € [p], [7f — (¥f — y5)| < 0.17v. By a union bound over
f € [p]?, event E happens with probability 1 — 1/ poly(n). In the rest of the proof, we
condition on event E.

(Case 1) For f € S, note that
¢l <017v + |Xf —y¢| = 0.17v + |Xf| < 0.17v 4 0.2v = 0.37v.

According to the if statement between Line 11 and Line 15 in Algorithm 11, z¢ will be
assigned to 0. Thus supp(z) C S. In addition, |X; —yf —z¢| = |xf| < p < v.
(Case 2) For f € S, we have two cases. We prove that |(Xf — y¢) — z¢| < v for both cases.

(Case 2.1) || < 0.5v. zf is assigned as 0. Because
e — (Xr —yf)| <017v, |Xf —yg| < |ns| +0.17v < 0.67v.
Therefore,
|(Xf —yr) —zf] <0.67v <.
(Case 2.2) || > 0.5v. z¢ is assigned as 77;. We have
|(Xr —yf) —zfl = |(Xf —yg) —1pl <017v < w.

We thus have obtained that with probability 1 — 1/ poly(n), ||(X¥ — y) — z|lc < v and
supp(z) C S.
The running time of LINFINITYREDUCE is dominated by the loop between Line 4 and

Line 8, which takes O(R - nlogn) = O(nlog®n) by FFT. O
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(a) a box and grid (b) a good shift (c) a bad shift

Figure 3.4: Illustration of good and bad shifts in Definition 3.1.14. In (a), the small square represents box
Boo(c, 1), and the dashed lines represent the decision boundary of I1,,. The arrows in (b) and (c) represent
two different shifts, where the shift in (b) is an example of good shift, since the shifted box does not intersect
with the decision boundaries of 11,,, while the shift in (c) is an example of bad shift, since the shifted box
intersects with the decision boundaries of I1,.

For a given box Bw(c,7) and grid G,,, we say a shift s € C is good if after applying the
shift, all the points in the shifted box Bw(c,7) + s are mapped to the same point by I1,,
(recall that ILg projects any point to the nearst grid point in g,g). We formulate the notation

of a good shift in the following definition, and illustrate in Figure 3.4.

Definition 3.1.14 (good shift). For any rq, 1y, and any ¢ € C, we say shift s € C is a good shift if
|Hrg(Boo(c,rb) +s)|=1.

The following lemma intuitively states that if we take a box of radius 7}, (or equivalently,
side length 2r;) and shift it randomly by an offset in B (0, 7s) (or equivalently, [—rs, 7] X
[—7s,75]) where r; > 1, and next we round everyone inside that shifted box to the closest
point in G,, where r; > 2r;, then with probability at least (1 —ry/15)* everyone will be
rounded to the same point. In other words, let s ~ Be (0, 75), for box Be(c, 1) and grid Gry/

s is a good shift with probability at least (1 — r,/7;)2. We illustrate the lemma in Figure 3.5.

Lemma 3.1.15 (property of a randomly shifted box). For any rg,rs,1p, s0 that rg /2 > 15 > 15 >
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L e e e e e - - - = e — L A 1
Ty
(a) g > 2rs > 21y, (b) partition of good and bad shifts

Figure 3.5: Illustration of Lemma 3.1.15. In (a) the smallest square represents box Beo(c, p), the medium-
sized square represents Beo(c, 7s), and the dashed lines represent decision boundaries of Ily,. Note that for
s ~ Boo(0,1s), the center of the shifted box s + Beo(c,tp) is s + ¢ ~ Boo(c,1s). Shift s is good (recall in
Definition 3.1.14) for box Bes(c,1y) and grid Gy, if and only if the distance between s + c and decision
boundaries of I, is greater than ry. In (b), we draw in red the set of points which are within distance at most
rp to the decision boundaries of T1y,. Then in (b) the red part inside Boo(c, 15) corresponds to bad shifts (plus
c), and the green part corresponds to good shifts (plus c). Intuitively, the fraction of the green part is at least
(1 — ry/75)? because the vertical red strips can cover a width of at most 2ry on the x-axis of Beo(c,s) (whose
side length is 2rs), and the horizontal red strips can cover a width of at most 2ry, on the y-axis.

0 and any ¢ € C, let s € C be uniform randomly chosen in B (0,75), then

= (-2)°

where we refer rq, 15,1y, as the radius of grid, shift and box respectively, and we use notation C + s to

SNBEfo,rs) ”Hrgww(c’ ) +)

refer to {c +s:c € C}.

Proof. We consider complex numbers as points in 2D plane, where the real part is the co-
ordinate on x-axis, and the imaginary part is the coordinate on y-axis. Note that the
“decision boundary” of projection II,, from C onto grid G, consists of verticle lines
of form x = (m+ })ry and horizontal lines of form y = (m + 1)ry, where m € Z.
11, (Bwo(c,75) +5)| = 1 if and only if the shifted box Bu(c,7;) + s does not intersect
with the “decision boundary”.

Let s = sy +s,i and ¢ = ¢x + ¢yi. Then the shifted box does not intersect with the
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“decision boundary” if and only if both the interval
[cx —1p +5x,cx + 1+ 5] and [c), — 15 + 5y, ) + 75 + 5]

do not intersect with {(m + 1)r, : m € Z}. The probability of each one is at least 1 — ., and

two events are independent. Therefore, we get the claimed result. O

In the following, we define event £, which is a sufficient condition for the correctness of
Algorithm 10. Event £ consists of three parts. Part 1 of £ is used to prove that a; < 10logn
for £ € [L — 1] on Line 29 in Algorithm 10. Part 2 and Part 3 of £ are used to prove that

Line 15 to Line 20 in Algorithm 10 give a desirable z(*) for ¢ € [L].

Definition 3.1.16 (sufficient condition for the correctness of Algorithm 10). For input signal
x e C" let y = ﬁ“fkaZ and R* is an upper bound of ||X||e/ 1. Let S be top Cgk coordinates in
X. Let H = min{logk + Cpy,log R*}, and L = log R* — H+ 1. For ¢ € [L], let v, = 2~ ‘uR*
For ¢ € [L —1], let séa) be the a-th uniform randomly sampled from Be(0,av,) as appeared on
Line 26 in Algorithm 10 (i.e. sél),...,sé“’ ) are sampled, and séa‘) is the first that satisfies the
condition on Line 28). For the sake of analysis, we assume that Algorithm 10 actually produces
an infinite sequence of shifts sél) ,sgz), ..., and chooses the smallest a, so that sga") satisfies Vf €
supp(y\“~Y +z(9), |I14,, (Beo J(f_l) + zj(f) + sé“‘),Zlwa))] =1 on Line 28.
For ¢ € [L — 1], we define random variable aj, to be the smallest a’ such that for all f € S,

’Hﬂw (Boo(a?f T s,ﬂ”/),z3—Hw))’ —1.

We define event £ to be all of the following events hold.
1. Forall ¢ € [L —1], aj, < 10logn.
2. For £ = 1, if we execute Line 15 to Line 20 in Algorithm 10 with y(©) = 0, we get z(V) such that
1% — 2V < 21" Hyy and supp(zV)) C S.

3. Forall ¢ € {2,...,L}, for all a € [10log n], if we execute Line 15 to Line 20 in Algorithm 10

140



with y=1) = & where

Mg, (X +5"), iffes;

0, iff€S.

Gr=

then we get z(9) such that || —y'~Y — 29| < 2'"Hyy and supp(y©=V) +z(0) C S.

In the following, we will prove that for fixed x, under the randomness of {séu) YeelL-1)aeq1,.}
and 7 = {’T(h)}he[H], event £ (defined in Definition 3.1.16) happens with probability at
least 1 — 1/ poly(n). Moreover, we will prove that event £ is a sufficient condition for the
correctness of Algorithm 10. Namely, conditioned on event £, Algorithm 10 gives a desirable

output.

Lemma 3.1.17 (event £ happens with high probability). Let £ in Definition 3.1.16. For any
fixed x € C", under the randomness of shifts {Sga)}zqul],ae{l,..,} and T = {T(h)}he[H],

Pr[€] > 1—1/ poly(n).

Proof. We bound the failure probability of each parts in event £ respectively as follows, and
Pr[€] > 1—1/ poly(n) follows by a union bound.

Part 1. If H = log R*, then L = 1 and it is trivially true that “for all £ € [L —1],a; <
10log n”. Otherwise, we have H = logk 4+ Cy. By Lemma 3.1.15, for any ¢ € [L — 1], for any
fes,

23—H,, 2 73—H 2
P I1 o (%f,257H =1|>(1- ) = (1-
SNBOO(E,M/[) U pue (B (xf VE) +S) ‘ ] - < vy > ( 14 ) !

where (1 —23H/a)2 > 1 —24Cu—logk /g > 1 ﬁ by our choice of « and Cp in Table 3.2.

For each ¢ € [L — 1], by a union bound over all f in S, the probability is at least
— e =1 2k > 1ihat for all f € S, |TTgy, (Bo(%f +5,2°Hvy))| = 1 where s ~

Bs (0, avy). Formally, we get

T “HM (Bw (a?f, 23*Hw) +5) ‘ =1Vfe 5] >1/2.

141



Therefore, by definition of a’e in Definition 3.1.16,
Prla, < 10logn] > 1 — (1/2)108" =1 —1/41°,

By a union bound over all ¢ € [L — 1], the probability is at least 1 — L/n'® = 1 — 1/ poly(n)
that for all ¢ € [L — 1], aj, < 10logn.
Part 2. By Lemma 3.1.13 and a union bound over all & € [H], the failure probability is at
most H/ poly(n) = 1/ poly(n), where H = O(logk) and so H/ poly(n) is still 1/ poly(n).
Part 3. For each ¢ € {2,...,L} and a € [10logn], similar to the above argument, each
has failure probability at most 1/ poly(n). By a union bound, the failure probability is at

most
(L—1)-(10logn)/ poly(n) = 1/ poly(n).
U

In the following lemma, we show that if event £ (defined in Definition 3.1.16) happens,

then Algorithm 10 gives a desirable output.

Lemma 3.1.18 (correctness of Algorithm 10 conditioned on &). Let n = p“, and let k € [n].
Let x € C" be input signal. Let p = ﬁ”f—kﬂz- Let R* > ||X||« /p and R* is a power of 2.
Let H = min{logk + Cy,log R*}. Let L = logR* — H+1. For £ € [L — 1], let y\) be the
vector obtained on Line 31 of Algorithm 10. For £ € [L], let z*) be the vector obtained on Line 20.
Note that y© = 0, and yL=Y + z(1) is the output of FOURTERSPARSERECOVERY (X, 11, k, R*, 1) in

Algorithm 10. Conditioned on the event & (defined in Definition 3.1.16) happens, we have

- _ 1,2
I1# =y =2 < AR

7

Proof. We first discuss the case that H = log R*. In that case, L = 1. Conditioned on the
event £ (Part 2 of &), z(1) obtained through Line 15 to Line 20 in Algorithm 10 satisfies
¥ —2zW oo < 21 Hvy =217 H(27TuRY) = i

In the rest of the proof, we discuss the case that H > log R*. For £ € [L], let v, = 2~ ‘uR*.

For ¢ € [L — 1], let SEW) € Beo(0,avy) denote the first séa) on Line 26 in Algorithm 10 such
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that for all f € supp(y(‘~ +2z(9)),
(5 (50 20 -1
For ¢ € [L — 1], we define &) € CP'" as follows
Mg, (25 +5)), iffes;
0, if f € S.

We also define &(©) = 0, s(()u) =0forae{l,...} and ap = 1.
(Goal: Inductive Hypothesis) We are going to prove that conditioned on event &

(defined in Definition 3.1.16), for all ¢ € {0,...,L — 1},
y =¢) and a, < 10logn.

(Base case) Note that y(©) = &0 =0 and ap = 1 < 10logn.

(Inductive step) We will prove that conditioned on event &, if y(“l) = é(“l) and
ay_1 < 10logn for £ € [L — 1], then y¥) = ¢(¥) and a, < 10logn.

(Proving 2, < 10log n) Conditioned on event £ (if L = 1 then from Part 2 of £, otherwise
from Part 3 of £ and by the fact that a,_; < 10logn), z(0) obtained through Line 15 to
Line 20 in Algorithm 10 satisfies || ¥ — &1 — z(9]|, < 21"Hy, and supp(z(¥)) C S. Namely,
for all f € [p]*, Cj(f*l) +z9 € Beo (X, 2" Huy). Recall the definition of a), in Definition 3.1.16.

f
We can prove that a, < ‘12 because if for all f € S,

)I‘I/M (Bw (3 + sg””,23*Hw)) ‘ ~1,
then for all f € supp(y‘~1 4 z(9),
T4, (Beo y(f—l) 420 —i—Séa}),Zl’Hv(g 1
P f f
where

B (3! 4 20 4 5, 217H0,) € B (7 + 50, 2271, )
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which follows by Cj(ffl) + Z}@ € B (X, 2" Myy). Therefore, conditioned on & (Part 1 of &),
a; < ay < 10logn.
: (0) _ () d - (0) _ A(0)
(Proving y,* = &) For f € [p]*, we will prove that y 5’ =Gy intwo cases.

(Case 1) If f € supp(y“~V) +z(D) C S. We have

l - 14 ay
o) = T, (507 420+ 5)
(

=, (& " +27 +5).

Because Cj(ffl) + zj(f) € Boo(xf,2' " Huy), we have 5}5*1) + zj(f) + sém € Boo (X + SEW),Zl_Hw).
By the choice of Sé“/:), nﬁw(gj(f_l) + zj(f)) + sé‘”)) = Ig,, (X5 + sg’”)). Thus yj(f) = g}@.
(Case 2)If f ¢ supp(y\‘~V) +2z(9)). We have y]((é) = 0. Because Cj(f_l) +z§(€) € Boo (X, 21 Hyy),

we have [¥f| < 227Hy, < 0.1Bv; by our choice of H. We can easily prove that gj(f) =0= yj(f)
in the following two cases:

(Case 2.1) If f € S, we have Cj(f) = Ig,, (% + Sgﬂz)) — 0 because
27| + [si"] < 0.1Bv, +2av, < 0.5Bv;.

(Case 22) If f € 5, &) = 0 by definition of &(*).
Therefore, for all £ € [L —1], y(g) = C(Z) and a, < 10logn. Again conditioned on event £

(Part 3 of £), z(l) obtained through Line 15 to Line 20 in Algorithm 10 satisfies
& g
Hf_ y(Lfl) _ Z(L) Hoo < 217HVL — 217H(27(logR*,H+1)yR*) =

Therefore, y"~1) + z(1) on Line 22 gives a desirable output.

O]

Now we present our main theorem, which proves the correctness of Algorithm 10, and

shows its sample complexity and time complexity.

Theorem 3.1.19 (main result, formal version). Let n = p* where both p and d are positive
integers. Let x € ClP. Letk € {1,...,n}. Assume we know p = 1||X_||» and R* > ||X||c0/p

where log R* = O(logn). There is an algorithm (Algorithm 10) that takes O(klogk log n) samples
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from x, runs in O(nlog® nlogk) time, and outputs a O(k)-sparse vector y such that

1 . R ,
T amin %=l

holds with probability at least 1 — 1/ poly(n).

1% = ylleo <

Proof. The correctness of Algorithm 10 follows directly from Lemma 3.1.17 and Lemma 3.1.18.

The number of samples from x is
B-R-H =0O(k-logn-logk) = O(klogklogn).

Its running time is dominated by L - H = O(logklogn) invocations of LINFINITYREDUCE
(in Algorithm 11). By Lemma 3.1.13, the running time of LINFINITYREDUCE is O(nlog? n).

Therefore, the running time of Algorithm 10 is

O(L - H -nlog®n) = O(logk -logn - nlog?n) = O(nlog® nlogk).

3.2 Deterministic Sparse Fourier Transform with an /., Guarantee

3.2.1 Technical Results
Preliminaries

For a positive integer n, we define [n] = {0,1...,n — 1} and we shall index the coordinates
of a n-dimensional vector or the rows/columns of an n x n matrix from 0 to n — 1. Let
w = e~ 2™V=1/1 and we define the Discrete Fourier Transform Matrix F € C"*" to be the
unitary matrix such that F;; = ﬁe_m V=Lij/n and the discrete Fourier Transform (DFT) of a
vector x € C" to be X = Fx.

For a set S C [n] we define x5 to be the vector obtained from x after zeroing out the
coordinates not in S. We also define H(x, k) to be the set of the indices of the largest k
coordinates (in magnitude) of x, and x_ = X[\ (k). We say x is k-sparse if x_; = 0.

We also define ||x||, = (LI, ]xi]p)l/p for p > 1 and ||x||p to be the number of nonzero
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coordinates of x.

For a matrix F € C"*" and subsets S, T C [n], we define Fs 1 to be the submatrix of F
indexed by rows in S and columns in T.

The median of a collection of complex numbers {z;} is defined to be median;z; =
median; R(z;) + v/ —1 median; 3(z;), i.e., taking the median of the real and the imaginary

component separately.

{+/¥¢1 Gurantee and incoherent matrices

A sparse recovery scheme consists of a measurement matrix ® € C"*" and a recovery
algorithm R such that for any given x € C", the scheme approximates x by X = R (Px). The
quality of the approximation is usually measured in different error metrics, and the main

recovery guarantee we are interested in is called the /., /¢; guarantee, defined as follows.

Definition 3.2.1 (¢« /{1 guarantee). A sparse recovery scheme is said to satisfy the ¢« /{1 guaran-

tee with parameter k, if given access to vector x, it outputs a vector X' such that
P 1 .
1% = leo < £l%-]l1- (3.4)
Such scheme is also called a £« /¥¢1 scheme.

Other types of recovery guarantee, such as the ¢, /{5, the {5 /¢, and the ¢,/ /1, are defined
similarly, where (3.4) is replaced with the respective expression in Table 3.4. Note that these
are definitions of the error guarantee per se and do not have algorithmic requirements on
the scheme.

Highly relevant with the /., /¢; guarantee is a matrix condition which we call incoherence.

Definition 3.2.2 (Incoherent Matrix). A matrix A € C"*" is called e-incoherent if || A;||» = 1

for all i (where A; denotes the i-th column of A) and |(A;, Aj)| < e.

Lemma 3.2.3 ([INNW14]). There exist an absolute constant ¢ > 0 such that for any (c/k)-

incoherent matrix A, there exists a L« /{1-scheme which uses A as the measurement matrix and
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Guarantee | Formula Deterministic Lower Bound

loo/ 1% — &[] < [|X_k]l2/Vk | Q(n) [CDD09]

6/6h | [F=%l2<ClE4l2__| Q(n) [CDDOI]

loo/ [ =%l < [[X4lli/k | Q(K* + klogn) [Gan08, FPRU10]
lr/ 1 1% — &2 < ||[Z_kll1/Vk | Q(klog(n/k)) [Gan08, FPRU10]

Table 3.4: Common guarantees of sparse recovery. Only the {3/ ¢y case requires a parameter C > 1. The
guarantees are listed in the descending order of strength.

whose recovery algorithm runs in polynomial time.

The Restrictred Isometry Property and its connection with incoherence

Another highly relevant condition is called the renowned restricted isometry property,
introduced by Candes et al. in [CRT06]. We show how incoherent matrices are connected to

it.

Definition 3.2.4 (Restricted Isometry Property). A matrix A € C™*" is said to satisfy the
(k, €) Restricted Isometry Property, if for all x € C" with ||x|o < k, its holds that (1 — €)||x||2 <
[Axl2 < (1+e€)[x[l2-

Candes et al. proved in ther breakthrough paper [CRT06] that any RIP matrix can be
used for sparse recovery with the ¢, /¢; error guarantee. The following formulation comes

from [FR13, Theorem 6.12].

Lemma 3.2.5. Given a (2k, €)-RIP matrix A with € < 4/+/41, we can design a {5/ {1-scheme that

uses A as the measurement matrix and has a recovery algorithm that runs in polynomial time.

Although randomly subsampling the DFT matrix gives an RIP matrix with k log? klog 1
rows [HR16], no algorithm for finding this rows in polynomial time is known; actually,

even for o(k?) - poly(logn) rows the problem remains wide open * It is a very important

“In fact, one of the results of our paper gives the state of the art result even for this problem, with O(k* log 1)
rows, see Theorem 3.2.11.
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Samples Run-time | Guarantee | Explicit Construction | Lower Bound
[HR16] klog”klogn | poly(n) | £2/6, No klog(n/k)
[MZIC17] klog>° n Klog™n | 62/0 Yes klog(n/k)
Theorem 3.2.8 | k?logn nk log2 n | le/ly Yes k? + klog n[NNW14]
Theorem 3.2.9 | k? log2 n k? log3 n | le/l Yes kK> +k log n [NNW14]

Table 3.5: Comparison of our results and the previous results. All O- and Q)-notations are suppressed. The
result in the first row follows from Lemma 3.2.5 and the RIP matrix in [HR16].Our algorithms adopt the
common assumption in the sparse FT literature that the signal-to-noise ratio is bounded by n® for some absolute
constant ¢ > 0.

and challenging problem whether one can have explicit construction of RIP matrices from
Fourier measurements that break the quadratic barrier on k.

We state the following two folklore results, connecting the two different guarantees, and
their associated combinatorial objects. This indicates the importance of incoherent matrices

for the field of compressed sensing.

Proposition 3.2.6. An { /{1 scheme with a measurement matrix of m rows and recovery time T
induces an {5 /{1 scheme of a measurement matrix of O(m) rows and recovery time O(T + [|X'||o),

where X' is the output of the {w /{1 scheme.

Proposition 3.2.7. A (c/k)-incoherent matrix is also a (k, c)-RIP matrix.

Our results

Theorem 3.2.8. Let n be a power of 2. There exist a set S C [n] with |S| = O(k*logn) and
an absolute constant ¢ > 0 such that the following holds. For any vector x € C" with ||X]|c <

n°||X_x||1/k, one can find an O(k)-sparse vector X' € C" such that
%= %l < 1% 4l
in time O(nklog® n) by accessing {x;}ics only. Moreover, the set S can be found in poly(n) time.

Theorem 3.2.9. Let n be a power of 2. There exist a set S C [n] with |S| = O(k*log?n)

and an absolute constant ¢ > 0 such that the following holds. For any vector x € C" with
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|X]|o0 < n€||X_k||1/k, one can find an O(k)-sparse vector X' € C" such that

~

1, ..
|’x_5c\,||oo < EfokHl/

in time O(kK*log® n) by access to {x;};cs only. Moreover, the set S can be found in poly(n) time.

Remark 3.2.10. The condition ||X||c < n||X_g||1/k may seem strange at the first glance, but it
upper bounds the “signal-to-noise ratio”, a common measure in engineering that compares the level of
a desired signal to the level of the background noise. This is a common assumption in most algorithms
in the Sparse Fourier Transform literature, see, e.g. [HIKP12a, IK14, Kap16, CKSZ17, Kap17], where

the £o-norm variant ||%||ec < n¢||X_||2/ vk was assumed.

We also give the following result on incoherent matrices. The proof can be found in

Section 3.2.6.

Theorem 3.2.11. There exists a set S C [n] with |S| = m = O(k*logn) such that the matrix

/B Fs () is (1/k)-incoherent. Moreover, S can be found in poly(n) time.

In Section 3.2.7, we give a construction of explicit (1/k)-incoherent matrices via character
sums. The number of rows matches the constructions in [DeV07, AM11, DeV07] which were

obtained via Gelfand widths, BCH codes and Reed-Solomon codes respectively.

Comparing ¢ /{1 with (/{4

4 In this subsection we elaborate why /., //; is much stronger than ¢,//¢;, and not just a
guarantee that implies ¢,/¢;. Let v < 1 be a constant and consider the following scenario.
There are three sets A, B, C of size vk, (1 — )k, n — k respectively, and for every coordinate
in A we have |%;| = #||xc||1 = 2||X_k||1, while every coordinate in B, C is equal in magnitude.
The following relation between the /1 masses of Xp,c and X¢ is immediate:

- n—k
el =~ _,Yk||xBucHl-

Now assume that k < yn, then (n — vk)/(n — k) <1+ . We claim that the zero vector
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is a valid solution for the ¢, /¢, guarantee, since

10— 113 = [|1Zall5 + IXsucll3
4 1
Svk-p||xfklll+m\lxmlh

k

4y . . n—yk .
< R llf+ (OB |%c|lF

~ k

4’)/ 1+')’ ~ 2
< 2
< (T35 1ma

57 1~
< )%l

where the last inequality follows provided it further holds that k < yn/(2y +1). Hence
when ¢ < 1/5, we see that the zero vector satisfies the ¢, /¢; guarantee.

Since 0 is a possible output, we may not recover any of the coordinates in S, which is
the set of “interesting” coordinates. On the other hand, the /. /¢; guarantee does allow
the recovery of every coordinate in S. This is a difference of recovering all vk versus 0
coordinates. We conclude from the discussion above that in the case of too much noise, the
0>/ ¥y guarantee becomes much weaker than the /. /¢1, possibly giving meaningless results
in some cases.

We wish to stress the following remarks, which might help the reader obtain a more

complete picture of the results, as well as the difficulties needed to overcome.

Remark 3.2.12. An inspection of Table 3.5 shows that our sublinear-time algorithm for {« /1
(Theorem 3.2.9) is closer to its corresponding lower bound than the previous attempts for £, /{1. In
fact, previous algorithms are at least k - poly(log n) factors away from the lower bound while we are
only log? n factors away. Ideally, one desires to have an O(k - poly(logn)) deterministic algorithm
for 5/ £1; however, with the current state of the art techniques, this seems to be way out of reach, see

also next remark.

Remark 3.2.13. Even if one cared only about sample complexity and not running time, our result
is the state-of-the-art for deterministic ¢,/¢1. Even with arbitrary measurements, only a mild
(but highly technical and important) deterministic construction of ¢, /{1 schemes is known: The

breakthrough work of Bourgain et al. uses roughly O(k*~< log n) measurements [BDF"11], where
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€o can be chosen to be approximately 4 - 5.5169 - 10-2 and has been improved to 4 - 4.4466 - 1024

following a sequel of works [Mix].

3.2.2 Technical Toolkit
Properties of the Fourier Transform

Definition 3.2.14 (Convolution of two vectors). Let x,y € RN. The convolution v = x xy of
x,y is the N-dimensional vector defined as v; = Y jc(n] XjYi—j, where the indices of the vectors are

taken modulo N, i.e. Y—;j = Y(N—j) mod N-

Theorem 3.2.15 (convolution-multiplication duality). Let x,y € CN. It holds that x ¥y = X © Y

and x/®\y = X x ij, where © represents the coordinate-wise product of two vectors, i.e. (x O y); =

XilYi.

Hash Functions

Definition 3.2.16 (Frequency domain hashings 7, ,0). Given o,b € [n], we define a function
Ty © [n] — [n] to be m,(f) = o(f —b) (mod n) for all f € [n]. Define a hash function
hep : [n] = [B] as hyp(f) = round((B/n) 7y, (f)) and the off-set functions oy : [n] — [n/B]
as 05,55 (f') = 7o p(f') — (1/B)hy(f). When it is clear from context, we will omit the subscripts

o, b from the above functions.

In what follows, we might use the notation H = (0,4, b) to denote a tuple of values along
with the associated hash function from Definition 3.2.16. Below we define a pseudorandom

permutation in the frequency domain.

Definition 3.2.17 (P, , ). Suppose that o= mod n exists. For a,b € [n], we define the pseudo-

random permutation Py, by (Py o pX) = xg(t,a)wt” b,

Proposition 3.2.18 ([HIKP12a, Claim 2.2]). (@)na,b( £ = J?fw””f .

Definition 3.2.19 (Sequence of Hashings). A sequence of d hashings is specified by d tuplets

{(ov, ay, br)}re[d]. For a fixed r € [d], we will also set 7t,,hy, 0+ to be the functions defined in
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Definition 3.2.16, and P, to be the pseudorandom permutation defined in Definition 3.2.17, by setting

a=a,b="0b,0=0,.

Filter Functions

Definition 3.2.20 (Flat filter with B buckets and sharpness F [Kap17]). A sequence G € R”
symmetric about zero with Fourier transform G € R" is called a flat filter with B buckets and
sharpness F if

(1) @f € [0,1] for all f € [n];

(2) Gf > 1— (1/4)F " forall f € [n] such that |f| < 1%;

(3) G < (1/4)F "1 (gfy)" " for all f € [n] such that [f| > §.

Lemma 3.2.21 (Compactly supported flat filter with B buckets and sharpness F [Kap17]). Fix
the integers (n, B, F) with n a power of two, integers B < n, and F > 2 an even integer. There exists
an (n, B, F)-flat filter G € R", whose inverse Fourier transform G is supported on a length-O(FB)

window centered at zero in time domain.

Lemma 3.2.22 ([HIKP12b, Lemma 3.6], [HIKP12a, Lemma 2.4], [IK14, Lemma 3.2]). Let
f, f € [n]. Let o be uniformly random odd number between 1 and n — 1. Then for all d > 0 we

have Prl|o(f — f')]o < d] < 4d/n.

Formulas for Estimation

Definition 3.2.23 (Measurement). For a signal X € C", a hashing H = (0, a,b), integers B and

F, a measurement vector my € CP is the B-dimensional complex-valued vector such that

~

i = Z[] Gr(f)—(nsBysw™ - Xp € C
feln

for s € [B]. Here Gisa filter with B buckets and sharpness F constructed in Definition 3.2.20.

The following lemma provides a HAsHToBINs procedure, which computes the bucket

values of the residual X — z, where Z is also provided as input.
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Lemma 3.2.24 (HasaToBins [Kapl7, Lemma 2.8]). Let H = (0,a,b) and parameters B, F
such that B is a power of 2, and F is an even integer. There exists a deterministic procedure
HasuToBINS(x, Z, H) which computes u € C® such that for any f € [n],
inp) = Buip) + 3 Gy (F =) pe'™,
freln]

where G is the filter defined in Definition 3.2.20, and Ay f) is a negligible error term satisfying
Ay < llzll2 - n=¢ for ¢ > 0 an arbitrarily large absolute constant. It takes O(BF) samples, and
O(F - Blog B + ||zl|o - log n) time.

For a hashing H = (0,4,b), values B, F, and the associated measurement mp, one has

~
~

G_l(f)(TI’ZH)h(f)w_an = Xf + Gt;r%f) Z Gof(f,)ffwﬂa(f =) . (35)
frel\{f}

noise term

A trivial but useful lemma

The following is a basic fact of complex numbers, which will be crucially used in our

sublinear-time algorithm, for estimating the phase of a heavy coordinate.
Proposition 3.2.25. Let x,y € C with |y| < |x|/3, then |arg(x +y) —argx| < /8.

Proof. The worst case occurs when y is orthogonal to x, and thus |arg(x +y) — arg x| <

arctan(1/3) < 7t/8. O

3.2.3 Overview

We first show how to obtain for-all schemes, i.e., schemes that allow universal reconstruction
of all vectors, and then derandomize them. Similarly to previous work [HIKP12b, IK14,
Kap17], we hash, with the filter in [Kap17], the spectrum of x to O(k) buckets using
pseudorandom permutations, and repeat klogn times with fresh randomness. The main
part of the algorithm is to show that for any vector ¥ € C" and any set S C [n] with |S| <k,

each i € S, in a constant fraction of the repetitions, receives “low noise” from all other
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elements, due to this hashing. We show that this boils down to a set of @(n?) inequalities,
which invoke the filter and the pseudorandom permutations. We prove these inequalities
with full randomness, and then derandomize the scheme using the method of conditional
expectations. For that we choose the pseudorandom permutations one by one, and keep a
(rather intricate) pessimistic estimator, which we update accordingly. Our arguments highly
extend arguments in [NNW14] and [PROS].

Our sublinear-time algorithm is obtained by bootstrapping the above scheme with an
identification procedure in each bucket, as most previous algorithms have done. In contrast
to previous approaches, e.g. [HIKP12a], our identification procedure has to be deterministic.
We show an explicit set of samples that allow the implementation of the desired routine. To

illustrate our idea, let us focus on the following 1-sparse case: ¥ € C" and |X;

> B[ X111

for some i*, which we want to locate. Let
2
0; = ("j) mod 27,
n

and consider the logn samples xg, x1, X2, X4,..., Xpr-1,. ...

Observe that (ignoring 1/+/n factors) since

= eV 0 Y RV IR,
J#
we can find B0;- + arg X;- up to /8, just by estimating the phase of xz and Fact 3.2.25.

B

Thus we can estimate 0;- up to 7t/4 from the phase of xg/xo. If i* # j, then there exists a
Be{1,2,2%...,271,. .} such that | f6;- — ﬁ9j|o > 71/2, and so B0; will be more than 77/4
away from the phase of the measurement. Thus, by iterating over all j € [n], we keep the
index j for which B6; is close to the arg(xs/xo) by 71/4, for every B that is a power of 2 in
Zy.

Unfortunately, although this is a deterministic collection of O(logn) samples, the above
argument gives only O(nlogn) time. For sublinear-time decoding we use x1/x¢ to find
a sector Sp of the unit circle of length 71/4 that contains 6;-. Then, from x,/xp we find

two sectors of length 77/8 each, the union of which contains 6;-. Because these sectors are
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antipodal on the unit circle, the sector Sy intersects exactly one of those, let the intersection
be S1. The intersection is again a sector of length at most 77/8. Proceeding iteratively, we
halve the size of the sector at each step, till we find 6;, and infer i*. Plugging this idea in the
whole k-sparse recovery scheme, yields the desired result. Our argument crucially depends
on the fact that in the ¢; norm phase of 6, will always dominate the phase of all samples
we take. On contrast, it totally fails for the /> norm, since there is a decent chance (which
can even be 1 —1/n ) that i* is drowned in the error coming from coordinates j # i*.

Our result for incoherent matrices is more general and works for any matrix that has
orthonormal columns and entries bounded by O(1/+/n). We subsample the matrix, invoke a
Chernoff bound and Bernstein’s inequality to show the small incoherence of the subsampled
matrix. We follow a mazy derandomization procedure, which essentially mimics the proof
of Bernstein’s inequality, by keeping a pessimistic estimator which corresponds to the sum
of the generating functions of the probabilities of all events we want to hold, evaluated
at specific points. Our second construction of incoherent matrices, involves the use of the
infamous Weil bound on character sums. Our construction and its analysis, modulo the
(rather complicated) proof of the Weil bound, are much simpler than previous constructions

[DeV07, AM11].

3.2.4 Linear-Time Algorithm

Our first step is to obtain a condition that allows us to approximate every coordinate of
x € C". This condition corresponds to a set of n(n — 1) inequalities. In this section we often
considers a sequence of hashings {H,},c(q) = { (0, s, br) },¢|4 and for notational simplicity

we shall abbreviate o, 5, (f') as of,.(f').

Lemma 3.2.26. Fix B and F. Let a sequence of hashings {H, },c(a) = {(0v, ar,by) }req) and x € C".
We let o5, = 0, If for all f, f' € [n] with f # f' it holds that

~ ~ 2d
-1
D Gof,y(f)Gofw(f') = B’ (36)
reld)
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then for every vector x € C" and every f € [n], for at least 8d /10 indices r € [d]| we have that

A 10,
% = Gy (i )| < F 1%y (3.7)

Proof. We have that

s & A1 R
Y % -Gl | = L |Gy L G by (35)
=y red prefaisy

SZéo_l(f) Y éojr,r(f’)”?f’|

reld) " el

= E ’xf/| E Gof, Aafr (f)

frel\{f} VE[d

Hence there can be at most 2d/10 indices r € [d] for which the estimate |X; — Go ()
my(hy(f))| is more than (10/B)||X[,)\ (5} |l1, otherwise the leftmost-hand side would be at
least (2d/10 + 1) - (10/B)|| Xy (13l > 2(d/B) | g3 111- O

The lemma above implies that for every f € [n] we can find an estimate of Xy up to
%Hx[n}\{f}ﬂl in time O(d), by taking the median of all values m,(h,(f)) for r € [d]. In
what follows, we prove the first part of Theorem 3.2.8 (existence of S) assuming that the
conditions of Lemma 3.2.26 hold.

For notational simplicity, let € = (1/4)F~ so the filter G satisfies that Gf/ > 1 — € for all

f' € [—95,55] and Gf/ < eforall f' € [n]\ (=%, %). In the rest of the section, we choose

N

B = 10(1 — €) !Bk for some constant 3 to be determined.

As in previous Fourier sparse recovery papers [HIKP12a, IK14, Kap16, Kapl7], we
assume that we have the knowledge of y = ||X_||1/k (or a constant factor upper bound)
and that the signal-to-noise ratio R* = ||X]|1/u < n*. Our estimation algorithm is similar to
that in [IK14]. The main algorithm is Algorithm 12. It recovers the heavy coordinates of X in
increasing magnitude by repeatedly calling the subroutine Algorithm 13, which recovers
the heavy coordinates of the residual spectrum above certain threshold.

The following lemmata are analogous to Lemmata 6.1 and 6.2 in [IK14], and their proofs
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Algorithm 12 Overall algorithm

I < log, R

z<+0

v« Cu

fort =0toT —1do
% < Z + SuBRECOVERY(x, (1), v(1)
V(1) (D

end for

return z

Algorithm 13 Linear-time Sparse Recovery for ¥ —z

function SUBRECOVERY(x, Z, V)
S+ @
forr=1tod do
u, < HasuToBiNs(x,z, (07,0,b,))
end for
for f € [n] do
Xy = median, ¢y Gc;l,(f) (U )n,(f)
if |¥}| > v/2 then
S« SU{f}
end if
end for
return X
end function

~

> 0fr = Of,0,b,

are postponed to Section 3.2.8. The first lemma states that Algorithm 13 will recover all

the coordinates in the residual spectrum that are at least v and it will not mistake a small

coordinate for a large one.

Lemma 3.2.27. Suppose that x,z,v be the input to Algorithm 13. Let w = X —z. When v >

% ||@||1, the output @' of Algorithm 13 satisfies
1. |ws| > (7/16)v for all f € supp(@').
2. |wg — w| < |Wg|/7 for all i € supp(@');

3. supp(@') contains all f such that |@¢| > v;

Next we turn to the analysis of Algorithm 12. Let H = H(X,k) and I = {f : [xf| >

ﬁ |X_k|l1} for some constant p to be determined. By the SNR assumption of X, we have
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that |Xg|l1 < k||X]|ec < R*||X_¢|l1 and thus [|X]1 < (R* +1)||X_¢|l1. In Algorithm 12, the
threshold in the t-th step is

1/(t) — Cy,)/T—t,

where C > 1,7 > 1 are constants to be determined. Let () be the residual vector at the
beginning of the t-th step in the iteration. We can show that the coordinates we shall ever

identify are all heavy (contained in I) and we always have good estimates of them.
Lemma 3.2.28. There exist C, B, p, <y such that it holds for all 0 < t < T that

1. Xf = rj(f)for all f ¢ I;

2. |W| < |5 for all f.

3. 1l < v,

Now we are ready to show the first part of Theorem 3.2.8, which is one of our main
results. We shall choose d = O(klog 1) such that (3.2.26) holds. The hashings {H;},cs can
be chosen deterministically, which we shall prove in the rest of the section after this proof;

this will complete the full proof.

Proof of Theorem 3.2.8. The recovery guarantee follows immediately from Lemma 3.2.28, as
17Dl < max{[|r}™ o, 11 |0} < max{v™), |21} < max{2p, (1/p)u} =2p. (38)

Computing the measurements in SUBRECOVERY requires O (k) measurements (Lemma 3.2.24).
These measurements are reused throughout the iteration in the overall algorithm, hence
there are O(kd) = O(k - klogn) = O(k?log n) measurements in total.

Each call to SUBRECOVERY runs in time O(d(Blog B + ||Z]|o log 1) + nd) = O(k* logklogn +
k||Z]lolog? n + nklog n). By Lemma 3.2.28(a), we know that ||Z]|o < |I| = O(k). The over-
all runtime is therefore O(k? log klog n + nklog® n + k*log® n) = O(k*log? n + nklog® n) =
O(nklog® n).

To obtain the /. /¢, error guarantee, or y on the right-hand side of (3.8) we can just

replace k with 2k throughout our construction and analysis. O
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Derandomization: Pessimistic Estimator

The rest of the section is devoted to finding {(c;, a,, br)}re[d} such that (3.6) holds for all
pairs f # f'. It will be crucial for the next section that we can choose 4, freely; that

means the inequaltities depend solely on o;,b,. Note that o¢,(f) € [~55, 75 and thus

~

Go,,(f) € [1—€,1], it suffices to find {(07, br) },e(a) such that it holds for all f # f” that

~ 2 d

Y. Gy () < ey
A S

- f1=14+¢ B

To proceed, we derandomize using the method of conditional expectations.

Definition 3.2.29 (Bad Events). Let C =2/(1+¢€) and p = Cd/B. Let Ay s denote the event
L1 Go, (p) = B
The derandomization proceeds as follows: find a pessimistic estimator h,(f, f’;01,b1,...,07,b;)

for each r with the first r hash functions fixed by (o1,01), ..., (¢, b;) such that the following

holds:
Pr (Af,f’|0-1/b1/ e, 0y, br) S hr(f,f/,' 0'1,b1, oo, Oy, br) (39)
Z ho(f, f') <1 (3.10)
f#f
hr(f/f/;o-lrbll'~~/0-7’/br) 2 o ]Eb hH—l(f/f/;O'lrblr---/O-r/brro-r—i-lrbr—i—l) (311)
r+1,Vr+1

The algorithm will start with » = 0. At the r-th step, it chooses ¢;1, b,11 to minimize

Y. e (fo fl500,b1, 0,00, by, Orin, byg).

f#f
By (3.11), this sum keeps decreasing as r increases. At the end of step d — 1, all hash
functions are fixed, and by (3.9) and (3.10), we have Zf#/ Pr(Af,f/\crl,bl, oo, 03,bg) < 1.
Since Ay is a deterministic event conditioned on all d hash functions, the conditional
probability is either 0 or 1. The inequality above implies that all conditional probabilities
are 0, i.e., none of the bad events Ay » happens, as desired.

We first define our pessimistic estimator. In what follows, we shall be dealing with

numbers that might have up to O(n) digits. Manipulating numbers of that length can be
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done in polynomial time. We will not bother with determining the exact exponent in the

polynomial or optimizing it, which we leave to future work.

Definition 3.2.30 (Pessimistic Estimator). Let A > 0 to be determined. Define

hr(f/f/; o, by, 00, b)) = e exp <A Z éof,z(f/)> (M()‘))d#z
(=1

where

M(A) = e K; 4 1) (109 _1) 4 1] .

n
This function can be evaluated in O(r) - poly(n) time for each pair f # f’ and thus the
algorithm runs in time O(n%d?).
To complete the proof, we shall verify (3.9)-(3.11) below.

Distribution of Offset Function

This subsection prepares auxiliary lemmata which will be used to verify the derandomization
inequalities. In this subsection we focus on the distribution of the offset of,;(f’) for f' # f

and appropriately random ¢ and b.

Lemma 3.2.31. Suppose that n, B are powers of 2, o is uniformly random on the odd integers in [n]

and b is uniformly random in [n|. For any fixed pair f # f' it holds that
1. When (n/B) 1 (f — f'), 05,05 (f') is uniformly distributed on [n];
2. When (f — f'")/(n/B) is even, Pr{of,q;(f') = £} = 0 forall £ € [, §].

3. When (f — f')/(n/B) is odd, Pr{oflglb(f/) =1} =0forl € [—55, 55) and Pr{oflalb(f/) =

0y =2fort e[~ —2) Ul 4]
Proof. First observe that
of(f)=o(f —f)+o(f—b) - %round <5c7(f— b)> (mod n).

For a fixed o, let

Zy=0(f—0)— %round (50(}‘—1))).
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Note that o(f — b) mod n is uniform on [n] (for random b), it is easy to see that Z, is
uniform on its support, which is [— 5, 5% ).

Suppose that /' — f = 2°K (mod n), where K > 1 is an odd integer. It is clear that
o(f" — f) is uniform on its support T = {2°/ mod n : ¢ is odd }, which consists of equidistant
points. Since Z, is always uniform (regardless of ¢), and the distribution of of(f’) =
o(f — f') + Z, is the convolution of two distributions. Suppose that n = 2" and B = 2°.

When (n/B) 1 (f' — f), it holds that r — b > s + 1, and thus n/B is an integer multiple of
the distance between two consecutive distance in T. In this case it is easy to see that of(f’)
is uniform on [n].

When (f’ — f)/(n/B) is even, it must hold that r —b < s — 1 and thus n/B < 2°~!. The
support of o¢(f’) is

ng 20— 2+ )
which leaves a gap of width at least 21/ B in the middle between two consecutive points in
T.
When (f' — f)/(n/B) is odd, it must hold that r — b = s and thus n/B = 2°. The support

of of(f') therefore leaves a gap of width at least /B in the middle between two consecutive

points in T. It is easy to see that o¢(f’) is uniform on its support. O
The next theorem, which bounds the moment generating function of G, £(f) 1s a straight-
forward corollary of Lemma 3.2.31.

Lemma 3.2.32. Let n, o and b be as in Lemma 3.2.31. When f # f, Eexp()x(/;\ofm(f/)) < M(A).

Proof. When (n/B) 1 (f — f),

AG, (o 2 1 2 1 2 1
or(f) <[ Z = A 1—-Z2_= Ae _ ,Ae = - )\(1—6)_1 1
Ee _<B+n>e +< 5 )¢ e 5t (e )+11,

where the inequality follows from the fact that G is at most 1 on [—1/B,n/B] as at most €
elsewhere (recall Definition 3.2.20), and the equality from rearranging the terms.

When f' — f = k(n/B) (mod n) for even k,
E ¢ Cor) < e

7
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since the filter G is at most e outside of [—#/B,n/B] and the distribution of(f') is not

supported on that interval by Lemma 3.2.31.
When ' — f = k(n/B) (mod n) for odd k,

AG, 2 1 2 1 2 1
) < [ 2L 2 ) A L 1) e Ae <, = A(l—e)
Ee _<B~|—n>e ~|—<1 5 n)e =e [<B~|—n>(e 1)+1],

where the inequality follows again by combining Lemma 3.2.31(iii) and the bounds on G

from Definition 3.2.20, and the equality is just a rearrangement of terms. O

Finishing the Derandomization
We are now ready to verify (3.9)-(3.11).
Lemma 3.2.33 (Pessimistic Estimation). It holds that
he(f, fl;00,b1,...,00,b:) > Pr (A plon, by, ..., 00, by)

Proof. Letz =Y, G, (s)- Then

d
Pr (Af,f/|01/b1/- . .,ay,br) =DPr (Z + Z G()f,[(f/) > ,3)
{=r+1

d
=Pr (exp {/\ <z +g 21 Gof,[(f/)> } > eAﬁ>
=r+

d
e_)‘ﬁe/\ZEexp (/\ Z GOf,f(f’))

IN

l=r+1
— e MM (E exp(/\Gof(f/)))d*r

< e—AﬁeAz (M(/\) )d—r,
where the last inequality follows from Lemma 3.2.32. O

Lemma 3.2.34 (Initial constraint). It holds that

2 ho(f, f') < 1.
f#f
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Proof. 1t follows from Lemma 3.2.32 that
(M(A)? < exp {d (/\e +1In (1 + %(e/\(l_e) - 1))) }
< exp {d <A€ + %(E)‘(l_e) — 1)) }

< exp {d/\ <e+ %(1 —e)) }

< exp(3dA).
Recall that we choose B = ©(k) and d = O(klogn). It follows that

Y. ho(f, f') = e} (M(A))
f#F f7F

< n? exp {—CZ + BdA}
< n*exp(—cd/B) (by choosing A = ¢”/B for ¢ small enough)

<L O

Lemma 3.2.35 (Derandomization step). It holds that

hr(f/f/;01/b1/~~~lar/br) 2 E hr+1(f/f/;alrb1/~~~/(7r/br/(7r+1rbr+l)

Ori1,br1

Proof. Letz =Y, Go(f) ()" The proposition is equivalent to

exp (A2) (M(A)"" > B exp (A (24 Goy, ) ) (M),

This clearly holds by Lemma 3.2.32. O

3.2.5 Sublinear-Time Algorithm

In this section, we take the pseudorandom hashings {H, },c[4 to be as in Lemma 3.2.26 and
assume that (3.6) holds.
The first lemma concerns 1-sparse recovery, because, as in earlier works, we shall create

k subsignals using hashing, most of which are 1-sparse.
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Lemma 3.2.36. Suppose that n is a power of 2. Let Q = {0,1,2,4,...,n/2} C [n]. Then the
following holds: Let x € C" and suppose that |X¢| > 3||X(,\ (5} || for some f € [n]. Then one can

recover the frequency f from the samples xg in O(logn) time.

Proof. Define 65 = (22 f') mod 27r. Observe that
1 (o /=i = N 1g0p
xq:(xfe qf+2xfxe M, qe€n],
v fr#f
It follows from Proposition 3.2.25 that |arg x; — (argxs + q0¢)| < 71/8. When g = 0, one
has |arg xo — arg x¢| < 71/8, and thus |arg(x,/xo) — q0f| < /4.

Hence,

=120 20
0r € l;, where I := U 7+ arg(xg/xo) — 45, 7T + arg(xg/xo) + 4£
(=0 q q q q

Note that I, is the union of g disjoint intervals of length 77/(2q). We may view these intervals
as arcs on the unit circle, each arc being of length 77/ (24), and the left endpoints of every
two consecutive arcs having distance 27t/4.

Define a series of intervals {S,} for r =0,1,...,logn — 1 recursively as

SO = Ill

Sr+1 = Sr N I2r+l.

It is easy to see, via an inductive argument, that 6y € S, for all 0 < r < logn — 1, and
S| < 571- In the end, Sjog,1 is an interval of length 77/(2n), which can contain only one
0 , and thus we can recover i.

Each S, can be computed in O(1) time from S,_; and thus the overall runtime is

O(logn). O

Now we move to develop our sublinear-time algorithm. The following is an immediate

corollary of Lemma 3.2.26.
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Lemma 3.2.37. For each f, it holds for at least 8d /10 indices r € [d] that

~

frelmis Conts1) = ioe)B [#men,

Proof. It follows from Lemma 3.2.26, Eq. (3.5) and the observation that G, (s) € 1—e1]. O

As before, we choose B = 10(1 — €) ! Bk for some constant 8 to be determined. The

following is a lemma for Algorithm 14, which gives the same guarantees as Lemma 3.2.27.

Lemma 3.2.38. Suppose that x,z,v be the input to Algorithm 14. Let w = X —z. When v >

% |@||1, the output @' of Algorithm 14 satisfies
1. [@f| > (7/16)v for all f € supp(@').
2. |wf — @H < |w¢|/7 forall i € supp(@');
3. supp(@') contains all f such that |@¢| > v;
Proof. The proof of (i) and (ii) are the same as the proof of Lemma 3.2.27. Next we prove

(iii). When |z’0f| > v, we have

- 16(1—¢€), .
(sl > (1—e)v > (rgk)llww\{f}“l-

Hence for the signal y, € C" defined via its Fourier coefficients as

@)y = Gog, s
By Lemma 3.2.37, since 16(1 — €) > 3, we see that y, with frequency f satisfies the condition
of Lemma 3.2.36 and thus it will be recovered in at least 84/10 repetitions r € [d]. The
measurements are exactly (mp)y,(s) with g € Q. The thresholding argument is the same as

in the proof of Lemma 3.2.27. O

Observe that Lemma 3.2.28 continues to hold if we replace Algorithm 13 with Algo-
rithm 14 and Lemma 3.2.27 with Lemma 3.2.38. Now we are ready to prove our main

theorem, Theorem 3.2.9, on the sublinear-time algorithm.
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Proof of Theorem 3.2.9. The recovery guarantee follows identically as in the proof of Theo-
rem 3.2.8.

The measurements are u; for g € Q in each of the d repetitions, and calculating each u,
requires O(k) measurements (Lemma 3.2.24). There measurements are reused throughout
the iteration in the overall algorithm, hence there are O(kd|Q|) = O(k - klogn -logn) =
O(k*1og? n) measurements in total.

Each call to SUBRECOVERY runs in time O(d(BlogB + ||Z||ologn + Blogn) + kd) =
O(k*1log® n + k||Z]|olog® n) = O(k?log®n), where we use the fact that ||Z]| = O(k) from

Lemma 3.2.28(a). The overall runtime is therefore O(k? log® n). O

Algorithm 14 Sublinear-time Sparse Recovery for X — z

procedure SUBRECOVERY(X, Z, V)

A=0Q
forr =1tod do
foreach g € Q do > Q as in Lemma 3.2.36
uy < HasuToBiNs(x,Z, (0,4, b))
end for

forb =1to B do
f ¢+ ONESPARSERECOVERY({(5)p}4e0Q)

A =AU{f}
o5y = (10 (f)
end for
end for
w <« 0
for each f € A do
vf < median, vy, > median is taken over all r such that vy, exists
if [v¢| > v/2 then
?//l)} — Uf
end if
end for
return o'

end procedure

3.2.6 Incoherent Matrices via Subsampling DFT Matrix

Consider an N x N unitary matrix A and assume that |A;;| < C/+/n for all 7,j. Our goal

in this section is to show how to sample deterministically m = C,,k? logn rows of A, and
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re-weight them by /7, obtaining a matrix B, such that |(B;, B;)| < 1/k for all pairs i # j.
Let d1,...,6, be ii.d. Bernoulli variables with Pr(d; = 1) = p, for some p = m/n. Let
i,j € [n] such that i # j, then

(Bi,Bj) =Y 60AsiAy,.
7

Letzp = Ay;Ayj, then |z¢| <1, where i = C?/n. We consider the real and the imaginary

parts separately, since for a complex random variable Z,

Pr(|Z] > ) < Pr <\§RZ! > \Z) 4 Pr (\%Z\ > \%) |

Hence it suffices to consider the real variable problem as follows. Suppose that ay,...,a, € R
satisfy |a;| < 7, and consider the centred sum S = Y ;(é; — p)a;. We wish to find 4y, ..., d,
deterministically such that |S| < cm/(kn), where ¢ > 0 is an absolute constant to be
determined.

Define the pessimistic estimator to be

n n
fr(61,...,8,) = e M (e)‘zh (0i—p)a; H M;i(A) + e~ ALz (6i—p)a; H Mi(—)t)>

i=r+1 i=r+1

The moment generating function of (; — p)a; is

M;i(A) = perI=Pi L (1 — p)e™%, i=1,...,n.

Pessimistic Estimation Letw =Y ;(d; — p)a;, where 1, ..., , have been fixed.

PI‘(’S| > t|(51,...,(5r) = PI‘(S > t|(51,...,(5r) —|—PI‘(—S > t]él,...,ér)
= Pr(e™ > eM|oy,...,0,) + Pr(e S > eM|éy,...,6,)

<e M E(e™ + e’AS\él, ety Or)
n n
(o £ e £ )
i=r+1 i=r+1

= £(81,...,6,).
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Derandomization step One can show first that

FoO1, ) 00) = pfi(01,e 00 1) + (1= p)f (61, ..., 6, 0), (3.12)

which is equivalent to

n
MM (A) TT Mi(A) + e My pa( H Mi(=A) = pM'+ (1 —p)M",  (3.13)
i=r+2 i=r+2

where

M/_e (w+(1—p)a M AMw+(1—-p)a M

11;];2 ZHZ
M/, = eA(w*P”[) ﬁ Ml(/\> _|_ e*)‘(w*}?ﬂi) f[ Ml(_
i=r+2 i=r+2

It is now clear that the left-hand side of (3.13) is pM’ + (1 — p)M”, and therefore (3.12)
holds. This implies that

Fo(61,...,8,) > min{ (81, ...,6,1), f(61,...,6,0)}.

Initial condition This is a standard argument for Bernstein’s inequality. For notational

Ax

convenience, let ¢(x) = (e Ax —1)/x2. Note that ¢(x) is increasing on (0,00). Using

Taylor’s expansion, one can bound that (see [BLM13, p35])

M;(A) < exp (¢(|ail)p(1 = p)a;) < exp (¢(n)p(1—p)a;).

and (see [Trol5, p98])

A2/2 3
(P(W) < m, A< g

It then follows (see [Tro15, p98]) that
Pr(|S| > t) < 2e Met(Wp(-p) Kilail®

A2/2
<2exp (—At +nn?p(1 — p)l—)\’?/3>

/2
<2 _
=P ( ni?p(1—p) + tn/3> ’
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provided that A =t/ (nn?p(1—p) +ty/3) € (0,3/7).
When t =m/(kn), p = m/n and n = C?>/n, A ~ logn < 3/ and the above probability
is at most
2ex 1 m < 2exp(—c'Cyl n)<l
P\ T2(ctyg) k) S IeP R = s
provided that C;, is large enough.
Therefore at step 7, the algorithm minimizes f,11(d1,...,6,11) by choosing d,+1, and at
the end of step r + 1, all 1, .. ., J, have been fixed and such that | };(é; — p)a;| < t.

Now we return to the original incoherence problem in the complex case. We can define

2n(n — 1) events, E;; and F; ;, for every pair i # j as
Ei,]' = {|3%<B1, B]>’ > t} , Fi,]' = {|%<Bz/ B]>| > t}

For each pair of i # j, using the preceding argument, we have pessimistic estimators
fH(i,j;61,...,6) by setting ag = RB; ¢B;; and f2(i,j; 1,...,0,) by setting a, = SB; (By,j such
that

o (pessimistic estimation)

fiG,j;61,...,8) = Pr(Ejloy, ..., 6)

f2i,ji61,...,6,) = Pr(Ejloy, ..., 6)

e (derandomization step)

G000 = pfGjidn,....60 1) + (1= p) fa(ifibr,...,5,0), s=1,2
(3.14)

e (initial condition)

S| -

;f&(i,j) +f5(i,)) <
i#]
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Note that (3.14) implies

Y fHgon . 8) + 2 jidr, 0 60)]
i#]

>  mi Y, 6, 2(i,1;64,. .. :
- 5r+11r€u{r(;,l}; |:fr (l/]/ (51/ /51’/ 57’4—1) +fr (l/]/ 51/ /51”/ 5;’-‘,—1)]

In addition, we also need to control the number of ;s which take value 1; we want
this number to be O(m). This can be achieved by combining another derandomization

procedure on ) ; é; using one-sided Chernoff bounds. Define the event G = {}_;J; > 2m}.

Then
r n A
Pr(G|éy,...,0,) <exp | —2mx+x) 6 | [ Ee™
i=1 i=r+1
T
= exp (—ZMK +x 251-) (M(x))*",
i=1
where

M(x) = Ee® = pef +1—p

is the moment generating function of ;. Define our pessimistic estimator to be

i=1

.
2 (01,...,6,) = exp (—ZmK +x 251-) (M(x))*",
then, similar to the proof in Section 3.2.4, we have

e (pessimistic estimation)

g(él,. . -/57’) Z PI‘(G|51,. . .,(Sr),

e (derandomization step)
g}’(lr]/ 51/ ey 57’) Z Pgr+1 (Z/]l 51/ ey (51’/ 1) + (1 - p)g1’+1 <ZI]I 51/ ey (51’/ O)/
e (initial condition)

8o < =.
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Overall, our standard derandomization procedure, which at step r chooses d,.1 € {0,1}
that minimizes
Y A idibn 00, 8ri0) + SR (i fi0 60, 0r0) | + 8r41(81, 0,00, 8741)
i#]
will find éy, . .., 6, such that none of E; ; and F;; and G holds, which implies that |(B;, B;)| < ¢t
foralli # jand ) J; < 2m. That is, we have chosen 2m rows of A, obtaining a matrix B of

incoherence at most m/ (kn).

3.2.7 Incoherent Matrices via the Weil bound

We shall use the following classical bound of Weil on character sums (see, e.g. [Sch76, p44]).

Theorem 3.2.39 (Weil Bound). Let q be a prime number and let IF; be the finite field of order q. Let
g(x) be a polynomial of degree d > 0 and i : F; — C* be a nontrivial additive character. If d < q
and ged(d, q) = 1 then

Y v(g(x))

x€lF,

<(d-1)vq

The function (x) = e(=27V=1)/4 s 3 nontrivial additive character for F, = Z,, for
eachl <r <g.
Consider a collection P of non-zero polynomials of degree at most d < 1. The size of P

d

is ¢*1 — 1. For every such polynomial ¢ € P define vector

(Ug)x =P(g(x)),

for x € IF;. Observe that the inner product between two vectors ve and vy equals to

Z}F p(g(x))y'(g(x)) = Z]F: p(g(x) —8'(x)),

which, by applying Weil’s bound, is bounded in magnitude by (d —1),/7.

We construct a matrix A € C"*" whose columns are the vectors {vg},cp, re-weighted

171



by 1/+/m, so that they have the unit norm. We set

_ logn
4= {Clogk + loglognw

for some absolute constant ¢, to obtain

logn 2
— 2 &
m—O(k <logk—|—loglogn> ) '

Now, (d —1)/q = ©(1/k), and thus the matrix A is (¢’/k)-incoherent for some absolute

constant ¢’. We now finish the proof by rescaling k.

Remark 3.2.40. As we have already mentioned, the lower bound on the number of rows of any
incoherent matrix is Q(klog, n), due to Alon [Alo09]. Our construction above uses O(k? (log, n)?)
samples. In the regime where k is a fractional power of n, this is always better than the random

construction (Theorem 3.2.11) and matches the aforementioend lower bound.

Remark 3.2.41. Our construction above has a similar spirit to the Reed-Solomon construction in
[NNW14]; both identify the columns of the matrix with the set of all low-degree polynomials over a
finite field. However, we need a much stronger and deep result from number theory in order to show
the incoherence result, in contrast to [NNW14].

3.2.8 Reduction of the /., norm

Lemma 3.2.42. Suppose that x,z,v be the input to Algorithm 14. Let w = X —z. When v >

% ||@||1, the output @' of Algorithm 14 satisfies
1. [@f| > (7/16)v for all i € supp(@').
2. |wg — w| < |Wg|/7 for all i € supp(@');
3. supp(@') contains all i such that [@s| > v;

Proof. By the recovery guarantee we know that

[[wl]1 < v

/\_/\/ < )
@ — @l < T~ < 1
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By thresholding, it must hold for i € supp(@’) that |@}| > v/2 and thus

B > - 2= T,
2 16 16
which proves (i). Thus
oy v _1._
[Wp —wh| < 16 S =@l

which proves (ii). Next we prove (iii). When |@¢| > v, we have

16(1 —¢)
TH

Hence for the signal y, € C" defined via its Fourier coefficients as

| GO fr

(sl = (1 —e)v = Wi\ 311

~
~

@) = Go,, () Xfs

By Lemma 3.2.37, since 16(1 —€) > 3, we see that y, with index i satisfies the condition
of Lemma 3.2.36 and thus it will be recovered in at least 84/10 indices r € [d]. The
measurements are exactly (my); ;) with g € Q. The recovered estimate is at least v —v/16 >

v/2 and thus the median estimate will pass the thresholding, and i € supp(@’). O

Let H= H(x,k)and I = {f : |xf| > ﬁ”x_kHl}. By the SNR assumption of X, we have

that ||Xg[1 < k||%]|e < R*||X_k|l1 and thus ||%]|; < (R* 4+ 1)||Z_k||1. Let r®) be the residual

vector at the beginning of the t-th step in the iteration. The threshold in the t-th step is
V(t) — CH')’Tit,

where C > 1, > 1 are constants to be determined.
Lemma 3.2.43. There exist C, B, p,y such that it holds for all 0 < t < T that

1. 5=/ forall f ¢ I

. f f ’
(£) =
2. ]rf | < |X¢] forall f.

3. 1l < v
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Proof. We prove the three properties inductively. The base case is t = 0, where all properties
clearly hold, noticing that uy” = ||x||c-
Next we prove the inductive step from f to ¢ + 1. Note that
t t
IOl < D+ e
t t
= [l + 178l + el
1
<k lrifleo + k- ol ¥l + 12—kl
1
< k- C‘u’yT_t + <1 + p) Hx_kH1

_ 1
= Oy il + (1+p) el

When

16 16 1

C<1—) 2<1+>, (3.15)

P B 4

it holds that
16
(B > 220
v 2 Ol

and thus Lemma 3.2.42 applies.

From Lemma 3.2.42(i), we know that when

7
Lc> 1
16(:_ , (3.16)

|

no coordinates in I° will be modified. This proves (a).
Lemma 3.2.42(ii) implies (b).

To prove (c), let ] = {f € 1: ]rj(f)\ > v+ 1D}, By Lemma 3.2.42(iii), all coordinates in |

will be recovered. Hence for f € J,

)~ Loy o Lo o)
‘Tf ‘ S 7’7’]; | S 71/ S v ’
provided that
; < ,1y (3.17)

For f € I'\ ], the definition of | implies that |rj([t+1)| < v(**1), This proves (c).
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We can take C = 2, p = 32, B = 32, v = 2, which satisfy all the constraints (3.15), (3.16)
and (3.17). O
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Chapter 4

Sparse Recovery and the Design of

Exact Algorithms

4.1 Nearly Optimal Sparse Polynomial Multiplication

41.1 Preliminaries

We will be concerned with polynomials with integer coefficients. This suffices for most
applications, since numbers in a machine are represented using floating point arithmetic.
We denote by Z, the ring of residue modulo #n and by [n] the set {0,1,...n —1}. We define
the convolution of two vectors x,y € R” as the n-dimensional vector x * y such that
(xxy)i = )3 Xjyjr-
ji'€ln]x[n]:(j+]") mod N=i

The convolution of two vectors is immediatelly related with polynomial multiplication: if
f(x) = Ygajd and g(x) = LI, Bjx/, we have that the polynomial (f - g)(x) = ¥, ¢;x/
satisfies ¢ = a * b, where ¢ = (co,c1,......,C20,0...,0) € ZN,a = (ag,a1,...,a,,0,...,0) €
ZN, b = (bo,b1,...,b,,0,...,0) € ZN, for N > 2n. It is known that x * y can be computed
from x and y in time O(nlogn) via the Fast Fourier Transform. Throughout this subchapter
we assume that we work on a machine where the word size is w = Q(log n), and elementary

operations between two integers given as part of the input can be done in O(1) time. For a
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complex number z we denote by |z| its magnitude, and by arg(¢) its phase.

4.1.2 Result and Proof

In this subsection we prove the following result.

Theorem 4.1.1. Let x,y € Z", given as lists of their non-zero coordinates along with their values.
Set a = ||x|jo, b = ||y|lo, k = ||x * y|lo + 4. Then, with probability 99/100, we can compute a list

which contains the non-zero coefficients and values of x x y in time

O(klog® n - log(klogn) + (a + b) logklogn - loglogn) 4+ O(log* n).

We proceed by building the tools needed for the proof of theorem 4.1.1. In what folows
w is an nth root of unity; our algorithm should treat it as rounded in order to fit in the word
size, since we are dealing with floating point numbers. We can also assume that 7 is a prime
number. For that, if n > 21, we may sample 6(log n) numbers in the interval [n,2n] and
run the Miller-Rabin test to check whether anyone of them is prime. A standard fact about
the distribution of primes implies that after O(log 1) samples, we will find with constant
probability such a prime, for a total of O(log® 1) time. Thus, in what follows 7 is a prime

number. The following operator is particularly important for our algorithm.
Definition 4.1.2. Let x € Z". Define function h : [n] — [m] by
hw (i) = i mod m.

Moreover, define Py, (x) € Z™ to be such that

(Pu(x)); = Z Xj - Wl Vi e [m].
j€n]hm (j)=i

Lemma 4.1.3. Given vectors x,y,w € Z" the vector Py, ((x * y) — w) can be computed in time

O((llxllo + llyllo + llwllo) log n + mlog m).
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Proof. First, note that

Pu((xxy) —w) = Pu(x *y) = Pu(w),

since Py, is a linear operator. We compute Py, (x), P (y), Pm(w) in time O(m + (|| x||o + |ly]lo + ||w]o) log n)
by computing «/ for all j € supp(x) Usupp(y) Usupp(w) using Taylor expansion of sine
and cosine functions and keeping the first ®(log n) digits. We then compute, via the Fast

Fourier Transform in time O(mlogm), the vector Py, (x) * Py (y). We claim that

(Pu(xxy)); = (Pum(x) * Pu(y)); -

Our claim is proved via the following chain of equalities:

(Pu(x) *Pm(y))i = (4.1)

(Pu(x)) e (Pm(y))e = (4.2)
20'e[m]:(44+¢") mod m=i

). Y, x| Y oyl | = (4.3)
00 €lm):(6+€") mod m=i \ j€[n]:hm(j)=C j'en]h (j)=0'

)y xjypw! ) = (44)
; N=¢

0,00 €[m):(6+0) mod m=i (j,j'e[n]:hm(])e,hm(j =

ijjrwj+jl = (45)

20 eml,jj en]hm(j)=Chn(j')=,({+£") mod m=i
x]-yj/wjﬂ/ = (46)

joi' € )i (o () +-hin (7)) mod m=i
Z xjy]-/wjﬂ/ = (47)

Jof €[n]:h ((j+") mod m))=i

Z Z x]'yj/wj” = (48)

J" €] (j" mod m)=ij,j'€[n]:j+j'=j"

ji'€ln

j"€n]hm (" mod m)=i L:j+i=j"

Wl (x Y)jr s (4.10)
j" €[] () =i

where (1) to (2) follows by defition of convolution, (2) to (3) by definition of the Pg
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operator, (3) to (4) by expanding the product in (2), (5) to (6) by the trivial fact each element
in [n] is mapped uniquely to some element in [B] via h,,, (6) to (7) by the fact that (h,,(a) +
hu (b)) mod m = (a mod m + b mod m) mod m = (a+b) mod m = (h(a + b) mod m)),
(7) to (8) by introducing the auxilliary variabe j = j4 f/, (8) to (9) by the fact that /"
can be pulled outside of the inner sum since in that scope j” is fixed, and (9) to (10) since
hw(j" mod m) = (j” mod m) mod m = (j mod m) = h,,(j”) and the fact that the inner

sum is the definition of convolution evaluated at point ;. ]

In what follows C is some sufficiently large absolute constant.

Algorithm 15 LocaTE(x, y, w, B, )

L+ ©
for t € [5[log(1/4)]] do
Pick random prime p in [CBlog? n].
Compute P,((x xy) — w), using Lemma 4.1.3.
for b € [p] do
if (Pp((x*y) —w))p # 0 then
v = [(Pp((x xy) —w))sl-
ar — (Py((x ) — )/ | Pyl (x5 y) — ).
Compute i from ar using Lemma 4.1.5
L+ LU{(i,v)}
end if
end for
end for
Prune L to keep pairs (i,v), which appear at least (3/4) - 5log(1/4) times.
z+0€R"
for (i,v) € Ldo
Z;i <0
end for
Return z

The following Lemma is important, since we are dealing with numbers with finite

precision.

Lemma 4.1.4. Let a,b € [n] with a # b. If w is rounded such that it fits in the word size, then

| — Wb > 1/n.

Proof. The quantity is minimized when a = b + 1. If n sufficiently large, it can then be

approximated by an arc of length 271/#, and since the word size w is Q)(log 1), for sufficiently
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Algorithm 16 HASHANDITERATE(x, y, B, 0)

w©® 0
for r =1 to [logB]| do
0y < 6/ logB
B, + B.2 1
z < LocCATE(x, y,w(r), By, dr)
w(") — w(y) +z
end for
Return w([1og B])

large constant we get the desired result. O
The follows Lemma is a crucial building block of our algorithm.

Lemma 4.1.5. Given w/ for j € [n], one can find j in time O(logn) (whether or not w is rounded

to fit the word size).

Proof. From the pair (real part of wj,imaginary of w/) we can find in which of the four

following sets j lies in

{0,...,[n/4]},
{[n/4]+1,...,[n/2]}
{[n/2]+1,...,[3n/2]}

{[3n/2] +1,...,n—1}

since each one corresponds to an arc of length 77/4 of the complex circle. After detecting the
set (equivalently the corresponding arc of the complex circle) one can perform a standard

ternary search to find j. Due to Lemma 4.1.4 O(logn) iterations suffice to find ;. O

The following Lemma is standard in the sparse recovery literature, but we give its proof

for completeness. C is a large enough absolute constant.

Lemma 4.1.6. Let an integer B such that B > C - ||(x x y) — w||o, and let p be chosen at random

from [CBlog? n). Then, with probability 1 — p, there exist at least (1 — y)||(x * y) — w)||o indices
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j € supp((x *y) — w) such that

Vj" € supp((x +y) —w) \ {j} : ip(j') # hp(i),
where 2C~2/p = 7.

Proof. Let j,j/ € supp((x xy) — w), with j # j’. The hash function }, is not pairwise

independent, but the following property, which suffices for our purpose, holds
P [y (j) = hp(j)] < 1/B.

To see that, observe first that in order for h,(j) = h,(j’) to hold, it must be the case that
p is a divisor of j — j'. Since j — j' < n there there can be at most [logn]| prime divisors of
j— ', otherwise j — j' would be at least 2[°8"1+1 > 5. By the prime number Theorem, there
exist at least (C/2)Blogn primes in [CBlog? 1], and hence a random prime will be one of
the divisors of j — j’ with probability 2/(CB).

By the above discussion, the random variable X;, defined to be the indicator variable of

the event
& : 3j € supp((x*y) —w) \ {j} : p(j) = hp(}")
has expected value E [X;] = P [ holds| < (||(x *xy) —w)|lo — 1) - (2/CB) < 2C"2, by

a union-bound. Now, we have that

E < 202 (x +y) - wllo.

Y, X

jesupp((x*y)—w)

By Markov’s inequality, with probability 1 — p there exist at most || (x * y) — w||o indices
j € supp((x *y) —w) such that X; = 1, if 2C"2/p = «. This finishes the proof of the

claim. O

The following argument is pretty standard in the sparse recovery literature, we give its

proof for completeness.

Lemma 4.1.7. Let the constants C, <y, p be as in Lemma 4.1.6 with p < 2-12/5 and assume that

B > Cl[(xxy) —wllo. If (x *y) — w is not the zero vector, then with probability 1 — & the subroutine
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LocATE(x, y, w, B, §) returns a vector z such that

Iz = ((x*y) =w)llo < BV (x *y) —w)lfo-

Proof. Fix t € [5log(1/6)], and assume that p, C, vy satisfy pC~2/p = v We have that

(Pp(x#y))i — (Pp(w)); = (Pp(xxy — w)); =
Z ((x*]/>—W)jan:

jEm]:hy (j)=i

((xxy) —w)je
jelinliy ()= and ((xs)—w);20

The condition of Lemma 4.1.6 hold, so with probability —p the its conclusion also
holds. Condition on that event and consider the at least (1 — )|/ (x * y) — w||o indices in
|| (x % y) — wl|o, for which the conclusion of Lemma 4.1.6 holds. Fix such an index j* and let

i* = hy(j*). Due to the isolation property, we have that

(Pp(xxy))is — (Py(w))is = ((x %) — wje ).

Now, due to Lemma 4.1.4 subroutine LocaTe(x, y, w, B, §) will infer j* correctly from
(Po,(x*y))ir — (Popw);, as well as (x * y);» — wj-. We will say j* is recognised in repetition
t.

For the rest of the proof, unfix t. Since the conclusion of Lemma 4.1.6 holds with
probability 1 — p, the number of ¢ € [5log(1/6)] for which the conclusion of the Lemma
holds is at least 4log(1/4) with probability 1 — ¢ since

5log(1/9) > (5/2)10g(1/5) — n51
o <2 0g(1/9) ,,(5/2)log(1/6) 5,
<<5/z> log(1/9) = y =

as long as p < 2712/5.,
Let us call, for convenience, that above pairs good. Thus, with probability 1 — ¢ the

number of pairs (j, t) for which j is not recognised in repetition f is at most

v - 4log(1/6) - [[(x xy) — wllo +log(1/6)[|(x * y) — wllo.
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Hence there exist at most g = 47/||(x * y) — w||o indices which are recognized in less than

(3/4) -5log(1/6) repetitions, otherwise the number of not good pairs (j, f) is at least
1
1+ -5log(1/9)|[(x+y) —wllo > 7-4log(1/0) - [|(x *y) —wllo +1og(1/9) || (x * y) —wllo

which does not hold for ||(x * y) — w|lo > 0. Moreover, there can be at most || (x * y) —
w||p indices that do not belong in supp((x * y) — w), and which were mistakenly inserted

into z. This gives in total the factor of 5v. O

Lemma 4.1.8. Let v < 1/10, and let also B be an integer such that B > C||(x x y)||o. Then
the routine HASHANDITERATE(X, y, B, §) returns an ||x x y||o-sparse vector r such that r = x x y,
with probability 1 — 8. Moreover, the running time is O((Blog® nlog(Blog?n) + ||x||ologn +
[yllologn) - (loglog B + log(1/4))).

Proof. Ttis an easy induction to show that at each step ||(x *y) —w"||o < (57)||x * o, with
probability 1 — dr/ log B, so the total failure probability is §. Conditioned on the previous
events happending, we have x x y — w!/°8F]) is the all-zeroes vector since ||x * y|ly <
(47) o8Bl || (x % y) — wl|o < 1. This gives that w([°851) = x %y,

The running time for LocaTE(x, y, w, By, é,), since |w||p < 2B at all times is (ignoring

constant factors for ease of exposition)
(B, 1og? nlog(B, log ) + ([xllo + Ilyllo + B) log ) - og(1/5,),

“ where the factor is obtained B, log? nlog (B, log® 1) + ||x|lolog 7 + ||y||o log 1 + Blog n due
to Lemma 4.1.3, and B, logn due to Lemma 4.1.5.
So the total running time of HASHANDITERATE(x, y, B, §) becomes, by summing over all

[log B rounds (ignoring constant factors for ease of exposition)

(Blog2 nlog(Blog2 n) 4+ logn(||x|jo + ||yHo)> log(log B/J).

183



The following Lemma is a standard fact which follows by the fact that a degree n

polynomial over Z, has at most n roots. We give a sketch of the proof.

Lemma 4.1.9. There exists a procedure EQUALITYTESTING(x, y, w), which runs in time O(||x]||o +
yllo + ||w]|o) log nlog(1/68) + O(log® n - log(1/6)), and answers whether x x y = w with proba-
bility 1 — .

Proof. Let ¢’ large enough. We pick a random prime in [¢'nlogn,2c¢'nlogn|, by picking a
random number in that interval and running the Miler-Rabin primality test with target
failure probability 6. We form polynomials fy, f,, f that have x,y, w as their coefficients
respectively. We then pick ®(log(1/J) random elements in Z, and check whether (f,(7) -
fy(r)) mod p = fi(r) mod p or not. We return Ygs if this is the case for all chosen, and No

otherwise.

We are now ready to prove our main theorem.

Proof. Let c be a sufficiently small constant and C a sufficiently large constant. For r =

0,1,2,..., one by one we set B, <— C-2" and J, = c-r 2

, run HASHANDITERATE(x, y, B, §,) to
obtain z, and feed it to EQUALITYTESTING(X, , 2, W). We stop when the latter procedure

returns YEs. The total failure probability thus is at most

1
2001ogn+2’ 200+Ecr —ﬁ

r>1

logn -

Conditioned on the aforementioned event happening, the total running time is (ignoring

constants)

[l * y[|o log? (|| * y[|o log? ) log log n + (||x[lo + [|y[lo) log ||x * y||o log nloglog 1 + O(log* n),

by a straighforward summation of the expression in Lemma 4.1.8 over all rounds

O(log ||x * y|lo) = O(logn) rounds, as well as Lemma 4.1.9.
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4.1.3 Discussion

The crux of our argument is that the operator P, in defition 4.1.2 is convolution-preserving.
Actually, any choice of the number w, and not just some root of unity, would make the
aboe operator be convolution-preserving, but our particular choice is crucial. First of all,
the problem of finding j from w/ should be easy, and moreover w/ for any j should remain
bounded, otherwise we would need to manipulate numbers with an enormous number of
digits (even up to 1), something that would be prohibitive for the runtime. Thus, choosing
w to be an nth root of unity seems a good choice. The iterative loop technique is standard

in the sparse recovery literature, see for example [GLPS10, HIKP12a, GLPS17].

4.1.4 Multivariate Polynomials

We discuss how our algorithm extends to multivariate polynomials. It suffices to solve the
d-dimensional version of the sparse convolution problem: given x; = X; i, i\, Y7 = Yiy in,....ia
with 0 <i; < nj — 1, their d-dimensional convolution is the vector (x  y) the i=(i1,..., i)

coordinate of which is

(x5 y); = Y X1,

77 elm]x na]x...x [ng)j+7 =1

where the addition of two vectors should be done component-wise over Z,, in the jth

coordinate. The reasonable extension of the function h,, would be
hw(i) = (i1 +ip-ny +iz-mng + ...+ iy -nyny...ng_1) mod m.

Thus, reasonable extension of the operator P would be to define it as the (nyn;...1ny)-

dimensional vector the ith coordinate of which is

iy B _fa
(Pm)z — Z x]_'w nq +n]nz +'"+"1"2---”d .

jEm1] x [n2] x...x [ng]:hm (j)=i

where w is now defined as ¢2™~1. It is not hard to see that the operator again is

ot

. . AR S - . . .
convolution-preserving and from w™ """ "iz-1d we can infer iy, . . . i, in O(log(niny ... ny))
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time by first performing a ternary search in the complex circle i, and then learning first iy,
then i», so on so forth.
One would also need to use the Schwartz-Zippel lemma to perform the test we performed

in Lemma 4.1.9.

4.2 Modular Subset Sum in Almost Linear Time. Deterministi-

cally

4.2.1 Preliminaries

For a positive integer m, we let [m] = {0,1...,m — 1} and Z,, be the group of residues
modulo m. For two sets A, B C Z,,, we define A+ B = {x,3(a,b) € AxB:a+b=x}.
Similarly, A— B = {x,3(a,b) € AxB:a—b=x}. Wealsolet A mod m = {amod m,a €
A}. We define

S(A)={x€Z,:3CC A )Y c=x}
ceC

to be the set of all attainable subset sums of a set A. For two real-valued m-dimensional
vectors v, u we define their cyclic convolution v * y as the m-dimensional vector which for
i € [m] satisfies

(Z) % u)i = Z ujvj/ = Z l/ljv]'/
JJ €Ly X Ly j+] =i j.j €[m]x[m]:(j+j) mod m=i

For a function f : N — IN we define O(f) = O(flog® f) for some absolute constant f.

4.2.2 Results

Our algorithms solve the harder problem of producing all attainable subset sums. The
randomized algorithm is output-sensitive, and the deterministic algorithm has a “small”
additional multiplicative factor m°() in its runtime complexity, which would be reduced
with any improvement in the deterministic version of sumset computation. The main result

of this subchapter is the following.
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Theorem 4.2.1. (All attainable subset sums: deterministic version) Let S C Z,, be a multiset with
n elements. Then one can find S(S) in time (|S(S)| +n)m°Y), deterministically. More precisely,

the algorithm runs in time O((|S(S)| + n)20(V1og|S(S)[loglogm)),

The randomized version easily follows by our main approach, just by substituting

algorithm 4.2.7 with 4.2.8.

Theorem 4.2.2. (All attainable subset sums: randomized version) Let S C Z,,, be a multiset with n

elements. Then one can find S(S) in expected O(|S(S)| + n) - log® m time'.

For n < m are algorithms become O(m!*°(1)) and O(m) respectively, in terms of their
dependence on m. We note that the randomized algorithm of Axiotis et.al. is also output-
sensitive, but it is Monte-Carlo, in contrast to Theorem 4.2.2 which is Las Vegas.

Along the way, we also obtain a state of the art algorithm for deterministic sumset
computation. Since sumset computation is a fundamental computational primitive, we
believe that this result is of independent interest. Our algorithm makes efficient an algorithm
of Chan and Lewenstein [CL15], which operated in a more restrictive scenario. The authors

posed it as an open question, see Section 8, Remark 8.1 and 8.2 of [CL15].

Theorem 4.2.3. (Deterministic Sumset Computation) Given two sets A,B C Z,,, one can find

A+ B in time O(|A 4 Blm°M). In specific, the running time can be bounded by

6(|A—|— B| .20(\/10g\A+B|loglogm)).

4.2.3 Technical Toolkit
4.2.4 Symmetry group and its properties

Definition 4.2.4. (Symmetry group of a set)
Let A be a subset of Z,,. We define the symmetry group of A as Sym(A) ={h € Zy,, : A+h =

A}. The set Sym(A) satisfies the group properties on Z,, with respect to addition.

UIn fact, the log® m factor can be reduced to log® | S(S)|, see also the comment under Theorem 4.2.8
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Since Sym(A) is a group over Z,, with respect to addition, it holds that Sym(A) =
d-Z,,4, where d is the minimum non-zero element of Sym(A).

It is easy to see that Sym(A) C Sym(A + B), for any two sets A, B C Z,,; this property
will be of great importance to us. Moreover, for any x € A, Sym(A) C {x} — A. This
follows since any h € Sym(A) should map x to some x’ € A, which means x = x” + &, hence
h = x — x’. Thus the symmetry group of a set A has size at most |A|. The following result

is proven in the appendix.

Theorem 4.2.5. (Computing the symmetry group) Given a set A C Z,,, we can find Sym(A) in
time O(|Al).

4.2.5 Computing the Sumset of Two Sets

Definition 4.2.6 (The Sumset Problem). Given two sets A, B C Z,,, compute A + B.
The following theorem is proven in the appendix.

Theorem 4.2.7. [Output-sensitive sumset: deterrministic version] For two sets A,B C Z,,, the

sumset problem can be solved in time

OQA+BWmU

In the appendix we also give a self-contained proof of the following result, which can be
obtained also from previous work in the literature, see [CH02]. However, we give a novel,

and, we believe, simpler algorithm.

Theorem 4.2.8. [Output-sensitive sumset: randomized version] For two sets A, B C Z,, the sumset

problem can be solved in expected time

O (|A+Bllog*m) .

In fact, one should be able to turn the logm factors in the above theorem factors to
log |A + B| by using Dietzfelbinger’s hash function as in [BDP05], but for ease of exposition

and since this is not our main result we do not elaborate on it.
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It is obvious that the sumset problem is a special case of the sparse convolution problem,
where one is asked to compute the convolution of two sparse vectors in output sensitive

time.

4.2.6 Cauchy-Davenport and Kneser’s Theorem

The following theorems lie at the core of our algorithm.

Theorem 4.2.9. [Cauchy-Davenport Theorem](Theorem 5.4 in [TV06]) Let p be a prime, and let
A,B C Z,,. Then

|A+ B| > min(|]A| + |B| — 1, p).
The Cauchy-Davenport Theorem is an immediate corrolary of the renowned Uncertainly

Principle in Fourier Analysis, see for example [Tao03].

The following is an easy corollary of the Cauchy-Davenport Theorem.

Corollary 4.2.10. Let p be a prime, and let k sets Ay, Az, ..., Ax C Z,. Ifz;‘zl |Ajl > p+k—1,
then A1+ Ay + ...+ Ag :Zp.

Proof. It suffices to prove that |A; + Ay + ...+ Ag| > min(Z}‘zl |Aj| —k+1,p), from which
the claim follows. We perform induction on k. For k = 2 the result is conclusion of the

Cauchy-Davenport theorem. For k > 3, we have that if Ay + A> +...+ Ay is not Z,, then

k k-1
Y 1Al = A + ) 4] (4.11)

k=1 j=1
<|Ak|+(’A1+A2+...+Ak_1’+k—2) (4.12)
< (’A1+A2+...Ak‘+1)+k—2: |A1+A2+...+Ak’+k—1, (4.13)

where from (1) to (2) we used the inductive hypothesis, and from (2) to (3) the Cauchy-
Davenport Theorem. We note that the inequalities used follow since A; + Ay 4 ... + Ay

(and hence also A1 + Az + ... + Ay_1) are not equal to Z,,.
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Algorithm 17

1: procedure MODULARSUBSETSUMINPRIMEUNIVERSE(S, p) > S is an n-element set, p is

prime

2: XO,i — {0, xi}, forall i € [1’1]

3: Nng < n

4: for r =1to logn do

5: Ny < Ny_1/2.

6: for i=1ton,_1/2do

7: Xy Xo—10i-1+ Xi—1i > Sumset Computation via Theorem 4.2.7
8: if ngi |Xr,j’ >p+ i—1 then
9: Return Z,
10: end if
11: end for
12: end for

13: Return Xjog 1
14: end procedure

Theorem 4.2.11. [Kneser’s Theorem] (Theorem 5.5 in [TV06]) Let A,B C Z,,. Then

|A + B| > min(|A| + |B| — |Sym(A + B)|, m)

4.2.7 Modular Subset Sum over Zy

In this section we give a warm-up, when m = p is a prime number. We remind that we
solve the stronger problem of finding all the attainable subset sums modulo m. We shall
assume that n is power of 2, since we can just 0 any number of times we want, without
affecting the attainable subset sums. Moreover, for ease of exposition our algorithm in this

section is not output-sensitive. The algorithm appears in 17.

Lemma 4.2.12 ( Bound on the Running Time and Proof of Correctness). The running time
of Algorithm 17 is O ((m + n)m0(1)> =0 ((p + n)p"(l)>. Moreover, the output is the set of all

attainable subset sums.

Proof. Let (r*,i*) be the values of r and i at the end of the execution of the algorithm. If

r* = logn we have i* = 1. We have that for r < r*

ny_
Z |Xr,i’§P+ 1’21_1’

i§n7—1/2
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as well as

My _
Z | Xpi] < p+ r2 : -1,

i<i*

by the fact that (i*,r*) is the end of the execution of the algorithm. Because of the calls

to Theorem 4.2.7 we have that the running time is bounded by (ignoring constant terms)

ny/2
YN X i mt ) 4 Y X im0, (4.14)
r<r* i=1 i<i*

The term Y, | X, ;| can be split to two terms: the first i — 1 summands, which can
be bounded by p + 5! as we have already seen, and the last term which can be trivially

bounded by p. We now bound the first term in (4). We have that

ny/2
2:: 2:: |)<rJ’ <
r<r* i=1
Nny_
— 14+ Tr=1 <
L (r-1+77)
logn-p+n.

Plugging this into (4) we obtain the desired bound on the running time.

To prove correctness, observe that if the algorithm reaches Line 13, then it computed
all attainable subset sums. Otherwise, if it returns in Line 9, then Y ;; [X, ;[ > p+i—1,
which by corollary 4.2.10 implies that };; X, ; = Z,, and hence S (S) = Z,. Tis means that

algorithm always produces the correct answer. O

4.2.8 Modular subset sum over Z,, for any m

In this section we proce Theorem 4.2.1. As in the previous section, we shall asssume that
n is a power of 2, since we can add zeros to our set S. The algorithm for the Modular
Subset Sum problems appears in Algorithm 18. Similarly to the prime version, the algorithm
computes sumsets in a bottom-up fashion. If at some point | X, ;| < |X;—1 i + | Xr—12i+1] — 1,

we know by Theorem 4.2.11 that Sym (X,_1 2; + X,_12i+1) is non-trivial. Since Sym (X,_1 2 +
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Algorithm 18

1: procedure MODULARSUBSETSUM(S, m) > S is an n-element set
2 forB=1,2,...,2M8m+1 do

3 XO,i — {0, xi}, foralli e [1’1]

4 Nng < n

5: for r =1to logn do

6: ny < [n,-1/2].

7 for i=0to [n,_1/2] do

8 Xy Xo—10i + Xi—12i41 > Sumset Computation via Theorem 4.2.7
9: if ‘Xm‘| < ’erl,Zi‘ + |Xr71,2i+1| — 1 then

10: Compute Sym(X, ;) > Theorem 4.2.5
11: d <— minimum non-zero element of Sym(X, ;) > Sym(X,;) =d-Z, 4
12: Return MopULARSUBSETSUM(S,d) +d - {1,2,...,m/d — 1}

13: end if

14: if ngi |Xr’]'| > B+4+i—1; mod 2=1 then

15: ny, =1

16: break

17: end if

18: if n,_1is odd then

19: Xr,nr = erl,ny,l
20: end if

21: end for
22: end for

23: if [Xjogn,1| < B then
24: Return Xjogy,1
25: end if

26: end for
27: end procedure

Xy_12i+1) € Sym(S(S)), we obtain that the Sym(S(S)) is non-trivial, hence we can restrict
ourselves solving the problem over Z;, where d is the minimum element in Sym(X,_1 2 +
Xr—12i+1)-

One issue is how to obtain indices 7, i such that | X, ;| < |X,_12i| + |X;—12i11] — 1 (if they
exist). For that, the condition in lines 14-16 ensures that if }_;; | X ;| is large enough (above
some threshold), then this forces | X, ;| < |X;—12i| + |Xy—12i+1| — 1, for some r,i. The value
B is used to guess the value of S(S), so that the thresholding is implemented.

We first prove that 18 always outputs the correct set of attainable subset sums.

Correctness of 18. We shall perform induction on the universe size m. For m = 1, which is
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the base case, the result is obvious. For larger m, we split to two cases.

Case 1: For some indices r,i (and B) | X, ;| < |X;—12i| + |Xr—12i+1] — 1.
This means that Sym (X, ;) is non-trivial and hence Sym(S(S)) is also non-trivial. Let
d be the smallest non-zero element of Sym(X, ;). Then we have that d € Sym(S(S)), and

moreover:

1. For any x € S(S) and any non-negative integer j, we obtain x +j-d € S(S), by
observing that S(S) +j-d = S(S). By the minimality of d and since Sym(X,;) is a
group over Z,,, we get that d is a divisor of m. Thus, we obtain that there exists some

non-negative integer j such that x + jd € {0,...,d — 1} € §(S).
2. Forany x € {0,...,d —1} N S(S), we have that x +j - d € S(S), for any ;.

The above two facts imply that S(S) = MopuLARSUBSETSUM(S,d) +d -{1,2,...,m/d —1}.
Because of the induction hypothesis on the correctness of MODULARSUBSETSUM, we obtain

the desired result.

Case 2: For fixed B there are no indices i, 7 such that |X, ;| < |X,_12i| + | X;-12i+1] — 1, and
the condition in line 14 never evaluates to true. Then the algorithm proceeds by finding the

set of all modular subset sums in a straightforward manner.

Case 3: For fixed B there are no indices i, 7 such that | X, ;| < |X,—12i| + |X;—12i+1] — 1, and
the condition in line 14 does evaluates to true at least once. Let (*,i*) be the last such pair
found during the execution of the algorithm.

Since

> B+ it — 11'* mod 2=1~

Y X

j<i

ifr* <logn we obtain
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Z |Xr*+1,j| >
j<iiv/2]

Y. (IXeajl + X pjsa] = 1) + 1ir mod 2=1 * [ Xy v

<)
Y X

i<t

—lit/2] >
B+i*— 1iv mod 2=1 — LZ*/ZJ =B+ Ll*/ZJ > B+ LZ*/zJ - 1\_i*/2J mod 2=1-

The above implies that the condition will be evaluated true also for indices (r* +
1,[i*/2]), which contradicts the minimality of the pair (r*,i*), except if r* = logn. This
means that |Xjog 1| > B.

Combining the analyses from the above three cases we can argue the following way. First
of all, note that if condition in line 9 ever evaluates to true, then correctness is proved by
the inductive step. Let an invocation of the outer loop with B > |S(S)|. Then the algorithm
either finds a non-trivial symmetry group of S(S) (Case 1), either we are in Case 2 and
is going to compute all attainable subset sums in a straightforward bottom-up fashion;
we cannot be in Case 3 because this would mean that |Xjos,,1| > B > [S(S)|, which is a
contradiction since Xjogy1 € S(S). If B < |S(S)| and no non-trivial symmetry group is
found then two things can happen. The first is that we are in Case 2, and the algorithm
is going to increment B because of the condition in line 23 and the fact that in that case
Xiogng =S (S). The second is that we are in Case 3, from which we infer that ]Xlog nil > B,

and again due to liine 23 the algorithm will proceed by incrementing B.

We are now proceed with bounding the running time of the algorithm.

Proof. Let B* be the smallest power of 2 that is at least |S(S)|. Let T(S,m) be the running

time of our algorithm. Then, by the analysis of the correctness of the algorithm a similar
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analysis as in the previous section one can bound the running time by

(T(S,d) +[S(S)) + Y (B+n)m’D,
B<B*

where the first term accounts for the recursion in line 12 and building the subset sums in
the same line, while in the second term the variable B is over all powers of 2. Since d < m/2,

the recursion easily yields the desired result.

4.2.9 Output-sensitive Sumset Computation

In this section we give two algorithms for sumset computation, one deterministic and one
randomized, proving Theorems 4.2.7 and 4.2.8 respectively.

Deterministic algorithm

For a set S and a number m we define S mod m = {x mod m,x € S}. We will need the
following Lemma, which appears in [CL15]. For completeness, we also give a self-contained

proof.

Lemma 4.2.13. Let two sets A,B C {0,...m — 1}, and let T be a set containing A + B. There
exists an algorithm PROMISESUMSET(A, B, T, m) which in time O(|T|m°M)) computes A + B over

Zon. More specifically, the running time is O(|T|2V 10817 loglogm),
For numbers py, pa, ..., pe, we will call (p1, pa, ..., pr) a tuple of length ¢, or just a tuple.

Definition 4.2.14. For prime numbers p1, ..., p; we define the function

hp,,..p(x) =x mod []p;
j=1

Moreover, for a set T we define
hp1/~--/pi(T) ={y:3xe T’hpll-wpi(x) =y}

Lastly, let h;ll,.__,p’_ (v, T) be the values x € T such that hy,, ., (x) = y.
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Clearly, the function h satisfies the property (h(x) + h(y)) mod Hf::l pj = h(x +y), for

any two natural numbers x, y.

Definition 4.2.15 (Perfect Family). Let H be a collection of tuples of primes. Then H is called

perfect for a set T if for every x € T there exists a tuple of prime numbers (p1, ..., pi) € H such that

hrjll,...,pi(hm,-.-,m(x)f T) = {x}

In other words, every x € T is isolated from T \ {x} under hy,,_p,.

Lemma 4.2.16. (Construction of perfect family [CL15] ) For a set T C Z,,, a perfect family H for
T can be found in time

O(£2" - |T|"** . poly(log m)).

The size of ‘H is at most
¢-2"10g|T|.

Moreover, the length of every tuple in H is £, and the largest prime in every tuple is O(|T|"/* log? m).

Proof. If such a prime p; in Line 7 always exists, then the algorithm at the end of the inner
loop it detects at least |T|/2‘ numbers x € S for which are mapped to a bucket with strictly
less than |T|1=¢/¢ +1 = 2 elements in T. In other words, each one of these elements x satisfy
hp,,.p,(T) = {x}), and hence will be removed from S in Line 10. Thus, if 7 is the number of

iterations till S is exhausted, we have that

IT| <1 —2*‘*)r <1,

log |T|
log(%)
We now proceed by proving that in Line 7 such a prime always exists. We fix S and

which happens for r =

perform induction on i. For i = 0 we trivially have that h;;ll,...,p,- (hpy,...pi(x),T) is a set of |T)|

i

elements for every x € S, so condition in 7 trivially holds. Define

Cix) =yt (Bpye (0), T) \ {x},
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to be elements of T that collide with x under the first i primes. For i > 1 we already have by

the inductive hypothesis that

|Cia(x)] < |T|*-0-1/0 41

for at least |S| - 27! elements x € S. Call these elements good. We will now argue the
existence of p; with the desired properties via the probabilistic method. We pick p; as a
random prime from [C - |T|*/¢ - log? m]. Observe that that for a good x and y € T\ {x} we
have that the probability P, [p;|(x — y)] is the number of prime divisors of x — y, divided
by the number of primes in [C|T|'/*log® m]. A crude upper bound on the prime divisors
of x — y is log m, otherwise x —y > 21°%" = . The number of primes in [C|T|'/*1log? m]
is clog |T|'/*log m by the Prime Number Theorem, where c is an absolute constant larger
than 6, as long as C is chosen to be at least 7. Thus, the probability that p;|x — v is at most
¢ Y T|~'/¢. Thus, by the inductive hypothesis on the number of good elements of S we have

that

E[Ci(x)] < |T|1f(i71)/€ YTV = YT

as we need to take a union-bound only over the elements where x collides with under

1)

p1,-..,pi_1; these elements are at most |T|'~(—1)/! by the induction hypothesis.

Invoking Markov’s inequality we get that

Pr [ICi(x)| > [T /2] < 2/,

Thus, the expected number of good x such that |C;(x)| < |T|'=/¢/2 is at least (number
of good elements)-(1 —2/c) > |S|27/, and hence there exists a choice of p; such that the
condition of Line 7 holds.

Lastly, we bound the running time. The outer loop will be performed log |T|/ log(2¢/(2¢ —
1)) = O(2%1log |T|) times. The inner loop will be performed ¢ times. The computation in

Line 7 can be easily implemented in O(|T|'*!/¢ . poly(logu)) time. The total running time
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Algorithm 19

1: procedure PERFECTFAMILYCONSTRUCTION(T, 11, £)

2 S« T

3: H<+— D

4: while S # @ do

5: for i=1to/ do

6 Pick prime p; € [C - |T| - log” m] such that
7

{x e S:lhyl , (hyyp(x),T) | < [T/ 41} > [5] - 27

> all x such that the bucket of x under h,,,.. ,, is not “too heavy’

7

8: end for

9: H e HU(p1,p2--- pr)

10: Remove x € S such that iy, . (T) = {x} > x is isolated from T under py,...p;
11: end while

12: Return H
13: end procedure

then follows. O
The proof of Lemma 4.2.13 follows.

Proof. We first find a perfect family # for T by calling PERFECTFAMILYCONSTRUCTION(T, 11, £)

(Algorithm 19) with ¢ = ©(y/logn/loglogm). Then, every tuple (pi,...,p;) € H is
mapped to an integer by the formula H]ezl pj- Using Lemma 4.2.16 the total running time

for this step is

(- |H| = 22" - 1og|T]|.

Next for every p’ = (p1,...,p¢) € H we compute h,(A) and hy(B). By a Fast Fourier
Transform in a universe of size (| T|'/¢1og? m)! we compute hy(A+B) = (hy(A)+hy(B)) mod Hle p;-
We then iterate over all x € T and check whether , (x) € hy (A + B). Every x € T which
yields a negative answer for at least one p’ € H, is discarded. It is clear that every
x € A+ B is not discarded. Since for every x € T there exists a tuple p’ € H such
that h;,l(h;,(x)) = {x}, every x € T\ (A + B) will be discarded when considering the
corresponding p’.

Summing up the time to construct the perfect family, the time to map tuples to integers,
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Algorithm 20

1: procedure DETERMINISTIC SUMSET(A, B, m)
2 To + {0,1}

3 my < 2

4 for r =1 to [logm]| do

5: My <—2-my_1

6 Q@

7 for x€ Q,1do Q, + T, U{x,x+m,_1}
8 end for

9: A, O

10: for s € Ado A, + A,U{amod m,}
11: end for

12: B, +— @

13: for b € Bdo B, + B, U{bmod m,}
14: end for

15: T, + PrROMISESUMSET(A,, B, Q;, m,)
16: end for

17: S+

18: for x € Thnogm) do S <~ SU {x mod m}
19: end for

20: Return S

21: end procedure

and the time to perform 2|H| Fast Fourier Transforms, the total running time then becomes

(ignoring logarithmic factors in T, m)

020 TV 4 228 4 | T| log? m - (22",

Plugging in the value { = B {\/ log |T|/ loglog mw, for some constant 8, yields the

desired result.

We proceed with the proof of Theorem 4.2.7.

Proof. The algorithm appears in 20. We prove inductively that T, = (A + B) mod m, in line
11. The base of the induction clearly holds for r = 0. For r > 1, we first observe that x = x’
over Zy,, , implies that x — x" = km,_1 for some integer k, which in turns implies that x — x’

over Zy, is either 0 (if k is even) either odd (if k is odd). By the induction hypothesis, we have
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that (a +b) mod m, 1 € T, 1, s0 (a+b) mod m, € Q, and (a+ b+ m,_1) mod m, € Q,.
Thus |Q,| < 2|T;_1] < 2|A + B|, and due the call to PROMISESUMSET we will get the
desired result in time O(|T,_1 |mf(1)). At the last step in Line 18 we map all elements of
(A+ B) mod 28" to (A + B) mod m. Since |(A + B) mod m| > 1 - |(A+ B) mod 2/10™1],

we obtain the desired bound on the running time.

Randomized algorithm

We also give a self-contained proof of Theorem 4.2.8. Our algorithm will solve the more
general problem of computing the cyclic convolution of two m-dimensional sparse vectors
u,v € with positive coordinates in output-sensitive time. We will need the following simple

lemma, which has also been critically exploited in previous work.

Lemma 4.2.17. Let u,v be m-dimensional vectors with non-negative coordinates. Let w be m

dimensional vector such that a; > (u x v); for all i € [m]. Then,

(£)(z)-£-
ie[m] ie[m] ie[m]

if and only if w = u * v.

Proof. Let w; — (v*u); = €; > 0. Observe that

Y wi=) (uxv)it+e)=

i€[m] i€[m]
Y. ) Uit ) ei=
i€[m] je[m] i€[m)

(z) (zvi>+ Y e
ie[m] ie[m] ie[m]

The latter equality implies that all €; should be zero, since they are all non-negative, and

vice versa. O
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Equipped with the above Lemma, we proceed with the proof of Theorem 4.2.8. Since a

lot of ideas here are common with previous work, we will give a more high-level proof.

Proof. As in the deterministic case, we shall solve the following promise problem: we are
given a subset T of size 2| A + B| which contains A + B. Then, invoking Algorithm 20 we
can solve the more general problem.

We randomly pick numbers R = clogn(c > 3) prime numbers 1,4, . .. qr € [C|T|log® m]
for a sufficiently large constant C; to do that, we afford to run Eratosthene’s sieve in time
O(|T|log? m -1oglogm), and then pick R of them at random. By the prime number theorem,
there are Q(|T|logm) primes in [C|T|log® m]. Moreover, for any distinct indices i,i’ € T
there are at most log m + 1 distinct prime divisors of i — i’, otherwise i — i’ would be at least
2108m+1 > 1. This means that for the hash function h,(x) = x mod p we have that for any
x,y € T we have that the probability that /1,(x) = h,(y) is &Gg'ig;i) = O(ﬁ), and hence the
probability that &, (x) = hy(z) for some z € T\ {x} is les than a small constant, by a union-
bound. Due to the R different primes, the probability that for at least half of them x collides
with T\ {x} under the corresponding hash function, can be made 1/poly(m) by tuning
the paramteter c in the definition of R. Thus, if for every p among the R chosen, we define
vectors u(P),v(P) € ZP such that ul(p) =|{x e A:hy(x) = i}|,v](p) =H{yeB:h(y) =j},
and compute uP) «0(P) € ZP, we have the following fact. For all x € T, for at least
R/2 of the R primes it holds that (u(P) x v(P)), = Yieim 1a(j)1p(x — j). This holds since
(hp(x) 4+ hp(y)) mod p = hy(x 4 y), see also [CL15]. Thus, by a standard median argument,
we will find the values ¥ () 14,(4) (7)1, (5) (x — j) for all x € T, i.e. the number of ways that
x can be written as a sum of a number from A and a number from B. Since the values we
obtained can only be over-estimators, using Lemma 4.2.17 we can easily turn this algorithm

to a Las Vegas one by repeating and checking.
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4210 Computing the symmetry group

In this section we prove Theorem 4.2.5. We look at the following two strings. The first one is

z with length 21, having characters

Z1 =dy —4ay,

Zp = d3z — dy,

..,

Zp—1 = Ay — An-—1,
Zp =41 —a, +m,
Zp41 = dp — ay,
e,

Zon = Ay — Ap—1,

and the second string is w of length n, having characters

w1 = dy —ay,

wy = asz — ay,

..,

Wy—1 = an — Ap—-1,

Wy, =4y —a, +m.

We perform pattern matching with w as the pattern and z as the text. This can be
acomplished in time O(|A|) by running the Knuth-Morris-Pratt algorithm. We claim the

following, which proves correctness of our algorithm, and finishes the proof of 4.2.5.

Lemma 4.2.18. If there exists a match between z and w at position i, then a; — a; € Sym(A).

Moreover, if x € Sym(A), then x = a; — ay for some i and there exists a match between z and w at
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position 1i.

Proof. Assume that there exists a match at position i. Then we have that for all 1 < j < |A]|

Ajp1 — ) = Aij — Aiyj1 (4.15)

where the indices are taken modulo |A|. This means that a; —a; € Sym(A), since

a; =ay + (a; —a1), (4.16)

a1 = (a2 —ay) +a; = ar + (a; — ay), (4.17)

1o = (a3 —a2) + a1 = a3 + (a1 — az2) = a3 + (a; — ay), (4.18)

(4.19)

Airj = Aiyj1+ a1 —aj = a1 + (@i j-1 — aj) = ajp1 + (a; — aq), (4.20)

where all indices are taken modulo |A|, and in every line the first equality follows from
(6), and the last equality by the previous equation, except from the first two lines in which
it follows trivially. The above equalities imply that a; —a; € Sym(A). This proves the first
part of the lemma.

For the second part, observe, as we also discussed in subsection 4.2.4, that Sym(A) C
A —{a1}. Thus, if a; — ay € Sym(A), all equations (7)-(11) hold, and thus one can deduce
equation (1) by substracting every two consecutive equations (cyclically), which in turn

implies that there exists a match between w and z in position i.

4.3 Subset Sum in Almost Output Sensitive Time

4.3.1 Preliminaries

For a set S of n positive intgers and an integer t we denote by S(S, ) to be the set of all

attainable subset sums of S, which are also smaller than t. Formally, we have
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S t)={u<t:3TCS, ) x=u}.

xeT

We will also denote by 05 = Y, g x, and max(S) = maxyegx, min(S) = min,egx. For a
set B C S(S, t) we define the function Iz which maps every x € B to the lexicographically
smallest T C S such that o = x.

We also let [1n] = {1,2,...n}. For a function f : N — N we define O(f) = O(flog" f)
for some sufficiently large constant c. Moreover, for a hash function / from a universe U to
a universe V, we define h(T) = {v € V : 3t € T, h(t) = v}. We will say thataset T C U is
perfectly hashed under h if |i(T)| = |T|. Any h=!(v) = {u € U : h(u) = v} will be referred

to as a “bucket” of h.

4.3.2 OQOur Contribution

We remind the classical SUBSETSuM problem: given a set S of positive integers, and a target ¢,
find whether there exists a subset of S that sums up to t. The classical textbook algorithm of
Bellman via dynamic programming runs in time O(nt), while the algorithm of Bringmann
[Bri17] solves the problem in time O(t + n). However, a closer look at both algorithms
reveals an interesting property: the algorithm of Bellman can be implemented to run in
time O(n|S(S,t)|), while the algorithm of [Bri17] runs in time Q(n + t). This means that it
can still be the case that the folklore dynamic programming algorithm is much better than
[Bril7] in many cases of interest, in particular when |S(S, t)| = o(t/n). Thus, it might not

be clear which of the two algorithms is better, and the following natural question arises.
Question 4.3.1. Does there exist an algorithm which runs in time O(|S(S,t)| - poly(log(nt))|)?

Such an algorithm would be strictly better than the textbook solution, and would be at
least as good as Bringmann’s algorithm. Our work makes considerable progress towards

this question. Namely, we prove the following theorem.

Theorem 4.3.2. There exists a randomized algorithm which, given a set S and a target t, computes
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S(S,t) in time (ignoring logarithmic factors in t and n)
a2|S (S, t+t/a)]),

with probability 99/100. Setting « = poly(logt) in specific, one obtains running time (ignoring

logarithmic factors in n and t)
(5 ostogom )|
" poly(log(nt)) /|
Remark 4.3.3. In the above theorem it is possible to obtain (ignoring logarithmic factors in n and t)

a1 |S(S,t+t/a)|, but we do not elaborate on it.

4.3.3 Output-sensitive sumset computation in the non-modular case
This algorithm follows immediatelly by the modular version of sumset computation.

Lemma 4.3.4. Let A, B C [u] be two sets of integers, both containing zero. The one can find A + B

in expected time O(|A + B|) - log® u.

Lemma 4.3.5 (Capped Version of Output-Sensitive Sumset Computation). Let A, B be two
sets containing integers less than u, both containing zero. Then, for any positive integer «, one can

find (A + B) N [u] in expected
O 2|(A+B)N[(1+a)u]|) -log’u
time.

Proof. We partition [u] to « intervals of length |1/« |, except possibly the last one which has
length u — (« — 1) |u/a]. Let these intervals be J4, ..., J,, and denote A; = ANJ;, B; = BN
For every 0 < i,j < & we check whether min,c4,x + minyegjy < u, and if this is the case
we compute A; + B; using Lemma 4.3.4. The union of all A; + B; clearly is a superset of
(A+ B) N [u], and thus we can project their union down to [u] to obtain (A + B) N [u]. Snce
every A;+B; C (A+ B)N[(1+a)u] and |(A + B) N [u]| > max(|A[,|B]) by the fact that

both sets contain zero, we obtain the desired bound on the running time.

205



O]

Remark 4.3.6. Using machinery developed in the context of the sparse Fourier transform, one can

give a Monte Carlo algorithm with running time proportional to (ignoring polylogarithmic factors)

a | (A+B)N[(1+a)u]|.

4.3.4 A simple algorithm for all-attainable Subset Sums (case t = 05)

The following theorem is the result of this section.

Theorem 4.3.7. Let S be a multiset of n positive integers. Then S(S, os) can be found in expected
O(15(5,05)]) - log* s
time.

Our algorithm is based on a simple divide and conquer-approach. We indicate that a
careful way to divide the multiset S to three parts reduces the sum of every part to half of
that of the initial set. On the conquer step we apply our output-sensitive algorithm. The
above two properties allow us to carefully bound the running time by O(|S(S, 07)|). For
the following two claims we let S = {sy,...,s,} be in sorted order, S; be the odd-indexed

elements of S\ {s,}, and S, be the even-indexed element of S\ {s,}.

Claim 4.3.8. If n is odd then

(751 S 052 S A~

else

USZ S US] S A

Proof. 1f n is odd then
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by the monotonicity of the s;. The above inequality is translated to os, < 05, < 05 — 05,,
which gives the deisred result. A totally analogous argument holds for the case that # is

even.

Lemma 4.3.9 (Number of subset sums decrease by 1/2). It holds that
1
[S(51,05,)1,S(52,05,)| = 5(IS(S,08)[ +1).

Proof. We prove the case that 7 is odd, since the case that 7 is even is completely analogous.
For any x € S(S1,05,) \ {0} take I C S such that o7 = x. Then map I to IU S,. We thus
have z = 075, = x + 05, > 05, by Claim 4.3.8, and hence z ¢ S(S;,05,). The aforementioned

mapping never maps two different x to the same number z, so we obtain the inequality

S(S1,05,)[ =1 < |8(S,05) \ S(S1,05,) 1,

from which we conclude, since S(Sy,03,) C S(S,05), that |S(S1,05,)| < 3(|S(S,05)| +
1).

Now, for S; we do the following. As before, x € S(Sy,03,) \ {0} let I C S, such
that oy = x. Now map I to U Sy U {s,}. We have that z = oyy5,0(s,1 = 01+ 05,0(5,) =
o1+ (0s — 0s,) > 071 + 03,, by Claim 4.3.8. Now, from the above it follows that z > 05, and

hence z ¢ S(S,,0s,). This implies that

5(S2,05,)| =1 < [8(S,05) \ S(51,05,)],

from which the claim follows.

O]

Proof. We split S to S; U Sy U {s,}, as in Lemmas 4.3.8 and 4.3.9. We recursively com-
pute S(S1,05,) and S(Sy,03,) and then, using two calls to the output-sensitive sumset

computation, we compute
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Algorithm 21

1: procedure SUBSETSUMFORLARGEELEMENTS(S, ¢, t/, J) >t <t ,VxeS§x>t/log'n
2 R «+ O(log(t/9))
3 O+ ®
4 for r € [R] do
5: Pick 2-wise independent hash function /1, : § < [21og* ']
6 S5, O
7 for j = 1 to 21og* t' do
8 Z,i=h1(j)u{0} > Elements that are hashed to bucket j under h,
9: Sy (Sr+2Z,j) Nt > Capped Sumset Computation via Lemma 4.3.5
10: end for
11: O <+ 0USs,
12: end for
13: Return O
14: end procedure

S(S1,03,) +S(S2,05,) + {sn}

The expected running time of the conquer step is O(|S(S, 05)|), since every element that
lies in the sumset of S(S1,05,) + S(S2,05,) + {sn} is contained in S(S, 05). The expected

running time T of the whole algorithm, denoting 0 = |S(S, 0s)|, obeys the recursive relation

T(o) <2-T (;(o + 1)> 4 0(0) - log® 0.

The above yields T(0) = O(o) - log® 05, as desired. O

4.3.5 Algorithm for general ¢
Handling Large Elements

The instance consisting solely of large items is much easier to solve, since only a polyloga-
rithmic number of elements can participate in a subset sum which is at most t. We use a
color-coding argument, similar to the one in [Bril7]. In what follows, ' is an upper bound

on t. We will see why we need this slight variant of the problem in section 4.4.

Lemma 4.3.10 (Guarantee for large elements). Given positive integers t < t' and a set S of

208



non-negative integers elements, such that every x € S satisfies x > t/ log"t', we can find S(S, t)

using Algorithm 21 in expected time
O(a2|S(S,t(1+a))|) - log® tlog(t'/4)
with probability 1 — 4.

Proof. We pick R = @(log(t/4)) pairwise independent hash functions h, : S — [2log* '],

for r € [R]. For every r € R we denote Z,; = h,(j) U {0} and compute the sumset
Sr=(Zia+ Za+ o Zyprgen ) NH

as in Algorithm 21. We first prove correctness. First of all, observe that S, C S(S, t) for
any r € [R], and hence U,c[g|S; € S(S,t). So it suffices to prove that S(S,t) C U,cg|Sr-

For a fixed x € §(S,t), the assumption on the integers in S yields that |I(x)| < log“t.
We now observe that elements in Ig(s ) (x) will be perfectly hashed under h, with 1/2
probability. This yields that x € S,, since the value x can be attained by picking every
element ¢ € [ S(S,t)(x) from one of the buckets it has been hashed to under #,, and 0
from every other (empty) bucket. A standard repetition argument gives that I, (x) will
be perfectly hashed under at least one h, with probability 1 —1/(¢/5) due to the choice
of R. Now, by a union-bound we have that for every x € S(S,t), the set Is(s(x) is
perfectly hashed under some h, with probability 1 — |S(S,t)|/(t/6) > 1 — . This means
that x € U,¢[gSr, and hence U,¢(g)Sr C S(S, ). This finishes the proof of correctness.

For the running time, we invoke Algorithm from Lemma 4.3.5 giving total expected

running time (ignoring constants and any logarithmic factors)

Y Y aS(UiZ, (1+a)t)] <
re[R] 2§E§10g2 cn

a 2R — 1)(log® t' —1)|S(S, (1 + a)t)],

from which the main result follows. O
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Algorithm 22

1: procedure OUTPUTSENSITIVESUBSETSUM(S, ) >Vx eSS, x<t
2 n < |S|

3 O <« SNJ0,t/n]

4 for i =1 to [logn| do

5: L+ @

6 for { =1to5logt do > Boosting success probability
7 L; < L; U OUTPUTSENSITIVESUBSETSUMPERLAYER (S N [% +1, %] Jtt)

8 end for

9 end for
10:  fori=1to [logn] do > Combine all layers
11: O+ (O+L;)nN[t > Capped Sumset Computation via Lemma 4.3.5

12: end for
13: Return O
14: end procedure

Algorithm 23

1: procedure OUTPUTSENSITIVESUBSETSUMPERLAYER(S, £, ') pt<tandVxeS,x <t
2 if min(S) > @ then

3 Return SuBsETSUMFORLARGEELEMENTS (S, 1, t/, () °)

4: end if

5: if 05 < 2t then

6 X < maximum element of S > assume that S is sorted
7 (S1,S2) < (odd elements of S\ {x}, even elements of S\ {x}) > 0s,, 05, <t
8 O1 + S8(51,03,) > Theorem 4.3.7
9: Oy + S8(S2,03,) > Theorem 4.3.7
10: Return ((O7 + O2) N [u] + {x}) N [u]
11: end if

122 Randomly partition S to (S, Sz) with [S; — Sp| < 1. > Split S as evenly as possible.
13 €4 oy

14: O; < OUTPUTSENSITIVESUBSETSUMPERLAYER (51, (1 + €)5, )
15: O, < OUTPUTSENSITIVESUBSETSUMPERLAYER (52, (1+¢€) %, t )
16:  Return (07 4+ Oz) N [¢] > Capped Sumset Computation via Lemma 4.3.5

17: end procedure

4.4 General Algorithm

Our approach randomly partitions the input to two equal-sized sets S1,S;. Our main
algorithm is Algorithm 22. Similar to [Bril7] the algorithm splits the set to layers, and solves

each layer separately, by calling Algorithm 23.
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Bounding the Running Time

The following lemma is the crux of our argument on bounding the running time. In a
nutshell, this lemma says that if all elements are small compared to the target, then any
way of splitting S to two parts X and Y forces the number of subset sums of X and Y to be

sufficiently less than the number of subset sums of S.

Lemma 4.4.1 (Recursive Splitting Condition). Let S be a set of numbers, partitioned into X and

Y. Let t be such that g > 2t. Set y = %(S) and assume y to be at most a sufficiently small

constant. Then for any € we have

’s (X,(1+e);>‘+|8 (Y,(l—l—e);)‘—lﬁ m

Proof. We denote
C=S8(51),
A=S (x,(1+e);>,
B=S <Y,(l+e)£) .

We also let A’ = AN [(1—e—2u)5, (1+¢€)5]. The statement is trivial if max(A) <
(1—e€)% (or max(B) < (1—e€)%), since then mapping every x € B\ {0} to 07, (xyux = ¥ +0x
(equivalently, map Ig(x) to Ig(x) U X) we obtain |B| — 1 distinct subset sums above max(A),

yielding |C| > |A| + |B| — 1. We will need the following two claims:
Claim 4.4.2. |C| > |A|+ |B| — |A'| -1
Proof. Note that
‘Cﬂ [0,(1—6—2;4);” > ‘Am [O,(l—e—Zy);H —|A| - |A

Moreover, since all items are bounded by yut, we can choose P C X such that

op € [(1 —6—2]1)%, (1 —e);} .
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To see that, let any ordering of elements of X, initialize P to the empty set, and start adding
elements to it one by one; clearly at some point op will fall inside the aforementioned interval.
Now, for every x € B, we map x to 0y, (yyup = 0x + 0p (equivalently, map Ig(x) to Ig(x) U P,
to obtain |B| — 1 different sums, all in the interval [(1 —e —2pu)$ + 1, ], and thus disjoint
from the numbers in A counted above. Thus, we obtain at least (|A| — |A’|) + (|B] — 1)

numbers in C.

Claim 4.4.3. |C| > |A| + %

Proof. In the interval [0, (1 + €)%] we simply count the numbers in A. Above that interval,
we argue as follows. Since all items are at most yt, using a totally analogous argument as in

the previous claim, we can find prefixes P; C Y such that
op, € [i(e+2u)t,i(e +2u)t +ut)],
for all i satisfying
i(e +2u)t + ut < max(B).

Let us call such i good. Since max(B) > (1 —€)$ by an earlier argument, all i smaller

than
(1—¢€)f _ l-e
(e+2u)t  2e+4u
= 2€—|1—4;l -2
are good.

For any x € A’ map I4/(x) to I/(x) U P;, to obtain |A’| different numbers in the interval
) t . t
ile+2u)t+(1—e— 2;4)5, (i+1)(e+2u)t+(1— e—Zy)E :

These intervals are pairwise disjoint as well as disjoint from the initial interval [0, (14 €)].

In order for all generated sums to be at most ¢, we also need (i +1)(e +2u)t+ (1 —e —
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2u)% < t, which boils down to i < (1+ €+ 2u)/(2€ +4u) — 1. Since i is an integer, we have

at least 1/(2€ + 4u) — 1 valid i’s. Hence, we obtain

1
> |A A’ —-1].
1> 141 +141 (555 -1)

We now combine the two claims, by considering two cases:
e Case 1: |A’| < (2¢ +4u)|B| Then

Cl = |A| +[B| = [A"| =1 = |A] + |B|(1 - 2¢ — 2u) > (|A| + |B|)(1 — 26 — 2p) — 1.

e Case 2: |A’| > (2¢ +4pu) - |B| Then

Al
> ==
Il = ’A|+26+4y—2 -
|A| + [B|(1 — 4e — 8u) >

(lA]+ |B[)(1 — 4e — 8u).

O

Lemma 4.4.4 (Bound on the Running Time). The procedure OUTPUTSENSITIVESUBSETSUM(S, t)

has expected running time (ignoring any logarithmic factor) at most

a2|S (S, (1+a)t)|.

Proof. 1t clearly suffices to prove that OUTPUTSENSITIVESUBSETSUMPERLAYER(S, t, 1) runs in
expected (|a=28(S, (1 +a)t)|) - poly(log(nt)) time.

If every element of S is at least t/log‘ t, we immediatelly get the desired result by
Lemma 4.3.10. Otherwise, the algorithm will split the set to two sets S1, S2 and recurse on
each one. If we are initally in layer i then every element is at least ¢/2/, the recursion tree
will have depth roughly ©(i — loglog t), and number of nodes @(2'/ log* ). In the leaves

of the recursion OUTPUTSENSITIVESUBSETSUMFORLARGEELEMENTS will be called. If the set
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S satisfies ¢ < 2t, then the result will follow by theorem 4.3.7. Otherwise, by invoking
Lemma 4.4.1 (in every call u = max(S)/t is smaller than some absolute constant) and since
€ = 1/logn, by an inductive argument we can bound the total running time per level by

|S(S,t)| - poly(log n). The claim then follows.

Proof of Correctness

We now prove that OUTPUTSENSITIVESUBSETSUM(S, f) returns S (S, t) with probability 99/100.
Combining this result with Lemma 4.4.4, we obtain Theorem 4.3.2. Similarly to [Bril7], we
perform a coloring coding argument to argue correctness.

Fix x € S(S,t). In the following we will write I(x) meaning Ig(,). We will argue that the
algorithm will include it in the final output with probability 1 —99/(100¢); then the result
will follow by a union bound. Moreover, it suffices to prove that for alli =1,2,..., [logn],

with probability 1 — (logn + 1) - 99/(100t) the element

U1(x)N[2-1+1,2-)
will belong to the output of
OUTPUTSENSITIVESUBSETSUMPERLAYER(x, S N [£27 71 + 1,277, ),
as well as a similar fact for 7(y)n(o+/,)- If this is the case, by a union-bound we will get that

[log ]
X = 0p(x) = O1(x)nfot/n) T Z Usn[t2—i+141,.2-1]

i=1
belongs to the final list of elements. For that, since the failure probability of the leaves of
the recursion tree of the call SUBSETSUMPERLAYERPERLAYER calls in OUTPUTSENSITIVESUBSET-
SuM succeed with probability 1 — ¢ >, the only thing we need to prove is the following. For
every set T wit containing elements less than ¢/ log ¢/, and satisfying o7 < t the following

holds. If we split it randomly to Ty, T (line 12) then with probability 1 — 1/ poly(t') we

have that o, < (1+ e)% and o7, < (1+ €) % To do that we will invoke the following version
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of the Chernoff-Hoeffding bound: given random variables Zy, ..., Zy identically distributed

in [0, M] with EZ; = u for all i, for { < 1/2 we have that

|

where C is an absolute constant. In our case, if o7y < % there is nothing to prove,

N
Y Zi—Nu
i

> g] < efCN‘uéz/M’

otherwise by Chernoff-Hoeffding with M = t/log°t and { = 1/logt we obtain that
or, € [(1—Q)or, (14 {)or] with probability 1 — 1/ poly(#'), if ¢ > 3. This failure probability

allows for a union-bound over every splitting in OUTPUTSENSITIVESUBSETSUMPERLAYER.
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Chapter 5

Conclusion and Open Problems

In this thesis we presented several efficient solutions to fundamental problems in sparse/recovery
compressed sensing, all of them being nearly optimal, as well as (nearly or almost) opti-
mal algorithms for classical problems such as polynomial multiplication, SUBSET Sum and

MoDULAR SuBseT SuM. Many new facinating questions remain open or arise from our work.

5.1 Non-Linear Compressed Sensing

OPEN: Devise an algorithm for compressed sensing from intensity-only measurements

which uses O(klog(n/k)) measurements and runs in time O(klog n).

OPEN: Devise an algorithm for § — ¢, /¢, One-Bit Compressed Sensing which runs in time

O(klog® ) and uses O(klog n 4 6~2k) measurements.

5.2 Sparse Fourier Transform

OPEN: Does there exist a sublinear-time dimension-free Sparse Fourier Transform algo-

rithm, achieving nearly optimal sample complexity?

OPEN: Devise an /o /¢, Sparse Fourier Transform algorithm with O(klog#n) samples in

any dimension.
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OPEN: Does there exist a strongly explicit construction of an /e /1 scheme with O(k* log 1)

measurements?

OPEN: Does there exist a for-all ¢« /¢ scheme for the Sparse Fourier Transform which

uses O(k?logn) samples and runs in sublinear time?

OPEN (Possibly very hard, if not impossible): Does there exist a for-all ¢,/ ¢; scheme for

the Sparse Fourier Transform running time o(k?) - log“n ?

OPEN: Does there exist a polynomial time algorithm for finding a subset of O(k?(log, n)?)

rows of the DFT matrix, such that the resulting matrix is 1/k-incoherent?

OPEN: Does there exist a strongly explicit construction of an 1/k-incoherent matrix with
O(k?1logn) rows? The same when the rows of the matrix should be a subset of the rows of

the DFT matrix.

OPEN (Possibly very hard): Does there exist a 1/k-incoherent with O(k?log, 1) rows?

5.3 Polynomial Multiplication and Sumset Computation

OPEN: Devise a O(klogn)-time algorithm! for sparse polynomial multiplication, where k
is the size of the input plus the size of the output? Such an algorithm would outperform

FFT for any k = o(n).

OPEN: Does there exist a deterministic algorithm for finding the sumset of two sets in

output-sensitive time?

Noglog n factors are prohibited!
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5.4 Subset Sum

OPEN: Can you find a deterministic algorithm for MODULAR SUBSET SuM in nearly linear
time without using a deterministic algorithm for output-sensitive sumset computation?

Even for the case where m is a prime number such a result would be very interesting.

OPEN: Devise an output-sensitive algorithm for SUBSET Sum, running time O(|S(S,t)| -

poly(logt))?

OPEN: Does there exist a deterministic algorithm for SuBser SuM faster than O (min{\/nt, t*/4})
which is achieved by [KX17]? Note that our techniques imply a deterministic algorithm
running in time

min{v/7|S(8,26) 170, |S (s, 20)[/41 (1)},

OPEN: Without a dependence on ¢, which is the best algorithm for SUBSET Sum in terms

of |S|?
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