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Abstract

There has been great clinical interest in the concept of ‘critical windows’ or ‘sensitive periods’ of
environmental exposures7,15,66. The concept of a critical window, defined formally in this disserta-
tion, refers to a specific time period during which an individual is more susceptible to developing
an outcome in response to a particular exposure than at other times. The statistical methods used
to identify these critical windows have several limitations, and applied researchers are often limited
to using methods developed for different research questions which can lead to bias, inflated Type I
error rates, and low power.
Studies on environmental exposures are almost always observational by necessity, and it remains

an ongoing challenge to interpret results as the causal effect of intervening on the exposure rather
than merely as an association between the exposure and the outcome. Because the methods cur-
rently in use have not been previously examined through a causal inference lens, results across stud-
ies are difficult to compare, even if the same covariates are used.
This dissertation seeks to combine these two areas of interest by proposing a framework for the

identification of critical windows from a causal inference perspective. Throughout this work, we
demonstrate how different methods should be employed to answer subtly different research ques-
tions and compare our methods to existing approaches through simulations where appropriate.
In Chapter 1, we introduce our novel flexible CAusaL Identification of Critical windOws - Mod-

ified Treatment Policy (CALICO-MTP) framework, extending previous work on using a dose mod-
ification scheme to estimate the causal effect of continuous exposures35. We propose dividing the
concept of critical window identification into three distinct research questions, each addressed with
different approaches. These questions are: 1) Curve estimation: what does the exposure-outcome
relationship look like over time? 2) Hypothesis testing: is there any time window during which
there is an effect of intervening on the exposure? and 3) Window selection: after determining that
there is a causal relationship, what is the critical window for that exposure? For the first question,
we propose a curve estimation strategy to yield results similar to those of the commonly used dis-
tributed lag model (DLM)89. For the second, we propose estimating the effect of intervening on
all biologically plausible windows and combining the p-values using the Aggregated Cauchy Asso-
ciation Test (ACAT), a p-value combination method that accounts for strong correlations between
test statistics49. For the third, we discuss strategies for selecting the window once the global null
has been rejected. We apply these methods to a dataset from Beth Israel Deaconess Medical Center
(BIDMC) and compare them to previous results regarding the effect of Nitrogen Dioxide (NO2)
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exposure on the 32-40 week fetal head circumference as measured by ultrasound45, and we present a
novel visualization for the causal effect of intervening on time intervals.
In Chapter 2, we present a variant of this framework, CALICO-ADRF, that explicitly models

nonlinear dose-response relationships by estimating the Average Dose Response Function (ADRF) for
each time window. This nonlinear relationship is particularly relevant for environmental exposures
such as metals, where some are necessary minerals at low exposures but act as toxins at high exposure
levels51,39, and temperature, which may exhibit a thresholding effect for certain outcomes29. We
use a scalar test statistic that is the integrated squared derivative of the estimated ADRF to perform
global hypothesis testing with Type I error control and improved power compared to the methods
of Chapter 1 for biologically-plausible nonlinear dose-response curves. We demonstrate these re-
sults looking at the effect of maternal prenatal temperature exposure and birthweight for full-term
deliveries in the same BIDMC cohort.
In Chapter 3, we present a discussion of causal inference concepts specifically tailored to the

methods most commonly used for time-varying environmental exposures, offering a novel perspec-
tive for researchers. We present a framework through which the target estimand of different mod-
eling approaches can be compared, improving the ability to draw meaningful and comparable con-
clusions across studies. We explore the different estimands that these methods target and illustrate
when these estimands align or diverge depending on the underlying causal structure of the exposure.
Finally, we provide guidance for researchers on how to appropriately align their methodological
choices with their research questions.
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1
CALICO: AModified Treatment Policy

Approach for Identifying Critical Windows

1.1 Introduction

A critical window of exposure, also referred to as a highly susceptible period or a window of sus-

ceptibility, is a time period in an organism’s life when it is particularly susceptible to developing an

1



outcome in response to a specific exposure. This concept has long been considered in relation to

fetal development, where complex biological processes occurring on length scales of months, weeks,

or even days mean that small disruptions can have profound impacts on a child’s development and

long-term health. For example, it is commonly accepted that malnutrition during fetal development

is associated with a lifelong increased risk of cardio-metabolic disorders22 24 and that prenatal drug

exposure during certain specific developmental times is associated with several adverse outcomes

including Fetal Alcohol Syndrome, birth defects, and developmental delays64. More recently it

has been suggested that prenatal exposure to some metals is associated with adverse neurodevelop-

mental outcomes51, with effects that vary according to when the subject was exposed91, and that

increased relative humidity exposure in the early second trimester is associated with later develop-

ing preeclampsia38. Critical windows are not just limited to pregnancy, however. To list just a few

other applications, it is thought that the prenatal period, puberty, pregnancy, and menopause are

all potential critical windows for developing breast cancer due to complex hormonal changes70; the

timing of introduction to solid foods in infancy is associated with developing food allergies25; and

the timing of first exposure to alcohol is associated with developing alcoholism58.

In this work we consider the setting where each individual receives exposures over time and focus

is on the causal effect of these exposures on a single subsequent outcome. In our setting, the overar-

ching problem of critical window identification can be broken down into three separate questions:

(i) is there a relationship between the exposure and outcome of interest, (ii) how does the strength

of the relationship between the exposure and outcome vary over time, and (iii) is there a single time

window with a stronger relationship than the others. The first and third questions primarily relate

to hypothesis testing and the second to estimation. Current strategies often use methods designed

for answering one question to answer another, leading to hypothesis testing with inflated Type I

error or estimators with suboptimal performance (e.g. interval estimation with poor coverage prop-

erties).
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To address the limitations of existing methods, we propose a novel framework for this data set-

ting that: 1) formalizes the biological concept of a ‘critical window’, 2) uses a causally interpretable

and biologically-relevant estimand, 3) allows modeling flexibility with very few limitations, 4) per-

mits a user-specified searching approach to allow the use of existing biological knowledge and 5)

controls global type I error.

We begin by reviewing existing methods in the literature in Section 1.2. We then introduce the

mathematical formalization and notation in Section 1.3, discuss Methods and propose three dif-

ferent estimators in Section 1.4, and provide workflows that use these estimates to answer each of

the three main questions of interest in Section 1.5. We present simulation results in Section 1.6 and

apply the methods to investigate critical windows for the effect of ambient NO2 exposure on fetal

growth in Section 1.7. We conclude with discussion in Section 1.8.

1.2 ExistingMethods and Limitations

One commonmethod used in practice in this data setting is testing several different possible win-

dows of exposure, with these windows sometimes chosen as a matter of convenience rather than

biological relevance71,23,19. For example, researchers may fit a single regression model with exposures

averaged over each of the three trimesters of pregnancy to assess exposure–outcome relationships,

even though the trimester framework is known to have limited biological justification in the con-

text of fetal development67. Note that when there is a known biological mechanism that limits the

number of plausible time periods to one or a few specific ones during which an exposure-outcome

relationship could occur, this could be a reasonable strategy to employ. When there is limited or no

prior biological knowledge, however, not only can this strategy fail to identify a true critical window

due to it not having been tested, it can actually introduce bias to the extent of yielding effect esti-

mates with the opposite sign of the true effect in the case of highly correlated and seasonal exposures
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such as ambient air pollution81. Additionally, this approach naturally incurs Type I error inflation

due to multiple testing, an issue that is often overlooked in the literature on critical windows.

Applied work has more recently relied heavily on the use of Distributed LagModels (DLMs) for

critical window identification45,38,63,59. DLMs allow for modeling an exposure effect at each time

point in the dataset, essentially dividing the exposure-outcome relationship into an overall effect

size and a set of weights for each time point. Restrictions are then placed on these weights for two

main reasons: (i) exposures in at one time point are often highly correlated with those at nearby

time points, so placing restrictions increases estimability and reduces variance inflation frommulti-

collinearity, and (ii) in most cases, it is usually biologically reasonable to assume that the exposure-

outcome relationship is similar at two time points that are very close together. Most commonly,

to impose restrictions while still allowing flexibility, one typically resorts to a spline type function

modeling approach.

There are several limitations to the use of DLMs for critical window identification. First, DLMs

address the problem of curve estimation but are often used as an ad hoc hypothesis test for the

presence of a window, which can dramatically inflate false positives as we show in our numerical

simulations (Section 1.6.1). Additionally, the choice of spline or other smoothing methods itself

can strongly influence the results of the analysis, with our preliminary work showing occasional

spurious results of opposite direction from the actual effect. As the smoothing method is also of-

ten chosen by convenience or through ad hoc procedures, it is likely that bias arising frommodel

misspecification is a common issue. Additionally from a causal inference perspective, all DLM ap-

proaches target the direct effect of an exposure at each time point, which may or may not be the

research question of interest55.

Traditional DLMs have been expanded upon in several ways, allowing more flexibility in analy-

sis: there are Distributed Lag Non-Linear Models (DLNMs) to account for non-linear exposure-

outcome relationships at each time point29, treed DLNMs to allow for non-linear and non-smooth
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exposure-outcome relationships52, Bayesian DLMs to allow for subgroup heterogeneity80, and

Bayesian Kernel Machine DLMs to handle the distributed lags of multiple exposures82. While these

methods provide the ability to answer more complex questions, they still do not directly achieve

the goal of identifying a critical window with appropriate hypothesis testing in a rigorous decision

theoretic framework.

Another recent method for the identification of critical windows is Critical Window Variable Se-

lection (CWVS), a hierarchical Bayesian framework that considers each time point individually and

identifies whether or not it is within the critical window by performing temporally smoothed vari-

able selection77. There is an extension for mixtures of exposures76. This method also has limitations

in this data setting: it does not consider the temporally contiguous structure of critical windows as it

occurs biologically. Additionally, it can be challenging to interpret from a causal inference perspec-

tive due to the variable selection procedure: if there are time points that are not selected for the final

model, the CWVS estimand is no longer the direct effect nor the total effect of an intervention and

in fact does not have a causal interpretation.

Overall the body of literature on methods for critical window identification is lacking causal infer-

ence approaches, however there has been a great deal of recent discussion on the common practice

of conditioning on intermediates and mediators. Specifically, Vanderweel et al. discuss biases that

arise from the common practice of conditioning on intermediates such as gestational age or birth-

weight73, and Ananth and Brandt discuss mediation methods and their application to perinatal

epidemiology2. This is applicable to the problem of identifying critical windows even outside of

pregnancy, as methods that target the direct effect of an intervention are conditioning on intermedi-

ates by including all time points in a model simultaneously.

The previous methods described have neither considered a causal inference perspective for for-

malizing the notion of a critical window nor a rigorous hypothesis testing framework for the pres-

ence and subsequent localization of these windows. We present the CAusaL Identification of Crit-
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ical windOws (CALICO) framework to address these limitations. Our approach is the first of its

kind, allowing both valid causal inference and statistical inference to be performed.

1.3 Causal Formalization of CriticalWindows

We consider time-varying, continuous exposures observed at discrete points in an observational

study and aim to estimate how intervening on those exposures over certain intervals would affect

an outcome of interest. We adopt amodified treatment policy (MTP) framework for continuous

exposures over intervals, building on earlier work35, calling this approach CALICO-MTP.

1.3.1 Notation and Setup

Let
(
Yi,Ai,t1 ,Ai,t2 , . . . ,Ai,tM ,Li

)n
i=1 be i.i.d. data from n subjects. For each subject i, Yi is a mea-

sured scalar outcome;M is the total number of time points at which the exposure is measured;

Ai,tk is the scalar exposure measured at time tk (with 1 ≤ k ≤ M and t1 < · · · < tM); Li is a

potentially multivariate vector of covariates for individual i, recorded prior to any exposure times;

Āi,u−1 ≡ (Ai,t1 , . . . ,Ai,tu−1) is the set of all exposures for individual i before time tu.

We define contiguous intervals by the index pair (tu, tv), where 1 ≤ u ≤ v ≤ M. For each

k = u, . . . , v, let

Ãi,tk = q
(
Ai,tk , Āi,u−1, Li

)
be themodified exposure, where q is a user‐specified (but biologically meaningful) function. Denot-

ing

Ãi,tu,tv =
(
Ãi,tu , . . . , Ãi,tv

)
,

we define YÃtu,tv , i
as the counterfactual outcome if subject i’s exposures between tu and tv had been

replaced by Ãi,tk (for k = u, . . . , v), while earlier exposures Āi,u−1 and covariates Li remain un-
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changed.

1.3.2 Interval-Level Causal Contrast

Our primary target parameter is

Δtu,tv = E[Y ] − E
[
YÃtu,tv

]
.

Here, E[Y ] is the mean outcome under the actually observed exposures, while E
[
YÃtu,tv

]
is the mean

outcome if, instead, everyone’s exposures over [tu, tv]were replaced by Ãtu,tv . This parameter thus

reflects the total effect of intervening on Awithin that interval. By scanning over 1 ≤ u ≤ v ≤ M,

one can detect possible “critical windows” in which exposure modifications yield the largest absolute

changes in Y.

A global null hypothesis for detecting any effect could be:

H0 : Δtu,tv = 0 ∀ (tu, tv) versus H1 : ∃ (tu, tv) : Δtu,tv ̸= 0.

1.3.3 Causal Assumptions

We define the usual assumptions needed to identify E[YÃtu,tv
]:

Consistency: If the actual exposure for subject i in [tu, tv] equals the modified exposure, then Yi

must equal YÃtu,tv , i
.

Positivity: For every (atk , l) in the support of (Atk , L), the corresponding q
(
atk , . . .

)
must also

be in that support. This ensures no subpopulation has zero probability of receiving the modified

exposures.
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Conditional Exchangeability: After conditioning on Āu−1 and L, the assignment to (Atu , . . . ,Atv)

is independent of any unobserved factors that also affect Y. Equivalently, the law
(
YÃtu,tv

| Āu−1, L
)

does not depend on whether the subject actually received A or Ã on [tu, tv].

Under these conditions, we can identify E[YÃtu,tv
] via the extended g‐formula35, namely

E
[
YÃtu,tv

]
=

∫
E

[
Y q(atu ,...,atv , l)

∣∣ Āu−1 = āu−1, L = l
]
dF

(
atu , . . . , atv , āu−1, l

)
.

1.3.4 DoseModification Schemes

To operationalize q(·), one must specify how the actual exposures in [tu, tv] are shifted or replaced.

A simple choice is

q
(
atk , āu−1, l

)
= atk + δ for some constant δ,

assuming δ keeps exposures within the observed range. Then Δtu,tv captures the effect of uniformly

decreasing or increasing exposures by δ during (tu, tv). Again, δ should be chosen to ensure positiv-

ity and depends on scientific context and subject matter knowledge. In a setting where changing

exposure in [tu, tv] could also causally affect subsequent exposures Atv+1 , . . . ,AtM , the parameter

remains a total effect of the shift. If q is more complex (e.g. depends on previous exposures or co-

variates in a non‐additive manner), the same framework holds, provided positivity is not violated. It

may be scientifically relevant to consider modifying the dose only in a subpopulation of individuals

for whom that modification is feasible. In that case, see more details fromHaneuse and Rotninzky

on dose modification35.
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1.4 Estimation and Inference Strategies

Wewrite

Δtu,tv = μ − μÃtu,tv
, μ = E[Y], μÃtu,tv

= E
[
YÃtu,tv

]
.

A natural estimator of μ is the empirical mean, μ̂ = 1
n

∑n
i=1 Yi. For μÃtu,tv

, we can use three ap-

proaches:

(i) Outcome Regression (OR). Suppose we model

m
(
Āu−1, Atu , . . . ,Atv , L; τ∗)

≡ E
[
Y | Āu−1, Atu , . . . ,Atv , L

]
.

Wherem is a known function with unknown parameter τ∗. After fitting any suitable regression or

machine‐learning method to get m̂, define

μ̂Ãtu,tv ,OR
= 1

n

n∑
i=1

m̂
(
Āi,u−1, q(Ai,tu , Āi,u−1,Li), . . . , q(Ai,tv , Āi,u−1,Li), Li; τ̂

)
.

Then

Δ̂tu,tv,OR = μ̂ − μ̂Ãtu,tv ,OR
.

(ii) Inverse ProbabilityWeighting (IPW). Alternatively, one may model

fAtu ,...,Atv |Āu−1, L(·; θ
∗).
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Where f is a known function with unknown parameter θ∗. Under piecewise smooth invertibility of

q, the extended g‐formula implies

μÃtu,tv
=

E
[
Λ

(
Āu−1, Atu , . . . ,Atv , L

)
Y

]
E

[
Λ

(
Āu−1, Atu , . . . ,Atv , L

)] ,

for some weighting function Λ. After estimating θ∗, we get

μ̂Ãtu,tv , IPW
=

∑n
i=1 Λ̂

(
Āi,u−1, Ai,tu , . . . ,Ai,tv , Li

)
Yi∑n

i=1 Λ̂
(
Āi,u−1, Ai,tu , . . . ,Ai,tv , Li

) , Δ̂tu,tv, IPW = μ̂ − μ̂Ãtu,tv , IPW
.

(iii) Doubly Robust (DR). A combined approach yields an estimator that is consistent if either

the outcome‐regression model or the exposure‐density model is correctly specified. Let m̂ be the OR

fit, Λ̂ the IPW function, and solve an additional estimating equation for γ̂. Then

μ̂Ãtu,tv ,DR = 1
n

n∑
i=1

{
m̂

(
Āi,u−1, Ãi,u,v, Li

)
+ γ̂ Λ̂

(
Āi,u−1, Ãi,u,v,Li

)}
,

where

Ãi,u,v =
(
q(Ai,tu , Āi,u−1,Li), . . . , q(Ai,tv , Āi,u−1,Li)

)
.

Then

Δ̂tu,tv,DR = μ̂ − μ̂Ãtu,tv ,DR.

Under standard regularity conditions, Δ̂tu,tv,DR is consistent and asymptotically normal if either the

OR or the IPWmodel is correct.
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1.4.1 Performing Inference with Resampling

All of the estimators described above (OR, IPW, DR) are consistent and asymptotically normal un-

der consistency, positivity, conditional exchangeability, and piecewise smooth invertibility of q, even

when applied to time‐interval exposures. In principle, one can derive closed‐form variance expres-

sions for these estimators under certain simpler models (e.g. linear or logistic regression). However,

analytic derivations become cumbersome, if not impossible, when more complex estimation proce-

dures are employed (e.g. machine learning or high-dimensional regressions).

Bootstrap and Jackknife. Although these estimators have finite variance under the assump-

tions, analytically obtaining the variance is dependent on the models used to estimate m̂ and/or λ̂

and involves inverting a large matrix which may lead to increased instability. Resampling methods

offer a practical solution by not requiring explicit variance formulas and can be more stable, espe-

cially in the case of asymptotically normal estimators. The bootstrap, in particular, has become a

mainstay for variance estimation in complex settings20,21. However, performing the bootstrap over

every possible interval can be computationally expensive. A more computationally efficient alterna-

tive is them-fold jackknife. This produces a linear approximation to the bootstrap variance, often at

significantly reduced cost—particularly important when the procedure is repeated over many inter-

vals. We demonstrate the effectiveness of them-fold jackknife for our estimators in Section 1.6.2.

Another possible approach would be to use a permutation test to obtain p-values for each inter-

val as described in Section 1.5.2. However, permutation methods generally require more resamples

than the jackknife and cannot be easily adapted to the curve estimation procedure described in Sec-

tion 1.5.1. In contrast, them-fold jackknife balances computational tractability with good statistical

properties, making it well‐suited for this problem.
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Figure 1.1: Summarizing the workflow of the CALICO framework

1.5 Practical Approaches

We developed the CALICO R package, which enables users to specify their preferred estimator, a δ dose

modification, the GLM family for modeling both the outcome and the propensity score, the choice

between jackknife or bootstrap resampling (along with the number of folds or resamples), and the

set of biologically plausible time points or intervals to evaluate. Naturally, increasing flexibility by ex-

panding the set of candidate windows reduces statistical power and increases computational burden.

The full workflow is summarized in Figure 1.1.

Once estimates are obtained at each time point or interval, we then address the research ques-

tion(s) of interest. We consider three separate questions:

(a) Curve Estimation: How does the strength of the exposure–outcome relationship vary over time?

(Section 1.5.1)
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(b) Hypothesis testing: Is there a relationship between the exposure and the outcome at any time?

(Section 1.5.2)

(c) Window selection: What is the ‘critical window’ for the exposure on the outcome? (Section 1.5.3)

1.5.1 Curve Estimation

If scientific interest lies in understanding how the strength of the exposure–outcome relationship

varies over time, similar to the result of a distributed lag model (DLM), then it is only necessary to

obtain estimates for each individual time point in the dataset rather than over every possible interval.

Once theseM estimates, Δ̂t, are obtained, a smoothing function can be applied. We choose a Gaus-

sian kernel smoother, as it is data-driven and suffers less from edge effects than the cubic splines

typically used in DLMs. Note that, although the results of this approach resemble a DLM, the

CALICO approach targets the total effect of intervening at each time point rather than the direct

effect targeted by a DLM.

Inference

We define uncertainty of this curve in a manner similar to how it is usually quantified in a DLM: as

pointwise confidence intervals that can be estimated via the jackknife or bootstrap. Alternatively, a

simultaneous confidence band for the smoother itself can be estimated using the wild bootstrap36,

though this excludes the error arising from the smoothing process. Both approaches are shown in

the data application in Figure 1.9. Methods used to estimate the exposure–outcome curve should

not be used to identify a critical window because they do not account for the inherent multiple

testing from estimating a confidence interval at each time point, nor do they estimate the effect of

intervening over an entire interval. The latter may not be equivalent to the sum of intervening at

individual points within that interval, depending on the underlying causal structure of the exposure.
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1.5.2 Hypothesis Testing

Here we focus on whether there is a causal effect of intervening on the exposure during any interval

of time in the search period. Each individual Δ̂ − Δ follows a Normal distribution with mean 0

and finite variance for all three estimators in every time interval. Therefore, a hypothesis test can be

performed for

H0 : Δtu,tv = 0

H1 : Δtu,tv ̸= 0

over each interval. As previously discussed, although these estimators have finite variance, the vari-

ance in each interval depends on the estimation model and is generally non-trivial to derive explic-

itly, reducing the flexibility that is one primary advantage of this approach. Due to the asymptotic

normality of these estimators, we suggest obtaining p-values for each of these tests using standard-

error estimates from resampling methods (i.e. the bootstrap or anm-fold jackknife).

Global Hypothesis Test

We next consider the following global hypothesis test:

H0 : Δtu,tv = 0∀u, v (1.1)

H1 : at least one of the Δtu,tv ̸= 0.

When searching over all possible contiguous intervals, the number of tests grows quickly. ForM

possible time points, minimumwindow length lmin, maximumwindow length lmax, and with no
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limit on the overlap of windows, the number of windows searched is

1
2

(
lmax − lmin + 1

)(
2M − lmax − lmin + 2

)
.

For a pregnancy of 36 weeks, this yields 660 possible windows and thus 660 intermediate hypothesis

tests. Restrictions on lmin and lmax or the time periods of windows to search over can come from

subject knowledge matter and restricting them can enhance power and reduce computational bur-

den when using more complex estimation methods.

We aim to control Type I error for this global test while retaining as much power as possible in

the setting of sparse causal time periods with unknown effect directionality. One possibility is the

minimum p-value method85, but when p-values are highly correlated due to overlapping windows

and correlated exposures, one must estimate and account for the correlation among test statistics.

Instead, we use an aggregated Cauchy association test (ACAT)48 to combine the p-values for all

windows. This aggregation approach was originally designed for genomics research to maintain

power with a small number of causal variants and does not require the extra simulations that other

set-based hypothesis tests need.

ACAT

ACAT uses a linear combination of transformed p-values as its test statistic for a global hypothesis

test. Specifically,

TACAT =
J∑

j=1
wj tan

{(
0.5 − pj

)
π

}
,

where J is the total number of intervals tested, the wj are non-negative weights, and the transforma-

tion tan{(0.5 − pj)π} is Cauchy-distributed under the null.

UnderH0, the statistic TACAT is approximated by a Cauchy distribution with scale w =
∑J

j=1 wj,
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regardless of the underlying correlation among p-values49. Hence, the approximate p-value is

pACAT ≈ 1
2

−
arctan

(
TACAT/w

)
π

,

which can be computed directly. This combination statistic is a special case of summation-based

p-value combinations87. Here, the heavy tails of the Cauchy transformation render the test statistic

insensitive to correlated p-values.

ACAT relies on bivariate normality of the test statistics (Δi). This assumption follows from the

multivariate central limit theorem and is weaker than full joint normality49.

On the Correlation of p-values and Type I Error Inflation

The smaller pACAT is, the less impact correlation has on the accuracy of the Cauchy approximation.

There is some risk of inflated Type I error when pACAT exceeds 10−3 48. In those cases, one could

consider a method that directly accounts for correlation, though our simulations do not suggest this

is a significant concern in practice with plausible environmental effect sizes and cohort sizes.

1.5.3 Window Selection

By estimating the effect of modifying the received dose across each contiguous interval, we can

mathematically define a ‘critical window’ or ‘window of susceptibility’ as a time interval tCW dur-

ing which changing the exposure most strongly affects the outcome.

In our approach, once the global null is rejected, one can attempt to identify a critical window.

The calculated p-values of these individual windows cannot be used for inference due to multiple

testing, but the ranking of these windows from smallest to largest remains relevant5. A simple ap-

proach would be to select, after rejecting the global null, the window with the smallest p-value as

the ‘critical window.’ However, in some cases several windows may have similar p-values, including
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when (1) there is no single critical window, (2) exposures are highly correlated or seasonal, or (3) the

user restricts possible window lengths so the true length is not included. In these cases, one might

choose the intersection or union of windows below a certain p-value threshold, depending on un-

derlying biology or potential interventions. We note that in practice one might select a window (via

intersection or union) that was not directly estimated in the initial analysis, complicating interpreta-

tion. Post-selection inference is an active area of research and this framework could be extended as

this research continues42

1.6 Simulations

Here we present simulation results for the jackknife as a linear approximator to the bootstrap, Type

I error control of CALICO-MTP compared to existing methods, and power for CALICO-MTP.

For these simulations, we use either exposure data simulated as i.i.d. N(0, 1) or real fine partic-

ulate (PM2.5) andNO2 exposures from the Beth Israel Deaconess Medical Center birth cohort

dataset described in detail in Section 1.7 withM = 36 exposure time points to represent 36 weeks

of a full-term pregnancy. Throughout, we use linear regressions for both the outcome regression

and propensity score estimation steps.

1.6.1 Type I Error of DLMs for CriticalWindowDetection

As previously mentioned, Distributed LagModels (DLMs) and their extensions are commonly

used in environmental health research to assess associations between time-varying exposures and

outcomes. Significance is often inferred by checking whether the pointwise confidence interval for

the DLM excludes zero at any time point. However, the following simulation demonstrates that this

approach can lead to substantial Type I error inflation when used to test the global null hypothesis

that no effect exists at any time point.
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Simulation Setup

We conductedR = 1000 simulations with n = 5000 individuals andM = 36 exposure time points.

Exposure values Ai,t and covariates L1,L2 were drawn independently fromN(0, 1), and outcomes

were generated under the null model:

Yi = γ1Li1 + γ2Li2 + εi, εi ∼ N(0, 1), (1.2)

with γ = (1, −0.5). There was no effect of the exposure A on either the outcome or the covariates.

A DLM using a natural cubic spline with 5 degrees of freedom was fit to each simulated dataset.

Estimated Type I error was defined as the proportion of simulations in which the 95% pointwise

confidence interval for the estimated DLM excluded zero at any time point.

Results

The estimated Type I error was 49.4%. That is, nearly half of the simulations falsely identified a

critical window under the global null, highlighting the risk of using pointwise confidence intervals

from spline-based DLMs as a surrogate for global hypothesis testing and underscoring the need

for procedures that appropriately account for multiple comparisons. Notably, this simulation in

some sense reflects a best-case scenario with the independentN(0, 1) exposures; real environmental

exposures often exhibit strong temporal correlation, which can further inflate Type I error rates.
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1.6.2 Resampling Approaches: Jackknife as a Linear Approximator to the Boot-

strap

Simulation Setup

To ensure that them-fold jackknife would perform well in practice, we performedR = 100 sim-

ulations each form ∈ (25, 50) and n ∈ (1000, 5000) comparing the standard error estimates

of them-fold jackknife to a bootstrap with B = 10, 000 resamples, using the doubly robust (DR)

estimator from Section 1.4 constructed with OLS for both the outcome regression and propensity

score estimation steps. The outcome Ywas generated as Y = Eβ + εwhere either E ∼ N(0, 1) or

Ewas sampled with replacement from the PM2.5 data described in Section 1.7, β ∈ (0, 2), ε ∼

N(0, σ), σ = 10.

Results

In practice in this data setting, them-fold jackknife had good statistical properties with onlym =

25, showing that this strategy works well in practice for simple estimation procedures (Table 1.1.

More complex machine-learning algorithms may require a largerm to have good properties.

m N True Beta
Jackknife SE/
Empirical SD

Bootstrap SE/
Empirical SD

Jackknife
Coverage

Bootstrap
Coverage

25 1000 0 1.01 0.97 0.92 0.91
25 1000 2 1.01 0.98 0.97 0.97
25 2000 0 1.00 0.98 0.94 0.97
25 2000 2 1.03 1.00 0.94 0.93
50 1000 0 1.03 0.99 0.96 0.92
50 1000 2 1.01 0.97 0.93 0.95

Table 1.1: Comparing the m=25‐fold and m=50‐fold jackknife to a bootstrap with 10,000 resamples using the DR
estimator. Results from R=100 simulations for each setting, using PM2.5 exposure data
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1.6.3 Number of Tests

If a researcher already knows which window is the biologically relevant one of interest, only one

test needs to be performed and an approach like CALICO is not necessary. If the researcher would

instead like to search across all possible windows measured in weeks over 36 weeks of pregnancy

ranging from length 1 week to the entire 36 weeks, 660 tests need to be performed. By limiting to

windows one trimester or shorter, there are only 390 windows. By limiting the amount of over-

lap between tests, one can reduce the number of tests further. Every additional window searched

necessarily reduces power but increases flexibility, and the researcher must make that trade-off by

understanding what signal strength is plausible given the exposure, outcome, and sample size. Ad-

ditionally, in highly-correlated and seasonal exposures, it is easier to narrow down the true critical

window when limited to windows of similar size to the true window.

As guidance, we provide here a conservative estimate of power to reject the global null hypothesis

(equation1.1) as the number of tests increases, using ACAT to combine p-values as it accounts for

the highly correlated test statistics that will occur with both overlapping windows and exposures

that are correlated over time (Figure 1.2). This estimate is conservative in that the simulation setup

has only one true window among the tests in question, which is unlikely to be the case in a true data

analysis. If, for example, a researcher is searching over all possible windows and there is a true signal

from weeks 1-10, the regions from weeks 1-9 and weeks 1-11 will also likely have low p-values due

to their overlap with the true window and thus the ACAT combined p-value will be lower and the

power to reject the global null will be higher.

1.6.4 Type I Error

Due to the number of tests that could be performed using CALICO, Type I error control is an im-

portant consideration. Other methods, like DLMs, do not typically account for multiple testing
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Figure 1.2: Simulated results from 100,000 simulation runs with one ‘true’ window of p‐value
p ∈ {0.00001, 0.00005, 0.0001, 0.00025, 0.0005, 0.00075, 0.001} and the others simulated from p ∼ U(0, 1)
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and thus can inflate Type I error, especially given the highly correlated exposures often seen in envi-

ronmental research.

Simulation Setup

Here we use both E ∼ N(0, 1) and E sampled from real PM2.5 exposure data from the BIDMC

birth cohort. There wereM = 36 time points with all 660 possible windows being tested in the

CALICO procedure. A 50-fold jackknife was used to estimate the standard errors for each interval.

A continuous outcome was simulated as Y ∼ N(0, 1) and a binary outcome was simulated as Y ∼

Bernoulli(p = 0.1). With the continuous outcome, the DR estimator was used with OLS for both

the outcome regression and propensity score estimation steps; with the binary outcome, the DR

estimator was used with a Firth logistic regression to reduce bias for the outcome regression step26

and an OLS regression for the propensity score step. We compare the more powerful ACAT to the

conservative Bonferroni correction. These results came fromR = 100 simulations for each setting.

Results

Results for these simulations are presented in Table 1.2. Note that the real exposure data are very

highly correlated, so controlling Type I error includes managing the combination of highly cor-

related exposures and highly-correlated test statistics from both the correlation in exposures and

overlapping windows. For simulated exposures with less correlation, Type I error is controlled at

smaller sample sizes. As expected, Type I error is better controlled with continuous outcomes than

with binary outcomes, but using Firth regression allows for Type I error control for n = 10, 000 in

simulated exposure data and approaches full control with the more challenging real environmental

exposure data.
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Table 1.2: Type I Error for CALICO with 36 time points representing weeks, searching over all windows with length 1
to 36, and a 50‐fold jackknife, using the DR estimator, over R=100 simulations, with attempted Type I error control at
α = 0.05

n A Out ACAT Bon. n A Out. ACAT Bon.
1000 N(0,1) Cont. 0.17 0.15 1000 N(0,1) Binary 0.36 0.28
2000 N(0,1) Cont. 0.15 0.13 2000 N(0,1) Binary 0.23 0.19
5000 N(0,1) Cont. 0.06 0.05 5000 N(0,1) Binary 0.13 0.11
10,000 N(0,1) Cont. 0.05 0.04 10,000 N(0,1) Binary 0.06 0.05
1000 PM2.5 Cont. 0.26 0.21 1000 PM2.5 Binary 0.39 0.31
2000 PM2.5 Cont. 0.19 0.15 2000 PM2.5 Binary 0.27 0.24
5000 PM2.5 Cont. 0.08 0.06 5000 PM2.5 Binary 0.18 0.16
10,000 PM2.5 Cont. 0.05 0.05 10,000 PM2.5 Binary 0.10 0.07

1.6.5 Power

There are several ways to conceptualize the power of detecting an effect in this scientific context. We

focus on two primary metrics. The first is the probability of rejecting the global null hypothesis (1.1)

when there is a non-zero relationship between exposure and outcome in some time period. Second,

to measure how effectively CALICO identifies the window itself, we use the Jaccard Index (also

known as Intersection Over Union, IoU):

J(ttrue, tfound) = | ttrue ∩ tfound |
| ttrue ∪ tfound |

,

where ttrue is the true critical window and tfound is the interval selected by CALICO.

When little or no prior knowledge of window length or timing exists, one must test more pos-

sibilities, reducing power. As shown in simulation (Section 1.6.3), if the same effect size is spread

over a longer window rather than concentrated in a shorter window, the probability of rejecting the

global null is decreased since each window’s estimate is smaller in magnitude.
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Simulation Setup

We present results for 9 different ‘true windows’ to demonstrate how power to reject the global null

and the Jaccard Index vary by window size, window location, and underlying correlation of the ex-

posure. Exposures were generated as either E ∼ N(0, 1) for all individuals at all time points or

sampled from the PM2.5 weekly exposures in the BIDMC birth cohort. In the simulated data pre-

sented below, n = 10, 000; in the real exposure data, n = 5, 000. The outcomes Ywere generated

as Y = Eβ + Xγ + εwhere β = 2 within the critical window and 0 elsewhere, the two covariates X

were generated asN(0, 1), γ = [1, −0.5], and ε ∼ N(0, σ)where σ = 10. There areM = 36 time

points. We use a 50-fold jackknife and presentR = 25 simulations for each scenario. For the real

exposure data where seasonality and a strong underlying correlational structure make identifying

the true windowmore challenging, we consider both the case where there is no prior knowledge on

window size and when the researcher knows the length of the true window +/- 4 time points (in this

case, weeks).

Although comparing power between a DLM and CALICO is not reasonable due to the lack of

Type I error control for the DLM, we nevertheless compare the DLM to CALICO on Jaccard Index.

We use a natural cubic spline with 5 degrees of freedom as something that is often seen in practice,

noting that this is functionally forcing a particular window length for analysis (in this case, with the

M = 36 time points and 5 degrees of freedom, the DLMwill be particularly effective at finding

windows of length close to 9).

Results

We compare power to reject the global null using ACAT versus a Bonferroni correction for both

simulated exposure data (Table 1.3) and real PM2.5 exposure data (Table 1.4). In general the power

to reject the global null is high, though it is higher in the highly correlated real exposure data than
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Power to Reject Global Null for Simulated Exposure Data

Not Restricted Length Restricted
Scenario Time Length ACAT Bonferroni ACAT Bonferroni
1 Early Short 1 0.96 1 0.96
2 Early Medium 1 1 1 1
3 Early Long 0.72 0.48 0.56 0.40
4 Middle Short 1 1 1 1
5 Middle Medium 0.80 0.68 0.72 0.60
6 Middle Long 0.88 0.72 0.80 0.60
7 Late Short 1 1 1 1
8 Late Medium 0.76 0.60 0.72 0.52
9 Full Very Long 0.56 0.44 0.44 0.12

Table 1.3: Probability of rejecting ACAT and concluding that there is at least one time interval over which Δ ̸= 0,
using simulatedN(0, 1) exposures for all individuals at all time points, two simulated covariates, and a continuous
simulated outcome. There areM = 36 time points representing weeks, β/σ = 0.2 and n = 10, 000, both of which
are plausible for environmental cohort studies, and every possible interval is searched over. Note that power to detect
an effect is generally very high, though decreases as the window gets longer and later. ACAT is more powerful than a
Bonferroni correction, as expected.

in the i.i.d. simulated exposure data. Whereas the real exposure data results in higher global power,

it reduces the ability to select the correct window (Figures 1.3, 1.5). When there is prior biologi-

cal knowledge limiting how long a window could be but not where in time it occurs, the situation

improves (Figures 1.4, 1.6). In general, the DLM has a higher Jaccard Index than CALICOwhen

the true window length is close to the window length implicitly chosen by selecting the degrees of

freedom. However, this is not the case when there is either prior knowledge on the window size in

CALICO or when the window size is different from that assumed in the DLM (Tables 1.5, 1.6).

A direction for future study is how the shape of the p-values found for each interval can be used

to determine the optimal window length. See Figure 1.7 for the p-value plots associated with Figure

1.6, the simulation using real exposure data without a restriction on length of the windows.

25



CALICO Results for Simulated Exposure Data

Figure 1.3: The window with the lowest p‐value for each simulation run is shown as a black segment with the true
window highlighted in green. In this simulation, all 660 windows from length 1 to 36 time points were searched over.
When the global null hypothesis was not rejected for a simulation run, no window was provided. Here n = 10, 000,
the exposures are simulated as i.i.d. N(0, 1) for all individuals at all time points, Y is a continuous outcome, β/σ = 0.2,
and there are two simulated covariates.
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CALICO Results for Simulated Exposure Data: Length-Restricted
with window length restricted to +/- 4 weeks of true window length, representing prior biological knowledge

Figure 1.4: The window with the lowest p‐value for each simulation run is shown as a black segment with the true
window highlighted in green. Note that here there is no prior knowledge used for when the window might occur but
there is simulated prior knowledge on how long the window is (the windows searched over are +/‐ 4 time points of the
true window length). When the global null hypothesis was not rejected for a simulation run, no window was provided.
Here n = 10, 000, the exposures are simulated as i.i.d. N(0, 1) for all individuals at all time points, Y is a continuous
outcome, β/σ = 0.2, and there are two simulated covariates.
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CALICO Results for PM2.5 Exposure Data from the BIDMC Birth Cohort

Figure 1.5: The window with the lowest p‐value for each simulation run is shown as a black segment with the true
window highlighted in green. In this simulation, all 660 windows from length 1 to 36 time points were searched over.
When the global null hypothesis was not rejected for a simulation run, no window was provided. Here n = 4, 000, the
exposures are sampled from the weekly PM2.5 exposures for individuals in the BIDMC birth cohort, Y is a continuous
outcome, β/σ = 0.2, and there are two simulated covariates.
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CALICO Results for PM2.5 Exposure Data from the BIDMC Birth Cohort:
Length-Restricted

with window length restricted to +/- 4 weeks of true window length, representing prior biological knowledge

Figure 1.6: The window with the lowest p‐value for each simulation run is shown as a black segment with the true
window highlighted in green. Note that here there is no prior knowledge used for when the window might occur but
there is simulated prior knowledge on how long the window is (the windows searched over are +/‐ 4 time points of the
true window length). When the global null hypothesis was not rejected for a simulation run, no window was provided.
Here n = 4, 000, the exposures are sampled from the weekly PM2.5 exposures for individuals in the BIDMC birth
cohort, Y is a continuous outcome, β/σ = 0.2, and there are two simulated covariates.

29



Sorted p-values for All Intervals: Real PM2.5 Exposure Data

Figure 1.7: The sorted p‐values for all windows from each simulation run in Figure 1.5. When data are highly corre‐
lated and when the true window is long, there are many windows with similar p‐values to each other, as seen especially
in Scenario 9
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Power to Reject Global Null for PM2.5 Exposure Data from BIDMC Cohort

Not Restricted Length Restricted
Scenario Time Length ACAT Bonferroni ACAT Bonferroni
1 Early Short 0.96 0.84 1 0.92
2 Early Medium 0.96 0.96 1 0.96
3 Early Long 0.96 0.88 0.92 0.84
4 Middle Short 0.96 0.96 1 1
5 Middle Medium 0.92 0.88 0.96 0.88
6 Middle Long 0.96 0.84 0.96 0.80
7 Late Short 0.96 0.92 0.96 0.88
8 Late Medium 0.76 0.72 0.8 0.72
9 Full Very Long 0.76 0.60 0.76 0.36

Table 1.4: Probability of rejecting ACAT and concluding that there is at least one time interval over which Δ ̸= 0,
using real PM2.5 exposure data, two simulated covariates, and a continuous simulated outcome. There areM = 36
time points representing weeks, β/σ = 0.2 and n = 5, 000, both of which are plausible for environmental cohort
studies, and every possible interval is searched over. Note that power to detect an effect is generally very high and is in
fact higher than in the simulated data despite a smaller sample size due to the underlying correlational structure of these
exposure data. We still observe the pattern that power decreases as the window gets longer and later. We also include
the results where the length of the windows searched over is restricted to the true window length +/‐ 4 time points.

1.7 Data Application

1.7.1 Data

Cohort

This study population has been described previously46 44 45. Briefly, we used prenatal and obstetric

data from Beth Israel Deaconess Medical Center (BIDMC, Boston, MA). Individuals who delivered

pregnancies of at least 20 weeks’ gestation from 2011 to 2016 and received obstetric ultrasounds

through BIDMCwere eligible (n = 12,967). We excluded multifetal pregnancies due to differences

in growth trajectories (n = 844), participants without ultrasound measurements (n = 1,377), those

with missing covariates (n = 160), those who received their first and only ultrasound scan after the

23rd week due to the assumption that these individuals did not received their standard prenatal care
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Jaccard Index: Comparing CALICO to DLM on Simulated Exposure Data

Scenario Time Length DLM CALICO CALICO
(length
restricted)

1 Early Short 0.41 0.67 0.74
2 Early Medium 0.59 0.55 0.67
3 Early Long 0.72 0.63 0.74
4 Middle Short 0.21 0.66 0.73
5 Middle Medium 0.67 0.51 0.61
6 Middle Long 0.60 0.51 0.70
7 Late Short 0.23 0.63 0.75
8 Late Medium 0.65 0.50 0.71
9 Full Very Long 0.24 0.36 0.94

Table 1.5: Comparison of Jaccard Index (Intersection over Union) on exposures simulated as i.i.d. N(0, 1) for all
individuals at all time points between a DLM with 5 degrees of freedom, CALICO with no window length restriction,
and CALICO where there is prior knowledge on window length so windows searched over are +/‐ 4 weeks of the true
window length. Note that, in practice, a DLM assumes prior knowledge on the window length by imposing the degrees
of freedom term. In this case, df = 5 makes the DLM good at searching for ‘Medium’ and ‘Long’ windows and unable to
handle ‘Short’ windows or when the entire time period is the critical window.

at BIDMC (n = 732), and those with a residential address outside Massachusetts (n = 408), leaving

9,446 pregnancies available for the analysis. Residential addresses at time of birth were available

for each delivery and were geocoded to latitude and longitude using the Google Maps Application

Programming Interface.

NO2 Exposure

To assignNO2 exposures, we used a previously validated ensemble model that estimates dailyNO2

concentrations for a 1-km grid in the contiguous United States17. Briefly, the model combines pre-

dictions from gradient boosting, a neural network, and a random forest in a geographically-weighted

regression. Model inputs include satellite-based aerosol optical depth andNO2, simulation inputs

from chemical transport models, land-use predictors, and meteorological variables. Ten-fold cross-
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Jaccard Index: Comparing CALICO to DLM on Real Exposure Data

Scenario Time Length DLM CALICO CALICO
(length
restricted)

1 Early Short 0.33 0.51 0.57
2 Early Medium 0.60 0.56 0.62
3 Early Long 0.66 0.47 0.75
4 Middle Short 0.21 0.26 0.36
5 Middle Medium 0.66 0.37 0.48
6 Middle Long 0.71 0.43 0.51
7 Late Short 0.20 0.34 0.40
8 Late Medium 0.74 0.34 0.42
9 Full Very Long 0.31 0.48 0.90

Table 1.6: Comparison of Jaccard Index (Intersection over Union) on PM2.5 exposure data from the BIDMC birth
cohort between a DLM with 5 degrees of freedom, CALICO with no window length restriction, and CALICO where
there is prior knowledge on window length so windows searched over are +/‐ 4 weeks of the true window length. Note
that, in practice, a DLM assumes prior knowledge on the window length by imposing the degrees of freedom term. In
this case, df = 5 makes the DLM good at searching for ‘Medium’ and ‘Long’ windows and unable to handle ‘Short’
windows or when the entire time period is the critical window.

validation showed good model performance with a totalR2 of 0.79. For each delivery,NO2 predic-

tions were assigned for the 1-km grid in which the pregnant individual resided at the time of delivery

and weekly averages were created from the estimated date of conception to the 37 weeks of preg-

nancy.

Outcome

Fetal ultrasound scans were performed and interpreted by either maternal-fetal medicine specialists

or radiologists. Dating the gestational age of these measurements was based on the best obstetrical

estimate1. As in the prior studies with these data, we classified ultrasound scans into 3 distinct time

intervals during pregnancy: 16–23 weeks, 24–31 weeks, and 32–40 weeks which were informed by

both the standard of care and the fetal development process. Based on results of a prior study45, we
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limited the analysis to the effect ofNO2 on head circumference on a 32-40 week scan, as there was a

negative association found betweenNO2 in the second trimester and 32+ week head circumference

using a distributed lag model.

Covariates

We obtained information from the medical records on maternal age, self-reported race (White,

Black, Asian, Hispanic, and other race/ethnicity), educational attainment (college or higher, lower

than college, or not specified for those who declined or were unavailable to answer), insurance type

(private or public/uninsured), parity (nulliparous or parous), fetal sex (male or female), and self-

reported smoking during pregnancy (smoker or nonsmoker). To estimate neighborhood socioeco-

nomic disadvantage, we used the 2009–2013 national percentile rankings of the area deprivation

index (ADI)41.

We also adjusted for ambient temperature because it is a potential confounder of the exposure-

outcome association11. 800-meter resolution daily temperature data were obtained from the Parameter-

Elevation Regressions on Independent Slopes Model (PRISM) developed by the Spatial Climate

Analysis Service at Oregon State University33. LikeNO2, weekly average temperature was assigned

to each pregnancy based on the grid in which they resided at the time of delivery.

1.7.2 Methods

We used similar methods to the previous paper onNO2 and head circumference45. For the dis-

tributed lag model (DLM), allNO2 exposures and temperatures from weeks 1-32 were included.

Note that this means that the estimate of the effect ofNO2 on head circumference in early preg-

nancy is adjusted for subsequent effects ofNO2 and temperature, but this is standard in distributed

lag model analyses. As in the previous study, we used 5 degrees of freedom for the distributed lag
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model and a non-linear distributed lag for temperature. We used a spline with two terms for both

maternal age and ADI.

For CALICO, we searched all possible windows in the pregnancy and did not limit either win-

dow length or overlap. We used 50 jackknife resamples to estimate standard errors and obtain p-

values. To ensure that temperature was used as a true confounder, only temperatures occurring

prior to the start of each window interval were included.

For all methods, we first standardizedNO2 by its interquartile range (IQR). Although the inter-

pretations of the DLM and CALICO are subtly different due to which other exposures and con-

founders are included in the model and that CALICO allows for intervening on intervals, they can

both be loosely interpreted as the effect on head circumference z-score of increasing the exposure by

one IQR.

We present a novel visualization technique for understanding the effect of intervening over time

intervals, where color and opacity for each segment are the negative log of the p-value for that seg-

ment. Because the p-values themselves are not meaningful given that they are not adjusted for

the many tests that have been performed, we only use them directly to 1) combine into the global

ACAT p-value and 2) for the visualization; we use their rank order to select the critical window.

1.7.3 Results

DLM

The distributed lag model (DLM) in Figure 1.8) mirrors the results of the prior study, with a small

negative association betweenNO2 in the second trimester and head circumference z-score. Note

that these are pointwise confidence intervals, as is standard for DLMs, so do not reflect a valid hy-

pothesis test for identifying a critical window.
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Figure 1.8: DLM for the effect ofNO2 on 32+ week ultrasound head circumference z‐score, adjusted for tempera‐
ture, maternal age, maternal race, educational attainment, parity, fetal sex, maternal smoking status, and ADI
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CALICO

The global ACAT hypothesis test performed on all possible windows returned a p-value of 0.0017,

suggesting that there is at least one time interval over which there is a statistically significant relation-

ship betweenNO2 and 32+ week ultrasound head circumference. When the windows are ranked

by their p-values, we return the time interval of weeks 13-30 as the interval with the lowest p-value.

The exposure-outcome curve for the single time point estimates is shown in Figure 1.9. This figure

includes both the pointwise confidence intervals obtained from the 50-fold jackknife standard errors

and a wild bootstrap confidence band with B = 1000 replications36. In this window, the estimated

Δ̂ = −0.17, representing an average 0.17 decrease in head circumference z − score if an intervention

were implemented that increased each person’sNO2 exposure by 1 IQR.

We present two novel visualization approaches for CALICO. Figure 1.10 is a line segment plot

where the y-axis shows the estimated Δ for each time interval, represented as a segment, and each

segment is colored more red and becomes more opaque as the p-value for the interval decreases. Fig-

ure 1.11 is a bubble plot where the x-axis is the start of each interval and the y-axis is the end of each

interval. The bubble color is green where the estimated Δ is positive and red where it is negative, and

the bubble increases in size and opacity as the p-value decreases.

1.8 Discussion

We have made several contributions in this paper. First, we distinguish the broad concept of critical

window identification into three distinct research questions. Second, we propose a highly flexible

framework that allows researchers to address these questions using a wide variety of estimation ap-

proaches, ranging from simple ordinary least squares (OLS) to modern, complex machine learning

procedures. Third, we adopt a causal inference perspective to shift the focus from association-based

estimates to interpretable causal effects of interventions. Fourth, we extend the ACAT approach,
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Figure 1.9: Gaussian kernel smoother with bandwidth = 5 applied to single time point estimates for the effect ofNO2
on 32+ week ultrasound head circumference z‐score, adjusted for temperature, maternal age, maternal race, educational
attainment, parity, fetal sex, maternal smoking status, and ADI. Wild bootstrap applied to the kernel smoother with
B = 1000 replications
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Figure 1.10: Novel visualization technique for the effect ofNO2 on 32+ week ultrasound head circumference z‐score
over time intervals, adjusted for temperature, maternal age, maternal race, educational attainment, parity, fetal sex,
maternal smoking status, and ADI. The x‐axis is the week of pregnancy and the y‐axis is the estimated Δ for that time
interval. Color is related to the negative log of the p‐value, with red reflecting lower p‐values. Opacity also increases as
the p‐value decreases. Time points (intervals of length 0) are represented by dots and longer intervals by segments.
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Figure 1.11: Novel visualization technique for the effect ofNO2 on 32+ week ultrasound head circumference z‐score
over time intervals, adjusted for temperature, maternal age, maternal race, educational attainment, parity, fetal sex,
maternal smoking status, and ADI. The x‐axis is the starting week of pregnancy for each interval and the y‐axis is the
ending week of pregnancy for each interval. Color represents the magnitude and sign of the estimated Δ, with green
reflecting a positive effect and red reflecting a negative effect on the outcome for an intervention that increases the
NO2 exposure by one IQR. Opacity and size of each bubble are related to the negative log of the p‐value for that
interval, with both increasing as the p‐value decreases.
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originally developed for genomics, to the setting of identifying critical windows in environmental ex-

posures. Finally, we introduce a novel visualization technique that clarifies the effect of intervening

on exposures over intervals as well as at individual time points.

Through a causal inference lens, approaches such as distributed lag models (DLMs) target the

direct effect of intervening at specific time points. In contrast, CALICO-MTP targets the total effect

of intervening at a time point (for curve estimation) or over a continuous time interval (for hypoth-

esis testing and critical window selection). The total effect of intervening over an interval has a nice

interpretation as the effect of implementing a realistic, biologically plausible intervention sustained

over time, whereas the direct effect requires conditioning on future mediators—an often unnatu-

ral and unimplementable hypothetical. Another key advantage of CALICO-MTP that was only

briefly touched on earlier is the straightforward interpretability and comparability of the resulting es-

timates, independent of the chosen estimation method. We expand on these concepts in Chapter 3.

The resulting critical window is then naturally identified as the time interval during which we have

the strongest effect on the outcome of intervening on the exposure. If interest instead lies in direct

effects rather than total effects, mediation analysis could be applied to separate direct from indirect

causal pathways18.

Despite these strengths, several limitations of the current implementation remain. One notable

limitation is the adoption of a simple dose modification scheme, q(a, l) = a + δ, which implicitly

imposes linearity on the dose-response relationship within each interval. This assumption may be

overly restrictive and not reflect true underlying biology, though there is flexibility to consider many

other dose modification schemes at the potential loss of interpretability. Additionally, we have not

fully addressed how the inherent correlation structure in typical environmental exposures can be

leveraged to enhance estimation efficiency. Although our simulation study demonstrated the prac-

tical utility of our proposed doubly robust estimator, we did not fully exploit its potential since the

propensity scores were either unknown (in the case of real exposure data) or unnecessary (in the sim-
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ulated exposure scenarios). Moreover, we have not yet proposed systematic, data-driven methods for

reducing the number of intervals examined, a step that could substantially decrease computational

complexity and improve statistical power.

The length of a true critical window differs across exposures and outcomes. Certain prenatal

developmental processes (e.g., neural tube development) occur over days or weeks4 so the likely

critical window for these outcomes is quite short. The human placenta develops largely during the

first trimester14, so outcomes involving placental processes may have windows lasting several weeks

to months but all in early pregnancy. Fetal weight gain is a cumulative process throughout preg-

nancy, implying that there could be a ”critical window” that spans almost the entire pregnancy. In

many cases the set of plausible windows is known and small due to underlying biology. In that case,

CALICO-MTP or other window-searching methods might be underpowered and unnecessary.

In practice, characteristics of the underlying exposure structure also affect the ability to address

research questions effectively with finite data. Many exposures of interest have strong temporal cor-

relation structures, whether due to common causes (leading some individuals to have persistently

higher exposures) or due to causal relationships in which early exposures have a causal effect on later

exposures. This correlation makes identifying shorter windows challenging, because time points

near the true critical window often have exposure levels highly correlated with those within the win-

dow. Some environmental exposures also exhibit seasonal trends (e.g., temperature, humidity), in-

troducing further challenges. When studying seasonal exposures in pregnancy, a season typically

spans about three months, roughly the length of one trimester. This overlap can bias analyses, as

shown byWilson et al. for fine particulates (PM2.5)81.

Conclusion

CALICO-MTP offers a principled and flexible approach to identifying causal critical windows in

the context of time-varying exposures. By grounding the problem in causal inference, allowing for
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broad modeling flexibility, and providing interpretable, policy-relevant estimands, it addresses key

limitations in current practice. Future work will further refine estimation strategies and develop

efficient ways to incorporate biological knowledge to guide interval selection.
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CALICOwith Dose-Response Estimation

for Nonlinear Exposure-Outcome

Relationships

2.1 Introduction

Previous work on the biological concept of a “critical window” or “susceptible period”, a specific

time period during which there is a causal relationship between an exposure and an outcome of

interest, resulted in the development of the CAusaL Identification of Critical windOws (CALICO-

MTP), a flexible framework for identifying critical windows using aModified Treatment Policy

(MTP) approach (Chapter 1, an extension of Haneuse and Rotninzky35). This framework esti-

mates the effect of an intervention that modifies the dose actually received to a new plausible and

biologically relevant counterfactual dose within each window of interest. From these estimates, one

can construct an exposure–outcome curve over time, perform a global hypothesis test to determine

whether or not a time window exists in which the exposure causally influences the outcome, and

select that critical window.

As discussed in Chapter 1, CALICO as implemented effectively handles linear dose–response set-

tings. However, some exposures exhibit nonlinear dose–response relationships due to underlying bi-

ology. For example, many metals function as vital nutrients at low levels but become toxic at higher

doses39, while the health effects of temperature exposure often show threshold or non-monotonic
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patterns29,47. A simple, interpretable dose modification scheme may not adequately handle these

cases, though it would be possible to consider more complex dose modification schemes within

that framework that allow for a nonlinear relationship. Methods such as Distributed Lag Nonlin-

ear Models (DLNM)29, tree-based Distributed LagModels (DLM)53,82, Bayesian Kernel Machine

Regression Distributed LagModels (BKMR-DLM)83, and others aim to understand the associa-

tions between a time-varying exposure and an outcome in the nonlinear dose-response setting but

generally do not control global Type I error and may not target the research question or estimand of

interest.

When interest lies in performing hypothesis testing to determine whether a critical window exists,

one natural variant of CALICO-MTP would be to estimate the Average Dose Response Function

(ADRF) as a “nuisance” function in the hypothesis testing and window selection processes. Because

dose–response shapes can vary considerably across exposures and outcomes9, any ADRF estimation

procedure must be both shape-agnostic and data-driven. In this paper, we propose specific methods

that incorporate the CALICO-ADRF variant of the CALICO framework to handle nonlinear

dose–response relationships while maintaining causal interpretability.

In Section 2.2 we discuss some of the commonly used methods for nonlinear dose–response re-

lationships with time-varying exposures. Then in Section 2.3 we introduce the mathematical frame-

work for CALICO-ADRF; we discuss implementation in Section 2.4, including procedures for

estimating the ADRF in Section 2.4.1. We present simulation results in Section 2.5 and apply the

methods to investigate whether there is a causal effect of prenatal temperature exposure on birth-

weight in Section ??. We conclude with discussion in Section 2.9.
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2.2 ExistingMethods and Limitations

2.2.1 Distributed LagNonlinearModels (DLNMs)

Distributed Lag Nonlinear Models (DLNMs), introduced for environmental applications by Gas-

parrini et al.29, are a widely used extension of Distributed LagModels (DLMs) that accommodate

nonlinear dose–response relationships34,88. DLNMs use cross-basis functions, often constructed

using natural cubic splines or polynomial bases, to flexibly model both the dose–response and lag–

response dimensions. This two-dimensional smoothing enables DLNMs to capture complex time-

varying exposure–outcome associations in a computationally efficient manner.

DLNMs are primarily designed for estimating dose-varying and time-varying exposure–response

surfaces and require pre-specification of the functional form for both the dose–response and lag

structure. Moreover, they are not directly suited to identifying critical windows. Specifically, there is

no formal mechanism to test whether a time interval has a non-zero effect or to select such a window.

Additionally, DLNMs estimate the direct effect of exposure at specific time points, which may not

correspond to a feasible or biologically realistic intervention55.

Several extensions of DLNMs have been proposed to increase their flexibility. Tree-based Dis-

tributed LagModels (TreedDLMs)53 use nonparametric regression trees to model nonlinear exposure–

lag–response surfaces, eliminating the need to specify a cross-basis and improving performance

when the exposure-time relationship is not smooth. These extensions still target surface estimation

and do not directly support formal inference for the existence or timing of critical windows.
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2.2.2 Bayesian KernelMachine Regression Distributed LagModels (BKMR-

DLM)

Bayesian Kernel Machine Regression (BKMR) is a non-parametric modeling approach originally

developed to estimate health effects of chemical mixtures6. A recent extension, Bayesian Kernel

Machine Regression Distributed LagModels (BKMR-DLM), incorporates distributed lag model-

ing into the BKMR framework to account for exposure timing, nonlinear dose–response relation-

ships, and interactions in settings involving time-varying environmental mixtures83. BKMR-DLM

achieves this by estimating a weight function for each exposure that summarizes the full exposure

trajectory into a single time-weighted value. These weighted exposures are then used as inputs to a

kernel machine, which flexibly models the exposure–response surface.

As in other distributed lag models, the temporal aspect of BKMR-DLM corresponds to the di-

rect effect of intervening at individual time points. The estimated weight functions identify time

points where the direct effect is strongest, and these are often interpreted as windows of suscepti-

bility. However, this interpretation differs from research questions focused on global hypothesis

testing or on estimating the total effect of an intervention or the effect of intervening over an inter-

val of time. We return to this distinction in greater depth in Chapter 3. BKMR-DLM as a Bayesian

approach was also not developed to control global Type I error.

2.2.3 CALICO-MTP

The CALICO-MTP framework, introduced in Chapter 1, takes a fundamentally different ap-

proach by formally defining the causal effect of modifying the exposure over a user-specified time

interval. For each candidate interval, the framework estimates the effect on the outcome of applying

a biologically plausible dose modification policy over that time point or interval. These interval-level

effects can then be used to construct exposure–response curves, perform global hypothesis testing,
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or select one or more critical windows. CALICO frames the problem of identifying critical win-

dows as one of understanding the total causal effect of interventions over intervals of time, reflecting

plausible policy implementation.

The most interpretable dose modification policy in CALICO-MTP, and the one included in the

R package, is the additive shift q(a, l) = a + δ, which assumes a fixed counterfactual change in

exposure level across the interval. While other policies are possible, including nonlinear or exposure-

history-dependent modifications, additional methodological development is needed to guide their

selection.

2.3 Causal Formalization of CriticalWindows

2.3.1 Notation

Let
(
Yi,Ai,t1 ,Ai,t2 , . . . ,Ai,tM ,Li

)n
i=1 be i.i.d. data from n subjects. For each subject i, Yi is a mea-

sured scalar outcome;M is the total number of time points at which the exposure is measured;

Ai,tk is the scalar exposure measured at time tk (with 1 ≤ k ≤ M and t1 < · · · < tM); Li is a

potentially multivariate vector of covariates for individual i, recorded prior to any exposure times;

Āi,u−1 ≡ (Ai,t1 , . . . ,Ai,tu−1) is the set of all exposures for individual i before time tu.

2.3.2 Average Dose Response Function (ADRF)

For a dose level a over an interval I, we denote the ADRF by

ADRF(a, I) = E[Yi | s(Ai,I) = a] = μ(a, I), (2.1)

where s(Ai,I) denotes a summary function of the exposure A received by individual i over the inter-

val I, such as the mean, integral, or total exposure.
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2.3.3 ADRF Summary Estimator

To flexibly capture variation in the dose-response relationship, we define:

ψ(a, I) = ∂

∂a
μ(a, I) (2.2)

and consider the scalar summary statistic:

Δ(a, I) =
∫

ψ2(a, I) da. (2.3)

This Δ summary statistic of the ADRF is the integrated squared derivative and measures the over-

all strength and variability of the dose-response relationship over the range of a. Without assuming

a functional form of the ADRF, Δ captures both the presence and magnitude of any dose-related

effect, whether linear or nonlinear. A key motivation for this form of Δ(a, I) is its simplicity, both

conceptually and computationally. Numerically, one can approximate the integral of a function ef-

ficiently using standard quadrature rules (e.g., trapezoidal or Simpson’s rule) if an estimate μ̂(a, I) is

available on a grid of a-values. In addition, the integrated squared derivative concept appears in sev-

eral areas of applied statistics including smoothing spline penalties and functional data analysis. In

penalized regression approaches, the penalty term often includes the integral of the squared second

derivative
∫

(μ′′(a))2da to control function roughness32,75. While this deals with the second deriva-

tive rather than the first derivative, the rationale is similar: an integrated squared derivative measures

function complexity or nonlinearity. In functional data contexts, integrated derivatives are used to

characterize curve shape, amplitude, or wiggliness62. Although function derivatives can be used for

penalization, they can also serve as descriptive statistics of curve geometry. Such measures capture

how nonlinear a curve is in an integrated sense.

In this application, Δ(a, I) serves as a straightforward diagnostic for the strength of a nonlinear
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dose-response curve regardless of its complexity of shape. If ψ(a, I) ≡ 0 (i.e., the slope is constantly

zero), Δ(a, I)will be zero, indicating no effect. Conversely, when μ(·) exhibits any non-flat effect

including a linear dose-response effect, smooth curved, and threshold-like transitions, the integral of

ψ2(·)will be relatively large.

2.4 Estimation and Inference Strategies

2.4.1 Estimating the ADRF

We treat the Average Dose Response Function (ADRF) as a nuisance parameter, but its estimation

is crucial for identifying critical windows in this framework. Consequently, the chosen estimation

procedure must be flexible enough to accommodate arbitrary dose-response shapes, yield consistent

derivative-based Δ statistics, and remain computationally feasible even when applied across many

candidate intervals. The estimation of causal dose-response curves is an area of active research, with

several approaches surveyed in the R package causaldrf documentation68. We consider three pri-

mary strategies:

Outcome Regression (OR)

A straightforward approach is to specify a parametric or semi-parametric model

E
[
Yi | Ai,I,Li

]
= gI

(
Ai,I,Li

)
, (2.4)

where gI is a regression function fit separately for each candidate interval I. Although the form of gI

(e.g., generalized linear model with basis expansions, random forest, or neural network) may remain

consistent across intervals, the model is re-estimated for each I.

Once the model is fit, we simulate an intervention at dose level a by evaluating the predicted
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outcome ŶI(a,Li) at a grid of fixed Ai,I = a. The ADRF is then estimated as:

μ̂OR(a, I) = 1
n

n∑
i=1

ŶI(a,Li). (2.5)

OR is conceptually simple and can flexibly incorporate modern machine learning methods. How-

ever, it relies on the correct specification of gI, and model misspecification here may bias the esti-

mated ADRF and therefore the downstream hypothesis testing and window selection procedures.

Generalized Propensity Scores (GPS)

The Generalized Propensity Score (GPS), introduced by Hirano and Imbens37, extends the propen-

sity score framework to continuous exposures. Let r(a,Li) denote the conditional density of expo-

sure summary Ai,I evaluated at level a given covariates Li. The GPS-based weight is:

w(a,Ai,I,Li) = r(a,Li)
r(Ai,I,Li)

, (2.6)

reweighting each individual’s contribution to construct a pseudo-population balanced at exposure

level a.

The ADRF is then estimated as:

μ̂GPS(a, I) =
∑n

i=1 Yi w(a,Ai,I,Li)∑n
i=1 w(a,Ai,I,Li)

. (2.7)

over a grid of a levels. In environmental epidemiology, GPS-based estimators can be prone to in-

stability, especially in the presence of near-positivity violations. As discussed by Petersen et al.56,

truncation and other strategies may be required to stabilize the weights and improve finite-sample

performance.

52



Incremental Propensity Scores (IPS)

The Incremental Propensity Score (IPS), proposed by Kennedy40, targets marginal changes in expo-

sure rather than fixed counterfactual levels. Let f(Ai,I | Li) denote the conditional density of Ai,I

given Li. IPS considers the log-likelihood ratio:

log
[
f
(
Ai,I | a,Li

)
f
(
Ai,I | Li

) ]
, (2.8)

where f(Ai,I | a,Li) is a counterfactual density under an incremental intervention centered at a.

The estimated ADRF under IPS is:

μ̂IPS(a, I) =
n∑
i=1

Yi · ∂

∂a
log

[
f
(
Ai,I | a,Li

)
f
(
Ai,I | Li

) ]
. (2.9)

Again estimated over a grid of a levels. Like GPS, IPS depends on modeling the conditional density

f(Ai,I | Li), but it estimates the local rate of change in outcomes with respect to exposure shifts.

This makes IPS especially useful for studying incremental causal effects.

2.4.2 Inference on the Summary Estimator

Once an ADRF estimator is selected, we aim to control the global Type I error rate when testing

whether a critical window exists. A candidate interval is one for which Δ(a, I) > 0. Inference

proceeds in two stages: (1) obtaining p-values for each interval using a permutation-based test, and

(2) combining p-values using the Aggregated Cauchy Association Test (ACAT) to assess the global

null.
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Inference and Permutation Testing forNonlinear Dose-Response

The original CALICO-MTP framework used bootstrap and jackknife procedures to estimate stan-

dard errors, relying on asymptotic normality of the test statistic under mild regularity conditions. In

contrast, CALICO-ADRF introduces a summary statistic Δ(a, I), defined as the integrated squared

derivative of a potentially nonparametrically estimated ADRF. Because the sampling distribution

of Δ is not normally-distributed, we adopt a permutation-based testing approach that avoids strong

distributional assumptions.

Additionally, in CALICO-MTP, the Δ statistic under a simple intervention policy had a straight-

forward and biologically-meaningful interpretation. In CALICO-ADRF, although Δ remains a

useful indicator of dose-response behavior, it is less directly interpretable due to the complexity of

the underlying function. As a result, we prioritize its role as a test statistic rather than as a standalone

parameter estimate.

Permutation Tests for Interval-Level Hypotheses

For each candidate interval I = [tk1 , tk2 ], we test

H0 : Δ(a, I) = 0 versus H1 : Δ(a, I) > 0. (2.10)

UnderH0, the ADRF is flat, indicating no association between exposure and outcome in interval I.

To account for confounding, we use a Freedman-Lane permutation27,84, permuting the residu-

als from a regression of Y on L (i.e., permutingRLY). This approach is generally robust to model

misspecification and preserves validity under heteroskedasticity and flexible ADRF estimators.

To improve computational efficiency, one could implement early stopping in the permutation

test based on adaptive resampling57,12. Specifically, we terminate permutations early if the mini-
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mum attainable p-value exceeds α, though other approaches may further improve power or reduce

computational time.

ACATAggregation

Let pI denote the p-value for interval I ∈ I . We test the global null:

H0 : Δ(a, I) = 0∀I versus H1 : ∃I : Δ(a, I) ̸= 0. (2.11)

Rather than the more conservative Bonferroni correction, we apply ACAT49, computing:

TACAT =
∑
I∈I

wI tan
[
π

(
1
2 − pI

)]
, (2.12)

where wI ≥ 0 are non-negative weights (often wI = 1).

UnderH0, TACAT is approximately Cauchy distributed with scale w =
∑

I wI, yielding:

pACAT ≈ 1
2

− 1
π
arctan

(TACAT
w

)
. (2.13)

ACAT is robust to correlated input p-values, preserves global Type I error in this setting, and enables

computationally efficient inference with many candidate intervals.

Post-Selection Inference on the ADRF

To estimate the shape of the ADRF after identifying non-null intervals, we perform inference on

held-out data. Direct reuse of data for both window selection and ADRF estimation can inflate

Type I error. To mitigate this, we apply sample splitting13,72, dividing the data into two disjoint sub-

sets. Conceptually no individual is used to both select the interval and to estimate the dose-response

curve within that interval post-selection.

55



Because the hypothesis testing stage involves evaluating a large number of overlapping candidate

intervals, each requiring estimation of an ADRF, it is generally computationally and statistically

more intensive than the post-selection ADRF estimation step. For this reason, we recommend al-

locating a larger portion of the data to the window selection stage to maximize power and stability

in detecting critical windows. In smaller samples, repeated sample splitting or cross-fitting may be

employed to mitigate the efficiency loss from partitioning.

2.5 Simulations

2.5.1 Type I Error

Type I error control is challenging as the number of possible windows can be large, especially with

highly correlated exposures. Other nonlinear methods (e.g., DLNMs) do not typically address mul-

tiple testing explicitly, potentially inflating Type I error both due to multiple testing without explicit

adjustment and because exposures are correlated over time.

Simulation Setup

We follow a similar setup to the linear CALICO simulations in Chapter 1. Specifically, we consid-

ered both (1) synthetic exposures Ai,t ∼ N(0, 1) and (2) real PM2.5 exposures from the BIDMC

birth cohort, each withK = 36 time points. However, rather than assuming a constant dose shift,

we estimate the Average Dose Response Function (ADRF) over each candidate interval using an

outcome regression approach, as described in Section 2.4. A permutation test with 1,000 permuta-

tions was used to obtain p-values for each interval.

To evaluate Type I error, the outcome Ywas generated under a true null of no dose-response

effect at any window:

Y ∼ N(0, 1) (2.14)
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independently of A. For the continuous outcome for CALICO-MTP, the doubly robust (DR)

estimator was used.

Results

Table 2.1 presents the Type I error rates for CALICO-ADRF under both synthetic (N(0, 1)) and

real (PM2.5) exposures. As with the CALICO-MTP approach, the combined permutation test and

ACAT aggregator largely maintain error rates near the nominal α = 0.05 when sample sizes are

sufficiently large, suggesting the procedure is robust against false positives even when correlation in

the exposure and the overlapping intervals leads to significant correlation of the test statistics.

Sample Size Exposure ACAT and Continuous Outcome
n Distribution CALICO-MTP CALICO-ADRF

1000 N(0, 1) 0.17 0.23
PM2.5 0.26 0.31

2000 N(0, 1) 0.15 0.18
PM2.5 0.19 0.22

5000 N(0, 1) 0.06 0.09
PM2.5 0.08 0.10

10,000 N(0, 1) 0.05 0.06
PM2.5 0.05 0.07

20,000 N(0, 1) 0.04 0.05
PM2.5 0.05 0.06

Table 2.1: Type I Error for CALICO‐MTP (ACAT) versus CALICO‐ADRF (ACAT) under a continuous outcome, searching
over all windows of length 1 to 36 (50‐fold jackknife, b = 1000 permutations), using the DR estimator, overR = 100
simulations, and aiming for a nominal α = 0.05

2.6 Adaptive Permutation

Given that in scenarios with either no critical windows or a single true window, many of the candi-

date time windows will yield non-significant results, adaptive permutation tests offer a statistically
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efficient strategy to reduce computational burden. We implement the method of Che et al.12, orig-

inally developed for genomics applications involving highly correlated test statistics and large-scale

multiple testing. In this framework, the number of permutations follows a truncated negative bino-

mial distribution: permutations are drawn sequentially until either a fixed number of exceedances

(r) is observed, or a maximum number of permutations (b) is reached. The estimated p-value is then

calculated as p̂ = r/Bwhen r exceedances are observed before b, or p̂ = (R + 1)/(b + 1) other-

wise. This approach preserves Type I error while substantially reducing computational time for the

majority of null tests, with minimal loss of power for alternatives near the significance threshold.

n Standard Adaptive
Type I Error Time Type I Error Time

1,000 0.23 2.42 0.22 0.29
2,000 0.18 3.55 0.17 0.40
5,000 0.09 6.11 0.09 0.67
10,000 0.06 8.36 0.05 0.89
20,000 0.05 12.44 0.05 1.41

Table 2.2: Type I Error and average computation time for an adaptive permutation test (Adaptive) versus a standard
(full) permutation test at various sample sizes n. Type I Error is computed overR = 100 simulation runs under a true
null, aiming for a nominal α = 0.05. The “Time” column is reported in average minutes per simulation run. Here we use
theN(0, 1) exposure distribution and b = 1000 permutations on a 2018 MacBook Pro with 4 cores running in parallel
in R using doRNG on a doParallel backend.

2.7 Window Identification

2.7.1 Simulation Setup

We generated synthetic datasets reflecting linear, quadratic, and piecewise dose-response curves to

showcase the flexibility of the ADRF-based approach for biologically-plausible dose-response curves.

Specifically, we conductedM = 20 simulations per scenario with n = 8, 000 and n = 10,000 indi-

viduals each. The exposure A atK = 36 time points-representing, for instance, weeks of pregnancy-
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was drawn independently fromN(0, 1) and subsequently standardized to zero mean and unit IQR.

Covariates Lwere likewise sampled from standard normal distributions. We then imposed three

dose-response shapes within a candidate critical window from weeks 13-18:

Yi =



Liγ + βAi,I + εi, linear/flat,

Liγ + β(Ai,I)2 + εi, quadratic,

Liγ + βmax{0, Ai,I − Ā} + εi, piecewise.

(2.15)

We set β = 3, γ = [1, −0.5]T, and εi ∼ N(0, 102). In the piecewise scenario, Ai,I − Ā represents the

centered exposure over the interval I to induce a threshold at the population mean.

2.7.2 Results

These simulations highlighted the advantages of ADRF-based CALICO in detecting time intervals

with nonlinear effect patterns, especially for the quadratic and piecewise scenarios, relative to the

simpler MTP-based linear approach. Results further demonstrated robust Type I error control,

consistent with the hypothesis-testing framework described in Chapter 1. Note howmuch higher

the power is with a sample of 10,000 than it was with 8,000 for the ADRF approach, suggesting

that depending on cohort size, it may be beneficial to allot much of the data to the step of window

identification rather than the post-selection curve estimation.

2.8 Data Application

2.8.1 Motivation: Ambient Temperature and Birthweight

Birthweight is a key predictor of neonatal health and long-term outcomes, including cognitive devel-

opment and chronic disease risk90. A growing body of evidence suggests that prenatal exposure to
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Figure 2.1: Comparing CALICO‐ADRF to CALICO‐MTP withN = 8,000, β/σ = 0.3, and simulated exposure data.
Note that CALICO‐MTP performs significantly better in the flat case. There is a hint that ADRF may perform better in
the piecewise case.

environmental stressors, including ambient temperature, may influence birthweight and that these

effects are time-varying and nonlinear43,10. Temperature extremes can affect maternal physiology,

placental function, and metabolic demands during pregnancy, potentially disrupting intrauterine

development65,61.

2.8.2 Data

Cohort

This study used prenatal and obstetric data from Beth Israel Deaconess Medical Center (BIDMC,

Boston, MA), as described previously46,44,45. Eligible individuals were those who delivered a preg-
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Figure 2.2: Comparing CALICO‐ADRF to CALICO‐MTP withN = 10,000, β/σ = 0.3, and simulated exposure data.
Note that CALICO‐MTP performs significantly better in the flat case. There is a substantial performance improvement
versus the sample size of 8,000 in Figure 2.1.

nancy of at least 20 weeks’ gestation between 2011 and 2016 and had obstetric ultrasounds con-

ducted at BIDMC (n = 12,967). We excluded multifetal pregnancies (n = 844), participants without

ultrasound measurements (n = 1,377), those with missing covariates (n = 160), individuals receiving

only a late ultrasound scan after 23 weeks (n = 732), and those with residential addresses outside

Massachusetts (n = 408). This left 9,446 pregnancies eligible for analysis. For the current applica-

tion, we randomly selected a subcohort of 2,000 pregnancies to evaluate performance in smaller

sample settings with an expected nonlinear relationship.
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Temperature Exposure

We obtained daily average ambient temperature data at 800 meter resolution from the Parameter-

Elevation Regressions on Independent Slopes Model (PRISM), developed by the Spatial Climate

Analysis Service at Oregon State University33. Briefly, PRISM uses temperature observations from

weather stations across the conterminous United States as inputs in a spatially weighted regression

model that accounts for elevation and other climatological factors. The PRISM interpolation frame-

work is widely used by professional weather services and has been found to be well-suited for expo-

sure assessment in environmental epidemiological research69. For each delivery, we assigned the 800-

meter grid cell corresponding to the pregnant individual’s residential address at the time of birth and

calculated weekly average temperatures from the estimated date of conception through gestational

week 37. Temperature values were standardized by their interquartile range (IQR) prior to analysis.

Outcome

The outcome of interest was birthweight, measured in grams and abstracted frommedical records

at delivery. We restricted our analysis to infants born at 37 weeks’ gestation or later (full term) to

ensure complete exposure histories up to the 37th gestational week.

Covariates

Covariates were abstracted from the electronic medical records. Maternal characteristics included

age (continuous), self-reported race/ethnicity (White, Black, Asian, Hispanic, or Other), educa-

tional attainment (college or higher vs. lower), insurance type (private vs. public/uninsured), parity

(nulliparous or parous), and self-reported smoking during pregnancy (yes/no). Fetal sex (male or

female) was also included.

To account for neighborhood-level socioeconomic disadvantage, we used the national percentile
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ranking of the Area Deprivation Index (ADI), calculated at the census block group level using data

from the 2009–2013 American Community Survey41. The ADI ranges from 1 (least disadvan-

taged) to 100 (most disadvantaged) and summarizes 17 indicators of income, education, employ-

ment, and housing quality.

These covariates were selected a priori as potential confounders of the relationship between ambi-

ent temperature and birthweight.

2.8.3 Methods

We implemented both CALICO-MTP and the nonlinear CALICO-ADRF extension on the same

randomly-selected cohort of 2,000 participants to compare their performance under potentially

nonlinear exposure-response relationships in a relatively small cohort. Both methods evaluate the

effect of intervening on weekly temperature over candidate intervals throughout pregnancy.

For CALICO-MTP, we used an additive treatment policy and linear models, estimating interval-

specific effects and their associated p-values via 50-fold jackknife resampling. For CALICO-ADRF

we estimated the Average Dose Response Function (ADRF) for each candidate interval using out-

come regression with natural cubic splines with 5 degrees of freedom. For each ADRF estimate, we

computed the integrated squared derivative Δ(a, I) obtained p-values using the Freedman-Lane

permutation strategy to account for confounding with minimum p-value early stopping and a maxi-

mum of 5000 permutation resamples.

For both methods we searched over all possible intervals between weeks 1 and 36 of pregnancy,

without restrictions on window length or overlap.
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2.8.4 Results

The ACAT p-value from CALICO-MTP was 0.78 so we fail to reject the global null when using the

additive MTP approach. However, the CALICO-ADRF ACAT p-value was 0.00088. Permutation

testing identified a contiguous set of overlapping intervals from approximately weeks 3 to 36, with

indistinguishably strong evidence of a nonlinear association between temperature and birthweight

during those times. These results support a prolonged window of susceptibility but do not allow us

to statistically differentiate between these overlapping intervals. The negative log of the p-values of

all intervals is shown in Figure 2.3.

Since the null was rejected, we used another 1000 randomly-selected individuals from the original

cohort to estimate the ADRF with pointwise confidence intervals for weeks 3 to 36 of pregnancy

using a Generalized Additive Model (GAM) with package mgcv in R, shown in Figure 2.4. There

appears to be an inflection point, with temperature causing lower birthweight only when average

temperature exceeds approximately 12 degrees Celsius.

2.9 Discussion

This chapter develops a variant of the CALICO framework that explicitly accommodates nonlin-

ear dose-response relationships by estimating the Average Dose Response Function (ADRF). The

resulting CALICO-ADRF approach retains the core features of CALICO, namely causal inter-

pretability, hypothesis testing that maintains global Type I error using ACAT, interval-level estima-

tion, and targeting the total effect of an intervention. The ADRF can be estimated using different

methods including outcome regression, GPS, and the incremental propensity score (IPS), as the

scalar test statistic we propose does not depend on the estimation approach.

Our simulation studies demonstrate that CALICO-ADRFmaintains Type I error and offers

notable improvements in power over CALICO-MTP with an additive dose modification scheme
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Figure 2.3: Results of CALICO‐ADRF for the effect of temperature on birthweight of 2000 randomly‐selected full‐
term births from the BIDMC birth cohort. Note the overlapping intervals with the minimum achievable p‐value covering
weeks 3 through 36.

65



Figure 2.4: Generalized additive model (GAM) fitting of the ADRF after hypothesis testing and interval selection,
using a separate randomly‐selected subcohort of 1,000 births. Note the inflection point occurring at an average of
approximately 12 degrees Celsius, likely representing pregnancies with significant time in the summer given the Boston
climate.
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when the true dose-response curve is nonlinear. In our data application using a randomly selected

subset of a large Boston-based birth cohort to represent smaller cohorts, CALICO-ADRF showed

a significant effect of temperature on birthweight throughout pregnancy, which is biologically plau-

sible given the nature of the outcome, whereas CALICO-MTP with an additive dose modification

scheme was underpowered.

There are limitations to CALICO-ADRF. First, the estimation of the ADRF is sensitive to

model selection which then impacts window identification. More robust or non-parametric ap-

proaches to ADRF estimation are generally more computationally expensive, which can become

intractable when using resampling approaches over every possible critical window. The use of adap-

tive permutation strategies and early stopping rules provides a promising path toward scalable infer-

ence. When there is subject matter knowledge on possible timing for or length of a critical window,

the number of possible intervals can be reduced which also increases power and reduces computa-

tional time. Second, the summary statistic Δ(a, I) provides a scalar measure of non-flatness and is

not dependent on the form of the estimated ADRF, but its interpretation depends on the scale of

both the exposure and the outcome and is not as interpretable as a simple dose modification scheme.

When the true dose-response curve is linear, CALICO-ADRF has less power than the simpler ad-

ditive dose-modification approach in CALICO-MTP. Additionally, the CALICO framework is

not designed for the data setting when there are only a few candidate critical windows and would be

underpowered in this setting.

One avenue for future work lies in improving post-selection inference, both in window selection

and in uncertainty estimation of the ADRF. The window selection process relies on the p-value

order remaining valid but in strong signals it can be challenging to identify a single critical window

with reasonable permutation numbers. While sample splitting offers a straightforward way to sep-

arate the global hypothesis testing for the presence of an exposure-outcome relationship over any

interval from the ADRF estimation and inference once a window is selected, it reduces power by
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limiting the data available for each stage. Methods such as cross-fitting or selective inference may

offer more efficient alternatives, especially in settings with modest sample sizes.

Lastly, while we have focused here on a single exposure, many environmental health questions

involve multi-pollutant mixtures or effect modification by individual-level or contextual factors. In-

tegrating CALICO-ADRF with recent advances in mixture modeling and heterogeneous treatment

effect estimation could expand its applicability and relevance to modern environmental research.
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Causal Interpretations of Methods for

Estimating the Effect of Time-Varying

Exposures

3.1 Introduction

In a 2019 interview marking her retirement as director of the National Institute of Environmental

Health Sciences (NIEHS), Linda Birnbaum, PhD, highlighted key challenges in environmental

health research. She stated,

“I think another issue that has become absolutely front and center is the whole issue of windows

of susceptibility. The developing fetus, its susceptibility can be totally different than the child,

than the adolescent, than the young adult. We need to understand ‘What are these windows of

susceptibility?’ And then also understand that early life exposure may set the trajectory for the rest

of your life15.”

These windows of susceptibility are closely related to critical windows and sensitive periods, and the

terms are used interchangeably throughout this paper8,86. A critical window or window of suscep-

tibility refers to a specific developmental period when an organism is particularly vulnerable to an

exposure, and interest in this concept is growing in environmental health research7,66.

Identifying critical windows is essential for several reasons. First, determining when to intervene
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can maximize the effectiveness of an intervention. Second, understanding the timing of exposure-

outcome effects can clarify the mechanisms underlying complex, multifactorial diseases by mapping

specific time windows to biological pathways. Finally, identifying critical windows for particular ex-

posures can lead to advances in exposure biology60. These considerations become even more mean-

ingful when effect estimates have a causal interpretation.

Recent research has focused on developing quantitative methods to identify critical windows

of exposure across various exposure-outcome relationships7. A common approach in this field in-

volves specifying models of exposure-outcome relationships and defining critical windows based on

combinations of model parameters. However, different modeling strategies can yield conflicting def-

initions of critical windows for the same scientific question, particularly when considering the causal

interpretation of effect estimates. To address this issue, it is crucial to establish a mathematically rig-

orous definition of windows of susceptibility that facilitates comparisons between existing methods

based on their targets of inference.

In typical evaluations of statistical methods, researchers often focus on characteristics such as sta-

tistical power, Type I error rate, computational time, and robustness to violations of model assump-

tions. These metrics assess the method’s general reliability and efficiency in making accurate infer-

ences across a wide range of scenarios. However, these evaluations do not usually address how the

estimands—the quantities the method is designed to estimate—differ between methods. Whether

methods have comparable estimands depends on both the underlying properties of the exposure

and the model structure. Methods are also designed to address specific research questions, and ap-

plying a method intended for one type of analysis to a different question can yield misleading infer-

ences. In the case of time-varying exposures, effectively controlling Type I error when identifying

critical windows is particularly challenging. Methods such as Distributed LagModels (DLMs) and

related approaches, which are designed to estimate exposure-effect curves over time, can drastically

inflate Type I error when applied to identifying a critical window.
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This paper is the first to examine how estimands targeted by different commonly used methods

may vary in the context of time-varying exposures and to highlight when these differences are impor-

tant in epidemiological analysis. This chapter builds on the framework introduced in Chapter 1 to

operationalize such a comparative discussion.

3.2 ResearchQuestions

Here, we focus on the data setting where each individual has exposure values measured over time

and a single outcome observed at a later time point. There may or may not be a causal relationship

between the exposure over time, common causes of exposure, and confounders that influence both

the exposure and the outcome. In this setting, some potential research questions include: What is

the causal effect of intervening at a particular time point or over a specific interval? Is there a time

point or period during which intervening on exposure would cause a change in the outcome? If

so, when does that effect occur? What is the relationship between exposure and outcome over time

(curve estimation)?

Choosing the right research question is essential because the inferential properties of statisti-

cal methods—such as uncertainty estimation, statistical power, Type I error control, and results

interpretation—are valid only when the method is designed for that specific question. When a

method intended for one type of analysis is used to address a different question, the conclusions

may not be valid.

After first introducing a conceptual framework for comparing targets of inference in Section

3.3, we then in Section 3.4 apply this framework and consider the research questions addressed

by a range of existing methods for critical window inference including time-averaged exposures,

Distributed LagModels (DLMs), Critical Window Variable Selection (CWVS), Bayesian adaptive

scalar-on-function regression (BASOFR), and CAusaL Identification of Critical WindOws (CAL-
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ICO).

3.3 Conceptual Framework for Targets of Inference

In this section, we introduce two key points of comparison that will guide our contrasts between

methods: first, whether they focus on the intervention at time point(s) or over a time interval, and

second, whether they estimate the direct effect or the total effect of an intervention on exposure.

To fully understand the differences between existing approaches, it is also essential to consider the

causal structure within the exposure itself and how it impacts these two comparisons. This causal

structure is not a function of the model used for analysis, but rather a feature of the underlying data-

generating process for the specific exposure in question. A comprehensive understanding of these

three domains—intervention timing, effect type, and causal structure—along with the research

question at hand, will guide the choice of method for a given analysis. This framework also helps

clarify when different methods, and by extension, previous research within a particular application

area, are or are not comparable.

While causal inference assumptions may not always hold in practice, understanding the prin-

ciples of moving from an association study to one that considers the causal effect of a particular

intervention helps elucidate what specifically is being estimated when using a particular method (the

causal estimand). Here, we consider the setting of independent and identically distributed (i.i.d.)

data (Yi,Ai,t1 , . . . ,Ai,tK ,Li) on n individuals, where Yi is an (observed) outcome of interest for sub-

ject i,Ai is a vector of exposures over time for subject i, the time points are t1, . . . , tK, and Li is a

potentially multivariate vector of covariates which may or may not be time-varying. The outcome Y

is measured at a time point following the last exposure at time tK and the form of Y, such as whether

the outcome is binary, a count, or continuous, is not specified. Note that the time ofmeasurement

of Y is not necessarily the same as the time of outcome onset, and may in fact occur considerably
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later. Our focus is on exposures that precede disease onset, regardless of when the outcome is mea-

sured. Although individuals typically experience multiple exposures over their lifetime, for clarity,

we concentrate on the effect of a single exposure over time. However, many recent methods are

beginning to examine the effects of exposure mixtures and the same principles we discuss would

apply76,83.

3.3.1 LinearModel

To formalize the concepts discussed in this paper, we introduce a simple linear model for a time-

varying exposure-outcome relationship with a continuous outcome. Throughout this work, we also

focus on continuous exposures, although the same principles can extend to binary or categorical

exposures. The general form of our outcome model is:

Yi = β1Ai,1 + β2Ai,2 + β3Ai,3 + γLi + εi, (3.1)

where Ai,1,Ai,2,Ai,3 represent exposure values at three different time points for individual i, Li

is a covariate vector that may confound the exposure-outcome relationship, and εi ∼ N(0, σ2) is

an independent error term. This model describes an observed association between exposure and

outcome, which may or may not correspond to a causal effect.

Intervention and Counterfactual Outcomes

In a causal inference framework, we are interested in the effect of an intervention on exposure at a

specific time point or over a time interval. Let Yi(Ai,1,Ai,2,Ai,3) denote the potential outcome that

would have been observed under a particular exposure history (Ai,1,Ai,2,Ai,3). A counterfactual

intervention, such as setting Ai,1 = A∗
i,1, defines a new potential outcome Yi(A∗

i,1,Ai,2,Ai,3), which

represents what would have happened if Ai,1 were fixed at A∗
i,1, while the later exposures Ai,2,Ai,3
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followed their original course.

Outcome RegressionModel

In practice, we do not observe counterfactual outcomes directly. Instead, we fit an outcome regres-

sion model, such as Equation 3.1, to estimate the effect of exposure at different time points. The

coefficients β1, β2, β3 represent the expected change in Yi per unit change in exposure at each time

point, conditional on Li. The interpretation of these coefficients depends on whether the model

estimates a total effect (where later exposures remain unadjusted) or a direct effect (where later ex-

posures are accounted for). This distinction will be important when considering how different

methods define and estimate critical windows.

By framing the problem in terms of interventions and counterfactual outcomes, we clarify what

each statistical method estimates and whether it aligns with a causal target of inference. In the fol-

lowing sections, we will extend this framework and discuss the implications for identifying critical

windows.

3.3.2 Causal Relationship Among Exposures

Time-varying exposures are often highly correlated, and it is important to determine whether this

correlation arises from a direct causal relationship between the exposure levels at different times or if

the correlation results only from a common cause. Whether exposures causally influence each other

has major implications for how we interpret effect estimates and compare methods and can deter-

mine whether or not different inferential targets are equivalent. If there is no direct causal relation-

ship between exposures and all common causes and confounders are accounted for in the model—

thus closing all backdoor paths—then we can conclude there is no causal relationship among the

exposures. On the other hand, if a causal relationship exists between exposures whether through
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direct causation or open backdoor paths, this must be considered when comparing targets of infer-

ence.

We refer to the first scenario, where no causal relationship exists among exposures, as theNCR

Exposure Case (“No Causal Relationship”). This does not imply there is no causal relationship be-

tween the exposure and the outcome; rather, it indicates that there is no open causal path between

the exposures themselves. We refer to the second scenario, where there is a causal relationship among

exposures, as the CR Exposure Case (“Causal Relationship”). For simplicity in the simulations pre-

sented later, the CR Exposure Case specifically refers to scenarios where exposures at earlier time

points directly cause exposures at later time points, rather than being mediated by an unmodeled

common cause or confounder. However, the same conclusions apply to more complex cases where

there are open backdoor paths rather than a direct causal relationship.

To assess whether or not a direct causal relationship exists, it may help to consider how an inter-

vention at the first time point would affect the exposure profile over time, assuming no changes in

common causes or confounders. For example, with exposures like ambient air pollution, an inter-

vention at one time point (such as installing an air purifier) would likely not reduce subsequent ex-

posure if the intervention were removed, corresponding to the NCR Exposure Case. In contrast, for

exposures like mold, an early intervention (e.g., mold remediation) would likely reduce subsequent

exposure, fitting into the CR Exposure Case.

The distinction between NCR and CR Exposure cases is shown in Figure 3.1. In this Directed

Acyclic Graph (DAG)54, there are three exposures A1,A2 and A3, representing an exposure A at

three time points, and a common cause that affects the exposure at all three time points.

While this paper focuses on single exposures, it is important to note that the situation becomes

much more complex when considering multiple exposures. For instance, atmospheric reactions be-

tween ambient air pollutants and climatic factors or the interactions among metal exposures that

affect the metabolism of other metals introduce complex causal relationships that must be taken
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Figure 3.1: DAG comparing an exposure over three time points with no causal relationship (NCR) to a an exposure
for which there are open paths between the exposures (CR). In both cases there is a common cause that affects all
three exposures, represented by the pink arrows. However in the CR case, the exposures at time 1 (A1) and time 2 (A2)
additionally have a direct causal effect on subsequent exposures, represented by the green arrows.
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into account when selecting an analysis approach79,3,74,31. In an observational study, establishing

that exposures are truly conditionally independent (i.e., within the NCR case) requires strong as-

sumptions about the absence of unmeasured confounding and the correct specification of all causal

pathways. Since it is generally infeasible to definitively rule out all potential sources of causal depen-

dence among exposures, a more conservative approach is to assume the CR case when considering

targets of inference, thereby accounting for potential open backdoor paths in the exposure struc-

ture.

Counterfactual Exposures

In the CR Exposure Case, intervening on an exposure at an early time point does not simply change

the exposure at that time: it also alters the trajectory of future exposures, creating a new counterfac-

tual exposure world. This is distinct from the usual discussion of counterfactuals, where the focus

is on counterfactual outcomes rather than exposure trajectories; here, we emphasize that an early

intervention changes the entire exposure history.

Mathematically, let Ai,t denote the exposure level for individual i at time t, and suppose the true

data-generating process follows a causal relationship among exposures:

Ai,t = f(Ai,t′ <t,Li, εi,t). (3.2)

If we intervene on Ai,1, such as setting it to a new value A∗
i,1, the future exposure levels Ai,2,Ai,3, . . .

are also changed according to the new counterfactual exposure process:

A∗
i,t = f(A∗

i,t′ <t,Li, εi,t), (3.3)

This means that for each individual, an intervention at an early time point generates an entire

counterfactual sequence of exposures (A∗
i,1,A∗

i,2,A∗
i,3), which in turn determines the counterfactual
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outcome Yi(A∗
i,1,A∗

i,2,A∗
i,3). Unlike in the NCR exposure case, where an intervention at t = 1

only modifies Ai,1 while keeping future exposures unchanged, here the entire exposure trajectory is

altered.

3.3.3 Estimand Comparisons

Wewill now introduce the two contrasts through which we will consider all modeling approaches.

The first is whether an approach estimates the effect of intervening at each time point in the time se-

ries or whether it estimates the effect of intervening on an interval of time. The second is whether an

approach targets the direct effect or the total effect of an exposure. As we will show using DAGs and

in simulation, estimands targeted by different models are not always comparable. We specifically use

the linear structural model described in 3.3.1 for all DAGs and simulations because it is transparent

and interpretable, but the concepts apply more generally.

Intervening at a Time Point versus Over a Time Period

The first distinction between estimands is whether a modeling approach estimates the effect of inter-

vening at a specific time point (or series of time points) versus intervening over an interval as a whole.

This distinction can be framed within the linear structural model. Suppose exposures are measured

weekly during pregnancy and modeled as:

Yi = β1Ai,1 + β2Ai,2 + β3Ai,3 + γLi + εi. (3.4)

A researcher may be interested in estimating the effect of reducing exposure at a specific time

point (e.g., setting Ai,1 to a fixed value while allowing later exposures to follow their natural course),

which corresponds to estimating β1. Alternatively, the researcher may be interested in the effect of

reducing exposure over a multi-week period, which corresponds to replacing Ai,1,Ai,2,Ai,3 with an
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aggregated exposure measure, such as:

Āi = 1
3

(Ai,1 + Ai,2 + Ai,3), (3.5)

and estimating its coefficient. In theNCR exposure case, where there are no causal relationships

among exposures, these estimands are algebraically related, such that:

βinterval = β1 + β2 + β3. (3.6)

However, in the CR exposure case, where exposures influence each other over time, these esti-

mands may differ, as intervening at a specific time point preserves causal pathways between expo-

sures while intervening over an interval does not.

This distinction is illustrated in a Directed Acyclic Graph (DAG) (Figure 3.2), where we assume

a linear model with A1,A2, and A3 representing exposures at three time points, β1, β2, and β3 repre-

senting the effect of the exposure at those three time points on a single outcome, and βinterval repre-

senting the effect of the exposure averaged across those three time points on the outcome. A simple

simulation (Figure 3.5) further demonstrates this difference, showing that in the NCR case, sum-

ming individual time-point effects recovers the interval effect, whereas in the CR case this relation-

ship does not hold. In other words, fitting a regression at each time point tk and adding the fitted β̂k

effect estimates does not result in estimating the same estimand as first averaging the exposures and

then fitting a single regression.

As a result, researchers using different statistical methods may obtain different results simply due

to differences in their targeted estimands. Neither the effect of intervening at a single time point nor

the effect of intervening over an interval is inherently more correct—rather, the choice of estimand

should be guided by the research question and the kind of interventions that could be implemented

in practice.
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Figure 3.2: DAG comparing an exposure measured at three time points in the absence of a causal relationship among
exposures (NCR case) to an exposure where open causal paths exist between time points (CR case). In the NCR case,
the effect (βinterval) of intervening on the exposure averaged over three time points, Ā = (A1 + A2 + A3)/3, is equiv‐
alent to the sum of the individual β effects of each exposure. However, in the CR case, where open causal paths exist
between exposures, these estimands are not equivalent. As a result, methods estimating the effect of an intervention
over an interval will not be equivalent to summing the estimates of intervening at its component time points.
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Total versus Direct Effect of an Intervention

The second key distinction between estimands is whether they represent the total effect or the direct

effect of an intervention. Briefly, the total effect P(Yat = y) of an intervention on an exposure is the

probability that the outcome variable Y takes on the value ywhen the exposure At is set to a value at.

This is often the most straightforward causal effect to define and interpret. However, scientific inter-

est may instead lie in the direct effect of an exposure, which represents the change in Y in response to

changes in At while holding all other variables in the model fixed, including exposures at subsequent

time points. For a formal treatment of total, direct, and indirect effects, see Pearl55. Regardless of

the exposure’s causal structure, interest typically lies in the direct effect of the overall exposure vector

A, meaning that the researcher would want to adjust for all confounders L. However, it is essential

to determine whether the scientific question of interest pertains to the direct or total effect of an

intervention on the exposure itself.

When estimating the total effect of an intervention, the counterfactual world is allowed to “play

out” naturally after the intervention. In contrast, when estimating the direct effect, the counter-

factual world exists only at the time of the intervention, with subsequent exposures set to their

observed (factual) values. In other words, estimating the direct effect involves adjusting for future

exposures which may be acting as mediators.

This distinction is illustrated in both the DAGs (Figure 3.3) and a simple simulation (Figure 3.6).

As can be seen in the DAGs, three separate linear models are fit for each of the three exposure times

when estimating the total effect of the exposure on the outcome at different times, each adjusting

for prior exposures but not subsequent ones to the exposure of interest. For example, βT2 is the effect

of the exposure at time 2, A2, on the outcome, holding the exposure at time 1, A1, constant but

not adjusting for the exposure at time 3, A3, and thus allowing for any downstream consequences

of intervening on time 2 on the later exposure. Because different variables need to be included in
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the model at each exposure time, a separate model must be fit for each one. In contrast, in a direct

effect model all three βDk exposures are included simultaneously and estimated simultaneously since

each βDk is the effect of an intervention at time tk while holding all other exposures constant. Due

to the open paths between exposures, in the CR case only the very last time effect, in this case β3, is

equivalent between methods estimating the total effect and the direct effect.

For example, consider a counterfactual intervention that places an air purifier in every home dur-

ing the first trimester of pregnancy, reducing exposure to a single ambient air pollutant. If the air

purifier were removed at the start of the second trimester, individuals in the counterfactual world

would reasonably be expected to experience the same second- and third-trimester exposure levels as

they did in the factual world. In the NCR exposure case, like this ambient air pollution example, the

total and direct effects of an intervention are equivalent.

However in the CR exposure case, where earlier exposures causally influence later exposures, the

total and direct effects are not equivalent. Consider a mold remediation intervention implemented

during the first trimester of pregnancy. The direct effect of this intervention requires that second-

and third-trimester exposures be set to what they would have been had the mold remediation never

occurred. This is implausible, given that mold growth would naturally be reduced by the initial re-

mediation. This gets at a possible issue of positivity when estimating the direct effect if the required

counterfactual-during-the-intervention-and-factual-afterwards exposure trajectory is one that could

not occur in nature. In the CR case, methods that target the direct effect are effectively adjusting

for mediators in addition to confounders, as the effect of an earlier exposure is mediated by later

exposures. In contrast, the total effect accounts for the downstream counterfactual reduction in

exposure due to the early intervention.

If the goal is to estimate the effect of intervening at a time point or interval and then return to

the observed factual world for all subsequent time points after the time point or interval of interest,

then the direct effect is the appropriate target. If the goal is to estimate the effect of intervening at a
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Figure 3.3: Directed Acyclic Graphs (DAGs) comparing the total effect of an intervention (βTt ) to the direct effect of
an intervention (βDt ). To estimate the total effect for the three time points (as represented by the bold, solid blue lines),
three separate models are fit, each adjusting for exposures that occur prior to the time point of interest (as represented
by the blue dashed lines). All three time points are included simultaneously in a direct effect model. When there are
no causal relationships between exposures over time (NCR exposure case), the direct and total effects are equivalent.
However, in the presence of causal paths between exposures (CR exposure case), they differ at all but the last time
point (in this case β3, so β

T
3 = βD3 regardless of whether we are in the NCR or CR case).
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time point or over a time interval while allowing the counterfactual world to continue subsequently,

then the total effect is the appropriate target

This difference in effect estimates can become more pronounced when there is unmeasured con-

founding. For methods targeting the direct effect, the presence of an unmeasured confounder can

lead to additional bias as the direct effect is influenced both by causal paths between exposures and

by paths involving the unmeasured confounder. This is shown in more detail in Figure 3.6.

There is another concern when using methods that estimate the direct effect of an exposure: if

a covariate is time-varying, including any values of that covariate that occur after the first exposure,

so during the middle of pregnancy for example, makes the time-varying covariate act as a mediator

for earlier exposures and as a confounder for later exposures. Therefore, it generally would not be

appropriate to include any time-varying covariates that vary in the exposure time frame when using

a direct effect model.

3.4 Application of Framework to ExistingMethods

In light of the considerations presented in Section 3.3, we now examine the specific targets of in-

ference for several commonly used methods in the analysis of time-varying exposures with a single

outcome. These methods differ in whether they estimate a total or direct effect and whether they

assess the effect of intervening at a time point or over a time interval.

3.4.1 Notation

We consider the setting of i.i.d. data (Yi,Ai,t1 , . . . ,Ai,tK ,Li) on n individuals, where Yi is a scalar

(observed) outcome of interest for subject i, Ai,tk is the exposure for subject i at time point tk for

k ∈ {1, . . . ,K}, and Li is a vector of confounders. The outcome Y is assumed to occur after timeK.
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3.4.2 Basic Approach: Individual Time Periods

The simplest approach involves partitioning the exposure into convenient contiguous time periods

and estimating the time-averaged effect of exposure over these periods. For example, a researcher

interested in identifying the most vulnerable period during pregnancy for the effects of fine partic-

ulate matter, or particulate matter less than 2.5 microns (PM2.5), on a childhood health outcome

might average each mother’s exposure over the three trimesters of pregnancy. This is a common ap-

proach in maternal-child environmental research92,50. After averaging exposures from relevant time

periods, the researcher may then:

1. Include all time periods in the model simultaneously,

2. Include some subset of time periods in the model, or

3. Model each time period separately.

Model Formulation

We define P time periods that form a partition of the total time interval [t1, tK], where each time

point belongs to exactly one period p.

Full IntervalModel (Direct Effect) The full intervalmodel includes all P time periods in

the regression:

Yi = LT
i γ +

P∑
p=1

Aipβp,

where Aip represents the exposure averaged over time period p. Because all periods are included in

the model simultaneously, the βp coefficients estimate the direct effect of intervening over each time

interval.
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Right-Cut IntervalModel (Total Effect) To target the total effect of intervening over a

time interval, the researcher instead fits separate models for each period, adjusting for all time peri-

ods that precede it:

Yi = LT
i γ +

p−1∑
π=1

Aiπβπ + Aipβp.

Here, βp represents the total effect of intervening over period p, as exposures following time inter-

val p are excluded from the model. We refer to these as right-cut intervalmodels because only the

beginning and middle time periods are included, while later (right-hand) time periods are excluded.

Middle IntervalModel (Non-Causal Interpretation) If each time period is modeled

separately without adjusting for prior exposures, the resulting estimates do not correspond to either

the direct or total effect:

Yi = LT
i γ + Aipβp.

Here, βp does not have a standard causal interpretation. An example would be a model estimating

the effect of first-trimester exposure alone, another estimating the second-trimester exposure with-

out adjusting for the first trimester exposure, and a third estimating the third-trimester exposure

without adjusting for the exposure from either of the first two trimesters. In this case, the β coeffi-

cients of the exposure effect from the second and third trimester models cannot be interpreted as

either the total effect or the direct effect of intervening on their corresponding windows unless there

are no open causal paths between the exposures (NCR case).

Time PointModels Although for multicollinearity or biological reasons it may make sense to

average over time periods, the same three basic approaches above can also be applied at the level of

individual time points. Instead of averaging exposures over time periods, models include individual

time points. For example, if scientific interest focuses on the effect of an exposure occurring at week
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20 of pregnancy:

• The Full Point model includes all exposures for all 36 weeks of pregnancy, estimating the direct

effect of an intervention at week 20.

• TheRight-Cut Point model includes exposures only up to and including week 20, estimating the

total effect of an intervention at week 20.

• TheMiddle Point model includes only week 20 and no other exposures, yielding an estimate with

no clear causal interpretation.

These subtypes of the individual time periods are summarized in Table 3.1.

ResearchQuestion and Limitations

This approach specifically tests whether or not there is an association at each time point or time

period included in the model(s). For the time point models, an exposure-outcome curve can be

estimated by applying a smoothing function to the estimates, but there is no natural way to estimate

a curve from the time period models.

A key limitation of this approach is its reliance on pre-defined time windows. Because these win-

dows are chosen a priori, they are unlikely to align precisely with the true critical window unless

they happen to match by chance or prior biological knowledge. As a result, this approach may be

underpowered to detect the true critical window. Furthermore, if multiple time periods are tested

without proper adjustment, the overall Type I error rate may be inflated when assessing the overall

association between exposure and outcome (Chapter 1). When estimating the exposure-response

curve over time, care should be taken to ensure adequate coverage of any confidence intervals.
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Time Period(s) Included in Model: Intervention Time Period
Point Interval

From Beginning to Middle Right-Cut Point Right-Cut Interval
Middle Only Middle Point Middle Interval
From Beginning to End Full Point Full Interval

Table 3.1: Subtypes of the individual time periods. These models differ in their causal interpretation and may yield
different estimands depending on the underlying causal relationships among exposures, model misspecification, and
cumulative effects.

3.4.3 Distributed LagModels (DLMs) and Extensions

Distributed LagModels (DLMs) and Distributed Lag Non-Linear Models (DLNMs) are com-

monly used in studies of time-varying exposures to estimate exposure-response relationships over

time38,16,78,53. Unlike approaches that predefine discrete time windows, these models generally im-

pose smoothness constraints on estimated lagged exposure effects over the full time period.

Model Formulation

The most basic Gaussian distributed lag model (DLM) takes the form:

Yi = LT
i γ +

T∑
t=1

Aitβ(t),

where the lag coefficients β(t) are constrained to vary smoothly over time. This smoothness is

typically enforced using a basis function, which transforms the exposure time series into a lower-

dimensional representation. Common basis functions include polynomials, splines, or threshold

transformations.

In a distributed lag non-linear model (DLNM), the coefficients β(t) are transformed using a

cross-basis, a two-dimensional space of basis functions29. One basis captures the dose-response rela-

tionship, while the other captures the lagged effect of exposure over time. Both DLMs and DLNMs
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can be extended beyond Gaussian models to accommodate different outcome distributions using

generalized linear model (GLM) frameworks. Tree-based models provide additional flexibility for

modeling non-smooth relationships52.

When examining the exposure-outcome relationship over time, the target of inference is the es-

timated lag coefficients β(t) at each time point t. Because all time points are included in the model

simultaneously, the estimated β(t) coefficients correspond to the direct effect of exposure at each

time point t, adjusting for confounders L and for all other time points t′ ̸= t. Despite differences

in functional forms, DLMs, DLNMs, tree-based lag models, and other DLM extensions generally

all target the same inferential quantity, as the entire time period is included simultaneously for each

individual.

ResearchQuestion and Limitations

The DLM estimates β(t) are typically visualized as exposure-response curves. In DNLMs, a 3-

dimensional plot may be used to represent both the dose-response and lagged effects. However,

summing the estimated β(t) values over a subset of time points does not necessarily yield an estimate

of the cumulative effect of intervening over that interval when exposures are causally related over

time (CR case) as the DLM does not account for the causal structure between exposures at different

time points.

A common but potentially misleading approach is to interpret regions of the exposure-response

curve where confidence intervals exclude the null as evidence of a critical window. However, this

approach introduces two major statistical issues: inflated Type I error due to multiple comparisons

and a discrepancy between the statistical hypothesis being tested and the interpretation of its results.

Standard confidence intervals for β(t) are typically calculated pointwise, meaning they do not

account for the multiple hypothesis tests performed across time. If a DLM is performed over 36

weeks of pregnancy, 36 pointwise confidence intervals are created, generally without adjustment for
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multiple testing, leading to an increased probability of false positives when testing for whether an

association exists at any time point (Section 1.6.1). A simultaneous confidence bandwould generally

be more appropriate for understanding uncertainty in the exposure-response curve, ensuring that

the entire curve remains within the band at a specified confidence level.

However, even if a simultaneous confidence band is used, it only controls Type I error for the

overall shape of the estimated curve. Although this provides valuable insight into time-varying

exposure-response relationships, DLMs and their extensions are not specifically designed to detect

whether critical windows exist and if there is an association between the exposure and the outcome.

Type I error for the latter questions is generally much harder to control. Methods that explicitly con-

trol global Type I error for critical window detection may be more appropriate when the goal is to

identify periods of heightened susceptibility.

3.4.4 CriticalWindowVariable Selection (CWVS)

Critical Window Variable Selection (CWVS) is a Bayesian method designed to identify critical win-

dows77.

Model Formulation

This approach was developed with a logistic regression framework, modeling the probability of the

binary outcome Yi as:

Yi ∼ Bernoulli{pi(γ, β)},

where pi(γ, β) is a function of the unknown parameters γ and β. The log-odds of the probability

pi(γ, β) are modeled as:
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ln
{

pi(γ, β)
1 − pi(γ, β)

}
= LT

i γ +
T∑
t=1

Aitβ(t),

where β(t) represents the association between the exposure at time t, denoted Ait, and the out-

come Yi. Notably, the only distinction in form between this model and the Gaussian Distributed

LagModel (DLM) is the use of a logit link function rather than an identity link function. Like the

DLM, CWVS includes all time points in the model simultaneously, meaning that the estimated

β(t) coefficients represent the direct effects of exposure at each time point t, adjusting for both con-

founders L and all other exposure time points.

Where these models differ is in their estimation and, more relevantly to this discussion, in the

decomposition of β(t) as:

β(t) = θ(t)α(t),

where θ(t) represents the effect magnitude component and α(t) is a variable selection component.

The variable selection component follows a Bernoulli distribution:

α(t)|π(t) ∼ Bernoulli{π(t)},

where π(t) denotes the probability of selecting time point t in the model. This is a different con-

straint from the smoothing basis function of a DLM.

ResearchQuestion and Limitations

CWVS is designed to answer the question of which time points have strong effects on the outcome

while holding other time points constant. However, the inclusion of a variable selection component
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introduces a subtlety in the causal interpretation of the estimated β(t). When at least one time point

is not selected (i.e., α(t) = 0 for some t), the remaining non-zero β(t) values no longer represent

the direct effects of exposure at those time points. In such cases, the interpretation of these estimates

becomes less clear, resembling the “Middle Point” approaches described in the Individual Time

Periods (Section 3.4.2).

Additionally, Bayesian hypothesis testing is not designed to control global Type I error for under-

standing whether or not there is a critical window or an association between the exposure and the

outcome. Using 95% pointwise credible intervals from CWVS to determine the existence of a criti-

cal window introduces the same Type I error inflation as in DLMs: the probability of false positives

increases due to the multiple comparisons across time points. Creating an exposure-outcome curve

is not a natural extension of CWVS due to the variable selection component.

3.4.5 Bayesian Adaptive Scalar-on-Function Regression (BASOFR)

Bayesian adaptive scalar-on-function regression (BASOFR)28 is a method designed to estimate the

time-varying association between an exposure process and a scalar outcome.

Model Formulation

The primary modeling tool is a scalar-on-function regression, which takes the form:

Yi = LT
i γ +

∫
Ti
Aitβ(t)dt,

where Ti represents the full exposure period for individual i. As in DLMs and CWVS, the expo-

sure trajectory Ait is included over the entire time period, and the function β(t) is estimated across

all time points. Consequently, BASOFR also targets the direct effect of the exposure at each time
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point t, adjusting for confounders L and all other time points.

BASOFR estimates β(t) using a B-spline basis expansion combined with dynamic shrinkage pri-

ors to enforce smoothness and encourage sparsity in the estimated function. This allows the model

to flexibly adapt to different underlying exposure-response relationships. Unlike DLMs, which

impose smoothness constraints directly on β(t) through basis functions, BASOFR introduces a

Bayesian prior structure that adaptively shrinks small effects toward zero while allowing large effects

to be retained.

After estimating β(t), a decision analysis approach is applied to determine the presence and loca-

tion of critical windows. This approach is based on posterior credible intervals, where time periods

with a high probability of nonzero exposure effects are identified as potential windows of suscepti-

bility.

ResearchQuestion and Limitations

BASOFR provides a flexible framework for detecting critical windows by incorporating both smooth-

ness and shrinkage in the estimation of β(t). However, while this method is designed to select crit-

ical windows, it does not formally test whether a critical window exists. Unlike hypothesis-testing

approaches, BASOFR was not designed to control global Type I error.

The interpretation of β(t) remains similar to that of DLMs and CWVS: it represents the direct

effect of exposure at each time point, not the total effect of intervening over an interval. If exposures

are causally related over time, the cumulative effect of an intervention over a window cannot be

directly inferred from the estimated β(t) values. As a result, BASOFR is well-suited for estimating

smooth time-varying exposure effects but may not be appropriate for research questions requiring

inference on cumulative or total effects.
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3.4.6 CALICO

The CAusaL Identification of Critical windOws (CALICO) approach provides a flexible modeling

framework for identifying critical windows and is currently the only existing method that explicitly

controls global Type I error while searching for an unknown critical window. CALICO is designed

to formally test for the presence of a critical window. Regardless of the specific modeling approach

used, CALICO targets the total effect of an intervention, as it includes only exposures occurring

prior to the time point or time interval of interest. Once a modeling approach is chosen, CALICO

automatically searches over all possible critical windows, fitting separate models for each.

Model Formulation

Unlike the individual time periods approach in Section 3.4.2, which partitions the exposure into

non-overlapping intervals, CALICO allows for overlapping and nested time intervals, ensuring

greater flexibility in window selection. However, when using the simplest model—a linear out-

come regression estimator—the model for time interval p aligns with the right-cut interval model

described earlier, which targets the total effect of intervening over an interval. This interval can be of

length 1, representing a single time point.

For a time interval p defined as [t1, t2] using the linear outcome regression estimator, the model is:

Yi = LT
i γ +

t∑
τ=1

Aiτβτ + Aipβp,

where Aip is the averaged exposure over time period p, and t is the time point t1 − 1 immediately

preceding the interval p. Since exposures occurring after the interval of interest are excluded from

the model, this approach specifically targets the total effect of an intervention.
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ResearchQuestion and Limitations

CALICO is designed to detect whether a causal exposure-outcome relationship exists at any time,

explicitly controling for multiple testing across all potential windows. If there is a causal relationship

identified through hypothesis testing, it then identifies a critical window (see Chapters 1 and 2).

It is meant to be used when there is little or no prior biological knowledge about when this criti-

cal windowmight occur. If a researcher already has strong prior knowledge of a small set of possible

windows, applying CALICO across all possible intervals may result in reduced statistical power. In

such cases, a simpler method—such as the Individual Time Periods approach described earlier—

may be preferable, provided that appropriate multiple testing corrections are applied.

Additionally, while CALICO can be used to estimate an exposure-response curve, similar to a

DLM, it fundamentally differs in that it targets the total effect of an intervention rather than the

direct effect. These two quantities will only be equivalent in the NCR case.

3.4.7 OtherMethods

While we have focused on a selection of commonly used methods, many other approaches exist for

analyzing time-varying exposures82,30,52. Regardless of the specific methodology, all interpretable

statistical approaches can be categorized based on whether they target the total effect, the direct effect,

or neither; and whether they estimate the effect of intervening at a time point or over a time interval.

These distinctions remain fundamental to understanding the estimands of any method applied in

this context. As previously shown in DAGs and later through simulation, these may or may not re-

sult in estimating equivalent targets. The tree in Figure 3.4 summarizes these results, with methods

contained within the same leaf having the same inferential target, though potentially differing in

efficiency, assumptions, and research question.

For example, note that DLMs, CWVS, and BASOFR all have the same target of inference: the
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Figure 3.4: Equivalency of different methodological approaches. When there is no causal relationship among the
exposures, no unmeasured confounding, and no cumulative or interaction effects, all approaches have the same target
of inference. They may still differ in the research question they target (curve estimation versus global hypothesis testing
versus window identification) and efficiency, but the estimand will be equivalent.
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Method Global Hypothesis
Testing

Window
Identification

Curve
Estimation

Basic
CALICO-MTP ✓ ✓ ✓
CALICO-ADRF ✓ ✓ ✓
DLM ✓
DLNM ✓
BASOFR ✓ ✓
CWVS ✓

Table 3.2: Table comparing research question for commonly used methods for time‐varying exposures

direct effect of intervening at each individual time point. Where these methods differ is in how they

estimate this effect and what they do with the effect estimates. Table 3.2 compares the discussed

methods on research question.

3.5 Simulations

We now support the differences seen in the DAGs and the model formulations with simple simula-

tions to illustrate how estimands may or may not differ when using different statistical approaches.

In all simulations, the NCR case with no direct causal paths between exposures at different time

points will be compared to the CR case with a simple causal mechanism.

3.5.1 Intervening at a Time Point versus Over a Time Interval

This simulation will illustrate how underlying causal structure influences estimates when comparing

methods that intervene at a specific time point versus methods that intervene over an interval.
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Simulation Setup

We generate data forN = 5000 individuals, each with a confounder Li ∼ N(0, 1) and an exposure

at three time points. Exposures are generated under two different scenarios:

• NCR Exposure Case (No Causal Relationship Among Exposures):

At,i = Li + εt,i, for all t ∈ {1, 2, 3}

• CR Exposure Case (Causal Relationship Among Exposures):

A1,i = Li + ε1,i

A2,i = Li + A1,i + ε2,i

A3,i = Li + A1,i + A2,i + ε3,i

where εt,i ∼ N(0, 12) are independent errors at each time point. The outcome Yi is then gener-

ated as:

Yi = 2A1,i − 0.5A2,i − 1.5A3,i + Li + γi

where γi ∼ N(0, 102) and represents additional noise. These numbers were chosen to demonstrate

differences with a realistic environmental research effect size of | βσ | ∈ [0, 0.2] and a plausible cohort

size.

For estimation, we consider two approaches:

• Intervening at Each Time Point: A linear regression is performed on the three time estimates:

Ŷ = β̂1A1 + β̂2A2 + β̂3A3 + δ̂L
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Figure 3.5: Comparison of estimating the exposure effect at each time point versus estimating the effect over an
interval in the NCR and CR cases. In the NCR case (left panel), the sum of the estimated effects at individual time points
(
∑

t β̂t [blue box)] is equivalent to the estimated effect of intervening over the entire interval (β̂interval [purple box]). In
the CR case (middle panel), both the true values (

∑
t βt and βinterval) and their estimates (

∑
t β̂t [blue box] and β̂interval

[purple box]) differ. This demonstrates that averaging exposures before estimation does not yield the same effect as
summing individual time point effects when exposures are causally related (CR case). The rightmost section illustrates
the simulation setup and fitted model.

• Intervening Over an Interval: The three exposures are first averaged to get an interval exposure

estimate Āi = A1,i+A2,i+A3,i
3 and then a linear regression is performed:

Ŷ = β̂intervalĀ + δ̂L

In the NCR case,
∑3

t=1 βt = βinterval, with the true sum of the coefficients
∑3

t=1 βt = 2 − 0.5 −

1.5 = 0 and βinterval = 0. However, in the CR case,
∑3

t=1 βt ̸= βinterval. While
∑3

t=1 βt is still 0,

βinterval = − 12
7 , which can be obtained algebraically from the simulation setup. We compare

∑3
t=1 β̂t

to β̂interval over 1000 simulations in both the NCR and CR setups.
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Results and Interpretation

As shown in the boxplots in Figure 3.5, when there are no causal paths between exposures (NCR

case), the estimates of the sum of individual effects
∑

β̂ are equivalent to β̂interval and centered

around 0, the true value for both
∑

β and βinterval. However, in the CR case, these estimates are very

different from each other, demonstrating that methods targeting the effect of an interval are not

equivalent to methods targeting individual time points when there is a causal relationship among

the exposures. Notice also how the spread of these estimates varies for the different estimators: in

the CR case, the uncertainty of the estimate for β1 is higher than that of the estimate for β3 due to

the causal effect that A1 has on A3. Additionally, in this simple data setting, the uncertainty around∑
β is higher than that around βinterval.

3.5.2 Total Effect versus Direct Effect

This simulation illustrates how the underlying causal structure influences estimates when compar-

ing methods that estimate the total effect versus those that estimate the direct effect.

Simulation Setup

We generate data forN = 5000 individuals, each with a confounder Li ∼ N(0, 1) and an exposure

at three time points. Exposures are generated under two different scenarios:

• NCR Exposure Case (No Causal Relationship Among Exposures):

At,i = Li + εt,i, for all t ∈ {1, 2, 3}
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• CR Exposure Case (Causal Relationship Among Exposures):

A1,i = Li + ε1,i

A2,i = Li + A1,i + ε2,i

A3,i = Li + A1,i + A2,i + ε3,i

where εt,i ∼ N(0, 12) are independent errors at each time point. The outcome Yi is then gener-

ated as:

Yi = A1,i + Li + γi

where γi ∼ N(0, 102) and represents additional noise. These numbers were again chosen to main-

tain a realistic environmental research effect size of β
σ = 0.1 with a plausible cohort size. The models

in this section include the single confounding variable as a measured confounder.

Interest lies in estimating the effect of an intervention at time 1, β1. For estimation, we consider

two approaches:

• Estimating the Direct Effect: A linear regression is performed including all three exposure time

points simultaneously:

Ŷ = β̂1A1 + β̂2A2 + β̂3A3 + δ̂L

• Estimating the Total Effect: A linear regression is performed including only the first exposure time

point:

Ŷ = β̂1A1 + δ̂L

We compare β̂
Direct
1 to β̂

Total
1 over 1000 simulations.

To evaluate how this changes in the presence of unmeasured confounding, we perform a second

simulation setup where an additional unmeasured confounderUi ∼ N(0, 1) is introduced. The
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Figure 3.6: Comparison between estimating the total effect versus the direct effect in the NCR and CR cases. The
green dashed arrows represent that in the NCR case there is no causal relationship among exposures but there is a
causal relationship in the CR case. The top section illustrates models with only measured confounding. The corre‐
sponding histograms compare the distributions of estimated total and direct effects, showing that in the NCR case
the estimates are equivalent, whereas in the CR case the direct effect estimate has increased variance. The middle
section introduces an unmeasured confounder. The NCR case still has no direct causal links between exposures, but
now in both the NCR and CR cases the direct and total effect estimates differ due to open paths from the unmeasured
confounder. While all estimates are now biased, the total effect estimate is consistent regardless of underlying causal
structure of the exposure, whereas the direct effect estimate differs. The final row shows the fitted models for estimat‐
ing the total effect (left) and direct effect (right), emphasizing how the total effect model for estimating the effect β1 of
exposure A1 considers only A1, whereas the direct effect model includes all time points simultaneously, thus adjusting
for exposures that occur after A1.
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three exposures are generated as:

• NCR Exposure Case (No Causal Relationship Among Exposures):

At,i = Li + Ui + εt,i, for all t ∈ {1, 2, 3}

• CR Exposure Case (Causal Relationship Among Exposures):

A1,i = Li + Ui + ε1,i

A2,i = Li + Ui + A1,i + ε2,i

A3,i = Li + Ui + A1,i + A2,i + ε3,i

And the outcome is now generated as:

Yi = A1,i + Li + Ui + γi,

where γi ∼ N(0, 102). The unmeasured confounderUi is omitted from the fitted models, which

are the same two models as above, Ŷ = β̂1A1 + β̂2A2 + β̂3A3 + δ̂L and Ŷ = β̂1A1 + δ̂L, and are

used to estimate the direct and total effects respectively. We again compare β̂
Direct
1 to β̂

Total
1 over 1000

simulations.

Results and Interpretation

In the first simulation setup with correctly specified models (top part of Figure 3.6), the target of

inference is the same for the total and direct effect when there are no causal paths between exposures,

as evidenced by the overlapping histograms of the estimated β̂ − β. However, when there are causal

paths between exposures (CR exposure case), the targets of inference differ. This can be observed in
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the increased variance of β̂
Direct
1 − β compared to β̂

Total
1 − β. In this specific setup, the mean of the

1000 β̂
Direct
1 estimates equals the mean of the 1000 β̂

Total
1 estimates, though this is not necessarily true

in general.

In the second simulation setup with an unmeasured confounder (middle part of Figure 3.6),

a backdoor path exists between the exposures even when there are no direct causal links between

them. Here, the mean of the 1000 β̂
Direct
1 estimates is no longer equal to the mean of the 1000 β̂

Total
1

estimates in either case. The distribution of the β̂
Total
1 estimates remains unchanged regardless of

whether there are causal paths between the exposures, while the distribution of the β̂
Direct
1 estimates

differs dramatically depending on the underlying causal structure of the exposures.

3.5.3 Comparison of Distributed LagModels and CALICO

This simulation examines howDistributed LagModels (DLMs) and CAusaL Identification of Crit-

ical windOws (CALICO) differ under the NCR and CR exposure cases when estimating exposure-

response curves over a longer exposure period. A DLM estimates the direct effect of intervening at

each time point, first applying a smoothing constraint and then performing the estimation. CAL-

ICO estimates the total effect of an intervention rather than the direct effect. To make the results

more comparable, only the estimates of intervening on each time point were used, though CALICO

can also be used to estimate the total effect of intervening over an interval. The CALICO estimates

are estimated first and then the smoothing function is applied, rather than the smoothing function

being used as a constraint on the estimation. The same smoothing function, a natural cubic spline,

was used for both methods for comparability.
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Simulation Setup

We generate data forN = 1000 individuals, each with three confounders Li = (Li1,Li2,Li3), where

each Lij ∼ N(0, 12), and an exposure Ai,t measured at T = 36 time points. Exposures are again

generated under two different scenarios:

• NCR Exposure Case (No Causal Relationship Among Exposures):

Ai,t = Liγ + εi,t, εi,t ∼ N(0, σ2), for all t ∈ {1, . . . , 36}.

• CR Exposure Case (Causal Relationship Among Exposures):

Ai,1 = Liγ + εi,1, εi,1 ∼ N(0, σ2),

Ai,t = Ai,t−1 + εi,t, εi,t ∼ N(0, σ2A), for t > 1.

where γ = (1, 1, −1) and the error variances are set to σ2 = 102 and σ2A = 0.52. The exposure

series is then standardized by the interquartile range (IQR), Ai = Ai
IQR(Ai) .

The outcome Yi is generated as:

Yi = Aiβ + Liγ + ηi, ηi ∼ N(0, σ2),

where to represent a true critical window in the middle of pregnancy the exposure effect β varies over

time as:

βt =


0, t ∈ [1, 12] ∪ [20, 36]

1, t ∈ [13, 19].

The outcome is then standardized as Yi = Yi−Ȳ
σY where σY is the standard deviation of Y.

The DLM and CALICOmodels were then fitted as follows:
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CALICO:

Ŷi = Aitβ̂t +
t−1∑
τ=1

Aiτβ̂τ + LT
i γ̂,

DLM:

Ŷi =
36∑
t=1

Aitβ̂(t) + LT
i γ̂,

The CALICO β̂t coefficients are estimated for each of the 36 time points separately and the re-

sulting estimates are then smoothed using a natural cubic spline with 5 degrees of freedom. The

DLM coefficients β̂(t) are constrained to vary smoothly over time using a natural cubic spline with 5

degrees of freedom. The resulting exposure-response curves are compared over 100 simulation runs.

Results and Interpretation

Figure 3.7 compares the estimated exposure-response curves fromDLMs and CALICO in the NCR

and CR scenarios. In the NCR case, both methods produced similar results when applied to esti-

mating an exposure-response curve. Note that there is slightly more variance in the CALICO curves

as the pointwise estimates are generated first and then smoothed rather than being constrained to

vary smoothly. In the CR case, DLM and CALICO produced substantially different estimates.

This divergence arises because DLM estimates the direct effect of intervening on the exposure at each

time point, adjusting for both earlier and later exposures, whereas CALICO estimates the total ef-

fect, adjusting for prior exposures but allowing the counterfactual exposure trajectory to continue

after the intervention. Notice how this tends to shift the identified window a little earlier, as early

interventions can have a strong influence on subsequent exposures and thus the outcome. As a re-

minder, both of these models as implemented are estimating the effect of intervening at time points

and not over time intervals, and in the CR case the effect of intervening over a time interval cannot

be estimated directly from the effect of intervening on its component time points.

These results support the conclusions drawn from the DAGs: when exposures are causally re-
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Figure 3.7: Comparison of a Distributed Lag Model (DLM) and CAusaL Identification of Critical windOws (CALICO)
applied to the same datasets, with 36 time points representing 36 weeks of pregnancy and a causal effect of exposure
on the outcome occurring in mid‐pregnancy (weeks 13–19). DLM targets the direct effect and CALICO targets the total
effect of intervening on an exposure. In the NCR case, where exposures are conditionally independent over time, the
direct and total effects are equivalent and the two models yield similar results. In the CR case, where exposures causally
influence each other, the direct and total effects differ: total effect estimates reflect all downstream consequences of an
intervention, whereas direct effect estimates condition on subsequent mediating exposures.

lated, statistical methods estimating direct effects can yield different inferences frommethods esti-

mating total effects. This highlights the importance of carefully considering the inferential target

when analyzing time-varying exposures, especially when comparing results across studies and when

trying to understand the potential effects of plausible real-world interventions.

108



3.6 Discussion

There is no universally agreed-upon definition of a ‘critical window’ or ‘window of susceptibility’,

reflecting both the complexity of identifying periods of heightened vulnerability and the challenges

of synthesizing findings across studies. The interpretation of a critical window depends not only on

biological mechanisms but also on the statistical framework used to define it.

The choice of analysis approach should be guided by both the underlying causal structure of the

data and the specific research question. Methods targeting the direct effect of an intervention at a spe-

cific time point identify time points where exposure has an independent effect on the outcome with-

out necessarily being able to extrapolate a cumulative causal effect, while methods targeting the total

effect over a time interval capture cumulative and downstream influences of an intervention. These

estimands are equivalent when exposures are not causally related (NCR case) but diverge when ex-

posures influence each other over time (CR case). Because model misspecification—particularly the

omission of a common cause or confounder—can introduce open causal paths between exposures, a

conservative approach is to assume the CR case unless strong evidence suggests otherwise.

Methods designed for one research question may produce biased estimates, inflated Type I error,

or reduced power when applied to a different question. While approaches may appear comparable

on the surface, they often target different estimands, which can lead to seemingly conflicting conclu-

sions81. Time-varying covariates also require careful consideration; in direct effect models, adjusting

for variables that change during the exposure period means treating them as mediators for earlier ex-

posures and confounders for later exposures, which may or may not align with the research question

or biology.

Machine learning methods often do not fit neatly into the direct-versus-total effect or point-

versus-interval framework, making it difficult to translate their findings into actionable interven-

tions. Without a well-defined estimand, it is unclear whether these methods identify a causal rela-
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tionship that could inform policy or practice.

Ultimately, selecting a statistical method requires careful alignment with the research question,

the plausibility of real-world interventions, and the structure of the data. By explicitly considering

these factors, researchers can improve the interpretability, reproducibility, and practical relevance of

studies investigating critical windows.
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