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ABSTRACT

I give a high level overview of the state of particle physics in the introduction, accessible without
any background in the field. I discuss improvements of theoretical and statistical methods used for
collider physics. These include telescoping jets, a statistical method which was claimed to allow jet
searches to increase their sensitivity by considering several interpretations of each event. We find that
indeed multiple interpretations extend the power of searches, for both simple counting experiments
and powerful multivariate fitting experiments, at least for » — bb at the LHC. Then I propose a
method for automation of background calculations using SCET by appropriating the technology of
Monte Carlo generators such as MadGraph.

In the third chapter I change gears and discuss the future of the universe. It has long been known
that our pocket of the standard model is unstable; there is a lower-energy configuration in a remote
part of the configuration space, to which our universe will, eventually, decay. While the timescales

involved are on the order of 104°°

years (depending on how exactly one counts) and thus of no im-
mediate worry, I discuss the shortcomings of the standard methods and propose a more physically
motivated derivation for the decay rate. I then make various observations about the structure of de-

cays in quantum field theory.
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Introduction

As the second run of the Large Hadron Collider begins at higher energies than ever before, the pursuit
of theoretical fundamental physics finds itself at a crossroads. With the discovery of the Higgs Boson
atthe LHC in 2012, all the particles of the Standard Model have been observed and measured; we now
know to reasonably good precision the masses of each of them and all the interactions. For the first
time in decades we have a complete, standalone, numerically measured theory describing the behavior
of the fundamental particles from which all the stuff we have observed is built.

When the LHC began its first run, exploring length scales smaller than ever before, the particle
physics community knew to expect a new particle. We knew it because the zoo of particles we had
then observed formed a coherent picture, called the Standard Model, but only with the addition of

something new at the sizes that the LHC would probe. We were in perfect analogy with Mendeleev,



whose periodic table of the elements allowed him to predict new elements Gallium and Germanium;
after puzzling out the theory from what we had observed, we knew that there was one more particle
we had not observed.

With the addition of that new particle — the Higgs Boson — there is no longer any internal in-
consistency in the particle set to guarantee that there must be more just around the corner. Again we
are like Mendeleev; after the observation of the new elements, there was no reason to predict from the
periodic table that there must be smaller particles (electrons and protons), or if there were, just how
small they might be.

There are, of course, arguments that there must be more to be found, and that we should be hopeful
that the second run of the LHC might find them. The first of these is dark matter. By making ob-
servations of the gravitational structure of the universe on the largest scales, we know that there must
be more matter out there than we can see. Because the few properties of this “dark matter” that we
can observe do not match the properties of any particles in the Standard Model, it must be something
new. However, we have no concrete evidence that this matter must exist within reach of the LHC or
future colliders; it may be practically any size smaller than our current bounds and larger than the scale
of the graviton.

The second argument is known as the hierarchy problem. The Standard Model could be the correct
description all the way down to the graviton length (as much smaller than a proton as a proton is
smaller than Boston). But when gravity is added to the standard model, the theory becomes non-
renormalizeable. This means that while the theory still works fine for anything less energetic (larger in
size) than the scale of gravity, it must be completed to something else if we ever perform experiments
at those scales.

This is the way of science; chemistry works so long as one does not perform experiments smaller
than an atom; atomic physics works if one probes nothing smaller than a nucleus; nuclear physics

works if one doesn’t break apart the baryons, and on and on. Ateach level lives a theory of some objects



and their interactions; the large conglomerates of these objects form the objects of the level above,
and by splitting the objects into their constituent parts one can glimpse the level below. Each theory
is valid and correct for any process which does not break apart its basic objects, although often too
complicated when a simpler theory would do (both the standard model and chemistry describe how ice
melts, but one describes it much more simply and scale-appropriately than the other). Indeed, perhaps
the ultimate lesson of the field of physics as a whole is that the question to ask is not “what’s at the
bottom?” but “what’s next?” Whether there even is an ultimate bottom is a question of philosophy;
perhaps it is turtles all the way down.

The standard model works down to the smallest scales we have ever directly probed. We know
from considerations of gravity that beyond the scale of gravity, a billion billion times smaller than the
standard model, the standard model must not work any longer. This is hardly shocking; there could
be any number of turtles in between, and for all we know they could lie at any scale in between. We
should be no more surprised by it than Mendel would be to learn that his understanding of genetics
does not apply to photons and electrons.

However, if one began with the deeper theory that completes gravity at extremely high energies,
one would be able to deduce the lower-energy theory (the Standard Model), in the same way that be-
ginning with the Standard Model one could, in principle, deduce the rules of nuclear physics and even
chemistry. When doing such a reduction to a low-energy effective theory (EFT), if the UV complete
theory has parameters of a certain size (like how the parameters of chemistry are in atomic units of
mass and Bohr radii of length), one would expect the EFT parameters, which are just given by some
formulaic combination of the high energy parameters, to be of a comparable scale. The length scale of
atomic physics is not far below chemistry, and nuclear physics not far below atomic physics, and the

standard model not far below nuclear physics'; in the same way we expect the next theory to be not

'One might argue some of these spacings reach several orders of magnitude and are actually stretching the
meaning of “not far.” One might reasonably expect whatever is below the standard model to stretch it similarly,
but not by orders of magnitude more.



far below the standard model.

In QFT this expectation becomes especially strong for scalar masses because of renormalization.
One can perform the reduction from the more fundamental theory at a variety of different scales. If
one performs the reduction at a slightly different scale, one gets a slightly different EFT scalar mass.
Because this is a calculation done with the high-energy theory, the “slightly different” scalar mass differs
by some amount related to the high-energy parameters. Hence in order to get a large scale separation,
one would have to choose a very particular scale at which to do the reduction, which there is no reason
to do.

In the Standard Model, we observe that the Higgs Boson mass is 10GeV, and the scale of gravity (the
high-energy parameters) is 10 GeV. Thus this “order-one” number relating the EFT (Higgs Boson)
mass to the high-scale parameters seems to be 10 7. This shockingly small number (if there is nothing
between us and the gravity scale) is the hierarchy problem, and is often referred to as “fine-tuning.”

The hierarchy problem says that if the standard model is indeed the EFT obtained by reducing
from some more complete, higher-energy theory (as every other theory of nature is), then for this
dimensional-analysis reasons we should expect the scale of that theory to be near the Higgs mass.
Given, however, that the LHC has explored most possibilities near the Higgs Mass with no discoveries,
one might begin to question whether this dimensional-analysis based argument is indeed foolproof.

The community certainly debates the strengths of these two (and other) suggestions that perhaps
there is more than the standard model. But one thing is certain: that it is debatable. Unlike our
position before the turn-on of the LHC, there is nothing internal to the current theory which tells us
that in order for the theory to be consistent, there logically must be more out there for us to measure.

And thus we find ourselves at a crossroads. Either nature involves something more that the present

or future colliders might find, or it does not.

IF NATURE DOES HAVE something for us to find, there is no guarantee that it will appear in the easiest



possible channels. Rather, one may have to tease a very rare and obscure signal out from messy collision
events dense with irrelevant background processes. Itis clearly of great importance, therefore, to better
understand, improve upon, and automate the measurements and theoretical predictions that will be
relevant.

Jets are a ubiquitous feature of collision events at high energy colliders. Collisions at these colliders
occur at energies (hundreds of GeV to TeV) many orders of magnitude above the mass of the particles
ultimately produced (mainly pions, with masses of hundreds of MeV). Consequently there is a great
deal of final state radiation; if the underlying hard process produces a gluon, before it travels through
the detector and is measured, it will split into a large number of nearly-collinear particles. In the de-
tector this final state appears as a collimated stream of numerous particles rather than the single gluon
that it began as. These narrow collections of particles are called “jets.”

These jets are complicated and messy compared to the much simpler signal produced by particles
without strong-interaction charge, like leptons and photons. For this reason observations involving
leptons and photons are often easier and can be usually done more precisely than the analogous mea-
surements involving quarks and gluons. This is the main reason, for example, that although most
Higgs Bosons decay to two bottom quarks, the Higgs was first detected by observing the one-in-a-
thousand events in which the Higgs decayed to photons instead.

To improve experimental access to the more common QCD channels such as the bottom quark
decay of the Higgs, it is necessary to improve the theoretical and statistical methods used by the ex-
periments. One such improvement to the jet algorithms is the use of Multiple Jet Interpretations,
proposed by [2] and discussed further in [3] and [4]. The basic idea of this method is, instead of sim-
ply making a single interpretation of how the detected particles clump into jets, one ought to make
many different interpretations of the same event, and somehow average the results.

Chapter 1, reprinted from [5], discusses and tests the improved statistics offered by multiple jet in-

terpretations in a more sophisticated way than the original proposals. We find thatindeed the multiple



jet interpretations consistently add statistical power and can be useful in searching for Higgs decays.
In addition to the statistical difficulties of messy jet events, there are theoretical difficulties. The
usual, perturbative approach of quantum field theory is a bit too naive to handle the infrared diver-
gences associated with the quarks and gluons splitting into jets. Indeed, the simple calculation leads
to a perturbative series which converges very badly or not at all, causing the results to be very bad ap-
proximations to the true answer. For this reason one must resum the perturbative predictions. Soft
Collinear Effective Theory (SCET), originally proposed by [6] and others, is a very powerful tool for
performing this resummation and obtaining more convergent, and thus more accurate, results.
Unfortunately SCET predictions can be calculationally intensive, and relatively few of the observ-
ables of interest have been calculated analytically. In Chapter 2, reprinted from [7], we outline a
method for using existing Monte-Carlo generators like MadGraph [8] to perform the most difficult
phase-space integrals, allowing the theoretical computation of predictions for many observables which

were previously analytically untractable.

ON THE OTHER HAND, it may be that there is nothing to be found at future colliders. While it is
important, of course, to build the colliders and learn this fact about nature, in this case it might be
more interesting to turn our attention to the more abstract study of quantum field theory. Quantum
Field Theory is a deep and rich subject, and one which we certainly do not yet understand fully.

Among many interesting aspects of more formal quantum field theory is the phenomenon of vac-
uum decay. The Standard Model is a field theory, which means that the classical states are described
by a value of all the fields at each point in space, just like the classical electric field is described by a value
at each point in space. The energy of such a configuration is given by a complicated function of the
values and spatial derivatives of the fields, integrated over all of space.

The state with nothing in it, the vacuum, is simply the value of all the fields at which this energy

is a minimum. It is, in some sense, exactly the program of particle physics to explore and understand



the landscape of possible field values which exist as excitations around this vacuum state. Of course
we understand very well the low-energy field configurations, with energies (per unit volume) up to
approximately the energies of the strongest colliders we have built. We can interpolate beyond these
energies, but of course beyond the reach of existing experiments there may be more that we do not yet
know about.

If we happily extrapolate the standard model out to arbitrarily high energies — i.e. we assume that
there are no new particles to be discovered as we built higher-energy colliders — then we discover an
interesting phenomenon. If one moves the value of the Higgs field extremely far from the vacuum we
know and love, there is actually another vacuum. Indeed, our vacuum is only a local minimum, and
the true, global minimum is this far-distant configuration.

Whenever a quantum system — from a particle trapped in an optical potential to a quantum field
theory universe — finds itself in a local minimum of its energy, it is capable of tunneling out to the true
minimum. In quantum mechanics this manifests as simply detecting the particle outside the barrier.
In field theory, this decay manifests as a small bubble forming spontaneously, whose interior lies near
the true vacuum and whose walls expand outward at the speed of light.

Outside the bubble excitations around the false vacuum — electrons, photons, planets, and people
— continue to behave as they always have. Once the edge of the bubble passes, however, all those
excitations become scrambled and rewritten in terms of the excitations around the new, true vacuum
state. These exotic excitations may not look at all like the particles we know from our vacuum, and
certainly any complex structures like atoms, planets, and life would be completely destroyed.

Beyond the excitement of discussing apocalyptic tragedies, there are practical applications of study-
ing decay in field theory. Foremost among these is the fact that we have observed that the universe has
not decayed for 13 billion years. Suppose we were to calculate the decay rate in the standard model
and find that the expected lifetime is 10 years. This prediction would be contracted by the wonder-

ful experiment we call “the universe,” and we would know that something was wrong with our naive



extrapolation of the standard model; i.e. we would know that there must be more new physics to dis-
cover at higher energies. Unfortunately it seems that the lifetime is exponentially longer than 13 billion
years, and we are not so lucky. Conversely however, if a theorist proposes his favorite new model of
beyond-the-standard-model physics, and that model predicts a 10 year lifetime for the universe, then
we already know the model is wrong; calculations of the lifetime of the universe could place bounds
on otherwise hard to detect models.

Calculating lifetimes in quantum field theory is a tricky business; the existing methodology is con-
voluted and byzantine, involving in a fundamental way taking imaginary parts of real quantities and
analytically continuing the physical potential energy. In chapter 3, the most interesting chapter of
this thesis and a preprint of a paper to appear soon[9], we derive a more physically-based method,
and demonstrate its equivalence to the standard methods. We then discuss the implications for field

theory and the standard model.



This chapter first appeared as [5 ).

Statistics of Multiple Jet Interpretations

Botu THE ATLAS AND CMS collaborations have recently released their full Run 1 analyses of the
search for the H — bb decay mode [10, 11]. With only Run 1 data, neither search was capable of
finding this process at Standard Model rates. With the additional statistics from Run 2 data, H — bb
will surely be observed. However, a precision measurement providing a meaningful extraction of
the bottom and top Yukawa couplings with implications for Beyond the Standard Model physics will
require these searches to increase their sensitivity beyond what might be achievable with currently used
experimental techniques. Most of the proposed improvements involve looking in special kinematic

regions where backgrounds are smaller [12] or computing new, physically-motivated observables [13,

14].



In [2], a qualitatively new way to construct observables called “Qjets” was proposed. Instead of
comparing a single observable between signal and background, Qjets proposed to look at the sensi-
tivity of an observable to multiple interpretations of that observable, generated by small variations
in some parameter. The intuition behind Qjets is as follows. In traditional jet clustering, a jet is con-
structed as the union of particles most likely to have been radiated from a single hard parton, according
to some measure. For example, the Cambridge-Aachen algorithm uses a angular distance measure and
the kr algorithm a relative transverse momentum measure. Naturally, different algorithms can pro-
duce slightly different jets. Different parameters, like jet size R, also lead to slightly different jets. For
very clean events, with well-separated clusters of energy, all the algorithms will agree. However, in real-
istic situations, there can be large variation. Qjets exploits this variation by accepting that the optimal
set of particles, according to some measure, may not be that much better than slightly sub-optimal sets.
By combining the many different but reasonable interpretations of an event, a more robust picture of
an event emerges, and consequently signal and background can be more effectively distinguished.

In the original Qjets proposal, the multiple interpretations were generated by perturbing around
the original jet clustering algorithm: instead of always merging the two closest particles during jet
clustering, the Qjets algorithm considers merging more distant pairs. This generates a distribution of
highly-correlated observables for each jet in each event. The width of this distribution for pruned jet
mass [15], which was called volariliry in [2], provides a strong signal-to-background discriminant in
boosted Higgs or boosted /% boson searches. Volatility has been measured in experiment [16, 17] with
similar results and discrimination power to simulation. An application of the Qjets method to event
reconstruction was proposed in [3]. In [4], a simpler and faster way of using multiple event interpreta-
tions was proposed: simply compute the same observable using different values of the jet size R. Both
(3] and [4] computed the reach of the A — bb search by combining the multiple interpretations,
finding as much as a 46% improvement in significance over using a single interpretation.

The method used to estimate significance improvement in [2, 3, 4] is a natural generalization of
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cut-and-count for a single observable. Normally, an event either passes a set of cuts (z = 1) or does
not (z = o). With multiple interpretations, a fraction z of the interpretations pass the cuts. This
fraction z is an observable, measurable in data and computable with Monte Carlo. In [2, 3, 4], the
1-dimensional distributions of z for signal and background were used to estimate the probability that
a given set of of events could be explained by a fluctuation of the background only. The procedure
is reviewed below in Section 1.2. Using this method, multiple event interpretations were shown in
(2, 3, 4] to give significant improvement to search reaches.

One drawback of the method used in [2, 3, 4] is that it presupposes a knowledge of the background
cross section. Many LHC analyses try to avoid taking cross sections from theory. Instead, they often
use control regions to establish background normalizations, which are not necessarily precisely known
in the specific regions of phase space exploited by the analysis. These control regions are typically de-
fined to have minimal overlap with the signal regions. When using multiple event interpretations,
however, it is generally not possible to define non-overlapping regions, since a single event can poten-
tially cover a large range of values for the observable of interest. One goal of this paper is to generalize
the extended maximum likelihood procedure, which fits to signal and background cross sections sep-
arately, to observables based on multiple event interpretations.

An important question about multiple event interpretations is whether the improvement is due
to features of the events which are already accounted for in the current search strategies. For exam-
ple, most analyses (including the H — &b searches) use many kinematic variables in the event to
maximize significance, often combined with sophisticated multivariate methods like neural networks
and boosted decision trees. It has not been proven until this work that the improvement observed
when using multiple event interpretations is independent of what can be obtained by exploiting the
kinematic features of the event exploited by multivariate discriminants. We also address this concern,
by showing that multiple event interpretations can indeed improve the significance of a search when

combined with kinematic variables.
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This chapter is organized as follows. Section 1.1 describes the simulation and event selection we used.
Section 1.2 gives a quick introduction to the statistical methods we discuss and their relative merits. In
Section 1.3 we first review the typical extended maximum likelihood (EML) fit, emphasizing those as-
pects which break down when using multiple event interpretations. Then we derive the modifications
in the EML formalism necessary to account for the statistical correlations among the different inter-
pretations of the same event. Section 1.3.2 describes a two-dimensional extension of the likelihood fit
that avoids modifications of the EML fit at the expense of adding complexity, and compares the per-
formance of this extension to the results of the previous section. Section 1.4 compares the performance
of multivariate analyses including kinematic information and multiple event interpretations, to un-
derstand whether multiple event interpretations indirectly make use of kinematic information already

exploited in current LHC analyses. We summarize the results from all these methods in Table 1.1.

.1 MONTE CARLO SIMULATION AND EVENT SELECTION

We generate signal and background processes for proton-proton collisions at /s = 8 TeV using Mad-
Graph 5.1 [8], interfaced to Pythia 6.4 [18] to simulate the parton shower and non-perturbative effects
such as underlying event and hadronization. ZH — ¢~ bb events are generated and used for the
signal,and Z(— ¢*¢™)+bbevents are used as background. High statistics are produced for these sam-
ples, butin quoting expected significances, the signal and backgrounds are normalized to 25 fb™". This
normalization is also used for generating toy models used for estimating the uncertainties in the likeli-
hood fits. Jets are clustered from stable particles with lifetimes above 10 ps (excluding neutrinos) using
the anti-£; algorithm with different R parameters. Unlike in [3], these interpretations are built using a
deterministic method, similar to the telescoping jets approach introduced in [4]. The event selection
is a simplified version of that in [10] and requires 83 GeV< mee < 99 GeV, pr(biead) > 45 GeV,
P1(bgublead) > 25 GeV and pl;P > 25 GeV. A jet is defined as a b-jet if it contains any decay products

from the original b-quark. Studies are performed in two kinematic regions defined by the transverse
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momentum of the vector boson (p% < 120 GeV and p% > 120 GeV). The invariant mass distribution

of the two leading jets in pr that are labeled as b-quarks is used for our singificance estimates.

L2 SIGNIFICANCE MEASURES

In this section, we quickly review the essential differences between a cross-section based significance
calculation, like the ones used in [2, 3, 4], and the extended likelihood method.

The approach used in [2, 3, 4] starts with an observable 2, defined as the fraction of event interpre-
tations satisfying a given set of cuts. In a normal analysis, 2 would be either 1 (event passes cuts) or o
(event fails cuts). The insight of Qjets was that one can use multiple event interpretations to make za
rational number. One can then compute in Monte Carlo the probabilities ps(2) and pg(z) for finding
certain 2’s (See Fig. 3 of 3] for some p(z) distributions). Then the probability that the data cannot be
accounted for by a fluctuation of the background (measured in standard deviations of the signal away

from the background) is given by

Ndata - ]\fo ected fol dzz;gz% |:pdata(z) - PB(Z)]
significance = SNE s = o (r1)
expected fo d: %

where pdara is the observed probability. See Section s of [3] for a derivation of this formula. In a simu-
lation, we replace data-minus-expected-background in the numerator by signal: pgana (2) — pp(2) —
ps(z). For terminological clarity, we call the estimate of significance using this method the cross-
section (xs)-based significance. It is cross-section based since one needs to know how much back-
ground there should be in order to see a fluctuation above this amount.

The xs-based significance can be applied to any observable, not just this z variable. It corresponds
to an analysis which provides a weight function w(z) = ps(z)/pg(z), and measures a final observ-
able N which is the sum of the weight of all observed events. In particular, it can be applied to

multidimensional data, using w(z;, 2,, - - - ) if the multidimensional distributions ps(z, 2,, - - - ) and
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P8 (2, 2, - - ) are known. We show the relative significance using various choices of z; in Table r.1.
Many LHC analyses are instead based on likelihood fits. In alikelihood fit, the distribution of some

observable zin the data is used to fit the signal and background cross sections:

Paaa(2) = (05 £ 05)ps(2) + (08 + 08)ps(2) (12)

While the xs-based significance is computed using the normalized probability distributions for signal
and background and the expected background cross section, likelihood fits extract both signal and
background cross sections directly from data. A likelihood fit which takes into account the Poisson
fluctuations of signal and background is called an extended maximum likelihood (EML) fit; in the rest
of this paper all references to “likelihood” fits include this extension as appropriate. In Section 1.3 we
show how extended maximum likelihood can be computed from events with multiple interpretations.

In likelihood fits the ultimate observable of interest is os. For a discovery, we need the probability
that os > o. The analog of the significance in Eq. (1) is the expected value of o divided by the

variance in the measured value of o5 on data sets with no signal. In other words:

<US > signal+background

(13)

significance = 5
< N >backgr0und only

Note that while Eqs. (1.1) and (1.3) are both measures of the probability that a signal is there, the
two methods have different priors so they cannot be directly compared. In the xs-based significance,
the analysis knows the expected background rate, and counts any difference in the data from the back-
ground as observed signal. For an EML significance, both the signal rate and the background rate
are fit. Since the xs-based analysis has access to more information it will often give higher signifi-
cances. The likelihood fit is procedurally closer to experimental conditions, where backgrounds are

never known with perfect accuracy and are estimated from sidebands.
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The difference in priors between xs-based and EML can be illustrated by a simple example. Suppose
we had only a single bin, and so the entirety of the data is the fact that Nevents were measured. The xs-
based approach would report an observed value N, subtract the expected N (an input from theory),
and declare an observed signal rate of Ny = N — Np, with a corresponding significance Ng/ V/N.
The likelihood fit, however, would simply fail, for it would be attempting to fit N = o5 + op for
both o and o, and a single bin cannot fit two parameters. Thus the error would be infinite, and the

significance would not be meaningful.

1.3 MAXIMUM LIKELIHOOD FITS

Many methods exist to find the cross section fits og and op in Eq. (1.2) by maximizing the likelihood
of the observed distributions. In this section we explore how to apply such methods to multiple-
interpretation data. When using multiple interpretations, each event £ = 1- - - K gives us not a single
number xy, as is the usual case, but a series of numbers x};, withi = 1- - - /indexing the interpretations.
We consider two approaches to constructing a likelihood fit from these observables x};, which we call
the merged histogram likelihood fit and the multidimensional likelihood fit.

For the merged histogram fit, we combine all of the interpretations into a single one-dimensional
distribution, as though we had not K events but X x I events. Then we can apply the usual fitting
technology to this distribution, as we might for, say, an invariant mass distribution in a conventional
analysis. This approach will converge upon the correct fit values in the limit of infinite statistics. How-
ever, because the distribution contains both highly-correlated contributions (from a single event) and
statistically-uncorrelated ones (from different events), the existing technology to estimate the errors in
the fit parameters will give vastly incorrect errors. We show how to correctly estimate the errors with
this method in Section 1.3.1.

In the multidimensional likelihood fit, we treat the x}; as [ observables in K events. This is possible

when the multiple interpretations are indexed, as in telescoping jets where they correspond to different
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R, but not when they are generated by adding randomness to a jet algorithm, as in the original Qjets
proposal. If the / interpretations are distinguishable, we can then do a fit to the K data points in
an I-dimensional space. This is no different from a regular fit to multi-dimensional data, and so the
usual fitting technology can be applied. As in other multidimensional fits, the high-dimensionality
of the space will quickly saturate the statistics either of data or simulation. To control for this, we
consider three approaches. We first try severely limiting the number of interpretations, down to / = 2.
This allows us to map out the full /-dimensional distribution over events and produce a nearly exact
maximum likelihood solution. Second, we try limiting the number of bins, but taking /larger. Third,
we try using multivariate methods, in particular boosted decision trees, in place of the exact likelihood.
The multidimensional approaches are explored in Section 1.3.2. Numerical results are summarized in

a Table r.1 and discussed in Section 1.3.3.

1.3.1 MERGED HISTOGRAM LIKELIHOOD FIT

In this section we derive appropriate formulas for uncertainty estimation when highly correlated data
from multiple event interpretations are merged into a single distribution. We first review general fea-
tures of how likelihood fits are done, and then discuss how things are modified with multiple event
interpretations.

In an extended maximum likelihood (EML) fit, a set of unknown parameters {4, } are estimated

by maximizing the likelihood density over a sample of N data values, x,:

L= Hp(xrﬁ {da}) e—/\/({aa})’ (1'4)

where P(x; {44 }) is the probability density for the data value x when A/ data points are expected. It
should be noted that N, the actual number of observed events, is generally not equal to N, due to

Poisson fluctuations (N can take non-integer values). Since the normalization has to be constrained
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to the number of expected events, the following is true:

[ P faab)ds = N (faa}), ®

where P is taken as a continuous probability density function in this equation and not evaluated at
each data point. This shows one way that the EML fit differs from the standard maximum likelihood
fit, for which this normalization is 1. The EML thus allows to fit for the shape of a distribution as well
as for the normalization. The EML is thus widely used in searches, where the total number of events
collected is subject to Poisson fluctuations.

The difference between the standard maximum likelihood and the EML lies on the normalization

N

condition, represented by the ¢ ™" term [19], which guarantees that the normalization of P(x,; {4 })

does notincrease arbitrarily in the maximization procedure, and that that normalization obeys Poisson

statistics for N/ expected events. The log-likelihood for this function takes the form

InL = Zln P(xn;{aa}) = N{aa})- (1.6)

The fitted parameters are then taken to be the set {4, } which maximize this likelihood:

_ding

O =
da,,

({aa}) (17)

The errors on these parameters come from incoherent Poisson fluctuations on the number of ob-
served events in each bin, 072(x). Thus the total error on each parameter, 04, is given by the quadra-

ture sum of the errors due to each bin fluctuation:

822, = [6aq (n(x))]? (1.8)

bin x
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The error due to fluctuations of a single bin can be computed by expanding the minimization equa-

tion:

din L din L dlin L

o= (n(x) + Oon,a+ 6a) = e )daad n(x) + 4 dag (1.9)

dln L/dn(x) is just the contribution to In £ from a single event in bin x, which is given by In P. From

this we can compute the total error on parameters a,:

,  dlnP
0a;, = Z Z a,b’ d:ﬁ (r10)

bin x

Where Mg is the second derivative matrix of In £. Assuming 7(x) has Poisson errors dn(x) =

n(x), we get a final formula for the errors:

Z Z dlnP (%) = dln P(x,) _ N

s oy i, o (L)

eventn 3~y

Where Cis the covariance matrix: Cpg = <5)aa In PO, In P>.

In the simple case of only a single 4, this reduces to:

V(0 Pl 2))2

da = L) (r12)

Oa*

This formalism can be extended to understand the use of the EML for multiple event interpreta-
tions. For multiple event interpretations, correlations between points can be resolved by expressing
the sum over K events as a sum over the multidimensional parameter space of ¥ = {x*, 2%, ..., '},
where the new index refers to each event interpretation. For the analysis where all interpretations are
combined in the same x distribution, P(x) = ), P;(x) and P;(x) is the projection of the multidimen-

sional distribution P(X) along the interpretation i.
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In this approach the likelihood function to be maximized is:
K I '
Inf = ZZ“‘P(’CZ;{%}) — IN({aa}). (L.13)
k=1 i=I

Computing the errors from this point of view is complicated because the x}, are correlated. But we

can recast it like this:

InL=1 (Z In P(%; {aa}) — N({aa})> (r.14)
k=1

Were In P(%) = 13 In P(x'). Now Eq. (1.14) looks exactly like Eq. (1.6), and the derivation of the

errors is exactly the same, except using P. Thus we have:

o, = K(M'CMTY), (115)
din L/

Mg = 16

g dagdag (1.16)

o . _ 1 /dXnP)d3 InP) )

8= p dag dag 7

And in the case of a single fit parameter 4:

VI (& 30 P, )’
07 In L(a)
Oa?

0a =

(1.18)

In the case of interest, we have a signal distribution pg(x) and a background distribution pg(x) (each
normalized so [ p(x)dx is the number of interpretations expected to pass the cuts). We are fitting to a

predicted distribution P = Ngps + Nppg, so we have two parameters Ng and Np. The likelihood is:

K I
Inf = Z Z In(Nsps(;,) + Naps(xi)) — R(Ns + Ng). (r.19)

k=1 i=I1
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And then the errors are given by:

e N(M—ICMI) (1.20)
K I .
! —Pa 1)P5(x,)
M,z = - |
’ ; ]g NSPS )+ NBpB(x’ ))? (r.21)
I pols) ! ps(%,)
Cog = - 1 | | |
B ]Z:: SPS + NBPB(XZ) ]lz—l: NSPS(XIk) + NBPB(XIk) (I 2.2)

Using Egs. (1.20)-(1.22) and (1.3), the improvement in the significance of the search can be estimated

for an analysis using a likelihood fit.

2D Mass distribution 2D Mass distribution

=1.2)
=1.2)

My, (R
My, (R

Background

m, (R=0.5) My, (R=0.5)

Figure 1.1: Two-dimensional distributions of invariant masses reconstructed with the anti-; algorithm with R = o.5
and R = 1.2 forevents withp% > 120 GeV for the signal (a) and background (b). Colors indicate relative cross
sections, with darker colors being more probable. Normalization is arbitrary. Since is is very unusual for the jet with
R = o.5tohave larger mass than the jet with R = 1.2, there are essentially no statistics in the lower-right halves of
these plots.

1.3.2 MULTIDIMENSIONAL LIKELIHOOD FITS

Rather than merging all the interpretations into a single distribution, it would clearly be smarter to

keep the interpretations separate and exploit their correlations. Unfortunately, computing the exact
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likelihood from an /-dimensional space would require an exponentially large data set. For example,
with / = 10 interpretations, and only B = 5 bins in each direction, we would need 1o million events
just to have each bin populated with 1 event. This is of course just the usual curse of dimensionality
for multivariate fits, which is present in any analysis with correlated observables. A popular approach
is to replace the exact likelihood with boosted decision trees (BDTs), neural networks, or other sophis-
ticated algorithms. Another approach is just to take /and B small enough so that the dimensionality
is not intractable. In this section, we compare these alternatives.

If we take / = 2, then itis possible to populate the 2 dimensional space quite well. For example, the
2D distributions for signal and background 2,5 distributions for two different choices of R are shown
in Figure 1.1. The figure shows the low p% sample clustered with anti-k, using R = 0.5 and R = 1.2.
The results at high p% are qualitatively comparable except for an overall shift at higher masses for the
background. The two invariant masses are clearly correlated, but also clearly not 100% correlated.
To quantify the correlation, the linear correlation coefficients among some representative R values are
shown in Figure 1.2. A picture emerges in which, particularly at high p%-, the correlation between small
R and large R interpretations is quite different for signal and background, with smaller correlations in
the signal. The 2-dimensional data can be run through a regular likelihood fitting procedure, with no
modification since each event is only contributing a single point. We show results in Table r.1.

As an alternative to taking / = 2, we can produce a statistically tractable fitting problem by instead
reducing the number of bins B. For instance, we consider B = 3 and / = 4, where we bin every
interpretation into m,; < 110 GeV, 110 GeV < my; < 140 GeV, and 140 GeV < m,;. Results for this

approach are also shown in Table r.1.

13.3 RESULTS

Table 1.1 summarizes the results obtained with the different methods described in previous sections.

The baseline is the third line of the table; for the xs-based results it uses p(mz,5) (see Section 1.2) and
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Figure 1.2: Linear correlation coefficients for 72,; among different R values for signal (a,c) and background (b,d), with
p% < 120 GeV (a,b) andpf— > 120 GeV on bottom (c,d).

for the EML-based result uses a fit to the mz; distribution. The first two lines use the fraction of
interpretations in a window of 110 GeV < m,; < 140 GeV to define zasin [4]. These two rows list
the xs-based significance and the EML significance, both evaluated on the observable z given by the
fraction of interpretations that lie in the window. For 1 R, zis either o or 1, and this is equivalent to

a simple cut-and-count experiment. The use of the full 72, distribution (from so GeV to 200 GeV
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Improvement P5 <120GeV | p7 > 1o GeV
(over R=o0.5 only) xs-based | EML | xs-based | EML

1 R, fraction in window 0.83 0.74 0.80 0.71
12 R’s, fraction in window 0.98 0.97 0.92 0.88
1 R, my;, 1.00 1.00 1.00 1.00

s R’s, myp merged 0.94 1.08 0.94 .06

4 R’s, 3 bins 0.99 1.0O L.16 1.20

2 R’s, full L.I0 114 1.3 1.38

2 R’s, BDT 1.04 1.08 1.30 1.34

12 R’s, BDT LI9 1.30 L52 .41

12 kinematic 1.33 1.50 1.35 1.29

12 kinematic + 12 R’s 1.39 1.68 1.67 LsS

Table 1.1: Relative significances are shown for various collections of jet sizes and the different methods discussed in
the text. This table is explained in Section 1.3.3.

with an overflow bin on each side), even with just 1 R (the third row) is more powerful than the use
of multiple event interpretations for the simple cut-and-count model (the second row). When using s
R’s (R = 0.4,0.5,0.6,0.7 and R = 0.8) and pooling all interpretations in the same 2} distribution
(the row labeled “merged”), there is a small gain when using the likelihood fit, despite some features
of the distribution being washed out in the procedure.

The next row shows the results when using 3 72,5 bins (72,5 < 110 GeV, 110 GeV < myp; < 140 GeV
and m,; > 140 GeV), to reduce the dimensionality, and 4 R’s (R = 0.4, 0.6,0.8,1.0). Using 3 bins
provides non-negligible gains at high p, but does not manage to perform better than a single inter-
pretation at low pr. This indicates that at low pr the added bins do not help tell apart the different
interpretations but that a pr-dependent choice of binning might be worth further exploration.

The method that gives the second highest significance is the one using the full 2D distributions of
myy computed with R = o.5 and R = 1.2. At high pr, we find 35% and 38% improvements with the
xs-based and EML fit respectively. Aslong as the two radii are far enough apart that the correlations

between the reconstructed invariant masses is not very high, the choice of the two radii does notimpact
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significantly the observed improvement. The use of boosted decision trees' to combine the two radii
does not do quite as well as the full 2D mzy, distribution, suggesting that there is a loss of information
in the construction of the BDT, at least in our implementation (the TMVA default).

The improvement in both the xs-based and the EML-based approaches is highest using the most
radii which we combine using BDTs. We find up to a 52% improvement for xs-based or 41% for EML
based in the high pr sample by combining 12 R’s over using just a single R. Two additional entries in

the table refer to the use of kinematic variables in the BDTs and are discussed in Section 1.4.

1.4 COMPARISON TO STANDARD OBSERVABLES

So far, we have seen that combining measurements of 72,; computed by clustering with the anti-k;
algorithm with different R’s can have a sizable improvement over using 72,5 with a single R. Itis natural
to wonder whether the improvement s due to the exploitation of properties of the events which could
be exploited equally well using more traditional kinematic variables. For example, as R increases, the
jet momentum increases. Since the signal and background have different momentum dependence, one
mightimagine that the same gain could be realized simply by including the p of the b-b system into the
analysis. To explore whether multiple R values leads to improvement in the HZ — bbl* 0~ search,
we compare the improvement using multiple event interpretations (multiple R’s) to the improvement
from standard kinematic observables.

For the kinematic variables, we take the set from the ZZLHC study in [13], Table 4. All observables
are computed using jets reconstructed with the anti-k; algorithm with R = o.7. The observables we
consider are constructed from either the hadrons (&-jets):

bz’

b[ bz bl bz 1 2 bl
I R e T L R - )

"We use the default BDT parameters in the TMVA package. The significance is computed using the
probability-distribution-functions produced from TMVA from the BDT classifier [20].

24



or the leptons (from the Z decay):

0, 0,
P5 pi, P and my (124)

and one variable dependent on the leptons and b-jets:

In” — | (1.25)

In these expressions, 1) is rapidity, pr is transverse momentum, ; refers to the harder of the two b-jets
and b, to the softer, and similarly for the leptons.

These 12 variables are all input to a BDT and used to compute the significance just as we have for
multiple event interpretations. We also try combining these kinematic variables with the 11 remaining
masses in our study (computed using R = 0.4 to R = 1.5 in steps of 0.1). Results are shown on the last
two lines of Table r.1. We can draw a few interesting qualitative conclusions from this analysis. First,
we see that the kinematic variables work relatively better at low pr than high p7. At high p angular
differences are smaller and there are, thus, fewer handles to distinguish signal from background. This
is unlike the multiple event interpretations, for which improvements are more significant at high pr.
Second, we see that using multiple event interpretations (multiple R’s) still gives serious benefit on top
of all of the kinematic variables. The improvement is more significant at high p as expected from the

previous observation.

1.5 CONCLUSIONS

In previous work [2, 3, 4] multiple event interpretations, in particular the reclustering of an event
using different jet sizes, were shown to give sizable improvement in the potential significance for a

H — bb search in association with a J#” or Z boson. In this paper we have attempted to refine those
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analyses using methodologies as close as possible to those used in experimental analyses at the LHC.
For this purpose, a new expression of the likelihood has been developed to account for correlations
across events populating several bins in one dimension. The improvement in the significance of the
search with this treatment has been shown to be sizable. We find as much as ~ 41% improvement
when using 12 R’s over a single R when the 6 system has pr > 120 GeV and ~ 30% improvement for
pr < 120 GeV.

We also explored whether the improvement from multiple eventinterpretations carries overlapping
information to traditional kinematic variables or complementary information. To answer this ques-
tion, we took 12 kinematic variables that have been demonstrated to be nearly optimal in a multivariate
analysis [13] (and some of which were used in a recent CMS search) for H — bb and compared their
efficacy to what we get from just using multiple R’s and what we get by combining them. We find that
adding the 71, at multiple interpretations gives a 12% improvement at low prand 20% improvement
at high p7 over the kinematic variables at a single R. These improvements are particularly encourag-
ing, since the phase space explored in this paper does not include boosted topologies and thus cannot
benefit from otherwise highly successful jet substructure techniques [12, 21, 22]. This phase space is,
however, quite relevant for finding the ' — bb decay. In summary, these results strongly suggest

that multiple interpretations can help in searches with realistic statistical methods.
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This chapter first appeared as [7]

Automating SCET with Monte Carlo

One of the main goals of collider experiments like the Large Hadron Collider (LHC) is to detect or
bound phenomena beyond the Standard Model. Of course, to find deviations from the Standard
Model, we must understand the predictions of the Standard Modelitself. Asthe LHC analyses exhaust
the limits of what can be learned from clean events with leptons and photons, the need for precise
predictions of more sophisticated observables involving jets and hadronic event and jet shapes grows.

The usual approach in processes too complicated for analytic predictions is to use Monte Carlo
(MC) simulations. However, these MC simulations are generally limited to leading-log resummation.
Soft Collinear Effective Theory (SCET) [23, 6, 24, 25] provides a systematically improvable framework
for resumming the soft and collinear logarithms in QCD. It has been used to compute cross sections for

observables to next-to-leading logarithmic order (NLL), NNLL and even NNNLL. SCET has been
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applied to a variety of jet-related observables in different processes at colliders, from thrust [26, 27] to

jet mass [28, 29] or the Higgs cross section with a jet veto [30, 31].

Resummed computations have been performed for processes with 2 jets (asin e™

e colliders), 3 jets
(or 2 incoming beams and 1 outgoing jet) [28, 29, 32], or 4 jets in special cases [33, 34, 35]. For processes
with many jets, the phase space can become prohibitively difficult to integrate. For instance, in [33],
the authors compute a distribution for a 4-parton observable, but only at a single phase space point.
Many interesting observables have 4, s, or even more jet or beam directions. For example, jet mass in
dijet events has been measured [36] but not yet computed. Another example is 2-subjettiness [37],
useful for telling boosted 7 or Higgs bosons from QCD background. The signal distribution has
been computed at NNNLL level [1], but the background, which involves pp — X + 2 collinear jets,
has eluded calculation so far.

There are basically three steps in computing a resummed distribution. First, one needs a factoriza-
tion formula indicating the relevant objects (usually hard, jet, soft and beam functions) which dom-
inate the distribution in a certain threshold limit. Second, to get to a particular accuracy, one needs
the fixed-order computation of these objects and the relevant anomalous dimensions. These first two
steps comprise the intellectual meat of the prediction. The third step is to put it all together and get
numbers out. Unfortunately, this last step can take years. Anyone who has worked on precision cal-
culations knows the pain of getting factors of two right, hammering out the small coding errors, and
cross-checking against other calculations. Although the past decade has seen the complete automation
of the numerical step for fixed-order calculations with public codes, resummed calculations are still of-
ten done with Mathematica on a user’s personal computer. In this chapter, we show that much of the
tedium of the numerical step can be automated in resummed calculations as well. We propose a way
to combine analytic resummation with a numerical computation of the leading-order hard function
and phase space integrals using existing MC generators.

Distributions of observables in SCET are given by the product of a hard function with a convolu-
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tion of jet, soft and beam functions, integrated over phase space. We can write this as

;%: > o / dd HY (®)F (D, 0) (2.1)

channels colors I,J

Where @ is the phase space, A is the hard function, and Fis the combination of jet, soft and beam
functions. [/ indexes the matrix structure of the objects in color space. The basic idea is that the
phase space integral | d® and the hard function (which at leading order is just the tree-level squared
matrix element for partonic scattering) are computed numerically with a MC generator. The rest is
computed analytically. Since MC generators sample phase space proportionally to squared matrix-
elements, roughly speaking we simply make a MC sample, weight each point ® by 7/ (®, 0), and
sum them to get the final differential cross section j—g (O). For hadronic collisions, parton-distribution
functionsare included in the /7, since they are handled efficiently by the MC. Then a correction factor
is added to change the scale at which the PDF is evaluated or to turn the PDF into a beam function.
In addition to computing the difficult integrals, this method is nicely extensible and automatable.
The resummed function F/(®, O) is universal in the sense that it does not depend on the parton-
level process, only the number and type of the jets. This allows the whole computation to be mostly
automated. After the anomalous dimensions have been calculated, 77 (®, O) can be calculated once
and then the distribution can be generated automatically for any partonic process. For example, the
calculation of jet mass in dijet events or dijet-plus-photon events involves the same function 77 (®, O).
The method we propose is distinct from previous approaches to semi-automated resummation.
The CAESAR framework performs resummation of hadronic event shapes at NLL in an entirely au-
tomated fashion [38, 39], with the method recently extended to NNLL for ¢™ e initial states [40].
The automation of multi-jet final states in the CAESAR framework was considered in Ref. [41]. This
work is closest in connection to our approach, since they also consider the automated computation of

the off-diagonal color structures, but here in the CAESAR framework. GENEVA [42, 43, 44] attempts
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to produce fully differential distributions which reproduce certain observables at a given resumma-
tion order. The connection between resummation in event generators and SCET has been explored
in [45, 46]. Recently, distributions for processes with a jet veto have been computed by interfacing
with MADGRAPH at NLO [47]. Some differences with our work are that Ref. [47] exploited MAD-
GraAPH to compute the NLO hard function, allowing for NNLL resummation, and that Ref. [47]
only considered observables for which there was no color evolution. With color singlet final states
Ref. [47] did not have to modify MADGRAPH to provide the color structures necessary to the evo-
lution. In addition to showing that MADGRAPH can be used to provide color structures, we also
demonstrate averaging distributions for each hard phase point (like j—%) rather than using only single
values of an observable at each point (like the W17~ transverse momentum).

To demonstrate the power of the method, in the paper version of this chapter ([7]) we provided the
first calculation of 2-jettiness in pp — 2 4 v at NLL. We also explore various features and checks of

+

related distributions such as thrust and 4-jettiness in ¢ "™ collisions. All the results in this chapter are

at NLL. Going beyond NLL is straightforward using this method, and discussed in the conclusion.

2.1 OVERVIEW

The focus of this chapter is the resummation of jet-based observables to higher order than that pro-
vided by current parton-shower based Monte Carlo event generators. The observables O for which
resummation is useful typically have singular distributions at fixed order in perturbation theory. For
example, in perturbation theory, the distribution of jet mass blows up for small mass. The singu-
larities appear as large logarithms arise in the cumulative cross section typically of the form o In™ O,
with 7 < 2n. Formally, Monte Carlo event generators get only the leading singularities, with 7 = 22
correct. We are interested in extending the resummation of logarithms for such observables to higher
order in a systematically improvable way using the framework of SCET.

Calculations in SCET proceed through the separation of a full calculation for a given process by way
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of a factorization theorem into contributions from sectors that are separately calculated and then as-

sembled to provide a final result. A general framework for 7-jet events schematically takes the form [ 48]
do ~ 0o dOyxHY @ i@ - @ [y $Y @ B, ® By, (2.2)

Here, 0, is the total leading-order cross section, d® is the differential phase space for a final state of N
hard partons along with any other uncolored final-state particles X, /¥ is the hard function, encoding
the Wilson coefficients providing information about the short-distance scattering process. J; and B,
are jet and beam functions which describe the collinear evolution of final and initial state partons
respectively, and SY is the soft function describing the crosstalk of soft QCD radiation between these
collinear sectors. /and Jare color-structure indices. All the terms involving beam functions in this
and subsequent equations will be absent in the case of leptonic initial states.

The differential distribution of a given observable is produced by integrating the differential cross
section against a measurement function. In order to effect the resummation of large logarithms, it is
necessary to evolve each of the pieces in Eq. (2.2) from their natural scales to a common scale using
the renormalization evolution equation of SCET. Thus the resummed distribution for the relevant

observables takes the following form.

% = O-O/d(DHI]((I)MUJh) UH(:LL’ Mh) (@ U:Ii(uwuj) i(”h’a/‘h))

®@ Us(pt, pas)S(ki, ps) @ Up, (1, p18) Ba(ma, pi8) @ Us, (14, f18) By (1, 118)6 (O — fo (my, k;))
(2.3)

where the Uj( 1, ) are evolution kernels encoding the resummation of large logarithms. (For a recent
review with more details, see Ref. [49].) For the observables of interest, everything in this formula after

HY(®, uj,) can be computed analytically. The important point is that the hard function £Y(®, 115,)
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and hard-parton phase-space integrals | d® are exactly what many existing MC codes are designed to
calculate. We can thereby combine MC calculations with analytic resummation to efficiently compute
the differential distribution. Compressing the notation even more results in the heuristic formula in
Eq. (2.1), where F¥(®, O) represents everything after #(®, ) in Eq. (2.3).

The procedure we propose is then
1. Use MADGRAPH to produce events with a probability proportional to Hd®.

2. Compute the function /(®, O) analytically as a function of the phase space point ® (it is a

matrix in color-structure space, indexed by /). At each point F/(®, O) is a distribution in O.
3. Average the FY/(®, O) distributions over all events.

The result is the prediction for the resummed distribution.

The function F/(®, O) is both analytically computable and general in the sense that it depends
only on the number and type (quark vs gluon) of the jets. Thus, for instance, it needs to be computed
once for the 4-jettiness observable, and then can be applied to 4-jettiness in eTe™ — 47, eTe™ —
v+ 4f,¢"e” — Z+ 4jand any other 4-et process, even when the phase space is very different. With
suitable universal modifications, crossing 2 partons to the initial state allows the same results to be
used to compute pp observables with 2 jets in the final state.

Normally, MCs produce only distributions of momenta. To perform the resummation, we also
need to know the color structure of the hard colored particles. This information is already computed
by the MCs, so extracting it is just a matter of modifying the code to include more information in the
Les Houches Event Format (LHEF) file [s50, 51]. We do this by adding an additional data block to the

event. For example an e* e~ — udnid event might look like this:

<event>

6 O 0.2609800E-07 0.50,00000E+03 0.7546771E-02 0.9399810E-01
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-11 -1 0 © 0 0O 0.0000E+00 0.0000E+00 0.2500E+03 0.2500E+03 0.0E+00 0. -1.
11 -1 0 ©0 0 0 -0.0000E+00 -0.0000E+00 -0.2500E+03 0.2500E+03 0.0E+00 0. 1.
1 1 1 2 501 0 -0.1007E+03 -0.2251E+02 -0.1204E+02 0.1039E+03 0.0E+00 0. 1.
2 1 1 2 502 0 -0.5886E+02 0.1209E+03 -0.1251E+02 0.1351E+03 0.0E+00 0. 1.
-1 1 1 2 0 502 0.1321E+03 0.1112E+02 -0.2925E+02 0.1358E+03 0.0E+00 0. -1.
-2 1 1 2 O 501 0.2749E+02 -0.1095E+03 0.5380E+02 0.1251E+03 0.0E+00 0. -1.
<mgrwt>
...MadGraph5 scale 1information for reweighting here...
</mgrwt>
<colordecomposition>
0.11342428E+15 -.34027285E+15 -.34027285E+15 0.10208186E+16
0.90000000E+01 0.30000000E+01 0.90000000E+01 0.90000000E+01
</colordecomposition>

</event>

The middle six lines give the particle momenta, which we might draw as /\ . The

colordecompositionblock at the end of the event specifies the entries of the hard function and the
color structure, respectively, discussed in more detail in Sec. 2.2.

For each event, we then use the momenta to determine the directions of the Wilson lines in the
soft function, and the kinematic variables on which the RGE evolution kernel for the hard function

depends. With the directions fixed, we can then compute the differential distribution of the observable
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at that phase space point. Heuristically,

<event>...</event>

L

N\

Phase Space Point 1

do

We then do this for all the phase space points computed by MADGRAPH:

<event>...</event>

|

<event>...</event>

]

Phase Space Point 2

do
dr

T

Phase Space Point 3

do
dr

Then all these distributions are averaged to produce the final distribution

I

N events

=
5

Phase Space Point 1

Phase Space Point 2

Phase Space Point 3

N

T
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For an observable like thrust in e™ ¢, the distributions for each phase space point are the same (since

each point has back-to-back quarks). More generally, the averaging is nontrivial and important.

2.2 'THE HARD FUNCTION NUMERICALLY FROM MADGRAPH

In order to compute resummed observables the hard and soft functions need to be evolved using the
RG evolution equations. In a given channel, if multiple color structures are allowed the evolution
of the Wilson coefficients will mix these structures as a function of scale. In certain cases, such as
electroweak production with a jet veto [47], only a single color structure contributes at Born level,
and evolution can be effected by simply reweighting the tree-level matrix element evaluated by a MC
generator.

In contrast, for hadronic collisions with jets in the final state the color structures are nontrivial.
Even for a channel like g4 — g4/, described by a single Feynman diagram at tree level, multiple (in
this case two) color structures mix during RG evolution. All the necessary ingredients for computing
the function 77 (®, O) are often available in the literature. Asan example, for all fully-hadronic2 — 2
processes these were presented in Ref. [34]. Unfortunately, the most natural color basis for presenting
these results and carrying out the resummation is often not the basis in which MC generators carry
out their calculations. Moreover, even if this were not the case, the details of the calculation are inten-
tionally hidden from the end user. MADGRAPH by default returns only events from a sampling of the
process phase space, and by the time these events are generated, the internal code itself only has access
to the spin- and color-averaged squared matrix element, so that all color information is obscured.

We have implemented a modification of the MADGRAPH evaluation of matrix elements that allows
us to retain this information. MADGRAPH evaluates squared matrix elements by picking a point in
phase space, and evaluating all wavefunctions, propagators, and vertices for the given kinematics and
every choice of color structure. This matrix element is then contracted with an appropriate color

matrix, yielding a single number. The contributions from all helicity configurations are then added
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together. Schematically, for phase space point ®, this corresponds to

M(D)] =D M(D))SFeM(DY], (2.9)
bl

where 7, Jindex the color structures of the process, and we write the matrix encoding the color con-
traction as Sp*° since, up to a rescaling, it in fact corresponds to the tree-level soft function for some
choice of basis in color space. For our purposes, the shortcoming of this procedure is that all color
information is traced over before spin states are summed over, so that there is no way to extract the
value of the hard function for each color structure.

The solution to this is to simply change the order of summation, so that MADGRAPH sums over

helicity states before contracting the colors. This requires the introduction of an auxiliary matrix,
Hf{ee((p) = ZM(CI)){,*M(@)Q (2.10)
h

The squared matrix element is then simply
‘M ’2 = Z nge zee (Z-II)
I

while nge (and Ijee), passed along with the rest of the event information, contains the necessary
information to implement the resummation and then contract the color structures in order to imple-
ment the necessary event reweighting. Sometimes, passing the full matrix Hf{ee can be unnecessary.
If only a single helicity structure contributes to a process, Hf{ee can be trivially decomposed as cd.
This can sometimes be done even when multiple helicity combinations are non-zero, due to various
identities making helicities of a given color ordering linearly dependent at tree-level [52, 53, 54, 55, 56].
In these cases Calso acts as the Wilson coefficient matching the SCET operators onto full QCD atlead-

ing order in O(ay). Since this is not possible for all processes, however, a fully general code should not
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implement such a decomposition. After modifying MADGRAPH’s matrix element calculation proce-
dure as described above, as events are generated Hf{ee and S}}ee are also appended to the normal data
stored for each event in the generated LHEF files. This information is then readily accessible in order
to implement the resummation.

Beyond extracting the color information from MADGRAPH, it is necessary to understand the basis
in which this information is presented, so that the values of the right operators are evolved by RG
evolution at every phase space point. In this section, the structures needed for the observables we
compute are described. Details of how MADGRAPH organizes the color information for arbitrary
processes are provided in App. B.

Four-quark matrix elements are computed in MADGRAPH decomposed in the color dipole basis.

For concreteness, we discuss the qq/ éé’ operator, for which MADGRAPH uses the basis

O, =494, (2.12)
0,=394797. (2.13)
Because the tree level process is proportional to g7%¢ ¢ T”q/ = —é@l + 3 0,, the Wilson coefhi-

cients are proportional to (—%,1). (A more complicated channel would have more complicated,
momentum-dependent values).

The basis in which the SCET resummation formulas we use in 77 (®, O) have been computed is
different from the basis above. For example, for the 4474’ channel, Ref. [34] uses the singlet/octet

basis:

Oo = 3T"q3 T, (2.14)

Os=73974 . (2.15)
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This is related to the MADGRAPH basis by Fierz identities, which are straightforward work out. Since
we have thus far restricted ourselves to processes with at most four colored states in the matrix elements
at a time, we have computed these transformations explicitly, but they can be easily automated for
higher-multiplicity states. For this channel, for instance, we see that

G C 1) (c
—r| ] =| ° °l . (2.16)

Cz Cs I o Cs
MG F F

The fixed-order fully-averaged matrix element must be the same in every basis, and so we must trans-

ree

form nge and i with opposite senses in order to maintain this property. Additionally, this pro-
vides a sanity check since then Sp* must then correspond to the tree-level soft function of the SCET
calculations we use as inputs. The hard function can then be transformed to the preferred basis for re-
summation by acting on the matrix output provided by MADGRAPH as Hr = R Hug RT, while
the color matrix provided by MADGRAPH transforms into the soft function in the same basis as
Sg = (RT)_I Smc R Itis worth noting that this basis transformation is non-unitary, so we must be
careful about when to use its inverse and when to use its adjoint.

The situation with gggg operators is simpler, since both MADGRAPH and our formulas use the

same basis,

OM = gT* TP g A" A, (2.17)

O =31 1% A" A, (2.18)

so no rotation is necessary. However, an additional operator appears in the RG evolution through

mixing with operators generated at tree-level. We thus need to embed the hard function returned by
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MADGRAPH as a submatrix into one also including the operator
vV __ = 14
O =qgq AL A4, (2.19)

in its basis for the resummation.

So in practice we take a matrix from MADGRAPH, computed from the decomposition of the ma-
trix element into its preferred color basis, convert it to the SCET basis using a rotation matrix which
is computed from the color basis information for the given process provided by MADGRAPH, and
possibly supplement the tree-level basis with additional operators involved in the resummation. We
also keep track of the color matrix MADGRAPH generates associated with the hard function entries to
weight individual phase space points properly.

A note on the normalization of the MC sum is in order. MADGRAPH produced events ®; with
weights w; (which might be the same if we are using unweighted events, or different if we are using
weighted events). It produces them such that they approximate the integral over phase space for any

function f2

[aslm@pie) - [avrt@syae) =3 wfe) (2.20)

using Eq. (2.11). The SCET calculation (Eq. (2.3)) needs us to calculate:
= / AD HY oo () Fy (D, O) (2.21)

Thus, according to Eq. (2.20), the function fwhich we need to evaluate at each phase space point (and

then sum according to the weights) is

tree FI] (I) O)
2.22
X o)
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2.3 EVERYTHING ELSE ANALYTICALLY WITH SCET

We have discussed how to use MADGRAPH to produce the function H#Y(®) in Eq. (2.1) numerically.

This is to be combined with analytical calculations of the function 77(®, O) using SCET.

+

2.3.1 €'¢ OBSERVABLES

To begin, consider the observable thrust in e

¢~ collisions. There, the phase space ® is trivial (all
tree-level quark pairs are back-to-back with half the center-of-mass energy), and there is only one color

structure so F/(®, O) = F(7). For thrust, we have an analytical closed form expression for F(7) [27]:

F(1) = H(Q, 1) exp [4S(n, 12) — 2Au(puns 1) — 88, 1) + a4y (pj, 1) + 481, ) + 245 (pas, 1) ]
2\ —24r (th,1t) ) I 2\ *Y 7O\ o~ eCni+ns)
X <Q> D(aznjvﬂj)] ’;T(aﬁshu’s) [ (TQ ) (Q) u

13 T\ # ps ) T+ )

(2.23)

See [27] for the definitions and perturbative expression for S(v, 11), A(v, () and 7; as well as precise
expressions for the fixed order jet- and soft-functions j and 57
Taking a step backwards, this F(7) is calculated as the product of evolution kernels and a convolu-

tion of fixed-order jet and soft functions. Let us write it as

K1) = F Un(pn, 1) Up(ps 1) Uy 1) Us (s, ) J(pa, 7) @ J(t, 7) @ Sr(pe, 7) (2.24)

Here the U;(v, i) are RG evolution kernels. For example, the hard evolution kernel is

2

Ulpn, ) = exp |48, p) — 2A4v (1, 1) lnfz — 24, 1) (2.25)
h

"The conventions used for S and 4 in Eq. (2.23) and Ref. [27] include a factor of Cf in the cusp anomalous
dimension I'. In our calculations of more complicated variables, where the presence of gluons means that the
cusp anomalous dimension appears with Cf or C4, we do not include either factor in I'. This is why the factors
of Sand A4 in Eq. (A.3.1) have extra factors of Cg and C,4 as compared to Eq. (2.23).
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In Eq. (2.24), J(1, T) is a jet function and S7(ft, 7) is the thrust soft function, both of which are in-
cluded a fixed order.

The factor F; in Eq. (2.24) is a correction factor, compensating for the parts of the hard function
that MADGRAPH does not compute. One contribution to ; comes from the fact that MADGRAPH is
tree-level, but for NLL resummation, we need the large-logarithmic parts of the 1-loop hard function.

The hard function for thrust can be written as

H(Q? M) = H(Q? :U’h) U(:U'hv N) = [_Itree(gv Mb)m U(,Uh, /L) (2.26)

The tree-level hard function, Hiyee is computed by MADGRAPH. The rest has to be included in £;.

For thrust, Hiyee = 1and

PRy O
Htree(Qa Ih) F 47

P H(Q, ) s (fin) (zln2 % _6ln Qj) (2.27)
iy, My,

More generally, for NLL, only the 1-loop logarithms are included in H(Q, 15) and in F.

Thrustin et e events has Hyee = 1. For other process, the hard function at tree-level is non-trivial.

+

For example, for 3-jet event shapes (such as 3-jettiness) based on e™e¢™ — ggg, the hard function is the

tree-level differential cross-section:

as(pp) &+ 72 +2u
270 st

[_[tree("'7 tu, /-Lh)dq) = CF

dsdr (2.28)

Rather than using the analytic form for this hard function, we use MADGRAPH to sample phase space

according to it. At NLL, the 1-loop corrections to / are proportional to Hiree, so the correction factor

H f— “ e
Htree - I + as( )'
For more complicated ete™ processes, closed form expressions for the cross sections are neither

available nor necessary. For a generic process, the leading order cross sections will be proportional to
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o (f1p), where 7 is the number of factors of g; in the tree-level Feynman diagrams. Because 7 is fixed,
we do not have to vary pj, within MADGRAPH. Instead, we can run MADGRAPH with a fixed scale

g and compensate for this scale in . Thus, for eTe™ observables, we take

F = (“f(“h)>" H({pi} t1n)

aS(MR) [_]tree({[)i}, Mh) (2‘29)

This first factor in £ is how we include hard scale variation in our examples. Alternatively, one could
run MADGRAPH separately at pig, 21 and J g, but varying the scales through £ is easier since MaD-
GRaAPH only has to be run once. Note that this correction factor is in addition to the evolution kernel

Ul p, fv) which is always included as part of F(®).

2.3.2 HADRON COLLISIONS

For hadron collisions, there can be two additional features. First,in MADGRAPH, the incoming parton
momenta are not fixed, but chosen according to parton distribution functions. Second, factorizable
observables in hadron collisions often involve beam functions. We will now explain how to handle
these two new features.

The inclusion of parton distributions in the hard function is straightforward. Although the incom-
ing parton momenta are not the same for each event, we can still use the hadron collision events from
MADGRAPH exactly like ete™ collision events. The only difference is that if we want to change the
scale from the factorization scale (g chosen by MADGRAPH, we must multiply and divide by PDFs.

So the correction factor becomes

(2.30)

_ <as(uh)>" H({pi}, 1) faloxrs i) folas pip)
‘ s (fir) Htree({Pi}>Nh)f;t(xlaﬂR)ﬁ(xuﬂR)

Note that we know x; and x, from the hard kinematics on an event-by-event basis, so this factor is

just a number at each phase space point (not a convolution). Also, note that although it is standard
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to choose the renormalization and factorization scales equal in MADGRAPH, we can separate them
afterwards for the analytical part of the calculation.

For certain observables, such as boson spectra at high pr or threshold hadronic event shapes, there
is no collinear radiation in the direction of the beams by construction. Alternative observables, like 2-
jettiness, do not require a threshold expansion and control the collinear radiation in the beam direction

through beam functions. Heuristically, with beam functions,

(HRLRf) @ (h®L®S) > HRIB, QOB L ), ®S (2.31)

This seems dangerous, since beam functions mix up information about the PDFs (which MADGRrAPH

was handling before) and jet-related information (which SCET was handling before). However beam

functions are a simple convolution of these two pieces of information, so they can still be separated.
As explained in Ref. [57], beam functions can be written as convolutions of PDFs and perturba-

tively calculable functions Z;;:
L dg x
Bi(Ta X, M) = Z / ?Iij(Tv gv :U‘)ﬁ(gv M) (2"32)
]' X

Because of this, the PDFs must be evaluated at scales £ different from the scales x, and x, where MaD-
GRAPH evaluates them. This is a complication, but not an obstruction. We simply calculate the beam
functions numerically, then divide by the PDFs.

To be concrete, for n-jettiness, which involves two beam functions and 7 jets, we have

F®,7) = F Ug(ap, i) Up(pt, 1) U (o, 1) Uy(pajy ) - - - Up(psj, i) Us (s, 1)

X BI(XU H, T) ® Bz(xza 1, 7—) ®](Ma T) Q- ®](M7 7—) ® ST(:U'v T) (2'33)

43



with a correction factor

(2.34)

_ <O‘s(ﬂh)>n H({pi}, 1n) 1 I
a:(,UR) Htree({Pi}7 ,U/h)f;z(xl, ,u,R)f;;(x27 MR)

Note that for each eventin MADGRAPH, the energy fractions x; and x, are included in the event record.

These same x; are used in the correction factor, to remove the PDF, and in the beam functions.

2.4 APPLICATIONS

Next we discuss some applications. We begin with the e*¢™ event shapes thrust and 4-jettiness, then
look at pp observables.

An obvious leading question is what do we compare to, and how do we know we are doing the
calculation correctly? Comparing to data might be great, if there were appropriate data, and obviously
that is the ultimate goal. However, data is complicated by many experimental issues and contributions
from backgrounds and the underlying event, which we do not include. Instead, we can compare to
Monte Carlo event generators, like PyTH1A [18, 58], HERWIG [59, 60] or others, which are known to
agree pretty well with data in most cases. We can also compare to a full analytical calculation (without
the MADGRAPH matching step) of an observable if that calculation is available.

An advantage of this framework, besides its efficient exploitation of the matrix element computa-
tion and sampling, is that one can easily look at the same observable computed using different phase
space points. In an inclusive calculation, these points are integrated over, but using our method, we
can explore how the shape of the observable changes point-to-point. For example, when all the par-
tons have roughly the same energy, we expect resummation to work well. However, when there are
very different scales involved at the parton level, there may be additional large logarithms which we do
not resum, but which are resummed at the leading-log level by PyTH1A. Note that this is not a limi-

tation of the effective field theory framework itself but of Eq. (2.2), the factorization theorem that we
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assume. More involved constructions exist capable of resumming all logarithms in more complicated
kinemtic configurations [61, 62]. We will discuss these issues as we go through some examples.

In our comparisons we use PYTHIA v8.180 [63], switching off its hadronization and multiple-
parton interaction models. With these features off, for etem — 2 events, PYTHIA is reduced to a
final-state, timelike-branching parton shower. We also set the value of «; in the parton shower to the
same value we use in our calculations, and run the coupling at two-loops, as in our analytic calcula-
tion. It is performing essentially the same calculation as SCET and we expect PyTHIA to correspond
to some particular scale choice of SCET. We can look at what this scale is and compare to the scale
where the scale uncertainty is smallest in the SCET calculation.

When the processes are complex enough to involve multiple color structures, we expect to find
bigger differences between PyTHIA and SCET, even in the leptonic collisions. For example, in pp —
2j + 1, in the all-quark channel gg — gg + 7, there are two color structures (the first incoming quark
can be color-connected to the first outgoing or to the second outgoing). In MADGRAPH/PYTHIA,
one of the color connections is chosen at random by MADGRAPH proportional to the relative cross
sections. That color connection is then sent to PyTHIA for showering. In MADGRAPH/SCET, the
entire vector of amplitudes is kept (/Y (®) is a matrix, made up of the outer product of those vectors),
and contracted with the SCET function F/(®, O)). If the RG running of the hard and soft functions
for the different color structures had no cross terms, 7.e., HY (®) were diagonal, then we would expect
that PyTHIA’s random sampling and shower (up to a rescaling of the coupling strength [64]) to be
equivalent to SCET"s averaging even at NLL. However, when the resummation includes off-diagonal
terms, then choosing one of the structures according to the diagonal entries loses some information.
Thus we expect that in these more complex channels, MADGRaPH/SCET will be sensitive to the off-
diagonal running that MADGRAPH/PYTHIA ignores. As this effect first appears at NLL, we do not
expect it to be numerically large. It would certainly be interesting to find evidence for this effect in

theoretical calculations, and ultimately in data.
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Figure 2.1: Computation of thrust in et e~ collisions at center of mass energy of 500 GeV. The histogram is from
MADGRAPH matched to Pythia, with hadronization off; the red curve is a purely analytic calculation [1]. The blue
is from MadGraph matched to SCET, as discussed here. Not surprisingly, the central value of the blue band agrees
exactly the red curve, as the MadGraph part is trivial.

One additional complication is that for pp collisions PyTHIA does not treat the final-state timelike-
branching and initial-state spacelike-branching parton showers simultaneously. PyTH1A implements
a parton shower for the initial and final states separately while imposing phase space restrictions to
minimize overlap and dead zones in the final multi-body phase space. This is an imperfect proce-
dure, but the imperfections are partially compensated for in hadronized events through the tuning
of hadronization parameters. Because of the greater sensitivity to tuning, we correspondingly expect
the agreement between MADGRAPH/SCET and PyTHIA at the parton level to be worse for hadron

collisions than for eT¢™ collisions.

2.41 eTe” — 2JETS

The MADGRAPH matching step is trivial for etem — 2 event shapes like thrust. For these cases, the
soft function does not depend on the phase space point, and thus 77 (®, O) does not depend on P.

This means that the MADGRAPH sum is trivial, and we should reproduce the analytic thrust results
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exactly.

For scale choices, we use the natural scales

= Q (2.33)

with Q = 500 GeV the center of mass energy. One could use more sophisticated profile functions for
scale choices [65], but we use the natural scales for simplicity.

In Fig. 2.1 we show the output of our general framework for thrust. We generate et

e — gqgevents
with MADGRAPH. The PyTHIA histogram is generated by then showering those events through
PyTHIA. For the central value curve, we use the same events and compute thrust for each event with
SCET. Varying the scales by a factor of 2 produces the band. The red curve is the purely analytical
calculation [26, 27] at NLL (without using the MADGRAPH events). It agrees exactly with the central
value of the blue band. Note that the MADGRAPH/PYTHIA histogram is slightly off the analytic re-

sult. Some discrepancy is not surprising, as we are just running PYTHIA out of the box and do not try

to match scales or optimize the tuning.

2.4.2 etem — 4 JETS

Next, we consider 4-jettiness in et

¢~ events. This process is much more complicated than thrust,
since it involves multiple color structures, multiple channels and the phase space is too complicated to

integrate analytically. Indeed, this is the first NLL resummation of 4-jettiness.

To define 4-jettiness [66, 57], we need to partition phase space into 4 sectors J; and assign a lightlike
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direction 7! to each sector. Then, 4-jettiness is

4
ﬂ:ZTi with  T'= Zni'ﬁk:%+”' (238)
i=I1 PrElet; !
While the original definition defined the ; with a minimization formula, the partitioning and assign-
ment of 7; can be done in different ways that are equivalent at leading power. Since we are interfacing
to MADGRAPH, we take the 7; as the parton directions on an event-by-event basis. Note that, unlike
thrust, 7, is conventionally defined to have dimensions of energy.

+

For ete™ — 4 jets, there are two partonic channels relevant to the order we work: e*e™ — gg¢¢

and ¢*¢™ — 44. Thus we need two different functions F/(®, T, ), which we call Fyg(®, T,) and
Fg]gg@), T,). Details of these functions are given in App. A. This process also has non-trivial color
structure; the 4474 channel has two color structures and the 47gg channel has three. Thus Fagae(®, T,)
isa2 X 2 matrix, and Fayee (P, 7;) a3 X 3 matrix.

For scale choices, we take

iy = x (EE,EE,)"* (2:39)

N (40

s = i’]; (2.41)
X

where E; are the energy of the partons and x is an adjustment factor. These are natural in the sense
that the soft scale only depends on the observable, each jet scale only depends on the energy of the
relevant jet, and the hard scale satisfies pup 15 = 17, with f1; = 4 / u}u}u}uf the geometric mean of the
jet scales. We have included a numerical adjustment factor x which should be of order 1. For example,
reducing to thrust where (1, is the center of mass energy, x = 2. Varying x is equivalent to varying the

hard scale keeping pi;pu, = [i (the anti-correlated scale variation from [27]).
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Because our method involves summing up distributions at each phase space point, we can com-

pare the distributions from MADGRAPH/SCET to MADGRAPH/PyYTHIA at each phase space point

individually. To do so we take a single MADGRAPH event and shower it several thousand times with

PyTHIA. Recall that PyTHIA showers the event assuming a particular color structure, chosen ran-

domly once and for all at the start. So for purposes of comparing to PYTHIA in these single phase-

space-point plots, we ignore the color structure of the hard function in the SCET calculation and

instead use the same definite color structure as PYTHIA.

We consider two phase space points. First, a highly symmetric event:

A
y2 1 = (800, 800,0,0) GeV
. - P = (800, 0,800, 0) GV
S on peo p; = (800, —800, 0,0) GeV
Ps P4 = (800, 0,—800,0) GeV
4

(2.42)

Of course, taking a tetrahedron structure rather than a square would be more symmetric, but having

two back-to-back partons facilitations the comparison with 7, in pp collisions, where the same phase

space point can be used. Second, we consider a angled event with outgoing partons separated by 30

degrees

1 = (800, 800,0,0) GeV

y 23
‘/ po
P4

The center-of-mass energy for this collision is Ecm = 3200 GeV.

p. = (800,692, 400, 0) GV
Ps

(
(800, —800,0,0) GeV

P4 = (800, —692, —400,0) GeV
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For these two phase space points, where all partons have £; = 800 GeV, the scales are

wp = x800 GeV
uji- = /800 GeVT, (2.44)
I
s — -7,
Hs = 74

we will show plots for different x, or equivalently different choices of 1.

We can make qualitative observations about the SCET calculation at a given phase space point in
two ways: using scale variations, and comparing to PyTH1A. Comparing to PYTHIA is dangerous, of
course, as SCET/MADGRAPH and PYTHIA are not expected to agree, and PyTHIA with hadronization
and underlying event turned offis IR unsafe and tuning-dependent. On the other hand, since PyTHIA
resums all logarithms at the LL level, while SCET resums some large logarithms (those of 7, to NLL)
and others not even to LL (e.g. logs of ratios of hard kinematic invariants, like In 7), the comparison
at different phase space points can illustrate the relevant tradeofts.

Fig. 2.2 shows the results for the symmetric phase space point with ete™ — wuuu at the par-
ton level (top) and e™e™ — wuugg (bottom). We see that the scale variation is minimized for ) ~
800 GeV (x ~ 1). There is good agreement between PyTHIA and SCET for x < 1as well. We con-
clude that for symmetric phase points, which have only one scale, the resummation of 7, using SCET
is as effective as the resummation of thrust (7,). This is not surprising, yet reassuring.

For the symmetric phase space point there is really only one scale in the hard function, and so we
expect the resummation to miss no large logs. Therefore it is not shocking that there is a scale at
which SCET and PYTHIA agree; PYTHIAs shower is equivalent to some particular SCET scale choice
(around 600 GeV). However, there is no reason to expect this scale choice to be the same as the natural
SCET scale choice (the one where the scale variations are minimized). This difference will be more

pronounced in pp scattering later (Fig. 2.5), but already here we see a slight difference: the SCET error
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bands are minimized closer to 8oo GeV or higher, where the disagreement with PyTH1A is slightly

worse.
g = 400 GeV g = 600 GeV gy = 800 GeV g = 1600 GeV
X
N B :
|m M / N
_l’_ -
VL o w 0 T 0 e e e www

— ungg

ete

Central Value Scale Variation —_— PYTHIA

Figure 2.2: Distributions of 71 fromthe et e~ — wnuu partonic channel (top) andeTe™ — ungg (bottom) for
the symmetric event phase space pointin Eq. (2.42). Pythia is the blue histograms. Black is the central value for Mad-
Graph/SCET (at this phase space point only) with different choices of p;, according to Eq. (2.44)‘ Gray bands are the
union of hard, jet and soft scale variations by factors of 2 around the central value.

For the angled phase space point, the scales are all roughly the same, but there are some (small)

pPups
prpe

logarithms which can be relevant. For example, = 3.8. Because of the lack of symmetry, we will

consider two different color configurations:
W'//u/' “
‘//ﬂ\

Fig. 2.3 shows the distributions for different choices of y, of 7, in events with e*e™ — uuun at

> (2.45)

the parton level. The top row has the close # and % (p; and p, in Eq. (2.43)) color-connected. The

bottom row has the back-to-back partons, p; and p,, color connected. As discussed in greater detail at
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the end of Sec. 2.4.3, the agreement between events showered with PyTHI1A and analytic distributions
at individual phase space points is worse than in the case of Fig. 2.2 due to the presence of additional
logarithms that the analytic expression does not resum. However, these additional logarithms cancel

out in the averaging over phase space.

g = 400 GeV g = 800 GeV g = 1600 GeV

:

o N o | b~ do
: | dT N ‘h
e T T ;

E .

Central Value Scale Variation _— PYTHIA

Figure 2.3: 71 distributions in events with the angled phase space point in Eq. (2.43) forete™ — wnun. Top row has
the nearby momenta quarks color-connected, and bottom row has back-to-back partons color connected.

Finally, we show the complete result, integrated over phase space, summed over channels in Fig. 2.4.

2.43 pp— 2JETS + X

+

Now we change processes, form eTe™ — 47 to pp — 2j + 7. This example will demonstrate the

flexibility of our calculations, since most of the work from the previous process can be reused here,

since the two processes €+

e~ — 4jand pp — 27 + v have the same partonic channels. It will also
demonstrate the changes needed to apply the calculations in a pp collider with PDFs.

A powerful feature of the MADGRAPH/SCET framework is that it neatly separates the observable-
dependent pieces from the partonic-channel dependent pieces and the phase-space dependent pieces.

+

From the viewpoint of the jet and soft functions, the only difference between a e™e¢™ — 45 event and
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Figure 2.4: Full distribution of '71 (integrated over phase space, summed over channels) in ete™ — djetsat Ecy =
500 GeV. Black line is the central value of the SCET/MadGraph calculation withx = 1(so p;, = 125 GeV). The gray
band the union of the hard, jet and soft scale variations. Pythia is shown as the blue histogram.

app — 27 + 7y event is a few factors of 7 from the crossing (see e.g. [34], Eq. (38)), and that the latter
should use beam functions for the two incoming partons instead of jet functions.

For pp — 27 + v, we will again look at n-jettiness type observables. The factorization theorem for
2-jettiness is formally differential in the two jet masses 7" and 72 and the beam jettinesses 74 and 7.

2-jettiness is the sum of these

L=T+T+T +T° (2.46)

Thus, 2-ettiness in pp collisions is a crossing of 4-ettinessin e*e™.

Fig. 2.5 shows the 7, distribution starting with the symmetric partonic configuration in Eq. (2.42).
We show in the different rows different partonic channels (uz — wu, un — gg, ug — ugand gg —
un). gg — gg can be studied similarly, but we do not consider it here (there is no 4 gluon channel
inete™ — 4jorinpp — 2/ + X with X = W*,Z.~). We can see that for T, the agreement

with PYTHIA is not as good as for 7, in ¢"e™ events. This is to be expected, because of the way
initial state radiation is treated in the two approaches. PyTHIA combines initial and final state parton

showers in an intricate way that avoids double counting; SCET handles initial-state radiation with
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Figure 2.5: 7, distribution in pp collisions at the single symmetric phase space point in Eq. (2.42) for different channels.
Toprowis uu — un,second row is uu — gg,third rowis #g — ug, and bottom row is gg — uu.

beam functions and final state radiation with jet functions. Since these methods are different, we
expect worse agreement than when only final-state radiation is present.

Now that the overall agreement is less perfect, it becomes clear that the scale choice of PyTHIA is
not the same as the natural scale choice of SCET. Take for example the bottom row (gg — #x). Here
we see that there is a SCET scale choice, around 400 GeV, that matches PyTHIA (as expected, since the
tunes in PYTHIA get it to mostly NLL accuracy). On the other hand, the scale choice that minimizes
the SCET error bands is around 8o0-1600 GeV. Each of these criteria can be achieved separately, but
there is no reason that the PyTHI1A scale choices should be the same as the SCET natural scale choices.

This story is the same in each of the four rows. For u# — uu and ug — ug, the scale choice that
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matches PYTHIA are 200 GeV and 300 GeV respectively; although they are lower than 400 GeV and
thus not shown, they match as well as the others.

The analogous plots for the angled event with momenta in Eq. (2.43) are shown for the two ## —
uit color connections in Fig. 2.6. We see that these angled events, in particular the top row where the
color connection is associated with the forward scattering, produce uniformly worse agreement with
PyTHIA than the symmetric events.

After computing the cross section differential in the phase space, we can average the distributions
over phase-space points to obtain the full cross section. In Fig. 2.7, we show the prediction for 7, in
pp — 27 + 7y events using 50,000 phase-space points generated at /s = 8 TeV. The jets are con-
strained to have p/T > 300 GeV and 1] < 5, with the equivalent cuts for photons at p. > s00 GeV
and |ny| < 2.s. To avoid collinear singularities and additional large logarithms, relatively stringent iso-
lations cuts of AR;; = AR,; > 0.8 are imposed. The grey band represents the MADGRaPH/SCET
NLL calculation and the blue histogram the MADGRAPH/PyYTHIA result. Note that agreement in
the full cross section is actually better than for the individual phase-space points, as expected for an
inclusive observable.

Rather than 7, we can also look at masses of the two outgoing jets placing a cut on the mass of the
incoming jets. A similar version of 1-jettiness was first studied in Ref. [29]. To be precise, recall that
T and T are the jettiness of the two incoming jets, and 7" and 7* are those for the outgoing jets.

Then, we consider

=T+ T)0(Tew = T = T7) (2:47)

cut
T

2
¢ is approximately the sum of the masses-squared of the jets divided by their energies: 7, ~ % +
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Figure 2.6: 7T, distributions in events with the angled phase space point in Eq. (2.43) for uu — wuu. Top row has the
nearby momenta pairs color-connected (forward scattering) and bottom row has the larger-angled color connection.

2
%2, thus it is closely related to jet mass in dijet events. To make this change, we compute
2

r

cut _
Ffzcut(’rz ,7;“) - /d4Td4T

(7" =T = T)0(Tew = T* = T°) (2.48)

This integral is easily done analytically. Thus using MADGRAPH/SCET we compute the cross section

for 71t

5% with minimal changes from 7.

Results for 7, are shown in Fig. 2.8. As observed in Ref. [29] (see Fig. 15), PyTHIA does not match
the SCET distribution for 7" nearly as well as it did for 7,. This is to be expected: while the 7, distri-

bution only depends on 75, the 7% distribution depends on both 7¢y: and 75", so there can be large
y dep 2 P 2 g

cut

logs of their ratio. With 7", either Ty or 75 can be used as the soft scale and choose 1, =/ Teue TS
This choice resums some large logarithms, but not others. Consistent with this explanation, we note
that in the region where 75* ~ Ty, MADGRAPH/SCET and MADGRAPH/PYTHIA match. We also

show, in Fig. 2.9, the effect on the 75" distribution of changing 7cy..
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Figure 2.7: Distribution of 7, inpp — 2j + -y events using MadGraph/SCET compared to MadGraph/Pythia.
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Figure 2.8: Cumulative Tf”t distributions, with comparisons to Pythia. These are integrated over phase space, with (a)
Tewt = 20 GeV and (b) Teye = 40 GeV.

2.4.4 CONVERGENCE OF THE PHASE SPACE SUM

All the plots throughout this chapter sum over many thousands of MADGRAPH events (10,000 to
50,000) to ensure sufficient convergence. Such a large number of events can be computationally ex-
pensive, so one might wonder how many are actually needed.

In Fig. 2.10 we show the 7, distribution summing 7 phase-space points with #» = 1, 10, 100 or 1000.
In all four panels, the case with » = 50, 000 is displayed with uncertainty bands in grey. We see

convincingly that, at least for 2-jettiness with our cuts, about 1000 phase-space points is enough given
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Figure 2.9: The cross section for 7 for various values of 7.

the scale uncertainties inherent to NLL resummation. Needless to say, using 1000 rather than so,000

events greatly speeds up the calculation.

2.5 SUMMARY AND CONCLUSIONS

Calculating a resummed cross section for a process like pp — 2+ ¥ can be an arduous endeavor. For
anything more complicated, such as pp — W3/, performing the calculation completely by hand, z.e.,
with MATHEMATICA, is essentially impossible. Fortunately, the most numerically intensive and error-
prone part of such an endeavor is largely automatable. This chapter discusses a method of combining
numerical calculations of the phase space integrals and tree-level hard functions using MADGRAPH,
with semi-analytic calculations of the jet, soft and beam functions using SCET and MATHEMATICA.
This method brings the calculation of many resummed cross sections for the LHC within reach.
The method discussed uses MADGRAPH to generate a set of events. The final-state partons in
these events indicate the directions and energies of the jets, and the initial-state partons indicate the
starting point for the evolution of beam functions (or simply PDFs for threshold resummation). We

call the MADGRAPH output HY(®); it is equivalent to the tree-level hard function in SCET. For a
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Figure 2.10: Convergence of the MC integration. In each plot the red curves are several different runs with a fixed
number of MadGraph events in each run, as indicated. The background black curve is the asymptotic answer, with
50,000 events.

given event, we can then compute the jet and soft functions, evolve the beam functions, and correct
the hard function from tree level to the appropriate order (for NLL resummation, this means adding
in logarithms). We call this 77(®, O). For each event, we then have a distribution of the observable
HY(®)F/(®, O). Finally, we average these according to the weights from MADGRAPH into the final
distribution, 5—8 = [doHY(®)F/(®,0).

We first tested this method on the thrust distribution at ¢*

¢~ collisions, where analytical results
from SCET are reproduced exactly. Next, we examined the 4-jettiness event shape 7, in eTe™ —
4 jets. Here we compared to PyTHIA, finding agreement within errors. We also explored how the
distribution changes for different phase space points. As expected for very symmetric phase space

points, where the partons all have the same energy and no angles are small, the agreement with PyTHIA

is very good. For less symmetric phase space points, the agreement is worse. This can be understood
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because there are logarithms of ratios of kinematic quantities which PyTHIA resums at the LL level,
but which SCET does not resum at all. When the phase space is integrated over, the agreement with
PyTHIA is very good, comparable to the agreement in the symmetric phase space points.

Next, we applied the method to the calculation of 2-jettiness 7, in pp — 2 + -y events. The same
calculation can be used for pp — 27+ W or pp — 2j+ Z. We found in this case again good agreement
with PyTHIA, but somewhat worse agreement than for eTe™ events. Again, this can be understood
because the treatment of initial state radiation, using beam functions or the parton shower, are more
dissimilar than the treatment of final-state radiation with the two methods. We also looked at the sum
of the two jet masses in pp — 27 4 v with a cut Tcye on the beam thrust. This can be thought of as a
generalization of the jet mass calculation of [29] for 1et events to the dijet case.

Besides being straightforward to implement, one of the main features of this method is that its com-
ponents are readily recyclable. After calculating 7Y (®, O) and integrating against /Y (®) for some
process (e.g., T, in pp — 2/ + 7y), one can then calculate the same observable in the same process with
different cuts, or even a different hard process (e.g., 2-jettiness in pp — 27 + W), by simply generating
anew MC sample. One can even make larger changes (changing the observable, or performing cross-
ings on the incoming/outgoing particles), with relative ease, provided the jet, soft, and beam functions
necessary remain the same. A new calculation only needs to be done when a new channel opens up
(e.g., going from pp — 27 + W to pp — 2j opens up the g¢ — g¢ channel) or switching to an ob-
servable sensitive to a jet shape (e.g., going from observables sensitive to jet mass to ones sensitive to jet
broadening).

The MADGRAPH/SCET method we describe is equivalent to a calculation in SCET, but with an
efficient numerical computation of the hard function. Because the method is just SCET it is systemat-
ically improvable in the usual manner. The anomalous dimensions of the various components can be
computed at any logarithmic order, and the fixed-order pieces computed to the corresponding order

in ai;. To go to NNLL resummation would require in addition the finite parts of the 1-loop hard, jet

60



and soft functions. The jet functions can usually be computed to 1-loop without too much effort,
and the soft functions can be computed to 1-loop numerically [67]. For the hard function, one can
interface to an NLO matrix-element calculator, such as using MADGRAPH at NLO [68]. In fact, to
compute the NNLL distribution, one does not have to worry about matching the NLO calculation to
parton showers: one simply needs the dimensionally regulated virtual contribution (the NLO Wilson
coefficient). Indeed an NNLL calculation has already been performed [47] exploiting MADGRAPH
at NLO for the hard function, albeit for an inclusive color-singlet final state. Thus the technology is
already available to compute nearly any factorizable observable at NNLL using MADGRAPH for the

computationally intensive hard-function calculation.
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This chapter to appear as [9]

The fate of the Universe

3.1 INTRODUCTION

WHETHER THE LONG-TERM FUTURE of universe is controlled by the slow freezing and rarefaction
induced by dark energy or the sudden formation and growth of bubbles with negative energy density
is a question of visceral appeal even to non-scientists. There are also practical aspects (from a particle-
physics point of view) to vacuum stability, such as eliminating models of new physics or motivating
new colliders to measure the top mass. Thus, it would be good to know whether the question of
stability can even be answered confidently assuming no new physics.

There are two aspects to this provocation that we hope to address in the current paper.
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First, we would like to understand if one could in principle calculate the decay rate in a given quan-
tum field theory to all orders. Vacuum stability is usually established following Coleman and Callan
[69] using a formula I' ~ e~ 2, with .4 and B computed using the effective potential Veg. In the
Standard Model, Ve is a function of constant Higgs field values and is known in MS to two-loop
order with threshold corrections known to two- or three-loops as well. The I' ~ 4e~% formula is
derived in the semi-classical approximation. Is that approximation valid for the Standard Model, and
what would it mean to go beyond it? In this formula B is given by the Euclidean action along a so-
lution to the equations of motion. If the action is itself an effective action, should one be using this
formula? What is the initial state from which we tunnel out of?

The usual derivation involves a convoluted and non-physical process where one must deform the
physical potential structure of the theory and then analytically continue back, keeping careful track
of the interplay of different saddle points. In the first part of this chapter, we present a more straight-
forward derivation of an all-orders formula for the decay rate. The best way to understand this is to
understand tunneling in quantum mechanics. Since quantum field theory is just quantum mechanics
with infinitely many degrees of freedom, the intuition and formula from quantum mechanics can be
applied in QFT.

Second, there is the quandary that the Standard Model is not a UV complete quantum field theory.
Even if we assume the Standard Model is valid up to the Planck scale, one must be sure that quantum
gravity cannot invalidate the perturbative decay rate calculation. Current precision measurements and
calculations imply that, in the absence of new physics, our universe will decay through the formation
of ultra-tiny bubbles, with radii R ~ (107 GeV)™" ~ 10~% cm. This bubble size is essentially deter-
mined by the scale where the S-function for the Higgs quartic vanishes. Although 107 GeV is close to
the Planck scale, it has been argued that it is far enough below A4p) that quantum gravitational effects
on Veg can be ignored [70, 71, 72]. It has also be argued that these effects cannot be ignored since the

bubble takes transplanckian field values at its center [73, 74, 75, 76]. The latter conclusion has been
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verified by other groups and we agree that the gravitational contributions to Ve can have important
effects. However, as we will explain, the problem of UV sensitivity is not just the coincidence between
Mp and the flat point of Higgs quartic: the Standard Model would be Planck sensitive even if Ap;

were 10°° GeV.

3.2 TUNNELING IN QUANTUM MECHANICS

Much of our intuition for tunneling comes from one dimensional quantum mechanics. Indeed,
Gamow’s 1928 calculation of the relation between half-life and the energy E of an emitted c-particles
was seminal in establishing the validity quantum mechanics [77]. So it is natural to start our discus-
sion with this case. Gamow modeled the nuclear potential /() as havinga 5. Coulomb tail and some
kind of well for x < a where the « particle is trapped. In 1D, the wavefunction of a state with energy

Ein the WKB approximation falls off exponentially between « and & by an amount

b
=e¢ 7 X exp {—/ dxr/2m(V(x) — E) (3.2.1)

Here, 2 and b are the turning points where V(a) = V(b) = E. Itis of course quite logical that
the decay rate should be proportional to how much of the wavefunction gets through the barrier,
I' ~ |T(E)|*. However, if the particle is in an energy eigenstate, there is no time-dependence, so it
cannot decay in any physical sense.
A simple picture often used to converting 7 to a decay rate depicts the particle with momentum
_ L - N v . .
p = VamE, and velocity v = mp in the well hitting the barrier with a rate 1 and each time tunneling

through with probability given by the transmission coefficient, 7. With this logic, the decay rate is

1
~ —Ee_ZW (3.2.2)
2am

_1p ’wf(b) ’

2am VE(a)
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Indeed, if one solves the Schrédinger equation numerically, one can see the wavefunction oscillate
back and forth in the well; the largest flux leaks out during the times when the wavefunction is closest

to the barrier (see Fig. 3.1).

R | V()
b
a C X
P
bi 1
0.9t PFV
0.9
T
Rlosh TNL

Figure 3.1: On the left, an example of a physical potential with an unstable region FV, a destination region R, and a bar-
rier. We label the local minimum inside the FV region by 4, the local maximum by ¢, and the turning point by & (defined
by V(a) = V(b)). Ontheright, the probability Pr,(T) for this system (beginning in a Gaussian wavepacket centered
at 2) computed by numerically solving Schrodinger's equation. We see that the probability to find the particle in the
false vacuum decays exponentially for intermediate times between the short timescale of sloshing inside the false
vacuum and the long timescale on which the wavefunction begins to flow back into the false vacuum. The ticks on the
T-axis correspond to the #-units labeling the snapshots in figure 3.2.

To make the above formula more precise, we need an exact definition of the decay rate to which
we can then look for approximations. A reasonable, physical, definition of the decay rate of a system

comes from Pgy(2), the probability of finding a state 1 initially confined to a false vacuum region (FV)
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Figure 3.2: By looking at the evolution of the wavefunction we see the sloshing behavior near the false vacuum, asso-

ciated with the initial gaussian state not being an exact resonance. In the first two rows the central value of the wave-

function can be seen moving back and forth within the false vacuum well. When it hits the left wall around times 3-4,

the most wavefunction amplitude escapes through the barrier. In the third row we have jumped ahead to see the long

time behavior, when there is enough wavefunction density in the outside region that it is no longer flowing linearly out.

in that same region after a time 7:

Pey(T) = /Fv de |, T

We expect that for a decaying system the probability should fall exponentially:

PFV(T) ~ efI‘T

And so we might define:

(3.23)

(3.2.4)

(3-2:3)

Equation 3.2.4 is of course not strictly true for all times 7, and hence I" defined in equation 3.2.5 is

time-dependent. For a 1D system, we can calculate Pgy(7) numerically, as shown in Fig. 3.1. The plot

66



of P makes it clear what we mean physically by the “decay rate”; the probability falls exponentially for
some particular time regime, and it is in this regime that I" is meaningful.

To find a time-independent rate, we need to average over the oscillations which occur with fre-
quency ﬁ, so T cannot be too short: 7' >> Ty = w, ' where w, characterizes the frequency of
oscillation within the false vacauum. Moreover, 7 should also not be too long, for then the exponen-
tial decay will have significantly depleted the wavefunction and nonlinearities set. Another source of
non-linearities in from the decaying wave bouncing oft the potential in the true-vacuum region and
returning to the false vacuum. Pooling these effects into a characteristic scale Ty, we also require
T < T\L-

The physical decay rate is a phenomenon that happens on timescales Tjosh << 7" << T ; for these
timescales we expect the exponential fall of Pry. Hence I extracted from equation 3.2.5 is independent
of T to the extent that Ty < T << Ty is satisfied.

These two time limits are built into what is meant by a time-independent decay rate I'; they are not
approximations we make to calculate I" but rather approximations under which I' is even worth talk-
ing about. Thus an “all-orders” formula for I" can still use these limits, and a more precise definition

is:

I d
= — i —P 2.
T/TII\II?HO PFv(ir) ar FV(T) <3 z 6)
T/Tslosh_m>O

Finally, for systems that can decay in multiple different directions (e.g. a 1 dimensional particle that
can escape to the left or the right), we might want to define the decay rate to a particular region R (for
instance, the region to the right of the barrier). Then we should define the partial decay width from

the linear growth of the probability to find the particle in the region R, Pg(7):

. I dPR(T)
I'r=1 2.
R T/Tllgl—m PFV(Z‘) daT (327)
T/Tsloshg)oo
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Where Py is the probability of finding the particle in the region R.

Another way we could intuitively have derived the decay rate to a region R would be as the proba-
bility flux in through the boundary of R. (If R is everything outside the false vacuum, then this would
be the total flux into R, i.e. out through the boundary of the false vacuum region.) The quantum
mechanical flux is defined by:

Ji(t,%) = — (0" (&, )02, %) — (£, )00 (1, )) (3.2.8)

2im

Then we could define the decay rate as the fraction of probability flowing through the boundary OR,

in the same time limits as above:

I
I'r= lim ——— dxiJi(T, x 2.
R T/ Ta—vo PFV(T') oR L] ( ) (3 9)
T/Tslosh‘)OO

Because of the conservation equation (9;/; = 0y [1)|*), this is exactly equivalent to equation 3.2.7.

3.2.1 REAL AND COMPLEX ENERGY EIGENSTATES

To be concrete, consider a 1D quantum mechanical system as sketched in Fig. 3.1. The type of potentials
under consideration comprise a well region labeled FV, where the particle is initially, a barrier region B,
between points 2z and & (to be specified precisely later), and an approximately free true-vacuum region
TV, which for now we assume extends infinitely to the right.

Since the system is unbounded, there will energy eigenstates 1g(x) for any E. Most of these are
approximately free (plane waves) confined to the TV region, with little support in the FV region.
Some, however, do have large support in the FV region. These are the resonances. To be specific, we
can define the resonant energies £ as those whose probability in the FV region has a local maximum:

OpPrv[E] = o (now the probability P defined in equation 3.2.3 is viewed as depending on 9 instead
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ofon 7). In general, there will be a finite number of such resonance energies £; < E, < --- < E, <
Vmax- These are approximately the bound state energies for a modified potential where FV is made
absolutely stable by deforming the potential /() (e.g. by setting V(x) = oo forx > ¢).

Now, our initial state 1) cannot be an energy eigenstate, or else there would be no time dependence
and I' = o. However, since the initial state is, by assumption, localized in the FV region, it can be
written as a linear combination of chunks of energy eigenstates close to each of the resonant energies
E;. Each of these chunks will have a different characteristic decay rate I';. We must assume I'; > E; so
that the widths are narrow and the decay is exponential. As we will confirm, the higher energy states
will decay much much faster than the lower energy states, since they have less barrier to penetrate:
N« << Ty

As we said, we want to average over the sloshing times, 7" ~ Tilosh = aﬂp, with p; = amkE;
the resonant momentum. By the time 7"~ I',* > T3 ., the highest energy components (around
E,) will have significantly leaked out of the well. Then at each I'; threshold, another chunk of the
original probability will have leaked out. Depending on the structure of the TV region, these leaked
components may even leak back in on the time scale 7'~ Tyy,. We can treat each chunk separately, so
let us assume for simplicity that our original wavefunction only had support from the modes close to
energy Eo and write I for the width of this chunk.

The modes in the chunk near £, have basically the same form. They have the shape of the £ = E,
(approximate) bound state in the well region, decay exponentially through the barrier, and become
free (plane waves) in the TV region. The overall normalization is determined by the infinitely large
TV region, so the amplitude in the well region depends on how much the wavefunction decays as it

goes through the barrier. So we see that inside the well, the energy states ¢g near E, are approximately:

PE(x) ~ @1/150 (%) (3.2.10)
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We start with a wavefunction 1 localized in the well, with energy components given by:

pww;/mﬂﬁuwu» (s.2)

Since the states ¢ all have essentially the same shape in the well, and our wavefunction 1) is localized in
the well, they all have essentially the same projections onto ¢ up to the magnitude N(E). For example,

with a square well, the energy eigenstates are 1hr ~ g5 sin(px) and p(E) ~ 5

We are focusing on a wavefunction with support mostly in a chunk of energies around E,, so it

makes sense to expand N(E) around the resonant energy Eq:
N(E) = N, [;F F(E—E) + - (3.2.12)
The time dependence of our wavefunction ¢(x) is given by
vl = [ dEp(E V()™ (1)

For times ¢t < I' %

AE)

iF2+(E—EO)2+---

i _r
e B~ g, (x,0)e7 " (3-2.14)

W(x, 1) &~ /dE@ZJE(x, o)

with f{E) some function which is well-behaved around E = E,. Corrections to this formula are all
suppressed by I'/ E, < 1.
Note that we have not yet proven that this I is actually the decay rate, as defined by equation 3.2.7.

Applying that definition

4 oo [ et~ L IT _
dTlogP(T) = dTlOg/o dx || dTlog#e =T (3.2.15)
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confirms that this I', defined by the width of N, is indeed exactly equal to the decay rate.

From equation 3.2.12, we see that I' /2 is the imaginary part of the pole in the normalization of the
energy eigenstates, when analytically continued into the complex plane. So we have proven that the
decay rate, defined physically in equation 3.2.7, is given by twice the imaginary part of the complex
pole of 1/ N(E). This leads us to a shortcut; we can simply calculate the poles of 1/ N directly, without
every explicitly time-evolving any states.

For real energies, the wavefunctions are all normalizable. However, at the pole, the support of the
wavefunctions in the well goes to infinity. There are two poles actually, for positive and negative I'.
The I' < o case corresponds to flux going form the TV to the FV region, and P(T) growing with
time. The case we are interested in is I" > o, where the flux goes from FV to TV.

To isolate the case where the flux goes entirely from FV to TV requires changing the boundary
conditions at x = 00 from the usual ones which produce orthonormal energy eigenstates to ones
with only outgoing waves. Normally, energy eigenstates with real energies have a probability at each
point which does not change with time so there can be no outgoing or incoming flux. To generate
outgoing flux the energy must therefore not be purely real. The imaginary part of the energy, which is
exponentially small, will give the decay rate. Indeed, the problem of finding the decay rate drastically
simplifies by reducing it to finding the complex energy eigenvalues with outgoing (Gamow-Siegert)
boundary conditions. Note that the outgoing-only wave approximation is equivalent to removing
the back-reaction, or equivalently taking 7/ Ty, — o. This s the same limit required in 3.2.7 to make
the decay rate well-defined (time-independent).

With radiating boundary conditions, the energy is £ = E, + iT and the momentum in the region

where V' = oisp = po-+i7,withy = 2L and p, = \/amE,+O(T). Writing Vi (x, 1) = % E ¥
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in the TV region, the rate can be computed by flux conservation’,

%Y ) = i(w* ) — YOx)™) (3.2.16)

Integrating the flux conservation we then get

T = &M (3_2,17)

m [? dx|ipi ()2

where p, = —it)' () /1(b) for a plane wave, and more generally p, = m/j, = %

This expression for the decay rate is accurate up to expontentially corrections, of order I'/ E,,. In it,
b can be any point az all. Indeed, Eq. (3.2.17) is independent of the choice of 4, as can be seen by taking
the derivative and applying Schrodinger’s equation, and independent of the choice of 7 as can be seen

since the time-dependent exponentials cancel in the numerator and denominator. For example, if & is

in a region where /= o, the wavefunction satisfies

b,
s = B o)k~ o)) (3219

So that the numerator and denominator of Eq. (3.2.17) shift when the integration limits are changed,
leaving I invariant. The expression in Eq. (3.2.17) is exact even if 7/(x) is not constant at b, but then pj,
is not constant.

Eq. (3.2.17) is also approximately correct for the real-energy solution with £ = E,. Indeed, the
complex-energy solution looks like the real-energy solution in the FV and barrier region, up to correc-
tions of order ELO However, in the TV region, the radiating boundary conditions imply the wavefunc-
tion grows with x as ¢ ~ ¢7*. Thus, it can deviate significantly form the real energy solution in this

region. Therefore, it makes sense to take & close to the final turning point where V(x) = E,. Also, to

I
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the extent that 1)g(x) has support only between o and the first turning point 4, and is roughly constant
in that region, we have ¢g(x) ~ 1g(a). Then, Eq.(3.2.17) reduces to Eq. (3.2.2). However, since the
E = E, wavefunction is close to a discrete eigenstate of the potential deformed to remove the tunnel-
ing, it will approach a node at x = 4. Thus it may be a better approximation to say g(x) = 1g(0),
where o is the point where the potential has its local minimum and g (x) will be approximately max-
imal. The x = o point is the boundary of the instanton solution, to be discussed below. In any case,
Eq. (3.2.17) is exact and accounts for additional corrections not accounted for in Eq. (3.2.2) having to
do with the wavefunction in the FV region.

Once we have a formula like Eq. (3.2.17) which depends on the values of a wavefunction, we need
to solve Schrédinger’s equation. If an analytic solution is not available, we may want to approximate
Eq. (3.2.17) with the WKB expansion. The WKB approximation is defined in terms of the function

p(x) = \/2m(E, — V(x)) and tells us that:
ve(x) = Alp()| 77 en PO (4 O(R)) (3:2.19)

Where A4 is an x-independent normalization constant that will drop out of equation 3.2.17. Thus we
can calculate the decay rate at each order. Atleading order we ignore the p prefactor and keep only the
exponential, giving:

Lo — #€—2f|ﬁ(x)|dx (3.2.20)

Where the integral is taken over the region of imaginary p; i.e. where V(x) > E; this is the usual

WKB formula. At NLO we keep the prefactor also, giving:

1,2 [ Ip(x)|dx

FNLO _ m
J3pridst Jgpmem b0

(3.2.21)

Where z and & are the classical turning points.
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The first factor in the denominator is exactly the classical period of oscillation around the false
vacuum; call it Ty = f ”’de. The second term, for i — o, is dominated by the region near 4, where
V(x) ~ V'(a)(x — a) and the WKB expansion doesn’t work anyway. One way or another, when
h = o exactly, it will vanish, so it must be higher order in A:

Lo — 1 2 [V lp(x)ldx

(3.2.22)
Trv

In [78], they compare the results of computations done using the path integral methods of the subse-
quent section to these WKB results, and find that they agree. This agreement was expected, of course,
because both the WKB expansion and the saddle-point approximation are in fact the same approxi-

mation of i — o.

3.2.2 EUCLIDEAN PATH INTEGRAL APPROACH

The methods of the previous section rely on solving Schrédinger’s equation, which is not practical in
a many dimensional case (such as field theory).

An alternative approach to calculating tunneling rates, which generalizes more easily to higher di-
mensions, works with the path integral directly [79]. We now quickly review this approach and point

out some curious aspects of this approach. The starting point is the observation that

x(T)=x¢
Z= (xf|efHT]xi> = / Dxe™ Sl (3.2.23)

x(0)=x;

where the right-hand side is the path integral using the Euclidean action Sg[x]. By inserting a complete

set of energy eigenstates, the matrix element can be written as

Z= Z @Z}E ;)5 (xp) (3.2.24)
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Then we see that the lowest energy can be deduced from

I
o:— l' 71 s
o= in? 5225

Speaking very roughly, we expect that when there is a decay, £, will have an imaginary part corre-
sponding to the decay rate, and so:

L mlim Lz (3.2.26)
o= ngnooTn 3.2.2

Note, however, that £ is only imaginary with the unphysical Gamow radiative boundary condi-
tions. For any physical, bounded potential, £, is real, and correspondingly Z is manifestly real because
§is bounded. Hence this equation must be defined in a much more careful manner.

Consider the asymmetric double-well potential in Fig. 3.3. One mightattempt to obtain the lifetime
of the false vacuum near 4 by setting x; = xr = A in Eq. 3.2.23. However, the wavefunction factors
VE(x;) and Yg(xr) in Eq. (3.2.24) do not contribute to E,. Thus the ground state energy should be
determinable from Eq. 3.2.25 with any x; and x. In particular, we do not need the wavefunction factors
in Eq. (3.2.24) to be large in any sense. They can even be exponentially small; the 7 — oo limit as
written will still always extract the ground state.

In order to get an imaginary part, then, we must do something more convoluted. We must first
deform the potential /(x) to V,(x), where ¢ is a parameter which links the physical problem (say
¢ < o) to a different problem, in which A is the true ground state (say ¢ > o). If we then take the

limit in Eq. 3.2.25 of Z, for general g, we see:

E >o0
Lin Zg = alg) ¢ (3.2.27)

Ec(g) g<o

— 1
Tinoo T

Where E,4 and E¢ are the ground states of the wells near the points 4 and C respectively. If we
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simply evaluate the limit for the negative g of interest, we get the wrong answer (E¢). However, if we
evaluate the limit for the unphysical g, and then analytically continue to the case of interest, we obtain
an imaginary part. This then is the precise meaning of equation 3.2.26:

r I
— =—Im | lim T InZ, (3.2.28)

2 T—o00

g>o g<o

Where the notation is meant to indicate contortions of taking the limit with positive ¢ and then ana-
lytically continuing to negative ¢ and then taking the imaginary part.

Why does the limit not commute with the analytic continuation? This is simply because there is no
reason to expect it should. According to Eq. 3.2.24, function Zg is schematically given by e E@AT 4
¢ Ec@T) As T — o0, this picks out the minimum of E4 and E¢, which changes non-analytically as
¢ varies from positive to negative. To be truly happy with Eq. 3.2.28, one would like a proof that any
deformation of ¥(x) to Vg(x) leads to the same imaginary part after analytic continuation back and
forth.

Let us set aside this subtlety in Eq. 3.2.26 and move on to calculating the path integral using the
saddle-point approximation.

The path integral can be evaluated by summing over stationary points of the Euclidean action. For
each stationary point, that is, for each solution x(#) to the Euclidean equations of motion, the saddle-

point approximation of the path integral around x evaluates to

N

e SE@ (L 2.2
VA0 + V()] ) (5:2:29)

Ix

First let us see that, no matter what x; and xf we choose, we obtain the true ground state if we
do not deform the potential. Say we take x; = x¢ = C. Then there is a solution to the Euclidean

equations of motion with x(#) = C(Path 1 in Fig. 3.4). This has action given by V(C) T, and the

76



Figure 3.3: Asymmetric double well potential, and its negative.

integral over the fluctuation around this solution modifiesittoZ = exp(—E¢7T ), asexplainedin [79],
where Ec = V(C) + ;+/V"(C) is the ground state of a harmonic oscillator using the quadratic
approximation to the potential near x = C. Thus we get the correct ground state energy £, = Ec.

Now say we take x; and x¢not at C. The Euclidean equations of motion with boundary conditions
x(0) = x;and x(T) = xpare solved by a solution starting at x; with enough initial velocity to get to
the top of the hill and stay there for nearly 7"time, and then roll back to xz. This path is shown as the
dashed path, Path 2, in Fig. 3.4. As T — 00, this path has the same Euclidean action as Path 1, and
the result for the ground state energy is the same. Thus we can indeed choose any points x; and xf to
find £, (even x; = xp = A).

So now consider x; = xr = A. There is still a solution to the Euclidean equations of motion
which stays at x = Cfor most of the time (Path 4 in Fig. 3.4) with saddle point approximation Z ~
exp(—EcT). There is also a solution which stays at x = A for all time. This has Euclidean action
E,4T, and saddle point approximation Z = exp(—E,47 ). There are also instanton solutions. In
particular, there is a solution starting very slowly from A. It stays near .4 for a long time, then rolls up
towards C and back, then stays near 4 again for a long time. This is the Bounce (Path 3 in Fig. 3.4).
Because it spends most of the time near 4, its saddle point differs from the .4 saddle by a finite (7 -

independent) amount: Z = exp(—E47T — Sbounce)- The finite action Spounce is given by [ \/2mV(x)
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Figure 3.4: Different solutions to the Euclidean equations of motion for they asymmetric double well.

where the integral is between .4 and the turning point on the other side of B. This action is positive,
and therefore larger than the action for Path 4, which also starts and ends at 4 in time 7.
We have to sum over all time translations of the bounce and multiple bounces®. Summing these

different contributions, the result is:

Z = (Ale™7 | ) = exp(—EcT) + exp(—ET + Ke™%on<T) - (3.2.30)

If we simply take the 7 — o0 limit of Eq. 3.2.30 for the original problem, the bounces are ex-
ponentially suppressed compared to the true vacuum solution, and we have no right to keep them.
One might try to argue (see Coleman [69]) that the bounces are the only thing with an imaginary
part and so we can keep them when computing the imaginary part in Eq. 3.2.26. But this argument
is very precarious; we know for a fact that when computed exactly, Z is real and the imaginary part is

exactly o. The imaginary bounce contribution is exactly canceled by subdominant corrections to the

*We assume that all saddle points contribute to the integral. As discussed in Witten [80], it may be that due
to the integration contour, only some of them in fact contribute.
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true-vacuum saddle point. This cancellation can be seen in a toy example like Z = [ dxe A=),

discussed at length in appendix 3.2.3.

Thus we cannot in any sense keep the bounces relative to the true vacuum if we simply want to take
thelimitof 7" — oo in Eq. 3.2.30. However, we are saved by the considerations that lead to Eq. 3.2.28;
analytic continuation does not preserve the exponential dominance of one term over another. We

really want to analytically continue a function of g:

Zy = (Ale T | A) = exp(—Ec(g)T) + exp(—E4(g) T + K(g)e Sowe@T) ... (3.2.31)

Eq. 3.2.28 says we are supposed to take the limit of large 7 for the case where £,4(g) < E¢(g), and
then analytically continue to the other case of g. Both K and Spounce are nice analytic functions® of g,

this procedure yields:

r
S —ImKe ™ Sbounce (3.2.32)

This procedure gives the same result one would have from naively just taking the bounce instanton
from Eq. 3.2.30. This explains why the path integral in Eq. 3.2.30 seems to be dominated by the true
vacuum, but we obtain the correct answer by simply ignoring the true vacuum and focusing on the
instanton bounce instead. In the end, one can safely gloss over the whole business of deforming the
potential and simply compute the instanton saddle contribution only, for the original undeformed
potential. But the deformation must be there in the background, or else the true vacuum dominates.

Finally, one comes to the mysterious factor of 1/2. Indeed, one cannot guite gloss over the deforma-

tion back and forth; doing so misses a factor of 1/2. This is because we argued for the non-dominance

3Although, interestingly, when the potential is absolutely stable, the instanton itself becomes complex. But
the fact that our instanton solution is complex is no excuse not to include it, as discussed by [81].
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of the shot solution, but there is still the false vacuum solution contributing a dominant real part to
the energy £ 4; we are looking for the subdominant imaginary part Ko™ Svounce

The deformation of ghas a branch discontinuity along the physically-relevant ¢ < o ray* Because of
this, we can extract the imaginary part as half the discontinuity across the cut. This discontinuity, then,
is purely imaginary, and has no contribution from the real-valued false-vacuum solution. Hence, to
avoid taking a subdominant piece of something, we should really compute disc Z, rather than ImZ,.

The discontinuity across the cut is given by the integral along a difference contour Cyjsc, obtained by
subtracting the contour analytically continuing ¢ — —g one way from the contour from continuing
the other way. This difference contour can then be approximated in the saddle point approximation.
We’ve shown already that the shot does not contribute, and since the result must be purely imaginary,
the false-vacuum must not contribute either (since if it did, it would dominate the bounce and the re-
sult would be mostly real). Hence at last we have an integral in which the imaginary bounce instanton
truly does dominate’, and equation 3.2.32 is corrected to:
L_z

1
~disc Z, = ~ImKe ™ Sbounce (3.2.33)
21 2

3.2.3 SADDLE-POINT APPROXIMATION AND ANALYTIC CONTINUATION

The Euclidean derivation of Sec. 3.2.2 involves subtle points of complex continuation and saddle point
approximations. In this section, based on [80], we discuss in detail simple 1D examples which illustrate

the issues and effects involved.

4

STt is assumed without proof that the bounce contributes only once. In some cases a saddle point can con-
tribute with coefficient 2 or any higher integer, especially for integrals along composite contours such as this
one. See appendix 3.2.3 for further discussion.
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OVERVIEW OF STATIONARY PHASE/SADDLE-POINT APPROXIMATION

The stationary phase method is used for arbitrary complex exponential integrals of the form:

Z= / dxe 5 (3-2.34)
C

Where Cis some particular contour, in practice usually the real line.

To apply the approximation, we first ignore the actual contour C, and instead focus on the complex
critical points of S, which we label s, s,, . . ., s,. Through each of these points we draw the steepest
descent contour, C;, which is defined intuitively by simply moving away from s; in the direction which
increases the real part of S as quickly as possible. These contours are called “steepest descent” because
the magnitude of the integrand is rapidly diminishing along the contour, and thus the value of the
integral can be approximated by its behavior near the maximum at s;.

Along a given steepest descent contour we can approximate the integral by expanding S around s;:

—S(x —S(si)— 28" (5:) (2x—s;)*+... 2T (s _
‘-71' = dxe S( ) ~ / dxe S( t) ZS (1)( 1) + ~ We S( z) (I + . ) = Ii (3235)
C; C; 1

If we write with a scaling constant, S(x) = AS(x), then this approximation is valid as A — oo. The
subleading corrections in the “...” can be calculated in an asymptotic series in 1/A; the whole thing
will be accurate up to terms exponentially suppressed in .

We can then make a plot of the complex x-plane, marking the critical points of S as well as their
steepest descent contours, as shown in figure 3.5. The integral we want to compute is along the original
contour C. So we can deform the contour Cinto a sum of steepest descent contours Cj; in the example
of figure 3.5 this would be:

C=0C+G, (3.2.36)
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Figure 3.5: An example of the complex x plane with the critical points of S marked as dots. Each critical point 5; has a
steepest descent contour C; passing through it. Black arcs around the edges note the directions in the x-plane in which
the exponent —S goes to —00; the integral only converges along contours which start and end at these angles.

And then the integral along Cis the sum of the integrals along these steepest descent contours,
yielding:

Z=0+T, (3.2.37)

Note that the fact that some or all of the s; are complex does not matter; one still includes those s;
whose contours are involved in the sum, regardless of whether the saddle pointitselfis real or not[81].

Now we can use the saddle point approximation along each contour to write this as:

Z~1T,+1, (3.2.38)

However, note that each 7 approximates the full contour integral 7 up to exponentially suppressed
terms, and the 7 are exponentially different. In other words, one of the terms in equation 3.2.37 (say

Jy) is exponentially larger than the rest. So if we are going to perform an expansion which is accurate
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up to exponentially small corrections, we cannot keep the subdominant term. At the level of equation

3.2.37, we write this as:

z=|J\+ 7 (3.239)

to indicate that while the equation is exact at this level, the first term is exponentially dominant so
when approximating the second term is meaning]ess.
Let us take a moment to discuss an example and elucidate questions about imaginary parts of real

integrals. Suppose we have the following function S:

st =2 (- %) (32.40)

For positive A, and we want to integrate as in equation 3.2.34 along the real line. This function has

critical points at x = o, %1, with approximations:

2T [am
T, = _—)\e" Ty, = Jc)‘/“ (3.2.41)

In this case the contours do indeed all contribute; R = C_; + C, + C,, as seen in figure 3.6, so we

have:

Z=J|+ T+ (3242)

Where we have boxed both £1 because they are exactly degenerate. If we perform the saddle point
approximation, we would obtain:

Z~T  +T,+ T, (3.2.43)

Now we see a confusion; since Z,, is imaginary, it seems that Z might have an imaginary part in the
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Figure 3.6: The critical points (-1,0,1) and associated steepest descent contours for the quartic function Eq. 3.2.40.
Note that there is an ambiguity in the steepest descent contours, because we are on a Stoke's line; the contour passing
through 1 goes exactly to the origin, and from their can either go up or down along the imaginary axis. We can imagine
that A has a small imaginary part to break the ambiguity, although the way in which it is broken does not matter for our
discussion. The real line (dotted) can be written as a sum of all three contours R = C_, + C, + C..

approximation, even though it is a convergent real integral and thus is clearly actually real. What is
going on?

The notation of Eq. 3.2.42 makes the resolution relatively clear. As one can see in figure 3.6, if we
really compute J; exactly, integrating along C,, it will have a real part from the real-line part of the
contour, and an imaginary part from the imaginary-line part. The imaginary parts of J; and J_, will
exactly cancel the imaginary J, since they are simply integrating along the same contour in opposite
directions.

When we approximate in the saddle point, Z, is entirely real, and misses the imaginary part of J
completely. But this is fine; that imaginary part is exponentially subdominant. As we discussed be-

fore, in the saddle point approximation, like equation 3.2.43, exponentially subdominant terms are
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meaningless. Eq. 3.2.43 is true only up to exponentially small corrections compared to Z;, which we
can see in this case do indeed exactly cancel he contribution of Z,,.

Up to now we have focused on a single integral Z. Now let us discuss what happens if we let Z
have a parameter Z,, and analytically continue in g. For instance, in analogy with the Euclidean path
integral approach of section 3.2.2, we might be interested in computing Z, for some region of g where
the false vacuum is absolutely stable, and then analytically continuing the result to the region where
itis unstable. Or in analogy with the Minkowski path integral approach of section 3.2.4, we might be
interested in computing the path integral for euclidean time 7 where it converges, and then analytically

continuing 7 — #7 where the answer is defined.

DEFORMING THE POTENTIAL TO REMOVE THE TRUE VACUUM

Let us study a toy 1D integral, something like an unbounded potential:

3 4
Z = /dxes(x) Sx) =X <x2 T + ex) (3.2.44)
> 3 4

This function S(x) has a local minimum at x = o, playing the role analogous to the false vacuum.
We take € small, so it is nearly unbounded below for large positive x, regulated by a distant absolute
minimum, analogous to the true vacuum minimum, atx = 1/€(to leading order in €). The coefficient
A is there to keep track of the saddle point approximation, which is valid for large A. Finally there is
a third saddle point at x = 1 (again to leading order in €), which will play relatively little role in this
analogy.

As in the path integral case, if we simply perform the integral in the saddle point approximation as
written, the dominant contribution will come from the true vacuum é minimum. Hence if we want

to focus on the x = o minimum, we need to analytically continue back and forth. Let us introduce g:
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7 (x) = <x2 —g£3 + 6x4) (3.2.45)

Now there are three different parameters, so let us be clear about their differences. A is a large
parameter ensuring that the saddle point approximation is valid. € is a small parameter regulating the
unbounded integral, on which we hope the results near the x = o minimum do not depend. gis an
unphysical deformation parameter; the case of interest is ¢ = 1, but we will isolate the false vacuum
minimum by lookingatg < 3 \/6/72. and then analytically continuing back. Of course in this function
we could remove one of these parameters by rescaling x, but it is instructive to have them all separated.

For ¢ < ¢, the saddle points are now at x = o, é, £. The saddle point approximations to the

integral along the steepest descent contour through the critical points are given by /27 /S8"e™5:

[2T0 4 / 2T )\ [2TTE 1263
IO — 76 II/g = _7)\6 /6g2 Ig/€ = Eé‘ (84/ ) (3.2.46)

And we see that indeed the dominant one is the g/e true vacuum. However, for 24/ < g <
31/ €/2, the action on the second minimum becomes positive, and the false vacuum dominates. To

see this we need to keep all the gory detail of § without expanding in e:

2 )\ 2
Tye=\Frow |2 (VE— s+ (cVE— s+ — 60 G247)

So we see that of the three saddle points, for o < g < 31/€/2, I, dominates exponentially in A,
and for g > 3v/€/2, T,/ dominates. If we are interested in extracting properties around x = o for
¢ = 1and tiny €, we cannot evaluate the integral directly. We must first evaluate the integral for small
& then take a limit like A — 0o (the analog of 7 — 00), which leaves us with only the Z,, part. Then

we can analytically continue that to study the properties of the x = o true vacuum at the parameters
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of physical interest. In this toy example Z, has no imaginary part even when analytically continued

back to physical g; we will discuss the imaginary part below.

IMAGINARY PARTS, DISCONTINUITIES, AND THE FACTOR OF 1/2.

To see the peculiar factor of 1/2 in a toy 1D example we need a slightly different function:

Sg(x) = A (f —gtj) (3.2.48)

The physical question of interest is ¢ = 1, but to get S; we need to analytically continue from negative
gdue to considerations of the true vacuum (per the previous section, perhaps there is a regulator €x®).
Let us suppose that we are interested in the imaginary part of Z, evaluated for positive g.

This function has three critical points (after ignoring any critical points associated with €). The
x = o critical point is playing the role of the constant false vacuum solution. The x = + \/g critical

points are together playing the role of the instanton bounce. They have approximations:

_ [*T o — 2T —Nag
Ty =/ 3¢ Ij:\/ITg =1/ ¢ (3.2.49)

The steepest descent contours can be seen in figure 3.7. If we try to compute the saddle point

approximation for ¢ = 1 directly, we obtain:

Zgs = | Jo|+ T+ T (32:50)

Zg = To |+ T+ T (3.2:50)

We are interested in the imaginary part, which can only come from Z,. But we see that Z,, (which
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Figure 3.7: The stationary points and steepest descent contours for S(x) defined in Eq. 3.2.48. Note that as the phase
of grotates from positive to negative, the directions in which the integral converges rotate slowly as well. This means
that the contour of integration must be rotated from the real line inthe ¢ < o case to the diagonal pathintheg > o
case. Depending on which way around one analytically continues, the new contour can slant in either direction.

is real) is exponentially dominant, and so we do not yet have a handle on the imaginary part; although
we can calculate how 74, contribute, there could be arbitrary corrections due to exponentially small
errors in Z, approximating Jo. (Like how in the case of Eq. 3.2.40, the imaginary contribution from
the subdominant saddle points was canceled exactly.)

To get access to the imaginary part in the saddle point approximation, we need to be more clever;
we need to compute something for which the imaginary part is dominant. Because Z; has a branch
cut on the positive g axis, this can be achieved by calculating the discontinuity of Zg rather than Zg
itself. Indeed, the imaginary part of Z, is ambiguous; if we continue g one way around the complex

plane we get one thing; the other way around will be the complex conjugate. Hence:

discZ, = 2 ‘ImZg‘ (3.2.52)
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The imaginary part is given by the difference between the contour integral we obtain analytically
continuing ¢ one way (pictured in figure 3.7) and the contour obtained by continuing the other way

(the other diagonal contour)[82]. Hence the discontinuity is given by:

disc Z; = dxe 5 (3.2.53)

Cisc

Where the contour Cg;s is depicted by the dotted line in figure 3.8. This contour is given by the sum

of the red and blue steepest descent contours, so:

discZy = T + T (3-2:54)

Figure 3.8: Computing the discontinuity disc Zg rather than just Zg involves subtracting two integration contours,
yielding the combined contour indicated by the dashed line. This contour can be deformed into a sum of the red and
blue steepest-descent curves, with no presence of the green curve.

Although 7, is exponentially larger, it is not present in the sum at all, so its real part does not wash

out the imaginary part. Thus we sce that although naively we would have thought (from equation
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Figure 3.9: The function S(x) = gx?z + xf has real, exponentially subdominant saddle points at ig‘/z, and a sub-
leading imaginary oneatx = o (weare focusingong < o). The above plots show the steepest-descent contours
for ghaving a slight positive or negative imaginary part. As for the previous case, simply computing Zg inthe saddle
point approximation will give the wrong imaginary part; instead we need to calculate the discontinuity, given by the
difference between the left and right contour integrals. The contour difference between them is 2C,, and so we would
conclude that disc Zg = 2.7,,and so ‘ ImZg| = izIo. The factor of 1/2 has been cancelled by the double appearance
of the contour. This can be checked explicitly by computing Z_g1; = —0.006 = 0.937 and confirming that for this

% I, = % = 0.95%; it is clear that the saddle point is giving the imaginary part, not twice it.
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3.2.51) that the imaginary part of Z was given by the imaginary part of the sum of saddle points:
ImZ,—; = ImZ, + ImZ, + ImZ_, [incorrect] (3.2.55)
We see instead that the discontinuiry is given by the sum of saddle points:
Imdisc Zg—; = 2 ‘ImZ :1‘ =ImZ, + ImZ_, (3.2.56)

And thus the imaginary part of Z,—, is given by the saddle point sum with an extra factor of 1/2. To

summarize, then, we have:

ImZ,—, = Im ( + I+ ..7_1> ~ ilm (Z,+71-)) (3.2.57)

This was a very particular example; one might wonder how general this factor of 1/2 is. In the much
more complicated path integral situation, will it work the same way? In the path integral we have the
constant false-vacuum solution playing the role o; it is entirely real, and if we simply calculate Z it
dominates because the instanton bounce is suppressed by an extra ¢~ Svouce, So just as in the toy exam-
ple, we do need to compute something slightly different, which is dominated by the imaginary part;
again the discontinuity will work. The discontinuity will correspond to a difference of two contours.
Since it is purely imaginary, it must be the case that the constant solution does not contribute to it,
just as in the toy example the o saddle point did not contribute to Cyjsc. Thus it is entirely general that
the discontinuity will be dominated by the instanton saddle point.

However, we have not shown that there always is a discontinuity; if there is no discontinuity, then
we cannot use the above trick to extract the exponentially subdominant imaginary part. Moreover,
while we have shown that only the instanton bounce solutions contribute to the discontinuity, we

have not shown how many times. In a different example, shown in figure 3.9, the difference contour
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contains the imaginary saddle point fwice. These issues demonstrate that we cannot be sure that the

prescription of adding a factor of 1/2 is really universal.

3.2.4 MINKOWSKI PATH INTEGRAL APPROACH

The derivation of the previous sections link the Euclidean action to the decay rate in a roundabout
manner. Itrelies critically on analytically continuing the physical potential in an arbitrary way in order
to obtain an imaginary energy. An alternative use of the path integral is to connect it directly to the
decay rate, much as we did with the Schrédinger equation in Section 3.2.1.

Let us begin with the setup and relevant observations. As in Figure 3.1, we have a potential with a
well, a barrier, and a free region. The energy eigenstates which have support in the well region are in
clumps of width I'; around resonance energies £;. In section 3.2.1, we were led to assume, for simplicity,
that our initial state only had support for energies near £,. We would still like this to be true, but it
is more convenient with path integrals to work with position eigenstates than energy eigenstates. So
let us assume now that the initial state is localized at the point x = # where the minimum of the well
is located. This wavefunction will have dominant support from within the lowest energy clump. It
will also have some support for the higher energy clumps, but the higher energy components die oft
much faster then the £, components, so if we focus on time scales 7 >> I' )", we will should be able
to ignore those components.

The decay rate to the region R is defined as in Eq. (3.2.7):

. I dPR( Tj
I'r=1 —_— 2.58
R T/Tllgl—m PFV(I) dT (3 x5 )
T/Tsloshg)oo
Where the probability Py is defined as:
Pa(t) = | digllisia o) = [ N Drla, 1. (3259)
R R
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where N is a normalization factor which we write separately from the path integral itself for future

simplicity. The Feynman path integral Dr is then simply:

x(t)=x7
Dr(a, 0;xp, 1) = D ¢S] (3.2.60)

x(0)=a

If we split every path into the part before it first hits & (at time ¢,) and the part after, then the path

integral D satisfies

t
Drg(a, 0;xp,t) = / dtoD(a, 0; b, to) Dp(b, 05 x¢, t — 1) (3.2.61)
where
Dr(a,0;b,t,) = | DxS¥5(5)x] — 1) (3.2.62)
x(0)=a

is the Feynman propagator over paths on the interval (o, 7,) including restriction on 7 x], the func-
tional returning the first time the path x(#) crosses b. This separation in Eq. (3.2.61) works so long as
all paths in the original propagator pass through & at least once. In the path integral in Pg, for each
path x(z) into R there is a time %, when the path exits the barrier for the first time, so we can indeed

use Eq. (3.2.61) if we take & to be the classical turning point (defined by V(&) = V(a))°:

T T
() = / sy / dr, / 4, De(a,03 b, 1) D, 0: b, £.) De(b, 0365, T — 1) Di(b, 0365, T — 1)
(3.2.63)

Now we want to use the fact that once the particle gets to region R it stays in region R; this is the limit

® At this point in the derivation, we could equally well take & to be any point inside the barrier between 4
and b; all paths must go through each point. But the approximation in Eq. 3.2.64 only applies if we take it to be
the turning point.
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T/TnL — o. Then,

/ dxpDp(b, 0337, T — 1) Dy(b, 0327, T — 1) = / dxp{ble™ T ) (g H(T10) | )
(3.2.64)
~ Dg(b,0;b,t, — t,)

This approximation becomes exact in the 7/ 7y, — o limit in the definition of I". In other words,
because 7 is small enough so that the flux back into the well region is negligible, when propagating

from b we can assume that the position states inside the well ‘xf> are a complete basis. So we now have

T T
Pr(?) :/ dto/ At De(a, 0; b, t,) Dy(a, 0; b, £.) De(b, 0 b, £, — 1) (3.2.65)

Breaking the 7, integral into the region with #, > 1, and 7, > #,, we can use Eq. (3.2.61) on the two

halves along with Df(x, 0; y, 1) = Dg(y, 0;x, —1) to get
T —
Pr(2) = / dto|[Dp(a, 0, b, to) Di(a, 0; b, t,) + Dy(a, 0; b, to) Dr(a, 03 b, 1,)] (3.2.66)

Then expanding the definitions of Dpand Drin Eqs. 3.2.60 and 3.2.62 and plugging into the definition

of I'g in Eq. 3.2.58:

_/\/N*(

, x(D=b  \*
I'r= e D 515§ (1,[x] — T)) ( Dx e’s[x]> +cc. (3.2.67)

x(o)=a x(o)=a

Now let us consider how to calculate these two path integrals. Because the path integral has an
imaginary exponent, it is not convergent (when integrated along the real x). For this reason the actual
definition of the Minkowski path integral involves a strange imaginary integration path over x, or
more simply, evaluating it for 7 = #7 real and then analytically continuing.

the shot will be farther from the countour of integration in the Euclidean path integral than the
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instanton is to the contour of integration in the Minkowski path integral. For this reason, it is conve-
nient to evaluate Eq. (3.2.67) after analytic continuation.

For the first path integral in Eq. (3.2.67) we analytically continue to 7" = 7. Then the boundary
conditions are x(0) = zand x(7) = b as before, equivalent to x(—7) = zand x(7T) = b. For the
second integral, which is complex conjugated, we must analytically continue to 7/ = —ir = —7T to
ensure convergence. This leads to x(0) = 2and x(—7") = basboundary conditions, or equivalently,
x(0) = band x(T) = a. Because the endpoints have switched, the two Euclidean path integrals can

then be recombined leading to

gﬁ% i D_::_SEM [0(—imp[x]) + 0 (imp[x])] (3.2.68)

I'=

Note that the 7 [x] in the § argument is equal to —i7[x]. This must be handled very carefully, since
is not defined for imaginary arguments. In order to do the analytic continuation correctly, we should
first remove the delta function mode, then analytically continue, and then putit back. This will lead to

+if(x)) = n+6(f(x)). To see what the coefficient is, we focus only on the single degree of freedom

restricted by the d. We are trying to analytically continue like this:

a=—ix
b=ix

/ eSO () + A5 § ( / deAe D6 (—iar(x)) + A" 6 ibi(x )))
(3.2.69)
Where A represents the integral over all the other modes, and « represents a phase-factor coefficient
in front of 7 which we will rotate from 1 to 7. The notation means that we evaluate the integrals for z
and b positive (where the other path integrals converge) and then make the substitutions. Doing the

¢ functions, we see:
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|t (x.)| alt(x)| bl ()] alt (x.)] (1-A = )y i (3.2.70)

A+ A < n_A Ny A* > 1
— + =
a:_—‘ia a ’t’
From which we see that ;. = —n_ = isign(«) will give us the right answer. Thus we see that the

correct analytic continuation of the d function is:

a>o
a=—ia

(3.2.71)

/ dx AP (ut(x)) + A7) §(ar(x)) = —sign(ar)2Im <A / m-as(x)a(ﬂt(x)))

Where the notation means that we evaluate the expression for 2 > o, and then afterwards analyti-
cally continue to 2 = —iov.

Ignoring the sign by assuming I > o, the correct version of equation 3.2.68 is:

% x(T)=a
I'= lim NN 2Im Dx e SEH§ (7, [x]) (3.2.72)
70| Pr(T) x(~T)=a T>o

T=iT
Pev(T)

The normalization 737 can be manipulated in a similar manner in the limit T/TaL — o, which

gives us ultimately:

T—00 f Dy e—Selx]

x e SEX§ (7, [
I'= lim |2Im (ID M0 D) (3.2.73)
T >0

T=iT

where both path integrals are evaluated with boundary conditions x(£7) = 4. This formula pro-
vides an exact expression for the decay rate defined in equation 3.2.7.

Back in section 3.2.2, we were worried about which factors are real, and whether we are accidentally
taking the imaginary part of a real quantity by making an invalid saddle point approximation. So let

us discuss for a in detail where the imaginary parts are coming from.
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Equation 3.2.67, before the analytic continuation to imaginary time, is all-orders exact and mani-
festly real; one could in principle make a lattice and calculate it numerically. The we analytically con-
tinued equation 3.2.67 to arrive at equation 3.2.73. Here the realness is more subtle. The path integral
f Dxe SE, without the 8, would be real for real 7. But the & function will introduce a factor with
dimensions of time, which becomes imaginary when we plugin 7 — 7. Thus the all-orders formula
3.2.73 is indeed real. We will discuss the saddle point approximation’s interaction with this story in
section 3.2.5.

Before showing how Eq. (3.2.73) can be evaluated, let us contrast it with the Callan-Coleman ap-
proach of section 3.2.2, in Eq. 3.2.26.

To make precise connection to Coleman’s formula, let us first change from 7 to 7 /2 (since the
time is going to infinity, the factor of 2 has no effect). To match the Euclidean formula, we need to
re-introduce the time-translation degeneracy. Because the action is time-translation-invariant in the

T — oo limit, let us define a time-translated version:

Dy e SelH§ —
I's = lim |2Im J Dxe (] = 1) (3.2.74)
T—00 [ Dx eS¢l .
T=iT
We expect this to be independent of z, so I'y = I"as 7" — o0o. Then let us average over :
L [T/
I=— / a, (3-2.75)
T J-7/.
From which we arrive at the formula Coleman uses:
r aths hi Dx e_SE[x]
T— = lim |2Im fp ths hicb (3.2.76)
2 T—00 f Dy e—SElx] T

T=iT

The 6 in the numerator has been removed by the f dt, except that it leaves the requirement that
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the path must hit & at some time, so 7 is defined. Here we see that the path integral in the numerator

will exclude the constant false-vacuum instanton which dominates the denominator.

3.2.5 SADDLE-POINT APPROXIMATION AND NLO FORMULA

Having the all-orders equation 3.2.73, we want to apply the saddle-point approximation to it to get
something we can actually calculate. If X is the bounce solution to the Euclidean equations of motion
and xpp is the trivial solution which stays at the false vacuum the whole time, then we see that atleading

order:

e—SE[J_C}

I =# (3.2.77)

e—SE [xFv]

Which matches equation 3.2.20 since Sg = 2 f VamVidx (the latter assumed 7 = o at the false
vacuum, so the normalization by the false vacuum drops out). Note however that it matches only for
E = o. The path integral has calculated the longest-lived state, which is the lowest energy quasistable
state.

Of course the entire goal was to be able to go to next-to-leading order. We would like to perform a

Gaussian approximation on equation 3.2.73, expanding our paths x = x + Ox:

—Sg[x] I D§ fisg’[a’c]éx"(s ¥+ 0
A m [ Déxe - (TbEx + 0x]) (32.78)
e—SE [xrr] 500 f Déxe” 2S¢ [xrr]ox
We would then parametrize our paths dx by
oo () = 5(0) + 3 €oalt) (3279)

Where x;(#) are the eigenvectors of S£[x], with \; eigenvalues.
However, as in the usual discussion by Coleman or Kleinert [69, 83], we cannot do this directly

because of the zero-mode. The time-translations of the classical paths are very nearly also classical
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paths, and in the limit 7 — o0, they become exact. In other words S}[x] has an eigenvalue that is
exponentially small in 7, and thus the quartic and higher terms in § will not be suppressed relative to
the quadratic terms. For this reason, before we can begin the saddle-point approximation, we need to

consider this mode separately. We parametrize our paths as:

xl’07<I,...(t) = %(r—15) + Z Cixi(t— 1) (3.2.80)

Unfortunately the Jacobian between &; and (;, /(7o, ;) is non-trivial; we will evaluate it later. First

we must focus on the zero mode and the §; we can evaluate #;:
1 [xt"’c""'] =ttt [xo’c"“} (3.2.81)

So depending on the ¢, one of two things happens:

1. Ifthe path x*% hits bat some time, then the §(z,[x]) function simply removes the 7, integral

and fixes #, to some value #.((;)

2. If the path x> never hits b, then the § is always o, and this point in {-space does not con-

tribute at all.

So we get:

NLO _ 5785[9_6] li ZImdeC](t*(C), C)E_iz)\iciz

im -
e—SE[xm] 1500 fD5x e > SE [xrv]ox?

(3.2.82)

Where the ;¢ indicates infinitely many integrals, constrained by xS () must hit b at some
point. Since the path x just barely hits & at its maximum, if we write x = x + dx, then for tiny
fluctuations this constraint forces dx(0) > o. Since dx = ), (;x;, this is simply an additional step

function in our integral, ©((ixi(0)). We’re working at Gaussian order only and this is a constraint on
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a simple linear combination of the (, so we can include negative ones also at merely a price of a factor
of 2.

This factor of 2, which arises in the Euclidean approach from a subtle analytic continuation argu-
ment at the end of an 8-page appendix (3.2.3), arises naturally in our derivation from the requirement
that the 6(z) fire. More physically, it is the requirement that the path enter the destination region R,
which requirement excludes exactly half the variations on .

Finally we must come to the Jacobian /(7o, (). Jis non-singular after fixing #,, and it has some
expansion in (. Thus the leading-semiclassical effects come from the constant piece; i.e. by ignoring

terms higher order than NLO, we can replace:

J(#:(C),€) = J(#(0),0) = J(o,0) (3:2.83)

This Jacobian is calculated in [83, 84] and in appendix C7 :

J(0,0) = /S(x)/m (3:2.84)

Putting together the Jacobian factor and the 7, we get (keeping A # 1 to be explicit):

NLO e SelE/h

— 76_85[3”’/}/?1 \/ SE[;C]/WZ

(3.2.85)

L ded 1Y)/ /2
o\ det 182 [xr] /B

Where det’ indicates the determinant omiting the o-eigenvalue and the boundary conditions of the
determinants’ domains are x(£00) = o. The 7 comes because the denominator path integral has one
more Gaussian integral than the numerator.

While the dimensions of equation 3.2.85 are the correct dimensions of rate, they have become ob-

7In the existing literature (e.g. [83]), authors often calculate /(7, = o), which is all that we need for our
derivation. However, for their derivations from the Euclidean path integral approach, they need the stronger
derivation of J(7,) for general 7,. For this reason in appendix C, we prove that /is a constant function of 7,
even though in our case we could simply ignore the 7 dependence.
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scured by the combination of the 1/ Sg/m and the determinants. To make the units clearer, let us pull

det’ 4 ~ L.

det 4 A

out 72/2h from the determinant, using

o — ded Sy[)/m|
pNLo _ ¢ - —det’ Sglx|/m .
e—Selxev]/h Sg [x}/ZWﬁ et Sg ery]/m (3.2.86)
Setting /2 = 1and expanding S”:
[NLO _ ¢S] Sglx] | — det (=02 + V" (x(2))) B (3.2.87)
= e_SE[x'FV} 27T det(_atz + V,/(él>) 3.2.07

This agrees with Marino equation 2.94 and Kleinert 17.276.

As discussed in section 3.2.4, f Dx e 5, computed to all orders, is real; only after analytic contin-
uation 7 — i7" do we see the imaginary part. Just like in the Euclidean approach, discussed at length
in section 3.2.3, when we make the saddle point approximation the realness becomes less apparent.
We have a path integral Z which is real for real 7 but becomes imaginary for imaginary 7. When ap-
proximated for real 7 the non-physical true vacuum solution dominates, and the result is real. When
evaluated for imaginary 7T, the instanton solution dominates. Thus we are only justified in using the
instanton because we are looking at imaginary 7. So there is no tension with the instanton’s saddle
point expansion (which matters for imaginary 7) being imaginary when the original path integral is
real (for real 7).

As in the Euclidean approach (Eq. 3.2.30), the path integrals in Eq. 3.2.73 are approximated by a

sum of saddle points:

exp(—STVr) + eXP(_Sinst)
exp(—Stv) + exp(—Sinst) + exp(—Ser)

(3.2.88)

Let us begin by focusing on the denominator, which contains contributions from exactly the same

paths as the Euclidean approach, shown in figure 3.4. Here we’ve written Sp- to indicate the saddle-
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point approximation around the solution which stays at the true-vacuum, Sin for the action of the

instanton, and Sgy for the action of the solution which stays at the false vacuum the whole time.
Because of the forms of these solutions, it is clear that the 7~ dependence, for large 7, must have

a linear dependence for the long stationary times, and a constant piece for the brief times of quickly

moving:

Stv=EpT +§ (3.2.89)
Sey = EpyT (32.90)
Sinst = Erv'T ~+ Shounce (3-2"91)

Recall that in the Euclidean approach, the true vacuum dominated for the physical problem of
interest, but when we deformed to ¢ < o, then the false vacuum and instanton pieces dominated. The
same is true for us, except that rather than deforming the potential in an unphysical way, we are simply
performing the standard 7~ — 7 Wick rotation. For real 7, the true vacuum saddle dominates. But

we are not interested in which dominates for real T, rather which dominates for 7 — iT:

STV = iETVT+ SI (3.2.92)
Spy = iEpyT (3-2.93)
Sinst = LEpyT + Spounce (3-2-94)

And so now we see that the paths’ saddle point approximations, ¢~ 5, areranked TV < inst < FV,
since 0 < Spounce < Si. So for the denominator, in fact the false vacuum solution dominates.

The numerator of Eq. 3.2.88 is similar to the denominator, but has been modified by the (7). In
particular, the FV solution, which never hits the point 4, is removed entirely by the §. Moreover the

TV solution has been modified to 777, something which stays near V7 from time —7 to o in order
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to fire the §(7,[x]), but then goes to the true vacuum from time o to 7. A minimal-action solution of
that form must exist, since the action is bounded and so must have a global minimum on functions
that satisfy 7, [x] = o.

The argument for the numerator is exactly the same as for the denominator; for real 7 the TV
solution dominates, but when we rotate 7 — £7, the constant part of the action now controls the
size of =¥ and so the instanton dominates. Since the false vacuum is not present in the numerator at
all, in the numerator the instanton dominates.

So the correct saddle point approximation to Eq. 3.2.73 for imaginary T is indeed the instanton in
the numerator and the false vacuum in the denominator, as we used in the derivation. For real T, this
would nor be the correct set of saddle points to use (in fact one should use 7V and 7V”). Hence there
is no tension between the saddle-points we calculate being imaginary, and the full path integral for real

T being real.

3.2.6 COMPARISONS OF MINKOWSKI AND EUCLIDEAN APPROACH

While similar in many ways, the derivation in sections 3.2.2 and 3.2.4-3.2.5 have a few key differences.

1. The Euclidean derivation starts from E = ImE,, whereas the Minkowski derivation starts
from the more physical definition 3.2.7. As discussed in section 3.2.1, the physical definition is
the same as the imaginary part of £, so long as £, is defined with outgoing boundary condi-

tions, but such boundary conditions are not obviously present in the path integral.

2. Inboth approaches, the path integral only has an imaginary part after an analytic continuation.
In the Minkowski approach, this was the usual 7 — i7" Wick rotation, which came naturally
in the derivation. In the Euclidean approach, this analytic continuation had to be put in by

hand; instead of just taking the imaginary part of £,, we had to deform the physical potential
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in an arbitrary way to a stable potential, and then analytically continue back, in order to get a

non-zero imaginary part.

3. Calculationally, the formulas remove the divergent mode in the path integral differently. The
Euclidean formula winds up with I'T” = f Dx ¢~ %, removing the T -divergence by dividing
the path integral by T’ on the other hand the Minkowski formula has I' = [ Dx e=%§(7),

removing the divergent integral with a § function.

4. In the Minkowski derivation the normalization is manifest, and it is clear why the saddle-point
approximation to the numerator ignores the instanton which simply stays at 4 the whole time

— that never fires the §(2).

5. In the Euclidean formula, the factor of 1/2 in the NLO approximation comes because of a very
subtle point about extracting subdominant imaginary parts of saddle point approximations.
In the Minkowski formula, it comes very physically from the fact that only half of all small

variations of the bounce solution enter the destination region R.

3.2.7 QUANTUM MECHANICS INd > 1

The all-orders discussion of the previous section can be carried over to the case of multiple dimensions
in a straightforward manner. The main generalization will be to extend the turning point & to a surface
¥ of possible turning points, since paths can enter the destination region from any direction.

The argument rested on equation 3.2.61, which in multiple dimensions says:

t
Dr(a, 05 xp, 1) :/db/ dtoDr(a, 03 b, 1) D(b, 05 %, t — 1) (3.2.95)
b o

For 3 any codimension-1 surface which all paths go through. The only subtlety is that, to avoid
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overcounting of paths that enter and leave, the functional # [x] in Dr only returns the first time x(7)
hits & if that is the first time the path crosses ¥ at all (and returns 0o otherwise).

From there the steps go through the same as the one-dimensional case. Equations 3.2.63 through
3.2.65 will contain two integrals fz db fz dl'. Equation 3.2.67 will thus include an integral fz db,

which stays through the end. Thus we see:

* x(00)=
NN zIm/ db/ Dxe £l% 5 (7 [a])

.2.96
e D (3.2.96)

Finally, [, dbd([x]) = 6(¢s[x]), where z5; is the operator which returns the first time X(#) crosses
Y. Thus:

2Im [ Dx e 513§ (15 [x])

e = f Dx e—Selx]

(32.97)

Where now 3 is the entire surface which bounds R, justlike & was the turning point at the boundary
of R. Both path integrals go from x(—00) = 4 to x(00) = a.
3.2.8 WKB IN MULTIPLE DIMENSIONS

One might wonder what happens to the Schrédinger equation derivation, especially Egs. 3.2.17 and

3.2.22, in multiple dimensions. The all-orders formula generalizes naturally enough to:

_ 1 s dbpolde(B)
m ey delte(x)

(3.2.98)

The WKB approximation in multiple dimensions is more complicated, unfortunately. Atan intu-
itive level, one would very much like to simply integrate over all paths through configuration space,

and for each path apply the 1D WKB. In words, this simply says that the system can decay along any

105



path through the barrier; for each path we apply the 1D WKB formula and then we integrate over all
the paths.

This intuitive picture is unfortunately difficult to prove precisely. See Banks, Bender, and Wu for
the canonical discussion [85]. The problem is that WKB is attempting to approximate the wavefunc-
tion, which takes only a single value at each position; there is no sense in summing over all possible
values it would take if we follow all possible paths to each point. All together, when we want to be pre-
cise, it is easier to apply the semiclassical approximation (which is the approximation WKB performs)
in the path integral rather than trying to use mutidimensional WKB.

However, the intuition from WKB is not useless. Because the trouble has to do with the sum
over paths, one might expect the leading exponential behavior predicted by WKB — that which is
determined solely by the dominant path through the barrier and knows nothing of the other paths —

to be correct. Because the intuition isKeeping only the leading exponentials, this says:

I~ /Dx g2 J ds/2V(x(s) (3.2.99)

Where the path integral is integrating over paths but not also integrating over parametrizations of
. . . . . . .12

those paths; in other words we only include in Dx pathsx(s) in a path-length normalization % "=

For any path x(s), the WKB exponential is exactly the same as the minimal classical action over all

parametrizations 5(7):

/dJ\/zV(x(s)) = rsrg)n dtia’cz + V(x) (3.2.100)

This can be seen because the minimum action path conserves energy; E = S &* — V(x) is constant. As-
suming ¥ = o at the endpoint, this means ¥ = v/2¥ and the minimum-action is equal to [ dr2V(x).
Changing variables from dr to ds gives f dsv/2V. Note that both sides of equation 3.2.100 only in-
tegrate over the path from the false-vacuum to the barrier; to include the return journey one adds a

factor of 2.
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This means that, again keeping only dominant exponentials, integrating over the parametrizations

of the Euclidean action along a single path gives the WKB factor along that path:

/ Dy(g)e S g2 doy/T(e) (3.2.101)

Where the left side is integrated over all paths from false-vacuum back to false vacuum which cross the
barrier, and the right side integrates from the false vacuum to the turning point. Now we can remove

the awkward restriction on the path measure in equation 3.2.98:
'~ / Dx ¢Sl (3.2.102)

Which is indeed the correct equation at leading exponential order according to the more precise path
integral derivations, as long as one allows that the ~ suppresses some sort of restriction to the bounce
saddle point only.

Thus the picture of using WKB and simply integrating over paths through the barrier® (or simply
taking the least-resistance path) does indeed give the correct leading order decay rate.

This intuition is useful, since it says that for a given multidimensional potential, one gather physical
intuition for the size of the barrier by studying the potential along the least-resistance path Vip(s) =
V(x(s)), where x(s) is the least-resistance path which is the same as the Euclidean bounce. The leading
exponential decay rate for the multidimensional problem will then be the same as it would for the 1D
problem V{(s).

Note that it is important when doing so that s be a path-length parametrization. In field theory
we will often wind up computing the Euclidean bounce in terms of a different variable 7; if we use it

as-is then the WKB factor f dt+/2V has the wrong measure. So we must first convert to a path-length

8This “through the barrier” restriction causes the integral in 3.2.102 to be dominated by the bounce and not
the constant false-vacuum solution.
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parametrization:

ds dx;\ 2
= Z <d7'> (3.2.103)

1

3.3 TUNNELING IN QUANTUM FIELD THEORY

Quantum field theory is just quantum mechanics, where the Hilbert space happens to be an infinite
dimensional Fock space. Thus all the fundamental facts of quantum mechanics apply, including all
the facts about tunneling. Understanding tunneling in QFT is exactly the same as understanding
tunneling in QM. However, some confusing language can make it more obscure than it needs to be.

Let us begin with theories with a single scalar field ¢ with a (classical) action of the form

S0 = [ [L0u07 = 1(0)] = [@sate L= 2F0r - 10)] G

1
2
where qﬁ = 0;¢p. We assume V() has a false vacuum at ¢ = ¢ where the potential is V(¢r) = VE.
It is particularly convenient to shift the overall potential so that 'z = o since this is the unique value
for which the total potential energy of the false vacuum [ @xV is finite. Thus, when convenient we
will follow the usual convention and assume ¢r = o and Vr = o.

When going from finite-dimensional QM to infinite-dimensional QFT,; it is important to keep in

mind that the notation and language changes as well:

1. Thesetof classical configurations is not a n-dimensional set of values X, but the infinite-dimensional

space of all field configurations, ¢(x).

2. A quantum state, such as the true ground state, is not specificed by a wavefunction, 9 (x), but

a wave-functional ¥[¢].

In particular, in 1D quantum mechanics, we argued in Section 3.2.1 that the decay rate is independent

of the initial wavefunction, as long as it has some support of the lowest-resonance in the false-vacuum
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region. Thus, for the path-integral derivation, we took it to be 1 (x) = §(x—a). We could have equally
well have taken it to be the ground state of a harmonic oscillator in the quadratic approximation to
the false-vacuum well: ¢(x) = exp(—3mw,x*) where w, = V"(a). Or we could have included
admixtures of higher excited states or continuum modes if the domain of x is unbounded.

In quantum field theory, the ground state in the false vacuum is specified by a functional

wlo] = exp { 117101] [ kot (332

where ¢, = [ Bxe™*(¢(x) — ¢r) are the Fourier modes of ¢(x). Finite energy excitations on top of
this vacuum have a finite number of particles. The wave-functional corresponding to the first excited
state of the harmonic oscillator has an infinite amount of energy (proportional to volume) more than
the ground state. For the purpose of the tunneling rate calculation, we can, analagously to QM, take
U[¢] = 0[¢ — ¢F]. This is what we mean when we say the state is initially localized at ¢F.

Another important difference is:

3. Despite the fact that the Lagrangian has an object called 7, the energy of a static field configu-
ration ¢(X) is not given just by V'[¢] but also includes gradient energy contribution. Thus we

define the potential-energy functional as
I -
v = [ x[L(For + 7(0) (333)

The fact that the intuitive “potential” object is not the full potential energy through which the tunnel-
ing occurs leads to some effects that seem counter-intuitive at first. For example, suppose V(¢) = Vr
is constant, or has a slight downward slope V(¢) = Vg — £¢. Then one might imagine since there
is no barrier in ¥, tunneling would occur infinitely fast, dominating over the classical rolling. In fact,

however, there is a potential barrier in U[¢] due to the gradient energy term, so the tunneling rate is
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finite even as € — o. See [86] for more details. We discuss below the case V(¢) = —A¢* where one
also might worry that tunneling would be infinitely fast.
In quantum field theory, the decay rate can be calculated to all orders using Eq. (3.2.97) with an

infinite number of degrees of freedom:

_|2Im [ D e 5§ (15[ ¢])
I'r = lim
T—00 f Do e—Se[9]

(3.3-4)

Now X is a codimension-1 surface in the enormous configuration space of possible classical field con-

figurations ¢(¥) which bounds the destination region R (also a region in field configuration space).

331 BouNcesIN QFT

If we want to work in the saddle point approximation, then we need to find the stationary configura-

tions of the Euclidean action:

selo) = [ s 2007+ 110)] = [ s [16° + v (333)

The dominant bounce will always be O(4) symmetric [87], that is ¢p(x) = ¢p(p), where p =

\/%* + y* + 2% + 72. For these solutions, the Euclidean equations of motion reduce to

Dxbp + —-0pdp — V[dg] = o (3.3.6)
PB

This equation has the analog mechanics interpretation of a particle rolling down a potential —V(¢)
with p as a time coordinate and the %(ﬁ representing a kind of time-dependent friction. Matching on
to the false vacuum with ¢ = ¢F at ¥ = 00 translates to the boundary condition ¢(p = o0) =

¢r = o. For the solution be smooth at ¥ = o, we must also have d,¢|,—, = o. With these boundary
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conditions, the analog classical system has the particle starting at a point ¢, at rest (at p = o) and
ending atrestat ¢ = ¢p = oat p = o0.

One should think of ¢5(X, 7) as providing a path through field space ¢(X) parametrized by 7. This
path goes from the true vacuum at 7 = 00 to the bubble at 7 = o and then back to the true vacuum
atT = 00. This path is much like a path through configuration space ¥ in multidimensional quantum
mechanics paramaterized by some path length 5. The bubble ¢5(7) = ¢p(X, 7 = o) is the analog of
the turning point x = 4.

As the potential is time-independent, energy is conserved along the path in time (or Euclidean
time). Thus the potential energy of the bubble is the same as that of the false vacuum Ulgp(7)] =

Ulpr| = o. Since total energy is conserved in 7, we also have

UI¢B] = /aﬁxi(&gbB)z (33.7)

And the Fuclidean action on the bounce is

Se(¢pB] = /d“x E(@@s)z + i(ﬁﬂb)z + kaB]] = /_Z dt 2U| ] (33.8)

There are a few known exact solutions to Eq. (3.3.6). An important case is when /" = —A¢* and

dc(p) = \/z T i pE (33.9)

for any R. We call these solutions "quartic bounces”. Other known solutions include piecewise po-

the solution has the form

tentials and Gaussians. To explore the relation between the bounce shape and the potential, it is ac-
tually easier to construct exact potentials given a bounce (by integrating Eq. (3.3.6)) than to construct
bounces given potentials. Some examples can be found in [88].

More generally, it is straightforward to solve Eq. (3.3.6) numerically with the shooting method. The
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idea is that it is easy to solve differential equations with initial conditions, but not with our boundary
conditions ¢/(0) = o and ¢(00) = ¢. So one solves with ¢’(0) = o and ¢(0) = ¢, and varies .
If ¢ is oo large, the particle will overshoot ¢ = o atlarge p and if ¢, is too small, it will undershoot.
Thus one iteratively hones in on the right ¢,. One hurdle to rapid convergences with this method is
that due to the % term, one cannot actually start rolling from p = o without a numerical singularity.

However, this hurdle is easily surmounted using a trick described in Appendix C.

3.3.2  VISUALIZING Ul¢)

As mentioned after Eq. (3.3.3), the gradient energy present in U[¢] but not in /(¢) can mislead our
intuition. Unfortunately, because U[¢] is a functional rather than a function, we cannot simply plot
it. More generally, QFT field configuration space, in all its infinite dimensional glory, can be challeng-
ing to visualize. One approach which we now explore is to consider U[¢)] restricted to a one or two
parameter slice of field space. We can plot U(a) = U[¢,] along the paremeter(s) . In such a plotall
of the intuition from quantum mechanics applies, including intuition for the tunneling rate coming
from the WKB approximation (cf. Section 3.2.8).

One natural choice for v is the Euclidean time 7 parametrizing the path through field space of the

bounce. For any instanton ¢g(p), the 7 path is given by:
o (X) = o3 (\/ 7+ Tz) (3.3.10)

Now we are using 7, which was Euclidean time, as simply a useful coordinate on the slice of field space

of interest. For example with a potential V(¢) = —A¢*, the bounce is given by Eq. (3.3.9), so that

Ulr) = Ulpe] = s (33)

(Rz + 7—2)5/2
This function is shown for a selection of R in Fig. 3.10, on the left. We see that while 7{¢) has no
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Figure 3.10: The proper analog of the potential in QM is the effective energy functional U. This examples uses
V(p) = —A@*with A = 1. Left shows 4Uas a function of 7, whose integral from —0o < 7 < o gives Sg.

Right shows U as a function of 5. The integral of \/Z/over o< s < \/%ﬂ' gives Sg. One can see the degeneracy in
the fact that each of these barriers has the same integral. Remember that these curves show the height of the barrier
in five different directions in field configuration space, which happen to all have the same tunneling rate. Curves from
steep to shallow have R = 1,2, 3, 4 and s.

barrier, U[¢] does. Also, from Eq. (3.3.8) we see that the area under the curves gives the Euclidean
action for that bounce. In this case, the areas are all equal as the potential is classically scale invariant
and §p = = isindependent of R

Parameterization paths with 7 is fine, but to really think of U(7) as a potential, the distance along
the path should be properly normalized. Recall that in going from quantum mechanics to quan-
tum field theory, position is replaced by field values ¢(%X). Thus, instead of ds* = dx* + dy* + .. .,

the measure along a path in field space is given by the somewhat odd-looking line element ds* =

| dx[dp(x)]*. To change from T to 5, we use

ds 27 O¢p 27
A S I

Thus Eq. (3.3.8) becomes

Sp = /_Z dr2U[¢p| = 2/_; dr2U[¢p] = Z/Jf\/m (33.13)
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The right-hand side of this equation is the exact field theory analog of the exponent in the WKB for-
mula in Eq. (3.2.102). The right side of Fig. 3.10 shows U as a function of s. It is the integral of the
square-root of these curves which gives the tunneling rate, as in the finite-dimensional WKB formula.

More generally, for any family ¢, of field configurations parameterized by some coordinate v, we

can find the appropriate normalization using

s = [/ &x <6Z5> ] do’ (3.3.14)

Once normalized, the decay rate calculated from the minimal action along the subspace of field
configurations will approximate the correct decay rate. It will be inexact for two reasons. First, in the
fluctuations around the minimum-action path, we will entirely ignore all the modes of fluctuation that
are not contained in our subspace. If all we care about is LO accuracy, then this is not a worry. Second,
the minimum-action path through our subspace may be very different from the true minimum path,
and so the dominant ¢~ in the subspace may exponentially overestimate the leading-order decay
rate.

Thus to make our 1D slice useful, it should contain the dominant path, as the parametrization by
Euclidean time 7 (Eq.!3.3.11) automatically does (since 7 is exactly the parameter along the dominant

path).

3.3.3 USING APPROXIMATE SOLUTIONS

We can visualize the energy along path through field space as a function of 7 if we already know the
bounce solution. But what if we do not already have a bounce in hand? Well since ¢p is an extremum
of the action, and so we can use a variational approach to get a handle on it by considering a family of
approximate solutions.

For most potentials of interest, it is sufficient to consider a two parameter family of spherically-
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symmetric fields, with the two parameters representing the width of the bubble R which (roughly)
controls the gradient energy/surface-tension contribution and the beight of the bubble ¢, which we

can define as the value at the center ¢, = ¢(» = o). For example, a useful two-parameter family are

the “Gaussian” bubbles:

b6(x) = poe P/¥ (33.15)

Other simple families are the quartic bubbles, ¢ = ¢ - +plz TR and thin wall bubbles for which ¢’ = o
outside of a wall of thickness ¢.

The Euclidean action for the Gaussian bubbles is

Seloc] =2° [ dpo |1 (0,60 + V1dolp) (3316)

7.1_2 2 7.‘_2
= "R +aT RV(o) (317

The second term has a potential-dependent number « in it. For smooth potentials we expect 2 ~ 1.
For example, if V' = —\¢*, thena = i.

To find the bounce, we must keep in mind that the bounce is not the true minimum of the effective
action, but only a saddle point. Indeed, the negative-action fluctuation is precisely what is needed to
give the path integral the required imaginary part to compute the decay rate. Alternatively, decay can
occur if and only if ¥(¢,) < o for some ¢, but then S in Eq. (3.3.17) is unbounded from below as
R — o00. The true minimum is the shot: a path which starts at the false vacuum with enough kinetic
energy to make it to the true vacuum quickly, stay there for a long time, and eventually return. Recall
that the negative-action fluctuation ¢_;(p) has no nodes and therefore is nonzero at 7 = o. Thus,
while the bounce hits the zero energy surface at 7 = o, the shot or any other spherically-symmetric
lower-action configuration cannot. So to find the bounce and not the shot, we can minimize the action

over ¢, and R restricting to Ul (T = 0)] = o.
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The energy of the Gaussian bubbles (at 7 = o) is

U= 4m / P [L(@06(1))" + V06() (3319)
37r3/2 32

RPZ + b
4ﬁ?%+'ﬁ

RV[¢o] (3.3.19)

The second term here has another potential-dependent order one number, 4. For example, if V' =
—Ap*, b= % Restricting to U = o means:
2 3 ¢

RLCS (3.3:20)

Note that V(¢) < o, since due to the friction term the field has to start out slightly beyond the

turning point where 7, so R* > o. Using this restriction on R, the Euclidean action becomes

372 (0

Sg = 8b — 3.
E @M( 3@—W%) (3.3.21)
More suggestively, if we define the effective quartic as
14
r() = 22 (3322)

then the extremum is where ﬁ Aeff = 0. Note that this condition is independent of zand &; it depends
only on the Gaussian bubbles being a reasonable approximation to the true solution®.

The above manipulations provide us with a useful shortcut to deduce the approximate features
of bounce simply by looking at the potential: the field value at the center of the bounce ¢, is where
Aefr is flat; the size of the bubble is given by Eq. (3.3.20), and the action on the bounce is no larger

than Eq. (3.3.21). For example, with /' = —A\¢*, the exact Euclidean action on the true, quartic,

*The condition does require 8/ > 34, which is true for all the examples we have considered.
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bounce is Sg[¢pc] = 237;\2 ~ 5. The extremum along the paths of zero-energy Gaussian bubbles has

Sel¢s] = 97'8 (although it is something of a degenerate case because the action along the zero-energy
Gaussian bubbles is exactly constant).

This effective coupling is commonly used in the literature on the Standard Model effective poten-
tial. There it is often invoked in the context of a resummed effective potential where the MS scale
is set equal to the Higgs background field value, and minimizing Ag is sometimes associated with a
renormalization group condition 9, Aeg(f1) = 0. Here we see that the relevance of Aeg to the bounce
solutions has nothing to do with renormalization: it follows generically in classical potentials.

Another fun exercise with these Gaussian bubbles is to determine how R would depend on time in
aclassical field theory. To determine the time dependence, we can integrate over ’x in the Minkowski-

space action to get an effective -dimensional Lagrangian:

L= 47T/d7‘7‘2 E(@,@ﬁg)z - i(aﬂba)z A (3-3-23)
/. 3/2 3/2
T _RREG: — 2 _R2 — b RV () (33.24)

T 6y2 e NG

where & is the same order one constant as in Eq. (3.3.19). The last two terms in this expression for L

are just — U, from Eq. (3.3.19). Calculating the Euler-Lagrange equations from this Lagrangian gives:

(3.3.25)

We immediately confirm that for bubbles to grow 7(¢,) must be negative (as expected). For bubbles

at rest (R = o) the condition for bubble growth (R > o) is that

> o3
R > 60 (3.3.26)
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Comparing to Eq. (3.3.20), we see that these bubbles grow if R* > I Rj_,, where Rg— is the condition
for the bubble to have zero energy. In particular, Gaussian bubbles which form on the U = o surface

¥ do indeed grow with time.

3.4 TUNNELING AT NLO vs EFFECTIVE ACTIONS

The previous sections have discussed the leading-order semi-classical approximation to the tunneling
rate in a theory with a god-given classical potential /(¢). But in the standard model we use the ef-
fective potential Vg, rather than the tree-level potential 7. In this section we discuss the usefulness
of the effective potential and its equivalence to using only the tree-level potential when computing
tunneling rates. We will see that one can either use the tree-level action and calculate corrections to
the semi-classical approximation by computing the function determinant in Eq. 3.2.87 ignoring effec-
tive actions entirely, or one can use the effective action and calculate corrections to the effective action
itself. However if one uses the effective action, all the terms must be kept, including corrections to

terms with arbitrarily many derivatives; the effective potential alone is not sufficient.

3.4.1 INTEGRATING OUT ORTHOGONAL FIELDS

Firstlet us consider the effective potential obtained by integrating out only fields that are separate from
the field that actually tunnels. In scalar QED, for instance, these would be the photon field 4. The

effective action given by integrating out .4 is just defined by explicitly doing the path integral over A:
o Saelé] — / D e=5104] (3.4.0)
Where the symbol S 4.grabove is not the 1-PI effective action obtained by integrating out all fields, but

the potential from integrating out 4 only.
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And then to all orders, this effective potential is trivially useful in the calculation of the decay rat