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Chapter 1

Introduction

Thoughtful experimental design enables researchers to distill the true effect of treat-
ments from noisy data. The designers of an experiment assign treatments to the units
participating in the experiment randomly in order to avoid bias and minimize vari-
ance in the estimate of the differences between treatments. For example, consider a
clinical trial to assess a new cancer drug. The designers of the clinical trial randomly
assign patients to either the new treatment regimen or the current standard of care in
order to understand whether the new drug will be beneficial for a larger population.

In a standard experimental design context, a few assumptions are made about the
independence of individual outcomes from the overall design. First, the outcome for
a given unit will depend on the quality of the treatment it receives but not on the
quality of the other treatments. Second, a unit’s outcome should not depend on how
the designers plan to evaluate the results of the experiment. It seems reasonable that
the effect of the experimental drug on a particular patient should not depend on the
quality of the standard drug that other patients receive. Moreover, the outcome, e.g.,
survival time, for a particular patient should not depend on what type of significance
test is used on the aggregate data.

As in the clinical trial example, the designer often intends to make a decision based
on the experimental results: the goal of running the experiment is to select the best
of multiple competing treatments. For certain applications, however, it makes sense
to think of the treatments as applied by strategic agents who have utility functions
that depend on the outcome of the experiment. Say that each agent can make some
choices about the treatment it applies, which will affect the outcome distribution for
units receiving that treatment. An agent can use its knowledge of the quality of other
agents’ treatments and of how the experiment will be evaluated to strategically select

which treatment to apply to its units. In this setting, the two assumptions from
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the preceding paragraph will not necessarily hold. This thesis focuses on incentive-
compatible (IC) experimental design—the challenge of designing experiments in the

presence of strategic agents [1].

Consider an education example to illustrate this problem space: say that a school
wants to supplement its in-person instruction with online modules students watch
at home. The school is deciding between two different vendors who make online
modules. Both vendors have already developed modules for science classes, so the
school district decides to randomly assign students in science classes to a vendor for a
one-year trial in order to determine which vendor impacts student learning the most,
as measured by students’ final exam scores. Based on the results of this experiment,

the school will choose to pay one vendor to develop materials for all their classes.

Both vendors would like to win the contract and can choose between a variety
of treatments to apply. Say both vendors have a set of fully developed materials as
well as some new, experimental materials. They can choose how many new, untested
materials to include versus the tried-and-true materials. It is reasonable to think
that the vendors have a sense of how they compare to one another (perhaps based
on looking at each other’s published materials or based on past experiments at other
schools). The weaker vendor who tends to have a lower average effect on student
test scores knows that it is likely to do worse in the trial period if it simply uses its
regular materials. Therefore, the weaker vendor will want to modify its strategy. For
instance, the weak agent could include some of its new, experimental materials. Even
if in expectation the new material will perform no better than the old materials, this
high-variance strategy increases the probability of the weaker vendor outperforming
the stronger vendor. Because this is a winner-take-all situation, the weak vendor will
want to take on extra risk. However, the school does not want the weak agent to
follow this high-risk strategy; the school is interested in assessing how each of the
vendors would perform if it were selected as the winner and awarded the contract.
The goal of the designer is to incentivize each agent to play its natural action, the

action it would take in the absence of competitors [1].

The contribution of this thesis is to consider how blocking, a technique from stan-
dard experimental design theory, affects the incentive compatibility of experiments.

Oftentimes, the designers are aware of covariates of the experimental units that they
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expect to affect the units’ outcomes and confound the treatment effects. Blocking
allows us to split the experimental units into “blocks” based on the value of some
covariate. Then when analyzing the results, variation between blocks can be taken
into account using an Analysis of Variance (ANOVA) approach. ANOVA allows us
to test the hypothesis that there is no difference between treatments by comparing
the magnitude of the treatment effects observed in our sample to the amount of ran-
dom noise. In an unblocked design, we essentially consider all data as coming from a
single block, ignoring the potential confounding effects of covariates. Failing to take
into account the variance between blocks makes the effects of the treatments appear
noisier than they really are and could prevent us from discovering the true treatment
effects. In the clinical trial example, the designers could block on a patient’s age,
gender, or stage of cancer if they believe the distribution of outcomes for a patient
will depend on these factors in addition to the treatment the patient receives. In
the education example, one important covariate is the type of science class: biology,
physics, or chemistry. A good amount of variation in students’ final exam scores will
depend on the class they are in: the final exam for the biology class might be much

harder than the final for the physics class.

The injunction to “block what you can; randomize what you cannot” reflects the
centrality of the combination of randomization and blocking for eliciting treatment
effects in experiments [2]. Past work on incentive-compatible experiments applied
variance-stabilizing transformations to the data in order to disincentivize agents from
taking on extra risk in hopes of winning (see Section 2.4) [1]. We were motivated
to consider whether blocking could similarly incentivize agents to play their natural
actions because of blocking’s key role in reducing variance in a classical experimental

design setting.

This thesis considers two different approaches to determining a winner of an ex-
periment. One, a statistical significance approach, is based on running an ANOVA
analysis, where an agent wins if there is a statistically significant difference between
treatments in its favor. However, using classical ANOVA, the designer may be un-
able to make a decision if the results are not significant. This motivates considering a
score-based approach: whichever agent wins in the majority of blocks wins regardless

of the size of their margin of victory. Essentially, instead of having agents play one
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large competition with all the units and choosing a winner, they play a number of
smaller games under different conditions and whoever wins the majority of individual
games wins overall. This is somewhat analogous to sports where a team’s season
record in terms of games won matters for determining if they make the playoffs, but
the actual scores in those games do not. It is also similar in spirit to the electoral
college where instead of determining the winner based on a direct popular vote, the
different states serve as blocks. Unlike in the U.S. presidential election system, how-
ever, for this paper the binary outcome in each block is assumed to count equally

toward the overall result.

Additionally, this thesis focuses on two classes of strategies agents can apply:
variance and mean strategies. The weaker agent in the education example considered
variance strategies in which the agent could inject additional noise into its outcome
distribution in order to pursue a higher-risk approach. For mean strategies, the overall
mean of an agent’s outcome distribution is fixed, but the agent can choose how it
allocates its efforts across individual blocks. The agent does this by selecting the
means of its distribution for each block subject to an overall constraint on the sum
of those means. Intuitively, this suggests the analogy of agents choosing to focus on

specific demographic groups within a general population.

This thesis compares blocked and unblocked designs for the four combinations of
these two types of agent strategies and two different approaches to winner determina-
tion. Throughout we consider a restricted strategic setting where rather than always
computing Nash equilibria we focus on the strategic behavior of a single agent, typi-
cally the weaker agent. We narrow our scope in this way for tractability and because

this is the first study of the effect of blocking on incentive compatibility.

Our results for the variance strategies are as follows. We show that in the statis-
tical significance approach, the weaker agent is incentivized to add variance in both
designs in order to decrease the probability the designer can correctly identify the
stronger agent. This deviation is less useful to the weaker agent in a blocked design.
When a score-based approach is used, there is a more dramatic difference between
the two designs. In the unblocked design, the weaker agent still wants to add noise

in hopes of generating outcomes where its sample mean is higher than its opponent’s.
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However, in a blocked design, this is not necessarily the case. When there is hetero-
geneity in the magnitude of the treatment effect between blocks, adding noise can
actually make the weaker agent worse off. Intuitively, if the weaker agent is losing
in the majority of blocks but winning by a bit in some of them, adding noise can
do more to hurt the weaker agent in the blocks where it was ahead by a little than
it does to help it win in blocks where it was losing. We derive a condition on the
magnitude of treatment effects required for incentive-compatible designs.

The mean strategies produce the following results. The agents’ optimal choices in a
blocked design are the same for both winner-determination approaches. The stronger
agent does well when the magnitude of the treatment effect is similar across blocks.
The weaker agent prefers a setup where it is very weak in some blocks relative to the
strong agent but in exchange is able to enjoy a slight advantage in other blocks. In
this setting, blocking helps under a statistical significance approach but is less useful
under a score-based approach.

Chapter 2 introduces notation and definitions to formalize the strategies and two
approaches described above. Chapter 3 focuses on the statistical significance ap-
proach, while Chapter 4 considers the score-based approach. In both of these chap-
ters, we consider the weaker agent’s optimal variance strategy and the optimal mean
strategies for both agents. We follow up our theoretical results with simulations illus-
trating these strategies with examples. Chapter 5 concludes by comparing the results

for the two approaches and discussing directions for future work.



Chapter 2

Preliminaries

In this chapter, we formalize the model for the distribution of units’ outcomes, the
two types of strategies available to agents, and the two approaches to winner deter-
mination. We discuss the metrics for evaluating the performance of blocked versus
unblocked designs under the two different approaches. Finally, we compare our meth-

ods to past work on incentive-compatible experimental design.

2.1 Notation

We are running an experiment with n blocks and m total units. We assume that
there are two competing agents and that the blocks all have the same number of
units. Without loss of generality, let agent 1 be the strong agent. An equal number
of units in each block are assigned to agent 1’s treatment as to agent 2’s treatment,
so let s = 3 be the number of units assigned to each treatment within a given block.
Let X;;r denote the outcome for the rth unit receiving treatment j in block 4, where
ie{l,2,...,n},j€{1,2,....k},re{1,2,...,s}.

We model each individual outcome as a normal distribution whose parameters
depend on its block and the treatment it receives: Xjj. ~ N (,uij,afj). Note that
in practical applications our outcome values, such as students’ final exam scores,
may be non-negative. We can assume that the outcomes have been appropriately
scaled to match the normality assumption (e.g., by taking the log of the outcome
values). This fits with the statistical assumptions of a block design (see Chapter 3),
and it seems reasonable that each outcome with a given block and treatment would
have a symmetric error noise distribution. We assume that the mean for each unit

Hig Z 07 \V/Z, j'l

"'We want to impose some limit on the potential difference in means for a given agent between
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The agents can strategically select between different parameters for their normal
distributions, which denote the treatments that they can choose to apply [1]. Both
agents have a set of actions A; from which the agent can choose. An agent’s action
in each block corresponds to a pair of mean and variance parameters for the normal
distribution of outcomes of units assigned to that block and that agent’s treatment.
An action is a specification of these parameters for all blocks and is of the form
((t15,0%), - -+ (png, 05;)). An action profile is a pair A = (Ay, Ay) where A; € A;.

For instance, say there are two blocks (the blocks are determined by some binary-
valued covariate of units). As stated above, there are the same number of units
assigned to each treatment-block pair. Table 2.1 gives the distribution of the outcome
for a unit based on the block it belongs to and the treatment it is assigned. Agent 1 is

the stronger agent, so it has a higher treatment mean p1, > po where p; == ’“ﬁ%

Treatment 1 Treatment 2

Block 1 | N(pu1,0%1) Nz, o)
Block2 | N (p21,05;) N (pa2,0%)

Table 2.1: A sample action profile

We can define an ordering on actions within an agent’s action set from the point
of view of the designers who prefer agents to choose actions with high means and low
variances. The intuition for this is that we want our agents to select natural actions,
the actions they would play in the absence of competitors in order to get a sense of
what their behavior will be like if they win. An action is natural if no other action is

preferred to it.

Definition 2.1 (Preferred action). We say that action A; = ((p1;,0%;), - -, (tnj, 00;)) €
A; is preferred to action Aj € A; if p; > [i; and 03. < 5%,‘v’j with at least one of
those inequalities holding strictly.

Essentially we prefer actions with higher means and lower variances. We consider

strategies where agents can modify their mean or variance parameters separately.

two blocks. For concreteness we select a lower bound of 0 but could have chosen another lower
bound c¢;.



2.2 Defining the strategies

We consider two representative types of strategies that the weaker agent can play to
illustrate the effect of blocking. Typically, we fix the action of the stronger agent, so
its action profile is a singleton A; = ((t11,02), ..., (ftn1,0?)) such that u is greater
than p o for all choices of action for agent 2. We assume common knowledge between
competing agents—agent 2 is aware of A; and vice versa. However, the designer is
assumed to have no a prior: knowledge of the agents’ parameters and will make the
decision based solely on the outcome of the experiment.

First, we consider the variance strategies discussed in the education example,
where we fix the stronger agent’s actions. The weaker agent, knowing it is likely to

perform worse than agent 1, wants to add noise to its outcome distribution.

Definition 2.2 (Variance strategies). Agent 2 has fixed block means and equal vari-

ances in each block but can choose this variance parameter from a range of possible

values: Ay = {((tt12,02), - .., (tn2, 02)) : 0% € [c1, o]}

Intuitively, we can think of this as the weaker agent choosing to inject random noise
in each block, where there is some upper bound on the amount of noise that can
be injected. We place an upper bound on the amount of variance added because if
agent 2 can inject an arbitrary amount of noise, its probability of winning will go to
% in each block regardless of the values of the agents’ block mean parameters (see
Chapter 3).

Figure 2.1 shows three different variance-based action profiles. The means for
both agents are fixed, and agent 1 always has standard deviation 1. The rows of the
figure correspond to different action profiles as agent 2 selects a standard deviation of
1, 2, and 3 respectively. We often select ¢; = 1 in simulations and treat both agents as
having a natural variance of 1 with agent 2 potentially choosing to inject additional
noise by selecting a higher variance parameter. Each row shows the distribution for
both agents in each of the three blocks. The shading highlights agent 2’s density that
lies above the mean of agent 1’s density and illustrates how adding noise can make
agent 2 more likely to succeed in the winner-take-all experiment.

Note that variance strategies force the weaker agent to add noise indiscriminately

to all its blocks. On the other hand, mean strategies fix the weaker agent’s overall
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Figure 2.1: Variance strategies: three sample action profiles
mean ¢ but allow it to choose how to exert its effort across blocks:

Definition 2.3 (Mean strategies). Agent 2 has a fixed overall mean ¢ < p; where
w1 = Ave(u;) and a fixed variance o2 but is allowed to control how that overall mean

is allocated across blocks: Ay = {((p12, %), ..., (tn2, 0%)) : po = ¢, sz > 0}.

For variance strategies, each agent has a natural action: the designer prefers
the agents to choose actions with the lowest possible variance. For mean strategies,
the designer cares about the effect of agents’ mean allocations on the likelihood of
detecting the correct winner but not about the allocation of means across blocks in
and of itself.

Figure 2.2 illustrates some action profiles where the action set for agent 1 is a
singleton with p; = 2, so agent 1’s means are the same for all three examples. Agent
2 can choose any set of mean parameters such that o = 1. Three possible choices
of mean parameters by agent 2 are illustrated. Unlike for variance strategies where
we focus on the weaker agent’s attempts to obfuscate the stronger agent’s advantage,
we consider mean strategies from the point of view of the strong agent as well as the

weak agent to find each agent’s optimal distribution across blocks.
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agent1
agent2

Mean parameter

Block 1 Block2 Block3  Block1 Block2 Block3  Block1 Block2  Block 3

Figure 2.2: Mean strategies: three sample action profiles

2.3 Two approaches to winner determination

2.3.1 Statistical significance: ANOVA

Analysis of variance (ANOVA) is a statistical technique frequently used in the analysis
of experiments to test the hypothesis that there are no differences in treatment means.
We partition the total variation in the data into terms attributable to the treatment
effects and to error. Blocking was initially introduced in the context of these statistical
tests as a way to take into account variance that would otherwise contribute to the
error term. With blocking, we partition the total variation into terms attributable to
treatments, blocks, and error. To each of these three groups, we assign a number of
degrees of freedom corresponding to the number of independent comparisons that can
be made to estimate each of these values. The ratio of the variation due to treatment
and error, scaled by their respective degrees of freedom, follows an F-distribution with
parameters corresponding to the degrees of freedom. ANOVA assumes independence
and normality, both of which hold in our model, as well as reasonably homogeneous

variances, which can be violated when agents play the variance game (see Chapter 3).

The weaker agent is trying to decrease the likelihood the test leads to a significant
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result in favor of its opponent. The weaker agent would like to generate significant
results in its favor, but as we show in Chapter 3, statistical tests are robust to signifi-
cant results in the wrong direction. Therefore, we compare the blocked and unblocked
designs based on how often they yield significant results at the 0.05 level in favor of
the stronger agent. Calculating the probability of a significant result at the 0.05 level
for a given set of mean and variance parameters requires working with the density
of an F-distribution, so we instead focus on the expected value of the F-statistic as

significance is achieved when the F-statistic is sufficiently high.

2.3.2 Score-based

The statistical testing approach is limited by the fact that a significant result will
not always be achieved. In the context of the experiments we consider, we want to
make a decision about which agent is stronger. If the test fails to reject the null
hypothesis that the agents’ means are equal to each other, there is a question of what

the decision-maker should do then.

We could instead make the decision using a score-based approach which will always
pick one of the agents as the winner. In particular, we could determine a winner as
follows. Within each block, the agent with the highest sample mean in that block
“wins” the block. Then whichever agent wins the majority of blocks wins overall
where we count a tie as going to the stronger agent, since at that point the decision
maker could break ties by looking at which agent has the higher overall mean. We
compare the blocked and unblocked designs based on the probability agent 1 wins as
a function of both agents’ mean and variance parameters. Unlike in the statistical
significance approach where we work with the expected F-statistic, we are able to
calculate this probability directly for a small number of blocks and invoke the Central
Limit Theorem (CLT) to get an approximation that’s easier to work with for a large

number of blocks.
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2.4 Related work: comparison with variance stabilization

approach

This thesis extends the work of Toulis et al.’s paper [1], which introduces the con-
cept of incentive-compatible experimental design. The paper considers the effect on
incentive compatibility of transforming units’ outcomes to determine which agent per-
formed best. For example, under an assumption of normally distributed outcomes,
where the variance is the fourth power of the mean, it is incentive-compatible to eval-
uate agents on the basis not of their sample mean but on a variance-stabilized trans-
formation of the sample mean (the negative reciprocal of the sample mean). Variance
stabilization eliminates the risk-return trade-off by not allowing weaker agents to bol-
ster their chances through noise injection. The paper takes advantage of large sample
asymptotics in order to derive these incentive-compatible data transformations. A
section of the appendix discusses how their work could be applied in a multi-block
setting. In this thesis, we focus on the effect of blocking itself on the incentive com-
patibility of experiments and work in a primarily finite sample context, though we

appeal to the CLT for some of our results in the score-based chapter.



Chapter 3

Statistical Significance Approach

In this chapter, we start by defining an ANOVA model for a blocked design in a
classical experimental design theory context. We first identify the weaker agent’s
optimal variance strategy in the blocked and unblocked cases. We then turn our focus
to mean strategies and demonstrate the advantages of a blocked design in response to
these strategies. We define the optimal mean strategy from the perspective of both
agents in a simple two-block case and then generalize our results. In the simulations,
we move beyond considering agents’ behavior in isolation and find a Nash equilibrium

for the mean game.

3.1 Model

Methods for analyzing blocked experimental designs without considering incentives
are well-developed. We can use an ANOVA approach to account for variation due to
differences between blocks when making estimates.

In particular, we assume a simple model for a randomized compete-block design:
Xijr = p+ Bi + 7 + €ijr
where X;;, denotes the outcome for unit r receiving treatment j in block 4, and the
€ijr are independent and identically distributed (i.i.d.) A(0,0?) [3]. The block has an
additive effect, and there are no interaction effects between which block and which
treatment a unit is assigned.

Using this model we partition the variance. Let B; be the sum of all outcomes
in block i, T; be the total for all outcomes assigned treatment j, and G = ), B, =
ZjTj be the grand total for all units. Let B; = %,T} = %, and G = % be the
corresponding averages. See Table 3.1 for a diagram illustrating the assignment of

units to blocks and treatments.

13
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Treatment 1 Treatment 2 Total

Block 1 X1, X112, - Xns  Xior, X2, ... Xqos By
Block 2 Xoi1, Xo12, ... Xo1s  Xoo1, Xoog, ... Xoos B3

Block n Xn117 Xn12> -~-Xn18 Xn217 Xn22a ~-'Xn25 Bn
Total Ty Ts G

Table 3.1: Sum of squares setup

We partition SSioy = ), jT(Xijr G)? = =>. i W—% into variation attributable
to the treatment applied, blocking covariates, and random variation: SSireat, SSblocks,

and SSerror [3]-

T, G\’ T G2
SStreat—nsZ —nsZ( J nks) :Z S

ns ns nks
B, G\ B ?
p— B p— —_—— — pr—
SBblodks ksZ( Gy ksz (ks nks> ks nks
SSerror == Sstot - SSblocks - SStreat == Z(Xijr - G)2 - SSblocks - Sstreat
©,7,7
Z BQ Z Tj2 G2
Z ijr +
ns nks

1,5,T

For the ANOVA test we consider the F-statistic that compares the magnitude of the
sum of squares due to the treatment and to error. If there is a significant result, we
assume the designer will select the agent with the higher sample mean.

In the unblocked case using the sum of squares terms defined above we have

SStreat Sstreat Sstreat
F — dftreat — dftreat — dftreat
unblocked SSunblockcd Sstot_SStreat SSerror +Ssblock
dfunblocked dfunblocked dfunblocked

where dfear = & — 1 and dfyuplocked = dftotal — Afireat = (nks — 1) — 1 = nks — 2. Note
that SSpoex shows up in the denominator because if we use an unblocked design, we
fail to take into account variation due to the difference in blocks, so this variation
contributes to the error of our estimate and makes it harder to achieve a significant
result. In the unblocked case, this F-test simplifies to an unpooled t-test as there are
no blocks and only two treatments to compare. However, this way of writing the test

generalizes to additional agents and facilitates comparison with the blocked design:
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SStreat

__ dftreat
Folocked = g

dferror
where dfeor = dfiotal — dftreat — dfplock = (nks —1) —1—(n—1) = nks —n — 1. The
lower degrees of freedom in the denominator of the blocked design penalize us if we
use a blocked design when the blocks aren’t meaningful.

To illustrate the difference between using a blocked and unblocked design in the
context of incentive-compatible experiments, we consider the expected values of the
elements of the sum of squares decomposition [3]. While the expected value of the
F-statistic—a ratio—is not the same as the expectation of the numerator divided by
the expectation of the denominator, we can get a sense of the relative performance

of the blocked and unblocked designs by considering the expected values of their

Var(G
2n

denominators. Let o2 = be the average outcome variance.

E(Sstreat) = nSZ(M-j - M)Q + (k - 1)062
J

E(SShiock) = ks Z(ﬂz - N)Z +(n — 1)‘762

i

EG2
SStotal Z E 7,]r

vy  nks
=5 Z (ij + ,ufj) — 02 — nksy®
2y}
= (nks —1)0> + s Z,u?j — nkspy?
0]
If our model is well-specified, i.e., there is no block-treatment interaction, F(SSeror) =
(nks —n —1)o2, and E(SSunplocked) = (nks — 2)02 + ks Y, (pi. — p1)*.

Significance testing for this model is robust to minor violations of the independence
and homogeneous variance assumptions, but this model can become misspecified in
the presence of strategic agents [3]. In our education example, not modeling an
interaction effect means we expect test scores to differ by some amount depending on
whether the student is in biology or physics class, but we do not model the possibility
that agents can select how to distribute their mean. For instance, the weak agent may

be stronger than the strong agent in physics (but weaker everywhere else), because
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it has invested extra effort in its physics curriculum. Variance strategies, on the
other hand, allow an agent to inflate its error variance such that o1 < o, violating
the assumption of homogeneous variance. Therefore, when we consider the expected
sum of squares in the context of agents behaving strategically, we cannot assume the

simpler form of the error term that applies when the model is well-specified.
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3.2 Variance strategies

We first consider the variance strategies described in Chapter 2 where the weaker
agent can choose to add variance to all its blocks, decreasing the power of the test.
The blocked significance test does well when the percentage of variance explained by
the difference in block means increases. Since this class of deviation influences block
variances but not block means, it does not lead to a dramatic difference between
blocked and unblocked designs.

Let 02, 02 be the variance for units treated by the stronger and weaker agents
respectively. The strategy consists of the weaker agent selecting its variance o3 such
that ¢; < 02 < ¢y. For both types of designs, E(MSeat) = ns((u1 — p)* + (o —
w)?) + o2, As there are no block treatment effects, we expect increasing agent 2’s
variance to decrease the expected F-statistic.

Blocked case: Since M Sieat, M Serror are independent [3],
E(Fhockea) = E(M Streat)E(my We apply Jensen’s inequality to upper bound

the expected value of the F-statistic and show that the bound is decreasing in o3:

1
EFoce :EMSreaE
(Fiacs) = B0 (75— )

= (ns((pa — p)* + (p2 — p)?) + o2)E (MSlerrOr)

< ns((pa — p)* + (p2 — p)*) + 02
- E(Mserror)
2ns((pa — ) 4 (a2 — p)?)

= +1
a%+a§

Unblocked case:

1
E(Funblocked) = E(MStreat)E (W)

= (ns((pa — ) + (2 — p)?) + 02)E (;)

M Sunblocked
_ o2t ns((pa— )+ (p2— p)?)
0-62 + nsil Z'L(:u’l - M)Q
which is decreasing in o3 if ns((u1 — p)* + (2 — 1)) > =5 >, (i. — ). The

left hand side has 2ns squared treatment difference terms while the right hand side
is roughly an average of the squared block differences. Intuitively this says the ex-

pected F-statistic will be decreasing in o2 unless the heterogeneity between blocks is
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sufficiently large to overwhelm the heterogeneity between treatments.

Theorem 3.1. Agent 2 selecting its maximum possible variance co minimizes

P<T1 > TQ)

Proof. By the independence of the outcome for each unit 77 — T ~ N(ns(u; —
:U1~2>7 ns(o% + U%))

—sn(u.l — M.z) to — b1
P(Ty, >T,)=1—® =1—-9 | =———
(1> 1) ( sn(0? + o2) ) (a%m%)

Since ® is an increasing function and ps — py < 0, as o3 increases, P(Ty > Tb)

decreases. O

As the variances for units treated by agent 1 and agent 2 diverge, the model
will become misspecified. With the variances no longer homogeneous, the sum of
squares will no longer follow a chi-square distribution. However, taken together these
results suggest the weaker agent should select its maximum possible variance in order
to decrease the likelihood of the stronger agent winning significantly. By analogous
reasoning, if given a choice, the stronger agent prefers to minimize its variance in
order to both maximize its chance of having a higher sample treatment mean and in
order to increase the expected value of the F-statistic.

Thus, the variance strategies do not create an interesting difference in performance
between the blocked and unblocked versions. When the weaker agent adds variance,
o> changes but the expected within-block variation remains unchanged. As the av-
erage variance o2 for each outcome increases, the expected treatment sum of squares
and expected block sum of squares explain a smaller fraction of expected total sum of
squares. Blocking on meaningful covariates continues to be a good idea, but the gain

from blocking in regard to incentive compatibility goes down as more noise is added.

3.2.1 Simulation results

We illustrate the impact of agent 2’s variance on the average F-statistic, the frac-
tion of trials in which agent 1 has a higher sample mean than agent 2, and the
fraction of significant results in favor of agent 1 and 2 under each type of design

(Figure 3.1). We ran 10,000 trials with two blocks, 40 total units, and parameters
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(p11, plo1, f12, foo, 03) = (5,2.5,4,1.5,1). Note that these data fit our simple model
with no block-treatment interaction. As we would expect from our theoretical re-
sults, in subfigure a) the average F-statistic is decreasing in agent 2’s variance for
both designs. Subfigure b) illustrates Theorem 3.1 by showing how increasing agent
2’s variance decreases the probability of the outcomes for agent 1’s units having a
higher sample mean than the outcomes of agent 2’s units. Subfigure c¢) shows how
the decrease in the F-statistic from a) corresponds to a decrease in the fraction of
significant results. While we see that the blocked design helps increase the fraction
of significant results when agent 2’s variance is at its initial value of 1, the difference

in performance between the two designs decreases as agent 2 injects noise.

b)

design

™, —*— blocked

—=— unblocked

Average F-statistic
Agent 1 sample mean > Agent 2 sample mean (%)

Agen't 2 \ariance o Ageﬁt 2 Variance

c)

——— - design

*— blocked

Fraction significant

I — — — ———— — ———— — = *= unblocked

50
Agent 2 Variance

Figure 3.1: Variance strategies example: the effect of the weaker agent’s variance on
a) the average F-statistic, b) whether agent 1 has the higher sample mean, and c¢) the
percentage of test results that are significant at the 0.05 level: two blocks, m = 40
total units, 10,000 trials with parameters (ji11, fio1, f12, f2o, 05) = (5,2.5,4,1.5,1).



20
3.3 Mean strategies

3.3.1 Advantages of blocked designs

The analysis of the variance strategies suggests that focusing on the block means
will lead to more interesting differences between blocked and unblocked designs. We
expect the blocked design to be robust in cases where for a fixed difference between
the stronger agent and weaker agent in each block, the difference in block means
increases. For instance, say in both blocks there is a difference in means of .5 between
the agents and let agent 1 have mean 1.5 (and agent 2 have mean 1) in block 1. We
consider two cases: the agents have the same means in both blocks and agent 1 has
mean 4 in block 2. As the block means get further apart, more noise is injected into
the total sum of squares. In the latter case, the observations for agent 1 will appear
to be very noisy if we use an unblocked analysis. However, the blocked design is
robust to this. Figure 3.2 illustrates the distributions for each agent in each block

and overall, as if we were considering the design from an unblocked perspective.

Block 1 Block 2 Unblocked
0.4- 0.4-
0.20
0.3- 0.3
0.15-
> > >
o = =
802 P02 gO'lO — agent 1
[F} 0] ) —agent 2
kel © ©
0.1 0.1- 0.05
0.0 0.0 0.00
00 25 50 00 25 50 0.0 25 50
outcome outcome outcome

Figure 3.2:  Outcome distribution for both agents in each block where
(p11, o1, p1o, f22,0) = (1.5,4,1,3.5,1). The heterogeneity between block means leads
to noise in the unblocked design.

This model is correctly specified (there is no block-treatment interaction), so the

expected value of SSe.or Will not depend on the values of the block means, just on
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the standard deviations within each block. Therefore, the expected increase in SS;gtal

accrues entirely to SSpeck, as the difference in treatment means remain unchanged:

E(SStreat) = 25((pr1 — p)* + (p2 — p)?) + o?

where for this two-block example

Copanpor pantpion +pig +pee pn+por pit pee 1
= - = - = —(p1—p2)

(pa — p) 5 1 1 1 5

50 E(SSireat) does not depend on a change to the difference in block means that leaves
the difference in treatment means unchanged. Figure 3.3 builds on the example in
Figure 3.2 and shows how the blocked design achieves significant results consistently

as we vary the means in block 2.

0.20-

0.15
-E X
o] g .
o winner
= —1
g T2
% 0.10-
c design
.g ’ . blocked
Q + unblocked
o
[T

0.05

d -
0.00-

-1 0 1
Difference in block means

Figure 3.3: Robustness of blocked design to heterogeneity between blocks:

(11, 12, 0) = (1.5,1,1) while p91 = pge+.5 varies from -1 to 4 such that the difference
in block means varies from -2.5 to 2.5; y-axis gives the fraction of datasets for each
value of mean parameters yielding significant results out of 10,000 trials.

We could relate this example to a deviation in which the agent has a way of inflat-
ing or deflating means in a block for both itself and its competitor. For instance if it
can sabotage results for both of them, an unblocked design would become less certain

about the victor while a blocked design would be robust to such a manipulation.
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3.3.2 Two-block design

This example motivates our consideration of the mean strategies defined in Chapter 2.
These strategies are more realistic in that an agent cannot affect its opponent’s block
means but can choose where to exert its own effort. The overall difference in means
between agents is fixed, but the agents can choose how to allocate their means across
blocks subject to that constraint. We will consider the best-response strategies for
both the weaker and stronger agents. To start, we consider a simple case with only
two blocks. We consider i1, po1 as fixed with py; > po; and determine the best
response of the weaker agent. Let the weaker agent allocate ps of its total 2u5 to

block 1.
E(SShioek) = 25((p1. — p)* + (po. — p)?) + 02 = s(p1. — po.)* + o2

where

pan +2papi — oy — 2(1 —po)po  pan — oy
K1 — Mo = 5 = 5

+ (2P2 - 1)#.2

s0 E(SSpock) increases as po increases, and the weaker agent allocates more of its
mean to the block where the other agent is stronger. This will help make the blocked
design more powerful relative to the unblocked.

However, depending on the value of ps, the difference in means between treatments

will not be identical in each block, so SSor Will also depend on the block means.
E(SStotar) = (4s — 1)‘7? - 43M2 + 3(#%1 + N§1) + 3(#?2 + Ngz)

where the contribution of this deviation comes only through the final term

M%2 + M%Z = 4P§M.22 + 4(1 - p2)2ﬂ.22 = 4(2173 — 2py + 1)#.22

To consider the net effect on the expected F-statistic it suffices to consider

2
Hi1 — H21
4(2p3 — 2p2 + 1)py — ( 5 + (2p2 — 1)#.2) :
This term represents the part of the denominator of the F-statistic that can be affected
by this kind of deviation. The deviating agent wants to maximize this noise which
occurs at po = 0. This corresponds to the weaker agent putting all of its overall mean

into the block where the stronger agent is weaker.
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On the other hand, we can consider the best response of the stronger agent by
finding the minimum of an analogous expression. Let the stronger agent allocate p;

of its total 2u1 to block 1 and treat 19, t9o as fixed in

H12 — H22

2
9 + (2]71 - 1)#.1)

4(2]9% —2p1 + 1)#.21 - (

Taking the derivative and solving for p; we find the design performs best when'

— 1

b dpiy 2

This value of p; makes intuitive sense as keeping p; close to % minimizes overall error.
The additive term proportional to the block difference for agent 2 makes the difference
in means similar in the two blocks. Intuitively, this value of p; balances between a
lower E(SSiota1) When p; is close to % and a higher E(SSpock) when the difference in
block means is higher.

In fact, we can show the above condition corresponds to selecting (pu11, f191) such
that the differences between means within each block are equal:

[11 — M12 = o1 — foo. Solving for p; = % and 1 — p; yields
pin = 5(p2 — po2) + p1 and pog = —.5(p12 — pea) + pa

M1l — fo1 = [12 — 22 = H11 — Hi12 = M21 — HU22.

Intuitively, agent 1 is able to generate more significant results in its favor by
keeping the difference in treatment means the same across blocks as this decreases
the total variation making it easier to elicit the true treatment effect. We find that

this holds true for any number of blocks.

3.3.3 General design

Theorem 3.2. Agent 1 setting pi1 = o + ft1 — po minimizes the expected error

variation.

Proof. With more blocks, we consider the equivalent relevant part of the F-statistic

IThis expression for p; will always be < 1 as 4p.1 > 4p.o > 2(p12 + poo) > 2(p12 — po2) so the
first term is < %
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f(ILL:Ll" e 7,Unl) = Z/%Z] -2 Z(Hz - H)Q

Given fu1, 32, Vi, we can solve for the values of p;; for which the blocked design

performs best by setting up a Lagrange multipliers problem
min f (11, .., fn1)
subject t0 g(p11, .., ptn1) = > fti — npty =0

As 29 = 1.vi, 2L = )\ Vi.
8“21 ’ ? 8/"/21 )

1
Flrars - i) = Z/ubfl 5 Z(Mﬂ + o — b1 — ,u.2)2
of
Opir

= 2051 — (pin + fliz — foa — o) = fin — iz + fa + fra = A

fin — fig = A — pg — fro =N
npy — nprg = nX\

pin = phiz + (o1 — f1.2)

]

This aligns with the result we found in the two-block case. An optimal distribution
of agent 1’s mean given fixed opponent means is to distribute its overall mean such
that the difference in means within a block is always equal to the overall difference

in treatment means: p;; — o = 1 — fha-

3.3.4 Simulation results

Now we look at an example simulation where we fix the means for agent 2 and see
how the blocked and unblocked designs compare as agent 1 varies its allocation of its
mean between the two blocks (Figure 3.4).

The stronger agent wins > 99% of the time for all tested values of agent 1 mean
in block 1. The unblocked design does best when agent 1 allocates its mean evenly

between blocks as the unblocked design does not take into account the block means,
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Figure 3.4: Effect of allocation of agent 1’s mean between blocks on frequency of sig-
nificant ANOVA results for blocked v. unblocked designs where agent 2’s parameters
are fixed: (19, ptoz, 02) = (2.5,.5,1), tt12 + fi2e = 5.5, s = 4.

and distributing the mean evenly minimizes F(SS;oa1). In the blocked design simu-
lation, significant results are most likely when agent 1 has a mean of 4 in block 1 and

a mean of 2 in block 2 which matches up with what we would expect theoretically:

441, 2 4-3 2

plzplg—u22+1 _2.5—.5+1 2

When 17 = 4, the block means differ from one another: p;, = 3.25 and py. = 1.25.
We see a difference in performance between the two designs on the right-hand side
of the graph when there is a meaningful difference between block means. Note the
difference in block means would be increased if agent 1 allocated even more of its
mean to block 1; however at that point the increased total error outweighs the gain
from increased separation between blocks, which is why the blocked (red) line falls off
after 4. Moreover, this allocation yields identical differences between means within
each block as expected: p1; =4, py1 — p12 = 1.5 and o — pog = 1.5.

Next we consider how often significant results can be achieved when agents be-
have strategically. Figure 3.5 gives an example where agent 1 varies its allocation
across blocks and agent 2 best-responds by choosing its block allocation that makes
a significant result least likely—either po = 0 or ps = 1 as we found. Agent 2 is able
to successfully depress the fraction of significant results by allocating all of its mean

to a single block. The blocked design does outperform the unblocked version when
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P = %, but there is not much difference between the two designs otherwise.

0.6
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i

winner

=Xl
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design
blocked

+ unblocked

Fraction significant
o
N

2 4
Agent 1's mean in block 1

Figure 3.5: Frequency of significant ANOVA results in blocked v. unblocked design
plotted against agent 1’s mean allocation. Agent 2 chooses its best-response mean
allocation. pig1 + pig1 = 6, j1a + oz = 3,0> = 1, s = 4.

In Figure 3.6 on the other hand, agent 2 varies its allocation across blocks, and
agent 1 chooses the block allocation that makes a significant result most likely. To
do so, agent 1 sets its block means such that the difference between treatments is the
same in each block. This leads to a dramatic difference between the two designs. The
results for the blocked design are robust to the choice of block means by the weaker
agent. The difference between treatments in each block is the same as the overall
difference in treatments, making it easy for the blocked design to elicit this overall
difference. In the unblocked design, however, the consistency in the difference between
treatments across blocks does not matter; this design does better when p; = % as this
leads to less error variance among units treated by agent 1.

Finally, we consider simulations for more than two blocks. In Figure 3.7, we fix
w1 = 3.75, o = 2.75. We randomly draw the probability vector ps ~ Dirichlet(1) for
the distribution of agent 2’s means across five blocks and fix (p12, . . ., is2) accordingly.
Then we draw 100 random p; ~ Dirichlet(1) and calculate the fraction of the time
we get a significant result when we run ANOVA on 1,000 random datasets generated
using pu1 = dpipq, n = 5, s = 4. Figure 3.7 shows the empirical distribution of

our results. We focus on the density when agent 1 wins, which occurred on average
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Figure 3.6: Frequency of significant ANOVA results in blocked v. unblocked design
plotted against agent 2’s mean allocation. Agent 1 chooses its best-response mean
allocation. fi; + pigy = 6, ft1o + g = 3,02 = 1,5 = 4.

> 99.9% of the time. The vertical line represents the results for the optimal allocation
of agent 1’s block means. In the blocked case this involves setting p;; = 2+ .2 and in
the unblocked case requires distributing agent 1’s total evenly across blocks such that
11 = - -+ = ps1. We see that the blocked design performs better with more mass on
higher percentages of significant results, while the unblocked design is concentrated

around values < .25.

3.3.5 Considering the full treatment selection game

So far, we have considered the action of agent 2 in isolation given fixed block means
for agent 1. If we allow both agents to allocate their means, we can look at this as a
two-player, zero-sum game. We can then examine the Nash equilibria by considering
minimax strategies [4]. Let p;, ps represent the fraction of their totals, 2u; and
215 respectively, the agents allocate to block 1. There are no pure strategy Nash
equilibria. We rewrite the relevant terms of the F-statistic to take into account that

both agents are choosing how to allocate their means:

F(p1,p2) = 4207 — 2p1 + 1) +4(2p3 — 2pa + D)y — (201 — Vpea + (2ps — Do)’
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e Density of significant results when agent 1 wins

design
/" blocked
_/unblocked
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0.00 0.25 0.50 0.75
fraction significant

Figure 3.7: Five-block mean strategies: density of fraction of significant ANOVA
results on simulated datasets for blocked v. unblocked designs. Dashed line shows
fraction of time simulated dataset will yield a significant result when agent 1 allocates
its mean optimally: 111 + o1 = 7.5, ft12 + fioo = 5.5,0% = 1,5 = 4.

We want to find

p1 € arg min {max f(pl,pQ)]
p1 D2

82f(p17p2)

e 163 > 0, so it suffices to consider the endpoints

Consider max,, f(p1,p2)-
maxy,e{0,1} f(plap2)-

p2 = argmax f(py, p2) = arg max (— ((2p1 — Dpy — M‘2)2 = (2pr = Dpa + M.2)2)
p2€{0,1} P2

= argmin (((2p1 — 1)p1 — p2)?, ((2p1 — Vs + H.2>2)

p2
If p1 > %, (2p1 — Dpy > 0 (and po must be > 0), so agent 2 chooses the first
option ps = 0. If p; < %, (2p1 — )py < 0, and agent 2 chooses the second option
po = 1. Assume there is some Nash equilibrium where py = 0 so p; > %, then

P = argmin4(2p? — 2py + 1)p? + 4p% — (201 — Dy — p2)?
P1

However, the local minimum of f(p;,0) occurs at p; = &1#2 = 1 r2 o1 apg

201 2 211 2
% = 16p% > 0. Intuitively, if po = 0, agent 1 wants to allocate less of its mean
1

to the first block such that the difference between treatments in the two blocks are
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identical, in which case agent 2’s optimal response is p, = 1. A similar argument
holds if we assume there exists a Nash equilibrium where p; = 1.

This suggests a mixed strategies solution where the weaker agent mixes between
the p» = 0 and p, = 1 allocations, while the stronger agent plays p; = % We illus-
trate this through simulation (Figure 3.8, Figure 3.9). Let p; = 3 and py = 1.5.
The stronger agent splits its mean equally across blocks and plays (3, 3) for its mean
parameters in the two blocks. The weaker agent mixes between its two best responses:
(0,3) and (3,0). Given agent 2 plays (0,3) half the time and (3,0) half the time in
Figure 3.8, agent 1 selecting parameters (3,3) maximizes the fraction of significant
results. Similarly, given agent 1 has block means (3, 3), agent 2 minimizes the prob-
ability of a significant result by selecting (0,3) or (3,0) as shown in Figure 3.9 and
as we would expect from the above analysis. Note that this is a Nash equilibrium for
both the blocked and unblocked designs, but the likelihood of achieving a significant
result is higher in the blocked design. The choice of the treatment means (p; = 3,
o = 1.5) determines whether the above strategy will be a Nash equilibrium. For
certain values of .1, .o, p1 = % will not be the best response to agent 2 mixing equally

between p, = 0,p, = 1.
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Figure 3.8: Nash equilibrium: fraction of significant results based on agent 1’s dis-
tribution of its mean when agent 2 plays (0, 3) half the time and (3, 0) half the time:

10,000 trials at each level of agent 1’s mean, half with agent 2 playing (0, 3).
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Figure 3.9: Nash equilibrium: fraction of significant results based on agent 2’s dis-
tribution of its mean when agent 1’s strategy is fixed at (3,3): 10,000 trials at each

level of agent 2’s mean.
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3.4 Results summary

Here is a summary of the take-home messages about the relative performance of
blocked and unblocked designs for the two different strategies under a statistical sig-

nificance approach to winner determination.

Variance strategies

e Agent 2 injecting additional noise leads to a greater probability of its sample

mean exceeding agent 1’s sample mean in both designs.

e The fraction of significant results in favor of the stronger agent tends to decrease

as agent 2 injects noise, particularly in the blocked case.

e Blocking on meaningful covariates makes the experimenters better able to iden-
tify the stronger agent for the initial value of o3. However, as the weaker
agent adds noise, the relative advantage of the blocked design decreases. The
additional error variance introduced by agent 2 makes the utility of correctly

accounting for between-block variance less impactful.
Mean strategies

e The weaker agent is incentivized to distribute its mean unequally: in the two-
block case, the weaker agent should put all its mean into the block where the
strong agent is weakest. Intuitively, these large differences between treatments
in opposite directions in the two blocks lead to greater total variance, which

makes eliciting the true treatment effect less likely.

e In a blocked design, the stronger agent wants to allocate its block means such
that the difference between treatments is identical across blocks, i.e., agent 1
is winning by the same amount in every block in order to decrease the error
variation. In an unblocked design, the differences between means within blocks
do not matter, so the best the stronger agent can do is distribute its mean
equally across the blocks in order to decrease the total variation. Agent 1
is able to generate significant results more frequently by following its optimal

strategy under a blocked design.
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Overall, for the statistical significance approach, we find that employing a blocked
design is more useful when agents can strategically modify their means than when

they can modify their variance.



Chapter 4

Score-based Approach

In this chapter, we initially focus on variance strategies. We start by calculating the
probability of the stronger agent winning under the score-based approach and explor-
ing the optimal variance strategy for the weaker agent when there are only two or
three blocks. Next, we appeal to the CLT to find an approximation for the probability
of the stronger agent winning. This makes it easier to reason about cases with more
blocks. We illustrate how heterogeneity of block means affects incentive compatibil-
ity and define a condition on block mean parameters for incentive compatibility to
hold. In this chapter, when discussing incentive compatibility, we focus primarily on
whether adding noise initially hurts agent 2’s chances of winning, i.e., whether there
exists some upper bound on the variance agent 2 can add for which the setup would
be incentive-compatible. This is because if we place no limit on the variance agent 2
can add, asymptotically the probability of winning each block will go to 0.5. Finally,

we turn our attention to mean strategies.

4.1 Model: variance strategies

In the score-based approach, the winner is the agent who has a higher value in the
majority of blocks with a tie being counted as a win for agent 1, the stronger agent
(1 > p2). As before, the distribution for agent 1 for each observation in block i is
Xitr ~ N(pi1,0?) and that of agent 2 is Xjo, ~ N (s, 03). Let fl; = pi1 — iz be
the difference in means within block 7. For the beginning of this chapter, we focus on

variance strategies.

Theorem 4.1. Without blocking, it is always in the weaker agent’s interest to add

noise.

33
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Proof. Using the normal method of comparing overall means we effectively consider

all data as forming a single block.

P(agent 1 win) = P <Z(Xm — Xigy) > O) — P (M(N.l - M.2)>

2 2
o]+ 03

1,7

Let p, be the mean and o, be the standard deviation of ). (X, — Xio,). Taking
the derivative with respect to o3 we get

R S G R

o

The probability of agent 1 winning overall is decreasing in 03 when p, o< gy — 2 > 0,
which agrees with the fact the probability the stronger agent wins decreases towards
.5 as the noise o3 increases. As the denominator of the fraction approaches infinity

and the fraction approaches 0, the value of the normal CDF of 0 is .5. m

Now we consider the probability agent 1 wins in a blocked design. Let p; be the
probability agent 1 wins in block ¢ and let 7, Z5, Z3 be i.i.d. standard normals.

=P (Z Xitr > ZXer) = P(spi1 + VSo1Zy > Spin + \/50222)

= P(09Zy — 012, < \/g(,uil — Li2))

:P(\/U%—I—U%Zz; < \/E[[Z>

— & Vi
Voi+ o3
Therefore P(agent 1 wins) conditioning on the p; follows a Poisson binomial dis-

tribution, which is like a binomial distribution except the independent trials have

non-identical probabilities:

P(agent 1 win) Z sz H (1 —pj),

SeF €S  jese

where F is the set of all subsets of the integers 1,...,n with cardinality at least [ ]
where n is the number of blocks. Note that P(agent 1 wins) depends on the f;; only
through the block differences i;, so in later sections and simulations we sometimes

only specify the f; and not the ;.
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Even in the blocked design, continuing to add noise will asymptotically make the
probability of agent 1 winning in any particular block .5. If there are n total blocks,
the probability of agent 1 winning is then the probability a Binomial(n, .5) random
variable is at least [%]. This is why for the variance strategies we consider cases
where the amount of noise an agent can add is bounded by some upper limit cy. This
bound seems reasonable as we would expect the weaker agent can only add so much

noise to units’ outcomes in practice.

4.1.1 Two and three blocks

The simplest case of all is when there are only two blocks. Because we assumed ties

go to agent 1, agent 1 wins so long as agent 2 does not win both blocks.

P(agent 1 win) = 1 — P(agent 2 win block 1) - P(agent 2 win block 2)
—1_d V(2 — pun) P V's(paz — pa1)

The derivative with respect to o2 is proportional to

Vs(p2 — pn) P V/8(p22 — piar)
Voi+ o3 Vol + o2

V/8(p22 — pian) P V82 — pn)
Vol + o3 Voi+ o2

As iy > po, agent 1 has a higher mean in at least one block. If agent 1 has a higher

(,u12 - Mn) 2 (

+ (pa2 — p21) - <

mean in both blocks, both terms of this derivative are negative, and it is in agent 2’s
interest to add noise. If agent 1 has a higher mean in one block, say block 1, and agent
2 has a higher mean in block 2, the first term of the derivative will be negative and the

second positive. As agent 1 has a higher overall mean, |p12 — 11| > |22 — po1|. This

impli Vs(pma—p1) V/s(p22—pi21) A . . . B .
1MpHLes @ ( [ 502 < /10 S flgo — flo1 is positive but zi15— 7 is not,

o} (M) > O (M), so the incentive compatibility of the experiment

1/0%—1—0% 2402

01103
depends on the particular values fi;.

The two-block case is something of a special case since as the number of blocks
increases, the fact that ties favor the stronger agent has less impact. We turn our
attention to the three-block case: for simplicity let 3 = 0 so p3 = .5. We want to char-

acterize the values of fi7, fi5 for which this experiment will be incentive-compatible.
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By a similar argument to the two-block case, if agent 1 is weakly ahead in all blocks
it is in the agent’s interest to deviate. We instead consider the case where agent 2 is
ahead in one block: Without loss of generality, say that agent 2 is ahead in block 1:
(1 < 0. As pq > po, this implies g > 0 and |z > | ].

P(agent 1 win) = p1ps + .5p1(1 — p2) + .5(1 — p1)p2 = .5(p1 + p2)
— 5P ﬂ + 5 ﬂ
o2+ o3 Voi+ o3

OP(agent 1 win) _ NEIn _ NI
952 X~ P T | 2P| T
02 0—1 + (72 01 + 02

Let f(x) =x-¢ \/%) As 17 < 0, the first term is positive, so the derivative
1 2

will be positive when |f (1) > |f(f2)]-

0.10-
0.05-
X000
-0.05-

-0.10
0. 2
X = block difference

Figure 4.1: f(x) =z - ¢(v/5x) where 0 = 02 = 1 and s = 10.

Figure 4.1 illustrates a graph of f(z) for different values of the block difference z.
First of all, we note that f is an odd function which makes sense given ¢ is an even
function and the identity g(x) = x is an odd function, so their product will also be
odd. ¢ peaks at 0 and approaches 0 as the magnitude of = increases. This explains
why we see the two peaks occur for relatively small values of . When z is too small,
it keeps the product f(x) small. Varying the value of ¢ = \/% stretches the graph
with lower values making the peaks wider. We can also think about the value of f(z)

compared to the p; for that block rather than p; (Figure 4.2).
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f(difference in means in block i)

-0.10-

-0.50 -0.25 0.50

0.00 0.25
prob(agent 1 win block i) - .5

Figure 4.2: f(x) = - ¢(v/5x) versus ®(v/5x) — .5 where 0? = 02 = 1 and s = 10.

Given this, we would expect our three-block setup to be incentive-compatible most
of the time as |f2] > |f1| except for when /17 is very small and f(/;) approaches 0.
Figure 4.3 illustrates this phenomenon for values of j11 — po = i1 + o + i3 = i1 + fio
in [0,3]. For these values of 17 + fio we find the threshold value of i for which,
given that agent 2’s variance without any deviation is o5 = 1, adding noise goes from

initially helping agent 1 (IC) to helping agent 2 (non-IC).

0.0
-
X
@]
S
o
£
0.5
& Ic
@

MFalse

e M True
£
@®-1.0
3]
c
5
=
o

15 3

1 2
Qverall difference in means

Figure 4.3: Whether a three-block setup is IC (when o3 starts at 1) based on the
values of the mean parameters: x-axis gives overall difference in means ji; + (i3, y-axis
gives /17 and g3 = 0,5 = 10,07 = 1.

So far we have focused on incentive compatibility in terms of the simple question
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of whether agent 2 wants to add any noise. We also consider the amount of noise

agent 2 can add in Figure 4.4.

=3
=3

Agent 2 variﬁ)nce maxinlizing P(agent 1 wins)
[=] o

o

25 20 0.0

15 -10
Difference in means in block 1

Figure 4.4: Effect of block means on level of incentive compatibility in a three-block
case: x-axis gives the difference in means in block 1 where the total difference is fixed
i3 = 0,17 + po = .5, y-axis gives the value of agent 2’s variance that maximizes
the probability the stronger agent wins—higher values suggest higher levels of IC
(0? =1,s = 10).

We illustrate the effect of manipulating agent 2’s variance for block difference
parameters on either side of the boundary from Figure 4.3. Figure 4.5 shows a plot of
how increased variance affects the probability agent 1 wins in an incentive-compatible
case (13 = —.b, fip = 1 and a case that is not incentive-compatible p; = —.1, iy = .6
both of which have p; + iz = .5. Note that the probability of agent 1 winning
starts out higher in the not incentive-compatible case. Intuitively, in the IC case,
the additional variance hurts agent 2 more in block 1 then it helps in block 2. In
the non-IC case, the probability of agent 1 winning in block 1 is already sufficiently
close to .5 that it is worth it to agent 2 to add noise in order to increase its chance of

winning block 2.
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Not IC

Probability agent 1 wins
S o o
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Figure 4.5: Effect of agent 2’s variance on probability agent 1 wins: IC example
where probability agent 1 wins is initially increasing in agent 2’s variance (i3 =
—.5, i = 1) versus a non-IC example where the probability of agent 1 winning
decreases monotonically in agent 2’s variance (f; = —.1, fia = .6) with ¢ = 1, s = 10.
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4.2 Normal approximation to Poisson binomial

In order to characterize the conditions under which a block setup will be incentive-
compatible, we use an approximation. Trying to take the derivative of P(agent 1 win)
directly is difficult because the number of blocks won by agent 1 follows a Poisson
binomial distribution which requires considering the probability of all sets in which
more than half of the blocks are won by agent 1. To get around this we use the CLT
and a continuity correction to get a normal approximation to the Poisson binomial
distribution [5]. The mean number of blocks won by agent 1is =) . p;, where p; is
the probability of winning the 7th block. The blocks are independent of one another
so 0% = > pi(1 — p;), and the CLT applies. If the number of blocks n is odd,

P(agentlwin)zl—@(a_’u):1_(1) §_Zipi
g > pi(1—pi)

If n is odd, agent 1 wins overall if agent 2 wins [%] or fewer blocks, which

is 5 or fewer blocks with a continuity correction. If n is even, it will instead be

P(agent 1 win) =~ 1 — & ( %7('757“ > as agent 1 winning corresponds to agent 2 winning

no_
2

1 blocks or fewer, which becomes 3 — .5 with the continuity correction. For the

calculations below, we use the formula for an odd number of blocks for simplicity; for
an even number of blocks, we can simply substitute § —.5 — p for § — p.

We expect the quality of this approximation to improve as the number of blocks
increases. The normal approximation tends to fit the Poisson binomial well with
most divergence occurring at the tails [5]. Since we are interested in the median
of the distribution, this is not a major issue for us. Figure 4.6 compares the exact
and approximate CDFs for the number of blocks won by agent 2 using the poibin
package in R [5]. The probability agent 1 wins each block is drawn independently from
a Beta(4,3) to model the fact that agent 1 is the stronger agent: the approximation
tends to perform worse when skew is high so this gives a more accurate picture than
using uniformly-distributed probabilities [5]. The large point marks the probability

that agent 1 wins overall, i.e., wins the majority of blocks. We see that the fit is

already quite good for 10 or even three blocks and very good for 50 blocks.
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Figure 4.6: Normal approximation to Poisson binomial: compares exact and approx-
imate CDFs for number of blocks won by agent 2. Large point marks probability
agent 1 wins overall.
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4.3 Effect of heterogeneity in block means on incentive

compatibility

The three-block examples suggest incentive compatibility is likely to hold when there
are some blocks where the stronger agent does much better than the weaker agent
and others where the weaker agent has a slight advantage. Incentive compatibility
is more likely to occur when there is heterogeneity across blocks in the difference in
means between the agents.

To formalize this, consider a generative process for f; = p;1 — pio ~ N (faist, T3g)
where pgg > 0. We know the probability the stronger agent 1 wins a block, p; =
) % , depends on the block means only through the value of p;. So if we
generate the ji;, we could then choose any 1, po satisfying i; = p;1 — pio and draw
the values for the units as usual from normal distributions with those means and

variance 1.

Using this method we have

2
N (pais, 05:¢) Haift + OqigZi
— |~ |
oi+o3 oi+o3
S S

where Z; ~ N(0,1). Note that the p; are distributed i.i.d.

pi ~ @

We are interested in whether an experiment is incentive-compatible, i.e., whether
agent 2 adding noise starting from o7 = 1 initially hurts agent 2’s chance of winning.
We would expect increasing o4 to increase the probability of incentive compatibility.

Let g(paier, oaier, Zi, 03) = pi. We take its derivative conditional on the value of Z;.

g Hait + OaiZi 1 (0% + 03 oo
Iz = Piff T T2 ) (s G 7)) —=
902 ¢ rro (i + oainZi) 5 .

Substituting in 02 = 1 yields

dg

2
dos

Haift + OqigZi

O’%-‘rl
s

Zi X —(paig + oaigZ;) - ¢

As ¢(c) > 0, Ve, 24

) 80%

Zi >0 & pag + oqigZ; < 0.




43

0.20-

o
an

Fraction IC
=]
>

0.05-

0.00-

0 1 2 3 4 5
Standard deviation of distribution for generating block mean parameters

Figure 4.7: Effect of variance in block means on incentive compatibility: x-axis gives
the standard deviation of the distribution used to generate the block mean parameters
where higher values lead to greater heterogeneity in block means. For each value
of this standard deviation, we generate 100,000 ten-block simulated datasets and
calculate the fraction of them that are IC.

P(paig + oqigZ; < 0) = P (Zi < _Mdiff)

Odiff

Since pgg > 0 (agent 1 is stronger), —Lfat < 0. This probability increases
as ogig increases and —% gets closer to 0. Therefore considered unconditionally,
P(%’% oy > () increases as ogqig does.

We checked this hypothesis by simulation (Figure 4.7) generating the p; as de-
scribed above for ten blocks and calculating the derivative of the normal approxima-
tion for the win probability at 03 = 1. We let the mean difference within blocks be 1,
i.e., on average agent 1 is stronger than agent 2 by 1. We graphed the effect of o4
on the percentage of time a small deviation hurt the weaker agent, using the normal
approximation to the binomial. We ran 100,000 simulations for each value of og.
The probability the stronger agent wins is an increasing function of the i.i.d. p;, so

it makes sense that as P(% , > 0) increases, P(w , > 0) tends to
2 lo2=1 2 =1

increase.
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4.4 Conditions on block differences for incentive

compatibility

Using the normal approximation, we can characterize the conditions under which
a block setup will be incentive-compatible, i.e., agent 2 benefits from increasing its

variance from o3 = 1.

o 5= 2P
P(agent 1 win) =1— & ( Sl —Z%))

o —(3—p) - St I(1- QPi)ng;é

2 Rz
0—5:1__¢ o o?

x —0%k — (u — .5n)z

where in the final line we named a couple of terms:

=Y \ﬁ[ =S A

e= Yo [ i 5) = X s - 5)

\/g

using the notation f from the three-block example. To simply this further we rewrite
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z 1n terms of a covariance term s.

s = COV (f(/jl>7pz - 5)
2 fl)(pi = 5) 2 i) 2 (pi = 5)

i

n—1 n n n

1 < ,u—.5n)
= T — K-
n—1 n

W —.on

r=Mn—-1)s+k-

Plugging back into our derivative for P(agent 1 wins):

P(agent 1 win)
o3

o<~ — (= 5n) (0= s - 22

2_
o5=1

x — (02 + W) k—(pu—.5n)(n—1)s
Let’s consider the first term. o2 + @ > 0 so its sign depends on k = Y. f(f).
The sign of f(f;) = & - ¢(fl;\/5) for a given block depends entirely on the sign of
the block difference j1; as ¢ is a non-negative function. If ji; is negative, that block’s
contribution to the derivative will be positive: a block where the weaker agent is
ahead makes the probability of agent 1 winning go up as noise is added.

Figure 4.1 illustrated how the magnitude of f(f;) varies in response to the block
difference ;. If the magnitude of the block difference is large, f(iz;) approaches 0.
Thus, the most influential blocks are those where one agent is clearly ahead but not
by very much: if the probability of a win is already very close to .5, the deviation will
be less impactful.

Now we consider the contribution of the second term. Note that p© — .5n >
0 as agent 1 is the stronger agent and therefore wins more than half the blocks
in expectation. Consider the plot of u; versus p; — .5 in Figure 4.2 to understand
the covariance between those terms. Note their sample covariance s will usually be
positive as sgn(f;) = sgn(f (@) = sgn(p; —.5). The sample covariance will be higher
when the block differences are small. We can think of this term as a penalty (on
the probability agent 1 wins when noise is added) which is higher when there are
many competitive blocks. Note that unlike the first term, this term does not take
into account who is winning in these competitive blocks—just that agent 1 is initially

winning in expectation overall.
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To better understand this decomposition of the derivative into the form —cik—cos
we plot the relationship between x and s in Figure 4.8. We consider ten blocks and
simulate the block differences from a normal distribution with mean 1 and 2 different
standard deviations. For each set of parameters for simulating the block differences,
we generate 100,000 sets of block means (11, ..., f101) and calculate the value of &
and s for each of them. When the standard deviation for generating the block means
is small, k tends to be larger which makes sense as sgn(x) reflects who is winning
and when the block differences p;; — p;0 are closer to 1, agent 1 will win more often.
s is almost always positive which makes sense given the relationship between x;, p;
depicted in Figure 4.2. s is most often negative when the standard deviation for
generating the block means is small. This makes sense if you consider the region of
Figure 4.2 where p; — .5 > .25. If you are mostly sampling from this region of the
graph, the correlation between k;, p; will be negative. When the standard deviation of
the generating normal distribution is small, many blocks will have high p;. Overall,
we see a negative correlation between x and s that is stronger when the standard

deviation is small.

sd =1

-0.5

05 0.0 0.5 04 0.0 0.4 08

Figure 4.8: Understanding the condition on block differences for incentive com-
patibility: covariance of k,s for simulated datasets where k = > x - ¢(cx) and
s = Cov(z - ¢(cx), D(cx)).

Using the same dataset, we verify our intuitive interpretations of the contribution
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of the the two terms to the overall value. Figure 4.9 and Figure 4.10 reveal that
the covariance term s is most important for determining incentive compatibility. As
discussed above, a high value of s corresponds with there being more competitive
blocks. This tends to create incentive-compatible situations where adding noise hurts
agent 2 more in the blocks it is winning than helps in the blocks it is losing, because

agent 2 tends to lose by larger margins than it wins by.

N
3

=]

o

=]

Derivaﬁve of probgbility agent 1 wins wrt agent 2's variance
o
3

0.0 05
k: sum of derivative of block probabilities

Figure 4.9: Understanding the condition on block differences for incentive compatibil-
ity: value of derivative of probability agent 1 wins with respect to agent 2’s variance
versus kK = »_ x - ¢(cx).
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Derivaﬁve of probgbility agent 1 wins wrt agent 2's variance
o
3

0.0
s: covariance term

Figure 4.10: Understanding the condition on block differences for incentive com-
patibility: value of derivative of probability agent 1 wins with respect to agent 2’s
variance versus s = Cov(z - ¢(cz), ®(cx)): higher values of s generally lead to more
incentive-compatible setups.
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4.5 Mean strategies

The optimal mean strategies for the blocked design are similar for the statistical
significance and score-based approaches. In the unblocked case, the allocation of the

agent’s total mean across blocks does not matter:

P(agent 1 win) = P <Z(Xi17“ — Xigy) > O) — P (\/ﬁ(gﬂ%.l—gg.z))

We can show via Lagrange multipliers that the stronger agent prefers to distribute

i,T

its mean such that the block differences ji; are equal in each block. We use the fact
that the median of the normal approximation to the Poisson binomial is an increasing
function of its mean ) p; so we can think about maximizing > p;.

Agent 1 wants to maximize

flpar, s ) = @ ( g(ﬂn - Mm)) +--+ @ <\/§(Mn1 - /~bn2))

subject to g(p11, .- fim) = D _ pti — njry =0

As 2L =1V, 2L =\ Vi
il Hil

op
af s B B
Oun V2 0 (\/;(Ml N MQ)) -4

We have |p;1 — pie] = C,Vi. As in the statistical significance approach, this can be

maximized by setting p;1 = 2 + (1 — p2)-
For the weaker agent’s best response, we consider the three-block example with
the third block having 3 = 0 as our simplest case since the two-block example is

unusual because of the tie rule. Let ¢ = 19 + poo. The function to minimize is

P <\/§(uu — /m)) + (\/g(u21 —c+ MQQ)) +0.5

As in the above, the critical point will correspond to the maximum of this function,
so for the minima we consider the endpoints. Since all p,;, > 0, 0 < p19 < ¢. The
function will be minimized by selecting 1o = 0 if 11 > po1 and po = 1if pyp < poy.

Intuitively, the weaker agent is trying to lose by as much as possible in the block
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where agent 1 is furthest ahead by setting its mean in that block to 0. For the
normal distribution, roughly 99.7% of its mass lies within 3 standard deviations so
once |\/5/;| > 3, the value of the normal CDF will barely be affected by making ||
larger. By losing by as much as possible in one block, the weaker agent can make its
margin of victory in the block it wins larger. Agent 2 gains more in the block it is

winning than it loses in the other block as ¢(z) is highest when x is closer to 0.
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4.6 Simulation results

In this section, we consider a number of examples to illustrate the principles discussed
in the preceding sections. Unlike in the statistical significance section where we
generated many datasets and calculated the percentage of time we were able to achieve
a significant result, here we can directly plot the probability the stronger agent will

win given particular mean and variance parameters.

First, we consider an unusual example that allows us to have incentive compati-
bility for any upper bound on deviation, i.e., any additional variance added by agent
2 beyond its initial value of 62 = 1. For any additional amount of noise to hurt agent
2, the probability of agent 1 winning needs to start out below its asymptotic value of
.5, which requires examples that very strategically distribute agent 2’s mean across
the blocks. For instance in a three-block example (Figure 4.11), we let agent 2 have
a higher mean than agent 1 in blocks 2 and 3 even though the overall mean for agent
1 is 3.17 versus 3 for agent 2. This means that agent 2 is actually more likely to win

without any deviation.

To create more reasonable examples, we impose the restriction that the stronger
agent must win in the majority of blocks. To compensate for this, we use our typical
notion that a design does not need to be incentive-compatible for an arbitrarily large
deviation, but rather we can compare experiments based on the maximum value of

agent 2’s variance for which deviation remains unprofitable.

The intuition for the setup in Figure 4.12 is that we must start with agent 2
winning only one block, say block 3, but we want (for some range of deviations)
agent 2 to be hurt more in block 3 from adding this noise than it is helped in blocks
1 and 2. In the block-by-block win probability graphs, we see the probability of the
stronger agent winning stays about the same in block 2 since it started close to .5
initially. The probability the stronger agent wins in block 3 grows a bit faster than
the probability the stronger agent winning in block 1 decreases. This leads to the
subtle bump at the beginning of the graph for the probability of agent 1 winning. In

this case, deviations of up to 4.7 are unprofitable.

These examples work because the increase in standard deviation has more effect

on the probability of winning a block when the difference in means is not too large.
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Figure 4.11: Three-block example: incentive-compatible for any deviation in blocked
design where the x-axis gives the amount of additional variance agent 2 injects beyond
the initial value of 02 = 1 and the y-axis gives the probability agent 1 wins for that
value of the variance parameter

(:ulla H12, f421, H22, 4315 432, U%a U%a 8) = (57 257 257 37 27 357 17 17 3)

For a three-block case where one block has probability % of agent 1 winning, in the
one block agent 2 gets to win we want the margin of victory to be much smaller than
in the block agent 1 wins. As the number of blocks increases, it’s important that
the weaker agent be competitive in at least half the blocks to have any chance of
winning. Because of how the outcome is scored, all we care about is the median of
the distribution, the probability of the weaker agent winning half the blocks, not the

expected number of blocks won or other properties of the distribution.

Turning to the mean strategies (Section 4.5), we find that while the choice of
best responses for the two agents are similar to those from the statistical significance
approach, we don’t see the same outperformance of the blocked design relative to the
unblocked design. We consider three-block examples where the third block is a tie as
our simplest case as the tie rule makes the two-block case anomalous. In Figure 4.13,
as in the statistical significance approach, we are most likely to have agent 1 win when
(f11, p21) = (4,2) such that there is a difference of 1.5 between treatment means in

both blocks. Note that the blocked design is less likely to yield a win for agent 1 than
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Figure 4.12: Three-block example: incentive-compatible for some deviations in
blocked design where the x-axis gives the amount of additional variance agent 2
injects beyond the initial value of 03 = 1 and the y-axis gives the probability agent 1
wins for that value of the variance parameter
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an unblocked approach in which the overall sample means are compared directly. By
splitting the experiment up into these smaller competitions instead of considering all
the data in aggregate, the stronger agent suffers. This was also true in our variance
strategies examples but there, in exchange for a slight dip in the fraction of the time
we could achieve significance, we were able to incentivize agents not to inject noise.

Next, we consider the probability the stronger agent wins for different values of
agent 2’s means where agent 1 always best-responds (Figure 4.14). What matters are
the differences in treatment means within blocks rather than the absolute treatment
means. Therefore, agent 1 best-responding to agent 2’s allocation of its mean by fixing
the difference in treatment means to be identical in the two blocks yields the same
probability of agent 1 winning for all of agent 2’s allocations. The performance of
both the unblocked and blocked designs are strong, but the unblocked design performs
slightly better.

Analogously, we consider agent 2’s best response to agent 1 in which agent 2 puts

mean 0 in the block where agent 1 is strongest (Figure 4.15). In the block-by-block
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Figure 4.13: Effect of agent 1’s mean allocation on probability of agent 1 winning in a
blocked v. unblocked design for fixed agent 2 means: (g2, o2, fi32, 0%) = (2.5,.5,2,1).

1.00-

prob agent 1 wins
o =
[44] ~
3 S

o
N
@

0.00

o
~
o

prob agent 1 wins block 1
h

0.00-

design
blocked
unblocked
1 2 3
Agent 2 mean in block 1

N 100 ©1.00

B B

[ [

L L

2075 £0.75

w w

i= i=

= =

— 0.50 — 0.50

- -

5 5

©0.25 ©0.25

v ]

o o

[=] 2400

£0.00 §0.00-

0 1 2 3 0 1 2
Agent 2 mean in block 1 Agent 2 mean in block 1

Figure 4.14: Probability of agent 1 winning in blocked v. unblocked design plotted
against agent 2’s mean allocation. Agent 1 chooses its best response mean allocation.

n1 = 3, Mo = 1.5.

plots, note that the probability of agent 1 winning in the block where it has allocated

most of its mean is essentially 1. Agent 2 does best in depressing the probability

agent 1 wins when agent 1’s allocation between blocks is more unequal. When the

allocation is more unequal, agent 2 gains more from completely sacrificing a win in

agent 1’s strongest block, leaving it with a better p; in the remaining block.
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Finally, we note that the same mixed strategy Nash equilibrium that held in the
statistical approach section also holds here: agent 1 distributes its mean equally and
plays (3,3), while agent 2 mixes equally between playing (0,3) and (3,0) (Figure 4.16,
Figure 4.17). However, as in other examples in this section, the blocked design un-
derperforms relative to the unblocked design. This is particularly noticeable in the
graph of agent 1’s best response (Figure 4.16) where splitting agent 1’s mean across
the first two blocks and requiring agent 1 to win two out of three blocks makes it

much harder for agent 1 to win.
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4.7 Results summary

Here is a summary of the take-home messages about the relative performance of
blocked and unblocked designs for the two different strategies under a score-based

approach to winner determination.

Variance strategies
e In the unblocked design, it is always in the weaker agent’s interest to add noise.

e In the blocked design, this is not necessarily the case. When there is hetero-
geneity in the differences in treatments across blocks (see Section 4.4 for the
exact condition), the weaker agent is disincentivized from injecting noise (at

least initially).
Mean strategies

e In the unblocked design, the probability of agent 1 winning is unaffected by the

distribution of each agent’s total mean across blocks.

e In the blocked design, the agents’ optimal strategies are analogous to their
strategies under the statistical significance approach. The stronger agent wants
its mean to be higher than the weaker agent’s by the same amount in each
block. The weaker agent wants to allocate all its mean to the block where the
stronger agent is weakest in the simple three-block case. These are the optimal
behaviors because the agents’ goal is to win as many blocks as possible—the

margins of victory in the blocks do not matter.

e However, the blocked design does not lead to a higher probability of the stronger

agent winning than the unblocked design.

Overall, the blocked design has a powerful effect on incentive compatibility relative
to the unblocked design when the agents play variance strategies but not when the

agents play mean strategies.



Chapter 5

Conclusion

This thesis brings together concepts from classical experimental design theory and
game theory in order to design experiments when the treatments are applied by
strategic agents. Experimental design theory applies simple techniques such as ran-
domization and blocking to greatly increase experimenters’ ability to draw conclusions
about treatment effects in general from a dataset. However, it relies on some key as-
sumptions that can break down when the agents applying treatments have a stake in
the outcome of the experiment. This thesis considers for the first time how blocking

affects the incentive compatibility of experiments.

5.1 Summary of results

e Variance strategies

— Statistical significance approach. Blocking on meaningful covariates
makes the experimenters better able to identify the stronger agent for the
initial value of the weaker agent’s variance. However, as the weaker agent
adds noise, the relative advantage of the blocked design over the unblocked

design decreases.

— Score-based approach. In the unblocked design, it is always in the
weaker agent’s interest to add noise. In the blocked design, this is not
necessarily the case. When there is heterogeneity in the differences in
treatments across blocks, the weaker agent is disincentivized from injecting

noise.

o7



o8

e Mean strategies

— The optimal strategies in the blocked design are the same for both winner
determination approaches. The weaker agent is incentivized to distribute
its mean unequally, while the stronger agent wants its mean to be higher

than agent 2’s by the same amount in every block.

— The blocked design outperforms the unblocked design only when the winner

is determined under a statistical significance approach.

5.2 Discussion

In this thesis, we consider two broad approaches to using blocking for incentive-
compatible experimental design: statistical significance and score-based. The signif-
icance approach gives us additional information as it provides some guarantee that
the truly stronger agent has been identified. In comparison, the score-based approach
throws out a good amount of information by mapping the outcome data in each block
to an indicator for who won the block and counting those indicators to determine the
overall winner.

The blocks themselves have a somewhat different interpretation in the two ap-
proaches. In the statistical significance approach, for blocking to be impactful, it is
important for there to be real differences in outcomes between blocks, i.e., heterogene-
ity in the means of the different blocks. In the score-based approach, the intuition
is to split up the units into groups so that the weaker agent potentially has more to
lose by adding noise than it has to gain. Incentive compatibility is more likely when
there is greater variance in block differences. Here the heterogeneity that matters is
not the between-block variance but the heterogeneity in the relative performance of
the agents across blocks.

For the various strategies we consider, the weaker agent struggles to pull the
wool over the significance test’s eyes. Even when the weaker agent can depress the
likelihood of a significant result in favor of the strong agent, it cannot make much
progress towards getting itself selected as the winner with significance. Significance
testing is particularly robust to strategies that involve injecting additional variance as

significance tests require the difference of interest—the treatment effect—to be large
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in relation to the overall error.

However, depending on the magnitude of the true difference and the amount of
noise the weaker agent is able to inject, the test may not be very powerful. In the
absence of a significant test result, it is unclear what the designer should do. Note
that if the designer defaults to randomly selecting a treatment instead of increasing
the sample size in order to get a significant result, the gain the weak agent experiences
from preventing a significant result is much greater. The domain of the experiment
can inform whether the tradeoff between additional confidence the correct agent has
been selected is worth the uncertainty of what to do in the absence of a significant
result.

Moreover, the two approaches have different performance depending on which
type of strategies are available to deviating agents. In the statistical approach, we
see much stronger performance for the blocked design when agents employ mean
strategies as the blocked design is able to take advantage of differences in the blocks
to explain more variation. Conversely, the score-based approach does well in making
variance strategies unprofitable for the weaker agent since noise has more effect in
blocks where the difference in means is reasonably small. For mean strategies in
a score-based approach, the unblocked design actually does better by considering
only the overall difference in the aggregate data without worrying about whether the
stronger agent does better in the majority of blocks.

We can connect this back to the education example from the introduction. Unlike
in the clinical trial example, there is not a large penalty for selecting the wrong winner,
so it is reasonable to consider both the score-based and significance testing approaches.
If the designers want to prevent agents from including lots of experimental material in
their curricula, they may prefer to select a winner using a score-based approach, such
that the additional noise risks hurting the weaker agent more than it helps. On the
other hand, if the designers are concerned about agents investing disproportionately

in one subject, they may want to use a statistical significance approach instead.

5.3 Future directions

e Consider greater variety of designs. In this thesis, we explore how blocking

on a single factor affects the incentive compatibility of designs. These results
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extend naturally to a Latin Squares design for two blocking factors in which
agents would have two axes along which they could deviate. A larger extension
involves generalizing these results to more complex full or fractional factorial

designs.

Modeling an explicit mean-variance tradeoff. We focus on two main
types of deviations: increasing variance and distributing an agent’s overall mean
across blocks. In the score-based approach, we are able to show that for certain
values of mean parameters, adding variance is actively harmful to the weaker
agent’s chance of winning. We could also consider imposing a penalty on agents

who add noise in the form of a mean-variance tradeoff.

Considering more sophisticated notions of incentive compatibility.
Particularly in the score-based approach chapter, we focus on whether injecting
noise initially hurts agent 2’s chances of winning, i.e., whether there is some up-
per bound on the variance agent 2 is allowed to add for which the setup would
be incentive-compatible. We look briefly at how much noise agent 2 could add
for different values of the mean parameters in the simulations, but it would be
useful to work on quantifying the amount of noise agent 2 can add as a function

of mean parameters in more generality.

Extend to multiple agents k > 2. In this thesis, we model the interaction
between a strong and weak agent, focusing on designs that disincentivized the
weaker agent from deviating from its natural action. It would be interesting to
state the results in terms of more agents and explore Nash equilibria as opposed

to best responses by individual agents in greater detail.
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