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Abstract

Consider N x N Hermitian or symmetric random matrices H where the distribution of the (4, j) matrix
element is given by a probability measure v;; with a subexponential decay. Let ofj be the variance for
the probability measure v;; with the normalization property that ). U?j =1 for all j. Under essentially
the only condition that ¢ < NU,-QJ- < ¢! for some constant ¢ > 0, we prove that, in the limit N — oo,
the eigenvalue spacing statistics of H in the bulk of the spectrum coincide with those of the Gaussian
unitary or orthogonal ensemble (GUE or GOE). We also show that for band matrices with bandwidth
M the local semicircle law holds to the energy scale M .
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1 Introduction

One key universal quantity for random matrices is the eigenvalue gap distribution. Although the density
of eigenvalues may depend on the specific model, the gap distribution or the short distance correlation
function are believed to depend only on the symmetry class of the ensembles but are otherwise independent
of the details of the distributions. There are two types of universality: the edge universality and the bulk
universality. In this paper, we will focus on the bulk universality concerning the interior of the spectrum. The
bulk universality was proved for very general classes of invariant ensembles (see, e.g. [3, 6, 7, 8, 9, 25, 26, 27|
and references therein). For non-invariant ensembles, in particular for matrices with i.i.d. entries (Wigner
matrices), the bulk universality was difficult to establish due to the lack of an explicit expression for the
joint distribution of the eigenvalues.

The first rigorous partial result for bulk universality in the non-unitary case was given by Johansson [23]
(see also Ben Arous and Péché [2] and the recent improvement [24] ) stating that the bulk universality holds
for Gaussian divisible Hermitian ensembles, i.e., Hermitian ensembles of the form

H+ sV, (1.1)

where H is a Wigner matrix, V is an independent standard GUE matrix and s is a positive constant of
order one. The restriction on Gaussian divisibility turned out to be very difficult to remove. In a series of
papers [12, 13, 14, 17], we developed a new approach to prove the universality. The first step was to derive
the local semicircle law, an estimate of the local eigenvalue density, down to energy scales containing around
log N eigenvalues. Once such a strong form of the local semicircle law was obtained, the result of [23, 2] can
be extended to a Gaussian convolution with variance only s? =< N~ This tiny Gaussian component can
then be removed via a reverse heat flow argument and this proves [17] the bulk universality for Hermitian
ensembles provided that the distributions of the matrix elements are sufficiently differentiable.

The bulk universality for Hermitian ensembles was also proved later on by Tao and Vu [31] under the
condition that the first four moments of the matrix elements match those of GUE, but without the differen-
tiability assumption. The condition on the fourth moment was already removed in [31] by using the result
for Gaussian divisible ensembles of [23, 2]; the third moment condition was then removed in [18] by using
the result of [17].

The four moment theorem [31] is also valid for the symmetric ensembles, but the restriction on the
matching of the first four moments cannot be weakened for the following reason. The key input to remove
the fourth moment matching condition for the Hermitian case, the universality of the Gaussian divisible
ensembles [23, 2|, relied entirely on the asymptotic analysis of an explicit formula, closely related to a
formula in Brézin-Hikami [5, 23], for the correlation functions of the eigenvalues for the Hermitian ensembles
H + sV. Since similar formulas for symmetric matrices are very complicated, the corresponding result is
not available and thus the matching of the fourth moment cannot be removed in this way. Although there
is a proof [16] of universality for s> > N~3/4 without using this formula, the main ingredient of that proof,
establishing the uniqueness of the local equilibria of the Dyson Brownian motion, still heavily used explicit
formulas related to GUE.

In [15] a completely different strategy was introduced based on a local relazation flow, which locally
behaves like a Dyson Brownian motion, but has a faster decay to equilibrium. This approach entirely
eliminates explicit formulas and it gives a unified proof for the universality of symmetric and Hermitian
Wigner matrices [15]. It was further generalized [19] to quaternion self-dual Wigner matrices and sample
covariance matrices. The method not only applies to all these specific ensembles, but it also gives a conceptual
interpretation that the occurrence of the universality is due to the relaxation to local equilibrium of the DBM.
We remark that very recently the results of [31] were also extended to sample covariance matrices [33].



The main input of all these methods [17, 15, 19] and [31, 33] is an estimate of the local density of
eigenvalues, the local semicircle law. This has been developed in the previous work on Wigner matrices
[12, 13, 14], where the matrix elements were i.i.d. random variables. In this paper, we extend this method
to random matrices with independent, but not necessarily identically distributed entries. If we denote the
variance of the (7, j) entry of the matrix by afj, our main interest is the case that o;; are not a constant but
they satisfy the normalization condition ), afj =1 for all 7. We will call such matrix ensembles universal
Wigner matrices. For these ensembles Guionnet [21] and Anderson-Zeitouni [1] proved that the density of
the eigenvalues converges to the Wigner semi-circle law. The simplest case is that of generalized Wigner
matrices, where N Uizj is uniformly bounded from above and below by two fixed positive numbers. In this
case, we prove the local semicircle law down to essentially the smallest possible energy scale N~! (modulo
log N factors). A much more difficult case is the Wigner band matrices where, roughly speaking, afj =0
if |i — j| > M for some M < N. In this case, we obtain the local semicircle law to the energy scale M 1.
We note that a certain three-dimensional version of Gaussian band matrices was considered by Disertori,
Pinson and Spencer [10] using the supersymmetric method. They proved that the expectation of the density
of eigenvalues is smooth and it coincides with the Wigner semicircle law.

With the local semicircle law proved up to the almost optimal scale, applying the method of [15, 19] leads
to the identification of the correlation functions and the gap distribution for generalized Wigner matrices
provided that the distribution of the matrix elements is continuous and satisfies the logarithmic Sobolev
inequality. These additional assumptions can be removed if one can extend the Tao-Vu theorem [31] to
generalized Wigner matrices. In Section 8, we will introduce an approach based on a Green’s function
comparison theorem, which states that the joint distributions of Green’s functions of two ensembles at
different energies with imaginary parts of order 1/N are identical provided that the first three moments of
the two ensembles coincide and the fourth moments are close. Since local correlation functions and the gap
distribution of the eigenvalues can be identified from Green’s functions, it follows that the local correlation
functions of these two ensembles are identical at the scale 1/N. We can thus use this theorem to remove all
continuity and logarithmic Sobolev inequality restrictions in our approach. In particular, this leads to the
bulk universality for generalized Wigner matrices with the subexponential decay being essentially the only
assumption on the probability law. We note that one major technical difficulty in [31], the level repulsion
estimate, is not needed in the proof of the Green’s function comparison theorem. It will be clear in Section
8 that, once the local semicircle law is established, the Green’s function comparison theorem is a simple
consequence of the standard resolvent perturbation theory.

2 Main results

We now state the main results of this paper. Since all our results hold for both Hermitian and symmetric
ensembles, we will state the results for Hermitian matrices only. The modifications to the symmetric case
are straightforward and they will be omitted. Let H = (hij)f-\fj:l be an N x N Hermitian matrix where

the matrix elements h;; = Eji, 1 < j, are independent random variables given by a probability measure v;;
with mean zero and variance o7;. The variance of h;; for i > j is o7; = E|hj|*> = oF;. For simplicity of the
presentation, we assume that for any fixed 1 < ¢ < j < N, Reh;; and Im h;; are i.i.d. with distribution w;;
ie., v;; = w;j @uw;; in the sense that v;;(dh) = w;;(dRe h)w;;(dIm k), but this assumption is not essential for
the result. The distribution v;; and its variance o2, may depend on N, but we suppress this in the notation.

ij
We assume that, for any j fixed,

Za?j =1. (2.1)



Matrices with independent, zero mean entries and with the normalization condition (2.1) will be called
universal Wigner matrices. For a forthcoming review on this matrix class, see [29], where the terminology
of random band matrices was used.

Define Ciy,r and Csyp by

Cing = ]\irnifj{NU?j} < ;u_p_{NU?j} =: Coup. (2.2)
1@, 1'L7J

Note that Cj, ¢ = Csyp corresponds to the standard Wigner matrices and the condition 0 < Cjp,r < Cyyp < 00
defines more general Wigner matrices with comparable variances.

We will also consider an even more general case when o;; for different (7, j) indices are not comparable.
The basic parameter of such matrices is the quantity

1
M:=——-7. (2.3)
max;; Uij

A special case is the band matrix, where o;; = 0 for |i — j| > W with some parameter W. In this case, M
and W are related by M < CW.

Denote by B := {Ufj f\fj:l the matrix of variances which is symmetric and doubly stochastic by (2.1), in
particular it satisfies —1 < B < 1. Let the spectrum of B be supported in

Spec(B) C [-1+0_,1—0,]U{1} (2.4)
with some nonnegative constants 6+. We will always have the following spectral assumption
1 is a simple eigenvalue of B and d_ is a positive constant, independent of N . (2.5)

The local semicircle law will be proven under this general condition, but the precision of the estimate near
the spectral edge will also depend on 04 in an explicit way. For the orientation of the reader, we mention
two special cases of universal Wigner matrices that provided the main motivation for our work.

Example 1. Generalized Wigner matriz. In this case we have
0 < Cing < Csyp < 00, (2.6)
and one can easily prove that 1 is a simple eigenvalue of B and (2.4) holds with
0+ > Cing, (2.7)
i.e., both §_ and ¢, are positive constants independent of N.

Ezxample 2. Band matriz. The variances are given by
(il
of =W (), (2.8)

where W > 1, f : R — Ry is a bounded nonnegative symmetric function with [ f = 1 and we defined
[i — jlv € Z by the property that [i — jly =i —j mod N and —3N < [i — j]y < $N. Note that the
relation (2.1) holds only asymptotically as W — oo but this can be remedied by an irrelevant rescaling. If
the bandwidth is comparable with N, then we also have to assume that f(z) is supported in |z| < N/(2W).



The quantity M defined in (2.3) satisfies M < W/||f||co- In Appendix A we will show that (2.5) is satisfied
for the choice of (2.8) if W is large enough.

The Stieltjes transform of the empirical eigenvalue distribution of H is given by

1 1 .
m(z):mN(z)—NTr T z=FE+in. (2.9)
We define the density of the semicircle law
1 2
QSC(JI) = % [4 — T ]+, (210)

and, for Im z > 0, its Stieltjes transform
T
Mse(z) 1= /R é;sc—_(z) dz. (2.11)
The Stieltjes transform mg.(z) = ms. may also be characterized as the unique solution of

Mo+ ——— = 0 (2.12)
Z 4 Mg

satisfying Im mg.(2) > 0 for Imz > 0, i.e.,

—z+ V22 —4

5 (2.13)

mse(z) =
Here the square root function is chosen with a branch cut along the positive real axis. This guarantees that
the imaginary part of mg. is non-negative. The Wigner semicircle law states that my(z) — ms.(z) for any
fixed z provided that 7 = Im z > 0 is independent of N. The local version of this result for universal Wigner
matrices is the content of the following Theorem.

Theorem 2.1 (Local semicircle law) Let H = (h;;) be a Hermitian N x N random matriz where the
matriz elements h;; = Eji, i < j, are independent random variables with Eh;; = 0, 1 < 4,5 < N, and
assume that the variances o7; = Elhi;|* satisfy (2.1), (2.4) and (2.5). Suppose that the distributions of the
matriz elements have a uniformly subexponential decay in the sense that there exist constants a, § > 0,
independent of N, such that for any x > 0 we have

B(lhiy| > 2%oy]) < Be. (2.14)

Then there exist constants Cy, Ca, C' and ¢ > 0, depending only on «, 8 and 6— in (2.5), such that for any
z=FE+in withn=1Inz>0, |z| <10 and

1 K2
< 2.15
VAT = Tlog )& (2.15)
where Kk := ’ |E| — 2}, the Stieltjes transform of the empirical eigenvalue distribution of H satisfies
1
P ('mN(Z) - msc('z)' > (log N)02 \/M—T/’i) < CN—c(loglogN) (216)



for sufficiently large N. In fact, the same result holds for the individual matriz elements of the Green’s
function Gi(2) = (H — 2)71(i,4):

1
vVMnk

We remark that once a local semicircle law is obtained on a scale essentially M !, it is straightforward
to show that eigenvectors are delocalized on a scale at least of order M. The precise statement will be
formulated in Corollary 3.2. We will prove Theorem 2.1 in Sections 3-5 by extending the approach of
[12, 13, 14]. The main ingredients of this approach consist of i) a derivation of a self-consistent equation for
the Green’s function and ii) an induction on the scale of the imaginary part of the energy. The key novelty
in this paper is that the self-consistent equation is formulated for the array of the diagonal elements of the
Green’s function (G11,Gas,...,GyN) instead of the Stieltjes transform m = %TrG = % >, Gi; itself as in
[14]. This yields for the first time a strong pointwise control on the diagonal elements G;, see (2.17).

The subexponential decay condition (2.14) can be weakened if we are not aiming at error estimates faster
than any power law of N. This can be easily carried out and we will not pursue it in this paper.

P (max |Gii(2) = mae(2)] > (log N)©2 ) < ON~elloglog N) (2.17)

Denote the eigenvalues of H by A1,..., Ay and let py(x1,...,2x) be their (symmetric) probability
density. For any £k =1,2,..., N, the k-point correlation function of the eigenvalues is defined by

pg\];)(%,xz,---,ﬂfk) = /N kpN(xthv---vCCN)dkarl---dIN- (2.18)
RN—

We now state our main result concerning these correlation functions.

Theorem 2.2 (Universality for generalized Wigner matrices) We consider a generalized hermitian
Wigner matriz such that (2.6) holds. Assume that the distributions v;; of the (i,7) matriz elements have
a uniformly subexponential decay in the sense of (2.14). Suppose that the real and imaginary parts of hi;
are i.i.d., distributed according to wij, i.e., v;j(dh) = w;j(dImh)w;j(dReh). Let my(i,j) = [aFdw;;(z),
1 <k <4, denote the k-th moment of w;; (m1 =0). Suppose that

o maGid)  (maG.0)?
a8, 2 { o T ~ ) 7 (219

then, for any k > 1 and for any compactly supported continuous test function O : RF — R, we have

E+b
lim lim —/ dE'/ day ...day Oaq,. .., ax)
Rk

b—0 N—oo E—b
1 ( k) (k) y ai , ag
. W = (B S ) g,
Osc(B)F TN FCUERN Nos.(E) Nos.(E)

(2.20)

where pg%EW is the k-point correlation function of the GUE ensemble. The same statement holds for

generalized symmetric Wigner matrices, with GOFE replacing the GUE ensemble.

The limiting correlation functions of the GUE ensemble are given by the sine kernel

. G ( o Ok ) k sinmz
Et—" B4 —Y ) L det{K(ai -, K@) = |
QSC(E)kpGUE,N + Now(B) " + Now(E) — det{K (o; — o)) }7 =1 (z) —




and similar universal formula is available for the limiting gap distribution.

Remark: The quantity in the bracket in (2.19) is always greater or equal to 1 for any real distribution
with mean zero, which can be obtained by

m3 = [/x3dw]2 - [/x(x2 — ma)dw]” < [/xde] [/(x2 —ma)*dw] = ma(my —m3)

and it is exactly 1 if the distribution is supported on two points. For example, if w;; is a rescaling of a

fixed distribution @ with variance 3, i.e. wi;(x)dz = ai_jlfu(a:/aij)dx, then condition (2.19) is satisfied under
(2.6), as long as the support of @ consists of at least three points. The case of a Bernoulli-type distribution

supported on two points require a separate argument and it will be treated in the forthcoming paper [20].

We now state our main comparison theorem for matrix elements of Green’s functions of two Wigner
ensembles. As in the paper [31], we assume conditions on four moments. It will lead quickly to Theorem 6.4
stating that the correlation functions of eigenvalues of two matrix ensembles are identical up to scale 1/N
provided that the first four moments of all matrix elements of these two ensembles are almost identical. Here
we do not assume that the real and imaginary parts are i.i.d., hence the k-th moment of h;; is understood
as the collection of numbers f ﬁshk_suij (dh), s =0,1,2,...,k. The main result in [31] compares the joint
distribution of individual eigenvalues — which is not covered by our Theorem 2.3 — but it does not address
directly the matrix elements of Green’s functions. The key input for both theorems is the local semicircle law
on the almost optimal scale N~17¢. The eigenvalue perturbation used in [31] requires certain estimates on
the eigenvalue level repulsion; the proof of Theorem 2.3 is a straightforward resolvent perturbation theory.

Theorem 2.3 (Green’s function comparison) Suppose that we have two generalized N x N Wigner
matrices, H®) and H™), with matriz elements hij given by the random variables N’l/Qvij and N’l/Qwij,
respectively, with vi; and w;; satisfying the uniform subexponential decay condition

]P)(|'Uij| >a%) < Pe””, ]P)(|wij| >a%) < Pe””,
with some «, 8 > 0. Fiz a bijective ordering map on the index set of the independent matriz elements,

qS:{(i,j):1§i§j§N}—>{1v"'=7(N)}’ VIN) = w

and denote by H., the generalized Wigner matriz whose matriz elements hy; follow the v-distribution if
d(i,7) < 7 and they follow the w-distribution otherwise; in particular H® = Hy and H™) = H(ny. Let

k > 0 be arbitrary and suppose that, for any small parameter T > 0 and for any y > N7, we have the
following estimate on the diagonal elements of the resolvent
1
P max max max - < N?7) >1 - (QN—cloglogN (2.21)
0<y<y(N)1<k<N |E|<2—x |\ Hy — E =1y /

with some constants C,c depending only on 7,k. Moreover, we assume that the first three moments of v;;
and w;; are the same, i.c.
E@fjv?j = wajw?j, 0<s+u<3,
and the difference between the fourth moments of vi; and w;; is much less than 1, say
|Eo;v}* — Bwjjwi *| < N7°, s=0,1,2,3,4, (2.22)

KV J



for some given 6 > 0. Let ¢ > 0 be arbitrary and choose an n with N~17¢ < n < N~'. For any sequence

of positive integers ki, ..., ky,, set complexr parameters zi' = E"tin, j = 1,.. . kyn, m = 1,...,n, with
| <2 — 2k and with an arbitrary choice of the & signs. Let GW(2) = (H™) — 2)~! denote the resolvent
and let F(x1,...,x,) be a function such that for any multi-index o = (v, ..., ) with 1 < |a| <5 and for

any £ > 0 sufficiently small, we have
max {|80‘F(:171, <o, Ty)] s max x| < N‘E/} < NG’ (2.23)
J
and
ltnaux{|(’“)°‘F(gcl,...,9c7l)|:r1t1<iau>(|gcj|§N2}SNC0 (2.24)
J

for some constant Cy.
Then, there is a constant Cy, depending on o, B3, >, km and Cy such that for any n with N7'7¢ <n <
N~ and for any choices of the signs in the imaginary part of 2", we have

kl kn
1 v 1 v n v w
j=1

Nk j

j=1
<CY N~V L oy N~ (2.25)

where the arguments of F in the second term are changed from the Green’s functions of H®) to H™) and
all other parameters remain unchanged.

Remark 1: We formulated Theorem 2.3 for functions of traces of monomials of the Green’s function
because this is the form we need in the application. However, the result (and the proof we are going to
present) holds directly for matrix elements of monomials of Green’s functions as well, namely, for any choice
of 01,...,0s,, we have

k1 kn
1 — v 1 v n v w
BE\ e HG()('Z;) o R T HG()(Zj) —IEF(G()—>G( ))
= f1,b2 =t Lan—1,02n
S 01N71/2+C1E + 01N76+Cls. (226)

We also remark that Theorem 2.3 holds for generalized Wigner matrices since Cy,p < oo in (2.2). The
positive lower bound on the variances, Cj, s > 0, is not necessary for this theorem.

Remark 2: Although we state Theorem 2.3 for Hermitian and symmetric ensembles, similar results hold
for real and complex sample covariance ensembles; the modification of the proof, to be given in Section 8, is
obvious and we omit the details.

To summarize, our approach to prove the universality is based on the following three steps; a detailed
outline will be given in Section 6. Step 1. Local semicircle law, i.e., Theorem 2.1. This will be proved
in Sections 3-5. Step 2. Universality for ensembles with smooth distributions satisfying the logarithmic
Sobolev inequality (LSI), Theorem 6.3. The key input is the general theorem, Theorem 6.2, concerning the
universality for the local relaxation flow. In Section 7, by using the local semicircle law and the LSI, we



verify the assumptions for this theorem. Step 3. Green’s function comparison theorem, Theorem 2.3. This
removes the restriction on the smoothness and the LSI, and it will be proved in Section 8.

Convention. We will frequently use the notation C| ¢ for generic positive constants whose exact values
are irrelevant and may change from line to line. For two positive quantities A, B we also introduce the
notation A =< B to indicate that there exists a universal constant C such that C~! < A/B < C.

3 Proof of local semicircle law

Proof of Theorem 2.1 Recall that G;; = G;;(2) denotes the matrix element

iy = (H1_2>J (3.1)

and
N
m(z) =mpn(z) = ZN‘lGii(z).
i=1
We will prove the following more detailed stronger result.

Theorem 3.1 Assume the N x N random matriz H satisfies (2.1), (2.4), (2.5) and (2.14), Eh;; = 0, for
any 1 <4, < N. Let z=FE +in (n > 0) and let g(z) be the real valued function defined by

9(2z) = min {\/m——i-n, max {J, |Re [mse(2)?] — 1|} }, (3.2)

where k = ||E| — 2| and 6+ is given in (2.4). Then for all z = E +in and

k+7 1/4 13 6a
\;M—T;Q(z) < (log N)~17%]z] <10, (3.3)
we have 1/a
P {max |Gii(2) — mse(2)] > (log N)11+6af/”_];7”)()} < ON—elloglogN) (3.4)
i n gz

for sufficiently large N, with positive ¢ and C > 0 depending only « and  in (2.14) and §_ in (2.4) and
(2.5).

Remark: The condition (3.3) is effectively a lower bound on 7). The control function g(z) can be estimated
by
min{,/ﬂ—i—n, max {04, n/vVk, Ii}}, |E| <2 and k>,
9(z) = (3.5)
VE+ 1, otherwise,

up to some factor of order one. Note that the precise formula (3.2) for g(z) is not important, only its
asymptotic behaviour for small x,  and J4 is relevant. The theorem remains valid if g(z) is replaced by
g(z) with g(z) < Cg(z). In particular, g(z) can be chosen to be order one when E is not near the edges of
the spectrum. If we are only concerned with the case of generalized Wigner matrices, (2.6), we can choose



g(z) = O(y/k + 1) for any z = E +in (n > 0). Note that Theorem 2.1 was obtained by replacing g(z) with
the lower bound x < g(z) in Theorem 3.1.

Once the local semicircle law is established on scale n < 1/M (modulo logarithmic factors), we obtain
the following supremum bound on the eigenvectors that can be interpreted as a lower bound of order 1/M
on the localization length. The proof of this result now is simpler than in [12, 13], since we have a pointwise
control on the diagonal elements of the Green’s function. Let u, denote the normalized eigenvector of H
belonging to the eigenvalue A\, « = 1,2,..., N, ie., Hu, = \yu, and |Ju,|| = 1.

Corollary 3.2 Let H be as in Theorem 3.1, for any fized k > 0, there exists C, that

(log N) 13+6a

]P’{H Aa € [-24K,2— K], Hu, = Aqug, [us =1, [[ualle > Ck SYEE

} < CN—cloglogN' (36)

For the case of generalized Wigner matrices, (2.6), we have the following more precise bound

C(log N)13+6a
N12[[|Aa| — 2] + N-1]

]P){3 Aoy Hua = Aalta, [[ual| =1, [uallec > 1/2

} < ON—cloglogN. (37)

Proof of Corollary 3.2. Let n = C, M ~1(log N)?6+12%; O\ can be chosen large enough so that (3.3) is satisfied
for all |’| < K, making use of (3.5) . Choose {Ey,} as a grid of points in [-2+ £, 2 — ] such that the distance
between any two neighbors is of order 1. Then with (3.4), we have

P {maxmaxlm |G (Ep, + )| > Imms.(Ey, +in) + 1} < CN—clloglog N) (3.8)
j m

where we used ¢g(z) < /k +1n < C from (3.5). Then, with |ms.(z)| < C (see (2.13)) and

- nua(j)
tm Gy (B +10) = D 5 39
where Uy = (ua(1), ua(2)...uq(N)), we have
P 77|uo¢(j)|2 >0 < CN—c(loglogN) 3.10
mannax ) p v 2C) S ' (3.10)

By the definition of E,,, for any A\, € [-2+ k,2 — &], there exists m’ such that |E,,, — A,| is of the order of
7. Together with (3.10), we obtain (3.6).

In case of the generalized Wigner matrix (2.6), we have g(z) = \/k + 7 and M =< N. Let n be the solution
ton = N~ (log N)?6+12 (k5 4 1)=3/2 then N~' <7 < CN~ (ks + N~1)~3/2(log N)?6+12> With this choice
of 1, (3.3) is satisfied, and max; |Gy — ms.| < C(log N)~2(x +1)"/? holds with an overwhelming probability
by (3.4). Since |Imm,.(2)] < Cy/k + 1, so max; Im Gy < C(k +1)'/2. By the argument above, we obtain
that ||ua2 < Cn(x +n)'/? on this event. This proves (3.7). 0O

To prove that G;;(z) is very close to ms.(z) in the sense of (3.4), we will also need to control the off-

diagonal elements. In fact we will show that all G;; (i # j) are bounded by O((Mn)~!) up to some factor
(log N)®. To state the result precisely, we first define some events in the probability space.
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Recall that Ay, @ = 1,2,..., N, denote the eigenvalues of H = (h;;). Denote by Q° the subset of the
probability space such that
max [A.| < 3. (3.11)

Let (AZZ (here the superscript d means diagonal) be the subset of Q° where the following inequality on the
diagonal terms hold for any 1 <i < N

p 1/4
1Git(2) — mael2)] < (l0g N)“*M&Mi?”;(z) (3.12)

(recall that mg.(z) was defined in (2.13)). Similarly, let ﬁg (here the superscript o means off-diagonal) be
the subset of Q° where the following inequality on the off-diagonal terms hold for any 1 <14 # j < N

(k + )"/
|Gij(2)] < (log N)P e 2 (3.13)
Finally, denote by Q¢ the set
10N°® N
0l = ﬂ Q;iJrik/NS; (3.14)
k=0
and similarly define 2. These sets depend on N but we suppress this from the notations.
Proof of Theorem 3.1. The following proposition immediately implies Theorem 3.1.
O

Proposition 3.3 Suppose that the assumptions of Theorem 8.1 hold. Then, for sufficiently large N, we have
P(QINQ%) >1 - CNclosloeN (3.15)

for some positive constants ¢ and C.

Following the work of [12], we will use a continuity argument. In Section 4 we will derive a self-consistent

equation of the form
1

+
24+ 35,05G; + Ti(2)

Later we will give an explicit formula for T;(z), but for now we take (3.16) as the definition of T;. Let
QY(N) = QY be the subset of Q° where the following inequality holds

Gii =0, i=1,2...,N. (3.16)

T =7(z) :=max|Y;(z)| < (log N 9+60‘(l€7.
(2) = max [T(2)] < (log V)0 Lo

We will use the following Lemmas that will be proved later in Section 4 and 5.

(3.17)
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Lemma 3.4 Let z = E +in be a fized complex number satisfying (3.3). Then there are constants C and ¢
such that for N > Ny, with Ny sufficiently large independent of E and n, the following estimates hold.
(1) Suppose 3 < n < 10. Then

P(Q2) > 1 — CNcloglog N, (3.18)
P (ﬁg N ﬁ}) >1 - ON~—cloglog N (3.19)
and for any 1 <i < N,
=R 1/2
IE1(Q2)Y;(2)| < (log N)10+8a% + CN—clloglog N) (3.20)

(2) Suppose that n < 3. Setting 2’ = z+ iN 5, we have

P(Q2 N QL NQ%) > PQL NQ%) — CN—cloglog N, (3.21)
i (ﬁg nQd N0 N QZ) > P (ﬁg nad n Q) _ ON~cloglog N, (3.22)
and for any 1 <i < N,
. 1/2
E1(Q2N Q% NQ2)Yi(2)| < (log N)10+8a% + ¢ N—elloglog N) (3.23)
n

Lemma 3.5 Suppose we are on the event ﬁ} for some fived z = E + in satisfying (3.3). Suppose either
3 <1 <10 or the following inequality hold:

max |Gy — mse(2)| < 2(log N)?g(2). (3.24)
Then, for sufficiently large N, we have

(log N)?

o T (3.25)

mlaX|Gil- —mge(2)] <

Proof of Proposition 3.3. Recall that Qf is the subset of Q¥ where (3.12) holds. Since on (AZE (3.12)
follows from (3.17), the case 3 < n = Im z < 10 follows from Lemma 3.4 and Lemma 3.5 by taking a union
bound for 0 < k < 10N?.

Now we prove (3.15) for the case n < 3 assuming that z = E + in satisfies (3.3). We have shown that
(3.15) holds for n = 3, now we will successively decrease n by N~° in each step, and we continue this
inductive procedure as long as (3.3) is still satisfied for the reduced . More precisely, let 2’ = z + 3N~ and
assume that (3.15) holds for z’. Our goal is to prove that

P(QiN Q) >P(QL NQS,) — CN—cloglos N, (3.26)

The number of steps we will be taking is of order N°. Since N—cloglos N « N =5 this proves (3.15) provided
that we can establish (3.26).

12



From (3.21), the difference between the probabilities of the sets ﬁg NQd NQ2 and Q4 NQY, is negligible.
With the definition of Q¢ and Q2 in (3.14), we have

QN2 5NN Nag,. (3.27)
Then, to prove (3.26), it remains to prove
PQINQ2NOL NQ%) > PQINOL NQ2) — CN—cloglogN, (3.28)

i.e., we need to estimate the probability of the complement of (AZZ on the set ﬁg N QZ, N Q. On this set,

using (3.22), we can assume that the estimate (3.17) holds with a very high probability. We will show below

that (3.24) holds on Q4,. Then (3.25) together with (3.17) imply (3.12), the defining relation of (AZZ This

will conclude (3.28) and complete the proof of Proposition 3.3. Therefore, we only have to verify (3.24).
Now we show that (3.24) holds on Q%. Recall 2’ = z +iN~° and we have the trivial estimate

Gii(2) — mse(2)] < |Gii(2) = Gia(2)] + Imse(2) — mse(2)] + |Gii (27) — mse(2')]. (3.29)
In the set Q¢,, we have
(k) -
|Gii(2)) — mse(2')| < (log N)HTO \(/_W;(Z/) < (log N)2¢(2), (3.30)

where in the second inequality we used (3.3). By the definition of g(z) from (3.2), we have g(z) < /k + 1.
Thus, if (3.3) holds, then, in particular,

n > CM ' (log N)*6+12e, (3.31)
This sets a lower bound on 7. Together with |z — 2’| = 1/N®, we have the trivial continuity bound
|Gii(2) = Gii(2")] + [me(2) = mse(2')] < N72,
using [0.mse(2)] < [Tm 2|72, [0.Gii(2)| = |[[(H —2)"2]i| < [[(H—2)72|| < [Im 2|~2 and > N~! from (3.31).

Thus a
|Gii(2) — mee(2)| < N2+ (log N)2g(2). (3.32)

Using |g(z)] > Cn > CN~! and |¢/(2)] < Cnp~t < CN for n < 3, we have the following estimate
|Gii(2) — mae(2)] < 2(log N)~*g(2) (3.33)
in the set Q%,. Thus the assumption (3.24) holds in the set QJ,. 0

Under the assumptions of Theorem 3.1, with (3.15), (3.20), (3.23) and the definitions in (3.14), all these
(Vs are sets of almost full probability, i.e.,

P(2), P(QY), P(Q2), P(QY), P(QY)>1- ONclogloeN (3.34)

for some ¢, C' > 0.
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4 Self-consistent equation for Green’s function

First, we introduce some notations.

Definition 4.1 For any collection of s different numbers, ki,ko,... ks € {1,2,..., N}, let H(k1k2,.ks)
denote the N —s by N — s submatriz of H after removing the k;-th (1 <1i < s) rows and columns. Sometimes
we use the notation H™ where T denote the unordered set {k1,ka,...ks}. Similarly, we define altT) ¢

be the -th column of H with k;-th (1 <1 < s) elements removed. Sometimes, we just use the short notation
0_ (0 T)
at=a .

For T = {ky,ka,...ks}, we define

G,E;I‘) = [H(T) _ Z]il(i,j),
2 —al B e = 3 i Wal,
k,¢T

]

These quantities depend on z, but we mostly neglect this dependence in the notation.
We start the proof with deriving some identities between the matrix elements of G = (H — 2z)~! and

G(k1:k2:-ks) yging the following well known result in linear algebra that we quote without proof.

Lemma 4.1 Let A, B, C be nxn, m xn and m x m matrices. We define (m+n) x (m+n) matriz D as
A B*
oo (2 ) "

D=A-B*C'B. (4.2)

and n x n matriz D as
Then for any 1 <1i,j <n, we have

for the corresponding matriz elements.

Furthermore, let T denote the unordered set {ki,ko,... ks} and 1 <k; <n, 1 <i<s. We define D™
to be the n+m — s by n+m — s submatriz of D after removing the k;-th (1 <i < s) rows and columns and
define D™ to be the n— s by n — s submatrix ofﬁ after removing the k;-th (1 <14 < s) rows and columns.
Then for any 1 <i,j <n andi,j ¢ T, we have

(™)

for the corresponding matriz elements.

1] - ((ﬁ(T))_l)ij

Using Lemma 4.1 and Definition 4.1, for 1 <1i # 5 < N, we have
(i9)
ij

(2 17 Jjt

Gy = (K1 =

(x3

(4.3)
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For the off diagonal matrix elements G;;, (i # j), we have

K(U) K(U)
Gij =~ e = G 5 —s = —GuG) K. (4.4)
K” KV K\ g\
23 1] Je JJ
Similarly, we have the following result
Lemma 4.2 Let T be an unordered set {ki, ko, ..., ks} with 1 < ky < N for (1 <t < s) or T = 0.

For simplicity, we use the notation (i T) for {i} UT and (ij T) for {i,j} UT. Then we have the following
identities:

1. Foranyi¢ T

G = (k) 45)

2. Fori#j andi,j¢ T
6P — GG — G (0

3. Fori#jandi,j¢ T
GG ™ =MD (GM). (4.7)

4. For any indices i, j and k that are different and i, j,k ¢ T

GT) G(’“ T) _ GE,;F)G;?)(Gif))’l. (4.8)

)

Proof of Lemma 4.2. The first two identities (4.5) and (4.6) are obvious extensions of (4.3) and (4.4). To
prove (4.7), without loss of generality, we may assume that i =1, j =2 and T =(. Let D = H —z and D
defined as in (4.2) with n =2 and m = N — 2. With Lemma 4.1, we have that for i, = 1 or 2.

Gij = (ﬁ_l)z‘j (4.9)
and _ o
¢ = (") . (4.10)

Since D is just a 2 x 2 matrix, one can easily check that (4.7) holds. With the same method, one can obtain
(4.8) . 0

Lemma 4.3 The diagonal matriz elements of the resolvent satisfy the following self-consistent equation.
-1
Gii=|—2=) 0}Gj; + ;i (4.11)
J
where Y;(2) is given by

Yi(2) = 03 Gi+ Y 05,GiiGilGa] ' + ( Ky Ea%K(l)) (4.12)
J#i
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and Equ: is the expectation over a'. Let T denote the set {ki,ka,...kn}, which also could be the empty set,
then

KU — B KGP| < (log N)3H2e \/Ml + M~ max IGUT) |2 4 max IGUT) |2 (4.13)

and for i # j

|Ki(;jT)| < (log N)4+4°‘\/M1 + (Mn)-1 max {ImGl(ZjT)}, i F# (4.14)

hold with a probability larger than 1 — CN—cloglog N) for sy fficiently large N.

Proof of Lemma 4.3. We can write G111 as follows,

1
G = (K{)™' = (4.15)
Y 2e U e oY e

Using the fact G = (H(1) — 2)~1 is independent of a' and Egial(i)al(j) = dijot;, we obtain EalKﬁ) =
—2 =i U%ngj), and thus

1
Gy = . (4.16)
(1 1 1
—Z = Zﬁél 01JG ) (Kl(l) - Ealel))
Combining this identity with (4.7), we have
~1
Gii=|—-2— ZU%]- (ij — Glelel_ll) =+ (Kl(}) — EalK( )) . (417)
J#1
Clearly G11 can be replaced with any G;; and this proves (4.11) with the definition (4.12).

Now we prove (4.13) and (4.14). Define

vij = hij /0i, (4.18)

hence Ev;; = 0 and E|v;;|> = 1. If 0;; = 0, i.e., h;; = 0 almost surely, then we set v;; = 0. By the definition
of KZ-(ZT), we write

K(ZT) Z akG(ZT) =hi — 2 — Z mamG,(iT)auvu (4.19)
kol (iT) k,1¢(iT)
and _
EaKy" = 2= D oGy ow (4.20)
k¢ (iT)

We note hy;, v;; and GEJZT) are independent for k,! ¢ (iT). With the sub-exponential decay (2.14) and
0, < 1/M, we have for any i, j

{|hlj| < (1OgN)3+2aM 1/2} —_CN~¢ loglogN) (421)
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In Corollary B.3 of Appendix B we will prove a general large deviations result. Applying (B.15) to the last
term in (4.19), with the choice

By = 0i,G{ oy, (4.22)
and with )~ 07, = 1 and 0, < 1/M, we obtain that

S wmoaGVowo — Y oaGl ow _(logN3+2a\/M ! ma |Gl )|2+maX|GZT)|2 (4.23)
k¢ (iT) k¢ (iT)

holds with a probability larger than 1 — C N —c¢(oglog N) = Together with (4.21), we obtain that (4.13) holds
with a probability larger than 1 — C' N —c(loglog N) for sufficiently large N.
Next we prove (4.14). By the definition of KZ-(;]T), i # j, we can write

KFY =hi— Y wrowCy oy (4.24)
k,1¢(ijT)

Applying (B.16), (4.21) and 07; < 1/M, we obtain that

K] < log N)Me | M-ty 37
k¢ (ijT)

.. 2
oGl o (4.25)

holds with a probability larger than 1 — CN—cloglog N) for sufficiently large N. With Schwarz’s inequality,
for any 1, 7,

>

kl

1/2 1/2
O'ikGl(;l]T)O'lJ’ (Z low|*|G ”T)| ) (Z |G ”T)| |O'jl|4> ) (4.26)

Denote u57™) and AT (a =1,2,...,N — |T| — 2) the [>normalized eigenvectors and eigenvalues of
HOGT) Let ui™ (1) denote the I-th coordinate of u&”T), then for any !

(UT) I G(UT)
Z|GZJT (|GZ]T ) Z|/\”T) l)l _ m Gy (2) (427)

z|? n

Here we defined |A|? := A* A for any matrix A. Inserting (4.27) into (4.25) and using the definition of M in
(2.3), we obtain that (4.14) holds with a probability larger than 1 — CN—c¢(logleg N) for sufficiently large N.

O

Proof of Lemma 3.4. We first prove (3.18) in the range 3 < 7 < 10. Recall that Q° is the subset of the
entire probability space where ||H|| < 3 see (3.11). By (7.11) from Lemma 7.2 (using that M > (log N)?
implied by (3.3)), we have P(Q°) > 1 — N—¢lgloe N Denote )\, and u, the eigenvalues and eigenvectors of
H = (h;;). From the identity

|ua (i)
Gii = — 4.28
yl 29

—ZzZ
s «
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and max, |Aq| < 3, we have that

n

-1 > Gii > |1 Gii > 4.29
n _| |—|m |_(|E|+3)2+772 ( )

holds in Q°. Together with 3 <7 < 10 and |E| < 10, we obtain
c< |Gyl <C (4.30)

with some positive constants. From the interlacing property of the eigenvalues of the matrix and its subma-
trices, we find that not only ||H|| < 3 but also |[H(™)|| < 3 holds on the set Q°. Thus for any 7, k such that
i, j and k are all different, the bounds

c< |Gyl 1GY, 168Y) < c. (4.31)

K2 2

hold in 0 by a similar argument that led to (4.30). Thus (4.6) implies
0y () 21(00)| 7 (@)
109640 < 100 K| (4.32)
and (3.18) follows make use of (4.14) and n > 3.

Now we prove (3.19). Recall that the self consistent equation (3.16) with the error term Y;(z) is given
by (4.12), ie.,
Tl(z) = O'ZG“ + ZO’%GijGﬁGizl + (Kz(zl) — EalK,L(;)) . (433)
i
Now we bound T;(z) in Q2. Since 02 < M1, with (4.31), the first term of the r.h.s. of (4.33) is less

than O(M~'). Then with (2.1), and using the bound on G;; (i # j) from (3.13) and the one on G;; from
(4.31), we obtain that the second term of the r.h.s. of (4.33) is less than C(log N)19+8(Mn)~! (and with

(3.31), we know it is much less than 1), i.c., in 2
UiGu + Z U?jGijGjiG;il < C’(log N)10+8a (M’I])71 . (434)
J#i

The last term of the r.h.s. of (4.33) can be bounded, using (4.13) with T = ), with a very large probability.
Using (4.8) and (4.31), the G;jl)’s in (4.13) can be bounded as

G| < Gl + ClGwIGal. (4.35)
Therefore, again with the bound on G;; (i # j) in (3.13) and the one on G;; from (4.31), we see that
K = Bai K] < 2(log NS0 (M) =/ (4.36)

holds in 2 with a probability larger than P(Q2) — CN—<(oglog N) for sufficiently large N. Inserting (4.34)
and (4.36) into (4.33) and together 7 > 3, we have proved (3.19).
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Now we prove (3.20) for n > 3. By the definition of Y; in (4.33), we have

’ [ Qo) ” <ELQ) |02Ga + Y 05Gi; GGyt | + ‘El([ﬁz]c) (Kf-i) _]EaiK@)

i i
J#i

: (4.37)

since E (Kl(z) — EaKl(Z)) = 0. Using (4.31), in Q° we have that [07Gyi + Y, 07,Gi; GGy !| is always less

than a constant C' for some C' > 0. Inserting this and (4.34) into (4.37), we obtain that
‘]E 1@ H < C(log N)O+8e (M)~ + ’E (10099 K — B K H L ON-closlogN (438

We now claim that for some large enough C' > 0 there exists ¢ > 0 such that

c

P(Zz9 >N <e ™  and  P(KY|>NC) <e N (4.39)

The first estimate follows from the definition of Zl(; ) given in Definition 4.1 by using the sub-exponential

decay of the matrix elements and by using the trivial bound |G,(;l)| < n~! # N. The second estimate is a

trivial consequence of the first one and the definition of Kl(f ), Together with (4.38), we obtain (3.20) in the
case that 3 <n < 10.

We now prove (3.21) and (3.22) for the case n < 3 satisfying (3.3). We will work in the event Q% N Q%
where 2’ = z+iN~°. Similarly as we proved (3.33), from the bound below (3.31) and the Lipschitz continuity
of g(z) , we obtain that

K 1/4
|Gii(2) — mse(2)] < 2(log N)lHGQ(\/MiTn;(z) (4.40)
and

Gii(2)| < 2(log N 5+40‘("€7

hold in Q%4 N Q4. We note the r.h.s of these inequalities are much less than (log N)~! by (3.3). From the
explicit formula (2.13) we obtain that ¢ < |mg.(z)| < C for any |z| < 10 with some positive constants. Using
this observation and the fact that the r.h.s. of (4.40) is much less than (log N)~!, we have

(4.41)

Hence, using (3.31), (4.7), (4.8) and the lower bound of |G;;|, one can easily obtain that

_ 0 1/4
Ga(2) = macl2)ls 16D (2) = mae(2)l, 1P (2) msc<z>|sc<1ogN>1l+6a(¢MiT% (4.42)

hold in Q2, N QY,, (for the third term in Lh.s., we have also used the lower bounds of Gg)’s as above). Then

2z
we also have

¢ <|Gu(2)l, 1GP(2)], 1GEP () < C (4.43)

with some positive constants.
The definition of mg.(z) implies Im ms.(z) < Cy/k + 1. Then with (4.42), (3.3) and g(z) < /K + 1, we

have that ‘
mGYY(2) <CviEFa (4.44)

19



holds in ©2, N Q% for some constant C' > 0. Inserting it into (4.14), we obtain that

(i5) 4+4 (FL 77)1/4

hold in Q9, NQY, with a probability larger than P(Q2, NQ%,) — CN—clloglog N) for sufficiently large N. Again,
with (4.6) and (4.43), we obtain (3.21) for sufficiently large N.
Then, as we proved in (4.34) and (4.36), we get that

(4.45)

|05:Gis(2) + D 07,Gi3GiiGt (2)] < Clog N8 (M)~ (4.46)
J#i
and ‘ .
K7 (2) = Bas K7 (2)] < C(log N)®H0 (M) ~1/2 (4.47)

hold in 2N Q9,NQ%, with a probability larger than P(Q2N Q°,NQ4,) — CN—<cloglog N) which implies (3.22).
Finally, similarly as using (4.37)- (4.38) to prove (3.20), we can obtain (3.23) in the case that n < 3.

5 Stability of the self-consistent equation: proof of Lemma 3.5

In this section, we prove Lemma 3.5, i.e., we will prove the stability of the self-consistent equation with a
precise error estimate given in (3.25). We set mg. = ms.(2) and T = max; |T;(z)| for simplicity of notation
and we will omit all z dependences in all the symbols. With the definition of ms.(z) in (2.12) and (2.13),
the following properties of m.(2) can be easily established:

Lemma 5.1 Let z = E +in with n > 0 and |z| < 20. Then we have
|2+ M| 72 = [mee|® < 1 (5.1)

and
| 4 mee(2) 2 = 1] > OVRF 7 (5.2)

for some constant C. Furthermore, suppose that either 2 < |E| < 10 or k < 1. Then
|2 4+ Mse| ™2 = |mse|® < 1= CVE +1. (5.3)

For small values of |2% — 4| < k + 1, ms.(2) has the asymptotic expansion

1
mSC::|:1+§\/z2—4—|—0(|z2—4|), near z =< £2. (5.4)

We first prove (3.25) for the case that 3 <» < 10. In this case, we can easily check that g(z) = /k + 7.
Denote the difference between G;; and mg. by

v = Gy — Mse, 1<i<N.
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By the self consistent equation (3.16), (2.1) and (2.12), we have

2050+ X
(2 +mse + 225 Ufjvj + Y1) (2 + mse)

L 1<i<N. (5.5)

V; =

For 1 > 3, |z + ms.(2)| > 2 by (2.13). Using |G| <n~! and |ms.| < 1!, we obtain
lvil <2/n<2/3, 1<i<N. (5.6)

From the assumption (3.17) and (3.3), we have T = max; |T;| < 1 in this region. Together with |z4+m.(2)| >
2 and (5.6), we obtain that the absolute value of the r.h.s. of (5.5) is less than

sup; |vi|

+0(T). (5.7)

|2 4 mise(2)] = sup; [vi]
Taking the absolute value of (5.5) and maximizing over n, we have

sup; |vi
|2 + me| — sup; |vi

sup vy, | < +O(7T). (5.8)

The denominator satisfies |z + ms.(2)| — sup; |vi| > 2 —2/3 = 4/3, therefore we obtain sup |v;| = sup, |Gy; —
mse(2)] < O(Y), which shows (3.25) for 3 <n < 10.

Next, we prove (3.25) in the case that n < 3 with n satisfying (3.3) and under the condition (3.24). Define

m=m(z):= % Z Gii and wu; =Gy —m. (5.9)

Combining (3.17), (3.3), (3.24) with the fact that g(z) < C, we can see that
T < (log N)"¢%(z) < Clog N)™, |Gii — mse(2)] < C(log N)~2. (5.10)

Together with (5.1), we have
|2+ msc(2)| = [Gis — mse(2)| = [T 2 C

for some C' > 0. Furthermore (3.24) implies
Im(z) — msc| < 2(log N)"?g(2) (5.11)
thus there exists C' > 0 such that
|z +m(2)] — |Gy —m(z)| — |T| > C. (5.12)
Therefore, expanding the self consistent equation (3.16) around z + m(z), we obtain that

1 1

0=Gy+ =G+ —+Q; 5.13
z—i—Eijjij—l—Ti z+m(z) (5:13)
where €2; is defined by the second equality and it satisfies
>, O
Qi =—-—L2 1+ 0(|ull%)+O0(T 5.14
o + Ol + 0(x) (514)
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with error bounds uniform in i. Here ||u|loc = max; |u;|. Taking the average of the r.h.s of (5.13) with
respect to ¢, we obtain that

1
where 1
Q= ZQ (5.16)
and it satisfies
Q] <O([lull%,) + O(). (5.17)

Here we used 2, >~ ofu; = >_;juj =0. The bound (3.24) , (5.11) and g(z) < \/k + 7 (from (3.2)) implies
that
ullee < 4(log N)2g(2) < C(log N) *V/k + 1. (5.18)

Together with (5.10) and (5.17), we obtain
Q] < Clog N)™*(k +1).
To bound m(z), we use the following lemma.
Lemma 5.2 Let z = E+in € C, |z| <10 and let § > 0 be a sufficiently small constant. Let t € C such that
[t] < d(k+n). (5.19)
Suppose there is a function s,(t) € C that solves the equation

1

)+ ———= =1, 5.20
w0+ (5.20)
with Im s, (t) > 0 and the estimate
[s2(t) —mse(2)| < 0v/K+1 (5.21)
holds. Then "
z t) — sc S C—Fr 5.22
|s2(t) = mse(2)] NE= (5.22)
for some constant C > 0.
Proof of Lemma 5.2. Tt follows from (5.20) that
—z—t )2 —4
sa(t) =t (= +2) . (5.23)

We denote by sl(t) and s%(t) the two solutions of this equation, which are continuous with respect to ¢
locally in the neighborhood (5.19). When ¢ = 0, one of them is equal to m.(z), we choose s1(0) = ms.(2).
From (5.23), we have

|s' — 82| = |(z +1)? — 4]/2 (5.24)

22



Then, for small enough 4, if [t| < d(k + 1), then |s! — s?| > L min{|z — 2|, |z + 2|} by using (5.24) and that
k +n < min{|z — 2|,|z + 2|}. We thus see that only one out of s' and s? can satisfy (5.21). With the
assumption that s1(0) = ms.(2), it is s* that satisfies (5.21). Then

52(t) — mae(2) = s3(t) = 52(0) (5.25)

and (5.22) follows from the fact that

1 1
0. ()] <0 ——— <o ——), 5.26
|t ()| <| /(Z+t)2—4|> ( /I<J+77> ( )
where for the second inequality, we used [t| < §(k + 1). 0O

Using Lemma 5.2, for s,(t) = m(z) and t = —€), we have

elle] . cY
< C(log N o :

and (5.18). Subtracting (5.17) from (5.13), we have the

Im(z) — mase(2)] < (5.27)

;1

where in the second inequality we used (5.17
equation for u;

2, 20,
u; =Gy —m(z) = %—FQ—I—O(HM&)—I—O(T) —wi—l—%, (5.28)
where w; is defined as u; — (32, 07;u;)(2 +mse) 2. By (5.17), it is bounded by
IWllso = O(lull3) + O (ullsc|(z +m) ™2 = (2 + mse) %]) + O(Y). (5.29)
Then, using (5.11) and (5.1), we obtain that
(e +m) 2 = (2 4 m0) 2] < Clm(z) — macl2)] (5.30)
Inserting this into (5.29), using the bounds on ||ul|» in (5.18) and (5.27), we have
IWlloo = O(l[ull%,) + O(T). (5.31)

From (5.3) in Lemma 5.1, whenever |E| > 2 or k < 7, in which case ¢g(z) < \/k + 1, we have
|24+ mee| 2 <1 - CVE + 1, (5.32)

for some C' > 0. Therefore (5.28) imply in this region that

[ulloe < Clk+n) 2| Wl|oo. (5.33)
Using (5.31), we get
C C
o < 2 4 T, 5.34
and using ||ul|ec < /K + 1 from (5.18), we conclude that
T
ull < Of ). 5.35
full < 0(72= (5.35)
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Combining this with the bound on m — mg. (5.27) and G;; — ms. = m — mg. + u;, we obtain (3.25).

Finally, we consider the main interesting regime: |E| < 2 and k > 7. We claim that the following
inequality about mg.(z) holds.

Lemma 5.3 Let 1 > 6_ > 0 be a given constant. Then there exist small real numbers 7 > 0 and ¢; > 0,
depending only on 06—, such that we have

} <(1-a (=) 1+ 1) (5.36)

max {}T +x mgc
re[—140_,1-64]
with
9(2) = max{dy, |1 —Rem?,(2)|} (5.37)

for any positive number 01 such that —14+96_ <1 —4d,.

We postpone the proof of this lemma to the end of this subsection and we first complete the main
argument. Recall that B = {U _, is the matrix of variances which is symmetric. We also recall 5i from
(2.4) and we will apply Lemma 5 3 with these 6_ and d4. Fix z, set ¢ := m?2.(2) = (mse(2) + 2)72 and
rewrite (5.28) as

1 (B+711-1
147 { 1+7 }
with 7 given in Lemma 5.3. Define Q := I — |e)(e| to be the projection onto the orthogonal complement of
the normalized eigenvector e = N~/2(1,1,...,1) belonging to the simple eigenvalue 1 of B. Note that B
and @ commute and that the spectrum of BQ lies in [~1 +6_,1 — §,]. Denote by ||A|| the usual ¢ — ¢2
norm of a matrix A. Since

H(B+T
1+7

u=(I-¢B)* (5.38)

Cr+T1
1+7

o< mw

—14+56_,1— 6+]

[<(-age)?<a

by the Lemma 5.3 and w L (1,...,1), the Neumann expansion of (5.38) converges on span ((1,...,1))* and

1 & CB+T1\"
—(I-¢B ( ) w. 5.39
u=(I-(B)'w = — 2% ) (5:39)
We will compute the £>° — ¢°° norm of this matrix. First note that
CB—i—TH ‘(CB-FT) IC|+7
. < Bi; + 76| < <1, 5.40
‘ 1+7’ 00— 00 mlax; 1+7’ iJ 1+ maXZK J+T ]| 1+T - ( )

since || = |mse|?> < 1 and > 1Bl =32 Bij =3 0, = 1. Then we have

G R B (G Kt N e N R IR

by Lemma 5.3. Since for any N x N matrix we have

[A]lcosoo < VNIA],
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we obtain

|20 g <vNa—ade) (5.41)

1 00— 00

+
Thus, estimating the first n < ng := (log N)(c1g(2))~! terms in (5.39) by (5.40), and the rest by (5.41), we
get

1ogN = " log N
afle < + Y VNI = g@)? | [wlleo < C=— Wl
019( ne—no 9(z)
Using the bound (5.31) on ||w||» and the bound (5.18) on ||u||s, we have
1ogN
[ufleo < (log N)™H|ulloc + C (2) (5.42)
which implies
log N
e < Oy (5.43)
9(2)
for some C' > 0. Combining this with (5.27), we find
T log N 1
Gii — Mse| < m(z) — mse(2 +ui§0|:uoo+7:|§ {A—JriT
| < ) = @]+ sl < € |l + < | < O |2+ =
which implies (3.25), since g(z) = min{\/k +1,9(z)}. 0O

Proof of Lemma 5.3. First, if g(z) = d4, then we choose 7 = 0. With |ms.| < 1 in (5.1), one can see that
(5.36) holds.
In the case of g(z) = |1 — Rem?,|, we have g < 2 by using |ms.| < 1. We choose 7 = §_ /10, then

2

2 5 5 :
2l < — +m? 1—6_)m? 5.44
16[—11}-15&331—54,] T + xmsc — max { 10 + mSC 10 ( )msc ) ( )
and 5
o 9 99— ~ 9
— (1 =96-)m3, <1 —=7g(2)(146_-/10)". (5.45)
10 10
For the other term in r.h.s. of (5.44), we have
‘— +m?2,| = |me|* +0.20_Re(m?,) + (6_/10)%. (5.46)

With |ms.| <1 in (5.1) and g(z) = |1 — Re (m?2.)| in this case, (5.46) is bounded as

<1 + %)2 —0.26_G(2) < <1 + %)2 (1 - C5(2)) (5.47)

o]

for some C' depending on d_. At last, we complete the proof by combining (5.47) and (5.45). 0

25



6 Proof of the universality of local statistics

We now outline the main steps to prove Theorem 2.2.

Step 1. Local relazation flow. Following [19], we first prove that the local eigenvalue statistics of Dyson
Brownian motion (DBM) at a fixed time ¢ are the same as those of GUE if ¢ < N—%° for some £9. The DBM
is generated by the flow

Hy=e ?Hy+ (1 — e HY2V, (6.1)

where Hj is the initial matrix and V is an independent GUE matrix whose matrix elements are centered
Gaussian random variables with variance 1/N. Strictly speaking, for each matrix element we have used
the Ornstein-Uhlenbeck (OU) process on C instead of the Brownian motion which was used in the original
definition of DBM in [19]. Tt is easy to check that the eigenvalues of H; follow a process, very similar to
the original DBM in [19], but with a drift. With a slight abuse of terminology, we will still call this process
DBM. More precisely, let

—3(x)

Zg

A
dx,  HE)=N[8Y % - % > log |z — i (6.2)
=1

i<j

= pn(dx) =

(8 = 2 for GUE) be the probability measure of the eigenvalues of the general 8 ensemble, 8 > 1 (in this
section, we often use the notation x; for the eigenvalues to follow the notations of [19]). In this paper we
consider the § = 2 case for simplicity, but we stress that our proof applies to the case of symmetric matrices
as well. Denote the distribution of the eigenvalues at time ¢ by fi(x)u(dx). Then f; satisfies

oifr =2 fr. (6.3)
where (see (2.2) in [19])
A al 1
$2212_83+Zl(_§xi+%.¢.$i—$j>ai' (6.4)
= = j#i

Theorem 6.1 Suppose that the probability law for the initial matriz Hy satisfies the assumptions of Theorem
2.2. Then there exists eg > 0 such that for any

t> N, (6.5)

the probability law for the eigenvalues of Hy satisfies (2.20), i.e., for any k > 1 and for any compactly
supported continuous test function O : R¥ = R, we have

1 E+k
lim lim —/ dE'/ day ...day O(aq, ..., ax)
Rk

k—0 N—oo 2K E—r

1 k) (k) / a , a,
x (p —p )(E LM E +7)=0,
Osc (B TN TCUEN Nos(E) Nos(E)

where pgf[)JE N 18 the k-point correlation function of the GUE ensemble.
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Proof of Theorem 6.1. We first recall the following general theorem concerning the Dyson Brownian motion
from [19] that asserts that under four general assumptions, the local eigenvalue statistics of the time evolved
matrix H; coincide with GUE. The first assumption (called Assumption I in [19]) is a convexity bound on
H which is automatically satisfied in our case and we only have to verify the following three assumptions.

Assumption II. There exists a continuous, compactly supported density function o(z) > 0, fR o=1,
on the real line, independent of N, such that for any fixed a,b € R

=0. (6.6)

lim sup
N—o0 t>0

1Y b
[+ 16 € lab)fibduto - [ olwyis

For the next assumption, we introduce a notation. Let 7; = «; v denote the location of the j-th point
under the limiting density, i.e., 7; is defined by

Y3
N/ o(r)dr =j, 1<j<N, «;€suppe. (6.7)
We will call v; the classical location of the j-th point.

Assumption ITI. There exists an € > 0 such that

su /i i(m — )2 fe(dx)p(dx) < CN 12 (6.8)
tzg N e = i) Tt M = .

with a constant C' uniformly in N.

The final assumption is an upper bound on the local density. For any I € R, let

N

Ny = Zl(,@z S I)

i=1
denote the number of points in 1.
Assumption IV. For any compact subinterval Iy C {E : o(F) > 0} independent of N, and for any

0 >0,0 >0 and r > 0, there are constants ¢ depending on I, §, o and r such that for any interval I C I
with [I] > N7 we have

sup /1{N, > KN|I|} frdp < N-closlos N j¢ = N7 (6.9)

TZN—szrS

where ¢ is the exponent from Assumption III.

Theorem 6.2 [19, Theorem 2.1] Let ¢ > 0 be the exponent from Assumption III. Suppose that there is a
time 7 < N~2¢ such that the following entropy bound holds

Su(fr) = /fT log fydu < CN™ (6.10)
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for some fized exponent m. Suppose that the Assumptions II, III and IV hold for the solution f: of the
forward equation (6.3) for all time t > 7. Let E € R be a point where o(E) > 0. Then for any k > 1 and
for any compactly supported continuous test function O : R¥ — R, we have

1 E+b

lim lim sup

— dE’ day ...dag O
b0 N—00 15 y-2e45 2b Jp_y /Rk ay ai O(ay, ..., o)

(6.11)

1 (k) _ (k) / 1 )L
— LB+ — V=0
. o(E)* (ptvN p#vN)( * No(E) "7 * NQ(E))

Theorem 6.2 was exactly Theorem 2.1 of [19] except that the assumption (6.10) on the entropy in [19] was
stated for the initial probability density fy. Clearly, we can start the flow (6.4) from a fixed time 7 < N 2519
since the statement of Theorem 6.2 concerns only the time t > N~2%°  In the case that the flow (6.4) is
generated from the matrix evolution (6.1), the entropy assumption (6.10) is satisfied automatically. To see
this, let ;7 denote the probability measure of the ij-th element of the matrix Hy, i < j, and 7; the probability
measure of the matrix H;. Let fi denote the probability measure of the GUE and p# the probability measure
of its ij-th element which is a Gaussian measure with mean zero and variance 1/N. Since the dynamics of
matrix elements are independent (subject to the Hermitian condition), we have the identity

dig\ - dvl? y
1 — | dy = 1 — | dv’. 6.12
J1ox (5 ) an Z/g<du> v (6.12)

The process t — Vtij is an Ornstein-Uhlenbeck process and each entropy term on the right hand side of the
last equation is bounded by C'N provided that ¢ > 1/N and vy has a subexponential decay. It is easy
to check from the explicit OU kernel. Since the entropy of the marginal distribution on the eigenvalues is
bounded by the entropy of the total measure on the matrix, we have proved that

/fl/N log fi/ndu < CN?, (6.13)

and this verifies (6.10). Therefore, in order to apply Theorem 6.2, we only have to verify the Assumptions
II, IIT and IV. Clearly, Assumption II follows from Theorem 2.1 (note that in the case of generalized Wigner
matrix, M < N and g(z) < /k=+n). Assumption IV also follows from Theorem 2.1 by noting that
N; < CIm(FE + in) if I is an interval of length n about E. We also note that Assumption IV in [19] was
stated in a slightly stronger form, requiring a large deviation bound (6.9) for all K > 1, but inspecting the
proof of Theorem 2.1 of [19] reveals that Assumption IV is used only for K larger than some positive power
of N and smaller than N (the main observation is that the upper limit of the summation in (7.16) of [19] is
effectively N and not co).
Having verified all other assumptions, it remains to prove (6.8), which we state as the next theorem.

Theorem 6.3 Suppose H satisfies the assumptions of Theorem 2.2, in particular, it is a generalized Wigner
matriz with positive constants Ciny, Csup in (2.6). Let v;;(x)dx := oy5v;5(0ijx)d be the rescaling of the

distributions v;; of the matriz elements and suppose that they satisfy the logarithmic Sobolev inequality (LSI)
with a constant C's independent of N,i,7, i.e.,

/ulogudﬂij < CS/|V\/E|2d§ij (6.14)
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holds for any smooth probability density u, [udv;; = 1. Denote A; the i-th eigenvalue of H in increasing
order, Ay < Aa < ... < An. Then there exists ¢ > 0 depending on «, 3 in (2.14) but independent of Ciny,
Csup and Cs such that

N

1

= D E( — )2 S ONTIE, (6.15)
=1

if N is sufficiently large (depending on Cing, Csup, Cs, a and 3).

The proof of Theorem 6.3 will be given in Section 7. It is easy to check that if an initial matrix H = Hy
satisfies the conditions of Theorem 6.3, then its evolution H; under the Ornstein-Uhlenbeck flow will also
satisfy these conditions with constants changed at most by a factor two. The main condition to check is
that the logarithmic Sobolev inequality (6.14) holds for 0 < ¢ < 1. But this was proved in the argument
following Lemma 5.3 of [15] using an estimate on the logarithmic Sobolev constant for convolution of two
measures, i.e., Lemma B.1 of [15]. Therefore Theorem 6.3 guarantees (6.15) for all positive times ¢ > 0
and this proves Assumption IIT provided that the initial distribution satisfies the LSI (6.14). We have thus
proved Theorem 2.2 for matrix ensembles of the form

hij = e hy + (1 —e HVIN-V2E > N2 (6.16)

where {g are i.i.d. complex random variables with Gaussian distribution with mean 0 and variance 1,
and /f\Lij’s are independent random variables such that the rescaled variables Eij = ﬁij Joi; satisfy th LSI
assumption (6.14). In (6.16) 6 > 0 is arbitrary and ¢ is fixed in Theorem 6.3. In particular, with the choice
0 =¢ and t < N~°, we have proved Theorem 2.2 for matrix ensembles h;; = 0;;(;; if (;; is of the form

Gij=01- 7)1/2@j +AM25 0 4y =< N7E, distribution of Zij satisfies (6.14). (6.17)

R

Step 2. Eigenvalue correlation function comparison theorem.

The next step is to prove that the correlation functions of eigenvalues for two matrix ensembles are
identical up to scale 1/N provided that the first four moments of all matrix elements of these two ensembles
are almost identical. This theorem is a corollary of Theorem 2.3 and we state it as the following correlation
function comparison theorem. The proof will be given in Section 8. Note that the assumption (2.21) in
Theorem 2.3 is satisfied by Theorem 3.1; in case of generalized Wigner matrix we have g(z) = /k + 1 and
M =< N, so in the regime where |E| is separated away from 2, we have from (3.4), that G;;(z) is uniformly
bounded (modulo logarithmic factors).

Theorem 6.4 Suppose the assumptions of Theorem 2.3 hold. Let pqgk])\, and pv(f)N be the k—point functions

of the eigenvalues w.r.t. the probability law of the matriz H®) and H™), respectively. Then for any |E| < 2,
any k > 1 and any compactly supported continuous test function O : RF — R we have

(k) _ (k) a1 XN _
/deal...dozk O(al,...,ak)(pmN pw7N)(E+ N,...,E—i— N) 0. (6.18)

Step 3. Approzimation of a measure by Ornstein-Uhlenbeck process for small time.

Summarizing, we have proved Theorem 2.2 in Step 1 for matrix ensembles whose probability distributions
of the normalized matrix elements ¢;; are of the form (6.17). Using the Green’s function comparison theorem,
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i.e. Theorem 6.4, we extended the class of distributions to all random variables whose first four moments can
almost be matched (more precisely, match the first three moments and almost match the fourth moments
in the sense of (2.22)) by random variables in the class (6.17). In order to complete the proof of Theorem
2.2, it remains to prove that for all measures in the class given by the assumptions of Theorem 2.2, i.e.,
measures satisfying the subexponential decay condition, the uniformly bounded-variance condition (2.6) and
the moment restriction (2.19) for the real and imaginary parts, we can find random variables in the class
(6.17) to almost match the first four moments. Since the real and imaginary parts are i.i.d., it is sufficient
to match them individually, i.e., we can work with real random variables normalized to variance one. This
is the content of the following Lemma 6.5. Notice that the uniformity in the conditions (2.19) and (2.14)
guarantees that the bounds (6.19) hold with uniform constants Cy,Cs. This implies the uniformity of the
LSI constants, needed in Theorem 6.3, for the random variables constructed in Lemma 6.5. The proof of
this Lemma will be given in Appendix C. We have thus proved Theorem 2.2. 0

Lemma 6.5 Let ms and my be two real numbers such that
m4—m§—1ZCl, m4§02 (619)

for some positive constants C1 and Cy. Then for any sufficient small v > 0 (depending on Cy and Cs3), there
exists a real random variable &, whose distribution satisfies LSI and the first 4 moments of

g =(1-"2%, +4Y2%C (6.20)

are 0, 1, ms(§') = mg and my4(¢'), and

for some C depending on Cy and Co, where £ is real Gaussian random variable with mean 0 and variance
1, independent of &,. The LSI constant of & (and thus &) is bounded from above by a function of Ci and
Cs.

7 Proof of Theorem 6.3

Theorem 6.3 states that the eigenvalues are at a distance N ~/2=¢ from their classical locations in a quadratic
average sense. We will deduce this conclusion from the information on the closeness of the local density to
the semicircle law. We note the constants appearing in this section may also depend on « and S in (2.14),
but we will not mention the dependence in the proof.

First we reformulate a result, which we have proved in [19], in a somewhat more general setup. It states
that random points, A;, are close to a fixed set of locations, «;, if the local fluctuation is controlled, if the
averaged counting function is close to the counting function of the 7;’s in L'-sense and if some tightness
holds. For simplicity, the result is stated for the case when +;’s are the classical locations given by the
semicircle law o = 0s¢, (6.7), but the statement (and its proof) holds for any density function with support
being a compact interval and with square root singularity at the edges. In particular, we applied this result
in [19] for the Marchenko-Pastur (MP) distribution instead of the semicircle law. The counting function of

vj can be replaced by its continuous version, i.e., by the distribution function of the semicircle law which
defined by

E
Nge(E) = / 0sc(z)dz. (7.1)

— 00
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Lemma 7.1 Let A1 < Ay < ... < Ay be an ordered collection of random points in R. Denote the averaged

counting function of A\;’s

nNE) = %E#[Aj < E]. (7.2)

Suppose the following four assumptions hold.

1. [Tightness at the edge] There exist m < 7 and e > 0 such that
nMN=2—-N"Y"y <Ce™ and n*2+NY™)>1-Ce N (7.3)

and for any K > 3,
nME)>1—e N osK gng pN—K) < e Nlosk, (7.4)

2. [L'-closeness of the counting functions]

/jo [nME) — ne(E)|dE < CN~5/7. (7.5)

3. [Fluctuation of moving averages] For any small § > 0 there is a constant C such that for any j, K € N
with j + K < N + 1, the local averages \j ¢ := K1 Zfigl Ajyi satisfy

P (|AJ,K —EX\x| > N—1/2+5K—1/2) <Ce N, (7.6)

4. [Positivity of the bulk density] There exists a small enough 6 > 0 such that: for any interval I with
[I| = N75/% and I C [-2+ N7°,2— N9, the number of the X’s in I is bounded from below as follows

P (#{\; € I} > N"°N|I|) > 1 — CNeloglos N, (7.7)

Then there exists € > 0 (independent of the constants in these four assumptions) such that

N
1
=D B — ) < ONTI (7.8)

i=1

when N is large enough (depending on the constants in these four assumptions).

Proof of Lemma 7.1. In Theorem 9.1 of [19] we have proved the analogous result on the singular values
of the covariance matrix, where the role of the semicircle law was played by the MP law and the spectral
edges, +2, were replaced by Ay, the two edges of the support of the MP distribution. In that paper we first
proved the analogues of these four assumptions, then we presented the proof of (7.8) via a general argument
that used only these assumptions. Inspecting the proofs of Lemma 9.5, 9.6 and 9.7 in [19], leading to (7.8),
we observe that only equations (9.6), (9.8), (9.9) and (9.13) from [19] were used, in addition to the lower
bound on the density of the points in the scale N~%/8 which is used below (9.51) of [19]. The lower bound
on the density is granted by the last assumption (7.7) (even with a better control on the probability than
we required in [19]). Repeating the argument from [19], for the proof of Lemma 7.1 it is sufficient to check
that the first three assumptions in Lemma 7.1 imply equations (9.6), (9.8), (9.9) and (9.13) in [19]. We now
explain how to obtain these necessary bounds from our assumptions.
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The first condition (7.3) corresponds to the input for Lemma 9.2 in [19], in particular, the analogue of
(9.6) of [19],
—2 - N"Ym<EN <24 NY™

follows immediately from (7.3) and (7.4). We note that (9.6) in [19] contains a threshold N~'/® but actually
in the proof we only needed it to be much less than N~/ (see (9.36)-(9.37) of [19] for the application of

(9.6)).

The second condition (7.5) corresponds to Eq. (9.8) in [19]. As we showed in the proof of Lemma 9.3 of
[19], Eq. (9.9) directly follows from (9.8). Here the analogous bound

sup |n)‘(E) - nSC(E)| < CON3/7
E
follows directly from (7.5) in the same way.

Finally, the third condition (7.6) is exactly the same as (9.13) in [19]. Simply repeating now the proof of
Theorem 9.1 from [19], we proved Lemma 7.1. 0

Theorem 6.3 will now follow from Lemma 7.1 if we prove that the four conditions in the Lemma 7.1 hold
in the case of generalized Wigner matrices (2.6). The last condition (7.7) follows from the local semicircle
law (Theorem 2.1) and from the fact that gs.(x) > ¢v/k for € (=2 + k,2 — k). Here we list the first three
conditions as three separate lemmas that will be proven in the next three subsections. This will complete
the proof of Theorem 6.3. 0

Lemma 7.2 (1) Let H be a generalized Wigner matriz with subexponential decay, in fact it is sufficient to
assume that (2.14) and the upper bound Cyyy < o0 in (2.6) hold. Define n(E) as in (7.2). Then

nM=2 - N~V < Ce™ and n (24 N7V/6+e) > 1 — eV (7.9)
for any small € > 0 with an &' > 0 depending on €. Furthermore, for K > 3,
nMN—K) < e N1eK and pMK) > 1 — e N losK (7.10)

for some € > 0.
(2) In fact, the last tightness bound holds in a more general situation, namely, let the universal Wigner
matriz H satisfy (2.1), (2.14) and M > (log N)? where M is defined in (2.3). Then we have

nM—3) < CN—c¢lelosN and pA(3) > 1 — ONclosloe N, (7.11)

Lemma 7.3 Let H satisfy the conditions of Theorem 6.3. Then for any e > 0 we have

/Oo [nM(E) — nl,(E)|dE < CN ™M= (7.12)

Lemma 7.4 Let H satisfy the conditions in Theorem 6.3, in particular, let the distribution of the matrix
elements satisfy the uniform LSI (6.14). For j,K € N, j+ K < N + 1, define \jx = K~! Zfigl Ajti-
Then for any 6 > 0 small enough,

P (|AJ,K —E(\x)| > N—1/2+5K—1/2) < e, (7.13)

with C' depending on Cgy,p in (2.6) and Cg in (6.14).
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7.1 Proof of Lemma 7.2.

Extreme eigenvalues are typically controlled by the moment method, evaluating E Tr H* for large k using
some graphical representation. Our proof follows the standard path, but since we were unable to find a
reference that would apply precisely to our case, we include the proof for completeness. The main technical
estimate (7.18) is borrowed from [34]. We remark that if we use the strongest result in [34], one can improve
the exponent 1/6 to 1/4 in (7.9).

We start with the proof of (7.9) and (7.10) in the case of generalized Wigner matrices (see (2.6)). First
we truncate the random variables. With the assumption of subexponential decay of h;;, for any small § > 0,

one can find a /f\zij such that

]P)(hl] = hij) 2 1-— e_NE (714)

and
|hij| < N7Y2H00 E(hyy) =0, E(Jhy|*) < E(Jhiy?) (7.15)

for some small number ¢’, depending on ¢. Then we only need to bound the spectral norm of the new matrix

o~

H = (h;;). To prove (7.9), it only remains to prove that, for some small &’ > 0,

P(|H| > 2+ N~V6+5) < N7, (7.16)

With ~
ETr H*

7 —1/6+¢
PO 22+ N < o B

for any even k, (7.16) follows from
ETr H¥o < gkotOlogN) (7.17)

with the choice of ko = N'/6=9/3 and § = 3¢/2, since ||[H||* < Tr H* for even powers. The proof of (7.10) is
analogous.

To estimate E(Tr H k) for k € N, we start with introducing some notations and concepts on graphs.

Let p and k be given integers. We define the concept of ordered closed walk of k edges on an abstract
ordered set A, := {a1,a2,...,a,} of p elements with the natural ordering a1 < az < ... < ap. An ordered
closed walk on p vertices with k edge is determined by a sequence w = (wq, wa,...,wy) of the elements of
A, with the following properties:

i) Along the walk, the fresh vertices from A, are adjoined in increasing order, i.e., maxj<, w; <
max;<m—1 Wj + 1.

ii) {wi,we,... wi} = Ap, ie., all points of A, are visited.

ili) Let I'(w) denote the undirected graph associated with w, i.e., the vertex set of I'(w) is A, the edges
are given by (wi,ws), (we,ws),. .. (wg,w1); with multiple edges as well as self-loops (w; = w;41 for
some i) allowed. Then every edge of I" appears at least twice.

Let W(k, p) denote the set of ordered closed walks on p vertices with k edges. Their number was estimated
in Lemma 2.1 of [34]

k - _
Wkp) o= Wik < (, © )2z, (7.18)
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This bound will be sufficient for the proof of (7.9) with exponent 1/6 + . We remark that Lemma 4.1 of
[34] gives a different bound on (7.18) that is better by essentially a factor [(k — 2p)/p]*~2P. Applying this
bound, one could improve the exponent in (7.9) to 1/4 4+ € but we will not pursue this improvement here.
We also need the concept of labelling the elements of A, by the set {1,2,..., N}. A labelling is given by
a function ¢ : A, — {1,2,..., N} and we require that ¢ be injective. The set of such labelling functions is
denoted by L(p, N).
With these notations, we have the formula

N
~ ~ ~ ~
ETI‘H = 5 Ehi1’i2 hlz’b’s ce hikil
i1,02,... =1
k/2+1

Z Z Z ]Ehz (w1) m)he(wg)e(wg) o) e(wr)- (7.19)

p=l  weW(k,p) £€L(p,N)

To verify this formula, for any given sequence iy, 2, ...,%i; on the L.h.s.; let p denote the number of different
elements in this sequence and let the set A, be identified with these different elements in the order of their
appearance (i.e. for any m we let a,, := iy for some s if iy # i;, t < s, and i, is the m-th freshest element

among i1, 14s,...,1s, i.e., [{i1,42,...,is—1}| = m —1). Let wy,wa,...,w; encode the sequence iy, s, ...,
with the new labels a1, as,...a,. One may think of the walk, wi,ws, ..., ws, as the topological structure of
the sequence (i1, 42, . .., i) where the original labels from the set {1, 2, ..., N} have been replaced by abstract
labels, defined intrinsically from the repetition structure of (iy, s, ...,4x). Formula (7.19) is a resummation
of all sequences (i1,1i2,...,4x) in terms of topological walks (first and second sum) and then reintroducing

the original labelling with {1,2,..., N} (third sum). Since the first moment of /f;ij vanishes and different
matrix elements are independent, all terms on the right hand side have zero expectation in which at least
one factor h;; appears only once. This justifies the requirement iii) in the definition of the ordered closed
walks. The restriction p < k/2 4+ 1 in the summation then comes from iii). This proves (7.19).

To compute the expectation on the r.h.s. of the (7.19), we need to introduce the concept of the skeleton
of the walk. Given w € W(k,p), its skeleton S(w) is the undirected graph on A, that is obtained from I'(w)
after replacing each multiple (parallel) edge by a single undirected edge. Here S(w) allows self-loops (as long
as every edge has multiplicity 1). Thus the edge set F(S(w)) of the skeleton coincides with the edge set
E(I'(w)) after neglecting multiplicity and direction. The skeleton is a subgraph of the complete graph on
A,. We will also define the tree of the walk, T'(w), which is just a spanning tree of the skeleton S(w) built
up successively along the walk by a greedy algorithm: include an edge to the T'(w) if it does not create a
loop together with the previously adjoined edges. Since I'(w) is connected, and then so is S(w), thus T'(w)
is indeed a tree on p vertices, in particular the number of its edges is

|E(T(w))| =p—1. (7.20)

and S(w) \ T'(w) has total edge multiplicity less than k& — 2(p — 1).
For any edge e € E(S(w)) of the skeleton, let v(e) denote the multiplicity of e in I'(w) (edges with both
orientations are taken into account). Clearly

> vle)=k (7.21)

e€E(S)

for any skeleton graph S = S(w) for w € W(k, p). Finally, for a given edge e = (aq,ag) in a subgraph of A,
and for any labelling ¢ € L(p, N), we define the induced labelling of the edge e by ¢(e) = ({(aq),{(ap)).
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With these notations we have

~

ERg(w, ) e(ws) Me(ws)ews) - - - Pwr ) e(wr)

< II Elhl®.

ecB(S(w))

Note that |ﬁij| = |ﬁji|, therefore there is no ambiguity in the notation |/f;g(e)|. Since |h| < N=1/2+3 and
v(e) > 2, we have
E |hg | v(e) < N( 1/246)(v(e)— 2) 2( y (722)

or, alternatively, .
E |hg(e)|y(e) < N(-1/248)w(e) (7.23)

We will use (7.22) for the edges of the tree, e € E(T(w)), and we use (7.23) for the remaining edges
e€ E(S(w)) \ E(T(w)). We can now estimate (7.19) using (7.21) and (7.20):

k/241

IE Tr H*| < Z > > I E el

weW(k,p) LEL(p,N) e€E(S(w))

k/2+1
< Z Z N (=1/2+8)(k=2(p—1)) Z H Ul?(e)
p=1

weW(k,p) LeL(p,N) e€ E(T (w))
k/2+1
< Z Z NIH(=1/248)(k—2(p—1)) (7.24)
p=1 wEW(k,p)

In the last step we used that
> I diysn
£eL(p,N) ecE(T)
holds for any tree T". This identity follows from successively summing up the labels for vertices with degree
one in T by using the identity >, O'?j =1.
Using (7.18), we obtain the bound

k/2+1
E T B < Y S(k,p), (7.25)
p=1
with L
S(k,p) := <2p i 2)p2(k2p+2)22p2N1+(1/2+5)(k2(p1))' (7.26)
It is easy to show that
26k6

Choosing k = N'/6-9/3 we have S(k,p — 1) < S(k,p). Inserting this into (7.25), we obtain (7.17) and
complete the proof.

Now we prove (7.11) with the same method. Similarly, with the assumption on the distribution of h;;,
one can find a h;; such that
P(hij = hij) > 1 — CN~closlogN (7.28)
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and
lhijl < M™2n, E(hi;) =0,  E(lhy|?) < E(|hy|?) + N—cloaloa N (7.29)

for n = (log N)(loglog N). Here EZ—J— can be obtained by considering the cutoff random variables h;1(|hs;| <
M~—1/2 (log N)(loglog N )) and then slightly modifying them to recover their zero expectation value.

We can again bound |E Tr H*| as in (7.25) but with a slightly different S(k, p): instead of the factor
N1H(E1/240)(R=2(=1)) we will have N - M(=1/2+0)(k=2(p=1)) in the definition (7.26). These modified S(k, p)

numbers satisfy
n?kS
Slk,p—1) <

S(k,p) (7.30)

and
S(k,k/2+1)=2".N. (7.31)

Choosing k = n, we have % < 1. Thus we obtain
IE Tr H*| < 2% - 2nN, (7.32)

which implies (7.11) . 0

7.2 Proof of Lemma 7.3.

First we show that the estimate on the expectation of m —myg, is better than the estimate (2.16) on m —my.
itself.

Lemma 7.5 Assume that the N x N generalized Wigner matric H (see (2.6)) satisfies (2.1), (2.4), (2.5)
and (2.14), Eh;; = 0, for any 1 <i,j < N (i.e. the assumptions of Theorem 3.1 apart from (3.3) hold).
Then we have, with some C' > 0,

(log N)“

[Em(z) — msc(2)] < N+

(7.33)

for any z = E +1in, n > 0.

As a preparation to the proof, we need the following technical lemma that we state under more general
conditions so that it is applicable for universal Wigner matrices.

Lemma 7.6 With the assumption of Theorem 3.1, suppose (3.3) holds, we have the estimate

| (og M) yRFT
BT B2 ST (g @) (734

for some sufficiently large positive constants Cy (depending on «, 8 in (2.14)).

Proof of Lemma 7.6. Recall the definitions of Q2, Q¢ and (AZZT in (3.17), (3.12), (3.13) and (3.14) and we
define R
Q. =02n0inQl. (7.35)

With (3.34), we have
P(Q,) > 1— CN—cloglos N, (7.36)
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The r.h.s. of (7.34) is larger than N 2. Then with (7.36) and |m(z)] < n~' < M (see (3.31)), we only need

to prove
C(log N)¢y/
(log N) Al (7.37)
(Mn)g(2)
Taking the expectation of the self consistent equation (4.11) with (4.12), we obtain that

1

ELQ:)mZ) =~ gragm) 12

<

B[1(0.) - Gu] +E[1(02) (= + Y 0%,Gyy + T.) _1} ~0. (7.38)

For simplicity, we define

Together with (7.35) and (7.36), we have
A—mal, |4, - Al < 1.

Then, similarly to (5.12), on the event ), we have

2+ A= > o A; — Al - |T| > C,

J

by using |z 4+ ms.| > 1 and that on the set ., T is small. Therefore, we can expand (7.38) as

1 Ej U?jAj - A El(Qz)Tl

0= At - T A Giar (7.39)
2
E[l(ﬂz) 2 Uija‘j—A’ } E[1(2.) |1 ]
o AP +O<_EZQF_>'

Then summing up 1 <4 < N, we obtain that

1

+cmax1E[1(Qz)

> oG — Am +CE[1(Q.) T?]. (7.40)

Applying (3.12) and the definition of €2,, we can bound the second and third terms in the r.h.s. of (7.40)
with some constant C' as follows,

1 (log N)°/rk + 1
A+ ——| < E|1(Q2,)7T; —_—— 41
‘ +2+A _C’mzax’ [( ) ] + Mng(z2)? (7.41)
If n > 3, we estimate E[1(.)Y;] as
[E[1)7]] < [B1@)| +E[1(0991@.) 0] (7.42)
With (4.7), we have
|G Gji/Giil <2/n. (7.43)
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Then, with the definition of T; (4.12) and (4.39), we have
P(|max Y;| > N¢) < e V" (7.44)

for some positive constants ¢ and C. Inserting this and (3.20) into (7.42), we have

1 (log N)/k+1
A < 7.45
‘ +Z+A‘_ Mng?(z) (74)
in the case of n > 3. If n < 3, similarly, with (3.23) we have the same result. This proves (7.37) and thus
completes the proof of Lemma 7.6. 0

Proof of Lemma 7.5. First we will prove the result for large 1, more precisely we show (7.33) under the
additional assumption that
Nn(k +n)*? > (log N)“", (7.46)

with a sufficiently large constant C.
In the case of the generalized Wigner matrix, (2.6), we have M > (Csyp) ' N and 64 > Cipng (2.7), then

9(2) < VE+n

up to an O(1) factor. Note that with a sufficiently large Cy, (7.46) implies (3.3) and thus combining Lemma
7.6 with Lemma 5.2 we obtain (7.33) under the condition that n satisfies (7.46).

To prove (7.33) for any n > 0, it remains to consider the case when (7.46) does not hold. For a fixed
E, let n* = n*(E) > 0 be the (unique) solution of Nn(x + 7)3/? = (log N)°, i.e. when (7.46) becomes an
equality. In particular, we know that

. . (log N)©
Em(z") — mge(27)| < —————. 7.47
Em(=) = mee()] € st (7.47)
Consider n < n*, set z = E +in, z* = E + in* and estimate
.
[Em(z) — mse(2)] < [Em(z") — mse(2)| + / ‘81, (Em(E +iy) — ms.(E 4+ zy)) |dy. (7.48)
n
Note that
. 1 .
Dym(E +iy) =| 5 D 0,65 (E + )| (7.49)
J
1 N2 1 . 1 .
SN %: |Gk (E +iy)|* = Ny zj:Imij(E +iy) = ;Imm(E +iy), (7.50)

and similarly

. 0sc() ‘ / se() 1 .
E = [ 8 e < [ 8 e =1 '
[0ymsc(E + iy)| ‘/ (I_E—iy)de < |x—E—iy|2dw ) mms.(E + iy)
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Now we use the fact that the functions y — yImm(E +iy) and y — ylmms.(E +iy) are monotone increasing
for any y > 0 since both are Stieltjes transforms of a positive measure. Therefore the integral in (7.48) can
be bounded by

* *

T d T d
/ ?y [ImEm(E + iy) + Imm.(E + iy)] < n*[ImEm(E + in*) + Imm.(E + in*)] / y_g (7.51)
" "

By the choice of n* and using that Imm.(2*) < Cy/k + ¥, we have

) (log N)“
(=) < ) e b )

and then ImEm(z*) can be estimated from (7.47). Inserting these estimates into (7.48) and (7.51), and
using (7.47), we get

(7.52)

2(log N)© 77_*< (log N)¢

[Emi(z) = mae(2)] < [Bm(=") = moc (2D + Tt S Nl

with a possible larger C' in the r.h.s. This completes the proof of Lemma 7.5. 0

With Lemma 7.5, it follows that for any E and n > 0,

1
A A A A c
n(E+n)—n"(E—-n)|+ n,.(E+n) —ni(E—n) <n(log N (1+—>. 7.53
[P (B +n) = nM(E = )| + [n3o(E +n) = nio(E = n)| < n(log N) No(E 2T (7.53)
Now we return to the main argument to prove (7.12) in Lemma 7.3. Given (7.10), we only need to prove
3
/ [nM(E) = n,(E)|dE < CN~'e. (7.54)
-3
This inequality follows from the next lemma by choosing the signed measure
dn(E)
A
dx) = gse(dx) — , 7.55
0~ (dz) = 05c(dz) — — (7.55)
whose Stieltjes transform is given by
mA(2) = mye(2) — Em(2) (7.56)

and the conditions (7.58) and (7.59) are provided by (7.33) and (7.53). This will complete the proof of
Lemma 7.3.

Lemma 7.7 Let 0 (dz) be a finite signed measure with support in [—K, K] for some K > 0. Let

A T E
m®(z) :—/Rw, n”(E) ::/ 0™ (dx) (7.57)

T —z oo

be the Stieltjes transform and the distribution function of o™ (dx), respectively. Let k., kg denote ||z| — 2|
and ||E| — 2|. We assume that m® satisfies the following bound with some constant C':

log N)C
|mA(x+iy)|§( (log N) for y>0, |z| <K+1, (7.58)

Ny) (ke + y)
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and for any a > 0

/ 18 ) < allog N)° (14 ¥os o) (7.50)
Ba = oe Na(kg+a)/’ '
Then X
/ dE [n®(E)| < CN~}(log N)“ (7.60)
-K

for some constant C' > 0 when N is sufficiently large.

This lemma is similar to Lemma B.1 in [16], but with different assumptions. Since the assumptions here
are stronger than (B.3) and (B.4) in [16], we actually obtain a better bound (7.60) than in [16], where the
Lh.s. of (7.60) was bounded by N~6/7.

Proof of Lemma 7.7. For simplicity, we omit the A superscript in the proof. For a fixed E € [-K, K],
n > 0, define a function f = fg,: R — R: such that f(z) = 1 for « € [-K,E — 1], f(z) vanishes for
x € (—00,—K — 1) N [E + n,00), moreover |f'(z)| < Cn~! and |f”(x)] < Cn~2. Then

_ w eNC (10 L
)= [ feae < [ oltan) < atog N (14 es). e

We will choose n = N~! and set fg := fg,, with n = 1/N. Then to prove (7.60), we only need to prove that

‘ / / feN)o(NdME| < N~ (log N)©’ (7.62)
|E|I<K+1JR

for some C" > 0.
To express fg(\) in terms of the Stieltjes transform, we use the Helffer-Sjostrand functional calculus, as
(B.12) in [16]. We formulate this result in a more general form.

Lemma 7.8 Let fg, be given as above with some E € [-K, K|, K >3, and 0 <n < 1/2. Suppose that the
Stieltjes transform m of the signed measure o satisfies
L

S e e

for y>0, |[zg| <K+1, (7.63)

with some exponents 0 < 7,0 <1 and some constant L. Then

’/fE()‘)Q()\)d)\’ - _CL[logn|

= Nl 0 o

with some constant C' depending on K.

The condition of this lemma with 7 = ¢ = 1 and L = (log N)¢ coincides with (7.58), therefore, after
integrating in E and using n = 1/N, we obtain (7.62) which completes the proof of Lemma 7.7. 0
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Proof of Lemma 7.8. Analogously to (B.13), (B.14) and (B.15) in [16] we obtain that

[ 1xear < € [ @]+ @D Gl +in)dody

/ /yf y)Imm(z + iy)dady
lyl<n

/ / yfm( y)Imm(z 4 iy)dady| ,
ly[=n

where x(y) is a smooth cutoff function with support in [—1, 1], with x(y) = 1 for |y| < 1/2 and with bounded
derivatives. The first term is estimated by

+C (7.65)

+C

; CL
/R2(|fE(w)| +yllfp@)DIX (W)lIm(z +iy)ldzdy < <=, (7.66)
using (7.63) and the support of x’.
With (7.63) and |f%| < Cn~2 and
supp i (v) C {|lz — B <n},
the second term in r.h.s. of (7.65) is bounded by
CL / / y|f W@, < Y dady
0<y<n J|z— E\<17 I{I +y) NT 0<y<n J|z—E|<n KJI +y>
1-7
o CLy"""|logn| (7.67)

= N7(ke +n)°
Here we used that for y < 1/2 we have

/ 1 Cn|logy|
—dr < —="
lz—E|<n (HI + y)d (HE + 77)0

As the (B.17) and (B.19) in [16], we integrate the third term in (7.65) by parts first in «, then in y. Then
bound it with absolute value by

C
¢ [ ulfp@lRemrinldete [ i@ Remrii+ S [ [ Rem(o+iy)idady,
|| <K +1 R? <y<i J|z—E|<n
(7.68)
The middle term is bounded as (7.66). With (7.63) again, we have
CL / 1 CL CL / / 1
768) < @ ——_ dz + n . dzdy
( ) (NT])T |z—E|<n (HI =+ 77)6 (NU)T (NT])T n<y<lJ|z—E|<n (Hx + y>g
CLn'~"|log |
- 7.69
= N7(kg +1)° (7.69)
Then combining (7.65), (7.66), (7.67), (7.68) and (7.69) we obtain (7.64) and complete the proof of
Lemma 7.8. 0
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7.3 Proof of Lemma 7.4

Define the variables v;; as
hij = oijvij. (7.70)

Denote by u, and A\, the eigenvectors and eigenvalues of H. For any collection of real numbers, C,, € R, we
have

>

ij

2
< CapN71Y|Cal?.

Z Zazg ZC ua Ua ]
(7.71)

With the choice C, = K™, a = 74, j+1,...,j+K—1, and C, = 0 otherwise, we get [V, x|? < Csyp(NK)™?
Using the Bobkov-Gotze concentration inequality [4] and the uniform bound on the LST constant (6.14), we
get

> Ca e

[e3

E Co0ijta (i) ua(]

PNk —EXjx|27) <e TR CsT? IV k| < o= 1T+CsCoupT?/(NK)

for any T and «. Choosing v = N~V/?*0K=1/2 and T = (NK)'/2, we obtain (7.13). 0O

8 Proof of the Green’s function comparison theorem

Proof of Theorem 2.3. From the trivial bound

w(rmrmm), < () (=), v=
H—-FE—1in i\ H—-FE—wy jj’ -7

and from (2.21) we have the following a priori bound

1
Im _—
H,—FE+in/,,

Note that the supremum over 7 can be included by establishing the estimate first for a fine grid of 7’s
with spacing N!0 and then extend the bound for all by using that the Green’s functions are Lipschitz
continuous in 1 with a Lipschitz constant n~2.

Let Ay, and w,, denote the eigenvalues and eigenvectors of H., then by the definition of the Green’s
function, we have

(7=,

Define a dyadic decomposition

P max  max max sup
0<y<Y(N) 1<k<N |E[<2—k > N -

< N3T+a> > 1— CN—cloglogN' (81)

N

< 3 a0 [ 2] ]

U, ={m:2"'n < |\, — E| < 2™}, n=12,...,n0:=ClogN, (8.2)
Up={m: | m — E| <n}, Uso :={m :2"n < |\, — E|},

and divide the summation over m into U,,U,,

Sy 5 oy S O oy ()
— z| —z|_ — E — 12"y — Hy—E—i2"n) .~

n meU, n meU,

42



Using the estimate (2.21) for n = 0,1,...,n9 and a trivial bound of O(1) for n = oo, we have proved that

1
<HV—E:I:1'77>M

For simplicity, we will consider the case when the test function F' has only n = 1 variable and k; = 1,
i.e., we consider the trace of a first order monomial; the general case follows analogously. Consider the
telescoping sum of differences of expectations

1 1 1 1

(N)

1 1 1 1
2 pr(3rr=) e (3]
y=1

Let E(9) denote the matrix whose matrix elements are zero everywhere except at the (i,7) position, where

P ( sup sup  max sup < N4T+5> >1— CNcloslogN (8.3)

0<y<~(N) 1<k (<N |E|<2—k > N-1-¢

it is 1, i.e., E,(fej) = 0;0j0. Fix an v > 1 and let (4, j) be determined by ¢(i, j) = v. We will compare H,_;
with H,. Note that these two matrices differ only in the (¢,j) and (j,¢) matrix elements and they can be
written as

H, 1 =Q+ \/LNV, V =0, B 4 v, BUY
H = Q4 ——W, W i= wy, BYD 4w, B,
N J J
with a matrix @ that has zero matrix element at the (4, j) and (j,7) positions and where we set v;; := Tj;;
for ¢ < j and similarly for w. Define the Green’s functions

1 1
R: S: .
Q—=z’ H, -z

We first claim that the estimate (8.3) holds for the Green’s function R as well. To see this, we have, from
the resolvent expansion,

R=S8+NY28VS+. . .+ N58V)°S + N°(SV)'°R.

Since V' has only at most two nonzero element, when computing the (k,¢) matrix element of this matrix
identity, each term is a finite sum involving matrix elements of S or R and v;;, e.g. (SV.S)ke = SkivijSje +
Sk;v;iSie. Using the bound (8.3) for the S matrix elements, the subexponential decay for v;; and the trivial
bound |R;;| < n~!, we obtain that the estimate (8.3) holds for R.

We can now start proving the main result. By the resolvent expansion,
S=R—-N"Y?2RVR+N"YRV)’R— N"3?RV)*R+ N~3(RV)*R - N5/2(RV)°S,
So we can write

4
1 ~ ~
. - —m/2 p(m) —5/2
IS =R+¢ §_m§:1N R™ 4 N73/2)
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with
~ 1 ~ 1 1
- (m): _1\ym _— m - = 5
R=<TR R ()" T (RV)"R, Q= =T (RV)?S.

For each diagonal element in the computation of these traces, the contribution to ﬁ, R and Q is a sum
of a few terms. E.g.

)

1
@ = N Z [Rkivinjj'UjiRik + Riivij Rjivij Rjp + Rijvjs Rijvig Ryg + Ryjvji Rijvgs Rig
&

and similar formulas hold for the other terms.
Then we have

1 1 ~
EF (NTr i Z> —EF (R + g) (8.5)

=E [F(R) + F'(R)6 + F'(R)E¥ + ...+ FO (R + ¢)¢

5
= Z N—m/2EA(m)
m=0

where £’ is a number between 0 and £ and it depends on R and &; the AU)’s are defined as

A~ o~

AO = F(R), AW = F'(R)RM, A® = F"(R)(RMW)?+ F'(R)R®,
and similarly for A®) and A®. Finally,
AB) = F(R)Q+ FO (R + ¢)(RW) + ...

The expectation values of the terms A™ m < 4, with respect to v;; are determined by the first four
moments of v;;, for example

~ 71 ~71
EA® = F/(R) [N Z RiiRjj Ry, + .. }E |Uij|2 + F”(R) [m Z RiiRjeRej Rig + .. }E |Uij|2
% )

+F'(R) [% > RisRjiRj + .. .}E v + F'(R) [% 3" RiiRjeReiRii + .. .}IE V2,

k k.l
Note that the coefficients involve up to four derivatives of F' and normalized sums of matrix elements of R.
Using the estimate (8.3) for R and the derivative bounds (2.23) for the typical values of R, we see that all
these coefficients are bounded by N¢("*¢) with a very large probability, where C' is an explicit constant.
We use the bound (2.24) for the extreme values of R but this event has a very small probability by (8.3).
Therefore, the coeflicients of the moments E 7,05, u+ s < 4, in the quantities A AM are essentially
bounded, modulo a factor N¢(7+¢). Notice that the fourth moment of v;; appears only in the m = 4 term
that already has a prefactor N~2 in (8.5). Therefore, to compute the m < 4 terms in (8.5) up to a precision
o(N~2), it is sufficient to know the first three moments of v;; exactly and the fourth moment only with a
precision N~?; if 7 and ¢ are chosen such that C(7 +¢) < §, then the discrepancy in the fourth moment is
irrelevant.
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Finally, we have to estimate the error term A®). All terms without € can be dealt with as before; after
estimating the derivatives of F' by N¢("+¢) one can perform the expectation with respect to v;; that is
independent of R(™). For the terms involving ) one can argue similarly, by appealing to the fact that the
matrix elements of S are also essentially bounded by NC(7+2) see (8.3), and that v;; has subexponential
decay. Alternatively, one can use Holder inequality to decouple S from the rest and use (8.3) directly, for
example:

E|F (R)Q| = %IE|F’(}AI)Tr (RV)3S| < % [E(F’(}AI))QTr 52}1/2 [ETr (RV)*(VR*)?]"/?

< CNC(T+E).

Note that exactly the same perturbation expansion holds for the resolvent of H,_1, just v;; is replaced
with w;; everywhere. By the moment matching condition, the expectation values EA(™) of terms for m < 3
in (8.5) are identical and the m = 4 term differs by N=+C(7+) Choosing 7 = ¢, we have

1 1 1 1
EF(-=T —EF|—-Tr——— | < CN%/2+Ce L O N—2-0+C¢
<N rH7—2> <N rHW_l—z)_ *

After summing up in (8.4) we have thus proved that

1 1 1 1
EF(=Tr—— | —EF( —Tr———<— | < CON~Y/2+0s L oN—0+C¢,
(vram =) - F (3 =) < +
The proof can be easily generalized to functions of several variables. This concludes the proof of Theorem
2.3. 0

Proof of Theorem 6.4. Define an approximate delta function (times 7) at the scale n by

1

x —in

0,(z) =Im

For notational simplicity, we will prove only the case of three point correlation functions; the proof is
analogous for the general case. By definition of the correlation function, for any fixed E, a1, as, as,

Ew v = 11)(N_ %) i;k%(Ai o %)97,(% ~E- %)@(Ak —E- %)

s
= /dxldxgdxgpSV)N(xl,3:2,3:3)977(3:1 — E1)9n(:1:2 — E2)9n(:1:3 — Eg), Ej = E =+ NJ (86)

By the exclusion-inclusion principle,

1

IEWN(N —1)(N -2)

> Oy(w1 — B1)0y(w2 — B2)0y (w3 — Es) = Ew Ay + EwAg + By As, (8.7)
i#j#k
where

Al =

)

%2977(/\1' - Ej)

%

1 3
NN -1)(N -2 ng

A= N o 2)(N ~32) ;en()‘i = E1)0n(Ai — B2)0p(As — E3) + ...
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and

AQ = Bl+B2+B3, with BgZ—N(N Ze (/\ _EQ);HW()\k_Eg)’

and similarly, B; consists of terms with j = k, while By consists of terms with i = k.
Notice that, modulo a trivial change in the prefactor, Ew A1 can be approximated by

1 1 1 1

EwF (NImTr m, R NImTr H(T—Za) ,
where the function F is chosen to be F'(z1,x2,x3) := z1x2xs if max; |z;| < N© and it is smoothly cutoff to
go to zero in the regime max; |z;| > N?°. The d1fference between the expectation of F' and A; is negligible,
since it comes from the regime where N < max; 4 [Im Tr (H(*) — z;)~!| < N2, which has an exponenmally
small probability by (8.3) (the upper bound on the Green’s function always holds since n > N~2). Here the
arguments of F' are imaginary parts of the trace of the Green’s function, but this type of function is allowed
when applying Theorem 2.3, since

ImTrG(z) = %[TrG(z) - TrG(2)].

We remark that the main assumption (2.21) for Theorem 2.3 is satisfied by using (2.17) of Theorem 2.1 with
the choice of M < N.
Similarly, we can approximate Ey B3 by

1 1 1 1 1
EwG I I —ImTr ———
(zw {mH(”)—zlmH(”)—zQ}’ N H<v>_z3>’

where G(x1,x2) = x122 with an appropriate cutoff for large arguments, and there are similar expressions for
By, By and also for As, the latter involving the trace of the product of three resolvents. By Theorem 2.3,
these expectations w.r.t. w in the approximations of Ey A; can be replaced by expectations w.r.t. v with
only negligible errors provided that n > N~'7¢. We have thus proved that

lim d$1d$2d$3 [pgi)N(,Tl,,Tg, ,Tg) — pf?\,(:vl,:vg, 1'3)} 6,7(301 — E1)6‘,7(x2 — Eg)@n(,fg — Eg) =0. (88)

N —oc0
Set n = N~17¢ for the rest of the proof. We now show that the validity of (8.8) for any choice of E,
aq, e, a3 (recall E; = E 4 o /N) implies that the rescaled correlation functions, pfj))N(E +B1/N,...,E+

B3/N) and p(3 (E+51/N,...,E+ 3/N), as functions of the variables 1, 82, 83, have the same weak limit.
Let O be a smooth, compactly supported test function and let

1 B1— o B3 — as
N)? /}R3 dordasdasO(ar, az, a3)0, ( I ) .0, ( ~ )

be its smoothing on scale N7. Then we can write

On(ﬁlu 627 ﬁ3) =

/ dB1dB2dBs O(By, Ba, B3)p Yy <E+ b Eg ?5)
R3
=/ dB1dB2dBs Oy (Br, B2, Bs)p' (E I o f@’)
R3
+ /11@3 dB1dB2dBs (O — 0)(Br, Ba, Bs)ply (E + _f\]l JE+ %) . (8.9)
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The first term on the right side, after the change of variables z; = E + /N, is equal to

‘/]RS daldagdag O(al, a9, 043) /R'a d$1d$2d$3p$}N($1, ZTo, 1'3)977(1'1 — E1)9n(:v2 — Eg)en($3 — E‘3)7 (810)
i.e., it can be written as an integral of expressions of the form (8.8) for which limits with p, y and p, n
coincide.

Finally, the second term on the right hand side of (8.9) is negligible. To see this, notice that for any test
function @, we have

[ 410200 Q6. B8 (B4 G B 5
= N3 /}R3 dzdzodrs Q(N(xl — E),N(zoa — E), N(x3 — E)) (3 ) N (@1, 22, 23)
- (1 - %) (1 - %)Ew l;kQ(N(Ai — E),N(\; — E), N\, — E)). (8.11)

If the test function @@ were supported on a ball of size N ¢ & >0, then this last term were bounded by
QN EwN 14 (B) < CllQll o N (8.12)

Here N (E) denotes the number of eigenvalues in the interval [E — 7, E + 7] and in the estimate we used the
local semicircle law on intervals of size 7 > N—1+¢ .
Set now @ := O — O,. From the definition of O,, it is easy to see that the function

3
Q1(Br, B2, Bs) = O(B1, B2, Bs) — Oy(Br, B2, Bs) [ 1185 < N¥)
Jj=1

satisfies the bound [|Q1]|s < [|Q|loc = [|O — Oyllec < CNnp = CN~¢. So choosing €’ < €/4, the contribution

of Q1 is negligible. Finally, Q> = QQ — Q1 is given by

3

Q2(B1, B, B3) = —O0y(Br. B2, Bs) |1 — [ 1018;] < N¥)

J=1

and

1 1 1 /
<C 1|1 = N¥) +...
1= L+Bf] [Hﬂﬂ {1+6§]{ (312 N+ )
’ Né‘/ 1 1
<C{N°* cee g 8.13
- { [N%’W% [1+5§] Lwéh } (8:.13)
Hence the contribution of @2 in the last term of (8.11) is bounded by
N-1+e N1 N-1
3—¢’
CN™ Ew Z{[NQJFQEI—F(/\Z-—E)Q |:N2+(/\j—E)2] [N2+()\k—E)2] —I—}

i3,k
From Theorem 2.1, the last term is bounded by N -’ up to some logarithmic factor. This completes the
proof of Theorem 6.4. 0
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A Spectral condition for band matrices

Lemma A.1 Let B = (0y;) satisfying (2.1) and (2.8) with W > 1 and with f being a nonnegative symmetric
function with [ f =1 and f € L>°(R). Then we have

B>-1+49¢ (A1)
for some § > 0 and W large enough, depending on f.

Proof. Recall that the discrete Fourier transform in d = 1 dimensions is defined as follows. Let € := 1/N

and
Ao :=AN=cZ/Z

be the periodic one dimensional lattice (torus) of size 1 and spacing ¢ with its dual lattice being
2
Az = A" (27TZ)/( ;Z)

Let 1 be a function on A. Then its Fourier transform Fy1) is a function on A* defined as

Tno(p) =Y dle)e ™

TEA

e v(@)o() = > Fni(p)Fno(p).

TEA peEA*

and it is an isometry

In our case, x = k/N and define
Fy(z) := NW L f(aN/W).

Then, for p € A*, we have

N
FxFw)p) = 3 Ful@)e e = 3 WL/ W)= V2N GW) _ Fg) 4 o(1), q = Wp/N,
zEA k=1

where the error term vanishes as W — oo and ]?denotes the usual Fourier transform in L*(R)

q) = /f(y)e’iqydy-

With this formula, and with the notation ¥ (j) := ¢ (j/N) for any 1 defined on A, we have
(Bywn)(k) = aZNW Lk = 0)/W)yn(6) = EZFW(— —y) Gly) =Y ePNFNFy (p)Fni(p)
=1 yeEA pEA*

and

> Fnv(p) —sZwN

pEA*
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which is normalized to be 1. Hence B on the Fourier side acts as a multiplication by the function Fy Fy, so
SpecB = Range Fn Fy C supp f—l— o(1).
Since f is nonnegative, symmetric function and [ f =1, we have fis real and
inff>-1+6

for some 0 > 0, which completes the proof.

B Large deviation estimates

In this Appendix we prove two large deviations results. They are weaker than the corresponding results
of Hanson and Wright [22], used in [14], but they require only independent, not necessarily identically
distributed random variables, moreover the proofs are much simpler.

Lemma B.1 Let a; (1 <i< N) be N independent complex random variables with mean zero, variance o?

and uniform subexponential decay, i.e., there exist o, 5 > 0 that for any x > 0
P(la;| > %) < Be ™. (B.1)
Then for any A; € C (1 <i< N) and D > 1 we have,

P{ ZaiAi

for some positive constants C' and ¢ depending on o and B in (B.1).

ZDU(Z|A1'|2)1/2} §Cexp(—cD2‘+%) (B.2)

Proof of Lemma B.1. Without loss of generality, we may assume that ¢ = 1. The assumption (B.1) implies
that the k—th moment of a; is bounded by:

Ela;|* < (Ck)* (B.3)
for some C' > 0 depending on « and S.
First, for p € N, we estimate
N p
i=1

With the Marcinkiewicz—Zygmund inequality, for an integer p > 2, we have

Z CLiAi

(for the estimate of the constant, see e.g. Exercise 2.2.30 of [30]). Using (B.3), we have Ela;, a;, -~ ai,, |2 <
(Cp)°P. Inserting it into (B.5), we obtain

Z aiAi

E

P p/2
< (Cp"°E (Z |aiAi|2> (B.5)

K2

E

3

P p/2
< (Cpatoyr <Z |Ai|2> ; (B.6)
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which implies (B.2) by choosing an even integer p of the order (D/ Ce)ﬂ% and applying a high moment
Markov inequality. 0

Lemma B.2 Let a; (1 <i< N) be N independent random complex variables with mean zero, variance o?

and having the uniform subezponential decay (B.1). Let B;; € C (1 <14,j < N). Then we have that

N N N 1/2 .
JP{ —> " 0?By| > Daz(z |Bn'|2) } < Cexp(—cDT7) (B.7)
1=1 1=1 1=1
and
1/2 1
P{ (> @Bija,| > DaQ(Z |Bl-j|2) < Cexp (- cDTTFa) (B.8)
i i

for some positive constants C' and ¢ depending on o and B in (B.1).

Proof of Lemma B.2. Without loss of generality, we may again assume that o = 1. First, we prove (B.7).
Notice that |a;|> —1 (1 < i < N) are independent random variables with mean 0 and variance less than some
constants C. Furthermore, the k-th moment of |a;|> — 1 is bounded as

E(la;|* = 1)* < (Ck)?*, (B.9)
Then following the proof of the Lemma B.1 with |a;|? — 1 replacing a;, we obtain (B.7).

Next, we prove (B.8). For any p € N, p > 2, we estimate

p

=E a;Biia; B.10
)

i>]

7/51

where §; := ZKZ— B;ja;. Note that a; and &; are independent for any fixed . By the definition,

zn: (B.11)

is martingale. Using the Burkholder inequality, we have that

(Zla@ ) ] (B.12)

(for the constant, see Section VIL.3 of [28]). By the generalized Minkowski inequality, by the independence
of a; and & and using (B.3), we have

< (Cp) SP/QIE

Eiﬁi
i

2/p 2/p

5(3 aed?)” ] v > EZAR [E<|az-|p>E<|&|p>r/p < (3 | B |

i A
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Using (B.6), we have

p/
Bl P) < (ot (3 18,P)
J
Combining this with (B.12) we obtain

7/57/

< (Cpy W(ZZ B2)"" (B.13)

Then choosing (D/Ce) 7 and applying Markov inequality, we obtain (B.8) . 0O

In our applications we will need these two lemmas when D is a power of log N. For simplicity, we do
not want to keep track of the precise powers in the estimate and we are interested only in error bounds that
decay faster than any fixed power of N, say C N~ 198198 N Therefore, in this paper we will use the following
weaker form of these two lemmas, the stronger form will be useful in future applications.

Corollary B.3 Let a; (1 <i < N) be N independent random complex variables with mean zero, variance
o? and having the uniform subexponential decay (B.1). Let A;, B;j € C (1 <1i,j < N). Then we have that

r{l

> (log )3 (Z|A| ) }gCNloglogN, (B.14)

N
P{ > @ Bia; - Za Bii| > (log N)3+2 2(Z|Bu| ) }gCN—IOgIOgN, (B.15)
= i=1 =1
1/2
P{ S @Bija;| > (log N)*+%0 2(Z|Bij|2) <ON~loglog N, (B.16)
7] i#]

for some constants C' depending on « and S in (B.1).

C Proof of Lemma 6.5

We first prove a version of this lemma when the fourth moment exactly matches, i.e., v = 0, then we explain
how to deal with the approximation. More precisely, we first show the following:

Lemma C.1 Under the condition
my —mi—1>C1, my<Cy (C.1)

for some positive constants Cy and Cs, there exists a real random variable & such that the first four moments
of € are 0, 1, mz and my and the distribution v of £ satisfies logarithmic Sobolev inequality and the LSI
constant is bounded from above by a function of Cy and Cy. Moreover, v can be chosen to be absolutely
continuous with a smooth positive density, v(dz) = e~V @) dzx, such that the derivatives of U satisfy

|UR) (2)| < Cp(1 + 2?)CF (C.2)

with some fized constant C' and k-dependent constants Cl.
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Remark. The last statement about the smoothness of U will not be needed in this paper, but we state it
for further reference.

Proof. We start with the case |m3| > §, where 6 is small enough number to depend only on C1, see below.
Let & be the sum of two Gaussians, with density function of the form

b 1 2 a 1 2
@) ¢ 1 @) o3
(a+0b) v o (a+0b)y o (©3)

with some parameters a > 0, b > 0, o > 0. If the first 4 moments of f¢(x) are 0, 1, m3 and my, then we
have the relations

fe(z) =

2

M4 4o — 202, (C.4)
1—0

m4:1—|—

ab=1—0 and a—b= s

T o (C.5)
With mg, my4 in (C.1) and |mg| > 0, one can always find a solution of (C.4) such that 0 < o < 1. Actually,
one can see that ¢ < o < C, where ¢ and C only depend on Cy, Cy in (6.19) and 6.

Once o is found, it is easy to check that one can always find real solutions a, b for (C.5) as long as mg, my
satisfy (C.1) and |mg| > §. Since the solutions a, b, o are continuous with respect to ms and my, then they
are uniformly bounded. Distributions of the form (C.3) satisfy the LSI, since the are log concave away from
a compact set. Since the parameters a,b,o are in a compact set, the LSI constant will remain uniformly
bounded with a bound depending on Cy, Cy and §. It is clear that the density function (C.3) is positive and
its logarithm satisfies (C.2).

Now we consider the case that [ms| < & with a small § = &5 min{1, C1}, where Cy is the constant in
(C.1). Without loss of generality, we may assume ms > 0. We consider the following three parameter family
of probability densities

fap.e(x) = (1 —€)ga,p(z) + eh(x)
with

gap() = XSl el <d), he) = s

(a+b)\/_ (a+b) vor

where the parameters are in the range —1 < 5 < 00,0 < d < 00, 0 < e < 1 and a, b will be chosen explicitly.
Simple calculation shows that the moments of fg 5. are m; =0,

b o (a—a)?/2 a 1 (@02,

ma =(1 — )gis +e(1+ ab), (C.6)
ms =eab(a — b), (C.7)
_ p+1 4 2
my=(1—c¢ )54‘ d*+¢|3 +ab(6+ a* + b* — ab)|. (C.8)
Choosing, say, a = 2, b = 1, and setting mo = 1, we obtain d? = %% from the first equation, € = ms/2

from the second equation and finally the last equation becomes

(1-3ms/2)2 (B+3)?2 23
ez GADGEH T2 (G.9)

My =
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Recall that we are in the regime where |ms| < § < C1/100. For any fixed 0 < mg < ¢, the right hand
side of (C.9) is a monotonically decreasing function in § € (—1,00) whose value goes down from oo to

U5ma/2 4 By < 1+ 208, But we know from (C.1) that C > ms > 1+ 1006, thus there is a value
B such that (C.9) holds, moreover, 8 is in a compact subinterval of (—1,00) that depends only on ¢ and
(. It is then easy to check that the support and the supremum norm of the density g4 s also remains in a
compact set, depending only on §. Therefore we constructed a probability measure with the given moments,
that is a linear combination of two Gaussians plus a compactly supported piece with a nonnegative bounded
density. To ensure smoothness, we replace gq 3 with gap,- := Ur * ga g, where 9, (z) = 77 9(x/7) and ¥
is a compactly supported nonnegative smooth symmetric function with f ¥ = 1. The first moment m; is
unchanged and the formulas (C.6) for the higher moments will get modified by an error term of order 7. Let
7 be much smaller than all other parameters in this proof. It is easy to see that, by a simple calculation
treating 7 as a small perturbation, one can still choose a,b,e and § in the previous argument to match
mo = 1,m3 and my.

Finally, note that the sum of two Gaussians satisfy the LSI, as well as its compact perturbation and the
new LSI constant depends only on the supremum norm of the density of the perturbation. Since all these
parameters remain uniformly controlled by C7 and Cs, we proved Lemma C.1, i.e., Lemma 6.5 for v = 0.

Now consider the case v > 0. For any real random variable ¢, independent of £¢“, and with the first 4
moments being 0, 1, m3(¢) and m4(¢) < oo, the first 4 moments of

(=1 =2+ (C.10)
are 0, 1,
ms(¢) = (1= 7)**ms(¢) (C.11)
and
ma(¢') = (1 = 7)*ma(C) + 67 — 37 (C.12)

Given ms and my, satisfying (C.1) and using Lemma C.1, we obtain that for any v small enough, there
exists a real random variable &, such that the first four moments are 0, 1,

m3(&) = (1=7)"%*my (C.13)

and
ma(&y) = m3(§v)2 + (ma —m3).
With my < Cy, we have m3 < Cy, thus
Ima(&y) —mal < Cy (C.14)
for some C depending on Cj.
Hence with (C.11) and (C.12), we obtain that & = (1—7)'/2¢, +~1/2¢C satisfies m3(¢') = m3 and (6.21).

With Lemma C.1, we obtain that the LSI constant of &, is bounded by a constant only depends on C and
C5, which completes the proof of Lemma 6.5. 0
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