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Abstract— We design concatenated codes suitable for the
deletion channel. The inner code is a combination of
a single deletion correcting Varshamov-Tenengolts block
code and a marker code. The outer code is a low-density
parity-check (LDPC) code. The inner decoder detects
the synchronizing points in the received symbol sequence
and feeds the outer LPDC decoder with soft information.
Even using regular LDPC codes as outer codes our re-
sults are promising. Our simulation results demonstrate
that the bit error rates of 107% can be obtained at rate
0.21 when the probability of deletion is 8%.

I. INTRODUCTION

In the memoryless deletion channel model [1], each
transmitted symbol is independently deleted with prob-
ability Py; otherwise it is transmitted correctly. This
model is similar to the erasure channel, but with the ad-
ditional difficulty that the positions of the lost symbols
are not known. Lower bounds on the capacity of the
memoryless deletion channel can be found in [1].

Early work involving the deletion channel used
block codes capable of correcting a single deletion per
block [2] [3] [4], under the assumption that the bound-
aries of blocks could be found. These codes were of pri-
marily theoretical interest, since they do not address syn-
chronization and multiple deletions per block.

Recently, a block code that can correct multiple dele-
tions, insertions and substitutions was constructed and
implemented [5]. (See also the related [6] and [7].) This
code combines sparsified LDPC encoded bits [8] and wa-
termark bits in the encoder, and uses a forward-backward
algorithm to maintain synchronization in the decoder [5].
The maximum code rates obtainable by this method are
given in [9]. These schemes represent a step toward
good practical code constructions for deletion channels
(and similar models). They also motivate the search for
a better, and possibly less complex, coding method for
medium-to-high deletion probabilities (P;=3% — 10%).

In this paper we propose concatenated block codes that
achieve promising results for medium to high probabili-
ties of deletion, while keeping the complexity of the en-
coding/decoding algorithm low. The inner code in our
scheme is a Varshamov-Tenengolts (VT) code [4] with
inserted marker bits used for detecting synchronization
points in the decoder. The inner decoder returns the soft
information to the outer LDPC decoder, which recovers
the remaining lost bits. As an example of our approach,
we develop a code with rate 0.21 and bit error rate less
than 107 when the probability of deletion is 8%.

This paper is organized as follows. In Section II we re-
view the codes used in our encoding/decoding scheme. In
Section III we present our code construction methods for
each encoding/decoding element. We give the simulation
results obtained by the proposed scheme in Section IV.
Finally, in Section V we conclude the paper and discuss
possible improvements.

II. THE CONCATENATED CODE STRUCTURE

Our coding scheme is the concatenation of three codes,
as shown in Figures 1 and 2. The outer code in our
scheme is an LDPC code [8], and the inner code is a
combination of a VT code [4] and a marker code [10].
The marker code here refers to the encoder that inserts
bits into the VT encoded bit-sequence, and the decoder
that detects the synchronizing points in the received bit-
stream.

A. Outer Code - A Low Density Parity Check Code

LDPC codes are very well known error-correcting
codes discovered by Gallager [8]. These codes achieve
near Shannon-capacity performance on a variety of
communication channels, given large enough code
block lengths' and the reasonable computational re-
sources [12] [13] [14] [15].

LDPC codes are typically represented by bipartite
graphs [16]. The decoding algorithm that is normally
performed on this graph is based on message-passing.
The messages being passed across the edges of the graph
can be symbols or probabilities corresponding to the sym-
bols. The former decoding method is called hard decod-
ing, and the latter is known as soft decoding. For more
details about the hard and the soft message-passing de-
coding on LDPC graphs we refer the reader to [8] [12].
Here we concentrate on soft LDPC message-passing de-
coding, since it is suitable and advantageous given the
concatenated coding scheme that we propose.

B. Inner Code

The inner code is comprised of a marker code, which
maintains synchronization during decoding, and a VT
code, which passes probabilities to the outer code for
soft decoding. In particular, the VT code corrects single
errors, so it passes very good probabilities when there is

!Even at shorter block lengths (less then several thousand) the
performance of multi-edge type LDPC codes [11] is comparable to
the turbo codes performance.
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Fig. 1. Encoder structure. Encoder consists of an outer LDPC

encoder and an inner encoder that ties together a VT encoder and
a Marker encoder.

at most one deletion in an inner codeword. We design
the inner code so that good probabilities are passed to
the LDPC code even when more than one deletion occurs
in an inner codeword.

B.1 Marker Codes

As the codewords are passed through the deletion
channel the location and the size of each codeword be-
come unclear. To solve this synchronization problem we
adopt the concept of marker code [10]. The basic idea is
to insert a marker between each codeword prior to enter-
ing the deletion channel. A marker is a set of bits with
specific length (marker length), inserted between a pre-
determined number of code bits. A uniform marker code
has the same bit patterns for each marker, while a non-
uniform marker code has marker bits that are different
throughout [10]. We currently use uniform markers of all
0’s in this work.

We chose headers consisting entirely of 0’s in conjunc-
tion with VT codewords with high Hamming weight.
This allows both the long and short headers to be easily
detected, and minimizes possible confusion when code-
word bits have been deleted. In addition, we chose a set
of “self-synchronizing” VT codewords. These codewords
have 1 as a terminal bit, providing a natural way of find-
ing boundaries between codewords and header sequences.

B.2 VT Codes

For fixed n and a parameter ¢ with 0 < a < n,

the Varshamov-Tenengolts code VT, (n) is the set of all
length n binary strings z = z1 ...z, satisfying

Zixi = a(mod (n +1)).

i=1

This set of codewords can perfectly correct any single
deletion; that is, any two strings in this set cannot be
confused by a single deletion [3]. It is known that setting
a = 0 gives the largest codebook for fixed n. In fact,
VTo(n) is conjectured to be optimal (and known to be
asymptotically optimal); that is, it provides the largest
code on n bits that perfectly corrects for single deletions.
Sloane [17] provides a good survey of these codes.

We use VT codes because they are easy to generate
for small n. Any subset of a VT code can also obvi-
ously perfectly correct single deletions. When using VT

output of Marker ) LDPC output
deletion decoder decoder decoder
channel
Fig. 2. Decoder structure. Decoder consists of an inner decoder

that detects the synchronizing points and feeds an outer LDPC
decoder with soft information.

codes in this work, we often require only a subset of the
codewords of the full VT code. Codeword choice is cru-
cial to aid the marker code in synchronization; using the
conjectured optimal VT codes provides a large choice of
codewords. We use VT(10) in this paper.

III. CONSTRUCTION OF THE CONCATENATED CODES
FOR DELETION CHANNELS

In the following subsections we present our coding
scheme, shown in Figures 1 and 2, in more detail.

A. The General Scheme

Information bits are first encoded by an outer LDPC
encoder. We denote the LDPC block length with V.
Then the blocks of N encoded bits are broken into short
blocks of length k. The VT encoder encodes short blocks
into blocks of length n. Marker bits are inserted in the
Marker encoder, see Figure 1.

The inner decoder regains synchronization and obtains
the data for the outer decoder. The information that is
transferred from the inner decoder to the outer decoder
is soft. We found this approach to be very useful, since
it is possible to obtain reliable probabilities from the in-
ner decoder that can be passed to the outer message-
passing decoder. Construction of the encoding/decoding
elements is presented in the following subsections.

B. Inner Code Construction

The VT encoder receives LDPC encoded bits (see Fig-
ure 1), and assigns a length n codeword to each block
of k bits. The choice of codewords and specific values
of k and n are discussed below. The VT codewords are
sent to the marker encoder, which inserts synchroniz-
ing sequences between codewords. During decoding, the
marker decoder receives a block from the channel and at-
tempts to extract the original codewords, some of which
are shortened by deletion. If a codeword is extracted
correctly and has lost at most one bit, then the original
k LDPC encoded bits are recovered. In the case where
deletion or synchronization returns a shorter sequence,
the inner decoder looks up the sequence from a table
and returns k probabilities for the original LDPC bits.

B.1 Choosing VT Codewords

A VT codeword can pass very reliable probabilities to
the outer code if it has lost one or zero bits; in other



cases, there is more to be done. To achieve good per-
formance under high deletion rates, we would therefore
like for there to be at most one deletion per inner code-
word as much as possible, while still keeping the code
rate high. For rates of deletion as high as 10% this im-
plies that a reasonable choice for codeword length n is at
most 10—15. Here, we choose n=10, and k = 5, yielding
the VT inner code rate r,; =k/n=0.5.

The choice for the value of k was constrained by the
inner code. Since VT((10) has 94 codewords, the max-
imal value of k is 6. The choice of codewords from the
94 possible codewords is governed by trying to make the
synchronization of the marker code as effective as possi-
ble. Since we choose the synchronization bits that consist
of consecutive 0’s, we choose VT codewords with high
Hamming weight, no long runs of 0’s and a terminal 1 to
minimize the chance that marker bits are confused with
codeword bits.

B.2 Generating Probabilities

The choice C C VT, (n) of codewords allows for |C|!
= (2¥)! possible VT encoding functions f : {0,1}*¥ — C.
We describe our choice of f in Subsection B3. Denote
a VT encoder input message by b = b;...b; and let
z = f(b) be the associated codeword. Let w be the ob-
served string after £ has passed through the channel and
marker decoding. The VT decoder g assigns a k-vector
p=(p1...,pr) of probabilities to w, where

p; = Pr[b; = 1|jw]

is the conditional probability that the ith message bit is
1 given that w is observed. We compute p; by summing
over possible b

pi= 5 Prif®)lul. (1)

b:b;=1

To make decoding faster we preprocess g(w) for all w and
store these values in a table. Decoding then reduces to a
table lookup.

B.3 Choosing the Encoding Function

The choice of f influences the reliability of the gen-
erated probabilities. Intuitively, the more likely that
two codewords z;, x, are confused after being passed
through the channel, the smaller the Hamming distance
di(f~Y(z1), f~1(x2)) should be. We impose a measure
d on encoding functions f as follows.

Fix f. For an observed word w and the decoding func-
tion g let p = g(w). Define b = (by,...,bx) to be the
sequence of bits obtained by hard decoding on p. For
1<i<k,let Zz-f(@) be the indicator for b; = b;; then
E[Z! (w)] = max{p;,1 — p;}. Here Z/(w) is a function
of f because f determines the set of messages b that can
result in w after passing through the channel, see Equa-
tion (1).

The distribution of w depends on the probability of
deletion Py. For fixed Py, define

k

Note that 6,,(f) represents the number of message bits
we expect to decode correctly using hard decoding. For
a fixed Py, we consider f optimal if it attains the value
maxy 0, (f). Since dp,(f) is computed from the proba-
bilities for all possible received words w, we can quickly
compute dp, (f) using the table of probabilities generated
for decoding.

Finding an optimal f appears to be difficult; even for
k = 5 there are 32! possible f. Instead we use a “hill-
climbing” algorithm for finding locally optimal f. Choose
a random encoding function h. For a pair b,b' of mes-
sages, let the encoding function hy i be equal to h except

hyp (b) = h(b'), hyy (&) = h(b).

Call this operation a swap. We improve the h by finding
the swap b, b’ that maximizes 6, (hp,p) — 6, (h). Iterating
this process until no improving swap exists finds a locally
optimal f. For the range of P; considered in this paper
we repeated this algorithm for many random choices of
h and selected the f with the largest value d,,(f).

C. Marker implementation
C.1 Marker Encoder

The marker encoder performs two steps on the bit-
stream. First, a marker is inserted after each codeword.
In our implementation for n-bit codewords, we used uni-
form markers consisting of M zeros. Second, a size-L
block marker is inserted after every block of B codewords.
The goal is to minimize the effect of undecodable code-
words on the rest of the bitstream. By having such block
markers, we can isolate any block with synchronization
problems. Since each block marker is inserted right af-
ter a M-bit marker at the end of a block, we effectively
insert a marker of M+ L zeros after each block. See Fig-
ure 3 for an example. (For long transmissions, we could
include longer markers at a higher level of superblocks,
and so on; we do not consider this further here.)

C.2 Marker Decoder

The goal of the marker decoder is to find the original
markers inside the post-deletion bitstream, and identify
the post-deletion size and bit pattern of each individual
codeword.

The marker decoder first uncovers block markers and
divides the codewords into distinct blocks. We choose a
large enough block marker size L such that the probabil-
ity of misidentifying a large marker is negligible.

Next, the decoder scans and decodes within each block
separately. To decode individual codewords, the decoder



A /|: Codeword size = 10

...1011101011 0110110011 00111...
00000 00000 —|: Marker = “00000”

/Ew large block = 50 codewords

...1011101011 00000 011011001@0000 1110101111 00000 1011010110 00000...

00000 00000

\E 10-bit Block Marker

Fig. 3. An example of marker encoder with n = 10, M = 5,
B =50 and L = 10.

first looks for bit patterns of ¢ consecutive zeros that
match all (£=M) or most (£in < £< M) of the marker.

Let p. denote the probability of observing a pattern
of £,,,;n consecutive zeros that originate from a VT code-
word and let p,, be the probability that the marker is
shorter than ¢,,;, bits. To choose the threshold ¢,,:n
we want p. - Ppm, the probability of misidentifying part
of a codeword as a marker, to be as small as possible.
We compute p. via an exhaustive search algorithm. The
other probability is simply

Lmin—1 M
= PM—i. (1 - Py
=y (V)ria-r

i=0

For example, if we want p. - p,, < 1072 and P; = 10%,
n =10,k =5 and M = 5 then £,,;, <3. Note that we do
not consider here the case when the bits in the pattern
are from both markers and VT codewords. We address
this scenario and present a solution below.

There are special cases that the decoder needs to han-
dle. The first case is when there are more 0’s than ex-
pected from a marker. This happens when either the re-
ceived word preceding the marker ends with one or more
0’s, and/or the received word following the marker begins
with one or more 0’s. For example, when the decoder
finds a run of M +2 zeros, it is often not possible to tell
whether each codeword owns one 0 (and the remaining
marker pattern is M 0’s), or two 0’s (and the remaining
marker pattern is M —2 0’s), etc. To solve this prob-
lem, we make the engineering decision that the decoder
will always declare the first M bits as the marker, and
pass the rest of 0’s to be the leading bits of the following
codeword. (We tried various techniques and tests to ex-
haust the cases due to this special case and have found
no better alternative.)

It is possible that the second codeword receives extra
zero bit(s). The decoder fixes this by checking all such
received codewords that follow a full marker (M zeros)

Middle bit found,
11111111001111111111

no match
111111110012111111111 Shift i+1
11111111Q01111111111 Shift i-1, etc

Match

11111111001111111111
*  J * *

1%t codeword 2" codeword

Fig. 4. Splitting algorithm execution example.

and have lengths ¢ >n bits. The leading consecutive zero
bits, up to a total of ¢c—(n—1) bits, are deleted. Note
that for the case of a ¢ = n-bit codeword, the decoder
will always delete the leading bit if it is a 0. This is
acceptable because with n—1 bits the VT decoder will
always be able to recover the codeword.

The second special case occurs when a marker cannot
be detected because too many bits have been deleted. For
the M-bit marker, our algorithm would not have detected
any pattern of £,,,;,—1 (or less) zeros as a marker. In this
(unlikely) case, the codeword that the marker decoder
initially retrieves is longer than n bits because it consists
of two original codewords and the remaining bits of the
marker pattern in between them. We apply an iterative
splitting algorithm to extract the original codewords from
the long codeword. Denote the position of the middle
bit (or one of the bits nearest to the middle) of the long
codeword by i. We look for the pattern of £,,;,—1 zeros in
the region bounded by the i—3th and the i+3th location.
Once we find this pattern, we assign the bits preceding
and following the pattern to two codewords. If we fail to
find it, we change the pattern to £,,;,—2 zeros and start
over, etc. In the end, if we fail to split the long codeword
into 2 codewords, we simply assign probabilities of 1/2 to
all the bits in both codewords and proceed. An algorithm
execution example is shown in Figure 4.

We believe our simple marker detection scheme could
be improved, which should yield noticeable improvements
in performance. This remains a point of future work.

D. Outer Code Construction

The fact that the inner decoder obtains reliable prob-
abilities and the near-capacity performance of LDPC
codes [18] motivate the choice of soft outer LDPC de-
coder. In this manuscript we implement binary LDPC
codes. We note that LDPC codes over GF(2*) would en-
hance the performance of our scheme, since these codes
implicitly exploit the dependencies of the probabilities p;,
1 <4 < k. However, the decoders of these codes are more
complex and are practical only for very small values of
k.

The choice of probabilities at the output of the VT
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Fig. 5. Bit error rate vs Probability of deletion for marker length
M=5.

decoder affects the LDPC decoder performance. A po-
tential problem is that the marker decoder may (rarely)
incorrectly report a single deletion or no deletions to the
VT decoder. Hence the VT decoder should never output
a soft probability of 0 or 1 to the LDPC decoder, since
it might force the LDPC decoder to fail on an erroneous
bit. The proper probabilities are very close to 0 or 1, and
could be estimated by simulation to determine the exact
probability of this type of failure in the marker code. As
an engineering decision based on simulation experiments,
we have found that using 0.01 and 0.99 is very effective;
while this undoubtedly overestimates the probability of
marker failure, it avoids the problem of making a bit too
difficult to change for the LDPC decoder. This remains
a point for future study.

IV. SIMULATION RESULTS

In this section we demonstrate the performance of our
codes with two examples. In both examples the marker
bits are inserted after every VT codeword in the encoded
bitstream. The length of the VT encoded codeword is
n =10 bits. The rate of the VT code is r,y =k/n=1/2.
The length of the short markers is M = 5 and 6 bits,
for the first and second example, respectively. The long
(size L =2M) markers are inserted after every B = 50
codewords in both examples. This implies that the rates
of the inner code are r;;, =0.329 in the first example and
rin = 0.308 in the second. The rate of the outer LDPC
code is varied to obtain appropriate overall rates. For
example, in the first example if the outer LDPC code
rate is 7.yt = 0.7 than the overall rate is 7 = 7oyt - r'in =
0.7 x 0.329=0.230. The maximum possible overall rate
is 0.329 and 0.308 in the first and the second example,
respectively.

We have opted to use regular LDPC codes in this pa-
per for simplicity. Since the performance of (3, R)-regular
LDPC codes is often close to optimal performance of reg-
ular codes [19], we have implemented our concatenated
codes with these codes as outer codes. This restricts the

} Bit error rate vs Probability of deletion
10 ‘ T ‘ ‘ ‘ T

—&— r=0.19
——r=0.22
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|| %— r=0.28
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002 003 004 005 006 007 008 009 0.1
Prob of Deletion

Fig. 6. Bit error rate vs Probability of deletion for marker length
M =6.

possible LDPC code rates and, accordingly, the overall
rates?. Here (3, R) denotes the regular codes with the
variable node degrees equal to 3 and the check node de-
grees equal to R [19]. R is an integer chosen so that the
rate (R—3)/R is as close as possible to the desired outer
code rate r,y;.

Simulation results for these two code examples with
the LDPC code block length N =5000 are shown in Fig-
ures 5 and 6. For medium-to-high probabilities of dele-
tion (above 3%) the results are promising. Our results
cannot be directly compared to the results from [5] due
to the mismatch in the channel model (we consider the
deletion channel model, whereas the results in [5] were
obtained for the case when both deletions and insertions
are possible). We do note that our code at rate r = 0.21
achieves block error rate 10~3 for P; = 8% and the code
from [5] achieves similar block error rate at r = 0.21
for the probability of deletion Py = 4% and the prob-
ability of insertion P; = 4%. Our decoding algorithm
has much lower complexity than the algorithm described
in [5], which uses a forward-backward algorithm that
becomes memory and time consuming as LDPC block
lengths grow large. In comparison our decoder is sim-
pler - synchronization involves finding marker sequences,
probabilities are returned with table lookups, and the
LDPC decoder takes 2 — 20 iterations to recover all the
bits. A drawback of our scheme is that it cannot be
used for construction of the high rate codes (for very low
probabilities of deletions) due to relatively low rate of
the inner code. Results for different block lengths of the
LDPC codes are shown in Figure 7. From this figure we
see that at the code rate r=0.21 the probability of a bit
error event is less than 10~ for the deletion channel with
P; = 8%. We also observe from Figure 7 that the perfor-
mance of the code improves as the code block length N
grows larger. This is an expected result since the block
length does not affect the marker code performance due

2This constraint can be relaxed by use of irregular codes
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to the presence of large markers and LPDC codes gen-
erally improve as the block length grows. However, this
results in higher coding complexity.

While these results are promising, we note that our
codes are still far from the lower bound on the capacity
of the deletion channel computed in [1]. For example,
at the probability of deletion Py =8% the lower bound
from [1] stands at r = 0.598, whereas our codes achieve
low bit error rates at r = 0.21 for the same probability
of deletion.

V. CONCLUSION AND DISCUSSION

We have presented concatenated codes for deletion
channels. The constituent codes in the concatenated cod-
ing scheme are an LDPC code that acts as an outer code
and a VT code and a Marker code tied together as an
inner code. The decoding method is based on the soft
LDPC decoding strategy. The soft information is ob-
tained from the VT decoder. Marker codes are used to
recover synchronization. With a regular LDPC code used
as an outer code the bit error rate is less than 10=¢ on
the channel with the probability of deletion 8% at the
code rate 0.21.

There are several possible improvements to the pro-
posed scheme. An obvious method to improve the outer
code is to use optimal (or suboptimal) irregular LDPC
codes. Although the optimization of the irregular LDPC
codes for finite block lengths is an open problem, one can
obtain suboptimal codes for large block lengths. This can
be done by adapting density evolution [18] in a fashion
similar to that done in [14] [15] to this channel model.

There are several unresolved questions relating to the
VT decoder. Increasing the length of VT codewords im-
proves the rate of the code at the expense of a greater
chance of synchronization errors and less reliable proba-
bilities. It would be instructive to determine the limits of
our scheme as it relates to n. Another open question in-
volves finding an optimal encoding function f, or showing

that finding the optimal encoding function is, say, NP-
hard. A more general question deals with our measure
for encoding functions: how can we measure the quality
of probabilities for soft LDPC decoding? The measure
we chose is a natural one, but there appears to be little
theory about the general question.

Finally, we note that we could similarly use concate-
nated codes for insertion-deletion channels. We might
then desire an inner code that was robust against a sin-
gle insertion and/or a single deletion. We do not believe
the theory of such codes is currently well developed.
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