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Abstract

We establish a formal foundation for stable permutations in the domain of a parallel model of
computation applicable to a customized set of complexity metrics. By means of vector spaces,
we develop an algebrao—geometric representation that is expressive, flexible and simple to use,
and present a taxonomy categorizing stable permutations into classes of index—digit, linear,
translation, affine and polynomial permutations. For each class, we demonstrate its general
behavioral properties and then analyze particular examples in each class, where we derive results
about its inverse, fixed instances, number of instances local and nonlocal to a processor, as well
as 1ts compositional relationships to other permutations. Such examples are bit-reversal, radix—
@ exchange, radix—(@) shuffle and unshuffle within the index—digit class, radix—@Q butterfly and 1’s
complement within the translation class, binary—to-Gray and Gray—to-binary within the linear
class, and arithmetic add 1, arithmetic subtract 1 and 2’s complement in the polynomial class.
These were primarily chosen due to their importance in implementing orthogonal transforms,
such as Cooley—Tukey Fast Fourier Transforms (FFT), real-to-complex (complex-to-real) FFT,
and sine and cosine transforms on distributed memory parallel processing systems.
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1 Introduction

Communication has been a bottleneck in computing almost since the inception of electronic comput-
ers. Latency and bandwidth optimization are the focus of intensive research on all architectural plat-
forms ranging from wide and local area networks, to distributed systems, collections of workstations,
massively parallel processing systems, and even individual high performance uniprocessor systems.
On all these platforms, understanding the data motion (communication) needs of algorithms and
complete applications is key in the design, analysis and implementation of efficient algorithms,
application—level programming, compilation techniques, run—time systems, routing mechanisms and
flow control protocols. In this paper, we address a class of stable permutations [13, 14] that form an
integral part of a wide variety of applications in many fields. The description of the permutations
and their analysis is formalized around the concept of algebrao—geometric permutations.

Our formal foundation is in the realm of a model of parallel computation that can be applicable
to a customized set of communication complexity metrics. The merit of our foundation is fourfold:
firstly, it is sufficiently powerful to express the generality intended, sufficiently flexible to enable
elaborate manipulation in hypothesizing and proving results, yet simple enough to render clear
expression; secondly, it formulates a generalized taxonomy of all such permutations allowing for
the proof of many important properties inherent in each class; thirdly, it provides a common
framework for the analytical performance evaluation of communication in parallel algorithms; and
finally, it may be actively employed in devising optimal parallel algorithms from the communication
perspective. The benefits of employing this framework in practical algorithmic design and analysis
of parallel orthogonal transforms is vividly demonstrated in [35, 36].

Describing particular permutations for certain data sets as operations on the binary encoding
of the index space has been previously employed in complexity analysis for both sequential [12] and
parallel computational cost models, [13, 14, 15, 20, 21, 38, 39, 42], as well as in Very Large Scale
Integration (VLSI) complexity analysis [29]. The linear algebra approach was proposed in [7] for
in-RAM (Random Access Memory) transformation algorithms, and in [5, 6] for permutations that
minimize parallel disk I/O operations.

In [38], Stout and Wagar propose the node-limited and link—bound cost models for data motion
in parallel processing systems. The total number of elements being sent to, or received from other
nodes, the prime quantity captured by the node-limited cost model, abstracts away the topology
of the communication network interconnecting the processors and memory units. The link—bound
model however, attempts to factor the network topology into the cost model by capturing not only
the total number of elements sent and received, but also the number of elements sent and received on
each link of the interconnection network. For networks that fully utilize the binary representation of
the address space, the algebraic representation of permutations is particularly useful in algorithmic
design. Algebraic representation of communication operations (broadcast, reduction, multicast and
permutations) for the design of optimal algorithms in the link-bound model for binary cubes was
employed in [13, 14, 15, 19, 20, 21, 24, 25, 30, 37, 38, 39, 42]. Algebraic frameworks were also used
in a more general setting, as required in mapping and compiling parallel programs, in [3, 4, 8, 9].
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By adopting the mathematical concept of an algebrao—geometric permutation, and representing
our logical index and physical address domains as vector spaces, we derive a set of properties for each
specific permutation and permutation class that can be substituted directly into a node—limited
cost performance model. A direct extension to our formalism would enable the derivation of more
copious properties on which a link—bound cost model might draw for performance evaluation. In
either case, our concise algebraic description allows for a formal treatment of compositions of
permutations.

Regardless of the adopted cost model for performance evaluation, it is imperative to define the
mapping between the data index space and physical memory addresses. This mapping is maintained
by the compiler or the run—time system, or some combination thereof. Communication routines
for address calculation and routing decisions, in the run—time system as well as the router, engage
permutations in the physical domain as opposed to the logical domain specified by the programmer.
In conventional languages, such as Fortran and C, higher dimensional arrays are mapped to one—
dimensional arrays using row—major or column—major ordering. These one—dimensional arrays are
then mapped to individual memory units in interleaved or banked memory systems through a cyclic
mapping (data element ¢ in the one-dimensional array is mapped to memory unit ¢ mod j, where j
is the memory unit number assuming a zero offset). This mapping is efficient for unit stride accesses,
but not for other access schemes [2, 26, 27]. The cyclic mapping is particularly inefficient for many
computations on distributed memory machines for which a multi-dimensional address space is often
preferable for computations modeling phenomena in multi-dimensional physical spaces. In such
cases, a block mapping often reduces communication by preserving locality of reference [11, 17].
Therefore, language directives have been introduced for data mapping [10, 41, 43], allowing for the
mapping of multi-dimensional index spaces through block or cyclic allocation, or some combination
thereof. Randomized data allocation [32, 33] can be very efficient for some computations and is
used on the TERA computer [1] and was an option for some software library functions [40] on the
Connection Machine systems CM-2 and CM—-200.

Our algebraic framework models multi-dimensional address spaces under arbitrary allocations
to physical memory addresses. However, for the sake of expository clarity, we present our analysis
only for block data allocation, and only for array sizes and number of memory units being powers—
of-2. On the other hand, we emphasize the framework’s generality in Section 2.1, by presenting
examples for mapping logical arrays of arbitrary size to an arbitrary number of physical processors,
and formulate the permutations on these arrays and their mappings. Furthermore, we restrict this
exposition to stable permutations [13, 14], that is, permutations that fully use a fixed part of the
machine address space throughout the sequence of permutations. To our knowledge, this paper
represents the first comprehensive algebraic description for stable permutations in a unified taxon-
omy. Therefrom, while mostly proving results that are entirely new, we also present generalizations
of previous results, as well as reprove some established results for expository completeness.

In Section 2, we give all the definitions and notation necessary to describe and analyze the
permutations we consider, and construct a permutation taxonomy consisting of the identity per-
mutation, and the classes of index—digit, linear, translation and affine permutations. We show
that all these permutations are polynomial. Each subsequent section is dedicated to a particu-
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lar permutation class, where we define some of the most important instantiations of that class,
and prove some key properties in each case. Thus, Section 3 addresses the class of index—digit
permutations, where we discuss the bit-reversal, radix—) exchange, and radix—¢) shuffle and
unshuffle permutations. Section 4 deals with translation permutations, where we feature the
radix—¢) butterfly and the 1’s complement permutations. Binary—to—Gray code and its inverse
are discussed as examples of linear permutations in Section 5. Finally, in Section 6, we describe
three particular polynomial permutations, namely the arithmetic add 1, arithmetic subtract 1, and
the 2’s complement. Section 7 concludes the paper.

2 Permutations: A Formal Framework

2.1 Definitions

The following notation and restrictions for system and problem parameters apply throughout this

paper:
N=2" = problem size (length of original data sequence)

pP=2P = number of processor nodes

V. =N/P = virtual processor ratio (number of data points per processor)

p=logy, P = number of bits in processor address (processor bits)

v=1log, V' = number of bits in essential local memory address (memory bits)

r=logy N = p+ v =number of total bits in essential data address

u>r = number of total bits in entire machine address for a physical location

w—r >0 = number of non-essential bits in local memory address of the physical location

We base our representation and analysis on the following definitions and notation.

Definition 2.1 A permutation 1l on an ordered set A is a bijective map 11 : A — A.

Definition 2.2 Let Fy be a field on {0,1} with the addition and multiplication operations respec-

G0 1 S|
tively defined as: 00 1 0|0 0
111 0 110 1
e Let Z, be a vector space over Fy, where |Z,| = 2¥. A vector z € Z, is denoted by
Zu—1Zu—2 - 21720 = (Zi)?:u—l- The vector corresponds to the entire binary address of a

physical memory location on a machine.

e Let A, be a vector space over Fy, where |A,| = 2". A vector a € A, is denoted by
Ap_1Qp_g...0100 = (ai)?:T_l. The vector may correspond to the binary index of a data
element or, in the case where u = r, the binary memory address of a physical machine.
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Note that a permutation on a vector space is by definition a permutation on its underlying set.

Computer memories are organized into modules in the form of banked, interleaved, or so called
distributed memories. This organization of memory systems implies that for proper characterization
of the cost of memory accesses, Z, must be expressed as a direct sum of at least two nonzero
subspaces, with at least one subspace corresponding to ddresses within a memory unit, and at least
one subspace used for the enumeration of memory units !. For instance, two nonzero subspaces were
used to model the internal structure of DRAM (Dynamic Random Access Memory) operated in
page mode for the optimization of the Connection Machine Scientific Software Library, CMSSL [40].
Two or more subspaces for addressing different memory units may be justified by nonuniformity in
the intermodule access capabilities as manifested by the module’s interconnection network. Here,
we conduct our analysis by decomposing the address space Z, into two nonzero subspaces, with
| Z,| = 2% for some positive integer u. Clearly, viewing the address space as a direct sum of more
than two nonzero subspaces is straightforward from the rudimentary techniques of linear algebra.

Formally, following [20, 39], let z, 0 < z < 2%, denote the physical machine address with
the binary representation z = z,_12,_2...2129, Where z € Z,, . Then, for P = 2P processors, such
an address is denoted by zy_1 ... 2y—pt12u—p | Zu—p—1-..2120, Where z,_,_1 ...2129 is the memory

p bits u—p bits
address and 2z,_12y—2 ... Zy—pt12u—p 15 the processor address. Note that this addressing scheme
assigns low order bits to local memory addresses, while high order bits are assigned to processor
addresses.

Let a, 0 < a < 27, denote the logical data index of a N = 2" data sequence with the binary
representation @ = a,_1a,_3 ...a1a9, where a € A,.. In defining the mapping of the data indices to
the machine addresses we assume a uniform mapping between the set of 2" indices and the set of all
2P processors. Each processor is assigned 2”77 = 2V indices. Moreover, we assume that assignment is
made to local memory addresses 0 to 2¥—1. Arbitrary local memory addresses, possibly different for
each processor, would yield a more cumbersome notation (and address computation), but does not
change the fundamental interprocessor data motion complexity results derived below. Henceforth,
we set u = r throughout our analysis.

For any given permutation II, it is imperative to always maintain a clear distinction between
the physical machine address z € Z,, which remains fixed, and the logical data index a € A,,
which moves within the set A, according to II. The data motion between memory locations (and
processing units) is determined by II and the mapping A of A4, to Z,. The relationship between
A, II and the permutation ®4 1 on the physical domain of addresses, as well as their respective
inverses, are formally defined below and illustrated pictorially in the commutativity diagram of
Figure 1.

Definition 2.3 Let A: A, — Z,, a AL and AL Zy — A, 2 AT a. Then,
Pp i Ly — Zy, such that @5 1(z) = A (IL(A™1(2))) and (I)X}H(Z) = AL (A(2))).

1For out—of~RAM memory systems, such as parallel disk arrays, Z, is expressed as a direct sum of at least three
nonzero subspaces, one subspace for the track, another for the disk and a third for the offset address therein [6].
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n
A = A
N A N A
q)/\,I'I
Z o
AN

Figure 1: Commutativity diagram for II, A and &

The communication and routing requirements on the physical domain, which occur as a result of
permutation II on the logical array index, are completely defined by the permutations ®4 1 and (I)XIH
of Definition 2.3. To appreciate the significance of A, we give a simple example of a permutation i
on As, such that {0,1,2,3,4,5,6,7} A {4,5,6,7,0,1,2,3}, which performs a cyclic shift of 4 on
a data array. Namely, ll(aza1a0) = azaiap; with underlying physical configuration Z3 and P = 4
(thus, v = r = 3 and p = 1), and consider its effect on block, Apjk, and cyclic Acye, allocations.
We illustrate (I)Ablk o and Ppcyemm in Figure 2, from which we also observe that no communication
among processors is required under Acye, Whereas all eight data indices move under Aypy.

‘ 2921 H nitial z ‘ z after 11 ‘ ‘ 2921 H initial z | z after II
00 0 1 4 ) 00 0 4 14 0
01 2 3 6 7 01 1 ) ) 1
10 4 5 0 1 10 2 6 6 2
11 6 7 2 3 11 3 7 7 3

(a) Ablk(azalao) = 0201|f10 (b) Acyc( 2611@0) = a1a0|a2

a
(2’22’12’0) = 2’12’0|22

=

‘I)Ablk,n(zzzlzo) = Z371|%0 Pacye,
Figure 2: Example on As, Z3, P =4, ll(aza1a0) = azarag

For the case where both the data set size and the number of processors are powers—of—2, block
and cyclic mappings of the data indices to memory addresses can be described entirely in terms of
their binary encodings. For instance, for block allocation, App, the index maps to
Ak i {ar—1 .o @1 payq o @G0 — 2 = A1 e Gy 1Gr—p | Fy—p—1 - Fyt1 Zy Qy—q - - - G100,

p bits u—r bits v bits
where a,_1 ...ajag is the memory index, a,_y .. .a,_,41a,_, is the processor indexand z,_p_1 ... 2412y

is the don’t care segment of the physical address. Alternatively, for a cyclic allocation [16, 39], Ay,
the index maps to

Acye t{ar_1 . capprapap_q .. carap} — 2 ={ap_1...a1a0 | Zy—p—1 .. Zug1 20 Qro1Gr_g o Gpp1Gp )

p bits u—r bits v bits

For the general case where the data set size, |A|, and the number of processors, P, are not

powers—of-2, p = [log P], V = [HL and v = [log V]. In this case, the block allocation mapping,
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Apik, is described by:
Apc:a=Har_1...... A1a0} 2 = Zp_1 oo Zr_pt1Zr—p | Fu—p—1 - - - Zudl Zu o1 - - - 2120,

p bits u—r bits v bits
where 2 = a + |a/V] - (2“7P7 — V). An example of such a block allocation for A = {0,1,...16}
and P = 7 yields a maximum of V' = 3 memory locations per processor as illustrated in Figure 3.
Note that in this example v = r, and the mapping is given by: Apy : a = {agazazaiap} — z =
{za2z323]|7120}, where z = a 4 |a/3] - (4 = 3).

a 2120
z47379 || 00 01 10 11

000 0o 1 2
001 3 4 5
010 6 7 8

011 9 10 11
100 12 13 14
101 15 16 x
110 X X X

I T B B -

Figure 3: Example of Apy on |A| =17, P =7 and V = 3.

It is straight forward to express a permutation in our framework on an array of arbitrary size
(non power—of-2). An illustration is given in Figure 4, where |A] = 6 and we seek an arithmetic
add 1 permutation on the index array with three, two and one partitions. The index array size is

|A|, the number of partitions ¢, and hence the arithmetic add 1 permutation II;_} s given by
H|A|_1’t(a) = (a+ 1) mod (|A|/t)+ {ﬁJ |A|/t. Compare this to Definition 6.1, for the case when

aal
|A| is a power—of-2, where |’ti| =2m,

OOO:><: 001 000 001 000 001
001 000 001 & 010 001 010
010:><: 011 010 011 010 011
011 010 011 000 011 100
100:><: 101 lOO% 101 100 101
101 100 101 110 101 110
51 52 53
(a) naal (b) I—Iaal (C) I_Iaal
Figure 4: Examples of the arithmetic add 1 permutation for |A| = 6.

In order to facilitate exposition and analysis, we arbitrarily choose block allocation, discard the
unused bit segment z,_,_1 ...2y41%, and by means of setting u = r, assume A = Il;4, the identity
map. In basing our representation and analysis on the following notation, we give the permutation II
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a “get—oriented” flavor, perhaps best exemplified by the intuition behind the definitions of In,(Il, n)
and Out, (1L, n) below.

o Let I ={0,1,...,7r— 1} C N be the index set for the coordinates of the vectors a € A,, where
|I| = r. Thus, elements of I represent the coordinates of a, or the positions of the binary bits
of an index or address.

o Let dim(5) = log, |5, where S is a set.

e Lor an arbitrary map I : V; — V;, let ker Il = {v € V; : II(v) = 0}, which denotes the kernel
of the map. If 1T is a permutation, then | ker IT| = 1.

o Let A,(n) C A, be the set of all vectors with n = (a;){_,._,, where n € {0,1,...,27 — 1} and
|Ay(n)| = 2Y. Thus, A,(n) represents the set of all memory addresses (or the initial memory

indices) for a particular processor n. Note that A,(0) is a subspace of A,.

o Let II(A,(n)) = {ll(a) € A, :a € Ay(n)}, where Il is a map on A,.

o Let I7'(A,(n))={a € A, : I[(a) € Ay(n)}, where II is a map on A,.

o Let In, (I, n) = II(A,(n)) N (A, — Ay(n)) C II(A,(n)), which denotes the set of data indices
that move into processor n under permutation II.

o Let Out,(Il,n) = Ay(n) N (A, — II(Ay(n))) C Ay(n), which denotes the set of data indices
which move out of processor n under permutation II.

o Let fix(Il) = {a € A, : Il(a) = a}| = | ker(Il — 1I;4)| which denotes the number of vectors (or
indices) that map to themselves under permutation II, and where II;4 is the identity mapping.

o Let loc(Il,n) = |Ay(n) N I(Ay(n))|, which denotes the number of indices remaining on
processor n under permutation II.

o Let nonloc(Il,n) = |Out,(1l,n)|, which denotes the number of indices that do not remain
local to processor n under permutation II.

o Let loc(Il) = S°P=1 loc(11, n), which denotes the total number of indices remaining local
under permutation II.

e Let nonloc(Il) = "P=} nonloc(Il, ), which denotes the total number of indices that do not

n=0
remain local under permutation II.

So as to interpret our formalism in the context of data arrays in a program, let « € A, point to
an array location before the permutation. Then, II(a) € A, points to the array location whose data
will be in location @ after the permutation, that is, location a “gets” the content of location Il(a).
This get—oriented interpretation is consistent with Fortran-90 [31], HPF [10] and CM-Fortran
[41]. Figure 5 exemplifies this interpretation by illustrating an arithmetic add 1 (or CSHIFT(41))

permutation II, on Ag, such that {0, 1,2, 3} A, {1,2,3,0}. The boxes and their tags stand for the
memory locations and their numeral tags respectively, with the binary numbers inside the boxes
being the array indices. Thus, after the array undergoes permutation I, box 0 (which had index 00)
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a n()
0 0

00 01
1 1

01 10
2 2

10 11
3 3

11 00

Figure 5: The array index A, under a get—oriented arithmetic add 1 permutation II.

will get index 01, box 1 (which had index 01) will get index 10, ...etc. All subsequent illustrations
follow this convention.

Clearly, for idempotent permutations, the get—oriented and send—oriented interpretations are
equivalent. For some non-idempotent permutations however, such as shuffle of Section 3.3, the
send—oriented interpretation is more common. Although from an implementational standpoint,
a send-oriented approach (memory location a sends II7%(a)) is desirable for most platforms, we
chose the get—oriented approach (memory location a gets Il(a)) for its direct correspondence to
algorithmic design and evaluation.

Definition 2.4 A permutation 11 is stable [13] on a set of P processors if and only if | In,(1l,n)| =
| Out, (1L, n)| = nonloc(11, n).

Definition 2.5 Let llx and lly be two permutations defined on A,, and let a € A,. Then, the
composition of these permutations, ©, is defined as:

(Ix © Iy)(a) = Iy (Ix(a)) . (1)
Compositions of n permutations Il;, j = 1,2,..., n into a single permutation are denoted as ©7_,II;,
where
@?:11_[]' = Hl © H2 e © Hn—l © Hn

We reserve the notation (Hj)?ﬂ for the application of the permutations II; one at a time in
order of increasing index. The distinction between ©7_,II; and (Hj)?ﬂ is important in evaluating
the processor input/output requirements in implementing a composition of permutations either as
a single composite permutation, or as a sequence of permutations.

Definition 2.6 Let nonloc ((Hj )?:1 , n) denote the total number of elements moved out of processor

n during the sequence of permutations (Hj)é?:l. Then, nonloc ((Hj)§:1) = Z;?:l nonloc(1l;, n).



A Vector Space Framework for Parallel Stable Permutations 9

Lemma 2.1 nonloc(@?zlﬂj,n) < nonloc ((Hj);?:l,n).

Proof: Assume an element index a € Out(@?zlﬂj,n). Then, it must have moved out of pro-
cessor n during one of the permutations in the sequence (Hj)é?:l. Hence, any element counted
in nonloc(@?zlﬂj,n) will necessarily contribute to nonloc ((Hj)é?:l,n). Conversely, consider an
element index ¢ € A,(n) that moved out of processor n during one of the permutations in the
sequence (II;)%_;, however, (II;)%_;(a) € Ay(n). Then, essentially, ©%_1;(a) € Ay(n), and
would not contribute to nonloc(@?zlﬂj,n). Hence, there may exist elements that are counted

in nonloc ((Hj)é?:l, n), but not in nonloc(@?zlﬂj, n). ]

Lemma 2.2 Let llx and lly be two permutations on A, and n € {0,...P — 1}. If loc(1ly,n) =
2°Wn , then loc(lly © ly,n) = loc(llx,n); and if loc(Ilx,n) = 2°¥n , then loc(llx © Ily,n) =
loc(1ly , n).

Proof: Let Ily(A,(n)) = A,(n) Vn (which means that loc(Ily,n) = 2¥ Vn). Then
Iy @ Ily)(Ay(n)) = Iy(Ilx(Ay(n)) = Ix(A,(n)). Hence, loc(llx © Ily,n) =
[ Au(n) AL (Ay ()] = Toc(TIx ).

Similarly, let Iy (A,(n)) = Ay(n) Vn (which means that loc(Ilx,n) = 2¥ Vn). Then
Iy © Ily)(Ay(n)) = Ily(Ilx(A,(n)) = Iy (A,(n)). Hence, loc(llx ® Iy,n) =
[Au(n) ATy (A ()] = loc(TTy ). .

2.2 Taxonomy

We present a taxonomy for classes of stable permutations, which we name according to standard
notions in linear algebra. The concept of an index—digit permutation was introduced in [12].
Translation permutations were used in [20], and termed as “bit-inversions” in [38]. Linear permu-
tations (termed transformations) were defined in [7], and a special subclass of it, termed dimension
permutations, was considered in many studies [39, 12, 37, 38, 13]. Affine permutations were called
affine transformations in [7] and bit-matrix-multiply/complement (BMMC) in [5, 6], where a
subclass of affine permutations for parallel disk arrays, called bit—permute/complement, was also
presented.

Definition 2.7 The identity permutation 1,4 on A, is defined as 1l(a) =

Definition 2.8 A permutation II on A, is called an index—digit permutation if there exists a
permutation © on I such that Va = (a;)? € A, T ((ai)i=y_1) = (@r@))i=p_s-

t=r—1

Definition 2.9 A permutation Il on A, is called a translation permutation if there exists a unique
vector b € A, such that for any a € A,, ll(a) = a & b.

Lemma 2.3 A translation permutation is idempotent. That is, it is its own inverse.
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Proof: Let Il be a translation permutation on A, as in Definition 2.9. Then,

H((a)=1(adb)=adbdb=0a®d0=a. |

Lemma 2.4 For any nontrivial translation permutation 11 (b # 0 in Definition 2.9), fiz(1l) = 0.
Proof: By the properties of Fy and Definition 2.9, Il(¢) = @ <= b = 0. Thus, fix(1l) = 0. [

Definition 2.10 A linear permutation is a permutation 1l on A, such that
1. l(a®b) = 1l(a)® 11(b) a,b e A,; and
2. ll(a-a)=a-1l(a) a€A,,a€F;.

Lemma 2.5 In Definition 2.10, condition (2) follows from condition (1).

Proof: By definition of Fy: II(1-a) = lI(a) and 1-1I(a) = II(a). Similarly, using the first linearity
rule of Definition 2.10, II(0- ) = I1(0) = I[(0 & 0) = 1[(0) & I1(0) = 0 and 0 - II(a) = 0. |

Theorem 2.6 For a linear map Il and any processor addressn € {0,1,...P — 1}, either loc(1l,n) = 0
or loc(1l, n) = loc(11,0).

Proof: If A,(n) N I(A,(n)) # O, then let a € A,(n) N 1I(A,(n)) be a vector, and define two
mappings:

b, : 1I(Ay(n)) —
U, 1[(A,(0)) —
Clearly, ¢, 0 ¥, =
Otherwise, if A,(n) N

, b e, g Pa; and
, ¢ E& c P a.
¢, = Il;4. By definition, if A,(n

@ )NI(Ay(n)) =0 = loc(Il,n) = 0.
(Ay(n)) £ O = loc(1l,n) = loc(11,0).

Corollary 2.6.1 For a linear permutation 1, the indices that remain local under 11 are evenly
P-1

distributed among processors. That is, m_igl loc(1l,n) # 0 if and only if loc(1l) = P loc(11,0), in

which case loc(1l, n) = loc(11,0) Vn.

Definition 2.11 An affine permutation is a permutation Il on A, such that, for any a € A,,
M(a) =1'(a) @ b, where I is a linear permutation on A, and b € A,.

We show that affine permutations are compositions of a linear and a translation permutation.

Lemma 2.7 Let 1I; and 1I; be arbitrary linear and translation permutations, respectively. Then
there exist two affine permutations 11,1 and 1,5 such that 1I; @ 1I; = 1l and 11; & I1; = 11,5

Proof: Let ¢ € A,. Then, by Definition 2.9, (II; ® II;)(a) = H(1l;(a)) = j(a) & b = 4i(a)
Similarly, by Definition 2.10, and b’ € A,, (Il; © I;)(a) = Ij(I(a)) = (e § b) = M;(a) & IL(b) =
i(a) &b = 1l,2(a). ]
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Definition 2.12 A polynomial permutation is a permutation 1I on A, which can be represented
in polynomial form with vector elements in the set {ap,a,...,a,_1} as variables and the values in
{0,1} as constants.

Lemma 2.8 Any permutation on A, is a polynomial permutation.

Proof: An arbitrary permutation II on A, can be expressed in terms of » mappings in the form:
M(a) = (®i(a))i_,_, where & : A, — {0,1}, i € I. Consequently, we need to show that ®; is
polynomial.

. . 1 X
®; divides A, into 2 complementary subsets Xg and Xg_ as follows: ®;(a) = { 0 Z E X%l ’
[P
Hence, what remains is to show that there exists a polynomial specifying X&%“ The sum—of-products
method from Boolean Algebra, generates X&)i, which is in polynomial form. [ |

Theorem 2.9 Let Midentity = {Hid}; and let Mindel’—digit; Mlinear; Mtranslation; Maffine and
Mpolynomial denote the set of all index—digit, linear, translation, affine and polynomial permutations,
respectively. Then the inclusion relation on the set of permutation sets, {M;ientity, Minder—digit,
Miinear s Mizansiations Mas fines Mpotynomial } forms a lattice schematically demonstrated in Figure 6.

M

polynomial
M affine
M linear
M translation
Mindex-digit
M dentity

Figure 6: Lattice for taxonomy of permutation classes.

Proof: Let II; € My qnsiation. Then from Definitions 2.7 and 2.9, Ht|b —0 € M;dentity. Hence,
Midentity C Mtranslation-

Let Iy € M;pdexs—digie- Then by Definitions 2.7 and 2.8, Hd|7r(i) —; € M:gentity. Hence, Migentity C
Minges—digit-

Let Iy € Minder—digit, and a,b € A,. Then by Definition 2.8, My(a & b) = My(a; & b;)%,_; =
(ar@) ® br))imr_1 = (n(i)izy_1 ® (br())i=,_1 = Ia(a) ® TM4(b). Hence, by Definition 2.10,
Mindel’—digit C Mlinear-

Let I, € Mgy fine. Then by Definitions 2.11 and 2.9, H“|H’ =10, € Miransiation- Hence, Myrqnsiation
Mg pine. Similarly, by Definitions 2.11 and 2.10, Ha|b —0€ Miinear. Ergo, Miinear C Moy fine.

By Lemma 2.8, M, tine C Mpotynomial-

Finally, it is trivial to verify on Figure 6 that any two classes of permutations have a unique least
upper and a unique greatest lower bound, which makes it a lattice. [ |
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An alternative representation for permutations is in terms of their characteristic matrix. This
is the technique resorted to in [5, 7] for a subset of the permutation classes we consider in our
taxonomy. We will refrain from this additional representation for the sake of conciseness.

3 Index—Digit Permutations

3.1 Bit-reversal

This is a permutation used in many applications, such as the FFT, and we portray some examples
in Figure 7.

Definition 3.1 The bit—reversal permutation, ! is a permutation on A, such that

2.0
(a) n bitrev

1.0
(b) n bitrev

2.1
(C) r bitrev

bitrev’
Ty (0002, _1) = (@)75L ) (am—ign)ey (@i)0y_y, where 0 <1< m <r—1. That is,
nglgiev(a) = HZ{iev(aT_l e g1 Gy Gy -+« Q1G] Q)1 « . )
m—I{+1 bits
= g O] QAL « Q1 Gy Q1 « . . Q. (2)
m—I{+1 bits
000 e——e 000 000 e——o 000 000 &——o 000
001 100 001 010 001 e——o 001
010 010 010:>< 001 010 100
011 110 0l1le—e 011 011 101
100 001 100 e——e 100 100 010
101 101 101 110 101 011
110 011 110><: 101 110 e—o 110
111 e—o 111 111e—o 111 111e—o 111

Figure 7: Examples of the bit-reversal permutation for N = 8.

Lemma 3.1 The bit-reversal permutation is an index—digit permutation [12].

m—i1+1 (<i<m

Proof: Let the permutation 7 on I be such that mpizen(i) = { ; otherwise
b

where 0 S ! S m S r—1 Then’ ngz?lgiev((ai)zozr—l) = (aﬂ’bitrev(i))?:T—l' .

The following well known lemma is easily proved.

Lemma 3.2 The bit-reversal permutation is idempotent.
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Proof: By substitution into Lemma 3.1, Tpitreq(Toitren(i)) = i. Hence,

m,l m,l
Hbitrev ((Hbitrev(ai)?zr—l)) = (aﬂ'bitrev(ﬂ’bitrev(i)))?:T—l = (ai)?:T—l = 4a. u
The following result has been previously shown in, for instance, [19, 21].

Theorem 3.3 fir(I[]% ) = 20/2147=5 where s = m — [ + 1.
Proof: We seek the number of vectors in A, for which 175! (a) = a. Let (b;)% (a;)!

bitrev =s—1 — i=m"
Then, we need b; = bs_1_; Vi:0<i<s— 1. For s even, there are 2s/2 = 215/21 guch vectors. For

s odd, there are 26571)/2 = 2[5/2] gych vectors. Hence, overall, with the r — s elements that remain

m,l m,l — 9[s/2]4+r—s
unchanged by II7; . fix(Il ;) = 2 . ]
Pl r—1,0
3 4 —
Theorem 3.4 min loc(1, .2 ,n) = [V/P+0.5].
v—p bits p bits
———
a = Apot . Qpp1@y | Tomt - Gpp1lp dp—1 - - - A1) p— /2] bits
oy " ] /_/_
P bits v - bits » bits a = 1. Ay Alpja|—1 Ty [y _1.cn... arag
ll’,;;;?“(a) = dp...Qp_20p_1 |Qp ... Ay_28y_1qy ... Apr_20r_1 p bits v bits
p bits v bits (b) v < [r/2]

(2) v>[r/2]

v bits

———
a = Apoi .. Qup1Qy | Gyt ...G100 a = Qpoi ... Gug1 Gy | Qu1...a1ag
—_ —_—
p=v bits v=p bits p bits v bits
Wpit yev(a) = ap...@y_2Gy_1]ay...ar_nay_; v bits
—
Moitrev(@) = Qp...dy—2ay_10y | @ e Up_aOyp_
p=v bits v=p bits bzt_nv( ) 0 v—20y—1 U‘ v+l r—20r—1
p bits v bits

(¢) v=|r/2], v even
(d) v=r/2], v odd

Figure 8: Four cases of II;;. ) with respect to values of v and [r/2].

Proof: If A,(n)N1(A,(n))# O, then let a € Ay(n) N1I(A,(n)) be a vector (index). We consider

four cases, portrayed in Figure 8:

v > |r/2]: a € Ay(n)NIL(Ay(n))ifand only if a,—1 .. .ayy10y = ao...ap_2a,_1,0r (aT_i_l)?:p_l =

(ai)?:p_p and the remaining segment of the memory index, a,_1 ...a,41, with v — p bits, can take
any values. Thus, minf = loc(I};'% n) =20 = V/P = |[V/P 4+ 0.5].

bitrev?

v < [r/2]: Since In such that a|,/o(_1 .- @y # |pj2)4p—|r/2)=1- - O /2] Au(n)NI(Ay(n)) = O =
loc(ITj % 'n) = 0. Hence, since V/P < 0.5, min? =3 loc(I; ;1% n) = 0= [V/P| = |[V/P +0.5].

bitrev? bitrev?
v=|r/2],reven: a € A,(n) NI(A,(n)) if and only if a,_1...ap110, = ag...ay—2ay_1, Or
(a;)%_,_; = (ar—i—1)%,_;, and there is only one such pattern per processor n. Since P = V|,

min?=1 loc(I1;.1° n) =1=V/P = [V/P +1/2].

bitrev?
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v=|r/2],rodd: a € A,(n)NII(A,(n)) if and only if a,_1...ay420y41 = ao...ay_2a,_1 which
means that (a;)%_,_; = (a,—i—1)%_,_;, and there is only one such pattern per processor. Since
p=v+1,then P =2V, there are min? =} loc(Il; ;0 n) =1 =V/P+1/2=|V/P +1/2]. |
Corollary 3.4.1 lo(II;; %) = gmax{v /21,
Proof: loc(Il};, 1Y) = SSP-Voc(T1} 1Y n). We consider four cases:

v > [r/2]: By Theorem 3.4, loc(II; 1% n) = V/P. Hence, loc(Il; ;1) = P ly/p = 20 =

Qmax{v7 [r/2] }

v < |r/2]: From Figure 8(b), loc(IT;,1% 0) = 1, which stands for the case II;;,?(0) = 0. By Theo-
rem 2.6, either loc(pizpey, n) = 0 or loc(pigpen, n) = 1, and by the isomorphism, loc(Ilpipen, n) = 1
if and only if Hzi_tlcjo(n) = n. Hence, IOC(HZ;:éS) = ﬁX(HZi_t:é?J)‘ By Theorem 3.3, ﬁX(HZi_t:éS) =
olr/2]  _ " omax{v,[r/2]}

v = |r/2], r even: Here, p=v = r/2 and by Theorem 3.4, loc(HZi_t:cjg, n) = 1. Hence, 10(;(]]2;7}5) —
25:_01 1=P = 2|—T/2-| = 2max{v,|’r/2'|}‘

v=|r/2|,r odd: Here, p = [r/2] and by Theorem 3.4, 10C(sz'_t:£vn) = 1. Hence,
loc(I- 10y = S°P-ly = p = 2l/21 = gmax{v[r/2]}, -

The results proven in Theorem 3.4 and Corollary 3.4.1 are summarized in Table 1.

=150 v |r/2] {v=|r/2] |v=|r/2] | v> [r/2] general case
r odd T even
Pl v v
min loc(1L, n) 0 1 1 v |7 +0.5]
I]g@é( nonloc(1I, n) Vv V-1 V-1 V(l-%) | V—-|%+05]
loc(1I) 207/21 P 1% 1% gmax{v,[r/2]}
nonloc(1I) N 202 NP N -V N—-V | N —gmav[r/2]}

r—1,0

Table 1: Processor data exchanges for the bit-reversal permutation II; , .

3.2 Radix—() Exchange

Definition 3.2 Let Q) = 29, where ¢ =1,2,...|r/2| and let [,m € I such that 0<Il,m<r—1,
m—1>q, m+qg—1<r—1. Then the radiz—() exchange permutation, HZLC’}IL Q(a), is a permuta-
tion on A, defined as:

m,l m,l
H$ch7Q(a) = H$ch7Q(aT_1 e Qg1 e Oy e Qg .. O] ... (10G0)

q bits q bits
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Ar_1 ..

In Figure 9 we depict some examples of the radix—¢) exchange permutation.

0000 e——eo
0001

0010 ><:
0011le—e
0100e——e

0101

0110 ><:
0llle——e
1000e——e

1001 :><:
1010

101le——o
1100e——e

1101 ><:
1110

1111e——o

0000
0010
0001
0011
0100
0110
0101
0111
1000
1010
1001
1011
1100
1110
1101
1111

1.0
(@ Micn, 2

Lemma 3.5 The radix—() exchange permutation is an index—digit permutation.

Proof: Let the permutation 7= on I be such that =

15
Olgga1 e Qe lygge1 -Gy .. G100, (3)
q bits q bits
0000 e——e 0000 0000e——e 0000 0000 e——e 0000
0001 0100 0001 1000 0001 0100
0010 0010 0010 0010 0010 1000
0011 0110 0011 1010 0011 1100
0100 0001 0100 0100 0100 0001
0101 0101 0101 1100 0101 0101
0110 0011 0110 0110 0110 1001
0111le——e 0111 0111 1110 0111 1101
1000e——e 1000 1000 0001 1000 0010
1001 1100 1001 1001 1001 0110
1010 1010 1010 0011 1010 1010
1011 1110 1011 1011 1011 1110
1100 1001 1100 0101 1100 0011
1101 1101 1101 1101 1101 0111
1110 1011 1110 0111 1110 1011
1111e— e 1111  111le—e 1111  111le—e 1111
2.0 3.0 2.0
(b) Mien, 2 () Mieh, 2 (d) Mich, 4
Figure 9: Examples of the radix—¢) exchange permutation for N = 16.
t—l4+m [<i<l+qg-1
m,l N . .
$ch7q(z)_ i—m+l m<i<m+qg-1
) otherwise,

0

(ar(i)m,z Jizr—1- u

where 0 <!/ <m <r—1and g =log@. Then Hth(( a)_, )=

Lemma 3.6 A radiz—(Q) exchange permutation is idempotent.

Proof: For ¢ € A, for 0 <
Lemma 3.5, m.cp q(ﬂxch, (7))

1 !
HZLch,Q ((HZLchQ “z —r—1) )

Ibm<r-—1,

= 1. Hence,

aml

Trch ,q

m,l
( mcyh,q

Lemma 3.7 fiz(1l th) = 2779, where ) = 29.

Proof: From Definition 3.2, chh ola)=aif and only if aptg—1...a

are 2779 such vectors in A4,.

m_lZ(L

(i)))?:r—l = ()=, _q =

zch,q

m

= Ql4q-1--

m+q—1<r—1, by substitution in

.a;, and there
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Exchanges on independent pairs of distinct radix—¢) digits are commutative. Specifically,

Theorem 3.8 Let [, m,log5,logQ,logy5 € I and m —1 > s. Then,

nml o = @1%@5—1 mtja, Hie 0 m+jg, 14+jq
zch,S T 7=0 zch,Q - Jj=loggS—1"zch,Q .

Proof: For any a € A,, let [, m € I satisfy the conditions in Definition 3.2, let s = log 5, ¢ = log ¢
such that 1 < s,¢ < [r/2] and logy S = s/q € I. Then, by substitution into ﬂZ’hlq of Lemma 3.5,

s/a=1_m+jq, +5q,
®j:0 7T-aa’ch,q (7’)

i— (i) +(m+jg) [+jg<i<li+jgtq—1,5=01,....s/q—1
= ci—-(m+jg)+(U+jq) m+jg<i<m+jeg+q—1,5=0,1,....s/¢—1
) otherwise
i—l+m [(<i<l4+s-1
= i—m+l m<i<m+s—1

7 otherwise
o m,l /.
- ﬂ-acch,s(l)‘
m,l O _ 0 _ 0
Therefore, I17 ((ai)iz,—1) = (@ m. (i))i:r—l = (@ /a1 mtsa thiag Jimr—1
! zch,s ®]=0 ﬂ-.rch,q (2)
QIOgQS—lnm-I—jq,l-l—jq
7=0 zch,Q :
L 0 miq, i,y _ ~108S—lomtie, I4ja N pymil
Slmﬂaﬂy? ®j:logQS—1H1’ch,Q (a) - ®j:0 chh,Q (a) - chh,S(a)' u

We can now also easily prove the following well known result [24, 25, 38].

Theorem 3.9 For q,l,m € I such that Q =29, 0<[I<wv—qand v <m<r—gq,
o T0, o) = 1/
Proof: Let a € A,, then,

@ = Qroq .. Qpggei oo Gy oo Oy | Qyog oo Gipge1 ... Q1 .. .0
—_— —
q bits q bits
Hm7l —
mh’Q(a) = g Qg1 QL y | Gy g1 - gy . G,
S—— S—
g bits g bits

where for any processor n = a,_1...a,410, the index a € A,(n) N I(A,(n)) if and only if

(@14i)j=y—1 = (@myi)i=, ;. Since there are v — ¢ unconstrained memory bits, loc(HZZ’}lL7Q,n)

201 = V/Q). n

In Lemma 3.10, we derive the lower bound on nonlocal elements for the sequence of permu-
. g, +q\ 5971 . . .
tations, (H?Jg’ H_]q) oy and derive the number of nonlocal elements for special radix—V and
) i=

radix—P permutations.
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Lemma 3.10 Let s, q,l,m € I such that v—5<l<0 v<m<r-—s, 1<q<5, and q, s/q € 1.
Let S = 2° and @ = 2%. Then Vn, nonloc(1L mhv, n) =V —1, nonloc(1l xcth n)=V({1-1/P), and

sfq—1
e (1580) = V=50 < 3100 = e (15877) )

Proof: By Theorem 3.9, nonloc(II"; }ZLS, ) =V —loc(ll ZLCZLS, n)=V-V/§=V(1-1/5). By
direct substitution, we obtain nonloc(II” mhy, n)=V —1, and nonloc(H;’c%P, n)=V(1l-1/P).

Likewise, for some j € {0,...,s/¢—1}, by Theorem 3.9, nonloc(HZZng’l'i'jq, n) = V—loc(H;ﬂc—'};g’lﬂq, n) =

. CNs/a—1 . .
V-V/Q=V(1-1/Q). Hence, nonloc ((H?Jﬁé l-I—Jq)j/:qO 7n) — Z;‘/qo nonloc(II™+i: i p) =

Zs/q ! V(1-1/Q)= SV(l—l/Q).The desired inequality follows by Theorem 3.8 and Lemma 2.1. m

3.3 Radix—(Q Shuffle and Unshuffle

The shuffle permutation [21, 28] is a digit cyclic rotation to the left and among its many applications
are sorting [28] and matrix transposition [6, 19].

Definition 3.3 Let @ € A,, and let 0<I m<r—1 and Q =2¢ Then the radiz—) shuffle
permutation, HZL’}Q(Q), is defined as:

q bits m—{+1—q bits
HZ;L}Q( ) = HZ;L}Q(“T 1eeilpy oo Op—gt1 Qg ...0] ...0100)
m—{+1—q bits q bits
= Q1. Qg O Qoo gt - - - G10Q. (4)

And the radiz—Q unshuffle permutation, 11" (a), is defined as:

unsth
m—{+1—q bits q bits
m,l m,l
Humth( a) = Humth(aT Tevoe Qo Qlyg Qlyg—q...0]...0100)
q bits m—{+1—q bits
= Q1. Qpg—1---Q] Uy ...Ql4q -..0100. (5)

H;h}Q( ) is a perfect radix—) shuffle and Hfmslh(}Q( ) is a perfect radix—@) unshuffle. Figure 10

illustrates the radix—( shuffle permutation. 2

Lemma 3.11 The radiz—Q) shuffle permutation, H:}L’Jlf 9qs 18 equivalent to a radiz-2"~7 unshuffle

permutation, 11" where n=m — [+ 1.

unshf 2n—q’

“Note that in Figure 10, the get—oriented interpretation of Il.p;g would correspond to the send-oriented
interpretation of Ilupnens,g, which is how it is commonly portrayed.
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0000e——e 0000 0000e——e 0000 0000e——e 0000 0000e——e 0000

0001 0010 0001 0010 0001 0010 0001 0100
0010><: 0001 0010 0100 0010 0100 0010 1000
0011e——e 0011 0011 0110 0011 0110 0011 1100
0100e——e 0100 0100 0001 0100 1000 0100 0001
0101 0110 0101 0011 0101 1010 0101 0101
0110><: 0101 0110 0101 0110 1100 0110 1001
0111e——e 0111 0111e——e 0111 0111 1110 0111 1101
1000e——e 1000 1000e——e 1000 1000 0001 1000 0010
1001 1010 1001 1010 1001 0011 1001 0110
1010:><: 1001 1010 1100 1010 0101 1010 1010
1011le—e 1011 1011 1110 1011 0111 1011 1110
1100e——e 1100 1100 1001 1100 1001 1100 0011
1101 1110 1101 1011 1101 1011 1101 0111
1110><: 1101 1110 1101 1110 1101 1110 1011
1111e—o 1111 1111e—o 1111 1111e——o 1111 1111e—o 1111
@ N&¢ > O © N> (AN3e s

Figure 10: Examples of the radix—¢) shuffle permutation for ¥ = 16.

Proof: Follows from direct substitution in equations (5) and (4) of Definition 3.3.

18

Lemma 3.11 suggests that it is sufficient to state the properties of the shuffle (or unshuffle)
permutation, since those of the unshuffle (or shuffle) permutation can be directly derived by

substitution.

Lemma 3.12 The radiz—Q) shuffle permutation is an index—digit permutation.

Proof: For 0 <[/ <m <r —1and g =log@), let the permutation FZL’J{ gonl be such that
T [+ (—1l+(n—¢g)modn [<i1<m
Tenf.q(?) :{ : ( ( 2

) otherwise,
h =m— 1+ 1. Then, T ,((a)%,_ )= (a mi )0, ;.
where n m + en, shf,Q((a )2—7’—1) (aﬂ—shv]lcyq(z))z_r—l

We now prove the following frequently used property of shuffle and unshuffle permutations.

Lemma 3.13 The radiz—Q shuffle and unshuffle permutations are inverses of each other.

Proof: Let a € A, and let ) = 29, where ¢ € I. Then, by Lemma 3.11 and Lemma 3.12,
ol (.)_{l.—l—(i—l—l—q)modn [<i<m

1) = . where n = m — [+ 1. Hence
unshfq ? otherwise, ’

mid (g (i)):{;+(z+(i—z+q)modn_z+(n—q))modn lgigm}:i‘

T .
shf,q\" unshf,q i otherwise



A Vector Space Framework for Parallel Stable Permutations 19

. .
Similarly, 7 unshfq( ohyq(1) = i. Hence,

J
Humnshf,Q (Hshf,Q(( 2)?:r—1)) (“w;"nlhfq( e q(i)))?:r—l = (a;)}=,_; = a, and
J J
HZ;Lf,Q (Humnshf,Q((ai)?:T—l)) = (aﬂm q(ﬂ;nnvlshfq(i)))zozr—l = (ai)’?zr—l = a. u

The well known composition property of shuffle permutations is also easily proved as follows.

1 S
Lemma 3.14 HZ;L’},S = 0.2 HZ;J},Q where 1 < Q < S andlogg S € 1.

Proof: Leta € A, andi € I,andlet 0 <I,m<r—1,Q =27,5 =2° where g € {1,2,...5}, and
s/q € I. Then, by Lemma 3.12, for n = m — [ + 1,

s . [+ (—1l+n—(s/qg)g)modn [<i1<m
®2/ql7rshfq(7’) = { ( ( / ) )

7 otherwise

{l—l—(i—l—l—n—s)modn [<i<m

) otherwise
7l y
= ﬂ-:fbbf,s(l)‘
1 logg S l
Therefore, HZ;Lf,S((ai)ZQ:T—l) = (%W;}{ (i))?zrq = (‘1@5/%% (i))?zrq = ®¢:1Q Hgbf Q( a). u
K3 )8 1= s g

We now establish the relationship between exchange and unshuffle permutations, [13, 21].

Theorem 3.15 HZ;SI;&Q = @;/:ql_lﬂzdfqé , where ¢ =logQ and r/q € I.
Proof: Let a € A,, let by = (a;)k _k+q—1 (thus [bg| = ¢). Then, by Definitions 3.2 and 2.5 we obtain
SIS @) = 0L W b gbemzy - bybo)
= ]2 21 ;cfché (bob,— 2q - bqu—q)
Hikoh,Q(bobT—qu—% . -bqb?q)
= boby_gby_2q...b2gby
= HZnslh(}Q( )-
|
Corollary 3.15.1 Letu = r/q,where ¢ = log @ andr/q € I. Then, HZ;SI;&Q = 0= IHZC}?ngduH)

(Similarly, 15 13 = @UZgIrilmed ih o)
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Proof: Let a € A, and let by = (a;)*

u—171rr—g(jmodu+1), 0
Oy | Wiy

i:k—|—q—1

(a)

(thus |bg| = ¢q). Then, by Theorem 3.15 we obtain

r—q,0 w—27177—¢(jmodu+1), 0
chf?,Q (®]23H1’cfig ) (a))
H;Zf?,g(bobr—qu—M . -b2qbq)
byby—gbr—3q - - -bagbo

-1,
HZnshqf,Q (a) .

The relationship between shuffle and bit—reverse permutations has been previously observed in,
for instance, [21, 22], and is formally proved as follows.

Theorem 3.16 Q;;}HZ;Z}’LOfQ
Proof: Let a € A,, then,

= @;;

i

_ -0
Q;:}Hjmghfa(a) =

L. r—1 T—l,j_l _ r—1,0
Slmllarly, ®j:1Hshf,2 - Hbitrev'

l

r—1,7—1 __ HT—I,O

bitrev”

7 bits

r=11r—750 /"
®j:1Hunshf,2(aT—1 ce ao)

r—1 bits

r—11yr—74,0 ——
®j:2Hunshf,2(a0 Ar—q1 ... al)

r—2 bits

r—1177—7,0 —N—
®j:3Hunshf,2(a0a1 Ar—q1 ... a2)

2 bits

r—1 r—73,0 ——
®j:T—1Hunshf,2(a0a1 <erlr_3 aT—laT—?)

aopdy ... .Qpr_90r_1

HT—I,O

(a).

Theorem 3.17 fix(II], . ») = or—stecd(9:5) where g =logQ, 0<I,m<r—1,s=m—1+ 1.

Proof: For a € AT? let by = (al‘H)?:q—l? bl/ = (al+q+i)?:smodq—1 and b] = (am—(fS/q]—l—j)q—i)?:q—l
where j € {[s/q] — 1,[s/q] — 2,...2}. Thus, |bg| = |b;| = ¢, and [b1'] = s mod ¢. Then, a and

Humﬁlshf@(a) can be represented as:

7l p——
Humnshf,Q (a) -

s bits

/
Ar—1 .. . Qm41 b[s/q]—l .. .bl bo aj_1...4149

s bits

/
Ar—1 .. . Qm41 bOb[s/q]—l e b2b1 aj_1...a14p.
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Humnlsth( )= aif and only if b; = by, j = [s/q] — 1,[s/q] — 2,...2, and by'by = boby’. The first
condition splits the bits into ¢ equivalence classes. On the other hand, since |b1'0o| = |b2b1'| = ¢ +
s mod ¢ bits, the shuffle ruins the alignment among these ¢+ s mod ¢ bits, and the second condition
thus splits these bits into larger equivalence classes (thus, their number is less). For the alignment
to hold throughout the entire s—bit segment, the number of equivalence classes must be a divisor of
¢ (to hold in all b; except for b1), of s mod ¢ (to hold in b;'), and of ¢+ s mod ¢ (to hold in byb;" and
b1'bo). Therefore, the maximal number of these equivalence classes is gcd(q, s mod ¢, ¢+s mod ¢) =

ged(q, s) bits. Hence, ﬁX(HWZSth) = gr—steed(es) [
Theorem 3.18 loc(1l Z;;&Q) gmaxtvged(@n)} phere Q = 29,
Proof: Vn, a € A,(n)N Hfmslh(}Q(A (n)) <= (HZ;SI;L(}Q sz)( ) € A,(0). Hence,
r—1,0 r—1,0 dim(IT" —II,4) "1 (A, (0
loc(ILisq) = (1050 = Wia)H(AO)] = 2% hesina T O

Since Hunshf o Mg is a linear map, we have the lemma from linear algebra that the dimension of
the pre-image of a subspace is the sum of the dimensions of the kernel subspace and the intersection
of the image subspace and the subspace. That is,

ﬁmmﬁﬁg—HMAUMWF“MWHmﬁﬁ@—Hm+ﬁm«mﬂﬁg—EQMHQ&WD-
(

6)
By Theorem 3.17,

dim ker(HZ;SI;&Q — 1l;4) = dim fix(1I Zmlh(}Q) = ged(g, 7). (7)

We now seek dim ((HZ;SI;&Q —1L4)(A) N AU(O)). An index a = (a;)%_, | € (HZ;SI;&Q —1La)(A,)

— ZT/ng ar)=1 Qitkged(gr) = 0. Thus, an index is uniquely determined by the bit segment
Ur_1Gr—2 - . - Qged(q,r)- Since a € A,(0) <= a; =0fori=r—1,...v, then we have:
. r—1,0 _ ) _ v = ng(qv T) v Z ng(qv T)

dim (11,5 o = Tia)(A:) 1 A,(0)) = { 0 o < sed(q.). (8)

Therefore, by equations (6), (7) and (8),

dim (HT_LO — Hid)_l(AU(O)) _ { ged(q,r)+v—ged(q,r) = v > ged(q.r) ®

unshf,Q ged(q,r)+ 0 = ged(q, ) v < ged(q, 7).
. r—1,0 L N—
Hence, from equation (9), loc(Il :mslh(}Q) odim(IT7 s o =Tia) ™ (40 (0)) _ gmax{v,ged(q,r)} -
Theorem 3.19 For () = 29,
P=q y q<pw
P=q y SV P
gmax{v,ged(q,r)} always , p<g<w
g {loe(1T;, 11} 5. )} = P 7\ max{v.ged(g.r)} =p. v<g<p
ged(q,7) = ¢ . p<v<yg
ged(q,r) = ¢ ,v<p<q
0 otherwise.
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Proof: By Corollary 2.6.1, Lemma 3.12 and Theorem 3.18, minf:_& {loc(HZ;SI;&Q, n)} # 0 if and

only if

guax(vedan} = 97 loe(TI77 10 . 0). 1o

So, we first need to compute loc(HZ;SI;&Q ,0). There are 3 variables at hand: p, v and ¢. Thus, there

. oY1 . v-q

(a)g<p=v 2 b)g=sv<p :2
p v P v

'7 | | } | |
' l—0-¢ — > q— ! le—U-q ><q—
‘«q ¢ ! v-q | \kq | P ~—U-q »J
I r 1 1 I r 1 1

. U R
(c)pg=sv 2 dv<g<sp 2 =1
D | v | p +—(q-U —» v—
 — ‘ ‘ e ———

(—U-@ —>+——Qq—> -p-q+v q

—l —" v-q — q . Pg+u—-
! } f 1 Q0 e T |

g+ _q- gr) _a-
(e p<v<qg :g PIU_gTP fyv<p<qg 2" P oTP

pkq-l) — v p G-V —» v
[ e — [ t—
Fqeb q ~D-q+v q
q 2 'q“’i q P-qto—
<«—Qq-U — ! ! «—(Qq-U —»

Figure 11: Six cases of loc(HZ;SI;&Q,O) as a function of p, g, and ».

are 3! = 6 different arrangements for the relationships between the three variables, each yielding a
different case in computing the number of indices that remain local. All six cases and their respective
solutions are demonstrated in Figure 11. For each case, the first and second drawings show the

states before and after the application of the permutation, HZ;SI;L(} 5q+ Tespectively. The Theorem is

proved by substituting the solutions for loc(HZ;SI;&Q, 0) in the condition of equation (10). |

4 Translation Permutations

4.1 Radix—(Q Butterfly

This permutation describes the data motion of the reknown butterfly operation.
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Definition 4.1 The butterfly permutation, s, o, where log Q) € I, is a permutation on A, such
that

Wypryqa) =ad Q.

Examples of the butterfly permutation are shown in Figure 12, and in what follows, we derive some
of its properties.

001 000 010 000 100

:><: 000 001 011 001 101
010 011 010 000 010 110
011 :><: 010 011 001 011 111
100 101 100 110 100 000
101 :>< 100 101 111 101 001
110 111 110 100 110 010
111 :><: 110 111 101 111 011
(a) My, 2° (B) My, 21 (©) My, 22

Figure 12: Examples of the radix—@Q butterfly permutation for N = 8.

Lemma 4.1 The butterfly permutation is a translation permutation.

Proof: Definition 4.1 satisfies Definition 2.9 where b = (). [ |

Hence, by Lemmas 2.3 and 2.4, Il 51,0 is idempotent and fix(1lyz,,0) = 0. We now proceed to
prove the following well known result [24, 39].

V. qg<vw

Theorem 4.2 For ¢ =log @, loc(Ilys1,,0,n) = { 0 g3

Proof: We consider both cases separately:

g <wv: Let a € Ay(n). Then, 2?7 € Ay(n) = a®2? € Ay(n) = psy,0(Ay(n)) = Ay(n). Hence,
loc(Ilysiy,0.m) = |Au(n)] = V

g>wv: Let a € Ay(n). Then, a 27 ¢ Ay(n). So, let a & 27 € A,(n'), where n # n/. Since,
I p1y,0(Au(n)) = Au(n'), loc(Ipsiy,0, 1) = [Au(n) 0 Ay ()] = |O] = 0. u
Corollary 4.2.1 For ¢ = log Q, loc(Tl _ N a<w

orollary 4.2.1 For ¢ =log @, loc(Ilys1,.0) = 0 >
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4.2 1’s Complement

This permutation is sometimes called vector-reversal, and its special case where only one bit is
operated upon is also referred to as a hypercube permutation or bit—inversion [38].

T)’L

Definition 4.2 The I’s complement permutation (or bit complement), 11 1 0, where m — 1 € 1,

s a permutation on A, such that
7)) = a @ (27 = 1) = (@), _y(a; & 1)y

As is apparent, the 1’s complement permutation is attained by simply complementing the value of
the m least significant bits in @ € A,. Examples of the 1’s complement permutation are shown in
figure 13, and we will now derive some of its properties.

001 000 011 000 111
:><: 000 001 010 001 110
010 011 010 001 010 101
011 :><: 010 011 000 011 100
100 101 100 111 100 011
101 :>< 100 101 110 101 010
110 111 110 101 110 001
111 :><: 110 111 100 111 000
@ng (b)Ngy (©nz?

Figure 13: Examples of the 1’s complement permutation for N = 8.

Lemma 4.3 The 1’s complement permutation is a translation permutation.
Proof: Definition 4.2 satisfies Definition 2.9 where b = (2™ — 1). |

%) = 0. We now show how

Hence, by Lemmas 2.3 and 2.4, II].~ L9 4s idempotent and fix(1[}
other known results follow.

<
Theorem 4.4 Form—1¢€ 1, loc( "= 107n) — {(‘)/ Z;z

Proof: We consider both cases separately:

m < wv: Let a € Ay(n). Then, (27 —1) € Ay(n) = a® (2" —1) € A,(n) = T4, (n)) =
Ay(n ) Hence, loc(TT}: ™17, )_ |Ay(n)] =V

m > v: Let a € Ay(n). Then ad (2™

n —1)¢ Ay(n). So,let a d (2™ — 1) € A,(n'), where n # n'.
Since, 7 10(Ay(n)) = Ay(n'), loc(T 0, n) =

O n) = |Ay(n) 0 Ay(n")] = |0] = 0. n

Corollary 4.4.1 Form —1¢€ I, loc(TI]7"°) {
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5 Linear Permutations

5.1 Binary to Gray Code

25

We only consider the common binary—reflected Gray code [34] and simply refer to it as Gray code.
A rigorous treatment of Gray codes can be found in [18], and results related to Corollary 5.3.2

(albeit for the binary cube) are derived in [23]. Examples are shown in Figure 14. 3

Definition 5.1 The binary to Gray code permutation HZ;;O, where m € I, is a permutation on A,

such that

0000e——eo
000le——e
0010e——e
0011e—e
0100e——e
0101e——eo
0110e——e
0llle——e
1000e——e
1001e——e
1010e——e
1011e——o
1100e——e
1101e——e
1110e——eo

1111e——o

00
(@ Mg

Figure 14: Examples of the binary to Gray code permutation for N = 16.

Hm,O

btg

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

(a) = (@)%, _y (@ip1 & ai)j—p,_y-

0000 &——=
0001e——o
0010

0011 :><
0100e——o
0101e——so
0110

0111 :><
10000——o
1001e——o
1010

1011 :><
1100e——o

1101e——o
1110 ><
1111

(b) Mg

0000
0001
0011
0010
0100
0101
0111
0110
1000
1001
1011
1010
1100
1101
1111
1110

0000e——eo
000le——e
0010
0011 :><:
0100
0101
0110
0111
1000e——e
100le——e
1010
1011 :><:
1100
1101

1110
1111

2,0
(©) Miig

0000
0001
0011
0010
0110
0111
0101
0100
1000
1001
1011
1010
1110
1111
1101
1100

0000e——e 0000
0001e——e 0001

0010>< 0011
0011 0010

0100 0110
0101 0111
0110 0101
0111 0100
1000 1100
1001 1101
1010 1111
1011 1110
1100 1010
1101 1011
1110 1001
1111 1000
()Mo

Lemma 5.1 The binary to Gray code permutation is a linear permutation.
Proof: Let a,b € A,. Then, by Definition 5.1,

((a® b)),y (@ ®b)igs B (aD b))y
(a; ®b)™,_y (aip1 Dby ®a; B o),y

"% aab) =

btg

(ai)i%p_y (@ig1 D ai)impy_y B (0i)7%yy (big1 D bi)imp_y

by (@) & T57(0).

II

btg

®Note that the common interpretation for the binary to Gray permutation is send—oriented, whereas we consistently

use the get—oriented approach.
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Lemma 5.2 ﬁav(HZ%o) =2rm,

Proof: From Definition 5.1, only two indices remain unchanged in a € A,, 41, namely, the indices

0 and 1. Hence, for a € A,, ﬁX(HZZZ’O) = 2.2771=m = gr=m, ]
Vv m <
"o Vo on= k27t kg2t 41

Theorem 5.3 Form € I, loc(Il;;)". n) = b 0.1 or—mtl) _q s
0  otherwise

Proof: Let b; = a;41 & a;. We consider the cases separately:

m < v: Let a € A o(n). Then, T(a) = (ai)fL, q (bi)iep_1 € Au(n) == I (Ay(n)) = Ay(n).
Hence, loc(I1;; bt ,n)=|A,(n)| =V

m > v: Let a € Ay(n). Then,

m—uv bits v bits
m,0
Hbtg (a) = Qr_1...0n bm—l .. .bv | bv—l .. .bo.
r—m bits m bits

Clearly, Hg&o(a) € Ay(n) if and only if (b;)',,_; = (a;)i_,,_1, which is the case if and only if
b = 0,bv+1 <17 < m-—1and b, can be either 0 or 1. Since b,,_1 is a function of a,,, for
every block of 2% there are 2 indices that remain local; there are 27~(m+1) guch blocks. That
is, for k = 0,1,..., 2T (m+1) and j = 0,1, Hbtg (A, (k27T 4 5)) = A (k2™ + j). Hence, for
E=0,1,...,2-(n+1) loc(1I $g07k2m+1 +7) = |A, (k2™ 4 5)| = V. Otherwise, loc(II}, bty ,n) =

|4y (n) NI (Ay(n))] = 0] = 0. u
Corollary 5.3.1 F I, l = mE v
orollary orm € mm { oc btg , N } m>
0 N m<w
Coroll 5.3.2 loc(II;"") = N
orollary oc(1ly,.") Q_mv I
Proof: From Theorem 5.3, the case m < v is self evident. For m > v, by Theorem 5.3, there are

2 processors for every block of size 27! and there are 27~ (m+1) guch blocks. Hence, loc(HZtL;))

Zloc btg ) = V.2.2r—(mt1) = %V. [ |
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5.2 Gray Code to Binary

Examples of the Gray code to binary permutation are shown in Figure 15. *

27

Definition 5.2 The Gray code to binary permutation H;;}O, where m € I, is a permutation on A,

such that

0000e——eo
000le——e
0010e——e
0011e—e
0100e——e
0101e——eo
0110e——e
0llle——e
1000e——e
1001e——e
1010e——e
1011e——eo
1100e——e
1101e——e
1110e——eo

1111e——e

Figure 15: Examples of the Gray code to binary permutation for N = 16.

00
(@ Mgt

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

Lemma 5.4 The Gray code to

Proof: Let

m,0
IIgtb

(¢ ®0)

m
I,

P0) = (@)1 (i

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

(

e——e (0000
0001
0011
0010
0100
0101
0111
0110
1000
1001
1011
1010
1100
1101
1111
1110

*——=o

><

*——o

*——o

><

*——o

*——=o

><

*——=o

*——=o

>

1.0
b) Mgt

0000e——e 0000
0001e——e 0001
0010 0011
0011:><: 0010
0100 0111
0101 0110
0110 0100
0111 0101
1000e——e 1000
1001e——e 1001
1010 1011
1011:><: 1010
1100 1111
1101 1110
1110 1100
1111 1101
©ni

0000e——e 0000
0001e——e 0001

0010 0011
0011::><:: 0010
0100 0111
0101 0110
0110 0100
0111 0101
1000 1111
1001 1110
1010 1100
1011 1101
1100 1000
1101 1001
1110 1011
1111 1010
@ni

binary permutation is a linear permutation.

a,be A,.. Then, by Definition 5.2,

((a @ b))%,y

j)gLZﬂQ——l

(i & bi)iZ, 4 (D_(a; & b;))izy 1

II

m,0
gtb

J=1

()it (Y ey

J=ti

(a) & T

gtb

().

(bi)zﬁér—l (Z b])?:m—l
7=

* Again, the standard interpretation would depict the Gray code to binary permutation in a send-oriented fashion.
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The relationship between Hgﬁ;o and HZ;}O was established in [34].

0 0 ,
Lemma 5.5 10" and 113" are inverses of each other.

Proof: Let a € A, and let b; = a;41 @ a; € Fy, @ € I. Then, clearly, by the properties of Fy (given
in 2.2), Y4 _obisk = ajp141 @ a;. Therefore, we have

(0 O (@) = 0 (a0, g (50 ey

m—
:(alzrlam@i:bjzml
J=1

m

= (@) —1 (@ @ agn1y11 B )iy

= (ai)?zr—l'

Similarly, let ¢; = >°"L; a; € Fy, ¢ < m. Then, clearly, ¢;41 @ ¢; = a;. Thus,

1= =1

m,0 m,0 m,0 m
(I @ 1) (@) = 15 (a2, () )
(al)z r—1 (CH'l ©® Ci)?:m—l

= (ai)?zr—l'

m,0 m,0 _ yym,0 m,0 )
Hence, Hbtg ®Hgtb Hbtg ®Hgtb = II;4. [ |

Lemma 5.6 fiz(11;; 0y = gr=m,

Proof: From Definition 5.2, only two indices remain unchanged in a € A,, 41, namely, the indices

0 and 1. Hence, for a € A,, ﬁX(H;éO) = 2.9r7l=m = gr=m, ]

14 m < v
Vo= k2t g2m g
k=0,1,...2r—(m+) _q m > .
0 otherwise

Theorem 5.7 Form € I, loc(H;éo,n) =

Proof: Let b; = 377, a;, © < m. Proof becomes identical to that of Theorem 5.3. [ |
Vi o m<w
Corollary 5.7.1 Form € I, mm {loc gtb, } = { 0 ms v

Corollary 5.7.2 loc(H;éo) = {
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6 Polynomial Permutations

Since we proved in Lemma 2.8 that all considered permutations are polynomial, we do not reassert
this for every permutation we consider below.

6.1 Arithmetic Add 1

The arithmetic add 1 permutation is identical to CSHIFT(+41) in Fortran-90 [31], HPF [10] and
CM-Fortran [41], due to our get—oriented interpretation of the permutations.

Definition 6.1 The arithmetic add 1 permutation 117°7"°

A, such that

, where m — 1 € I, is a permutation on

%) = (@) o1(as © @iy - aicg - ao) ]y (a0 © 1)
= (a+1)mod?2™ + {Q%J 2m,

The two definitions are equivalent.

In essence, the arithmetic add 1 permutation, within the m least significant bits, propagates the
carry generated by the addition of 1 to the least significant bit, into higher order bits, until a “0”
bit is encountered. Figure 16 portrays three examples of the arithmetic add 1 permutation, and in
what follows we discuss some of its properties.

000 001 000 001 000 001
001 :><: 000 001 010 001 010
010 011 010 011 010 011
011 :><: 010 011 000 011 100
100 101 100 101 100 101
101 :><: 100 101 110 101 110
110 111 110 111 110 111
111:><: 110 111 100 111 000
(@) Nosy Ol (© N2

Figure 16: Examples of the arithmetic add 1 permutation for N = 8.

Lemma 6.1 fiz(1I7;"%) = 0.

aal

Proof: By Definition 6.1, II”"7""%(a¢) = ao & 1. Hence, fix(II"'7"%) = 0. [

aal aal

<
Theorem 6.2 For m € I, loc(HZZ’?,n) = { g_ 1 Z ; z
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Proof: Let b; = a; - a;_1 - ...  ag. We consider the two cases separately:

m < v: Let a € Ay(n). Then, I77"°(a) = (a)™, _(a:8bi_1)0, _, € Ay(n) = T"T"0(A,(n)) =

aal
A,(n). Hence, loc(TI™ 70 n) = |A,(n)| = V.
m > v: Let a € Ay(n). Then,
m—v bits v bits
%) = apn a0y (@) T % (a0) [T (apo1) - g
m bits
where I 7' %(a) € Ay(n) = 177" ap_1)... 077" %ay) = am_y...a,. But, from Defini-
tion 6.1, Hﬁ;l’o(am_l) .. .HZ;II’O(QU) F p_1...04, < a; =1, 0<i<wv—1, which constitutes
one vector of the V vectors in A,(n). Hence, loc(II" 7%, n) = |[A,(n) NI (A, (n)| =V — 1. m
m,0y N m S v
Corollary 6.2.1 loc(11]]) = { NeP m>

6.2 Arithmetic Subtract 1

Note again that our arithmetic subtract 1 permutation corresponds to CSHIFT(-1) of Fortran—90.

m—1,0

Definition 6.2 To paraphrase, the arithmetic subtract 1 permutation 11 , where m— 1€ 1, is

asl
a permutation on A,, where a; = a; ® 1, such that
Mo (a) = (@)1 (@i @ @imy - Gimz - G0)lmp_y (a0 © 1)
= (a—1)mod 2™ + {Q%J 2™,

The two definitions are equivalent.

The arithmetic subtract 1 permutation, within the m least significant bits, propagates the borrow
generated by the subtraction of 1 from the least significant bit into consecutively higher order bits,
until a “1” bit is encountered. Figure 17 portrays three examples of the arithmetic subtract 1
permutation, and in what follows we discuss some of its properties.

-1,0 -1,0 ,
Lemma 6.3 11", and II"' ;""" are inverses of each other.

aal asl
Proof: Using the latter forms in Definitions 6.1 and 6.2, and letting h = | 5% | 2™, we have:
1 (g (a)) = 100 ((a = 1) mod 27 + )

= ((a—1)mod 2™ + h) mod 2™ + h
= (a—14+1)mod2™+h
= a.

Similarly, 117570 (1177°(a)) = a, n

aal
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Lemma 6.4 fiz(1l

Proof: By

Theorem 6.5 Form € I, loc(11

Proof: Let b; = a; -

m < v: Let a € A,(n).

Figure 17: Examples of the arithmetic subtract 1 permutation for N =

Definition 6.2, II""7 1,0

aal

m—l,O) — 0.

asl

m,0
asl?

i1 ..

000 011
001 000
011 010 001
010 011 010
101 100 111
100 101 100
111 110 101
110 11 110
(0)Mag

n)

v

{

V-1

(ag) = ag & 1. Hence, fix(1l

m <
m >

000 111
001 000
010 001
011 010
100 011
101 100
110 101
111 110
Ol

m—1
asl

v
v.

70)

0.

- 9. We consider the two cases separately:

Then, 17 "%(a) =

asl

(ai)ﬁr—l(alﬂgbi—l)?:m—l € Av(n) = Hasl

8.

m—1,0

31

(Au(n))

Ay(n). Hence, loc(II" 710 n) = [Ay(n)| =V

m > v: Let a € Ay(n). Then,
m—v bits v bits
077%) = ap_y e am U7 (@) 0 (a) | U (a0—y) - - g
m bits

where T %(a) € Ay(n) = 177 " apm_1).. . 007 %(ay) = am_y...a,. But, from Defini-
tion 6.2, HZLSII O(Qm_l) .. .HTS;LO(%) F p_1...04, < a; =0, 0<i<wv—1, which constitutes
one vector of the V vectors in A,(n). Hence, loc(II7 ;"% n) = [A,(n) NI 2 (Ay(n))| =V —1. m

Corollary 6.5.1 loc(

6.3 2’s Complement

m,0
Hasl) = {

N
N-—-P

m
m

<w
>

The 2’s complement of a binary number can be accomplished by a 1’s complement permutation
followed by an arithmetic add 1. The consistency between the definition below and Definition 6.1
is apparent.
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m—1,0

Definition 6.3 The 2’s complement permutation 11, ", where m — 1 € I, is a permutation on
A,, where a; = a; © 1, such that
-1,0 o _ _
5 (a) = (ai)iZ,_1 (@ ® Gim1 - Gimz - ...~ Qo) iz (a0)

a
2m

= (2™ —amod 2™) mod 2™ + { 2™,

The two definitions are equivalent.

In Figure 18, we depict some examples of the 2’s complement, and demonstrate the relationship
of the 2’s complement permutation to IT7.~ " 177" and 77" in Lemma 6.7.

aal
000 e«——e 000 000 e«——e 000 000 e«——e 000
001 e——e 001 001 011 001 111
010 e——e 010 010 >< 010 010 110
0lle——e 011 011 001 011 101
100 e——e 100 100 e——e 100 100 100
101 e—o 101 101 111 101 011
110e——e 110 110 >< 110 110 010
111e—e 111 111 101 111 001
(Mt Ol QN5

Figure 18: Examples of the 2’s complement permutation for N = 8.

Lemma 6.6 The 2°s complement permutation is idempotent.
Proof: Using the latter form from Definition 6.3, where h = | 5| 2, we have

e (Hgi_l’o(a)) = I77"((2™ = @ mod 2™) mod 2™ + h)
= (2" —=((2" —amod 27) mod 2" + h) mod 2™) mod 2™ + h
= 2" mod 2™ — 2™ mod 2™ + a mod 2™ + {iJ 2m

2m
= a.

m—1,0 m—1,0 m—1,0 m—1,0 m—1,0
Lemma 6.7 II,, "~ =1, " oI, =1I,, " oI, .

Proof: Let a € A, and let a; = a; & 1. Then, from Definitions 4.2 and 6.1 we have

(o) (@) = 0 (e o (@) )

= (@)™, (@G D@1 -Gy e o)i—py_1 (o D 1)
= (@)%, (@ & @iy - Giy - ... o)}y _1(a0)
_ Hm—l,O

2c
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Similarly,

(o™ ) (@ = 0 () (@ © @it @ia - Go)l s (a0 1)

= (a)Z (1B a; B ai—y - Gimz ... a0)ley,_1(a0 B 1B 1)
= (0)iZ,_1(ai & diz1 -~ Gimz ...~ o)z —1(a0)
-1,0
= 15
|
Lemma 6.8 fiz(1I].~"0) = 2r—m+1,
Proof: From Definition 6.3, since the r —m high order coordinates remain unaltered, H;ré_l’o splits
A, into 2"~™ blocks (each of size 2™ vectors) of identical permutation patterns. For the remaining

low order m coordinates of a vector a € A,, H;ré_l’o(a) —a<=>a;, =0, 0<¢<m-2, and

there are exactly two such vectors per block, namely the segments 10...0 and 00...0. Hence,
— ——

m bits m bits
fix(I5 10y = 27— = gr—m+l, n
Vv m < v
1 m=v+1
Theorem 6.9 Form—1¢ 1, loc(H;ré_l’Ovn) — 1 n=k2m—v-1,

k=0,1,...2r—m+) _ ] m>v+ 1.
0 otherwise

Proof: Let b; = a; - a;_1 - ... - ag. We consider each case separately as follows:

m < v: Leta € Ay(n). Then, T3 %(a) = (a)™, _(@;0bi_1)l_,, _1(a0) € Ay(n) = T "2(A,(n)) =
Ay(n). Hence, loc(IIJ0 n) = |Ay(n)| = V.

m =v+1: Let a € Ay(n). Then,

1 bit v bits
1,0 1,0 1,0 _
M. (a) = g om0 " (am_1) |15, " (@m—2)...a0 »
m bits
where 115" (a) € Ay(n) <= 57 "%(am_1) = @1, which, by Definition 6.3, is only the case
for a; = 0, 0 < i < m — 2 which constitutes one vector of the V' vectors in A,(n). Hence,

loc(T15 1Y n) = [Ay(n) NI H0( Ay (0))] = 1.

m > v+ 1: Let a € A,(n). Then,

m—uv bits v bits

07 7%a) = apoy et 057 (o) . T 00 [T (a0 - Lo

m bits

where IT]" " 0(a) € Ay(n) <= 157" ap_q)...1057""%(ay) = @p_y .. .a,, which, by Definition 6.3
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and Theorem 6.8 occurs <= a; = 0, v < i < m — 2. Thus, by I}~ lo(A (n)) N Ay(n) #
O = n= k2" k=0,1,...27") 1. By Theorem 6.8, 1oc( 0 kam—e=ly = 1,
k=0,1,...2r—mt) _ 1, N

V. m<w
Corollary 6.9.1 Form—-1¢€1, mm{loc 70 n }: 1 m=v+1
0 m>v+1.

N m <
Corollary 6.9.2 Form —1¢ I, loo(I15"%) = { P m=uv+1
or—m+l s p 4 1.

7  Summary

We established a formal foundation for stable permutations in the realm of a general parallel
model that can be applicable to a predetermined set of communication complexity metrics, which
is intended to serve as a reference providing a common framework for the analytical performance
evaluation of parallel algorithms, as well as a tool to be actively employed in developing the optimal
parallel algorithm from the communication perspective. This was accomplished by representing the
index—digit, linear, translation, affine and polynomial permutations in an algebraic framework and
proving that, along with the identity permutation, such a taxonomy forms a lattice. We proved
essential behavioral properties for each class as well as some of its most important instances;
namely the bit-reversal, radix—) exchange, radix—¢) shuffle and unshuffle in the class of index—
digit permutations, and the radix—¢) butterfly and 1’s complement in the class of translation
permutations, binary to Gray code and Gray code to binary in the class of linear permutations, as
well as the arithmetic add 1, the arithmetic subtract 1 and the 2’s complement in the general class
of polynomial permutations. Having demonstrated that our formalism handles arbitrary logical
to physical array mappings, arbitrary (non powers-of-2) size data arrays, physical processors and
memory locations, then, for expository simplicity, we chose a block mapping of data to processors,
and assumed the data array size, as well as the number of physical processors and memory locations
to be powers—of-2.
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