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Abstract

We establish a formal foundation for stable permutations in the domain of a parallel model of

computation applicable to a customized set of complexity metrics. By means of vector spaces,

we develop an algebrao{geometric representation that is expressive, 
exible and simple to use,

and present a taxonomy categorizing stable permutations into classes of index{digit, linear,

translation, a�ne and polynomial permutations. For each class, we demonstrate its general

behavioral properties and then analyze particular examples in each class, where we derive results

about its inverse, �xed instances, number of instances local and nonlocal to a processor, as well

as its compositional relationships to other permutations. Such examples are bit{reversal, radix{

Q exchange, radix{Q shu�e and unshu�e within the index{digit class, radix{Q butter
y and 1's

complement within the translation class, binary{to{Gray and Gray{to{binary within the linear

class, and arithmetic add 1, arithmetic subtract 1 and 2's complement in the polynomial class.

These were primarily chosen due to their importance in implementing orthogonal transforms,

such as Cooley{Tukey Fast Fourier Transforms (FFT), real{to{complex (complex{to{real) FFT,

and sine and cosine transforms on distributed memory parallel processing systems.
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1 Introduction

Communication has been a bottleneck in computing almost since the inception of electronic comput-

ers. Latency and bandwidth optimization are the focus of intensive research on all architectural plat-

forms ranging from wide and local area networks, to distributed systems, collections of workstations,

massively parallel processing systems, and even individual high performance uniprocessor systems.

On all these platforms, understanding the data motion (communication) needs of algorithms and

complete applications is key in the design, analysis and implementation of e�cient algorithms,

application{level programming, compilation techniques, run{time systems, routing mechanisms and


ow control protocols. In this paper, we address a class of stable permutations [13, 14] that form an

integral part of a wide variety of applications in many �elds. The description of the permutations

and their analysis is formalized around the concept of algebrao{geometric permutations.

Our formal foundation is in the realm of a model of parallel computation that can be applicable

to a customized set of communication complexity metrics. The merit of our foundation is fourfold:

�rstly, it is su�ciently powerful to express the generality intended, su�ciently 
exible to enable

elaborate manipulation in hypothesizing and proving results, yet simple enough to render clear

expression; secondly, it formulates a generalized taxonomy of all such permutations allowing for

the proof of many important properties inherent in each class; thirdly, it provides a common

framework for the analytical performance evaluation of communication in parallel algorithms; and

�nally, it may be actively employed in devising optimal parallel algorithms from the communication

perspective. The bene�ts of employing this framework in practical algorithmic design and analysis

of parallel orthogonal transforms is vividly demonstrated in [35, 36].

Describing particular permutations for certain data sets as operations on the binary encoding

of the index space has been previously employed in complexity analysis for both sequential [12] and

parallel computational cost models, [13, 14, 15, 20, 21, 38, 39, 42], as well as in Very Large Scale

Integration (VLSI) complexity analysis [29]. The linear algebra approach was proposed in [7] for

in{RAM (Random Access Memory) transformation algorithms, and in [5, 6] for permutations that

minimize parallel disk I/O operations.

In [38], Stout and Wagar propose the node{limited and link{bound cost models for data motion

in parallel processing systems. The total number of elements being sent to, or received from other

nodes, the prime quantity captured by the node{limited cost model, abstracts away the topology

of the communication network interconnecting the processors and memory units. The link{bound

model however, attempts to factor the network topology into the cost model by capturing not only

the total number of elements sent and received, but also the number of elements sent and received on

each link of the interconnection network. For networks that fully utilize the binary representation of

the address space, the algebraic representation of permutations is particularly useful in algorithmic

design. Algebraic representation of communication operations (broadcast, reduction, multicast and

permutations) for the design of optimal algorithms in the link{bound model for binary cubes was

employed in [13, 14, 15, 19, 20, 21, 24, 25, 30, 37, 38, 39, 42]. Algebraic frameworks were also used

in a more general setting, as required in mapping and compiling parallel programs, in [3, 4, 8, 9].
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By adopting the mathematical concept of an algebrao{geometric permutation, and representing

our logical index and physical address domains as vector spaces, we derive a set of properties for each

speci�c permutation and permutation class that can be substituted directly into a node{limited

cost performance model. A direct extension to our formalism would enable the derivation of more

copious properties on which a link{bound cost model might draw for performance evaluation. In

either case, our concise algebraic description allows for a formal treatment of compositions of

permutations.

Regardless of the adopted cost model for performance evaluation, it is imperative to de�ne the

mapping between the data index space and physical memory addresses. This mapping is maintained

by the compiler or the run{time system, or some combination thereof. Communication routines

for address calculation and routing decisions, in the run{time system as well as the router, engage

permutations in the physical domain as opposed to the logical domain speci�ed by the programmer.

In conventional languages, such as Fortran and C, higher dimensional arrays are mapped to one{

dimensional arrays using row{major or column{major ordering. These one{dimensional arrays are

then mapped to individual memory units in interleaved or banked memory systems through a cyclic

mapping (data element i in the one{dimensional array is mapped to memory unit i mod j, where j

is the memory unit number assuming a zero o�set). This mapping is e�cient for unit stride accesses,

but not for other access schemes [2, 26, 27]. The cyclic mapping is particularly ine�cient for many

computations on distributed memory machines for which a multi{dimensional address space is often

preferable for computations modeling phenomena in multi{dimensional physical spaces. In such

cases, a block mapping often reduces communication by preserving locality of reference [11, 17].

Therefore, language directives have been introduced for data mapping [10, 41, 43], allowing for the

mapping of multi{dimensional index spaces through block or cyclic allocation, or some combination

thereof. Randomized data allocation [32, 33] can be very e�cient for some computations and is

used on the TERA computer [1] and was an option for some software library functions [40] on the

Connection Machine systems CM{2 and CM{200.

Our algebraic framework models multi{dimensional address spaces under arbitrary allocations

to physical memory addresses. However, for the sake of expository clarity, we present our analysis

only for block data allocation, and only for array sizes and number of memory units being powers{

of{2. On the other hand, we emphasize the framework's generality in Section 2.1, by presenting

examples for mapping logical arrays of arbitrary size to an arbitrary number of physical processors,

and formulate the permutations on these arrays and their mappings. Furthermore, we restrict this

exposition to stable permutations [13, 14], that is, permutations that fully use a �xed part of the

machine address space throughout the sequence of permutations. To our knowledge, this paper

represents the �rst comprehensive algebraic description for stable permutations in a uni�ed taxon-

omy. Therefrom, while mostly proving results that are entirely new, we also present generalizations

of previous results, as well as reprove some established results for expository completeness.

In Section 2, we give all the de�nitions and notation necessary to describe and analyze the

permutations we consider, and construct a permutation taxonomy consisting of the identity per-

mutation, and the classes of index{digit, linear, translation and a�ne permutations. We show

that all these permutations are polynomial. Each subsequent section is dedicated to a particu-
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lar permutation class, where we de�ne some of the most important instantiations of that class,

and prove some key properties in each case. Thus, Section 3 addresses the class of index{digit

permutations, where we discuss the bit{reversal, radix{Q exchange, and radix{Q shu�e and

unshu�e permutations. Section 4 deals with translation permutations, where we feature the

radix{Q butter
y and the 1's complement permutations. Binary{to{Gray code and its inverse

are discussed as examples of linear permutations in Section 5. Finally, in Section 6, we describe

three particular polynomial permutations, namely the arithmetic add 1, arithmetic subtract 1, and

the 2's complement. Section 7 concludes the paper.

2 Permutations: A Formal Framework

2.1 De�nitions

The following notation and restrictions for system and problem parameters apply throughout this

paper:

N = 2

r

= problem size (length of original data sequence)

P = 2

p

= number of processor nodes

V = N=P = virtual processor ratio (number of data points per processor)

p = log

2

P = number of bits in processor address (processor bits)

v = log

2

V = number of bits in essential local memory address (memory bits)

r = log

2

N = p+ v = number of total bits in essential data address

u � r = number of total bits in entire machine address for a physical location

u� r � 0 = number of non{essential bits in local memory address of the physical location

We base our representation and analysis on the following de�nitions and notation.

De�nition 2.1 A permutation � on an ordered set A is a bijective map � : A �! A.

De�nition 2.2 Let F

2

be a �eld on f0; 1g with the addition and multiplication operations respec-

tively de�ned as:

� 0 1

0 0 1

1 1 0

� 0 1

0 0 0

1 0 1

� Let Z

u

be a vector space over F

2

, where jZ

u

j = 2

u

. A vector z 2 Z

u

is denoted by

z

u�1

z

u�2

: : :z

1

z

0

= (z

i

)

0

i=u�1

. The vector corresponds to the entire binary address of a

physical memory location on a machine.

� Let A

r

be a vector space over F

2

, where jA

r

j = 2

r

. A vector a 2 A

r

is denoted by

a

r�1

a

r�2

: : : a

1

a

0

= (a

i

)

0

i=r�1

. The vector may correspond to the binary index of a data

element or, in the case where u = r, the binary memory address of a physical machine.
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Note that a permutation on a vector space is by de�nition a permutation on its underlying set.

Computer memories are organized into modules in the form of banked, interleaved, or so called

distributed memories. This organization of memory systems implies that for proper characterization

of the cost of memory accesses, Z

u

must be expressed as a direct sum of at least two nonzero

subspaces, with at least one subspace corresponding to ddresses within a memory unit, and at least

one subspace used for the enumeration of memory units

1

. For instance, two nonzero subspaces were

used to model the internal structure of DRAM (Dynamic Random Access Memory) operated in

page mode for the optimization of the Connection Machine Scienti�c Software Library, CMSSL [40].

Two or more subspaces for addressing di�erent memory units may be justi�ed by nonuniformity in

the intermodule access capabilities as manifested by the module's interconnection network. Here,

we conduct our analysis by decomposing the address space Z

u

into two nonzero subspaces, with

jZ

u

j = 2

u

for some positive integer u. Clearly, viewing the address space as a direct sum of more

than two nonzero subspaces is straightforward from the rudimentary techniques of linear algebra.

Formally, following [20, 39], let z, 0 � z < 2

u

, denote the physical machine address with

the binary representation z = z

u�1

z

u�2

: : : z

1

z

0

, where z 2 Z

u

. Then, for P = 2

p

processors, such

an address is denoted by z

u�1

: : :z

u�p+1

z

u�p

| {z }

p bits

j z

u�p�1

: : : z

1

z

0

| {z }

u�p bits

, where z

u�p�1

: : :z

1

z

0

is the memory

address and z

u�1

z

u�2

: : :z

u�p+1

z

u�p

is the processor address. Note that this addressing scheme

assigns low order bits to local memory addresses, while high order bits are assigned to processor

addresses.

Let a, 0 � a < 2

r

, denote the logical data index of a N = 2

r

data sequence with the binary

representation a = a

r�1

a

r�2

: : : a

1

a

0

, where a 2 A

r

. In de�ning the mapping of the data indices to

the machine addresses we assume a uniform mapping between the set of 2

r

indices and the set of all

2

p

processors. Each processor is assigned 2

r�p

= 2

v

indices. Moreover, we assume that assignment is

made to local memory addresses 0 to 2

v

�1. Arbitrary local memory addresses, possibly di�erent for

each processor, would yield a more cumbersome notation (and address computation), but does not

change the fundamental interprocessor data motion complexity results derived below. Henceforth,

we set u = r throughout our analysis.

For any given permutation �, it is imperative to always maintain a clear distinction between

the physical machine address z 2 Z

u

, which remains �xed, and the logical data index a 2 A

r

,

which moves within the set A

r

according to �. The data motion between memory locations (and

processing units) is determined by � and the mapping � of A

r

to Z

u

. The relationship between

�, � and the permutation �

�;�

on the physical domain of addresses, as well as their respective

inverses, are formally de�ned below and illustrated pictorially in the commutativity diagram of

Figure 1.

De�nition 2.3 Let � : A

r

�! Z

u

; a

�

7�! z and �

�1

: Z

u

�! A

r

; z

�

�1

7�! a. Then,

�

�;�

: Z

u

�! Z

u

, such that �

�;�

(z) = �

�

�

�

�

�1

(z)

��

and �

�1

�;�

(z) = �

�1

�

�

�1

(�(z))

�

.

1

For out{of{RAM memory systems, such as parallel disk arrays, Z

u

is expressed as a direct sum of at least three

nonzero subspaces, one subspace for the track, another for the disk and a third for the o�set address therein [6].
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Λ,Π

Φ-1

A A

Z Z

Π

Φ

Λ Λ

Π -1

Λ,Π

Λ-1 Λ-1

Figure 1: Commutativity diagram for �, � and �

The communication and routing requirements on the physical domain, which occur as a result of

permutation � on the logical array index, are completely de�ned by the permutations �

�;�

and �

�1

�;�

of De�nition 2.3. To appreciate the signi�cance of �, we give a simple example of a permutation �

on A

3

, such that f0; 1; 2; 3; 4; 5; 6; 7g

�

�! f4; 5; 6; 7; 0; 1; 2; 3g, which performs a cyclic shift of 4 on

a data array. Namely, �(a

2

a

1

a

0

) = �a

2

a

1

a

0

; with underlying physical con�guration Z

3

and P = 4

(thus, u = r = 3 and p = 1), and consider its e�ect on block, �

blk

, and cyclic �

cyc

, allocations.

We illustrate �

�

blk

;�

and �

�

cyc

;�

in Figure 2, from which we also observe that no communication

among processors is required under �

cyc

, whereas all eight data indices move under �

blk

.

z

2

z

1

initial z z after �

00 0 1 4 5

01 2 3 6 7

10 4 5 0 1

11 6 7 2 3

(a) �

blk

(a

2

a

1

a

0

) = a

2

a

1

ja

0

�

�

blk

;�

(z

2

z

1

z

0

) = �z

2

z

1

jz

0

z

2

z

1

initial z z after �

00 0 4 4 0

01 1 5 5 1

10 2 6 6 2

11 3 7 7 3

(b) �

cyc

(a

2

a

1

a

0

) = a

1

a

0

ja

2

�

�

cyc

;�

(z

2

z

1

z

0

) = z

1

z

0

j�z

2

Figure 2: Example on A

3

, Z

3

, P = 4, �(a

2

a

1

a

0

) = �a

2

a

1

a

0

For the case where both the data set size and the number of processors are powers{of{2, block

and cyclic mappings of the data indices to memory addresses can be described entirely in terms of

their binary encodings. For instance, for block allocation, �

blk

, the index maps to

�

blk

: fa

r�1

: : : a

r�p+1

a

r�p

a

v�1

: : : a

1

a

0

g 7�! z = a

r�1

: : : a

r�p+1

a

r�p

| {z }

p bits

j z

u�p�1

: : : z

v+1

z

v

| {z }

u�r bits

a

v�1

: : : a

1

a

0

| {z }

v bits

,

where a

v�1

: : :a

1

a

0

is thememory index, a

r�1

: : : a

r�p+1

a

r�p

is the processor index and z

u�p�1

: : :z

v+1

z

v

is the don't care segment of the physical address. Alternatively, for a cyclic allocation [16, 39], �

cyc

,

the index maps to

�

cyc

: fa

r�1

: : : a

p+1

a

p

a

p�1

: : :a

1

a

0

g 7�! z = fa

p�1

: : : a

1

a

0

| {z }

p bits

j z

u�p�1

: : :z

v+1

z

v

| {z }

u�r bits

a

r�1

a

r�2

: : :a

p+1

a

p

g

| {z }

v bits

.

For the general case where the data set size, jAj, and the number of processors, P , are not

powers{of{2, p = dlog Pe, V = d

jAj

P

e, and v = dlogV e. In this case, the block allocation mapping,



A Vector Space Framework for Parallel Stable Permutations 6

�

blk

, is described by:

�

blk

: a = fa

r�1

: : : : : : a

1

a

0

g 7�! z = z

r�1

: : : z

r�p+1

z

r�p

| {z }

p bits

j z

u�p�1

: : :z

v+1

z

v

| {z }

u�r bits

z

v�1

: : : z

1

z

0

| {z }

v bits

,

where z = a + ba=V c � (2

u�p

� V ). An example of such a block allocation for A = f0; 1; : : :16g

and P = 7 yields a maximum of V = 3 memory locations per processor as illustrated in Figure 3.

Note that in this example u = r, and the mapping is given by: �

blk

: a = fa

4

a

3

a

2

a

1

a

0

g 7�! z =

fz

4

z

3

z

2

jz

1

z

0

g, where z = a+ ba=3c � (4� 3).

a z

1

z

0

z

4

z

3

z

2

00 01 10 11

000 0 1 2 x

001 3 4 5 x

010 6 7 8 x

011 9 10 11 x

100 12 13 14 x

101 15 16 x x

110 x x x x

Figure 3: Example of �

blk

on jAj = 17, P = 7 and V = 3.

It is straight forward to express a permutation in our framework on an array of arbitrary size

(non power{of{2). An illustration is given in Figure 4, where jAj = 6 and we seek an arithmetic

add 1 permutation on the index array with three, two and one partitions. The index array size is

jAj, the number of partitions t, and hence the arithmetic add 1 permutation �

jAj�1;t

aa1

is given by

�

jAj�1;t

aa1

(a) = (a+ 1) mod (jAj=t)+

j

a

jAj=t

k

jAj=t. Compare this to De�nition 6.1, for the case when

jAj is a power{of{2, where

jAj

t

= 2

m

.

000

001

010

011

100

101

000

001

010

011

100

101

(a) aa1Π (b) aa1 Π (c) aa1Π

000

001

010

011

100

101

5,1 5,2 5,3

000

001

010

011

100

101

000

001

010

011

101

110

001

010

011

100

101

110

Figure 4: Examples of the arithmetic add 1 permutation for jAj = 6.

In order to facilitate exposition and analysis, we arbitrarily choose block allocation, discard the

unused bit segment z

u�p�1

: : :z

v+1

z

v

, and by means of setting u = r, assume � = �

id

, the identity

map. In basing our representation and analysis on the following notation, we give the permutation �
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a \get{oriented" 
avor, perhaps best exempli�ed by the intuition behind the de�nitions of In

v

(�; n)

and Out

v

(�; n) below.

� Let I = f0; 1; : : : ; r�1g � N be the index set for the coordinates of the vectors a 2 A

r

, where

jI j = r. Thus, elements of I represent the coordinates of a, or the positions of the binary bits

of an index or address.

� Let dim(S) = log

2

jSj, where S is a set.

� For an arbitrary map � : V

1

7! V

2

, let ker� = fv 2 V

1

: �(v) = 0g, which denotes the kernel

of the map. If � is a permutation, then j ker�j = 1.

� Let A

v

(n) � A

r

be the set of all vectors with n = (a

i

)

v

i=r�1

, where n 2 f0; 1; : : : ; 2

p

� 1g and

jA

v

(n)j = 2

v

. Thus, A

v

(n) represents the set of all memory addresses (or the initial memory

indices) for a particular processor n. Note that A

v

(0) is a subspace of A

r

.

� Let �(A

v

(n)) = f�(a) 2 A

r

: a 2 A

v

(n)g, where � is a map on A

r

.

� Let �

�1

(A

v

(n)) = fa 2 A

r

: �(a) 2 A

v

(n)g, where � is a map on A

r

.

� Let In

v

(�; n) = �(A

v

(n))\ (A

r

� A

v

(n)) � �(A

v

(n)), which denotes the set of data indices

that move into processor n under permutation �.

� Let Out

v

(�; n) = A

v

(n) \ (A

r

� �(A

v

(n))) � A

v

(n), which denotes the set of data indices

which move out of processor n under permutation �.

� Let �x(�) = jfa 2 A

r

: �(a) = agj = j ker(���

id

)j which denotes the number of vectors (or

indices) that map to themselves under permutation �, and where �

id

is the identity mapping.

� Let loc(�; n) = jA

v

(n) \ �(A

v

(n))j, which denotes the number of indices remaining on

processor n under permutation �.

� Let nonloc(�; n) = jOut

v

(�; n)j, which denotes the number of indices that do not remain

local to processor n under permutation �.

� Let loc(�) =

P

P�1

n=0

loc(�; n), which denotes the total number of indices remaining local

under permutation �.

� Let nonloc(�) =

P

P�1

n=0

nonloc(�; n), which denotes the total number of indices that do not

remain local under permutation �.

So as to interpret our formalism in the context of data arrays in a program, let a 2 A

r

point to

an array location before the permutation. Then, �(a) 2 A

r

points to the array location whose data

will be in location a after the permutation, that is, location a \gets" the content of location �(a).

This get{oriented interpretation is consistent with Fortran{90 [31], HPF [10] and CM{Fortran

[41]. Figure 5 exempli�es this interpretation by illustrating an arithmetic add 1 (or CSHIFT(+1))

permutation �, on A

2

, such that f0; 1; 2; 3g

�

�! f1; 2; 3; 0g. The boxes and their tags stand for the

memory locations and their numeral tags respectively, with the binary numbers inside the boxes

being the array indices. Thus, after the array undergoes permutation �, box 0 (which had index 00)
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3

a

0

1

2

00

01

10

11

a

3

a

0

1

2

00

01

10

11

(a)Π

Figure 5: The array index A

2

under a get{oriented arithmetic add 1 permutation �.

will get index 01, box 1 (which had index 01) will get index 10, ...etc. All subsequent illustrations

follow this convention.

Clearly, for idempotent permutations, the get{oriented and send{oriented interpretations are

equivalent. For some non{idempotent permutations however, such as shu�e of Section 3.3, the

send{oriented interpretation is more common. Although from an implementational standpoint,

a send{oriented approach (memory location a sends �

�1

(a)) is desirable for most platforms, we

chose the get{oriented approach (memory location a gets �(a)) for its direct correspondence to

algorithmic design and evaluation.

De�nition 2.4 A permutation � is stable [13] on a set of P processors if and only if jIn

v

(�; n)j =

jOut

v

(�; n)j = nonloc(�; n).

De�nition 2.5 Let �

X

and �

Y

be two permutations de�ned on A

r

, and let a 2 A

r

. Then, the

composition of these permutations, �, is de�ned as:

(�

X

� �

Y

)(a) = �

Y

(�

X

(a)) : (1)

Compositions of n permutations �

j

, j = 1; 2; : : : ; n into a single permutation are denoted as�

n

j=1

�

j

,

where

�

n

j=1

�

j

= �

1

��

2

: : : � �

n�1

� �

n

:

We reserve the notation (�

j

)

n

j=1

for the application of the permutations �

j

one at a time in

order of increasing index. The distinction between �

n

j=1

�

j

and (�

j

)

n

j=1

is important in evaluating

the processor input/output requirements in implementing a composition of permutations either as

a single composite permutation, or as a sequence of permutations.

De�nition 2.6 Let nonloc

�

(�

j

)

k

j=1

; n

�

denote the total number of elements moved out of processor

n during the sequence of permutations (�

j

)

k

j=1

. Then, nonloc

�

(�

j

)

k

j=1

�

=

P

k

j=1

nonloc(�

j

; n).
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Lemma 2.1 nonloc(�

k

j=1

�

j

; n) � nonloc

�

(�

j

)

k

j=1

; n

�

.

Proof: Assume an element index a 2 Out(�

k

j=1

�

j

; n). Then, it must have moved out of pro-

cessor n during one of the permutations in the sequence (�

j

)

k

j=1

. Hence, any element counted

in nonloc(�

k

j=1

�

j

; n) will necessarily contribute to nonloc

�

(�

j

)

k

j=1

; n

�

. Conversely, consider an

element index a 2 A

v

(n) that moved out of processor n during one of the permutations in the

sequence (�

j

)

k

j=1

, however, (�

j

)

k

j=1

(a) 2 A

v

(n). Then, essentially, �

k

j=1

�

j

(a) 2 A

v

(n), and

would not contribute to nonloc(�

k

j=1

�

j

; n). Hence, there may exist elements that are counted

in nonloc

�

(�

j

)

k

j=1

; n

�

, but not in nonloc(�

k

j=1

�

j

; n).

Lemma 2.2 Let �

X

and �

Y

be two permutations on A

r

and n 2 f0; : : :P � 1g. If loc(�

Y

; n) =

2

v

8n , then loc(�

X

� �

Y

; n) = loc(�

X

; n); and if loc(�

X

; n) = 2

v

8n , then loc(�

X

� �

Y

; n) =

loc(�

Y

; n).

Proof: Let �

Y

(A

v

(n)) = A

v

(n) 8n (which means that loc(�

Y

; n) = 2

v

8n). Then

(�

X

� �

Y

)(A

v

(n)) = �

Y

(�

X

(A

v

(n)) = �

X

(A

v

(n)). Hence, loc(�

X

� �

Y

; n) =

jA

v

(n) \�

X

(A

v

(n)j = loc(�

X

; n).

Similarly, let �

X

(A

v

(n)) = A

v

(n) 8n (which means that loc(�

X

; n) = 2

v

8n). Then

(�

X

� �

Y

)(A

v

(n)) = �

Y

(�

X

(A

v

(n)) = �

Y

(A

v

(n)). Hence, loc(�

X

� �

Y

; n) =

jA

v

(n) \�

Y

(A

v

(n)j = loc(�

Y

; n).

2.2 Taxonomy

We present a taxonomy for classes of stable permutations, which we name according to standard

notions in linear algebra. The concept of an index{digit permutation was introduced in [12].

Translation permutations were used in [20], and termed as \bit{inversions" in [38]. Linear permu-

tations (termed transformations) were de�ned in [7], and a special subclass of it, termed dimension

permutations, was considered in many studies [39, 12, 37, 38, 13]. A�ne permutations were called

a�ne transformations in [7] and bit{matrix{multiply/complement (BMMC) in [5, 6], where a

subclass of a�ne permutations for parallel disk arrays, called bit{permute/complement, was also

presented.

De�nition 2.7 The identity permutation �

id

on A

r

is de�ned as �(a) = a.

De�nition 2.8 A permutation � on A

r

is called an index{digit permutation if there exists a

permutation � on I such that 8a = (a

i

)

0

i=r�1

2 A

r

, �

�

(a

i

)

0

i=r�1

�

= (a

�(i)

)

0

i=r�1

.

De�nition 2.9 A permutation � on A

r

is called a translation permutation if there exists a unique

vector b 2 A

r

such that for any a 2 A

r

, �(a) = a� b.

Lemma 2.3 A translation permutation is idempotent. That is, it is its own inverse.
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Proof: Let � be a translation permutation on A

r

as in De�nition 2.9. Then,

� (�(a)) = �(a� b) = a� b� b = a� 0 = a.

Lemma 2.4 For any nontrivial translation permutation � (b 6= 0 in De�nition 2.9), �x(�) = 0.

Proof: By the properties of F

2

and De�nition 2.9, �(a) = a () b = 0. Thus, �x(�) = 0.

De�nition 2.10 A linear permutation is a permutation � on A

r

such that

1. �(a� b) = �(a)� �(b) a; b 2 A

r

; and

2. �(� � a) = � ��(a) a 2 A

r

; � 2 F

2

.

Lemma 2.5 In De�nition 2.10, condition (2) follows from condition (1).

Proof: By de�nition of F

2

: �(1 � a) = �(a) and 1 ��(a) = �(a). Similarly, using the �rst linearity

rule of De�nition 2.10, �(0 � a) = �(0) = �(0� 0) = �(0)��(0) = 0 and 0 ��(a) = 0.

Theorem 2.6 For a linear map � and any processor address n 2 f0; 1; : : :P � 1g, either loc(�; n) = 0

or loc(�; n) = loc(�; 0).

Proof: If A

v

(n) \ �(A

v

(n)) 6= �, then let a 2 A

v

(n) \ �(A

v

(n)) be a vector, and de�ne two

mappings:

�

a

: �(A

v

(n)) �! �(A

v

(0)), b

�

a

7�! b� a; and

	

a

: �(A

v

(0)) �! �(A

v

(n)), c

	

a

7�! c� a.

Clearly, �

a

� 	

a

= 	

a

� �

a

= �

id

. By de�nition, if A

v

(n) \�(A

v

(n)) = � =) loc(�; n) = 0.

Otherwise, if A

v

(n) \�(A

v

(n)) 6= � =) loc(�; n) = loc(�; 0).

Corollary 2.6.1 For a linear permutation �, the indices that remain local under � are evenly

distributed among processors. That is,

P�1

min

n=0

loc(�; n) 6= 0 if and only if loc(�) = P loc(�; 0), in

which case loc(�; n) = loc(�; 0) 8n.

De�nition 2.11 An a�ne permutation is a permutation � on A

r

such that, for any a 2 A

r

,

�(a) = �

0

(a)� b, where �

0

is a linear permutation on A

r

and b 2 A

r

.

We show that a�ne permutations are compositions of a linear and a translation permutation.

Lemma 2.7 Let �

l

and �

t

be arbitrary linear and translation permutations, respectively. Then

there exist two a�ne permutations �

a1

and �

a2

such that �

l

��

t

= �

a1

and �

t

��

l

= �

a2

.

Proof: Let a 2 A

r

. Then, by De�nition 2.9, (�

l

� �

t

)(a) = �

t

(�

l

(a)) = �

l

(a) � b = �

a1

(a).

Similarly, by De�nition 2.10, and b

0

2 A

r

, (�

t

��

l

)(a) = �

l

(�

t

(a)) = �

l

(a� b) = �

l

(a)��

l

(b) =

�

l

(a)� b

0

= �

a2

(a).
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De�nition 2.12 A polynomial permutation is a permutation � on A

r

which can be represented

in polynomial form with vector elements in the set fa

0

; a

1

; : : : ; a

r�1

g as variables and the values in

f0; 1g as constants.

Lemma 2.8 Any permutation on A

r

is a polynomial permutation.

Proof: An arbitrary permutation � on A

r

can be expressed in terms of r mappings in the form:

�(a) = (�

i

(a))

0

i=r�1

where �

i

: A

r

�! f0; 1g, i 2 I . Consequently, we need to show that �

i

is

polynomial.

�

i

divides A

r

into 2 complementary subsets X

1

�

i

and X

0

�

i

as follows: �

i

(a) =

(

1 a 2 X

1

�

i

;

0 a 2 X

0

�

i

:

Hence, what remains is to show that there exists a polynomial specifying X

1

�

i

. The sum{of{products

method from Boolean Algebra, generates X

1

�

i

, which is in polynomial form.

Theorem 2.9 Let M

identity

= f�

id

g, and let M

index�digit

, M

linear

, M

translation

, M

affine

and

M

polynomial

denote the set of all index{digit, linear, translation, a�ne and polynomial permutations,

respectively. Then the inclusion relation on the set of permutation sets, fM

identity

;M

index�digit

;

M

linear

;M

translation

;M

affine

;M

polynomial

g forms a lattice schematically demonstrated in Figure 6.

identityM

Maffine

M linear

M

index-digitM
translationM

polynomial

Figure 6: Lattice for taxonomy of permutation classes.

Proof: Let �

t

2 M

translation

. Then from De�nitions 2.7 and 2.9, �

t

jb = 0

2 M

identity

. Hence,

M

identity

�M

translation

.

Let �

d

2M

index�digit

. Then by De�nitions 2.7 and 2.8, �

d

j�(i) = i

2M

identity

. Hence, M

identity

�

M

index�digit

.

Let �

d

2 M

index�digit

, and a; b 2 A

r

. Then by De�nition 2.8, �

d

(a � b) = �

d

(a

i

� b

i

)

0

i=r�1

=

(a

�(i)

� b

�(i)

)

0

i=r�1

= (a

�(i)

)

0

i=r�1

� (b

�(i)

)

0

i=r�1

= �

d

(a) � �

d

(b). Hence, by De�nition 2.10,

M

index�digit

�M

linear

.

Let �

a

2M

affine

. Then by De�nitions 2.11 and 2.9, �

a

j�

0

= �

id

2M

translation

. Hence,M

translation

�

M

affine

. Similarly, by De�nitions 2.11 and 2.10, �

a

jb = 0

2M

linear

. Ergo, M

linear

�M

affine

.

By Lemma 2.8, M

affine

�M

polynomial

.

Finally, it is trivial to verify on Figure 6 that any two classes of permutations have a unique least

upper and a unique greatest lower bound, which makes it a lattice.
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An alternative representation for permutations is in terms of their characteristic matrix. This

is the technique resorted to in [5, 7] for a subset of the permutation classes we consider in our

taxonomy. We will refrain from this additional representation for the sake of conciseness.

3 Index{Digit Permutations

3.1 Bit{reversal

This is a permutation used in many applications, such as the FFT, and we portray some examples

in Figure 7.

De�nition 3.1 The bit{reversal permutation, �

m;l

bitrev

, is a permutation on A

r

such that

�

m;l

bitrev

((a

i

)

0

i=r�1

) = (a

i

)

m+1

i=r�1

(a

m�i+l

)

m

i=l

(a

i

)

0

i=l�1

, where 0 � l � m � r � 1. That is,

�

m;l

bitrev

(a) = �

m;l

bitrev

(a

r�1

: : :a

m+1

a

m

a

m�1

: : :a

l+1

a

l

| {z }

m�l+1 bits

a

l�1

: : :a

0

)

= a

r�1

: : : a

m+1

a

l

a

l+1

: : :a

m�1

a

m

| {z }

m�l+1 bits

a

l�1

: : : a

0

: (2)

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

(a) (b) (c)

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111
1, 0
bitrevΠ 2, 1

bitrevΠ2, 0
bitrevΠ

000

001

110

111

100

101

010

011

Figure 7: Examples of the bit{reversal permutation for N = 8.

Lemma 3.1 The bit{reversal permutation is an index{digit permutation [12].

Proof: Let the permutation � on I be such that �

bitrev

(i) =

(

m� i+ l l � i � m

i otherwise,

where 0 � l � m � r � 1. Then, �

m;l

bitrev

((a

i

)

0

i=r�1

) = (a

�

bitrev

(i)

)

0

i=r�1

.

The following well known lemma is easily proved.

Lemma 3.2 The bit{reversal permutation is idempotent.
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Proof: By substitution into Lemma 3.1, �

bitrev

(�

bitrev

(i)) = i. Hence,

�

m;l

bitrev

�

(�

m;l

bitrev

(a

i

)

0

i=r�1

)

�

= (a

�

bitrev

(�

bitrev

(i))

)

0

i=r�1

= (a

i

)

0

i=r�1

= a.

The following result has been previously shown in, for instance, [19, 21].

Theorem 3.3 �x(�

m;l

bitrev

) = 2

ds=2e+r�s

, where s = m� l+ 1.

Proof: We seek the number of vectors in A

r

for which �

m;l

bitrev

(a) = a. Let (b

i

)

0

i=s�1

= (a

i

)

l

i=m

.

Then, we need b

i

= b

s�1�i

8i : 0 � i � s� 1. For s even, there are 2

s=2

= 2

ds=2e

such vectors. For

s odd, there are 2

(s+1)=2

= 2

ds=2e

such vectors. Hence, overall, with the r� s elements that remain

unchanged by �

m;l

bitrev

, �x(�

m;l

bitrev

) = 2

ds=2e+r�s

.

Theorem 3.4

P�1

min

n=0

loc(�

r�1;0

bitrev

; n) = bV=P + 0:5c.

a = a

r�1

: : : a

v+1

a

v

| {z }

p bits

j

v�p bits

z }| {

a

v�1

: : :a

p+1

a

p

p bits

z }| {

a

p�1

: : :a

1

a

0

| {z }

v bits

�

r�1;0

bit rev

(a) = a

0

: : :a

p�2

a

p�1

| {z }

p bits

j

v�p bits

z }| {

a

p

: : : a

v�2

a

v�1

p bits

z }| {

a

v

: : :a

r�2

a

r�1

| {z }

v bits

(a) v > br=2c

a = a

r�1

: : : a

br=2c

p�br=2c bits

z }| {

a

br=2c�1

: : :a

v

| {z }

p bits

j a

v�1

: : : : : :a

1

a

0

| {z }

v bits

(b) v < br=2c

a = a

r�1

: : : a

v+1

a

v

| {z }

p=v bits

j a

v�1

: : :a

1

a

0

| {z }

v=p bits

�

bit rev

(a) = a

0

: : :a

v�2

a

v�1

| {z }

p=v bits

j a

v

: : :a

r�2

a

r�1

| {z }

v=p bits

(c) v = br=2c; v even

a =

v bits

z }| {

a

r�1

: : : a

v+1

a

v

| {z }

p bits

j a

v�1

: : :a

1

a

0

| {z }

v bits

�

bit rev

(a) =

v bits

z }| {

a

0

: : :a

v�2

a

v�1

a

v

| {z }

p bits

j a

v+1

: : : a

r�2

a

r�1

| {z }

v bits

(d) v = br=2c; v odd

Figure 8: Four cases of �

r�1;0

bitrev

with respect to values of v and br=2c.

Proof: If A

v

(n) \�(A

v

(n)) 6= �, then let a 2 A

v

(n) \�(A

v

(n)) be a vector (index). We consider

four cases, portrayed in Figure 8:

v > br=2c: a 2 A

v

(n)\�(A

v

(n)) if and only if a

r�1

: : :a

v+1

a

v

= a

0

: : : a

p�2

a

p�1

, or (a

r�i�1

)

0

i=p�1

=

(a

i

)

0

i=p�1

, and the remaining segment of the memory index, a

v�1

: : : a

p+1

, with v � p bits, can take

any values. Thus, min

P�1

n=0

loc(�

r�1;0

bitrev

; n) = 2

v�p

= V=P = bV=P + 0:5c.

v < br=2c: Since 9n such that a

br=2c�1

: : : a

v

6= a

br=2c+p�br=2c�1

: : : a

br=2c

, A

v

(n)\�(A

v

(n)) = � =)

loc(�

r�1;0

bitrev

; n) = 0. Hence, since V=P < 0:5, min

P�1

n=0

loc(�

r�1;0

bitrev

; n) = 0 = bV=Pc = bV=P + 0:5c.

v = br=2c, r even: a 2 A

v

(n) \ �(A

v

(n)) if and only if a

r�1

: : : a

v+1

a

v

= a

0

: : : a

v�2

a

v�1

, or

(a

i

)

0

i=v�1

= (a

r�i�1

)

0

i=v�1

, and there is only one such pattern per processor n. Since P = V ,

min

P�1

n=0

loc(�

r�1;0

bitrev

; n) = 1 = V=P = bV=P + 1=2c.
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v = br=2c, r odd: a 2 A

v

(n) \ �(A

v

(n)) if and only if a

r�1

: : : a

v+2

a

v+1

= a

0

: : : a

v�2

a

v�1

which

means that (a

i

)

0

i=v�1

= (a

r�i�1

)

0

i=v�1

, and there is only one such pattern per processor. Since

p = v + 1, then P = 2V , there are min

P�1

n=0

loc(�

r�1;0

bitrev

; n) = 1 = V=P + 1=2 = bV=P + 1=2c.

Corollary 3.4.1 loc(�

r�1;0

bitrev

) = 2

maxfv;dr=2eg

.

Proof: loc(�

r�1;0

bitrev

) =

P

P�1

n=0

loc(�

r�1;0

bitrev

; n). We consider four cases:

v > br=2c: By Theorem 3.4, loc(�

r�1;0

bitrev

; n) = V=P . Hence, loc(�

r�1;0

bitrev

) =

P

P�1

n=0

V=P = 2

v

=

2

maxfv;dr=2eg

.

v < br=2c: From Figure 8(b), loc(�

r�1;0

bitrev

; 0) = 1, which stands for the case �

r�1;0

bitrev

(0) = 0. By Theo-

rem 2.6, either loc(�

bitrev

; n) = 0 or loc(�

bitrev

; n) = 1, and by the isomorphism, loc(�

bitrev

; n) = 1

if and only if �

r�1;0

bitrev

(n) = n. Hence, loc(�

r�1;0

bitrev

) = �x(�

r�1;0

bitrev

). By Theorem 3.3, �x(�

r�1;0

bitrev

) =

2

dr=2e

= 2

maxfv;dr=2eg

.

v = br=2c, r even: Here, p = v = r=2 and by Theorem 3.4, loc(�

r�1;0

bitrev

; n) = 1. Hence, loc(�

r�1;0

bitrev

) =

P

P�1

n=0

1 = P = 2

dr=2e

= 2

maxfv;dr=2eg

.

v = br=2c, r odd: Here, p = dr=2e and by Theorem 3.4, loc(�

r�1;0

bitrev

; n) = 1. Hence,

loc(�

r�1;0

bitrev

) =

P

P�1

n=0

1 = P = 2

dr=2e

= 2

maxfv;dr=2eg

.

The results proven in Theorem 3.4 and Corollary 3.4.1 are summarized in Table 1.

� = �

r�1;0

bitrev

v < br=2c v = br=2c v = br=2c v > br=2c general case

r odd r even

P�1

min

n=0

loc(�; n) 0 1 1

V

P

b

V

P

+ 0:5c

P�1

max

n=0

nonloc(�; n) V V � 1 V � 1 V (1�

1

P

) V � b

V

P

+ 0:5c

loc(�) 2

dr=2e

P V V 2

maxfv;dr=2eg

nonloc(�) N � 2

dr=2e

N � P N � V N � V N � 2

maxfv;dr=2eg

Table 1: Processor data exchanges for the bit{reversal permutation �

r�1;0

bitrev

.

3.2 Radix{Q Exchange

De�nition 3.2 Let Q = 2

q

, where q = 1; 2; : : :br=2c and let l;m 2 I such that 0 � l;m � r � 1,

m� l � q, m+ q � 1 � r� 1. Then the radix{Q exchange permutation, �

m;l

xch;Q

(a), is a permuta-

tion on A

r

de�ned as:

�

m;l

xch;Q

(a) = �

m;l

xch;Q

(a

r�1

: : : a

m+q�1

: : : a

m

| {z }

q bits

: : : a

l+q�1

: : : a

l

| {z }

q bits

: : : a

1

a

0

)
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= a

r�1

: : : a

l+q�1

: : : a

l

| {z }

q bits

: : : a

m+q�1

: : : a

m

| {z }

q bits

: : : a

1

a

0

: (3)

In Figure 9 we depict some examples of the radix{Q exchange permutation.
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Figure 9: Examples of the radix{Q exchange permutation for N = 16.

Lemma 3.5 The radix{Q exchange permutation is an index{digit permutation.

Proof: Let the permutation � on I be such that �

m;l

xch;q

(i) =

8

>

<

>

:

i� l +m l � i � l+ q � 1

i�m+ l m � i � m+ q � 1

i otherwise,

where 0 � l � m � r � 1 and q = logQ. Then �

m;l

xch;Q

((a

i

)

0

i=r�1

) = (a

�(i)

m;l

xch;q

)

0

i=r�1

.

Lemma 3.6 A radix{Q exchange permutation is idempotent.

Proof: For a 2 A

r

for 0 � l;m � r � 1, m� l � q, m+ q � 1 � r� 1, by substitution in

Lemma 3.5, �

xch;q

(�

xch;q

(i)) = i. Hence,

�

m;l

xch;Q

�

(�

m;l

xch;Q

(a

i

)

0

i=r�1

)

�

= (a

�

m;l

xch;q

(�

m;l

xch;q

(i))

)

0

i=r�1

= (a

i

)

0

i=r�1

= a.

Lemma 3.7 �x(�

m;l

xch;Q

) = 2

r�q

, where Q = 2

q

.

Proof: From De�nition 3.2, �

m;l

xch;Q

(a) = a if and only if a

m+q�1

: : : a

m

= a

l+q�1

: : :a

l

, and there

are 2

r�q

such vectors in A

r

.
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Exchanges on independent pairs of distinct radix{Q digits are commutative. Speci�cally,

Theorem 3.8 Let l;m; logS; logQ; log

Q

S 2 I and m� l � s. Then,

�

m;l

xch;S

= �

log

Q

S�1

j=0

�

m+jq; l+jq

xch;Q

= �

0

j=log

Q

S�1

�

m+jq; l+jq

xch;Q

.

Proof: For any a 2 A

r

, let l;m 2 I satisfy the conditions in De�nition 3.2, let s = logS, q = logQ

such that 1 � s; q � br=2c and log

Q

S = s=q 2 I . Then, by substitution into �

m; l

xch;q

of Lemma 3.5,

�

s=q�1

j=0

�

m+jq; l+jq

xch;q

(i)

=

8

>

<

>

:

i� (l+ jq) + (m+ jq) l + jq � i � l + jq + q � 1 ; j = 0; 1; : : : ; s=q � 1

i� (m+ jq) + (l+ jq) m+ jq � i � m+ jq + q � 1 ; j = 0; 1; : : : ; s=q � 1

i otherwise

=

8

>

<

>

:

i� l+m l � i � l + s� 1

i�m+ l m � i � m+ s� 1

i otherwise

= �

m; l

xch;s

(i):

Therefore, �

m;l

xch;S

((a

i

)

0

i=r�1

) = (a

�

m;l

xch;s

(i)

)

0

i=r�1

= (a

�

s=q�1

j=0

�

m+jq; l+jq

xch;q

(i)

)

0

i=r�1

= �

log

Q

S�1

j=0

�

m+jq; l+jq

xch;Q

:

Similarly, �

0

j=log

Q

S�1

�

m+jq; l+jq

xch;Q

(a) = �

log

Q

S�1

j=0

�

m+jq; l+jq

xch;Q

(a) = �

m;l

xch;S

(a).

We can now also easily prove the following well known result [24, 25, 38].

Theorem 3.9 For q; l;m 2 I such that Q = 2

q

, 0 � l � v � q and v � m � r � q,

loc(�

m;l

xch;Q

; n) = V=Q.

Proof: Let a 2 A

r

, then,

a = a

r�1

: : :a

m+q�1

: : :a

m

| {z }

q bits

: : : a

v

j a

v�1

: : : a

l+q�1

: : :a

l

| {z }

q bits

: : : a

0

�

m;l

xch;Q

(a) = a

r�1

: : :a

l+q�1

: : : a

l

| {z }

q bits

: : : a

v

j a

v�1

: : :a

m+q�1

: : :a

m

| {z }

q bits

: : : a

0

;

where for any processor n = a

r�1

: : : a

v+1

a

v

the index a 2 A

v

(n) \ �(A

v

(n)) if and only if

(a

l+i

)

0

i=q�1

= (a

m+i

)

0

i=q�1

. Since there are v � q unconstrained memory bits, loc(�

m;l

xch;Q

; n) =

2

v�q

= V=Q.

In Lemma 3.10, we derive the lower bound on nonlocal elements for the sequence of permu-

tations,

�

�

m+jq; l+jq

xch;Q

�

s=q�1

j=0

, and derive the number of nonlocal elements for special radix{V and

radix{P permutations.
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Lemma 3.10 Let s; q; l;m 2 I such that v � s � l � 0, v � m � r � s, 1 � q � s, and q; s=q 2 I.

Let S = 2

s

and Q = 2

q

. Then 8n, nonloc(�

m;0

xch;V

; n) = V � 1, nonloc(�

v;0

xch;P

; n) = V (1� 1=P ), and

nonloc

�

�

m;l

xch;S

; n

�

= V (1�

1

S

) �

s

q

V (1�

1

Q

) = nonloc

�

�

�

m+jq; l+jq

xch;Q

�

s=q�1

j=0

; n

�

:

Proof: By Theorem 3.9, nonloc(�

m;l

xch;S

; n) = V � loc(�

m;l

xch;S

; n) = V � V=S = V (1 � 1=S). By

direct substitution, we obtain nonloc(�

m;0

xch;V

; n) = V � 1, and nonloc(�

v;0

xch;P

; n) = V (1� 1=P ).

Likewise, for some j 2 f0; : : : ; s=q�1g, by Theorem 3.9, nonloc(�

m+jq;l+jq

xch;Q

; n) = V�loc(�

m+jq;l+jq

xch;Q

; n) =

V �V=Q = V (1� 1=Q). Hence, nonloc

�

�

�

m+jq; l+jq

xch;Q

�

s=q�1

j=0

; n

�

=

P

s=q�1

j=0

nonloc(�

m+jq; l+jq

; n) =

P

s=q�1

j=0

V (1�1=Q)=

s

q

V (1�1=Q).The desired inequality follows by Theorem 3.8 and Lemma 2.1.

3.3 Radix{Q Shu�e and Unshu�e

The shu�e permutation [21, 28] is a digit cyclic rotation to the left and among its many applications

are sorting [28] and matrix transposition [6, 19].

De�nition 3.3 Let a 2 A

r

, and let 0 � l;m � r � 1 and Q = 2

q

. Then the radix{Q shu�e

permutation, �

m;l

shf;Q

(a), is de�ned as:

�

m;l

shf;Q

(a) = �

m;l

shf;Q

(a

r�1

: : :

q bits

z }| {

a

m

: : : a

m�q+1

m�l+1�q bits

z }| {

a

m�q

: : : a

l

: : :a

1

a

0

)

= a

r�1

: : :

m�l+1�q bits

z }| {

a

m�q

: : : a

l

q bits

z }| {

a

m

: : :a

m�q+1

: : :a

1

a

0

: (4)

And the radix{Q unshu�e permutation, �

m;l

unshf;Q

(a), is de�ned as:

�

m;l

unshf;Q

(a) = �

m;l

unshf;Q

(a

r�1

: : :

m�l+1�q bits

z }| {

a

m

: : :a

l+q

q bits

z }| {

a

l+q�1

: : : a

l

: : : a

1

a

0

)

= a

r�1

: : :

q bits

z }| {

a

l+q�1

: : : a

l

m�l+1�q bits

z }| {

a

m

: : :a

l+q

: : :a

1

a

0

: (5)

�

r�1;0

shf;Q

(a) is a perfect radix{Q shu�e and �

r�1;0

unshf;Q

(a) is a perfect radix{Q unshu�e. Figure 10

illustrates the radix{Q shu�e permutation.

2

Lemma 3.11 The radix{Q shu�e permutation, �

m;l

shf;2

q

, is equivalent to a radix{2

n�q

unshu�e

permutation, �

m;l

unshf;2

n�q

, where n = m� l+ 1.

2

Note that in Figure 10, the get{oriented interpretation of �

shf;Q

would correspond to the send{oriented

interpretation of �

unshf;Q

, which is how it is commonly portrayed.
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Figure 10: Examples of the radix{Q shu�e permutation for N = 16.

Proof: Follows from direct substitution in equations (5) and (4) of De�nition 3.3.

Lemma 3.11 suggests that it is su�cient to state the properties of the shu�e (or unshu�e)

permutation, since those of the unshu�e (or shu�e) permutation can be directly derived by

substitution.

Lemma 3.12 The radix{Q shu�e permutation is an index{digit permutation.

Proof: For 0 � l � m � r � 1 and q = logQ, let the permutation �

m;l

shf;q

on I be such that

�

m;l

shf;q

(i) =

(

l+ (i� l+ (n� q)) mod n l � i � m

i otherwise,

where n = m� l+ 1. Then, �

m;l

shf;Q

((a

i

)

0

i=r�1

) = (a

�

m;l

shf;q

(i)

)

0

i=r�1

.

We now prove the following frequently used property of shu�e and unshu�e permutations.

Lemma 3.13 The radix{Q shu�e and unshu�e permutations are inverses of each other.

Proof: Let a 2 A

r

and let Q = 2

q

, where q 2 I . Then, by Lemma 3.11 and Lemma 3.12,

�

m;l

unshf;q

(i) =

(

l+ (i� l+ q) mod n l � i � m

i otherwise,

)

where n = m� l+ 1. Hence,

�

m;l

shf;q

(�

m;l

unshf;q

(i)) =

(

l + (l+ (i� l+ q) mod n� l + (n� q)) mod n l � i � m

i otherwise

)

= i.
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Similarly, �

m;l

unshf;q

(�

m;l

shf;q

(i)) = i. Hence,

�

m;l

unshf;Q

�

�

m;l

shf;Q

((a

i

)

0

i=r�1

)

�

= (a

�

m;l

unshf;q

(�

m;l

shf;q

(i))

)

0

i=r�1

= (a

i

)

0

i=r�1

= a, and

�

m;l

shf;Q

�

�

m;l

unshf;Q

((a

i

)

0

i=r�1

)

�

= (a

�

m;l

shf;q

(�

m;l

unshf;q

(i))

)

0

i=r�1

= (a

i

)

0

i=r�1

= a.

The well known composition property of shu�e permutations is also easily proved as follows.

Lemma 3.14 �

m;l

shf;S

= �

log

Q

S

i=1

�

m;l

shf;Q

where 1 � Q � S and log

Q

S 2 I.

Proof: Let a 2 A

r

and i 2 I , and let 0 � l;m � r � 1, Q = 2

q

, S = 2

s

, where q 2 f1; 2; : : :sg, and

s=q 2 I . Then, by Lemma 3.12, for n = m� l + 1,

�

s=q

i=1

�

m;l

shf;q

(i) =

(

l+ (i� l+ n� (s=q)q) mod n l � i � m

i otherwise

=

(

l+ (i� l+ n� s) mod n l � i � m

i otherwise

= �

m;l

shf;s

(i):

Therefore, �

m;l

shf;S

((a

i

)

0

i=r�1

) = (a

�

m;l

shf;s

(i)

)

0

i=r�1

= (a

�

s=q

i=1

�

m;l

shf;q

(i)

)

0

i=r�1

= �

log

Q

S

i=1

�

m;l

shf;Q

(a).

We now establish the relationship between exchange and unshu�e permutations, [13, 21].

Theorem 3.15 �

r�1;0

unshf;Q

= �

r=q�1

j=1

�

r�jq;0

xch;Q

, where q = logQ and r=q 2 I.

Proof: Let a 2 A

r

, let b

k

= (a

i

)

k

i=k+q�1

(thus jb

k

j = q). Then, by De�nitions 3.2 and 2.5 we obtain

�

r

q

�1

j=1

�

r�jq;0

xch;Q

(a) = �

r

q

�1

j=1

�

r�jq;0

xch;Q

(b

r�q

b

r�2q

: : : b

q

b

0

)

= �

r

q

�1

j=2

�

r�jq;0

xch;Q

(b

0

b

r�2q

: : : b

q

b

r�q

)

=

.

.

.

= �

q;0

xch;Q

(b

0

b

r�q

b

r�2q

: : : b

q

b

2q

)

= b

0

b

r�q

b

r�2q

: : : b

2q

b

q

= �

r�1;0

unshf;Q

(a):

Corollary 3.15.1 Let u = r=q,where q = logQ and r=q 2 I. Then, �

r�1;q

unshf;Q

= �

u�1

j=0

�

r�q(jmodu+1); 0

xch;Q

.

(Similarly, �

r�1;q

shf;Q

= �

u�1

j=0

�

q(jmodu+1); 0

xch;Q

.)
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Proof: Let a 2 A

r

and let b

k

= (a

i

)

k

i=k+q�1

(thus jb

k

j = q). Then, by Theorem 3.15 we obtain

�

u�1

j=0

�

r�q(jmodu+1); 0

xch;Q

(a) = �

r�q;0

xch;Q

�

�

u�2

j=0

�

r�q(jmodu+1); 0

xch;Q

(a)

�

= �

r�q;0

xch;Q

(b

0

b

r�q

b

r�2q

: : : b

2q

b

q

)

= b

q

b

r�q

b

r�2q

: : : b

2q

b

0

= �

r�1;q

unshf;Q

(a):

The relationship between shu�e and bit{reverse permutations has been previously observed in,

for instance, [21, 22], and is formally proved as follows.

Theorem 3.16 �

r�1

j=1

�

r�j;0

unshf;2

= �

r�1

j=1

�

r�1;j�1

shf;2

= �

r�1;0

bitrev

.

Proof: Let a 2 A

r

, then,

�

r�1

j=1

�

r�j;0

unshf;2

(a) = �

r�1

j=1

�

r�j;0

unshf;2

(

r bits

z }| {

a

r�1

: : : a

0

)

= �

r�1

j=2

�

r�j;0

unshf;2

(a

0

r�1 bits

z }| {

a

r�1

: : : a

1

)

= �

r�1

j=3

�

r�j;0

unshf;2

(a

0

a

1

r�2 bits

z }| {

a

r�1

: : : a

2

)

=

.

.

.

= �

r�1

j=r�1

�

r�j;0

unshf;2

(a

0

a

1

: : : a

r�3

2 bits

z }| {

a

r�1

a

r�2

)

= a

0

a

1

: : :a

r�2

a

r�1

= �

r�1;0

bitrev

(a):

Similarly, �

r�1

j=1

�

r�1;j�1

shf;2

= �

r�1;0

bitrev

.

Theorem 3.17 �x(�

m;l

unshf;Q

) = 2

r�s+gcd(q;s)

, where q = logQ, 0 � l;m � r � 1, s = m� l+ 1.

Proof: For a 2 A

r

, let b

0

= (a

l+i

)

0

i=q�1

, b

1

0

= (a

l+q+i

)

0

i=smodq�1

and b

j

= (a

m�(ds=qe�1�j)q�i

)

0

i=q�1

where j 2 fds=qe � 1; ds=qe � 2; : : :2g. Thus, jb

0

j = jb

j

j = q, and jb

1

0

j = s mod q. Then, a and

�

m;l

unshf;Q

(a) can be represented as:

a = a

r�1

: : :a

m+1

s bits

z }| {

b

ds=qe�1

: : : b

1

0

b

0

a

l�1

: : :a

1

a

0

�

m;l

unshf;Q

(a) = a

r�1

: : :a

m+1

s bits

z }| {

b

0

b

ds=qe�1

: : : b

2

b

1

0

a

l�1

: : : a

1

a

0

:
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�

m;l

unshf;Q

(a) = a if and only if b

j

= b

0

, j = ds=qe � 1; ds=qe � 2; : : :2, and b

1

0

b

0

= b

2

b

1

0

. The �rst

condition splits the bits into q equivalence classes. On the other hand, since jb

1

0

b

0

j = jb

2

b

1

0

j = q +

s mod q bits, the shu�e ruins the alignment among these q+s mod q bits, and the second condition

thus splits these bits into larger equivalence classes (thus, their number is less). For the alignment

to hold throughout the entire s{bit segment, the number of equivalence classes must be a divisor of

q (to hold in all b

j

except for b

1

0

), of s mod q (to hold in b

1

0

), and of q+s mod q (to hold in b

2

b

1

0

and

b

1

0

b

0

). Therefore, the maximal number of these equivalence classes is gcd(q; smod q; q+s mod q) =

gcd(q; s) bits. Hence, �x(�

m;l

unshf;Q

) = 2

r�s+gcd(q;s)

.

Theorem 3.18 loc(�

r�1;0

unshf;Q

) = 2

maxfv;gcd(q;r)g

, where Q = 2

q

.

Proof: 8n; a 2 A

v

(n) \�

r�1;0

unshf;Q

(A

v

(n)) () (�

r�1;0

unshf;Q

� �

id

)(a) 2 A

v

(0). Hence,

loc(�

r�1;0

unshf;Q

) = j(�

r�1;0

unshf;Q

� �

id

)

�1

(A

v

(0))j = 2

dim(�

r�1;0

unshf;Q

��

id

)

�1

(A

v

(0))

.

Since �

r�1;0

unshf;Q

��

id

is a linear map, we have the lemma from linear algebra that the dimension of

the pre{image of a subspace is the sum of the dimensions of the kernel subspace and the intersection

of the image subspace and the subspace. That is,

dim(�

r�1;0

unshf;Q

� �

id

)

�1

(A

v

(0)) = dim ker(�

r�1;0

unshf;Q

��

id

) + dim

�

(�

r�1;0

unshf;Q

��

id

)(A

r

) \A

v

(0)

�

:

(6)

By Theorem 3.17,

dim ker(�

r�1;0

unshf;Q

� �

id

) = dim �x(�

r�1;0

unshf;Q

) = gcd(q; r): (7)

We now seek dim

�

(�

r�1;0

unshf;Q

��

id

)(A

r

) \A

v

(0)

�

. An index a = (a

i

)

0

i=r�1

2 (�

r�1;0

unshf;Q

� �

id

)(A

r

)

()

P

r=gcd(q;r)�1

k=0

a

i+k�gcd(q;r)

= 0. Thus, an index is uniquely determined by the bit segment

a

r�1

a

r�2

: : :a

gcd(q;r)

. Since a 2 A

v

(0) () a

i

= 0 for i = r � 1; : : :v, then we have:

dim

�

(�

r�1;0

unshf;Q

� �

id

)(A

r

) \ A

v

(0)

�

=

(

v � gcd(q; r) v � gcd(q; r)

0 v � gcd(q; r):

(8)

Therefore, by equations (6), (7) and (8),

dim

�

�

r�1;0

unshf;Q

��

id

)

�1

(A

v

(0)

�

=

(

gcd(q; r) + v � gcd(q; r) = v v � gcd(q; r)

gcd(q; r) + 0 = gcd(q; r) v � gcd(q; r):

(9)

Hence, from equation (9), loc(�

r�1;0

unshf;Q

) = 2

dim(�

r�1;0

unshf;Q

��

id

)

�1

(A

v

(0))

= 2

maxfv;gcd(q;r)g

.

Theorem 3.19 For Q = 2

q

,

P�1

min

n=0

n

loc(�

r�1;0

unshf;Q

; n)

o

=

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

2

maxfv;gcd(q;r)g

P

()

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

p = q ; q � p � v

p = q ; q � v � p

always ; p � q � v

maxfv; gcd(q; r)g = p ; v � q � p

gcd(q; r) = q ; p � v � q

gcd(q; r) = q ; v � p � q

0 otherwise:
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Proof: By Corollary 2.6.1, Lemma 3.12 and Theorem 3.18, min

P�1

n=0

n

loc(�

r�1;0

unshf;Q

; n)

o

6= 0 if and

only if

2

maxfv;gcd(q;r)g

= 2

p

loc(�

r�1;0

unshf;Q

; 0): (10)

So, we �rst need to compute loc(�

r�1;0

unshf;Q

; 0). There are 3 variables at hand: p, v and q. Thus, there

q-v

v-q
2q p v<<(a) :

p-q+v

p-q+v

q

v

q

q-v
p

qp v <<(e) :
q-p

 = 22
v-(p-q+v)

qv-q

p v

q p v-q

qp v<<(c) : 2
v-p

q pv <<(b) :
v-q

2

q-v

q-v

p-q+v

p-q+v q

q

qpv <<(f ) :
q-p

 = 22
v-(p-q+v)

q-v

q-v v

q

p v

q

p-q+v

p-q+v

q pv <<(d) :  = 12
v-v

p v

qv-q

q p v-q

p v

v-q

q

q

p v

p v-q

Figure 11: Six cases of loc(�

r�1;0

unshf;Q

; 0) as a function of p, q, and v.

are 3! = 6 di�erent arrangements for the relationships between the three variables, each yielding a

di�erent case in computing the number of indices that remain local. All six cases and their respective

solutions are demonstrated in Figure 11. For each case, the �rst and second drawings show the

states before and after the application of the permutation, �

r�1;0

unshf;2

q

, respectively. The Theorem is

proved by substituting the solutions for loc(�

r�1;0

unshf;Q

; 0) in the condition of equation (10).

4 Translation Permutations

4.1 Radix{Q Butter
y

This permutation describes the data motion of the reknown butter
y operation.



A Vector Space Framework for Parallel Stable Permutations 23

De�nition 4.1 The butter
y permutation, �

bfly;Q

, where logQ 2 I, is a permutation on A

r

such

that

�

bfly;Q

(a) = a �Q:

Examples of the butter
y permutation are shown in Figure 12, and in what follows, we derive some

of its properties.

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

(a) bfly, 2Π 0 (b) bfly, 2Π 1 (c) bfly, 2Π 2

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

Figure 12: Examples of the radix{Q butter
y permutation for N = 8.

Lemma 4.1 The butter
y permutation is a translation permutation.

Proof: De�nition 4.1 satis�es De�nition 2.9 where b = Q.

Hence, by Lemmas 2.3 and 2.4, �

bfly;Q

is idempotent and �x(�

bfly;Q

) = 0. We now proceed to

prove the following well known result [24, 39].

Theorem 4.2 For q = logQ, loc(�

bfly;Q

; n) =

(

V q < v

0 q � v:

Proof: We consider both cases separately:

q < v: Let a 2 A

v

(n). Then, 2

q

2 A

v

(n) =) a� 2

q

2 A

v

(n) =) �

bfly;Q

(A

v

(n)) = A

v

(n). Hence,

loc(�

bfly;Q

; n) = jA

v

(n)j = V .

q � v: Let a 2 A

v

(n). Then, a � 2

q

62 A

v

(n). So, let a � 2

q

2 A

v

(n

0

), where n 6= n

0

. Since,

�

bfly;Q

(A

v

(n)) = A

v

(n

0

), loc(�

bfly;Q

; n) = jA

v

(n) \A

v

(n

0

)j = j�j = 0.

Corollary 4.2.1 For q = logQ, loc(�

bfly;Q

) =

(

N q < v

0 q � v:
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4.2 1's Complement

This permutation is sometimes called vector{reversal, and its special case where only one bit is

operated upon is also referred to as a hypercube permutation or bit{inversion [38].

De�nition 4.2 The 1's complement permutation (or bit complement), �

m�1;0

1c

, where m� 1 2 I,

is a permutation on A

r

such that

�

m�1;0

1c

(a) = a � (2

m

� 1) = (a

i

)

m

i=r�1

(a

i

� 1)

0

i=m�1

:

As is apparent, the 1's complement permutation is attained by simply complementing the value of

the m least signi�cant bits in a 2 A

r

. Examples of the 1's complement permutation are shown in

�gure 13, and we will now derive some of its properties.

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111 000

001

010

011

100

101

110

111

(a) 1cΠ (b) 1c Π (c) 1cΠ

000
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011
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110

111

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111
0,0 1,0 2,0

Figure 13: Examples of the 1's complement permutation for N = 8.

Lemma 4.3 The 1's complement permutation is a translation permutation.

Proof: De�nition 4.2 satis�es De�nition 2.9 where b = (2

m

� 1).

Hence, by Lemmas 2.3 and 2.4, �

m�1;0

1c

is idempotent and �x(�

m�1;0

1c

) = 0. We now show how

other known results follow.

Theorem 4.4 For m� 1 2 I, loc(�

m�1;0

1c

; n) =

(

V m � v

0 m > v:

Proof: We consider both cases separately:

m � v: Let a 2 A

v

(n). Then, (2

m

� 1) 2 A

v

(n) =) a � (2

m

� 1) 2 A

v

(n) =) �

m�1;0

1c

(A

v

(n)) =

A

v

(n). Hence, loc(�

m�1;0

1c

; n) = jA

v

(n)j = V .

m > v: Let a 2 A

v

(n). Then, a � (2

m

� 1) 62 A

v

(n). So, let a � (2

m

� 1) 2 A

v

(n

0

), where n 6= n

0

.

Since, �

m�1;0

1c

(A

v

(n)) = A

v

(n

0

), loc(�

m�1;0

1c

; n) = jA

v

(n) \A

v

(n

0

)j = j�j = 0.

Corollary 4.4.1 For m� 1 2 I, loc(�

m�1;0

1c

) =

(

N m � v

0 m > v:
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5 Linear Permutations

5.1 Binary to Gray Code

We only consider the common binary{re
ected Gray code [34] and simply refer to it as Gray code.

A rigorous treatment of Gray codes can be found in [18], and results related to Corollary 5.3.2

(albeit for the binary cube) are derived in [23]. Examples are shown in Figure 14.

3

De�nition 5.1 The binary to Gray code permutation �

m;0

btg

, where m 2 I, is a permutation on A

r

such that

�

m;0

btg

(a) = (a

i

)

m

i=r�1

(a

i+1

� a

i

)

0

i=m�1

:

0000
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0011
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0101
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0111
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1011
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0110

0111

1000

1001

1010

1011

1100

1101

1110

1111

0000

0001

0010

0011

0100

0101
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1100

1101

1110

1111

(a) btgΠ0,0
(d)

3,0Πbtg
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(b) btgΠ (c) btgΠ1,0 2,0

Figure 14: Examples of the binary to Gray code permutation for N = 16.

Lemma 5.1 The binary to Gray code permutation is a linear permutation.

Proof: Let a; b 2 A

r

. Then, by De�nition 5.1,

�

m;0

btg

(a� b) = ((a� b)

i

)

m

i=r�1

((a� b)

i+1

� (a� b)

i

)

0

i=m�1

= (a

i

� b

i

)

m

i=r�1

(a

i+1

� b

i+1

� a

i

� b

i

)

0

i=m�1

= (a

i

)

m

i=r�1

(a

i+1

� a

i

)

0

i=m�1

� (b

i

)

m

i=r�1

(b

i+1

� b

i

)

0

i=m�1

= �

m;0

btg

(a)��

m;0

btg

(b):

3

Note that the common interpretation for the binary to Gray permutation is send{oriented, whereas we consistently

use the get{oriented approach.
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Lemma 5.2 �x(�

m;0

btg

) = 2

r�m

.

Proof: From De�nition 5.1, only two indices remain unchanged in a 2 A

m+1

, namely, the indices

0 and 1. Hence, for a 2 A

r

, �x(�

m;0

btg

) = 2 � 2

r�1�m

= 2

r�m

.

Theorem 5.3 For m 2 I, loc(�

m;0

btg

; n) =

8

>

>

>

<

>

>

>

:

V m � v

V n = k2

m+1

; k2

m+1

+ 1;

k = 0; 1; : : :2

r�(m+1)

� 1

0 otherwise

9

>

=

>

;

m > v:

Proof: Let b

i

= a

i+1

� a

i

. We consider the cases separately:

m � v: Let a 2 A

v

(n). Then, �

m;0

btg

(a) = (a

i

)

m

i=r�1

(b

i

)

0

i=m�1

2 A

v

(n) =) �

m;0

btg

(A

v

(n)) = A

v

(n).

Hence, loc(�

m;0

btg

; n) = jA

v

(n)j = V .

m > v: Let a 2 A

v

(n). Then,

�

m;0

btg

(a) = a

r�1

: : : a

m

| {z }

r�m bits

m�v bits

z }| {

b

m�1

: : : b

v

j

v bits

z }| {

b

v�1

: : : b

0

| {z }

m bits

:

Clearly, �

m;0

btg

(a) 2 A

v

(n) if and only if (b

i

)

v

i=m�1

= (a

i

)

v

i=m�1

, which is the case if and only if

b

i

= 0; v + 1 � i � m � 1 and b

v

can be either 0 or 1. Since b

m�1

is a function of a

m

, for

every block of 2

m+1

, there are 2 indices that remain local; there are 2

r�(m+1)

such blocks. That

is, for k = 0; 1; : : : ; 2

r�(m+1)

and j = 0; 1, �

m;0

btg

(A

v

(k2

m+1

+ j)) = A

v

(k2

m+1

+ j). Hence, for

k = 0; 1; : : : ; 2

r�(m+1)

, loc(�

m;0

btg

; k2

m+1

+ j) = jA

v

(k2

m+1

+ j)j = V . Otherwise, loc(�

m;0

btg

; n) =

jA

v

(n) \�

m;0

btg

(A

v

(n))j = j�j = 0.

Corollary 5.3.1 For m 2 I,

P�1

min

n=0

n

loc(�

m;0

btg

; n)

o

=

(

V m � v

0 m > v:

Corollary 5.3.2 loc(�

m;0

btg

) =

8

<

:

N m � v

N

2

m

V m > v:

Proof: From Theorem 5.3, the case m � v is self evident. For m > v, by Theorem 5.3, there are

2 processors for every block of size 2

m+1

, and there are 2

r�(m+1)

such blocks. Hence, loc(�

m;0

btg

) =

P�1

X

n=0

loc(�

m;0

btg

; n) = V:2:2

r�(m+1)

=

N

2

m

V .



A Vector Space Framework for Parallel Stable Permutations 27

5.2 Gray Code to Binary

Examples of the Gray code to binary permutation are shown in Figure 15.

4

De�nition 5.2 The Gray code to binary permutation �

m;0

gtb

, where m 2 I, is a permutation on A

r

such that

�

m;0

gtb

(a) = (a

i

)

m

i=r�1

(

m

X

j=i

a

j

)

0

i=m�1

:
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0110

0111
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Figure 15: Examples of the Gray code to binary permutation for N = 16.

Lemma 5.4 The Gray code to binary permutation is a linear permutation.

Proof: Let a; b 2 A

r

. Then, by De�nition 5.2,

�

m;0

gtb

(a� b) = ((a� b)

i

)

m

i=r�1

(

m

X

j=i

(a� b)

j

)

0

i=m�1

= (a

i

� b

i

)

m

i=r�1

(

m

X

j=i

(a

j

� b

j

))

0

i=m�1

= (a

i

)

m

i=r�1

(

m

X

j=i

a

j

)

0

i=m�1

� (b

i

)

m

i=r�1

(

m

X

j=i

b

j

)

0

i=m�1

= �

m;0

gtb

(a)� �

m;0

gtb

(b):

4

Again, the standard interpretation would depict the Gray code to binary permutation in a send{oriented fashion.
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The relationship between �

m;0

btg

and �

m;0

gtb

was established in [34].

Lemma 5.5 �

m;0

btg

and �

m;0

gtb

are inverses of each other.

Proof: Let a 2 A

r

and let b

i

= a

i+1

� a

i

2 F

2

; i 2 I . Then, clearly, by the properties of F

2

(given

in 2.2),

P

l

k=0

b

j+k

= a

j+l+1

� a

j

. Therefore, we have

(�

m;0

btg

��

m;0

gtb

)(a) = �

m;0

gtb

�

(a

i

)

m

i=r�1

(b

i

)

0

i=m�1

�

= (a

i

)

m

i=r�1

(a

m

�

m�1

X

j=i

b

j

)

0

i=m�1

= (a

i

)

m

i=r�1

(a

m

� a

(m�1)+1

� a

i

)

0

i=m�1

= (a

i

)

0

i=r�1

:

Similarly, let c

i

=

P

m

j=i

a

j

2 F

2

; i � m. Then, clearly, c

i+1

� c

i

= a

i

. Thus,

(�

m;0

gtb

��

m;0

btg

)(a) = �

m;0

btg

�

(a

i

)

m

i=r�1

(c

i

)

0

i=m�1

�

= (a

i

)

m

i=r�1

(c

i+1

� c

i

)

0

i=m�1

= (a

i

)

0

i=r�1

:

Hence, �

m;0

btg

��

m;0

gtb

= �

m;0

btg

� �

m;0

gtb

= �

id

.

Lemma 5.6 �x(�

m;0

gtb

) = 2

r�m

.

Proof: From De�nition 5.2, only two indices remain unchanged in a 2 A

m+1

, namely, the indices

0 and 1. Hence, for a 2 A

r

, �x(�

m;0

gtb

) = 2 � 2

r�1�m

= 2

r�m

.

Theorem 5.7 For m 2 I, loc(�

m;0

gtb

; n) =

8

>

>

>

<

>

>

>

:

V m � v

V n = k2

m+1

; k2

m+1

+ 1;

k = 0; 1; : : :2

r�(m+1)

� 1

0 otherwise

9

>

=

>

;

m > v:

Proof: Let b

i

=

P

m

j=i

a

j

; i � m. Proof becomes identical to that of Theorem 5.3.

Corollary 5.7.1 For m 2 I,

P�1

min

n=0

n

loc(�

m;0

gtb

; n)

o

=

(

V m � v

0 m > v:

Corollary 5.7.2 loc(�

m;0

gtb

) =

8

<

:

N m � v

N

2

m

V m > v:
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6 Polynomial Permutations

Since we proved in Lemma 2.8 that all considered permutations are polynomial, we do not reassert

this for every permutation we consider below.

6.1 Arithmetic Add 1

The arithmetic add 1 permutation is identical to CSHIFT(+1) in Fortran{90 [31], HPF [10] and

CM{Fortran [41], due to our get{oriented interpretation of the permutations.

De�nition 6.1 The arithmetic add 1 permutation �

m�1;0

aa1

, where m� 1 2 I, is a permutation on

A

r

such that

�

m�1;0

aa1

(a) = (a

i

)

m

i=r�1

(a

i

� a

i�1

� a

i�2

� : : : � a

0

)

1

i=m�1

(a

0

� 1)

= (a+ 1) mod 2

m

+

�

a

2

m

�

2

m

:

The two de�nitions are equivalent.

In essence, the arithmetic add 1 permutation, within the m least signi�cant bits, propagates the

carry generated by the addition of 1 to the least signi�cant bit, into higher order bits, until a \0"

bit is encountered. Figure 16 portrays three examples of the arithmetic add 1 permutation, and in

what follows we discuss some of its properties.
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110

111

Figure 16: Examples of the arithmetic add 1 permutation for N = 8.

Lemma 6.1 �x(�

m�1;0

aa1

) = 0.

Proof: By De�nition 6.1, �

m�1;0

aa1

(a

0

) = a

0

� 1. Hence, �x(�

m�1;0

aa1

) = 0.

Theorem 6.2 For m 2 I, loc(�

m;0

aa1

; n) =

(

V m � v

V � 1 m > v:
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Proof: Let b

i

= a

i

� a

i�1

� : : : � a

0

. We consider the two cases separately:

m � v: Let a 2 A

v

(n). Then, �

m�1;0

aa1

(a) = (a

i

)

m

i=r�1

(a

i

�b

i�1

)

0

i=m�1

2 A

v

(n) =) �

m�1;0

aa1

(A

v

(n)) =

A

v

(n). Hence, loc(�

m�1;0

aa1

; n) = jA

v

(n)j = V .

m > v: Let a 2 A

v

(n). Then,

�

m�1;0

aa1

(a) = a

r�1

: : : a

m

m�v bits

z }| {

�

m�1;0

aa1

(a

m�1

) : : :�

m�1;0

aa1

(a

v

) j

v bits

z }| {

�

m�1;0

aa1

(a

v�1

) : : :�a

0

| {z }

m bits

:

where �

m�1;0

aa1

(a) 2 A

v

(n) () �

m�1;0

aa1

(a

m�1

) : : :�

m�1;0

aa1

(a

v

) = a

m�1

: : : a

v

. But, from De�ni-

tion 6.1, �

m�1;0

aa1

(a

m�1

) : : :�

m�1;0

aa1

(a

v

) 6= a

m�1

: : :a

v

() a

i

= 1; 0 � i � v � 1, which constitutes

one vector of the V vectors in A

v

(n). Hence, loc(�

m�1;0

aa1

; n) = jA

v

(n)\�

m�1;0

aa1

(A

v

(n))j = V � 1.

Corollary 6.2.1 loc(�

m;0

aa1

) =

(

N m � v

N � P m > v:

6.2 Arithmetic Subtract 1

Note again that our arithmetic subtract 1 permutation corresponds to CSHIFT(-1) of Fortran{90.

De�nition 6.2 To paraphrase, the arithmetic subtract 1 permutation �

m�1;0

as1

, where m� 1 2 I, is

a permutation on A

r

, where �a

i

= a

i

� 1, such that

�

m�1;0

as1

(a) = (a

i

)

m

i=r�1

(a

i

� �a

i�1

� �a

i�2

� : : : � �a

0

)

1

i=m�1

(a

0

� 1)

= (a� 1) mod 2

m

+

�

a

2

m

�

2

m

:

The two de�nitions are equivalent.

The arithmetic subtract 1 permutation, within the m least signi�cant bits, propagates the borrow

generated by the subtraction of 1 from the least signi�cant bit into consecutively higher order bits,

until a \1" bit is encountered. Figure 17 portrays three examples of the arithmetic subtract 1

permutation, and in what follows we discuss some of its properties.

Lemma 6.3 �

m�1;0

aa1

and �

m�1;0

as1

are inverses of each other.

Proof: Using the latter forms in De�nitions 6.1 and 6.2, and letting h =

�

a

2

m

�

2

m

, we have:

�

m�1;0

aa1

�

�

m�1;0

as1

(a)

�

= �

m�1;0

aa1

((a� 1) mod 2

m

+ h)

= ((a� 1) mod 2

m

+ h) mod 2

m

+ h

= (a� 1 + 1) mod 2

m

+ h

= a:

Similarly, �

m�1;0

as1

�

�

m�1;0

aa1

(a)

�

= a.
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Figure 17: Examples of the arithmetic subtract 1 permutation for N = 8.

Lemma 6.4 �x(�

m�1;0

aa1

) = 0.

Proof: By De�nition 6.2, �

m�1;0

as1

(a

0

) = a

0

� 1. Hence, �x(�

m�1;0

as1

) = 0.

Theorem 6.5 For m 2 I, loc(�

m;0

as1

; n) =

(

V m � v

V � 1 m > v:

Proof: Let b

i

= �a

i

� �a

i�1

� : : : � �a

0

. We consider the two cases separately:

m � v: Let a 2 A

v

(n). Then, �

m�1;0

as1

(a) = (a

i

)

m

i=r�1

(a

i

�b

i�1

)

0

i=m�1

2 A

v

(n) =) �

m�1;0

as1

(A

v

(n)) =

A

v

(n). Hence, loc(�

m�1;0

as1

; n) = jA

v

(n)j = V .

m > v: Let a 2 A

v

(n). Then,

�

m�1;0

as1

(a) = a

r�1

: : : a

m

m�v bits

z }| {

�

m�1;0

as1

(a

m�1

) : : :�

m�1;0

as1

(a

v

) j

v bits

z }| {

�

m�1;0

as1

(a

v�1

) : : :�a

0

| {z }

m bits

,

where �

m�1;0

as1

(a) 2 A

v

(n) () �

m�1;0

as1

(a

m�1

) : : :�

m�1;0

as1

(a

v

) = a

m�1

: : : a

v

. But, from De�ni-

tion 6.2, �

m�1;0

as1

(a

m�1

) : : :�

m�1;0

as1

(a

v

) 6= a

m�1

: : :a

v

() a

i

= 0; 0 � i � v � 1, which constitutes

one vector of the V vectors in A

v

(n). Hence, loc(�

m�1;0

as1

; n) = jA

v

(n)\�

m�1;0

as1

(A

v

(n))j = V � 1.

Corollary 6.5.1 loc(�

m;0

as1

) =

(

N m � v

N � P m > v:

6.3 2's Complement

The 2's complement of a binary number can be accomplished by a 1's complement permutation

followed by an arithmetic add 1. The consistency between the de�nition below and De�nition 6.1

is apparent.
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De�nition 6.3 The 2's complement permutation �

m�1;0

2c

, where m � 1 2 I, is a permutation on

A

r

, where �a

i

= a

i

� 1, such that

�

m�1;0

2c

(a) = (a

i

)

m

i=r�1

(�a

i

� �a

i�1

� �a

i�2

� : : : � �a

0

)

1

i=m�1

(a

0

)

= (2

m

� a mod 2

m

) mod 2

m

+

�

a

2

m

�

2

m

:

The two de�nitions are equivalent.

In Figure 18, we depict some examples of the 2's complement, and demonstrate the relationship

of the 2's complement permutation to �

m�1;0

1c

, �

m�1;0

aa1

and �

m�1;0

as1

in Lemma 6.7.
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Figure 18: Examples of the 2's complement permutation for N = 8.

Lemma 6.6 The 2's complement permutation is idempotent.

Proof: Using the latter form from De�nition 6.3, where h =

�

a

2

m

�

2

m

, we have

�

m�1;0

2c

�

�

m�1;0

2c

(a)

�

= �

m�1;0

2c

((2

m

� a mod 2

m

) mod 2

m

+ h)

= (2

m

� ((2

m

� a mod 2

m

) mod 2

m

+ h) mod 2

m

) mod 2

m

+ h

= 2

m

mod 2

m

� 2

m

mod 2

m

+ a mod 2

m

+

�

a

2

m

�

2

m

= a:

Lemma 6.7 �

m�1;0

2c

= �

m�1;0

1c

� �

m�1;0

aa1

= �

m�1;0

as1

� �

m�1;0

1c

.

Proof: Let a 2 A

r

and let �a

i

= a

i

� 1. Then, from De�nitions 4.2 and 6.1 we have

�

�

m�1;0

1c

� �

m�1;0

aa1

�

(a) = �

m�1;0

aa1

�

(a

i

)

m

i=r�1

(�a

i

)

0

i=m�1

�

= (a

i

)

m

i=r�1

(�a

i

� �a

i�1

� �a

i�2

� : : : � �a

0

)

1

i=m�1

(�a

0

� 1)

= (a

i

)

m

i=r�1

(�a

i

� �a

i�1

� �a

i�2

� : : : � �a

0

)

1

i=m�1

(a

0

)

= �

m�1;0

2c

:
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Similarly,

�

�

m�1;0

as1

��

m�1;0

1c

�

(a) = �

m�1;0

1c

�

(a

i

)

m

i=r�1

(a

i

� �a

i�1

� �a

i�2

� : : : � �a

0

)

1

i=m�1

(a

0

� 1)

�

= (a

i

)

m

i=r�1

(1� a

i

� �a

i�1

� �a

i�2

� : : : � �a

0

)

1

i=m�1

(a

0

� 1� 1)

= (a

i

)

m

i=r�1

(�a

i

� �a

i�1

� �a

i�2

� : : : � �a

0

)

1

i=m�1

(a

0

)

= �

m�1;0

2c

:

Lemma 6.8 �x(�

m�1;0

2c

) = 2

r�m+1

.

Proof: From De�nition 6.3, since the r�m high order coordinates remain unaltered, �

m�1;0

2c

splits

A

r

into 2

r�m

blocks (each of size 2

m

vectors) of identical permutation patterns. For the remaining

low order m coordinates of a vector a 2 A

r

, �

m�1;0

2c

(a) = a () a

i

= 0; 0 � i � m � 2, and

there are exactly two such vectors per block, namely the segments 10 : : :0

| {z }

m bits

and 00 : : :0

| {z }

m bits

. Hence,

�x(�

m�1;0

2c

) = 2

r�m

2 = 2

r�m+1

.

Theorem 6.9 For m�1 2 I, loc(�

m�1;0

2c

; n) =

8

>

>

>

>

>

<

>

>

>

>

>

:

V m � v

1 m = v + 1

1 n = k2

m�v�1

;

k = 0; 1; : : :2

r�m+1)

� 1

0 otherwise

9

>

=

>

;

m > v + 1:

Proof: Let b

i

= �a

i

� �a

i�1

� : : : � �a

0

. We consider each case separately as follows:

m � v: Let a 2 A

v

(n). Then, �

m�1;0

2c

(a) = (a

i

)

m

i=r�1

(�a

i

�b

i�1

)

1

i=m�1

(a

0

) 2 A

v

(n) =) �

m�1;0

2c

(A

v

(n)) =

A

v

(n). Hence, loc(�

m�1;0

2c

; n) = jA

v

(n)j = V .

m = v + 1: Let a 2 A

v

(n). Then,

�

m�1;0

2c

(a) = a

r�1

: : : a

m

1 bit

z }| {

�

m�1;0

2c

(a

m�1

) j

v bits

z }| {

�

m�1;0

2c

(a

m�2

) : : :�a

0

| {z }

m bits

,

where �

m�1;0

2c

(a) 2 A

v

(n) () �

m�1;0

2c

(a

m�1

) = a

m�1

, which, by De�nition 6.3, is only the case

for a

i

= 0; 0 � i � m � 2 which constitutes one vector of the V vectors in A

v

(n). Hence,

loc(�

m�1;0

2c

; n) = jA

v

(n) \�

m�1;0

2c

(A

v

(n))j = 1.

m > v + 1: Let a 2 A

v

(n). Then,

�

m�1;0

2c

(a) = a

r�1

: : : a

m

m�v bits

z }| {

�

m�1;0

2c

(a

m�1

) : : :�

m�1;0

2c

(a

v

) j

v bits

z }| {

�

m�1;0

2c

(a

v�1

) : : :�a

0

| {z }

m bits

,

where �

m�1;0

2c

(a) 2 A

v

(n)() �

m�1;0

2c

(a

m�1

) : : :�

m�1;0

2c

(a

v

) = a

m�1

: : :a

v

, which, by De�nition 6.3
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and Theorem 6.8 occurs () a

i

= 0; v � i � m � 2. Thus, by �

m�1;0

2c

(A

v

(n)) \ A

v

(n) 6=

� () n = k2

m�v�1

; k = 0; 1; : : :2

r�m+1)

� 1. By Theorem 6.8, loc(�

m�1;0

2c

; k2

m�v�1

) = 1,

k = 0; 1; : : :2

r�m+1)

� 1.

Corollary 6.9.1 For m� 1 2 I,

P�1

min

n=0

n

loc(�

m;0

2c

; n)

o

=

8

>

<

>

:

V m � v

1 m = v + 1

0 m > v + 1:

Corollary 6.9.2 For m� 1 2 I, loc(�

m�1;0

2c

) =

8

>

<

>

:

N m � v

P m = v + 1

2

r�m+1

m > v + 1:

7 Summary

We established a formal foundation for stable permutations in the realm of a general parallel

model that can be applicable to a predetermined set of communication complexity metrics, which

is intended to serve as a reference providing a common framework for the analytical performance

evaluation of parallel algorithms, as well as a tool to be actively employed in developing the optimal

parallel algorithm from the communication perspective. This was accomplished by representing the

index{digit, linear, translation, a�ne and polynomial permutations in an algebraic framework and

proving that, along with the identity permutation, such a taxonomy forms a lattice. We proved

essential behavioral properties for each class as well as some of its most important instances;

namely the bit{reversal, radix{Q exchange, radix{Q shu�e and unshu�e in the class of index{

digit permutations, and the radix{Q butter
y and 1's complement in the class of translation

permutations, binary to Gray code and Gray code to binary in the class of linear permutations, as

well as the arithmetic add 1, the arithmetic subtract 1 and the 2's complement in the general class

of polynomial permutations. Having demonstrated that our formalism handles arbitrary logical

to physical array mappings, arbitrary (non powers{of{2) size data arrays, physical processors and

memory locations, then, for expository simplicity, we chose a block mapping of data to processors,

and assumed the data array size, as well as the number of physical processors and memory locations

to be powers{of{2.
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