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Everything Is a Matrix: Minimizing Data Movement and
Parameter Count Across the Machine Learning Stack

ABSTRACT

Machine learning has revolutionized natural language processing, computer vision, and beyond.
Yet as machine learning models scale in size and capability, the demand for computational resources
likewise grows, exposing new challenges in efficient and scalable deployment. Extracting maximal
performance from existing hardware is therefore vital to unlocking the next wave of progress in
artificial intelligence.

In many modern workloads, matrix operations dominate resource consumption, sometimes
accounting for more than 99% of the workload [1]. Thus, we will focus on matrices as the central
unit of optimization. This thesis presents an array of novel techniques to reduce memory footprint,
accelerate computation, and improve overall hardware utilization. We demonstrate substantial ef-
ficiency gains are achievable by rethinking how data is computed, stored, and compressed, with a
special focus on matrices, the core computational structure underpinning both scientific computing
and neural networks.

First, we address dense matrix multiplication by introducing CAKE, a method that partitions
computation into optimally shaped blocks to minimize memory bandwidth bottlenecks (Chap-
ter 2). We extend this method to tensor contractions with any number of loops with mCAKE
(Chapter 3). Then, for neural networks exhibiting moderate sparsity, the Rosko framework (Chap-
ter 4) exploits outer-product structure to efficiently skip zero-valued computations and enables the

creation of hardware-compatible sparsity patterns through structured pruning.
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Next, we investigate efficient representations of weight matrices of neural networks using Sin-
gular Value Decomposition (SVD) (Chapter 5), enabling both memory savings and accelerated in-
ference. Building on this, we explore low-rank model compression, where the compact forms of de-
composed weight matrices facilitate efficient training and adaptive fine-tuning (Chapter 6). We then
introduce blockwise knowledge distillation techniques (Chapter 7) that allow highly compressed,
SVD-based student models to learn directly from their full-rank teacher counterparts, preserving
both efficiency and model accuracy. Lastly, we demonstrate a privacy-preserving framework for dis-
tributed inference that splits computation between local devices and cloud servers, ensuring user
data labels remain on-device while leveraging powerful cloud-based feature extractors (Chapter 8).

Together, these contributions meaningfully advance the efficiency and scalability of both conven-

tional scientific workloads and the latest state-of-the-art AI models.
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Introduction

Machine learning and artificial intelligence (AI) have transformed not only our daily lives—from
predictive text on smartphones to real-time language translation—but also entire industries, includ-
ing healthcare diagnostics and large-scale climate modeling. At the core of these advances are deep
neural networks, whose scale and complexity have surged rapidly in recent years. This relentless
growth increasingly stresses computational hardware, creating bottlenecks not just in processing

speed but also in memory bandwidth, energy efficiency, and data movement.



Deep learning models have delivered breakthroughs in areas such as computer vision and natural
language processing. However, large models such as language and vision transformers [6, 7], while
increasingly powerful, demand increasing amounts of compute resources. As Moore’s Law slows
and sustainability becomes paramount, a central challenge emerges: How can we continue to en-
able innovation and broader deployment of Al while working within stringent computational and
energy constraints?

Even as models and their hardware evolve and diversify, one common thread remains: the matrix.
Matrix operations, especially multiplication, decomposition, and reduction, form the computa-
tional backbone of nearly all machine learning tasks, regardless of whether the architecture is convo-
lutional, recurrent, or transformer-based. In fact, matrix calculations can constitute over 99% of the
workload in state-of-the-art models [1]. As a result, efficient matrix computation is not only founda-
tional but also a model-agnostic problem; innovations in this area are likely to remain relevant even
as the frontier of network design evolves.

This thesis is motivated by the perspective that everything in artificial intelligence is, at its heart,
a matrix problem. In a fashion reminiscent of the recurring theme that “everything in finance is
securities fraud,” in Matt Levine’s “Money Stuft”, I argue here that, in artificial intelligence, all
roads lead to matrices: regardless of where you begin—with algorithms, hardware, or systems—
meaningful optimization eventually becomes a matter of efficiently representing and manipulating
matrices and, increasingly, tensors (i.e., multi-dimensional matrices).

Most machine learning and scientific workloads, including convolutions and transformers, can
be formulated as a sequence of matrix operations. Thus, matrix and tensor abstractions provide a
natural hardware-agnostic interface for optimizing scientific and machine learning workloads. This

abstraction allows for optimization regardless of the underlying system and higher-level model.

*Money Stuff [8] is Matt Levine’s popular Bloomberg Opinion newsletter, known for its witty and in-
sightful commentary on finance, including the recurring observation that “everything in finance is securities

fraud.”



By focusing on matrices, one can expose and address fundamental bottlenecks such as memory
bandwidth, communication, data reuse, and parallelism. As a result, I adopt a matrix-centric view-
point, in which AI workloads are understood and addressed primarily through the lens of matrix
and tensor computations. The matrix-centric viewpoint is used to develop techniques that are ro-
bust to changes in model architecture, data type, and hardware, thereby demonstrating both the
foundational and practical universality of the matrix as a focal point for Al system optimization.

An important contribution of this work is to enable users to run more complex models on
smaller, resource-constrained user devices. When computation can occur locally, users gain the abil-
ity to keep their data private and secure, minimizing reliance on remote servers and reducing the risk
of data exposure. This capability not only gives users more efficient and flexible options, but also
helps close the gap in Al accessibility, supporting societal goals of autonomy, privacy, and fairness.

In the work presented here, I develop a collection of techniques including analytical tiling, hardware-
compatible sparsity, low-rank matrix factorization, and distributed split computing that all use the
lens of optimizing matrix and tensor computations for efficient machine learning. Rather than
isolated solutions, these methods address complementary aspects of the same central challenge:
optimizing the movement, storage, and transformation of data represented as matrices or tensors.
Analytical tiling maximizes arithmetic intensity and hardware utilization, laying the groundwork
for efficient dense computation. Sparsity and low-rank factorization, in turn, further reduce com-
putational and memory demands by exploiting redundancy and structure in model parameters.
Finally, distributed and split computing allow for flexible partitioning of machine learning work-
flows, enabling efficient use of both local and remote resources while supporting data privacy and
adaptability.

By coordinating these approaches within a matrix-centric paradigm, my work offers a general and
practical solution path for a wide range of machine learning problems, regardless of specific model

architectures. Together, these techniques enable the deployment and training of sophisticated mod-



els on resource-constrained devices, the acceleration of large-scale systems, and the preservation of
privacy in distributed environments.

This thesis offers a systematic guide through these innovations, beginning each chapter with an
accessible foreword and proceeding to a more rigorous technical exposition and empirical results.
The work aims to provide both fresh insight and practical frameworks that will be valuable to re-
searchers, engineers, and practitioners seeking to deploy efficient, secure, and adaptive Al, regardless

of how models and hardware continue to evolve.

1.1 Tuesis RoADMAP

The body of this thesis is organized as follows:

(Chapter 2) CAKE: Memory-Aware Block Shaping for High-Performance Blocked Matrix
Multiplication introduces an innovative algorithm for blocked matrix multiplication that optimizes
block shapes and scheduling in order to match a target memory bandwidth, balancing memory
access and compute to maximize throughput on modern hardware.

(Chapter 3) Multi-CAKE: Extending CAKE to Higher-Order Tensors extends the bandwidth-
aware block shaping principles introduced in CAKE from matrices to higher-order tensors. This
chapter presents mCAKE, a framework for optimizing the memory and compute efficiency of dense
tensor operations commonly found in deep learning and scientific computing. By systematically
tiling and scheduling tensor computations, nCAKE adapts arithmetic intensity to satisfy memory
bandwidth and size constraints across arbitrary tensor dimensions. When memory bandwidth is
small, we need to increase arithmetic intensity. mCAKE demonstrates decreased bandwidth usage
and speedups on modern hardware architectures.

(Chapter 4) Rosko: Sparse Matrix Multiplication for Machine Learning Workloads describes

Rosko (Row Skipping Outer Products for Sparse Matrix Multiplication Kernels), an approach for



efficient matrix multiplication in the presence of moderate sparsity commonly found in deep neural
networks. The chapter demonstrates how leveraging outer-products to skip zero computations can
deliver gains on contemporary deep learning workloads. In addition, careful pruning of insignificant
weights can induce efficient patterns of sparsity and further enhance performance.

(Chapter 5) Efficient Neural Network Computation with Rank-Sliced Gather-Scatter Acti-
vation explores how neural network weights compressed via singular value decomposition (SVD)
can be directly used for efficient inference. The method saves memory and computation through a
gather-scatter approach operating on SVD components. Additionally, the gather-scatter approach
is able to directly leverage sparsity in the SVD components to skip entire vector multiplication and
additions.

(Chapter 6) Two-Stage Pruning and Sparsity-Preserving Fine-Tuning for SVD-based Net-
works details a two-stage framework for training SVD-compressed networks: first by truncating

to a low-rank approximation and fine-tuning, then further sparsifying and performing sparsity-
preserving adaptation, thereby maintaining both efficiency and accuracy.

(Chapter 7) Block-by-Block Knowledge Distillation: Training Low-Rank blocks from Full-
Rank Blocks introduces a block-wise knowledge distillation paradigm, where low-rank blocks of

a student model are supervised directly by corresponding blocks of a full-rank teacher network,
enabling efficient and performant training of highly compressed models.

(Chapter 8) Leveraging Cloud Knowledge Locally: Lightweight Edge-Side Classification
with Cloud-Extracted Features presents a split-computing framework empowering resource-
constrained edge devices to benefit from powerful cloud-based extractors while maintaining user
privacy. The chapter demonstrates rapid and customizable local classification using cloud-provided
features, anchors, and user-side personalization.

(Chapter 9) Conclusion concludes this thesis and contains final remarks.



CAKE: Memory-Aware Block Shaping for
High-Performance Blocked Matrix

Multiplication

Matrix multiplication lies at the heart of scientific computing and modern artificial intelligence,
serving as a backbone for applications ranging from physics simulations to deep neural networks.

In demanding workloads such as transformers, matrix multiplications often represent a major com-



putational bottleneck: limited not by raw arithmetic throughput, but by the ability of the memory
system to keep up. For this chapter, we focus on CPU architectures as they represent a more general
computing paradigm.

A central challenge is managing the movement of data through the memory hierarchy, where
bandwidth constraints frequently throttle performance. Traditional matrix multiplication methods
make inefficient use of available memory bandwidth, leading to bottlenecks as matrix sizes scale.

In this chapter, we introduce CAKE, a matrix multiplication approach designed to alleviate these
memory bottlenecks. The name “CAKE” reflects our approach of dividing computational work,
like slicing a cake, so that each compute core is optimally served a portion sized to its memory and
bandwidth, ensuring that no core is left waiting.

The premise of CAKE is to tile the computation into blocks. Block shapes are carefully chosen
to maximize arithmetic intensity, ensuring each memory access enables as much computation as
possible (subject to local memory sizes). By optimizing the block sizes and shapes, as well as the
computation scheduling, we can increase the number of compute operations per memory transfer
while still reducing overall memory bandwidth requirements for the operation.

This approach can ensure bandwidth usage stays below a target external memory bandwidth.
Given a specific number of processing cores and overall memory system constraints, CAKE adapts
the shape of computation tiles to balance the ratio of memory accesses to compute time, effectively

matching the data supply rate to computational demand.

2.1 INTRODUCTION AND MOTIVATION

Over the last two decades, interest in machine learning-based applications has continued to grow.
In response, hardware such as Google’s TPU [9] have emerged to meet this new need. However,

the memory wall [10] remains a fundamental problem faced by all computing systems. Attempting



to tackle the memory wall from the hardware perspective, for example, adding more local memory,
is difficult and costly. Instead we focus on the software, we can maximize data reuse in the local
memory to alleviate this disparity between memory and compute. Often, the computation schedule
is found through a grid search of the parameter space, which becomes computationally intractable
for large systems.

Matrix-matrix multiplication (MM) underlies many computational workloads in scientific com-
puting and machine learning. For example, most computations in the forward pass of a convolu-
tional neural network consist of one matrix multiplication per convolutional layer between the
inputs to and the weights of a layer (see, e.g., [11]). Computation throughput for matrix multipli-
cation depends on processing power, local memory bandwidth (e.g., between internal SRAM and
processing cores), local memory size, and DRAM bandwidth. However, performance gains from
increasing processing power are limited by the other three factors. For example, DR AM bandwidth
may become the limiting factor as more processing power is added.

Current approaches to matrix multiplication (e.g., Goto’s algorithm [12]) are designed for sys-
tems where memory and compute bandwidth are presumably balanced for target workloads. How-
ever, there is a need for a new approach that can adapt to architectures with differing characteristics.
These architectures may arise as a result of emerging technologies such as special-purpose accelera-
tors [13, 14], low-power systems [15, 16], 3D DR AM die stacking [17, 18,19, 20] and high-capacity
non-volatile memory (NVM) [21].

This chapter aims to address the imbalance of computation power and memory bandwidth
through scheduling. CAKE demonstrates that scheduling can improve computation throughput
for matrix multiplication on a variety of computer architectures (Intel, AMD and ARM). Sec-
tion 2.3 gives an overview of matrix multiplication and introduces the block framework. In CAKE
[2], we used two scheduling techniques to increase computation throughput over state-of-the-art

matrix multiplication libraries on fixed hardware. The first is block shaping and sizing, described



in Section 2.4. Prior block shaping methods like autoblock [22] increase arithmetic intensity by
growing one dimension of the block but this approach does not account for memory bandwidth.
We are able to control the arithmetic intensity by shaping and sizing the computation performed in
local memory to match computation time with external memory accesses. The second technique is
to select the order of block computations to maximize data reuse between blocks in local memory
(Section 2.5). Compilers such as [23, 24] schedule a matrix multiply by creating an iteration space
based on nested loops, and minimizing the number of iterations between accesses to the same ele-
ment. By accounting for the block shape and size when scheduling, we are able to further reduce
external memory accesses, on top of minimizing distances between redundant memory accesses. In

Section 2.6, we present a performance evaluation of the two techniques on a desktop processor.

2.2 Wuy THE NaME CAKE?

In CAKE, we partition the matrix multiplication computation space—a 3D volume of multiply-
accumulate (MAC) operations—into a grid of computation blocks. These blocks are scheduled and
then sequentially executed across multiple compute cores (Figure 2.1).

This scheme is analogous to how a host cuts and serves a “cake” to their guests. Here, the size of
the cake represents the total computational workload to be performed. The surfaces of each slice
correspond to the amount of data exchanged between different levels of memory: the input/output
(IO) required to move data in and out of local storage. Each guest is given a plate, which represents
the limited local memory available to each compute core.

To consume the entire cake as quickly as possible, each guest must receive a steady stream of cake
without waiting. In our analogy, the rate at which the host serves cake must match the guests’ rate of
consumption, just as in CAKE the scheduling and division of computational blocks is orchestrated

to keep all cores busy and maximize throughput, minimizing idle time due to waiting for data.



Processor External memory

|_Core | | Core | tocalmemory | Core || |
| | L1 cache L1 cache L1 cache E | \
i — t i || | DRAM |
' e o o o \
|| L2 cache L2 cache L2 cache | | '
— : — | ! !
! I} ' ' N I !
L3 cache, last level cache (LLC) - I

Figure 2.1: Computing architecture with many cores, multiple levels of local memory, and external memory.

This cake-cutting analogy captures the goals and principles of the CAKE algorithm: carefully
partitioning and distributing work such that every processing element is optimally served, making

the most efficient use of local memory and minimizing data transfers.

2.3 BACKGROUND ON MATRIX MULTIPLICATION

Consider a matrix multiplication between matrices 4 and B, where A4 is size M x K and Bis size

K x N. The matrix multiplication can be computed via a set of vector operations using one of

the two strategies. That is, we can obtain the matrix multiplication result C through A1 - N inner
products between M row vectors (size 1 X K) of 4 and N column vectors (size K x 1) of B, or
summation of K outer products between column vectors (size M x 1) of 4 and the corresponding
row vectors (size 1 X IN) of B. Algorithm 1 defines matrix multiplication where reduction occurs on

dimension K.

@ ]x[ |- o[ ||-C
A tile B tile C tile A tile B tile C tile

Figure 2.2: (a) Outer product and (b) inner product tile MM. The dots in C represent elements computable with the

eee

highlighted columns and rows of the red 4 and blue B tiles. Outer products compute partial results for a C tile using a
column vector from the A tile and a corresponding row vector from the B tile. Inner products fully accumulate a single
C element using a row vector from the A tile and a column vector from the B tile.
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Outer products (Figure 2.2a), unlike inner products(Figure 2.2b), yield partial result matrices
which will be summed together to produce C, allowing reuse and in-place accumulation. In the
A x B example (Figure 2.3), there are K outer products between vectors of size M/ x 1and1 x N,
which each produce partial result matrices of size A X N. Partial results are accumulated across the
K dimension (reduction dimension). Note that we may store the intermediate partial result matrix
locally to be accumulated in place with forthcoming partial result matrices. Thus, the locally stored

intermediate results are reused K times.

Algorithm 1: Matrix Multiplication (Outer Product Strategy)

fori=1— Mdo
forj=1— Ndo
fork=1— Kdo
| Cli) «— ClA[] + AlA][k] - BlR][f];

@ ) B
M A X K B =M C
t
(b) N (c)
5 =
f
A C — [

M

Matrix multiplication

Outer products
Figure 2.3: (a) C = A X B matrix multiplication. (b) Computation space represented as an M X K x N 3D volume
of multiply-accumulate (MAC) operations as defined by Algorithm 1. (c) Computation space as an accumulation of outer
products.

The computation space for C = A4 x Bisa 3D volume of M x N x K multiply-accumulate

(MAC) operations depicted in Figure 2.3b. The volume shown in Figure 2.3b is determined by
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3 IO surfaces: we consider matrix 4 as being on the “left” side, matrix B being on the “top”, and

matrix C being the “back wall”.

2.3.1 Brockx FRAMEwWORK FOR MM COMPUTATION

If a computing platform has a sufficient local memory (internal memory) to hold the 3 IO surfaces,
all MAC:s in the 3D computation space may be completed without any additional IO operations.
For large matrix computations exceeding local memory capacity, the computation space must be
partitioned and computed in smaller blocks, whose results are later combined.

As shown in Figure 2.5, we partition the A4 x N X K computation space into smaller blocks of
m X n X kelements. Section 2.4 describes how block dimensions are calculated based on available
resources, such as total available computing power and external DRAM bandwidth. Computation
of a block may be viewed as a sum of £ outer products, for multiplying the two corresponding sub-
matrices within the larger matrix multiplication computation space. The computation yields the
back wall of the block. Block computations result in 72 X 7 sub-matrices which, when accumulated
together, yield a portion of the final matrix C. Matrix addition is commutative, so computation
order for blocks in the computation space does not matter for correctness.

All cores in the processing grid (depicted in Figure 2.5b) work in parallel, on input tiles at the
rate of one tile result per unit time for each core, to compute a block by performing & outer prod-
ucts. Each core works through the N-dimension of the block computation space, producing a row
of partial results by computing tile-wise multiplications between a single 4 tile and 7 B tiles. It is also
possible to compute computation blocks in the A1 or K-dimension but we focus our presentation
on the N-dimension. Each column of cores in the grid (e.g., cores 1, 5, 9, 13 in Figure 2.5b) com-
putes an outer product between a sub-column of 4 and a sub-row of B to produce a partial result
sub-matrix. The resulting sub-matrices are accumulated, yielding a partial sub-matrix which will be

further accumulated with results from other blocks.
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Intra-block data movement is reduced by each core sequentially reusing one 4 tile with many B
tiles. The B tiles are broadcast to cores in the same column to maximize intra-block reuse. Partial re-
sults are summed along the K dimension (towards the back of the computation space), maximizing
reuse via in-place accumulation.

As noted earlier, a block is defined by three IO surfaces: an input surface 4 of size m X k, an
input surface B of size £ X 7, and a result surface C of size m X n. Surfaces 4 and B correspond
to the aforementioned sub-matrices within the larger matrix multiplication computation space.
Depending on the location of the block within the computation space, result surface C will consist
of either partial or completed reduction results.

For each block, the total external memory IO and required local memory size are both equal to
the sum of the three IO surfaces. External memory bandwidth requirements may be determined
from the computation time of the block. When the block is shaped properly (see Figure 2.4), the
IO time for the three surfaces will match the computation time of the block, allowing IO to overlap
computation that fully utilizes available processing power.

IO requirements are further reduced when sequentially computed blocks share an 10 surface
(i.e., the blocks are adjacent within the computation space). The surface can be kept local (station-
ary): the following adjacent block can reuse the surface without needing to fetch it from external
memory. We assume that each C-tile requires two IO accesses, one to read it and another to write it
back to external memory. Furthermore, if the surface is a partial result surface, the previous block
does not need to write back the results to external memory before the next computation. IO sur-
faces can be shared in the A4, N, or K-dimension, and IO cost is minimized when the largest IO

surface is reused most frequently.
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Figure 2.4: Changing the shape and size of a block can keep a block’s external bandwidth (B 1) constant when in-

equal in all cases:

creasing the computation throughput (CT) by increasing core count. The block gets taller and wider, matching /O and

computation time 7 as volume (V) changes. We only factor in the 10 of the 4 and B surfaces as we assume the 3rd
surface Cis kept stationary. Note that arithmetic intensity is V/]O. Since V/IO = % = BC—MT/, and constant

bandwidth blocks in (a), (b) and (c) have equal B and increasing volume, they have increasing arithmetic intensity.

Importantly, computation throughput is V/T. Thus, CB blocks in (a), (b) and (c) have increasing computation throughput

4m

2
at 242 zf” = 2mk, and ’DPLnlm = pmk, respectively.

n

= mk,

2.4 COMPUTATION BLocCk SHAPING

A constant bandwidth (CB) block is a block (described in Section 2.3.1) with dimensions (7, mz, k)
shaped and sized according to the external bandwidth and available compute resources (as seen in
Figure 2.4). CB block shaping provides control over arithmetic intensity (AI), allowing us to
match external IO time with computation time. Al is defined as the ratio of computation volume
to data transferred, which is equivalent to the ratio of computation throughput (CT) to external
memory bandwidth (BW): A7 = BCTTV' Therefore, we can, for example, increase CT or decrease
required BW by using CB blocks to control AI. We can also increase the size of the CB block to
leverage any additional BW and decrease internal memory size requirements.

Consider a computing architecture with a number of cores, each performing one tile multiplica-
tion per unit time. As seen in Section 2.3.1, each core handles one tile from A4, so the number of tiles

in the A4 surface (size m X k) of a CB block is equal to the number of cores. The size of k£ determines
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how many cores contribute their partial results for accumulation. In this analysis, we assume £ is a
fixed optimal value calculated from available external bandwidth (Section 2.4.2). Given k, we can
compute 7 so that m - k is the number of available cores (Figure 2.5a and 2.5b). We reflect an in-
crease in the amount of cores used in p (e.g., when trying to increase CT by doubling the number of
cores used, p would increase by a factor of 2). To reduce the number of variables in our analysis, we
set 72 to a multiple of &, based on the number of available cores (i.e., m = pk), but m does not need
to be a multiple of 4.

Thus, the CB block shape is defined by m = pkand n = apk where« > 1and k are unitless
constants calculated from available external memory bandwidth (see Section 2.4.2). When external
memory bandwidth is low, raising « increases block computation time, thereby decreasing the CB
block’s external bandwidth requirement (BW). When there is sufficient external bandwidth, « is set
to 1.

To compute a CB block in the N-dimension, each core is first loaded with one A4 tile. B tiles are
then streamed to each core from local memory (e.g., L3 cache). The CB block is shaped to have ex-
actly one 4 tile per core, keeping A tiles stationary, to reduce local congestion. Results are accumu-
lated between cores and cycled back to local memory (e.g., L3 cache) for reuse and moved to external
DRAM when complete. The computation time 7'for a CB block is # = apk unit times because
each core is assigned to compute 7 tile multiplications.

Alternatively, we can compute a CB block in the M or K-dimension, resulting in a CB block
computation time of £ or 7 unit times, respectively. Computing CB blocks in alternative direc-
tions may be advantageous on certain architectures. For example, computing CB blocks in the K-
dimensions is preferable when doing in-place accumulation. In this analysis, we do not factor in

accumulation time as we assume accumulation can be overlapped with multiplication.
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2.4.1 INTERNAL MEMORY S1ZE REQUIREMENT

A CB block consists of 3 1O surfaces that must be stored locally. The IO for each surface is equal
toits size. For 4,104 = pk - k = pkz. ForB,10p = k - apk = ap/ez. For result surface C,
I0¢ = pk - apk = ap*k*. The internal memory size requirement is simply the combined size of the
surfaces:

MEMz‘ntﬁmal = [OA + [OB + Iopartz‘ﬂl = %sz +pk2 + ap2/€2

To increase the target processing power p-fold, internal memory size must increase by a factor of p2

(due to the third term, ap*£?).

2.4.2 EXTERNAL BANDWIDTH ANALYSIS

We may compute the minimum external bandwidth required for a CB block based on the external

IO for its 4 and B surfaces, using the following equation, where 7'is the block computation time:

B sz‘n =

104+ 10 — apk? + pk? — <” + 1) - k tiles/cycle
T apk a
Increasing « allows us to compensate for low external bandwidth but increases both computation
time and required local memory size. Partial result IO is not considered since results are held locally.
We define external bandwidth as BIW,,, = R - ktiles/cycle, where R > 11isa constant cap-

turing the difference between available external bandwidth and the minimum bandwidth defined
previously. We satisty the minimum external bandwidth requirement when BW,; > BW,,;,, or
a> ﬁ.

Now consider the case when more processing power is available (e.g., when the number of cores

increases from 16 to 32, as in Figure 2.4). We choose to increase the N and A4-dimensions by a fac-

tor of p = 2 because IO and computation time will increase by the same factor. BI¥7,,;, does not
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depend on p, which increases both computation and IO time equally. As a result, we can increase
the number of utilized cores (pk?) while keeping the same external bandwidth requirement (see Fig-

ure 2.4).

2.43 INTERNAL BANDWIDTH REQUIREMENTS

Recall that the local memory holds 3 1O surfaces: two input surfaces and one result surface. During
a CB block computation, each input surface is read once and loaded onto the cores. The partial
result surface is accessed twice: once for reading and once for storing new partial results. We see the

internal bandwidth must be at least:

104+ 10p + 21 Opam'zzl
T

= Rk + 2pk tiles/cycle

Thus, as the number of cores (pk*) increases, internal bandwidth must increase proportionally (due

to the second term, 2pk) to match external IO time with computation time.

2.5 COMPUTATION BLock SCHEDULING

Along with shaping the CB block we must also schedule the order of block computations such
that adjacent blocks are computed in sequence which minimizes external memory accesses. Using
both the CB block shape and size and the matrix multiplication operand dimensions we can pick a

schedule which minimizes external memory accesses.

2.5.1 CHO0OSING Loor ORDERING BASED ON IO (MEMORY ACCESSES)

To illustrate how loop order impacts external memory accesses, we demonstrate the difterence in

total external memory accesses for two loop orders of the same matrix multiplication.
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Figure 2.5: (a) Block defined by input and output surfaces: a blue A4 input tile (£ X z), a green B input tile (z X k), and a
gray C output tile (72 X 7). (b) Grid of 16 processing cores. Red numbers represent individual cores. (c) Block-partitioned
computation space for an MM between M X Kand K X N matrices. (d) Rotated view of a slice of the computation
space. The black numbers represent the order of execution for blocks in a K-first schedule.

Referring to the partitioned multiplication between an A1 x K matrix 4 and a K X N matrix B de-
scribed in Figure 2.5, the total IO for a given loop order can be computed as a sum of the streaming

(data fetched between each block) and stationary IO (data reused between blocks):
(# OfblOCkS) . (IO:trmmz'ng per blOCk) + [Oxmtz‘onary

For an N-first schedule (V as the inner loop), our total 1O is:

(mn + nk) + M %(mk)

m

&
1 1
:MKN< + > + MK
m k
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For an M-first schedule, our total IO is:

M K N K N
IOM—ﬁrst = Z . ; . ;(Wlk‘" mn) + ; . ;(kn)
= MK (1+1)+KN
ko n

Consider an matrix multiplication between 4 and B where M > N, K computed with square
tiles (# = m = k). Computing the matrix multiplication in the N-dimension first requires more
total external memory accesses than if we computed in the A1-dimension first. In comparison, the
M-first order has less IO since B tiles can be reused % times, which is more than other directions
because M > N, K. The streaming term of the IO function is independent of loop order when
tile sizes are equal. The stationary term of the IO function is dependent on loop order because the
matrix multiplication size determines stationary IO. Figure 2.6 shows how choice of M-first or K-

first schedules impacts computation throughput for matrices where A1 or K is large.

(a) Computation Throughput For Large M (b) Computation Throughput For Large K
550+ _ 5501
3 3
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Figure 2.6: Computation throughput on an Intel i9-10900k for different schedules and matrix shapes. We fix two
dimensions at 576 and vary the third (M or K) from 500 to 20000. (a) shows that, when A{ is larger than N and K, the
M-first schedule minimizes 10 and achieves higher throughput than the K-first schedule. (b) shows the K-first schedule
is optimal when K is larger than /N and /1.
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2.5.2 CHO0O0SING Loor ORDERING BASED ON T1LE DIMENSIONS MINIMIZES EXTERNAL

MEMORY ACCESSES

Consider an matrix multiplication where M = K = N with non-square tile sizes: > k = m.

If we use the optimized loops for a square matrix given in [23], we obtain an N-first schedule. The
above N-first method does not account for non-square tile sizes and is therefore streaming more data
than necessary. In an N-first loop order, an A tile is kept stationary while B and C'tiles are streamed.
B and C'tiles are larger and thus require more IO to stream. We can reduce IO by going A-first

or K-first and streaming A tiles. For this example, A1-first and K-first are equivalent since all other
dimensions are equal. To minimize external memory accesses, tile size should be determined fzrsz
instead of tiling afzer determining loop order.

After determining a tile size, there is sufficient information to calculate both the streaming and
stationary IO costs of any loop order. Tile size determines the number of memory accesses asso-
ciated with streaming and the size of 4 and B determines the memory accesses associated with the
stationary data. A loop order that minimizes external memory accesses may be selected by calculat-

ing the memory accesses for each of the 6 possible loop orders of M, K, N.

2.5.3 REUSE BETWEEN DIMENSIONS

To allow inter-block reuse between different dimensions (e.g., between K and M), the computation
space traversal must “turn” every time it completes a dimension. Consider the loop order: N, M, K.
If the loops always started at the 0 index of a dimension, no 4 or B surfaces would be reused, leading
to O(MN + N) missed IO surface reuses. The traversal direction flips after each dimension to allow
for IO surface reuse, shown in Algorithm 2. Note the pseudocode assumes N > M, when M > N
the outer two loops are switched because the 4 surfaces should be reused before the B surfaces. The

algorithm defines the K-first computation order of blocks, which sweeps the space of computation
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space by first traversing the K-dimension to maximize partial result reuse, then the A4-dimension to

reuse A4, and lastly the N-dimension to reuse B.

Algorithm 2: K-first block partitioning algorithm

// Get the number of blocks in each dimension
Mb :M/m;Nb = N/i’l;Kb = K/k
forn,;,, = 0,1,...to N, — 1do
// Flip direction of M traversal for A reuse
if 7, mod 2 == 0 then m,,, = 0; m,,qu = My;
else m,,, = My; m,q = 0;
for m, ;. = m,,.to m,,,; do
// Flip direction of k traversal for B reuse
if 7,5, mod 2 == 0 then ;
if m,;, mod 2 == 0 then k,,,, = 0; k,,u = K3
else ke = Ky kena = 0;
else
if m,;, mod 2 == 0 then k,,, = K}; kppy = 05
else kxtart =0; /eend = Ky;
for k. = kyups to kg do
// Compute inner block multiplication
C[mz'dx * m] [nz'dx * n] + = A[Wlidx * m] [/eldx * k] X B[/eidx * /e] [nidx * }’l];

2.6 EVALUATION

This section showcases results from [2], where the techniques described in Section 2.4 and Sec-
tion 2.5 are combined. Current state-of-the-art matrix multiplication algorithms are based on
GOTO’s algorithm [25] and are bounded by external memory bandwidth.

We implemented CAKE in C++ for use in our evaluations. Our implementation uses the BLIS
kernel library [26] to execute matrix multiplication at the tile level on CPU SIMD registers. BLIS
was chosen for its portability across CPU architectures, enabling CAKE to act as a drop-in GEMM

library on multiple platforms.
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We compare CAKE to OpenBLAS when computing a matrix multiplication between two large
23040 x 23040 matrices on an AMD Ryzen 5950X CPU. OpenBLAS was chosen for the AMD
CPU because it is an optimized library using GotoBLAS and outperforms MKL [27] on non-Intel
hardware [28]. We use AMD uProf [29] to measure DR AM bandwidth and computation through-
put. However, due to the lack of an available DR AM access counter on this CPU, DRAM accesses
during matrix multiplication are estimated using the PMU counter for L1 data cache refills.

Figure 2.7c shows internal bandwidth between the L3 cache and processor cores increases roughly
proportionally by 50 GB/s per core. CAKE takes advantage of the increasing internal bandwidth to
achieve peak computation throughput without increasing DR AM bandwidth usage beyond 9 cores
(Figures 2.7a and 2.7b). Since the CPU’s internal bandwidth and DR AM bandwidth are sufficient,
both CAKE and OpenBLAS can increase computation throughput when adding more cores, but
OpenBLAS uses more DRAM bandwidth than CAKE.

We include extrapolations for expected performance for CAKE and OpenBLAS [30], again as-
suming internal memory bandwidth continues to increase proportionally with the number of cores

while DRAM bandwidth remains fixed in Figures 2.7b and 2.7c.

(a) DRAM Bandwidth in CAKE vs OpenBlas (c) Internal Bandwidth On AMD CPU

(b) Computation Throughput of CAKE vs OpenBlas
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Figure 2.7: MM between two 23040 X 23040 matrices on an AMD Ryzen 9 5950X CPU using CAKE and OpenBLAS. (a)
Unlike OpenBLAS (black), CAKE (red) does not need to increase DRAM bandwidth to utilize more cores. On this CPU,
DRAM bandwidth is estimated from the number of L1 cache-line refills from DRAM. (b) CAKE matches OpenBLAS's
peak performance, but with a smaller DRAM bandwidth requirement, as seen previously. (c) Using pmbw, we mea-
sured internal bandwidth between the L3 cache and cores. The 5950X has high internal bandwidth between L3 cache
and cores. This bandwidth grows roughly linearly with the number of cores. Consequently, we see in (a) that CAKE's
required DRAM bandwidth stays constant past 9 cores, and in (b) that sufficient internal bandwidth enables CAKE to
achieve high computation throughput. The dotted extrapolation lines assume internal memory bandwidth increases
proportionally for each additional core, local memory size increases quadratically, and DRAM bandwidth is fixed.
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2.7 CONCLUSION

My work in this section demonstrated that scheduling can help address bottlenecks in the memory
hierarchy by minimizing data movement. By using constant-bandwidth (CB) blocks we are able to
automatically schedule matrix multiplication without the need for large parameter searches. The
next chapter (Chapter 3) shows how this matrix multiplication work is extensible to a broad class of

computations expressible as nested loops with static loop bounds.
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Multi-CAKE: Extending CAKE to

Higher-Order Tensors

In the previous chapter, CAKE introduced a novel technique for efficient matrix multiplication
based on constant-bandwidth block structures, focusing on the classic three-loop formulation. This
chapter presents multi-CAKE (mCAKE), a natural extension that broadens these ideas to accom-

modate tensor contractions and computations with an arbitrary number of nested loops. We chose
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the name multi-CAKE since the computation becomes a set of multiple CAKEs from the previous
chapter (depicted in Figure 3.3).

mCAKE addresses the rapidly expanding search space that arises as we move beyond three-
dimensional matrix multiplication to more general multi-dimensional tensor operations, a common
scenario in modern machine learning workloads, such as convolutional layers and transformer mod-
els. While this greater complexity might suggest the need for increasingly elaborate optimization
strategies, NCAKE demonstrates that we can still achieve optimal bandwidth usage by simply apply-
ing the CAKE kernel to the innermost three loops. This not only streamlines the implementation
but also provides valuable insight: the innermost loops dominate data reuse and, thus, bandwidth
efficiency, regardless of the outer structure.

Throughout this chapter, we explore how mCAKE adapts the constant-bandwidth property of
CAKE from matrices to higher-dimensional tensors, and describe its practical relevance through
examples such as parallel matrix multiplications and generalized convolutions. By building on the
foundation laid by CAKE, mCAKE offers a path to efficient, scalable computation for a wide range

of advanced linear algebra operations.

3.1 INTRODUCTION

Matrix multiplication, covered in the previous chapter, is only the simplest member of a much
richer family of high-dimensional tensor operations. In practice, tensor contractions (e.g. Einstein-
summation) and direct convolutions dominate the arithmetic count of modern machine learn-
ing and scientific codes: forward passes of convolutional neural networks comprise dozens of 2-
D convolutions per layer [11], and contractions account for more than 99% of the floating-point
operations in some transformer workloads [1]. Achieving high performance for these kernels on

multi-core CPUs is now primarily limited by off-chip memory bandwidth, not by raw computational
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throughput: a widening “memory wall” illustrated in Figure 3.1.
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Figure 3.1: Ratio of computation throughput (Tput) to off-chip DRAM memory bandwidth (BW) for server-class (Intel
Xeon) and embedded (ARM Cortex-A) processor families over the years. Each data point represents a particular archi-
tecture version and was collected from [31, 32].

Classical compiler optimizations, namely #/ing (blocking) and loop reordering, reduce data move-
ment by reusing data that fits in on-chip caches [33, 34, 35]. Unfortunately, the design space ex-
plodes: for an L-level memory hierarchy and an #-deep loop nest, the number of tile size and per-
mutation choices grows exponentially. Therefore state-of-the-art approaches rely on heuristic
search [36, 37], auto-tuning supported by analytical cost models [38, 39], or pruning via linear

programming—all costly and still not guaranteed to minimize data movement.

FroMm CAKE To MULTI-CAKE. The CAKE framework in Chapter 2 demonstrated that, for
the three-loop matrix-multiplication kernel, one can derive a constant-bandwidth schedule analyt-
ically, removing the need for auto-tuning [2]. This chapter extends that philosophy to arbitrary
n-deep loop nests (tensor contractions and £>3-D convolutions). Our method—multi-CAKE

(mCAKE)—selects the three innermost loops with the highest reuse potential, applies CAKE to
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them, and derives analytical tile sizes for the outer loops so that total DR AM traftic is provably min-
imal under the given cache capacity.

For convolutions whose stride is smaller than the kernel (stride = 1, kernel 3x 3, etc.), common
“lowering” techniques replicate input patches and inflate memory traffic. nCAKE instead works

directly on the native tensor layout, avoiding duplication (Section 3.5).

WHY AN ANALYTICAL MODEL MATTERS. Modern CPUs provide ample arithmetic throughput
and on-chip bandwidth; off-chip DR AM, however, improves slowly (Figure 3.1). An analytical

schedule that guarantees near minimal DRAM traffic allows performance to scale with added cores
without increasing memory bandwidth. Keeping memory bandwidth low is critical for both speed

and energy. This comes with the drawback of needing increased local memory.

CONTRIBUTIONS OF THIS CHAPTER

* We derive an analytic tiling model —mCAKE—that minimizes DR AM traffic for deep,

multi-level loop nests on multi-core CPUs, entirely eliminating design-space exploration

(Section 3.4).

¢ We extend CAKE’s three-loop schedule to tensor contractions and direct convolutions, in-

cluding stride-1 kernels without data replication (Section 3.5).

* We empirically demonstrate higher throughput and lower DRAM bandwidth than state-
of-the-art auto-tuned and model-search methods on several Intel and ARM processors (Sec-

tions 3.6.3 and 3.6.4).

The remainder of the chapter is organized as follows: Section 3.2 reviews loop-tiling fundamen-
tals; Section 3.4 details the mCAKE analytical model; Section 3.5 specializes the model to direct

convolutions; Sections 3.6.3 and 3.6.4 present experimental results.
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3.2 BACKGROUND AND NOTATION

This section reviews the two core kernel families targeted by mCAKE, namely tensor contractions
and direct convolutions. It also establishes the notation used throughout the chapter. A brief recap

of matrix multiplication is included only insofar as it clarifies terminology.

3.21 MATRIX MULTIPLICATION (RECAP)

A matrix multiplication C «— C + AB with 4 € RM*X and B € RE*N performs MKN multiply—
accumulate (MAC) operations. Conceptually this is a three-loop nest over indices (7, 7, k). Tiling
partitions the iteration space into m X n X k computation blocks, each operating on tiles of 4, B, and
C that fit in on-chip memory. Data held for reuse is called stationary; data streamed from or to

DRAM exactly once per block is called streaming.

3.2.2 TENSOR CONTRACTIONS

Tensor contraction generalizes GEMM to higher ranks by reducing over one or more paired indices.

For example,

Cla,b,c;d) = Y Ala, b, k) Blk,c,d|
k

is a six-loop computation (three in 4, three in B) that reduces over k. In Einstein notation we write
abcd-kcd-abk. The search space for loop orders and tile sizes grows combinatorially with tensor

rank, motivating an analytic schedule such as mCAKE.

3.2.3 Direct CONVOLUTION VS. GEMM-CONVOLUTION

Convolution is an operation prevalent in machine learning for extracting features of images. A con-

volution layer works by sliding and applying filters over the input data to detect patterns. For exam-
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ple, a single convolution filter might detect vertical lines when applied to an input image.

For a 2D image, each filter is a 3D tensor that is multiplied element-wise with many input patches.
In order to take advantage of existing high-performance GEMM kernels [40], the convolution op-
eration is typically computed as an matrix multiplication between a weight and data matrix [11].
Traditional im2col incurs data replication linearizing overlapping patches. Elements that are a mem-
ber of multiple patches will be duplicated in the linearized data matrix. Figure 3.2 shows an example
of this data replication.

The replication results in an expanded data matrix in the off-chip DRAM memory which in-
creases DR AM bandwidth usage since the same values are copied multiple times. In addition, du-
plication may also decrease the effective usable cache size. Instead of reusing an element in cache
multiple times, elements are replicated once for every patch that they are a member of. Particularly,
on resource constrained devices, such as those used in TinyML, wasting memory bandwidth and
cache space with duplicated values will usually reduce computation throughput and limit model
sizes.

To avoid data duplication, techniques such as indirect convolution [41, 42] have been proposed.
More generally, methods such as direct convolution [43] implement convolution as a set of nested
loops (shown in Algorithm 3). Using mCAKE we can generally optimize schedules for sets of
nested loops, such as the 6 nested loops of direct convolution to decrease off-chip memory accesses.
That is, nCAKE selects the 3 innermost loops to maximize on-chip data reuse and then analytically

derives tile sizes for the 3 innermost loops.
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Kernel 1 Kernel 2 Kernel 3

l Linearize

im2col
X 111213
Linearized im2col Linearized
Data Matrix Kernel Matrix

Data Matrix
Figure 3.2: (a) 3D input data is linearized into a data matrix via im2col. im2col creates a vector for each patch (labeled

A-D). When the stride size is less than the kernel size patches will overlap. Values belonging to multiple patches are
replicated in the data matrix. In this example, elements in the middle of the input data tensor belong to three patches
and are therefore replicated 3 times in the data matrix. (b) the weight matrix is formed by linearizing each kernel (filter)
into a vector which is compatible with the im2col linearization in (a).

3.3 RELATED WORK

3.3.1 VENDOR LiBRARIES AND HAND-TUNED KERNELS

Commercial libraries such as Intel MKL and oneDNN offer highly optimized GEMM, convo-
lution, and tensor—contraction routines [27, 44]. Their speed derives from architecture-specific
micro-kernels and an extensive catalogue of schedules and data layouts. Scaling to many cores, how-
ever, typically follows the Goto—style strategy of replicating tiles among threads, thereby increasing
off-chip DRAM traffic in proportion to the core count [25]. On bandwidth-constrained systems this
yields sub-linear speed-up and significant energy cost [2]. mCAKE instead fixes a constant DRAM
traffic budget and exploits on-chip cache bandwidth—sufficient on modern CPUs while generating

pure C code, avoiding hand-written assembly.

30



3.3.2 TriLe-S1zE SEARCH AND ANALYTICAL COST MODELS

Recent frameworks narrow the search space of loop permutations and tile sizes via analytical mod-

els, then call a linear or MILP solver to pick tiles at each cache level (e.g. ACMTC [38] and HPCRL [39]).
Because the solver is invoked hierarchically, optimality at one level does not guarantee global op-

timality, and in practice some of the generated schedules 7ncrease DR AM traffic (Section 3.6.3).
Moreover, cache bandwidth is rarely the bottleneck on current CPUs; a model that minimizes cache
traffic can under-utilize the very resource that is most abundant. mCAKE sidesteps this issue by

targeting the single scarcest resource— off-chip bandwidth—and derives tile sizes analytically.

3.3.3 PoOLYHEDRAL COMPILATION

Polyhedral compilers (e.g. Polly [45], Pluto [46], MLIR affine [47], Tiramisu [36]) express loop
nests as integer polyhedra and apply affine transforms to improve locality and parallelism. Although
matrix multiplication, tensor contractions, and direct convolutions are affine, choosing tile sizes
that meet a quantitative bandwidth budget is zon-linear and thus falls outside the pure affine frame-
work. Consequently, state-of-the-art polyhedral compilers resort to auto-tuning or grid search,
often with considerable programmer intervention, yet still lag vendor libraries in speed. By contrast,
mCAKE achieves competitive or better performance without any design-space exploration and with

minimal programmer effort.

3.4 MCAKE: ExTeENDING CAKE 1O DEEP LOOP NESTS

Figure 3.3 gives a visual summary of the multi-CAKE (mCAKE) pipeline. Starting from an 7-deep

loop nest (Figure 3.3a) we:

* Pick the three innermost loops to maximize data reuse (Section 3.4.1).
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* Apply CAKE to those loops, obtaining a constant-bandwidth block shape that fits in the

on-chip memory (Section 3.4.2).
* Permute the three loops to minimize total DRAM traffic for that block (Section 3.4.3).

* Treat the remaining outer loops as instance generators: each outer iteration launches a new

CAKE-optimized inner kernel (Figure 3.3f-g).

The result is a fully analytic schedule that delivers constant or near-constant DR AM bandwidth,

yet requires 7o auto-tuning.

(a) (b) (c) (d) (e)
for 1 - X do for 1 - X do
for 1 - Y do for 1 - Y do for 1 - Y do for 1 - Y do for 1 — Z do
forl >Zdo —>» forl—+Zdo —> forl—>Zdo —> forl »Zdo —> forl—Y do
for 1 — U do for 1 — U do for 1 -V do for 1 -V do for 1 -V do
for1 -V do for 1 -V do
(f) (e) X (h) Y
for 1 — X do } ______ -7 Zﬂ
for 1 - U do 3D volume of MACs
AKE o be executed with
for152d0 c AT
for 1 Y do Instances Y
for 1 -V do -

Figure 3.3: mCAKE workflow. (a) Original 72-deep loop nest with reduction V. (b) Select three reuse-critical loops.
(c-e) Permute to make them innermost and apply CAKE-tiling. (f-g) Outer loops replicate the CAKE kernel. (h) Resulting
constant-bandwidth computation blocks.

3.4.1 SELECTING THE THREE INNERMOST LooPrs

The reduction index is the only dimension that both reads inputs and writes partial results; keeping
its tile stationary therefore offers the largest reuse opportunity. We thus require that az least one of
the innermost three loops be a reduction dimension. Among the remaining indices we choose the
largest one as the second innermost loop so that the stationary surface spans two large dimensions,
maximizing reuse. The third innermost loop is the largest of the leftovers; its tiles are streamed once

per block.
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3.4.2 TiLE Size via CAKE

With the loop triple fixed, we invoke CAKE’s constant-bandwidth blocking to derive an on-chip
block of size 7 x nx k (Figure 3.3h). To break the cyclic dependency between loop order and tile
size we temporarily assume that the reduction surface (partial result tile) is the stationary one; this
yields a valid CAKE block shape for any later permutation of the three loops. If the dimensions are
severely skewed the block may not be absolutely optimal, but Section 3.4.3 compensates by picking

the loop order that minimizes global traffic.

3.4.3 CHOOSING THE OrTiMAL INNER-LOOP ORDER

For a candidate permutation (7, 7, k) of the three innermost loops, total DRAM traffic is

10(z,7,k) = (#blocks) X (tilej + tilek) + Surface,»J, (3.1)
— Y =
H iy, /e}Pf stream stationary

where Py is the loop bound of outer index ¢, tile; is the size of the streamed tile along loop 7, and
surface; ; is the size of the stationary 7x j surface.” We evaluate (3.1) for all six permutations and select
the order with minimal traffic. Section 2.5.1 and Figure 2.6 demonstrate how this choice yields the
highest throughput for both A>>N, K (choose M-first) and K>>M, N (choose K-first) scenarios.
The outer loops (4™ and beyond) merely spawn CAKE instances; their order affects only a small

fraction of the runtime and is left unchanged.

3.4.4 QOUTER-LOOP ORDERING AND MEMORY-ACCESS LINEARITY.

Once the CAKE-optimized inner loop is fixed, opportunities for temporal reuse across oxter itera-

tions are minimal. Consequently, the choice of outer-loop permutation is driven less by reuse and

*A read and a write are counted as two accesses.
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more by how the tensor is laid out in memory. Ordering outer loops so that the fastest-varying in-
dex in memory is traversed innermost maximizes spatial locality and reduces TLB pressure, whereas
reversing that order can provoke strided or scattered accesses that waste pre-fetch bandwidth and
inflate latency. In practice we therefore align the outer-loop order with the physical storage order
of the operand that dominates streaming traffic (e.g. row-major vs. column-major), a consideration

that outweighs the marginal reuse available beyond the three innermost loops.

SUMMARY

mCAKE inherits CAKE’s constant-bandwidth guarantee while generalizing it to arbitrary tensor
contractions and direct convolutions. The method requires no search: loop-triple selection is rule-
based, the CAKE tile shape is analytic, and among six permutations the IO-optimal order is chosen
via Equation (3.1). Subsequent sections validate this schedule experimentally on Intel and ARM

CPUs.

3.5 MCAKE ror DIRECT CONVOLUTION

Direct (six-loop) convolution differs from GEMM in that an input element may participate in many
overlapping patches when the stride is less than the kernel size. Exploiting this reuse is critical to
improving on im2col-based GEMM, which duplicates such elements in DRAM (Figure 3.2). We

therefore treat direct convolution as a 6-deep loop nest and apply mCAKE exactly as in Section 3.4.

3.5.1 Loor NEsT AND CAKE MAPPING

Algorithm 3 shows the naive nesting (2, k£, b, w, 7, j). mCAKE chooses the three innermost loops
as (k, ,7) (large reduction space) and tiles them into constant-bandwidth 2, x , x 7, blocks (Al-

gorithm 4). The outer loops (b, m) spawn CAKE kernels across the output spatial grid and filter
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Algorithm 3: Original loops for direct convolution

Input:
* Cour X Cyy X Hp x Wrtilter F

* C;y X Hy;, X W, input feature map I/n
* stride s

Output: C,,; X H,,, X W,, output feature map Out
form =0to C,,, do

fork=0toC;, do

for»=0to H,,, do
forw=0to W,,do
for i = 0 to Hrdo
forj = 0to Wydo
Out|m][b][w] = In[k][h 5 + i][w * s + 7] x Fm][k][1][/]

bank.

3.5.2 DRAM TraFrriC FOR DIRECT CONVOLUTION

For a constant-bandwidth (CB) block of shape (pC,,,) x (HfW;Cy) x (pC,y,) (first two dimensions

stream, third is stationary), the off-chip accesses are

Iodirect = pCm C/e (HfVI/f + 1) .

Dividing by compute time 7' = MACs/(pf) = (pCyn)>HWCi/ (pf) gives a bandwidth require-

ment that does not grow with the core count p:

BWdirect ~ Cf
m
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Algorithm 4: mCAKE K-first direct convolution after tiling and loop reordering

Input:
* Cour X Cyy X Hp x Wrtilter F

e C;y, X Hy;, X W, input feature map I/n

* number of m, X k, X n, CB blocks in each dimension
Mb = Cam‘/mt;Kb = Cin/kt;Hb = Ham‘/nt

* stride s

Output: C,,; X H,,, X W,, output feature map Out
for h = 0to H, do
for m = 0 to M, do
for £ = 0to K, do
// parallelized CB block multiplication
forn = 0ton,do
for i = 0 to Hrdo
forj = 0 to Wrdo
for nn = 0 to W,,;/n, do
for mm = 0 to m,/m, do
// m, X n, outer product
(outer-product between the input and filter tiles)
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CPU L1 L2 L3 DRAM Cores LLCBW DRAM BW
Intel i9-10900K  32KiB 256KiB 20MiB 32 GB 10 225GB/s 40 GB/s
ARM Cortex-A72 32KiB  1MiB N/A 8GB 4 35 GB/s 3.5 GB/s
Table 3.1: CPUs Used in mCAKE Evaluation

35.3 Wnay GEMM ConNnvoLuTIiON CosTS MORE BANDWIDTH

In im2col GEMM each input value is replicated up to HyWWy times. Let C,,,, C, be the reduced tile
sizes that still fit in L2 after replication. The CB block now performs (pC;,)>HW;Cj, MACs but
must read rwo replicated tiles:

2

Ogemm = 29C, CHW = BWganm ~ -

Thus GEMM convolution needs > 2 x the off-chip bandwidth of direct convolution and provides

less FLOPs per byte because replication shrinks the usable tile.

Taxke-away. mCAKE retains CAKE’s constant-bandwidth guarantee for stride-1 direct convo-
lution: scaling to more cores increases compute throughput without raising DR AM traffic, whereas

GEMM-convolution remains bandwidth-bound and duplicative.

3.6 PERFORMANCE EvaLuaTION ON CPUs

We benchmark mCAKE on tensor contraction and direct convolution workloads across two archi-
tecturally distinct CPUs, measuring on-chip throughput (GFLOP/s) and off-chip DRAM band-
width (GB/s). Our goal is to show that mCAKE sustains near-peak computation while holding

DR AM traffic constant.
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3.6.1 CPU PLATFORMS

Table 3.1 summarizes the two test beds. Simultaneous multithreading (SMT) and dynamic fre-
quency and voltage scaling (DVFES) are disabled, and caches are flushed between runs. Results are

averaged over 50 trials.

* ARM Cortex-A72. A low-power quad-core with very limited DR AM bandwidth but am-

ple cache bandwidth—representative of embedded systems.

* Intel Core i9-10900K. Ten cores, large caches, and higher DR AM bandwidth, yet still

compute-heavy relative to memory.

3.6.2 IMPLEMENTATION DETAILS

Tensor-contraction and convolution kernels are written in C++ with ISA-specific intrinsics. The
inner three loops invoke the original CAKE kernel; no hand-tuned assembly is used. All packing or

data-layout transforms (including im2col) are timed and counted in bandwidth numbers.

3.6.3 TENSOR CONTRACTIONS

We benchmark mCAKE against ACMTC [38] and TCL [48] on the various tensor contractions
in TCCG suite [49] using a single core of the Intel i9-10900K. Dimensions for each contraction
appear in Table 3.2.

Baselines. ACMTC employs the Couenne MINLP solver [50] to pick architecture-specific tile
sizes at each cache level; we supply the exact cache capacities and bandwidths of our test CPU. TCL
performs explicit tensor transposes followed by MKL GEMM calls [27]. All layout transforms are

included in the timing and DR AM-traffic measurements collected with Intel VTune [51].
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(a) Computation Throughput for Various Contractions (b) Average DRAM Bandwidth
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Figure 3.4: Performance comparisons on Intel i9-10900K system for tensor contraction computations. (a) Single-core
computation throughput and (b) DRAM bandwidth of mCAKE, TCL [48], and ACMTC [38] on the TCCG [48] tensor
contraction benchmark measured on an Intel Core i9-10900K system. Table 3.2 shows the dimension sizes for each of
the evaluated tensor contraction problems. When the input tensors are larger, mCAKE performs better because inputs
may not fit in the CPU cache and minimizing off-chip DRAM memory accesses becomes critical.

Expression Problem size

abc-acd-db a:312 b:312 ¢:312 d:312
abcd-ebad-ce a:72b:72 ¢:24d:72 €72

ab-acd-dbc a:312 b:312 ¢:312 d:312

abcde-ecbfa-fd  a:48 b:32 ¢:32 d:24 e:48 £:48

abcd-aedf-bfce  a:72b:72 c:72 d:72 €72 £:72
Table 3.2: Tensor contraction problem sizes from the TCCG [49] benchmark used in Figure 3.4. We represent the prob-

lems using Einstein notation: output-input,-input; and give the size of each dimension on the right.

Observation. ACMTC’s hierarchical optimisation targets latency at each cache level indepen-
dently; DR AM traffic is not minimised globally. mCAKE, in contrast, shapes the #hree reuse-
critical loops to guarantee constant (and minimal) off-chip traffic, leading to higher GFLOP/s and
markedly lower bandwidth. As Figure 3.4(b) shows, ACMTC consumes up to 2x2x the DRAM
bandwidth of mCAKE, while mCAKE sustains the highest throughput across all TCCG contrac-

tions.
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3.6.4 DIREcT CONVOLUTION PERFORMANCE

We tested a CNN benchmark from HPCRL [52] containing 16 2D convolution operations from
ResNet-18 [53] and Yolo-9000 [54] networks. We show the specific layer configurations in Ta-

ble 3.3. On the Intel CPU, we compared mCAKE to Intel oneDNN [44], Intel MKL [27], and
HPCRL [39] and use the VTune Profiler [51] to measure throughput and average DRAM band-
width. HPCRL extends ACMTC’s method of searching for tile sizes to direct convolution in a
multi-core setting. On the ARM CPU, we compare mCAKE to ARM Compute Library’s GEMM-
based convolution [55] and collect performance data using the Linux perf Tool [56]. We use Perf

to record DRAM accesses by monitoring the ARM PMU event counter for L2 cache refills from
DRAM.

With GEMM-based convolution, im2col replication results in an expanded data matrix in the
off-chip memory, increasing DR AM bandwidth usage (ARMCL in Figure 3.5¢c). mCAKE uses
direct convolution so we load data shared by multiple patches only once, i.e., reuse the loaded data
across multiple overlapping patches. This allows mCAKE to achieve high performance relative to
GEMM-based convolution routines in Figure 3.5a (MKL GEMM). Since the Cortex-A72 CPU has
constrained DRAM bandwidth resources (see Table 3.1), nCAKE outperforms ARMCL on every
benchmark (Figure 3.5b) while also using considerably less DR AM bandwidth (Figure 3.5¢).

On the Intel CPU, mCAKE outperforms or matches the performance of oneDNN’s direct con-
volution for 14 out of the 16 CNN layers in the benchmark (Figure 3.5a). However for certain lay-
ers where inputs fit entirely in the CPU’s cache (e.g., Yolo9, Resnet2 in Table 3.3), nCAKE per-
forms worse than oneDNN. Since the Intel CPU has large cache capacity and DR AM bandwidth
resources, nCAKE attains smaller speedup gains from DR AM bandwidth minimization relative to

the ARM CPU.
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(b) Cortex-A72 Speedup in Convolution
Throughput w.r.t. ARMCL
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Table 3.3: Configuration of conv2d layers
Figure 3.5: Performance comparisons for convolution computation. (a) Speedup in computation throughput relative to

Intel MKL [27], oneDNN [44], and HPCRL [39] on an Intel Core i9-10900K system, (b) speedup in computation through-
put relative to ARMCL [55] on an Arm Cortex-A72 based system, and (c) DRAM bandwidth usage for the ARM system.
Results are for all unique convolution layers in Yolo-9000 [54] and ResNet-18 [53]. Table 3.3 shows the configurations
for each layer. We include all data layout transformations (e.g., im2col) when measuring performance.
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Figure 3.6: mCAKE'’s performance on direct convolution and tensor contraction problems where some or all inputs fit
entirely in CPU caches.

3.6.5 THROUGHPUT AND BANDWIDTH UsaGE WHEN SCALING CORE COUNT

In this section, we demonstrate the performance scaling of mCAKE by fixing the problem size and
growing the number of cores while measuring throughput and DRAM bandwidth usage (Fig-
ure 3.7). We use the Intel i9-10900K CPU and perform a fixed direct convolution with 3 x 3 filters,
a32 X 32 input image, 512 input and output channels, and a stride of 1. Both CAKE and oneDNN
performance in computation throughput scale with the number of cores (Figure 3.7a) but mCAKE
does not need to increase DR AM bandwidth to utilize more cores (Figure 3.7b).

In Figure 3.7 (c) and (d), we profile the ’abc-acd-db’ tensor contraction problem with dimensions
a = b = 312andc¢ = d = 1024. ACMTC does not tile the computation for parallelism in the
innermost three dimensions. Instead, ACMTC scales performance in multi-core settings by run-
ning a several independent tensor contraction problems in parallel (batch). By contrast, nCAKE
can exploit parallelism in the 3 innermost dimensions of each contraction, as well as across a batch,
and scale performance with the number of cores (Figure 3.7c) while holding DR AM bandwidth
nearly constant (Figure 3.7d). We omit performance results for the ARM Cortex-A72 system as it

only contains 4 cores.
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(b) Intel DRAM Bandwidth
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Figure 3.7: Computation throughput and DRAM bandwidth usage of mCAKE and competitors for a fixed direct convolu-
tion (a,b) and tensor contraction (c,d) problem when increasing the number of cores on the Intel i9 CPU. Both CAKE and
oneDNN performance scale with the number of cores (a) but CAKE does not increase DRAM bandwidth usage to utilize
more cores (b). ACMTC can perform independent tensor contractions in parallel (batch), but cannot tile the computation
for parallelism in the 3 innermost dimensions. By contrast, CAKE can exploit parallelism in the 3 innermost loops as well
as a batch of tensor contractions and scale performance with the number of cores (c) while holding DRAM bandwidth
nearly constant (d).

3.7 CONCLUSION

This chapter presented mCAKE, a fully-analytic scheduling framework that extends CAKE’s
constant-bandwidth principles from three-loop GEMM to deep loop nests that include a reduction

dimension (e.g. tensor contractions and direct convolutions). The method is deliberately simple:

1. Choose as innermost the reduction loop and the two largest remaining loops, maximising

on-chip reuse;
2. Apply the CAKE constant-bandwidth tiling to this three-loop kernel;

3. Spawn CAKE kernels across the outer loops without any further search or tuning.
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Despite its simplicity, mCAKE matches or exceeds the performance of state-of-the-art search-
based systems. On both an embedded Cortex-A72 and a desktop Core 19, it sustains near-peak
GFLOP/s while holding DRAM traffic constant and often signficiantly less than the baselines.
These results demonstrate that an analytically derived, bandwidth-aware schedule can out-perform
heavyweight design-space exploration, offering a practical path toward memory-wall mitigation on

modern multi-core CPUs.
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Rosko: Sparse Matrix Multiplication for

Machine Learning Workloads

While the previous two chapters focused on optimizing dense matrix and tensor computations, in
this chapter we turn our attention to the challenge of sparsity as it arises in deep learning workloads.
Standard sparse matrix libraries are typically designed with extremely high sparsity (> 99.9%) in

mind, however, neural networks often exhibit moderate sparsity levels, commonly in the 75-90%
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range. These sparsity ranges present unique opportunities and challenges.

This chapter introduces Rosko, a method designed to efficiently handle the particular patterns
of sparsity found in neural networks. The name “Rosko” stands for Row Skipping Outer prod-
ucts, capturing the core idea of efficiently skipping computation when zeros are encountered during
outer product matrix multiplication. Building on the ideas of CAKE [2] and its generalization to
multi-dimensional tensors, we extend the core techniques to leverage sparsity in a hardware-friendly
way. Rather than relying on costly indexing, Rosko exploits the structure of outer products by en-
abling the skipping of entire rows of computation when zeros are encountered, yet doing so with
minimal overhead. Since Rosko only skips zero multiplications there is no change to the result of
the computation. The method is broadly applicable across different hardware platforms.

We also demonstrate an important synergy between network pruning and hardware efficiency:
by aligning the sparsity pattern of pruned neural networks with the hardware’s memory access gran-
ularity (e.g., aligning blocks of 16 dense elements), we can ensure that the computational workload
is efficiently distributed, even at moderate sparsity levels. For example, with 50% sparsity, Rosko
enables pruning in such a way that each group of 32 elements contains exactly 16 nonzeros, maxi-
mizing throughput on hardware architectures that move data in blocks of 16.

The following chapter will explore these ideas: starting with practical motivation and back-
ground, and proceeding through implementation, hardware considerations, and empirical results
showcasing how Rosko is able to take advantage of moderate sparsity in modern deep learning appli-

cations.

4.1 INTRODUCTION TO ROSkO

The surge in deep learning adoption, particularly through architectures such as convolutional neu-

ral networks (CNNs) and transformers, has led to matrix multiplication (MM) becoming a core
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operation for modern artificial intelligence workloads. As these models grow in size, reducing their
computational and memory requirements is critical, not only to extend their reach to everyday de-
vices but also to accelerate training and inference on current hardware.

A promising approach to increasing efficiency is leveraging sparsity: by eliminating redundant
or insignificant weights, we can reduce the number of computations and memory accesses. How-
ever, exploiting sparsity in practice is challenging. Unstructured pruning, which removes individual
weights indiscriminately, yields high accuracy but often leads to irregular data access patterns and
high overheads when executed on traditional hardware, negating many of the performance benefits.
On the other hand, structured pruning produces more regular patterns but typically at the expense
of model accuracy.

In this chapter, we introduce Rosko, a collection of sparse matrix multiplication (SpMM) kernels
that enable both computational and memory efficiency for deep neural networks (DNN). Rosko
leverages row skipping in outer product computations: during execution, entire rows correspond-
ing to zeroed input values can be bypassed, greatly reducing the number of unnecessary calcula-
tions. What distinguishes Rosko from conventional sparse computation frameworks is its ability to
achieve both fine-grained (for accuracy) and structured (for hardware efficiency) sparsity through a
combination of row skipping-aware pruning and training.

Crucially, Rosko avoids the indexing and management overhead typical of sparse formats like
CSR or CSC, thanks to a packed data layout that streamlines memory accesses even at moderate
sparsity levels. Furthermore, Rosko’s design is compatible with established scheduling approaches
such as CAKE in Chapter 2 and Goto’s algorithm [25], which maximize data reuse for dense matrix
multiplication, which means that Rosko can efficiently bridge the gap between dense and sparse
matrix libraries.

A key motivation for Rosko is the practical performance gap between existing dense and sparse

matrix multiplication libraries, particularly in the intermediate sparsity regime relevant for pruned
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neural networks deployed on real hardware. To demonstrate this, Figure 4.1 compares the wall-clock

runtimes of Rosko kernels to both dense and sparse libraries across a range of sparsity levels on two

representative CPUs.
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Figure 4.1: Wall-clock SpMM runtime for Rosko kernels compared to sparse and dense libraries. Rosko outperforms
dense MM and SpMM kernels from (a) 75% to 99.5% sparsity on Intel and (b) 58% to 99.5% sparsity on ARM CPUs.

As seen in Figure 4.1, Rosko achieves substantial runtime reductions over both dense and sparse
matrix multiplication kernels within a wide range of sparsities on both Intel and ARM CPUs.
These results highlight the effectiveness of Rosko’s approach, particularly its ability to target the
intermediate sparsity regime that is underserved by conventional libraries, and constitute a primary
motivation for the work presented in this chapter.

On real-world CPUs, Rosko outperforms leading dense and sparse libraries, including Intel’s
oneMKL and ARM Compute Library, across a wide range of sparsities. For example, at 95% spar-
sity, Rosko kernels achieve up to a 6.5x reduction in runtime on Intel CPUs and a 4.7 x reduction

on ARM CPUs.

In summary, this chapter makes the following contributions:

* Introduces the Rosko algorithm for efficient sparse MM using row skipping and packed

kernel design, reducing both computation and sparsity management overhead.
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* Proposes row skipping-aware training and iterative pruning, producing high-accuracy mod-

els with hardware-friendly structured sparsity.

* Provides efficient Rosko library implementations that outperform existing CPU SpMM and
dense MM libraries across practical scenarios, demonstrating Rosko’s effectiveness for a wide

range of sparsities.

Through these innovations, Rosko enables new levels of matrix multiplication efficiency, making

it easier to harness the power of sparsity in modern neural networks.

4.2 BACKGROUND

In this section, we provide the background necessary for understanding Rosko’s contributions.
We first situate Rosko kernels in the landscape of existing dense and sparse matrix multiplication
libraries, and then introduce the outer product approach for efficient matrix multiplication compu-

tation.

421 DENSE AND SPARSE MATRIX MULTIPLICATION KERNELS

Matrix multiplication arises in various forms, such as between two dense matrices, between a dense
and a sparse matrix, or between two sparse matrices. Well-known libraries—including OpenBLAS [30],
BLIS [26], and Intel oneMKL [44]—provide highly optimized routines for dense-dense multipli-
cation. Sparse matrix multiplication (SpMM), where at least one input is sparse, is addressed by
specialized kernels within these and other libraries. For sparse-sparse matrix multiplication, both
operands are sparse.

However, as demonstrated in Figure 4.1, existing sparse matrix multiplication libraries typically
outperform dense libraries only at very high sparsities (i.c., when most elements are zero). For ex-

ample, Intel oneMKL’s Sp)MM routine only surpasses dense performance when sparsity exceeds
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99%. For lower levels of sparsity—a regime of practical interest in many pruned neural networks—
sparsity management overheads dominate, and dense routines remain more efficient. This interme-
diate sparsity regime, identified in [57], is often neglected by both dense and sparse libraries, leaving

performance gains unrealized, especially on CPUs and GPUs.

4.2.2 OUTER PRODUCTS FOR MATRIX MULTIPLICATION TO INCREASE ARITHMETIC IN-

TENSITY

Outer product-based matrix multiplication ofters a route to higher arithmetic intensity—the ratio
of computations performed to external memory bandwidth consumed—than conventional inner
product-based matrix multiplication, through more efficient data streaming. Improving arithmetic
intensity is critical for better utilization of limited memory bandwidth.

Consider the standard matrix multiplication operation C = A x B. This computation can be
decomposed into smaller subproblems, each responsible for computing a tile of the output matrix
C. Specifically, by tiling 4 and B into submatrices of size m x kand £ X n, we can break Cinto
m X n tiles. Each tile can then be computed via inner or outer product formulations, as illustrated in
Figure 2.2.

To maximize the arithmetic intensity of the overall matrix multiplication, it is necessary to do the
same for each tile. Inner product-based tiling requires fetching an entire row (or column) for each
output element, leading to an arithmetic intensity of only % = 1. In contrast, the outer product
formulation enables multiple accumulations over a tile, where fetching 7 elements from 4 and »

elements from B can yield 7z multiply-accumulate (MAC) operations, resulting in a potentially

mn
m+n"

much higher arithmetic intensity: This higher intensity translates directly to greater computa-
tional efficiency, particularly on memory-bandwidth-limited architectures.
Rosko builds upon this outer product approach, combining it with smart scheduling (such as

CAKE) and packing, to not only maximize arithmetic intensity but also efficiently exploit sparsity
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patterns typically arising in pruned deep neural network models.

4.3 RELATED WORKS

We now position Rosko in relation to prior work on structured sparsity for hardware efficiency and

zero-skipping computation, highlighting its unique contributions.

431 AcHIEVING FINE-GRAINED STRUCTURED SPARSITY

As sparsity increases, there is a tradeoff between enabling granular sparsity and maintaining efficient
hardware support. Prior works such as [58] employ pruning techniques that ensure dense, contigu-
ous groups of non-zero weights, sized to and aligned to the width of SIMD hardware (e.g., vector
registers). While such pruning enables efficient use of SIMD hardware, it limits how granular spar-
sity can be while maintaining high model accuracy.

Balanced sparsity [59], also known as N:A1 sparsity, aligns weights to groups of size M4; each
group contains /N nonzero weights with N' < 4. Approaches such as [60] specifically target 2:4
sparsity (N=2, M=4) to allow specialized hardware support (e.g., Nvidia A100’s Sparse Tensor
Cores [61]).

With Rosko, we obtain a matrix with a target sparsity (e.g., 90%) and sparse columns through
iterative pruning during training. Since the pruned elements are from column input vectors, we may
vary the size of the columns without restricting our pruning granularity to hardware SIMD lengths

(Section 4.6) or specific sparsities (e.g., 50% in 2:4 sparsity).

4.3.2 MECHANISMS FOR ZERO SKIPPING

Prior works analogous to Rosko’s row skipping include zero-gating and zero-skipping methods.

Zero-gating hardware, such as in [62, 63], disables computation upon loading a zero operand;
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this conserves energy, but does not directly increase computational throughput. In contrast, zero-
skipping approaches such as [64, 65] avoid loading or computing with zero operands altogether,
often by using compressed storage formats such as CSR [66], CSC [67], COO, or CSRS [68]. Al-
though these formats prevent wasted computation and storage, they can introduce metadata over-
head and irregular memory accesses, which can limit practical hardware acceleration [69].

Further, nonzeros may be unevenly distributed, leading to workload imbalances across compute
units. Specialized hardware and input formats, as in [70], alleviate these issues by adopting restric-
tive sparsity patterns such as 2:4 sparsity; other works [71] add routing logic for dynamic workload
balancing.

In Rosko, outer product column sparsity enables efficient zero-skipping: computations corre-
sponding to zeros in a column input vector are skipped directly in the outer product step, and dense
row vectors corresponding to empty columns are not loaded at all. Notably, Rosko’s scheme does
not require hardware modifications, and can be implemented on existing CPUs while still benefiting
from SIMD vectorization.

In summary, Rosko occupies a previously under-served regime, offering fine-grained, hardware-
friendly structured sparsity and efficient computation skipping without the overheads or limitations

of prior techniques.

4.4 OUuUTER PrRODUCT ROW SKIPPING: OVERVIEW, MOTIVATIONS, AND INNOVATION

In this section, we review the motivations for Rosko’s proposed outer product row skipping ap-

proach, summarize its innovations, and provide an overview.
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Figure 4.2: Rosko overview and illustration of outer product MM. (a) Sparse weight matrix columns are multiplied with
(b) dense data matrix rows using (c) row skipping outer products. Multiple outer products accumulate in-place during an
MM.

4.41 MOTIVATION AND OVERVIEW

Outer product-based matrix multiplication (MM) allows for efficient computations by accumulat-
ing outer products to compute C = 4 X B. In Rosko, we exploit this structure to skip computations
associated with zero-valued elements in the column vectors of 4, resulting in what we call row skip-
ping outer products. Figure 4.2 and Figure 4.3 illustrate this computation, where 4 is the weight
matrix, B is the data matrix, and Cis the accumulation target.

Each outer product in this formulation is between a column vector 2 of 4 and a corresponding
row vector b of B. Each row in the outer product depends only on a single element from 4, so it is
possible to skip a complete row of computation simply by checking whether that element is zero.

When an element has been skipped for a given outer product, it will not participate in any further
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computations, enabling an efficient streaming scheme in which only nonzero elements of « are
loaded and multiplied with stationary elements of 4.

By leveraging this streaming scheme, Rosko enables outer product column sparsity: computa-
tions and memory accesses for zero-valued column elements can be entirely omitted, as can loading
the corresponding dense row vectors when a whole input column is empty. The sparse column
inputs can then be efficiently packed, with low overhead, into dense storage suitable for SIMD ex-
ecution (Figure 4.3). This approach is simpler and more efficient than conventional inner product

approaches, which require constant checking and rarely produce coalesced workloads for vector

hardware.
Index L L LTI TTT]
m=0 Index LI T L1 T[]
m=1 Pack ,, =0
m = 2 _ o m = 1
m=3 — . m=2
m = 4 _ B m = 4

[J Weight Value [JData Value []Zero Value [JResult Value
Skipped Computation

Figure 4.3: Example of a row skipping outer product between a sparse column (blue) and dense row (green) to obtain a
result matrix (yellow). White indicates zero values, and purple outlines indicate skipped rows of computation. Here, row
computations for indices 2 = 3 and m = S are skipped and omitted from the resulting packed computation. A higher
column sparsity results in more skipped rows.

4.4.2 SUMMARY OF CONTRIBUTIONS

A notable advantage of Rosko’s row skipping outer product is that, unlike some prior approaches [58],
it is straightforward to implement on general-purpose SIMD architectures and does not require
hardware modification. This approach maintains high performance at high sparsity, even for non-
contiguous nonzero weights. The necessary indexing scheme for the column-packed inputs is sim-

ple, minimizing overhead. To summarize, the core innovations of Rosko’s approach are:
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* Outer product column sparsity enables row skipping: By pruning for sparsity in column
input vectors, Rosko can skip entire rows of computation based on the presence of zero

elements, dramatically reducing required operations.

* Fine-grained and accurate structured pruning: We demonstrate it is sufficient to perform
fine-grained pruning on column input vectors to achieve high model sparsity without signifi-
cant accuracy loss. For example, Rosko achieves 97% model sparsity while maintaining 75.8%

accuracy on CIFAR-100 (Section 4.7.4).

These innovations allow Rosko to provide efficient, hardware-friendly, and highly sparse matrix
multiplications, bridging the performance gap for sparsity regimes that are poorly served by conven-

tional libraries.

4.5 OUTER PrRODUCT COLUMN SPARSITY

Outer product column sparsity capitalizes on sparsity present in the input columns used for outer
product computations. This idea is broadly applicable to any operation reducible to matrix multi-
plications, including standard convolutions and transformer layers. Unlike traditional structured
pruning approaches, which are based on network constructs such as filters, channels, or layers [72],
outer product column sparsity directly targets the computational structure of the matrix operation.
As illustrated in Figure 4.4(a), Rosko pruning targets sparsity within the outer product columns
of a weight matrix—for example, one derived from a convolutional layer—enabling row skipping in
subsequent computations. This approach naturally supports simple and effective pruning for load-
balanced computations: by pruning each outer product column to the same sparsity, each compu-
tation block receives a similar amount of work, which is important for maximizing utilization on

parallel hardware.
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Figure 4.4: (a) Example of Rosko pruning of outer product columns to obtain the weight matrix of Figure 4.2. (b) CIFAR-
100 test accuracy after 200 epochs on ResNet-50 with Rosko pruning. Rosko enables row skipping during computation
while achieving a model accuracy comparable to unstructured pruning. See Figure 4.5 for results on additional net-
works.

Empirical results in Figure 4.4(b) demonstrate that Rosko pruning achieves high model sparsity
while maintaining accuracy on real tasks. Specifically, on ResNet-50 and CIFAR-100, Rosko prun-
ing enables efficient row skipping and delivers test accuracy comparable to unstructured pruning.
Additional results for other networks and datasets can be found in Figure 4.5.

An important advantage is the facilitation of load-balanced computations: by pruning each outer
product column to the same sparsity, each computation block receives an equal share of work.
Rosko achieves near-ideal speedup across a wide range of sparsities on Intel CPUs, demonstrat-
ing this load balancing in practice. While this echoes group-based approaches (such as balanced or
N:M sparsity) [59, 73], Rosko does not require enforcing identical sparsity across all outer product

groups to benefit from row skipping.

4.6 'TRAINING FOR Row SkirrPING

To realize the benefits of row skipping, we employ an iterative pruning strategy integrated into
model training. Starting from a dense model, we iteratively prune weights with the smallest mag-
nitudes every 10 epochs until the target sparsity is reached, subsequently continuing training until a

total of 200 epochs have elapsed. This process is applied to Rosko pruning, unstructured pruning,
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and structured filter pruning.

For Rosko, pruning is performed within each outer product column, promoting uniform spar-
sity across columns and ensuring even skipping of rows during computation. This aligns with N:A4
sparsity in spirit—selecting a fraction of weights for removal within a group—Dbut, importantly,
groups are defined over outer product columns rather than arbitrary or row-wise groupings (Fig-
ure 4.4a). This distinction facilitates optimal computation skipping and load balancing. In contrast,
N:M pruning focused on inner products would produce row-wise weight pruning.

Our experiments on standard classification networks—VGG-19 [74], MobileNetV2 [75], ResNet-
18, and ResNet-50 [53]—using CIFAR-10 and CIFAR-100 [76] datasets (Figure 4.5) demonstrate
that Rosko pruning attains high sparsity without compromising model accuracy. For example,
Rosko achieves 97% model sparsity with 75.8% accuracy on ResNet-50 for CIFAR-100, matching
the accuracy of unstructured pruning and outperforming structured filter pruning. Overall, this
approach enables efficient, hardware-friendly pruning that maintains accuracy while unlocking
substantial computational savings.
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Figure 4.5: Rosko pruning shows little to no loss in model accuracy compared to unstructured pruning after 200 epochs.
For sparsities greater than 50%, Rosko pruning maintains higher accuracy compared to structured pruning using 3x3
blocks. (a) Rosko pruning for VGG-19, (b) Rosko Pruning for MobileNetV2, and (c) Rosko pruning for ResNet-18 and

ResNet-

50.
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4.7 PERFORMANCE EvaruaTioN oF Rosko oN CPUs

4.71 CPU EvAaLUATION SETUP

We implemented Rosko in C++ using Intel AVX2 and ARM Neon SIMD intrinsics, with CAKE
(Chapter 2) scheduling for maximal parallelism and memory efficiency. Rosko is evaluated on two
distinct architectures: the Intel Core i9-10900K (high-performance desktop, 41 GB/sec DRAM)

and ARM Cortex-A72 (mobile, 4.4 GB/sec DR AM), enabling analysis under different bandwidth

and memory constraints.

4.7.2 EVALUATION METHODOLOGY

We benchmark Rosko on both CPUs against leading dense and sparse matrix multiplication li-
braries. GFLOPs/sec is the metric for sparse matrix multiplication, while runtime is used for dense
matrix multiplication comparisons due to differing operation counts. DRAM bandwidth and IO
are also reported. Sparse matrices evaluated span machine learning inference tasks with a range of

sparsity (75%-98%).

4.7.3 ABLATION STUDY

To quantify contributions of Rosko’s optimizations, we ablate key components (row skipping,
computation shaping, reordering, and packing). As shown in Figure 4.6, each technique improves
DRAM efficiency, throughput, and branch prediction, with all together delivering the best perfor-

mance. Notably, column density reordering reduces CPU misspeculation and bandwidth demands.

58



(a) Runtime on ARM CPU (b) DRAM Bandwidth on ARM CPU 30 (c) DRAM |0 on ARM CPU

10 4
S % | _
[ = m 25
o)
g‘i 8 V) 3= ARMCL 9 20{ — ARMCL
T | — cake —— CAKE
o o
= 61 __ ARMCL = 21— Rosko wio Reordering = 15| — Rosko w/o Reordering
= — CAKE o —— Rosko w/o Tiling = —— Rosko w/o Tiling
€ 41 — Rosko w/o Reordering <E( ] T Reske é 10{ — Rosko
é —— Rosko w/o Tiling = o
2{ — Rosko [a) 5 ———
70 75 80 85 90 95 100 0 70 75 80 85 90 95 100 70 75 80 85 90 95 100
Sparsity (%) Sparsity (%) Sparsity (%)
25 (d) Runtime on Intel CPU (e) DRAM Bandwidth on Intel CPU (f) DRAM IO on Intel CPU 1&(1) Misspeculation on Intel CPU
’ =18 — waw 30 — MKL 3
Y20 2 15| — cake @ 55 —— CAKE =12
3 8 —— Rosko w/o Reordering (] —— Rosko w/o Reordering ) 10
~15 = 121 — Rosko w/o Tiling VZO —— Rosko w/o Tiling o s
g ) 3 | sk o —— Rosko @
— MKL o 15
5 1.0 — cake S|l —————————— <E( @ 6
g —— Rosko w/o Reordering -4 — x 10 5 4
& 0.571 — Rosko w/o Tiling < 3 =) [
—— Rosko (=) 5 & 5
0.0 80 85 90 95 100 80 85 90 95 100 80 85 90 95 100 80 85 90 95 100
Sparsity (%) Sparsity (%) Sparsity (%) Sparsity (%)

Figure 4.6: Rosko performance results with various features ablated. We run sparse matrix multiplication between

5000 x 5000 matrices on ARM and 10000 x 10000 matrices on Intel, measuring DRAM bandwidth usage, runtime,
and CPU misspeculation. Rosko uses CAKE scheduling to reduce DRAM bandwidth usage and significantly reduce
runtime relative to ARMCL ((a) and (b)) and MKL ((d) and (e)). In (c) and (f), Rosko can reduce DRAM IO beyond CAKE as
sparsity increases. (a) and (d) show sparsity-aware tiling can further improve runtime as sparsity increases. However, at
high sparsities, Rosko’s DRAM bandwidth usage is slightly higher than CAKE. Computation and memory access skipping
increases the need to fetch new data into each core for subsequent computation. On the Intel CPU, the irregular distri-
bution of zeros causes up to 13% of pipeline slots to be wasted due to misspeculation (g). Rosko’s reorders columns by
density, allowing the CPU to better predict outer product loop bounds.

4.7.4 DNN INFERENCE LATENCY

For networks pruned for outer product column sparsity (e.g., ResNet-50 on CIFAR-100), Rosko
achieves lower end-to-end inference latency compared to CAKE, ARMPL, and ARMCL, especially

as sparsity increases (Figure 4.7).
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Figure 4.7: ARM Cortex-A72 inference latency on ResNet-50 models trained on the CIFAR-100 dataset for various
levels of outer product column sparsity (denoted as %). We use all 4 cores on the Cortex-A72.

475 EXTREME SPARSITY (>>99%)

Rosko is also evaluated against oneMKL on highly sparse ML-graph matrices from SuiteSparse [77].
On Intel CPUs and all tested matrices (99.87-99.97% sparsity), Rosko delivers up to 4.3 x higher
throughput while consuming less bandwidth (Figure 4.8), outperforming especially when sparsity is
irregular or random.
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Figure 4.8: Performance of Rosko and oneMKL on SpMM problems from the ML_Graph group of the SuiteSparse
benchmark. Selected matrices have sparsities between 99.87 and 99.97%, and fit into DRAM memory. These results

show that Rosko performs well on these highly sparse matrices.
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47.6 Loap BAarLaNCING AcrROsS CORES

Pruning outer product columns to uniform sparsity achieves near-ideal multi-core scaling, as shown

in Figure 4.9a. Load balance degrades with unstructured random sparsity (Figure 4.9b).
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Figure 4.9: Load balancing across CPU cores for SpMM with outer product column sparsity (a) and with unstructured
random sparsity (b). In (a), pruning ensures each computation block contains the same number of nonzeros, achieving
near-ideal scaling for 10 cores at various sparsity levels. In (b), unstructured random sparsity typical of graph-ML appli-
cations results in imbalanced nonzero distributions, reducing multi-core efficiency.

4.8 CONCLUSION

This chapter introduced Rosko, a row-skipping algorithm that exploits outer product column spar-
sity for efficient sparse matrix multiplication. By skipping entire rows of computation correspond-
ing to zero entries in input columns, Rosko achieves significant reductions in unnecessary opera-
tions with minimal sparsity management overhead. Its simple indexing scheme enables flexible and
fine-grained pruning while preserving high model accuracy across a wide range of sparsity levels.
Rosko is well-suited for SIMD architectures and achieves strong load balancing, integrating seam-
lessly with efficient computation schedules that maximize data reuse and minimize IO. Empirical
results show that Rosko consistently outperforms state-of-the-art matrix multiplication libraries

across diverse sparsity regimes.
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Overall, Rosko presents a practical approach to efficient computation in sparse neural networks,

advancing both the theory and engineering of sparse deep learning inference on modern hardware.
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Efficient Neural Network Computation

with Rank-Sliced Gather-Scatter Activation

The previous chapters explored optimizing matrix multiplication by careful hardware-aware tiling
and leveraging both sparsity. In this chapter, we investigate how compressing the matrix itself can
yield further savings in both memory and computation. Specifically, we focus on using Singular

Value Decomposition (SVD) to represent weight matrices in a more compact form of neural net-
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work layers.

Once a matrix is stored in its SVD form, the challenge becomes efficiently computing activations:
How can we multiply incoming inputs by SVD-compressed weights without incurring the overhead
of reconstructing the original dense matrix or performing multiple inefficient matrix multiplica-
tions? To address this, we propose a method that directly leverages the structure of the SVD repre-
sentation. Our approach uses a gather-scatter strategy that processes each rank in the decomposition
independently, allowing us to realize memory savings and computational efficiency.

By rethinking how we operate on compressed matrices, we show how it is possible to save mem-

ory bandwidth and reduce computation.

S.1 INTRODUCTION

The efficient computation of neural network activations is a core challenge as models increase in
size and complexity. Many modern architectures, such as transformers and deep convolutional
networks, rely heavily on large matrix multiplications, which can create significant bottlenecks in
terms of both computation and memory I/O. An effective strategy to address these challenges is to
represent weight matrices in factored or low-rank forms, such as the singular value decomposition
(SVD) W = UV, However, realizing the full I/O and computational benefits of these structured
representations requires algorithms that are specifically designed to exploit rank-sliced storage and
inherent sparsity.

This chapter presents the Gather-Scatter Activation (GASA)" algorithm, a novel method for ef-
ficiently computing neural network activations when layer weights are stored in SVD form. GASA
operates in a 7ank-sliced fashion: each slice from the SVD of I#is treated as a rank-1 matrix §' = v,

where # and v are a column and a row vector, respectively. The complete activation X1#is calcu-

*The name GASA comes from GAther and SAtter, the core steps of the algorithm.
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lated as a sum over these slices.

At the heart of GASA is the gather-scatter approach. For each slice, the algorithm proceeds in
two stages: (1) Gather, where columns of the data matrix X are multiplied and combined according
to the pattern in the vector #, producing a gathering vector x,; and (2) Scatter, in which this vector is
distributed to columns of XS according to ». By repeating this process for each rank-1 slice and accu-
mulating all the results, the full activation X7 is efficiently computed. This process is illustrated in
Figures 5.1 and 5.2.

This approach is not only hardware-friendly and conducive to SIMD/vectorized execution, but
also well suited for leveraging sparsity often present in the SVD factors of pruned or compressed
networks. Furthermore, GASA achieves provably optimal I/O complexity under practical assump-
tions, making it highly suitable for deployment on memory- and bandwidth-constrained systems.

The remainder of this chapter details the GASA algorithm, provides theoretical and architectural
analysis, and demonstrates its practical efficiency in neural network activation computation. The
next chapter will focus on methods for generating and maintaining sparsity in SVD-based models

such that activations, when computed with GASA, are both efficient and accurate.

5.2 BACKGROUND AND MOTIVATION

Matrix-matrix multiplication is a core operation in deep learning, underlying the forward and back-
ward passes of nearly every neural network layer. As models scale, their weight matrices often be-
come too large to store or process efficiently in their raw dense form. This has motivated the use of
structured representations such as low-rank factorizations.

The singular value decomposition (SVD) is one such structure, expressing any matrix € R**”
as W = UZVT, where Uand V are orthogonal matrices and X is diagonal. When 17 is low-rank

or can be well-approximated by a low-rank matrix, storing only the leading » singular vectors/values
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provides substantial gains in storage and, potentially, computation.

Traditional implementations, however, often do not fully exploit the opportunities for memory-
access and computation minimization inherent to SVD-form weights. Standard matrix multipli-
cation algorithms require frequent moves of large data between memory hierarchies, and this is a
major bottleneck, especially on modern memory-bound systems. The gather-scatter paradigm intro-
duced here seeks to address these limitations. Additionally, the GASA method can leverage sparsity

which is commonly seen in deep learning workloads.

5.2.1 GATHER-SCATTER

Gather-scatter algorithms are widely used in fields such as signal processing, scientific computing,
and parallel computing. They operate in two primary stages: a gather phase, where data is read from
external memory, and a scatter phase, where the computed data is written back to the memory sys-
tem or an output matrix [78, 79]. In this work, we extend the gather-scatter approach to a new area,
that is, efficient computation of activations between a data matrix X and a weight matrix repre-

sented in SVD form.

5.3 THE GATHER-SCATTER ALGORITHM

5.3.1 RANK-SLICED DECOMPOSITION

Consider W = UZVT with reduced rank 7; then W = er.zl al-ul-vl»T , where #; and v; are the 7th
columns of Uand V, and o; is the 7th diagonal element of %. Each term guv] is a rank-1 7slice” S; of
w.

The key idea of GASA is to compute XS; for each slice individually and then sum the results,
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weighted by o7, to obtain X17:
XW =" XS,

=1
Figure 5.1(a) depicts a rank-1 slice of 7.
5.3.2 GATHER AND SCATTER STAGES

For a single slice S = v, the multiplication X can be efficiently computed in two stages:

1. Gather stage: Combine the columns of X according to the pattern in #, producing the vector

xg = Xun.
2. Scatter stage: Distribute x, across the columns of the output according to v, so X§ = x,0.

With this structure, the computation for a single rank-1 slice only requires linear combinations of
columns at each stage—a pattern that is highly amenable to both memory-efficient implementation
and exploitation of input/output sparsity.

Figure 5.1 depicts this two-stage process for a rank-1 slice.

5.4 1/0 aAND COMPUTATIONAL COMPLEXITY ANALYSIS

S5S.4.1 WORKING SET AND LocAL MEMORY

Suppose X and W are both 7 x 7 matrices and W is of rank 7. We compute activations X 77" by com-
puting XSy, XS5, XS5 for all rank slices S; and accumulating the result 71.XS; + 02 XS, + 03XS5. The
gather-scatter algorithm requires a working set consisting of 7 gathering vectors plus intermediate

result vectors, all of size #, which must fit in fast (local) memory, as depicted in Figure 5.2(b).
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(a) A rank-1 slice S of the weight matrix
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(b) Gather-scatter activation computation for a slice S
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Figure 5.1: The gather-scatter algorithm of computing activations for a rank-1 slice . of a weight matrix 7. (a) A rank-1
slice S of IWis the product of a column vector # and a row vector . (b) For an activation data matrix X, we compute
XS for a slice S in two stages. In the first stage, we gather column vectors of X to form a gathering vector Xg, according
to #. In the second scattering stage, we distribute X to form columns of the result matrix X, according to v.
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Figure 5.2: (a) We compute activations X ¥, given a data matrix X and weight matrix ¥, by computing X.; for all
slices S; of IW. Here, I¥/ consists of three slices: S1,.5, and S5, where S; = #;v;. We first compute X5}, XS5, and
X573, and then perform weighted accumulation of these results with o7, o, and 3 being the weighting coefficients, as
denoted in the ACC circle in the diagram. (b) We can minimize 1/0 on a memory hierarchy. Suppose that X, as well as

#; and v;, for all slices, are initially stored in the external memory and that computed results X 1 are to be written to
the external memory. Suppose further that the local memory can hold the gathering vectors Xg for all slices plus a few
intermediate vectors to support data streaming. Then by scheduling the gather-scatter algorithm achieves the minimum
possible I/0.
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5.4.2 1,0 EFfFICIENCY

The computation can minimize I/O as described below. When computing the 3 gathering vectors
for XSy, XS,, and XS3 in the gathering stage, we will use local memory to cache the intermediate
vectors. After a column vector of X is read from the external memory, scaled copies of this column
vector are added to intermediate gathering vectors that correspond to the destination gathering vec-
tors required for this column vector. This implies that we only need to read each column vector of X
from the external memory at most once. Therefore, a total of at most 7 vector reads are required for

the gathering operations for all XS,’s.

5.4.3 OPERATION COUNTS AND SPARSITY

Let 2 denote the fraction of zero entries (sparsity) in # and v. For each slice, both the gather and scat-
ter operations can skip computations at zero locations, yielding a total of 2(1 — «)»* multiplications
per slice (plus a similar number of additions). The benefits are compounded for highly sparse slices

and for multiple slices.

5.4.4 COMPARISON TO STANDARD MM

Standard (dense) matrix multiplication under the same local memory constraints requires Q%)
vector reads and often cannot exploit sparsity patterns as directly or efficiently as the gather-scatter

scheme.
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5.5 IMPLEMENTATION CONSIDERATIONS

5.51 DataLayouT AND MEMORY STRATEGIES

For maximal efficiency, X and 77 should be stored in column-major order if possible, since the
gather stage processes columns sequentially. The # and v vectors for all slices are ideally buffered
in local memory. If additional ranks or slices are needed, multiple passes can be scheduled, or slices

can be computed in blocks.

5.5.2 EXPLOITING SPARSITY

Efficient implementation takes advantage of sparse representations for # and v: only nonzero en-
tries are processed, and indexing arrays can be used to skip zero-valued computations and memory

aCCESSEs.

5.5.3 PARALLEL AND SIMD ExXECUTION

The gather and scatter stages are parallelizable. SIMD instructions can vectorize both the aggrega-
tion in the gather stage and the distribution in the scatter stage. When multiple slices are needed,

they can be processed in parallel, subject to memory bandwidth limits.

5.6 DiscussioN

The GASA algorithm is broadly applicable to layers in convolutional and transformer architectures
wherever SVD-structured weights are available. Its I/O optimality makes it especially relevant for
memory-bound hardware accelerators and edge devices. Additionally, the gather-scatter pattern is

flexible and can be composed with batching, hybrid sparsity, and mixed-precision techniques.

71



Limitations include potential overhead from managing many ranks in high-rank matrices and
sensitivity to local memory size. Future work may address batching strategies, mixed DNN opera-

tions, and integration with distributed training.

5.7 CONCLUSION

This chapter introduced the Gather-Scatter Activation (GASA) algorithm, an efficient, sparsity-
exploiting, and I/O-optimal method for computing neural network activations when weights are
stored in SVD form. By decomposing computation into rank slices and leveraging input/output
sparsity patterns, GASA enables significant reductions in data movement and overall computational
cost. These strengths lay the foundation for even greater efficiency when combined with structured
sparsification and adaptive fine-tuning techniques, which I discuss in the following chapter.

Future work in this direction may involve creating a library for running GASA with a bandwidth

aware tiling method that could be derrived using the computation space introduced in Chapter 2.
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Two—Stage Pruning and Sparsity—Preserving

Fine-Tuning for SVD-based Networks

Chapter 5 introduced an efficient approach for inference using matrices stored in compressed Sin-
gular Value Decomposition (SVD) form. In this chapter, we address the complementary challenge:
How to train and fine-tune adapters for neural networks whose weights are maintained in an SVD

representation.
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This chapter presents a two-stage framework that both reduces the size of the model and main-
tains efficiency during fine-tuning. In the first stage, the weight matrices of the original network
are decomposed using SVD and truncated to a lower rank, for example, reducing a rank 768 matrix
to rank 128 - yielding a compact model of low rank. This compressed model is then fine-tuned to
recover as much predictive performance as possible.

In the second stage, we introduce additional sparsity by pruning the row and column vectors
of the SVD decomposition. This enables a further reduction in storage and computation. Cru-
cially, we show how to perform sparsity-preserving fine-tuning. Instead of updating all elements,
our method adapts only a carefully selected subset of the already sparse SVD vectors, preserving
their sparsity pattern. This approach dramatically reduces compute and memory requirements dur-
ing model adaptation. Comparable parameter-efficient fine-tuning methods like LoR A [80] do not
have sparsity compatible updates, resulting in fine-tuned models with significantly less sparsity.

This chapter details how one can maintain efficient, compact models throughout both inference

and training.

6.1 INTRODUCTION

Neural network compression and adaptation are increasingly vital as models scale and are deployed
in resource-constrained environments. While low-rank factorizations such as SVD enable efficient
representation of large weight matrices, further improvements in memory and computational ef-
ficiency require aggressive pruning of these structures. At the same time, it is essential that such
pruning techniques preserve the accuracy and adaptability of the network, particularly when ap-
plied to modern fine-tuning paradigms. The method presented in this chapter is complementary to
the GASA approach presented in chapter S.

This chapter presents a comprehensive framework for two-stage sparsification of SVD-based
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neural networks. The first stage applies rank pruning to reduce the dimensionality of the weight
matrices, removing singular values and their associated subspaces with minimal impact on accuracy.
The second stage, termed UV pruning, sparsifies the columns # of U and rows v of I within each
rank-1 slice, targeting the fine-grained removal of unimportant weight entries.

I further introduce a sparsity-preserving, parameter-efficient fine-tuning scheme that extends the
benefits of pruning into the adaptation of pre-trained models. Unlike prior approaches (e.g., LoRA
[81]) that can harm inference time efficiency by introducing dense low-rank updates, this method
maintains the exact sparsity structure imposed by pruning, thus retaining the computational gains
offered by algorithms like GASA.

The chapter combines formal algorithms, empirical evaluations, and comparative analysis to
showcase the effectiveness of two-stage pruning and sparsity-preserving adaptation. Together, these
tools complete the end-to-end story of how to compress, adapt, and efficiently compute in modern

SVD-based deep neural networks.

6.2 BACKGROUND: PARAMETER-EFFICIENT FINE-TUNING (PEFT)

Parameter-Efficient Fine-Tuning (PEFT) techniques have become central to the adaptation of large
pre-trained neural networks across diverse tasks and domains. The main goal of PEFT is to min-
imize the number of trainable parameters introduced during fine-tuning, enabling memory- and
compute-efficient adaptation without modifying the full capacity or increasing inference overhead.

A widely-adopted approach in PEFT is Low-Rank Adaptation (LoRA) [81], which augments
pre-trained weights with trainable low-rank matrices. By injecting task-specific information via these
small updates, LoR A achieves strong performance while keeping the base model weights fixed and
ensuring inference efficiency.

Recent advances in this area further integrate sparsity into the adaptation process. Masked
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LoRA [82] introduces masking over the adaptation matrices, learning sparse task-specific updates
and thus further reducing adaptation overhead. SORA (Sparse Zero-Rank Adaptation) [83] se-
lectively zeros out specific ranks within the LoR A update, balancing performance with efficient
adaptation by focusing only on key low-rank directions. RoseLoRA [84] directly enforces row- and
column-wise sparsity within the LoR A update matrices, creating an overall sparse adaptation. How-
ever, the resulting sparsity pattern does not necessarily align with that of the original weight matrix
and may reduce end-to-end sparsity at inference.

Other notable extensions include DoRA [85], which decouples the magnitude and direction of
weight updates and applies low-rank adaptation only to the directional component, and LoRA-

XS [86], which utilizes an SVD of the original weight matrix to introduce frozen and unfrozen low-
rank updates. While LoR A-XS demonstrates the utility of SVD structure, it does not address or
preserve sparsity within the SVD factors themselves.

Despite these advances, most PEFT approaches either introduce additional parameter matrices,
rely on explicit masking, or do not preserve the inherent sparsity structure of the base model. In
contrast, the techniques developed in this thesis focus on fine-tuning strategies that maintain exist-
ing sparsity patterns throughout the model and adaptation process, ensuring fully efficient sparse

inference without the need for extra masks, auxiliary storage, or dense intermediate computations.

6.3 Two-STAGE PRUNING: RANK AND UV PRUNING

The proposed approach begins by factorizing each weight matrix /7 of a pretrained model using the

singular value decomposition (SVD), W = UZ VT [87, 88]. Two forms of pruning are then applied:

* Rank Pruning: (Figure 6.1(a)) The smallest singular values in X are dropped, reducing the
effective rank of 7. The resulting model is parameter-efficient and amenable to further

sparsification.
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Figure 6.1: The initial weight matrix ¥ is first decomposed into the SVD representation %/ =  UZVT. The rank of
W is then pruned to create a low-rank representation. Diagram (a) depicts an example of a low-rank representation
with a rank equal to three and singular values being o1, o5 and ¢3. Diagram (b) shows that UzVTisa weighted sum of
three rank-1 products # vy, #,0,, and %303 for slices S1, .S, and S5, respectively, where # and v vectors have sparsity

a = 50%. Diagram (c) illustrates our proposed rank-sliced sparsity-preserving low-rank fine-tuning. The two rank-1
fine-tuning slices Sfand Sg preserve the sparsity structures of slices S; and .S,, respectively.
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* UV Pruning: (Figure 6.1(c)) To increase sparsity, further pruning is applied directly to the «
and v vectors forming the columns of Uand ¥, respectively, independent of X. This step can

be fine-grained and tailored to each slice of the weight matrix.

This two-stage strategy enables compounded sparsity: if 2% of the singular values are removed
during rank pruning, and 6% of the entries in U and V" are pruned with UV pruning, the com-

pounded sparsityis1 — (1 — ) (1 — ).

6.4 SPARSITY-PRESERVING Low-RaNK FINE-TUNING

After two-stage pruning, we fine-tune the pruned model using a sparsity-preserving low-rank update
strategy. Unlike standard low-rank adaptation methods such as LoR A [81], which introduce dense
updates, our approach ensures all updates conform to the original sparsity structure.

In methods like LoR A, the fine-tuning step introduces additional low-rank matrices 4 and B so
that the update to the weight matrix is ABT. Since A and B are not generally sparse, their product is
typically dense, which can destroy the sparsity of the model and increase inference time and memory
usage. Furthermore, in LoR A, the parameters of 4 and B must be stored separately in addition to
the original /7" matrix, doubling the number of parameters required for the adaptation.

By contrast, in our sparsity-preserving approach, we:

* Apply rank-1 updates to a selected subset of weight matrix slices (the ones corresponding to

the highest singular values).

* For each updated slice S = #v, learn low-rank updates Az and Av with the same sparsity

patterns as # and v, so that S + AS matches the original sparsity mask.

Because both the model and the adapters share the same sparsity structure, no extra parameter

storage is needed for separate dense matrices, and after adaptation, the model remains sparse. This
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b) ResNet-18 with 85% Rank pruning
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Figure 6.2: a) Accuracy of ResNet-18 on CIFAR-10 under various levels of rank pruning. b) Further pruning the U matrix
after applying 85% rank pruning. The graph is a result of the process in Section 6.3 and Figure 6.1.

preserves the computational and memory efficiency enabled by sparsity, ensures that inference costs
remain low, and allows parameter-efficient adaptation by controlling the number of updated slices
(the "adapter rank” analogous to LoR A).

Figure 6.1(c) illustrates this process: updated slices Sr, S, are added to their respective original

slices, and the overall structure is maintained.

6.5 EXPERIMENTAL RESULTS

We empirically validate this approach on both convolutional and transformer networks, demon-

strating that weight matrices are highly amenable to both forms of pruning.

6.5.1 CoNvoLUTIONAL NETWORK (RESNET-18) oN CIFAR-10

As shown in Figure 6.2(a), even aggressive rank pruning of ResNet-18 [89] on CIFAR-10 [90] yields
minimal accuracy loss. Figure 6.2(b) demonstrates that after up to 85% rank pruning, further prun-

ing of the U matrix can achieve high effective sparsity while still maintaining performance.
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Rank Pruned / Rank | No U/V Pruning | 50% U | S0% U& V'
0% 768 0.92008 0.88856 0.88592
50% 384 0.90688 0.88892 0.87624
60% 307 0.89652 0.8798 0.8646
70% 230 0.88652 0.86688 0.85052
80% 153 0.8608 0.85268 0.835

Table 6.1: Accuracy of Deberta-v3-base [91] on the IMDB dataset [92] under various rank-sliced pruning configurations.
Note the initial rank of the model is 768.

6.5.2 TRANSFORMER NETWORK (DEBERTA-V3-BASE) ON IMDB

Table 6.1 shows results on the Deberta-v3-base [91] model for the IMDB sentiment dataset [92].

Iterative SVD and UV pruning are performed:
1. The model is first converted to SVD form and briefly trained.
2. SVD rank is pruned (potentially iteratively) to achieve target sparsity.
3. Uand V are pruned further.

As the amount of rank and U/ V pruning increases, accuracy declines only modestly. Combining U
and ¥ pruning with high-rank pruning results in a compounded parameter reduction with limited

model degradation.

6.5.3 SPARSITY-PRESERVING FINE-TUNING WITH LOW-RANK ADAPTERS

We further investigate the use of low-rank adapters for parameter-efficient fine-tuning of pruned
models (see Figure 6.1(c)). After rank pruning, matrix rank is reduced (e.g., from 768 to 150 in a
Deberta-v3-base feedforward layer). During fine-tuning, we freeze the pruned matrix and optimize

restricted-rank adapter matrices, which are trained on the target task (IMDB). Results (Figure 6.3)
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demonstrate that using adapters of rank as low as 8 can nearly match full-matrix adaptation while

updating only a small fraction of the parameters.

Accuracy vs Adapter Rank (After Rank Pruning)
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Figure 6.3: Accuracy of Deberta-v3-base on the IMDB dataset when fine tuning with a low-rank adapter. Our method,

0.87 1

Accuracy

illustrated in Figure 6.1(c) achieves close to the performance shown in Table 6.1 while using adapters of small rank, e.g.,
20 as opposed to the pretrained pruned model with rank 150.

6.6 DiscussioN

The results show that both convolutional and transformer architectures are highly compressible via
two-stage SVD-based pruning while maintaining high accuracy. The ability to preserve and leverage
sparsity through all stages—including fine-tuning—enables deployment-ready compression that
retains both efficiency and adaptability.

A key difference between our approach and LoR A is in parameter storage and inference-time
efficiency. LoR A requires maintaining both the frozen original weights and additional 4 and B
dense matrices, which increases parameter count and memory requirements. Moreover, the result-
ing low-rank adaptation term 4B is usually dense, removing the benefits of the pruned model’s
sparsity and increasing inference cost. In contrast, our method applies sparse, rank-sliced low-rank

updates directly—preserving both the original sparsity pattern and the lightweight memory/storage
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footprint—so no extra parameter storage or memory bandwidth is consumed, and inference re-
mains as efficient after fine-tuning as before. This approach integrates seamlessly with the GASA
computation algorithm (chapter 5), maximizing the value of both efficient computation and deep

compression.

6.7 CONCLUSION

This chapter introduced a two-stage sparsification framework for SVD-structured weights, con-
sisting of rank pruning and UV pruning, and proposed a sparsity-preserving low-rank fine-tuning
method. The empirical results demonstrate that these techniques enable substantial parameter and
compute reductions in both convolutional and transformer models, while maintaining competitive
accuracy and efficient inference.

By avoiding the parameter and inference overheads inherent to methods like LoR A, this ap-
proach, together with GASA, establishes a practical path to scalable, adaptive, and efficient deep

learning models suitable for modern deployment contexts.
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Block-by-Block Knowledge Distillation:
Training Low-Rank blocks from
Full-Rank Blocks

Building on the ideas of low-rank approximation and SVD-based compression from Chapters 5
and 6, this chapter presents an approach to training compact neural networks via block-by-block
knowledge distillation. Rather than training a low-rank (SVD-based) model entirely from scratch,

we leverage the well-optimized full-rank model to guide the training of its compressed counterpart.
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Traditional knowledge distillation techniques typically use the outputs of a full model to super-
vise the training of a smaller network. In contrast, our method works with a finer granularity by
subdividing the models. Neural network architectures are often structured as sequences of repeated
blocks, each consisting of one or more layers. We propose distilling knowledge block-by-block, us-
ing the activations produced by each block of the full-rank model to directly supervise the corre-
sponding low-rank block in the student model.

This block-wise strategy offers significant advantages. By aligning corresponding blocks between
teacher and student, we can substantially boost the performance of low-rank models, making them
much more effective than if trained independently. Moreover, this approach facilitates efficient
training, as we can focus on training individual blocks or small groups of layers at a time, without
requiring backpropagation through the entire model for each update.

This chapter explores the motivation, implementation, and empirical evaluation of block-by-
block knowledge distillation, demonstrating how targeted supervision from a high-capacity model
can dramatically improve both the accuracy and training efficiency of compressed, low-rank net-
works.

7.1 INTRODUCTION TO BUILDING SMALL MODELS USING Low-RANK SINGULAR VALUE

DeEcoMPOSITION

The rapid progress of deep learning has yielded models with tremendous performance, but at the
cost of ever increasing computational and memory requirements [93, 94, 95, 96]. Vision models
such as convolutional neural networks (CNNs) [89, 97] and Vision Transformers (ViTs) [7] excel in
image-based tasks, while large language models (LLMs) like GPT [98, 99] lead in natural language
processing. Their sheer size, however, poses deployment challenges in resource-constrained environ-
ments and has catalyzed the development of effective model compression techniques.

Knowledge Distillation (KD) [100, 101,102, 103, 104, 105] is a popular approach to model com-
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pression, transferring knowledge from a large “teacher” model to a smaller ”student” model by
training the student to mimic the teacher’s outputs and intermediate representations. Most KD
methods employ a unified objective, aligning the entirety of the student network with its teacher
counterpart. However, as model architectures deepen and become more complex, unified KD objec-
tives exhibit two primary limitations: gradient interference across layers [106] and the accumulation
of misalignment errors as the signal propagates through the network.

These issues become especially pronounced in deep or highly modular models, where small dis-
crepancies in earlier layers can propagate forward and impair overall student performance. To ad-
dress these challenges, we propose block-by-block knowledge distillation, a framework which de-
couples the distillation process for each architectural block—such as Transformer layers in ViTs and
LLMs, or bottleneck blocks in ResNets. This design limits cross-block gradient entanglement and
contains error accumulation, facilitating more precise student-teacher alignment at every structural
stage of the model.

Building on this principle, we introduce a scalable, model-agnostic compression pipeline that be-
gins by constructing a student model directly via singular value decomposition (SVD) of the teacher’s
weight matrices. This low-rank student serves as an efficient architecture-agnostic surrogate, which
is then further refined via block-by-block KD to recover—and sometimes even surpass—the perfor-
mance of its full-rank teacher.

As illustrated in Figure 7.1, this approach enables substantial compression for both vision and
language models—including Swin Transformers and GPT-2—while achieving accuracy compara-
ble to original full-size models. ResNet-50, for example, can be compressed 4 (23.92M down to
5.5M parameters) and still outperform even a deeper but lower-rank baseline like ResNet-18. Sim-
ilar results hold for large language models and ViTs, where up to 4x compression is achieved with
minimal degradation.

Ablation studies in Section 7.3.3 validate that isolating knowledge distillation by block outper-
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Figure 7.1: Low-rank model compression. Block-by-block KD effectively compresses models while maintaining accuracy
comparable to their full-rank counterpart. Performance of GPT-2 (model size excluding word embeddings) on the
IMDB dataset and Swin Transformer on the TinylmageNet dataset at ranks 16, 32, and 64. Block-by-block KD improves

performance across different compression levels by aligning intermediate representations through isolated, block-wise
distillation.

forms traditional unified KD, confirming the practical value of our framework.

Summary of contributions:

1. We introduce a simple, scalable SVD-based construction of student models, directly applying

low-rank approximations to the teacher, which is broadly applicable across architectures.

2. We propose block-by-block KD, a framework that reduces gradient interference and error

accumulation by isolating the distillation process within individual model blocks.

3. We demonstrate that the combination of SVD compression and block-by-block KD achieves

substantial compression and high performance for a range of model families, including

CNN:s, ViTs, and LLMs.
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The remainder of this chapter explores the methodology, empirical validation, and further exten-

sions of the block-by-block knowledge distillation paradigm for low-rank model building.

7.2 METHOD

7.2.1 PRELIMINARIES

We define a structural block (or simply “block”) as a computational unit within a model, such as a
Transformer block in transformer-based architectures or a bottleneck block in convolutional net-
works. Each block may include multiple layers (e.g., fully-connected or convolutional) that together
produce a unified representation.

Let £ and F2™ denote the input and output features of the 7-th block in the student model,
and Gi;,}, Gyt the input and output features of the corresponding teacher block. Our method en-
sures that each block’s input and output in the student and teacher models have matching shapes,
ie, GI = F" and GO = O™,

We use N x C to represent feature shapes, where C is always the feature/channel dimension. For

CNNs, N represents the spatial size (height X width), and for transformers, N is the sequence length.

7.2.2 Low-RANK MoODEL COMPRESSION WITH SVD

To create a compact student model, we compress each teacher weight matrix using Singular Value
Decomposition (SVD). For each fully-connected or convolutional layer weight matrix W, SVD
yields

w= vzt (7.1)

where Uand V are orthogonal, and X is diagonal with singular values in descending order. Retain-

ing only the top 7 singular values and their corresponding vectors produces a low-rank approxima-
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tion, W, = U2,V VT , which becomes the student model’s weight.
While SVD captures most of the important structure with fewer parameters, SVD alone may not

tully preserve the fine-grained information required for complex tasks, especially in deep networks.

To address this, we apply block-by-block knowledge distillation (KD).

7.2.3 BLock-BY-BLock KNOWLEDGE DISTILLATION

Following SVD, we align each student block’s output with its teacher counterpart using block-
by-block KD. This involves isolating blocks by preventing gradient flow between them, so KD is

applied independently to each:

* Isolation: Each block is treated as an independent model. For block 7, input F2 yields out-

put £, which is compared to G;,"* of the teacher.

¢ Block loss: The block KD loss is
L7 = || — o2 (7.2)

and is minimized by updating only the weights within that block.

Block losses and updates are computed and applied independently for each block (see Figure 7.3).
After all blocks are distilled individually, their weights are re-integrated into the student. A final

global fine-tuning step with the main task objective (e.g., cross-entropy loss) is then performed to

polish the full model. Because each block’s outputs are closely aligned with the teacher, error accu-

mulation is reduced and learning is stabilized, especially for deep architectures.
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7.2.4 CoMPARISON: UNIFIED KD AND GRADIENT ACCUMULATION

, Student Model (With SVD in Each Block) - - == === - = - - - - = - - = - - = — = — - = ——— — ~
1 1
1 |
! Ein Block l‘ out 500 Fm Block m ou . 00 Fm Block M Logit Pred !
1 1 (w/ SVD) (w/ sVD) M (w/ svD) Layer :
1
\ ]
Loss for
Thicker blue arrows show: Main Task
greater cumulative l l
gradients Target
MSELoss MSELoss MSELoss

Teacher Model (FullRank) - - - - - o oo

( Tunable

| weights

X G‘" Block 1* 2 e G‘" Block m ou . .o G‘" Block ¢

| 1 (No SVD) (No SVD) M (No SVD) % Frozen
weights

Flgure 7.3: lllustration of traditional unified KD with intermediate feature loss: Earlier layers receive cumulative gradi-
ents from later layers (thicker blue arrows), which can destabilize learning and lead to inefficient alignment, especially in

deep models.

Traditional knowledge distillation (unified KD) supervises all blocks using a global loss across the
full model:
M
['uniﬁcd-KD = Z 51(311)) (73)

where each £} D) is as defined in (7.2). This results in cumulative gradients flowing from all later

layers to earlier ones, as illustrated in Figure 7.3.

The gradient update for the weights of an earlier block 7 is

OLunedkp o OLGD O™ P,
W, OR OR™,  OW),,

k=m-+1

(7.4)

where the summation represents back-propagation of gradients from all higher blocks. As a result,
earlier blocks experience gradient influences from later losses, leading to possible instability and less

efficient learning—challenges our block-by-block method is designed to overcome.
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7.3 EXPERIMENTS

DATaseT.  We evaluate our method on a range of datasets for vision and language models, across
various tasks. For vision models, we use Tiny-ImageNet [107], CIFAR-10 [108], CIFAR-100 [108],
and SVHN [109]. Tiny-ImageNet consists of 64x64 images, while CIFAR-10, CIFAR-100, and

SVHN have 32x32 images. For language models, we use the IMDB dataset [92], a standard bench-

mark for sentiment analysis.

7.3.1 TRAINING SETUP

All models were trained on two Nvidia GeForce RTX 4090 24GB GPUs.
ViT-based models. (z.c., ViT* [110]", Swin Transformer [111], and CaiT [112]) used AdamW with
a batch size of 256, learning rate of 0.001, and weight decay of Se-2. In block-by-block KD, we ad-
just the learning rate to 0.01.
CNN model. ResNet [89]" was trained with stochastic gradient descent (SGD), a batch size of 256,
learning rate of 0.1, weight decay of le-4, and momentum of 0.9. There are no changes in block-by-
block KD.
LLMs." GPT-2 [113] was trained using AdamW, batch size 8, and learning rate Se-6. DeBERTa
[91] was trained with a batch size of 16 and learning rate of Se-6. In block-by-block KD, we increase
the learning rate for both models to Se-5. Cross-entropy loss was used as the main task loss for all

models.

*ViT specifically refers to architecture from [110], and not the original ViT architecture from
[7]. We use the settings from the official implementation of [110]: https://github.com/hananshafi/
vits-for-small-scale-datasets/tree/main

"We use the settings from the official implementation: https://github.com/pytorch/examples/tree/
main/imagenet

*We use settings from the Hugging Face implementation: https://github.com/huggingface/
transformers/tree/main/docs/source/en/model_doc
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Model #Param (Tunable) | Rank Tiny-ImageNet

ResNet-187 11.28M (11.28M) | Full 56.62
ResNet-501 23.92M (23.92M) | Full 63.63
ResNet-50 10.32M (10.05M) | 128 61.61
ResNet-50 + block-by-block KD 10.32M (10.05M) | 128 62.74
ResNet-50 5.50M (5.23M) 64 38.66
ResNet-50 + block-by-block KD 5.50M (5.23M) 64 59.56
ResNet-50 310M (2.82M) | 32 5.73

ResNet-50 + block-by-block KD 3.10M (2.82M) 32 48.33

Table 7.1: Top-1 accuracy (%) of CNN models on Tiny-ImageNet datasets. The symbol T denotes re-implemented
results. Our block-by-block KD method improves the alignment between student and teacher weights, resulting in
performance boosts. The rank of each layer of full rank ResNeT varies based on the number of channels.

TEACHER AND STUDENT MODELS IN BLock-By-BLOCK KD.  In our setup, the teacher model is
a full-rank model without SVD compression. The student model is formed by applying SVD to the
tully-connected and convolutional layers, except for the final logit layer, of the teacher. For block-by-
block KD, each block (Transformer or Bottleneck) has a separate, independent optimizer instance
that is of the same type as the entire student model (¢.¢., AdamW for ViT models and LLMs, SGD
for ResNet). All hyperparameters match those of the student model. Learning rater were increased
by 10x (except for ResNet, where the learning rate was unchanged) to accelerate convergence and
help each student block better approximate its teacher. We use MSE loss to measure the difference

between the outputs of each isolated student block and its corresponding teacher block.

7.3.2 Brock-BY-Brock KD Boosts MODEL PERFORMANCE

We evaluate the effectiveness of block-by-block KD in improving performance for difterent

model architectures across a variety of tasks.

91



ComPRESSED CNN MODEL.  Table 7.1 demonstrates the effectiveness of block-by-block KD in
enhancing compressed CNNGs, specifically ResNet-50. At rank 128, ResNet-50 has only 10.32M
parameters, smaller than ResNet-18’s full-rank model (11.28M), yet achieves a higher accuracy of
61.61% on Tiny-ImageNet. With block-by-block KD, ResNet-50’s accuracy further improves to
62.74%, approaching the full-rank teacher model’s performance (63.63%).

Atamuch lower rank 32, ResNet-50’s accuracy drops significantly to 5.73% with only SVD-
based compression. With block-by-block KD, it can still maintain 48.33% accuracy. This provides
evidence that block-by-block KD can improve robustness in low-rank settings, as stronger alignment

between student and teacher weights may compensate for aggressive parameter reduction.
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Model #Param (Tunable) ‘ Rank IMDB
)

GPT22 85.05M (85.05M) | Full (768)  88.88
GPT-2 19.00M (18.96M) | 128 83.75
GPT-2 + block-by-block KD 19.00M (18.96M) 128 88.56
GPT2 9.56M (9.52M) 64 83.54
GPT-2 + block-by-block KD 9.56M (9.52M) 64 87.74
GPT-2 4.84M (4.80M) 32 83.64
GPT-2 + block-by-block KD 4.84M (4.80M) 32 86.44
GPT-2 2.48M (2.44M) 16 82.48
GPT-2 + block-by-block KD 2.48M (2.44M) 16 83.57
DeBERTA 86.04M (86.04M) | Full (768)  92.01
DeBERTa 21.96M (21.53M) 128 83.56
DeBERTa + block-by-block KD~ 21.96M (21.53M) | 128 90.99
DeBERTa 11.24M (10.80M) 64 83.33
DeBERTa + block-by-block KD 11.24M (10.80M) 64 90.36
DeBERT: 5.88M (5.44M) 32 82.80
DeBERTa + block-by-block KD 5.88M (5.44M) 32 89.40
DeBERTa 3.20M (2.77M) 16 81.79
DeBERTa + block-by-block KD 3.20M (2.77M) 16 87.58

Table 7.2: Top-1 accuracy (%) of LLMs on IMDB datasets. Model sizes exclude word embeddings. Our block-by-block
KD method improves the alignment between student and teacher weights, resulting in performance boosts

CoMPRESSED LLM MoDELs.  Table 7.2 shows the effectiveness of block-by-block KD in im-
proving compressed LLM models (7.¢., GPT-2 and DeBERTa) on the IMDB dataset. Across both
models, block-by-block KD consistently enhances performance. For instance, at a rank of 128,
model sizes are significantly reduced to 19M for GPT-2 (4.5 x smaller) and 22M for DeBERTa
(4x smaller), excluding the fixed word embedding layers (39.4M for GPT-2 and 98.4M for De-
BERTa), which are not part of the SVD compression. For simplicity, only the compressed model

sizes without word embedding layers are reported. Without block-by-block KD, performance drops
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Model

#Param (Tunable) ‘ Rank Tiny-ImageNet CIFAR-10 CIFAR-100 SVHN

ViTs! 277M (277M) | Full 64.06 96.88 80.86  96.80
ViTx 1.45M (1.38M) 64 59.77 95.70 73.40 96.36
ViT* + block-by-block KD 1.45M (1.38M) 64 60.94 96.09 74.61 96.74
ViTx 0.78M (0.72M) 32 42.97 77.73 S1.17 91.54
ViT* + block-by-block KD 0.78M (0.72M) 32 51.56 88.28 62.11 95.97
ViTx 0.45M (0.38M) 16 35.55 42.27 30.08 38.84
ViTx* + block-by-block KD 0.45M (0.38M) 16 44.14 78.91 46.88 92.80
Swin' 713M (7.13M) | Full 70.31 95.31 80.86  97.86
Swin 2.45M (2.42M) 64 60.94 93.36 75.00 97.49
Swin + block-by-block KD 2.45M (2.42M) 64 67.58 94.14 76.56 97.59
Swin 1.28M (1.26M) 32 43.75 81.25 S1.17 92.45
Swin + block-by-block KD 1.28M (1.26M) 32 54.30 88.67 67.19 96.18
Swin 0.70M (0.68M) 16 23.44 46.09 21.88 44.29
Swin + block-by-block KD 0.70M (0.68M) 16 36.33 73.83 44.53 91.03
CaiTt 8.12M (8.12M) | Full 66.80 94,92 81.25 97.93
CaiT 4.14M (4.06M) 64 62.50 94.53 69.53 97.86
CaiT + block-by-block KD 4.14M (4.06M) 64 67.97 94.53 74.61 97.78
CaiT 2.15SM (2.07M) 32 39.06 91.80 58.98 96.78
CaiT + block-by-block KD 2.15M (2.07M) 32 63.28 91.80 67.97 97.32
CaiT 1.15M (1.07M) 16 21.09 68.75 29.69 86.29
CaiT + block-by-block KD 1.1SM (1.07M) 16 48.44 84.77 53.52 95.95

Table 7.3: Top-1 accuracy (%) of ViT-based models on Tiny-ImageNet, CIFAR-10, CIFAR-100, and SVHN datasets. The
symbol ]L denotes re-implemented results. If there are differences between results within a dataset and given rank, the

best results are bolded. Block-by-block KD better aligns and teacher weights, resulting in improved performance.

to 83.75% and 83.56% for GPT-2 and DeBERTa, respectively. With block-by-block KD, the accu-

racy improves to 88.56% for GPT-2 and 90.99% for DeBERTa, closely matching the performance of

the full-rank models.

With more aggressive compression at rank 16, model size further drops to 2.5M for GPT-2 (34 x

smaller) and 3.2M for DeBERTa (27 x smaller). Without block-by-block KD, SVD-only com-

pressed GPT-2 and DeBERTa achieve accuracies of 82.48% and 81.79%, respectively. With block-

by-block KD, performance rises to 83.57% for GPT-2 and 87.58% for DeBERTa.
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CoMPRESSED VIT-BASED MODELs.  Table 7.3 illustrates performance improvements achieved
by block-by-block KD for compressed ViT-based models (ViT, Swin Transformer, and CaiT)

across multiple datasets. For ViT, the full-rank version with 2.77M parameters achieves an accu-
racy of 64.06% on Tiny-ImageNet and 96.80% on SVHN. Compressed to rank 64, ViT’s parame-
ters reduce to 1.45M (1.38M tunable), with accuracies dropping to 59.77% on Tiny-ImageNet and
96.36% on SVHN. With block-by-block KD, the rank-64 ViT model improves to 60.94% on Tiny-
ImageNet and 96.74% on SVHN. At an even higher compression level with rank 16, the ViT model
reduces further to 0.45M parameters (0.38M tunable), though accuracy declines significantly to
35.55% on Tiny-ImageNet and 38.84% on SVHN. By applying block-by-block KD, the rank-16
ViT model achieves 44.14% on Tiny-ImageNet and 92.80% on SVHN.

Similarly, the Swin Transformer exhibits notable gains with block-by-block KD. The full-rank
model has 7.13M parameters and achieves 70.31% accuracy on Tiny-ImageNet and 97.86% on
SVHN. Compressed to rank 64, Swin Transformer’s size is reduced to 2.45M (2.42M tunable),
yielding 60.94% on Tiny-ImageNet and 97.49% on SVHN. With block-by-block KD, the rank-64
model improves significantly, reaching 67.58% on Tiny-ImageNet and 97.59% on SVHN. At the
lowest compression setting, rank 16, Swin Transformer compresses to 0.70M parameters (0.68M
tunable), with accuracies of 23.44% on Tiny-ImageNet and 44.29% on SVHN. Block-by-block KD
substantially boosts these values to 36.33% on Tiny-ImageNet and 91.03% on SVHN, showing the
effectiveness of block-by-block KD in maintaining performance under extreme low-rank compres-

sion.
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Model KD #Param (Tunable) Rank IMDB
DeBERTa None 86.04M (86.04M) | Full (768) 92.01
DeBERTa None 21.96M (21.53M) 128 83.56
DeBERTa  unified 21.96M (2153M) | 128  88.08(+4.52)
DeBERTa  block-by-block | 21.96M (21.53M) 128 90.99 (+7.43)
DeBERTa None 11.24M (10.80M) 64 83.33
DeBERTa  unified 11.24M (10.80M) | 64  87.25(+3.92)
DeBERTa  block-by-block | 11.24M (10.80M) 64 90.36(+7.03)
DeBERTa None 5.88M (5.44M) 32 82.80
DeBERTa unified 5.88M (5.44M) 32 86.47 (4+3.67)
DeBERTa  block-by-block | 5.88M (5.44M) 32 89.40 (+6.6)
DeBERTa None 3.20M (2.77M) 16 81.79
DeBERTa  unified 3.20M (2.77M) 16 84.88(+3.09)
DeBERTa  block-by-block | 3.20M (2.77M) 16 87.58 (+5.79)

Table 7.4: Ablation study comparing traditional unified KD with our block-by-block KD approach. Model sizes exclude
word embeddings.

7.3.3 ABLATION STUDY

ComPARISON TO UNIFIED KD.  Table 7.4 evaluates the effectiveness of the proposed approach
compared to traditional unified KD, we ablate DeBERTa models compressed to various ranks. Word

embedding layers are excluded from model size calculations as they remain uncompressed by SVD.

For unified KD, the total loss is defined as
M
Lioul = ﬁcross-entropy +2 Z El(glrt))’ (75)
m=1

where Lxp is the MSE-based distillation loss applied to the outputs of each block 72 across M1
blocks, as defined in Equation (7.3). We set A to be 10. The full-rank DeBERTa model (86.04M

parameters) achieves the highest accuracy on the IMDB dataset, reaching 92.01%. At rank 128, De-
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BERTa without KD (SVD only) shows a decrease in performance to 83.56%. Unified KD improves
accuracy to 88.08%, while block-by-block KD further boosts it to 90.99%, achieving a 7.43% boost
over the SVD-only model and closely matching the full-rank performance. At rank 16, DeBERTa
with SVD only shows the lowest accuracy, 81.79%, with a compressed model size of 3.20M. Unified
KD improves this to 84.88%, and block-by-block KD further enhances accuracy to 87.58%, achiev-
ing a 5.79% boost over the SVD-only model. These results demonstrate the superior effectiveness of

block-by-block KD across different compression levels.
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Figure 7.4: Top-1 accuracy on IMDB for DeBERTa (12 Transformer blocks) compressed to ranks 128, 64, and 32, as the
number of distilled blocks increases from the last block. Block-by-block KD (triangles) shows significant performance
gains, especially as more blocks are included. Unified KD (circles) shows only minor gains when distilling into earlier
blocks, highlighting limitations due to the compounded gradient effect.
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EFFECT OF DISTILLING BLOCKS.  Figure 7.4 illustrates the impact of distilling progressively more
blocks in DeBERTa, which has 12 Transformer blocks, on the IMDB dataset, compressed to low
ranks of 128, 64, and 32. The comparison highlights the differences between block-by-block KD
and unified KD. In unified KD, distilling later blocks (from the last up to the 6th) steadily improves
performance. Gains become marginal as earlier blocks are added, which indicates that including
more blocks, especially the earliest ones, yields limited benefit.

This trend reflects the compounded gradient effect, where cumulative gradients from later blocks
repeatedly affect earlier blocks, as shown by Equation (7.4), resulting in inefficient learning. As more
blocks are distilled, earlier blocks receive multiple, sometimes conflicting, gradient updates, which
can lead to instability.

In contrast, block-by-block KD consistently shows significant performance gains, even when
performing distillation with the earliest blocks of a model. This suggests that allowing each block to
learn independently and avoid inter-block gradient interference aligns student and teacher features

more effectively.
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FEATURE ALIGNMENT VISUALIZATION. To assess how well block-by-block KD aligns student
features with those of the teacher model, we use Smooth Grad-CAM++ [114] to visualize the focus
regions for both models. Figure 7.5 shows activation maps for ResNet-50 at rank 64, focusing on
layer2. Each set of images includes, from left to right, the original input, followed by focus regions
from the full-rank teacher model, block-by-block KD (Ours), and the SVD-only models. We ob-
serve that block-by-block KD helps the student model focus on regions similar to those highlighted
by the teacher, indicating strong feature alignment. Meanwhile, the SVD-only model focuses on less
relevant regions, showing a lack of alignment without the targeted adjustments provided by block-

by-block KD.

7.4 DiscussioN AND FUTURE WoORK

The block-by-block knowledge distillation (KD) framework introduced in this chapter ofters a
modular and parallelizable approach to model compression. By isolating each structural block as an
independent unit for distillation, the method not only improves student-teacher alignment but also
lays the groundwork for efficient distributed and federated learning. Because each block can be up-
dated in isolation, block-wise distillation is well-suited for parallel updates on memory-constrained
or heterogeneous devices, where only a subset of the model may be loaded or updated at any one
time.

Nevertheless, deploying such a block-wise approach in real-world distributed scenarios intro-
duces new challenges. Communication overhead may increase due to frequent weight transfers be-
tween devices, and ensuring model consistency under asynchronous updates remains an open ques-
tion. Furthermore, device hardware and memory constraints may necessitate adaptation of block
granularity or size, motivating further research into adaptive block partitioning and distributed KD

protocols.
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Another promising avenue for future work is the adoption of variable-rank compression across
model layers. While our experiments used a constant rank across all blocks for simplicity, an analysis
of the singular value spectra (Figure 7.6) in DeBERTa reveals considerable variation in the “elbow
point”—the index at which singular values decline sharply—across layers. Most layers display an
elbow index well below 20, while some, such as dense output layers, exhibit much higher elbow
indices (up to 766). This suggests that layer-wise or block-wise selection of rank, guided by the sin-
gular value distribution, may yield improved compression-accuracy trade-offs. Systematically explor-
ing variable rank selection represents a valuable direction for future study. Adaptive rank selection

could yield even better compression—accuracy trade-offs.
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Figure 7.6: Each curve represents the singular values from the matrices of the first two layers of DeBERTa. The dashed
vertical lines indicate the elbow points for each matrix. Most elbow indices are below 20, with the notable exception of
the dense output layers, which have an elbow index of 766.

7.5 CONCLUSION

The proposed block-by-block knowledge distillation (KD) framework provides a robust and ver-

satile strategy for compressing deep neural networks via localized, low-rank approximations. By
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focusing distillation at the level of network blocks, this method overcomes the compounded op-
timization and gradient propagation difficulties that often arise in unified, end-to-end distillation
schemes. This granular approach enables more stable training and more faithful transfer of internal
representations from a high-capacity teacher to a compact student model.

Extensive experiments demonstrate both the generality and effectiveness of this approach across
diverse neural architectures including convolutional networks, vision transformers, and language
models. Block-by-block KD enables aggressive rank reduction and model compression. Remarkably,
reducing the SVD rank from 768 to 16 yields up to a 27 x decrease in model size, often with less
than a 5% loss in accuracy, showing that the framework can retain most of the teacher’s performance
even under severe constraints.

Together, these results establish block-by-block KD as a powerful model compression paradigm,
with broad applicability in scenarios requiring efficient neural network deployment. Future efforts
may build on this foundation to further enhance resource efficiency, scalability, and adaptability
in practical deep learning systems. Given the results in the plots of the singular values, it is likely

possible to extract further compression through rank truncation.
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Leveraging Cloud Knowledge Locally:
Lightweight Edge-Side Classification with

Cloud-Extracted Features

As neural networks continue to grow in size and complexity, it becomes increasingly challenging
for small, resource-constrained devices to keep pace, especially when user privacy and personaliza-

tion are paramount. In this chapter, we introduce a new approach to model splitting that allows
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edge devices to benefit from the representational power of large cloud-based models, while keeping
user data local and private.

Unlike traditional edge-cloud model partitioning—where feature extraction also takes place on
the edge, our method shifts the heavy lifting to the cloud. The cloud is responsible for extracting
high-quality features using its powerful models, while edge devices focus solely on maintaining and
fine-tuning compact, task-specific classifiers. This not only reduces the compute and memory bur-
den on the user device, but also simplifies and accelerates personalization with local data as the cloud
does not need to track user personalization.

Crucially, our framework is designed with privacy in mind: user data labels never leave the edge,
and the cloud provider’s proprietary models remain protected. To further support generalization
and rapid adaptation, the cloud can provide “anchors”, prototypical feature representations to
bootstrap or enhance local classifiers, but the user retains full control.

Through experiments on datasets such as CIFAR-100 and Food-101, we demonstrate that this
division of labor enables accurate, efficient, and low-cost learning on the edge without sacrificing
performance. Moreover, users can easily train or swap between multiple classifiers to address a vari-
ety of tasks, all while controlling their data and computational footprint.

This chapter offers an approach for implementing personalized and privacy-respecting Al on

everyday devices.

8.1 INTRODUCTION

Modern vision models—particularly Vision Transformers (ViT) [7]— achieve state-of-the-art ac-
curacy, yet their hundreds of millions of parameters and gigaflop-level inference cost place them far
beyond the reach of mobile phones, AR/VR headsets, and smart sensors. At the same time, these
edge devices are precisely where many emerging applications reside: retail-shelf monitoring, indus-

trial defect detection, home robotics, and countless personal or context-aware services. The tension
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Figure 8.1: Proposed “cloud-to-edge” workflow. A fixed, high-capacity cloud model extracts embedding vectors from
user data. These embeddings—which are far smaller and more abstract than raw inputs—are cached on the device. A
lightweight on-device classifier is then trained (or re-trained) locally using a small, labelled featureset. The cloud can
optionally send additional synthetic anchors (class centroids) to stabilize accuracy when multiple datasets or new classes
are added.

between the richness of cloud-scale models and the limitations of edge hardware motivates a hybrid
paradigm in which the cloud supplies high-quality feature representations, while the edge performs

only the final, task-specific classification.

WHY NOT PARAMETER-EFFICIENT FINE-TUNING (PEFT)?  Techniques such as LoR A and
adapters [80, 115] reduce the number of z7ainable parameters, yet they still require the entzre back-
bone to reside on-device during inference. For many edge platforms this remains prohibitive in la-

tency, energy, and memory.

Our PREMISE.  Keep the large backbone in the cloud, transmit only its compact embedding vec-
tors (=2 10> — 10 floats), and let the edge learn a tiny classifier. Because the final layers are delegated
to the client, each device can personalize its model with minimal compute, storage, or privacy cost:

labels stay local, and only a few kilobytes of weights are updated.
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EARLY-EXIT VS. LATE-START.  Prior “early-exit” networks (e.g. BranchyNet [116]) attempt to stop
computation early on the edge. We take the opposite stance: all heavy feature extraction occurs in
the cloud, and the edge performs the last ~1-2 layers— a /ate-start rather than an early-exit. This

inversion enables:

* Tiny on-device models: a linear or shallow MLP head.
* Rapid personalisation: training completes in seconds.

* Continual learning: new classes or conditions can be incorporated without re-running or

re-deploying the cloud backbone.

* Privacy: only abstract features—not raw images or sensor data—leave the device.

KEY OBSERVATION—CENTROIDS SUFFICE.  Feature vectors produced by large ViT backbones
exhibit strong class structure [117]. We show that, once features are extracted, a single class centroid
per class can serve as a “knowledge anchor” that nearly matches the accuracy obtained from the full
training set. Sending only these centroids from cloud to edge reduces both communication and

local storage.

CHAPTER ROADMAP.  Section 8.2 formalizes the split-model system and illustrates practical use
cases. Section 8.3 revisits supervised learning with frozen feature extractors. Section 8.6 difterenti-
ates between raw datasets and featuresets, and explains how centroids are created. Section 8.8 details
the local training procedure, and Section 8.9 empirically evaluates accuracy, latency, and memory
on vision benchmarks. We discuss limitations and deployment considerations in Section 8.10, and

position our work within the broader literature in Section 8.4.

Contributions.
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1. We propose a cloud/edge split in which only a lightweight classifier runs locally while the

cloud provides frozen embeddings.

2. We demonstrate that class centroids—one or a few per class—are sufficient to train or re-

train the local head, enabling cheap continual learning.

3. We show how centroids from multiple datasets can be merged to distil knowledge across

tasks without accessing original data.

8.2 OVERVIEW AND EXAMPLE SCENARIOS

This chapter studies a split-model training pipeline in which a high-capacity cloud feature extractor
works in tandem with a small, adaptive c/zent classifier (Figure 8.1). The setting we target is common

in modern IoT and mobile applications:

* Client devices have a reliable network connection but are heavily constrained in memory,

compute, and energy (e.g. phones, smart cameras, AR/VR headsets).

* The cloud can host large Vision-Transformer (ViT) backbones, but re-training such models

for every user or task would be prohibitively slow and costly.

HIGH-LEVEL WORKFLOW.

1. The cloud model Freceives raw images from the client and returns fixed feature vectors

(“embeddings”).

2. The client trains, updates, or extends a lightweight classifier C on these embeddings using its

own labels.

3. For future inputs, the client can either (i) send the image for cloud embedding and run C

locally, or (ii) employ a local emulator of F[118] if full privacy is required.
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Rather than store full image datasets, the client caches only a handful of embeddings—sometimes
as few as a single class centroid per class. Our experiments (Section 8.9) show that these tiny feazure-

sets are sufficient to re-train the classifier in seconds, making on-device personalisation practical.

ExAMPLE SCENARIO 1: DEFECT DETECTION

In semiconductor fabrication, dozens of high-resolution cameras inspect wafers at multiple process
stages. When a new defect type is discovered by an automated algorithm [119], deploying a com-

pletely new model to every camera is expensive. With the proposed split pipeline the cloud extracts
embeddings once, then each camera updates only its final classifier row for the new defect. Retrain-

ing is therefore inexpensive and stage-specific.

ExaMPLE SCENARIO 2: SMART SECURITY CAMERAS

A home security camera may temporarily prioritize a specific person (e.g. a guest) or object (e.g. a
delivery box). Adding such a transient class requires only appending a single row to the linear head
and supplying one centroid embedding. When the object is no longer relevant, the row is removed

and the classifier instantly reverts to its previous state—no cloud retraining needed.

8.3 BACKGROUND

8.3.1 LARGE TRANSFORMERS AS FEATURE EXTRACTORS

Networks with wide layers learn remarkably similar early-layer representations, even when trained
on different datasets [120]. Vision Transformers (ViTs) and related models generalize well to out-of-

distribution data [121], motivating their use as universal feature extractors in our pipeline.
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8.3.2 SUPERVISED LEARNING FORMALISM

Let the labelled image dataset be D = {(x;,y;)}2¥,, with M classes and class-specific subsets D,, =

{(x", m)}]]i"i A feature extractor F : x — z€ R/ feeds a classifier C : z + y. Training minimizes

N

using, e.g., stochastic gradient descent.

8.3.3 FROZEN FEATURE EXTRACTOR

When Fis fixed, each image maps deterministically to an embedding, yielding a featureset Z =
{(z:,y:) Y, Optimisation now concerns only 6, greatly reducing memory and compute. Linear

probes [122] are a canonical instance of this paradigm.

8.3.4 VIRTUAL SAMPLES

A virtual sample (z,y) is an embedding that did zot originate from a real image but is synthetically
assigned a label (e.g. a class centroid). Such virtual data can dramatically shrink the featureset size

while maintaining accuracy, as we demonstrate in Section 8.9.

8.4 RELATED WORK

8.4.1 TRANSFER LEARNING AND FOUNDATION MODELS

Transfer learning transfers knowledge from a source model or task to a target model or task [123,
124]. Recent “foundation models”—large networks pre-trained on web-scale data [125]—have

become the de facto source models for a wide range of downstream applications. Parameter-efficient
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fine-tuning (PEFT) techniques such as adapters [115] and LoR A [80] update only a small fraction
of parameters, yet they still require the entire backbone to reside on-device during inference. Our
split pipeline instead keeps the backbone in the cloud and trains only a tiny head locally, eliminating

the memory and compute cost of storing the full model at the edge.

8.4.2 LINEAR PROBING AND FROZEN FEATURE EXTRACTORS

Linear probing trains a shallow classifier on frozen features to assess representation quality [122].
When a frozen backbone is good enough, linear probes can outperform full fine-tuning by avoid-
ing feature drift [126]. Our work generalizes this idea: centroids and subcluster embeddings act as
virtual samples, making training even lighter than a standard linear probe that would require all

embeddings.

8.4.3 TFEDERATED LEARNING AND MODEL ALIGNMENT

Federated learning (FL) trains a global model from distributed data [127, 128]. SphereFed [129]
and related work address alignment issues that arise when each client has its own feature extractor.
In contrast, we share a single frozen extractor and allow each device to keep a private classifier. Al-
though we do not exchange updates, our method could be combined with FL by aggregating the

tiny classifier weights instead of full models.

8.4.4 MODEL SPLITTING AND EARLY EXIT

Model-splitting off-loads part of a network to the cloud and keeps the rest on the edge [130]; early-
exit networks (e.g. BranchyNet [116]) aim to stop computation early to save energy. Most prior
work starts computation on the client and finishes in the cloud, which makes downstream training

task-dependent. We invert this order: the cloud performs heavy feature extraction and the edge exe-
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cutes only the final layers. This late-start design preserves the universality of a single cloud backbone

while enabling cheap personalisation on low-resource devices.

SUMMARY

Existing PEFT, FL, and split-inference techniques each address part of the cloud/edge efficiency

challenge. Our contribution is to combine a frozen, cloud-scale feature extractor with centroid-based

lightweight training, delivering privacy, adaptability, and minimal on-device computation in a sin-

gle, cohesive framework.

8.5 NOTATION

Table 8.1: Frequently-used symbols.

Symbol

Meaning

X,y,Z
F

Input sample, label, embedding (feature)
Frozen feature extractor (cloud model)
Lightweight classifier (edge model)
Original labelled dataser {(x,y)}
Featureset {(z,y)} derived from D
Subset for class m (m e {1, ..., M})
Embedding space C R

8.6 DATASETS AND FEATURESETS

We distinguish datasets, consisting of raw data—label pairs (x, y), from featuresets, consisting of

feature—label pairs (z, y). Featuresets are obtained by a single forward pass of the frozen encoder F

and may include virtual samples that never corresponded to a real input image.
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Figure 8.2: From raw images (a) to embeddings (b) and class clusters (c). Running K-means within each class yields

subclusters (d); class or subcluster centroids (empty triangles) serve as virtual samples.

8.6.1 COMBINING DATASETS

For disjoint class sets, multiple datasets can be merged by offsetting their label indices. For example,
CIFAR-100 ( M 4 classes) and Flowers-102 ( Mg classes) form a combined dataset D 45 with class
indices 1. . .My and M4 +1.. .M 4+Mp respectively. The same rule applies recursively to additional

datasets.

8.6.2 FuLL FEATURESET

The full featureset Z is simply the embedding of every sample in D; training on Z is equivalent to

training on D when Fis frozen (Section 8.3.3).
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8.6.3 Crass CENTROID FEATURESET

For each class, we replace its N, embeddings by a single virtual sample—their mean:

M N
Zuyg = Ul{(l\}m lejm, m)}
m= j=

Thus | Z,,| = M (Figure 8.2¢).

8.6.4 CLASS SUBCLUSTER CENTROID FEATURESET

To capture intra-class variation we run K-means inside each class cluster and keep the K subcluster

centroids:
M K N i
1 m,k
Za =UU{GEX 4 m) )
m=lk=1 j=1

When K=1, Z, collapses to the class-centroid featureset. In our experiments we set K = 10.

8.7 REsuULTS

We quantify the accuracy, efficiency, and flexibility of edge-side classifiers trained on cloud-extracted

embeddings. We follow the same experimental protocol for all studies unless otherwise noted.

8.8 EXPERIMENTAL SETUP

8.8.1 FEATURE EXTRACTORS

We evaluate two frozen backbones:

¢ CLIP [131]: OpenCLIP ViT-B/16 with laion2b_s34b_b88k weights; embedding dimension

f=512.
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¢ DINOv2 [132]: ViT-B/14-reg (dinov2_vitb14_reg); f = 768.

Although both are self-supervised ViTs, CLIP is aligned to language while DINOv2 is purely

visual. We discuss how these differing objectives influence centroid performance in Section 8.10.

8.8.2 DATASETS AND FEATURESETS

Four public datasets are used:

Dataset #Images #Classes
CIFAR-100 [90] 60k 100
Food-101 [133] 101k 101
Flowers-102 [134] 82k 102

Tiny-ImageNet-200 [135] 110k 200

For every dataset we create three featuresets (Section 8.6):

1. Full: all embeddings,
2. Centroid: one class centroid (K=1),

3. Subcluster: K =10 centroids per class.

8.8.3 CoOMBINED-FEATURESET RECIPES

We denote CIFAR-100, Food-101, Flowers-102, and Tiny-ImageNet-200 by A, B, C, and D, respec-

tively. Thus “AB” means the union of featuresets from datasets A and B.
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Figure 8.3: Accuracy vs epochs when using the OpenCLIP ViT-B/16 visual encoder as the feature extractor on (a)
CIFAR-100, (b) Flowers-102, (c) Food-101, and (d) Tiny-ImageNet. Performance when trained on all embeddings (blue
dots) serves as the baseline. Subcluster K = 10 (orange) use featuresets with 10 centroids per class (i.e., subcluster
centroids). Centroid K = 1 (green) use featuresets with only 1 centroid per class (i.e., class centroids).

8.8.4 EDGE-SIDE CLASSIFIER AND TRAINING

The on-device model is a single linear layer (in = f; out = M). We sweep learning rates in {0.01, 0.05,0.1,0.2,0.5}
using SGD with batch size 32 and train for 50 epochs (or early stop). The best learning rate is re-
ported for each experiment. Although deeper heads could improve accuracy, they would obscure

the benefit attributable to featureset design.

8.9 EVALUATION
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Figure 8.4: Accuracy vs number of samples seen when using the OpenCLIP ViT-B/16 visual encoder as the feature
extractor on (a) CIFAR-100, (b) Flowers-102, (c) Food-101, and (d) Tiny-ImageNet. Performance when trained on all em-
beddings (blue dots) serves as the baseline. Subcluster K = 10 (orange) use featuresets with 10 centroids per class (i.e.,
subcluster centroids). Centroid K = 1 (green) use featuresets with only 1 centroid per class (i.e., class centroids). Using
class centroids or subcluster centroids significantly reduces the number of samples required to achieve full accuracy, and
centroids offer respectable performance.

We evaluate training on the featuresets discussed in the previous section. Overall, we demon-

strates the ability for local models to leverage the representations learned by ViT models for different
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image classification domains. In Section 8.9.1 we present the results of training on individual CLIP
and DINOv2 featuresets. Section 8.9.2 shows we are able to achieve similar accuracy to the individ-

ual featuresets when we train on multiple featuresets using both models.

8.9.1 INDIVIDUAL FEATURESETS

Training on class centroids and subcluster centroids requires a similar number of epochs to converge
compared to training on the full featuresets, as seen in Figures 8.3 and 8.5. However, the number of
samples is much lower when using class and subcluster centroids. Thus, the number of samples seen
during training is a better measure for determining computation cost, and the efficiency advantage
becomes much more apparent. Considering the number of samples seen, centroids and subclusters
converge very rapidly, as seen in Figures 8.4 and 8.6. As a result of this efficiency gain, hyperparam-
eter searching is very cheap, and lends itself to the flexibility of this method for varied datasets. We
also found training on featuresets with fewer samples required higher learning rates (z.e., generally,
learning rate for centroids > subclusters > full featuresets).

Our results show that training on virtual samples achieves competitive accuracy with only a frac-
tion of the samples seen. This makes retraining, e.g., for a new classifier head, significantly more
feasible on smaller devices.

Figure 8.3 shows the accuracy for training with CLIP-derived features. We see that all three fea-
turesets converge to roughly the same accuracy. As expected, the full embeddings featureset per-
forms slightly better (1-5%) than the centroid-based featuresets. Figure 8.4 demonstrates how the
centroid-based featuresets require significantly less compute when compared to the full dataset.

Figure 8.5 and Figure 8.6 show the same results but with the DINOv2 model as the feature ex-
tractor. Overall accuracy for DINOv2 is slightly higher than that of CLIP. We suspect the larger

embedding dimension f = 768 may help with the classifier’s discriminatory capabilities.
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Figure 8.5: Accuracy vs epochs when using the DINOv2 ViT-B/14 model as the feature extractor on (a) CIFAR-100,

(b) Flowers-102, (c) Food-101, and (d) Tiny-ImageNet. Performance when trained on all embeddings (blue dots) serves
as the baseline. Subcluster K = 10 (orange) use featuresets with 10 centroids per class (i.e., subcluster centroids).
Centroid K = 1 (green) use featuresets with only 1 centroid per class (i.e., class centroids).
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Figure 8.6: Accuracy vs number of samples seen when using the DINOv2 ViT-B/14 model as the feature extractor on (a)

CIFAR-100, (b) Flowers-102, (c) Food-101, and (d) Tiny-ImageNet. Performance when trained on all embeddings (blue
dots) serves as the baseline. Subcluster K = 10 (orange) use featuresets with 10 centroids per class (i.e., subcluster
centroids). Centroid K = 1 (green) use featuresets with only 1 centroid per class (i.e., class centroids). Using class
centroids or subcluster centroids significantly reduces the number of samples required to achieve full accuracy, and
centroids offer respectable performance.

8.9.2 COMBINED FEATURESETS

Creating combined featuresets with centroids from multiple datasets does not significantly affect
accuracy on individual datasets, as seen in Figures 8.7 and 8.8. However, using a new featureset on
an already trained classifier leads to rapid forgetting, getting close to zero percent accuracy after a
few epochs. We suspect that since the classifer sees no examples of a class it sets the probability of it
to zero.
For our experiments, we make the simplifying assumption the classes are disjoint to make in-

dexing easier for the combining method described in Section 8.6.1. However, we acknowledge that
there are overlaps: ¢.g., “rose” is present in both CIFAR-100 and Flowers-102; “pizza” is present in

both CIFAR-100 and Food-101. No additional processing was done to merge these labels or remove
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Figure 8.7: Test accuracies using featuresets comprising CLIP-derived centroids from different datasets. The x-axis
represents the recipe (e.g., AB is a combined featureset with CIFAR-100 and Flowers-102 centroids), and the y-axis
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Figure 8.8: Test accuracies using featuresets comprising DINOv2-derived centroids from different datasets. The x-axis
represents the recipe (e.g., AB is a combined featureset with CIFAR-100 and Flowers-102 centroids), and the y-axis
represents accuracy. Individual bars are evaluated test accuracies for different datasets. Adding additional datasets (e.g.,
A — AB) DINOV2 featuresets slightly impacts performance on individual datasets (e.g., compare A, ABD, ABCD; and
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Figure 8.9: Test accuracies using featuresets comprising CLIP-derived subclusters from different datasets. The x-axis
represents the recipe (e.g., AB is a combined featureset with CIFAR-100 and Flowers-102 subclusters), and the y-axis
represents accuracy. Individual bars are evaluated test accuracies for different datasets. We observe that adding addi-
tional featuresets (e.g., A — AB) does not impact classifier accuracy when evaluated on individual datasets (bars for A
and B).
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Figure 8.10: Test accuracies using featuresets comprising DINOv2-derived subclusters from different datasets. The
x-axis represents the recipe (e.g., AB is a combined featureset with CIFAR-100 and Flowers-102 subclusters), and

the y-axis represents accuracy. Individual bars are evaluated test accuracies for different datasets. Adding additional
datasets (e.g., A — AB) DINOv2 featuresets slightly impacts performance on individual datasets (e.g., compare A, ABCD,
AB; and BCD, CD).
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data with overlapping labels. We suspect this may be the reason for minor accuracy degradation
when using DINOv?2 features (Figure 8.8).

We also trained the using the subcluster featuresets (Figures 8.9 and 8.10). We observed results
similar to the individual featureset training in Section 8.9.1: subclusters attained slightly better accu-

racy than centroids.

8.10 DiscussioN

WHY DO CENTROIDS WORK?  For CLIP, mutual visual-text alignment places semantically sim-
ilar images close in cosine space [131]; a centroid is therefore a meaningful prototype. DINOv2
lacks text supervision, yet its self-supervised objective still organizes images into visually coherent
clusters, explaining the strong centroid performance—consistent with findings on grounded pre-

training [136].

PRIVACY AND DEPLOYMENT.  Labels stay on-device; raw images can optionally be discarded once
embeddings are cached. Where stronger privacy is required, an on-device emulator of the early back-
bone layers [118] could avoid sending any raw data to the cloud. Model-splitting does introduce a

potential attack surface for feature inversion [137], which merits future study.

FEATURE AUGMENTATION. Simple Gaussian noise on embeddings did not improve accuracy;

augmenting in feature space remains an open problem.

8.11 CONCLUSION

This chapter has presented a complete pipeline for leveraging cloud knowledge locally: alarge, frozen
feature extractor in the cloud and an ultra-lightweight classifier that is trained and executed entirely

on the edge device. Our main findings are:
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* Embeddings as a universal interface. Self-supervised backbones such as CLIP and DI-
NOv2 generate rich visual embeddings that generalize across tasks and datasets. These em-

beddings can be transmitted once and reused indefinitely.

* Virtual samples enable extreme data reduction. Replacing thousands of embeddings per
class with a single centroid preserves accuracy within 1-5 pp of the full featureset, while cut-

ting storage and training time by two orders of magnitude.

* Rapid, private personalisation. Because only the classifier head is updated, a new class
can be added—or an entire head re-trained—in seconds on commodity hardware, without

sharing labels or raw images with the cloud.

* Composability across domains. Centroids drawn from multiple, disjoint datasets can be
merged into a single featureset with negligible loss in per-dataset accuracy, enabling multi-

domain edge models with no additional cloud retraining.

ImrrLicaTIONS.  The split architecture combines the expressive power of foundation-scale back-
bones with the privacy, latency, and energy benefits of on-device inference. It removes the require-

ment to store or execute the full model locally.

FUTURE DIRECTIONS.  Key open questions include (i) adaptive centroid selection for evolving
data distributions; (ii) privacy guarantees against feature inversion; (iii) extension to multi-modal
backbones such as ImageBind; and (iv) integration with federated learning, where only the tiny
heads are aggregated.

Opverall, the proposed framework introduces a practical approach for the deployment of sophisti-

cated visual intelligence on resource-constrained devices.
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Conclusion

This thesis has argued that many of the core computational challenges in modern machine learning
can be addressed by optimizing the use of matrices. By developing a set of matrix-centric techniques,
I have shown how to improve the efficiency, scalability, and sustainability of artificial intelligence
workloads by changing how the matrices are stored, accessed, and compressed via training.
Throughout this work, hardware resource constraints are the central motivator for modifying

how we use matrices. Whether in edge devices, datacenters, or distributed systems, the continual
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push to larger and more capable models repeatedly runs into limits on computation, memory band-
width, local storage, or communication cost. Alleviating one bottleneck often uncovers another.
For example, the CAKE framework in Chapter 2 demonstrates how strategic tiling and block shap-
ing can mitigate external memory bandwidth constraints, but at the tradeoft of requiring more local
memory and bandwidth. The analytical CAKE model empowers practitioners to reason about
these tradeoffs and select operating points that maximize throughput, circumventing the need for
extensive autotuning and enabling dramatic reductions in required memory bandwidth.

The analytical tiling approaches introduced here, initially formulated for matrix multiplication,
have been generalized in mCAKE (Chapter 3) to address higher-dimensional tensor contractions.
In contrast to black-box autotuning methods with vast search spaces, this thesis demonstrates how
arithmetic intensity and memory traffic analyses can yield high-performing, analytically derived so-
lutions. This thesis shows them validated not only in theory, but also by practical high-throughput
implementations.

As Al models grow and their matrices become sparse, new challenges emerge. Sparse matrix mul-
tiplication faces reduced arithmetic intensity and increased memory bandwidth demand, since
skipping zero elements disrupts the balance between computation and data transfer. This work
addresses those issues through the Rosko framework (Chapter 4), introducing a hybrid model train-
ing pipeline: neural networks can be pruned and fine-tuned to adopt sparsity patterns that are di-
rectly compatible with hardware architecture, such as tiling and memory access sizes. This brings
an additional layer of efficiency, as the models themselves become co-designed with their eventual
deployment platform.

Many of the models are over-parameterized for given tasks. When sparsity alone is insufficient to
reduce model size, low-rank matrix approximation is a viable approach. Using singular value decom-
position (SVD), I have demonstrated both new algorithms for efficient inference with compressed

weights (Chapter 5) and strategies for maintaining high accuracy during training and adaptation to
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new tasks (Chapter 6). To address the unique challenges of training highly compressed models, I
introduced a block-by-block knowledge distillation technique (Chapter 7). Instead of treating the
model as a monolith, this approach enables each low-rank block or module within a student net-
work to directly learn from the corresponding block in a full-rank teacher. This targeted supervision
not only preserves accuracy in compressed models but also improves training efficiency since block-
wise training requires less hardware resources. When a single device is not enough, we expand our
approach to split training between a local device for personalization and the cloud in Chapter 8.
The approaches introduced for shrinking and training models are an important development for
enabling functionality on resource constrained devices.

Further advancing the boundary between efficiency and usability, this thesis extends matrix-
centric optimization to the realm of split computing. The proposed cloud/edge framework demon-
strates that resource-constrained edge devices can capitalize on large, remote models running larger
matrix computations by offloading the heavy feature extraction steps to the cloud, while preserv-
ing privacy and enabling rapid, personalized adaptation by maintaining the final classifier locally.

By having the cloud share prototypical “anchor” features, we further enhance this collaborative ap-
proach, showcasing how efficient, secure AI computation can be achieved even as models and data
sources must be shared.

Collectively, these contributions constitute a practical and analytical toolset for reducing resource
usage and enhancing flexibility in machine learning and artificial intelligence workloads. The frame-
works, models, and algorithms presented here enable practitioners to systematically explore the
compute—memory-accuracy design space, moving the field closer to efficient, scalable, and sustain-
able deployment of Al across diverse platforms.

Looking forward, there are many promising directions for future work. The analytical method-
ologies explored here are well positioned to guide optimization in distributed and hierarchical sys-

tems, where communication bottlenecks manifest at every level between large, slow memories and
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fast, local buffers. As deep learning models continue to expand, the techniques for training, com-
pressing, and efficiently storing weights will become even more critical—not least for managing
intermediate states such as KV caches in large language models.

In summary, this thesis demonstrates that analytical understanding of matrix operations enables
scalable, hardware-aware, and sustainable deployment of AI. While open problems and new bottle-
necks will continue to arise in this rapidly evolving field, I believe these results offer durable insights

and foundations on which future advances can be built.
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