DIGITAL ACCESS o0 HARVARD
SCHOLARSHIP sr HARVARD LIBRARY

DASH.HARVARD.EDU

Concentration bounds for quantum
states with finite correlation length
on gquantum spin lattice systems

Citation

Anshu, Anurag. "Concentration bounds for quantum states with finite correlation length on
quantum spin lattice systems.” New J. Phys. 18, no. 8 (2016): 083011. DOI:
10.1088/1367-2630/18/8/083011

Published version
https://doi.org/10.1088/1367-2630/18/8/083011

Link
https://nrs.harvard.edu/URN-3:HUL.INSTREPOS:37377732

Accessibility
https://accessibility.huit.harvard.edu/digital-accessibility-policy

Share Your Story

The Harvard community has made this article openly available.
Please share how this access benefits you.lSubmit a story |



https://dash.harvard.edu/submit-story?publicationId=ed3dc27b-0f28-4367-a905-60286be0243e

New jou r“al Of PhYSics Deutsche Physikalische Gesellschaft @ DPG I0P Institute of PhySiCS

The open access journal at the forefront of physics

PAPER « OPEN ACCESS You may also like
. . - A simple protocol for fault tolerant
Concentration bounds for quantum states with uerifcation of quanium computation
. . . . Alexandru Gheorghiu, Matty J Hoban and

finite correlation length on quantum spin lattice Elham Kashef
Spectral estimation for Hamiltonians: a

SyStemS comparison between classical imaginary-
time evolution and quantum real-time
evolution

To cite this article: Anurag Anshu 2016 New J. Phys. 18 083011 M E Stroeks, J Helsen and B M Terhal

- Spacetime replication of continuous
variable guantum information
Patrick Hayden, Sepehr Nezami, Grant
Salton et al.

View the article online for updates and enhancements.

This content was downloaded from IP address 130.44.179.142 on 07/02/2024 at 21:15


https://doi.org/10.1088/1367-2630/18/8/083011
https://iopscience.iop.org/article/10.1088/2058-9565/aaeeb3
https://iopscience.iop.org/article/10.1088/2058-9565/aaeeb3
https://iopscience.iop.org/article/10.1088/1367-2630/ac919c
https://iopscience.iop.org/article/10.1088/1367-2630/ac919c
https://iopscience.iop.org/article/10.1088/1367-2630/ac919c
https://iopscience.iop.org/article/10.1088/1367-2630/ac919c
https://iopscience.iop.org/article/10.1088/1367-2630/18/8/083043
https://iopscience.iop.org/article/10.1088/1367-2630/18/8/083043

10P Publishing

@ CrossMark

OPENACCESS

RECEIVED
1 February 2016

REVISED
13July 2016

ACCEPTED FOR PUBLICATION
14]uly 2016

PUBLISHED
8 August 2016

Original content from this
work may be used under
the terms of the Creative
Commons Attribution 3.0
licence.

Any further distribution of
this work must maintain
attribution to the
author(s) and the title of
the work, journal citation
and DOL

NewJ. Phys. 18 (2016) 083011 doi:10.1088/1367-2630/18,/8/083011

New jou rnal of Ph sics Deutsche Physikalische Gesellschaft @ DPG Published in partnership
y with: Deutsche Physikalische
The open access journal at the forefront of physics I0P Institute of Physics Gf:s”S.Chaﬂ and the Institute
of Physics

PAPER

Concentration bounds for quantum states with finite correlation
length on quantum spin lattice systems

Anurag Anshu
Centre for Quantum Technologies, National University of Singapore, Singapore

E-mail: 20109169@u.nus.edu

Keywords: energy distribution, local Hamiltonian system, Chernoff bound, quantum spin lattice system

Abstract

We consider the problem of determining the energy distribution of quantum states that satisfy exponential
decay of correlation and product states, with respect to a quantum local Hamiltonian on a spin lattice.

For a quantum state on a D-dimensional lattice that has correlation length o and has average energy e with
respect to a given local Hamiltonian (with 7 local terms, each of which has norm at most 1), we show that
the overlap of this state with eigenspace of energy fis at most exp (—((e — f 2o )1 /npsiDo). This
bound holds whenever |e — f| > 2P /no . Thus, on a one-dimensional lattice, the tail of the energy
distribution decays exponentially with the energy. For product states, we improve above result to obtain a
Gaussian decay in energy, even for quantum spin systems without an underlying lattice structure. Given a
product state on a collection of spins which has average energy e with respect to a local Hamiltonian (with n
local terms and each local term overlapping with at most 71 other local terms), we show that the overlap of
this state with eigenspace of energy fis at most exp (—(e — f)?/nm?). This bound holds

whenever [e — f| > m/n.

1. Introduction

A question of primary interest for local Hamiltonian spin systems is to determine the energy distribution of
natural class of states with respect to a given local Hamiltonian. The knowledge of energy distribution reveals a
lot of information about the nature of the state itself. As we shall discuss below, a gaussian distribution of energy
can be associated to a product state. On the other hand, the well known entangled state % [0)2" + % [1)@n
(also termed as the ‘cat state’) has energy distribution peaking at opposite ends of the spectrum of the
Hamiltonian: Y7 | |1) (1|;. Moreover, the knowledge of energy distribution plays an important role in the study
of thermalization of quantum systems.

The aforementioned question has been well studied in classical setting, important examples of which are the
Chernoffbound [Che52] and the Central Limit theorem (which applies to asymptotic regime). Chernoff bound
can be informally states as follows. Let Xj, X; ... X, beindependent and identically distributed random
variables taking values in [0, 1]and each having average value A. Then Pr(|1X; + X, ... + X,, — nA| > ¢)
< e~¢/" where cis a constant that depends on A.

One interpretation of this bound (which was the original motivation in [Che52]) is that it provides a recipe
for distinguishing between two probability distributions P o > P(x)|x) (x]and Q o > g (x)|x) (x| with
expectation values A and B respectively. Given n independent samplesx;, %, ... x, from either of these
distributions, the sum}_, x; is highly likely to be concentrated around #A if the underlying distribution is Pand
around nBif the underlying distribution is Q. A more precise formulation of this idea requires characterizing the
trace distance between P®" and Q®" as n becomes large, and it has been generalized to the quantum setting in
[ACMnT07].

Another interpretation of the Chernoff bound, which is the focus of present work, lies in the setting of

) . — . . def
classical’ local Hamiltonian systems. Consider a product state p®” on # sites, where p = > px)|x) (x| Let H

©2016 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft
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. . def .. . .
bea 1-local Hamiltonian H = 37 ;hi,suchthat h; = Y- x |x) (x| acts non-trivially only on the site i and is same

for each site. If A & Tr(ph;) is the expectation value of p with respect to h;, then nA is average energy of p®"
with respect to the Hamiltonian H. Let IL, .4 . . be the projector onto eigenstates of H with energy atleast nA + €.
Then the Chernoffbound implies that Tr(p®"TLs .4, .) < e~ /", Thus, the energy distribution of p®” is highly
concentrated around the average energy nA.

The energy distribution of a product state for quantum lattice system with infinitely many sites was
considered in [GV89] (for translationally invariant systems) and in [HMHO04a] (for non-translationally invariant
systems). These results can be regarded as a generalization of the central limit theorem to quantum systems. A
non-asymptotic version of central limit theorem is the Berry—Esseen theorem ([Ber41, Ess45]), which provides
an upper bound on trace distance between energy distribution of product state and the normal distribution as a
function of lattice size. This upper bound goes to zero as lattice size approaches infinity, thus recovering the
central limit theorem. For quantum states with finite correlation length (which includes product states) on finite
sized lattice, a quantum version of Berry—Esseen theorem was recently shown to hold in [BC15, BCG15].

These results give a strong indication that states satisfying exponential decay of correlation behave similar to
product states, even when their energy distributions are measured with respect to the eigenspectrum of a non-
commuting (but local) Hamiltonian. The work [KLW15] goes even further to show that non-commuting local
Hamiltonians themselves have energy spectrum that resemble that of a 1-local Hamiltonian (although, quite
curiously, the same work shows that almost all eigenvectors of non-commuting local Hamiltonians are highly
entangled, in contrast with the eigenvectors of 1-local Hamiltonians).

Above mentioned results have added to the growing body of research on general properties of local
Hamiltonian systems, such as the Lieb—Robinson bound [LR72], exponential decay of correlation [Has04], the
arealaws [AKLV13, ALV 12, Has07] and local reversibility [KAAV15], to name a few. They have also found
several applications in the problem of thermalization of many body systems. To start with, one of the first steps
towards the problem of locality of temperature' was taken in [HMHO04b]. Crucially using the central limit
theorem obtained in [HMHO04a], the authors characterized a set of conditions under which a given thermal state
of a quantum local Hamiltonian on a lattice would be close to a tensor product of thermal states on local
subsystems on the lattice.

The work [Cral2] considered the problem of thermalization under random Hamiltonians, where the
Hamiltonian was generated via a random unitary on a fixed local Hamiltonian H. One of the main technical
problems in this work was the study of the characteristic function Tr (em’é), where é is the maximally mixed
state (which is also a product state on the lattice). The techniques were inspired from the proof of central limit
theorem in the works [GV89, HMHO04a], where the characteristic function Tr (e p) of a product state p had
been investigated in detail.

The quantum version of Berry—Esseen theorem [BCG15] was used to show in [BC15] that Gibbs state of a
local Hamiltonian H at sufficiently high temperature (high enough to ensure a clustering of correlation) is
indistinguishable, over sufficiently large regions of lattice (that scale sub-linearly with lattice size), from the
microcanonical ensemble of eigenstates of H which have eigenvalues close to the average energy of the Gibbs
state. This result bears close resemblance to the eigenstate thermalization hypothesis [Deu91, Sre94], which isa
stronger conjecture stating that every eigenstate of H with eigenvalue close to the average energy of Gibbs state of
Hislocally indistinguishable from this Gibbs state.

In present work, we provide further details on energy distribution of states satisfying exponential decay of
correlation and product states. Our main results can be seen as an analogue of the Chernoff bound for quantum
lattice systems.

Our first result concerns states that satisfy exponential decay of correlation on a D-dimensional lattice. Well
known examples of such states include the ground states of gapped local Hamiltonians [Has04] and Gibbs state
above a finite temperature [KGK " 13]. In fact, it has been shown in [FWB ™ 15] that for local Hamiltonians
exhibiting many body localization and having non-degenerate energy spectrum, all eigenvectors satisfy
exponential decay of correlation. Thus our result provides information about structure of eigenvectors of such
Hamiltonians and may have applications in the phenomena of many body localization.

Consider alocal Hamiltonian H on a D-dimensional lattice with # local interaction terms, such that each
local term has operator norm at most 1 (see section 2 and figure 2 for a detailed description of H).

Theorem 1.1 (Informal). Let p be a quantum state with correlation length o and (H), o Tr(pH) be the average
energy of p. Let Il ¢ (Il<f) be the projection onto subspace which is union of eigenspaces of H with eigenvalues

2f (<f).

! Whichis roughly the problem of assigning a temperature to reduced density matrix of thermal state of a local Hamiltonian, detailed
discussion can be found in [KGK "13].
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Tr(plle by Tr(pIle )y
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Figure 1. The tail bounds according to theorem 1.1 (right-hand side) and theorem 1.2 (left-hand side). The x-axis is energy eand y-axis
is the weight Tr(pIl,), where II, is projector onto eigenspace of H with energy e. Shaded region depicts the part of energy distribution
with overall weight at most % The discontinuous part of the curve is where our results provide no information. We have ignored O(1)

constants in the figure.

20D) |
Fora > — it holds that
1
na (na20)D+1

1
Tr(plls (1), +a) < O(o)e “000r and Tr(plle iy, ) < O(a)e 000

Formal statement of the theorem is given in theorem 4.2. Thus in one-dimensional spin chain (withD = 1), our
upper bound decays exponentially with energy, rather than as a gaussian. The bound becomes weaker with
higher dimensions and is depicted in figure 1.

Our second result concerns product states over a collection of spins and does not require any underlying
lattice arrangement of these spins. It does impose, however, alocality constraint on the Hamiltonian that acts on
these spins. Consider a Hamiltonian H which is a sum of  terms, each term being k-local (that is, it acts non-
trivially on at most k spins) and having operator norm at most 1. Let 2 be the maximum number of neighbours
of any local term, where two local terms are neighbours if there is a spin on which both act non-trivially (See
section 5 and figure 3 for detailed description of H). We show the following.

Theorem 1.2 (Informal). Consider a product state p with average energy (H), oy (pH). Fix a real number

az, O(Tmz) . Let IL ¢ (I1<¢) be the projection onto subspace which is union of eigenspaces of H with eigenvalues >f
(<f ). It holds that

2

Tr(pH><H>+na) < 67%

and

__na?

Tl‘(pH<<H>,,m) < e omd.,

Formal statement of the theorem is given in theorem 5.3. The energy distribution is depicted in figure 1. The
bound is not only independent of any underlying lattice structure, but is also independent of the locality k. This
is not surprising, since the quantity # that appears in the bound is the number of local terms in H, rather than
number of spins on which H acts. Following corollary is a restatement of above bound, in terms of number of
spins (which we call N) and the maximum number of local terms that act on any given spin (which we call g). In
the following, we also assume that each local term is exactly k-local.

Corollary 1.3. Consider a product state p with average energy (H), i Tr(pH). Fix a real number

e > \JO(g’kN). Let IL. ¢ (ILs) be the projection onto subspace which is union of eigenspaces of H with eigenvalues
>f (<f). It holds that

2
Tr(pILs 1y 1) < e o)
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and

2

Tr(plle ) na) < € O,

Formal statement of the corollary appears as corollary 5.4. It shows a gaussian decay for tail of energy
distribution of product states in the scenario where g, k are constants’ independent of N .

Related recent works

A recent work [Kuw16] has obtained a similar concentration result for product states (lemma 4 therein). The keyidea is
to split the Hamiltonian Has H = H; + H, + ..., whereeach H,, H,...is composed oflocal terms that are non-
overlapping. Then from classical Chernoff bound, the product state exhibits a Gaussian decay in energy distribution for
each of the Hamiltonians Hj, H.... Final step (which is also the main argument of the paper) is to combine these tails
bounds to obtain a final bound for energy distribution with respect to the original Hamiltonian H. Unfortunately, the
techniques do not extend to states satisfying exponential decay of correlation. To establish a bound for energy
distribution with respect to H, one needs the knowledge of bounds for energy distribution with respect to each of the
‘classical Hamiltonians’ H,, H,.... Buteven for these classical Hamiltonians, no bound is known for states that satisfy
exponential decay of correlation (apart from theorem 1.1, to the best of author’s knowledge). We have provided further
comparision of the bound in [Kuw16] and theorem 1.2 in section 5.1.

A concentration result has been noted in [KAAV15] (section 5 in this reference) for ground states of gapped local
Hamiltonians on finite dimensional quantum lattice systems, which also exhibit exponential decay of correlation
([Has04]). In this work, the probability distribution has been shown to be concentrated about the median of the
distribution with the weight of the distribution above energy ¢ decaying as e ~1¢~/I/O(M~77 ( £ being the median of the
distribution,  being the number of local terms in the local Hamiltonian and o being the correlation length of the
ground state). In comparison, we show a concentration about the mean of the distribution for all states satisfying
exponential decay of correlation. While our bounds are weaker than those of [KAAV15] in higher dimensions, it may
be noted that we have considered a larger class of states that might possess weaker properties than the ground states of
gapped local Hamiltonians. This behaviour appears in the context of area laws as well: ground states of gapped local
Hamiltonians are known to have very good scaling of area laws with correlation length [AKLV13]; whereas a recent
observation of Hastings [Has15] suggests that states satisfying exponential decay of correlation may have much weaker
dependence of area law with correlation length [BH13a].

Our technique and organisation

The idea behind our approach is straightforward, to compute the moment generating function Tr(H"p) of the
energy distribution and then use Markov’s inequality to upper bound the desired probability. Without loss of
generality, we can assume that H = Y h,,, where wis alabel for local terms and (h,,), &y (phy) = 0.Our
key technical contribution is the combinatorial lemma (lemma 3.1) which answers the following question: if we
expand H" as a sum of product of local terms, thatis H" = S wows..w, Bw B, . hyy, how many

termsh,, h,,, ... h,, make non-negligible (or non-zero) contribution to the moment generating function? We
observe the terms that make non-negligible contribution possess a common property: there is no h,,, which is
supported ‘far’ from all of h,,, hyy, ... 0y, 5 hy,,,s ..}y, Making the notion of ‘far’ precise, we compute the
number of such terms in lemma 3.1 and use it to bound the moment generating function.

The paper is organized as follows. We state basic facts and describe our physical set-up needed for theorem 1.1 in
section 2. We prove our combinatorial lemma in section 3. In section 4 we prove our bounds for states satisfying
exponential decay of correlation. In section 5, we introduce the physical set-up required for theorem 1.2 and provide
the proof of the theorem. This proof also requires a variant of the combinatorial lemma (lemma 3.1) which we prove in
the appendix. We conclude in section 6 and address some questions left open by this work.

2. Physical set-up and basic facts

In this section, we introduce the physical-set up required for theorem 1.1. For simplicity of the presentation, we shall
assume that the spins are arranged on a square lattice, with a local interaction term acting between only those spins that
are the vertices of a common ‘unit-hypercube’. We shall introduce the notion of a ‘dual lattice’ below, to formally and
concisely represent these local interactions between the spins. It can be observed that more general local interactions on
asquare lattice can be put in this form by sufficient coarse-graining of lattice sites. The physical set-up for theorem 1.2 is
relatively simple, and shall be introduced directly in section 5.

% An interesting class of local Hamiltonian system with constant g, k is the family of Hamiltonians defined on an expander graph, which has
recently been a subject of interest with reference to the quantum PCP conjecture [AAV13, BH13b, AE15, Eld15, EH15, FH14].

4
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Figure 2. Alattice £, 4 in dimension D =2 with L = 4. Black dots represent the lattice sites. Blue dots represent the vectors of the dual
lattice £, 4, which we call interactions. For the interaction w, the set S(w) is {v, v2, v3, v4}. The distance between sites vand vs is
lv — vs]| = 3. The distance between interactions wand w' is | w — w'|| = 3.

Consider a D-dimensional real vector space RP. For avector v € RP, let v; represent its ith component. For
two vectors v, v/ € RP, define the ‘1-norm distance’ as

def
lv = v/ = Ylvi = vil.
i
It satisfies the triangle inequality: givenv, v/, v/ € RP, we have
v ="l < llv = v + [[v" = "],

For brevity, we shall refer to 1-norm distance simply as distance.
Foraninteger L > 0, definealattice £p 1 as the set of all vectors v € RP that satisfy the following: for all
i € {1, 2 ... D},itholdsthatv;isanintegerand 0 < v; < L. Twovectors v, v/ € Lp 1 are neighbours if
|[v — v'|| = 1.Henceforth, the vectors belonging to Lp ; shall be referred to as sites.
For eachsite v € Lp,, we associate a d-dimensional Hilbert space ¢ and define the full Hilbert space as
H = ®ery, HY. Local Hamiltonian system is conveniently represented using the notion of dual lattice. Let L,
be the set of vectors wsuch thatforalli € {1, 2 ... D}, 0 < w; < L and w;isahalfinteger (thatis, w; = k + %,
for kan integer). Forafixed w € Lp 1, let S(w) be the set of all sites v € Lp ; such that: foralli € {1,2 ... D},
vi=w; + %orv,': w; — %
Alocal Hamiltonian on Lp,p isdefinedas H = 3 .7 |
only on sites in S(w) and acts as identity on rest of the sites. Following the physical motivation, we shall refer to
vectorsin Lp 1 as interactions. Figure 2 illustrates the notions introduced above for the case when D = 2.
Without loss of generality, we assume that the local terms h,, are positive semi-definite matrices and
[[hllso < 1, where |||« is the operator norm. Given an operator A, support of A (called supp (A)) is the set of
sitesin £p ; on which A acts non-trivially. We define the distance between two operators A, B to be the
minimum distance between their respective supports, that is, min, ¢ uppa),vesupp® ||V — V'|-
For a quantum state p € H, the reduced density matrix of ponaset T of sites is represented as p,.. We define

h.,, where h,, is a local’ term that acts non-trivially

the average energy of p to be Tr(pH ), and represent it as (H),. For everylocal term h,,, let (h,,), &y (P w)-
Then we have

<H>P = Z <hw>p~

w
Astate p € H satisfies (C, 1y, o)-decay of correlation if for any two operators A, B such that distance
between A, B is 1 > [, itholds that

L

ITr(pA @ B) — Tr(pA)Tr(pB)| < C|IAl||[B]le*.

Define Il to be the projector onto eigenspace of H with eigenvalue (energy) equal to f. Let I (Il<) be the
projection onto the subspace which is union of eigenspaces of H with eigenvalues greater (less) than f. The
following fact follows from Markov’s inequality.

Fact2.1.Foreveryt, a > 0andreven

Tr(p(H — (H),)")
(a) '

Proof. Wehave (H — (H),)" = X_,(f — (H),)'Il;, which gives

Tr(pIL (), +a) <
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Tr(p(H — (H),)") = Sp(f — (H),) Tr(pIl,). This implies

Te(p(H — (H))) > @y Y Tr(pllp).
f>(H),+a

3. A combinatorial lemma

In this section, we shall prove a combinatorial lemma, which we shall use in section 4 to prove theorem 1.1. A slight
variant of this lemma shall be proved in the appendix and used in section 5 to prove theorem 1.2. We recall the definition
of the set Lp, ; from section 2 and let the number of interactions in L, ; be . Itis easily seen that n = (L — 1).
Fixan integer I. An ordered set { wy, w; ... w;} of rinteractionsin Lp ; is said to satisfy a property P (1) if the
following holds: for all w;, there exists a w;such that||w; — wj|| < 1. Let the number of such ordered setsbe Np (n, 7, I).
Rest of the section is devoted to the proof of following lemma.

Lemma 3.1. It holds that Np (n, r, ) < (4(41)Pnr):.
We start with the following definition that we shall extensively use.

Definition 3.2. A selection is an ordered set { (b}, x1), (b, %) ... (by, x,)}, where b; € {0, 1}and x; € Lp 1, that
satisfies the following constraints:

(1) If b;= 0, then x; can be any interaction in £p, ; and if b; = 1, x; has to satisfy ||x; — xj|| <2 - Iforsomej < i.

(2) Number of i for which b; = 0 is at most %
We show the following lemma from which the proof of lemma 3.1 shall follow immediately.

Lemma 3.3. Every ordered set {wy, w; ... w;} that satisfies property P (I) can be mapped to a selection in such a way
that for any two distinct sets satisfying P (1), the corresponding selections are distinct.

Proof. We assign a selection to an ordered set {v, v, ... v} satisfying P (/) using the algorithm below.

Initialization

* Seti=1landb; = 0, x; = w;.
+ While (i < r),do:
* i — i+ LSetx;=w; Setbh;=0ifthereisno j < isuch that||w; — w;|| < I.Elsesetb;= 1.

» Endwhile.
Pointer creation

« Definearelation R: {1, 2 ... r} — {0, 1, 2 ... r}asfollows.
* Seti=1.While (i < r),do:

* Ifb;=1,set R(i) = 0.1fb; =0, find the smallest j > isuchthat b;=1and||x; — x;|| < I(suchajexists due
to property P (I)).Set R(1) = j.Seti — i + 1.

+ Endwhile.
Update

+ Let S bethesetofall subsetsof {1, 2, ...r} which have cardinality at least 2.
« Foreachelement S € S,do:

+ Letsbethe cardinality of Sand i, 4, ... i, beits elements arranged in increasing order. If it holds that
b,‘] = b,’l = ...b,‘s =0and R(i;)) = R(%) = ...R(@,) > 0:set biz = b,'3 = ...b,’s = 1.

« EndFor.
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We show that above algorithm terminates and assigns a selection to each ordered set satisfying property P (I).

1. Consider the running of algorithm during the step Initialization. Condition 1 of a selection holds: for every i
for which thereisa j < isuchthat|[x; — x;|| < I, wehaveset b; = 1. But we haven’t constructed a selection
yet, since condition 2 may not be satisfied.

2. After the step Pointer creation, it may be possible that there exist indices 7}, 7, ... i; (for some s < r) such
thatb; = b;, = ...b;, = 0, R(i}) = R(i) = ...R(i;) > Oand i; > i,_; > ...7;. Inthis case, we find using
triangle inequality that

[wi, = wi | < [lwi, = wran | + [[Wray — willl = llwi, = wrapll + Iwray — wi || < 21. Similarly,
[lwi, — wi |l < 21, Jwi, — wil <21, .. w;, — wi| < 21
Thus, the step Update sets b;, = b;, = ...b; = 1, recognizing the fact that each of the points w;,, w;, ... w;,

are at alattice distance of at most 2/ from w;,. This ensures that condition 1 of selection is still satisfied.

3. After the step Update terminates, condition 2 of selection is now satisfied as well. We now have that for every i
with b; = 0, there is no other i’ such that R (i) = R (i) and b; = by = 0. Furthermore, bg;y = 1. Thus,
number of i with b; = 0 is at most as large as the number of jwith b; = 1.

Lemma follows as two distinct ordered sets satisfying P (I) are not assigned the same selection. O

Now we prove lemma 3.1.

Proof oflemma 3.1. For n < r(4])P, we clearly have Np (n, r, ) < n" < ((41)Pnr)2 < (4(4)Pnr):.
Soweassume n > r(41)P. We bound the number of selections, which gives the desired upper bound on
Np(n, r, I) usinglemma 3.3.
Consider those selections for which number of i such that b; = 0 is u. For each i with b; = 0, number of
possible choices of x;is 7. For each i with b; = 1, number of possible choices of x;is at most (4/)Pr (as there are at
most (41)" points x; € Lp; thatsatisfy ||x; — x;| < 21 foragiven’ x;). Hence total number of such selections is

r . L
at most ( )n“ ((4DPry—*.Since u < %, total number of selections is at most
u

r

i( r )nu((4l)Dr)r—u < i( r )né((4Z)Dr)§ < ()P ur)h.
u 2\,

u=0

This proves the lemma. O

4. Energy distribution of states that satisfy an exponential decay of correlation

Consider a state p that satisfies (C, Iy, o)-decay of correlation and the Hamiltonian H = >° h,,.Let

g & h, — Tr(ph,)1. We prove following bound on rth moment.

weLlp

Lemma 4.1. Given the state p that satisfies (C, lo, o)-decay of correlation, it holds that
D, .\ Do \P D+1 :
Tr(p(H — (H))") < (4(4lp)Pnr): + Co|4 ~ nr .

Proof. Consider

Tr p[ Z gW] = Z Tr(pgwlng gwr)' (1)

weLp, WLWa. .. Wy

For every ordered set {wy, w, ... w;} define the quantity D (wy, w, ... w;) ot max;(min;..;[w; — wj). This
is the distance of farthest site from rest of the sites in the ordered set.

For aninteger [ > 0, define 7(1) as the collection” of all sets {wy, w; ... w;} thatsatisfy D (w}, w; ... w) = L.
Now, fixaset {wy, w, ... w;} € Z(I). Withoutloss of generality, suppose that w, is a site at the distance [ from
rest of the sites. Then from (C, o, ly)-decay of correlation and the relation Tr (pg,,) = 0,it holds that

? Thisis avery crude upper bound and can be found as follows. The number of non-negative integers {a;, a, ... ap}suchthat }_;a; < 2lis
atmost (2/)P. Thus, number of integers {a;, 4, ... ap} suchthat }_;|a;| < 2lisatmost 2P (21)P.

4 . . 3 s 0
To avoid confusion, we call 7(]) a ‘collection’ instead of a ‘set’.
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Tr(pg,, 8w, -+ &) < Tr(pg,) - Tr(pg,, --- &,) + Ce 7 = Ce .

r

Now, the number of sets in the collection 7([) is at most Np (1, r, [) which is upper bounded by (4 (41)Pnr)2
(lemma 3.1). Thus we have

Z Tr(pg,, &y, - &) = Z Z Tr(pg,, &y, - &)

Wi, Wa... W, I (wipwy..w)ET()

= Z Z Tr(pgwlgWZ gwr)

I<ly (w,wy...w)€ET()

> > Tr(pg, &, - &)

I>1y (wpwa...w,)ET()

< ND(n) T, lO) + ZND(TI, r, l) . (:67é

I>1

= (4(4lp)Pnr)s + C>_ (4(4hPnr)se s
11y
1

< (4(4lp)Pnrys + C(4nryy 17e . )

>1

Now, we evaluate

Zl* 7 < foo [Pe=rdl = O'%J'_lf sTe5ds < UD“(rD)
0 0 2

I>1

Using this in equation (2), we obtain

r

D 2
Yo Tr(pg, 8., - &,) < (4(4lp)Pnr): + Ca(4(%) nrDH) .

WLW. .. Wy

Now we proceed to state theorem 1.1 formally and provide its proof.

Theorem 4.2. Consider a quantum state p that satisfies (C, lo, o)-decay of correlation and has average energy (H),.

8e (41)PH! Se(4 )P
For | # >a> *— (if the range exists) it holds that

Tr(pILs ), +na) < (1 + Ca)e_se(:jo)f’ and Tr(pllg(my, —na) < (1 + CO')C_Se('Zo)D.

Fora > |—%— (41") ztholds that

7( a2 )D+l 7( e ),)H
Tr(pTl: 11 1) < (1 + Code \@7)  and Tr(pTlc ), na) < (1 + Cole \wwo?)

Proof. Using fact 2.1 and lemma 4.1 we have

r

, Do\P py1)?
4(41] D, \z (=) r

Tr(pHZ(H>p+nu) < ((702,‘) + Co %
na na

Consider the following two cases.

(41)P*
Don

(410)

2
WV

,Or equlvalently

<1.
0'

S Nl
Thenwesetr = 2[ ( " ("I;H) 5 )DH -|, where [.] denotes the ceiling operation (rounding to the nearest larger

integer) to obtain




10P Publishing

NewJ. Phys. 18 (2016) 083011 A Anshu

Do \P
) ;D1

D, \7 4 —
4(4ly) r) L Co (2

na* na*

D \% r

1( (4lp)P*! )P+ (1)5
<l -l + Co|—
[e( Dna’c e

1

AP
< (1 + Co)e \sew@o? .

Tr(pH2(H)p+na) < (

D+1
The last inequality follows from the assumption: %
Dna

8e (4l)P+! 86(410) Dona®
Sy 5, —anda > ||/ ,orequlvalently8 0 )D > land =5 NG <

Wesetr = 2[—,)] to obtain
8e (4ly)

o~

: Do\P pi1
44lD 2 41—=) r
(4h) r) + Co (2)2
na na

r 2 D %
< (1)2 4 Co 1 Dona
e e \ 8e(4l)P+D

YL(ZZ
< (1 4 Co)e seunP,

Tr(pIL (1), +na) < (

Dona?

8e (41p)P+D <L

Last inequality follows from the assumption:

For second part of the theorem, consider the Hamiltonian

> 1= hy.

we Wi

Define (H'), o Tr(pH') = n — (H),.Let IT'> ¢ be the projector onto subspace with eigenvalues of H' larger
than f. Same analysis as above for H' in place of H, along with the relationIl’> s = Ilc,_; completes the
proof. O

5. Energy distribution of a product state

In this section, we introduce the physical set-up for theorem 1.2 and also provide its proof. We shall continue
using the notations H and / for the Hamiltonian and its local term, as this notation is restricted only to this
section.

Consider a collection C of spins, such that a d-dimensional Hilbert space H¢ is associated to each spin s € C.
Let full Hilbert space H be defined as H = ®@,HY. Foran integer k > 0, let Sy be the set of all subsets of C of size
at most k. For an integer m > 0, let Wj ,,, be a subset of Sy defined as follows (note that W ,, is also a set of subsets
of C):foreach w € W, ,,, the number of w' € W, , suchthat|w’ M w| > 0isatmostm. Foreach w € W, ,,
let N(w) bethesetofall w' € W, suchthat|w N w’| > 0.Elements of N(w) shall be referred to as neighbours
of w. The set-up has been depicted in figure 3.

Let the Hamiltonian H be defined as:

Z hW)

we Wi

where h,, acts non-trivially only on spins in w and acts trivially on rest of the spins. Further, we assume
that i, || < 1.
The definition of Wj , thus translates to the assumption that:

(1) Each ‘local term’ h,, acts non-trivially on at most k particle, and hence is k-local.

(2) For each h,,, the number of h,, such that the supports of h,, and h,, intersect, is at most m.

Let p € H beaproduct state, thatis, p = Il;c¢p, and support of each p, is exactly the spin s. Let the reduced
density matrix of ponasubset T C C of spins be denoted in the usual way as p..
We bound the moment function Tr(p (H — (H),)") for an even r to be chosen later and use it to prove

theorem 1.2. Define g,, o hy — (hy), L.
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w3 Wy

w2
Ws

w1 We

Figure 3. Collection of spins (blue dots) with local terms (grey triangles). There is no underlying lattice structure. Each local term is
3-local, thus k = 3 and each local term has at most 2 neighbours, thus 11 = 2. The set W5, in above figure is {w), wa, w3, Wi, ws, s},
where each w; s the set of spins that form vertices of corresponding triangle. Note that for a fixed k, m (here k = 3, m = 2), there can
be several choices of the set W ,, and each choice gives a different Hamiltonian H. Neighbours of w, are N(w;) = {w3, ws}. Each spin
in the figure is in the support of at most 2 local terms Thus we have g = 2, where gis defined in section 5.1.

We shall prove the following lemma.

Lemma5.1. Let n = | Wi, | be the number of local terms. Given the product statep = Il;ccp, it holds that

Trlp| D g, || < @minr).

we Wi
Proof. Consider

r

Trlp] > g | = X Treg,s., - &) 3)

wE Wim WLWa. . Wy

Using Tr(pg,,) = Tr(p,g,) = 0, we observe that the term Tr(pg,, g, --- §,,) is non-zero only if the
ordered set {wy, w; ... w;} satisfies the following property Q: for every w;, there exists a w; such that
[w; N wj| > 0.Inother words, thereisa w; € Wy ,, such that w; € N (w)). Let number of ordered sets
{wy, wy ... w;} thatsatisfy above property be Ny ,,, (1, r). This gives us

Trlp| >0 | < New(n, ymaxy,w, wlTr(pg,, &,, - &,)I- 4)

WEZD)L

Setting the trivial bound max,,, , ..,/ Tr(pg,, &,, --- §,,)| < 1,and usinglemma 5.2 below, the proof
follows. -

Remark. For the case of translationally invariant systems, where h,, = h for all w, the bound
maxy, .y, w 11(0g,, &,, --- &,) < lcan be improved to max,,, .. w, Tr(pg,, 8y, - &) |<(1 — (h),)". This
gives a minor improvement over the statement of lemma 5. 1.

Now we prove an upper bound on the quantity Ny, ,,, (1, r) in the following lemma. Proofis very similar to
lemma 3.1 and is deferred to appendix for completeness.

Lemma 5.2. It holds that N, (n, r) < (4m?nr):.

We restate theorem 1.2 formally and give its proof below.

8em?

Theorem 5.3. Given the product state p = Il p, with average energy (H),, consider areal number a > | . It
holds that

Yl{lz

Tr(plls (H),+na) < € om?

10
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and

2

Tr(pl_Ig(H)p,na) < € .

Proof. Lemma 5.1 gives the following upper bound on rth moment:
Tr(p(H — (H),)") < (4mnr)s. ®)

Using fact 2.1, we have

(4m?nr)z am?r )
Tr(pll na) < = .
(PIL> (1), +na) (nay =

2

8m-e

n

2
Choosing r = 2[ %—I, we obtain for a >

r
8m? - na® )2 na?

Tr(pll na) <
(PIL> (1), +na) (Semz'm

For second part of the theorem, consider the Hamiltonian

H = > I—h,.

we Wi

Define (H'), o Tr(pH') = n — (H),.Let II'> ¢ be the projector onto subspace with eigenvalues of H' larger
than f. Same analysis as above for H’ in place of H gives

_ na?

Tr(le><H/>p+na) < € em?.

This completes the proofsince IT'> = Tl . O

5.1. Restatement of theorem 5.3 in terms of number of spins
We introduce a new parameter that captures the number of local terms that act on any given spin. Define

def def
g = > 1, and g = max; g,
we Wi pisew
where g; is the maximum number of local terms that act non-trivially on spin s.
Now, we prove corollary 1.3. Its formal statement is as follows, where we also assume that each local term is
exactly k-local.

Corollary 5.4. Let the Hamiltonian H be such that each term h,, has locality equal tok. Let N o |C| be the number
of spins. Given the product statep = l,cc p, with average energy(H),, consider areal numbere > /8eg kN . It
holds that
2
Tr(plls by, +2) < € aelv
and

2

Tr(pllcmy, o) < e .

def . .
Proof. Weset ¢ = na asthe energy with respect to H. Then the bound in theorem 5.3 can be restated as:

2
Tr(pH> <H>,7+6) < € .
Relation between N and n can be computed as follows. To each local term h,,, one can associate exactly k spins on
which h,, acts non-trivially. On the other hand, to each spin s, one can associate at most glocal terms that contain
sin their support. From the first argument, the number of associations is exactly k - #, whereas from the second
argument, the number of associations is at most ¢ - N.Thus, g - N > k - n which implies n < %. Also,

m < k - g, since each local term is supported on k spins, and each of these spins are in the support of at most g
other local terms Collectively we obtain nm? < Ng°k and our bound takes the form:

g2
Tr(pll <e R e I 6
(PIL: (h), +&) XP( 4eg3kN) (6)

This completes the proof. O

Above upper bound may be compared to theorem 7 in [Kuw16]. In this reference, the notion of
g’-extensitivity has been introduced (definition 2, [Kuw16]), which is analogous to the locality parameter g

11
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defined above. It is defined as follows: a local Hamiltonian H is g’-extensive if for every spin s, we have
Swew,sewllPw < g’ Using this, the following theorem has been shown in [Kuw16]:

Theorem 5.5 (Informal version of theorem 7, [Kuw16]). Given a g’-extensive local Hamiltonian with locality k, it
holds that

52

N log(%)

>

Tr (pIL (1), 1+2) < O(Dexp| —

where cisa O(1) constant that depends only on k, ¢’

We observe that equation (6) achieves a marginally better bound whenever the norm of each local term 4,,,,
thatis|| 4, ||, is a constant independent of w. In such a case, g’ and gare same up to the norm of local terms. If the
normalizations of each local term are different, it is not clear how g, ¢’ are related to each other. In such a case,
equation (6) and theorem 5.5 may be viewed as complementary results.

6. Conclusion

We have shown upper bounds on tail of energy distribution of states that satisfy exponential decay of correlation
and product states, with respect to alocal Hamiltonian. Main technical tool we use is a combinatorial lemma that
gives a non-trivial upper bound on the moments of the energy distribution. The results may have applications in
the study of thermalization of many body quantum systems and also for many body localization, as noted in the
Introduction. Main questions that we leave open are connected to tightness of our bounds, as we discuss below.

The bounds presented in theorem 1.2 can only be improved up to constants, since classical Chernoff bound
also exhibits a Gaussian decay, which is known to be tight. More interesting situation occurs with the bounds
presented in theorem 1.1. In one-dimensional spin chain, our bound decays exponential with the energy. For the
ground states of gapped local hamiltonians, this is very similar to the behaviour noted in [KAAV15] (section 5)
using completely different techniques. This suggests that the ground states of gapped local hamiltonians (such as
the ground state of Transverse field Ising model, which is exactly solvable) are strong candidates for the study of
tightness of above results. Our result for higher dimensions appears to be much weaker that those obtained in
[KAAV15] (section 5) for gapped ground states, and we expect further improvement using better combinatorial
arguments.

An another interesting question is with respect to matrix product states (with constant bond dimension)
which are defined on one-dimensional spin chain. It is well known that under reasonable assumptions (see
section 5.1.1, [Orul4]) Matrix product states satisfy exponential decay of correlation. Furthermore, it has
already been shown in [Ogal0] that given a Matrix product state p, if n is large enough and energy ¢ ~ O(n), it
holds that Tr(pIL; H>p+g) < e7 9™ Ttisastrong indication that our bound (which applies for all energies

e > O(J/n)) maybe considerably improved for this special, but important, class of states.
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Appendix. Proof of lemma 5.2

We repeat most of the proof of lemma 3.1, making changes wherever necessary.
We start with the following definition.

Definition A.1. A selection is an ordered set { (b, x1), (b, %) ... (b, x,) }, where b; € {0, 1}and x; € Wy,
that satisfies the following constraints:

12
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(1)If b; = 0, then x; can be any element of W, and if b; = 1, x; has to satisfy [N (x;) N N(x;)| > 0 for
some j < 1.

(2) Number of i for which b; = 0 is at most %
We show the following lemma, from which the proof of lemma 3.1 follows easily.

Lemma A.2. Every ordered set {w, w, ... w;} that satisfies property Q can be mapped to a selection in such a way
that for any two distinct ordered sets satisfying Q, the corresponding selections are distinct.

Proof. We assign a selection to an ordered set {w), w, ... w;} satisfying Q using the algorithm below.

Initialization

« Seti=1landb; = 0, x; = w;.

* While (i < r),do:

« i — i+ L.Setx;=w; Setb;=0ifthereisno j < isuchthatw; € ./\/(Wj).Elsesetbiz 1.
+ Endwhile.

Pointer creation

+ Definearelation R: {1, 2 ... r} — {0, 1, 2 ... r}asfollows.
* Seti=1.While (i < r),do:

* Ifb;=1,set R(i) = 0.1fb;=0, find the smallest j > isuchthatb;=1and x; € N(xj) (such ajexists due to
property Q).Set R(1) = j.Seti — i + 1.

« Endwhile.
Update

+ Let S bethesetofall subsetsof {1, 2, ...r} which have cardinality at least 2.
« Foreachelement S € S, do:

+ Letsbethe cardinalityof Sand 7, 1, ... i; beits elements arranged in increasing order. If it holds that
b,’l = b,‘l = ... bis =0andR@;)) = R®G) = ... R > O:setbiz = bia = ... b,’s =1

- EndFor.

We show that above algorithm terminates and assigns a selection to each ordered set satisfying property Q.

(1) Consider the running of algorithm during the step Initialization. Condition 1 of a selection holds: for every i
for which thereisa j < i such that x; € N/ (x;), we have set b; = 1. But we have not constructed a selection yet,
since condition 2 may not be satisfied.

(2) After the step Pointer creation, it may be possible that there exist indices 7, 7, ... i, (for some s < r) such
thatb, = b; = ... b;, = 0,R(i)) = R(i) = ...R(i;) > Oand i, > i,_; > ... 7. Inthis case, wefind that
wi, € N(wg,), wi, € N(wg,). But N(wg,) = N(wg,), which implies that [N(i) N N(5)| > 0. Similarly,
ING) N N(@)| > 0, ... ING) N NG| > 0.Thus, the step Updatesets b;, = b;, = ... b; = 1,recogniz-
ing the fact that each of the points w;,, w;, ... w;_ satisfy the property that the neighbourhood of each of them
intersects with \V(w;,). This ensures that condition 1 of selection is still satisfied.

(3) After the step Update terminates, condition 2 of selection is now satisfied as well. We now have that for every i
with b; = 0, there is no other 7’ such that R (i) = R (i) and b; = by = 0. Furthermore, bg(;y = 1. Thus,
number of i with b; = 0 is at most as large as the number of jwith b; = 1.

Lemma follows as two distinct ordered tuples satisfying Q are not assigned the same selection. O

Now we prove lemma 5.2.

13
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Proof oflemma 5.2. For n < m?r, we clearly have Ny ,,, (1, r) < n" < (m?nr)> < (4m?nr)>.

So weassume n > m?r. We bound the number of selections, which gives the desired upper bound on
Ny (1, 7) usinglemma 3.3.

Consider the collection of those selections, for which number of i such that b; = 0 is u. For each i with b; = 0,
number of possible choices of x; is n. For each i with b; = 1, number of possible choices of x; is at most m?r (as
there are at most m? number of xj € Wi, that satisfy IN(x) NN (x;)| > 0foragiven x;). Hence total number

r

of such selections is at most ( ) n* (m*r) ~*.Since u < %, total number of selections is at most

u

i( g )n“(mzr)"" < i( r )n%(mzrﬁ < 27 (m*nr)s.
u=0\4

u=0\ Y

This proves the lemma. O
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