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Abstract
Weconsider the problemof determining the energydistributionof quantumstates that satisfy exponential
decayof correlation andproduct states,with respect to a quantum localHamiltonianona spin lattice.
For aquantumstate on aD-dimensional lattice that has correlation lengthσ andhas average energy ewith
respect to a given localHamiltonian (withn local terms, eachofwhichhasnormatmost 1), we show that

the overlapof this statewith eigenspace of energy f is atmost s s- - + +( (( ) ) )e f n Dexp 2 D D
1

1
1

1 . This
boundholdswhenever s- >∣ ∣e f n2D . Thus, on aone-dimensional lattice, the tail of the energy
distributiondecays exponentiallywith the energy. For product states,we improve above result to obtain a
Gaussiandecay in energy, even for quantumspin systemswithout anunderlying lattice structure.Given a
product state on a collectionof spinswhichhas average energy ewith respect to a localHamiltonian (withn
local terms and each local termoverlappingwith atmostmother local terms), we show that theoverlapof
this statewith eigenspace of energy f is atmost - -( ( ) )e f nmexp 2 2 . This boundholds
whenever - >∣ ∣e f m n .

1. Introduction

Aquestion of primary interest for localHamiltonian spin systems is to determine the energy distribution of
natural class of states with respect to a given localHamiltonian. The knowledge of energy distribution reveals a
lot of information about the nature of the state itself. Aswe shall discuss below, a gaussian distribution of energy

can be associated to a product state. On the other hand, thewell known entangled state ñ + ñÄ Ä∣ ∣0 1n n1

2

1

2

(also termed as the ‘cat state’) has energy distribution peaking at opposite ends of the spectrumof the
Hamiltonian:å ñá= ∣ ∣1 1i

n
i1 .Moreover, the knowledge of energy distribution plays an important role in the study

of thermalization of quantum systems.
The aforementioned question has beenwell studied in classical setting, important examples of which are the

Chernoff bound [Che52] and theCentral Limit theorem (which applies to asymptotic regime). Chernoff bound
can be informally states as follows. Let ¼X X X, n1 2 be independent and identically distributed random
variables taking values in [ ]0, 1 and each having average valueA. Then e+ ¼ + - >(∣ ∣ )X X X nAPr n1 2

e- e c n2
, where c is a constant that depends onA.

One interpretation of this bound (whichwas the originalmotivation in [Che52]) is that it provides a recipe

for distinguishing between two probability distributions = å ñá( )∣ ∣P p x x xx
def

and = å ñá( )∣ ∣Q q x x xx
def

with
expectation valuesA andB respectively. Given n independent samples ¼x x x, n1 2 from either of these
distributions, the sumå xi i is highly likely to be concentrated around nA if the underlying distribution isP and
around nB if the underlying distribution isQ. Amore precise formulation of this idea requires characterizing the
trace distance between ÄP n and ÄQ n as n becomes large, and it has been generalized to the quantum setting in
[ACMnT+07].

Another interpretation of theChernoff bound, which is the focus of present work, lies in the setting of

‘classical’ localHamiltonian systems. Consider a product state rÄn on n sites, where r = å ñá( )∣ ∣p x x xx
def

. LetH
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be a 1-localHamiltonian = åH hi i
def

, such that = å ñá∣ ∣h x x xi x acts non-trivially only on the site i and is same

for each site. If r= ( )A hTr i
def

is the expectation value of ρwith respect to hi, then nA is average energy ofrÄn

with respect to theHamiltonianH. LetP e+nA be the projector onto eigenstates ofHwith energy at least nA+ ε.

Then theChernoff bound implies that r P e
eÄ

+
-( ) Tr en

nA
c n2

. Thus, the energy distribution of rÄn is highly
concentrated around the average energy nA.

The energy distribution of a product state for quantum lattice systemwith infinitelymany sites was
considered in [GV89] (for translationally invariant systems) and in [HMH04a] (for non-translationally invariant
systems). These results can be regarded as a generalization of the central limit theorem to quantum systems. A
non-asymptotic version of central limit theorem is the Berry–Esseen theorem ([Ber41, Ess45]), which provides
an upper bound on trace distance between energy distribution of product state and the normal distribution as a
function of lattice size. This upper bound goes to zero as lattice size approaches infinity, thus recovering the
central limit theorem. For quantum states with finite correlation length (which includes product states) onfinite
sized lattice, a quantumversion of Berry–Esseen theoremwas recently shown to hold in [BC15, BCG15].

These results give a strong indication that states satisfying exponential decay of correlation behave similar to
product states, evenwhen their energy distributions aremeasuredwith respect to the eigenspectrumof a non-
commuting (but local)Hamiltonian. Thework [KLW15] goes even further to show that non-commuting local
Hamiltonians themselves have energy spectrum that resemble that of a 1-localHamiltonian (although, quite
curiously, the samework shows that almost all eigenvectors of non-commuting localHamiltonians are highly
entangled, in contrast with the eigenvectors of 1-local Hamiltonians).

Abovementioned results have added to the growing body of research on general properties of local
Hamiltonian systems, such as the Lieb–Robinson bound [LR72], exponential decay of correlation [Has04], the
area laws [AKLV13, ALV12,Has07] and local reversibility [KAAV15], to name a few. They have also found
several applications in the problemof thermalization ofmany body systems. To start with, one of the first steps
towards the problemof locality of temperature1 was taken in [HMH04b]. Crucially using the central limit
theoremobtained in [HMH04a], the authors characterized a set of conditions underwhich a given thermal state
of a quantum localHamiltonian on a latticewould be close to a tensor product of thermal states on local
subsystems on the lattice.

Thework [Cra12] considered the problemof thermalization under randomHamiltonians, where the
Hamiltonianwas generated via a randomunitary on afixed localHamiltonianH. One of themain technical

problems in this workwas the study of the characteristic function ( )Tr e Ht I

d
i , where I

d
is themaximallymixed

state (which is also a product state on the lattice). The techniqueswere inspired from the proof of central limit
theorem in theworks [GV89,HMH04a], where the characteristic function r( )Tr e Hti of a product state ρ had
been investigated in detail.

The quantum version of Berry–Esseen theorem [BCG15]was used to show in [BC15] that Gibbs state of a
localHamiltonianH at sufficiently high temperature (high enough to ensure a clustering of correlation) is
indistinguishable, over sufficiently large regions of lattice (that scale sub-linearly with lattice size), from the
microcanonical ensemble of eigenstates ofHwhich have eigenvalues close to the average energy of theGibbs
state. This result bears close resemblance to the eigenstate thermalization hypothesis [Deu91, Sre94], which is a
stronger conjecture stating that every eigenstate ofHwith eigenvalue close to the average energy ofGibbs state of
H is locally indistinguishable from this Gibbs state.

In present work, we provide further details on energy distribution of states satisfying exponential decay of
correlation and product states. Ourmain results can be seen as an analogue of theChernoff bound for quantum
lattice systems.

Our first result concerns states that satisfy exponential decay of correlation on aD-dimensional lattice.Well
known examples of such states include the ground states of gapped localHamiltonians [Has04] andGibbs state
above afinite temperature [KGK+13]. In fact, it has been shown in [FWB+15] that for localHamiltonians
exhibitingmany body localization and having non-degenerate energy spectrum, all eigenvectors satisfy
exponential decay of correlation. Thus our result provides information about structure of eigenvectors of such
Hamiltonians andmay have applications in the phenomena ofmany body localization.

Consider a localHamiltonianH on aD-dimensional lattice with n local interaction terms, such that each
local termhas operator norm atmost 1 (see section 2 andfigure 2 for a detailed description ofH).

Theorem1.1 (Informal). Let r be a quantum state with correlation length s and rá ñ =r ( )H HTr
def

be the average
energy of ρ. Let Pf (Pf ) be the projection onto subspace which is union of eigenspaces of H with eigenvalues
f (f ).

1
Which is roughly the problemof assigning a temperature to reduced densitymatrix of thermal state of a localHamiltonian, detailed

discussion can be found in [KGK+13].
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For
s

( )a
n

2 D

it holds that

r s r sP Pá ñ +
-

á ñ -
-

r

s
s

r

s
s

+ +
( ) ( ) ( ) ( )

( )
( )

( )
( )    Tr e and Tr e .H na H na

na D
D

na D
D

2
1

1
1

2
1

1
1

Formal statement of the theorem is given in theorem4.2. Thus in one-dimensional spin chain (withD=1), our
upper bound decays exponentially with energy, rather than as a gaussian. The bound becomesweaker with
higher dimensions and is depicted infigure 1.

Our second result concerns product states over a collection of spins and does not require any underlying
lattice arrangement of these spins. It does impose, however, a locality constraint on theHamiltonian that acts on
these spins. Consider aHamiltonianHwhich is a sumof n terms, each termbeing k-local (that is, it acts non-
trivially on atmost k spins) and having operator norm atmost 1. Letm be themaximumnumber of neighbours
of any local term,where two local terms are neighbours if there is a spin onwhich both act non-trivially (See
section 5 andfigure 3 for detailed description ofH).We show the following.

Theorem1.2 (Informal).Consider a product state r with average energy rá ñ =r ( )H HTr
def

. Fix a real number
( )a m

n

2

. Let Pf P( )f be the projection onto subspace which is union of eigenspaces of H with eigenvaluesf

(f ). It holds that

rP á ñ+
-( ) ( )Tr eH na

na
m

2
2

and

rP á ñ-
-( ) ( )Tr e .H na

na
m

2
2

Formal statement of the theorem is given in theorem5.3. The energy distribution is depicted infigure 1. The
bound is not only independent of any underlying lattice structure, but is also independent of the locality k. This
is not surprising, since the quantity n that appears in the bound is the number of local terms inH, rather than
number of spins onwhichH acts. Following corollary is a restatement of above bound, in terms of number of
spins (whichwe callN) and themaximumnumber of local terms that act on any given spin (whichwe call g). In
the following, we also assume that each local term is exactly k-local.

Corollary 1.3.Consider a product state r with average energy rá ñ =r ( )H HTr
def

. Fix a real number

e ( ) g kN3 . LetPf P( )f be the projection onto subspace which is union of eigenspaces of H with eigenvalues
f (f ). It holds that

rP eá ñ+
- e

( ) ( )Tr eH g kN

2
3

Figure 1.The tail bounds according to theorem 1.1 (right-hand side) and theorem1.2 (left-hand side). The x-axis is energy e and y-axis
is the weight rP( )Tr e , where Pe is projector onto eigenspace ofHwith energy e. Shaded region depicts the part of energy distribution
with overall weight atmost

n

1 . The discontinuous part of the curve is where our results provide no information.We have ignored ( ) 1
constants in the figure.
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and

rP á ñ-
- e

( ) ( )Tr e .H na g kN

2
3

Formal statement of the corollary appears as corollary 5.4. It shows a gaussian decay for tail of energy
distribution of product states in the scenariowhere g k, are constants2 independent ofN .

Related recentworks
Arecentwork [Kuw16]hasobtaineda similar concentration result for product states (lemma4 therein). Thekey idea is
to split theHamiltonianH as = + + ¼H H H1 2 ,where each ¼H H,1 2 is composedof local terms that arenon-
overlapping.Then fromclassicalChernoff bound, theproduct state exhibits aGaussiandecay in energydistribution for
eachof theHamiltonians ¼H H,1 2 . Final step (which is also themain argumentof thepaper) is to combine these tails
bounds toobtain afinalbound for energydistributionwith respect to theoriginalHamiltonianH.Unfortunately, the
techniquesdonot extend to states satisfying exponential decayof correlation.Toestablish abound for energy
distributionwith respect toH, oneneeds theknowledgeof bounds for energydistributionwith respect to eachof the
‘classicalHamiltonians’ ¼H H,1 2 . But even for these classicalHamiltonians, nobound is known for states that satisfy
exponential decayof correlation (apart fromtheorem1.1, to thebest of author’s knowledge).Wehaveprovided further
comparisionof thebound in [Kuw16] and theorem1.2 in section5.1.

A concentration result has beennoted in [KAAV15] (section5 in this reference) for ground states of gapped local
Hamiltoniansonfinite dimensional quantumlattice systems,which also exhibit exponential decayof correlation
([Has04]). In thiswork, theprobability distributionhasbeen shown tobe concentrated about themedianof the
distributionwith theweight of thedistribution above energyεdecaying as e s- - ( )e f n1 ( f being themedianof the
distribution,nbeing thenumberof local terms in the localHamiltonian andσbeing the correlation lengthof the
ground state). In comparison,we showaconcentration about themeanof thedistribution for all states satisfying
exponential decayof correlation.While ourbounds areweaker than thoseof [KAAV15] inhigherdimensions, itmay
benoted thatwehave considered a larger class of states thatmightpossessweakerproperties than the ground states of
gapped localHamiltonians.Thisbehaviour appears in the context of area laws aswell: ground states of gapped local
Hamiltonians are known tohave very good scalingof area lawswith correlation length [AKLV13];whereas a recent
observationofHastings [Has15] suggests that states satisfying exponential decayof correlationmayhavemuchweaker
dependenceof area lawwith correlation length [BH13a].

Our technique and organisation
The idea behind our approach is straightforward, to compute themoment generating function r( )HTr r of the
energy distribution and then useMarkov’s inequality to upper bound the desired probability.Without loss of

generality, we can assume that = åH hw w, wherew is a label for local terms and rá ñ = =r ( )h hTr 0w w
def

. Our
key technical contribution is the combinatorial lemma (lemma 3.1)which answers the following question: if we
expandHr as a sumof product of local terms, that is = å ¼¼H h h hr

w w w w w w, r r1 2 1 2
, howmany

terms ¼h h hw w wr1 2
make non-negligible (or non-zero) contribution to themoment generating function?We

observe the terms thatmake non-negligible contribution possess a commonproperty: there is no hwi
which is

supported ‘far’ from all of ¼ ¼- +h h h h h, , , ,w w w w wi i r1 2 1 1 .Making the notion of ‘far’ precise, we compute the
number of such terms in lemma 3.1 and use it to bound themoment generating function.

Thepaper is organized as follows.We state basic facts anddescribeourphysical set-upneeded for theorem1.1 in
section2.Weproveour combinatorial lemma in section3. In section4weproveourbounds for states satisfying
exponential decayof correlation. In section5,we introduce thephysical set-up required for theorem1.2 andprovide
theproof of the theorem.This proof also requires a variant of the combinatorial lemma (lemma3.1)whichweprove in
the appendix.Weconclude in section6andaddress somequestions left openby thiswork.

2. Physical set-up and basic facts

In this section,we introduce thephysical-set up required for theorem1.1. For simplicity of thepresentation,we shall
assume that the spins are arrangedona square lattice,with a local interaction termactingbetweenonly those spins that
are the vertices of a common ‘unit-hypercube’.We shall introduce thenotionof a ‘dual lattice’below, to formally and
concisely represent these local interactionsbetween the spins. It canbeobserved thatmore general local interactionson
a square lattice canbeput in this formby sufficient coarse-grainingof lattice sites.Thephysical set-up for theorem1.2 is
relatively simple, and shall be introduceddirectly in section5.

2
An interesting class of localHamiltonian systemwith constant g k, is the family ofHamiltonians defined on an expander graph, which has

recently been a subject of interest with reference to the quantumPCP conjecture [AAV13, BH13b, AE15, Eld15, EH15, FH14].
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Consider aD-dimensional real vector space D. For a vector Î v D, let vi represent its ith component. For
two vectors ¢ Î v v, D, define the ‘1-normdistance’ as

å- ¢ = - ¢∣ ∣v v v v .
i

i i
def 

It satisfies the triangle inequality: given ¢  Î v v v, , D, we have

-  - ¢ + ¢ - v v v v v v .     

For brevity, we shall refer to 1-normdistance simply as distance.
For an integer >L 0, define a lattice D L, as the set of all vectors Î v D that satisfy the following: for all

Î ¼{ }i D1, 2 , it holds that vi is an integer and  v L0 i . Two vectors ¢ Î v v, D L, are neighbours if
- ¢ =v v 1  . Henceforth, the vectors belonging to D L, shall be referred to as sites.

For each site Î v D L, , we associate a d-dimensional Hilbert spacev
d and define the full Hilbert space as

= Ä Î v v
d

D L,
. LocalHamiltonian system is conveniently represented using the notion of dual lattice. Let ̄D L,

be the set of vectorsw such that for all Î ¼{ }i D1, 2 , < <w L0 i andwi is a half integer (that is, = +w ki
1

2
,

for k an integer). For afixed Î ̄w D L, , let ( ) w be the set of all sites Î v D L, such that: for all Î ¼{ }i D1, 2 ,

= +v wi i
1

2
or = -v wi i

1

2
.

A localHamiltonian on D L, is defined as = å Î̄H hw wD L,
, where hw is a ‘local’ term that acts non-trivially

only on sites in ( ) w and acts as identity on rest of the sites. Following the physicalmotivation, we shall refer to
vectors in ̄D L, as interactions. Figure 2 illustrates the notions introduced above for the case whenD= 2.

Without loss of generality, we assume that the local terms hw are positive semi-definitematrices and

¥ h 1w  , where ¥.  is the operator norm.Given an operatorA, support ofA (called ( )Asupp ) is the set of
sites in D L, onwhichA acts non-trivially.We define the distance between two operators A B, to be the
minimumdistance between their respective supports, that is, - ¢Î ¢Î( ) ( ) v vminv A v Bsupp , supp  .

For a quantum state r Î , the reduced densitymatrix of ρ on a setT of sites is represented as rT .We define

the average energy of ρ to be r( )HTr , and represent it as á ñrH . For every local term hw, let rá ñ =r ( )( )h hTrw w w
def

.
Thenwe have

åá ñ = á ñr rH h .
w

w

A state r Î  satisfies s( )C l, ,0 -decay of correlation if for any two operators A B, such that distance
between A B, is 1�l0, it holds that

r r rÄ - -s∣ ( ) ( ) ( )∣ A B A B C A BTr Tr Tr e .
l  

DefinePf to be the projector onto eigenspace ofHwith eigenvalue (energy) equal to f. LetPf (Pf ) be the
projection onto the subspacewhich is union of eigenspaces ofHwith eigenvalues greater (less) than f. The
following fact follows fromMarkov’s inequality.

Fact 2.1. For every >t a, 0 and r even

r
r

P
- á ñr

á ñ +r( )
( ( ) )

( )


H H

a
Tr

Tr
.H a

r

r

Proof.Wehave - á ñ = å - á ñ Pr r( ) ( )H H f Hr
f

r
f , which gives

Figure 2.A lattice 2,4 in dimensionD= 2with L= 4. Black dots represent the lattice sites. Blue dots represent the vectors of the dual
lattice ̄2,4, whichwe call interactions. For the interactionw, the set ( ) w is { }v v v v, , ,1 2 3 4 . The distance between sites v and v3 is

- =v v 33  . The distance between interactionsw and ¢w is - ¢ =w w 3  .
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r r- á ñ = å - á ñ Pr r( ( ) ) ( ) ( )H H f HTr Trr
f

r
f . This implies

år r- á ñ Pr
>á ñ +r

( ( ) ) ( ) ( )H H aTr Tr .r r

f H a
f

,

3. A combinatorial lemma

In this section,we shall prove a combinatorial lemma,whichwe shall use in section4 toprove theorem1.1.A slight
variantof this lemmashall beproved in theappendix andused in section5 toprove theorem1.2.Werecall thedefinition
of the set ̄D L, fromsection2and let thenumberof interactions in ̄D L, ben. It is easily seen that = -( )n L 1 D.

Fix an integer l.Anordered set ¼{ }w w w, r1 2 of r interactions in ̄D L, is said to satisfy aproperty ( )P l if the
followingholds: for allwi, there exists awj such that - w w li j  . Let thenumberof suchordered setsbe ( )N n r l, ,D .

Rest of the section is devoted to the proof of following lemma.

Lemma3.1. It holds that ( ) ( ( ) )N n r l l nr, , 4 4D
D r

2 .

We start with the following definition that we shall extensively use.

Definition 3.2.A selection is an ordered set ¼{( ) ( ) ( )}b x b x b x, , , ,r r1 1 2 2 , where Î { }b 0, 1i and Î ̄xi D L, , that
satisfies the following constraints:

(1) If bi= 0, then xi can be any interaction in ̄D L, and if bi= 1, xihas to satisfy - ·x x l2i j  for some <j i.

(2)Number of i for which bi= 0 is atmost r

2
.

We show the following lemma fromwhich the proof of lemma 3.1 shall follow immediately.

Lemma3.3.Every ordered set ¼{ }w w w, r1 2 that satisfies property ( )P l can bemapped to a selection in such away
that for any two distinct sets satisfying ( )P l , the corresponding selections are distinct.

Proof.Weassign a selection to an ordered set ¼{ }v v v, r1 2 satisfying ( )P l using the algorithmbelow.

Initialization

• Set i= 1 and = =b x w0,i i i.

• While ( )i r , do:

•  +i i 1. Set xi=wi. Set bi= 0 if there is no <j i such that - w w li j  . Else set bi= 1.

• Endwhile.

Pointer creation

• Define a relation ¼  ¼{ } { }R r r: 1, 2 0, 1, 2 as follows.

• Set i= 1.While ( )i r , do:

• If bi= 1, set =( )R i 0. If bi= 0, find the smallest >j i such that bj= 1 and - x x lj i  (such a j exists due
to property ( )P l ). Set =( )R i j . Set  +i i 1.

• Endwhile.

Update

• Let  be the set of all subsets of ¼{ }r1, 2, which have cardinality at least 2.

• For each element Î S , do:

• Let s be the cardinality of S and ¼i i i, s1 2 be its elements arranged in increasing order. If it holds that
= = ¼ =b b b 0i i is1 1

and = = ¼ >( ) ( ) ( )R i R i R i 0s1 2 : set = = ¼ =b b b 1i i is2 3
.

• End For.

6
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We show that above algorithm terminates and assigns a selection to each ordered set satisfying property ( )P l .

1. Consider the running of algorithm during the step Initialization. Condition 1 of a selection holds: for every i
for which there is a <j i such that - x x li j  , we have set bi= 1. Butwe haven’t constructed a selection
yet, since condition 2may not be satisfied.

2. After the step Pointer creation, it may be possible that there exist indices ¼i i i, s1 2 (for some <s r) such
that = = ¼ =b b b 0i i is1 2

, = = ¼ >( ) ( ) ( )R i R i R i 0s1 2 and > > ¼-i i is s 1 1. In this case, wefind using
triangle inequality that

- - + - = - + -( ) ( ) ( ) ( ) w w w w w w w w w w l2i i i R i R i i i R i R i i2 1 2 2 2 1 2 2 1 1
          . Similarly,

- - ¼ -∣ ∣ ∣ ∣  w w l w w l w w l2 , 2 , 2i i i i i is3 1 4 1 1
  .
Thus, the stepUpdate sets = = ¼ =b b b 1i i is2 3

, recognizing the fact that each of the points ¼w w w,i i is2 3

are at a lattice distance of atmost l2 from wi1. This ensures that condition 1 of selection is still satisfied.

3. After the step Update terminates, condition 2 of selection is now satisfied as well. We now have that for every i
with bi= 0, there is no other ¢i such that = ¢( ) ( )R i R i and = =¢b b 0i i . Furthermore, =( )b 1R i . Thus,
number of iwith bi= 0 is atmost as large as the number of jwith bj= 1.

Lemma follows as two distinct ordered sets satisfying ( )P l are not assigned the same selection. ,

Nowweprove lemma 3.1.

Proof of lemma 3.1. For ( )n r l4 D, we clearly have <( ) (( ) ) ( ( ) ) N n r l n l nr l nr, , 4 4 4D
r D Dr r

2 2 .
Sowe assume > ( )n r l4 D.We bound the number of selections, which gives the desired upper bound on
( )N n r l, ,D using lemma 3.3.
Consider those selections for which number of i such that bi= 0 is u. For each iwith bi= 0, number of

possible choices of xi is n. For each iwith bi= 1, number of possible choices of xi is atmost ( )l r4 D (as there are at
most ( )l4 D points Î xj D L, that satisfy - x x l2i j  for a given3 xi). Hence total number of such selections is

atmost -(( ) )⎜ ⎟⎛
⎝

⎞
⎠

r

u
n l r4u D r u. Since u r

2
, total number of selections is atmost

å å <
=

-

=

(( ) ) (( ) ) (( ) )⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

r

u
n l r

r

u
n l r l nr4 4 2 4 .

u

u D r u

u

D r D

0 0

r r

r r r
2 2

2 2 2

This proves the lemma. ,

4. Energy distribution of states that satisfy an exponential decay of correlation

Consider a state ρ that satisfies s( )C l, ,0 -decay of correlation and theHamiltonian = å Î̄H hw wD L,
. Let

r= - ( )g h hTr Iw w w
def

.We prove following bound on rthmoment.

Lemma4.1.Given the state ρ that satisfies s( )C l, ,0 -decay of correlation, it holds that

r s
s

- á ñ + +( ( ) ) ( ( ) ) ⎜ ⎟
⎛
⎝⎜

⎛
⎝

⎞
⎠

⎞
⎠⎟H H l nr C

D
nrTr 4 4 4

2
.r D

D
D

0
1r

r

2

2

Proof.Consider

å år r= ¼
Î ¼

( ) ( )
̄

⎛
⎝
⎜⎜

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎞
⎠
⎟⎟g g g gTr Tr . 1

w
w

r

w w w
w w w

,D L r

r

, 1 2

1 2

For every ordered set ¼{ }w w w, r1 2 define the quantity ¼ = -¹( ) ( ∣ ∣)D w w w w w, max minr i j i i j1 2
def

. This
is the distance of farthest site from rest of the sites in the ordered set.

For an integer >l 0, define ( ) l as the collection4 of all sets ¼{ }w w w, r1 2 that satisfy ¼ =( )D w w w l, r1 2 .
Now, fix a set ¼ Î{ } ( )w w w l, r1 2 .Without loss of generality, suppose thatw1 is a site at the distance l from
rest of the sites. Then from s( )C l, , 0 -decay of correlation and the relation r =( )gTr 0w1

, it holds that

3
This is a very crude upper bound and can be found as follows. The number of non-negative integers ¼{ }a a a, D1 2 such that å a l2i i is

atmost ( )l2 D. Thus, number of integers ¼{ }a a a, D1 2 such that å ∣ ∣ a l2i i is atmost ( )l2 2D D.
4
To avoid confusion, we call ( ) l a ‘collection’ instead of a ‘set’.
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r r r¼ ¼ + =- -s s( ) ( ) · ( )g g g g g g C CTr Tr Tr e e .w w w w w wr r

l l

1 2 1 2

Now, the number of sets in the collection ( ) l is atmost ( )N n r l, ,D which is upper bounded by ( ( ) )l nr4 4 D r
2

(lemma 3.1). Thuswe have

å å å

å å

å å

å

å

å

r r

r

r

¼ = ¼

= ¼

+ ¼

+

= +

+

¼ ¼ Î

¼ Î

> ¼ Î

>

-

-

-

s

s

s

( ) ( )

( )

( )

( ) ( ) ·

( ( ) ) ( ( ) )

( ( ) ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

















g g g g g g

g g g

g g g

N n r l N n r l C

l nr C l nr

l nr C nr l

Tr Tr

Tr

Tr

, , , , e

4 4 4 4 e

4 4 4 e . 2

w w w
w w w

l w w w l
w w w

l l w w w l
w w w

l l w w w l
w w w

D
l l

D

D

l l

D

D

l

, ,

,

,

0

0

0
1

r

r

r

r

r

r

r

r

l

r r l

r r rD l

1 2

1 2

1 2

1 2

0 1 2

1 2

0 1 2

1 2

0

2

0

2

2 2 2

Now,we evaluate

ò òå s s=-
¥

- +
¥

- +s s 


⎜ ⎟⎛
⎝

⎞
⎠l l l s s

rD
e e d e d

2
.

l

s

1 0

1

0

1rD l rD l rD rD rD

rD

2 2 2 2 2

2

Using this in equation (2), we obtain

å r s
s

¼ +
¼

+( ) ( ( ) ) ⎜ ⎟
⎛
⎝⎜

⎛
⎝

⎞
⎠

⎞
⎠⎟g g g l nr C

D
nrTr 4 4 4

2
.

w w w
w w w

D
D

D

,
0

1

r

r

r

r

1 2

1 2
2

2

,

Nowweproceed to state theorem1.1 formally and provide its proof.

Theorem4.2.Consider a quantum state r that satisfies s( )C l, ,0 -decay of correlation and has average energy á ñrH .

For
s

+( ) ( ) ae l

nD

e l

n

8 4 8 4D D
0

1
0 (if the range exists) it holds that

r s r sP + P +á ñ +
-

á ñ -
-

r r( ) ( ) ( ) ( )( ) ( )  C CTr 1 e and Tr 1 e .H na H na
na

e l D
na

e l D

2

8 4 0

2

8 4 0

For
s

+( )a l

D n

4 D
0

1

it holds that

r s r sP + P +á ñ +
-

á ñ -
-

r
s

r
s

+ +

( ) ( ) ( ) ( )( ) ( )  
⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠C CTr 1 e and Tr 1 e .H na H na

na

e D D

D na

e D D

D2

8

1
1 2

8

1
1

Proof.Using fact 2.1 and lemma 4.1we have

r sP +

s

á ñ +

+

r

( )
( ) ( )

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

l r

na
C

r

na
Tr

4 4 4
.H na

D
D D

D
0

2

2
1

2

r

r

2

2

Consider the following two cases.

•
s

+( )a l

D n

4 D
0

1

, or equivalently <
s

+( ) 1l

Dna

4 D
0

1

2 .

Thenwe set =
s

+( )( )

⎡
⎢⎢

⎤
⎥⎥r 2 na

e D8 D

D2
1

1
, where⌈ ⌉. denotes the ceiling operation (rounding to the nearest larger

integer) to obtain
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r s

s
s

s

P +

+

+

s

á ñ +

+

+

-

r

s

+

+

( )
( ) ( )

( )

( ) ( )









⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟

⎛
⎝

⎞
⎠

⎜ ⎟⎛
⎝

⎞
⎠

l r

na
C

r

na

e

l

Dna
C

e

C

Tr
4 4 4

1 4 1

1 e .

H na

D
D D

D

D

0
2

2
1

2

0
1

2

r

r

D
D

r
r

na

e D D

D

2

2

1
2

2

2

8

1
1

The last inequality follows from the assumption: <
s

+( ) 1l

Dna

4 D
0

1

2 .

•
s

+( )a e l

nD

8 4 D
0

1

and
( )a e l

n

8 4 D
0 , or equivalently

( )
 1na

e l8 4 D

2

0
and s

+( )( )  1D na

e l8 4 D

2

0
1 .

We set =
( )

⎡⎢ ⎤⎥r 2 na

e l8 4 D

2

0
to obtain

r s

s
s

s

P +

+

+

s

á ñ +

+

+

-

r

( )
( ) ( )

( )

( )

( )

( )









⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

⎛
⎝

⎞
⎠

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟

l r

na
C

r

na

e
C

e

D na

e l

C

Tr
4 4 4

1 1

8 4

1 e .

H na

D
D D

D

D

D

0
2

2
1

2

2

0
1

r

r

r
r

na

e l D

2

2

2
2

2

8 4 0

Last inequality follows from the assumption: <s
+( )( ) 1D na

e l8 4 D

2

0
1 .

For second part of the theorem, consider theHamiltonian

å¢ = -
Î

H hI .
w W

w

k m,

Define rá ¢ñ = ¢ = - á ñr r( )H H n HTr
def

. Let P¢f be the projector onto subspacewith eigenvalues of ¢H larger
than f. Same analysis as above for ¢H in place ofH, alongwith the relationP¢ = P - f n f completes the
proof. ,

5. Energy distribution of a product state

In this section, we introduce the physical set-up for theorem1.2 and also provide its proof.We shall continue
using the notationsH and h for theHamiltonian and its local term, as this notation is restricted only to this
section.

Consider a collection  of spins, such that a d-dimensionalHilbert spaces
d is associated to each spin Î s .

Let fullHilbert space be defined as = Ä s s
d . For an integer >k 0, let Sk be the set of all subsets of  of size

atmost k. For an integer >m 0, letWk m, be a subset of Sk defined as follows (note thatWk m, is also a set of subsets
of ) : for each Îw Wk m, the number of ¢ Îw Wk m, such that Ç¢ >∣ ∣w w 0 is atmostm. For each Îw Wk m, ,
let ( ) w be the set of all ¢ Îw Wk m, such that Ç ¢ >∣ ∣w w 0. Elements of ( ) w shall be referred to as neighbours
ofw. The set-up has been depicted infigure 3.

Let theHamiltonianH be defined as:

å=
Î

H h ,
w W

w

k m,

where hw acts non-trivially only on spins inw and acts trivially on rest of the spins. Further, we assume
that ¥ h 1w  .

The definition ofWk m, thus translates to the assumption that:

(1) Each ‘local term’ hw acts non-trivially on atmost k particle, and hence is k-local.

(2) For each hw, the number of ¢hw such that the supports of hw and ¢hw intersect, is atmostm.

Let r Î  be a product state, that is, r r= P Îs s and support of each rs is exactly the spin s. Let the reduced
densitymatrix of ρ on a subset Í T of spins be denoted in the usual way as rT .

We bound themoment function r - á ñr( ( ) )H HTr r for an even r to be chosen later and use it to prove

theorem1.2. Define = - á ñrg h h Iw w w
def

.
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We shall prove the following lemma.

Lemma5.1. Let = ∣ ∣n Wk m
def

, be the number of local terms. Given the product stater r= P Îs s, it holds that

år
Î

( )
⎛
⎝
⎜⎜

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎞
⎠
⎟⎟g m nrTr 4 .

w W
w

r

2

k m

r

,

2

Proof.Consider

å år r= ¼
Î ¼

( ) ( )
⎛
⎝
⎜⎜

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎞
⎠
⎟⎟g g g gTr Tr . 3

w W
w

r

w w w
w w w

,k m r

r

, 1 2

1 2

Using r r= =( ) ( )g gTr Tr 0w w w , we observe that the term r ¼( )g g gTr w w wr1 1
is non-zero only if the

ordered set ¼{ }w w w, r1 2 satisfies the following property: for everywi, there exists awj such that

Ç >∣ ∣w w 0i j . In other words, there is a Îw Wj k m, such that Î ( )w wi j . Let number of ordered sets
¼{ }w w w, r1 2 that satisfy above property be ( )N n r,k m, . This gives us

år r ¼
Î

¼( ) ∣ ( )∣ ( )
̄


⎛
⎝
⎜⎜

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟g N n r g g gTr , max Tr . 4

w
w k m w w w w w w, ,

D L

r r

,

1 2 1 2

Setting the trivial bound r ¼¼ ∣ ( )∣ g g gmax Tr 1w w w w w w, r r1 2 1 2
, and using lemma 5.2 below, the proof

follows. ,

Remark. For the case of translationally invariant systems, where =h hw for allw, the bound
r ¼¼ ( ) g g gmax Tr 1w w w w w w, r r1 2 1 2

can be improved to r ¼ - á ñr¼ ( )∣ ( )g g g hmax Tr 1w w w w w w
r

, r r1 2 1 2
. This

gives aminor improvement over the statement of lemma 5.1.

Nowwe prove an upper bound on the quantity ( )N n r,k m, in the following lemma. Proof is very similar to
lemma 3.1 and is deferred to appendix for completeness.

Lemma5.2. It holds that ( ) ( )N n r m nr, 4k m,
2 r

2 .

We restate theorem 1.2 formally and give its proof below.

Theorem5.3.Given the product state r r= P Îs s with average energy á ñrH , consider a real number a em

n

8 2

. It

holds that

rP á ñ +
-

r( ) Tr eH na
na
em

2

4 2

Figure 3.Collection of spins (blue dots)with local terms (grey triangles). There is no underlying lattice structure. Each local term is
3-local, thus k= 3 and each local termhas atmost 2 neighbours, thusm= 2. The set W3,2 in above figure is { }w w w w w w, , , , ,1 2 3 4 5 6 ,
where eachwi is the set of spins that form vertices of corresponding triangle. Note that for afixed k m, (here = =k m3, 2), there can
be several choices of the set Wk m, and each choice gives a differentHamiltonianH. Neighbours ofw4 are =( ) { } w w w,4 3 5 . Each spin
in thefigure is in the support of atmost 2 local termsThuswe have g= 2, where g is defined in section 5.1.
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and

rP á ñ -
-

r( ) Tr e .H na
na
em

2

4 2

Proof. Lemma 5.1 gives the following upper bound on rthmoment:

r - á ñr( ( ) ) ( ) ( )H H m nrTr 4 . 5r 2 r
2

Using fact 2.1, we have

rP =á ñ +r( ) ( )
( )


⎛
⎝⎜

⎞
⎠⎟

m nr

na

m r

na
Tr

4 4
.H na r

2 2

2

r r

2 2

Choosing = ⎡⎢ ⎤⎥r 2 na

em8

2

2 , we obtain for a m e

n

8 2

rP á ñ +
-

r( ) ·
·

 
⎛
⎝⎜

⎞
⎠⎟

m na

em na
Tr

8

8
e .H na

2 2

2 2

r

na
em

2 2

4 2

For second part of the theorem, consider theHamiltonian

å¢ = -
Î

H I h .
w W

w

k m,

Define rá ¢ñ = ¢ = - á ñr r( )H H n HTr
def

. Let P¢f be the projector onto subspacewith eigenvalues of ¢H larger
than f. Same analysis as above for ¢H in place ofH gives

rP¢ á ¢ñ +
-

r( ) Tr e .H na
na
em

2

4 2

This completes the proof since P¢ = P - f n f . ,

5.1. Restatement of theorem5.3 in terms of number of spins
We introduce a new parameter that captures the number of local terms that act on any given spin. Define

å= =
Î Î

g g g1, and max ,s
w W s w

s s
def

:

def

k m,

where gs is themaximumnumber of local terms that act non-trivially on spin s.
Now,we prove corollary 1.3. Its formal statement is as follows, wherewe also assume that each local term is

exactly k-local.

Corollary 5.4. Let theHamiltonianHbe such that each term hw has locality equal to k. Let = ∣ ∣N
def

be the number

of spins. Given the product stater r= P Îs s with average energyá ñrH , consider a real numbere  eg kN8 3 . It
holds that

rP eá ñ +
-

r

e
( ) Tr eH eg kN

2

4 3

and

rP eá ñ -
-

r

e
( ) Tr e .H eg kN

2

4 3

Proof.We set e = na
def

as the energy with respect toH. Then the bound in theorem 5.3 can be restated as:

rP eá ñ +
-

r

e( ) Tr e .H enm

2

4 2

Relation betweenN and n can be computed as follows. To each local term hw, one can associate exactly k spins on
which hw acts non-trivially. On the other hand, to each spin s, one can associate atmost g local terms that contain
s in their support. From thefirst argument, the number of associations is exactly ·k n, whereas from the second
argument, the number of associations is atmost ·g N . Thus, · ·g N k n which implies n

gN

k
. Also,

·m k g , since each local term is supported on k spins, and each of these spins are in the support of atmost g
other local termsCollectively we obtain nm Ng k2 3 and our bound takes the form:

r
e

P -eá ñ +r( ) ( )
⎛
⎝⎜

⎞
⎠⎟eg kN

Tr exp
4

. 6H

2

3

This completes the proof. ,

Above upper boundmay be compared to theorem 7 in [Kuw16]. In this reference, the notion of
¢g -extensitivity has been introduced (definition 2, [Kuw16]), which is analogous to the locality parameter g
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defined above. It is defined as follows: a localHamiltonianH is ¢g -extensive if for every spin s, we have
å ¢Î Î h gw W s w w:k m,

  . Using this, the following theoremhas been shown in [Kuw16]:

Theorem5.5 (Informal version of theorem7, [Kuw16]).Given a ¢g -extensive localHamiltonianwith locality k, it
holds that

r
e

e
P -eá ñ +r( ) ( )

⎛

⎝

⎜⎜⎜⎜ ⎛
⎝⎜

⎞
⎠⎟

⎞

⎠

⎟⎟⎟⎟cN
N

Tr 1 exp

log

,H

2

where c is a ( ) 1 constant that depends only on ¢k g, .

Weobserve that equation (6) achieves amarginally better boundwhenever the normof each local term hw,
that is hw , is a constant independent ofw. In such a case, ¢g and g are same up to the normof local terms. If the
normalizations of each local term are different, it is not clear how ¢g g, are related to each other. In such a case,
equation (6) and theorem5.5may be viewed as complementary results.

6. Conclusion

Wehave shown upper bounds on tail of energy distribution of states that satisfy exponential decay of correlation
and product states, with respect to a localHamiltonian.Main technical tool we use is a combinatorial lemma that
gives a non-trivial upper bound on themoments of the energy distribution. The resultsmay have applications in
the study of thermalization ofmany body quantum systems and also formany body localization, as noted in the
Introduction.Main questions thatwe leave open are connected to tightness of our bounds, as we discuss below.

The bounds presented in theorem 1.2 can only be improved up to constants, since classical Chernoff bound
also exhibits a Gaussian decay, which is known to be tight.More interesting situation occurs with the bounds
presented in theorem 1.1. In one-dimensional spin chain, our bound decays exponential with the energy. For the
ground states of gapped local hamiltonians, this is very similar to the behaviour noted in [KAAV15] (section 5)
using completely different techniques. This suggests that the ground states of gapped local hamiltonians (such as
the ground state of Transverse field Isingmodel, which is exactly solvable) are strong candidates for the study of
tightness of above results. Our result for higher dimensions appears to bemuchweaker that those obtained in
[KAAV15] (section 5) for gapped ground states, andwe expect further improvement using better combinatorial
arguments.

An another interesting question is with respect tomatrix product states (with constant bond dimension)
which are defined on one-dimensional spin chain. It is well known that under reasonable assumptions (see
section 5.1.1, [Oru14])Matrix product states satisfy exponential decay of correlation. Furthermore, it has
already been shown in [Oga10] that given aMatrix product state ρ, if n is large enough and energy e » ( ) n , it
holds that rP eá +

-
r

( ) ( )Tr eH
n . It is a strong indication that our bound (which applies for all energies

e > ( )) n may be considerably improved for this special, but important, class of states.
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Appendix. Proof of lemma 5.2

We repeatmost of the proof of lemma 3.1,making changes wherever necessary.
We start with the following definition.

DefinitionA.1.A selection is an ordered set ¼{( ) ( ) ( )}b x b x b x, , , ,r r1 1 2 2 , where Î { }b 0, 1i and Îx Wi k m, ,
that satisfies the following constraints:
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(1) If bi = 0, then xi can be any element of Wk m, and if bi = 1, xi has to satisfy Ç >∣ ( ) ( )∣ x x 0i j for
some <j i.

(2)Number of i for which bi= 0 is atmost r

2
.

We show the following lemma, fromwhich the proof of lemma 3.1 follows easily.

LemmaA.2. Every ordered set ¼{ }w w w, r1 2 that satisfies property can bemapped to a selection in such away
that for any two distinct ordered sets satisfying, the corresponding selections are distinct.

Proof.Weassign a selection to an ordered set ¼{ }w w w, r1 2 satisfying using the algorithmbelow.

Initialization

• Set i= 1 and = =b x w0,i i i.

• While ( )i r , do:

•  +i i 1. Set xi=wi. Set bi= 0 if there is no <j i such that Î ( )w wi j . Else set bi= 1.

• Endwhile.

Pointer creation

• Define a relation ¼  ¼{ } { }R r r: 1, 2 0, 1, 2 as follows.

• Set i= 1.While ( )i r , do:

• If bi= 1, set =( )R i 0. If bi= 0, find the smallest >j i such that bj= 1 and Î ( )x xi j (such a j exists due to
property). Set =( )R i j . Set  +i i 1.

• Endwhile.

Update

• Let  be the set of all subsets of ¼{ }r1, 2, which have cardinality at least 2.

• For each element Î S , do:

• Let s be the cardinality of S and ¼i i i, s1 2 be its elements arranged in increasing order. If it holds that

= = ¼ =b b b 0i i is1 1
and = = ¼ >( ) ( ) ( )R i R i R i 0s1 2 : set = = ¼ =b b b 1i i is2 3

.

• End For.

We show that above algorithm terminates and assigns a selection to each ordered set satisfying property.

(1)Consider the running of algorithm during the step Initialization. Condition 1 of a selection holds: for every i
for which there is a <j i such that Î ( )x xi j , we have set bi= 1. Butwe have not constructed a selection yet,
since condition 2may not be satisfied.

(2)After the step Pointer creation, it may be possible that there exist indices ¼i i i, s1 2 (for some s r) such
that = = ¼ =b b b 0i i is1 1

, = = ¼ >( ) ( ) ( )R i R i R i 0s1 2 and > > ¼-i i is s 1 1. In this case, wefind that

Î Î( ) ( ) w w w w,i R i Ri i2 2 1 1
. But =( ) ( ) w wR Ri i1 2

, which implies that Ç >∣ ( ) ( )∣ i i 01 2 . Similarly,

Ç >∣ ( ) ( )∣ i i 01 3 ,K Ç >∣ ( ) ( )∣ i i 0s1 . Thus, the stepUpdate sets = = ¼ =b b b 1i i is2 3
, recogniz-

ing the fact that each of the points ¼w w w,i i is2 3
satisfy the property that the neighbourhood of each of them

intersects with ( ) wi1 . This ensures that condition 1 of selection is still satisfied.

(3)After the step Update terminates, condition 2 of selection is now satisfied as well. We now have that for every i
with bi= 0, there is no other ¢i such that = ¢( ) ( )R i R i and = =¢b b 0i i . Furthermore, =( )b 1R i . Thus,
number of iwith bi= 0 is atmost as large as the number of jwith bj= 1.

Lemma follows as two distinct ordered tuples satisfying are not assigned the same selection. ,

Nowweprove lemma 5.2.
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Proof of lemma 5.2. For n m r2 , we clearly have <( ) ( ) ( ) N n r n m nr m nr, 4k m
r

,
2 2r r

2 2 .
Sowe assume >n m r2 .We bound the number of selections, which gives the desired upper bound on
( )N n r,k m, using lemma 3.3.
Consider the collection of those selections, for which number of i such that bi= 0 is u. For each iwith bi= 0,

number of possible choices of xi is n. For each iwith bi= 1, number of possible choices of xi is atmost m r2 (as
there are atmostm2 number of Îx Wj k m, that satisfy Ç >∣ ( ) ( )∣ x x 0i j for a given xi). Hence total number

of such selections is atmost -( )⎜ ⎟⎛
⎝

⎞
⎠

r

u
n m ru r u2 . Since u r

2
, total number of selections is atmost

å å <
=

-

=

( ) ( ) ( )⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

r

u
n m r

r

u
n m r m nr2 .

u

u r u

u

r

0

2

0

2 2

r r

r r r
2 2

2 2 2

This proves the lemma. ,
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