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Contributions to Scalable Bayesian Computation

ABSTRACT

This manuscript presents four projects related to Bayesian computation in large-scale settings. Each
chapter is self-contained, and their respective abstracts are given below.

Chapter 1. Markov chain Monte Carlo (MCMC) methods generate samples that are asymptot-
ically distributed from a target distribution of interest as the number of iterations goes to infinity.
Various theoretical results provide upper bounds on the distance between the target and marginal
distribution after a fixed number of iterations. These upper bounds are on a case by case basis and
typically involve intractable quantities, which limits their use for practitioners. We introduce L-lag
couplings to generate computable, non-asymptotic upper bound estimates for the total variation or
the Wasserstein distance of general Markov chains. We apply L-lag couplings to the tasks of (i) deter-
mining MCMC burn-in, (ii) comparing different MCMC algorithms with the same target, and (iii)
comparing exact and approximate MCMC. Lastly, we (iv) assess the bias of sequential Monte Carlo
and self-normalized importance samplers.

Chapter 2. We consider MCMC algorithms for Bayesian high-dimensional regression with con-
tinuous shrinkage priors. A common challenge with these algorithms is the choice of the number
of iterations to perform. This is critical when each iteration is expensive, as is the case when dealing
with modern data sets, such as genome-wide association studies with thousands of rows and up to
hundreds of thousands of columns. We develop coupling techniques tailored to the setting of high-
dimensional regression with shrinkage priors, which enable practical, non-asymptotic diagnostics of
convergence without relying on traceplots or long-run asymptotics. By establishing geometric drift
and minorization conditions for the algorithm under consideration, we prove that the proposed cou-
plings have finite expected meeting time. Focusing on a class of shrinkage priors which includes the
“Horseshoe”, we empirically demonstrate the scalability of the proposed couplings. A highlight of
our findings is that less than 1000 iterations can be enough for a Gibbs sampler to reach stationarity
in a regression on 100000 covariates. The numerical results also illustrate the impact of the prior on
the computational efficiency of the coupling, and suggest the use of priors where the local precisions
are Half"t distributed with degree of freedom larger than one.

Chapter 3. MCMC provides asymptotically consistent estimates of intractable posterior expecta-
tions as the number of iterations tends to infinity. However, in large data applications, MCMC can
be computationally expensive per iteration. This has catalyzed interest in sampling methods such as
approximate MCMC, which trade off asymptotic consistency for improved computational speed. In
this chapter, we propose estimators based on couplings of Markov chains to assess the quality of such
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asymptotically biased sampling methods. The estimators give empirical upper bounds of the Wasser-
stein distance between the limiting distribution of the asymptotically biased sampling method and
the original target distribution of interest. We establish theoretical guarantees for our upper bounds
and show that our estimators can remain effective in high dimensions. We apply our quality measures
to stochastic gradient MCMC, variational Bayes, and Laplace approximations for tall data and to ap-
proximate MCMC for Bayesian logistic regression in 4500 dimensions and Bayesian linear regression
in 50000 dimensions.

Chapter 4. Spike-and-slab priors are commonly used for Bayesian variable selection, due to their
interpretability and favorable statistical properties. However, existing samplers for spike-and-slab pos-
teriors incur prohibitive computational costs when the number of variables is large. In this chapter, we
propose Scalable Spike-and-Slab (S*), a scalable Gibbs sampling implementation for high-dimensional
Bayesian regression with the continuous spike-and-slab prior of George and McCulloch (1993). For
a dataset with 7 observations and p covariates, S® has order max{#*p;, np} computational cost at iter-
ation # where p, never exceeds the number of covariates switching spike-and-slab states between itera-
tions #and # — 1 of the Markov chain. This improves upon the order #%p per-iteration cost of state-of-
the-art implementations as, typically, p, is substantially smaller than p. We apply S3 on synthetic and
real-world datasets, demonstrating orders of magnitude speed-ups over existing exact samplers and
significant gains in inferential quality over approximate samplers with comparable cost.

iv
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Preface

TALES FROM THE CRYPT was a horror comic book series published by EC Comics from 1950 to 1955.
Figure 1 presents the front cover of its 24 issue. In the less fearsome context of Bayesian computation

and machine learning, zales from the crypt refers to popular folklore about Monte Carlo methods in



Figure 1: Tales from the Crypt Vol 1 #24, EC Comics 1951. Script by Bill Gaines, Al Feldstein and Edgar Allan Poe.

large scale settings™*. These include

“Markov chain Monte Carlo (MCMC) algorithms have probibitively high computa-

tional cost”,
“MCMC algorithms converge slowly for high-dimensional target distributions”, and
« L . . o

Bayesian inference is computationally too expensive”.

This thesis revisits some of these tales from the crypt. We develop tools to perform and assess Bayesian
computation, and participate in a wider quest to scale Bayesian inference for large data applications
[e.g. Welling and Teh, 2011, Bardenetetal., 2017, Blei etal,, 2017, Narisetty etal., 2019, Bierkens etal.,
2019, Papaspiliopoulos et al., 2019, Pollock et al., 2020, Jacob et al., 2020b, Johndrow et al., 2020,
Nemeth and Fearnhead, 2021, Ray and Szabd, 2021]. The content from each chapter is summarized

below and one highlight from each chapter is showcased in Figure 2.

"Nicolas Chopin, The Surprisingly Overlooked Efficiency of Sequential Monte Carlo (and how to make it
even more efficient), Laplace’s Demon seminar on Bayesian Machine Learning at Scale, Criteo Al Lab, 2020.

*Omiros Papaspiliopoulos, Scalable computation for Bayesian hierarchical models, Laplace’s Demon sem-
inar on Bayesian Machine Learning at Scale, Criteo AI Lab, 202.1.



Chapter 1 develops convergence diagnostics for general MCMC algorithms. We provide com-
putable, non-asymptotic upper bound estimates for the total variation and the Wasserstein distance.
Figure 2a shows an application of our method on a single-site Gibbs sampler and a parallel tempering
algorithm for the Ising model.

Chapter 2 investigates the value of the diagnostics introduced in Chapter 1 for practical, large-
scale Bayesian computation. We focus on Gibbs samplers for high-dimensional Bayesian regression
with continuous shrinkage priors, and develop theory and methodology to assess their convergence.
Figure 2b shows a highlight of our findings, that less than 1000 iterations can be enough for a Gibbs
sampler to reach stationarity for regression on a genome-wide association study (GWAS) dataset with
approximately 100000 covariates.

Chapter 3 extends the efforts of Chapters 1 and 2, and develops convergence diagnostics to assess
the quality of approximate MCMC and some variational inference algorithms. We introduce estima-
tors which give empirical upper bounds of the Wasserstein distance between the limiting distribution
of the asymptotically biased sampling method and the original target distribution of interest. Figure
2c¢ shows an application of our bounds to assess the performance of stochastic gradient MCMC, vari-
ational Bayes, and Laplace approximation for Bayesian logistic regression on two datasets with a large
number of observations.

Chapter 4 proposes Scalable Spike-and-Slab (S*), a scalable Gibbs sampling implementation for
high-dimensional Bayesian regression with continuous spike-and-slab priors. S> improves upon the
per-iteration cost of state-of-the-art implementations of Bayesian linear, logistic and probit regression.
Figure 2d shows an application of S3 on multiple synthetic and real-world datasets, where S3 offers

orders of magnitude speed-ups in runtime over existing state-of-the-art samplers.
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Figure 2: Highlights of our contribution to scalable Bayesian computation.



Estimating Convergence of Markov chains

with L-Lag Couplings

1.1 INTRODUCTION

Markov chain Monte Carlo (MCMC) algorithms generate Markov chains that are invariant with re-

spect to probability distributions that we wish to approximate. Numerous works help understanding



the convergence of these chains to their invariant distributions, hereafter denoted by 7. Denote by
7, the marginal distribution of the chain (X});>0 at time . The discrepancy between 7, and 7 can be
measured in different ways, typically the total variation (T'V) distance or the Wasserstein distance in
the MCMC literature. Various results provide upper bounds on this distance, of the form C(7)f{#),
where C(7) < 0o depends on 7 but not on #, and where f{#) decreases to zero as # goes to infinity,
typically geometrically; see Section 3 in Roberts and Rosenthal [2004] for a gentle survey, and Dur-
mus et al. [2016], Dalalyan [2017], Dwivedi et al. [2019] for recent examples. These results typically
relate convergence rates to the dimension of the state space or to various features of the target. Often
these results do not provide computable bounds on the distance between 7; and 7, as C(7) and f{¢)
typically feature unknown constants; although see Rosenthal [1996] where these constants can be
bounded analytically, and Cowles and Rosenthal [1998] for examples where they can be numerically
approximated.

Various tools have been developed to assess the quality of MCMC estimates. Some focus on the be-
haviour of the chains assuming stationarity, comparing averages computed within and across chains,
or defining various notions of effective sample sizes based on asymptotic variance estimates (e.g. Gel-
man and Rubin [1992], Geweke [1998], Brooks and Gelman [1998], Vats et al. [2019], Robert and
Casella [2013, Chapter 8]). Few tools provide computable bounds on the distance between 7, and
7 for a fixed #; some are mentioned in Brooks and Roberts [1998] for Gibbs samplers with tractable
transition kernels. Notable exceptions, beyond Cowles and Rosenthal [1998] mentioned above, in-
clude the method of Johnson [1996, 1998] which relies on coupled Markov chains. A comparison
with our proposed method will be given in Section 1.2.4.

We propose to use L-lag couplings of Markov chains to estimate the distance between 7; and 7z for a
fixed time #, building on 1-lag couplings used to obtain unbiased estimators in Glynn and Rhee [2014],
Jacobetal. [2020b]. The discussion of Jacob et al. [2020b] mentions that upper bounds on the TV be-

tween 7; and 7 can be estimated with such couplings. We generalize this idea to L-lag couplings, which



provide sharper bounds, particularly for small values of z. The proposed technique extends to a class
of probability metrics [Sriperumbudur et al., 2012 ] beyond TV. We demonstrate numerically that the
bounds provide a practical assessment of convergence for various popular MCMC algorithms, on ei-
ther discrete or continuous and possibly high-dimensional spaces. The proposed bounds can be used
to (i) determine burn-in period for MCMC estimates, to (ii) compare different MCMC algorithms
targeting the same distribution, or to (iii) compare exact and approximate MCMC algorithms, such
as Unadjusted and Metropolis-adjusted Langevin algorithms, providing a computational companion
to studies such as Dwivedi et al. [2019]. We also (iv) assess the bias of sequential Monte Carlo and
self-normalized importance samplers.

In Section 1.2 we introduce L-lag couplings to estimate metrics between marginal and invariant
distributions of a Markov chain. We illustrate the method on simple examples, discuss the choice
of L, and compare with the approach of Johnson [1996]. In Section 1.3 we consider applications
including Gibbs samplers on the Ising model and gradient-based MCMC algorithms on log-concave
targets. In Section 1.4 we assess the bias of sequential Monte Carlo and self-normalized importance

samplers. All scripts in R are available at https://github.com/niloyb/LlagCouplings.

1.2 L-LAG COUPLINGS

Consider two Markov chains (X;),>0, (¥7)s>0, each with the same initial distribution 7y and Markov
kernel K on (R, B(R?)) which is z-invariant. Choose some integer L > 1 as the lag parameter. We
generate the two chains using Algorithm 1. The joint Markov kernel K on (R? x R?, B(R? x R%))
is such that, for all %, y, K((x, %), (-, R?)) = K(x, -), and K((x, ), (R, -)) = K(y, ). This ensures
that X, and ¥; have the same marginal distribution at all times #. Furthermore, K is constructed such
that the pair of chains can meet exactly after a random number of steps, i.e. the meeting time AL =

inf{r > L : X, = Y,_ } is almost surely finite. Finally we assume that the chains remain faithful after
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meeting, i.e. X; = Y,y forallr > 7).

Various constructions for K have been derived in the literature: for instance coupled Metropolis-
Hastings and Gibbs kernels in Johnson [1996], Jacob et al. [2020b], coupled Hamiltonian Monte
Carlo kernels in Mangoubi and Smith [2019], Bou-Rabee et al. [2020], Heng and Jacob [2019],
and coupled particle Gibbs samplers in Chopin and Singh [2015], Andrieu et al. [2018], Jacob et al.

[2020a].

Algorithm 1: Sampling L-lag meeting times

Input: lag L > 1, initial distribution 7, single kernel K and joint kernel K
Output: meeting time (%), and chains (X)o<r<ovrs (Ye) o<ty 1
Initialize: generate Xy ~ 7o, X;|X;—1 ~ K(X,—y,-) forz=1,...,L,and Yy ~ 7o
fort > Ldo

Sample (X;, Y,— )| (X;—1, Yier—1) ~ K((Xo—1, Yi—r—1), )

if X, =Y, ; then return ") := ¢, and chains ( Do<r<e)s (Y2)o<r<atty 1

end

We next introduce integral probability metrics (IPMs, e.g. Sriperumbudur et al. [2012]).

Definition 1.2.1. (Integral Probability Metric). Let H be a class of real-valued functions on a measur-

able space X. For all probability measures P, Q on X, the corrvesponding IPM is defined as:

d34(P. Q) = sup [Explb()] — Exrolb(0)]| (1.1
heH
Common IPMs include total variation distance dy with H := {h : sup . |h(x)] < 1/2},

and 1-Wasserstein distance dyw with H = {b : |b(x) — b(y)| < dx(x,y), Vx,y € X'}, where
dx is a metric on X [Peyré and Cuturi, 2019]. Our proposed method applies to IPMs such that
sup,cqy |h(x) — b(y)| < My(x, y) forallx,y € X, for some computable function Mz on X' x X.

For dv we have My(x, y) = 1, and for dv we have My (x,y) = dx(x, ).



With a similar motivation for the assessment of sample approximations, and not restricted to the
MCMC setting, Gorham and Mackey [2015] considers a restricted class of functions H to develop
a specific measure of sample quality based on Stein’s identity. Liu et al. [2016a], Chwialkowski et al.
[2016] combine Stein’s identity with reproducing kernel Hilbert space theory to develop goodness-
of-fit tests. Gorham et al. [2019] obtains further results and draws connections to the literature on
couplings of Markov processes. Here we directly aim at upper bounds on the total variation and
Wasserstein distance. The total variation controls the maximal difference between the masses assigned
by 7, and 7 on any measurable set, and thus directly helps assessing the error of histograms of the
target marginals. The 1-Wasserstein distance controls the error made on expectations of 1-Lipschitz
functions, which with X = R? and dx(x,y) = |lx — y|l1 (the L; norm on R¥) include all first

moments.

1.2.1 MAIN RESULTS

We make the three following assumptions similar to those of Jacob et al. [2020b].

Assumption 1.2.2. (Marginal convergence and moments.) Forall b € H, ast — oo, E[b(X;)] —

Exr[h(X)]. Also, 3y > 0, D < 00 such that E[My/(X,, Y,—1)*7]| < D forallt > L.

The above assumption is on the marginal convergence of the MCMC algorithm and on the mo-
ments of the associated chains. The next assumptions are on the coupling operated by the joint kernel
K.

Assumption 1.2.3. (Sub-exponential tails of meeting times.) The chains are such that the meeting time
L) = inf{r > L : X, = Y,_r} satisfies P(T(DL;L > t) < C¥ forallt > 0, for some constants

C<ooandd e (0,1).

The above assumption can be relaxed to allow for polynomial tails as in Middleton et al. [2019].

The final assumption on faithfulness is typically satisfied by design.



Assumption 1.2.4. (Faithfulness.) The chains stay together after meeting: X, = Y, forallt > D),

We assume that the three assumptions above hold in the rest of the article. The following theorem

is our main result.

Theorem 1.2.5. (Upper bounds.) For an IPM with function set H and upper bound My, with the

Markov chains (X;) >0, (Y2) >0 satisfying the above assumptions, for any L > 1, and any t > 0,

|'1(L) —L—t—|
L
du(mom) SE| S Mo, Yogon)| (1)
=1
Here [x] denotes the smallest integer above x, for x € R. When [(z\") — L —£)/L] < 0, the
sum in inequality (1.2) is set to zero by convention. We next give a short sketch of the proof. Seeing

the invariant distribution 7 as the limit of 7, as # — 00, applying triangle inequalities, recalling that

dy (7, m:) < E[My(X;, X;)] for all s, 2, we obtain

dy (7, m) < ZdH(7t+jL7 T (j—1)L) < ZE[MH(Xt-FjLaXt-l—(/‘—l)L)]' (1.3)
= =

The right-hand side of (1.2) is retrieved by swapping expectation and limit, and noting that terms
indexed by j > [(z") — L — £)/L] are equal to zero by Assumption 1.2.4. The above reasoning
highlights that increasing L leads to sharper bounds through the use of fewer triangle inequalities. A
formal proof is given in the appendices.

Theorem 1.2.5 gives the following bounds for dtv and dy,

’—T(L) —L—t

drv(m,m) < E[max(o, 7

[T<L>;L—t—|
dw(m,ﬂ)SE[ Z dX(XtJeraYt—&-(j—l)L)]' (15)
j=1

D] (14)
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For the total variation distance, the boundedness part of Assumption 1.2.2 is directly satisfied. For
the 1-Wasserstein distance on R? with dx (x,y) = ||x — y|1 (the Z; norm on R¥), the boundedness
part is equivalent to a uniform bound of (2 4 7)-th moments of the marginal distributions for some
» > 0.

We emphasize that the proposed bounds can be estimated directly by running Algorithm 1 /N times
independently, and using empirical averages. All details of the MCMC algorithms and their couplings

mentioned below are provided in the appendices.

1.2.2 STYLIZED EXAMPLES
A UNIVARIATE NORMAL

We consider a Normal example where we can compute total variation and 1-Wasserstein distances
(using the Z; norm on R throughout) exactly. The target 7 is A/(0, 1) and the kernel X is that of
a Normal random walk Metropolis-Hastings (MH) with step size oy = 0.5. We set the initial
distribution 7 to be a point mass at 10. The joint kernel K operates as follows. Given (X,—1, Y;—7—1),
sample (X*, Y*) from a maximal coupling of p := N'(X,_1, o%g;) and ¢ := N (Y,—1_1, o%ypq)- This
is done using Algorithm 2, which ensures X* ~ p, Y* ~ gand P(X* # 1*) = drv(p, 9).

Algorithm 2: A maximal coupling of p and ¢

Sample X* ~ p,and W ~ U(0,1)

if p(X*) W < g(X*) then set Y* = X* and return (X*, ¥*)

else sample ¥ ~ gand W ~ U(0,1) until g(Y) W > p(¥). Set Y* = Yand return
(X", r7)

Having obtained (X*, Y*),sample U ~ U(0, 1);set X, = X* if U < #(X*)/7(X,—1); otherwise set
X, = X,—1. With thesame U, set ¥,_; = Y*if U < #(Y*)/7(Y,—1—1); otherwiseset Y, = Y;__.

Such a kernel Kis a coupling of K with itself, and Assumption 1.2.4 holds by design. The verification
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of Assumption 1.2.3 is harder but can be done via drift conditions in various cases; we refer to Jacob
et al. [2020b] for more discussion.

Figure 1.1 shows the evolution of the marginal distribution of the chain, and the TV and 1-Wasserstein
distance upper bounds. We use L = 1and L = 150. For each L, N = 10000 independent runs of
Algorithm 1 were performed to estimate the bounds in Theorem 1.2.5 by empirical averages. Exact
distances are shown for comparison. Tighter bounds are obtained with larger values of Z, as discussed

further in Section 1.2.3.

151 12.5 1
101 :
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57 7.51
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\ © 5.0
O.
/ 251
51 0.0
0 50 100 150 0 50 100 150 0 50 100 150
t iteration iteration
Lag ---- L=1 -- L=150 — Exact

Figure 1.1: Marginal distributions of the chain (left), and upper bounds on the total variation (middle) and the 1-
Wasserstein distance (right) between 7, and 7, for a Metropolis-Hastings algorithm targeting ./\/(0, 1) and starting
from a Dirac mass at 10. With L = 150 the estimated upper bounds for both are close to the exact distances.

A BIMODAL TARGET

We consider a bimodal target to illustrate the limitations of the proposed technique. The target is
7 = IN(—4,1) + IN(4,1), as in Section 5.1 of Jacob et al. [2020b]. The MCMC algorithm is
again random walk MH, with oy = 1, 79 = AN (10,1). Now, the chains struggle to jump between
the modes, as seen in Figure 1.2 (left), which shows a histogram of the sooth marginal distribution

from rooo independent chains. Figure 1.2 (right) shows the TV upper bound estimates forlags L = 1
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and L = 18000 (considered very large), obtained with N € {1000, 5000,10000} independent runs
of Algorithm 1.

With L = 18000, we do not see a difference between the obtained upper bounds, which suggests
that the variance of the estimators is small for the different values of N. In contrast, the dashed line
bounds corresponding to lag L = 1are very different. This is because, over 1000 experiments, the 1-lag
meetings always occurred quickly in the mode nearest to the initial distribution. However, over 5000
and 10000 experiments, there were instances where one of the two chains jumped to the other mode
before meeting, resulting in a much longer meeting time. Thus the results obtained with N = 1000
repeats can be misleading. This is a manifestation of the estimation error associated with empirical
averages, which are not guaranteed to be accurate after any fixed number NNV of repeats. The shape of
the bounds obtained with L = 18000, with a plateau, reflects how the chains first visit one of the

modes, and then both.

0.4
R ¢ §)
] T1:1000
0.3 1)
=2 -([13:5000
7] > 1
S 021 5 " T1:10000
g __(18000)
T1:1000
0.1 __(18000)
T1:5000
__ _(18000)
ool 1:10000
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Figure 1.2: Metropolis-Hastings algorithm with 7y ~ ./\/'(107 1), omn = 1 onabimodal target. Left: Histogram of the
500th marginal distribution from 1000 independent chains, and target density in full line. Right: Total variation bounds
obtained with lags L € {1,18000} and N € {1000, 5000, 10000} independent runs of Algorithm 1.
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1.2.3 CHOICE OF LAG L

Section 1.2.2 illustrates the importance of the choice of lag L. Obtaining 7\*) requires sampling L
times from K and 7) — [ from K. When L gets large, we can consider X7 to be at stationarity, while

L) — L depends entirely on K and not on L. In that

Y, still follows 7y. Then the distribution of 7{
regime the cost of obtaining L) increases linearly in L. On the other hand, if  is small, the cost might
be dominated by the 7) — L draws from K. Thus increasing L might not significantly impact the
cost until the distribution of 7£) — L becomes stable in L.

The point of increasing L is to obtain sharper bounds. For example, from (1.4) we see that, for
fixed 7, the variable in the expectation takes values in [0, 1] with increasing probability as L — oo,
resulting in upper bounds more likely to be in [0, 1] and thus non-vacuous. The upper bound is also
decreasing in ¢. This motivates the strategy of starting with L = 1, plotting the bounds as in Figure
1.1, and increasing L until the estimated upper bound for d-ry (7, 7) is close to 1.

Irrespective of the cost, the benefits of increasing L eventually diminish: the upper bounds are loose

to some extent since the coupling operated by K is not optimal [Thorisson, 1986]. The couplings

considered in this work are chosen to be widely applicable but are not optimal in any way.

I.2.4 COMPARISON WITHJOHNSON’S DIAGNOSTICS

The proposed approach is similar to that proposed by Valen Johnson in Johnson [1996], which works
as follows. A number ¢ > 2 of chains start from 7 and evolve jointly (without time lags), such
that they all coincide exactly after a random number of steps 77, while each chain marginally evolves
according to K. If we assume that any draw from 7y would be accepted as a draw from 7z in a re-
jection sampler with probability 1 — 7, then the main result of Johnson [1996] provides the bound:
drv(m, ) <P(T, > t) x (1—#) "L Ascincreases, for any € (0,1) the upper bound approaches

P(T. > r), which itself is small if # is a large quantile of the meeting time 7. A limitation of this
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result is its reliance on the quantity 7, which might be unknown or very close to one in challenging
settings. Another difference is that we rely on pairs of lagged chains and tune the lag Z, while the

tuning parameter in Johnson [1996] is the number of coupled chains c.

1.3 EXPERIMENTS AND APPLICATIONS

1.3.1 ISING MODEL

We consider an Ising model, where the target is defined on a large discrete space, namely a square lattice
with 32 x 32 sites (each site has 4 neighbors) and periodic boundaries. Forastatex € {—1, +1}32*32,
we define the target probability 7g(x) oc exp(8) . y x;%;), where the sum is over all pairs 7, / of neigh-
boring sites. As /8 increases, the correlation between nearby sites increases and single-site Gibbs sam-
plers are known to perform poorly [Mossel and Sly, 2013]. Difficulties in the assessment of the con-
vergence of these samplers are in part due to the discrete nature of the state space, which limits the
possibilities of visual diagnostics. Users might observe trace plots of one-dimensional statistics of the

chains, suchasx — ) %46, and declare convergence when the statistic seems to stabilize; see Titsias

i
and Yau [2017], Zanella [2020] where trace plots of summary statistics are used to monitor Markov
chains.

Here we compute the proposed upper bounds for the TV distance for two algorithms: a single site
Gibbs sampler (SSG) and a parallel tempering (PT) algorithm, where different chains target differ-
ent 7 with SSG updates, and regularly attempt to swap their states [Geyer, 1991, Syed et al., 2019].
The initial distribution assigns —1 and +1 with equal probability on each site independently. For
B = 0.46, we obtain TV bounds for SSG using a lag L = 10°, and N = 500 independent repeats.
For PT we use 12 chains, each targeting L7 with f in an equispaced grid ranging from 0.3 to 0.46, a

frequency of swap moves of 0.02, and alag L = 2 x 10*. The results are in Figure 1.3, where we see

a plateau for the TV bounds on SSG and faster convergence for the TV bounds on PT. Our results
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are consistent with theoretical work on faster mixing times of PT targeting multimodal distributions
including Ising models [Woodard et al., 2009]. Note that the targets are difterent for both algorithms,
as PT operates on an extended space. The behavior of meeting times of coupled chains motivated by
the “coupling from the past” algorithm [Propp and Wilson, 1996] for Ising models has been studied

e.g. in Collevecchio et al. [2018].
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-- PT
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1e+02 le+04 1e+06
iteration

Figure 1.3: Single-site Gibbs (SSG) versus Parallel Tempering (PT) for an Ising model; bounds on the total variation dis-
tance between 7, and 7, for ¢ up to 10° and inverse temperature[@ = 0.46.

1.3.2 LOGISTIC REGRESSION

We next consider a target on a continuous state space defined as the posterior in a Bayesian logistic
regression. Consider the German Credit data from Dua and Graff [2017]. Thereare » = 1000 binary
responses (Y;)7; € {—1,1}” indicating whether individuals are creditworthy or not creditworthy,
and d = 49 covariates x; € R? for each individual 7. The logistic regression model states P(¥; =
yilx) = (1 +¢77%8) "1 with a normal prior 8 ~ N (0,101;). We can sample from the posterior using
Hamiltonian Monte Carlo (HMC, Neal [1993]) or the Pélya-Gamma Gibbs sampler (PG, Polson
et al. [2013]). The former involves tuning parameters eppc and Spmc corresponding to a step size

and a number of steps in a leapfrog integration scheme performed at every iteration. We can use the

proposed bounds to compare convergence associated with HMC for different egpmc, Sumc, and with
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the PG sampler. Figure 1.4 shows the total variation bounds for HMC with egpme = 0.025 and
Sumc = 4,5,6,7 and the corresponding bound for the parameter-free PG sampler, both starting
from 7y ~ N(0,10;). In this example, the bounds are smaller for the PG sampler than for all HMC
samplers under consideration.

We emphasize that the HMC tuning parameters associated with the fastest convergence to station-
arity might not necessarily be optimal in terms of asymptotic variance of ergodic averages of functions
of interest; see related discussions in Heng and Jacob [2019]. Also, since the proposed upper bounds
are not tight, the true convergence rates of the Markov chains under consideration may be ordered
differently. The proposed upper bounds still allow a comparison of how confident we can be about

the bias of different MCMC algorithms after a fixed number of iterations.
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Figure 1.4: Proposed upper bounds on dw(ﬂt, 71') for a Pélya-Gamma Gibbs sampler and for Hamiltonian Monte Carlo
on a 49-dimensional posterior distribution in a logistic regression model. For HMC the step size is eguc = 0.025 and
the number of steps is Syme = 4, 5,6, 7.

1.3.3 COMPARISON OF EXACT AND APPROXIMATE MCMC ALGORITHMS

In various settings approximate MCMC methods trade off asymptotic unbiasedness for gains in com-
putational speed, e.g. Johndrow et al. [2020], Rudolf and Schweizer [2018], Dalalyan and Karagulyan

[2019]. We compare an approximate MCMC method (Unadjusted Langevin Algorithm, ULA) with
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its exact counterpart (Metropolis-Adjusted Langevin Algorithm, MALA) in various dimensions. Our

target is a multivariate normal:
7 = N(0,X) where [Z],; = 0.5/ for1 <ij<d.

Both MALA and ULA chains start from 7y ~ N(0, Z;), and have step sizes of /¢, Step sizes
are linked to an optimal result of Roberts and Rosenthal [2001]. We can use couplings to study the
mixing times Zmix(¢) of the two algorithms. Here tyix(¢) := inf{k > 0 : dyv(m, 7) < ¢} for
MALA and #y,ix(¢) := inf{k > 0 : dyy(m, 7) < £} for ULA, where 7 is the stationary distribution
of ULA. Figure 1.5 highlights how the dimension impacts the estimated upper bounds on the mixing
time fmix(0.25), calculated as inf{£ > 0 : E[max(0, [(#5) — L — #)/L])] < 0.25} where E
denotes empirical averages. In comparison to theoretical studies in Dalalyan [2017], Dwivedi et al.
[2019], Durmus and Moulines [2019], our bounds can be directly estimated by simulation. On the
other hand, the bounds in Dalalyan [2017], Dwivedi et al. [2019], Durmus and Moulines [2019] are
more explicit about the impact of different aspects of the problem including dimension, step size, and

features of the target.

1.4 ASSESSING THE BIAS OF SEQUENTIAL MoNTE CARLO SAMPLERS

Lastly, we consider the bias associated with samples generated by sequential Monte Carlo (SMC) sam-
plers [Del Moral et al., 2006]; the bias of self-normalized importance samplers can be treated similarly.
Let (w”, &), be the weighted sample from an SMC sampler with N particles targeting 7, and let
g™ be the marginal distribution of a particle £ sampled among (&"))\_, with probabilities ("),
Our aim is to upper bound a distance between (™) and 7 for a fixed N. We denote by Z the normal-
izing constant estimator generated by the SMC sampler.

The particle independent MH algorithm (PIMH, Andrieu et al. [2010]) operates as an indepen-
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Figure 1.5: Mixing time bounds for ULA and MALA targeting a multivariate Normal distribution, as a function of the
dimension. Mixing time tmix(O.ZS) denotes the first iteration ¢ for which the estimated TV between 7; and 7 is less
than 0.25.

dent MH algorithm using SMC samplers as proposals. Let (Z;) >0 be the normalizing constant esti-
mates from a PIMH chain. Consider an L-lag coupling of a pair of such PIMH chains as introduced in

Middleton et al. [2019], initializing the chains by running an SMC sampler. Here L) is constructed

so that it can be equal to L with positive probability; more precisely,
AL — (L - 1)|ZL_1 ~ Geometric(z(Z;_1)), (1.6)

wherea(2) :=E [ min(1, VAYVA ‘Z] is the average acceptance probability of PIMH, from a state with
normalizing constant estimate Z; see Middleton et al. [2019, Proposition 8] for a formal statement in
the case of 1-lag couplings. With this insight, we can bound the TV distance between the target and

particles generated by SMC samplers, using Theorem 1.2.5 applied with # = 0. Details are in the
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appendices. We obtain

D) —alzi
B T

The bound in (1.7) depends only on the distribution of the normalizing constant estimator Z,and
can be estimated using independent runs of the SMC sampler. We can also estimate the distribution
of Zfroma single SMC sampler by appealing to large asymptotic results such as in Bérard etal. [2014],
combined with asymptotically valid variance estimators such as Lee and Whiteley [2018]. As N goes
to infinity we expect a(Z;_1) to approach one and the proposed upper bound to go to zero. The
proposed bound aligns with the common practice of considering the variance of Z as a measure of
global performance of SMC samplers.

Existing TV bounds for particle approximations, such as those in Del Moral [2004, Chapter 8]
and Huggins and Roy [2019], are more informative qualitatively but harder to approximate numer-
ically. The result also applies to self-normalized importance samplers (see Robert and Casella [2013,
Chapter 3] and Owen [2019, Chapter 8]). In that case Agapiou et al. [2017, Theorem 2.1] shows
drv(qg™N),7) < 6N"pforp = Eg,[w(£)*] /By [w(£)]?, with w the importance sampling weight
function, which is a simpler and more informative bound; see also Chatterjee and Diaconis [2018] for

related results and concentration inequalities.

1.5 DiscussioNn

The proposed method can be used to obtain guidance on the choice of burn-in, to compare different
MCMC algorithms targeting the same distribution, and to compare mixing times of approximate
and exact MCMC methods. The main requirement for the application of the method is the ability to
generate coupled Markov chains that can meet exactly after a random but finite number of iterations.

The couplings employed here, and described in the appendices, are not optimal in any way. As the
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couplings are algorithm-specific and not target-specific, they can potentially be added to statistical
software such as PYMC3 [Salvatier et al., 2016] or Stan [Carpenter et al., 2017].

The bounds are not tight, in part due to the couplings not being maximal [Thorisson, 1986], but
experiments suggest that they can be practical. The proposed bounds go to zero as # increases, mak-
ing them informative at least for large enough #. The combination of time lags and coupling of more
than two chains as in Johnson [1996] could lead to new diagnostics. Further research might also com-
plement the proposed upper bounds with lower bounds, obtained by considering specific functions

among the classes of functions used to define the integral probability metrics.
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2

Coupling-based convergence assessment of
some Gibbs samplers for high-dimensional

Bayesian regression with shrinkage priors



2.1 INTRODUCTION

2.1.1 BAYESIAN COMPUTATION IN HIGH DIMENSIONS

We consider the setting of high-dimensional regression where the number of observations 7 is smaller
than the number of covariates p and the true signal is sparse. This problem formulation is ubiquitous
in modern applications ranging from genomics to the social sciences. Optimization-based methods,
such as the LASSO [Tibshirani, 1994] or Elastic Net [Zou and Hastie, 2005], allow sparse point esti-
mates to be obtained even when the number of covariates is on the order of hundreds of thousands.
More specifically, iterative optimization procedures to obtain these estimates are practical because the
following conditions are met: 1) the cost per iteration scales favorably with the size of the input (% and
), 2) the number of iterations to convergence also scales favorably, and 3) there are reliable stopping
criteria to detect convergence.

In the Bayesian paradigm, Markov chain Monte Carlo (MCMC) methods are commonly used to
sample from the posterior distribution. Default MCMC implementations, for example using general-
purpose software such as BUGS [Lunn et al., 2000], JAGS [Plummer, 2003] and Stan [Carpen-
ter et al,, 2017], can lead to high computational costs in high-dimensional settings, both per itera-
tion and in terms of the number of iterations required to reach convergence. In the setting of high-
dimensional regressions, tailored algorithms can provide substantial improvements on both fronts
[e.g. Bhattacharya et al,, 2016, Nishimura and Suchard, 2018, Johndrow et al., 2020, Bhattacharya
and Johndrow, 2021]. Comparatively less attention has been put on the design of reliable stopping
criteria. Stopping criteria for MCMC, such as effective sample size [ESS, e.g Vats et al., 2019], or
the R convergence diagnostic [e.g. Vats and Knudson, 2021], rely on the asymptotic behavior of the
chains as time goes to infinity, and thus effectively ignore the non-asymptotic “burn-in” bias, which
vanishes as time progresses. This is acceptable in situations where we have solid a priori estimates of

the burn-in period; otherwise the lack of non-asymptotic stopping criteria poses an important prac-
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tical problem. With Bayesian analysis of high-dimensional data sets, MCMC algorithms can require
seconds or minutes per iteration, and thus any non-asymptotic insight on the number of iterations to
perform is highly valuable.

Diagnostics of convergence are particularly useful when considering the number of factors that
affect the performance of MCMC algorithms for Bayesian regressions. Beyond the size of the data
set, the specification of the prior and the (much less explicit) signal-to-noise ratio in the data all have
an impact on the convergence of MCMC algorithms. Across applications, the number of iterations
required for the chain to converge varies by multiple orders of magnitude. This could lead users to
either waste computational resources by running overly long chains, or, worrisomely, to base their
analysis on chains that have not converged. This manuscript proposes a concrete method to avoid
these pitfalls in the case of a Gibbs sampler for Bayesian regression with heavy-tailed shrinkage priors.
Specifically, we follow the approach of Glynn and Rhee [2014], Jacob et al. [2020b], Biswas et al.
[2019] and use coupled lagged chains to monitor convergence.

Diagnostics based on Stein’s method [Gorham and Mackey, 2015, 2017] have also been employed
to assess MCMC convergence. In particular, the diffusion Stein discrepancies proposed in Gorham
etal. [2019] can accommodate heavy-tailed distributions. However, these diagnostics require the den-
sity of the target distribution to be continuously differentiable. This condition is not satisfied by the
posterior distributions under consideration in this manuscript, which have infinite density about the
origin (see Section B.1 of the appendices). Section B.3.3 of the appendices contains some initial sim-
ulations which illustrate the challenges of applying Stein’s method in the present setting. Extending
current Stein’s method based diagnostics to such target distributions is an exciting avenue for future

research.
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2.1.2 BAYESIAN SHRINKAGE REGRESSION WITH HALF-#(7) PRIORS

Consider Gaussian linear regression with 7 observations and p covariates, with a focus on the high-

dimensional setting where # < p. The likelihood is given by

1 1
LB, X,y) = Wexp ( - 272||)’—Xﬂ\|2>, (2.1)

where || - || denotes the L, norm, X € R”*? is the observed design matrix, y € R” is the observed
response vector, ¢ > 0 is the unknown Gaussian noise variance, and B € R? is the unknown signal

vector that is assumed to be sparse. We study hierarchical Gaussian scale-mixture priors on (8, o%)

given by
ind 0'2 iid. a0 bO
ﬂj \ o‘z,f,;;]‘:ﬁ“’p./\/’(o, f}@), £~ 7:;(.)’ ij:ff..’p 7r,7(.)’ &~ InvGamma(z, 2), (2.2)

where 4o, by > 0, and 7¢(+), 7, (-) are continuous densities on R.¢. Such global-local mixture priors
induce approximate sparsity, where the components of 4 can be arbitrarily close to zero, but never
exactly zero. This is in contrast to point-mass mixture priors [e.g Johnson and Rossell, 2012], where
some components of 4 can be exactly zero a posteriori. The global precision parameter £relates to the
number of signals, and we use £ 12 Cauchy_ (0,1) throughout. The local precision parameters
7 determine which components of 8 are null.

We focus on the Half-#(») prior family for the local scale parameter, ;7;1/ 2t (v) forv > 1,
where a £ (v) distribution has density proportional to (1 + x2/»)~(+1)/2 1(0,00) (%). The induced

prior on the local precision 7 has density

1
7[77(;7]) X 2—»

1 1(0700) (;7j) (2‘3)
B ()
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The case » = 1 corresponds to the Horseshoe prior [Carvalho et al., 2009, 2010] and has received
overwhelming attention in the literature among this prior class; see Bhadra et al. [2019] for a recent
overview. The use of Half-#(») priors on scale parameters in hierarchical Gaussian models was popu-
larized by Gelman [2006]. However, the subsequent literature has largely gravitated towards the de-
fault choice [Polson and Scott, 2012] of » = 1, in part because a convincing argument for preferring a
different value of » has been absent to date. Here we give empirical evidence that Half-#(») priors yield
statistical estimation properties similar to the Horseshoe prior, whilst leading to significant computa-
tional gains when » > 1. We note that Ghosh and Chakrabarti [2017] established optimal posterior
concentration in the Normal means problem for a broad class of priors on the local scale that includes
the Half-#(») priors, extending earlier work by van der Pas et al. [2014] for the Horseshoe, providing
theoretical support for the comparable performance we observe with » = 1and » > 1in simulations.

Our stopping criterion relies on couplings. Couplings have long been used to analyze the conver-
gence of MCMC algorithms, while methodological implementations have been rare. The work of
Johnson [1996] pioneered the use of couplings for practical diagnostics of convergence, but relied on
the assumption of some similarity between the initial distribution and the target, which can be hard
to check. Here we instead follow the approach of Glynn and Rhee [2014], Jacob et al. [2020b] based
on couplings of lagged chains, applied to the question of convergence in Biswas et al. [2019]. That
approach makes no assumptions on the closeness of the initial distribution to the target, and in our
experiments we initialize all chains independently from the prior distribution.

The approach requires the ability to sample pairs of Markov chains such that 1) each chain marginally
follows a prescribed MCMC algorithm and 2) the two chains “meet” after a random —but almost
surely finite— number of iterations, called the meeting time. When the chains meet, i.e. when all of
their components become identical, the user can stop the procedure. From the output the user can
obtain unbiased estimates of expectations with respect to the target distribution, which can be gen-

erated in parallel and averaged, as well as estimates of the finite-time bias of the underlying MCMC
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algorithm. Crucially, this information is retrieved from the distribution of the meeting time, which
is an integer-valued random variable irrespective of the dimension of the problem, and thus provides
a convenient summary of the performance of the algorithm. A difficulty inherent to the approach is
the design of an effective coupling strategy for the algorithm under consideration. High-dimensional
parameter spaces add a substantial layer of complication as some of the simpler coupling strategies,

that are solely based on maximal couplings, lead to prohibitively long meeting times.

2.1.3 OUR CONTRIBUTION

In this paper we argue that couplings offer a practical way of assessing the number of iterations re-
quired by MCMC algorithms in high-dimensional regression settings. Our specific contributions are
summarized below.

We introduce blocked Gibbs samplers (Section 2.2) for Bayesian linear regression focusing on Half-
£(») local shrinkage priors, extending the algorithm of Johndrow et al. [2020] for the Horseshoe. Our
algorithm has an overall computation cost of O(7*p) per iteration, which is state-of-the-art for » < p.
We then design a one-scale coupling strategy for these Gibbs samplers (Section 2.2.3) and show that it
results in meeting times that have exponential tails, which in turn validates their use in convergence
diagnostics [Biswas et al., 2019]. Our proof of exponentially-tailed meeting times is based on identi-
tying a geometric drift condition, as a corollary to which we also establish geometric ergodicity of the
marginal Gibbs sampler. Despite a decade of widespread use, MCMC algorithms for the Horseshoe
and Half-#(») priors generally have not previously been shown to be geometrically ergodic, in con-
trast to MCMC algorithms for global-local models with exponentially-tailed local scale priors [Khare
and Hobert, 2013, Pal and Khare, 2014]. Our proofs utilize a uniform bound on generalized ridge
regression estimates, which enables us to avoid a technical assumption of Johndrow et al. [2020], and
auxiliary results on moments of distributions related to the confluent hypergeometric function of the

second kind. Shortly after an earlier version of this manuscript was posted, Bhattacharya et al. [2022]
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have also established geometric ergodicity of related Gibbs samplers for the Horseshoe prior.

The meeting times resulting from the one-scale coupling increase exponentially as dimension in-
creases. To address that issue we design improved coupling strategies (Section 2.3). We develop a
two-scale strategy, based on a carefully chosen metric, which informs the choice between synchronous
and maximal couplings. In numerical experiments in high dimensions this strategy leads to orders
of magnitude shorter meeting times compared to the naive approach. We establish some preliminary
results in a stylized setting, providing a partial understanding of why the two-scale strategy leads to
the observed drastic reduction in meeting times. We also describe other couplings that do not re-
quire explicit calculation of a metric between the chains, have exponentially-tailed meeting times, and
empirically result in similar meeting times as the two-scale coupling. For our two-scale coupling, we
further note that priors with stronger shrinkage towards zero can give significantly shorter meeting
times in high dimensions. This motivates usage of Half-#(») priors with greater degrees of freedom
v > 1, which can give similar statistical performance to the Horseshoe (v = 1) whilst enjoying orders
of magnitude computational improvements.

Finally, we demonstrate (Section 2.4) that the proposed coupled MCMC algorithm is applicable
to big data settings. Figure 2.1 displays an application of our coupling strategy to monitor the con-
vergence of the Gibbs sampler for Bayesian regression on a genome-wide association study (GWAS)
dataset with (7, p) =~ (2000, 100000). Our method suggests that a burn-in of just 700 iterations can
suffice even for such a large problem, and confirms the applicability of coupled MCMC algorithms
for practical high-dimensional inference.

Scriptsin R [R Core Team, 2013] are available from https://github.com/niloyb/CoupledHalfT

to reproduce the figures of the article.
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Figure 2.1: Upper bounds on the total variation between the marginal distributions of the chain and the target distribu-
tion for Bayesian regression on a GWAS dataset with (7, p) ~ (2000,100000).

2.2 CourLED MCMC FOR REGRESSION WITH HALF-#(7) PRIORS

We develop MCMC techniques for Bayesian shrinkage regression with Half-#(») priors. The model
is given by (2.1)-(2.2) and ;7_1/2 ~ () for some » > 1asin (2.3). Posterior distributions resulting
from such heavy-tailed shrinkage priors have desirable statistical properties, but their features pose
challenges to generic-purpose MCMC algorithms. Characterization of the marginal prior and pos-
terior densities of 4 on R? given £ and o2, and further comments on these challenges are presented
in Section B.1 of the appendices. Specifically, the resulting posterior distributions present 1) mul-
timodality, 2) heavy tails and 3) infinite density at zero. This hints at a trade-oft between statistical
accuracy and computational feasibility, since the very features that present computational difficulties

are crucial for optimal statistical performance across sparsity levels and signal strengths.

2.2.1 A BLOCKED GIBBS SAMPLER FOR HALF-#(7) PRIORS

Blocked Gibbs samplers are popularly used for Bayesian regression with global-local shrinkage priors,
due to the analytical tractability of full conditional distributions [Park and Casella, 2008, Carvalho

et al., 2010, Polson et al., 2014, Bhattacharya et al.,, 2015, Makalic and Schmidt, 2016]. Several con-
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venient blocking and marginalization strategies are possible, leading to conditionals that are easy to
sample from. For the case of the Horseshoe prior (v = 1), Johndrow et al. [2020] have developed
exact and approximate MCMC algorithms for high-dimensional settings, building on the algorithms
of Polson et al. [2014] and Bhattacharya et al. [2016]. We extend that sampler to general Half-#()
priors, and summarize it in (2.4). Given some initial state (7, 8, a3, &) € ]R];O X R? x Rso x Rxg,
it generates a Markov chain (7,, 8,, 77, £) >0 which targets the posterior corresponding to Half-#(»)

priors.

o, 2
mlz/;71+1,j fﬂ@w
for mtJ = ?,
a;
t

?
(711182, 8) < [[ = ,,

J=1 ’7z+21J'(1 + V;7t+1J') 2

7(&1l71) < LONE 15707 )

ao+n yIM Yy + by
2 7 2 ’

0'z2+1|77t+1; é";_,_l ~ InVGamma<

Bril71s Ers o ~ N(EXTy, 02,270,

Above L(y|&,41,7,,,) represents the marginal likelihood of y given £, ; and 5, ;, and we use the
notation M = I, + £, X Diag(y;3}) X7, and = = X7X + £,11Diag(7,,,). Wesample 5, .,18,,97, ¢,
component-wise independently usingslice samplingand sample £, 1|, , using Metropolis—Hastings,
with a Normal proposal on the logarithm of £ with standard deviation oy Full details of our sampler
are in Algorithms 21 and 22 of the appendices, and derivations are in Section D.2 of the appendices.

Sampling,  ,|8,, o7, £ component-wise independently isan O(p) cost operation. Sampling .17, ;
requires evaluating L (|1, 7,,, ), which involves an O(*p) cost operation (calculating the weighted
matrix cross-product XDiag(7, ;) ™' X ) and an O(%3) cost operation (calculating y"A1 1y and | M|
using Cholesky decomposition). Sampling o7, |7, 11> &1 18 only an O(1) cost operation, as yIMm 1y

is pre-calculated. Similarly, as A~ is pre-calculated, sampling §, 1l Gt o7, using the algo-
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rithm of Bhattacharya et al. [2016] for structured multivariate Gaussians only involves an O(np) and
an O(n?) cost operation. In high-dimensional settings with p > », which is our focus, the weighted
matrix cross-product calculation is the most expensive and overall the sampler described in (2.4) has

O(n*p) computation cost.

2.2.2  COUPLING THE PROPOSED GIBBS SAMPLER

We develop couplings for the blocked Gibbs sampler presented in Section 2.2.1. We will use these
couplings to generate coupled chains with a time lag L > 1, in order to implement the diagnostics of
convergence proposed in Biswas et al. [2019]. Consider an L-lag coupled chain (C;, C,_ 1)e>1 with
random meeting time 7z such that C; = C,_; forallz > 7. Here C; and C, denote the full states
(7,,8,, 7%, &) and (7,,8,, 72, £,) respectively. For the coupling-based methods proposed in Biswas et al.
[2019], Jacob et al. [2020b] to be most practical, the meeting times should occur as early as possible,
under the constraint that both chains (C;) >0 and (6’ +)¢>0 start from the same initial distribution and
marginally evolve according to the blocked Gibbs sampler in (2.4).

The total variation (TV) distance between two probability distributions P and Q is defined as
TV(P, Q) := infP(X # Y), where the infimum is taken over all pairs (X, Y) such that marginally
X ~ Pand Y ~ Q. Briefly, we recall how L-lag coupled chains enable the estimation of upper bounds
on TV(7;, w), which denotes the total variation distance between the distribution of the blocked
Gibbs sampler in (2.4) after # iterations (7;) and its stationary distribution (7). Since C; = C,_; for
all# > 7, we obtain 1(C, # C,_z) = 1(z > ¢). If the meeting times are exponentially-tailed, Biswas

etal. [2019] establishes

> > ~ r—L—t¢
V(7 7) < g TV(Zrijr—1, miajr) < g E(Crijr—r # Crpp)] = E[max (Oa {7})}
j=1 j=1

where we first used the triangle inequality, the second inequality follows from the coupling representa-
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tion of the TV distance, and the equality follows from interchanging the summation and expectation
using the dominated convergence theorem, which can be applied when the meeting times are sub-
exponential. Exponentially-tailed meeting times also ensure that the expected computation time of
unbiased estimators as in Jacob et al. [2020b], generated independently in parallel, scales at a logarith-
mic rate in the number of processors. Thus we will be particularly interested in couplings that result
in exponentially-tailed meeting times; see Middleton et al. [2020] for the use of coupled chains with
polynomially-tailed meeting times.

In Section 2..2.3, we consider an algorithm based on maximal couplings. We show that the ensuing
meeting times have exponential tails, and discuss how our analysis directly implies that the marginal
chain introduced in Section 2.2.1 is geometrically ergodic. We then illustrate difficulties encountered
by such scheme in high dimensions, which will motivate alternative strategies described in Section 2..3.

For simplicity, we mostly omit the lag L from the notation.

2.2.3 ONE-SCALE COUPLING

For the blocked Gibbs sampler in Section 2.2.1, we first consider a coupled MCMC algorithm that
attempts exact meetings at every step. We will apply a maximal coupling algorithm with indepen-
dent residuals (see Thorisson [2000, Chapter 1 Section 4.4] and Johnson [1998]). It is included in
Algorithm 23 of the appendices, and has an expected computation cost of two units [Johnson, 1998].

Our initial coupled MCMC kernelis given in Algorithm 3, which we refer to as a one-scale coupling.
That is, before the chains have met (when C; # C,), the coupled kernel on Steps (1) and (2)(a —
¢) does not explicitly depend on the distance between states C, and C,. After meeting, the coupled
chains remain together by construction, such that C; = C, implies Cpy1 = 6'[+1. When C; # c,
Step (1) uses the coupled slice sampler of Algorithm 4 component-wise for (7, ;,7,. ), which allows

each pair of components ( to meet exactly with positive probability. In Algorithm 4,

;71+12j’ ;7t+1])

we use a common random numbers or a “synchronous” coupling of the auxiliary random variables
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(Ujxs Uj,*), and alternative couplings could be considered. Steps (2)(2 — &) are maximal couplings of
the conditional sampling steps for (¢, E) and (o2, %), such that (;7[+1, Ori1, ftﬂ) = (77[+1, Trit, 2::+1)
occurs with positive probability for all # > 0. Step (2)(c) uses common random numbers, such that

(;7t+1, g1, 6yy) = (;}H_l, Trt1s ;ftﬂ) implies, | = zéz-;-r This allows the full chains to meet exactly

with positive probability at every step.

Algorithm 3: A one-scale coupled MCMC kernel for Half-#(») priors.

Input: C; := (3,,8,,0;,£,) and C = (;}t,‘ét,&f,g’;);
if C, = C, then Sample C,;|C, asin (2.4) and set Cqy = Cypy.
else

1. Sample (3,,,7,,,) C, C, component-wise independently using Algorithm 4.

2. Sample (£, af+17(gt+1)a (&1 &tJrluétﬂ)) giveny,,,,7,,, as follows:

(a) Sample (£, Z",H) ‘;7r+1’ Eo s £, using coupled Metropolis—Hastings
(Algorithm 27 of the supplementary materials).

-
Gamma distributions (Algorithm 23 of the supplementary materials).

(b) Sample (07,,,57,1)|&, 415 7,15 E’Hl, 7,4, from a maximal coupling of two Inverse

(c) Sample (8, B, ot &an 7y 51 Sty 7,41 using common random
numbers for Gaussian scale mixture priors (Algorithm 26 of the supplementary

materials).

return (C,oq, Cpyyp).

Under the one-scale coupling, we prove that the meeting times have exponential tails and hence
finite expectation. Our analysis is based on identifying a suitable drift function for a variant of the
marginal chain in Section 2.2.1 and an application of Jacob et al. [2020b, Proposition 4]. We as-
sume that the global shrinkage prior 7(-) has a compact support on (0, 00). Such compactly sup-
ported priors for £ have been recommended by van der Pas et al. [2017] to achieve optimal posterior
concentration for the Horseshoe in the Normal means model. While the default half-Cauchy prior

FY2 o Cauchy_ (0, 1) empirically used throughout the manuscript is not covered by our theoretical
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Algorithm 4: Coupled Slice Sampler for Half-#(») priors using maximal couplings.

Result: A coupling of slice samplers marginally targeting p(-|m;) and p(-|7;), where
Pl m) o< (7,7 (1+ 7)F) "¢ on (0, 00).
Input: 7, .7,  me; = £BL,/(252), 7y = EB, /(252) > 0.
1. Sample U7} ~ Uniform(0,1), and set U, := U2 (1 + w;tJ)JTJrl and

r+1

0. = U1+ 97,) .

2. Sample ( |U, «, E/J* from a maximal coupling of distributions P; and ]3]

Tetr, ;}Hrld') s
using Algorithm 23 of the supplementary materials, where P; and P; have
unnormalized densities  — 7 te™ "7 and;; — 7t on (0, ) and (0, T;)

respectively, where 7, = (U]—z/(1+,, 1)/ T, ( *2/(1+V —1)/vand
=(1+v)/2.
return (77t+11j, 7}[+1J.).

analysis, Section B.3 of the appendices reports essentially identical numerical results obtained with a
compactly supported prior for £ We also assume that each component 7, _sz]ﬂ o &,o7and &, 7,
in (2.4) are sampled perfectly, instead of slice sampling and Metropolis—Hastings steps respectively.
Perfect sampling algorithms for each component 7, 1y |8 7 &, 07 and £, 4|7, are provided in Algo-
rithms 28 and 29 of the appendices for completeness; see also Bhattacharya and Johndrow [2021]
for perfect sampling of the components of 7, +1j|ﬁ " &, o7 for the Horseshoe. Perfectly sampling
&l and %‘-H]‘ﬂtj’ £, o7 retains the O(n?p) computational cost for the full blocked Gibbs sam-
pler, though in practice this implementation is more expensive per iteration due to the computation
of eigenvalue decompositions in lieu of Cholesky decompositions, and the computation of inverse of
the confluent hypergeometric function of the second kind.

Proposition 2.2.1 gives a geometric drift condition for this variant of the blocked Gibbs sampler.

Proposition 2.2.1. (Geometric drift). Consider the Markov chain (8,,£,, 07 ) >0 generated from the

blocked Gibbs sampler in (2.4), where each component 1, +1J\ﬂ o &, 07 and &\, , are sampled per-
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fectly such that (8,,§,,57) = 7,y = (Boyys&rr1> 00v1) with 3, intermediary for each t > 0. As-
sume the global shrinkage prior we(+) has a compact support. For m; = fz@f /(26%), ¢ € (0,1/2) and
d € (0,1), define

p
V(g.ES) =D mi +ml. (2.6)
=1

Then for each v > 1, there exist some ¢ € (0,1/2),d € (0,1) such that V is a drift function, i.e., there

exists y € (0,1) and K € (0, 00) such that for all 8, € R, & > 0 and o7 > 0,

E[V({gt+1’ ‘ft—f—l? of—i-l) ’[@ﬁ ft’ 0%] S VV(ﬂﬁ é:ﬂ 0%) + K. (2-7)

The drift (or “Lyapunov”) function in (2.6), approaches infinity when any ﬂ]. approaches the origin
or infinity. This ensures that the corresponding sub-level sets, defined by S(R) = {(4, £,5*) € R? x
Rso x Ry @ V(B,£,0) < R} for R > 0, exclude the pole at the origin and are bounded. Such
geometric drift condition, in conjunction with Jacob et al. [2020b, Proposition 4], helps verify that

the meeting times under the one-scale coupling have exponential tails and hence finite expectation.

Proposition 2.2.2. Consider the blocked Gibbs sampler in (2.4). In the setup of Proposition 2.2.1, as-
sume that the global shrinkage prior my(+) bas a compact support. Write Z, = (B,,£,,02) and Z, =
8., £.,32). Consider the one-scale coupling given by (Z,,Z,) Dog1s ) = (Zis1, Zoy1) where
(741> ,41) are maximally coupled component-wise, and (Z,41, Zs11) are coupled using common ran-
dom numbers. Denote the meeting time by 77 »= inf{r > 0: Z, = Zt} Then P(tz > t) < Aok for

some constants Ay € (0,00) and xo € (0,1), and forallt > 0.

Exponentially-tailed meeting times immediately imply that the marginal (Z;) > chain of the blocked
Gibbs sampler in Section 2.2.1 is geometrically ergodic. This follows from noting that Jacob et al.
[2020b, Proposition 4] is closely linked to a minorization condition [Rosenthal, 1995], and details

are included in Proposition B.4.10 of the appendices. We emphasize that studying the marginal chain
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(Zi)e=0 = (8.4, o2),>0, where » , is viewed as an intermediate quantity, suffices to analyze the full
chain of interest, (C;);>0 = (7,, Z;)s>0- To see this, we briefly recall some facts about two-component
Gibbs samplers [Diaconis et al., 2008, 2010]. Let 7z and 7, denote the distributions of Z, and C;
respectively, and let 7z and 7 denote the stationary distribution of the chains (Z;),>¢ and (C;) >0 re-
spectively. Then by Diaconis et al. [2008, Lemma 2.4], TV(7z,, 7z) < TV (7, ) < TV(7z,_,, 72)
forall # > 1, and therefore the exponential rate of convergence of (Z,) is inherited by the full chain.

Furthermore, we note that the meeting time 7 in Proposition 2.2.2 for the marginal chain is equal
to the meeting time 7 := inf{r > 0 : C;, = (~Jt} of the full chain. To see this, recall that under
common random numbers, Z, = Z, if and only if 7, = 7,. This implies Z, = Z, if and only if
C, = C,. Thus Proposition 2.2.2 applies to the meeting time 7 of the full chain.

Fora class of Gibbs samplers targeting shrinkage priors including the Bayesian LASSO, the Normal-
Gamma prior [Griffin and Brown, 2010], and Dirichlet-Laplace prior [Bhattacharya et al., 2015],
Khare and Hobert [2013] and Pal and Khare [2014] have proven geometric ergodicity based on drift
and minorization arguments [Meyn and Tweedie, 1993, Roberts and Rosenthal, 2004]. For the Horse-
shoe prior, Johndrow etal. [2020] has recently established geometric ergodicity. In the high-dimensional
setting with p > # for the Horseshoe, the proof of Johndrow et al. [2020] required truncating the
prior on each 7 below by a small £ > 0 to guarantee the uniform bound 7 > £. Our proof of geo-
metric ergodicity for Half-#(») priors including the Horseshoe (v = 1) works in both low and high-
dimensional settings, without any modification of the priors on the 7y In parallel work, Bhattacharya
etal. [2022] have also established geometric ergodicity for the Horseshoe prior without requiring such

truncation.

Remark 2.2.3. Our proofs of exponentially-tailed meeting times and geometric ergodicity generalize
to a larger class of priors satisfying some moment conditions on the full conditionals of 7; Consider a
compactly supported prior 7y on & and a prior , on each 7y Then the unnormalized density of the full

2 —m

conditionals of each 3, is given by 7r(;7j. | mj = fﬂjz /(25%)) ;7]1./ e " 7r,7(;7j). Consider the following
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assumptions on y.

1. Forsome0 < ¢ < 1/2, thereexist0 < ¢ < I(3—c)™! ﬁanng,lg) < 00 such thatE[;yjﬂmj] <

5mjf[ + Kf.}g) forall m; > 0.

2. Forsome0 < d < 1, thereexist 0 < ¢ < 2° andKElzg) < 00 such tbﬂtE[;;j._d|mj] < emj‘-i+KL(122

Sorallm; > 0.
Then the blocked Gibbs sampler in (2.4) is geometrically ergodic.

We now consider the performance of Algorithm 3 on synthetic datasets. In particular, we empir-
ically illustrate that the rate g in Proposition 2.2.2 can tend to 1 exponentially fast as dimension p

increases. The design matrix X € R"*? is generated with [X];; "~

(0,1), and a response vector as
y ~ N(XB,,021,), where B_ € R? is the true signal and o > 0 is the true error standard deviation.
We choose 3, to be sparse such that given sparsity parameter s, 3 o = 20°0/% for 1 < j < sand
ﬂ*d. = O forall s > ;. Figure 2.2 shows the meeting times 7 of coupled Markov chains (with a lag
L = 1) targeting the Horseshoe posterior (v = 1) with g = by = 1 under Algorithm 3. We consider
n =100,5 = 10,7, = 0.5 and vary the dimension p. For each dimension p, we simulate 100 meet-
ing times under the one-scale coupling for independently generated synthetic datasets. We initialize
chains independently from the prior distribution. For the £ updates, we use a proposal step-size of

omu = 0.8 as in Johndrow et al. [2020]. Figure 2.2, with a vertical axis on a logarithmic scale, shows

that the meeting times increase exponentially and have heavier tails with increasing dimension.

2.3 COUPLING STRATEGIES FOR HIGH-DIMENSIONAL SETTINGS

To address the scaling issues observed with the one-scale coupling in Section 2.2.3, we develop a two-
scale coupling in Section 2.3.1 that delivers better empirical performance. We also offer some formal

results supporting the empirical improvements. In Section 2.3.2 we develop other related coupling

37



10000 4

1000 1

100 4

Meeting time T

104

50 100 150
Dimension p

Figure 2.2: Meeting times 7 = inf{z > 0 : (yt,[@[, £, a%) = (;}méz, }t, 5;2)} against dimension for posteriors
associated with a Horseshoe prior under the one-scale coupling of Algorithm 3, with z = 100,s5 = 10,0, = 0.5.
strategies which have exponentially-tailed meeting times and have similar empirical performance as the
two-scale coupling. In Section 2.3.3, we investigate the impact of the degree of freedom » for Half-#()
priors on our two-scale coupling. We find that Half-#(») priors with higher degrees of freedom » > 1
can give similar statistical performance to the Horseshoe (v = 1), whilst enjoying orders of magnitude

computational improvements through shorter meeting times.

2.3.1 A TWO-SCALE COUPLING

We develop a two-scale coupling algorithm, which slightly differs from the terminology used in stochas-
tic dynamics and in analysis of pre-conditioned HMC [Bou-Rabee and Eberle, 2021]. Itis also closely
linked to the delayed one-shot coupling of Roberts and Rosenthal [2002], used for example in Beskos
and Roberts [2005] in an implementation of perfect sampling for truncated Gaussian distributions,
which refers to coupled kernels that attempt exact meetings when the chains are close, and aim for
a contraction when the chains are far. The motivation for this construction is that in Algorithm 3,
the components of (7,,7,) that fail to meet instead evolve independently. As dimension grows, the
number of components of (7,,7,) that fail to meet also tends to grow, making it increasingly diffi-

cult for all components to exactly meet on subsequent iterations. In the two-scale coupling, we only
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attempt to obtain exact meetings when the associated probability is large enough. This is done by
constructing a metric 4 and a corresponding threshold parameter dy > 0 such that when the current
states are d-close with 4(C;, 6}) < dy, we apply Algorithm 4 and try to obtain exact meetings. When
d(C,, C;) > do, we instead employ common random numbers to sample (7,,7,).

Our chosen metric 4 on ]RI;O X R? x Ry X Ry is

d(Ch 61‘) = P(%‘-H 7é %u,_l‘ctu ét)a (2“8)

where recall that C, = (7,,8,, 0%, £,), C, = (Zt,ﬁt, 77, ;ﬁ), and (7,11, 7,41)|C, C; is sampled using the
coupled slice sampler in Algorithm 4. As the coupling in Algorithm 4 is independent component-

wise, we can obtain a simplified expression involving only univariate probabilities as

?

d(Cz, E:t) =1- HP(%‘-HJ = at—l-l,j
7=1

77;J7’?tl]‘7 ml]a ﬁitJ)? (29)

where m; ; = fﬂ@i]/(Zaf) and m,; = %@f}/(ZE’f‘) Under this metric 4 and a threshold 4y € [0, 1],
an exact meeting is attempted when P(y,,, = 7,.4/C,, C)) > 1—dp. Once 7,41 and 7, coincide,
and if the scalars £, ; and ;Zt 1 also subsequently coincide, then the entire chains meet. When dy = 1,
the two-scale coupling reduces to the one-scale coupling of Algorithm 3 since the maximal coupling
slice sampler (Algorithm 4) is invoked at each step. On the other hand, when threshold dy = 0, we
always apply the common random numbers. Then the chains C;, C, may come arbitrarily close but
will never exactly meet. Empirically we find that different values of the threshold dy away from 0 and
1 give similar meeting times. Simulations concerning these choices can be found in Section B.2.2 of
the appendices.

We now discuss computation of the metric 4(Cy, C,). Since the probability in (2.8) is unavailable in

closed form, we can resort to various approximations. One option is to evaluate the one-dimensional
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integrals in (2.9) using numerical integration. Alternatively, one can form the Monte Carlo based

estimate
T0 0 = LNy, 0 L 0
dr (Ct’ Cf) = E Z 1{77t+1 7& %—H}v (2-10)
r=1
where (’7§217 5;21) are sampled independently for » = 1, . .., R using Algorithm 4. We recommend a

Rao-Blackwellized estimate by combining Monte Carlo with analytical calculations of integrals as

?

R
& o) =1-] (% S P (7,4, = ,}tw‘ U0 i) ()
=1

=1

where ( ) , U](r ) are sampled independently for» = 1, . .., R using Algorithm 4 and each IP(, =

7, +1J‘ Uj(r), Uy), my j, M) is calculated analytically based on meeting probabilities from Algorithm
4. Further metric calculation details are in Section B.2.3 of the appendices. For a number of samples
R, estimates (2.10) and (2.11) both have computation cost of order pR. Compared to the estimate in
(2.10), the estimate in (2.11) has lower variance and faster run-time as it only involves sampling uni-
formly distributed random numbers. It suffices to choose a small number of samples R, and often we
take R = 1. Indeed it appears unnecessary to estimate d(C;, C;) accurately, as we are only interested in
comparing that distance to a fixed threshold 4y € [0, 1]. Often the trajectories (d(C;, C;)) s> initially
take values close to 1, and then sharply drop to values close to 0. This leads to the estimates in (2.10)
and (2.11) having low variance. Henceforth, we will use the estimate in (2.11) in our experiments with
two-scale couplings, unless specified otherwise.

Overall the two-scale coupling kernel has twice the O(%p) cost of the single chain kernel in (2.4).
When C; # C,, we calculate a distance estimate and sample from a coupled slice sampling kernel.
Calculating the distance estimate involves sampling 2pR uniforms and has O(p) cost. Coupled slice

sampling with maximal couplings (Algorithm 4) or common random numbers both have expected or

deterministic cost O(p). The remaining steps of the two-scale coupling match the one-step coupling
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in Algorithm 3.

We now consider the performance of the two-scale coupling on synthetic datasets. The setup is
identical to that introduced in Section 2.2.3, where for each dimension p we simulate 100 meeting
times based on independently generated synthetic datasets. We target the Horseshoe posterior (v = 1)
withag = by = 1. Figure 2.3 shows the meeting times 7 of coupled Markov chains (with alag L = 1),
for both the one-scale coupling and the two-scale coupling with R = 1 and threshold dy = 0.5.
Figure 2.3 shows that the two-scale coupling can lead to orders of magnitude reductions in meeting

times compared to the one-scale coupling.

10000
e
Q@ 1000+
£ Scale
> ] ore
£ 1001
5] |:| Two
(@]
=

10

50 100 150

Dimension p

Figure 2.3: Meeting times 7 = inf{t >0 : (77:7{8:7 ft,af) = (;}t,zt, ;"’t, Ef)} against dimension for posteriors
associated with a Horseshoe prior under one-scale and two-scale couplings, with z = 100,s = 10, 0, = 0.5.

We next present some preliminary results which hint as to why the two-scale coupling leads to the
drastic reduction in meeting times. We focus on the coupling of the (7, 7) full conditionals, as the one-
scale and two-scale algorithms differ only at this step. First, we show that for any monotone function
b :(0,00) — R and all components;j =1, ..., p, the expected distance EWJ(%HJ) - h(;}IHJ)H is

the same under both common random numbers and maximal coupling.

Proposition 2.3.1. Consider the setup of Proposition 2.2.z, such that the y full conditionals are sampled
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perfectly. Then for any monotone function b : (0,00) — R and all componentsj =1, ..., p,

Emax“b(’?rﬂg') - h(’?tﬂﬂ””‘tv 77%‘] = Egm [|h(}7t+1J') - b(’?ﬂrlj‘)Hmt’ 77%]7 (2.12)

where Ky, and By, correspond to expectations under the maximal coupling and CRN coupling respec-
tively of (3,1, 7,41) given my and in,.

Proposition 2.3.1 implies that such single-step expectations alone do not distinguish the behav-
ior of CRN from maximal couplings. This compels us to investigate other distributional features of
|h(7, +1J) — h(3, +1J)| under either coupling to possibly tease apart differences in their behavior on
high probability events. Focusing on the Horseshoe prior and making the choice h(x) = log(1 + x),
we uncover a distinction between the tail behavior of the two couplings which can substantially accu-

mulate over p independent coordinates. We offer an illustration in a stylized setting below.

Proposition 2.3.2. For the Horseshoe prior (v = 1), consider when m, = ul, € (0,00) and m; =
¢l € (0, 00)? for some positive scalars w and p with i # . Then under a CRN coupling,

P
a

P(rjn:fg |log(1 + ’7:+1J‘) — log(1 + }71*+1J')’ > |logp — log | ‘ Mty ﬁlf) =0 (2.13)

forall p > 1. Define a positive constant L = log(1 + 1/ max{u, u})/2. Under maximal coupling, for
anya € (0,1) and any &' € (a,1), there exists a constant D > 0 which does not depend on p such that

Sforallp > 1,

p -~ - _pyl—d
P( 1ax | log(1 + ;7t+lJ') — log(1+ 77t+1,j)| > log(L) + loglogp ’ M mf) >1—e

J
(2.14)

Extensions of Proposition 2.3.2 which allow different components of 72, and 7, to take different

values under some limiting assumptions are omitted here for simplicity. This stylized setting already
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captures why the one-scale algorithm may result in much larger meeting times in high dimensions
compared to the CRN-based two-scale algorithm. We note that Proposition 2.3.2 remains informative
whenever |logu — log | < loglogp, even when loglog p is not large. For example, consider ¢ =
g’ for some small & > 0 with § < loglogp. Under CRN, log(1 + 7,,, ) and log(1 + 7, )
remain J-close almost surely for all components ;. In contrast, under the maximal coupling, at least
one component will have larger than log(«L) 4 log log p deviations with high probability. Since « and
L = log(1+ 1/¢)/2 do not depend on p or 9, log(aL) + loglogp > d for fixed u, 2 > 0. These
larger deviations between some components of 7, , and 7, ; under maximal couplings push the two

chains much further apart when sampling (72,41, 72,41) resulting in meeting probabilities

"7t+1’ ’~7z+1’
that are much lower over multiple steps of the algorithm. Overall, Propositions 2.3.1 and 2.3.2 show
that multi-step kernel calculations taking into account such high-probability events may be necessary
to further distinguish the relative performances of one-scale and two-scale couplings. A full analytic
understanding of this difference in performance remains an open problem.

Another way of understanding the benefits of two-scale coupling would be to find a distance un-
der which the coupled chains under common random numbers exhibit a contraction. The CRN
coupling part of Proposition 2.3.2 hints that d(m,, 7,) := Ej'):1 | log m; j — log 7, ;| may be a nat-
ural metric. Section B.2.1 of the appendices contains discussions and related simulations comparing

this metric with alternatives. Proposition 2.3.3 verifies that such metric bounds the total variation

distance between one-step transition kernels.

Proposition 2.3.3. Let P denote the Markov transition kernel associated with the update from (8,,,, )

t0 (B, 156015 0741) for the Gibbs sampler in (2.4). Let Z = (8, &, 0 = (8,67 m; = fﬂ]z/(Zal),
and inj = fﬂj/(Z(}Z)forj =1,...,p Then,

d(Z,2). (2.15)



By Proposition 2..3.3, it suffices to show that (0_1 (Z,, Zt)) >0 contracts under CRN to a sufficiently
small value such that the upper bound in (2.15) is strictly less that 1. This would ensure that CRN
coupling will bring the marginal chains close enough that the probability of one-step max coupling
resulting in a meeting is high. Note that (2.15) corresponds to the total variation distance of the full
chain, so under this setup we would attempt to maximally couple the full vectors 7, ; and 7, | (rather
than maximally coupling component-wise) when close. Analytical calculations to establish such a
contraction, and to understand how the contraction rate scales with dimension and other features of

the problem such as the choice of prior, sparsity, and signal to noise ratio requires further work.

2.3.2 ALTERNATIVE COUPLING STRATEGIES

The rapid meeting of the two-scale coupling in simulations recommends its use. However, we were
unable to establish finite expected meeting times with this coupling. We now describe several small
modifications of the two-scale coupling that have similar empirical performance but for which we can
prove that the meeting time distribution has exponential tails.

Our basic approach is to maximally couple each component (7 e 7 tﬂ.) until a failed meeting {7 tj #
7 tJ.} occurs, after which we switch to CRN for the remaining components. The ordering of the com-
ponentsj = 1,.. ., p can be deterministic or randomized at each iteration. Under this construction,
only one component of (7,,7,), corresponding to the failed meeting, will evolve independently; the
other components will either meet or evolve under CRN. Therefore, we expect to obtain benefits
similar to the two-scale coupling in high dimensions. An apparent advantage is that we can bypass the
choice of metric and associated threshold. While the switch-to-CRN coupling has the same O(#?p)
cost per iteration as the two-scale coupling, it can give faster run-times in practice when the dimension
p is large compared to the number of observations 7 as it avoids repeated calculation of a metric.

We report the performance of the switch-to-CRN coupling with the ordering of the components

randomized at each iteration. The setup is identical to that in Section 2.3.1, where for each dimension
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p we simulate 100 meeting times based on independently generated synthetic datasets. Figure 2.4

shows that the switch-to-CRN coupling leads to similar meeting times as the two-scale coupling.

1000
e
m .
E Coupling
= 1004
g’ D Two-scale
3 [ ] switch-to-CRN
(]
=
104

200 400 600 800 1000
Dimension p

Figure 2.4: Meeting times 7 = inf{z > 0 : (3,,4,, &, 2) = (;}[,[ét, EI, 5}2)} for posteriors from the Horseshoe prior
under the two-scale and the switch-to-CRN coupling algorithms. z = 100, s = 10, 7, = 0.5.

We can establish that the meeting times under this switch-to-CRN coupling have exponential tails

and hence finite expectation.

Proposition 2.3.4. Consider the blocked Gibbs sampler in (2.4). We follow the setup in Proposition
2.2.1, and assume that the global shrinkage prior w(-) has compact support. Write Z, = (8,,£,, %),
Zi = (B E,3), C = (7,8,,6,2) and C; = (3,,8,,,52). Consider the switch-to-CRN cou-
pling given by (ZuZ) > (ppsioss) > (Zovts Zur) where (5,41, ) are masimally coupled
component-wise (under any fixed or random ordering of the components) until the first failed meeting,
affter which common random numbers are employed, and (Zyy1, Zy+1) are coupled using common ran-
dom numbers. Denote the meeting time by v := inf{t > 0: C, = C;} = inf{t > 0: Z, = Z,}. Then

P(z > t) < Aix| for some constants A, € (0,00) and xy € (0,1), and forall t > 0.

The equality of the meeting times for the (Z,) and the (C;) chains follows from a similar argument
as after Proposition 2.2.2. As in Proposition 2.2.2, our proof of Proposition 2.3.4 implies a rate x;

which tends to 1 exponentially as dimension p increases. To obtain more favorable rates with respect
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to the dimension as hinted by Figure 2.4 would require a better understanding of the CRN coupling,
for example establishing a contraction in some parts of the state space as discussed above.

Overall, Figures 2.3 and 2.4 show significant empirical improvements in using the two-scale cou-
pling and related strategies, compared to the one-scale coupling of Section 2.2.3. Therefore, we rec-
ommend the use of two-scale couplings and variants such as the switch-to-CRN coupling for practical
high-dimensional applications. Furthermore, in settings where estimating the metric d is computa-
tionally expensive or analytically intractable, variants such as the switch-to-CRN coupling may offer
faster run-time per iteration. Henceforth, we will use the two-scale coupling of Section 2.3.1 in our

experiments and GWAS dataset applications, unless specified otherwise.

2.3.3 COMPUTATIONAL AND STATISTICAL IMPACT OF DEGREE OF FREEDOM ¥

We empirically investigate the impact of the degrees of freedom » > 1 for Half-#(») priors. Higher
degrees of freedom » corresponds to priors on 8 which have stronger shrinkage towards zero (Propo-
sition B.1.1). We consider meeting times resulting from the two-scale coupling of Section 2.3.1, as
well as the statistical performance of the posteriors. On the computation side, recent work on conver-
gence analysis [Qin and Hobert, 2019a,b] has highlighted the impact of shrinkage on convergence of
simpler MCMC algorithms. Under a common random numbers coupling, Qin and Hobert [2019b]
have studied the convergence of the Gibbs sampler of Albert and Chib [1993] for Bayesian probit
regression, proving dimension-free convergence rates for priors with sufficiently strong shrinkage to-
wards zero. On the statistical estimation side, Half-#(») priors have been long proposed [Gelman,
2006, Carvalho et al., 2009, 2010] for Bayesian hierarchical models. van der Pas et al. [2014, 2017]
have established (near) minimax optimal estimation for the Horseshoe (v = 1) in the Normal means
model. Ghosh and Chakrabarti [2017] have extended the results of van der Pas et al. [2014] to show
minimax optimality of a wider class of priors including Half-#(») priors. Recently, Song [2020] has

established that the degree of freedom » can impact the multiplicative constant in the posterior con-
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Figure 2.5: Meeting times under the two-scale coupling algorithm and mean squared error with Half—t(v) priors and
LASSO estimates. In Figure 2.5a z = 100, s = 20 and &, = 2;in Figure 2.5b » = 100, p = 500,5 = 20,0, = 2.

traction rate for the Normal means model. Posterior contraction rates of continuous shrinkage priors
in the regression setting beyond the Normal means model would deserve further investigation.

We consider the meeting times obtained with Half-#() priors under the two-scale coupling (with
R = 1and threshold dy = 0.5) on synthetic datasets. The synthetic datasets are generated as per
Figure 2.2 of Section 2.2.3. Figure 2.5a is then based on 20 synthetic datasets generated indepen-
dently for different degrees of freedom » € [1, 2]. Figure 2.5a plots meeting times 7 of 1-lag coupled
Markov chains against dimension. Itindicates that even a small increase in the degree of freedom » > 1
compared to the Horseshoe (v = 1) can lead to orders of magnitude computational improvements
through shorter meeting times.

We also consider the statistical performance of Bayesian shrinkage regression with Half-#(») priors
on synthetic datasets in Figure 2.sb. The synthetic datasets are generated as per Figure 2.2 of Sec-
tion 2.2.3. We use the blocked Gibbs sampler of Algorithm 21 to draw samples from the posteriors
corresponding to different degrees of freedom », by simulating chains of length 1000, with a burn-in
period chosen using the coupling-based total variation distance upper bounds of Biswas et al. [2019].
Specifically we employ a burn-in of 300 steps for » > 1.2 and of 600 steps for » = 1. Figure 2.5b

shows mean squared error (MSE) for different values of » > 1. For a fixed synthetic dataset, the MSE
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in Figure 2.5b is calculated as ||8, — [éH% » where[é = £./1000, is the MCMC estimator ob-
tained from the Markov chain after burn-in. The error bars in Figure 2.5b are generated by simulating
synthetic datasets independently 100 times and each time calculating the corresponding MSE from a
Markov chain for different values of » € [1, 8]. The MSE of the LASSO is also included, with regular-
ization parameter chosen with cross-validation using the glmnet package [Friedman et al., 2010]. For
v € [1,2], we observe a lower MSE using Half-#(») priors compared to the LASSO. The grey plots
in Figures 2.5b show that much larger v € {4, 6, 8} can lead to higher MSE, as the corresponding
posteriors are strongly concentrated about zero and less able to identify non-null signals. Overall, Fig-

ure 2.5b suggests that Half-#(») priors with degrees of freedom » € [1, 2] can result in comparable

statistical performance while much larger values of » should be discouraged.

2.4 REsULTS ON GWAS DATASETS

Section 2..3.3 suggests that Half-#() priors with higher degrees of freedom » > 1 can give similar
statistical performance to the Horseshoe (v = 1), whilst allowing orders of magnitude computational
improvements.

Motivated by this observation, we apply our algorithms to genome-wide association study (GWAS)
datasets using v = 2. We consider a bacteria dataset [BithImann etal., 2014] with z = 71 observations
corresponding to production of the vitamin riboflavin, and p = 4, 088 covariates corresponding to
single nucleotide polymorphisms (SNPs) in the genome. We also consider a maize dataset [Romay
et al., 2013, Liu et al,, 2016b, Zeng and Zhou, 2017, Johndrow et al., 2020] with z = 2,266 ob-
servations corresponding to average number of days taken for silk emergence in different maize lines,
and p = 98, 385 covariates corresponding to SNPs. Bayesian methods are well-suited to such GWAS
datasets, as they provide interpretable notions of uncertainty through marginal posterior probabili-

ties which allow for multimodality and enable the use of prior information [e.g. Guan and Stephens,
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2011, Zhou et al., 2013]. Furthermore, heavy-tailed continuous shrinkage priors can be particularly
effective in the GWAS setting, as the associations between SNPs and the phenotype are expected to be
sparse, and such priors have shown competitive empirical performance in polygenic prediction [Ge
etal, 2019].

For both datasets, we target the posterior induced by a Half-#(2) prior with g = by = 1. We use
the two-scale coupling with R = 1 and threshold dy = 0.5, and initialize chains independently from
the prior. For the £ updates, we use a Metropolis—Hastings proposal step-size of oy = 0.8. Based
on 100 independent coupled chains, Figure 2.6 shows upper bounds on the total variation distance
to stationarity, TV(7;, 7) as a function of #, using L-lag couplings with L = 750 and L = 200 for the
maize and riboflavin datasets respectively. The results indicate that these Markov chains converge to
the corresponding posterior distributions in less than 1000 and 500 iterations respectively. The lags
L =750 and L = 200 were selected based on some preliminary runs of the coupled chains to obtain
informative total variation bounds, which incurs an additional preliminary cost. Any choice of lag
results in valid upper bounds, but only large enough lags lead to upper bounds that are in the interval
[0, 1] even for small iterations z.

In these GWAS examples, the run-time per iteration may be significant. For the maize dataset, on
a 2015 MacBook Pro with a 2.7GHz dual-core Intel Core is processor, each iteration of the coupled
chain takes approximately 60 seconds, and running one coupled chain until meeting can take more
than one day. This run-time is dominated by the calculation of the weighted matrix cross-product
XDiag(y) 'X7, with an O(n?p) cost. In this setting, a scientist wanting to run chains for 10* or
10° iterations may have to wait for weeks or months. Using the proposed couplings, a scientist with
access to parallel computing can be confident that samples obtained after 103 iterations would be in-
distinguishable from perfect samples from the target. For the riboflavin dataset, each iteration of the
coupled chain takes approximately 0.1 seconds, and running one coupled chain until meeting takes

only 10 to 20 seconds. The run-time there is dominated by the component-wise 7 updates which have
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Figure 2.6: L-Lag coupling-based upper bounds on TV(7rt7 7r), the distance between the chain at time # and its limiting
distribution, in Bayesian shrinkage regression with HaIf—z‘(Z) prior on GWAS datasets. Maize dataset: # = 2, 266 and
P = 98, 385; Riboflavin dataset: = 71 and p = 4,088.

O(p) cost. In the riboflavin example, the coupling-based diagnostics enable the scientist to perform
reliable Bayesian computation directly from personal computers. Here we have demonstrated the use
of the proposed couplings for convergence diagnostics, but they can also deliver unbiased estimators
of posterior expectations [Jacob et al., 2020b]; Section B.3 of the appendices presents some results on
unbiased estimation for the riboflavin dataset. Overall, the GWAS examples illustrate that couplings

of MCMC algorithms can aid practitioners in high-dimensional settings.

2.5 DiscussioN

We have introduced couplings of Gibbs samplers for Bayesian shrinkage regression with Half-#(»)
priors. The proposed two-scale coupling is operational in realistic settings, including a GWAS setting
with » =~ 2000, p ~ 100000.

Firstly, our work participates in a wider effort to apply MCMC algorithms and coupling techniques
to ever more challenging settings [Middleton et al., 2020, Ruiz et al., 2021, Trippe et al., 2021, Lee
etal,, 2020b, Xuetal,, 2021]. In particular, the short meeting times obtained here vindicate the use of

coupling techniques in multimodal, high-dimensional sampling problems. This relates to questions
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raised in some comments of Lee et al. [2020a] and Paulin [2020] in the discussion of Jacob et al.
[2020b], and shows that the dimension of the state space may not necessarily be the most important
driver of the performance of MCMC algorithms and couplings thereof.

Secondly, we have applied L-lag couplings [Biswas et al., 2019] to obtain upper bounds on the
total variation distance between the Markov chain at a finite time and its stationary distribution. This
allows empirical investigations of the mixing time and how it varies with the inputs of the problem,
including number of observations, number of covariates, signal to noise ratio and sparsity. We find
that coupling techniques constitute a convenient non-asymptotic tool to monitor the performance of
MCMC algorithms.

Thirdly, we observe that Half-#(») priors with degrees of freedom » higher than one give similar
statistical estimation performance to the Horseshoe whilst providing significant computational ad-
vantages. This contributes towards the discussion on the impact of the prior on the trade-off between
statistical estimation and computational feasibility, in the setting of high-dimensional Bayesian regres-
sion.

The following questions arise from our work.

1. Convergence of the blocked Gibbs sampler. Short meeting times suggest that the blocked Gibbs
sampler converges quickly, even in high dimensions. This motivates a more formal study of the
convergence of that Markov chain, to understand how the convergence rate varies with features
of the data generating process and of the prior. The Lyapunov function in Proposition 2.2.1
and the two-scale coupling may prove useful for such analysis. Our initial work in this area
suggests that finding a convenient metric that gives sharp bounds on the metric 4 used here,

while simultaneously being amenable to theoretical analysis, will be a key step.

2. Alternative coupling algorithms. Section 2.3.2 indicates that many coupling strategies are avail-

able in the present setting, and more generally for various Gibbs samplers. For example, we
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could combine the switch-to-CRN coupling with the two-scale coupling to form other cou-
pling strategies. Under the two-scale coupling setup, we could apply the switch-to-CRN cou-
pling only when the chains are close with respect to a chosen metric, and employ CRN cou-
plings when far away. Alternatively, we could always apply the switch-to-CRN coupling, and
estimate component-wise meeting probabilities to select the order of the updates, for exam-
ple such that components more likely to meet are updated first. Some couplings may result
in shorter meeting times for the Horseshoe prior. This may allow the Horseshoe prior to re-
main competitive with Half-#(») priors with higher degrees of freedom. In our experiments we
did not find ways to obtain shorter meetings for the Horseshoe, but we certainly cannot rule
out that possibility. If one could obtain short meetings for the Horseshoe in high dimensions,
the apparent trade-off between statistical performance and computing cost identified in the

present work would disappear.

3. Interplay between posterior concentration and MCMC convergence. For Bayesian regression
with spike-and-slab priors, Yang et al. [2016] and Atchadé [2019] have shown that posterior
contraction can aid the convergence of MCMC in high dimensions. The performance of the

proposed couplings motivates similar investigations for continuous shrinkage priors.
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Bounding Wasserstein distance with

couplings

3.1 INTRODUCTION

3.1.1 QUALITY OF ASYMPTOTICALLY BIASED MONTE CARLO METHODS

Markov chain Monte Carlo (MCMC) methods are commonly used for the approximation of in-
tractable integrals arising in Bayesian statistics, probabilistic inference, machine learning, and other
fields [Brooks et al., 2011, Liu, 2008, Robert and Casella, 2013]. MCMC methods generate Markov
chains with marginal distributions that asymptotically converge to a target distribution of interest as
the number of iterations tend to infinity. In modern applications with a large number of data points
or high dimensions, MCMC methods can have high computation cost per iteration. This has cat-
alyzed the use of approximate MCMC methods [e.g., Welling and Teh, 2011, Bardenet et al,, 2017,
Narisetty et al., 2019, Johndrow et al., 2020], which have lower computation cost per iteration but
may not converge to the target distribution of interest, and methods such as variational inference [e.g.
Blei et al., 2017], which inexactly approximate the target distribution through optimization.
Assessing the quality of such asymptotically biased samplers is of great interest for researchers who
develop new approximate inference methods. Standard MCMC diagnostic tests [e.g., Johnson, 1998,
Biswas et al., 2019, Vats and Knudson, 2021, Vehtari et al., 2021] are not directly suitable for such

settings as they do not account for asymptotic bias. Researchers often resort to comparing sum-

54



mary statistics or marginal univariate traceplots of samples from such methods with samples from an
asymptotically unbiased Markov chain. Such marginal traceplots and summary statistics may fail to
capture higher order moments and dependencies between different components. Moreover, in high-
dimensional settings, visualizing all marginal traceplots may not even be feasible. These limitations of
existing diagnostics and heuristics have stimulated interest in measuring the quality of sample approx-
imations. A number of works have developed measures of sample quality based on Stein discrepancies
which do not require sampling from the target distribution of interest [Gorham and Mackey, 2015,
Chwialkowski et al., 2016, Liu et al,, 2016a, Gorham and Mackey, 2017, Huggins and Mackey, 2018,
Gorhametal., 2020]. Gorham etal. [2019] have further established a near-linear relationship between
Stein discrepancies and standard Wasserstein distances for distributions with fast-mixing diffusions,
but the constants in these results rely on specific knowledge of the gradient of the log target density
that must be derived for each new target distribution. In this manuscript, we develop generic upper
bound estimates of the Wasserstein distance that apply to any distributions that can be targeted with

fast-mixing Markov chains and do not require any additional distributional knowledge.

3.1.2 COUPLINGS AND WASSERSTEIN DISTANCES

Consider a complete, separable metric space (X', ¢) where ¢ is a metric. A probability measure ¢ on
(X, ¢) has finite moments of order p if there exists some x9 € X such that [ c(xo, x)Pdu(x) <
oo. Forany p > 1, let P,(X') denote the set of all probability measures on (X, ¢) which have finite
moments of order p. Then the p-Wasserstein distance is a metric on P, (X'), defined for any probability

measures  and » in Py (X’) as

1/p
(i »
W) = (f [ dwopntsy) G-1)
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where I'(, ») is the set of probability measures on X' x X’ with marginal measures z and » respectively.
Any probability measure in I'(«, ) is called a coupling of x and ».

The Wasserstein distance has many advantageous properties. Here we note those most relevant for
this work and refer to [Villani, 2008] for more details. Firstly, it allows comparison between mutu-
ally singular distributions that may have disjoint supports, unlike common alternatives like the total
variation distance, Kullback-Leibler divergence and Rényi’s 2-divergences [van Erven and Harremos,
2014]. In addition, it captures geometric properties induced by the metric ¢ and differences between
moments of distributions. For example when X = R%and ¢(x, y) = ||lx—yl|, = (Zle e — 3 )2,

Jensen’s inequality and the triangle inequality imply
max {[|E[X — V||, [E[IXIEN7 — B[ YI;)V?|} <E(IX = YIEY? = Wy(er)  (32)

forany ,» € P»(&X') and random variables X ~ x and ¥ ~ v jointly distributed according to
a p-Wasserstein optimal coupling. Equation (3.2) shows that p-Wasserstein distances can control the
difference between moments of order p. Meanwhile, Huggins et al. [2020] present examples of pairs
of distributions with large moment differences but arbitrarily small Kullback-Leibler divergence or
Rényi’s -divergence.

This manuscript develops consistent estimates of upper bounds to Wasserstein distances. The de-
veloped algorithms and estimators are then used to asses the quality of approximate MCMC and cer-
tain variational inference methods. Specifically, we use couplings of Markov chains to estimate upper
bounds on the Wasserstein distance between the limiting distribution of the asymptotically biased
sampling method and the original target distribution of interest. As we discuss in Section 3.3.4, our
work provides an appealing alternative to popular biased estimates based on empirical Wasserstein
distances and Sinkhorn distances, [e.g., Orlin, 1988, Cuturi, 2013] which can suffer from curse of di-

mensionality, and to the upper bounds estimates of Huggins et al. [2020], which are based on worst-
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case divergence bounds and rely on efficient importance sampling. In addition, our upper bound esti-
mates provably improve upon those of Dobson et al. [2021] which rely upon challenging contraction-

constant estimation.

3.1.3 OUR CONTRIBUTIONS

We introduce new tools for method developers to assess quality of their approximate inference proce-
dures. Our primary contributions are summarized below.

In Section 3.2, we first introduce algorithms for coupling two Markov chains with distinct sta-
tionary distributions. Our approach generalizes recent efforts to couple Markov chains with identical
transition kernels [see, e.g., Glynn and Rhee, 2014, Heng and Jacob, 2019, Middleton et al., 2019,
Jacob et al,, 2020b, Biswas et al., 2019, 2022a]. We then introduce estimators based on our coupled
chains that consistently upper bound the Wasserstein distance between their stationary distributions.
This enables us to assess the asymptotic bias of approximate MCMC methods and certain variational
inference procedures.

Section 3.3 provides a theoretical analysis of our upper bound estimates. We first establish the
consistency and unbiasedness of our upper bound estimates and then derive interpretable analytic
upper bounds on our estimates in terms of the mixing rate of one chain and the closeness of the two
transition kernels. These analytic bounds provide sufficient conditions for our upper estimates to be
informative in high dimensions.

In Section 4.4, we demonstrate the favorable empirical performance of our upper bound estimates
on modern applications. We first consider datasets with a large number of data points to assess the
quality of stochastic gradient MCMC, variational Bayes, and Laplace approximations for Bayesian
logistic regression. We then consider high-dimensional datasets to assess the quality of approximate
MCMC for high-dimensional linear regression with continuous shrinkage priors (4 ~ 50000) and

high-dimensional logistic regression with spike-and-slab priors (4 ~ 4500). Finally, we discuss our
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results and directions for future work in Section 3.5. Open-source R code recreating all experiments

in this paper can be found at www. github.com/niloyb/BoundWasserstein.

3.2 BoUNDING WASSERSTEIN DISTANCE WITH COUPLINGS

Given distributions Pand Qin P, (X’) forsome p > 1, we wish to estimate upper bounds on W (P, Q).
Our estimates are based on Markov chains (X;);>0 and (¥;);>0 with marginal transition kernels K;
and K, invariant for Pand Q respectively. Specifically, we construct Markovian kernels K on the joint

space X X X such thatforallx,y € &,

k((xv.y)’ ('7 X)) = Kl(xa ) and[_(((xa.y)> (X’ )) = KZ(}'a ) (3-3)

Given the kernel X, we generate a coupled Markov chain (X;, ¥;),>¢ using Algorithm 5. Algorithm
5 can be viewed as a generalization of existing coupling constructions [Johnson, 1998, Glynn and
Rhee, 2014, Heng and Jacob, 2019, Middleton et al., 2019, Jacob et al., 2020b, Biswas et al., 2019,
2022a]. While prior work focused on K; = K3 and X; 4 Y; to establish convergence to a single
stationary distribution P, our work uses distinct kernels K and K to bound the distance between
distinct stationary distributions Pand Q. Algorithms to sample from the coupled kernel K are covered

in Section 3.3.2.

Algorithm s: Coupled Markov chain Monte Carlo for bounding Wasserstein distances

Input: Initial distribution Lhon X x X, joint kernel K, number of iterations 7'
Initialize: Sample (Xo, ¥5) ~ I,

fort=1,...,T—1do Sample (X1, Y,1)|(X,, ¥;) ~ K((X,, ¥,), )

return Markov chain (X,, ¥;) L,

For a Markov chain (X, ¥;),>0 from Algorithm s, suppose the marginal distributions of X; and

Y; converge in p-Wasserstein distance to P and Q respectively as # tends to infinity. Informally, the cou-
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This motivates our coupling upper bound (CUB) estimate

A 1 ! a 7) 7) 1p
CUB, £ <I(T—S) ;I%Ic(xﬁ e )f’) , (3.4)

where (XSZ'), YE”)LO are sampled using Algorithm s independently for each 7, with burn-in .§ > 0
and trajectory length 7" > S. We prove the consistency of this and related upper bound estimators in
Section 3.3. We now consider the empirical performance of this estimator on two stylized examples,

working with the Euclidean metric ¢(x, y) = |lx — y|2 on R%.

3.2.1 UPPER BOUND ON WASSERSTEIN DISTANCE

We consider the performance of CUB; (3.4) for two Gaussian distributions on R4, given by
P=N(0,%) where %;; = 0.5/ for1 <7,j < dand Q = N(0, I)). (3.5)

Here we use the marginal kernels K and K5 of the Metropolis—adjusted Langevin algorithm (MALA).

with step sizes op = g9 = 0.54-1/6

targeting P and Q respectively, following existing guidance for
step size choice [Roberts and Rosenthal, 1998]. The joint kernel K is based on a common random
numbers (CRN, also called “synchronous”) coupling of both the proposal step and the accept-reject
step of the MALA algorithm, as detailed in Algorithm 4 of Appendix C.6. We initialize each chain
with independent draws of X(()i) ~ Pand Y(()l) ~ Q.

Figure 3.1a compares several upper bound estimates for W, (P, Q) with dimension d = 100.
The solid line plots CUB; based on / = 5 independent chains with burn-in § = 0 and varying

trajectory length 1 < 7" < 1000. The dotted line corresponds to the independent coupling up-

per bound E[||X — Y]|3]"/? where X ~ Pand ¥ ~ Q are independent and equals (24)"/2. The
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dot-dashed line represents an estimate based on empirical Wasserstein distances. Specifically, it plots
SEwW, (]3?), Q(Tl)) /I where each jD(TZ) and ng) are the empirical distributions of 7" = 1000 points
sampled independently from P and Q respectively and W, (i)g), le«)) is calculated exactly by solv-
ing a linear program [Orlin, 1988]. In Section 3.3.4 we establish the consistency of this common
Wasserstein distance estimate but also note that its convergence can be slow in high dimensions due
to substantial bias. The dashed line corresponds to the true Wasserstein distance W5 (P, Q) and equals
|1=2 — I || p, where £'/2 is the positive matrix square root of £ and ||| is the Frobenius norm on ma-
trices [see, e.g., Peyré and Cuturi, 2019, Remark 2.23]. The grey error bands represent one standard
error arising from Monte Carlo error. At initialization (7= 0) CUB, matches the equivalent inde-
pendent coupling bound. For greater trajectory lengths 7, CUB, offers a significant improvement
over both the independent bound and the popular empirical Wasserstein estimate.

Figure 3.1b considers the 2-Wasserstein distance W, (P, Q) for higher dimensions. The solid line
now plots CUB; based on 7 = 5,8 = 0, and 7" = 1000. Figure 3.1b highlights that, unlike the
independent and empirical Wasserstein estimates, CUB; offers bounds that remain informative even
in higher dimensions. Such dimension-free properties of our upper bounds are investigated in Section
3.3. Section 3.3.4 provides a further comparison of our CUB bounds with empirical Wasserstein and
Sinkhorn distances, which can have prohibitive computational cost for larger sample sizes and sufter

from the curse of dimensionality.

3.2.2 Bias oF APPROXIMATE MCMC METHODS

Unadjusted Langevin algorithm (ULA) is a popular approximate MCMC counterpart to MALA. It
has the same proposal step as MALA but now all proposed states accepted. The lack of a Metropolis—
Hastings accept-reject step leads to ULA having a lower computation costs per iteration than MALA,
which is beneficial for applications with large datasets [e.g. Nemeth and Fearnhead, 2021]. On the

other hand, ULA is asymptotically biased [Durmus and Moulines, 2019]. In this section, we consider
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Figure 3.1: Upper bound estimates for W, (P, Q) with P = N'(0,%) where ;; = 0.5V for1 < 7,j < 4,
Q = N(0, 1), and metric c(x, y) = ||x — y]|». See Section 3.2.1.
upper bounds of the Wasserstein distance between the limiting distribution of ULA and the original
target distribution of interest on a stylized example.

Figure 3.2 shows the performance of CUB, (3.4) when the marginal kernels K; and K, are based,
respectively, on the MALA and ULA Markov chains targeting the distribution A/(0, =) on R defined
n (3.5). The MALA kernel K; produces an exact Markov chain which is N'(0, %) invariant, and
the ULA kernel K5 produces an approximate Markov chain which is not N'(0, £) invariant. The
joint kernel K is based on a CRN coupling of the proposal steps of MALA and ULA, and is given in
Algorithm 5 of Appendix C.6. We use a step size of p = 0p = 0.5d~Y/¢ for both marginal chains
and initialize X((f) ~ N(0,1;) and Y((;) ~ N (0, 1;) independently for each coupled chain 7. Let P,
and Q; denote the marginal distribution of Xy) and Yﬁi) respectively. We show in Appendix C.1.2
that P, = P £ N(0,%), @ = N (0,03 37— BY),and Q, = Q2 N(0,5h Iy — B) ), where
B=(I;— (azQ/Z)Z_l) and the weak convergence of Q; to Q holds for g sufficiently small.

Figure 3.2 compares several approaches to bounding the asymptotic W5 (P, Q) bias of ULA. The

solid line displays our coupling upper bound estimate. For each dimension 4, it is calculated using
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Figure 3.2: Upper bound estimates for the 2-Wasserstein distance with c(x,y) = |jx— y||2 between the limiting
distributions of ULA and MALA targeting P = N (0, 2) where %= 0.5 for1 < i,j < don R%. See Section
3.2.2.

CUB; (3.4) with 7 = 10, S = 1000, and 7" = 3000. The dashed line shows the true asymptotic
bias W5 (P, Q) and the dotted line shows the independent coupling upper bound, both of which can
be computed exactly in this example. The dot-dashed line plots the analytic ULA bias upper bounds
of Durmus and Moulines [2019, Corollary 9] (see Appendix C.1.2 for more details). The tailored
Durmus-Moulines bounds are significantly tighter than the convenient independent coupling bound,

but CUB is tighter still, offering significantly improved estimates for all dimensions.

3.3 PROPERTIES AND IMPLEMENTATION

In this section we establish the consistency of the estimators in Section 3.2, describe how to sample
from the joint kernel Kin Algorithm s, investigate the theoretical properties of our upper bounds,

and compare to alternative approaches. All proofs are in Appendix C.2.

3.3.1 CONSISTENCY OF COUPLING UPPER BOUNDS

We begin by establishing the consistency of coupling upper bound estimators. Our first result bounds
the Wasserstein distance between coupled chains in terms of an instantaneous CUB estimator related

to the time-averaged estimator in (3.4).
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Proposition 3.3.1 (Consistency of instantaneous CUB). Ler XEZ , Y< )eso fori =1, ..., 1 denote
coupled chains generated independently from Algorithm s with marginal distributions Xﬁl ~ Py and

Yﬁl) ~ Q;attimet. Foreacht > 0, define the instantaneous CUB estimator

CUB,, 2 G S e, YEZ‘))p)UP' (.6

=1

If P; and Q; have finite moments of order p for all s < t, then CUB,; has finite moments of order p,
and, as I — 0o,

as., L
CUBﬁ,, iR E[CUBﬁt] > W, (P, Q). (3.7)

Our next result shows that the estimator CUB, (3.4) consistently bounds the Wasserstein distance

between time-averaged marginal distributions.

Corollary 3.3.2 (Consistency of CUB for time-averaged marginals). Under the assumptions and no-
tation of Proposition 3.3.1, consider the estimator CUB), (3.4) with any number of independent chains
1 > 0, and trajectories with burn-in S > 1 and length T > S. Then CUB, has finite moments of order

prand as I — oo,

T

CUB, “>¥ E[CUB)| > Wp( ! — 2P Z Q,) .

=5+1 z—S—H

An important implication of Corollary 3.3.2 is that CUB, (3.4) consistently bounds the Wasser-
stein distance between stationary distributions whenever its chains are marginally initialized at sta-

tionarity.

Corollary 3.3.3 (Consistency of CUB with stationary initialization). Under the assumptions and no-
tation of Proposition 3.3.1, suppose kernels Ky and K, have stationary distributions P and Q respectively,

where P and Q have finite moments of order p. Suppose we initialize (Xo, Yo) ~ I such that Xo ~ P
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and Yy ~ Q marginally. Then for any number of independent chains I > 0, trajectories with burn-in

S > land length T > S, the estimator CUB, (3.4) has finite moments of order p, and as I — oo,
1
CUB, " E[CUB}| > W,(P, Q). (3.8)

We may not always be able to initialize using the marginal stationary distributions 2 and Q. To
obtain upper bounds on W, (P, Q) without starting at the marginal stationary distributions Pand Q,

we make an assumption related to convergence of the Markov chain marginals (2;),> and (Q;):>o.

Assumption 3.3.4 (Convergence of marginal chains). Ast — 00, P; and Q, converge in p-Wasserstein

distance respectively to P and Q with finite moments of order p.

Proposition 3.3.5 (Consistency when chain marginals converge). Under Assumption 3.3.4 and the
assumptions and notation of Proposition 3.3.1, for all ¢ > 0 there exists some S > 1 such that for all

T > S, the estimator CUB, (3.4) has finite moments of order p, and as I — oo,
1
CUB, " E[CUB)] > W,(P, Q) — = (3.9)

Proposition 3.3.5 establishes that CUB, with any initialization (Xo, ¥p) ~ Iy consistently bounds
W, (P, Q) as I and S grow. In practice, we can use standard MCMC burn-in diagnostics to select an
appropriate burn-in level for our marginal chains of interest [e.g., Johnson, 1998, Biswas et al., 2019,
Vats and Knudson, 2021, Vehtari et al., 2021]. Alternatively, for p = 1, we can avoid burn-in removal
and instead directly correct our bound for non-stationarity using the recent L-lag coupling approach
of Biswas et al. [2019] (see Appendix C.1.3 for details).

We emphasize that the results of this section hold for any coupled chain sampled using Algorithm
s with joint kernel K satisfying (3.3). For example, this includes both the CRN coupled chains and

the independently coupled chains from Section 3.2, where the CRN coupled chains produced more
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informative upper bounds empirically as shown in Figures 3.1 and 3.2. We now consider how to

sample from the joint kernel K and investigate when our upper bounds are informative.

3.3.2 ALGORITHMS TO SAMPLE FROM THE COUPLED KERNEL 1_(

In this section, we develop algorithms to sample from the joint kernel K such that the estimators from

Section 3.3.1 can produce informative upper bounds. Our construction makes use of the kernels I'y

on X x X and I'p on X such that:

1. T is a Markovian coupling of the kernel of Kj: for all x,y € &, I'(, y) is a coupling of the

distributions K (v, -) and K (y, -).

2. I'a is coupling of kernels K; and K5 from the same point: forallz € X, T'a(z) is a coupling of

the distributions Kj(z, -) and K»(z, -).

Thekernel I'y is based on the marginal chain corresponding to K. For example, when K isa Metropolis—
Hastings kernel, I'y can be a CRN coupling of both the proposal step and the accept-reject step. When
the Metropolis—Hastings proposal is based on a spherically symmetric distribution such as a Gaus-
sian (as in random walk Metropolis—Hastings or the momentum component in Hamiltonian Monte
Carlo), It can be a reflection coupling of the proposal step and a CRN coupling of the accept-reject
step [e.g. Bou-Rabee et al.,, 2020, Wang et al., 2021]. The kernel I'y characterizes the perturbation
between the marginal kernels K and K. For example, when Kj and K, are MALA and ULA kernels
respectively, I'y can be a CRN coupling of the proposal step. This leads to identical proposals when
MALA and ULA have the same step size, but the MALA chain will have a further accept-reject step
while the ULA chain will always accept the proposal. We discuss the choice of T'; and I'a further in
Section 3.3.3.

Given I'1 and T'a, we sample from the joint kernel K using Algorithm 6.
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Algorithm 6: Joint kernel K which couples the marginal kernels K; and K,

Input: Chain states X,_; and Y,_;, kernels K and K, coupled kernels Iy and I'
Sample (X;, Z,, Y;)|X,_y, Y,—y such that (X;, Z,) ~ T1(X,—1, Yi1), (Z,, ¥7) ~ Ta(Yi—y)
return (X, ¥;)

Algorithm 6 gives the conditional marginal distributions X;| X, 1, Y,—1 ~ Ki(X,—1, ), Z|X,—1, Yimq ~
Ki(Yi-1,+), Yol Xo—1, Yoy ~ K,(Y,—1) so that X satisfies (3.3). Often Algorithm 6 can be imple-
mented without explicitly sampling Z,. As an example, consider when K; and K, are MALA and
ULA kernels with step sizes op and oy, target distributions P and Q, and I'; and T'p are CRN cou-
pled kernels. Given (X,—1, Y;—1), we sample ecgny ~ N(0,1;) and calculate the proposals X* =
X,y + (63/2)V log P(X,—1) + apecrny, Z* = Yooy + (05/2)V 1og P(Y,—1) + apecri, and Y* =
Y1+ (G'ZQ/Z)V log Q(Y,—1) + goecrN- Then we accept or reject proposals X* and Z* based on a
Metropolis—Hastings correction with a common random number Uggp ~ Uniform(0, 1) to obtain
X, equal to X* or X;_1, Z, equal to Z* or Y;_1, and always accept Y* to obtain ¥; = Y*. Notably,
Z,; need not be explicitly sampled to perform this update of (X;, ¥;). This CRN coupling of MALA
and ULA is included in Algorithm 5 of Appendix C.6. Appendix C.6 also details general CRN and
reflection couplings between two Metropolis—Hastings kernels.

We now cover implementation practicalities and potential limitations.

NUMBER OF COUPLED CHAINS AND CHAIN LENGTH TO SIMULATE. ~ We first highlight the value
of averaging over time and over independent coupled chains when producing upper bound estimates.
Figures 3.3a and 3.3b examine the performance of the CUB, (3.4) and instantaneous CUB, ; (3.6)

estimators when bounding the 1-Wasserstein distance with ¢(x, y) = ||x — y||2 between

P= %N(lm—fd) + %j\/’(—ld,]d) and Q=N(1y1;) with d=4 (3.10)
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Figure 3.3: Impact of multiple trajectories, ergodic averaging, and coupling choice on coupling bound quality for the
1-Wasserstein distance with c(x,y) =||x _}’HZ- See Section 3.3.2.

so that one of the marginal target distributions is bimodal with well-separated modes. We simulate the
coupled chains (XEZ') , Yﬁi) )e>0 independently for each 7 using Algorithm 5, where the joint kernel K is
based on a CRN coupling of MALA kernels K; and K, targeting distributions P and Q respectively.
The MALA kernels have a common step size d=V/¢, and we initialize X(gi) = 1yand Y(()i) = 1, such
that both marginal chains start at the common mode. Figure 3.3a isolates the impact of averaging over
multiple chains when computing the CUB, ; estimate (3.6). The grey dotted line shows the single tra-
jectory (C(XEI), Yﬁl) ))1009 and the black solid line shows the averaged trajectory (¢(X;, ¥;))1%)° where
(X, r) &L, c(Xfl‘), Yﬁi)) /1 for I = 100 independent chains. The grey dotted line alternates
between values close to 0 or 4, corresponding to when the marginal chains from a single trajectory are
both near the common mode (1) or near different modes (—1, and 1,) respectively. This illustrates
thatinstantaneous upper bound estimator CUB, ; (3.6) based on only a single trajectory of short chain
length can have high variance. For multiple independent coupled chains, the averaged trajectory has
lower variance and higher precision as shown by the grey confidence bands and the black solid line

which remains close to the true Wi (P, Q) distance (shown by black dotted line). Conveniently, these

multiple chains can be simulated in parallel. Also even for upper bound estimates based on a single
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chain, the CUB,, estimator with / = 1 and a sufficiently large chain length 7 can produce estimates
with low variance, as shown by the grey confidence bands and the black solid line in Figure 3.3b. A
formal study of the optimal choice between number of independent coupled chains and chain length,
given a certain coupled kernel K and a fixed number of parallel processors is an open area for further
investigation. Jacob et al. [2020b] contain related motivating discussions in the context of unbiased

estimation with couplings.

CHOICE OF COUPLED KERNEL.  Secondly, we highlight the importance of the choice of the coupled

kernel K. Figure 3.3¢ examines the performance of the CUB, (3.4) estimator when bounding the 1-

Wasserstein distance with ¢(x, y) = [|x — /|2 between
1 1 1 1

so that now both the marginal target distributions are bimodal. Under this setup, we simulated cou-
pled chains based on both a CRN coupling and a reflection coupling of MALA kernels K; and K,
targeting distributions P and Q respectively. The MALA kernels have a common step size 2, and we
initialize such that each Xf)l‘) ~ Pand Y(()i) ~ Q are independent. In Figure 3.3c, the grey and black
solid lines show averaged trajectories from / = 1000 independent coupled chains based on CRN and
reflection coupling respectively. It highlights that reflection coupling gives tighter upper bounds com-
pared to CRN for this example. In general, the choice of coupling can have an impact on the tightness
of our upper bounds. We emphasize that any choice of such couplings still produces consistent up-
per bounds (as shown in Section 3.3.1). In practice, one can simulate different coupling algorithms
to empirically assess which choice produces the tightest upper bounds and even select the smallest of
multiple coupling bounds. Finally, Figure 3.3¢ highlights that our upper bounds may not always be

very close to the true Wasserstein distance. Alternative coupling algorithms and tailored Wasserstein
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distance upper bounds between mixtures of distributions could give further improvements for this

example.

3.3.3 INTERPRETABLE UPPER BOUNDS FOR CUB

So far we have established that CUB (3.4) consistently upper bounds Wasserstein distances (Section
3.3.1) and developed algorithms to compute CUB in practice (Sections 3.3.2). We next derive in-
terpretable upper bounds on the size of CUB. Our analysis is based on Markov chain perturbation
theory for the 1-Wasserstein distance [Pillai and Smith, 2015, Johndrow and Mattingly, 2018, Rudolf
and Schweizer, 2018], which we generalize to p-Wasserstein distances for all p > 1. This is a useful
extension, as the 2-Wasserstein distance in particular is believed to better reflect geometric features
and adapt to geometric structure than the 1-Wasserstein distance [Villani, 2008, Remark 6.6]. We also
discuss examples where the upper bounds on the Wasserstein distance do not explicitly depend on the
dimension of the state space and are stable up to a coupling of the one-step marginal kernels.

To establish our CUB,, upper bounds, we assume the Markovian coupling I't in Algorithm 6 gives

uniform contraction in Wasserstein distance.

Assumption 3.3.6 (Uniform contraction). There exists a constantp € (0, 1) such that for all X,, Y, €

X and (X1, Yird)|(Xe, Y2) ~ T1(Xo, Y2), Ble(Xopa, Yo 12, VM2 < pe(X,, Vo).

Assumption 3.3.6 is stronger than the convergence assumption of the marginal chain correspond-
ing to kernel K; (Assumption 3.3.4 for (2),>¢). For many popular MCMC algorithms, Assumption
3.3.6 has been established under certain metrics c and coupled kernel I'; to give contraction rates p that
do not explicitly depend on the dimension on the state space X'. This includes MALA [Eberle, 2014],
and Hamiltonian Monte Carlo (HMC) [Bou-Rabee et al., 2020]. When the target distributions are
log-concave, these algorithms satisfy Assumption 3.3.6 with ¢(x, y) = ||x—y||> and the coupled kernel

I't based on a CRN coupling. For target distributions (including, for example, multimodal distribu-
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tions with Gaussian tails) satisfying a weaker distant dissipativity condition [Eberle, 2016, Gorham
etal., 2019], these algorithms satisfy Assumption 3.3.6 with I'; based on a combination of CRN and
reflection coupling and the modified metric ¢ satisfying 7¢(x, y) < |lx — y|l2 < RZ(x, y) for some
0<r<R<o0.

Furthermore, we can weaken Assumption 3.3.6 to a geometric ergodicity condition as in Rudolf
and Schweizer [2018], where for some constants C > 1,0 € (0,1),andforall L > 1, E{e(X,y 1, Yoy 1) X, Yt]l/]’ <
Cote(X,, Y,) for (Xotr, Yerr)|(Xe, Y2) ~ T5(X,, Y,). Our analysis then is based on the construction
of amulti-step coupling kernel. This may be of independent interest and is included in Appendix C.4
for completeness.

Under Assumption 3.3.6, we can upper bound the distance from our coupled chains explicitly in
terms of the initial distribution /o, contraction constant p, and coupled kernel I'a corresponding to

perturbations between the marginal kernels K and K.

Theorem 3.3.7 (CUB upper bound). Let (X, Y;),>0 denote a coupled Markov chain generated using
Algorithm 5 with initial distribution Iy and joint kernel K from Algorithm 6. Suppose the coupled kernel

Iy satisfies Assumption 3.3.6 for some p € (0,1). Then
t
E[CUB, |7 = Ele(X,, Y,)]'? < pBle(Xo, YoY1'? + > #E[A(Y )7 (3.12)
i=1

Sorallt > 0, where (Xo, Yo) ~ Iy and D,(z) := E[c(X, Y)?|2] for (X, Y)|z ~ Ta(z).

For CUB,,, based on a metric ¢, one obtains an analogous bound if Assumption 3.3.6 instead holds
for adominating metric¢, i.e., for ¢ satisfying ¢(x, y) < R¢(x, y) for some constant R € (0, 00). Then
Ele(X;, Y;)]V/? < RE[E(X,, ¥;)?]"/?. Also, when the marginal distributions (Q,);>o converge, we

can obtain a simpler expression for the upper bound.
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Corollary 3.3.8 (CUB upper bound under marginal convergence). Under the notation and assump-
tions of Theorem 3.3.7, suppose that the marginal distributions Q, converge in p-Wasserstein distance to

some distribution Q ast — 00. Then for all e > 0, there exists some S > 1 such that for all t > S,

E[A,(Y*)]V?
E[CUB] |7 = Ble(X,, V.Y )? < SEle(Xo, ToP]/? + (1 —ﬁﬂf(ﬁ” fe (a3)

where (Xo, Yo) ~ Io, Ay(2) 2 E[e(X, Y)?|2] for (X, Y) ~ Ta(2), and Y* ~ Q.

Corollary 3.3.8 gives W,(P, Q) < lim inf,%ooE[CUBﬁ’t]l/P < E[AP(Y*)]I/P/(I — p). It im-
plies that estimators from our coupled chains may give informative empirical upper bounds when the
expected perturbation E[A,(Y*)] for Y* ~ Qs small. Further if the contraction rate p does not ex-
plicitly depend on the dimension, then our upper bounds remain informative in high dimensional
settings, as observed in Figures 3.1b and 3.2.

Our next result covers the case in which the marginals (Q;),>¢ do not converge to any limiting
distribution in p-Wasserstein distance. In this case, our upper bound is in terms of perturbations

between the marginal kernels weighted by a Lyapunov function of K.

Proposition 3.3.9 (CUB upper bound weighted by a Lyapunov function). Under the notation and

assumptions of Theorem 3.3.7, let V : X — [0, 00) satisfy E[V(Y,1)?|Y; = 2] < yV(2)? + L for

some fixed constants y € [0,1) and L € [0,00) and all z € X. Define d = sup__,, (lﬁpV((Z))P)l/P and

x 2 (1+ max {E[V(Yo)], %/})l/p, where Ay(2) £ Ele(X, Y)|2] for (X, Y) ~ Ta(2). Then for all

t >0,

oK
l—fa.

E[CUB, |7 = E[e(X,, V.Y < p'Ble(Xo, Yo )7 + (1 - 4) (3.14)

In the case p = 1, Proposition 3.3.9 recovers Theorem 3.1 of Rudolf and Schweizer [2018]. For

such result to be informative, we require functions /" such that Jx is small. An application of these
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results to three simple examples based on MALA, ULA, and stochastic gradient Langevin dynamics

(SGLD) [Welling and Teh, 2011] chains is given in Appendix C.3.

3.3.4 COMPARISON WITH ALTERNATIVE WASSERSTEIN BOUNDS

In this section, we compare our coupling-based Wasserstein bounds with alternatives.

EMPIRICAL WASSERSTEIN AND SINKHORN DISTANCES. A common approach to estimating W, (P, Q)
is to draw independent samples from P and Q and then exactly compute the Wasserstein distance be-
tween the corresponding empirical distributions. This is precisely the empirical Wasserstein estimate
that appeared in Figure 3.1. As our next proposition demonstrates, this empirical Wasserstein ap-

proach consistently upper bounds W, (P, Q).

Proposition 3.3.10 (Empirical Wasserstein distance bounds). For P and Q in Py(X), let Pr; Py
Qn and Qu denote empirical distributions of the samples (X1, ..., Xn), (X1, ..o, Xn), (Y, ..., Yiy) and
(Y1, ..., Yn) respectively, where X; ~ X; ~ Pand Y; ~ Y; ~ Qforalli = 1,...,N. Suppose

(X1, ..., Xn) and (11, ..., Yn) are independent, (X, ..., Xx) and (Xy, ..., Xn) are independent, and

(Y1, ..., Yn) and (Y4, ..., Yn) are independent. Then
0 < EDW,(Px, Q)17 = Wy(P, Q) < EW,(Pr, Pa Y17 + E[W,(Qn, QNP1 (3.15)

where W, (P, On) 5 Wy (P, Q) as N — oo.

However, there are two downsides to the empirical Wasserstein approach. The first is statistical.
The difference between I [W, (P, Qx)?] " and W), (P, Q) can be quite large and decay very slowly in
N. For example, for some d-dimensional target distributions, E[W,(Py, Q)] converges to W,(P, Q)
at rate Q(N/4) when d > 2p [e.g. Weed and Bach, 2019]. This can lead to the empirical Wasser-

stein distance giving loose upper bounds of W, (P, Q) when the number of samples does not increase
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exponentially with dimension. The example in Figure 3.1b illustrates this curse of dimensionality,
where the estimator CUB, (3.4) with CRN coupling gives tighter upper bounds of W, (P, Q) than
the empirical Wasserstein estimates.

The second downside is computational. Calculating Wp(j’N, QN) amounts to solving an unca-
pacitated minimum cost flow problem with O(N? log N) computational cost [Orlin, 1988], a cost
which is prohibitive for large sample sizes. A popular alternative is to compute an entropy-regularized
Wasserstein distance instead using the Sinkhorn algorithm [Cuturi, 2013]. A larger value of the regu-
larization parameter A > 0 leads to faster computation but also introduces an additional bias that can
compromise the accuracy of the bound. A smaller value of 2 leads to more expensive O(N?/(J¢))
computation time for e-accurate solutions [e.g. Altschuler etal., 2017] and potential instability of the
Sinkhorn algorithm in practice. Simulations illustrating such computational issues are included in
Appendix C.1.4.

In comparison, our coupling estimators run in time linear in the sample size N and do not require
the solution of any expensive optimization problems. On the other hand, empirical Wasserstein esti-
mates will eventually converge to the true Wasserstein distance given sufficiently (perhaps exponen-
tially) large sample sizes, so the empirical Wasserstein approach can lead to tighter bounds if one has a

substantial computational budget.

THE APPROACH OF HUGGINS ET AL.  Huggins et al. [2020] derive upper bounds for the Wasser-
stein distance with ¢(x,y) = |lx — y||2 norm on R in terms of the Kullback-Leibler divergence or
Rényi’s a-divergences. To estimate their upper bounds of W,(P, Q) for Pand Qin P,(R?) and Pab-
solutely continuous with respect to Q, Huggins et al. propose importance sampling based estimates
which require samples from Q, evaluations of the normalized density of Q, and evaluations of the un-
normalized density of P. Figure 3.4 (Left) plots the performance of the 2-Wasserstein upper bounds

of Huggins et al. for the example in Section 3.2.1. The dot-dashed line represents the mean of 20
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Figure 3.4: (Left) Upper bound estimates for 2-Wasserstein distances with C(x,y) = |lx— y||2 between P =
N(0,%)and Q = N(0, ;) on RY, where 2l = 0.5 for1 < 7,7 < d. The Huggins et al. [2020] bound
is looser than CUB, and has larger variance as the dimension grows. See Section 3.3.4 for more details. (Right) Upper
bound estimates for the 1-Wasserstein distance with the capped metric c(x, y) = min{l, ||x — y||2} between ULA
and MALA chains targeting P = N(O, Z) on R%. In line with Proposition 3.3.11, the CUB; (3.4) estimate is tighter
than the Dobson et al. [2021] bound employing the same common random numbers coupling. See Section 3.3.4 for
more details.

independent Huggins et al. importance-sampling estimators, each with 27" = 3000 samples from Q.
The CUB, estimator plotted for comparison uses / = 20 independent CRN coupled chains with
trajectory length 7" = 1500 and burnin § = 500. In this example, the Huggins et al. bounds are
significantly looser than both our common random numbers coupling bound and the independent
coupling upper bound. Furthermore, the importance sampling estimates of Huggins et al. exhibitan
increasing variance in higher dimensions, as shown by the large grey error bands. One advantage of
the Huggins et al. estimates over CUB; is that samples from P are not required. On the other hand,
unlike the Huggins et al. estimates, CUB, remains applicable even when the density of Q cannot be
evaluated. This case arises for many approximate MCMC algorithms such as ULA in Section 3.2.2,
the stochastic gradient-based samplers in Section 3.4.1, and the matrix approximation-based sampler

in Section 3.4.2.

THE APPROACH OF DOBSON ET AL.  Dobson et al. [2021] apply couplings to assess the quality
of numerical approximation of stochastic differential equations. Specifically, they focus on the 1-

Wasserstein distance with the capped metric ¢(x,y) = min{1, [|x — y||2} on R and derive upper
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bounds in terms of the contraction constant of one of the marginal chains which are then estimated
using couplings. The following proposition shows that E[CUB; ] with the same coupling provides a

tighter upper bound than the proposal of Dobson et al. [2021].

Proposition 3.3.11 (CUB lower bounds Dobson etal.). Consider the 1-Wasserstein distance with met-
ricc(x,y) = min{1, ||x — y||2} on RY. Then, for any coupling and sufficiently large burn-in, E[CUB]

(3.4) lower bounds the estimated upper bound of Dobson et al. [2021].

Figure 3.4 (Right) plots the 1-Wasserstein upper bounds of Dobson et al. and CUB; for the ex-
ample in Section 3.2.2 with the capped metric ¢(x, y) = min{L, ||x — y||2} on R%. We use I = 100
independent coupled chains with trajectory length 7"= 3000 and burnin .S = 1000 to estimate both
the upper bounds of Dobson et al. and CUB,. The figure shows that, in line with Proposition 3.3.11,

the upper bounds of Dobson et al. are looser than CUB;.

3.4 APPLICATIONS

We now illustrate the value of our methods for three practical applications. We focus on the 2-Wasserstein
distance with ¢(x, ) = || — y||2 on R, which by (3.2) controls first and second order moments and
captures geometric features induced by the Euclidean norm ||-||,. In this case a tractably estimated
lower bound on the Wasserstein distance is also available. For any g, » € P5(R?), let g, and »; de-
note the distributions of the #*” component of z and » respectively. Let \,, and V, denote Gaussian
distributions on R¥ with the same means and covariance matrices as wand » respectively. Then,
d
max { S Wiy, ) Wz(Mu,Ny)z} < Wi(g, )% (3.16)
i=1

Here, Y4 W, (4, vi)* < Wa(g,v)* follows from the coupling representation of W;(u, »), and
Wi (N, Ny) < Wa(u, ) is the lower bound of Gelbrich [1990, Theorem 2.1]. Each one-dimensional
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Wasserstein distance W5 (¢, 7;) admits a convenient representation for estimation, given by |, 01 |F_; Yu)—
F,M(u)| du where F, and F," are the inverse cumulative distribution functions of ; and »; respec-
tively, while W, (N, N, ) has the closed form (|2, —m, ||3 4 Trace (S, + =, — 2(2;/221,2;/2)1/2) ) 12
in terms of the means m,, m, and covariances %, %, of ¢ and » [Peyré and Cuturi, 2019, Remark
2.23]. Since the true Wasserstein distances are unknown in our applications to follow, we will assess
the tightness of our coupling-based upper bounds by estimating the lower bound (3.16). Details of
all the datasets, algorithms and specific estimator parameters used in this section can be found in Ap-

pendix C.s.

3.4.1  APPROXIMATE MCMC AND VARIATIONAL INFERENCE FOR TALL DATA

Our first application concerns Bayesian inference for z4// datasets [Bardenet et al., 2017], where the
number of observations # is large compared to the dimension 4. In such settings, exact MCMC can
be computationally expensive with Q(7) cost per iteration. This computational bottleneck and the
prevalence of tall datasets has catalyzed much interest in approximate MCMC and variational ap-
proximation based algorithms. Approximate MCMC algorithms include ULA and stochastic gradi-
ent MCMC (see Nemeth and Fearnhead [2021] for a review) such as Stochastic Gradient Langevin
Dynamics (SGLD) [Welling and Teh, 2011]. Popular variational approximation methods include
Laplace approximation [e.g., Tierney and Kadane, 1986] and variational Bayes (VB, see Blei et al.
[2017] for a review).

In this section, we assess the quality of these sampling algorithms. We consider ULA, SGLD,
Laplace approximation, and mean field VB applied to Bayesian logistic regression with a Gaussian
prior for the Pima diabetes dataset [Smith et al., 1988] and the DS life sciences dataset [Komarek
and Moore, 2003]. Figure 3.5 plots Wasserstein distance upper and lower bounds for different sam-
pling algorithms. The upper bounds are given by CUB; (3.4) and the lower bounds are estimated

using (3.16). We simulate the coupled chains (Xﬁl'), Yﬁi)) >0 independently for each 7, where each

76



3 03
S|
o
©
e o2 Dataset
o5 DS1
8- -8 01 ......................................... . lea
E3
3w o S S

SGLD 10% Mean Field VB SGLD 50% ULA Laplace

Approximate MCMC or variational procedure

Figure 3.5: Upper and lower bounds on the Euclidean YV, bias of approximate MCMC and variational inference proce-
dures for Bayesian logistic regression. The DS1 dataset consists of # = 26732 observations and Z = 10 covariates,
and the Pima dataset consists of 7 = 768 observations and d = 8 covariates. See Section 3.4.1 for more details.

(Xy)) ¢>0 is 2 MALA chain targeting the posterior P and each (Yy))tzo is linked to an approximate
MCMC or a variational procedure. In particular, we consider (Yﬁ’)) />0 to be an ULA chain, SGLD
chains based on sub-sampling 10% and 50% of the observations, a MALA chain targeting N (¢, %1
wherey, € R and3; € R4 are froma Laplace approximation of P, and a MALA chain targeting
N (5, Zvp) where t,, € R and =y € Diag(R?*?) are from a Gaussian mean field VB approx-
imation of P. In each case, we use a CRN coupling between the marginal kernels of (Xfll)) />0 and
(Yfi)) 0. Appendix C.5.1 contains details about the datasets, algorithms and estimator parameters
used.

Figure 3.5 shows that all the sampling algorithms considered have smaller asymptotic bias for the
taller DSt dataset (with a larger number of observations) compared to the Pima dataset. Also, Laplace
approximation has the small asymptotic bias for both datasets. This promising performance of Laplace’s
approximations can be linked to posterior concentration and accuracy of the corresponding Bernstein-
von Mises approximation [Bardenet et al., 2017, Chopin and Ridgway, 2017]. Our bounds also
show how the Metropolis—Hastings correction and stochastic gradients affect the quality of ULA
and SGLD. Overall, this application illustrates the effectiveness of our proposed quality measures for

comparing approximate inference algorithms in the tall data setting.
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3.4.2 APPROXIMATE MCMC FOR HIGH-DIMENSIONAL LINEAR REGRESSION

We now consider high-dimensional Bayesian linear regression, where the dimension 4 is larger than
the number of observations 7. The likelihood is given by L(5;y, X, c*) = N (y; XB; 7*1,), where
N (+; XB, 7*1,) denotes the probability density function of a Gaussian distribution on R” with mean
X3 and covariance matrix 21, y € R” is the response vector, X € R”*4 i5 the design matrix, 8 € R4
is an unknown signal vector, and > > 0 is the unknown noise variance. We consider a class of global-

local mixture priors, given by

EV2 0 (0,1), 7P R £i(9), 07 ~ Gamma( %, %) Bln &2 " N (o, ;;) (3.17)
where C4 (0, 1) is the half-Cauchy distribution on [0, 00) and £ (») is the half-t distribution on [0, 00)
with » degrees of freedom. When » = 1, this corresponds to the popular Horseshoe prior [Carvalho
etal,, 2010]. This setting differs considerably from the log-concave tall data example of Section 3.4.1,
as now the posterior distribution is multi-modal, has polynomial tails, and has infinite density about
the origin [Biswas et al., 2022a]. Johndrow et al. [2020] have developed exact and approximate Gibbs
samplers for the Horseshoe prior in this setting, which involves an approximation parameter ¢ > 0.
Biswas et al. [2022a] extended the sampler of Johndrow et al. to all » > 1 and showed that using larger
values of » could improve mixing times in high dimensions.

In this section, we use couplings to assess the quality of such approximate MCMC algorithms.
Following Biswas et al., we consider v = 2 applied to a genome-wide association study (GWAS) dataset
[Bithlmann et al., 2014] and a synthetic dataset. We use a CRN coupling with the marginal chains
corresponding to the exact and the approximate MCMC kernel. Appendix C.s.2 contains details
about the datasets, algorithms and estimator parameters used.

Figure 3.6 plots upper and lower bounds of the 2-Wasserstein distance, illustrating how asymptotic

bias of the approximate Gibbs sampler varies with the approximation parameter ¢ > 0. The upper
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Figure 3.6: Upper and lower bounds on the Euclidean W, bias of an approximate MCMC Gibbs sampler for high-
dimensional Bayesian regression with half-t(2) prior. We consider a bacteria GWAS dataset with z = 71 observations
and d = 4088 covariates and a synthetic dataset with 7 = S00 and 4 = S0000. See Section 3.4.2 for more details.

bounds are given by our estimator CUB; (3.4) and the lower bounds are estimated using (3.16). For
developers of such high-dimensional approximate MCMC samplers, these bounds provide an empir-
ical assessment of the trade-oft between improved quality and higher computational cost for different

datasets and posteriors.

3.4.3 APPROXIMATE MCMC FOR HIGH-DIMENSIONAL LOGISTIC REGRESSION

We now consider high-dimensional Bayesian logistic regression with spike and slab priors. Spike and
slab priors have been commonly used for Bayesian variable selection [George and McCulloch, 1993,
Narisetty and He, 2014]. Narisetty et al. [2019] have recently developed an approximate MCMC
algorithm which does not have any tuning parameters, called Skinny Gibbs, to sample from the pos-
teriors in this setting. In this section, we assess the quality of the Skinny Gibbs algorithm applied to
a malware dataset [Dua and Graff, 2017] and a lymph node GWAS [Narisetty et al., 2019] dataset.
We use a CRN coupling between one marginal chain corresponding to the exact MCMC kernel and
another corresponding to the Skinny Gibbs kernel. Appendix C.s.3 contains further details about
spike and slab priors, and the datasets, algorithms and estimator parameters used.

Figure 3.7 plots upper and lower bounds for the Euclidean 2-Wasserstein distance between the
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Figure 3.7: Upper and lower bounds on the Euclidean V), bias of the Skinny Gibbs sampler [Narisetty et al., 2019] for
Bayesian logistic regression with the spike and slab prior. We consider a malware dataset with = 373 observations
and d = 503 covariates and a lymph node GWAS dataset with 7 = 148 and d = 4514. See Section 3.4.3 for more
details.

limiting distributions of the exact and Skinny Gibbs chains for 8. The upper bounds are given by
our estimator CUB; (3.4) and the lower bounds are estimated using (3.16). These bounds suggest
that the asymptotic bias of the Skinny Gibbs algorithm is greater for the malware dataset compared
to the lymph node GWAS dataset. For researchers developing approximate MCMC samplers, these
bounds provide an empirical assessment of asymptotic bias for different datasets and posteriors under

the spike and slab prior.

3.5 DiscussioN

We have introduced new estimators to assess the quality of approximate inference procedures. The es-
timators consistently bound the Wasserstein distance between the limiting distribution of the approx-
imation and the original target distribution of interest. The proposed estimators can be applied to ap-
proximate MCMC and certain variational inference methods in practical settings, including Bayesian
regression in 50000 dimensions.

The following questions arise from our work.

Alternative coupling algorithms. We have chosen common random numbers (CRN) coupling as a
practical default for our experiments due to its broad applicability, but a growing inventory of alter-

native coupling strategies is available [Heng and Jacob, 2019, Lee et al., 2020b, Xu et al., 2021, Wang
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etal., 2021, Biswas et al., 2022a], and, as evidenced in Section 3.3.2, alternative couplings tailored to
the problem can yield tighter upper bounds. An important open question is how to best identify or
construct a coupling better than the CRN default for a given problem at hand.

Wasserstein distance upper bounds which avoid sampling from the asymprotically unbiased Markov
chain. All our upper bounds require sampling from the Markov chain (X}, Y;),>0 where (X;),>0 and
(Y:)r>0 correspond to an asymptotically unbiased and biased chain marginally. Sampling (X;),>¢ can
be computationally expensive and thus limits the application of our quality measures to researchers
developing approximate sampling methods rather than practitioners. This raises the question: can
one construct a Markov chain (Y}, ¥;),>0 such that (i) (¥}),>0 and (¥;)>¢ are identically distributed
according to the same asymptotically biased chain marginally and (i) E[c(X;, Y,)?] = E[c(X,, ¥;)?] <
E[e(Y], Y;)?] forall# > 0, where (X;),>0 is an asymptotically unbiased chain? Then we could sample
from the computationally less expensive chain (¥, ¥;);>0 to obtain an upper bound of E[¢(X;, ¥, )?]/7
which is only loose by a constant factor of 2, as E[¢( Y}, V;)]'/? < E[e(X,, Y, )?]VP+E[c(X,, Y))?)/? =
2E[e(X;, Y;)?]/7. We hope to investigate such coupling constructions in follow-up work.

Upper bounds for total variation distance. The 1-Wasserstein distance with metric ¢(x, y) = I{x #
y} gives the popular total variation distance (TV), which always takes values in [0, 1] and is invariant
to reparameterization. To obtain upper bounds of TV strictly less than 1 using our estimators, we
require couplings which allow exact meetings between the two marginal chains. Our initial attempts
at using maximal couplings [Johnson, 1998, Jacob et al., 2020b, Wang et al., 2021] have not been

effective in high dimensions and suggest a need for further methodological work.
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Scalable Spike-and-Slab

4.1  INTRODUCTION

4.1.1 BAYESIAN COMPUTATION IN HIGH DIMENSIONS

We consider linear, logistic, and probit regression in high dimensions, where the number of observa-
tions 7 is smaller than the number of covariates p. This setting is common in modern applications

such as genome-wide association studies [Guan and Stephens, 2011, Zhou et al., 2013] and astron-
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omy [Kelly, 2007, Sereno, 2015]. In the non-Bayesian paradigm, sparse point estimates such as the
LASSO [Tibshirani, 1994] and Elastic Net [Zou and Hastie, 2005] offer a route to variable selection.
These estimates are based on optimization based approaches, which are computationally efficient and
scale to datasets with hundreds of thousands of covariates.

In the Bayesian paradigm, which will be our focus, one places a prior on the unknown parame-
ters of interest and considers the corresponding posterior distribution. Sampling algorithms such as
Markov chain Monte Carlo (MCMC) are then used to simulate from the posterior distribution. In
modern high dimensional settings, general-purpose MCMC algorithms can have high computational
cost per iteration. This has kindled a line of work on tailored algorithms for Bayesian regression [e.g.,
Polson etal., 2013, Yang et al., 2016, Narisetty etal., 2019, Johndrow et al., 2020, Biswas et al., 2022a].
Our manuscript participates in this wider effort to scale Bayesian inference to large data applications.
Specifically, we propose computationally efficient MCMC algorithms for high-dimensional Bayesian

linear, logistic and probit regression with spike-and-slab priors.

4.1.2 VARIABLE SELECTION WITH SPIKE-AND-SLAB PRIORS

Consider Gaussian linear regression, logistic regression, and probit regression with 7 observations and

p covariates. The respective likelihoods are given by Ly, (, 0% X, y) = (271‘0’12)”/2 exp (— Z?:1()2/z;wﬁ)z )

Xp\ys iT n ; .
Llog(; X7 y) = H;‘:l %, and Lprob(; Xa y) = H;’:l (D(wi—r)yl (1 - (D(mz—r))l 77, Here
X € R™? is the design matrix with rows x; ',y € R”* (for linear regression) or y € {0,1}” (for
logistic and probit regression) is the response vector, € R” is the unknown signal, o> € (0, 00) is the

unknown Gaussian noise variance, and @ is the cumulative density function of N'(0,1).

We focus on the high-dimensional setting with » < p, where € R? is assumed to be sparse. We
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use a continuous spike-and-slab prior on to capture sparsity:

b
¢ ~ InvGamma d—o, =2 ,  (forlinear regression)
22

<=1, (for logistic and probit regression)
ii.d.
z; ~ Bern(g),
T it s (9)
ind
Ig]"zjﬂazjzlf\i.p (1 _zj)N(Oa‘fzfé) +zj'/\/’(0a027%)7 (4-1)

where g € (0,1), 77 > 75 > 0, and a9, by > O are hyperparameters. Here, N'(0,5%73) and
N (0,5%77) correspond to the spike and slab parts of the prior respectively. In the high-dimensional
setting, a small constant 4 < 1 is often chosen, but the algorithms in this manuscript also readily
extend to hierarchical variants of (4.1) with a hyperprior placed on ¢ [Scott and Berger, 2010, Castillo
and van der Vaart, 2012].

Catalyzed by the works of George and McCulloch [1993, 1997], continuous spike-and-slab priors
are now a mainstay of Bayesian variable selection (see the recent reviews of Tadesse and Vannucci
[2021, Section I] and ?). The posterior probabilities P(z; = 1|y) provide a natural interpretable
approach to variable selection. The median probability model selects all covariates 7 such that P(z; =
1ly) > 1/2, and it is easily fitted using Monte Carlo samples and provides the optimal predictive
model in the case with orthogonal design matrix, as well as extensions with certain correlated matrices
[Barbieri and Berger, 2004, Barbieri et al., 2021]. Narisetty and He [2014] have further fine-tuned the
optimal scaling of g, 73, and 77 with respect to the number of covariates and sample size to establish
model selection consistency for linear regression with general design matrices in high dimensions.

One could alternatively consider point-mass spike-and-slab priors [e.g., Mitchell and Beauchamp,
1988, Johnson and Rossell, 2012], where {Qj\zj ~ (1—2)d0(-) + 2N (0, %77) such that a degenerate

Dirac distribution about zero is chosen for the spike part. Point-mass priors have favorable statistical
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properties [e.g., Johnstone and Silverman, 2004, Castillo and van der Vaart, 2012] but can be com-
putationally prohibitive [Bai et al., 2021]. We hope to extend our algorithms to point-mass priors in

follow-up work.

4.1.3 OUR CONTRIBUTIONS

Our contributions are summarized below. Throughout this manuscript, we use O and Q to denote
asymptotic upper and lower bounds of computational complexity respectively.

Section 4.2 introduces Scalable Spike-and-Slab (S®), a computationally efficient implementation of
Gibbs samplers for linear and logistic regression with the prior given in (4.1). Section 4.2.1 investigates
the computational bottlenecks of state-of-the-art (SOTA) implementations, which require Q(7%p)
computational cost per iteration for datasets with 7z observations and p covariates. Section 4.2.2 devel-
ops $*, which overcomes existing computational bottlenecks by employing a pre-computation based
strategy and requires O(max{n?p,, np}) computational cost at iteration ¢, where p, is no greater than
the number of covariates switching spike-and-slab states between iterations # and # — 1 of the Markov
chain. Section 4.2.3 analyzes the favourable computational complexity of S3, showing that p; is typ-
ically much smaller than p and that it can remain constant and even approach zero under various
limiting regimes as p increases.

Section 4.3 compares S® with the SOTA exact MCMC sampler and a recently proposed approxi-
mate MCMC sampler, which does not converge to the posterior distribution of interest. We demon-
strate that S® offers substantially faster numerical runtimes compared to the SOTA exact MCMC
sampler, reporting S0x speedups on synthetic datasets. In the same experiment, S* and the approx-
imate sampler have comparable runtimes, but the asymptotically exact s3 procedure provides more
accurate variable selection.

Section 4.4 demonstrates the benefits of S* on a diverse suite of datasets, including two synthetic

datasets and eight real-world experiments. For example, on a genome-wide association study (GWAS)
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dataset with with » ~ 2000 and p ~ 100000, we again observe 50 X computational speedups over the
SOTA exact MCMC sampler. Finally, Section 4.5 discusses directions for future work. See https:
//www . github.com/niloyb/ScaleSpikeSlab for the open-source packages ScaleSpikeSlab in R and

Python which implement our methods and recreate the experiments in this paper.

4.2 SCALABLE SPIKE-AND-SLAB

4.2.1 STATUS QUO AND COMPUTATIONAL BOTTLENECKS

Gibbs samplers have long been employed to sample from the posterior distributions corresponding to
the prior in (4.1) [e.g., George and McCulloch, 1993, O’Brien and Dunson, 2004, Held and Holmes,
2006, Polson et al., 2013]. The computational bottleneck of existing Gibbs samplers is linked to sam-

pling from the full conditional of € R”. This is given by
|z ~ N X Ty, a7Y) for ,=X"X+ D, (42)

where ¢ indexes the iteration of the Markov chain, and D is the diagonal matrix with the vector
z7 >+ (1, — 2,)7 * populating its diagonal elements.

Sampling from (4.2) using a generic Cholesky decomposition that ignores the specific structure
of ; requires Q(p*) computational cost under standard matrix multiplication and inversion, which
quickly becomes prohibitive for large p. Hereafter we will refer to this generic method as the Naive
Sampler. Ishwaran and Rao [2005] recommend separating the components of into Bblocks of size?/s
each, and then updating each block using Gibbs sampling, which gives a reduced Q(p*B~%) compu-
tational cost. However, this cost remains prohibitive for large p, and using a larger number of blocks
Binduces higher auto-correlation between successive iterations of the Gibbs sampler. Recently, Bhat-

tacharya et al. [2016] developed an algorithm based on the Woodbury matrix identity [?] to sam-
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Algorithm 7: An Q(n?p) sampler of (4.2) [Bhattacharya et al., 2016]
Sample  ~ N(0, I,), ~ N(0,I,).
Setu = D,_%’r and calculate v = Xu + .
Setv* = M (;y —wv)forM,=I,+ XD;'X".
Return = o;(u + D' X Tv*).

ple from multivariate Gaussian distributions of the form in (4.2), which requires a more favourable
Q(n*p) computational cost and is given in Algorithm 7.

For large-scale datasets with 7 in the thousands and p in the hundreds of thousands, as found in
modern scientific applications, the Q(7%p) cost per iteration is still too high. This has spurred recent
work on approximate MCMC [Narisetty et al., 2019] for the continuous spike-and-slab prior on lo-
gistic regression and on variational inference methods for the point-mass spike-and-slab prior [Ray
etal., 2020, Ray and Szabd, 202.1]. Such approximate samplers can provide improved computational

speeds but do not converge to the posterior distribution of interest.

4.2.2 A sCALABLE GIBBS SAMPLER

We now develop $>. Our key insight is that successive pre-computation can be used to reduce the com-
putational cost of Algorithm 7. In Algorithm 7, the Q(n?p) computational cost per iteration arises
from the calculation of the matrix inverse M, ! via Cholesky decomposition. Current algorithms
calculate M, = I,, + X D;' X T from scratch every iteration at Q (n2p) cost under standard matrix
multiplication and then invert M, at Q(n3 ) cost. We propose instead to use the previous state 2,
and the pre-computed matrices M,_; and M} at each step to aid the calculation of M;™*. Our
strategy is given below.

Specifically, denote X = [X, ..., X,] € R"*? and its sub-matrices X4, = [X; : j € 4] €
R#* Izl and X 4 & [(X;:jed] e R =120 where 4, 2 {; : zj; = 1}and4; = {j : 57, = 0},

are the ordered index sets of covariates corresponding to slab states and to spike states respectively at
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iteration #, and | -[| is the L' norm on {0,1}”. Alsodenote A, £ {j : 2, # 2,1}, the ordered index
set of covariates which switch spike-and-slab states between iterations and t—1; J; 2z — 2z =
|A,], the number of switches; Dy, = Diag((D,);; : j € A;) € Diag(R%*%), the diagonal sub-
matrix of D, composed of the diagonal entries with ordered indices in A;; and Cj, £ DZ} — DZ,:'
Finally, let M, 2 I, + 2 X X" € R""and M, £ I, + 2 X XT € R*”, which are fixed for

all iterations. Under this notation, there are three expressions for M:

M, = M, + (7 — 3) X4, X, (4.32)
=M., + (75— 7) X4 X (4.3b)
=M, + X;,Ca X} (43¢)

In (4.3a) — (4.3¢), calculating the matrix products XA,X,;F,’ XAgX;'};, and XAtCAtXIt requires
O(n?||z:|h), O(R*(p — ||2¢]1)), and O(n?3;) cost respectively. Given MT(,, ]\;I,l, M,_{,and z,_,
we evaluate whichever matrix product in (4.3a) — (4.3¢) has minimal computational cost and thereby
calculate M, at the reduced cost of O(n2p;) where p, £ min{|| |1, p — ||z¢|l1, &}

To calculate Mt_l, we consider the cases 7 < p, and p, < 7z separately. When » < p,, we calculate
M, by directly inverting the calculated matrix M, from (4.3), which requires O(7?) cost. When

p: < n, we apply the Woodbury matrix identity on (4.3). This gives

_ ~ ~ _ ~_ -1 ~_
M= Mrol - ]\4101)(1‘11((7’12 - 73) 1IHZzlll + Xjﬁ!—:MrolXAr) Xjﬁ!—:Mrol (4.42)

= M — M X (7 = ) g, + XM X)) " XM (44b)

—l1zllx

_ _ _ _ —1 _
=M} - M\ X, (Cy' + Xy M\ X)) X1 M7, (4-4¢)

Given M M " M ;11 and 2z,_1, we evaluate whichever expression in (4.4a) — (4.4¢) has minimal

computational cost to calculate M, !, Similar to (4.3), this requires O(n?p,) computational cost,
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which arises from matrix inversion and multiplication.
Overall, this strategy of using the previous state z; 1 and the pre-computed matrices M, M L

M,, M

7> M1 and Mt__ll, reduces the computational cost of calculating the matrices M, and

M, from Q(#?p) (as in all current implementations of Algorithm 7) to O(n?p,). As we show in
Sections 4.2.3 and 4.3, in many large-scale applications p; is orders of magnitude smaller than both
n and p, yielding substantial improvements in computational efficiency. Furthermore, we emphasize

that the matrices M, M;O 1 MTI, M; 1 are fixed for all iterations, and the state z,_; and matrices
M, _; and M:_ll only need to be stored temporarily to generate samples for iteration # and can be
deleted after. Therefore S* requires minimal additional memory compared to current implementa-
tions.

The full Gibbs samplers for Bayesian linear, logistic, and probit regression which make use of this
pre-computation are given in Algorithms 8 and 9. The Gibbs samplers for logistic and probit regres-
sion are based on data augmentation strategies (see, e.g., O’Brien and Dunson [2004], Narisetty et al.
[2019]), and the Gibbs sampler for logistic regression requires an adjusted pre-computation strategy
with O ( max{n*p,, n*, np}) cost. Appendix D.2 contains derivations and details of Algorithms 8

and 9 (the implementation of logistic regression is based on a scaled #-distribution approximation to

the logistic distribution, as commonly done in the literature; see Narisetty et al. [2019]).
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Algorithm 8: Bayesian linear regression with S3

Input: State C, = (,, z,,02) € R? x {0,1}? x (0, 00), state 2, ;, and matrices
M, ;.M.

1: Calculate p, and use (4.3) to calculate M,.
if p. > n then invert M, to calculate M, " else use (4.4) to calculate M, .
2: Sample ;44| 2;, o7 using Algorithm 7 from
,/\/'(;IXTy, af;l) for,=X"X + D.,.
3: Sample each z;,4 |r+1, 07 independently from

Bern( qN(IBj,t-H;O’a%le) )
N, 07D HI—)N G, 077 )

forj=1,....p.
4 Sample 07|41, 2,41 from

InvGamma <d°+2n iy

bo+||ly—X 141 ||§+I,_1Dz+1;+1 >
> .

-1
Output: C,iy = (141, Zr41, 0riy)> 260 My, M7

4.2.3 ANALYSIS OF COMPUTATIONAL COMPLEXITY

We now investigate the favorable computational complexity of Algorithms 8 and 9. Proposition 4.2.1,
proved in Appendix D.1, gives the computational cost of these Gibbs samplers for linear and logistic

regression, showing an improvement over existing implementations which have Q(nzp) cost.

Proposition 4.2.1 (Computational cost). Algorithm § and Algorithm g for probit regression both have
a computational cost of O ( max{n?p,, np}) at iteration t, and Algorithm g for logistic regression has a
computational cost of O ( max{n*p,, n>, np}) at iteration t, where p, = min{||z||1, p — || 2|1, 8} for

o = ||Zt - Zhl”l'

In Proposition 4.2.1, ||2||; and p — ||z¢||1 are the number of slab covariates and the number
of spike covariates respectively at iteration ¢ of the Markov chain, and J, is the number of covari-

ates switching spike-and-slab states between iterations # and £ — 1 of the Markov chain. Note that
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Algorithm 9: Bayesian logistic and probit regression with S

Input: State C, = (,, z,,9,,2) € R? x {0,1}? x R* x (0, 00)", states 2, 1, ;, and
matrices M,_;, M;ll.

1: Logistic regression: Use pre-computation (see Appendix D.2.3) to calculate
M 21T, + VVI_I/ZXD;IXTVV;UZ for W, = Diag(?). Invert M, to calculate
M,
Protbz't regression: Calculate p, and use (4.3) to calculate M, 2T +X D'X Tif
p: > n then invert M, to calculate M, else use (4.4) to calculate M, .
2: Sample 14| 2,, Q,,f using Algorithm 7 from
N(GX W g, ") for, = XWX + D,.
3: Sample each z; 41141, 9., > independently from

Bern( ‘IN(zg]',tH?O’TlZ) )
qN(zg/,;+1§077%)+(1_4)N(ﬁj,,+13077%)

forj =1,....p.
4: Sample each §; 111|141, Zii1, independently from
N(m’iTH—l? glz',[)l[(),-i-oo) lf}/l - 17 N(wiTt+17 5%;)1(—0070) lfyz =0
fori=1,...,n.

s: Logistic regression: Sample? r41le415 Ze+1, Yr1 independently from

2 ~ T 2
G — x5
InvGamma<¢1 W+ (Fi g1 — T3 | 1) )

2 2

. A A
fori=1,...,n, where v = 7.3 and w?* = #(»—2)/(3,) are constants.
Probit regression: Set’;, | = 1fori =1,....n.

~ 2 -1
Output: Ct—H = (l‘-‘rl? 241y Y1, t+1)’ Zty M, and Mt—l'
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e < min{||z||1,p — || 2|1} < p/2 directly. In practice, there are a variety of scenarios under which

p: is significantly smaller than p/2.

SPARSE z,. Whenever z, is sparse relative to the full dimensionality p, we have p, < ||z]|; < p.
Sparsity in 2; is a common occurrence in high-dimensional regression with a sparse signal vector * €
IR?, as || z||1 often closely approximates the true sparsity s = ||*||o with high probability. This occurs,
forinstance, in the settings of Narisetty and He [2014] and Narisetty etal. [2019], where strong model
selection consistency of the continuous spike-and-slab posterior is established for linear and logistic

regression respectively.

POSTERIOR CONCENTRATION.  Even when min{||2||1,p — ||2||1} is comparable to p/2, concen-
tration of the spike-and-slab posterior targeted by the Gibbs sampler can lead to J; and hence p; re-
maining much smaller than p/2. Proposition 4.2.2, proved in Appendix D.1, calculates the expecta-
tion of J; explicitly in terms of the posterior distribution that is targeted by our algorithms and the

auto-correlation of the states (2;)>0.
Proposition 4.2.2 (Expected spike-and-slab swap count). For 9; as given in Proposition 4.2.1,

V4
E[s,] = ZIP’(zﬁ =1)P(z;,—1 = 0) + P(z;, = 0)P(zj,—1 = 1) — 2cov(2;s, 2j—1)- (4-5)
=1
Suppose the Markov chain generated by Algorithm 8 or g is at its stationary distribution m at iteration

t— 1. Then,
?

E[o] =2 Z varg(g,.) (1 — corrz (2, 1)) (4.6)
J=1

In (4.6), notevar,(z;,) = Pz (37, = 0)P(z;, = 1) < 1/sforeach componenty, with equality only
when z;, ~ Bern(1/2). Therefore all components j with P (z;, = 1) close to 0 or 1 do not contribute

significantly towards J; in expectation. Such posterior concentration is guaranteed whenever 2; is
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convergent, be it to the true model sparsity as in Narisetty and He [2014] and Narisetty et al. [2019]
or to any other value. In such circumstances we can have ; = ||z, — z,—1||; = o(p) and even J, =

0(||z¢|l1), regardless of the magnitude of || z|;.

HicH AUTO-CORRELATION. High auto-correlation of the Gibbs sampler can also lead to smaller
values of J; and hence p;. We already see from Proposition 4.2.2 that, even for components j with
bimodal marginal posterior distributions, high auto-correlation between successive states z;,—1 and z;,,
can yield lower J in expectation. Proposition 4.2.3, proved in Appendix D.1, provides an additional

exact expression for d, in terms of the empirical correlation between 2; and z,—;.

Proposition 4.2.3 (Swap count decomposition). Let 7, = \/[|z:[1(p — [|z:[[1) and p, be the empir-
ical correlation between z; and z,_; (that is, the correlation between zj; and zj,—1 when J is uniform on

{1,...,p}). Then, for d; as given in Proposition 4.2.1,

2[1 2|1l ze-1 ]l + 20,7741

o = llzelh + lzeall = (47)
P
Since |p,| < 1, Proposition 4.2.3 implies
_ 2 _ 2 _ 2 2
(A R O 1 P P G S N

4 V4 P ?

In particular, the lower bound in (4.8) is a good approximation to J; when p, is close to one, which
is the case either when the Gibbs sampler is converging (such that 2z; becomes stable) or when it gets
stuck (such that z; changes slowly with #). In either case, 7; exhibits similar “stable/stuck” behavior,
implying that the lower bound itself will be close to zero. This suggests J; and hence p; is close to zero
when p,_ is close to 1, even if min{|| 2|1, p — ||z¢[1} is not negligible.

Motivated by such discussions and theoretical analysis, we now empirically examine how p, grows

as the number of observations 7, the number of covariates p, and the sparsity s of the true signal varies.
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Figure 4.1 is based on synthetic linear regression datasets. For each dataset, one Markov chain is gen-
erated using Algorithm 8 to target the corresponding spike-and-slab posterior, from which the mean
and one standard error bars of (p,)1°%" | are plotted. For Figure 4.1 (Left), we consider datasets with
n = 100, varying p with p > 7, and a sparse true signal * € R? with cornponents]’»k = 2I{j < s} for
sparsity s = 10, and noise standard deviation ¢* = 2. For Figure 4.1 (Center), we consider datasets
with p = 1000, varying » with » < p,s = 10, and ¢* = 2. For Figure 4.1 (Right), we consider
datasets with » = 105, p = 1000, and ¢* = 2 for varying s > 1. Details of the synthetically generated
datasets are in Appendix D.4.

Figure 4.1 (Left) shows that both p; is substantially smaller than both p and # and that it does
not increase with the number of covariates p. Figure 4.1 (Center) shows that p, tends to zero as #
increases. Figure 4.1 (Right) shows that p, decreases as the sparsity s increases. All figures suggest that
p: is controlled by d; in these settings, because || 2;||; takes values close to 5, and p — || z||; tends to be
much larger than [|2;]|;. Overall, Figure 4.1 highlights that not only does p; tend to be substantially
smaller than p, but it also tends to be smaller than both 7 and 5. By Proposition 4.2.1, this showcases

the substantially lower computational cost of s3 compared to current implementations which cost

Q(n?p) per iteration.

4.2.4 EXTENSIONS TO SCALABLE SPIKE-AND-SLAB

With additional memory capacity and pre-computation, we can further improve the per-iteration
costs of S3.

For the matrices MT; Land M. " in Section 4.2.2, suppose the matrices X X, X TMT’O 1X and
X TMTT !X are pre-computed. This initial step requires O(np*) computational cost and O(p?)
memory. Then the matrices X/;CX 4, and XJ;X 4 in (4.3a) — (4.3b) correspond to pre-computed
sub-matrices of X " X, and calculating M, using (4.3a) — (4.3b) at iteration # involves matrix addi-

tion which only requires O(n?) cost. Similarly, matrices XJ[ M o 1X and X/}; M . 'X e in (4.42) -
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Figure 4.1: The S? cost parameter p, for averaged over iterations 5000 < # < 10000 with one standard error bars,
for synthetic linear regression datasets with varying number of covariates p (Left), varying number of observations 7
(Center), and varying sparsity s (Right). The ground truth sparsity s is also plotted for comparison. See Section 4.2.3 for
details.

(4.4b) correspond to pre-computed sub-matrices of X TMT_O 1X and X TMTT 1x respectively, and
do not need to be recalculated atiteration #. Therefore calculating ((’l’% —r(z))_lI”thl —l—X/;':MT;lXAt) -
and ((7% — 712)_le_“21||1 + X;;MTTIXA;-)_I in (4.4a) — (4.4b) at each iteration 7 only requires
O(||z|3) and O((p — ||2¢]|1)?) cost respectively.

To sample from (4.2), consider the cases z < min{||z;||1, p—||z¢||1 } and min{||z||1, p—||2]|1} < 7
separately. When 7 < min{||z||1,p — ||2[|1}, we calculate M, ! by directly inverting the calculated
matrix M, from (4.3), which requires O(n>) cost. When min{||z||1,p — ||z:|i} < 7, we avoid

calculating ;! explicitly and instead calculate the matrix vector product M, (Ly — v) in Algo-

ot
rithm 7 right-to-left, using whichever expression in (4.4a) - (4.4b) has minimal computational cost.
Overall, now the Gibbs samplers for linear and probit regression require only O (max{min{||z||1, p—

2|1, 2}, np}) computational cost at iteration ¢ This provides lower computational cost for S* lin-

ear and probit regression whenever min{||z;||1, p — ||z¢]|1, 2}> < #*p,. A similar extension for logistic
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Table 4.1: Comparison of S* with alternatives pr = min{ ||z,||1,p — 1zell1s 0: 1.

MCMC SAMPLER Cost CONVERGES TO POSTERIOR
Naive Q@p?) v
STATE-OF-THE-ART Q(n*p) Vv
SKINNY GIBBS Q(max{n||z||}, np}) X
S (LINEAR AND PROBIT)  O(max{n*p,, np}) N
83 (LOGISTIC) O(max{n*p;, n’, np}) Vv

regression requires only O(max{n>, np}) computational cost at iteration # and is described in Ap-

pendix D.2.3.

4.3 COMPARISON WITH ALTERNATIVES

In this section we compare S* with the naive sampler, the SOTA exact MCMC sampler based on the
sampling algorithm of Bhattacharya etal. [2016], and the Skinny Gibbs approximate MCMC sampler
of Narisetty et al. [2019] for logistic regression. Table 4.1 highlights the favorable computational cost
of $* compared to the naive and SOTA samplers. The Skinny Gibbs sampler typically has lower com-
putational cost compared to S* for logistic regression, and can have lower or higher computational
cost than S for probit regression depending on whether ||z;]|} < np, or not. However, unlike S?,
the Skinny Gibbs sampler does not converge to the correct posterior distribution.

To assess the practical impact of computational cost and asymptotic bias, Figures 4.2 and 4.3 com-
pares the numerical runtimes and statistical performance of $* with the SOTA sampler and the Skinny
Gibbs sampler. For the Skinny Gibbs sampler, we use the skinnybasad R package of Narisctty et al.
[2019], which implements only logistic regression. We consider synthetically generated datasets with
a true signal * € R? where /ZJ’.‘ = 2I{j < s} for sparsity s. We consider datasets with 7 = 10s observa-

tions and p = 100s covariates for varying sparsity s > 1. Details of the synthetically generated dataset
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Figure 4.2: Comparison of time per iteration between S3, state-of-the-art (SOTA) exact MCMC sampler and the Skinny
Gibbs approximate sampler of Narisetty et al. [2019] on synthetic binary classification datasets. See Section 4.3 for
details.

are in Appendix D.4. For each synthetic dataset, we run S for logistic and probit regression and the
Skinny Gibbs sampler for 1000 iterations, run the SOTA sampler for 1oo iterations, and record the
average time taken per iteration. All timings were obtained using a single core of an Apple M1 chip
on a Macbook Air 2020 Laptop with 16 GB RAM.

Figure 4.2 highlights that the numerical runtimes of S3 are orders of magnitude faster than the
SOTA sampler and comparable to the Skinny Gibbs sampler. For example, for » = 4000 observa-
tions, p = 40000 covariates, and sparsity s = 400, S3 for logistic regression requires 21500ms per iter-
ation on average, which is approximately 15 times faster than the SOTA sampler for probit regression
(which requires 335000ms per iteration on average) and 2.5 times faster than the Skinny Gibbs sam-
pler (which requires 55600ms per iteration on average), and S* for probit regression requires 1100ms
per iteration on average, which is approximately 50 times faster than the SOTA sampler for probit
regression (which requires 55800ms per iteration on average). For larger real-life datasets with hun-

dreds of thousands of covariates, the numerical runtimes of S are similarly favorable compared to the
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Figure 4.3: Average true positive rate (TPR) and false discovery rate (FDR) of S and the Skinny Gibbs approximate
sampler [Narisetty et al., 2019] across 20 independently generated datasets with one standard error bars. See Section
4.3 for details.

SOTA sampler. This is showcased in Section 4.4, where for a genetics dataset, S is SO times faster
than the SOTA sampler.

Figure 4.3 plots the true positive rate (TPR) and the false discovery rate (FDR) of variable selection
based on samples from $° for logistic and probit regression and Skinny Gibbs on synthetic binary
classification datasets. To assess variable selection for signals of varying magnitude, we consider an
exponentially decaying sparse true signal * € R? such that /2}* =27 for 7 < sand [8; =0forj>s
for sparsity 5. The corresponding synthetically generated datasets have » = 100 observations, varying
number of covariates p with p > 7, and sparsity s = 5. For each synthetic dataset, we implement S3 for
logistic and probit regression and the Skinny Gibbs sampler for 5000 iterations with a burn-in o£ 1000
iterations and calculate the TPR and FDR from the samples. We use the same prior hyperparameters
for all the algorithms, which are chosen according to Narisetty et al. [2019]. Additional experimental
details are included in Appendices D.3. The SOTA sampler is not shown in Figure 4.3, as SOTA

and S3 are alternative implementations of the same Gibbs sampler and by definition have the same
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Table 4.2: Synthetic and real-life datasets considered in Section 4.4.

DATASET n P REsPONSE TYPE
BorovEckl 31 22283 BiNnARrY
MALWARE 373 503 BINARY
PCR 60 22575 CONTINUOUS
LymrH 148 4514 BINARY
CHOWDARY 104 22283 BiNARY
CHIN 118 22215 BINARY
GORDON 181 12533 BiNARY
SYNTHETIC BINARY 1000 50000 CoONTINUOUS
SynTHETIC COoNTINUOUS 1000 50000 BINARY
Ma1ze 2266 98385 CONTINUOUS

statistical performance. Figure 4.3 shows thatin higher dimensions, samples from $3 yield significantly
higher TPR and lower FDR than the Skinny Gibbs sampler. We observe similar results for other
choices of prior hyperparameters, which give S3 to either have comparable or more favorable statistical
performance to the Skinny Gibbs sampler.

Overall, Figures 4.2 and 4.3 highlight that S? can have comparable or even favorable computational
cost to the Skinny Gibbs sampler, whilst having correct stationary distribution with more favorable

statistical properties in higher dimensions.

4.4 APPLICATIONS

We now examine the benefits of S> on a diverse suite of regression and binary classification datasets.
Table 4.2 summarizes the two synthetic and eight real-world datasets considered, with further details
in Appendix D.4.

We first consider a Malware dataset [Dua and Graff, 2017] with z = 373 observations (correspond-

ing to a binary response vector indicating whether a file is malicious or non-malicious) and p = 503
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covariates (corresponding to features of the files). Figure 4.4 shows the marginal posterior proba-
bilities estimated using samples from S* for spike-and-slab logistic and probit regression (Algorithm
9), and the average runtime per iteration for both $* and the corresponding SOTA sampler. The
marginal posterior probabilities 7; = P (z; = 1) are estimated by 7; = ﬁ S 1 zj(ft) ,
where (z[(l‘)) />0 are samples from 7 = 1, ..., [ independent Markov chains generated using $>. We
sample / = 20 independent chains of length 7" = 10000 iterations with a burn-in of 1000 iterations
for both S* and the SOTA sampler. The average runtime per iteration with one standard error bars
are calculated based on these independent chains.

Figure 4.4 (Left) plots 7; against ; in the decreasing order of 7;s. Here 7;s are based on samples
from S3, which are the same as from the SOTA sampler because they implement the same Gibbs
sampler (other than possible numerical discrepancies). Despite producing Markov chains with the
same marginal distributions and hence statistical properties, Figure 4.4 (Right) shows that even for
this small-scale dataset, S> has approximately 2 and 8 times faster runtime per iteration than the SOTA
sampler for logistic and probit regression respectively. Overall, Figure 4.4 highlights the practical value
of $ over the SOTA sampler.

Figure 4.5, plotted with the y-axis on the log-scale, compares the run-times of S* and the SOTA
sampler for linear and probit regression on ten regression and binary classification datasets respec-
tively. It plots the average run-times with one standard error bars based on 10 independent chains
each of length 1000 and 100 for S$3 and the SOTA sampler respectively. Figure 4.5 shows that S3 has
lower runtimes per iteration compared to the SOTA sampler for all the datasets considered, with the
most substantial speedups for larger datasets. For example, for the Maize GWAS dataset [Romay et al.,
2013, Liuetal,, 2016b, Zengand Zhou, 2017] with z = 2266 observations (corresponding to average
number of days taken for silk emergence in different maize lines) and p = 98385 covariates (corre-
sponding to single nucleotide polymorphisms (SNPs) in the genome), S* requires 650ms per iteration

on average, which is approximately 50 times faster than the SOTA sampler requiring 31300ms per it-
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Figure 4.4: Marginal posterior probabilities P”(zj = l) estimated using samples from S3, and the average runtime per
iteration with one standard error bars of both S> and the SOTA exact MCMC sampler for logistic and probit regression
applied to the Malware dataset with 7 = 373 observations and p = 531 covariates. See Section 4.4 for details.

eration. For researchers, such speedups can reduce algorithm runtime from multiple days to hours,

giving substantial time and computational cost savings at no compromise to inferential quality.

4.5 DiscussioN

The following questions arise from our work.

Extensions of S° to point-mass spike-and-slab priors, as well as to non-Gaussian tails. Whilst
priors given in (4.1) are one of the most common formulations employed in practice, a number of al-
ternatives are available. This includes poznz-mass spike-and-slab priors [e.g., Mitchell and Beauchamp,
1988, Johnson and Rossell, 2012], where a degenerate Dirac distribution about zero is chosen for the
spike part, and extensions which consider the heavier-tailed Laplace distribution for the slab part in-
stead of a Gaussian distribution [Castillo et al., 2015, Ro¢kovd, 2018, Ray et al., 2020, Ray and Szabd,
2021]. An extension of $> would to be employ similar pre-computation based strategy of Section 4.2

to MCMC samplers for these alternative formulations.
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Figure 4.5: Average runtime per iteration with one standard error bars for S3 and the SOTA sampler for linear and probit
regression applied to the ten continuous and binary classification datasets. See Section 4.4 for details.

Convergence complexity analysis of S>. An important question that is not addressed in this arti-
cle is the number of iterations required for S3 or other similar samplers to converge to the their target
posterior distributions. For Gibbs samplers targeting posteriors corresponding to continuous shrink-
age priors [e.g., Carvalho et al,, 2010, Bhattacharya et al,, 2015, Bhadra et al., 2019], much theoreti-
cal progress has been made [Pal and Khare, 2014, Qin and Hobert, 20192, Bhattacharya et al,, 2022,
Biswas et al., 2022a]. Convergence of Gibbs samplers targeting spike-and-slab posteriors has been less
extensively studied and requires more attention.

Diagnostics to assess the convergence of and asymptotic variance of S>. Given some time and
computational budget constraints, an immediate benefit of S3 is the ability to run longer Markov
chains targeting spike-and-slab posteriors. This can alleviate some concerns linked to burn-in and
asymptotic variance, but convergence and effective sample size diagnostics [Johnson, 1998, Biswas
etal., 2019, Vats and Knudson, 2021, Vehtari et al.,, 2021] remain an important consideration partic-

ularly in high-dimensional settings. We hope to investigate convergence diagnostics for S* in future
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work.
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Appendices to Chapter 1

In Section A.1 we provide the proofs for all the theoretical results in this document. In Section A.2

we provide all the algorithms used in this main document.
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A.1 Proors

A.1.1  L-LAG UNBIASED ESTIMATORS

Our motivation for Theorem 1.2.5 comes from recent works on unbiased MCMC estimators using
couplings [Jacob et al., 2020b, Glynn and Rhee, 2014]. In particular, extending the unbiased estima-
tor from Jacob et al. [2020Db] that corresponds to a lag L = 1, we first construct the L-lag estimator

with an arbitrary L > 1 as

[1(L) —L—t—|
L
HO@XY) =)+ > hXer) — b(Yagon)- (A1)
=1
where b € H, chains (X;);>0, (¥;),>0 marginally have the same initial distribution 7 and Markov
transition kernel K on (R%, B(R?)) with invariant distribution 7, and they are jointly following the

L-lag coupling algorithm (Algorithm 1 in the main paper). As an aside, following Jacob et al. [2020b]

we also include the corresponding time-averaged L-lag estimator:

m

HO0 D) =~ > Py (a2)
[#=]

=k
Z h(Xeqjr) = P(Yer-1)2)- (A3)
=

1 “ 1 “
= X))+ —
m—/e+1;;b( t)+m—/e+1;

Following the proof technique for the 1-lag estimator in Jacob et al. [2020b], we first prove an

unbiasedness result for Hgl) (X, Y). By linearity the unbiasedness of H/(eer; (X, Y) follows.

Proposition A.1.1. Under the Assumptions 1.2.2, 1.2.3 and 1.2.4 of the main article, H,SL) (X, Y) has

expectation Ex...[b(X)), finite variance, and finite expected computing time.
Proof. The proof is nearly identical to those in Vihola [2017], Glynn and Rhee [2014], Jacob et al.
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[2020b] and related articles, and is only reproduced here for completeness. Let # = 0 without loss of
generality. Otherwise start the chains at 7z, rather than 7. Secondly, we can focus on the component-
wise behaviour of H((,L) (X, Y) and assume b takes values in R without loss of generality. For simplicity
of notation we drop the (L) superscript and write Hy (X, Y) to denote Hf)L) (X, 7).

Define Ag = h(Xo), &; = h(Xi) — b(Yj_1yz) forj > 1, and Hj(X, Y) = Z]’.’:O A;. By
Assumption 1.2.3, E[T( )} < 00, so the computation time has finite expectation. When (1 4 7)L >
L) A; = 0 by faithfulness (Assumption 1.2.4). As A0 Z 00, this implies A} (X, ) X Hy(X, Y)
as 7 — 00.

We now show that (H((X, Y)),>o is a Cauchy sequence in L, the space of random variable with

finite first two moments, by showing

sup E[(Hf (X, ¥) — Hy(X, 1))"] —

}’l—)OO
n'>n

This follows by direct calculation. Firstly by Cauchy—Schwarz,
, 2 n ﬂl
B 060 - BB D) = 3 S EaAlS S S BaN R
s=n+1t=n+1 s=n+1t=n+1

By Holder’s inequality with p = 1+ /2,9 = (2 + 7)/7 and Assumptions 1.2.2 - 1.2.3, for any

7 >0,

E[aZ] = E[a21(#D > (1 + L) < E[AT]FPE(eD) > (14 4)1)]7

< D7 (C) .

where E[A; ;7] < EMun(Xi, Y,—1y2)*"7] < D follows from Assumptions 1.2.2. Overall this
implies E[(H (X, Y) — Hp(X, Y)) ] < C5 forsome C > 0,5 € (0,1) forallz > 0. Hence

(H}(X, Y))n>0 is a Cauchy sequence in Ly, and has finite first and second moments. Recall that
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Cauchy sequences are bounded, so we can apply the dominated convergence theorem to get,
E[H0(X, Y)] = E[ lim H3(X, V)] = lim E[H(X, V)]
Finally, note that by a telescoping sum argument and Assumption 1.2.2,

lim E[H}(X, V)] = lim E[b(X,)] = Exslb(X)]

n— 00 n—00

asrequired. Therefore, in general HEL) (X, Y) has expectation Ey...[(X)], finite variance, and a finite

expected computing time. O

A.1.2 PROOF OF THEOREM 1.2.5

Proof. We consider the L-lag estimate in (A.1). Under Assumptions 1.2.2, 1.2.3 and 1.2.4, by Propo-

sition A.1.1 HEL) (X, Y) is an unbiased estimator of Ex~.,[/(X)], for any » € H. Then,

dy (71, @) = sup [Exr [b(X)] — E[p(X,)]]

heH
’V r(L) ZLft—‘

~sple] S - Zeanmnll

<E Z My (Xejr, Yoy (j-1)L)
=1

4051
] |

The inequality above stems from 1) the triangle inequality applied [(#(2) — L — #)/L] times, and
2) the bound |h(x) — h(y)| < My(x,y) assumed in the main article. We see that increasing the lag
L reduces the number of applications of the triangle inequality performed above, which explains the

benefits of increasing L. O
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A.1.3 Bias oF SEQUENTIAL MONTE CARLO SAMPLERS

For an SMC sampler [Del Moral et al., 2006] with N particles targeting 7, let (w”, £'))Y_| be the par-
ticle approximation of 7, so that weighted averages Zi\[:l w”h(£") are consistent approximations of

[ h(x)7m(dx) as N — oo under some assumptions, e.g. Whiteley [2012]. We consider a particle &

N

n=1

N

drawn among (&), with probabilities ()2, and we denote by 4%¥) the marginal distribution
of £ Our goal is to formulate an upper bound on the total variation distance between 4!¥) and 7 for
fixed N, which is a way of studying the non-asymptotic bias of SMC samplers.

To use the proposed machinery, we embed the SMC sampler in an MCMC algorithm, following
Andrieu et al. [2010]. The particle independent MH (PIMH) algorithm operates as follows. Initially
an SMC sampler is run, from which a particle &, is drawn (marginally from q(N )), as well as a normal-
izing constant estimator Zy [Del Moral et al., 2006]. We can think of the state of the chain as the pair
(£, Zo). Ateach iteration # > 1,2 new SMC sampler is run and generates (£, Z*). With probability
min(1, Z*/Z,_1), the new state of the chain is set to (£, Z*), otherwise it remains at (£,_;, Z, ;). It
is shown in Andrieu et al. [2010] that this algorithm corresponds to a standard Metropolis—Hastings
algorithm with independent proposals upon introducing some auxiliary variables. Therefore under
some conditions, the generated chain is such that £, goes to 7 as ¢ — o0o. We assume throughout
that our three assumptions hold, which corresponds to assumptions on the performance of the SMC
sampler in the present setting.

Next consider an L-lag coupling of such a PIMH algorithm as proposed in Middleton et al. [2019]
and described in Algorithm 20. In this setting, we can characterize the distribution of the coupling

time. In particular,

A — (L - 1)|Z;—1 ~ Geometric(a(Z;—1)), (A.4)

where the Geometric distribution is parameterized to take integers values greater than or equal to 1,

anda(Z) :=E [ min(1, Z*/2) }Z] is the acceptance probability of the PIMH chain from a state with



normalizing constant estimate Z Using a monotonicity property of IMH [Corcoran and Tweedie,
2002, Middleton et al. [2019, Proposition 8] presents this result for 1-Lag couplings of PIMH, and
(A.4) is a simple generalization to L-lag couplings; we refer to Middleton et al. [2019] for the explicit
assumptions being made. Assuming that Theorem 1.2.5 applies, we consider the initial time # = 0

and obtain

dTV(q(N), 7 <E :V(L)L—LH
—E EHT(L) - (LL_ Ol 1} ZHH
K i 1-— a(ZL_l) :|
L1 — (1 —a(Zr )L

as required. Note that in the first inequality we used the fact that the total variation distance between
some marginals of two multivariate distributions is less than the total variation distance between the
joint distributions. The final equality follows from noting that for G ~ Geometric(p) and integers

m2>0,n>0,

[ = (570 - R R ) = 5

A2 CourrLiNGS OF MCMC ALGORITHMS

In this section, all the algorithms used in our examples are presented. These are constructions used
in recent work on unbiased MCMC estimation with couplings, e.g. Jacob et al. [2020b], Heng and
Jacob [2019], Middleton et al. [2019]. All scripts in R are available at https://github.com/niloyb/
LlagCouplings.

We first describe algorithms to sample from maximal couplings. We then describe algorithms to

sample meeting times corresponding to various couplings of MCMC algorithms.


https://github.com/niloyb/LlagCouplings
https://github.com/niloyb/LlagCouplings

MaxiMaL CoUPLINGS. To construct L-lag couplings, the pair of chains needs to meet exactly
whilst preserving their respective marginal distributions. This can be achieved using maximal cou-
pling [Johnson, 1998, Thorisson, 2000], which we present below in Algorithm 1o. Given variables
X ~ P, Y ~ Q, Algorithm 10 samples jointly from (X, ¥) such that the marginal distributions of X
and Yare preserved and X equals ¥ with maximal probability. It requires sampling from the distribu-
tions of X'and Y'and evaluating the ratio of their probability density functions. Below Pand Q denote

distributions of X and Y; p and 4 denote the respective probability density functions.

Algorithm ro: A maximal coupling of Pand Q

Sample X ~ P, and W ~ U(0,1)

if p(X) W < g(X) then set ¥ = X and return (X, ¥)

else sample Y* ~ gand W* ~ U(0,1) until g(Y*) W* > p(¥*). Set Y= Y* and
return (X, Y)

For the particular case when P = N (g, %), Q = N(u,, %), we can use a reflection-maximal
coupling [Jacob et al., 2020b, Bou-Rabee et al., 2020] which has deterministic computational cost.
This also samples jointly from (X, ¥) such that the marginal distributions of X, Y'are preserved and X
equals Y with maximal probability. This is given in Algorithm 11 below, where s denotes the proba-
bility density function of a d-dimensional standard Normal. Note that in the case Y= X + zbelow,

we get an event {X = Y} as required.

Algorithm 11: A reflection-maximal coupling of N (¢, Z) and N (i, , %)

Letz = = "%(u, — u,) and e = 2/||2||. Sample X ~ N(04, L), and W ~ U(0,1)
if s(X)IW < s(X+2)then Set ¥ =X + 2

else Set ¥ =X — 2(e"X)e

Set X = 52X + p,, Y = 5Y/2Y + g, and return (X, ¥)

When random variables X, ¥ have discrete distributions P = (p1,...,pn), Q = (41, ..,4n) on

a finite state space, we can perform a maximal coupling with deterministic computation cost. This is



given in Algorithm 12. First, wedefine C = (c1, ..., cn) asc, = (pnAgy)/Sforn € {1,..., N} with
S =" (p» A 4y). The notation @ A & stands for the minimum of z and b. We then define P and
Qaspl, = (pn—pr Ngn)/(1—=S),and g}, = (g, — pr Nqx)/(1—3S). These P and Q' are probability
vectors and computing them takes O(N) operations. Note that the total variation distance between

Pand Qisequal to 1 — S, and that 7 and Q' have disjoint supports.

Algorithm 12: A maximal couplingof P = (py,...,pn), Q = (g1, - .-, 9n)

Sample U ~ U(0,1)
if U < Sthen Sample X from C, define Y = X and return (X, ¥)
else Sample X from P, Y from Q' independently, and return (X, ¥)

A2.1 RaANDOM WALK METROPOLIS-HASTINGS

We couple a pair of random walk Metropolis—Hastings chains in Sections 1.2.2 and 1.2.2 using Algo-
rithm 13 with step sizes omp = 0.5 and oy = 1 respectively. We could also modity the algorithm

to use more general proposal kernels (-, -), provided that we can sample from a maximal coupling of

g(x,-) and g(y, -) for any pair x, y.

A22 MCMC ALGORITHMS FOR THE ISING MODEL

SINGLE SITE GIBBS (S§SG).  Our implementation of single site Gibbs (SSG) scans all the sites of the
lattice systematically. We recall that the full conditionals of the Gibbs sampling updates are Bernoulli
distributed; we denote by p(4,X_,) the conditional probability of site X; being equal to +1 given
the other sites. The algorithm to sample meeting times is given in Algorithm 14. The SSG results in

Section 1.3.1 are generated using Algorithm 14 with £ = 0.46.

PARALLEL TEMPERING (PT).  For parallel tempering, we introduce C chains denoted by PO N

(9. Each chain X©) targets the distribution g0 where (8))C_, are positive values interpreted as
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Algorithm 13: Gaussian random walk Metropolis—Hastings

Input: lag L > 1, random walk step size oy

Output: meeting time 7"; chains (X,) o< <., (¥))o<,<r01_;
Initialize: generate Xy ~ 7 and Yy ~ 7

forr=1,...,Ldo

Sample proposal X* ~ N (X,_1, o3qpy)

Sample U ~ U(0,1)

ifU< W’Zg?i?), then set X, = X*;elseset X, = X,

end

forz > Ldo

Sample proposals X* ~ N(X,_1, oxqq)> ¥* ~ N (Yi—1—1, oxgy) jointly using
maximal (or reflection-maximal) coupling

Sample U ~ U(0,1)

if U< ;g?iz), then set X, = X* ;else set X, = X,_;

if U< 71’(7;1(—Yj—)L)’ thenset Y,_; = Y*;elsesetY,_; = Y,_1_;

if X, = Y,_; then return 7Y) := £, and the chains (X2)o<rcrvr, (Yo)ocrcowr 1

end

inverse temperatures. In the example in Section 1.3.1, we have C = 12, 8% = 0.3, 9 = 0.46,
and the intermediate [8([) are equispaced. The frequency of proposed swap moves is denoted by w
and set to 0.02. This is in no way optimal, see Syed et al. [2019] for practical tuning strategies. Our
implementation of a coupled PT algorithm is given below in Algorithm 15.

Note that in the case of parallel tempering, meetings occur when all the C pairs of chains have
met. This incurs a trade-off: increasing the number of chains might improve the performance of the
marginal algorithm but could also complicate the occurrence of meetings; see Syed et al. [2019] for

other trade-offs associated with the number of chains in parallel tempering.
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Algorithm 14: Single Site Gibbs sampler for the Ising model

Input: lag L > 1, and inverse temperature 3
Output: meeting time 7"; chains (X,) o< <., (¥})o<,<r01_;
Initialize: generate Xy ~ 7 and Yy ~ 7
forr=1,...,Ldo
forsite; =1,...,32 x 32do
| Sample X; ,[X_,, ~ Bern(p(8,X_;,))
end
end
fort > Ldo
forsitei =1,...,32 x 32do
Sample X ,|X_;, ~ Bern(p(B,X_;,)) and ¥;,_|Y_;,_; ~ Bern(p(8, Y_;,—1))
jointly using e.g. Algorithm 12
end

if X, =Y, ; then return 7Y := ¢, and the chains (X o<rcrvr, (Ye)ocrcewr 1
end

A.2.3 Pbérya-Gamma GIBBS SAMPLER

Algorithm 16 couples the Pélya-Gamma sampler for Bayesian logistic regression [Polson et al., 2013],
asin Section 1.3.2 with prior N'(4, B) on B for b = 0, B = 101,. Parameters,@,‘é eRE W, W e R%
correspond to the vectors of regression coefficients and auxiliary variables respectively for the pair of
chains. The vector y is defined as y = y — 1/2, where y is the vector of responses y € {0,1}”.

In the algorithm, PG(1,¢) refers to the Pélya-Gamma variable in the notation of Polson et al.
[2013]. The notation X|rest refers to the conditional distribution of X given all the other variables.
The tilde notation refers to components of the second chain. The coupling here was also used in Jacob

etal. [2020b].
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A.2.4 HAMILTONIAN MONTE CARLO

Algorithm 17 couples Hamiltonian Monte Carlo (HMC), as used in Section 1.3.2. We follow the
coupling construction from Heng and Jacob [2019]; see also references therein. For simplified nota-
tion, we will use K, (8, - ; enmc, Sumc) to denote the leapfrog integration and the accept-reject part
of HMC from position £ € R4 with momentum pE R%. Here eymc and Sumvc correspond to the
step size and the number of steps respectively in the leapfrog integration scheme.

We write Krwwn (4, ZZ), -5 omu) to denote the kernel of the coupled random walk Metropolis—
Hastings algorithm (Algorithm 13) with step size oy Mixture parameter y corresponds to the prob-
ability of selecting kernel Krwr (4, ZB) ;5 oM ) from a mixture of the kernels K, (4, - ; eamc, Sumc)
and KRWMH((‘E,B), -5 omu). The HMC results in Section 1.3.2 are generated using Algorithm 17
with erie = 0.025, Simc = 4,5, 6,7, 7 = 0.05 and oy = 0.001.

Note that reflection-maximal coupling can also be used to draw the momenta in coupled Hamil-

tonian Monte Carlo, as discussed in Bou-Rabee et al. [2020], Heng and Jacob [2019].

A.2.5 METROPOLIS-ADJUSTED LANGEVIN ALGORITHM

The Metropolis—adjusted Langevin Algorithm (MALA) can be coupled as in random walk Metropolis—
Hastings, as it corresponds to a particular choice of proposal distribution. For simplicity of notation
we use 4,(X,-) ~ N(X + 12V log 7(X), 5°1,) to denote the Langevin proposal. The MALA re-
sults in Section 1.3.3 are generated using Algorithm 18 with o = dV¢ for

d = 50,100, 200, 300, 400, 500, 600, 800, 1000.

A.2.6 UNADJUSTED LANGEVIN ALGORITHM

Unadjusted Langevin proceeds as MALA but without the MH acceptance step. Thus an algorithm

to sample meeting times for coupled ULA chains follows from the algorithm described for coupled
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MALA algorithm, simply by removing the acceptance steps. As before, we use 4,(X, ) ~ N (X +
%oiv log 7(X), 7*1,) to denote the Langevin proposal. The ULA results in Section 1.3.3 are gener-

ated using Algorithm 19 with & = 0.147/¢ for d = 50,100, 200, 300, 400, 500, 600, 800, 1000.

A.2.7 PARTICLE INDEPENDENT METROPOLIS-HASTINGS

By construction, 78 > [ almost surely for all the above couplings. Here we describe a version of
coupled particle independent Metropolis—Hastings (PIMH) which allows coupling at the first step,
such that &) = [ can occur with positive probability. This coupling was introduced in Middleton

etal. [2019].
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Algorithm 15: Parallel tempering for the Ising model

Input: lag L > 1, and inverse temperatures (8)<,

Output: meeting time 719, chains (X@)OS;ST(L), (Y@)OQSTW _pforc=1,...

Initialize: generate X(()[) ~ 7o and Yéc) ~ 7 foreach chainc=1,...,C
forr=1,...,Ldo
Sample U ~ U(0,1)
if U< wthen
Define X\ = X£[—)1 foralle=1,...,C
forc=1,...,C—1do

Swap chain states Xﬁ‘) , XS[H) with probability

min ( 70 X () )

70 )7 ey (D)

end
else
forc=1,...,Cdo
‘ Update X9 ~ SSG( tc_)l;{@([))

end

end

end

fors > Ldo

Sample U ~ U(0,1)

if U< wthen

Define X\ = Xgi)l and Y;‘_)L = Ygi)L_l forall ¢

forc=1,...,C—1do

Sample U ~ (0, 1)

£ UO < 20 (Xt([+1))7rﬁ(c‘+l) x9)
= 0 w1

. 1
swap chain states Xt@ , X§[+ )

if 010 < TV e 0

W i ) Y(c-l—l)
swap chain states Y
N ﬁﬁ(£>(yfi>L)”ﬂ(t‘+l) (X,([j],l))’ P =L Lr—L

end

else

forc=1,...,Cdo
Update X, ~ SSG(X\%,; f9) and Y., ~ SSG(YY, ;)
jointly using coupled SSG (see Algorithm 14)

end

end

if X :Yf[_)L forc=1,...,Cthen

end
end

‘ return 7*) := ¢, and the chains (XEL])}()SSIST(L), (Yﬁc))ogérm_ , forallc.




Algorithm 16: Pdlya-Gamma Gibbs Coupling

Input: lag L > 1, response y € {0,1}” and design matrix X € R4

Output: meeting time 7); chains (8,)y<,<.w, (B Do<i<rn 1

Initialize: generate 8, ~ 7 and xéo ~ Ty

forr=1,...,Ldo

Sample W, ;|rest ~ PG(1,|x}B,_,|) fori=1,...,n

Sample 3 |rest ~ N (Z(W,)(X"y + B~'b), =(W,)) for
S(W,) = (X diag(W,) X+ B 1)

end

for: > Ldo

Sample W, ;|rest and W, 1¢|7est, jointly using maximal couplings of
PG(1,|x/8,_,]) and PG(1, |xz‘T(éth71|)’ fori =1,..., n, by noting that the ratio of
density functions of two Pélya-Gamma random variables is tractable:

PG(x;1,¢1)  cosh(cz/2) B é B i
v >0, PG(x;1,¢c,)  cosh(ey/2) e ( (2 2>x>

Sample j |rest and B ., |rest from a maximal coupling of

NEW)XTy+B7'0), 2(W,)) and N (S(W,-)(Xy + B7'0), Z(W,-1))

. 7 L) . . 7
if 8, =, , then return 7") := ¢, and the chains (8,) o< <., (8,)o<,<r)_1-
end
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Algorithm 17: Hamiltonian Monte Carlo

Input: lag L > 1, mixture parameter y € (0, 1), and random walk step size oy
Output: meeting time 7; chains (8,)o<,<.0, (8,)o<r<sv_1

Initialize: generate 8, ~ 7 and 3, ~ 7,
forr=1,...,Ldo
‘ Sample momentum p* ~ N(04,1;) and sample 8, ~ K,-(8,_,, - ; eumc, Samc)

end
forz > Ldo
Sample U ~ U(0,1)
if U< ythen
‘ Samplef,, 3, , ~ Krwmu((B,_,8,_;_1);"; omu) using Algorithm 13
else
Sample common momentum p* ~ N (04, 1)
Sample lgt ~ [gp* (lgt—l’ *{ EHMC, SHMC) and
B, ~Ky(B,_, ;- umc, Samc)
end
if 8 = 1@ ,_; then return 78) := ¢, and the chains
(ﬂt’ VVt)ogzgr(Uv (16;7 VVL‘)OStSr@) —L

end
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Algorithm 18: MALA

Input: lag L > 1, random walk step size &

Output: meeting time 7(0; chains (X,)g<,<,), (¥2)o<rcrtr 1
Initialize: generate Xy ~ 7 and Y ~ To o
forr=1,...,Ldo

Sample proposal X* ~ g,(X;_y, )

Sample U ~ U(0,1)

if U< %, then set X, = X*;elseset X, = X,

end

for: > Ldo

Sample proposals X* ~ ¢,(X,_1,), Y* ~ q,(Y,—1_p, -) jointly via
reflection-maximal coupling of Algorithm 11

Sample U ~ U(0,1)

if U< %, then set X, = X* ;else set X, = X, ;
: (Y )g-(Y*,Yim1-1)
ifUS o ety

if X, = Y,_; then return 7% := £, and the chains (X;) g« <., (¥})o<icatty_;

L thenset Y, ; = Y*;elsesetY,_; = Y, 1|

end

Algorithm 19: ULA

Input: lag L > 1, random walk step size &
Output: meeting time 712; chains (X,) <, <1, (¥)o<rcrtr 1
Initialize: generate X ~ 7 and Y ~ To o
forr=1,...,Ldo
| Sample X, ~ ¢,(X,—, )
end
fort > Ldo
Sample X, ~ 9,(X,_1, ), Y, ~ g,(Yi—1_L, -) jointly via reflection-maximal
coupling of Algorithm 11

if X, = Y,_; then return 7\*) := ¢, and the chains (X;) g« <., (¥})o<icatty_;
end
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Algorithm 20: Particle independent Metropolis—Hastings

Input: lag L > 1, and SMC sampler targeting 7
Output: meeting time 7; chains (£, Z,)g<,<.), (;ﬁ, Zt)0<t<T(L) _, where Z,, Z, are
unbiased estimates of the normalizing constant of 77 o
Initialize: Sample &), Z, from the SMC sampler
forr=1,...,(L—1)do
Sample proposal £, Z* from the SMC sampler
Sample U ~ U(0,1)
iftU< Z‘?—il,then seté, =& 7, =Z"selsesetE, =&, 2, =Z, 4
end
for: = Ldo
Sample proposal £, Z* from the SMC sampler
Sample U ~ U(0,1)
if U< Zf—;, thenseté, = £, 7;, = Z*selseseté, =&, |, Z, =Z;
Seté, =&, Zy = Z*
end
fors > Ldo
Sample proposal £, Z* from the SMC sampler
Sample U ~ U(0,1)
if U< - thensetf, = £,7, = Z*selseset§, = £, Z, = Z,

if U< 25;1’ thensetf, |, =& 7, | = Z*;elseset

7 :Nf;foerfL =Zi11
it £ =¢_,,Z, =27, then

‘ return 7% := ¢, and the chains (£, Z,) y<,<.0), (£, Z.) o<rc it _1.-
end

end
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Appendices to Chapter 2

In Section B.1, we describe some features of the posterior distributions arising in high-dimensional
regression with shrinkage priors. In Section B.2 we describe metrics to monitor the distance between
pairs of chains and provide details on the calculation of metrics to use in two-scale coupling strategies.
Section B.3 provides additional numerical results relating to the choice of prior, unbiased estimation
and Stein discrepancies. In Section D.1 we provide the proofs for all the theoretical results in this

document. Section B.s provides pseudo-codes for various algorithms mentioned in this document.
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Section D.2 provides some derivations of certain steps in the Gibbs sampler.

B.1 FEATURES OF THE TARGET COMPLICATE USE OF GENERIC MCMC

While posterior distributions resulting from heavy-tailed shrinkage priors have desirable statistical
properties, their features pose challenges to generic MCMC algorithms. For Half-£(») priors, we
show that the resulting posterior distributions present 1) multimodality, 2) heavy tails and 3) poles at
zero. This hints at a trade-off between statistical accuracy and computational difficulty, since the very
features that present computational challenges are crucial for optimal statistical performance across
sparsity levels and signal strengths.

Proposition B.1.1 gives the marginal prior and posterior densities of (4, o2, £) up to normalizing
constants, i.e. integrating over 7. For any real-valued functions f'and g, we write f{x) =< g(x) for
x — xg when m < liminf, ., |Ax)/g(x)| < limsup, o [A(x)/g(x)| < M for some 0 < m <

M < oc.

Proposition B.1.x. The marginal prior of component ﬂj on R given £ and o* has density

: —lo ; or |f5.
(657 U(m . 2; )x glg | for 18l =0

B.
Lo , (B.1)

8170+ for |8 - +oo
where T(-) is the Gamma function, and Ula, b,z) = T(a) ™" [ 7 (1 + x)P "¢ dx is the con-

fluent hypergeometric function of the second kind [Abramowitz and Stegun, 19064, Section 13 ] for any

a,b,z > 0. The marginal posterior density of B on R? given £ and o is

P

w81, &) o< N (5 x8,5) [ U(

7=l

Lty fﬂf)

2 777252y
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Figure B.1: Posterior densities ﬂ(ﬂl,ﬂz\az, f,y), ﬂ(ﬂl,ﬂ3 |02, f,y) and ﬂ(ﬁz,ﬂ3|al, f,y)

60 -0

£
thus 7Bl ) =~ T logl6) and — - log n(61,£0) = ~(@log )"

Figure B.1 gives an example of such marginal posterior in a stylized setting. Here

110 p p
n=2 p=3 X= . y=Xx100)T=@a17,
1 0 1
with » = 2 and £ = ¢*> = 0.25. Component £, in Figure B.1 illustrates the potential multimodality

in the posterior. The posterior distribution also has polynomial tails in high dimensions, as stated in

Corollary B.1.2.

Corollary B.1.2. Let et € R? be a unit vector such that Xe- = 0 and let ) > 0. Assume entries
ejl € Rare non-zero forallj = 1, ..., p, which is necessary to ensure that (et €, y) is finite for
all 2 > 0. Then

7(et|?, £ y) < 2770 (B.3)

as A — +oo. That is, the marginal posterior of B on R? bas polynomial tails along all directions in the

null space ker(X) of X.

In our stylized example, et = 37/2(1 —1 — 1) satisfies Xe- = 0. It follows from Corol-

lary B.1.2 that 7(let |02, £ y) = 21730+ < 27%) for large 2. More generally, whenever p > 7
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and the marginal prior on 8 has polynomial tails, the subspace ker(X) of R? has vector space dimen-
sion at least (p — 2), and therefore the posterior has polynomial tails over a non-trivial subspace.
For such heavy-tailed targets, the most popular “generic” MCMC algorithms encounter significant
theoretical and practical challenges. Here, we use the term generic for algorithms that are not ex-
plicitly designed to target this class of distributions, but instead rely on a general strategy to explore
state spaces. Specifically, for heavy-tailed targets, Jack of geometric ergodicity has been established
for Random Walk Metropolis—Hastings (RWMH) [Jarner and Tweedie, 2003 ], Metropolis-Adjusted
Langevin (MALA) [Roberts and Tweedie, 1996] and Hamiltonian Monte Carlo (HMC) [Living-
stone et al,, 2019a]". Better performance can sometimes be obtained using heavy-tailed proposals
[Jarner and Roberts, 2007, Sherlock et al.,, 2010, Livingstone et al., 2019b] or variable transforma-
tions when available [Johnson and Geyer, 2012].

The posterior density in (B.2) also approaches infinity when any component ﬂj approaches zero, as
limﬂjﬁ\o Ul(1+7)/2,1, (fﬂ;)/(Zgzv)) = oo forany », £ ¢ > 0. This is highlighted by the modes at
the origin in Figure B.1. The pole at zero corresponds to a discontinuity in the gradients of the negative
log-density, as given in Proposition B.1.1. Such diverging gradients can lead to numerically unstable

leapfrog integration for HMC samplers [Bou-Rabee and Sanz-Serna, 2018].

B.2 DETAILS ON THE CHOICE AND CALCULATION OF METRIC

B.2.1 COMPARISON WITH OTHER METRICS

Figure B.2 plots d(C;, C’,) alongside the L; metric and the log-transformed L; metric on parameters

m;; and my; as in (2.9). It is based on one trajectory of our two-scale coupled chain under com-

'Jarner and Tweedie [2003], Roberts and Tweedie [1996] and Livingstone et al. [2019a] show lack of geo-
metric ergodicity for targets which have heavy-tails in every direction. Their arguments can be modified to hold
for targets which are heavy-tailed along any one direction as in Corollary B.1.2, by considering a projection of
the full chain along that direction.
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Figure B.2: Metric trajectories for the posterior associated with a Horseshoe prior under common random numbers
coupling with » = 100, p = 1000,5s = 10 and 7. = 0.5.

mon random numbers (threshold dy = 0), for a synthetic dataset generated as per Section 2.2.3
targeting the Horseshoe posterior (v = 1) with 29 = by = 1. Figure B.2 shows that 4(C,, C}) is
bounded above by both the Z; metric and the Z; metric between the logarithms of 72/, ;. Therefore,
we could consider the capped L; metric (min{zj |m;j — myj|,1}) or the capped L; metric on the
logs (min{zj | log(|m/m.])|,1}) to obtain upper bounds on d. Finding metrics which are easily
calculable and accurate could be investigated further and may prove valuable in the theoretical analysis

of the proposed algorithms.

B.2.2 CHOICE OF METRIC THRESHOLD FOR THE TWO-SCALE COUPLING

For different values of dy, Figure B.3a shows averaged trajectories (d(C, 6})),20. When dy = 1
(one-scale coupling), metric d(C;, C}) remains near 1, and when dy = 0 (common random numbers
coupling) metric d(C;, C) gets very close to but does not exactly equal 0. For all values of the thresh-
old shown, the chains exactly meet and d(C, C,) reaches zero at similar times. Figure B.3b considers
higher dimensional settings. It plots the histograms of (d(C;, C,))?%° when dy = 0. The histograms
show that d(C;, C;) takes values close to either 1 or 0 for different dimensions p. This may explain

why different threshold values sufficiently away from 0 and 1 give similar meeting times. Figure B.3c

shows that different thresholds give similar meeting times for the Horseshoe.
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Figure B.3: Two-scale coupling algorithm performance for the Horseshoe prior under different values of djy. Unless
specified otherwise, z = 100, p = 500,5 = 20 and 7, = 2.

B.2.3 CALCULATING METRIC d

We present details of estimating the metric 4 defined in (2.8). As the coupling in Algorithm 4 is inde-

pendent component-wise, we have

d(C,, é}) =1- P(%ﬂ = ’7:+1’Cfv &f) =1- ﬁp(%HJ = ’?H-lzj"?,ﬂv ’Zzp Mty ’%’) (B.4)
=
for m; = £8%/(27%) and iy = 55, /(2.
AN INTEGRATION BASED APPROXIMATION
We consider the approximation
]P)(%HJ # ;7[+1z/'|}7z21‘7 ’Z,’a M s 73%3/) ~ TV(M,J-,]NVI,L,-), (B.s)

where M, jand M, j correspond to target distributions of the marginal slice samplers in Algorithm 4.
This corresponds to approximating the probability of not meeting under Algorithm 4 with the total
variation distance (i.e. probability of not meeting under a maximal coupling) between the marginal

target distributions A, ; and M, ; of the slice samplers. We can evaluate TV(M, 7> M, J) analytically
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using Proposition B.2.1. This motivates the approximation

UGy m1 - [T (1 TVt 31,

=1

fol‘ tl’(Ct, Ct)
T 2 (1+ w7])

Proposition B.2.1. Consider distributions M and M on [0, 00) with densities
1
" and p(;7 |m) o ¢
’7

1

TP ——
21+ V;yj)

7j
respectively on [0, 00), such that M and M are parameterized by the fixed constant m > 0 and m > 0

Then, TV(M, M) = 0 when m = . When m # i,
( - ) Ul-‘z—v 1 ﬂ(VK) Ul-‘z—z/ 1 m( K) ( )
TV(M, M) = | —e 2 | B.§
U(ler 71> V) U<1-§ a177)
where U, 5, - ( ﬂ) fo Y1+x)b=4 e~ dx is defined as the lower incomplete confluent byperge-
ometric function of the second kind, such that U, ;, ,(00) = Ula, b, z) gives the confluent bypergeometric
function of the second kind, and
log U(H2,1,2) — log U(H2,1, 2)
g 2 / g v (B9)
m—m
Proof. We have
1 my 1 —my,
() = e and plyf) = L (B
7t (L) 77 T (L)
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where

[o¢]

Z = — ! e "id :V_ELFV+1 Uil
s e 7 2 2

~ & 1 W v 1 1

Z:/ — e }7/5[;7 :V_#]—(V—i_ )U(L—i_
0 v41 7] 2 2

Casem = m. TV(M,M) = 0isimmediate.

CasEm < m. Note that

plylm) < plylm) & exp (( —m)y) < =

log(U(2 1, 2)) — log(U(22 1, 22
<:>;7S0g((277 ~) og(U(5%,1,7))

Therefore,

L= TV D) = [ minlplym).pty )

K 0
= [ s+ [ sty

UI;VJ’%(VK) +1 (J1<£-1/7 ’%(VK)
oL T U LE)
Uiy 1 @(VK) Uiy 1 m(VK)

— 1 _ 2 9 71, _ _ 2 bl 7,/
Utz UL 2)

Equation (B.8) directly follows.
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Casem > m. Follows from the m < m case by symmetry. O

A RAO-BLACKWELLIZED ESTIMATOR

We have

P(%HJ = ’?tﬂﬂ’?g”}tdv My, 7;11‘»]') (B.21)

=E |:IP (77t+1,j = %Jrld" Ujs (Jj,*u Myt 7;1!2]) ’;7@‘7 %,jv Myt 7htz/] ) (B.22)

where m;; = ftﬂfy/(Zaf) and m;; = %@;/(25%), (Uj s UL*)]mW, m;; are sampled using com-

mon random numbers as in Algorithm 4, and ( ) Uy, Uy, my j, g j are sampled as in

Te10 Tt

Algorithm 4. We can analytically evaluate probability ]P)(%Hj = i}tﬂj Uj s (NJ]-,*, mej, 771,11-), which

motivates the Rao-Blackwellized estimator from (2.11),

? R
—~(2) ~ 1 ~ ~ -
dR (Cta Ct) =1- H (ﬁ Z ]P<;7I+IJ = ;7[+1J’ l]j,m (/},V; mtJ) mt,j>>7 (B2’3)
j=1 =1
where R is the number of samples. For each » = 1,..., R, (U, (NJJ-,,) is sampled independently as

in Algorithm 4 and maximal coupling probability ]P’( ‘ Ui, l~]j7 s Mt jy My 7]-) is calculated

Tev1j = i1y

analytically using Proposition B.2..2.

Proposition B.2.2. Suppose ;7].‘ Ui s, m; ~ P;and ZJ’ U, m; ~ IBJ where marginal distributions P;

and j)J correspond to the distribution in the second step of the slice sampler in Algorithm 22. Then,

7, (mKj) + 1L AT, 2)) —y, (;K5)
}/,r(m./.j}v*) }/_;(

P(gy = 7| Ui Ui ) =

1K)y om(TenT;2)—y, omiK)
7, (T ) 7,(mTj )
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2

formug = £B) (2) and gy = EBL ) (07), Ty 1= (U — 1) fyand Ty i= (U7 — 1)/

s=82 0y (x) = ﬁ [y £ e dr € [0,1] the regularized incomplete lower Gamma function, aNb :=

min{a, b}, a V b := max{a, b}, and

(B.25)

() ;W;T;,Q)))) A (10T,

Kj = (O\/

Proof. We work component-wise and drop the subscripts for ease of notation. Then distributions P

and P have densities

m!

im =y e on 2
plpym, T) =7 TGy, T) (0, 7] (B.26)

m,f

TGy (nT) on (0, 7] (B.27)

Py, T) =y e

2 . L2
respectivelywhere 7:= (U, ' —1) /vand T:= (U, " —1) /v,s = $Zand y (x) = 5 |,

[0, 1] is the regularized incomplete lower Gamma function. Note that

TAT
PW(V = i?)T, T,m, M> =, p0psm, T) A ply; m, T)dy.

as required.
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Casem < m. For0 <y < TAT,

- lo m Jyf(m?)
. = . <y, (mT) g<<m) wn))
: < : — < [|— SR < : =K.
plysm. 1) < ployn T) & el —mip) < (T 2o o0 g < ——22 2
Denote K := (0 \/K) A (T/\ T),such that
0 when K < 0
K:= K when0 < K< TAT
TAT  when TAT<K.
This gives
TAT ~ K TAT ~
i plpsm, T) A ply; m, T)dy = /0 plysm, T)dy + - plpsm, T)dy
_ <F(5)75(mf<)) ( (m) )
(m)’ L(s)y,(mT)
N (T(s) (n,(R(T A T)) — y,(K)) )( ()’ )
oy T, ()
_ 7mK) y(h(TAT)) — y,(mK)
7.(mT) y,(mT)
as required.
Casem > m. Follows from the m < m case by symmetry. O
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B.3 ADDITIONAL EXPERIMENTS

B.3.I SIMULATION RESULTS WITH A COMPACTLY SUPPORTED PRIOR ON f

We reproduce some of the figures of the main text using a compactly supported prior for £ and present
this in Figure B.4. We use the prior V2o Cauchy , (0, 1)1}/, 1) such that £ has support 1, p%,
instead of [0, 00) as in the main text. This support is based on the analysis of van der Pas et al. [2017]

for the Normal means model. We note the similarity between these figures and those in the main text.

B.}.Z SIMULATION RESULTS OF UNBIASED ESTIMATES FOR THE RIBOFLAVIN DATASET

Here we employ the proposed couplings to generate unbiased estimators of posterior expectations.

We recall the unbiased estimator of Jacob etal. [2020b]. Consider an L-lag coupled chain (Ct, Co—)r>1
with meeting time 7 := inf{¢ > L : C, = C,_;}, where C, = (3,,4,,£,07) and C, = (;}t,ﬁt, £,3)
onRZ | x R? x Rsg x Rs. Let 7 denote the Half-£(2) posterior on RZ j x R? x Rsg x Ry.
Take any real-valued measurable test function » on RZ;O X R? X Rsq X Rs such that E[h(C,)] “=°

Ec~[h(C)], and there exist some ¢ > 0 and D < oo such that E[|»(C,)|*"] < Dforallz > 0. If

the meeting times 7 are exponentially-tailed, Jacob et al. [2020b] establish that forall0 < £ < m,

m m [(z—L—1)/L]
1 1 -
H(C,C) = ——— ) ;—k WC)+ —— . ;-/e ;:1: D(Crijr) — b(Crij—1yz) (B.28)

is an unbiased estimator of E¢..[h(C)] with finite variance and finite expected computation time.
Figure B.s plots histograms of three components of 2 which have the largest absolute posterior
mean estimate for the riboflavin dataset from Section 2.4. The solid black vertical lines show histogram
estimates calculated from the unbiased estimator in (B.28). The grey boxes indicate 95% confidence
intervals on the histogram estimates. The overlaid solid red lines indicate the marginal probability den-

sity functions, obtained by running 100 MCMC chains for 2000 steps and averaging after discarding
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Figure B.4: Simulation results with 5—1/2 ~ Cauchy (0, 1)I[1/, 1) such that £has the compact support 1, p?].
Figures B.4a, B.4b and B.4c correspond respectively to Figures 2.3, 2.5b and 2.5a of the main text, where the prior is
{1/2 ~ Cauchy (0,1).

the first 200 iterations as burn-in, as informed by Figure 6a in the article.

B.3.3 INITIAL SIMULATIONS RELATED TO STEIN DISCREPANCY

We investigate the empirical performance of a default choice of Stein discrepancies [Gorham and
Mackey, 2015, 2017] in the present setting. We emphasize that the posterior distributions considered

here do not satisty the continuously differentiable density assumption required in existing theoreti-
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Figure B.5: Histograms of three components of[@ which have the largest absolute posterior mean estimate for the ri-
boflavin dataset from Section 2.4. The solid black vertical lines show histogram estimates calculated from 100 unbiased
estimators from (B.28) with £ = 1000, » = 2000 and lag L = 750. The grey boxes indicate 95% confidence inter-
vals on the histogram estimates. The overlaid solid red lines indicate the marginal probability density functions, obtained
by running 100 MCMC chains for 2000 steps and discarding the first 200 steps as burn-in.

cal work on Stein discrepancies. With simulations we can assess whether these conditions are in fact
necessary and whether current implementation of Stein discrepancies can easily provide informative
diagnostics.

As asimple example, we focus on the joint prior distribution for (77j, ﬂj, 2, & onRsgxRx R+ x
R for any fixed component ; as given in (2.2) and consider samples generated perfectly from this
prior. Note that the density of this prior distribution is infinite about zero and not continuously dif-
ferentiable. We calculate kernel Stein discrepancies using the SteznDiscrepancy.jl Julia package, where
we use the Langevin Stein operator and the inverse multiquadric kernel with intercept 1 and poly-
nomial coefficient —0.5, which are the default parameters set in the package. Figure B.6 shows the
calculated Stein discrepancies with an increasing number of samples from the prior. In this case, the
kernel Stein discrepancy does not converge to zero as the number of samples increase, and thus does
not successfully detect convergence. Other choices of Stein operators, such as some of the diffusion
Stein discrepancy operators of Gorham et al. [2019], can accommodate heavy-tailed distributions and

may give more favorable performance. We were unable to find a suitable Stein operator for the present
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Figure B.6: Kernel Stein discrepancy of half-t prior distribution for (;7].,[8], 7, HonRop X R x Ryy x Ry forany
fixed component 7, based on samples generated perfectly from this prior. The kernel Stein discrepancies are calculated
using the SteinDiscrepancy.jl Julia package. We consider a Langevin Stein operator and the inverse multiquadric kernel
with intercept 1 and polynomial coefficient —0.5.

setting, and the design of such operators stands as an interesting avenue of research.

B.4 Proors

B.4. 1 MARGINAL (8 PRIOR AND POSTERIOR DENSITIES

Proof of Proposition B.1.1.

MARGINAL PRIOR ON . Let 7, denote the component-wise prior density of each 7; based on the
Half-#(») distribution, and NV'(+; , Z) the density of a multivariate Normal distribution with mean

and X. It suffices to calculate the marginal prior for each ﬁj, given £, o%, by marginalizing over each 7
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We obtain,

S 2
”(lg]|§:772) :/0 N(ﬂj;o, &7]‘)”;7(}7])01}7] (B.29)
0o 1/577/' 9(;[8]2 1
x exp | — =57, H—V_Hdiy, (B.30)
/0 V2met ( 2 ]) 7 ()T
~ . @
x = P 537 dy. (B.31)
/0 ;717(1 + szj)VT < 202 ]> !
o0 1 %\ 1
= e (o) (8:32)
NCECTRE
= U5 ny) (B:3)
v+1 582
x U 7717 ?év)? (B.34)

where (B.3 4) follows from the definition of the confluent hypergeometric function of the second kind:
Ula,b,z) := r(ﬂ fo 1+ %)== 1e=*dx for any a, b,z > 0. By the asymprotic expansion of
the confluent hypergeometric function of the second kind [Abramowitz and Stegun, 1964, Section

13.1], we obtain

2(B)£ ) o U

&
(1, %\ _ | -mmle(sh) =—leglghforlgl »o
? 720_27/ 1+v ( '35)

5 .
() <1670 for || — +oo

as required for (B.1).



MARGINAL POSTERIOR OF 4. Let 7z denote the prior density on £and 7,2 the InvGamma( %, 172—0)

prior density on 2. Then,

&; )

20%y

? V4
w(Bl6,7.5) x N X6, 2L) (] 7616 2)) < N (s 38,21 [ | U(izv L
j=1 J=1
(B.36)

as required for (B.2). Equations (B.35) and (B.36) directly give

Pyt
wel o) = [[U(* 515 5 ) = Hlog Bl for 6] 0. (B37)

J=1

GRADIENT OF NEGATIVE LOG-DENSITY OF POSTERIOR OF 8. From (B.36), we obtain

5 (1 615.29) =~ (- 2l - e+ Y g (2 fﬂf)) (B.39)
J

7 j=1
dé U(l-;—l/’ ) fﬂz )
T gy
[ - Xﬂ)} : (B.39)
(551 5%)
U 9 20.2
Recall [Abramowitz and Stegun, 1964, Section 13.4] fora, b > 0,
2 =0t 1 1 z—0T1 1
IZU<ﬂ,b,z) V220 —aU(a+1,b+1,z), Ua,2,z) B )2 Ula,1,z) =z —mlog(z)
(B.40)
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This gives

& £
d 1+v v
T@U<T’1727§v> __1+VU(1%+171+17z%)%z@jo 1 B
, . & N 2 , . & 2y Blog|p| '
U(%’ 1 Zaév) U(%’ 1’ Zfév) ﬂ] 8 w]‘
) {@j—>0 1 .
Therefore by (B.39), ~ o5 < log 7(B|¢, al,y)) = ~ el S required. O
Proof of Corollary B.1.2. By Proposition B.1.1,
. 2
1 1+v &
2.y) = 28,20 [[u(—=21 54 B.
wllES ) = 5N X ),H il (B.42)
%

where Z; 2, = [, N'(y; X8, 7°1,) Hle U(H'TV, 1, m)dﬂ is the normalizing constant. As p > 7,
there exists some e € R? such that Xe = 0. When 6]4‘ = 0 forsome;j = 1,...,p, the posterior
density is infinite by Proposition B.1.1. Consider e € R? such that each ejl € R is non-zero for

j=1,...,p. For any such fixed such ¢ and large 2 > 0, we obtain

? 20,12
1 1 ] 14+v» & ("] )
w5 ) = nyaz/v(y,o,azln)g v(52 15 0) (B.43)
? 20,132
1+v %)
(X]l;[ U( 2 L 202y ) (B-44)
p 5/12(64_)2 _ 1ty
- J 2
- H ( 2052y ) (B.4s)
=1
= )P0+, (B.46)

where (B.45) follows from the asymptotic expansion of the confluent hypergeometric function of the

second kind [Abramowitz and Stegun, 1964, Section 13.1]. ]
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B.4.2 GEeoMETRIC ERGODICITY

INITIAL TECHNICAL RESULTS. We first record some technical results.

B
Lemma B.4.1. Consider any matrix A such that A = for submatrices B and C. Then || 4|, <
o

|Bl2 + ||Cl|2, where || - ||5 is the spectral norm of a matrix.

Proof. Take any vector v of length equal to the number of columns of 4 with ||v||, = 1. Then

2
L= IBellz + ([ Collz < [1Bl3 + I3 (B.47)

B
ol = || @
C

Taking the supremum over all such v with ||o]|, = 1gives |[4]]3 < |85 + [|Cl5 < (|82 +

I1€C12)>. 0

Lemma B.4.2. (Sherman-Morrison— Woodbury formula [Hager, 1989]) For any p X p invertible ma-

trix A, p X n matrix Uand n X p matrix V,
A+UN) =4 — 47U, + VAU AT (B.48)

When U= VT = x € R, we obtain (A + xx7) ™t = A7 — A7 exTA71 /(1 + xT 47 ).

Lemma B.4.3. (A4 uniform bound on the full conditional mean of B). Let X be an n X p matrix with
columns x; € R” fori = 1,...,p, and let R = Diag(r1,...,ry) beap X p diagonal matrix with
positive entries. Then

sup [|[(X'X+R)7' X2 <G, (B.49)
Plyeees?p>0

for some C, < 00, where || - || is the spectral norm of a matrix. That is, the spectral norm of (X' X +

R) XY is uniformly bounded over all positive diagonal matrices R.
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In an earlier version of the present manuscript, we had explicitly characterized the uniform upper
boundas || XTy||, for X' the Moore-Penrose pseudoinverse of X, which is not true in general. Existence
of an uniform upper bound has been also established by Bhattacharya et al. [2022] using block matrix

inversions and induction.

Proof. Fixany n > 1. We first consider the case p = 1, such that X = x; € R”, R = 7 for some

scalar 7 > 0. We obtain

el _ Lazo

(XX +R)~X s = <
At flallz 2

xf 2= (B.s0)

—|
r + xlT X1
which is an uniform bound for all 7, > 0.
We now consider p > 1. We have X = [x1...x] withx; € R” for/ = 1,...,pand R =
Diag(ry, . . . ,Vp) with7; > Ofor7 =1,...,p. Forany p X p permutation matrix P, the matrices xpT

and PRPT correspond to a reordering of the columns of X and the diagonal entries of R. We have
I1((xP)T(xPT) + PRPT) ' (XPT) |5 = [|PXTX + R) X7, = [|(X"X + R) "X 5. (B.s1)

This implies that ||(X?X + R)'X7|, is invariant under any reordering of the p columns of X and
the p diagonal entries of R. By considering such reordering, we can assume the diagonal entries of R

are non-decreasing without loss of generality; that is R = Diag(r1, .. ., rp) with0 <7 <...< 7y

Denote 4, := (X7X + R) "' X”. Then,

Ay = (R = R7'X"(I, + XR'X") ' XR ") X" by Lemma B.4.2 (B.s2)
=RX"— RX'(1, — (L, + XR'X") ) (B.53)
= RXT(1, + xR X)L, (B.s4)
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It therefore suffices to show that

Cpi=  sup |4yl = sup HR_IXT(In +XR_1XT)_1||2 (B.ss)
0<n<...<np 0<n<...<rp

is finite forany p > 1. Fork = 1,...,p — 1, define

Cr:= sup || 4illo= sup HR/;leT(In +X/€R;1X,€T)_1H2, (B.56)

0<n<...<n 0<n<...<ny
where X} = [x1...x;] is the n X k matrix corresponding to the first # columns of X and R, =
Diag(ry,...,7) with0 < 7y < ... < 7 is the k£ X k diagonal matrix corresponding to the top 4

diagonal entries of R, and 4, := R, 'X] (I, + X, R, 'XT) 1. ThenXp_lR;_llXjfl = Zf;ll xix! /7.

By Lemma B.4.2 with U= V' = xp/r‘,l/z,

T
_ _ _ x})x —1
(b +XR7X) ™ = (1 + R + L) (B.57)
P
= (L + X, R X ) (B.s8)
-1 - -1 _
_ (B + X1 R4 1) ", (£, + Xy R G ) 1. (B.59)
rp 3 (L + X1 R LX),
Substituting this decomposition into (B.54), we obtain
R XTI V-1

4, = N g+ xrxN T = | (B.60)

—1,.T T

o “r
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where, after some simplifications, v, € R” and V1 isa p — 1 by » matrix such that

T =1 vT \—1
*l (L + X, R XT )
of = (L, + XRTIXT) = Pt (B6)

,
por 7 rp Al (L + X1 R LX),
Vpr i= RAXT (1 + XRTXT) ™ =y (1, = 0. (B.62)

We have || V,—1l2 < Cpo1 (14|22 ”UpTHZ) by (B.56), subadditivity and submultiplicativity. Then

by Lemma B.4.1,

I4pll2 < 1Vp-1ll2 + llepll2 < Coa (L [l 12l 112) + Nl Il2- (B.63)

Therefore to show C, in (B.5 5) is finite, it suffices to bound ||va ||2 uniformly overall R = Diag(ry, . ..

with 0 < 7 < ... <7, Notethatx, = X, 14, + b, for some a, € R?~! and some b, € R” such
that X[,T_lbp = 0. Here X, 14, corresponds to the projection of x, to the column space of X, 1, and

by corresponds to the component of x, that is perpendicular to the column space of X),_1. Note that

by = (I, +)(:D,1R;_11X},Tfl)bp. This implies

(L + X R X))y = by, (B.64)

by (L, + Xy RN X)) T X, ay = b, X, 14y = 0. (B.6s)

144



Therefore by (B.61),

ayX] (L + X, RXT )T b

T
pll2 = B.66
I 12 HrpﬂTXT 1T+ X1 R, X] )*IXp,merprbp”z (B.ce)
TyT -
alXI (I, + X, R XT )71 b
<l e |+ | b ||, by subaddiciviey
VP + de])—l([f’l +XP_1RP—1X])—1) Xp_lﬂp VP + '» Op
(B.67)
TyT -1 v7T \—1
a, X, —1([” +XP—1R X —1) Iy, 0
<[ = 2 = as (I, + X, RN X ) ispsd.
g 18112 P
(B.68)
(Rpmaay) TR (5, + X R X)) 1,40
"p pll2
< Cp1 + beﬁﬂ by submultiplicativity and (B.56) (B.70)
= HﬂﬁHzcﬁ TN Hb H asry > rjforallj=1,....p— L (B.71)

Note that x, 4, and b, do not depend on entries of the diagonal matrix R. Taking the supremum

overall R = Diag(r1,...,7,) with0 < rn < ... < r,in (B.63), by (B.71) we obtain the recurrence

relation
Iy, 0 Ly, #0
Cp < Cp—l( + llpll2 ([l , o1 + Hbﬂ\é\ )) + (HﬂszCP—IJF Hbj!) (B72)
forallp > 1. As (i is finite by (B.50), (B.72) implies that Cj, is finite for all p. O

Lemma B.4.4. (Moments of the full conditionals of each ;7]). For fixed constants m > 0 and v > 0,

define a distribution on (0, 00) with probability density function

1
P(;7|m) X 1= S| e M. (B.73)
77 L+ >
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Then for any ¢ > max{—"2, —1} and y ~ p(-|m), we have

14y 14» m
E[;7[|m] — lr< 21 j_C) U( 2 1_::71_;57 V). (B.74)
» I UGS LY)

Proof. Recall the definition of the confluent hypergeometric function of the second kind U(«, b, z) :=

ﬁ fooo 11 4 x)P74"e=#dx. We obtain

(o] C o
/ ey = V_T_c/ KT 1 x) T e Vdx (B.75)
0 g2 (4T 0
, 1 1
:V_%_‘T(y—i— —&—C)U(i—&—c,l—i—c,Z). (B.76)
2 2 v
Therefore,
v T T(E 4 QU 146, 2)
c 2 2 ) )y
E[77 ‘m] = == N 1 ” (B.77)
v T UL Y)
1T+ U +e1462
— ( 2 VCI 21/+1 u m : ) (B'78)
d () uE,1%)
O

Ratios of confluent hypergeometric function evaluations, such as the ones arising in Lemma B. 4.4,

can be upper-bounded using the following result.

Lemma B.4.5. Let Udenote the confluent hypergeometric function of the second kind, and fix r > 0.

1. Letc > 0. Then
U(r—i—c,l—i—c,x)
U(r,l,x)

<x ° forallx > 0. (B.79)



. 1
Furthermore, for every e > 0, there exists a KEQ » < 00 such that

1
U(r+¢,1+ ¢,x) <o+ K forallx > 0. (B.80)
U(r,1,x) B

2. Ler max{—1, —r} < ¢ < 0. Then there exists some ngr) < 00 such that

U(r—l— | +c,x)
U(r,l,x)

<x ‘+ KE,ZV) forallx > 0. (B.81)
Proof.

CAsE: ¢ > 0. By definition, we have

Tr+U(r+el4cex) o [Z0T (140 7edr
i I(r)U(r,1,x) B JoS e (L + o) et
- S o +s) e ds
B [ N+ 5)7esds
[+ El(x+ f)_ } for § ~ Gamma(r + ¢,1) and § ~ Gamma(r, 1)
M09 Eltx+ )]
[(r+c¢)
ST

fors = xt

where the final equality follows as the distribution IT'(r+c¢, 1) stochastically dominates the distribution
I'(r,1), and hence E[(x 4+ 8)™] < E[(x + §)~"] forallx > 0as» > 0and ¢ > 0. This gives
U(r +1+4¢ x) /U(}", 1, x) < & as required for (B.79).

We now prove (B.80). By definition, we have

L(r+U(r+c¢1+cx) _ fooooof+c71(1 ) e dy — E[T7] = xE[¥]
T(n)U(r 1,%) N O e I/

where 7} is a random variable with density pr,(£) oc #71(1+¢) "¢ on [0, 00), and ¥, := x Ty is a
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random variable with density py, (£) oc ! (x + y) "¢ on [0, 00).

1. Consider E[Y%] asx — 0T. We obtain

QO c+r—1 ~reV]
lim E[Y)] = lim J 03} (e t+y)"edy = Oor(c) = =0
x—0+ w0t [y o +y) e dy lim, o+ [, (xyTy) yleVdy

2. Consider E[T%] as a function of x for x > 0. From the density of 7%, we note that for all
0 < x1 < x2, T}, stochastically dominates 77,, and as ¢ > 0, T}, also stochastically dominates

T, Therefore, E[T%] is a decreasing function of x for x > 0.

Aslim, o+ E[Y;] = 0, forany ¢ > 0, there exists 0 > 0 such that E[Y}] < ri"r(j)c)g forallx < 9.

This gives x“E[Y%] < %m’c forallx < J. Also forallx > 9, we have x“E[Y%] = E[T%] <

E[T5] < oo as E[T%] is a decreasing function of x for x > 0. Overall, we obtain

[+ c)U(r—|— alta x) =x ‘E[ry] < L+ ex *+ E[TY]
I(r)U(r,1,x) * I'(r) 4
Ul 1
(r—i—c, —i—c,x) < ex_‘+K§IC),
U(r, l,x) "
for Kﬁ?, — 10 (T3] = M < 00 as required.

I(r+e) U(r,l,))

Case: max{—1,—r} < ¢ < 0. Note that U(r +¢1+¢ x) and U(r, l,x) are well-defined as
r,r+c,c+1>0.
U\ r+c,14cx _
1. Consider (H_(1+)) —x “asx — 00. We first recall the asymptotic expansion of the con-
ryx

fluent hypergeometric function of the second kind [Abramowitz and Stegun, 1964, Section

13.5] at infinity,

Ula,b,z) =z % —a(a — b+ 1)z~ @) 4 O(z~(4+2) (B.82)



asz — oo forany 4, b > 0. For large x > 0, this gives

U(V+C,1+C,x) B x’U(r—i—c,l—l—c,x)—x’"U(r,l,x)
x”+1< —x [> :x['H( ) (B.83)
U(r,l,x) x’U(r,l,x)
B x’+[U(r+c,1+c,x)—x’U(r,l,x)
- x( ' U(r,1,%) ) (B54)
_UHory _q_ 2

:x<(1 x )1 Sl +O(x*2)) (B.8s)
= —rc+ O(x_l) (BSG)

where (B.85) follows from the asymptotic expansion in (B.82). Asc + 1 > 0, we obtain

Ur+cl+cx _
lim ( ( ) —x [> =0. (B.87)
x—00 U(r, l,x)
. U(V—‘r@l-‘r(,x) —C + .o . . .
. Consider ﬂ —x “asx — 07. By definition of confluent hypergeometric function
of the second kind, we have
L(r+o)U(r+4c1+c, TN L) e My
lim 49U +61+63) = lim J = A+n~e . (B.88)
x—0T I'(r) U(r, 1, x) x—0T fo Y1+ ¢) e ¥dt

Note thatas7+¢ > 0andc—1 < —1,

00 00 . 1 o0 1 1
/ T (140 7 de = / (‘t*) £ < / tr+[_1dt+/ Fldr = —= < oo0.
0 N 0 1 r+c¢

¢
(B.89)
Therefore, lim, o+ [~ T (14 2) "¢ dt = i — 1 < 0. However, we have
. > r—1 —r _—xt . OO 4 r —1 —xat
lim (141" Mdr = lim (—) "¢t e™dt = . (B.9o)
x—0% Jo =0t Jo 1+¢
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T(r+c) U(V+c,1+c,x)

Therefore lim,_, o+ = 0. As ¢ < 0, we obtain

F(r)U(r,l,x)
lim U(V tolts x) —x ‘=0. (B.91)
x—0F U(r, l,x)
. U(r—l—c,l-i—c,x) e 3 U(r—‘rc,l—i—c,x)
From (B.87) and (B.91), we have lim,_, W —x° = 0and lim,_,+ ﬁ —
_ U(V+c,1+c,x) U(V—i—r,l-l—c,x)

x7¢ = 0. Asx — ————%—x “isacontinuous function on (0, 00), this implies that ——————+—
U(r,l,x) (r,l,x)

.. . . 2
x~¢ is bounded above for x € (0, 00). In particular, there exists some KSJ) < oo such that

Ulr+el4cx) s
_ B.
U(r, 1, x) ¥ By (B.92)

for all x > 0 as required for (B.81). O

Corollary B.4.6. (Bound on moments of the full conditionals of each ;7}). Consider a random variable
yon (0, 00) with density as in (B.73) in Lemma B.4.4 for some v > 0.
Consider when ¢ > 0. There for every e > 0, there exists some Kélg » < 00 such that

Ely|m] < em™* + KW Sforallm > 0. (B.93)

£,C,V

Consider when max{—1, —iz”} < ¢ < 0. Then, there exists some ngy) < 00 such that

I(4 +
< (5 +9) m~° —}—KS,Z?,) Sforallm > 0. (B.94)

E[7|m]

Proof. By Lemma B.4.4, for all max{—1, — H'T"} < ¢

1T+ U +14¢,%)
Ely'|m] = ——*4= 2 2, (B.9s)
SR COIC )
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1+» —1
Consider when ¢ > 0. We apply Lemma B.4.5 with » = 42, x = % andz = 5<r(r(21%j)[)>
Then there exists some f(ﬁf},v < oo such that
1 (32 ¢ - .
Elyfn) < ST ()L RO,) e+ &0, (596
V[ I“ TV) ) 3Gy Gy
for K. — 1I(5249) 20
Oor Kecy = > r(lTy) £,C,V < 00
Consider when max{—1, —HTV} < ¢ < 0. By LemmaB.4.5 with» = iz” and x = 72, there exists
some 12572,,) < oo such that
122 40) rrmy— - r(dz +o¢)
Elyflm] < — - 2 ((7) K(;)) _ 2 ) B
[77 |7}’l] =T 177,) N + v T 172,,) m -+ v (B.97)
JEE
forKSi,) = ;rﬁ(%J))Kﬁﬁ) < 00 O

(B.98)

Proof. We follow the proof in Johndrow et al. [2020], which is included here for completeness. Recall

the inverse moments of the univariate Normal distribution,

1 T @ l-cl g

E[|X|~] = o ep(— o m(—+.5, 55 B.
)= st 2 (- (B99)
where M(a, b, z) := 1Fi(a; b; z) is the confluent hypergeometric function of the firstkind. Fora < 4,

we know M(a, b,z) = % fol & (1= )Pt Fora = 54 < b=Llandz = %, this



gives

1
b))/ e = p)bmalyy (B.100)
—a) J

N\l

1
)—ﬂ)/o (1 — ) ey, (B.101)

Therefore, exp(—2)M(a, b, z) is decreasing forz > 0and exp(—z)M(a, b, z) < exp(—0)M(a, b,0) =
1forall z > 0. This gives
1 I'(59) s

BN = o & exp(— 25 )

1—c 1 /42>< 1 T(59)
2 727202) T 242w

Lemma B.4.8. (A uniform bound on the full conditional mean of 1/c*). Consider the full conditional

distribution of 7 given y, £ in Algorithm 21. Given 5 € ]R];O, &> 0, we bave

Tar—1
yM y+ bo
>y ~ InvGamma(ﬂO ;_ n’ 5’72 ), (B.103)
where Mg, = I, + £ XDiag(n )X, Then
1 ag+n ap+n
E [7 : } - B,
Aler = e < (B.104)

Proof. Recall that the mean of a Gamma(a, b) distribution (under shape and rate parameterization)

is a/b. Equation (B.104) now directly follows as 41 f_; is positive semi-definite. O

Lemma B.4.9. (Maximal coupling probability of each component ;7j). For fixed constants m > 0 and



v > 0, define a distribution on (0, 00) with probability density function

1
plylm) < —————5¢ ™. (B.105)

77 (L+wy) >

Consider random variables y ~ p(-|m), and 3 ~ p(-|m) for some fixed v > 0. Fixsome0 < a < b <

00, and take m,m € (a,b). Then under a maximal coupling,

Pl = glom.n) = [ minfpl ) pta" iy = U(52 07 Ju(5 20 9).

(B.106)

Proof of Lemma B.4.9. Fixsome 0 < a < b < 00, and take m,m € (a,b). Then

P(y = plm,m) = / min{p(y*|m), p(y*|m)}dy*, as (3, 7)|m, m are maximally coupled
0

(B.107)

_m;;*

1 13
= — — min —, ———~dy".  (B.108)
/(;7*)12 (1+V77*)% {U(Pzrvlw) U(pzr71’)}

Recall m, m € (a,b). Note also thatx — U (H'TV, 1, x) is a decreasing function forx > 0. This gives

e e e
i , L . B.
" G W) T 0L o)
Therefore for all m, m € (a, b),

1 e U(H2,1,8)

P(y = 5|m, m) >/ — - ——dy" = 21}7: (B.110)
7 ()T (o) T U5 L) T (L)

Equation (B.106) follows from taking an infimum over all m, m € (a, b). O

DRIFT AND MINORIZATION CONDITIONS.
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Proof of Proposition 2.2.1. For ease of notation, denote ¥, := X7 X + &, +1Diag(y,,) and let ¢; be

the /*/ unit vector of the standard basis on R?. We first consider Zj‘):l m]d . Note that

?
£ d
E[Zm;i+lzf|’7t+1>§‘+laa%+1:| = <2~:1) ZE|:|ﬂt+ly"2d‘;7t+17£+130%+1:| (B.11z)
J=1 r =
d d
= (2&‘#_:1) ZE[ﬂi&-lﬂ%—i—lviﬂ’ﬁ—i—l} (B.112)
t =1
S \* ; Ts—1 yT,\2 Te1 d
- <2 r+1> Z <(€j Z4X0) + (g Zt+1‘9f)) (B.113)
j=1
98:+1”l}7 Ts—1 T, |2d d [ Te-1 \d
< (2 > Z (’51 X0 +0‘f+1(€j ) ) (B.x14)
7o
£\ (v - 1/d\% 1
< () (X (s )
aZ -
+inl<2;——;ll> Z(@T(ft+1Diag(}7t+l)) lej)d (B.115)
+ =
= ()" (hmctt) =+ LS e
207, a 24 = ’7f1+1,j
d d 1 p 1
= (2%1 ) (C;M'%) P QZT, (B.117)

=1 ;7t+1J

where (B.112) follows from Jensen’s inequality, (B.114) follows as (x —|—y)d <o —I—yd forx,x > 0and
d € (0,1), (B.115) follows from Hélder’s inequality and from ejTZ;rllej < «fj-T(é”t_i_lDiag(;;tH)) _lej
as X7 X is positive-definite matrix, and (B.117) follows from Lemma B.4.3 for some finite constant G

which does not depend on igr OF fH_I.

As the prior 7£(-) on £ has compact support, we have b < & < Bforallz > 0 for some
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0 < b < B < oc. This upper bound on fz—f—l» Lemma B.4.8 and Jensen’s inequality gives

() e < Gl e < S = (o)

t+1

Therefore, by (B.117) and (B.118), we obtain

P

Vi Vi
1 1
d d
E[th+11j|;7t+1:| = E[E[th+lzj|77[+1’£‘+l7gf+li| |77:+11| < 2d Z — +& (B.a1o)
J=1

j=1 /=1 Tet1,

Blavtm) \? ( 21,12 14 :
for K; ::( o > (CpH}’”z) p % < 00. By (B.119) and Corollary B.4.6, we obtain

P P
E[Zmii-l?j‘zgﬂfﬂgtz} = [E[Zm?+lz]’;7t+1:| ’18;75170%} (B‘IZO)
J=1 j=1
p
< %ZE[%HJW[,&, 7+ K (B.121)
j=1
I (L2 —
S;(erz m[]-q-K( )—|—Kl (B.122)
1
1 —-a) &,
< > (=) th’j-FKz (B.123)
2 7=1

for K, = %K;ZB + K; < oo. Note that for every » > 1, there exists d € (0,1) such that
1 I -d) I -a
20 T(H) T 2T

to note that f{0) = Land /(0) = —y(*F') — log(2) < 0for» > 1, where y(x) := ((x)) is the

. It suffices

< 1. We can verify this by considering the function f{d)

Digamma function.

IS5



We now consider Z‘a m; “forc € (0,1/2). We obtain

E[imllﬂ"é‘i’hft—&-l’}?t—&-l} = ( i_z ) LZP:E[}ﬂz+1]‘_2[’a%+17‘é’:z+1777¢+1:| (B-124)
=1

t+ =1
<(E) 1) z (PuclSi) (B.125)
< ()2 g (ad! (X1 + £y .Diaglr, ) ) (B2e
- F(%/;c) ; (<[§‘1%>[+’7§+W) (B.128)
- F(Z ) ,é”i“ﬁ Pr(,iy; ) <u)§u%)f (B.12)

forsome > 0. Here(B.125) follows from LemmaB.4.7, (B.126) followsase; T(||X1132,+£Diag(7,)) e <

ejTEtjrllej for || || the L, operator norm of a matrix, (B.128) follows as (x+y)¢ < x4y forallx,y > 0

and 0 < ¢ < 1/2, and (B.129) follows as the prior on £has compact support, so &, ; > & for some

b > 0. Therefore, by (B.129),

? r(t—
[Z mr+11”7¢+1} =E [E[Z mtlclg‘b%—&-lv LFARY ;7t+1:| |’7:+1} = (\fc Z ’7t+1j + K.
=

J=1 1

(B.130)

) )[ < 00. By (B.130) and Corollary B.4.6 with » = 13 and any ¢ < (f[),



. 1
there exists K£7[)7V < oo such that

[me,la%,fnﬂt] B[S | .58

Jj=1

1 ?
-9 SB[ 86 + K

(B.131)

(B.132)

(B.133)

(B.134)

(B.135)

V%
It —o
< =2 Z(Emt_»”—i-K(l.)—i—K_g
— J £,6,v
s
- (2293
5) m, { + Ky,
VT =
where (\ch)z <land K4 = G KE}W + K.
We can now combine (B.Iza) and (B.134) together. Then, for some fixed d € (0,1) such that
v+l
217% < landanyc € (0,1/2), we obtain
2
P P
- d - d
j=1 J=1
for some

I(3—¢ 172 —4d)

0<y, = { 2 , 2 }<1
7drzft max ﬁ € Zd r( V—;—l )

O<Kd,lﬁ::K2+K4<OO.

Therefore, for any suchd € (0,1) and ¢ € (0,1/2),

?
V) = Z m; m;l
7=1

157

(B.136)

(B.137)
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2
for m; = 52 is a Lyapunov function. L]

Proposition B.4.10. (Minorization condition). For R > 0, let S(R) = {(8,£,5°) € R? x Ry x
Rso : V(B,&,0) < R} denote the sub-level sets of the Lyapunov function in Proposition 2.2.1. Let
P denote the Markov transition kernel associated with the update from (B,,£,,07) to (8,1, €41, 7711)
implied by the update rule in (2.4). Let Z = (8,£,6%) and Z = (B,&,5). Then forall R > 0, there

exists e € (0, 1) such that
TV(P(Z, ), PZ, ~)) <l-¢ forallZ,Z € S(R), (B.139)

where TV stands for the total variation distance between two probability distributions. In particular for

R>1¢= (U821, Rl/d)/U(HV —7/1/1))], suffuces.

Proof of Proposition B.4.10. Denote Z = (B, £,5°) and Z (/é } ),and let Z, Z € S(R) for some

R > 1. We obtain
TV(P(Z,-),P(Z,") SP(Z1 # Z1|2,2) <1—¢, (B.140)

where (Z, Z;) corresponds to one-scale coupling of P(Z, -) and P(Z, -) as in Proposition 2.2.2, the

first inequality follows from the coupling inequality, and the second inequality follows from the proof

of Proposition 2.2.2 for ¢ = ( 1‘5”,1, Rl/d /U 1'5”, , Vl/[ ) € (0,1)as R > 1. Note that ¢
does not depend on Z and Zas required. O

Geometric ergodicity follows from Proposition 2.2.1 and Proposition B.4.1o withany R > max{1, 2K/(1—

)} [Rosenthal, 1995].



B.4.3 CourrLEDp KERNEL PROOFS

Proof of Proposition 2.2.2. ForR > 0,letS(R) := {(8,£,6%) € R? x Ry xRy : V(B,£,0) < R}
denote the sub-level sets of the Lyapunov function in Proposition 2.2.1, with corresponding contrac-
tion constant y € (0,1) and additive constant K > 0. Let Z, := (8,,£,02), Z; = (ZZ[, £,3),

Ct = (;717Zt) and 6; — (}?t,Zt) for all t 2 0. AS (Z[.i_l’Z[_i_l)‘(

Dis1s J,q) follows a common ran-
dom numbers coupling, Z, 1 = Z,41 if and only if’7t+1 = 7,41~ This gives 7 := inf{r >0:C, =
C:} = inf{z > 0: Z, = Z,}. For exponentially-tailed meeting times, by Jacob et al. [2020b, Propo-
sition 4] it suffices to prove that for any R > 0 sufficiently large such that y + K/(1 + R) < 1, there

exists ¢ € (0,1) such that

~inf P(Z[J,_l = Zt+1|Zt,Z[) > g, (BI4I)
Z:,Z:€S(R)
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under the one-scale coupling. We now prove (B.141) directly for the one-scale coupling in Proposition

2.2.2. Fix some R > 1such that y + K/(1 + R) < 1, and take any Z;, Z, € S(R). Then

P(Zir1 = Ze1| 20 Z2) (B.142)
_E :]P’ (z,+1 A +l,z[,z) Zt,Z} (B.143)
=K :P (Zt+1 = Zz+1’77t+1, %H) Zz,Zz} (B.144)
=FE :1{;7t+1:%+1} Z,, Zt} ,as (Zpi1, Zogh)| (;7H_1, 77:—&-1) follows CRN coupling (B.145)
=P()41 = T4 %0 Z) (B.146)

?
= H ]P)(Iyt—i-l,j = ét-i-l,j Z;, Z,), as (;7t+1’ ;71‘4-1) |Z:, Z, is maximally coupled componentwise
=1

(B.147)

P
_ _ = ~ _ My = _ 20
= ][!]P(vt“i’l?] = 77t+1,]"mj’ m]'); for m]' = T‘% and le = ﬁ (BI48)

AsZ,Z € S(R) for some R > 1, my, m; € (R_l/‘, Rl/d) forall; =1,...,p. By Lemma B.4.9,

B 5 1+» RV 1+» RV
P (i1 = Ty ) = U( 201, =—) JU(T2,1,=—) (B.149)
forallj =1,...,p. Therefore,
? I+v | R4
~ ~ U(T71’ v )
P(Ziys = Zen|Ze Z) = [ ] m =¢ (B.150)
j=1 200y
fore := (U2, 1, B2y jy(2 1, B2 € (0,1) as R > 1. O

Proof of Proposition 2.3.1. Asy, , givenm,and7, , given m;, are conditionally independent component-

wise, it suffices to consider the univariate case where p = 1. Henceforth we assume p = 1 and we
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drop the component subscripts for ease of notation. Without loss of generality, take 72, < m, and
b : (0, 00) to be monotone increasing. Then the densities of 7, |m, and 7, |7, on (0, 00) are given

by

Py e

p(glm;) o< —————7 andp(y|m,) < ————¢ (B.1s1)

72 (1+wvy) > 72 (1+wy)>

respectively. As m; < m;, the distribution of 7, 41 stochastically dominates the distribution of 7, e
Therefore under a CRN coupling of 7, , and 7, (specifically a CRN coupling of Algorithm 29),

i1 = 7,4y Almost surely, and lo(i}t_H) > b(77t+1) almost surely. We obtain

Eern [|h(’7z+1) - h(’?zﬂmmh ﬁ‘f] = E[b(;}tﬂ-l) - b(%‘-i-l){m“ ﬁzf}' (B.152)

Now consider a maximal coupling of 77, | and 7, , with independent residuals [Johnson, 1998].
Letg = TV(p(:|m.), p(:|m.)). Theny, | = 7, , with probability 1 —g. Otherwise with probability

9 Fi1s 9e1) = 045 74y) Where 777 and 77, are independent random variables with densities

Pl e, i) = max{p(y,, |m;) — p(y/,|m:), 0} /g and (B.153)

PG almerrs M) = maxd{p(7,y, |m0) = p(741m4), 0} /g (B.154)

respectively on (0, 00). This implies that the supports of 5, and 77, | are disjoint. By (B.151), we
further have 77 1 < 7};“ " almost surely. Overall, we obtain 7, 11 2 Mo almost surely under a maximal

coupling, and hence

EmaxUb(’7z+1)_b(’7z+1mmﬁ ’ht‘] = E[b(;}tﬁ-l)_h(%—kl)‘mt’ ’%t] = EcmUb(’7z+1)_b(’7r+1mmﬁ ’ht]
(B.155)

as required. O
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Proof of Proposition 2.3.2.
CRN coOUPLING RESULT.  To prove (2.13), it suffices to show that under CRN,
| log(1 + ’7t+1J) — log(1+ ;}H_IJ)| < |log m,;j — log m, |, (B.156)

almost surely forall; = 1, ..., p. Henceforth, to prove (B.156) we work component-wise and drop
the subscripts for ease of notation. For the Horseshoe prior, we then have p(|m) o exp(—my)/(1+
») on (0, 00). The cumulative density function is then given by F,, () = 1 — Ey(m(¢ + 1)) /Ei(m)

where £ is the exponential integral function. Therefore, under CRN coupling, we obtain
1, .1 -
1+y= ZEI (U'Ey(m))and1+7 = %El (U Ey(m)), (B.157)

for U* ~ Uniform(0,1). Then

dlodgm (log(1+7)) = -1+ dljgm (log (ET{(U*Ei(m)))) (B.158)
m d 4
- Ell(U*El(m))(dr;a(El (UKEI(’”)))) (B.159)
” U Ey(m)

= -1 ,where F{(z) = —¢ % /2

T E U E) B (5 (U Em)
(B.160)

=1+ , 14+ 79) = E Y (UE B.16
=1+ U'¢,as E|(z) = —¢ /2 (B.162)
m(1+7)
__y 4 Bl )T (14 ) Em) (Bxes)
Ei(m)e™
€ (—1,0) asx — ¢"Ej(x) is positive and decreasing on (0, 00). (B.164)

162



log(1 .
Therefore, as ‘%;ZH < 1 and by the mean value theorem we obtain

|log(1+7) —log(1+7)| < |logm — logm|, (B.165)

almost surely as required for (B.156). Finally, (B.156) implies (2.13) with m,; = g and m,; = g for

al;=1,...,p.

MAXIMAL COUPLING RESULT. To prove (2.14), take z < u without loss of generality. Forc > 0,

denote the event

? -
E, := {I}Ef(’log(l + ) —log(l+7,,, )| > c},

where (7, 107 +1j) are i.i.d. random variables jointly distributed according to a maximal coupling.

By component-wise independence,

P

P(E|p,z) =1— HP(‘ log(1+ 77t+ly') —log(1+ 7~7t+1,j)’ < c‘/z,/}) =1- (B.166)
7=1

for x, = P(]log(1 + Depry) — log(l+ 7,4 )| < ¢l f2). Henceforth, we focus on this quantity x
and drop the subscripts for ease of notation. For the Horseshoe prior, the marginal densities densities
of 5| and 7|z are given by

P 1 e 1

P(’ﬂ(u) = mm and[)(vlﬂ) = mm on (0, OO) (B.167)

Consider a maximal coupling of » give ¢z and 7 given z with independent residuals [Johnson, 1998].

Letg = TV(p(-|¢),p(:|)). Then » = 7 with probability 1 — ¢. Otherwise with probability g,



(7,7) = (", 7") where * and 7" are independent random variables on (0, c0) with densities

respectively. Note that p(*|¢) > p(7*|&) if and only if 1 + »* < K for constant K :=

P(7"|ws ) = max{p(7"[¢) = p(7"|%), 0} /g and

P |, @) = max{p(7"[2) — p(7"1%), 0} /4,

(B.168)

(B.169)

(log E1 () —

log E1())/ (@ — u). Therefore, 1+ 7* has support [1, K) and 1 4 7* has support [K, 00). We obtain,

We now consider this upper bound on x, as # — 00. Note that for g, z fixed with z < g,

(1

1—
1—
1—

—q) +qP(|log(1+ 7*) — log(1+7*)| <)

—gP(|log(1 4 7*) —log(1 4+ 7")| > ¢)

(
— gP(log(1+7") —log(147*) > ¢),as 7" < 7"
qP(1+77*> (14 7%)e)

9P (

1—1—;7 >t)fort—K€ asl—l—;y < K almost surely

1
FE(7) e Fy(n)
1, e # W
: )’<El(/2 - E(w)
(El(/?) El(ﬂf))

E(z)  Ep)

/f 1+7"
/'OO

(i~ iy a6
4
)

)dywithy =1+7

e

=1las lim (xe'Fi(x)) = L

X—>00

Ei ()

i (B BN ) iy (1 B0
— ;lggo (ﬁtei‘tﬂ(ﬁt)) as lggo 3 Egg -0

)

(B.170)
(B.171)
(B.172)
(B.173)

(B.174)

(B.175)
(B.176)

(B.177)

(B.178)

(B.179)

(B.180)



Therefore, there exists some constant D; > 0 such that

Ey(ut)  Ei(wt) Dy
- = B.18
(2@~ Bia) ” e (B8
forallz > 0. By (B.177) and (B.181), we obtain
Di\?

AR <1 — @> (B.182)

1\ Dy e p (D )
= (<1 e gﬁf> ) (B.183)

| M

< exp (—p/(Dy'ate™)) as (1 — 1/x)* < 1/eforx > 1. (B.184)

For p > 1, now take ¢ = log (“;Z%P) for any fixed constant @ € (0,1). Recall 7 = K¢, such that

ut = alogp. Then

& < exp (—p/(D ute)) = exp (— Dip' ™/ (alogp)) < exp ( — Dpl_“,) (B.185)
forany 2’ € («,1) and some constant D which does not depend on p. Therefore,

IP’(E[} ms, ﬁzt) >1— exp ( - Dpl_“/) (B.186)



for ¢ = log(«/(2K)) + loglogp. Recall that K := (log E;(¢) — log E1 (i) / (& — 1). We obtain

1 -
7K HogEi ()~ B (5-187)
~ e e B
> o8 ;(% — 1222 g 5% 12 logla) orx > 0 (B.189)
= () forsomeis € o a5 7 (log ) = s (B.190)
> c“Ey (1) as x — ¢“Ey () is decreasing for all x > 0 (B.191)
> élog(l +1/p)as EEr (x) > %log(l +1/x) forall x > 0 (B.192)
= log(1 +1/ max{z, 2}) (B.193)
=: L. (B.194)

Therefore, ¢ > log(«L) + loglog p. By (B.186),

? 3 _ L
IP’(rJn:aF | log(1 + 7,1y ;) — log(1 +7,,, ;)| > log(aL) + loglogp | me, ) >1— exp(—=Dp'~*).

(B.195)

The case # > u follows by symmetry to give (2.14). O

Proof of Proposition 2.3.3. Fix some v > 1. For any m > 0, let p(:|m) denote the component-wise
tull conditional density of 7 given m. This is given by
apl=my) 1

(glm) = ——"7 5 (B.196)
R ) T 2
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on (0, 00), where Z,, is the normalization constant. We will first show

1+»)(e—1)

TV(p(-|m). pl-|m)* < ===

| log(m) — log(m)]. (B.197)

By a generalization of Pinkser’s inequality [e.g. van Erven and Harremos, 2014], we obtain

LD (o) (- 172)) (B.198)

TV (p(m). (1) < o

foralla € (0, 1], where

DapCmlptm)) = - log ([ ptabn)plolin)'~<a)

is the Rényi divergence between probability densities p and ¢ with respect to the Lebesgue measure.

For« = 1/2, we obtain

__m4m ) 1

Diptmlptl) = —2teg ([~

d;;) = log <(Z,:f;j/2) (B.199)

Let L(m) = log Z,,. Then for y|m ~ p(-|m), note that

dL(m) _ G SLm) G Zn— (5 :
an 2.~ Elm =0 and =705 7 Ely”[m] — Ely|m]” = 0,
(B.200)

such that L () is a decreasing convex function. For 72 > m, this gives
- m+ m o~ , m—m
L(m) + L(m) — ZL( 5 ) < (L'(m)-L (m)) ( 5 (B.201)
N [(m—m

= (E[;ﬂm] — E[;;|m])< 5 ) (B.202)



Furthermore, note that by Lemmas B.4.4 and B.4.5,

1022 1 1
MO Doyt L (paoy)
V4

where U(a, b, z) corresponds to the confluent hypergeometric function of the second kind. By (B.2o1),

we therefore obtain

Do m)lp(1)) < (Rlylon] — Efgha]) (757) (B.1o4)
e
= It 7/(exp(logﬂz — logm) — 1)), (B.206)

where exp(|logm — logm|) —1 < (¢ — 1)| log m — log m| for | log m — log 7n| < 1. This gives

2 (14+9»)(e—1)

TV (p(-fm).pl-|n))* < == (1og(iir) ~log(m). (B.207)

for m > m. The case m < m follows by symmetry, giving (B.197).
We now extend (B.197) to the multivariate setting. Let 7(y|m) := H}i;l p(;;f.\ m;) now denote the

full conditional density of 7 € (0, 00)? given m € (0, 00)?. Then we obtain

TV (sl #()? < Dy o) ) (B.208)
Vi
= Z Dy 5 (p(+|m;)||p(-|7m;)) by conditional independence  (B.209)
=1
- Vi
= (1_'—1/)4(61) Z | log(m;) — log(7n;)| by (B.207). (B.210)
=1

Finally, let Z = (8,£,6%) and Z = (B, £,), and m; = fﬂjz/(Zaz) and m; = 22;/(252) forj =
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1,...,p. Foranysuch Z, Z, we obtain

V(P PED) = 5 [ 1612 s DIHZ )y dze Ban)
=5 [ 0612~ o121y (Ba12)
=5 [ 1w = w3l (Ba13)
=TV (z(-|m), z(-|m)). (B.214)

Therefore, by (B.208), we obtain
e () (e—1) & i
(P ). P@) < 2D S log(my) —loglin)]. (Bars)
=1

O

Proof of Proposition 2.3.4. This proposition follows from a modification of the proof of Proposition

2.2.2. As (Zi1, Zoh)|( ) follows a common random numbers coupling, Z,,; = Zyy if

Tea10 e

and only if ., = 7,,,. This givesz := inf{r > 0 : C, = G} =inf{r > 0: 2 = Z}.

For exponentially-tailed meeting times, following the setup and notation in the proof of Proposition



2.2.2, we have

]P)(Zt+1 — Zt+l’Zt72t) (B.ZIG)

=E ]P)(Zt-i-l = Zt+1‘77t+17?t+17zt72t) ZZ)Z{| (B2’17)

= E ]:P)(Zt+1 = Zt+1‘;7[+17}?l+1) Zt,Z[] (B.le)

—g|

1{,7t+1:,7t+1} Z,, Z,] ,as (Zy1, Zoy1)| (7,415 7,4+,) follows common random numbers coupling
(B.219)
=P (701 =1 Z,2,) (B.220)
~ P -
- P(Vl,rﬂ =Mt Zs,Zs) H ]P)(;71+1J‘ = ’7z+1j" m {7000 = 7010 20 Z;) (B.221)
j=2 1<i<j—1

under the switch-to-CRN coupling

(B.222)

P U( 1+» Rl/d)

2 0 Ty . . %
> H m by Lemma B.4.9, as in the proof of Proposition 2.2.2 for Z;, Z, € S(R),

=1 YL

(B.223)
Ut 1, &2

- (U((H-zv 1 R—Vl/:)) =5 (B'224)

20y
where e € (0,1) since R > 1. O
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Algorithm 21: MCMC for Bayesian shrinkage regression with Half-#(») priors.
Input: C, := (3,,8,,02,&) € RL; x R? x Ry x Ry,

1. Sample 5, .,18,, 77, £, component-wise independently using Algorithm 22, targeting

fz‘lgtzj ! ¢ "y

p
7[(77;+1 ’{8;7 0‘?, ft) X H 72’(;7t+1]|mfd' = 252 ) X 1=y vl
¢

=1 o

j=1 77t+Tl,j(1 + V’7;+1J) g
(B.225)

2. Sample .|, 07,,, 4, , given,_, as follows:

(a) Sample £, using Metropolis—Rosenbluth-Teller—Hastings with step-size

IMRTH:

Given £, propose log(£") ~ N (log(£), oarrn)-
Calculate acceptance probability

_ LU’f*v’ﬁH)”f(f*) 5
1= L0IE 7, )mlE) &

where 7¢(-) is the prior for £ M, := I, + £ "X Diag(y~!) X" and

a

1 +n _
log(LOI 7)) = — log(IMe,|) — = log(bo +y'M;p).  (B226)

Set £, := & with probability min(1, ¢), otherwise set &, | := &.
(b) Sample o7, given &, 7,,;:

T —1
ay+n J M5z+1»’7[+1y + bo (B 227)
2 2 | |

O’tzﬂffﬂrl, Pps1 ™ InvGamma(

(c) Sample 8, givena;,,,&,,,,7,., using Algorithm 25, targeting

18:+1|7t2+17 vt Depr ™ N(ZilXTyﬂ adterlZil) for® = X'X + fl‘JrlDiag(VtJrl)'
(B.228)

return Cl+1 = (ﬂt—l-l’ Tevp Jf—l—lv ft-&-l)'
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Algorithm 22: Slice Sampling for Half-#(») prior.

Result: Slice sampler targeting p(;yj|mj) x (;7]% 1+ %)%)7167@% on (0, 00).
Input: m; > 0, state 5 by 0.
_rht

)

1. Sample ljtd‘”tj ~ Uniform((), (1 + Vi?tJ) 2

2. Sample 7, +121.| U,; ~ P, where P; has unnormalized density 7 — 7" ~'¢”"%7 on
(0, TfJ)’ with 7}, = (U_z/(HV) —1)/vands = (1 + »)/2. We can sample /ny

tj
perfectly by setting
1
Ty = —;/5_1 (;/j(mj-ﬂy-)U*) where  U* ~ Uniform(0, 1), (B.229)
I my

and where y,(x) :=T(s)™" [ #~'e""dt € [0,1] is the cumulative distribution
function of a Gamma(s, 1) distribution.

return 77t+1j'

B.s ADDITIONAL ALGORITHMS

Algorithm 23: Maximal coupling with independent residuals.

Input: Distributions P and Q with respective densities p and g

Sample X ~ P, and W ~ Uniform(0, 1).

if p(X) W < g(X) then set Y = Xand return (X, Y).

else sample Y ~ Qand W ~ Uniform(0, 1) until g(¥) W > p(Y). Set ¥ = Yand return
(X, 7).

B.6 ALGORITHM DERIVATIONS

GIBBS SAMPLER FOR HALF-#(7) PRIORS (ALGORITHM 21).  Derivation of the blocked Gibbs sam-

pling algorithm (Algorithm 21) is given in Johndrow et al. [2020] for the Horseshoe prior. For Half-
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Algorithm 25: Fast Sampling of Normals for Gaussian scale mixture priors [Bhat-
tacharya et al., 2016].

Result: Sample from N (XX + £Diag(7)) X"y, (X' X + éDiag(y))™")
1. Sample » ~ N(0,1,), 9 ~ N(0,1,)
2. Letu = ?;’, v = Xu + 9. Calculate v* = M~'(Z — v) for
7
M =1, + (£ 'XDiag(y ) X". Let U = (&) ' X". Set 8 = o(u + Uv*).

Algorithm 26: Coupled Normals for Gaussian scale mixture priors with common ran-
dom numbers.

Input: 7, ,, i1 0?+1a Div> vt 53—'-1'
1. Sample » ~ N(0,1,), 9 ~ N(0,1,).

2. Letu = V/,/;"L,Jrl;yt+1 and # :r/\/;"tH;}ZH,andv:Xu+éandz~):XZz+é\.

3. Calculate v* :M_l( )’1 — v) and v* = M‘l( 2 17) where

ot T4l

M = I, + £\ XDiag(y,,,)) "' X" and M = I, + £, XDiag(3,,,)) X"

;7:+1
4 LetU= (£,y7,,,) ' X" and U= (;EZH%H)_IXT, and set 8, | = o;41(# + Up*) and
18t+1 = &H-l(ﬁ + W*)

return (8,4,
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Algorithm 27: Coupled Metropolis—Rosenbluth-Teller—-Hastings for £|7 updates with

exact meetings.

eR

Input: £, £ > 0andy,, 7 ~0°

}7 t+1
Sample joint proposal

(10g(2).10g(2))

where oy is the Metropolis—Rosenbluth—Teller—Hastings step-size, and y_isa
maximal coupling with independent residuals (Algorithm 2.3).

fmf: 7’mﬂ( (log<£§>70§4RTH) (log(;f), MRTH))' (B.230)

Calculate log-acceptance probabilities

LO’E* 77:—}—1) (fk) fk ~ L(ﬂf 77:—&-1) E)f
lo =lo =) and lo =lo ——Z
Bl4) <L@|e€, D) 7E) é) 8(7) = log (L(yg,, o) (g,)(B; 2) |
231
with log-likelihoods log(Z(y|£, 7,.,)) and log(L(yE, 7,+1)) as defined in Algorithm 21,
Equation (B.226).
Sample U* ~ Uniform(0, 1).
if U* < g then seté’t+1 = f else seté’t+1 = £,

if U* <qthensetft+1 =¥ elsesetftH =

return (ftH’ fzﬂ)-
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Algorithm 28: Perfect sampling of £].

Input: » € RZ |, discretized grid G on the compact support of 7(-)

Perform eigenvalue decomposition XDiag(y) ' X" = QAQ” for orthogonal matrix Q
and diagonal matrix A.

Calculate unnormalized probability mass function

o0+ iw;)ww(a

-1

pften) = ([0 +2'0.)

= l 1 + é—klAi,z’
(B.232)
for each £ € G, where [Qy], is the 7 entry of Qy € R”.
pmfidly)
Normalize to obtain probability mass function: pmf{£]y) = S )
Sample £ ~ pmf{-|) on G using probability inverse transform.
return £.
Algorithm 29: Perfect sampling of ;7j|[8j, i
Input: v, m; 5{8 /(2%) > 0.
Sample 77 ~ Umform(O 1)
Set )
() e
where U, ;. (¢) : f 0 Y1+ ) 1’ 2=1e=# dx is defined as the lower incomplete

confluent hypergeometrlc functlon of the second kind, such that
U, p.(00) = Ula, b, z) gives the confluent hypergeometric function of the second
kind.

return 77]
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t(») priors, it remains to check the validity of the slice sampler in Algorithm 22. Working component-
wise, let p(7|m) denote the conditional density of 7 given 7 > 0. Then,

Y —m R —m
plylm) o< 77 (14 97)” e 71(0,00)(77)_/”_077 T M0,00) (D (14, 52y ()

(B.234)

Let p(y, u|m) o 771/7_16_”“71(0700) (7)1 () be the conditional density of the augmented

(0,(1+V;7) - )

random variable (7, ) given m, such that p(y|m) = [ p(y,u|m)du. Then, the slice sampler in

Algorithm 22 corresponds to a Gibbs sampler targeting p(7, #|m):

p(u]y, m) ~ Uniform (0, (1 + Vy)_%), (B.235)

]3(;7|u,m)o<;7%le—m?1(ow)(;7), (B.236)

’ v

Note that [ 7 e™™7dy = m™T(s)y,(mx), where y,(x ( ) = r(;) Jo 7't € [0,1] is the regular-
ized incomplete lower Gamma function. For 7= (~2/1+?) —1) /3, s = 1 we can now obtain the
cumulative density function of p(-|«, m), given by [ p(y|u, m) = y,(mx)/y (mT) for0 < x < T.

By probability inverse transform, we can now sample perfectly from |u, m, such that
1
7= —r"(y,(mT)U*) for U* ~ Uniform(0, 1) (B.237)
m
asin Step (2) of Algorithm 22.

PERFECT SAMPLING OF £]7 (ALGORITHM 28).  In Algorithm 21, we have

agtn

K70) (B.238)

PE7) o< [Me, |72 (b0 +y M )



forMg, =1, +& 1XDiag(;y) X7 and 7¢(+) the prior density on £ Consider the eigenvalue decom-
position of XDiag(y) ~1X7, such that XDiag(y) X7 = QAQ? for Q orthogonal and A diagonal.
Then,

n

My, | = QU+ £'M)Q" = 1L, + £ A =[] (1 + & 'As) (B.239)
=1
YMly =y QU + £ 0)TQTy = Y QN1+ £ A

=1

(B.240)

This allows the discretized perfect sampling of £ given 7 using probability inverse transform as in Algo-

rithm 28, with O(%) computational cost arising from eigenvalue decomposition of XDiag(y) ~LX7.

PERFECT SAMPLING OF ;7j.|{8,, o2, £(ALGORITHM 29). Working component-wise, let

14+»

Pglm) <77 (L4 vy)~ 5™ (B.241)

denote the conditional density of 7 € (0, 00) given 7 > 0. We can calculate the corresponding

cumulative density function (see proof of Proposition B.2.1), given by

/ | d Uv+1 1 m( K) ( )

p nym)an = ﬁ B.242
UL g)

where U, 5, .(2) := o) Lo [T 0 X (14w )4~ 1e=*dx is defined as the lower incomplete confluent hyper-

geometric function of the second kind. Algorithm 29 and (B.233) directly follow from probability

inverse transform.
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Appendices to Chapter 3

In Section C.1 we provide additional figures and discussion on calculation of empirical Wasserstein
bounds, ULA calculations, and non-asymptotic upper bounds using L-Lag coupling. In Section C.2
we provide the proofs for all the theoretical results in this document. In Section C.3 we provide exam-
ple applications of our theoretical results. In Section C.4 we analyze multi-step couplings. In Section
C.s we provide details for the practical applications in Section 4.4. In Section C.6 we provide addi-

tional algorithms.



C.1 ADDITIONAL FIGURES AND DISCUSSION

C.1.1  CALCULATION OF EMPIRICAL WASSERSTEIN BOUNDS IN FIGURE 3.1.

In this section we note how the empirical Wasserstein upper bounds and error bands in Figure 3.1 are

generated. Our upper bounds are based on Proposition 3.3.10, which gives
Wy (P, Q) < E[Wp(j)T, QT)P} (C.1)

where P and Q are distributions on the metric space (X, ¢) with finite moments of order p, and Pr
and QT denote empirical distributions of the samples (X, ..., X7) and (13, ..., Y7) where X; ~ P
and ¥; ~ Qforall7 = 1,...,T. Forp = 2and P # Q, the dot-dashed lines in Figure 3.1 plots the

estimate

of this upper bound, where j)(TZ) and Q(Tl) are empirical distribution of Pand Q respectively based on T°

samples. Foreach7 = 1, ..., 1, such empirical distributions j)(Tl) and Q(Yf) are generated independently

and then W, (IA)(;), Q(TZ)) is calculated by solving a linear program. The error bands plot (5/v/7)"/?

7
i1

where & is the empirical variance of (W, (ngf), Qgi) )?)

C.1.2 SECTION 3.2.2 CALCULATIONS.

As Xy ~ N(0,%) = Pand kernel Kj is Pinvariant, X; ~ Pforallz > 0. For the ULA chain (¥;)>0,

we have

Yo = (Ig— (03/2)E7 ) Yooy + 002, = BY: 1 + 002, (C2)
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forall £ > 0, where ¥y = 0,and Z, & N(0,1;) and B = (I; — (o>

o/ 2)=71). By induction,

t—1

t—1
Y, = BYy + oo (Bf—lzl +B T2+ + Zt) =00 BZ ;~N(0,> BY)=:Q
=0 7=0

(C.3)

as required. Finally, note that for g = 0.547/ sufficiently small such that || B llop < 1 (where [|[[op

is the matrix operator norm), lim th;(l) BY = (I; — B*)~". This gives Q; ‘=" N(0, O'ZQ([d -
—00

B =0

ULA ASYMPTOTIC BIAS UPPER BOUND CALCULATION FOR FIGURE 3.2.  We recall a result of Dur-

mus and Moulines [2019] on the asymptotic bias of ULA.

Proposition C.x.1. [Durmus and Moulines, 2019, Corollary 9] Consider an ULA Markov chain
targeting the distribution m on R with un-normalized density exp(—U(x)). For || - ||2 the Euclidean

norm on RY, assume:

1. Uis continuously differentiable and lipschitz: there exists some L > 0 such that forall x,y € RY,

IVU(x) = VUG < Lllx = yll2-

2. Uis m-strongly convex for some m > 0: there exists some m > 0 such that for all x,y € R,
Ulx) < U) + (VU(),y = 2) + (m/2)|lx = 55

3. Uis three times continnously differentiable and there exists some L > 0 such that for all x,y €
R4,
IV2U(x) = V2UO)|l2 < Lllx = ll2-
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Let the step size o of the Markov chain be sufficiently small such thaty = 0> /2 < 1/(m + L). Then the

ULA Markov chain converges to some distribution T, and

=
—
~—
+
kel
L
—~

-1 4
Ws(z, m,)* < 2% ;/zd(ZLZ +yL (g +-

where x = 2mL/(m + L).

The dotted line in Figure 3.2 is plotted by applying (C.4) for 7 = N (0, =), where L = 2,,,,(Z) 7},
M = dmax(Z) Fand L = 0. Here ,00(Z) and 2,5, (Z) are the largest and smallest eigenvalue of

respectively.

C.1.3 NON-ASYMPTOTIC UPPER BOUNDS USING L-LAG cOUPLING

In this section, we discuss how to avoid burn-in removal and instead directly correct our bound for
non-stationarity using the recent L-lag coupling approach of Biswas et al. [2019] in the case of the
1-Wasserstein distance.

We first informally outline the approach of Biswas etal. [2019]. Consider a Markov chainon (&X', ¢)
with transition kernel K, marginal distributions (2;),>0 and a unique stationary distribution 2. Con-
sider a joint kernel K; on X x X such that K;((x,), (-, X)) = Ki(x, ) and Ki((x,7), (X,-)) =
Ki(y,-) forall x,y € X. Then the L-lag conpling chain (X,_1,X;);> is generated by sampling X,
and X, independently from a common initial distribution Py, sampling X;|X, 1 ~ K;(X,—1, -) for
t =1,..., L, and generating (Xt,L,Xt) |5(t,L,1,X¢,1 ~ Kl((jft,L,l,X,,l), -) for ¢t > L. Crucially,
the joint kernel K is designed such that: (i) the marginal chains (X, 1)e>z and (X;) >0 exactly meet
such that the random meeting time 7 2 inf{r > L : X, = X, } is almost surely finite and (ii) the
chains remain faithful after meeting such that X, ; = X, forallt > 7. Suppose the coupled chain
(Xr—Lth)rZL satisfies Assumptions C.1.2, C.1.3 and C.1.4 [Biswas et al,, 2019, Jacob et al., 2020b]

(see Middleton et al. [2020] for the use of polynomially-tailed meeting times).
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Assumption C.1.2 (Marginal convergence and uniformly bounded moments). Marginal distribu-
tions (P,)s>o converge to P in 1-Wasserstein distance, and for all t > L, Ble(X,—r,X,)>T7] < D for

some constants y > 0 and D < oo.

Assumption C.1.3 (Sub-exponentially tailed meeting times). The meeting times 7 = inf{z > L :

X, = X,_ 1} satisfies P(T7E > t) < C¥ for some constants C < 0o and § € (0,1) and all t > 0.
Assumption C.1.4 (Faithfulness after meeting). X; = X forallt > 7.

Under Assumptions C.1.2, C.1.3 and C.1.4, Biswas et al. [2019] obtain

WP, P) <> Wil(Pryjr1, Pryr) (C.s)
j=1
< EleXoyzr X)) (C.6)
j=1
=E [ Z f(j(t—i-jL—LvXt-i-jL)} (C.7)
7=1
L0/t
=E Z C(Xt+jL—L7Xt+jL)] ; (C.8)
Jj=1

where (C.s) follows from the triangle inequality using Assumption C.1.2, (C.6) follows from the cou-
pling representation of the Wasserstein distance, and (C.7) follows from interchanging the summation
and expectation using the dominated convergence theorem under Assumptions C.1.2 and C.1.3, and
(C.8) follows as c()th+]I_L,Xt+jL) = Oforall; > [(z — L — r)/L] under Assumption C.1.4. Note
that 7 has finite expectation under Assumption C.1.3, which means the upper bound in (C.8) can
be estimated in finite time. We can estimate this upper bound by simulating multiple Z-lag coupled

chains (X,_z, X;)r>,>7 independently and using the empirical average

1 [(e9=L-0)/L]

% Z Z C(XEQJL—L’ XEQ]‘L)

i=1 j=1
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where 7 > 1is the number of independent coupled chains.
The following Proposition employs this upper bound alongside CUB; (3.4) to obtain a non-asymptotic

upper bound on Wi (P, Q).

Proposition C.1.5 (Non-asymptotic upper bound). For any lag L > 1, consider the coupled chain
(Xt,L X, Y, ﬁ,L)tEL such that (5(},1‘, X:)e>1 isan L-lag coupling chain for the kernel K, (Y,_1, Yi)esr
is an L-lag coupling chain for the kernel Ky, and (X;, Y;) > is a coupled chain sampled using Algorithm
5. Under Assumption 3.3.4 with p = 1 and Assumptions C.1.2, C.1.3 and C.1.4 for the coupled chains

(X1, X)) > and (Y—1, V) i> 1

[(zp—L-0)/L] [(rq—L—1)/L] 5
Wi(P,Q) <E[CUBL]+E[ Y c(Xgnr X +EL Y e(Yipgonr, Yenin)]
j=1 j=1

(C.9)
forallt > 0, where p LSinf{r>L:X, ; =X,)}and 70 LSinf{r>L:Y,_ ;=1

C.1.4 SINKHORN ALGORITHM SIMULATIONS FOR SECTION 3.3.4

In this section we consider the impact of the regularization parameter of the Sinkhorn algorithm.
Figure C.1a of this section plots the Wasserstein distance upper bounds for the stylized example in
Section 3.2.1. In particular, we consider the 2-Wasserstein distance with Euclidean norm on R%, and
the distributions P = N(0, %) where ;; = 0.5 for1 < 7,7 < dand Q = N/(0, 1) in the case
of dimension d = 10.

The CUB; (3.4) estimate (black line) in Figure C.1a is based a CRN coupling of marginal MALA
kernels, with / = 10 independent coupling chains and trajectories of length 7" = 500 with a burn-in of
S = 100 for each chain. The true Wasserstein (black dot-dashed line) distance and the upper bound
from indepdendent coupling (black dotted line) are analytically tractable, as given in Section 3.2.1.

For different values of the entropic regularization parameter 4, the grey solid line plots the induced
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Figure C.1: Figure C.1a plots upper bound estimates for W, (P, Q) with P = N(0,%) where 2= 0.517 7! for 1 <
i,j < d, Q= N(0,1;), metricc(x,y) = ||x — y||2 and dimension 4 = 10. Figure C.1b plots the runtime of the
Sinkhorn algorithm.

distance of the optimal matching obtained from the Sinkhorn algorithm. For each 4, we implement
the Sinkhorn algorithm on empirical distributions with /7" = 5000 sample points from P and Q.
Figure C.1a shows that we require a small entropic regularization parameter A to obtain informative
upper bounds using the Sinkhorn algorithm. On the other hand, Figure C.1b shows that the runtime
for the Sinkhorn algorithm increases dramatically for smaller values of A. This example illustrates that
the Sinkhorn algorithm has expensive runtime precisely for the smaller values of A that give tighter

upper bounds to the Wasserstein distance. In comparison, the CUB, (3.4) estimate does not require

solving any expensive optimization problem.

C.2 Proors

C.2.1 CONSISTENCY PROOFS

TecHuNICAL REsurTs. We first collect some technical results for reference.



Lemma C.2.1. Let (4;)>0 be a real sequence with a; 7250, and letp € (0,1). Then Z;leofffaj %

0.

Proof of C.2.1. As a; /25 0, the sequence (4;);>0 is bounded by some M € (0, 00). Also for all

¢ > 0, there exists some jo > 1 such that |4;| < ¢ forallj > jo. Forall z > jo, this gives

1 o
‘ZJO /a]‘ < ZJO f|aj| + Z N f|aJ] < My ﬁ/ 1 ) (C.10)

J=jo+1

Taking# — 00, we obtain lim, o, ’ th.:lﬁf—jaj < ¢/(1—p), where/(1—p) can be made arbitrarily

small. O

Lemma C.2.2. (Gluing lemma) [e.g. Villani, 2008, Chapter 1] Let . be probability measures on the
Polish measurable spaces (X;, B(X;)) fori = 1,...,3. Let X1, X5, Y2, Y3 be random variables such
that (X, X3) is a coupling of (u;, u,) and (Y2, Y3) is a coupling of (1, u5). Then, there exists random
variables Zy, 25, Z5 such that (Z1, Z,) has the same law as (X1, Xo) and (Z,,Z3) has the same law as

(YZa Y3)
Proof of C.2.2. See Villani [2008, Chapter 1]. O

Lemma C.2.3. Let (£;);>0 be independent and identically distributed non-negative random variables

with B[&] < oo, and let S, = Y " &, Thenasn — o0, S,/n ey E[&] and for anyp > 1,
1

(a/ )0 25 Bl

Proof of C.2.3. As n tends to infinity, S, /n “ S—>L E[£] follows from the proof of the Strong law of

large numbers using backwards martingales (see, e.g., Durrett [2019, Theorem 4.7.1 and Example
4.7.4)). (S,/n)/P X% (E[5])V? follows from S, /n 3 E[£] by continuous mapping theorem on

[0, 00). Finally, forp > 1,

E[|(S,/n)"? — (EI&) 7] < El|(S,/n) — E[&]["7] < E[|(S,/n) = E[&][]Y7 "0 (C.11)
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where the first inequality follows as |41/P - bl/]’| < la — b|1/1’ forall 2,6 > 0andp > 1, the
second inequality follows from Jensen’s inequality and the limit follows as S, /7 L E[£]. Therefore,

(S, /n)Ve 5 B 5] VP. 0

Proof of Proposition 3.3.1: Consistency of instantaneous CUB. Note that Wy (P,, Q;) is well-defined and

E[c(X;, Y;)?] is finite as distributions P and Q have finite moments of order p. We obtain
W, (P, Q) < Ele(X,, Y,)] = E[CUB, ], (C.12)

where the inequality follows from the coupling representation of Wasserstein distance, and the equal-
ity follows from the definition of CUB,;. As E[CUB[, ] < o0, by Lemma C.2.3, CUB; Pt L

E[CUB},J] as [ — oo. O

Proof of Corollary 3.3.2: Consistency of CUB for time-averaged marginals. We first show that

T T T

Wirs 3 P Y 0P < 25 Y- Win .

=5+1 =5+1 =S5+1

Let y, denote the p-Wasserstein optimal coupling between distributions P, and Q; forz = S+1, ..., T.
Sample the coupling (X*, Y*) such that (X*, Y*)|/ = ¢ ~ y, for I ~ Uniform({S+1, ..., T}). Then

X~ ﬁ ZtT:S—H Prand Y* ~ ﬁ Z,T:S+1 Q; marginally, and

T

( Z Z Qt) < E[e(X*, Y*)?] by the coupling representation of W,
t_S+1
(C.13)
1 T
=< 2 Bl Y PIU=4 (C.14)
T T-S
t=5+1
] T
= T_g > W2 QY. (C.1s)
=5+1
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Now by Proposition 3.3.1 and definition (3.4),

Z Wy(P, Q) < [ Z CUB } E[CUBY). (C.16)
t S+1 t S+1
a.s. 1
As E[CUB;] < 00, by Lemma C.2.3 CUB, o E[CUB;] as [ — oo. O

Proof of Corollary 3.3.3: Consistency of CUB with stationary initialization. Note that Wy (P, Q) is well-
defined and ZZ; o1 E[e(Xy, Y,)?]/(T — S) is finite as distributions P; and Q, have finite moments of

order p. We obtain,

T T
WyP,QF = s S0 W(B, QY < g S BIe(X, YY) = E[CUB)).  (Cr7)
=S5+1 =5+1

where the first equality follows as P, = Pand Q; = Qforall# > 0, the inequality follows Proposition
3.3.1, and the last equality follows from the definition of CUB,. As E[CUB;] < 00,by Lemma C.2.3

CUB, *" E[CUBL) as — oc. 0

Proof of Proposition 3.3.5: Consistency when chain marginals converge. Let (P;)s>0and (Q;).>o denote
the marginal distributions of Markov chains (X;),>0 and (¥;).>¢ respectively. By Assumption 3.3.4,

distributions (2;),>0, (Q:)r>0, Pand Q all have finite moments of order p. Then forall # > 1,

Wy(P, Q) < Wy(P, Pr) + Wy(Pr, Q) + Wp(Qr, Q) (C.18)

< WP(Pvpl) +E[C(Xt7 Yt>P]l/p+Wp<Qfﬂ Q)? (C.19)

where (C.18) follows by the triangle inequality as W), is a metric on the space of measure on X" with
finite moments of order p , and (C.19) follows from the coupling representation of W,. By Assump-

tion 3.3.4, lim; 00 W, (P, P;) = 0and lim, ;0 W,(Q;, Q) = 0. Taking the limit infimum in (C.19)
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and raising to the p"” exponent gives W, (P, Q) < liminf,—,oc E[c(X;, Y;)?]. Therefore forall ¢ > 0,

there exists S > 1such that forall # > S, W, (P, Q) < ¢ + E[c(X;, ¥;)?], and

T
1
Wy(P, QY < e+ T3 > El(X,, Y;)’] = ¢ + E[CUB)] (C.20)
=S5+1
1
forall 7> S. As E[CUB{;]]’ < 00, by Lemma C.2.3 CUB{; s E[CUB;;] as [ — 00. O

Proof of Proposition C.1.5: Non-asymptotic upper bound. By the triangle inequality,

Wi(P, Q) < Wi(Ps, Qr) + Wi(Ps, P) + Wi(P, P). (C.21)

By Proposition 3.3.1, Wy (2, Q;) < E[CUB;,]. Under assumptions C.1.2, C.1.3 and C.1.4, by

Biswas et al. [2019, Theorem 2.5]

[(zo—L-0)/1]
Wl(Pt,P) < E[ Z C(Xl+(/—1)L7X[+jL):| and (C.ZZ)
Jj=1
[(rq—L-n)/1]
Wi(Qn Q) <E[ > (Yo Yer)]. (C23)
J=1

Equation (C.9) now directly follows. As the meeting times 7p and 7 have sub-exponential tails by

Assumption C.1.3, the L-lag upper bounds can be estimated in finite time. [

C.2.2 WASSERSTEIN UPPER BOUND PROOFS

Proof of Theorem 3.3.7: CUB upper bound. Under the coupled kernel K from Algorithm 6, for each

t > 1wehave the coupling (X;, Z,, Y;) where (X;, Z,)|X;—1, Yoy ~ I1(Xo—1, Yim1) and (Z;, V) | X1, Yieq ~
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I'a(Y;—1). This gives

Elc(X;, Y,))? = E[E[c(X,, Y, |Xoo1, Y]]2 (C.24)
< E[E[(c(X,, Z:) + c(Z, Y,)) | Xomr, Vo] /7 (C.2s)
< E[E[c(X;, Z )| Xi—1, Yoot ]]? + E[E[c(Z:, Y | Xy, Y]] (C26)

< PE[e(X; 1, Y1 12 + B[A,(Y,y)]? (C.27)

where (C.25) follows as ¢ is a metric, (C.26) follows by Minkowski’s inequality, and (C.27) follows by

Assumption 3.3.6 with A,(z) £ E[c(X, Y)?|2] for (X, ¥) ~ I'a(z). By induction, (C.27) implies
Ele(X;, YY]P < pEle(Xo, Yo ) /P+Zﬁ‘ E[Ay(Yi)]'7. (C.28)

O]

Proof of Corollary 3.3.8: CUB upper bound under marginal convergence. Denote a = E[A,(Y*)]1/?
for Y* ~ Qanda; £ E[A,(Y )]V fork > 0. Then a;, ¥29° 4, because Q, converges in p-Wasserstein

distance to Q as t — 00. By Lemma C.2.1, this implies

t t

. 1y
E l:ﬁ[_lﬂz'fl e E lﬁt_lﬂ =1=,4 (C.29)
1= 1=

.p .
»

Therefore, forall ¢ > 0 there exists § > 1such thatforallz > S, >’ o"~“|a; — a| < &. By Theorem



3.3.7,

Elc(X;, Y7 < o'Ele(Xo, Yo ))? + Zjof g (C.30)
< p'Elc(Xo, Yo )?]V? + Zﬁ“ia + Zjo““\a,'_l —a (C31)
=1 =1
¢ 1/p 1 _ﬁt
=p E[C(X(),Y())p] + Edﬁ‘é. (C.}Z)
O

Proof of Proposition 3.3.9: CUB upper bound weighted by a Lyapunov function. As V is a a p™-order

Lyapunov function of K, by induction

E[V(Y:)] < YE[V(Y)?] + (1 — 7/)1 L forall7 > 0. (C.33)

-7
forall7 > 0. Therefore,

L

B[4, (1) < 91+ V(i) < ¥ (14 /BP0 + 0=/ ) =

)<9"7&’

forall7 > 1, where the first inequality follows from the definition of 9, second inequality from (C.33),

and the second inequality from the definition of x. By Theorem 3.3.7, we obtain

1/p
B, TP < SR, YT + 3 8,50 (C34)
=1

t .

< p'Elc(Xo, Yo)?]V? 4 o Zﬁtil (C.35)
=1

>
= B[, XYV + (1= )= _’“ﬁ. (C.36)
O
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C.2,.3 WASSERSTEIN DISTANCES OF EMPIRICAL DISTRIBUTIONS PROOFS

To prove Proposition 3.3.10, we first record a technical result.

Lemma C.2.4. Suppose S and T are distributions on the metric space (X, c) with finite moments of

orderp. Given U; ~ Sfori =1, ..., n, let Sx denote the empirical distribution of (UL, ..., Un). Then,
WP(Sa T‘)P S E[WP(SN’ T')P] (C'37)

Proof. Our proof follows a coupling construction. Define random variables /' ~ T'and U; ~ §
fori = 1,...,n such that Vand (U4, ..., Uy) are independent. Then VU, ...Ux ~ V ~ Tby
independence. Let S ' denote the empirical distribution of (U}, ..., Uy). Define a random variable
Usuch that U|Uy, ...Un ~ Sy and (U, V)|, ...Un is a Wasserstein optimal coupling of Syyand 7.
Note that unconditionally V" ~ Tand U ~ Sas U; ~ Sforall7 = 1, ..., n. Therefore (U, V) is a

coupling of S'and 7" We obtain,

W, (S, T < E[e(U, V)?] by the coupling representation of Wasserstein distance (C.38)

= E[E[c(U, V|13, ... Un]] (C:39)
= EW,(Sn, TY]. (C.40)
O

Proof of Proposition 3.3.10: Empirical Wasserstein distance bounds.

UPPER BOUND. Let Py and QN denote the empirical distributions of the samples (Xj, ..., Xx)

and (17, ..., Yn) respectively, where X; ~ P, Y; ~ Qforall7 = 1,...,7, and (X, ..., Xn) and
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(N, ..., Yn) are independent. By Lemma C.2.4 withS = P, U; = X;and T'= Q,
W, (P, QY < E[W,(Py, Q).

As(Xy, ...,Xn)and (11, ..., Y) areindependent, Y| (X7, ..., Xn) ~ ¥; ~ Qforalls =1, ..., N.
We can therefore apply Lemma C.2.4 conditional on (Xj, ..., Xy) now with § = Q, U; = Y; and
T= j)N to obtain

Wp(j)N: Q)P g E[Wp(j)Nv QN)p|X17 aXN]

almost surely for all Xj, ..., Xjy. Overall, this gives
WP(P7 Q)P < E[Wp(pi\h Q)P] < E[E[Wp(ﬁNﬁ QN)P’XM "'vXNH = E[Wp(j)N’ QN)P]
as required.

LOowER BOUND. Let Py and Qp denote empirical distributions of the samples (Xj, ..., Xx) and
(N, ..., Yn) respectively, where X; ~ P, Y; ~ Qforall = 1,...,n. Given (X, ...,Xn) and

(11, ..., Yn), by the triangle inequality we obtain
Wo(Pr, Qn) < Wy(Pp, P) + Wy(P, Q) + Wiy(Q, Qw). (C.41)

By Minkowski’s inequality, this gives

EDW, (P, Y77 < B[ (Wy(r. ) + Wy(P.Q) + W(Q.0))'] (C42)

< E[W, (P, PY]? + E[W, (P, QY7 + EIW,(Q. QuY17 (Co43)

= E[W,(Px, PY]'P + Wy (P, Q) + E[W,(Q, Qu)1? (C.44)
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Let Py denote empirical distributions of the samples (5(1, ...,XN), where X; ~ Pforalli =
1,...,nand (X1, ..., Xn)and (Xj, ..., Xn) are independent. Independence implies X;|(X1, ..., Xn) ~
X; ~ Pforalli = 1, ..., n. We can therefore apply Lemma C.2.4 conditional on (Xj, ..., Xx), with

S= P, T= Pyand X; = U, to obtain
W,(Pr, PY < EW,(Pn, P)|X, ..., X (C.45)

Similarly,
Wy(Q, QY < EW,(Qn, QNP |13, -, Y] (C.46)

where QN denotes empirical distributions of the samples (5’1, ey Y, N), where Y, ~ Qforall 7 =

1,...,nand (Y, ..., Yay) and (Y1, ..., Ya) are independent. By (C.44), we obtain

E[Wy (P, QnY 17 <EW, (P, PYI? + Wy (P, Q) + EIW,(Q, Qn) |7 (C47)
—E[E[W, (P, PP X1, ..., Xn]Y? + W,(P, Q)+ (C.48)

E[EW,(Q, Qn) |11, ..., Yal]'? (C.49)

<E[EW,(Pn, Pa)Y?|X0, -, XN)Y2 + WH(P, Q)+ (C.50)

E[EW,(Qn, Qu) |11, ..., Y] (C.s1)

:E[Wp(j)Nv PN)P]I/]J + Wp(Pv Q) + E[Wp(QNv QN)p]l/P (C.s52)
as required.

CoNSISTENCY. By triangle inequality,

IWo(Pr, Qn) = Wiy(P, Q)| < Wy(P, P) + W, (Q, On). (C.s3)
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Note that P, Q, (j)N) ~N>o0 and ( QN) ~N>0 all have finite moments of order p, and that Py = Pand
On = Q almost surely by the Glivenko—Cantelli theorem, where the empirical distribution mo-
ments of order p also converge weakly. By completeness of the p-Wasserstein distance on the space of
probability measures with finite moments of order p [Villani, 2008, Theorem 6.9], Wp(j)N, P) o

and W, (Q, On) B 0as N — oc. O

C.2.4 PROOFS FOR COMPARISON WITH THE APPROACH OF DOBSON ET AL.

To prove Proposition 3.3.11, we first outline the setup of Dobson et al. [2021]. Consider a continuous
time diffusion with a unique stationary distribution P on R4, Let K; and K5 denote the Markov
chain transition kernels corresponding to a discretization of this diffusion with and without an accept-
reject bias correction step respectively. For example, K and K5 can be the (single or multiple step)
transition kernels of an MALA and an ULA Markov chain respectively. Suppose the marginal Markov
chains with kernels K and K converge in distribution to the unique invariant distributions Pand Q
respectively.

For some small ¢ > 0, suppose there is a compact subset Q of R? such that P(Q°) < ¢ and
Q(Q°) < e For the capped metric ¢(x,y) = min{l,|jx — y|2} on R suppose there exists a
Markovian coupling I'y of the kernel Kj such that for some constant ¢ € (0,1) and all X, X €Q,
Ele(Xe1, X, )X, X7] < 2qe(Xe, X7) for (X, X)) |(X, X7) ~ T2 (X, X7). Under such assump-
tions, Dobson et al. [2021] show

E[E[c(X:, Y1) Y]] + 2¢
1—2aqg

WI(P, Q) < (C.s4)

where Y* ~ Qand (Xj, 1)|Y* ~ T'a(Y*) for some fixed coupling I'a(Y*) such that X;|Y* ~
Ki(Y*,-) and 11|Y* ~ K,(Y*,-) marginally. Dobson et al. [2021] then estimate the quantities

E[E[c(X1, Y1) X*]] and e separately using couplings to obtain a final upper bound estimate.
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Given this setup, we can show that our upper bound estimator CUB; (3.4) constructed using such

couplings I'; and T's has a smaller expected value than the upper bound of (C.s4).

Proof of Proposition 3.3.11: CUB lower bounds Dobson et al. We proceed as in the proofs of Theorem
3.3.7 and Corollary 3.3.8. Consider the coupling based estimator in (3.4) for the 1-Wasserstein dis-
tance with metric ¢(x,y) = min{1, ||x — y/|2} on R Under the coupled kernel K from Algorithm
6, for each # > 1 we have the coupling (X;, Z,, ¥;) where (X;, Z,)|X,—1, Y,—1 ~ I'1(X,—1, Y;—1) and

(Z:, Y1) Xo—1, Yie1 ~ Ta(Y;—1). This gives

Ele(X:, Y)] <Elc(X,, Z,)] + E[c(Z,, 17)] (Csss)
=E[c(X:, Z)lix,_ eq,v,ca)] + Ele(X,, Z)ix, ie0.y, ea}] + Elc(Z, Y))]

(C.56)

<P({X,—1 € QI U{Y1 € Q) + Ele(X, Z) iy, _cn,v e}t (C.s7)

Ele(Z,, Y1) (C.58)

<PX,—1 € Q) +P(Y,—1 € Q°) + 2oE[c(X,—1, ;1) + Ele(Z,, Y2)]  (C.s59)

where (C.s 5) follows by the triangle inequality, (C.58) follows as cis bounded by 1, and (C. 5 9) follows
by the union bound and the definition of 2. Denote A(z) £ E[¢(X, Y)?|2] for (X, ¥) ~ Ta(z),such

that E[c(Z,, ;)] = E[E[c(Z;, Y7)|Y,—1]] = E[A(Y;—1)]. Then by induction, (C.59) implies

E[e(X;, T,)] < doEle(Xo, o)) + 3y (IP’(Xt_l € Q) +P(Y,_; € Q) + E[A(Y;_I)D.

=1
(C.60)
As X,_y and Y;_; converges to Pand Q respectively in distribution, P(X,_; € QF) 2 PQY) <,

—00 11— 00

P(Y,—1 € QF) = Q(Q°) < eand E[A(Y,)] "= E[A(Y*)] for Y* ~ Q. Following the argument
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in Corollary 3.3.8 we obtain that forall ¢ > 0, there exists some § > 1 such that forallz > S,

E[e(X;, V)] < aoBle(Xo, To)] + >y (E[A(Y*)] + zg) +. (C.61)

=1

Therefore as zg € (0,1), liminf,,o0 E[c(X;, ¥;)] < B2 here A(Y*) = E[e(Xy, 11)| Y]

1—aq

and Y* ~ Qfrom (C.54) as required. O

C.3 EXAMPLE APPLICATIONS OF THEORETICAL RESULTS

In this section we consider the theoretical results of Section 3.3.3 applied to three simple examples,

working with the metric ¢(x, y) = ||x — y||2.

MALA anp ULA. Consider a MALA chain and an ULA chain with a common step size ¢ both
targeting a distribution P. Assume the negative log density of P is gradient Lipschitz and strongly
convex. In this setting, let (X7, ¥;),>0 be a CRN coupling of ULA and MALA simulated using Algo-
rithm s, such that the Markov chains (X;),>¢ and (¥;),>0 marginally correspond to ULA and MALA
respectively. For o sufficiently small, the marginal ULA chain (X;),>( converges to some distribution
P, and satisfies Assumption 3.3.6 for p = 2 under a CRN coupling [Durmus and Moulines, 2019,
Proposition 3], giving a contraction rate p such that 1 — p = Co? /2 for some constant C which de-
pends on the gradient Lipschitz constant and convexity of the negative log density of P rather than

depending explicitly on the dimension of the state space. By Corollary 3.3.8,

V2 (1 _ 1/2
Wi (P,, P) < liminfE[CUB3 |'/? < B[y = YIP(1 - a(r ¥))] (C.62)

1—00 Co’2/2 ’

where ¥ ~ Pis the limiting distribution of the MALA chain, Y'|Y ~ N (Y + év log P(Y),%1y)

corresponds to the Euler-Maruyama discretization based proposal, and «,(Y,Y') € [0,1] is the
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Metropolis—Hastings acceptance probability. As the step size o tends to zero, the upper bound in
(C.62) require further analysis of the MALA acceptance probabilities [Bou-Rabee and Hairer, 2012,
Eberle, 2014] and could degenerate. Recently, discrete sticky couplings [Durmus et al., 2021] have
been developed for perturbed functional autoregressive processes, which produce stable upper bounds

on total variation and the Wasserstein distance in such limiting regimes.

ULA anp ULA.  We can similarly consider two ULA chains with a common step size o targeting
different distributions P and Q. As above, assume both log P and log Q are gradient Lipschitz and
strongly convex. In this setting, let (X7, ¥;),>0 be a CRN coupling of two ULA chains simulated us-
ing Algorithm s, such that the Markov chains (X;),>¢ and (¥;);>0 marginally correspond to ULA
targeting distributions P and Q respectively. For o sufficiently small, the marginal chains (X;);>0
and (Y;);>0 converge to some distributions P, and Q, respectively. Both marginal chains also sat-
isfy Assumption 3.3.6 for p = 2 under a CRN coupling, with contraction rates p, and £osuch that
1—pp, = Cpr*/2and 1 —Po = CQ02/2 respectively for some constants Cp and Cg that do not

explicitly depend on the dimension. By Corollary 3.3.8, this gives

E[|[V log P(¥;) — Vlog Q(1)|"] "/

Wi (P,, Q,) < liminfE[CUB, (2, Q,)4]"/* <
t—00 CP

(C.63)

where Y ~ Q,. By symmetry, we can obtain a similar bound in terms of some random variable X ~ P,
and Cg. As o approaches zero, the numerator in (C.63) approaches the square root of the Fisher di-
vergence between distributions Q and P, given by F(Q, P) £ E[||V log P(Y) — V log Q(Y)||?] for
Y ~ Q. Such link between the Fisher divergence and the Wasserstein distance has been noted previ-
ously by considering continuous-time Langevin diffusions (e.g., Huggins et al. [2019]). Finally, note
that the upper bound in (C.63) does not explicitly depend on dimension, highlighting that estimators

based on our coupled chains may give upper bounds that remain informative in high dimensions.
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ULA aND SGLD. Consider an ULA chain and a Stochastic gradient Langevin dynamics (SGLD)
[Welling and Teh, 2011] chain with a common step size ¢ and both targeting a distribution P. The
SGLD chain is based on unbiased estimates of the gradient of the log density of P, such that V/ICEPSG L p2) =
Vlog P(z) + escrp(z) for all z € X, where esgrp(z) is mean zero error. We assume this error is
bounded such that §* = sup, .y esczp(z) /(1 + V(2)*) < oo, for some 2"_order Lyapunov func-
tion 7 as in Proposition 3.3.9 and that the negative log density of Pis gradient Lipschitz and strongly
convex. In this setting, let (X;, ¥;),>0 be 2 CRN coupling of ULA and SGLD simulated using Algo-
rithm s, such that the Markov chains (X;),>¢ and (¥;),>0 marginally correspond to ULA and SGLD
with marginal distributions (PEULA))QO and (PgSGLD)) >0 respectively. For ¢ sufficiently small, the
marginal ULA chain (X;),> satisfies Assumption 3.3.6 for p = 2 under a CRN coupling, giving a
contraction rate p such that 1 — p = Cos?/2 for constants C that does not explicitly depend on the

dimension. Then by Proposition 3.3.9,

lim sup W (P[(ULA)J)t(SGLD)) < liminfE {CUBZ (PEULA)7 Q;ULA))z} 1/2 <

—300 —00

. (C.64)

Oy

Note that the upper bound in (C.64) does not explicitly depend on dimension, and approaches zero as
d approaches zero. This shows that estimators based on our coupled chains give upper bounds which
may remain informative in high dimensions and are tight with respect to the error from the stochastic
gradients. This example also highlights the stability of our upper bounds even when one of marginal

chains (SGLD) may not converge to a limiting distribution.

C.4 MULTI-STEP COUPLINGS

In this section, we consider coupling algorithms for multi-step kernels and investigate their theoretical

properties.



C.4.I COUPLING ALGORITHMS FOR MULTI-STEP KERNELS

Consider the L-step Markov chains (Xz;),;>0 and (Y7;)>0 for L > 1, corresponding to marginal
multi-step Markov kernels Kf, and Ké respectively. Following (3.3) and Section 3.3.2, we now con-

struct a kernel ]_(L_wp on the joint space X x X such thatforallx,y € X andall4 € B(X),
I_CL_jtep((x,y), (4, X)) = K&(x,4) and]_(L_jtep((x,y), (X,A)) = KLQ()/,A). (C.65)

Given coupled kernels I'; and T'a, Figure C.2 illustrates how to sample from the jointkernel K step-
By construction, this gives the marginal distributions X;| Xy, Yy ~ K3(Xo, -) and Y;| X0, Yo ~ K“Q( Yo, -
forall s = 1, ..., L, such that Equation (C.65) is satisfied. Algorithm 30 samples from this coupled

kernel K7 _ step- 1t characterizes the dependency between X/, and Y}, such that

Xl X1y Yogmy ~ Kp(Xp(—1), ) (C.66)
Zg)’YL(t71)+(/fl) ~ Kfﬁ_(j_l)(YL(tfl)+(;'fl)a ) (C.67)
Y1l Xpe—1)s Yogmty ~ Ko(Yi(—1), ) (C.68)

fors=1,...,L —1. When L = 1, we obtain I_Q_mp = K from Algorithm 6. Note that ]_<1_mp is the
single-step kernel K from Algorithm 6, but K step and K" are not equivalent in general.
Having developed algorithms to sample from the coupled kernels Kand K L—steps WE NOW investigate

theoretical properties our upper bounds.

C.4.2 THEORETICAL PROPERTIES OF COUPLINGS OF MULTI-STEP KERNELS

To establish theoretical guarantees of coupled Markov chains based on the coupled kernel K steps WE

assume the Markovian coupling I'y in Algorithm 30 satisfies a geometric ergodicity condition.
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X, z Z? Y5
XL—I ZSL Zizzl ZE{;I) YL—I
l rl 4 T 1 L Tl Fl + rl 1 T A
X zy zy z zY Y.

Figure C.2: Joint kernel KL_ItgP on X' X X, which couples the marginal kernels Kf, and KIQ

Algorithm 30: Joint kernel K L—sep 0N X X X, which couples the marginal kernels K%
and K%
Q

Input: chain states X, and Yy, kernels K; and K5, coupled kernels I'y and I'y
fors=s,...,L do
Sample

(‘)(572(1)7 ---aZ(j)y K)l(xzflvzfi)lv 7Z:(j—711)7 YJ*1> (C69)

jointly such that

(X, Z0) ~ Ty (X, 22 (C.70)
(ZV, 2Dy ~ FI(ZJ(]'_)I,ZX(/:I)) forj=1,...,s—1 (C.71)
(Z9,Y) ~ Ta(Ym1) (C.72)

end
return (Xy(—1)4s, Yz—1)4s) fors =1, ..., L.
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Assumption C.4.1. There exists constants C € [1,00) and p € (0,1) such that for all L > 1,
E[C(Xt+L7 K+L)P|Xta )/t]l/'p S C_PLC(XL" Y;)fb}" (Xt+La Y;+L)|(Xt7 th) ~ ré(Xl‘a yvl‘) (C73)

Assumption C.4.1 is weaker than uniform contraction in Wasserstein’s distance as in Assumption
3.3.6. Under Assumption C.4.1, we now characterize the distance from our coupled chains based on
the coupled kernel K, 1—step explicitly in terms of the initial distribution Iy and the coupled kernel I'p
corresponding to perturbations between the marginal kernels K and K. At the heart of our analysis
is the construction of the coupled kernel Ki_ step given in Figure C.2 and Algorithm 30. When the cou-
pled kernel I'a characterizing the perturbation between the marginal kernels K and K is Wasserstein
optimal, our analysis is linked to Rudolf and Schweizer [2018], which only considers the 1-Wasserstein

distance and establishes similar results using analytic rather than probabilistic arguments.

Theorem C.4.2. Let (X, Y,);>0 denote a coupled Markov chain generated using Algorithm s with
initial distribution Iy and joint kernel K on X x X from Algorithm 6. Suppose the coupled kernel Ty
satisfies Assumption C.4.1 for some C > 1and p < 1. Fix some L > 1such that p = CJoL <1,
and consider the coupled chain (X;, Yy)>0 generated using Algorithm 30 with the L-step coupled kernel

KL—I[EP‘ ThanbVﬂHf Z O,

t ‘ L ‘ 1/
E[e(Xy., i) < FE(, oY1+ 357 (D G B8 (Yipny)| ) (C74)
=1 =1

where (Xo, Yo) ~ Iy and A,(z) := Elc(X, Y)] for (X, Y)|z ~ Ta(2).

Corollary C.4.3. Under the setup and assumptions of Theorem C.4.2, consider when the marginal

distributions Q; converge in p-Wasserstein distance to some distribution Q with finite moments of order
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past — 0. Then forall e > 0, there exists some S > 1 such that for all t > S,

L

E[e(Xps, YoV )? < (CP") Ele(Xo, Yo)P]l/P—I—C(ll_ _( Cc;;)t) <11__J;

JE[A, ()] +e. (C75)
where (Xo, Yo) ~ Io, y(2) 2 E[e(X, Y)?|2] for (X, Y) ~ Ta(2) and Y* ~ Q.

As in Section 3.3.3, we can also upper bound the limiting distance from our coupled chains in

terms of the perturbations between the marginal kernels weighted by a Lyapunov function of K.

Proposition C.4.4. Under the setup and assumptions of Theorem C.4.2, let V : X — [0,00) be a

pﬂ’ -order Lyapunov function of K such that
E[(Fn VY = 2] < Ve + 1 (C76)
Jforallz € X, wherey € [0,1) and L € [0, 00) are constants. Define

3= sup <1ﬁ])£'2)p>1/}7 x = 1+ max {E[V(YO)P]I//D, (é)l/p})‘ (C.77)

where Ay (2) £ Ee(X, Y)|2] for (X, Y) ~ Ta(2). Then forallt > 0,

1 _ C L\t 1 _ L
E[CUB}, "7 = E[e(X;, YY1 < (GoYE[e(Xo, Yo7 + (= _(Cf;L) )5 —Jjo )os

(C.78)

C.4.3 ProoOFs

Proof of Theorem C.4.2. Under the coupled kernel K, L—step from Algorithm 6, for each # > 1 we ob-
tain

(XLnZg)a '~~7ZEL)7 YLt) (C79)
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where

(XLt ZEI))‘XL(z—l)a Vi (1) ~ T5(Xr(—1)s Yi(e1))

(Zg),ZYH))IYL(HHH ~ Ta(Yp(onyjo)Ty 7 forj=1,..., L —1

(ZEL)a Vi)Y (—1y4r—1 ~ Ta(Yr(—1)42-1)-
As (X1, Z8) X101y, Yigory ~ TE(X (1), Vi )> we obtain

Ele(Xzs, Y1) )Y? =E[E[c(Xzs, Y 1 X (1), YL(tfl)Hl/p
<E[E[(c(Xz 28) + (2, Y1) X1y, Yoo 17
<E[E[e(X1, Z0 VX1 oy, Yigon V2 +

EEl(Z), Y1) | Xpy, Vi)

SPE[(X(r—1), Yoy Y] + Ble(Z, v, )] 2
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where (C.84) follows as ¢ is a metric, (C.86) follows by Minkowski’s inequality, and (C.87) follows by

Assumption C.4.1. Denote A,(z) £ E[c(X, Y)?|z] for (X, Y) ~ I'a(2). Then,

o 1/
E[C(Zg), Y|P < E KC(Z(LL), Y,) + ZC(ZE]),ZE/H)))P} ? as cis a metric (C.88)
=1
(L) A () A1) \5] M2 . 5 .
< E[C(ZL ,YU)P} —I—ZE[C(ZL Z] )P} by Minkowski’s inequality
=1
(C.89)
_ () y v e () S+ 1
—E[E [C(ZL , Y1) |YL(t—1)+L—1H +ZE[E |:C(ZL 2y ) |YL(t—1)+j—1H
=1
(C.90)
_ ke () Dy 1/p
=E[A(Yo(-1y+z-1)] +ZE[E[C(ZL 2 ) \YL(z—1)+j—1”
=1
(Coo1)
<E U L NS b " ;
< E[Ap(Y(—1)+z-1)] —l—ZCJo E{AP(YL(t_1)+j_1)} by Assumption C.4.1
=1
(C.92)
< - 1/p
< Z Cp E[AP(YL(t—l)ﬁ)} asC > 1. (C.93)
/=1
Equation (C.87) now gives
o Up < 5 Ur N e
[e(XLe, Y P17 < PE[e(Xp (-1 Yi(-1) V] +Zcﬁ E[Ap(YL(t—l)—l—j)] (C.94)

J=1
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By induction, (C.94) implies

t ‘ L ‘ 1/
Ele(Xpe, Y7, P]M? < FE[e(Xo, Yo)'TV? + ZJBN ( Z CoHE {AP(YL(z‘fl)Jrj)} ) (C.9s)
=1 =1

as required. O

Proof of Corollary C.4.3. Denote a = E[A,(Y*)]'/? for Y* ~ Qand 4y = E[A,(Y;)]"/? fork > 0.

k— . T . .
Thena; * = 4, because Q; converges in p-Wasserstein distance to Q as # — 00. This implies

i=1

Z P (Z Cot Fay 1)+]) 20 Z B (i: Cﬂﬂ—fﬂ) (C.96)
J=1

Therefore, for all ¢ > 0 there exists S > 1such that forall # > 5, > 2" Zf:l C}oL_j\ézL(,-,l)ﬂ- —

a| < e. By Theorem C.4.2,

L
E[e(Xzs, Ye Y177 < PE(Xo, Yo)]'7 + Z~t Z(ZCJOL_jﬂL(i—I)-H) (C.97)
=1
L
PP+ S+ S (S o)
= _/_
(C.98)
< p'Ele(Xo, Yo ) /P—FZNt ZZCﬁLﬁ'ﬂ—i—e (C.99)
1— (C L)t 1— L
— (L 1/p P P
(Co") Ele(Xo, Yo)] +C( -Gt )( =5 )d-l-é (C.100)
as required. O

205



Proof of Proposition C.4.4. AsVisaa p’]’ -order Lyapunov function of K3, by induction

B(V(Y) < YEIVUOY] + (- /)
forallj > 0. This gives
E[AP(Y})T/? < SE[L + V(¥ )]V
< 31+ E[M(Yr)Y])
< 3(1 + (;f—I]E[V(YO)f’] +(1- ;/—l)lf))l/p)
oo ()

forallj > 0. By Theorem C.4.2, we obtain

L
Bl TP < FEIeKo, Yo e + 3 (X B[] )
=1 =1

L
< FE[(Xo, o) /P+Z~f (Y Gt an)
j=1

< FEle(Xo, Yo )1/ + C(ll__(cé;? ) ( 1__J';>3x

C.s DETAILS FOR THE PRACTICAL APPLICATIONS IN SECTION 4.4

(C.101)

(C.102)
(C.103)

(C.104)
(C.105%)

(C.106)

(C.107)

(C.108)

(C.109)

In this section, we provide details of the datasets, algorithms and parameters used for the three practical

applications in Section 4.4. Open-source R code [R Core Team, 2013] recreating all experiments in
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this paper can be found at ww. github.com/niloyb/BoundWasserstein.

C.s.1  ArPROXIMATE MCMC AND VARIATIONAL INFERENCE FOR TALL DATA

Section 3.4.1 considers Bayesian logistic regression with a Gaussian prior applied to the Pima Diabetes
dataset [Smith et al., 1988] and the DS life sciences dataset [Komarek and Moore, 2003]. The Pima
Diabetes dataset has » = 768 binary observations (corresponding to the presence of diabetes), and
d = 8 covariates (containing information such as body mass index, insulin level and age), and is pub-
licly available on www. kaggle.com/uciml/pima-indians-diabetes-database. The DSt life sciences
dataset has » = 26732 binary observations (corresponding to reactivity of the compound observed
in a life sciences experiment), and d = 10 covariates (containing information about the inputs to the
life sciences experiment), and is publicly available on www. komarix.org/ac/ds/ (ds1.10 file).

In Figure 3.5, the upper bounds are given by our estimator CUB; (3.4) with.S = 1000, 7"= 2000,
and 7 = 100 for the Pima dataset and S = 500, 7' = 100, and / = 40 for the DS1 dataset, where
these values were chosen based on initial runs. The lower bounds are estimated using (3.16) based
on the same samples from the coupled chains used to calculate the upper bound estimate. For all
the cases considered in Figure 3.5, we use a CRN coupling of the marginal kernels with a common
step-size of 0.05 for the Pima dataset and a common step-size of 0.05 for the DSt dataset. We also
considered switching between CRN and reflection couplings based on the Euclidean norm between
the two chains. This did not produce tighter upper bounds than CRN in our experiments, but it may

be effective in other examples, so we have included this option in our released code.

C.s.2  ArPROXIMATE MCMC FOR HIGH-DIMENSIONAL LINEAR REGRESSION

Section 3.4.2 considers Bayesian linear regression with the half-t global-local shrinkage prior applied to

abacteria genome-wide association study (GWAS) dataset [Bithlmann et al., 2014] and a synthetically
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generated dataset. The GWAS dataset has » = 71 observations (corresponding to production of
the vitamin riboflavin) and d = 4088 covariates (corresponding to single nucleotide polymorphisms
(SNPs) in the genome) and is publicly available. The synthetically generated dataset has » = 500
observations and 4 = 50000 covariates. For the synthetic dataset, we generate [X];; N (0,1) and
y ~ N(XB,,o21,), where 7. = 2 and B, € R? is chosen to be sparse such that B, = 200-1/4% for
1<;<20 and{B*J. = 0 forall;j > 20.

The state-of-the-art exact MCMC algorithms to sample from posteriors corresponding to the half-
t prior are Gibbs samplers which cost O(n*d) per iteration. This computation cost arises from a
weighted matrix product calculation of the form X Diag(y,) "X where 5, € [0, 00)? corresponds
to the local scale parameters which take different values at each iteration z. For the Horseshoe prior
(degrees of freedom v=1), approximate MCMC methods have been developed by Johndrow et al.

[2020] based on approximations of the form
XDiag(f;;t)leT ~ XDiag((f_lyjflI{rlyjﬂx} )5;1) bd (C.110)

for some small threshold ¢ > 0. Biswas et al. [2022a] extended the exact marginal chain of [Johndrow
et al., 2020] to all degrees of freedom » > 1.

In Section 3.4.2, we use couplings to assess the quality of the approximate MCMC algorithm char-
acterized by the approximation in (C.110) for » = 2. The upper bounds in Figure 3.6 are given by
our estimator CUB; (3.4). We take S = 1000, 7 = 3000, and 7 = 100 for both datasets, where
these values were chosen based on initial runs and the coupling-based convergence assessment of the
exact chain from Biswas et al. [2022a]. The lower bounds in Figure 3.6 are estimated using (3.16)
based on same samples from the coupled chains used to calculate the upper bound estimate. We con-
sider a CRN coupling with one marginal chain corresponding to the exact MCMC kernel and the

other chain corresponding to the approximate MCMC kernel. The CRN coupled kernel is given in
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Algorithm 31.

C.5.3 ArPROXIMATE MCMC FOR HIGH-DIMENSIONAL LOGISTIC REGRESSION

Section 3.4.3 considers Bayesian logistic regression with spike and slab priors applied to a a malware
detection dataset and a lymph node GWAS dataset. The Malware detection dataset from the UCI
machine learning repository [Dua and Graff, 2017] has # = 373 observations (corresponding to a
binary response vector indicating whether a file is malicious or non-malicious) and d = 503 covariates
(corresponding to features of the files), and is publicly available on www. kaggle.com/piyushrumao/
malware-executable-detection. The lymph node GWAS dataset [Hans et al., 2007, Liang et al.,
2013, Narisetty et al., 2019] has # = 148 observations (corresponding to a binary response vector
indicating high or low risk status of the lymph node that is related to breast cancer) and d = 4514
covariates (corresponding to SNPs in the genome) is not publicly available.

The logistic regression likelihood is given by L(8; y, X) = []/,(1 + exp(—yx/ 8)) ! where y €
{—1,1}" is the response vector, X € R**? s the scaled design matrix with rows x , and 8 € R? is an

unknown signal vector. The spike and slab prior is given by
iid.
Z; "~ Ben(q),  flZ;=0~N(0, 75), Blzi =1~ N(0, 77) (C.119)

forj =1,...,d whereq € (0,1),79 > 0,and 7; > 0 are hyper-parameters with 7y < 71 such that
Z; = 0and Z; = 1 correspond to null and non-null components of [Ej respectively. By considering
the posterior distribution of each variable Z; on {0, 1}, spike and slab priors provide an interpretable
method for Bayesian variable selection [e.g. George and McCulloch, 1993, Ishwaran and Rao, 2005,
Narisetty and He, 2014].

The state-of-the-art exact MCMC algorithms to sample from posteriors corresponding to the prior

in (C.119) are Gibbs samplers which cost O(7d) per iteration [Bhattacharya et al., 2016]. Narisetty

209


www.kaggle.com/piyushrumao/malware-executable-detection
www.kaggle.com/piyushrumao/malware-executable-detection

Algorithm 31: Common random numbers coupling of an exact and an approximate
Markov chain for Bayesian regression with half-t priors.

. A
Input: exact chain current state C, = (8,,7,,072,£,) € RY x R x Ro x Ro,

approximate chain current state C 2 (Iét, 7,007 ;‘;) ERx RL,) x Ry x Ry
and approximation threshold ¢ > 0.

£.8,02.5,.8, B, component-wise, for each component

1. Sample (7,,,,7,4,)
targeting

efmhj%+1,/ ~ 6*’%!1/’71-5-11/
1 and7r(;7t+lJ|...) = .
Pepr, L+ 27,4

J

”(’7:+1J| ) O = ”
}71‘-&2-1,]'(1 + 7}7;4_1])7

) 1/+1

(C.xrr)

form,; = (ftﬁfj) /(26%) and 7, ; = (f 8 U) /(257) respectively using common

random numbers. This can be done using the slice sampler of Biswas et al. [2022a].

2. Sample (£, &1, 07,4, Efﬂ,{@tﬂ,[étﬂ) givenz, , and 7, ., as follows:

(a) Sample (£, z’t 1) via Metropolis-Hastings with step size oy = 0.8:

Propose log(£") = log(&,) + omuZ* and log(?) = log(g’t) + omuZ* for
Z ~ N(0,1).

Calculate acceptance probabilities

_ L(y|f*7}7t+l)”f(f*)§and~ L(,)/|f>k7;7t+l) g)g
Lo 7 )m8) & T L, )mE) E

where 7¢(-) is the prlor den31ty of EMET, +£'X Diag(7,, HXxT,
M [ +XD1ag<(f 77 ¢ {f ~f1> }) )XT fOI' fmax = max{ft’ f }’

(C.x12)

Iog([,(y]f,;y)):—%log(\]l/[])— " log(bo+y M Yy)and  (C.113)

l0g(Z (1, 7)) = — log(1]) -

2 log(by + y" My). (C.114)

Sample U ~ Un1form([0 1]). Set£,,, = £if U* < mm(l q), else set
£ =€ Setfthl L2EU < min(1, ), elsesetftﬂ L




Algorithm 2: continued

2. (b) Sample (2,,,57,,) ‘ftﬂ, ;ﬁH, 7ri1» 7,41 USing common random numbers,
marginally targeting

T a1
ag+n Y Mft+1”7t+1y +bo

0}2+1|ft+1>?7t+1 ~ InvGamma( ) and (C.11s)

2 2
T a1
M- +b
2 0 o~ +n? M 5.0 T
Uf+1‘fz+1>’7,+1 ~ InvGamma(ﬂOZ n’ fon ;t+ ) (C.116)

(c) Sample (ﬂt+1,[ét+1) 201,070 €t ;ﬁH, Drs1s 7pq With common random
numbers and the fast sampling algorithms of Bhattacharya et al. [2016],

marginally targeting

18t+1’73+17 vt D1 ™ N(E_IXT% 0}2+12_1) for> = X' X + £‘+1Diag(77[+1)

(C.117)
P ~ s ~ ~_1 ~ N_l < < . ~
18:+1’7z2+17 ft+17 Dy ™ N(Z XT}’a 0"?-|r1Z ) forS =X'X+ melag(%H)

(C.118)

A p A P ~ ~ P’
return C¢+1 = (,@tH, /Y 0f+1, E)H_l) and Ct+1 = ({8[+17 /e U;2+1> fzﬂ)-




et al. [2019] have recently developed approximate MCMC methods for this setting. Their approxi-
mate MCMC algorithm, called Skinny Gzbbs, is based on matrix approximations of the form
X)X+ X)Xy X X4+ 7% 0
~ (C.120)
X)Xy X)Xy + 7521 0 (n—1)+ 7)1

where 4 = {j : Z; = 1}, X is an n X || matrix corresponding to the active columns j € A of the
design matrix, and X is an 7 X (d — |4|) matrix corresponding to the inactive columnsj ¢ 4. This
gives an overall computation cost of O(n min{d, |4|*}) per iteration.

In Section 3.4.3, we use couplings to assess the quality of the Skinny Gibbs algorithm. The upper
bounds in Figure 3.6 are given by our estimator CUB, (3.4) with § = 1000, 7= 3000, and / = 100
for both the malware and lymph node GWAS datasets, where these values were chosen based on initial
runs. The lower bounds in Figure 3.6 are estimated using (3.16) based on the same samples from the
coupled chains used to calculate the upper bound estimate. We considera CRN coupling between one

marginal chain corresponding to the exact MCMC kernel and another corresponding to the Skinny

Gibbs kernel. The CRN coupled kernel is given in Algorithm 3.

C.6 ADDITIONAL ALGORITHMS



Algorithm 3: Common random numbers coupling of an exact and an approximate
Markov chain for Bayesian logistic regression with spike and slab priors.

Input: exact chain current state C, = (B,,20, €, w,) € RY x {0,1}* x R* x R” and
approximate chain current state C, = (8,2, e, w;) € R? x {0,1}4 x R* x R”,

1. Sample (8, ,8,,,) |2 e, wi, 2, &, w, with common random numbers and the fast
sampling algorithms of Bhattacharya et al. [2016], marginally targeting

(18A7¢+17{g,4t,[+1)|zf76f7 w, ~ N(271<XA XA:)T W% 271) forZ — <X; wXy +71_2[ XJ WX 4 1) ’

X ) WXy XWXy + 75 °

(C.121)

~ ~ I =1 P | = XT WXy, + o0 0
B B o ooy ~ N (2 (X, 0) Wy, 2 ) for 2 = ( S ((n,l)+,(;z)[>
(C.122)

where W = Diag(w,) and W = Diag(#,), 4 = {j : 2, = 1} and 4 = {j : ;,, = 1}

are the index sets of active components, X4 and X are matrices corresponding to the
active (or inactive) columns of X with columns; € 4 and; € A respectively,

and 8

ng,tﬂ

and 8 ,,, are vectors of active components of 3 respectively.

1 =1

2. Sample (2,41, Z.4+1) given B, w1 By1s €05 €, Wy, W, with common random numbers
sequentially in order forj = 1, ..., p such that each z;,,; and z;,,, are Bernoulli
random variables with odds

qN(ﬂj,t+17 0, T%)
(1 - q)'/\/—(xgﬁ;_t,_p Oa T%)
qN(Iéj,t+17 0, T%)

7 5 1 -
2 exp (8, X WY —Xgbe ,.)) + X (I— W)X
(1-— q)/\/’([gﬁﬂ’ 0,72) 1% (I@JJ—H ¥ ( legq,t—l-l) >4 ( ﬂ@],ﬂ-l)

and (C.123)

(C.124)

respectively where AV (+; ¢, X) is the probability density of the normal distribution
with mean ¢ and variance Z, C; = {k: 2,11 =1fork <jorz, =1lfork >}is
the index set of active components in {1, ..., p}\{/}, Xc, is a matrix of the columns

of X which correspond to indices in C;, and 8. , L1 s avector of the components of
Jy

B 1 which correspond to indices in C.
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Algorithm 3: continued

3. Sample (e,11, €41) |8, 15 B,y 15 2041, et Wi, W, with common random numbers

component-wise independently such that foreach7 =1, ..., »
N (%8, w1 ify; =1
L~ i Prp1 Wi )10,00) Ji
et {N(xz—‘rlgﬂrl’ w;t1>1(—oo,0) if,yz' =0 and (C'IZS)

T 7 ! if y, =
3 { /\/'(xz’égiﬁp Wi Mpooy iy =1 (C.126)

Ciry1 ™ T ~ 1 : _
N B pin Wi M=oy iy =0
where x/ and x} ,are the " row of the X and X respectively.

4. Sample (w41, Wy41) |ﬂt+1,[8[+1, Zit1, Zet1, €41, €41 This can be sampled
component-wise using common random numbers such that foreach7 =1, ..., n,

v+1 K+ (i — xz'T/ng)z
i1 7 )
w; 41 ~ Gamma 5 5

- <1/ +1 K+ (i — xg,zfgﬁ,rﬂ)z)
w; 41 ~ Gamma ,
’ 2 2

and (C.127)

(C.128)

where » = 7.3, K £ 7%(v — 2) /3 are fixed constants as given in Narisetty et al.
[2019].

return C, = ({81»7 Rty Cry wt) and C; £ (Z'Zta 2y, &, ibt)'
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Algorithm 4: Common random numbers coupling of two MALA kernels marginally
targetting distributions P and Q respectively

Input: (X,, ¥;), unnormalized densities p and g of P and Q respectively, step sizes op
and o
Sample ecr ~ N (0, ). Calculate proposals

1 1
X* é X; + zd’?)v IOgP(X[) + JPECRNand Y* é Y[ + EG'ZQV logq(Yt) + JQgCRN

Sample Ucgry ~ Uniform([0, 1])

. PN (XXt 305V log p(Xe) 71 a) oy, _
lf UCRN S p(X[)N(X,;X*-F%G%VIng( *)7(7%)[(1), then SetXH—l =X 5 elSC SCtXH_I = th
. g(YIN (Y3 Yot 505V logg(Y2) oL

if Ucrw < gOON T+ 4V logg(¥*) 73

return (X1, Yri1)

)

d;, thenset ¥, = Y elseset ¥,y = 1,

Algorithm s: Common random numbers coupling of a MALA kernel and an ULA
kernel marginally targeting distributions P and Q respectively

Input: (X,, ¥;), unnormalized densities p and g of Pand Q respectively, step sizes op
and 140
Sample ecgn ~ N (0, ;). Calculate proposals

1 1
X 2X + EJ%)V logp(X,) + opecryand Y* £ ¥, + EU'ZQV logq(Y) + ooecrn-

Sample U ~ Uniform(]0,1])

if U< P(X*)N()FK;XI""%’T%VIOgP( t)”’%[d
= PN (XX +3503V log p(X*) 14

Set ),H-l =Y
return (X1, Yri1)

;, thenset X, ; = X" ;elseset X, ; = X,

215§



Appendices to Chapter 4

D.1 Proors

Proof of Proposition 4.2.1. Consider Step 1 of Algorithm 8 and Algorithm ¢ for probit regression.
Given pre-computed matrices Mm, Mm, M, M ;11 and state 2,1, calculating M, M, ,’1 requires

O(n*p,) cost by (4.3) and (4.4), where p, = min{||z.||1,p — ||z|/1, 8} for 8, = ||z, — zr—1]}1.

Consider Step 1 of Algorithm ¢ for logistic regression. This requires O(max{»*p;, n>}) cost, where
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the O(n?p,) cost arises from the calculation of M, using (D.12) and the O(%?) cost arises from in-
verting M, to calculate M, .

Given M1, Step 2 of Algorithms 8 and 9 then requires O(np) cost, which arises from the matrix

D=

vector product X D, *7for » ~ N(0, I,) in Algorithm 7. By component-wise independence, Step

3 of Algorithms 8 and 9 costs O(p) and Step 4 of Algorithm 9 cost O(z). Step 4 of Algorithm 9
and Step S of Algorithm ¢ for probit regression both cost O(1). Step S of Algorithm ¢ for logistic
regression both costs O().

This gives an overall computational cost of O(max{»?p,, np}) for Algorithm 8 and Algorithm 9

for probit regression at iteration £, and a cost of O (max{n*p,, n*, np}) for 9 for logistic regression. [

Proof of Proposition 4.2.2. By linearity, E[0,] = Zle Pz, # 2j,—1) where for each component j

the random variables z;, and 2,1 are on {0, 1}. For each 7, we obtain

Pz # zj4—1) = P(gj, = 1,21 = 0) + P(z;, = 0,2;,-1 = 1)
= (P(g, = 1) — Pz, = 1,z5,-1 = 1)) + (P71 = 1) — P(z;; = 1,,1 = 1))
= (P(ZjJ =1) — cov(zjs,2,-1) — Pz, = 1)P(zj,—1 = 1))+
(]P’(Zj,tq =1) — cov(2js, 2j,—1) — Pz, = 1)P(2j,1 = 1))

= P(ZJ‘J = I)P(Zj,[71 = 0) + P(Zj}t = O)]P)(Zﬁtfl = 1) — ZCOV(Zj,;,Zj,L‘fl).

When z;, follows the stationary 7, 2;,; ~ 2;,—1 and var(z;;) = P(z;, = 1)P(z;,—1 = 0). Conse-

quently,

Pz # 2j1—1) = 2varg(z;,) — 2cov(2;, 2j,—1) = 2varg(z;,) (1 — corry (2, 2j,—1))-
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Proof of Proposition 4.2.3. Note that 4> = 4 if 2 only takes the value 0 and 1. This gives

Wz # 21} = (2, — z]»7¢,1)2 = 2js + %1 — 22,4811 (D.1)

Let/be the uniform random variable on the integers {1, ..., p}. Then,
0 = p(Erlere) + Eylere—1) — 2B/(z7:270-1)), (D.2)
where the expectation is taken with respect to the random index /. Note that E/(z7,) = ||2:||1/p and

Var/(ze) = (|| zell1/2)(1 = l|z[l1/p) = 72 /p*. We obrain

TrTr—1 + || Ze||1]| Zr—1]]1
E/(g1,270-1) = Covylazes 71—1) + Ex(g)Eygrmr) =L 1|,|;zt” 2l , (D.3)

where p, = corry(2,, 27,—1). Combining (D.2)-(D.3) yields (4.7). O

D.2 ALGORITHM DERIVATIONS

D.2.1 LINEAR REGRESSION WITH SPIKE-AND-SLAB PRIORS

For linear regression with the continuous spike-and-slab priorsin (4.1), the posterior density of (, 2, *) €

R? x {0,1}” x (0, 00) is given by

=(, 2,7 |y) ocN (y; X, G'Z)InVGamma(az; %0, %) (D.4)
?

[T @V 0.22)7 (1 — 9N (8 0,2%)) . (D.5)
=1
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From (D.4), we can calculate the conditional distributions. We have

»
(2,7, y) < N(y; X, 2 L) [[N(8;0,27) 7N (8;0,77)

=1

o« N(y; X, L,)N(;0,#D ") for D £ Diag(z7; > + (1, — 2)75 %)

1
o exp {_2021 (TXTX-2"XTy+ TD)}
< NG X Ty, Yfor =X'X + D,

?
7r(Z|,02,y) X H (qN(ﬂ,O’gZT%))ZJ((I . Q)N(ﬂ~;0,027%))1_2/
=
x HBern(zz'§ qNng 0,0.2,2_%) +(1- q)./\/-@7 0, 0_2720)

=1

>, and

(], z,9) <« N(y; X, f)InvGamma(vZ; %0, %)N(; 0,7D7")

1\5 1 1\ 7 1 1\5 11
() CXP{‘zaz”y‘X"Z}(o-z) CXP{‘MO}@) P2 D

b - X2+ "D
aInvGamma(az;dO +;+P, O+Hy 5 H2+ )

as given in Algorithm 8.

D.2.2 PROBIT REGRESSION WITH SPIKE-AND-SLAB PRIORS

Consider the probit regression likelihood, where for each observationz =1, ..., %, P(y; = 1]z, ) =
1 —P(y; = Olz;,) = @(x;") for ;" the i-th row of the design matrix X. and @ that cu-

mulative density function of a univariate Normal distribution. We obtain y; = I{j; > 0} for
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5;| ~ N (2;",1). The Bayesian probit regression model is then given by

2 g Bern(g) forallj=1,...,p
Blz ™ (1—2)N(0,2) + N (0,7) forallj=1,...,p (D.6)

Vil nd N(iD,'T,l) forall;=1,...,n

y; = H{y; >0} foralli=1,...,%.

For the prior and likelihood in (D.6), the posterior density of (, z, ) € R? x {0,1}” x R is given
by

7(, 2, 9|y) oc(HI{I{)Z' >0} :yi}/\/@l‘; miT,l))
?

[T @V 0.)7 (1 — 9N (8:0,7)) . (D7)

J=1

From (D.7), we can calculate the conditional distributions. We obtain

7(|z,9,y) x N(g; X, L,)N(;0, D) for D £ Diag(z7; > + (1, — 2)7, )
<« N(; X Ty, Yfor = X' X + D,
4 gN(£;0.77)

WM@wKH&M%W%&@+@WW@Q@)M

W(g‘azuy) X HN@” wiTvl)I{I{ji > O} :_)’z}

as required for probit regression in Algorithm 9.
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D.2.3 LOGISTIC REGRESSION WITH SPIKE-AND-SLAB PRIORS

We first describe the Bayesian logistic regression model considered. Consider the logistic regression

likelihood, where for each observation 7 = 1,...,n, P(y; = ljz;,) = 1 — P(y; = Olx;,) =

exp(wiT)

Trep(@iT) for x; " the 7-th row of the design matrix X. We obtain y; = I{j; > 0} where j; ¢4

Logistic(z; |, 1), corresponding to the logistic distribution centered about &; " and scale parameter

1.

STUDENT’S #~DISTRIBUTION BASED APPROXIMATION OF THE LOGISTIC REGRESSION LIKE-

LIHOOD.

Following O’Brien and Dunson [2004] and Narisetty etal. [2019], we can approximate Logistic(a:iT ,1)

with @; | + wt,, where £, denotes a #-distribution with » degrees of freedom and w is a multiplicative

20—
factor. The constants » = 7.3 and w? = % are chosen following O’Brien and Dunson [2004],

in order to match the variance of the logistic distribution and to minimize the integrated squared

distance between the respective densities. The Gaussian scale representation of this z-distribution is

- - T . . v w
Vilei, o0~ N (i, 67), & ~ InvGamma(i, 7), (D.8)

z

where each &7 is an augmented variable. The Bayesian logistic regression model is then given by

z; £ Bern(g) forallj=1,....p

Bz 21— N(0,2) + 5N (0,7) forallj=1,....p (D.9)
. 2
512- rid- InvGamma(z, ﬂ)
202

yil, 57 nd N(z;",52) foralli=1,...,n

yi = Ky, >0} forals=1,.. 2
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Let? denote the vector with entries 5‘12 for7 = 1, ..., n. For the prior and likelihood in (D.9), the

posterior density of (, 2, 9,2) on R? x {0,1}? x R? x (0, 00)" is given by

(,2,9,%|y) o<H N (E:0,7))7 (1 - 9N (8;0,73)) 7

]_

HI{I{y > 0} = 5} N (s @, 52)InvGamma (7

i=1

wj) (D.10)

N\w

From (D.10), we can calculate the conditional distributions. Let W = Diag(*). We obtain

(|2, 9,2, 9) « N(§: X, W)N(;0,D ) for D £ Diag(zrf2 + (1, — z)rgz)
< NGIXTWlg, Hfor = XWX + D,

qN(ﬂ,O,T%
(Z| y? 7y O(HBCIH(ZZ, N({g 0’712 N(ﬂ 072_%)

W(g|v z’~2’ y) X HNG/Z'; :I:iT,@Z.)I{I{% > 0} :yl'}7 and
i=1

” 2
7l 2. 9,y) o< [[V G @i T, 2)InvGamma (72 2, 27
=1

1 _ 2
ocl_[InvGamma(Z'2 V_; 7w V—'_(yz i ) )
i=1

as required for logistic regression in Algorithm 9.

A scALABLE GIBBS SAMPLER FOR LOGISTIC REGRESSION.  The computational bottleneck of ex-
isting Gibbs samplers for logistic regression is linked to sampling from the full conditional of € R?.

This is given by

iz~ NCXTW g, for =X WX + D, (D.11)
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Algorithm 6: An Q(n?p) sampler of (D.11) [Bhattacharya et al., 2016]
Sample  ~ N(0, I,), ~ N(0,I,).
Setu = D,_%’r and calculate v = VV,_I/ZXU + .
Setv* = MY (W, 2 —v)for M, = I, + W, > XD X W, /%
Return = u + D' X TW, %0,

where ¢ indexes the iteration of the Markov chain, W, is the diagonal matrix with the vector ? pop-
ulating its diagonal elements, and D, is the diagonal matrix with the vector 2,7} > + (1, — z)7y z
populating its diagonal elements. To sample from (D.11), we can use the Q(7?p) sampler of Bhat-
tacharya et al. [2016], which is given in Algorithm 6.

Following the strategy in Section 4.2.2, S3 for logistic regression uses pre-computation to reduce

the computational cost of Algorithm 6. Using the notation from Section 4.2.2 with M, 271, +

Wt_l/zXDt’lXTVVt_l/z, we note

M, =1, + W, (M, — I, + (2 - ) X X)W, (D.12)
=L, + W, (M, — I + (5 — D) X X)W, (D.12b)
— I, + W, (W (M, — 1)W} + Xa Ca, XL )W, (D.12¢)

In (D.12a) — (D.12¢), calculating the matrix products X 4, Xl, X4 qu;, and X5, Ch, X l requires
02|z 1), O (p—||z:||1)), and O (#3;) cost respectively. Given My, My, M1, and 2,1, we
evaluate whichever matrix productin (D.12a) — (D.12c¢) has minimal computational cost and thereby
calculate M at the reduced cost of O(#%p;) where p, = min{| 2|1, — ||z:]l1,8:}. To calculate
M, we calculate M, ! by directly inverting the calculated matrix M,, which requires O(7?) cost.
Overall, this strategy reduces the computational cost of calculating the matrices M, and M, from

Q(n*p) to O(max{n’p,, n}).
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EXTENSIONS TO SCALABLE SPIKE-AND-SLAB FOR LOGISTIC REGRESSION.  Suppose the matrices
X " X is pre-computed. This initial step requires O(np?) computational cost and O(p?) memory.
Then the matrices XZX 4, and XI;I—;X 4 in (D.12a) — (D.12b) correspond to pre-computed sub-
matrices of X " X, and calculating M, using (D.12a) — (D.12b) each iteration # involves matrix addi-
tion and diagonal matrix multiplication which only requires O(n*) cost. To sample from (D.11), we
calculate M, ! by directly inverting the calculated matrix M, from (4.3), which requires O(7?) cost.
Overall, now the Gibbs samplers for logistic regression requires O (max{n>, np}) computational cost

atiteration ¢, which is an improvement compared to S3.

D.3 EXPERIMENT DETAILS

FIGURE 4.3 OF SECTION 4.3. In Figure 4.3, we use the same prior hyperparameters for all the algo-
rithms. Following Narisetty et al. [2019], we choose 75 = %, 7= max{%, 1} andg = P(z; = 1)
such that ]P’(Zj-;l Hz; = 1} > K) = 0.1 for K = max{10,logz}. The true positive rate (TPR)
and the false discovery rate (FDR) correspond to the proportion of non-zero and zero components

of ﬁ;‘ that are correctly selected respectively. They are calculated as ! Zj‘:1 HP.(z; = 1) > 0.5}

and P%f f':s 1 {Pz(z; = 1) > 0.5} respectively, where the marginal posterior probabilities 7; =
P.(z; = 1) are estimated by 7; £ i S0 z,, for sample points (2;),>0 generated using S or
Skinny Gibbs. The lines in Figure 4.3 correspond to the average TPR and FDR across 20 indepen-

dently generated datasets, and the grey bands correspond to one standard error of the averages.

D.4 DaTASeET DETAILS

SYNTHETIC CONTINUOUS RESPONSE DATASET IN SECTION 4.2.3.  In Figure 4.1, synthetic linear

regression datasets are considered. For number of observations 7z and number of covariates p, we gen-

iid.
~Y

erate a design matrix X € R”*? such that each [X];; (0,1) foralll <7< nzand1 <; < p,
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which is then scaled to ensure each column has a mean of 0 and a standard error of 1. We choose the
true signal * € R” such that ; = 2I{; < s}, where s is the sparsity parameter corresponding to the
number of non-zero components. Given X and *, we generate y = X* + o for ~ N(0,1,),

where 7 = 2 is the Gaussian noise standard deviation.

SYNTHETIC BINARY RESPONSE DATASET IN SECTION 4.3.  In Figures 4.2 and 4.3, synthetic binary
classification datasets are considered. For number of observations 7 and number of covariates p, we

iid.
~Y

generate a design matrix X € R”*? such that each [X], 7 (0,1) forall1 < 7 < nand

1 < j < p, which is then scaled to ensure each column has a mean of 0 and a standard error of 1.
o

We choose the true signal * € R” such that } = ZTJI{/ < s}, where s is the sparsity parameter

corresponding to the number of non-zero components. Given X and *, we generate y; = I{y; > 0}

for j; ~ Logistic(x; ' *,1) for 7 = 1..., n, where @; | is the 7-th row of X and Logistic(z; ' *,1) is

the Logistic distribution with mean @; ' * and scale parameter 1.

DATASETS IN SECTION 4.4.  The Malware detection dataset from the UCI machine learning repos-
itory [Dua and Graff, 2017] has » = 373 observations with binary responses and p = 503 covariates,
and is publicly available on www. kaggle.com/piyushrumao/malware-executable-detection.

The Borovecki, Chowdary, Chin and Gordon datasets are all high-dimensional microarray datasets.
They are publicly available on the datamicroarray package in R. The Borovecki dataset has » = 31
observations with binary responses and p = 22283 covariates. The Chowdary dataset has » = 104
observations with binary responses and p = 22283 covariates. The Chin dataset has z = 118 observa-
tions with binary responses and p = 22215 covariates. The Gordon dataset has » = 181 observations
with binary responses and p = 12533 covariates.

The PCR GWAS dataset has # = 60 observations with continuous responses and p = 22575 co-

variates, and is publicly available on www.ncbi.nlm.nih.gov/geo (accession number GSE3330). The
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Lymph Node GWAS dataset has » = 148 observations with binary responses and p = 4514 covari-
ates, and has been previously considered [Hans et al., 2007, Liang et al., 2013, Narisetty et al., 2019].
The Maize GWAS dataset has » = 2266 observations with continuous responses and p = 98385
covariates, and has been previously considered [Romay et al., 2013, Liu et al., 2016b, Zeng and Zhou,
2017]. The Lymph Node GWAS and the Maize GWAS datasets are not publicly available.

The synthetic continuous dataset has » = 1000 observations and p = 50000 covariates. The

iid.
~Y

design matrix X is generates such that each [X],-J- (0,1) foralll <7 < zandl <; < p,
which is then scaled to ensure each column has a mean of 0 and a standard error of 1. The true signal
* € R? is chosen such that [8;.‘ = 2¥I{j < s}, where s is the sparsity parameter corresponding to
the number of non-zero components. Given X and *, we generate y = X* + o* for ~ N(0, I,,),

where ¢ = 2 is the Gaussian noise standard deviation. The synthetic binary classification dataset is

generated as in Section 4.3, with 2 = 1000 observations and p = 50000 covariates.
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