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Dissertation Advisor: Prof. Morgane Austern, Prof. Tianxi Cai Qizhao Chen

Estimation and Inference in Causal Models
and Multi-Modal Knowledge Graph

Integration

ABSTRACT

This dissertation examines the estimation and inference of causal parameters in two
different frameworks: the generalized method of moments framework and the dynamic

optimal treatment regime framework.

o For generalized method of moments framework: Chapter 1 shows that when
the auxiliary estimators satisfy a leave-one-out stability condition, debiased machine
learning can achieve root-n consistency and asymptotic normality without requiring
sample splitting or cross-fitting. This enables more efficient sample reuse, especially

in moderate-sample regimes.

o For dynamic optimal treatment regimes: Chapter 2 analyzes the statistical
properties of a softmax approximation to the optimal policy. It demonstrates that
under a suitable growing scheme of the temperature parameter, this softmax ap-
proach yields valid inference for the value and structural parameters associated
with the true optimal regime.
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Apart from causal parameter estimation and inference, this dissertation also advances
causal understanding by integrating biomedical knowledge to uncover biological drivers

of clinical outcomes and to inform clinical decision-making:

« Biomedical knowledge graph integration: Chapter 3 constructs a heteroge-
neous, multi-modal knowledge graph using a Relational Graph Convolutional Net-
work (R-GCN) to embed clinical and biological entities, including disease, drugs,
genes, and single nucleotide polymorphisms (SNPs), into a unified representation

that supports various link prediction tasks and downstream applications.
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Introduction

Estimation and inference on causal parameters often involve semi-parametric methods,
where not only is the target parameter estimated, but the procedure also requires es-
timating auxiliary functions, which are typically solutions to regression or classification
problems. In this work, we explore two such settings: one within the framework of gen-
eralized method of moments, and the other in the context of dynamic optimal treatment
regimes. For the former, we show in Chapter 1 that when we use debiased machine
learning, and when these auxiliary estimation algorithms satisfy natural leave-one-out

stability properties, sample splitting or cross fitting is not required to maintain asymp-



totic normality and root-n consistency of the target parameter of interest. This allows for
sample re-use, which can be beneficial in moderately sized sample regimes. For instance,
we show that the stability properties that we propose are satisfied for ensemble bagged
estimators, built via sub-sampling without replacement, a popular technique in machine
learning practice. For the context of dynamic optimal treatment regimes, in Chapter 2,
we construct confidence intervals for the value of the optimal regime and structural pa-
rameters associated with it from offline data. This problem is inherently challenging, as
it involves non-linear and non-differentiable functionals of unknown quantities that need
to be estimated. Prior work resorted to sub-sample approaches that can deteriorate the
quality of the estimate. We show that a simple softmax approximation to the optimal
treatment regime, for an appropriately fast growing temperature parameter, can achieve
valid inference on the truly optimal regime. We illustrate our result for a two-period op-
timal dynamic regime, though our approach should directly extend to the finite horizon

case.

Beyond understanding causal relationships through the lens of causal inference, we also
pursued this goal from the perspective of biomedical knowledge integration in Chapter
3. Specifically, we utilized complex relationships between clinical concepts and biological
entities to construct a unified representation of these elements. To bridge the gap be-
tween genomic and phenotypic data and provide a comprehensive representation of diverse
biomedical entities, we employed a Relational Graph Convolutional Network (R-GCN) to
build a heterogeneous, multi-modal knowledge graph that learns embeddings for these en-
tities. Our approach accounts for the multi-relational structure of the data by modeling
the diverse relation types contributed by multiple data sources and, notably, incorporates
single nucleotide polymorphisms (SNPs) into the graph. The resulting knowledge graph
outperformed initial embeddings derived from PubMedBERT and cohort-based studies in

link prediction tasks for modeling multi-relational data. This enhanced, multimodal rep-



resentation of the biomedical landscape paves the way for a broad range of downstream
applications that help reveal biological drivers of clinical outcomes and inform clinical

decision-making.



Chapter 1: Debiased Machine Learning
without Sample-Splitting for Stable

Estimators

This chapter is based on my joint work with Prof. Vasilis Syrgkanis and Prof. Morgane

Austern, presented in [35].



1.1 INTRODUCTION

A large variety of problems in causal inference and more generally semi-parametric infer-

ence can be framed as finding a solution to a moment condition:

where Z € Z is a vector of random variables that, apart from the target parameter
0y € © C RP? of interest, also depends on unknown nuisance functions gy € G, which need
to be estimated in a flexible manner from the data. This framework has a long history in
the literature on semi-parametric inference [1-3, 18, 19, 60, 67, 81, 82, 91, 106, 108, 109,
115, 124, 126, 147, 152, 153], which analyzes the following two-stage estimation process
with sample re-use, when having access to n iid samples {Z1,...,Z,} and as n grows,

treating the target parameter dimension p as a constant:

1. Obtain an estimate § € G of the nuisance function gy based on all the samples.

2. Return any estimate § € © that satisfies:

M,(6,5) = o, (n_1/2> with M, ( = :LZm Zi;0,9).
=1

Given that the estimation of function § is a complex non-parametric problem, it will
typically only satisfy slower than parametric error rates. Moreover, in high dimensional
settings, when machine learning techniques are used to estimate g, then the regularization
bias of § will propagate to the final estimate é, leading to non-regular estimates and the

inability to construct confidence intervals.

The literature on efficient semi-parametric estimation provides conditions on the mo-

ment function so that the influence of the estimation error of the nuisance function g is



of second order importance and does not alter the distributional properties of the second
stage [11-14, 18, 26, 37, 60, 71-76, 110, 114, 119, 148, 166, 173, 174]. This approach dates
back to the classical work on doubly robust estimation and targeted maximum likelihood
(95, 124, 125, 146, 149, 150] as well as the more recent work on locally robust or Neyman
orthogonal conditions on the moment function [15, 38, 39, 111, 112], typically referred to
as double or debiased machine learning. At a high-level, the earlier literature on semi-
parametric inference shows that if the moment function satisfies some form of robustness
to nuisance perturbations and, importantly, as long as the space G used in the first stage
estimation is a relatively simple function class, in terms of statistical complexity, typically
referred to as a Donsker function class, then the second stage estimate is root-n consistent
and asymptotically normal. Hence, one can easily construct confidence intervals for the

target parameter of interest.

Crucially the recent literature on debiased machine learning alters the standard two-
stage estimation algorithm to introduce the idea of sample-splitting [17, 171]. In partic-
ular, instead of estimating § on all the samples, the recent work on debiased machine
learning [38, 39, 42| estimates § on a separate sample, or for better sample efficiency
invokes “cross-fitting,” where we train a nuisance model on half the data and evaluate it
in the second stage on the other half and vice versa. Sample splitting avoids the Donsker
conditions that were prevalent in the classic semi-parametric inference literature and only

requires a root-mean-squared-error (RMSE) guarantee of the estimate § of o,(n~1/4).

However, sample splitting or cross-fitting still leads to poorer sample usage, as we can
lose half of our data when training complex non-parametric or machine learning mod-
els, which can be problematic in small and moderate sample regimes. Our main result
is to show that root-n consistency and asymptotic normality of the standard algorithm,
without sample splitting, can be achieved without the Donsker property, but solely if one

assumes that the first stage estimation algorithm is o(n~'/2) leave-one-out stable, a rela-



tively widely studied property in the statistical machine learning and generalization theory
literature [25, 51, 59, 77]. As a leading example we show that our stability conditions are

satisfied by bagging estimators formed with sub-sampling without replacement.

Recent prior work of [41] also considered asymptotic normality based on stability con-
ditions, but as we expand in the main text, their requirement on the stability property is
much harsher than the one we derive here. Moreover, [41] analyzes only a special case of
the class of moment problems that we consider here. For instance, in our leading example
of bagging estimators, the prior result of [41] would require that the bias of the base
estimator decays faster than 1/n, where n is the sample size, which is typically not the
case. In contrast, our stability condition does not impose any explicit assumption on the

bias and solely requires that the sub-sample size m is o(y/n).

To simplify the regularity assumptions required for asymptotic normality, we focus on

the case where m(Z; 6, g) is linear in 0, i.e.

m(Z;0,9) = a(Z;9)0 +v(Z; g)

where a(Z;g) € RP*P is a p X p matrix and v(Z;g) € R? is a p-vector, and we denote

with:

A(g) := Ezla(Z; g)] An(g) = Enla(Z; g)]

V(g) :=Ez[v(Z;9)] Va(g) == E,[v(Z; 9)].

Many of the leading examples in semi-parametric problems that arise in causal inference
correspond to linear moment problems. We present below a representative set of problems

that are widely used in the practice of causal inference.

Example 1 (Partially Linear Treatment Effect [126]). If one assumes that the outcome

of interest Y is linear in the treatment, i.e. Y = 6T + fo(X) + €, with E[e | T, X] = 0,

7



then estimating the treatment effect 6y boils down to solving the following linear moment:

m(Z;0,9) = (Y — q(X) = (T — p(X))) (T = p(X))

where the corresponding true values of (q,p) are qo(X) = E[Y|X], po(X) = E[T|X].

Example 2 (Partially Linear IV [39]). If one assumes that the outcome of interest Y is
linear in the treatment, i.e. Y = )T + fo(X) + €, but the treatment is endogenous (i.e.
there are unobserved confounders) and one has access to a random variable Z, that is
referred to as an instrument, which correlates with the treatment but is un-correlated with
the residual in the outcome equation, i.e. satisfies that Ele | Z, X| = 0, then estimating

Oy boils down to solving the following linear moment:

m(Z;0,9) = (Y — q(X) = 0(T — p(X))) (Z - r(X))

where the true values of (q,p,r) are qo(X) = E[Y|X], po(X) = E[T|X], ro(X) = E[Z|X].

Example 3 (Average linear functionals of regression functions). Consider a class of mo-

ment functions of the form:

m(Z;0,9) =0 —my(Z;q) — (T, X) (Y — (T, X))

where g = (q, 1), my is a linear functional of q and the corresponding true value q is a
regression function qo(T,X) = E[Y | T, X] and uo is Riesz representer of the functional
E[mi(Z;q)] (see [40] for examples). For instance, in the case of a binary treatment T,
where we have that Y = q(T, X)+¢€ and Ele | T, X| = 0, then the average treatment effect

0o = Elg(1, X) — ¢q(0, X)] is identified by a moment of the latter type, with:

my(Z;q) = q(1,X) — q(0, X). (Average Treatment Effect (ATE))



While if we have a target treatment policy m : X — {0,1}, and we want to estimate its

average value 0y, we can identify it with a moment of the aforementioned type, with:

my(Z5q) = (X)) (q(1, X) — ¢q(0, X)). (Average Policy Effect)

For completeness, we also include in Appendix A.7 an extension of our results to non-

linear moment problems.

1.2 AsymMPTOTIC NORMALITY WITHOUT SAMPLE SPLITTING

We start by providing an asymptotic normality theorem for semi-parametric moment esti-
mators without sample splitting and where the moment satisfies the well-studied property
of Neyman orthogonality. Our theorem requires four main conditions: i) root-mean-
squared-error (RMSE) rates for the nuisance function estimates of o,(n~'/4), ii) Neyman
orthogonality of the moment with respect to the nuisances, iii) second-order smoothness
of the moment with respect to the nuisance functions and, iv) stochastic equicontinuity of
the Jacobian and the offset part of the linear moment function as the nuisance estimate
§ converges to go. For a vector z € R? we denote with ||z||2 the ¢; norm and for a matrix

X € RP*P we denote with || X]|,, the operator norm with respect to the ¢ norm.

Theorem 1. Suppose that the nuisance estimate g € G satisfies:
15— goll3 = Ex [I9(X) — 9o(X)[I3] = 0, (n"72). (Consistency Rate)
Suppose that the moment satisfies the Neyman orthogonality condition: for all g € G

0 .
DyM (6o, 90)lg — 9o} = §M<00a go+t(g— 90))’t:0 =0  (Neyman Orthogonality)



and a second-order smoothness condition: for all g € G

2

0
DygM (6o, 90)lg — 90] £ 55M (B0 90+t (9~ 90)|_; = O (llg — ull5) (Smoothness)

and that the moment m satisfy the stochastic equicontinuity conditions:

Vi llA(g) = Algo) = (An(§) — An(g0))ll,, = 0p(1)

Vi llV(g) = Vigo) = (Va(@) = Valgo))ll, = 0p(1).

(Stochastic Equicontinuity)

Assume that A(go)™" exists and that for any g,g9' € G:

1A(g) — A(g)lop = O (llg — d'll2) -

Moreover, assume that for any i, j € [p] x [p], the random variable a; j(Z; go) has bounded

variance. Then 0 is asymptotically normal:
A n—00,d -1 T -1
Vi (6= 60) =5 N (0, Algo) "E [m(Z; 60, 90) m(Z: 60, 90) | Algo) ™) -

The first three conditions are standard assumptions in the literature on debiased ma-
chine learning. The final condition (stochastic equicontinuity) is exactly where sample
splitting comes very handy in the literature. To illustrate the reason why sample splitting
helps with the stochastic equicontinuity condition, let us consider the first part of the
condition (the reasoning is analogous for the second part). It asks that the difference of

two centered empirical processes, namely A, (§) — A(§) and A, (g0) — A(go), goes to zero

1/2 1/2

faster than n="/. We expect each empirical process to go down to zero at exactly n~
and so this condition asks, since § converges to gy is the empirical process continuous in
its argument and for that reason does the difference converge to zero faster than each

individual component. If the estimate § was fitted on a separate sample, then conditional

10



on §, we have that each element ¢ = (7,7) € [p] x [p] of A,(§) — A.(go) is an empirical
average of iid random variables with mean A(§) — A(go). Thus a simple Bernstein in-
equality would show that the difference of the two empirical processes would converge to

zero at the order of:

0, (\/E[(at(Z;g) ; ai(Z; 90))?] " i) -0, ( /||§ —n90||% i i) _ op(n_1/2)

where we also invoked a mean-squared-continuity property of a,(Z;g) and the fact that

1 — goll2 = 0,(1). Thus, with sample splitting, no further constraint is required from g,
other than a convergence rate on ||§ — go||2. In fact, as was noted in recent work of [42], in
the above step it suffices to assume that E[(a;(Z;§) — ai(Z; 90))*] = O (]|§ — go||%) for any
q < 0o, which is a much weaker mean-squared-continuity assumption, and the property

|g/2n71/2

would still hold, since ||§ — go = o(n"1/2), whenever ||§ — goll2 = 0,(1).

Without sample splitting, note that g is now correlated with the samples in the empirical
averages and hence A,(§) — A,(go) is no longer an average of i.i.d. random variables.
Typical approaches would try to prove a uniform stochastic equicontinuity property over
the function space G, typically referred to as a Donsker property of the function space G.

In particular, if we could show that with high probability:

Vg € G |A(g) — Algo) — (An(9) — Aulgo))ll,y = O (Sullg — goll2 + 62)

O (32 + g — gll3)

then the above property would also hold for §. Subsequently, since we know that ||§g —
9ol|3 = 0,(n"/2), by our convergence rate assumptions on §, then it would suffice that
62 = o(n~'/?). Such localized concentration inequalities have been known to hold for
Donsker classes, which are typically defined via entropy integrals, and more recently it

was also noted that such inequalities are satisfied with ¢,, being the critical radius of the

11



space G, defined via localized Rademacher complexities.

However, the latter approach is conservative as it requires a uniform control over the
function space G and does not utilize at all the properties of the estimation algorithm itself.
In particular, as we will show in the next section, the main result of our work is that this
stochastic equicontinuity condition follows from o(n_l/ 2) leave-one-out stability conditions
on our estimation algorithm, which are typical in the machine learning literature and in

the excess risk and generalization bounds literature.

1.3 STOCHASTIC EQUICONTINUITY VIA STABILITY

We will show that the Condition (Stochastic Equicontinuity) is satisfied, whenever the
estimate § satisfies leave-one-out stability properties and the moment satisfies the weak
mean-squared-continuity property of [42]. We start by some preliminary definitions re-
quired to state our stability conditions. Define Z(-9 as the data Zi,..., 7, with the
[-th data point Z; replaced with an independent copy Z,. Define Z(-1=2) ag the data
Zi,...,Z, with both the [;-th and the l5-th data points Z;,, Z;, replaced with indepen-
dent copies Z,,, Z,. Define similarly for Z(-':=%2=%) and so on. Let §(=Y be the estimator
trained on Z(Y instead of Z, ..., Z,. Similarly, let §(~"~") be trained on Z(~"~%) and
so on. Moreover, we will always denote with Z a fresh random variable drawn from
the distribution of the samples, but which is not part of any training sample. For any
random variable X, we denote with || X||; := E[|X|], with ||X|]2 := /E[X?], and with

X ||, := (E[|X|?])"/? for any p > 1 in general.

Lemma 2 (Main Lemma). If the estimation algorithm satisfies the stability conditions:

12



for alli,j € [p]

max aij(Z1,9) — aij(Z, §70)| = o(n'/? max a;j(Z,9) — aij(Z,5°0)| = o(n™?)
€n 1 €n 2

max (%, §) — (2, 470)| = oln™)  max 14(2,9) —n(Z,470)| = o)
€ln 1 €ln 2

and the moment satisfies the mean-squared-continuity condition: for all i,j € [p|

Vg, 9" El(a;j(Z;9) — ai;(Z;9))*] < Lllg — I8 El(vi(Z;9) —vi(Z;9))*] < Lllg — ¢/l

for some ¢ < oo and some L > 0, then the Condition (Stochastic Equicontinuity) s

satisfied.

Remark 1. We show in section 1.3.1 that the stability conditions are tight. We present a

counter example for which ||v;(Z, §) —vi(Z,§=P)

is exactly of order n='/? and for which
2

the Stochastic Equicontinuity condition is not satisfied.

Remark 2. We note that prior work of [} 1] that established asymptotic normality without
sample splitting via stability, required significantly stronger conditions than what we invoke
here. In particular, if we let 3, be the stability of the estimator § as measured by the
quantities in Lemma 2, then the prior work of [41], would require that nS,||g — gol|2 — 0.
If we only know that ||§ — golla = o(n™Y*), then the above would require B, = o(n=3/%),
which is much faster than o(n='/2). Moreover, for bagged kernel estimators that we analyze
in section 1.4, the prior work would require that if we use bags of size m, then the bias
of the base estimator with m samples, denoted as bias(m) satisfies that mbias(m) — 0.
This would rarely be satisfied and in prior work, the only concrete case that was given was
forest estimators with binary variables under strong sparsity conditions, in which case the
bias decays exponentially with the sample size. For more general estimators, we expect
bias(m) = 1/m®, for some «. For such settings, our work still applies and, as we show

in section 1.4, gives results for bagged 1-nearest neighbor estimation algorithms, which

13



do not satisfy any entropy or critical radius bound, but are stable. The key innovation
that enables our improved results is a “double centering” approach that derives intuition
from techniques invoked in the analysis of cross-validation via stability and the proof of
the Efron-Stein inequality[2/]. This idea has already been used in the study of the cross

validated risk [7, 8].

Proof of Main Lemma. We will show the first part of the lemma, i.e. that if for all 4, j € [p]

= o(n"1?)
2

ai,j(Z7 g) - ai,j<Za g(il))

= o(n"?) max

max |la;;(Z1, §) — aij(Z, §") . 1€[n)

l€[n]

then

Vi llA(g) — Algo) = (An(9) — Anlg0))llop = 0p(1)

The analogous statement for v and V', follows in an identical manner.

Since A(g) and A,(g) are p x p matrices and p = O(1), it suffices to show the above

property for every element (7, 7) € [p] X [p], i.e. that

Vi lAij(9) — Aij(90) = (Anij(9) — Anii(90))] = 0,(1).

For this it suffices to show that:

Jn =Vl Aij(G) — Aij(90) — (Anij(9) — Anij(90))]l, = o(1).

In the remainder of the proof we look at a particular (i,j) and hence for

simplicity we overload notation and we let a :=q;; and A := A, ;.
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By triangle inequality and monotonicity of LP norms we have

1

H\/_Z a(Z1,9) = A@§) — |alZi, 90) — Algo) |}

a(Z9) - alZ.g' )}H+\/_maxHA(g)—A(g("))H

l€[n] 1

TS s st

2

To ease notations, we denote

Jl,n = H\/— Zb )_a(Zbg(il))} 17
o = Vimax |A(g) — A@G)|
le[n] 1
1
- =0y _ _ =Dy _
Jsn = H\/ﬁ% {G(Zl,g ) — a(Z, go) (A(g ) A(QO))} 2-

Now we have that by triangle inequality

a(Z,§) — a(Z;, ) <\/_max

a(Z1,9) — a(Zy,§Y)

Similarly we can handle Jj,:

J2n < \/_Iln?)]( (Zv g) - Cl(Z, g(*l))
emn 1
< vnmax ||a(Z,§) — a(Z, g( l)) =o(1)
l€[n] 2

We now aim to show that Js,, = o(1). Write for simplicity

K= a(Z1,§7") — a(Z1, 90) — (AG7") — Alg0))

15



Now by expanding the square we obtain

(5Ex)

To bound the first term, we have by mean-squared continuity:

Ji,=E < maxE {Kl} +(n—1) max E[K; K]

le[n] l1;£l2€[n]

B[] = B |(a(Z057") = alZig0) — (AG) = Alg0) )
< 28 [(al2,97") ~ alZi,g0)) ] + 2 [(46) - Algo))’]
— 9 [E {( (Z1,5'0) —a(Z,,go)ﬂZ“)” +2F []E [(A(gw) — Algo))’ Z(’)”
<2L-E|[|§70 - go|] + 2L E[[5) = go[] = 4L-E [l — g0l15) = o(1).

where we invoked the property that ||g — goll, = 0,(1), and the second to last equality

exploited the tower law. Thus maxep, E [K7] = o(1).

DOUBLE CENTERING. We now bound the term, (n — 1) max;, 4, ep) E[/, K,]. Define,

for simplicity, for I; # Iy

K = a(Z,,§707) — a(Zy, g0) — (A1) = Algo))

Note that K2 I ) does not depend on the lo-th data point and is only a function of Z(~%2) le
Moreover, by the definition of A, noting that Z; is independent of Z(-9 and Z, is inde-

pendent of Z(-l1—t).

E {Kl

Z(—l)} —F [a(Z,,g(‘”) _ A(g(—l))

Z(_l)} —-E |:a(Zl7.gO) — A(go)

Z(—l)]

— B a(2,5) - A(5")

| ~E[a(Z, o) — Algo)] = 0
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and

E [K}f”

Z(—l1,—l2)}

— B [a(Z,,§) = A )| 200 4B [a(Ziy0) — Algo)

Z(—ll,—b)]

= B [a(Zi,,§) = A0 20071 4 Efa(Zi90) — Algo)] = 0.

For simplicity, we show that (n — 1)E[K; K3] = o(1), i.e. we show that the second term
vanishes for [; = 1 and I, = 2. The same exact arguments generalize to arbitrary [y, ls.

We begin by writing:
(n— DE[K1 K] = (n— DE [(K1 — KP') K|
since by tower law:

E[KP K, = E {E [KQ

72, Zl] Kﬂ =E {E [m‘z“ﬂ K{2)] =0

Similarly by conditioning on Z(-Y, Z, and using tower law, we can show that

E[(f: - k) k"] = E |E | K, — K

5 [fx[x
{

=E

Hence, we have
(n = DE[K K] = (n = DE (K1 — KP') Ks| = (n = DE [(K, — K1) (K> — K3)]

With identical arguments, the same equality holds for any indices l;,l,. By Cauchy-
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Schwarz:

fs(n — DKL K] = pugn = DB (R, - 47) (K — K3,7)

IN

. _grl2)
max(n 1)HK11 K,

2 HKZ? o Kl(zll)

2

Thus for max, 4,(n — 1)E[K;, K},] = o(1) it suffices that: max;, 4, |K;, — l(llz)

2
o(n=/?). Expanding the definitions Kj, and K", the above simplifies to:

1

|, — K

, = Ha(le’g(*ll)) _ A(g(*ll)) _ (CL(lejg(*ll,*lz)) _ A(g(*llﬁb)))Hg'
The latter is upper bounded by a triangle inequality and a Jensen’s inequality by:

HKll _ Kl(llQ)

< 2]alZ,,57) - a(Z,, 5]

If we denote with Z a fresh random sample not part of the training sets, then since Z;, is

not part of Z(-1), we have:

|a(Z,,97) = a(z, 60, = [a(2.57) = a(2.570 ),

= [a(2.9) = a(z,g")],

where we also used the fact that le only appears in the training sets of §(~1) and §(-1—%2)
and we can simply rename it to Z;,, as they are identically distributed and both indepen-

dent from all the other data points. Invoking the second of our stability conditions for

K, — Kl(llz)

a, we have that: maxy, 4, ,= o(n~%/2). Hence, J3,, = o(1), which completes

the proof. O
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1.3.1 TIGHTNESS OF STABILITY CONDITION

We present here an example that shows that, without further structural constraints (on
the moment or the function space G), the stability condition we impose is required for

stochastic equicontinuity condition to hold. Let (X;) &’ unif[0, 1] be i.i.d uniform random

variables. We set Y; := I(X; < 0.5) and set Z; := (X;,Y;). For any « € [0, 1], we define
c(Z1.n, ) == argmin,, | X; — x| the function that returns the index of the nearest example
toxin {X;,..., X, } and note that the quantity Y z,,, ») is its nearest neighbour estimator.

Let

Q(len)(x7y) = n1/6]1(y 7é Y::(ZLn,x))’ V(Zv g) = g(Z)g

We remark that v(-, §) does not satisfy our stability conditions as ||v(Z, §) —v(Z, V)|

is exactly of order 1/4/n, neither does it respect the stochastic equicontinuity property.

Lemma 3. Let (X;) A" unif[0, 1] be i.i.d uniform random variables. We set Y; :=I(X; <

0.5) and set Z; := (X;,Y;). There are constants C,c > 0 such that

o Set go(Z) := 0 then we have ||G(Z) — go(Z)||3 — 0

72 w(Z.9) = (2,85 = 5

« ValV(§) = V(go) = (Va(d) = Valgo))| 7 0.

1.4 APPLICATION: BAGGING ESTIMATORS

We remark that if the functions a and v satisfy certain LP-Lipchitz conditions then the
stability conditions of lemma 2 are implied by the algorithmic stability of the estimator
g. Those conditions are only marginally stronger than the condition of mean-squared-

continuity found in lemma 2
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Corollary 4. Fiz any constant r > 1. Suppose that there is L < 0o such that the estima-
tion algorithm satisfies the following uniform L*"-continuity condition: for all i,j € [p]

and | € [n]

1)\\2 l 2 Y
El(as; (Z:9) — as;(Z3 9 ~")) < L-E|sup 3(x) - 5

Dy\2 I o]
B{(01(Z1.8) — (Z:3 ) < L-E[sup () - 0@
N (L?"-Continuity)

1)\)2 l 2 Y
Bl(0:5(79) — 0s(Z:6 ")) £ L-E[sup () — 9w 3]

1)\\2 l 2 Yr
El(4(Z:9) —m(Z:07)) < L-E[sw lg(e) - g @)I7]

Suppose in addition that
1/2r
max Ez, . | sup ||§(z) — =Y (m)||§r] = o(n_l/2> (Algorithmic Stability)

and if in addition mean-squared-continuity condition is satisfied, then the conditions of

lemma 2 are satisfied.

The uniform L?"-continuity conditions are going to be satisfied by most moment func-
tions m(+; -, ). We notably show in the appendix that example 1, example 2 and example 3

with general moment conditions satisfy our conditions.

The condition of (Algorithmic Stability) is a commonly assumed condition in recent
literature [7, 8] and is satisfied by various regularized empirical risk minimization estima-
tors and stochastic gradient descent estimators [25, 58]. Notably, it is satisfied by bagged
estimators. We show in theorem 5 that under very general conditions a bagged ensemble
of any machine learning estimator is stable. Let Z1,..., 7, € Z be an independent and
identically distributed (i.i.d.) sample of size n. We sample uniformly randomly without

replacement from these observations repeatedly and independently, each time taking a
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sample of size m, for a number of B times. We denote the resulting samples as

B ={20,..., 25} b e [B].

Let h,, : Z™ — R be a base machine learning estimator trained on m observations.
This base estimator can be tree, a CNN, a nearest-neighbour classifier, or any other type

of machine learning estimator. The corresponding bagged estimator is

We will show that subject to B and m being sufficiently big and mild moment conditions

on the base estimator lAzm, the bagged estimator satisfies condition (Algorithmic Stability).

1

Theorem 5. Fix any constants s,k > 2r such that % + % = 5

. Assume B, m satisfy

m = o(\/n) B >>m¥* . nl %,

and assume the base estimator h has bounded moments:

sup (22, (@), <
for some constant C' > 0. Then (Algorithmic Stability) is achieved:
= o(n1?).

max |sup [[§(z) = 5 (@)]l2

2r

Therefore if a and v satisfy the condition (L*-Continuity), then the stability conditions

of lemma 2 are satisfied.

In particular, we can take the base machine learning estimator to be the 1-nearest
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neighbor estimator. This specific choice leads to a bagged estimator that can be proved
to satisfy both our stability conditions and our consistency rate condition in Theorem 1,

in regression settings where covariates are of small intrinsic dimension.
Let {Z; = (X;,Y;)},_, be a sample of size n, drawn independently and identically dis-

tributed from Z = (X,Y). Here X € X C R” are known covariates and Y € ) C R” is

.., ZB be B independent sam-

the response variable. As in our bagging setting, let Z1 o

1imo -
ples of size m drawn without replacement from observations {Z;};_,. A bagged 1-nearest

neighbor (1-NN) estimator takes the following form:

n

. 1
() =5 2.2 Vx=sen Ve

b=11i=1

where Sy(z) is the 1-NN of z in the set Z% . The estimator is used to estimate the

conditional expectation go(x) := E[Y | X = z].

Lemma 6 (Special Case of Theorem 3 of [80]). Assume that

o The marginal distribution p of X satisfies (C,d)-homogeneity on the ball B(x,r):
u(B(z,7)) < Ca™u(B(x,ar))  VYae(0,1)

for some C,r > 0. Here d is referred to as the intrinsic dimension of the distribution.

o The conditional expectation E[Y | X = x| is a Lipschitz function in the coordinates

x.

o The response variable Y is bounded in L®-norm: ||Y||, < oo.

Then the bagged 1-NN estimator § with B > - satisfies the following convergence condi-

tion:

\/E {||§(X) - go(X)Hg} <0 (m—l/d> L0 (\/mplog log(Pn/m)) |

n
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d,

N

In particular, we note that when 0 < d < 2 and m = O(n%_g) for some 0 < € < % —

we immediately have that

\/]E U|§(X) - go(X)||§] — o(n~ VY,

achieving the convergence rate assumed in Theorem 1. Moreover, provided that we choose

B to be sufficiently large such that
B >>nta B>n ,

the required stability conditions can also be satisfied.

1.5 EXPERIMENTAL EVALUATION

We consider a synthetic experimental evaluation of our main theoretical findings. We
focus on the partially linear model with a scalar outcome Y &€ R, a scalar continuous

treatment 7' € R and many controls X € R"*, where:

T = po(X) + 1, n~ N(0,1)

Y:90T+f0(X)+€, GNN(O,l)

Our goal is the estimation of the treatment effect 6y, while estimating the nuisance func-
tions po(X) and qo(X) = Gopo(X )+ fo(X) in a flexible manner. We will consider estimation

based on the orthogonal moment presented in Example 1.

We considered sub-sampled 1-nearest neighbor regression (NN) and sub-sampled fully
grown (with only 1 sample minimum leaf size) random forest (RF) regression for the

estimation of py and qg, regressing 7" on X and Y on X correspondingly.
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The true functions py and fy are actually linear in our data generating process, with
po(X) = BLX and fy(X) = X and where 5y and 7, have only one non-zero coefficient
(1-sparse), and which is the same coefficient for both 5y and ~y. In other words, only one

of the n, potential confounding variables X is actually a confounder.

We evaluate the performance of the estimate for 6, for a range of values of the sample
size n and the dimension of the controls n, and with or without cross-fitting. For the
cross-fitted estimates we used 2 splits. For each specification we draw 1000 experimental

samples to evaluate the distributional properties of the estimate.

We considered sub-sample sizes for the nuisance regressions based on our theoretical
n%49 specification and for larger specifications too. We find that the estimate without
cross-fitting typically has almost equal bias and smaller (and always comparable) vari-
ance (due most probably to the smaller mean squared error of the nuisances, since they
are trained on larger sizes), especially in smaller sample sizes, and has better coverage
properties, when the sub-sample size is m = o(n'/?). Moreover, the estimate is approx-

imately normally distributed, even without cross-fitting as is verified qualitatively via

quantile-quantile (Q-Q) plots.

We also report the mean of the estimate of the standard error across the 1000 exper-
iments, to evaluate the bias in the estimation of the standard error. We find that the
estimate of the standard error is more accurate without cross-fitting, potentially because
the estimate of the standard error does not incorporate the extra variance that stems
from the sample-splitting process. This inaccuracy of the standard error estimate is most
probably the reason for the worst coverage properties of the confidence intervals with

cross-fitting.
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bias std std est cov95

n=>20, ny=1 cv=1 0.021 0.151 0.140 0.917
cv=2 0.022 0.173 0.139 0.866
n=>20, ny=2 cv=1 0.042 0.149 0.143  0.920
cv=2 0.046 0.170 0.142  0.863
n=100, n,=1 cv=1 0.012 0.104 0.100 0.931
cv=2 0.014 0.119 0.100 0.884
n=100, n,=2 cv=1 0.030 0.110 0.101 0.911
cv=2 0.032 0.121 0.101 0.878
n=500, n,=1 cv=1 0.007 0.046 0.045 0.943
cv=2 0.007 0.049 0.045 0.920
n=5s00, n,=2 cv=1 0.015 0.045 0.045 0.927
cv=2 0.015 0.048 0.045 0.917
n=1000, n,=1 cv=1 0.003 0.032 0.032  0.946
cv=2 0.002 0.034 0.032  0.922
n=1000, n,=2 cv=1 0.010 0.031 0.032 0.944
cv=2 0.010 0.033 0.032  0.930

(a) Sub-sampled 1-NN with m = n04

Figure 1.5.1: Comparison of bias, variance and coverage properties, with (cv=2) and without
(cv=1) cross-fitting (sample splitting), for the estimation of the treatment effect in the partially
linear model, when a sub-sampled 1-NN estimation is used for the nuisance function estimation. n
is the number of samples and n, the number of controls.
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Figure 1.5.1 (Continued)

bias std std est cov95

n=>50, n,=1 cv=1 0.008 0.186 0.135 0.826
cv=2 0.011 0.196 0.136  0.811

n=>50, n,=2 cv=1 0.011 0.193 0.139 0.834
cv=2 0.020 0.196 0.138 0.831

n=100, n,=1 cv=1 0.001 0.132 0.098 0.838
cv=2 0.004 0.143 0.098 0.812

n=100, n,=2 cv=1 0.003 0.135 0.098 0.824
cv=2 0.011 0.141 0.099 0.828

n=>500, n,=1 cv=1 0.002 0.056 0.045 0.881
cv=2 0.002 0.062 0.045 0.829

n=>500, n,=2 cv=1 0.003 0.056 0.045 0.878
cv=2 0.003 0.060 0.045 0.851

n=1000, n,=1 cv=1 0.001 0.039 0.032  0.883
cv=2 0.000 0.043 0.032  0.849

n=1000, n,=2 cv=1 0.001 0.039 0.032 0.891
cv=2 0.000 0.043 0.032  0.853

(b) Sub-sampled 1-NN with m = n!0/11
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Figure 1.5.1 (Continued)

bias std std est cov95

n=>50, n,=1 cv=1 0.500 0.000 0.000  0.000
cv=2 0.010 0.200 0.135 0.805

n=>50, n,=2 cv=1 0.500 0.000 0.000  0.000
cv=2 0.017 0.204 0.138 0.795

n=100, n,=1 cv=1 0.500 0.000 0.000  0.000
cv=2 0.003 0.148 0.097 0.794

n=100, n,=2 cv=1 0.500 0.000 0.000  0.000
cv=2 0.008 0.146 0.098 0.797

n=>500, n,=1 cv=1 0.500 0.000 0.000  0.000
cv=2 0.002 0.066 0.045 0.798

n=>500, n,=2 cv=1 0.500 0.000 0.000  0.000
cv=2 0.002 0.064 0.045 0.838

n=1000, n,=1 cv=1 0.500 0.000 0.000  0.000
cv=2 0.000 0.046 0.031 0.817

n=1000, n,=2 cv=1 0.500 0.000 0.000  0.000
cv=2 0.001 0.045 0.032  0.829

(c) Sub-sampled 1-NN with m =n
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bias std std est cov9h

n=>50, ny=> cv=1 0.102 0.149 0.144 0.873
cv=2 0.103 0.165 0.143 0.836
n=50, n,=10 cv=1 0.098 0.136 0.134 0.861
cv=2 0.099 0.148 0.133  0.846
n=100, n,=5 cv=1 0.066 0.102 0.101 0.894
cv=2 0.064 0.109 0.101 0.877
n=100, n,=10 cv=1 0.074 0.099 0.097 0.873
cv=2 0.072 0.106 0.097 0.846
n=>500, n,=5 cv=1 0.020 0.044 0.045 0.930
cv=2 0.021 0.046 0.045 0.919
n=500, n,=10 cv=1 0.027 0.045 0.044 0.908
cv=2 0.026 0.046 0.044 0.896
n=1000, n,=5 cv=1 0.012 0.031 0.032 0.923
cv=2 0.013 0.032 0.032 0.925
n=1000, n,=10 cv=1 0.015 0.033 0.032 0.910
cv=2 0.016 0.034 0.032  0.896

(a) Sub-sampled Random Forest with m = n%49

Figure 1.5.2: Comparison of bias, variance and coverage properties, with (cv=2) and without
(cv=1) cross-fitting (sample splitting), for the estimation of the treatment effect in the partially
linear model, when a sub-sampled Random Forest estimation is used for the nuisance function esti-
mation. n is the number of samples and n, the number of controls.
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Figure 1.5.2 (Continued)

bias std std est cov9h

n=>50, n,=> cv=1 0.022 0.176 0.148  0.896
cv=2 0.011 0.191 0.144 0.845

n=>50, n,=10 cv=1 0.026 0.167 0.145 0.904
cv=2 0.002 0.180 0.140  0.869

n=100, n,=>5 cv=1 0.016 0.116 0.103  0.909
cv=2 0.013 0.125 0.101 0.877

n=100, n,=10 cv=1 0.018 0.114 0.103  0.908
cv=2 0.016 0.128 0.100  0.870

n=>500, n,=5 cv=1 0.012 0.050 0.046  0.908
cv=2 0.008 0.053 0.045 0.900

n=500, n,=10 cv=1 0.013 0.048 0.046 0.923
cv=2 0.011 0.051 0.045 0.911

n=1000, n,=5 cv=1 0.010 0.035 0.033 0.924
cv=2 0.006 0.036 0.032 0.912

n=1000, n,=10 cv=1 0.012 0.035 0.033  0.909
cv=2 0.008 0.038 0.032  0.893

(b) Sub-sampled Random Forest with m =n
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n=50, n_w=2: mean=0.54, std=0.16, std_est=0.14 n=50, n_w=2: mean=0.58, std=0.18, std_est=0.14
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Figure 1.5.3: Quantile-Quantile (Q-Q) plots for sub-sampled 1-NN at n = 50, with (right) and
without (left) cross-fitting.

n=1000, n_w=2: mean=0.51, std=0.03, std_est=0.03 n=1000, n_w=2: mean=0.51, std=0.03, std_est=0.03
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Figure 1.5.4: Quantile-Quantile (Q-Q) plots for sub-sampled 1-NN at n = 1000, with (right) and
without (left) cross-fitting.
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n=50, n_w=10: mean=0.57, std=0.11, std_est=0.13
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Figure 1.5.5: Quantile-Quantile (Q-Q) plots for sub-sampled Random Forest at n

(right) and without (left) cross-fitting.

n=1000, n_w=10: mean=0.51, std=0.03, std_est=0.03
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Figure 1.5.6: Quantile-Quantile (Q-Q) plots for sub-sampled Random Forest at n = 1000, with

(right) and without (left) cross-fitting.
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In summary, we verify experimentally that for stable estimators, with the theoreti-
cally required level of stability, sample splitting or cross-fitting is not needed to maintain

asymptotic normality, small bias and nominal coverage.

As expected however, we do verify that as the sub-sample size becomes m = O(n), where
the estimate is both not stable and also does not optimize over hypothesis spaces with
small critical radius or that satisfy the Donsker property, then the estimate without cross-
fitting breaks down, while the estimate with cross-fitting maintains a decent performance,

despite the high-variance of the nuisance estimate.

The experiments were run on a normal PC laptop with Processor Intel(R) Core(TM)
i7-8650U CPU @ 1.90GHz, 2112 Mhz, 4 Core(s), 8 Logical Processor(s), 16GB RAM. It

took around 1.5 hours to run all the experiments.
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Chapter 2: Inference on Optimal Dynamic

Policies via Softmax Approximation

This chapter is based on my joint work with Prof. Morgane Austern and Prof. Vasilis

Syrgkanis, presented in [36]. This work was partially supported by a 2023 Amazon Re-

search Award.
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2.1 INTRODUCTION

In most real world decision making settings, subjects undergo multiple exposures to some
treatment or multiple treatments over time; patients receive multiple therapies, plots of
lands are treated with multiple seeds, digital economy users are marketed by multiple
campaigns. A typical problem that arises frequently: having access to large amounts of
data where many subjects underwent multiple treatments sequentially, based on some
naturally occurring and unknown treatment policy, can we identify what would have
been the optimal dynamic treatment policy. Moreover, can we estimate with confidence
the value of that optimal policy and understand whether we can reap large benefits (with
statistical significance) if we intervene and change the status quo. The problem is typically
termed as off-policy optimization or off-policy reinforcement learning and has also has
garnered attention in the field of precision medicine. However, typical approaches in off-
policy reinforcement learning primarily focus on getting fast statistical learning rates (see
e.g. [55, 78, 136, 141] for recent work), but not uncertainty quantification and construction
of confidence intervals, which have been mostly studied in off-policy evaluation but not
optimization (see e.g. [79] for recent work). Our aim is to make a step in filling this gap
and address uncertainty quantification and confidence interval construction for off-policy

optimization in reinforcement learning settings.

We consider a setting where we have collected data from multiple realizations of a
two-period Markovian dynamic decision making process. We focus on two periods for
simplicity of exposition, even though our techniques can easily be extended to multiple
periods. The data stem from application of an unknown observational dynamic treatment
policy on a sampled set of treated units. We assume we have access to n i.i.d. samples,
one for each treated unit, of the form Z := (5,71, X,T,,Y), where S is an initial state,

T7 a first period treatment, X a second period state, T a second period treatment, and
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(a) Causal graph for observed data (b) Intervention graph (SWIG) of counter-
factual outcome under alternative adaptive
policy 7

Figure 2.1.1: Causal graphs describing observed and counterfactual data under alternative policy
™

Y a final observed outcome of interest. We add subscripts ¢ to denote the realizations
of ith data point Z; := (S;,T14, Xi, T2, Y;),i € [n]. The data is assumed to adhere to
the causal graph depicted in Figure 2.1.1a. Moreover, the treatments 77,7, € T are
discrete and take K possible values, for a constant K. We note that our assumption
that the decision process is Markovian is without loss of generality, since the state X is
of arbitrary dimension and is allowed to capture all past history (for instance, we can
set X = (11,5,5") for some raw second period state S”). This formalism helps simplify

notation.

Our goal is to estimate and construct a confidence interval for the best dynamic policy
in this setting. In particular, if we intervene and instead of the observed dynamic policy
we deploy an alternative dynamic policy 7 (depicted in the single world intervention graph
(SWIG) in Figure 2.1.1b), then we will observe counterfactual or potential outcomes Y (%)
and our goal is to find the policy 7* that optimises the mean counterfactual reward and

construct a confidence interval for its value V* defined as:

7 = argmax E{Y(™}, Ve =E{y™)}.

The majority of prior work in off-policy evaluation and optimization in reinforcement
learning has focused on the estimation of good policies with small regret. However,

the focus of our work is in the ability to construct confidence intervals for the value of
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the optimal policy. Constructing confidence intervals is important in many high-stakes
domains where we want to understand from offline data whether some candidate optimal
policy will produce a positive improvement with statistical significance. If we are not
confident on the magnitude of the improvement that the optimal regime will bring, then
most decision makers would go with the status quo policy. Hence, construction of valid

confidence intervals is important in high-stakes decision making.

Most prior works that provide confidence interval construction are focused on pol-
icy evaluation for a particular fixed policy as opposed to the optimal dynamic pol-
icy. Constructing confidence intervals for the optimal dynamic policy is an inherently
harder problem as the target quantity tends not to be a smooth function of the distri-
bution. Prior work that constructs confidence intervals for optimal policy values and
structural parameters has mainly taken three types of approaches. One approach incor-
porates variants of hard or soft thresholding on the second stage structural parameters,
but they tend to provide conservative intervals or simply improve empirical performance
([16, 30, 66, 86, 87, 101, 123]). There has also been work that resorts to sub-sampling
techniques that can potentially deteriorate the estimation quality of the point estimate
([20, 28, 30, 134, 144]). Yet another line of work provides confidence intervals for the
optimal policy value when there is one time period but requires a substantially more
complex procedure for the estimation of the nuisance parameters involved in the opti-
mal value inference procedure ([95]). In particular, the method presented in [95] that
can accommodate a one time period variant of the setting we analyze here, estimates all
the nuisance parameters multiple times on different nested subsets of the data and thus
could be computationally very intensive. Rather than extending from a one-period to a
multi-stage setting, we directly consider the settings of dynamic optimal policy regimes
that span multiple time periods, and we provide confidence intervals not only for the

optimal policy values but also the structural parameters for the blip functions. We take
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the route of using smooth approximations to the optimal policy and show that the level of
smoothness can be tuned appropriately to obtain correct confidence intervals for the truly
optimal (non-smooth) policy. Our smooth approximation can be thought as an analogue
to soft-Q-learning [56, 57, 103, 132], but in the context of the G-estimation framework
proposed by [123], which we elaborate in Section 2.3. We provide confidence intervals
with nominal coverage around both the true optimal policy and structural parameters

while preserving data efficiency.

2.2 RELATED LITERATURE

The problem of learning the optimal treatment rule has been well studied, notably in the
field of precision medicine ([52, 55, 141, 165, 168]). This work has focused on finding
the optimal treatments when there is only one time period by optimizing estimators of
variants of the value functions or contrasts of value functions of treatment decision rules.
For the dynamic treatment regime with multiple treatment stages, there have also been
efforts to develop Q-learning ([117, 158, 159, 169, 170]) and A-learning (([94, 100, 102,
123])) type algorithms for the estimation of the optimal dynamic treatment regime. A-
learning methods are semi-parametrically efficient and tend to have better performance
than Q-learning methods when Q-functions are misspecified ([30, 117, 135]). For example,
[136] proposes an advantage learning process for offline infinite horizon settings to boost
statistical efficiency in the estimation of the optimal treatment regime. They provide a
finite sample bias guarantee for their process and show that the estimated contrast of Q-
functions from their process converges faster than existing Q-learning estimation methods
as the number of stages approaches infinity. However, these works focus on improving
statistical efficiency rather than constructing confidence intervals for quantities related to

the optimal policy.
In the literature of optimal treatment estimation under dynamic treatment regimes,
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most estimators are in general not asymptotically normal ([30, 99, 123, 140]). This is
particularly due to the fact that the first-stage pseudo-outcomes are not differentiable
with respect to the second-stage structural parameters. This phenomenon also appears in
other subfields such as in supervised classification when classes are not well separated (e.g
[86]), where the lack of differentiability of the 0-1 loss can lead to non-asymptotic nor-
mality. To address this problem, different solutions have been proposed. A first solution
consists of adapting the estimation procedure by using a hard threshold estimator or a
soft threshold estimator (e.g see [30, 101]). These estimators shrink down the value of the
second-stage structural parameters when close to the regions of non-regularity. Although
it has been empirically shown to perform well (e.g see [101]), this approach suffers from a
few drawbacks. Firstly, these threshold estimators often depend on hyperparameters that
need to be tuned. Moreover, as noted in [30], theoretical understanding of these estima-
tors is still lacking. Another solution proposes the construction of confidence intervals not
through asymptotic normality but instead by relying on adaptive confidence intervals or
adaptive bootstrap procedures ([16, 66, 86, 87, 123]). For example, [87] proposes to build
different confidence intervals in, respectively, the regions of regularity and non-regularity.
In the latter case, they exploit a union-bound argument over all possible values of the
second-stage parameters. However, this approach offers conservative intervals that over-
cover and is difficult to generalise to multiple stages without having the confidence region
size become excessively large. Another proposed solution uses the “m out of n bootstrap"
procedure ([20, 28, 134, 144]). [31] proposes to choose the size m adaptively and derives
theoretical guarantees for the obtained estimators. However, note that as is chosen to
be much smaller than the sample size, i.e. m = o(n), the proposed estimator will not
converge at the optimal rate but at a slower rate. In contrast, our estimation algorithm
uses a simple softmax approximation technique and we obtain asymptotic coverage guar-
antees as long as the log-ratio of the temperature parameter in the softmax operator

to the sample size lies in a simple range. Even though an alternative softmax operator
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has also been proposed ([5]) with theoretically better convergence properties that have
been employed in other statistical problems, we adhere to the widely adopted Boltzmann
softmax operator, demonstrating that it still allows for valid inference for our problem of

study.

Semi-parametric approaches are frequently employed for estimating optimal dynamic
treatment regimes (e.g [102, 123]). These estimators are built using the generalised
method of moments ([1-3, 18, 19, 60, 67, 81, 82, 91, 106, 108, 109, 115, 124, 126, 147,
151, 154]). The nuisance parameter is often high-dimensional or infinite-dimensional and
in general the difficulty in estimating nuisance parameters can negatively affect the es-
timation of the target parameter. To solve this problem, the efficient semi-parametric
inference literature imposes conditions on the moment function under which errors made
in the estimation of the nuisance parameters have a reduced impact on the estimation of
the target parameter ([11-14, 18, 26, 37, 60, 71-76, 110, 114, 119, 148, 166, 173, 174]).
This approach dates back to the classical work on doubly robust estimation and targeted
maximum likelihood ([95, 124, 125, 146, 149, 150]) as well as to more recent work on
locally robust or Neyman orthogonal conditions on the moment function ([15, 39, 43]).
Debiased machine learning uses Neyman orthogonal moments, which satisfy that the
first partial derivatives with respect to the nuisance parameters are zero. When the
nuisance parameters live in some low complexity class (e.g. Donsker class) or when cross-
fitting is used ([107]), the target parameter can then be estimated at parametric rates.
Neyman orthogonal moments can be constructed using the concept of a nonparamet-
ric influence function (27, 43, 108, 109]) or the related notion of the Riesz representer
([6, 41, 44, 45, 63, 64, 107, 122, 128, 137]). Building on the work of [39], [92] showcased
the use of the double/debiased machine learning framework to dynamic treatment effect
models, specifically Structural Nested Mean Models, by leveraging a sequential residu-

alization approach. In our paper, we extend the debiased machine learning approach
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to estimate the structural parameters of the optimal dynamic treatment regime. We
establish asymptotic normality of the value of the optimal treatment policy and of the
structural parameters for both the first and second periods. As is standard in the debiased
machine learning literature, our results require that the nuisance function spaces exhibit

low complexity (with a small critical radius) or that cross-fitting is employed.

2.3 IDENTIFICATION OF OPTIMAL DYNAMIC POLICIES THROUGH G-

ESTIMATION

First observe that by invoking the Markovianity of the policy and the conditional inde-
pendencies implied by the intervention graphs, we can characterize the optimal dynamic

policy in a backwards induction manner (see Appendix B.3.1 for a formal argument):

71 (S) = argmax E {Y(“’“S) S}, 5 (X) = argmax E {Y(T”Z) | X} . (2.1)
T1 T2

In essence, we go to the last period and we optimize our second period action given the

second period state X, without any change to our first period policy. This provides the

optimal second period policy 75. Then we go to the first period and we fantasize that

we are continuing with the second period policy that we have just constructed and under

this fantasy, we optimize our first period action given the first period state.

A well-known method for estimating an optimal dynamic regime is g-estimation [123],
which is a form of backwards dynamic programming or ()-learning and closely related to
advantage or A-learning [21, 98, 102, 133]. This process generalizes to arbitrary number of
periods, but we describe it here for simplicity in the two period case. The key argument
in g-estimation is that the improvement that any policy 7 brings, as compared to the
observed policy, can be decomposed as the sum of a sequence of improvements, one for each

decision-making period. Each of these improvement corresponds to removing the effect of
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the treatment that was given at that period and adding the effect of the treatment that
would have been assigned by policy 7 at that period. For such a decomposition, we need
an appropriate notion of effect of each treatment. As a side note, appropriate notions of
such an effect are also potentially useful in credit assignment, i.e. attributing parts of the
outcome to an assigned treatment; hence estimating these effect functions is interesting

in its own right.

More formally, we can write (see Appendix B.3.2 for details on the derivation):

E{y™ -y} =E{y{™(m(8),5) = /™11, 9)} + E {a(ma(X), X) — 12(Ta, X)}.

The functions 7, are known in the literature as the blip effects and correspond to the
following quantity: what is the increase in reward if at the current moment we switch
from the baseline treatment to some other treatment level 7, and then continue with the

target policy m. More formally we define:

) = BV Y00 |1, X o}

7§7r2)(7_17 S) —F {Y(T1,7r2) _ y(0m2) | T =m1,5 = 5}_

We will denote with ~; the blip effects that correspond to the optimal target policy (note

that this only matters for the definition of 7;).

If we had some way of estimating the blip effect functions for any target policy, then this
decomposition allows us to construct the optimal dynamic regime in a recursive manner.
We go to the second period and we note that under the conditional independencies implied
by the intervention graphs, one can easily argue that we can equivalently define the

optimal policy 73 from Equation (2.1) as the policy that maximizes the blip effect v = ~3,
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i.e.

My (X) = argmax y3 (72, X).

We can then use this policy as the continuation policy when we define the blip effect
for the first period, which we denote with ~; (as it is the blip effect that is associated
with the optimal target policy). Again, under the conditional independencies implied by
the intervention graphs, we can easily argue that the optimal first period policy 7}, as

defined in Equation (2.1) is the one that optimizes the first period blip effect, i.e.

™ (5) = argmax~;(r, 5)

Note that the conditional expectations that define the blip effects involve counterfac-
tual quantities and therefore they don’t correspond to simple regression problems on the
observed data. The ingenuity of the g estimation approach is that it provides a way to
estimate the blip functions by noticing that they must satisfy a set of conditional moment
restrictions. In particular, one can roughly make the following arguments [92, 123]: if we
subtract from Y the blip effect of the observed last treatment, then the resulting random
variable can roughly be thought as the counterfactual outcome Y ("1:0 which should be

independent of T, conditional on X. This then implies that for all functions f:

EAIY — % (T2, X)] [f(T2, X) — B{f(T3, X) | X}]) = 0.

This continuum of moment conditions can be used to identify the function +;. Similarly,
if we subtract from the observed outcome the blip effect of the last period, add the blip
effect of the optimal second period treatment and subtract the blip effect of the first

period treatment, then the resulting variable can roughly be thought as the counterfactual
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outcome Y (™) which is independent of T} given S. This then implies that for all

functions f:
EL{Y =% (T2, X) + 73 (73(X), X) =71 (10, §)] [f (11, §) — E{f(T},5) | S}]} = 0.

This continuum of moment conditions can be used to identify the function ~;.

This approach becomes very practical if one imposes semi-parametric restrictions on
the data generating process that imply that the blip functions admit a parametric form.
In particular, we will make a typical assumption that the blip effects that correspond to
the optimal target policy are linear in some sufficiently expressive feature map (such a
modeling assumption is referred to in the literature as a Linear Structural Nested Mean

Model; SNMM [61]), i.e. for some known d-dimensional feature map vectors ¢, p:

’7;(7—271.) = ¢5¢(7’2,$), 7;(7—17 S) = 98/’1/(7_17 S)

with the convention that ¢(0,z) = u(0,s) = 0. Then we can identify the structural

parameters 1y by simply solving for ¢ the following vector of moment restrictions:

E(e2(v) [0(T3, X) — E{o (T2, X) | X}]) = 0, () =Y = To(Ty, X)
then calculating the optimal second period policy:

5 (X) = argmax 4§ (7, X).

Similarly, we can define the residual outcome that emulates Y(©72) as:

a(0,9) =Y = 9To(Ts, X) + max{yTo(ry, X)} — 67u(Th, 5) (2.2)
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and calculate the first period structural parameters 6, by solving for 8 the following vector

of moment restrictions:
E{er(0,¢o) [1(T1, 5) = E{u(T1, 5) | S}]} = 0, (2:3)
and calculate the optimal first period policy:
™ (5) = arg max 0ju(m, 5)
If we denote with:
gt = ¥ = UJO(T5, X) = O34 (T1,5) + max (. X) + maxOfu(rm, ) (2.4)
then value of the optimal policy is then given as:

Ve = E{Y(W*)} = E{Y;;ljusted}‘

2.4 (CHALLENGES IN INFERENCE ON OPTIMAL VALUE AND STRUC-

TURAL PARAMETERS

We can easily translate the identification recipe in the previous section to an estimation
strategy. In particular, we can replace the moment equations with their empirical ana-
logues, estimate regression models for the conditional expectations of the feature maps
and construct estimates 1& and @ for the structural parameters using n samples. There

are two caveats with this approach.

The first is that the estimation error of the regression functions E{¢(75, X) | X} and

E{u(Ty,S) | S}, will have a first order impact on the accuracy of our structural parameters
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and hence the quality of the resulting optimal policies. Moreover, if we want to use
regularization based methods to flexibly estimate these regressions with modern regression
approaches, then the resulting estimates 0, 1@ will be heavily biased, due to regularization
bias. However, we can easily address this issue by resorting to existing techniques in the
literature. In particular, instead of considering the raw moments in the previous section,
we will consider Neyman orthogonal variants of the moments (see e.g. [92, 123]). For
instance, for the second period parameter 1)y, we solve for ¢) an empirical analogue of the

moment equation:

E(fex(t)) — E{ea(w) | XH[G(To, X) — E{6(Tp, X) | X}]) = 0.
Note that we can write:

E{ex () | X} =E{Y [ X} = ¢TE{(T3, X) | X}

Thus, we can estimate this term by estimating the following two regression problems:

WX =E(Y | X), " (X) = E{6(Th, X) | X} (2.5)

This moment is the standard residual-on-residual regression moment appearing in the
double/debiased machine learning literature. The extra centering terms we added in the
first parenthesis, do not alter the solution, but decrease the variance of the moment.
This leads to a more efficient estimation method and more importantly, as we will see
formally, robust to small influence from estimation errors in the various regression models
that appear in the moment. We can perform similar correction to the first stage moment.
Before we do that, let us elaborate on the second caveat of the estimation approach, which

is more crucial and the main topic of this work.
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One route to constructing asymptotically valid confidence intervals is showing that the
structural parameter estimates are asymptotically linear (i.e. asymptotically equivalent
to a simple average of some fixed function, known as the influence function). Asymptotic
linearity implies asymptotic normality which can be used to provide confidence intervals
for the parameter and, coupled with the delta method, for any smooth functional of
the structural parameters. However, neither the moment that estimates the first period
structural parameter 6 is smooth in 1 nor the policy value is smooth in 6, 1. Both of these
functionals contain the maximum operator, which introduces non-smoothness and leads
to non-Gaussian asymptotic stochastic behavior and inability to construct confidence

intervals.

The main idea of our work is that by replacing the maximum operator with the soft-
maximum operator with an appropriate temperature parameter, growing at the right rate,
we can obtain valid inference on the truly optimal policy and its corresponding structural
parameters. The key bottleneck of the problem is analyzing the asymptotic linearity of
the first period parameter estimator é, which will be our main theorem. Inference on
the structural parameters is also interesting in its own right, for instance when one is
interested in understanding dimensions of heterogeneity of the effect of the treatment in
the first period, under an optimal continuation policy. Building on this step, in Section 2.7
we present asymptotic normality and inference on the policy value, which, in essence, is
a repetition of the soft-max analysis we present for inference on the first stage structural

parameter.
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2.5 SOFTMAX APPROXIMATION

We will define a softmax approximation to the moment conditions in Equation (2.3) that

define 6. To do so, it will be convenient to introduce a soft-max operator:

smax” f(1) = A/ (7))
reT el Sierexp{Bf(t)}

f(7).

We can then define the softmax analogue of the residual € (6, 1) defined in Equation (2.2)

as:
€1(0,0) =Y = ¢T6(T, X) + smax” ¢76(rp, X) — 07u(T1, S).

Then the softmax approximation to the Neyman orthogonal moment condition that de-

fines the parameter #, can be written as:
E([¢] (8, vb0) — B{el (6, %) | SH[(T1, S) — E{u(Th, ) | S}]) = 0.

We will denote with 00'3 the solution to this softmax moment condition. Note that the

term E{e}(0,4) | S} can be decomposed as:
E(Y | 8} ~ E{ulo(Tn, X) - smax’ ufo(m. X) | 8}~ TE{u(T}. ) | S).

Therefore we can estimate this term by estimating the following three regression problems:

¢ (5) =E{Y [ 5}, pi(5) = E{u(T1,S) | S},

s 2(S) = B{ULO(Ts, X) — smax’ v]6(m X) | S},

(2.6)

It will be convenient to denote with mg(Z; 0,1, q, p1, p2) the softmax approximation to the
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Neyman orthogonal moment, parameterized by the aforementioned regression functions,

i.e.

mg(Z;0,%,q,p1,p2) = {ef((?,w) —q(8) +pa(S) + 01 (S)Hu(T1,S) = pr(S)} - (2.7)

and its expected value as:

M(07w7Q7p17p2;6) = E{mB(ZJ 971/)7q7p17p2)}-

For any 3 € (0, 0o, let 05 be the solution to the following moment condition, with respect

to 0:

M(ea ¢07 q*Jﬁ,p;B, 5) = 0

Note that we have 0, = 0°.

2.6 ESTIMATION PROCEDURE AND MAIN THEOREM

First, we define our estimation process, which consists of two steps of backwards induction.

STEP 1: PROCEDURE FOR ESTIMATE @/AJ OF SECOND PERIOD STRUCTURAL PARAMETER

Yo-

Construct estimates fL, 7 of the nuisance functions h*, r* defined in Equation (2.5).
Fori=1toit=n
Define residuals Y; = Y; — iAz(X,) and &; = o(Thi, Xi) — 7(X;) .

Obtain zﬁ by solving the empirical moment equation with respect to ¢:



STEP 2: PROCEDURE FOR ESTIMATE éﬁ OF FIRST PERIOD STRUCTURAL PARAMETER

0o

Construct estimates ¢, p; of the nuisance functions ¢*, p} defined in Equation (2.6).
Construct estimate p2 5 = p, 4, by regressing Q/AJTQS(TQ, X) — smax”,, 1/7%5(72, X)on S.
Fori=1toi=n

Define residuals: V; = Y; — 4(S;) and M, = w(Ty4,S:) — p1(S).

Define residual: ®; = DTH(Thi, X;) — smaxP, T(m, X;) — D2.5(S:)

Obtain 67 by solving the empirical moment equation with respect to 6:

Having defined our estimation process, we are now ready to prove our main result, which
shows that we can construct asymptotically valid confidence intervals for the structural
parameters 6y, 1y, assuming the temperature parameter § of the soft-max grows fast
enough (w(n'/{20+9}) for some appropriately chosen 6 € (0, 1]), but not too fast (o(n'/2)).
We further need additional assumptions on the estimation quality of all the nuisance
functions involved in the estimation process and require that the nuisance estimates lie
in function classes of small statistical complexity, e.g. with critical radius of o,(n=1/4),
where the classical definition of critical radius of a function class can be found in e.g.

Section 3 of [41].

To present the theorem, we will also need to introduce the following norm notation.
For any fixed or random vector v, we denote with ||v||, = {3 |vi[P}}/? for any p > 1,
and with ||v||o = max |v;|, where v; are the individual components of vector v. Moreover,

for any vector-valued function g that takes as input a random variable X, we define

gl = Ex{llg(X)[13}]"/2.
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Theorem 7 (Main Theorem I). Assume that the random variables max, o(t, X) —
Wlo(r, X) (1 € T) are almost surely bounded and each admits a density f, on (0,c) for
some constant ¢ > 0, that satisfies f-(z) < H/x'~°, for some 0 < H < 00 and 0 < § < 1.
Suppose that = w(n*/{20+}) and 3 = o(n'/?). Moreover, suppose that the nuisance

estimates satisfy the rate conditions:
17" = Alla, [l = Fll2. lg* = dll2, I} — Brll2 = 0p(n~"*).

Define ps 5.4(S) = E[p)Top(To, X) — smax’., pTd(r2, X) | S] and pa g,y the outcome of the
estimation algorithm when regressing YT (Ty, X) —smax?,, YT (1, X) on S. Assume that
there exists a sufficiently small neighborhood N of 1y such that for all € > 0, as n — ool

supP [ sup ||p — ph >en V4 = 0.
6>IO) (wejl\?/”Pzﬁ,w p2,5,¢||2_ )

Further, suppose that the nuisance estimates take values from a function space of critical
radius 6, with &, = o,(n"Y/*). Assume the nuisance estimates §(S),p1(S), P2.5(S) are all

almost surely bounded. Moreover, assume the following boundedness conditions:
95
sup [|0g [|2 < oo
B>0
and assume the random variables

ZHQS('BX)H%HMHZ’Y/aSﬁg%Hp;ﬁ(s)”%Hﬂ(Tle)H% sup [Te(r, X)|

TET WE

are all almost surely bounded, where M = pu(Ty, S) — pi(S), Y =Y — ¢*(S). Assume that

'We note that such a guarantee would follow easily, for instance, from results on
oracle inequalities via localized complexities and a uniform cover argument over the low
dimensional parametric space that the parameter v lies in.
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the matrix E(MMT) is bounded and strictly positive definite so that its inverse matriz

E(MMT)_l exists. Then the estimates 1&, 08 are asymptotically linear, i.e.
n!2( = o) = 2N pu(Z) + 0p(1), 007 = 00) = 0PN pe(Zi) + 0, (1)
i=1 i=1

for some functions py, pg such that E{py(Z;)} =0 and E{ps(Z;)} = 0. Moreover, asymp-
totically valid confidence intervals, for 1y and 0y respectively, with target coverage level

can be constructed via any consistent estimates 61%, 63 of the variances ai = E{py(2)*}

and o} = E{pe(2)*} as:
Cly(a) = [ £ n V22 opbyl, Cly(e) = [0° £ 0722 060],

where z, is the q-th quantile of the standard normal distribution.

The more expansive theorems that we define in subsequent sections also provide an exact
form of the asymptotic influence functions and the asymptotic variances, which we omit
in the main theorem for succinctness of exposition. Furthermore, we note that a simpler
sufficient condition that implies the condition that the random variables {max; ¢¥§o(t, X )—
i (7, X)}re7 each admits a density f,, that satisfies f,(z) < H/x'~?, for some 0 < H <
oo and 0 < § < 1, is that the variables {¢){¢(7, X)}, e admit a joint density, which is a

very benign regularity assumption. This follows from the following lemma:

Lemma 8. Let (U;)ie7 be a collection of real-valued random variables and write Upayx =
maxe7 Uy Suppose that the random variables (Uy)ier admit a joint density that is con-
tinuous at zero; then for all t € T, the probability measure of random variable Uy — Uy
on (0,00) is absolutely continuous with respect to the Lebesgue measure on (0,00). Hence,
in particular, this implies that each Upax — Uy admits a density that f, that satisfies

fr(z) < H/x'70 for some 0 < H < 00 and 6 = 1.
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Furthermore (as we show in Appendix B.9), the constraint on the critical radius of the
nuisance function spaces can be lifted if one performs nested cross-fitting at each step of

the recursion, at the cost of reducing sample size when training each regression.

2.7 ASYMPTOTIC LINEARITY THEOREM FOR THE OPTIMAL PoOLICY

VALUE

In previous sections, we have established the asymptotic linearity of the first-period and
second-period structural parameter estimators é, @Z and thus constructed confidence inter-
vals for the corresponding parameters. In this section, we will further establish asymptotic
linearity for an estimator of the optimal policy value and thus construct a confidence in-

terval for the value.

Recall that the value of the optimal policy is identified as V* = E(Y §;4eq); Where

a

Y Gjustea 18 defined in Equation (2.4). Tt will be helpful to define the softmax counterpart:
Vi =E{Y — ¢o(To, X) — 05 (T, S) + smTz;Xﬂ Vod(Te, X) + SmTEILXﬂ O3p(r,S)}.
Then consider the estimator \7, defined as:
Tll lz:{yi —T(Toi X) = (07 l(T14, S5) + smax” T (o, X;) + smax® (07)Tu(mi, S0)}.

Theorem 9. Assume that the following almost sure finiteness conditions hold:

sup Y [|p(7, S)ll2, sup| V3], Y] < o0 as.
S reT B8>0
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Then under the conditions of Theorem 7, we have that

n

n PV = Vi) =02 Y pra(Zi) + 0p(1)

1=1

with influence function

pvie(Z) = Yogjusiea = V" + E{boo(X) = (T2, X)} py(Z)

+ E{p10o(5) = (T, 5)} 0o (2),

(2.8)

where

py(Z) = E(PPT)"MY —E(Y | X) — ¢{P}P,
po(Z) = E(MMT) ™ {m.(Z; 60, %0, go) + JIpu(2)},
m.(Z;0,1,9) = {e1(0,¢) — q(S) + p2(S) + 0Tp1 () } {u(T1, S) — p1(5)},

J. = E{(6(X) = 6(T5, X)) M1}

and M = p(Ty, S)—E{u(Ty,S) | S} and P = ¢(Ty, X)—E{¢(Ts, X) | X} and, if we denote
M(X) =A{7: go(7, X) = max, Po(t, X)} and L(S) = {7 : 05u(7, 5) = max, Ogu(t, 5)},

the set of optimal actions at each state, then

Poo(X) = MO D0 (7, X), poo(S) = 1L(S)7 32 nl7,9).

reM(X) TEL(S)

Theorem 9 implies that we can build confidence intervals for the value V. Moreover,
the bias lemma that follows implies that we can build confidence intervals for the true

optimal policy value V*. For each treatment 7 € T, define the random variables

U = 95o(r, X), UP =0u(r,S).
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Taking the maxima of U¥® and U% over all treatments 7 € T, we define

Yo T - T
Umax IPE%X {¢0¢(taX)} ) Umax 1?68‘72( {‘90:“(1:78)} .

We will also need to make the following assumption:

ASSUMPTION 1. Assume that there is a constant ¢ > 0 such that for each treatment
T € T, we have that

1T lloos U7 oo < 00

and that on (0,c) the random variables UL

max

_ U:_l)o ; oo

max

— U% admit densities f, and
fr that satisfy f-(z) < H/z'™° and fr(z) < H/a'™0, for some 0 < H,H < oo and

0<68,6<1.

Lemma 10 (Softmax Bias Control for Optimal Policy Value). Suppose that Assumption 1
holds. Assume that ||M||y is uniformly bounded and that BE(MMT) is strictly positive

definite. If B = w(nY/ROTmn{sDYy then we get that as n — co:

n'?(Vy = V*) =o(1).

Combining Theorem 9 and Lemma 10 gives us the following final result:

Corollary 11 (Main Corollary). Under the conditions of Theorem 9 and Lemma 10, the

estimator V is asymptotically linear around V*:
n'P(V =V =02 pualZi) + 0,(1)
i=1

with influence function py,. as defined in (2.8). Letting z, be the g-th quantile of the
standard normal distribution, asymptotically valid confidence intervals for V*, with target

coverage level ai, can be constructed via any consistent estimate 6% of the variance o3 =
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E{pv,(Z2)*} as:
Cly(a) = [V % 21_ap20v /v,

where z, is the q-th quantile of the standard normal distribution.

2.8 MONTE CARLO EXPERIMENTS

We investigate performance of our inference method on a simple data generating process
and demonstrate the efficacy of our method and the importance of choosing the softmax
parameter 3, based on our theorem. We consider observational data from the structural

equation model:

S = N(0,15), T, = Bernoulli(Logistic(S7)),
X =T+ S+ N(0,Is), T, = Bernoulli(Logistic(X7)), (2.9)

YIOéQ(Xl—i-l)TQ—l—Xl—l—N(O,l)

where 57, X; denote the first components of the random vectors S and X respectively.

As we show in Appendix B.10, the second period blip effect 75 is of the form:
Y2(T2, X) = ao(Xy + 1)1, o(Tz, X) = (T3, X1 1»), Yo = (a2, a2),

while the blip effect in the first period, under the optimal continuation policy can be
very well approximated as a linear function of the feature map u(73,S) = (11, 51Th).

Moreover, a; controls the magnitude of the blip effect of the first period treatment.

For each n, ay, ay and softmax parameter [ specification, we run 100 monte-carlo ex-
periments and calculate coverage of the estimated 95% and 90% confidence intervals (and

the standard error of the coverage) for the optimal policy value. We used Random Forest
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regression for estimating all the nuisance functions in the estimation process and no sam-
ple splitting.?2 We report results in Figures 2.8.1 and 2.8.2. We chose pairs of aq, a5 that
identify starkly different estimation regimes, thereby capturing different failure modes of
poorly constructed confidence intervals due to irregularity of the optimal policy estimand.
We see that 3 ~ n'/4*¢ for small € > 0 (as indicated by Theorem 7 with § = 1; here taking
e = 0.01) produces consistently good coverage above 90% across all specifications, while
3 that is either below n'/4 or above n'/2, undercovers in at least one specification (high-
lighted). For n = 10k the recommended specification always achieves almost nominal
coverage (up to standard error), while the other two specifications fail blatantly in at

least one specification.

B (a17a2) = (07 0) (011,042) = (0’ 1) (alro‘?) = (170) (al»a2) = (17 1)
n = 1000 n = 10000 | n = 1000 n = 10000 | n = 1000 n = 10000 n = 1000 n = 10000

n%1%10944+0.02 0.9540.02|0.894+0.03 0.9240.03|0.794+0.04 0.82+0.04 | 0.884+0.03 0.92+0.03
n%26 1 0914+0.03 0.9540.02|0.904+0.03 0.9440.02 | 0.904+0.03 0.9740.02 |0.90+0.03 0.92+0.03
n%7 1 0.794+0.04 0.92+0.03|0.87+£0.03 0.9540.02 | 0.954+0.02 0.9640.02 |0.91+0.03 0.9240.03

Figure 2.8.1: Coverage of 95% confidence intervals for optimal policy value.

B (a17a2) = (O:O) (a17a2) = (071) (a17a2) = (170) (a17a2) = (171)
n = 1000 n = 10000 n = 1000 n = 10000 | n = 1000 n = 10000 n = 1000 n = 10000

0-1510.854+0.04 0.89+£0.03 |0.8740.03 0.8240.04|0.684+0.05 0.7240.04|0.8240.04 0.86+0.03
0.83+£0.04 0.88+0.03 [0.82+0.04 0.89+0.03|0.88+0.03 0.88+£0.03 |0.81£0.04 0.86=+0.03

Il
3

™ ™ @
Il
3
<}
N
=

0.7510.69+ 0.05 0.77 +£0.04 |0.74+0.04 0.90+0.03|0.83+0.04 0.894+0.03 [0.79+0.04 0.87+0.03

Il
3

Figure 2.8.2: Coverage of 90% confidence intervals for optimal policy value.

In addition, we also conducted comparative simulation studies to evaluate our method

against penalized Q-learning [140] and the m-out-of-n bootstrap approach [31], discussed

2Code for replicating this experiment can be found in this Jupyter Notebook from this
Github Repository.
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in the Related Literature section®. For these simulations, we adopted an equivalent repa-
rameterization of model (2.9). Under various different pairs of (a, as), we constructed
confidence intervals for the contrast between policy value under optimal policy in the
second stage, when the first stage treatment is 1 versus when it is 0: E[Y (172) — y(0m3)],
For these comparative experiments, we set the sample size to n = 300, chose 3 = n®4° for
the softmax temperature parameter, and used o = 0.05 and o = 0.10 for the m-out-of-n
bootstrap approach. We note that we did not adopt the double bootstrap procedure for
tuning the hyperparameter «, as proposed in [31], since even the fixed-a version of our
method is already more computationally intensive than the other two approaches. The
double bootstrap would introduce substantial additional computational burden. The cov-
erage result is shown in Figure 2.8.3. Notably, our softmax approach achieves nominal
coverage across all (aq, ay) settings, whereas both the penalized Q-learning and m-out-
of-n bootstrap methods fail completely in at least one setting, with coverage dropping
to zero. In particular, the failure in those settings can be attributed to the penalized
Q-learning and m-out-of-n bootstrap estimators exhibiting outrageously high biases, as

shown in Figure 2.8.4.

(0, o) (2,2) (0,2) (2,0) (-2,-2) (-2,0) (0,-2)
Softmax approach 0.953 0.958 0.953 0.935 0.943 0.936
Penalized Q-learning 0.940 0.957 0.934 0.000 0.951 0.960

m-out-of-n Bootstrap (o = 0.05) [ 0.000 0.963 0.944 0.000 0.976 0.960

m-out-of-n Bootstrap (o = 0.10) [ 0.000 0.968 0.973 0.000 0.990 0.963

Figure 2.8.3: Coverage of 95% confidence intervals for contrast of policy values across different
(a1, a9) settings.

3For the penalized Q-learning, we implemented their method based on code provided
in Rui Song’s website [139]. For m-out-of-n bootstrap, we implemented their method
using the archived qLearn R package, as described by [31].
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(a17a2) (272) (072> (270) (‘27-2> ('270) (07_2)

Penalized Q-learning (Bias) |-0.040 0.031 -0.016 -3.282 -0.042 0.100
Penalized Q-learning (SD) | 0.427 0.340 0.167 0.344 0.156 0.339
m-out-of-n Bootstrap (Bias) |-2.010 -0.005 -0.003 -1.890 -0.003 0.064

m-out-of-n Bootstrap (SD) | 0.273 0.208 0.252 0.272 0.209 0.208

Figure 2.8.4: Bias and standard deviation (SD) for estimating the contrast of policy values across
different (o, ag) settings.

These findings suggest that our method based on softmax approximation may offer im-

proved robustness in achieving valid inference across a range of (ay, a2) settings, including

scenarios where existing methods appear to break down.
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Chapter 3: Heterogeneous Multi-Modal
Knowledge Graph Fusion with

Multi-Relational Prediction

This chapter is based on my joint work with Suqi Liu, Doris Yang, Hongyi Yuan, Jun

Wen, Prof. Alexandre Pereira, and Prof. Tianxi Cai.
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Statement of Contributions: This chapter is based on a collaborative project. The
clinical and genetic datasets used were curated and provided by my collaborators, who
also kindly prepared the initial embeddings and provided me with information about the
upstream data sources. My primary contributions focused on integrating the provided
data to prepare for graph learning, constructing the knowledge graph, implementing the
multi-relational modeling framework, and training and evaluating the downstream pre-

diction tasks. I am deeply grateful for the contributions of my collaborators.

3.1 INTRODUCTION

Technological advancements in recent decades have fueled an explosion in biomedical data,
from the digitization of health data in electronic health record (EHR) systems to the de-
velopment of high throughput genome sequencing techniques. Diagnostic and procedure
billing codes, laboratory tests, and drug prescriptions in EHR systems encode a wealth of
clinically relevant information. Genomic data provide a complementary trove of biological
knowledge underpinning the relationships between medical entities. Elucidating the na-
ture and strength of relationships between biomedical entities, including diseases, genes,
SNPs, and drugs, has great potential for advancing the study of disease pathogenesis,

diagnosis, and treatment.

Common techniques for knowledge extraction of EHR-related concepts involve repre-
sentation learning. Substantial work focuses on semantic embedding approaches, which
derive concept representations from narrative information in clinical notes, textual de-
scriptions of structured codes, or patterns of co-occurrence in EHR data [4, 9, 46, 83, 172].
However, such semantic techniques are ill-suited for genomic entities, especially genetic
variants in the form of single nucleotide polymorphisms (SNPs), that lack textual de-

scriptions. As such, the biological foundations that govern health outcomes are difficult
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to integrate into knowledge graphs centered on clinical concepts. Instead, existing efforts
to bridge genomic and phenotypic information often rely on genome-wide association stud-
ies (GWAS), which identify genetic variants associated with each specific phenotype, or
phenome-wide association studies (PheWAS), which identify the phenotypic associations
of each specific genetic variant [49, 145, 156]. While useful, these approaches provide only

a narrow, uni-directional view of genome-phenome relationships.

Developing a comprehensive knowledge graph that bridges genome-phenome relation-
ships with clinical concept graphs is challenging due to the heterogeneity of biomedi-
cal entities and the diverse modalities through which existing knowledge is represented.
Building on prior work, we tackle this challenge by constructing a unified framework
that integrates diseases, genes, and clinical concepts, and further incorporates single
nucleotide polymorphisms (SNPs). To model the complex relationships among clinical
and genetic entities, we leverage a multimodal graph learning approach based on Rela-
tional Graph Convolutional Networks (R-GCNs) [130]. Our knowledge graph captures
both genetic—clinical links, such as SNP-phenotype associations, and genomic struc-
ture, including SNP—gene relations derived from loci proximity [97] and eQTL data
[113]. This framework allows us to refine semantic-based embeddings for clinical con-
cepts and learn biologically grounded representations for SNPs, complementing existing
embeddings for clinical concepts and genes, and enabling more expressive modeling of
genome-phenome interactions. We initialize the R-GCN with embeddings derived from
PubMedBERT (https://huggingface.co/NeuML/pubmedbert-base-embeddings) and
co-occurrence-based correlations between medical concepts and genetic variants in co-
hort studies data, then training on known relations from curated sources such as the
Unified Medical Language System (UMLS) [22] and the GWAS Catalog [138] (https:
//www.ebi.ac.uk/gwas/). By integrating the diverse knowledge into a unified multi-

relational framework, the resulting knowledge graph forms a more comprehensive view of
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the biomedical landscape that brings together clinical concepts and genetic entities at a
scale and granularity not jointly captured in most existing knowledge graphs. Our key

contributions are as follows:

o We present a unified framework that embeds diverse biomedical entities, including
drugs, diseases, genes, and genetic variants in particular, in a shared graph-based

embedding space, which facilitates inferring their complex relationships.

o We develop a relation-aware modeling approach based on Relational Graph Con-
volutional Networks (R-GCNs) to integrate heterogeneous biomedical relationships
derived from multiple curated knowledge sources, including clinical, genomic, and

ontological data.

o Experimenting on multiple relation inference tasks, our proposed method consis-

tently outperforms initial embeddings.

o The derived multimodal embeddings are shown to effectively predict drug indica-
tion and drug side effects, and they demonstrate potential for novel gene-disease

association discovery.

3.2 RELATED WORK

Many methods have been proposed for incorporating heterogeneous entities and knowl-
edge sources into a single knowledge graph. The simplest approaches involve manual or
automated harmonization of entities across different ontologies and databases [90, 96].
Network-based approaches involve similarity propagation, generative probabilistic mod-
els, and iterative improvements [164]. Representation learning methods commonly use
objective functions based on similarity metrics to learn representations in various em-

bedding space geometries for nodes and edges in the graph [23, 34, 143]. More recently,
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convolutional and graph neural network approaches have been developed to allow for more

flexible learning [50, 142, 157, 167].

These methodological advances have enabled a range of biomedical knowledge graph
applications that integrate clinical, biological, and pharmaceutical entities. Among ma-
chine learning approaches for graph construction involving biological and medical entities,
shallow learning methods have historically been widely used, such as regression [10], ran-
dom walk [69, 120, 129], and matrix factorization methods [116]. More recently, powerful
neural network-based approaches have become more prevalent. In general, many exist-
ing methods are driven by specific link prediction tasks, such as drug-disease relations,
adverse drug reactions, or disease-gene associations [10, 120, 155, 161, 175]. In order to
provide a multi-modal view of diseases, PrimeKG [32] notably synthesized a large number
of known relations from various databases to build a multimodal graph of diseases, drugs,
and genes, etc., with an emphasis on entity harmonization. While PrimeKG itself does not
implement graph-based learning, it has become a foundation for subsequent graph-based
inference and representation learning [48], with the authors explicitly highlighting its po-
tential to be paired with neural networks for downstream tasks. Furthermore, BioPathNet
[65] utilizes a message-passing neural network to train a biomedical knowledge graph with
a focus on molecular link prediction tasks such as gene function annotation, drug-disease
indication and contraindication, and synthetic lethality. Decagon [175] illustrated the
efficacy of leveraging a convolutional graph neural network in accommodating different

edge types and modeling polypharmacy side effects.

Building on PrimeKG and additional ontological and genetic resources, our method
leverages a multi-modal graph convolutional network to incorporate single nucleotide poly-
morphisms (SNPs) into a unified, multi-relational biomedical knowledge graph that also
includes diseases, drugs, and genes. Although our work shares conceptual goals with re-

cent efforts such as GENEREL [163], and both approaches integrate similar biological data
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sources including eQTL relationships, GENEREL focuses primarily on embedding align-
ment via language model fine-tuning. In contrast, our approach explicitly models multi-
relational structure using Relational Graph Convolutional Networks (R-GCNs), enabling
structured reasoning over heterogeneous relationships, such as SNP-gene, gene-disease,

and disease-drug links, within a graph learning framework.

3.3 DATA

We collected clinical concepts from a list of informative features generated by an on-
line narrative and codified feature search engine (ONCE) [160], spanning five domains of
clinical entities. Four of these (diagnoses, procedures, laboratory measurements, and med-
ications) are structured entities with mappings to standardized vocabularies: PheCode
diagnoses (https://phewascatalog.org/phecodes), CCS (Clinical Classifications Soft-
ware) procedures, LOINC (https://loinc.org/) laboratory tests, and RxNorm (https:
//www.nlm.nih.gov/research/umls/rxnorm/) medications. We process the fifth do-
main, in the form of unstructured narrative medical notes, using the Narrative Informa-
tion Linear Extraction (NILE) NLP software [162], allowing us to map concepts found
in these notes to UMLS Concept Unique Identifiers (CUIs). In total, we gathered 1,790
PheCodes, 229 CCS procedures, 148,978 CUIs, 1,247 RxNorm drugs, and 859 LOINC lab

results.

In addition to clinical concepts, we also incorporated single nucleotide polymorphisms
(SNPs) and genes. We focused on SNPs previously identified as associated with multiple
traits in the GWAS catalog since our primary goal is to learn joint representation of
diseases and variants to enable studying shared etiology of diseases. We identified 56,042
SNPs satisfying the following criteria: (1) minor allele frequency > 0.05; (2) reported p-
value < 5x 107%; (3) associated with > 3 phenotypes. We included 29,372 genes identified

from two sources: (1) genes located near associated SNPs based on genomic loci [97], and
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(2) genes linked through expression quantitative trait loci (eQTL) data [113].

3.3.1 RELATIONAL DATA SPECIFICATION

In this work, we also utilized relational data from various sources to build a comprehensive
knowledge graph of biomedical entities. In summary, along with a collection of known
relationship pairs from online databases, standardized clinical sources, and manual anno-
tations, these relational data also include relationships derived from Genome-Wide Associ-
ation Studies (GWAS) (https://www.ebi.ac.uk/gwas/), the Unified Medical Language
System (UMLS) [22], expression quantitative trait loci (eQTL) data [113], loci-to-nearby-
gene mappings [97], curated CUI-to-Phecode mappings, the Precision Medicine Knowl-
edge Graph (PrimeKG) [32], the SIDER database [84], the Comparative Toxicogenomics
Database (CTD) (https://ctdbase.org), and the DisGeNET (http://www.disgenet.
org).

Specifically, to integrate genetic-variant-level information into our knowledge graph, we
leveraged data from the GWAS catalog [138] (https://www.ebi.ac.uk/gwas/), which
gathers significant associations between genetic variants (SNPs) and traits (mapped to
CUIs and PheCodes) identified in individual genome-wide association studies (GWAS). In
addition to loci-to-gene mappings based on genomic proximity [97], we also incorporated
SNP—to-gene pairs from expression quantitative trait loci (eQTL) data [113], which reveals

how genetic variants influence gene expression patterns.

For gene—phenotype relationships, we incorporated gene—disease associations, with dis-
eases represented as CUIs, from PrimeKG [32], DisGeNET (http://www.disgenet.org),
and CTD (https://ctdbase.org). For PrimeKG and CTD, disease names were mapped
to CUls by identifying a match when the cosine similarity between their SapBERT-

embedded representations [93] was at least 0.80.

For relationships between clinical concepts, we incorporated a wealth of relations be-
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tween CUIs [54, 105] and between CUIs and medications (RxNorms) [104], drawn from
the Unified Medical Language System (UMLS). We further included drug indication rela-
tionships from PrimeKG [32] and drug side effect relationships from the SIDER database
[84], where drugs are represented by RxNorm identifiers, and side effect and indication

phenotypes are represented by CUISs.

Outside of these established biomedical databases, we also leveraged a collection of
additional relational data from a previous study (ARCH [54]). The collection includes
relationships from Wikipedia, the PheCode hierarchy, Drugs.com, MED-RT, SNOMED-
CT, and manually curated annotations. We also incorporated curated CUI-to-PheCode

mappings into our dataset.

We summarize the sources and entity types of our relational data in Table 3.3.1.

Table 3.3.1: Relational data information that we use in our method. For each relation type, we
mark out the corresponding relation source, number of relations, and types of entities the relations
connect.

Entity 1 Type | Entity 2 Type | Relation Source # relationships
SNP Gene Loci-to-gene 44,493
SNP Gene eQTL 28,637
SNP Phecode GWAS catalog 11,592
SNP CUI GWAS catalog 51,388
Gene CUI gj:é‘jég’T oTD 102,791
CUI RxNorm PrimeKG drug indication 3,872
CUI RxNorm SIDER side effect 101,913
CUI RxNorm UMLS 1,163
CUI Phecode Curated mappings 25,932
CUI CUI UMLS 150,267
Phecode/ Phecode/

LOINC/ LOINC/

ccs/ ccs/ ARCH 226,986
RxNorm RxNorm
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3.4 METHOD

Known Relationships
B

Biomedical Entities Entity Embeddings Downstream
Applications
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Figure 3.4.1: Overview of heterogeneous multi-modal knowledge graph fusion.

In this work, we construct a knowledge graph by treating each of the medical con-
cepts and biological entities described in Section 3.3 as nodes, and the relationships
outlined in Section 3.3 as edges. Starting from an initial joint representation of these
concepts, derived using PubMedBERT embeddings (https://huggingface.co/NeuML/
pubmedbert-base-embeddings) and UK Biobank (UKB) cohort study data [29], we
mapped the concepts and entities into 128-dimensional Euclidean embedding vectors con-
strained to the unit sphere surface using a relational graph neural network. In this embed-
ding space, a smaller distance between two entities would indicate a closer relationship.
We then utilized the learned embedding vectors to perform link prediction tasks, such as
drug indication and drug side effect prediction, achieving decent AUC (Area Under the

ROC Curve) evaluation scores.

3.4.1 INITIAL EMBEDDINGS FOR THE BIOMEDICAL ENTITIES

Recall that, as described in Section 3.3, we gathered clinical concepts comprising a to-
tal of 1,790 Phecodes, 229 CCS medical procedures, 148,978 Concept Unique Identifiers
(CUIs), 1,247 RxNorm drugs, and 859 LOINC lab results. We initialized embeddings for
these concepts by passing their semantic descriptions through PubMedBERT (https:
//huggingface.co/NeuML/pubmedbert-base-embeddings), to obtain 768-dimensional

language embeddings.

67


https://huggingface.co/NeuML/pubmedbert-base-embeddings
https://huggingface.co/NeuML/pubmedbert-base-embeddings
https://huggingface.co/NeuML/pubmedbert-base-embeddings
https://huggingface.co/NeuML/pubmedbert-base-embeddings

Since SNPs lack textual descriptions, we leveraged the correlation between SNPs and
PheCodes in the United Kingdom Biobank (UKB) [29] EMIS cohort studies to create
initial embeddings for SNPs. In particular, we computed the partial correlation between
each SNP and each PheCode among the UKB cohort, adjusting for demographics. Then,
we factorized the resulting partial correlation matrix using singular value decomposition to
obtain embeddings for all SNPs and PheCodes. We aligned these UKB-based embeddings
with the PubMedBERT initial embeddings through a linear regression of the PubMed-
BERT PheCode embeddings on the UKB-based PheCode embeddings. This regression
allowed us to obtain initial SNP embeddings by orthogonally translating the UKB-based

SNP embeddings onto the 768-dimensional language embedding space.

Furthermore, we initialized the representations of genes as 768-dimensional zero vectors,

that is, 0 € R7%8.

We use S,,4e to denote the resulting collection of unique entities and use Nyoge := |Snode
to denote its set cardinality. Altogether, we form a set {XZ(-O) € R™8 : 4 € S04} of initial
embedding vectors for entities in S,q.. We will be treating these biomedical entities
as nodes in our knowledge graph when training graph neural networks. Their initial
embedding vectors place them in a 768-dimensional Euclidean space to represent our
prior knowledge about relationships between the entities, and as we train our graph neural
networks we will get updated embeddings for the entities after incorporating relational

data passed to the neural networks.

3.4.2 RELATION TRAIN-TEST SPLIT AND PREPROCESSING

In Section 3.3, we delineated a collection of relationships between biomedical concepts,
derived from multiple established databases and curated known relationship pairs. We
now restrict this collection to the subset in which both entities involved in a relationship

belong to the set S,oq0 Of entities of interest. We then convert the available relationship
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pairs into directed edges between entities in Syoqe. More formally, for any two entities
0,7 € Snode, We use the tuple (i,7) to denote a directed edge from node i to node j. We
denote by £ the set of such tuples (i, 7) corresponding to our available relationship pairs,

after removing self-loops and duplicates.

We utilize the relational edges to update the embeddings of biomedical entities. To allow
for assessment of the quality of our learned embeddings, we reserve a small proportion of
edges in &£ for testing purposes. Specifically, during training, we include all CUI-PheCode
mappings and SNP-gene relationships (both loci-based and eQTL-derived), and perform
a random 80/20 train—test split on all remaining edges in £. As a preprocessing step before
the train—test split, we grouped CUIs by synonymy for SNP-CUI edges from the GWAS
Catalog and grouped PheCodes by their first decimal point for SNP—PheCode edges. This

was done to reduce information leakage in the train—test split for these specific edge types.

We denote the resulting test set as & For the remaining edges, we further randomly
split 12.5% of them to form a validation set &,, and the rest to form the training set

Eirain- As a result, the ratios of & 4in VS Epar V8 Epest are roughly 7-1-2.

To distinguish different relation types during message passing, we assign each edge a
unique edge type number. We determine these types by classifying edges based on the
categories of the entities they connect. Each entity belongs to one of seven categories:

Phecodes, CCSs, CUIs, RxNorms, LOINCs, SNPs, or genes.

Now that we have classified edges, we are ready to define the set &,,.s of edges used for

message-passing purposes. Starting from edges in the training set &;qin:

o We include all training edges in &4, in our set of message-passing edges, denoted

as Emes.

« In addition, we reverse all edges in &4, except for SNP-to-Phecode or SNP-to-CUI

mappings derived from GWAS, and SNP-to-gene mappings derived from loci and
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eQTL data. These specific edges are excluded from reversal because they are only
interpretable uni-directionally. Formally, for each eligible edge (i, j), we also include

the reverse edge (j,7) in & es-

The set &,,.s of edges for message-passing purposes is key to our embedding updates,

which we elaborate in the next subsection.

3.4.3 EMBEDDING UPDATES USING RELATIONAL CONVOLUTIONAL NEURAL NET-

WORKS (R-GCN)

Given the set S,,4. of biomedical entities with corresponding initial embeddings {XZ(O) €
R78 : i € S,04c}, as well as training set Eyqin, validation set £,4;, and message passing set

Emes of edges, we use a relational graph neural network to model the entity embeddings.

Our model first applies two message-passing layers of relational graph neural networks

(R-GCN) [131]: for i € Soqe

Yi=0 ((")(1)XZ —+ Z Z wl-,j@,(})xj + b(l)) ,

r€R FEN;-(3)

zi =0 (@(2)}’1' +3 > wi;®Py; + b(z)) ;

TrER jEN(7)
where R is the set of all edge labels, N,.(i) is the set of neighbor indices of node i under
an edge of label r, and weights w;; = m where r(i,7) is the relation type of
edge (i,7). o is a nonlinear activation function and ReLU(-) := max(0,-) is used in our
model. Our model parameters in the two message passing layers are ©' O ¢ Rdxdo,
9(_2), O ¢ RExh b ¢ R b? ¢ R%, as well as the embeddings x; € R%.
After applying the aforementioned two message-passing layers, we subsequently impose

a fully connected layer:

h, = 0¥z, + b®
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and normalize the resulting transformed embedding vectors to place them onto the unit

sphere in /5 norm:
ey

u;
Here in the fully connected layer, our model parameters are @) € Ré%*d and b® ¢
R4

To collect together all of our model parameters, let

O — (@(_1)7 oW, oY @&2)7 00 pM p® pB) {x:}Vies,..)

r —

be the collection of all model parameters. During our training, we took dy = 768 to align

with the dimensions of our initial embeddings and d; = dy = d3 = 128.

We used the following loss function:

1

LO):= > :

(i7j)egt7'ain By

g(uiv uj)7

where N;; is the number of edges that have the same edge label as (i, ) in &;q4in. This
adjustment is imposed to normalize the loss function across different edge labels to adjust

for the difference in their corresponding edge set sizes. The function ¢ is the triplet loss:
((u;, u;) = max{|[u; — ujfl> — [luy —uyll2 +6,0}

for some margin ¢ > 0, which we take to be § = 0.3 during our training. Here (7', j)

represents a negative sampling of (7, j) in the following sense:

o Split the entire set S,,,4. of nodes into 7 different categories: Phecodes, CCSs, CUIs,

RxNorms, LOINCs, SNPs, and genes.

o For each edge (7, ), with probability 0.5, we redraw node i from all entities from
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the same category while keeping node j unchanged, and with the other half of
probability redraw node j from all entities from the same category while keeping

node i unchanged. Denote the resulting edges as (7', j').

We initialized the parameters {x; : i € S,oqc} as the initial embeddings {XEO) € R78 .
i € Spode } described in Section 3.4.1. We used the Adam optimizer with a learning rate of
0.01 to train our model for 1000 epochs, meanwhile recording the validation error defined

as:

1
Brri= = > Xui-uwllazlus—u )
‘ Ual|(

i:j)egval
where negative samples (ij) for edges (i,7) are taken the same as those in the training

loss function. For any event A, X4 represents the indicator function for that event.

We record the training epoch number 7" that minimizes the mean validation errors over
the last 10-epoch window, and we trained our model again for T epochs on the union of
the training and validation edge sets instead of only the training edge set. We took the
resulting embedding vectors u;,7 € S,.4. after T epochs as our final output embedding
vectors. We denote the vectors as {uET) : i € Spode} and evaluate and report their

performance on the test edges & in the next section.

The R-GCN model was trained using approximately 32GB of CUDA memory on an

NVIDIA GPU. Each training item required an average of around 6 seconds per epoch.

3.5 EXPERIMENTS

We split the test edges in &4 into different labels according to the catergories of entities
they connect and evaluate our trained embedding vectors {uET) 21 € Spode } On these test
sets. Specifically, based on our trained embedding vectors, we compute the AUC (Area

Under the ROC Curve) of link prediction on test edges of various types against random
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edges generated from a negative sampling scheme similar to that during our training
process: for edge (i, 7), with probability 0.5 redraw node ¢ from the set of entities of the
same type while keeping node j unchanged, and with probability 0.5 redraw node j from
the set of entities of the same type while keeping node i unchanged. For any edge (3, j),

we assign a link prediction score

T T T T
L

and we calculate the AUC of the link prediction scores for test edges against those for

random edges generated from negative sampling.

In addition to calculating AUCs based on the trained embedding vectors from our
model, we also evaluated AUCs based on the initial embeddings {XEO) 11 € Spode - We
run each reported method 5 times (each with a random seed) and report average AUC

scores across repetitions.

We found that the R-GCN trained embeddings are efficient for capturing the similarity
between biomedical concepts under various circumstances and outperformed the initial
embeddings by many metrics. The specific results of outperformance are shown in Table
3.5.1. Note that the gene-disease prediction AUC for initial embeddings is N/A since we
arbitrarily initialized our genes as zero vectors.

Table 3.5.1: AUC performance comparison between R-GCN trained embeddings and initial em-
beddings across various biomedical relation types.

Relations\AUC | R-GCN Trained | Initial Embeddings
SNP-Phecode 0.958 0.714
SNP-CUI 0.900 0.595
Gene-Disease 0.950 N/A
Drug Side Effects 0.923 0.576
Drug Indication 0.939 0.779

Our method significantly improves the initial embeddings in various important link
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prediction tasks.

3.6 DOWNSTREAM APPLICATIONS

In addition to validating our embeddings against the test relation pairs, we also inves-
tigated their performance on two downstream tasks: gene discovery and genetic variant
identification for diseases. For these downstream applications, we trained on all available
edges instead of performing a train-test split to fully leverage the relational information.
To accommodate the increased number of training edges, we trained the model for 1300

epochs.

3.6.1 GENE DISCOVERY FOR DISEASES

The out of sample validation showed that our embeddings are effective at predicting gene-
disease relations in aggregate, but we were also interested specifically in their performance
on diseases with complex genetic etiologies and treatments, such as rheumatoid arthritis
(RA) [85]. To this end, we identified the top 25 genes most closely related, as measured by
cosine similarity in our trained embeddings, to the PheCode for RA (714.1), and visualized
them using the kgraph interactive platform [33]. In the visualization, the node sizes are
proportional to the cosine similarity values, and the edge lengths are inversely related to

the cosine similarities.
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Figure 3.6.1: Top-ranked genes associated with rheumatoid arthritis (RA), identified using our

embeddings.

Notably, many of the top genes are documented to be associated with RA, includ-
ing STAT4, PTPN22, TNFAIP3, CTLA4, HLA-DRB9, CCR6 [47, 62, 70, 88, 89, 118].

Additionally, the gene IFIH1, though not well-established to be associated with RA, is

implicated in autoimmune diseases [127], of which RA is one.

Using RA as a case study, we demonstrate that our embeddings have the potential to

provide insight into genetic etiology, helpful for identifying future targets for pharmaceu-

tical treatments.

3.6.2 GENE VARIANT DISCOVERY FOR DISEASES

We also investigated the top 10 SNPs most related to RA from our embeddings, where

again relatedness is measured by cosine similarity.
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Table 3.6.1: Top-ranked SNPs associated with rheumatoid arthritis (RA), identified using our
embeddings, along with their corresponding gene loci.

# SNP loci

1 | rs74313386 | SPRED2
2 | 151633360 059
rs3807306 IRF5
rs2300373 | IFNGR2
rs11893432 STAT4
rs11375064 KSR1
rs1422673 TNIP1

o N O ot = W

1528411352 MTF1
9 | rs6495979 | RASGRP1
10 | rs7241016 PTPN2

The variants shown here are all validated to be statistically associated with RA in the
GWAS catalog [138](https://www.ebi.ac.uk/gwas/), but some of the genes, such as
0S9 and KSRI1, are not yet well-established to be as RA-associated in the current liter-
ature. Including SNPs and integrating SNP-level relations into our knowledge graph in-
troduces the potential to uncover novel gene-disease associations, highlight underexplored
SNP-gene-disease mechanisms, and support the discovery of candidate targets that might

be overlooked by gene-centric approaches alone.

3.7 DiscussioN AND FUTURE WORK

In this study, we integrated biological and medical entities into a unified embedding-based
knowledge graph to facilitate multi-relational prediction tasks. Our approach leverages a

Relational Graph Convolutional Network (R-GCN) to train embeddings using a variety
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of biomedical knowledge sources, notably constructing embeddings jointly for clinical
concepts such as diseases and drugs, and genomic entities including SNPs and genes, by
incorporating known relations between these entities. We demonstrate that our method,
relative to baseline initial embeddings, more effectively captures biomedical knowledge and
improves performance across a range of link prediction tasks with potential biomedical

and clinical significance.

While our initial results demonstrate strong potential, several directions could further
improve the framework. Future work could explore up-weighting edge types corresponding
to essential downstream tasks, or incorporating an attention mechanism to automatically
learn the relative importance of different entity types and relations. A more fine-grained
classification of relations, beyond grouping by entity categories, could also be utilized to
reflect the specific nature of different biomedical relationships. It might also be helpful
to include proteins, biological pathways, and additional biological knowledge sources to
further enrich the graph representations and support more comprehensive downstream

applications.
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Supplementary Materials for Chapter 1

A.1 PROOF OF THEOREM 1

Proof. For any g € G, by the linearity of the moment with respect to 6:

A(g) (6 —60) = M(b, g) — M(6o, 9)

= M(0,g) — M,(8,9) + M(6, g0) — M(6o,9) + M,(8, g).
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Moreover, for any g, with ||g — goll2 = 0,(1):

Alg) (0—60) = Algo) (0 — ) + (A(g) — Algo)) (0 — 60)
= A(g0) (8= 60) + O (llg — goll= 16 — boll-)
+

= A(go) (é - 90) Op (||é - 90”2) .
Thus for any g, with ||g — go|2 = 0,(1):
A(go) (é - 90) = M(0,9) = My(0, 9) + M(6o, go) = M(00, g) + Mu(0, g) + 0,(]|0 — bo]l)-

Let G,(0,9) == M(0,9) — M,(0, g), then we have:

A

Algo) (0= 00) = Gn(0,9) + M (6o, 90) — M (6o, 9) + Mu(B, 9) + 0,(]|0 = bo]]2)-
Applying the above for g = § and by the definition of 8, we have:

Algo) (6= 00) = G, §) + M(Bo, go) — M (0o, §) + Mu(8, §) + 0,116 — o)

= Gu(0,9) + M(60, 90) — M(60,3) + 0p(n~"% + (|6 — o).

Applying Neyman orthogonality and bounded second derivative of the moment with re-

spect to g:

M(6o, o) — M (6o, 9) = Dy M (60, 90)[90 — 9] + O (llg — oll3)

=0 (llg — gll3) = 0p(n~"7).

Thus we have that:

A

Ago) (6= 8) = GulB,9) + 0, (™2 + 0 = ll).
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Now we decompose the empirical process part into an asymptotically normal component

and asymptotically equicontinuous parts that converge to zero in probability:
Gn(0,3) = Gn(00, 90) + (Gn(0,3) = Gu(00,9)) + (Gn(00,9) — Gu(bo, 90)) -

By the linearity of the moment, the middle term can be written as:

A

Gu(0.9) = Gul0h,9) = (A(9) = Au(@) (0~ 0o)-
Note that by a triangle inequality:
1AG) = An(9)llop < 1A(90) = An(go)lop, + 1A(G) — Algo) — (An(d) — An(90))ll,p

Note that the first quantity is a simple centered empirical process and hence assuming
that a; j(Z; go) has bounded variance, by classical results in empirical process theory we

have that:

1A(g90) — An(g0)ll,, = 0p(1)

Moreover, by our stochastic equicontinuity condition we have that:

14(3) = Algo) = (An(@) = An(90))lop = 0p(n"2) = 0p(1).

Thus we get that ||A(§) — An(9)]|op = 0p(1), and therefore:

Gn(éa g) - Gn<007§) = Op (Hé - QOHZ) :
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Moreover, since by our stochastic equicontinuity conditions:

Vi llA(g) — Algo) — (An(d) — An(g0))llop = 0p(1)

Vi llV(§) = Vigo) = (Va(9) = Valgo))llo = 0p(1)

we have by triangle inequality, the definition of the operator norm, and the fact that

HQOHQ = O(].) that:

|G (6o, §) — Gn(bo, 90) |l < |A(G) — Algo) — (An(9) — An(go))”op 160][2
+1V(9) — V(g0) — (Va(d) — Vil(go))ll,

= op(n_l/Q).

Thus we can conclude that:

A

Ago) (6= 86) = Gulbo, 90) + 0p(n ™2 + 18— By ).
Assuming that the inverse A(gy) ™! exists, we can re-arrange to:

6 — 60 = Alg0) ™ Gu(60, 90) + 0p (™7 + 116 — Bl .

Since G, (6, go) is a mean-zero empirical process, we have that ||G,,(0p, go)||2 = Op(n~/2).

Thus the above equation implies that ||§ — 8|2 = O,(n~"/2). Thus we get:
0 — 0y = A(g0) ™' G600, 90) + 0, (n‘1/2)
or equivalently that:

Vi (6= 60) = VnA(go) ™' Gn(bo, g0) + 0, (1)
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The first term converges in distribution to the claimed normal limit by invoking the

Central Limit Theorem. Thus the theorem follows by Slutsky’s theorem. m

A.2 PROOF OF LEMMA 3

Proof. Before diving into the proof, recall that c¢(Z1.,, z) = arg min,,|X; —z|, and define:

1
¢y = c(Zym, 5),

1
arg min |§—Xi| if Xer >

* i<n st X;<1
‘ argmin1|§ — Xy if X < %
i<n st X;>5
That is, we let ¢} be the index of the nearest example in {Xi,..., X,,} to 3, and let ¢; be

the index of the nearest example to % on the other side of % from.

A new observation Z = (X,Y), where X ~ unif[0,1] and ¥ = I(X < 0.5), will be
misclassified if Yz, x) is different from Y. Therefore it is mislabeled if it falls in the

following set:

[1 l(Xc’{ _|_XC§)} if Xor < %7

&(Xep Xg) =1
[% (XCT + XCS)’ %} otherwise.

For a given pair of random variables X; , X;,, we write:

17

Ax,, ., = nP(X € E(Xi, Xy,) | Xy, X, ).

01,19

We note By := {i < n|X; < 1/2}.

Now we remark that if Xe: <0.5 then = X+ X —1and

L X+ X

XC; — (1 — XCT) XCT ~ min U’L(XCT)

i€[n]\B1
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where U;(X.+)

*
1

Xex ~iiq unif[0, Xe+]. Here ~ means "has the same distribution as.’

Therefore we have

2t 2t
]P’(Xc* + X —1 < —|Xex < O.5,XC*> = IP’( min U;(X.) < ’XC* < 0.5,XC*)
! ? ni ! i€[n]\B1 ! nil ! !

2t \ "Bl
=1—1(1-
( anT) ’

where |B;| denotes the cardinality of set Bj.

Therefore as X — 0.5 and |B| — n/2 we have
2t 2t
P<XCT+XCS_1§‘XCI SOE),XC*{) —1—e .
n
Similarly we remark that if X. > 0.5 then ‘1 - {XC»{ + X%H =1—-Xs — X and
1 — Xeo — Xes | Xep ~ min U™ (Xer)
1 i1€B1 !

where U} (Xc:)

XCT ~iad unif[O, 1— XCI]

Therefore we have

2t - 2t
P(l — XCT — XCS < — XCI > 05’XCT) = ]P’(mln Uibzs(XcT) < ‘XCT > 05’XCT>
n n

1€B1

- (1_7@)3”.

Therefore as X — 0.5 and | B[ — n/2 we have

2t
P(l — X — X < ‘XC* > O.5,XC*> —1—e 2
1 2 n 1 1
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This directly implies that

>\Xc* o Z’l - [Xc’{ + Xc§:| i> EXp(Q),
12

where Exp(2) denotes an exponential distribution with rate parameter 2.
Moreover, we now also show that the expectation E {)\ X c*] =0(1).
1’72

As a first step, we note that we can write

E x| =P (X €8xy X))
1’72
| B1]

|
<
n 21 —

1 By 1| 1
S IS [ L Iy
e ()

By Azuma’s concentration inequality, we know that

e (

To treat the other term in the sum, we have that

< nlP (X € 8<Xc’1‘7Xc§)>

B 1 1 :
7| 1‘_f>— SQTL@_%—)OE}STL—)OO.
n 2 4

[Bi| 1] _ 1
PlX Xc*vXc* I =5 <=
n ( 65( . 2) - 5 1

=nEk |P (X S g(chaXcz);

—E |P (X e &( X X )

)i

|1B;| 1 1
Ll N
n 2|~ 4

where X, represents the vector (Xi,...,X,), and ‘S(Xc’{,Xcg)‘ denotes the length of

the interval E(Xq , Xc§>.
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Now by triangle inequality

uE Ue(xc,x )‘H(‘—;|§i)1

B |By| 1 1

1 1 1 1 1 1
<'g ‘—XC*]I Bl 11\ g ‘—XC*]I 1B 1)1
2 2 L n 2 4 2 2 2 n 2 4
— "B lminy, 1 (|2 2| < 2|+ 2R G0 | i I e
2 [52}3? ( n 2 —4> 3 Lerﬁ]l\r}el ( n 2|54

|Bi] 1) 1

n 2| 7 4

where U; := ‘% — X;| ~iia unif[0,0.5], and the penultimate line follows from symmetry.

We can express the expectation in terms of integrals of tail probabilities as

nE[mmU ]I(|Bl\> )]:nE{ {mmU ]I(]Bl\> )’]Bﬂ”

1€By i€EB;

nEUOOOPtnmU H(|Bl|> >>t‘|Bl) ]
—nEl‘Bl)ly/ IP’(mmU H(|Bl|> ) ‘é"|B1>dt]

Here

n
P(ngnU ]I(\Bl|_> \B] ‘|Bl>

=11 2t \"™ ]I(|B|>n>< —2 ]I<|B|>n)
f— —_—— . —_— e . —
| By | H=y)= =y

where we have used the inequality that 1 — z < e~ for all x.
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Hence, we have

1 & n n 1
< nE —2t H(B >>dt]:E[ H(B
<" \1B ), Bl = 2" 1By TP
4
<Ig [ H(\Blyznﬂ :2}P’<]Bl|>) <2
2 n 4

The key point is to note that

< n'PP(X € E(Xer, Xes)) 2 0.

where (a) comes from realizing that

) 1
argmin |- —
(-1) _ Jisnsex{TV<g

XYt x¢

*(—1)
1

1 _ .
argmin |- — XV if X(*é)l)
“

i<n s.t X;_1)>%

-1)

where Z 1(:
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1
> 9,

1
<3

)

(A.1)

is Z., with the first observation replaced with an independent copy Z; =



(X1,Y7), then we remark that

*(—1 * *(—1 *
P(Cl( : # ¢y or (32( : # ¢3)

<PV £ )+ P £
o _ (=1 s I
<Pl=c)+Pl=c""")+Pl=c)+P1l=c 7)<

—
=

4
n

where (b) comes from symmetry (each observation has an equal chance of being ¢7, for
example). Moreover we note that if neither ci(_l) # ¢} nor c;‘(_l) # ¢ then we have

-1 -1
E(XC(,I(,)U ) X(E;H)l)) = S(Xc’{a Xc;)-

Now for ease of notation denote

Xc{,c’é = (XCI7XCS)7

X w1 c;(_n = (X(;1)1),X(*_(1)1)> )
) CQ

< o
o (-1 (-1
Xt e (D) (1) 1= <Xc’1‘7Xc§7Xca1«(1)7Xc;(l) :

and

£ (Xc* D) C*<1>> = E(Xer, Xy ) AE (X(*(PU,X(*(E)D)
17201 72 [ Cy
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Then we have that there is C' < oo such that

A
= \/TLE [P <X cé& (Xc* o D C*(_1)> Xc e o )C*(_1)) I (Cik(_l) 75 CT or C;(_l) 75 C;)]

+ ‘5<Xc}‘<” c;(”) D I (c’f(_l) £ ¢t or ciY £ cg)}

I (C1 b # ¢} or c;(fl) + 05)} by symmetry

(H (ci=1)+I(¢"" = 1) +1(cs=1)+1("" =1))]

where to get (c) we exploited independence of (X.:, X.;) and the events {c] = 1}, {c; = 1},

{ca{(fl) =1}, {c;(fl) = 1} and where to get (d) we exploited (A.1).

Moreover we also notice that

. 1 |1 1|1
>]P)<Cl—1,X1¢[2_2 c§,§+ 2—Xc§]>
. - 1 1 1 1 .
=P(c;=1)P (X1 4 [5 - ‘2 — X 5 + ‘2 — X ]) by independence
1 1 1 2 1
Slmfafl =1 2l x
n 2 3 n o on 2 3
where ¢ 1= arg minje (e i — %‘ is the index of the second nearest neighbor of %

among X.,. Note that cj is not necessarily equal to c3, since the definition of ¢ requires

X to be on the other side of % from X while that of ¢§ does not.

By our knowledge of the expectation of the second order statistic among i.i.d. uniform

88



random variables, we obtain that

"

1 2 Hl

Therefore, similarly to before, we also have that there is a constant ¢, ¢ > 0 such that

11(Z.9) - (2, >m-fv (¥ e 0t X g (x50, X 00 ))
G 2 (e £ o)

G e i = )B(a ) £ o)

(X S E(XC , X )Ag< 1)’X(*(1)1>

<X GE(XC , X )A8< 1)7X(*(11)

G 2 et i = | £ o)

Therefore we proved the second point. The third point follows because

Vi V() = Valgo) = (V@) = Vigo)) |= = VAV (@)= = VAV () = Ax,y 5 > Exp(0.5)

1’72

where V,,(go) = V(go) = 0 by definition, and V,,(§) since the nearest neighbor estimator

evaluated at a training data point never misclassifies the point. O

A.3 PROOF OF COROLLARY 4

Proof. We note that by monotonicity of L norms, plugging the bound in (Algorithmic
Stability) into the right hand side terms of (L?*"-Continuity) gives the stability conditions

in lemma 2. Corollary 4 then immediately follows. m
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A.4 PROOF OF THEOREM 5

Proof. Denote me(fl),b € {1,..., B} as the corresponding bagged samples when the

l-th data point Z; is replaced with an independent copy Z;. We have that for [ € [n] :

1 & ~
= | X2 (120 - 2L ) @)
z b=1 21|,
JRCA .
= | 32 (1200 M2 )0 L .
* b=1 2ll2r

The last equality was because

(23 1) () = (27 1 1)) () # 0

only if

It <mst. 20 =27,

Fix any [ € [n]. To simplify notations, let
VI(Z")(x) = W Z},) (@) = (2} o ) (),

and let A, be the event {3t < m s.t. Z2 = Z;}.

Then

2r

1 & .
5 S Vh(Z%) ()14,

| b=1

sup () — a0 (@) |2 sup

2ll2r
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By triangle inequality and symmetry of distributions

1 & .
‘B b; Vh(Z%)(x)1 4,

sup[§(z) — 970 (2)]l2]| = ||sup
* r * 2ll2p
1|& -
< =[S sup | VA(Z) (@) 14,
B b=1 % 2 2r
1|& R . .
< B ||Z {sup ’Vh(Zb)(:v)ILAb ,—E {sup ‘Vh(Zb)@)ILAb N1 2, Zl]}
b=1 r r 2r
1 & . .
=3 HE sup |[VA(Z%)(2)14,, | 21, - ,Zn,zl}
B b=1 z 2 2r
1|& R . .
<= ‘Z{Sup VA(Z") @)L, ~ E |sup VA2 @)L, | 20 20 2] |
b=1 + T z 2r
+ HE {sup VI(Z") (@)L, Zl,...,Zn,Zl}
x 2r
For ease of notations, denote
Zgy = (Zl, , .,Zn,Zl)
and denote
Ry = sup [Vh(Z")(@)La, |, ~ E [sup V(2" ()14, Z'Zm].

For the first term, we have by tower law that

1|& . . 1118

5 |3 {sup VA2 @)1, ~ E |sup |[VA(Z") @)1, Q\Z@}}H ==X m
b=1 + * z or b—1 o
1 B 2r % 1 B 2r %

_lg <ZRb> _lglg (Z&) Z
B b=1 B b=1

To further simplify, we use the following lemma:
Lemma 12 (Marcinkiewicz-Zygmund inequality [121]). Let p > 1. If Xy,..., X, are
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i.i.d. random variables such that E[X,] = 0, then there exists a constant C, such that
II\/—ZXHp < Gl Xilly-

Since Ry, b € [B] are i.i.d. conditional on Zy, we then have that

) B 2| 172
B E (bz;l Rb> Zq)
- 1/2r
<1lE (\/EOQT)2TE R Zy _ Yy || Ry|l5, by tower law.
B _ VB
Now also
HE{ u ZY) ()14, ) Zl,...,Zn,Zl} N
_ ‘p (A1 Zl,...,Zn,Zl>IE {s%pHviL(Zl)(gc)H2 Zl,...,Zn,Zl,Al} N
since Vh(Z')(x) = 0 for all  on A¢
_ ‘]P’(Al)IE: ! Ya)|, Zl,...,Zn,Zl,Al: )
since A; is independent of Zi, ..., Z,, Z
~P(4) ’IE- s (g;)H2 Zl,...,Zn,Zl,Al: i
<P(4) by Jensen’s inequality and tower law

<P (A;)-2C by moment condition, since 2r < s.

By union bound,
P(A) <Y P(Z=27) = %

t=1
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Therefore, altogether we obtain

sup [9() — 50 (@)l )

< R, 20T

. \C;% Sup ’va(zl)(ﬂﬁ)hl oll,. + 3% : HE {sgp ‘VB(Zb)(ac)]lAb ) ’Z(,)} 5 + 20.%
< 3%- sup VA(Z") ()14, o 3%-20- %+20-%

< 20\/'527’ : ||11A1Hk+§%20~2+20-f

= 20\/‘52’" (P(A))F + 3% .20 - %+20 %

< QOJ'EC” - (:?)WJF 3%-20-::+20-7:.

Hence, we also have

max
I<n

< 2C - 021” <m)1/k + 027“
2r o \/E \/E

~ ~— m m
sup [[§(x) — (@) 20 =420

n

Assuming
m = o(v/)

and

1—

=

B>>m**.n

Y

this upper bound is of order o(n~1/?):

_(—1/2
max o(n=/%).

2r

sup [[g(x) = 90 ()]s

]

Remark 3. We could in fact relax the conditions in Theorem 5 by using Rosenthal’s
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inequality instead of Marcinkiewicz-Zygmund inequality in the proof. Moreover, we can
relaz the bounded moments condition to restrict on L*" norm instead of on L*® norm. This

gives the following theorem.

Theorem 13. Assume B, m satisfy

r—1

m = o(v/n) B >> m?r%l-nﬁ,

and assume the base estimator h has bounded moments:

max |sup h(Z},) ()], _=C

for some constant C > 0. Then (Algorithmic Stability) is achieved:

= o(n’1/2).
2r

max |sup () — 57 (@)]l2

Therefore if a and v satisfy the condition (L*"-Continuity) then the stability conditions in

lemma 2 are satisfied.

Proof of Theorem 13. We follow the proof of Theorem 5 and obtain

sup [|g(x) — a0 (@) )

1 E .
sw | 3 V)L
z b=1

2|l2r
1[|&E m
<IN Ry +2C-—
B io o n
/B 2r 1/2r
1 m
=— -E|E (Z Rb> Za) +2C - — by tower law.
B Pt n

We then use the following lemma.

Lemma 14 (Rosenthal’s inequality [68]). Let p > 1. If Xy,..., X, are i.i.d. random
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variables such that E[X,] = 0, then there exists a constant C,, such that
||fZX illo < Cp (1Xill2 + 1221, -

Since Ry,b € [B] are ii.d. conditional on Z;, we then have that by symmetry of

distributions
1 [/ B 2r q1/2r
— - E|E Z R, Za)
B | \o=1 ]
r 1/2r
1 o - 1/2 1/2r\ 27
< 5 E (\/§02T> ((E R% Z(l)]> + B% 3 (E {R% Zu) }) ) }
027" |_( |: 5 1/2 11 5 1/27‘
= . E Rl Z(l):|) + B2 (]E {er Z(l)]>
\/E 2r
By triangle inequality, we have
1/2 . 1/2r
8 G N CLE)
2r

OZr H( [ 2 1/2 CQT H 11 2 1/2r
< & IERZZD + ~B2r2(E[R7"ZZD
VB 1“0 . VB O] ”
For further ease of notations let
Ry (1) :=sup HVB(ZI)(x)IlAl .
Fu = [sup [VA(Z)(@)1a ], |71, 20 2]

Note that
Ry = Ry 1) — Ri2)
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Then also by triangle inequality and Jensen’s inequality

S |elrf])”
< H(E Ry

2r

1/2
AL )D

e
+ 2k {Rl ,
2r \/E 7( )

1/2
Z(l)D

2r

(6] Dm
< E|R? \|Zy
= \/E 1,(1) |4 .
2C,, 9 1/2
-5 (B[ IhE @1l o))
2r
QCQT ( 2 1/2
_ > (g Y@ 14, Z(,)D
\/E Hz o

Further, we rewrite this term as

S (el 1ufa) .
20. ., 2 1/2

since VA(ZY)(z) = 0 for all z on A¢

. 2027~ 1 2 1/2
= .H(}P’(Al).]E[ : x)”2‘Z(l),A1D 2

since A; is independent of Z;

ol a-a])”
2r

-2 ) (&
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By Jensen’s inequality and tower law, we have

o 1/2 Wz : :
- (B [ Vi@ 0. 4]) ]
< 2\% (B (AD)” sup [VAEH @), |

QCQT m 1/2
< VB ' <n> ¢

Similarly, by replacing the powers of 2 and 1/2 with 2r and 1/2r, we can show that
Co, 11
2y HBM (E|r

1/2r
/B Z”)D

1/2r
< 9Cy, - B3 L (m) .20,
n

2r

Altogether, we have

max
I<n 2r

sup [[g(x) = ¢ ()]s

Q(ZET (77l

sup () = 4" ()]

2r
<

- VB

1/2 1/2r
> .20 4 20y, - B! (m> 204201
n n n

Assuming
m = o(\/7)
and

1 r—1
B >> mz-1 .n2-1,

this upper bound is of order o(n~'/2):

max
I<n

sup (=) — 5 (@)]l2

= o(n"1/?).
2r
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A.5 PROOF OF LEMMA 6

Proof. Lemma 6 follows from Theorem 3 of [80] by taking ¢(Z;0) :=Y — 0(x). O

A.6  VERIFYING L*"-CONTINUITY AND MEAN-SQUARED-CONTINUITY

FOR EXAMPLES 1, 2, AND 3

Recall that

m(Z;0,9) = a(Z;9)0 +v(Z; g).

We will establish L?"-continuity and mean-squared-continuity for Examples 1, 2, and 3

in this section.

A.6.1 ESTABLISHING FOR EXAMPLE 1

For this example, we have

a(Z;g) = (T — p(X))(T = p(X))

v(Z;9) = (Y = q(X))(T - p(X))".

Let v > 1 be the constant such that 1 = %—i—% Denote T}, i € [p] as the i-th coordinate of
T. Denote Y;,i € [p| as the i-th coordinate of Y. For any function p denote p;(X),i € [p]

as the i-th coordinate of p(X). We will show that subject to

I Till gy 5 1193 (X) gy > [1: (X5, 5 Y N2y, 12X ],
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being finite for all ¢ € [p| then L*-continuity conditions hold.

Moreover, we will show that if further
1Tl o 1Ps (X Nloo s 125 (XD oo s 1Y o s 10 (X [l

are finite for all i € [p] then mean-squared-continuity conditions hold with ¢ = 2.

We will illustrate for function a and for function v separately.

For function a:

We first verify L?"-continuity for function a. We have that for any 7, j € [p]

a:,5(Z;9) = ai;(Z;9'7)

= (7V(X) = (X)) Ty + T (57 (X) — (X))
3 (000 = ) (700 + ()

5 (P00 + 5X)) (57000 — 5,(X))
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Then by triangle inequality and Hoélder’s inequality, we obtain

l ~ (=1 N
< lsup |70 @) = )| T+ sup |55 (@) = 3] - IT:] |
1 A(— .
+ 5 [ @) = @) (6770 + ;X)) |
1 (=1 o
+ g e[ @) = pite)] - (57706 + i) |
A~ A~ ~(—1 A~
< Jsup @) = 5@ | - 1T, + sup @) = 556@)]|1Ti,
1 (= . A(— .
+ 5 |sup |50 @) = pal)|| (|85 G0 + ;00
x o v
1 = . A(— N
+ 5 suw 5@ = i@ -8 (0 +pi0),
(a)
< Ly - sup g0 () — g()] ;

where

A=l 1 A 1 (=1 1 R
Xy, + 5 15X, + 5 25X, + 5 1850,

1
Ly = [Tl + I Til, + 5 5

®) X A
= I Tjll5, + [Tl + 12: (XM, + 1125 (X) Lo, -

Here for (a) we have used the triangle inequality, and for (b) we have used the fact that

Z, and Z, have the same distribution.

By replacing Z with Z;, we can similarly show that

a:3(%;§) — ai;(Z:677)|

< Ly-

2

sup 91 (x) - g(=) N
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where

1. 1, . 1. 1.
Lo o= T3y + ITil, + 5 19X g, + 5 155K, + 5 1550y + 5 185 (X0 -

Hence, the L?"-continuity conditions hold for function a provided that all the aforemen-

tioned L?’-norm quantities are finite.

Now we check the mean-squared-continuity conditions for function a.

For any g, ¢, any i, j € [p], we have

aij(Z;9) = aij(Z; 9')

= (PU(X) = ps(X)) Ty + T (P (X) = ps (X))

~

+ ; (P(X) = pi( X)) (P(X) + (X))
2 G + ) (95(X) — py(X)).

Then by triangle inequality and Hoélder’s inequality, we obtain

lai;j(Z;9) — aii(Z; 9,
< 1pi(X) = pi(X) Iy - 1 Tl o0 +

#5100 = 5O 1500 + 21 (0l + 5

Pi(X) = pi(X)|, - 1Tl

P4(X) = pi(X)|, - 1P (X) + pa(X) [

< Ls-|lg—9'll2
where

1 1 1 1
Ly = [Tyl + I1T:llo + 5125 (Ol + 5125 e + 5181w + 5 15: X0

Provided all these L*°-norm quantities are finite, mean-squared-continuity conditions
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hold for function a with ¢ = 2.

For function v:

We have

Hence, by triangle inequality and Holder’s inequality, we similarly obtain that

vi(Z:9) = vi(Z:97Y)|

2
< |jsup [¢70(@) = a(@)|| AT, + 12:X) Iz}
+ lsup |5 (@) = pi(@)|| - {IV Nl + [P0
x o 2v
< sup [8°0) = @), - Ty + 15:CO My + 1Y I+ 12CO]03 -

By replacing Z with Z;, we can similarly show that

vi(Zi:9) — vi(Zi 97|

< [sup|g (@) — g(=)],

sup o Tl + 15:(XD 0 + 1Yl + 12(X) 15,3

Therefore, the L?"-continuity conditions hold for function v provided that all these

L?"-norm quantities are finite.
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As for mean-squared-continuity, note that we have that

vi(Z;9) —vi(Z:g)
= ('(X) = q(X) T, + Y (pi(X) — pi(X))

— (¢'(X) = ¢(X) pi(X) — ¢'(X) (py(X) = pi( X)) -

Hence, by triangle inequality and Holder’s inequality, we derive that

|vi(Z; g) —Vi(Z;gl)Hz
< 1¢'(X) = a(X)l2 - 1 T3]l + [[P5(X) = pi(X)l2 - [[Y [l oo
+ 11" (X) — ¢(X) 2 - Ipi(X)loo + 1P5(X) = pi(X)l2 - 1¢' (X))o

<llg = g'llz- {1 Tilloe + 1Y lloo + lPi(X)lloc + 14" (X) |} -

Provided all these L*°-norm quantities are finite, mean-squared-continuity conditions

hold for function v with ¢ = 2.

A.6.2 ESTABLISHING FOR EXAMPLE 2

For this example, we have

a(Z;g) = (Z = r(X))(T = p(X))

v(Z;g) = (Y — q(X)(Z = r(X))".

Denote Z;, i € [p| as the i-th coordinate of Z. Denote r;(X), 4 € [p] as the i-th coordinate
of r(X). Analogously to Example 1, replacing all functions p; and their estimates with r;

and their corresponding estimates, replacing all 7; with Z; in the analysis of a, ; and v;,
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we can show that subject to

I Till g0 5 11 Zilly > 119: (XDl > 19 (X0l 5 [17: (X g0 73 (X005 (Y M2 19X ],

being finite for all 4 € [p] then L*"-continuity conditions hold. Moreover, if further

I Tilloo 1 Zill oo 123 (X [ 5 1125 (X M o 5 1173 (X 175 (XD oo 1Y Moo » g (XD Ml

are finite for all i € [p] then mean-squared-continuity conditions hold with ¢ = 2.

A.6.3 ESTABLISHING FOR EXAMPLE 3
For this example, we have
a(Z;9) =1
v(Z;9) = —my(Z;q) — (T, X)(Y — q(T, X)).

The L*"-continuity and mean-squared-continuity conditions trivially hold for function

a. For function v, we have

v(Z;9) —v(Z;80) = (m(Z;:470) — my(Z;9))

AT X)@(T,X) — 40T X)) — (¥ — (T, X)(AT, X) — f0(T, X)),

2>
=
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Hence, by triangle inequality and Hoélder’s inequality we obtain

1v(Z;9) = v(Z;97)]a

< mu(Z;45Y) = mi(Z;9) 2

+ AT, X)(Q(T, X) — T, X))l + (Y = §(T, X)) (AT, X) — (T, X))l
< |m(Z;47Y) — mu(Z;9)2

+ [|A7(T, X) 2 - 10(T, X) = §5HT, X) |20

+ Y = (T, X) g - [|2(T, X) = T, X) |20

< |Imy(Z;40) = mu(Z; )2

AT, X) 2o - [ supla(t, =) - ¢ ()|

+ (¥l + 19T, X)ll20) | sup |A(E, 2) — A, )] (|2
Since my is a linear functional, there exists L,, > 0 such that
lma(Z:30) = my(Z39)ll2 < Lo - || sup |g(t, z) — Q0 () l2-

Hence, we have

1(Z:9) = v(Z:3Y)l2

< [Isup (¢, ) — 30 ) lzr - {Li + AT X) 20 + Y 2o + 12(T, X) 120} -

Analogously, by replacing Z with Z;, we can show that

1v(Z1:9) = v(Zi: 512

< [Isup|(t, ) — 302 ll2r - { Lo A+ IACT, X 20 + Y |20 + 16(T3, X0) 120 §
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for some constant L,, > 0.

Therefore, subject to

Lm7 zmv H/l(Ta X)||2v7 HYHQm HQ(Tv X>H2v7 HQ(Tlv Xl)HQU

being finite for all i € [p] then L*"-continuity conditions also hold for function v.

Moreover, we have

1v(Z;9) —v(Z; 9)l2
< lme(Z;q") — my(Z;q) |2
+ (T, X)(g(T, X) — ¢/(T, X)||2 + (Y — ¢(T, X)) (T, X) — (T, X))]|2

< llg = g'll2 - {Lo + (1" (T, X)lloo + [V lloc + lg(T, X)lloc}

where since my, is a linear functional, there exists L; > 0 such that

Imy(Z;q') —my(Z5q)ll2 < Ly - lq(t, x) — ¢'(t, ) |2

Provided that

L, [|1(T, X) oo Y Nloos 1(T', X) o

are finite, mean-squared-continuity conditions hold for function v with ¢ = 2.

A.7 EXTENSION TO NONLINEAR MOMENTS

In this section, we extend our results to the case where the moment function m(Z; 0, g)
is not necessarily linear in the target parameter 6. For simplicity, we assume that the

nuisance estimator § is symmetric in each of the training data points 71, ..., Z,,. Moreover,
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we will denote with Z a fresh random draw from the distribution.

We introduce some notation. We denote with || - ||22 the norm of a random vector
defined as: ||Z|22 = /E[X; Z2], which can also be thought as taking the Ly norm of
each coordinate and and then taking the ¢5 vector norm of this vector, or equivalently
taking the Ls norm of the random variable defined as the ¢, norm of the random vector.
For clarity, for any random vector Z we will denote with || Z]|, 2 the random variable that
corresponds to the ¢ vector norm of the random vector, i.e. ||Z|,2 = \/>; Z2. For any
random variable V', denote with ||[V]|s its ¢ norm \/Im . Note that for any random

vector Z, we have ||Z||22 = [||| Z]]s.2]],-

Firstly, we establish a consistency lemma for . We note that in the linear moment
case, such a separate proof of consistency was not required and a single step proof of
asymptotic normality was feasible due to linearity. In the non-linear case, as is typical
for moment based estimators, we first need to show that the estimate will eventually lie
in a small ball around 6y, and then argue normality. This is what the consistency lemma

achieves.

Lemma 15 (Consistency). Assume that

1. The parameter space © C RP for target parameter 6 is compact.
2. Oy is the unique solution of 0 to the equation M (6, gy) = 0.

3. The moment function m(z;0,q) is uniformly continuous in 6 over all © and a su-
ficciently small Uy ball Ba(go) € G around go. That is, Ye > 0, 30 > 0 such that for

any 01,0, € © with ||0; — 05, < 8, Vg € Bs(go), Yz, we have

Im(z; 01, g) — m(2; 0, g)|2 < €.

4. The moment function m(Z;0,g) is mean-squared-continuous in g, uniformly in 0,
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t.e. AL > 0 and q > 0 such that:

max [|m(Z; 6, 1) —m(Z;0, g2)|22 < L - 91(Z) = 92(Z)[2.2-

5. Estimator g of the nuisance function is consistent: as n — 0o
19(Z) = go(Z) ||, = o(1).

6. The moment function m and estimator § satisfies the following o(1) leave-one-out

stability condition:
max |[m(Z; 6, §) — m(Z1;0,3Y) |22 = o(1)

as n — oo.
Then any estimator 0 that satisfies that Mn(é, g) = 0,(1), also satisfies that 62 0,.

Proof. Fix any € > 0. Since m(z;0, g) is uniformly continuous in 6 € © for a sufficiently
small fo-ball By(go) around go, we have that, 30 > 0 such that for any 6,,0, € © with

10 — Os|2 < 8, Yg € Ba(go), ¥z, we have
lm(z; 61, 9) — m(z; 02, 9)|l2 < /6.

Then
1M (61, 9) — M(B2,9)|l> < B [|[m(Z;61, 9) — m(Z; 62, 9)l|us| < €/6.

(that is, M (-, go) is uniformly continuous) and
13,(61.9) = Mu(B2, 9)llu2 < — 3= [ m(Zis 61, 9) = m(Zi: ba.9)| , < ¢/6.
i=1 ’
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Since the parameter space © is compact, there exist 8;,7 = 1,...,J such that
O C szlB(Gj, J).
By Law of Large Numbers, we have Vj, as n — oo
M, (05, go) — M(0;, go) = 0.
Hence, Vn > 0, for every j there exists n; such that Vn > n;

€ n
B (1104,(65,90) — M(65 a0z > 5 ) < 35

Then Vn > max;n;, we have

€
P (wmax |3 (65, 90) — M0 90) oz > 5 ) < -
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Moreover, for any 7 € J, we have that:

M (05, 9) — Mn(0j790)||2,2

< max | Ma (6, §) = Ma(6, 90)

1& A
= max |~ > {m(Zi;0,9) — m(Z:; 0, g0)}
n;3 2,2
1 n
<=y max Im(Z::6, ) — m(Z:;0, 90) | (triangle inequality)
Nz 7
= max Im(Z1:0,§) — m(Z; 0, 90)”22 (symmetry of estimator)
< max[m(Z1;6,9) = m(Z1;0,9 ), + ma[m(21;6,67) = m(Z1:0, 90)],
< max [m(Z1:6,9) = m(Z1;0,5),, + max [m(Z:0,90) = m(Z:6,90)] ,
< max||m(Z:0,9) —m(Z1:0,§ )|, + L-[90(2) — 90(2)[

Thus we have that M,,(6;,9) — M, (0;, go) = 0,(1). Which means that Vn > 0, there exists

n; such that for every n > n;:

A €
P (I10(65:9) = Mals,00)5> 5 ) < 5.

Then Vn > max;ec;n;:

€

P (max | M(05,G) — Mn (05, 90)|, 5 > > <
JE] '

w3

3

Now V6 € ©,since © C U/_,B(0;,9), there exists k € {1,..., J} such that || —6[]> < 9.
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Then for n sufficiently large, such that § € By(go):

||Mn(0a g) - M(Qv gO)I|v,2

| MOk, G) — MOk, go)llv,2 + [|Mn(0,§) — My (Ok, §)||v2 + [|M(0, go) — MOk, g0)|[v,2

IN

< mjax 1M3(05,9) — M (65, 90) 0,2 + 2€/6.
Hence, we obtain

P (1 [34,(6.9) — M0, g0) oz > €) < B (max | Mo(69) — M8y, g0)a> 5 )
Moreover, note that by the triangle inequality:

max 1M (65, 9) — M (05, 90) |2

< max | M (0, 9) — Mn(0;, 90) 0,2 + max | M (05, 90) — M (0}, o) |lv,2-

Thus:
~ 2€
P (max | M, (05,5) = M(65,90) o2 > 5 )
< P (e [ My (05, 9) = Ma(5,90) oz > 5 ) + P (max | M (65, 90) = M85, g0) 2 > 5 )
21
< =<
=3 = N

And we conclude that:
P (max | A4,(6.5) = M0, o)z > €) <.

This shows that

N D,
max [|M,(0, ) — M(6, go)lv.» = 0
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as n — o0.

In particular, this implies that
1M (8, §) — M0, go)llu2 = 0

as n — 0.

Hence, by triangle inequality and the fact that Mn(é, g) = 0,(1), we obtain
1M (B, g0)llo.2 < 1M (B, 3) o2 + M8, ) = M (B, go)llo.2 = 0p(1).

Hence, M (8, go) = 0,(1).

It remains to show that

as n — 0.

To achieve this, again fix any € > 0. Then since © is compact, B(fy, €)¢ is also compact
as a closed subset of ©. By continuity of 6 — || M (0, go)||2 and the fact that 6, is the
unique solution to M (6, go) = 0, we must have that || M (6, go)||v2 is bounded away from

zero on B(6p, €)¢. That is, 3n > 0 such that for any 6 with [|0 — 0|, 2 > €,
1M, go)llv2 > -

Then since M (6, go) = 0,(1), there exists N € N such that ¥n > N

P (|1M(0, go)llue > 1) < e
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Then Vn > N
P (10— bolloz > €) <P (MG, g0)]lo2 >n) <e

This establishes consistency of 0. O

Now we extend Theorem 1 to nonlinear moments.

Theorem 16. Let A(6,g) := 0sM (0, g) denote the Jacobian of the moment vector, with
respect to 0 and H;(0,9) := 03M;(0,g) denote the Hessian of the i-th moment coordi-
nate. Suppose that the moment m is twice differentiable with a(z;0, g) := dgm(z;0,g) and
hi(2;0,9) = Ojmi(2:0,9). Let An(0,9) := 3 iy a(Z;;0,9) and Hip = 3 X, M(Z330, 9)

denote the empirical counterparts of A, H;.

Suppose that the nuisance estimate § € G satisfies:
15— goll} 2 Ex [I9(X) — go(X)[I3] =0, (n"72). (Consistency Rate)
Suppose that the moment satisfies the Neyman orthogonality condition: for all g € G

0 .
DM (0. 90)lg — g0 £ 2 M(Bo.90+ (9 —0))|_, =0  (Neyman Orthogonality)

and a second-order smoothness condition: for all g € G

2

0
DggM(‘govgo)[g - 90] £ 7M(90>90 +1 (9 - 90))‘

5 =0 (Hg - %H%) (Smoothness)

t=0

Assume that A(0y, go)~! exists and that for any g,9' € G:

1A (60, 9) — A(bo, ¢ )llop = O (llg — ¢'l|2) - (Lipschitz)
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Suppose that the moment m and estimator § satisfy the stochastic equicontinuily condi-

tions:

| A(6o, 3) — A(o, g0) — (An(bo, 9) — An(00790))||0p = 0p(1)

Vi | M (6o, ) — M (6o, go) — (M (6, §) — Ma (6o, 90)) 5,2 = 0p(1)
(NonLin. Stoc. Equi.)

Suppose that the conditions in Lemma 15 are true. Moreover, assume that for any i,7 €
[p] X [p], the random variable a; ;(Z; 6y, go) has bounded variance and that ||6|l2 = O(1).

Suppose that 3 open neighborhood W of gy such that

sup ||Hi(0,g)||0p N Hin (0, 9)|l,, < 00 (Bounded Hessian)
0€0,geW,ic(p] P

Let § denote any approximate solution to the plug-in empirical moment equation that

satisfies Mn(é, 9) = 0,(n"Y2). Then 0 is asymptotically normal:

A

Vi (8= 00) =% N (0, A(6o, go) "E [m(Z; 66, 90) m(Z; 60, 90) | A6, 90) ") -

Proof. Let A;(0, g) denote the i-th column of the Jacobian matrix. By Taylor’s expansion,

we have Vg and i € [p]

A A A ~ A

M;(0,9) — Mi(6o, 9) = Ai(6o,9)'(0 — 0o) + (6 — 00)' Hi(03, 9)(0 — o)

for some 0; between 0 and 0.

By Lemma 15, we know that
16 — 6oll> = 0,(1).
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Further, by the bounded Hessian condition and consistency of 0 , we know that uniformly

forge W

A

(8 — 60) Hi(0:, 9)(0 — 86) = O, (118 = 60ll3) = 0,(116 — boll2).

Moreover, for any g with ||g — go||2 = 0,(1) we have

Ao, 9) - (0 — b0) = A(60, 90) - (8 — o) + (A(0o, 9) — A(6o, o)) - (0 — 6o)
= A(6o, 90) - (6 — 60) + O(llg — goll2 10 — 6o]2)

= A(00, 90) - (0 = b0) + 0,([10 — boll2),

where the second to last equality uses the Lipschitz condition.
By consistency, we have ||§g — go||2 = 0,(1) and that § € W for n large enough.

Hence, we obtain that for large enough n,

A(Bo, g0) - (0 — 09) = M(D, ) — M(60,3) + 0,([|0 — o]2)
:M<é7§) - Mn(é7 g) + M<90790) - M(007§) + Mn(éa g) + OP(”é - 90”2)

:M<é7 g) - Mn(é7 g) + M(QOJQO) - M(907§) + Op(n_1/2 + ||é - 60”2)7

where the last line follows because by definition M, (6, §) = 0,(n1/%).

By Neyman orthogonality and the boundness condition on the second derivative of M

with respect to g, for any g we have
M (6o, o) — M (6, 9) = Dy M (60, 90)[90 — 91 + O (Ilg — 90l13) = O (Ilg — 50l3) -

Plugging in g = §, noting that ||g — go||2 = 0,(n~'/2) we obtain

M<90ag()) - M(907§) = Op(/n'_l/Q)‘
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Let G,(0,9) == M(0,9) — M,(0, g). Thus we have that

A(bo, g0) - (é — ) = Gn(é7 9) + Op(”_1/2 + ||é —boll2)-
We decompose Gn(é, §) into the following sum:
Gn(é7 g) = Gn(éa g) - Gn<00ag> + (Gn(g()ua) - Gn(e()vg())) + Gn(eoag())'

By Taylor’s expansion, we have

Gn(8,9) = G(0,§) = M(8,3) = M(60,9) — (Mo(8,9) — My (60, 9))

= (A(60,9) — An(60,9))" (8 — 65) + 0,(1|0 — 6o ]l2)
Now

1A(60, 9) — An(Bo, 9)[op
< [[A(fo, 90) — An(bo, 90)lop + [[A(bo, §) — A(bo, g0) — (An(bo, §) — An(bo, 90)) |,

= [[A(60: 90) = An(bo, go)llop + 0p(1),

where the last equality follows from the stochastic equicontinuity condition on the Ja-
cobian. Since A(6y, go) — An(fo, go) is a mean zero empirical process with dym(Z; 6y, go)

having bounded variance, we have

1A(00, go) = An(Bo, go)llop = 0p(1).
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Hence,
G(8,9) — Gul60,3) = 0,116 — boll2)-
Moreover,

G(00,§) — Gr(0o, 90) = M(00,3) — My(00,G) — (M(8o, go) — Mo (60, g0)) = 0p(n~"?)

by stochastic equicontinuity.

In summary, we have

Gn(éa g) = Gn(e()ag()) + Op(”‘é - 60”2 + n71/2)7

and thus

A(B. 90) - (6 = 8) = GulBo. 90) + 0, (10 = bulls +n™"72).

That is, we have

A

(0 — 60) = Ao, 90) " G (b0, go) + 0, (|| — Bol|2 +n ).

Since G, (6, go) is a mean-zero empirical process, we have that ||G,, (6o, go)||2 = Op(n=/2).

By consistency of 0, above implies that

Thus we get

(6 — 6) = A(Bo, 90) " Gn(0, 90) + 0p(n ).
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By Slutsky’s Theorem, we conclude that

A

V(0 — 6y) AN (0, A(bo, 90) "E[m(Z; 6o, go)m(Z; 90,90)/]A(90790)_1> :

We can also directly extend Lemma 2 to general nonlinear moments.

Lemma 17 (Non-Linear Main Lemma). If the estimation algorithm satisfies the stability

conditions: for alli,j € [p]

max
le[n]

max
l€[n]

max
le[n)

max
le[n]

ai j(Z1500,9) — aij(Zi; 00, 57")
a;ij(Z;60,9) — aij(Z; eojﬁ(fl))

mi(Zy; 00, §) — mi(Zi; 00, §Y)

’mi(Z;Ho,g) —mi(Z;600,9")

= o(n_l/Z)
= o(n’l/Q)
= o(n_l/Q)

— 0(7171/2)

and the moment satisfies the mean-squared-continuity condition:

V9,9 El(a;j(Z;00,9) — ai;(Z;600.9'))?] < Lllg — ¢'||3

Vg, g : E[(mi(Z;00,9) — mi(Z;00,9'))*] < Lllg — d'|I%

for some 0 < q¢ < oo and some L > 0, then the Condition (NonLin. Stoc. Equi.) is

satisfied.

Proof. The proof follows by replacing all functions a(z, g), v(z, g) in the proof of Lemma 2

correspondingly with the functions a(z; 6y, g) and m(z; 6y, g).
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APPLICATION TO BAGGING ESTIMATORS. We finally note that if the moment satisfies

Lipschitz conditions of the form:

1/r

A Al — 2 A A — r
E |(a15(Zi500.9) = as;(Z:00,3°))"] < L-E[sup[19(2) — 5=

2 1/r
max E | (mi(Zi:0.9) — mi(Zs6,5"))°| < L-E[sup 3(2) — g ()]

0cO

Then Theorem 5 can be applied to upper bound the right hand side of these inequalities by
0,(n~%/2) for bagging estimators. This would then imply the stability conditions invoked
in both the consistency and the normality theorem. Thus the main application for bagging

estimators carries over to non-linear moments.
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Supplementary Materials for Chapter 2

The Appendix includes further details on the characterization and identification of the

optimal dynamic policies and omitted proofs.

B.1 PRELIMINARY DEFINITIONS AND NOTATION

We introduce here some notation and basic definitions that will be used throughout the

appendix.

Definition 1 (Uniform in 8 Convergence). Let (X?) be a sequence of random variables.
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We say that X = 0pumits)(1) if for all € > 0 the following holds:
lim sup pr{|X?| > e} = 0.
Similarly we say that XP = Oy unit(s)(1) if for all § > 0 there is an M > 0 such that

sup pri{| X’ > M} <.
B>0,neN
The condition X = 0}, unir(s)(1) is significantly weaker than assuming that supg. | X7 | =
0p(1), which would often prove to be a prohibitively strong assumption in many settings.
Moreover, we say that a sequence of real numbers (z3) satisfies that x5 = 0s(1) if x5 — 0

as 3 — oo.

For any fixed or random vector v, we denote with ||v]|, = {3 |v;[P}'/? for any p > 1,
and with ||v].c = max|v;|, where v; are the individual components of vector v. For
any fixed or random matrix A, we denote with ||A|« = max|A;x| where A; are the
individual components of matrix A. For any random variable X, we denote with || X||, =
{E(|X|P)}/P for any p > 1, and with || X||;., = inf{c > 0: pr(|X| < ¢) = 1}. Moreover,
for any vector-valued function g that takes as input a random variable X, we define
gl = [Ex{llg(X)|2}]"/2. For any random or fixed matrix A, we define ||A||,, as the

operator norm of the matrix associated with matrix multiplication in /5 space.

We also define the short-hand notation for the feature map of the softmax policy:

exp{S¢T¢(T, X)}

Gpu(X) =Y WI¢(r, X), W=

et B ZteTexp{ﬂquﬁ(t,X)}’
R s ep{Auld(r X))
Pa(X) = 2 WO(m ), Wo = o B ulet O]
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B.2 MAIN Bias LEMMA: CONTROLLING SOFTMAX ERROR

One important component of the proof for Theorem 7 is to show that the bias introduced

1/2_if the temperature parameter (3

by the softmax approximation vanishes faster than n~
grows faster than n'/20+9} for some appropriately chosen ¢ € (0,1]. We remind that 6}
is the solution to the softmax approximate moment condition M (0,0, q*, p3, p3 5;8) = 0
with respect to 6 and 6, is the true structural parameter of the first period blip effect,
which can also equivalently be thought as the solution to the later moment condition for
S = oo. To control the bias \/5(95 — 0p), we need to control the discrepancy between
max,er V5d(7, X) and smax? .7 ¥{o(7, X). This is exactly the crux of the proof of the

following bias lemma.

Lemma 18 (Softmax Bias Control). For each treatment 7 € T, define random variable
Ur = ¢g¢(7—7 X)

Taking the maximum of U, over all treatments T € T, we define

Umax = 1’?63% {¢8¢(ta X>} :

Assume that there is a constant ¢ > 0 such that for each treatment 7 € T, we have that
U+ ||oo < 00 and that on (0, c) the random variable Uyax — U, admits a density f., that
satisfies fr(x) < H/x'°, for some 0 < H < 0o and 0 < § < 1. Suppose that | M|, is
uniformly bounded and that B(MMT) is strictly positive definite. If f = w(n'/{20+0}

then we get that as n — oo:

V(0] — 8) = o(1).
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To illustrate the main argument for the proof of Lemma 18, consider the case when there
are only two actions, i.e. T = {0, 1}. In this binary treatment case, letting U; = ¥{¢(1, X)
and that Uy = ¥f#(0, X) = 0, the term difference between the softmax and the max over

the quantities {Uy, U, } is:

1
1 —
ot = e )

which simplifies to:

\Uy | exp(BUL) _ \Un | exp(—B|Ui|)
1+ exp(BU) % T 1 fexp(—5|UL])

|U1 | exp(—BUL) 1
U1>0}

1+ exp{—BU;} { < |Ur| exp(—=S|Un ).

Thus the bias term \/E(Hg — 6p) will be roughly upper bounded by:

O(\/EE{|U1| exp(—B|Ui])}).

Hence, if we can control quantities of the form E{|U;|exp(—p3|U;]|)}, then we will be
able to control the bias. For instance, if we can show that quantities of the form
E{|U;| exp(—pB|U1|)} decay faster than 1/4'*°, then we would need that n'/2/3'%9 = o(1),
or equivalently, 3 = w(n'/2(¥9)  which is our desired target result. To prove such a state-

ment we develop the following key lemma.

Lemma 19 (Key Bias Building Block). Let U be a non-negative random variable. Assume
that there is a constant ¢ > 0 such that for all x € (0, ¢) the random variable U admits a
density f, that satisfies f(x) < H/z'7°, for some 0 < H < 0o and 0 < § < 1. Choose any
€ > 0. Then for any 3 that is large enough, such that (HE)‘% < cand (1+¢)log(B) > 1,
we have

H (14 ¢€)log(B)

+

E{U exp (—B8U)} < ies 32+

(1+¢) log(B)

3 < ¢ and such

Proof. Let € > 0. Suppose that [ is large enough such that a =
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that (1 + €)log(f8) > 1. Then we remark that the following decomposition holds

E{#Uexp(—pU)} = As + B,

Ag=E|pUexp(—pU)1{0 < U < a}|, By:=E[BUexp(-U)1{U > a}].

We will successively upper bound each of the terms Az and Bg. Firstly we remark that
as (1+ €)log(B)/5 < ¢ then by assumption we know that there are constants H < oo and
0 < 0 < 1, such that the density of U is upper bounded by H/x'~° for any z € (0, a].

Then the following holds

Az =E [BQU exp (—pU)1{0 < U < Oé}} = /Oa B*uexp(—pBu) f(u)du

o 1 (1+¢€)log B 6176
< H/o BQuexp(—ﬁu)ul_(sdu: H/o Uexp(—v)vl_édv

< HBI_(S/ v’ exp(—v)dv < HB'.
0

The penultimate line follows by a change of variable: fu = v and dv = fdu. We now

move on to bounding the term Bg. When U > a = (1 + ¢) log /3, we have

B*U exp (= BU) <faexp (—Ba) = (1 + ) log B,

where to obtain the first inequality we used the fact that the function z — xexp(—=x) is
decreasing for x > 1 and we assumed that § was large enough such that (1 + €) log(3) >

1. [l
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1 2 3 4 5 7%

Figure B.2.1: Behavior of function x exp(—x).

Remark 4. Concluding this section, we want to remark the importance of Lemma 19
and more generally our main bias Lemma 18. We note that a crude analysis of the
difference between the maz and the softmax would give a bound of the order of 1/f.
For instance, one way to analyze the difference between the max of the {U,} e versus
the [(B-softmax is to use the equivalence between the softmax and an entropic reqularized
mazimum. In particular, the B-softmaz is equivalent to the maximum of the entropic
reqularized objective max, {3 e w, U, — 71 Y crw, log(w,)}, where the vector w ranges
over the |T|-dimensional simplex. From this we see that the distortion in the objective
is of the order of 1/5. Thus very quickly we can arque that the difference between the
mazximum and the soft-maximum is of the order of 1/5. However, such a bound is not
strong enough and if used to bound the soft-mazx bias \/ﬁ(e(ff —0y), would result in requiring
that B = w(n'/?). However, the analysis of the variance part that we present in the
subsequent sections, will be imposing that for asymptotic linearity of 05 , we need that
B = o(n'/?), which would result in a contradiction. Thus our more fine grained analysis
of the difference between the maz and the soft-mazx and our reduction to terms that look
like the ones that are handled by Lemma 19, as well as the fact that the refined analysis in
Lemma 19 provides a bound that decays much faster as %9 is of significant importance

for our main result.
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B.3 OMITTED PROOFS FROM SECTION 2.3: IDENTIFICATION OF OpP-

TIMAL POLICIES

B.3.1 CHARACTERIZATION OF OPTIMAL PoOLICY

By invoking the Markovianity of the policy and the conditional independencies implied

by the intervention graphs, we can characterize the optimal dynamic policy as follows:

where the second equality follows because the first period action 7, is not allowed to

depend on the second period policy ms. Thus the optimal first period policy is defined as:
T (S) = argmaXE{ y(rms) | S}
Moreover, we can further write:

maxE [maXE{ y(rome) | S}] = maxE

(max E [E
= max [E (maX]E [E

2 T1

™2 1
— maxE Y@ | X 1,8} | T =, )
2 71

{
{

=FE (maXE {maXE{Y(Tl’TQ) | X} | Ty = Tl,SD :
T1 T2

yhm) | x4 T = Tl,SD

Thus the optimal second period policy is defined as

75 (X) —argmaXE{ y Tm) |X}
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B.3.2 Brip EFFECT DECOMPOSITION OF PoLicY IMPROVEMENT

The improvement that any counterfactual policy m brings, as compared to the observed

policy, can be decomposed as the sum of a sequence of improvements
E{y™ -y} =g{ymm _y@"ml _glymn) _y@ml g lyTe) _yno)]

We can further center each of the terms around a baseline treatment, typically 0 and

write:

E {Y(Twrz) _ y(ThTz)} ) {y(Tlm) _ Y(Tho)} _E {y(Tlsz) _ y(ThO)} 7

E {y(mm) _ y(Tlm)} ) {y(mm) _ y(Um)} _E {y(Tmz) _ y(Oﬂrz)} .

The values of these various counterfactual random variables can also be easily depicted
in a SWIG (Figure B.3.1). We can further see easily from the intervention graphs that
y@m) | Ty | X and YO UL Ty | X and Y™m2) 11 Ty | S,

T T, m(X) Ty Ty 0 Ty 0 Ty (X ()
A A
/SN TN /NN /N N\
S X -—== y (T1,m2) S X y (T1,0) S x(0) = vy (0,72)
(a) Intervention with 7 in (b) Intervention with base- (c) Intervention with baseline
second period line in second period. in first and 7 in second pe-
riod.

Figure B.3.1: Various interventions graphs that appear in improvement decomposition terms.

We can use these conditional independencies to further put more structure in the afore-

mentioned improvements. Invoking the tower law of expectations and the conditional
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independencies, we can write:

E{y®m) —y"o} — g [E{y ") — y(0 | x}]

_E [E {ymm) — YT | Ty = 1y (X)), XH :
E{y@m —y@mol g [E{y("7 _y@o |15, X ],
E {Y(Wlﬂrz) _ Y(UJFQ)} —E [E {Y(me) — y(0m2) ‘ SH
—F [E {Y(m,m) — y(0m2) | Ty = m1(9), SH ’

and

E {Y(Tl,m) _ Y(O,wz)} ) [E {Y(T1,7r2) _ y(0m2) | T1, SH .

Thus we see that it suffices to estimate the conditional expectation functions:

)~ EYOR Y00 1,y X ],

Then we can write the improvement of any policy 7 as:

E{Y(W) — Y} = E{,ﬁﬂ’z)(ﬂ_l(s)’s) — ’}/er)(Tl,S)} ‘I‘E{’VQ(WQ(X),X) - 72(T2aX>} :

B.4 OMITTED PROOFS FROM SECTION 2.6

B.4.1 PROOF OF LEMMA &

Proof. Firstly we remark that for all ¢t we have Uyax — Uy = maxseT<Us — Ut) =

max{maxg. (US —Ut> ,0}. Note that as the random variables (U;)c7 admit a joint density
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then for all ¢ € 7 the random variables (U — U;)se7 also admit a joint density. Therefore
s#t

the real-valued random variable max,.(Us, — U;) is a continuous random variable. This

implies that (maxs.(Us — U;))" admits a density on (0, 00), and hence the last sentence

of Lemma 8. O

B.5 OMITTED PROOFS FROM BIAS APPENDIX IN MAIN TEXT

B.5.1 PROOF OoF LEMMA 18

Proof. For simplicity define
Y =Y -E(Y[5) =Y —q'(9),
and define

Cs o= Pi{o(Ta, X) — 9(X)} — E[Yi{o(Ty, X) — ¢5(X)} | 5]
= {1, X) — ¢5(X)} — p3 5(5).

Then by definition of 65 and 6, we have
M(05, %0, 4", 7, P55 ) = E { (ff - éﬂ) M} —E(MMT)6; = 0
and

M(007¢07q*7piap;,oo;oo) - E{<?_q~)oo> M}_E(MMT) 90 = 0.
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By subtracting the two we obtain that:

E(MMT) (05 = 65) = E{(®o —s) M}.

That is, we get that

00 — b0 = E(MMT)™'E [$5{dp(X) — ¢oo(X)}M + {p} 5(S) — P} ()} M] .

Now by the tower law, we have
E {93 5(S) = 15 oo (S)}M]| = E [{p} 45(S) — 13 oo (S)}E(M | )] =0,
Hence, we obtain that
66 — 60 = E[MMT'E [¢§{¢s(X) — ¢oo(X)} M|
Note that ¢Jés(X) = Srcr WPU, and that ¢§¢pe(X) = max, U, = Upax. Thus we have:

05 — 0y = E(MMT™)'E {M (Z WPU, — Umax>}
TET

—E(MM")'E {M S wWhU, - Umax)} .
TET

where we used the simple fact that 3.c7 W7 = 1 in the last equality. Since we assumed

that ||M]|, is uniformly bounded, and that the covariance matrix E[MMT] is positive

}

< CE{Z Wr U, - Umax|} =C Y B (W |Us = Unaxl) -
TET TET

definite, we have that for some constant C":

Jos -6, < %

Z WE(UT - Umax)
TET
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Finally, note that:

E (WTﬁ |U7' - Umaxl)

E {eXp(BUT) (Umnax — Uy) }
dteT exp(BU;)
E {eXp(BUT) (Umax — Ur) }
exPp(BUmax)

— E [exp{~BUnax — U2)} Uax — U]

IN

Applying Lemma 19, we have that for n sufficiently large, such that (1 + €)log(5)/5 < ¢

and (14 ¢)log(p) > 1:

E fexp{ (U — U2)} (U = U2)] £ 1t + 8

for appropriately chosen H and . We therefore can conclude that

Vi |68 60| < 1] (xﬁ/lﬁg L Vil ;;):og(ﬁ)) .

If B = w(n'/{20+9}) then the latter upper bound converges to 0 as n — oc. O

B.6 ASYMPTOTIC LINEARITY FOR MOMENT EQUATIONS WITH GROW-

ING PARAMETERS

Before moving to the proof of our main theorem, we present a more general result on
asymptotic linearity of estimates defined as the solutions to empirical moment restrictions
with growing parameters. We will use this general result as our main workhorse in proving

asymptotic linearity in the next section, when we prove our main Theorem 7.

Our problem falls into a general class of semiparametric inference problems, defined as
solutions to moment equations that apart from the target parameter, also depend on a

set of auxiliary or nuisance parameters. One additional element that we need to add to
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the classical setting of semi-parametric inference with moment restrictions is that in our
problem the moments themselves are parameterized by quantities (e.g. the temperature
parameter () that grow with the sample size. En route to our main theorem, we will
analyze such types of moment problems in their full generality and then instantiate the

general theorem to the setting of inference on optimal dynamic treatment regimes.

In this section, we consider the following generalized method of moments framework:
M(6,9,h; B) = Ez{ms(Z;60,9,h)},  M(65", 90" ho; ) = 0

where Z € Z is a vector of random variables. Apart from some constants /3, that grows to
infinity as n — oo and the target parameter 906” € O C RP of interest, the above moment is
also a function of unknown nuisance parameter hy € R? and unknown nuisance functions

gg" € G, which need to be estimated from the data.

For simplicity we will drop the subscript of 3, and write 5 = f3,, but it is worth noting

that 8 is a function of n. Denote 0y = 05° and gy = g3°. The estimator satisfies:

n

:B) = 0,(n %), M,(0,9.h;8) =n""> ms(Z;0,4g,h).

1=1

=
—~
D>
. S
Q>
. i)
>

To simplify the regularity assumptions required for asymptotic normality, we focus on

the case where mg(Z;60,g,h) is linear in 6, i.e.

mg(Z;0,9,h) = as(Z;9,h) 0 +vs(Z; g, h)

where ag(Z;g,h) € RP*P is a p x p matrix and v3(Z;g,h) € R is a p-vector, and we
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denote with:

Alg, h; 8) = Ez{apg(Z; 9, h)},  Aulg) = En{as(Z;9,h)},

Vi(g,h; B) = Ez{vs(Z;9,h)},  Valg, h; B) = En{vs(Z;9,h)}.

Our general asymptotic linearity theorem will be based on a series of high-level assump-
tions that we provide next. In subsequent sections, we will verify each of these high-level
assumptions from more primitive conditions, when applying our general asymptotic lin-
earity theorem to the inference problem that arises in the optimal dynamic treatment

regime setting.

ASSUMPTION 2 (Influence of h). The functions (8hm5(z; Y ho)) are equicontinuous:
for all € > 0 there is a 6 > 0 such that for all ||g1 — g2ll2 < 9, and all ||0; — b3]|2 < I the

following holds
sup ||Onmg(2; 61, g1, ho) — Onms(2; 02, g2, ho) [l < €.

z€Z,5>0

Moreover the expected gradient O,mg converges to some finite limit as B — oo:
E{ums(Z1;60, 90+ ho)} — J.
for some || J.|| o < 00. Furthermore the derivative is uniformly bounded, i.e. almost surely,
sup |10 (21: 6696 o), < oo

Finally, the Hessian of each coordinate t of the moment vector mg with respect to h, is
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uniformly bounded:

sup || Onwms (210, g, )|, = o(n'?).
z€Z,h,0,g9

ASSUMPTION 3 (Limits of 3). The parameter 3 grows at an appropriate rate as n
grows, such that functions mg(Zy; 65, gg, ho) and A(gg, ho; B) each has a limit as f — co.

That is, we have that for some limit functions m, and A,

ms(Z1;00, 96, ho) — mau(Z1; 00, go, ho) = 0,(1),

HA(gg: ho; B) — A.(go, ho)lop = o(1).

ASSUMPTION 4 (Orthogonality in g). The moment satisfies the Neyman orthogonality

condition with respect to nuisance g: for all g € G

9
M (05,96 ho; B)lg — g5] = =M (05,96 +1(g—g6),ho; B)] =0
ot t=0

and a second-order smoothness condition: for all g € G, we have

il B2
toseug)l {8152 (90790 + (g g(]) hO; 6)‘1%—150} = Ounif(ﬁ) (Hg — 4o HQ) .

As [ increases the estimators and moment functions change. To be able to control all

of this we need to control the impact of 3 on the convergence rate.

ASSUMPTION 5 (Rates for g). Suppose that the nuisance estimates §° € G satisfy the

following consistency rate:

15° = 9613 = Ex{113”(X) — 95 (X)II3} = opunitis (%)

ASSUMPTION 6 (Equicontinuity). Suppose that 3 grows at rate such that the moment
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m satisfies the stochastic equicontinuity conditions:

nt/? HA@B’ ho; B) — A(gg, ho; B8) — {An(ﬁﬁ, ho; B) — An(gga ho; BHHOP = 0p(1)

n2 V(9% hoi B) = V(a8 hos ) — {Va(@%, hoi B) — Val9§ hos B, = o,(1).

ASSUMPTION 7 (Regularity). Assume that A.(go, ho)™! ewists, that for any j, k < p

and for some € > 0,

sup (1605 |12, sup [|as ;.1(Z; 95, ko) 2. Sup 175..4(Z; 95+ ho) | oy < 00
B>0 B>0 B>0

Assume that for any i, j € [p] x [p], the random variables (ap; ;j(Z; go, ho)) ; has bounded

i

variances. Moreover, assume that for any g,q9' € G:

sup 1A(g, hos B) — A(, ho; B)llop = O(llg — ¢'ll2)-

Theorem 20. Under Assumptions 2, 3, 4, 5, 6, 7, if the nuisance parameter estimate h

is asymptotically linear with some influence function f, such that E[f,(Z;)] = 0:

n

h— hog =n"* Z n(Z) + Op(n_1/2)

=1

then the parameter estimate 68 is asymptotically linear around 95 :

207~ 63) =02 po(Z2) + 0,(1)

=1

with influence function:

po(Z) = —Ai(go, ho) " {m.(Z; 00, go, ho) + (J*) fn(Z)}.

Remark 5. Note here if we instead exploit a cross-fitting approach which trains §° and h
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on one half of the entire dataset while evaluating the empirical moment on the other half
of the data, the theorem still applies. We will formally present a statement of Theorem 20

adapted to cross-fitting approach in Appendiz B.9.

B.6.1 PROOF OF THEOREM 20

Proof. By the linearity of the moment with respect to 8, we have

A7, ho; B) (67 — 65) = M(0°,37, ho; B) — M (05, 3°, ho; B)
= M3, 96, ho; B) — M(65,3°, ho; B)
+ M(0°, 9%, ho; B) — Mo (07,57, o3 B)
+ Mo (0°, 5%, ho; B) — M (607,67, h; B)

+ Mo (07,57, h; B) — M (05, g5, ho3 B)-
Note that by definition of #° and of Og we have

and

M, (0°,3°, h; ) = 0.

Therefore we obtain that

A(G° hoy B)(07 — 65) = M(85. 96 hoi B) — M (05, 3%, hos B)
+ M<éﬁa A67 h(]uﬁ) - Mn(éﬁv Aﬁ7h0;5>

+ Mn(éﬂmaﬁu hO?B) - Mn(éﬁu AB? ]3" B)
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We will analyze separately each term on the right-hand side. In this goal and for ease of

notations, we write

Il,n = M(Qg,gg,h(],ﬁ) - M<9€7g57h07ﬁ)7
IZ,n — M(967§ﬂ7h076) - MTL(éB?gBJ hOaB)7

IS,n - Mn(éﬂvgﬁa hO)ﬂ) - M’n(éﬂa A67 ]Aza ﬁ)

We will prove that the terms I;, is negligible and re-express the terms I, and Is,.
Moreover, we remark that by assumption 3 we have || A(gh, ho; ) — Av(go, ho)llep = 0(1)

for some limit function A,, and hence by triangle inequality

||A(§57 hOa ﬁ) - A*(g(), hO)Hop
< | A(G%, ho; B) — Algh hos B)lop + [1A(g5 > hoi B) — Awl(go, ho)llop

= Opunit(3)(10° — 96 12) +0(1) = 0pumit(sy(1),

where the penultimate equality follows from Assumption 7, and the last equality holds by

Assumption 5. Therefore the following holds

A9, o B)(0° — 67) = Au(go, ho)(0° — 65) + {A(G°, ho; B) — Au(go, ho) }(6° — 65)

= Au(90,h0)(0” = 05) + 0p unis(s)(10° = 65 ).
Hence, we have
Au(g0,ho)(0° = 65) = Tin+ Ton + Isn + 0pumit(s) (107 — 65 ]2).

In the following, we analyze the asymptotic behaviors of I, I2,, I3, separately, start-

ing with I ,. By exploiting the Neyman orthogonality assumption and the Smoothness
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hypothesis, we obtain that:

M(05,5°, ho; B) — M(65, 9, hos B) = DyM (05, 95 hoi B)[5” — 961 + Opunitis (19° — 95113)

= Opunits) (137 = 90113) = Opuumit(s(n~"72).

where to get the first equality we used the Smoothness condition and where to obtain
the second equality we used the Neyman orthogonality assumption. This implies that the

first term I, ,, is negligible meaning that
Il,n = Op,unif(B) (nil/Q)-

We now move on to analyzing I,. In this goal, let G,(0,g,h;3) = M(0,g,h;5) —

M, (8,g,h; 3). Then we remark that I5,, can be reformulated as

IQ,n = Gn(é67 gﬁ’ hOa 5)

Now we decompose this empirical process into an asymptotically normal component

and an asymptotically negligible part. To achieve this we use the shorthand notation:

G(00, o, ho; 00) = E{m.(Z;00, g0, ho)} — "> m.(Zi; 0o, 9o, ho)

=1

Indeed we remark that

Gu(0°, 97, ho; B) = G0, go, ho; 00) + {G (05, g5 hos B) — Gr(Bo, 9o, ho; 00) }
+ {G (05,3, ho; B) — (05, g5, ho; B)}

+ {Gu(0°,3°, ho; B) — Gr(0,3°, ho; B) }.

138



We analyze each one of those terms separately. Firstly we remark that the second term:

G(05, 95, ho; ) — Gu(b0, 9o, ho; 00)

is of the form:

n

n_l Z {m*(Z’L’ 907 Jo, hO) - mﬁ(Zu ega ggv h’O)}

=1

_E{m*<ZH 907 9o, hO) - mﬁ(ZM 957 gg? h’U)}

We easily remark that {m..(Z;; 0o, go, ho) — ms(Z;; 95, gg, ho)} is a sequence of i.i.d obser-

vations. Therefore we have that
||Gn(9([)379€> hyo; 5) - Gn(90>go, ho; OO)HLz

_ . 1/2
= (var n™t Y {ma(Zi; 60, g0, ho) — ms(Zis 05, g5 hO)}D
L i=1

= (n_lvar {m*(Zi; 0o, o, ho) — mp(Zs; Qg,gg, hO)Dl/2

< n 12

m*(Zi;907.gO>hO) _mﬁ(Zl,eg,goﬁ,ho) = Oﬁ(n_l/Q)’

Lo

where to obtain the last identity we exploited the assumption that
mg(Z1; 05, 9o, ho) — ma(Z1; 00, 9o, ho) = 0,(1)

and Assumption 7.

Therefore as long as we take § — oo we obtain that

GTl(eg’ gg? h07 /B) - Gn(go, 9o, ho, OO) = Op(n_1/2).
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By the linearity of the moment, we can also write
Gul(07,4°, ho; B) = G(05, 37, ho; B) = {A(@°, hos B) = An(8”, ho; B)}' (07 — 67).
To successfully upper-bound this term we need to upper bound

|A@% hoi B) = Au(@” ho: ) -
In this goal, note that by the triangle inequality, the following holds

A9 i B) = Anld” i B),
< || A6 ho: ) = Au(gb . ho: B)]| (B2)

+ || A hoi B) — Alg6' ho: 8) = {Au(8”, hoi B) = Aulg6 hoi B)} |, -

We can prove that each term on the right-hand side of (B.2) is negligible. In this goal,

note that for all j, k < p we have that for the (j, k)-th component ag;; of function as

N 1/2
= lvm’ {nl Z aﬁ,j,k(Zi; 9637 hO)H
i=1

_ 1/2 _
= [n"tvar {agx(Zi g6, ho) }] T < 07 |ap ix(Zas g6 o)z, = o(1),

Hnl Z ag ;i (Zi; gga ho) — E{ag ;i (Zs; gg, ho)}
i=1

2

where the last equality is in fact a convergence that is uniform in 3. Therefore this directly
implies that
A(90,ho; B) = An(g0 ho; B)|| = 0punit(s)(1)
90, o, n\90, 0; 'p,unif (8)

op

Moreover, for the sequence of 3 that we chose, according to our stochastic equicontinuity
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condition, we have that:
| A% ho: 8) = A(g6 ho: 8) = {An(8” hoi B) = Aulg hoi )}, = 0,(n7%) = 0,(1).
Thus we get that HA(?]B, ho; B) — An(3°, ho; 6)Hop = 0,(1), and therefore:
Gu(07.9",ha: B) = Gu(05.9°, hoi B) = 0,([107 — 65]]2).

Moreover, by using the triangle inequality, the definition of the operator norm, the con-
dition that supg. 165]| is finite, and the stochastic equicontinuity conditions we obtain

that

(G085, 57, hoi B) = Gu(65, 93, hos B)
< [|A@", ho B) = A9 ho B) = {An(@”, hoi B) — Aulgl hos Y] 1165112
< .

+{[ V(@7 1o B) = V(g0 o B) = {Va(97. hoi B) = Valgo - hos B)}

= op(n_l/Q).
Altogether, we obtain that
[2,71 - Gn(90>gﬂ7 hO; OO) + Op(n_1/2 + “éﬁ - 95”2)

Finally we want to analyze the term I5,. By a second order Taylor expansion of each

coordinate of the moment vector and our assumption on the Hessian of each coordinate
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of the moment vector, we have that

]3,n = Mn(éﬂuaﬂa ho;ﬁ) - Mn(éﬂa Aﬁ; ;L; B)
= {OnM,, (67,9, ho; B)}T (ho — h) + o(n*?)|[ho — h3,

{ Z@hmg ZZ,H L3P, ho)} (ho — ﬁ) + Op(n’l/Q).

We will first show that {n~' ", 8yms(Zs; 8%, 4%, ho)} concentrates to a deterministic
quantity. In this goal, by exploiting the uniform continuity in , g assumption and linearity

of the moment function we obtain that

n 'Y Oums(Z0°,6%, ho) = 07t Oemp(Zi3 05, 95, ho) + Op([10% — 04 1]2) + 0 unit(s) (1).

i=1 i=1

Moreover notice that the observations {8nmgs(Z; 05,95, ho)} are i.i.d. Hence, we have

that

n_l Z ahmﬂ(ZZa 0([)37 gg? hO) - E{ahmﬂ(zla 0([)37 gg? hO)}

=1

Lo

n 1/2
= lvar {n_l Z ahmB(Zh 9€7 gga hO) }‘| = n_1/2 {Uar{ahmﬁ(zi; 9(/;)’ 957 hO)}:|
=1
C

<
Lg—\/ﬁ

1/2
< 02 |Ohms (21365 96 o) |
for some universal constant C'. Finally, by assumption, we have assumed that
E{0ms(Z1; 60, 95, ho)} = J. + 05(1).
All of this combined together implies that

nt S Omp(Zi30°, 9%, ho) = J. + 0pumitay (1) + Op (107 = 67])).

i=1
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Therefore, we obtain that

Iy = =JT(h = ho) + Op(|lho — hl|2 10° = 65 l2) + 0p(n~"/?)

= —JI(h = ho) + 0p(n™"? + (167 — 65).
According to the asymptotic linearity assumption we know that
h—hy=n""! zn: n(Z) + o, (n_l/z) .
i=1
This implies that

Ly =—n"" Y JTfa(Zi) + 0p(n™ 2 + 1|67 — 632).
i=1

By combining the analysis of I; ,, I5,, and I3, together, we obtain that

A, (90, ho) (é’B - 95)

= Gu(bo, 90, ho,00) = ™" Y JT fu(Z) + 0, (”_1/2 + 167 — 9§||2>
=1

n

= —n " (m.(Zi; 00, go, o) + JT [u(Z:)) + 0, ("_1/2 +[16° - 95“2) :

=1

By assumption the matrix A.(go, ho) is invertible and therefore we obtain that

0%~ 0§ =~ Aulgo. o) |n™ Y (m(Zis 60, 0, ) + T1Aa(Z0)} |

1=1

o, (724107 = 65]]2) -

The desired result immediately follows.
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B.7 PROOF OF MAIN THEOREM 7

In this section we provide the full proof of the main theorem. The proof is divided
into several steps. First we invoke the general asymptotic linearity Theorem 20 to the
dynamic treatment regime setting of Theorem 7. This requires verifying the set of high-
level assumptions required in Theorem 20. We provide lemmas that verify each of these
assumptions and defer the proof of each of these lemmas to the end of the section. Then
we combine the result of this instantiation with the main bias lemma to provide a complete

proof of Theorem 7.

B.7.1 INSTANTIATING ASYMPTOTIC LINEARITY THEOREM

Our goal in this section is to apply Theorem 20 to the problem of estimating the first
period structural parameter 6, of the blip function that corresponds to the optimal regime.
Note that estimating 6, falls exactly into the framework of the previous section, with 6,
and more generally 063 being the corresponding first period structural parameters, hg
being the second period structural parameter vy and gg being the first period nuisance
functions gg = (q",p1,p3 5). Finally, the moment function is the moment mg presented in
Equation (2.7) in the main text and the quantities az(Z; g, h) and v3(Z; g, h) correspond

to:

ag(Z; ¢, 9) = — {11, 9) = pr (S} {u(Th, S) — pa(9)}7

vs(Ziah,g) = {Y —¢To(T2, X) + Srg;g;sﬁ YTP(12, X) — q(S) + p2(S) } {u(T1, ) — p1(S)}-

Thus to apply Theorem 20, we need to show that all Assumptions 2, 3, 4, 5, 6, 7 are
satisfied, under the conditions of our main Theorem 7. We present lemmas verifying each

of these assumptions and conclude with a corollary that is an instantiation of Theorem 7
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to the problem of estimating the first period structural parameter 6y. For proofs that we
present in this section, we will drop all data split indices for the cross-fitting approach for

simplicity.

Lemma 21 (Verifying Assumption 2: Influence of ). Under the conditions of The-
orem 7, we have that Assumption 2 is satisfied for the problem of estimating the first

period structural parameter. Moreover, the limit J, is of the form:

= E[{¢oc(X) = ¢(T2, X)} M] (B.3)

where if we denote M(X) = {7 : {o(1, X) = max; )o(t, X)},

Poo(X) = M > ¢TX

TEM(X

We will highlight the proof of Lemma 21 in Section B.7.3.

Lemma 22 (Verifying Assumption 3: Limits of 3). Under the conditions of Theorem 7,
we have that Assumption 3 is satisfied for the problem of estimating the first period struc-

tural parameter, with limit functions:

m.(Z; 0,9, 9) = {e(0,9) = ¢(S) + p2(5) + 07p1(5) H{u(T1, 5) — p1(5)} (B.4)

A, g) = —E[{u(T1,5) = p1(S)H{u(T1, S) — p1(5)}7] (B.5)
where €1(0,1) is defined in Equation (2).

Proof. Note that for any Z we have that mg(Z; 6y, go, ho) converges as f — oo to the
original moment with the maximum instead of the softmax, simply because the softmax
converges to the max as 8 — oo, i.e. smax?,er¥Té(m, X) — max,c7 To(1, X).

Moreover, note that in this case the quantity ag is independent of 3, thus the second
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property in Assumption3 is trivially satisfied. [

Lemma 23 (Verifying Assumption 4: Orthogonality in g). Under the conditions of Theo-
rem 7, we have that Assumption 4 is satisfied for the problem of estimating the first period

structural parameter.

We will provide a proof of Lemma 23 in Appendix B.7.4.

Lemma 24 (Verifying Assumption 5: Rates for g). Under the conditions of Theorem 7, we
have that Assumption 5 is satisfied for the problem of estimating the first period structural

parameter.

This proof of this lemma is not immediate. For p; 5, we note that ps 5 = p, 5. is not a
direct estimate of p3 5(S) = p5 5.4, (S) = E[Yi{d(T2, X) — dp.y, (X)} | S], since it has used
Qﬂ in place of ¢y in the regression algorithm. We will present a lemma in Section B.7.5
that states that the consistency rate condition ||pas — p3 sll2 = 0punit(s)(n~"/*) is in fact
implied by a uniform consistency rate of the regression algorithm itself, as is assumed in

the main Theorem 7.

Lemma 25 (Verifying Assumption 6: Equicontinuity). Under the conditions of The-
orem 7, we have that Assumption 6 is satisfied for the problem of estimating the first

period structural parameter.

In Section B.7.6, we will establish that when the nuisance function space is of low
statistical complexity or when we use the cross-fitted estimation approach, we will auto-

matically have that stochastic equicontinuity holds, and hence Lemma 25 holds.

Lemma 26 (Verifying Assumption 7: Regularity). Under the conditions of Theorem 7, we
have that Assumption 7 is satisfied for the problem of estimating the first period structural

parameter.
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Proof. That A, (go, ho) ™" exists follows immediately from the fact that E(M MT) is strictly
positive definite. The boundedness conditions in Assumption 7 follow from triangle in-
equality and our boundedness conditions listed in out main theorems. The bounded
variances conditions naturally follow since E(MAMT) is bounded. The last condition in

Assumption 7 follows from almost sure boundedness of M. n

Corollary 27. Suppose estimator 1) has influence function py,
' — o) = 07237 py(Z0) + 0,(1).
i=1

with B{py(Z)} = 0. Under the conditions of Theorem 7, the estimate 0° is asymptotically

linear around 65 :

n'2(0° — 05) = n V23" po(Z:) + 0,(1)

=1

with influence function:
po(Z) = B(MMT)"{m.(Z; 00,0, 90) + JIpy(Z)}

where my and J, are limits as defined in Equation (B.4) and Equation (B.3) respectively.

Proof. By Lemmas 21, 22, 23, 24, 25, 26, we know that under the conditions of Theorem 7,

all Assumptions 2, 3, 4, 5, 6, 7 are satisfied. Hence Corollary 27 follows. m

Remark 6. We comment that previous work in the literature (e.g. [41]) has established
that either under the conditions of small critical radius in Theorem 7 or under the cross-
fitting approach in Theorem 35, the asymptotic normality of second period structural pa-
rameter estimator @ is indeed true. We will include more details in Sections B.7.2 and

B.9.3.
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B.7.2 PROOF OF THEOREM 7: ASYMPTOTIC LINEARITY OF FIRST-PERIOD PARAM-

ETER

Proof. The results of [41] establishes asymptotic linearity of 1@:
VA — o) = 712 iz:;mzi) +0,(1) (B.6)
where if we define P = ¢(Ty, X) — E{¢(Ty, X) | X}:
pu(Z2) =E(PPT)"{Y —E(Y | X) — ¢ P}P.
Moreover, Lemma 18 gives us the softmax bias control that

V(g — 0y) = o(1),

and Corollary 27 gives us asymptotic linearity of 6% around 95 :

Vi (07 6) =073 po(Z) + 0,(1)

i=1

where
po(Z) = E(MMT) " {m.(Z; 00, go, ho) + JIpu(Z)}.
Combining these two results, we overall can conclude that

Vi (67— 6o) = n'2 En:pg(Zi) + 0,(1). (B.7)

=1

We can hence use the two asymptotic linearity statements (B.6) and (B.7) to construct

confidence intervals for ¢y and 6,. n
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B.7.3 PROOF OF LEMMA 21: MAIN VARIANCE LEMMA

We need to verify that the functions {9ymgs(2;-, ¢, )} are equicontinuous and that the
expected gradient E{d,mz(Z; 9€ , Yo, gg )} converges to some finite limit as § — oo, and

that the L, norm of the derivative is bounded uniformly in 3, i.e.

S%pHH(%mﬂ(Zl;9§,¢o,95)|looHL2 < o0,

and, finally, that the Hessian of each coordinate ¢ of the moment vector mg with respect

to 1, is uniformly bounded: almost surely,

sup (| 9ppmp(z: 0,0, 9)|l,, = o(n'/?).
z€Z 0,9

We note that ¢ appears in the moment mg(Z; 6,1, ¢g) in a term of the form:

ug(Z;0,%,g) = {11, S) — p1(S)} {S@ggﬁ VTo(, X) — To(T, X)}

Thus to understand d;mg, we need to analyze the derivative of the softmax, with respect
to the vector . To express this derivative it helps to recall the following definition for

the weights that the softmax assigns to each treatment:

e _ _ expifvTe(r, X))
! Yier exp{ByYTo(t, X)}

And introduce the shorthand notation for the softmax random variable:

Ve = smax” To(r, X) = T;Wf%%(ﬂ X). (B.8)

Then we will use throughout the following useful lemma:

149



Lemma 28 (Derivative of Softmax). The derivative of the softmax Vs 4 (X) with respect

to ¢ is of the form:

OV = S WE¥o(r, X) 1+ 30 WP BuTo(r, X) {¢<T,X> - WG, X>} (B.9)

T€T T€T teT

where we denote the first term on the right hand side of the equation, i.e. the soft argmax

of feature map, as:

Agy =D WPo(r, X)
TeT

and denote the second term, i.e. the derivative of softmax weights, as:

Qﬁﬂb = Z Wfﬂpﬂwub(ﬂ X) {¢(7—7 X) - Z Wtﬁ7w¢(t’ X)} :

TET teT

Proof. The proof follows by a simple chain rule of differentiation and numerical manipu-

lations. O

From this lemma we get that:

Oymp(Z;0,9,9) = {u(T1,S) — p1(S)} {Asy + Qe — ¢(T2, X)}T

Our goal is to analyze the properties of this function. First note that the term ||Agy]2
is upper bounded by max, ||¢(7, X)|[2. Second we show a similar upper bound for the
quantity (g . In that respect it will be easy to re-write the derivative of the soft-max in

a manner that is more amenable to analysis:

Lemma 29 (Re-writting Q). Let Ufjw = 6YTo(r, X). Then we have:

U’ Ub
Qpy = Z (1, X) Z(Uﬁw _ Utip)exp( t) expgj mé)
reT teT {ZteT eXp(Ut’w)}

Proof. For simplicity, for this proof we let U, = S¢T¢(r, X) and Qs = Qg and W/ =

150



WPE¥. First we note that Q3 can be re-written in a more convenient manner for analysis,

by simply re-arranging the sums and doing a change of variable names:

Qs= S WPU, {qb — Y Whe(r X)}

TET T'eT

= Y WU 6(r.X) = S WU, Y Wie(r', X)

TET TET T'eT
= S WU ¢(r, X) = Y Who(r, X) S WU,
TET T'eT TET
=Y WPU ¢(r, X) = D WEe(r, X) > W
TET TET T'eT
- > wf {UT - wy UT/} o(7, X).
TET T'eT

Expanding the definition of the softmax weights W/ we get:

JB = WP {UT -S> wh UT/}

_ exp(Us) o U exp(Uy) _ exp(U;) exp(U;)
= Sy exp(0) {UT t;zmexpwt)} LU =) Y

Lemma 30 (Boundedness of Q3,). The quantity Qs is absolutely bounded as:

1Qsylle < — Z [o(7, X)2

TET

where K = |T| is the number of treatments.

Proof. For simplicity, for this proof we let U, = S¢T¢(r, X) and Q3 = Qg and W/ =
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WA¥. We note that:

2] = (Yo, -y ST el

teT {ZteT exp(Ut)}Q
exp(U;) exp(U-
teT {ZteTeXP(Ut)}
eXp(Ut + U‘r)
< U, - U, B.10
- ;r| t|exp(2Ut) + exp(2U,) ( )
1
< U, - U,
N tez7“| t|eXp(Ut - U‘r) + eXp(UT - Ut)
v, -u| K
< < —,
- 1g;exp(]Ut —U;|) ~ e
Thus we have:
K
1Qsll2 < D 121 o(r, X)lla < — D~ llo(r, X) |2
TeT TeT
OJ

Thus we get that the derivative d,mg is Lipschitz in p; with Lipschitz constant:

K
2max [[o(1, X)lla + — >_ llo(r, X)[l < C
T€T

for some universal constant C', by the assumptions of our main Theorem 7. Moreover,
note that the gradient dymg is independent of 6. Thus we get that the gradient is
equicontinuous in both 6 and ¢, which is the first condition of Assumption 2. Moreover,

by the aforementioned bounds we get that:

10uma(Z;65 %0, 90) oo = | M{Ap .00 + Qp.po — (To, X)} ||
< M |lool| Appe + Qoo — H(T2, X) |l

< |M|C <
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by our assumption of our main Theorem 7 on the boundedness of || M|],. Thus we get

that the third condition of Assumption 2 is satisfied.

Next we argue the limit behavior of Ag, and (g,. Note that the first term Ag, in
the derivative converges trivially, by the definition of the softmax to the feature map of
the best action under v; or a uniform distribution over the best actions if there are ties.

Hence, this implies that as 5 — 00, Agy — ¢oo(X) where

1
= Targmax, 0700, X)) ..

T*€arg max,- YT o(7,X)

Poo(X) o(t", X).

The second term ()3, is the problematic one, as it involves how the argmax changes as a

function of ¢. However, we show that the second term (g, converges to zero.

Lemma 31 (Key Variance Building Block). The term Qs in the derivative of the soft-

max OyVp., converges to zero, i.e. as B — 00:

Qg’w — 0.

Proof. For simplicity, for this proof we let U, = S¢T¢(r, X) and Qs = Qg and W/ =

WA and

B — o exp(Uy) exp(Ur)
J; ;(Ur Ut){zt/eTeXp(Ut’)}Q

It suffices to show that:

lim |J?| =0
B—00
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Since:

0<|JB|<Z |UT_Ut’ :Z 5|ZT_Zt’
T T T Fep(|U-Ur])  Gexp(BZ: = Zi)

where Z, = ¢¥T¢(7, X). Since almost surely:

lim b1z = 2] =0
B—oo exp(B | Z; — Zy])
we get the desired statement that limg . |.J7] = 0. O

Thus we have shown that the gradient converges to the limit:

and is uniformly upper bounded by a constant. Note again that if there are ties for

maximizing ¥J¢(7, X) then we take the average:

1
- Jargmax; ¥go(r, X)

Z o(m*, X).

T €arg max, P ¢(1,X)

Thus by the dominated convergence theorem we get that:

lim E {dyms(Z; 05,10, 90) } = B[M{g(m3(X), X) — ¢(Tp, X)}]

B—o0

Thus we conclude that the second condition in Assumption 2 is satisfied, with:
. = E[M{¢(m5(X), X) — ¢(T5, X)}].

It remains to show the fourth condition of Assumption 2.

Lemma 32 (Order of Hessian). When 3 grows as o(n'/?), the Hessian of each coordinate
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t of the moment vector mg with respect to 1, grows as:

2€Z,1,0,9€G

almost surely.

For succinctness, we omit the proof here and include it in Appendix B.7.7.

B.7.4 PROOF OF LEMMA 23: VERIFYING NEYMAN ORTHOGONALITY

Proof. To prove Neyman orthogonality it suffices to show that if we view the moment
function as a function of the output of each nuisance function, then the derivative with
respect to that finite dimensional vector output, conditional on the variables that corre-

spond to the input of each function is equal to zero. In other words if we write:

mg(Z;0,1, ) = ma(Z;0,v,(q(S), p1(S), p2,5(5)))

then we need the function mg(2; 6,1, v) to satisfy:

Jo(S) = E{0yms(Z; 65 4o, 95 (5)) | S} = 0
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We verify this property for each component g = (g, p1,p2,3) and each coordinate ¢ of the

moment vector separately: for ¢’ # ¢

Joa(S) = El~{m(T1, 8) = p} ()} | S] =0
Tpya(S) = E[{u(T1, S) = p1,(S)} 65, | S] =0
o1t (S)
= E[—{€/ (6, %) — ¢"(S) + 5,5(5) + (66) TPi(9)} + {11e(T1, S) — p1,(S)} O | 5]
= E(=[e1(65, o) — E{el (65, vo) | S} + {ue(T1, ) = pio(5)} 05, | §) = 0

Jpnsi(S) = E{ju(Ty, ) = pi.o(S) | S} =0

Similarly, for the smoothness part, it suffices to bound the operator norm of the conditional

Hessian, for each coordinate of the moment:
Hy1(S) = B{0ym5.4(Z; 05, %0, 95 () | S}

We analyze each block of the Hessian separately: for ¢’ # ¢

Hqﬁq,t<5) =0, Hq,pl,t/,t(s) =0, Hq,pl,t,t(s) =1, Hq,pz,g,t(s) =0
le,tupl,tut =0, le,t/,pl,t,t(s) = = eg,t” le,t’7p2,ﬂvt(s) =0

Hy o ot(S) = = 2060, Hyy oo pa(S) = =1
prvavt(S) = 0.

Since we assumed that supg 165]]2 < oo is bounded and the dimension d is a constant,
we get that the conditional Hessian is, uniformly over all 5 > 0, upper bounded by a

constant. Thus we get the uniform in § smoothness property. O]
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B.7.5 PROOF OF LEMMA 24: BETA-UNIFORM RATES ON NUISANCE FUNCTIONS

The proof is an immediate consequence of the following lemma.

Lemma 33. Suppose that for some open neighborhood N of 1y in the nuisance space,
for any T € T, we have that ¢(1, X) and supycp |¢7é(7, X)| are uniformly bounded. Let

D2p.0(S) denote the estimator for
P3p.5(5) = ET{o(12, X) — ¢a(X)} | 5T.
Note that then our estimator pag = Py 5 4. For any ¢ € N, define
97\ 1/2
2300 = P glle = (Bs [ {Psa(S) = pis ()} ])

Suppose that our estimation algorithm for ps g satisfies the following consistency condi-

tion: for all € > 0, there exists a neighborhood N of 1y: as n — oo,

Sup T (SUP D286 — Papyll2 = en” /> — 0.
>

Then the consistency condition required of our estimator to achieve asymptotic normality,

P25 — P3pl3 = Ex {l1D25(S) — 15 5(9) 3} = pumircs) (n72)

will be satisfied.
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Proof. Note that by triangle inequality we can decompose

192, = Pa gl

.

= [(Poss = Pipi) + (Phpi = Prswe)

- Hp27571& - p27ﬁ7"["H2 _I_ Hp2757¢ - p276’¢0 2

Now by our assumptions, for all € > 0, there exists a neighborhood N of v, such that as

n — 00,

SBUISPT (sup 1D2.8:0 — D5 ppllz > en_1/4> — 0,
>

which then implies that

suppr (|52,3 = Pl > 2en"/")
B>

IA

supp'r (prﬂ@ - e > 6%71/4) + 2218]07” (Hp;ﬁ¢ — D3l = 6n’1/4)

IN

%&%W (Sup |20 = 3], 2 en™* ) 30 pr (1955~ Pyl 2 ™)

pr ¢§£/\/>

= Sppr (175 5 = P llz = en™") +o(1)

as n — 00. Now by Mean Value Theorem, we have that

556 = Pl = Bs [{5,5005) — o (5))]

:Es([{afppwm\w - %)D
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for some 1 between @E and vy. Here

9
%Pz,ﬂﬂp(s)

ZEl{éb(Tz,X)—%zp )} = ZW TXaaw 5]

=E [{Wz, X) = bap(X)} = 52 0To(r, Xywpe {w, X) =Y Wi, X)} ‘ S] ,

t

where in the first equality, we could interchange differentiation with conditional expecta-

tion by uniform boundedness conditions. By Cauchy-Schwarz inequality, we know that

Es ([{afbp;,ﬁ,¢<s>\w} (- o) )

a ., ST 2
< Es {||%P2,5,¢(S)‘¢w ) H

0
|| — o 2} = ES{||WPE’B’w(S)‘w¢

i
g

)
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By Jensen’s inequality and Tower Law, we have that

0 .
Es{ll 55v5se(9)| I3}

< Eg(E[|[{p(Ts, X) — dp(X)} — 6ZW o(r, X)W {o(7, X) — ZW%tX)}HQ\SD

R [H{am X) = 6p0(X)} = B 676 (r, XIWH{o(r. X) — S WP s, X)}n%]

t

_ E[ (Ty, X) — 65.0(X)}
> {w(T, X) - ;w%(t,X)} WP {WX) - ;Wtﬁ%(t’m} ]
< 28| {S o ||2}2

+ HBZ {w(T,X) ~ e, X)} Wi {cﬁ(ﬂ X) = Wi X >}

t t

2
2 ]
< 2Es {ZWT X)[l2}* + | T exp(~ {Z\|¢T X)|l2}7]

= Op,unif(ﬂ) (1) )

where the penultimate equality follow from the fact that 3>, W% = 1, and the penulti-

mate inequality follows by triangle inequality and the fact (a + b)? < 2(a? + b?). The last

equality follows from the same line of proof in Equation (B.10). Hence, we obtain that

—1/2) —1/4>‘

- Op,unif(,é’) (n - 0p7unif(,6’) (TL

1255 = 2500,

Hence, indeed

P28 — P gll2 = op,umf(g)(n’l/“).
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B.7.6 PROOF OoF LEMMA 25: CRITICAL RADIUS IMPLIES STOCHASTIC EQUICONTI-

NUITY

In this section, we show that the assumptions in Theorem 7 suffice to imply stochastic
equicontinuity (Assumption 6). To achieve this, we first present a general lemma claiming
that small critical radius would imply equicontinuity in the general setting of Theorem 20,
and then we will verify that our special instantiation of dynamic treatment regime in
Theorem 7 falls under the scope of the general lemma, by commenting on how the uniform

Lipschitz requirement in the general lemma is met.

Lemma 34. Assume that functions ag(Z; g, ho) and vg(Z; g, ho) are uniformly Lipschitz
in g for g € G over all § > 0. Assume that the the nuisance estimator is almost surely
bounded: ||§°(X)||2 < B almost surely for some B > 0. Let 6, bound the critical radius
of Gg = {9 € G : |lglla < B}. Then if the nuisance estimator §° satisfies the consistency

rate

15" = g5l = 0p(n~"/*)

and if

Oy = op(n’l/‘l),

we have that stochastic equicontinuity conditions (Assumption 6) hold:

n 21" [A@7, hos B) = Algs hos B) — fas(Z::9°, ho) — ap(Zis g6, ho)}] | = 0,(1)
i=1 op

w2 (V@7 hos B) = V(gss hos B) = (253 6% ho) — vs(Zis 95 ho)}] | = 0,(1).
=1 2

Proof. For simplicity, we only prove the first statement here, and similar proofs apply to
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function v. For the first statement, it suffices to show that for any j,k < p

U2

> [Aj,k(gﬂy ho; B) = Ajk(g6, ho B) — {ag.1(Zi; 87, ho) — agjx(Zis 95, ho)}}‘
i=

= 0,(1).

In the remainder of the proof we look at a particular (j, %) and hence for simplicity we

overload notation and we let ag = ag;r and A = A;.

For any ¢ € (0,1), let §,c = 6, +co{log(ci/¢)/n}'/?, where 6, upper bounds the critical
radius of the function class Gg, for some appropriately defined universal constants ¢y and

¢1. By Lemma 14 of [53], we know that with probability 1 — (:

n S (A b B) — Algh hos B) — {as(Zi 3% ho) — as(Zas g6 )}

=1

< O(Gng - 19" = golla + 67 0)-

Taking ¢ = n~!, we obtain that

nty [A@ﬁ; ho; B) — A(gy ho; B) — {as(Zs; 8%, ho) — ag(Zs; g5, ho)}}

i=1

< Oy(0n - 137 = g5 ll2 + 62.,)

) ’

where we let 6,. = 0, + co{log(cin)/n}/2. Hence, if we have 37 — g§ = o0,(n~"/*) and

6, = 0p(n~Y4), and thus 4, . = 0,(n"1/*), we can conclude stochastic equicontinuity. [

Remark 7. Our dynamic treatment regime satisfies the uniform Lipschitz condition be-

cause of the almost sure boundedness of (11, S) and that of the nuisance estimates.
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B.7.7 PRrRoor orF LEMMA 32: ORDER OF HESSIAN OF SOFTMAX

Proof. For simplicity, define

K2 = ¢(r, X) = > WPs(t, X)

z
teT

and write

UZY = gyTo(r, X).
We calculate that

SEWES = W Lo(r.X) = S W(t, X)) = SWIUKEY.
teT

Recall that the first order derivative of the moment function satisfies

Oymg(z; 0,9, 9) = {u(T1, 5) = p1(9)} {Asw + Qs — (T2, X)}T

= {u(T,S) = pr(S)} {Apy + X WIYUPYEDY — 6(To, X)}T
TET

= {(T1, ) — pr(S)} {App + Y WEH(ULY = ST WPPUPY)KEY — ¢(Th, X)),
TeT t

where we were able to set in the last equality that

ZWBU’UB#’KL‘“Z’_ZWIBUJ Z 5'¢)U5¢ Kﬁw
TET TET

since

Z WhY BY —
TET

163



by exploiting the fact that 3, .7 W% = 1. Hence, differentiating with respect to v again,

by chain rule, we obtain that the second order derivative of the moment function

Opymps(2:0,%,9) = {m(T1,S) — p1e(S)} (Ripy + Ropy + Rapy — Ripy)

where

Rl,ﬁﬂ/’ - 52 waqb(TvX)(Kf’w)Tv

TeT
Rapw = B3 WIHUZY = SIWIMUP KD (K0T,
TET t
Rypy = By WIKIV(KI)T,
TeT
Ripy = B{Z Wfﬂﬁ(U‘rBﬂ/’ _ Z Wtﬁwaﬁw)}{Z W}B’¢¢(T,X)(Kf’¢)T},
€T t TET

We would like to establish that all of

)

sup || Ri8,4llop, Sup [|R2,84llop, sSUp | R38ullops SUP || Rapullop = Op(B).
ZeZ ) ZeZ ) ZeZ ) ZeZ )

To achieve this, it suffices to show that for any coordinates 7,k < n, we have that each

component

sup [Ri gy kl, Sup |Ropyjkl, sup |[Rspyjkl, sup [Ragy ikl = Op(B).
eEZ ) zZeZ ) zZeZ ) zZeZ )

For R, g, we note that

[Rygwgkl < B WE - o;(r, X)| - KT < B{Y llo(r, X)l2}
TET TET
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where we have used the fact that

K< D7 1on(m X1 < 37 (1o, X) o (B.11)

TET TET

Hence, we have that

2
sup |Rusasnl < 8 {sup 5 ||¢<T,X>||2} _0,9)
ZEZ )

X reT

by boundedness conditions. For Ry g, we similarly note that

Ropwskl < B> WP |Uf*” =S WU K2 K.

TET t

Now we comment that

g - W uR| < g
t

where
Jﬁﬂ/l — W/Bﬂl} (Uﬁfw _ Z Wtﬁvd)valp) ,
t

and we have shown in Eqn (B.10) that

RS
€

Hence, by Eqn (B.11) we get that

K By B K? ’
|Ro gkl < B — D NK KD <8 — 9> o, X)lla g
€ reT € \rer
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Hence, we have that

K2 2
sup |Ra gy ikl < B — {sup > |lo(r, X)||z} = 0,(p)
ZeEZ Y (&

TET

by boundedness conditions. Similarly for Rs g, we have

2
sup |Rapon] < 5{sup S Jl6(r, X)||2} _ 0,9
ZEZ

X reT

For R4 g, we note that

gl < (Z vaw) { WS |6, (r, X)) - |Kf,>:fr} —0,(8).

TET TET

By invoking Eqn (B.10) and Eqn (B.11), we have that

|Rapyikl <5 (Z Jf’w> {Z WP gs(r, X)| - \Kf,}ﬂ}

TET TET

<525 ||¢<T,X>u2}2 = 0,(9).

TET

Hence, we obtain that

K2 2
sup [Rapel < 8- 1. {sup 5™ llo(r, X>|r2} —0,(8).
ZeZ e X =

Hence, since supyez geg |1e(T1,5) — p1y(S)| is uniformly bounded, for 3 = o(n'/?) the

lemma follows. [l
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B.8 OMITTED PROOFS FROM SECTION 2.7

B.8.1 PROOF OF THEOREM 9

Proof. Define the following moment function

mys(Z;0,0,¢) =Y = (1o, X) —0Tu(Ty, S) + SIIl%XB VTP(10, X) + Sm%xﬁ OTu(m,S)—v
and its mean

My (v,0,; ﬁ) = E{mVﬂ(Z; v, 0, w>}

By definition we have the following moment condition:
My (Vi3 0o, 0; 8) = 0.

Moreover, the estimator V satisfies the empirical moment condition:
My(V,80,4;8) =0

where

MV,n(vv 07 wv 6) - nil Z mV,B(Zla v, 07 1/})

i=1
Since we already established asymptotic linearity of the structural parameter estimators
6% and & in Theorem 7, we can thus apply Theorem 20, in particular replacing the original
structural parameter 95* with the policy value parameter Vj and replacing the original
nuisance parameter hg with 6, ¢y, while ignoring the part of the nuisance g that involves

orthogonality. To achieve this, we only need to check that the assumptions of Theorem 20
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are satisfied. For Assumption 2, note that
Oymy,(Z;v,0,9) = 0yVsy — o(12, X)
where recall in (B.8) we have defined
Ve = SIHTEQLX’B VTP(1e, X).

Hence, the derivative dymg(Z;v, 6y, 1) does not depend on v and is thus automatically
equicontinuous with respect to v. Moreover, as we already established in Section B.7.3,

we have that

E(0yVsy) = E(Asy) + E(Qpy) — E{o(m3(X), X)}

as § — oo, where Ag,, (g, are the terms that we defined in the decomposition (B.9).

Hence, we obtain that

as 3 — oo, where recall that

Poo(X) = IMX)[TH Y. o(7, X)

TEM(X)

for M(X) = {7 : ¢Jo(r, X) = max, Y]o(t, X)}.

The third and fourth conditions of Assumption 2 (uniform boundedness of the derivative
and order of Hessian condition) follow similarly as in Section B.7.3. Analogously, we can

also show that the derivative of the moment function with respect to the first-period
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structural parameter dgmy g(Z; v, 6,1) also satisfies Assumption 2 with the limit

Jim B{8yms(Z; Vg, b0, %0)} = E{peo(S) — (T3, 5)},

where recall that

poo(S) = 1L(S)TF X2 n(7,9),

TEL(S)

for L(S) = {7:0Ju(r,S) = max, Ol u(t,S)}.

By dominated convergence theorem, the first condition of Assumption 3 holds with
mv,(Z1; Vi, 0o, o) — my.(Z1; V™, 0o, o)
where
mv.(Z;0,0,¢) =Y —Tp(1y, X) — (11, S) + max VTP(1e, X) + max OTu(r,S) —v.

To check the second condition of Assumption 3, it suffices to note the linear form of the

moment function my g:

mV:B(Z;U707¢) = GV,B(Z§97¢)U + Vv,ﬂ(Z;97¢)

where

av,s(Z;0,¢9) = —1

and
vp(Z;0,¢0) =Y —To(Te, X) — (T4, S) + smTaXB VT P(10, X) + smTaXﬂ 0T (1, S).
Assumptions 4, 5, 6 trivially hold true because there is no nuisance parameters with

169



respect to which the moment My is Neyman orthogonal. Assumption 7 is also simple to

check with conditions of Theorem 7 and our new regularity conditions. O]

B.8.2 PROOF OF LEMMA 10

Proof. We note that the difference
Vi-V" = E{sm%xﬁ V3o (72, X)—m%x Wl (72, X)}—l—]E{smT?xﬁ 03 (7, S)—mT?X (i, S)}.
For the first term on the right hand side, we notice that

E{smax” 60(r2, X) — max (2, X))

Bt wewr - v <& (S wr o - vin) - DR (o - ).
TET TET TET
Note that:
exp(BUYe) (U¥o  — UYo
B (w2 o - v s { SR (i —0)
ZteTeXp(ﬁUt )
ex U¥o) (%o _ [J¥o
. p(BUY) (Uks, — UP)
exp(ﬂUfﬁgx)

=E [exp{—B(U5 — Uy*)} (Unia = U]

Applying Lemma 19, for any fixed € > 0 we have that for n sufficiently large, such that

(14 ¢€)log(5)/8 < cand (1+€)log(8) > 1:

< H (1+¢€)log(B)
- /61+5 62-{-6

E [exp{—B(Umax — Ur)} (Unax — U]
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for appropriately chosen H and §. Hence, we know that

E{smax” 6o(r2, X) — max ufo(ra, X)}| < [T ( GBS log(5)> .

51+5 + /82+€

Similarly, we can also obtain that

'E{smgxﬁ O u(r, S) — max 08 (71, S)}‘ <|7]- ( H o (4 108?(5)) ‘

51+S + [32+e

We therefore can conclude that

\/ﬁjvﬂ*—v*

H H  2(1+¢)log(B)
= |T\n1/2 <5H5 + BHS [2+e > :

If 8 = w(n!/C+min{ash)) then the latter upper bound converges to 0 as n — co. O

B.9 VARIANT OF MAIN THEOREM WITH CROSS-FITTING

We consider a cross-fitted version of our estimation process. We split the entire dataset
into two parts and train the nuisance functions and the second period structural parameter
estimator 7,@ using one data split, while we train the first period structural parameter
estimator §° using the other split. We formally define the process as follows (without loss

of generality we assume that the data size n is even):

STEP 1: CROSS-FITTED ESTIMATION PROCEDURE TO OBTAIN ESTIMATE w AND CROSS—

FOLD VARIANTS ¢/), FOR [ € {1,2}, OF SECOND PERIOD STRUCTURAL PARAMETER

Yo.

For each fold | € {1,2} of the data

Construct estimate ﬁ(l) of second period structural parameter 1), as follows:
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Randomly split the data fold .S; into two parts: S;; and ;9.
For each fold I’ € {1, 2}

Construct estimates ;Ll(/l) , fl(,l ) of the nuisance functions i*, r*

as defined in Equation (2.5) of the main text using data fold S .
For each data point ¢ € S

Define residuals z(l) =Y, — iLl(’l()z)

(1 (1
(X;) and " = ¢(Th,, X;) — iy (X0),
where I'(7) is chosen so that i & S; ().
Solve ) from the empirical moment equation, with respect to v

n SV —erd el = o.

€S

Obtain aggregated estimate 1& by solving the following equation, with respect to :

YT HNED 4 Y (50— a0 o
€S 1€S9
STEP 2: CROSS-FITTED ESTIMATION PROCEDURE TO OBTAIN ESTIMATE éﬂ OF FIRST

PERIOD STRUCTURAL PARAMETER. 0.

For each fold I € {1,2} of the data
Construct estimates ¢\, ﬁgl) of the nuisance functions ¢*, pj
defined in Equation (2.6) of the main text using data from fold 5.
Construct estimate ﬁg)ﬁ of p; 5. The estimate ]5% is constructed by regressing
{VTH(Ty, X) — smax® {1pD}T¢(, X) on S using data from fold .
For each data point i € S
Let [ be such that i ¢ S,.
Define }A/Z-(l) =Y, — ¢0(S;) and M® = p(Ty,, S;) — AV(s,).
Define & = {0} T(Ty;, X;) — smax? {0} (7, X;) — pys(Sy).

Construct 67 as the solution, with respect to #, of the equation:
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Z _ — T }M(Q) + = Z {y(l) o) _ QTM(l)}M(l) — 0.
€S

1€S2

BM—‘

Theorem 35 (Main Theorem with Crossfitting). Assume that the random wvariables
{max; V{o(t, X) — lo(r, X)}rer are almost surely bounded and each admits a density
fr on (0,¢) for some constant ¢ > 0, that satisfies fr(x) < H/x'=%, for some 0 < H < o0
and 0 < § < 1. Suppose that 3 = w(n'/+N) and 5 = o(n'/?). Moreover, suppose that

for each split 1,1 € {1,2}, the nuisance estimates satisfy the rate conditions:

* * ~(1 _
1B = B 1oy [l = 2|2, g™ — G0, 19} — DV]l2 = 0p(n~ YY),

and that

2%

D2 B p§75”2 = Op,unif(B) (n_1/4)-

Assume the nuisance estimates é(l)(S),ﬁgl)(S),ﬁ(l)(S) 0@(9),p2(9), ]5%(5) are all al-

most surely bounded. Moreover, assume the following boundedness conditions:
95
sup |6l |2 < oo
£>0
and assume the random variables

D llo(r X) 2, (1M 12, Y, sup [|p3 5(S)ll2, | 1(T1, S)ll2e sup [7e(r, X))
p B8>0 TET WEN

are all almost surely bounded, where M = pu(Ty, S) — pi(S), Y =Y — ¢*(S). Assume that
the matrix E(MMT) is bounded and strictly positive definite so that its inverse matriz

E(MMT)_1 exists. Then the estimates 1&,@5 are asymptotically linear, i.e. for anyl €
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{1.2)
n( o) —nwm )+ 0,(1), n(8 _”1/22@9 )+ 0,(1).

Moreover, asymptotically valid confidence intervals, with target coverage level o, can be

constructed via any consistent estimates 63,65 of the variances o3, = E{py(Z)*} and

Oy = E{Pe(Z)Q} as:
Cly(a) = [ £ 0722 406y, Cly(a) = [0° £ 07221 )060],

where z, is the q-th quantile of the standard normal distribution.

Analogous to Theorem 7, Theorem 35 will naturally follow from a combination of

Lemma 18 and a variant of Corollary 27, which we present below.

B.9.1 AsyMPTOTIC LINEARITY THEOREM ADAPTED TO CROSS-FITTING APPROACH

As was the case without cross fitting, we still consider the following generalized method

of moments framework:

M(evgvh’uﬁ):EZ{mB(Z787g7h)}7 M(HO 790 7h07ﬁn>_

Of note is the distinction that for the cross fitting approach, we split the entire dataset
S = [n] into two disjoint sets S; and Sy where without loss of generality let |S;| = |Sa| =
n/2, and we train h and G° on a different split of the data from the one where we evaluate
the empirical moments: for each split [ € {1,2}, we denote the corresponding estimators

h and §” of trained on S as h® and %O, Then consider the cross-fitted estimator o8
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that satisfies

_1 Zmﬁ Z 05 ~58,(2) h(Q) -1 Zmﬂ Z 95 "5(1) h(l)) _O( _1/2)'

i€S] 1€ES2

We will keep assuming the original Assumptions 2, 3, 4, 7 since they do not involve any
properties of estimators. We extend Assumption 5 and Assumption 6 to the cross-fitting

setting as follows:

ASSUMPTION 8 (Rates for g, Cross-Fitted Version). Suppose that the nuisance esti-

mates §>1), 552 € G satisfy:

1970 = 6513 = Ex{l3"®(X) = 95 (X3} = 0paunitce (n72),

157® = g5ll3 = Ex{13*®(X) — g5 (X)I3} = Opumitis) (n %)

ASSUMPTION 9 (Equicontinuity, Cross-Fitted Version). Suppose that § grows at rate

such that the moment m satisfies the stochastic equicontinuity conditions:

VRl AGPD ho; B) — Algy ho; B) — {3 ap(Zi; 6% W, ho) — 3 as(Zi; g5, ho) Hlop = 0p(1),

i€S55 1€S52

VRV (%W, ho; B) = V(gh hos B) — 13- vs(Zi; 9V ho) — 3 vs(Zi g5 ho) Hlop = 0p(1),
1€S9 1€Sy

Vil AP, ho; B) — Alg ho B) — {3 as(Zi; 6P ho) — Y as(Zis g ho) Hlop = 0p(1),
1€51 1€S1

VRV (%@ ho; B) = V(g hos B) — {3 vs(Zi; 9@ ho) — > vs(Zi 95 o) Hlop = 0p(1).
1€S] i€ST

Then we present the following theorem:

Theorem 36. Under Assumptions 2, 3, 4, 7 and Assumptions 8, 9, if the nuisance

parameter estimates D and h® are asymptotically linear with some influence function
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fn such that B{ f,(Z;)} = 0: for any split | € {1,2}

i\l/(l) — _1 Z fh _|_ Op —1/2)

1€S5]

then the parameter estimate 0° s asymptotically linear around 05 :

v (07 96)—?1”22/)9 )+ 0,(1)

with influence function:
po(Z) = —A.(go, ho) " {m.(Z; 00, go, ho) + (J*) fu(Z)}.

In Section B.7.1, we verified that Assumptions 2, 3, 4, and 7 were satisfied if conditions
of Theorem 35 are satisfied (noting the overlap between conditions of Theorem 35 and
those of Theorem 7). Moreover, the nuisance rate conditions of Theorem 35 automati-
cally translate to Assumption 8 in the general setting. In Section B.9.2, we also present
Lemma 38 which also shows that Assumption 9 is satisfied when we adopt the cross-fitting

approach. Hence, we obtain the following corollary:
Corollary 37. Suppose there is some influence function p, such that for each split | €

{1,2}, the estimator V" satisfies

@/A}(l) 0= 2n" pr )+ op(n _1/2).

1€S]

with B{py(Z)} = 0. Then under the conditions of Theorem 35, the estimate 6° is asymyp-

totically linear around 95 :
n2(0° — 63) = n V2" po(Z:) + o0y(1)
i=1
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with influence function:
pQ(Z) = ]E(MMT)_I{m*(Zv 007 77/}07 gO) + JIP¢(Z)}
where m, as defined in Equation (B.4) and J, as defined in Equation (B.3).

B.9.2 VERIFYING ASSUMPTION 9: CROSS-FITTING IMPLIES STOCHASTIC EQUICON-

TINUITY

In this section, we directly present a general lemma claiming that performing cross fitting
would automatically imply a cross-fitted version of equicontinuity. Then it will naturally
follow that our cross-fitting approach in Theorem 35 guarantees the cross-fitted version

Assumption 9.

Lemma 38. Assume that the estimators are consistent for the sequence of B = 3, that

we choose:

1570 = g5 ll2 = 0,(1)

1573 — g5ll2 = 0, (1).

and that the nuisance estimates ||§>M(X)||2, |§%@(X)||2 are almost surely bounded. As-

sume the moment function satisfies mean-squared continuity condition: for all j,k < p,

forall g, € G

E [{asx(Zi 9. ho) — agi(Zig ho) Y| < L-llg—d'II3

E [{v5,,(Zi 9. ho) = v5,3(Zis g ho) Y| < L-llg—g'|I3

for some q < co and L > 0. Then Assumption 9 holds. That is, the following stochastic
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equicontinuity statements hold:

n 2 [AGHD, hoi B) = Algs hoi 8) = {as(Z; 970 ho) — ap(Zis g, ho)} || = 0p(1)

1€S52 op

n=2 S (AP i B) = Algss hos B) = {as(Zis 57 ho) — ag(Zi g5, ho)}] | = 0,(1)

1€51 op

w2 V@MY hoi B) = V(gohos B) — {va(Zi 90 ho) = vs(Zis g6 o)} | = 0,(1)

1€S2 2

n 23 (VPP o B) = Vgss hos B) — {vs(Zi; 9% ho) — va(Zis g5 ho)}] | = 0,(1).

1€S51 2

Proof. Without loss of generality, we only prove the first statement here, and similar
proofs should apply to when we switch data splits and apply to function v. For the first

statement, it suffices to show that for any j,k <p

n V2T A k(G ho; B) = Ajilgh hos B) — {ap x(Zis 970, ho) — ap ix(Zis g3 ho) Y|

€S2

Lo

= o(1).

In the remainder of the proof we look at a particular (j, k) and hence for simplicity we
overload notation and we let ag = ag , and A = A, ;. Moreover, for simplicity we denote

for each i € S5 :
Ki = A% ho; B) — A(gh, ho; B) — {as(Zs; §%D ho) — as(Zi; g5, ho)}

Then if we take the square, for any i, j € Ss,

n—2

E (n—l/Q 3 Ki) = ;E(Kf) + E(KK;)

i€S2
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the first term can be bounded using mean-squared-continuity:

1

1 2
QE(KE) 5 <[A(§B’<1), ho; ) = A(go ho; B) — {ap(Zi; 4%, ho) — ag(Zi; g5, ho)}} )

<E [{A(gml), ho: B) — Algl ho: /3)}2} +E [{aﬂ(zi; PPN ho) — ag(Zss o ho)ﬂ

A 2 A
S 2 {{aﬁ(zi;gﬁj(l)7h0) - aﬁ(Zi;gga hO)} :| S 2L [H B0 — ggH%] = 0(1)7

where the second to last inequality exploits Jensen’s inequality, and the last equality
exploits dominated convergence theorem. Moreover, the second term can also be simplified

using tower law:

E(KiK;) = E{E(KK; | {Zi}hies,)} = B{E(K: | {Zihes))E(K; | {Zihies:)} = 0,

since conditional on the first data split, K; and K; are independent with zero means.

Hence, we have indeed proved that

n=2 3 [A@G*™), ho; B) — Al hos B) — {as(Zi: 97V, ho) — as(Zi; g5 ho)}]

1€So

= o(1).

Lo

B.9.3 PROOF OF THEOREM 35

Proof. The proof of Lemma 16 of [41] establishes both asymptotic linearity of ¢ and that
of 1 for each I € {1,2}:

Vi — o) =n '/ pr ) +0p(1) (B.12)
O - n=t Y pu(Ze) + op(n 7% (B.13)
1€5]
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where if we define P = ¢(Ty, X) — E{¢(T5, X) | X}
pu(Z) = E(PPT) Y —E(Y | X) - v} P}P.
Moreover, Lemma 18 gives us the softmax bias control that
\/5(95 — o) = o(1),

and Corollary 37 gives us asymptotic linearity of 6 around 95 :

\/_(9 95>—n 1/22;)9 ;) +0,(1)

i=1
where
po(Z) = E(MMT) " {m.(Z; 00, vo, go) + JTpu(Z)}.

Combining these two results, we overall can conclude that

\/ﬁ@ﬁ— )—n UQZpg )+ op(1). (B.14)

We can hence use the two asymptotic linearity statements (B.12) and (B.14) to construct

confidence intervals for ¢y and 6,. O

B.10 SUPPLEMENTARY MATERIAL FOR EXPERIMENTAL SECTION

We justify here why the linear blip function specifications used in the experimental section

of the main paper are equal or good approximations of the true blip functions. The final

180



period blip effect 7, is exactly of the form:
Yo (T2, X) = (X + 1)1, o(12, X) = (I3, Xi13), Yo = (a2, a2)

and the optimal policy in the final period when ay > 0 is 75(X) = L{x,+1>03- The blip

effect in the first period, under the optimal continuation policy is of the form:
71(T1, S) = Q2 (EZNN(alTl—f—SlJ,—l,l) [Z ﬂ{zzo}} - EZNN(Sl—f—l,l) {Z Il{Zzo}D + aiTy.
Define the function g(z) = Ezn(,1)[Z1{z>0}). Since T} is binary, we can write:

(T, S)=as(glaaTh + S1+1) —g(S1+ 1)) + Ty

= O[2T1 (g(al + Sl + 1) - g(Sl + 1)) + OélTl.

For any oy € [0,1], since S; ~ N(0,1), we have that with high probability a; + S; +
1 € [-1,4 and S; +1 € [—1,3]. In the regime [—1,4] the function g(x) can be well

approximated by a quadratic function (see Figure B.10.1), i.e.

g(x) = §(z) := Ko + K12 + Kox?.
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Figure B.10.1: Approximation of the function g(x) by g(x).

Thus we then have:

71(T17 S) ~ Oéle (g(ozl + Sl + 1) — g(Sl + 1)) + Olel.

Moreover:

f](O&l + Sl + 1) — f](Sl + 1) = K101 + HQ((al + Sl + 1)2 — (Sl -+ 1)2)

= K101 + K,QOél(Oél + 281 + 2)

Overall, we can write:

’yl(Tl, S) ~ 042T1</€1041 + /ﬁQOél(Oél -+ 251 + 2)) —+ OélTl.

The expression on the right hand side is of the form 6,7} + 6,7} Sy, for appropriately

defined parameters 6, 6.
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