
The Sachdev-Ye-Kitaev Model and

Matter Without Quasiparticles

Citation
Fu, Wenbo.  2018.  The Sachdev-Ye-Kitaev Model and Matter Without Quasiparticles. 
Doctoral dissertation, Harvard University, Graduate School of Arts & Sciences.

Link
http://nrs.harvard.edu/urn-3:HUL.InstRepos:41128513

Terms of use
This article was downloaded from Harvard University’s DASH repository, and is made
available under the terms and conditions applicable to Other Posted Material (LAA), as set
forth at
https://harvardwiki.atlassian.net/wiki/external/NGY5NDE4ZjgzNTc5NDQzMGIzZWZhMGFlOWI2M2EwYTg

Accessibility
https://accessibility.huit.harvard.edu/digital-accessibility-policy

Share Your Story
The Harvard community has made this article openly available.
Please share how this access benefits you. Submit a story

https://dash.harvard.edu/submit-story?publicationId=663b4c57-89a3-44f1-8756-c054d644b493


h?2 a�+?/2p@u2@EBi�2p KQ/2H �M/ K�ii2`
rBi?Qmi [m�bBT�`iB+H2b

� /Bbb2`i�iBQM T`2b2Mi2/
#v

q2M#Q 6m
iQ

h?2 .2T�`iK2Mi Q7 S?vbB+b

BM T�`iB�H 7mH7BHHK2Mi Q7 i?2 `2[mB`2K2Mib
7Q` i?2 /2;`22 Q7

.Q+iQ` Q7 S?BHQbQT?v
BM i?2 bm#D2+i Q7

S?vbB+b

>�`p�`/ lMBp2`bBiv
*�K#`B/;2- J�bb�+?mb2iib

J�v kyR3



× kyR3 @ q2M#Q 6m
�HH `B;?ib `2b2`p2/X



h?2bBb �/pBbQ`, am#B` a�+?/2p q2M#Q 6m

h?2 a�+?/2p@u2@EBi�2p KQ/2H �M/ K�ii2` rBi?Qmi [m�bBT�`iB+H2b
�#bi`�+i

h?Bb i?2bBb Bb /2pQi2/ iQ i?2 bim/v Q7 a�+?/2p@u2@EBi�2p UauEV KQ/2Hb- r?B+? /2b+`B#2

K�ii2` rBi?Qmi [m�bBT�`iB+H2bX h?2 auE KQ/2H Bb �M 2t�+iHv bQHp�#H2 KQ/2H i?�i Bb ?QT2/

iQ #`BM; BMbB;?ib BMiQ i?2 mM/2`bi�M/BM; Q7 bi`QM;Hv +Q``2H�i2/ K�i2`B�HbX

h?2 K�BM T�`i /Bb+mbb2b /Bz2`2Mi �bT2+ib Q7 auE KQ/2HbX *?�Ti2` k T`2b2Mib MmK2`B+�H

bim/B2b Q7 i?2 auE KQ/2Hb- b?Qrb Bib MQM@62`KB HB[mB/ M�im`2 �M/ p2`B}2b i?2 �M�HviB+�H

T`2/B+iBQMb QM irQ@TQBMi 7mM+iBQM �M/ i?2`K�H 2Mi`QTB2bX *?�Ti2` j +QMbB/2`b i?2 i?2`KQ/v@

M�KB+ �M/ i`�MbTQ`i T`QT2`iB2b Q7 i?2 +QKTH2t auE KQ/2Hb BM ?B;?2` /BK2MbBQM�H ;2M2`�H@

Bx�iBQMb- r2 b?Qr bQK2 mMBp2`b�H `2H�iBQMb Q#i�BM2/ 7`QK auE KQ/2Hb r?B+? �`2 +QMbBbi2Mi

rBi? ?QHQ;`�T?B+ i?2Q`B2bX *?�Ti2` 9 /Bb+mbb2b � bmT2`bvKK2i`B+ ;2M2`�HBx�iBQM Q7 i?2 auE

KQ/2HX q2 b?Qr � /Bz2`2Mi � b+�HBM; 7`QK i?2 MQ`K�H auE KQ/2H #Qi? �M�HviB+�HHv �M/

MmK2`B+�HHvX q2 �HbQ /Bb+mbb � /Bz2`2Mi Q`B;BM Q7 i?2 2ti2MbBp2 x2`Q i2KT2`�im`2 2Mi`QTv BM

N = 2 i?2Q`vX *?�Ti2` 8 +QMbB/2`b � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb rBi?

� imM�#H2 HQr@2M2`;v b+�HBM; /BK2MbBQMX 6`QK i?2 2tTHB+Bi +QKTmi�iBQM Q7 Qmi Q7 iBK2 Q`@

/2`2/ +Q``2H�iQ`b- r2 }M/ i?2 i?2Q`v Bb H2bb +?�QiB+ BM i?2 7`22 72`KBQM HBKBiX *?�Ti2` e

/2b+`B#2b i?2 T?�b2b Q7 � bQHp�#H2 t@J KQ/2H Q7 2H2+i`QMb rBi? �M auE@HBF2 7Q`KX q2 }M/ �

Z2 7`�+iBQM�HBx�iBQM TB+im`2 r?2`2 i?2 /2+QM}M2/ T?�b2 Bb bBKBH�` iQ i?2 Tb2m/Q ;�T `2;BK2

Q7 mM/2`/QT2/ +mT`�i2b- r?BH2 i?2 ǵ[m�bB@>B;;bǶ T?�b2 Bb bBKBH�` iQ i?2 K2i�HHB+ T?�b2 Q7

Qp2`/QT2/ +mT`�i2bX

BBB



*QMi2Mib

R AMi`Q/m+iBQM R
RXR S`2HBKBM�`B2b �M/ KQiBp�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X R
RXk auE RyR X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e
RXj JQ`2 �#Qmi auE X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk
RX9 P`;�MBx�iBQM Q7 i?2 i?2bBb X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9

k LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb Rd
kXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd
kXk JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R3

kXkXR G�`;2 N HBKBi 7Q` 72`KBQMb X X X X X X X X X X X X X X X X X X X X X X X X R3
kXkXk 6`22 2M2`;v �M/ i?2`K�H 2Mi`QTv X X X X X X X X X X X X X X X X X X X X kk
kXkXj >B;? i2KT2`�im`2 2tT�MbBQM X X X X X X X X X X X X X X X X X X X X X X X k9

kXj _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd
kXjXR 1t�+i /B�;QM�HBx�iBQM 7Q` 72`KBQMb X X X X X X X X X X X X X X X X X X X X kd
kXjXk :`22MǶb 7mM+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kN
kXjXj 1Mi`QTv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jy
kXjX9 1Mi�M;H2K2Mi 2Mi`QTv X X X X X X X X X X X X X X X X X X X X X X X X X X jk
kXjX8 Pmi@Q7@iBK2@Q`/2` +Q``2H�iBQMb �M/ b+`�K#HBM; X X X X X X X X X X X X X j9

kX9 .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X je

j h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb j3
jXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j3
jXk JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y

jXkXR *QKTH2t auE KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y
jXkXk G�`;2 N b�//H2 TQBMi X X X X X X X X X X X X X X X X X X X X X X X X X X X 9R

jXj _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9j
jXjXR h?2`KQ/vM�KB+b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9j
jXjXk 1z2+iBp2 �+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8y
jXjXj h`�MbTQ`i X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 88

Bp



jX9 .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ej

9 amT2`bvKK2i`B+ auE KQ/2Hb e8
9XR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8
9Xk JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e3

9XkXR .2}MBiBQM Q7 i?2 KQ/2H �M/ i?2 H�`;2 N 2z2+iBp2 �+iBQM X X X X X X X X e3
9XkXk amT2`bvKK2i`v +QMbi`�BMib X X X X X X X X X X X X X X X X X X X X X X X dj
9XkXj aBKTH2 ;2M2`�HBx�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X dj

9Xj _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dd
9XjXR LmK2`B+b 7`QK 2t�+i /B�;QM�HBx�iBQM X X X X X X X X X X X X X X X X X X dd
9XjXk N = 2 bmT2`bvKK2i`v X X X X X X X X X X X X X X X X X X X X X X X X X X 3y
9XjXj 6Qm` TQBMi 7mM+iBQM �M/ i?2 bT2+i`mK Q7 QT2`�iQ`b X X X X X X X X X X 3j

9X9 .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3d

8 � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb Ny
8XR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ny
8Xk JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X NR

8XkXR .2}MBiBQM Q7 i?2 KQ/2H �M/ i?2 H�`;2 N/M HBKBi X X X X X X X X X X X X NR
8Xj _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N8

8XjXR AK�;BM�`v iBK2 F2`M2H X X X X X X X X X X X X X X X X X X X X X X X X X X N8
8XjXk _2i�`/2/ F2`M2H �M/ +?�Qb X X X X X X X X X X X X X X X X X X X X X X X X N3
8XjXj _: ~Qr �M/ i?2 a+?r�`xB�M �+iBQM X X X X X X X X X X X X X X X X X X X Ryy
8XjX9 6Qm`@TQBMi 7mM+iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X Ry8
8XjX8 LmK2`B+�H BK�;BM�`v iBK2 :`22MǶb 7mM+iBQM +Q``2+iBQM X X X X X X X X X RRk
8XjXe .2T?�bBM; iBK2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR9

8X9 .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR8

e Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H RRd
eXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRd
eXk JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRN

eXkXR h?2 auE KQ/2H 7`QK � t@J KQ/2H X X X X X X X X X X X X X X X X X X X X RRN
eXkXk h?2 H�`;2 N HBKBi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RkR
eXkXj :�TH2bb bQHmiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk9
eXkX9 LQM@x2`Q i2KT2`�im`2b X X X X X X X X X X X X X X X X X X X X X X X X X X Rkd
eXkX8 :�TT2/ #QbQM bQHmiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X Rk3

eXj _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjy
eXjXR *QKTQbBi2 QT2`�iQ`b X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjy

p



eXjXk LmK2`B+�H _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjj
eXjXj aK�HH ;�T b+�HBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjd

eX9 .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9y

�TT2M/B+2b R9k

� �TT2M/Bt 7Q` +?�Ti2` k R9j
�XR auE KQ/2H 7Q` #QbQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9j

" �TT2M/Bt 7Q` +?�Ti2` j R9e
"XR a�//H2 TQBMi bQHmiBQM Q7 i?2 auE KQ/2H X X X X X X X X X X X X X X X X X X X X R9e
"Xk E2`M2H �M/ bT2+i`mK X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R93
"Xj G�`;2 q 2tT�MbBQM Q7 i?2 +QKTH2t auE KQ/2H X X X X X X X X X X X X X X X X X R89
"X9 LmK2`B+�H bQHmiBQM Q7 i?2 auE KQ/2H X X X X X X X X X X X X X X X X X X X X X X R8N
"X8 LQ`K�H KQ/2 �M�HvbBb Q7 i?2 auE KQ/2H X X X X X X X X X X X X X X X X X X X X Rek
"Xe *QmTHBM;b BM 2z2+iBp2 �+iBQM Q7 i?2 auE KQ/2H X X X X X X X X X X X X X X X X X Re8
"Xd .BzmbBQM +QMbi�Mib Q7 i?2 ?B;?2`@/BK2MbBQM�H auE KQ/2H X X X X X X X X X X X Re3
"X3 h?2`KQ/vM�KB+b �M/ i`�MbTQ`i X X X X X X X X X X X X X X X X X X X X X X X X X ReN

* �TT2M/Bt 7Q` +?�Ti2` 9 Rd9
*XR h?2 H�`;2 q̂ HBKBi Q7 i?2 bmT2`bvKK2i`B+ auE KQ/2H X X X X X X X X X X X X X X Rd9

. �TT2M/Bt 7Q` +?�Ti2` 8 Rdd
.XR h?2 H�`;2 q HBKBi Q7 i?2 MN KQ/2H X X X X X X X X X X X X X X X X X X X X X X X Rdd

1 �TT2M/Bt 7Q` +?�Ti2` e RdN
1XR aT2+i`�H 7mM+iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RdN
1Xk >B;? i2KT2`�im`2 2tT�MbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X R3R

_272`2M+2b ky8

pB



*Bi�iBQMb iQ S`2pBQmbHv Sm#HBb?2/ qQ`F

JQbi Q7 i?Bb i?2bBb ?�b �TT2�`2/ BM T`BMi 2Hb2r?2`2X .2i�BHb 7Q` T�`iB+mH�` +?�Ti2`b �`2
;Bp2M #2HQrX

*?�Ti2` k,

Ç q2M#Q 6m �M/ am#B` a�+?/2p ǳLmK2`B+�H aim/v Q7 72`KBQM �M/ #QbQM KQ/2Hb
rBi? BM}MBi2@`�M;2 `�M/QK BMi2`�+iBQMbǴ- S?vbB+�H _2pB2r " N9- yj8Rj8
UkyReV- �`sBp,ReyjXy8k9e

*?�Ti2` j,

Ç S�`iHv #�b2/ QM, _B+?�`/ � .�pBbQM- q2M#Q 6m- �MiQBM2 :2Q`;2b- uBM;72B
:m- E`Bbi�M C2Mb2M- am#B` a�+?/2p- ǳh?2`KQ2H2+i`B+ i`�MbTQ`i BM /BbQ`/2`2/
K2i�Hb rBi?Qmi [m�bBT�`iB+H2b, h?2 a�+?/2p@u2@EBi�2p KQ/2Hb �M/ ?QHQ;`�@
T?vǴ- S?vbB+�H _2pB2r " N8- R88RjR UkyRdV- �`sBp,ReRkXyy39N

Ç q2M#Q 6m- uBM;72B :m- am#B` a�+?/2p �M/ :`B;Q`v h�`MQTQHbFv- ǳ� bim/v
QM +QKTH2t auE KQ/2HbǴ- BM T`2T�`�iBQM

*?�Ti2` 9,

Ç S�`iHv #�b2/ QM, q2M#Q 6m- .�pB/2 :�BQiiQ- Cm�M J�H/�+2M� �M/ am#B`
a�+?/2p ǳamT2`bvKK2i`B+ a�+?/2p@u2@EBi�2p KQ/2HbǴ- S?vbB+�H _2pB2r .
N8- ykeyyN UkyRdV- �`sBp,ReRyXy3NRd

*?�Ti2` 8,

Ç q2M#Q 6m- *?�Q@JBM; CB�M- w?2M "B �M/ *2MF2 sm- ǳ� +QMiBMmQmb b2i Q7
#QbQM@72`KBQM auE KQ/2HbǴ- BM T`2T�`�iBQM

*?�Ti2` e,

Ç S�`iHv #�b2/ QM, q2M#Q 6m- uBM;72B :m- am#B` a�+?/2p �M/ :`B;Q`v h�`MQTQH@
bFv- ǳ Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � bQHp�#H2- /BbQ`/2`2/- t − J KQ/2HǴ-
�`sBp,R3y9Xy9Rjy

1H2+i`QMB+ T`2T`BMib Ub?QrM BM ivT2r`Bi2` 7QMiV �`2 �p�BH�#H2 QM i?2 AMi2`M2i �i i?2
7QHHQrBM; l_G,

?iiT,ff�`sBpXQ`;

pBB



GBbiBM; Q7 };m`2b

RXR 6B;m`2- �/�Ti2/ 7`QK _27 (3d)- � b+?2K�iB+ T?�b2 /B�;`�K Q7 ?QH2@/QT2/
+mT`�i2b- �b � 7mM+iBQM Q7 ?QH2@/QTBM; p �M/ i2KT2`�im`2 T X >2`2 �6 Bb
�MiB@72``QK�;M2iB+- S: Bb Tb2m/Q;�T- .q Bb /2MbBiv r�p2- /a* Bb /@r�p2
bmT2`+QM/m+iQ`- aJ Bb bi`�M;2 K2i�H- T ∗ /2MQi2b i?2 i2KT2`�im`2 b+�H2 Q7 i?2
�TT2�`�M+2 Q7 i?2 �MiB@MQ/�H bT2+i`�H ;�T- Tc bi�M/b 7Q` i?2 bmT2`+QM/m+iBpBiv
i`�MbBiBQM i2KT2`�im`2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j

RXk aT2+i`mK Q#i�BM2/ 7`QK N = 12 2t�+i /B�;QM�HBx�iBQM 7Q` q = 2 `�M/QK
?QTTBM; KQ/2H UH27iV �M/ q = 4 auE KQ/2H U`B;?iVX X X X X X X X X X X X X X X RR

kXR 6B;m`2- �/�Ti2/ 7`QK _27 (Rdj)- b?QrBM; i?2 BK�;BM�`v T�`i Q7 :`22MǶb 7mM+@
iBQM KmHiBTHB2/ #v √

ω �b � 7mM+iBQM Q7 ω �i T�`iB+H2@?QH2 bvKK2i`B+ TQBMi
θ = 0X Pm` /2}MBiBQM Q7 i?2 :`22MǶb 7mM+iBQM- 1[X UkXReV- /Bz2`b #v � bB;M
7`QK _27X (Rdj)X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kj

kXk 1Mi`QTv +QKTmi�iBQM 7`QK 2t�+i H�`;2 N 1PJ �M/ >h1, �i ?B;? i2KT2`�@
im`2- �HH �TT`Q�+?2b i?2 BM}MBi2 i2KT2`�im`2 HBKBi S/N = ln 2X >h1 `2bmHi }i
i?2 2t�+i `2bmHi [mBi2 r2HH 7Q` T/J > 0.6X X X X X X X X X X X X X X X X X X X X X ke

kXj AK�;BM�`v T�`i Q7 i?2 :`22MǶb 7mM+iBQM BM `2�H 7`2[m2M+v bT�+2 7`QK H�`;2 N
�M/ 2t�+i /B�;QM�HBx�iBQMX h?2 BMb2i };m`2 Bb xQQK2/ BM M2�` ω = 0X X X X X X jy

kX9 h?2 /Bz2`2M+2 Q7 BMi2;`�i2/ bT2+i`�H 7mM+iBQM #2ir22M 1. �i /Bz2`2Mi L �M/
H�`;2 L `2bmHiX h?2 /Bz2`2M+2 �TT2�`b iQ #2 i2M/BM; iQ y �b N �TT`Q�+?2b
BM}MBivX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jR

kX8 h?2`K�H 2Mi`QTv +QKTmi�iBQM 7`QK 1.- �M/ H�`;2 N X �i ?B;? i2KT2`�im`2-
�HH `2bmHib i?2 BM}MBi2 i2KT2`�im`2 HBKBi S/N = ln 2X �i HQr i2KT2`�im`2- �HH
1. `2bmHib ;Q iQ x2`Q- #mi /Q �TT`Q�+? i?2 N = ∞ `2bmHib rBi? BM+`2�bBM; N X
LQi2 i?�i i?2 HBKBib N → ∞ �M/ T → 0 /Q MQi +QKKmi2- �M/ i?2 MQM@x2`Q
2Mi`QTv �b T → 0 Bb Q#i�BM2/ QMHv r?2M i?2 N → ∞ Bb i�F2M }`bi X X X X X X jk

kXe h?2 /Bz2`2M+2 Q7 BMi2;`�i2/ i?2`K�H 2Mi`QTv #2ir22M 1. �i /Bz2`2Mi L �M/
H�`;2 L `2bmHiX h?2 /Bz2`2M+2 ;Q2b iQ y �b 1/N �TT`Q�+?2b yX X X X X X X X X X jj

kXd 1Mi�M;H2K2Mi 2Mi`QTv 7Q` i?2 ;`QmM/ bi�i2X q2 /BpB/2 i?2 bvbi2K BMiQ irQ
bm#bvbi2Kb- � �M/ "- r2 i`�+2 Qmi T�`i " �M/ +�H+mH�i2 i?2 2Mi`QTv 7Q` i?2
`2/m+2/ /2MbBiv K�i`Bt ρAX h?2 t@�tBb Bb i?2 bBx2 Q7 bm#bvbi2K �X X X X X X X jj

kX3 PhP* �b � 7mM+iBQM Q7 iBK2 �i BM}MBi2 i2KT2`�im`2 rBi? /Bz2`2Mi BMi2`�+iBQM
bi`2M;i? J = 1 �M/ J = 2X >2`2 i?2 iQi�H bvbi2K bBx2 N = 7X X X X X X X X X X j8

kXN PhP* �b � 7mM+iBQM Q7 iBK2 �i /Bz2`2Mi i2KT2`�im`2 rBi? BMi2`�+iBQM bi`2M;i?
J = 1X >2`2 i?2 iQi�H bvbi2K bBx2 N = 7X X X X X X X X X X X X X X X X X X X X X je

jXR h?2 /2MbBiv Q �b � 7mM+iBQM Q7 E �M/ ∆ X X X X X X X X X X X X X X X X X X X X 93

pBBB



jXk h?2 2Mi`QTv S �b � 7mM+iBQM Q7 E �M/ ∆ X X X X X X X X X X X X X X X X X X X X 9N
jXj h?2 2Mi`QTv S �b � 7mM+iBQM Q7 Q �M/ ∆ X X X X X X X X X X X X X X X X X X X X 9N
jX9 � +?�BM Q7 +QmTH2/ auE bBi2b rBi? +QKTH2t 72`KBQMb UBM i?Bb };m`2 r2 /`�r

q = 4 +�b2V, 2�+? bBi2 +QMi�BMb N ≫ 1 72`KBQMb rBi? QM@bBi2 BMi2`�+iBQMb
�b BM UjXRVX h?2 +QmTHBM; #2ir22M M2�`2bi M2B;?#Q` bBi2b �`2 7Qm`@72`KBQM
BMi2`�+iBQM rBi? irQ 7`QK 2�+? bBi2X AM ;2M2`�H- QM2 +�M +QMbB/2` Qi?2` ivT2b
Q7 q@#Q/v BMi2`�+iBQMb Uq = 4 BM i?Bb +�TiBQMV- 2X;X f †

x,i1fx,i2f
†
x+1,i3fx+1,i4 X am+?

i2`Kb rBHH QMHv +?�M;2 i?2 `�iBQ #2ir22M D1 �M/ D2- BX2X 1[X UjXejV #v �
MQM@mMBp2`b�H +Q2{+B2Mi /2T2M/b QM i?2 /2i�BHb Q7 i?2 KQ/2HX AM T�`iB+mH�`- B7
r2 QMHv ?�p2 f †

x,i1fx,i2f
†
x+1,i3fx+1,i4@ivT2 i2`Kb iQ +QmTH2 i?2 M2�`2bi M2B;?#Qm`

bBi2b- +?�`;2 /BzmbBQM D1 rBHH p�MBb? /m2 iQ i?2 HQ+�H +?�`;2 +QMb2`p�iBQMX X X ey

9XR h?2`K�H 2Mi`QTv Q#i�BM2/ #v MmK2`B+�HHv bQHpBM; i?2 H�`;2 N 2[m�iBQMb Q7
KQiBQM U9XReVU9XRdVX �i ?B;? i2KT2`�im`2b r2 ?�p2 Dmbi i?2 HQ; Q7 i?2 /B@
K2MbBQM Q7 i?2 >BH#2`i bT�+2- S

N = 1
2 log 2X h?2 x2`Q i2KT2`�im`2 2Mi`QTv

Bb �TT`QtBK�i2Hv S
N ∼ 0.2745 + 0.0005- r?2`2 i?2 2``Q` Bb 2biBK�i2/ #v i?2

+QMp2`;2M+2 Q7 i?2 66h U6�bi 6Qm`B2` h`�Mb7Q`KV �H;Q`Bi?KX h?2 �M�HviB+�H
`2bmHi S

N = 1
2 log

[
2 cos π

6

]
U9Xj3V �HbQ HB2b BM i?Bb `�M;2 X X X X X X X X X X X X X dk

9Xk AK�;BM�`v iBK2 :`22MǶb 7mM+iBQM �i T = 0 7Q` N = 24 J�DQ`�M� 72`KBQMb
�p2`�;2/ Qp2` Ryy b�KTH2bX h?2 #Hm2 bQHB/ HBM2 Bb Gbb(τ)- �M/ i?2 TBMF /�b?2/
HBM2 Bb −∂τGψ(τ)X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dd

9Xj :`QmM/ bi�i2 2M2`;v �b � 7mM+iBQM Q7 N BM � HQ;@HBM2�` THQi- r?2`2 r2 ?�p2
�p2`�;2/ Qp2` Ryy b�KTH2bX h?2 THQi Bb +QKT�iB#H2 rBi? �M 2tTQM2MiB�H /2@
+`2�b2 Q7 E0 rBi? N X LQiB+2 �HbQ i?2 bi`m+im`2 BM E0 /2T2M/2Mi QM N UKQ/
3VX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d3

9X9 AK�;BM�`v iBK2 :`22MǶb 7mM+iBQM �i T = 0 7Q` N = 24 J�DQ`�M� 72`KBQMb
�p2`�;2/ Qp2` Ryy b�KTH2bX G27i T�M2H, #Hm2 bQHB/ HBM2 Bb Gψψ(τ)- `2/ /Qii2/@
/�b?2/ HBM2 Bb i?2 +QM7Q`K�H bQHmiBQM Gc

ψψ(τ) BM 1[X U9X9yVc `B;?i T�M2H, #Hm2
bQHB/ HBM2 Bb Gbb(τ)- `2/ /Qii2/@/�b?2/ HBM2 Bb i?2 +QM7Q`K�H bQHmiBQM Gc

bb(τ) BM
1[X U9X9yVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3y

9X8 AK�;BM�`v iBK2 :`22MǶb 7mM+iBQM �i }MBi2 i2KT2`�im`2 7Q` N = 20 J�DQ`�M�
72`KBQMb �p2`�;2/ Qp2` Ryy b�KTH2bX G27i T�M2H Bb Gψψ(τ) r?BH2 `B;?i T�M2H
Bb Gbb(τ)X aQHB/ HBM2b �`2 i?2 2t�+i /B�;QM�HBx�iBQM `2bmHic /�b?2/ HBM2b �`2
+QM7Q`K�H `2bmHib �b BM 1[X U9X9RVc /Qii2/ HBM2 �`2 H�`;2 N `2bmHi #v MmK2`B+�HHv
bQHpBM; 1[X U9XReV �M/ 1[X U9XRdVX .Bz2`2Mi +QHQ`b +Q``2bTQM/ iQ /Bz2`2Mi
BMi2`�+iBQM bi`2M;i?, i?2 #Hm2 QM2 Bb βJ = 5c i?2 `2/ QM2 Bb βJ = 20 �M/ i?2
#H�+F QM2 Bb βJ = 200X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3R

9Xe U�V .B�;`�K +QMi`B#miBM; iQ � +Q``2+iBQM iQ i?2 72`KBQM T`QT�;�iQ`X 6mHH HBM2b
�`2 72`KBQMb �M/ /Qii2/ HBM2b �`2 #QbQMbX U#V *Q``2+iBQM iQ i?2 #QbQM T`QT@
�;�iQ`X U+V � bBKTH2 H�//2` /B�;`�K +QMi`B#miBM; iQ i?2 7Qm`@TQBMi 7mM+iBQM
BM i?2 72`KBQMB+ +?�MM2H- r?2`2 i?2 BMi2`K2/B�i2 bi�i2 Q#i�BM2/ r?2M r2 +mi
i?2 H�//2` Bb � 72`KBQMX U/V- U2V- U7V .B�;`�Kb +QMi`B#miBM; BM i?2 #QbQMB+
+?�MM2H- rBi? 2Bi?2` � T�B` Q7 #QbQMb Q` � T�B` Q7 72`KBQMbX h?2 7mHH H�//2`b
�`2 Q#i�BM2/ #v Bi2`�iBM; i?2b2 /B�;`�KbX h?2b2 �`2 i?2 /B�;`�Kb 7Q` q̂ = 3
�M/ i?2v HQQF bBKBH�` BM i?2 ;2M2`�H +�b2X X X X X X X X X X X X X X X X X X X X 3j

Bt



8XR α �b � 7mM+iBQM Q7 ∆f 7`QK 1[X U8XR8V 7Q` � }t2/ q = 5X ∆ = 1
2q ;Bp2b α = 1X

q?2M α → 0- r2 �HbQ ?�p2 � bQHmiBQM ∆f → 0X LQiB+2 i?�i QMHv i?2 HBM2 QM
i?2 H27i bB/2 Q7 i?2 /Bp2`;2M+2 K�F2b b2Mb2 ∆f < 1

2(q−1) - r?B+? K�F2b Σb(iω)
KQ`2 `2H2p�Mi �i A_X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nj

8Xk 6B;m`2- �/�Ti2/ 7`QK _27X (R3)- b?QrBM; i?2 b+�HBM; /BK2MbBQMb �b � 7mM+iBQM
Q7 M/N X h?2 /Qib �`2 Q#i�BM2/ #v MmK2`B+�HHv bQHpBM; 1[X U8X3VX aQHB/ HBM2b
�`2 Q#i�BM2/ 7`QK 1[bX U8XR9VU8XR8VX X X X X X X X X X X X X X X X X X X X X X X X N9

8Xj δλL �b � 7mM+iBQM Q7 βJ
2π �M/ α BM � log− log− log THQiX X X X X X X X X X X X X RRj

8X9 δλL �b � 7mM+iBQM Q7 α BM � log− log THQi �i βJ
2π = 100X "Hm2 HBM2 Bb �+?B2p2/

#v i?2 7mHH 2tT`2bbBQM r?BH2 Q`�M;2 HBM2 Bb Q#i�BM2/ #v i?2 �bvKTiQiB+ 7Q`K
U8XRyeVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR9

eXR h?2 BMi2`�+iBQM p2`iB+2b BM LX h?2 7mHH HBM2b �`2 f 72`KBQMb- �M/ i?2 /�b?2/
HBM2b �`2 φ #QbQMbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RkR

eXk 62vMK�M /B�;`�Kb 7Q` i?2 b2H7 2M2`;B2b Q7 i?2 72`KBQMb �M/ #QbQMb BM 1[bX UeXR3V
�M/ UeXRNVX h?2 bmK Qp2` i?2 BMi2`M�H bBi2 BM/2t j vB2H/b � 7�+iQ` Q7 N X h?2
bmKb Qp2` i?2 HQQTb Q7 alUMV bTBM BM/B+2b α �M/ β vB2H/ 7�+iQ`b Q7 M X h?2
bmK Qp2` i?2 HQQT Q7 i?2 PUM ′V BM/2t p vB2H/b � 7�+iQ` M ′X X X X X X X X X X X Rk9

eXj h?2 MmK2`B+�H `2bmHib 7Q` G(τ) �M/ χ(τ) �i i?2 ;�TH2bb T?�b2 �`2 b?QrM BM
bQHB/ HBM2b 7Q` J = 1- t̃ = 1- k = 1- T = 0.005 �M/ g ≈ 0.8077 Ui?2 BMTmi
χ0 ≈ 53.6VX h?2 ;�TH2bb +QM7Q`K�H �Mbr2`b 7Q` G �M/ χ �`2 THQii2/ BM /�b?2/
HBM2b rBi? i?2 p�Hm2b 7`QK 1[X UeXj8V- ∆f = 1/3- ∆b = 1/6X h?2 T`27�+iQ` C
Bb /2i2`KBM2/ #v UeX99V rBi? ∆b = 1/6- i?2M F Bb /2i2`KBM2/ #v UeXj9VX X X X Rjj

eX9 h?2 MmK2`B+�H `2bmHib 7Q` G(τ) �M/ χ(τ) �i i?2 +`BiB+�H T?�b2 �`2 b?QrM BM
bQHB/ HBM2b 7Q` J = 1- t̃ = 1- k = 1- T = 0.005 �M/ gc ≈ 1.133 Uh?2 BMTmi
χ0 ≈ 18.6 +�M #2 Q#i�BM2/ 7`QK UeX99V rBi? ∆b = 1/4VX h?2 +`BiB+�H +QM7Q`K�H
�Mbr2`b 7Q` G �M/ χ �`2 THQii2/ BM /�b?2/ HBM2bX X X X X X X X X X X X X X X X X Rj9

eX8 h?2 MmK2`B+�H `2bmHib 7Q` G(τ) �M/ χ(τ) �i i?2 ;�TT2/ #QbQM T?�b2 �`2 b?QrM
BM bQHB/ HBM2b 7Q` J = 1- t̃ = 1- k = 1- T = 0.005 �M/ g ≈ 1.149 Uh?2 BMTmi
χ0 ≈ 6.6VX h?2 +`BiB+�H +QM7Q`K�H �Mbr2`b 7Q` G 7`QK UeX9dV Bb THQii2/ BM
/�b?2/ HBM2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rj8

eXe h?2 MmK2`B+�H `2bmHib 7Q` g �b 7mM+iBQM Q7 χ−1
0 7Q` p�`BQmb p�Hm2b Q7 i?2 T�`�K@

2i2` k �i J = 1- t̃ = 1 �M/ T = 0.005X h?2 +`BiB+�H gc Bb b?QrM BM /�b?2/ HBM2X
6Q` k < kc ≈ 0.9 i?2 +`BiB+�H TQBMi Bb HQ+�i2/ BMbB/2 �M mMT?vbB+�H /QK�BM-
r?B+? K2�Mb i?�i i?2 +`BiB+�H T?�b2 Bb �#b2Mi �M/ i?2`2 Bb }`bi@Q`/2` T?�b2
i`�MbBiBQMX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rj8

eXd a+?2K�iB+ T?�b2 /B�;`�KX h?2 72`KBQMb �`2 ;�TH2bb BM �HH T?�b2bX h?2 i?B+F
HBM2 BM/B+�i2b � }`bi@Q`/2` i`�MbBiBQM- r?BH2 i?2 i?BM HBM2 Bb � ∆b = ∆f = 1/4
+`BiB+�H bi�i2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rje

eX3 h2bib Q7 i?2 b+�HBM; BM 1[X UeXe3V, MmK2`B+�H THQib 7Q` (g−gc)/T 1/z �b � 7mM+iBQM
Q7 χ0T 1/2 �i J = 1- t̃ = 1 �M/ k = 1- k = 1.5 �M/ k = 1.7X q2 b22 i?�i �i
z = 0.75- z = 3.1 �M/ z = 5.6 �HH HBM2b �HKQbi 2t�+iHv Qp2`H�T- �b 2tT2+i2/ BM
i?2 +`BiB+�H `2;BQMX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RjN

eXN h?2 b�K2 THQib �b BM 6B;X eX3- #mi MQr b+�H2/ rBi? z = 2X X X X X X X X X X X X R9y

t



�XR AK�;BM�`v T�`i Q7 :`22MǶb 7mM+iBQM 7Q` ?�`/+Q`2 #QbQM �M/ 72`KBQM KQ/2HX
h?2 T2�F M2�` i?2 +2Mi2` ;2ib Km+? ?B;?2` BM i?2 #QbQM KQ/2H r?2M bvbi2K
bBx2 ;2ib H�`;2`X h?2 BMb2i };m`2 Bb xQQK2/ BM M2�` ω = 0X X X X X X X X X X X X R98

"XR h?2 2Mi`QTv S(Q) Q#i�BM2/ 7`QK i?2 2t�+i `2bmHib (d9) BM a2+iBQM jXjXR U7mHH
HBM2V- �M/ #v i?2 MmK2`B+�H bQHmiBQMb Ubi�`bVX X X X X X X X X X X X X X X X X X X Rey

"Xk "Hm2 HBM2 Bb |Z(β + it)| +QKTmi2/ 7`QK 2t�+i /B�;QM�HBx�iBQM /�i� 7Q` N = 15
�M/ 1000 `2�HBx�iBQMb �i βJ = 5X h?2 Q`�M;2 HBM2 Bb i?2 HBM2�` }i 7Q` i?2
ǴbHQT2Ǵ `2;BK2 �M/ i?2 bHQT2 Bb �`QmM/ −2.07X X X X X X X X X X X X X X X X X X Ree

1XR gHTE − gnum �b � 7mM+iBQM Q7 i2KT2`�im`2 7Q` }t2/ k = 1- J = 5- t̃ = 0.3-
∆0 = 2X gnum Bb Q#i�BM2/ #v MmK2`B+�HHv bQHpBM; 1PJ UeXR3VUeXRNV �M/
THm;;BM; BM UeXkkVc gHTE iQ ;2i #Hm2 HBM2 Bb Q#i�BM2/ 7`QK U1XRjV- `2/ HBM2 Bb
Q#i�BM2/ 7`QK U1XReV- Q`�M;2 HBM2 Bb Q#i�BM2/ 7`QK U1XRNVX X X X X X X X X X X R3j

tB



hQ Kv T�`2MibX

tBB



�+FMQrH2/;K2Mib

h?2`2 ?�p2 #22M bBt v2�`b bBM+2 A +�K2 iQ i?2 #2�miB7mH *�K#`B/;2X Ai biBHH b22Kb A �K
[mBi2 M2r iQ i?Bb TH�+2X �Hi?Qm;? A FMQr A ?�p2 ;�BM2/ � HQi /m`BM; i?2b2 v2�`b- #mi i?2`2
�`2 biBHH Km+? KQ`2 mM2tTHQ`2/X *�K#`B/;2 Bb � K�;B+ TH�+2- #2+�mb2 Q7 i?2 K�;B+�H T2QTH2
HBp2 i?2`2X �M/ A b?QmH/ b�v ǳh?�MFbǴ iQ K�Mv Q7 i?2KX

h?�MF Kv �/pBbQ`- S`Q7X am#B` a�+?/2pX Ai Bb MQi QMHv i?2 FMQrH2/;2 i?�i ?2 ?�b i�m;?i
K2 #mi �HbQ i?2 bivH2 i?�i ?2 rQ`Fb QM T?vbB+b i?�i BM~m2M+2b K2 � HQiX am#B` +�M �Hr�vb }M/
i?2 +`m+B�H �bT2+ib Q7 T?vbB+b T`Q#H2Kb �M/ i?2M i`v iQ bQHp2 i?2K rBi? i?2 +Q``2+i �M;H2- MQi
iQ K2MiBQM i?�i ?2 �Hr�vb ;Bp2 i?2 bBKTH2 �M/ /22T T?vbB+b TB+im`2 7Q` p�`BQmb Q7 bvbi2KbX
1bT2+B�HHv r?2M A �K i?2 h� 7Q` am#B`Ƕb [m�MimK T?�b2b Q7 K�ii2` +H�bb- A �K b?Q+F2/ #v
?Qr ?2 +�M 2tTH�BM i?BM;b bQ +H2�`Hv �M/ mMBi2 /Bz2`2Mi T?vbB+b T`Q#H2Kb �b � r?QH2 TB+im`2X
h?�MF am#B` 7Q` BMi`Q/m+BM; K2 i?2 BMi2`2biBM; a�+?/2p@u2@EBi�2p KQ/2H i?�i i?Bb i?2bBb Bb
#�b2/ QM- A 2MDQv2/ � HQi r?2M bim/vBM; �M/ 2tTHQ`BM;X A rQmH/ b�v i?2`2 �`2 K�Mv �bT2+ib
i?�i am#B` ?�b BMbTB`2/ K2- ?Bb T?vbB+b i�bi2b �M/ BMbB;?ib- ?Bb 2Mi?mbB�bK iQr�`/b T?vbB+b-
?Bb 2ti`�Q`/BM�`v i2+?MB+�H bFBHHb �M/ K�Mv KQ`2X A �K T`2iiv bm`2 A rBHH biBHH #2M2}i � HQi
7`QK ?Bb BM~m2M+2b BM � rQM/2`7mH r�v BM i?2 7mim`2X

h?�MF Kv +QKKBii22 K2K#2`b, S`Q7X "2`i >�HT2`BM- S`Q7X S?BHBT EBK- �M/ S`Q7X �b?pBM
oBb?r�M�i?X h?2v +�M �Hr�vb ;Bp2 K2 [mBi2 mb27mH 722/#�+Fb �#Qmi Kv `2b2�`+? rQ`F �M/
K�Mv 2M+Qm`�;2K2MibX 1bT2+B�HHv "2`iǶb +Qm`b2 ;Bp2b K2 � #2ii2` mM/2`bi�M/BM; Q7 i?2
iQTQHQ;B+�H T?�b2b �M/ �b?pBMǶb +QM/2Mb2/ K�ii2` DQm`M�H +Hm# i2�+?2b K2 K�Mv /Bz2`2Mi
bm#D2+ibX

h?�MF K�Mv T`Q72bbQ`b i?�i ?�p2 ;Bp2M rQM/2`7mH +Qm`b2b i?�i A ?�p2 i�F2M Q` bBi �iX
A ?�p2 i�F2M i?`22 K�Mv@#Q/v T?vbB+b +Qm`b2b BM+Hm/BM; am#B`Ƕb- S`Q7X S�i`B+F G22Ƕb �M/
S`Q7X sB�Q@:�M; q2MǶbX A +�M �Hr�vb ;�BM /Bz2`2Mi BMbB;?ib 7`QK i?2 H2+im`2b �M/ �7i2`@+H�bb
/Bb+mbbBQMbX A �HbQ H2�`M2/ � HQi QM *6hb �M/ ?QHQ;`�T?B+ /m�HBiB2b 7`QK +H�bb2b ;Bp2M #v S`Q7X
sB uBM �M/ S`Q7X >QM; GBm- r?B+? Bb [mBi2 ?2HT7mH BM i?2 bim/v Q7 i?2 a�+?/2p@u2@EBi�2p
KQ/2HbX A �HbQ 2MDQv2/ � HQi Q7 K�Mv rQM/2`7mH K�i?2K�iB+�H H2+im`2b Q` b2KBM�`b 7`QK S`Q7X
>B`Q G22 h�M�F�- S`Q7X .�MB2H 6`22/- S`Q7X GB�M; EQM; �M/ S`Q7X CQM�i?�M J#QvQ 1bQH2X
�Hi?Qm;? A biBHH 722H MQi [mBi2 M�im`�H BM mM/2`bi�M/BM; Tm`2 K�i?- A HBF2 Bi [mBi2 Km+?X

h?�MF GQ;�M J+*�`iv- GQmBb .2bH�m`B2`b �M/ .�pB/ JQ`BM 7Q` H2iiBM; K2 i2�+? BM i?2B`
+Qm`b2b �M/ �HH i?2 bim/2Mib A ?�p2 +QKKmMB+�i2/ rBi?- Bi �HbQ ?2HTb K2 #2ii2` mM/2`bi�M/
K�Mv bi�M/�`/ T?vbB+b [m2biBQMbX h?�MF GBb� *�++B�#�m/Q- *�`QH .�pBb- C�+Q# "�`�M/2b-
GBx �HQ+F 7`QK i?2 >�`p�`/ S?vbB+b .2T�`iK2Mi- r?Q ?�p2 ?2HT2/ K2 QM HB72 QmibB/2 `2b2�`+?X
qBi?Qmi i?2B` bmTTQ`ib- HB72 rBHH /2}MBi2Hv #2 Km+? KQ`2 +QKTHB+�i2/X

h?�MF K�Mv 7`B2M/b BM T?vbB+b �`QmM/ ?2`2X h?2b2 BM+Hm/2 i?2 am#B` ;`QmT K2K#2`b, �M@
/`2� �HH�Bb- a?m#?�vm *?�ii2`D22- .2#�MD�M *?Qr/?m`v- _B+?�`/ .�pBbQM- �M/`2�b 1#2`@
H2BM- uBM;72B :m- u2DBM >m?- C�M2i >mM;- CmM?vmM G22- �M/`2r Gm+�b- 1mM :QQF JQQM-

tBBB



��pBb?F�` S�i2H- u�M; ZB- J�i?B�b a+?2m`2`- CmHB� ai2BM#2`;- S?BHBTT ai`�+F- :`Bb?� h�`MQTQH@
bFv- �H2t h?QKbQM- *?QM; q�M;- a2i? q?BibBii- qBHHB�K qBi+x�F@E`2KT�X a2i?- �H2t �M/
a?m#?�vm �`2 Kv rQM/2`7mH Q{+2 K�i2b- BM+Hm/BM; K2- 7Q`K i?2 ;�M; Q7 7Qm` Q7 GvK�M
9jRX Ai Bb �HbQ � ;`2�i TH2�bm`2 iQ ?�p2 K�Mv Qi?2` T?vbB+b 7`B2M/b, JBMD�2 *?Q- w?2?�Q .�B-
a?B�M; 6�M;- SBM; :�Q- h2KTH2 >2- u�M; >2- uBM@*?2M >2- q2MDB2 CB- JQMB+� E�M;- .�MB2H
E�T2+- �;�`r�H E�`iB2F- "�QDB� hQM;- �`i?m` a�}`�- CBM; a?B- uB@w?m�M; uQm- GBmDmM wQm
�M/ K�Mv KQ`2X Ai Bb �Hr�vb � TH2�bm`2 iQ ?�p2 /Bb+mbbBQMb rBi? i?2b2 ;mvb- QM T?vbB+b Q`
#2vQM/X h?�MF Kv 7`B2M/b BM i?2 K�i? /2T�`iK2Mi- "Qvm w?�M; �M/ *?2M;HQM; um- r?Q
T�iB2MiHv �Mbr2` K2 K�Mv 2p2M MQi r2HH@/2}M2/ K�i? [m2biBQMbX

h?�MF K�Mv 7`B2M/b QmibB/2 `2b2�`+?, *?�Q *?2M- q2B *?2M- uBM *?2M- CB2 .BM;- CmM
62M;- ZBmvB >�M- >2M;vm Gm- �H�M a?2- Gm a?2M- GBm+?m�M hQM;- sm72B q�M;- um�M u�M;-
a?mv�M w?�M;X GB72 Bb Km+? KQ`2 +QHQ`7mH rBi? i?2B` +QKT�MB2b BM i?2 p�`BQmb 2t+BiBM; 2p2Mib
BM+Hm/BM; #�bF2i#�HH- bQ++2`- /Qi�- #Q�`/ ;�K2 �M/ KQpB2 MB;?ibX

P7 +Qm`b2- i?2`2 �`2 �HbQ K�Mv T2QTH2 A r�Mi iQ b?Qr ;`�iBim/2 iQ MQi `2bi`B+i2/ iQ *�K@
#`B/;2X A r�Mi iQ i?�MF Kv +QHH�#Q`�iQ`b, w?2M "B- _B+?�`/ .�pBbQM- S`Q7X .�pB/2 :�BQiiQ-
S`Q7X �MiQBM2 :2Q`;2b- uBM;72B :m- S`Q7X C�M2i >mM;- *?�Q@JBM; CB�M- S`Q7X E`Bbi�M
C2Mb2M- S`Q7X Cm�M J�H/�+2M�- :`Bb?� h�`MQTQHbFv- S`Q7X *2MF2 sm- MQi QMHv QM +QHH�#Q@
`�iBM; T`QD2+ib #mi �HbQ QM i2�+?BM; K2 K�Mv Qi?2` T?vbB+bX �HbQ- A r�Mi iQ i?�MF .Qm;H�b
ai�M7Q`/ �M/ ATbBi� J�M/�H 7Q` K�Mv ?2HT7mH /Bb+mbbBQMbX

A r�Mi iQ i?�MF Kv +QHH2;2 �/pBbQ` S`Q7X >mB w?�BX >2 Bb i?2 }`bi QM2 iQ BMi`Q/m+2 K2
?Qr `2�H T?vbB+b `2b2�`+? Bb HBF2 �M/ ?Qr iQ +mHiBp�i2 i�bi2X 1p2M BM ;`�/m�i2 b+?QQH- ?2 biBHH
BMpBi2/ K2 #�+F iQ +QHH2;2 �M/ r2 ?�/ ;`2�i T?vbB+b /Bb+mbbBQMb i?2`2X A rQmH/ b�v hbBM;?m�
Bb �HbQ � ;`2�i TH�+2 7Q` T?vbB+Bbib- A �K [mBi2 ;`�i27mH A +�K2 7`QK i?2`2X

aT2�FBM; Q7 Kv +QHH2;2- i?2`2 �`2 Kv p2`v p�Hm�#H2 +QHH2;2 7`B2M/b A r�Mi iQ i?�MF, 6�M
62M;- uBM;72B :m- uB7�M CB�M;- CmM`m GB- "B�Q GB�M- *?2M;?mB um- �M/ KQ`2X q2 +�K2 7`QK
i?2 b�K2 TH�+2 �M/ �HH +�K2 iQ i?2 bi�i2b iQ Tm`bm2 Qm` /`2�Kb- r2 /QMǶi FMQr r?�i i?2
7mim`2 rBHH #2 HBF2X "mi i?2 7`B2M/b?BT �Hr�vb KQiBp�i2b K2 ;QBM; 7m`i?2` �M/ 7m`i?2`X

G�bi #mi MQi H2�bi- A r�Mi iQ i?�MF Kv T�`2Mib, Kv /�/ GB�M; 6m �M/ Kv KQK sBmvBM;
.mX S`Q#�#Hv i?2`2 Bb MQ M22/ iQ b�v i?�MF ?2`2- i?Bb i?2bBb Bb /2/B+�i2/ iQ i?2KX

tBp



1
AMi`Q/m+iBQM

RXR S`2HBKBM�`B2b �M/ KQiBp�iBQMb

h?2 [m�bBT�`iB+H2 B/2� Bb �M BKTQ`i�Mi +QM+2Ti 7`QK G�M/�mǶb 62`KB@HB[mB/ i?2Q`vX 1t+2Ti

7Q` 62`KB@HB[mB/- Bi �HbQ TH�vb �M BKTQ`i�Mi `QH2 BM mM/2`bi�M/BM; K�Mv Q7 +QM/2Mb2/ K�ii2`

bvbi2Kb BM+Hm/BM; "*a bmT2`+QM/m+iBpBiv- GmiiBM;2` HB[mB/- 7`�+iBQM�H [m�MimK ?�HH 2z2+i

2i+RX h?2 B/2� Bb i?�i BM � ivTB+�H [m�MimK K�Mv@#Q/v bvbi2K- Bi Bb ?�`/ iQ mM/2`bi�M/ i?2

r?QH2 bT2+i`mK Q7 i?2 i?2Q`v rBi? 2tTQM2MiB�H K�Mv /2;`22b Q7 7`22/QKX >Qr2p2`- bBM+2

KQbi Q7 i?2 iBK2 r2 �`2 BMi2`2bi2/ BM i?2 HQr 2M2`;v T?vbB+b- Bi rBHH #2 2MQm;? 7Q` mb iQ

+QM+2Mi`�i2 QM i?2 HQr@2M2`;v bm#@bT�+2 Q7 i?2 r?QH2 bT2+i`mK- r?BH2 i?2b2 bi�i2b ?�p2 �

T�`iB+H2@HBF2 /2b+`BTiBQM rBi? � `2H�iBp2Hv HQM; HB72iBK2X

h?2`2 �`2 b2p2`�H /2}MBiBQMb �#Qmi [m�bBT�`iB+H2 /2b+`BTiBQM- i?2 KQbi ;2M2`�H QM2 rBi?Qmi

i?2 M22/b 7Q` i`�MbH�iBQM bvKK2i`v �M/ r2HH@/2}M2/ KQK2MimK bT�+2 Bb i?�i- i?2 HQr@2M2`;v
R>2`2 i?2 [m�bBT�`iB+H2b r2 `272` �`2 MQi `2bi`B+i2/ iQ 72`KBQMB+- +QHH2+iBp2 KQ/2b �`2 �HbQ +QmMi2/ �b

[m�bT�`iB+H2bX

R



*?�Ti2` RX AMi`Q/m+iBQM

K�Mv@#Q/v bT2+i`mK +�M #2 r`Bii2M �b (Rk3),

E =
∑

α

δnαϵα +
∑

α,β

Fα,βδnαδnβ + · · · URXRV

r?2`2 ϵα Bb bBM;H2@T�`iB+H2 2M2`;v- Fα,β Bb +�HH2/ G�M/�m@T�`�K2i2`- �M/ δnα Bb i?2 +?�M;2

Q7 bBM;H2 T�`iB+H2 Q++mT�iBQM +QKT�`2/ iQ i?2 ;`QmM/ bi�i2- · · · /2MQi2b ?B;?2` Q`/2` BMi2`@

�+iBQM i2`KbX hQ i2bi r?2i?2` [m�bBT�`iB+H2 Bb HQM; HBp2/- QM2 +�M +QKTmi2 i?2 HB72iBK2 Q7

[m�bBT�`iB+H2bX 6Q` 2t�KTH2- BM i?2 +�b2 Q7 62`KB HB[mB/- [m�bBT�`iB+H2@[m�bBT�`iB+H2 b+�ii2`@

BM; 2p2Mi +�M ?�TT2MX �M/ QM2 +�M mb2 62`KBǶb ;QH/2M `mH2 iQ +QKTmi2 i?2 HB72iBK2X �i HQr

i2KT2`�im`2- � ivTB+�H +QKTmi�iBQM (jd) b?Qrb i?�i

1

τ
∼ EF

T 2
URXkV

bQ i?2 [m�bBT�`iB+H2 ?�b 2ti`2K2Hv HQM; HB72iBK2 �i HQr i2KT2`�im`2X LQiB+2 i?�i i?2 �#Qp2

+QKTmi�iBQM `2HB2b QM i?2 7�+i i?�i i?2 bT2+i`�H /2MbBiv M2�` 62`KB H2p2H Bb � +QMbi�MiX A7

i?2`2 Bb bQK2 bBM;mH�`Biv BM i?2 bT2+i`�H /2MbBiv- r2 rQmH/ ?�p2 � /Bz2`2Mi b+�HBM; #2?�pBQ`

�b r2 rBHH b22 H�i2` BM i?2 auE KQ/2HbX

h?2`2 rBHH #2 b2p2`�H T`2/B+iBQMb 7`QK i?Bb [m�bBT�`iB+H2 TB+im`2- 7Q` 2t�KTH2- i?2`2 rBHH

#2 � T 2 i2KT2`�im`2 /2T2M/2M+2 Q7 `2bBbiBpBiv �i HQr i2KT2`�im`2bX h?2 ?2�i +�T�+Biv rBHH

?�p2 � HBM2�` BM T i2KT2`�im`2 /2T2M/2M+2X h?2 [m�bBT�`iB+H2 TB+im`2 rBHH �HbQ T`2/B+i � B2

K�;M2iB+ }2H/ /2T2M/2M+2 Q7 K�;M2iQ`2bBbi�M+2X

>Qr2p2` i?2`2 �`2 �HbQ K�Mv 2tQiB+ T?2MQK2M� UMQM@62`KB HB[mB/ T`QT2`iB2bV +�MMQi #2

/2b+`B#2/ #v [m�bBT�`iB+H2 TB+im`2 BM bi`QM;Hv +Q``2H�i2/ K�i2`B�Hb- HBF2 +mT`�i2b- TMB+iB/2b

�M/ ?2�pv@72`KBQM K�i2`B�Hb (j3- Rd3- R39)X � ivTB+�H T?�b2 /B�;`�K Bb b?QrM BM 6B;m`2 RXRX

�M BMi2`2biBM; 72�im`2 BM i?2 bi`�M;2 K2i�H T?�b2 Bb �M �MQK�HQmb HBM2�` BM T `2bBbiBpBiv 7Q`

� rB/2 `�M;2 Q7 i2KT2`�im`2X �MQi?2` 72�im`2 Bb i?�i i?2 bT2+B}+ ?2�i b+�H2b �b T lnT �i HQr

i2KT2`�im`2bX

k



*?�Ti2` RX AMi`Q/m+iBQM

6B;m`2 RXR, 6B;m`2- �/�Ti2/ 7`QK _27 (3d)- � b+?2K�iB+ T?�b2 /B�;`�K Q7 ?QH2@/QT2/ +mT`�i2b-
�b � 7mM+iBQM Q7 ?QH2@/QTBM; p �M/ i2KT2`�im`2 T X >2`2 �6 Bb �MiB@72``QK�;M2iB+- S: Bb
Tb2m/Q;�T- .q Bb /2MbBiv r�p2- /a* Bb /@r�p2 bmT2`+QM/m+iQ`- aJ Bb bi`�M;2 K2i�H- T ∗

/2MQi2b i?2 i2KT2`�im`2 b+�H2 Q7 i?2 �TT2�`�M+2 Q7 i?2 �MiB@MQ/�H bT2+i`�H ;�T- Tc bi�M/b
7Q` i?2 bmT2`+QM/m+iBpBiv i`�MbBiBQM i2KT2`�im`2X

PM i?2 i?2Q`v bB/2- i?2 T?2MQK2MQHQ;B+�H ǴK�`;BM�H 62`KB HB[mB/Ǵ i?2Q`v (R3d) +�M BHHmb@

i`�i2 i?2b2 2tT2`BK2Mi�H b+�HBM;b rBi? i?2 �bbmKTiBQM Q7 +`BiB+�H #QbQMB+ /2;`22b Q7 7`22/QK

+QmTH2/ rBi? 72`KBQMbX >Qr2p2`- Bi Bb MQi +H2�` ?Qr iQ /2`Bp2 bm+? � #QbQMB+ bT2+i`mK 7`QK

� KB+`Qb+QTB+ KQ/2HX 6m`i?2`KQ`2- i?2 bi`�M;2 K2i�H #2?�pBQ` T2`bBbib iQ `2H�iBp2Hv ?B;?

i2KT2`�im`2- Bi Bb MQi +H2�` r?2i?2` QM2 M22/b iQ HB2 M2�` � [m�MimK +`BiB+�H TQBMi iQ BM+Hm/2

i?2 #QbQMB+ +`BiB+�H ~m+im�iBQMbX

PM i?2 Qi?2` ?�M/- i?2 a�+?/2p@u2@EBi�2p KQ/2Hb �`2 KB+`Qb+QTB+ KQ/2Hb i?�i +�M ?2HT

mM/2`bi�M/ i?2b2 2tT2`BK2Mi�H 72�im`2bX aQK2 2pB/2M+2 �`2,

Ç h?2 bT2+i`�H 7mM+iBQM Q7 auE KQ/2H BM/B+�i2b � MQM@62`KB HB[mB/ bi�i2 UrBHH #2 BHHmb@

i`�i2/ BM i?2 M2ti b2+iBQMVc

Ç h?2 `2+2Mi 2tT2`BK2Mi QM +?�`;2 bmb+2TiB#BHBiv (R9j) �;`22b rBi? i?2 7Q`K T`2/B+i2/ #v

j



*?�Ti2` RX AMi`Q/m+iBQM

auE KQ/2Hbc

Ç h?2 HBM2�`@T `2bBbiBpBiv �M/ T lnT bT2+B}+ ?2�i +�M #2 Q#i�BM2/ 7`QK auE KQ/2Hb

;2M2`�HBx2/ BM ?B;?2` /BK2MbBQMb (je- R8e- RdN)c

Ç Cmbi HBF2 BM i?2 +mT`�i2 T?�b2 /B�;`�K- i?2 auE KQ/2H �HbQ ?�b � T�B`BM; BMbi�#BHBiv

�i HQr i2KT2`�im`2 (R3)c

Ç h?2`2 �`2 `2+2Mi 2tT2`BK2Mib b?QrBM; � HBM2�`@BM@B �MQK�HQmb K2;M2iQ`2bBbi�M+2 (de-

Ne) r?B+? +�M �HbQ #2 Q#i�BM2/ BM � ;2M2`�HBx2/ auE KQ/2H (R8e)X

Ç h?2 /`QT BM i?2 >�HH +QM/m+iBpBiv (3) BM/B+�i2b � iQTQHQ;B+�H i`�MbBiBQM �M/ � iQTQHQ;B+�H

i`�MbBiBQM +�M �HbQ #2 `2�HBx2/ BM auE KQ/2Hb Uq2 rBHH /Bb+mbb Bi BM *?�Ti2` eVX

h?2b2 2pB/2M+2 bm;;2bi i?2 BKTQ`i�M+2 Q7 i?2 bim/v Q7 auE KQ/2H iQ ?2HT mM/2`bi�M/

Ǵbi`�M;2 K2i�HǴ T?�b2bX

�MQi?2` BMi2`2biBM; iQTB+ `2H�i2/ iQ auE KQ/2H Bb [m�MimK +?�QbX �M/ auE KQ/2H Bb

b?QrM iQ #2 K�tBK�HHv +?�QiB+X "27Q`2 /2}MBM; [m�MimK +?�Qb- H2iǶb +QMbB/2` i?2 +H�bbB+�H

b2i mTX *H�bbB+�HHv- � +?�QiB+ bvbi2K Bb +?�`�+i2`Bx2/ #v i?2 7�+i i?�i bK�HH +?�M;2 BM i?2

BMBiB�H +QM/BiBQM rBHH `2bmHi BM � H�`;2 /2pB�iBQM BM i?2 7mim`2,

δx(t)

δx(0)
∼ eλLt URXjV

r?2`2 λL Bb +�HH2/ i?2 +H�bbB+�H Gv�TmMQp 2tTQM2MiX AM +H�bbB+�H K2+?�MB+b- i?2 p�`B�iBQM

`�iBQ δx(t)
δx(0) +�M #2 `2T`2b2Mi2/ #v i?2 SQBbbQM #`�+F2i,

{x(t), p(0)}SX"X URX9V

h?2 [m�MimK �M�HQ; Bb Dmbi iQ `2TH�+2 i?2 SQBbbQM #`�+F2i #v i?2 [m�MimK +QKKmi�iQ` UQ`

�MiB@+QKKmi�iQ`V �M/ 2p�Hm�i2 Bib bBx2 BM � i?2`K�H 2Mb2K#H2X JQ`2 ;2M2`�HHv- QM2 +�M mb2

�Mv QT2`�iQ` BMbi2�/ Q7 bBKTHv x Q` pX h?2M i?2 [m�MimK +?�Qb Bb /2}M2/ #v i?2 ;`Qri? Q7

9



*?�Ti2` RX AMi`Q/m+iBQM

i?2 +QKKmi�iQ` b[m�`2,

C(t) := ⟨| [W (t), V (0)] |2⟩β URX8V

r?2`2 W (t) �M/ V (0) �`2 ;2M2`B+ QT2`�iQ`b BM i?2 >2Bb2M#2`; TB+im`2X h?2 bm#b+`BTi β K2�Mb

Bi Bb K2�bm`BM; i?2 i?2`K�H 2tT2+i�iBQMX q2 +�M 7m`i?2` 2tT�M/ i?2 �#Qp2 2tT`2bbBQM,

⟨[W (t), V (0)]† [W (t), V (0)]⟩β = ⟨V (0)†W (t)†W (t)V (0)⟩β + ⟨W (t)†V (0)†V (0)W (t)⟩β

− ⟨V (0)†W (t)†V (0)W (t)⟩β − ⟨W (t)†V (0)†W (t)V (0)⟩β URXeV

h?2 }`bi irQ i2`Kb �`2 +�HH2/ iBK2 Q`/2`2/ +Q``2H�iQ`b UhP*V r?BH2 i?2 H�bi irQ i2`Kb �`2

+�HH2/ Qmi Q7 iBK2 Q`/2`2/ +Q``2H�iQ`b UPhP*VX hP* rBHH [mB+FHv b�im`�i2 iQ i?2 T`Q/m+i Q7

irQ@TQBMi 7mM+iBQMb �7i2` � Ǵ+QHHBbBQM iBK2Ǵ- �M/ i?2`2 rBHH #2 2tTQM2MiB�H BM+`2�b2 #2?�pBQ` Q7

C(t) 7`QK i?Bb iBK2 iQ i?2 Ǵb+`�K#HBM; iBK2Ǵ r?2M C(t) #2+QK2b bB;MB}+�MiX h?2 2tTQM2Mi

rBHH #2 +�HH2/ i?2 [m�MimK Gv�TmMQp 2tTQM2MiX h?Bb b?�`T BM+`2�b2 BM C(t) +�M �HbQ #2

mM/2`biQQ/ 7`QK i?2 b?�`T /2+`2�b2 BM i?2 PhP*X �M/ BM HBi2`�im`2- T2QTH2 mbm�HHv +QKTmi2

PhP* BM � +?�QiB+ bvbi2K- mM/2` bQK2 `2MQ`K�HBx�iBQM- Bi rBHH ?�p2 i?2 7Q`K,

f(t) = 1− 1

N
eλLt URXdV

rBi? λL i?2 [m�MimK Gv�TmMQp 2tTQM2MiX h?2`2 Bb � T`QQ7 i?�i i?2`2 Bb � #QmM/ QM [m�MimK

+?�Qb λL ! 2π
β (Rje)- �M/ i?2 #QmM/ Bb b�im`�i2/ BM i?2 1BMbi2BM ;`�pBiv i?2Q`v (Rdd)X PM i?2

Qi?2` ?�M/- i?2 auE KQ/2H �HbQ b�im`�i2b i?2 #QmM/ �i HQr i2KT2`�im`2- r?2`2 i?2 KQ/2H

2t?B#Bi M2�` +QM7Q`K�H bvKK2i`v (RRe- Rj8)X h?Bb BM/B+�i2b i?�i auE Bb � bBKTH2 KQ/2H

i?�i Bb ?QHQ;`�T?B+X �M/ Bi Bb �`;m2/ iQ /m�H iQ �M 1BMbi2BM@/BH�iBQM ;`�pBiv i?2Q`v BM �M

�TT`QtBK�i2 �/a2 ;2QK2i`v (Rjd)X h?mb i?2 bim/v Q7 auE KQ/2Hb �HbQ KQiBp�i2b 7`QK i?2

mM/2`bi�M/BM; Q7 2d [m�MimK ;`�pBivX

h?2 PhP* ?�b �HbQ #22M bim/B2/ BM Qi?2` +QM/2Mb2/ K�ii2` bvbi2Kb (j8- R89- R88)X �M/

8



*?�Ti2` RX AMi`Q/m+iBQM

i?2 BMp2`b2 Q7 i?2 Gv�TmMQp 2tTQM2Mi ;Bp2b � iBK2 b+�H2 +�HH2/ Gv�TmMQp iBK2 τL = 1
λL

X

h?2 mTT2` #QmM/ QM λL ;Bp2b � HQr2` #QmM/ QM τL " 1
2πT X h?2`2 Bb � bBKBH�` iBK2 b+�H2

BM i`�/BiBQM�H +QM/2Mb2/ K�ii2` HBi2`�im`2 +�HH2/ /2T?�bBM; iBK2 (Rdy)X Ai Bb `2H�i2/ iQ i?2

b+�ii2`BM; `�i2 Q7 [m�bBT�`iB+H2bkX �M/ i?Bb iBK2 Bb 7QmM/ iQ #2 bBKBH�` BM K�Mv K�i2`B�Hb

(k9)X q?2i?2` i?2 /2T?�bBM; iBK2 �M/ Gv�TmMQp iBK2 �`2 `2H�i2/ Bb biBHH �M QT2M [m2biBQMX

RXk auE RyR

AM i?Bb b2+iBQM- r2 rBHH ;Bp2 � ;2M2`�H BMi`Q/m+iBQM iQ auE KQ/2HbX 6B`bi- H2iǶb HQQF �i bQK2

Q7 Bib BMi2`2biBM; 72�im`2b,

RX aQHp�#H2 BM H�`;2 N - r?B+? /2b+`B#2b � MQM@62`KB HB[mB/ bi�i2c

kX 6BMBi2 x2`Q i2KT2`�im`2 2Mi`QTvc

jX 1K2`;2Mi +QM7Q`K�H bvKK2i`v �i bi`QM; +QmTHBM;c

9X J�tBK�HHv +?�QiB+, i?2 Gv�TmMQp 2tTQM2Mi 2ti`�+i2/ 7`QK Qmi@Q7@iBK2@Q`/2`2/ +Q`@

`2H�iBQM 7mM+iBQM BM i?Bb KQ/2H b�im`�i2b i?2 #QmM/ Q7 +?�Qb λL = 2π
β U�i bi`QM;

+QmTHBM;VX

q2 rBHH +QKK2Mi QM i?2b2 72�im`2b H�i2` BM i?2 b2+iBQMX "27Q`2 /QBM; i?�i- H2iǶb }`bi

BMi`Q/m+2 i?2 KQ/2H,

H =
1

4!

N∑

j,k,l,m=1

Jjklmχjχkχlχm URX3V

r?2`2 {χj} �`2 J�DQ`�M� 72`KBQM QT2`�iQ`b b�iBb7vBM; +QKKmi�iBQM `2H�iBQM, {χj,χk} = δjkX

N Bb i?2 MmK#2` Q7 bBi2bX {Jjklm} �`2 BM/2T2M/2Mi `�M/QK +QmTHBM;b b�iBb7vBM; i?2 bi�iBbiB+b,

Jjklm = 0,
1

3!
N3J2

jklm = J2 URXNV

i?2 /BK2MbBQMH2bb +QmTHBM; BM i?Bb KQ/2H Bb λ = βJ X
k>Qr2p2`- i?2`2 Bb MQ mMB[m2 /2}MBiBQM Q7 /2T?�bBM; iBK2X

e



*?�Ti2` RX AMi`Q/m+iBQM

h?2 KQ/2H +�M #2 mM/2`biQQ/ BM i?Bb r�v, r2 +�M `2r`Bi2 i?2 >�KBHiQMB�M �b

H =
∑

j

χiOj URXRyV

r?2`2 Oj = 1
4!

∑N
k,l,m=1 Jjklmχkχlχm Bb i?2 ?2�i@#�i? }2H/ 7Q` 72`KBQM χjX AM i?2 H�`;2 N

HBKBi- i?2 ?2�i #�i? }2H/ Oj Bb � bmK Q7 K�Mv K�i`B+2b rBi? `�M/QK +Q2{+B2Mib- i?2`27Q`2

BM/BpB/m�HHv #2?�p2b HBF2 � :�mbbB�M `�M/QK p�`B�#H2X

q2 +�M 2biBK�i2 i?2 bi`2M;i? Q7 i?Bb ?2�i #�i? #v �p2`�;BM; O2
j ,

O2
j ∼ N3J2|χ2|3 ∼ J2 URXRRV

i?2`27Q`2 i?2 T?vbB+�H K2�MBM; Q7 +QmTHBM; +QMbi�Mi J Bb i?2 K2�bm`2b Q7 i?2 bi`2M;i? Q7 i?2

?2�i #�i?X

h?2 KQ/2H +�M #2 ;2M2`�HBx2/ iQ � q−#Q/v BMi2`�+iBQM >�KBHiQMB�M (q ≪ N)

Hq =
1

q!

N∑

j1,...,jq

Jj1j2...jqχj1χj2 . . .χjq URXRkV

�M/ `2[mB`2 i?2 `�M/QK +QmTHBM;b {Jj1j2...jq} ?�p2 bmBi�#H2 b+�HBM; rX`XiX N ,

Jj1j2...jq = 0,
1

(q − 1)!
N q−1J2

j1j2...jq = J2 URXRjV

QM2 +�M 7m`i?2` /2}M2 � q−/2T2M/2Mi +QmTHBM; +QMbi�Mi J 2

q = J2

2q−1 X q2 `2/2}M2 J i?Bb r�v

bm+? i?�i r2 rBHH ?�p2 � r2HH@/2}M2/ T2`im`#�iBp2 H�`;2 q HBKBiX

h?Bb KQ/2H Bb bQHp�#H2 BM i?2 H�`;2 N HBKBiX q2 rBHH }`bi +QKTmi2 i?2 irQ@TQBMi 7mM+iBQM

BM i?Bb HBKBi mbBM; /B�;`�KK�iB+ bmKK�iBQMX h?2 irQ@TQBMi 7mM+iBQM Bb /2}M2/ �b

G(τ1, τ2) = ⟨Tτχj(τ1)χj(τ2)⟩ URXR9V

d



*?�Ti2` RX AMi`Q/m+iBQM

h?2 7`22 T`QT�;�iQ` Bb ;Bp2M #v

G0(τ1, τ2) =
1

2
sgn(τ1 − τ2), G0(iωn) = − 1

iωn
URXR8V

aBM+2 i?2 BMi2`�+iBQM Jjklm �`2 bi�iBbiB+�HHv BM/2T2M/2Mi `�M/QK p�`B�#H2b- QMHv T`QT�;�iQ`b

+QMM2+iBM; b�K2 bBi2b rBHH bm`pBp2 mM/2` �p2`�;2X S?vbB+�HHv- i?Bb Bb #2+�mb2 /Bz2`2Mi ?2�i

#�i? }2H/b �`2 BM/2T2M/2MiX q2 +�M bi�`i 7`QK r2�F +QmTHBM; HBKBi �M/ +QMbB/2` i?2 /B�;`�Kb

Q`/2` #v Q`/2`,

∼ N3J2 ∼ 1

∼ N6J2 ∼ 1

∼ N4J2 ∼ 1/N2 URXReV

r?2`2 r2 mb2 bQHB/ HBM2b iQ `2T`2b2Mi i?2 7`22 T`QT�;�iQ` �M/ /�b?2/ HBM2 iQ `2T`2b2Mi i?2

T�B`BM; Q7 `�M/QK +QmTHBM;bX U_2K2K#2` i?�i /�b?2/ HBM2 +QMM2+ib irQ p2`iB+2b rBi? i?2

b�K2 b2i Q7 BM/B+2bXV h?2M QM2 +�M +QmMi i?2 MmK#2` Q7 i2`Kb i?�i +QMi`B#mi2 iQ 2�+?

/B�;`�K rBi? }t2/ 2ti2`M�H H2;bX q2 b?Qr i?2 `2bmHib Q7 i?2 /B�;`�Kb �#Qp2X

�b r2 +�M b22 7`QK i?2 �#Qp2 /B�;`�Kb- QMHv `�BM#Qr Ur�i2`K2HQMV /B�;`�Kb bm`pBp2 BM

i?2 H�`;2 N HBKBi- i?Bb `2bmHib BM i?2 a+?rBM;2`@.vbQM 2[m�iBQM,

= + URXRdV

= URXR3V

r?2`2 i?B+F HBM2b `2T`2b2Mi i?2 /`2bb2/ ;`22M 7mM+iBQM G(τ1, τ2)- i?BM HBM2b `2T`2b2Mib i?2

3



*?�Ti2` RX AMi`Q/m+iBQM

7`22 ;`22M 7mM+iBQM G0(τ1, τ2) �M/ ;`�v /BbF `2T`2b2Mib i?2 b2H7 2M2`;v Σ(τ1, τ2)X AM i2`Kb Q7

7mM+iBQMb- i?2 a. 2[m�iBQMb `2�/

G(iωn)
−1 = −iωn − Σ(iωn) URXRNV

Σ(τ) = J2G(τ)3 URXkyV

h?Bb +�M #2 ;2M2`�HBx2/ iQ i?2 q@#Q/v BMi2`�+iBQM +�b2,

G(iωn)
−1 = −iωn − Σ(iωn) URXkRV

Σ(τ) = J2G(τ)q−1 URXkkV

h?2 �#Qp2 a+?rBM;2`@.vbQM �`2 2t�+i BM i?2 H�`;2 N HBKBi- r?B+? 2t?B#Bib i?2 bQHp�#BHBiv Q7

i?2 KQ/2HX PM2 +�M MmK2`B+�HHv Bi2`�i2 i?2b2 irQ 2[m�iBQMb BM 7`2[m2M+v �M/ iBK2 /QK�BM

mbBM; 6Qm`B2` i`�Mb7Q`KX PM i?2 Qi?2` ?�M/- �i HQr i2KT2`�im`2 HBKBi βJ ≫ 1- r2 +�M /`QT

i?2 iωn i2`K �M/ �bbmK2 � HQr@HvBM; b+�HBM; 7Q`K G(τ) ∼ 1
τ2∆ X "v bBKTHv TQr2` K�i+?BM;-

r2 }M/ i?�i

∆ =
1

q
URXkjV

h?Bb K2�Mb i?�i i?2 bT2+i`�H /2MbBiv ρ(ω) ∼ ω
2
q−1X aQ i?2`2 Bb � bBM;mH�`Biv BM i?2 bT2+i`�H

/2MbBiv M2�` x2`Q 2M2`;v 7Q` q " 4X

LQr r2 r�Mi iQ +QKT�`2 i?2 q = 2 �M/ q = 4 +�b2b iQ BHHmbi`�i2 i?2 MQM@62`KB HB[mB/

M�im`2 Q7 i?2 auE KQ/2HX �+im�HHv i?2 q = 2 KQ/2H- r?B+? +�M #2 pB2r2/ �b `�M/QK ?QTTBM;

KQ/2H- Bb r2HH bim/B2/ BM i?2 `�M/QK K�i`Bt i?2Q`vX h?2 a+?rBM;2`@.vbQM 2[m�iBQM +�M #2

bQHp2/ 2t�+iHv �M/ i?2 bT2+i`�H /2MbBiv Bb i?2 7�KQmb b2KB+B`+H2 HQr,

ρ(ω) =

√
4J2 − ω2

2J2
, |ω| ! 2J URXk9V

N



*?�Ti2` RX AMi`Q/m+iBQM

q2 b22 i?�i �i bK�HH ω- ρ(ω) = ρ0 = 1
J rBHH #2 � +QMbi�MiX A7 r2 BM+Hm/2 bQK2 r2�F

BMi2`�+iBQM- i?2M [m�bBT�`iB+H2 +�M b+�ii2` rBi? 2�+? Qi?2`X h?2 bi�M/�`/ b+�ii2`BM; `�i2

+QKTmi�iBQM mbBM; 62`KBǶb :QH/2M `mH2 b?Qrb i?�i,

Γ ∝ ρ20T
2 URXk8V

h?Bb K2�Mb i?�i i?2 [m�bBT�`iB+H2 HB72iBK2 Bb [mBi2 HQM;- r?B+? Bb i?2 ivTB+�H 62`KB@HB[mB/

#2?�pBQ` �Hi?Qm;? r2 /QMǶi ?�p2 � 62`KB bm`7�+2X PM i?2 Qi?2` ?�M/- B7 r2 /Q i?2 b�K2

+QKTmi�iBQM 7Q` i?2 q = 4 auE +�b2- rBi? i?2 /Bp2`;2Mi bT2+i`�H /2MbBiv ρ(ω) ∼ 1√
ω - r2 }M/

i?�i,

Γ ∝ T URXkeV

rBi? � `2H�iBp2Hv b?Q`i HB72iBK2X h?Bb DmbiB}2b i?2 MQM@62`KB HB[mB/ M�im`2 Q7 auE KQ/2HbX

�MQi?2` r�v iQ DmbiB7v i?Bb Bb iQ +?2+F 1[X URXRV BM i?2 K�Mv@#Q/v bT2+i`mKX >2`2 r2

b?Qr �M 2t�+i /B�;QM�HBx�iBQM `2bmHi BM 6B;m`2X RXkX � pBbB#H2 /Bz2`2M+2 Bb i?�i i?2 bT2+i`mK

Bb Km+? bT�`b2` �i i?2 irQ 2M/b BM i?2 `�M/QK ?QTTBM; KQ/2HX h?2 `2�bQM Bb i?�i i?2 H2p2H

bT�+BM; BM i?2 HQr@2M2`;v bm#bT�+2 Q7 i?2 `�M/QK ?QTTBM; KQ/2H Bb T`QTQ`iBQM�H iQ 1
N - r?B+?

Bb i?2 b�K2 �b i?2 H2p2H bT�+BM; BM i?2 bBM;H2 T�`iB+H2 2M2`;v ϵαX aQ i?2 HQr@2M2`;v K�Mv@#Q/v

bT2+i`mK +�M #2 /2b+`B#2/ #v 1[X URXRV rBi? QMHv � 72r MQM@x2`Q δnαX >Qr2p2`- i?Bb TB+im`2

/Q2b MQi �TTHv iQ i?2 q = 4 auE KQ/2HX h?2`2 �`2 i?2Q`2iB+�H bim/B2b (d9) b?QrBM; i?�i BM

i?2 N → ∞ �M/ i?2M T → 0 HBKBi- i?2`2 Bb �M 2ti2MbBp2 x2`Q i2KT2`�im`2 2Mi`QTv /2MbBiv

s0 ≈ 0.464848X h?Bb /Q2b MQi K2�M i?�i r2 ?�p2 � ;`QmM/ bi�i2 /2;2M2`�+v #mi K2�Mb i?�i

i?2 H2p2H bT�+BM; BM i?2 HQr@2M2`;v bm#bT�+2 Bb �HbQ 2tTQM2MiB�H bK�HH δE ∝ e−s0N U/2Mb2`

bT2+i`mK �i i?2 2M/ b?QrM BM i?2 `B;?i };m`2 Q7 6B;m`2X RXkVX h?Bb K2�Mb i?�i i?2`2 �`2

2tTQM2MiB�H K�Mv HQr@2M2`;v bi�i2bX A7 r2 ?�p2 � [m�bBT�`iB+H2 /2b+`BTiBQM- i?2 K�Mv@#Q/v

bT2+i`mK Bb /2b+`B#2/ #v 1[X URXRVX h?2 HQr@2M2`;v bT2+i`mK Bb /2b+`B#2/ #v +?�M;2b BM

� 72r nαX h?Bb rBHH BM/B+�i2 i?�i r2 +�M mb2 TQHvMQKB�H BM N T�`�K2i2`b Uϵα, Fα,β, . . .V iQ

/2b+`B#2 2tTQM2MiB�H BM N bi�i2bX h?Bb +QMi`�/B+iBQM BM/B+�i2b i?�i i?2 auE KQ/2H /Q2b MQi

Ry
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?�p2 � [m�bBT�`iB+H2 TB+im`2X

6B;m`2 RXk, aT2+i`mK Q#i�BM2/ 7`QK N = 12 2t�+i /B�;QM�HBx�iBQM 7Q` q = 2 `�M/QK ?QTTBM;
KQ/2H UH27iV �M/ q = 4 auE KQ/2H U`B;?iVX

LQr H2i mb brBi+? iQ i?2 2K2`;2Mi +QM7Q`K�H bvKK2i`v �i bi`QM; +QmTHBM;X �i bi`QM;

+QmTHBM; βJ ≫ 1- r2 +�M /`QT i?2 iωn i2`K BM i?2 a+?rBM;2`@.vbQM 2[m�iBQMb URXkkVX h?2M

#v THm;;BM; i?2 i`�Mb7Q`K�iBQM,

τ → f(τ), G(τ1, τ2) → Gf (τ1, τ2) = (f ′(τ1)f
′(τ2))

∆ G(f(τ1), f(τ2)) URXkdV

rBi? ∆ = 1
q BM 1[X URXkkV- r2 }M/ i?�i Gf biBHH b�iBb}2b i?2 b�K2 2[m�iBQMbX aQ i?Bb Bb �

bvKK2i`v Q7 i?2 i?2Q`vX q2 +�M i`2�i i?Bb iωn i2`K �b i?2 2tTHB+Bi bvKK2i`v #`2�FBM; i2`K

HBF2 � bK�HH K�;M2iB+ }2H/ BM i?2 72``QK�;M2iB+ KQ/2H i?�i rBHH ?2HT TBM /QrM i?2 `2�H ;`QmM/

bi�i2X h?2 b�//H2 TQBMi 7QmM/ #v MmK2`B+b �+im�HHv ;Bp2b i?2 b+�HBM; 7Q`K, G(τ) ∼ 1
|τ |2∆ X

h?Bb bQHmiBQM /Q2b MQi ?�p2 � 7mHH +QM7Q`K�H bvKK2i`v #mi � bK�HH2` SaG2(R) bvKK2i`vj,

f(τ) =
aτ + b

cτ + d
,

⎛

⎜⎝
a b

c d

⎞

⎟⎠ ∈ SaG2(R) URXk3V

h?Bb Bb HBF2 � bTQMi�M2Qmb bvKK2i`v #`2�FBM; TB+im`2- �M/ i?2`2 rBHH #2 BM}MBi2 K�Mv :QH/@

biQM2 KQ/2 /2MQi2/ #v i?2 +Qb2i .Bz(S1)/SaG2(R)X qBi? i?2 BM+HmbBQM Q7 i?2 2tTHB+Bi
jr?B+? Bb �HbQ i?2 BbQK2i`v Q7 �/a2

RR
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bvKK2i`v #`2�FBM; i2`K iωn- i?2b2 KQ/2b rBHH #2 HB7i2/ 7`QK x2`Q KQ/2b iQ bQ7i KQ/2bX h?2

KQ/2H Bb +�HH2/ � M2�`Hv +QM7Q`K�H [m�MimK K2+?�MB+b UL*6h1V �M/ Bb 2tT2+i2/ iT /m�H iQ

� M2�`Hv �/a2 ;`�pBiv (Rj8- Rjd)X

h?2 T`Q+2/m`2 iQ ;2i iQ i?2 K�tBK�H +?�Qb Bb � #Bi bQT?BbiB+�i2/ (RRe- RRN- Rj8) Ur2 rBHH

b?Qr �M 2tTHB+Bi +QKTmi�iBQM BM *?�Ti2` 8VX h?2 #�bB+ B/2� Bb iQ mb2 i?2 `2T`2b2Mi�iBQM Q7

SaG2(R) iQ /B�;MQb2 i?2 7Qm`@TQBMi 7mM+iBQM- r?B+? Bb 7QmM/ iQ #2 � b2`B2b Q7 H�//2`b i?�i

+�M #2 2t�+iHv bmKK2/ Qp2` BM i?2 H�`;2 N HBKBiX h?2M QM2 }M/b i?�i i?2 bQ7i KQ/2b r2

K2MiBQM2/ �#Qp2 rBHH ;2M2`�i2 i?Bb K�tBK�H Gv�TmMQp 2tTQM2MiX �+im�HHv- Bi Bb MQi i?�i

bm`T`BbBM; i?�i r2 ;2i i?2 K�tBK�H +?�Qb bBM+2 i?2 KQ/2H Bb ?QHQ;`�T?B+- �M/ BM/22/ i?2

b�K2 #2?�pBQm` +�M �HbQ #2 Q#i�BM2/ BM i?2 ;`�pBiv i?2Q`v (Rjd)X

RXj JQ`2 �#Qmi auE

AM i?Bb b2+iBQM- r2 rBHH i�HF �#Qmi bQK2 +QM+2`Mb �#Qmi i?2 auE KQ/2HX �M/ rBHH �HbQ HBbi

/Bz2`2Mi �bT2+ib Q7 i?2 KQ/2H i?�i T2QTH2 �`2 bim/vBM; BM i?2 }2H/X

h?2`2 �`2 +QKKQM +QM+2`Mb �#Qmi i?2 bim/v Q7 auE KQ/2Hb, i?2 }`bi QM2 Bb r?2i?2` i?2b2

KQ/2Hb �`2 2tT2`BK2Mi�H `2�HBx�#H2 Q` i?2b2 �`2 Dmbi iQv KQ/2Hb TH�v2/ rBi? #v i?2Q`Bbibc i?2

Qi?2` QM2 Bb i?�i i?2 KQ/2H Bb /2}M2/ BM i?2 H�`;2 N HBKBi- #mi i?2 `2�H K�i2`B�H Bb mbm�HHv

/2b+`B#2/ #v }MBi2 N i?2Q`B2bX hQ i?2 }`bi Bbbm2- i?2`2 �`2 b2p2`�H 2tT2`BK2Mi�H T`QTQb�Hb

7Q` auE KQ/2Hb (jR- j9- 9j- Rk8- R8N) BM �iQK@KQH2+mH2 bvbi2Kb- 6m@E�M2 bmT2`+QM/m+iQ`-

/BbQ`/2`2/ [m�MimK /Qib- Q` ;`�T?2M2 ~�F2X �M/ BM _27X (Rjj)- i?2 auE KQ/2H Bb 2tT2`B@

K2Mi�HHv BMp2biB;�i2/ mbBM; � 7Qm`@[m#Bi LJ_ bBKmH�iQ`X hQ i?2 b2+QM/ +QM+2`M- i?2`2 Bb �

`2+2Mi rQ`F (RNR) +QMbB/2`BM; � +QMp2MiBQM�H H�iiB+2 KQ/2HX "v K�TTBM; i?2 b+�H2 N iQ i?2

`�M;2 Q7 i?2 BMi2`�+iBQM- i?2 H�iiB+2 KQ/2H +�M #2 pB2r2/ �b � `�M/QKM2bb@7`22 `�MF−3 i2MbQ`

KQ/2H (Rky)- r?B+? ?�b i?2 b�K2 T?vbB+b �b i?2 MQ`K�H /BbQ`/2`2/ auE KQ/2HX h?2 rQ`F

?�b T`2b2Mi2/ � }MBi2 N 1. bBKmH�iBQM �M/ i?2 `2bmHi Bb [m�HBi�iBp2Hv +QMbBbi2Mi rBi? i?2

H�`;2 N T`QT2`iB2b, i?2`2 Bb biBHH � HBM2�`−T `2bBbiBpBiv �M/ ?�b �M BMbi�#BHBiv iQr�`/b T�B`BM;

bi�i2X aQ Bi Bb TQbbB#H2 i?�i i?2 H�`;2 N T`QT2`iB2b Q7 i?2 auE KQ/2H �`2 biBHH �TTHB+�#H2 iQ

Rk



*?�Ti2` RX AMi`Q/m+iBQM

`2�HBbiB+ KQ/2HbX

LQr H2iǶb BMi`Q/m+2 /Bz2`2Mi �bT2+ib Q7 i?2 bim/v Q7 auE KQ/2HbX h?2 #�bB+ 7Q`K�HBbK

Bb BMi`Q/m+2/ BM _27X (Ry3- RRe- RRN- Rj8- Rek)X aBM+2 i?2 KQ/2H +�M #2 pB2r2/ �b � H�iiB+2

bTBM KQ/2H #v i?2 CQ`/�M@qB;M2` i`�Mb7Q`K�iBQM- 2t�+i /B�;QM�HBx�iBQM U1.V bim/B2b rBHH

#2 bi`�B;?i7Q`r�`/ iQ �TTHvX AM *?�Ti2` k- r2 /Bb+mbb bQK2 MmK2`B+b 7`QK 1.X h?2`2 Bb �HbQ

MmK2`B+b QM /Bb+mbbBQMb Q7 1h> BM auEb (33- R3y)X �MQi?2` [m�MiBiv T2QTH2 �`2 BMi2`2bi2/ BM

�M/ +�M #2 +QKTmi2/ #v 1. Bb i?2 bT2+i`�H 7Q`K 7�+iQ` (jN- ee- d8- Ry9- R8y) �M/ +�M #2 mb2/

iQ /Bb+mbb Bib `2H�iBQM iQ i?2 `�M/QK K�i`Bt i?2Q`vX �M�HviB+�H bT2+i`�H /2MbBiv Bb Q#i�BM2/

BM _27X (ee- ed- eN)X q?2M r2 +QMbB/2` ;2M2`�HBx�iBQMb iQ auE KQ/2Hb- � M�im`�H r�v Bb

iQ �// bvKK2i`B2b Q` ;2M2`�HBx2 iQ ?B;?2` /BK2MbBQMbX AM *?�Ti2` j- r2 ?�p2 +QMbB/2`2/

+QKTH2t auE KQ/2Hb rBi? U(1) bvKK2i`v- KQ`2 2t�KTH2b �#Qmi �//BM; auE KQ/2Hb rBi?

bvKK2i`B2b �`2 /Bb+mbb2/ BM _27X (d3- RN8)X q2 +�M �HbQ ;2M2`�HBx2 i?2 KQ/2H iQ ?B;?2`

/BK2MbBQMb- i?2b2 BM+Hm/2 H�iiB+2 ;2M2`�HBx�iBQMb �M/ }2H/ i?2Q`v ;2M2`�HBx�iBQMbX AM *?�Ti2`

j- r2 +QMbB/2` � H�iiB+2 ;2M2`�HBx�iBQM Q7 +QKTH2t auE KQ/2HbX Pi?2` H�iiB+2 ;2M2`�HBx�iBQMb

�`2 /Bb+mbb2/ BM _27X (Rj- R8- kd- je- 9k- 3R- 3j- 38- RyNĜRRR- RR9- R8e- RdN- RN3- RNN)X 6B2H/

i?2Q`v ;2M2`�HBx�iBQMb �`2 /Bb+mbb2/ BM _27X (Re- R3e)X h?2 /vM�KB+�H T`QT2`iB2b Q7 i?2

KQ/2H �`2 2tTHQ`2/ BM _27X (88- 3k- Ry8- Rkk- RNk)X 1Mi�M;H2K2Mi bi`m+im`2b �`2 /Bb+mbb2/

BM _27X (3k- NN- Ry8- RkN- RNk)X AM *?�Ti2` 8- r2 /Bb+mbb i?2 +?�QiB+ T`QT2`iB2b- �M/ i?2`2

�`2 Qi?2` T�T2`b i�HFBM; �#Qmi +?�Qb rBi? /Bz2`2Mi b2i mT (Ry- Rd- jk- jj- e3)X AM *?�Ti2`

e- r2 +QMbB/2` T?�b2 i`�MbBiBQMb BM auE KQ/2Hb- r?BH2 Qi?2` rQ`Fb /Bb+mbb i?2 i`�MbBiBQM Q`

+`QbbQp2` iQ MQ`K�H 62`KB HB[mB/- K�Mv@#Q/v HQ+�HBx�iBQM bi�i2- T�B`BM; bi�i2- JQii BMbmH�iQ`

2i+ (Rj- R3- je- 9k- e8- 39- RyNĜRRR- R8e- RdN)X AM *?�Ti2` 9- r2 /Bb+mbb � bmT2`bvKK2i`B+

;2M2`�HBx�iBQM Q7 auE KQ/2H- �M/ K�Mv �bT2+ib r2 K2MiBQM2/ �#Qp2 �`2 �HbQ 2tTHQ`2/ BM

i?2 alau KQ/2H (ke- dy- dy- Ry9- R98- R98- R9d- R9N- R8d- RN9)X

AM i?2 ?B;? 2M2`;v i?2Q`v +QKKmMBiv- i?2`2 �`2 i?2Q`2iB+�H bim/B2b QM i?2 a+?r�`xB�M

i?2Q`v (Rk9- R9R- R9k- Re9- R3j)X h?2`2 �`2 �HbQ i2MbQ` KQ/2Hb T`QTQb2/- r?B+? /Q MQi ?�p2

/BbQ`/2` #mi b?�`2 bBKBH�` T`QT2`iB2b �b auE KQ/2Hb (Rky- RNy)- T`QT2`iB2b Q7 i?2b2 i2MbQ`

Rj



*?�Ti2` RX AMi`Q/m+iBQM

KQ/2Hb �M/ +QKT�`BbQM rBi? auE KQ/2Hb +�M #2 7QmM/ BM _27X (9N) �M/ i?2 `272`2M+2b rBi?BMX

h?2`2 �`2 �HbQ K�Mv /Bb+mbbBQMb QM i?2 TQbbB#H2 /m�H ;`�pBiv i?2Q`v (99- Rye- Rjd- RjN- R93)

h?2 auE KQ/2H �HbQ /`�rb BMi2`2bib 7`QK K�i?2K�iB+B�Mb bBM+2 i?2 KQ/2H Bb �H;2#`�B+�HHv

r2HH@/2}M2/- i?2`2 �`2 K�i?2K�iB+�H T�T2`b /Bb+mbbBM; i?2 bT2+i`mK Q7 i?2 KQ/2H (ek)X

RX9 P`;�MBx�iBQM Q7 i?2 i?2bBb

AM i?2 7QHHQrBM;- r2 rBHH /Bb+mbb bQK2 T`QT2`iB2b Q7 i?2 auE KQ/2Hb K2MiBQM2/ BM i?2 T`2pBQmb

b2+iBQMb �M/ bQK2 ;2M2`�HBx�iBQMbX h?2 K�BM `2bmHib �`2 bmKK�`Bx2/ #2HQrX

AM *?�Ti2` k- r2 T`2b2Mi MmK2`B+�H bim/B2b Q7 i?2 auE KQ/2HbX h?2 ?B;? i2KT2`�im`2

2tT�MbBQM �M/ 2t�+i /B�;QM�HBx�iBQM Q7 i?2 N @bBi2 72`KBQM KQ/2H �`2 mb2/ iQ +QKTmi2 i?2

2Mi`QTv /2MbBiv, Qm` `2bmHib �`2 +QMbBbi2Mi rBi? i?2 MmK2`B+�H bQHmiBQM Q7 N = ∞ b�//H2

TQBMi 2[m�iBQMb- �M/ i?2 T`2b2M+2 Q7 � MQM@x2`Q 2Mi`QTv /2MbBiv BM i?2 HBKBi Q7 p�MBb?BM;

i2KT2`�im`2X h?2 2t�+i /B�;QM�HBx�iBQM `2bmHib 7Q` i?2 72`KBQM :`22MǶb 7mM+iBQM �HbQ �TT2�`

iQ +QMp2`;2 r2HH iQ i?2 N = ∞ bQHmiBQMX 6Q` i?2 ?�`/@+Q`2 #QbQM KQ/2H- i?2 2t�+i /B�;Q@

M�HBx�iBQM bim/v BM/B+�i2b bTBM ;H�bb Q`/2`X aQK2 `2bmHib QM i?2 2Mi�M;H2K2Mi 2Mi`QTv �M/

i?2 Qmi@Q7@iBK2@Q`/2` +Q``2H�iQ`b �`2 �HbQ T`2b2Mi2/X

AM *?�Ti2` j- r2 +QKTmi2 i?2 i?2`KQ/vM�KB+ T`QT2`iB2b Q7 i?2 auE KQ/2Hb Q7 72`KBQMb

rBi? � +QMb2`p2/ 72`KBQM MmK#2`- QX q2 2ti2M/ � T`2pBQmbHv T`QTQb2/ a+?r�`xB�M 2z2+iBp2

�+iBQM iQ BM+Hm/2 � T?�b2 }2H/- �M/ i?Bb /2b+`B#2b i?2 HQr i2KT2`�im`2 2M2`;v �M/ Q ~m+@

im�iBQMbX q2 Q#i�BM ?B;?2`@/BK2MbBQM�H ;2M2`�HBx�iBQMb Q7 i?2 auE KQ/2Hb r?B+? /BbTH�v

/BbQ`/2`2/ K2i�HHB+ bi�i2b rBi?Qmi [m�bBT�`iB+H2 2t+Bi�iBQMb- �M/ r2 /2/m+2 i?2B` i?2`KQ2H2+@

i`B+ i`�MbTQ`i +Q2{+B2MibX q2 }M/ � T`2+Bb2 K�i+? #2ir22M HQr i2KT2`�im`2 i`�MbTQ`i �M/

i?2`KQ/vM�KB+b Q7 i?2 auE �M/ ?QHQ;`�T?B+ KQ/2HbX AM #Qi? KQ/2Hb- i?2 a22#2+F i`�Mb@

TQ`i +Q2{+B2Mi Bb 2t�+iHv 2[m�H iQ i?2 Q@/2`Bp�iBp2 Q7 i?2 2Mi`QTvX 6Q` i?2 auE KQ/2Hb-

[m�MimK +?�Qb- �b +?�`�+i2`Bx2/ #v i?2 #mii2`~v p2HQ+Biv �M/ i?2 Gv�TmMQp `�i2- mMBp2`b�HHv

/2i2`KBM2b i?2 i?2`K�H /BzmbBpBiv- #mi MQi i?2 +?�`;2 /BzmbBpBivX

AM *?�Ti2` 9- r2 /Bb+mbb � bmT2`bvKK2i`B+ ;2M2`�HBx�iBQM Q7 i?2 a�+?/2p@u2@EBi�2p KQ/2HX

R9



*?�Ti2` RX AMi`Q/m+iBQM

h?2b2 �`2 [m�MimK K2+?�MB+�H KQ/2Hb BMpQHpBM; N J�DQ`�M� 72`KBQMbX h?2 bmT2`+?�`;2

Bb ;Bp2M #v � TQHvMQKB�H 2tT`2bbBQM BM i2`Kb Q7 i?2 J�DQ`�M� 72`KBQMb rBi? `�M/QK +Q2{@

+B2MibX h?2 >�KBHiQMB�M Bb i?2 b[m�`2 Q7 i?2 bmT2`+?�`;2X h?2 N = 1 KQ/2H rBi? � bBM;H2

bmT2`+?�`;2 ?�b mM#`QF2M bmT2`bvKK2i`v �i H�`;2 N - #mi MQM@T2`im`#�iBp2Hv bTQMi�M2QmbHv

#`QF2M bmT2`bvKK2i`v BM i?2 2t�+i i?2Q`vX q2 �M�Hvx2 i?2 KQ/2H #v HQQFBM; �i i?2 H�`;2

N 2[m�iBQM- �M/ �HbQ #v T2`7Q`KBM; MmK2`B+�H +QKTmi�iBQMb 7Q` bK�HH p�Hm2b Q7 N X q2

�HbQ +QKTmi2 i?2 H�`;2 N bT2+i`mK Q7 ǳbBM;H2iǴ QT2`�iQ`b- r?2`2 r2 }M/ � bi`m+im`2 [m�H@

Bi�iBp2Hv bBKBH�` iQ i?2 Q`/BM�`v auE KQ/2HX q2 �HbQ /Bb+mbb �M N = 2 p2`bBQMX AM i?Bb

+�b2- i?2 KQ/2H T`2b2`p2b bmT2`bvKK2i`v BM i?2 2t�+i i?2Q`v �M/ r2 +�M +QKTmi2 � bmBi�#Hv

r2B;?i2/ qBii2M BM/2t iQ +QmMi i?2 MmK#2` Q7 ;`QmM/ bi�i2b- r?B+? �;`22b rBi? i?2 H�`;2 N

+QKTmi�iBQM Q7 i?2 2Mi`QTvX

AM *?�Ti2` 8- r2 +QMbB/2` � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2HbX h?2 HQr 2M2`;v

b+�HBM; /BK2MbBQM +�M #2 imM2/ #v i?2 #QbQM 72`KBQM MmK#2` `�iBQ α = M/N X h?2 7Qm`@TQBMi

7mM+iBQM Bb +QKTmi2/ BM i?Bb KQ/2H- r?2`2 BM i?2 PS1 `2;BK2- QM2 +�M `2�/ Qz i?2 bT2+i`mKX

q2 Q#i�BM � a+?r�`xB�M �+iBQM 7Q` i?2 h = 2 KQ/2b i?�i ;Bp2 i?2 K�tBK�H +?�Qb �M/ r2 �HbQ

+QKTmi2 i?2 Qi?2` h ̸= 2 KQ/2b- r?B+? �++QmMib 7Q` i?2 +Q``2+iBQM iQ i?2 K�tBK�H Gv�TmMQp

2tTQM2MiX q2 }M/ i?�i i?2 bvbi2K Bb H2bb +?�QiB+ BM i?2 7`22 72`KBQM HBKBiX �M/ r2 /Bb+mbb

i?2 `2H�iBQM #2ir22M Gv�TmMQp iBK2 �M/ /2T?�bBM; iBK2X

AM *?�Ti2` e- r2 /2b+`B#2 i?2 T?�b2b Q7 � bQHp�#H2 t@J KQ/2H Q7 2H2+i`QMb rBi? BM}MBi2@

`�M;2- �M/ `�M/QK- ?QTTBM; �M/ 2t+?�M;2 BMi2`�+iBQMb- bBKBH�` iQ i?Qb2 BM i?2 auE KQ/2HbX

h?2 2H2+i`QM 7`�+iBQM�HBx2b- �b BM �M ǵQ`i?Q;QM�H K2i�HǶ- BMiQ � 72`KBQM f r?B+? +�``B2b #Qi?

i?2 2H2+i`QM bTBM �M/ +?�`;2- �M/ � #QbQM φX "Qi? f �M/ φ +�``v 2K2`;2Mi Z2 ;�m;2 +?�`;2bX

h?2 KQ/2H ?�b � T?�b2 BM r?B+? i?2 φ #QbQMb �`2 ;�TT2/- �M/ i?2 f 72`KBQMb �`2 ;�TH2bb

�M/ +`BiB+�H- �M/ bQ i?2 2H2+i`QM bT2+i`�H 7mM+iBQM Bb ;�TT2/X h?Bb T?�b2 +�M #2 +QMbB/2`2/ �b

� iQv KQ/2H 7Q` i?2 mM/2`/QT2/ +mT`�i2bX h?2 KQ/2H �HbQ ?�b �M 2ti2M/2/- +`BiB+�H- ǵ[m�bB@

>B;;bǶ T?�b2 r?2`2 #Qi? φ �M/ f �`2 ;�TH2bb- �M/ i?2 2H2+i`QM QT2`�iQ` ∼ fφ ?�b � 62`KB

HB[mB/@HBF2 1/τ T`QT�;�iQ` BM BK�;BM�`v iBK2- τ X aQ r?BH2 i?2 2H2+i`QM bT2+i`�H 7mM+iBQM ?�b �

R8



*?�Ti2` RX AMi`Q/m+iBQM

62`KB HB[mB/ 7Q`K- Qi?2` T`QT2`iB2b �`2 +QMi`QHH2/ #v Z2 7`�+iBQM�HBx�iBQM �M/ i?2 �MQK�HQmb

2tTQM2Mib Q7 i?2 f �M/ φ 2t+Bi�iBQMbX h?Bb ǵ[m�bB@>B;;bǶ T?�b2 Bb T`QTQb2/ �b � iQv KQ/2H

Q7 i?2 Qp2`/QT2/ +mT`�i2bX q2 �HbQ /2b+`B#2 i?2 +`BiB+�H bi�i2 b2T�`�iBM; i?2b2 irQ T?�b2bX

Re



2
LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

kXR AMi`Q/m+iBQM

62`KBQM �M/ #QbQM KQ/2Hb rBi? BM}MBi2@`�M;2 `�M/QK BMi2`�+iBQMb r2`2 bim/B2/ BM i?2 RNNyǶb

�M/ H�i2` (e- k3- dj- d9- R8R- Rdj) �b KQ/2Hb Q7 [m�MimK bvbi2Kb rBi? MQp2H MQM@62`KB

HB[mB/ Q` bTBM ;H�bb ;`QmM/ bi�i2bX JQ`2 `2+2MiHv- Bi r�b T`QTQb2/ i?�i bm+? KQ/2Hb �`2

?QHQ;`�T?B+�HHv +QMM2+i2/ iQ i?2 /vM�KB+b Q7 �/a2 ?Q`BxQMb Q7 +?�`;2/ #H�+F ?QH2b (Re3- ReN)-

�M/ `2K�`F�#H2 +QMM2+iBQMb ?�p2 bBM+2 2K2`;2/ iQ iQTB+b BM [m�MimK +?�Qb �M/ #H�+F ?QH2

T?vbB+b (8- N3- Ry3- RRe- Rje- Rek- RdR- RNe)X

h?2 KQ/2H BMi`Q/m+2/ #v a�+?/2p �M/ u2 (Rdj) Uau KQ/2HV r�b /2}M2/ QM N bBi2b- �M/

2�+? bBi2 ?�/ T�`iB+H2b rBi? M ~�pQ`bc i?2M i?2 /Qm#H2 HBKBi N → ∞- 7QHHQr2/ #v M → ∞-

r�b i�F2MX AM bm+? � HBKBi- i?2 `�M/QK BMi2`�+iBQMb /2T2M/ QM k BM/B+2b- 2�+? i�FBM; N

p�Hm2bX h�FBM; i?2 /Qm#H2 HBKBi Bb +?�HH2M;BM; BM MmK2`B+�H bim/B2b- �M/ bQ i?2v ?�p2 #22M

`2bi`B+i2/ iQ M = 2 rBi? BM+`2�bBM; p�Hm2b Q7 N (e- k3)X Ai r�b 7QmM/ i?�i i?2 ;`QmM/ bi�i2

7Q` N → ∞ �i � }t2/ M = 2 r�b �HKQbi +2`i�BMHv � bTBM ;H�bbX aQ � /B`2+i MmK2`B+�H i2bi

Rd



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

Q7 i?2 KQ`2 2tQiB+ MQM@62`KB HB[mB/ bi�i2b ?�b MQi bQ 7�` #22M TQbbB#H2X

EBi�2p (RRe) ?�b `2+2MiHv BMi`Q/m+2/ �M �Hi2`M�iBp2 H�`;2 N HBKBi BM r?B+? i?2 `�M/QK

BMi2`�+iBQM /2T2M/b mTQM 9 BM/B+2b- 2�+? i�FBM; N p�Hm2bc i?2 b�//H2@TQBMi 2[m�iBQMb BM i?2

N → ∞ HBKBi �`2 i?2 b�K2 �b i?Qb2 BM _27X (Rdj)X LQ b2T�`�i2 M → ∞ Bb `2[mB`2/- �M/

i?Bb Bb � bB;MB}+�Mi �/p�Mi�;2 7Q` MmK2`B+�H bim/vX h?2 T`2b2Mi +?�Ti2` rBHH bim/v bm+?

a�+?/2p@u2@EBi�2p UauEV KQ/2Hb #v 2t�+i /B�;QM�HBx�iBQMc bQK2 �//BiBQM�H `2bmHib rBHH �HbQ

#2 Q#i�BM2/ BM � ?B;? i2KT2`�im`2 2tT�MbBQMX Pm` MmK2`B+�H bim/B2b rBHH #2 +QMbBbi2Mi i?2

72`KBQMB+ auE KQ/2H /BbTH�vBM; � MQM@62`KB HB[mB/ bi�i2 r?B+? ?�b 2ti2MbBp2 2Mi`QTv- �M/

2Mi�M;H2K2Mi 2Mi`QTv- BM i?2 x2`Q i2KT2`�im`2 HBKBiX 6Q` i?2 +�b2 Q7 i?2 #QbQMB+ auE KQ/2H-

Qm` MmK2`B+�H bim/v BM/B+�i2b bTBM@;H�bb Q`/2`, i?Bb BKTHB2b i?�i i?2 �M�HviB+ bim/v Q7 i?2

H�`;2 N HBKBi rBHH `2[mB`2 `2THB+� bvKK2i`v #`2�FBM; (dj)X

h?2 QmiHBM2 Q7 i?Bb +?�Ti2` Bb �b 7QHHQrbX AM a2+iBQM kXk- r2 `2pB2r i?2 H�`;2 N bQHmiBQM Q7

i?2 auE KQ/2H- �M/ T`2b2Mi M2r `2bmHib QM Bib ?B;? i2KT2`�im`2 2tT�MbBQMX AM a2+iBQM kXj

r2 T`2b2Mi 2t�+i /B�;QM�HBx�iBQM `2bmHib 7Q` i?2 72`KBQMB+ auE KQ/2H- r?BH2 i?2 ?�`/@+Q`2

#QbQM +�b2 Bb +QMbB/2`2/ H�i2` BM �TT2M/Bt �XRX

kXk JQ/2H

kXkXR G�`;2 N HBKBi 7Q` 72`KBQMb

h?Bb b2+iBQM rBHH BMi`Q/m+2 i?2 auE KQ/2H 7Q` +QKTH2t 72`KBQMb- �M/ `2pB2r Bib H�`;2 N HBKBiX

q2 rBHH Q#i�BM 2tT`2bbBQMb 7Q` i?2 72`KBQM :`22MǶb 7mM+iBQM �M/ i?2 7`22 2M2`;v /2MbBivX �

?B;? i2KT2`�im`2 2tT�MbBQM 7Q` i?2b2 [m�MiBiB2b rBHH �TT2�` BM a2+iBQM kXkXjX

h?2 >�KBHiQMB�M Q7 i?2 auE KQ/2H Bb

H =
1

(2N)3/2

N∑

i,j,k,ℓ=1

Jij;kℓ c
†
ic

†
jckcℓ − µ

∑

i

c†ici UkXRV

R3



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

r?2`2 i?2 Jij;kℓ �`2 +QKTH2t :�mbbB�M `�M/QK +QmTHBM;b rBi? x2`Q K2�M Q#2vBM;

Jji;kℓ = −Jij;kℓ , Jij;ℓk = −Jij;kℓ , Jkℓ;ij = J∗
ij;kℓ

|Jij;kℓ|2 = J2. UkXkV

h?2 �#Qp2 >�KBHiQMB�M +�M #2 pB2r2/ �b � ǵK�i`Bt KQ/2HǶ QM 6Q+F bT�+2- rBi? � /BK2MbBQM

r?B+? Bb 2tTQM2MiB�H BM N X "mi MQiB+2 i?�i i?2`2 �`2 QMHv Q`/2` N4 BM/2T2M/2Mi K�i`Bt

2H2K2Mib- �M/ bQ 6Q+F bT�+2 K�i`Bt 2H2K2Mib �`2 ?B;?Hv +Q``2H�i2/X h?2 +QMb2`p2/ lURV

/2MbBiv- Q Bb `2H�i2/ iQ i?2 �p2`�;2 72`KBQM MmK#2` #v

Q =
1

N

∑

i

〈
c†ici

〉
. UkXjV

h?2 p�Hm2 Q7 Q +�M #2 p�`B2/ #v i?2 +?2KB+�H TQi2MiB�H µ- �M/ `�M;2b #2ir22M y �M RX h?2

bQHmiBQM /2b+`B#2/ #2HQr �TTHB2b 7Q` i?2 `�M;2 Q7 µ 7Q` r?B+? 0 < Q < 1- �M/ bQ `2�HBx2b �

+QKT`2bbB#H2 bi�i2X

lbBM; i?2 BK�;BM�`v@iBK2 T�i?@BMi2;`�H 7Q`K�HBbK- i?2 T�`iBiBQM 7mM+iBQM +�M #2 r`Bii2M

�b

Z =

∫
Dc†Dc exp (−S) UkX9V

r?2`2

S =

∫ β

0

dτ(c†∂τc+H), UkX8V

r?2`2 β = 1/T Bb i?2 BMp2`b2 i2KT2`�im`2- �M/ r2 ?�p2 �H`2�/v +?�M;2/ i?2 QT2`�iQ` c BMiQ

� :`�bbK�M MmK#2`X

AM i?2 `2THB+� i`B+F- r2 i�F2 n `2THB+�b Q7 i?2 bvbi2K �M/ i?2M i�F2 i?2 n → 0 HBKBi

lnZ = lim
n→0

1

n
(Zn − 1) UkXeV

AMi`Q/m+BM; `2THB+�b cia- rBi? a = 1 . . . n- r2 +�M �p2`�;2 Qp2` /BbQ`/2` �M/ Q#i�BM i?2

RN



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

`2THB+�i2/ BK�;BM�`v iBK2 UτV �+iBQM

Sn =
∑

ia

∫ β

0

dτc†ia

(
∂

∂τ
− µ

)
cia −

J2

4N3

∑

ab

∫ β

0

dτdτ ′

∣∣∣∣∣
∑

i

c†ia(τ)cib(τ
′)

∣∣∣∣∣

4

; UkXdV

U?2`2 r2 M2;H2+i MQ`K�H@Q`/2`BM; +Q``2+iBQMb r?B+? p�MBb? �b N → ∞VX h?2M i?2 T�`iBiBQM

7mM+iBQM +�M #2 r`Bii2M �b

Zn =

∫ ∏

a

Dc†aDca exp (−Sn) UkX3V

LQiB+2 i?�i i?2 �+iBQM ?�b � ;HQ#�H alUNV bvKK2i`v mM/2` cia → UijcjaX �HbQ- B7 r2 B;MQ`2

i?2 iBK2@/2`Bp�iBp2 i2`K BM 1[X UkXdV- MQiB+2 i?�i i?2 �+iBQM ?�b � lURV ;�m;2 BMp�`B�M+2 mM/2`

cia → eiϑi(τ)cjaX �M/ BM/22/- BM i?2 HQr 2M2`;v HBKBi H2�/BM; iQ 1[X UkXRNV- i?2 iBK2@/2`Bp�iBp2

i2`K +�M #2 M2;H2+i2/X >Qr2p2`- r2 +�MMQi /`QT i?2 iBK2@/2`Bp�iBp2 i2`K �i i?2 T`2b2Mi

2�`Hv bi�;2- �b Bi TH�vb � `QH2 BM b2H2+iBM; i?2 K�MM2` BM r?B+? i?2 lURV ;�m;2 BMp�`B�M+2 Bb

ǵ#`QF2MǶ BM i?2 HQr 2M2`;v HBKBiX AM T�bbBM;- r2 MQi2 i?�i i?Bb T?2MQK2MQM �TT2�`b iQ #2

�M�HQ;Qmb iQ i?�i /2b+`B#2/ BM i?2 ?QHQ;`�T?B+ bim/v Q7 MQM@62`KB HB[mB/b #v .2qQH72 2i �HX

(8R), i?2`2- i?2 #mHF 72`KBQM `2T`2b2MiBM; i?2 HQr 2M2`;v i?2Q`v Bb �HbQ �`;m2/ iQ �+[mB`2 i?2

+QHQ` /2;2M2`�+v Q7 i?2 #QmM/�`v 72`KBQMb /m2 iQ �M �HKQbi #`QF2M ;�m;2 BMp�`B�M+2X �b BM

_27X (8R)- r2 2tT2+i i?2 #mHF /2;`22b Q7 7`22/QK Q7 ;`�pBi�iBQM�H /m�Hb iQ i?2 auE KQ/2H iQ

+�``v � /2MbBiv Q7 Q`/2` N (RdR)X

6QHHQrBM; i?2 2�`HB2` /2`Bp�iBQM (Rdj)- r2 /2+QmTH2 i?2 BMi2`�+iBQM #v irQ bm++2bbBp2 >m##�`/@

ai`�iQMQpB+? i`�Mb7Q`K�iBQMbX 6B`bi- r2 BMi`Q/m+2 i?2 `2�H }2H/ Qab(τ, τ ′) Q#2vBM;

Qab(τ, τ
′) = Qba(τ

′, τ). UkXNV

h?2 2[m�iBQM �#Qp2 Bb `2[mB`2/ #2+�mb2 i?2 �+iBQM Bb BMp�`B�Mi mM/2` i?2 `2T�`�K2i2`Bx�iBQM

ky



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

a ↔ b, τ ↔ τ ′X AM i2`Kb Q7 i?Bb }2H/

Sn =
∑

ia

∫ β

0

dτc†ia

(
∂

∂τ
− µ

)
cia +

∑

ab

∫ β

0

dτdτ ′
{

N

4J2
[Qab(τ, τ

′)]2

− 1

2N
Qab(τ, τ

′)

∣∣∣∣∣
∑

i

c†ia(τ)cib(τ
′)

∣∣∣∣∣

2}
. UkXRyV

� b2+QM/ /2+QmTHBM; rBi? i?2 +QKTH2t }2H/ Pab(τ, τ ′) Q#2vBM;

Pab(τ, τ
′) = P ∗

ba(τ
′, τ) UkXRRV

vB2H/b

Sn =
∑

ia

∫ β

0

dτc†ia

(
∂

∂τ
− µ

)
cia +

∑

ab

∫ β

0

dτdτ ′
{

N

4J2
[Qab(τ, τ

′)]2 +
N

2
Qab(τ, τ

′) |Pab(τ, τ
′)|2

−Qab(τ, τ
′)Pba(τ

′, τ)
∑

i

c†ia(τ)cib(τ
′)

}
UkXRkV

LQr r2 bim/v i?2 b�//H2 TQBMi Q7 i?Bb �+iBQM BM i?2 H�`;2 N HBKBiX �7i2` BMi2;`�iBM; Qmi

72`KBQM }2H/ �M/ i�F2 δS
δPba

= 0- r2 Q#i�BM

Pab(τ, τ
′) =

1

N
⟨c†ia(τ)cib(τ ′)⟩ UkXRjV

LQi2 i?�i r2 ?�p2 +QK#BM2/ N
2 Qab|Pab|2 �M/ N

2 Qba|Pba|2 �b QM2 i2`KX aBKBH�`Hv- i�FBM;

/2`Bp�iBp2 rBi? `2bT2+i iQ Qab- r2 ?�p2

Qab(τ, τ
′) = J2|Pab(τ, τ

′)|2. UkXR9V

A7 r2 QMHv +QMbB/2` /B�;QM�H bQHmiBQM BM i?2 `2THB+� bT�+2 UMQM bTBM@;H�bb bi�i2V- r2 +�M /2}M2

i?2 b2H7 2M2`;v,

Σ(τ, τ ′) = −Q(τ, τ ′)P (τ ′, τ), UkXR8V

kR



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

�M/ i?2 :`22MǶb 7mM+iBQM

G(τ, τ ′) = −⟨Tτc(τ)c
†(τ ′)⟩. UkXReV

h?2M r2 ?�p2

P (τ, τ ′) = G(τ ′, τ), UkXRdV

�M/ i?2 b�//H2 TQBMi bQHmiBQM #2+QK2b

G(iωn) =
1

iωn + µ− Σ(iωn)

Σ(τ) = −J2G2(τ)G(−τ) UkXR3V

h?2 �#Qp2 2[m�iBQM b?Qrb � `2@T�`�K2i2`Bx�iBQM bvKK2i`v �i HQr i2KT2`�im`2 B7 r2 B;MQ`2

i?2 iωn i2`K (RRe- RdR)X �i x2`Q i2KT2`�im`2- i?2 HQr 2M2`;v :`22MǶb 7mM+iBQM Bb 7QmM/ iQ

#2(RdR- Rdj)

G(z) = C
e−i(π/4+θ)

√
z

, AK(z) > 0, |z| ≪ J, T = 0 UkXRNV

r?2`2 C Bb � TQbBiBp2 MmK#2`- �M/ −π/4 < θ < π/4 +?�`�+i2`Bx2b i?2 T�`iB+H2@?QH2 �bvK@

K2i`vX � 7mHH MmK2`B+�H bQHmiBQM 7Q` 1[X U8XeV �i x2`Q i2KT2`�im`2 r�b �HbQ Q#i�BM2/ BM

_27X (Rdj)- �M/ Bb b?QrM BM 6B;X kXRX q2 +�M b22 i?2 1/
√
z #2?�pBQ` �i HQr 2M2`;vX >Qr2p2`-

Bi Bb MQi TQbbB#H2 iQ rQ`F 2MiB`2Hv rBi?BM i?Bb HQr 2M2`;v b+�HBM; HBKBi iQ Q#i�BM Qi?2` HQr

i2KT2`�im`2 T`QT2`iB2b, i?2 iωn i2`K Bb M22/2/ iQ T`QT2`Hv `2;mH�`Bx2 i?2 mHi`�pBQH2i- �M/

b2H2+i �KQM; i?2 K�Mv TQbbB#H2 bQHmiBQMb Q7 i?2 HQr@2M2`;v 2[m�iBQMb (d9- RdR)X

kXkXk 6`22 2M2`;v �M/ i?2`K�H 2Mi`QTv

h?2 7`22 2M2`;v Bb /2}M2/ iQ #2

F = − 1

β
lnZeff UkXkyV

kk
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!/J
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6B;m`2 kXR, 6B;m`2- �/�Ti2/ 7`QK _27 (Rdj)- b?QrBM; i?2 BK�;BM�`v T�`i Q7 :`22MǶb 7mM+iBQM
KmHiBTHB2/ #v √

ω �b � 7mM+iBQM Q7 ω �i T�`iB+H2@?QH2 bvKK2i`B+ TQBMi θ = 0X Pm` /2}MBiBQM
Q7 i?2 :`22MǶb 7mM+iBQM- 1[X UkXReV- /Bz2`b #v � bB;M 7`QK _27X (Rdj)X

r?2`2 Zeff ?�b QMHv QM2 `2THB+�X aQ

Zeff =

∫
Dc†Dc exp (−S), UkXkRV

rBi?

S =
∑

i

∫ β

0

dτc†i

(
∂

∂τ
− µ

)
ci +

∫ β

0

dτdτ ′
{

N

4J2
[Q(τ, τ ′)]2 +

N

2
Q(τ, τ ′) |P (τ, τ ′)|2

−Q(τ, τ ′)P (τ ′, τ)
∑

i

c†i (τ)ci(τ
′)

}
UkXkkV

kj



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

6Q` i?2 7`22 2M2`;v /2MbBiv F/N - r2 +�M Dmbi /`QT i?2 bBi2 BM/2t i iQ ;Bp2 i?2 bBM;H2 bBi2

�+iBQM- bm#biBimiBM; i?2 :`22MǶb 7mM+iBQM �M/ b2H7 2M2`;v

S =

∫ β

0

dτdτ ′c†(τ)

(
∂

∂τ
δ(τ − τ ′)− µδ(τ − τ ′) + Σ(τ, τ ′)

)
c(τ ′)

+

∫ β

0

dτdτ ′
{

1

4J2
[Σ(τ, τ ′)/G(τ, τ ′)]2 − 1

2
Σ(τ, τ ′)G(τ ′, τ)

}
UkXkjV

�7i2` BMi2;`�iBM; Qmi i?2 72`KBQM }2H/

S = −Tr ln [(∂τ − µ)δ(τ − τ ′) + Σ(τ, τ ′)]+

∫ β

0

dτdτ ′
{

1

4J2
[Σ(τ, τ ′)/G(τ, τ ′)]2−1

2
Σ(τ, τ ′)G(τ ′, τ)

}

UkXk9V

hQ p2`B7v i?Bb `2bmHi- r2 +�M p�`v rBi? `2bT2+i iQ Σ(τ, τ ′) �M/ G(τ, τ ′)- �HbQ mbBM; i?2 7�+i

i?�i Σ(τ, τ ′) = Σ∗(τ ′, τ)- G(τ, τ ′) = G∗(τ ′, τ)- iQ Q#i�BM i?2 2[m�iBQMb Q7 KQiBQMb �b #27Q`2X

AM i?2 H�`;2 N HBKBi- r2 +�M bm#biBimi2 BM i?2 +H�bbB+�H bQHmiBQM- �M/ i?2M 7`22 2M2`;v

/2MbBiv Bb
F
N

= T
∑

n

ln (−βG(iωn))−
∫ β

0

dτ
3

4
Σ(τ)G(−τ) UkXk8V

h?2 i?2`K�H 2Mi`QTv /2MbBiv +�M #2 Q#i�BM2/ #v

S

N
= − 1

N

∂F
∂T

UkXkeV

kXkXj >B;? i2KT2`�im`2 2tT�MbBQM

LQr r2 T`2b2Mi � bQHmiBQM Q7 1[bX U8XeV #v � ?B;? i2KT2`�im`2 2tT�MbBQM U>h1VX 1[mBp�@

H2MiHv- i?Bb +�M #2 pB2r2/ �b �M 2tT�MbBQM BM TQr2`b Q7 J X

q2 rBHH HBKBi Qm`b2Hp2b iQ i?2 bBKTH2` T�`iB+H2@?QH2 bvKK2i`B+ +�b2- Q = 1/2- 7Q` r?B+?

#Qi? G �M/ Σ �`2 Q// 7mM+iBQMb Q7 ωnX q2 bi�`i rBi? i?2 ?B;? i2KT2`�im`2 HBKBi

G0(iωn) =
1

iωn
UkXkdV

k9



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

�M/ i?2M 2tT�M/ #Qi? G �M/ Σ BM TQr2`b Q7 J2, G = G0+G1+· · · �M/ Σ = Σ0+Σ1+· · · X h?2

bm++2bbBp2 i2`Kb +�M #2 2�bBHv Q#i�BM2/ #v Bi2`�iBp2Hv 2tT�M/BM; #Qi? 2[m�iBQMb BM 1[X U8XeV-

�M/ `2T2�i2/Hv T2`7Q`KBM; 6Qm`B2` i`�Mb7Q`Kb #2ir22M 7`2[m2M+v �M/ iBK2X

Σ1(iωn) = J2 1

4iωn

G1(iωn) = J2 1

4(iωn)3

Σ2(iωn) = J4 3

16(iωn)3

G2(iωn) = J4 1

4(iωn)5

Σ3(iωn) = J6

[
15

32(iωn)5
+

3

128T 2(iωn)3

]

G3(iωn) = J6

[
37

64(iωn)7
+

3

128T 2(iωn)5

]

Σ4(iωn) = J8

[
561

256(iωn)7
+

75

512T 4(iωn)5
− 1

256T 4(iωn)3

]

G4(iωn) = J8

[
5

2(iωn)9
+

81

512T 2(iωn)7
− 1

256T 4(iωn)5

]
UkXk3V

h?2 7`22 2M2`;v /2MbBiv +�M #2 r`Bii2M BM i2`Kb Q7 G(iωn) �M/ Σ(iωn)

F
N

= T
∑

n

ln (−βG(iωn))−
3T

4

∑

n

Σ(iωn)G(iωn) UkXkNV

q2 �HbQ M22/ iQ `2;mH�`Bx2 i?2 �#Qp2 7`22 2M2`;v #v bm#i`�+iBM; �M/ �//BM; #�+F i?2 7`22

T�`iB+H2 T�`i

F
N

= −T ln 2 + T
∑

n

[ln (−βG(iωn))− ln (−βiωn)]−
3T

4

∑

n

Σ(iωn)G(iωn) UkXjyV

h?2 b2`B2b 2tT�MbBQM Q7 i?2 2Mi`QTv /2MbBiv Bb

S
N

= ln 2− 1

64

J2

T 2
+

1

512

J4

T 4
− 11

36864

J6

T 6
+

599

11796480

J8

T 8
+ · · · UkXjRV

k8
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L2ti- r2 /2b+`B#2 Qm` MmK2`B+�H bQHmiBQM Q7 1[X U8XeV �i MQM@x2`Q i2KT2`�im`2X q2 mb2/ �

6Qm`B2` i`�Mb7Q`K U6hV iQ Bi2`�i2 #2ir22M i?2 irQ 2[m�iBQMb- mMiBH r2 Q#i�BM2/ � +QMp2`;2Mi

bQHmiBQMX 6Q` 7�bi2` +QMp2`;2M+2- r2 bi�`i2/ �i ?B;? i2KT2`�im`2- �M/ mb2/ i?2 �#Qp2 ?B;?

i2KT2`�im`2 2tT�MbBQM �b i?2 BMBiB�H 7Q`KX h?2M r2 /2+`2�b2/ i2KT2`�im`2 iQ ;2i i?2 7mHH

i2KT2`�im`2 /2T2M/2M+2X q2 +QKT�`2 i?2 H�`;2 N 2t�+i MmK2`B+�H `2bmHi rBi? i?2 ?B;?

i2KT2`�im`2 2tT�MbBQM BM 6B;X kXkX �i ?B;? i2KT2`�im`2b- �HH K2i?Q/b +QMp2`;2 iQ ln 2 �b

2tT2+i2/X h?2 >h1 `2bmHib }i i?2 2t�+i MmK2`B+b [mBi2 r2HH 7Q` T/J > 0.6- #mi �`2 MQ

HQM;2` �++m`�i2 �i HQr2` T X h?2 2t�+i MmK2`B+b b?Qrb � }MBi2 2Mi`QTv /2MbBiv BM i?2 HBKBi

Q7 p�MBb?BM; i2KT2`�im`2- rBi? � p�Hm2 +QMbBbi2Mi rBi? 2�`HB2` �M�HviB+ `2bmHib (d9)(RdR)X

T/J
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S/
N
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large N exact
HTE O(T-8)
HTE O(T-6)

6B;m`2 kXk, 1Mi`QTv +QKTmi�iBQM 7`QK 2t�+i H�`;2 N 1PJ �M/ >h1, �i ?B;? i2KT2`�im`2-
�HH �TT`Q�+?2b i?2 BM}MBi2 i2KT2`�im`2 HBKBi S/N = ln 2X >h1 `2bmHi }i i?2 2t�+i `2bmHi
[mBi2 r2HH 7Q` T/J > 0.6X

X

ke



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

kXj _2bmHib

kXjXR 1t�+i /B�;QM�HBx�iBQM 7Q` 72`KBQMb

q2 MQr i2bi i?2 p�HB/Biv Q7 i?2 H�`;2 N `2bmHib #v +QKT�`BM; rBi? �M 2t�+i /B�;QM�HBx�iBQM

U1.V +QKTmi�iBQM �i }MBi2 N X 6Q` i?2 MmK2`B+�H b2imT- Bi r�b mb27mH iQ 2KTHQv i?2 CQ`/�M@

qB;M2` i`�Mb7Q`K�iBQM iQ K�T i?2 >�KBHiQMB�M iQ � bTBM KQ/2H

ci = σ−
i

∏

j<i

σz
j , c†i = σ+

i

∏

j<i

σz
j UkXjkV

q2 #mBHi � K�i`Bt Q7 i?2 N bTBMb �M/ /B�;QM�HBx2/ Bi MmK2`B+�HHvX �7i2` Q#i�BMBM; i?2 7mHH

bT2+i`mK- r2 Q#i�BM2/ #Qi? i?2 BK�;BM�`v T�`i Q7 :`22MǶb 7mM+iBQM �M/ i?2`K�H 2Mi`QTv-

�M/ Qm` `2bmHib �`2 +QKT�`2/ rBi? i?2 H�`;2 N `2bmHib BM 6B;X kXR �M/ 6B;X kXkX

AM i?Bb MQi2- r2 7Q+mb QM i?2 T�`iB+H2@?QH2 bvKK2i`B+ TQBMiX "mi T�`iB+H2@?QH2 bvKK2i`v

/Q2b MQi +Q``2bTQM/ iQ i?2 TQBMi µ = 0 BM i?2 >�KBHiQMB�M 1[X UkXRV- #2+�mb2 i?2`2 �`2

[m�MimK +Q``2+iBQMb iQ i?2 +?2KB+�H TQi2MiB�H δµ ∼ O(N−1) +QKBM; 7`QK i?2 i2`Kb BM

r?B+? i, j, k, l �`2 MQi �HH /Bz2`2Mi 7`QK 2�+? Qi?2`- #2+�mb2 i?2b2 i2`Kb �`2 MQi T�`iB+H2@?QH2

bvKK2i`B+X aQ r2 mb2 � >�KBHiQMB�M rBi? 2ti`� +Q``2+iBQM i2`Kb i?�i +QKT2Mb�i2 δµ,

H =
1

(2N)3/2

N∑

i,j,k,ℓ=1

Jij;kℓ (c
†
ic

†
jckcℓ + δikn c†jcl − δiln c†jck − δjkn c†icl + δjln c†ick), UkXjjV

r?2`2 r2 mb2 n = 1/2 7Q` i?2 T�`iB+H2@?QH2 bvKK2i`B+ +�b2X

q2 /2}M2 i?2 QM@bBi2 `2i�`/2/ :`22MǶb 7mM+iBQM #v

GR
i (t, t

′) = −iθ(t− t′)⟨{ci(t), c†i (t′)}⟩. UkXj9V

kd
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lbBM; G2?K�MM `2T`2b2Mi�iBQM

GR
i (ω) =

1

Z

∑

nn′

⟨n|ci|n′⟩⟨n′|c†i |n⟩
ω + En − En′ + iη

(e−βEn + e−βEn′ ), UkXj8V

�i x2`Q i2KT2`�im`2- r2 Q#i�BM

GR
i (ω) =

∑

n′

⟨0|ci|n′⟩⟨n′|c†i |0⟩
ω + E0 − En′ + iη

+
⟨0|c†i |n′⟩⟨n′|ci|0⟩
ω − E0 + En′ + iη

. UkXjeV

lbBM; (ω + iη)−1 = P 1
ω − iπδ(ω)

AKGR
i (ω) = −π

∑

n′

[
⟨0|ci|n′⟩⟨n′|c†i |0⟩δ(ω + E0 − En′) + ⟨0|c†i |n′⟩⟨n′|ci|0⟩δ(ω − E0 + En′)

]
.

UkXjdV

LmK2`B+�HHv- r2 `2TH�+2 i?2 /2Hi� 7mM+iBQM rBi? � GQ`2MixB�M #v i�FBM; � bK�HH η,

δ(E0 − En′ + ω) = lim
η→0+

1

π

η

(E0 − En′ + ω)2 + η2
UkXj3V

� bm#iH2iv BM i?2 �#Qp2 MmK2`B+b- r?2M µ = 0- Bb i?2 T`2b2M+2 Q7 �M �MiB@mMBi�`v T�`iB+H2@

?QH2 bvKK2i`vX h?2 ;`QmM/ bi�i2 im`Mb Qmi iQ #2 /Qm#Hv /2;2M2`�i2 7Q` bQK2 bvbi2K bBx2bX

A7 bQ- r2 rBHH ?�p2 irQ ;`QmM/ bi�i2b |0⟩ �M/ |0′⟩ BM i?2 2tT`2bbBQM Q7 GR
i (ω)- �M/ r2 M22/ iQ

bmK i?2K mT iQ ;2i i?2 +Q``2+i :`22MǶb 7mM+iBQMX

hQ #2ii2` mM/2`bi�M/ i?Bb /2;2M2`�+v- r2 +�M /2}M2 i?2 T�`iB+H2@?QH2 i`�Mb7Q`K�iBQM QT@

2`�iQ`

P =
∏

i

(c†i + ci)K UkXjNV

r?2`2 K Bb i?2 �MiB@mMBi�`v QT2`�iQ`X PM2 +�M b?Qr i?�i Bi Bb � bvKK2i`v Q7 Qm` >�KBHiQMB�M

1[X UkXjjV- [H,P ] = 0X q?2M i?2 iQi�H bBi2 MmK#2` N Bb Q//- r2 FMQr �Mv 2B;2Mbi�i2 |Ψ⟩

�M/ Bib T�`iB+H2@?QH2 T�`iM2` P |Ψ⟩ Kmbi #2 /Bz2`2Mi �M/ /2;2M2`�i2X 6Q` 2p2M bBi2 MmK#2`-

i?2b2 irQ bi�i2b K�v #2 i?2 b�K2 bi�i2X >Qr2p2` 7Q` N = 2 mod 4- QM2 +�M b?Qr i?�i

P 2 = −1- �M/ i?2M i?2 /2;2M2`�+v Bb �M�HQ;Qmb iQ i?2 iBK2@`2p2`b�H E`�K2`b /Qm#H2i 7Q`

k3



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

T 2 = −1 T�`iB+H2bX q2 2tT2+i i?�i �HH i?2 2B;2Mp�Hm2b Kmbi #2 /Qm#Hv /2;2M2`�i2X 6Q` N = 0

mod 4- P 2 = 1- i?2`2 Bb MQ T`Qi2+i2/ /2;2M2`�+v BM i?2 ?�H7 }HBM; b2+iQ`X h?2b2 7�+ib r2`2

�HH +?2+F2/ #v MmK2`B+b- �M/ +�`27mHHv +QMbB/2`2/ BM i?2 +�H+mH�iBQM Q7 i?2 :`22MǶb 7mM+iBQMX

� #2ii2` mM/2`bi�M/BM; Q7 i?2 �#Qp2 7�+ib +�M #2 `2�+?2/ 7`QK i?2 T2`bT2+iBp2 Q7 bvKK2i`v@

T`Qi2+i2/ iQTQHQ;B+�H UaShV T?�b2bX �b b?QrM `2+2MiHv BM _27X (RNe)- i?2 +QKTH2t auE KQ/2H

+�M #2 i?Qm;?i Q7 �b i?2 #QmM/�`v Q7 � R. aSh bvbi2K BM i?2 bvKK2i`v +H�bb �AAAX h?2 T2@

`BQ/B+Biv Q7 9 BM N �`Bb2b 7`QK i?2 7�+i i?�i r2 M22/ iQ Tmi 9 +?�BMb iQ ;�T Qmi i?2 #QmM/�`v

/2;2M2`�+v rBi?Qmi #`2�FBM; i?2 T�`iB+H2@?QH2 bvKK2i`vX AM i?2 J�DQ`�M� auE +�b2- i?2

bvKK2i`B+ >�KBHiQMB�M +�M #2 +QMbi`m+i2/ �b � bvKK2i`B+ K�i`Bt BM i?2 *HBzQ`/ �H;2#`�

*H0,N−1- �M/ i?2 "Qii T2`BQ/B+Biv BM i?2 `2�H `2T`2b2Mi�iBQM Q7 i?2 *HBzQ`/ �H;2#`� ;Bp2b `Bb2

iQ � Z8 +H�bbB}+�iBQM(RNe)X >2`2- 7Q` i?2 +QKTH2t auE +�b2- r2 +�M bBKBH�`Hv +QMbi`m+i i?2

*HBzQ`/ �H;2#`� #v /BpB/BM; QM2 +QKTH2t 72`KBQM BMiQ irQ J�DQ`�M� 72`KBQMb- �M/ i?2M r2

rBHH ?�p2 � T2`BQ/B+Biv Q7 9X

kXjXk :`22Mǰb 7mM+iBQM

6`QK i?2 �#Qp2 /2}MBiBQM Q7 `2i�`/2/ :`22MǶb 7mM+iBQM- r2 +�M `2H�i2 i?2K iQ i?2 BK�;BM�`v

iBK2 :`22MǶb 7mM+iBQM �b /2}M2/ BM 1[X UkXReV- GR(ω) = G(iωn → ω + iη)X AM 6B;X kXj- r2

b?Qr � +QKT�`BbQM #2ir22M i?2 BK�;BM�`v T�`i Q7 i?2 :`22MǶb 7mM+iBQM 7`QK H�`;2 N - �M/

7`QK i?2 2t�+i /B�;QM�HBx�iBQM +QKTmi�iBQMX h?2 bT2+i`�H 7mM+iBQM 7`QK 1. Bb T�`iB+H2@?QH2

bvKK2i`B+ 7Q` �HH N - i?Bb Bb ;m�`�Mi22/ #v i?2 T�`iB+H2@?QH2 bvKK2i`v �M/ +�M #2 2�bBHv

b?QrM 7`QK i?2 /2}MBiBQM Q7 i?2 bT2+i`�H 7mM+iBQM 1[X UkXjdVX h?2 irQ `2bmHib �;`22 r2HH �i

?B;? 7`2[m2M+B2bX �i HQr 7`2[m2M+B2b- i?2 /2pB�iBQMb #2ir22M i?2 2t�+i /B�;QM�HBx�iBQM �M/

H�`;2 N `2bmHib ;2i bK�HH2` �i H�`;2` N X

6Q` � [m�MiBi�iBp2 2biBK�i2 Q7 i?2 /2pB�iBQMb #2ir22M i?2 H�`;2 N �M/ 2t�+i /B�;QM�HBx�iBQM

`2bmHib- r2 r2 +QKTmi2 i?2 �`2�b mM/2` 2�+? +m`p2 BM 6B;X kXj- �M/ +QKT�`2 i?2B` /Bz2`2M+2,

kN
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!/J
-3 -2 -1 0 1 2 3

p
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large N exact
ED N=8
ED N=12
ED N=16
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6B;m`2 kXj, AK�;BM�`v T�`i Q7 i?2 :`22MǶb 7mM+iBQM BM `2�H 7`2[m2M+v bT�+2 7`QK H�`;2 N �M/
2t�+i /B�;QM�HBx�iBQMX h?2 BMb2i };m`2 Bb xQQK2/ BM M2�` ω = 0X

X

∆ρ =

∫
dω|AKGED(ω)− AKGN=∞(ω)| UkX9yV

�b b?QrM BM 6B;X kX9- i?2 +QMp2`;2M+2 iQ i?2 N = ∞ HBKBi Bb bHQr- TQbbB#Hv rBi? � TQr2`

bK�HH2` i?�M 1/N X

kXjXj 1Mi`QTv

q2 +�M �HbQ +QKTmi2 i?2 }MBi2 i2KT2`�im`2 2Mi`QTv 7`QK 1.X h?2 T�`iBiBQM 7mM+iBQM +�M

#2 Q#i�BM2/ 7`QK i?2 7mHH bT2+i`mK

Z =
∑

n

e−βEn , UkX9RV

jy



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

1/N
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6B;m`2 kX9, h?2 /Bz2`2M+2 Q7 BMi2;`�i2/ bT2+i`�H 7mM+iBQM #2ir22M 1. �i /Bz2`2Mi L �M/
H�`;2 L `2bmHiX h?2 /Bz2`2M+2 �TT2�`b iQ #2 i2M/BM; iQ y �b N �TT`Q�+?2b BM}MBivX

r?2`2 En Bb i?2 K�Mv@#Q/v 2M2`;v- �M/ i?2M 7`22 2M2`;v /2MbBiv Bb

F

N
= − β

N
logZ. UkX9kV

q2 +�M Q#i�BM i?2 2Mi`QTv /2MbBiv 7`QK

S

N
=

1

N

⟨E⟩ − F

T
UkX9jV

r?2`2 ⟨E⟩ =
∑

n
Ene−βEn

Z Bb i?2 �p2`�;2 2M2`;vX

q2 mb2 i?Bb �TT`Q�+? iQ +QKTmi2 i?2 i?2`K�H 2Mi`QTv 7`QK i?2 7mHH bT2+i`mK- �M/ +QKT�`2

Bi rBi? i?2 i?2`K�H 2Mi`QTv +�H+mH�i2/ 7`QK H�`;2 N 2[m�iBQMb Q7 KQiBQM 1[X U8XeVX �b b?QrM

BM 6B;X kX8- i?2 }MBi2 bBx2 1. +QKTmi�iBQM ;Bp2b `Bb2 iQ i?2 +Q``2+i HBKBi s = ln 2 BM i?2 ?B;?

i2KT2`�im`2 `2;BK2- �M/ Bi �;`22b rBi? i?2 H�`;2 N `2bmHi [mBi2 r2HH 7Q` T/J > 0.5X �Hi?Qm;?

i?2`2 Bb � +H2�` i`2M/ i?�i � H�`;2` bvbi2K bBx2 ;Bp2b `Bb2 iQ H�`;2` i?2`K�H 2Mi`QTv �i HQr

jR
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T/J
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0.7

large N exact
ED N=8
ED N=12
ED N=16

6B;m`2 kX8, h?2`K�H 2Mi`QTv +QKTmi�iBQM 7`QK 1.- �M/ H�`;2 N X �i ?B;? i2KT2`�im`2- �HH
`2bmHib i?2 BM}MBi2 i2KT2`�im`2 HBKBi S/N = ln 2X �i HQr i2KT2`�im`2- �HH 1. `2bmHib ;Q iQ
x2`Q- #mi /Q �TT`Q�+? i?2 N = ∞ `2bmHib rBi? BM+`2�bBM; N X LQi2 i?�i i?2 HBKBib N → ∞
�M/ T → 0 /Q MQi +QKKmi2- �M/ i?2 MQM@x2`Q 2Mi`QTv �b T → 0 Bb Q#i�BM2/ QMHv r?2M i?2
N → ∞ Bb i�F2M }`bi

X

i2KT2`�im`2- r2 +�MMQi Q#i�BM � }MBi2 x2`Q i2KT2`�im`2 2Mi`QTv 7Q` �Mv }MBi2 N X h?Bb Bb

/m2 iQ i?2 7�+i i?�i i?2 MQM@x2`Q x2`Q i2KT2`�im`2 2Mi`QTv Bb Q#i�BM2/ #v i�FBM; i?2 H�`;2

N HBKBi }`bi i?2M i�FBM; i?2 x2`Q i2KT2`�im`2 HBKBiX

�b BM 6B;X kX9- r2 2biBK�i2 i?2 /2pB�iBQM 7`QK i?2 H�`;2 N i?2Q`v #v /2}MBM;

∆S =

∫
dT |SED(T )/N − SN=∞(T )/N∞|, UkX99V

�M/ THQi i?2 `2bmHi BM 6B;X kXeX h?2 }MBi2 bBx2 +Q``2+iBQM ;Q2b iQ y �b 1/N ;Q2b iQ x2`QX

kXjX9 1Mi�M;H2K2Mi 2Mi`QTv

6BM�HHv- r2 +QKTmi2 i?2 2Mi�M;H2K2Mi 2Mi`QTv BM i?2 ;`QmM/ bi�i2- Q#i�BM2/ #v +?QQbBM; �

bm#bvbi2K � Q7 N bBi2b- �M/ i`�+BM; Qp2` i?2 `2K�BMBM; bBi2bc i?2 `2bmHib �`2 BM 6B;X kXdX 6Q`

NA < N/2- r2 }M/ i?�i SEE Bb T`QTQ`iBQM�H iQ NA- i?mb Q#2vBM; i?2 pQHmK2 H�r- �M/ bQ

jk
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6B;m`2 kXe, h?2 /Bz2`2M+2 Q7 BMi2;`�i2/ i?2`K�H 2Mi`QTv #2ir22M 1. �i /Bz2`2Mi L �M/ H�`;2
L `2bmHiX h?2 /Bz2`2M+2 ;Q2b iQ y �b 1/N �TT`Q�+?2b yX
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6B;m`2 kXd, 1Mi�M;H2K2Mi 2Mi`QTv 7Q` i?2 ;`QmM/ bi�i2X q2 /BpB/2 i?2 bvbi2K BMiQ irQ
bm#bvbi2Kb- � �M/ "- r2 i`�+2 Qmi T�`i " �M/ +�H+mH�i2 i?2 2Mi`QTv 7Q` i?2 `2/m+2/ /2MbBiv
K�i`Bt ρAX h?2 t@�tBb Bb i?2 bBx2 Q7 bm#bvbi2K �X
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2p2M i?2 ;`QmM/ bi�i2 Q#2vb 2B;2Mbi�i2 i?2`K�HBx�iBQM (RNe)X

kXjX8 Pmi@Q7@iBK2@Q`/2` +Q``2H�iBQMb �M/ b+`�K#HBM;

PM2 Q7 i?2 BMi2`2biBM; T`QT2`iB2b Q7 i?2 auE KQ/2H Bb i?�i Bi 2t?B#Bib [m�MimK +?�Qb (RRe-

Rek)X h?2 [m�MimK +?�Qb +�M #2 [m�MiB}2/ BM i2`Kb Q7 �M Qmi@Q7@iBK2@Q`/2`2/ +Q``2H�iQ`

⟨A(t)B(0)A(t)B(0)⟩ UPhP*V Q#i�BM2/ 7`QK i?2 +`Qbb i2`Kb BM ⟨[A(t), B(0)]2⟩ (Rje)X h?2

2tTQM2MiB�H /2+�v BM i?2 PhP* `2bmHib BM �M 2tTQM2MiB�H ;`Qri? Q7 ⟨[A(t), B(0)]2⟩ �i b?Q`i

iBK2b- �M/ i?2 H�ii2` r�b +QMM2+i2/ iQ �M�HQ;Qmb #2?�pBQ` BM +H�bbB+�H +?�QbX AM T�`iB+mH�`-

_27X (Rje)- 2bi�#HBb?2/ � `B;Q`Qmb #QmM/- 2π/β- 7Q` i?2 /2+�v `�i2- λL- Q7 i?2 PhP*- �M/ i?2

J�DQ`�M� auE KQ/2H Bb 2tT2+i2/ (RRe) iQ b�im`�i2 i?Bb #QmM/ BM i?2 bi`QM;@+QmTHBM; HBKBi

βJ ≫ 1X AM i?2 QTTQbBi2 T2`im`#�iBp2 HBKBi- βJ ≪ 1- QM2 2tT2+ib λL ∼ J X _27X (N3) T2`7Q`K2/

� 1. +�H+mH�iBQM Q7 i?2 PhP* QM i?2 J�DQ`�M� auE KQ/2H BM i?2 BM}MBi2 i2KT2`�im`2 HBKBi-

β = 0X >2`2 r2 rBHH T2`7Q`K � bBKBH�` +�H+mH�iBQM QM i?2 +QKTH2t auE KQ/2H- �M/ �HbQ Q#i�BM

`2bmHib �i H�`;2 βJ X q2 /2}M2 Qm` `2MQ`K�HBx2/ PhP* #v

PhP* = −⟨A(t)B(0)A(t)B(0)⟩+ ⟨B(0)A(t)B(0)A(t)⟩
2⟨AA⟩⟨BB⟩ . UkX98V

q2 +?QQb2 i?2 >2`KBiB�M J�DQ`�M� QT2`�iQ`b A = c1 + c†1- B = c2 + c†2X h?2 M2;�iBp2

bB;M ;Bp2b � TQbBiBp2 BMBiB�H p�Hm2 7Q` PhP*X �i BM}MBi2 i2KT2`�im`2- i?2 `2bmHi Bb b?QrM

BM 6B;X kX3X q2 Q#b2`p2 i?2 7�bi b+`�K#HBM; 2z2+i 7`QK i?2 [mB+F /2+�v Q7 PhP*- �M/

i?2 2�`Hv iBK2 /2+�v `�i2 λL Bb T`QTQ`iBQM�H iQ J �b 2tT2+i2/X aBKBH�` #2?�pBQ` Bb 7QmM/

BM i?2 J�DQ`�M� auE KQ/2H (N3)X �i }MBi2 i2KT2`�im`2- �Hi?Qm;? r2 +�M T2`7Q`K i?2

+QKTmi�iBQM BM i?2 bi`QM; +QmTHBM; HBKBi βJ ≫ 1- #2+�mb2 Q7 }MBi2 bBx2 2z2+ib- r2 /Q MQi

;2i i?2 T`2/B+i2/ /2+�v `�i2 λL = 2π/βX �M/ i?2 PhP* QMHv ?�b � r2�F /2T2M/2M+2 QM

β 2p2M BM i?2 bi`QM; +QmTHBM; HBKBi �b b?QrM BM 6B;X kXNX h?2Q`2iB+�HHv (RRe)(Rje)- BM i?2

H�`;2 N �M/ bi`QM; +QmTHBM; +QM7Q`K�H HBKBi N ≫ βJ ≫ 1- /m`BM; i?2 b+`�K#HBM; T`Q+2bb

β ≪ t < β logN - r2 ?�p2 1− PhP* ∼ (βJ/N)e(2π/β)tX "2+�mb2 Q7 MmK2`B+�H +QKTmi�iBQM
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*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

t
0 2 4 6 8 10

O
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C

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

J=1
J=2

6B;m`2 kX3, PhP* �b � 7mM+iBQM Q7 iBK2 �i BM}MBi2 i2KT2`�im`2 rBi? /Bz2`2Mi BMi2`�+iBQM
bi`2M;i? J = 1 �M/ J = 2X >2`2 i?2 iQi�H bvbi2K bBx2 N = 7X

X

TQr2` +QMbi`�BM- r2 +�MMQi `2�+? i?2 H�`;2 N +QM7Q`K�H HBKBi- �M/ i?2`27Q`2 r2 /QMǶi ?�p2

� r2HH /2}M2/ b+`�K#HBM; T2`BQ/X �b � +QMb2[m2M+2- 6B;X kXN /Q2b MQi /BbTH�v � H�`;2 +?�M;2

BM i?2 2tTQM2Mi- �M/ i?2 T`2@7�+iQ` /Bz2`2M+2 Bb �HbQ bK�HHX Ai Bb +H2�`Hv i?�i Q7 Qm` bK�HH

bvbi2K bBx2b- J Bb i?2 KQbi `2H2p�Mi 2M2`;v b+�H2 i?�i +QMi`QHHBM; i?2 +?�QbX

q2 +�M +?QQb2 Qi?2` QT2`�iQ`b 7Q` A �M/ BX 6Q` BMbi�M+2- r2 +�M +?QQb2 i?2K iQ #2

i?2 b�K2 A = B = c1 + c†1X h?2M i?2 BMBiB�H p�Hm2 Q7 PhP* rBHH #2 @R �M/ �7i2` i?2

b+`�K#HBM; T`Q+2bb Bi rBHH 2p2Mim�HHv b�im`�i2 iQ yUi?Bb Bb �HbQ /2}M2/ BM EBi�2pǶb i�HF(RRe)VX

>Qr2p2` B7 r2 +?QQb2 A = c†1c1- B = c†2c2- PhP* rBHH MQi +?�M;2 iQQ Km+? 7`QK Bib BMBiB�H

p�Hm2X �M/ B7 r2 +?QQb2 Qi?2` +QKTQbBi2 QT2`�iQ`b 7Q` A �M/ B- PhP* K�v /2+�v #mi rBi?

/Bz2`2Mi /2+�v `�i2X AM i?2 BMi2;`�H KQ/2Hb HBF2 i?2 AbBM; KQ/2H �b /Bb+mbb2/ BM _27X (Rje)- i?2

PhP* /2T2M/b QM i?2 KQMQ/`QKv #2?�pBQ` Q7 +QM7Q`K�H #HQ+Fb r?2M /QBM; i?2 �M�HviB+�H

+QMiBMm�iBQMX PM2 +�M b?Qr i?�i BM _*6h KQ/2Hb- i?2 KQMQ/`QKv +QK2b 7`QK i?2 #`�B/BM;

/�i�(kN- 3y)X PM2 K�v Q` K�v MQi ?�p2 i?Bb b+`�K#HBM; 2z2+i /2T2M/b QM i?2 QT2`�iQ`b
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*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

t
0 2 4 6 8 10

O
TO

C

-0.2

0

0.2

0.4

0.6

0.8

1

1.2
T/J=1
T/J=0.1

6B;m`2 kXN, PhP* �b � 7mM+iBQM Q7 iBK2 �i /Bz2`2Mi i2KT2`�im`2 rBi? BMi2`�+iBQM bi`2M;i?
J = 1X >2`2 i?2 iQi�H bvbi2K bBx2 N = 7X

X

QM2 +?QQb2X AM i?2 auE KQ/2H- Bi b22Kb i?�i i?2 b+`�K#HBM; �HbQ /2T2M/b QM Qm` +?QB+2 Q7

QT2`�iQ`bX h?2 PhP* Q7 +QKTQbBi2 QT2`�iQ`b K�v #2 i?Qm;?i �b i?2 bmK Q7 bQK2 bBM;H2

QT2`�iQ` PhP* �7i2` i?2 PS1 �M/ K�v 2t?B#Bi /Bz2`2Mi #2?�pBQ`X

kX9 .Bb+mbbBQM

q2 ?�p2 T`2b2Mi2/ 2t�+i /B�;QM�HBx�iBQM `2bmHib QM i?2 72`KBQMB+ auE KQ/2HX h?2 i`2M/b BM

i?2 +QKTmi2/ :`22MǶb 7mM+iBQMb- ?B;? i2KT2`�im`2 2tT�MbBQM- 2Mi`QTv /2MbBiv- �M/ 2Mi�M;H2@

K2Mi 2Mi`QTv �HH bmTTQ`i i?2 +QM+HmbBQM i?�i i?2 H�`;2 N HBKBi �TT`Q�+?2b i?2 +QKT`2bbB#H2

MQM@62`KB HB[mB/ bi�i2 Q#i�BM2/ BM i?2 2�`HB2` N = ∞ �M�HvbBbX LQi2 i?�i i?2 2Mi`QTv /2M@

bBiv �TT`Q�+?2b � MQM@x2`Q p�Hm2 BM i?2 HBKBi T → 0 i�F2M �7i2` i?2 N → ∞- �M/ bQ i?2

;`QmM/ bi�i2 Bib2H7 2t?B#Bib 2B;2Mbi�i2 i?2`K�HBx�iBQMX h?Bb +QM+HmbBQM Bb �HbQ bmTTQ`i2/ #v

i?2 pQHmK2@H�r #2?�pBQ` Q7 i?2 2Mi�M;H2K2Mi 2Mi`QTvX h?2 Q`B;BM�H KQ/2H Q7 _27X (Rdj) r�b

�`;m2/ (d9) iQ ?�p2 �M BMbi�#BHBiv iQ bTBM ;H�bb Q`/2` �i i2KT2`�im`2b 2tTQM2MiB�HHv bK�HH

je



*?�Ti2` kX LmK2`B+�H bim/B2b QM i?2 auE KQ/2Hb

BM
√
M c i?2 +QMbQM�M+2 #2ir22M H�`;2 N i?2Q`v �M/ Qm` }MBi2 N MmK2`B+b BM/B+�i2b i?�i

i?2 KQ/2H BM UkXRV UrBi? � `�M/QK BMi2`�+iBQM rBi? 9 BM/B+2b (RRe)V /Q2b MQi ?�p2 bm+? �M

BMbi�#BHBivX

6Q` i?2 auE KQ/2H 7Q` ?�`/@+Q`2 #QbQMb- Qm` `2bmHib 7Q` i?2 bBM;H2@T�`iB+H2 :`22MǶb 7mM+iBQM

r2`2 p2`v /Bz2`2Mi- �M/ BM/B+�i2 i?2 T`2b2M+2 Q7 bTBM ;H�bb Q`/2`X aBKBH�` [m�MimK bTBM ;H�bb

bi�i2b r2`2 2t�KBM2/ BM `�M/QK KQ/2Hb Q7 #QbQMb BM _27bX (dj- d9)X

�7i2` i?2 +QKTH2iBQM Q7 i?Bb rQ`F- i?2`2 �`2 Qi?2` T�T2`b rBi? 7m`i?2` /Bb+mbbBQMb QM

`2H�i2/ iQTB+bX _27X (N) ?�b /Bb+mbb2/ }MBi2 N 2z2+i BM irQ@TQBMi 7mM+iBQM mbBM; GBQmpBHH2

[m�MimK K2+?�MB+bX _27X (NN) ?�b +QKTmi2/ i?2 2Mi�M;H2K2Mi 2Mi`QTv �M�HviB+�HHv r?B+?

�;`22b rBi? H�`;2` bvbi2K bBx2 MmK2`B+b BM (RkN)X _27X (RkR) ?�b T2`7Q`K2/ � H�`;2` bBx2

MmK2`B+b BM +QKTmiBM; i?2 PhP* �M/ ?�b � bvbi2K�iB+ BKT`Qp2K2Mi �i HQr i2KT2`�im`2

iQr�`/b i?2 �M�HviB+ `2bmHiX h?2`2 �`2 KQ`2 /Bb+mbbBQMb �#Qmi 1h> BM auE BM (33- R9N- R3y)X

jd



3
h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

jXR AMi`Q/m+iBQM

ai`�M;2 K2i�H bi�i2b �`2 m#B[mBiQmb BM KQ/2`M [m�MimK K�i2`B�Hb (k9)X 6B2H/ i?2Q`B2b Q7

bi`�M;2 K2i�Hb (Rdy) ?�p2 H�`;2Hv 7Q+mb2/ QM /BbQ`/2`@7`22 KQ/2Hb Q7 62`KB bm`7�+2b +QmTH2/ iQ

p�`BQmb ;�TH2bb #QbQMB+ 2t+Bi�iBQMb r?B+? H2�/ iQ #`2�F/QrM Q7 i?2 [m�bBT�`iB+H2 2t+Bi�iBQMb

M2�` i?2 62`KB bm`7�+2- #mi H2�p2 i?2 62`KB bm`7�+2 BMi�+iX PM i?2 2tT2`BK2Mi�H bB/2 (k9- 9y-

Rjk- RNd)- i?2`2 �`2 MmK2`Qmb BM/B+�iBQMb i?�i /BbQ`/2` 2z2+ib �`2 BKTQ`i�Mi- 2p2M i?Qm;?

K�Mv Q7 i?2 K2�bm`2K2Mib ?�p2 #22M T2`7Q`K2/ BM MQKBM�HHv +H2�M K�i2`B�HbX h?2Q`B2b

Q7 bi`�M;2 K2i�Hb rBi? /BbQ`/2` ?�p2 QMHv 2t�KBM2/ i?2 +QMb2[m2M+2b Q7 /BHmi2 BKTm`BiB2b

T2`im`#�iBp2Hv (Nj- R9y- R8j)X

.BbQ`/2`2/ K2i�HHB+ bi�i2b ?�p2 #22M 2ti2MbBp2Hv bim/B2/ (8e- Rke) mM/2` +QM/BiBQMb BM r?B+?

i?2 [m�bBT�`iB+H2 2t+Bi�iBQMb bm`pBp2X h?2 [m�bBT�`iB+H2b �`2 MQ HQM;2` TH�M2 r�p2 bi�i2b �b

i?2v mM/2`;Q 7`2[m2Mi 2H�biB+ b+�ii2`BM; 7`QK BKTm`BiB2b- �M/ bT�iB�HHv `�M/QK �M/ 2ti2M/2/

[m�bBT�`iB+H2 bi�i2b ?�p2 #22M b?QrM iQ #2 bi�#H2 mM/2` 2H2+i`QM@2H2+i`QM BMi2`�+iBQMb (R)X AM
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

+QMi`�bi- i?2 HBi2`�im`2 QM [m�MimK 2H2+i`QMB+ i`�MbTQ`i Bb H�`;2Hv bBH2Mi QM i?2 TQbbB#BHBiv Q7

/BbQ`/2`2/ +QM/m+iBM; K2i�HHB+ bi�i2b �i HQr i2KT2`�im`2b rBi?Qmi [m�bBT�`iB+H2 2t+Bi�iBQMb-

r?2M i?2 2H2+i`QM@2H2+i`QM b+�ii2`BM; H2M;i? Bb Q7 Q`/2` Q` b?Q`i2` i?�M i?2 2H2+i`QM@BKTm`Biv

b+�ii2`BM; H2M;i?X US`2pBQmb bim/B2b BM+Hm/2 � /BbQ`/2`2/ /QT2/ �MiB72``QK�;M2i BM r?B+?

[m�bBT�`iB+H2b 2p2Mim�HHv `2�TT2�` �i HQr i2KT2`�im`2 (R8R)- �M/ � T�`iB�H i`2�iK2Mi Q7 r2�F

/BbQ`/2` BM � KQ/2H Q7 � 62`KB bm`7�+2 +QmTH2/ iQ � ;�m;2 }2H/ (3e)XV

PM i?2 Qi?2` ?�M/- ?QHQ;`�T?B+ K2i?Q/b /Q vB2H/ K�Mv 2t�KTH2b Q7 +QM/m+iBM; [m�MimK

bi�i2b BM i?2 T`2b2M+2 Q7 /BbQ`/2` �M/ rBi? MQ [m�bBT�`iB+H2 2t+Bi�iBQMb (93- 89- dN- 3NĜ

Nk- N9- N8- RjR- Re8)X A7 r2 �bbmK2 i?�i i?2 K�BM `QH2 Q7 /BbQ`/2` Bb iQ /BbbBT�i2 KQK2MimK-

�M/ r2 �p2`�;2 Qp2` /BbQ`/2` iQ Q#i�BM � bT�iB�HHv ?QKQ;2M2Qmb i?2Q`v- i?2M r2 K�v +QMbB/2`

?QKQ;2M2Qmb ?QHQ;`�T?B+ KQ/2Hb r?B+? /Q MQi +QMb2`p2 KQK2MimKX J�Mv bm+? KQ/2Hb ?�p2

#22M bim/B2/ (9- RR- RN- kk- 98Ĝ9d- 8k- 8j- dd- R33)- �M/ i?2B` i`�MbTQ`i T`QT2`iB2b ?�p2 #22M

rQ`F2/ Qmi BM /2i�BHX >Qr2p2`- i?2`2 Bb MQi � +H2�` [m�MimK K�ii2` BMi2`T`2i�iBQM Q7 i?2b2

/BbQ`/2`2/- MQM@[m�bBT�`iB+H2- K2i�HHB+ bi�i2bX

h?2 a�+?/2p@u2@EBi�2p UauEV KQ/2Hb (dj- d9- RRe- R8R- Rdj) �`2 i?2Q`B2b Q7 72`KBQMb

rBi? � H�#2H i = 1 . . . N �M/ `�M/QK �HH@iQ@�HH BMi2`�+iBQMbX h?2v ?�p2 K�Mv BMi2`2biBM;

72�im`2b- BM+Hm/BM; i?2 �#b2M+2 Q7 [m�bBT�`iB+H2b BM � MQM@i`BpB�H- bQHm#H2 HBKBi BM i?2 T`2b2M+2

Q7 /BbQ`/2` �i HQr i2KT2`�im`2 UT VX AM i?2 HBKBi r?2`2 N Bb }`bi i�F2M iQ BM}MBiv �M/ i?2

i2KT2`�im`2 Bb bm#b2[m2MiHv i�F2M iQ x2`Q- i?2 2Mi`QTv/N `2K�BMb MQM@x2`QX LQi2- ?Qr2p2`-

i?�i bm+? �M 2Mi`QTv /Q2b MQi BKTHv �M 2tTQM2MiB�HHv H�`;2 ;`QmM/ bi�i2 /2;2M2`�+v, Bi +�M #2

�+?B2p2/ #v � K�Mv@#Q/v H2p2H bT�+BM; i?�i Bb Q7 i?2 b�K2 Q`/2` M2�` i?2 ;`QmM/ bi�i2 �b �i �

ivTB+�H 2t+Bi2/ bi�i2 2M2`;vX h?2 auE KQ/2Hb r2`2 +QMM2+i2/ ?QHQ;`�T?B+�HHv iQ #H�+F ?QH2b

rBi? �/a2 ?Q`BxQMb- �M/ i?2 T → 0 HBKBi Q7 i?2 2Mi`QTv r�b B/2MiB}2/ �b i?2 "2F2Mbi2BM@

>�rFBM; 2Mi`QTv BM _27bX (Re3- ReN- RdR)X J�Mv `2+2Mi bim/B2b ?�p2 i�F2M � MmK#2` Q7

T2`bT2+iBp2b- BM+Hm/BM; i?2 +QMM2+iBQMb iQ irQ@/BK2MbBQM�H [m�MimK ;`�pBiv (k- j- 8- N- R8-

jN- 9R- 9j- 8d- e9- ee- d3- 3j- N3- RyeĜRy3- RRe- Rj8- Rjd- Rek- RdR- RNe)X h?2 ;`�pBiv /m�Hb Q7

i?2 auE KQ/2Hb �`2 MQi BM i?2 +�i2;Q`v Q7 i?2 7�KBHB�` �/af*6h +Q``2bTQM/2M+2 (R3k)- �M/
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

i?2B` HQr@2M2`;v T?vbB+b Bb +QMi`QHH2/ #v � bvKK2i`v@#`2�FBM; T�ii2`M (Rj8) r?B+? �HbQ �`Bb2b

BM � ;2M2`B+ irQ@/2`Bp�iBp2 i?2Q`v Q7 /BH�iQM ;`�pBiv QM � M2�`Hv �/a2 bT�+2iBK2 (8d- Rye- Rjd)X

qBi? /BbQ`/2`2/ K2i�HHB+ bi�i2b BM KBM/- BM i?Bb +?�Ti2`- r2 rBHH bim/v � +H�bb Q7 auE

KQ/2Hb (dj- d9- R8R- Rdj) r?B+? ?�p2 � +QMb2`p2/ 72`KBQM MmK#2`RX h?2 auE KQ/2Hb ?�p2

`2+2MiHv #22M 2ti2M/2/ iQ H�iiB+2 KQ/2Hb BM QM2 Q` KQ`2 bT�iB�H /BK2MbBQMb (3j) Ub22 �HbQ (R8)V-

r?B+? ?�b QT2M2/ �M 2tTHQ`�iBQM BMiQ i?2B` i`�MbTQ`i T`QT2`iB2bX AM i?Bb rQ`F- r2 b?�HH 7m`i?2`

2ti2M/ i?2b2 ?B;?2`@/BK2MbBQM�H KQ/2Hb iQ BM+Hm/2 � +QMb2`p2/ 72`KBQM MmK#2`X h?Bb rBHH

�HHQr mb iQ /2b+`B#2 i?2 i?2`KQ2H2+i`B+ `2bTQMb2 7mM+iBQMb Q7 � bQHp�#H2 K2i�HHB+ bi�i2 rBi?Qmi

[m�bBT�`iB+H2b �M/ BM i?2 T`2b2M+2 Q7 /BbQ`/2`X h?2 i`�MbTQ`i T`QT2`iB2b +�M �HbQ #2 bim/B2/ BM

1BMbi2BM@J�tr2HH@�tBQM ?QHQ;`�T?B+ i?2Q`B2b- #mi r2 rBHH MQi /Bb+mbb i?Bb iQTB+ ?2`2X _2�/2`b

+�M }M/ /2i�BHb BM i?2 Q`B;BM�H T�T2`X

jXk JQ/2H

jXkXR *QKTH2t auE KQ/2H

h?2 x2`Q@/BK2MbBQM�H auE KQ/2H Q7 BMi2`2bi iQ mb ?�b +�MQMB+�H +QKTH2t 72`KBQMb fi H�#2H2/

#v i = 1 . . . N X q2 `272` iQ i?2K �b i?2 +QKTH2t auE KQ/2HbX h?2 >�KBHiQMB�M Bb

H0 =
∑

1!i1<i2...iq/2!N,
1!iq/2+1<iq/2+2...<iq!N

Ji1,i2...iq f
†
i1f

†
i2 . . . f

†
iq/2

fiq/2+1
. . . fiq−1fiq . UjXRV

R� rQ`/ �#Qmi ;HQ#�H bvKK2i`B2b Bb BM Q`/2`X h?2 J�DQ`�M� auE KQ/2H (RRe) rBi? 2N J�DQ`�M� 72`KBQMb
?�b � aPU2NV bvKK2i`v QMHv �7i2` �p2`�;BM; Qp2` /BbQ`/2`X >Qr2p2`- i?Bb bvKK2i`v Bb MQi ;2M2`�i2/ #v �
+QMb2`p2/ +?�`;2X h?2 KQ/2H BM 1[X UjXRV ?�b � ;HQ#�H lURV bvKK2i`v 7Q` 2�+? `2�HBx�iBQM Q7 i?2 /BbQ`/2`-
�M/ bQ i?Bb bvKK2i`v +Q``2bTQM/b iQ � +QMb2`p2/ +?�`;2X Ai Bb i?Bb bvKK2i`v r?B+? Bb Q7 BMi2`2bi BM i?Bb
rQ`FX 6Q` +QKTH2i2M2bb- r2 MQi2 i?�i i?Bb KQ/2H �+[mB`2b �M �//BiBQM�H alUNV bvKK2i`v �7i2` �p2`�;BM;
Qp2` /BbQ`/2`X
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

>2`2 q Bb �M 2p2M BMi2;2`- �M/ i?2 +QmTHBM;b Ji1,i2...iq �`2 `�M/QK +QKTH2t MmK#2`b rBi? x2`Q

K2�M Q#2vBM;

Ji1i2...iq/2,iq/2+1...iq−1iq = J∗
iq/2+1...iq−1iq ,i1i2...iq/2

,

∣∣Ji1,i2...iq
∣∣2 = J2(q/2)!2

N q−1
.

UjXkV

LQi2 i?�i i?2 +�b2 q = 2 Bb bT2+B�H �M/ /Q2b ?�p2 [m�bBT�`iB+H2b, i?Bb /2b+`B#2b 7`22 72`KBQMb

�M/ i?2 2B;2Mbi�i2b Q7 i?2 `�M/QK K�i`Bt Ji1,i2 Q#2v qB;M2`@.vbQM bi�iBbiB+b (Rk)X Pm`

�ii2MiBQM rBHH #2 7Q+mb2/ QM q " 4- �M/ N ≫ q- r?2M i?2 KQ/2H ~Qrb iQ � T?�b2 rBi?Qmi

[m�bBT�`iB+H2b rBi? �M 2K2`;2Mi +QM7Q`K�H bvKK2i`v �i HQr 2M2`;B2bX q2 /2}M2 i?2 72`KBQM

MmK#2` −1/2 < Q < 1/2 #v

Q =
1

N

∑

i

⟨f †
i fi⟩ − 1/2 . UjXjV

q2 �HbQ /2}M2

∆ =
1

q
, UjX9V

r?B+? rBHH #2 i?2 HQr@2M2`;v b+�HBM; /BK2MbBQM Q7 i?2 72`KBQM f X

jXkXk G�`;2 N b�//H2 TQBMi

LQr r2 2KTHQv :`22MǶb 7mM+iBQMb BM i?2 ;`�M/ +�MQMB+�H 2Mb2K#H2 �i � +?2KB+�H TQi2MiB�H

µX ai�`iBM; 7`QK � T2`im`#�iBp2 2tT�MbBQM Q7 H0 BM 1[X UjXRV- �M/ �p2`�;BM; i2`K@#v@i2`K-

r2 Q#i�BM i?2 7QHHQrBM; 2[m�iBQMb 7Q` i?2 :`22MǶb 7mM+iBQM �M/ b2H7 2M2`;v BM i?2 H�`;2 N

HBKBi,

Σ(τ) = −(−1)q/2qJ2 [G(τ)]q/2 [G(−τ)]q/2−1 UjX8V

G(iωn) =
1

iωn + µ− Σ(iωn)
; UjXeV
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

r?2`2 ωn Bb � J�ibm#�`� 7`2[m2M+v ωn = 2π(n+ 1
2) �M/ τ Bb BK�;BM�`v iBK2X �b BM _27bX (d9-

Rdj)- r2 K�F2 i?2 7QHHQrBM; A_ �Mb�ix �i � +QKTH2t 7`2[m2M+v z

G(z) = C
e−i(π∆+θ)

z1−2∆
, AK(z) > 0 , UjXdV

r?B+? Bb 2tT`2bb2/ BM i2`Kb Q7 i?`22 `2�H T�`�K2i2`b- C- ∆ �M/ θX >2`2 i?2 +QKTH2t 7`2[m2M+v

Bb bK�HH +QKT�`2/ iQ i?2 /BbQ`/2`- |z| ≪ J X lMBi�`Biv BKTHB2b i?�i i?2 bT2+i`�H r2B;?i Bb

TQbBiBp2- r?B+? BM im`M BKTHB2b i?�i

−π∆ < θ < π∆ . UjX3V

h?2 T�`iB+H2@?QH2 bvKK2i`B+ p�Hm2 Bb θ = 0X AMb2`iBM; 1[X UjXdV BMiQ UjXeV- � bi`�B;?i7Q`r�`/

�M�HvbBb /2b+`B#2/ BM �TT2M/Bt "XR b?Qrb i?�i ∆ Bb ;Bp2M #v UjX9V- r?BH2

C =

[
Γ(2(1− 1/q))

πqJ2

]1/q [ π

Γ(2/q)

]1−1/q

[sin(π/q + θ) sin(π/q − θ)]1/q−1/2 . UjXNV

h?2 p�Hm2 Q7 θ `2K�BMb mM/2i2`KBM2/ BM i?Bb A_ �M�HvbBbX "2HQr- BM 1[X UjXjRV- r2 }M/

�M 2t�+i `2H�iBQMb?BT #2ir22M θ �M/ i?2 /2MbBiv Q- �b r�b }`bi 7QmM/ BM _27X (d9) 7Q` i?2

∆ = 1/4 i?2Q`vX

6Qm`B2` i`�Mb7Q`KBM; i?2 72`KBQM :`22MǶb 7mM+iBQM 1[X UjXdV ;Bp2b

G(τ) ∼

⎧
⎪⎪⎨

⎪⎪⎩

−|τ |−2∆ , τ > 0 ,

e−2πE |τ |−2∆ , τ < 0 ,

UjXRyV

r?2`2 i?2 ǳbT2+i`�H �bvKK2i`vǴ E Bb `2H�i2/ iQ θ �b

e2πE =
sin(π∆+ θ)

sin(π∆− θ)
. UjXRRV

h?2 �bvKK2i`v BM UjXRyV r�b �`;m2/ BM (R8k) U�M/ `2pB2r2/ BM (RdR)V iQ }t i?2 T /2`Bp�iBp2
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

Q7 µ

lim
T→0

(
∂µ

∂T

)

Q
= −2πE . UjXRkV

aQ i?Bb E Bb i?2 b�K2 �b i?�i BMi`Q/m+2/ BM 1[X UjXReVX

h?2 T > 0 ;2M2`�HBx�iBQM Q7 1[X UjXRyV Bb � b�//H2 TQBMi Q7 i?2 �+iBQM BM 1[X U"X83V

Gs(τ) = −C

(
Γ(2∆) sin(π∆+ θ)

π

)
e−2πET τ

(
πT

sin(πT τ)

)2∆

, 0 < τ <
1

T
, UjXRjV

rBi? E `2K�BMBM; BM/2T2M/2Mi Q7 T T`QpB/2/ Q Bb ?2H/ }t2/X h?Bb `2bmHi r�b 7QmM/ #Qi? BM

(R8k- RdR)- �M/ BM i?2 �/a2 +QKTmi�iBQM BM (83)X �7i2` mbBM; i?2 EJa +QM/BiBQM �M/ UjXRRV-

i?2 T → 0 HBKBi Q7 UjXRjV �;`22b rBi? U"XdVX AM �TT2M/Bt \\- r2 7m`i?2` /Bb+mbb i?2 F2`M2H

Q7 i?2 KQ/2H �M/ 2ti`�+i Qmi i?2 bT2+i`mK Q7 i?2 i?2Q`vX

jXj _2bmHib

jXjXR h?2`KQ/vM�KB+b

q2 rBHH b?Qr BM i?Bb b2+iBQM i?�i i?2 +�MQMB+�H 7`22 2M2`;v- NF - Q7 i?2 >�KBHiQMB�M H0 BM

1[X UjXRV ?�b � HQr i2KT2`�im`2 UT ) 2tT�MbBQM

F (Q, T ) = E0(Q)− TS(Q) + . . . . UjXR9V

r?2`2 i?2 ;`QmM/ bi�i2 2M2`;v- E0(Q)- Bb MQi mMBp2`b�H- #mi i?2 x2`Q@i2KT2`�im`2 2Mi`QTv

S(Q) Bb mMBp2`b�H- K2�MBM; i?�i Bi /2T2M/b QMHv QM i?2 b+�HBM; /BK2MbBQM ∆ �M/ Bb BM/2T2M@

/2Mi Q7 ?B;? 2M2`;v UǳloǴV /2i�BHb- bm+? �b ?B;?2` Q`/2` 72`KBQM BMi2`�+iBQMb i?�i +QmH/ #2

�//2/ iQ 1[X UjXRVX h?2 p�Hm2 Q7 E0(Q) Bb MQi FMQrM �M�HviB+�HHv- #mi +�M QMHv #2 +QKTmi2/

MmK2`B+�HHv Q` BM � H�`;2 q 2tT�MbBQM �b r2 T2`7Q`K BM �TT2M/Bt "XjX >Qr2p2`- `2K�`F�#Hv-

r2 +�M Q#i�BM 2t�+i `2bmHib 7Q` i?2 mMBp2`b�H 7mM+iBQM S(Q) 7Q` �HH 0 < ∆ < 1/2- �M/ 7Q`

�HH −1/2 < Q < 1/2 Ub22 6B;X jXjVX h?2b2 `2bmHib �;`22 rBi? i?Qb2 Q#i�BM2/ 2�`HB2` 7Q` i?2
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

bT2+B�H +�b2b ∆ = 1/4 �M/ �HH Q BM _27X (d9)- �M/ 7Q` Q = 0 �M/ �HH ∆ BM _27X (RRe)X h?2

?B;?2`@/BK2MbBQM�H +QKTH2t auE KQ/2Hb �HbQ ?�p2 � 7`22 2M2`;v Q7 i?2 7Q`K 1[X UjXR9V-

r?2`2 NF Bb MQr mM/2`biQQ/ iQ #2 i?2 7`22 2M2`;v T2` bBi2 Q7 i?2 ?B;?2`@/BK2MbBQM�H H�iiB+2X

"2+�mb2 Q7 i?2 MQM@mMBp2`b�HBiv Q7 E0(Q)- i?2 mMBp2`b�H T`QT2`iB2b Q7 i?2 i?2`KQ/vM�KB+b

�`2 KQ`2 bm#iH2 BM i?2 ;`�M/ +�MQMB+�H 2Mb2K#H2X h?2 +?2KB+�H TQi2MiB�H- µ = (∂F/∂Q)T -

?�b #Qi? mMBp2`b�H �M/ MQM@mMBp2`b�H +QMi`B#miBQMbX *QMb2[m2MiHv Bi `2[mB`2b � /2HB+�i2

+QKTmi�iBQM iQ 2ti`�+i i?2 mMBp2`b�H TQ`iBQMb Q7 i?2 ;`�M/ TQi2MiB�H/N -

Ω(µ, T ) = F − µQ . UjXR8V

Ai Bb BMi2`2biBM; iQ MQi2 i?�i i?Bb mMBp2`b�H /2T2M/2M+2 QM Q- �M/ MQi µ- Bb bBKBH�` iQ i?�i BM

i?2 GmiiBM;2` i?2Q`2K 7Q` � 62`KB HB[mB/, i?2`2 i?2 62`KB pQHmK2 Bb � mMBp2`b�H 7mM+iBQM Q7

Q- #mi i?2 +QMM2+iBQM rBi? µ /2T2M/b mTQM K�Mv lo /2i�BHbX �M/ BM/22/- i?2 +QKTmi�iBQM

Q7 S(Q) BM _27X (d9) 7Q` ∆ = 1/4 2KTHQvb �M �M�HvbBb r?B+? T�`�HH2Hb i?�i mb2/ iQ T`Qp2 i?2

GmiiBM;2` i?2Q`2K BM 62`KB HB[mB/bX

� [m�MiBiv i?�i rBHH TH�v � +2Mi`�H `QH2 BM Qm` �M�Hvb2b Q7 i?2 auE �M/ ?QHQ;`�T?B+ KQ/2Hb

Bb

2πE = − lim
T→0

∂2F

∂Q∂T
=

dS
dQ = − lim

T→0

(
∂µ

∂T

)

Q
. UjXReV

LQi2 i?�i E Bb �HbQ mMBp2`b�HX h?2 7�+iQ` Q7 2π ?�b #22M BMb2`i2/ #2+�mb2 i?2M- 7Q` i?2Q`B2b

/m�H iQ ;`�pBiv rBi? �M �/a2 M2�`@?Q`BxQM ;2QK2i`v- E Bb i?2 2H2+i`B+ }2H/ BM i?2 �/a2 `2;BQM

(RdR- Rd8- Rde)X

LQr H2i mb bi�`i i?2 �M�HvbBbX _27X (Rj8) ?�b ;Bp2M �M 2tT`2bbBQM 7Q` i?2 7`22 2M2`;v Q7 i?2

J�DQ`�M� auE KQ/2Hb �b � 7mM+iBQM�H Q7 i?2 :`22MǶb 7mM+iBQM �M/ i?2 b2H7 2M2`;vc `2H�i2/

2tT`2bbBQMb r2`2 ;Bp2M 2�`HB2` 7Q` i?2 +QKTH2t auE KQ/2Hb (d9- RdR)X Ai Bb bi`�B;?i7Q`r�`/ iQ

Q#i�BM � bBKBH�` `2bmHi 7Q` i?2 ;`�M/ TQi2MiB�H Q7 i?2 +QKTH2t auE KQ/2Hb- r?B+? r2 ;Bp2 BM

1[X U"X83VX >2`2- r2 rBHH QMHv +QKTmi2 i?2 ∆ /2`Bp�iBp2 Q7 i?2 ;`�M/ TQi2MiB�H BM i?2 T → 0

HBKBi- �M/ i?2M BMi2;`�i2 rBi? `2bT2+i iQ ∆ iQ Q#i�BM i?2 HQr@i2KT2`�im`2 ;`�M/ TQi2MiB�HX
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

h?2 QMHv i2`K BM i?2 ;`�M/ TQi2MiB�H r?B+? 2tTHB+BiHv /2T2M/b QM q Bb Ub22 1[X U"X83VV

Ω = . . .− J2

∫ 1/T

0

dτ [G(τ)]q/2 [G(1/T − τ)]q/2 . UjXRdV

am#biBimiBM; ∆ = 1/q �M/ mbBM; UjXNV- UjXRRV �M/ UjXRjV i?2 H2�/BM; HQr@i2KT2`�im`2 /2`Bp�@

iBp2 Q7 Ω rBi? `2bT2+i iQ ∆ +QK2b 7`QK i?Bb i2`K-

dΩ

d∆
= −2(2∆− 1)

π

sin(π∆+ θ) sin(π∆− θ)

sin(2π∆)

∫ 1/T

0

dτ

(
πT

sin(πT τ)

)2

ln

(
Λ

sin(πT τ)

)

= −2πT (2∆− 1)
sin(π∆+ θ) sin(π∆− θ)

sin(2π∆)
+ � i2`K Q7 Q`/2` J , UjXR3V

r?2`2 Λ Bb bQK2 τ @BM/2T2M/2Mi +QMbi�MiX q2 bm#i`�+i i?2 i2`K BM Ω Q7 Q`/2` J - r?B+? r2

+�HH Ω0X lbBM; 1[X UjXRRV iQ 2tT`2bb i?2 `2bmHi BM i2`Kb Q7 E r2 Q#i�BM

d(Ω− Ω0)

d∆
= −πT (2∆− 1)

sin(2π∆)

cos(2π∆) + cosh(2Eπ)

= −πT (2∆− 1)

2
[tan(π(∆− iE)) + tan(π(∆+ iE))] .

UjXRNV

h?2 `2H�iBQM UjXReV #2ir22M E - µ- �M/ T - BKTHB2b i?�i E Bb }t2/ r?2M µ �M/ T �`2 �HbQ

}t2/X h?mb BM r`BiBM; dΩ/d∆ r2 i`2�i E �M/ ∆ �b BM/2T2M/2Mi p�`B�#H2b- BM T�`iB+mH�`- r2

F22T E }t2/ r?2M BMi2;`�iBM; Qp2` ∆X LQi2 i?�i i?2 `2H�iBQMb?BT #2ir22M E �M/ Q BM UjXjyV

/2T2M/b mTQM q- �M/ bQ p�`vBM; q �i }t2/ E BKTHB2b i?�i Q rBHH p�`vX q2 +�M MQr BMi2;`�i2

UjXRNV iQ Q#i�BM

Ω− Ω0 =
(2∆− 1)T

2
ln [2(cos(2π∆) + cosh(2πE))]

+
iT

4π

[
Li2

(
−e2π(E−i∆)

)
+ Li2

(
−e2π(−E−i∆)

)
− Li2

(
−e2π(E+i∆)

)
− Li2

(
−e2π(−E+i∆)

)]

≡ −TG(E). UjXkyV

h?2 BMi2;`�iBQM +QMbi�Mi Bb }t2/ #v i?2 #QmM/�`v +QM/BiBQMb i?�i i?2 bBM;mH�` T�`i Q7 i?2

;`�M/ TQi2MiB�H- Ω−Ω0 p�MBb?2b �i i?2 7`22 72`KBQM TQBMi ∆ = 1/2X h?2 H�bi HBM2 BM 1[X UjXkyV
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

/2}M2b i?2 7mM+iBQM G(E)X

a2T�`�iBM; i?2 mMBp2`b�H �M/ MQM@mMBp2`b�H T�`ib

h?2 ;`�M/ TQi2MiB�H Ω +QKTmi2/ BM UjXkyV /2T2M/b mTQM E �M/ T X "mi- BM i?2 ;`�M/

+�MQMB+�H 2Mb2K#H2 �i }t2/ µ �M/ T - E ?�b �M mMFMQrM /2T2M/2M+2 mTQM µ �M/ T X Ai Bb

i?2`27Q`2 #2ii2` iQ +QMp2`i iQ i?2 +�MQMB+�H 2Mb2K#H2 �i }t2/ Q �M/ T - r?2`2 r2 FMQr i?2

Q �M/ T /2T2M/2M+2 Q7 µ 7`QK UjXRkV-

µ(Q, T ) = µ0 − 2πE(Q)T + . . . UjXkRV

�b T → 0X >2`2 E /2T2M/b QMHv QM Q- �M/ µ0 Bb i?2 +QMi`B#miBQM 7`QK i?2 ;`QmM/ bi�i2

2M2`;v- E0- rBi?

µ0 =
dE0

dQ . UjXkkV

h?2 +QKTH2i2 ;`�M/ TQi2MiB�H- BM+Hm/BM; i?2 +QMi`B#miBQM Q7 i?2 ;`QmM/ bi�i2 2M2`;v- Bb

Ω = E0 − µ0Q− TG(E) + . . . , UjXkjV

r?2`2 i?2 7mM+iBQM�H 7Q`K Q7 i?2 bBM;mH�` i2`K G(E) r�b ;Bp2M BM UjXkyVX h?2 7`22 2M2`;v BM

i?2 +�MQMB+�H 2Mb2K#H2- F - Bb

F (Q, T ) = Ω+ µQ . UjXk9V

LQr r2 mb2 i?2 i?2`KQ/vM�KB+ B/2MiBiv

µ =

(
∂F

∂Q

)

T

, UjXk8V

iQ Q#i�BM �M 2tT`2bbBQM 7Q` i?2 /2MbBiv- QX lbBM; UjXkR@jXk9V- UjXk8V #2+QK2b

µ0 − 2πET =
dE0

dQ − T
dG
dE

dE
dQ − 2πET − 2πT

dE
dQQ, UjXkeV
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

r?B+? ;Bp2b mb

Q = − 1

2π

dG
dE . UjXkdV

aBKBH�`Hv- i?2 2Mi`QTv Bb

S = −
(
∂F

∂T

)

Q

= G + 2πEQ
UjXk3V

1[bX UjXkdV �M/ UjXk3V b?Qr i?�i S(Q) �M/ G(E) �`2 � G2;2M/`2 T�B`- �M/ bQ

dS
dQ = 2πE . UjXkNV

h?Bb 2[m�HBiv Bb 2[mBp�H2Mi iQ 1[X UjXRkV #v i?2 J�tr2HH `2H�iBQM BM 1[X UjXReV- �M/ i?Bb

bmTTQ`ib i?2 p�HB/Biv Q7 Qm` �M�HvbBbX

�TT2M/Bt "Xj T`2b2Mib � +QKTmi�iBQM Q7 i?2 i?2`KQ/vM�KB+b �i H�`;2 qX AM i?Bb HBKBi- r2

2tTHB+BiHv p2`B7v i?2 �#Qp2 /2+QKTQbBiBQMb BMiQ mMBp2`b�H �M/ MQM@mMBp2`b�H +QKTQM2MibX

*?�`;2

q2 +QKTmi2 i?2 /2MbBiv 7`QK 1[bX UjXkyV �M/ UjXkdV iQ Q#i�BM

Q =
(2∆− 1) sinh(2πE)

2(cos(2π∆) + cosh(2πE)) −
i

4π
ln

[
(1 + e2π(E−i∆))(1 + e2π(−E+i∆))

(1 + e2π(E+i∆))(1 + e2π(−E−i∆))

]
. UjXjyV

h?Bb bBKTHB}2b +QMbB/2`�#Hv r?2M 2tT`2bb2/ BM i2`Kb Q7 θ pB� UjXRRV

Q = − θ

π
+

(
∆− 1

2

)
sin(2θ)

sin(2π∆)
. UjXjRV

h?Bb �;`22b rBi? �TT2M/Bt � Q7 _27X (d9) �i q = 4X LQi2 i?�i Q = ±1/2 �i i?2 HBKBiBM;

p�Hm2b θ = ∓π∆X � THQi Q7 i?2 /2MbBiv �TT2�`b BM 6B;X jXRX
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

E

�

Q

6B;m`2 jXR, h?2 /2MbBiv Q �b � 7mM+iBQM Q7 E �M/ ∆

1Mi`QTv

q2 +�M +QKTmi2 i?2 2Mi`QTv S 7`QK UjXkyV- UjXk3V �M/ UjXjyVX Ai +�M #2 p2`B}2/ i?�i

S → 0 �b E → ±∞X � THQi Q7 i?2 2Mi`QTv �b � 7mM+iBQM Q7 E �TT2�`b BM 6B;X jXkX q2 +�M

+QK#BM2 6B;bX jXR �M/ jXk iQ Q#i�BM i?2 2Mi`QTv �b � 7mM+iBQM Q7 /2MbBiv- �M/ i?Bb Bb b?QrM

BM 6B;X jXjX AM �TT2M/Bt "X9- r2 T`2b2Mi i?2 `2bmHib Q7 i?2 MmK2`B+�H bQHmiBQM Q7 i?2 b�//H2

TQBMi 2[m�iBQMb BM 1[bX UeXj3V �M/ UjXeV 7Q` q = 4- �M/ }M/ ;QQ/ �;`22K2Mi rBi? i?2 �M�HviB+

`2bmHib �#Qp2X

�i i?2 T�`iB+H2@?QH2 bvKK2i`B+ TQBMi- E = Q = 0- i?Bb vB2H/b 7`QK UjXkyV

S(0) = (1− 2∆)

2
ln
[
4 cos2(π∆)

]
− i

2π

[
Li2

(
−e−2πi∆

)
− Li2

(
−e2πi∆

)]
, UjXjkV

r?B+? �;`22b rBi? EBi�2pǶb `2bmHi (RRe)X
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

E

�

S

6B;m`2 jXk, h?2 2Mi`QTv S �b � 7mM+iBQM Q7 E �M/ ∆

�

S

Q

6B;m`2 jXj, h?2 2Mi`QTv S �b � 7mM+iBQM Q7 Q �M/ ∆

9N



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

jXjXk 1772+iBp2 �+iBQM

q2 rBHH �HbQ 2t�KBM2 �bT2+ib Q7 1/N ~m+im�iBQMb �#Qmi i?2 b�//H2 TQBMi r?B+? H2/ iQ i?2

i?2`KQ/vM�KB+ `2bmHib BM i?Bb b2+iBQMX >2`2 r2 rBHH 7QHHQr _27X (Rj8)- r?Q �`;m2/ i?�i i?2

/QKBM�Mi ~m+im�iBQMb Q7 i?2 J�DQ`�M� auE KQ/2H �i HQr T �`2 +QMi`QHH2/ #v � a+?r�`xB�M

2z2+iBp2 �+iBQM rBi? PSL(2,R) iBK2 `2T�`�K2i2`Bx�iBQM bvKK2i`vX h?Bb 2z2+iBp2 �+iBQM

+�M #2 mb2/ iQ +QKTmi2 2M2`;v ~m+im�iBQMb- �M/ ?2M+2 i?2 bT2+B}+ ?2�i- BM i?2 +�MQMB+�H

2Mb2K#H2X AM Qm` �M�HvbBb Q7 i?2 +QKTH2t auE KQ/2H- r2 }M/ i?�i �M �//BiBQM�H lURV T?�b2

}2H/- φ- Bb M22/2/c φ Bb +QMDm;�i2 iQ Q ~m+im�iBQMb BM i?2 ;`�M/ +�MQMB+�H 2Mb2K#H2X �

bBKBH�` T?�b2 }2H/ �HbQ �TT2�`2/ BM i?2 Q`B;BM�H T�T2` Q7 i?2 *?�Ti2` 9- r?B+? bim/B2b auE

KQ/2Hb rBi? N = 2 bmT2`bvKK2i`v rBi? i?2 K2�M Q +HQb2 iQ x2`QX q2 T`QTQb2 � +QK#BM2/

�+iBQM 7Q` 2M2`;v �M/ Q ~m+im�iBQMb �i � ;2M2`B+ K2�M Q- rBi? #Qi? PSL(2,R) �M/ lURV

bvKK2i`vc 7Q` i?2 x2`Q@/BK2MbBQM�H +QKTH2t auE KQ/2Hb- i?2 �+iBQM Bb #v

Sφ,ϵ

N
=

K

2

∫ 1/T

0

dτ [∂τφ+ i(2πET )∂τϵ]2 −
γ

4π2

∫ 1/T

0

dτ {tan(πT (τ + ϵ(τ)), τ}. UjXjjV

>2`2 τ Bb BK�;BM�`v iBK2- τ → τ+ϵ(τ) Bb i?2 iBK2 `2T�`�K2i2`Bx�iBQM- {f, τ} Bb i?2 a+?r�`xB�M

/2`Bp�iBp2 U;Bp2M 2tTHB+BiHv BM 1[X UjX9kVV- �M/ K �M/ γ �`2 MQM@mMBp2`b�H i?2`KQ/v�KB+ T�@

`�K2i2`b /2i2`KBMBM; i?2 +QKT`2bbB#BHBiv �M/ i?2 bT2+B}+ ?2�i `2bT2+iBp2HvX h?2 Qz@/B�;QM�H

+QmTHBM; #2ir22M 2M2`;v �M/ Q ~m+im�iBQMb Bb +QMi`QHH2/ #v i?2 p�Hm2 Q7 E X Pm` 2z2+iBp2

�+iBQM rBHH TH�v � +2Mi`�H `QH2 BM i?2 bi`m+im`2 Q7 i?2`KQ2H2+i`B+ i`�MbTQ`i- �b /2b+`B#2/ BM

i?2 M2ti bm#b2+iBQMX

LQr H2i mb bi�`i i?2 �M�HvbBbX q?BH2 bQHpBM; i?2 2[m�iBQMb 7Q` i?2 :`22MǶb 7mM+iBQM �M/

i?2 b2H7 2M2`;v- 1[bX UeXj3V �M/ UjXeV- r2 7QmM/ i?�i- �i ω, T ≪ J - i?2 iω + µ i2`K BM

i?2 BMp2`b2 :`22MǶb 7mM+iBQM +QmH/ #2 B;MQ`2/ BM /2i2`KBMBM; i?2 A_ bQHmiBQM 1[X UjXdVX

�7i2` /`QTTBM; i?2 iω + µ i2`K- Bi Bb MQi /B{+mHi iQ b?Qr i?�i 1[bX UeXj3V �M/ UjXeV ?�p2

`2K�`F�#H2- 2K2`;2Mi- iBK2 `2T�`�K2i2`Bx�iBQM �M/ lURV BMp�`B�M+2bX h?Bb Bb +H2�`2bi B7 r2

r`Bi2 i?2 :`22MǶb 7mM+iBQM BM � irQ@iBK2 MQi�iBQM- BX2X G(τ1, τ2) c i?2M 1[bX UeXj3V �M/ UjXeV

8y



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

�`2 BMp�`B�Mi mM/2` (RRe- RdR)

G(τ1, τ2) = [f ′(τ1)f
′(τ2)]

∆ g(τ2)

g(τ1)
G(f(τ1), f(τ2))

Σ(τ1, τ2) = [f ′(τ1)f
′(τ2)]

1−∆ g(τ1)

g(τ2)
Σ(f(τ1), f(τ2))

UjXj9V

r?2`2 f(τ) �M/ g(τ) �`2 �`#Bi`�`v 7mM+iBQMb `2T`2b2MiBM; i?2 `2T�`�K2i2`Bx�iBQMb Q7 iBK2

�M/ lURV i`�Mb7Q`K�iBQMb `2bT2+iBp2HvX

L2ti- r2 Q#b2`p2 i?�i i?2b2 �TT`QtBK�i2 bvKK2i`B2b �`2 #`QF2M #v i?2 b�//H2@TQBMi bQHm@

iBQM- Gs BM 1[X UjXRjVX aQ- 7QHHQrBM; _27X (Rj8)- r2 /2/m+2 �M 2z2+iBp2 �+iBQM 7Q` i?2 �bbQ+B�i2/

L�K#m@:QH/biQM2 KQ/2b #v 2t�KBMBM; i?2 �+iBQM Q7 i?2 bvKK2i`B2b QM i?2 b�//H2@TQBMi bQ@

HmiBQM-

G(τ1, τ2) = [f ′(τ1)f
′(τ2)]

∆Gs(f(τ1), f(τ2))e
iφ(τ1)−iφ(τ2), . UjXj8V

>2`2- r2 }M/ Bi +QMp2MB2Mi iQ T�`�K2i2`Bx2 g(τ) = e−iφ(τ) BM i2`Kb Q7 � T?�b2 }2H/ φX q2

rBHH bQQM b22 i?�i Bib /2`Bp�iBp2 Bb +QMDm;�i2 iQ /2MbBiv ~m+im�iBQMbX Pm` `2K�BMBM; i�bF

(Rj8) Bb iQ UBV }M/ i?2 b2i Q7 f(τ) �M/ φ(τ) r?B+? H2�p2 1[X UjXj8V BMp�`B�Mi BX2X 1[X UjXj8V

?QH/b �7i2` r2 `2TH�+2 i?2 HX?XbX #v Gs(τ1, τ2)c �M/ UBBV T`QTQb2 �M 2z2+iBp2 �+iBQM r?B+? ?�b

i?2 T`QT2`iv Q7 `2K�BMBM; BMp�`B�Mi mM/2` i?2 b2i Q7 f(τ) �M/ φ(τ) r?B+? H2�p2 1[X UjXj8V

BMp�`B�MiX

6Q` i?2 }`bi i�bF- r2 }M/ (RRe- Rj8) i?�i QMHv `2T�`�K2i2`Bx�iBQMb- f(τ) #2HQM;BM; iQ

PSL(2,R) H2�p2 1[X UjXj8V BMp�`B�MiX �i T > 0- r2 M22/ PSL(2,R) i`�Mb7Q`K�iBQMb r?B+?

K�T i?2 i?2`K�H +B`+H2 0 < τ < 1/T iQ Bib2H7X h?2b2 �`2 ;Bp2M #v

1

πT
tan(πTf(τ)) =

a tan(πT τ) + bπT

c tan(πT τ) + dπT
, ad− bc = 1, UjXjeV

r?2`2 a, b, c, d �`2 `2�H MmK#2`bX h?Bb i`�Mb7Q`K�iBQM Bb KQ`2 +QMp2MB2MiHv r`Bii2M BM i2`Kb

8R



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

Q7 mMBKQ/mH�` +QKTH2t MmK#2`b

z = e2πiT τ , zf = e2πiTf(τ) UjXjdV

�b

zf =
w1 z + w2

w∗
2 z + w∗

1

, |w1|2 − |w2|2 = 1, UjXj3V

r?2`2 w1,2 �`2 +QKTH2t MmK#2`bX �TTHvBM; 1[X UjXj3V iQ 1[bX UjXRjV �M/ UjXj8V- r2 }M/ i?�i

1[X UjXj8V `2K�BMb BMp�`B�Mi QMHv 7Q` i?2 T�`iB+H2@?QH2 bvKK2i`B+ +�b2 E = 0- r?B+? r�b +QM@

bB/2`2/ T`2pBQmbHv (Rj8)X >Qr2p2`- 1[X UjXj8V Bb BMp�`B�Mi mM/2` PSL(2,R) i`�Mb7Q`K�iBQMb

r?2M i?2 T?�b2 }2H/ φ(τ) Bb `2H�i2/ iQ i?2 PSL(2,R) i`�Mb7Q`K�iBQM f(τ) �b

−iφ(τ) = 2πET (τ − f(τ)) UjXjNV

h?2 2z2+iBp2 �+iBQM Bb `2[mB`2/ iQ p�MBb? r?2M φ(τ) b�iBb}2b 1[X UjXjNV, i?Bb Bb i?2 F2v `2bmHi

Q7 i?Bb bm#b2+iBQM- �M/ Bb i?2 Q`B;BM Q7 i?2 +QMbi`�BMib QM i?2`KQ2H2+i`B+ T`QT2`iB2b /2b+`B#2/

BM i?Bb T�T2`X

LQr r2 +�M im`M iQ i?2 b2+QM/ i�bF Q7 Q#i�BMBM; �M 2z2+iBp2 7Q` f(τ) �M/ φ(τ) r?B+? Bb

BMp�`B�Mi 1[bX UjXj3V �M/ UjXjNVX Ai Bb KQ`2 +QMp2MB2Mi iQ mb2 i?2 T�`�K2i2`Bx�iBQM

f(τ) ≡ τ + ϵ(τ), UjX9yV

�M/ 2tT`2bb i?2 �+iBQM BM i2`Kb φ(τ) �M/ ϵ(τ)X :2M2`�HBxBM; i?2 `2�bQMBM; BM _27X (Rj8)- r2

T`QTQb2 i?2 �+iBQM

Sφ,ϵ

N
=

K

2

∫ 1/T

0

dτ [∂τφ+ i(2πET )∂τϵ]2 −
γ

4π2

∫ 1/T

0

dτ {tan(πT (τ + ϵ(τ)), τ}, UjX9RV

r?B+? �TT2�`2/ 2�`HB2` BM 1[X UjXjjVX >B;?2` TQr2`b Q7 i?2 }`bi i2`K BM b[m�`2 #`�+F2ib +�M

�HbQ #2 T`2b2Mi- #mi r2 /Q MQi +QMbB/2` i?2K ?2`2X h?2 +m`Hv #`�+F2ib BM i?2 b2+QM/ i2`K

8k



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

`2T`2b2Mi � a+?r�`xB�M /2`Bp�iBp2

{f, τ} ≡ f ′′′

f ′ − 3

2

(
f ′′

f ′

)2

, UjX9kV

r?B+? ?�b i?2 BKTQ`i�Mi T`QT2`iv Q7 p�MBb?BM; mM/2` PSL(2,R) i`�Mb7Q`K�iBQMbX

Pm` `2�bQMBM; �#Qp2 7�HHb b?Q`i Q7 � +QKTH2i2 /2`Bp�iBQM Q7 i?2 bi`m+im`2 Q7 i?2 2z2+iBp2

�+iBQM BM 1[X UjX9RVX h?2 KBbbBM; BM;`2/B2Mi Bb Qm` �bbmKTiBQM i?�i Bi Bb T2`KBbbB#H2 iQ

2tT�M/ i?2 �+iBQM BM ;`�/B2Mib Q7 φ �M/ ϵ- r?2M i?2 b�//H2@TQBMi �+iBQM +QMi�BMb HQM;@`�M;2

TQr2`@H�r BMi2`�+iBQMb BM iBK2X A7 i?Bb �bbmKTiBQM r�b MQi p�HB/- i?2M i?2 T?2MQK2MQHQ;B+�H

+QmTHBM;b K �M/ γ rQmH/ /Bp2`;2 BM i?2 T → 0 HBKBiX q2 +QKTmi2 i?2 p�Hm2b Q7 K �M/ γ

BM �TT2M/Bt "Xj mbBM; � H�`;2 q 2tT�MbBQM �M/ }M/ i?�i i?2v �`2 }MBi2 �b T → 0X h?Bb

� TQbi2`BQ`B DmbiB}2b Qm` ;`�/B2Mi 2tT�MbBQMX q2 �HbQ T`2b2Mi � MQ`K�H@KQ/2 �M�HvbBb Q7

~m+im�iBQMb Q7 i?2 mM/2`HvBM; T�i? BMi2;`�H 7Q` i?2 auE KQ/2H BM �TT2M/Bt "X8c i?Bb 7QHHQrb

i?2 �M�HvbBb Q7 _27X (Rj8)- �M/ mb2b i?2B` `2�bQMBM; iQ T`QpB/2 �M �Hi2`M�iBp2 KQiBp�iBQM Q7

1[X UjX9RVX

q2 MQr `2H�i2 i?2 T?2MQK2MQHQ;B+�H +QmTHBM;b- γ �M/ K- iQ i?2`KQ/vM�KB+ [m�MiBiB2b

#v +QKTmiBM; i?2 ~m+im�iBQMb Q7 2M2`;v �M/ MmK#2` /2MbBiv BKTHB2/ #v Sφ,ϵ BM i?2 H�`;2 N

HBKBiX h?2 2M2`;v �M/ /2MbBiv QT2`�iQ`b �`2 /2}M2/ #v

δE(τ)− µδQ(τ) =
1

N

δSφ,ϵ

δϵ′(τ)
, δQ(τ) =

i

N

δSφ,ϵ

δφ′(τ)
. UjX9jV

AMi`Q/m+BM;-

φ̃(τ) = φ(τ) + i2πET ϵ(τ) UjX99V

�M/ 2tT�M/BM; UjX9RV iQ [m�/`�iB+ Q`/2` BM φ �M/ ϵ- r2 Q#i�BM i?2 :�mbbB�M �+iBQM

Sφ,ϵ

N
=

KT

2

∑

ωn ̸=0

ω2
n

∣∣∣̃φ(ωn)
∣∣∣
2

+
Tγ

8π2

∑

|ωn| ̸=0,2πT

ω2
n(ω

2
n − 4π2T 2)|ϵ(ωn)|2 + . . . UjX98V

r?2`2 ωn Bb � J�ibm#�`� 7`2[m2M+vX LQi2 i?2 `2bi`B+iBQMb QM n = 0,±1 7`2[m2M+B2b BM

8j



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

UjX98V- r?B+? �`2 M22/2/ iQ 2HBKBM�i2 i?2 x2`Q KQ/2b �bbQ+B�i2/ rBi? PSL(2,R) �M/ lURV

BMp�`B�M+2bX AM i2`Kb Q7 φ̃(τ) �M/ ϵ(τ)- 1[X UjX9jV Bb

δQ(τ) = iKφ̃′(τ)

δE(τ)− µ0δQ(τ) = − γ

4π2

[
ϵ′′′(τ) + 4π2T 2ϵ′(τ)

]
+ i2πKET φ̃′(τ). UjX9eV

LQr r2 +QKTmi2 i?2 +Q``2H�iQ`b Q7 i?2b2 Q#b2`p�#H2b BM i?2 :�mbbB�M �+iBQM BM 1[X UjX98V-

7QHHQrBM; i?2 K2i?Q/b Q7 _27X (Rj8)X q2 ?�p2 7Q` i?2 irQ@TQBMi +Q``2H�iQ` Q7 φ̃(τ)

〈
φ̃(τ)φ̃(0)

〉
=

T

NK

∑

ωn ̸=0

eiωnτ

ω2
n

=
1

NKT

[
1

2

(
T τ − 1

2

)2

− 1

24

]
7Q` 0 < T τ < 1,

UjX9dV

�M/ 2ti2M/2/ T2`BQ/B+�HHv 7Q` �HH τ rBi? T2`BQ/ 1/T X aBKBH�` 7Q` ϵ(τ)

⟨ϵ(τ)ϵ(0)⟩ =
4π2T

Nγ

∑

|ωn| ̸=0,2πT

eiωnτ

ω2
n(ω

2
n − 4π2T 2)

=
1

NγT 3

[
1

24
+

1

4π2
− 1

2

(
T τ − 1

2

)2

+
5

8π2
cos(2πT τ) +

1

2π

(
T τ − 1

2

)
sin(2πT τ)

]

7Q` 0 < T τ < 1X UjX93V

AMb2`iBM; 1[bX UjX9dV �M/ UeXedV BMiQ 1[X UjX9eV- r2 +QM}`K i?�i i?2 +Q``2H�iQ`b Q7 i?2

+QMb2`p2/ /2MbBiB2b �`2 τ @BM/2T2M/2Mic i?2B` b2+QM/ KQK2Mi +Q``2H�iQ`b- r?B+? /2}M2 i?2

89



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

K�i`Bt Q7 bi�iB+ bmb+2TiB#BHBiv +Q``2H�iQ`b #v UjX8RV- �`2 ;Bp2M #v

χs =
1

N

⎛

⎜⎝
−(∂2Ω/∂µ2)T −(∂2Ω/∂µ∂T )µ

−T (∂2Ω/∂µ∂T )µ −T (∂2Ω/∂T 2)µ

⎞

⎟⎠

=
1

T

⎛

⎜⎝
⟨(δQ)2⟩ ⟨(δE − µδQ)δQ⟩ /T

⟨(δE − µδQ)δQ⟩ ⟨(δE − µδQ)2⟩ /T

⎞

⎟⎠

=
1

N

⎛

⎜⎝
K 2πKE

2πKET (γ + 4π2E2K)T

⎞

⎟⎠

UjX9NV

6`QK 1[X UjX9NV r2 Q#i�BM i?2 `2H�iBQMb?BT #2ir22M i?2 +QmTHBM;b K �M/ γ BM i?2 2z2+iBp2

�+iBQM BM 1[X UjX9RVX �7i2` �TTHB+�iBQM Q7 bQK2 i?2`KQ/vM�KB+ B/2MiBiB2b- r2 +�M r`Bi2 i?2b2

�b

K =

(
∂Q
∂µ

)

T

, γ = −
(
∂2F

∂T 2

)

Q
, UjX8yV

�M/ �HbQ +QM}`K i?2 i?2`KQ/vM�KB+ /2}MBiBQMb Q7 E BM 1[bX UjXReV- UjXRkV- �M/ UjXkNVX

�TT2M/Bt "Xe T`2b2Mib �MQi?2` �`;mK2Mi 7Q` i?2 `2bmHib BM 1[X UjX8yV rBi?Qmi +QKTmi�iBQM

Q7 ~m+im�iBQMb Q7 i?2 2z2+iBp2 �+iBQMX

jXjXj h`�MbTQ`i

q2 rBHH +?�`�+i2`Bx2 i`�MbTQ`i #v irQ@TQBMi +Q``2H�iQ`b Q7 i?2 +QMb2`p2/ MmK#2` /2MbBiv-

r?B+? r2 +QMiBMm2 iQ `272` iQ �b Q- �M/ i?2 +QMb2`p2/ 2M2`;v /2MbBiv E = H0/N X 6Q` i?2

x2`Q@/BK2MbBQM�H auE KQ/2H BM UjXRV- #Qi? Q7 i?2b2 [m�MiBiB2b �`2 +QMbi�Mib Q7 i?2 KQiBQM-

�M/ bQ ?�p2 MQ BMi2`2biBM; /vM�KB+bX aQ r2 +QMbB/2` ?2`2 i?2 ?B;?2` /BK2MbBQM�H auE

KQ/2Hb- 7Q` r?B+? Q �M/ E �`2 /2}M2/ T2` bBi2 Q7 i?2 ?B;?2`@/BK2MbBQM�H H�iiB+2X h?2M i?2B`

+Q``2H�iQ`b /Q ?�p2 �M BMi2`2biBM; /2T2M/2M+2 Q7 r�p2p2+iQ`- k- �M/ 7`2[m2M+v- ωX q2 /2}M2
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

i?2 /vM�KB+ bmb+2TiB#BHBiv K�i`Bt- χ(k,ω)- r?2`2

χ(k,ω) =

⎛

⎜⎝
⟨Q;Q⟩k,ω ⟨E − µQ;Q⟩k,ω /T

⟨E − µQ;Q⟩k,ω ⟨E − µQ;E − µQ⟩k,ω /T

⎞

⎟⎠ , UjX8RV

�M/ r2 mb2 i?2 MQi�iBQM

⟨A;B⟩k,ω ≡ −i

∫ ∞

0

dt

∫
ddx ⟨[A(x, t), B(0, 0)]⟩ e−ikx+iωt . UjX8kV

�b BM i?2 bi�M/�`/ �M�HvbBb Q7 E�/�MQz �M/ J�`iBM (RRk)- r2 2tT2+i i?2 HQr 2M2`;v �M/

HQM; /Bbi�M+2 7Q`K Q7 i?2b2 +Q``2H�iQ`b iQ #2 7mHHv /B+i�i2/ #v i?2 ?v/`Q/vM�KB+ 2[m�iBQMb

Q7 KQiBQM 7Q` � /BzmbBp2 K2i�H (3N)X 6`QK bm+? �M �M�HvbBb- r2 Q#i�BM- �i HQr 7`2[m2M+v �M/

r�p2MmK#2`-

χ(k,ω) =
[
iω(−iω +Dk2)−1 + 1

]
χs, UjX8jV

r?2`2 D �M/ χs �`2 2 × 2 K�i`B+2bX h?2 /BzmbBpBiB2b �`2 bT2+B}2/ #v D- �M/ i?2 bi�iB+

bmb+2TiB#BHBiB2b �`2- �b mbm�H- χs = limk→0 limω→0 χ(k,ω)X h?2 p�Hm2b Q7 χs �`2 `2H�i2/ #v

bi�M/�`/ i?2`KQ/vM�KB+ B/2MiBiB2b iQ b2+QM/ /2`Bp�iBp2b Q7 i?2 ;`�M/ TQi2MiB�H Ω- �b b?QrM

BM 1[X UjX9NVX

PM2 Q7 Qm` K�BM `2bmHib Bb i?�i i?2 HQr T HBKBi Q7 i?2 /BzmbBpBiv K�i`Bt- D- i�F2b � bT2+B}+

7Q`K

D =

⎛

⎜⎝
D1 0

2πET (D1 −D2) D2

⎞

⎟⎠ . UjX89V

r?2`2 D1 �M/ D2 �`2 i2KT2`�im`2@BM/2T2M/2Mi +QMbi�MibX q2 rBHH b?Qr i?�i i?2 `2bmHi BM

1[X UjX89V Bb Q#2v2/ BM i?2 ?B;?2`@/BK2MbBQM�H auE KQ/2HbX �M/ BM i?2 Q`B;BM�H T�T2`- i?2

b�K2 7Q`K �HbQ �TT2�`b BM i?2 ?QHQ;`�T?B+ i?2Q`B2bX Ai Bb � +QMb2[m2M+2 Q7 i?2 BMi2`TH�v

#2ir22M i?2 ;HQ#�H lURV 72`KBQM MmK#2` bvKK2i`v �M/ i?2 2K2`;2Mi PSL(2,R) bvKK2i`v

Q7 i?2 b+�HBM; HBKBi Q7 i?2 auE KQ/2HX AM ?QHQ;`�T?v- PSL(2,R) Bb i?2 BbQK2i`v ;`QmT Q7

�/a2c r?BH2 i`�MbTQ`i T`QT2`iB2b Q7 i?2 ?QHQ;`�T?B+ i?2Q`B2b ?�p2 #22M +QKTmi2/ 2�`HB2`- i?2
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

bT2+B}+ 7Q`K i?2 /BzmbBpBiv K�i`Bt BM 1[X UjX89V r�b MQi MQiB+2/X h?Bb 7Q`K rBHH #2 +`m+B�H

7Q` i?2 K�TTBM; #2ir22M i?2 ?QHQ;`�T?B+ �M/ auE KQ/2HbX

q2 +�M mb2 i?2 1BMbi2BM `2H�iBQM iQ /2}M2 � K�i`Bt Q7 +QM/m+iBpBiB2b
⎛

⎜⎝
σ α

αT κ

⎞

⎟⎠ = Dχs, UjX88V

r?2`2 σ Bb i?2 2H2+i`B+�H +QM/m+iBpBiv- α Bb i?2 i?2`KQ2H2+i`B+ +QM/m+iBpBiv- �M/ κ = κ−Tα2/σ

Bb i?2 i?2`K�H +QM/m+iBpBivX h?2 K�i`Bt BM 1[X UjX88V Bb +QMbi`�BM2/ #v PMb�;2` `2+BT`Q+BivX

.2i�BHb Q7 i?2 /2`Bp�iBQM Q7 1[X UjX8jV �M/ UjX88V �`2 /Bb+mbb2/ BM �TT2M/Bt "X3X 6`QK

1[bX UjX89V �M/ UjX88V r2 }M/ i?2 7QHHQrBM; `2bmHi 7Q` i?2 HQr T HBKBi Q7 i?2 i?2`KQTQr2`c

i?2 a22#2+F +Q2{+B2Mi S Bb ;Bp2M BM #Qi? i?2 auE �M/ ?QHQ;`�T?B+ KQ/2Hb #v

lim
T→0

S ≡ α

σ
=

dS
dQ . UjX8eV

aBM+2 dS/dQ = 2πE - r2 b22 i?�i i?2 a22#2+F +Q2{+B2Mi Bb 2MiB`2Hv /2i2`KBM2/ #v i?2

T�`iB+H2@?QH2 �bvKK2i`v Q7 i?2 72`KBQM bT2+i`�H 7mM+iBQMX

1[X UjX8eV ?�b #22M T`QTQb2/ 2�`HB2` �b i?2 ǵE2HpBM 7Q`KmH�Ƕ #v S2i2`bQM �M/ a?�bi`v (R83)

mbBM; p2`v /Bz2`2Mi T?vbB+�H �`;mK2MibX 1�`HB2` ?QHQ;`�T?B+ +QKTmi�iBQMb Q7 i`�MbTQ`i /B/

MQi MQiB+2 i?2 `2bmHi BM 1[X UjX8eVX h?2 `2K�`F�#H2 �bT2+i Q7 i?Bb 2tT`2bbBQM Bb i?�i Bi `2H�i2b

� i`�MbTQ`i [m�MiBiv iQ � i?2`KQ/vM�KB+ QM2- i?2 /2`Bp�iBp2 Q7 i?2 2Mi`QTv rBi? `2bT2+i

iQ T�`iB+H2 MmK#2`X am+? � `2H�iBQM Bb BM ;2M2`�H QMHv �TT`QtBK�i2- b22 _27X (R83) �M/ i?2

/Bb+mbbBQM �M/ �TTHB+�iBQMb BM _27 (R99)X _2K�`F�#Hv- i?Bb `2H�iBQM ?QH/b 2t�+iHv ?2`2, Bi Bb

�M 2t�+i +QMb2[m2M+2 Q7 i?2 PSL(2,R) bvKK2i`v Q7 #Qi? auE �M/ ?QHQ;`�T?B+ KQ/2HbX q2

MQi2 i?�i i?2 7Q`K BM 1[X UjX89V Bb BKTHB2/ #v 1[X UjX8eV �M/ PMb�;2` `2+BT`Q+BivX

q2 �HbQ Q#i�BM �M BMi2`2biBM; `2bmHi 7Q` i?2 qB2/2K�MM@6`�Mx `�iBQ- L- Q7 i?2 auE KQ/2HX

8d



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

6Q` i?2 T�`iB+mH�` ?B;?2`@/BK2MbBQM�H ;2M2`�HBx�iBQM BM 1[X UjXeyV- r2 }M/ i?2 2t�+i `2bmHi

L ≡ lim
T→0

κ

Tσ
=

4π2

3q2
. UjX8dV

q2 +QKK2Mib QM �bT2+ib Q7 i?Bb `2bmHi,

• 6Q` i?2 7`22 72`KBQM +�b2- q = 2- i?Bb `2/m+2b iQ i?2 mMBp2`b�H 62`KB HB[mB/ GQ`2Mx MmK#2`

L0 = π2k2
B/(3e

2) U`2@BMb2`iBM; 7mM/�K2Mi�H +QMbi�MibVX �Hi?Qm;? 2tT2+i2/- i?Bb �;`22K2Mi

rBi? L0 �i q = 2 Bb MQM@i`BpB�H �M/ `2K�`F�#H2, `�i?2` i?�M i?2 mbm�H �`;mK2Mib #�b2/ mTQM

BMi2;`�Hb Qp2` i?2 62`KB 7mM+iBQM- 1[X UjX8dV �`Bb2b 7`QK i?2 bi`m+im`2 Q7 #QbQMB+ MQ`K�H

KQ/2b Q7 i?2 1/N ~m+im�iBQMb- �b /Bb+mbb2/ BM �TT2M/Bt "X8X

• h?2 /2+`2�b2 Q7 L 7Q` H�`;2 q +�M #2 mM/2`biQQ/ �b 7QHHQrbX �b r2 rBHH b22 BM i?2 H�`;2

q bQHmiBQM BM �TT2M/Bt "Xj- i?2 2M2`;v #�M/rB/i? 7Q` 72`KBQM bi�i2b p�MBb?2b �b q → ∞X

*QMb2[m2MiHv- 72`KBQM ?QTTBM; i`�Mb72`b HBiiH2 2M2`;v- �M/ i?2 i?2`K�H +QM/m+iBpBiv κ Bb

bmTT`2bb2/X AM +QMi`�bi- 72`KBQM ?QTTBM; +QMiBMm2b iQ i`�Mb72` mMBi +?�`;2- �M/ ?2M+2 i?2

+QM/m+iBpBiv /Q2b MQi ?�p2 � +Q``2bTQM/BM; bmTT`2bbBQMX

• �Hi?Qm;? i?2 `2bmHi BM 1[X UjX8dV �TT2�`b mMBp2`b�H- Bi Bb MQi bQ, i?2`2 �`2 Qi?2` ?B;?2`@

/BK2MbBQM�H ;2M2`�HBx�iBQMb Q7 i?2 BMi2`@bBi2 +QmTHBM; i2`K BM 1[X UjXeyV r?B+? rBHH H2�/

iQ +Q``2+iBQMb iQ i?2 p�Hm2 Q7 LX L22/H2bb iQ b�v- i?2b2 +Q``2+iBQMb rBHH MQi KQ/B7v i?2

mMBp2`b�H p�Hm2 L0 �i q = 2X h?2 MQM@mMBp2`b�HBiv Q7 L 7Q` ?B;?2` q Bb +QMM2+i2/ iQ i?2

MQM@`2MQ`K�HBx�iBQM Q7 BMi2`@bBi2 /BbQ`/2` BM i?2 T`2b2Mi H�`;2 N HBKBiX

G2iǶb bi�`i i?2 �M�HvbBbX :m 2i �HX ?�p2 /2}M2/ � b2i Q7 ?B;?2`@/BK2MbBQM�H auE KQ/2Hb

(3j) 7Q` J�DQ`�M� 72`KBQMb �M/ +QKTmi2/ i?2B` 2M2`;v i`�MbTQ`i T`QT2`iB2bX >2`2 r2 2ti2M/

i?2B` `2bmHib iQ i?2 +�b2 Q7 +QKTH2t 72`KBQMb �i � ;2M2`�H µ- �M/ /Bb+mbb i?2B` i?2`KQ2H2+i`B+

i`�MbTQ`iX

q2 rBHH HBKBi Qm` T`2b2Mi�iBQM iQ QM2 bT�iB�H /BK2MbBQM U�Hi?Qm;? i?2 `2bmHib 2�bBHv ;2M@
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

2`�HBx2 iQ �HH bT�iB�H /BK2MbBQMbVX q2 +QMbB/2` i?2 KQ/2H

H =
∑

x

(Hx + δHx) UjX83V

h?2 QM@bBi2 i2`K Hx Bb 2[mBp�H2Mi iQ � +QTv Q7 1[X UjXRV QM 2�+? bBi2 x

Hx =
∑

1!i1<i2...iq/2!N,
1!iq/2+1<iq/2+2...<iq!N

Jx,i1,i2...iq f
†
x,i1 . . . f

†
x,iq/2

fx,iq/2+1
. . . fx,iq UjX8NV

h?2 M2�`2bi M2B;?#Q` +QmTHBM; i2`K δHx /2MQi2b M2�`2bi@M2B;?#Q` BMi2`�+iBQMb �b b?QrM BM

6B; jX9-

δHx =
∑

1!i1<i2...iq/2!N,
1!iq/2+1<iq/2+2...<iq!N

J ′
x,i1,i2...iq f

†
x,i1 . . . f

†
x,iq/2

fx+1,iq/2+1
. . . fx+1,iq + >X+X . UjXeyV

h?2 +QmTHBM;b {Jx,i1,i2...iq} �M/ {J ′
x,i1,i2...iq} �`2 �HH BM/2T2M/2Mi `�M/QK p�`B�#H2bk rBi? x2`Q

K2�M- �M/ p�`B�M+2b ;Bp2M #v

|Jx,i1,i2...iq |2 =
J2
0 (q/2)!

2

N q−1
, |J ′

x,i1,i2...iq |2 =
J2
1 (q/2)!

2

N q−1
. UjXeRV

q2 `2K�`F i?�i i?2 T�`iB+mH�` BMi2`�+iBQM r2 +?QQb2 ?2`2 Bb Dmbi QM2 TQbbB#H2 2t�KTH2-

�M/ i?Bb T�`iB+mH�` +?QB+2 T`Q/m+2b i?2 qB2/2K�MM@6`�Mx `�iBQ /Bb+mbb2/ BM 1[X UjX8dVX AM

;2M2`�H- r2 +�M +?QQb2 p 72`KBQMb 7`QK QM2 bBi2 UrBi? p1 K�Mv f † �M/ p2 K�Mv f - p1 �M/

p2 +�M #2 +?Qb2M �`#Bi`�`BHvV iQ +QmTH2 (q − p) 72`KBQMb BM i?2 M2�`2bi M2B;?#Q` bBi2 UrBi?

(q/2− p1) K�Mv f † �M/ (q/2− p2) K�Mv fVX 6Q` 2t�KTH2- 7Q` q = 4 +�b2- r2 �`2 �HHQr2/ iQ
k2t+2Ti i?�i Jx,i1,i2...iq M22/ iQ b�iBb7v i?2 ?2`KBiB�M +QM/BiBQM �b b?QrM BM 1[X UjXkVX
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*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

f†
i2

f†
i1

J 0
i1i2i3i4

fi4

fi3
f†
i1 fi3

f†
i2 fi4

Ji1i2i3i4

6B;m`2 jX9, � +?�BM Q7 +QmTH2/ auE bBi2b rBi? +QKTH2t 72`KBQMb UBM i?Bb };m`2 r2 /`�r
q = 4 +�b2V, 2�+? bBi2 +QMi�BMb N ≫ 1 72`KBQMb rBi? QM@bBi2 BMi2`�+iBQMb �b BM UjXRVX h?2
+QmTHBM; #2ir22M M2�`2bi M2B;?#Q` bBi2b �`2 7Qm`@72`KBQM BMi2`�+iBQM rBi? irQ 7`QK 2�+?
bBi2X AM ;2M2`�H- QM2 +�M +QMbB/2` Qi?2` ivT2b Q7 q@#Q/v BMi2`�+iBQMb Uq = 4 BM i?Bb +�TiBQMV-
2X;X f †

x,i1fx,i2f
†
x+1,i3fx+1,i4 X am+? i2`Kb rBHH QMHv +?�M;2 i?2 `�iBQ #2ir22M D1 �M/ D2- BX2X

1[X UjXejV #v � MQM@mMBp2`b�H +Q2{+B2Mi /2T2M/b QM i?2 /2i�BHb Q7 i?2 KQ/2HX AM T�`iB+mH�`-
B7 r2 QMHv ?�p2 f †

x,i1fx,i2f
†
x+1,i3fx+1,i4@ivT2 i2`Kb iQ +QmTH2 i?2 M2�`2bi M2B;?#Qm` bBi2b- +?�`;2

/BzmbBQM D1 rBHH p�MBb? /m2 iQ i?2 HQ+�H +?�`;2 +QMb2`p�iBQMX

?�p2 7QHHQrBM; +QmTHBM;b #2ir22M x �M/ x+ 1,

p = 1 : f †
x,i1f

†
x+1,i2fx+1,i3fx+1,i4 , fx,i1f

†
x+1,i2f

†
x+1,i3fx+1,i4 ;

p = 2 : f †
x,i1f

†
x,i2fx+1,i3fx+1,i4 , f †

x,i1fx,i2f
†
x+1,i3fx+1,i4 , fx,i1fx,i2f

†
x+1,i3f

†
x+1,i4 ;

p = 3 : f †
x,i1f

†
x,i2fx,i3fx+1,i4 , f †

x,i1fx,i2fx,i3f
†
x+1,i4 ;

A7 r2 BM+Hm/2 i?2b2 +QmTHBM;b rBi? /Bz2`2Mi +Q2{+B2Mi- i?2 qB2/2K�MM@6`�Mx `�iBQ rBHH #2

MQM@mMBp2`b�HX >Qr2p2`- 7Q` q = 2 KQ/2H- i?2 QMHv i2`K r2 +�M �// Bb f †
i1,xfi2,x+1 �M/

i?2`27Q`2 i?2 qB2/2K�MM@6`�Mx `�iBQ ;Q2b #�+F iQ π2/3 �b /Bb+mbb2/ T`2pBQmbHvX

6QHHQrBM; i?2 �M�HvbBb BM _27X (3j)- i?2 2z2+iBp2 �+iBQM 7Q` i?2 ?B;?2` /BK2MbBQM�H KQ/2H +�M

#2 /2/m+2/ 7`QK i?�i Q7 i?2 x2`Q /BK2MbBQM�H KQ/2HX lbBM; i?2 `2bmHib BM �TT2M/B+2b "X8

�M/ "Xd- r2 }M/ i?�i i?2 :�mbbB�M �+iBQM 7Q` 2M2`;v �M/ /2MbBiv ~m+im�iBQMb BM ?B;?2`

/BK2MbBQMb ;2M2`�HBx2b 7`QK 1[X UjX98V iQ

Sφ,ϵ

N
=

KT

2

∑

k,ωn ̸=0

|ωn|(D1k
2 + |ωn|)

∣∣∣̃φ(k,ωn)
∣∣∣
2

,

+
Tγ

8π2

∑

k,|ωn|≠0,2πT

|ωn|(D2k
2 + |ωn|)(ω2

n − 4π2T 2)|ϵ(k,ωn)|2 ,
UjXekV

ey



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

r?2`2 D1 �M/ D2 �`2 i?2 /BzmbBQM +QMbi�Mib Q7 i?2 +QMb2`p2/ +?�`;2bX AM �TT2M/Bt "Xd r2

}M/ i?�i i?2B` `�iBQ Q#2vb
D2

D1
=

4π2∆2

3

K

γ
. UjXejV

6QHHQrBM; _27X (3j)- 7`QK 1[X UjXekV- �M/ BM+Hm/BM; � +QMi�+i i2`K �b /2b+`B#2/ BM _27X (Rej)-

r2 +�M Q#i�BM i?2 HQM;@r�p2H2M;i? �M/ HQr 7`2[m2M+v /vM�KB+ bmb+2TiB#BHBiB2b

⟨Q;Q⟩k,ω = K
D1k2

−iω +D1k2
,

⟨E − µQ;Q⟩k,ω = 2πKET D1k2

−iω +D1k2
,

⟨E − µQ;E − µQ⟩k,ω /T = γT
D2k2

−iω +D2k2
+ 4π2E2KT

D1k2

−iω +D1k2
.

UjXe9V

q2 MQi2 i?�i i?2 7Q`K Q7 i?2 i?2`KQ2H2+i`B+ +Q``2H�iQ`b BM 1[X UjXe9V Bb MQi ;2M2`B+ iQ

BM+Q?2`2Mi K2i�Hb (3N)- �M/ i?2 bBKTH2 bi`m+im`2 ?2`2 `2HB2b QM bT2+B}+ 72�im`2b Q7 Qm` 2z2+iBp2

�+iBQM BM 1[X UjXekVc BM ?QHQ;`�T?B+ KQ/2Hb �b BM i?2 Q`B;BM�H T�T2`- r2 rBHH �;�BM Q#i�BM

1[X UjXe9V #v ?QHQ;`�T?B+ K2i?Q/b- r?2`2 Bib bi`m+im`2 Bb HBMF2/ iQ i?2 T`2b2M+2 Q7 �/a2 7�+iQ`

BM i?2 M2�`@?Q`BxQM K2i`B+X LQr +QKT�`BM; UjXe9V rBi? UjX8jV- �M/ mbBM; i?2 bmb+2TiB#BHBiv

K�i`Bt UjX9NV- r2 +�M rQ`F Qmi i?2 /BzmbBQM K�i`Bt- D- H2�/BM; iQ i?2 `2bmHi T`2b2Mi2/ 2�`HB2`

BM 1[X UjX89VX lbBM; UjX88V- r2 }M/ i?2 +QM/m+iBpBiv K�i`Bt

⎛

⎜⎝
σ α

αT κ

⎞

⎟⎠ =

⎛

⎜⎝
D1K 2πKED1

2πKED1T (γD2 + 4π2E2KD1)T

⎞

⎟⎠ . UjXe8V

6`QK i?Bb `2bmHi r2 Q#i�BM i?2 a22#2+F +Q2{+B2Mi T`2b2Mi2/ BM 1[X UjX8eVX �HbQ- r2 ?�p2 i?2

i?2`K�H +QM/m+iBpBiv

κ = κ− Tα2

σ
= γD2T. UjXeeV

eR



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

�HH Q7 i?2b2 ?v/`Q/vM�KB+ `2bmHib �`2 BM �++Q`/ rBi? i?2 HBM2�`Bx2/ 2[m�iBQMb Q7 KQiBQM

⎛

⎜⎝
∂Q/∂t

∂E/∂t− µ∂Q/∂t

⎞

⎟⎠ = D

⎛

⎜⎝
∇2Q

∇2E − µ∇2Q

⎞

⎟⎠ . UjXedV

rBi? i?2 /BzmbBQM K�i`Bt �b BM 1[X UjX89VX h?2 /vM�KB+ bmb+2TiB#BHBiB2b UjXe9V +�M #2 /B�;@

QM�HBx2/ #v mbBM; i?2 QT2`�iQ`b Q �M/ E −Q(µ+ 2πET )X h?2 }`bi Q7 i?2b2 Bb +�``B2/ QMHv

#v i?2 KQ/2 rBi? /BzmbBQM +QMbi�Mi D1- �M/ i?2 b2+QM/ Bb +�``B2/ QMHv #v i?2 KQ/2 rBi?

/BzmbBQM +QMbi�Mi D2X D1 Bb i?2 +?�`;2 /BzmbBQM +QMbi�MiX q2 +�HH D2 i?2 i?2`K�H /BzmbBQM

+QMbi�Mi �b BiǶb p2`v bBKTHv `2H�i2/ iQ i?2 i?2`K�H +QM/m+iBpBiv pB� 1[bX UjXeeV �M/ UjX8yVX

q2 +�M �HbQ +QKTmi2 i?2 qB2/2K�MM@6`�Mx `�iBQ- L- 7`QK i?2 �#Qp2 `2bmHib �M/ i?2

+QKTmi�iBQMb BM �TT2M/Bt "XdX 1[X UjXejV H2�/b /B`2+iHv iQ 1[X UjX8dVX

h?2 Gv�TmMQp 2tTQM2Mi λL �M/ #mii2`~v p2HQ+Biv vB- r?B+? +?�`�+i2`Bx2 2�`Hv@iBK2 +?�QiB+

;`Qri? i?`Qm;? i?2 ;`Qri? Q7 +QMM2+i2/ Qmi@Q7@iBK2@Q`/2`2/ i?2`K�H 7Qm`@TQBMi 7mM+iBQMb

⟨V †(t, x⃗)W †(0)V (t, x⃗),W (0)⟩β ∼ eλL(t−|x⃗|/vB) , UjXe3V

+�M #2 +QKTmi2/ BM i?Bb KQ/2H Dmbi �b BM _27X (3j)X h?2 F2v Q#b2`p�iBQM ?2`2 Bb i?�i i?2b2

T`QT2`iB2b �`2 �bbQ+B�i2/ rBi? i?2 ~m+im�iBQMb Q7 i?2 ϵ KQ/2- �M/ i?2 φ KQ/2 Bb KQbiHv �

bT2+i�iQ`X h�FBM; V �M/ W iQ #2 i?2 auE 72`KBQMb- i?2 T`2b2Mi KQ/2H ?�b � Gv�TmMQp

2tTQM2Mi ;Bp2M #v

λL = 2πT , UjXeNV

b�im`�iBM; i?2 +?�Qb #QmM/ Q7 (Rje)X �b BM i?2 rQ`Fb (ky- kR- 3j- R89)- r2 }M/ i?�i i?2

#mii2`~v p2HQ+Biv Bb bBKTHv `2H�i2/ iQ i?2 i?2`K�H /BzmbBpBiv �b

D2 =
v2B
2πT

. UjXdyV

6`QK 1[X UjXejV- r2 Q#b2`p2 i?�i i?2 `2H�iBQMb?BT #2ir22M vB �M/ i?2 +?�`;2 /BzmbBQM

ek



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

+QMbi�Mi D1 Bb MQi mMBp2`b�H (Rjy), Bi /2T2M/b mTQM i?2 bT2+B}+ T�`�K2i2`b Q7 i?2 auE

KQ/2HX

jX9 .Bb+mbbBQM

h?Bb +?�Ti2` ?�b T`2b2Mi2/ i?2 i?2`KQ/vM�KB+ �M/ i`�MbTQ`i T`QT2`iB2b Q7 i?2 ?B;?2`@

/BK2MbBQM�H auE KQ/2Hb Q7 72`KBQMb rBi? `�M/QK q/2@#Q/v BMi2`�+iBQMbX h?2 KQ/2H +QM@

b2`p2b iQi�H 2M2`;v �M/ � lURV +?�`;2- Q- #mi /Q MQi +QMb2`p2 iQi�H KQK2MimK- r?B+?

/2b+`B#2b � /BzmbBp2 K2i�HHB+ bi�i2 rBi?Qmi [m�bBT�`iB+H2 2t+Bi�iBQMbX q2 7QmM/ i?�i i?2

KQ/2H �HbQ b?�`2/ � MmK#2` Q7 +QKKQM T`QT2`iB2b rBi? ?QHQ;`�T?B+ KQ/2Hb Q7 #H�+F #`�M2b

rBi? �M �/a2 M2�`@?Q`BxQM ;2QK2i`v,

Ç h?2 HQr T i?2`KQ/vM�KB+b Bb /2b+`B#2/ #v i?2 7`22 2M2`;v BM 1[X UjXR9V- rBi? i?2

2Mi`QTv S(Q) mMBp2`b�H- �M/ i?2 ;`QmM/ bi�i2 2M2`;v E0(Q) MQM@mMBp2`b�HX 6Q` i?2

auE KQ/2Hb- mMBp2`b�HBiv BKTHB2b /2T2M/2M+2 QMHv QM i?2 A_ b+�HBM; /BK2MbBQM Q7 i?2

72`KBQM- �M/ BM/2T2M/2M+2 7`QK TQbbB#H2 ?B;?2`@Q`/2` BMi2`�+iBQMb BM i?2 >�KBHiQMB�MX

AM i?2 ?QHQ;`�T?v- mMBp2`b�HBiv BKTHB2b BM/2T2M/2M+2 7`QK i?2 ;2QK2i`v 7�` 7`QK i?2

�/a2 M2�`@?Q`BxQM ;2QK2i`vX

Ç h?2 i?2`KQ2H2+i`B+ i`�MbTQ`i Bb +QMbi`�BM2/ #v � bBKTH2 2tT`2bbBQM U1[X UjX8eVV 2[m�i@

BM; i?2 a22#2+F +Q2{+B2Mi iQ i?2 Q@/2`Bp�iBp2 Q7 i?2 2Mi`QTv SX h?Bb Bb i?2 ǵE2HpBM

7Q`KmH�Ƕ T`QTQb2/ BM _27X (R83) #v /Bz2`2Mi �TT`QtBK�i2 T?vbB+�H �`;mK2MibX AM Qm`

�M�HvbBb- i?2 E2HpBM 7Q`KmH� r�b i?2 +QMb2[m2M+2 Q7 �M 2K2`;2Mi PSL(2,R) bvKK2i`v

b?�`2/ #v #Qi? +H�bb2b Q7 KQ/2HbX

Ç �b ?�b �HbQ #22M /Bb+mbb2/ 2�`HB2` (RdR)- i?2 +Q``2H�iQ`b Q7 MQM@+QMb2`p2/ HQ+�H QT2`�iQ`b

?�p2 � 7Q`K Ub22 1[X UjXRjVV +QMbi`�BM2/ #v +QM7Q`K�H BMp�`B�M+2- �M/ +?�`�+i2`Bx2/ #v

� bT2+i`�H �bvKK2i`v T�`�K2i2`- E - r?B+? Bb /2}M2/ #v 1[X UjXReVX AM i?2 ?QHQ;`�T?B+

+QMi2ti- E �HbQ ?�b i?2 BMi2`T`2i�iBQM �b i?2 bi`2M;i? Q7 �M 2H2+i`B+ }2H/ BM �/a2X

ej



*?�Ti2` jX h?2`KQ2H2+i`B+ i`�MbTQ`i BM auE KQ/2Hb

Ç "Qi? +H�bb2b Q7 KQ/2Hb (RRe- Rj8- Rdd) b�im`�i2 i?2 #QmM/ (Rje) QM i?2 Gv�TmMQp `�i2

r?B+? +?�`�+i2`Bx2b i?2 ;`Qri? Q7 [m�MimK +?�Qb- λL = 2πT X

Ç 6Q` i?2 auE KQ/2Hb- i?2 #mii2`~v p2HQ+Biv- vB- r�b 7QmM/ iQ #2 mMBp2`b�HHv `2H�i2/ iQ

i?2 i?2`K�H /BzmbBpBiv- D2 #v 1[X UjXdyV- �b BM _27X (3j)X PM i?2 Qi?2` ?�M/- i?2 auE

KQ/2Hb /Q MQi /BbTH�v � mMBp2`b�H `2H�iBQM #2ir22M vB �M/ i?2 +?�`;2 /BzmbBpBiv- D1X

aQ i?2 mMBp2`b�H +QMM2+iBQM #2ir22M �M/ +?�Qb �M/ i`�MbTQ`i Bb `2bi`B+i2/ iQ 2M2`;v

i`�MbTQ`i- �b r�b �HbQ 7QmM/ BM i?2 bim/v Q7 � +`BiB+�H 62`KB bm`7�+2 (R89)X *?�Qb Bb

M�im`�HHv +QMM2+i2/ iQ 2M2`;v ~m+im�iBQMb- #2+�mb2 i?2 HQ+�H 2M2`;v /2i2`KBM2b i?2

`�i2 Q7 +?�M;2 Q7 i?2 T?�b2 Q7 i?2 [m�MimK bi�i2- �M/ T?�b2 /2+Q?2`2M+2 Bb `2bTQMbB#H2

7Q` +?�QbX h?Bb T?vbB+�H �`;mK2Mi }M/b � /B`2+i `2�HBx�iBQM BM i?2 +QKTmi�iBQM QM i?2

auE KQ/2HX AM i?2 ?QHQ;`�T?B+ �tBQM KQ/2H rBi? µ = 0- i?2 `2H�iBQMb?BT #2ir22M D1,2

�M/ vB r�b BMp2biB;�i2/ BM _27X (ky)- �M/ D2 r�b 7QmM/ iQ Q#2v 1[X UjXdyVX

e9



4
amT2`bvKK2i`B+ auE KQ/2Hb

9XR AMi`Q/m+iBQM

AM i?Bb +?�Ti2`- r2 BMi`Q/m+2 bmT2`bvKK2i`B+ ;2M2`�HBx�iBQMb Q7 i?2 auE KQ/2HbX GBF2

T`2pBQmb KQ/2Hb- i?2 bmT2`bvKK2i`B+ KQ/2Hb ?�p2 `�M/QK �HH@iQ@�HH BMi2`�+iBQMb #2ir22M

72`KBQMb QM N bBi2bX h?2`2 �`2 MQ +�MQMB+�H #QbQMb BM i?2 mM/2`HvBM; >�KBHiQMB�M- �M/

BM i?Bb `2bT2+i- Qm` KQ/2Hb �`2 bBKBH�` iQ i?2 bmT2`bvKK2i`B+ H�iiB+2 KQ/2Hb BM _27bX (8NĜ

eR- RyyĜRyj)X �b r2 /2b+`B#2 #2HQr- +2`i�BM bi`m+im`2b BM i?2 +Q``2H�iBQMb Q7 i?2 `�M/QK

+QmTHBM;b Q7 Qm` KQ/2Hb H2�/ iQ N = 1 �M/ N = 2 bmT2`bvKK2i`vX amT2`bvKK2i`B+ KQ/2Hb

rBi? `�M/QK +QmTHBM;b i?�i BM+Hm/2 #Qi? #QbQMb �M/ 72`KBQMb r2`2 +QMbB/2`2/ BM (8)X

G2i mb /Bb+mbb MQr i?2 KQ/2H rBi? N = 1 bmT2`bvKK2i`v- �M/ /272` T`2b2Mi�iBQM Q7 i?2

N = 2 +�b2 iQ a2+iBQM 9XjXkX 6Q` i?2 N = 1 +�b2- r2 BMi`Q/m+2 i?2 bmT2`+?�`;2

Q = i
∑

1!i<j<k!N

Cijkψ
iψjψk , U9XRV

e8



*?�Ti2` 9X amT2`bvKK2i`B+ auE KQ/2Hb

r?2`2 ψi �`2 J�DQ`�M� 72`KBQMb QM bBi2b i = 1 . . . N -

{ψi,ψj} = δij, U9XkV

�M/ Cijk Bb � }t2/ `2�H N × N × N �MiBbvKK2i`B+ i2MbQ` bQ i?�i Q Bb >2`KBiB�MX q2 rBHH

i�F2 i?2 Cijk iQ #2 BM/2T2M/2Mi ;�mbbB�M `�M/QK p�`B�#H2b- rBi? x2`Q K2�M �M/ p�`B�M+2

bT2+B}2/ #v i?2 +QMbi�Mi J ,

Cijk = 0, C2
ijk =

2J

N2
U9XjV

r?2`2 J Bb TQbBiBp2 �M/ ?�b mMBib Q7 2M2`;vX �b Bb i?2 +�b2 BM bmT2`bvKK2i`B+ i?2Q`B2b- i?2

>�KBHiQMB�M Bb i?2 b[m�`2 Q7 i?2 bmT2`+?�`;2

H = Q2 = E0 +
∑

1!i<j<k<l!N

Jijkl ψ
iψjψkψl U9X9V

r?2`2

E0 =
∑

1!i<j<k!N

C2
ijk , Jijkl = −1

8

∑

a

Ca[ijCkl]a, U9X8V

rBi? [ ] `2T`2b2MiBM; �HH TQbbB#H2 �MiB@bvKK2i`B+ T2`Kmi�iBQMbX LQi2 i?�i i?2 Jijkl �`2 MQi

BM/2T2M/2Mi ;�mbbB�M `�M/QK p�`B�#H2b- �M/ i?Bb Bb 7Q`K�HHv i?2 QMHv /Bz2`2M+2 7`QK i?2

>�KBHiQMB�M Q7 i?2 MQM@bmT2`bvKK2i`B+ auE KQ/2Hb (N- 9j- N3- Ryd- Ry3- RRe- Rj8- Rek- RdR-

RNe)X h?2b2 T�`iB+mH�` +Q``2H�iBQMb +?�M;2 i?2 bi`m+im`2 Q7 i?2 H�`;2 N 2[m�iBQMb �M/ H2�/ iQ

� bQHmiBQM r?2`2 i?2 72`KBQM ?�b /BK2MbBQM ∆f = 1/6X AM �//BiBQM- i?2`2 Bb � bmT2`bvKK2i`B+

T�`iM2` Q7 i?Bb QT2`�iQ` r?B+? Bb #QbQMB+ �M/ ?�b /BK2MbBQM ∆b = 2/3 = 1/2+∆f X h?Bb H�`;2

N bQHmiBQM ?�b mM#`QF2M bmT2`bvKK2i`v- �M/ r2 ?�p2 +?2+F2/ i?Bb MmK2`B+�HHv #v +QKT�`BM;

rBi? 2t�+i /B�;QM�HBx�iBQM Q7 i?2 >�KBHiQM�BMX q2 ?�p2 �HbQ +QKTmi2/ i?2 H�`;2 N ;`QmM/

bi�i2 2Mi`QTv 7`QK � +QKTH2i2 MmK2`B+�H bQHmiBQM Q7 i?2 b�//H2@TQBMi 2[m�iBQMbX AM i?2 2t�+i

/B�;QM�HBx�iBQM r2 }M/ i?�i i?2 HQr2bi 2M2`;v bi�i2 ?�b MQM@x2`Q 2M2`;v- �M/ i?2`27Q`2-

ee



*?�Ti2` 9X amT2`bvKK2i`B+ auE KQ/2Hb

#`QF2M bmT2`bvKK2i`vX >Qr2p2`- i?Bb 2M2`;v Bb 2biBK�i2/ iQ #2 Q7 Q`/2` e−αN r?2`2 α

Bb � MmK2`B+�H +QMbi�MiX q2 ?�p2 �HbQ ;2M2`�HBx2/ i?2 KQ/2H iQ BM+Hm/2 � bmT2`+?�`;2 Q7

i?2 b+?2K�iB+ 7Q`K Q ∼ ψq̂- �M/ r2 �HbQ bQHp2/ i?Bb KQ/2H BM i?2 H�`;2 q̂ HBKBiX q2 �HbQ

7Q`KmH�i2/ i?2 KQ/2H BM bmT2`bT�+2- �M/ b?Qr i?�i i?2 H�`;2 N 2[m�iBQMb ?�p2 � bmT2`@

`2T�`�K2i2`Bx�iBQM BMp�`B�M+2- r?B+? Bb #Qi? bTQMi�M2QmbHv �b r2HH �b 2tTHB+BiHv #`QF2M #v

i?2 �TT2�`�M+2 Q7 � bmT2`b+?r�`xB�M �+iBQM- r?B+? r2 /2b+`B#2 BM /2i�BHX

q2 ?�p2 �HbQ �M�Hvx2/ i?2 2B;2Mp�Hm2b Q7 i?2 H�//2` F2`M2H r?B+? �TT2�`b BM i?2 +QKTm@

i�iBQM Q7 i?2 7Qm` TQBMi 7mM+iBQMX h?2`2 �`2 #Qi? #QbQMB+ �M/ 72`KBQMB+ QT2`�iQ`b i?�i +�M

T`QT�;�i2 QM i?Bb H�//2`X h?2`2 Bb � T�`iB+mH�` 2B;2Mp�Hm2 Q7 i?2 F2`M2H r?B+? Bb � x2`Q KQ/2

�M/ +Q``2bTQM/b iQ i?2 /2;`22b Q7 7`22/QK /2b+`B#2/ #v i?2 a+?r�`xB�MX h?2v �`2 � #QbQMB+

KQ/2 rBi? /BK2MbBQM h = 2 �M/ � 72`KBQMB+ QM2 rBi? h = 3/2X h?2 Qi?2` 2B;2Mp�Hm2b Q7 i?2

F2`M2H b?QmH/ /2b+`B#2 QT2`�iQ`b �TT2�`BM; BM i?2 PS1X h?2b2 �HbQ +QK2 BM #QbQM@72`KBQM

T�B`b �M/ ?�p2 � bi`m+im`2 bBKBH�` iQ i?2 mbm�H auE +�b2X PM2 BMi2`2biBM; 72�im`2 Bb i?2

�TT2�`�M+2 Q7 � #QbQM 72`KBQM T�B` rBi? /BK2MbBQMb h = 1 �M/ h = 3
2 - r?B+? Bb �bbQ+B�i2/

iQ �M �//BiBQM�H bvKK2i`v Q7 i?2 HQr 2M2`;v 2[m�iBQMbX h?2b2 /Q MQi ;Bp2 `Bb2 iQ 2ti`� x2`Q

KQ/2b #mi bBKTHv +Q``2bTQM/ iQ Qi?2` QT2`�iQ`b BM i?2 i?2Q`vX

q2 ?�p2 �HbQ �M�Hvx2/ i?2 N = 2 p2`bBQM Q7 i?2 i?2Q`vX AM i?Bb +�b2 r2 +�M �HbQ +QKTmi2

� FBM/ Q7 qBii2M BM/2tX JQ`2 T`2+Bb2Hv- i?2 KQ/2H ?�b � /Bb+`2i2 Zq̂ ;HQ#�H bvKK2i`v i?�i

+QKKmi2b rBi? bmT2`bvKK2i`v- bQ i?�i r2 +�M BM+Hm/2 i?2 +Q``2bTQM/BM; /Bb+`2i2 +?2KB+�H

TQi2MiB�H BM i?2 qBii2M BM/2t- r?B+? im`Mb Qmi iQ #2 MQM@x2`QX h?2b2 �`2 ;2M2`B+�HHv 2tT2+i2/

iQ #2 HQr2` #QmM/b QM i?2 H�`;2 N ;`QmM/ bi�i2 2Mi`QTvc Bi im`Mb Qmi i?�i i?2 H�`;2bi qBii2M

BM/2t Bb- BM 7�+i- 2[m�H iQ i?2 H�`;2 N ;`QmM/ bi�i2 2Mi`QTvX h?2 KQ/2H �HbQ ?�b � U(1)R

bvKK2i`vX h?2 2t�+i /B�;QM�HBx�iBQM �M�HvbBb �HbQ bm;;2bib � +QMD2+im`2 7Q` MmK#2` Q7

;`QmM/ bi�i2b 7Q` 2�+? p�Hm2 Q7 i?2 U(1)R +?�`;2X 6Q` i?2 q̂ = 3 +�b2- i?2v �`2 +QM+2Mi`�i2/

�i p2`v bK�HH p�Hm2b Q7 i?2 U(1) _@+?�`;2- rBi?BM |Q| ! 1/3X

h?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrbX AM b2+iBQM 9Xk r2 /2}M2 i?2 N = 1 bmT2`bvKK2i`B+

KQ/2H- r`Bi2 i?2 H�`;2 N 2z2+iBp2 �+iBQM �M/ i?2 +Q``2bTQM/BM; +H�bbB+�H 2[m�iBQMbX q2

ed



*?�Ti2` 9X amT2`bvKK2i`B+ auE KQ/2Hb

/2i2`KBM2 i?2 /BK2MbBQMb Q7 i?2 QT2`�iQ`b BM i?2 A_ �M/ r2 /2`Bp2 � +QMbi`�BMib BKTQb2/

#v mM#`QF2M bmT2`bvKK2i`v QM i?2 +Q``2H�iQ`bX q2 �HbQ T`2b2Mi � ;2M2`�HBx�iBQM Q7 i?2

KQ/2H r?2`2 i?2 bmT2`+?�`;2 Bb � T`Q/m+i Q7 q̂ 72`KBQMb �M/ bQHp2 i?2 r?QH2 ~Qr BM i?2

q̂ → ∞ HBKBiX AM b2+iBQM 9Xj r2 T`2b2Mi bQK2 `2bmHib QM 2t�+i MmK2`B+�H /B�;QM�HBx�iBQM Q7

i?2 >�KBHiQMB�MX h?Bb BM+Hm/2b `2bmHib QM i?2 ;`QmM/ bi�i2 2M2`;v �M/ irQ TQBMi +Q``2H�iBQM

7mM+iBQMbX q2 i?2M ;2M2`�HBx2 i?2 KQ/2H rBi? N = 2 bmT2`bvKK2i`vX q2 +QKTmi2 i?2

qBii2M BM/2t �M/ mb2 Bi iQ �`;m2 i?�i i?2 KQ/2H ?�b � H�`;2 2t�+i /2;2M2`�+v �i x2`Q 2M2`;vX

AM i?2 2M/- r2 /Bb+mbb i?2 H�//2` /B�;`�Kb i?�i +QMi`B#mi2 iQ i?2 7Qm` TQBMi 7mM+iBQMX q2 mb2

i?2K iQ /2i2`KBM2 i?2 2B;2Mp�Hm2b Q7 i?2 H�//2` F2`M2H �M/ mb2 Bi iQ /2i2`KBM2 i?2 bT2+i`mK

Q7 /BK2MbBQMb Q7 +QKTQbBi2 QT2`�iQ`bX q2 ?�p2 MQi BM+Hm/2/ /2`Bp�iBQMb Q7 i?2 HQr@2M2`;v

2z2+iBp2 i?2Q`v mbBM; bmT2`bT�+2 7Q`K�HBbK- `2�/2`b +�M }M/ /2i�BHb BM i?2 Q`B;BM�H T�T2`X

AM b2+iBQM 9X9- r2 /Bb+mbb Qm` `2bmHibXb

9Xk JQ/2H

9XkXR .27BMBiBQM Q7 i?2 KQ/2H �M/ i?2 H�`;2 N 2772+iBp2 �+iBQM

hQ b2i mT � T�i? BMi2;`�H 7Q`KmH�iBQM Q7 H- r2 }`bi MQi2 i?�i i?2 bmT2`+?�`;2 �+ib QM i?2

72`KBQM �b

{Q,ψi} = i
∑

1!j<k!N

Cijkψ
jψk. U9XeV

q2 BMi`Q/m+2 � MQM@/vM�KB+�H �mtBHB�`v #QbQM bi iQ HBM2�`Bx2 i?2 bmT2`bvKK2i`v i`�Mb7Q`@

K�iBQM �M/ `2�HBx2 i?2 bmT2`bvKK2i`v �H;2#`� Qz@b?2HHX h?2 G�;`�M;B�M /2b+`B#BM; H Bb

L =
∑

i

[
1

2
ψi∂τψ

i − 1

2
bibi + i

∑

1!j<k!N

Cijkb
iψjψk

]
. U9XdV

lM/2` i?2 i`�Mb7Q`K�iBQM Qψi = bi- Qbi = ∂τψi Bi +?�M;2b �b

QL = ∂τ

(
−1

2

∑

i

ψibi +
i

3

∑

1!j<k!N

Cijkψ
iψjψk

)
+ i

∑

1!j<k!N

Cijkb
ibjψk. U9X3V

e3
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h?Bb BKTHB2b i?�i i?2 �+iBQM Bb BMp�`B�Mi �b HQM; �b i?2 bi`m+im`2 +QMbi�Mib Cijk BM U9XdV �`2

iQi�HHv �MiB@bvKK2i`B+X

LQr r2 T`Q+22/ iQ Q#i�BM i?2 2z2+iBp2 �+iBQMX h?Bb +�M #2 /QM2 #v �p2`�;BM; Qp2` i?2

:�mbbB�M `�M/QK p�`B�#H2b Cijk BM i?2 `2THB+� 7Q`K�HBbKX AM i?Bb KQ/2H- �b BM auE- i?2

BMi2`�+iBQM #2ir22M `2THB+�b Bb bmTT`2bb2/ #v 1/N2- bQ i?�i r2 +�M bBKTHv �p2`�;2 Qp2`

/BbQ`/2` #v i`2�iBM; Bi �b �M �//BiBQM�H }2H/ rBi? iBK2 BM/2T2/2Mi irQ TQBMi 7mM+iBQMb �b BM

U9XjVX �p2`�;BM; Qp2` /BbQ`/2`- r2 Q#i�BM

Seff =

∫ β

0

dτ(
1

2
ψi∂τψ

i − 1

2
bibi)− J

2N2

∫ β

0

dτ1dτ2
(
bi(τ1)b

i(τ2)
)(
ψj(τ1)ψ

j(τ2)
)2
+

− J

N2

∫ β

0

dτ1dτ2
(
bi(τ1)ψ

i(τ2)
)(
ψj(τ1)b

j(τ2)
)(
ψk(τ1)ψ

k(τ2)
)
. U9XNV

LQi2 i?�i i?Bb �+iBQM +QMi�BMb i2`Kb BM r?B+? i?2 #QbQMb �M/ 72`KBQMb +�``v i?2 b�K2 BM/2t-

�M/ r?B+? b?QmH/ #2 QKBii2/ 2X;X bi(τ1)bi(τ2)ψi(τ1)ψi(τ2)ψj(τ1)ψj(τ2)c ?Qr2p2` i?2v �`2

bm#/QKBM�Mi BM i?2 H�`;2 N HBKBi- �M/ bQ r2 B;MQ`2 i?Bb Bbbm2X

LQiB+2 7m`i?2` i?�i i?2 `2H�iBp2 +Q2{+B2Mi #2ir22M i?2 H�bi irQ i2`Kb Bb /2i2`KBM2/ #v i?2

bmT2`bvKK2i`v `2[mB`2K2Mi i?�i i?2 bi`m+im`2 +QMbi�Mib Cijk �`2 iQi�HHv �MiB@bvKK2i`B+- bQ

i?�i

⟨CijkCi′j′k′⟩ ∼ δii′δjj′δkk′ + δij′δjk′δki′ + δik′δji′δkj′ + (j ↔ k) U9XRyV

h?2 Tm`TQb2 Q7 i?Bb b2+iBQM Bb iQ /Bb+mbb i?2 H�`;2 N b�//H2@TQBMi 2[m�iBQMb 7Q` i?2 /B�;QM�H

:`22MǶb 7mM+iBQMb

Gψψ(τ1, τ2) =
1

N
ψi(τ1)ψ

i(τ2),

Gbb(τ1, τ2) =
1

N
bi(τ1)b

i(τ2), U9XRRV

r?2`2 r2 ?�p2 � bmK Qp2` iX q2 rBHH i?mb /`QT i?2 H�bi i2`K BM U9XNV- r?B+? QMHv �z2+ib i?2

eN
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b�//H2@TQBMi 2[m�iBQMb 7Q` i?2 Qz@/B�;QM�H :`22MǶb 7mM+iBQMb

Gbψ(τ1, τ2) =
1

N
bi(τ1)ψ

i(τ2),

Gψb(τ1, τ2) =
1

N
ψi(τ1)b

i(τ2), U9XRkV

q2 rBHH `2biQ`2 Bi BM � H�i2` b2+iBQM \\- r?2`2 r2 r`Bi2 i?2 b�//H2@TQBMi 2[m�iBQMb BM �

K�MB72biHv bmT2`@bvKK2i`B+ 7�b?BQMX

q2 BMi`Q/m+2 i?2 G�;`�M;2 KmHiBTHB2`b Σψψ

1 =

∫
DGψψDΣψψ exp

(
− N

2
Σψψ(τ1, τ2)

(
Gψψ(τ1, τ2)−

1

N
ψi(τ1)ψ

i(τ2)
))

, U9XRjV

�M/ Σbb

1 =

∫
DGbbDΣbb exp

(
− N

2
Σbb(τ1, τ2)

(
Gbb(τ1, τ2)−

1

N
bi(τ1)b

i(τ2)
))

. U9XR9V

�b i?2 MQi�iBQM bm;;2bib- i?2b2 G�;`�M;2 KmHiBTHB2`b rBHH 2p2Mim�HHv #2+QK2 i?2 b2H7 2M2`;B2bX

AMb2`iBM; i?2b2 7�+iQ`b Q7 R BM i?2 72`KBQM T�i? BMi2;`�H rBi? i?2 �+iBQM U9XNV- mbBM; i?2 /2Hi�

7mM+iBQMb BKTHB2/ #v i?2 BMi2;`�iBQM Qp2` Σψ,b iQ 2tT`2bb i?2 BMi2`�+iBQM i2`Kb BM U9XNV- �M/

BMi2;`�iBM; Qmi i?2 72`KBQMb r2 Q#i�BM

Z =

∫
DGψψDΣψψe

−Seff (Gψ ,Gbb,Σψψ ,Σbb)

Seff(Gψ, Gbb,Σψψ,Σbb)/N = − logS7[∂τ − Σψψ(τ)] +
1

2
log det[−1− Σbb(τ)] + U9XR8V

+
1

2

∫
dτ1dτ2

[
Σψψ(τ1, τ2)Gψψ(τ1, τ2) + Σbb(τ1, τ2)Gbb(τ1, τ2)− J Gbb(τ1, τ2)Gψψ(τ1, τ2)

2
]
,

r?B+? #2+QK2b � +H�bbB+�H �+iBQM r?2M N Bb H�`;2X G2i mb HQQF �i i?2 +H�bbB+�H 2[m�iBQMb 7Q`

dy
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i?2 �+iBQM BM U9XR8VX h�FBM; /2`Bp�iBp2b rBi? `2bT2+i iQ Gψ �M/ Gbb- r2 Q#i�BM

Σψψ(τ1, τ2) = 2JGbb(τ1, τ2)Gψψ(τ1, τ2)

Σbb(τ1, τ2) = JGψψ(τ1, τ2)
2, U9XReV

h�FBM; /2`Bp�iBp2b rBi? `2bT2+i iQ Σψψ �M/ Σbb- �bbmKBM; iBK2 i`�MbH�iBQM bvKK2i`v �M/

;QBM; iQ 6Qm`B2` bT�+2- r2 Q#i�BM

Gψ(iω)
−1 = −iω − Σψψ(iω)

Gbb(iω)
−1 = −1− Σbb(iω), U9XRdV

r?B+? +QM}`Kb i?�i Σψ,b �`2 i?2 b2H7 2M2`;B2bX

AM i2KTQ`�H bT�+2- i?2 b�//H2 TQBMi 2[m�iBQMb i�F2 i?2 7Q`K

∂τ1Gψψ(τ1, τ3)−
∫

dτ2 (2JGbb(τ1, τ2)Gψψ(τ1, τ2))Gψψ(τ2, τ3) = δ(τ1 − τ3)

−Gbb(τ1, τ3)−
∫

dτ2
(
JGψψ(τ1, τ2)

2
)
Gbb(τ2, τ3) = δ(τ1 − τ3), U9XR3V

h?2b2 2[m�iBQMb +�M #2 bQHp2/ MmK2`B+�HHv- �M/ r2 +�M b22 bQK2 THQib BM };m`2 U9X8VX

PM+2 r2 }M/ � bQHmiBQM iQ i?2b2 2[m�iBQMb- r2 +�M +QKTmi2 i?2 QM@b?2HH �+iBQM- r?B+? +�M

#2 r`Bii2M �b

logZ

N
= −Seff

N
=

1

2
log 2−

∑

n∈?�H7 BMi2;2`

1

2
log [−iωnGψψ(iωn)] +

∑

n∈BMi2;2`

1

2
logGbb(iωn)

− Jβ

2

∫ β

0

Gbb(τ)Gψψ(τ)
2 U9XRNV

r?2`2 ωn �`2 i?2 J�ibm#�`� 72[m2M+B2b 7Q` i?2 72`KBQM �M/ #QbQM +�b2bX 6`QK i?Bb r2 +�M

+QKTmi2 i?2 2Mi`QTv i?`Qm;? i?2 mbm�H i?2`KQ/vM�KB+ 7Q`KmH�X � THQi Q7 i?2 2Mi`QTv �b �

7mM+iBQM Q7 i?2 i2KT2`�im`2 +�M #2 7QmM/ BM };m`2 U9XRVX

dR
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T/J
0 0.5 1 1.5 2

S/
N

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

6B;m`2 9XR, h?2`K�H 2Mi`QTv Q#i�BM2/ #v MmK2`B+�HHv bQHpBM; i?2 H�`;2 N 2[m�iBQMb Q7 KQiBQM
U9XReVU9XRdVX �i ?B;? i2KT2`�im`2b r2 ?�p2 Dmbi i?2 HQ; Q7 i?2 /BK2MbBQM Q7 i?2 >BH#2`i bT�+2-
S
N = 1

2 log 2X h?2 x2`Q i2KT2`�im`2 2Mi`QTv Bb �TT`QtBK�i2Hv S
N ∼ 0.2745 + 0.0005- r?2`2

i?2 2``Q` Bb 2biBK�i2/ #v i?2 +QMp2`;2M+2 Q7 i?2 66h U6�bi 6Qm`B2` h`�Mb7Q`KV �H;Q`Bi?KX
h?2 �M�HviB+�H `2bmHi S

N = 1
2 log

[
2 cos π

6

]
U9Xj3V �HbQ HB2b BM i?Bb `�M;2 X

q2 +�M MQr /2i2`KBM2 i?2 HQr 2M2`;v bi`m+im`2 Q7 i?2 bQHmiBQMb Q7 U9XReV �M/ U9XRdV- �b

BM (Rdj)- #v K�FBM; � TQr2` H�r �Mb�ix �i H�i2 iBK2b U1 ≪ Jτ ≪ NV

Gψψ ∝ 1

τ 2∆ψ
, Gbb ∝

1

τ 2∆b
, U9XkyV

r?2`2 ∆ψ �M/ ∆b �`2 i?2 b+�HBM; /BK2MbBQMb Q7 i?2 72`KBQM �M/ i?2 #QbQMX q2 i?2M BMb2`i

U9XkyV BMiQ U9XReV- U9XRdV BM Q`/2` iQ }t i?2 p�Hm2b Q7 ∆ψ �M/ ∆bX J�i+?BM; i?2 TQr2`@H�rb

BM i?2 b�//H2 TQBMi 2[m�iBQMb vB2H/b QMHv i?2 bBM;H2 +QMbi`�BMi

2∆ψ +∆b = 1. U9XkRV

�b r2 rBHH b22 H�i2` i?2 /BK2MbBQM +�M #2 /2i2`KBM2/ #v HQQFBM; �i i?2 +QMbi�Mi +Q2{+B2MibX

"27Q`2 b?QrBM; i?Bb- H2i mb /Bb+mbb � bBKTH2` r�v iQ Q#i�BM �MQi?2` +QM/BiBQMX

dk
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9XkXk amT2`bvKK2i`v +QMbi`�BMib

6m`i?2` �M�HviB+ T`Q;`2bb +�M #2 K�/2 B7 r2 �bbmK2 i?�i i?2 bQHmiBQMb Q7 i?2 b�//H2 TQBMi

2[m�iBQMb U9XReV- U9XRdV T`2b2`p2 bmT2`bvKK2i`vX qBi? bm+? �M �bbmKTiBQM- r2 MQr b?Qr

i?�i i?2 b+�HBM; /BK2MbBQMb ∆ψ �M/ ∆b +�M #2 2�bBHv /2i2`KBM2/X

A7 bmT2`bvKK2i`v Bb MQi bTQMi�M2QmbHv #`QF2M- i?2M

Gbb(τ1 − τ2) = ⟨b(τ1)b(τ2)⟩ = ⟨Qψ(τ1)b(τ2)⟩ = ⟨ψ(τ1)Qb(τ2)⟩

= ∂τ2⟨ψ(τ1)ψ(τ2)⟩ = −∂τ1Gψψ(τ1 − τ2) U9XkkV

h?Bb `2H�iBQMb?BT iQ;2i?2` rBi?

Σψψ(τ1 − τ2) = −∂τ1Σbb(τ1 − τ2). U9XkjV

Bb +QKT�iB#H2 rBi? i?2 b�//H2@TQBMi 2[m�iBQMb BM a2+iBQM 9XkXRX

U9XkkV iQ;2i?2` rBi? i?2 �Mb�ix U9XkyV H2�/b iQ

∆b = ∆ψ +
1

2
. U9Xk9V

hQ;2i?2` rBi? 1[X U9XkRV- r2 +�M MQr /2i2`KBM2 i?2 b+�HBM; /BK2MbBQMb

∆ψ =
1

6
, ∆b =

2

3
. U9Xk8V

9XkXj aBKTH2 ;2M2`�HBx�iBQM

q2 MQr b?Qr ?Qr iQ /2`Bp2 i?2 ∆b = ∆ψ + 1
2 +QMbi`�BMi /B`2+iHv 7`QK i?2 b�//H2 TQBMi

2[m�iBQMb rBi?Qmi �bbmKBM; i?�i i?2 bQHmiBQM T`2b2`p2b bmT2`bvKK2i`vX

Ai Bb mb27mH iQ +QMbB/2` � bBKTH2 ;2M2`�HBx�iBQM Q7 1[X U9XRV iQ +�b2 r?2`2 i?2 bmT2`+?�`;2

dj
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Q Bb i?2 bmK Qp2` T`Q/m+ib Q7 q̂ 72`KBQMbRX h?2 >�KBHiQMB�M H = Q2 BMpQHp2b bmKb Q7 i2`Kb

rBi? mT iQ 2q̂ − 2 72`KBQMbX q̂ = 3 +Q``2bTQM/b iQ i?2 +�b2 /Bb+mbb2/ �#Qp2 U9XRVX

h?2 H�`;2 N 2[m�iBQMb �`2 U9XRdV �M/

Σψψ(τ1, τ2) = (q̂ − 1)JGbb(τ1, τ2)Gψ(τ1, τ2)
q̂−2 , Σbb(τ1, τ2) = JGψψ(τ1, τ2)

q̂−1 U9XkeV

q2 +�M 2tTHQ`2 i?2K �i HQr 2M2`;v #v K�FBM; i?2 �Mb�ix

Gψψ(τ1, τ2) =
bψsgn(τ12)

|τ12|2∆ψ
, Gbb(τ1, τ2) =

bb
|τ12|2∆b

, τ12 ≡ τ1 − τ2 U9XkdV

r?2`2 bψ- bb �`2 bQK2 +QMbi�MibX

�;�BM- B7 r2 �bbmK2 bmT2`bvKK2i`v r2 BKK2/B�i2Hv /2`Bp2 ∆ψ = 1/(2q̂) �M/ ∆b = ∆ψ+
1
2 X

.QBM; bQ rBi?Qmi i?�i �bbmKTiBQM `2[mB`2b mb iQ HQQF �i i?2 2[m�iBQMb 7Q` bψ �M/ bbX

lbBM; i?2 6Qm`B2` i`�Mb7Q`Kb 7Q` bvKK2i`B+ �M/ �MiBbvKK2i`B+ 7mM+iBQMb

∫
dteiωt

sgn(t)

|t|2∆ = cf (∆)sgn(ω)|ω|2∆−1 ,

∫
dteiωt

1

|t|2∆ = cb(∆)|ω|2∆−1 , U9Xk3V

cf (∆) ≡ 2i cos(π∆)Γ(1− 2∆) , cb(∆) ≡ 2 sin(π∆)Γ(1− 2∆) U9XkNV

h?2 7QHHQrBM; `2H�iBQMb �`2 mb27mH

cf (∆)cf (1−∆) ≡ − 2π cos π∆

(1− 2∆) sin π∆
, cb(∆)cb(1−∆) ≡ − 2π sin π∆

(1− 2∆) cos π∆
U9XjyV

h?2M U9XkeV - iQ;2i?2` rBi? i?2 HQr 2M2`;v �T`QtBK�iBQM Q7 U9XRdV- r?B+? Bb Gψ(iω)Σψψ(iω) =

−1 �M/ - Gb(iω)Σbb(iω) = −1- ;Bp2b i?2 +QM/BiBQMb

Jbq̂−1
ψ bb(q̂ − 1)cf (∆ψ)cf ((q̂ − 2)∆ψ +∆b)|ω|2(q̂−1)∆ψ+2∆b−2 = −1 ,

RAM /2i�BH Q = i
q̂−1
2

∑
j1<j2<···jq̂ Cj1,j2··· ,jnψ

i1ψi2 · · ·ψiq̂ - rBi? ⟨C2
j1,j2,··· ,jq̂ ⟩ =

(q̂−1)!J
N q̂−1 X

d9
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Jbq̂−1
ψ bbcb(∆b)cb((q̂ − 1)∆ψ)|ω|2(q̂−1)∆ψ+2∆b−2 = −1 U9XjRV

J�i+?BM; i?2 7`2[m2M+v /2T2M/2Mi T�`i r2 ;2i i?2 +QM/BiBQM ∆b = 1 − (q̂ − 1)∆ψX h?2

2[m�iBQMb 7Q` i?2 +Q2{+B2Mib `2/m+2 iQ

2πJbq̂−1
ψ bb(q̂ − 1) = (1− 2∆ψ)

sin π∆ψ

cos π∆ψ
,

2πJbq̂−1
ψ bb = (2(q̂ − 1)∆ψ − 1)

sin π(q̂ − 1)∆ψ

cos π(q̂ − 1)∆ψ
U9XjkV

h?2 `�iBQ #2ir22M i?2 irQ 2[m�iBQMb ;Bp2b �MQi?2` +QM/BiBQM 7Q` ∆ψ- rBi? QM2 `�iBQM�H

bQHmiBQM Q#2vBM; ∆b = ∆ψ + 1
2 - r?B+? Bb �HbQ BM/2T2M/2MiHv BKTHB2/ #v bmT2`bvKK2i`v- b22

U9XkjVX AM i?2 `�M;2 r?2`2 ∆ψ �M/ ∆b �`2 #Qi? TQbBiBp2 i?2`2 Bb � b2+QM/- B``�iBQM�H bQHmiBQM

iQ i?2 2[m�iBQMb r?B+? ?�b ?B;?2` ∆ψX h?Bb b2+QM/ bQHmiBQM #`2�Fb bmT2`bvKK2i`v- bBM+2 Bi

/Q2b MQi Q#2v U9Xk9VX Ai rQmH/ #2 MB+2 iQ mM/2`bi�M/ Bi 7m`i?2`- #mi r2 H2�p2 i?�i iQ i?2

7mim`2X

q2 �HbQ b22 i?�i i?2 HQr 2M2`;v 2[m�iBQMb ?�p2 � bvKK2i`v

Gψψ → λ2Gψψ , Gbb → λ2−2q̂Gbb U9XjjV

AM/22/ U9XjRV BMpQHp2b QMHv i?2 +QK#BM�iBQM Jbq̂−1
ψ bbX h?Bb bvKK2i`v Q7 i?2 A_ 2[m�iBQMb

Bb #`QF2M #v i?2 lo #QmM/�`v +QM/BiBQMb i?�i �`Bb2 7`QK +QMbB/2`BM; i?2 7mHH 2[m�iBQMb BM

U9XRdVX

AM 7�+i- i?2 bmT2`bvKK2i`v `2H�iBQM U9XkjV �HbQ }t2b i?Bb 7`22/QK Q7 `2b+�HBM;- #v b2iiBM;

bb = 2∆ψbψX

AM i?2 2M/ i?Bb }t2b i?2 +Q2{+B2Mib iQ

Jbq̂−1
ψ bb =

tan π
2q̂

2q̂π
, bb =

1

q̂
bψ , ⇒ bψ =

[
tan π

2q̂

2πJ

] 1
q̂

U9Xj9V

h?Bb +Q2{+B2Mi U7Q` q̂ = 3V Bb mb2/ BM i?2 THQi Q7 };m`2 9X9X P7 +Qm`b2 i?2 }MBi2 i2KT2`�im`2

d8
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p2`bBQM Bb

Gψψ(τ) = bψ

[
π

β sin πτ
β

]2∆ψ

U9Xj8V

h?Bb ;2M2`�HBx�iBQM K�F2b Bi 2�bv iQ +QKTmi2 i?2 ;`QmM/ bi�i2 2Mi`QTvX AM T`BM+BTH2 i?Bb +�M

#2 /QM2 #v BMb2`iBM; i?2b2 bQHmiBQMb BMiQ i?2 2z2+iBp2 �+iBQM

logZ

N
=

1

2
log det(∂τ−Σψψ)−

1

2
log det(δ−Σbb)+

1

2

∫
dτdτ ′

[
−ΣbbGbb − ΣψψGψψ + JGbbG

q̂−1
ψψ

]

U9XjeV

Ai Bb bHB;?Hv bBKTH2` iQ i�F2 i?2 /2`Bp�iBp2 rBi? `2bT2+i iQ q̂- B;MQ`BM; �Mv i2`K i?�i BMpQHp2b

/2`Bp�iBp2b Q7 Gb,ψ bBM+2 i?Qb2 i2`Kb p�MBb? #v i?2 2[m�iBQMb Q7 KQiBQMX h?Bb ;Bp2b

∂q̂
logZ

N
=

J

2
β

∫
dτGbb(τ)G

q̂−1
ψψ logGψψ = β(constant) +

π2

2q̂
Jbbb

q̂−1
ψ = β(constant) +

π tan π
2q̂

4q̂2

U9XjdV

q?2`2 r2 BMb2`i2/ U9Xj8V �M/ mb2/ U9Xj9VX h?2 +QMbi�Mi i2`K BM+Hm/2b lo /Bp2`;2M+B2b

r?B+? �`2 β BM/2T2M/2MiX h?Bb i2`K +QMi`B#mi2b iQ i?2 ;`QmM/ bi�i2 2M2`;vk- #mi MQi iQ i?2

2Mi`QTvX AMi2;`�iBM; U9XjdV r2 Q#i�BM i?2 ;`QmM/ bi�i2 2Mi`QTv

S

N
=

1

2
log[2 cosπ∆f ] =

1

2
log[2 cos

π

2q̂
] U9Xj3V

r?2`2 BM BMi2;`�iBM; r2 mb2/ i?2 #QmM/�`v +QM/BiBQM i?�i i?2 2Mi`QTv b?QmH/ #2 i?2 2Mi`QTv

Q7 7`22 72`KBQM bvbi2K �i q̂ = ∞- � 7�+i r2 rBHH +?2+F #2HQrX 6Q` q̂ = 3 i?Bb K�i+?2b i?2

MmK2`B+�H �Mbr2`- b22 };m`2 9XRX

q2 ?�p2 �HbQ /Bb+mbb2/ i?2 H�`;2 q̂ HBKBi Q7 i?2 KQ/2H- b22 �TT2M/BtX *XRX
kA7 r2 +QKTmi2/ Bi mbBM; i?2 2t�+i bQHmiBQM U�b QTTQb2/ iQ i?2 +QM7Q`K�H bQmiBQMV Q7 i?2 2[m�iBQMb r2

2tT2+i i?2 ;`QmM/ bi�i2 2M2`;v iQ p�MBb? /m2 iQ bmT2`bvKK2i`vX

de
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9Xj _2bmHib

9XjXR LmK2`B+b 7`QK 2t�+i /B�;QM�HBx�iBQM

h?Bb b2+iBQM T`2b2Mib `2bmHib 7`QK i?2 2t�+i MmK2`B+�H /B�;QM�HBx�iBQM Q7 i?2 >�KBHiQMB�M BM

1[X U9X9VX q2 2t�KBM2/ b�KTH2b rBi? mT iQ N = 28 bBi2b- �M/ �p2`�;2/ Qp2` Ryy Q` KQ`2

`2�HBx�iBQMb Q7 /BbQ`/2`X h?Bb 2t�+i /B�;QM�HBx�iBQM �HHQrb mb iQ +?2+F i?2 p�HB/Biv Q7 i?2

�Mbr2` r2 Q#i�BM2/ mbBM; H�`;2 N K2i?Q/bX

amT2`bvKK2i`v

�M BKTQ`i�Mi Tm`TQb2 Q7 i?2 MmK2`B+�H bim/v r�b iQ 2t�KBM2 r?2i?2` bmT2`bvKK2i`v r�b

mM#`QF2M BM i?2 N → ∞ HBKBiX AM 6B;X 9Xk r2 i2bi i?2 #�bB+ `2H�iBQMb?BT BM 1[X U9XkkV #2ir22M

i?2 72`KBQM �M/ #QbQM :`22MǶb 7mM+iBQMbX h?2 �;`22K2Mi #2ir22M i?2 #QbQM :`22MǶb 7mM+iBQM

J=
0 1 2 3 4 5

J

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2
Gb(=)
-@
=
G
A
(=)

6B;m`2 9Xk, AK�;BM�`v iBK2 :`22MǶb 7mM+iBQM �i T = 0 7Q` N = 24 J�DQ`�M� 72`KBQMb �p2`@
�;2/ Qp2` Ryy b�KTH2bX h?2 #Hm2 bQHB/ HBM2 Bb Gbb(τ)- �M/ i?2 TBMF /�b?2/ HBM2 Bb −∂τGψ(τ)X

�M/ i?2 iBK2 /2`Bp�iBp2 Q7 i?2 72`KBQM :`22MǶb 7mM+iBQM Bb 2pB/2MiHv 2t+2HH2MiX

q2 �HbQ +QKTmi2/ i?2 p�Hm2 Q7 i?2 ;`QmM/ bi�i2 2M2`;v E0 = ⟨0|QQ|0⟩X amT2`bvKK2i`v

Bb mM#`QF2M B7 �M QMHv B7 E0 = 0X q2 ?�p2 7QmM/ i?�i E0 Bb MQM@x2`Q BM i?2 2t�+i i?2Q`v-

dd
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#mi Bi #2+QK2b p2`v bK�HH 7Q` H�`;2 N X AM/22/ };X 9Xj b?Qrb i?�i E0 /Q2b #2+QK2 p2`v

bK�HH- �M/ i?2 �TT`Q�+? iQ x2`Q Bb +QKT�iB#H2 rBi? �M 2tTQM2MiB�H /2+`2�b2 Q7 E0 rBi? N X

h?Bb Bb i?2M +QKT�iB#H2 rBi? � bmT2`bvKK2i`B+ H�`;2 N bQHmiBQM- bmT2`bvKK2i`v Bb i?2M

#`QF2M MQM@T2`im`#�iBp2Hv BM i?2 1/N 2tT�MbBQMX h?2 +QK#BM�iBQM Q7 6B;bX 9Xk �M/ 9Xj

Bb bi`QM; MmK2`B+�H 2pB/2M+2 7Q` i?2 T`2b2`p�iBQM Q7 bmT2`bvKK2i`v BM i?2 N → ∞ HBKBi

UrBi? bmTT2`bvKK2i`v #`2�FBM; �i }MBi2 NVX h?2 ;`QmM/ bi�i2 2M2`;v +�M #2 }ii2/ r2HH #v

E0 ∝ e−αS0 rBi? α = 1.9± .2- r?B+? Bb +QKT�iB#H2 rBi? α = 2X >2`2 S0 Bb i?2 ;`QmM/ bi�i2

2Mi`QTv- U9Xj3V X h?Bb Bb bK�HH2` i?�i i?2 M�Bp2 2biBK�i2 7Q` i?2 BMi2`T�`iB+H2 H2p2H bT�+BM;

r?B+? Bb e−SX

LQi2 i?�i i?2 #`2�FBM; Q7 bmT2`bvKK2i`v Bb �HbQ +QKT�iB#H2 rBi? i?2 qBii2M BM/2t Q7 i?Bb

KQ/2H r?B+? Bb Tr[(−1)F ] = 0X h?Bb +�M #2 2�bBHv +QKTmi2/ BM i?2 7`22 i?2Q`vX 6Q` N Q//

r2 /2}M2/ i?2 >BH#2`i bT�+2 #v �//BM; �M 2ti`� J�DQ`�M� KQ/2 i?�i Bb /2+QmTH2/ 7`QK i?2

QM2b �TT2�`BM; BM i?2 >�KBHiQMB�MX

N
8 10 12 14 16 18 20 22 24 26

lo
g(
E 0

/J
)

-16

-14

-12

-10

-8

-6

-4

6B;m`2 9Xj, :`QmM/ bi�i2 2M2`;v �b � 7mM+iBQM Q7 N BM � HQ;@HBM2�` THQi- r?2`2 r2 ?�p2
�p2`�;2/ Qp2` Ryy b�KTH2bX h?2 THQi Bb +QKT�iB#H2 rBi? �M 2tTQM2MiB�H /2+`2�b2 Q7 E0 rBi?
N X LQiB+2 �HbQ i?2 bi`m+im`2 BM E0 /2T2M/2Mi QM N UKQ/ 3VX

�b BM _27X (RNe)- r2 7QmM/ � ;`QmM/ bi�i2 /2;2M2`�+v T�ii2`M i?�i /2T2M/2/ mTQM N UKQ/
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3VX h?2 T�ii2`M BM Qm` +�b2 Bb U7Q` N " 3V

N UKQ/ 3V y R k j 9 8 e d

.2;2M2`�+v k 9 9 9 9 9 k k
. U9XjNV

6Q` Q// N i?Bb /2;2M2`�+v BM+Hm/2b �HH i?2 bi�i2b BM i?2 >BH#2`i bT�+2 /2}M2/ #v �//BM; �M

2ti`� /2+QmTH2/ 72`KBQMX q2 �HbQ 7QmM/ i?�i i?2 p�Hm2 Q7 E0 ?�b bi`m+im`2 /2T2M/2Mi mTQM

N UKQ/ 3V- �b Bb +H2�` 7`QK 6B;X 9XjX h?2 bvKK2i`v +H�bbB}+�iBQM BM i?2 N = 1 i?2Q`v 7Q`

q̂ = 3 Bb 7m`i?2` /Bb+mbb2/ BM _27X (Rkd) mbBM; `�M/QK K�i`Bt i?2Q`vX *�b2b rBi? ;2M2`�H q̂

�`2 /Bb+mbb2/ BM _27X (RRj)X

a+�HBM;

q2 �HbQ +QKT�`2/ Qm` MmK2`B+�H `2bmHib 7Q` i?2 :`22MǶb 7mM+iBQMb rBi? i?2 +QM7Q`K�H b+�HBM;

bi`m+im`2 2tT2+i2/ �i HQM; iBK2b �M/ HQr i2KT2`�im`2bX 6`QK 1[ U9Xj9V- rBi? q̂ = 3- r2

2tT2+i i?�i �i T = 0 �M/ H�`;2 τ

Gc
ψψ(τ) =

b;M(τ)
(2π

√
3)1/3

|Jτ |−1/3 , Gc
bb(τ) =

1

3(2π
√
3)1/3

J |Jτ |−4/3. U9X9yV

6B; 9X9 b?Qrb i?�i 1[X U9X9yV Bb Q#2v2/ r2HH 7Q` H�`;2 Jτ X

q2 �HbQ 2ti2M/2/ i?Bb +QKT�`BbQM iQ T > 0- r?2`2 r2 2tT2+i i?2 ;2M2`�HBx�iBQM Q7

1[X U9X9yV iQ

Gc
ψ(τ) =

b;M(τ)
(2π

√
3)1/3

[
πT

J sin (πτT )

]1/3
, Gc

bb(τ) =
1

3(2π
√
3)1/3

J

[
πT

J sin (πτT )

]4/3
U9X9RV

h?2 +QKT�`BbQM Q7 i?2b2 `2bmHib rBi? i?2 MmK2`B+�H /�i� �TT2�`b BM 6B;X 9X8X

dN
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6B;m`2 9X9, AK�;BM�`v iBK2 :`22MǶb 7mM+iBQM �i T = 0 7Q` N = 24 J�DQ`�M� 72`KBQMb
�p2`�;2/ Qp2` Ryy b�KTH2bX G27i T�M2H, #Hm2 bQHB/ HBM2 Bb Gψψ(τ)- `2/ /Qii2/@/�b?2/ HBM2
Bb i?2 +QM7Q`K�H bQHmiBQM Gc

ψψ(τ) BM 1[X U9X9yVc `B;?i T�M2H, #Hm2 bQHB/ HBM2 Bb Gbb(τ)- `2/
/Qii2/@/�b?2/ HBM2 Bb i?2 +QM7Q`K�H bQHmiBQM Gc

bb(τ) BM 1[X U9X9yVX

9XjXk N = 2 bmT2`bvKK2i`v

h?Bb b2+iBQM im`Mb iQ i?2 ;2M2`�HBx�iBQM iQ N = 2 bmT2`bvKK2i`vX h?2 `2�H 72`KBQM ψi Bb

`2TH�+2/ #v +QKTH2t 72`KBQMb ψi �M/ ψi- �M/ i?2 bmT2`+?�`;2 Q BM 1[X U9XRV Bb `2TH�+2/ #v

� T�B` Q7 +?�`;2b Q �M/ QX h?2 /2}MBM; `2H�iBQMb �`2

{ψi,ψj} = δij , {ψi,ψj} = 0 , {ψi,ψj} = 0

Q = i
∑

1!i<j<k!N

Cijkψ
iψjψk

Q = i
∑

1!i<j<k!N

C
ijk
ψiψjψk U9X9kV

r?B+? BKTHv Q2 = Q
2
= 0X h?2 i?2Q`v ?�b � lURVR _@bvKK2i`v- mM/2` r?B+? i?2 72`KBQMb

ψi �M/ ψi +�``v +?�`;2b 1/3 �M/ −1/3X �b Bb +mbiQK�`v- r2 MQ`K�HBx2 i?2 U(1)R +?�`;2 bQ

i?�i i?2 bmT2`+?�`;2b +�``v +?�`;2 ±1X h?2 bmT2`bvKK2i`v �+ib QM i?2 72`KBQMB+ p�`B�#H2b

�b

[Q,ψi] = 0 [Q,ψi] = b
i ≡ i

∑

1!j<k!N

Cijkψ
jψk U9X9jV
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6B;m`2 9X8, AK�;BM�`v iBK2 :`22MǶb 7mM+iBQM �i }MBi2 i2KT2`�im`2 7Q` N = 20 J�DQ`�M�
72`KBQMb �p2`�;2/ Qp2` Ryy b�KTH2bX G27i T�M2H Bb Gψψ(τ) r?BH2 `B;?i T�M2H Bb Gbb(τ)X aQHB/
HBM2b �`2 i?2 2t�+i /B�;QM�HBx�iBQM `2bmHic /�b?2/ HBM2b �`2 +QM7Q`K�H `2bmHib �b BM 1[X U9X9RVc
/Qii2/ HBM2 �`2 H�`;2 N `2bmHi #v MmK2`B+�HHv bQHpBM; 1[X U9XReV �M/ 1[X U9XRdVX .Bz2`2Mi
+QHQ`b +Q``2bTQM/ iQ /Bz2`2Mi BMi2`�+iBQM bi`2M;i?, i?2 #Hm2 QM2 Bb βJ = 5c i?2 `2/ QM2 Bb
βJ = 20 �M/ i?2 #H�+F QM2 Bb βJ = 200X

h?2 >�KBHiQMB�M `2TH�+BM; 1[X U9X9V Bb MQr

H = {Q,Q} = |C|2 +
∑

i,j,k,l

Jkl
ij ψ

iψjψkψl U9X99V

q2 MQi2 i?Bb >�KBHiQMB�M ?�b i?2 b�K2 7Q`K �b i?2 +QKTH2t auE KQ/2H BMi`Q/m+2/ BM

_27X (RdR)- #mi MQr i?2 +QKTH2t +QmTHBM;b Jkl
ij �`2 MQi BM/2T2M/2Mi `�M/QK p�`B�#H2bX AMbi2�/

r2 i�F2 i?2 Cijk iQ #2 BM/2T2M/2Mi `�M/QK +QKTH2t MmK#2`b- rBi? i?2 MQM@x2`Q b2+QM/

KQK2Mi

CijkC
ijk

=
2J

N2
U9X98V

`2TH�+BM; 1[X U9XjVX

h?2 bm#b2[m2Mi �M�HvbBb Q7 1[X U9X99V +HQb2Hv T�`�HH2Hb i?2 N = 1 +�b2X h?2 K�BM /Bz2`2M+2

Bb i?�i r2 MQr BMi`Q/m+2 +QKTH2t MQM@/vM�KB+�H �mtBHB�`v #QbQMB+ }2H/b bi �M/ bi iQ HBM2�`Bx2

i?2 bmT2`bvKK2i`v i`�Mb7Q`K�iBQMbX h?2 KQ/2H +�M �HbQ #2 ;2M2`�HBx2/ bQ i?�i Q Bb #mBHi

7`QK T`Q/m+ib Q7 q̂ 72`KBQMb bQ i?�i i?2 >�KBHiQMB�M BMpQHp2b mT iQ 2q̂ − 2 72`KBQMbX

h?2 2[m�iBQMb Q7 KQiBQM �`2 � +QKTH2tB}2/ p2`bBQM Q7 i?2 N = 1 2[m�iBQMbX q2 rBHH

3R
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/2b+`B#2 i?2K KQK2Mi�`BHvX h?2 72`KBQM �HbQ ?�b b+�HBM; /BK2MbBQM ∆ψ = 1/(2q̂) �M/

_@+?�`;2 1/q̂X LQiB+2 i?�i i?2 _@+?�`;2 Q7 ψ Bb irB+2 Bib b+�HBM; /BK2MbBQM- r?B+? Bb �b

2tT2+i2/ 7Q` � bmT2`@+QM7Q`K�H +?B`�H T`BK�`v }2H/X �b Bb +QMp2MiBQM�H i?2 U(1)R +?�`;2 Bb

MQ`K�HBx2/ bQ i?�i i?2 bmT2`+?�`;2 ?�b +?�`;2 QM2X h?2 U(1)R +?�`;2 /Q2b MQi +QKKmi2

rBi? i?2 bmT2`+?�`;2bX h?2`2 Bb ?Qr2p2` � Zq̂ ;`QmT Q7 i?Bb U(1) bvKK2i`v i?�i �+ib QM

i?2 72`KBQMb �b ψj → e
2πir
q̂ ψi r?B+? /Q2b H2�p2 i?2 bmT2`+?�`;2 BMp�`B�Mi �M/ Bb � ;HQ#�H

bvKK2i`v +QKKmiBM; rBi? bmT2`bvKK2i`vX LQi2 i?�i i?2 [m�MiBx�iBQM +QM/BiBQM QM i?2

U(1)R +?�`;2- QR- Bb i?�i q̂QR b?QmH/ #2 �M BMi2;2`X

h?Bb 7�+i 2M�#H2b mb iQ +QKTmi2 �M bBKTH2 ;2M2`�HBx�iBQM Q7 i?2 qBii2M BM/2t /2}M2/ �b

Wr = Tr[(−1)F e2πirQR ] = Tr[(−1)Fgr] =
[
1− e

2πir
q

]N
= eiNπ( rq̂−

1
2 )

[
2 sin

πr

q̂

]N
U9X9eV

r?2`2 g Bb i?2 ;2M2`�iQ` Q7 i?2 Zq̂ bvKK2i`v- �M/ QR Bb i?2 U(1)R +?�`;2X AM i?2 i?B`/

2[m�HBiv r2 ?�p2 mb2/ i?�i i?2 BM/2t Bb BMp�`B�Mi mM/2` +?�M;2b Q7 i?2 +QmTHBM; �M/ +QKTmi2/

Bi BM i?2 7`22 i?2Q`v- rBi? J = 0X h?2 qBii2M BM/2t Bb K�tBK�H 7Q` r = (q̂ ± 1)/2 r?2`2 Bib

�#bQHmi2 p�Hm2 Bb ;`2�i2bi �M/ 2[m�H iQ

log |Wr= q̂±1
2
| = N log[2 cos

π

2q̂
]. U9X9dV

h?2 `B;?i ?�M/ bB/2 ?�TT2Mb iQ #2 i?2 b�K2 �b i?2 p�Hm2 Q7 i?2 ;`QmM/ bi�i2 2Mi`QTv +QKTmi2/

mbBM; i?2 H�`;2 N bQHmiBQM- r?B+? Bb i?2 b�K2 �b U9Xj3V- mT iQ �M 2ti`� Qp2`�HH 7�+iQ` Q7 irQ

#2+�mb2 MQr i?2 72`KBQMb �`2 +QKTH2tX AM ;2M2`�H- i?2b2 qBii2M BM/B+2b b?QmH/ #2 � HQr2`

#QmM/ QM i?2 MmK#2` Q7 ;`QmM/ bi�i2b- �M/ �HbQ � HQr2` #QmM/ QM i?2 H�`;2 N ;`QmM/ bi�i2

2Mi`QTv U`2+�HH i?�i BM i?2 N = 1 +�b2 r2 ?�/ i?�i i?2 qBii2M BM/2t r�b x2`QVX h?2 7�+i i?�i

i?2 #QmM/ Bb b�im`�i2/ i2HHb mb i?�i KQbi Q7 i?2 bi�i2b +QMi`B#miBM; iQ i?2 H�`;2 N ;`QmM/

bi�i2 2Mi`QTv �`2 �+im�HHv i`m2 ;`QmM/ bi�i2b Q7 i?2 KQ/2HX h?mb- BM i?Bb +�b2 bmT2`bvKK2i`v

Bb MQi #`QF2M #v e−N 2z2+ibX

q2 ?�p2 �HbQ HQQF2/ �i 2t�+i /B�;QM�HBx�iBQM Q7 i?2 i?2Q`v- �M/ +QKTmi2/ i?2 MmK#2` Q7

3k
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bi�i2b 7Q` /Bz2`2Mi p�Hm2b Q7 i?2 U(1)R +?�`;2X j G2i mb /2}M2 i?2 _@+?�`;2 bQ i?�i Bi ;Q2b

#2ir22M −N/q̂ ! QR ! N/q̂- BM BM+`2K2Mib Q7 1/q̂X q2 ?�p2 HQQF2/ �i i?2 +�b2 q̂ = 3 �M/

r2 7QmM/ i?2 7QHHQrBM; /2;2M2`�+B2b- D(N,QR)- �b � 7mM+iBQM Q7 N �M/ i?2 +?�`;2

D(N, 0) = 2 3N/2−1 , D(N,±1

3
) = 3N/2−1 , for N even

D(N,±1

6
) = 3(N−1)/2 , for N = 3mod 4

D(N,±1

6
) = 3(N−1)/2 , D(N,±3

6
) = 1 or 3 , for N = 1mod 4 U9X93V

�M/ r2 ?�p2 D(N,QR) = 0 QmibB/2 i?2 +�b2b K2MiBQM2/ �#Qp2X h?2`27Q`2- r2 b22 i?�i

i?2 /2;2M2`�+B2b �`2 +QM+2Mi`�i2/ QM bi�i2b rBi? p2`v bK�HH p�Hm2b Q7 i?2 R +?�`;2X P7

+Qm`b2- i?2b2 p�Hm2b �`2 +QMbBbi2Mi rBi? i?2 qBii2M BM/2t BM U9X9eV 7Q` q̂ = 3X h?2 �;`22@

K2Mif/Bb�;`22K2Mi Q7 i?2 ;`QmM/ bi�i2 /2;2M2`�+v �M/ qBii2M BM/2t Bb 7m`i?2` /Bb+mbb2/ BM

_27X (RRj- Rd9)X

9XjXj 6Qm` TQBMi 7mM+iBQM �M/ i?2 bT2+i`mK Q7 QT2`�iQ`b

(a) (b)

(c) (d) (e) (f)

6B;m`2 9Xe, U�V .B�;`�K +QMi`B#miBM; iQ � +Q``2+iBQM iQ i?2 72`KBQM T`QT�;�iQ`X 6mHH HBM2b �`2
72`KBQMb �M/ /Qii2/ HBM2b �`2 #QbQMbX U#V *Q``2+iBQM iQ i?2 #QbQM T`QT�;�iQ`X U+V � bBKTH2
H�//2` /B�;`�K +QMi`B#miBM; iQ i?2 7Qm`@TQBMi 7mM+iBQM BM i?2 72`KBQMB+ +?�MM2H- r?2`2 i?2
BMi2`K2/B�i2 bi�i2 Q#i�BM2/ r?2M r2 +mi i?2 H�//2` Bb � 72`KBQMX U/V- U2V- U7V .B�;`�Kb
+QMi`B#miBM; BM i?2 #QbQMB+ +?�MM2H- rBi? 2Bi?2` � T�B` Q7 #QbQMb Q` � T�B` Q7 72`KBQMbX h?2
7mHH H�//2`b �`2 Q#i�BM2/ #v Bi2`�iBM; i?2b2 /B�;`�KbX h?2b2 �`2 i?2 /B�;`�Kb 7Q` q̂ = 3 �M/
i?2v HQQF bBKBH�` BM i?2 ;2M2`�H +�b2X

j_2+�HH i?�i i?2 ;`QmM/ bi�i2b Q7 � [m�MimK K2+?�MB+b rBi? N = 2 bmT2`bvKK2i`v �`2 BM QM2@iQ@QM2
+Q``2bTQM/2M+2 rBi? i?2 +Q?QKQHQ;v Q7 i?2 Q bmT2`+?�`;2X h?Bb Bb 2�bB2` iQ +QKTmi2 i?�M i?2 2B;2Mp�Hm2b
�M/ 2B;2Mbi�i2b Q7 i?2 >�KBHiQMB�MX

3j
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h?2 7Qm` TQBMi 7mM+iBQM +�M #2 +QKTmi2/ #v i2+?MB[m2b bBKBH�` iQ i?Qb2 /Bb+mbb2/ BM

(RRe- Rj8- Rek)X q2 b?QmH/ bmK � b2`B2b Q7 H�//2` /B�;`�Kb- b22 };m`2 9XeX h?2`2 �`2 p�`BQmb

ivT2b Q7 7Qm` TQBMi 7mM+iBQMb r2 +QmH/ +QMbB/2`X h?2 bBKTH2bi FBM/ ?�b i?2 7Q`K

⟨ψi(τ1)φ
i(τ2)ψ

j(τ3)φ
j(τ4)⟩ U9X9NV

AM i?Bb +�b2 i?2 Q#D2+i T`QT�;�iBM; �HQM; i?2 H�//2` Bb 72`KBQMB+- T`Q/m+2/ #v � #QbQM �M/

72`KBQM QT2`�iQ`X q2 rBHH MQi T`2b2Mi i?2 7mHH 7Q`K Q7 i?2 7Qm` TQBMi 7mM+iBQM BM /2i�BH- #mi r2

rBHH MQi2 i?2 /BK2MbBQMb Q7 i?2 QT2`�iQ`b �TT2�`BM; BM i?2 bBM;H2i +?�MM2H PS1 Ui?2 τ1 → τ2

HBKBiVX �b BM (RRe- Rj8- Rek) i?2b2 /BK2MbBQMb �`2 +QKTmi2/ #v mbBM; +QM7Q`K�H bvKK2i`v

iQ /B�;QM�HBx2 i?2 H�//2` F2`M2H BM i2`Kb Q7 � #�bBb Q7 7mM+iBQMb Q7 irQ p�`B�#H2b rBi? /2}MBi2

+QM7Q`K�H +�bBKB` bT2+B}2/ #v � +QM7Q`K�H /BK2MbBQM hX h?2M b2iiBM; i?2 F2`M2H 2[m�H iQ

QM2 ;Bp2b mb i?2 bT2+i`mK Q7 /BK2MbBQMb i?�i +�M �TT2�` BM i?2 PS1X h?2 T`Q#H2K +�M

#2 b2T�i2/ BMiQ +QMi`B#miBQMb r?2`2 i?2 BMi2`K2/B�i2 7mM+iBQMb �`2 2bb2MiB�HHv bvKK2i`B+ Q`

�MiBbvKK2i`B+ mM/2` i?2 2t+?�M;2 Q7 p�`B�#H2bX h?Bb ;Bp2b mb irQ b2ib Q7 72`KBQMB+ QT2`�iQ`b

bT2+B}2/ #v i?2 +QM/BiBQMb

1 = ks(h) ≡ −2−1+ 2
q̂
Γ(2− 1

q̂ )

Γ(1 + 1
q̂ )

Γ(14 +
1
2q̂ −

h
2 )Γ(

1
4 +

1
2q̂ +

h
2 )

Γ(54 −
1
2q̂ −

h
2 )Γ(

1
4 −

1
2q̂ +

h
2 )

1 = ka(h) ≡ −2−1+ 2
q̂
Γ(2− 1

q̂ )

Γ(1 + 1
q̂ )

Γ(34 +
1
2q̂ −

h
2 )Γ(−

1
4 +

1
2q̂ +

h
2 )

Γ(34 −
1
2q̂ −

h
2 )Γ(

3
4 −

1
2q̂ +

h
2 )

U9X8yV

6`QK i?2 }`bi �M/ b2+QM/ r2 ;2i 2B;2Mp�Hm2b Q7 i?2 7Q`K

hs,m =
3

2
, 3.3211..., 5.2409..., , · · · hs,m = ∆ψ +∆b + 2m+ γm

ha,m =
3

2
, 3.5659..., 5.5949..., · · · ha,m = ∆ψ +∆b + 2m+ 1− γ̃m U9X8RV

1t+2Ti 7Q` h = 3/2 i?2 MmK#2`b /Q MQi �TT2�` iQ #2 `�iBQM�HX h?2v �TT`Q�+? i?2 p�Hm2b r2

BM/B+�i2/ �#Qp2 7Q` H�`;2 m- rBi? bK�HH TQbBiBp2 γm Q` γ̃m 7Q` H�`;2 mX h?2b2 QT2`�iQ`b +�M

#2 pB2r2/ �b ?�pBM; i?2 `Qm;? 7Q`K ψi∂nφi rBi? n = 2m, 2m+ 1 `2bT2+iBp2HvX

39
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Ai Bb �HbQ TQbbB#H2 iQ HQQF �i i?2 H�//2` /B�;`�Kb +Q``2bTQM/BM; iQ 7Qm` TQBMi 7mM+iBQMb Q7 i?2

7Q`K ⟨ψiψiψjψj⟩X q?2M r2 +QKTmi2 i?2 H�//2`b i?2b2 �`2 KBt2/ rBi? QM2b rBi? bi`m+im`2b

HBF2 ⟨ψiψibjbj⟩ Q` ⟨bibibjbj⟩- b22 };m`2 9XeX aQ i?2 F2`M2H 2p2M 7Q` � ;Bp2M BMi2`K2/B�i2 h Bb �

irQ #v irQ K�i`BtX .B�;QM�HBxBM; i?Bb K�i`Bt r2 }M/ i?�i i?2 QT2`�iQ`b bTHBi BMiQ irQ iQr2`b

r?B+? �`2 i?2 T�`iM2`b Q7 i?2 �#Qp2 QM2X h?2b2 #QbQMB+ T�`iM2`b ?�p2 +QM7Q`K�H /BK2MbBQMb

;Bp2M #v hs,m + 1
2 �M/ ha,m − 1

2 7Q` 2�+? Q7 i?2 irQ 72`KBQMB+ iQr2`bX P7 +Qm`b2- Bi b?QmH/ #2

TQbbB#H2 iQ /B`2+iHv mb2 bmT2`@;`�T?b bQ i?�i r2 +�M T`2b2`p2 K�MB72bi bmT2`bvKK2i`vX

LQr- r2 2tT2+i i?�i i?2 +�b2 r?2`2 hs = 3/2 �M/ Bib #QbQMB+ T�`iM2` rBi? h = 2 H2�/ iQ

� /Bp2`;2M+2 BM i?2 +QKTmi�iBQM Q7 i?2 M�Bp2 2tT`2bbBQM 7Q` i?2 7Qm` TQBMi 7mM+iBQM �M/ i?�i

i?2 T`QT2` bmKK�iBQM rQmH/ `2T`Q/m+2 r?�i r2 Q#i�BM 7`QK i?2 bmT2`@a+?r�`xB�M �+iBQMX

h?2 T�B` Q7 KQ/2b rBi? ha = 3/2 �M/ Bib #QbQMB+ T�`iM2` �i h = 1 �`2 KQ`2 bmT`BbBM;X h?2

Q`B;BM Q7 i?2 h = 1 KQ/2 Bb /m2 iQ i?2 `2b+�HBM; bvKK2i`v Q7 i?2 A_ 2[m�iBQMb K2MiBQM2/ BM

U9XjjVX AM 7�+i- QM2 +�M 2ti2M/ i?�i bvKK2i`v iQ � HQ+�H bvKK2i`v Q7 i?2 7Q`K

Gψψ(t, t
′) → λ(t)λ(t′)Gψψ(t, t

′) , Gbb(t, t
′) → [λ(t)λ(t′)]1−q̂Gbb(t, t

′) U9X8kV

r?B+? rQmH/ M�Bp2Hv bm;;2bi i?2 T`2b2M+2 Q7 �M 2ti`� b2i Q7 x2`Q KQ/2bX >Qr2p2`- r2

MQi2/ i?�i i?Bb bvKK2i`v Bb #`QF2M #v i?2 lo #QmM/�`v +QM/BiBQMbX P7 +Qm`b2 i?Bb r�b

�HbQ i`m2 Q7 i?2 `2T�`�K2i2`Bx�iBQM bvKK2i`vX >Qr2p2`- U9X8kV +?�M;2b i?2 b?Q`i /Bbi�M+2

7Q`K Q7 i?2 +Q``2H�iQ`b- r?B+? H2�/b mb iQ 2tT2+i i2`Kb BM i?2 2z2+iBp2 �+iBQM Q7 i?2 7Q`K

J
∫
dτ(λ(t) − 1)2- r?B+? bi`QM;Hv bmTT`2bb i?2 /2pB�iBQMb 7`QK i?2 p�Hm2 Q7 λ ;Bp2M #v i?2

b?Q`i /Bbi�M+2 bQHmiBQMX h?mb- BM i?2 HQr 2M2`;v i?2Q`v r2 /Q MQi 2tT2+i � x2`Q KQ/2 7`QK

i?2b2X AM/22/- r?2M r2 HQQF �i i?2 H�//2`b rBi? i?2 #QbQM 2t+?�M;2b- r2 b22 i?�i i?2 #�bBb

Q7 7mM+iBQMb r2 �`2 bmKKBM; Qp2` r?2M r2 2tT`2bb i?2 7Qm` TQBMi 7mM+iBQM b?QmH/ #2 i?2

b�K2 �b i?2 QM2 7Q` i?2 mbm�H auE KQ/2H- Ub22 (Rj8)VX L�K2Hv- i?2 2tT�MbBQM 7Q` i?2 7Qm`

TQBMi 7mM+iBQM +�M #2 2tT`2bb2/ �b �M BMi2;`�H Qp2` h = 1/2+ is �M/ � bmK Qp2` 2p2M p�Hm2b

Q7 hX aBM+2 h = 1 Bb MQi 2p2M- Bi /Q2b MQi H2�/ iQ � /Bp2`;2M+2X h?2M r2 +QM+Hm/2 i?�i Bi
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+Q``2bTQM/b iQ �M QT2`�iQ` Q7 i?2 i?2Q`vX Ai HQQFb HBF2 � K�`;BM�H /27Q`K�iBQM- bBM+2 Bi ?�b

h = 1X AM i?2 lo- Bi HQQFb HBF2 i?2 QT2`�iQ` +Q``2bTQM/b iQ � `2H�iBp2 `2b+�HBM; Q7 i?2 #QbQM

�M/ 72`KBQM }2H/X q2 i?BMF i?�i i?2 i`�Mb7Q`K�iBQM bBKTHv +Q``2bTQM/b iQ � `2b+�HBM; Q7 J -

r?B+? #`2�Fb i?2 Q`B;BM�H bmT2`bvKK2i`v #mi T`2b2`p2b � M2r `2b+�H2/ bmT2`bvKK2i`vX q2

?�p2 MQi bim/B2/ BM /2i�BH i?2 K2�MBM; Q7 Bib bmT2`bvKK2i`B+ T�`iM2` r?B+? Bb � /BK2MbBQM

jfk QT2`�iQ`X

h?2 +�b2 rBi? N = 2 bmT2`bvKK2i`v H2�/b iQ bBKBH�` QT2`�iQ`b BM i?2 bBM;H2i +?�MM2H rBi?

x2`Q U(1)R +?�`;2X h?2 72`KBQMb ?�p2 i?2 b�K2 /BK2MbBQMb �b BM U9X8yV- U9X8yV- #mi 2�+? rBi?

� 7�+iQ` Q7 irQ /2;2M2`�+v �`bBM; 7`QK i?2 7�+i i?�i MQr r2 +?�M;2 ψibi → ψib
i �M/ ψ

i
biX h?2

i?2 #QbQMB+ QT2`�iQ`b }HH � r?QH2 N = 2 KmHiBTH2i rBi? /BK2MbBQMb (hs,m − 1
2 , hs,m, hs,m + 1

2)

�M/ (ha,m − 1
2 , ha,m, ha,m + 1

2)X AM i?Bb KQ/2H i?2 7mM+iBQMb r2 M22/ iQ bmK Qp2` BM Q`/2` iQ

;2i i?2 7Qm` TQBMi 7mM+iBQM �`2 KQ`2 ;2M2`�H i?�M i?2 QM2b BM i?2 auE KQ/2H- bBM+2 MQr i?�i

i?2 #�bB+ irQ TQBMi 7mM+iBQM ⟨ψi(t1)ψ
i
(t2)⟩ /Q2b MQi ?�p2 � /2}MBi2 bvKK2i`vX aQ MQr i?2

2tT`2bbBQM 7Q` i?2 7Qm` TQBMi 7mM+iBQM b?QmH/ BM+Hm/2 � bmK Qp2` �HH p�Hm2b Q7 h- BM+Hm//BM;

#Qi? 2p2M �M/ Q// p�Hm2b- /2T2M/BM; QM r?2i?2` r2 +QMbB/2` bvKK2i`B+ Q` �MiBbvKK2i`B+

T�`ibX h?Qm;? r2 ?�p2 MQi }HH2/ Qmi �HH i?2 /2i�BHb r2 2tT2+i i?�i #v bmT2`bvKK2i`v r2 rBHH

?�p2 i?�i i?2 KmHiBTH2i +QKBM; 7`QK i?2 bvKK2i`B+ iQr2` rBi? /BK2MbBQMb (1, 3/2, 2) b?QmH/

H2�/ iQ i?2 bmT2`b+?r�`xB�M r?BH2 i?2 b2+QM/ QM2- +QKBM; 7`QK ha,m- �HbQ rBi? /BK2MbBQMb

(1, 3/2, 2) b?QmH/ +Q``2bTQM/ iQ QT2`�iQ`b BM i?2 A_ i?2Q`vX �b #27Q`2 i?2b2 �`Bb2 7`QK

bvKK2i`B2b Q7 i?2 HQr 2M2`;v 2[m�iBQMbX G2i mb /Bb+mbb BM /2i�BH i?2 QM2b +Q``2bTQM/BM; iQ

i?2 /BK2MbBQM irQ QT2`�iQ`bX h?2 HQr 2M2`;v 2[m�iBQMb ?�p2 i?2 7Q`K

Gbb ∗G
q̂−1

ψψ
= −δ , Gψψ ∗ [(q̂ − 1)Gb,bG

q̂−2

ψψ
] = −δ U9X8jV

r?2`2 ∗ Bb � +QMpQHmiBQM �M/ r2 i?BMF Q7 2�+? bB/2 �b � 7mM+iBQM Q7 irQ p�`B�#H2bX h?2 `B;?i

?�M/ bB/2 Bb � /2Hi� 7mM+iBQM i?�i b2ib i?2b2 irQ p�`B�#H2b 2[m�HX q2 �HbQ ?�p2 +QKTH2t

+QMDm;�i2 2[m�iBQMb Q#i�BM2/ #v `2TH�+BM; Gψψ ↔ Gψψ- Gbb ↔ GbbX q2 +�M i?2M +?2+F i?�i
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i?2 7QHHQrBM; Bb � bvKK2i`v

Gψψ → G′
ψψ

(τ1, τ2) = [f ′(τ1)h′(τ2)]∆ψGψψ(f(τ1), h(τ2))

Gψψ → G′
ψψ

(τ1, τ2) = [h′(τ1)f ′(τ2)]∆ψGψψ(f(τ1), h(τ2))

Gbb → G′
bb
(τ1, τ2) = [f ′(τ1)h′(τ2)]∆bGbb(f(τ1), h(τ2)) U9X89V

�M/ bBKBH�`Hv 7Q` GbbX A7 G Bb � bQHmiBQM Q7 U9X8jV- i?2M G′ Bb �HbQ � bQHmiBQMX h?2 `2T�@

`�K2i2`Bx�iBQMb �`2 M2�`Hv x2`Q KQ/2b Q7 i?2 7mHH T`Q#H2K �`2 i?Qb2 i?�i Q#2v h = f X X

h?2 QM2b r?2`2 i?2v �`2 /Bz2`2Mi- �`2 7�` 7`QK #2BM; x2`Q KQ/2b Q7 i?2 7mHH T`Q#H2KX h?2

`2�HBiv +QM/BiBQM b2ib i?�i h(τ) = f(τ)∗X h?2b2 HQQF bBKBH�` iQ irQ BM/2T2M/2Mi +QQ`/BM�i2

i`�Mb7Q`K�iBQMb i?�i T`2b2`p2 +QM7Q`K�H ;�m;2 BM � irQ /BK2bBQM�H bT�+2- rBi? � #QmM/�`v

+QM/BiBQM i?�i `2bi`B+ib i?2K iQ #2 2[m�HX JQ`2 /2i�BHb �#Qmi i?2 7Qm` TQBMi 7mM+iBQMb �M/

bT2+i`mK Q7 i?2 bmT2`bvKK2i`B+ auE KQ/2Hb �`2 /Bb+mbb2/ BM _27X (R8d- RN9)X

9X9 .Bb+mbbBQM

q2 ?�p2 bim/B2/ bmT2`bvKK2i`B+ ;2M2`�HBx�iBQMb Q7 i?2 auE KQ/2HX q2 bim/B2/ KQ/2Hb rBi?

N = 1, 2 bmT2`bvKK2i`vX "Qi? KQ/2Hb �`2 p2`v bBKBH�` iQ i?2 auE bvbi2K- rBi? � H�`;2

;`QmM/ bi�i2 2Mi`QTv �M/ � H�`;2 N bQHmiBQM i?�i Bb b+�H2 BMp�`B�Mi BM i?2 A_X AM i?2b2 bmT2`

p2`bBQMb- i?2 b+�H2 BMp�`B�M+2 #2+QK2b � bmT2`+QM7Q`K�H bvKK2i`v �M/ i?2 H2�/BM; Q`/2`

+H�bbB+�H bQHmiBQMb T`2b2`p2 bmT2`bvKK2i`vX h?2b2 H�`;2 N bQHmiBQMb r2`2 �HbQ +?2+F2/ �;�BMbi

MmK2`B+�H 2t�+i /B�;QM�HBx�iBQM `2bmHibX �b BM auE- i?2`2 Bb �HbQ �M 2K2`;2Mi bmT2`+QM7Q`K�H

bvKK2i`v i?�i Bb #Qi? bTQMi�M2QmbHv �M/ 2tTHB+BiHv #`QF2MX h?Bb �+iBQM ;Bp2b i?2 H2�/BM;

+Q``2+iBQMb iQ i?2 HQr 2M2`;v i?2`KQ/vM�KB+b �M/ b?QmH/ T`Q/m+2 i?2 H�`;2bi +QMi`B#miBQMb

iQ i?2 7Qm` TQBMi 7mM+iBQMX "2bB/2b i?2 Q`/BM�`v `2T�`�K2i2`Bx�iBQMb- r2 ?�p2 72`KBQMB+

/2;`22b Q7 7`22/QK �M/- BM i?2 N = 2 +�b2- � #QbQMB+ /2;`22 Q7 7`22/QK �bbQ+B�i2/ iQ �

HQ+�H U(1) bvKK2i`v- r?B+? Bb `2H�i2/ iQ i?2 U(1)R bvKK2i`vX � bBKBH�` #QbQMB+ /2;`22 Q7

7`22/QK �`Bb2b BM Qi?2` bBim�iBQMb rBi? � U(1) bvKK2i`v- bm+? �b i?2 KQ/2H bim/B2/ BM (RdR)X

3d
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q2 �HbQ �M�Hvx2/ i?2 QT2`�iQ`b BM i?2 ǳbBM;H2iǴ +?�MM2HX h?2b2 QT2`�iQ`b ?�p2 �MQK�HQmb

/BK2MbBQMb Q7 Q`/2` QM2X h?2`27Q`2- BM i?2b2 KQ/2Hb- bmT2`bvKK2i`v Bb MQi 2MQm;? iQ K�F2

i?Qb2 /BK2MbBQMb p2`v ?B;?X

AM i?2 N = 1 +�b2- i?2 2t�+i /B�;QM�HBx�iBQM `2bmHib �HHQr2/ mb iQ b?Qr i?�i i?2 ;`QmM/

bi�i2 2M2`;v Bb MQM@x2`Q �M/ Q7 Q`/2` E0 ∝ e−2S0 X h?Bb K2�Mb i?�i bmT2`bvKK2i`v Bb MQM@

T2`im`#�iBp2Hv #`QF2MX PM i?2 Qi?2` ?�M/- BM i?2 N = 2 +�b2- bmT2`bvKK2i`v Bb MQi #`QF2M

�M/ i?2`2 Bb � H�`;2 MmK#2` Q7 x2`Q 2M2`;v bi�i2b r?B+? K�i+?2b i?2 ;`QmM/ bi�i2 2Mi`QTv

+QKTmi2/ mbBM; i?2 H�`;2 N bQHmiBQMX 6m`i?2`KQ`2- i?2b2 x2`Q 2M2`;v bi�i2b +�M ?�p2 MQM@

x2`Q _ +?�`;2- #mi rBi? �M _ +?�`;2 T�`�K2i`B+�HHv bK�HH2` i?�M N - �M/ 2p2M bK�HH2` i?�M

QM2X

h?2b2 `2bmHib Qz2` bQK2 H2bbQMb 7Q` i?2 bim/v Q7 bmT2`bvKK2i`B+ #H�+F ?QH2bX AM bmT2`@

;`�pBiv i?2Q`B2b i?2`2 Bb � H�`;2 p�`B2iv Q7 2ti`2K�H #H�+F ?QH2b i?�i �`2 bmT2`bvKK2i`B+ BM

i?2 ;`�pBiv �TT`QtBK�iBQMX h?2 7�+i i?�i bmT2`bvKK2i`v +�M #2 MQM@T2`im`#�iBp2Hv #`QF2M

Qz2`b � +�miBQM�`v i�H2 7Q` �ii2KTib iQ `2T`Q/m+2 i?2 2Mi`QTv mbBM; 2t�+iHv x2`Q 2M2`;v

bi�i2b Ub22 2;X (jy- RR8)VX P7 +Qm`b2- BM bBim�iBQMb r?2`2 i?2`2 Bb �M BM/2t `2T`Q/m+BM; i?2

2Mi`QTv- �b BM (R38)- i?Bb Bb MQi �M Bbbm2X h?2 �mi?Q`b Q7 (R9) ?�p2 �`;m2/ i?�i i?2 ;`QmM/

bi�i2b Q7 bmT2`bvKK2i`B+ #H�+F ?QH2b +�``v x2`Q _ +?�`;2- r?2`2 i?2 R +?�`;2 Bb i?2 A_ QM2

i?�i �TT2�`b BM i?2 `B;?i ?�M/ bB/2 Q7 i?2 bmT2`+QM7Q`K�H �H;2#`�X AM Qm` +�b2 i?2`2 Bb QMHv

QM2 +QMiBMmQmb U(1)R bvKK2i`v �M/ r2 }M/ i?�i i?2 ;`QmM/ bi�i2b /Q MQi ?�p2 2t�+iHv x2`Q

+?�`;2X � TQbbB#H2 HQQT?QH2 Bb i?�i i?2 _@bvKK2i`v �TT2�`BM; BM i?2 bmT2`+QM7Q`K�H �H;2@

#`� H2�p2b BMp�`B�Mi i?2 i?2`KQ}2H/ /Qm#H2- MQi 2�+? +QTv BM/BpB/m�HHvX S2`?�Tb � KQ/B}2/

p2`bBQM Q7 i?2 �`;mK2Mi KB;?i #2 i`m2 bBM+2 BM Qm` +�b2 i?2 _ +?�`;2b �`2 `2H�iBp2Hv bK�HHX

�HbQ i?2 /Bb+`2i2 +?2KB+�H TQi2MiB�H r2 BMi`Q/m+2/ BM U9X9eV- HQQFb HBF2 � /Bb+`2i2 p2`bBQM Q7

i?2 K�tBKBx�iBQM T`Q+2/m`2 /Bb+mbb2/ BM (R9)X Ai b22Kb i?�i i?Bb Bb � TQBMi i?�i +QmH/ #2

mM/2`biQQ/ 7m`i?2`X

�MQi?2` bm`T`Bb2 BM i?2 KQ/2H Bb i?2 2K2`;2M+2 Q7 �//BiBQM�H HQ+�H bvKK2i`B2b Q7 i?2 2[m�@

iBQMb- #2vQM/ i?2 QM2b �bbQ+B�i2/ iQ bmT2`@`2T�`�K2i2`Bx�iBQMbX aBKBH�` bvKK2i`B2b �`Bb2 BM
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bQK2 Q7 i?2 MQM@bmT2`bvKK2i`B+ KQ/2Hb /Bb+mbb2/ BM (d3)X � +QKKQM 72�im`2 Q7 i?2b2 A_

bvKK2i`B2b Bb i?�i i?2v +?�M;2 i?2 b?Q`i /Bbi�M+2 bi`m+im`2 Q7 i?2 #BHQ+�HbX L�K2Hv- i?2v

+?�M;2 i?2 7mM+iBQMb G(t, t′) 2p2M r?2M t → t′X aBM+2 i?Bb Bb � `2;BQM r?2`2 i?2 +QM7Q`K�H �T@

T`QtBK�iBQM iQ i?2 2z2+iBp2 �+iBQM /2p2HQTb /Bp2`;2M+B2b- r2 b22 i?�i MQr i?2b2 /Bp2`;2M+B2b

rBHH /2T2M/ QM i?2 bvKK2i`v ;2M2`�iQ`X 6Q` i?Bb `2�bQM i?2b2 bvKK2i`B2b /Q MQi ;Bp2 `Bb2 iQ

x2`Q KQ/2b- #mi �`2 `2H�i2/ iQ QT2`�iQ`b Q7 i?2 A_ i?2Q`vX �KmbBM;Hv- BM i?2 N = 2 +�b2 r2

�HbQ ?�p2 �M �//BiBQM�H `2T�`�K2i2`Bx�iBQM bvKK2i`v Q7 i?Bb FBM/X h?Bb bvKK2i`v iQ;2i?2`

rBi? i?2 mbm�H `2T�`�K2i2`Bx�iBQM bvKK2i`v HQQF p2`v bBKBH�` iQ i?2 +QM7Q`K�H bvKK2i`B2b

r2 rQmH/ ?�p2 BM irQ /BK2MbBQM�H AdS2 bT�+2 BM +QM7Q`K�H ;�m;2X

q2 +�M rQM/2` r?2i?2` r2 +�M ;2i KQ/2Hb rBi? N > 2 bmT2`bvKK2i`vX Ai rQmH/ #2

BMi2`2biBM; iQ b22 B7 QM2 +�M }M/ KQ/2Hb Q7 i?Bb bQ`i rBi? QMHv 72`KBQMbX � KQ/2H rBi? N = 4

bmT2`bvKK2i`v i?�i �HbQ BMpQHp2b /vM�KB+�H #QbQMb r�b bim/B2/ BM (8)X

�7i2` i?2 +QKTH2iBQM Q7 i?Bb rQ`F- i?2`2 �`2 Qi?2` T�T2`b rBi? 7m`i?2` /Bb+mbbBQMb QM `2@

H�i2/ iQTB+bX _27X (RRj- Rd9) /Bb+mbb2/ i?2 bvKK2i`v +H�bbB}+�iBQM Q7 i?2 KQ/2H mbBM; `�M/QK

K�i`Bt i?2Q`vX _27X (R8d- RN9)X /Bb+mbb2/ +Q``2H�iQ`b- bT2+i`mK �M/ 2z2+iBp2 �+iBQM Q7 i?2

KQ/2HX _27X (R9d) ;2M2`�HBx2/ i?2 bmT2`bvKK2i`B+ KQ/2H rBi? ;HQ#�H bvKK2i`vX _27X (R98)

;2M2`�HBx2/ i?2 KQ/2H iQ QM2 ?B;?2` /BK2MbBQMX _27X (R9N) /Bb+mbb2/ i?2 1h> BM bmT2`bvK@

K2i`B+ auE KQ/2HbX
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5
� +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

8XR AMi`Q/m+iBQM

�b /Bb+mbb2/ BM i?2 T`2pBQmb irQ +?�Ti2`b- auE KQ/2Hb /2b+`B#2 � MQM@72`KB HB[mB/ bi�i2-

r?B+? /Q2b MQi ?�p2 � [m�bBT�`iB+H2 /2b+`BTiBQMX h?2 �#b2M+2 Q7 [m�bBT�`iB+H2b �`2 �`;m2/ iQ

;Bp2 � `2H�iBp2 b?Q`i /2T?�bBM; iBK2 (Rdy),

τφ ∼ !
kBT

U8XRV

�M/ i?Bb Bb i?2 +QMD2+im`2/ ǴSH�M+FB�MǴ #QmM/ QM `2H�t�iBQM iBK2 /Bb+Qp2`2/ BM K�Mv K�@

i2`B�Hb (k9)X q?BH2 QM i?2 Qi?2` ?�M/- auE KQ/2Hb �HbQ 2t?B#Bi +?�QiB+ #2?�pBQ`X PM2 +�M

/2}M2 � Gv�TmMQp iBK2 �b i?2 BMp2`b2 Q7 Gv�TmMQp 2tTQM2Mi,

τL =
1

λL
=

1

2π

!
kBT

U8XkV

Ny
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� M�im`�H [m2biBQM iQ �bF Bb r?2i?2` i?2b2 irQ [m�MiBiB2b �`2 `2H�i2/X S?vbB+�HHv- r2 2tT2+i

i?2`2 b?QmH/ #2 bQK2 `2H�iBQM, � bi�i2 rBi? [m�bBT�`iB+H2 b?QmH/ MQi #2 iQQ +?�QiB+X >Qr2p2`

/Q r2 ?�p2 i?2 +QM+HmbBQM i?�i i?2 +HQb2` � bvbi2K Bb iQ � 7`22 bvbi2K- i?2 bK�HH2` i?2

Gv�TmMQp 2tTQM2Mi rBHH #2 UQ` BM �MQi?2` r�v- i?2 HQM;2` i?2 Gv�TmMQp iBK2VX AM i?Bb

+?�Ti2`- r2 b?�HH 2M;BM22` � #QbQM@72`KBQM auE KQ/2H rBi? imM�#H2 b+�HBM; /BK2MbBQM �M/

+QKTmi2 i?2 Gv�TmMQp 2tTQM2MiX q2 BM/22/ }M/ i?�i r?2M i?2 �MQK�HQmb b+�HBM; /BK2MbBQM

Bb bK�HH2`- i?2 +Q``2+iBQM iQ i?2 K�tBK�H Gv�TmMQp 2tTQM2Mi ;2ib H�`;2`X

8Xk JQ/2H

8XkXR .27BMBiBQM Q7 i?2 KQ/2H �M/ i?2 H�`;2 N/M HBKBi

h?2 KQ/2H r2 r�Mi iQ +QMbB/2` }`bi �TT2�`b BM (R3)

H =
u

2

M∑

a=1

Ca
ijC

a
klχiχjχkχl U8XjV

rBi? i?2 7QHHQrBM; `2MQ`K�HBx�iBQM

N3/2M1/2⟨Ca
ijC

a
kl⟩ = Jδab(δikδjl − δilδik) U8X9V

LQiB+2 i?�i J Bb TQbBiBp2 �M/ ?�b mMBib Q7 2M2`;vX �b � `2K�`F- B7 r2 +?QQb2 u iQ #2 TQbBiBp2-

i?2`2 Bb �M BMbi�#BHBiv iQr�`/b � T�B`BM; bi�i2 (R3)X PM i?2 Qi?2` ?�M/- B7 r2 +?QQb2 M2;�iBp2

u rBi? M = N - r2 ;2i #�+F iQ i?2 bmT2`bvKK2i`B+ auE KQ/2Hb �b BM *?�Ti2` 9X AM

i?2 7QHHQrBM;- r2 rBHH F22T u = −1- bBM+2 `2b+�HBM; u +�M #2 `2biQ`2/ #v `2b+�HBM; J X h?2

BMi2`�+iBQM i2`K +�M #2 HBM2�`Bx2/ #v J #QbQMb- i?2 2z2+iBp2 �+iBQM +�M #2 r`Bii2M BM i2`Kb

Q7 #BHQ+�H }2H/b G �M/ Σ,

S2z
N

= − logS7(−σf − Σf ) +
α

2
log det(−σb − Σb) +

1

2

∫
dτ 2

(
Gf (τ1, τ2)Σf (τ1, τ2) + αGb(τ1, τ2)Σb(τ1, τ2)− 2

√
αJGb(τ1, τ2)Gf (τ1, τ2)

2
)
U8X8V

NR
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AM i?2 H�`;2 N �M/ H�`;2 M HBKBi- i?2 i?2Q`v Bb /2b+`B#2/ #v Bib b�//H2/ TQBMi �M/ r2 +�M

Q#i�BM i?2 a+?rBM;2`@.vbQM 2[m�iBQMb

Gf (iωn)
−1 = −iωn − Σf (iωn) , Σf (τ) = 4

√
αJGb(τ)Gf (τ)

Gb(iωn)
−1 = −1− Σb(iωn) , Σb(τ) =

2√
α
JGf (τ)

2 U8XeV

rBi? α = M
N X h?Bb KQ/2H +�M �HbQ #2 ;2M2`�HBx2/ iQ � 2(q−1) #Q/v BMi2`�+iBQM >�KBHiQMB�M-

�M/ i?2 a. 2[m�iBQMb rBHH `2/m+2 iQR

Gf (iωn)
−1 = −iωn − Σf (iωn) , Σf (τ) = 2

√
α(q − 1)JGb(τ)Gf (τ)

q−2

Gb(iωn)
−1 = −1− Σb(iωn) , Σb(τ) =

2√
α
JGf (τ)

q−1 U8X3V

q2 rBHH rQ`F rBi? i?2 ;2M2`�H KQ/2H U8X3VX AM i?2 A_ HBKBi- r2 +�M B;MQ`2 i?2 −iωn �M/

−1 i2`KbX q2 i?2M �bbmK2 i?2 HQr@2M2`;v b+�HBM; �Mb�ix

Gc
f (τ) =

F sgn (τ)

|τ |2∆f
, Gc

b(τ) =
B

|τ |2∆b
U8XNV

6`QK i?2 a. 2[m�iBQMb- r2 +�M Q#i�BM

2
√
αJ(q − 1)F q−1Bcf (∆f )cf ((q − 2)∆f +∆b)|ω|2(q−1)∆f+2∆b−2 = −1 U8XRyV

2√
α
JF q−1Bcb(∆b)cb((q − 1)∆f )|ω|2(q−1)∆f+2∆b−2 = −1 U8XRRV

r?2`2

cf (∆) = 2i cos π∆Γ(1− 2∆), cb(∆) = 2 sin (π∆)Γ(1− 2∆) U8XRkV
RLQr i?2 `2MQ`K�HBx�iBQM 7Q` i?2 `�M/QK BMi2`�+iBQM Bb /2}M2/ �b

Nq−3/2M1/2⟨Ca
ijC

a
kl⟩ = J2δab(δikδjl − δilδik) U8XdV

Nk
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0.00 0.05 0.10 0.15 0.20
Δ

0.5

1.0

1.5

2.0

2.5

3.0
α

6B;m`2 8XR, α �b � 7mM+iBQM Q7 ∆f 7`QK 1[X U8XR8V 7Q` � }t2/ q = 5X ∆ = 1
2q ;Bp2b α = 1X

q?2M α → 0- r2 �HbQ ?�p2 � bQHmiBQM ∆f → 0X LQiB+2 i?�i QMHv i?2 HBM2 QM i?2 H27i bB/2 Q7
i?2 /Bp2`;2M+2 K�F2b b2Mb2 ∆f < 1

2(q−1) - r?B+? K�F2b Σb(iω) KQ`2 `2H2p�Mi �i A_X

Ai �TT2�`b BM i?2 6Qm`B2` i`�Mb7Q`K Q7 � bvKK2i`B+f�bvKK2i`B+ b+�HBM; 7mM+iBQM,

∫
dτeiωτ

sgn(τ)

|τ |2∆ = cf (∆) sgn(ω)|ω|2∆−1,

∫
dτeiωτ

1

|τ |2∆ = cb(∆)|ω|2∆−1 U8XRjV

h?2 TQr2` Q7 ω ;Bp2b mb QM2 `2H�iBQM

(q − 1)∆f +∆b = 1 U8XR9V

h?2 Qi?2` `2H�iBQM Bb Q#i�BM2/ 7`QK i?2 +QMbBbi2Mi p�Hm2 Q7 F q−1B BM 1[X U8XRRV,

α = − 1

q − 1

1− 2∆f

2(q − 1)∆f − 1

sin π∆f

cos π∆f

sin π(q − 1)∆f

cos π(q − 1)∆f
U8XR8V

q2 b22 i?�i BM i?2 +�b2 α = 1- i?2 bmT2`bvKK2i`B+ bQHmiBQM ∆f = 1
2q b�iBb}2b i?2 �#Qp2

2[m�iBQMX q?2M α ̸= 1- r2 /QMǶi ?�p2 � bmT2`bvKK2i`B+ bQHmiBQM- r?B+? Bb �b 2tT2+i2/-

bBM+2 r2 ?�p2 /Bz2`2Mi MmK#2`b Q7 #QbQMb �M/ 72`KBQMbX aQ rBi? /Bz2`2Mi #QbQMf72`KBQM

MmK#2` `�iBQ- r2 ?�p2 � +QMiBMmQmb b2i Q7 +QM7Q`K�H i?2Q`B2bX hQ b22 ?Qr ∆f /2T2M/b QM

α- r2 THQi i?2 bQHmiBQM BM 6B;m`2 8XR- �b r2 +�M b22 �b α ;Q2b /QrM #2HQr α = 1- ∆f �HbQ

;Q2b /QrMX AM i?2 bK�HH α HBKBi r?2M α ≪ 1
q2 - r2 ?�p2 i?2 bQHmiBQM ∆f =

√
α
π X *QKT�`2/

iQ i?2 7`22 i?2Q`v ∆f = 0- i?2 �MQK�HQmb b+�HBM; /BK2MbBQM ;2ib bK�HH2` �b i?2 `�iBQ α ;2ib

bK�HH2`X aQ r2 rBHH �TT`Q�+? � 7`22 72`KBQM HBKBi BM i?2 bK�HH α HBKBiX

Nj
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6B;m`2 8Xk, 6B;m`2- �/�Ti2/ 7`QK _27X (R3)- b?QrBM; i?2 b+�HBM; /BK2MbBQMb �b � 7mM+iBQM Q7
M/N X h?2 /Qib �`2 Q#i�BM2/ #v MmK2`B+�HHv bQHpBM; 1[X U8X3VX aQHB/ HBM2b �`2 Q#i�BM2/ 7`QK
1[bX U8XR9VU8XR8VX

h?2 +Q2{+B2Mi +QK#BM�iBQM F q−1B Bb }t2/ #v i?2 HQr@2M2`;v �Mb�ix,

2
√
αJF q−1B =

1− 2∆f

2π(q − 1)

sin π∆f

cos π∆f
U8XReV

�Hi?Qm;? r2 biBHH +�M MQi BM/BpB/m�HHv }t F �M/ BX h?Bb �HbQ ?�TT2Mb BM i?2 bmT2`bvKK2i`B+

auE KQ/2Hb- Bi +Q``2bTQM/b iQ � bvKK2i`v BM i?2 A_ a. 2[m�iBQMb

Gf (τ) → λGf (τ), Gb(τ) → λ1−qGb(τ) U8XRdV

h?Bb +Q``2bTQM/b iQ �M h = 0 KQ/2 �M/ rBHH #2 #`QF2M #v i?2 lo i2`Kb �b /Bb+mbb2/ BM

*?�Ti2` 9X q2 ?�p2 �HbQ /Bb+mbb2/ i?2 H�`;2 q HBKBi BM �TT2M/BtX .XRX

hQ p2`B7v i?Bb +QMiBMmQmb b2i Q7 /BK2MbBQMb �`2 +Q``2+i- QM2 M22/b iQ p2`B7v i?2 bQHmiBQM

MmK2`B+�HHvX �M/ r2 ?�p2 b?QrM i?2 +QMbBbi2M+v BM 6B;m`2 8XkX

N9



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

8Xj _2bmHib

8XjXR AK�;BM�`v iBK2 F2`M2H

AM i?Bb KQ/2H- r2 +�M /2}M2 �M BK�;BM�`v iBK2 F2`M2H r?B+? rBHH #2 mb2/ r?2M +QKTmiBM;

i?2 7Qm`@TQBMi 7mM+iBQMX h?2`2 �`2 /Bz2`2Mi r�vb iQ /2`Bp2 i?2 F2`M2HX h?2 mbm�H r�v

Bb iQ +QMbB/2` i?2 H�//2` /B�;`�K �M/ }M/ i?2 F2`M2H iQ i?�i H�//2` bmKK�iBQMX >2`2

r2 mb2 �MQi?2` �TT`Q�+? #v +QMbB/2`BM; i?2 +?�M;2 Q7 i?2 +QM7Q`K�H bQHmiBQM 7`QK � lo

T2`im`#�iBQM,

Gf ∗ Σf +Gf ∗ sf = −δ(τ − τ ′′), Gb ∗ Σb +Gb ∗ sb = −δ(τ − τ ′′) U8XR3V

r?2`2 i?2 lo T2`im`#�iBQM bQm`+2 Bb sf = −δ′(τ − τ ′) �M/ sb = δ(τ − τ ′)- r2 +QMbB/2` i?2

+?�M;2 +�mb2/ #v i?Bb bQm`+2

Gf = Gc
f + δGf , Gb = Gc

b + δGb U8XRNV

Σf = Σc
f + δΣf , Σb = Σc

b + δΣf U8XkyV

r?2`2

δΣf = 2
√
α(q − 1)J

[
δGbG

c
f (τ)

q−2 + (q − 2)Gc
bG

c
f (τ)

q−3δGf

]
U8XkRV

δΣb =
2√
α
J(q − 1)Gc

f (τ)
q−2δGf U8XkkV

SHm;;BM; i?Bb BMiQ 1[X U8XR3V- r2 +�M Q#i�BM

(Kc − I)δG = −Gc ∗ s ∗Gc U8XkjV

r?2`2 δG Bb � p2+iQ`

v = (δGf , δGb)
T U8Xk9V

N8



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

Kc Bb i?2 BK�;BM�`v iBK2 F2`M2H

Kc =

⎛

⎜⎝
2
√
αJ(q − 1)(q − 2)Gc

f (τ13)G
c
f (τ42)G

c
b(τ34)G

c
f (τ34)

q−3 2
√
αJ(q − 1)Gc

f (τ13)G
c
f (τ42)G

c
f (τ34)

q−2

2√
αJ(q − 1)Gc

b(τ13)G
c
b(τ42)G

c
f (τ34)

q−2 0

⎞

⎟⎠

U8Xk8V

q2 +�M b22 i?�i i?Bb 7Q`K +�M �HbQ #2 Q#i�BM2/ 7`QK i?2 /B�;`�Kb �b BM _27X (R8d)X h?2

F2`M2H +�M #2 ;2M2`�HHv /B�;QM�HBx2/ #v

vh = (
sgn(τ34)

|τ34|2∆f−h
,

1

|τ34|2∆b−h
)T U8XkeV

A7 r2 mb2 i?2 lo bQm`+2 BM i?2 a. 2[m�iBQMb- Bi bm;;2bib i?�i δGf ∼ 1

|τ |4∆f
�M/ δGb ∼ 1

|τ |4∆b−1 -

r?B+? +�M #2 BM/m+2/ #v �M QT2`�iQ` rBi? h = −2∆f �M/ h = 1 − 2∆bX G�i2` r2 rBHH b22

i?�i i?Bb ;Bp2b i?2 2B;2Mp�Hm2 Q7 i?2 F2`M2H iQ #2 ∞ �M/ BM/B+�iBM; i?�i i?Bb KQ/2 rQMǶi

T`QT�;�i2 iQ A_X
LQr r2 rBHH mb2 i?2 ;2M2`�H p2+iQ` U8XkeV iQ /B�;QM�HBx2 i?2 F2`M2H- r2 i�F2 i?2 }`bi

2H2K2Mi �b �M 2t�KTH2,

K11
c δGh

f = 2
√
αJ(q − 1)(q − 2)BF q−1

∫
dτ3dτ4

b;M(τ13)
|τ13|2∆f

b;M(τ42)
|τ24|2∆f

b;M(τ34)
|τ34|(q−2)2∆f+2∆b−h

= (q − 2)
1− 2∆f

2π

sinπ∆f

cosπ∆f
cf (∆f )

2

∫
dωdω′

(2π)2

∫
dτ3dτ4b;M(ω)b;M(ω′)|ωω′|2∆f−1e−iωτ13−iω′τ42 b;M(τ34)

|τ34|2−2∆f−h

= (q − 2)
1− 2∆f

2π

sinπ∆f

cosπ∆f
cf (∆f )

2

∫
dω

2π
dτ |ω|4∆f−2e−iωτ12+iωτ b;M(τ)

|τ |2−2∆f−h

= (q − 2)
1− 2∆f

2π

sinπ∆f

cosπ∆f
cf (∆f )

2cf (1−∆f − h

2
)

∫
dω

2π
|ω|2∆f−1−hb;M(ω)e−iωτ12

= (q − 2)
1− 2∆f

2π

sinπ∆f

cosπ∆f

cf (∆f )2cf (1−∆f − h
2 )

cf (∆f − h
2 )

b;M(τ12)
|τ12|2∆f−h

= −(q − 2)
cf (∆f )cf (1−∆f − h

2 )

cf (∆f − h
2 )cf (1−∆f )

δGh
f U8XkdV

aBKBH�`Hv r2 }M/ i?�i

k12
c = −F

B

cf (∆f )cf (1−∆f − h
2 )

cf (∆f − h
2 )cf (1−∆f )

, k21
c = −(q − 1)

B

F

cb(∆b)cb(1−∆b − h
2 )

cb(∆b − h
2 )cb(1−∆b)

U8Xk3V

Ne



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

qBi? h = 2- i?2 F2`M2H K�i`Bt `2/m+2b iQ

⎛

⎜⎝
(q−2)∆f

1−∆f

∆f

1−∆f

F
B

(q−1)∆b

1−∆b

B
F 0

⎞

⎟⎠ U8XkNV

h?2`2 �`2 irQ 2B;2Mp�Hm2b λ1 = 1 �M/ λ2 = − ∆b
1−∆f

X q?2M r2 i�F2 h = −2∆f - k11
c = ∞ �M/

k12
c = ∞- i?2`2 rBHH #2 MQ bQHmiBQMc r?2M r2 i�F2 h = 1 − 2∆b- k21

c = ∞- �HbQ i?2`2 Bb MQ

bQHmiBQMX AMi2`2biBM;Hv- QMHv r?2M α = 1- i?2 bmT2`bvKK2i`B+ bQHmiBQM- h = −2∆f = 1− 2∆b

rBHH ;Bp2 �HH i?2 i?`22 2H2K2Mib ∞X

hQ b22 i?2 h → 1 − h bvKK2i`v BM i?2 F2`M2H KQ`2 2tTHB+BiHv- r2 +�M r`Bi2 cf (∆) �M/

cb(∆) �b

cf (∆) = 2i2−2∆
√
π
Γ(1−∆)

Γ(12 +∆)
, cb(∆) = 2 tan (π∆)2−2∆

√
π
Γ(1−∆)

Γ(12 +∆)
U8XjyV

q2 +�M THm; i?Bb BM i?2 F2`M2H �M/ }M/ i?�i i?2 K�i`Bt 2H2K2Mi Bb BMp�`B�Mi mM/2` h → 1−hX

h?Bb �HbQ BM/B+�i2b i?�i i?2 h = −1 KQ/2 ;Bp2b λ = 1 �M/ i?Bb +Q``2bTQM/b iQ i?2 lo

T2`im`#�iBQM i?�i +�M T`QT�;�i2 iQ A_X

h?2`2 Bb �MQi?2` KQ/2 h = 0, 1 i?�i ;Bp2b λ = 1- i?Bb +Q``2bTQM/b iQ i?2 `2b+�HBM;

bvKK2i`v �b BM U8XRdVX

q2 +�M +QKTmi2 i?2 F2`M2H 2B;2Mp�Hm2 Q7 i?2 h ̸= 2 KQ/2b BM i?2 bK�HH ∆f HBKBiX *QMbB/2`

h = 2n- �M/ r2 THm; BMiQ i?2 F2`M2H K�i`Bt rBi? ∆f → 0

⎛

⎜⎝
−(q−2)∆f

n(1−2n) +O(∆2
f )

−(q−2)∆f

n(1−2n)

[
1 + a(n)∆f +O(∆2

f )
]

F
B

−n(1−2n)
∆f

[
1− (q − 1)a(n)∆f +O(∆2

f )
]

B
F 0

⎞

⎟⎠ U8XjRV

rBi? a(n) = b(n) + b(n − 1) + b(n − 1
2) + b(n − 3

2) − 2 �M/ b(x) Bb i?2 ;2M2`�HBx2/ >�KQMB+

b2`B2b

b(x) =
x−i>0∑

i=0

1

x− i
U8XjkV

Nd



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

6`QK i?Bb r2 +�M Q#i�BM i?2`2 Bb �M 2B;2Mp�Hm2 [mBi2 +HQb2 iQ 1

λ2n = 1− q − 2

2

[
a(n) +

1

n(1− 2n)

]
∆f U8XjjV

h?Bb Bb �M BM/B+�iBQM i?�i i?2 h ̸= 2 TB2+2 rBHH ;Bp2 KQ`2 +QMi`B#miBQM iQ i?2 7Qm`@TQBMi

7mM+iBQM �b ∆f #2+QK2b bK�HHX �b r2 rBHH b22 BM H�i2` b2+iBQMb- i?2 +Q2{+B2Mi Bb T`QTQ`iBQM�H

iQ 1
λ−1 - �M/ i?2 h = 2n TB2+2 rBHH #2 T`QTQ`iBQM�H iQ ∆−1

f X aBM+2 BM i?Bb KQ/2H- r2 biBHH ?�p2

i?2 .Bz(S1) #`2�Fb iQ SaG(2,R) TB+im`2- r2 rBHH H�i2` b?Qr i?�i i?2 +QM7Q`K�H TB2+2 rBHH

biBHH ;Bp2 K�tBK�H +?�QbX >Qr2p2` r2 2tT2+i i?�i �b ∆f #2+QK2b bK�HH2`- i?2 +Q``2+iBQM iQ

i?2 K�tBK�H Gv�TmMQp 2tTQM2Mi #2+QK2b H�`;2` /m2 iQ i?2 h ̸= 2 KQ/2bX

h?Bb +�M #2 +QKT�`2/ iQ i?2 H�`;2 q MQ`K�H auE +�b2- i?2`2 r2 }M/ i?�i

kc(2n) ≈
1

2n(n− 1/2)
U8Xj9V

Bb MQi +HQb2 iQ R �M/ /Q2b MQi +QMi`B#mi2 Km+? �Hi?Qm;? i?2 b+�HBM; /BK2MbBQM ∆f = 1
q Bb

bK�HHX

8XjXk _2i�`/2/ F2`M2H �M/ +?�Qb

h?2 bBKTH2bi r�v iQ Q#i�BM Gv�TmMQp 2tTQM2Mi Bb #v /B�;QM�HBxBM; i?2 `2i�`/2/ F2`M2HX q2

rBHH M22/ i?2 `2i�`/2/ �M/ qB;?iK�M :`22MǶb 7mM+iBQM

GR
f (t) = 2 cos (π∆f )F

( π

β sinh(πtβ )

)2∆fΘ(t) , GR
b = −2i sin (π∆b)B

( π

β sinh(πtβ )

)2∆bΘ(t)

Glr
f (t) = F

( π

β cosh(πtβ )

)2∆f , Glr
b (t) = B

( π

β cosh(πtβ )

)2∆b U8Xj8V

N3



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

h?2 `2i�`/2/ F2`M2H Bb /2}M2/ �b

KR =

⎛

⎜⎝
2
√
αJ(q − 1)(q − 2)GR

f (t13)G
R
f (t24)G

lr
b (t34)G

lr
f (τ34)

q−3 2
√
αJ(q − 1)GR

f (t13)G
R
f (t24)G

lr
f (t34)

q−2

− 2√
αJ(q − 1)GR

b (t13)G
R
b (t24)G

lr
f (t34)

q−2 0

⎞

⎟⎠

U8XjeV

q2 +�M /B�;QM�HBx2 i?2 `2i�`/2/ F2`M2H rBi? �M 2tTQM2MiB�H ;`QrBM; �Mb�ix

vh = (
e−hπ

β (t3+t4)

(cosh πt34
β )2∆f−h

,
e−hπ

β (t3+t4)

(cosh πt34
β )2∆b−h

)T U8XjdV

�7i2` bQK2 �H;2#`�- r2 }M/ i?�i

k11
R = (q − 2)

Γ(2− 2∆f )Γ(2∆f − h)

Γ(2∆f )Γ(2− 2∆f − h)
, k12

R =
Γ(2− 2∆f )Γ(2∆f − h)

Γ(2∆f )Γ(2− 2∆f − h)

F

B
,

k21
R = (q − 1)

Γ(2− 2∆b)Γ(2∆b − h)

Γ(2∆b)Γ(2− 2∆b − h)

B

F
U8Xj3V

A7 r2 THm; BM h = −1- i?2 `2i�`/2/ F2`M2H `2/m+2b iQ

⎛

⎜⎝
(q−2)∆f

1−∆f

∆f

1−∆f

F
B

(q−1)∆b

1−∆b

B
F 0

⎞

⎟⎠ U8XjNV

h?Bb Bb 2t�+iHv i?2 b�K2 �b Kh=2
c �b BM U8XkNVX

6`QK i?2 `2i�`/2/ F2`M2H- r2 +�M �+im�HHv 2biBK�i2 i?2 +QMi`B#miBQM 7`QK i?2 h ̸= 2 TB2+2bX

"v +QMiQm` /27Q`K�iBQM- i?2 h ̸= 2 TB2+2 rBHH bmK iQ;2i?2` �M/ r2 rBHH b22 H�i2` i?�i Bi `2bmHib

BM � /Qm#H2 TQH2 `2bB/m2 Q7 � 7mM+iBQM T`QTQ`iBQM�H iQ 1
tan (πh/2)

1
1−kR(1−h) �i h = 2- B7 Qi?2`

T`27�+iQ`b /Q MQi ?�p2 /Bp2`;BM; #2?�pBQ` r?2M ∆f → 0 i?2 +Q2{+B2Mi rBHH #2 T`QTQ`iBQM�H

iQ 1
kR(−1)′ X AM i?2 q = 3 +�b2- r?2M ∆f Bb bK�HH- r2 }M/ i?�i

kR(∆f , h = −1)′ = (−1

2
+

π2

3
)∆f +O(∆2

f ) U8X9yV

h?Bb K2�Mb i?�i i?2 h ̸= 2 T�`i Bb T`QTQ`iBQM�H iQ ∆−1
f X hQ +QKT�`2 rBi? i?2 h = 2 T�`i-

NN



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

r2 �HbQ M22/ iQ FMQr i?2 +Q2{+B2Mi Q7 i?2 h = 2 TB2+2X 6`QK _27X(RRN)(Rj8)- i?2`2 Bb �M

1/kc(−1)′ T`27�+iQ` BM i?2 h = −1 7Qm`@TQBMi 7mM+iBQM iQ;2i?2` rBi? i?2 +Q2{+B2Mi Q7 i?2

+Q``2+iBQM iQ i?2 +QM7Q`K�H irQ@TQBMi 7mM+iBQM �M/ Qi?2` 7�+iQ`bX q2 }M/ i?�i,

kc(∆f , h = −1)′ =
1

4∆f
+O(1) U8X9RV

h?Bb BM/B+�i2b i?�i �b r2 HQr2` ∆f - i?2 +Q``2+iBQM 7`QK i?2 h ̸= 2 TB2+2 rBHH #2+QK2 KQ`2

BKTQ`i�MiX �M/ r2 rBHH ?�p2 � bK�HH2` Gv�TmMQp 2tTQM2MiX q2 Tmi KQ`2 +�`27mH �M�HvbBb

BM i?2 M2ti irQ b2+iBQMbX

8XjXj _: 7HQr �M/ i?2 a+?r�`xB�M �+iBQM

q2 7QHHQr i?2 �M�HvbBb BM _27X(RRN) �M/ ;2M2`�HBx2 iQ Qm` KQ/2HX h?2 ;Q�H Bb iQ }M/ i?2 `2H�iBQM

#2ir22M αS U+Q2{+B2Mi Q7 i?2 a+?r�`xB�M �+iBQMV �M/ αG U+Q2{+B2Mi Q7 i?2 +Q``2+iBQM TB2+2

Q7 i?2 irQ@TQBMi 7mM+iBQM 7`QK i?2 +QM7Q`K�H bQHmiBQMVX q2 +?�M;2 i?2 +QQ`/BM�i2 iQ θ = 2πτ
β

�M/ i?2 2z2+iBp2 �+iBQM +�M #2 r`Bii2M �b,

S2z
N

= − logS7(−σf − Σf ) +
α

2
log det(−σb − Σb)

+
1

2

∫
dτ1dτ2

(
Gf (τ1, τ2)Σf (τ1, τ2) + αGb(τ1, τ2)Σb(τ1, τ2)− 2

√
αJGb(τ1, τ2)Gf (τ1, τ2)

q−1
)

= − logS7(−Σ̃f ) +
α

2
log det(−Σ̃b) +

1

2

∫
dθ1dθ2

(
G̃f Σ̃f + αG̃bΣ̃b − 2

√
αG̃bG̃

q−1
f

)

− 1

2

∫
dθ1dθ2

(
σ̃fG̃f + ασ̃bG̃b

)
U8X9kV

r?2`2

Gf (τ1, τ2) = G̃f (θ1, θ2)ϵ
2∆f , Gb(τ1, τ2) = JG̃b(θ1, θ2)ϵ

2∆b

Σf (τ1, τ2) = J2
(
Σ̃f (θ1, θ2)− σ̃f (θ1, θ2)

)
ϵ2−2∆f , Σb(τ1, τ2) = J

(
Σ̃b(θ1, θ2)− σ̃b(θ1, θ2)

)
ϵ2−2∆b

σf (τ1, τ2) = J2σ̃f (θ1, θ2)ϵ
2−2∆f , σb(τ1, τ2) = J σ̃b(θ1, θ2)ϵ

2−2∆b U8X9jV

Ryy



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

rBi? ϵ = 2π
βJ X LQiB+2 i?�i i?Bb Bb Dmbi � +?�M;2 Q7 i?2 /2}MBiBQM `�i?2` i?�M � +QM7Q`K�H

i`�Mb7Q`K�iBQM �M/ mM/2` i?Bb /2}MBiBQM �HH i?2 #BHQ+�H }2H/b �`2 /BK2MbBQMH2bbX G�i2` r?2M

r2 mb2 G̃c
f/b- r2 K2�M i?2 7mM+iBQM Q#i�BM2/ 7`QK Gc

f/b mbBM; i?2 �#Qp2 i`�Mb7Q`K�iBQMX

q2 +QMbB/2` � r2�F T2`im`#�iBQM rBi? bQK2 rBM/Qr 7mM+iBQM �i BMi2`K2/B�i2 iBK2 b+�H2b

UJ−2 ≪ τ ≪ βV i?�i rQmH/ KBKB+ i?2 A_ 2z2+i T`Q/m+2/ #v i?2 i`m2 bQm`+2X h?2M r2 r�Mi

iQ b22 ?Qr i?Bb T2`im`#�iBQM rBHH ;2M2`�i2 i?2 +?�M;2 BM i?2 irQ@TQBMi 7mM+iBQMX

1tT�M/ i?2 �+iBQM iQ i?2 [m�/`�iB+ Q`/2` �`QmM/ i?2 +QM7Q`K�H b�//H2 TQBMi,

δS2z
N

=
1

4

(
δΣ̃f δG̃f δΣ̃b δG̃b

)

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

−Ãf I

I −B̃f −C̃

αÃb αI

−C̃ αI 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

δΣ̃f

δG̃f

δΣ̃b

δG̃b

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

− 1

2
σ̃fδG̃f −

α

2
σ̃bδG̃b

U8X99V

r?2`2

Ãf (θ1, θ2; θ3, θ4) = G̃c
f (θ13)G̃f (θ42) , Ãb(θ1, θ2; θ3, θ4) = G̃c

b(θ13)G̃
c
b(θ42) U8X98V

�M/

B̃f (θ1, θ2; θ3, θ4) = 2
√
α(q − 1)(q − 2)G̃f

b (θ12)G̃
c
f (θ12)

q−3δ(θ13)δ(θ24) U8X9eV

C̃(θ1, θ2; θ3, θ4) = 2
√
α(q − 1)G̃b(θ12)G̃f (θ12)

q−2δ(θ13)δ(θ24) U8X9dV

RyR
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�7i2` BMi2;`�iBM; Qmi δΣ̃f �M/ δΣ̃b

δS2z
N

=
1

4

(
δG̃f δG̃b

)
⎛

⎜⎝
Ã−1

f − B̃f −C̃

−C̃ −αÃ−1
b

⎞

⎟⎠

⎛

⎜⎝
δG̃f

δG̃b

⎞

⎟⎠− 1

2
σ̃fδG̃f −

α

2
σ̃bδG̃b

=
1

4

(
δG̃f δG̃b

)
⎛

⎜⎝
Ã−1

f

αÃ−1
b

⎞

⎟⎠ (I − K̃c)

⎛

⎜⎝
δG̃f

δG̃b

⎞

⎟⎠− 1

2
σ̃fδG̃f −

α

2
σ̃bδG̃b U8X93V

r?2`2 K̃c rBi? �`;mK2Mib θ Bb i?2 `2@/2}MBiBQM Q7 i?2 BK�;BM�`v iBK2 F2`M2H �b BM U8Xk8VX

*QMbB/2` i?2 b+�HBM; �Mb�ix �b BM U8XkeV- r2 ?�p2

(1− kc(h))

⎛

⎜⎝
Ã−1

f

αÃ−1
b

⎞

⎟⎠

⎛

⎜⎝
δG̃f

δG̃b

⎞

⎟⎠ =

⎛

⎜⎝
σ̃f

ασ̃b

⎞

⎟⎠ U8X9NV

q2 MQ`K�HBx2 i?2 7mM+iBQM δG- σ

δG̃f = |G̃c
f |αf gf , δG̃b = |G̃c

b|αbgb U8X8yV

σ̃f = |G̃c
f |−αf sf , σ̃b = |G̃c

b|−αbsb U8X8RV

αf/b = 1− 1
2∆f/b

- i?2M g, s ∈ (F1/2
1/2 ⊗F1/2

1/2 )X lbBM; Ã−1
f/b = Σ̃c

f/b(θ13)Σ̃
c
f/b(θ42)X q2 �bbmK2 i?2

�Mb�ix

G̃c
f (θ) =

F̃ sgn θ

(2 sin θ
2)

2∆f
, G̃c

b(θ) =
B̃

(2 sin θ
2)

2∆b
U8X8kV

r?B+? ;Bp2b

af (h)(1− k(h))F̃
− 1

∆f gf = sf , ab(h)(1− k(h))B̃
− 1

∆b gb = sb U8X8jV

Ryk
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rBi?

af (h) =
cf (1−∆f )2cf (∆f − h

2 )

cf (1−∆f − h
2 )

(
1− 2∆f

2π(q − 1)

sin π∆f

cos π∆f

)2

U8X89V

ab(h) =
1

α2(q − 1)2
cb(1−∆b)2cb(∆b − h

2 )

cb(1−∆b − h
2 )

(
1− 2∆f

2π(q − 1)

sin π∆f

cos π∆f

)2

U8X88V

h?Bb �HbQ BM/B+�i2b i?�i

sf (θ) ∼ θh−1 sgn(θ) , sb(θ) ∼ θh−1 U8X8eV

"mi i?2 TQr2`@H�r bQm`+2 Bb MQi i?�i T?vbB+�H #2+�mb2 Bi /B`2+iHv BM~m2M+2b i?2 :`22MǶb

7mM+iBQM �i BMi2`K2/B�i2 iBK2b- r?2`2�b i?2 T?vbB+�H 2z2+i Bb /m2 iQ _: ~QrX aQ r2 +QMbB/2`

i?2 bQm`+2 Bb bmTTQ`i2/ #v �M 2ti2M/2/ lo `2;BQM- r?2`2 |δτ | Bb #QmM/2/ #v bQK2 H�`;2

+QMbi�Mi iBK2b J−1X AM i?2 +�b2 Q7 `2bQM�M+2- BX2X kc(h) = 1- r2 rBHH b22 i?�i i?2 `2bTQMb2

2ti2M/b iQ HQM;2` iBK2b �M/ 2p2Mim�HHv ~Qr iQ A_X q2 �bbmK2 i?2 T2`im`#�iBQM ?�b i?2 7Q`K

sf (θ) = −bfϵ
−h0 |θ|h0−1 sgn(θ)uf (ξ) , sb(θ) = −bbϵ

−h0 |θ|h0−1ub(ξ) U8X8dV

rBi? ξ = ln( |θ|ϵ ) �M/ h0 = −1 +Q``2bTQM/b iQ i?2 B``2H2p�Mi T2`im`#�iBQMX �M/ uf/b(ξ) Bb

� MQ`K�HBx2/ rBM/Qr 7mM+iBQM
∫
u(ξ)dξ = 1X G2i mb +QMbB/2` i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2

rBM/Qr 7mM+iBQM

ũf/b(η) =

∫
dξuf/b(ξ)e

iηξ U8X83V

h?2M

sf (θ) = −bfϵ
−h0

∫
dη

2π
ϵ−iη|θ|h0−1+iη sgn(θ)ũf (η)

sb(θ) = −bbϵ
−h0

∫
dη

2π
ϵ−iη|θ|h0−1+iηũb(η) U8X8NV

Ryj
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q2 +�M b22 i?�i i?2 rBM/Qr 7mM+iBQM b2`p2b iQ bK2�` i?2 TQr2` h0 − 1 Qp2` � bK�HH BK�;B@

M�`v rB/i?X 6Q` 2�+? ;Bp2M eta- i?2 `B;?i@?�M/ bB/2 Bb i?2 2B;2M7mM+iBQM Q7 i?2 F2`M2H rBi?

2B;2Mp�Hm2 kc(h = h0 + iη)X q2 }M/ i?�i

gf (θ) ≈ − bf
af (h0)

F̃
1

∆f ϵ−h0 |θ|h0−1 sgn(θ)vf (ξ) , gb(θ) ≈ − bb
ab(h0)

B̃
1

∆b ϵh0−1|θ|−h0vb(ξ)

U8XeyV

rBi?

vf/b(ξ) =
1

−k′
c(h0)

∫
dη

2π
ũf/b(η)

1

iη
eiηξ U8XeRV

q2 +�M i?mb /2`Bp2 �M _: 2[m�iBQM

dvf/b(ξ)

dξ
= − 1

k′
c(h0)

uf/b(ξ) U8XekV

6`QK i?Bb r2 ?�p2 vf/b(ξ) = (−k′
c(h0))−1

∫ ξ

−∞ u(ζ)dζ- �M/ BM i?2 BMi2`K2/B�i2 `2;BQM BM r?B+?

u ?�b #22M 7mHHv BMi2;`�i2/-

gf (θ) ≈
bf F̃

1
∆f

af (h0)k′
c(h0)

ϵ−h0 |θ|h0−1 sgn(θ) , gb(θ) ≈
bbB̃

1
∆b

ab(h0)k′
c(h0)

ϵ−h0 |θ|h0−1 7Q` ϵ ≪ |θ| ≪ 1

U8XejV

h?Bb K2�Mb

δGf (τ)

Gc
f (τ)

=
bf F̃

1
2∆f

af (h0)k′
c(−1)

1

Jτ
=

αf
G

Jτ
,

δGb(τ)

Gc
b(τ)

=
bbB̃

1
2∆b

ab(h0)k′
c(−1)

1

Jτ
=

αb
G

Jτ
U8Xe9V

LQr H2i mb /2`Bp2 i?2 a+?r�`xB�M �+iBQMX q2 +QMbB/2` i?2 :`22MǶb 7mM+iBQM /27Q`K2/ #v i?2

Ry9
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bQ7i KQ/2- BX2X `2T�`�K2i`Bx�iBQM ϕ(θ)X q2 /2MQi2 i?2 /27Q`K2/ :`22MǶb 7mM+iBQM #v G̃A_

G̃A_
f/b(θ1, θ2) = G̃c

f/b(ϕ(θ1),ϕ(θ2))ϕ
′(θ1)

∆f/bϕ′(θ2)
∆f/b

≈ G̃β=∞
f/b (θ1, θ2)

(
1 +

∆f/b

6
a+?(eiϕ(θ+), θ+)(θ1 − θ2)

2

)
7Q` |θ1 − θ2| ≪ 1

U8Xe8V

r?2`2

G̃β=∞
f (θ1, θ2) =

F̃ sgn(θ1 − θ2)

|θ1 − θ2|2∆f
, G̃β=∞

b (θ1, θ2) =
B̃

|θ1 − θ2|2∆b
U8XeeV

h?2 +QmTHBM; #2ir22M i?2 bQ7i KQ/2b �M/ i?2 lo T2`im`#�iBQM Bb ;Bp2M #v

δSeff. = −N

2

∫
dθ1dθ2

[
σ̃f (G̃

A_
f − G̃β=∞

f ) + ασ̃b(G̃
A_
b − G̃β=∞

b )
]

= −Nαf
Sϵ

∫
a+?(eiϕ(θ), θ)dθ −Nαb

Sϵ

∫
a+?(eiϕ(θ), θ)dθ U8XedV

r?2`2

αf
S = −F̃

1
2∆f

∆f

12
bf

∫ 2π

−2π

dθ12|θ12|−1uf (ln |θ12/ϵ|) = −bf F̃
1

2∆f
∆f

6
= −αf

Gaf (−1)k′
c(−1)∆f

6

αb
S = −αB̃

1
2∆b

∆b

12
bb

∫ 2π

−2π

dθ12|θ12|−1ub(ln |θ12/ϵ|) = −αbbB̃
1

2∆b
∆b

6
= −ααb

Gab(−1)k′
c(−1)∆b

6

U8Xe3V

q2 �HbQ FMQr i?�i δGf �M/ δGb rBHH #2 `2H�i2/ #v i?2 +Q2{+B2Mi Q7 i?2 h = −1 2B;2Mp2+iQ`X

AM i?2 q = 3 +�b2- �i bK�HH α HBKBi- r2 }M/ i?�i af (−1) = 1
8 +O(∆f ), ab(−1) = 1

8π2 +O(∆f )X

6`QK U8XkNV- r2 ?�p2 δGf

Gf
/ δGb

Gb
=

αf
G

αb
G
∼ ∆f - r2 ?�p2 αS

f = αS
b i?�i +QMi`B#mi2 i?2 b�K2X

8XjX9 6Qm`@TQBMi 7mM+iBQMb

hQ /B�;QM�HBx2 i?2 7Qm`@TQBMi 7mM+iBQM- r2 +�M K�F2 mb2 Q7 i?2 SL(2) �H;2#`�- i?2M `2T`2b2Mi

i?2 7Qm`@TQBMi 7mM+iBQM mbBM; i?2 +`Qbb@`�iBQ ξ = τ12τ34
τ13τ24

X h?2 b�K2 �M�HvbBb ?�b #22M /QM2 BM

Ry8



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

_27X (R8d)X h?2 /Bz2`2M+2 ?2`2 Bb i?�i i?2 b+�HBM; /BK2MbBQM /2T2M/b QM αX q2 /2}M2 Qm`

72`KBQM 7Qm` TQBMi 7mM+iBQM,

1

N2

N∑

i,j=1

⟨χi(τ1)χi(τ2)χj(τ3)χj(τ4)⟩ = Gf (τ12)Gf (τ34) +
1

N
Fχχχχ(τ1, τ2; τ3, τ4) +O(

1

N2
)

= Gf (τ12)Gf (τ34)

[
1 +

1

N
Fχχχχ(ξ) +O(

1

N2
)

]
U8XeNV

r2 +�M mb2 2B;2M7mM+iBQMb Q7 i?2 *�bBKB` iQ /B�;QM�HBx2 i?2 7Qm`@TQBMi 7mM+iBQMb,

F1(ξ) =
ξhΓ(h)2

Γ(2h)
2F1(h, h; 2h; ξ), U8XdyV

F1(ξ) =
ξ1−hΓ(1− h)2

Γ(2− 2h)
2F1(1− h, 1− h; 2− 2h; ξ) U8XdRV

AM i?2 `2;BQM ξ > 1- i?2 bQHmiBQM rBi? /2}MBi2 T�`Biv mM/2` ξ → ξ
ξ−1 Bb

Φs
ξ>1(ξ) =

Γ(12 −
h
2 )Γ(

h
2 )√

π
2F1

(h
2
,
1− h

2
;
1

2
;
(ξ − 2)2

ξ2
)

U8XdkV

?2`2 s bi�M/b 7Q` bvKK2i`B+X "v K�i+?BM; i?2 #2?�pBQ` �i ξ = 1- r2 +�M 2ti2M/ i?2 bQHmiBQM

iQ 0 < ξ < 1

Φs
0<ξ<1(ξ) = AF1(ξ) + BF2(ξ) U8XdjV

rBi?

A =
1

2
tan (πh) cot (

πh

2
), B = −1

2
tan (πh) tan (

πh

2
) U8Xd9V

h?2 2B;2M7mM+iBQM BM i?2 `2;BQM ξ < 0 Bb /2}M2/ #v

Φs
ξ<0 = Ψs

0<ξ<1(
ξ

ξ − 1
) U8Xd8V

Rye
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h?2 �HHQr2/ h Bb /2i2`KBM2/ #v `2[mB`BM; i?�i i?2 *�bBKB` #2 ?2`KBiB�M rBi? `2bT2+i iQ i?2

BMM2` T`Q/m+i- QM2 }M/b i?�i

h =
1

2
+ is, s > 0, Q` h = 2n, n ∈ Z+ U8XdeV

h?2 MQ`K Q7 i?2 2B;2M7mM+iBQMb +�M #2 /B`2+iHv +QKTmi2/

⟨Φs
h,Φ

s
h′⟩ =

⎧
⎪⎪⎨

⎪⎪⎩

π tan (πh)
4h−2 2πδ(h− h′), h = 1

2 + is

π2δhh′
4h−2 , h = 2n

U8XddV

�MQi?2` r�v iQ +QKTmi2 i?2b2 bvKK2i`B+ 2B;2M7mM+iBQMb Qi?2` i?�M i?2 #QmM/�`v +QM/BiBQM

K�i+?BM; Bb #v i?2 /B`2+i BMi2;`�H BM i?2 b?�/Qr `2T`2b2Mi�iBQM(k8)X

LQr r2 +�M /2+QKTQb2 �Mv 7mM+iBQM f(ξ) rBi? i?2 bvKK2i`B+ 2B;2M7mM+iBQMb �#Qp2

f(ξ) =
∑

h

Φs
h(ξ)

⟨Φs
h, f⟩

⟨Φs
h,Φ

s
h⟩

=

∫ ∞

0

ds

2π

4h− 2

π tan (πh)
⟨Φs

h, f⟩Φs
h(ξ) +

∞∑

n=1

[
4h− 2

π2
⟨Φs

h, f⟩Φs
h(ξ)

]

h=2n

U8Xd3V

h?2 7Qm`@TQBMi 7mM+iBQM +�M #2 Q#i�BM2/ #v bmKKBM; Qp2` �HH i?2 n@`mM; H�//2`bX h?2 0@`mM;

H�//2` Bb

Fχχχχ
0 (τ1, τ2; τ3, τ4) = −Gf (τ13)Gf (τ24) +Gf (τ14)Gf (τ23) U8XdNV

r?B+? ;Bp2b

Fχχχχ
0 (ξ) = −b;M(ξ)|ξ|2∆f + b;M( ξ

ξ − 1
)| ξ

ξ − 1
|2∆f U8X3yV

lbBM; i?2 bvKK2i`B+ 2B;2M7mM+iBQMb- r2 }M/

Fχχχχ
0 (ξ) =

∫ ∞

0

ds

2π

4h− 2

π tan (πh)
f0(h)Φ

s
h(ξ) +

∞∑

n=1

[
4h− 2

π2
f0(h)Φ

s
h(ξ)

]

h=2n

U8X3RV

r?2`2

f0(h) = ⟨Fχχχχ
0 ,Φs

h⟩ =
cf (1−∆f − h/2)cf (∆f )2

cf (∆f − h/2)
U8X3kV

Ryd
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?2`2 r2 mb2/ i?2 BMi2;`�H `2T`2b2Mi�iBQM Q7 Φs
h,

Φs
h(ξ) =

1

2

∫ ∞

−∞
dy

|ξ|h

|y|h|ξ − y|h|1− y|1−h
U8X3jV

hQ;2i?2` rBi? U8X3yV- r2 ?�p2k

f0(h) = −
∫

dydξ
b;M(ξ)

|ξ|2−h−2∆f |ξ − y|h|1− y|1−h|y|h U8X39V

h?Bb BMi2;`�H +�M #2 i`�Mb7Q`K2/ iQ i?2 F2`M2H BMi2;`�H- r?B+? H2�/b iQ U8X3kVX aBM+2 i?2

F2`M2H �HbQ +QMM2+ib #QbQMb rBi? 72`KBQMb- r2 �HbQ M22/ iQ +QMbB/2` F bbχχ- bQ r2 /2MQi2

b0(h) = ⟨F bbχχ
0 ,Φs

h⟩ = 0X ai�`iBM; 7`QK i?2 0@`mM; H�//2`- r2 ;2M2`�i2 i?2 n@`mM; H�//2` #v

+QMpQHpBM; n iBK2b rBi? i?2 F2`M2H K�i`Bt U8Xk8VX h?2 7mHH 7Qm`@TQBMi 7mM+iBQM Bb /2i2`KBM2/

#v

f(h) =
∞∑

n=0

fn(h), b(h) =
∞∑

n=0

bn(h) U8X38V

h?2 �+iBQM Q7 i?2 F2`M2H K�i`Bt QM �M n@`mM; H�//2` Bb

⎛

⎜⎝
fn+1

bn+1

⎞

⎟⎠ =

⎛

⎜⎝
k11
c k12

c

k21
c 0

⎞

⎟⎠

⎛

⎜⎝
fn

bn

⎞

⎟⎠ U8X3eV

h?2 bBKBH�` �M�HvbBb ?�b #22M +�``B2/ Qmi BM _27X (R8d)- ?2`2 r2 Dmbi +QTv i?2 `2bmHib,

f(h) =
f0(h)

(1− k̃−
c )(1− k̃+

c )
, b(h) =

k21
c f0(h)

(1− k̃−
c )(1− k̃+

c )
U8X3dV

r?2`2 k̃±
c = 1

2k
11
c ±

√
1
4(k

11
c )2 + k12

c k21
c X

kAM _27X (Rj8) i?2`2 b22K iQ #2 � ivTQ- i?2`2 b?QmH/ #2 MQ T`27�+iQ` Q7 1
2 BM UjX3RV

Ry3
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h ̸= 2 KQ/2b

PM2 +�M b22 i?�i i?2 h = 2 KQ/2 rBHH +�mb2 /Bp2`;2M+2 BM i?2 /2MQKBM�iQ`- �M/ M22/2/ iQ

#2 `2;mH�`Bx2/ #2vQM/ i?2 +QM7Q`K�H HBKBiX q2 ;`QmT �HH i?2 Qi?2` +QMi`B#miBQM 7`QK h ̸= 2

KQ/2b- �M/ #v bm#biBimiBM;

2

tan (πh)
=

1

tan πh
2

− 1

tan π(1−h)
2

U8X33V

q2 ?�p2

Fχχχχ
h ̸=2 (ξ) =

∫ ∞

−∞

ds

2π

2h− 1

π tan (πh/2)
f(h)Φs

h(ξ) +
∞∑

n=2

_2b
[

2h− 1

π tan (πh/2)
f(h)Φs

h(ξ)

]

h=2n

U8X3NV

h?Bb +�M #2 mM/2`biQQ/ �b � bBM;H2 BMi2;`�H

1

2πi

∫

C
dh =

∫ ∞

−∞

ds

2π
+

∞∑

n=1

_2bh=2n U8XNyV

LQi2 i?�i Φs
h ?�b TQH2b �i h = 1 + 2n- #mi rBHH #2 +�M+2HH2/ #v 1/ tan (πh/2)X AM i?2 ξ > 1

+�b2- r2 +�M Tmb? i?2 +QMiQm` 7`QK i?2 s �tBb `B;?ir�`/ iQ BM}MBivX AM i?2 T`Q+2bb- r2 +�M+2H

i?2 bmK Qp2` `2bB/m2b r?BHBM; TB+FBM; mT TQH2b �i k̃+
c = 1- MQiB+2 i?�i h = 2 Bb � /Qm#H2 TQH2X

Fχχχχ
h ̸=2 (ξ) = −

∞∑

n=2

_2b
[

2h− 1

π tan (πh/2)
f(h)Φs

h(ξ)

]

h=hm

, ξ > 1 U8XNRV

AM i?2 `2;BQM ξ < 1- KQ`2 bm#iH2 �M�HvbBb b?Qrb

Fχχχχ
h ̸=2 (ξ) = −

∞∑

n=2

_2b
[

2h− 1

π tan (πh/2)
f(h)

Γ(h)2ξh

Γ(2h)
2F1(h, h; 2h; ξ)

]

h=hm

, ξ < 1 U8XNkV

AM i?2 PS1 HBKBi- r2 b?QmH/ mb2 i?2 2tT`2bbBQM BM ξ < 1- i?2 QT2`�iQ`b `mMMBM; BM i?2 PS1

+?�MM2H Q7 i?2 F2`M2H Bb /2i2`KBM2/ #v k(hm) = 1X AM i?2 +�b2 α = 1- i?Bb +Q``2bTQM/b iQ i?2

RyN



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

bmT2`bvKK2i`B+ auE �M/ i?Bb ;Bp2b

hm = 2, 3.066, 3.821, , . . . U8XNjV

*QMbB/2` 7Q` 2t�KTH2 α = 0.5- r2 }M/ i?�i

hm = 2, 3.058, 3.855, . . . U8XN9V

AM i?2 +?�Qb `2;BQM- r2 M22/ iQ mb2 i?2 2tT`2bbBQM BM ξ > 1X h?2 Qmi Q7 iBK2 Q`/2`2/

+Q``2H�iBQM +�M #2 +QMp2MB2MiHv 2tT`2bb2/ #v i?2 +QM};m`�iBQM

Tr [yχi(t)yχj(0)yχi(t)yχj(0)], y ≡ ρ(β)1/4 U8XN8V

h?Bb K2�Mb i?2 +`Qbb `�iBQ

ξ =
2

1− i sinh 2πt
β

U8XNeV

"2+�mb2 t = 0 +Q``2bTQM/b iQ ξ = 2- �M/ t = ∞ ;Bp2b ξ = 0- r2 b?QmH/ +QMiBMm2 i?2 Φs
ξ>1

7mM+iBQM iQ ξ = 0X 6Q` bK�HH χ- i?2 +QMiBMm�iBQM ;Bp2b

Φs
h(ξ) ∼

Γ(12 −
h
2 )Γ(h− 1

2)

21−hΓ(h2 )
(−iξ)1−h + (h → 1− h) U8XNdV

qBi? i?Bb 7Q`K- r2 }M/ i?�i i?2 bmK BM U8X3NV Q` U8XNRV /Q2b MQi +QMp2`;2 �7i2` i?2 +QMiBM@

m�iBQMX aQ r2 M22/ iQ K�MBTmH�i2 i?2 2tT`2bbBQM BM � 7Q`K i?�i Bb b�72 iQ +QMiBMm2 �M/ bmKX

h?2 bi`�i2;v Bb iQ }M/ �MQi?2` 2tT`2bbBQM i?�i +QBM+B/2b rBi? f(h) rBi? h = 2n #mi i?2`2

�`2 QMHv }MBi2 MmK#2` Q7 TQH2b H27iX � M�im`�H +?QB+2 Bb +QMbB/2`BM; i?2 `2i�`/2/ F2`M2HX hQ

#2 KQ`2 2tTHB+Bi r2 ?�p2

k11
R (1− h)

k11
c (h)

=
k12
R (1− h)

k12
c (h)

=
cos π

2 (−h+ 2∆f )

cos π
2 (h+ 2∆f )

U8XN3V

k21
R (1− h)

k21
c (h)

=
sin π

2 (h+ 4∆f )

sin π
2 (−h+ 4∆f )

U8XNNV

RRy



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

q2 +�M b22 i?�i 7Q` h = 2n- KR(h) = Kc(h)X aQ r2 +�M `2TH�+2 i?2 bmK BM U8X3NV rBi?

2B;2Mp�Hm2b Q7 i?2 `2i�`/2/ F2`M2HX >Qr2p2`- 7Q` i?2 `2i�`/2/ F2`M2H kR(1− h) = 1 ?�TT2Mb

QMHv r?2M h = 2X q2 +QM+Hm/2 i?�i

Fχχχχ
h ̸=2 (ξ) =

∫
ds

2π

2h− 1

2π tan (πh/2)
[f(h)− fR(1− h)]Φs

h(ξ)−_2b
[

2h− 1

π tan (πh/2)
fR(1− h)Φs

h(ξ)

]

h=−1

U8XRyyV

r?2`2

fR(1− h) =
f0(h)

(1− k̃−
R(1− h))(1− k̃+

R(1− h))
U8XRyRV

h?2 BMi2;`�H rBHH p�MBb? �b ξ → 0- bQ i?2 ;`QrBM; TB2+2 +QK2b 7`QK i?2 `2bB/m2 �i h = −1X "2@

+�mb2 i?Bb Bb � /Qm#H2 TQH2- r2 �HbQ ?�p2 � +QMi`B#miBQM 7`QK ∂hΦs
2(ξ)|h=2 �M/ i?Bb +Q``2bTQM/b

iQ � i2`K T`QTQ`iBQM�H iQ te2πt/βX �M/ i?Bb }MBi2 b?B7i BM i?2 Gv�TmMQp 2tTQM2MiU/2+`2�b2V

Bb T`QTQ`iBQM�H iQ 1
k′R(−1) X Pi?2` 7�+iQ`b �`2 }MBi2 BM i?Bb HBKBi, 1 − k̃−

R(−1) = 2 + O(∆f )

�M/ f0(h = 2) = 2 + O(∆f )X h?Bb p2`B}2b Qm` �`;mK2Mi �#Qmi h ̸= 2 KQ/2b BM a2+ 8XjXkX

SHm;;BM; i?2 MmK#2`- r2 }M/ i?�i i?2 i2`K T`QTQ`iBQM�H iQ te2πt/β Bb

Fbm#(t)

G(π)G(π)
=

3

2πk′
R(−1)

2πt

β
e

2πt
β U8XRykV

h = 2 KQ/2

h?Bb KQ/2 rBHH ;Bp2 � K�tBK�H +?�QiB+ PhP* mbBM; i?2 a+?r�`xB�M �+iBQM U8XedV(RRN- Rj8)

F#B;(t)

Gf (π)Gf (π)
≈ −

∆2
fβJ

4π(αS
f + αS

b )
e

2πt
β U8XRyjV

rBi? αf
S- αb

S BM U8Xe3VX AM i?2 bK�HH ∆f HBKBi- r2 ?�p2

F#B;(t)

Gf (π)Gf (π)
≈

24∆2
fβJ

παf
G

e
2πt
β U8XRy9V

RRR



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

q2 �bbmK2 i?�i +QK#BMBM; rBi? i?2 h ̸= 2 b2+iQ`b- i?2 7mHH 7Qm`@TQBMi 7mM+iBQM HQQFb HBF2

F (t)

Gf (π)Gf (π)
≈

24∆2
fβJ

παf
G

e
2πt
β (1−δλL) U8XRy8V

*QKT�`BM; rBi? U8XRykV- i?Bb K2�Mb i?�i

δλL ≈ −αf
G

16βJ∆2
fk

′
R(−1)

∼ αf
G

16(1/2− π2/3)βJ∆3
f

U8XRyeV

h?2 +Q``2+iBQM rBHH /2T2M/ QM αf
G(∆f , βJ)X

*QKT�`2/ iQ i?2 Q`B;BM�H H�`;2 q auE KQ/2H- i?2 7mM+iBQM�H 7Q`K Q7 i?2 h ̸= 2 �M/ h = 2

+QMi`B#miBQMb iQ i?2 7Qm`@TQBMi 7mM+iBQM U8XRykVU8XRy9V �`2 [mBi2 bBKBH�`- i?2 /Bz2`2M+2 +QK2b

7`QK i?2 7�+i i?�i BM i?2 H�`;2 q KQ/2H- #Qi? k′
c(2) �M/ k′

R(−1) b+�H2b �b +QMbi�Mi BM i?2 bK�HH

b+�HBM; /BK2MbBQM HBKBi r?BH2 BM Qm` +�b2 r2 ?�p2 k′
c(2) = O(∆−1

f ) �M/ k′
R(−1) = O(∆f )X

h?Bb rBHH K�F2 i?2 h ̸= 2 T�`i KQ`2 BKTQ`i�Mi BM i?2 ∆f → 0 HBKBiX

8XjX8 LmK2`B+�H BK�;BM�`v iBK2 :`22Mǰb 7mM+iBQM +Q``2+iBQM

AM i?Bb b2+iBQM- r2 MmK2`B+�HHv bQHp2 i?2 a. 2[m�iBQM U8X3V �M/ }i i?2 bQHmiBQM BM i?2 BK�;@

BM�`v iBK2 /QK�BM (0, β) rBi? i?2 7Q`K

Gf (τ) = F

(
π

β sin(πτβ )

)2∆f

(1− αf
Gl0(τ)) , l0 = 2 +

π − 2πτ
β

tan πτ
β

U8XRydV

Gb(τ) = B

(
π

β sin(πτβ )

)2∆b

(1− αb
Gl0(τ)) , l0 = 2 +

π − 2πτ
β

tan πτ
β

U8XRy3V

qBi? i?2 }ii2/ MmK2`B+�H /�i�- r2 Q#i�BM αf
S �M/ αb

S 7`QK U8Xe3VX �M/ mb2 i?Bb r2 +�M ;2i

i?2 h = 2 +QMi`B#miBQM- iQ;2i?2` rBi? i?2 h ̸= 2 T�`i U8XRyyV- r2 +QKTmi2 i?2 +Q``2+iBQM BM

Gv�TmMQp 2tTQM2Mi δλL �b b?QrM BM 6B;m`2 U8XjVX q2 +�M b22 i?�i i?2 +Q``2+iBQM ;2ib H�`;2`

rBi? bK�HH2` βJ �M/ bK�HH2` αX

q2 b?Qr i?2 α /2T2M/2M+2 Q7 δλL BM i?2 H�`;2 βJ +QM7Q`K�H HBKBi rBi? βJ
2π = 100 �b b?QrM

RRk



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

6B;m`2 8Xj, δλL �b � 7mM+iBQM Q7 βJ
2π �M/ α BM � log− log− log THQiX

BM 6B;m`2 U8X9VX q?2M r2 }i i?2 bHQT2 �i bK�HH α- r2 Q#i�BM �TT`QtBK�i2Hv −1/2X h?Bb

K2�Mb i?�i �i bK�HH α

δλL ∼ α−1/2 ∼ ∆−1
f U8XRyNV

q2 +�M �HbQ }M/ i?2 βJ /2T2M/2M+2 Q7 δλL �M/ BiǶb �TT`QtBK�i2Hv δλL ∼ 1
βJ X hQ;2i?2` r2

?�p2 δλL ∼ 1
βJ∆f

X aQ i?Bb K2�Mb i?�i /Bz2`2Mi 7`QK i?2 H�`;2 q MQ`K�H auE +�b2- r2 ;2i �

#B;;2` +Q``2+iBQM r?2M r2 /2+`2�b2 ∆f r?BH2 F22TBM; 2p2`vi?BM; 2Hb2 }t2/X

"mi Bi K�v #2 KQ`2 T?vbB+�H iQ F22T bQK2 T?vbB+�H [m�MiB7v }t2/ r?BH2 �TT`Q�+?BM; i?2

7`22 72`KBQM HBKBiX h?2`2 �`2 irQ +?QB+2b, 2M2`;v /2MbBiv Q` bT2+B}+ ?2�i /2MbBivX q2 +�M

2biBK�i2 i?2 2M2`;v /2MbBiv Q7 i?2 KQ/2H BM i?2 bK�HH α HBKBiX 6`QK U8XeV i?�i 7Q` 2�+?

72`KBQM- Bib b2H7@2M2`;v b+�H2b �b √
αJ �M/ 7Q` #QbQM- Bi b+�H2b �b 1√

αJ X aQ i?2 iQi�H 2M2`;v

b+�H2b �b (√αN + 1√
αM)J ∼

√
MNJ X h?2M i?2 2M2`;v /2MbBiv b+�H2b �b √αJ ∼ ∆fJ X A7 r2

}t i?Bb 2M2`;v r?BH2 `2/m+BM; ∆f i?2 δλL rBHH `2K�BM i?2 b�K2X "mi B7 r2 �`2 F22TBM; i?2

bT2+B}+ ?2�i /2MbBiv �b +QMbi�Mi- i?2M r2 �`2 F22TBM; αf
G

βJ +QMbi�MiX "2+�mb2 7`QK MmK2`B+b-

αf
G ∼ ∆2

f - r?2M r2 `2/m+2 ∆f r?BH2 F22TBM; ∆2
f

βJ +QMbi�Mi- δλL ∼ 1
βJ∆f

rBHH #2+QK2 H�`;2`X

aQ Bi b22Kb BM Qm` +�b2 r?2M r2 F22T i?2 bT2+i`�H /2MbBiv +QMbi�Mi- r2 +�M ;2i � bK�HH2`

Gv�TmMQp 2tTQM2Mi BM i?2 7`22 72`KBQM HBKBiX h?Bb +�M #2 +QKT�`2/ rBi? i?2 H�`;2 q MQ`K�H

RRj



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

-2.0 -1.5 -1.0 -0.5
log α

-3.2

-3.0

-2.8

-2.6

-2.4

log δλL

6B;m`2 8X9, δλL �b � 7mM+iBQM Q7 α BM � log− log THQi �i βJ
2π = 100X "Hm2 HBM2 Bb �+?B2p2/ #v

i?2 7mHH 2tT`2bbBQM r?BH2 Q`�M;2 HBM2 Bb Q#i�BM2/ #v i?2 �bvKTiQiB+ 7Q`K U8XRyeVX

auE +�b2- r?2`2 i?2 +Q``2+iBQM Bb 7QmM/ iQ #2 δλL ∼ 1
βJ X h?2 2M2`;v /2MbBiv b+�H2b �b J

q2 - B7

r2 }t i?Bb 2M2`;v r?BH2 BM+`2�bBM; q- i?2 +Q``2+iBQM `2/m+2bX h?2 bT2+B}+ ?2�i /2MbBiv b+�H2b

�b 1
q2J - B7 r2 }t i?Bb b+�H2- i?2 +Q``2+iBQM BM+`2�b2b �b r2 BM+`2�b2 qX aQ r2 ?�p2 � bBKBH�`

+QM+HmbBQM BM i?Bb +�b2X

h?2`2 Bb �MQi?2` 2t�KTH2 BM �TT2M/X> Q7 _27X (Rj8)- r?2`2 QM2 +�M +QMbB/2` � iBK2@

/2T2M/2Mi +QmTHBM; auE KQ/2HX h?2 72`KBQM b+�HBM; /BK2MbBQM +�M #2 imM2/ #v imMBM; i?2

iBK2 +Q``2H�iBQM Q7 i?2 +QmTHBM;X �M/ QM2 BM/22/ }M/b � MQM@K�tBK�H Gv�TmMQp 2tTQM2Mi

rBi? � bK�HH2` 72`KBQM b+�HBM; /BK2MbBQMX

8XjXe .2T?�bBM; iBK2

q2 �/�Ti i?2 /2}MBiBQM 7`QK URyXRyyV BM _27X (Rdy) 7Q` i?2 /2T?�bBM; Q` `2H�t�iBQM `�i2,

Γ−1
φ ≡ iGR(0)

∂GR(ω)−1

∂ω
|ω=0 U8XRRyV

r?2`2 GR(ω) Bb i?2 `2i�`/2/ :`22MǶb 7mM+iBQM �i }MBi2 i2KT2`�im`2X h?2 /2T?�bBM; iBK2 Bb

/2}M2/ �b i?2 BMp2`b2 Q7 i?2 `2H�t�iBQM `�i2X AM Qm` KQ/2H- i?2 72`KBQM �M/ #QbQM :`22MǶb

RR9



*?�Ti2` 8X � +QMiBMmQmb b2i Q7 #QbQM@72`KBQM auE KQ/2Hb

7mM+iBQM rBHH #2

GR
f (ω) ∼ i

Γ( iβω2π +∆f )

Γ( iβω2π −∆f + 1)
, , GR

b (ω) ∼
Γ( iβω2π +∆b)

Γ( iβω2π −∆b + 1)
U8XRRRV

SHm;;BM; i?Bb BM U8XRRyV- �M/ BM i?2 bK�HH ∆f HBKBi

τ fφ ∼ β

∆f
, τ bφ ∼ β

∆f
U8XRRkV

AM/22/- i?2 /2T?�bBM; iBK2 #2+QK2b H�`;2` BM i?2 7`22 72`KBQM HBKBi- ?Qr2p2`- r2 /Q MQi b22

� +H2�` `2H�iBQM #2ir22M i?2 /2+Q?2`2M+2 iBK2 �M/ i?2 Gv�TmMQp 2tTQM2Mi 2t+2Ti 7Q` i?2 β

/2T2M/2M+2X

8X9 .Bb+mbbBQM

AM i?Bb +?�Ti2`- r2 /2}M2/ �M auE@HBF2 KQ/2H rBi? N 72`KBQMb �M/ M #QbQMbX "v imMBM; i?2

MmK#2` `�iBQ α = M
N - r2 ;2i � +QMiBMmQmb b2i Q7 +QM7Q`K�H i?2Q`B2b BM i?2 HQr i2KT2`�im`2

HBKBi �M/ i?2 b+�HBM; /BK2MbBQM /2T2M/b QM i?2 `�iBQ αX h?2 7`22 72`KBQM HBKBi +�M #2

�TT`Q�+?2/ BM i?2 bK�HH α HBKBiX

"v +QKTmiBM; i?2 7Qm`@TQBMi 7mM+iBQM 7`QK i?2 h = 2 KQ/2 �M/ h ̸= 2 KQ/2b- r2 Q#i�BM2/

i?2 Qmi Q7 iBK2 Q`/2`2/ +Q``2H�iQ`b �M/ i?mb 2t�+i2/ Qmi i?2 Gv�TmMQp 2tTQM2MiX h?2

+Q``2+iBQM iQ i?2 K�tBK�H Gv�TmMQp 2tTQM2Mi #2+�K2 KQ`2 bB;MB}+�Mi BM i?2 7`22 72`KBQM

HBKBiX S?vbB+�HHv i?Bb K2�Mb � M2�`Hv 7`22 bvbi2K Bb H2bb +?�QiB+X

h?2 `2H�iBQM iQ i?2 /2T?�bBM; iBK2 Bb H2bb +H2�`- �Hi?Qm;? r2 ?�p2 +QKTmi2/ � /2T?�bBM;

iBK2 T`QTQ`iBQM�H iQ β �M/ #2+QK2b H�`;2` BM i?2 7`22 72`KBQM HBKBi- i?2 +Q2{+B2Mi biBHH +�M

MQi K�i+? i?2 Gv�TmMQp 2tTQM2MiX �+im�HHv- i?2`2 Bb MQ mMB[m2 /2}MBiBQM Q7 /2T?�bBM; iBK2,

i?2`2 Bb � /Bz2`2Mi /2}MBiBQM Q7 /2T?�bBM; iBK2 7`QK URjXedV BM _27X (Rdy) BM i?2 +QKTmi�iBQM

Q7 O(N) KQ/2H- i?Bb `2bmHib BM � `2H�t�iBQM `�i2 rBi? � 1
N T`27�+iQ`X AM _27X (j8)- i?2 Gv�TmMQp

2tTQM2Mi Bb �HbQ +QKTmi2/ rBi? � 1
N T`27�+iQ`X >Qr2p2`- Bi Bb �`;m2/ i?�i i?2`2 b?QmH/ #2

RR8
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O(1) TB2+2 BM i?2 Gv�TmMQp 2tTQM2Mi �i HQr i2KT2`�im`2 r?2M +QMbB/2`BM; :`22MǶb 7mM+iBQM

rBi? �MQK�HQmb /BK2MbBQMjX h?2`2 �`2 �HbQ Qi?2` /2}MBiBQMb Q7 /2T?�bBM; iBK2 mbBM; /+

+QM/m+iBpBiv Q` QTiB+�H +QM/m+iBpBiv(je- R3N)- �M/ QM2 Q#i�BM i?2 /2T?�bBM; `�i2 iQ b+�H2 �b

T rBi? O(1) T`27�+iQ` Q` T α 7Q` α < 1- BM /Bz2`2Mi KQ/2Hb Q` /Bz2`2Mi `2;BK2bX aQ K�v#2

Gv�TmMQp 2tTQM2Mi Bb � #2ii2` b+�H2 iQ +?�`�+i2`Bx2 i?2 MQM@72`KB HB[mB/ M�im`2 Q7 T?�b2bX

h?2`2 Bb �MQi?2` /2}MBiBQM Q7 /2+Q?2`2M+2 BM _27X(RR3)- r?2`2 EBi�2p /2}M2/ � /2+Q?2`2M+2

7�+iQ` BM � ;2M2`�H bvbi2K r?B+? +?�`�+i2`Bx2b i?2 /Bz2`2M+2 #2ir22M i?2 MQ`K�H PhP* �M/

i?2 +QKKmi�iQ` PhP*X h?2`2 i?2 /2+Q?2`2M+2 7�+iQ` Bb `2H�i2/ iQ i?2 +Q``2+iBQM BM i?2

Gv�TmMQp 2tTQM2Mi �M/ +�M #2 2tT`2bb2/ BM i2`Kb Q7 i?2 `2i�`/2/ H�//2` F2`M2H kR- r?B+?

Bb [mBi2 HBF2 r?�i r2 ?�p2 Q#i�BM2/ ?2`2X h?2 k′
R Bb BMi2`T`2i2/ �b i?2 #`�M+?BM; iBK2 r?B+?

+?�`�+i2`Bx2b i?2 #`�M+?BM; T`Q+2bb BM i?2 QT2`�iQ` 2pQHmiBQM mM/2` i?2 >�KBHiQMB�MX "mi Bi

Bb i?2 #`mM+?BM; 7Q` H�//2`b r?BH2 i?2 i`�/BiBQM�H /2}MBiBQM Q7 /2T?�bBM; iBK2 Bb KQ`2 HBF2 i?2

#`mM+?BM; iBK2 7Q` bBM;H2 T�`iB+H2 Ub2H7@2M2`;vVX q2 �`2 MQi bm`2 r?2i?2` i?2b2 irQ T?vbB+�H

T`Q+2bb2b +�M #2 `2H�i2/X

jS`Bp�i2 +QKKmMB+�iBQM rBi? ��pBb?F�` �X S�i2H

RRe
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Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

eXR AMi`Q/m+iBQM

PM2 Q7 i?2 K�BM Qmibi�M/BM; TmxxH2b BM i?2 bim/v Q7 i?2 +mT`�i2 bmT2`+QM/m+iQ`b Bb i?2

M�im`2 Q7 i?2 i`�Mb7Q`K�iBQM BM i?2 2H2+i`QMB+ bi�i2 M2�` QTiBK�H /QTBM;X h?2`2 �`2 MmK2`Qmb

2tT2`BK2Mi�H BM/B+�iBQMb i?�i i?2 mM/2`HvBM; 2H2+i`QMB+ bi�i2 +?�M;2b 7`QK � JQii@HBF2 bi�i2

rBi? � bK�HH /2MbBiv Q7 +�``B2`b �i HQr /QTBM;- iQ � 62`KB HB[mB/@HBF2 bi�i2 rBi? � H�`;2 /2MbBiv

Q7 +�``B2`b �i ?B;? /QTBM;X h?2 KQbi `2+2Mi BM/B+�iBQM Q7 i?Bb i`�Mb7Q`K�iBQM Bb BM i?2 /QTBM;

/2T2M/2M+2 Q7 >�HH +Q2{+B2Mi (3)X Ai Bb �HbQ #2+QKBM; +H2�` i?�i i?Bb T?2MQK2MQHQ;v +�MMQi

#2 /2b+`B#2/ bQH2Hv BM i2`Kb Q7 � +QMp2MiBQM�H bvKK2i`v@#`2�FBM; T?�b2 i`�MbBiBQM BM i?2

G�M/�m 7`�K2rQ`F, /2bTBi2 Km+? 2tT2`BK2Mi�H 2zQ`i- MQ bmBi�#H2 Q`/2` T�`�K2i2` rBi?

bm{+B2Mi bi`2M;i? ?�b #22M 7QmM/ M2�` QTiBK�H /QTBM;X 6m`i?2`KQ`2 bm+? Q`/2` T�`�K2i2`b

�`2 �HbQ b2MbBiBp2 iQ [m2M+?2/ /BbQ`/2`- r?BH2 i?2 +mT`�i2 i`�MbBiBQM �TT2�`b [mBi2 `Q#mbi iQ

p�`vBM; /2;`22b Q7 /BbQ`/2` 2X;X i?2 i`�Mb7Q`K�iBQM BM i?2 2H2+i`QMB+ bi�i2 Bb b22M BM ahJ

2tT2`BK2Mib BM #Qi? i?2 ǵkkRkǶ �M/ ǵkkyRǶ b2`B2b Q7 +QKTQmM/b (ej- Nd)X

RRd
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h?2 KQbi T`QKBbBM; `Qmi2 i?2`27Q`2 �TT2�`b iQ HB2 BM BMp2biB;�iBM; MQM@G�M/�m i`�MbBiBQMb

r?B+? ?�p2 � ǵiQTQHQ;B+�HǶ +?�`�+i2`X JQ`2Qp2`- r2 M22/ iQ mM/2`bi�M/ bm+? i`�MbBiBQMb BM i?2

T`2b2M+2 Q7 }MBi2 /2MbBiv 72`KBQMB+ K�ii2`- �M/ �HbQ rBi? [m2M+?2/ `�M/QKM2bbX h?2`2 �`2

MQ FMQrM i?2Q`B2b Q7 [m�MimK T?�b2 i`�MbBiBQMb mM/2` bm+? +QM/BiBQMbX aQHp�#H2 2t�KTH2b

BM bBKTH2 HBKBib rQmH/ +H2�`Hv #2 p�Hm�#H2X

AM i?Bb +?�Ti2` r2 T`QTQb2 � bQHp�#H2 t@J KQ/2H Q7 2H2+i`QMb r?B+? 2t?B#Bib � T?�b2 i`�M@

bBiBQM mM/2` bm+? +QM/BiBQMbX "Qi? T?�b2b Q7 Qm` KQ/2H �`2 /2+QM}M2/- TQbb2bbBM; ;�TH2bb

72`KBQMB+ 2t+Bi�iBQMb- f - r?B+? +�``v Z2 ;�m;2 +?�`;2bX Pm` KQ/2H �HbQ TQbb2bb2b � #QbQMB+

ǳ>B;;bǴ }2H/ φ- +�``vBM; Z2 ;�m;2 +?�`;2b- �M/ i?2 2H2+i`QM Bb � +QKTQbBi2 Q7 f �M/ φX h?2

>B;;b }2H/ Bb ;�TT2/ BM QM2 Q7 i?2 T?�b2b- �M/ bQ Bb i?2 2H2+i`QM, i?Bb T?�b2 +�M #2 +QMbB/2`2/

�b � iQv KQ/2H 7Q` i?2 mM/2`/QT2/ +mT`�i2bX h?2 Qi?2` T?�b2 ?�b TQr2`@H�r +Q``2H�iBQMb

Q7 i?2 >B;;b }2H/, bQ Bi Bb MQi [mBi2 � >B;;bf+QM}MBM; T?�b2 Q7 i?2 Z2 ;�m;2 i?2Q`v- #mi �

MQp2H ǵ[m�bB@>B;;bǶ T?�b2 rBi? bHQrHv /2+�vBM; +Q``2H�iBQMb Q7 i?2 >B;;b }2H/X h?2 2H2+i`QM

QT2`�iQ` BM i?Bb [m�bB@>B;;b T?�b2 ?�b � H2�/BM; 1/τ /2+�v BM BK�;BM�`v iBK2- �b BM � 62`KB

HB[mB/X q2 T`QTQb2 i?Bb T?�b2 �b � iQv KQ/2H 7Q` i?2 Qp2`/QT2/ +mT`�i2bX

Pm` KQ/2H Bb � yYR /BK2MbBQM�H [m�MimK i?2Q`v- BM i?2 +H�bb Q7 i?2 a�+?/2p@u2@EBi�2p

UauEV KQ/2Hb (RRe- Rdj)X �Hi?Qm;? i?2b2 KQ/2Hb /Q MQi ?�p2 �Mv bT�iB�H bi`m+im`2- i?2v

2t?B#Bi � ǵHQ+�H +`BiB+�HBivǶ r?B+? Bb BMi2`2biBM; 7Q` � MmK#2` Q7 T?vbB+�H [m2biBQMb,

Ç h?2 auE KQ/2Hb �`2 i?2 bBKTH2bi bQHp�#H2 KQ/2Hb rBi?Qmi [m�bBT�`iB+H2 2t+Bi�iBQMbX

aQ i?2v +�M #2 mb2/ �b 7mHHv [m�MimK #mBH/BM; #HQ+Fb 7Q` i?2Q`B2b Q7 bi`�M;2 K2i�Hb

HBF2 BM *?�Ti2` j �M/ BM (je- 3R- 3j- R8R- R8e- RdN)X

Ç h?2 auE KQ/2Hb 2t?B#Bi K�Mv@#Q/v +?�Qb (RRe- Rj8)- �M/ b�im`�i2 i?2 HQr2` #QmM/

QM i?2 Gv�TmMQp iBK2 Q7 H�`;2@N KQ/2H iQ `2�+? +?�Qb (Rje)X aQ i?2v �`2 ǳi?2 KQbi

+?�QiB+Ǵ [m�MimK K�Mv@#Q/v bvbi2KbX h?2 T`2b2M+2 Q7 K�tBK�H +?�Qb Bb HBMF2/ iQ

i?2 �#b2M+2 Q7 [m�bBT�`iB+H2 2t+Bi�iBQMb- �M/ i?2 T`QTQb2/ (Rdy) HQr2` #QmM/ Q7 Q`/2`

!/(kBT ) QM � ǵ/2T?�bBM; iBK2ǶX

RR3



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

Ç _2H�i2/ iQ i?2B` +?�Qb- i?2 auE KQ/2Hb 2t?B#Bi (33- R9N- R3y) 2B;2Mbi�i2 i?2`K�HBx�iBQM

U1h>V (8y- R3R)- �M/ v2i K�Mv �bT2+ib �`2 2t�+iHv bQHp�#H2X

Ç h?2 auE KQ/2Hb �`2 /m�H iQ ;`�pBi�iBQM�H i?2Q`B2b BM 1 + 1 /BK2MbBQMb r?B+? ?�p2 �

#H�+F ?QH2 ?Q`BxQMX h?2 +QMM2+iBQM #2ir22M i?2 auE KQ/2Hb �M/ #H�+F ?QH2b rBi? �

M2�`@?Q`BxQM �/a2 ;2QK2i`v r�b T`QTQb2/ BM _27bX (Re3- ReN)- �M/ K�/2 Km+? b?�`T2`

BM _27bX (RRe- RRN- Rjd)X Ai ?�b #22M mb2/ iQ 2t�KBM2 �bT2+ib Q7 i?2 #H�+F ?QH2 BM7Q`@

K�iBQM T`Q#H2K (Rj3)X

eXk JQ/2H

eXkXR h?2 auE KQ/2H 7`QK � t@J KQ/2H

q2 KQ/2H i?2 mM/2`/QT2/ bi�i2 Q7 i?2 +mT`�i2 bmT2`+QM/m+iQ`b �b � /2+QM}M2/ T?�b2 Q7 �

Z2 ;�m;2 i?2Q`v (Rdk)X h?2 +�b2 r?B+? r2 ?�p2 7QmM/ iQ #2 KQbi �K2M�#H2 iQ � auE@HBF2

/2b+`BTiBQM Bb iQ `2T`2b2Mi i?2 /2+QM}M2/ T?�b2 �b �M ǵQ`i?Q;QM�H K2i�HǶ (R9e- Red)X AM i?Bb

/2b+`BTiBQM- i?2 2H2+i`QM QT2`�iQ` ciα Ui Bb � bBi2 BM/2t- �M/ α Bb � bTBM H�#2HV 7`�+iBQM�HBx2b

BMiQ �M ǵQ`i?Q;QM�H 72`KBQMǶ- fiα- r?B+? +�``B2b #Qi? i?2 bTBM �M/ +?�`;2 Q7 i?2 2H2+i`QM- �M/

�M AbBM; p�`B�#H2 σz
i ,

ciα = σz
i fiα . UeXRV

LQi2 i?�i i?Bb /2+QKTQbBiBQM Bb BMp�`B�Mi mM/2` i?2 Z2 ;�m;2 i`�Mb7Q`K�iBQM

σz
i → ηiσ

z
i , fiα → ηifiα, UeXkV

r?2`2 ηi = ±1X q2 +�M i?2M b2i mT � t@J KQ/2H 7Q` i?2b2 /2;`22b Q7 7`22/QK- rBi? �

>�KBHiQMB�M HBF2

Hσ = −
∑

i,j

tijσ
z
i σ

z
j f

†
iαfiα +

∑

i>j,αβ

Jijf
†
iαfiβf

†
jβfjα − g

∑

i

σx
i . UeXjV

RRN



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

�i H�`;2 g- i?2 p�Hm2 Q7 σz rBHH `�TB/Hv �p2`�;2 iQ x2`Q- �M/ QMHv i?2 Jij i2`K rBHH #2 �+iBp2, bQ

r2 2tT2+i � 7`�+iBQM�HBx2/ Q`i?Q;QM�H K2i�H bi�i2 BM r?B+? i?2 σz 2t+Bi�iBQMb �`2 ;�TT2/- �M/

i?2 Q`i?Q;QM�H 72`KBQMb f �`2 /2+QM}M2/X AM +QMi`�bi- �i bK�HH g- i?2 σz +�M +QM/2Mb2 �M/

i?2M Z2 +?�`;2b �`2 +QM}M2/, i?Bb rQmH/ #2 � +QMp2MiBQM�H bi�i2 BM r?B+? c ∼ f X AM/22/-

� bBKBH�` i`�MbBiBQM ?�b �TT2�`2/ BM � `2+2Mi JQMi2 *�`HQ bim/v QM i?2 b[m�`2 H�iiB+2 �i

?�H7@}HHBM;- #2ir22M �M Q`i?Q;QM�H b2KB@K2i�H �M/ � +QM}MBM; bmT2`+QM/m+iQ` Q` � +QM}MBM;

�MiB72``QK�;M2i (d- dR- dk)X >Qr2p2`- �b r2 MQi2/ �#Qp2- i?2 bT2+B}+ KQ/2H r2 b?�HH bim/v

?2`2 QMHv ?�b � ;�TH2bb- ǵ�HKQbi +QM}MBM;Ƕ- [m�bB@>B;;b T?�b2X

h?2 KQ/2H Hσ Bb MQi /B`2+iHv �K2M�#H2 iQ � auE@HBF2 H�`;2 N HBKBiX >Qr2p2`- Bi /Q2b

#2+QK2 bQ r?2M r2 T`QKQi2 i?2 Z2 AbBM; bTBM iQ �M PUM ′V [m�MimK `QiQ` (Ree- RNj)- φp-

p = 1 . . .M ′ r?B+? Q#2vb i?2 +QMbi`�BMi

M ′∑

p=1

φ2
ip = M ′ . UeX9V

�b BM _27X (Ree- RNj)- r2 2tT2+i i?�i i?Bb T`QKQiBQM 7`QK AbBM; iQ H�`;2 M ′ `QiQ`b /Q2b MQi

KQ/B7v i?2 mMBp2`b�H +`BiB+�H T`QT2`iB2bX hQ Q#i�BM � bmBi�#H2 H�`;2 M HBKBi- r2 �HbQ T`QKQi2

i?2 bTBM BM/2t α = 1 . . .M iQ � alUMV bTBM BM/2t U�b BM _27X (Rdj)VX 6Q` i?Bb Tm`TQb2- r2

BMi`Q/m+2 �M Q`#Bi�H BM/2t- p- �M/ 7`�+iBQM�HBx2 i?2 2H2+i`QM �b

cipα = φipfiα , UeX8V

bQ i?�i

φip → ηiφip UeXeV

mM/2` i?2 Z2 ;�m;2 i`�Mb7Q`K�iBQMX h?2M r2 Q#i�BM i?2 }M�H G�;`�M;B�M Q7 i?2 t@J KQ/2H

Rky
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j
<latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit>

i
<latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit>

j
<latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit>

t
<latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit>

↵
<latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit>

�
<latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit>

↵
<latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit>

�
<latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit>

↵
<latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit>

↵
<latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit>

p
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<latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit> J

<latexit sha1_base64="q7dJw/gxgqZjRxG+mg3QpodnzwE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL+KpBWMLbSib7bRdu9mE3Y1QQn+BFw8qXv1L3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHDzpOFUOfxSJWrZBqFFyib7gR2EoU0igU2AxHN1O/+YRK81jem3GCQUQHkvc5o8ZKjbtuueJW3RnIMvFyUoEc9W75q9OLWRqhNExQrduem5ggo8pwJnBS6qQaE8pGdIBtSyWNUAfZ7NAJObFKj/RjZUsaMlN/T2Q00nochbYzomaoF72p+J/XTk3/Msi4TFKDks0X9VNBTEymX5MeV8iMGFtCmeL2VsKGVFFmbDYlG4K3+PIy8c+qV1WvcV6pXedpFOEIjuEUPLiAGtxCHXxggPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDDxWMog==</latexit><latexit sha1_base64="q7dJw/gxgqZjRxG+mg3QpodnzwE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL+KpBWMLbSib7bRdu9mE3Y1QQn+BFw8qXv1L3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHDzpOFUOfxSJWrZBqFFyib7gR2EoU0igU2AxHN1O/+YRK81jem3GCQUQHkvc5o8ZKjbtuueJW3RnIMvFyUoEc9W75q9OLWRqhNExQrduem5ggo8pwJnBS6qQaE8pGdIBtSyWNUAfZ7NAJObFKj/RjZUsaMlN/T2Q00nochbYzomaoF72p+J/XTk3/Msi4TFKDks0X9VNBTEymX5MeV8iMGFtCmeL2VsKGVFFmbDYlG4K3+PIy8c+qV1WvcV6pXedpFOEIjuEUPLiAGtxCHXxggPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDDxWMog==</latexit><latexit sha1_base64="q7dJw/gxgqZjRxG+mg3QpodnzwE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL+KpBWMLbSib7bRdu9mE3Y1QQn+BFw8qXv1L3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHDzpOFUOfxSJWrZBqFFyib7gR2EoU0igU2AxHN1O/+YRK81jem3GCQUQHkvc5o8ZKjbtuueJW3RnIMvFyUoEc9W75q9OLWRqhNExQrduem5ggo8pwJnBS6qQaE8pGdIBtSyWNUAfZ7NAJObFKj/RjZUsaMlN/T2Q00nochbYzomaoF72p+J/XTk3/Msi4TFKDks0X9VNBTEymX5MeV8iMGFtCmeL2VsKGVFFmbDYlG4K3+PIy8c+qV1WvcV6pXedpFOEIjuEUPLiAGtxCHXxggPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDDxWMog==</latexit><latexit sha1_base64="q7dJw/gxgqZjRxG+mg3QpodnzwE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL+KpBWMLbSib7bRdu9mE3Y1QQn+BFw8qXv1L3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHDzpOFUOfxSJWrZBqFFyib7gR2EoU0igU2AxHN1O/+YRK81jem3GCQUQHkvc5o8ZKjbtuueJW3RnIMvFyUoEc9W75q9OLWRqhNExQrduem5ggo8pwJnBS6qQaE8pGdIBtSyWNUAfZ7NAJObFKj/RjZUsaMlN/T2Q00nochbYzomaoF72p+J/XTk3/Msi4TFKDks0X9VNBTEymX5MeV8iMGFtCmeL2VsKGVFFmbDYlG4K3+PIy8c+qV1WvcV6pXedpFOEIjuEUPLiAGtxCHXxggPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDDxWMog==</latexit>

i
<latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit>

j
<latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit>

↵
<latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit>

i
<latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit>

j
<latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit>

i
<latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit>

j
<latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit>t

<latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit>

t
<latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit>

t
<latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit>

t
<latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit><latexit sha1_base64="WRtzdczY0I9zHAA5quvT1mwIhVs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6rGFtoS9lsN+3SzSbsToQS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4LxTe63nrg2IlYPOEl4L6JDJULBKFrpHiv9as2tuzOQZeIVpAYFmv3qV3cQszTiCpmkxnQ8N8FeRjUKJvm00k0NTygb0yHvWKpoxE0vm106JSdWGZAw1rYUkpn6eyKjkTGTKLCdEcWRWfRy8T+vk2J42cuESlLkis0XhakkGJP8bTIQmjOUE0so08LeStiIasrQhpOH4C2+vEz8s/pV3bs7rzWuizTKcATHcAoeXEADbqEJPjAI4Rle4c0ZOy/Ou/Mxby05xcwh/IHz+QODCIzg</latexit>

i
<latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit>

j
<latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit> i

<latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit><latexit sha1_base64="T1JF7X7Iyx6uKzuJ0r2L+T/GypQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWavFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPz3yjME=</latexit>

j
<latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit><latexit sha1_base64="k0q4OgbfmI/XgOPC2ul0dIP8JDw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtptN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HobuY3n1BpnsgHM04xiGlf8ogzaqzUGHbLFbfqzkFWiZeTCuSod8tfnV7CshilYYJq3fbc1AQTqgxnAqelTqYxpWxE+9i2VNIYdTCZHzolZ1bpkShRtqQhc/X3xITGWo/j0HbG1Az0sjcT//PamYmugwmXaWZQssWiKBPEJGT2NelxhcyIsSWUKW5vJWxAFWXGZlOyIXjLL68S/6J6U/Ual5XabZ5GEU7gFM7BgyuowT3UwQcGCM/wCm/O0Hlx3p2PRWvByWeO4Q+czx8/dYzC</latexit>

p
<latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit>

⌃ =
<latexit sha1_base64="nVE3rRzCGgtciPnPqlmyHh0DTkE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHisYW21A22027dHcTdjdCCf0XXjyoePXnePPfuGlz0NYHA4/3ZpiZFyacaeO6305paXllda28XtnY3Nreqe7uPeg4VYT6JOaxaodYU84k9Q0znLYTRbEIOW2Fo+vcbz1RpVks7804oYHAA8kiRrCx0mP3jg0ERpeo0qvW3Lo7BVokXkFqUKDZq351+zFJBZWGcKx1x3MTE2RYGUY4nVS6qaYJJiM8oB1LJRZUB9n04gk6skofRbGyJQ2aqr8nMiy0HovQdgpshnrey8X/vE5qovMgYzJJDZVktihKOTIxyt9HfaYoMXxsCSaK2VsRGWKFibEh5SF48y8vEv+kflH3bk9rjasijTIcwCEcgwdn0IAbaIIPBCQ8wyu8Odp5cd6dj1lrySlm9uEPnM8fQf2Phg==</latexit><latexit sha1_base64="nVE3rRzCGgtciPnPqlmyHh0DTkE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHisYW21A22027dHcTdjdCCf0XXjyoePXnePPfuGlz0NYHA4/3ZpiZFyacaeO6305paXllda28XtnY3Nreqe7uPeg4VYT6JOaxaodYU84k9Q0znLYTRbEIOW2Fo+vcbz1RpVks7804oYHAA8kiRrCx0mP3jg0ERpeo0qvW3Lo7BVokXkFqUKDZq351+zFJBZWGcKx1x3MTE2RYGUY4nVS6qaYJJiM8oB1LJRZUB9n04gk6skofRbGyJQ2aqr8nMiy0HovQdgpshnrey8X/vE5qovMgYzJJDZVktihKOTIxyt9HfaYoMXxsCSaK2VsRGWKFibEh5SF48y8vEv+kflH3bk9rjasijTIcwCEcgwdn0IAbaIIPBCQ8wyu8Odp5cd6dj1lrySlm9uEPnM8fQf2Phg==</latexit><latexit sha1_base64="nVE3rRzCGgtciPnPqlmyHh0DTkE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHisYW21A22027dHcTdjdCCf0XXjyoePXnePPfuGlz0NYHA4/3ZpiZFyacaeO6305paXllda28XtnY3Nreqe7uPeg4VYT6JOaxaodYU84k9Q0znLYTRbEIOW2Fo+vcbz1RpVks7804oYHAA8kiRrCx0mP3jg0ERpeo0qvW3Lo7BVokXkFqUKDZq351+zFJBZWGcKx1x3MTE2RYGUY4nVS6qaYJJiM8oB1LJRZUB9n04gk6skofRbGyJQ2aqr8nMiy0HovQdgpshnrey8X/vE5qovMgYzJJDZVktihKOTIxyt9HfaYoMXxsCSaK2VsRGWKFibEh5SF48y8vEv+kflH3bk9rjasijTIcwCEcgwdn0IAbaIIPBCQ8wyu8Odp5cd6dj1lrySlm9uEPnM8fQf2Phg==</latexit><latexit sha1_base64="nVE3rRzCGgtciPnPqlmyHh0DTkE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHisYW21A22027dHcTdjdCCf0XXjyoePXnePPfuGlz0NYHA4/3ZpiZFyacaeO6305paXllda28XtnY3Nreqe7uPeg4VYT6JOaxaodYU84k9Q0znLYTRbEIOW2Fo+vcbz1RpVks7804oYHAA8kiRrCx0mP3jg0ERpeo0qvW3Lo7BVokXkFqUKDZq351+zFJBZWGcKx1x3MTE2RYGUY4nVS6qaYJJiM8oB1LJRZUB9n04gk6skofRbGyJQ2aqr8nMiy0HovQdgpshnrey8X/vE5qovMgYzJJDZVktihKOTIxyt9HfaYoMXxsCSaK2VsRGWKFibEh5SF48y8vEv+kflH3bk9rjasijTIcwCEcgwdn0IAbaIIPBCQ8wyu8Odp5cd6dj1lrySlm9uEPnM8fQf2Phg==</latexit>

P =
<latexit sha1_base64="UGlUocznAplkkWr/bVLVNSYshp8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYW2lA222m7dLMJuxuhhP4GLx5UvPqHvPlv3LQ5aOuDgcd7M8zMCxPBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWOb3O/9YRK81g+mEmCQUSHkg84o8ZKfpNck0qvWnPr7gxkmXgFqUGBZq/61e3HLI1QGiao1h3PTUyQUWU4EzitdFONCWVjOsSOpZJGqINsduyUnFilTwaxsiUNmam/JzIaaT2JQtsZUTPSi14u/ud1UjO4DDIuk9SgZPNFg1QQE5P8c9LnCpkRE0soU9zeStiIKsqMzScPwVt8eZn4Z/Wrund/XmvcFGmU4QiO4RQ8uIAG3EETfGDA4Rle4c2Rzovz7nzMW0tOMXMIf+B8/gB6HY1X</latexit><latexit sha1_base64="UGlUocznAplkkWr/bVLVNSYshp8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYW2lA222m7dLMJuxuhhP4GLx5UvPqHvPlv3LQ5aOuDgcd7M8zMCxPBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWOb3O/9YRK81g+mEmCQUSHkg84o8ZKfpNck0qvWnPr7gxkmXgFqUGBZq/61e3HLI1QGiao1h3PTUyQUWU4EzitdFONCWVjOsSOpZJGqINsduyUnFilTwaxsiUNmam/JzIaaT2JQtsZUTPSi14u/ud1UjO4DDIuk9SgZPNFg1QQE5P8c9LnCpkRE0soU9zeStiIKsqMzScPwVt8eZn4Z/Wrund/XmvcFGmU4QiO4RQ8uIAG3EETfGDA4Rle4c2Rzovz7nzMW0tOMXMIf+B8/gB6HY1X</latexit><latexit sha1_base64="UGlUocznAplkkWr/bVLVNSYshp8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYW2lA222m7dLMJuxuhhP4GLx5UvPqHvPlv3LQ5aOuDgcd7M8zMCxPBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWOb3O/9YRK81g+mEmCQUSHkg84o8ZKfpNck0qvWnPr7gxkmXgFqUGBZq/61e3HLI1QGiao1h3PTUyQUWU4EzitdFONCWVjOsSOpZJGqINsduyUnFilTwaxsiUNmam/JzIaaT2JQtsZUTPSi14u/ud1UjO4DDIuk9SgZPNFg1QQE5P8c9LnCpkRE0soU9zeStiIKsqMzScPwVt8eZn4Z/Wrund/XmvcFGmU4QiO4RQ8uIAG3EETfGDA4Rle4c2Rzovz7nzMW0tOMXMIf+B8/gB6HY1X</latexit><latexit sha1_base64="UGlUocznAplkkWr/bVLVNSYshp8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYW2lA222m7dLMJuxuhhP4GLx5UvPqHvPlv3LQ5aOuDgcd7M8zMCxPBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWOb3O/9YRK81g+mEmCQUSHkg84o8ZKfpNck0qvWnPr7gxkmXgFqUGBZq/61e3HLI1QGiao1h3PTUyQUWU4EzitdFONCWVjOsSOpZJGqINsduyUnFilTwaxsiUNmam/JzIaaT2JQtsZUTPSi14u/ud1UjO4DDIuk9SgZPNFg1QQE5P8c9LnCpkRE0soU9zeStiIKsqMzScPwVt8eZn4Z/Wrund/XmvcFGmU4QiO4RQ8uIAG3EETfGDA4Rle4c2Rzovz7nzMW0tOMXMIf+B8/gB6HY1X</latexit>

+
<latexit sha1_base64="EgaC4z1l3Du/b+Qk6nPItozx9HM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklEUG9FLx6rGFtoQ9lsJ+3SzSbsboRS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvTAXXxnW/naXlldW19dJGeXNre2e3srf/qJNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4k/vNJ1SaJ/LBjFIMYtqXPOKMGivdn5a7lapbc6cgi8QrSBUKNLqVr04vYVmM0jBBtW57bmqCMVWGM4GTcifTmFI2pH1sWyppjDoYTy+dkGOr9EiUKFvSkKn6e2JMY61HcWg7Y2oGet7Lxf+8dmaiy2DMZZoZlGy2KMoEMQnJ3yY9rpAZMbKEMsXtrYQNqKLM2HDyELz5lxeJf1a7qnl359X6dZFGCQ7hCE7Agwuowy00wAcGETzDK7w5Q+fFeXc+Zq1LTjFzAH/gfP4AFGSMlw==</latexit><latexit sha1_base64="EgaC4z1l3Du/b+Qk6nPItozx9HM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklEUG9FLx6rGFtoQ9lsJ+3SzSbsboRS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvTAXXxnW/naXlldW19dJGeXNre2e3srf/qJNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4k/vNJ1SaJ/LBjFIMYtqXPOKMGivdn5a7lapbc6cgi8QrSBUKNLqVr04vYVmM0jBBtW57bmqCMVWGM4GTcifTmFI2pH1sWyppjDoYTy+dkGOr9EiUKFvSkKn6e2JMY61HcWg7Y2oGet7Lxf+8dmaiy2DMZZoZlGy2KMoEMQnJ3yY9rpAZMbKEMsXtrYQNqKLM2HDyELz5lxeJf1a7qnl359X6dZFGCQ7hCE7Agwuowy00wAcGETzDK7w5Q+fFeXc+Zq1LTjFzAH/gfP4AFGSMlw==</latexit><latexit sha1_base64="EgaC4z1l3Du/b+Qk6nPItozx9HM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklEUG9FLx6rGFtoQ9lsJ+3SzSbsboRS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvTAXXxnW/naXlldW19dJGeXNre2e3srf/qJNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4k/vNJ1SaJ/LBjFIMYtqXPOKMGivdn5a7lapbc6cgi8QrSBUKNLqVr04vYVmM0jBBtW57bmqCMVWGM4GTcifTmFI2pH1sWyppjDoYTy+dkGOr9EiUKFvSkKn6e2JMY61HcWg7Y2oGet7Lxf+8dmaiy2DMZZoZlGy2KMoEMQnJ3yY9rpAZMbKEMsXtrYQNqKLM2HDyELz5lxeJf1a7qnl359X6dZFGCQ7hCE7Agwuowy00wAcGETzDK7w5Q+fFeXc+Zq1LTjFzAH/gfP4AFGSMlw==</latexit><latexit sha1_base64="EgaC4z1l3Du/b+Qk6nPItozx9HM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklEUG9FLx6rGFtoQ9lsJ+3SzSbsboRS+g+8eFDx6k/y5r9x0+agrQ8GHu/NMDMvTAXXxnW/naXlldW19dJGeXNre2e3srf/qJNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4k/vNJ1SaJ/LBjFIMYtqXPOKMGivdn5a7lapbc6cgi8QrSBUKNLqVr04vYVmM0jBBtW57bmqCMVWGM4GTcifTmFI2pH1sWyppjDoYTy+dkGOr9EiUKFvSkKn6e2JMY61HcWg7Y2oGet7Lxf+8dmaiy2DMZZoZlGy2KMoEMQnJ3yY9rpAZMbKEMsXtrYQNqKLM2HDyELz5lxeJf1a7qnl359X6dZFGCQ7hCE7Agwuowy00wAcGETzDK7w5Q+fFeXc+Zq1LTjFzAH/gfP4AFGSMlw==</latexit>

�
<latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit><latexit sha1_base64="ytICfBDIsooS9qZ1hRynIpyMNqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zcFH7nEZXmibw30xSDmI4kjzijxkqdfoiG1mqDesNtunOQv8QrSQNKtAf1z/4wYVmM0jBBte55bmqCnCrDmcBZrZ9pTCmb0BH2LJU0Rh3k83Nn5MQqQxIlypY0ZK7+nMhprPU0Dm1nTM1YL3uF+J/Xy0x0GeRcpplByRaLokwQk5DidzLkCpkRU0soU9zeStiYKsqMTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+MBgAk/wAq9O6jw7b877orXilDOH8AvOxzecxo6g</latexit>
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<latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit>

↵
<latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit>

↵
<latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit><latexit sha1_base64="iAmwYISZUdEnMrqq7swzHM8+V48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ5lsN+3SzSbsboQS+iO8eFDx6v/x5r9x0+ag1QcDj/dmmJkXpoJr47pfTmVldW19o7pZ29re2d2r7x886CRTlPk0EYnqhqiZ4JL5hhvBuqliGIeCdcLJTeF3HpnSPJH3ZpqyIMaR5BGnaKzU6aNIx1gb1Btu052D/CVeSRpQoj2of/aHCc1iJg0VqHXPc1MT5KgMp4LNav1MsxTpBEesZ6nEmOkgn587IydWGZIoUbakIXP150SOsdbTOLSdMZqxXvYK8T+vl5noMsi5TDPDJF0sijJBTEKK38mQK0aNmFqCVHF7K6FjVEiNTagIwVt++S/xz5pXTe/uvNG6LtOowhEcwyl4cAEtuIU2+EBhAk/wAq9O6jw7b877orXilDOH8AvOxzcuZY8A</latexit>

p
<latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit>

p
<latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit><latexit sha1_base64="OhWbGOeHlEIY371R27Fcu94U1WE=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzWbZ3Qgl9Cd48aDi1X/kzX/jps1BWx8MPN6bYWZeJDnTxvO+ncrK6tr6RnXT3dre2d2r7R886jRThAYk5anqRFhTzgQNDDOcdqSiOIk4bUfjm8JvP1GlWSoezETSMMFDwWJGsLHSvXTdfq3uNbwZ0DLxS1KHEq1+7as3SEmWUGEIx1p3fU+aMMfKMMLp1O1lmkpMxnhIu5YKnFAd5rNTp+jEKgMUp8qWMGim/p7IcaL1JIlsZ4LNSC96hfif181MfBnmTMjMUEHmi+KMI5Oi4m80YIoSwyeWYKKYvRWREVaYGJtOEYK/+PIyCc4aVw3/7rzevC7TqMIRHMMp+HABTbiFFgRAYAjP8ApvDndenHfnY95accqZQ/gD5/MHsXWM8A==</latexit>

p
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�M/ i?2 #QbQMb �`2 ;�TH2bbX AM Qm` BMBiB�H �M�HvbBb- r2 rBHH rQ`F QM i?2 BK�;BM�`v 7`2[m2M+v

Rk9



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

�tBb �i T = 0X h?2 2ti2MbBQM iQ T > 0 �TT2�`b BM a2+iBQM eXkX9X

6Q` i?2 ;�TH2bb bQHmiBQMb- r2 K�F2 i?2 �Mb�ix2b p�HB/ �b τ → ∞ �i T = 0

G(τ) = −b;M(τ) F

(J |τ |)2∆f

UeXkjV

χ(τ) =
C/J

(J |τ |)2∆b
, UeXk9V

r?2`2 F > 0 �M/ C > 0- �M/ i?2v �`2 #Qi? /BK2MbBQMH2bbX h?2 6Qm`B2` i`�Mb7Q`Kb �i T = 0

�`2

G(iω) = −2i b;M(ω) F/J
2∆f

|ω|1−2∆f
cos(π∆f )Γ(1− 2∆f )

UeXk8V

χ(iω) = 2
C/J2∆b+1

|ω|1−2∆b
sin(π∆b)Γ(1− 2∆b) . UeXkeV

6`QK 1[X UeXR3V �M/ UeXRNV- i?2 b2H7 2M2`;B2b �`2

Σ(τ) = −b;M(τ)
(

J2F 3

(J |τ |)6∆f
+

k t̃ 2FC2/J2

(J |τ |)2∆f+4∆b

)

UeXkdV

P (τ) =
2 t̃ 2F 2C/J

(J |τ |)4∆f+2∆b
, UeXk3V

�M/ i?2B` 6Qm`B2` i`�Mb7Q`Kb �`2

Σ(iω) = −2i b;M(ω)
(
J2−6∆fF 3

|ω|1−6∆f
cos(3π∆f )Γ(1− 6∆f )

UeXkNV

+
k(t̃/J2)2J2−2∆f−4∆bFC2

|ω|1−2∆f−4∆b
cos(π(∆f + 2∆b))Γ(1− 2∆f − 4∆b)

)

UeXjyV

P (iω) = 4
(t̃/J2)2J3−4∆f−2∆bF 2C

|ω|1−4∆f−2∆b
sin(π(2∆f +∆b))Γ(1− 4∆f − 2∆b) . UeXjRV

Rk8



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

6`QK 1[Mb UeXkeV �M/ UeXjRV- �M/ mbBM; G(iω)Σ(iω) = −1 �M/ χ(iω)P (iω) = −1 BM i?2 HBKBi

Q7 HQr ω- r2 b22 i?�i bQHmiBQMb �`2 QMHv TQbbB#H2 r?2M

∆f +∆b = 1/2 . UeXjkV

6m`i?2` 2t�KBM�iBQM Q7 i?2 b�//H2 TQBMi 2[m�iBQMb b?Qrb i?�i irQ +H�bb2b Q7 bQHmiBQMb �`2

TQbbB#H2- /2T2M/BM; mTQM r?2i?2` ∆f > 1/4 Q` ∆f = 1/4X q2 rBHH 2t�KBM2 i?2b2 bQHmiBQMb

BM i?2 7QHHQrBM; bm#b2+iBQMbX

∆f > 1/4

AM i?Bb +�b2- i?2 }`bi i2`K BM Σ(iω) BM 1[X UeXjRV Bb bm#/QKBM�Mi �M/ +�M #2 B;MQ`2/X h?2M

i?2 a+?rBM;2`@.vbQM 2[m�iBQMb bBKTHB7v

k(t̃/J2)2F 2C24π cot(π∆f )

2− 4∆f
= 1

UeXjjV

(t̃/J2)2F 2C22π cot(π∆f )

∆f
= 1 UeXj9V

h?2b2 2[m�iBQMb �`2 +QMbBbi2Mi QMHv B7 r2 +?QQb2 i?2 b+�HBM; /BK2MbBQMb

∆f =
1

k + 2
, ∆b =

k

2(k + 2)
. UeXj8V

LQi2 i?�i ∆f > 1/4 `2[mB`2b k < 2X aQ i?2 2tTQM2Mib �`2 HBKBi2/ iQ i?2 `�M;2b

1

4
< ∆f <

1

2
, 0 < ∆b <

1

4
. UeXjeV

h?2 �#Qp2 �M�HvbBb Q7 i?2 HQr ω HBKBi Q7 i?2 b�//H2 TQBMi 2[m�iBQMb /Q2b MQi /2i2`KBM2

i?2 p�Hm2b Q7 F �M/ C b2T�`�i2Hv- QMHv i?2 p�Hm2 Q7 i?2B` T`Q/m+i CF X aQ r2 2tT2+i i?�i i?2

∆f > 1/4 bQHmiBQM /2}M2b � T?�b2 r?B+? 2ti2M/b Qp2` � `�M;2 Q7 p�Hm2 Q7 gX

Rke



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

∆f = ∆b = 1/4

LQr #Qi? i2`Kb BM Σ BM 1[X UeXjRV ?�p2 i?2 b�K2 7`2[m2M+v /2T2M/2M+2- �M/ bQ #Qi? +QM@

i`B#mi2 iQ i?2 HQr ω HBKBiX h?2 a+?rBM;2`@.vbQM 2[m�iBQMb MQr #2+QK2

F 4 + k(t̃/J2)2C2F 2 =
1

4π

UeXjdV

(t̃/J2)2C2F 2 =
1

8π
. UeXj3V

h?2b2 +�M #2 bQHp2/ mMB[m2Hv 7Q` #Qi? F > 0 �M/ C > 0 T`QpB/2/ �;�BM k < 2X h?2

2tBbi2M+2 Q7 mMB[m2 HQr ω bQHmiBQM rBi? i?2b2 2tTQM2Mib BM/B+�i2b i?�i 1[X UeXkkV rBHH vB2H/

QMHv � T�`iB+mH�` p�Hm2 Q7 gX q2 rBHH }M/ i?�i Bb i?2 +�b2 BM Qm` MmK2`B+b- �M/ i?Bb bQHmiBQM

�TT2�`b iQ /2b+`B#2 � +`BiB+�H TQBMi #2ir22M Qm` ∆f > 1/4 ;�TH2bb �M/ ;�TT2/ T?�b2bX

eXkX9 LQM@x2`Q i2KT2`�im`2b

Ai im`Mb Qmi i?�i � T > 0 +QM7Q`K�H 2ti2MbBQM Q7 i?2 �#Qp2 ;�TH2bb bQHmiBQMb b�iBb}2b i?2

b�//H2 TQBMi 2[m�iBQMb BM 1[bX UeXR3V �M/ UeXRNV �i T > 0- Dmbi �b r�b MQi2/ BM _27bX (R8R- ReN)X

6`QK 1[X UeXk9V- i?2 +QM7Q`K�H 2ti2MbBQM Bb

G(τ) = −b;M(τ) F

J2∆f

(
πT

| sin(πT τ)|

)2∆f

UeXjNV

χ(τ) =
C

J2∆b+1

(
πT

| sin(πT τ)|

)2∆b

, UeX9yV

"mi- r2 �HbQ ?�p2 iQ p2`B7v i?�i i?2 1[X UeXkkV vB2H/b i?2 b�K2 p�Hm2 Q7 g �b �i T = 0X

h?2 7`2[m2M+v bmKK�iBQM BM 1[X UeXkkV Bb /QKBM�i2/ #v ?B;? 2M2`;B2b- �M/ r2 /QMǶi 2tT2+i

bB;MB}+�Mi +?�M;2 BM i?2 bT2+i`�H r2B;?i �i bm+? 7`2[m2M+B2b �i � bK�HH T > 0X aQ r2 M22/ QMHv

2t�KBM2 i?2 HQr 7`2[m2M+B2b BM 1[X UeXkkV- BM r?B+? +�b2 r2 +�M mb2 i?2 +QM7Q`K�H bQHmiBQMX

hQ 7Q+mb QM HQr 7`2[m2M+B2b- r2 bm#i`�+i 1[X UeXkkV #2ir22M Bib T = 0 �M/ T > 0 p�Hm2b- �M/

Rkd



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

`2;mH�i2 i?2 ?B;?2` 7`2[m2M+B2b #v BMb2`iBM; � TQBMi@bTHBiiBM; τ X h?2M i?2 `2[mB`2K2Mi i?�i

i?2 p�Hm2 Q7 g Bb i?2 b�K2 �i T = 0 �M/ BM i?2 +QM7Q`K�H bQHmiBQM Bb

lim
τ→0

[χ(τ, T )− χ(τ, T = 0)] = 0 UeX9RV

Ai Bb MQr 2�bv iQ p2`B7v i?�i 1[X UeX9yV /Q2b BM/22/ b�iBb7v 1[X UeX9RVX

h�FBM; i?2 6Qm`B2` i`�Mb7Q`K Q7 1[X UeX9yV- r2 ?�p2 i?2 HQr ω ;�TH2bb bQHmiBQM �b � 7mM+iBQM

Q7 ω �M/ T

G(iωn) =

[
−i

FΠ(2∆f )

J2∆f

] T 2∆f−1 Γ
(
∆f +

ωn

2πT

)

Γ
(
1−∆f +

ωn

2πT

)

χ(iωn) =

[
CΠ̃(2∆b)

J2∆b+1

]
T 2∆b−1 Γ

(
∆b +

ωn

2πT

)

Γ
(
1−∆b +

ωn

2πT

) UeX9kV

r?2`2

Π(s) ≡ πs−12s cos
(πs
2

)
Γ(1− s) , Π̃(s) ≡ πs−12s sin

(πs
2

)
Γ(1− s) UeX9jV

6`QK 1[X UeXkRV- r2 i?2`27Q`2 Q#i�BM i?2 T @/2T2M/2M+2 Q7 i?2 bi�iB+ bmb+2TiB#BHBiv

χ0 =

[
CΠ̃(2∆b)Γ(∆b)

J2∆b+1Γ(1−∆b)

]
T 2∆b−1 . UeX99V

h?2 bmb+2TiB#BHBiv Kmbi ?�p2 i?Bb T /2T2M/2M+2 �i HQr T iQ F22T g }t2/ r?BH2 T p�`B2bX

eXkX8 :�TT2/ #QbQM bQHmiBQM

LQr r2 b2�`+? 7Q` � TQbbB#H2 bQHmiBQM Q7 1[bX UeXR3V �M/ UeXRNV rBi? � ;�T BM i?2 #QbQM

bT2+i`mK �i T = 0X qBi? �M 2M2`;v ;�T- m- 7`QK 1[X U1XRyV r2 +�M +QM+Hm/2 i?�i i?2 #QbQM

Rk3



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

:`22MǶb 7mM+iBQM /2+�vb 2tTQM2MiB�HHv �i HQM; iBK2bX aQ r2 r`Bi2

χ(τ) =
B/J

(J |τ |)γ e
−m|τ | , |τ | ≫ 1/m, T = 0 , UeX98V

T�`�K2i2`Bx2/ #v i?2 ;�T m- i?2 2tTQM2Mi γ �M/ i?2 /BK2MbBQMH2bb T`27�+iQ` BX 6`QK i?2

bT2+i`�H �M�HvbBb BM �TT2M/Bt 1XR r2 +QM+Hm/2 i?�i i?2 #QbQM :`22MǶb 7mM+iBQM χ(z) ?�b

#`�M+? +mib BM i?2 +QKTH2t 7`2[m2M+v TH�M2 �i z = ±mX �i z = m- i?2 bBM;mH�` UMQM@

�M�HviB+V T�`i Q7 χ(z) Bb

χsing(z) =
πB

J2Γ(γ)

iJ1−γ

(z −m)1−γ
, z ∼ m UeX9eV

qBi? � ;�T BM i?2 #QbQM bT2+i`mK- 1[X UeXR3V BKTHv i?�i r2 +�M B;MQ`2 i?2 #QbQM +Q``2H�iQ`

BM i?2 /2i2`KBM�iBQM Q7 i?2 72`KBQM bT2+i`mK �i bK�HH ωX AM/22/- i?2 72`KBQMB+ +QKTQM2Mi

Q7 i?2 2[m�iBQMb �`2 i?2 b�K2 �b i?Qb2 BM _27X (Rdj)- �M/ bQ r2 ?�p2 i?2 b�K2 ;�TH2bb bQHmiBQM

BX2X

G(τ) = −b;M(τ) A

J1/2

(
πT

| sin(πT τ)|

)1/2

, A =
1

(4π)1/4
UeX9dV

6`QK 1[X UeXRNV r2 +�M i?2M Q#i�BM i?2 HQM; iBK2 #2?�pBQ` Q7 i?2 #QbQM b2H7 2M2`;v

P (τ) =
2A2Bt̃2

J

1

(J |τ |)1+γ
e−m|τ | , |τ | ≫ 1/m, T = 0 . UeX93V

6`QK i?2 �M�HvbBb BM �TT2M/Bt 1XR- �b 7Q` 1[X UeX9eV- r2 +QM+Hm/2 i?�i P (z) ?�b � #`�M+?

+mi BM i?2 +QKTH2t 7`2[m2M+v TH�M2 �i z = ±m rBi? bBM;mH�` T�`i

Psing(z) =
2πA2Bt̃2

J2Γ(1 + γ)

i(z −m)γ

Jγ
, z ∼ m UeX9NV

*QKT�`BM; 1[bX UeX9eV �M/ UeX9NV rBi? i?2 .vbQM 2[m�iBQM BM 1[X UeXRNV- Bi Bb MQi /B{+mHi

RkN



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

iQ b22 i?�i � +QMbBbi2Mi bQHmiBQM Bb QMHv TQbbB#H2 B7

−m2 + χ−1
0 − P (z = m) + P (z = 0) = 0 UeX8yV

�M/ i?2 2tTQM2Mi

γ =
1

2
. UeX8RV

h?2 /BK2MbBQMH2bb T`2@7�+iQ` B Bb �HbQ /2i2`KBM2/ iQ #2

(t̃/J2)2A2B2 =
1

4π
. UeX8kV

eXj _2bmHib

eXjXR *QKTQbBi2 QT2`�iQ`b

λ QT2`�iQ`

LQr r2 +QMbB/2` i?2 bi`m+im`2 Q7 ~m+im�iBQMb �#Qmi i?2 b�//H2 TQBMi bQHmiBQMb /2b+`B#2/ BM

i?2 T`2pBQmb b2+iBQMbX 6B`bi- r2 7Q+mb QMHv QM i?2 ~m+im�iBQMb Q7 i?2 G�;`�M;2 KmHiBTHB2`

}2H/ λi �#Qmi i?2 b�//H2 TQBMi p�Hm2 BM 1[X UeXkyVX h?Bb }2H/ `2T`2b2Mib i?2 φ2 QT2`�iQ`

(ReR)- �M/ bQ Bib b+�HBM; T`QT2`iB2b �`2 BKTQ`i�Mi BM /2i2`KBMBM; i?2 K�MM2` BM r?B+? i?2

;�T BM i?2 φ bT2+i`mK QT2Mb mT (ReR)- �b r2 rBHH /Bb+mbb BM a2+iBQM eXjXkX

q2 r`Bi2

iλi = χ−1
0 + P (iωn = 0) + iλi , UeX8jV

�M/ i?2M /2i2`KBM2 i?2 2z2+iBp2 �+iBQM 7Q` λi ~m+im�iBQMb iQ H2�/BM; Q`/2` BM H�`;2 N �M/

H�`;2 M - �7i2` BMi2;`�iBM; Qmi i?2 f �M/ i?2 φ }2H/bX h?2 /B�;`�Kb i?�i +QMi`B#mi2 iQ i?Bb

2z2+iBp2 �+iBQM �`2 [mBi2 +QKTHB+�i2/ �M/ `2�/2`b K�v `272` iQ i?2 Q`B;BM�H T�T2` 7Q` KQ`2

Rjy



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

/2i�BHbX AM bmKK�`v- i?2 /B�;`�Kb H2�/ iQ �M �+iBQM Q7 i?2 7Q`K

Sλ =
TM ′

2

∑

ωn,i,j

λi(ωn)
(
Πij

0 (ωn) + Πij
1 (ωn)

)
λj(−ωn) . UeX89V

q?2`2 r2 /2MQi2 i?2 #m##H2 /B�;`�Kb #v Πij
0 - r?B+? Bb /B�;QM�H BM bBi2 BM/2t UBX2X Πij

0 =

Π0δijV �M/ vB2H/b UBM iBK2 /QK�BMV,

Π0(τ) = i i = [χ(τ)]2 , UeX88V

r?2`2 χ(τ) Bb ;Bp2M #v 1[X UeXk9VX q2 mb2 Πij
1 iQ `2T`2b2Mi H�//2` /B�;`�Kb rBi? 2ti2`M�H

BM/B+2b ijX AM ;2M2`�H- r2 2tT2+i i?2 K�i`Bt Πij
1 ?�b T2`Kmi�iBQM bvKK2i`v Q7 i?2 BM/B+2b-

r?B+? +QMbi`�BMb i?2 7Q`K Q7 Πij
1 iQ #2 � K�i`Bt rBi? B/2MiB+�H /B�;QM�H 2H2K2Mib �M/ B/2MiB+�H

Qz@/B�;QM�H 2H2K2Mib- BX2X i?2`2 �`2 QMHv irQ 7`22 T�`�K2i2`bX am+? K�i`Bt �/KBib QM2

2B;2Mp2+iQ` i?�i Bb mMB7Q`K BM bBi2 BM/2t rBi? 2B;2Mp�Hm2 (Πii
1 + (N − 1)Πij

1 ) �M/ (N − 1)

MQM@mMB7Q`K 2B;2Mp2+iQ`b rBi? 2B;2Mp�Hm2 (Πii
1 − Πij

1 )X q2 �`2 BMi2`2bi2/ BM i?2 bBi2@mMB7Q`K

KQ/2- r?Qb2 2B;2Mp�Hm2 7Q` i?2 r?QH2 F2`M2H BM+Hm/BM; i?2 #m##H2 i2`K +�M #2 r`Bii2M BM

i?2 7QHHQrBM; bvKK2i`B+ r�v,

Πii
0 + Πii

1 + (N − 1)Πij
1 = Π0 +

1

N

∑

ij

Πij
1 UeX8eV

q2 /2MQi2 i?2 b2+QM/ i2`K #v Π1 :=
1
N

∑
ij Π

ij
1 - r?B+? `2[mB`2b 2p�Hm�iBQM Q7 KmHiBTH2 BM}MBi2

b2`B2b Q7 /B�;`�Kbc i?2v vB2H/ i?2 `2bmHi,

Π1(τ) ≈
1

2

(
1− 2π

(logΛ|τ |)2

)
Π0(τ) . UeX8dV

r?B+? Bb T`QTQ`iBQM�H iQ Π0(τ) rBi? � bK�HH (logΛ|τ |)−2 +Q``2+iBQMX h?2`27Q`2 r2 ?�p2 i?2

RjR



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

+Q``2H�iQ` 7Q` i?2 bBi2@mMB7Q`K λ ~m+im�iBQM

〈
λ(ωn)λ(−ωn)

〉
=

1

M ′(Π0(ωn) + Π1(ωn))
. UeX83V

GBKBiBM; Qm`b2Hp2b iQ i?2 ∆b = 1/4 +`BiB+�H bi�i2- iQ H2�/BM; HQ; �++m`�+v �i HQr 7`2[m2M+v-

i?Bb T`QT�;�iQ` Bb /QKBM�i2/ #v i?2 6Qm`B2` i`�Mb7Q`K Q7 Π0(τ) ∼ 1/|τ |- r?B+? vB2H/b

〈
λ(τ)λ(0)

〉
∼

∫
dω

eiωτ

ln(Λ/|ω|) ∼ 1

|τ |1+ϵ
, UeX8NV

rBi? ϵ = 1/(ln(Λ|τ |))X aQ r2 +�M r`Bi2 i?2 b+�HBM; /BK2MbBQM [λ] = (1 + ϵ)/2- rBi? ϵ

`2T`2b2MiBM; HQ;�`Bi?KB+ +Q``2+iBQMb iQ b+�HBM;X

1H2+i`QM QT2`�iQ`

6`QK i?2 /2}MBiBQM Q7 i?2 2H2+i`QM QT2`�iQ` BM 1[X UeX8V- r2 ?�p2 iQ H2�/BM; Q`/2` BM 1/N

7Q` i?2 2H2+i`QM :`22MǶb 7mM+iBQM- Gc-

Gc(τ) = G(τ)χ(τ)

UeXeyV

= −b;M(τ) FC

J2|τ | UeXeRV

r?2`2 r2 ?�p2 mb2/ 1[X UeXk9V �M/ i?2 2tTQM2Mi `2H�iBQM BM 1[X UeXjkVX LQi2 i?�i 1[X UeXjkV-

�M/ ?2M+2 1[X UeXeRV- ?QH/ 7Q` i?2 #Qi? i?2 ;�TH2bb bQHmiBQMb BM a2+iBQMb eXkXj �M/ eXkXjX �b

r�b i?2 +�b2 7Q` i?2 λ ~m+im�iBQMb /Bb+mbb2/ �#Qp2- �//BiBQM�H +QMi`B#miBQMb iQ 1[X UeXeRV

7`QK H�//2` /B�;`�Kb QMHv vB2H/ Qz@bBi2 i2`Kb r?B+? �`2 bmTT`2bb2/ #v 1/N X aQ 1[X UeXeRV

Bb 2t�+i iQ H2�/BM; Q`/2` BM i?2 H�`;2 N HBKBi Q7 i?Bb T�T2`X

Ai Bb `2K�`F�#H2 i?�i Gc(τ) ?�b i?2 b�K2 7Q`K �b i?�i BM � 62`KB HB[mB/ bi�i2X h?Bb

+�M #2 b22M iQ #2 � +QMb2[m2M+2 Q7 i?2 `2H2p�M+2 Q7 i?2 ?QTTBM;- t- r?B+? KQp2b bBM;H2

2H2+i`QMb #2ir22M bBi2bX >Qr2p2`- Bi Bb BKTQ`i�Mi iQ MQi2 i?�i /2bTBi2 i?2 62`KB HB[mB/
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*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

7Q`K BM 1[X UeXeRV- i?2 bi�i2b mM/2` +QMbB/2`�iBQMb �`2 MQi 62`KB HB[mB/b, i?2B` 2H2K2Mi�`v

2t+Bi�iBQMb �`2 i?2 7`�+iBQM�HBx2/ f �M/ φ 2t+Bi�iBQMb- r?B+? +�``v �MQK�HQmb 2tTQM2MibX

eXjXk LmK2`B+�H _2bmHib

q2 MQr T`2b2Mi MmK2`B+�H i2bib Q7 i?2 bQHmiBQMb Q7 1[bX UeXR3V �M/ UeXRNVX h?2b2 ;Q #2vQM/

i?2 HQr 7`2[m2M+v �M�HviB+�H �M�Hvb2b Q7 a2+iBQMb eXkXj �M/ eXkX8- �M/ BM+Hm/2 �HH 7`2[m2M+B2bX

h?2`2 �`2 MQ mHi`�pBQH2i /Bp2`;2M+B2b- �M/ bQ i?2 bQHmiBQMb /2T2M/ QMHv mTQM i?2 T�`�K2i2`b

BM i?2 G�;`�M;B�MX

Pm` MmK2`B+�H bi`�i2;v r�b iQ TB+F �i }`bi i?2 p�Hm2b Q7 i?2 T�`�K2i2`b t̃ �M/ J - �M/ i?2M

K�F2 � +?QB+2 7Q` i?2 #QbQM bmb+2TiB#BHBiv �i x2`Q 7`2[m2M+v- χ0X h?2M r2 Bi2`�i2 1[bX UeXR3V

�M/ UeXRNV mMiBH i?2 bQHmiBQM +QMp2`;2bX 6BM�HHv- r2 BMb2`i i?2 bQHmiBQM BM 1[X UeXkkV �M/

/2i2`KBM2 i?2 p�Hm2 Q7 gX aQ r2 /2i2`KBM2 g �b � 7mM+iBQM Q7 χ0- `�i?2` i?�M i?2 Qi?2` r�v

�`QmM/X

2πT τ
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J =1 t̃ =1 k =1 T =0.005 g ≈0.8077
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6B;m`2 eXj, h?2 MmK2`B+�H `2bmHib 7Q` G(τ) �M/ χ(τ) �i i?2 ;�TH2bb T?�b2 �`2 b?QrM BM bQHB/
HBM2b 7Q` J = 1- t̃ = 1- k = 1- T = 0.005 �M/ g ≈ 0.8077 Ui?2 BMTmi χ0 ≈ 53.6VX h?2 ;�TH2bb
+QM7Q`K�H �Mbr2`b 7Q` G �M/ χ �`2 THQii2/ BM /�b?2/ HBM2b rBi? i?2 p�Hm2b 7`QK 1[X UeXj8V-
∆f = 1/3- ∆b = 1/6X h?2 T`27�+iQ` C Bb /2i2`KBM2/ #v UeX99V rBi? ∆b = 1/6- i?2M F Bb
/2i2`KBM2/ #v UeXj9VX

6B`bi- r2 2t�KBM2/ i?2 ;�TH2bb bQHmiBQMb- rBi? i?2 BMTmi χ0- i?2 +QM7Q`K�H bQHmiBQM T`27@

�+iQ` Bb /2i2`KBM2/ #v UeX99VX � bQHmiBQM rBi? ∆f > 1/4 Bb b?QrM BM 6B;X eXjX AM i?Bb +�b2-

�i �Mv }MBi2 i2KT2`�im`2- �Hi?Qm;? i?2 T`27�+iQ` 2[m�iBQMb UeXj9V 7`QK i?2 b�//H2 TQBMi

Rjj



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

2[m�iBQMb /Q MQi /2i2`KBM2 i?2 T`27�+iQ`b F �M/ C b2T�`�i2Hv- #mi i?2 K�i+?BM; +QM/BiBQM

UeX99V /2i2`KBM2b i?2KX q2 +�M i?BMF �#Qmi Bi i?Bb r�v, /Bz2`2Mi χ0 `2bmHib 7`QK /Bz2`2Mi

g �M/ Bi /2i2`KBM2b /Bz2`2Mi F �M/ CX aQ bm+? � ;�TH2bb bQHmiBQM +�M #2 Q#i�BM2/ 7Q` �

`�M;2 Q7 p�Hm2b Q7 g �i � }t2/ ∆f X �M/ �i x2`Q i2KT2`�im`2- r?2M χ0 /Bp2`;2b- r2 +�MMQi

/2i2`KBM2 F �M/ C b2T�`�i2HvX h?mb i?Bb ;�TH2bb bQHmiBQM /2}M2b � +`BiB+�H T?�b2X
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6B;m`2 eX9, h?2 MmK2`B+�H `2bmHib 7Q` G(τ) �M/ χ(τ) �i i?2 +`BiB+�H T?�b2 �`2 b?QrM BM bQHB/
HBM2b 7Q` J = 1- t̃ = 1- k = 1- T = 0.005 �M/ gc ≈ 1.133 Uh?2 BMTmi χ0 ≈ 18.6 +�M #2 Q#i�BM2/
7`QK UeX99V rBi? ∆b = 1/4VX h?2 +`BiB+�H +QM7Q`K�H �Mbr2`b 7Q` G �M/ χ �`2 THQii2/ BM /�b?2/
HBM2bX

L2ti- r2 2t�KBM2/ i?2 ;�TH2bb bQHmiBQM rBi? ∆f = 1/4 BM 6B;X eX9X AM i?Bb +�b2- i?2

b�//H2 TQBMi 2[m�iBQMb /2i2`KBM2 F �M/ C b2T�`�i2Hv BM i?2 T`27�+iQ` 2[m�iBQMb 1[X UeXj3VX

6Q` 2�+? p�Hm2 Q7 t̃- J - k �M/ T - i?2 +`BiB+�H bmb+2TiB#BHBiv Bb /2i2`KBM2/ #v UeX99V- i?mb Bi

/2i2`KBM2b �M mMB[m2 gcX

q2 �HbQ 2t�KBM2/ i?2 T /2T2M/2M+2 Q7 χ−1
0 T`2/B+i2/ #v 1[X UeX99VX q2 +?QQb2 /Bz2`2Mi

p�Hm2b Q7 T rBi? Qi?2` T�`�K2i2`b }t2/- �M/ 7QmM/ � T @BM/T2M/2Mi p�Hm2 Q7 gX h?Bb +QM}`Kb

i?2 �M�HvbBb BM a2+iBQM eXkX9 QM 2ti2M/BM; i?2 T = 0 ;�TH2bb bQHmiBQM iQ MQMx2`Q T X

6BM�HHv- r2 2t�KBM2/ i?2 ;�TT2/ #QbQM bQHmiBQM Q7 a2+iBQM eXkX8 BM 6B;X eX8X h?2 MQ`K�H@

Bx�iBQM +QMbi�Mi 7Q` i?2 72`KBQM +QM7Q`K�H �Mbr2` Bb /2}M2/ BM 1[X UeX9dVX �;�BM r2 }M/

;QQ/ �;`22K2Mi #2ir22M i?2 MmK2`B+�H bQHmiBQM �M/ Qm` �M�HviB+ 7Q`KX q2 �HbQ +QKTmi2/

i?2 ?B;? i2KT2`�im`2 2tT�MbBQM BM �TT2M/BtX 1Xk �M/ }M/ [m�HBi�iBp2 �;`22K2Mib r?2M
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*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H
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6B;m`2 eX8, h?2 MmK2`B+�H `2bmHib 7Q` G(τ) �M/ χ(τ) �i i?2 ;�TT2/ #QbQM T?�b2 �`2 b?QrM
BM bQHB/ HBM2b 7Q` J = 1- t̃ = 1- k = 1- T = 0.005 �M/ g ≈ 1.149 Uh?2 BMTmi χ0 ≈ 6.6VX h?2
+`BiB+�H +QM7Q`K�H �Mbr2`b 7Q` G 7`QK UeX9dV Bb THQii2/ BM /�b?2/ HBM2X

+QKTmiBM; gX

10-1
0.9

0.95

1

1.05

1.1

1.15

1.2

1.25

1.3

6B;m`2 eXe, h?2 MmK2`B+�H `2bmHib 7Q` g �b 7mM+iBQM Q7 χ−1
0 7Q` p�`BQmb p�Hm2b Q7 i?2 T�`�K2i2`

k �i J = 1- t̃ = 1 �M/ T = 0.005X h?2 +`BiB+�H gc Bb b?QrM BM /�b?2/ HBM2X 6Q` k < kc ≈ 0.9
i?2 +`BiB+�H TQBMi Bb HQ+�i2/ BMbB/2 �M mMT?vbB+�H /QK�BM- r?B+? K2�Mb i?�i i?2 +`BiB+�H T?�b2
Bb �#b2Mi �M/ i?2`2 Bb }`bi@Q`/2` T?�b2 i`�MbBiBQMX

LQr r2 im`M iQ /2i2`KBMBM; ?Qr i?2 p�`BQmb bQHmiBQMb }i iQ;2i?2` BM � T?�b2 /B�;`�K �b

� 7mM+iBQM Q7 k �M/ gX q2 b2i t̃ = J = 1 BM i?Bb �M�HvbBbX �b Qm` BM/2T2M/2Mi T�`�K2i2` Bb

χ0- �M/ MQi g- r2 b?Qr BM 6B;X eXe i?2 p�Hm2 Q7 g /2i2`KBM2/ 7`QK 1[X UeXkkV �b � 7mM+iBQM Q7

χ−1
0 7Q` p�`BQmb p�Hm2b Q7 kX h?2 p�Hm2b Q7 χ−1

0 +Q``2bTQM/BM; iQ 1[X UeX99V �i ∆b = 1/4 vB2H/
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*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

i?2 p�Hm2 Q7 gc 7Q` 2�+? k, i?Bb Bb THQii2/ �b i?2 /�b?2/ HBM2X h?2 KQbi MQi�#H2 72�im`2 Q7

6B;X eXe Bb i?2 MQM@KQMQiQMB+ /2T2M/2M+2 Q7 g QM χ−1
0 7Q` +2`i�BM kX h?Bb BKTHB2b i?�i 7Q` �

;Bp2M g i?2`2 �`2 KmHiBTH2 bQHmiBQMb Q7 i?2 b�//H2 TQBMi 2[m�iBQMb BM 1[bX UeXR3V- UeXRNV- �M/

UeXkkV +Q``2bTQM/BM; iQ i?2 /Bz2`2Mi bQHmiBQMb 7Q` i?2 p�Hm2 Q7 χ0X hQ /BbiBM;mBb? #2ir22M

i?2 bQHmiBQMb- r2 ?�p2 iQ 2p�Hm�i2 i?2 7`22 2M2`;v Q7 2�+? bQHmiBQM �M/ TB+F i?2 QM2 rBi? i?2

HQr2bi 7`22 2M2`;vX q2 ?�p2 MQi +�``B2/ Qmi i?Bb 2p�Hm�iBQM- �M/ bQ �`2 mM�#H2 iQ /2i2`KBM2

i?2 T`2+Bb2 HQ+�iBQM Q7 i?2 i`�MbBiBQM #2ir22M i?2 ;�TH2bb �M/ ;�TT2/ bQHmiBQMbX AM �Mv +�b2-

r2 +�M +QM+Hm/2 i?�i i?2`2 Bb � }`bi@Q`/2` i`�MbBiBQM 7`QK i?2 ;�TH2bb iQ i?2 ;�TT2/ bQHmiBQM

r?2M g Bb � /2+`2�bBM; 7mM+iBQM Q7 χ−1
0 M2�` gcX

PM i?2 #�bBb Q7 i?2 �#Qp2 �M�HvbBb �M/ 6B;X eXe- r2 �bb2K#H2 i?2 b+?2K�iB+ T?�b2 /B�;`�K

BM 6B;X eXdX h?2 ;�TH2bb T?�b2 rBi? ∆f > 1/4 Bb b2T�`�i2/ 7`QK i?2 ;�TT2/ #QbQM T?�b2 #v

2Bi?2` � }`bi@Q`/2` Q` � b2+QM/@Q`/2` T?�b2 i`�MbBiBQMX 6Q` i?2 H�ii2` +�b2- i?2 +`BiB+�H bi�i2

Bb /2b+`B#2/ #v i?2 ∆f = 1/4 bQHmiBQM /2b+`B#2/ BM a2+iBQM eXkXjX

g
<latexit sha1_base64="m5wnS2ZFHSzMTeniJv4LFZgGOr0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6NpnmdaV+m8dRhDM4h0vwoAZ1uIcGtIABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/MI4zq</latexit><latexit sha1_base64="m5wnS2ZFHSzMTeniJv4LFZgGOr0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6NpnmdaV+m8dRhDM4h0vwoAZ1uIcGtIABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/MI4zq</latexit><latexit sha1_base64="m5wnS2ZFHSzMTeniJv4LFZgGOr0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6NpnmdaV+m8dRhDM4h0vwoAZ1uIcGtIABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/MI4zq</latexit><latexit sha1_base64="m5wnS2ZFHSzMTeniJv4LFZgGOr0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6NpnmdaV+m8dRhDM4h0vwoAZ1uIcGtIABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/MI4zq</latexit>

k
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2<latexit sha1_base64="GsDr+DbL4XibAfFGFc6ten/iVyQ=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPJtOqVRq3eRxFuIBLuAYPbqAB99CENjBAeIZXeHMenRfn3flYtRacfOYc/sD5/AF7L4yz</latexit><latexit sha1_base64="ab9K7qLmdEnDyLaIxxIgHvV+kzI=">AAAB5HicbVBNT8JAEJ3iF9Yv9OplIzHxRFoueiR68YiJBRJoyHaZwsp22+xuTUjDL/DiQePV3+TNf+MCPSj4kkle3pvJzLwoE1wbz/t2KlvbO7t71X334PDo+KTmnnZ0miuGAUtFqnoR1Si4xMBwI7CXKaRJJLAbTe8WfvcZleapfDSzDMOEjiWPOaPGSg/NYa3uNbwlyCbxS1KHEu1h7WswSlmeoDRMUK37vpeZsKDKcCZw7g5yjRllUzrGvqWSJqjDYnnonFxaZUTiVNmShizV3xMFTbSeJZHtTKiZ6HVvIf7n9XMT34QFl1luULLVojgXxKRk8TUZcYXMiJkllClubyVsQhVlxmbj2hD89Zc3SafZ8G0y9dZtGUYVzuECrsCHa2jBPbQhAAYIL/AG786T8+p8rBorTjlxBn/gfP4AEYWLiw==</latexit><latexit sha1_base64="ab9K7qLmdEnDyLaIxxIgHvV+kzI=">AAAB5HicbVBNT8JAEJ3iF9Yv9OplIzHxRFoueiR68YiJBRJoyHaZwsp22+xuTUjDL/DiQePV3+TNf+MCPSj4kkle3pvJzLwoE1wbz/t2KlvbO7t71X334PDo+KTmnnZ0miuGAUtFqnoR1Si4xMBwI7CXKaRJJLAbTe8WfvcZleapfDSzDMOEjiWPOaPGSg/NYa3uNbwlyCbxS1KHEu1h7WswSlmeoDRMUK37vpeZsKDKcCZw7g5yjRllUzrGvqWSJqjDYnnonFxaZUTiVNmShizV3xMFTbSeJZHtTKiZ6HVvIf7n9XMT34QFl1luULLVojgXxKRk8TUZcYXMiJkllClubyVsQhVlxmbj2hD89Zc3SafZ8G0y9dZtGUYVzuECrsCHa2jBPbQhAAYIL/AG786T8+p8rBorTjlxBn/gfP4AEYWLiw==</latexit><latexit sha1_base64="ab9K7qLmdEnDyLaIxxIgHvV+kzI=">AAAB5HicbVBNT8JAEJ3iF9Yv9OplIzHxRFoueiR68YiJBRJoyHaZwsp22+xuTUjDL/DiQePV3+TNf+MCPSj4kkle3pvJzLwoE1wbz/t2KlvbO7t71X334PDo+KTmnnZ0miuGAUtFqnoR1Si4xMBwI7CXKaRJJLAbTe8WfvcZleapfDSzDMOEjiWPOaPGSg/NYa3uNbwlyCbxS1KHEu1h7WswSlmeoDRMUK37vpeZsKDKcCZw7g5yjRllUzrGvqWSJqjDYnnonFxaZUTiVNmShizV3xMFTbSeJZHtTKiZ6HVvIf7n9XMT34QFl1luULLVojgXxKRk8TUZcYXMiJkllClubyVsQhVlxmbj2hD89Zc3SafZ8G0y9dZtGUYVzuECrsCHa2jBPbQhAAYIL/AG786T8+p8rBorTjlxBn/gfP4AEYWLiw==</latexit>

Gapless boson
�b = 1/4
�f = 1/4

<latexit sha1_base64="VN6mhOxirCgnguLoQ6yWwbGcFNo="></latexit><latexit sha1_base64="VN6mhOxirCgnguLoQ6yWwbGcFNo="></latexit><latexit sha1_base64="VN6mhOxirCgnguLoQ6yWwbGcFNo="></latexit><latexit sha1_base64="VN6mhOxirCgnguLoQ6yWwbGcFNo="></latexit>

Gapped boson
�f = 1/4

<latexit sha1_base64="Ph8eiKH3hJ+D1d3+CpchRx9CX4w=">AAACJHicbVDLSgMxFM3U9/gadekm2AqudEYEBRFEBV0qWCt0Sslk7rShmWRIMkIZ+jFu/BU3Lnzgwo3fYloraOuBwOGcc7m5J8o408b3P5zSxOTU9MzsnDu/sLi07K2s3miZKwpVKrlUtxHRwJmAqmGGw22mgKQRh1rUOe37tTtQmklxbboZNFLSEixhlBgrNb3DMIIWEwUFYUD13HOSZRDjSGopwtCthGfADWkm+AgHO3sVNwQR/4SbXtnf9gfA4yQYkjIa4rLpvYaxpHlqxyknWtcDPzONgijDKIeeG+YaMkI7pAV1SwVJQTeKwZE9vGmVGCdS2ScMHqi/JwqSat1NI5tMiWnrUa8v/ufVc5McNAomstyAoN+LkpxjI3G/MRwzBdTwriWEKmb/immbKEJtB9q1JQSjJ4+Tm93twDZztVs+PhnWMYvW0QbaQgHaR8foAl2iKqLoHj2iZ/TiPDhPzpvz/h0tOcOZNfQHzucX3iejqA==</latexit><latexit sha1_base64="Ph8eiKH3hJ+D1d3+CpchRx9CX4w=">AAACJHicbVDLSgMxFM3U9/gadekm2AqudEYEBRFEBV0qWCt0Sslk7rShmWRIMkIZ+jFu/BU3Lnzgwo3fYloraOuBwOGcc7m5J8o408b3P5zSxOTU9MzsnDu/sLi07K2s3miZKwpVKrlUtxHRwJmAqmGGw22mgKQRh1rUOe37tTtQmklxbboZNFLSEixhlBgrNb3DMIIWEwUFYUD13HOSZRDjSGopwtCthGfADWkm+AgHO3sVNwQR/4SbXtnf9gfA4yQYkjIa4rLpvYaxpHlqxyknWtcDPzONgijDKIeeG+YaMkI7pAV1SwVJQTeKwZE9vGmVGCdS2ScMHqi/JwqSat1NI5tMiWnrUa8v/ufVc5McNAomstyAoN+LkpxjI3G/MRwzBdTwriWEKmb/immbKEJtB9q1JQSjJ4+Tm93twDZztVs+PhnWMYvW0QbaQgHaR8foAl2iKqLoHj2iZ/TiPDhPzpvz/h0tOcOZNfQHzucX3iejqA==</latexit><latexit sha1_base64="Ph8eiKH3hJ+D1d3+CpchRx9CX4w=">AAACJHicbVDLSgMxFM3U9/gadekm2AqudEYEBRFEBV0qWCt0Sslk7rShmWRIMkIZ+jFu/BU3Lnzgwo3fYloraOuBwOGcc7m5J8o408b3P5zSxOTU9MzsnDu/sLi07K2s3miZKwpVKrlUtxHRwJmAqmGGw22mgKQRh1rUOe37tTtQmklxbboZNFLSEixhlBgrNb3DMIIWEwUFYUD13HOSZRDjSGopwtCthGfADWkm+AgHO3sVNwQR/4SbXtnf9gfA4yQYkjIa4rLpvYaxpHlqxyknWtcDPzONgijDKIeeG+YaMkI7pAV1SwVJQTeKwZE9vGmVGCdS2ScMHqi/JwqSat1NI5tMiWnrUa8v/ufVc5McNAomstyAoN+LkpxjI3G/MRwzBdTwriWEKmb/immbKEJtB9q1JQSjJ4+Tm93twDZztVs+PhnWMYvW0QbaQgHaR8foAl2iKqLoHj2iZ/TiPDhPzpvz/h0tOcOZNfQHzucX3iejqA==</latexit><latexit sha1_base64="Ph8eiKH3hJ+D1d3+CpchRx9CX4w=">AAACJHicbVDLSgMxFM3U9/gadekm2AqudEYEBRFEBV0qWCt0Sslk7rShmWRIMkIZ+jFu/BU3Lnzgwo3fYloraOuBwOGcc7m5J8o408b3P5zSxOTU9MzsnDu/sLi07K2s3miZKwpVKrlUtxHRwJmAqmGGw22mgKQRh1rUOe37tTtQmklxbboZNFLSEixhlBgrNb3DMIIWEwUFYUD13HOSZRDjSGopwtCthGfADWkm+AgHO3sVNwQR/4SbXtnf9gfA4yQYkjIa4rLpvYaxpHlqxyknWtcDPzONgijDKIeeG+YaMkI7pAV1SwVJQTeKwZE9vGmVGCdS2ScMHqi/JwqSat1NI5tMiWnrUa8v/ufVc5McNAomstyAoN+LkpxjI3G/MRwzBdTwriWEKmb/immbKEJtB9q1JQSjJ4+Tm93twDZztVs+PhnWMYvW0QbaQgHaR8foAl2iKqLoHj2iZ/TiPDhPzpvz/h0tOcOZNfQHzucX3iejqA==</latexit>

Gapless boson

‘quasi-Higgs’

�b = k/(2(k + 2)) < 1/4
�f = 1/(k + 2) > 1/4

<latexit sha1_base64="GjJ5BbSo4j+cVfoiQqc6aRmqlk4="></latexit><latexit sha1_base64="GjJ5BbSo4j+cVfoiQqc6aRmqlk4="></latexit><latexit sha1_base64="GjJ5BbSo4j+cVfoiQqc6aRmqlk4="></latexit><latexit sha1_base64="GjJ5BbSo4j+cVfoiQqc6aRmqlk4="></latexit>

6B;m`2 eXd, a+?2K�iB+ T?�b2 /B�;`�KX h?2 72`KBQMb �`2 ;�TH2bb BM �HH T?�b2bX h?2 i?B+F HBM2
BM/B+�i2b � }`bi@Q`/2` i`�MbBiBQM- r?BH2 i?2 i?BM HBM2 Bb � ∆b = ∆f = 1/4 +`BiB+�H bi�i2X

Rje



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

eXjXj aK�HH ;�T b+�HBM;

q2 MQr 2t�KBM2 i?2 M�im`2 Q7 i?2 b+�HBM; T`QT2`iB2b Q7 i?2 ;�TT2/ bB/2 Q7 i?2 b2+QM/@Q`/2`

i`�MbBiBQM BM 6B;X eXdX PM ;2M2`�H ;`QmM/b- r2 BMi`Q/m+2 i?2 2tTQM2Mi z #v �bbmKBM; i?�i

i?2 #QbQM 2M2`;v ;�T- m- p�MBb?2b �b

m ∼ (g − gc)
z , T = 0 , UeXekV

�b i?2 2M2`;v ;�T �TT2�`b 7`QK � ∼ φ2 T2`im`#�iBQM Q7 i?2 +`BiB+�H i?2Q`v- r2 2tT2+i i?�i

i?2 b+�HBM; /BK2MbBQM Q7 φ2 Bb `2H�i2/ iQ z pB� [φ2] = 1−1/zX PM i?2 Qi?2` ?�M/- �b 2tTH�BM2/

BM i?2 +QMi2ti Q7 i?2 qBHbQM@6Bb?2` *6h BM _27X (ReR)- BM i?2 H�`;2 M 2tT�MbBQM [λ] = [φ2]

�M/ bQ

[λ] = 1− 1

z
UeXejV

q2 2t�KBM2/ i?2 b+�HBM; /BK2MbBQM Q7 λ BM a2+iBQM eXjXR- �M/ 7QmM/ i?�i [λ] = (1 + ϵ)/2-

rBi? ϵ `2T`2b2MiBM; HQ;�`Bi?KB+ +Q``2+iBQMb iQ b+�HBM;X aQ z = 2(1 + ϵ)X

6`QK Qm` MmK2`B+�H bQHmiBQMb- Bi im`M2/ iQ #2 /B{+mHi iQ Q#i�BM �++m`�i2 p�Hm2b Q7 i?2

#QbQM ;�T- m- iQ i2bi i?2 �#Qp2 b+�HBM; T`2/B+iBQMbX aQ r2 2KTHQv2/ �M �Hi2`M�iBp2 K2i?Q/-

r?B+? 2t�KBM2/ i?2 7mHH 7mM+iBQM�H 7Q`K Q7 i?2 #QbQM bmb+2TiB#BHBiv χ(τ)X 6`QK i?2 bi`m+@

im`2 Q7 i?2 ;�TT2/ bQHmiBQM BM 1[X UeX98V r2 +�M 2tT2+i � b+�HBM; bQHmiBQM 7Q` i?2 T = 0

bmb+2TiB#BHBiv Q7 i?2 7Q`K

χ(τ) =
(m

J3

)1/2

Φ1(mτ) UeXe9V

7Q` bQK2 b+�HBM; 7mM+iBQM Φ1X *H2�`Hv- 1[X UeXe9V Bb +QKT�iB#H2 rBi? i?2 HQM;@iBK2 HBKBi

BM 1[X UeX98VX h?2M BMi2;`�iBM; 1[X UeXe9V Qp2` τ - r2 Q#i�BM i?2 /Bp2`;2M+2 Q7 i?2 bi�iB+

bmb+2TiB#BHBiv �b i?2 ;�T- m- p�MBb?2b

χ0 ∼ m−1/2 , T = 0 . UeXe8V

Rjd



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

6Q` � b2+QM/@Q`/2` i`�MbBiBQM iQ � ;�TH2bb T?�b2- rBi? i?2 +`BiB+�H TQBMi /2b+`B#2/ #v i?2

∆b = 1/4 bQHmiBQM BM a2+iBQM eXkXj- 1[X UeX99V BKTHB2b i?�i i?2 bi�iB+ bmb+2TiB#BHBiv #2?�p2b

�b

χ0 ∼ T−1/2 , m → 0 . UeXeeV

*QK#BMBM; 1[bX UeXe8V �M/ UeXeeV- r2 T`QTQb2 i?2 b+�HBM; 7Q`K

χ0 = T−1/2Φ2(m/T ) . UeXedV

AM Qm` MmK2`B+�H bQHmiBQM- 1[X UeXedV Bb /B{+mHi iQ i2bi /B`2+iHv #2+�mb2 r2 i`2�i χ0 �b �M

BM/2T2M/2Mi T�`�K2i2` �M/ +QKTmi2 m �M/ g- �M/ �HbQ m Bb QMHv /2}M2/ �i T = 0X �b

r2 +�M �HbQ K2�bm`2 i?2 /2pB�iBQM 7`QK +`BiB+�HBiv #v χ−1
0 - r2 +�M +QK#BM2 i?2 b+�HBM; BM

1[bX UeXekV �M/ UeXedV iQ r`Bi2

g − gc = T 1/zΦ3(χ0T
1/2) , g > gc , UeXe3V

r?2`2 Φ3 Bb �MQi?2` b+�HBM; 7mM+iBQMX 1[X UeXe3V Bb MQr 2tT`2bb2/ BM � 7Q`K r?B+? Bb �/�Ti2/

iQ Qm` MmK2`B+�H �TT`Q�+?, r2 TB+F i?2 p�Hm2b Q7 χ0 �M/ T - �M/ +QKTmi2 gX �HbQ- r2 +�M

+QKTmi2 i?2 p�Hm2 gc #v `2[mB`BM; i?�i 1[X UeXe3V #2 +QKT�iB#H2 rBi? 1[X UeX99V BX2X

Φ3(x) = 0 �i x =
CΠ̃(1/2)Γ(1/4)

J3/2Γ(3/4)
UeXeNV

q2 b?Qr i2bib Q7 i?2 b+�HBM; BM 1[X UeXe3V BM 6B;bX eX3 �M/ eXNX q2 }M/ i?�i b+�HBM; �b �

7mM+iBQM Q7 χ0T 1/2 Bb 2ti`2K2Hv r2HH Q#2v2/- +QM}`KBM; i?�i i?2 +`BiB+�H bi�i2 Bb /2b+`B#2/ #v

∆f = ∆b = 1/4 RX aT2+B}+�HHv- r2 p2`B}2/ i?�i �i g = gc- i?2 `B;?i ?�M/ bB/2 Q7 1[X UeXe3V

r�b T BM/2T2M/2Mi �b T r�b p�`B2/ r?BH2 F22TBM; χ0T 1/2 }t2/X

PM i?2 Qi?2` ?�M/- b+�HBM; rBi? (g − gc)/T 1/z vB2H/b p�`B�#H2 p�Hm2b Q7 z /2T2M/BM; mTQM
Rq2 �HbQ 2t�KBM2/ i?2 }`bi Q`/2` i`�MbBiBQM `2;BQM �M/ /B/ MQi }M/ b+�HBM; #2?�pBQ`- �b 2tT2+i2/

Rj3



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H
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6B;m`2 eX3, h2bib Q7 i?2 b+�HBM; BM 1[X UeXe3V, MmK2`B+�H THQib 7Q` (g− gc)/T 1/z �b � 7mM+iBQM
Q7 χ0T 1/2 �i J = 1- t̃ = 1 �M/ k = 1- k = 1.5 �M/ k = 1.7X q2 b22 i?�i �i z = 0.75- z = 3.1
�M/ z = 5.6 �HH HBM2b �HKQbi 2t�+iHv Qp2`H�T- �b 2tT2+i2/ BM i?2 +`BiB+�H `2;BQMX

i?2 p�Hm2 Q7 k- �M/ Q7 i?2 rBM/Qr Q7 T�`�K2i2`b mb2/ 7Q` i?2 b+�HBM; THQib- �b Bb �TT�`2Mi

7`QK 6B;X eX3X q2 ;2M2`�HHv Q#i�BM2/ p�Hm2b Q7 z > 2- 2t+2Ti �i p�Hm2b Q7 k M2�` i?2 QMb2i

Q7 i?2 }`bi Q`/2` i`�MbBiBQMX 6B;X eXN b?Qrb i?�i b+�HBM; rBi? z = 2 vB2H/b `2�bQM�#H2 /�i�

+QHH�Tb2- rBi? /2pB�iBQMb r?B+? �TT2�` iQ #2 rBi?BM i?2 `�M;2 Q7 HQ;�`Bi?KB+ +Q``2+iBQMb

/2b+`B#2/ BM a2+iBQM eXjXRX >Qr2p2`- /�i� +QHH�Tb2 +QmH/ #2 BKT`Qp2/ rBi? H�`;2` p�Hm2b Q7

z 2bT2+B�HHv #v 7Q+mbBM; QM p�Hm2b Q7 g p2`v +HQb2 iQ gc, Bi /Q2b MQi �TT2�` i?2b2 H�`;2 �M/

p�`B�#H2 p�Hm2b Q7 z �`2 K2�MBM;7mHX JQ`2 T`2+Bb2 i2bib Q7 i?2 M�im`2 Q7 i?2 T?�b2 i`�MbBiBQMb

`2[mB`2b � /2i�BH2/ FMQrH2/;2 Q7 i?2 bi`m+im`2 Q7 i?2 HQ;�`Bi?KB+ +Q``2+iBQMb- r?B+? r2 ?�p2

MQi +QKTmi2/ ?2`2X

RjN



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

1.304 1.306 1.308 1.31 1.312 1.314 1.316 1.318 1.32 1.322
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6B;m`2 eXN, h?2 b�K2 THQib �b BM 6B;X eX3- #mi MQr b+�H2/ rBi? z = 2X

eX9 .Bb+mbbBQM

h?Bb +?�Ti2` ?�b T`2b2Mi2/ �M 2t�+iHv bQHp�#H2 KQ/2H Q7 7`�+iBQM�HBx�iBQM BM K2i�HHB+ bi�i2b BM

i?2 T`2b2M+2 Q7 /BbQ`/2` �M/ BMi2`�+iBQMbX q2 +QMbB/2`2/ � t@J KQ/2H BM r?B+? i?2 2H2+i`QM- c-

7`�+iBQM�HBx2b BMiQ � 72`KBQM f �M/ � #QbQM φ #Qi? +�``vBM; Z2 ;�m;2 +?�`;2bX �b i?2 72`KBQMb

f +�``B2b #Qi? i?2 ;HQ#�H lURV +?�`;2 �M/ alUkV bTBM Q7 i?2 2H2+i`QM- i?2b2 7`�+iBQM�HBx2/

T?�b2b +�M #2 +QMbB/2`2/ �b `2�HBx�iBQMb Q7 i?2 ǵQ`i?Q;QM�H K2i�HǶ Q7 _27X (R9e)X

h?2 T?�b2 /B�;`�K Q7 Qm` KQ/2H Bb b+?2K�iB+�HHv T`2b2Mi2/ BM 6B;X eXdX h?2`2 �`2 irQ

2ti2M/2/ T?�b2b- b2T�`�i2/ 2Bi?2` #v � }`bi Q`/2` i`�MbBiBQM- Q` � +`BiB+�H HBM2X

AM QM2 T?�b2- i?2 #QbQM φ Bb ;�TT2/- r?BH2 i?2 72`KBQM f Bb ;�TH2bbX h?Bb BKTHB2b i?�i i?2

2H2+i`QM c ∼ fφ �HbQ ?�b � ;�TT2/ bT2+i`�H 7mM+iBQMX PM i?2 Qi?2` ?�M/- i?2`KQ/vM�KB+

T`QT2`iB2b �`2 H�`;2Hv +QMi`QHH2/ #v i?2 ;�TH2bb 72`KBQMbX q2 T`QTQb2 i?Bb ;�TT2/ #QbQM

T?�b2 �b � iQv KQ/2H 7Q` i?2 Tb2m/Q;�T `2;BK2 Q7 i?2 +mT`�i2bX

AM i?2 Qi?2` T?�b2- �M/ �HbQ QM i?2 +`BiB+�H HBM2- #Qi? i?2 72`KBQMb �M/ #QbQMb �`2 ;�TH2bb-

R9y



*?�Ti2` eX Z2 7`�+iBQM�HBx2/ T?�b2b Q7 � ;2M2`�HBx2/ auE KQ/2H

�M/ /2+�v rBi? iBK2 �b |τ |−2∆f,b - r?2`2 i?2 p�Hm2b Q7 i?2 2tTQM2Mib �`2 bT2+B}2/ BM 6B;X eXdX

AM � >B;;b T?�b2- BM r?B+? i?2 Z2 +?�`;2b �`2 +QM}M2/- i?2 #QbQM +Q``2H�iQ` rQmH/ /2+�v iQ

� MQM@x2`Q +QMbi�MiX �b i?2 #QbQM /2+�v ?2`2 Bb � TQr2`@H�r BM iBK2- r2 H�#2H2/ i?Bb T?�b2

�b � [m�bB@>B;;b T?�b2X

PM2 Q7 i?2 KQbi BMi2`2biBM; T`QT2`iB2b Q7 i?2 [m�bB@>B;;b T?�b2 7QHHQrb 7`QK i?2 2tTQM2Mi

B/2MiBiv BM 1[X UeXjkVX h?2 :`22MǶb 7mM+iBQM Q7 i?2 2H2+i`QM QT2`�iQ`- c- /2+�vb rBi? iBK2

�b 1/τ U1[X UeXeRVV- r?B+? Bb i?2 7Q`K Q7 i?2 HQ+�H :`22MǶb 7mM+iBQM BM � 62`KB HB[mB/X h?Bb

`2bmHi Bb � +QMb2[m2M+2 Q7 i?2 `2H2p�M+2 Q7 i?2 ?QTTBM; i2`K- t- BM i?2 >�KBHiQMB�M r?B+?

i`�Mb72`b bBM;H2 2H2+i`QMb #2ir22M bBi2bX lMHBF2 T`2pBQmb auE KQ/2Hb- i?2 T`2b2Mi KQ/2H

#�H�M+2b i?2 ?QTTBM; UtV �M/ BMi2`�+iBQM UJV i2`Kb �;�BMbi 2�+? Qi?2`- `�i?2` i?�M QM2 Q7

i?2K /QKBM�iBM;c i?Bb H2�/b iQ i?2 62`KB HB[mB/ 7Q`K Q7 i?2 QM2@2H2+i`QM :`22MǶb 7mM+iBQMX

>Qr2p2`- /2bTBi2 i?Bb 7Q`K- KQbi Qi?2` T`QT2`iB2b �`2 MQi 62`KB HB[mB/@HBF2 2X;X i?2 bTBM

bmb+2TiB#BHBiv Bb /QKBM�i2/ #v i?2 `2bTQMb2 Q7 i?2 f 72`KBQMb r?B+? ?�p2 �M �MQK�HQmb

b+�HBM; /BK2MbBQM ∆f X h?2b2 BMi`B;mBM; T`QT2`iB2b �`2 bm;;2biBp2 Q7 i?2 Qp2`/QT2/ `2;BK2 Q7

i?2 +mT`�i2b- r?2`2 i?2`2 �`2 BM/B+�iBQMb Q7 �M 2ti2M/2/ MQM@62`KB HB[mB/ `2;BK2- �Hi?Qm;?

T?QiQ2KBbbBQM BM/B+�i2b � r2HH@7Q`K2/ H�`;2 62`KB bm`7�+2 (kj- j3- Rj9- Rey)X

1ti2M/BM; Qm` iQv KQ/2H iQ � KQ`2 `2�HBbiB+ KQ/2H Q7 i?2 +mT`�i2b `2[mB`2b BMi`Q/m+BM;

bT�iB�H bi`m+im`2 �M/ 2t�KBMBM; i`�MbTQ`i T`QT2`iB2bX � MmK#2` Q7 K2i?Q/b Q7 /QBM; bQ ?�p2

#22M BMi`Q/m+BM; `2+2MiHv- HBF2 BM *?�Ti2` j �M/ BM (je- 3R- 3j- R8e- RdN) 7Q` i?2 auE KQ/2H-

�M/ Bi rQmH/ #2 BMi2`2biBM; iQ �TTHv i?2b2- Q` Qi?2`b- iQ KQ/2Hb bBKBH�` iQ i?2 QM2 T`2b2Mi2/

?2`2X
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�TT2M/B+2b
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A
�TT2M/Bt 7Q` +?�Ti2` k

�XR auE KQ/2H 7Q` #QbQMb

LQr r2 +QMbB/2` � ǵ+QmbBMǶ Q7 i?2 T`2b2Mi KQ/2H, auE KQ/2H 7Q` ?�`/+Q`2 #QbQMbX h?2

#QbQMB+ +�b2 r�b �HbQ +QMbB/2`2/ BM i?2 2�`Hv rQ`F (dj- d9- R8R- Rdj) #mi rBi? � H�`;2 MmK#2`

Q7 #QbQMb QM 2�+? bBi2X Ai r�b 7QmM/ i?�i Qp2` KQbi Q7 i?2 T�`�K2i2` `2;BK2 i?2 ;`QmM/

bi�i2 ?�/ bTBM ;H�bb Q`/2`X q2 rBHH }M/ 2pB/2M+2 Q7 bBKBH�` #2?�pBQ` ?2`2X

h?2 >�KBHiQMB�M rBHH #2 [mBi2 bBKBH�` �b 1[X UkXRV- 2t+2Ti i?�i #2+�mb2 Q7 i?2 "Qb2 bi�iBb@

iB+b MQr i?2 +Q2{+B2Mib Q#2v

Jji;kl = Jij;kl , Jij;lk = Jij;kl , Jkl;ij = J∗
ij;kl U�XRV

>�`/+Q`2 #QbQM b�iBb}2b [bi, bj] = 0 7Q` i ̸= j �M/ {bi, b†i} = 1X �HbQ iQ K�F2 T�`iB+H2@?QH2

bvKK2i`v UkXjNV ?QH/- r2 QMHv +QMbB/2` T�B` ?QTBM; #2ir22M /Bz2`2Mi bBi2b- BX 2X bBi2 BM/B+2b

i, j, k, l �`2 �HH /Bz2`2Mi- �M/ r2 /`QT i?2 MQ`K�H Q`/2` +Q``2+iBQM i2`KbX h?2 bTBM 7Q`K�HBbK

R9j



�TT2M/Bt �X �TT2M/Bt 7Q` +?�Ti2` k

BM 1. rBHH #2 2p2M bBKTH2`- �b r2 /Q MQi M22/ iQ �ii�+? � CQ`/�M@qB;M2` bi`BM; Q7 σz,

bi = σ−
i , b†i = σ+

i U�XkV

q2 +�M /2}M2 � bBKBH�` :`22MǶb 7mM+iBQM 7Q` #QbQMb,

GB(t) = −iθ(t)⟨{b(t), b†(0)}⟩ U�XjV

q2 B/2MiB7v i?2 BM}MBi2 iBK2 HBKBi Q7 GB �b i?2 1/r�`/@�M/2`bQM Q`/2` T�`�K2i2` qEA-

r?B+? +�M +?�`�+i2`Bx2 HQM;@iBK2 K2KQ`v Q7 bTBM@;H�bb,

qEA = lim
t→∞

GB(t) U�X9V

h?2M qEA ̸= 0 BM/B+�i2b i?�i GB(ω) ∼ δ(ω)X h?Bb Bb [mBi2 /Bz2`2Mi 7`QK i?2 72`KBQMB+ +�b2-

r?2`2 r2 ?�p2 GF (z) ∼ 1/
√
zc i?Bb BMp2`b2 b[m�`2@`QQi #2?�pBQ` �HbQ ?QH/b BM i?2 #QbQMB+

+�b2 rBi?Qmi bTBM ;H�bb Q`/2` (Rdj)X 6B;X �XR Bb Qm` `2bmHi 7`QK 1.- rBi? � +QKT�`BbQM

#2ir22M GB rBi? GF X Ai Bb 2pB/2Mi i?�i i?2 #2?�pBQ` Q7 GB Bb [m�HBi�iBp2Hv /Bz2`2Mi 7`QK

GF - �M/ bQ �M BMp2`b2 b[m�`2@`QQi #2?�pBQ` Bb `mH2/ QmiX AMbi2�/- r2 +�M +H2�`Hv b22 i?�i-

�b bvbi2K bBx2 ;2ib H�`;2`- GBǶb T2�F p�Hm2 BM+`2�b2b Km+? 7�bi2` i?�M i?2 GF Ƕb T2�F p�Hm2X

h?Bb bmTTQ`ib i?2 T`2b2M+2 Q7 bTBM ;H�bb Q`/2`X

lMHBF2 i?2 72`KBQMB+ +�b2- P 2 = 1 7Q` �HH N BM i?2 #QbQMB+ KQ/2HX q2 +�M �TTHv bBKBH�`

bvKK2i`v �`;mK2Mi �b BM _27X (RNe), 7Q` i?2 ?�H7@}HH2/ b2+iQ` UQMHv BM 2p2M L +�b2bV- i?2

H2p2H bi�iBbiB+b Q#2vb i?2 qB;M2`@.vbQM /Bbi`B#miBQM Q7 :�mbbB�M Q`i?Q;QM�H `�M/QK K�i`Bt

2Mb2K#H2b- r?BH2 BM Qi?2` }HHBM; b2+iQ`b- Bi Q#2vb /Bbi`B#miBQM Q7 :�mbbB�M mMBi�`v `�M/QK

K�i`Bt 2Mb2K#H2bX

Pm` i?2`K�H 2Mi`QTv `2bmHib 7Q` #QbQMb �`2 bBKBH�` iQ i?2 72`KBQMB+ `2bmHib, �Hi?Qm;? i?2

2Mi`QTv 2p2Mim�HHv �TT`Q�+?2b y �i x2`Q i2KT2`�im`2- i?2`2 Bb biBHH � i`2M/ Q7 � H�`;2` HQr

i2KT2`�im`2 2Mi`QTv `2bB/m2 �b i?2 bvbi2K bBx2 ;2ib H�`;2`X
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�TT2M/Bt �X �TT2M/Bt 7Q` +?�Ti2` k

!/J
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6B;m`2 �XR, AK�;BM�`v T�`i Q7 :`22MǶb 7mM+iBQM 7Q` ?�`/+Q`2 #QbQM �M/ 72`KBQM KQ/2HX h?2
T2�F M2�` i?2 +2Mi2` ;2ib Km+? ?B;?2` BM i?2 #QbQM KQ/2H r?2M bvbi2K bBx2 ;2ib H�`;2`X h?2
BMb2i };m`2 Bb xQQK2/ BM M2�` ω = 0X

q2 ?�p2 �HbQ +QKTmi2/ i?2 2Mi�M;H2K2Mi 2Mi`QTv 7Q` i?2 ;`QmM/ bi�i2 Q7 i?2 ?�`/+Q`2

#QbQM auE KQ/2HX Ai biBHH b�iBb}2b pQHmK2 H�r- �M/ i?2 2Mi�M;H2K2Mi 2Mi`QTv /2MbBiv Bb biBHH

[mBi2 +HQb2 iQ ln 2X 6BM�HHv `2bmHib 7Q` i?2 PhP* �`2 [m�HBi�iBp2Hv bBKBH�` iQ i?2 72`KBQMB+

`2bmHibX

R98



B
�TT2M/Bt 7Q` +?�Ti2` j

"XR a�//H2 TQBMi bQHmiBQM Q7 i?2 auE KQ/2H

q2 7QHHQr i?2 +QM/2Mb2/ K�ii2` MQi�iBQM 7Q` :`22MǶb 7mM+iBQMb BM r?B+?

G(τ) = −⟨Tτ (f(τ)f
†(0))⟩. U"XRV

Ai Bb mb27mH iQ K�F2 �Mb�ix2b 7Q` i?2 `2i�`/2/ :`22MǶb 7mM+iBQMb BM i?2 +QKTH2t 7`2[m2M+v

TH�M2- #2+�mb2 i?2M i?2 +QMbi`�BMib 7`QK i?2 TQbBiBpBiv Q7 i?2 bT2+i`�H r2B;?i �`2 +H2�`X �i

i?2 J�ibm#�`� 7`2[m2M+B2b- i?2 :`22MǶb 7mM+iBQM Bb /2}M2/ #v

G(iωn) =

∫ 1/T

0

dτeiωnτG(τ). U"XkV
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�TT2M/Bt "X �TT2M/Bt 7Q` +?�Ti2` j

aQ i?2 #�`2 :`22MǶb 7mM+iBQM Bb

G0(iωn) =
1

iωn + µ
. U"XjV

h?2 :`22MǶb 7mM+iBQMb �`2 +QMiBMm2/ iQ �HH +QKTH2t 7`2[m2M+B2b z pB� i?2 bT2+i`�H `2T`2b2M@

i�iBQM

G(z) =

∫ ∞

−∞

dΩ

π

ρ(Ω)

z − Ω
. U"X9V

6Q` 72`KBQMb- i?2 bT2+i`�H /2MbBiv Q#2vb

ρ(Ω) > 0, U"X8V

7Q` �HH `2�H Ω �M/ T X h?2 `2i�`/2/ :`22MǶb 7mM+iBQM Bb GR(ω) = G(ω + iη) rBi? η � TQbBiBp2

BM}MBi2bBK�H- r?BH2 i?2 �/p�M+2/ :`22MǶb 7mM+iBQM Bb GA(ω) = G(ω− iη)X Ai Bb �HbQ mb27mH iQ

i�#mH�i2 i?2 BMp2`b2 6Qm`B2` i`�Mb7Q`Kb �i T = 0

G(τ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−
∫ ∞

0

dΩ

π
ρ(Ω)e−Ωτ , 7Q` τ > 0 �M/ T = 0

∫ ∞

0

dΩ

π
ρ(−Ω)eΩτ , 7Q` τ < 0 �M/ T = 0

. U"XeV

lbBM; U"XeV r2 Q#i�BM BM τ bT�+2

G(τ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−CΓ(2∆) sin(π∆+ θ)

π|τ |2∆ , 7Q` τ > 0 �M/ T = 0

CΓ(2∆) sin(π∆− θ)

π|τ |2∆ , 7Q` τ < 0 �M/ T = 0

. U"XdV

q2 �HbQ mb2 i?2 bT2+i`�H `2T`2b2Mi�iBQMb 7Q` i?2 b2H7 2M2`;B2b

Σ(z) =

∫ ∞

−∞

dΩ

π

σ(Ω)

z − Ω
. U"X3V

R9d



�TT2M/Bt "X �TT2M/Bt 7Q` +?�Ti2` j

lbBM; U"XdV �M/ UeXj3V r2 Q#i�BM

σ(Ω) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

πJ2q

Γ(2(q − 1)∆)

[
CΓ(2∆)

π

]q−1

[sin(π∆+ θ)]q/2 [sin(π∆− θ)]q/2−1 |Ω|2∆(q−1)−1 , 7Q` Ω > 0

πJ2q

Γ(2(q − 1)∆)

[
CΓ(2∆)

π

]q−1

[sin(π∆+ θ)]q/2−1 [sin(π∆− θ)]q/2 |Ω|2∆(q−1)−1 , 7Q` Ω < 0

.U"XNV

LQr 7`QK UjXeV r2 ?�p2 BM i?2 A_ HBKBi

Σ(z)− µ = − 1

C
ei(π∆+θ)z(1−2∆). U"XRyV

aQ +QKT�`BM; U"XNV �M/ U"XRyV- r2 ?�p2 i?2 bQHmiBQMb BM 1[bX UjX9V �M/ UjXNV- T`QpB/2/

Σ(z = 0) = µ �i T = 0 (Rdj)X

"Xk E2`M2H �M/ bT2+i`mK

q2 rBHH rQ`F �i x2`Q i2KT2`�im`2- i?2M i?2 +QM7Q`K�H :`22MǶb 7mM+iBQM Bb

Gc(τ) =
−b;M(τ)(α1 + α2)− (α1 − α2)

2

CΓ(2∆)

π

1

|τ |2∆ U"XRRV

rBi?

α1 = sin (π∆+ θ) , α2 = sin (π∆− θ) U"XRkV

�M/ i?2 +Q2{+B2Mi C Bb bT2+B}2/ BM 1[X UjXNVX

q2 MQr +QMbB/2` i?2 ~m+im�iBQMb �#Qp2 i?2 b�//H2 TQBMi r?2`2 r2 +�M }M/ i?2 7Q`K Q7

i?2 F2`M2HX q2 K�F2 i?2 2tT�MbBQM

G(τ12) = Gs(τ12) + δG(τ12), δG(τ12) = [−Gs(τ12)Gs(τ21)]
−q/4 Gs(τ12)g(τ12) U"XRjV

Σ(τ12) = Σs(τ12) + δΣ(τ12), δΣ(τ12) = [−Gs(τ12)Gs(τ21)]
q/4 Gs(τ21)

−1σ(τ12) U"XR9V

R93



�TT2M/Bt "X �TT2M/Bt 7Q` +?�Ti2` j

h?2M i?2 2z2+iBp2 �+iBQM +�M #2 2tT�M/2/ iQ i?2 b2+QM/ Q`/2` BM g �M/ σ

S2z [g, σ]

N
=

1

2

∑

n

(GcδΣ(iωn))
2 U"XR8V

−
∫

dτ1dτ2

[
g(τ12)σ(τ21) +

qJ2

2
(
q

2
− 1)g(τ12)

2 +
qJ2

2

q

2
g(τ12)g(τ21)

]
U"XReV

AMi2;`�i2 Qmi σ }2H/- r2 Q#i�BM

S2z [g]

N
=

qJ2

2

∫
d4τg(τ12)

[
K̃(τ1, τ2; τ3, τ4)

−1 − (
q

2
− 1)δ(τ13)δ(τ24)−

q

2
δ(τ14)δ(τ23)

]
g(τ34)

U"XRdV

r?2`2

K̃(τ1, τ2; τ3, τ4) = −qJ2 [−Gs(τ12)Gs(τ21)]
q/4−1 Gs(τ21)Gs(τ32)Gs(τ14)Gs(τ43) [−Gs(τ34)Gs(τ43)]

q/4−1

U"XR3V

LQr r2 r�Mi iQ /B�;QM�HBx2 i?2 F2`M2H K�i`Bt BM i?2 +QM7Q`K�H HBKBi rBi? bvKK2i`B+ �M/

�MiB@bvKK2i`B+ 7mM+iBQMb- bQ r2 /BpB/2 g BMiQ irQ T�`ib,

g(τ12) = gS(τ12) + gA(τ12) U"XRNV

r?2`2 gs(τ12) = gS(τ21) Bb i?2 bvKK2i`B+ T�`i �M/ gs(τ12) = −gA(τ21) Bb i?2 �MiB@bvKK2i`B+

T�`iX h?2M i?2 δ 7mM+iBQM T�`i +QMi`B#miBQM #2+QK2

(
q

2
− 1)g(τ12)

2 +
q

2
g(τ12)g(τ21) = (q − 1)gS(τ12)

2 − gA(τ12)
2 U"XkyV
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�TT2M/Bt "X �TT2M/Bt 7Q` +?�Ti2` j

h?2 F2`M2H +�M #2 2tT`2bb2/ �b

K̃(τ1, τ2; τ3, τ4) = −qJ2

(
C2Γ(2∆)2

π2
α1α2

) q
2−2 1

|τ12|1−4∆

1

|τ34|1−4∆

(
CΓ(2∆)

2π

)4

[−b;M(τ21)(α1 + α2)− (α1 − α2)]
1

|τ12|2∆

[−b;M(τ32)(α1 + α2)− (α1 − α2)]
1

|τ32|2∆

[−b;M(τ14)(α1 + α2)− (α1 − α2)]
1

|τ14|2∆

[−b;M(τ43)(α1 + α2)− (α1 − α2)]
1

|τ34|2∆
U"XkRV

q2 +QMbB/2` i?2 �+iBQM Q7 i?2 F2`M2H K�i`Bt QM bvKK2i`B+ 7mM+iBQM 1
|τ34|1−h �M/ �MiB@bvKK2i`B+

7mM+iBQM b;M(τ34)
|τ34|1−h X h?2 Qp2`�HH T`2@7�+iQ` Bb

−Γ(2∆)Γ(2− 2∆)

16π2

1

α1α2
U"XkkV

hQ T2`7Q`K i?2 K�i`Bt �+iBQM- r2 M22/ iQ BMi`Q/m+2 i?2 7mM+iBQMb

cf (∆) = 2i cos π∆Γ(1− 2∆), cb(∆) = 2 sin (π∆)Γ(1− 2∆) U"XkjV

Ai �TT2�`b BM i?2 6Qm`B2` i`�Mb7Q`K Q7 � bvKK2i`B+f�MiB@bvKK2i`B+ b+�HBM; 7mM+iBQM,

∫
dτeiωτ

sgn(τ)

|τ |2∆ = cf (∆) sgn(ω)|ω|2∆−1,

∫
dτeiωτ

1

|τ |2∆ = cb(∆)|ω|2∆−1 U"Xk9V

6Q` 2t�KTH2- B7 r2 +QMbB/2` +?QQb2 i?2 (α1 −α2) T�`i 7`QK i?2 H�bi i?`22 HBM2b Q7 U"XkRV �M/

mb2 bvKK2i`B+ #�b2- i?2M r2 M22/ iQ 2p�Hm�i2 �M BMi2;`�H

−(α1 − α2)
3

∫
dτ3dτ4

1

|τ32|2∆
1

|τ14|2∆
1

|τ34|2−2∆−h
= −(α1 − α2)

3 cb(∆)2cb(1−∆− h
2 )

cb(∆− h
2 )

1

|τ12|2∆−h

U"Xk8V
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�TT2M/Bt "X �TT2M/Bt 7Q` +?�Ti2` j

h?2M i?2 F2`M2H K�i`Bt mM/2` i?2 #�b2 ( 1
|τ34|1−h ,

b;M(τ34)
|τ34|1−h )T +�M #2 2tT`2bb2/ �b

⎛

⎜⎝
−A(α1 − α2) + B(α1 + α2) −X(α1 − α2) + Y (α1 + α2)

A(α1 + α2)− B(α1 − α2) X(α1 + α2)− Y (α1 − α2)

⎞

⎟⎠ U"XkeV

r?2`2

A =
cf (∆)2cb(1−∆− h

2 )

cb(∆− h
2 )

[
−(α1 − α2)(α1 + α2)

2
]

+ 2
cb(∆)cf (∆)cf (1−∆− h

2 )

cb(∆− h
2 )

[
−(α1 − α2)(α1 + α2)

2
]

+
cb(∆)2cb(1−∆− h

2 )

cb(∆− h
2 )

[
−(α1 − α2)

3
]

U"XkdV

B =
cf (∆)2cf (1−∆− h

2 )

cf (∆− h
2 )

[
−(α1 + α2)

3
]

+ 2
cf (∆)cb(∆)cb(1−∆− h

2 )

cf (∆− h
2 )

[
−(α1 + α2)(α1 − α2)

2
]

+
cb(∆)2cf (1−∆− h

2 )

cf (∆− h
2 )

[
−(α1 + α2)(α1 − α2)

2
]

U"Xk3V

X = −
cf (∆)2cb(1−∆− h

2 )

cb(∆− h
2 )

[
−(α1 + α2)

3
]

− 2
cb(∆)cf (∆)cf (1−∆− h

2 )

cb(∆− h
2 )

[
−(α1 + α2)(α1 − α2)

2
]

−
cb(∆)2cb(1−∆− h

2 )

cb(∆− h
2 )

[
−(α1 + α2)(α1 − α2)

2
]

U"XkNV

Y = −
cf (∆)2cf (1−∆− h

2 )

cf (∆− h
2 )

[
−(α1 − α2)(α1 + α2)

2
]

− 2
cb(∆)cf (∆)cb(1−∆− h

2 )

cf (∆− h
2 )

[
−(α1 − α2)(α1 + α2)

2
]

−
cb(∆)2cf (1−∆− h

2 )

cf (∆− h
2 )

[
−(α1 − α2)

3
]

U"XjyV

AM i?2 bBKTH2 +�b2- r?2M θ = 0 �b BM _27X(k8)- i?2 K�i`Bt #2+QK2b /B�;QM�H- �M/ Bi `2/m+2b

R8R
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iQ
⎛

⎜⎝
∆

1−∆kA(h,∆) 0

0 −kS(h,∆)

⎞

⎟⎠ U"XjRV

r?2`2

kA(h,∆) =
1

π

Γ(−2∆)

Γ(2∆− 2)
Γ(2∆− h)Γ(2∆+ h− 1)(sin πh− sin 2π∆) U"XjkV

kS(h,∆) =
1

π

Γ(1− 2∆)

Γ(2∆− 1)
Γ(2∆− h)Γ(2∆+ h− 1)(sin πh+ sin 2π∆) U"XjjV

h?2 bm#b+`BTi Ǵ�Ǵ �M/ ǴaǴ +Q``2bTQM/ iQ �MiB@bvKK2i`B+ UbvKK2i`B+V δG UgSV �M/ bvKK2i`B+

U�MiB@bvKK2i`B+V δG UgAVX AM i?Bb +�b2- i?2 bvKK2i`B+ �M/ �MiB@bvKK2i`B+ ~m+im�iBQMb

/2+QmTH2,

S2z [g]

N
=

J2

2

∫
d2τgS(τ12)

2(q − 1)
[
kA(h,∆)−1 − 1

]
+ gA(τ12)

2
[
−kS(h,∆)−1 + 1

]
U"Xj9V

PM2 +�M b?Qr i?�i i?2 +Q``2bTQM/BM; x2`Q KQ/2 Bb h = 2 7Q` kA �M/ h = 1 7Q` kSX AM i?2

KQ`2 ;2M2`�H +�b2- r?2M θ ̸= 0- r2 ?�p2 7Q` h = 2- i?2 F2`M2H `2/m+2b iQ

K̃(h = 2,∆) =
∆

1−∆

⎛

⎜⎝
1 −2 csc (2π∆) sin (2θ)

0 1

⎞

⎟⎠ ⇒ K̃(h = 2,∆)−1 = (q − 1)

⎛

⎜⎝
1 2 csc (2π∆) sin (2θ)

0 1

⎞

⎟⎠

U"Xj8V

6Q` h = −1-

K̃(h = −1,∆) =
∆

1−∆

⎛

⎜⎝
1 0

−2 csc (2π∆) sin (2θ) 1

⎞

⎟⎠ ⇒ K̃(h = −1,∆)−1 = (q − 1)

⎛

⎜⎝
1 0

2 csc (2π∆) sin (2θ) 1

⎞

⎟⎠

U"XjeV

R8k
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6Q` h = 1-

K̃(h = 1,∆) = −

⎛

⎜⎝
1 0

−2 csc (2π∆) sin (2θ) 1

⎞

⎟⎠ ⇒ K̃(h = 1,∆)−1 = −

⎛

⎜⎝
1 0

2 csc (2π∆) sin (2θ) 1

⎞

⎟⎠

U"XjdV

6Q` h = 0-

K̃(h = 0,∆) = −

⎛

⎜⎝
1 −2 csc (2π∆) sin (2θ)

0 1

⎞

⎟⎠ ⇒ K̃(h = 0,∆)−1 = −

⎛

⎜⎝
1 2 csc (2π∆) sin (2θ)

0 1

⎞

⎟⎠

U"Xj3V

q2 +QM+Hm/2 i?�i i?2 x2`Q KQ/2b �`2 bvKK2i`B+ g rBi? h = 2 Q` �MiB@bvKK2i`B+ g rBi?

h = 1,

gS(τ) =
1

|τ |1−2
, gA(τ) =

b;M(τ)
|τ |1−1

U"XjNV

h?2 2z2+iBp2 �+iBQM U"XRdV +�M #2 `2r`Bii2M �b

S2z
N

=
J2

2
gT K̃−1(I −K ′)g U"X9yV

r?2`2

K ′ = K̃

⎛

⎜⎝
q − 1 0

0 −1

⎞

⎟⎠ U"X9RV

R8j
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rBi? i?2 K�i`Bt 2H2K2Mib,

K ′
11 =

(
1
∆ − 1

)
(2∆− 1) csc(π(h− 2∆))Γ(1− 2∆)2Γ(h+ 2∆− 1) sin(2π∆)(sin(2π∆)− cos(2θ) sin(hπ))

πΓ(h− 2∆+ 1)

K ′
12 = −

2(1− 2∆) cos2
(
hπ
2

)
csc(π(h− 2∆))Γ(1− 2∆)2Γ(h+ 2∆− 1) sin(2π∆) sin(2θ)

πΓ(h− 2∆+ 1)

K ′
21 =

2
(

1
∆ − 1

)
(1− 2∆) csc(π(h− 2∆))Γ(1− 2∆)2Γ(h+ 2∆− 1) sin2

(
hπ
2

)
sin(2π∆) sin(2θ)

πΓ(h− 2∆+ 1)

K ′
22 = −(2∆− 1) csc(π(h− 2∆))Γ(1− 2∆)2Γ(h+ 2∆− 1) sin(2π∆)(cos(2θ) sin(hπ) + sin(2π∆))

πΓ(h− 2∆+ 1)

U"X9kV

AMi2`2biBM;Hv- 2p2M BM i?2 T�`iB+H2@?QH2 �bvKK2i`B+ +�b2- i?2 2B;2Mp�Hm2 Q7 K ′ rQMǶi /2T2M/

QM θX h?2 bT2+i`mK 7`QK i?2 PS1 Q7 irQ 72`KBQMb Bb biBHH /2i2`KBM2/ #v

kA(hm,∆) = 1 Q` kS(hm,∆) = 1 U"X9jV

h?2 +Q``2bTQM/BM; bQHmiBQMb �`2

hm = 2∆+ 1 + 2m+O(
1

m
) Q` hm = 2∆+ 2m+O(

1

m
) U"X99V

"Xj G�`;2 q 2tT�MbBQM Q7 i?2 +QKTH2t auE KQ/2H

a2+iBQM jXjXR Q#i�BM2/ 2t�+i `2bmHib 7Q` i?2 mMBp2`b�H T�`ib Q7 i?2 i?2`KQ/vM�KB+ Q#b2`p�#H2bX

>Qr2p2`- MQ 2tTHB+Bi `2bmHib 7Q` i?2 MQM@mMBp2`b�H T�`ib /2T2M/2Mi mTQM J X AM i?Bb �TT2M/Bt

r2 rBHH T`2b2Mi i?2 H�`;2 q 2tT�MbBQM Q7 i?2 >�KBHiQMB�M BM 1[X UjXRV, i?2 `2bmHib +QMi�BM

#Qi? i?2 mMBp2`b�H �M/ MQM@mMBp2`b�H T�`ibX

q2 #2;BM #v `2+�HHBM; i?2 mMBp2`b�H `2bmHib Q7 a2+iBQM jXjXR BM i?2 HBKBi Q7 bK�HH ∆ = 1/qX

�i HQr T - i?2 i?2`KQ/vM�KB+b +QMi�BMb j mMBp2`b�H [m�MiBiB2b r?B+? /Q MQi mM/2`;Q �Mv

lo `2MQ`K�HBx�iBQM, i?2v �`2 i?2 /2MbBiv- Q- i?2 2Mi`QTv S- �M/ i?2 ǵ2H2+i`B+ }2H/Ƕ E X �HH j

[m�MiBiB2b +�M #2 2tT`2bb2/ BM i2`Kb Q7 mMBp2`b�H 2tT`2bbBQMb Q7 2�+? Qi?2`X 6B`bi- r2 i`2�i

R89
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Q �b i?2 BM/2T2M/2Mi [m�MiBivX h?2M- i?2 T → 0 HBKBi Q7 i?2 2Mi`QTv Bb 7`QK UjXkyV- UjXkdV-

UjXk3V-

S(Q) = Q ln

(
1− 2Q
1 + 2Q

)
+

1

2
ln

(
4

1− 4Q2

)
− π2

2
(1− 4Q2)∆2 +O(∆3). U"X98V

"v i�FBM; � Q /2`Bp�iBp2- r2 ?�p2 BKK2/B�i2Hv

E(Q) =
1

2π
ln

(
1− 2Q
1 + 2Q

)
+ 2πQ∆2 +O(∆3). U"X9eV

L2ti- r2 i�F2 E �b i?2 BM/2T2M/2Mi p�`B�#H2X h?2M i?2 BMp2`b2 7mM+iBQM U"X9eV Bb

Q(E) = −1

2
tanh(πE)− π2 sinh(πE)

2 cosh3(πE)
∆2 +O(∆3). U"X9dV

h?2 2Mi`QTv Bb ;Bp2M #v UjXk3V- S(E) = G(E) + 2πEQ(E)- r?2`2

G(E) = ln(2 cosh(πE))− π2

2 cosh2(πE)
∆2 +O(∆3). U"X93V

LQr r2 im`M iQ i?2 2tTHB+Bi H�`;2 q 2tT�MbBQM iQ i?2 +QKTmi2 i?2 i?2`KQ/vM�KB+b BM

i2`Kb Q7 KB+`Qb+QTB+ T�`�K2i2`bX h?2 2tT`2bbBQMb ?2`2 /2T2M/ mTQM i?2 mM/2`HvBM; J - �M/

i?2 bT2+B}+ 7Q`K Q7 i?2 >�KBHiQMB�M BM 1[X UjXRVX q2 rBHH p2`B7v i?�i i?2v �`2 +QKT�iB#H2

rBi? i?2 mMBp2`b�H `2bmHib T`2b2Mi2/ �#Qp2X

h?2 H�`;2 q 2tT�MbBQM r�b T`2b2Mi2/ #v _27X (Rj8) �i µ = 0- �M/ r2 7QHHQr i?2B` �M�HvbBb

?2`2X �i q = ∞ i?2v b?Qr2/ i?�i i?2 :`22MǶb 7mM+iBQM r�b i?�i Q7 � /BbT2`bBQMH2bb 7`22

72`KBQMX aQ- r2 r`Bi2

Gs(τ) = G0(τ)

[
1 +

1

q
G1(τ)

]
U"X9NV

R88
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r?2`2 i?2 /BbT2`bBQMH2bb 7`22 72`KBQM :`22MǶb 7mM+iBQM Bb

G0(τ) =

⎧
⎪⎨

⎪⎩

−eµτ (eµ/T + 1)−1, , 0 < τ < 1/T

eµτ (e−µ/T + 1)−1, , −1/T < τ < 0
. U"X8yV

h?2M 7`QK UeXj3V r2 ?�p2 i?2 b2H7 2M2`;v

Σs(τ) = − qJ2eµτ

(eµ/T + 1)(2 + 2 cosh(µ/T ))q/2−1

[
1 +

1

q
G1(τ)

]q/2 [
1 +

1

q
G1(−τ)

]q/2−1

U"X8RV

LQr r2 /2}M2

J 2 =
q2J2

2(2 + 2 cosh(µ/T ))q/2−1
. U"X8kV

h?2 H�`;2 q +�M QMHv #2 i�F2M B7 r2 �/Dmbi i?2 #�`2 J bQ i?�i J Bb q BM/2T2M/2MiX hQ i?2

Q`/2` r2 b?�HH rQ`F- Bi Bb H2;BiBK�i2 iQ mb2 i?2 O(∆0) `2bmHi �#Qp2- BM r?B+? +�b2 r2 rBHH }M/

J 2 =
q2J2

2(2 + 2 cosh(2πE))q/2−1
. U"X8jV

�b E Bb QMHv � 7mM+iBQM Q7 Q- r2 }M/ i?�i J `2K�BMb }MBi2 �b T → 0X h?2M- BM i?2 H�`;2 q

HBKBi

Σs(τ) = −2J 2

q
G0(τ) exp

(
1

2
(G1(τ) +G1(−τ))

)
U"X89V

AM i?Bb 7Q`K- i?2 2tTHB+Bi µ /2T2M/2M+2 ?�b /Bb�TT2�`2/X _27X (Rj8) Q#i�BM2/ � /Bz2`2MiB�H

2[m�iBQM 7Q` G1 �i µ = 0- �M/ bQ i?Bb �TTHB2b �HbQ ?2`2c i?2 bQHmiBQM Bb

G1(τ) = ln

(
cos2(πv/2)

cos2(πv(T |τ |− 1/2))

)
, U"X88V

r?2`2 v Bb Q#i�BM2/ #v i?2 bQHmiBQM Q7

πv

cos(πv/2)
=

J
T
. U"X8eV

R8e
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�bbmKBM; � }t2/ J - i?2 HQr T 2tT�MbBQM Q7 v Bb

v = 1− 2T

J +
4T 2

J 2
+ . . . . U"X8dV

hQ +QKTmi2 i?2 ;`�M/ TQi2MiB�H- Ω- r2 mb2 i?2 2z2+iBp2 �+iBQM

S[G,Σ] = −h` ln
[
δ(τ − τ ′)

(
− ∂

∂τ
+ µ

)
− Σ(τ, τ ′)

]
+

µ

2T

−
∫ 1/T

0

dτdτ ′
[
Σ(τ, τ ′)G(τ ′, τ) + (−1)q/2J2 [G(τ, τ ′)]q/2 [G(τ ′, τ)]q/2

]
.

U"X83V

h?2 Gs(τ − τ ′) �M/ Σs(τ − τ ′) �#Qp2 �`2 i?2 bQHmiBQMb iQ i?2 b�//H2@TQBMi 2[m�iBQMb Q7 SX

Ai Bb bBKTH2` iQ 2p�Hm�i2 dΩ/dJ #2+�mb2 QMHv i?2 H�bi i2`K +QMi`B#mi2b

J dΩ

dJ = − 4J 2

q2(2 + 2 cosh(µ/T ))

∫ 1/T

0

dτ exp(G1(τ))

= − 4J 2 sin(πv)

q2πTv(2 + 2 cosh(µ/T ))
,

U"X8NV

r?B+? BKTHB2b

dΩ

dv
= − 8πT

q2(2 + 2 cosh(µ/T ))
tan

(πv
2

) [
1 +

πv

2
tan

(πv
2

)]
U"XeyV

AMi2;`�iBM; Qp2` v- r2 Q#i�BM i?2 ;`�M/ TQi2MiB�H �b � 7mM+iBQM Q7 i?2 #�`2 µ �M/ T

Ω(µ, T ) = −T ln(2 cosh(µ/(2T )))− 2πvT

cosh2(µ/(2T ))

[
tan

(πv
2

)
− πv

4

]
∆2 +O(∆3). U"XeRV

h?Bb Bb i?2 K�BM `2bmHi Q7 i?2 H�`;2 q 2tT�MbBQMX

LQr r2 +�M mb2 i?2`KQ/vM�KB+ `2H�iBQMb iQ /2i2`KBM2 #Qi? mMBp2`b�H �M/ MQM@mMBp2`b�H

Q#b2`p�#H2bX 6`QK i?2 ;`�M/ TQi2MiB�H BM U"XeRV- r2 ?�p2 i?2 /2MbBiv

Q =
1

2
tanh(µ/(2T ))− 2πv sinh(µ/(2T ))

cosh3(µ/(2T ))

[
tan

(πv
2

)
− πv

4

]
∆2 +O(∆3). U"XekV

R8d
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*QK#BMBM; U"XeRV �M/ U"XekV- r2 +�M Q#i�BM i?2 7`22 2M2`;v BM i?2 +�MQMB+�H 2Mb2K#H2

F (Q, T ) = Ω(µ, T ) + µQ

= −T

[
1

2
ln

(
4

1− 4Q2

)
+Q ln

(
1− 2Q
1 + 2Q

)]

− 2πT (1− 4Q2)
[
tan

(πv
2

)
− πv

4

]
∆2 +O(∆3).

U"XejV

Ai Bb KQ`2 +QMp2MB2Mi iQ rQ`F rBi? i?2 +�MQMB+�H F (Q, T )- `�i?2` i?�M i?2 ;`�M/ +�MQMB+�H

Ω(µ, T )- #2+�mb2 Q Bb mMBp2`b�H- r?BH2 µ Bb MQiX q2 rBHH mb2 U"XejV iQ p2`B7v i?2 mMBp2`b�H

2tT`2bbBQMb BM a2+iBQM jXjXR- �M/ �HbQ iQ Q#i�BM M2r MQM@mMBp2`b�H `2bmHibX

6B`bi- BM i?2 }t2/ Q 2Mb2K#H2- r2 +�M +QKTmi2 i?2 +?2KB+�H TQi2MiB�H µ(Q, T ) M22/2/ iQ

F22T Q }t2/X q2 }M/

µ(Q, T ) =

(
∂F

∂Q

)

T

= −T ln

(
1− 2Q
1 + 2Q

)
+ 16πTQv

[
tan

(πv
2

)
− πv

4

]
∆2 +O(∆3)

= µ0 − 2πE(Q)T +O(T 2)

U"Xe9V

AM i?2 H�bi HBM2- r2 ?�p2 i�F2M i?2 HQr T HBKBi �i }t2/ J mbBM; U"X8dV- �M/ r2 }M/ T`2+Bb2Hv

i?2 2tT`2bbBQM UjXkRV- rBi? i?2 mMBp2`b�H 7mM+iBQM E(Q) ;Bp2M #v U"X9eV- �M/ i?2 MQM@mMBp2`b�H

#�`2 +?2KB+�H TQi2MiB�H

µ0 = 16JQ∆2 +O(∆3). U"Xe8V

LQi2 i?�i i?2`2 Bb MQ O(∆0) i2`K BM µ0, i?Bb ?�b +QMb2[m2M+2b 7Q` i?2 +QKT`2bbB#BHBivX 6`QK

U"Xe9V r2 +�M Q#i�BM i?2 BMp2`b2 +QKT`2bbB#BHBiv- 1/K- #v i�FBM; � /2`Bp�iBp2 rX`XiX Qc �i

HQr T r2 ?�p2

1

K
=

(
∂µ

∂Q

)

T

=
4T

1− 4Q2
+ (16J − 4π2T )∆2 +O(∆3) U"XeeV

aQ r2 MQr b22 i?�i B7 i�F2 i?2 HBKBi ∆ → 0 }`bi- i?2M i?2 +QKT`2bbB#BHBiv /Bp2`;2b �b K ∼ 1/T

R83
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BM i?2 HQr T HBKBi �i }t2/ J X PM i?2 Qi?2` ?�M/- B7 r2 i�F2 i?2 T → 0 �i MQM@x2`Q ∆- i?2M K

`2K�BMb }MBi2 �i K = q2/(16J )- �b M22/2/ 7Q` i?2 +QMbBbi2M+v Q7 i?2 �M�HvbBb BM a2+iBQM jXjXkX

LQi2 i?�i i?2 H�`;2 q 2tT�MbBQM ?QH/b 7Q` 1/K- �M/ MQi 7Q` K- Bi Bb i?2 2tT�MbBQM 7Q` 1/K

r?B+? 2bi�#HBb?2b i?2 }MBi2M2bb Q7 K �b T → 0X

q2 +�M �HbQ Q#i�BM i?2 MQM@mMBp2`b�H ;`QmM/ bi�i2 2M2`;v

E0 = F (Q, T → 0) = −2J (1− 4Q2)∆2 +O(∆3). U"XedV

h?Bb Bb +QKT�iB#H2 rBi? U"Xe8V �M/ UjXkkVX

6BM�HHv- r2 +�M +QKTmi2 i?2 2Mi`QTv- �M/ T2`7Q`K Bib HQr T 2tT�MbBQM �i }t2/ J c r2 }M/

S(Q, T ) = −
(
∂F

∂T

)

Q

= S(Q) + γ T +O(T 2),

U"Xe3V

r?2`2 i?2 mMBp2`b�H 7mM+iBQM S(Q) �;`22b rBi? U"X98V- �M/ i?2 MQM@mMBp2`b�H HBM2�`@BM@T

+Q2{+B2Mi Q7 i?2 bT2+B}+ ?2�i �i }t2/ Q Bb

γ =
2π2(1− 4Q2)

J ∆2 +O(∆3) U"XeNV

�;�BM- MQi2 i?�i i?2`2 Bb MQ O(∆0) i2`K BM γX

"X9 LmK2`B+�H bQHmiBQM Q7 i?2 auE KQ/2H

h?Bb �TT2M/Bt /2b+`B#2b Qm` MmK2`B+�H bQHmiBQM Q7 1[bX UeXj3V �M/ UjXeV 7Q` i?2 +�b2 q = 4X

q2 rQ`F2/ BM i?2 7`2[m2M+v /QK�BM #v r`BiBM; 1[X UeXj3V �b � +QMpQHmiBQM

Σ(iωn) = −J2

β2

∑

ωn=ω1+ω2−ω3

G(iω1)G(iω2)G(iω3) U"XdyV

q2 mb2/ i?2 7mM+iBQM T�+F�;2 +QMpn77ik BM J�iH�# iQ T2`7Q`K i?2 +QMpQHmiBQMX q2 `2@

R8N
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Q
-0.5 0 0.5

S(
Q
)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

6B;m`2 "XR, h?2 2Mi`QTv S(Q) Q#i�BM2/ 7`QK i?2 2t�+i `2bmHib (d9) BM a2+iBQM jXjXR U7mHH
HBM2V- �M/ #v i?2 MmK2`B+�H bQHmiBQMb Ubi�`bVX

bi`B+i2/ i?2 7`2[m2M+v �`;mK2Mi BM G(iωn) iQ #2 2πT (n+ 1
2) r?2`2 −N ! n ! N − 1X �7i2`

i?2 +QMpQHmiBQM- r2 +mi Qz i?2 7`2[m2M+v �`;mK2Mi BM Σ(iωn) iQ #2 rBi?BM i?2 b�K2 `2;BK2X

6BM�HHv- r2 mT/�i2/ i?2 :`22MǶb 7mM+iBQM BM � r2B;?i2/ r�v,

Gj(iωn) = (1− α)Gj(iωn) + α
1

iωn + µ− Σj−1(iωn)
U"XdRV

r?2`2 r2 +?QQb2 i?2 r2B;?i α = 0.2- �M/ j /2MQi2b i?2 Bi2`�iBQM bi2TX

q2 �HbQ mb2/ � b2+QM/ MmK2`B+�H �TT`Q�+? BM r?B+? r2 /B`2+iHv 2p�Hm�i2 1[bX UeXj3V �M/

UjXeV BM 7`2[m2M+v bT�+2 �M/ iBK2 bT�+2 b2T�`�i2Hv- �M/ i?2M mb2 7�bi 6Qm`B2` i`�Mb7Q`Kb

U66hV #2ir22M i?2KX "mi i?2`2 Bb � bm#iH2iv, r?2M +QMbB/2`BM; i?2 i`�Mb7Q`K�iBQM 7`QK τ

bT�+2 iQ ωn bT�+2- r2 �`2 /QBM; � /Bb+`2i2 bmK iQ `2T`2b2Mi i?2 MmK2`B+�H BMi2;`�HX 6Q` �

b2MbB#H2 /Bb+`2i2 bmK- r2 /Q MQi r�Mi i?2 2tTQM2MiB�H T?�b2 iQ p�`v iQQ Km+? #2ir22M i?2

irQ �/D�+2Mi /Bb+`2i2 TQBMibX aQ r2 r�Mi ωn(τj − τj−1) ≪ 1X qBi? Nτ �M/ Nω i?2 MmK#2` Q7

TQBMib Q7 τ �M/ ω- r2 M22/ Nω/Nτ ≪ 1X q2 7QmM/ Nω = 218, Nτ = 220 ;�p2 �++m`�i2 `2bmHibX

6`QK i?2 MmK2`B+�H bQHmiBQM 7Q` :`22MǶb 7mM+iBQM �M/ b2H7 2M2`;v- r2 Q#i�BM i?2 ;`�M/
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TQi2MiB�H #v 2p�Hm�iBM; 1[X U"X83VX AM T`�+iB+2- r2 r�Mi iQ bm#i`�+i i?2 ;`�M/ TQi2MiB�H Q7 �

7`22 i?2Q`v �M/ i?2M �// Bi #�+F iQ Q#i�BM � +QMp2`;2Mi bmK Qp2` 7`2[m2M+B2bX aQ r2 r`Qi2

i?2 }`bi i2`K BM 1[X U"X83V �b

T
∑

n

log [G(iωn)/G0(iωn)] + T log
[
1 + eµ/T

]
. U"XdkV

"v i?2 2[m�iBQMb Q7 KQiBQM- i?2 b2+QM/ BMi2;`�H +�M #2 r`Bii2M �b

− 3

4β

∑

n

Σ(iωn)G(iωn) U"XdjV

h?2M r2 Tmi i?2 bQHmiBQM BMiQ i?2b2 irQ i2`Kb �M/ Q#i�BM2/ i?2 ;`�M/ TQi2MiB�H Ω(µ, T )X

h?2 /2MbBiv- Q- i?2 +QKT`2bbB#BHBiv- K- �M/ i?2 2Mi`QTv- S r2`2 i?2M Q#i�BM2/ 7`QK bmBi�#H2

i?2`KQ/vM�KB+ /2`Bp�iBp2bRX Pm` MmK2`B+�H `2bmHib 7Q` S(Q)- Q#i�BM2/ #v #Qi? K2i?Q/b �`2

b?QrM BM 6B;X "XR- i?2v �`2 BM 2t+2HH2Mi �;`22K2Mi rBi? i?2 2t�+i �M�HviB+ `2bmHib (d9)X AM

i?2 7`2[m2M+v /QK�BM +QKTmi�iBQM- r2 mb2/ i?2 +miQz N = 2× 106X h?2 TQBMib BM 6B;X "XR

�`2 �i KQ/2`�i2 p�Hm2b Q7 Q- �M/ Qm` MmK2`B+b /B/ MQi +QMp2`;2 7Q` |Q| M2�` 1/2Xk

6Q` i?2 +QKT`2bbB#BHBiv- MmK2`B+�HHv M2�` µ = 0 �M/ �i T = 0- r2 }M/ i?�i K = 1.04/J =

1.04/(
√
2J )c qBi? q = 4- i?Bb Bb Q7 i?2 b�K2 Q`/2` Q7 i?2 H�`;2 q `2bmHi, K = q2/(16J ) =

1/J X
RQ +�M �HbQ #2 Q#i�BM2/ 7`QK G(τ = 0−)- r2 ?�p2 +?2+F2/ i?�i Bi Bb +QMbBbi2Mi rBi? i?2 /2`Bp�iBp2 K2i?Q/
k�i H�`;2 µ- r2 �Hr�vb }M/ i?2 7`22 :`22MǶb 7mM+iBQM G0 = 1

iωn+µ iQ #2 bQHmiBQMX h?2 `2�bQM +�M #2
mM/2`biQQ/ #v i?2 b2H7@2M2`;v Q#i�BM2/ 7`QK i?2 7`22 bQHmiBQM

Σ0(iωn) = −J2

β2

∑

ωn=ω1+ω2−ω3

G0(iω1)G0(iω2)G0(iω3) = − J2

iωn + µ

1

(2 cosh βµ
2 )2

LQiB+2 i?2 2tTQM2MiB�H bmTT`2bbBQM �i HQr i2KT2`�im`2X h?Bb K2�Mb �i �Mv }MBi2 µ- �i x2`Q i2KT2`�im`2-
i?2 7`22 QM2 Bb �Hr�vb � bQHmiBQMX LmK2`B+�HHv r2 �`2 �Hr�vb �i bK�HH }MBi2 i2KT2`�im`2 iQ `2T`2b2Mi i?2
x2`Q i2KT2`�im`2 `2bmHi- #mi r?2M µ #2+QK2b H�`;2- i?2 2tTQM2MiB�H bmTT`2bbBQM rBHH K�F2 i?2 7`22 :`22MǶb
7mM+iBQM +QMp2`;2 r2HH rBi?BM i?2 }t2/ iQH2`�M+2X
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"X8 LQ`K�H KQ/2 �M�HvbBb Q7 i?2 auE KQ/2H

h?Bb �TT2M/Bt rBHH ;2M2`�HBx2 i?2 �M�HvbBb Q7 J�H/�+2M� �M/ ai�M7Q`/ (Rj8)- �M/ /2b+`B#2 i?2

bi`m+im`2 Q7 i?2 2z2+iBp2 �+iBQM 7Q` ~m+im�iBQMb /B`2+iHv 7`QK i?2 �+iBQM BM 1[X U"X83VX q2

rBHH rQ`F ?2`2 BM �M �M;mH�` p�`B�#H2

ϕ = 2πT τ U"Xd9V

r?B+? i�F2b p�Hm2b QM � i2KTQ`�H +B`+H2 Q7 mMBi `�/BmbX q2 �HbQ mb2 i?2 MQi�iBQM ϕ12 ≡ ϕ1−ϕ2X

q2 #2;BM rBi? i?2 b�//H2@TQBMi bQHmiBQM Q7 1[X U"X83V- i?2 :`22MǶb 7mM+iBQM Gs(ϕ)X AM i?2

b+�HBM; HBKBi- i?Bb Bb ;Bp2M #v 1[X UjXRjVX q2 r`Bi2 i?Bb ?2`2 �b

Gs(ϕ) = b
e−Eϕ

(
sin ϕ

2

)2∆ , ∆ =
1

q
, ϕ ∈ [0, 2π) U"Xd8V

r?2`2 i?2 T`27�+iQ` b Bb bT2+B}2/ BM 1[X UjXRjVX q2 MQr 2tT�M/ i?2 2z2+iBp2 �+iBQM 1[X U"X83V

iQ [m�/`�iB+ Q`/2` Q7 i?2 ~m+im�iBQMb δG(ϕ1,ϕ2) = G(ϕ1,ϕ2) − Gs(ϕ12)- δΣ(ϕ1,ϕ2) =

Σ(ϕ1,ϕ2) − Σs(ϕ12) �M/ 7m`i?2` BMi2;`�i2 Qp2` δΣX 6Q` +QMp2MB2M+2 r2 mb2 `2MQ`K�HBx2/

7Q`K Q7 i?2 ~m+im�iBQM,

g(ϕ1,ϕ2) = [−Gs(ϕ12)Gs(ϕ21)]
q/4 Gs(ϕ12)

−1δG(ϕ1,ϕ2) U"XdeV

�M/ Q#i�BMBM; i?2 �+iBQM UiQ [m�/`�iB+ Q`/2`V BM g,

Seff.

N
=

1

2

∫
d4ϕ g(ϕ1,ϕ2)Q(ϕ1,ϕ2;ϕ3,ϕ4)g(ϕ3,ϕ4), U"XddV

r?2`2 Q Bb � [m�/`�iB+ 7Q`K QM i?2 bT�+2 Q7 7mM+iBQMb rBi? irQ iBK2 p�`B�#H2bX

q2 MQr 7Q+mb QM Dmbi i?2 x2`Q KQ/2 ~m+im�iBQMb bT2+B}2/ #v i?2 i`�Mb7Q`K�iBQMb BM

1[X UjXj8VX 6B`bi- 2t�KBM2 i?2 BM}MBi2bK�H `2T�`�K2i2`Bx�iBQM KQ/2- rBi? �M �++QKT�MvBM;

Rek
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lURV i`�Mb7Q`K�iBQM b�iBb7vBM; 1[X UjXjNV

f(ϕ) = ϕ+ ϵ(ϕ) , φ(ϕ) = −iEϵ(ϕ). U"Xd3V

LQiB+2 i?�i mM/2` i?Bb KQ/2- φ̃ = 0 BM 1[X UjX99VX AMb2`iBM; 1[X U"Xd3V BMiQ 1[X UjXj8V- mbBM;

1[X U"XdeV iQ ;2i i?2 MQ`K�HBx2/ ~m+im�iBQMb 7Q` 2�+? 6Qm`B2` KQ/2 ϵ(ϕ) = 1
2π

∑
n e

−inϕϵn,X

r2 }M/ i?�i i?2 HBM2�` Q`/2` +?�M;2 BM g Bb

gϵn(ϕ1,ϕ2) =
i∆bq/2e−2πqE/4

π

(
fn(ϕ12)∣∣sin ϕ12

2

∣∣

)
ϵne

−in
ϕ1+ϕ2

2 . U"XdNV

h?2 7mM+iBQMb fn(ϕ12) Bb � bvKK2i`B+ 7mM+iBQM Q7 irQ p�`B�#H2b ϕ1- ϕ2,

fn(ϕ) =
sinnϕ

2

tan ϕ
2

− n cosn
ϕ

2
,

∫ 2π

0

dϕ

(
fn(ϕ)

sin ϕ
2

)2

=
2π

3
|n|(n2 − 1). U"X3yV

aBKBH�`Hv- r2 +�M 2t�KBM2 i?2 U(1) ~m+im�iBQM KQ/2- mM/2` r?B+? ϵ Bb mM+?�M;2/ #mi φ

+?�M;2b,

gφn(ϕ1,ϕ2) =
bq/2e−2πqE/4

π

(
sinnϕ12

2∣∣sin ϕ
2

∣∣

)
φne

−in
ϕ1+ϕ2

2 , U"X3RV

r?B+? BKTHB2b i?�i i?2 T?�b2 ~m+im�iBQM Bb �MiB@bvKK2i`B+ BM irQ iBK2 p�`B�#H2X Ai Bb �HbQ

mb27mH iQ MQiB+2 i?2 7QHHQrBM; 2[m�iBQM,

∫ 2π

0

dϕ

(
sinnϕ

2

sin ϕ
2

)2

= 2π|n|. U"X3kV

hm`MBM; iQ i?2 bi`m+im`2 Q7 i?2 [m�/`�iB+ 7Q`K- Q- r2 MQr K�F2 i?2 F2v Q#b2`p�iBQM i?�i

2p�Hm�iBM; Q 7`QK 1[X U"X83V �M/ i?2 +QM7Q`K�H :`22MǶb 7mM+iBQM BM 1[X U"Xd8V H2�/b iQ �

p�MBb?BM; �+iBQM Q7 Q QM i?2 MQ`K�H KQ/2b /2b+`B#2/ �#Qp2X h?Bb Bb � /B`2+i +QMb2[m2M+2 Q7

i?2 BMp�`B�M+2 Q7 1[X UjXj8V mM/2` `2T�`�K2i2`Bx�iBQM �M/ U(1) i`�Mb7Q`K�iBQMbX _27X (Rj8)

�`;m2/ i?�i ;QBM; #2vQM/ i?2 +QM7Q`K�H HBKBi rBHH H2�/ iQ � b?B7i BM i?2 2B;2Mp�Hm2 Q7 Q

Q7 Q`/2` |n|T/J BM i?2 }`bi Q`/2` T2`im`#�iBQM i?2Q`vX �bbmKBM; i?Bb �TTHB2b ?2`2 iQ #Qi?

Rej
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KQ/2b /Bb+mbb2/ �#Qp2-j r2 ?�p2

Q · gφn = αφ
|n|T
J

gφn , Q · gϵn = αϵ
|n|T
J

gϵn, U"X3jV

r?2`2 i?2 MmK2`B+�H +Q2{+B2Mib αφ �M/ αϵ +�MMQi #2 Q#i�BM2/ �M�HviB+�HHv- #mi +�M #2

+QKTmi2/ BM i?2 H�`;2 q 2tT�MbBQMX >2`2- r2 +�M }t i?2K #v +QKT�`BM; rBi? i?2 H�`;2 q

`2bmHib �H`2�/v Q#i�BM2/ BM �TT2M/Bt "XjX

AMb2`iBM; 1[X U"X3jV BMiQ U"XddV- �M/ mbBM; i?2 2tTHB+Bi 7Q`K Q7 i?2 ~m+im�iBQMb BM 1[bX U"XdNV

�M/ U"X3RV- r2 Q#i�BM i?2 2z2+iBp2 �+iBQM iQ [m�/`�iB+ Q`/2`,

Seff.

N
=

1

2

∑

n

{
cφn

2|φ̃n|2 + cϵn
2
(
n2 − 1

)
|ϵn|2

}
. U"X39V

r?2`2 cφ �M/ cϵ �`2 +Q2{+B2Mib Q7 Q`/2` T
J �M/ T`QTQ`iBQM�H iQ αφ �M/ αϵX q2 +QM}`K i?�i

i?Bb Bb Q7 i?2 7Q`K BM 1[X UjX98V- �M/ r2 +�M 7m`i?2` 2tT`2bb i?2 `�iBQ Q7 K �M/ γ BM i2`Kb Q7

i?2 MmK2`B+�H +Q2{+B2Mib ?2`2

K

γ
=

cφ
4π2cϵ

=
3αφ

4π2∆2αϵ
U"X38V

h?2`2 Bb �MQi?2` r�v iQ Q#i�BM i?2 2z2+iBp2 �+iBQM mbBM; �M _: b+?2K2\\X h?2 #�bB+ B/2�

Bb iQ `2TH�+2 i?2 lo T2`im`#�iBQM #v � b+�HBM; 7Q`K i?�i +�M ~Qr iQ A_ �M/ i?2 2z2+iBp2

�+iBQM `2bmHib 7`QK i?2 A_ bQ7i KQ/2b +QmTH2 iQ i?Bb lo bQm`+2X q2 rBHH Tmi KQ`2 /2i�BHb BM

�MQi?2` T�T2` r?2`2 r2 +�M TBM /QrM i?2 +Q2{+B2Mi `�iBQ Q7 i?2 a+?r�`xB�M T�`i �M/ i?2

T?�b2 KQ/2 T�`iX

lbBM; i?2 2z2+iBp2 �+iBQM 1[X U"X39V r2 +�M �HbQ 2ti`�+i �M Q`/2`@QM2 TB2+2 Q7 i?2 7`22

2M2`;v r?B+? �`Bb2b 7`QK i?2 R@HQQT +�H+mH�iBQMX AM �//BiBQM iQ i?2 a+?r�`xB�M T�`i i?�i ?�b
jPM2 +�M DmbiB7v i?Bb bi�i2K2Mi #v � `2MQ`K�HBx�iBQM i?2Q`v �`;mK2Mi BM _27X (RRd)
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#22M /Bb+mbb2/ BM _27X (Rj8)- r2 ?�p2 � M2r TB2+2 7`QK T?�b2 ~m+im�iBQMb φ̃,

Zφ̃(β) =
√
detB

−1
, Bn,m = δn+m

Ncφ
2

n2 U"X3eV

q2 +�M 2p�Hm�i2 i?2 /2i2`KBM�Mi mbBM; i?2 x2i� 7mM+iBQM `2;mH�`Bx�iBQM ,

logZφ̃ = −
( ∞∑

n=1

log
Ncφ
2

n2

)
=

1

2
log

Ncφ
8π2

∼ −1

2
log βJ U"X3dV

hQ;2i?2` rBi? i?2 +QMi`B#miBQM 7`QK a+?r�`xB�M U∼ −3
2 log βJV- r2 +QM+Hm/2 i?�i i?2 T�`@

iBiBQM 7mM+iBQM Z(β) Bb T`QTQ`iBQM�H iQ β−2 �i H�`;2 βX 6`QK i?Bb- QM2 +�M 7m`i?2` 2ti`�+i

i?2 HQr 2M2`;v /2MbBiv Q7 bi�i2 ρ(E) 7`QK BMp2`b2 G�TH�+2 i`�Mb7Q`K�iBQM Q7 Z(β)- �M/ b?Qr

i?�i ρ(E) Bb T`QTQ`iBQM�H iQ E �i bK�HH E ≪ J
N X

q2 ?�p2 �HbQ MmK2`B+�HHv +QKTmi2/ � p�`B�iBQM Q7 T�`iBiBQM 7mM+iBQM |Z(β + it)| �b BM

_27X (jN) mbBM; 2t�+i /B�;QM�HBx�iBQM- i?2 `2bmHi Bb b?QrM BM 6B;X "XkX h?2 bHQT2 Bb �`QmM/

−2.07 BM i?2 ǴbHQT2Ǵ `2;BK2 r?B+? Bb M�Bp2Hv QmibBi2 i?2 p�HB/Biv Q7 i?2 QM2@HQQT +QKTmi�iBQM

U1 ≪ |β + it| ≪ NV- i?Bb Bb �M BM/B+�iBQM Q7 i?2 QM2@HQQT 2t�+iM2bb(R3j) Q7 i?2 +QKTH2t auE

KQ/2HX

"Xe *QmTHBM;b BM 2772+iBp2 �+iBQM Q7 i?2 auE KQ/2H

h?Bb �TT2M/Bt rBHH T`2b2Mi �MQi?2` /2`Bp�iBQM 7Q` i?2 p�Hm2b Q7 i?2 +QmTHBM;b BM i?2 a+?r�`xB�M

�M/ T?�b2 ~m+im�iBQM 2z2+iBp2 �+iBQM BM 1[X UjX9RVX >2`2- r2 rBHH QMHv Q#i�BM i?2 H2�/BM;

[m�/`�iB+ i2`Kb BM i?2 ;`�/B2Mi 2tT�MbBQM- r?B+? ?�p2 irQ i2KTQ`�H /2`Bp�iBp2b- �Hi?Qm;?

1[X UjX9RV +QMi�BMb K�Mv ?B;?2` Q`/2` i2`KbX Cmbi #v K�i+?BM; i?2b2 HQr Q`/2` i2`Kb r2

rBHH }t i?2 +QmTHBM;b �b BM 1[X UjX8yVX
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log tJ
-2 0 2 4 6 8 10

lo
g
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6B;m`2 "Xk, "Hm2 HBM2 Bb |Z(β + it)| +QKTmi2/ 7`QK 2t�+i /B�;QM�HBx�iBQM /�i� 7Q` N = 15
�M/ 1000 `2�HBx�iBQMb �i βJ = 5X h?2 Q`�M;2 HBM2 Bb i?2 HBM2�` }i 7Q` i?2 ǴbHQT2Ǵ `2;BK2 �M/
i?2 bHQT2 Bb �`QmM/ −2.07X

6B`bi r2 2t�KBM2 T?�b2 ~m+im�iBQMb- mM/2` r?B+? #v 1[X UjXj8V

G(τ, τ ′) = eiφ(τ)Gs(τ − τ ′)e−iφ(τ ′)

Σ(τ, τ ′) = eiφ(τ)Σs(τ − τ ′)e−iφ(τ ′)
U"X33V

q2 BMb2`i i?2 �Mb�ix U"X33V BMiQ i?2 �+iBQM U"X83V- �M/ T2`7Q`K � ;`�/B2Mi 2tT�MbBQM BM

/2`Bp�iBp2b Q7 φ(τ)X Ai Bb 2pB/2Mi i?�i i?2 2MiB`2 +QMi`B#miBQM +QK2b 7`QK i?2 h` ln i2`K- �b

i?2 Qi?2` i2`Kb �`2 BM/2T2M/2Mi Q7 φX 6m`i?2`KQ`2- r2 +�M mb2 i?2 B/2MiBiv

h` ln
[
δ(τ − τ ′)

(
− ∂

∂τ
+ µ

)
− eiφ(τ)Σs(τ − τ ′)e−iφ(τ ′)

]

= h` ln
[
δ(τ − τ ′)

(
− ∂

∂τ
+ µ+ i∂τφ(τ)

)
− Σs(τ − τ ′)

]
,

U"X3NV

r?B+? Bb 2�bBHv /2`Bp2/ #v � ;�m;2 i`�Mb7Q`K�iBQM Q7 i?2 72`KBQM }2H/b i?�i r2`2 BMi2;`�i2/

iQ Q#i�BM i?2 /2i2`KBM�MiX AM � ;`�/B2Mi 2tT�MbBQM �#Qmi � b�//H2 TQBMi �i � }t2/ µ-

�7i2` �HH Qi?2` KQ/2b UQi?2` i?�M i?2 `2T�`�K2i2`Bx�iBQM KQ/2 K2MiBQM2/ #2HQrV ?�p2 #22M

Ree
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BMi2;`�i2/ Qmi- r2 2tT2+i �M 2z2+iBp2 �+iBQM Q7 i?2 7Q`K

Sφ

N
=

K

2

∫ 1/T

0

dτ(∂τφ)
2. U"XNyV

q2 +�M /2i2`KBM2 K #v 2p�Hm�iBM; i?2 2z2+iBp2 �+iBQM 7Q` i?2 bT2+B�H +�b2 r?2`2 ∂τφ �

+QMbi�Mic mM/2` i?2b2 +QM/BiBQMb- r2 MQi2 7`QK U"X3NV i?�i �HH r2 ?�p2 iQ /Q BM i?2 2z2+iBp2

�+iBQM Bb iQ K�F2 � bK�HH +?�M;2 BM µ #v i∂τφX h?2`27Q`2- r2 ?�p2 2bi�#HBb?2/ i?�i

K = −
(
∂2Ω

∂µ2

)

T

U"XNRV

Bb BM/22/ i?2 +QKT`2bbB#BHBiv- �b BM 1[X UjX8yVX

� bBKBH�` �`;mK2Mi +�M K�/2 7Q` 2M2`;v ~m+im�iBQMbX LQr r2 +QMbB/2` i?2 i2KTQ`�H

`2T�`�K2i2`Bx�iBQM

τ → τ + ϵ(τ) U"XNkV

�7i2` BMi2;`�iBM; Qmi �HH Qi?2` ?B;? 2M2`;v KQ/2b �i � }t2/ +?2KB+�H TQi2MiB�H UQi?2` i?�M

i?2 T?�b2 KQ/2 �#Qp2V- r2 TQbimH�i2 �M 2z2+iBp2 �+iBQM 7Q` ϵ(τ)- �M/ �bbmK2 i?�i i?2 HQr2bi

Q`/2` ;`�/B2Mi 2tT�MbBQM H2�/b iQ

Sϵ

N
=

K̃

2

∫ 1/T

0

dτ(∂τϵ)
2. U"XNjV

q2 +�M MQr `2H�i2 i?2 +Q2{+B2Mi iQ � i?2`KQ/vM�KB+ /2`Bp�iBp2X �b 7Q` U"XNyV- +QMbB/2`

i?2 +�b2 r?2`2 ∂τϵ Bb � +QMbi�MiX h?2M U"XNkV BKTHB2b � +?�M;2 BM i2KT2`�im`2

−δT

T 2
=

∂τϵ

T
U"XN9V

AMb2`iBM; U"XN9V BMiQ U"XNjV- r2 +QM+Hm/2 i?�i

K̃

T 2
=

(
∂2Ω

∂T 2

)

µ

U"XN8V

Red
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6BM�HHv- r2 +�M �HbQ }t i?2 +`Qbb i2`K #v � bBKBH�` �`;mK2Mi- �M/ bQ Q#i�BM i?2 +QKTH2i2

:�mbbB�M 2z2+iBp2 �+iBQM 7Q` φ �M/ ϵ ~m+im�iBQMb- �7i2` �HH Qi?2` KQ/2b ?�p2 #22M BMi2;`�i2/

Qmi

Sφϵ

N
=

∫ 1/T

0

dτ

[
−1

2

(
∂2Ω

∂µ2

)

T

(∂τφ)
2 − iT

∂2Ω

∂T∂µ
(∂τϵ)(∂τφ) +

T 2

2

(
∂2Ω

∂T 2

)

µ

(∂τ ϵ)
2

]
. U"XNeV

�7i2` �TTHB+�iBQM Q7 i?2`KQ/vM�KB+ B/2MiBiB2b- i?Bb Bb 7QmM/ iQ �;`22 rBi? i?2 b2+QM/ Q`/2`

i2KTQ`�H /2`Bp�iBp2b BM 1[X UjX9RV- �M/ i?2 B/2MiB}+�iBQMb BM 1[bX UjXReV �M/ UjX8yVX

"Xd .B77mbBQM +QMbi�Mib Q7 i?2 ?B;?2`@/BK2MbBQM�H auE KQ/2H

h?2 ;2M2`�HBx�iBQM Q7 i?2 x2`Q@/BK2MbBQM�H auE `2bmHib BM �TT2M/Bt "X8 iQ i?2 ?B;?2` /BK2M@

bBQM�H KQ/2Hb +HQb2Hv 7QHHQrb i?2 HBM2b Q7 _27X (3j)X AM ?B;? /BK2MbBQM�H KQ/2Hb- i?2 [m�/`�iB+

7Q`K Q �+[mB`2b � bT�iB�H /2T2M/2M+2- 7Q`K�HHv r2 ?�p2 Q → Qxy r?2`2 Qxy +QMi�BMb � ?QT@

TBM; K�i`Bt 7Q` i?2 ~m+im�iBQMb- r?B+? +�M #2 2�bBHv /B�;QM�HBx2/ #v ;QBM; iQ k@bT�+2X 6Q`

HQM; r�p2H2M;i? HBKBi- r2 +�M 2tT�M/ Bib 2B;2Mp�Hm2 �`QmM/ k = 0, Q(k) = Q(0) + ck2 + . . .

r?2`2 c Bb � +QMbi�Mi /2T2M/b QM J0 �M/ J1 i?�i +�Tim`2b i?2 #�M/ bi`m+im`2 �i HQM; r�p2@

H2M;i?- �M/ Q(0) Bb i?2 [m�/`�iB+ 7Q`K �i k = 0 r?B+? `2T`Q/m+2b i?2 [m�/`�iB+ 7Q`K BM

(0 + 1)@/BK2MbBQMX AM ;2M2`�H- i?2 ?QTTBM; K�i`Bt �+ib /Bz2`2MiHv QM �MiB@bvKK2i`B+ ~m+@

im�iBQM gφ �M/ bvKK2i`B+ ~m+im�iBQM gϵ- r?B+? rBHH BM/m+2 irQ /Bz2`2Mi #�M/ bi`m+im`2b

Q(k)φ = Q(0)φ+ c1k2+ . . . �M/ Q(k)ϵ = Q(0)ϵ+ c2k2+ . . . 7Q` +?�`;2 �M/ 2M2`;v ~m+im�iBQM

`2bT2+iBp2HvX

AMb2`iBM; i?Bb #�+F BMiQ i?2 2z2+iBp2 �+iBQM /2`Bp�iBQM BM �TT2M/Bt "X8- r2 MQiB+2 i?�i

7Q` i?2 i?2 φ KQ/2b- r2 M22/ iQ `2TH�+2 i?2 lo +Q``2+iBQM 7Q` Q 7`QK Qφ(0) ∼ αφ
|n|T
J iQ

Qφ(k) = αφ
|n|T
J + c1k2 aBKBH�`Hv- 7Q` ϵ KQ/2b- r2 M22/ iQ `2TH�+2 αϵ

|n|T
J iQ αϵ

|n|T
J + c2k2,

r?2`2 J =
√

J2
0 + J2

1 X h?Bb `2TH�+2K2Mi H2�/b iQ i?2 2z2+iBp2 �+iBQM BM 1[X UjXekV rBi?

D1 =
2πc1J

αφ
, D2 =

2πc2J

αϵ
. U"XNdV

Re3
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6Q` i?2 bT2+B}+ KQ/2H r2 /Bb+mbb2/ BM K�BM i2ti- i?2 bT2+B�H 7Q`K Q7 i?2 ?QTTBM; i2`K

1[X UjXeyV H2�/b iQ c1 = c2X lbBM; 1[X U"X38V- r2 i?2M Q#i�BM i?2 `�iBQ Q7 i?2 /BzmbBQM

+QMbi�Mib
D2

D1
=

αφ

αϵ
=

4π2∆2

3

K

γ
U"XN3V

r?B+? r�b T`2b2Mi2/ BM 1[X UjXejVX

"X3 h?2`KQ/vM�KB+b �M/ i`�MbTQ`i

h?Bb T�`i 7QHHQrb _27X (Rkj)X AM ;2M2`�H- r2 rQ`F BM i?2 ;`�M/ +�MQMB+�H 2Mb2K#H2- i?2 ;`�M/

T�`iBiBQM 7mM+iBQM Bb /2}M2/ iQ #2

Q = Tr e−β(H−µN) U"XNNV

q2 �HbQ /2}M2 i?2 ;`�M/ TQi2MiB�H

Ω(µ, T ) = − 1

β
logQ U"XRyyV

h?2M r2 +�M /2}M2

N = −∂Ω

∂µ
, , S = −∂Ω

∂T
U"XRyRV

G2i mb MQr +QMbB/2` i?2 ~m+im�iBQMb BM T�`iB+H2 MmK#2`b BM i?2 ;`�M/ +�MQMB+�H 2Mb2K#H2

⟨δN2⟩ = ⟨(N −N)2⟩ =
Tr

[
N2e−β(H−µN)

]

Q −
(Tr

[
Ne−β(H−µN)

]

Q

)2

= −T
∂2Ω

∂µ2
U"XRykV

aBKBH�` r2 +�M }M/ i?2 ~m+im�iBQMb BM 2M2`;v �M/ +`Qbb ~m+im�iBQMb

⟨(δE − µN)2⟩ = −T 3∂
2Ω

∂T 2
U"XRyjV

⟨(δE − µN)δN⟩ = −T 2 ∂2Ω

∂T∂µ
U"XRy9V

ReN
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aQ r2 +QM+Hm/2 i?�i- i?2 bi�iB+ bmb+2TiB#BHBiv

χs ≡

⎛

⎜⎝
(∂N/∂µ)T (∂N/∂T )µ

T (∂N/∂T )µ T (∂S/∂T )µ

⎞

⎟⎠ =

⎛

⎜⎝
⟨(δN)2⟩ /T ⟨(δE − µδN)δN⟩ /T 2

⟨(δE − µδN)δN⟩ /T ⟨(δE − µδN)2⟩ /T 2

⎞

⎟⎠

U"XRy8V

h?Bb `2b2K#H2b 1[X UjX9NV

h?2 2[m�iBQMb Q7 KQiBQM 7Q` HQ+�H 2M2`;v �M/ MmK#2` /2MbBiB2b �`2 +QMb2`p�iBQM H�rb

∂N

∂t
+∇ · J = 0

∂E

∂t
+∇ · JE = 0 U"XRyeV

r?2`2 i?2 +m``2Mib �`2 bT2+B}2/ #v i?2B` `2bTQMb2 iQ i?2 2ti2`M�H bQm`+2bX >2`2 BM i?2

?v/`Q/vM�KB+ HBKBi- N, J,E, JE rBHH #2 +QMbB/2`2/ �b bK�HH ~m+im�iBQMbX q2 /2}M2 JQ =

JE − µJ ⎛

⎜⎝
J

JQ

⎞

⎟⎠ = −Σ

⎛

⎜⎝
∇µ

∇T

⎞

⎟⎠ U"XRydV

r?2`2 Σ Bb i?2 +QM/m+iBpBiv K�i`Bt,

Σ ≡

⎛

⎜⎝
σ α

αT κ

⎞

⎟⎠ U"XRy3V

h?2 bi�iB+ 7mM+iBQM K2�bm`2b i?2 `2bTQMb2 Q7 T�`iB+H2 MmK#2` �M/ 2M2`;v

⎛

⎜⎝
∇N

∇E − µ∇N

⎞

⎟⎠ = χs

⎛

⎜⎝
∇µ

∇T

⎞

⎟⎠ U"XRyNV

h?2 b2+QM/ `Qr +�M #2 p2`B}2/ #v dE−µdN = TdS �M/ i?2 J�tr2HH `2H�iBQM (∂N∂T )µ = (∂S∂µ )T X

Rdy
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aQ i?2 /`B7i +m``2Mi +�M #2 2tT`2bb2/ �b

⎛

⎜⎝
J

JQ

⎞

⎟⎠ = −Σχ−1
s

⎛

⎜⎝
∇N

∇E − µ∇N

⎞

⎟⎠ U"XRRyV

6`QK i?2 +QMiBMm�iBQM 2[m�iBQM- r2 ?�p2

⎛

⎜⎝
∂N/∂t

∂E/∂t− µ∂Q/∂t

⎞

⎟⎠ = −

⎛

⎜⎝
∇ · J

∇ · JQ

⎞

⎟⎠ = D

⎛

⎜⎝
∇2N

∇2E − µ∇2N

⎞

⎟⎠ U"XRRRV

r?2`2 D = Σχ−1
s �M/ r2 ?�p2 B;MQ`2/ ?B;?2` Q`/2` i2`K ∇µ ·∇N X

LQr r2 rBHH `2H�i2 /BzmbBQM +QMbi�Mi- bi�iB+ bmb+2TiB#BHBiv rBi? /vM�KB+�H bmb+2TiB#BHBivX

q2 }`bi +QMbB/2` bBKTH2 /BzmbBQM Q7 HQ+�H /2MbBiv n(t,t)

∂tn−D∇2n = 0 U"XRRkV

A7 r2 +QMbB/2` i?2 6Qm`B2` +QKTQM2Mi BM bT�+2-

n(t,t) =
∫

ddk

(2π)d
eiF·tn(t,F) U"XRRjV

r2 Q#i�BM i?2 bQHmiBQM

n(t,F) = e−DF2tn0(F) U"XRR9V

r?2`2 n0(F) ≡ n(t = 0,F)X q2 rBHH 7m`i?2` rQ`F BM 7`2[m2M+v /QK�BM- �M/ n(t,F) Bb QMHv

/2}M2/ 7Q` t > 0X aQ r2 +�M T2`7Q`K � G�TH�+2 i`�Mb7Q`K�iBQM

n(z,F) =
∫

dteiztn(t,F) U"XRR8V

r?B+? ;Bp2b i?2 bQHmiBQM

n(z,F) = n0(F)
−iz +DF2 U"XRReV

RdR
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>2`2 n0(F) b?QmH/ #2 +QMbB/2`2/ �b i?2 ~m+im�iBQM �#Qp2 �M mMB7Q`K #�+F;`QmM/X h?2M

r2 +�M 7m`i?2` 2tT`2bb n0(F) �b n0(F) = χµ0(F)- r?2`2 χ Bb i?2 bi�iB+ bmb+2TiB#BHBivX q2

+QMbB/2` i?2 bQm`+2 7Q` i?2 /2MbBiv ?�b i?2 7Q`K µ(t,t) = eϵtµ(t)θ(−t)- 7`QK HBM2�` `2bTQMb2

i?2Q`v- r2 Q#i�BM

⟨n(t,t)⟩ = −
∫ 0

−∞
dt′eϵt

′
∫

ddx′µ(t′)GR
nn(t− t′,t − t′) U"XRRdV

r?2`2 GR
nn Bb i?2 `2i�`/2/ :`22MǶb 7mM+iBQM

GR
nn(t− t′,t − t′) = −iθ(t− t′)⟨[n(t,t), n(t′,t′)]⟩ U"XRR3V

Pm` ;Q�H Bb iQ 2tT`2bb ⟨n(t,F)⟩ BM i2`Kb Q7 i?2 `2i�`/2/ :`22MǶb 7mM+iBQM �M/ +QKT�`2 rBi?

7Q`K Q#i�BM2/ #v i?2 i?2 /BzmbBQM 2[m�iBQM 1[X U"XRReVX S2`7Q`KBM; i?2 6Qm`B2` i`�Mb7Q`@

K�iBQM BM bT�+2

⟨n(t,F)⟩ = −
∫ 0

−∞
dt′eϵt

′
µ0(F)GR

nn(t− t′,F) U"XRRNV

AMi2;`�iBM; t′- r2 Q#i�BM

⟨n(t,F)⟩ = −µ0(F)
∫

dω

2π
GR

nn(ω,F)
e−iωt

iω + ϵ
U"XRkyV

S2`7Q`KBM; � G�TH�+2 i`�Mb7Q`K�iBQM

⟨n(z,F)⟩ = −µ0(F)
∫

dω

2π

GR
nn(ω,F)

(iω + ϵ)(i(ω − z) + ϵ)
U"XRkRV

lbBM; i?2 T`QT2`iv i?�i GR
nn(ω,F) Bb �M�HviB+ BM i?2 mTT2` ?�H7 TH�M2-

⟨n(z,F)⟩ = −µ0(F)
GR

nn(z,F)−GR
nn(z = 0,F)

iz
U"XRkkV

Rdk
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*QKT�`BM; rBi? 1[X U"XRReV

GR
nn(z,F)−GR

nn(z = 0,F) = −izχ

−iz +DF2 U"XRkjV

PM i?2 Qi?2` ?�M/- 1[X U"XRRNV i2HHb mb i?�i GR
nn(z = 0,F) = −χ 7Q` bK�HH KQK2MimK F-

i?mb

GR
nn(z,F) =

χDF2

iz −DF2 U"XRk9V

q2 +�M b22 i?�i GR
nn(ω,F) Bb �M�HviB+ BM i?2 mTT2` ?�H7 TH�M2 �M/ i?2 �M�HviB+�H +QMiBMm�iBQM

7mM+iBQM ?�b � TQH2 �i ω = −iDF2 +Q``2bTQM/BM; iQ i?2 /BzmbBp2 KQ/2X

6`QK i?2 �#Qp2 `2H�iBQM- r2 +�M Q#i�BM i?2 bi�M/�`/ Em#Q 7Q`KmH� 7Q` i?2 /BzmbBQM

+QMbi�Mi

Dχ = − lim
ω→0

lim
F→0

ω

F2 AKGR
nn(ω,F) U"XRk8V

h?2 �#Qp2 �M�HvbBb +�M #2 ;2M2`�HBx2/ iQ � K�i`Bt 7Q`K r?2`2 r2 ?�p2 b2p2`�H }2H/b �i

T`2b2MiX h?2M r2 ?�p2 i?2 K�i`Bt `2H�iBQM

GR(z,F) = −(R + izK−1)χ U"XRkeV

r?2`2 Kab = −izδab + Dab(F)X >2`2 i?2 `2i�`/2/ :`22MǶb 7mM+iBQM Bb i?2 b�K2 �b i?2

/vM�KB+�H bmb+2TiB#BHBiv −χ(ω,F)X �M/ r2 ?�p2 `2b2K#H2/ 1[X UjX8jVX

Rdj



C
�TT2M/Bt 7Q` +?�Ti2` 9

*XR h?2 H�`;2 q̂ HBKBi Q7 i?2 bmT2`bvKK2i`B+ auE KQ/2H

Ai Bb BMi2`2biBM; iQ i�F2 i?2 H�`;2 q̂ HBKBi Q7 i?2 KQ/2H bBM+2 i?2M r2 +�M }M/ �M 2t�+i bQHmiBQM

BMi2`TQH�iBM; #2ir22M i?2 b?Q`i �M/ HQM; /Bbi�M+2 #2?�pBQ`X h?2 �M�HvbBb Bb p2`v bBKBH�` iQ

i?2 QM2 BM (Rj8)X q2 2tT�M/ i?2 7mM+iBQMb �b 7QHHQrb

Gψψ(τ) =
1

2
ϵ(τ) +

1

2q̂
gψψ(τ) , Gbb(τ) = −δ(τ) +

1

2q̂
gbb U*XRV

r?2`2 r2 M2;H2+i2/ ?B;?2` Q`/2` i2`Kb BM i?2 1/q̂ 2tT�MbBQMX q2 +�M i?2M 6Qm`B2` i`�Mb7Q`K-

+QKTmi2 Σψψ- Σbb iQ }`bi Q`/2` BM i?2 1
q̂ 2tT�MbBQMX h?Bb ;Bp2b Σψψ(iω) =

ω2

2q [sgngψψ](iω)-

�M/ Σbb(iω) =
1
2q̂gbb(iω)X _2TH�+BM; i?Bb i?2 2[m�iBQMb U9XkeV r2 }M/

∂2
τgψψ = J 2e2gψψ , gbb = J egψψ , J ≡ q̂J

2q̂−2
U*XkV

Rd9
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r?2`2 r2 i�F2 i?2 H�`;2 q̂ HBKBi F22TBM; J }t2/X h?2 bQHmiBQM Q#2vBM; i?2 #QmM/�`v +QM/B@

iBQMb gψψ(0) = gψψ(β) = 0 Bb

egψψ =
1

βJ
v

sin(v τ
β + b)

, βJ =
v

cos v
2

, b =
π − v

2
U*XjV

r?2`2 v, b �`2 BMi2;`�iBQM +QMbi�Mib }t2/ #v i?2 #QmM/�`v +QM/BiBQMbX Ai Bb BMi2`2biBM; iQ

MQi2 i?�i i?2 lo bmT2`bvKK2i`v +QM/BiBQM gbb = −∂τgψψ Bb QMHv �TT`QtBK�i2Hv i`m2 �i b?Q`i

/Bbi�M+2b- /Bbi�M+2b b?Q`i2` i?�M i?2 i2KT2`�im`2X

Ai Bb �HbQ BMi2`2biBM; iQ +QKTmi2 i?2 7`22 2M2`;vX �;�BM- i?Bb Bb +QMp2MB2MiHv /QM2 #v i�FBM;

� /2`Bp�iBp2 rBi? `2bT2+i iQ J �M/ mbBM; i?2 2[m�iBQMb Q7 KQiBQMX

J ∂J
logZ

N
= − β

2(q̂ − 1)
∂τGψψ

∣∣∣∣
τ=0+

= − β

2q̂2
∂τgψψ|τ=0+ U*X9V

r?2`2 i?2 }`bi 2[m�HBiv ?QH/b BM ;2M2`�H �M/ i?2 b2+QM/ QMHv 7Q` H�`;2 q̂X 1tT`2bbBM; Bi BM

i2`K Q7 i?2 T�`�K2i2`b BM U*XjV r2 ;2i

logZ

N
=

1

2
log 2 +

1

4q̂2

(
−v2

4
+ v tan

v

2

)
, with βJ =

v

cos v
2

∼ 1

2
log 2 +

1

q̂2

[
βJ
4

− π2

16
+

π2

8βJ − π2

4(βJ )2
+ · · ·

]
, for βJ ≫ 1 U*X8V

r2 +�M �HbQ 2�bBHv +QKTmi2 i?2 bK�HH (βJ ) 2tT�MbBQM- r?B+?- �b 2tT2+i2/- ;Q2b BM TQr2`b Q7

(βJ )2X q2 ?�p2 mb2/ i?2 2Mi`QTv Q7 i?2 7`22 72`KBQM bvbi2K- �i βJ → 0- �b �M BMi2;`�iBQM

+QMbi�Mi BM ;QBM; 7`QK U*X9V iQ U*X8VX h?2 +QMbi�Mi i2`K BM i?2 H�`;2 (βJ ) 2tT�MbBQM �;`22b

rBi? i?2 H�`;2 q̂ 2tT�MbBQM Q7 i?2 ;`QmM/ bi�i2 2Mi`QTv U9Xj3VX h?2 1/(βJ ) i2`K +�M �HbQ

#2 Q#i�BM2/ 7Q`K i?2 a+?r�`xB�M �M/ i?Bb +�M b2`p2 �b � r�v iQ }t i?2 +Q2{B+B2Mi Q7 i?2

a+?r�`xB�M �+iBQM �i H�`;2 q̂X h?2 HBM2�` i2`K BM βJ `2T`2b2Mib i?2 ;`QmM/ bi�i2 2M2`;v �M/

Bi b?QmH/ #2 bm#i`�+i2/ QzX

�HH i?2b2 `2bmHib ?�p2 i?2 b�K2 7Q`K �b i?2 H�`;2 q HBKBi Q7 i?2 mbm�H auE KQ/2H (Rj8)X

h?Bb Bb MQi � +QBM+B/2M+2X q?�i ?�TT2Mb Bb i?�i i?2 H2�/BM; #QbQM T`QT�;�iQ` Bb bBKTHv i?2

Rd8
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/2Hi� 7mM+iBQM BM U*XRV r?B+? +QHH�Tb2b i?2 /B�;`�Kb iQ i?Qb2 Q7 i?2 H�`;2 q HBKBi Q7 i?2 mbm�H

auE KQ/2HX

Rde
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.XR h?2 H�`;2 q HBKBi Q7 i?2 MN KQ/2H

q2 7QHHQr i?2 b�K2 �M�HvbBb �b BM *?�Ti2` 9X q2 2tT�M/ i?2 :`22MǶb 7mM+iBQM �b

Gf (τ) =
1

2
sgn(τ)(1 +

gf (τ)

q
), Gb(τ) = −δ(τ) +

1

2q
gb(τ) U.XRV

iQ ?�p2 � ;QQ/ T2`im`#�iBp2 HBKBi- r2 `2/2}M2/ i?2 +QmTHBM;

J =
2qJ

2q−2
U.XkV

r2 rBHH i�F2 i?2 H�`;2 q r?BH2 F22TBM; J }t2/X LQr i?2 a. 2[m�iBQMb `2/m+2 iQ

Σf (τ) =
√
α
J
2

gb(τ)

q
egf (τ), Σb(τ) =

1√
α

J
2

egf (τ)

q
U.XjV

Rdd



�TT2M/Bt .X �TT2M/Bt 7Q` +?�Ti2` 8

�M/ �HbQ

Σf (iω) = −ω2

2q
[sgn gf ] , Σb(iω) =

1

2q
gb(iω) U.X9V

*QK#BM2/ iQ;2i?2`- r2 ?�p2

gb(τ) =
J√
α
egf (τ), ∂2

τ [sgn gf (τ)] =
√
αgb(τ)J egf (τ) = J 2e2gf (τ) U.X8V

qBi? i?2 #QmM/�`v +QM/BiBQM gf (0) = gf (β) = 0- r2 }M/

egf (τ) =
1

βJ
v

sin (v π
β + b)

, b =
π − v

2
, βJ =

v

cos v
2

, gb(τ) =
1√
αβ

v

sin (v π
β + b)

U.XeV

LQiB+2 i?�i i?Bb bQHmiBQM Bb [mBi2 bBKBH�` �b i?2 bmT2`bvKK2i`B+ H�`;2 q bQHmiBQMX hQ #2 KQ`2

2tTHB+Bi- r2 ?�p2 i?2 b�K2 bQHmiBQM gf - r?BH2 gb Dmbi /Bz2`b #v � 7�+iQ` 1
α X "mi #2+�mb2 Q7

i?Bb- iQ i?2 1
q Q`/2`- i?2 bmT2`bvKK2i`B+ +QMbi`�BM Bb MQi b�iBb}2/ gb(τ) ̸= −∂τgf (τ)X

�MQi?2` i?BM; r2 ?�p2 MQiB+2/ Bb i?�i- i?2 bQHmiBQM Bb +HQb2 iQ i?2 +QM7Q`K�H bQHmiBQM rBi?

∆f = 1
2q X >2`2 r2 �`2 i�FBM; i?2 H�`;2 q HBKBi r?BH2 F22TBM; }t2/ α- Bi Bb MQi i?2 bK�HH α

HBKBi r2 +QMbB/2`2/ #27Q`2X AM 7�+i- α rBHH �TT2�` BM i?2 O(q−2) Q`/2` BM ∆f X

Rd3
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1XR aT2+i`�H 7mM+iBQMb

h?Bb �TT2M/Bt Bb bBKBH�` iQ �TT2M/BtX "XR- ?2`2 r2 �HbQ 2ti2M/ i?2 �M�HvbBb iQ #QbQMB+ +�b2X

�i i?2 J�ibm#�`� 7`2[m2M+B2b- i?2 72`KBQM :`22MǶb 7mM+iBQM Bb /2}M2/ #v

G(τ) = −
〈
T
(
f(τ)f †(0)

)〉

U1XRV

G(iωn) =

∫ 1/T

0

dτeiωnτG(τ), U1XkV

�M/ i?Bb Bb +QMiBMm2/ iQ �HH +QKTH2t 7`2[m2M+B2b z pB� i?2 bT2+i`�H `2T`2b2Mi�iBQM

G(z) =

∫ ∞

−∞

dΩ

π

ρ(Ω)

z − Ω
. U1XjV

h?2 bT2+i`�H /2MbBiv ρ(Ω) > 0 7Q` �HH `2�H Ω �M/ T X h?2 `2i�`/2/ :`22MǶb 7mM+iBQM Bb

RdN
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GR(ω) = G(ω + iη) rBi? η � TQbBiBp2 BM}MBi2bBK�H- r?BH2 i?2 �/p�M+2/ :`22MǶb 7mM+iBQM Bb

GA(ω) = G(ω − iη)X 6`QK i?2b2 2tT`2bbBQMb r2 Q#i�BM

G(τ) = −
∫ ∞

−∞

dΩ

π
ρ(Ω)

e(β−τ)Ω

eβΩ + 1
, 0 < τ < β . U1X9V

aQ BM i?2 HBKBi T → 0 r2 ?�p2

G(τ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−
∫ ∞

0

dΩ

π
ρ(Ω) e−Ωτ , τ > 0

∫ ∞

0

dΩ

π
ρ(−Ω) eΩτ , τ < 0 .

U1X8V

q2 rBHH 7Q+mb QM i?2 T�`iB+H2@?QH2 bvKK2i`B+ +�b2- BM r?B+? +�b2 ρ(Ω) = ρ(−Ω)X

6Q` #QbQMb- i?2 :`22MǶb 7mM+iBQM Bb /2}M2/ #v

χ(τ) = ⟨T (φ(τ)φ(0))⟩

U1XeV

χ(iωn) =

∫ 1/T

0

dτeiωnτχ(τ), U1XdV

�M/ r2 ?�p2 i?2 bT2+i`�H `2T`2b2Mi�iBQM

χ(z) =

∫ ∞

−∞

dΩ

π

ζ(Ω)

z − Ω
. U1X3V

LQr i?2 TQbBiBpBiv +QM/BiBQM Bb Ωζ(Ω) < 0X 6Q` i?2 `2�H #QbQMb ζ(−Ω) = −ζ(Ω)- �M/ r2 rBHH

�bbmK2 i?Bb 7`QK MQrX h?2 �M�HQ; Q7 1[X U1X9V Bb

χ(τ) = −
∫ ∞

−∞

dΩ

π
ζ(Ω)

e(β−τ)Ω

eβΩ − 1
, 0 < τ < β . U1XNV

R3y
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aQ BM i?2 HBKBi T → 0 r2 ?�p2

χ(τ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−
∫ ∞

0

dΩ

π
ζ(Ω) e−Ωτ , τ > 0

∫ ∞

0

dΩ

π
ζ(−Ω) eΩτ , τ < 0 .

U1XRyV

1Xk >B;? i2KT2`�im`2 2tT�MbBQM

q2 +QMbB/2` i?2 ?B;?@i2KT2`�im`2 `2;BK2 r?2`2 i?2 bQHmiBQM Bb +HQb2 iQ i?2 7`22 bQHmiBQM �M/

r2 +�M 2tT�M/ i?2 bQHmiBQM BM i2`Kb Q7 J2 �M/ t̃2X h?2 7`22 bQHmiBQMb �`2

G0(ωn) =
1

iωn
, χ0(ωn) =

1

ω2
n +∆2

0

U1XRRV

>2`2 r2 /2MQi2 ∆2
0 = χ−1

0 X q2 bvbi2K�iB+�HHv /Q i?2 ?B;? i2KT2`�im`2 2tT�MbBQM #v /2}MBM;

G(ωn) =
∑

i=0,j=0 J
2it̃2jG(i,j)(ωn)- χ(ωn) =

∑
i=0,j=0 J

2it̃2jχ(i,j)(ωn)- Σ(ωn) =
∑

i=0,j=0 J
2it̃2jΣ(i,j)(ωn)

�M/ P (ωn) =
∑

i=0,j=0 J
2it̃2jP (i,j)(ωn)X h?2M r2 THm; BM i?2 a+?rBM;2`@.vbQM 2[m�iBQMb

1[bX UeXR3VUeXRNV- �M/ Q#i�BM i?2 2tT�MbBQM Q`/2` #v Q`/2`X h?2 x2`Qi? Q`/2` Bb i?2 7`22

`2bmHi,

G(0,0)(ωn) =
1

iωn
, χ(0,0)(ωn) =

1

ω2
n +∆2

0

U1XRkV

SHm;;BM; χ(0,0)(ωn) BM i?2 +QMbi`�BM 2[m�iBQM 1[X UeXkkV- r2 Q#i�BM,

1

2∆0
coth

∆0

2T
=

1

g
U1XRjV

R3R
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h?2 M2ti Q`/2` r2 }M/ i?�i

Σ(1,0) =
1

4iωn
, Σ(0,1) = k

[
1

2i∆2
0ωn

+
cosh ∆0

T

2i∆2
0ωn(4∆2

0 + ω2
n) sinh

∆0
2T

2

]
, P (0,1) =

1

2(ω2
n +∆2

0)

U1XR9V

h?Bb ;Bp2b,

G(1,0) = − 1

4iω3
n

, G(0,1) = − k

ω2
n

[
1

2i∆2
0ωn

+
cosh ∆0

T

2i∆2
0ωn(4∆2

0 + ω2
n) sinh

∆0
2T

2

]
, χ(0,1) =

1

2(ω2
n +∆2

0)
3

U1XR8V

h?2 bmKK�iBQM Q7 χ(0,0) �M/ χ(0,1) ;Bp2b

1

2∆0
coth

∆0

2T
+ t̃2

6 coth ∆0
2T + ∆0

T (3 + ∆0
T coth ∆0

2T )/ sinh
∆0
2T

2

64∆5
0

=
1

g
U1XReV

6m`i?2` r2 ?�p2 i?2 2tT�MbBQM

P (1,1) =
2T∆(−3ω2

n +∆2)− (ω4
n +∆4) coth ∆

2T

16T∆(ω2
n +∆2)3

U1XRdV

h?Bb ;Bp2b

χ(1,1) =
2T∆(−3ω2

n +∆2)− (ω4
n +∆4) coth ∆

2T

16T∆(ω2
n +∆2)5

U1XR3V

h?2 bmKK�iBQM Q7 χ(0,0)- χ(0,1) �M/ χ(1,1) ;Bp2b

1

2∆0
coth

∆0

2T
+ t̃2

6 coth ∆0
2T + ∆0

T (3 + ∆0
T coth ∆0

2T )/ sinh
∆0
2T

2

64∆5
0

+

J2t̃2
6T 3

(
5T coth

(
∆
2T

)
− 4∆

)
−∆

(
9T 3 +∆ (∆2 + 3T 2) coth

(
∆
2T

)
+ 2∆2T

)
+b+?2

(
∆
2T

)

3072∆7T 4
=

1

g

U1XRNV

R3k
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T
1 2 3 4 5 6 7 8 9 10

g H
TE

-g
nu

m

-0.05

0

0.05

0.1
HTE1
HTE2
HTE3

6B;m`2 1XR, gHTE − gnum �b � 7mM+iBQM Q7 i2KT2`�im`2 7Q` }t2/ k = 1- J = 5- t̃ = 0.3-
∆0 = 2X gnum Bb Q#i�BM2/ #v MmK2`B+�HHv bQHpBM; 1PJ UeXR3VUeXRNV �M/ THm;;BM; BM UeXkkVc
gHTE iQ ;2i #Hm2 HBM2 Bb Q#i�BM2/ 7`QK U1XRjV- `2/ HBM2 Bb Q#i�BM2/ 7`QK U1XReV- Q`�M;2 HBM2
Bb Q#i�BM2/ 7`QK U1XRNVX

q2 THQi i?2 /Bz2`2M+2 #2ir22M i?2 MmK2`B+�H `2bmHi �M/ i?2 ?B;? i2KT2`�im`2 2tT�MbBQM

U1XRjVU1XReVU1XRNV BM 6B;m`2 1XRX q2 b22 i?�i i?2v �;`22 `2H�iBp2Hv r2HH BM i?2 ?B;? i2KT2`@

�im`2 `2;BK2X

R3j
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(R) 1HB?m �#`�?�Kb- SX qX �M/2`bQM- SX �X G22- �M/ hX oX _�K�F`Bb?M�MX Zm�bBT�`iB+H2

HB72iBK2 BM /BbQ`/2`2/ irQ@/BK2MbBQM�H K2i�HbX S?vbX _2pX "- k9,ed3jĜed3N- .2+ RN3RX

/QB, RyXRRyjfS?vb_2p"Xk9Xed3jX

(k) �?K2/ �HK?2B`B �M/ "vmM;rQQ E�M;X *QM7Q`K�H bvKK2i`v #`2�FBM; �M/ i?2`KQ/v@

M�KB+b Q7 M2�`@2ti`2K�H #H�+F ?QH2bX C>1S- Ry,y8k- kyReX /QB, RyXRyydfC>1SRyUkyReV

y8kX

(j) �?K2/ �HK?2B`B �M/ CQb2T? SQH+?BMbFBX JQ/2Hb Q7 �/a2 #�+F`2�+iBQM �M/ ?QHQ;`�T?vX

C>1S- RR,yR9- kyR8X /QB, RyXRyydfC>1SRRUkyR8VyR9X

(9) hQK�b �M/`�/2 �M/ "2MD�KBM qBi?2`bX � bBKTH2 ?QHQ;`�T?B+ KQ/2H Q7 KQK2MimK

`2H�t�iBQMX C>1S- y8,RyR- kyR9X /QB, RyXRyydfC>1Sy8UkyR9VRyRX

(8) .BQMvbBQb �MMBMQb- h�`2F �MQmb- �M/ 6`2/2`BF .2M27X .BbQ`/2`2/ ZmBp2`b �M/ *QH/

>Q`BxQMbX C>1S- Rk,ydR- kyReX /QB, RyXRyydfC>1SRkUkyReVydRX

(e) GX �``�+?2� �M/ JX CX _Qx2M#2`;X AM}MBi2@`�M;2 [m�MimK `�M/QK >2Bb2M#2`; K�;M2iX

S?vbX _2pX "- e8UkkV,kk99jy- CmM2 kyykX /QB, RyXRRyjfS?vb_2p"Xe8Xkk99jyX

(d) 6X 6X �bb��/ �M/ hX :`Qp2`X aBKTH2 72`KBQMB+ KQ/2H Q7 /2+QM}M2/ T?�b2b �M/ T?�b2

i`�MbBiBQMbX S?vbB+�H _2pB2r s- eU9V,y9Ry9N- P+iQ#2` kyReX /QB, RyXRRyjfS?vb_2psX

eXy9Ry9NX

R39
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(3) aX "�/Qmt- qX h�#Bb- 6X G�HB#2`iû- :X :`BbbQMM�M+?2- "X oB;MQHH2- .X oB;MQHH2b-

CX "û�`/- .X �X "QMM- qX LX >�`/v- _X GB�M;- LX .QB`QM@G2v`�m/- GX h�BHH272`- �M/

*X S`QmbiX *?�M;2 Q7 +�``B2` /2MbBiv �i i?2 Tb2m/Q;�T +`BiB+�H TQBMi Q7 � +mT`�i2

bmT2`+QM/m+iQ`X L�im`2- 8jR,kRyĜkR9- J�`+? kyReX /QB, RyXRyj3fM�im`2ReN3jX

(N) .KBi`v "�;`2ib- �H2t�M/2` �HiH�M/- �M/ �H2t E�K2M2pX a�+?/2p@u2@EBi�2p KQ/2H

�b GBQmpBHH2 [m�MimK K2+?�MB+bX Lm+HX S?vbX "- NRR,RNRĜky8- P+iQ#2` kyReX /QB,

RyXRyRefDXMm+HT?vb#XkyReXy3XyykX

(Ry) amKBH�M "�M2`D22 �M/ 1?m/ �HiK�MX aQHp�#H2 KQ/2H 7Q` � /vM�KB+�H [m�MimK T?�b2

i`�MbBiBQM 7`QK 7�bi iQ bHQr b+`�K#HBM;X S?vbX _2pX "- N8URjV,Rj9jyk- kyRdX /QB,

RyXRRyjfS?vb_2p"XN8XRj9jykX

(RR) u�MMBb "�`/Qmt- J�`+Q JX *�H/�`2HHB- �M/ *?`BbiQb *?�`KQmbBbX a?�TBM; #H�+F ?QH2b

rBi? 7`22 }2H/bX C>1S- y8,y89- kyRkX /QB, RyXRyydfC>1Sy8UkyRkVy89X

(Rk) *X qX CX "22M�FF2`X _�M/QK@K�i`Bt i?2Q`v Q7 [m�MimK i`�MbTQ`iX _2pX JQ/X S?vbX-

eN,djRĜ3y3- CmHv RNNdX /QB, RyXRRyjf_2pJQ/S?vbXeNXdjRX

(Rj) .�MB2H "2M@wBQM �M/ CQ?M J+:`22pvX ai`�M;2 K2i�H 7`QK HQ+�H [m�MimK +?�QbX

�`sBp,RdRRXyke3e- LQp2K#2` kyRdX

(R9) 6`�M+2b+Q "2MBMB- EB`BH >`BbiQp- �M/ �H#2`iQ w�z�`QMBX "H�+F ?QH2 KB+`Qbi�i2b BM �/a4

7`QK bmT2`bvKK2i`B+ HQ+�HBx�iBQMX C>1S- y8,y89- kyReX /QB, RyXRyydfC>1Sy8UkyReV

y89X

(R8) JB+?� "2`FQQx- S`Bi?pB L�`�v�M- JQb?2 _Qx�HB- �M/ CQ�M aBKƦMX >B;?2` .BK2MbBQM�H

:2M2`�HBx�iBQMb Q7 i?2 auE JQ/2HX C>1S- yR,Rj3- kyRdX /QB, RyXRyydfC>1SyRUkyRdV

Rj3X

(Re) JB+?� "2`FQQx- S`Bi?pB L�`�v�M- JQb?2 _Qx�HB- �M/ CQ�M aBKƦMX *QKK2Mib QM i?2

`�M/QK i?B``BM; KQ/2HX C>1S- yN,y8d- kyRdX /QB, RyXRyydfC>1SyNUkyRdVy8dX

R38
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(Rd) _Bi�#`�i� "?�ii�+?�`v�- am#?`QM22H *?�F`�#�`iB- .BH22T SX C�iF�`- �M/ �`M�#

EmM/mX auE JQ/2H- +?�Qb �M/ +QMb2`p2/ +?�`;2X C>1S- RR,R3y- kyRdX /QB,

RyXRyydfC>1SRRUkyRdVR3yX

(R3) w?2M "B- *?�Q@JBM; CB�M- uB@w?m�M; uQm- E2HHv �MM S�rH�F- �M/ *2MF2 smX AMbi�@

#BHBiv Q7 i?2 MQM@62`KB HB[mB/ bi�i2 Q7 i?2 a�+?/2p@u2@EBi�2p KQ/2HX S?vbX _2pX "- N8

UkyV,ky8Ry8- J�v kyRdX /QB, RyXRRyjfS?vb_2p"XN8Xky8Ry8X

(RN) JBF2 "H�F2X JQK2MimK `2H�t�iBQM 7`QK i?2 ~mB/f;`�pBiv +Q``2bTQM/2M+2X C>1S- yN,

yRy- kyR8X /QB, RyXRyydfC>1SyNUkyR8VyRyX

(ky) JBF2 "H�F2X lMBp2`b�H .BzmbBQM BM AM+Q?2`2Mi "H�+F >QH2bX S?vbX _2pX .- N9U3V,y3eyR9-

kyReX /QB, RyXRRyjfS?vb_2p.XN9Xy3eyR9X

(kR) JBF2 "H�F2X lMBp2`b�H +?�`;2 /BzmbBQM �M/ i?2 #mii2`~v 2z2+i BM ?QHQ;`�T?B+ i?2Q`B2bX

S?vbX _2pX G2iiX- RRdUNV,yNReyR- kyReX /QB, RyXRRyjfS?vb_2pG2iiXRRdXyNReyRX

(kk) JBF2 "H�F2 �M/ .�pB/ hQM;X lMBp2`b�H _2bBbiBpBiv 7`QK >QHQ;`�T?B+ J�bbBp2 :`�pBivX

S?vbX _2pX .- 33URyV,Ryeyy9- kyRjX /QB, RyXRRyjfS?vb_2p.X33XRyeyy9X

(kj) AX "QʈQpBÉ- sX >2- CX qm- �M/ �X hX "QHHBM;2`X .2T2M/2M+2 Q7 i?2 +`BiB+�H i2KT2`�im`2

BM Qp2`/QT2/ +QTT2` QtB/2b QM bmT2`~mB/ /2MbBivX L�im`2- 8je,jyN jRR- �m;mbi kyReX

/QB, RyXRyj3fM�im`2RNyeRX

(k9) CX �X LX "`mBM- >X a�F�B- _X aX S2``v- �M/ �X SX J�+F2MxB2X aBKBH�`Biv Q7 a+�ii2`BM;

_�i2b BM J2i�Hb a?QrBM; T @GBM2�` _2bBbiBpBivX a+B2M+2- jjNUeRkRV,3y9Ĝ3yd- kyRjX AaaL

yyje@3yd8X /QB, RyXRRkefb+B2M+2XRkkdeRkX

(k8) Eb2MB� "mHv+?2p�X � MQi2 QM i?2 auE KQ/2H rBi? +QKTH2t 72`KBQMbX C>1S- Rk,yeN-

kyRdX /QB, RyXRyydfC>1SRkUkyRdVyeNX

(ke) Eb2MB� "mHv+?2p�X N = 2 auE KQ/2H BM i?2 bmT2`bT�+2 7Q`K�HBbKX �`sBp,R3yRXyNyye-

C�Mm�`v kyR3X

R3e
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(kd) q2M?2 *�B- sB�M@>mB :2- �M/ :mQ@>QM; u�M;X .BzmbBQM BM ?B;?2` /BK2MbBQM�H auE

KQ/2H rBi? +QKTH2t 72`KBQMbX C>1S- yR,yde- kyRdX /QB, RyXRyydfC>1SyRUkyR3VydeX

(k3) �H#2`iQ *�KD�vB �M/ J�`+2HQ CX _Qx2M#2`;X Zm�MimK �M/ i?2`K�H ~m+im�iBQMb BM i?2

alUNV >2Bb2M#2`; bTBM@;H�bb KQ/2H M2�` i?2 [m�MimK +`BiB+�H TQBMiX S?vbX _2pX G2iiX-

NyUkRV,kRdkyk- J�v kyyjX /QB, RyXRRyjfS?vb_2pG2iiXNyXkRdkykX

(kN) S�r2H *�Tmi�- hQFB`Q LmK�b�r�- �M/ �Hp�`Q o2HBx@PbQ`BQX Pmi@Q7@iBK2@Q`/2`2/ +Q``2@

H�iQ`b �M/ Tm`Biv BM `�iBQM�H +QM7Q`K�H }2H/ i?2Q`B2bX Sh1S- kyRe,RRj"ye- LQp kyReX

/QB, RyXRyNjfTi2TfTirR8dX

(jy) *?B@JBM; *?�M; �M/ sB uBMX RfRe "Sa bi�i2b BM N = 9 bmT2`@u�M;@JBHHb i?2Q`vX

S?vbX _2pX- .33URyV,Ryeyy8- kyRjX /QB, RyXRRyjfS?vb_2p.X33XRyeyy8X

(jR) �Mz�Mv *?2M- _X AH�M- 6X /2 Cm�M- .X AX SBFmHBM- �M/ JX 6`�MxX Zm�MimK ?QHQ;`�T?v

BM � ;`�T?2M2 ~�F2 rBi? �M B``2;mH�` #QmM/�`vX �`sBp,R3ykXyy3yky- 62#`m�`v kyR3X

(jk) sBM *?2M- _mB?m� 6�M- uBKBM; *?2M- >mB w?�B- �M/ S2M;72B w?�M;X *QKT2iBiBQM

#2ir22M +?�QiB+ �M/ MQM@+?�QiB+ T?�b2b BM � [m�/`�iB+�HHv +QmTH2/ a�+?/2p@u2@EBi�2p

KQ/2HX S?vbX _2pX G2iiX- RRN,kydeyj- kyRdX /QB, RyXRRyjfS?vb_2pG2iiXRRNXkydeyjX

(jj) uBKBM; *?2M- >mB w?�B- �M/ S2M;72B w?�M;X hmM�#H2 [m�MimK +?�Qb BM i?2 a�+?/2p@

u2@EBi�2p KQ/2H +QmTH2/ iQ � i?2`K�H #�i?X C>1S- yd,R8y- kyRdX /QB, RyXRyydf

C>1SydUkyRdVR8yX

(j9) ��`QM *?2r- �M/`2r 1bbBM- �M/ C�bQM �HB+2�X �TT`QtBK�iBM; i?2 a�+?/2p@u2@EBi�2p

KQ/2H rBi? J�DQ`�M� rB`2bX S?vbX _2pX "- NeURkV,RkRRRN- a2Ti2K#2` kyRdX /QB, RyX

RRyjfS?vb_2p"XNeXRkRRRNX

(j8) .2#�MD�M *?Qr/?m`v �M/ "`B�M arBM;H2X PMb2i Q7 K�Mv@#Q/v +?�Qb BM i?2 PULV

KQ/2HX S?vbX _2pX .- Ne,NeXye8yy8- kyRdX /QB, RyXRRyjfS?vb_2p.XNeXye8yy8X

R3d
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(je) .2#�MD�MX *?Qr/?m`v- uQ+?�B q2`K�M- 1`2x "2`;- �M/ hX a2Mi?BHX h`�MbH�iBQM@

�HHv BMp�`B�Mi MQM@62`KB HB[mB/ K2i�Hb rBi? +`BiB+�H 62`KB@bm`7�+2b, bQHp�#H2 KQ/2HbX

�`sBp,R3yRXyeRd3- C�Mm�`v kyR3X

(jd) SB2`b *QH2K�MX AMi`Q/m+iBQM iQ J�Mv@#Q/v S?vbB+bX *�K#`B/;2 lMBp2`bBiv S`2bb-

*�K#`B/;2- lE- kyR8X

(j3) _X �X *QQT2`- uX q�M;- "X oB;MQHH2- PX CX GBTb+QK#2- aX JX >�v/2M- uX h�M�#2-

hX �/�+?B- uX EQBF2- JX LQ?�`�- >X h�F�;B- *v`BH S`Qmbi- �M/ LX 1X >mbb2vX �MQK�HQmb

*`BiB+�HBiv BM i?2 1H2+i`B+�H _2bBbiBpBiv Q7 G�2−xa`x*mP4X a+B2M+2- jkjU8NR9V,eyjĜeyd-

kyyNX AaaL yyje@3yd8X /QB, RyXRRkefb+B2M+2XRRe8yR8X

(jN) CQ`/�M aX *QiH2`- :mv :m`@�`B- J�b�MQ`B >�M�/�- CQb2T? SQH+?BMbFB- S?BH a��/-

ai2T?2M >X a?2MF2`- .Qm;H�b ai�M7Q`/- �H2t�M/`2 ai`2B+?2`- �M/ J�b�FB h2xmF�X "H�+F

?QH2b �M/ `�M/QK K�i`B+2bX C>1S- y8,RR3- kyRdX /QB, RyXRyydfC>1Sy8UkyRdVRR3X

(9y) C2bb2 *`QbbMQ- CBM; EX a?B- E2 q�M;- sB�QK2M; GBm- �+?BK >�`x?2BK- �M/`2r Gm+�b-

am#B` a�+?/2p- S?BHBT EBK- h�F�b?B h�MB;m+?B- E2MDB q�i�M�#2- h?QK�b �X P?FB- �M/

EBM *?mM; 6QM;X P#b2`p�iBQM Q7 i?2 .B`�+ ~mB/ �M/ i?2 #`2�F/QrM Q7 i?2 qB2/2K�MM@

6`�Mx H�r BM ;`�T?2M2X a+B2M+2- j8RUekddV,Ry83ĜRyeR- kyReX AaaL yyje@3yd8X /QB,

RyXRRkefb+B2M+2X��/yj9jX

(9R) JB`D�K *p2iBÍ �M/ AQ�MMBb S�T�/BKBi`BQmX �/a2 ?QHQ;`�T?B+ /B+iBQM�`vX C>1S-

Rk,yy3- kyReX /QB, RyXRyydfC>1SRkUkyReVyy3-RyXRyydfC>1SyRUkyRdVRkyX (1``�imK,

C>1SyR-RkyUkyRdV)X

(9k) sBM .�B- a?�Q@E�B CB�M- �M/ >QM; u�QX h?2 ;HQ#�H T?�b2 /B�;`�K Q7 i?2 QM2@

/BK2MbBQM�H auE KQ/2H �i }MBi2 LX �`sBp,R3ykXRyykN- P+iQ#2` kyRdX

(9j) ATT2B .�Mb?Bi�- J�b�MQ`B >�M�/�- �M/ J�b�FB h2xmF�X *`2�iBM; �M/ T`Q#BM; i?2

a�+?/2p@u2@EBi�2p KQ/2H rBi? mHi`�+QH/ ;�b2b, hQr�`/b 2tT2`BK2Mi�H bim/B2b Q7 [m�M@

imK ;`�pBivX Sh1S- kyRdU3V,y3jAyR- kyRdX /QB, RyXRyNjfTi2TfTitRy3X

R33
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(99) amKBi _X .�b- �Mi�H C2pB+FB- �M/ E2Mi� amxmFBX h?`22 /BK2MbBQM�H pB2r Q7 i?2

auEf�/a /m�HBivX C>1S- yN,yRd- kyRdX /QB, RyXRyydfC>1SyNUkyRdVyRdX

(98) _B+?�`/ �X .�pBbQMX JQK2MimK `2H�t�iBQM BM ?QHQ;`�T?B+ K�bbBp2 ;`�pBivX S?vbX _2pX-

.33,y3eyyj- kyRjX /QB, RyXRRyjfS?vb_2p.X33Xy3eyyjX

(9e) _B+?�`/ �X .�pBbQM �M/ "H�Bb2 :Qmiû`�mtX JQK2MimK /BbbBT�iBQM �M/ 2z2+iBp2 i?2@

Q`B2b Q7 +Q?2`2Mi �M/ BM+Q?2`2Mi i`�MbTQ`iX C>1S- yR,yjN- kyR8X /QB, RyXRyydf

C>1SyRUkyR8VyjNX

(9d) _B+?�`/ �X .�pBbQM �M/ "H�Bb2 :Qmiû`�mtX .Bbb2+iBM; ?QHQ;`�T?B+ +QM/m+iBpBiB2bX

C>1S- yN,yNy- kyR8X /QB, RyXRyydfC>1SyNUkyR8VyNyX

(93) _B+?�`/ �X .�pBbQM- EQ2M`��/ a+?�HK- �M/ C�M w��M2MX >QHQ;`�T?B+ /m�HBiv �M/

i?2 `2bBbiBpBiv Q7 bi`�M;2 K2i�HbX S?vbX _2pX- "3NUk9V,k98RRe- kyR9X /QB, RyXRRyjf

S?vb_2p"X3NXk98RReX

(9N) LB+QH�b .2HTQ`i2 �M/ oBM+2Mi _Bp�bb2�mX h?2 i2MbQ` i`�+F o, ?QHQ;`�T?B+ i2MbQ`bX

�`sBp,R3y9XRRRyR- �T`BH kyR3X

(8y) CX JX .2mib+?X Zm�MimK bi�iBbiB+�H K2+?�MB+b BM � +HQb2/ bvbi2KX S?vbX _2pX �- 9j,

ky9eĜky9N- 62# RNNRX /QB, RyXRRyjfS?vb_2p�X9jXky9eX

(8R) PHBp2` .2qQH72- ai2p2M aX :m#b2`- �M/ *?`BbiQT?2` _Qb2MX 62`KB bm`7�+2b BM K�tBK�H

;�m;2/ bmT2`;`�pBivX S?vbX _2pX G2iiX- Ry3Uk8V,k8ReyR- CmM2 kyRkX /QB, RyXRRyjf

S?vb_2pG2iiXRy3Xk8ReyRX

(8k) �`BbiQK2MBb .QMQb �M/ C2`QK2 SX :�mMiH2iiX >QHQ;`�T?B+ Z@H�iiB+2bX C>1S- y9,y9y-

kyR9X /QB, RyXRyydfC>1Sy9UkyR9Vy9yX

(8j) �`BbiQK2MBb .QMQb �M/ C2`QK2 SX :�mMiH2iiX LQp2H K2i�Hb �M/ BMbmH�iQ`b 7`QK ?QHQ;@

`�T?vX C>1S- ye,yyd- kyR9X /QB, RyXRyydfC>1SyeUkyR9VyydX

R3N
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(89) �`BbiQK2MBb .QMQb �M/ C2`QK2 SX :�mMiH2iiX h?2 i?2`KQ2H2+i`B+ T`QT2`iB2b Q7 BM?Q@

KQ;2M2Qmb ?QHQ;`�T?B+ H�iiB+2bX C>1S- yR,yj8- kyR8X /QB, RyXRyydfC>1SyRUkyR8Vyj8X

(88) �M/`2�b 1#2`H2BM- o�H2MiBM E�bT2`- am#B` a�+?/2p- �M/ CmHB� ai2BM#2`;X Zm�MimK

[m2M+? Q7 i?2 a�+?/2p@u2@EBi�2p JQ/2HX S?vbX _2pX "- NeUkyV,ky8Rkj- LQp2K#2`

kyRdX /QB, RyXRRyjfS?vb_2p"XNeXky8RkjX

(8e) �X GX 17`Qb �M/ JX SQHH�FX 1H2+i`QM@1H2+i`QM AMi2`�+iBQMb BM .BbQ`/2`2/ avbi2KbX

JQ/2`M S`Q#H2Kb BM *QM/2Mb2/ J�ii2` a+B2M+2b- oQH RyX LQ`i?@>QHH�M/- RN38X Aa"L

Nd3y9993eNReeX

(8d) CmHBmb 1M;2Hbƺv- h?QK�b :X J2`i2Mb- �M/ >2`K�M o2`HBM/2X �M BMp2biB;�iBQM Q7 �/a2

#�+F`2�+iBQM �M/ ?QHQ;`�T?vX C>1S- yd,RjN- kyReX /QB, RyXRyydfC>1SydUkyReVRjNX

(83) h?QK�b 6�mHFM2`- >QM; GBm- CQ?M J+:`22pv- �M/ .�pB/ o2;?X 1K2`;2Mi [m�MimK

+`BiB+�HBiv- 62`KB bm`7�+2b- �M/ �/aUkVX S?vbX _2pX .- 3j,Rk8yyk- kyRRX /QB, RyXRRyjf

S?vb_2p.X3jXRk8yykX

(8N) S�mH 62M/H2v �M/ E�`2HD�M a+?Qmi2MbX 1t�+i `2bmHib 7Q` bi`QM;Hv +Q``2H�i2/ 72`KBQMb BM

kYR /BK2MbBQMbX S?vbX _2pX G2iiX- N8U9V,y9e9yj- CmHv kyy8X /QB, RyXRRyjfS?vb_2pG2iiX

N8Xy9e9yjX

(ey) S�mH 62M/H2v- "2`M�`/ LB2M?mBb- �M/ E�`2HD�M a+?Qmi2MbX G�iiB+2 72`KBQM KQ/2Hb

rBi? bmT2`bvKK2i`vX CX S?vbX � J�i?X :2MX- je,RkjNNĜRk9k9- .2+2K#2` kyyjX /QB,

RyXRy33fyjy8@99dyfjef8yfyy9X

(eR) S�mH 62M/H2v- E�`2HD�M a+?Qmi2Mb- �M/ C�M /2 "Q2`X G�iiB+2 JQ/2Hb rBi? N = 2 bmT2`@

bvKK2i`vX S?vbX _2pX G2iiX- NyURkV,Rky9yk- J�`+? kyyjX /QB, RyXRRyjfS?vb_2pG2iiX

NyXRky9ykX

(ek) _2MDB2 62M;- :�M; hB�M- �M/ .QM;vB q2BX aT2+i`mK Q7 auE KQ/2HX �`sBp,R3yRXRyydj-

C�Mm�`v kyR3X

RNy
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(ej) EX 6mDBi�- *?mM; EQQ EBK- AM?22 G22- CBM?Q G22- JX >X >�KB/B�M- AX �X 6B`KQ-

aX JmF?QT�/?v�v- >X 1Bb�FB- aX l+?B/�- JX CX G�rH2`- 1X@�X EBK- �M/ CX *X .�pBbX aB@

KmHi�M2Qmb i`�MbBiBQMb BM +mT`�i2 KQK2MimK@bT�+2 iQTQHQ;v �M/ 2H2+i`QMB+ bvKK2i`v

#`2�FBM;X a+B2M+2- j99,eRkĜeRe- J�v kyR9X /QB, RyXRRkefb+B2M+2XRk93d3jX

(e9) GX :�`+ő�@�Hp�`2x- AX GX 1;mb[mBx�- GX G�K�i�- �X /2H *�KTQ- CX aQMM2`- �M/ 1 aQH�MQX

.B;Bi�H Zm�MimK aBKmH�iBQM Q7 JBMBK�H �/af*6hX S?vbX _2pX G2iiX- RRNUy9V,y9y8yR-

CmHv kyRdX /QB, RyXRRyjfS?vb_2pG2iiXRRNXy9y8yRX

(e8) �MiQMBQ JX :�`+ő�@:�`+ő� �M/ J�b�FB h2xmF�X J�Mv@#Q/v HQ+�HBx�iBQM BM � }MBi2@

`�M;2 a�+?/2p@u2@EBi�2p KQ/2HX �`sBp,R3yRXyjky9- C�Mm�`v kyR3X

(ee) �MiQMBQ JX :�`+ő�@:�`+ő� �M/ C�+Q#mb CX JX o2`#��`b+?QiX aT2+i`�H �M/ i?2`KQ/v@

M�KB+ T`QT2`iB2b Q7 i?2 a�+?/2p@u2@EBi�2p KQ/2HX S?vbX _2pX .- N9URkV,RkeyRy- kyReX

/QB, RyXRRyjfS?vb_2p.XN9XRkeyRyX

(ed) �MiQMBQ JX :�`+ő�@:�`+ő� �M/ C�+Q#mb CX JX o2`#��`b+?QiX �M�HviB+�H bT2+i`�H /2MbBiv

Q7 i?2 a�+?/2p@u2@EBi�2p KQ/2H �i }MBi2 LX S?vbX _2pX .- NeUeV,yeeyRk- a2Ti2K#2`

kyRdX /QB, RyXRRyjfS?vb_2p.XNeXyeeyRkX

(e3) �MiQMBQ JX :�`+ő�@:�`+ő�- "`mMQ GQm`2B`Q- �m`2HBQ _QK2`Q@"2`K /2x- �M/

J�b�FB h2xmF�X ai�#BHBiv Q7 +?�Qb BM � ;2M2`�HBb2/ a�+?/2p@u2@EBi�2p KQ/2HX

�`sBp,RdydXykRNd- a2Ti2K#2` kyRdX

(eN) �MiQMBQ JX :�`+ő�@:�`+ő�- uBv�M; CB�- �M/ C�+Q#mb CX JX o2`#��`b+?QiX 1t�+i KQ@

K2Mib Q7 i?2 a�+?/2p@u2@EBi�2p KQ/2H mT iQ Q`/2` 1/N2X �`sBp,R3yRXykeNe- C�Mm�`v

kyR3X

(dy) �MiQMBQ JX :�`+ő�@:�`+ő�- uBv�M; CB�- �M/ C�+Q#mb CX JX o2`#��`b+?QiX lMB@

p2`b�HBiv �M/ i?QmH2bb 2M2`;v BM i?2 bmT2`bvKK2i`B+ a�+?/2p@u2@EBi�2p KQ/2HX

�`sBp,R3yRXyRydR- C�Mm�`v kyR3X

RNR
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(dR) aMB` :�xBi- JQ?Bi _�M/2`B�- �M/ �b?pBM oBb?r�M�i?X *?�`;2/ 72`KBQMb +QmTH2/ iQ Z2

;�m;2 }2H/b, bmT2`~mB/Biv- +QM}M2K2Mi �M/ 2K2`;2Mi .B`�+ 72`KBQMbX L�im`2 S?vbB+b-

Rj,939- CmHv kyRdX /QB, /QB,RyXRyj3fMT?vb9yk3X

(dk) aMB` :�xBi- 6�F?2` 6X �bb��/- am#B` a�+?/2p- �b?pBM oBb?r�M�i?- �M/ *?QM; q�M;X

*QM}M2K2Mi i`�MbBiBQM Q7 Z2 ;�m;2 i?2Q`B2b +QmTH2/ iQ K�bbH2bb 72`KBQMb, 2K2`;2Mi

Z*.3 �M/ SO(5) bvKK2i`vX �`sBp,R3y9XyRyN8- �T`BH kyR3X

(dj) �MiQBM2 :2Q`;2b- PHBpB2` S�`+QHH2i- �M/ am#B` a�+?/2pX J2�M }2H/ i?2Q`v Q7 � [m�MimK

>2Bb2M#2`; bTBM ;H�bbX S?vbX _2pX G2iiX- 38,39y- CmHv kyyyX /QB, RyXRRyjfS?vb_2pG2iiX

38X39yX

(d9) �MiQBM2 :2Q`;2b- PHBpB2` S�`+QHH2i- �M/ am#B` a�+?/2pX Zm�MimK ~m+im�iBQMb Q7 �

M2�`Hv +`BiB+�H >2Bb2M#2`; bTBM ;H�bbX S?vbX _2pX "- ejURjV,Rj99ye- kyyRX /QB, RyXRRyjf

S?vb_2p"XejXRj99yeX

(d8) >`�Mi :?�`B#v�M- J�b�MQ`B >�M�/�- ai2T?2M >X a?2MF2`- �M/ J�b�FB h2xmF�X PMb2i

Q7 `�M/QK K�i`Bt #2?�pBQ` BM b+`�K#HBM; bvbi2KbX �`sBp,R3yjXy3y8y- J�`+? kyR3X

(de) SX :B`�H/Q@:�HHQ- CX �X :�HpBb- wX ai2;2M- EX �X JQ/B+- 6X 6 "�H�FB`2p- CX "X "2iib-

sX GB�M- *X JQB`- aX *X _B;;b- CX qm- �X hX "QHHBM;2`- sX >2- AX "QxQpB+- "X CX _�Kb?�r-

_X .X J+.QM�H/- :X aX "Q2#BM;2`- �M/ �X a?2F?i2`X a+�H2@BMp�`B�Mi K�;M2iQ`2bBbi�M+2

BM � +mT`�i2 bmT2`+QM/m+iQ`X �`sBp,Rdy8Xy83ye- J�v kyRdX

(dd) "X :Qmiû`�mtX *?�`;2 i`�MbTQ`i BM ?QHQ;`�T?v rBi? KQK2MimK /BbbBT�iBQMX C>1S-

y9,R3R- kyR9X /QB, RyXRyydfC>1Sy9UkyR9VR3RX

(d3) .�pB/ CX :`Qbb �M/ oH�/BKB` _Qb2M?�mbX � ;2M2`�HBx�iBQM Q7 a�+?/2p@u2@EBi�2pX

C>1S- yk,yNj- kyRdX /QB, RyXRyydfC>1SykUkyRdVyNjX

(dN) a�ȒQ :`Qx/�MQp- �M/`2r Gm+�b- am#B` a�+?/2p- �M/ EQ2M`��/ a+?�HKX �#b2M+2 Q7

RNk
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/BbQ`/2`@/`Bp2M K2i�H@BMbmH�iQ` i`�MbBiBQMb BM bBKTH2 ?QHQ;`�T?B+ KQ/2HbX S?vbX _2pX

G2iiX- RR8UkkV,kkReyR- LQp2K#2` kyR8X /QB, RyXRRyjfS?vb_2pG2iiXRR8XkkReyRX

(3y) uBM;72B :m �M/ sB�Q@GB�M; ZBX 6`�+iBQM�H bi�iBbiB+b �M/ i?2 #mii2`~v 2z2+iX C>1S-

y3,RkN- kyReX /QB, RyXRyydfC>1Sy3UkyReVRkNX

(3R) uBM;72B :m- �M/`2r Gm+�b- �M/ sB�Q@GB�M; ZBX 1M2`;v /BzmbBQM �M/ i?2 #mii2`~v

2z2+i BM BM?QKQ;2M2Qmb a�+?/2p@u2@EBi�2p +?�BMbX a+BSQbi S?vbX- kUjV,yR3- kyRdX /QB,

RyXkR9e3fa+BSQbiS?vbXkXjXyR3X

(3k) uBM;72B :m- �M/`2r Gm+�b- �M/ sB�Q@GB�M; ZBX aT`2�/ Q7 2Mi�M;H2K2Mi BM � a�+?/2p@

u2@EBi�2p +?�BMX C>1S- N,Rky- a2Ti2K#2` kyRdX /QB, RyXRyydfC>1SyNUkyRdVRkyX

(3j) uBM;72B :m- sB�Q@GB�M; ZB- �M/ .Qm;H�b ai�M7Q`/X GQ+�H +`BiB+�HBiv- /BzmbBQM �M/

+?�Qb BM ;2M2`�HBx2/ a�+?/2p@u2@EBi�2p KQ/2HbX C>1S- 8,Rk8- J�v kyRdX /QB, RyX

RyydfC>1Sy8UkyRdVRk8X

(39) �`BDBi >�H/�` �M/ oBD�v "X a?2MQvX ai`�M;2 ?�H7 K2i�Hb �M/ JQii BMbmH�iQ`b BM auE

KQ/2HbX �`sBp,RdyjXy8RRR- J�`+? kyRdX

(38) �`BDBi >�H/�`- amKBH�M "�M2`D22- �M/ oBD�v "X a?2MQvX >B;?2`@/BK2MbBQM�H auE LQM@

62`KB GB[mB/b �i GB7b?Bix i`�MbBiBQMbX �`sBp,RdRyXyy39k- P+iQ#2` kyRdX

(3e) "X AX >�HT2`BM- S�i`B+F �X G22- �M/ LB+?QH�b _2�/X h?2Q`v Q7 i?2 ?�H7@}HH2/ G�M/�m

H2p2HX S?vbX _2pX "- 9d,djRkĜdj9j- J�` RNNjX /QB, RyXRRyjfS?vb_2p"X9dXdjRkX

(3d) JX >X >�KB/B�M- aX .X 1/FBMb- *?mM; EQQ EBK- CX *X .�pBb- �X SX J�+F2MxB2-

>X 1Bb�FB- aX l+?B/�- JX CX G�rH2`- 1X@�X EBK- aX a�+?/2p- �M/ EX 6mDBi�X �iQKB+@b+�H2

2H2+i`QMB+ bi`m+im`2 Q7 i?2 +mT`�i2 /@bvKK2i`v 7Q`K 7�+iQ` /2MbBiv r�p2 bi�i2X L�im`2

S?vbB+b- Rk,R8yĜR8e- P+iQ#2` kyReX /QB, RyXRyj3fMT?vbj8RNX

(33) J�bm/mH >�[m2 �M/ J�*H�`iv S�mHX 1B;2Mbi�i2 i?2`K�HBx�iBQM b+�HBM; BM K�DQ`�M�

RNj
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+Hmbi2`b, 7`QK +?�QiB+ iQ BMi2;`�#H2 a�+?/2p@u2@EBi�2p KQ/2HbX �`sBp,RdRRXykjey-

LQp2K#2` kyRdX

(3N) a2�M �X >�`iMQHHX h?2Q`v Q7 mMBp2`b�H BM+Q?2`2Mi K2i�HHB+ i`�MbTQ`iX L�im`2 S?vbB+b-

RR,89ĜeR- C�Mm�`v kyR8X /QB, RyXRyj3fMT?vbjRd9X

(Ny) a2�M �X >�`iMQHH �M/ *?`BbiQT?2` SX >2`xQ;X AKTm`2 �/af*6h +Q``2bTQM/2M+2X S?vbX

_2pX .- dd,RyeyyN- kyy3X /QB, RyXRRyjfS?vb_2p.XddXRyeyyNX

(NR) a2�M �X >�`iMQHH �M/ CQ`;2 1X a�MiQbX .BbQ`/2`2/ ?Q`BxQMb, >QHQ;`�T?v Q7 `�M/QKHv

/BbQ`/2`2/ }t2/ TQBMibX S?vbX _2pX G2iiX- RRk,kjReyR- kyR9X /QB, RyXRRyjfS?vb_2pG2iiX

RRkXkjReyRX

(Nk) a2�M �X >�`iMQHH- S�p2H EX EQpimM- J�`Fmb JɃHH2`- �M/ am#B` a�+?/2pX h?2Q`v Q7

i?2 L2`Mbi 2z2+i M2�` [m�MimK T?�b2 i`�MbBiBQMb BM +QM/2Mb2/ K�ii2`- �M/ BM /vQMB+

#H�+F ?QH2bX S?vbX _2pX "- de,R998yk- kyydX /QB, RyXRRyjfS?vb_2p"XdeXR998ykX

(Nj) a2�M �X >�`iMQHH- _�;?m J�?�D�M- J�ii?B�b SmMF- �M/ am#B` a�+?/2pX h`�MbTQ`i

M2�` i?2 AbBM;@M2K�iB+ [m�MimK +`BiB+�H TQBMi Q7 K2i�Hb BM irQ /BK2MbBQMbX S?vbX _2pX

"- 3N,R88Rjy- kyR9X /QB, RyXRRyjfS?vb_2p"X3NXR88RjyX

(N9) a2�M �X >�`iMQHH- .�pB/ JX _�KB`2x- �M/ CQ`;2 1X a�MiQbX 1K2`;2Mi b+�H2 BMp�`B�M+2

Q7 /BbQ`/2`2/ ?Q`BxQMbX C>1S- yN,Rey- kyR8X /QB, RyXRyydfC>1SyNUkyR8VReyX

(N8) a2�M �X >�`iMQHH- �M/`2r Gm+�b- �M/ am#B` a�+?/2pX >QHQ;`�T?B+ [m�MimK K�ii2`X

JAh S`2bb- *�K#`B/;2- la�- R 2/BiBQM- kyR3X

(Ne) A�M JX >�v2b- _Qbb .X J+.QM�H/- LB+?QH�b SX "`2xM�v- hQMB >2HK- S?BHBT CX qX JQHH-

J�`F q�`i2M#2- �`F�/v a?2F?i2`- �M/ C�K2b :X �M�HviBbX a+�HBM; #2ir22M K�;@

M2iB+ }2H/ �M/ i2KT2`�im`2 BM i?2 ?B;?@i2KT2`�im`2 bmT2`+QM/m+iQ` "�622U�b1−xSxV2X

L�im`2 S?vbB+b- Rk,NReĜNRN- J�v kyReX /QB, RyXRyj3fMT?vbjddjX
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(Nd) u�M; >2- uB uBM- JX w2+?- �MD�M aQmKv�M�`�v�M�M- JB+?�2H JX u22- h2bb qBHHB�Kb-

JX *X "Qv2`- E�K�H2b? *?�ii2`D22- qX .X qBb2- AX w2HDFQpB+- h�F2b?B EQM/Q-

hX h�F2m+?B- >X AFmi�- S2i2` JBbi�`F- _Q#2`i aX J�`FB2rB+x- �`mM "�MbBH- am#B`

a�+?/2p- 1X qX >m/bQM- �M/ CX 1X >QzK�MX 62`KB bm`7�+2 �M/ Tb2m/Q;�T 2pQHm@

iBQM BM � +mT`�i2 bmT2`+QM/m+iQ`X a+B2M+2- j99,ey3ĜeRR- J�v kyR9X /QB, RyXRRkef

b+B2M+2XRk93kkRX

(N3) S�p�M >Qbm`- sB�Q@GB�M; ZB- .�MB2H �X _Q#2`ib- �M/ "2MB uQb?B/�X *?�Qb BM [m�MimK

+?�MM2HbX C>1S- yk,yy9- kyReX /QB, RyXRyydfC>1SykUkyReVyy9X

(NN) uB+?2M >m�M; �M/ uBM;72B :mX 1B;2Mbi�i2 2Mi�M;H2K2Mi BM i?2 a�+?/2p@u2@EBi�2p

KQ/2HX �`sBp,RdyNXyNRey- a2Ti2K#2` kyRdX

(Ryy) GX >mBDb2- LX JQ`�M- CX o�H�- �M/ EX a+?Qmi2MbX 1t�+i ;`QmM/ bi�i2b Q7 � bi�;;2`2/

bmT2`bvKK2i`B+ KQ/2H 7Q` H�iiB+2 72`KBQMbX S?vbX _2pX "- 39URRV,RR8Rk9- a2Ti2K#2`

kyRRX /QB, RyXRRyjfS?vb_2p"X39XRR8Rk9X

(RyR) GX >mBDb2- .X J2?i�- LX JQ`�M- EX a+?Qmi2Mb- �M/ CX o�H�X amT2`bvKK2i`B+ H�iiB+2

72`KBQMb QM i?2 i`B�M;mH�` H�iiB+2, bmT2`7`mbi`�iBQM �M/ +`BiB+�HBivX L2r CX S?vbX- R9

UdV,ydjyyk- CmHv kyRkX /QB, RyXRy33fRjed@kejyfR9fdfydjyykX

(Ryk) GBx� >mBDb2 �M/ E�`2HD�M a+?Qmi2MbX amT2`bvKK2i`v- H�iiB+2 72`KBQMb- BM/2T2M/2M+2

+QKTH2t2b �M/ +Q?QKQHQ;v i?2Q`vX �/pX h?2Q`X J�i?X S?vbX- R9,e9jĜeN9- J�`+? kyRyX

/QB, RyX9jRyf�hJSXkyRyXpR9XMkX�3X

(Ryj) GBx� >mBDb2- C�K2b >�Hp2`bQM- S�mH 62M/H2v- �M/ E�`2HD�M a+?Qmi2MbX *?�`;2 7`mbi`�@

iBQM �M/ [m�MimK +`BiB+�HBiv 7Q` bi`QM;Hv +Q``2H�i2/ 72`KBQMbX S?vbX _2pX G2iiX- RyR

UR9V,R9e9ye- P+iQ#2` kyy3X /QB, RyXRRyjfS?vb_2pG2iiXRyRXR9e9yeX

(Ry9) LB+?QH�b >mMi2`@CQM2b �M/ CmMvm GBmX *?�Qb �M/ `�M/QK K�i`B+2b BM bmT2`bvKK2i`B+

auEX �`sBp,RdRyXy3R39- P+iQ#2` kyRdX
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(Ry8) 1BFB AvQ/� �M/ h�F�?B`Q a�;�r�X a+`�K#HBM; Q7 [m�MimK AM7Q`K�iBQM BM [m�MimK

K�Mv@#Q/v bvbi2KbX S?vbX _2pX �- NdU9V,y9kjjy- �T`BH kyR3X /QB, RyXRRyjfS?vb_2p�X

NdXy9kjjyX

(Rye) E`Bbi�M C2Mb2MX *?�Qb �M/ ?v/`Q/vM�KB+b M2�` �/a2X S?vbX _2pX G2iiX- RRdURRV,

RRReyR- kyReX /QB, RyXRRyjfS?vb_2pG2iiXRRdXRRReyRX

(Ryd) �Mi�H C2pB+FB �M/ E2Mi� amxmFBX "B@GQ+�H ?QHQ;`�T?v BM i?2 auE KQ/2H, T2`im`#�@

iBQMbX C>1S- RR,y9e- kyReX /QB, RyXRyydfC>1SRRUkyReVy9eX

(Ry3) �Mi�H C2pB+FB- E2Mi� amxmFB- �M/ CmM;;B uQQMX "B@GQ+�H ?QHQ;`�T?v BM i?2 auE KQ/2HX

C>1S- yd,yyd- kyReX /QB, RyXRyydfC>1SydUkyReVyydX

(RyN) *?�Q@JBM; CB�M- w?2M "B- �M/ *2MF2 smX � KQ/2H 7Q` +QMiBMmQmb i?2`K�H K2i�H iQ

BMbmH�iQ` i`�MbBiBQMX S?vbX _2pX "- NeURRV,RR8Rkk- kyRdX /QB, RyXRRyjfS?vb_2p"XNeX

RR8RkkX

(RRy) a?�Q@E�B CB�M �M/ >QM; u�QX aQHp�#H2 a�+?/2p@u2@EBi�2p KQ/2Hb BM ?B;?2` /BK2M@

bBQMb, 7`QK /BzmbBQM iQ K�Mv@#Q/v HQ+�HBx�iBQMX S?vbX _2pX G2iiX- RRNUkyV,kyeeyk-

LQp2K#2` kyRdX /QB, RyXRRyjfS?vb_2pG2iiXRRNXkyeeykX

(RRR) a?�Q@E�B CB�M- w?mQ@um sB�M- �M/ >QM; u�QX Zm�MimK +`BiB+�HBiv �M/ /m�HBiv BM i?2

auEf�/ak +?�BMX �`sBp,RdyNXyk3Ry- P+iQ#2` kyRdX

(RRk) G2Q S E�/�MQz �M/ S�mH * J�`iBMX >v/`Q/vM�KB+ 2[m�iBQMb �M/ +Q``2H�iBQM 7mM+@

iBQMbX �MM�Hb Q7 S?vbB+b- k9,9RN Ĝ 9eN- RNejX AaaL yyyj@9NReX /QB, RyXRyRef

yyyj@9NReUejVNyyd3@kX

(RRj) h�Fmv� E�M�x�r� �M/ hBHQ q2iiB;X *QKTH2i2 `�M/QK K�i`Bt +H�bbB}+�iBQM Q7 auE

KQ/2Hb rBi? N = 0- R �M/ k bmT2`bvKK2i`vX C>1S- yN,y8y- kyRdX /QB, yXRyydf

C>1SyNUkyRdVy8yX

RNe
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(RR9) .X oX E?p2b?+?2MFQX h?B+F2MBM; �M/ bB+F2MBM; i?2 auE KQ/2HX �`sBp,Rdy8XyjN8e-

J�v kyRdX

(RR8) CmbiBM EBMM2v- Cm�M J�H/�+2M�- a?B`�x JBMr�HH�- �M/ amp`�i _�DmX �M AM/2t 7Q` 9

/BK2MbBQM�H bmT2` +QM7Q`K�H i?2Q`B2bX *QKKmMX J�i?X S?vbX- kd8,kyNĜk89- kyydX /QB,

RyXRyydfbyykky@yyd@yk83@dX

(RRe) �H2t2B EBi�2pX � bBKTH2 KQ/2H Q7 [m�MimK ?QHQ;`�T?vX h�HFb ;Bp2M �i Ǵ1Mi�M;H2K2Mi

BM ai`QM;Hv@*Q``2H�i2/ Zm�MimK J�ii2`Ǵ- EAhS- kyR8X

(RRd) �H2t2B EBi�2pX 1K2`;2Mi aGUk-_V bvKK2i`v BM � bvbi2K Q7 72`KBQMbX h�HFb ;Bp2M

�i ǴAMi2`M�iBQM�H qQ`Fb?QT QM GQ+�HBx�iBQM- AMi2`�+iBQMb �M/ amT2`+QM/m+iBpBivǴ-

*?2`MQ;QHQpF�- _mbbB�- kyReX

(RR3) �H2t2B EBi�2pX L2�`@+Q?2`2Mi b+`�K#HBM;X h�HF ;Bp2M �i ǴqQ`Fb?QT QM i?2 *?�Qb- i?2

auE JQ/2H �M/ �/akǴ- A�a- kyRdX

(RRN) �H2t2B EBi�2p �M/ aX CQb2T?BM2 am?X h?2 bQ7i KQ/2 BM i?2 b�+?/2p@v2@FBi�2p KQ/2H

�M/ Bib ;`�pBiv /m�HX �`sBp,RdRRXy39ed- LQp kyRdX

(Rky) A;Q` _X EH2#�MQp �M/ :`B;Q`v h�`MQTQHbFvX lM+QHQ`2/ `�M/QK i2MbQ`b- K2HQM /B@

�;`�Kb- �M/ i?2 auE KQ/2HbX S?vbX _2pX .- N8U9V,y9eyy9- 62#`m�`v kyRdX /QB,

RyXRRyjfS?vb_2p.XN8Xy9eyy9X

(RkR) "`v+2 EQ#`BM- *?`BbiQT?2` PHmM/- .Qm;H�b ai�M7Q`/- CQ2H JQQ`2- �M/ LQ`K�M u�QX

LmK2`B+b Q7 6�bi a+`�K#HBM; BM i?2 auE JQ/2HX h�HFb �i kyR3 J�`+? J22iBM;- GQb

�M;2H2b- kyR3X

(Rkk) AQ�MM� EQm`FQmHQm �M/ Cm�M J�H/�+2M�X Sm`2 bi�i2b BM i?2 auE KQ/2H �M/ M2�`Hv@

�/a2 ;`�pBivX �`sBp,RdydXykjk8X

(Rkj) S�p2H EQpimMX G2+im`2b QM ?v/`Q/vM�KB+ ~m+im�iBQMb BM `2H�iBpBbiB+ i?2Q`B2bX CX S?vbX

RNd
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�, J�i?X h?2Q`X- 98U9dV,9djyyR- LQp2K#2` kyRkX /QB, RyXRy33fRd8R@3RRjf98f9df

9djyyRX

(Rk9) >Q h�i G�K- h?QK�b :X J2`i2Mb- :mbi�pQ CX hm`B�+B- �M/ >2`K�M o2`HBM/2X a?Q+F@

r�p2 a@K�i`Bt 7`QK a+?r�`xB�M [m�MimK K2+?�MB+bX �`sBp,R3y9XyN3j9- �T`BH kyR3X

(Rk8) úiB2MM2 G�Mi�;M2@>m`im#Bb2- *?2M;b?m GB- �M/ J�`+2H 6`�MxX 6�KBHv Q7 a�+?/2p@u2@

EBi�2p KQ/2Hb KQiBp�i2/ #v 2tT2`BK2Mi�H +QMbB/2`�iBQMbX �`sBp,R3yjXydRNd- J�`+?

kyR3X

(Rke) S�i`B+F �X G22 �M/ hX oX _�K�F`Bb?M�MX .BbQ`/2`2/ 2H2+i`QMB+ bvbi2KbX _2pX JQ/X

S?vbX- 8d,k3dĜjjd- �T` RN38X /QB, RyXRRyjf_2pJQ/S?vbX8dXk3dX

(Rkd) hB�MHBM GB- CmMvm GBm- um�M sBM- �M/ u2?�Q w?QmX amT2`bvKK2i`B+ auE KQ/2H �M/

`�M/QK K�i`Bt i?2Q`vX C>1S- ye,RRR- kyRdX /QB, RyXRyydfC>1SyeUkyRdVRRRX

(Rk3) 1X JX GB7b?Bix �M/ GX SX SBi�2pbFBBX ai�iBbiB+�H S?vbB+b, h?2Q`v Q7 i?2 *QM/2Mb2/ ai�i2

U*Qm`b2 Q7 h?2Q`2iB+�H S?vbB+b oQHX NVX "mii2`rQ`i?@>2BM2K�MM- RN3yX

(RkN) *?mMtB�Q GBm- sB�Q *?2M- �M/ G2QM "�H2MibX Zm�MimK 2Mi�M;H2K2Mi Q7 i?2 a�+?/2p@

u2@EBi�2p KQ/2HbX �`sBp,RdyNXyek8N- a2Ti2K#2` kyRdX

(Rjy) �M/`2r Gm+�b �M/ CmHB� ai2BM#2`;X *?�`;2 /BzmbBQM �M/ i?2 #mii2`~v 2z2+i BM bi`BT2/

?QHQ;`�T?B+ K�ii2`X C>1S- Ry,R9j- kyReX /QB, RyXRyydfC>1SRyUkyReVR9jX

(RjR) �M/`2r Gm+�b- am#B` a�+?/2p- �M/ EQ2M`��/ a+?�HKX a+�H2@BMp�`B�Mi ?vT2`b+�HBM;@

pBQH�iBM; ?QHQ;`�T?B+ i?2Q`B2b �M/ i?2 `2bBbiBpBiv Q7 bi`�M;2 K2i�Hb rBi? `�M/QK@}2H/

/BbQ`/2`X S?vbX _2pX .- 3N,yeeyR3- kyR9X /QB, RyXRRyjfS?vb_2p.X3NXyeeyR3X

(Rjk) �M/`2r Gm+�b- C2bb2 *`QbbMQ- EBM *?mM; 6QM;- S?BHBT EBK- �M/ am#B` a�+?/2pX h`�Mb@

TQ`i BM BM?QKQ;2M2Qmb [m�MimK +`BiB+�H ~mB/b �M/ BM i?2 .B`�+ ~mB/ BM ;`�T?2M2X S?vbX

_2pX "- NjUdV,yd89ke- kyReX /QB, RyXRRyjfS?vb_2p"XNjXyd89keX

RN3
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(Rjj) w?B?m�M; GmQ- uB@w?m�M; uQm- CmM GB- *?�Q@JBM; CB�M- .�r2B Gm- *2MF2 sm- "2B

w2M;- �M/ _�vKQM/ G�~�KK2X P#b2`pBM; 72`KBQM T�B` BMbi�#BHBiv Q7 i?2 a�+?/2p@u2@

EBi�2p KQ/2H QM � [m�MimK bTBM bBKmH�iQ`X �`sBp,RdRkXye983- a2Ti2K#2` kyRdX

(Rj9) 6�?�/ J�?KQQ/- sB >2- Ap�M "QʈQpBÉ- �M/ LX SX �`KBi�;2X GQ+�iBM; i?2 KBbbBM;

bmT2`+QM/m+iBM; 2H2+i`QMb BM Qp2`/QT2/ +mT`�i2bX �`sBp,R3ykXykRyR- 62#`m�`v kyR3X

(Rj8) Cm�M J�H/�+2M� �M/ .Qm;H�b ai�M7Q`/X _2K�`Fb QM i?2 a�+?/2p@u2@EBi�2p KQ/2HX

S?vbX _2pX .- N9URyV,Ryeyyk- kyReX /QB, RyXRRyjfS?vb_2p.XN9XRyeyykX

(Rje) Cm�M J�H/�+2M�- ai2T?2M >X a?2MF2`- �M/ .Qm;H�b ai�M7Q`/X � #QmM/ QM +?�QbX

C>1S- kyReU3V,Rye- kyReX /QB, RyXRyydfC>1Sy3UkyReVRyeX

(Rjd) Cm�M J�H/�+2M�- .Qm;H�b ai�M7Q`/- �M/ w?2M#BM u�M;X *QM7Q`K�H bvKK2i`v �M/ Bib

#`2�FBM; BM irQ /BK2MbBQM�H L2�`Hv �MiB@/2@aBii2` bT�+2X Sh1S- kyReURkV,Rk*Ry9-

kyReX /QB, RyXRyNjfTi2TfTirRk9X

(Rj3) Cm�M J�H/�+2M�- .Qm;H�b ai�M7Q`/- �M/ w?2M#BM u�M;X .BpBM; BMiQ i`�p2`b�#H2 rQ`K@

?QH2bX 6Q`ib+?X S?vbX- e8U8V,Rdyyyj9- kyRdX /QB, RyXRyykfT`QTXkyRdyyyj9X

(RjN) :�mi�K J�M/�H- S`�MD�H L�v�F- �M/ aT2Mi� _X q�/B�X *Q�/DQBMi Q`#Bi �+iBQM Q7

oB`�bQ`Q ;`QmT �M/ irQ@/BK2MbBQM�H [m�MimK ;`�pBiv /m�H iQ auEfi2MbQ` KQ/2HbX

C>1S- RR,y9e- kyRdX /QB, RyXRyydfC>1SRRUkyRdVy9eX

(R9y) .KBi`BB GX J�bHQp- oH�/BKB` AX um/bQM- �M/ �M/`2v oX *?m#mFQpX _2bBbiBpBiv Q7 �

MQM@;�HBH2�M@BMp�`B�Mi 72`KB HB[mB/ M2�` TQK2`�M+?mF [m�MimK +`BiB+�HBivX S?vbX _2pX

G2iiX- RyeURyV,Rye9yj- J�`+? kyRRX /QB, RyXRRyjfS?vb_2pG2iiXRyeXRye9yjX

(R9R) hX :X J2`i2MbX h?2 a+?r�`xB�M i?2Q`v @ Q`B;BMbX �`sBp,R3yRXyNey8- C�Mm�`v kyR3X

(R9k) h?QK�b :X J2`i2Mb- :mbi�pQ CX hm`B�+B- �M/ >2`K�M GX o2`HBM/2X aQHpBM; i?2

a+?r�`xB�M pB� i?2 +QM7Q`K�H #QQibi`�TX C>1S- y3,Rje- kyRdX /QB, RyXRyydf

C>1Sy3UkyRdVRjeX

RNN
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(R9j) �X �X JBi`�MQ- JX �M >mb�BM- aX oB;- �X EQ;�`- JX aX _�F- aX AX _m#2+F- CX a+?K�HB�M-

"X l+?Q�- CX a+?M22HQ+?- _X w?QM;- :X .X :m- �M/ SX �##�KQMi2X aBM;mH�`

/2MbBiv ~m+im�iBQMb BM i?2 bi`�M;2 K2i�H T?�b2 Q7 � +QTT2`@QtB/2 bmT2`+QM/m+iQ`X

�`sBp,Rdy3XyRNkN- �m;mbi kyRdX

(R99) C2`M2D J`�pHD2 �M/ �MiQBM2 :2Q`;2bX h?2`KQTQr2` �M/ 2Mi`QTv, H2bbQMb 7`QK

a`2_mP4X S?vbX _2pX G2iiX- RRdUjV,yje9yR- CmHv kyReX /QB, RyXRRyjfS?vb_2pG2iiX

RRdXyje9yRX

(R98) C2z Jm`m;�M- .Qm;H�b ai�M7Q`/- �M/ 1/r�`/ qBii2MX JQ`2 QM amT2`bvKK2i`B+ �M/

k/ �M�HQ;b Q7 i?2 auE JQ/2HX C>1S- y3,R9e- kyRdX /QB, RyXRyydfC>1Sy3UkyRdVR9eX

(R9e) _�?mH L�M/FBb?Q`2- J�t �X J2iHBibFB- �M/ hX a2Mi?BHX P`i?Q;QM�H K2i�Hb, i?2 bBKTH2bi

MQM@62`KB HB[mB/bX S?vbX _2pX "- 3eU9V,y98Rk3- CmHv kyRkX /QB, RyXRRyjfS?vb_2p"X3eX

y98Rk3X

(R9d) S`Bi?pB L�`�v�M �M/ CmM;;B uQQMX amT2`bvKK2i`B+ auE KQ/2H rBi? ;HQ#�H bvKK2i`vX

�`sBp,RdRkXyke9d- .2+2K#2` kyRdX

(R93) S`�MD�H L�v�F- �b?Bb? a?mFH�- _QM�F J aQMB- a�M/BT SX h`Bp2/B- �M/ oX oBb?�HX PM

i?2 /vM�KB+b Q7 M2�`@2ti`2K�H #H�+F ?QH2bX �`sBp,R3ykXyN89d- 62#`m�`v kyR3X

(R9N) >mMi2`@CQM2b LB+?QH�b- CmMvm GBm- �M/ u2?�Q w?QmX PM i?2`K�HBx�iBQM BM i?2 auE �M/

bmT2`bvKK2i`B+ auE KQ/2HbX C>1S- yk,R9k- kyRdX /QB, RyXRyydfC>1SykUkyR3VR9kX

(R8y) hQKQFB LQb�F�- .�`BQ _Qb�- �M/ CmM;;B uQQMX h?2 h?QmH2bb iBK2 7Q` K�bb@/27Q`K2/

auEX �`sBp,R3y9XyNNj9- �T`BH kyR3X

(R8R) PHBpB2` S�`+QHH2i �M/ �MiQBM2 :2Q`;2bX LQM@62`KB@HB[mB/ `2;BK2 Q7 � /QT2/ JQii

BMbmH�iQ`X S?vbX _2pX "- 8N,8j9R- RNNNX /QB, RyXRRyjfS?vb_2p"X8NX8j9RX

kyy
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(R8k) PHBpB2` S�`+QHH2i- �MiQBM2 :2Q`;2b- :�#`B2H EQiHB�`- �M/ �MB`p�M a2M;mTi�X Pp2`@

b+`22M2/ KmHiB+?�MM2H alUNV EQM/Q KQ/2H, G�`;2@N bQHmiBQM �M/ +QM7Q`K�H }2H/

i?2Q`vX S?vbX _2pX "- 83,jdN9Ĝj3Rj- �m;mbi RNN3X /QB, RyXRRyjfS?vb_2p"X83XjdN9X

(R8j) ��pBb?F�` �X S�i2H �M/ am#B` a�+?/2pX .* `2bBbiBpBiv �i i?2 QMb2i Q7 bTBM /2MbBiv

r�p2 Q`/2` BM irQ@/BK2MbBQM�H K2i�HbX S?vbX _2pX "- Ny,Re8R9e- kyR9X /QB, RyXRRyjf

S?vb_2p"XNyXRe8R9eX

(R89) ��pBb?F�` �X S�i2H �M/ am#B` a�+?/2pX Zm�MimK +?�Qb QM � +`BiB+�H 62`KB bm`7�+2X

S`Q+X L�iX �+�/X a+BX- RR9,R399ĜR39N- kyRdX /QB, RyXRydjfTM�bXReR3R38RR9X

(R88) ��pBb?F�` �X S�i2H- .2#�MD�M *?Qr/?m`v- am#B` a�+?/2p- �M/ "`B�M arBM;H2X Zm�M@

imK #mii2`~v 2z2+i BM r2�FHv BMi2`�+iBM; /BzmbBp2 K2i�HbX �`sBp,RdyjXydj8j- J�`+?

kyRdX

(R8e) ��pBb?F�` �X S�i2H- CQ?M J+:`22pv- .�MB2H SX �`Qp�b- �M/ am#B` a�+?/2pX J�;M2@

iQi`�MbTQ`i BM � KQ/2H Q7 � /BbQ`/2`2/ bi`�M;2 K2i�HX �`sBp,RdRkXy8yke- .2+2K#2`

kyRdX

(R8d) *?2M; S2M;- J�`+mb aT`�/HBM- �M/ �M�bi�bB� oQHQpB+?X *Q``2H�iQ`b BM i?2 L4k am@

T2`bvKK2i`B+ auE JQ/2HX C>1S- Ry,kyk- kyRdX /QB, RyXRyydfC>1SRyUkyRdVkykX

(R83) JB+?�2H _X S2i2`bQM �M/ "X a`B`�K a?�bi`vX E2HpBM 7Q`KmH� 7Q` i?2`KQTQr2`X S?vbX

_2pX "- 3kURNV,RN8Ry8- LQp2K#2` kyRyX /QB, RyXRRyjfS?vb_2p"X3kXRN8Ry8X

(R8N) .X AX SBFmHBM �M/ JX 6`�MxX "H�+F ?QH2 QM � +?BT, T`QTQb�H 7Q` � T?vbB+�H `2�HBx�iBQM

Q7 i?2 auE KQ/2H BM � bQHB/@bi�i2 bvbi2KX S?vbX _2pX s- dUjV,yjRyye- CmHv kyRdX /QB,

RyXRRyjfS?vb_2psXdXyjRyyeX

(Rey) JX SH�iû- CX .X JQii2`b?2�/- AX aX 1H}KQp- .X *X S22ib- _mBtBM; GB�M;- .X �X "QMM-

qX LX >�`/v- aX *?Bmx#�B�M- JX 6�Hm#- JX a?B- GX S�ii?2v- �M/ �X .�K�b+2HHBX 62`KB

kyR
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bm`7�+2 �M/ [m�bBT�`iB+H2 2t+Bi�iBQMb Q7 Qp2`/QT2/ hH2"�2*mP6+δX S?vbX _2pX G2iiX- N8

UdV,yddyyR- �m;mbi kyy8X /QB, RyXRRyjfS?vb_2pG2iiXN8XyddyyRX

(ReR) .X SQ/QHbFv �M/ aX a�+?/2pX aT2+i`�H 7mM+iBQMb Q7 i?2 >B;;b KQ/2 M2�` irQ@

/BK2MbBQM�H [m�MimK +`BiB+�H TQBMibX S?vbX _2pX "- 3eU8V,y898y3- �m;mbi kyRkX /QB,

RyXRRyjfS?vb_2p"X3eXy898y3X

(Rek) CQb2T? SQH+?BMbFB �M/ oH�/BKB` _Qb2M?�mbX h?2 aT2+i`mK BM i?2 a�+?/2p@u2@EBi�2p

JQ/2HX C>1S- y9,yyR- kyReX /QB, RyXRyydfC>1Sy9UkyReVyyRX

(Rej) :Bmb2TT2 SQHB+�bi`Q- .�K hX aQM- �M/ �M/`2B PX ai�`BM2ibX 6`QK �/af*6h +Q``2@

bTQM/2M+2 iQ ?v/`Q/vM�KB+bX AAX aQmM/ r�p2bX C>1S- Rk,y89- kyykX /QB, RyXRy33f

RRke@edy3fkyykfRkfy89X

(Re9) uQM;@>mB ZB- umMb2QF a2Q- a�M;@CBM aBM- �M/ :2mM?Q aQM;X a+?r�`xB�M +Q``2+iBQM iQ

[m�MimK +Q``2H�iBQM BM auE KQ/2HX �`sBp,R3y9XyeRe9- �T`BH kyR3X

(Re8) JmFmM/ _�M;�K�MB- JQb?2 _Qx�HB- �M/ .�``2M aKvi?X aT�iB�H KQ/mH�iBQM �M/

+QM/m+iBpBiB2b BM 2z2+iBp2 ?QHQ;`�T?B+ i?2Q`B2bX C>1S- yd,yk9- kyR8X /QB, RyXRyydf

C>1SydUkyR8Vyk9X

(Ree) LX _2�/- aX a�+?/2p- �M/ CX u2X G�M/�m i?2Q`v Q7 [m�MimK bTBM ;H�bb2b Q7 `QiQ`b �M/

AbBM; bTBMbX S?vbX _2pX "- 8k,j39Ĝ9Ry- CmHv RNN8X /QB, RyXRRyjfS?vb_2p"X8kXj39X

(Red) �X _Ƀ2;;- aX .X >m#2`- �M/ JX aB;`BbiX Z2@bH�p2@bTBM i?2Q`v 7Q` bi`QM;Hv +Q``2H�i2/

72`KBQMbX S?vbX _2pX "- 3RUR8V,R88RR3- �T`BH kyRyX /QB, RyXRRyjfS?vb_2p"X3RXR88RR3X

(Re3) am#B` a�+?/2pX >QHQ;`�T?B+ K2i�Hb �M/ i?2 7`�+iBQM�HBx2/ 62`KB HB[mB/X S?vbX _2pX

G2iiX- Ry8,R8Reyk- kyRyX /QB, RyXRRyjfS?vb_2pG2iiXRy8XR8ReykX

(ReN) am#B` a�+?/2pX ai`�M;2 K2i�Hb �M/ i?2 �/af*6h +Q``2bTQM/2M+2X CX ai�iX J2+?X-

RyRR,SRRykk- kyRyX /QB, RyXRy33fRd9k@89e3fkyRyfRRfSRRykkX

kyk
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(Rdy) am#B` a�+?/2pX Zm�MimK S?�b2 h`�MbBiBQMbX *�K#`B/;2 lMBp2`bBiv S`2bb- *�K#`B/;2-

lE- k 2/BiBQM- kyRRX

(RdR) am#B` a�+?/2pX "2F2Mbi2BM@>�rFBM; 1Mi`QTv �M/ ai`�M;2 J2i�HbX S?vbX _2pX s- 8U9V,

y9Ryk8- P+iQ#2` kyR8X /QB, RyXRRyjfS?vb_2psX8Xy9Ryk8X

(Rdk) am#B` a�+?/2p �M/ .2#�MD�M *?Qr/?m`vX h?2 MQp2H K2i�HHB+ bi�i2b Q7 i?2 +mT`�i2b,

62`KB HB[mB/b rBi? iQTQHQ;B+�H Q`/2`- �M/ bi`�M;2 K2i�HbX Sh1S- kyReURkV,Rk*Ryk-

.2+2K#2` kyReX /QB, RyXRyNjfTi2TfTirRRyX

(Rdj) am#B` a�+?/2p �M/ CBMrm u2X :�TH2bb bTBM@~mB/ ;`QmM/ bi�i2 BM � `�M/QK [m�MimK

>2Bb2M#2`; K�;M2iX S?vbX _2pX G2iiX- dy,jjjN- RNNjX /QB, RyXRRyjfS?vb_2pG2iiXdyX

jjjNX

(Rd9) LQ`B�FB a�MMQKBv�- >Qb?Q E�ibm`�- �M/ um L�F�v�K�X amT2`bvKK2i`v #`2�FBM; �M/

L�K#m@:QH/biQM2 72`KBQMb rBi? +m#B+ /BbT2`bBQMX S?vbX _2pX .- N8,ye8yyR- kyRdX /QB,

RyXRRyjfS?vb_2p.XN8Xye8yyRX

(Rd8) �b?QF2 a2MX "H�+F ?QH2 2Mi`QTv 7mM+iBQM �M/ i?2 �ii`�+iQ` K2+?�MBbK BM ?B;?2` /2`Bp�@

iBp2 ;`�pBivX C>1S- y8yN,yj3- kyy8X /QB, RyXRy33fRRke@edy3fkyy8fyNfyj3X

(Rde) �b?QF2 a2MX 1Mi`QTv 6mM+iBQM �M/ �/aUkV f *6hURV *Q``2bTQM/2M+2X C>1S- y3RR,

yd8- kyy3X /QB, RyXRy33fRRke@edy3fkyy3fRRfyd8X

(Rdd) ai2T?2M >X a?2MF2` �M/ .Qm;H�b ai�M7Q`/X "H�+F ?QH2b �M/ i?2 #mii2`~v 2z2+iX C>1S-

yj,yed- kyR9X /QB, RyXRyydfC>1SyjUkyR9VyedX

(Rd3) hX a?B#�m+?B- �X *�``BM;iQM- �M/ uX J�ibm/�X Zm�MimK +`BiB+�H TQBMi HvBM; #2M2�i?

i?2 bmT2`+QM/m+iBM; /QK2 BM B`QM@TMB+iB/2bX �MMmX _2pX *QM/2bX J�ii2` S?vbX- 8,

RRj@Rj8- J�`+? kyR9X /QB, RyXRR9ef�MMm`2p@+QMK�iT?vb@yjRRRj@RjjNkRX

(RdN) sm2@u�M; aQM;- *?�Q@JBM; CB�M- �M/ G2QM "�H2MibX ai`QM;Hv *Q``2H�i2/ J2i�H "mBHi

kyj
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7`QK a�+?/2p@u2@EBi�2p JQ/2HbX S?vbX _2pX G2iiX- RRNUkRV,kReeyR- LQp2K#2` kyRdX

/QB, RyXRRyjfS?vb_2pG2iiXRRNXkReeyRX

(R3y) CmHB�M aQMM2` �M/ J�Mm2H oB2HK�X 1B;2Mbi�i2 i?2`K�HBx�iBQM BM i?2 a�+?/2p@u2@EBi�2p

KQ/2HX C>1S- RR,R9N- kyRdX /QB, RyXRyydfC>1SRRUkyRdVR9NX

(R3R) JX a`2/MB+FBX *?�Qb �M/ [m�MimK i?2`K�HBx�iBQMX S?vbX _2pX 1- 8y,333ĜNyR- �m;mbi

RNN9X /QB, RyXRRyjfS?vb_2p1X8yX333X

(R3k) .Qm;H�b ai�M7Q`/X h?2 a�+?/2p@u2@EBi�2p KQ/2H �M/ �/a2X h�HF �i ai`BM;b kyRe-

"2BDBM;X

(R3j) .Qm;H�b ai�M7Q`/ �M/ 1/r�`/ qBii2MX 62`KBQMB+ GQ+�HBx�iBQM Q7 i?2 a+?r�`xB�M h?2@

Q`vX C>1S- Ry,yy3- kyRdX /QB, RyXRyydfC>1SRyUkyRdVyy3X

(R39) :X _X ai2r�`iX LQM@72`KB@HB[mB/ #2?�pBQ` BM /@ �M/ 7@2H2+i`QM K2i�HbX _2pX JQ/X S?vbX-

dj,dNR- P+iQ#2` kyyRX /QB, RyXRRyjf_2pJQ/S?vbXdjXdNRX

(R38) �M/`2r ai`QKBM;2` �M/ *mK`mM o�7�X JB+`Qb+QTB+ Q`B;BM Q7 i?2 "2F2Mbi2BM@>�rFBM;

2Mi`QTvX S?vbX G2iiX- "jdN,NNĜRy9- RNNeX /QB, RyXRyRefyjdy@keNjUNeVyyj98@yX

(R3e) :mbi�pQ hm`B�+B �M/ >2`K�M o2`HBM/2X hQr�`/b � k/ Z6h �M�HQ; Q7 i?2 auE KQ/2HX

C>1S- Ry,Red- kyRdX /QB, RyXRyydfC>1SRyUkyRdVRedX

(R3d) *X JX o�`K�- SX "X GBiiH2rQQ/- aX a+?KBii@_BMF- 1X �#`�?�Kb- �M/ �X 1X _m+F2Mbi2BMX

S?2MQK2MQHQ;v Q7 i?2 MQ`K�H bi�i2 Q7 *m@P ?B;?@i2KT2`�im`2 bmT2`+QM/m+iQ`bX S?vbX

_2pX G2iiX- ej,RNNeĜRNNN- P+i RN3NX /QB, RyXRRyjfS?vb_2pG2iiXejXRNNeX

(R33) .�pB/ o2;?X >QHQ;`�T?v rBi?Qmi i`�MbH�iBQM�H bvKK2i`vX �`sBp,RjyRXy8jd- C�Mm�`v

kyRjX

(R3N) uQ+?�B q2`K�M �M/ 1`2x "2`;X h?2 JQii@AQz2@_2;2H HBKBi �M/ `2bBbiBpBiv +`QbbQp2` BM

� i`�+i�#H2 2H2+i`QM@T?QMQM KQ/2HX S?vbX _2pX "- NjUydV,yd8RyN- kyReX /QB, RyXRRyjf

S?vb_2p"XNjXyd8RyNX

ky9
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(RNy) 1/r�`/ qBii2MX �M auE@HBF2 KQ/2H rBi?Qmi /BbQ`/2`X �`sBp,ReRyXyNd83- P+iQ#2`

kyReX

(RNR) sB�Q+?m�M qm- sB�Q *?2M- *?�Q@JBM; CB�M- uB@w?m�M; uQm- �M/ *2MF2 smX � +�M/B@

/�i2 i?2Q`v 7Q` i?2 Ǵbi`�M;2 K2i�HǴ T?�b2 �i }MBi2 2M2`;v rBM/QrX �`sBp,R3ykXy9kNj-

a2Ti2K#2` kyRdX

(RNk) w?B@*?2M; u�M;- EQMbi�MiBMQb J2B+?�M2ixB/Bb- ai27�MQb EQm`iBb- �M/ *H�m/BQ *?�@

KQMX a+`�K#HBM; pB� #`�B/BM; Q7 MQM�#2HBQMbX �`sBp,R3y9XyRyNd- �T`BH kyR3X

(RNj) CBMrm u2- am#B` a�+?/2p- �M/ LX _2�/X aQHp�#H2 bTBM ;H�bb Q7 [m�MimK `QiQ`bX S?vbX

_2pX G2iiX- dy,9yRRĜ9yR9- CmM2 RNNjX /QB, RyXRRyjfS?vb_2pG2iiXdyX9yRRX

(RN9) CmM;;B uQQMX amT2`bvKK2i`B+ auE KQ/2H, #B@HQ+�H +QHH2+iBp2 bmT2`}2H/fbmT2`K�i`Bt

7Q`KmH�iBQMX C>1S- Ry,Rdk- kyRdX /QB, RyXRyydfC>1SRyUkyRdVRdkX

(RN8) CmM;;B uQQMX auE KQ/2Hb �M/ auE@HBF2 i2MbQ` KQ/2Hb rBi? ;HQ#�H bvKK2i`vX C>1S-

Ry,R3j- kyRdX /QB, RyXRyydfC>1SRyUkyRdVR3jX

(RNe) uB@w?m�M; uQm- �M/`2�b qX qX Gm/rB;- �M/ *2MF2 smX a�+?/2p@u2@EBi�2p KQ/2H �M/

i?2`K�HBx�iBQM QM i?2 #QmM/�`v Q7 K�Mv@#Q/v HQ+�HBx2/ 72`KBQMB+ bvKK2i`v T`Qi2+i2/

iQTQHQ;B+�H bi�i2bX S?vbX _2pX "- N8,RR8R8y- kyRdX /QB, RyXRRyjfS?vb_2p"XN8XRR8R8yX

(RNd) CB2+?2M; w?�M;- 1X JX G2p2MbQM@6�HF- "X CX _�Kb?�r- .X �X "QMM- _mBtBM; GB�M;-

qX LX >�`/v- a2�M �X >�`iMQHH- �M/ �?�`QM E�TBimHMBFX �MQK�HQmb h?2`K�H .Bzm@

bBpBiv BM lM/2`/QT2/ u"�2*m3P6+xX S`Q+X L�iX �+�/X a+BX- RR9,8jd3Ĝ8j3j- kyRdX /QB,

RyXRydjfTM�bXRdyj9ReRR9X

(RN3) S2M;72B w?�M;X .BbT2`bBp2 auE KQ/2H, #�M/ bi`m+im`2 �M/ [m�MimK +?�QbX S?vbX

_2pX "- NeUkyV,ky8Rj3- LQp2K#2` kyRdX /QB, RyXRRyjfS?vb_2p"XNeXky8Rj3X

(RNN) S2M;72B w?�M; �M/ >mB w?�BX hQTQHQ;B+�H a�+?/2p@u2@EBi�2p KQ/2HX �`sBp,R3yjXyR9RR-

J�`+? kyR3X

ky8


