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The Sachdev-Ye-Kitaev model and matter without quasiparticles

ABSTRACT

This thesis is devoted to the study of Sachdev-Ye-Kitaev (SYK) models, which describe
matter without quasiparticles. The SYK model is an exactly solvable model that is hoped
to bring insights into the understanding of strongly correlated materials.

The main part discusses different aspects of SYK models. Chapter 2 presents numerical
studies of the SYK models, shows its non-Fermi liquid nature and verifies the analytical
predictions on two-point function and thermal entropies. Chapter 3 considers the thermody-
namic and transport properties of the complex SYK models in higher dimensional general-
izations, we show some universal relations obtained from SYK models which are consistent
with holographic theories. Chapter 4 discusses a supersymmetric generalization of the SYK
model. We show a different a scaling from the normal SYK model both analytically and
numerically. We also discuss a different origin of the extensive zero temperature entropy in
N = 2 theory. Chapter 5 considers a continuous set of boson-fermion SYK models with
a tunable low-energy scaling dimension. From the explicit computation of out of time or-
dered correlators, we find the theory is less chaotic in the free fermion limit. Chapter 6
describes the phases of a solvable t-J model of electrons with an SYK-like form. We find a
Zs fractionalization picture where the deconfined phase is similar to the pseudo gap regime
of underdoped cuprates, while the ‘quasi-Higgs’ phase is similar to the metallic phase of

overdoped cuprates.
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Introduction

1.1 PRELIMINARIES AND MOTIVATIONS

The quasiparticle idea is an important concept from Landau’s Fermi-liquid theory. Except
for Fermi-liquid, it also plays an important role in understanding many of condensed matter
systems including BCS superconductivity, Luttinger liquid, fractional quantum hall effect
etct. The idea is that in a typical quantum many-body system, it is hard to understand the
whole spectrum of the theory with exponential many degrees of freedom. However, since
most of the time we are interested in the low energy physics, it will be enough for us to
concentrate on the low-energy sub-space of the whole spectrum, while these states have a
particle-like description with a relatively long lifetime.

There are several definitions about quasiparticle description, the most general one without

the needs for translation symmetry and well-defined momentum space is that, the low-energy

'Here the quasiparticles we refer are not restricted to fermionic, collective modes are also counted as
quasparticles.
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many-body spectrum can be written as [128]:

E = Z OMNg€a + Z F, gongong + - - - (1.1)
@ a,f

where €, is single-particle energy, F, 3 is called Landau-parameter, and én, is the change
of single particle occupation compared to the ground state, - -- denotes higher order inter-
action terms. To test whether quasiparticle is long lived, one can compute the lifetime of
quasiparticles. For example, in the case of Fermi liquid, quasiparticle-quasiparticle scatter-
ing event can happen. And one can use Fermi’s golden rule to compute the lifetime. At low

temperature, a typical computation [37] shows that

S
2
lis

(1.2)

so the quasiparticle has extremely long lifetime at low temperature. Notice that the above
computation relies on the fact that the spectral density near Fermi level is a constant. If
there is some singularity in the spectral density, we would have a different scaling behavior
as we will see later in the SYK models.

There will be several predictions from this quasiparticle picture, for example, there will
be a T? temperature dependence of resistivity at low temperatures. The heat capacity will
have a linear in 7" temperature dependence. The quasiparticle picture will also predict a B?
magnetic field dependence of magnetoresistance.

However there are also many exotic phenomena (non-Fermi liquid properties) cannot be
described by quasiparticle picture in strongly correlated materials, like cuprates, pnictides
and heavy-fermion materials [38, 178, 184]. A typical phase diagram is shown in Figure 1.1.
An interesting feature in the strange metal phase is an anomalous linear in 7T resistivity for
a wide range of temperature. Another feature is that the specific heat scales as T'In T at low

temperatures.
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Figure 1.1: Figure, adapted from Ref [87], A schematic phase diagram of hole-doped cuprates,
as a function of hole-doping p and temperature 1. Here AF is anti-ferromagnetic, PG is
pseudogap, DW is density wave, dSC is d-wave superconductor, SM is strange metal, T
denotes the temperature scale of the appearance of the anti-nodal spectral gap, T, stands
for the superconductivity transition temperature.

On the theory side, the phenomenological "marginal Fermi liquid” theory [187] can illus-
trate these experimental scalings with the assumption of critical bosonic degrees of freedom
coupled with fermions. However, it is not clear how to derive such a bosonic spectrum from
a microscopic model. Furthermore, the strange metal behavior persists to relatively high
temperature, it is not clear whether one needs to lie near a quantum critical point to include
the bosonic critical fluctuations.

On the other hand, the Sachdev-Ye-Kitaev models are microscopic models that can help

understand these experimental features. Some evidence are:

o The spectral function of SYK model indicates a non-Fermi liquid state (will be illus-

trated in the next section);

» The recent experiment on charge susceptibility [143] agrees with the form predicted by

3
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SYK models;

o The linear-T resistivity and 7' InT specific heat can be obtained from SYK models

generalized in higher dimensions [36, 156, 179];

o Just like in the cuprate phase diagram, the SYK model also has a pairing instability

at low temperature [18];

o There are recent experiments showing a linear-in-B anomalous megnetoresistance [76,

96] which can also be obtained in a generalized SYK model [156].

« The drop in the Hall conductivity [8] indicates a topological transition and a topological

transition can also be realized in SYK models (We will discuss it in Chapter 6).

These evidence suggest the importance of the study of SYK model to help understand

"strange metal” phases.

Another interesting topic related to SYK model is quantum chaos. And SYK model is

shown to be maximally chaotic. Before defining quantum chaos, let’s consider the classical

set up. Classically, a chaotic system is characterized by the fact that small change in the

initial condition will result in a large deviation in the future:

ox(t) ~ et
0x(0)

where A, is called the classical Lyapunov exponent.

ratio

ox(t)
ox(0)

{z(t), p(0)}p g,

can be represented by the Poisson bracket:

(1.3)

In classical mechanics, the variation

(1.4)

The quantum analog is just to replace the Poisson bracket by the quantum commutator (or

anti-commutator) and evaluate its size in a thermal ensemble. More generally, one can use

any operator instead of simply x or p. Then the quantum chaos is defined by the growth of
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the commutator square:
C(t) = (| W (®). V()] [*)s (1.5)

where W (t) and V' (0) are generic operators in the Heisenberg picture. The subscript § means

it is measuring the thermal expectation. We can further expand the above expression:

(W (), VOI' W (), V(0)])5 = (V(O) W (@)W ()V(0))5 + (W (1) V() V()W (1))s

— (VO WOV ()W (t)s — (W (H)V(O)'W(V(0)s (1.6)

The first two terms are called time ordered correlators (TOC) while the last two terms are
called out of time ordered correlators (OTOC). TOC will quickly saturate to the product of
two-point functions after a ”collision time”, and there will be exponential increase behavior of
C(t) from this time to the "scrambling time” when C(t) becomes significant. The exponent
will be called the quantum Lyapunov exponent. This sharp increase in C(t) can also be
understood from the sharp decrease in the OTOC. And in literature, people usually compute

OTOC in a chaotic system, under some renormalization, it will have the form:
flt)=1— —eM! (1.7)

with Ap the quantum Lyapunov exponent. There is a proof that there is a bound on quantum
chaos A\f, < %’r [136], and the bound is saturated in the Einstein gravity theory [177]. On the
other hand, the SYK model also saturates the bound at low temperature, where the model
exhibit near conformal symmetry [116, 135]. This indicates that SYK is a simple model
that is holographic. And it is argued to dual to an Einstein-dilation gravity theory in an
approximate AdSs geometry [137]. Thus the study of SYK models also motivates from the
understanding of 2d quantum gravity.

The OTOC has also been studied in other condensed matter systems [35, 154, 155]. And
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the inverse of the Lyapunov exponent gives a time scale called Lyapunov time 7, = ﬁ

The upper bound on A gives a lower bound on 7, > ﬁ There is a similar time scale
in traditional condensed matter literature called dephasing time [170]. It is related to the
scattering rate of quasiparticles?. And this time is found to be similar in many materials

[24]. Whether the dephasing time and Lyapunov time are related is still an open question.

1.2 SYK 101

In this section, we will give a general introduction to SYK models. First, let’s look at some

of its interesting features:
1. Solvable in large N, which describes a non-Fermi liquid state;
2. Finite zero temperature entropy;
3. Emergent conformal symmetry at strong coupling;

4. Maximally chaotic: the Lyapunov exponent extracted from out-of-time-ordered cor-
relation function in this model saturates the bound of chaos A\, = %’r (At strong

coupling).

We will comment on these features later in the section. Before doing that, let’s first

introduce the model:

N
1
H=4 Z Sjetm X5 Xk X1Xm (1.8)

gk lm=1
where {x;} are Majorana fermion operators satisfying commutation relation: {x;, xx} = d;-

N is the number of sites. {Jjum} are independent random couplings satisfying the statistics:

- 1 [
ijlm = 07 §N3‘]]2klm = J2 (19)

the dimensionless coupling in this model is A = .J.

2However, there is no unique definition of dephasing time.
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The model can be understood in this way: we can rewrite the Hamiltonian as
H=> x0; (1.10)
J

where O; = %Zﬁl me1 JikimXkX1Xm 1s the heat-bath field for fermion x;. In the large IV
limit, the heat bath field O; is a sum of many matrices with random coefficients, therefore
individually behaves like a Gaussian random variable.

We can estimate the strength of this heat bath by averaging (932-:
"2 373].,2|3 2
O ~ N2 |x°|° ~ J (1.11)

therefore the physical meaning of coupling constant J is the measures of the strength of the
heat bath.

The model can be generalized to a ¢g—body interaction Hamiltonian (¢ < )

N
1
Hy = ] D ivgeda Xt X -+ X (1.12)

jl:--qu

And require the random couplings {J;, j,. ;,} have suitable scaling w.r.t. N:

1 172 2
Jj1j2~~-jq =0, ((] _ 1)!Nq J.721j2---jq =J (1'13)
one can further define a g—dependent coupling constant %2 = 2[{:. We redefine J this way

such that we will have a well-defined perturbative large ¢ limit.
This model is solvable in the large N limit. We will first compute the two-point function

in this limit using diagrammatic summation. The two-point function is defined as

G(11,72) = (Toxi (1) x5 (72)) (1.14)
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The free propagator is given by

1 . 1
Go(Tl,TQ) = ESgH(Tl — 7'2), Go(lwn) = - (115)
W,
Since the interaction Jjy, are statistically independent random variables, only propagators
connecting same sites will survive under average. Physically, this is because different heat

bath fields are independent. We can start from weak coupling limit and consider the diagrams

order by order:

NN N2 1N? (1.16)

where we use solid lines to represent the free propagator and dashed line to represent the
pairing of random couplings. (Remember that dashed line connects two vertices with the
same set of indices.) Then one can count the number of terms that contribute to each
diagram with fixed external legs. We show the results of the diagrams above.

As we can see from the above diagrams, only rainbow (watermelon) diagrams survive in

the large N limit, this results in the Schwinger-Dyson equation:

= + { (1.17)
Q- <— (L.18)

where thick lines represent the dressed green function G(7,7s), thin lines represents the
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free green function Gy(m,7) and gray disk represents the self energy (7, 7). In terms of

functions, the SD equations read

G (iw,) ™t = —iw, — Z(iwy,) (1.19)

Y(r) = J*G(1)* (1.20)
This can be generalized to the ¢g-body interaction case:

G (iwn) ™! = —iw, — BD(iwy) (1.21)

Y(r) = J2G (1)1 ! (1.22)

The above Schwinger-Dyson are exact in the large N limit, which exhibits the solvability of
the model. One can numerically iterate these two equations in frequency and time domain
using Fourier transform. On the other hand, at low temperature limit 5J > 1, we can drop
the iw, term and assume a low-lying scaling form G(7) ~ TQLA By simply power matching,

we find that

A= (1.23)

1
q
This means that the spectral density p(w) ~ wi~'. So there is a singularity in the spectral
density near zero energy for ¢ > 4.

Now we want to compare the ¢ = 2 and ¢ = 4 cases to illustrate the non-Fermi liquid
nature of the SYK model. Actually the ¢ = 2 model, which can be viewed as random hopping
model, is well studied in the random matrix theory. The Schwinger-Dyson equation can be

solved exactly and the spectral density is the famous semicircle low:

4J? — w?
plw) = 5 lw] < 2J (1.24)
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We see that at small w, p(w) = py = %, will be a constant. If we include some weak
interaction, then quasiparticle can scatter with each other. The standard scattering rate

computation using Fermi’s Golden rule shows that:
I o pgT? (1.25)

This means that the quasiparticle lifetime is quite long, which is the typical Fermi-liquid
behavior although we don’t have a Fermi surface. On the other hand, if we do the same
computation for the ¢ = 4 SYK case, with the divergent spectral density p(w) ~ \/%;, we find
that:

I T (1.26)

with a relatively short lifetime. This justifies the non-Fermi liquid nature of SYK models.
Another way to justify this is to check Eq. (1.1) in the many-body spectrum. Here we
show an exact diagonalization result in Figure. 1.2. A visible difference is that the spectrum
is much sparser at the two ends in the random hopping model. The reason is that the level
spacing in the low-energy subspace of the random hopping model is proportional to %, which
is the same as the level spacing in the single particle energy €,. So the low-energy many-body
spectrum can be described by Eq. (1.1) with only a few non-zero dn,. However, this picture
does not apply to the ¢ = 4 SYK model. There are theoretical studies [74] showing that in
the N — oo and then T" — 0 limit, there is an extensive zero temperature entropy density
So =~ 0.464848. This does not mean that we have a ground state degeneracy but means that

—soN"(denser

the level spacing in the low-energy subspace is also exponential small 6E o e
spectrum at the end shown in the right figure of Figure. 1.2). This means that there are
exponential many low-energy states. If we have a quasiparticle description, the many-body
spectrum is described by Eq. (1.1). The low-energy spectrum is described by changes in

a few n,. This will indicate that we can use polynomial in N parameters (€4, Fi 3,...) to

describe exponential in NV states. This contradiction indicates that the SYK model does not

10
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have a quasiparticle picture.

Figure 1.2: Spectrum obtained from N = 12 exact diagonalization for ¢ = 2 random hopping
model (left) and ¢ = 4 SYK model (right).

Now let us switch to the emergent conformal symmetry at strong coupling. At strong
coupling J > 1, we can drop the iw, term in the Schwinger-Dyson equations (1.22). Then

by plugging the transformation:

T f(r), G(r,m) = Gy(r,m) = (f'(r)f (1) G(f (1), f(72)) (1.27)

with A = % in Eq. (1.22), we find that G still satisfies the same equations. So this is a
symmetry of the theory. We can treat this iw, term as the explicit symmetry breaking term

like a small magnetic field in the ferromagnetic model that will help pin down the real ground

state. The saddle point found by numerics actually gives the scaling form: G(7) ~ s -

This solution does not have a full conformal symmetry but a smaller PSLy(R) symmetry?:

[T PR L S (1.28)

ct +d ¢ d

This is like a spontaneous symmetry breaking picture, and there will be infinite many Gold-

stone mode denoted by the coset Diff(S')/PSLy(R). With the inclusion of the explicit

3which is also the isometry of AdS,

11
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symmetry breaking term iw,, these modes will be lifted from zero modes to soft modes. The
model is called a nearly conformal quantum mechanics (NCFT;) and is expected tp dual to
a nearly AdS, gravity [135, 137].

The procedure to get to the maximal chaos is a bit sophisticated [116, 119, 135] (we will
show an explicit computation in Chapter 5). The basic idea is to use the representation of
PSLy(R) to diagnose the four-point function, which is found to be a series of ladders that
can be exactly summed over in the large N limit. Then one finds that the soft modes we
mentioned above will generate this maximal Lyapunov exponent. Actually, it is not that
surprising that we get the maximal chaos since the model is holographic, and indeed the

same behaviour can also be obtained in the gravity theory [137].

1.3 MORE ABOUT SYK

In this section, we will talk about some concerns about the SYK model. And will also list
different aspects of the model that people are studying in the field.

There are common concerns about the study of SYK models: the first one is whether these
models are experimental realizable or these are just toy models played with by theorists; the
other one is that the model is defined in the large N limit, but the real material is usually
described by finite IV theories. To the first issue, there are several experimental proposals
for SYK models [31, 34, 43, 125, 159] in atom-molecule systems, Fu-Kane superconductor,
disordered quantum dots, or graphene flake. And in Ref. [133], the SYK model is experi-
mentally investigated using a four-qubit NMR simulator. To the second concern, there is a
recent work [191] considering a conventional lattice model. By mapping the scale N to the
range of the interaction, the lattice model can be viewed as a randomness-free rank—3 tensor
model [120], which has the same physics as the normal disordered SYK model. The work
has presented a finite N ED simulation and the result is qualitatively consistent with the
large N properties: there is still a linear—1T" resistivity and has an instability towards pairing

state. So it is possible that the large N properties of the SYK model are still applicable to

12
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realistic models.

Now let’s introduce different aspects of the study of SYK models. The basic formalism
is introduced in Ref. [108, 116, 119, 135, 162]. Since the model can be viewed as a lattice
spin model by the Jordan-Wigner transformation, exact diagonalization (ED) studies will
be straightforward to apply. In Chapter 2, we discuss some numerics from ED. There is also
numerics on discussions of ETH in SYKs [88, 180]. Another quantity people are interested in
and can be computed by ED is the spectral form factor [39, 66, 75, 104, 150] and can be used
to discuss its relation to the random matrix theory. Analytical spectral density is obtained
in Ref. [66, 67, 69]. When we consider generalizations to SYK models, a natural way is
to add symmetries or generalize to higher dimensions. In Chapter 3, we have considered
complex SYK models with U(1) symmetry, more examples about adding SYK models with
symmetries are discussed in Ref. [78, 195]. We can also generalize the model to higher
dimensions, these include lattice generalizations and field theory generalizations. In Chapter
3, we consider a lattice generalization of complex SYK models. Other lattice generalizations
are discussed in Ref. [13, 15, 27, 36, 42, 81, 83, 85, 109-111, 114, 156, 179, 198, 199]. Field
theory generalizations are discussed in Ref. [16, 186]. The dynamical properties of the
model are explored in Ref. [55, 82, 105, 122, 192]. Entanglement structures are discussed
in Ref. [82, 99, 105, 129, 192]. In Chapter 5, we discuss the chaotic properties, and there
are other papers talking about chaos with different set up [10, 17, 32, 33, 68]. In Chapter
6, we consider phase transitions in SYK models, while other works discuss the transition or
crossover to normal Fermi liquid, many-body localization state, pairing state, Mott insulator
etc [13, 18, 36, 42, 65, 84, 109-111, 156, 179]. In Chapter 4, we discuss a supersymmetric
generalization of SYK model, and many aspects we mentioned above are also explored in
the SUSY model [26, 70, 70, 104, 145, 145, 147, 149, 157, 194].

In the high energy theory community, there are theoretical studies on the Schwarzian
theory [124, 141, 142, 164, 183]. There are also tensor models proposed, which do not have

disorder but share similar properties as SYK models [120, 190], properties of these tensor

13
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models and comparison with SYK models can be found in Ref. [49] and the references within.
There are also many discussions on the possible dual gravity theory [44, 106, 137, 139, 148]
The SYK model also draws interests from mathematicians since the model is algebraically

well-defined, there are mathematical papers discussing the spectrum of the model [62].

1.4 ORGANIZATION OF THE THESIS

In the following, we will discuss some properties of the SYK models mentioned in the previous
sections and some generalizations. The main results are summarized below.

In Chapter 2, we present numerical studies of the SYK models. The high temperature
expansion and exact diagonalization of the N-site fermion model are used to compute the
entropy density: our results are consistent with the numerical solution of N = oo saddle
point equations, and the presence of a non-zero entropy density in the limit of vanishing
temperature. The exact diagonalization results for the fermion Green’s function also appear
to converge well to the N = oo solution. For the hard-core boson model, the exact diago-
nalization study indicates spin glass order. Some results on the entanglement entropy and
the out-of-time-order correlators are also presented.

In Chapter 3, we compute the thermodynamic properties of the SYK models of fermions
with a conserved fermion number, Q. We extend a previously proposed Schwarzian effective
action to include a phase field, and this describes the low temperature energy and Q fluc-
tuations. We obtain higher-dimensional generalizations of the SYK models which display
disordered metallic states without quasiparticle excitations, and we deduce their thermoelec-
tric transport coefficients. We find a precise match between low temperature transport and
thermodynamics of the SYK and holographic models. In both models, the Seebeck trans-
port coefficient is exactly equal to the O-derivative of the entropy. For the SYK models,
quantum chaos, as characterized by the butterfly velocity and the Lyapunov rate, universally
determines the thermal diffusivity, but not the charge diffusivity.

In Chapter 4, we discuss a supersymmetric generalization of the Sachdev-Ye-Kitaev model.

14



Chapter 1. Introduction

These are quantum mechanical models involving N Majorana fermions. The supercharge
is given by a polynomial expression in terms of the Majorana fermions with random coeffi-
cients. The Hamiltonian is the square of the supercharge. The N' = 1 model with a single
supercharge has unbroken supersymmetry at large NV, but non-perturbatively spontaneously
broken supersymmetry in the exact theory. We analyze the model by looking at the large
N equation, and also by performing numerical computations for small values of N. We
also compute the large N spectrum of “singlet” operators, where we find a structure qual-
itatively similar to the ordinary SYK model. We also discuss an N' = 2 version. In this
case, the model preserves supersymmetry in the exact theory and we can compute a suitably
weighted Witten index to count the number of ground states, which agrees with the large N
computation of the entropy.

In Chapter 5, we consider a continuous set of boson-fermion SYK models. The low energy
scaling dimension can be tuned by the boson fermion number ratio « = M/N. The four-point
function is computed in this model, where in the OPE regime, one can read off the spectrum.
We obtain a Schwarzian action for the h = 2 modes that give the maximal chaos and we also
compute the other h # 2 modes, which accounts for the correction to the maximal Lyapunov
exponent. We find that the system is less chaotic in the free fermion limit. And we discuss
the relation between Lyapunov time and dephasing time.

In Chapter 6, we describe the phases of a solvable ¢-J model of electrons with infinite-
range, and random, hopping and exchange interactions, similar to those in the SYK models.
The electron fractionalizes, as in an ‘orthogonal metal’; into a fermion f which carries both
the electron spin and charge, and a boson ¢. Both f and ¢ carry emergent Z, gauge charges.
The model has a phase in which the ¢ bosons are gapped, and the f fermions are gapless
and critical, and so the electron spectral function is gapped. This phase can be considered as
a toy model for the underdoped cuprates. The model also has an extended, critical, ‘quasi-
Higgs’ phase where both ¢ and f are gapless, and the electron operator ~ f¢ has a Fermi

liquid-like 1/7 propagator in imaginary time, 7. So while the electron spectral function has a
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Fermi liquid form, other properties are controlled by Z, fractionalization and the anomalous
exponents of the f and ¢ excitations. This ‘quasi-Higgs’ phase is proposed as a toy model

of the overdoped cuprates. We also describe the critical state separating these two phases.

16



Numerical studies on the SYK models

2.1 INTRODUCTION

Fermion and boson models with infinite-range random interactions were studied in the 1990’s
and later [6, 28, 73, 74, 151, 173] as models of quantum systems with novel non-Fermi
liquid or spin glass ground states. More recently, it was proposed that such models are
holographically connected to the dynamics of AdS, horizons of charged black holes [168, 169],
and remarkable connections have since emerged to topics in quantum chaos and black hole
physics [5, 98, 108, 116, 136, 162, 171, 196].

The model introduced by Sachdev and Ye [173] (SY model) was defined on N sites, and
each site had particles with M flavors; then the double limit N — oo, followed by M — oo,
was taken. In such a limit, the random interactions depend on 2 indices, each taking N
values. Taking the double limit is challenging in numerical studies, and so they have been
restricted to M = 2 with increasing values of N [6, 28]. It was found that the ground state

for N — oo at a fixed M = 2 was almost certainly a spin glass. So a direct numerical test
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of the more exotic non-Fermi liquid states has not so far been possible.

Kitaev [116] has recently introduced an alternative large N limit in which the random
interaction depends upon 4 indices, each taking N values; the saddle-point equations in the
N — oo limit are the same as those in Ref. [173]. No separate M — oo is required, and
this is a significant advantage for numerical study. The present chapter will study such
Sachdev-Ye-Kitaev (SYK) models by exact diagonalization; some additional results will also
be obtained in a high temperature expansion. Our numerical studies will be consistent the
fermionic SYK model displaying a non-Fermi liquid state which has extensive entropy, and
entanglement entropy, in the zero temperature limit. For the case of the bosonic SYK model,
our numerical study indicates spin-glass order: this implies that the analytic study of the
large N limit will require replica symmetry breaking [73].

The outline of this chapter is as follows. In Section 2.2, we review the large /N solution of
the SYK model, and present new results on its high temperature expansion. In Section 2.3
we present exact diagonalization results for the fermionic SYK model, while the hard-core

boson case is considered later in Appendix A.1.

2.2 MODEL

2.2.1 LARGE N LIMIT FOR FERMIONS

This section will introduce the SYK model for complex fermions, and review its large N limit.
We will obtain expressions for the fermion Green’s function and the free energy density. A
high temperature expansion for these quantities will appear in Section 2.2.3.

The Hamiltonian of the SYK model is

N
1
H = W Z Jijike cjc}ckcg — ,chIci (2.1)

0,5,k 0=1
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where the J;j.x¢ are complex Gaussian random couplings with zero mean obeying

*
Jjiee = = Jijie 5 e = —Jigee 5 Trei; = Tije

[ Jigwe? = J7. (2.2)

The above Hamiltonian can be viewed as a ‘matrix model” on Fock space, with a dimension
which is exponential in N. But notice that there are only order N* independent matrix
elements, and so Fock space matrix elements are highly correlated. The conserved U(1)

density, Q is related to the average fermion number by

Q= % ; <cgcl-> : (2.3)

The value of Q can be varied by the chemical potential u, and ranges between 0 an 1. The
solution described below applies for the range of p for which 0 < Q < 1, and so realizes a
compressible state.

Using the imaginary-time path-integral formalism, the partition function can be written
as

Z= /DCTDCGXP(—«S) (2.4)

where

B
8—/ dr(c'0,c + H), (2.5)
0

where § = 1/T is the inverse temperature, and we have already changed the operator ¢ into
a Grassman number.

In the replica trick, we take n replicas of the system and then take the n — 0 limit

N P
InZ = TILIL% E(Z - 1) (2.6)
Introducing replicas c¢;,, with a = 1...n, we can average over disorder and obtain the
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replicated imaginary time (7) action

4
g 0 J? v ,
S, = Z/O chZTa <E — ,u) Cia — PR Z/o drdr Z C;fa(T)Cib(T ) (2.7)
ia ab )

(here we neglect normal-ordering corrections which vanish as N — 00). Then the partition

function can be written as

Z" = /HDchca exp (—=S,) (2.8)

Notice that the action has a global SU(N) symmetry under ¢;, — U;jcj,. Also, if we ignore
the time-derivative term in Eq. (2.7), notice that the action has a U(1) gauge invariance under
Cia — €%1c;,. And indeed, in the low energy limit leading to Eq. (2.19), the time-derivative
term can be neglected. However, we cannot drop the time-derivative term at the present
early stage, as it plays a role in selecting the manner in which the U(1) gauge invariance is
‘broken’ in the low energy limit. In passing, we note that this phenomenon appears to be
analogous to that described in the holographic study of non-Fermi liquids by DeWolfe et al.
[51]: there, the bulk fermion representing the low energy theory is also argued to acquire the
color degeneracy of the boundary fermions due to an almost broken gauge invariance. As in
Ref. [51], we expect the bulk degrees of freedom of gravitational duals to the SYK model to
carry a density of order N [171].

Following the earlier derivation [173], we decouple the interaction by two successive Hubbard-

Stratonovich transformations. First, we introduce the real field Q. (7, 7") obeying

Qup(7,7") = Qpa (7', 7). (2.9)

The equation above is required because the action is invariant under the reparameterization
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a <> b, 7 <> 7. In terms of this field
g o g N
_ T / N2
S, = Em /0 drc], (87’ — u) Cia + Eab /0 drdr {_4J2 (Qap(T, 7]

}. (2.10)

1 !
- ﬁQab(ﬂT)

S el

A second decoupling with the complex field P,,(7,7") obeying

Pu(r,7) = P (7', 7) (2.11)

p T 0 p ’ N 12 N ! NE
S, = Z/ drc;, 9 M) Cig + Z/ drdr 12 [Qan(T,7")]” + EQab(ﬂ ') [ Pay(1,7')]|
0 T ab 7O

ia

— Qa(7,7) Poa(7', 7) cha(T)cib(Tl)} (2.12)

Now we study the saddle point of this action in the large N limit. After integrating out

fermion field and take % = 0, we obtain

Palr,) = o {cu(rear) (213)

Note that we have combined %Qab|Pab|2 and %Qba]PbaP as one term. Similarly, taking

derivative with respect to (D45, we have
Qup(1,7") = J*| Py (7, 7). (2.14)

If we only consider diagonal solution in the replica space (non spin-glass state), we can define

the self energy:
E(Ta Tl) = _Q(Ta T/)P(T/a 7_)7 (215)
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and the Green’s function

G(r,7") = —(Trc(1)c' (7)), (2.16)

Then we have

P(r,7) =G(7', 1), (2.17)
and the saddle point solution becomes

1
iwn, + p— X(iwy)
N(1) = —J*G*(1)G(—-71) (2.18)

Giwy,) =

The above equation shows a re-parameterization symmetry at low temperature if we ignore
the iw, term [116, 171]. At zero temperature, the low energy Green’s function is found to

be[171, 173]
o—ilm/4+6)

—

where C' is a positive number, and —7/4 < 6 < /4 characterizes the particle-hole asym-

G(z)=C Im(2) >0, |2] < J, T=0 (2.19)

metry. A full numerical solution for Eq. (5.6) at zero temperature was also obtained in
Ref. [173], and is shown in Fig. 2.1. We can see the 1/y/z behavior at low energy. However,
it is not possible to work entirely within this low energy scaling limit to obtain other low
temperature properties: the iw, term is needed to properly regularize the ultraviolet, and

select among the many possible solutions of the low-energy equations [74, 171].

2.2.2 FREE ENERGY AND THERMAL ENTROPY

The free energy is defined to be
1

7=

hlZeff (220)
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1.2

wld

Figure 2.1: Figure, adapted from Ref [173], showing the imaginary part of Green’s function
multiplied by y/w as a function of w at particle-hole symmetric point § = 0. Our definition
of the Green’s function, Eq. (2.16), differs by a sign from Ref. [173].

where Z.¢¢ has only one replica. So
Zepp = /DCTDceXp (—=S), (2.21)

with

g 8
S Z/o e (%_ )Ci+/0 deT'{%p[Q(T,T’)]2+gQ(T,T')\P(T,T')F

—Q(r,7)P(7',7) Z CZT(T)Ci(T’)} (2.22)
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For the free energy density F/N, we can just drop the site index i to give the single site
action, substituting the Green’s function and self energy

S = /0 ’ drdr'c'(7) (%5(7 — 7)) — pud(r — 1) + (1, T')> ()

B
+/O deT,{%]Z (2(r,7)/G(r, )] — %Z(T, T')G(T',T)} (2.23)

After integrating out the fermion field

S = —Teln[(8, — w)o(r — ') + S(r, )+ /0 ’ deT'{%ﬂ S0, 7)/ G, 75 8, )G 7)}
(2.24)
To verify this result, we can vary with respect to (7, 7") and G(7,7’), also using the fact
that X(7,7") = ¥*(7', 1), G(7,7') = G*(7',7), to obtain the equations of motions as before.
In the large N limit, we can substitute in the classical solution, and then free energy
density is

F 3

B
5= Tznjln (=BG (iwy)) — /0 dTZZ(T)G<—T> (2.25)

The thermal entropy density can be obtained by

S 1 0F

2.2.3 HIGH TEMPERATURE EXPANSION

Now we present a solution of Egs. (5.6) by a high temperature expansion (HTE). Equiva-
lently, this can be viewed as an expansion in powers of J.
We will limit ourselves to the simpler particle-hole symmetric case, Q@ = 1/2, for which

both G and ¥ are odd functions of w,,. We start with the high temperature limit
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and then expand both G and ¥ in powers of J?: G = Gy+G1+--- and ¥ = X+, +---. The
successive terms can be easily obtained by iteratively expanding both equations in Eq. (5.6),

and repeatedly performing Fourier transforms between frequency and time.

Yi(iw,) = J24;}n
Gilion) = Sy
Yoliw,) = J4m
Galion) = ‘]44(1'3;”)5
Bylion) = J° _32(12@5 * 128T23(iwn)3]
Galiwn) = J° _64(§Zn)7 * 128T23(z'wn)5]
Balicn) =S :25652?;)7 * 512TZ?¢%)5 N 256T41(iwn)3}
Galin) = I* 3 (ijn>9 e 12752%)7 - 256T41(M)5} (2.28)
The free energy density can be written in terms of G(iw,) and 3(iw,)
7 T3 (-G i) - = > ()Gl (2.29)

We also need to regularize the above free energy by subtracting and adding back the free

particle part
L ot T " [In(—BG(iw,)) — In (—Biw,)] — 3 D S(iw,) G iw,) (2.30)
N - - n n 4 - n n .

The series expansion of the entropy density is

1 J+ 11 Js 599  J8
S 2

N G172 T 51274 3686476 ' 117964807°

1%
—_
<

(V]

(2.31)
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Next, we describe our numerical solution of Eq. (5.6) at non-zero temperature. We used a
Fourier transform (FT) to iterate between the two equations, until we obtained a convergent
solution. For faster convergence, we started at high temperature, and used the above high
temperature expansion as the initial form. Then we decreased temperature to get the full
temperature dependence. We compare the large N exact numerical result with the high
temperature expansion in Fig. 2.2. At high temperatures, all methods converge to In2 as
expected. The HTE results fit the exact numerics quite well for 7//J > 0.6, but are no
longer accurate at lower 7. The exact numerics shows a finite entropy density in the limit

of vanishing temperature, with a value consistent with earlier analytic results [74][171].

0.7 T T T T
0.6+ E
0.5} E
04} .
=
S~
0
0.3} i
0.2+ i
large N exact
0.1+ ——HTEO(T?®)
HTE O(T )
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

™

Figure 2.2: Entropy computation from exact large N EOM and HTE: at high temperature,
all approaches the infinite temperature limit S/N = In2. HTE result fit the exact result
quite well for T'/J > 0.6.
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2.3 REsuLTS

2.3.1 EXACT DIAGONALIZATION FOR FERMIONS

We now test the validity of the large N results by comparing with an exact diagonalization
(ED) computation at finite N. For the numerical setup, it was useful to employ the Jordan-

Wigner transformation to map the Hamiltonian to a spin model

¢ =o0; Haj, o =of HU]Z- (2.32)

Jj<i j<t

We built a matrix of the N spins and diagonalized it numerically. After obtaining the full
spectrum, we obtained both the imaginary part of Green’s function and thermal entropy,
and our results are compared with the large N results in Fig. 2.1 and Fig. 2.2.

In this note, we focus on the particle-hole symmetric point. But particle-hole symmetry
does not correspond to the point g = 0 in the Hamiltonian Eq. (2.1), because there are
quantum corrections to the chemical potential du ~ O(N~!) coming from the terms in
which ¢, j, k, [ are not all different from each other, because these terms are not particle-hole

symmetric. So we use a Hamiltonian with extra correction terms that compensate du:

N
1
H = W Z Jijike (cjc}ckce + 0;pn c}cl — 0yn c}ck — 0jkn c;rcl + d;n c}ck), (2.33)
ijk 0=1

where we use n = 1/2 for the particle-hole symmetric case.

We define the on-site retarded Green’s function by

GE(t, 1) = =it — ") {ei(t), ¢ (t)}). (2.34)
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Using Lehmann representation

(nlci|n’)( /‘CT|n> o BE —BE
E n n 2.35
~Z w+E,—E, + zn< te ) ( )

at zero temperature, we obtain

o) = 3 Alel)1el0) | Olllt) wlel) 230

~w+FEy—Ey+in  w—Ey+ E, +in
Using (w +in) ™t = PL —ind(w)
ImGh(w) = —WZ [ 0]es|n/y (0|06 (w + Eo — Ep) 4 (0c! [n/)(n'|¢;]0)0(w — Eo + En)| -

(2.37)

Numerically, we replace the delta function with a Lorentzian by taking a small #:

1 n
(Ey — By = lim — 2.38
(Eo + w) ni%l+7r(Eo—En/+w)2+772 (2.38)

A subtlety in the above numerics, when p = 0, is the presence of an anti-unitary particle-
hole symmetry. The ground state turns out to be doubly degenerate for some system sizes.
If so, we will have two ground states |0) and |0) in the expression of GI(w), and we need to
sum them up to get the correct Green’s function.

To better understand this degeneracy, we can define the particle-hole transformation op-

erator

P = 1—[(0;r +c)K (2.39)

where K is the anti-unitary operator. One can show that it is a symmetry of our Hamiltonian
Eq. (2.33), [H, P] = 0. When the total site number N is odd, we know any eigenstate |¥)
and its particle-hole partner P|¥) must be different and degenerate. For even site number,
these two states may be the same state. However for N = 2 mod 4, one can show that

P? = —1, and then the degeneracy is analogous to the time-reversal Kramers doublet for
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T? = —1 particles. We expect that all the eigenvalues must be doubly degenerate. For N = 0
mod 4, P? = 1, there is no protected degeneracy in the half filing sector. These facts were
all checked by numerics, and carefully considered in the calculation of the Green’s function.

A better understanding of the above facts can be reached from the perspective of symmetry-
protected topological (SPT) phases. As shown recently in Ref. [196], the complex SYK model
can be thought of as the boundary of a 1D SPT system in the symmetry class AIII. The pe-
riodicity of 4 in N arises from the fact that we need to put 4 chains to gap out the boundary
degeneracy without breaking the particle-hole symmetry. In the Majorana SYK case, the
symmetric Hamiltonian can be constructed as a symmetric matrix in the Clifford algebra
Clo,n—1, and the Bott periodicity in the real representation of the Clifford algebra gives rise
to a Zg classification[196]. Here, for the complex SYK case, we can similarly construct the
Clifford algebra by dividing one complex fermion into two Majorana fermions, and then we

will have a periodicity of 4.

2.3.2 GREEN’S FUNCTION

From the above definition of retarded Green’s function, we can relate them to the imaginary
time Green’s function as defined in Eq. (2.16), Gf(w) = G(iw, — w +in). In Fig. 2.3, we
show a comparison between the imaginary part of the Green’s function from large N, and
from the exact diagonalization computation. The spectral function from ED is particle-hole
symmetric for all N, this is guaranteed by the particle-hole symmetry and can be easily
shown from the definition of the spectral function Eq. (2.37). The two results agree well at
high frequencies. At low frequencies, the deviations between the exact diagonalization and
large N results get smaller at larger N.

For a quantitative estimate of the deviations between the large N and exact diagonalization

results, we we compute the areas under each curve in Fig. 2.3, and compare their difference:
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——Ilarge N exact

——EDN=8
ED N=12

——ED N=16

0
wld

Figure 2.3: Imaginary part of the Green’s function in real frequency space from large N and
exact diagonalization. The inset figure is zoomed in near w = 0.

Ap = /dw|ImGED(w) — ImG N ()] (2.40)

As shown in Fig. 2.4, the convergence to the N = oo limit is slow, possibly with a power

smaller than 1/N.

2.3.3 ENTROPY

We can also compute the finite temperature entropy from ED. The partition function can

be obtained from the full spectrum

Z=) e (2.41)
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Figure 2.4: The difference of integrated spectral function between ED at different N and
large N result. The difference appears to be tending to 0 as N approaches infinity.

where F, is the many-body energy, and then free energy density is

F I6]

—=——1log Z. 2.42

NT N (242)
We can obtain the entropy density from

S 1 (E)-F

Z M 2 2.4

N N T (243)

where (E) =) E"%BE" is the average energy.

We use this approach to compute the thermal entropy from the full spectrum, and compare
it with the thermal entropy calculated from large N equations of motion Eq. (5.6). As shown
in Fig. 2.5, the finite size ED computation gives rise to the correct limit s = In 2 in the high
temperature regime, and it agrees with the large N result quite well for T/J > 0.5. Although

there is a clear trend that a larger system size gives rise to larger thermal entropy at low
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S/N

——Ilarge N exact
——ED N=8

ED N=12 -
——ED N=16
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0 0.2 0.4 0.6 0.8 1

T

Figure 2.5: Thermal entropy computation from ED, and large N. At high temperature, all
results the infinite temperature limit S/N = In2. At low temperature, all ED results go to
zero, but do approach the N = oo results with increasing N. Note that the limits N — oo
and 7" — 0 do not commute, and the non-zero entropy as 7' — 0 is obtained only when the
N — oo is taken first

temperature, we cannot obtain a finite zero temperature entropy for any finite N. This is
due to the fact that the non-zero zero temperature entropy is obtained by taking the large
N limit first then taking the zero temperature limit.

As in Fig. 2.4, we estimate the deviation from the large N theory by defining
AS = /dT|SED(T)/N — SN=oo(T) /Nl (2.44)

and plot the result in Fig. 2.6. The finite size correction goes to 0 as 1/N goes to zero.

2.3.4 ENTANGLEMENT ENTROPY

Finally, we compute the entanglement entropy in the ground state, obtained by choosing a
subsystem A of N sites, and tracing over the remaining sites; the results are in Fig. 2.7. For

N4 < N/2, we find that Sgg is proportional to N4, thus obeying the volume law, and so
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Figure 2.6: The difference of integrated thermal entropy between ED at different N and large
N result. The difference goes to 0 as 1/N approaches 0.
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Figure 2.7: Entanglement entropy for the ground state. We divide the system into two
subsystems, A and B, we trace out part B and calculate the entropy for the reduced density
matrix pas. The x-axis is the size of subsystem A.
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even the ground state obeys eigenstate thermalization [196].

2.3.5 OUT-OF-TIME-ORDER CORRELATIONS AND SCRAMBLING

One of the interesting properties of the SYK model is that it exhibits quantum chaos [116,
162]. The quantum chaos can be quantified in terms of an out-of-time-ordered correlator
(A(t)B(0)A(t)B(0)) (OTOC) obtained from the cross terms in ([A(t), B(0)]?) [136]. The
exponential decay in the OTOC results in an exponential growth of ([A(t), B(0)]?) at short
times, and the latter was connected to analogous behavior in classical chaos. In particular,
Ref. [136], established a rigorous bound, 27/, for the decay rate, Ar, of the OTOC, and the
Majorana SYK model is expected [116] to saturate this bound in the strong-coupling limit
BJ > 1. In the opposite perturbative limit, 5.J < 1, one expects A;, ~ J. Ref. [98] performed
a ED calculation of the OTOC on the Majorana SYK model in the infinite temperature limit,
£ = 0. Here we will perform a similar calculation on the complex SYK model, and also obtain
results at large 8J. We define our renormalized OTOC by

(A[)B(0)A)B(0)) + (B(0)A(#) B(0)A(t))

OTOC =~ 2(AA)(BB)

(2.45)

We choose the Hermitian Majorana operators A = ¢; + CJ{, B = cy + c; The negative
sign gives a positive initial value for OTOC. At infinite temperature, the result is shown
in Fig. 2.8. We observe the fast scrambling effect from the quick decay of OTOC, and
the early time decay rate Ay is proportional to .J as expected. Similar behavior is found
in the Majorana SYK model [98]. At finite temperature, although we can perform the
computation in the strong coupling limit 5J > 1, because of finite size effects, we do not
get the predicted decay rate A\, = 27/5. And the OTOC only has a weak dependence on
f even in the strong coupling limit as shown in Fig. 2.9. Theoretically [116][136], in the
large N and strong coupling conformal limit N > SJ > 1, during the scrambling process

B <t < Blog N, we have 1 — OTOC ~ (B8J/N)e®7/#t Because of numerical computation
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Figure 2.8: OTOC as a function of time at infinite temperature with different interaction
strength J =1 and J = 2. Here the total system size N = 7.

power constrain, we cannot reach the large N conformal limit, and therefore we don’t have
a well defined scrambling period. As a consequence, Fig. 2.9 does not display a large change
in the exponent, and the pre-factor difference is also small. It is clearly that of our small
system sizes, .J is the most relevant energy scale that controlling the chaos.

We can choose other operators for A and B. For instance, we can choose them to be
the same A = B = ¢; 4+ ¢|. Then the initial value of OTOC will be -1 and after the
scrambling process it will eventually saturate to 0(this is also defined in Kitaev’s talk[116]).
However if we choose A = cle;, B = chey, OTOC will not change too much from its initial
value. And if we choose other composite operators for A and B, OTOC may decay but with
different decay rate. In the integral models like the Ising model as discussed in Ref. [136], the
OTOC depends on the monodromy behavior of conformal blocks when doing the analytical
continuation. One can show that in RCFT models, the monodromy comes from the braiding

data[29, 80]. One may or may not have this scrambling effect depends on the operators
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Figure 2.9: OTOC as a function of time at different temperature with interaction strength
J = 1. Here the total system size N = 7.

one choose. In the SYK model, it seems that the scrambling also depends on our choice of
operators. The OTOC of composite operators may be thought as the sum of some single

operator OTOC after the OPE and may exhibit different behavior.

2.4 DISCUSSION

We have presented exact diagonalization results on the fermionic SYK model. The trends in
the computed Green’s functions, high temperature expansion, entropy density, and entangle-
ment entropy all support the conclusion that the large /N limit approaches the compressible
non-Fermi liquid state obtained in the earlier N = oo analysis. Note that the entropy den-
sity approaches a non-zero value in the limit 7" — 0 taken after the N — oo, and so the
ground state itself exhibits eigenstate thermalization. This conclusion is also supported by
the volume-law behavior of the entanglement entropy. The original model of Ref. [173] was

argued [74] to have an instability to spin glass order at temperatures exponentially small
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in v/M; the consonance between large N theory and our finite N numerics indicates that
the model in (2.1) (with a random interaction with 4 indices [116]) does not have such an
instability.

For the SYK model for hard-core bosons, our results for the single-particle Green’s function
were very different, and indicate the presence of spin glass order. Similar quantum spin glass
states were examined in random models of bosons in Refs. [73, 74].

After the completion of this work, there are other papers with further discussions on
related topics. Ref. [9] has discussed finite N effect in two-point function using Liouville
quantum mechanics. Ref. [99] has computed the entanglement entropy analytically which
agrees with larger system size numerics in [129]. Ref. [121] has performed a larger size
numerics in computing the OTOC and has a systematic improvement at low temperature

towards the analytic result. There are more discussions about ETH in SYK in [88, 149, 180].
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3.1 INTRODUCTION

Strange metal states are ubiquitous in modern quantum materials [24]. Field theories of
strange metals [170] have largely focused on disorder-free models of Fermi surfaces coupled to
various gapless bosonic excitations which lead to breakdown of the quasiparticle excitations
near the Fermi surface, but leave the Fermi surface intact. On the experimental side [24, 40,
132, 197], there are numerous indications that disorder effects are important, even though
many of the measurements have been performed in nominally clean materials. Theories
of strange metals with disorder have only examined the consequences of dilute impurities
perturbatively [93, 140, 153].

Disordered metallic states have been extensively studied [56, 126] under conditions in which
the quasiparticle excitations survive. The quasiparticles are no longer plane wave states as
they undergo frequent elastic scattering from impurities, and spatially random and extended

quasiparticle states have been shown to be stable under electron-electron interactions [1]. In
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contrast, the literature on quantum electronic transport is largely silent on the possibility of
disordered conducting metallic states at low temperatures without quasiparticle excitations,
when the electron-electron scattering length is of order or shorter than the electron-impurity
scattering length. (Previous studies include a disordered doped antiferromagnet in which
quasiparticles eventually reappear at low temperature [151], and a partial treatment of weak
disorder in a model of a Fermi surface coupled to a gauge field [86].)

On the other hand, holographic methods do yield many examples of conducting quantum
states in the presence of disorder and with no quasiparticle excitations [48, 54, 79, 89—
92, 94, 95, 131, 165]. If we assume that the main role of disorder is to dissipate momentum,
and we average over disorder to obtain a spatially homogeneous theory, then we may consider
homogeneous holographic models which do not conserve momentum. Many such models have
been studied [4, 11, 19, 22, 45-47, 52, 53, 77, 188], and their transport properties have been
worked out in detail. However, there is not a clear quantum matter interpretation of these
disordered, non-quasiparticle, metallic states.

The Sachdev-Ye-Kitaev (SYK) models [73, 74, 116, 151, 173] are theories of fermions
with a label « = 1... /N and random all-to-all interactions. They have many interesting
features, including the absence of quasiparticles in a non-trivial, soluble limit in the presence
of disorder at low temperature (7). In the limit where N is first taken to infinity and the
temperature is subsequently taken to zero, the entropy /N remains non-zero. Note, however,
that such an entropy does not imply an exponentially large ground state degeneracy: it can be
achieved by a many-body level spacing that is of the same order near the ground state as at a
typical excited state energy. The SYK models were connected holographically to black holes
with AdS, horizons, and the T — 0 limit of the entropy was identified as the Bekenstein-
Hawking entropy in Refs. [168, 169, 171]. Many recent studies have taken a number of
perspectives, including the connections to two-dimensional quantum gravity [2, 3, 5, 9, 15,
39, 41, 43, 57, 64, 66, 78, 83, 98, 106-108, 116, 135, 137, 162, 171, 196]. The gravity duals of

the SYK models are not in the category of the familiar AdS/CFT correspondence [182], and
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their low-energy physics is controlled by a symmetry-breaking pattern [135] which also arises
in a generic two-derivative theory of dilaton gravity on a nearly AdS, spacetime [57, 106, 137].

With disordered metallic states in mind, in this chapter, we will study a class of SYK
models [73, 74, 151, 173] which have a conserved fermion number!. The SYK models have
recently been extended to lattice models in one or more spatial dimensions [83] (see also [15]),
which has opened an exploration into their transport properties. In this work, we shall further
extend these higher-dimensional models to include a conserved fermion number. This will
allow us to describe the thermoelectric response functions of a solvable metallic state without
quasiparticles and in the presence of disorder. The transport properties can also be studied in
Einstein-Maxwell-axion holographic theories, but we will not discuss this topic here. Readers

can find details in the original paper.

3.2 MODEL

3.2.1 ComMPLEX SYK MODEL

The zero-dimensional SYK model of interest to us has canonical complex fermions f; labeled

by i =1... N. We refer to them as the complex SYK models. The Hamiltonian is

HO e Z Ji17i2---iq iTleL e fqu/Zfiq/2+1 e fiqflfiq . (31)

1<iq <i2...iq/2§N,
1<iq 941 <iq/242.--<ig<N

LA word about global symmetries is in order. The Majorana SYK model [116] with 2N Majorana fermions
has a SO(2N) symmetry only after averaging over disorder. However, this symmetry is not generated by a
conserved charge. The model in Eq. (3.1) has a global U(1) symmetry for each realization of the disorder,
and so this symmetry corresponds to a conserved charge. It is this symmetry which is of interest in this
work. For completeness, we note that this model acquires an additional SU(N) symmetry after averaging
over disorder.
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Here ¢ is an even integer, and the couplings J; are random complex numbers with zero

1,02...1g

mean obeying

Jili2...iq/Q,z‘q/QH...iq_liq = J;;/2+1.-.'L'q—liqyiliQN'iq/Q ) -
— JQ(q/Q)!Q ( . )
|Ji1,z’2...iq} = T Ne1

Note that the case ¢ = 2 is special and does have quasiparticles: this describes free fermions
and the eigenstates of the random matrix J;, ;, obey Wigner-Dyson statistics [12]. Our
attention will be focused on ¢ > 4, and N > ¢, when the model flows to a phase without
quasiparticles with an emergent conformal symmetry at low energies. We define the fermion

number —1/2 < Q < 1/2 by

1
Q= N ;<f;fi> —1/2. (3.3)

We also define

A==, (3.4)

1
q

which will be the low-energy scaling dimension of the fermion f.

3.2.2 LARGE N SADDLE POINT

Now we employ Green’s functions in the grand canonical ensemble at a chemical potential
p. Starting from a perturbative expansion of Hy in Eq. (3.1), and averaging term-by-term,
we obtain the following equations for the Green’s function and self energy in the large N

limit:

S(r) =~V G (=) (35)
1

Gliwn) = W + 1 — Z(iwn); (3.6)
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where w, is a Matsubara frequency w, = 27 (n+ 3) and 7 is imaginary time. As in Refs. [74,

173], we make the following IR ansatz at a complex frequency z

o—i(mA+0)

21-2A ’

G(z)=C Im(z) >0, (3.7)

which is expressed in terms of three real parameters, C'; A and 6. Here the complex frequency
is small compared to the disorder, |z| < J. Unitarity implies that the spectral weight is

positive, which in turn implies that

—TA < <TA. (3.8)

The particle-hole symmetric value is @ = 0. Inserting Eq. (3.7) into (3.6), a straightforward

analysis described in Appendix B.1 shows that A is given by (3.4), while

N1Yer o Ve - I
} {F@/q)} [sin(r/q + 0) sin(r/q — 0)] . (3.9)

The value of 0 remains undetermined in this IR analysis. Below, in Eq. (3.31), we find
an exact relationship between 6 and the density Q, as was first found in Ref. [74] for the
A = 1/4 theory.

Fourier transforming the fermion Green’s function Eq. (3.7) gives

—|7|724, >0,
G(r) ~ (3.10)

e~ |72 7 <0,
where the “spectral asymmetry” £ is related to 0 as

2 _ sin(mA + 6)

 sin(rA —0) (3:11)

The asymmetry in (3.10) was argued in [152] (and reviewed in [171]) to fix the T derivative
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of u

. ol
71}1&) ((?_T) . = —-27&. (3.12)

So this £ is the same as that introduced in Eq. (3.16).

The T' > 0 generalization of Eq. (3.10) is a saddle point of the action in Eq. (B.58)

GS(T):_C<F(2A>sin<m+e>)e_mT ( n7r_T) )M e % (3.13)

T (rT'T

with £ remaining independent of T provided @ is held fixed. This result was found both in
[152, 171], and in the AdSs computation in [58]. After using the KMS condition and (3.11),
the 7' — 0 limit of (3.13) agrees with (B.7). In Appendix ??, we further discuss the kernel

of the model and extract out the spectrum of the theory.

3.3 RESuLTS

3.3.1 THERMODYNAMICS

We will show in this section that the canonical free energy, NF', of the Hamiltonian Hj in

Eq. (3.1) has a low temperature (T") expansion

F(Q,T) = Eo(Q) — TS(Q) +..... (3.14)

where the ground state energy, Ey(Q), is not universal, but the zero-temperature entropy
S(Q) is universal, meaning that it depends only on the scaling dimension A and is indepen-
dent of high energy (“UV”) details, such as higher order fermion interactions that could be
added to Eq. (3.1). The value of Ey(Q) is not known analytically, but can only be computed
numerically or in a large ¢ expansion as we perform in Appendix B.3. However, remarkably,
we can obtain exact results for the universal function S(Q) for all 0 < A < 1/2, and for

all —1/2 < Q < 1/2 (see Fig. 3.3). These results agree with those obtained earlier for the
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special cases A = 1/4 and all Q in Ref. [74], and for Q = 0 and all A in Ref. [116]. The
higher-dimensional complex SYK models also have a free energy of the form Eq. (3.14),
where N F' is now understood to be the free energy per site of the higher-dimensional lattice.

Because of the non-universality of Ey(Q), the universal properties of the thermodynamics
are more subtle in the grand canonical ensemble. The chemical potential, p = (90F/90Q)r,
has both universal and non-universal contributions. Consequently it requires a delicate

computation to extract the universal portions of the grand potential /N,

Qu, T)=F —uQ. (3.15)

It is interesting to note that this universal dependence on Q, and not p, is similar to that in
the Luttinger theorem for a Fermi liquid: there the Fermi volume is a universal function of
@, but the connection with p depends upon many UV details. And indeed, the computation
of §(Q) in Ref. [74] for A = 1/4 employs an analysis which parallels that used to prove the
Luttinger theorem in Fermi liquids.

A quantity that will play a central role in our analyses of the SYK and holographic models

is

. O0*F dS . o
27T57_%1£>%8Q8T7E7_%{>% ((9_T)Q (3.16)

Note that £ is also universal. The factor of 27 has been inserted because then, for theories
dual to gravity with an AdS, near-horizon geometry, £ is the electric field in the AdS, region
[171, 175, 176].

Now let us start the analysis. Ref. [135] has given an expression for the free energy of the
Majorana SYK models as a functional of the Green’s function and the self energy; related
expressions were given earlier for the complex SYK models [74, 171]. Tt is straightforward to
obtain a similar result for the grand potential of the complex SYK models, which we give in
Eq. (B.58). Here, we will only compute the A derivative of the grand potential in the 7" — 0

limit, and then integrate with respect to A to obtain the low-temperature grand potential.
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The only term in the grand potential which explicitly depends on ¢ is (see Eq. (B.58))
1T
O=.. .- J2/ dr [G(T)? [G(1)T — )] | (3.17)
0

Substituting A = 1/¢ and using (3.9), (3.11) and (3.13) the leading low-temperature deriva-

tive of ) with respect to A comes from this term,

dQ 2(2A — 1) sin(7A + 0) sin(rA — 0) /I/T 0 <%>21n ((L)

dA T sin(27A) (rT'T wT'T)
in(rA in(rA —
= —27T(2A — 1>sm(7r :;ne();z()ﬂ f) + a term of order J, (3.18)

where A is some 7-independent constant. We subtract the term in € of order J, which we

call Qy. Using Eq. (3.11) to express the result in terms of £ we obtain

d(Q— Q) sin(27A)
AN —mT(2A - 1>COS(27TA) + cosh(2&T) (3.19)
_ _w [tan(r(A — i€)) + tan(r(A + i€))] .

The relation (3.16) between £, p, and T, implies that £ is fixed when p and T' are also
fixed. Thus in writing d2/dA we treat £ and A as independent variables, in particular, we
keep £ fixed when integrating over A. Note that the relationship between £ and Q in (3.30)
depends upon ¢, and so varying ¢ at fixed £ implies that Q will vary. We can now integrate

(3.19) to obtain

Q-0 = w In [2(cos(2mA) + cosh(27E))]
T | | | |
+ Z_ﬂ- [Lig (_6271'(5sz)) + Lis (_6271'(*5sz)) — Li (_6277(8+1A)) — Li, (_62w(76+1A))}
— _TG(€). (3.20)

The integration constant is fixed by the boundary conditions that the singular part of the

grand potential, {2—€) vanishes at the free fermion point A = 1/2. The last line in Eq. (3.20)
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defines the function G(&).

SEPARATING THE UNIVERSAL AND NON-UNIVERSAL PARTS

The grand potential 2 computed in (3.20) depends upon £ and T. But, in the grand
canonical ensemble at fixed p and 7', £ has an unknown dependence upon p and 7'. It is
therefore better to convert to the canonical ensemble at fixed @ and T', where we know the

Q and T dependence of y from (3.12),
w(Q,T) = po—2nE(Q)T + ... (3.21)

as T" — 0. Here £ depends only on Q, and pug is the contribution from the ground state

energy, Fy, with
dFEy

=g (3.22)

The complete grand potential, including the contribution of the ground state energy, is

where the functional form of the singular term G(€) was given in (3.20). The free energy in

the canonical ensemble, F', is

F(Q,T) =Q+ Q. (3.24)

Now we use the thermodynamic identity

(). 5

to obtain an expression for the density, Q. Using (3.21-3.24), (3.25) becomes

_dBy, ,.dG dE d€
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which gives us

1 dg
0= ~5m e (3.27)
Similarly, the entropy is
oF
(3
T/ g (3.28)
=0+ 2mEQ

Egs. (3.27) and (3.28) show that S(Q) and G(&) are a Legendre pair, and so

dS

This equality is equivalent to Eq. (3.12) by the Maxwell relation in Eq. (3.16), and this
supports the validity of our analysis.
Appendix B.3 presents a computation of the thermodynamics at large ¢q. In this limit, we

explicitly verify the above decompositions into universal and non-universal components.

CHARGE

We compute the density from Egs. (3.20) and (3.27) to obtain

0_ (2A —1)sinh(27E) i | (1 4 2 (E=iR)) (] 4 2r(=E+iA)) (3.30)
~ 2(cos(27A) + cosh(27E)) 4w " (1 + e2m(E+iA)) (1 4 e2m(=E—id)) '
This simplifies considerably when expressed in terms of 6 via (3.11)
7 1Y sin(20)
=—— A—— )| ———. 31
Q T * ( 2) sin(27A) (3:31)

This agrees with Appendix A of Ref. [74] at ¢ = 4. Note that @ = +1/2 at the limiting

values 6 = FrA. A plot of the density appears in Fig. 3.1.
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Figure 3.1: The density Q as a function of £ and A

ENTROPY

We can compute the entropy S from (3.20), (3.28) and (3.30). It can be verified that
S — 0 as &€ — F+o0o. A plot of the entropy as a function of £ appears in Fig. 3.2. We can
combine Figs. 3.1 and 3.2 to obtain the entropy as a function of density, and this is shown
in Fig. 3.3. In Appendix B.4, we present the results of the numerical solution of the saddle
point equations in Eqgs. (6.38) and (3.6) for ¢ = 4, and find good agreement with the analytic
results above.

At the particle-hole symmetric point, &€ = Q = 0, this yields from (3.20)

E 22 o (r)] = o [T (e 77%) = T (<72)] . (332)

5(0) = 2

which agrees with Kitaev’s result [116].
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Figure 3.2: The entropy S as a function of £ and A

Figure 3.3: The entropy S as a function of Q@ and A
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3.3.2 EFFECTIVE ACTION

We will also examine aspects of 1/N fluctuations about the saddle point which led to the
thermodynamic results in this section. Here we will follow Ref. [135], who argued that the
dominant fluctuations of the Majorana SYK model at low 7" are controlled by a Schwarzian
effective action with PSL(2,R) time reparameterization symmetry. This effective action
can be used to compute energy fluctuations, and hence the specific heat, in the canonical
ensemble. In our analysis of the complex SYK model, we find that an additional U(1) phase
field, ¢, is needed; ¢ is conjugate to Q fluctuations in the grand canonical ensemble. A
similar phase field also appeared in the original paper of the Chapter 4, which studies SYK
models with V' = 2 supersymmetry with the mean Q close to zero. We propose a combined
action for energy and Q fluctuations at a generic mean Q, with both PSL(2,R) and U(1)

symmetry; for the zero-dimensional complex SYK models, the action is by

S e
N

K (YT 1T
X /0 dr (0,6 +i(2nET)0,* — 1 /0 dr {tan(7T(r + (7)), 7). (3.33)

Here 7 is imaginary time, 7 — 7+¢€(7) is the time reparameterization, { f, 7} is the Schwarzian
derivative (given explicitly in Eq. (3.42)), and K and  are non-universal thermodyamic pa-
rameters determining the compressibility and the specific heat respectively. The off-diagonal
coupling between energy and Q fluctuations is controlled by the value of £. Our effective
action will play a central role in the structure of thermoelectric transport, as described in
the next subsection.

Now let us start the analysis. While solving the equations for the Green’s function and
the self energy, Eqgs. (6.38) and (3.6), we found that, at w, T < J, the iw + p term in
the inverse Green’s function could be ignored in determining the IR solution Eq. (3.7).
After dropping the iw + p term, it is not difficult to show that Egs. (6.38) and (3.6) have
remarkable, emergent, time reparameterization and U(1) invariances. This is clearest if we

write the Green’s function in a two-time notation, i.e. G(71,7) ; then Eqgs. (6.38) and (3.6)
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are invariant under [116, 171]

(3.34)

where f(7) and g(7) are arbitrary functions representing the reparameterizations of time
and U(1) transformations respectively.

Next, we observe that these approximate symmetries are broken by the saddle-point solu-
tion, G in Eq. (3.13). So, following Ref. [135], we deduce an effective action for the associated
Nambu-Goldstone modes by examining the action of the symmetries on the saddle-point so-

lution,

G(r1,70) = [/ () [ ()2 Go(f (1), f(7))erm)=100) (3.35)

Here, we find it convenient to parameterize g(7) = e **(") in terms of a phase field ¢. We
will soon see that its derivative is conjugate to density fluctuations. Our remaining task
[135] is to (%) find the set of f(7) and ¢(7) which leave Eq. (3.35) invariant i.e. Eq. (3.35)
holds after we replace the Lh.s. by G4(m1,72); and (i) propose an effective action which has
the property of remaining invariant under the set of f(7) and ¢(7) which leave Eq. (3.35)
invariant.

For the first task, we find [116, 135] that only reparameterizations, f(7) belonging to
PSL(2,R) leave Eq. (3.35) invariant. At 7' > 0, we need PSL(2,R) transformations which

map the thermal circle 0 < 7 < 1/T to itself. These are given by

1 atan(rTT) + brT
L (T () = d—be=1 3.36
7 eI m) = e waer 0 @=L (3:36)

where a, b, ¢, d are real numbers. This transformation is more conveniently written in terms
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of unimodular complex numbers

5 — 2miTT . 2= 6271'in(7') (337)
as
wy z +w
= = = 1, (3:38)
Wy z + Wy

where wy o are complex numbers. Applying Eq. (3.38) to Egs. (3.13) and (3.35), we find that
Eq. (3.35) remains invariant only for the particle-hole symmetric case £ = 0, which was con-
sidered previously [135]. However, Eq. (3.35) is invariant under PSL(2,R) transformations

when the phase field ¢(7) is related to the PSL(2,R) transformation f(7) as
—ig(1) =27ET (1 — f(7)) (3.39)

The effective action is required to vanish when ¢(7) satisfies Eq. (3.39): this is the key result
of this subsection, and is the origin of the constraints on thermoelectric properties described
in this paper.

Now we can turn to the second task of obtaining an effective for f(7) and ¢(7) which is

invariant Eqs. (3.38) and (3.39). It is more convenient to use the parameterization
f(r)=71+e(), (3.40)

and express the action in terms ¢(7) and €(7). Generalizing the reasoning in Ref. [135], we

propose the action

/T I
B %/ L 0:6 + i(27ET)0re]” — 5 s {tan(xT (7 +€(7)), 7}, (3.41)
0

2
472 J,

Soe
N

which appeared earlier in Eq. (3.33). Higher powers of the first term in square brackets can

also be present, but we do not consider them here. The curly brackets in the second term
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represent a Schwarzian derivative

B f/// 3 f// 2
{f,7}=7—§(7) 5 (3.42)

which has the important property of vanishing under PSL(2, R) transformations.

Our reasoning above falls short of a complete derivation of the structure of the effective
action in Eq. (3.41). The missing ingredient is our assumption that it is permissible to
expand the action in gradients of ¢ and €, when the saddle-point action contains long-range
power-law interactions in time. If this assumption was not valid, then the phenomenological
couplings K and v would diverge in the 7" — 0 limit. We compute the values of K and ~
in Appendix B.3 using a large ¢ expansion and find that they are finite as 7" — 0. This
a posteriori justifies our gradient expansion. We also present a normal-mode analysis of
fluctuations of the underlying path integral for the SYK model in Appendix B.5; this follows
the analysis of Ref. [135], and uses their reasoning to provide an alternative motivation of
Eq. (3.41).

We now relate the phenomenological couplings, v and K, to thermodynamic quantities
by computing the fluctuations of energy and number density implied by S, . in the large N

limit. The energy and density operators are defined by

1 654 i 0.
OE(T) — o = — : ) = — —. 3.43
(7) = mQ(r) = ool . 0Q(r) = e (343
Introducing,
O(7) = ¢(7) + i2nETe(7) (3.44)
and expanding (3.41) to quadratic order in ¢ and €, we obtain the Gaussian action
Spe _ KT 2 |7 2 Ty 20,2 22 2
N =5 2w |olwn)| e > wiwl = 4mT?)|e(wn))* + . (3.45)
wn#0 |wn |#0,27T
where w, is a Matsubara frequency. Note the restrictions on n = 0,41 frequencies in
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(3.45), which are needed to eliminate the zero modes associated with PSL(2,R) and U(1)

invariances. In terms of ¢(7) and €(7), Eq. (3.43) is

0Q(r) = iK¢(r)
OB(T) — odQ(1) = _4l7r2 [€"(7) + Am*T?€ (1)] + iQWKEngA;’(T). (3.46)

Now we compute the correlators of these observables in the Gaussian action in Eq. (3.45),

following the methods of Ref. [135]. We have for the two-point correlator of ¢(7)

(330)) = o 3

NKw;éo w?
! ) (3.47)
1 [t 1\ 1
— i (rr—2) -2 foro<Tr<i1
NKT 2( 7 2) 24] ori=ATs4

and extended periodically for all 7 with period 1/T. Similar for ¢(7)

) = T Y

|wn|#0,27T "

1
N~T3

1 11 1\N? 5 1 1\ .
5133 (77 3) i esrTn) g (T 5 ) serT)

for 0 < TT < 1. (3.48)

Inserting Eqgs. (3.47) and (6.67) into Eq. (3.46), we confirm that the correlators of the

conserved densities are 7-independent; their second moment correlators, which define the
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matrix of static susceptibility correlators by (3.51), are given by

L[ @ —(029)op0T),
Xs = >7
N\ —r@pajoper), —T(020/017),

1 ((6Q)?) (0F — n6Q)6Q) /T (3.49)
(OF —p0Q)6Q)  ((0F — péQ)%) /T
1 K 2nKE
N

2rKET (v + 4n*E2K)T

From Eq. (3.49) we obtain the relationship between the couplings K and + in the effective

action in Eq. (3.41). After application of some thermodynamic identities, we can write these

e ([ PF
(), - Gm), -

and also confirm the thermodynamic definitions of £ in Eqs. (3.16), (3.12), and (3.29).

as

Appendix B.6 presents another argument for the results in Eq. (3.50) without computation

of fluctuations of the effective action.

3.3.3 TRANSPORT

We will characterize transport by two-point correlators of the conserved number density,
which we continue to refer to as Q, and the conserved energy density £ = Hy/N. For the
zero-dimensional SYK model in (3.1), both of these quantities are constants of the motion,
and so have no interesting dynamics. So we consider here the higher dimensional SYK
models, for which Q and F are defined per site of the higher-dimensional lattice. Then their

correlators do have an interesting dependence of wavevector, k, and frequency, w. We define

95



Chapter 3. Thermoelectric transport in SYK models

the dynamic susceptibility matrix, x(k,w), where

Wk w) = (D Dt (E—pQ; Q) /T | (3.51)

and we use the notation

(A:B),, = —i /0 Tt / d'3 ([A(z, 1), B(0,0)]) e~ko+iet (3.52)

As in the standard analysis of Kadanoff and Martin [112], we expect the low energy and
long distance form of these correlators to be fully dictated by the hydrodynamic equations
of motion for a diffusive metal [89]. From such an analysis, we obtain, at low frequency and
wavenumber,

x(k,w) = [iw(—iw+ DE*)~" + 1] xs, (3.53)

where D and y, are 2 x 2 matrices. The diffusivities are specified by D, and the static
susceptibilities are, as usual, x5 = limg_,o lim, 0 x(k,w). The values of x, are related by
standard thermodynamic identities to second derivatives of the grand potential €2, as shown
in Eq. (3.49).

One of our main results is that the low 7" limit of the diffusivity matrix, D, takes a specific

form

D, 0
D= . (3.54)
27TET(D1 - D2> D2

where Dy and D, are temperature-independent constants. We will show that the result in
Eq. (3.54) is obeyed in the higher-dimensional SYK models. And in the original paper, the
same form also appears in the holographic theories. It is a consequence of the interplay
between the global U(1) fermion number symmetry and the emergent PSL(2,R) symmetry
of the scaling limit of the SYK model. In holography, PSL(2,R) is the isometry group of

AdS,; while transport properties of the holographic theories have been computed earlier, the
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specific form the diffusivity matrix in Eq. (3.54) was not noticed. This form will be crucial
for the mapping between the holographic and SYK models.

We can use the Einstein relation to define a matrix of conductivities

g (6%
= Dy, (3.55)

ol R’
where o is the electrical conductivity, a is the thermoelectric conductivity, and k = K—Ta? /o
is the thermal conductivity. The matrix in Eq. (3.55) is constrained by Onsager reciprocity.
Details of the derivation of Eq. (3.53) and (3.55) are discussed in Appendix B.8. From
Egs. (3.54) and (3.55) we find the following result for the low 7" limit of the thermopower;

the Seebeck coefficient S is given in both the SYK and holographic models by

) a dS

%13})3 =_.=i0 (3.56)
Since dS/dQ = 2n&, we see that the Seebeck coefficient is entirely determined by the
particle-hole asymmetry of the fermion spectral function.

Eq. (3.56) has been proposed earlier as the ‘Kelvin formula’ by Peterson and Shastry [158]
using very different physical arguments. Earlier holographic computations of transport did
not notice the result in Eq. (3.56). The remarkable aspect of this expression is that it relates
a transport quantity to a thermodynamic one, the derivative of the entropy with respect
to particle number. Such a relation is in general only approximate, see Ref. [158] and the
discussion and applications in Ref [144]. Remarkably, this relation holds exactly here: it is
an exact consequence of the PSL(2, R) symmetry of both SYK and holographic models. We
note that the form in Eq. (3.54) is implied by Eq. (3.56) and Onsager reciprocity.

We also obtain an interesting result for the Wiedemann-Franz ratio, L, of the SYK model.
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For the particular higher-dimensional generalization in Eq. (3.60), we find the exact result

2
L=1lm =37

lin 7o = 5 (3.57)

We comments on aspects of this result:

e For the free fermion case, ¢ = 2, this reduces to the universal Fermi liquid Lorenz number
Lo = 7°k%/(3€®) (re-inserting fundamental constants). Although expected, this agreement
with Lo at ¢ = 2 is non-trivial and remarkable: rather than the usual arguments based upon
integrals over the Fermi function, Eq. (3.57) arises from the structure of bosonic normal
modes of the 1/N fluctuations, as discussed in Appendix B.5.

e The decrease of L for large ¢ can be understood as follows. As we will see in the large
q solution in Appendix B.3, the energy bandwidth for fermion states vanishes as ¢ — oc.
Consequently, fermion hopping transfers little energy, and the thermal conductivity s is
suppressed. In contrast, fermion hopping continues to transfer unit charge, and hence the
conductivity does not have a corresponding suppression.

e Although the result in Eq. (3.57) appears universal, it is not so: there are other higher-
dimensional generalizations of the inter-site coupling term in Eq. (3.60) which will lead
to corrections to the value of L. Needless to say, these corrections will not modify the
universal value Lo at ¢ = 2. The non-universality of L for higher ¢ is connected to the

non-renormalization of inter-site disorder in the present large N limit.

Let’s start the analysis. Gu et al. have defined a set of higher-dimensional SYK models
[83] for Majorana fermions and computed their energy transport properties. Here we extend
their results to the case of complex fermions at a general p, and discuss their thermoelectric
transport.

We will limit our presentation to one spatial dimension (although the results easily gen-
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eralize to all spatial dimensions). We consider the model
H=> (H,+0H,) (3.58)
The on-site term H, is equivalent to a copy of Eq. (3.1) on each site x

H, = > Tuivsiseia Fhas oo P s Foiaaes - Foio (3.59)

1< <i2...iq/2<N,
1<’lq/2+1 <’Lq/2+2...<’lq<N

The nearest neighbor coupling term 0 H, denotes nearest-neighbor interactions as shown in

Fig 3.4,

§H, = Z Tt iv iy JATRNY ¥ igafotigmin - forri, + He. (3.60)

1<i1 <ig...ig/a<N,
1<iq/2+1<’iq/2+2.-.<iq<N

The couplings {Jz, is..i, } and {J] } are all independent random variables? with zero

T,81,82...9q
mean, and variances given by
T,01,02...0¢ | T Na-1 ) T,01,82...5q 1 Na—1 ' '

We remark that the particular interaction we choose here is just one possible example,
and this particular choice produces the Wiedemann-Franz ratio discussed in Eq. (3.57). In
general, we can choose p fermions from one site (with p; many f7 and p, many f, p; and
po can be chosen arbitrarily) to couple (¢ — p) fermions in the nearest neighbor site (with

(q/2 — p1) many fT and (q/2 — p;) many f). For example, for ¢ = 4 case, we are allowed to

2except that Ja iy io...i, Deed to satisfy the hermitian condition as shown in Eq. (3.2).
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Figure 3.4: A chain of coupled SYK sites with complex fermions (in this figure we draw
q = 4 case): each site contains N > 1 fermions with on-site interactions as in (3.1). The
coupling between nearest neighbor sites are four-fermion interaction with two from each
site. In general, one can consider other types of g-body interactions (¢ = 4 in this caption),
e.g. f;r’ilfmf;rﬂigfﬁlﬂ. Such terms will only change the ratio between D; and Ds, i.e.
Eq. (3.63) by a non-universal coefficient depends on the details of the model. In particular,
if we only have f;’il faio fl 11,45 Jo+1,i,-type terms to couple the nearest neighbour sites, charge
diffusion D; will vanish due to the local charge conservation.

have following couplings between x and x + 1:

p=1: f;,z‘lf£+1,i2f$+17isfﬂ?+1,i4 ) f%ilf;+1,i2f;+1,i3f$+1:i4 3
=2 fliflpferiafona Hafonflogfoni s fonfeiafling Pl
p : x,1J x,i0J T+1iz ) x+1,04 x,91J Tyi2d x+1,43d x+10a o za1Jx02) x+1,i3) x+1,iq 0

P = 3 f;r7i1f;r,i2fz,i3fr+l,i4 ) f;j:-ﬂ,’l fﬂf,ifo,isfo[—i—l,u )

If we include these couplings with different coefficient, the Wiedemann-Franz ratio will be
non-universal. However, for ¢ = 2 model, the only term we can add is f;rl’z fira+1 and
therefore the Wiedemann-Franz ratio goes back to m2/3 as discussed previously.

Following the analysis in Ref. [83], the effective action for the higher dimensional model can
be deduced from that of the zero dimensional model. Using the results in Appendices B.5

and B.7, we find that the Gaussian action for energy and density fluctuations in higher

dimensions generalizes from Eq. (3.45) to

S¢ KT ~ 2
= nl(D ’ n ‘ n
N T2 4 ;AOW (D& + |wal) |9(k,wa)|
T (3.62)
2 2 22 2
tas O (Do 4wl (@} — 4T le(k, i),

k,|wn|#0,27T
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where Dy and D, are the diffusion constants of the conserved charges. In Appendix B.7 we

find that their ratio obeys
Dy, 4m*A’K

D 3 4

(3.63)

Following Ref. [83], from Eq. (3.62), and including a contact term as described in Ref. [163],

we can obtain the long-wavelength and low frequency dynamic susceptibilities

D1 k?
. -
<Q7 Q>k,w —w + le-Q ’
D k?
B 4O o KET— 3.64
Dyk? 202 D1k?
E_ 10 E— T =T—2 L an??KT—
(B = nQ B = Q) [T =0T =5 +4m —iw + Dk

We note that the form of the thermoelectric correlators in Eq. (3.64) is not generic to
incoherent metals [89], and the simple structure here relies on specific features of our effective
action in Eq. (3.62); in holographic models as in the original paper, we will again obtain
Eq. (3.64) by holographic methods, where its structure is linked to the presence of AdS, factor
in the near-horizon metric. Now comparing (3.64) with (3.53), and using the susceptibility
matrix (3.49), we can work out the diffusion matrix, D, leading to the result presented earlier

in Eq. (3.54). Using (3.55), we find the conductivity matrix

o« DK 2rKED,
— ) (3.65)
ol & 2r KED\T (vDy + 4m2E*K Dy)T

From this result we obtain the Seebeck coefficient presented in Eq. (3.56). Also, we have the
thermal conductivity

T 2
K=F— — = ~DyT. (3.66)
g
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All of these hydrodynamic results are in accord with the linearized equations of motion

0Q/ot V20
=D . (3.67)
OFE /0t — uoQ/ot V2E — uvV?Q
with the diffusion matrix as in Eq. (3.54). The dynamic susceptibilities (3.64) can be diag-
onalized by using the operators Q and F — Q(u + 2wET). The first of these is carried only
by the mode with diffusion constant D;, and the second is carried only by the mode with
diffusion constant Ds. D, is the charge diffusion constant. We call D5 the thermal diffusion
constant as it’s very simply related to the thermal conductivity via Egs. (3.66) and (3.50).
We can also compute the Wiedemann-Franz ratio, L, from the above results and the
computations in Appendix B.7. Eq. (3.63) leads directly to Eq. (3.57).
The Lyapunov exponent A7, and butterfly velocity vg, which characterize early-time chaotic

growth through the growth of connected out-of-time-ordered thermal four-point functions
Vit 2)WHO)V (t,7), W(0))5 ~ eet1a/vm) (3.68)

can be computed in this model just as in Ref. [83]. The key observation here is that these
properties are associated with the fluctuations of the € mode, and the ¢ mode is mostly a
spectator. Taking V and W to be the SYK fermions, the present model has a Lyapunov
exponent given by

AL = 2T, (3.69)

saturating the chaos bound of [136]. As in the works [20, 21, 83, 154], we find that the

butterfly velocity is simply related to the thermal diffusivity as

Dy= B (3.70)
27T

From Eq. (3.63), we observe that the relationship between vp and the charge diffusion
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constant D; is not universal [130]: it depends upon the specific parameters of the SYK

model.

3.4 DISCUSSION

This chapter has presented the thermodynamic and transport properties of the higher-
dimensional SYK models of fermions with random ¢/2-body interactions. The model con-
serves total energy and a U(1) charge, Q, but do not conserve total momentum, which
describes a diffusive metallic state without quasiparticle excitations. We found that the
model also shared a number of common properties with holographic models of black branes

with an AdS, near-horizon geometry:

o The low T thermodynamics is described by the free energy in Eq. (3.14), with the
entropy S(Q) universal, and the ground state energy Ey(Q) non-universal. For the
SYK models, universality implies dependence only on the IR scaling dimension of the
fermion, and independence from possible higher-order interactions in the Hamiltonian.
In the holography, universality implies independence from the geometry far from the

AdS, near-horizon geometry.

o The thermoelectric transport is constrained by a simple expression (Eq. (3.56)) equat-
ing the Seebeck coefficient to the Q-derivative of the entropy S. This is the ‘Kelvin
formula’ proposed in Ref. [158] by different approximate physical arguments. In our
analysis, the Kelvin formula was the consequence of an emergent PSL(2,R) symmetry

shared by both classes of models.

 As has also been discussed earlier [171], the correlators of non-conserved local operators
have a form (see Eq. (3.13)) constrained by conformal invariance, and characterized by
a spectral asymmetry parameter, £, which is defined by Eq. (3.16). In the holographic

context, £ also has the interpretation as the strength of an electric field in AdSs.
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» Both classes of models [116, 135, 177] saturate the bound [136] on the Lyapunov rate

which characterizes the growth of quantum chaos, A\, = 27T

o For the SYK models, the butterfly velocity, vg, was found to be universally related to
the thermal diffusivity, Dy by Eq. (3.70), as in Ref. [83]. On the other hand, the SYK
models do not display a universal relation between vg and the charge diffusivity, D;.
So the universal connection between and chaos and transport is restricted to energy
transport, as was also found in the study of a critical Fermi surface [154]. Chaos is
naturally connected to energy fluctuations, because the local energy determines the
rate of change of the phase of the quantum state, and phase decoherence is responsible
for chaos. This physical argument finds a direct realization in the computation on the
SYK model. In the holographic axion model with pz = 0, the relationship between D 5

and vp was investigated in Ref. [20], and D, was found to obey Eq. (3.70).
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4.1 INTRODUCTION

In this chapter, we introduce supersymmetric generalizations of the SYK models. Like
previous models, the supersymmetric models have random all-to-all interactions between
fermions on N sites. There are no canonical bosons in the underlying Hamiltonian, and
in this respect, our models are similar to the supersymmetric lattice models in Refs. [59-
61, 100-103]. As we describe below, certain structures in the correlations of the random
couplings of our models lead to N =1 and N = 2 supersymmetry. Supersymmetric models
with random couplings that include both bosons and fermions were considered in [5].

Let us discuss now the model with N’ = 1 supersymmetry, and defer presentation of the

N =2 case to Section 4.3.2. For the N' =1 case, we introduce the supercharge

Q=i > Cyb'pigh, (4.1)

1<i<j<k<N
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where 1); are Majorana fermions on sites 1 =1... N,
{97} = oY, (4.2)

and Cjji, is a fixed real N x N x N antisymmetric tensor so that () is Hermitian. We will
take the Cjj; to be independent gaussian random variables, with zero mean and variance

specified by the constant J:

— — 2J
Cijr =0, C? —

ijk = N2 (43)

where J is positive and has units of energy. As is the case in supersymmetric theories, the

Hamiltonian is the square of the supercharge

H=Q*=FEy+ Z Jijkl Pl (4.4)

1<i<j<k<I<N

where

1
EO = Z Cik R Jijkl = _g Z Ca[ijckl]aa (45)

1<i<j<k<N
with [] representing all possible anti-symmetric permutations. Note that the J;;; are not
independent gaussian random variables, and this is formally the only difference from the
Hamiltonian of the non-supersymmetric SYK models [9, 43, 98, 107, 108, 116, 135, 162, 171,
196]. These particular correlations change the structure of the large N equations and lead to
a solution where the fermion has dimension Ay = 1/6. In addition, there is a supersymmetric
partner of this operator which is bosonic and has dimension A, = 2/3 = 1/2+Ay. This large
N solution has unbroken supersymmetry, and we have checked this numerically by comparing
with exact diagonalization of the Hamiltonain. We have also computed the large N ground
state entropy from a complete numerical solution of the saddle-point equations. In the exact

diagonalization we find that the lowest energy state has non-zero energy, and therefore,
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—aN where o

broken supersymmetry. However, this energy is estimated to be of order e
is a numerical constant. We have also generalized the model to include a supercharge of
the schematic form @ ~ 9, and we also solved this model in the large ¢ limit. We also
formulated the model in superspace, and show that the large N equations have a super-
reparameterization invariance, which is both spontaneously as well as explicitly broken by
the appearance of a superschwarzian action, which we describe in detail.

We have also analyzed the eigenvalues of the ladder kernel which appears in the compu-
tation of the four point function. There are both bosonic and fermionic operators that can
propagate on this ladder. There is a particular eigenvalue of the kernel which is a zero mode
and corresponds to the degrees of freedom described by the Schwarzian. They are a bosonic
mode with dimension h = 2 and a fermionic one with A = 3/2. The other eigenvalues of the
kernel should describe operators appearing in the OPE. These also come in boson-fermion
pairs and have a structure similar to the usual SYK case. One interesting feature is the
appearance of a boson fermion pair with dimensions h = 1 and h = %, which is associated
to an additional symmetry of the low energy equations. These do not give rise to extra zero
modes but simply correspond to other operators in the theory.

We have also analyzed the N’ = 2 version of the theory. In this case we can also compute
a kind of Witten index. More precisely, the model has a discrete Zz global symmetry that
commutes with supersymmetry, so that we can include the corresponding discrete chemical
potential in the Witten index, which turns out to be non-zero. These are generically expected
to be lower bounds on the large N ground state entropy; it turns out that the largest Witten
index is, in fact, equal to the large N ground state entropy. The model also has a U(1)g
symmetry. The exact diagonalization analysis also suggests a conjecture for number of
ground states for each value of the U(1)g charge. For the § = 3 case, they are concentrated
at very small values of the U(1) R-charge, within |Q| < 1/3.

This chapter is organized as follows. In section 4.2 we define the N’ = 1 supersymmetric

model, write the large N effective action and the corresponding classical equations. We
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determine the dimensions of the operators in the IR and we derive a constraints imposed
by unbroken supersymmetry on the correlators. We also present a generalization of the
model where the supercharge is a product of ¢ fermions and solve the whole flow in the
g — oo limit. In section 4.3 we present some results on exact numerical diagonalization of
the Hamiltonian. This includes results on the ground state energy and two point correlation
functions. We then generalize the model with N' = 2 supersymmetry. We compute the
Witten index and use it to argue that the model has a large exact degeneracy at zero energy.
In the end, we discuss the ladder diagrams that contribute to the four point function. We use
them to determine the eigenvalues of the ladder kernel and use it to determine the spectrum
of dimensions of composite operators. We have not included derivations of the low-energy
effective theory using superspace formalism, readers can find details in the original paper.

In section 4.4, we discuss our results.s

4.2 MODEL

4.2.1 DEFINITION OF THE MODEL AND THE LARGE N EFFECTIVE ACTION

To set up a path integral formulation of H, we first note that the supercharge acts on the

fermion as

{Qu'y=i > Cyx/y". (4.6)

1<j<k<N
We introduce a non-dynamical auxiliary boson b to linearize the supersymmetry transfor-

mation and realize the supersymmetry algebra off-shell. The Lagrangian describing H is

L= Z E@waﬂ/ﬂ — %bibi +ioy oijkbiquw] . (4.7)

1<j<h<N

Under the transformation Q¢ = b, Qb* = 9,1 it changes as

QL =0, (-%Zwibwg > Cijkwww)H > CupbVyt. (4.8)

1<j<k<N 1<j<k<N
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This implies that the action is invariant as long as the structure constants Cyj in (4.7) are
totally anti-symmetric.

Now we proceed to obtain the effective action. This can be done by averaging over the
Gaussian random variables Cj;;, in the replica formalism. In this model, as in SYK, the
interaction between replicas is suppressed by 1/N? so that we can simply average over
disorder by treating it as an additional field with time indepedent two point functions as in

(4.3). Averaging over disorder, we obtain

8 o 8 - o
Seff = /0 dT(%W@W - %bzbl) - 2—]{[2/0 dTldTQ (bl(Tl)bl(Tg)) (@DJ(Tl)’{?/)J (7‘2)) —+
B
- / drydms (¥ (7)) (72)) (49 (r)07 (1) (94 () (). (4.9)

Note that this action contains terms in which the bosons and fermions carry the same index,
and which should be omitted e.g. b*(7)b"(72)Y* (71)Y" (12)97 (11)1 (2); however they are
subdominant in the large /N limit, and so we ignore this issue.

Notice further that the relative coefficient between the last two terms is determined by the
supersymmetry requirement that the structure constants Cj;;, are totally anti-symmetric, so
that

<C¢jkci/j/k/> ~ 5ii’6jj’5kk’ + 52‘3'/ jk:’fskzi’ + 5ik’5ji’5kj’ + (j — k) (4.10)

The purpose of this section is to discuss the large N saddle-point equations for the diagonal

Green’s functions

Gyy(T1,T2) = %W(ﬁ)@/}i(ﬁ),

G, m) = o ()b(7s), (1)

where we have a sum over i. We will thus drop the last term in (4.9), which only affects the

69



Chapter 4. Supersymmetric SYK models

saddle-point equations for the off-diagonal Green’s functions

Go(1, ) = ) (),

Gyp(T1,72) = %W(ﬁ)bi(h), (4.12)

We will restore it in a later section 7?7, where we write the saddle-point equations in a
manifestly super-symmetric fashion.

We introduce the Lagrange multipliers ¥,
N L i
1= | DGyyDEyy exp ( - gzww(ﬁﬁz)(Gw(ﬁ,ﬁ) - Nw (71)7 (Tz))>7 (4.13)
and Ebb
N L i
1= /DbeDbe exXp ( — Ezbb(Tl, Tg)(be(Tl, 7'2) — Nb (Tl)b (7‘2))) . (414)

As the notation suggests, these Lagrange multipliers will eventually become the self energies.
Inserting these factors of 1 in the fermion path integral with the action (4.9), using the delta
functions implied by the integration over ¥, ; to express the interaction terms in (4.9), and

integrating out the fermions we obtain

Z = /DwaDwae_Seff(Gwrabbvzwwyzbb)
1
Set(Gy, G, By, Tp) /N = — log Py — Dy (7)] + 5 log det[—1 — B (7)] + (4.15)

1
+ 5 /d7'1d7'2 [Zw(ﬁ,ﬁ)wa(ﬁﬁz) + Bop (11, 72) G (71, T2) — J be(TlaTQ)wa(Tla7—2)2] )

which becomes a classical action when N is large. Let us look at the classical equations for
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the action in (4.15). Taking derivatives with respect to G, and Gy, we obtain

wa(’ﬁ, TQ) = QJbe(Tl, TQ)G¢¢(7'1, 7'2)

be(T]_,TQ) = Jwa(T]_,TQ)Q, (416)

Taking derivatives with respect to X, and X, assuming time translation symmetry and

going to Fourier space, we obtain

G¢(iw)_1 = —iw—2¢¢(iw)

be(iw)_l = —1—Ebb(iw), (417)

which confirms that X, are the self energies.

In temporal space, the saddle point equations take the form

871GW,(7'1,73) - /dTQ (2Jbe(T1,TQ)G¢¢(Tl,T2)) G¢¢(TQ,7'3) = 5(7’1 - T3)
—be(Tl,Tg) — /dTQ (JG¢¢<7'1,7'2)2) be(TQ,Tg) = 5(7’1 — 7'3)7 (418)
These equations can be solved numerically, and we can see some plots in figure (4.5).

Once we find a solution to these equations, we can compute the on-shell action, which can

be written as

lOg Z Seff 1 1 i . 1 .
—~ - N~ 3 log2 — Z 5 log [—iwn Gy (twn)] + Z 5 log Gy (iwy,)
n€half integer nEinteger
J B
- 7ﬁ Gop(T) Gy (7)° (4.19)
0

where w,, are the Matsubara fequencies for the fermion and boson cases. From this we can
compute the entropy through the usual thermodynamic formula. A plot of the entropy as a

function of the temperature can be found in figure (4.1).
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Figure 4.1: Thermal entropy obtained by numerically solving the large N equations of motion

(4.16)(4.17). At high temperatures we have just the log of the dimension of the Hilbert space,

% = %log 2. The zero temperature entropy is approximately % ~ 0.2745 + 0.0005, where

the error is estimated by the convergence of the FFT (Fast Fourier Transform) algorithm.

The analytical result % = %log [2 cos %} (4.38) also lies in this range .

We can now determine the low energy structure of the solutions of (4.16) and (4.17), as

in [173], by making a power law ansatz at late times (1 < J7 < N)

1 1

Gy X —— Gy X ——
P T2A¢ ) bb 7-2Ab7

(4.20)

where A, and A, are the scaling dimensions of the fermion and the boson. We then insert
(4.20) into (4.16), (4.17) in order to fix the values of Ay, and A,. Matching the power-laws

in the saddle point equations yields only the single constraint
20 + Ay =1, (4.21)

As we will see later the dimension can be determined by looking at the constant coefficients.

Before showing this, let us discuss a simpler way to obtain another condition.
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4.2.2 SUPERSYMMETRY CONSTRAINTS

Further analytic progress can be made if we assume that the solutions of the saddle point
equations (4.16), (4.17) preserve supersymmetry. With such an assumption, we now show
that the scaling dimensions A, and A, can be easily determined.

If supersymmetry is not spontaneously broken, then

Gu(ri—7) = (b(1)b(r2)) = (QY(11)b(72)) = (Y(11)Qb(72))

O, (D(M)(72)) = =0r, Gyyp(T1 — T2) (4.22)

This relationship together with
Ypy(T1 — 72) = —0n, By (11 — 72). (4.23)

is compatible with the saddle-point equations in Section 4.2.1.

(4.22) together with the ansatz (4.20) leads to

Ay = Ay + % (4.24)

Together with Eq. (4.21), we can now determine the scaling dimensions
1 2
Ay == Ay = —. 4.25
P 6 ’ b 3 ( )

4.2.3 SIMPLE GENERALIZATION

We now show how to derive the A, = Ay + % constraint directly from the saddle point
equations without assuming that the solution preserves supersymmetry.

It is useful to consider a simple generalization of Eq. (4.1) to case where the supercharge
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Q is the sum over products of ¢ fermions'. The Hamiltonian H = Q? involves sums of terms
with up to 2¢g — 2 fermions. ¢ = 3 corresponds to the case discussed above (4.1).

The large N equations are (4.17) and
S (T1,72) = (7 — 1)JGyp(11, 72) Gy (11, 72)7% S (71, 72) = JGyy (1, 72) T (4.26)

We can explore them at low energy by making the ansatz

b
;o G, m2) = ﬁ y T2 =T1 — T (4.27)

bysgn(7i2)

GIbw(Th T2> = |7_12|2A¢

where by, by, are some constants.
Again, if we assume supersymmetry we immediately derive Ay, = 1/(29) and Ay = Ay+ %
Doing so without that assumption requires us to look at the equations for by and by.

Using the Fourier transforms for symmetric and antisymmetric functions

wsgn(t) 2A-1 wr L 2A-1
/dte rEe cp(A)sgn(w)|w* A7, /dte i ep(A)|w]?A71 (4.28)
cr(A) = 2icos(mA)I(1 - 2A) cp(A) = 2sin(rA)I(1 — 2A) (4.29)

The following relations are useful

27 cos A 2w sin mA

(1—2A)sinmA "’ a(B)e(l—A) = - (1 —2A)cos A (4.30)

cr(A)es(1=A) =~

Then (4.26) , together with the low energy aproximation of (4.17), which is Gy (iw) Xy (iw) =

—1 and , Gy(iw)Xy(iw) = —1, gives the conditions

Jbiilbb(a— 1)Cf(A¢)Cf((Z]\— Z)Aw + Ab)|w|2(a*1)A¢+2Ab72 =1,

. .a—1 ; i i~ . g—1)!J
n detail Q =i 2 D ii<isces Cirgar a2 -+ ', with (C3 s ga) = (3\,5,)1 .
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U by (D)o((F — 1) Ay w T D882 — (4.31)

Matching the frequency dependent part we get the condition A, = 1 — (g — 1)A,. The

equations for the coefficients reduce to

. i A

2 JbT  by(G— 1) = (1 — 2A,) ——¥

7T‘] 1/; b(q ) ( w)COST(_Aw )
sin(q— 1)Ay

cosm(q— 1)Ay

21 Jbl by = (2(— 1) Ay — 1) (4.32)

The ratio between the two equations gives another condition for Ay, with one rational
solution obeying A, = A, + %, which is also independently implied by supersymmetry, see
(4.23). In the range where Ay, and A, are both positive there is a second, irrational solution
to the equations which has higher A,. This second solution breaks supersymmetry, since it
does not obey (4.24). It would be nice to understand it further, but we leave that to the
future.

We also see that the low energy equations have a symmetry
Gy = NGyy G — A6y, (4.33)

Indeed (4.31) involves only the combination J bi_lbb. This symmetry of the IR equations
is broken by the UV boundary conditions that arise from considering the full equations in
(4.17).

In fact, the supersymmetry relation (4.23) also fixes this freedom of rescaling, by setting
by = 2Aby.

In the end this fixes the coefficients to

™

Tt — e by — Lb I s 4.34
¢ b — 2/q\ﬂ_ ) b_a’l/)7 ’l/)_ 27TJ ( )

Q)=

This coefficient (for ¢ = 3) is used in the plot of figure 4.4. Of course the finite temperature
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version is

_ 21,
Gy () = by Fon (4.35)

This generalization makes it easy to compute the ground state entropy. In principle this can

be done by inserting these solutions into the effective action

log Z
N

1 G
= —1 gdet(a de,)—— log det(5 Ebb) 2 /deT [ YuGop — Z¢¢G¢¢ + JbeG;IMJI]
(4.36)
It is slighly simpler to take the derivative with respect to ¢, ignoring any term that involves

derivatives of Gy, since those terms vanish by the equations of motion. This gives
10g 7 mtan 2%
A7
(4.37)

= —6/d7’be Wl log Gy = [(constant) + Jbbbq ' = B(constant) +

Where we inserted (4.35) and used (4.34). The constant term includes UV divergencies
which are 3 independent. This term contributes to the ground state energy?, but not to the

entropy. Integrating (4.37) we obtain the ground state entropy

S

1 1 T
— = —log|2 Al = = log|2 — 4.
¥ =3 0g[2 cos TAf] 5 0g[2 cos —] (4.38)

2q

where in integrating we used the boundary condition that the entropy should be the entropy
of free fermion system at ¢ = oo, a fact we will check below. For ¢ = 3 this matches the
numerical answer, see figure 4.1.

We have also discussed the large ¢ limit of the model, see Appendix. C.1.

2If we computed it using the exact solution (as opposed to the conformal soution) of the equations we
expect the ground state energy to vanish due to supersymmetry.
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4.3 RESULTS

4.3.1 NUMERICS FROM EXACT DIAGONALIZATION

This section presents results from the exact numerical diagonalization of the Hamiltonian in
Eq. (4.4). We examined samples with up to N = 28 sites, and averaged over 100 or more
realizations of disorder. This exact diagonalization allows us to check the validity of the

answer we obtained using large N methods.

SUPERSYMMETRY

An important purpose of the numerical study was to examine whether supersymmetry was
unbroken in the N — oo limit. In Fig. 4.2 we test the basic relationship in Eq. (4.22) between
the fermion and boson Green’s functions. The agreement between the boson Green’s function

0.2

0.18} - 96.m|]
0.16}

0.14

0.08 -

0.06 -

0.04 -

0.02 -

Jr

Figure 4.2: Imaginary time Green’s function at 7' = 0 for N = 24 Majorana fermions aver-
aged over 100 samples. The blue solid line is Gy (7), and the pink dashed line is —0, G (7).

and the time derivative of the fermion Green’s function is evidently excellent.
We also computed the value of the ground state energy Ey = (0|QQ|0). Supersymmetry

is unbroken if an only if £y = 0. We have found that Ej is non-zero in the exact theory,
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but it becomes very small for large N. Indeed fig. 4.3 shows that E, does become very
small, and the approach to zero is compatible with an exponential decrease of Ey with N.
This is then compatible with a supersymmetric large N solution, supersymmetry is then
broken non-perturbatively in the 1/N expansion. The combination of Figs. 4.2 and 4.3
is strong numerical evidence for the preservation of supersymmetry in the N — oo limit
(with suppersymmetry breaking at finite V). The ground state energy can be fitted well by
Ey < e7% with a = 1.9 4 .2, which is compatible with a@ = 2. Here S is the ground state

entropy, (4.38) . This is smaller that the naive estimate for the interparticle level spacing

which is e™.

Note that the breaking of supersymmetry is also compatible with the Witten index of this
model which is Tr[(—1)] = 0. This can be easily computed in the free theory. For N odd
we defined the Hilbert space by adding an extra Majorana mode that is decoupled from the

ones appearing in the Hamiltonian.

-4

-6 Bl

-0} B

log(E /J)

-12F h\

-14 =N

-16 L L L L L L L L
8 10 12 14 16 18 20 22 24 26
N

Figure 4.3: Ground state energy as a function of N in a log-linear plot, where we have
averaged over 100 samples. The plot is compatible with an exponential decrease of Ey with
N. Notice also the structure in Ey dependent on N (mod 8).

As in Ref. [196], we found a ground state degeneracy pattern that depended upon N (mod
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8). The pattern in our case is (for N > 3)

N(mod8 |0 1 2 3 4 5 6 7

(4.39)

Degeneracy |2 4 4 4 4 4 2 2

For odd N this degeneracy includes all the states in the Hilbert space defined by adding an
extra decoupled fermion. We also found that the value of Ej has structure dependent upon
N (mod 8), as is clear from Fig. 4.3. The symmetry classification in the N' = 1 theory for
g = 3 is further discussed in Ref. [127] using random matrix theory. Cases with general ¢

are discussed in Ref. [113].

SCALING

We also compared our numerical results for the Green’s functions with the conformal scaling
structure expected at long times and low temperatures. From Eq (4.34), with ¢ = 3, we

expect that at 7' =0 and large 7

1

G (7_> _ Sgn(T) |J7_|—1/3 ’ ¢ (7_) _ 3(27T\/§)1/3

YT (2m/3)13 7 J| 7|3, (4.40)

Fig 4.4 shows that Eq. (4.40) is obeyed well for large Jr.
We also extended this comparison to T° > 0, where we expect the generalization of

Eq. (4.40) to

e/ sgn(7) T 1/3 e N 1 T 43
Gulr) = (2m/3)1/3 {Jsin (7T7'T):| - Gl = 3(27T\/§)1/3J {Jsin (’/TTT):| (4.41)

The comparison of these results with the numerical data appears in Fig. 4.5.
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Figure 4.4: Imaginary time Green’s function at 7" = 0 for N = 24 Majorana fermions

averaged over 100 samples. Left panel: blue solid line is Gy (7), red dotted-dashed line

is the conformal solution Gf,,(7) in Eq. (4.40); right panel: blue solid line is Gyy(7), red
dotted-dashed line is the conformal solution Gf,(7) in Eq. (4.40).

4.3.2 N =2 SUPERSYMMETRY

This section turns to the generalization to N' = 2 supersymmetry. The real fermion ¢ is
replaced by complex fermions ¢’ and 1;, and the supercharge @ in Eq. (4.1) is replaced by

a pair of charges Q and Q. The defining relations are

Q =i Z Cijkwiij'“
1<i<j<k<N

i > TP, (4.42)

1<i<j<k<N

Ql
I

which imply Q? = @2 = 0. The theory has a U(1)g R-symmetry, under which the fermions
Y and 1, carry charges 1/3 and —1/3. As is customary, we normalize the U(1)g charge so

that the supercharges carry charge +1. The supersymmetry acts on the fermionic variables

as

Q4] =0 Q0] =b=i Y Cyuiyt (4.43)

1<j<k<N
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Figure 4.5: Imaginary time Green’s function at finite temperature for N = 20 Majorana
fermions averaged over 100 samples. Left panel is Gy (7) while right panel is Gy, (7). Solid
lines are the exact diagonalization result; dashed lines are conformal results as in Eq. (4.41);
dotted line are large N result by numerically solving Eq. (4.16) and Eq. (4.17). Different
colors correspond to different interaction strength: the blue one is 5J = 5; the red one is
BJ = 20 and the black one is 5J = 200.

The Hamiltonian replacing Eq. (4.4) is now

H={Q,Q}=ICP+ ) I, (4.44)
ig kol
We note this Hamiltonian has the same form as the complex SYK model introduced in
Ref. [171], but now the complex couplings Ji’“jl are not independent random variables. Instead
we take the Cj;, to be independent random complex numbers, with the non-zero second
moment
—ijk _ 2J

Ciji =¥ (4.45)

replacing Eq. (4.3).

The subsequent analysis of Eq. (4.44) closely parallels the N' = 1 case. The main difference
is that we now introduce complex non-dynamical auxiliary bosonic fields b* and b; to linearize
the supersymmetry transformations. The model can also be generalized so that @) is built
from products of ¢ fermions so that the Hamiltonian involves up to 2¢ — 2 fermions.

The equations of motion are a complexified version of the A/ = 1 equations. We will
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describe them momentarily. The fermion also has scaling dimension A, = 1/(27) and
R-charge 1/q. Notice that the R-charge of ¢ is twice its scaling dimension, which is as
expected for a super-conformal chiral primary field. As is conventional the U(1)g charge is
normalized so that the supercharge has charge one. The U(1)g charge does not commute
with the supercharges. There is however a Zz group of this U(1) symmetry that acts on
the fermions as 19 — ez%rwi which does leave the supercharge invariant and is a global
symmetry commuting with supersymmetry. Note that the quantization condition on the
U(1)g charge, Qg, is that gQr should be an integer.

This fact enables us to compute an simple generalization of the Witten index defined as
. N iNm(Z—1 wr N
WT‘ = TT[(—l)F€27TZTQR] = TT[(—l)FgT] = |:1 — GT] = el W(ﬁig) |:2 sin 7:| (446)

where ¢ is the generator of the Zz symmetry, and Qg is the U(1)g charge. In the third
equality we have used that the index is invariant under changes of the coupling and computed
it in the free theory, with J = 0. The Witten index is maximal for r = (g% 1)/2 where its
absolute value is greatest and equal to

log |W, _gz1| = N log|2 cos QEA} (4.47)
2 q

The right hand side happens to be the same as the value of the ground state entropy computed
using the large N solution, which is the same as (4.38), up to an extra overall factor of two
because now the fermions are complex. In general, these Witten indices should be a lower
bound on the number of ground states, and also a lower bound on the large N ground state
entropy (recall that in the A/ = 1 case we had that the Witten index was zero). The fact that
the bound is saturated tells us that most of the states contributing to the large N ground
state entropy are actually true ground states of the model. Thus, in this case supersymmetry
is not broken by e/ effects.

We have also looked at exact diagonalization of the theory, and computed the number of
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states for different values of the U(1)r charge. ® Let us define the R-charge so that it goes
between —N/q¢ < Qr < N/q, in increments of 1/q. We have looked at the case ¢ = 3 and

we found the following degeneracies, D(N, Qr), as a function of N and the charge

1
D(N,0) = 23Nt [XAﬁig):3Nﬂ*1, for N even
1
D(N,jzg) = 30Dz for N =3mod4
1 3
IXACig) = 30Dz lXACié):]wﬂ 3, for N =1mod4 (4.48)

And we have D(N,Qgr) = 0 outside the cases mentioned above. Therefore, we see that
the degeneracies are concentrated on states with very small values of the R charge. Of
course, these values are consistent with the Witten index in (4.46) for ¢ = 3. The agree-
ment /disagreement of the ground state degeneracy and Witten index is further discussed in

Ref. [113, 174].

4.3.3 FOUR POINT FUNCTION AND THE SPECTRUM OF OPERATORS

() (b)

(© @ (e) ®

Figure 4.6: (a) Diagram contributing to a correction to the fermion propagator. Full lines are
fermions and dotted lines are bosons. (b) Correction to the boson propagator. (c¢) A simple
ladder diagram contributing to the four-point function in the fermionic channel, where the
intermediate state obtained when we cut the ladder is a fermion. (d), (e), (f) Diagrams
contributing in the bosonic channel, with either a pair of bosons or a pair of fermions. The
full ladders are obtained by iterating these diagrams. These are the diagrams for ¢ = 3 and
they look similar in the general case.

3Recall that the ground states of a quantum mechanics with N' = 2 supersymmetry are in one-to-one
correspondence with the cohomology of the @) supercharge. This is easier to compute than the eigenvalues
and eigenstates of the Hamiltonian.
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The four point function can be computed by techniques similar to those discussed in
[116, 135, 162]. We should sum a series of ladder diagrams, see figure 4.6. There are various

types of four point functions we could consider. The simplest kind has the form

(" (1) (12) (73) ¢ (7)) (4.49)

In this case the object propagating along the ladder is fermionic, produced by a boson and
fermion operator. We will not present the full form of the four point function in detail, but we
will note the dimensions of the operators appearing in the singlet channel OPE (the 7, — 7
limit). As in [116, 135, 162] these dimensions are computed by using conformal symmetry
to diagonalize the ladder kernel in terms of a basis of functions of two variables with definite
conformal casimir specified by a conformal dimension A. Then setting the kernel equal to
one gives us the spectrum of dimensions that can appear in the OPE. The problem can
be sepated into contributions where the intermediate functions are essentially symmetric or
antisymmetric under the exchange of variables. This gives us two sets of fermionic operators

specified by the conditions

a2 T@= TG+ — PTG+ 5+ %)
FA+TG — 5 -2 (G~ 5 +3)
2R PTE+ 5% - T+ 5 +3)
1 = k’a(h) = -2 a Tl 1 3 1 A 3 1 7 (450)
( +?> F<Z_2_§_§)F(Z—2—q+§)
From the first and second we get eigenvalues of the form
3
Posm 37 3.3211..., 5.2409..., ,--- Bogm = Dy + Dy + 2m + v,
3 ~
ha,m 5, 35659, 559497 v ha7m = A¢ + Ab +9m+1— o (451)

Except for h = 3/2 the numbers do not appear to be rational. They approach the values we
indicated above for large m, with small positive =, or 7, for large m. These operators can

be viewed as having the rough form ¥'0"¢’ with n = 2m, 2m + 1 respectively.
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It is also possible to look at the ladder diagrams corresponding to four point functions of the
form (ypap'epep7). When we compute the ladders these are mixed with ones with structures
like (p'bb7) or (B°b'W7), see figure 4.6. So the kernel even for a given intermediate h is a
two by two matrix. Diagonalizing this matrix we find that the operators split into two towers
which are the partners of the above one. These bosonic partners have conformal dimensions
given by hg, + % and g — % for each of the two fermionic towers. Of course, it should be
possible to directly use super-graphs so that we can preserve manifest supersymmetry.

Now, we expect that the case where hy = 3/2 and its bosonic partner with h = 2 lead to
a divergence in the computation of the naive expression for the four point function and that
the proper summation would reproduce what we obtain from the super-Schwarzian action.

The pair of modes with h, = 3/2 and its bosonic partner at h = 1 are more suprising. The
origin of the A = 1 mode is due to the rescaling symmetry of the IR equations mentioned in

(4.33). In fact, one can extend that symmetry to a local symmetry of the form

wa(t, t/) — )\(ﬁ))\(f’)Gd,w(t, t/) R be(t, t,) — [)\(t))\(t,)]l_abe(t,t,) (452)

which would naively suggest the presence of an extra set of zero modes. However, we
noted that this symmetry is broken by the UV boundary conditions. Of course this was
also true of the reparameterization symmetry. However, (4.52) changes the short distance
form of the correlators, which leads us to expect terms in the effective action of the form
J [dr(A(t) — 1)?, which strongly suppress the deviations from the value of A given by the
short distance solution. Thus, in the low energy theory we do not expect a zero mode from
these. Indeed, when we look at the ladders with the boson exchanges, we see that the basis
of functions we are summing over when we express the four point function should be the
same as the one for the usual SYK model, (see [135]). Namely, the expansion for the four
point function can be expressed as an integral over h = 1/2 + is and a sum over even values

of h. Since h = 1 is not even, it does not lead to a divergence. Then we conclude that it
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corresponds to an operator of the theory. It looks like a marginal deformation, since it has
h = 1. In the UV, it looks like the operator corresponds to a relative rescaling of the boson
and fermion field. We think that the transformation simply corresponds to a rescaling of J,
which breaks the original supersymmetry but preserves a new rescaled supersymmetry. We
have not studied in detail the meaning of its supersymmetric partner which is a dimension
3/2 operator.

The case with A/ = 2 supersymmetry leads to similar operators in the singlet channel with
zero U(1)g charge. The fermions have the same dimensions as in (4.50), (4.50), but each with
a factor of two degeneracy arsing from the fact that now we change ¥*b’ — b and ¥ bi. The
the bosonic operators fill a whole N = 2 multiplet with dimensions (A, — %, Pos s Pog m + %)
and (hgm — %, Ram, ha,m + %) In this model the functions we need to sum over in order to
get the four point function are more general than the ones in the SYK model, since now that
the basic two point function (W(tl)ﬁ(b)) does not have a definite symmetry. So now the
expression for the four point function should include a sum over all values of h, includding
both even and odd values, depending on whether we consider symmetric or antisymmetric
parts. Though we have not filled out all the details we expect that by supersymmetry we will
have that the multiplet coming from the symmetric tower with dimensions (1,3/2,2) should
lead to the superschwarzian while the second one, coming from A, ,, also with dimensions
(1,3/2,2) should correspond to operators in the IR theory. As before these arise from
symmetries of the low energy equations. Let us discuss in detail the ones corresponding to

the dimension two operators. The low energy equations have the form
g-1 ~ G—2
Gy*GL =0, Gy * (7= 1)Gp,GL 7] = =5 (4.53)

where * is a convolution and we think of each side as a function of two variables. The right
hand side is a delta function that sets these two variables equal. We also have complex

conjugate equations obtained by replacing G <> Gy, Gy <> Gy,. We can then check that
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the following is a symmetry

Gﬂ — G;ﬂ(ﬁ,n) = [f/(Tl)h,(TQ)]A¢G¢E(f(Tl)> h(72))
Gy = Gy (m17) = () () 2 Gy (£ 7). b))
v G(mm) = /() (1) G (f(), (1)) (4.54)

and similarly for Gj,. If G is a solution of (4.53), then G’ is also a solution. The repa-
rameterizations are nearly zero modes of the full problem are those that obey h = f.

The ones where they are different, are far from being zero modes of the full problem. The
reality condition sets that h(7) = f(7)*. These look similar to two independent coordinate
transformations that preserve conformal gauge in a two dimesional space, with a boundary
condition that restricts them to be equal. More details about the four point functions and

spectrum of the supersymmetric SYK models are discussed in Ref. [157, 194].

4.4 DISCUSSION

We have studied supersymmetric generalizations of the SYK model. We studied models with
N = 1,2 supersymmetry. Both models are very similar to the SYK system, with a large
ground state entropy and a large N solution that is scale invariant in the IR. In these super
versions, the scale invariance becomes a superconformal symmetry and the leading order
classical solutions preserve supersymmetry. These large IV solutions were also checked against
numerical exact diagonalization results. Asin SYK, there is also an emergent superconformal
symmetry that is both spontaneously and explicitly broken. This action gives the leading
corrections to the low energy thermodynamics and should produce the largest contributions
to the four point function. Besides the ordinary reparameterizations, we have fermionic
degrees of freedom and, in the N/ = 2 case, a bosonic degree of freedom associated to a
local U(1) symmetry, which is related to the U(1)g symmetry. A similar bosonic degree of

freedom arises in other situations with a U(1) symmetry, such as the model studied in [171].

87



Chapter 4. Supersymmetric SYK models

We also analyzed the operators in the “singlet” channel. These operators have anomalous
dimensions of order one. Therefore, in these models, supersymmetry is not enough to make
those dimensions very high.

In the N/ = 1 case, the exact diagonalization results allowed us to show that the ground
state energy is non-zero and of order Ey o< e~2%. This means that supersymmetry is non-
perturbatively broken. On the other hand, in the N' = 2 case, supersymmetry is not broken
and there is a large number of zero energy states which matches the ground state entropy
computed using the large N solution. Furthermore, these zero energy states can have non-
zero R charge, but with an R charge parametrically smaller than /N, and even smaller than
one.

These results offer some lessons for the study of supersymmetric black holes. In super-
gravity theories there is a large variety of extremal black holes that are supersymmetric in
the gravity approximation. The fact that supersymmetry can be non-perturbatively broken
offers a cautionary tale for attempts to reproduce the entropy using exactly zero energy
states (see eg. [30, 115]). Of course, in situations where there is an index reproducing the
entropy, as in [185], this is not an issue. The authors of [14] have argued that the ground
states of supersymmetric black holes carry zero R charge, where the R charge is the IR one
that appears in the right hand side of the superconformal algebra. In our case there is only
one continuous U(1)r symmetry and we find that the ground states do not have exactly zero
charge. A possible loophole is that the R-symmetry appearing in the superconformal alge-
bra leaves invariant the thermofield double, not each copy individually. Perhaps a modified
version of the argument might be true since in our case the R charges are relatively small.
Also the discrete chemical potential we introduced in (4.46), looks like a discrete version of
the maximization procedure discussed in [14]. It seems that this is a point that could be
understood further.

Another surprise in the model is the emergence of additional local symmetries of the equa-

tions, beyond the ones associated to super-reparameterizations. Similar symmetries arise in
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some of the non-supersymmetric models discussed in [78]. A common feature of these IR
symmetries is that they change the short distance structure of the bilocals. Namely, they
change the functions G(t,t') even when ¢ — t'. Since this is a region where the conformal ap-
proximation to the effective action develops divergencies, we see that now these divergencies
will depend on the symmetry generator. For this reason these symmetries do not give rise to
zero modes, but are related to operators of the IR theory. Amusingly, in the N' = 2 case we
also have an additional reparameterization symmetry of this kind. This symmetry together
with the usual reparameterization symmetry look very similar to the conformal symmetries
we would have in two dimensional AdS; space in conformal gauge.

We can wonder whether we can get models with A/ > 2 supersymmetry. It would be
interesting to see if one can find models of this sort with only fermions. A model with V' = 4
supersymmetry that also involves dynamical bosons was studied in [5].

After the completion of this work, there are other papers with further discussions on re-
lated topics. Ref. [113, 174] discussed the symmetry classification of the model using random
matrix theory. Ref. [157, 194]. discussed correlators, spectrum and effective action of the
model. Ref. [147] generalized the supersymmetric model with global symmetry. Ref. [145]
generalized the model to one higher dimension. Ref. [149] discussed the ETH in supersym-

metric SYK models.
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5.1 INTRODUCTION

As discussed in the previous two chapters, SYK models describe a non-fermi liquid state,
which does not have a quasiparticle description. The absence of quasiparticles are argued to

give a relative short dephasing time [170]:

" (5.1
Ty~ —— .
* kpT
and this is the conjectured ”"Planckian” bound on relaxation time discovered in many ma-

terials [24]. While on the other hand, SYK models also exhibit chaotic behavior. One can

define a Lyapunov time as the inverse of Lyapunov exponent:

1 1 h
T, = —

= —— 2
AL 2w kT (52)
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A natural question to ask is whether these two quantities are related. Physically, we expect
there should be some relation: a state with quasiparticle should not be too chaotic. However
do we have the conclusion that the closer a system is to a free system, the smaller the
Lyapunov exponent will be (or in another way, the longer the Lyapunov time). In this
chapter, we shall engineer a boson-fermion SYK model with tunable scaling dimension and
compute the Lyapunov exponent. We indeed find that when the anomalous scaling dimension

is smaller, the correction to the maximal Lyapunov exponent gets larger.

5.2 MODEL

5.2.1 DEFINITION OF THE MODEL AND THE LARGE N/M LIMIT

The model we want to consider first appears in [18]

M
U a a
H = 5 Z CrCrXaXiXeXt (5.3)
a=1
with the following renormalization

N3PMY2(CLCE) = T8 (k051 — dadix) (5.4)

J

Notice that J is positive and has units of energy. As a remark, if we choose u to be positive,
there is an instability towards a pairing state [18]. On the other hand, if we choose negative
u with M = N, we get back to the supersymmetric SYK models as in Chapter 4. In
the following, we will keep u = —1, since rescaling u can be restored by rescaling J. The

interaction term can be linearized by M bosons, the effective action can be written in terms

of bilocal fields G and X::

‘S;H = —log Pf(—o; — Xf) + % log det(—op, — ) +
1
3 /dT2 (Gf(Tl,Tg)Zf(Tl, o) + @Gy (11, 72) X4 (11, T2) — 2/ Gy(11, 72) G (T4, 72)205.5)
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In the large N and large M limit, the theory is described by its saddled point and we can

obtain the Schwinger-Dyson equations

Gyliw,) ™ = —iw, — Bp(iwn) ,  Tp(1) = 4/ Gy(1)G (1)
Gyliw,) ™t = =1 = Sy(iw,) , (1) = %Jaf(r)Q (5.6)

with a = 45, This model can also be generalized to a 2(¢ — 1) body interaction Hamiltonian,

and the SD equations will reduce to*

Giliw,) ™t = —iw, — Sp(iw,) ,  Ip(1) = 2Va(qg — 1) JGy(1)G4(1)472
Gyliwn) ™ = =1 = Sp(iwn) ,  Sy(1) = %Jaf(f)q—l (5.8)

We will work with the general model (5.8). In the IR limit, we can ignore the —iw, and

—1 terms. We then assume the low-energy scaling ansatz

o Fsgn (7) ¢ B

Gf(T) = ‘7_|2Af ) Gb(T> = |T|2Ab (59)

From the SD equations, we can obtain
2v/aJ(q— 1)FI ' Bep(Ap)ep((q — 2)Af + Ap) w20 DAF28=2 — (5.10)

2
EJFq_chb(Ab)cb((q — DA |wPleDArF28=2 — (5.11)
where
cr(A) = 2icosmA(1 — 24A),  ¢(A) = 2sin (rA)I'(1 — 2A) (5.12)
INow the renormalization for the random interaction is defined as

NTBPAY2CECH) = T?5ab(0ik0j1 — Sudin) (5.7)
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Figure 5.1: « as a function of Ay from Eq. (5.15) for a fixed ¢ = 5. A = %} gives a = 1.

When a — 0, we also have a solution Ay — 0. Notice that only the line on the left side of
1

the divergence makes sense Ay < 5(g—1)> Which makes Y (iw) more relevant at IR.

It appears in the Fourier transform of a symmetric/asymmetric scaling function:

. sgn(T 4 1
/ dreir |gT |§A) — () sgn(w) w2, / e s = AP (G
The power of w gives us one relation
(— DA+ Ay =1 (5.14)

The other relation is obtained from the consistent value of F9~'B in Eq. (5.11):

1 1-2Ay  sinmAysinm(q¢—1)As
a=— (5.15)
q—12(¢q—1)Ay —1cosmAyscosm(qg —1)Ay
We see that in the case a = 1, the supersymmetric solution Ay = 2%1 satisfies the above

equation. When « # 1, we don’t have a supersymmetric solution, which is as expected,
since we have different numbers of bosons and fermions. So with different boson/fermion
number ratio, we have a continuous set of conformal theories. To see how A; depends on
a, we plot the solution in Figure 5.1, as we can see as o goes down below av = 1, Ay also
goes down. In the small a limit when a < q%, we have the solution Ay = ‘/Ta Compared
to the free theory Ay = 0, the anomalous scaling dimension gets smaller as the ratio o gets

smaller. So we will approach a free fermion limit in the small « limit.
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Ay

02 Af .

0.0 0.2 0.4 06 0.8 1.0 1.2 1.4
ArcTan[M/N]

Figure 5.2: Figure, adapted from Ref. [18], showing the scaling dimensions as a function of
M/N. The dots are obtained by numerically solving Eq. (5.8). Solid lines are obtained from
Egs. (5.14)(5.15).

The coefficient combination £ B is fixed by the low-energy ansatz:

1-— 2Af SinWAf

2/ F'B =
va 2m(q — 1) cosmAy

(5.16)

although we still can not individually fix F' and B. This also happens in the supersymmetric

SYK models, it corresponds to a symmetry in the IR SD equations

Gf(T) — )\Gf(T), Gb(T) — Alqub<7') (517)

This corresponds to an h = 0 mode and will be broken by the UV terms as discussed in
Chapter 4. We have also discussed the large ¢ limit in Appendix. D.1.
To verify this continuous set of dimensions are correct, one needs to verify the solution

numerically. And we have shown the consistency in Figure 5.2.
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5.3 RESULTS

5.3.1 IMAGINARY TIME KERNEL

In this model, we can define an imaginary time kernel which will be used when computing
the four-point function. There are different ways to derive the kernel. The usual way
is to consider the ladder diagram and find the kernel to that ladder summation. Here
we use another approach by considering the change of the conformal solution from a UV

perturbation:

Gf*2f+Gf*Sf:—(5(T—T//), Gb*2b+Gb*Sb:—(5(T—7//) (518)

where the UV perturbation source is sy = —¢'(7 — 7') and s, = d(7 — 7’), we consider the

change caused by this source

Gy =G5+ 06G;, Gy =Gj+0G, (5.19)
Ef :E§+6Ef, Zb:2§+52f (520)
where
0%y = 2va(q—1)J [6G,G5(T) % + (¢ — 2)G;G5(1)"°0Gy] (5.21)
2
0%y, = —=J(q—1)G5(1)1?6Gy (5.22)

Ja

Plugging this into Eq. (5.18), we can obtain

(K. —1)0G = —G.xsxG. (5.23)

where 6CG is a vector

v = (6G¢,0Gy)" (5.24)
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K., is the imaginary time kernel

2y/ad(q —1)(qg — 2)G5(113) G5 (1a2) G5 (734) GG(T32) % 2/ (q — 1)G5(T13) GG (Ta2) GG (734) 7

=J(q = DG5(113) Gy (742) G (734) 0 0

K. =

(5.25)
We can see that this form can also be obtained from the diagrams as in Ref. [157]. The

kernel can be generally diagonalized by

sgn(Ts4) 1 T
<‘7-34|2Af—h’ |7—34‘2A57h (526)

Vp =

If we use the UV source in the SD equations, it suggests that G ~ —ix- - and 0Gy, ~ W’

I7|
which can be induced by an operator with A = —2A; and h = 1 — 2A,;. Later we will see

that this gives the eigenvalue of the kernel to be oo and indicating that this mode won’t

propagate to IR.
Now we will use the general vector (5.26) to diagonalize the kernel, we take the first

element as an example:

1 emth B B B -1 sgn(713) sgn(742) sgn(734)
K. oGy =2VaJ(q—1)(¢ - 2)BF /d7'3d74 |T13[287 | 794|280 |734] (4202814280 —h
1—-2A;sinmA dwdw’ iwora—ia e SEO(T:
~ (0= 2 et SR ()7 [ Gy [ dmdrisen(sen s P i B
_ 1- 2Af sin 7TAf 2 dw 4Af =2  —iwTi2+iwT Sgn( )
=(a-2) 2w cosmAy cr(As) /Edﬂw N |7|2—28 =
1—2AfsinmAy 9 h /dw A —1—h —_
=(g—2 —cf(A 1-Ar—=) | — ! w12
(4-2) 21 cosmAy er(Bs)er ! 2) 27 ] sen(w)e
_(g-2) 1—2A,sinmAy cf(Af)ch(l — Ay — %) sgn(712)
q 2 COSTrAf Cf(Af — %) |T12|2Af7h
Ap)ey(1—Ap =1
_ _(q_Q)Cf( f)cf( f 2)(5Gh (5.27)

er(Ag = lep(1-Ap)
Similarly we find that

CFep(Ap)es(1=Ap = 3)
Bep(Ap—Bep(1—Ap)

B Cb(A )Cb(l — Ab — ﬁ)
F Cb<Ab — —)Cb<1 — Ab)

k2 = = —(q—1)—= (5.28)
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With h = 2, the kernel matrix reduces to

(qu)Af Af E
1A, 1-A,B (5.29)
(¢=1)Ay B 0
1A, F
There are two eigenvalues \; = 1 and Ay = — 1_Agf. When we take h = —2A, k' = oo and

kl* = oo, there will be no solution; when we take h = 1 — 2, k*! = oo, also there is no
solution. Interestingly, only when o = 1, the supersymmetric solution, h = —2A; =1 —-2A,
will give all the three elements co.

To see the h — 1 — h symmetry in the kernel more explicitly, we can write ¢f(A) and

cp(A) as

() = 202722 Al = ea) = 2tan (a2 Rl D

T+ A) T+ ) (5:30)

We can plug this in the kernel and find that the matrix element is invariant under A — 1—h.
This also indicates that the h = —1 mode gives A = 1 and this corresponds to the UV
perturbation that can propagate to IR.

There is another mode h = 0,1 that gives A = 1, this corresponds to the rescaling
symmetry as in (5.17).

We can compute the kernel eigenvalue of the h # 2 modes in the small A¢ limit. Consider

h = 2n, and we plug into the kernel matrix with Ay — 0

—(g=2)A —(g=2)A
1= (g = Da(n) Ay + O(AF)] £ 0

with a(n) = b(n) +b(n — 1) +b(n — 1) +b(n — 3) — 2 and b(z) is the generalized Hamonic

series

b(z) = Z — (5.32)
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From this we can obtain there is an eigenvalue quite close to 1

B q—2 1
Aon = > | S

A (5.33)

This is an indication that the h # 2 piece will give more contribution to the four-point

function as Ay becomes small. As we will see in later sections, the coefficient is proportional

1

to =1

and the h = 2n piece will be proportional to A;l. Since in this model, we still have
the Diff(S') breaks to PSL(2,R) picture, we will later show that the conformal piece will
still give maximal chaos. However we expect that as Ay becomes smaller, the correction to

the maximal Lyapunov exponent becomes larger due to the h # 2 modes.

This can be compared to the large ¢ normal SYK case, there we find that

1

ke(2n) ™ o 1)

(5.34)

is not close to 1 and does not contribute much although the scaling dimension Ay = % is
small.
5.3.2 RETARDED KERNEL AND CHAOS

The simplest way to obtain Lyapunov exponent is by diagonalizing the retarded kernel. We

will need the retarded and Wightman Green’s function

G (t) = 2cos (WAf)F(m)mf@(t) . GE=_2isin (mb)B(ﬂs%h(%))mb@(t)
GO = o)+ G0 = Blaggmn)™ (5.35)
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The retarded kernel is defined as

2vad (g —1)(q — 2)Gf (t13) G (t2a) G (34) G (130)77° 20/ (q — )G (tr13) G F (t20) G (t34)772

Kr =
_\/laj(q — )G} (t13) G (taa) GF (t34)77 0
(5.36)
We can diagonalize the retarded kernel with an exponential growing ansatz
—hZ (t3+ts) —hZ(tz+ts)
. e B e B T
o= <(cosh 724 )28s =17 (cosh %)2Ab—h> (5.37)
After some algebra, we find that
]{311 _ ( )F(Q — 2Af) (QAf — h) k12 o F(2 - QAf)F(2Af — h) E
=TT OAT2 —2A; —h) "R T TEAND(2—2A; —h) B’
['(2 —2A,)'(2A, — h) B
k'21 — 1 L '
r == VFoATR 28, —h) F (5:38)
If we plug in h = —1, the retarded kernel reduces to
(a—2)Af Ay F
1-A; 1-A; B (5.39)
(g=D)Ay B 0
1-A, F

This is exactly the same as K2 as in (5.29).
From the retarded kernel, we can actually estimate the contribution from the h # 2 pieces.

By contour deformation, the h # 2 piece will sum together and we will see later that it results

in a double pole residue of a function proportional to at h = 2, if other

1 1
tan (wh/2) 1—-kgr(1—h)

prefactors do not have diverging behavior when Ay — 0 the coefficient will be proportional

to In the ¢ = 3 case, when Ay is small, we find that

1

kr(=1)"
/ 1 2

kr(Ap, h=—1) = (—5 + g)Af + O(A%) (5.40)

This means that the h # 2 part is proportional to A]Tl. To compare with the h = 2 part,
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we also need to know the coefficient of the h = 2 piece. From Ref.[119][135], there is an
1/k.(—1)" prefactor in the h = —1 four-point function together with the coefficient of the

correction to the conformal two-point function and other factors. We find that:

1
ko(Ap,h=—1) = A, + O(1) (5.41)

This indicates that as we lower Ay, the correction from the h # 2 piece will become more
important. And we will have a smaller Lyapunov exponent. We put more careful analysis

in the next two sections.

5.3.3 RG FLOW AND THE SCHWARZIAN ACTION

We follow the analysis in Ref.[119] and generalize to our model. The goal is to find the relation
between ag (coefficient of the Schwarzian action) and ag (coefficient of the correction piece
27

of the two-point function from the conformal solution). We change the coordinate to 6 = 5

and the effective action can be written as:

Seff
N

= —logPf(—oy —%y) + % log det(—oy, — %)
1
+ Q/dTldTQ (Gf(Tl, TQ)Ef(Tl,TQ) + OéGb(Tl, 7'2)2{,(7'1, 7'2) — 2\/&JG{,(7'1, TQ)Gf(Tl,TQ)qil)
~ ~ 1 ~ o~ ~ o~ ~ ~
— —logPf(—3) + %log det(—) + §/d91dQ2 (szf +aGyS, — 2\/&(;6(;;1;1>
1

5 /d01d02 (5]0@]0 + Oégbéb> (542)

where

Gr(ri,m) = Gp(01,00)™ | Gy(m,m) = JGy(01,02)™
Sp(ri ) = I (S4(00,02) = 57(00,62) ) 7220 Sy(ri,ma) = T (S4(61,02) = 5301, 62) ) 72

O'f(Tl, 7'2) = J25f(01, 92)62_2Af s 0’(,(7‘1, 7'2) = JEr'b(Ql, 92)62_2Ab (543)
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27

55 Notice that this is just a change of the definition rather than a conformal

with € =
transformation and under this definition all the bilocal fields are dimensionless. Later when
we use é‘]i /b We mean the function obtained from G% sp using the above transformation.
We consider a weak perturbation with some window function at intermediate time scales
(J7? < 7 < B) that would mimic the IR effect produced by the true source. Then we want

to see how this perturbation will generate the change in the two-point function.

Expand the action to the quadratic order around the conformal saddle point:

Ay I 55
5Set 1 [ ~ ~ - I -By oG, | 1. -~ a. -
=1 (5zf 3Gy 0%, 5Gb) N |~ 5959Gs — 530G
aAy ol 02
—C ol 0 ) \oG,
(5.44)
where
zz{f(91792;93, 0,) = é;(elg)éf(eu) , Ay(01,05;05,0,) = G5(013) G5 (02) (5.45)
and
Ef(@l, 02, 03, 94) == 2\/&((] — 1)(q - Z)be(812)é§(912)11—35(013)5(924) (546)
C (01,053 05,04) = 2v/a(q — 1)Gy(012)G £(012)726(013)5(02y) (5.47)
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After integrating out 5% 5 and 5%

58 1 A'—B —C 5G 1 -~ a. -~
=1 <5Gf 5Gb) o - | - 559G - 550G,
—C  —aAt) \6G,
1/ -\ [41 _ [sG 1 - _
= Z <5Gf 5Gb) f _ (I — KC) ~f — §5f5Gf — %55(5Gb (548)
O{Ab_l 5Gb

where [?C with arguments 6 is the re-definition of the imaginary time kernel as in (5.25).

Consider the scaling ansatz as in (5.26), we have

At 0G o
a-km) [ _ | =1 (5.49)
O./Ab_l 5Gb oﬁb
We normalize the function 6G, o
0G=|G5*gr . 6Gy =G5l gy (5.50)
G = G517 sy, Gy =G5 s, (5.51)

app=1-— fm, then g, s € (.}’-"11//22 ®]—'1/2) Using Af/b f/b(glg)ijc/b(042>. We assume the

ansatz B N
~ Fsgn6 ~ B
Gi0) = ——— , Gi0) = ——F=— 5.52
70 (2sin £)24s 0) (2sin £)22 (5.52)
which gives
ap(h)(1 = k(h)F 2igp=s; , ay(h)(1—k(h)B g, = s (5.53)
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with
a (h) _ Cf(l—Af)2Cf(Af—%) 1—2Af SiIlﬂ'Af 2 (5 54)
! cr(l—Ap—1) 2m(q — 1) cos A '
() = 1 (1 —Ap)2e(Ay —2) /1 —2A, sinmA;\? (5.55)
b - o2(q—1)? cp(1 — Ay — %) 2m(q — 1) cosmAy '
This also indicates that
sp(0) ~ 0" tsgn(0) ,  sp(0) ~ 0" (5.56)

But the power-law source is not that physical because it directly influences the Green’s
function at intermediate times, whereas the physical effect is due to RG flow. So we consider
the source is supported by an extended UV region, where |07| is bounded by some large
constant times J~!. In the case of resonance, i.e. k.(h) = 1, we will see that the response

extends to longer times and eventually flow to IR. We assume the perturbation has the form
sp(0) = =bpe"010]" " sgn(O)us(€) ,  sp(6) = —bpe ]| uy(€) (5.57)

with £ = ln(@) and hy = —1 corresponds to the irrelevant perturbation. And ug/(§) is
a normalized window function [w(§)dé = 1. Let us consider the Fourier transform of the

window function

ugp(n) = /dfuf/b(f)ems (5.58)

Then

sp(0) = —bye Mo / Z—Ze"'“|9|h°‘1“”ﬂb(n> (5.59)
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We can see that the window function serves to smear the power hy — 1 over a small imagi-
nary width. For each given eta, the right-hand side is the eigenfunction of the kernel with

eigenvalue k.(h = ho + in). We find that

bf ~_1 bb ~_1 - _
) ~ — F2re ||t sgn(0)v : 0) ~ — B3y ehomt|g| oy
05(0) = — IS FT A s O)ur(e) . alb) ~ i o "un(€)
(5.60)
with
B 1 an L e

) = s [ Seimn e (5.61)

We can thus derive an RG equation

de/b(f) 1

= — U 5.62

From this we have vy, (§) = (—k.(ho))™! ffoo u(¢)d¢, and in the intermediate region in which

u has been fully integrated,

bfﬁ’%f ho|glho—1 bbg%" —ho|p|ho—1
0) ~ e "0 sgn(6) 0 e "olg|e for e <1
WO g0 O G g ’
(5.63)
This means
0G,(r) b F™ 1ol 8Gr) _ bB™ 1 al (5,60
GS(1)  ap(ho)kl(=1) JT CJr T Gi(r) ap(ho)kL(=1) JT  JT '

Now let us derive the Schwarzian action. We consider the Green’s function deformed by the
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soft mode, i.e. reparametrization ¢(6). We denote the deformed Green’s function by GIR

G101, 62) = G (9(01), (62)) ' (61) 17 (B2) 217

~ A )
~ G22°(0,,6,) (1 + %Sch(eww*), 0,)(0, — 92)2) for |0 — 6] < 1

f/b
(5.65)
where
- Fsgn(6; — 6,) ~ B
B=00 o g 1 2 B=c0 _
Gf (61792) - |91 _ 82‘2Af ) Gb (01702) - |91 _ 62’2Ab (566>
The coupling between the soft modes and the UV perturbation is given by
N JUPPS ~g_ - ~ g
0Sur. = — [ dbrdy [5,(GF = G7™) +ady( Gt — GI™)
= —Nale / Sch(e?0)df — Nabe / Sch(e®, 9)dh (5.67)
where
1A 2 ~ 1A Lap(—1)kL(~-1)A
af = —F™s _fbf/ d01|012) ugp(In 012 /€]) = —bsF r=L = e (TR
12 o 6 6
~ LA °n ~ LA Lap(—1)kL(—1)A
O‘% = —aB?*% 1—2bbb/ df12]012| tup(In |612/¢|) = —ab, B2 be = _aaGab( (2 o(=1)As
—2m

(5.68)

We also know that 6G ¢ and dG, will be related by the coefficient of the h = —1 eigenvector.
In the ¢ = 3 case, at small « limit, we find that ay(—1) = § + O(Ay), ay(—1) = g + O(Ay).

f
From (5.29), we have %y 193Gy 2e ~ Ay, we have o = o that contribute the same.
Gy /G, — ab f f b

5.3.4 FOUR-POINT FUNCTIONS

To diagonalize the four-point function, we can make use of the SL(2) algebra, then represent

the four-point function using the cross-ratio & = % The same analysis has been done in
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Ref. [157]. The difference here is that the scaling dimension depends on a. We define our

fermion four point function:

N
1 1 1
N2 > am)xa(m)xg (ms)x;(m)) = Gp(m2)Grl7ss) + NN 1 7, ) + O(555)
ij—1

= Grlm)Cylm) |1+ YN +O(5)| (569

we can use eigenfunctions of the Casimir to diagonalize the four-point functions:

Fi(§) = %zﬂ(h, h; 2h;€), (5.70)
1=hT (1 _ )2
Fi(§) = %2F1(1—h71—h;2—2h§5) (5.71)

In the region £ > 1, the solution with definite parity under & — 5% is

h 1—h1 —2)?
@§>1(§):Tzﬂ(§, 5 iy € & ))

(5.72)

here s stands for symmetric. By matching the behavior at £ = 1, we can extend the solution

t00<é<1
Die1(8) = AFL(E) + BE(E) (5.73)

with
A %tan (h) cot (%), B- —%tan (h) tan(%) (5.74)

The eigenfunction in the region £ < 0 is defined by

(I)Z<O = \II(S)<§<1(€%) (5.75)
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The allowed h is determined by requiring that the Casimir be hermitian with respect to the

inner product, one finds that
1 . n
h:§+1878>0, or h=2nn€eZ (5.76)
The norm of the eigenfunctions can be directly computed

manChord(h — k),  h=1+is

(D}, @) = (5.77)

7r25hh/
T h=2n

Another way to compute these symmetric eigenfunctions other than the boundary condition
matching is by the direct integral in the shadow representation[25].

Now we can decompose any function f(§) with the symmetric eigenfunctions above

(@5, f) *ds 4h—2 ® T4h — 9
(I)S h? — T e e (I)s 3 (I)s (I)S
Z q)i’q)s> /o 27 7 tan (7rh)< wf Z { he SYPR(E) .
(5.78)
The four-point function can be obtained by summing over all the n-rung ladders. The 0-rung

ladder is
Fo N (71, 725 73, a) = —Gp(113) Gy (Taa) + G(714) G4 (73) (5.79)

which gives

FR0(E) = —sgn(IePSr + sn( ) P (5.50)
Using the symmetric eigenfunctions, we find
ds 4h —2 -
XXX ()
CRNCE e R OLIORD ol L AU TC] )

where
cr(L=Ap = h/2)ci(Ay)?
ci(Ap—h/2)

fo(h) = (Fg™, @) = (5.82)
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here we used the integral representation of ®3:

P;(§) = %/_OO dy <[ (5.83)

o |YIME —y|M1 —y[t-h

Together with (5.80), we have?

sgn(¢)
(27172818 =yl 1 — y [yl

Jfo(h) = —/dydf (5.84)

This integral can be transformed to the kernel integral, which leads to (5.82). Since the
kernel also connects bosons with fermions, we also need to consider F"XX so we denote
bo(h) = (FXX, ®5) = 0. Starting from the 0-rung ladder, we generate the n-rung ladder by
convolving n times with the kernel matrix (5.25). The full four-point function is determined
by
Fh) = falh), b(h) =) ba(h) (5.85)
n=0 n=0

The action of the kernel matrix on an n-rung ladder is

fa R
= (5.86)
bn-l—l k?l 0 b"
The similar analysis has been carried out in Ref. [157], here we just copy the results:
h k2 fo(h

(1= k)1 —kF) (1= ko)1= k)

where K = LRI 4 [3(KI)2 + K12k2).

2In Ref. [135] there seem to be a typo, there should be no prefactor of % in (3.81)
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h # 2 MODES

One can see that the A = 2 mode will cause divergence in the denominator, and needed to
be regularized beyond the conformal limit. We group all the other contribution from h # 2

modes, and by substituting

p 1 1
_ 5.88
tan (ﬂh) tan " tan w o5
We have
< ds 2h—1 2h —1
XXX () — B R h)®;, 5.89
Fhia (€) /_oo o 7 tan (7Th/2 +Z o [wtan 7Th/2>f< JBiE) h=2n ( )

This can be understood as a single integral

27” dh / ;Resh:% (5.90)

Note that @3 has poles at h = 1 4 2n, but will be cancelled by 1/tan (7h/2). In the £ > 1
case, we can push the contour from the s axis rightward to infinity. In the process, we cancel

the sum over residues whiling picking up poles at Ej = 1, notice that h = 2 is a double pole.

) ZRes{ ] e (5.91)

In the region £ < 1, more subtle analysis shows

2h —1 ['(h)%¢" o,
Froxx(€) ZRes Ltan 73 ()= o) 2 Fy(h, B; 2h,£)1 L E<1  (5.92)

In the OPE limit, we should use the expression in £ < 1, the operators running in the OPE

channel of the kernel is determined by k(h,,) = 1. In the case a = 1, this corresponds to the
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supersymmetric SYK and this gives

hom = 2,3.066,3.821, ... (5.93)

Consider for example o = 0.5, we find that

o = 2,3.058,3.855, . .. (5.94)

In the chaos region, we need to use the expression in & > 1. The out of time ordered

correlation can be conveniently expressed by the configuration

Tr [yx:(O)yx; 0)yx: yx;(0)], v = p(8)* (5.95)

This means the cross ratio
2
¢ = _ (5.96)

N 1—isinh%

Because ¢ = 0 corresponds to § = 2, and ¢ = oo gives { = 0, we should continue the ®g_,

function to £ = 0. For small y, the continuation gives

L3 = 3T —3)

ST () (—i&)'" ™"+ (h = 1—h) (5.97)

3 (€) ~

With this form, we find that the sum in (5.89) or (5.91) does not converge after the contin-
uation. So we need to manipulate the expression in a form that is safe to continue and sum.
The strategy is to find another expression that coincides with f(h) with h = 2n but there
are only finite number of poles left. A natural choice is considering the retarded kernel. To

be more explicit we have

ki (1—h)  kiF(1—h) cosz(—h+2Af)

RO K2 cosZ(ht2Ay) (5.98)
(1—h)  sinI(h+4A,) 590

k2'(h)  sinZ(—h+4Ay)

C
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We can see that for h = 2n, Kr(h) = K.(h). So we can replace the sum in (5.89) with
eigenvalues of the retarded kernel. However, for the retarded kernel kx(1 — h) = 1 happens

only when h = 2. We conclude that

ds 2h—1 2h —1
oox ey — 92 _TF(h) — 1—h)] P (6)— — fp(1 — h)®}
F) = [ 5 iy V00 = (L = W9 (©)~Res | i foll ~ ()]
(5.100)
where
h
frl—h)= —— fo(h) _ (5.101)
(1= kg(1—h))(1—kg(1—=h))
The integral will vanish as £ — 0, so the growing piece comes from the residue at h = —1. Be-

cause this is a double pole, we also have a contribution from 0, ®3(€)|n—2 and this corresponds
to a term proportional to te? /8. And this finite shift in the Lyapunov exponent(decrease)
is proportional to ﬁ Other factors are finite in this limit: 1 — EE(—l) =24+ 0(4y)
R

and fo(h = 2) = 2+ O(Ay). This verifies our argument about h # 2 modes in Sec 5.3.2.

Plugging the number, we find that the term proportional to te?™/# is

Fan(t) 3 27t 2me
GG 2nk(—1) B¢ (5.102)

h = 2 MODE

This mode will give a maximal chaotic OTOC using the Schwarzian action (5.67)[119, 135]

0 N
~ — Nl
GG~ IS Ty’ (5.103)

with o, & in (5.68). In the small A limit, we have

Fielt) 240387

~o o5 5.104
GG ® "~ ol (5.104)
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We assume that combining with the h # 2 sectors, the full four-point function looks like

P 24A?ﬁje%(176>%)

~ 5.105
G MG~ ral] (5:105)
Comparing with (5.102), this means that
L /
AL e % (5.106)

TI6BJAZK(—1)  16(1/2 — 72/3)BJ A3

The correction will depend on of,(Ay, B.7).

Compared to the original large ¢ SYK model, the functional form of the h # 2 and h = 2
contributions to the four-point function (5.102)(5.104) are quite similar, the difference comes
from the fact that in the large ¢ model, both £.(2) and k% (—1) scales as constant in the small
scaling dimension limit while in our case we have k,(2) = O(A;') and ki(—1) = O(Ay).

This will make the i # 2 part more important in the Ay — 0 limit.

5.3.5 NUMERICAL IMAGINARY TIME GREEN’S FUNCTION CORRECTION

In this section, we numerically solve the SD equation (5.8) and fit the solution in the imag-

inary time domain (0, 5) with the form

T 2R T™— 2“77
_ T o f _
Gy(r)=F <ﬁsm(%)) (L=agh(r)) » lb=2+—— = (5.107)
24 2T
7r —_— —
Go(r) =B | 5—mr | (1—ablo(r)) . lo=2+ g (5.108)
53111(%) tan ”—ﬁT

With the fitted numerical data, we obtain a2 and a4 from (5.68). And use this we can get
the h = 2 contribution, together with the h # 2 part (5.100), we compute the correction in
Lyapunov exponent d\;, as shown in Figure (5.3). We can see that the correction gets larger
with smaller 5.J and smaller a.

We show the a dependence of 0\, in the large 8.J conformal limit with % = 100 as shown
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Figure 5.3: 4\ as a function of % and « in a log — log — log plot.

in Figure (5.4). When we fit the slope at small «, we obtain approximately —1/2. This

means that at small «

OAp ~a P~ AT (5.109)

We can also find the SJ dependence of d\;, and it’s approximately oAy ~ f% Together we

have dAp ~ BJ—IAf. So this means that different from the large ¢ normal SYK case, we get a
bigger correction when we decrease Ay while keeping everything else fixed.

But it may be more physical to keep some physical quantify fixed while approaching the
free fermion limit. There are two choices: energy density or specific heat density. We can
estimate the energy density of the model in the small o limit. From (5.6) that for each
fermion, its self-energy scales as y/aJ and for boson, it scales as \/La‘] . So the total energy
scales as (v/aN + \/LEM )J ~/MN.J. Then the energy density scales as v/a.J ~ Ay J. If we

fix this energy while reducing Ay the A\, will remain the same. But if we are keeping the

s
specific heat density as constant, then we are keeping ;—3 constant. Because from numerics,
A2
aé ~ A?c, when we reduce Ay while keeping ﬁ—f; constant, Ay ~ ﬁJ—lAf will become larger.

So it seems in our case when we keep the spectral density constant, we can get a smaller

Lyapunov exponent in the free fermion limit. This can be compared with the large ¢ normal
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Figure 5.4: §)\ as a function of « in a log — log plot at % = 100. Blue line is achieved by
the full expression while orange line is obtained by the asymptotic form (5.106).

1

SYK case, where the correction is found to be d\j, ~ 57- The energy density scales as q%, if

we fix this energy while increasing ¢, the correction reduces. The specific heat density scales

1

PR if we fix this scale, the correction increases as we increase ¢q. So we have a similar

as
conclusion in this case.

There is another example in Append.H of Ref. [135], where one can consider a time-
dependent coupling SYK model. The fermion scaling dimension can be tuned by tuning the

time correlation of the coupling. And one indeed finds a non-maximal Lyapunov exponent

with a smaller fermion scaling dimension.

5.3.6 DEPHASING TIME

We adapt the definition from (10.100) in Ref. [170] for the dephasing or relaxation rate:

OGE(w)™t

5 le=0 (5.110)

It =iG"(0)

where G{(w) is the retarded Green’s function at finite temperature. The dephasing time is

defined as the inverse of the relaxation rate. In our model, the fermion and boson Green’s
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function will be

T2+ Ap) T2+ Ay)

GR(w) ~i— . LGERw) ~ — 5.111
Plugging this in (5.110), and in the small A limit
;B y B
o N - (5.112)
¢ Af ¢ Af

Indeed, the dephasing time becomes larger in the free fermion limit, however, we do not see
a clear relation between the decoherence time and the Lyapunov exponent except for the 3

dependence.

5.4 DISCUSSION

In this chapter, we defined an SYK-like model with NV fermions and M bosons. By tuning the
number ratio a = %, we get a continuous set of conformal theories in the low temperature
limit and the scaling dimension depends on the ratio . The free fermion limit can be
approached in the small « limit.

By computing the four-point function from the A = 2 mode and h # 2 modes, we obtained
the out of time ordered correlators and thus exacted out the Lyapunov exponent. The
correction to the maximal Lyapunov exponent became more significant in the free fermion
limit. Physically this means a nearly free system is less chaotic.

The relation to the dephasing time is less clear, although we have computed a dephasing
time proportional to # and becomes larger in the free fermion limit, the coefficient still can
not match the Lyapunov exponent. Actually, there is no unique definition of dephasing time:

there is a different definition of dephasing time from (13.67) in Ref. [170] in the computation

1

of O(N) model, this results in a relaxation rate with a +

prefactor. In Ref. [35], the Lyapunov

exponent is also computed with a % prefactor. However, it is argued that there should be
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O(1) piece in the Lyapunov exponent at low temperature when considering Green’s function

3. There are also other definitions of dephasing time using dc

with anomalous dimension
conductivity or optical conductivity[36, 189], and one obtain the dephasing rate to scale as
T with O(1) prefactor or T* for o < 1, in different models or different regimes. So maybe
Lyapunov exponent is a better scale to characterize the non-fermi liquid nature of phases.
There is another definition of decoherence in Ref.[118], where Kitaev defined a decoherence
factor in a general system which characterizes the difference between the normal OTOC and
the commutator OTOC. There the decoherence factor is related to the correction in the
Lyapunov exponent and can be expressed in terms of the retarded ladder kernel kg, which
is quite like what we have obtained here. The £ is interpreted as the branching time which
characterizes the branching process in the operator evolution under the Hamiltonian. But it
is the brunching for ladders while the traditional definition of dephasing time is more like the

brunching time for single particle (self-energy). We are not sure whether these two physical

processes can be related.

3Private communication with Aavishkar A. Patel
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7 fractionalized phases of a generalized SYK model

6.1 INTRODUCTION

One of the main outstanding puzzles in the study of the cuprate superconductors is the
nature of the transformation in the electronic state near optimal doping. There are numerous
experimental indications that the underlying electronic state changes from a Mott-like state
with a small density of carriers at low doping, to a Fermi liquid-like state with a large density
of carriers at high doping. The most recent indication of this transformation is in the doping
dependence of Hall coefficient [8]. It is also becoming clear that this phenomenology cannot
be described solely in terms of a conventional symmetry-breaking phase transition in the
Landau framework: despite much experimental effort, no suitable order parameter with
sufficient strength has been found near optimal doping. Furthermore such order parameters
are also sensitive to quenched disorder, while the cuprate transition appears quite robust to
varying degrees of disorder e.g. the transformation in the electronic state is seen in STM

experiments in both the ‘2212’ and ‘2201’ series of compounds [63, 97].
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The most promising route therefore appears to lie in investigating non-Landau transitions
which have a ‘topological’ character. Moreover, we need to understand such transitions in the
presence of finite density fermionic matter, and also with quenched randomness. There are
no known theories of quantum phase transitions under such conditions. Solvable examples
in simple limits would clearly be valuable.

In this chapter we propose a solvable t-J model of electrons which exhibits a phase tran-
sition under such conditions. Both phases of our model are deconfined, possessing gapless
fermionic excitations, f, which carry Z, gauge charges. Our model also possesses a bosonic
“Higgs” field ¢, carrying Z, gauge charges, and the electron is a composite of f and ¢. The
Higgs field is gapped in one of the phases, and so is the electron: this phase can be considered
as a toy model for the underdoped cuprates. The other phase has power-law correlations
of the Higgs field: so it is not quite a Higgs/confining phase of the Z, gauge theory, but a
novel ‘quasi-Higgs’ phase with slowly decaying correlations of the Higgs field. The electron
operator in this quasi-Higgs phase has a leading 1/7 decay in imaginary time, as in a Fermi
liquid. We propose this phase as a toy model for the overdoped cuprates.

Our model is a 0+1 dimensional quantum theory, in the class of the Sachdev-Ye-Kitaev
(SYK) models [116, 173]. Although these models do not have any spatial structure, they

exhibit a ‘local criticality” which is interesting for a number of physical questions:

o The SYK models are the simplest solvable models without quasiparticle excitations.
So they can be used as fully quantum building blocks for theories of strange metals

like in Chapter 3 and in [36, 81, 83, 151, 156, 179].

o The SYK models exhibit many-body chaos [116, 135], and saturate the lower bound
on the Lyapunov time of large-N model to reach chaos [136]. So they are “the most
chaotic” quantum many-body systems. The presence of maximal chaos is linked to
the absence of quasiparticle excitations, and the proposed [170] lower bound of order

h/(kgT) on a ‘dephasing time’.
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 Related to their chaos, the SYK models exhibit [88, 149, 180] eigenstate thermalization

(ETH) [50, 181}, and yet many aspects are exactly solvable.

e The SYK models are dual to gravitational theories in 1 + 1 dimensions which have a
black hole horizon. The connection between the SYK models and black holes with a
near-horizon AdS, geometry was proposed in Refs. [168, 169], and made much sharper
in Refs. [116, 119, 137]. Tt has been used to examine aspects of the black hole infor-

mation problem [138].

6.2 MODEL

6.2.1 THE SYK MODEL FROM A t-J MODEL

We model the underdoped state of the cuprate superconductors as a deconfined phase of a
Zs gauge theory [172]. The case which we have found to be most amenable to a SYK-like
description is to represent the deconfined phase as an ‘orthogonal metal’ [146, 167]. In this
description, the electron operator ¢;, (i is a site index, and « is a spin label) fractionalizes
into an ‘orthogonal fermion’, f;,, which carries both the spin and charge of the electron, and

an Ising variable o7:

Cian — O'Z-Z fia . (61)

Note that this decomposition is invariant under the Zy gauge transformation
o; = mio; 5 fia = Nifia; (6.2)

where 77, = +1. We can then set up a t-J model for these degrees of freedom, with a

Hamiltonian like

Hy == ty0i07 fifut S Jufhfifisfia—g3 07 (6.3)
(2]

i>j,00 i
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At large g, the value of o* will rapidly average to zero, and only the J;; term will be active: so
we expect a fractionalized orthogonal metal state in which the o* excitations are gapped, and
the orthogonal fermions f are deconfined. In contrast, at small g, the 0* can condense and
then Z, charges are confined: this would be a conventional state in which ¢ ~ f. Indeed,
a similar transition has appeared in a recent Monte Carlo study on the square lattice at
half-filling, between an orthogonal semi-metal and a confining superconductor or a confining
antiferromagnet [7, 71, 72]. However, as we noted above, the specific model we shall study
here only has a gapless, ‘almost confining’, quasi-Higgs phase.

The model H, is not directly amenable to a SYK-like large N limit. However, it does
become so when we promote the Z, Ising spin to an O(M’) quantum rotor [166, 193], ¢,,

p =1... M which obeys the constraint
M/
> o =M. (6.4)
p=1

As in Ref. [166, 193], we expect that this promotion from Ising to large M’ rotors does not
modify the universal critical properties. To obtain a suitable large M limit, we also promote
the spin index « = 1... M to a SU(M) spin index (as in Ref. [173]). For this purpose, we

introduce an orbital index, p, and fractionalize the electron as

Cipa, = ¢ipfia7 (65)

so that

under the Z, gauge transformation. Then we obtain the final Lagrangian of the ¢-J model
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Figure 6.1: The interaction vertices in £. The full lines are f fermions, and the dashed lines
are ¢ bosons.

to be solved in this paper:

_ ! 2 (2 )y
£ = gY@ Ll (g e do

i70ipGip S fie + > Tt fisflstia (6.8)

Pk o
NM , NM =,

1,J,p,

where the site indices ¢,5 = 1... N. With ¢;; and J;; independent random numbers with
zero mean, we will show that this Lagrangian is solvable in the limit of large number of sites,

N, followed by the limit of large M and M’ at fixed

Il
B

(6.9)
For our future diagrammatic analysis, we represent the interaction vertices in £ in Fig. 6.1.

6.2.2 THE LARGE N LIMIT

To take the large N limit, we average over t;; and J;;, with [¢;;]> = t?/2 and J_fj = J?. As

usual, everything reduces to a single site problem, with the fields carrying replica indices.
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However, for simplicity, we drop the replica indices. Then the single-site Lagrangian is

_ 1 2, / 0
= 9y 20 i (§¢§—M>+;fi (E—M)fa

(6.10)
- tM ) / Mt B (5~ 0,010y 11D )

(6.11)
B zjm 25: /Ol/T drdr' Q(r — ) fL(7) fa(r) fH () fulT) (6.12)

where T' is the temperature and A is the Lagrange multiplier imposing Eq. (6.4). More
precisely, as in Ref. [173], decoupling the large N path integral introduces fields analogous to
R and @ which are off-diagonal in the SU(M) and O(M’) indices. We have assumed above
that the large N limit is dominated by the saddle point in which these fields are SU(M) and
O(M') diagonal. This requires that the large N limit is taken before the large M and M’

limits. This procedure supplements the Lagrangian with the self-consistency conditions

R —7) =~ S (60)on(r) L fulr)
§ (6.13)
Qr—7) = 15 SR B L)) (6.14)
a,B
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It is convenient to rescale ¢, — |/g¢, so that the Lagrangian becomes

1 , M’ 0
L = §Z(aT¢p)2+M (ng)ﬁ—?) +za:fl (E_“> fa

(6.15)
72 1/T
ST N R R L TN OV OOV ACY
| (6.16)
J2 1/T ) o . /
oM — J; drdr'Q(1 — 1) fo(T) f(7) f3(T") fa(T') (6.17)

where ¢ = tg.
Next we take the large M and M’ limit at fixed k = M/M’. Note that the large N
limit has already been taken. By this sequence of limits we obtain for the fermion Green’s

function, G, and the ¢ correlator x

1

G(iw,) = ot g =S X(r) = —J2G2(T)G<—T) + /{’{QG(T)Xz(T) (6.18)
. 1 ~
X (twy,) R X(Tl = Pl & Pl =0) P(r) = =2t*G(7)G(—T1)x(7)6.19)
where

i\ =xy" + Pliw, = 0) (6.20)

is the saddle point value of ¢\. Note that we have introduced notation so that

X (iwn = 0) = X0, (6.21)

is the static ¢ susceptibility. Formally, the value of xq is to be determined by solving the

constraint equation Eq. (6.4):

T X(iwn) = L (6.22)

9

In practice, we will treat the value of xo as a parameter that can be tuned to access all
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Figure 6.2: Feynman diagrams for the self energies of the fermions and bosons in Egs. (6.18)
and (6.19). The sum over the internal site index j yields a factor of N. The sums over the
loops of SU(M) spin indices o and [ yield factors of M. The sum over the loop of the O(M’)
index p yields a factor M’.

the regions of the phase diagram, and use Eq. (6.22) to determine the value of g. This is
convenient because the coupling g does not appear in any of the other saddle-point equations
(after our definition of ). Finally, the results as a function of y, will be recast as functions
of g. We note that the large N equations in Egs. (6.18) and (6.19) can also be derived
diagrammatically, as illustrated in Fig. 6.2.

Coupled equations of Green’s functions of bosons and fermions have been considered previ-
ously in a supersymmetric model as in Chapter 4, but the present equations have a different

structure. The supersymmetric model has a single boson field coupling to fermion compos-

ites, while Zs gauge invariance of our model requires that pairs of bosons couple to fermions.

6.2.3 GAPLESS SOLUTIONS

First, we search for solutions of Egs. (6.18), (6.19), and (6.22) in which both the fermions

and the bosons are gapless. In our initial analysis, we will work on the imaginary frequency
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axis at T = 0. The extension to T' > 0 appears in Section 6.2.4.

For the gapless solutions, we make the ansatzes valid as 7 — oo at T'= 0

G(r) = —sen(n) o

(6.23)

C/J

x(r) = TN (6.24)

where ' > 0 and C > 0, and they are both dimensionless. The Fourier transforms at 7' = 0

are

: : F/J*s
Gliw) = —2i sgn(w)|w|/l—mf cos(mAf)I'(1 — 2A¢)
(6.25)
. C/J25
x(iw) = 2|£|1—2Ab sin(mAp) (1 — 24A,) . (6.26)
From Eq. (6.18) and (6.19), the self energies are
J2FS kt2FC?/J?
2(7') = —sgn(T) ((J‘TDGAJ‘ + (J‘T|)2Af+4Ab>
(6.27)
2t2F2C/J
P(r) = T (6.28)
and their Fourier transforms are
J276AfF3
(6.29)
k tN J2 2J2—2Af—4AbF02
(t/ |L|1—2Af—4Ab cos(w(Af + 2A,))I(1 — 20 — 4Ab))
(6.30)
' T/ J2)2 34020 20y
Pliw) — N ,)w,l_mf—mb sin(m(28, + Ap))T(1 — 44, — 2A,) . (6.31)
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From Eqns (6.26) and (6.31), and using G(iw)X(iw) = —1 and x(iw)P(iw) = —1 in the limit

of low w, we see that solutions are only possible when

Ap+A0,=1/2. (6.32)

Further examination of the saddle point equations shows that two classes of solutions are
possible, depending upon whether Ay > 1/4 or Ay = 1/4. We will examine these solutions

in the following subsections.

Af > 1/4

In this case, the first term in ¥(iw) in Eq. (6.31) is subdominant and can be ignored. Then

the Schwinger-Dyson equations simplify

~ 47 cot(mAy)
k(i) PR ————L = 1
@).7%) 30,
(6.33)
~ 21 cot(mA
(@2 pe 2 etTay) (6.34)
Ag
These equations are consistent only if we choose the scaling dimensions
1 k
Ay=—— Ay = ———. 6.35
T2 0 TP 2(k+2) (6:35)
Note that Ay > 1/4 requires k < 2. So the exponents are limited to the ranges
1 1 1
- <A = 0< Ay <—. 6.36
1 <Ar<s5 <Ay < (6.36)

The above analysis of the low w limit of the saddle point equations does not determine
the values of F' and C' separately, only the value of their product C'F'. So we expect that the

A¢ > 1/4 solution defines a phase which extends over a range of value of g.
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Ap=2Ay=1/4

Now both terms in 3 in Eq. (6.31) have the same frequency dependence, and so both con-

tribute to the low w limit. The Schwinger-Dyson equations now become

4 TN 2 2 i
Fi 4+ b(f/ PP =
(6.37)
TN 2 2 i
(I PPCPF = (6.38)

These can be solved uniquely for both F' > 0 and C' > 0 provided again k& < 2. The
existence of unique low w solution with these exponents indicates that Eq. (6.22) will yield
only a particular value of g. We will find that is the case in our numerics, and this solution

appears to describe a critical point between our Ay > 1/4 gapless and gapped phases.

6.2.4 NON-ZERO TEMPERATURES

It turns out that a 7' > 0 conformal extension of the above gapless solutions satisfies the
saddle point equations in Egs. (6.18) and (6.19) at 7" > 0, just as was noted in Refs. [151, 169].

From Eq. (6.24), the conformal extension is

i o 204
G(r) = —Sgn(T)JQAf (\sin(ﬂTT)’)
(6.39)
C 7TT 2
X(1) = J2A,+1 <|Sin(7TTT)‘) ’ .

But, we also have to verify that the Eq. (6.22) yields the same value of g as at T' = 0.
The frequency summation in Eq. (6.22) is dominated by high energies, and we don’t expect
significant change in the spectral weight at such frequencies at a small 7" > 0. So we need only
examine the low frequencies in Eq. (6.22), in which case we can use the conformal solution.

To focus on low frequencies, we subtract Eq. (6.22) between its 7= 0 and T > 0 values, and
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regulate the higher frequencies by inserting a point-splitting 7. Then the requirement that

the value of g is the same at 7" = 0 and in the conformal solution is

lim [x(7,T) — x(, T =0)] =0 (6.41)

T—0

It is now easy to verify that Eq. (6.40) does indeed satisfy Eq. (6.41).

Taking the Fourier transform of Eq. (6.40), we have the low w gapless solution as a function

of wand T
: T2 (A o
. FIIEA)) 1+ o7
G(iw,) = |—i :
L Y (e 2
I onT
P 20, —1 Wn
X n - J2Ab+1 F(l—A+ wn> :
- " onT
where
II(s) = 7*7'2% cos (7%9) F(1—s) , I(s)=7"""2°sin (%S> I'1—s) (6.43)
From Eq. (6.21), we therefore obtain the T-dependence of the static susceptibility
CTI2A0)T(As) | 28,1
= T2, 44
X0 J20FIT (1 — A) (6.44)

The susceptibility must have this 7" dependence at low T to keep ¢ fixed while T" varies.

6.2.5 GAPPED BOSON SOLUTION

Now we search for a possible solution of Eqs. (6.18) and (6.19) with a gap in the boson

spectrum at 7' = 0. With an energy gap, m, from Eq. (E.10) we can conclude that the boson
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Green’s function decays exponentially at long times. So we write

B/J

—mlr| 1 T=0 6.45
<J|T|>ﬂ/€ 9 |T’ >> /m7 ) ( )

X(1) =

parameterized by the gap m, the exponent v and the dimensionless prefactor B. From the
spectral analysis in Appendix E.1 we conclude that the boson Green’s function x(z) has
branch cuts in the complex frequency plane at z = +m. At z = m, the singular (non-
analytic) part of x(z) is

7B iJ
() (z—m)tr

Xsing (2) z~m (6.46)

With a gap in the boson spectrum, Eq. (6.18) imply that we can ignore the boson correlator
in the determination of the fermion spectrum at small w. Indeed, the fermionic component
of the equations are the same as those in Ref. [173], and so we have the same gapless solution

1.€.

A T 1/2 1
G(1) = —sgn(7) NiE <| sin(7rT7)|> , A= )7 (6.47)

From Eq. (6.19) we can then obtain the long time behavior of the boson self energy

2A2 B2 1
P(r) =

—mir] I/m, T=0. 6.48
J (J’TD1+,Y€ Y |T| >> /m’ ( )

From the analysis in Appendix E.1, as for Eq. (6.46), we conclude that P(z) has a branch

cut in the complex frequency plane at z = +£m with singular part

_ 21A’BE i(z —m)
T +y) D ’

Psing(z> Z ~1m (649)

Comparing Egs. (6.46) and (6.49) with the Dyson equation in Eq. (6.19), it is not difficult
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to see that a consistent solution is only possible if
—m?>+x;' — P(z=m)+ P(z=0)=0 (6.50)

and the exponent

1
S 51
=3 (6.51)

The dimensionless pre-factor B is also determined to be

(t/J?)2A’B* = 4i : (6.52)

™

6.3 RESULTS

6.3.1 COMPOSITE OPERATORS
A OPERATOR

Now we consider the structure of fluctuations about the saddle point solutions described in
the previous sections. First, we focus only on the fluctuations of the Lagrange multiplier
field \; about the saddle point value in Eq. (6.20). This field represents the ¢* operator
[161], and so its scaling properties are important in determining the manner in which the
gap in the ¢ spectrum opens up [161], as we will discuss in Section 6.3.2.

We write

iXi = Xg + Pliw, = 0) + i\, (6.53)

and then determine the effective action for \; fluctuations to leading order in large N and
large M, after integrating out the f and the ¢ fields. The diagrams that contribute to this

effective action are quite complicated and readers may refer to the original paper for more
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details. In summary, the diagrams lead to an action of the form

Sy = TJQWI Z Ai(wn) (HéjWn) + T (wn) ) Aj(—wn) - (6.54)

Wn,8,J

Where we denote the bubble diagrams by IIY, which is diagonal in site index (i.e. IIJ =

[1p6*) and yields (in time domain):

o(7) = i =22 o= [x(0)? (6.55)

where x(7) is given by Eq. (6.24). We use IT? to represent ladder diagrams with external
indices ij. In general, we expect the matrix Hilj has permutation symmetry of the indices,
which constrains the form of IT¥ to be a matrix with identical diagonal elements and identical
off-diagonal elements, i.e. there are only two free parameters. Such matrix admits one
eigenvector that is uniform in site index with eigenvalue (IT# 4+ (N — 1)II7) and (N — 1)
non-uniform eigenvectors with eigenvalue (II# — I17). We are interested in the site-uniform

mode, whose eigenvalue for the whole kernel including the bubble term can be written in

the following symmetric way:
I + 105+ (N = DI =Tl + an (6.56)
ij

We denote the second term by II; := % > ; Hij , which requires evaluation of multiple infinite

series of diagrams; they yield the result:

I, (1) ~ % <1 - (bng—WlTW> To(7) . (6.57)

which is proportional to ITy(7) with a small (log A|7|)™2 correction. Therefore we have the
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correlator for the site-uniform X fluctuation

B . 1
MmN =wn)) = S o T @)

(6.58)

Limiting ourselves to the A, = 1/4 critical state, to leading log accuracy at low frequency,

this propagator is dominated by the Fourier transform of Ily(7) ~ 1/|7|, which yields

_ ZWT 1
d, )
IO}~ [ o~ (6:59)

with ¢ = 1/(In(A|7])). So we can write the scaling dimension [A\] = (1 + ¢€)/2, with ¢

representing logarithmic corrections to scaling.

ELECTRON OPERATOR

From the definition of the electron operator in Eq. (6.5), we have to leading order in 1/N

for the electron Green’s function, G,

Ge(r) = G(T)x(7)

(6.60)

FC
J2|7]

= —sgn(7) (6.61)

where we have used Eq. (6.24) and the exponent relation in Eq. (6.32). Note that Eq. (6.32),
and hence Eq. (6.61), hold for the both the gapless solutions in Sections 6.2.3 and 6.2.3. As
was the case for the A fluctuations discussed above, additional contributions to Eq. (6.61)
from ladder diagrams only yield off-site terms which are suppressed by 1/N. So Eq. (6.61)
is exact to leading order in the large N limit of this paper.

It is remarkable that G.(7) has the same form as that in a Fermi liquid state. This
can be seen to be a consequence of the relevance of the hopping, ¢, which moves single

electrons between sites. However, it is important to note that despite the Fermi liquid
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form in Eq. (6.61), the states under considerations are not Fermi liquids: their elementary

excitations are the fractionalized f and ¢ excitations, which carry anomalous exponents.

6.3.2 NUMERICAL RESULTS

We now present numerical tests of the solutions of Eqs. (6.18) and (6.19). These go beyond
the low frequency analytical analyses of Sections 6.2.3 and 6.2.5, and include all frequencies.
There are no ultraviolet divergencies, and so the solutions depend only upon the parameters
in the Lagrangian.

Our numerical strategy was to pick at first the values of the parameters ¢ and J, and then
make a choice for the boson susceptibility at zero frequency, xo. Then we iterate Eqgs. (6.18)
and (6.19) until the solution converges. Finally, we insert the solution in Eq. (6.22) and
determine the value of g. So we determine g as a function of x, rather than the other way

around.

J=1%{=1k=1T=0.005 J=1%{=1k=1T =0.005 g ~0.8077

Xnum

— — Xgapless

—— Gnum
——G

(|
04 ft
]
]

|
[
1
[
|
I

gapless

05 1 1 1 1 1 1 0 1 L 1 1 1 1
4 5 6 0 1 2 3 4 5 6

Figure 6.3: The numerical results for G(7) and x(7) at the gapless phase are shown in solid
lines for J =1,t =1, k=1, T = 0.005 and g ~ 0.8077 (the input xo ~ 53.6). The gapless
conformal answers for G and x are plotted in dashed lines with the values from Eq. (6.35),
Ay =1/3, Ay = 1/6. The prefactor C is determined by (6.44) with A, = 1/6, then F is
determined by (6.34).

First, we examined the gapless solutions, with the input xq, the conformal solution pref-
actor is determined by (6.44). A solution with Ay > 1/4 is shown in Fig. 6.3. In this case,

at any finite temperature, although the prefactor equations (6.34) from the saddle point
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equations do not determine the prefactors F' and C' separately, but the matching condition
(6.44) determines them. We can think about it this way: different x, results from different
g and it determines different F' and C. So such a gapless solution can be obtained for a
range of values of g at a fixed Ay. And at zero temperature, when y, diverges, we cannot

determine F' and C separately. Thus this gapless solution defines a critical phase.

J=1%=1k=1T=0.005 J=1t=1k=1T =0.005 g. ~1.133

08 — Xnum
— — Xerit

| 0.4
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o
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o
—

=

03ry //g

. .
3 4 5 6 0 1 2 3 4 5 6
2nT'T 2nTT

Figure 6.4: The numerical results for G (1) and x(7) at the critical phase are shown in solid
lines for J =1,t =1,k =1,T = 0.005 and g. ~ 1.133 (The input yo ~ 18.6 can be obtained
from (6.44) with A, = 1/4). The critical conformal answers for G and y are plotted in dashed
lines.

Next, we examined the gapless solution with Ay = 1/4 in Fig. 6.4. In this case, the
saddle point equations determine F' and C' separately in the prefactor equations Eq. (6.38).
For each value of ¢, J, k and T, the critical susceptibility is determined by (6.44), thus it
determines an unique g..

We also examined the T dependence of y, ' predicted by Eq. (6.44). We choose different
values of T" with other parameters fixed, and found a T-indpendent value of g. This confirms
the analysis in Section 6.2.4 on extending the 7" = 0 gapless solution to nonzero 7'

Finally, we examined the gapped boson solution of Section 6.2.5 in Fig. 6.5. The normal-
ization constant for the fermion conformal answer is defined in Eq. (6.47). Again we find
good agreement between the numerical solution and our analytic form. We also computed

the high temperature expansion in Appendix. E.2 and find qualitative agreements when
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Figure 6.5: The numerical results for G/(7) and x(7) at the gapped boson phase are shown
in solid lines for J =1,t =1, k =1, T = 0.005 and g ~ 1.149 (The input xo =~ 6.6). The

critical conformal answers for G from (6.47) is plotted in dashed line.

computing g.

0.9 : : : e
107

Xo!

Figure 6.6: The numerical results for g as function of x,* for various values of the parameter
kat J=1,¢t=1and T = 0.005. The critical g, is shown in dashed line. For k < k, ~ 0.9
the critical point is located inside an unphysical domain, which means that the critical phase
is absent and there is first-order phase transition.

Now we turn to determining how the various solutions fit together in a phase diagram as
a function of k and g. We set ¢ = J = 1 in this analysis. As our independent parameter is
Xo, and not g, we show in Fig. 6.6 the value of g determined from Eq. (6.22) as a function of

Xg ! for various values of k. The values of ;' corresponding to Eq. (6.44) at A, = 1/4 yield
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the value of g. for each k: this is plotted as the dashed line. The most notable feature of
Fig. 6.6 is the non-monotonic dependence of g on x;' for certain k. This implies that for a
given ¢ there are multiple solutions of the saddle point equations in Eqs. (6.18), (6.19), and
(6.22) corresponding to the different solutions for the value of yo. To distinguish between
the solutions, we have to evaluate the free energy of each solution and pick the one with the
lowest free energy. We have not carried out this evaluation, and so are unable to determine
the precise location of the transition between the gapless and gapped solutions. In any case,
we can conclude that there is a first-order transition from the gapless to the gapped solution
when g is a decreasing function of y;' near g..

On the basis of the above analysis and Fig. 6.6, we assemble the schematic phase diagram
in Fig. 6.7. The gapless phase with Ay > 1/4 is separated from the gapped boson phase by
either a first-order or a second-order phase transition. For the latter case, the critical state

is described by the Ay = 1/4 solution described in Section 6.2.3.

g

Gapped boson
Ar=1/4

Gapless boson
Gapless boson 21’ - 1/4
‘quasi-Higgs’ r=1/4

Ay =k/(2(k+2)) < 1/4
Ap=1/(k+2)>1/4

2k

Figure 6.7: Schematic phase diagram. The fermions are gapless in all phases. The thick line
indicates a first-order transition, while the thin line is a A, = Ay = 1/4 critical state.
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6.3.3 SMALL GAP SCALING

We now examine the nature of the scaling properties of the gapped side of the second-order
transition in Fig. 6.7. On general grounds, we introduce the exponent z by assuming that

the boson energy gap, m, vanishes as
m~(g—g.)° , T=0, (6.62)

As the energy gap appears from a ~ ¢? perturbation of the critical theory, we expect that
the scaling dimension of ¢? is related to z via [¢?] = 1—1/z. On the other hand, as explained
in the context of the Wilson-Fisher CFT in Ref. [161], in the large M expansion [\ = [¢?]
and so

N =1-2 (6.63)

z

We examined the scaling dimension of A in Section 6.3.1, and found that [A\] = (1 +¢€)/2,
with e representing logarithmic corrections to scaling. So z = 2(1 + ¢).

From our numerical solutions, it turned to be difficult to obtain accurate values of the
boson gap, m, to test the above scaling predictions. So we employed an alternative method,
which examined the full functional form of the boson susceptibility x(7). From the struc-
ture of the gapped solution in Eq. (6.45) we can expect a scaling solution for the 7" = 0

susceptibility of the form
m

x(7) = (ﬁ>1/2 O, (m7) (6.64)

for some scaling function ®;. Clearly, Eq. (6.64) is compatible with the long-time limit
in Eq. (6.45). Then integrating Eq. (6.64) over 7, we obtain the divergence of the static

susceptibility as the gap, m, vanishes

xo~m V2 T =0. (6.65)
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For a second-order transition to a gapless phase, with the critical point described by the
Ay = 1/4 solution in Section 6.2.3, Eq. (6.44) implies that the static susceptibility behaves
as

xo~TV2 . m—0. (6.66)

Combining Egs. (6.65) and (6.66), we propose the scaling form
Xo =T Y2®,(m/T). (6.67)

In our numerical solution, Eq. (6.67) is difficult to test directly because we treat x, as an
independent parameter and compute m and ¢, and also m is only defined at T = 0. As
we can also measure the deviation from criticality by x;*, we can combine the scaling in

Egs. (6.62) and (6.67) to write
9= 9. =T 03007 9> ge, (6.68)

where ®3 is another scaling function. Eq. (6.68) is now expressed in a form which is adapted
to our numerical approach: we pick the values of xo and T, and compute g. Also, we can
compute the value g. by requiring that Eq. (6.68) be compatible with Eq. (6.44) i.e.

CTI(1/2)1'(1/4)

$3(x) =0at x = 2T (3/4)

(6.69)

We show tests of the scaling in Eq. (6.68) in Figs. 6.8 and 6.9. We find that scaling as a
function of yoT/? is extremely well obeyed, confirming that the critical state is described by
Ay = A, =1/4"1. Specifically, we verified that at g = g., the right hand side of Eq. (6.68)
was T independent as T was varied while keeping xo7"/? fixed.

On the other hand, scaling with (g — g.)/T"/* yields variable values of z depending upon

'We also examined the first order transition region and did not find scaling behavior, as expected
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Figure 6.8: Tests of the scaling in Eq. (6.68): numerical plots for (g — g.)/ T as a function
of yoTV?at J=1,t=1and k=1, k=15 and k = 1.7. We see that at z = 0.75, z = 3.1
and z = 5.6 all lines almost exactly overlap, as expected in the critical region.

the value of k, and of the window of parameters used for the scaling plots, as is apparent
from Fig. 6.8. We generally obtained values of z > 2, except at values of k near the onset
of the first order transition. Fig. 6.9 shows that scaling with z = 2 yields reasonable data
collapse, with deviations which appear to be within the range of logarithmic corrections
described in Section 6.3.1. However, data collapse could be improved with larger values of
z especially by focusing on values of g very close to g.: it does not appear these large and
variable values of z are meaningful. More precise tests of the nature of the phase transitions
requires a detailed knowledge of the structure of the logarithmic corrections, which we have

not computed here.
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Figure 6.9: The same plots as in Fig. 6.8, but now scaled with z = 2.

6.4 DISCUSSION

This chapter has presented an exactly solvable model of fractionalization in metallic states in
the presence of disorder and interactions. We considered a t-J model in which the electron, c,
fractionalizes into a fermion f and a boson ¢ both carrying Z, gauge charges. As the fermions
f carries both the global U(1) charge and SU(2) spin of the electron, these fractionalized
phases can be considered as realizations of the ‘orthogonal metal’ of Ref. [146].

The phase diagram of our model is schematically presented in Fig. 6.7. There are two
extended phases, separated either by a first order transition, or a critical line.

In one phase, the boson ¢ is gapped, while the fermion f is gapless. This implies that the
electron ¢ ~ f¢ also has a gapped spectral function. On the other hand, thermodynamic
properties are largely controlled by the gapless fermions. We propose this gapped boson
phase as a toy model for the pseudogap regime of the cuprates.

In the other phase, and also on the critical line, both the fermions and bosons are gapless,
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and decay with time as |7|7227¢, where the values of the exponents are specified in Fig. 6.7.
In a Higgs phase, in which the Zy charges are confined, the boson correlator would decay to
a non-zero constant. As the boson decay here is a power-law in time, we labeled this phase
as a quasi-Higgs phase.

One of the most interesting properties of the quasi-Higgs phase follows from the exponent
identity in Eq. (6.32). The Green’s function of the electron operator, ¢, decays with time
as 1/7 (Eq. (6.61)), which is the form of the local Green’s function in a Fermi liquid. This
result is a consequence of the relevance of the hopping term, ¢, in the Hamiltonian which
transfers single electrons between sites. Unlike previous SYK models, the present model
balances the hopping (t) and interaction (J) terms against each other, rather than one of
them dominating; this leads to the Fermi liquid form of the one-electron Green’s function.
However, despite this form, most other properties are not Fermi liquid-like e.g. the spin
susceptibility is dominated by the response of the f fermions which have an anomalous
scaling dimension A;. These intriguing properties are suggestive of the overdoped regime of
the cuprates, where there are indications of an extended non-Fermi liquid regime, although
photoemission indicates a well-formed large Fermi surface [23, 38, 134, 160].

Extending our toy model to a more realistic model of the cuprates requires introducing
spatial structure and examining transport properties. A number of methods of doing so have
been introducing recently, like in Chapter 3 and in [36, 81, 83, 156, 179] for the SYK model,
and it would be interesting to apply these, or others, to models similar to the one presented

here.
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A.1 SYK MODEL FOR BOSONS

Now we consider a ‘cousin’ of the present model: SYK model for hardcore bosons. The
bosonic case was also considered in the early work [73, 74, 151, 173] but with a large number
of bosons on each site. It was found that over most of the parameter regime the ground
state had spin glass order. We will find evidence of similar behavior here.

The Hamiltonian will be quite similar as Eq. (2.1), except that because of the Bose statis-
tics now the coefficients obey

*
iz = Jig g = Jijw Iy = S (A1)

1,

Hardcore boson satisfies [b;,b;] = 0 for i # j and {b;,b/} = 1. Also to make particle-hole
symmetry (2.39) hold, we only consider pair hoping between different sites, 7. e. site indices

1,7, k,l are all different, and we drop the normal order correction terms. The spin formalism
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in ED will be even simpler, as we do not need to attach a Jordan-Wigner string of o,:
by =0;, b =0 (A.2)
We can define a similar Green’s function for bosons:
Gp(t) = —if(t)({b(1),5'(0)}) (A.3)

We identify the infinite time limit of Gp as the Edward-Anderson order parameter qga,

which can characterize long-time memory of spin-glass:
qea = lim Gp(t) (A.4)
t—o0

Then gga # 0 indicates that Gp(w) ~ §(w). This is quite different from the fermionic case,
where we have Gr(z) ~ 1/4/z; this inverse square-root behavior also holds in the bosonic
case without spin glass order [173]. Fig. A.1 is our result from ED, with a comparison
between G g with Gr. It is evident that the behavior of Gg is qualitatively different from
Gr, and so an inverse square-root behavior is ruled out. Instead, we can clearly see that,
as system size gets larger, G g’s peak value increases much faster than the Gr’s peak value.
This supports the presence of spin glass order.

Unlike the fermionic case, P? = 1 for all N in the bosonic model. We can apply similar
symmetry argument as in Ref. [196]: for the half-filled sector (only in even N cases), the
level statistics obeys the Wigner-Dyson distribution of Gaussian orthogonal random matrix
ensembles, while in other filling sectors, it obeys distribution of Gaussian unitary random
matrix ensembles.

Our thermal entropy results for bosons are similar to the fermionic results: although the
entropy eventually approaches 0 at zero temperature, there is still a trend of a larger low

temperature entropy residue as the system size gets larger.
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Figure A.1: Imaginary part of Green’s function for hardcore boson and fermion model. The
peak near the center gets much higher in the boson model when system size gets larger. The
inset figure is zoomed in near w = 0.

We have also computed the entanglement entropy for the ground state of the hardcore
boson SYK model. It still satisfies volume law, and the entanglement entropy density is still
quite close to In2. Finally results for the OTOC are qualitatively similar to the fermionic

results.
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B.1 SADDLE POINT SOLUTION OF THE SYK MODEL

We follow the condensed matter notation for Green’s functions in which

G(r) = —(T-(f(7)£1(0))). (B.1)

It is useful to make ansatzes for the retarded Green’s functions in the complex frequency
plane, because then the constraints from the positivity of the spectral weight are clear. At

the Matsubara frequencies, the Green’s function is defined by

yr
G(iw,) = /0 dre*“""G(T). (B.2)
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So the bare Green’s function is

_ 1
Go(iw,) = P (B.3)

The Green’s functions are continued to all complex frequencies z via the spectral represen-

tation

G(z) = / T8y (B.4)

T z—K

—00

For fermions, the spectral density obeys
p(§2) >0, (B.5)

for all real © and T. The retarded Green’s function is G¥(w) = G(w + in) with n a positive
infinitesimal, while the advanced Green’s function is G*(w) = G(w — in). It is also useful to
tabulate the inverse Fourier transforms at 7' = 0
< dQ
—/ —p(We ™ | forT>0and T =0
0

T

G(r) = 40 . (B.6)
/ — (=) |, fort<0and T =0
o T

Using (B.6) we obtain in 7 space

—CT(QA) sin(r4 +6) , fort>0and T =0
7r|T]24
G(r) = OT(OA) sin(n A — 8 . (B.7)
(24)sin(rA — 0) , forr<0and T =0
m|T]2A

We also use the spectral representations for the self energies

5(2) = /Oo o) (B.8)

T z—f)

o0
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Using (B.7) and (6.38) we obtain

nJ?q cT2A)] a/2 ¢ a/2-1 | (y12A(g—1)—1
o) TE—TD [ = ] e O e ST o B.9)
nJ?q CT'(24) a1 sin(r 9271 [Gin (r A — GYY2 |2 -1~ or
F(2(q—1)A)[ = } [sin(mA + 0)] [sin(rA — 6)]"" Q] , for <0

Now from (3.6) we have in the IR limit

1 .
Y(2) —p= —Eel(ﬂAM)z(l’zA). (B.10)
So comparing (B.9) and (B.10), we have the solutions in Eqs. (3.4) and (3.9), provided

Y(2=0)=pat T =0 ][173].

B.2 KERNEL AND SPECTRUM
We will work at zero temperature, then the conformal Green’s function is

—sgn(7)(a1 + ag) — (g — ) CT(2A) 1
2 T |

Go(7) = (B.11)

with
a;p =sin(7A+0) |, ay=sin(7A —0) (B.12)

and the coefficient C' is specified in Eq. (3.9).
We now consider the fluctuations above the saddle point where we can find the form of

the kernel. We make the expansion

G(Tlg) = Gs(Tlg) + (SG(Tlg), 5G(7'12) == [—GS(Tlg)GS(Tgl)]iq/él Gs(Tlg)g(Tlg) <B13)

Y(12) = Bs(T12) + 0X(112), 0X(m12) = [—GS(Tlg)Gs(Tgl)]q/4 Gy(T21) to(T12) (B.14)
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Then the effective action can be expanded to the second order in g and o

Scff [g, U] 1 X 2
= =3 D (Geb%(iw,)) (B.15)

qJ? J?

— /d7'1d7'2 [9(7'12)‘7(7'21) + T(g —1)g(m12)* + %gg<7'12)9(7'21)] (B.16)

Integrate out o field, we obtain

Seff [g] — q_‘]2
N 2

/ d'7g(m12) [f?(ﬁ,@; o, m) L — (% —1)3(713)8(74) — 35(714)5(723)} (734)

(B.17)

where

K (11,793 73, 74) = —qJ% [=Go(12) G (120)] 7471 Gy (721) G (752) G (114) G (Ta3) [— G (734) G (743)] /4"
(B.18)

Now we want to diagonalize the kernel matrix in the conformal limit with symmetric and

anti-symmetric functions, so we divide g into two parts:

9(m12) = gs(712) + ga(T12) (B.19)

where g5(712) = gs(721) is the symmetric part and g5(712) = —ga(721) is the anti-symmetric

part. Then the § function part contribution become

(@~ 1g(ra)? + Lo(ra)a(ran) = (4~ Dgs(ra)? — ga(ia)® (B.20)
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The kernel can be expressed as

K (11, 70573, 71) = —q.J* (%0‘1%) a 1712|11‘4A |Tg4\11_4A
A R
[—sgn(732) (1 + ag) — (g — )] h’szﬁ
[—sgn(714) (1 + ag) — (g — )] Wﬁ

[—sgn(743)(ay + as) — (a1 — az)] W% (B.21)

We consider the action of the kernel matrix on symmetric function % and anti-symmetric

T34
sgn(734)

function
|7—34 | 1—h

. The overall pre-factor is

D(2A)D(2 — 2A) 1

B 1672 a0y (B-22)
To perform the matrix action, we need to introduce the functions
cr(A) = 2icosmAI'(1 — 2A), ¢(A) = 2sin (7A)[(1 — 2A) (B.23)
It appears in the Fourier transform of a symmetric/anti-symmetric scaling function:
/dTe"WS‘gTITgZ) = c;(A) sgn(w)|w|?* 71, /dTei‘”wle = cp(A)|wA ! (B.24)

For example, if we consider choose the (o — aq) part from the last three lines of (B.21) and

use symmetric base, then we need to evaluate an integral

11 1 oAV o(l-A-F) 1
—(ag — aw)? | drsd = (1 — )’ 2
(a1 = a2) / & T4|732|2A |14 |2 734|250 (1= a2) (A —13) 122370
(B.25)
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1 sgn(734)
[T3a| 17 [raa|t P

Then the kernel matrix under the base ( )T can be expressed as

—A(a; —ag) + B(ag + ) —X (a1 —ag) + Y (g + az)

(B.26)
Alay + as) — Blan — aw)  X(a1 + as) — Y(ay — as)
where
L, Cf(A);(Ebil_— %A) —3) (a1 — az)(as + a2)?]
. 2cb<A>cfibA<>Acf£1%—) 279 [ (o — as)(an + )]
cb(A);c(b(Al_— ; =) oy — a)? (B.27)
. Cfm)j:&l_— ]ﬁ —5) (o + az)]
2 2EIUTOL2 D) o e =]
" Cb(A):((Al - ; =2 [ + ) - ] (B.28)
. _cf(A);C(bil_—%A) —3) [ (on + 2)°]
oI 2 D [+ o - )
B cb(A)Z:;(Al_—%A) —3) — (a1 + as) (1 — a)?] (B.29)
. _Cf(A):(fg_— %A) = 5) [ (ay — as)(os + 0]
R 2 [ (o~ ao)on + o)’
B Cbm)z:gil_— hA =9 [ () - a)] (B.30)

In the simple case, when 6§ = 0 as in Ref.[25], the matrix becomes diagonal, and it reduces
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to
shalh,A) ! (B.31)
0 —kg(h, A)
where
ka(h, A) = %r (é AQA;) (2A — WYT(2A + h — 1)(sin wh — sin 27A) (B.32)
ks(h, A) = %?g —Z ;r(m ~ W)T(2A + h — 1)(sin wh + sin 27A) (B.33)

The subscript "A” and ”S” correspond to anti-symmetric (symmetric) G (gs) and symmetric
(anti-symmetric) 0G (ga). In this case, the symmetric and anti-symmetric fluctuations

decouple:

Sl = 2 [ gl = 1) [rea(h )7 1] +gara)? [hs(h, 2 +1] - (B34)

One can show that the corresponding zero mode is h = 2 for k4 and h = 1 for kg. In the

more general case, when 6 # 0, we have for h = 2, the kernel reduces to

~ 1 —2csc(2mA)sin (260 ~ 1 2csc(2mA)sin (20
K(h:2,A):71AA () sin (20) = Kh=2A)"=(¢—-1) (2m)sin (26)
N 0 1 0 1

(B.35)

For h = —1,

~ A 1 0 ~ 1 0

K(h=-1,A) = —% = Kh=-1L,A)"=(¢g-1)

N —2csc(2rA)sin (20) 1 2csc (2rA)sin (20) 1

(B.36)
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For h =1,
~ 1 0 ~ 1 0
K(h=1A)=— = Kh=1A4)""=—-
—2csc(2rA)sin (20) 1 2csc (2mA)sin (20) 1
(B.37)
For h =0,
~ 1 —2csc(27A)sin (20) - 1 2csc(2rA)sin (20)
K(h=0,A)=— = Kh=0A)"1=—

0 1 0 1

(B.38)

We conclude that the zero modes are symmetric g with h = 2 or anti-symmetric g with

h=1:

gsmz‘ﬂ% , gA(T):TinTl) (B.39)

The effective action (B.17) can be rewritten as

2 ~
% - %gTKl(I — K')g (B.40)
where
. ~[e—1 0
K =K (B.41)
0 —1

153



Appendix B. Appendix for chapter 3

with the matrix elements:

[ (£ — 1) (2A — 1) ese(m(h — 2A))T(1 — 2A)2T(h + 2A — 1) sin(27A) (sin(27rA) — cos(26) sin(h))
e al'(h —2A +1)
Ko 2(1 — 2A) cos? () esc(m(h — 2A))T(1 — 2A)2T(h + 2A — 1) sin(27A) sin(26)
2 m(h —2A +1)
Ko 2 (£ —1) (1 —2A)esc(m(h —2A))T(1 — 2A)*T(h + 2A — 1) sin® (&) sin(27A) sin(26)
2 mT'(h — 2A + 1)
oo (2A — 1) ese(m(h — 2A))T(1 — 2A)*T(h + 2A — 1) sin(27A)(cos(20) sin(h) + sin(27A))
2 7l'(h —2A +1)

(B.42)

Interestingly, even in the particle-hole asymmetric case, the eigenvalue of K’ won’t depend

on 0. The spectrum from the OPE of two fermions is still determined by
ka(hm,A) =1 or kg(hy, A)=1 (B.43)
The corresponding solutions are

hm:2A+1+2m+(9(%) or hp, :2A+2m+(’)(%) (B.44)

B.3 LARGE ¢ EXPANSION OF THE COMPLEX SYK MODEL

Section 3.3.1 obtained exact results for the universal parts of the thermodynamic observables.
However, no explicit results for the non-universal parts dependent upon J. In this appendix
we will present the large ¢ expansion of the Hamiltonian in Eq. (3.1): the results contain
both the universal and non-universal parts.

We begin by recalling the universal results of Section 3.3.1 in the limit of small A =1/q.
At low T, the thermodynamics contains 3 universal quantities which do not undergo any
UV renormalization: they are the density, Q, the entropy S, and the ‘electric field” £. All 3

quantities can be expressed in terms of universal expressions of each other. First, we treat
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Q as the independent quantity. Then, the 7' — 0 limit of the entropy is from (3.20), (3.27),

(3.28),
5(Q) = om (1222 . Ly ) C T _ At + o B.45
()—n1+29+§n1_—4g2 7( JAT+ O(A%). (B.45)
By taking a Q derivative, we have immediately
1 1-29 9 3
£(Q) = o In (1+2Q) +21QA* 4+ O(A”). (B.46)

Next, we take £ as the independent variable. Then the inverse function (B.46) is

72 sinh(w&)

1
Q(€) = -3 tanh(mw€&) — Y cosl (nE)

A%+ 0(A%). (B.47)

The entropy is given by (3.28), S(€) = G(€) + 2rEQ(E), where

71.2

G(&) = In(2 cosh(n€&)) — m

A% 4+ 0O(A%). (B.48)

Now we turn to the explicit large ¢ expansion to the compute the thermodynamics in
terms of microscopic parameters. The expressions here depend upon the underlying J, and
the specific form of the Hamiltonian in Eq. (3.1). We will verify that they are compatible
with the universal results presented above.

The large ¢ expansion was presented by Ref. [135] at = 0, and we follow their analysis
here. At ¢ = oo they showed that the Green’s function was that of a dispersionless free

fermion. So, we write

Gs(1) = Go(1) [1 + %Gl(T):| (B.49)
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where the dispersionless free fermion Green’s function is

—etm(eMT )7 0< T < 1T
Go(T) = : (B.50)
(e T 1) 1T <7<0

Then from (6.38) we have the self energy

qJ2€,LLT 1 a/2 1 q/2-1
ZS(T) = — (eM/T n 1)(2 T 5 COSh(Iu/T))q/Q_l [1 -+ 5G1(T)j| [1 + §G1<—T):| <B51)
Now we define
2 72
J? = 7/ (B.52)

2(2 + 2cosh(u/T))1/>~1

The large ¢ can only be taken if we adjust the bare J so that J is ¢ independent. To the

order we shall work, it is legitimate to use the O(AY) result above, in which case we will find

q2 J2

J? =
2(2 + 2 cosh(2r&))a/2-1"

(B.53)

As £ is only a function of Q, we find that J remains finite as 7' — 0. Then, in the large ¢
limit

5.(r) = =2 -Ga(r) exp (%(Gl(f) " Gl(—T))) (B.54)

In this form, the explicit x dependence has disappeared. Ref. [135] obtained a differential

equation for (G; at p = 0, and so this applies also here; the solution is

cos®(mv/2)
G =1 B.55
((r) =In (0082(7TU(T|7] - 1/2))) ’ ( )
where v is obtained by the solution of
TV J
Y B.
cos(mv/2) T (B-56)
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Assuming a fixed 7, the low T expansion of v is
v=1——+—+.... (B.57)

To compute the grand potential, €2, we use the effective action

SI6, 2] = ~Trln {5(7 -7 (_a% + u) - (r, T')] + -

yr (B.58)
- /O drdr’ [2(7,7')G(T',7)+(—1)q/2J2 [G(r, TN (G, 7)) .

The Gs(7 — 7') and X4(7 — 7’) above are the solutions to the saddle-point equations of S.

It is simpler to evaluate d€2/dJ because only the last term contributes

dS 472 /T
47 — d
jdj q*(2 4 2 cosh(u/T)) /0 Texp(Gi(7)) .
_ 477 sin(mv) :
~ @?nTw(2 4 2cosh(p/T))’
which implies
ds2 8n'’l’ v _— -
dv _q2(2 +2cosh(p/T)) tan (7) [1 + 9 tan <7>] (B.60)

Integrating over v, we obtain the grand potential as a function of the bare y and T

Q(p, T) = =T In(2cosh(p/(2T))) —

2mvT [ (71'1]) v

cosh?(1/(2T)) 5 1 } A? +O(A?). (B.61)

2

This is the main result of the large ¢ expansion.
Now we can use thermodynamic relations to determine both universal and non-universal

observables. From the grand potential in (B.61), we have the density

2mv sinh(p/(27))
cosh®(u/(27))

Q - %tanh(,u/@T))— an () - T a2 0. B62)

2
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Combining (B.61) and (B.62), we can obtain the free energy in the canonical ensemble

F(Q,T)=0Q(uT)+ pe

B 1 4 1-20Q

—2rT(1 — 4Q?) [tan (%) - % A2+ O(A?).

It is more convenient to work with the canonical F(Q,T'), rather than the grand canonical
Q(u, T), because Q is universal, while p is not. We will use (B.63) to verify the universal
expressions in Section 3.3.1, and also to obtain new non-universal results.

First, in the fixed Q ensemble, we can compute the chemical potential (Q,T") needed to

keep Q fixed. We find

(1229 TU\ V) A2 3 B.64
= Tln(1+29)+167rTQv[tan<2> 4}A + O(A”) ( )

= o — 21E(Q)T + O(T?)

In the last line, we have taken the low 7" limit at fixed J using (B.57), and we find precisely
the expression (3.21), with the universal function £(Q) given by (B.46), and the non-universal
bare chemical potential

o = 167 QA% + O(A?). (B.65)

Note that there is no O(A%) term in j: this has consequences for the compressibility. From
(B.64) we can obtain the inverse compressibility, 1/K, by taking a derivative w.r.t. Q; at

low T we have

L _(opy __ 4T A2TYA2 3
K—(8Q>T—1_4Q2+(16j ATT)A? + O(A?) (B.66)

So we now see that if take the limit A — 0 first, then the compressibility diverges as K ~ 1/T
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in the low 7" limit at fixed 7. On the other hand, if we take the T"— 0 at non-zero A, then K
remains finite at K = ¢*/(16J), as needed for the consistency of the analysis in Section 3.3.2.
Note that the large ¢ expansion holds for 1/K, and not for K, it is the expansion for 1/K
which establishes the finiteness of K as 7" — 0.

We can also obtain the non-universal ground state energy
Ey=F(Q,T —0)=—2J(1 —4Q* A%+ O(A?). (B.67)

This is compatible with (B.65) and (3.22).

Finally, we can compute the entropy, and perform its low T" expansion at fixed J; we find

=8(Q) +~T + O(T?),

(B.68)

where the universal function S(Q) agrees with (B.45), and the non-universal linear-in-T

coefficient of the specific heat at fixed Q is

27%(1 - 4Q?)

7 A% 4+ 0O(A?) (B.69)

g

Again, note that there is no O(A°) term in 7.

B.4 NUMERICAL SOLUTION OF THE SYK MODEL

This appendix describes our numerical solution of Egs. (6.38) and (3.6) for the case ¢ = 4.

We worked in the frequency domain by writing Eq. (6.38) as a convolution

z(mn):—% > Gliwn)Gliws)Giws) (B.70)

wn=w1+w2—w3

We used the function package conv_fft2 in Matlab to perform the convolution. We re-
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Figure B.1: The entropy S(Q) obtained from the exact results [74] in Section 3.3.1 (full
line), and by the numerical solutions (stars).

stricted the frequency argument in G(iw,) to be 27T (n+ 3) where =N <n < N — 1. After
the convolution, we cut off the frequency argument in X (iw,) to be within the same regime.

Finally, we updated the Green’s function in a weighted way:

1
Wy, + Mn— ijl(iw,ﬁ

G,(iw,) = (1 — a)G,(iwy,) + « (B.71)

where we choose the weight o = 0.2, and j denotes the iteration step.

We also used a second numerical approach in which we directly evaluate Egs. (6.38) and
(3.6) in frequency space and time space separately, and then use fast Fourier transforms
(FFT) between them. But there is a subtlety: when considering the transformation from 7
space to w, space, we are doing a discrete sum to represent the numerical integral. For a
sensible discrete sum, we do not want the exponential phase to vary too much between the
two adjacent discrete points. So we want w,,(7; —7,1) < 1. With N; and N,, the number of
points of 7 and w, we need N,,/N, < 1. We found N,, = 28 N, = 2% gave accurate results.

From the numerical solution for Green’s function and self energy, we obtain the grand
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potential by evaluating Eq. (B.58). In practice, we want to subtract the grand potential of a
free theory and then add it back to obtain a convergent sum over frequencies. So we wrote

the first term in Eq. (B.58) as
T log [Gliw,)/Goliw,)] + Tlog [1+ /7). (B.72)
By the equations of motion, the second integral can be written as

—% 3 Sl Gliw,) (B.73)

Then we put the solution into these two terms and obtained the grand potential Q(u,T).
The density, Q, the compressibility, K, and the entropy, S were then obtained from suitable
thermodynamic derivatives'. Our numerical results for S(Q), obtained by both methods are
shown in Fig. B.1, they are in excellent agreement with the exact analytic results [74]. In
the frequency domain computation, we used the cutoff N = 2 x 10°. The points in Fig. B.1
are at moderate values of Q, and our numerics did not converge for |Q| near 1/2.2

For the compressibility, numerically near 4 = 0 and at 7' = 0, we find that K = 1.04/J =
1.04/(v/2J); With ¢ = 4, this is of the same order of the large q result: K = ¢*/(167) =
1/J.

1Q can also be obtained from G(7 = 07), we have checked that it is consistent with the derivative method

2At large p, we always find the free Green’s function Gy = ﬁ to be solution. The reason can be
understood by the self-energy obtained from the free solution '
. J? : : : J? 1
Yo(iwy) = 5 > Goliwr)Go(iws)Goliws) =

oo Tars— s iwn, + (2 cosh 67“)2

Notice the exponential suppression at low temperature. This means at any finite u, at zero temperature,
the free one is always a solution. Numerically we are always at small finite temperature to represent the
zero temperature result, but when u becomes large, the exponential suppression will make the free Green’s
function converge well within the fixed tolerance.
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B.5 NORMAL MODE ANALYSIS OF THE SYK MODEL

This appendix will generalize the analysis of Maldacena and Stanford [135], and describe the
structure of the effective action for fluctuations directly from the action in Eq. (B.58). We

will work here in an angular variable
o =2nTT (B.74)

which takes values on a temporal circle of unit radius. We also use the notation 19 = 1 —p9.
We begin with the saddle-point solution of Eq. (B.58), the Green’s function G5(). In the

scaling limit, this is given by Eq. (3.13). We write this here as
1
Gs(p) =b——x, A=-, pe€l0,2n) (B.75)
q

where the prefactor b is specified in Eq. (3.13). We now expand the effective action Eq. (B.58)
to quadratic order of the fluctuations 6G(p1,¢2) = G(p1,92) — Gs(p12), 0X(p1,p2) =
Y(p1,02) — Ls(p12) and further integrate over 0X. For convenience we use renormalized

form of the fluctuation:

91, 02) = [~Gs(012)Gs(920)]7* G (ip12) 1 G (01, 02) (B.76)

and obtaining the action (to quadratic order) in g:

Ser. 1
]\;f = 5/d4909(901a@2)@(901,902;<p3,g04)g(g03’¢4)’ <B77)

where () is a quadratic form on the space of functions with two time variables.
We now focus on just the zero mode fluctuations specified by the transformations in

Eq. (3.35). First, examine the infinitesmal reparameterization mode, with an accompanying
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U(1) transformation satisfying Eq. (3.39)

flo)=w+elp) , dlp)=—iEe(p). (B.78)

Notice that under this mode, ¢ = 0 in Eq. (3.44). Inserting Eq. (B.78) into Eq. (3.35), using
Eq. (B.76) to get the normalized fluctuations for each Fourier mode €(p) = 5= Y., e "%e,,.

we find that the linear order change in g is

Z‘Abq/2€727rq$/4 f (@12) . p1tes
(101, _ n e B.79
9r (01, 02) p ‘Sm%‘ €n€ ( )
The functions f,(¢12) is a symmetric function of two variables 1, @:
1o =g —nesng o [Cae(B2) = Fee 0. o
n = —ncosn— ' — Dinln? = 1). ‘
7 tan £ 2 0 7 sin < 3

Similarly, we can examine the U(1) fluctuation mode, under which € is unchanged but ¢

changes:

h1/2e=2ma€/4 [ gip p£12 et
9o, ) = — 2| g (B.81)
m [sin 5|

which implies that the phase fluctuation is anti-symmetric in two time variable. It is also

useful to notice the following equation:

[ e (E) e (B.52)
i @ g ) |n. .

Turning to the structure of the quadratic form, (), we now make the key observation that

evaluating ) from Eq. (B.58) and the conformal Green’s function in Eq. (B.75) leads to a
vanishing action of @ on the normal modes described above. This is a direct consequence of
the invariance of Eq. (3.35) under reparameterization and U(1) transformations. Ref. [135]
argued that going beyond the conformal limit will lead to a shift in the eigenvalue of @

of order |n|T'/J in the first order perturbation theory. Assuming this applies here to both
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modes discussed above,® we have

[T
J

n|T
gf: ) Q ' 9761 = aeigza <B83)

P —
Q- g, =g 7

where the numerical coefficients «, and . cannot be obtained analytically, but can be
computed in the large ¢ expansion. Here, we can fix them by comparing with the large ¢
results already obtained in Appendix B.3.

Inserting Eq. (B.83) into (B.77), and using the explicit form of the fluctuations in Eqgs. (B.79)

and (B.81), we obtain the effective action to quadratic order:

S 1 ~
]\f =3 zn: {c¢n2|gbn|2 + con? (n2 — 1) |en|2} ) (B.84)

where ¢, and c, are coefficients of order % and proportional to a and a.. We confirm that
this is of the form in Eq. (3.45), and we can further express the ratio of K and -~ in terms of

the numerical coefficients here

= = B.&5
4r2c.  4Am2A2%q, ( )

K C¢ 30é¢
Y

There is another way to obtain the effective action using an RG scheme??. The basic idea
is to replace the UV perturbation by a scaling form that can flow to IR and the effective
action results from the IR soft modes couple to this UV source. We will put more details in
another paper where we can pin down the coefficient ratio of the Schwarzian part and the
phase mode part.

Using the effective action Eq. (B.84) we can also extract an order-one piece of the free

energy which arises from the 1-loop calculation. In addition to the Schwarzian part that has

30ne can justify this statement by a renormalization theory argument in Ref. [117]
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been discussed in Ref. [135], we have a new piece from phase fluctuations &:

— N
Za(@) = Vdet B 17 Bn,m - 5n+m 20¢ n2 (B86)
We can evaluate the determinant using the zeta function regularization :
> NCd) 2 1 NC¢ 1
log Z3 = — (; log — " ) = élog 275 log 8J (B.87)

Together with the contribution from Schwarzian (~ —% log 8J), we conclude that the par-
tition function Z(83) is proportional to 372 at large 3. From this, one can further extract
the low energy density of state p(E) from inverse Laplace transformation of Z((), and show
that p(E) is proportional to £ at small F < 4.

We have also numerically computed a variation of partition function |Z(5 + it)| as in
Ref. [39] using exact diagonalization, the result is shown in Fig. B.2. The slope is around
—2.07 in the "slope” regime which is naively outsite the validity of the one-loop computation
(1 < |f+it| < N), this is an indication of the one-loop exactness[183] of the complex SYK

model.

B.6 COUPLINGS IN EFFECTIVE ACTION OF THE SYK MODEL

This appendix will present another derivation for the values of the couplings in the Schwarzian
and phase fluctuation effective action in Eq. (3.41). Here, we will only obtain the leading
quadratic terms in the gradient expansion, which have two temporal derivatives, although
Eq. (3.41) contains many higher order terms. Just by matching these low order terms we

will fix the couplings as in Eq. (3.50).
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log|Z(B + it)]

logtJ

Figure B.2: Blue line is |Z (5 + it)| computed from exact diagonalization data for N = 15
and 1000 realizations at 5J = 5. The orange line is the linear fit for the "slope” regime and
the slope is around —2.07.

First we examine phase fluctuations, under which by Eq. (3.35)

G(r,7") = DG, (1 — 7)e )
(B.88)
X(r, ) = Y, (1 — T/)6_i¢(T/)

We insert the ansatz (B.88) into the action (B.58), and perform a gradient expansion in
derivatives of ¢(7). It is evident that the entire contribution comes from the Trln term, as

the other terms are independent of ¢. Furthermore, we can use the identity

0

Trin {5(7 -7 (_8_ + N) — 93 (1 — T/)e—z‘qb(r’)]
' (B.89)

— Trln {5(7 —7) (—a% + p+ i37¢(7)) — Zs(7 - T/)] )

which is easily derived by a gauge transformation of the fermion fields that were integrated
to obtain the determinant. In a gradient expansion about a saddle point at a fixed u,

after all other modes (other than the reparameterization mode mentioned below) have been
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integrated out, we expect an effective action of the form

Sy K VT
ot /0 ar(9,6)". (B.90)

We can determine K by evaluating the effective action for the special case where 0,¢ a
constant; under these conditions, we note from (B.89) that all we have to do in the effective

action is to make a small change in p by i09,¢. Therefore, we have established that

is indeed the compressibility, as in Eq. (3.50).
A similar argument can made for energy fluctuations. Now we consider the temporal

reparameterization

T — T +€(T) (B.92)

After integrating out all other high energy modes at a fixed chemical potential (other than
the phase mode above), we postulate an effective action for €(7), and assume that the lowest

order gradient expansion leads to
Se ];? 1/T )
e _ 2 , B.
N =3 /0 dr(0y€) (B.93)

We can now relate the coefficient to a thermodynamic derivative. As for (B.90), consider

the case where 0,¢ is a constant. Then (B.92) implies a change in temperature
— = (B.94)

Inserting (B.94) into (B.93), we conclude that

K (am)
— (== (B.95)
T2 012 ),
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Finally, we can also fix the cross term by a similar argument, and so obtain the complete
Gaussian effective action for ¢ and e fluctuations, after all other modes have been integrated

out

Spe M7 1 [0%Q s . 0% T? (0°Q )
N, dr | -3 (W)T(&(Zb) —ZTm(aTG)(&(b)Jr?<W>#(3T€) - (B.96)

After application of thermodynamic identities, this is found to agree with the second order

temporal derivatives in Eq. (3.41), and the identifications in Eqs. (3.16) and (3.50).

B.7 DIFFUSION CONSTANTS OF THE HIGHER-DIMENSIONAL SYK MODEL

The generalization of the zero-dimensional SYK results in Appendix B.5 to the higher dimen-
sional models closely follows the lines of Ref. [83]. In high dimensional models, the quadratic
form @) acquires a spatial dependence, formally we have () — @),, where ), contains a hop-
ping matrix for the fluctuations, which can be easily diagonalized by going to k-space. For
long wavelength limit, we can expand its eigenvalue around k = 0: Q(k) = Q(0) + ck? + ...
where c is a constant depends on Jy and J; that captures the band structure at long wave-
length, and Q(0) is the quadratic form at k& = 0 which reproduces the quadratic form in
(0 + 1)-dimension. In general, the hopping matrix acts differently on anti-symmetric fluc-
tuation ¢g® and symmetric fluctuation ¢¢, which will induce two different band structures
Q(k)? = Q(0)? 4+ c1k? + ... and Q(k)¢ = Q(0) + ck® + . .. for charge and energy fluctuation
respectively.

Inserting this back into the effective action derivation in Appendix B.5, we notice that

for the the ¢ modes, we need to replace the UV correction for @ from Q?(0) ~ ad,% to
Q%(k) = O‘¢¢ + ¢, k? Similarly, for € modes, we need to replace a€¢ to aeg + cok?,

where J = /J¢ + Ji. This replacement leads to the effective action in Eq. (3.62) with

2 2
p, = el p, e (B.97)

(&%) e
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For the specific model we discussed in main text, the special form of the hopping term
Eq. (3.60) leads to ¢; = 5. Using Eq. (B.85), we then obtain the ratio of the diffusion

constants
Dg g 47T2A2 K
s _ % _ B.98
Dl Qe 3 7 ( )

which was presented in Eq. (3.63).

B.8 THERMODYNAMICS AND TRANSPORT

This part follows Ref. [123]. In general, we work in the grand canonical ensemble, the grand

partition function is defined to be

Q = Tre PH-1N) (B.99)
We also define the grand potential
1
Qp,T) = —Blog Q (B.100)
Then we can define
— o) o)
N=—— S=—-—= B.101
ou’ or ( )

Let us now consider the fluctuations in particle numbers in the grand canonical ensemble

Tr [Nzefﬁ(HfuN)] Tr [Nefﬁ(HfuN)} 9 920
5 ~( 5 ) =15 (B102)

(V%) = (¥ = N)?) = o

Similar we can find the fluctuations in energy and cross fluctuations

0%*Q

(0F — uN)?) = —T3W (B.103)
2

(0E — uN)6N) = T ;Tg” (B.104)
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So we conclude that, the static susceptibility

v = (ON/Op)r  (ON/OT), | _ (ON)?) /T (OB — poN)oN) /T?
|\ roner), Tos/0T), (6F — pdN)SN) /T ((6E — udN)?) /T
(B.105)

This resembles Eq. (3.49)

The equations of motion for local energy and number densities are conservation laws

ON
OF
StV =0

where the currents are specified by their response to the external sources.

(B.106)

Here in the

hydrodynamic limit, N, J, E, Jg will be considered as small fluctuations. We define Jo =

J E — /LJ
J \Y
—_y a
Jo vT
where ¥ is the conductivity matrix:
oY
Y=
ol K

The static function measures the response of particle number and energy

VN Vi
= Xs
VE - uVN vT

The second row can be verified by dE—udN = T'dS and the Maxwell relation (
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So the drift current can be expressed as

J VN
= -y ! (B.110)

Jo VE — uVN
From the continuation equation, we have

ON/ot V.J V2N
_ D (B.111)

OF /ot — ndQ /ot V- Jo V2E — uV2N

where D = Yy and we have ignored higher order term Vy - VN.
Now we will relate diffusion constant, static susceptibility with dynamical susceptibility.

We first consider simple diffusion of local density n(t,x)

om — DV?n =0 (B.112)

If we consider the Fourier component in space,

n(t,x) —/ a°k e™*n(t, k) (B.113)
9 - (27T)d ) .
we obtain the solution
n(t,k) = e Py (k) (B.114)

where ng(k) = n(t = 0,k). We will further work in frequency domain, and n(¢,k) is only

defined for ¢ > 0. So we can perform a Laplace transformation

n(z,k) = /dtemn(t, k) (B.115)
which gives the solution
no (k)
k)= —"— B.116
n(z k) —iz + DK ( )
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Here ny(k) should be considered as the fluctuation above an uniform background. Then
we can further express ng(k) as no(k) = xpo(k), where x is the static susceptibility. We
consider the source for the density has the form p(t,x) = e“u(x)f(—t), from linear response

theory, we obtain

(n(t,x)) = —/_ dt'e! /ddx’u(x’)an(t —t',x —x') (B.117)

[e.e]

where GE is the retarded Green’s function
GE (t—t' x —x') = —if(t — t'){[n(t,x),n(t',x)]) (B.118)

Our goal is to express (n(t,k)) in terms of the retarded Green’s function and compare with
form obtained by the the diffusion equation Eq. (B.116). Performing the Fourier transfor-

mation in space

(n(t,k)) = —/0 dt'e? 11o(k)GE (t — ' k) (B.119)

—0o0

Integrating t’, we obtain

(n(t,k)) = —po(k) ) om (w, k) ™ (B.120)
) = —Ho o W, i+ € .
Performing a Laplace transformation

() = ot [ 52 Ll (B.121)

s R = 27 (iw + €)(i(w — 2) + €) '
Using the property that GE (w, k) is analytic in the upper half plane,

GE (2,k) —GE (2 =0,k
(n(z.)) = o) Lol 2 K = Cun2 = 0,10 (B.122)

12
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Comparing with Eq. (B.116)

GF (5.K)— GR (2 = 0.k) = — X B.123
nn(z ) nn(z ) —ZZ—|—Dk2 ( )

On the other hand, Eq. (B.119) tells us that GE (» = 0,k) = —x for small momentum k,

thus
xDk?

R _
Gnn(z7k) - iz — Dk2

(B.124)

We can see that GE (w, k) is analytic in the upper half plane and the analytical continuation
function has a pole at w = —iDk? corresponding to the diffusive mode.

From the above relation, we can obtain the standard Kubo formula for the diffusion
constant

Dy = — lim lim —ImG%, (w, k) (B.125)

w—0k—0

The above analysis can be generalized to a matrix form where we have several fields at

present. Then we have the matrix relation
GR(z,k) = —(1 +izK 1)y (B.126)

where K, = —i2d4 + Dap(k). Here the retarded Green’s function is the same as the

dynamical susceptibility —x(w, k). And we have resembled Eq. (3.53).
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Appendix for chapter 4

C.1 THE LARGE ¢ LIMIT OF THE SUPERSYMMETRIC SYK MODEL

It is interesting to take the large ¢ limit of the model since then we can find an exact solution
interpolating between the short and long distance behavior. The analysis is very similar to

the one in [135]. We expand the functions as follows

Gyy(T) = %6(7) + %9@(7) : Guw(T) = —0(7) + 2_1@% (C.1)

where we neglected higher order terms in the 1/q expansion. We can then Fourier transform,
compute Xy, Ly, to first order in the % expansion. This gives Yy (iw) = ‘é’—z[sgngw](iw),
and Yp(iw) = %gbb(iw). Replacing this the equations (4.26) we find

Py = T2 | gy = Te J 2%72 (C.2)
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where we take the large ¢ limit keeping J fixed. The solution obeying the boundary condi-

tions gyy(0) = gyy(B) = 0 is

1 v v ™=

B_Jsin(v% +0b)’

eI = (C.3)
where v, b are integration constants fixed by the boundary conditions. It is interesting to
note that the UV supersymmetry condition gy, = —0-gyy is only approximately true at short
distances, distances shorter than the temperature.

It is also interesting to compute the free energy. Again, this is conveniently done by taking

a derivative with respect to J and using the equations of motion.

logZ I6;
N = oG-t

JOoz

s
= —ﬁaﬂwphzw (C.4)

=07+

where the first equality holds in general and the second only for large q. Expressing it in

term of the parameters in (C.3) we get

log Z 1 1 v? v v
— Clog24+ — (L 4 utan ith _
N 2 %8 +4§2( ;Y anz)’ with 8T = o
1 1 [pT =« 2 2
~ lop24 = |2L T - f 1(C5
5 log +?12{4 16+8ﬁj 4(67)2+ ; or BJ > 1(C.5)

we can also easily compute the small (5.7) expansion, which, as expected, goes in powers of
(BJ)%. We have used the entropy of the free fermion system, at 37 — 0, as an integration
constant in going from (C.4) to (C.5). The constant term in the large (8J) expansion agrees
with the large ¢ expansion of the ground state entropy (4.38). The 1/(5J) term can also
be obtained form the Schwarzian and this can serve as a way to fix the coeffiicient of the
Schwarzian action at large ¢. The linear term in 57 represents the ground state energy and
it should be subtracted off.

All these results have the same form as the large ¢ limit of the usual SYK model [135].

This is not a coincidence. What happens is that the leading boson propagator is simply the
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delta function in (C.1) which collapses the diagrams to those of the large ¢ limit of the usual

SYK model.
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D.1 THE LARGE ¢ LIMIT OF THE M N MODEL

We follow the same analysis as in Chapter 4. We expand the Green’s function as

Gy(r) = 5 sen()(1 + gffj”x Golr) = ~6(r) + 5-(7) (D.1)

to have a good perturbative limit, we redefined the coupling

_ 2qJ

J 502 (D.2)
we will take the large ¢ while keeping J fixed. Now the SD equations reduce to
S(r) = \/azmegf(ﬂ S(7) = L gent (D.3)
YTy T T a2 g '
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and also
w? 1
Ep(iw) = T [sgngs],  Ep(iw) = 2—ng(iw) (D.4)
Combined together, we have
T o g2 05(7) _ 72,20;(7)
(1) = —=e¥7, 07 [sgn g4(7)] = Vagy ()T e = T e (D.5)

Va
With the boundary condition g(0) = g¢(5) = 0, we find

1 ) T— v 1 v
gf(T) - b = = — =
€ BT sin (v% +0)’ 2 7 4 cOS %’ 9(7) Vap sin (U% +b) (

D.6)

Notice that this solution is quite similar as the supersymmetric large ¢ solution. To be more
explicit, we have the same solution g, while g, just differs by a factor i But because of
this, to the % order, the supersymmetric constrain is not satisfied g,(7) # —0-g4(7).
Another thing we have noticed is that, the solution is close to the conformal solution with
A; = 2. Here we are taking the large ¢ limit while keeping fixed «, it is not the small «

limit we considered before. In fact, o will appear in the O(¢™?2) order in Ay.
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E.1 SPECTRAL FUNCTIONS

This appendix is similar to Appendix. B.1, here we also extend the analysis to bosonic case.

At the Matsubara frequencies, the fermion Green’s function is defined by

G(r) = —(T(f(n)f1(0)))
(E.1)

T
G(iw,) = /0 dre*“" " G(T), (E.2)

and this is continued to all complex frequencies z via the spectral representation

G(z) = /_00 @ﬂ (E.3)

o T 2—8

The spectral density p(2) > 0 for all real Q and T. The retarded Green’s function is

179



Appendix E. Appendix for chapter 6

GE(w) = G(w +in) with n a positive infinitesimal, while the advanced Green’s function is

G4 (w) = G(w — in). From these expressions we obtain

> dQ2 elf—7)82

o0

So in the limit 7" — 0 we have

—/ @(Q)e’m , 17>0
o
G(r) = (E.5)
< dQ
/ —p(=Q) e, 7<0.
\ 0 m

We will focus on the particle-hole symmetric case, in which case p(2) = p(—£).

For bosons, the Green’s function is defined by

x(1) = (T(¢(1)$(0)))
(E.6)

1T '
liw) = / dre (1), (B.7)
0
and we have the spectral representation

(z) = / TR Q) (E.8)

T z—f

—00

Now the positivity condition is Q¢(€2) < 0. For the real bosons ((—£2) = —((2), and we will

assume this from now. The analog of Eq. (E.4) is

0 (B—1)2
X(ﬂ:—/ —(®) eem_ L 0<T<§B. (E.9)

. 1
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So in the limit 7" — 0 we have

X(7) = (E.10)
/0 @C(—Q)em , 17<0.

E.2 HIGH TEMPERATURE EXPANSION

We consider the high-temperature regime where the solution is close to the free solution and

we can expand the solution in terms of J2 and 2. The free solutions are

1 1

Go(wn) = o Xo(wn) = o2 1 A2

(E.11)

Here we denote A2 = x,'. We systematically do the high temperature expansion by defining
Glwn) = Zi:O,jzo TG (wp), x(wn) = Zizo,jzo T ) (W), Blwn) = Zi:O,ij TS (wy,)
and P(wn) = Y00 J?¥1% P9 (w,). Then we plug in the Schwinger-Dyson equations
Egs. (6.18)(6.19), and obtain the expansion order by order. The zeroth order is the free

result:

1
GO0 () = o 00 (w,) = A (E.12)

Plugging x(*%(w,) in the constrain equation Eq. (6.22), we obtain:

(E.13)
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The next order we find that

A
»10 — L . YO —p ) — ! + cosh 7 5 plOb — ;2
diwn, 2iAdwn, 2iA%w, (4A% + w?) sinh £¢ 2(w; + AF)
(E.14)
This gives:
A
o —_ 1 qen_ k| 1 cosh 7 i on— 1
diw} wi [218%wn  2iA20, (4A2 + w?) sinh 22 2(wp + AF)?
(E.15)
The summation of Y9 and 1 gives
1 Ay ~6coth28 4+ 89(3 4 20 coth 22) /sinh 20° 1
— coth =2 + ¢ coth o7 + 7 TBCO 21 )/ sinh o = - (E.16)
20, oT N g
Further we have the expansion
A
Py _ 2T A(—3w? 4+ A?) — (wy + A?) coth 2 (B.17)

16TA(w2 + A2)3
This gives

SO 2T A(—3w? 4+ A?) — (wi + A*) coth & (E.18)
16T A(w2 + A%)5 '

The summation of x(®9, x(©D and y(V gives

. 2
Lcoth@ +A26C0th% + %(3 + %COth %)/smh%
280 2T 6407
6T (5T coth (5) — 4A) — A (9T° + A (A2 + 3T%) coth () + 2A°T) esch® (55) _ 1
3072ATT" -
(E.19)
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0.1

"Onum

Onred
A\ (
|
|

-0.05

Figure E.1: gy — Gnum as a function of temperature for fixed £k = 1, J = 5, t = 0.3,
Ay = 2. Gpum is obtained by numerically solving EOM (6.18)(6.19) and plugging in (6.22);
gure to get blue line is obtained from (E.13), red line is obtained from (E.16), orange line
is obtained from (E.19).

We plot the difference between the numerical result and the high temperature expansion
(E.13)(E.16)(E.19) in Figure E.1. We see that they agree relatively well in the high temper-

ature regime.

183



References

1]

Elihu Abrahams, P. W. Anderson, P. A. Lee, and T. V. Ramakrishnan. Quasiparticle
lifetime in disordered two-dimensional metals. Phys. Rev. B, 24:6783-6789, Dec 1981.
doi: 10.1103/PhysRevB.24.6783.

Ahmed Almheiri and Byungwoo Kang. Conformal symmetry breaking and thermody-
namics of near-extremal black holes. JHEP, 10:052, 2016. doi: 10.1007/JHEP10(2016)
052.

Ahmed Almheiri and Joseph Polchinski. Models of AdSs backreaction and holography.
JHEP, 11:014, 2015. doi: 10.1007/JHEP11(2015)014.

Tomas Andrade and Benjamin Withers. A simple holographic model of momentum

relaxation. JHEP, 05:101, 2014. doi: 10.1007/JHEP05(2014)101.

Dionysios Anninos, Tarek Anous, and Frederik Denef. Disordered Quivers and Cold

Horizons. JHEP, 12:071, 2016. doi: 10.1007/JHEP12(2016)071.

L. Arrachea and M. J. Rozenberg. Infinite-range quantum random Heisenberg magnet.

Phys. Rev. B, 65(22):224430, June 2002. doi: 10.1103/PhysRevB.65.224430.

F. F. Assaad and T. Grover. Simple fermionic model of deconfined phases and phase
transitions. Physical Review X, 6(4):041049, October 2016. doi: 10.1103/PhysRevX.
6.041049.

184



References

8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

S. Badoux, W. Tabis, F. Laliberté, G. Grissonnanche, B. Vignolle, D. Vignolles,
J. Béard, D. A. Bonn, W. N. Hardy, R. Liang, N. Doiron-Leyraud, L. Taillefer, and
C. Proust. Change of carrier density at the pseudogap critical point of a cuprate

superconductor. Nature, 531:210-214, March 2016. doi: 10.1038/naturel6983.

Dmitry Bagrets, Alexander Altland, and Alex Kamenev. Sachdev-Ye-Kitaev model
as Liouville quantum mechanics. Nucl. Phys. B, 911:191-205, October 2016. doi:
10.1016/j.nuclphysb.2016.08.002.

Sumilan Banerjee and Ehud Altman. Solvable model for a dynamical quantum phase
transition from fast to slow scrambling. Phys. Rev. B, 95(13):134302, 2017. doi:
10.1103/PhysRevB.95.134302.

Yannis Bardoux, Marco M. Caldarelli, and Christos Charmousis. Shaping black holes
with free fields. JHEP, 05:054, 2012. doi: 10.1007/JHEP05(2012)054.

C. W. J. Beenakker. Random-matrix theory of quantum transport. Rev. Mod. Phys.,
69:731-808, July 1997. doi: 10.1103/RevModPhys.69.731.

Daniel Ben-Zion and John McGreevy. Strange metal from local quantum chaos.

arXiv:1711.02686, November 2017.

Francesco Benini, Kiril Hristov, and Alberto Zaffaroni. Black hole microstates in AdS,
from supersymmetric localization. JHEP, 05:054, 2016. doi: 10.1007/JHEP05(2016)
054.

Micha Berkooz, Prithvi Narayan, Moshe Rozali, and Joan Simén. Higher Dimensional
Generalizations of the SYK Model. JHEP, 01:138, 2017. doi: 10.1007/JHEP01(2017)
138.

Micha Berkooz, Prithvi Narayan, Moshe Rozali, and Joan Simén. Comments on the

random thirring model. JHEP, 09:057, 2017. doi: 10.1007/JHEP09(2017)057.

185



References

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

Ritabrata Bhattacharya, Subhroneel Chakrabarti, Dileep P. Jatkar, and Arnab
Kundu. SYK Model, chaos and conserved charge. JHEP, 11:180, 2017. doi:
10.1007/JHEP11(2017)180.

Zhen Bi, Chao-Ming Jian, Yi-Zhuang You, Kelly Ann Pawlak, and Cenke Xu. Insta-
bility of the non-Fermi liquid state of the Sachdev-Ye-Kitaev model. Phys. Rev. B, 95

(20):205105, May 2017. doi: 10.1103/PhysRevB.95.205105.

Mike Blake. Momentum relaxation from the fluid /gravity correspondence. JHEP, 09:
010, 2015. doi: 10.1007/JHEP09(2015)010.

Mike Blake. Universal Diffusion in Incoherent Black Holes. Phys. Rev. D, 94(8):086014,
2016. doi: 10.1103/PhysRevD.94.086014.

Mike Blake. Universal charge diffusion and the butterfly effect in holographic theories.
Phys. Rev. Lett., 117(9):091601, 2016. doi: 10.1103/PhysRevLett.117.091601.

Mike Blake and David Tong. Universal Resistivity from Holographic Massive Gravity.
Phys. Rev. D, 88(10):106004, 2013. doi: 10.1103/PhysRevD.88.106004.

. Bozovi¢, X. He, J. Wu, and A. T. Bollinger. Dependence of the critical temperature
in overdoped copper oxides on superfluid density. Nature, 536:309 311, August 2016.
doi: 10.1038/nature19061.

J. A. N. Bruin, H. Sakai, R. S. Perry, and A. P. Mackenzie. Similarity of Scattering
Rates in Metals Showing T-Linear Resistivity. Science, 339(6121):804-807, 2013. ISSN
0036-8075. doi: 10.1126/science.1227612.

Ksenia Bulycheva. A note on the SYK model with complex fermions. JHEP, 12:069,
2017. doi: 10.1007/JHEP12(2017)069.

Ksenia Bulycheva. N'= 2 SYK model in the superspace formalism. arXiv:1801.09006,

January 2018.

186



References

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[35]

Wenhe Cai, Xian-Hui Ge, and Guo-Hong Yang. Diffusion in higher dimensional SYK
model with complex fermions. JHEP, 01:076, 2017. doi: 10.1007/JHEP01(2018)076.

Alberto Camjayi and Marcelo J. Rozenberg. Quantum and thermal fluctuations in the
SU(N) Heisenberg spin-glass model near the quantum critical point. Phys. Rev. Lett.,
90(21):217202, May 2003. doi: 10.1103/PhysRevLett.90.217202.

Pawel Caputa, Tokiro Numasawa, and Alvaro Veliz-Osorio. Out-of-time-ordered corre-
lators and purity in rational conformal field theories. PTEP, 2016:113B06, Nov 2016.

doi: 10.1093/ptep/ptw157.

Chi-Ming Chang and Xi Yin. 1/16 BPS states in N' = 4 super-Yang-Mills theory.
Phys. Rev., D88(10):106005, 2013. doi: 10.1103/PhysRevD.88.106005.

Anffany Chen, R. Ilan, F. de Juan, D. I. Pikulin, and M. Franz. Quantum holography

in a graphene flake with an irregular boundary. arXiv:1802.008020, February 2018.

Xin Chen, Ruihua Fan, Yiming Chen, Hui Zhai, and Pengfei Zhang. Competition
between chaotic and non-chaotic phases in a quadratically coupled Sachdev-Ye-Kitaev

model. Phys. Rev. Lett., 119:207603, 2017. doi: 10.1103/PhysRevLett.119.207603.

Yiming Chen, Hui Zhai, and Pengfei Zhang. Tunable quantum chaos in the Sachdev-
Ye-Kitaev model coupled to a thermal bath. JHEP, 07:150, 2017. doi: 10.1007/
JHEP07(2017)150.

Aaron Chew, Andrew Essin, and Jason Alicea. Approximating the Sachdev-Ye-Kitaev
model with Majorana wires. Phys. Rev. B, 96(12):121119, September 2017. doi: 10.
1103/PhysRevB.96.121119.

Debanjan Chowdhury and Brian Swingle. Onset of many-body chaos in the O(N)
model. Phys. Rev. D, 96:96.065005, 2017. doi: 10.1103/PhysRevD.96.065005.

187



References

[36]

[39]

[40]

[41]

[42]

[43]

Debanjan. Chowdhury, Yochai Werman, FErez Berg, and T. Senthil. Translation-
ally invariant non-Fermi liquid metals with critical Fermi-surfaces: solvable models.

arXiw:1801.06178, January 2018.

Piers Coleman. Introduction to Many-body Physics. Cambridge University Press,
Cambridge, UK, 2015.

R. A. Cooper, Y. Wang, B. Vignolle, O. J. Lipscombe, S. M. Hayden, Y. Tanabe,
T. Adachi, Y. Koike, M. Nohara, H. Takagi, Cyril Proust, and N. E. Hussey. Anomalous
Criticality in the Electrical Resistivity of Las_,Sr,CuQOy. Science, 323(5914):603-607,
2009. ISSN 0036-8075. doi: 10.1126/science.1165015.

Jordan S. Cotler, Guy Gur-Ari, Masanori Hanada, Joseph Polchinski, Phil Saad,
Stephen H. Shenker, Douglas Stanford, Alexandre Streicher, and Masaki Tezuka. Black
holes and random matrices. JHEP, 05:118, 2017. doi: 10.1007/JHEP05(2017)118.

Jesse Crossno, Jing K. Shi, Ke Wang, Xiaomeng Liu, Achim Harzheim, Andrew Lucas,
Subir Sachdev, Philip Kim, Takashi Taniguchi, Kenji Watanabe, Thomas A. Ohki, and
Kin Chung Fong. Observation of the Dirac fluid and the breakdown of the Wiedemann-
Franz law in graphene. Science, 351(6277):1058-1061, 2016. ISSN 0036-8075. doi:
10.1126/science.aad0343.

Mirjam Cveti¢ and loannis Papadimitriou. AdS, holographic dictionary. JHEP,
12:008, 2016. doi: 10.1007/JHEP12(2016)008,10.1007/JHEP01(2017)120. [Erratum:
JHEPO01,120(2017)].

Xin Dai, Shao-Kai Jian, and Hong Yao. The global phase diagram of the one-
dimensional SYK model at finite N. arXiv:1802.10029, October 2017.

Ippei Danshita, Masanori Hanada, and Masaki Tezuka. Creating and probing the
Sachdev-Ye-Kitaev model with ultracold gases: Towards experimental studies of quan-

tum gravity. PTEP, 2017(8):083101, 2017. doi: 10.1093/ptep,/ptx108.

188



References

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

Sumit R. Das, Antal Jevicki, and Kenta Suzuki. Three dimensional view of the

SYK/AdS duality. JHEP, 09:017, 2017. doi: 10.1007/JHEP09(2017)017.

Richard A. Davison. Momentum relaxation in holographic massive gravity. Phys. Reuv.,

D88:086003, 2013. doi: 10.1103/PhysRevD.88.086003.

Richard A. Davison and Blaise Goutéraux. Momentum dissipation and effective the-
ories of coherent and incoherent transport. JHEP, 01:039, 2015. doi: 10.1007/
JHEP01(2015)0309.

Richard A. Davison and Blaise Goutéraux. Dissecting holographic conductivities.

JHEP, 09:090, 2015. doi: 10.1007/JHEP09(2015)090.

Richard A. Davison, Koenraad Schalm, and Jan Zaanen. Holographic duality and
the resistivity of strange metals. Phys. Rev., B89(24):245116, 2014. doi: 10.1103/
PhysRevB.89.245116.

Nicolas Delporte and Vincent Rivasseau. The tensor track V: holographic tensors.

arXiv:1804.11101, April 2018.

J. M. Deutsch. Quantum statistical mechanics in a closed system. Phys. Rev. A, 43:
2046-2049, Feb 1991. doi: 10.1103/PhysRevA.43.2046.

Oliver DeWolfe, Steven S. Gubser, and Christopher Rosen. Fermi surfaces in maximal
gauged supergravity. Phys. Rev. Lett., 108(25):251601, June 2012. doi: 10.1103/
PhysRevLett.108.251601.

Aristomenis Donos and Jerome P. Gauntlett. Holographic Q-lattices. JHEP, 04:040,
2014. doi: 10.1007/JHEP04(2014)040.

Aristomenis Donos and Jerome P. Gauntlett. Novel metals and insulators from holog-

raphy. JHEP, 06:007, 2014. doi: 10.1007/JHEP06(2014)007.

189



References

[54]

[55]

[57]

[58]

[59]

[60]

[61]

[62]

Aristomenis Donos and Jerome P. Gauntlett. The thermoelectric properties of inho-

mogeneous holographic lattices. JHEP, 01:035, 2015. doi: 10.1007/JHEP01(2015)035.

Andreas Eberlein, Valentin Kasper, Subir Sachdev, and Julia Steinberg. Quantum
quench of the Sachdev-Ye-Kitaev Model. Phys. Rev. B, 96(20):205123, November
2017. doi: 10.1103/PhysRevB.96.205123.

A. L. Efros and M. Pollak. FElectron-FElectron Interactions in Disordered Systems.
Modern Problems in Condensed Matter Sciences, Vol 10. North-Holland, 1985. ISBN
9780444869166.

Julius Engelséy, Thomas G. Mertens, and Herman Verlinde. An investigation of AdSs
backreaction and holography. JHEP, 07:139, 2016. doi: 10.1007/JHEP07(2016)139.

Thomas Faulkner, Hong Liu, John McGreevy, and David Vegh. Emergent quantum
criticality, Fermi surfaces, and AdS(2). Phys. Rev. D, 83:125002, 2011. doi: 10.1103/
PhysRevD.83.125002.

Paul Fendley and Kareljan Schoutens. Exact results for strongly correlated fermions in
2+1 dimensions. Phys. Rev. Lett., 95(4):046403, July 2005. doi: 10.1103/PhysRevLett.
95.046403.

Paul Fendley, Bernard Nienhuis, and Kareljan Schoutens. Lattice fermion models
with supersymmetry. J. Phys. A Math. Gen., 36:12399-12424, December 2003. doi:
10.1088/0305-4470/36/50/004.

Paul Fendley, Kareljan Schoutens, and Jan de Boer. Lattice Models with N' = 2 super-
symmetry. Phys. Rev. Lett., 90(12):120402, March 2003. doi: 10.1103/PhysRevLett.
90.120402.

Renjie Feng, Gang Tian, and Dongyi Wei. Spectrum of SYK model. arXiv:1801.10073,

January 2018.

190



References

[63]

[64]

[65]

[66]

[68]

[70]

K. Fujita, Chung Koo Kim, Inhee Lee, Jinho Lee, M. H. Hamidian, I. A. Firmo,
S. Mukhopadhyay, H. Eisaki, S. Uchida, M. J. Lawler, E.-A. Kim, and J. C. Davis. Si-
multaneous transitions in cuprate momentum-space topology and electronic symmetry

breaking. Science, 344:612-616, May 2014. doi: 10.1126/science.1248783.

L. Garcia-Alvarez, I. L. Egusquiza, L. Lamata, A. del Campo, J. Sonner, and E Solano.
Digital Quantum Simulation of Minimal AdS/CFT. Phys. Rev. Lett., 119(04):040501,
July 2017. doi: 10.1103/PhysRevLett.119.040501.

Antonio M. Garcia-Garcia and Masaki Tezuka. Many-body localization in a finite-

range Sachdev-Ye-Kitaev model. arXiv:1801.03204, January 2018.

Antonio M. Garcia-Garcia and Jacobus J. M. Verbaarschot. Spectral and thermody-
namic properties of the Sachdev-Ye-Kitaev model. Phys. Rev. D, 94(12):126010, 2016.
doi: 10.1103/PhysRevD.94.126010.

Antonio M. Garcia-Garcia and Jacobus J. M. Verbaarschot. Analytical spectral density
of the Sachdev-Ye-Kitaev model at finite N. Phys. Rev. D, 96(6):066012, September
2017. doi: 10.1103/PhysRevD.96.066012.

Antonio M. Garcia-Garcia, Bruno Loureiro, Aurelio Romero-Berm dez, and
Masaki Tezuka. Stability of chaos in a generalised Sachdev-Ye-Kitaev model.
arXiw:1707.02197, September 2017.

Antonio M. Garcia-Garcia, Yiyang Jia, and Jacobus J. M. Verbaarschot. Exact mo-
ments of the Sachdev-Ye-Kitaev model up to order 1/N2%. arXiv:1801.02696, January

2018.

Antonio M. Garcia-Garcia, Yiyang Jia, and Jacobus J. M. Verbaarschot. Uni-
versality and thouless energy in the supersymmetric Sachdev-Ye-Kitaev model.

arXiw:1801.01071, January 2018.

191



References

[71]

[74]

[78]

[79]

Snir Gazit, Mohit Randeria, and Ashvin Vishwanath. Charged fermions coupled to Z,
gauge fields: superfluidity, confinement and emergent Dirac fermions. Nature Physics,

13:484, July 2017. doi: doi:10.1038 /nphys4028.

Snir Gazit, Fakher F. Assaad, Subir Sachdev, Ashvin Vishwanath, and Chong Wang.
Confinement transition of Z, gauge theories coupled to massless fermions: emergent

QCDj3 and SO(5) symmetry. arXiv:1804.01095, April 2018.

Antoine Georges, Olivier Parcollet, and Subir Sachdev. Mean field theory of a quantum
Heisenberg spin glass. Phys. Rev. Lett., 85:840, July 2000. doi: 10.1103/PhysRevLett.
85.840.

Antoine Georges, Olivier Parcollet, and Subir Sachdev. Quantum fluctuations of a
nearly critical Heisenberg spin glass. Phys. Rev. B, 63(13):134406, 2001. doi: 10.1103/
PhysRevB.63.134406.

Hrant Gharibyan, Masanori Hanada, Stephen H. Shenker, and Masaki Tezuka. Onset

of random matrix behavior in scrambling systems. arXiv:1805.08050, March 2018.

P. Giraldo-Gallo, J. A. Galvis, Z. Stegen, K. A. Modic, F. F Balakirev, J. B. Betts,
X. Lian, C. Moir, S. C. Riggs, J. Wu, A. T. Bollinger, X. He, I. Bozovic, B. J. Ramshaw,
R. D. McDonald, G. S. Boebinger, and A. Shekhter. Scale-invariant magnetoresistance

in a cuprate superconductor. arXiv:1705.05806, May 2017.

B. Goutéraux. Charge transport in holography with momentum dissipation. JHEP,
04:181, 2014. doi: 10.1007/JHEP04(2014)181.

David J. Gross and Vladimir Rosenhaus. A generalization of Sachdev-Ye-Kitaev.

JHEP, 02:093, 2017. doi: 10.1007/JHEP02(2017)093.

Saso Grozdanov, Andrew Lucas, Subir Sachdev, and Koenraad Schalm. Absence of

192



References

[30]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[33]

disorder-driven metal-insulator transitions in simple holographic models. Phys. Rev.

Lett., 115(22):221601, November 2015. doi: 10.1103/PhysRevLett.115.221601.

Yingfei Gu and Xiao-Liang Qi. Fractional statistics and the butterfly effect. JHEP,

08:129, 2016. doi: 10.1007/JHEP08(2016)129.

Yingfei Gu, Andrew Lucas, and Xiao-Liang Qi. Energy diffusion and the butterfly
effect in inhomogeneous Sachdev-Ye-Kitaev chains. SciPost Phys., 2(3):018, 2017. doi:
10.21468/SciPostPhys.2.3.018.

Yingfei Gu, Andrew Lucas, and Xiao-Liang Qi. Spread of entanglement in a Sachdev-
Ye-Kitaev chain. JHEP, 9:120, September 2017. doi: 10.1007/JHEP09(2017)120.

Yingfei Gu, Xiao-Liang Qi, and Douglas Stanford. Local criticality, diffusion and
chaos in generalized Sachdev-Ye-Kitaev models. JHEP, 5:125, May 2017. doi: 10.
1007/JHEP05(2017)125.

Arijit Haldar and Vijay B. Shenoy. Strange half metals and Mott insulators in SYK

models. arXiv:1703.05111, March 2017.

Arijit Haldar, Sumilan Banerjee, and Vijay B. Shenoy. Higher-dimensional SYK Non-
Fermi Liquids at Lifshitz transitions. arXiv:1710.00842, October 2017.

B. 1. Halperin, Patrick A. Lee, and Nicholas Read. Theory of the half-filled Landau
level. Phys. Rev. B, 47:7312-7343, Mar 1993. doi: 10.1103/PhysRevB.47.7312.

M. H. Hamidian, S. D. Edkins, Chung Koo Kim, J. C. Davis, A. P. Mackenzie,
H. Eisaki, S. Uchida, M. J. Lawler, E.-A. Kim, S. Sachdev, and K. Fujita. Atomic-scale
electronic structure of the cuprate d-symmetry form factor density wave state. Nature

Physics, 12:150-156, October 2016. doi: 10.1038 /nphys3519.

Masudul Haque and MaClarty Paul. Eigenstate thermalization scaling in majorana

193



References

[39]

[90]

[91]

[92]

[94]

[95]

clusters: from chaotic to integrable Sachdev-Ye-Kitaev models. arXiv:1711.02360,

November 2017.

Sean A. Hartnoll. Theory of universal incoherent metallic transport. Nature Physics,

11:54-61, January 2015. doi: 10.1038 /nphys3174.

Sean A. Hartnoll and Christopher P. Herzog. Impure AdS/CFT correspondence. Phys.
Rev. D, 77:106009, 2008. doi: 10.1103/PhysRevD.77.106009.

Sean A. Hartnoll and Jorge E. Santos. Disordered horizons: Holography of randomly
disordered fixed points. Phys. Rev. Lett., 112:231601, 2014. doi: 10.1103/PhysRevLett.
112.231601.

Sean A. Hartnoll, Pavel K. Kovtun, Markus Miiller, and Subir Sachdev. Theory of
the Nernst effect near quantum phase transitions in condensed matter, and in dyonic

black holes. Phys. Rev. B, 76:144502, 2007. doi: 10.1103/PhysRevB.76.144502.

Sean A. Hartnoll, Raghu Mahajan, Matthias Punk, and Subir Sachdev. Transport
near the Ising-nematic quantum critical point of metals in two dimensions. Phys. Rev.

B, 89:155130, 2014. doi: 10.1103/PhysRevB.89.155130.

Sean A. Hartnoll, David M. Ramirez, and Jorge E. Santos. Emergent scale invariance

of disordered horizons. JHEP, 09:160, 2015. doi: 10.1007/JHEP09(2015)160.

Sean A. Hartnoll, Andrew Lucas, and Subir Sachdev. Holographic quantum matter.

MIT Press, Cambridge, USA, 1 edition, 2018.

Tan M. Hayes, Ross D. McDonald, Nicholas P. Breznay, Toni Helm, Philip J. W. Moll,
Mark Wartenbe, Arkady Shekhter, and James G. Analytis. Scaling between mag-
netic field and temperature in the high-temperature superconductor BaFey(As;_, P, ).

Nature Physics, 12:916-919, May 2016. doi: 10.1038 /nphys3773.

194



References

[97]

[98]

[99]

[100]

[101]

102]

103]

[104]

Yang He, Yi Yin, M. Zech, Anjan Soumyanarayanan, Michael M. Yee, Tess Williams,
M. C. Boyer, Kamalesh Chatterjee, W. D. Wise, 1. Zeljkovic, Takeshi Kondo,
T. Takeuchi, H. Tkuta, Peter Mistark, Robert S. Markiewicz, Arun Bansil, Subir
Sachdev, E. W. Hudson, and J. E. Hoffman. Fermi surface and pseudogap evolu-
tion in a cuprate superconductor. Science, 344:608-611, May 2014. doi: 10.1126/

science.1248221.

Pavan Hosur, Xiao-Liang Qi, Daniel A. Roberts, and Beni Yoshida. Chaos in quantum

channels. JHEP, 02:004, 2016. doi: 10.1007/JHEP02(2016)004.

Yichen Huang and Yingfei Gu. FKigenstate entanglement in the Sachdev-Ye-Kitaev
model. arXiv:1709.09160, September 2017.

L. Huijse, N. Moran, J. Vala, and K. Schoutens. Exact ground states of a staggered
supersymmetric model for lattice fermions. Phys. Rev. B, 84(11):115124, September
2011. doi: 10.1103/PhysRevB.84.115124.

L. Huijse, D. Mehta, N. Moran, K. Schoutens, and J. Vala. Supersymmetric lattice
fermions on the triangular lattice: superfrustration and criticality. New J. Phys., 14

(7):073002, July 2012. doi: 10.1088/1367-2630/14/7/073002.

Liza Huijse and Kareljan Schoutens. Supersymmetry, lattice fermions, independence
complexes and cohomology theory. Adv. Theor. Math. Phys., 14:643-694, March 2010.
doi: 10.4310/ATMP.2010.v14.n2.a8.

Liza Huijse, James Halverson, Paul Fendley, and Kareljan Schoutens. Charge frustra-
tion and quantum criticality for strongly correlated fermions. Phys. Rev. Lett., 101

(14):146406, October 2008. doi: 10.1103/PhysRevLett.101.146406.

Nicholas Hunter-Jones and Junyu Liu. Chaos and random matrices in supersymmetric

SYK. arXiv:1710.08184, October 2017.

195



References

[105]

[106]

107]

[108]

109]

[110]

111]

[112]

113]

Eiki Iyoda and Takahiro Sagawa. Scrambling of quantum Information in quantum
many-body systems. Phys. Rev. A, 97(4):042330, April 2018. doi: 10.1103/PhysRevA.
97.042330.

Kristan Jensen. Chaos and hydrodynamics near AdSs. Phys. Rev. Lett., 117(11):
111601, 2016. doi: 10.1103/PhysRevLett.117.111601.

Antal Jevicki and Kenta Suzuki. Bi-Local holography in the SYK model: perturba-

tions. JHEP, 11:046, 2016. doi: 10.1007/JHEP11(2016)046.

Antal Jevicki, Kenta Suzuki, and Junggi Yoon. Bi-Local holography in the SYK model.
JHEP, 07:007, 2016. doi: 10.1007/JHEP07(2016)007.

Chao-Ming Jian, Zhen Bi, and Cenke Xu. A model for continuous thermal metal to
insulator transition. Phys. Rev. B, 96(11):115122, 2017. doi: 10.1103/PhysRevB.96.
115122.

Shao-Kai Jian and Hong Yao. Solvable Sachdev-Ye-Kitaev models in higher dimen-
sions: from diffusion to many-body localization. Phys. Rev. Lett., 119(20):206602,
November 2017. doi: 10.1103/PhysRevLett.119.206602.

Shao-Kai Jian, Zhuo-Yu Xian, and Hong Yao. Quantum criticality and duality in the
SYK/AdS2 chain. arXiv:1709.02810, October 2017.

Leo P Kadanoff and Paul C Martin. Hydrodynamic equations and correlation func-
tions. Annals of Physics, 24:419 — 469, 1963. ISSN 0003-4916. doi: 10.1016/
0003-4916(63)90078-2.

Takuya Kanazawa and Tilo Wettig. Complete random matrix classification of SYK
models with N = 0, 1 and 2 supersymmetry. JHEP, 09:050, 2017. doi: 0.1007/
JHEP09(2017)050.

196



References

[114]

[115]

[116]

[117)

[118]

[119]

[120]

[121]

122]

[123]

D. V. Khveshchenko. Thickening and sickening the SYK model. arXiv:1705.03956,
May 2017.

Justin Kinney, Juan Maldacena, Shiraz Minwalla, and Suvrat Raju. An Index for 4
dimensional super conformal theories. Commun. Math. Phys., 275:209-254, 2007. doi:
10.1007/s00220-007-0258-7.

Alexei Kitaev. A simple model of quantum holography. Talks given at “Entanglement

in Strongly-Correlated Quantum Matter”, KITP, 2015.

Alexei Kitaev. Emergent SL(2,R) symmetry in a system of fermions. Talks given
at "International Workshop on Localization, Interactions and Superconductivity”,

Chernogolovka, Russia, 2016.

Alexei Kitaev. Near-coherent scrambling. Talk given at "Workshop on the Chaos, the
SYK Model and AdS27, IAS, 2017.

Alexei Kitaev and S. Josephine Suh. The soft mode in the sachdev-ye-kitaev model
and its gravity dual. arXiv:1711.08467, Nov 2017.

Igor R. Klebanov and Grigory Tarnopolsky. Uncolored random tensors, melon di-
agrams, and the SYK models. Phys. Rev. D, 95(4):046004, February 2017. doi:
10.1103/PhysRevD.95.046004.

Bryce Kobrin, Christopher Olund, Douglas Stanford, Joel Moore, and Norman Yao.
Numerics of Fast Scrambling in the SYK Model. Talks at 2018 March Meeting, Los
Angeles, 2018.

Ioanna Kourkoulou and Juan Maldacena. Pure states in the SYK model and nearly-

AdSy gravity. arXiv:1707.02325.

Pavel Kovtun. Lectures on hydrodynamic fluctuations in relativistic theories. J. Phys.

197



References

124]

[125]

[126]

[127]

128

[129]

[130]

[131]

[132]

A: Math. Theor., 45(47):473001, November 2012. doi: 10.1088/1751-8113/45/47/
473001

Ho Tat Lam, Thomas G. Mertens, Gustavo J. Turiaci, and Herman Verlinde. Shock-

wave S-matrix from Schwarzian quantum mechanics. arXiv:1804.09834, April 2018.

Etienne Lantagne-Hurtubise, Chengshu Li, and Marcel Franz. Family of Sachdev-Ye-
Kitaev models motivated by experimental considerations. arXiv:1803.07197, March

2018.

Patrick A. Lee and T. V. Ramakrishnan. Disordered electronic systems. Rev. Mod.
Phys., 57:287-337, Apr 1985. doi: 10.1103/RevModPhys.57.287.

Tianlin Li, Junyu Liu, Yuan Xin, and Yehao Zhou. Supersymmetric SYK model and
random matrix theory. JHEP, 06:111, 2017. doi: 10.1007/JHEP06(2017)111.

E. M. Lifshitz and L. P. Pitaevskii. Statistical Physics: Theory of the Condensed State

(Course of Theoretical Physics Vol. 9). Butterworth-Heinemann, 1980.

Chunxiao Liu, Xiao Chen, and Leon Balents. Quantum entanglement of the Sachdev-

Ye-Kitaev models. arXiv:1709.06259, September 2017.

Andrew Lucas and Julia Steinberg. Charge diffusion and the butterfly effect in striped
holographic matter. JHEP, 10:143, 2016. doi: 10.1007/JHEP10(2016)143.

Andrew Lucas, Subir Sachdev, and Koenraad Schalm. Scale-invariant hyperscaling-
violating holographic theories and the resistivity of strange metals with random-field

disorder. Phys. Rev. D, 89:066018, 2014. doi: 10.1103/PhysRevD.89.066018.

Andrew Lucas, Jesse Crossno, Kin Chung Fong, Philip Kim, and Subir Sachdev. Trans-
port in inhomogeneous quantum critical fluids and in the Dirac fluid in graphene. Phys.

Rev. B, 93(7):075426, 2016. doi: 10.1103/PhysRevB.93.075426.

198



References

[133]

134]

[135]

[136]

[137]

138

[139)]

[140]

141]

[142]

Zhihuang Luo, Yi-Zhuang You, Jun Li, Chao-Ming Jian, Dawei Lu, Cenke Xu, Bei
Zeng, and Raymond Laflamme. Observing fermion pair instability of the Sachdev-Ye-

Kitaev model on a quantum spin simulator. arXiv:1712.06458, September 2017.

Fahad Mahmood, Xi He, Ivan Bozovi¢, and N. P. Armitage. Locating the missing

superconducting electrons in overdoped cuprates. arXiv:1802.02101, February 2018.

Juan Maldacena and Douglas Stanford. Remarks on the Sachdev-Ye-Kitaev model.

Phys. Rev. D, 94(10):106002, 2016. doi: 10.1103/PhysRevD.94.106002.

Juan Maldacena, Stephen H. Shenker, and Douglas Stanford. A bound on chaos.
JHEP, 2016(8):106, 2016. doi: 10.1007/JHEP08(2016)106.

Juan Maldacena, Douglas Stanford, and Zhenbin Yang. Conformal symmetry and its
breaking in two dimensional Nearly Anti-de-Sitter space. PTEP, 2016(12):12C104,

2016. doi: 10.1093/ptep/ptw124.

Juan Maldacena, Douglas Stanford, and Zhenbin Yang. Diving into traversable worm-

holes. Fortsch. Phys., 65(5):1700034, 2017. doi: 10.1002/prop.201700034.

Gautam Mandal, Pranjal Nayak, and Spenta R. Wadia. Coadjoint orbit action of
Virasoro group and two-dimensional quantum gravity dual to SYK/tensor models.

JHEP, 11:046, 2017. doi: 10.1007/JHEP11(2017)046.

Dmitrii L. Maslov, Vladimir I. Yudson, and Andrey V. Chubukov. Resistivity of a
non-galilean-invariant fermi liquid near pomeranchuk quantum criticality. Phys. Rev.

Lett., 106(10):106403, March 2011. doi: 10.1103/PhysRevLett.106.106403.
T. G. Mertens. The Schwarzian theory - origins. arXiv:1801.09605, January 2018.

Thomas G. Mertens, Gustavo J. Turiaci, and Herman L. Verlinde. Solving the
Schwarzian via the conformal bootstrap. JHEP, 08:136, 2017. doi: 10.1007/
JHEP08(2017)136.

199



References

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

A. A. Mitrano, M. an Husain, S. Vig, A. Kogar, M. S. Rak, S. I. Rubeck, J. Schmalian,
B. Uchoa, J. Schneeloch, R. Zhong, G. D. Gu, and P. Abbamonte. Singular

density fluctuations in the strange metal phase of a copper-oxide superconductor.

arXiv:1708.01929, August 2017.

Jernej Mravlje and Antoine Georges. Thermopower and entropy: lessons from
SroRuOy.  Phys. Rev. Lett., 117(3):036401, July 2016. doi: 10.1103/PhysRevLett.
117.036401.

Jeff Murugan, Douglas Stanford, and Edward Witten. More on Supersymmetric and
2d Analogs of the SYK Model. JHEP, 08:146, 2017. doi: 10.1007/JHEP08(2017)146.

Rahul Nandkishore, Max A. Metlitski, and T. Senthil. Orthogonal metals: the simplest
non-Fermi liquids. Phys. Rev. B, 86(4):045128, July 2012. doi: 10.1103/PhysRevB.86.
045128.

Prithvi Narayan and Junggi Yoon. Supersymmetric SYK model with global symmetry.
arXiv:1712.02647, December 2017.

Pranjal Nayak, Ashish Shukla, Ronak M Soni, Sandip P. Trivedi, and V. Vishal. On

the dynamics of near-extremal black holes. arXiv:1802.09547, February 2018.

Hunter-Jones Nicholas, Junyu Liu, and Yehao Zhou. On thermalization in the SYK and
supersymmetric SYK models. JHEP, 02:142, 2017. doi: 10.1007/JHEP02(2018)142.

Tomoki Nosaka, Dario Rosa, and Junggi Yoon. The Thouless time for mass-deformed

SYK. arXiv:1804.09934, April 2018.

Olivier Parcollet and Antoine Georges. Non-Fermi-liquid regime of a doped Mott
insulator. Phys. Rev. B, 59:5341, 1999. doi: 10.1103/PhysRevB.59.5341.

200



References

[152]

[153]

154]

[155]

[156]

[157]

[158]

[159]

[160]

Olivier Parcollet, Antoine Georges, Gabriel Kotliar, and Anirvan Sengupta. Over-
screened multichannel SU(N) Kondo model: Large-N solution and conformal field

theory. Phys. Rev. B, 58:3794-3813, August 1998. doi: 10.1103/PhysRevB.58.3794.

Aavishkar A. Patel and Subir Sachdev. DC resistivity at the onset of spin density
wave order in two-dimensional metals. Phys. Rev. B, 90:165146, 2014. doi: 10.1103/
PhysRevB.90.165146.

Aavishkar A. Patel and Subir Sachdev. Quantum chaos on a critical Fermi surface.

Proc. Nat. Acad. Sci., 114:1844-1849, 2017. doi: 10.1073/pnas.1618185114.

Aavishkar A. Patel, Debanjan Chowdhury, Subir Sachdev, and Brian Swingle. Quan-
tum butterfly effect in weakly interacting diffusive metals. arXiv:1703.07353, March

2017.

Aavishkar A. Patel, John McGreevy, Daniel P. Arovas, and Subir Sachdev. Magne-
totransport in a model of a disordered strange metal. arXiv:1712.05026, December

2017.

Cheng Peng, Marcus Spradlin, and Anastasia Volovich. Correlators in the N=2 Su-
persymmetric SYK Model. JHEP, 10:202, 2017. doi: 10.1007/JHEP10(2017)202.

Michael R. Peterson and B. Sriram Shastry. Kelvin formula for thermopower. Phys.

Rev. B, 82(19):195105, November 2010. doi: 10.1103/PhysRevB.82.195105.

D. I. Pikulin and M. Franz. Black hole on a chip: proposal for a physical realization
of the SYK model in a solid-state system. Phys. Rev. X, 7(3):031006, July 2017. doi:
10.1103/PhysRevX.7.031006.

M. Platé, J. D. Mottershead, I. S. Elfimov, D. C. Peets, Ruixing Liang, D. A. Bonn,
W. N. Hardy, S. Chiuzbaian, M. Falub, M. Shi, L. Patthey, and A. Damascelli. Fermi

201



References

[161]

[162]

163

[164]

[165]

[166]

[167]

[168]

[169]

surface and quasiparticle excitations of overdoped TlyBasCuQOg,s. Phys. Rev. Lett., 95
(7):077001, August 2005. doi: 10.1103/PhysRevLett.95.077001.

D. Podolsky and S. Sachdev. Spectral functions of the Higgs mode near two-
dimensional quantum critical points. Phys. Rev. B, 86(5):054508, August 2012. doi:
10.1103/PhysRevB.86.054508.

Joseph Polchinski and Vladimir Rosenhaus. The Spectrum in the Sachdev-Ye-Kitaev
Model. JHEP, 04:001, 2016. doi: 10.1007/JHEP04(2016)001.

Giuseppe Policastro, Dam T. Son, and Andrei O. Starinets. From AdS/CFT corre-
spondence to hydrodynamics. II. Sound waves. JHEP, 12:054, 2002. doi: 10.1088/
1126-6708,/2002/12/054.

Yong-Hui Qi, Yunseok Seo, Sang-Jin Sin, and Geunho Song. Schwarzian correction to

quantum correlation in SYK model. arXiv:1804.06164, April 2018.

Mukund Rangamani, Moshe Rozali, and Darren Smyth. Spatial modulation and
conductivities in effective holographic theories. JHEP, 07:024, 2015. doi: 10.1007/
JHEP07(2015)024.

N. Read, S. Sachdev, and J. Ye. Landau theory of quantum spin glasses of rotors and
Ising spins. Phys. Rev. B, 52:384-410, July 1995. doi: 10.1103/PhysRevB.52.384.

A. Riiegg, S. D. Huber, and M. Sigrist. Zs-slave-spin theory for strongly correlated
fermions. Phys. Rev. B, 81(15):155118, April 2010. doi: 10.1103/PhysRevB.81.155118.

Subir Sachdev. Holographic metals and the fractionalized Fermi liquid. Phys. Rev.
Lett., 105:151602, 2010. doi: 10.1103/PhysRevLett.105.151602.

Subir Sachdev. Strange metals and the AdS/CFT correspondence. J. Stat. Mech.,
1011:P11022, 2010. doi: 10.1088/1742-5468/2010/11/P11022.

202



References

[170]

171]

172]

[173]

[174]

[175]

[176]

[177]

[178]

[179]

Subir Sachdev. Quantum Phase Transitions. Cambridge University Press, Cambridge,

UK, 2 edition, 2011.

Subir Sachdev. Bekenstein-Hawking Entropy and Strange Metals. Phys. Rev. X, 5(4):
041025, October 2015. doi: 10.1103/PhysRevX.5.041025.

Subir Sachdev and Debanjan Chowdhury. The novel metallic states of the cuprates:
Fermi liquids with topological order, and strange metals. PTEP, 2016(12):12C102,

December 2016. doi: 10.1093/ptep/ptw110.

Subir Sachdev and Jinwu Ye. Gapless spin-fluid ground state in a random quantum
Heisenberg magnet. Phys. Rev. Lett., 70:3339, 1993. doi: 10.1103/PhysRevLett.70.
3339.

Noriaki Sannomiya, Hosho Katsura, and Yu Nakayama. Supersymmetry breaking and
Nambu-Goldstone fermions with cubic dispersion. Phys. Rev. D, 95:065001, 2017. doi:
10.1103/PhysRevD.95.065001.

Ashoke Sen. Black hole entropy function and the attractor mechanism in higher deriva-

tive gravity. JHEP, 0509:038, 2005. doi: 10.1088/1126-6708,/2005/09/038.

Ashoke Sen. Entropy Function and AdS(2) / CFT(1) Correspondence. JHEP, 0811:
075, 2008. doi: 10.1088/1126-6708/2008/11/075.

Stephen H. Shenker and Douglas Stanford. Black holes and the butterfly effect. JHEP,
03:067, 2014. doi: 10.1007/JHEP03(2014)067.

T. Shibauchi, A. Carrington, and Y. Matsuda. Quantum critical point lying beneath
the superconducting dome in iron-pnictides. Annu. Rev. Condes. Matter Phys., 5:

113-135, March 2014. doi: 10.1146/annurev-conmatphys-031113-133921.

Xue-Yang Song, Chao-Ming Jian, and Leon Balents. Strongly Correlated Metal Built

203



References

[180]

181]

182]

[183]

184]

[185]

[186]

[187]

[188]

[189)]

from Sachdev-Ye-Kitaev Models. Phys. Rev. Lett., 119(21):216601, November 2017.
doi: 10.1103/PhysRevLett.119.216601.

Julian Sonner and Manuel Vielma. Eigenstate thermalization in the Sachdev-Ye-Kitaev

model. JHEP, 11:149, 2017. doi: 10.1007/JHEP11(2017)149.

M. Srednicki. Chaos and quantum thermalization. Phys. Rev. E, 50:888-901, August
1994. doi: 10.1103/PhysRevE.50.888.

Douglas Stanford. The Sachdev-Ye-Kitaev model and AdSs. Tulk at Strings 2016,
Beijing.
Douglas Stanford and Edward Witten. Fermionic Localization of the Schwarzian The-

ory. JHEP, 10:008, 2017. doi: 10.1007/JHEP10(2017)008.

G. R. Stewart. Non-fermi-liquid behavior in d- and f-electron metals. Rev. Mod. Phys.,
73:791, October 2001. doi: 10.1103/RevModPhys.73.791.

Andrew Strominger and Cumrun Vafa. Microscopic origin of the Bekenstein-Hawking

entropy. Phys. Lett., B379:99-104, 1996. doi: 10.1016/0370-2693(96)00345-0.

Gustavo Turiaci and Herman Verlinde. Towards a 2d QFT analog of the SYK model.
JHEP, 10:167, 2017. doi: 10.1007/JHEP10(2017)167.

C. M. Varma, P. B. Littlewood, S. Schmitt-Rink, E. Abrahams, and A. E. Ruckenstein.
Phenomenology of the normal state of Cu-O high-temperature superconductors. Phys.

Rev. Lett., 63:1996-1999, Oct 1989. doi: 10.1103/PhysRevLett.63.1996.

David Vegh. Holography without translational symmetry. arXiv:1301.0537, January
2013.

Yochai Werman and Erez Berg. The Mott-Ioffe-Regel limit and resistivity crossover in
a tractable electron-phonon model. Phys. Rev. B, 93(07):075109, 2016. doi: 10.1103/
PhysRevB.93.075109.

204



References

[190]

[191]

[192]

193]

194]

[195]

196]

197]

198

199]

Edward Witten. An SYK-like model without disorder. arXiv:1610.09758, October
2016.

Xiaochuan Wu, Xiao Chen, Chao-Ming Jian, Yi-Zhuang You, and Cenke Xu. A candi-
date theory for the "strange metal” phase at finite energy window. arXiv:1802.04293,

September 2017.

Zhi-Cheng Yang, Konstantinos Meichanetzidis, Stefanos Kourtis, and Claudio Cha-

mon. Scrambling via braiding of nonabelions. arXiv:1804.01097, April 2018.

Jinwu Ye, Subir Sachdev, and N. Read. Solvable spin glass of quantum rotors. Phys.
Rev. Lett., 70:4011-4014, June 1993. doi: 10.1103/PhysRevLett.70.4011.

Junggi Yoon. Supersymmetric SYK model: bi-local collective superfield /supermatrix

formulation. JHEP, 10:172, 2017. doi: 10.1007/JHEP10(2017)172.

Junggi Yoon. SYK models and SYK-like tensor models with global symmetry. JHEP,
10:183, 2017. doi: 10.1007/JHEP10(2017)183.

Yi-Zhuang You, Andreas W. W. Ludwig, and Cenke Xu. Sachdev-Ye-Kitaev model and
thermalization on the boundary of many-body localized fermionic symmetry protected

topological states. Phys. Rev. B, 95:115150, 2017. doi: 10.1103/PhysRevB.95.115150.

Jiecheng Zhang, E. M. Levenson-Falk, B. J. Ramshaw, D. A. Bonn, Ruixing Liang,
W. N. Hardy, Sean A. Hartnoll, and Aharon Kapitulnik. Anomalous Thermal Diffu-
sivity in Underdoped YBayCusOg,,. Proc. Nat. Acad. Sci., 114:5378-5383, 2017. doi:
10.1073/pnas.1703416114.

Pengfei Zhang. Dispersive SYK model: band structure and quantum chaos. Phys.
Rev. B, 96(20):205138, November 2017. doi: 10.1103/PhysRevB.96.205138.

Pengfei Zhang and Hui Zhai. Topological Sachdev-Ye-Kitaev model. arXiv:1803.01411,
March 2018.

205



