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Abstract

This thesis investigates variational problems related to the concept of mean curvature
on submanifolds. Our primary focus is on the area functional, whose critical points are the
minimal submanifolds and whose gradient flow is the mean curvature flow. We study these
geometric objects from the perspectives of existence, regularity and rigidity; their variational
stability plays an essential role for each of these perspectives.

As direct minimisation tends to produce stable critical points, the natural method to
construct unstable critical points becomes the min-max procedure, first developed for the
area functional by Almgren-Pitts. We extend the min-max theory to produce constrained
critical points of the area functional - hypersurfaces with prescribed constant mean curvature.
A key concern is the regularity of the resulting hypersurface, which derives from local stability
properties.

To study the mean curvature flow, for which singular behaviour is in fact inevitable, we
study self-shrinking solitons, which model any singularities of the flow and are themselves
minimal submanifolds with respect to a Gaussian metric. We study the dynamical stability of
these self-shrinkers, particularly in the case that the soliton is itself singular, and in relation
to the Colding-Minicozzi entropy functional for the flow in Euclidean space. We use similar

techniques to analyse the principal eigenvalue of certain geometric operators on potentially
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singular minimal hypersurfaces. Furthermore, we prove several strong rigidity theorems for
self-shrinkers assuming certain almost-stability conditions.

Finally, we describe two monotonicity results: The first is a ‘moving-centre’ monotonicity
formula for the area of minimal submanifolds; the second is a new entropy functional for
mean curvature flow in the spherical space form. Both yield a priori estimates for the area

of minimal submanifolds.
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CHAPTER 1

Introduction

This thesis concerns variational problems for submanifolds, of two broad flavours corre-
sponding to the major themes of existence and uniqueness (or rigidity) in geometric partial
differential equations (PDE). These flavours are the construction of geometrically interesting
submanifolds by variational methods, and analysis of the spectrum of geometric operators
on such submanifolds. We focus on problems dealing with the concept of mean curvature,
which is a natural notion of curvature for submanifolds; mean curvature also arises in sev-
eral important physical phenomena such as surface tension and horizons in general relativity.
Mathematically, mean curvature governs the first variation of the area functional on a sub-
manifold, which is the primary focus of our variational theory.

Indeed, if a submanifold ¥* in an ambient Riemannian manifold M" is deformed by a

vector field X, the first variation of area is

d —
(0.1) —|  Area(Xy) = —/(H,X},
dt],_, 5
where H is the mean curvature vector. Critical points of the area functional are termed

minimal, and are thus characterised by the elliptic PDE given by the vanishing of mean

curvature,

(0.2) H=0.

The study of minimal surfaces is a classical topic in geometry and in mathematics, stretching
back to Euler in 1744 and Lagrange in 1762, who first studied the problem of finding a least

area surface spanning a given curve. Minimal surface theory has been at the forefront of



the elliptic theory for geometric PDE, with direct and indirect applications to many other
geometric settings such as Einstein manifolds or positive scalar curvature [98].

If ¥ is a closed hypersurface - that is, a codimension 1 submanifold - then one may also
consider critical points of the area under the constraint of fixed enclosed volume. Calculating
the first variation of volume reveals that such critical points are defined by having constant

(scalar) mean curvature

(0.3) H

C.

In addition to being of classical interest, both the unconstrained and constrained variational
problems for area have various applications ranging from modelling interface phenomena
[112, 84] to black holes and general relativity [99, 30, 68].

Perhaps the most natural method for constructing critical points is to minimise the
functional under study. For the area functional, however, direct minimisation may fail to
produce nontrivial minimal submanifolds. Even if a critical point is found, one would like
to investigate its stability or second variation, and in principle minimisation should only
detect stable critical points. To construct critical points of higher index, one naturally turns
to min-max methods, in which the maximum area of a family of submanifolds is minimised
over all suitable families. Min-max theory has enjoyed a remarkable amount of success in this
decade, led by Marques and Neves’ resolution of the Willmore conjecture [86] and their more
recent resolution of Yau’s conjecture for infinitely many minimal hypersurfaces in positive
Ricci curvature [88] and for generic metrics [72].

Another natural variational problem for the area functional is the mean curvature flow,

in which submanifolds ¥; are deformed by their mean curvature vector, that is,

dx -
A4 —=H
(0-4) dt >

£

From the first variation of area, one can see that the mean curvature flow is the (negative) L?

gradient flow for the area functional. Thus, one might hope to analyse and produce critical



points by running this flow. Mean curvature flow is also of significant interest in its own
right and as the most natural geometric heat flow for submanifolds. Geometric flows have
also enjoyed striking success, the most prominent example being Perelman’s resolution of
the Poincaré conjecture via the analogous intrinsic flow, Hamilton’s Ricci flow.

As alluded to above, once a critical point or a flow is produced, we would like to study its
geometric properties, including regularity, stability and rigidity. The first major issue is the
possibility of singular behaviour of solutions. The singular set sing(X) of a submanifold 3 is
the subset of points where X fails to be embedded. Even for minimisers of the area functional,
singularities can be unavoidable - for instance, the so-called Simons’ cone {(z,y) € R* x R* :
|z|> = |y|*} is area-minimising, yet has a singularity at the cone point. Singularities are also
inevitable for the mean curvature flow, as the maximum principle implies that any closed
hypersurface must collapse in finite time. A fundamental technique to study singularities is
blowup analysis, where we rescale or ‘zoom in’ at a singular point. With suitable a priori
control one obtains a limit which has additional symmetries, and understanding this blowup
limit is a model for the singular behaviour.

Such control is often provided by a monotonicity formula. On minimal submanifolds, for

instance, we have the classical monotonicity formula:

PROPOSITION 0.1. Let XF be a minimal submanifold in R™. Then so long as 0LNB" = (),
we have

12
|>0.

d
(0.5) & Mz Br) = r k! / |2

T
$NOB? |27 |

A consequence is that singularities of minimal submanifolds are modelled by dilation-
invariant minimal cones. Similarly, for a mean curvature flow ¥;, one has Huisken’s mono-

tonicity formula [65], which consider for a given spacetime centre (xg,ty) the quantity

Fxo,to—t(zt> = fzt Proto—t- Here

2
(0.6) Pross () = (47t0) " exp (_M) .
’ At
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Huisken’s monotonicity formula is then

= (z—x0)t 2

d
0.7 — o to—t = — H+ —
( ) dt s, Pxzo,to—t /Et + 2(t0 _ t)

and it implies that the singularities of the flow are modelled by self-shrinking solitons (self-

pxo,to—ta

shrinkers for short) - submanifolds ¥ that contract homothetically under the flow. That is,
up to rescaling in spacetime, ¥; = v/—t X should be a mean curvature flow for t < 0. With
this normalisation, self-shrinkers are critical points the F' = F{; functional, are minimal

with respect to a Gaussian metric on R" and are defined by the elliptic PDE
- 1 1
(0.8) H = 57

The second major issue is that of stability, including the variational stability of a critical
point, dynamical stability under a geometric flow or the stability of singular behaviour under
perturbation. On minimal or constant mean curvature hypersurfaces >, the second variation

of area is governed by the Jacobi or stability operator
(0.9) L = As + |A]* + Ric(v, v),

where A is the second fundamental form and Ric(v, v) is the ambient Ricci curvature in the
normal direction. Self-shrinking hypersurfaces ¥ also have second variation controlled by a

stability operator, given by

1
(0.10) L:£+mﬁ+?
where
1
(0.11) EzA—ﬁ(x,V-)

is the drift Laplacian on X. The spectra of these stability operators thus directly controls

the variational stability of the corresponding critical points.



In order to address the dynamical stability of singularities under mean curvature flow,
Colding and Minicozzi [37] introduced an entropy functional measuring the Gaussian areas
at all scales in spacetime, which is a Lyapunov functional for mean curvature flow:

(0.12) A(X) = sup Fyy 4 (2),

z0,t0>0

where Fy 4, () = [ pao,te s above. They showed that any smooth non-round self-shrinker
is unstable for the entropy functional and hence dynamically unstable under the flow; a
crucial part of their theory is a careful analysis of the stability operator L. Since it is
decreasing under the flow, the Colding-Minicozzi entropy is a measure for the complexity of
a submanifold and has become an important functional in its own right. In particular, there
is significant interest in understanding submanifolds of low entropy.

Aside from applications to stability analysis, the spectrum of a Schrédinger operator
A + V on a manifold is itself an interesting variational problem, corresponding to critical
points of an energy [ (|Vu|*> — Vu?) for constrained L*-norm [ u?. Indeed, the eigenvalues
have a min-max characterisation which is the focus of a deep ongoing programme pioneered
by Gromov [57], Guth [61] and more recently Liokumovich, Marques and Neves [82]. The
least eigenvalue A; is particularly fundamental, and has a variational characterisation in

terms of the Rayleigh quotient,

[ (Ve ~ V)

G

On a submanifold ¥ itself arising from a variational problem, one expects the fundamental

(0.13) A = inf

tone A; for natural operators such as the Laplacian Ay, (or the drift Laplacian Ly) to be
rigid in some geometric sense. For instance, a famous conjecture of Yau asks whether the
first Laplace eigenvalue of any minimal surface in the round 3-sphere must be equal to 2.

(See also [100] for some discussion.)



In the remainder of this section we describe the specific problems studied in this thesis
as well as our main theorems. To begin, we return to the variational theory for the area

functional.

1. Min-max theory

For finding critical points of the area functional - that is, minimal hypersurfaces - the
min-max method has been greatly successful. In [3], Almgren initiated a celebrated program
to develop a variational theory for minimal submanifolds in Riemannian manifolds of any
dimension and co-dimension using geometric measure theory, namely the min-max theory
for minimal submanifolds. He was able to prove the existence of a nontrivial weak solution
as stationary integral varifolds [4]. Higher regularity was established in the co-dimension-one
case by the seminal work of Pitts [94] (for 2 < n < 5) and later extended by Schoen-Simon
[37] (for n > 6). Colding-De Lellis [34] established the corresponding theory using smooth
sweepouts based on ideas of Simon-Smith [107].

Very recently, in a series of works, Marques-Neves [86, 1, 88] found surprising applica-
tions of the Almgren-Pitts min-max theory to solve a number of longstanding open prob-
lems in geometry, including their celebrated proof of the Willmore conjecture. Due to these
tremendous successes, there have been a vast number of developments of this programme in
various contexts, including [42, 90, 60, 76, 87, 82, 23, 41, 80, 75, 109].

In [126], together with Prof. Xin Zhou, we extended the min-max method to the CMC
setting. Specifically, we were able to prove existence of closed hypersurfaces with any pre-

scribed constant mean curvature:

THEOREM 1.1. Let M™! be a smooth, closed Riemannian manifold of dimension 3 <
n+1< 7. Gwen any ¢ € R, there exists a nontrivial, smooth, closed, almost embedded

hypersurface X" of constant mean curvature c.
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We now give a heuristic overview of the min-max method. In the actual proofs, for
technical reasons we will work with discrete families as in Almgren-Pitts, but here we will
describe the key ideas using continuous families to elucidate those ideas.

Let M, ¢ be as in Theorem 1.1. We only need to consider ¢ > 0. We consider the A°
functional, defined on open sets €2 with smooth boundary by A°(£2) = area(9€2) — ¢ Vol(£2).

Denote I = [0, 1]. Consider a continuous 1-parameter family of sets with smooth boundary
{Qxl'EI}, with Qoz(l)and Ql =M.

Fix such a family {Q0}, and consider its homotopy class [{Q2}] = {{Q} ~ {Q%}}. The
c-min-mazx value is defined as

L= inf max{A°(Q,):xzel}.
{Qa}~{00} A ) }

A sequence {{Q.} : i € N} with max,c; A°(Q)) — L€ is typically called a minimising
sequence, and any sequence {Q : z; € (0,1),i € N} with A°(Q ) — L¢ is called a min-maz
sequence.

Our main result then says that there is a nice minimising sequence {{2.} : i € N}, and

some min-max sequence {2, :x; € (0,1),i € N}, such that:

THEOREM 1.2. The sequence 89;1_ converges as varifolds with multiplicity one to a non-

trivial, smooth, closed, almost embedded hypersurface ¥ of constant mean curvature c.

Our proof broadly follows the Almgren-Pitts scheme, but with several important difficul-

ties. This scheme proceeds generally as follows:

e Construct a sweepout with positive width, and extract a minimising sequence;
e Apply a ‘tightening’ map to construct a new sequence whose varifold limit satisfies
a variational property and an ‘almost-minimising’ property;

e Use these properties to construct ‘replacements’ on annuli which must be regular;
7



e Apply successive concentric annular replacements to the min-max limit and show
that they coincide with each other, and hence extend to the centre;

e Show that the min-max limit coincides with the replacement near the centre.

2. Mean curvature flow and entropy

As mentioned above, the starting point for much of the singularity analysis for the mean
curvature flow is Huisken’s monotonicity formula [65], which implies (see for instance [65,
69, 116]) that the tangent flow at any singular point of a mean curvature flow is modelled by
a critical point of the F-functional; these critical points are referred to as self-shrinkers, and
they are also critical points of the entropy functional. Because they model the singularities
in this blow-up sense, the study of self-shrinkers is essential to understanding the mean
curvature flow. A further consequence of the monotonicity formula is that entropy is non-
increasing under mean curvature flow; as such, the entropy may be interpreted as a useful
measure of the complexity of a hypersurface.

Indeed, the Colding-Minicozzi entropy forms a fundamental component of their theory
of generic mean curvature flow: In [37] they showed that the only complete, smoothly
embedded, entropy-stable self-shrinkers are the generalised cylinders Sk(m) x R"* 50
that under suitable conditions other such singularities may be perturbed away. Here S¥(r)
denotes the round k-sphere of radius r, and we say that a self-shrinker ¥ is entropy-stable
if it is a local minimum for the entropy functional amongst C? graphs over . The entropy
functional has recently been studied by various other authors; see for instance [6], [15], [14],
[13], [35], [76] and [83]. It has also been adapted to other geometric flows; see for example
[124] and [74].

In [35], Colding, Ilmanen, Minicozzi and White conjectured that the entropy of any
closed hypersurface should be at least that of the round sphere (see also [40]). In [128] we

confirmed this conjecture for every dimension n; specifically we prove the following:



THEOREM 2.1. Let ¥ be a smooth, closed, embedded hypersurface in R"*. Then we have

A(X) > A(S™), with equality if and only if ¥ is a round sphere.

Note that for n = 1 the result follows immediately from the theorems of Gage-Hamilton
[54] and Grayson [56], which imply that any smooth closed embedded curve shrinks to a
round point. Previously Theorem 2.1 had been established in the cases 2 < n < 6 by
Bernstein and Wang [13], using a cleverly constructed weak flow that ensured the extinction
time singularity was of a special type. Ketover and Zhou [76] also gave an independent
proof for the n = 2, non-toric case using min-max theory for the F-functional. Our proof
of Theorem 2.1 results from combining the insightful work of Bernstein-Wang together with
our classification of entropy-stable singular self-shrinkers.

The main theorem of [128] was the following extension of Colding-Minicozzi’s classifica-

tion of entropy-stable self-shrinkers [37] to the singular setting:

THEOREM 2.2. Let V' be an F-stationary integral n-varifold in R™™*, which has orientable
reqular part and finite entropy, and satisfies the a-structural hypothesis for some a € (0, %)
Suppose that V' is not a generalised cylinder Sk(\/ﬁ) x R"™ % Then V is entropy-unstable.

Furthermore, if V also does not split off a line and is not a cone, the unstable variation
may be taken to have compact support away from singV. If V' is a stationary cone, the

unstable variation may be taken to be a homogenous variation induced by variation of the

link away from its singular set.

2.1. Stability of minimal hypersurfaces in the round sphere. To handle the case
of stationary cones in the above theorem, we needed an upper bound for the first stability
eigenvalue k; of a non-flat minimal hypersurface in S”. Such a result was proven classically
by J. Simons [106], but in the above we do not know a priori that the link is smooth. We

proved the corresponding estimate for singular minimal hypersurfaces in [127]:

THEOREM 2.3. Let W be a stationary integral (n— 1)-varifold in S™ which has orientable

1

regular part and satisfies the a-structural hypothesis for some o € (0, 5). Further suppose

9



that W is not totally geodesic in S™. Then k(W) < —2(n — 1), with equality if and only if
spt W is a Clifford hypersurface S* (, / %) x S ( ﬁ), where k+1=n—1.

2.2. Techniques on singular hypersurfaces. In the theorems for singular hypersur-
faces described above, the main issue is how to deal with the singular set. Moreover, the
singular set is known to be small in the Hausdorff sense, which is technically difficult to work
with: If one knew the singular set to be small in the (stronger) Minkowski sense, as proven
for minimising hypersurfaces in work of Naber et. al. (see for instance [24]), one could easily
construct good cutoff functions based on the distance to the singular set.

Instead, for Theorems 2.2 and 2.3 we had to develop careful cutoff techniques around
the singular set, assuming Hausdorff codimension greater than 4. For completeness we also
include full details of a cutoff construction of Morgan and Ritoré [92], which applies for
Hausdorff codimension greater than 2. The most involved construction presented in this

thesis is that used for Theorem 2.2.

3. Monotonicity formulae

For many geometric partial differential equations, monotonicity formulae play an essen-
tial role and their discovery often leads to deep and fundamental results for those systems.
Monotonicity is a particularly useful tool in the study of variational problems, and for reg-
ularity theory (see for example [5, 9, 38, 53, 50, 105, 117] and references therein). These
formulae often control the evolution of energy-type quantities with respect to changes in
scale, or time.

As mentioned above, one important example is the classical monotonicity formula for

minimal submanifolds - critical points of the area functional - which states:

PROPOSITION 3.1. Let XF be a minimal submanifold in R™. Then so long as 0LNB" = (),
we have

12
’>0.

d
(3.1) o (r’k\E N Bﬂ) = rkl/ [

YNOB |27 |
10



In [130], we proved a new sharp ‘moving-centre’ monotonicity formula, in which the
centres of the extrinsic balls are allowed to move, and the scale is adjusted in a particular

manner:
DEFINITION 3.2. Fix y € Bj. For s > 0 we let

(3.2) E,=B"((1-s)y,r(s))

denote the ball with centre (1 — s)y and radius r(s) := \/s(R2 — [y|2) + s2|y[2.

THEOREM 3.3. Let $% be a minimal submanifold in R™ and y € B, Ey,7(s) be as above.

Then so long as 0L N E, = 0, we have

A _mnEl \__ s sl
(3.3) 15 ((r(s)2 _ d(s)2)§> 2(R? — |y[2)} /EmaEs [(x —y + sy)7| >0,

where d(s) = s|y| is the distance from y to the centre of the ball Ej.

In this thesis, we also find a new monotone quantity for mean curvature flows X7 C S"**,
defined as the Colding-Minicozzi entropy when ¥, is considered as a submanifold of R"+*+1
As a consequence of the monotonicity of this new entropy functional, we are able to prove
a gap theorem for the area of minimal hypersurfaces in S**! which are not isotopic to the
round sphere. This gap is larger than that proven by Cheng, Li and Yau [25], although
theirs holds for any non-flat minimal hypersurface, and smaller than that proven by Ilmanen

and White [71], although they require a stronger topological condition.

4. Rigidity of shrinking solitons

Since singularities of mean curvature flow are modelled by self-shrinkers, one of the
most important questions in the study of mean curvature flow is to classify the possible
singularities. The first major result is due to Huisken ([65], [66]), who showed that the only
smooth complete embedded self-shrinkers in R™™! with H > 0, polynomial volume growth

and |A| bounded are generalized cylinders S¥(v/2k) x R"*. Later, Colding-Minicozzi [37]
11



were able to remove the assumption of bounded curvature |A|. Consequently, they showed
that the only generic shrinkers are the generalised cylinders S¥ (\/ﬁ) x R"* in the sense
that all others can be perturbed away.

Another central problem in the singularity analysis for mean curvature flow is the unique-
ness of blowups, namely, whether different sequences of dilations might give different blowups.
For compact singularity models, this uniqueness problem is better understood; see for in-
stance [101] and [102]. The first uniqueness theorem for blowups at noncompact singularities
was obtained by Colding-Ilmanen-Minicozzi [31], who proved that if one blowup at a singu-
larity of MCF is a multiplicity-one cylinder, then every subsequential limit is also a cylinder,
and Colding-Minicozzi [39], who showed that the axis of the cylinder is also independent of
the sequence of rescalings. Using this uniqueness in a fundamental way, Colding-Minicozzi
[33] were able to give a quite complete description of the singular set for MCF having only
generic singularities.

The key to proving the uniqueness at cylindrical singularities is the strong rigidity theo-
rem of [31, Theorem 0.1}, which says that any self-shrinker that is mean convex with bounded
curvature |A| on a large compact set must in fact be a cylinder.

In [59] and [58], together with Dr Qiang Guang, we proved several strong rigidity results,
removing the bounded curvature assumption of [31, Theorem 0.1] and also extending it to

the setting of graphical self-shrinkers:

THEOREM 4.1. Given n < 6 and A, there exists R = R(n, \o) so that if X" C R"™! is a

smoothly embedded self-shrinker with entropy A(X) < Ao which satisfies
(t) H>0on BRNX,

then ¥ is a generalised cylinder S¥(v/2k) x R"™* for some 0 < k < n.

THEOREM 4.2. Given n, \g and § > 0, there exists R = R(n, \,d) so that if X" C R™!

is a smoothly embedded self-shrinker with entropy A(X) < Ao which satisfies

(1) H>0 on BRNY,
12



then Y is a generalised cylinder S¥(v/2k) x R"™* for some 1 < k <n.

THEOREM 4.3. Given n < 6 and A, there exists R = R(n, \o) so that if X" C R"™ is a

smooth, complete self-shrinker with entropy A(X) < X\ satisfying
(1) X is graphical in Bg,

then X is a hyperplane.

The above theorem for graphical self-shrinkers may be considered as the strong rigidity
extension of the Bernstein theorem for self-shrinkers, in the same way that [31, Theorem 0.1]
extended Huisken’s classification of mean convex self-shrinkers. The first such result was due
to Ecker and Huisken [48], who showed that an entire self-shrinking graph with polynomial
volume growth must be a hyperplane. Later, L. Wang [114] was able to remove the volume

growth assumption.

5. Yau’s conjecture for the first Laplace eigenvalue

A famous open problem posed by S.-T. Yau states:

CONJECTURE 5.1 (Yau). Let S™*! be the unit (n + 1)-sphere with its standard round
metric. Then the first eigenvalue of the Laplacian on a closed embedded minimal hypersurface

¥n C S s precisely n.

This important conjecture appears as problem 100 in Yau’s 1982 problem list [121], in his
lectures [122] and again in his more recent review [123]. It is a natural conjecture since when
the ambient space M is the round unit sphere S*™!, the minimal surface equation shows that
the embedding X : X" — S7+! <3 R"*2 gatisfies AX +nX = 0, where A is the Laplacian
on . Consequently, the first eigenvalue must satisfy A;(X) < n, and it is not difficult to see
that equality holds for ¥ a great sphere, for instance. In fact, to the author’s knowledge,
Yau’s conjecture has also been verified for all known examples of minimal hypersurfaces in

spheres - see for instance [26] or more recently [111].
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The most significant progress towards a proof of the conjecture, due to Choi and Wang

(28], is indeed in this direction:

THEOREM 5.2 (Choi-Wang). Let X" be a closed orientable embedded minimal hypersur-

face in a compact orientable manifold (M™, g). Suppose that the ambient Ricci curvature

satisfies Ricy > kg, k > 0. Then A\ (X) > k/2.

REMARK 5.3. The conclusion A\; > k/2 in fact holds for compact manifolds M with
boundary M = X, so long as the second fundamental form A and first eigenfunction ¢,
on the boundary satisfy fz A(@gbl, @gbl) > 0. Indeed, the proof of Theorem 5.2 relies on

choosing the side of ¥ for which the latter condition is satisfied.

In particular, since the standard metric g on S™*! satisfies Ric; = ng, for minimal
hypersurfaces in (S"!,g) we have the lower bound A (X2) > n/2.

In [129] we were able to find a real analytic deformation of the standard metric on
the hemisphere ST, n > 2, which decreases the first Laplace eigenvalue of the boundary

A8t ~ S" whilst preserving its minimality as well as the ambient Ricci curvature bound:

THEOREM b5.4. Letn > 2. Then there is a smooth metric g on the hemisphere S_Trl such

that:

The ambient Ricci curvature satisfies Ricy, > ng.

The boundary 3 = 8Sﬁ+l s minimal with respect to g.

The first Laplace eigenvalue of the induced metric g on ¥ satisfies A (X) < n.

The eigenfunction ¢y corresponding to \i(X) satisfies [y, A(@qﬁl,@qﬁl) > 0, where

V is the gradient on 2.

Morally, the above theorem implies that in order to improve the Choi-Wang result by the
necessary factor of 2 to yield Yau’s conjecture, one would have to either use a more special
property of the round sphere than its positive Ricci curvature, or one would have to develop

an argument which genuinely uses both sides of the minimal hypersurface X.
14



One may also pose Yau’s conjecture for self-shrinkers, for which the natural Laplace-type

operator is the drift Laplacian £. The corresponding conjecture is whether \;(£) = %, as

1
3

the coordinate functions have drift eigenvalue Recently, Ding and Xin [44] were able
to extend the argument of Choi and Wang to this setting, using the lower bound for the
so-called Bakry—Emery—Ricci tensor on R™*! with Gaussian weight.

In this thesis we verify that A\;(£) = 3 when %? C R? is the rotationally symmetric torus
self-shrinker constructed by Angenent [7], up to an estimate for that torus which is easily
verified numerically. Angenent’s torus was constructed by using the rotational symmetry
to reduce the self-shrinker equation to an ordinary differential equation, and then applying
the shooting method to find a simple closed profile curve. Conjecturally, this is a unique
rotationally symmetric self-shrinking torus. As this conjecture has not been proven, we
also verify the shrinker form of Yau’s conjecture for certain other constructions of the self-

shrinking torus.

6. Outline of thesis

In Chapter 2 we quickly restate some background material and set out our notations.

Since several parts of this thesis depend on understanding spectra of stability operators
on submanifolds, we first warm up by covering our various eigenvalue estimates on minimal
hypersurfaces in Chapter 3. This includes Theorems 2.3 and Theorem 5.4 for minimal
hypersurfaces in spheres, as well as our analyses of Morgan and Ritoré’s cutoff construction
and of the Angenent torus.

In Chapter 4, we present the main portion of our work on the entropy of closed hyper-
surfaces, including the stability analysis of singular self-shrinkers and Theorems 2.1 and 2.2.
We then continue to discuss self-shrinkers in Chapter 5, presenting our rigidity theorems for
mean convex self-shrinkers and for graphical self-shrinkers. In particular this includes the

proofs of Theorems 4.1, 4.2 and 4.3.
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In Chapter 6 we describe our moving-centre monotonicity formula for minimal hypersur-
faces (Theorem 3.3), and our monotone entropy functional for mean curvature flows in the
round sphere. Both are used to conclude area bounds for minimal hypersurfaces.

Finally in Chapter 7 we come around full circle to the min-max construction of prescribed

constant mean curvature hypersurfaces and in particular the proof of Theorem 1.1.
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CHAPTER 2

Preliminaries

In this chapter we discuss notation and collect some basic background material.

1. Manifolds and submanifolds

We typically work with submanifolds ¥* in a smooth ambient Riemannian manifold
(M", g). If we need to distinguish geometric quantities on the submanifold from ambient
quantities, we typically use V to denote the connection on ¥, with barred symbols V denoting
the corresponding objects on the ambient manifold M. Occasionally we may instead use g to
denote a reference metric, and other decorated quantities g, g for certain submanifolds. We
reserve D for the Euclidean connection. By B(xz,r) or B,.(x) we typically denote ambient
balls of radius r. For convenience we set B, = B,(0).

We let w,, denote the volume of the Euclidean ball of radius 1 in R". We set S™(r) to be
the round n-sphere of radius r, and S" = S"(1). We use y” for the projection of a vector y
to the tangent bundle, and y* for the projection to the normal bundle. In Euclidean space
we typically use x to denote the position vector.

We will use the sign convention for the Laplacian that makes it a negative operator. That
is, for arbitrary symmetric tensors, the rough Laplacian is defined by A = ¢“V,V;. It is

convenient to define the Hodge Laplacian, acting on 1-forms by
(1.1) Apw; = Aw; — Rlw;
and the Lichnerowicz Laplacian, defined for symmetric 2-tensors by

(1.2) Aphij = Ahg; + 2R} :hi — Rihje — Rbhy,.

kij
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We say that a function u # 0 is an eigenvalue of A with eigenvalue X if Au = —Au.

Here we use the convention for the Riemann curvature following Chow-Lu-Ni [29]:
(1.3) R(ei, e;)er = Rﬁjkel, and Rijri = gim R

The Ricci tensor Ric is then the covariant 2-tensor with components R;; = R?,.. We denote

pij°
by ¢~* Ric, the (1,1)-Ricci tensor, and we understand the Ricci curvature bound Ric, > kg
to mean that the endomorphism g~' Ric, —k is positive semidefinite.

The second fundamental form of ¥ in M is a symmetric bilinear form with values in the
normal bundle, given by A(X,Y) = (VxY)*. The mean curvature vector H is the trace of
the second fundamental form, H(p) = > A(E;, E;) where {E;} is an orthonormal basis for
T,X.

The k-dimensional Hausdorff measure is given by considering covers by sets of small

diameter,

H*(S) = lim inf{Z(diam Ui)’“‘ diam U; < 6,5 C UUZ-} .

0—0
The Hausdorff dimension of the set S is then dim™(S) = inf{k > 0|H*(S) = 0}. For a
smooth k-dimensional submanifold we have Area(X) = HF ().
We will need the coarea formula, which states that for a proper Lipschitz function f and

a locally integrable function u on a manifold M, one has

t
(1.4) / u\Vf|:/ dT/ "
{r<t} —0o0 {f=r}

Consider a variation >; of ¥ generated by vector field X on Y. The first variation of area

is given by
d

dt

Area(S,) = — / (H,X).

t=0 P

A minimal submanifold is a critical point for the area functional; from the above formula we

see that minimal submanifolds are defined by the elliptic PDE H=0.
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A one-parameter family of submanifolds ¥; is a mean curvature flow if those submanifolds

dx

move by their mean curvature vector, ¢ = H. From the first variation formula above we

see that mean curvature flow can be interpreted as the negative L? gradient flow for area.

2. Hypersurfaces

A hypersurface is a smooth (C* or C*) embedded codimension 1 submanifold X! in
the Riemannian manifold M".

We say that a hypersurface X* C R™*! has Euclidean volume growth if there exists a
constant Cy, > 0 so that Vol(X N B,(z)) < Cyr™ for any r > 0 and any x € R"™'. Here, and
henceforth, B,(z) denotes the open Euclidean ball of radius r in R**! centred at .

For a two-sided hypersurface ¥ with unit normal v, the second fundamental form can
instead be represented by the scalar-valued form A(X,Y) = (Vxv,Y). The mean curvature
(scalar) is then H = tr A = divy; in particular our convention is such that H = —Hv. A
hypersurface is said to be (mean) convex if A (resp. H) is nonnegative.

Indeed, with this convention the round sphere in Euclidean space has positive mean
curvature. Also recall that if the ambient space is orientable, then the hypersurface ¥ is

two-sided if and only if it is orientable (see for instance [63, Chapter 4]).

2.1. Minimal and CMC hypersurfaces. A hypersurface ¥ has constant mean cur-
vature (CMC) if H = ¢ for some constant ¢. CMC hypersurfaces > that bound a domain
) may be characterised as critical points of area for fixed enclosed volume. This is readily
seen from specialising the first variation for area to the hypersurface case, and computing

first variation for volume,

d

dt

Vol(Q,) = /E (X,v),

t=0
where ¥; = 0€); is generated by X. Of course, minimal hypersurfaces are the special case

H = ¢ =0, and again are unconstrained critical points of the area.
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In fact, for two-sided hypersurfaces, it suffices to consider normal variations X = ¢v. At
a CMC hypersurface, the second variation of area is given by

d2
dt?

Area(;) :/EqﬁLqﬁ,

t=0
where L = A + |A]? + Ric(v,v) is the stability or Jacobi operator on . Like with the
Laplacian, our eigenvalues are defined by the equation Lu = —Au. If ¥ is compact then L
has discrete (Dirichlet) spectrum A; < Ay < -+ and we may define the Morse index to be
the number of negative eigenvalues of L.

We say that X is stable if it is stable as a critical point, that is, if the second variation is
nonnegative. Equivalently, Ay > 0 or the Morse index is 0. We also introduce the notion of
almost stability or d-stability, 6 > 0, which is simply when —A; <.

If ¥ is noncompact, we may define \;(X) by taking the infimum over an exhaustion
A1(€2;) of X, although it could be —oo. If, however, A\ (3) > —oo, then we immediately get

the stability inequality

2.1) [1ape < [ (9oP + [ (=3 = Rictu)o?

for any ¢ with compact support in .

Minimal hypersurfaces ¥ C S satisfy the following Simons’ inequality:

LEMMA 2.1. On any minimal hypersurface M™ C S™*! we have that

(2.2) A|A]? = 2|VAP? + 2n|A]? — 2|Al"
Consequently,
(2.3) [AJAJA] = [VAP = |[VIA]? + n]AP — |A[*
2
> —[VIAIP +n|AP - A%
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|z —aq|?

2.2. Entropy. We denote p,, s, () = (47tg)"™?e 4% . The Gaussian area of ¥ cen-

tred at zo € R™*! with scale ¢y > 0 is then given by

(2'4) Fxo,t0<2):/2pwo7t0'

The normalisation is so that any multiplicity 1 hyperplane has Gaussian area F, ;,(R") = 1.
For convenience we set p = pp; and F' = Fj;. The entropy introduced by Colding-Minicozzi
[37] may be defined as the supremum over all centres and scales,

(2.5) AX)= sup Fy 4 ().

xoeRn+l
to>0

2.3. Self-shrinkers. A self-shrinker is a hypersurface ¥* C R™"! that contracts homo-
thetically under the mean curvature flow. When normalised so that they contract to the
origin in unit time, self-shrinkers are characterised by the elliptic PDE H = %(az, v).

Self-shrinkers also satisfy a Simons-type inequality:

LEMMA 2.2 ([37], Lemma 10.8). On any smooth orientable self-shrinker we have LA = A.

Hence, if |A| does not vanish at a point then at that point one has

VAP = [V]A]]

2.6 LIA| = |A] +
26) 4] = |4 w

> | Al

Similar to the minimal hypersurface case, the second variation of the F-functional at a

self shrinker ¥ is given by j—; F(%;) = — [, ¢L¢, where the stability operator is
t=0
1 2
(2.7) L:£+§+|A\.
Here L is the drift Laplacian

(2.8) L= Ay %@;, Ve,
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Again if ¥ is compact then L has discrete (Dirichlet) spectrum A\ < Ay < ---, and we may
define the Morse index to be the number of negative eigenvalues of L, and ¥ is (L-) stable
if Ay > 0 or the Morse index is 0. Again we say that X is d-stable if —\; < 4.

If ¥ is noncompact, we may define A\;(X) by taking the infimum over an exhaustion
A1(€2;) of X, although it could be —oo. If, however, A\;(3) > —oo, then we immediately get

the stability inequality

(2.9 Jueros [19sko+ (=5 -x [ £

for Lipschitz functions f compactly supported in X.

LEMMA 2.3 ([37], Theorem 5.2). On any smooth orientable self-shrinker, for any constant

vector y we have L{y,v) = 1(y,v) and LH = H.

3. Varifolds

In this subsection we describe extensions of the previous subsection to the singular (var-
ifold) setting.

For us a varifold will always mean an integer rectifiable (integral) varifold V' in a Riemann-
ian manifold M"*!. The reader is directed to [105] for the basic definitions for varifolds. An
integral varifold V' is determined by its mass measure, which we denote py. We will always
assume that the support spt V' := spt uy is connected. We define the regular part regV to
be the set of points x € spt V' around which spt V is locally a C? hypersurface; the singular
set is then singV =spt V \ reg V.

An integer rectifiable k-varifold V' has an approximate tangent plane T,V at uy-almost
every z in spt V. We may thus define the divergence almost everywhere by

(3.1) (divy X)(z) = divy,y X (z) = Z(E Ve X)(x)
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where F; is an orthonormal basis for 7,V and V is the ambient connection. The varifold V
is then said to have generalised mean curvature vector H , if His locally integrable and the

first variation is given by

(3.2) / divy X dpy = — / (X, H) dpy

for any ambient C! vector field X with compact support.

For convenience will say that a varifold V' is orientable if and only if reg V' is orientable.

For several results we will may some control on the singular set. The weakest condition
we will use is the a-structural hypothesis of Wickramasekera ([120], see also [37, Section
12]): An integral varifold V satisfies the a-structural hypothesis for some a € (0, 1), if no
point of sing V' has a neighbourhood in which spt V' corresponds to the union of at least
three embedded C*® hypersurfaces with boundary that meet only along their common C!®
boundary. Note that the a-structural hypothesis is automatically satisfied if, for instance,
sing V' has vanishing codimension 1 Hausdorff measure.

Note that any hypersurface " with locally bounded n-dimensional Hausdorff measure
defines an integral varifold that we denote by [X].

We say that a k-varifold V in R"*! has Euclidean volume growth if there exists a constant

Cy > 0 so that uy(B,(z)) < Cyr* for any r > 0 and any z € R**1,

3.1. Special varifolds. We will say that V splits off a line if it is invariant under
translations in some direction; if this is the case then, up to a rotation of R"™! we may
write gy = pr X pp as the product of a multiplicity one line with an integer rectifiable
(n — 1)-varifold V in R". We say that an integral varifold V is a cone if it is invariant under
dilations about the origin; if this is the case then the link W = V'L S" is indeed an integer
rectifiable (n — 1)-varifold in S™ and we write V' = C(W). Of course, C(W) is orientable if
and only if W is orientable.

We say that an n-varifold V' in R™*! is stationary (for area) if it has zero generalised

mean curvature H = 0. In particular the regular part must be minimal in R Tt is
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straightforward to see that a cone V' = C(W) is stationary if and only if the link W is
stationary in S™. Here an integral (n — 1)-varifold W in S® C R™"! is stationary if its
generalised mean curvature in R**! is given by H (p) = —(n — 1)p. In particular its regular
part is minimal in S™.

We say that V is F-stationary if it is instead stationary for the F-functional defined
above, or alternatively with respect to the conformal metric e_% d;; on R"*1. Equivalently,

its generalised mean curvature is given as before by
. 1 i
(3.3) H = 57

In particular the regular part must be a self-shrinking hypersurface. Also, it follows that a

cone V = C(W) is F-stationary if and only if it is stationary in R™*.

3.2. Regularity theory. This following proposition follows from the regularity theory
of Wickramasekera [120] for stable (that is, A; > 0) stationary varifolds, as presented in [37,
Section 12]. The key is that the regularity theory goes through even if one only assumes a
slightly weaker stability inequality of the form [ |A]?¢* < (1 +¢) [ |V|?; see for instance
[37, Proposition 12.25], which holds for small balls in any fixed Riemannian manifold. Simi-
larly, a version of [37, Lemma 12.7] holds on any closed ambient manifold, and it holds with
any lower bound A(¥) > —oo because the [ ¢* term in (2.9) can be controlled on small

balls (by the Poincaré inequality) to be small relative to the [, |V¢|* term.

PROPOSITION 3.1. Let V' be an orientable stationary n-varifold in M™ ' with Euclidean
volume growth and satisfying the a-structural hypothesis for some o € (0, %) Suppose that
M (V) > —oo. Then V' corresponds to an embedded, smooth (analytic if the ambient metric
is analytic) hypersurface away from a closed set of singularities of Hausdorff dimension at

most n — 7 (that is empty if n < 6 and discrete if n =17.)
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It will also be useful to record a connectedness lemma that follows from the wvarifold
maximum principle of Wickramasekera [120, Theorem 19.1] together with the proof of [70,
Theorem A(ii)].

LEMMA 3.2. Let V be a stationary integral n-varifold in M™. Suppose H"(sing V') =

0. Then regV is connected if and only if sptV is connected.
3.3. Entropy. Note that finite entropy implies Euclidean volume growth:

LEMMA 3.3. Let V be an integral n-varifold in R™ ' with finite entropy A(V) < co. Then

for any xy and any r > 0, we have

(3.4) v (By (o)) < 5 (4m) A (V)"
PROOF. As ¢~ 3 ot > i for any z € B,(z), we have
(35) v (Ban)) < et [T duy (o)
The result follows by definition of the entropy A(V). O

Colding-Minicozzi showed that the entropy of a smooth self-shrinker is achieved by the
F = F}; functional. Ketover and Zhou [76, Lemma 10.4] extended their computation to the

singular setting (in fact for more general varifolds):

LEMMA 3.4 ([76]). Let V be an F-stationary varifold satisfying F(V) < co. Fiz a € R

and y € R™ and set g(s) = Fyy11a2(V). Then for all s > 0 with 1+ as* > 0 we have

|(asz + y)*+
(36) 716 = gtz [ o) <0

Consequently the map (xo,to) — Fyy1,(V) achieves its global mazimum at (0,1), that is,

A(V) = F(V) < o0.

As a result we see that stationary cones have finite entropy:
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COROLLARY 3.5. Let V. = C(W) be a stationary n-cone. Then V has finite entropy
giwen by A(V') = %, where S is the totally geodesic equator of S™ and ||W]| is the

total mass of the link W'.

PROOF. A straightforward calculation in polar coordinates gives Fy (V) =

<
0o, and the result then follows from Lemma 3.4. O

We can characterise the equality case in Lemma 3.4 as follows:

LEMMA 3.6. Let V be an F-stationary varifold in R™"*1.

(1) If v+ =0 a.e. onV where x is the position vector, then ¥ is a stationary cone.

(2) If y+ =0 a.e. on'V for some fized vector y, then 3 splits off a line.

PROOF. For point (1) suppose - = 0 a.e. on V. Then the generalised mean curvature
of Vis H = —%xL =0, so V is stationary for the area functional. The fact that V' is now a
cone follows from the monotonicity formula as detailed in the proof of [105, Theorem 19.3].
We will not reproduce it here as it is similar to the proof of the second case to follow.

For point (2) suppose y- = 0 a.e. on V. Without loss of generality we may assume
Yy = ens1. We therefore write z = (2/,x,.1), where 2/ € R". By the slicing theorem, the
slices V L {x, 11 = s} are integral (n — 1)-varifolds for almost every s € R.

Let  : R — R and f: R® — R be C*, compactly supported functions. We set
(3.7 95) = [ 1o +9)duva),

s0 that ¢/() = [ F(@)¢!(@ns +5) duv (2).
Consider the vector field X = f(2')¢(x,11 + $)en1. We calculate

(3.8) divy X = 6(@n1 + 8)(Vf, eni1) + f(2)¢ (Tns1 + 5){ensrs 1)

Since €,11 = el a.e. on X, we have that (V [, e,y1) = (Df, en1) =0, (el 1, €,101) =1 and
(2%, ens1) = 0. Since H = — sz, plugging into (3.2) then gives that ¢/(s) = 0, hence g(s) is

constant in s.
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Now fix a > 0. Using ¢ to approximate the characteristic function of the interval [0, a,
our work above shows that [ f(2')X{s<z,.i<st+a} Aty (2) is constant in s, for any compactly
supported C! function f on R™. Set V¢ = VL {z,,1 = s}. For almost every s € R, both
slices V* and V5t are integer rectifiable, so using the coarea formula and differentiating

gives that

(39 [ 1)@ = [ @) dpyreo
for all such s. Another application of the coarea formula then gives that py is invariant
under translation by ae, 1. Since a was arbitrary, this concludes the proof. U

In particular, the map (zo,t0) — Fyy4,(V) has a strict global maximum at (0,1) for
F-stationary varifolds V' that do not split off a line and are not cones. Similarly the map

xo > Fp1(V) has a strict global maximum at zo = 0 if V' does not split off a line.
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CHAPTER 3

Eigenvalue estimates on minimal hypersurfaces

In this chapter we present several results by the author concerning the first eigenvalue
of the Laplacian and the Jacobi operator on minimal hypersurfaces, in ambient spaces of

positive Ricci or Bakry-Emery-Ricci curvature.

1. A cutoff technique for singular hypersurfaces

The work described in this section was first presented in [127]. In this section we present,
in full detail, the cutoff construction first stated by Morgan and Ritoré [92]. We do so for the
case of submanifolds in Euclidean space with compact support and singular set of vanishing
codimension 2 measure. The other cases considered in [92] can be handled similarly; see
also Remark 1.3. In this section, B(x,r) denotes a Euclidean ball of radius r centred at z.

First we need an easy bound for the number of intersections of balls of comparable radii.

LEMMA 1.1. Let B = {B(p;,75)} be a collection of balls in RN . Suppose that there are
a, > 1 such that the sub-balls {B(p;,ri/a)} are pairwise disjoint, and that the radii are

B-comparable, that is, supr; < Binfr;. Then each ball in B intersects at most (3aB)N — 1

other balls in B.

ProOF. Fix a ball B(p;,r;) € B. Any ball in B that intersects B(p;, ;) must be contained
in the larger ball B(p;,; + 2supr;), which has volume at most wy(3supr;)". Here wy is
the volume of the unit ball in R,

On the other hand, since the sub-balls {B(p;,7;/a)} are pairwise disjoint, each must

take up a volume at least wy(infr;/a)" in the larger ball B(p;,r; + 2supr;). So at most

(3sup rj)N
(infr; /o) N

< (3aB)N sub-balls can fit in the larger ball, and this implies the result. 0

We now proceed to the construction of smooth cutoff functions around the singular set.
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PROPOSITION 1.2 ([92]). Let X* be a smooth embedded submanifold in RN with bounded
mean curvature and compact closure ¥.. If sing® = X\ ¥ satisfies HF2(singX) = 0, then

for any € > 0 there exists a smooth function ¢, : ¥ — [0,1] supported in ¥ such that:

(1) H({pe #1}) <&
(2) 5 |Vecl? <e
(3) fz |Apc| <.

PROOF. Fix a smooth radial cutoff function ¢ : RN — [0, 1] such that ¢ = 0 in B(0,1/2)
and ¢ = 1 outside B(0, 1). The derivatives are bounded, say |Dip|?+ |D?*p| < Cy. By scaling
¢ to B(z,r), r <1, we get a cutoff function satisfying |Dp|? + |D?*¢| < Cor—2.

Since ¥ has bounded mean curvature |H| < Cp, the monotonicity formula [105] implies
that there is a constant Cy such that H*(X N B(x,7)) < Cyr* for any » < 1 and any z.

Moreover, on ¥ N B,(x) we will have
(1.1) |Ap| < K|D*g| + [(H, Dp)| < kCor™2 + Cyy/Cor™' < Cyr 2.

Now let € > 0. By definition of Hausdorff measure we may cover the singular set by
finitely many balls {B(p;,7;/6)} such that r; < 1 and >, 7%"% < e. Consider the enlarged
cover {B(p;,r;/2)}. If B(pi,r:/6) N B(p;,1;/6) # 0, r; > r;, then certainly B(p;,r;/6) C
B(p;,7i/2), so we could discard any such j. In doing so we obtain a cover { B(p;, r;/2)} such
that the {B(p;,7;/6)} are pairwise disjoint. We may relabel the radii so that r; >ry > -+,
and we partition the balls into classes of comparable radii B,, = {i|2™ < r; < 2™}

Cut off on each B(p;,r;) by scaled cutoff functions ¢; as above, then set ¢, = [], ¢s.
Immediately we have H*({¢, # 1}) < 3. Cyr? < Cye. For properties (2) and (3) we must
bound the sum of all product terms [ |V;||Vy;|. Such a term is zero if B(p;,r;) and
B(p;,r;) are disjoint, otherwise we have the bound
v min(r;, ;)"

L)

CoC
(12) [ 1967, <
%
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The procedure to estimate these cross terms is as follows: We fix j and consider the sum
over i < j (that is, r; > r;). Letting B,,; be the class containing j, we will bound the number
of intersections that B(p;,r;) can have with balls B(p;,7;) in each class By, 1, h > 0.

The key observation is that if B(p;, ;) N B(p;, ;) # 0, then certainly the enlarged ball
B(p;,r; + r;) must contain the point p;. In particular all such enlarged balls must intersect

each other. But for ¢ € B, 5, the radii r; + r; are comparable to within a factor of

mj+h+1 , mj+h+1 m;+1
(1.3) 2N Ay 2T R,
2mj+h + T 2mj+h + 9m;

m;+1
For any such ¢ we also have - 4 t < 2 ’ = = 27" 50 in particular Z+TJ < 3 and the sub-balls

{B(ps, “552)|i € By, 1n} must be pairwise disjoint. Thus by Lemma 1.1,

(1.4)  #{i € Bun, 11| B(pi, i) N B(pj,r;) # 0} < #{i € Bpnyin|B(pi,ri + 1) 3 pj} < 108",
Using again that L < 217" for i € By, 1, the estimate (1.2) gives

(1.5) /E‘V‘Pi”v%" < COCVT;-“’lr[l < COC’VQPhrf’Z.

Then by (1.4) we have that

(1.6) > /\v% [Vi;| < 108N CoCy2! hrk=2,

i<j
ZeBm +h

and summing over h > 0 we get that >, . [ |[Vgil|[V;| < 4(108N)COC'VT§_2.

Finally, summing over j gives

an X [valvel = 2 XX [ valve

J i<y

< 8(108M)CoCy > 1k < 8(108")CoCle.
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Since each gojz < 1 we conclude that
(1.8) / Vo2 < 2/ Vil Vs | < 8(108Y)CoCe
> e

and

(1.9) / Al < S0 / Iy / Vel Ve,
i i,

< > CiCyrf™? +8(108")CoCye < (Cy + 8(108™)Cy)Ce.

Since € was arbitrary this concludes the proof. O

REMARK 1.3. Morgan and Ritoré [92] state their construction also for somewhat more
general assumptions, which can be dealt with as follows. If the ambient space is a regular
cone, the argument proceeds with one extra cutoff around the vertex. If £ = 2 and the
surface has isolated singular points, one may use logarithmic cutoff functions (and one does
not need to be concerned with the intersections). Finally, to handle the noncompact case
one may proceed by covering the singular set in annuli B,,.1 \ B,,_1 with balls of radius

Tm,i < 1 such that )", rk=2 < 27

myi — Cy(m)”

2. Singular minimal hypersurfaces in the round sphere

The work described in this section was first presented in [127].

In this section, we present an estimate for the first eigenvalue of the Jacobi operator
of a minimal hypersurface in a round sphere S"*'. Namely, it was known that \; < —2n
for any such hypersurface which is not itself a product of at most two round spheres. Our

contribution is to extend this result to the setting of singular minimal hypersurfaces.

THEOREM 2.1. Let V be a stationary integral n-varifold in S**' with orientable reqular
part, and which satisfies the a-structural hypothesis for some a € (0, %)

Suppose that V is not totally geodesic in S™1. Then M\ (V) < —2n, with equality if and
only if V is an integer multiple of a Clifford hypersurface S <\/§> x S (ﬂ), k+1l=n.
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Recall. that A\; may be defined on a singular minimal hypersurface like M = regV by

Ju (VY112 = AP f? — nf?)

2.1 A (M) = inf A\ () = inf .
(2.1) 1(M) m 1(€2) H} e
Also recall the Simons’ identity and inequality:
(2.2) A|A]? = 2|VAP? + 2n|A]* — 2|Al,
(2.3) [AJAJA] = [VAP = [VIA]]? + n]A]* — |A[*

2
> —[VIAIP +n|AF - A%

2.1. Integration on singular hypersurfaces. In this subsection we present some
technical results that will allow us to work on the regular part of an integral varifold with
sufficiently small singular set.

2.1.1. Cutoff functions. We first detail our choice of cutoff functions that will allow us
to integrate around the singular set, so long as that set is small enough.

Consider an integral n-varifold V' in S"*1. The singular set is closed and hence compact.
So by definition of Hausdorff measure, if H" 9(sing V') = 0, then for any ¢ > 0 we may
cover the singular set by finitely many geodesic balls of S"™, sing V' C JI", B,,(p;), where

.ri % < e and we may assume without loss of generality that r; < 1 for each 1.

Given such a covering we take smooth cutoff functions 0 < ¢; <1 on S**! with i =1
outside By, (p;), ¢i. = 0inside B, (p;) and |V, | < % in between. We then set ¢, = inf; ¢; .,
which is Lipschitz with compact support away from sing V', and [V¢,| < sup; |V |-

2.1.2. Integration by parts. In this subsection M™ will denote the regular part of an
integral n-varifold V' in S"™ with Euclidean volume growth puy (B,(z)) < Cyr™. The main
goal is to establish conditions under which integration by parts is justified on M. Henceforth,

LP = LP(M) and WP = WHP(M) will denote the usual function spaces on M.
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LEMMA 2.2. Suppose that H" (sing V') = 0 for some q > 0. Let ¢. be as in subsection

2.1.1. Then on M =regV we have the following gradient estimate:

(2.4) / V6|7 < 290 e,
M

PRrRoOOF. We have

N

2‘]
2.5 [wer < > [ =
" 2 MOBa, (6o Bry(p0) T

=1

< ontacy, Z Pl < 2" e,
i

COROLLARY 2.3. Assume that H" 9(sing V') = 0 for some q and let M =regV. Let ¢,

be as in subsection 2.1.1.

1) Suppose that ¢ > 1 and that f is LP on M, where p = 1. Then
q

—_

2.6) iy [ 171V <o
(2) Suppose that ¢ > 2 and that f is LP on M, where p = 2%. Then
(2.7) lim/ 2Vl =o.
e—0 M

PrOOF. For (1), using Holder’s inequality, we have

(28) [1siwsi<ist (| |v¢5|q)‘11

1,1 _
WhereEqLa—l.

Similarly for (2) we have

(2.9) [ r1ved <51 ( / rwq)q

2, 2 _
Whereg%—a—l.
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By supposition the LP-norms of f are finite, so both results now follow from Lemma

2.2. 0

LEMMA 2.4. Suppose H"(sing V') = 0 for some q > 1. Further suppose that u,v are
C? functions on M = regV such that |Vu||Vv| and [uAv| are L', and |uVv| is LP, p = 4
Then

(2.10) /M whAv = — /M (Vu, Vo).

PRrOOF. If ¢ has compact support we may integrate by parts to get

(2.11) /MgbuAv:—/Mng<Vu,Vv>—/MU<VU,V¢>.

Applying this to ¢ = ¢, Corollary 2.3 gives that the second term on the right tends to
zero as € — 0, so the result follows by dominated convergence.

U

2.2. Integral estimates for |A|. Throughout this subsection M™ will denote the reg-
ular part of an orientable stationary n-varifold V in S**! which satisfies A\; = A\ (V) > —oo.

Recall that V' automatically has Fuclidean volume growth, and that the stability inequality

(2.12) J1ape < [ 19ef+-n-m [ ¢

holds for any ¢ with compact support in M. The goals of this subsection are to provide L?
estimates for the second fundamental form A on small balls, and to use these estimates to

show that |A| is L* on M.

LEMMA 2.5. Suppose that H"2(sing V) = 0 and let M = regV. If \; > —o0, then |A|
is L* on M.

PROOF. Let ¢, be as in subsection 2.1. Plugging ¢. into the stability inequality (2.12),
the last term is bounded by the volume of M since ¢? < 1. The gradient term is controlled

by Lemma 2.2, so the result follows by Fatou’s lemma as we take ¢ — 0. O
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LEMMA 2.6. Suppose that H"(singV) = 0 and let M = regV. Further suppose that

A1 > —oo. Then there exists C = C(n,V,\1) so that for any r € (0,2), p € S"*!, we have

(2.13) / A2 < Crn2.
MnNBy(p)

PROOF. First we fix a cutoff function 0 < n < 1 so that n = 1 inside B,(p), n = 0 outside

Bs,(p) and |Vn| < 2 in between. Then

(2.14) / AP < / AP,
MNB,(p) M

Since by Lemma 2.5, |A| is L?, these integrals are finite and using dominated convergence

we may approximate

(2.15) [ 1apa =ty [ Japge
M e—0 M

Now using the stability inequality (2.12), for each € > 0 we have

(2.16) / AP < 2 / PIVo? + 2 / SVl +a / 22,
M M M M

where we have set « = | — A\; — n.
Since n? < 1, by Lemma 2.2 the first term tends to zero as € — 0, where we have used

that H"2?(sing V') = 0. Then since also ¢ < 1, we have

o [pas[pe] rswanm
M M MNBa(p)
and
2 2 2 4 n+2 n—2
(2.18) v < [ v < 5 <20y,
M M MNBz(p) T
so the result follows. O

LEMMA 2.7. Suppose that H" *(singV) = 0 and let M = regV. If \; > —oo, then |A|

is L*, and |V|A|| and |VAJ* are L?, on M.
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Proor. We adapt the Schoen-Simon-Yau [97] type argument.
Set @ = | — A\ —n|. If f has compact support in M then applying the stability inequality
(2.12) with ¢ = |A|f and using the absorbing inequality yields

(2.19) /M A < (1+a) /M VA2 + /M AR (1 +a )VIP +af?),

where a > 0 is an arbitrary positive number to be chosen later.
On the other hand, multiplying the Simons’ inequality (2.3) by f? (dropping the harmless

n|A|? term), integrating by parts and again using the absorbing inequality gives

(2.20) /M|A|4f2+a‘1/M|A|2|Vf|2 > (1+%—a) /M|V|A||2f2.

Combining these gives

ey e st [are e [ aRgese e

Choosing a < % gives that the first coefficient on the right is less than 1 and hence may be

absorbed on the left, thus

(2.22) /M Al <C /M AR+ [V FP).

where C' = C(n, ).
We now apply this inequality with f = ¢., where ¢, is as in subsection 2.1 with ¢ = 4.
As € — 0, the first term on the right converges to [,,|A|?, which we already know is finite.

We bound the second term as follows:

(2.23) | 1ar |v¢e|2<2 s/ AP

MQBQT pz)\Bm (pz

Using Lemma 2.6, we have that

(2.24) / A2 < 2,
MQBQ’I‘i(pi)\BTi (pz)

36



where C’ depends on « and the volume bounds for M.
Therefore

(2.95) / APV <40'S et < aCte.
M -

]

where we recall that the r; were chosen so that >, 7' < e.
Taking € — 0 we see that this term tends to 0, thus we have shown that indeed |A| is
L*. With this fact in hand, it follows from (2.20) that |V|A|| is L*.

Finally, multiplying the identity (2.2) by f? and integrating by parts, we have that

(2.26) /MfQ(\VAV— [A[p < —/M2f|A|<Vf,V!A|> < /M(f2|V|AH2+|AI2|Vf|2)-

Since we now know that |V|A|| is L? and that |A| is L, we again set f = ¢. and use (2.25)
to control the last term; this shows that |V A* is L?, as desired.

0

2.3. First stability eigenvalue. In this subsection we prove our main theorem that
the first stability eigenvalue of a stationary n-varifold in S"*! is at most —2n. First we need

the following lemma:

LEMMA 2.8. Let V be a stationary integral n-varifold in S™**, with orientable regular
part. If H" (singV) = 0 then we get the same Ay = A\ (V) by taking the infimum over
Lipschitz functions f on M =regV such that f € Wh2 N L2,

ProoOF. Obviously we may assume that A\; > —oo. Then by Lemma 2.5 and since f
is L', we also have that |A|f is also L?. We will use the functions f. = f¢., which are
compactly supported away from the singular set, in the definition (2.1) of ;.

Now since f and |A|f are L?, dominated convergence gives that [, f2 — [,, f* and

L AP f2 = [, |APf? as € = 0. For the gradient term we have

(2.27) /M VA2 = /M (BPIVFP + 2V, V00 + Vo).
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Since f is L*, parts (1) and (2) respectively of Corollary 2.3 give that the second and third
terms on the right tend to zero as ¢ — 0. Moreover, the first term on the right tends to
J3; IVfI? by dominated convergence. Thus we have shown that [, [V f|*> — [,, |V f|?, and

the lemma follows. O

We now proceed to the proof of Theorem 2.1.

THEOREM 2.9. Let V be a stationary integral n-varifold in S**, with orientable reqular
part. Suppose that V' satisfies the a-structural hypothesis for some « € (0, %)

Further suppose that V is not totally geodesic in S™™. Then A\ (V) < —2n, with equality
if and only if V is an integer multiple of a Clifford hypersurface S* <\/%> x S <\/%), where
k+1=n.

PROOF. Set M =regV.

Obviously we may assume Ay > —oo. The regularity theory for stable minimal hyper-
surfaces then implies that sing V' has codimension at least 7. Thus we certainly have that
H 4 (sing V') = 0.

So by Lemma 2.7, we have that |A] is L* (and L?), and that |V|A|| and |V A| are L.
Therefore, by Lemma 2.8, we may use |A| as a test function in the definition of A, that is

we have

Now we wish to integrate by parts. By (2.3) and our integral estimates for A we have that
|A|A|A| is L'. Using Young’s inequality we have
2-p
2
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Again since |A| is L* and |V|A[| is L?, this implies that [A[ [V|A]| is L? for p = 5. Thus now

we may use Lemma 2.4 together with the Simons’ inequality (2.3) to find that

2
230 [ 9l = - [ s [ (S49iae A - oap)
M M M n
< [ ar = alap),
M

which implies that A\ (M) < —2n as claimed.

If A\;(M) = —2n, then equality must hold in all previous inequalities. In particular for
equality to hold in the last step of (2.30) we must have [, |V]A|[*> = 0 and [, |A]' =
n [y, |A]*. Therefore |A] is equal to a constant on M, and the constant must be \/n since it
is nonzero by supposition. The Gauss equation and a theorem of Lawson [79, Theorem 1]
(which does not assume completeness) then imply that M is a piece of a Clifford hypersurface
My =S¥ <\/§> x St <\/%>, where k4 = n. The support spt V' is then contained in M, so

the constancy theorem implies that V' = m[M;] for some integer m, as desired. U

3. Minimal hypersurfaces in positive Ricci curvature

The work described in this section was first presented in the published article [129].
In this subsection we present a deformation of the round hemisphere which preserves
minimality of the boundary as well as the Ricci curvature condition, but for which the first

eigenvalue of the boundary Laplacian decreases. Specifically, we prove:

THEOREM 3.1. Let n > 2. Then there is a smooth metric g on the hemisphere SE‘FH such

that:

The ambient Ricci curvature satisfies Ricy > ng.

The boundary ¥ = 0S is minimal with respect to g.

The first Laplace eigenvalue of the induced metric g on ¥ satisfies A (X) < n.
The eigenfunction ¢y corresponding to A\(X) satisfies [ A(@(bl,@qﬁl) > 0, where

V is the gradient on 3.
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Here, and in this section only, we use g for a general ambient metric, g for the induced
metric on the hypersurface > and g for the standard round metric on the sphere.
It will be useful to record that the second fundamental form with respect to a conformal

metric e/ g is given (see [16] for example) by

(3.) A(S,efg) = TPA(S, g) + !0 )5,

and therefore the mean curvature in this conformal metric is

(3.2) H(Y,elg) = e tr; A(S,efg) = e /2 (H(E,g) + gaof> :

3.1. Operators on symmetric tensors. Let Q'(M) be the space of smooth 1-forms
on M, and let S?(M) be the space of smooth symmetric 2-tensors on M.

For w € QY(M), its divergence d,w is the smooth function given by dw = V'w;. For
h € §?(M), the g-trace of h is given by tr,h = ¢g“h;;. The divergence of h is a 1-form
d4h, with components given by (d,h); = V'h;;. We sometimes omit the subscripts when the
metric is clear from context.

We will use the sign convention for the Laplacian that makes it a negative operator. That
is, for arbitrary symmetric tensors, the rough Laplacian is defined by A = ¢“V,V;. It is

convenient to define the Hodge Laplacian, acting on 1-forms by
(33) AHWZ' = Awi — ng]‘
and the Lichnerowicz Laplacian, defined for symmetric 2-tensors by

(3.4) Aphij = Ahg; + 2R} :hi — Rihje — Rbhy,.

kij

We say that A is an eigenvalue of A with eigenfunction ¢ # 0 if ﬁgzﬁ = —A¢. On the closed

manifold ¥, the eigenvalues of A are well-known to be discrete and, in our sign convention,
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nonnegative, so we may order the distinct eigenvalues
O:>\0<)\1 <Ay

In particular, Ay = 0 has multiplicity 1, and A; is the least nonzero eigenvalue of A. We will

denote by V) the (finite dimensional) eigenspace corresponding to .

3.2. Adjoint decompositions. When M is compact without boundary, an integration
by parts shows that, up to a sign, § : Q'(M) — C°°(M) is the L?-adjoint of the exterior
derivative d : C°(M) — QY M). Similarly, the adjoint of the divergence ¢ : S*(M) —
QY(M) acting on symmetric 2-tensors is given by §* = —%E, where £ is the Lie derivative

of g by (the metric dual of) w,
(35) (Ew)ij = Viw]‘ + iji.

Before continuing, let us record the commutators of § and £ with the Laplacian. The

following is a theorem of Lichnerowicz (see [81], or [43]).

PROPOSITION 3.2. Suppose that g is a metric with parallel Ricci curvature Ricy. Then
(3.6) dg0 A =Agod, and ApoL =LoAy.

Now, as in Besse [16], taking the adjoint of the map (w, f) — Lw + fg leads to the

well-known orthogonal decomposition
(3.7) S* (M) = (C=(M)g + L(Q'(M))) & §*(M),

where 82(M ) is the space of transverse traceless deformations, that is, h € S*(M) satisfying

dgh =0 and try h = 0.
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When M has nonempty boundary M = ¥, a boundary term appears in the integration

by parts:

(3.5) | et son = [ (Fegh- 206, + [ whos
M M s

Thus the orthogonal decomposition becomes (see for example [113])

(3.9) S*(M) = (C™(M)g + L(Q(M))) & S*(M),

where now we denote by 82(M ) the space of transverse traceless deformations which satisfy

the additional boundary conditions hg; = hjo = 0 on X, for all j.

3.3. Perturbation theory. Consider a variation g(t) of the metric on M, with g(0) = ¢
and g’ = h, for some symmetric 2-tensor h € S?(M). Here, and henceforth, a primed quantity
d

will denote its first variation, that is, (-)' = 4| +—o (+). To avoid confusion with this notation

for variations, derivatives of functions F' of a single variable will later be denoted using dots,
F.

Throughout, we will assume our variations are at least C? in t.

3.3.1. Ricci curvature. The first variation Ric) = Ric](h) of the Ricci tensor satisfies (sce

[16])
(3.10) — 2Ric, = Aph + V?(trg h) — L5gh.

Since we are interested in the Ricci curvature as compared to the metric, we are more
interested in the variation (¢! Ric,)’; if ¢ is initially Einstein with Ric, = kg, then this

variation is given by
(3.11) (97" Ricy)" = g~ (Ric], —kh).

3.3.2. Second fundamental form. The first variation of the second fundamental form A =

A(X, g(t)) is not difficult to compute (see for example [85]; note that our sign conventions
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are different):
1
(312) Aixﬁ - 5(—Vah05 - Vghoa + Vohag + hOOAa,B)-

Then the mean curvature H = H (X, g(t)) satisfies

N 1 ~
(3.13) H = —h"Ays + g*° ALy = =V oo + 5 (Do(trg h) = Hhoo),
where 7 is the projection of h to S%(X). When X is totally geodesic, it is sometimes convenient

to compute in the ambient space instead; in this case we have
, 1 1
(314) H = —(5gh>0 -+ 580}7,00 + 580 trg h.

3.3.3. Laplace operator. Berger [12] computes the first variation of the Laplacian and its
spectrum on a closed manifold (see also [17] and [51]). Applying Berger’s results to 2, we

have
(3.15) Ao = —(h,$%6) — (5,1, ds) + %(dg(trgﬁ), ds).

Here (-,-) denotes the natural scalar product induced by g. If ¢, ¢ are in the same initial

eigenspace V), then, after some manipulations, integration by parts yields

1

. 1 o~ . N S
(316) (0. R0) = (B, 09+ 6T0) + S {05k, v) — (Bt h), o).

Here, and for the remainder of this section, {-,-) shall denote the L? inner product on X.
We write AQ,A = Ty, O £|VA : Vi, = V) for the projection of the restriction of A’ to Vy. In
particular, we see from (3.16) that 3,\& is symmetric.

Even under smooth variations of the metric, the Laplace eigenvalues may not evolve
smoothly. However, by the Rellich-Kato perturbation theory [95, 73], under real analytic
variations of the metric g(t), the eigenvalues and eigenfunctions of the closed manifold 3 do
also vary analytically in ¢. In particular, we use the following statement as in Lemma 3.15
of Berger [12]:
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LEMMA 3.3 (Berger). Let (X,9) be a compact Riemannian manifold. Consider a family
of metrics g(t), analytic in t, with g(0) = g. If X is an eigenvalue of 3@\(0) with multiplicity
m, then there exist families of scalars A;(t) and smooth functions p;(t), fori =1,--- m,

each depending analytically on t, such that:

o ﬁg(t)gpi(t) = —A\;(t)pi(t) for each i,
o A;(0) = X for each i, and
o the {pi(t)} are L*(2,q(t))-orthonormal for all t.

Given such families of orthonormal eigenfunctions ¢; (), differentiating the condition that
the @; are orthonormal we have that (¢;, A’ ¢;) =0 for i # j, and

BIT) N = (60 B0 = (b, 6570 + 5 (055, dn(6) — {ds(in B), ds(6?).

3.4. Geometry of round spheres. We realise S”™! as the unit sphere in R"*2, which

has coordinate functions xg,--- , x,.1. We consider the upper hemisphere
(3.18) St ={z e S" 1,41 > 0},

which has boundary given by the great sphere
(3.19) Y =08t ={z e S"" x4 = 0}.

For the standard metric g, the curvature tensor is given by Rjjx = G, — Gixgy- Thus

G = gsnt satisfies Ric; = ng, and so the variation of the Ricci tensor at g(0) = g satisfies
(3.20) — 2(Ric, —nh) = Aph + V2(trg h) — LSGh + 2nh.

Moreover, the Hodge Laplacian acts as Ayw = Aw — nw, and the Lichnerowicz Laplacian

Ay acts simply as

(3.21) Aph = Ah —2(n+ 1)h + 2(trg h)g.
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Typically we choose coordinates so that the standard metric § can be written (again,

with eg = 0,) as the warped product
(3.22) Jgnr1 = dr® + sin’ 7 .

In terms of the coordinate functions on R"*2, we take x, 1, = cosr, so that the equator X is
the level set r = /2.

In these coordinates, the Christoffel symbols of gg..1 are given by

[y, =rY% =13, =0, [05 = —sinrcosr gag,

(3.23) [y =dlcotr, L7, =T7,

where T' are the Christoffel symbols for gg. and 67 is the Kronecker delta.
The round sphere’s warped product structure also gives a decomposition of symmetric

2-tensors h € S?(M) as in Delay’s paper [43],
(3.24) h=udr?+£@dr+dr @&+ h.

That is, if S(r) € S**! is the geodesic n-sphere at a fixed r, then u is the smooth function
on S(r) given by u = hgo, & is the 1-form on S(r) given by &, = hao and % is the projection
of I to 82(S(r)) s0 that hag = hags.

Later, we will also use the warped product form iteratively, that is, we choose a coordinate

s on S” so that the standard metric on S**! becomes
(3.25) Gsnt1 = dr? +sin® 7 ds® + sin? r sin? s Ggn-1.

In terms of coordinates, recalling that earlier we took x,,; = cosr where ey = 0,, we now
take x,, = sinr cos s with e; = 0.
The eigenfunctions of the Laplacian A on S" with the standard metric Jsn are well-

known; they are the restrictions of homogeneous harmonic polynomials on R**!, which we
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have realised as the subspace x,,,1 = 0 of R"™2. The eigenvalues are then given by d(d+n—1)
for the homogeneous harmonic polynomials of degree d.

In particular, the first eigenvalue of A is n with multiplicity n+ 1, and the corresponding
eigenspace V,, has a canonical orthonormal basis proportional to the remaining coordinate
functions, which we denote
T

VG,

where C,, = n%l% and 7, is the volume of S™ with standard metric g. It will be useful to

(3.26) b1 = i=0,---.,n

compute €, and related integrals directly:

LEMMA 3.4. For all nonnegative integers k, we have

1
(3.27) | (=2 dvy = Ble+ 550,
3
(3.28) [ a1y vy = B+ 5 e

where B(x,y) is the beta function and again ~y,_; = Vol(S"1,7).

PRrROOF. In our coordinates, we have

(3.29) / (1 —22)"dVg = v, / sin?* ssin" ! s ds.
sn 0

Making the substitution y = sin? s, the right hand side is then given by

3 1
2 n—1
(3.30) 2Yn-1 / (sins)** " ds = 5, / y’“*T‘%(l - y)_%dy,
0 0

and we recognise the last term as the desired beta integral.

Similarly, we have

(3.31) / 22(1—22) dVy = 7,1 / sin?* s cos? ssin" ! s ds,
sn 0
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and the same substitution in the right hand side gives

1

z 1
2 .
(3.32) 2Vp_1 / (sin 8)2" " cos® s ds = Y1 / YT E (1 — y) 2 dy,
0 0

which we again recognise as the claimed beta integral. U

It is well-known that the first eigenfunctions ¢ € V,, satisfy the Hessian equation @% =
—¢gsn. Moreover, since || = 1 on the sphere, we can decompose the squares of first
eigenfunctions in terms of zeroth and second degree eigenfunctions - in particular, z? =

n+r1 (1 + Z]#(xf - x?)) . Since the second eigenvalue is 2(n + 1) we then have

~ 2
(3.33) Aqbii =5 - 2(n + 1)¢3i.

Also, for @ # j, the product ¢; ;¢ ; is itself a second degree eigenfunction:

(3.34) Apritn,) = —2(n+ 1)1 61,5

3.5. Deformations of the round metric. In this subsection we fix M to be S"™! or
Sttt and consider deformations g = g(t) of the standard metric g(0) = g. Throughout this
subsection we set h = ¢'.

3.5.1. Conformal direction. We first consider the conformal part C*°(M)g + L(Q(M)),

beginning with the diffeomorphism part:

LEMMA 3.5. Suppose h = Lw, for w € QY(M). Then:

e The Ricci curvature is preserved to first order, that is, Ric; —nh = 0.

o The variation N’ of the Laplacian on % acts on each Vy by E’VA =0.

o The second fundamental form A = A(X,g(t)) varies as A’ = —V2y — vggn. Conse-
quently, H' = —(3 + n)v, where v is the smooth function on % given by v = wyls =

LW,

PROOF. For the first claim, take h = Lw, for w € Q'(M). Then if X = w* is the vector

field dual to w, we have h = Lxg = ®;g, where ®; is the one-parameter group of

il
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diffeomorphisms of M generated by X. Therefore

d
(3.35) Ric) = pr ®; Ric, = Lx Ric; = nLxg = nh.
t=0

Note that this argument is still valid on the hemisphere S’}r“, for example by taking an
arbitrary extension of X to the whole sphere S"*!. One may also verify this claim by direct
calculation.

Now since the equator ¥ is totally geodesic, we have Eaﬁ = %awﬁ + ﬁﬁwa = (E@)ag,
where @ is the projection of w to 2(X). Since the Laplace spectrum is a geometric quantity,
formally this should mean that the spectrum is fixed to first order as above. More generally
we deal with the quantity N by direct computation: By commuting indices we have 6§5§ﬁ =

2(3 +n—1)d;0. Also trgﬁ = 2050. For 1, ¢ € V), then integrating by parts we can compute
1~ - N R . .
— BB,V + 6VH) = (3,507 +¢V%)
~ 1~
(3.36) = (B, 5duB () + (1 — Vds(v)).
Substituting into (3.16) and integrating by parts again then gives that (1, N @) = 0.
The variations of A and H can be essentially found in [67], but since our setting is slightly

different we include the computations here for completeness. Indeed, commuting indices we

compute

Vahos + Vihoa — Vohas = VaVawo + VsVawo — Rhgswr — Rhgaw

(3.37) = VaVpwo + VVawp + 2wW0G,s-

Since X is totally geodesic, on ¥ we have V,Vgw, = 6066/31), so equation (3.12) gives

o~ A~
/

wg = —Va Vg0 — 07,4, and finally equation (3.13) gives H' = EQBA’QB = —Av — no. O
Now we consider the conformal factors:

LEMMA 3.6. Suppose h = fgq, for f € C°(M). Then:

e The Ricci curvature varies as —2(Ric, —nh) = (Af +2nf)g+ (n — 1)V f.
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o The variation N’ of the Laplacian on % acts on each eigenspace Vy by

n—2
4

(3.38) (W, ') = M, ¥o) (Af,09),

where VY, ¢ € V.
o The second fundamental form A = A(Z, g(t)) varies as A" = (9o f)ggn and hence
H' =20,f..

PROOF. Take h = fg, for f € C*(M). Then Lézh = Ldf = 2V?f and Aph = (Af)g,
so we have —2(Ric), —nh) = (Af +2nf)g+ (n — 1)V*f.

Now note that dzh = df. Plugging into equation (3.12) immediately gives that Alp =
%(80f)§a5. Then by (3.13) and since X is totally geodesic, we have that H' = §°‘BA’QB = 500 f.

For the variation of the Laplacian, we note that trg/fz =nf, 5§5§7L =A f and

(3.39) (h, o V20) = (f,tr5(¥V20)) = (f,0A) = —\(f, V).

Similarly (/f;, gb%z@@ = —A(f,¥¢). Substituting into (3.16) gives the result.
0

Using (3.33) and (3.34) for the Laplacian of products of the first eigenfunctions ¢;; on

the standard sphere S™ and integrating the second term by parts, we may simplify:

COROLLARY 3.7. Let h = fg as above. Recall that the first eigenfunctions on (3, Ggn)

are given by ¢1,; = \/w_c* We have

(3.40) I L L I R R T}

3.5.2. Transverse direction. Now we consider the remaining variations, those with ¢ =
h € 82(M ). Recall that 82(M ) is the space of transverse traceless symmetric 2-tensors h
satisfying trgh = 0, dzh = 0, as well as the extra boundary conditions hy; = 0 on ¥ = OM

in the case of the hemisphere M = S
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We will use some formulae from [43], in which the action of the Lichnerowicz Laplacian
on transverse traceless tensors for more general warped product spaces is computed with
respect to the decomposition (3.24). The relevant formulae are, for h € S?(M) satisfying
dgh =0, trgh =0,

~

Au,

3.41 Arhgy = Pu+ (n+4 cotr dyu + 2(n + 1 cot’r — 1) u + -
0 2
sin“r

Arhoo = 6§§a+nc0tr80§a+((n+2)cot2r+2—n)fa
1

sin?r

(3.42) (ﬁfa — Ricz &) + 2 cot r O u.

Note that in these formulae A and V correspond to the standard metric gg. rather than the
induced metric on S(r), which differs in scale. In any case, we will only apply them at the
boundary 3 = S(%), at which these metrics coincide.

First we recall that the Lichnerowicz Laplacian preserves the transverse traceless condi-

tion (see [16] for example); for the round metric this is easy to verify manually:

LEMMA 3.8. Let M = S™ or M = S+, Suppose that h € S*(M) satisfies trgh = 0
and ozh = 0. Then trg Aph = 0 and A h = 0.

PROOF. Since trzh = 0, by equation (3.21) we have Aph = Ah — 2(n + 1)h and hence
trg Aph = trg Ah = A(trg h) = 0. Proposition 3.2 gives 0;7ALh = Aydzh = 0. O

Now we give variation formulae for deformations by transverse traceless symmetric 2-

tensors. In particular we do not yet assume any boundary conditions for these formulae.

LEMMA 3.9. Suppose that h € S*(M) satisfies trgh =0 and dzh = 0. Then:

e The Ricci curvature varies as —2(Ric, —nh) = Aph + 2nh.

e The variation N’ of the Laplacian on 3 acts on the first eigenspace V,, by

3 1~

(3.4 (w, B'9) = (o, 5B
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where ¥, ¢ € V,, and u is as in the decomposition (3.24).

e Finally, the mean curvature H = H(X, g(t)) varies as H' = 19yu.

ProOOF. The formulae for Ric, and H’ follow immediately from equations (3.20) and
(3.14) using the transverse traceless property.
For the variation of A, note that since X is totally geodesic, in our coordinates we have

trgﬁ = —hgo = —u and (5#2)5 = V%5 = =V hgs, on ¥. Commuting indices we have that,

again on J,
0a05h = =G VaVohos = —5*° (VoVahos — Rigohps — Rogshos)
= VoVohoo + §*has — ?aﬁgagu
(3.44) = Jju— (n+1)u.

Now since V2¢ = —¢g, we have (ﬁ, YV2p) = —<trgﬁ, Pd) = (u,1¢). Similarly (E, PV =
(u,1¢). Substituting into (3.16) gives the result.
U

COROLLARY 3.10. Let M = ST with equator 3. Suppose that ¢ = h € S*(M) satisfies
trgh = 0, &5h = 0 and hoo|ls = 0. If we additionally have either Ric'g > nh or Ric; < nh,
then Ay, = 0.

PrROOF. By Lemma 3.9, the Ricci condition gives Aph 4+ 2nh < 0 or Aph + 2nh > 0
respectively. But Aph+2nh is traceless if h is transverse traceless by Lemma 3.8. Therefore
if Aph + 2nh has a sign, then it must in fact be zero.

We now use the explicit computation of the Lichnerowicz Laplacian. In particular, (3.41)

reduces on the boundary r = 7/2 to give
(3.45) 0= (Aph +2nh)g = Jgu — 2u + Au.

Since u = hgy vanishes on ¥, this implies that we also have d3uly, = 0. Thus Lemma 3.9

implies that ﬁlvn = 0 as claimed. O
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Corollary 3.10 implies in particular that, to first order, variations h € S*(S™+!) cannot
affect the first boundary eigenvalues whilst increasing Ricci curvature. On the whole sphere

the variations h € S2(S™™) the argument is simpler still:

PROPOSITION 3.11. Let M be the round sphere S™' with variation ¢ = h € S2(M). If

Ric'g > nh, orif Ric/g < nh, then h = 0.

PRrROOF. Arguing as in Corollary 3.10, the Ricci conditions both imply Aph + 2nh = 0.
But for the round metric on S**!, there are no nontrivial h € 82(M ) for which Aph+2nh = 0.
In fact, from Boucetta’s computation of the spectrum of the Lichnerowicz Laplacian on

spheres [18, 19], it is known that the least eigenvalue of Ay, acting on the transverse traceless

space S2(S™*1) is 4(n + 1). O

3.6. Deformations of the hemisphere with Ricci curvature bound. In this final
subsection, we consider the case of the hemisphere M = S’}r“ with boundary > = 8S’ffl,
with the goal of proving Theorem 3.1.

3.6.1. An explicit ambient conformal factor. Our first step is to construct an explicit
smooth function f on M = Sﬁfrl so that the variation h = fg decreases the first Laplace
eigenvalue on the boundary, whilst preserving the lower bound on Ricci curvature to first

order. Specifically, this subsection contains the proof of the following:

PropPOSITION 3.12. Let M = S?fl, Y = 0S", for n > 2. There exists a smooth
function f € C°(M) such that, if g = g(t) is a variation of the standard metric g(0) = g,
with ¢' = fg, then:

e The variation of Ricci curvature satisfies (g~ Ric,)’ >0 on M.
e The variation N’ of the Laplacian acting on the first eigenspace V,, of (X, Ggn) i

diagonal with respect to the basis {¢1},
(3.46) Alvn = diag(—pu, -, —pn),

with p; > 0 forv <n and p, <O0.
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Moreover, f may be chosen so that Oy f|s is orthogonal to the space V.

Each pu; should be formally regarded as the first variation of the eigenvalue attached to
¢1,;. They will genuinely be the first variations under the analytic variation that we present
later, in the proof of Theorem 3.1.

To construct the function f, we work with the coordinates r, s discussed in subsection

3.4, so that the standard metric takes the form (3.25):
(3.47) Gent1 = dr? +sin® r ds® 4 sin? r sin? s Ggn-1,

where 0 < r < 7/2, 0 < s < 7. Recall that in our realisation of the hemisphere M = S’frl,
we had cosr = X,41|pr, sinrcoss = x|y

We will use functions of the form

(3.48) f=a+F(r)(s),

where a is some constant, F' is a polynomial in r? with
(3.49) F(0)=0, F(x/2)=b>0, F(r/2)=c>0

and 1)(s) = —sin? s for some positive integer k. The restriction to even powers of r and sin s
ensures that f is indeed smooth through the coordinate singularities s = 0, 7 and especially
r=0.

With f of this form, Jyf|s = c¥(s) may be alternatively written as a polynomial in
cos’s = x7|y. Therefore 2;4 has odd degree in z;, so by symmetry [ ;1) = 0 and hence

0o f|x is orthogonal to the first eigenfunctions ¢, ;, for each ¢ = 0,--- ,n.

Boundary Laplacian. On the boundary I, our choice of f,1 restricts to
(3.50) fls =a—b(1 —22)*x = a— bsin® s.
With this form the boundary integrals in (3.16) may be computed using Lemma 3.4:
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LEMMA 3.13. Consider the variation g = g(t), with g(0) =g and %{tzgg = fg, with f

of the form (3.48). Then with respect to the basis {¢1,:} of V., the variation of the Laplacian

acts on 'V, as ﬁﬂ/n = diag(—p1, -+, —fn), where the p; are all equal for i < n, and
- B(k+3,3)
(3.51) i =—n(n+1la+n —272%p,
2 B(5.3)
b B+
3.52 n = —na — 2222 (k(n—2) —n).

PROOF. Recall that ¢;; = \;’—57, where C,, = [, 22 dVy = B(%,2)v,-1. Since f|s can be
written as the restriction of a polynomial in x,, only, for 0 < i < j < n we see that ¢1,¢1,;f|s
is an odd function with respect to x;. Therefore fz o101, = 0, so by Corollary 3.7 we thus
have (¢, 3’¢17j> = (¢1,, 3’@51,1-) = 0. Hence AQ/H is indeed diagonal.

2

2)k on X, using Corollary 3.7 again, together with Lemma

Now since f = a —b(1 —z
3.4 and the beta function identity B(z,y + 1) = B(z,y);},, gives the formula for pu, =
~(b1.0, N1 ).

By symmetry of f|s, it is clear that the p; = —<¢17i,3’gb17,~> are all equal for i < n.
Now on ¥ we have Y (¢}, = g~ >_i_ @} = g-. Then by Lemma 3.6, we have Y7 p; =

—Cin( f, 1), since the A f term integrates to zero. Again using Lemma 3.4 we find that indeed

B(k+2,1)
BT b. ]

Dot =—n(n+1la+n

Our main aim is to choose f so that u, < 0. Observe that the second term in (3.52)
may be made negative by choosing large enough k, so long as n > 2. When n = 2, this term
is instead always positive, and in fact increases with k. For this reason, we treat these two
cases separately in the subsections to follow.

Ricci curvature. Now to analyse the variation of Ricci curvature, we use our knowledge of
the Christoffel symbols (3.23). Applying them iteratively, it is a straightforward computation

to find the Hessian of f:
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LEMMA 3.14. Let f € C®(M) be of the form (3.48). Then the Hessian V2f can be given

wn the block form

) Y(F — Feotr) 0
¢F—FCOtT Fip + Fypsinr cosr 0
(3.53) Vif = ( ) P+ Ry _
Fsin scos s
0 0 . gs'n—l
+Fsinrcosr
In particular, we have
(3.54) Af =Fy + — 5 Y +nFicotr+ (n—1)— 3 ¥ cot s.
sin®r sin®r

Recall from Lemma 3.6 that with ¢’ = fg, we have —2(Ric;, —nfg) = (Af + 2nf)g +
(n —1)V2f. Thus the condition (¢~* Ric,) = ¢ *(Ric’ —nfg) > 0 amounts to showing that

the endomorphism
(3.55) (Af+2nf)id+(n—1)g 'V*f

is negative semidefinite. By Lemma 3.14, to verify this negativity at a point p € M it is

sufficient to prove the following three inequalities:

sin?r

(3.56) E; ::Af+2nf+(n—1)< ¢c0t5+F¢cotr><0,

(3.57) Ey:=Af+2nf+(n—1)F¢ <0

(358) D = (Af+2nf)2+ (n—D(Af +2nf)(Fy + 51 + Fipcotr)

sin? r

—|—(n—1)2F1/)( £ 1L+chotr)—%1/}2(F—Fcotr)2 >0

sin? r
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These correspond to the lower right block, the upper left entry, and the determinant of the
upper left block respectively. The Af + 2nf term will be somewhat easier to handle, so we
have avoided expanding it explicitly here.

The case n > 3. For n > 3, we consider b > 0 and then take k > —5 so that the second
term in (3.52) is negative. Then we will not need the scaling constant a, so we set a = 0.
Lemma 3.13 then ensures that p, < 0 and moreover that )" u; > 0, hence y; > 0 for each
1< n.

Our remaining strategy in this case is to choose F(r) = r*™ for sufficiently large m, in
order to ensure that the variation of Ricci curvature is nonnegative. Note that with this
choice of F' we indeed have b = (7/2)*™ > 0 and ¢ = 2m(7/2)*"1 >0 .

To prove that the variation of Ricci curvature is nonnegative, by continuity it suffices
to verify the conditions (3.56), (3.57) and (3.58) away from the coordinate singularities at
r =0 and s = 0, 7. Thus for the remainder of this subsection, we will assume 0 < r < /2,

0<s<m.

Af+2nf

For convenience, we set L = 2= A straightforward calculation shows that, with

our choice of f,

2kr?  2k(2k — 2)7? cot?
(3.59) L=—(2m)(2m —1) —2mnrcotr + — ; _ 22+ n. 5 Jricot’s _ 2nr?.
sin® r sin® r

w2k

We will choose m large enough so that (2m — 1) > £, Since sinr > 2 for r € [0,7/2], we

then have
(3.60) (2m — 1) sin®r > 2kr?,

which easily gives

k(2k +n — 2)r? cot? s
sin®r

<0

(3.61) L<—@m—1f—2

and hence Af + 2nf < 0.
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Further calculations then give

k cot? t
(3.62) FE; :Af+2nf_2<n—1)7“2msin2ks< cot” s +mco 7‘) <0,

sin? r r
(3.63) Ey = Af +2nf — (n—1)2m(2m — 1)r*™ 2 sin** 5 < 0.

Again a straightforward calculation gives

Dsin?r

k

T IR T L?sin’r + 4(n — 1)21432 cot? s(4mr3 cotr — r* cot? T)
rim—4gin*’ g

+2(n — 1) L(=m(2m — 1) sin® r + kr?)
—2(n — 1)L(k(2k — 1)r* cot?® s + mrsinr cosr)
—4(n —1)*>m(2m — 1)(kr® — mrsinr cosr)
(3.64) —4(n — 1)%km(2k 4+ 2m — 1)r® cot® s.
Since tanr > r for 0 < r < /2, we have rcotr < 1. So in particular r*cot?r <
4mr3 cot r, and hence the first line is positive.
The remaining negative terms we must handle are the last line and the k7? in the fourth
line. We can estimate them as follows:
By (3.60) and (3.61), we have
2L(—m(2m — 1)sin®r + kr?) > (2m —1)*sin®r

(3.65) +2(2m — 1)%k(2k +n — 2)r? cot? s.
For 2m — 1 > 2(n — 1), we have

(2m — D*sin®r > 2(2m — 1)%kr? > 2m(2m — 1)%kr?

(3.66) > 4(n — )m(2m — 1)kr*.
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Finally, we will have
(3.67) 2(2m — 1)%k(2k +n — 2)r* cot? s > 4(n — 1)km(2k + 2m — 1) cot® s

so long as

om — 1)? n—1
( >

3.68 .
(3.68) 2m(2k +2m —1) ~ n+2k —2

For fixed k > -%5 > 1, the right hand side of (3.68) is strictly less than 1, whilst the left

hand side tends to 1 as m — o0, so this condition is satisfied for large m.

With these estimates, equation (3.64) implies that D > 0, and thus we have proven

PROPOSITION 3.15. Let k > —= be a positive integer. Then there is a positive integer

m such that

(2m —1)? - n—1
2m(2k +2m —1) = n+2k—2

(3.69)  2m —1>max(2(n —1),8k/x?) and

With this choice of k,m, the function f = —r*"sin®* s satisfies all the properties of Propo-
sitton 3.12.

REMARK 3.16. The above choice of m might be far from optimal. Some quick plots

suggest that, for example, when 5 < n < 11 it is sufficient to take k =2, m = 4.

The case n = 2. When n = 2, we take k£ = 1, so that Lemma 3.13 gives

4 n
(3.70) Uy = —2a + gb, and ;Hi = —6a + 4b.

We thus choose the scaling constant a = (2 + €)b > 0 for a small 0 < ¢ < 4/15, so that
pn < 0and > o p; > 0, hence p; > 0 for ¢ < n. For our analysis we make the specific choice

€0 = 107S.
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Our strategy in this case is to find a particular F' for which the variation of Ricci curvature

is still nonnegative, despite the positive scaling a. Specifically, we choose the function

1 1 4 1 4
(3.71) F(r) = & <T2 _ ﬁ7,4 I R 7 7,10) 7

315 945 429925

where the constant C' is chosen so that b = F(7/2) = 1. Note also that indeed ¢ = F(r/2) =
1.416--- > 0.

REMARK 3.17. The polynomial above is, up to a normalising constant, the tenth degree

Taylor polynomial of the solution of i + 2y cot r + 4y — Siigr = (, with boundary conditions
y(0) = 0,y(mw/2) = 1. This ODE arises when finding harmonic extensions of functions z on
953, when z is expanded in terms of spherical harmonics on S?. In particular, it governs

the A = 6 (second degree) eigenspace.

The solution y may be written in terms of associated Legendre functions P! as

(3.72) y(r) =

A plot of the relevant quantities (3.56), (3.57) and (3.58) suggested that y was also a (possibly
more natural) candidate for the function F. However, at present the author is not aware
of a proof based on the above interpretation of y, and the analysis was simpler with the

polynomial form of F.

We will verify the conditions (3.56), (3.57) and (3.58) at each point of M. The quantities

E and F5 are manageable: A straightforward computation gives that

6F .. . 2F
E1:4a—(30825('2 )—sin23<F+3FcotT+4F— —5 ),
sin® r sin” r
4F .. ) )a
E, = 4a — cos® (_2 )—2sin23(F+Fcotr+2F— —5 )
sin“r sin“r

We thus require some relatively elementary, but tedious properties of F', which simply

state here:
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LEMMA 3.18. On [0, 5], the function F(r) satisfies the following properties:

o L >041,

sin® r

o '+ 3Fcotr+4F — 28 > 1.9,

sin?r &=

o '+ Feotr+2F — £ >11.

sin“ r

With our choice of a = 0.400001, it follows that F; < 4a — max(6(0.41),1.9) < 0 and
E; < 4a —max(4(0.41),2(1.1)) <O forall 0 <r <7/2,0 < s <.

The analysis of D is significantly more complicated. Our proof relies on obtaining crude
bounds for the derivative, |0;D| < 80, |0,D| < 202. The proof can then be completed by
numerically calculating values of D at points (7, s) on a sufficiently fine grid. In particular,
the function D was sampled on a square grid with spacing § = 10™%. Across all sampled
points, the minimum value of D was found to be 0.01536 - - - . The mean value theorem then
implies that

D > 0.015 — 202~ — 0.0007--- > 0
V2

forall0 <r <7/2,0<s<m.

3.6.2. Correcting the mean curvature. In this subsection, we complete the proof of The-
orem 3.1 by first perturbing in the direction of an ambient diffeomorphism that corrects the
mean curvature to first order, and then introducing a lower order conformal correction that
fixes the mean curvature exactly at zero. We will verify that the resulting metric satisfies
the desired properties of Theorem 3.1 (possibly after scaling).

For this subsection we fix a smooth cutoff function y : [0, 7] — [0, 100] such that:
e x(r)=0forr <m/3 and r > 27/3.
o x(m/2) = 1.
PROOF OF THEOREM 3.1. Let M = S7*! and consider the conformal factor f € C>(M)

as in subsection 3.6.1. The property that dyf|y is orthogonal to V,, = ker(A +n) is crucial:

It means that there exists a smooth function v € C°°(X) such that

(3.73) (A +n) = gaofyz.
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Recalling that y f|s, = —csin®* s and using that A acts on the class of functions depend-
ing only on s by 92 + (n — 1) cot s d;, it is easily verified that an explicit solution to equation

(3.73) is given by

k
ne .
374 = QN2
(8:74) YT 20k — 1)(n 1 2k) D assin¥s,
Jj=0
: : — 2041 —
where the coefficients satisfy a; = 2T it Gk = 1.

Then we may fix a (smooth) 1-form w € Q'(M) for which wp|s = v. Explicitly, we may
take for instance w(r, ) = x(r)v(#)dr, where r is as in the warped product (3.22), and 6 are

the coordinates on S™. For small ¢ consider the (analytic) variation
(3.75) g(t)=g+tfg+tLw.

For u € C*(S"), we also define a smooth extension map € : C*(S") — C*(S"™) by
E(u)(r,0) = x(r)u(f). This extension is constructed so that & (u)|s = u.

Now consider the family of functions on ¥ defined by
2
(3.76) u(t) = ~ 2 H(S, :(1)).

Since the mean curvature functional depends analytically on the metric and its derivatives,

u is analytic in £. Moreover, by Lemmas 3.5 and 3.6, we have that
/ 2~
(3.77) u'=—=(A+n)v—0yf|x =0.
n

We may thus consider the real analytic family of smooth metrics

™

(3.78) g(t) = €D g () = LD (G 4 tfg + tLw)

on M. Note that indeed ¢(0) = 7.
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By the formula (3.2) for the mean curvature under conformal change, we have

(3.79) H(E, g(t)) = e~ S/ (H(E, ai(t) + gu(t)> ~0.

Now since v’ = 0, we have £(u)" = 0, and therefore the first variation of the metric g(t)

does not depend on wu. In particular, on M we have
(3.80) 9 =91=fg+ Lw.

Again by Lemma 3.5, the diffeomorphism part Lw does not affect the Ricci curvature nor
the spectrum of A on ¥ to first order. Thus the conclusions of Proposition 3.12 still hold,

namely that the Ricci curvature on M is nondecreasing,

(3.81) (9(t)™" Ricg))' > 0,

and that the variation of the Laplacian on ¥ acts on V,, by

(3.82) A, = diag(—pu, - —fin),

with respect to the basis {¢;,;}, where

(3.83) i >0 for i < mn, and fn < 0.

At this point we would like to conclude that the first eigenvalue \;(X) varies by the p;,
but formula (3.17) will only apply if we already know that the ¢;; are initial points of some
smoothly varying families of eigenfunctions of ﬁg(t). The key is that AQ,n is already diagonal
in the basis {¢y,;}:

By Lemma 3.3, there are families of L?*(X,§(¢))-orthonormal eigenfunctions of ﬁ/g\(t),
suggestively denoted {1 ()}, with corresponding eigenvalues A; ;(t), varying analytically
in ¢, where A;;(0) = n. By the discussion of subsection 3.3.3, the variation ﬁ@n must be
diagonal in the basis {1 ,(0)}. But there is at most one orthonormal basis that diagonalises

a matrix, up to sign and permutation, so we can indeed arrange that ¢;(0) = ¢;,, and
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hence
(3.84) p—"

for each 7. (This claim would also follow from a symmetry argument, noting that the explicit
form of the variation g’ is invariant under rotations fixing ¢y ,.)
A~ o~ /
Finally, we claim that the variation (fz A(V@1n, Vi) dV_;;(t)> > (. Recall that we

wn‘E __ coss

chose coordinates so that e; = s, and also that the eigenfunction ¢, , = e = Vo, only

depends on s. Then since A(X,g) = 0, we have
(3.85) A(ﬁﬁpl,m ﬁ‘Pl,n), = (Aaﬁﬁasolmﬁ/%mm) = (81¢1,n)2A/11’

Now by Lemmas 3.5 and 3.6, and since v satisfies equation (3.73), we have

n—1

1
(3.86) Al =-0%v—v+ §8of]g = (cot s 0y — O2)v.

nkc

s 12k
n+2kSln S.

Using the explicit form (3.74) of v, we compute that cot s dyv — 9%v =
Since A = A(X,g) = 0, noting that (d1¢1,)* = 0% and using Lemma 3.4 we indeed

C’n
have
(/ A(ﬁwl,nv 6(;Dl,n) dvf(]\(t)) = / A(ﬁgpl,n) ﬁgpl,n)/d‘/ﬁ
by b
— 1keB(k+1+12,1
(3.87) (n = DkeB( 32) g,

(n+2k)B(3,3)

To finish the construction, choose a small € > 0 so that ne/2 < —\] .. Since the variation
g(t) is analytic, we conclude that for sufficiently small ¢ > 0 the smooth metric g(t) on M

satisfies the following properties:

e The boundary Y remains minimal:

(3.88) H(S, g(t)) = 0.
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e The Ricci curvature is bounded below by
(3.89) Ricy) > (1 — €t/2)ng(t).

e The eigenvalues of the Laplacian Aon Y satisfy

(390) 0< Al,n(za/g\@)) <n< Al,z(za/g\@)) <o,
where ¢ = 0,--- ;n — 1. In particular, the first nonzero eigenvalue is
(3.91) AM(2,9(1) = Ma(2,9(t) < (1 —et/2)n.

e The second fundamental form A = A(X, g(t)) satisfies

(3.92) / A(%gbl, 6@51) dV/g\(t) > 0,
b

where ¢ = ¢1,(t) is the eigenfunction corresponding to Ay, (3, g(¢)).

Then the scaled metric

(3.93) g=(1—et/2)g(t)

satisfies all the desired properties, and completes the proof, of Theorem 3.1.

4. Angenent’s torus

The purpose of this section is to verify that A;(£) = 3 on the rotationally symmetric

torus self-shrinker discovered by Angenent [7], where £ is the drift Laplacian. This torus
also has a reflection symmetry in the axis of rotation. It is currently not known to be the
unique rotationally symmetric self-shrinking torus (even amongst those with the reflection
symmetry), although it is strongly conjectured as such. We are as yet unable to prove that

A1 = 3 for the other tori in this class, if they exist. Note that Domingo-Juan and Miquel [45]
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claimed the result for all such tori, but it is unclear whether their putative least eigenfunction

¢ indeed satisfies the necessary boundary condition ('(L) = ¢’(0) = 0.

4.1. Reduction to intersection with the shrinking sphere.

LEMMA 4.1. Let X2 C R? be a shrinking torus of revolution, with profile curve I'. Suppose

that T intersects the sphere of radius 2 exactly twice. Then A\ (Lx) = 1.

Proor. We follow the outline of [45]. First, the metric on the torus is given by the
warped product ds®+r(s)2d6?, where s is the (Euclidean) arclength parameter on the profile
[, and # € S*. A complete orthonormal basis of eigenfunctions for £ is given by {wicﬁ?i},
where AS'¢); = —\);, and qﬁ?i are the eigenfunctions of the operator L; = Al + %V’f‘ — 1% —
$(aVz +1rVr).

By Courant’s nodal domain theorem (which applies since L is the Laplace-type operator
associated to the measure p), the eigenfunction corresponding to A\; has exactly two nodal
domains. Immediately this means that A; should come from either ¢y = 1 or ¢); = cos f, sin 6.
When ¢y = cosf,sinf, a direct calculation shows that r is a positive eigenfunction of the
operator Li, so the only candidates here are y = rcosf and z = rsinf, which we already
know have eigenvalue % For vy = 1, the operator Lop = ¢" + (%/ — %(TT’ + xm’)) ¢ is a
Sturm-Liouville operator.

Sturm’s theorem for the associated eigenvalue problem with periodic boundary conditions
[22, Thereom 3.1] gives that the eigenvalues of Ly are 0 = o < pg < po < pig < g < -+,
where the eigenfunctions associated to fip;_1, pt2; have exactly 2j zeroes. Recall that (for
any shrinker) = and |X|* — 2n are eigenfunctions of £ with eigenvalues 1 and 1 respectively.
Moreover they are rotationally symmetric, so they are eigenfunctions of Ly with the same
eigenvalues. By assumption | X |? — 2n vanishes exactly twice on T, so it must correspond to
1o and so the eigenfunction x must correspond to p;. In particular the lower eigenvalue is

= %, which completes the proof. 0
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4.2. Argument for Angenent’s original construction. Let us first review the con-
struction of Angenent’s torus. The profiles of rotationally symmetric self-shrinkers are

geodesics in the upper half plane H = {(z,7) : » > 0} with the metric
ga =2 e_(332+T2)/4(dx2 + dr?).

A shrinking torus then corresponds to a closed geodesic in this metric. Let a be the angle
the tangent vector makes with the x-axis. We write v[xq, ro, o] for the geodesic with initial
conditions g, rg, . Angenent argues that for large 7o, the curve [0, 7, 0] intersects the
r-axis a second time, before becoming horizontal a second time. He then sets R, to be the
infimum of all such ry and shows that v, = [0, R, 0] re-intersects the r-axis horizontally,
say at r,. Angenent’s torus is then the surface obtained by rotating the profile curve I' given
by 7. and its reflection across the r-axis. In particular, R, > \/%, and he also shows that
7. may be written as a graph over the r-axis, say of f(r), except at the two r-intercepts. So
r. = min{r : (z,r) € I'} and so . < /2(n — 1) since the torus must intersect the shrinking
cylinder.
The function f satisfies the differential equation

1 o n—=1Y\, f
4D e G E

We will prove a slight strengthening of Drugan and Kleene’s Lemma 3 in [46] (note the

sign flip):

LEMMA 4.2. There exists My with the following property:
Let f be as above with f(1/2(n—1)) < 0. Suppose that f'(r) > 0 whenever r >

V2(n—1). Then f(r) > 0 whenever r > My and f(r) is defined.
When n = 2 we may take My = /v/33 — 3+ /2 = 3.07088572 - - - .

REMARK 4.3. Our contribution is a tightening of the constant M;; Drugan-Kleene show

that M; <24 /2(n — 1).
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PROOF. As in Drugan-Kleene we get

f”/ o 2f/(f”>2 f_n_l " n__]'l
. E e G e

Set A= —f(\/2(n—1)) > 0. Then for r > y/2(n — 1) we have f” > 0 and f” > 0. In fact,

1 o 11 _ .
% > % + £ — 2=1. Integrating, we find that

L+ f(r)? 5 — 1)
1+ f'(v/2(n—1))?
(4.3) > g—m:n_l) exp((r2 — 2(n — 1))/4).

ffr) = f"(V2(n-1)) exp((r —2(n — 1)) /4)

Taking a series expansion of the right hand side, we can then estimate

A 2 — 4
(4.4) iy s A 3 A o).
2 4(n—1)
Integrating twice we then have
1 n?—3n+4
4. >Al-1+-R*+ ———R!
(45) Fza (-1 R S )

where we have set R =r — 1/2(n — 1) for convenience.
For simplicity we now consider n = 2. Then the right hand side is positive so long as
5 R* + 1 R? > 1; solving this for r gives that f(r) > 0 for r > \/2(n — 1) + /v/33 — 3 as

claimed.

We are able to prove:

PROPOSITION 4.4. Let n = 2.
Let T be the profile curve of Angenent’s torus. Suppose that the uppermost intersection
of T with the r-axis occurs at R, > 3.08. Then T intersects the semicircle x> +1r* = 4 exactly

twice.
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REMARK 4.5. The hypothesis R, > 3.08 may be verified for Angenent’s torus by numeri-
cal computation: Indeed, by Angenent’s construction, it is enough to check that the geodesic
starting from the point (x,r) = (0,3.09) in the direction e, becomes horizontal again before

intersecting the r-axis again.

PROOF. By the work of Kleene-Mgller [77], any closed geodesic in H has exactly two
vertical points. It will be useful to split I at these vertical points, so that I' = Gr(u; )UGr(us),
where wu; are functions of = defined on some interval (—f, ), with u; > us. Each graph
satisfies the differential equation

u” ' u n-—1
4.6 v _awu _
(4.6) @ 2 27 u

By the work of Drugan-Kleene, the curvature of each segment wu; changes sign at most
twice, and only changes sign twice if the segment has two minima. Since -, is only horizontal
when it crosses the r-axis, the latter cannot occur. By symmetry, if the curvature changes
exactly once then the change occurs at = 0. Using the differential equation for u, we would
then have u(0) = y/2(n — 1), whence u is just the straight line in H corresponding to the
shrinking cylinder. This is absurd, so we conclude that u; is a concave function and us is a
convex function. This immediately implies that Gr(ug) intersects the circle z? 4+ r* = 4 at
most once.

We now claim that Gr(ug) must at least cross the cylinder before becoming vertical.
Suppose not, so that Gr(us) becomes vertical at r < \/m . Then by the concavity of
u1, the graph of u; has nonnegative slope everywhere in the second quadrant, and intersects
the cylinder in the second quadrant exactly once. Switching to the representation of (the
reflection of) ~, as a graph over the r-axis, say of f(r), this means that f(1/2(n —1)) <0,
and that f'(r) > 0 for r > /2(n — 1). Applying Lemma 4.2 would then give that Gr(u;)
intersects the r-axis before r = M; < 3.08. Since we know it intersects at R, > 3.08, this

is a contradiction. Thus the lower segment Gr(us) must cross the cylinder before becoming
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vertical, so by concavity, if the upper segment Gr(u;) crosses the circle 22 + r? = 4 it must
cross at a height r > 1/2(n — 1).

Certainly I does not intersect the circle 2 + r* = 4 along the r-axis, so by symmetry
we now restrict our attention to the first quadrant. Note that the tangent to the circle at
the point (v/2,1/2) intersects the r-axis at r = 2v/2. Therefore if the upper segment Gr(u)
intersects the circle 22 + r? = 4 twice in the first quadrant, then it cross twice above the
line r = y/2(n — 1), so by concavity we could have R, < 22 < 3. Again we know that
R, > 3.08, so this cannot happen.

Thus the upper segment crosses the circle 22 +r% = 4 at most once in the first quadrant.
Moreover, if it does cross, then by convexity the lower segment Gr(uy) cannot cross the
circle. Since we already knew the lower segment could only cross at most once, this means
that I intersects the circle at most once in the first quadrant. In fact since it must intersect
by the maximum principle, we conclude that I' intersects the circle exactly twice overall, as

claimed. O

4.3. Argument for Mgller’s quantitative torus. Mpyller [89] gave another construc-
tion of a self-shrinking torus of revolution. In principle, his torus should coincide with An-
genent’s torus, but this has not been proven. The above analysis also allows us to verify

that the first eigenvalue on Mgller’s torus is %:

PROPOSITION 4.6 (Moller, [89]). Let €4, = 1072, There exists a closed, embedded,

self-shrinking torus of revolution ¥? C R® with the following properties:

(1) The torus is also symmetric under reflection x — —x.

(2) The profile T intersects the r-axis orthogonally at two heights a™ > a~ > 0, where

+ 4034

1052] < Segap and Ja” — 5| < .

la
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(3) The profile T intersects the sphere of radius 2 at two points p*, where |p* —
(£3, 33)lr2 < Degap. Also, the angles from the x-azis at these points satisfy |a —
11 1
ol < 2
That the drift eigenvalue A\ (L) = 3 follows from property (3) or property (1) and the

discussion above.
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CHAPTER 4

Entropy of closed hypersurfaces and singular self-shrinkers

The work described in this section was first presented in [128].
In this chapter we present a lower bound for the entropy of closed hypersurfaces in R",
as well as the classification of entropy-stable singular self-shrinkers, for any n. In particular,

the main theorem of this chapter is

THEOREM 0.1. Let ¥ be a smooth, closed, embedded hypersurface in R"*. Then we have

A(X) > A(S™), with equality if and only if ¥ is a round sphere.

In fact, the above theorem is a corollary of the following classification of singular entropy-

stable shrinkers:

THEOREM 0.2. Let V' be an F-stationary integral n-varifold in R"™*, which has orientable

reqular part and finite entropy, and satisfies the a-structural hypothesis for some a € (0, %)

Suppose that V is not a generalised cylinder S*(v/2k) x R""%. Then V is entropy-unstable.
A key step is the classification of singular mean convex shrinkers:

THEOREM 0.3. Let V be an F-stationary integral n-varifold in R, with orientable
reqular part and finite entropy. Further suppose that H" *(singV) =0. If H > 0 on regV

then either V is a stationary cone, or sptV is a generalised cylinder S¥(v/2k) x R™"7*.

The concept of entropy-stability is described more precisely as follows:

0.1. Entropy-stability. Recall the Gaussian area functionals

2
|z—xg|

FuoaolV) = [ tamte) 26”50 duy,

and that the entropy is defined by A(V') = sup,, ;, Fro.to(V).
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A smooth self-shrinker ¥ is entropy-stable if it is a local minimum for the entropy func-
tional amongst C? graphs over . Here we make this notion precise for varifolds. We first

define normal variations that are not required to be compactly supported.

DEFINITION 0.4. Let V be an integral n-varifold in a manifold N"*! and consider a
complete Lipschitz vector field X on N. Further suppose that X vanishes on sing V' and is
C? on N \ sing V. Writing {be}se(_“) for the flow of X, we say that the image varifolds

(0.1) V= () sV

form a normal variation of V if additionally X (z) L T, regVj for all s and any = € reg V.

This definition includes deformations by compactly supported normal graphs over an
orientable regular part reg V', since we can construct a smooth ambient field X by extending
in a neighbourhood of reg V' away from the singular set. Similarly it includes homogenous
variations of a cone V = C'(W) in R™™! induced by compactly supported normal graphs over

reg W in this case the ambient field X only fails to be smooth at the origin.

DEFINITION 0.5. We say that an F-stationary varifold V' is entropy-unstable if there
exists a normal variation Vi of V satisfying A(V;) < A(V) for s > 0. We say that V is

entropy-stable if it is not entropy-unstable.

0.1.1. F-stability. Entropy-stability is strongly related to the notion of F-stability of
[37], which extends to the singular setting by requiring that the variation take place away

from the singular set.

DEFINITION 0.6. Let V be an orientable F-stationary n-varifold in R"*!. We say that V
is F-unstable if there is a normal variation V; of V', compactly supported away from sing V/,

such that for any variations z; of 2o = 0 and ¢, of o = 1, we have 92|;_oF,, +,(Vs) < 0.
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F-stability is no longer suited for studying the entropy when V' is a cone, since one may
always zoom away from the compact variation. Therefore, we instead consider homogenous

variations and introduce the notion of homogenous F-stability for stationary cones as follows:

DEFINITION 0.7. Let W be a stationary (n — 1)-varifold in S". We say that W is
homogenously F-unstable if there is a normal variation W, of W in S, compactly supported
away from sing W, such that for any variation x, of zy = 0, we have 9?|,—oF, 1(C(Ws)) < 0.
We say that W is homogenously F-stable if it is not homogenously F-unstable.

If V.= C(W) is a stationary n-cone in R"*! we say that V' is homogenously F-stable if

and only if W is homogenously F'-stable.

The restriction to = 1 will suffice since for any cone we have F, ;,(C(W)) = F= (C(W))

by dilation invariance. Note that any stationary cone has finite entropy.

1. Closed hypersurfaces

Before proving Theorem 0.2, we will describe how entropy lower bounds for closed hy-
persurfaces and for singular self-shrinkers can be deduced from the classification of compact
entropy-stable singular self-shrinkers. In particular, we will assume for this section that the

following holds:

PROPOSITION 1.1. Let V' be an F-stationary integral n-varifold in R, which has ori-
entable reqular part of multiplicity 1, finite entropy and H" '(sing V) = 0. If V is not the
round sphere S™(\/2n) then there is an entropy-unstable variation of V', which is compactly

supported away from sing V.

Clearly Proposition 1.1 is an immediate corollary of Theorem 0.2 (see also Theorem 7.5),
since a compactly supported varifold certainly cannot split off a line or be a cone. The main
goal of this section will be to prove Theorem 0.1 under this assumption. The applications
we present here extend the results of Bernstein-Wang to all higher dimensions, and depend

crucially on their theory developed in [13].
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Let A,, = A(S") be the entropy of the round sphere. A direct computation (see [110])

shows
3
(1.1) 2>A1>§>A2>--->An>-~~>1.

Similar to [13] we define SV,, to be the set of all integral F-stationary n-varifolds in
R"*! with nonempty support. We denote by CSV,, the subset of varifolds in SV,, that have
compact support. For A > 0 we also define SV,,(A) to be the subset of varifolds in SV,, with
entropy strictly less than A, and CSV,,(A) = SV, (A) NCSV,,.

1.1. Entropy lower bound for closed hypersurfaces. In [35], Colding-Ilmanen-
Minicozzi-White showed that the shrinking sphere S™(1v/2n) minimises entropy amongst
smooth, embedded closed self-shrinkers (in fact, they showed that there is a gap to the

next lowest entropy in this class). This led them to conjecture the following:

CONJECTURE 1.2 ([35]). Any smoothly embedded, closed hypersurface ¥ C R™™ n <6
has entropy A(X) > A,,.

The case n = 1 is an easy consequence of the Gage-Hamilton-Grayson theorem, which
states that any embedded closed curve contracts to a round point. Bernstein and Wang [13]
settled Conjecture 1.2 for 2 < n < 6 by leveraging their insightful observation that under a
carefully chosen weak flow, the final time singularity arising from compact initial data must
be collapsed in a certain sense (see [13, Definition 4.6] and [13, Definition 4.9]). In fact, they
were able to prove the entropy bound for objects of weaker regularity, the compact boundary

measures defined as follows (see also [13, Definition 2.10]):

DEFINITION 1.3. Let V be an integral n-varifold in R"*!. We call V' a compact boundary
measure if there is a bounded open nonempty subset £ C R"*! of locally finite perimeter

(that is, xg has locally bounded variation) such that spt uy = OF and puy = |Dxgl.

In this subsection we will extend their result [13, Corollary 6.4] to all dimensions n > 2.

We first need Bernstein-Wang’s characterisation of the entropy minimiser in CSV,,(A,,):
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LEMMA 1.4 ([13], Lemma 6.1). Let n > 2. If for all 1 <k < n—1, the set CSV(A\,) is
empty, then either CSV,(A\,) is also empty, or there is a V- € CSV,(A\,) satisfying:
(1) A(V) = inf{A (1) - € CSVal(An)},
(2) V is a compact boundary measure,
(3) V is entropy stable,

(4) sing V' has Hausdorff dimension at most n — 7.
The following proposition is implicit in the proof of [13, Corollary 6.4]:

ProposITION 1.5 ([13]). Consider n > 2 and let V' be a compact boundary measure
in R If for all 2 < k < n, the set CSVi(Ay) is empty, then A(V) > A,,. Moreover, if

equality holds then, up to translations and dilations, V is an entropy-stable member of CSV,,.
We are now ready to prove the main theorem of this section:
THEOREM 1.6. For all n > 2, we have CSV,(A,) = 0.

PROOF. First, any V € CSV4(3/2) must be smooth by [13, Proposition 4.2] and hence
have entropy at least Ay by [35, Theorem 0.7]. So by (1.1) we have CSV;(A,,) = () for n > 2.

We proceed by induction. By [13, Proposition 6.2], we already have CSV,,(A,) = () for
2 < n < 6. Now for general n > 2, if CSVy(Ay) = 0 for all 2 < k < n — 1, then using the
above discussion we see that the hypotheses of Lemma 1.4 are satisfied. Thus, if CSV,,(A,,)
is nonempty then there is a V' € CSV, (A,) that is entropy-stable and has singular set of
codimension at least 7. Moreover, V' is a compact boundary measure so its regular part is
orientable (see also [13, Proposition 4.3]), and it has multiplicity 1 since it is integral with
A(¥) < A, < 2. But then Proposition 1.1 gives that V' must be a round sphere, so in

particular A(V') = A,, which is a contradiction. O

COROLLARY 1.7. Let n > 2. Any compact boundary measure V in R"™ has entropy

A(V) > A(S™), with equality if and only if V is a round sphere.
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PROOF. The lower bound follows immediately from Theorem 1.6 and Proposition 1.5.
If equality holds then, up to a translation and dilation, V' € CSV,, and A(V') = A,, < %, SO
as above V' is orientable by [13, Proposition 4.3, and H" ?(sing V) = 0 by [13, Proposition

4.2]. Since V must also be entropy-stable, by Proposition 1.1 it must be a round sphere. [

Theorem 0.1 follows from Corollary 1.7 for n > 2, since any closed hypersurface separates
R™*! and hence defines a compact boundary measure. Again the case n = 1 follows from

the Gage-Hamilton-Grayson theorem [54, 56].

1.2. Gap theorem for compact singular self-shrinkers. The main theorem of
Colding-Ilmanen-Minicozzi-White [35] established that the shrinking sphere had the lowest
entropy amongst (smooth) closed self-shrinkers, with a gap to the next lowest. Bernstein-
Wang, using their own methods, were able to provide an independent proof of this result
that in fact extended it to compact singular self-shrinkers, but only for 2 < n < 6. In this
subsection we will extend their result to all n > 2.

We will need the following proposition, which is implicit in the proof of [13, Corollary
6.5]:

PROPOSITION 1.8 ([13]). Let n > 2. Assume that, for all 2 < k < n:

o The set CSVi(Ag) is empty;
e The only compact boundary measure V€ CSVy with A(V) = Ay is the shrinking
sphere S¥(v/2k).

Then there exists €, > 0 such that CSV,,(An+e€,) contains only the shrinking sphere S™(v/2n).

Combining Proposition 1.8 with Theorem 1.6 and Corollary 1.7 then immediately yields

our gap theorem for compact singular self-shrinkers in all dimensions n > 2 as follows:

COROLLARY 1.9. Let n > 2. There exists €, > 0 so that CSV,(A,, + €,) contains only

the shrinking sphere S™(v/2n).
76



1.3. Entropy lower bound for partially collapsed self-shrinkers. We also gener-
alise the results of Bernstein-Wang for so-called partially collapsed self-shrinkers (see [13,
Definition 6.6]) to all dimensions n > 3. The following is implicit in the proof of [13,
Corollary 6.7

ProposITION 1.10 ([13]). Let n > 3. Assume that, for all2 < k <n — 1:

o The set CSVi(Ay) is empty;
e The only compact boundary measure V- € CSVy with A(V) = Ay is the shrinking
sphere SF(v/2k).
Then any partially collapsed V' € SV,, with noncompact support has entropy A(V) > A,_1,
with equality if and only if V is the round cylinder S"~'(1/2(n — 1)) x R.

As before, we combine Proposition 1.10 with Theorem 1.6 and Corollary 1.7 to obtain

the lower bound for all n > 3:

COROLLARY 1.11. Let n > 3. Any partially collapsed self-shrinker V€ SV,, with non-
compact support has entropy A(V') > A,,_1, with equality if and only if V is the round cylinder
S H(y/2(n — 1)) x R.

2. Colding-Minicozzi theory

In this section we recall some results from [37], which allow us to relate entropy-stability
to F-stability. We will also need variation formulae for the Gaussian area functionals, as well
as the regularity theory for self-shrinkers with A; bounded from below. The proofs found in

[37] extend naturally to the varifold setting, so we will state the results in this setting.

2.1. Variations. Here we record a second variation formula for the Gaussian area of
an orientable F-stationary varifold V' in which the centre of the Gaussian functional may
change. Specifically, in this subsection we consider normal variations V; of V', with generator

X compactly supported away from sing V.
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If regV is orientable, each regVj is still orientable with normal denoted vy, and the
restriction of X is given by X|egv, = fsvs for some functions f; compactly supported in
reg V. For ease of presentation we will give the formulae using the functions f; with the

understanding that f; = 0 off the regular part reg V.

PROPOSITION 2.1 (Second variation at a critical point). Let V' be an orientable F-
stationary n-varifold in R™Y with finite entropy. Let V, be a normal variation of V with
variation field X, compactly supported away from sing V.. Write X |ieqv, = fsvs, with f = fo.
Also let x5 and t, be variations of o = 0 and ty = 1 with x; = y and t; = a. Then
OPloco(Fe . (V3) is given by
L2

2

(2.1) /(—fo+2faH—a2H2+f<y, v) — y )pd,uv.

Here we understand the H* term via the generalised mean curvature, H* = |H|* = {|z*|2.

The point is that the proofs of the first and second variation formulae, [37, Lemma
3.1] and [37, Theorem 4.1] respectively, go through essentially unchanged, since the normal
variation V, takes place away from the singular set sing V; = sing V' and the contributions of
xs and t4 just come from differentiating the weight. To specialise to a critical point as in [37,
Theorem 4.14], one needs certain integral identities on self-shrinkers; these can be proven
in the varifold setting by applying the divergence theorem to the appropriate (exponentially

decaying) vector fields.

2.2. Entropy stability and F-stability. In this subsection we continue to consider
normal variations Vi of an F-stationary varifold V.
First, for normal variations compactly supported away from sing V', the proof of [37,

Theorem 0.15] goes through to give:

THEOREM 2.2. Suppose V' is an orientable F-stationary varifold with finite entropy that
does not split off a line and is not a cone. If V is F-unstable then it is entropy-unstable,

where the unstable variation is compactly supported away from sing V.
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For stationary cones V' = C (W) we need to consider homogenous variations, induced by

a normal variation of W in S™ supported away from sing W. The following is implicit in the

proof of [37, Theorem 0.14]:

THEOREM 2.3. Let n > 3. Suppose that V.= C(W) is an orientable stationary n-cone
in R™™ that does not split off a line. If W is homogenously F-unstable then V is entropy-

unstable with respect to the induced homogenous variation.

2.3. Regularity of self-shrinkers with stability spectrum bounded below. Here
we record a regularity result for F-stationary varifolds V' with A;(V) = A;(¥) > —oo that
satisfy the a-structural hypothesis, where ¥ = reg V. The content of the following propo-
sition is essentially contained in [37, Section 12] and depends on the regularity theory of
Wickramasekera [120]; it follows from the proof of [37, Proposition 12.24], noting that the

proof of [37, Lemma 12.7] goes through with any lower bound \;(3) > —o0.

PROPOSITION 2.4. Let V' be an orientable F-stationary n-varifold in R™ 1 with finite
entropy, satisfying the a-structural hypothesis for some a € (0, %) Suppose that A\ (V') >
—00. Then V' corresponds to an embedded, analytic hypersurface away from a closed set of

singularities of Hausdorff dimension at most n — 7 (that is empty if n < 6 and discrete if

n="7.)

3. Gaussian area functionals on cones
In this section we consider integral (n — 1)-varifolds W in S™. Specifically, we will study
the Gaussian areas of their cones V' = C'(W), which by dilation invariance satisfy

(3.1) Footo(C(W)) = F g

20, (COV)).

As such, it will often be enough to consider centres zo € R"™!, with fixed scale ty = 1. The
main goal is to provide variation formulae for the Gaussian areas Fy, 4, (W) by treating them

as functionals on the link IW; note that the formulae in Section 2.1 do not apply directly since
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the variations are noncompact. This will give us the means to determine the homogenous
F-stability of a stationary cone.

Since our focus is on the link, in this section y? will refer to the projection to the
(approximate) tangent space T,W at a point p € spt W C S", so that y € R"™! decomposes

as

(3.2) y=y" +{y.pp+y-.

Here y* denotes the component orthogonal to T,W in T,S", which is equivalent to the

component orthogonal to T,C(W) in R"* and is given by y* = (y, 7)V on the regular part.

LEMMA 3.1. Let W be an integral (n—1)-varifold in S, and suppose that the cone C(W')

has finite entropy. Then we have

(3.3) Fuo1(C(W)) = (4m) "2 e_x02/4/K”—1(<Pa o)) dpw (p),
where
(3.4) Ko (t) = e"/* 1,(t)

15 the sequence of real analytic functions defined by the recurrence relation
(3.5) L,(t) = tl,—1(t) +2(n — 1)1,,—2(1),

forn > 2, and

(3.6) Io(t) = va(1+erf(t/2)),  L(t) = tly(t) +2e0/4.

PROOF. Set V = C(W). Using polar coordinates r > 0, p € S" for x = rp € R"™! we

have that

(3.7) / o= d,uv(a:)—/ (/ o= Y r”ldr) dpw (p).
R+ st \Jo
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Completing the square we have |rp — zo|*> = (r — (p, z0))? + |z0|* — (p, 20)?, where we have

used that |p|?> = 1. Setting t = (p, zo), it remains to compute the integrals

o0 T‘—t2
(3.8) In(t):/ e T dr
0

for each n. First, for n = 0 by definition of the error function we have

(3.9) Ih(t) = /:O e/ du = /7 (1 + erf(t/2)).

For n > 1 we have

0 0

n—1 _—

(-2 |~
= =2r" e 14

+ 2(n - ].)In_g(t) + t[n—l(t);

0

where we have used integration by parts in the second equality. For n > 2 the first term

t2

vanishes whilst for n = 1 it evaluates to 2e~* /4, which gives the result. 0

3.1. Variations. For an integral (n—1)-varifold W in S", we consider normal variations
W, of W in S™ generated by smooth, compactly supported vector fields X on S”, so that
X(p) L T,regW for any s and any p € regW,. If W is orientable, then we will write
Xlregw, = ¢sVs. Recall that v and H denote the normal and mean curvature of a hypersurface
Mm™ 1 in S™, respectively.

A direct computation yields the first variation formula for the F-functional on cones:

LEMMA 3.2 (First variation formula). Let W be an orientable integral (n — 1)-varifold
in S". Let Wy be a normal variation of W in S"™ generated by X, compactly supported away
from sing W. Write X|egw = ¢sVs with ¢ = ¢o. If x5 is a variation of xy with xj =y, then
Oss=0(Fy, 1(C(W5))) is given by

o leol2/4

o (R ()= G0 s+ (.01 + (o h )1 (1)) o ),

(3.11)

where as before we have written t = (p, xo) for convenience.
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LEMMA 3.3 (Second variation formula). Let W be an orientable integral (n — 1)-varifold
in S™. Let Wy be a normal variation of W in S™ generated by X, compactly supported away
from sing W. Write X|egw = ¢sVs with ¢ = ¢g and ¢’ = O0s|s—0¢s. Also let x4 be a variation
of o with xy =y, xf§ =y'. Then 0%|s—o(Fp,1(C(W5))) is given by

ZSZ/{ ~(OLO)Knr(6) = blao, VO (1) + 2{y, PSR 1 (1) = 3y Kua (1)
+ (0 = Yo ) Fualt) + (o) + {0, P)6)* KL, (1)
+2 (6 = 3(w0,4)) (3, ) + (0, 1)) K, (1)
¢! (HEna () + (w0, DV, (1))
(3.12) a0,y K s (8) + (. Ky ()] i (),

where again we have written t = (p, xg) for convenience, and K| |, K!!_| are just the usual

derivatives of the single-variable function K, 1 (as opposed to the variational derivative).
PRroOOF. The proof is a direct calculation by differentiating the first variation formula,
using that on M = reg W we have 7/ = —V¢ and that H' is given by the Jacobi operator,

(3.13) H' =—Ayo—|AP¢ — (n—1)¢ = —Lyo

for hypersurfaces in S™ (see for instance [67]). O

We will now specialise to the case of a critical point, but first we need some integral

identities for minimal hypersurfaces in S™.

LEMMA 3.4. If W is a stationary integral (n — 1)-varifold in S™ then for any fixed vector

y € R"™ we have

(3.14) /(y,p> dpw (p) = 0,

(3.15) / P dpy = (n— 1) / (4, p)? dyan ().
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PRrROOF. We apply the divergence theorem to certain ambient vector fields X, recalling
that a stationary varifold in S™ has generalised mean curvature in R given by H(p) =
—(n—1)p.

For the first claim, simply take X = y, so that divy X = 0.

For the second claim, take X = (y,z)y, then we have diviy X = (y7,y) = |y’|? and

(p, X(p)) = (y, p)* O

PROPOSITION 3.5 (Second variation at a critical point). Let W be an orientable station-
ary integral (n — 1)-varifold in S™. Let Wy be a normal variation of W in S™ generated by
X, compactly supported away from singW. Write X|egw = ¢sVs with ¢ = ¢o. Also let x4
be a variation of xg = 0 with xf, = y. Then 0?|s—o(Fy, 1(C(W5))) is given by

i) grir(3) [ (~oer e o - )

PROOF. Using the recurrence for K, ; one may verify the special values K, 1(0) =

2n711"(g> K/

n—1

(0) = 2" '0(X2) and K7_,(0) = 2" 2nT(2). Plugging o = 0 and H = 0
into Lemma 3.3, we get that 0%|s—o(Fyy1(C(Ws))) is given by

(3.17) %w—Zr<g)(/‘[ —0Lo + 2530y, 7) — LlyP

n 2 F(%) / d
+5:0)° + 0y W) | duw (),

where ¢y’ = z{j. Using Lemma 3.4 to handle the last three terms completes the proof, recalling

that according to the decomposition (3.2) we have |y|? = |y7|* + (y,p)? + |y |*. O

REMARK 3.6. If V = C(W) is a stationary cone then, working in polar coordinates

r = |z| on the regular part ¥ = reg C'(W), the stability operator Ly has the decomposition

(3.18) Lf =r~ |A|2

f——af+
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where

7”3 T2

(3.19) Ly =702+ (n— 1)ro, — SO0+ 5

Noting that Lir = (n— 1)r, and using the evaluation of the special integrals I,,(0), it follows
that the integral over the cone C(WW)

2

2

(3.20) / (—fo + fly,v) — L ) pdpcow)

coincides with (3.16) if we set f(z) = r¢(¥). This shows in particular that the second

variation formula Proposition 2.1 is valid for homogenous variations of a stationary cone.
We record the following estimate for the coefficient of the middle term of (3.16).

LEMMA 3.7. For any integer n > 2 we have

F(i)
(3.21) 3 <n-—1.
I'(3)?
14n
Proor. Let A, = ﬁrﬁ( 2 )2)2. By the functional equation for the gamma function, we
2

have for all n > 3 that A, W(TRAA” 9 < A,_o, so the lemma follows from checking

that Ay = S22 =2 < Jand Ay = 13 =2 < 1. O

4. Integration on singular hypersurfaces

In this section we present some technical results that will allow us to work on the regular

part of an integral varifold with small enough singular set.

4.1. Cutoff functions. Given an integral n-varifold V in R"*! satisfying H"~(sing V') =
0, ¢ > 0, we describe here our choice of cutoff functions (on R™!) that will allow us to in-
tegrate around the singular set.

For any fixed R > 4 and ¢ > 0, since the singular set is closed, using the definition of

Hausdorff measure we may cover the compact set sing V' N By by finitely many Euclidean
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balls,

(4.1) singV N Br C | JB,(pi),  where Y 177 <e

i=1
and of course we may assume without loss of generality that r; < 1 for each ¢. This covering
depends on ¢, R and ¢, but we will suppress this dependence in the notation.

Given such a covering, we may take smooth cutoff functions 0 < ¢; < 1 such that ¢; =1
outside Bs,,(p;) and ¢; = 0 inside By, (p;), with |D¢;| < % in between. We will also need to
cut off on large balls so we fix a cutoff function 0 < ng < 1 such that ng = 1 inside Bg_3 and
nr = 0 outside Bg_o, with [Dng| < 2 in between. Then, we combine these cutoffs by setting
bR = inf; (¢, nr) < 1, which is Lipschitz with compact support in Bg_1 \UJ;~, Bas, (p:), and
satisfies |Dog | < sup;(|Déil, |Dngl).

We will also need cutoff functions on annuli by smooth functions 0 < v; < T% satisfying
¢y = 2 inside Bs,,(pi) \ Bay,(pi) and ¢; = 0 outside By, (pi) \ By, (pi), with [Di| < % in
between. We also take 0 < {g < 2 such that {g = 2 inside Br_5 \ Bg_3 and &g = 0 outside
Br_1\ Bgr-4, with |D¢g| < 4 in between. We combine these by setting g = sup;(¢s, &r),

which is Lipschitz and satisfies |DYg | < sup;(| D], | DEg|). In particular, we have

(4.2) |1Dop.e| < Ve

We will reduce the dependence to the single parameter R by choosing ¢ = €(R) such that

limpg oo €(R) = 0. In this setting we write more compactly ¢r = @re, ¥r = UR..

4.2. Integration. We will conduct our analysis in the weighted L” spaces introduced in
[37]. We say that a function f is weighted L on a hypersurface X if it is L” with respect to the
measure pdps. That is, for p € (0,00) we say f is weighted L7 if || f||, := (5, ]f]pp)% < 00,
and for p = oo we require ||f|. = sups |f| < co. The weighted W*? spaces are defined
analogously. The goal of this subsection is to establish conditions under which integration
by parts is justified in these spaces.

Recall that the operator £ is symmetric with respect to the weight p:
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LEMMA 4.1 ([37], Lemma 3.8). If ¥ C R™" is any hypersurface, u is a C* function with

compact support in X and v is a C* function, then

(4.3) /E w(Lv)p = — /E (Yo, Vap.

In the remainder of this subsection X" will denote the regular part of an n-varifold
V in R™™! with Euclidean volume growth. The exponential decay of the weight p =
(4m) /2 e~171’/4 then gives that any function on ¥ of polynomial growth in |z| is auto-

matically weighted LP for any p € (0, 00).

LEMMA 4.2. Let ¢ > 0 and suppose that H" 9(singV') = 0. Let ¥ = regV, and take

®r = Qre as in Section 4.1. Then we have the following gradient estimate for ¢g:

(R—3)2

(4.4) / Vonltp < 20y (R =572 4 3m),
3

where Cy is the volume growth constant. In particular impg_ o fz |Vor|ilp = 0.

PROOF. We have

(45) [1vonn < [ 2043 | e
> EQBR_Q\BR_g i=1 EmB3Ti (pi)\BQri (pz) /r’i

a2
< 20y, (R” e T +3”Zr?—Q>

%

(R—3)2

< 20y (RM e 1 +3"%).

The limit follows since we choose € such that limg_,. €(R) = 0. O

COROLLARY 4.3. Assume H" 9(sing V') = 0 for some q. Let ¥ = regV and ¢r be as

above.

(1) Suppose that ¢ > 1 and that f is weighted LP, p = q%l. Then

(4.6) s [ 17196elo =0,
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, , 2
(2) Suppose that ¢ > 2 and that f is weighted LP, p = q_—qQ. Then
(4.7) lim /f2|V¢R]2p: 0.
R—o00 »

Note again that here we allow p = oo.

PrOOF. For (1), using Holder’s inequality, we have

(48) O < / |v¢R|qp)q

1,1 _
Whereg+5—1.

Similarly for (2) we have

(49) [ 15Pw6nto < 1512 ( / |v¢R|qp)q

2,2
where s+i= 1.
By supposition the weighted LP-norms of f are finite, so both results now follow from

Lemma 4.2. O

LEMMA 4.4. Suppose that H" (sing V') = 0 for some q > 1. Further suppose that u,v
are C* functions on ¥ =reg V' such that |Vu||Vv| and [uLv| are weighted L', and |uVv| is

weighted LP, p = q—Ll' Then

(4.10) /E (ulv)p = — /E (Vu, V) p.

PRrOOF. If ¢ has compact support we may use Lemma 4.1 to get

(4.11) /E pu(Lo)p = — /E (Vu, Vol — /E WV, Vé)p.

Applying this to ¢ = ¢g, Corollary 4.3 gives that the second term on the right tends to

zero as R — oo, so the result follows by dominated convergence.
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In practice we will refer to both Lemma 4.1 and Lemma 4.4 simply as integration by

parts.

5. Stability of singular self-shrinkers

Throughout this section X" will denote an orientable self-shrinker in R™™! with Euclidean
volume growth Vol(XN B,.(z)) < Cyr". The main goals of this section are to understand the
first stability eigenvalue of ¥ and to construct F-unstable variations when it is low enough.

Frequently we will take ¥ to be the regular part of an F-stationary varifold V with finite
entropy (which necessarily has Euclidean volume growth), and the results will depend on
the size of the singular set. In several cases the assumptions on sing V' may be weakened
using the regularity theory Proposition 2.4, but we state the stronger hypotheses to clarify

the degree of regularity required.

5.1. Stability spectrum of >. Recall that the first stability eigenvalue of the stability

operator

1 1

on a self-shrinker ¥ is defined by

(IVfI? = |APf2 = 520
Js f2p ’

(5.2) M(Z) = inf M(Q) = irflf Js

where the infimum is taken over functions compactly supported in X, and could potentially

be —oo. Also recall that if indeed A; = A;(X) > —o0, then we have the stability inequality

53 [1arros [19sko+ =5 -x [ £

for Lipschitz functions f compactly supported in .

LEMMA 5.1. Suppose that u > 0 is a C? function on ¥ with Lu = —Mu. Then A\(X) > \.
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Moreover, if f is Lipschitz with compact support in 3, then
(5.4 | 70AR + 9 1ouyp < [ @VSE 207,
PROOF. Since u > 0, the function logu is well-defined on ¥ and we can compute that
(5.5) Llogu =—\— % — |A]? — |V logul®.
Since f has compact support in ¥, then integrating f2£logu by parts we have that
(5.6) /2 ()\ + % + A]? + |V log u|2) fp= /2<Vf2, V log u)p.
Using the absorbing inequality [(V f2, Viogu)| < [V f]? + f2|V1ogu|? we get that

(5.7 [ (rege1ae) po< [1vres

and hence

(VA = JAPF? = 31%)p
fE fz f2p 2 2 .

(5.8)

Since this holds for any f with compact support in ¥, we conclude that A;(X) > X as claimed.
If we instead absorb using [(V 2, Vilogu)| < 2|V f|* + 1 f?|Vlog u|* we get that

1 1
(5.9) / (H 5 +HIAP + —|Vlogu|2> fp < 2/ IV fI?p,
> 2 2 S

which implies the bound (5.4). O

We will frequently apply Lemma 5.1 to subdomains €2 of the regular part of an F-
stationary varifold as well as to the regular part itself.

5.1.1. Weighted integral estimates.

LEMMA 5.2. Let V be an orientable F-stationary n-varifold in R™ ™ with finite entropy

and H"9(sing V') = 0 for some q > 2. Suppose that u > 0 is a C? function on X = regV
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with Lu = —X\u. Then if ¢ is weighted W'? and weighted LP, p = qZ__qQ' Then

(5.10) / F(AP + [V logul?)p < / BIVoP — 226)p.

PrROOF. We take f = ¢ro, where ¢ is as in Section 4. Applying Lemma 5.1 we get that

(5.11) /E SF (AP + [V logu?)p < /E (862 Vol + 864IVH[ — 226%6%)p.

As R — oo, the second and third terms on the right converge since ¢ is weighted W12,
and Corollary 4.3 implies that the first term on the right term tends to zero, whence Fatou’s

lemma gives the result. 0

For any integer k > 0, the function |z|* is a polynomial in x, so by the Euclidean volume

growth it is of course weighted W for any p € (0,00). Thus we immediately get:

COROLLARY 5.3. Let V' be an orientable F-stationary n-varifold in R with finite
entropy and H" (singV') = 0 for some q > 2. Suppose that u > 0 is a C? function that
satisfies Lu = —Au on &3 = regV. Then |Al|lz|* and |z|*|V1ogu| are weighted L?* for any
k> 0.

We now record the main quantitative L? estimates for |A| and |V logu| that will be
essential both for constructing unstable variations when A\; < —1, and for classifying mean
convex self-shrinkers. It is crucial that the estimate holds for positive eigenfunctions u defined

only on a subdomain (2.

LEMMA 5.4. Let V be an orientable F-stationary n-varifold in R™™ with finite entropy
and H"*(sing V) = 0. Let ¢r = dr. be as in Section 4.1, and consider a domain Q2 C ¥ =
regV such that spt(¢grlo) CC Q. If u is a positive C* function on Q satisfying Lu = —\u,

then

(R—

(5.12) /(|A|2 + |V log ul?) ¢4 | Vér|2p < (256 + 8|A|)Cy (R e~ "5 +4").
Q
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PROOF. Recall that we cover the singular set by singV N Bg C ", B, (p;), where
Yoy r'~* < e and without loss of generality 7; < 1 for each i.
The key is to replace |V¢g| by the annular bump function ¢p = g, > |Vepg|, which

has better regularity properties:

(5.13) / (AP + |V log ul?) 2V éalp < / (AP + |V log u’)&p.

In particular, the function f = (¢rtr)|q is Lipschitz with compact support in €, and we

may now apply Lemma 5.1 on  which yields

(5.14) /Q(|A|2 +|Vlogul*)pxp < /{2(8¢?2|V¢R|2 + 805 VYRl + 2[A¢RvR)p.
We may bound the first term on the right in (5.14) by

- 16
615) [ vhiVers < [vho< [ 16+ | 0
b b SNBr-1\Br-4 =1/ SNBar, (pi)\Br; (pi) Ti

a2
< 16Cy <R” I Z rf“‘)

i

(R—4)2

< 16Cy(R" e 7 +4%).

Since ¢% < 1 the second term on the right in (5.14) is bounded by

e 16
(5.16) /%!V@DRW < / 16p + E / "y
> ZOBR,1\3R74 ZmBélri(pi)\B?"i(pi) ri

i=1

2
< 16Cy <R” o~ +4"ngl—4>

(R—1)?

< 16Cy(R"e” T +4%),
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and since r; < 1 the last term is bounded by

m

4
(5.17) [t < | ey [ 4
> ZﬂBRfl\BR,AL i=1 EmBélri (pl)\B” (pl) Ti

12
< 40y (R” e +4”er2>

(R—1)2

< 4CV(Rn€_ 4 —|—4n€).

Combining these estimates gives the result as claimed. 0

5.1.2. Bottom of the spectrum.

LEMMA 5.5. Let ¥" be a connected, orientable self-shrinker with A\ = A (X) > —o0.
Then there is a positive C? function on X with Lu = —\ju.

Moreover, suppose that 3 is the reqular part of an F-stationary n-varifold V' with finite
entropy and H" (sing V') = 0 for some q > 2. If v is a C* function on ¥ with Lv = —\jv,

. . . 1’2 . o 2 o
which is weighted W= and weighted LP, p = qTqQ, then v = cu for some c € R.

PROOF. For the existence of u we proceed as in [37]: Fix p € ¥ and consider an exhaus-
tion p € 0y CQy C -+ of ¥ =, €. For each i there is a positive Dirichlet eigenfunction
Lu; = —X\(Q;)u; on €, and we may normalise so that w;(p) = 1. Since \;(£2;) decreases
monotonically to A\; > —oo, the Harnack inequality gives 1 < supu; < C'infu; < C, where
C = C (4, \1). Elliptic theory gives uniform C** bounds on the u; on each compact set, so
we get a subsequence converging uniformly in C? to a nonnegative solution of Lu = —\u
on ¥ with u(p) = 1. The Harnack inequality again implies that wu is positive on X.

For the uniqueness, by the assumptions on v, Lemma 5.2 gives that |A|v and v|V log u|
are weighted L2. By expansion this implies that vLv and v?Llogu are weighted L', and
since v is weighted W'? we see that |Vv?||Viogu| < |Vu|* + v?|Viogul? is weighted L'.
Moreover since %+% = %, Hoélder’s inequality gives that ||UVUHQ%1 < ||Vvll2|lv]|, < oo and
[v*Vlogul|_«. < [0V logulls[[v], < oo.
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Lemma 4.4 now allows us to integrate by parts to get

1
v’ Llogup = / v2(\ + AP+ 3 + |V log ul?)p.

P

(5.18) /E<Vv2,Vlogu>p: —/

%

and

1
(519) [1woto == [ocop= [ o+ 142+ 5
s > > 2
Rearranging we find that
(5.20) / vV logu — Vo|?p = 0,
b

hence vVlogu — Vv =0 and 7 is constant on .. 0

LEMMA 5.6. Let V be an orientable F-stationary n-varifold in R™ ™' with finite entropy
and H"9(sing V') = 0 for some q > 2. Then on ¥ =regV we get the same \(X) by taking

the infimum over Lipschitz functions f on X that are weighted W2 and LP, p = qz_—qz.

PROOF. Obviously we may assume that Ay = A\;(X) > —oo. By using the global eigen-
function produced by Lemma 5.5 in Lemma 5.2, we have that |A|f is weighted L2. Let ¢p
be as in Section 4. We will use the test functions fzr = f¢gr in the definition of A;.

Now since f and |A|f are weighted L?, dominated convergence gives that fz fap — fz fp

and [, |APfip — [5 |[A]2f?p as R — oo. For the gradient term we have

(5.21) / IV falp = / (GUV P + 2V, Vor) + FIVérlP)p.

The second and third terms on the right tend to zero as R — oo, by parts (1) and (2)
of Corollary 4.3 respectively. Moreover, the first term tends to [, |V f|?p by dominated

convergence. Thus we have shown that [, |V fz|*p = [5. |V f|?p, and the lemma follows. [

PROPOSITION 5.7. Let V' be an orientable F-stationary n-varifold in R™ with finite

entropy and H"9(sing V) = 0 for some q > 2. Suppose that v # 0 is a C* function on
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Y = regV satisfying Lv = — v, which is weighted W and weighted LP, p = qQqu. Then
A (E) <A

PROOF. Obviously we may assume \; = A\ (X) > —o0.
Using the positive eigenfunction produced by Lemma 5.5 as in the proof of that lemma,

we have by Lemma 5.2 that |AJv is weighted L?, and hence that vLv is weighted L!. Again

since 3 + % = % we have that [[vVo]|_o < [[Vulfo[Jv]l, < oo, so by Lemma 5.6 we may use
=

v as a test function in the definition of \;, and moreover Lemma 4.4 allows us to integrate

by parts:
(5.22) /|Vv| p—/ ( + A+ |A|2>
This implies that A\; < X\ as claimed. OJ

COROLLARY 5.8. Let V' be an orientable F'-stationary n—varifold in R with finite
entropy and H" 9(sing V') = 0 for some q > 2. Then \(V) < —35, with equality if and only

if spt V' is a hyperplane.

Proor. Clearly we may assume \; > —oo, and we assume without loss of generality
that 3 = reg V' is connected. Fix a point p € ¥ and set v(z) = (v(p),v(z)). Then |v| <1
is bounded, and using the positive eigenfunction from Lemma 5.5 for Corollary 5.3 we see
that |Vo| < |A| is weighted L2 The upper bound for A\; then follows from Proposition 5.7
since Lv = sv. Moreover, if equality holds then since L{y,v) = $(y,v) for any fixed y,

the uniqueness in Lemma 5.5 implies that v is constant on ¥. The constancy theorem then

implies that spt V' is a hyperplane. U

COROLLARY 5.9. Let V be an orientable F-stationary n-varifold in R with finite
entropy and H" (sing V') = 0 for some q > 2. If H is not identically zero on ¥ = regV,

then we have A\(X) < —1, with equality if and only if H does not change sign on 3.
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PROOF. From the self-shrinker equation H = 3(z,v) we see that |H| < |z| is weighted
LP for any p € (0,00). Moreover, differentiating the self-shrinker equation leads to |[VH| <
Al

Now clearly we may assume \; > —oo, and we may assume without loss of generality
that 3 = regV is connected. Then using the positive eigenfunction v of Lemma 5.5 for
Corollary 5.3 implies that |VH| < |A||z| is weighted L?. The result follows from Proposition
5.7 since LH = H. If equality holds, the uniqueness of Lemma 5.5 implies that H = cu does

not change sign. 0

5.2. Constructing unstable variations. Here we construct F-unstable variations
when the first stability eigenvalue A, is small. We first consider the easy case when \; < —%
which does not require any assumptions on the singular set. The proof is essentially the

same as in [37, Lemma 12.4], but we include it here for completeness.

PROPOSITION 5.10. Let V' be an orientable F-stationary n-varifold in R™™ with finite
entropy and regqular part ¥ = regV. If \{(X) < —%, then there exists a domain 2 CC X
such that if u is a Dirichlet eigenfunction for \i(S2), then for any a € R and any y € R™"*!

we have

2
(5.23) / (—uLu +2uaH — a*H? + uly,v) — (y,;) ) p <O0.
Q

Consequently, V is F-unstable.

PROOF. Since \(X) < —2 we may choose a domain Q CC ¥ so that A\;(Q) < —2. Then

completing the square, the left hand side above is given by

(5.24) /Q ((g + /\1(9)) W (u— aH)? — %(u _ 1/))2) p<0.

so we are done by the second variation formula Proposition 2.1. O
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We now construct F-unstable variations when A\; < —1. The key, as in [37, Section
9.2], is to quantify an “almost orthogonality” between the first eigenfunction and the eigen-
function H, but our analysis of the cross term differs significantly - instead of estimating
boundary terms arising from integration by parts, we use our chosen cutoff functions adapted
to sufficiently large domains to estimate the cross term directly. To do so, we require that

the singular set is small enough that we may use the previous results of this section.

PROPOSITION 5.11. Let V' be an orientable F-stationary n-varifold in R™ ™' with finite
entropy and reqular part 3 = reg V. Suppose that H" (sing V) = 0. If M (Z) < —1, then
there exists a domain 2 CC 3 such that if u is a Dirichlet eigenfunction for A\1(Q)), then for

any a € R and any y € R we have

2
(5.25) / (—uLu +2uaH — a*H? + uly,v) — %) p < 0.
Q

Consequently, V 1is F-unstable.

2

PROOF. As before we can absorb the cross term u(y, v) using —su? and —1(y,v)? so

the left hand side is bounded above by

(5.26) /Q (G + Al(Q)) u? + 2uaH — a2H2) p.

If H is identically zero on ¥ then we are done, so henceforth we assume this is not the case.
By Proposition 5.10 we may assume —3 < \;(X) < —1. Also we may assume without
loss of generality that ¥ is connected. We now claim that we can find a domain ) CC X

with A;(2) < —1 and for which the cross term can be absorbed by:

o () s () ([)
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Given the claim, the proof proceeds by again completing the square: Using (5.27) to

bound the cross term, the expression (5.26) is bounded above by

(528)  (1+M(Q) (/Quzp) _ (% (/Qiﬂp)% ~al (/Q H2,0)5>2 <0,

which is strictly negative since A\;(€2) < —1. This implies that V' is F-unstable by the second
variation formula Proposition 2.1.

To prove the claim, we let R > 4, set ¢ = R~3 and cover the singular set as in Section 4.1:
singV' N Br C U~ By, (pi), with ), 7% < eand r; < 1 for each i. Now we let ¢p = OR.e

be as in Section 4.1 and take a domain {2 = Q0 such that
(5.29) spt(¢rla,) CC Qg CC XN Bg.

Then the € = Qg must exhaust ¥ as R — 00, so by domain monotonicity of the first

eigenvalue there exists a oy > 0 such that
(5.30) A1(02) < =1 -4y

for any R sufficiently large.

To prove (5.27), we may assume without loss of generality that {2 is connected and that
u > 0 on Q. Indeed, let {Q}Y, be the connected components of €, and order them so that
AL(Q) = A (2 < A (Q?) < - < A (QY). Then the first Dirichlet eigenfunction u = ugq of
L on © may be taken to be zero on Qf, i > 1, and equal to ug: on Q!, where ug: is the first
Dirichlet eigenfunction of L on the connected domain Q! and may therefore be taken to be

positive. The estimate (5.27) then follows from the corresponding estimate on Q.
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To achieve the estimate, we give ourselves some room using the cutoff function ¢% <1,

(531) / qu' = | [Hstp-+ur - ¢z>p>\

/qu)ép +/ juH |p
Q QNspt(1—¢%)

1 3
2
< /uﬂsﬁap + (/ u2p) / Hp| .
Q Q QNspt(1—¢%)
We can crudely estimate using |H| < |z| < R on Bg that
(5.32) / H?p R? / p+ Z/ p
Qﬂspt(l—(b%) YNBr\Br-3 i=1 Y ENBsr; (p:)
32
Cy R’ <R" T Y B”Cvr?>
i=1

(R—3)2

< Cy(R™2e 7 +3"R%),

IN

IN

IN

where C'y is the volume growth constant, and we have used that the r; < 1.

For the other term, we note that
(5.33) HLu—ulH =HLu—uLH = (=X (Q) — 1)uH
on (). Setting
1
we then have

1
(5.35) /Q uHohp = - /Q ¢R(HLu —ulH)p

2
= a/¢R<V¢R,UVH—HVU>p,
Q
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where we integrated by parts for the second equality. Therefore

[t
Q

We estimate the gradient terms as follows: First, Cauchy-Schwarz gives

(5.37) /Q orIV ol [uV Hlp < ( /Q u2p>2 ( /Q ¢%!V¢R|2|VH|2p>2.

Using |[VH| < |Al|z| < |A|R on Bg, we have

(5.36)

2
<2 [ onlVon|(uVH]| +|HVul)p.
Q

(5.38) / GV oR YV H?p < R? / SV orl2IAPp.

For the second gradient term, since u > 0 on {2, we may use Cauchy-Schwarz to get

3 Tul2 \ 3
539 [ouveniavips ([ o) ([ mevanrT,)

Again using |H| < |z| < R on Bpg, we have

Vul? Vu|?
(5.40) [ mawon by < e [ siivon iy,
Q U Q u
But now by Lemma 5.4, since |A(Q)] < |\ (X)] < 2, we have
5.41 Al? 4+ |Vlogul?)¢%|Vor|?p < 268Cy (R™ o5 +4"¢).
R
Q

Putting all our estimates into (5.31), using that a > dp, we obtain that

(R—1)?

%
gC(R”+2e— 7 +4"R%) ,

| fo qu!l

(Jou?p)®

where C' = (1 + 25—*/?> v/COy does not depend on R. Since we chose ¢ = R™3, the right

) ) H
hand side tends to zero as R — oo. This shows that we can make M as small as we

(fn “2”)7

like by choosing R large. But since H is not identically zero, and since the 2z form an

(5.42)

exhaustion of X, we see that [, H?p has a uniform positive lower bound 07 for sufficiently
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large R. Choosing R large enough so that [Jo qu|1 < \%(51 will satisfy the condition (5.27).

(Jou?)?
Together with (5.30) this establishes the claim and thus concludes the proof.

Finally, we briefly record the construction of F-unstable variations of stationary cones.

PROPOSITION 5.12. Let V be an orientable stationary n-cone in R"*! so that H =0 on
Y=regV. If (X)) < —%, then there exists a domain Q2 CC X such that if u is a Dirichlet
eigenfunction for A\i(2), then for any y € R™™ we have

(5.43) /Q (—uLu +uly, v) — @T”V> p<0.

Consequently, V' is F-unstable.

PROOF. Since A;(X) < —1 we may choose a domain  CC X so that A\ () < —1.
Completing the square, the left hand side is bounded above by (% + )\1(9)) fQ u?p < 0,
which implies that ¥ is F-unstable by the second variation formula Proposition 2.1, since

H=0on2X. U

6. Mean convex singular self-shrinkers

Throughout this section ¥ denotes the regular part of an orientable F-stationary n-
varifold V' in R™™! with Euclidean volume growth. The goal is to extend the classification of
mean convex self-shrinkers due to Huisken [65] and Colding-Minicozzi [37] to the singular
setting.

By Lemma 5.1, if H > 0 on X, then A\;(X) > —1, so again some of the hypotheses on the
singular set in this section may be weakened using the regularity theory Proposition 2.4. We
continue to state the results with the stronger hypotheses to clarify the dependence on the

size of the singular set. We will need the following Simons-type inequality for self-shrinkers:
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LEMMA 6.1 ([37], Lemma 10.8). On any smooth orientable self-shrinker we have LA = A.

Hence, if |A| does not vanish at a point then at that point one has

VAP — [VIA]P
|A]

(6.1) LIA[ = |A] + > |Al.

We now adapt the Schoen-Simon-Yau [97] argument to improve our control on |A|.

LEMMA 6.2. Suppose that H" 4 (singV) = 0. If H > 0 on X =regV then |A| is weighted
Y and |V|A||, IVA| are weighted L*.

PROOF. First, for n with compact support in X, integrating |A|*n*log H by parts as in

Lemma 5.1 and using the absorbing inequality (twice) gives

1
02 [1artp< o [19ar e 1 (@ a e+ gr)
b b b

where a is an arbitrary positive number to be chosen later.
Second, it follows from the Simons-type inequality (6.1) and Colding-Minicozzi’s Kato

inequality [37, Lemma 10.2] that

_ 2
/ Ao+ / (—|VH| 7 +a 1|A|2|V77|2)p2 (1+——a) IR,
n+1 >

Combining (6.2) and (6.3) then gives
4.2 1"’@ 4 2.2 2,2 2 2
(6.4) [Al"n7p < IAI N'p+ Cua | (IVH'* + A" + [A]P|[Vn]*)p.
Y n+1 Y
Choosing a < —~ will give that the first coefficient on the right is less than 1 and thus

may be absorbed on the left, therefore

(6.5) / Al'np < C / (IVHPR + AP + | APV P)p,
> >

where C' = C(n).

Let ¢r = ¢, be as in Section 4.1. We will apply (6.5) with n = ¢%.
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As in Corollary 5.9, using Corollary 5.3 with the positive eigenfunction H shows that |A|
and |V H| are weighted L?. Therefore as R — oo, the first and second terms on the right
will converge to the finite integrals [, [VH|?p and [ |A|*p respectively. To bound the last

term in (6.5) we use Lemma 5.4 with the globally defined eigenfunction H, which gives

(6.6) / |AP2|Vn|?p = 4/ |A|?¢%|Vér|*p < 10560y (R" eI ane).
Y P

Choosing € = R™! and taking R — oo we see that this term tends to 0, thus we have
shown that indeed |A| is weighted L* by Fatou’s lemma. With this fact in hand, it follows
from (6.3) that |V|A|| is weighted L2

Finally, multiplying the identity £]A]* = 2|VA[*> 4 |A]* — 2|A* by 37® and integrating

by parts, we have

©0) [ (VAP = 1A <~ [ 20NV ViAo < [ (FIVIAIR + APV
b b 2

Since we now know that |V|A|| is weighted L? and that |A| is weighted L, we again set
n = ¢% and use (6.6) to handle the last term; this shows that |VA* is weighted L?, as
desired. O

LEMMA 6.3. Suppose that H" *(singV) = 0. If H > 0 on X = regV, then |A|/H is
constant and hence |VA|? = |V|A|]* on X.

ProOOF. We assume without loss of generality that ¥ is connected.
We wish to integrate |A|>?Llog H and |A|L|A| by parts. So we check:
First, since |A| is weighted W1? and L* by the above lemma, using Lemma 5.2 with
H > 0 gives that |A||V log H| is weighted L?. Using Young’s inequality we then have
(68)  (APIVIog HIP = |AP(A] [V log H)P < = L1475 + 2 AP|V log
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Since |A| was weighted L* this shows that |A|*|Vlog H| is weighted L? for p = 3. Since
Llog H =1 —|A]> — |Vlog H?, we see that |A|*|Llog H| is weighted L*. Also

(6.9) [VIAP| [V log H| = 2| A [V|A]|[V]og H| < [A]*|V1og H|* + |V] A

is weighted L! since |V|A|| was weighted L?. By Lemma 4.4 we may now integrate |A|>L log H

by parts to find that
(6.10) [ FIAR V108 1) = [ JAPQAR = 5 + V1o 1Py
Now using the Simon’s equality we have that
(6.11) [AIL]A] = %lAI2 — A" + VAP = [V]4]]"
is weighted L'. We already know that |V|A|| is weighted L?, and as above we have that
(6.12) (41914l < 2Z21a1% + Lol

Again since |A| is weighted L* this gives that [A||V|A|| is weighted L? for p = 3, so we may

use Lemma 4.4 to get that
2 g Lo
(6.13) [1o1airo == [ 1aiciaip < [ gap - Slapy
2 2 2
Subtracting (6.10) from (6.13) and rearranging we get
(6.14) 0= [ 14 og H - V]|,
5

which implies that |A|V1og H = V|A| and hence |A|/H is constant on .
The final statement follows again from the Simons inequality (6.1) since equality now

must hold in the previous inequalities. 0
We are now ready to present the proof of Theorem 0.3.
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THEOREM 6.4. Let V be an orientable F-stationary n-varifold in R™1 with finite entropy,
and suppose that H" '(singV) = 0. If H > 0 on regV then either V is a stationary cone,
or sptV is a generalised cylinder S*(v/2k) x R"=k,

PROOF. Since H" !(sing V) = 0, we may assume that ¥ = regV is connected. Then
since LH = H, by the Harnack inequality we must either have H > 0 or H = 0 on X. If
H =0 on ¥ then in particular 2+ = 0 almost everywhere on V, so V must be a stationary
cone.

Otherwise, we have H > 0 on ¥. By Lemma 5.1, we then have A\;(¥) > —1 so by the
regularity theory Theorem 2.4, we may assume that sing V' has codimension at least 7.

Now by Lemma 6.3, we have that |A|/H is constant and |[VA]?> = |[V|A||?> on 3. The
remainder of the proof of [37, Theorem 0.17] goes through to prove that either VA = 0 on
¥, or there are constant vectors es, - - - , e, € R"! that that are tangent at every point of 3.

If VA =0 on X, then [79, Theorem 4| (which does not assume completeness) implies
that X is a piece of a generalised cylinder ¥y = S¥(v/2k) x R**. Then spt V is contained in
Yo, so by the constancy theorem we must have spt V' = .

On the other hand, if ey, -+ ,e, € R""! are constant vectors tangent at every point of
>, then V' must split those lines, so we have that py = pre—1 X pg, where V is an orientable
F-stationary 1-varifold in R?. Since the singular set had codimension at least 7, certainly
V and hence V must in fact correspond to smooth complete embedded hypersurfaces. By
the result of [37, Theorem 0.17] or the remainder of its proof, we conclude that in this case

spt V must be a cylinder S'(v/2) x R, O

7. Classification of stable self-shrinkers

In this section we classify F-stable and entropy-stable singular self-shrinkers. It will be
convenient to include a quick lemma verifying that there are no nontrivial stationary cones

in low dimensions which satisfy the a-structural hypothesis.
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LEMMA 7.1. Let n < 2 and suppose that V.= C(W) be a stationary n-cone in R""'. If

V' satisfies the a-structural hypothesis for some « € (0,1), then spt V' must be a hyperplane.

PROOF. If n = 1, then the a-structural hypothesis implies that any tangent cone to
spt V' consists of at most two rays, for which the only stationary configuration is a straight
line. This shows that V' is an integer multiple of a smooth cone, hence of a line.

If n = 2, by dilation invariance the link must also satisfy the a-structural hypothesis.
The above argument then shows that the link W is smooth. But the only smooth closed

geodesics in S? are the great circles, so V' must be a multiple of a plane. 0
7.1. F-stable self-shrinkers. First we classify F-stable self-shrinkers.

THEOREM 7.2. LetV be an orientable F-stationary n-varifold in R™ with finite entropy,
that satisfies the a-structural hypothesis for some a € (0, %) If V' is F-stable then sptV

must be a hyperplane R™ or a shrinking sphere S™(v/2n).

PROOF. Set ¥ =reg V. By Proposition 5.10, we may assume that Ay (V) = A\ (2) > —

N

As such, by the regularity theory Proposition 2.4 and the corresponding varifold maximum
principle, we may assume that sing V' has codimension at least 7 and hence that ¥ is con-
nected. Since LH = H, the Harnack inequality gives three cases for the sign of H:

Case 1: H = 0 on X. If sptV is not a hyperplane R", then Corollary 5.8 gives that
M(V) < —%. But then Proposition 5.12 shows that V' is F-unstable.

Case 2: H does not vanish on Y. In this case by Theorem 6.4 we know that spt V' must
be a generalised cylinder S¥(v/2k) x R*~*, k > 0. Colding-Minicozzi showed in [37, Theorem
0.16] that of these only the k = n case is F-stable.

Case 3: H changes sign on ¥. In this final case, Corollary 5.9 gives that \(X) < —1.

Then Proposition 5.11 provides an [-unstable variation. 0

We also need to classify homogenously F-stable stationary cones:
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THEOREM 7.3. Let V = C(W) be an orientable stationary n-cone in R, that satisfies
the a-structural hypothesis for some a € (0, %) If V' is homogenously F'-stable, then sptV
must be a hyperplane.

Proor. By Lemma 7.1, we may assume n > 3. Suppose that W is not totally geodesic.
We will show that V' = C(W) is homogenously F-unstable. Indeed, let M = regW and
consider a domain 2 CC M. Let u be a Dirichlet eigenfunction for the Jacobi operator L
on 2, so that Lu= —k1(Q)u. We would like to use u as our normal variation of M in S".

By the second variation formula for the F-functional on cones, Proposition 3.5, it suffices

to ensure that

(7.1) /M </11(Q)u2 + 2?%%@,@ - %@,@2) <0

for any y € R*"!. Completing the square we have that

(7.2) - %<y, )"+ QFISé)My, v) < 2?%3 u’.

But now M is not totally geodesic and n > 3, so by Chapter 3, Theorem 2.1 (see also

[127]) and Lemma 3.7 respectively give that

D)2

L2

(7.3) k(M) < —2(n—1) < —2

This implies the existence of the desired domain €2 and thus concludes the proof.
Alternatively, having verified that the second variation formula Proposition 2.1 is valid

for homogenous variations (see Remark 3.6), we may use it directly. Setting f(x) = \x|u(‘i—|)

and X =regV, as in the proof of [37, Theorem 0.14] it suffices to ensure that

ay [ (—fo+f<y,u>—§<y,u>2)p= / (m<9>u2+|xru<y,u>—§<y,u>2)p<o.

Estimating 2|z|u(y,v) < (y,v)? 4+ |z|*u?, we may bound the left hand side from above by

(75) [ (a4 3loat) p = [ @)+ myp,
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702 7,2 .
where we have used the fact that [*r"*'e™% dr = 2 [Zr"'e 7 dr. Again the fact that

k1(M) < —=2(n — 1) < —n completes the proof.

O
.. . . r(in)/2 .
REMARK 7.4. Similarly to Lemma 3.7, using that lim, W = 1 one may verify
2
14+n
that n — 1 < 21¥(—ﬁ)f < n for all n. The upper bound confirms that working on the link is
2

slightly sharper than absorbing on the cone as in (7.5). The lower bound ensures that the

computation above (correctly) does not apply to the totally geodesic (planar) case.

7.2. Entropy-stable self-shrinkers. Finally we are ready to classify entropy-stable

self-shrinkers.

THEOREM 7.5. Let V be an orientable F-stationary n-varifold in R™* with finite entropy,
that satisfies the a-structural hypothesis for some a € (0, %) Assume that V' is not a cone.
If spt V' is not a generalised cylinder Sk(\/ﬁ) x R"*  then V is entropy-unstable. Fur-
thermore, if V' does not split off a line and if sptV is not the shrinking sphere S™(v/2n),

then the unstable variation can be taken to have compact support away from sing V.

PRrOOF. First suppose that V' does not split off a line. If V' is F-stable then the classifi-
cation of singular F-stable self-shrinkers Theorem 7.2 gives that spt IV must be a hyperplane
R” or the shrinking sphere S*(v/2n). On the other hand, if V is F-unstable then by Theorem
2.2 it is entropy-unstable with respect to compactly supported variations.

Now suppose that py = pgn-x X pg, where V is an orientable F -stationary k-varifold
in R¥! that does not split off a line. Then A(V) = A(V). But by the above, if V is not
spherical then it is entropy-unstable, and the induced (translation-invariant) variation of V'

will also be entropy-unstable. 0

THEOREM 7.6. Let V = C(W) be an orientable stationary n-cone in R, that satisfies

the a-structural hypothesis for some a € (0, %) If spt V' is not a hyperplane R™, then V

1s entropy-unstable under a homogenous variation induced by variation of the link W away

from its singular set.
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PRrROOF. By Lemma 7.1, we may assume n > 3. If V' is homogenously F-stable, then by
Theorem 7.3, spt V' must then be a hyperplane R™. On the other hand, if V' is homogenously
F-unstable, then by Theorem 2.3 it is entropy-unstable under the corresponding homogenous

variation. 0

REMARK 7.7. It may be useful contextually to recall that any dilation-invariant or
translation-invariant self-shrinker is entropy-stable amongst compactly supported variations,
since we may shift the Gaussian centre away from the variation. Therefore, the natural vari-
ations to consider, as we have above, are those with the same symmetries as the original
self-shrinker.

One may note in particular that even the area-minimising non-flat cones are entropy-
unstable when we allow the class of homogenous variations. On the one hand this makes
sense since the area-minimising condition is only with respect to local perturbations, and
there are certainly area-decreasing perturbations if again one allows homogenous variations.
On the other hand, this suggests that the entropy functional may be limited in its ability to

detect the dynamical stability of stationary cones under the mean curvature flow.
Finally, Theorem 0.2 is simply the combination of Theorems 7.5 and 7.6. We also observe:

REMARK 7.8. Here we have considered deformations by certain ambient vector fields; in
particular for higher multiplicity varifolds this does not allow the sheets to come apart. It
is easy to verify that two distinct parallel planes together have entropy strictly less than 2,
and similarly two distinct concentric spheres together have entropy strictly less than twice
that of a single sphere. Thus, if the sheets are allowed to separate, it follows that higher

multiplicity cylinders are also entropy-unstable in that sense.
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CHAPTER 5

Mean curvature flow self-shrinkers

1. Rigidity of mean convex self-shrinkers

The work described in this section was first presented in the published article [58] and
is joint with Dr Qiang Guang.

In this section, we describe strong rigidity theorems for the cylinder amongst mean convex
self-shrinkers. For lower dimensions we have the following result, which removes the second

fundamental form assumption from [35] for dimensions n < 6.

THEOREM 1.1. Given n < 6 and A, there exists R = R(n, \o) so that if X" C R" is a

smoothly embedded self-shrinker with entropy A(X) < Ao which satisfies
(t) H>0 on BRNX,

then Y is a generalised cylinder S*(v/2k) x R"™ for some 0 < k < n.

For the remaining dimensions, we have a similar theorem assuming a positive lower bound

for the mean curvature:

THEOREM 1.2. Given n, \g and § > 0, there exists R = R(n, \o,d) so that if X" C R"™!

is a smoothly embedded self-shrinker with entropy A(X) < \g which satisfies
(1) H>0 on BRNX,

then ¥ is a generalised cylinder S¥(v/2k) x R*™* for some 1 < k < n.

The key technical tool is the following curvature estimate for uniformly mean convex

shrinkers:

THEOREM 1.3. Given n and § > 0, there ezists C = C(n,d) so that for any smooth

properly embedded self-shrinker ¥ C R™™! which satisfies
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(x) H>6 on BRNY for R > 2,

we have

(1.1) |Al(z) <

e |x|H(x), forall v € Bp_1 NX.

1.1. Curvature estimates for strictly mean convex shrinkers. This subsection is
devoted to proving Theorem 1.3. The proof requires some modifications of Ecker-Huisken’s
interior estimates for mean curvature flow [49] (see also [47]), in which the authors derive
curvature estimates using the maximum principle under the assumption that the flow is
locally graphical. For our estimates, the mean convexity will replace the local graphical
assumption - in particular, the key ingredient is the identity LH = H that holds on all
shrinkers.

First, in order to apply the maximum principle, we describe the choice of cutoff functions
and detail the relevant computations:

Fix n and § > 0. Let ¥* C R™*! be a self-shrinker which satisfies

(x) H>6 on BRNX for R > 2.

Set v = 1/H and vy = 1/0, then we have v < vy on Bg N X. Recall that LH = H on any

self-shrinker. Hence, v satisfies the equation

\VH]? AH 1 |Vv|? , 1
We now fix the function
Y
1. -7
where k = (2v3)~!. Simple computations give that
1 2k
1.4 Wiy = —— d h'(y)= ———.
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For convenience, in what follows we will abuse notation slightly and write h = h(v?), i/ =
h'(v?) and so on.

Let f = |A[*h. Then we have

(1.5) Af = hA|AP? + |APAR + 2(V| A2, Vh).
Note that
(1.6) Vh = hVv? =200V, and Ah = h'Av? + h'|Vo?2

Combining this with the Simons inequality for self-shrinkers gives that

1
Af = h(2|VA|2 4 (1= 2lAP)|AP + = (a, V|A|2>> + |A|2(h"|w2|2 + mv?)
(1.7) 2
1 2(V|A]2, Vh).

Now we estimate the right hand side of the equation (1.7). First, we have

(Vh,Vf)

‘2|Vh|2
h h

(1.8) 2V|A, Vh) = AR L ap AV | Al Vo).

Using the absorbing inequality gives that

2(1)?| AP Vol
h

(1.9) 4K | Alv(V|A], V) < + 21|V |A]|?.

This implies

(Vh,Vf) (W) A]P0* Vol
0 h

(1.10) 2(V|A]*, Vh) > — 2h|V|A|?.

We also have that
(1.11) K|V + I Av? = 412 Vo)? + I [U@;, Vo) + 4|Vo]? + (2|4 — 1)o* + 2|Vv|2]

and

1 h Al? h
(1.12) 5(3:, V)= 5(1:, V|A]?) + %(:{:, Vh) = §<x,V|A|2> + AR v(x, Vv).
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Therefore, we obtain that

1
afz YIVD L ) (- 2APAPR + 20 A - 10?4
(1.13) iy
",.2 r_ 2 2
+ [4h v +6(h = )}|A| Vo2,

Now by the choice of h (compare (1.4)), we have

(1.14) h — hv? = —kh?,

and

(1.15) AR"? + 6(h’ - (hfzﬂ) -3 _2]];)2)2h.
Inserting these inequalities into (1.13) implies that

(1.16) Afszr%@,Vﬁ—fﬂkf“%f

Here we used that h'v?|A|? < 2f. We will set

Vh 2k|Vv|?
1.17 =X and d= —1 0
(L.17) T (1= kv2)?

LEMMA 14. Let g € R™™ and p > 0, and set ¢p(x) = (u(x))3, where

+

max(p(z),0) and p(z) = p* — |x — x0|®. If X" is a shrinker, then on B,(xo) N'X we have

(1.18) A¢ = 24p|(x — x0)"|* — 6np® + 6p>H{(x — 20, V).

In particular, we have the estimate

(1.19) |Ap(x)| < 24pp® + 6np® + 3P pla] < (244 6n)p* + 3p° 2.
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PROOF. Since Vo = —3(p* — |z — x0|*)?V|z — 20|> = —6p2(x — 20)T, we have
A¢p = —6div(p*(x — z0)7)

(1.20) =—6 [Q;L(V,u, (z — m0)") + 2 (n — (z — xy, V)H):|

= 24p|(x — o) " |* — 6np® + 6p* H(x — 0, V).
The second claim follows easily from the shrinker equation and the fact that p < p?. U

We are now ready to prove our main curvature estimate.
1.1.1. Proof of Theorem 1.3. Now fix a point o € Br_1 NX and set p = R — |zg|. Let ¢

be the function defined in Lemma 1.4. We will work on B,(z) N X. Using (1.16) gives that

A(gf) = oAf + fAG+2(Ve, V)

2 > 6[la+ 5, V1)~ £+ 2Kf 4 df] + fAG+2(V6,91).
Note that

(1.22) (a,V(9f)) = dla, V) + fla, V)

and

(1.23) (Vo,V(fo) = fIVO] + 6(Ve, V).

This implies
A@F) 2 {a+ 5.V(6f)) = (a+ 5. V) + 6| (d = 1)f + 2kf?]

2
+ 0+ 2(v6.9(f0) ~ 22 f

Now we set F(x) = ¢(x) f(x) and consider its maximum on B,(z) N X. Since F' vanishes on

(1.24)

0B,(x9) N3, F achieves its maximum at some point yy € B,(x¢) N X. At the point y,, we

have

(1.25) VF(yo) =0 and AF(yp) <0.
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In the following, we will work at the point yo. By (1.24) and f(yo) > 0, we have

Yo Vol
(1.26) <a+§,v¢> —1—27 > o(d—1) + 2kof + Ao.
Note that
h'\2 2 |yol?
1.2 24— ) V)P = -Sd < :
(1.27) o (h) VIVl = ad = Spd
This yields that
lal* [Vl [yol* [VoI*
1.2 < 1 < 1 e L
Combining (1.28) with (1.26) gives that
2 \V4 2
(1.29) 2kof < —A¢+2¢ + (Q+%>%+’y—;||v¢|.
By the definition of ¢, we have
2
(1.30) ¢ <p° |V <6p° and Vel < 36p".

Combining this with Lemma 1.4, |yo| < R and (1.29) yields that

(1.31) F(yo) = ¢(yo) f(yo) < C(p° + Rp® + R*p*),

where C' is a constant depending on n and 9.

Since F' achieves its maximum at yy, we have F(xg) < F(yo). This implies

POIAP (o)

(1.32) 2(o0) —F

In particular, we have

R
(1.33) Al(z0) < C(1+ ;)H(zo).

Since g is an arbitrary point in Bg_1 N Y, this completes the proof of Theorem 1.3.
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1.2. Rigidity theorems for mean convex shrinkers. In this subsection we prove
Theorems 1.1 and 1.2 by adapting the iteration and improvement scheme used to prove
[31, Theorem 0.1]. For convenience of the reader, we briefly outline this scheme here; recall
that the two key ingredients are the so-called iterative step [31, Proposition 2.1] and the
improvement step [31, Proposition 2.2] (compare Proposition 1.6 below). In the iterative
step, it is shown that if a self-shrinker is almost cylindrical (quantified by H and |A|) on a
large scale, then it is still close to a cylinder on a larger scale, albeit with some loss in the

estimates. It is important here that the scale extends by a fixed multiplicative factor.

PROPOSITION 1.5. (Iteration; [31, Proposition 2.1]) Given A\g < 2 and n, there exist
positive constants Ry, 8y, Coy and 0 so that if X" C R is a shrinker with A\(X) < o,

R > Ry, and
e BrNX is smooth with H > 1/4 and |A| < 2,

then Baygyr N Y is smooth with H > §y and |A| < Cy.

On the other hand, in the improvement step, it is shown that if a shrinker is close to a
cylinder on some scale, then the estimates can be improved so long as we decrease the scale
by a fixed amount. We will show that the initial closeness in the improvement step only
needs to be quantified by H — using our curvature estimate Theorem 1.3 and a compactness
result of shrinkers, we can show that the bounded curvature assumption in the improvement
step (Proposition 2.2 of [31]) can be removed, which in turn implies Theorem 1.1. Our

improvement step is stated as follows:

PROPOSITION 1.6. (Improvement) Given n and Ao, let 6y € (0,1/4) be given by Proposi-
tion 1.5. Then there exists R = R(n, \o) so that if ¥ C R™™ is a shrinker with \(X) < Ao
and

e H>dy on BN,

then H > 1/4 and |A| <2 on Bg_4NX.
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The main argument in the improvement step is to control the derivatives of the tensor
7 = A/H. These estimates are shown to decay exponentially as R*e~f/* for some «, allowing
one to extend good cylindrical estimates from a fixed scale 5v/2n to almost the whole ball of
radius R. For us, instead of assuming |A| < C' for some constant C' as in [31], our curvature
estimates give that |A| < CR for shrinkers with positive mean curvature H in Bg. In the
proof of Proposition 1.6, we show that this is still enough to control the derivatives of 7,
possibly with a worse exponent a of R. But the exponential factor still decays much faster
than any polynomial factor, so the polynomial factor can be eventually absorbed into the
exponential factor as long as we choose R sufficiently large. The remaining details of our

proof will be deferred to subsection 1.2.2.

To complete the iteration and improvement scheme, we first apply Proposition 1.6, then
apply Proposition 1.5 and repeat the process. The multiplicative factor extends the scale by
more than the fixed decrease if R is large enough, so we get strict mean convexity on all of
>, which must therefore be a cylinder by the classification of mean convex shrinkers. Thus

we have:

PROPOSITION 1.7. Given n and Ay < 2, let §g € (0,1/4) be given by Proposition 1.5.
Then there exists R = R(n,\g) so that if ¥ C R™"! is a shrinker with entropy A\(X) < A

which satisfies
e H>dy on BN,
then Y is a generalized cylinder S¥ x R"™* for some 1 < k < n.

We also need the following compactness theorem for self-shrinkers which plays an impor-

tant role in our argument:

LEMMA 1.8 (Compactness). Let ¥; C R™" be a sequence of shrinkers with \(3;) < Ao

and

(1.34) |Al(z) < C(1+|z]) on B;NY,.
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Then there exists a subsequence Y that converges smoothly and with multiplicity one to a
complete embedded shrinker ¥ with

(1.35) |Al(z) < C(1+|z]) and lim A(X)) = A(X2).

1—00

PROOF. The key is that the a priori bound on |A| is uniform on compact subsets. Thus,
as in Lemma 2.7 in [31], for any R we may obtain smooth convergence in Bg by covering
with a finite number of balls. Passing to a diagonal argument gives the overall smooth
convergence to a smooth, complete, embedded shrinker ¥ with A(3) < \g. Again arguing as
in [31], if multiplicity is greater than one then the limit ¥ must be L-stable. But there are no
such shrinkers with polynomial volume growth (see Theorem 0.5 in [32]), so the multiplicity

must be one. U
Now we are ready to prove Theorem 1.2.

PROOF OF THEOREM 1.2. Since we assumed H > § on Br N Y, the curvature estimate
Theorem 1.3 gives in particular that |[A| < CH < %|:r| on B/, NE. Applying the compact-
ness Lemma 1.8 we get that 3 is smoothly close to S¥ x R"~* in By /2. Thus for R sufficiently
large we may assume A(X) < \g < 2, and H > §y on Bg/» N Y. The result then follows from

Proposition 1.7. 0

1.2.1. Proof of Theorem 1.1. For the proof of Theorem 1.1, we will need the following
curvature estimate from subsection 3 in [59] (see in particular Theorem 0.4 and Remark 3.6
therein). The key fact was that LH = H on any shrinker 3, which implies an almost-stability

inequality for 3 if the eigenfunction H is positive.

LEMMA 1.9. Given n < 6 and a > 0, there exists C = C(n,a) so that if X" C R"™ is a

shrinker with A(X) < « and H > 0 on BRN'Y for some R > 2, then on Br_1 N we have

(1.36) Al < C(1+ ).
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REMARK 1.10. Note that for properly embedded self-shrinkers with finite genus in R3,

Song [108] (see also [115]) gave the linear growth of the second fundamental form.

Now we give the proof of Theorem 1.1 via Proposition 1.7.

PROOF OF THEOREM 1.1 USING PROPOSITION 1.7. First, the Harnack inequality gives
that either H =0 or H > 0. If H =0 in Bg, then X is a hyperplane in Bg. Thus by the
rigidity of the hyperplane, ¥ must be a hyperplane R" if R is sufficiently large.

Next, we assume H > 0 in Bgr. Lemma 1.9 then gives a curvature estimate on Bg_; NX.
By the compactness of Lemma 1.8, we can assume that ¥ is smoothly close to S* x R"~* in Bg,
for some k£ > 0, where R; can be taken as large as we wish. If £ = 0, then again the rigidity
of the hyperplane means that > must be a hyperplane, although this is a contradiction since
in this case we assume H > 0 on Bg N Y. So k > 1, and consequently H is approximately

V' k/2 on Bg, N'E, then Theorem 1.1 follows directly from Proposition 1.7. O

REMARK 1.11. In the above proofs of Theorems 1.1 and 1.2, the smooth closeness (ob-
tained via compactness) also implies a bound for |A| on a large ball, so at that point we
could also appeal directly to Theorem 0.1 in [31]. The compactness Lemma 1.8 can also give
a shorter proof of our main rigidity theorem for graphical shrinkers in [59], but in both cases

we feel that the more effective proofs given may provide a more complete understanding.

1.2.2. Proof of the improvement step. In this subsubsection, we prove Proposition 1.6 by
sketching the necessary modifications of the proof of Proposition 2.2 in [31].

As discussed earlier, the central argument is the very tight estimate on the tensor 7 =
A/H, that decays exponentially in R. Thus, our main modification is the following lemma,
which removes the curvature bound of Corollary 4.12 in [31] by accepting a slightly larger

power of R, although we still have the exponential decay.

LEMMA 1.12. Given n, Ao and § > 0, there exists a constant C, > 0 such that if

AMX) < Ao, R>2, and
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e Bri1 NX is smooth with H > 6 > 0,

then

(1.37) sup |V7|*+ R ‘VZT’2 < C, R34 R/
Br_oNX¥

PRrOOF. First, Theorem 1.3 gives there exists a constant C' = C(n,d) such that |A| <

CRH in Bg. Hence, Proposition 4.8 in [31] with s = 1/2 implies that
(1.38) / (Vr|? e loF/t < ¢ Rt o= (1274
Bpr_1/5NE

R2_2R+1
1

Since e~ l#1*/4 > - on Bpr_1, it follows that
(1.39) / V2 < ¢ Rt ek
Br_1N%

This gives the desired integral decay on V7. We will combine this with elliptic theory to
get the pointwise bounds. The key is that 7 satisfies the elliptic equation L2717 = 0 (see

Proposition 4.5 in [31]), that is,
1
(1.40) AT — §<x, V7)) + (Vlog H*>, V) = 0.

Note that we have

AVH]| _ |Alel
- H

1.41 log H?| =
(1.41) Viog H?| = ==

< CRlz],

where we used that |[VH| < 1|A||z| and |[A| < CRH.
Therefore, the two first order terms in the equation (1.40) come from z” in £ and
Vlog H?; both grow at most quadratically. Now we can apply elliptic theory on balls of

radius 1/R? to get for any p € Bp_o N'Y that

(142) (IV7]2 + B*|V*7P) () < C R*" / .
B (p)N=
2
Combining this with the integral bounds (1.39) gives the lemma. O
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Now we sketch the proof of Proposition 1.6.
Fix n, \g > 0, and 6y > 0. Let R > 0 and assume that 3 is a self-shrinker in R"*!,

A(X) < Xpand H > 6y on XN Bg. By Lemma 1.12, the tensor 7 = A/H satisfies
(1.43) V7| +|V?r| <e. on BronE,
where

82 — CR3n+8 e—R/4

T

and the constant C' depends only on n, dy and Ag. As in [31], the key point is that e, can
still be made small for large R, due to the decaying exponential factor.

Now fix small ¢y > 0, to be chosen as needed, but depending only on n. Combining
the compactness of Lemma 1.8 with the classification of mean convex shrinkers [37], there
exists a constant Ry = Ri(n, Ao, 0o, €0) so that if R > Ry, then By 5, N Y is C? gp-close to a
cylinder S* x R"* for some 1 < k < n. The remainder of Proposition 1.6 follows from the

proof of Proposition 2.2 in [31].

2. Rigidity of graphical self-shrinkers

The work described in this section was first presented in the published articles [59] and
[58] and is joint with Dr Qiang Guang.
The main theorem of this section is the following strong rigidity theorem for self-shrinkers

that are almost stable on large balls:

THEOREM 2.1. Given n < 6 and A, there exists R = R(n, \o) so that if X" C R"™ is a

smooth complete self-shrinker with entropy A(X) < Ao satisfying
(1) ¥ is 3-stable in Bp,

then X is a hyperplane.
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By Lemma 2.6, the class of %—stable self-shrinkers includes the class of self-shrinkers for
which each component is graphical (not necessarily over the same hyperplane), so the above
theorem includes a strong rigidity for graphical self-shrinkers.

A crucial step in our argument was to obtain the following curvature estimate:

THEOREM 2.2. Given 2 < n < 6 and X, there exists C = C(n, ) so that for any
self-shrinker ¥ C R with entropy A\(X) < \g satisfying
e X is %—stable in Bg for R > 2,

we have
(2.1) |A|(z) < C(1+|z|), forallz € Bg_1NX.

The %—stability here may be replaced by d-stability for a fixed d; in particular, this includes
the strictly mean convex case H > 0.

The methods developed in [59] and presented here can also be applied to certain other
classes of hypersurfaces, for instance to the class of translators - translating solitons of the
mean curvature flow.

The curvature estimates above rely on the Schoen-Simon [96] regularity theory for stable
minimal hypersurfaces, and apply for n < 6. On the other hand, we have the following
strong rigidity theorem and curvature estimate in all dimensions, if we assume a positive

lower bound of w = (V, v).

THEOREM 2.3. Given n, Ao and § > 0, there exists R = R(n, \,d) so that if X" C R™!

is a smoothly embedded self-shrinker with entropy A(X) < Ao satisfying
e w=(V,v) >§ on BRNX for some constant unit vector V,

then X is a hyperplane.

THEOREM 2.4. Given n and 6 > 0, there exists C = C(n,0) so that for any smooth

properly embedded self-shrinker ¥ C R™"*! which satisfies

e w=(Vv) > on BRNX for some constant unit vector V and R > 2,
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we have
(22) ‘A’ < C, on BR/Q n .

Theorem 2.4 is essentially a corollary of Theorem 3.1 in [49], and the proof is similar to
Theorem 1.3 — the essential component being that Lw = %w. Combining Theorem 2.4 and

some ingredients from [59], we can now prove Theorem 2.3.

PROOF OF THEOREM 2.3. Given n, \g and ¢, Theorem 2.4 gives a curvature bound C.
Since X is graphical and satisfies a curvature bound, Theorem 2.2 in [59] allows us to make
|A| as small as we want by choosing R sufficiently large. In particular, we can choose R such
that |A|* < 1/4 on B, N X. Now Theorem 2.3 follows directly from the compactness of
Lemma 1.8, Brakke’s Theorem [20] (see also [118]) and the fact that any complete shrinker
with |AJ> < 1/2 is a hyperplane (see [22]). O

2.1. ¢-stability. In [58] we introduced the notion of d-stability for self-shrinkers and

proved a stability type inequality for graphical self-shrinkers.

DEFINITION 2.5. Given §, we will say that a self-shrinker X is -stable in a domain € if

(2.3) /E (—6Lo)p+0 /E #p >0

for any compactly supported function ¢ in €.

Note that integrating by parts gives that (2.3) is equivalent to

(2.4) / (141 + 5~ 6) % < / V2.

In particular, when § = 0, our O-stability is just the L-stability defined in [32]. The next
lemma shows that if a self-shrinker is graphical in Bg, then it is %—stable in Bgr. The proof
is essentially same as Lemma 2.1 in [114]. For convenience of the reader, we also include a

proof here.
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LEMMA 2.6. Suppose 3" is self-shrinker which is graphical in Bg, then it is %—stable m

Bg, i.e., for any compactly supported function ¢ in Bgr, we have

(2.5) / ARG < / Ve,

PROOF. Since ¥ is graphical in Bg, we can find a constant vector v such that w(z) =

(v,v(x)) is positive on Br N'X. But we know that w is an eigenfunction of L for any self-

1

sw. Hence, the function i = logw is well-defined, and it follows that

shrinker, in fact Lw =

h satisfies the equation
(2.6) Lh = —|Vh]* — |A]%

For any compactly supported function ¢ in By, multiplying by ¢?p on both sides of (2.6)

and integrating by parts, we then have

2.7 Jar +1vak)sto =~ [ @emp = [ 2009091,

Combining this with the inequality 2¢(V¢, Vi) < ¢?|Vh|*> + |V¢|? gives

2.8) / AP < / VP,

REMARK 2.7. Similar to the above and to the proof of Lemma 9.15 in [37], we can prove
that if X is a self-shrinker and ¢ is a nontrivial function on > with Ly = p, and ¥ > 0 on
>N Bg, then X is u-stable on Bpg.

In particular, a self-shrinker with H > 0 on BN is 1-stable in Bgr. Obviously, 0-stable

is stronger than %—stable and 1-stable.

REMARK 2.8. By performing the integration by parts on each connected component *3;

of ¥ N Bpr separately, we see that the conclusion of Lemma 2.6 holds under the weaker
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assumption that each ¥; is graphical, that is, if there are some v; so that w; = (v;,v) > 0 on

each ¥;.
In this section, we refer to the inequality (2.5) as the stability inequality.

2.2. Key ingredients and proof of the main theorem. In this subsection, we will
prove the main theorem, that is, Theorem 2.1. The key ingredients are the pointwise curva-
ture estimate in Theorem 2.2 and a rapidly decaying integral curvature estimate.

2.2.1. Initial curvature estimates. First, we use the rapid decay of the weight p = e 17l*/4
to show that shrinkers which are %—stable on large balls Bpr satisfy an integral curvature

estimate that decays exponentially in R.

PROPOSITION 2.9. Given n and )g, there exists C' = C(n, \g) so that if " C R"™ is a

self-shrinker with entropy A(X) < Ao, which is %—stable in Bgr for some R > 1, then we have

(2.9) / |A? < CR"e™ %,
Br_1N¥

PRrROOF. Let a > 0. We may choose a smooth cutoff function ¢ so that ¢ =1 on Bg_g,
¢ = 0 outside By and |V¢| < 2. From the stability inequality (2.5), since |V is supported

in Br \ Bg_q, we get
2 4 —1(R-a)? ¢ n_—+(R—a)?
(2.10) [Al"p < —e1 Vol(BpN¥) < - R'e 1 :
Br_oNZ a a

where we have used the Euclidean volume growth for the second inequality.

Therefore
/
2.1) [ ap s [ apy < Spen
Br—2,N% Br_,NX a
Taking a = % gives the result. 0

2.2.2. Improvement of curvature estimates. Using the pointwise curvature estimate The-

orem 2.2 together with the very tight integral estimate Proposition 2.9, we are now able to
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improve the pointwise estimate and show that the curvature is in fact uniformly small, so

long as R is sufficiently large.

THEOREM 2.10. Given n,\g,C and 6 > 0, there exists Ry = Ro(n, A, C,0) such that if
R > Ry > 2 and " C R™™ is a self-shrinker with entropy N(X) < Ao, which is §-stable in

Bpr and satisfies

(2.12) |A|(x) < C(1+|z|), forallz e Bg_1N,
then in fact

(2.13) |A|(xz) <90,  forallx € BRaNX.

Proor. We will use the Simons-type inequality for self-shrinkers, which gives
AJA]2 = %@, V]AP) + 2(% ~ AP)|AP + 2|V AP
(214) > —[aPIAP — 2VIAIP + 25 — [AP) AP + 2]V AP
> —glePAP + AP - 2]

The assumed curvature estimate (2.12) allows us to estimate part of the |A|* term, turning

the above into a linear differential inequality. Specifically, for x € Br_1 N ¥ we will have
R2

(2.15) AlA|? > _g‘AF —20R*|AP* = —~C'R* A

This will allow us to use the mean value inequality as follows. Fix x¢o € Bg_o N and set

(2.16) g(s) = 3"/ |AP%.
Bs(zo)NX

Using a mean value inequality for general hypersurfaces (See Lemma 1.18 in [36]), we have

the following inequality:

1 1
2.17)  J'(s) > / s* — |z — xo]*)A|A]* — / Al (x — x9, Hv).
211 g2 g [ e nPalal - o [ ARG )
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By the shrinker equation H = £(z,v) we have |H| < $|z| < £, so together with (2.15)

we then obtain

(2.18)  g(s) > —C' B2\ / A2 = Bn / A2 = —C'R2sg(s) — 2 g(s).
By (20)NS 2 By (w0)NS 2

Therefore the quantity

(2.19) g(s) exp (O/R282 + §s>

is nondecreasing in s. Applying this monotonicity at scale s = R™' < 1 and using the
integral estimate Proposition 2.9 gives
C'+3

(§] Rn/ |A‘2 S C//Rn/ |A|2 S CR2ne_§.
Wn By (z0)NT BRrNY

Here w,, is the volume of the unit ball in R".

(2.20) A (20) <

The exponential factor decays faster than any polynomial factor, so taking R large enough

gives the desired result. 0

REMARK 2.11. Note that for n < 6, the curvature hypothesis (2.12) is automatically
satisfied by Theorem 2.2. Moreover, it is evident from the proof of Proposition 2.9 that
the conclusions of Theorem 2.10 hold with a somewhat weaker pointwise curvature estimate
|A|(x) < f(|z|), so long as this estimate is uniform in ¥ and f = O(e*?) for some a > 0.
However, the main difficulty, even in the graphical case, was to obtain any initial pointwise

curvature estimate.

2.2.3. Proof of the main theorem. To finish the proof of Theorem 2.1, we will make use

of the following smooth version of the compactness theorem for self-shrinkers in [31].

LEMMA 2.12 ([31]). Let 3; C R™ be a sequence of smooth self-shrinkers with A\(3;) < Ao

and

(2.21) Al < C on Bg N,
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where R; — oo. Then there ezists a subsequence X, that converges smoothly and with multi-
plicity one to a complete embedded self-shrinker ¥ with |A] < C' and

(2.22) lim A(X) = A(Z).

1—00

PROOF OF THEOREM 2.1. Given n < 6 and Ay, Theorem 2.2 gives a constant C' =
C(n, Ao) that controls the linear growth of |A|. Moreover, Theorem 2.10 enables us to make
|A| as small as we want. In particular, we can choose Ry such that if X" is graphical in By
for R > Ry, then |A| < 1/2 for all x € Bgp_oNX.

Now we claim that there exists a constant R > Ry such that Theorem 2.1 holds. Other-
wise, there is a sequence of smooth, complete, non-flat self-shrinkers ¥; C R*"™! (3; # R")
with A\(3;) < Ao and X; is graphical in Bg, for R; — oo and R; > Ry. Theorem 2.10
gives that |A| < 1/2 on Bg,—2 NY;. Applying the compactness of Lemma 2.12, there is a
subsequence X! that converges smoothly and with multiplicity one to a complete embedded

self-shrinker » with |A| < 1/2 and

lim A(S]) = A(D).

1—>00
Recall that any smooth complete self-shrinker with |A[> < 1/2 is a hyperplane, so in
particular the limit ¥ must be a hyperplane. By the smooth convergence or the convergence
in entropy, we know by Brakke’s theorem that for sufficiently large i, the self-shrinker X3,

must be a hyperplane. This provides the desired contradiction, completing the proof. 0J

2.3. Curvature estimates for almost stable self-shrinkers. In this subsection we
will prove the curvature estimate Theorem 2.2 for self-shrinkers X", which satisfy the stability
inequality (2.5). We give a self-contained proof for the cases n < 5 based on the Schoen-
Simon-Yau [97] curvature estimates for stable minimal hypersurfaces. We will also sketch

how the result follows for n < 6 from the arguments of Schoen-Simon [96].
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2.3.1. Schoen-Simon-Yau type estimates. First, we prove a small energy curvature esti-
mate of Choi-Schoen [27] type, allowing us to obtain pointwise estimates on | A| from suitable

integral estimates.

THEOREM 2.13. There exists ¢ = €(n) > 0 so that if ¥" C R""! is self-shrinker, properly

embedded in B,,(xq) for some ro < 0 = min{1, |zg|™'}, which satisfies

(2.23) / A" < e,
By, (z0)NX

then for all 0 < o <ry andy € B,y_s(z9) N X,
(2.24) lAR() < 1.

Proor. We will follow the Choi-Schoen type argument and argue by contradiction.

Consider the function f defined on B, (zo) N X by f(z) = (ro — r(x))? A|*(x), where
r(z) = | — xo|. This function vanishes on 0B, (z¢), so it achieves its maximum at some
Yo € Bry(xo) NE. If f(yo) < 1, then we are done. So we assume f(yo) > 1 and will show
that this leads to a contradiction for e sufficiently small.

Choose o > 0 so that

1
(2.25) o?| AP (yo) = 1
Then f(yo) > 1 implies that 20 < ro — r(yo). Using this bound for o we see that B, (yy) C

B,,(xq), and the triangle inequality gives that for x € B,(yp), we have

ro—r(z) _3

1
2.26 < =<
(2:20) 2= =)

Combining (2.26) with the fact that f achieves its maximum at yo, we get that

(2.27) (ro —7(y))* sup [AF <4 sup f=4f(yo) = 4(ro — r(y0))*|Al*(v0)-

Bo (yo)NX Bo (yo)NX
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This gives the following estimate

1
(2.28) sup [AP < 4|AR(yo) = .

Bo(yo)NX

By the Simons-type inequality (2.14), it follows from (2.28) that on B, (yo) N2,
(2.29) AJAP > — L1 — 2 |AP
-8 o?

A simple computation then gives

n
n > _
(2.30) AJA[" > 2(

Next, for 0 < s < o, we define the function g(s) by

where we use X, s to denote B;(yo) N X.

Again using the mean value inequality (2.17), we also have

1 1
(231) &)z [ (P le—pPAA = — [ AP — o, H).
25t S

Y08 Y0,s

Combining this with (2.30) gives

, 1 n/l 2 N ANAL n
9> g [ B (glelt+ Z)ar -2 [ ja

25n—1 2\8 " o

(2.32) Zyo.s Syg,s
n /1 2 n
> (Lol + 107+ 2 )sas) — (o),

where we use that |z| < (Jzo| + 1) and |H| < /n|A| < ‘/TH for x € B,(yo) N X.

It follows that the function

(2.33) n() = gyexp { (4 (M + %)g + gt}

is non-decreasing for 0 <t < 0.
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Applying at t = o, since o < ry < min{1, |zo|~'}, we get

2ngn - on

n " 1 2n
(2.34) o = Wl A" (o) = h(0) < h(o) < eiawﬁ—/ AP <<
Bo (yo)NE a"

where w,, is the volume of the unit ball in R™.

This gives a contradiction for sufficiently small e. O

Theorem 2.13 holds in any dimension, but of course the hypotheses require an L™ bound
on |Al], and at face value the stability inequality (2.5) only provides an L? bound. So we

now adapt the arguments of Schoen-Simon-Yau [97] to improve our control on |A].

THEOREM 2.14. Suppose that X" C R"™! is a smooth self-shrinker which is %-stable

i Bgr, and let ¢ be a smooth function with compact support in Bgr. Then for all ¢ €

0,4/2/(n+ 1)), we have
z2 12 12
(2.35) /IA!”‘”q¢Qe4 < C/ AP0 T g2 +CR2/ AZH2ag2 e
by » 5

for some C = C(n,q).

PROOF. We apply the stability inequality (2.5) with test function |A|'T9¢. This gives

[1armeo < [ LApvopo s g [ aPaviAlR,
(2.36) > ¥ >

+2(14q) / A 15(7.6, V| A)p.

From the Simons-type identity for self-shrinkers, we have
1
(2.37) [AILIA] = SIAP = A" + VAP = [V] A"

Now we use the following inequality for general hypersurfaces from [37, Lemma 10.2]

2
" vHP
1

2
(2.39) ( )IVIAIR < VAP +

14 —=
+n—|—1 n
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The self-shrinker equation implies that |[VH| < i|z||A|] < &[A] for all 2 € Bg(0) N .

Therefore,

2
n R ‘AP-

n+1 2

2
2.39 AlL|A] > —|A]* + ——|V|A||* -
(2:30 AILIA 2 A+ 2|94
Multiplying by |A[*%¢?p and integrating by parts, we get
[ 1A ciale = - [ (91419041 0),
> s

(2.40) . / A2V A], V) — (1 + 2q) / A6 V] A2
> >

2 nR?
> 2 2 44 2042,
> [ (VAR - 5 EslaR - A1) APy

R2
A|22a 42
5 [ 1Pt

9 / A]"219(V6, V| Ay — (1 + 20) / A6 | A| .
> >

This implies

n+1

[ IwlAIPIAPey < [ gty +
(2.41) > > 2

Combining (2.36) and (2.41) gives

2
e [19IAIRLAPs < [ 1apepo g / APIVIA
(2.42) .

+2q [ JA1*6(96. V1)) AP,

Using the absorbing inequality, we get that 2|A|p(V e, V|A|) < §|A|2|quﬁ|2 +a|V|A||?¢2.

Therefore, we get

2
(g = —aa) [IV1AIFIAP0 < (14 2) [ 1P-var
X a’ Jsx

n+1
(2.43) .
n
_nhm Al2H2942 .
+2(n+1)/2| e
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Applying the Cauchy-Schwarz inequality to absorb the cross-term in (2.36) and then

substituting (2.43) gives

2(1 2(14 ¢
/\AI““%%S 2+ (2+Q)( *a) /\AP”Q\WPP
= Q—Gq by

1 4

(2.44) “2 )

(14 )R

+ 2L Ay,
I

pen i

2

-7, there exists a constant C depending on n and ¢ such that

Thus so long as ¢* <

(245) / A[f#1g%p < C / A2V e[*p + CR? / A28,
D) Py D)

REMARK 2.15. In particular, if we set ¢ = 0, then

(2.46) [uatetp<c [ 1apNerp s cr [ 1.
> o >
It will also be useful to record that (for n < 6) we may set ¢ = 1/2 to obtain

(2.47) [1aretp<c [ 1aFNop+ R [ 1Py,
> > >

We now record a lemma that estimates a ‘scale-invariant energy’ r*~" [, (z)nE |AP. This
T
lemma will be convenient for obtaining our curvature estimates for low dimensions, but in

fact holds for all n > 2.

LEMMA 2.16. Givenn > 2, \g > 0 and 2 < p < 4, there exists C = C(n,p, Ng) so that if
5 C R is a self-shrinker with A\(X) < Xg and X is 3-stable in Bg for some R > 2, then

for all zo € Br_1N'Y and r < 36, where 6 = min{1, |zo| '}, we have

(2.48) / AP < O,
Br(zo)NX
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PROOF. Fix xy € Bgr_1 N Y, and set r(z) = |x — x¢|. Also let ry < . First note that

with this choice of ry, we have

SUDR, (o) P
(2.49) " Pl Py

infBro (z0) 14

This is clear if |zo| < 1, since in this case any x € B, () satisfies |z| < |zg|+79 < 2. On the
other hand, if |zo| > 1 then ro < |z|, so e~ 1(=0l#70)* < e=ilel* < g=1(lzol=r0)* for 1 € B, (xy),

and hence

SUPR,  (z0) P

< elwolro <o,
infp. @) P -

(2.50)

Now we may fix a smooth cutoff function ¢ with ¢ = 1if r < rg, ¢ =0 if r > 21y, and
such that |V¢| < %

From the stability inequality (2.5) and the above discussion we have

1 SUDPg, (zo) P
[ aps o [apep < S g
B (z0)NS mem(mo)P b)) mero(:ro)P )

(2.51) A
e o
< p Vol(Bay,(z0) NX) < Cri 2,
since rp < ——. Again we have used that volume growth is controlled by entropy for the last

lzol

inequality. This completes the proof for p = 2.

Now further suppose ry < %9. Arguing as above using Remark 2.15 (¢ = 0), we obtain

4
(2.52) / A* < C (—2 + (Jzo] + 1)2) / | A%
B (z0)NS L Barg (z0)NE

We may now apply (2.51) at radius 2r to conclude that

4
(2.53) / At <cC (—2 + (Jo] + 1)2> <
By (z0)NE L)

where we have again used that ry < min(1, |zg|™'). This completes the proof for p = 4.
For 2 < p < 4, we obtain the desired result by interpolating (2.51) and (2.52) using

Holder’s inequality. 0

133



We are now ready to give, in the case n < 5, the proof of the curvature estimate Theorem

2.2.

PROOF OF THEOREM 2.2 FOR n < 5. Fix p € Bgr_1 N%, and set r(z) = |z — p|. Also
let ro < $ min{1, [p|'}.

SupBro (p) p

(2.54) .
infp,, @) P

<e

The goal is to show that ¥ has small energy at a uniform scale drg, in the sense that
i) Bsr. (9)NS |A|" < e, where ¢ is as in Theorem 2.13 and ¢ depends only on n and Ag. From
70

Theorem 2.13 we would then conclude that

(2.55) |Al(p) < — < C(1+Ip|)

1
(57’0
as claimed.

To achieve this, we will use a logarithmic cutoff function. In particular, we fix a large

integer k to be determined later, and define a cutoff function n by

(

1 if r < e P,
(2.56) n= —log(m)k—log(r) if e Frg < r <,
\O if > 1.

k

Note that [Vn| < & and |[Vp] is supported in the annulus between e *ry and ro. Using

k

(2.54) as in the proof of Lemma 2.16, we obtain from the stability inequality (2.5) that

(2.57) ‘/ ww<§%ﬁﬁfww<£/ £y
Bk, ()5 ~ infp )P Uy ~ RSB o0\B -k, o T
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Since n > 2 we can use the usual trick as well as the volume estimate in terms of entropy

to bound the integral:

1 k—1 1 k—1
i —<C 62(l+1)7’0_2€—nl7’g
s /(Br(,@)\Be_kT,O(p))mz r? ; /(Be—z,.o(p)\Be—Z—17.O(p))ﬂZ r? ;
(2.58) o
<Clrp?y e < Ol
=0
Thus
C
(259) / ap< [ APy < S
B,y () Bk, (PINS k

This completes the proof for n = 2, by taking k sufficiently large.

Now using the Cauchy-Schwarz inequality and that B.-«,,(p) C By, (p), we have

(2.60) / IA\3?72S/ AP / Al
Bk, ()NE Bk, (P)NE Bry (p)NZ

Using (2.57) for the |A|* factor and Lemma 2.16 for the |A|* factor we conclude that

(2.61) /B

Thus, again by taking k sufficiently large, the result follows for n = 3.

1
2

D N
()N B, _x, (p)S k

e_kro e_kro

Consider the remaining cases n = 4,5. Using (2.54) to estimate the weight p as before,

and applying Remark 2.15, we obtain

262) Liarae <o [1arvap+ Gol+ 02 [ jare).
P % 2

By (2.58) or (2.61) respectively, the second term can be estimated using that ry <

min(1, [,
C e (n— c’
(2.63) (pl-+ 17 [ 1A~ < T (pl+ 277 < T
¥
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To handle the first term we use the logarithmic trick again:

1 k-1
n—2 2
Luarzwae < 53 |
=0
k

1
| Al Qp

Bty () \Bemi=1,4 ()

(2.64)

-1

C e (n— C’
< o 2 :ez(lﬂ)rfe(”*(””))lro (n=2) _ -
1=0

Here we have used Lemma 2.16 to get to the second line. Thus

C
(2.65) / A" < —
Bk, (NS k

in the remaining cases n = 4,5, and the proof is complete.

REMARK 2.17. When n = 2, we can prove that (small) geodesic balls of i-stable self-
shrinkers in R?® with small radius have at most quadratic area growth, without assuming an
entropy bound. Consequently, we do not need to assume an entropy bound in Theorem 2.2.

The key here is to use the Gauss-Bonnet theorem, together with a technical lemma due to
Shiohama-Tanaka ([104, 103]; see [52] for a more directly applicable statement), to estimate

the area of geodesic balls BZ () by a curvature integral:
1

(2.66) Area(B} (z)) — mry < _/ |AIP(ro — )2,
4 B2 @

This bound holds for general surfaces and any ro. If X is a %—stable self-shrinker in R3, ap-
plying the stability inequality to the right hand side at the right scale 7 < # = min(1, |z|™1)

yields the local area bound

(2.67) Area(B; (z)) < 1

To obtain the desired curvature estimate, we then note that the intrinsic analogue of
Theorem 2.13 - that is, with extrinsic balls B, (zo) replaced by geodesic balls By (1) - also

holds, due to a chord-arc bound for general surfaces (see Lemma 2.4 of [36]). The resulting
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intrinsic small energy hypothesis can be satisfied using the same method as in Theorem 2.2,
using a logarithmic cutoff function defined in terms of intrinsic distances instead of extrinsic

distances.

2.3.2. Schoen-Sitmon theory. To obtain the desired curvature estimate Theorem 2.2 in the
case n = 6, we need to apply the Schoen-Simon theory [96], with a few minor modifications
that we will outline here. Of course, this argument will indeed apply for all 2 < n < 6.

The key point is to apply the theory at the optimal scale # = min(1, |zo|™!) (see for
instance subsection 12 of [37]). At this scale, the conformal metric g;; = e_%éij is uniformly

. 2
Euclidean in the sense that the volume form p = e~ satisfies the familiar estimate

SUP gy (z0) P

(2.68) -
mee(xo) p

<e

b

with similar uniform estimates for its derivatives.
In particular, consider a smooth self-shrinker 3" C R™*!, which has entropy A(X) < g
and is %—stable in Bg, R > 1. For xq € Bg_1NX, we wish to apply the Schoen-Simon theory

to the (renormalised) F-functional

(2.69) eilwol? / e il
b

By the uniform estimates mentioned above, it may be verified that this functional satisfies
all the conditions in subsection 1 of [96] with parameters depending only on n. Also, the
entropy bound gives the required density bound. The main issue with this approach is that
Y) may not be stable for the F' functional. At the scale 8, however, the %—stability inequality
(2.5) gives that

(2.70) [ 1ape < T2 [wgp < [ (9o

infp,(a) p o(0) P

for compactly supported functions ¢ in By(xg). All the arguments of [96] then go through
with this slightly weaker stability inequality, at the cost of carrying around the universal

constant e.
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In particular, the conclusions of theorem 3 of [96] hold, so since ¥ is smooth we conclude

that
(2.71) |[Al(wo) < CO < C(1+ |0)),
where C' = C(n, \g) as desired.

REMARK 2.18. Indeed, the Schoen-Simon argument goes through assuming only a 6-
stability inequality (2.4) at the optimal scale § = min(1, |zo|™!), for 6 depending only on n.
(That is, assuming a uniform lower bound for the least eigenvalue of L on balls By(zg).)

In particular, the curvature estimate also applies to self-shrinkers with bounded entropy
and positive mean curvature H > 0 in Bgr, R > 1. In this strictly mean convex setting, the

curvature estimate was already known to Colding-Ilmanen-Minicozzi.
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CHAPTER 6

Monotonicity formulae and consequences

1. Moving-centre monotonicity formulae

The work described in this section was first presented in the published article [130].

In this section we present a sharp ‘moving-centre’ monotonicity formula for minimal
submanifolds. As a corollary, one can recover a bound for the area of minimal submanifolds
in a Euclidean ball that was conjectured by Alexander, Hoffman and Osserman [2] and first
proven by Brendle and Hung [21] using a clever, but somewhat geometrically mysterious,
choice of vector field. The methods developed in [130] and presented here can also be used to
prove moving-centre monotonicity formulae for stationary p-harmonic maps, mean curvature
flow and the harmonic map heat flow.

The classical monotonicity formula for minimal submanifolds (see for instance [105], or

[36]) states that:

PROPOSITION 1.1. Let ¥3F be a minimal submanifold in the ball B® C R™ with 0% C BP.

Then for 0 <r <7 one has

d —k—1 |95L|2
(1.1) — (rfEnB)=r o
dr snos, 7|
Equivalently, for 0 <r <t <, we have
(1.2) 55 A B — r¥S N B,| / [+
. e r| = _
' SNB:\B; ||kt

In particular, the area ratio r=%|X N B,| is non-decreasing in r, and is constant if and

only if X2 is a cone (with vertex at ().
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In order to state our moving-centre monotonicity formula, we first define a family of

extrinsic balls on which to view the submanifold. Here y will denote a point in the unit ball.

DEFINITION 1.2. Fix y € BY. For s > 0, denote the ball

(1.3) E;=DB"((1-s)y,r(s)) CR",
where
(1.4) r(s) = V/s(1 = [yl?) + s2[y[?).

Note that the Fy, s > 0 foliate the half-space defined by (z,y) < 1+|2y|2.

These balls may also be realised as sub-level sets,
(1.5) E,={0< f<s},

where explicitly

lz —y|? lz —y|?
1.6 ) = = .
(1.6) I = Ty v P~ T=P T =P

The moving-centre monotonicity formula is then as follows:

THEOREM 1.3. Let ¥¥ be a minimal submanifold in Es C R™ with 0¥ C 0FE;5 for some

5. Then for 0 < s < 5, we have that

_ k42

(1.7) %(sﬂzmaozs

/’ I@—yVP+QWﬂ?
YNOFEs

2 [(z —y + sy)T|

Equivalently, for 0 < s <t < 5, we have

_ 112 21,,T12
(1.8) tgmmEﬂ_Sazﬁ&Fj/ ‘fgc@ y)!+f@|>'

SNE\Es lz —y|?

In particular, the quantity

(1.9) sTE|S N E,|
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s nondecreasing, and is constant if and only if ¥ is a flat disk orthogonal to y.

REMARK 1.4. Our proof will only require the coarea and first variation formulae, so it
can be seen that Theorem 1.3 also holds for stationary varifolds ¥, except that in the equality
case one must allow for cones with vertex at y that are orthogonal to y.

Taking y = 0 of course recovers the classical monotonicity formula for minimal subman-

ifolds.

It may be helpful to note that if ¥ is indeed a flat k-plane orthogonal to y, then any
x € 3 satisfies |z|* = |y|* + |x — y|*> and hence %N E; is a flat k-disk of radius y/s(1 — |y|?)

as expected.

COROLLARY 1.5 ([21]). Let ¥* be a minimal submanifold in the unit ball B} C R™ with
O% C OB andy € ©. Then || > |B¥|(1 — |y|?)?, with equality if and only if ¥ is a flat

disk orthogonal to vy.

Corollary 1.5 was first proven in full generality by Brendle and Hung [21], using a carefully

chosen vector field that we will return to later in this section.

ProOF OF COROLLARY 1.5 USING THEOREM 1.3. As s \, 0, the balls F, are asymp-
totic to the balls B(y, /s(1 — [y]?)). So the limit (1 — |y|?)~2 lim,_o s~ 2|X N E,| is equal to
the density of ¥ at y, which is at least 1 since y € ¥.. On the other hand E; = B(0,1), and

thus comparing s = 0 to s = 1 using Theorem 1.3 immediately yields Corollary 1.5. U

We now turn to the proof of Theorem 1.3, for which we first calculate the gradient of f:

LEMMA 1.6. Let r(s), Es and the function f with OEs = {f = s} be as in Definition 1.2.
Then whereever f > 0, we have that

Df _x—y+Jfy

0 2f = lo—uP

PROOF. One may verify this using the explicit formula for f, but it is more illuminating

to proceed using only the characterisation by level sets together with the choice of r(s).
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Indeed, let p(s) = r(s)* = s(1 — |y|*) + s*|y|?. By construction, the level sets of f are the

spheres OF; with centre (1 — s)y and radius r(s). So the function f satisfies
(1.11) = (1= )yl = p(f)

or in somewhat expanded form

(1.12) | —yl* = =2z —y.y) + p(f) = Iyl

Moreover D f must be proportional to x — (1 — f)y, so implicitly differentiating (1.11), we
find that

1. r—y+ 1y
(1.13) 22T = i 2l — gy 2P

On the other hand, we note that p satisfies the differential equation

(1.14) s(p/(s) — 2sly|*) = p(s) — s°ly[*.
Therefore using (1.12) yields

ﬂw—y+fw.

1
1.15 “Df =
(1.15) 5 Df p—

PROOF OF THEOREM 1.3. The outward unit normal v to XN {f = s} considered as the

boundary of ¥ N {f < s} is given by v = ‘g—}c‘. For fixed s we let X, be a vector field with

divy Xs = k, to be chosen later. By the divergence theorem we would then have

| v
(1.16) SN E, _E/m{f_}<XS’%>'

On the other hand, by the coarea formula we have

s 1
1.17 YNk, :/ dT/ —_—
(L17) | | 0 sn{f=r} V]
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This allows us to compute the derivative of |¥ N E| as an integral over ¥ N 0E;, using

Lemma 1.6:

d [/ & _m/ 1 < 1 )
1.18 — (s 2|XNE, = s 2 —— | s — =(X,,V
iy = (sHEnE) oy o7 (57 2

_ S (1ox, Yt
- /Zﬁ{fs} V£ <1 o 2f >>

/ L(1— (Xs,(x—y+sy)T>>
snif=s} V[ [z —yl? '

Choosing X, = x — y — sy, we indeed have divy X, = k since s is fixed, and moreover

= S

ISES

(1.19) (X, (@ —y+sy)") =(x—y)"? =y
Thus
d [ _x _k/ 1 (|<x—y>¢|2+s2lyT|2>
1.20 — (s 2|XNES) =5 2 .
(1.20) ds ( | |> s{s=s} |V /] |z —yl?

Using Lemma 1.6 to replace |V f| yields the differential form (1.7), whilst integrating
(1.20) using the coarea formula a second time gives the integral form (1.8). It is clear from
either formulation that s~ % |¥ N E,| is constant if and only if (z — y)* = 0 and y* =0 on X.
The first condition implies that ¥ is a cone with vertex at y (hence a plane, if ¥ is smooth),

and the second implies that Y is orthogonal to y.

REMARK 1.7. As with the classical monotonicity formula, one still obtains an almost-
monotonicity if one assumes only an L” bound for the mean curvature H , by following the
proof above and bounding the vector field X on the set E, to handle the extra term.

For instance, if the mean curvature is bounded by \ﬁ | < Cy, then using the bound

(1.21) ] < 2slyl + V/s(1 = [y[?) + s2|y|* < 3slyl + v/s(1 — [y]?)
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on {0 < f < s}, one still obtains a monotone quantity after multiplying by the integrating

factor exp(kCgp), where

2

(122) =3[ <3ry\ " ﬂ) as = 2slyl + /5L~ ToP).

For completeness, we now give another proof of Theorem 1.3 that is instead motivated
by, and utilises, the work of Brendle-Hung [21]. By using the divergence theorem (twice),

this proof recovers the integral formulation (1.8).

ALTERNATIVE PROOF OF THEOREM 1.3. With f defined as above, the vector field used

by Brendle and Hung may be written as

(123) W= (/5 = (=) + F(fy,

(1.24) F(t) = st =) k>0

—% logt k=2
Setting Wy := %(a: —y) — W, the computations of Brendle and Hung [21] yield that

(125) diVZ WO = 1- diVZ W

_k _ k-4
[ 2@ —y) P+ 2 |y
|z —y|?

On the other hand, for any 0 < s < 5, when restricted to 0E; = {f = s} we have

Wy = %s’%(x —y) — F(s)y. So applying the divergence theorem we find that

k

L - =572 s
a2 [ W= [ e P =m0 < o)

since divy z = k and divy y = 0.
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Then applying the divergence theorem a second time, for any 0 < s < t < § we indeed

have

2SN {f <t} —s SN {f < s}

/ (Wo.v) — / (Wo, )
Sn{f=t} Sn{f=s}
= / diVE W()

Sn{s<f<t}

_k L2 —k=4, T2
(1.27) _ / Sz —y)| +2f vl
Sn{s<f<t} lz =y

2. Entropy of hypersurfaces in the round sphere

In this section we observe new monotonicity formulae for mean curvature flows ¥} in the
round sphere S"**. As a corollary we are able to prove a gap theorem for the volume of
minimal hypersurfaces X" in S**! which are not isotopic to the equator.

For a submanifold X" C S*™* C R"***1 the mean curvature vector is given by
—mnt+k+1 —qn+k =
HY = Hy" —n7.

Therefore, running the mean curvature flow from ¥ in S"** is equivalent to running the mean
curvature flow in R"***! and dilating back to the unit sphere, at least before the latter flow
collapses to the origin.

Specifically, let {7 }ef0.77 be a smooth mean curvature flow in S"**. Then

~ 1— 672m& 1 1— 672nT
2.1 Yei=e M8, one, = |-
( ) © ! 2n2 : 5 2n < [Qn 2n

)

defines a smooth mean curvature flow in R™™**1  In particular the flow 3, satisfies
Huisken’s monotonicity formula. Translating back to the original flow >; in the sphere

yields the following monotonicity theorem:
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THEOREM 2.1. Let {7 }ieor) be a smooth mean curvature flow in S™™*. Further take

any xo € R and any to > 6_22#, and set y(t) = e™xo and a(t) = ety + 5-. Then so

2
> Py(t).a(t)-

In particular, the entropy A(X;) (defined by considering X as a submanifold in R"++1)

long as a(t) > 0, we have

d
(2.2) T v0.a () = — /

3t

aere Y0
HS —

+

<(2nt062nt + {x,y(t)))?
4a(t)?

1s non-decreasing in t.

Now let 37 be a minimal hypersurface in S™™'. Then v/2nY is a self-shrinker in R" "2,
and its entropy is given by

—n/2

A(%o) = Fo1(V2nY,) = (Lem)n/z

(2n)™2 Vol(Zy).

If we perturb o by the first eigenfunction of its Jacobi operator, we obtain a family 3(¢)
of mean convex hypersurfaces in S”™!. Running the mean curvature flow in S"*! thus either
runs into a cylindrical singularity of type S¥ x R"* k < n, or contracts to a round point
and is thus isotopic to the round S™. The entropy of the cylinder is given by

o—k/2

(47 )h/2

A(SF x R*F) = A(SF) = (2k)*2 Vol(SF),

so since A! is decreasing along the flow we have the following corollary:

COROLLARY 2.2. Let 3¢ be a minimal hypersurface in S"*'. If ¥ is not isotopic to the

round S™, then

Vol(%)
Vol(S™)

A(S™h)

(2.3) D

>

We should compare our results to two existing gap theorems for volumes of minimal

Vol(27)
VOI(SS) 2

hypersurfaces in S, In [25], Cheng, Li and Yau proved a gap theorem of the form

1 + ¢(n, k) for non-geodesic minimal submanifolds in S"™* for any codimension k and any
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topology. However, following their proof, one sees that the constant €(n, k) is very small and

indeed their €(n, 1) ~ exp(—n™?I'(n/2,1)) whereas A/(\S(’;;)l) —1~n72

On the other hand, Tlmanen and White [71] proved a much better bound for hypersurfaces
¥ C S™* under the assumptions that:
(i) The cone C(X) is area-minimising in R™*?;

(ii) At least one of the components of S*** — ¥ is non-contractible.

Under these assumptions they showed that Y,le(éﬁ)) > /2.
Our result thus yields a significantly larger gap than that of Cheng-Li-Yau under an extra
topological assumption; on the other hand our gap is much smaller than that of Ilmanen-

White, but they require a stronger topological assumption and the more serious assumption

that the cone is area-minimising.
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CHAPTER 7

Min-max construction for prescribed mean curvature problems

The work described in this chapter was first presented in [126] and is joint with Prof.
Xin Zhou.

The main theorem of this chapter is the construction, via a min-max approach, of non-
trivial closed CMC hypersurfaces of any prescribed mean curvature, in any smooth closed
Riemannian manifold M™*! of dimension at most seven. (The dimensional restriction arises

from, and matches with, the regularity theory for minimal hypersurfaces [97, 96].)

THEOREM 0.1. Let M™! be a smooth, closed Riemannian manifold of dimension 3 <
n+1< 7. Gwen any ¢ € R, there exists a nontrivial, smooth, closed, almost embedded

hypersurface X" of constant mean curvature c.

Here we say that an immersed hypersurface ¥ is almost embedded if ¥ locally decomposes
into smoothly embedded components that (pairwise) lie to one side of each other. That is, the
sheets may touch but not cross; the example of touching spheres shows that this regularity

is optimal.

REMARK 0.2. For ¢ # 0, our min-max procedure converges to the constructed hypersur-
face ¥ with multiplicity 1. This is a stark and surprising contrast to the minimal (¢ = 0)

case, for which the min-max multiplicity 1 conjecture is a fundamental open problem [87].

REMARK 0.3. The theory we have developed and presented here for CMC hypersurfaces is
in fact strong enough to also produce hypersurfaces > of certain prescribed mean curvatures
h; that is, given an ambient function h : M — R, the hypersurface 3 should satisfy Hy, = hls.

The min-max procedure goes through relatively unchanged for positive prescription functions
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h; in an ongoing work with Prof. Xin Zhou we are developing the theory to handle certain

prescription functions without assuming a sign condition.

1. Notation

In this section, we collect some additional notation. We refer to [105] and [94, §2.1] for
further background in geometric measure theory.

Let (M™! g) denote a closed, oriented, smooth Riemannian manifold of dimension 3 <
(n+1) < 7. Assume that (M, g) is embedded in some RY, L € N. B,(p), B.(p) denote
respectively the Euclidean ball of RE or the geodesic ball of (M, g). We denote by H* the
k-dimensional Hausdorff measure; I, (M) the space of k-dimensional integral currents in R”
with support in M; Z,(M) the space of integral currents T' € I(M) with 0T = 0; V(M)
the closure, in the weak topology, of the space of k-dimensional rectifiable varifolds in R’
with support in M; Gy (M) the Grassmannian bundle of un-oriented k-planes over M; F and
M respectively the flat norm [105, §31] and mass norm [105, 26.4] on I(M); F the varifold
F-metric on V(M) and currents F-metric on I (M), [94, 2.1(19)(20)]; C(M) or C(U) the
space of sets Q@ C M or Q C U C M with finite perimeter (Caccioppoli sets), [105, §14][55
§1.6]; and X(M) or X(U) the space of smooth vector fields in M or supported in U.

We also utilise the following definitions:

(a) Given T € Iy (M), |T| and ||T|| denote respectively the integral varifold and Radon
measure in M associated with T7;

(b) Given ¢ > 0, a varifold V' € V(M) is said to have c-bounded first variation in an open

subset U C M, if
10V (X)| < c/ | X|dpy, for any X € X(U);
M

here the first variation of V along X is dV (X fG deX x)dV (z,S), [105, §39];
(¢) U.(V) denotes the ball in Vy(M) under F-metric with centre V' € V(M) and radius

r > 0;
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(d) Given p € spt ||V]|, VarTan(V, p) denotes the space of tangent varifolds of V" at p, [105,
42.3];

(e) Given a smooth, immersed, closed, orientable hypersurface ¥ in M, or a set Q € C(M)
with finite perimeter, [[X]], [[?]] denote the corresponding integral currents with the
natural orientation, and [¥], [©2] denote the corresponding integer-multiplicity varifolds;

(f) 092 denotes the (reduced)-boundary of [[2]] as an integral current, and vyq denotes the

outward pointing unit normal of 92, [105, 14.2].

In this chapter, we are interested in the following weighted area functional defined on

C(M). Given ¢ > 0, define the A°-functional on C(M) as
(1.1) A(Q) = H™(99) — cH" ().
The first variation formula for A° along X € X(M) is (see [105, 16.2])

(1.2) S ALo(X) = / divonXdpon — ¢ | X -vdusa,
o0 o0

where v = vyq is the outward unit normal on 0f).

When the boundary 0€2 = ¥ is a smooth immersed hypersurface, we have
dZ"UEX =HX. v,

where H is the mean curvature of ¥ with respect to v; if € is a critical point of .A°, then (1.2)
directly implies that ¥ = 9€) has constant mean curvature ¢ with respect to the outward unit
normal v. In this case, we can calculate the second variation formula for A€ along normal
vector fields X € X(M) such that X = ¢v along 002 = 3 where ¢ € C*°(X), [8, Proposition
2.5],

(1.3) P A%(X, X) = IIxn(p,9) = /E (IVel* = (Ric" (v,v) + [A**) *) dpus.

In the above formula, V¢ is the gradient of ¢ on ¥; RicM is the Ricci curvature of M; A

is the second fundamental form of X.
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2. CMC hypersurfaces

In this section, we collect some preliminary results. First, we study the compactness
properties of stable CMC hypersurfaces. In particular, we describe the structure of the
touching sets which appear naturally when one takes the limit of embedded stable CMC
hypersurfaces. We also present a maximum principle for varifolds with bounded first vari-
ation, a regularity result for boundaries that minimise the A°functional, and a result on

isoperimetric profile for small volumes.

2.1. Compactness of stable CMC hypersurfaces.

DEFINITION 2.1. Let X be a smooth, immersed, two-sided hypersurface with unit normal

vector v, and U C M an open subset. We say that ¥ is a stable c-hypersurface in U if

e the mean curvature H of ¥ N U with respect to v equals to ¢; and

o [Is(p,p) >0 forall p € C®(X) with sptp C XN U, where Iy is as in (1.3).

DEFINITION 2.2. Let X;, © = 1,2, be connected embedded hypersurfaces in a connected
open subset U C M, with 93; NU = () and unit normals ;. We say that Xy lies on one side
of 3 if ¥ divides U into two connected components U; UU, = U \ X1, where 14 points into

Ui, and either:

e Y, C Clos(Uy), which we write as ¥ < ¥ or that X, lies on the positive side of
>q; or
e Yy C Clos(Us), which we write as ¥ > Y5 or that ¥, lies on the negative side of

2.

DEFINITION 2.3 (Almost embedding). Let U € M"*! be an open subset, and ¥" be
a smooth n-dimensional manifold. A smooth immersion ¢ : > — U is said to be an al-
most embedding if at any point p € ¢(X) where 3 fails to be embedded, there is a small
neighbourhood W C U of p, such that

e XN ¢ (W) is a disjoint union of connected components Ul_,Y;;
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e ¢(3;) is an embedding for each i = 1,--- | I;

e for each 4, any other component ¢(%;), j # i, lies on one side of ¢(%;) in W.
We will simply denote ¢(X) by ¥ and denote ¢(X;) by ¥;. The subset of points in ¥ where
¥ fails to be embedded will be called the touching set, and denoted by S(X). We will call
Y\S(X) the regular set, and denote it by R(X%).

REMARK 2.4. From the definition, the collection of components {3J;} meet tangentially

along S(X).

DEFINITION 2.5 (Almost embedded c-boundary). (1) An almost embedded hyper-
surface ¥ C U is said to be a boundary if there is an open subset 2 € C(U), such
that X is equal to the boundary 02 (in U) in the sense of currents;

(2) The outer unit normal vy of ¥ is the choice of the unit normal of ¥ which points
outside of Q along the regular part R(%);
(3) ¥ is called a stable c-boundary if ¥ is a boundary as well as a stable immersed

c-hypersurface.

We have the following variant of the famous Schoen-Simon-Yau (for 2 < n < 5) [97] and

Schoen-Simon (n = 6) [96] curvature estimates.

THEOREM 2.6 (Curvature estimates for stable c-hypersurfaces). Let 2 < n < 6, and
U C M be an open subset. If > C U is a smooth, immersed (almost embedded when n = 6),
two-sided, stable c-hypersurface in U with 0XNU = 0, and area(X) < C, then there exists

C depending only on n, M, c,C, such that

C
|A2|2(CE') S m fOT all x < .

Moreover if ¥, C U is a sequence of smooth, immersed (almost embedded when n = 6),
two-sided, stable c-hypersurfaces in U with 03, N U = () and sup, area(X;) < oo, then up
to a subsequence, X converges locally smoothly (possibly with multiplicity) to some stable

c-hypersurface Yo in U.
152



PROOF. The compactness statement follows in the standard way from the curvature es-
timates. The curvature estimates follow from standard blowup arguments together with the
Bernstein Theorem [97, Theorem 2] and [96, Theorem 3], the key being that the blowup will
be a stable minimal hypersurface, and when n = 6, the blowup of a sequence of almost em-
bedded c-hypersurfaces will be embedded by the classical maximum principle for embedded

minimal hypersurfaces (c.f. [36]). O

We need the following maximum principle.

LEMMA 2.7 (Maximum principle for embedded c-hypersurfaces). Given a connected open
subset U C M, let 3; C U be two connected embedded hypersurfaces with 9%; N U = () for
1 = 1,2. Suppose that the mean curvature of each ¥; is a given constant ¢ > 0 with respect
to the respective unit normal v;. Assume that s lies on one side of 1. Then we have the

following:

(1) If there exists p € 31 N Xy such that vi(p) = v2(p), then 3y = Xy;

(il) Suppose 3y lies on the negative side of 3y. Then if X1 N Xy # 0, we must have
vi(p) = a(p) for any p € X1 N Xy, and hence ¥y = 5. In particular, either
YNy =0 orX =3,

PRroOF. This follows directly from the classical maximum principle as follows.

Consider p € ¥ N 5. Since ¥ lies on one side of ¥, the tangent planes must coincide
at any point of their intersection. So without loss of generality we may assume that U is a
small ball around p for which ¥, 3, may be written as graphs uq, us in the v;-direction over
the tangent plane 7,%; = T,%s.

Let u = u; — ug, then a standard computation shows that u satisfies a linear elliptic
equation of the form: Lu = 0, if vs(p) = v (p); or Lu = 2¢ if 1y(p) = —v1(p). Here L
is a positive elliptic operator with smooth coefficients. Moreover, if 35 C Clos(U;) then
u < 0; if 3y C Clos(Us) then u > 0. Both items then follow from the maximum principle for

nonpositive (or nonnegative) functions.
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O

LEMMA 2.8. Let Q be a domain in R™ and suppose that u is a classical solution on 2 of

a linear inhomogenous elliptic PDE with smooth coefficients:
(2.1) Lu = a” Diju+ b Dju+ qu = f,

where f has no zeroes on Q. Then the zero set {u = 0} is contained in a countable union of

connected, embedded (m — 1)-dimensional submanifolds.

PRroOF. Let K be a compact subset of €.

First, the implicit function theorem implies that the zero set is smooth away from the
critical set. In particular, for any € > 0 the compact set {u = 0, |Du| > e} N K is contained in
the union of finitely many connected, smoothly embedded (m — 1)-dimensional submanifolds.

Now consider z € {u = 0,Du = 0}. Then we have a"(z)D;u(x) = f(z) # 0, so
by ellipticity, the Hessian D?u must have rank at least 1. Thus for some j, the gradient
D(Dju) # 0, so again by the implicit function theorem there is an r > 0 such that B, (z) N
{Dju = 0} is an embedded (m — 1)-dimensional submanifold, which clearly contains B,(x) N
{u =0} N{Du = 0}. It follows that the compact set {u = 0, Du = 0} N K is also contained
in a finite union of connected, embedded (m — 1)-dimensional submanifolds.

Taking € = 1/j — 0 and K = K, where K; is an exhaustion of 2, then completes the

proof. 0

PROPOSITION 2.9 (Touching sets for almost embedded c-hypersurface). If the metric
on U™ is smooth, then for any almost embedded hypersurface X C U of constant mean
curvature ¢, the touching set S(X) is contained in a countable union of connected, embedded
(n — 1)-dimensional submanifolds.

In particular, the reqular set R(X) is open and dense in ..

PROOF. Let p € S(X). As in the proof of Lemma 2.7, there is a small neighbourhood

W of p so that the image ¥ N W decomposes as graphs {u;}%_;, ordered by height, over
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the common tangent plane 7). In fact by the conclusions of that lemma, after possibly
shrinking W there will be exactly two distinct graphs u; < wuo, for which the difference
u = uy — ug satisfies Lu = 2c. The zero set of u corresponds to the touching set S(X) NW.

The proposition then follows from the previous lemma. 0]

REMARK 2.10. In the case that the metric on M is real analytic, we have the stronger
statement that the touching set is a finite union of real analytic subvarieties UZ;S Sk of
respective dimension k. This follows from [78, Theorem 5.2.3|, since in this setting the

operator L will have analytic coefficients, and hence the solution w is also real analytic.

THEOREM 2.11 (Compactness theorem for almost embedded stable c-hypersurfaces). Let
2 < n <6. Suppose ¥ C U is a sequence of smooth, almost embedded, two-sided, stable

cx-hypersurfaces in U, with sup, area(Xg) < 0o and supy, ¢y < 0o. Then the following hold:

(i) if inf e, > 0, then up to a subsequence, {3x} converges locally smoothly (with mul-
tiplicity) to some almost embedded stable c-hypersurface Yo in U;
(ii) if additionally {3y} are all boundaries, then Y. is also a boundary, and the density
of Lo 15 1 along R(Xx) and 2 along S(Xw);
(iii) if e, — 0, then up to a subsequence, {¥;} converges locally smoothly (with multi-

plicity) to some smooth embedded stable minimal hypersurface ¥ in U.

REMARK 2.12. We learned that Bellettini-Wickramasekera [10] also have similar com-

pactness results for stable CMC varifolds.

PRrROOF OF THEOREM 2.11. Case (i) follows straightforwardly from Theorem 2.6, the
almost embedded assumption, together with the maximum principle Lemma 2.7.

Now we prove Case (ii). Denote ¥j, = 0, for some €, € C(U). By standard compactness
[105, Theorem 6.3], a subsequence of 02, converges weakly as currents to some 0€2,, with
Qs € C(U). We claim that 0., = ¥, as varifold. To show this, we only need to check
that the density of ¥, along R(X.,) is one, and then by Lemma 2.7 and Proposition 2.9,

the density of ¥, along the touching set S(X,) is automatically two.
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To show that the density along R(X) is 1, take an arbitrary point p € R(Xs). If
the density at p is larger than 1, then by the locally smooth convergence of ¥, to X,
there is a neighbourhood Ep C U of p, such that for k large enough >, N Ep has a graphical
decomposition as U 3 with I, > 2. Moreover, by Lemma 2.7 we have X} < ¥2 < ... < Xk,
and the outward unit normals v} of X% all point to the same direction. With out loss of
generality, we may assume [, = 2 and omit the sub-index k. Then Ep\(E1 U ¥?) has three
connected components Uy, Uy, Uy with, counting orientation, (8Uo)l_§p =X (8U1)|_§p =
»2 — %! and (U,)LB, = —X2.

On the other hand, for each i the Constancy Theorem [105, Theorem 26.27] applied to
Q.LU; implies that QL U; is identical to either () or U;. That is, le_ép = Z?:o a;Us,
where each a; = 0,1. It is then easy to see that any choice of the a; will contradict the fact
that, counting orientation, (%L B,)_B, = £, N B, = £' 4 %2,

Case (iii) follows directly from Theorem 2.6, the almost embedded assumption, and the

classical maximum principle for embedded minimal hypersurfaces (c.f. [36]). U

2.2. Maximum principle for varifolds with c-bounded first variation. We will

need the following maximum principle which is essentially due to White [119, Theorem 5].

PROPOSITION 2.13 (Maximum principle for varifolds with c-bounded first variation).
Suppose V€ V,,(M) has c-bounded first variation in a open subset U C M. Let K C U be

an open subset with compact closure in U, such that spt(|V]|) C K, and

(i) OK is smoothly embedded in M,
(ii) the mean curvature of OK with respect to the outward pointing normal is greater

than c.

Then spt(||V]]) N OK = 0.

2.3. Regularity for boundaries which minimise the A¢ functional. The following

result about regularity of boundaries which minimise the .A° functional can be found in [91].
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THEOREM 2.14. Given Q2 € C(M), p € spt||0Q||, and some small r > 0, suppose that
QL B, (p) minimises the A°-functional: that is, for any other A € C(M) with spt||A — Q| C
B.(p), we have A°(A) > A%(Q). Then except for a set of Hausdor{f dimension at most n—1,
GQI_ET(p) 18 a smooth and embedded hypersurface, and is real analytic if the ambient metric

on M 1s real analytic.

PROOF. Since QL B, (p) minimises the A°-functional, for all A € C(M) as in the suppo-

sition, we have

H(OA) — H'(09Q) > —c|H™H(A) — H"H(Q)].

This is precisely condition [91, 3.1(1)]. The regularity then follows from [91, Corollary 3.7,
3.8]. O

2.4. Isoperimetric profiles for small volume. We have the following lower bound
for the isoperimetric profiles for small volumes, which is a consequence of the fact that
the isoperimetric profile is asymptotically Euclidean for small volumes [11] (see also [93,
Theorem 3]). Note that although it was only stated for domains with smooth boundary,
the result indeed holds for any Q € C(M) by using the regularity theory for isoperimetric
domains (c.f. Theorem 2.14).

THEOREM 2.15. There exists constants Cy > 0 and Vy > 0 depending only on M such
that
area(99Q) > Cy Vol(Q) 741, whenever Q € C(M) and Vol(Q) < V.

2.5. Good replacement property and regularity. Here we record the notions of
good replacements and the good replacement property. Recall the following definitions by

Colding-De Lellis [34]. Consider two open subsets W CcC U € M"™!.
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DEFINITION 2.16. [34, Definition 6.1]. Let V' € V,,(U) be stationary in U. A stationary

varifold V' € V,,(U) is said to be a replacement for V in W if

VIL(U\W) = VL(U\W), [V'|(U) = [V[(U), and
VLW is an embedded stable minimal hypersurface > with 9% C dW.

DEFINITION 2.17. [34, Definition 6.2]. Let V' € V,(U) be stationary in U. V is said to
have the good replacement property in W if
(a) there is a positive function r : W — R such that for every annulus A, ()M C W
with 0 < s <t < r(z), there is a replacement V' for V' in A, ,(x) N M;
(b) the replacement V"’ has a replacement V" in every annulus A,,(y) N M C W with
0<s<t<r(y);

(c) V" has a replacement V" in every annulus Ag,(2) N M C W with 0 < s <t < r(z).

Note that our formulations are local compared to those in [34]. Indeed, the proofs of
(34, Proposition 6.3] and [42, Theorem 2.8] are purely local, so the following proposition
still holds:

PROPOSITION 2.18. [34, Proposition 6.3|, [42, Proposition 2.8]. When 2 < n < 6, if
V € V,(U) has the good replacement property in W, then VLW is an integer multiple of

some smooth embedded minimal hypersurface 3.

3. The c-Min-max construction

In this section, we present the setups of the min-max construction mainly followed Pitts

[94]. We also prove the existence of a non-trivial sweepout with positive A°min-max value.

3.1. Homotopy sequences. We will introduce the min-max construction using the

scheme developed by Almgren and Pitts [3, 4, 94].

DEFINITION 3.1. (cell complex.)

(1) Denote I =10,1], Iy =01 = I\(0,1);
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(2) For j € N, I(1,7) is the cell complex of I, whose 1-cells are all intervals of form
[3, 5], and 0-cells are all points [];

(3) For p=0,1, a € I(1,j) is a p-cell if dim(a) = p. 0O-cell is also called a vertex;

(4) 1(1, j), denotes the set of all p-cells in I(1, j), and Iy(1, j)o denotes the set {[0], [1]};

(5) Given a 1-cell @ € I(1, )1, and k € N, a(k) denotes the 1-dimensional sub-complex
of I(1, j+k) formed by all cells contained in . For ¢ = 0,1, a(k), and ag(k), denote
respectively the set of all g-cells of I(1, j 4+ k) contained in «, or in the boundary of
%

(6) The boundary homeomorphism 0 : I(1,j) — I(1,j) is given by 0|a,b] = [b] — [a] if
la,b] € I(1,7)1, and Ola] = 0 if [a] € I(1,7)o;

(7) The distance function d : I(1, 7)o % I(1, 7)o — N is defined as d(z,y) = 3’|z — yl;

(8) The map n(i, ) : I(1,4)g — I(1, 7)o is defined as: n(7, j)(z) € I(1,7)o is the unique
element of I(1, j)o, such that d(z,n(i, j)(z)) = inf {d(z,y) : y € I(1,5)0}.

Consider a map to the space of Caccioppoli sets: ¢ : I(1, 7)o — C(M). The fineness of ¢
is defined as:

M(9¢(z) — 0o(y))

(3.1) (¢) = sup o g

RN TIS ](1,j>0,l’ #y}

Similarly we can define the fineness of ¢ with respect to the F-norm and F-metric. We use
¢:1(1,5)0 — (C(M),{0}) to denote a map such that ¢(I(1, 5)o) C C(M) and d¢|s,(1,5), = 0,
ie. 6([0]), 6([1)) = @ or M.

DEFINITION 3.2. Given 6 > 0 and ¢; : I(1,k;)o — (C(M),{0}), i = 0,1, we say ¢y is
1-homotopic to ¢ in (C(M), {0}) with fineness 6, if 3 k3 € N, k3 > max{k;, ko }, and

’QD : ](1,]{33)0 X I(l,k?g)() — C(M),

such that

e (v) <¢;
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e Y([i],z) = (bi(II(kg, kz)(x)), 1=0,1;
o OU(I(1,k3)o x Io(1,ks)o) = 0.

DEFINITION 3.3. A (1, M)-homotopy sequence of mappings into (C(M),{O}) is a se-

quence of mappings {¢; }ien,
¢i  I(1,ki)o — (C(M)7 {0})7

such that ¢, is 1-homotopic to ¢; ;1 in (C (M), {O}) with fineness ¢;, and
o lim; ,. d; = 0;

e sup; {M(9¢;(z)) : = € I(1,k;)o} < +oc.

REMARK 3.4. Note that the second condition implies that sup; {A%(¢;(z)) : =z €
I(]_,]{?Z)()} < +00.

DEFINITION 3.5. Given two (1, M)-homotopy sequences of mappings S; = {¢} }ien and
Sy = {¢?}ien into (C(M),{0}), Sy is homotopic to S if 3 {0;}sen, such that
e ¢! is 1-homotopic to ¢? in (C(M),{0}) with fineness d;;

It is easy to see that the relation “is homotopic to” is an equivalence relation on the
space of (1, M)-homotopy sequences of mappings into (C (M), {O}) An equivalence class is
a (1, M)-homotopy class of mappings into (C(M),{0}). Denote the set of all equivalence
classes by 7 (c(M, M), {0}).

3.2. Min-max construction.

DEFINITION 3.6. (Min-max definition) Given II € 7f (C(M, M), {0}), define: L¢ : IT —
R* as a function given by:

LE(S) = L({¢i}ien) = lim sup max { A°(¢s(x)) : « lies in the domain of ¢; }.

1—00
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The A°-min-max value of 11 is defined as
(3.2) Le(IT) = inf{L°(S) : S € II}.

A sequence S = {¢;} € Il is called a critical sequence if L°(S) = Le(II).

Given a critical sequence S, then
K(S) ={V = lim |0¢;,(x;)| : w; lies in the domain of ¢;, }
Jj—00

is a compact subset of V,,(M™). The critical set of S is the subset C(S) C K(S) defined
by
C(S) ={V = lim |99, (x;)| - with lim A%(¢;(2;)) = L(5)}.
j—o00 j—o00

Note that by [94, 4.1(4)], we immediately have:
LEMMA 3.7. Given any I1 € 7} (C(M,M),{0}), there exists a critical sequence S € II.
The main theorem of this chapter may be stated precisely as follows:

THEOREM 3.8. Let 2 < n < 6. Given a smooth closed Riemannian manifold M™*' and

¢ >0, there exists I € i (C(M,M),{0}) and a critical sequence S € II such that:

e Le(IT) = Le(S) > 0;
e There exists an element of C(S) induced by a nontrivial, smooth, almost embedded,

closed hypersurface X" C M of constant mean curvature ¢ with multiplicity one.

Proor oF THEOREM 3.8. This follows from combining Theorem 3.9, Theorem 5.6 and

Theorem 6.1. 0
3.3. Existence of nontrivial sweepouts.

THEOREM 3.9. There exists II € «° (C(M,M),{0}), such that for any ¢ > 0, we have

Le(IT) > 0.
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REMARK 3.10. Let us first describe a heuristic argument using smooth sweepouts which
will help to reveal the key idea. Let Cy > 0 and V[ > 0 to be the constants in Theorem 2.15,
and fix 0 < V <V} such that Vn_Tll > 2¢/Cy. Note that V' only depends on ¢, Cy, V5.

Then for any €2 with Vol(£2) = V', we have

(3.3) A(Q) > CoVatt — eV > ¢V > 0.

Now consider any smooth 1-parameter family {2, : z € [0, 1]} satisfying y = () and
2y = M. Since {Q,} sweeps out M, there must exist some xy € (0,1) such that Vol(Q2,,) =
V', whence max,eo1].A°(§2;) > ¢V > 0. Since this holds for any sweepout we then have

Le(IT) > ¢V > 0.

PROOF OF THEOREM 3.9. Take a Morse function ¢ : M — [0, 1], and consider the sub-
level sets @ : [0,1] — C(M), given by ®(t) = {x € M : ¢(x) < t}. By the interpolation
theorem of the first author [125, Theorem 5.1], ® can be discretised to a (1, M)-homotopy
sequence S = {¢,} where ¢, : I(1,k;)o — (C(M),{0}). Moreover, under Almgren’s iso-

; is mapped to the fundamental class in

morphism Fj [3, §3.2] (see also [125, §4.2]), ¢

H,1(M) for i large, i.e. Fa(¢,) = [[M]]. Consider II = [S], then by [3, Theorem 7.1]
for any S = {¢;} € II, we have F4(¢;) = [[M]] for i large. In particular, this means that

Sk = e, o), Qf € Lo (M)
is the isoperimetric choice (c.f. [3, 1.14]) of 0¢;(z;) — 0pi(z;-1), i.e.

j=1 J
3ki ) 3k

Zjel(l,ki)o (); = M as currents; here for given j and a; = |

M(Q;) = F(9¢i(x;) — 0¢i(xj-1)), and 0Qq = Oi(x;) — Obi(wj-1).
Denote €; = 22:1 @;. Then we have
O = 0¢;(x1) — 06;(0) = 9¢i(x1),

and this implies, by the Constancy Theorem [105, 26.27|, that €2, is a Caccioppoli set
(possibly with a negative orientation) when M(€2;) < Vol(M). Note that M(Q;) < (¢:) = 4,

hence by continuity there exists some I, € N, I, < 3% such that M(Q;,) € [V — 6;, V + &,
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where V' is as in Remark 3.10, and ¢;(x;,) = €;,. Then the same argument as in the remark

above gives a uniform positive lower bound for A°(¢;(x;,.)), and this finishes the proof. [

4. Tightening

In this section, we construct the tightening map adapted to the A° functional and prove
that after applying the tightening map to a critical sequence, every element in the critical
set has uniformly bounded first variation. Our approach is adapted from those in [34, §4]

and [94, §4.3].

4.1. Annular decomposition. Given L > 0, consider the set of varifolds in V(M)

with 2L-bounded mass: AL = {V € V(M) : ||V|(M) < 2L}. Denote
As ={V e A" |V(X)| < C/|X|d,uv, for any X € X(M)}.
Consider the concentric annuli around A, under the F-metric, i.e.
L . 1 c 1 .
Since c-bounded first variation is a closed condition, we have

LEMMA 4.1. AS_ is a compact subset of AL under the F-metric.

It is easy to show (by contradiction, for instance) that for any varifold in A;, we can find

a vector field satisfying the following condition.

LEMMA 4.2. For any V' € A;, there exists Xy € X(M), such that
(4.1) | Xv]croan <1, V(Xy) — C/M | Xy |dpy < —c¢; <0,
where c; depends only on j.

4.2. A map from A* to the space of vector fields. In this part, we will construct

amap X : AL — X(M), which is continuous with respect to the C* topology on X(M).
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Given V € A;, let Xy be given in Lemma 4.2. Since divgXy is Lipschitz on G, (M) for

fixed Xy, the map

W = 6 (Xy) —c/ Xy |du :/ divs(Xy)dW (z, S) —c/ X |duw
M G M

n(M)

is continuous with respect to the F-metric. Therefore for any V' € A;, there exists 0 < 7y <

51, such that for any W € U, (V), i.e. F(W,V) < ry,
1 1
42w —e [ IXvidue < 5 (5v<xv> —f |Xv!duv> < e <0

Now {Urv/g(V) Ve Aj} is an open covering of A;. By the compactness of A;, we can find
finitely many balls {Ur](‘/}Z) Vi€ A1 <i< qj}, where 7;; = 7y, such that
() The balls U,,,/2(V;;) with half radii cover Aj;
(ii) The balls U, ,(V;;) are disjoint from Ay if |j — k| > 2.
In the following, we denote U, ,(V};), U,,,/2(V;:) and Xy, , by Uy, 0]2 and X ; respectively.
Now we can construct a partition of unity {¢;; : j € N,;1 < < ¢;} subordinate to the
covering {Um, 1<i1<4gq;,5€ N} by

_ Vii(V)
Z{@an(v)vp eN1<qg< QP}7

Sﬁj,i(V)

where ¢;,(V) = F(V, AN\U;,).
The map X : A¥ — X(M) is defined by
(4.3) X(V)=F(V,A%) > @)X
jEN,1<i<g;

The following lemma is a straightforward consequence of the construction.

LEMMA 4.3. The map X : V. — X (V) is continuous with respect to the C* topology on

4.3. A map from A’ to the space of isotopies. In this part, we will associate each

V € A with an isotopy of M in a continuous manner. The isotopy will be generated by the
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vector field X (V). In particular, given V € AL, we use @ : Rt x M — M to denote the
one parameter group of diffecomorphisms generated by X (V).

Given Q € C(M) with 9Q € A*, we will deform © by ®g/(t) to get a 1-parameter family
of sets of finite perimeter 2, = ®|50/(¢)(£2), and we will show that the A° functional of €
for some ¢ > 0 can be deformed down by a fixed amount depending only on F (|09, AS,).

In fact, given V € A;, let p(V) be the smallest radii of the balls Uy, which contain
V. As there are only finitely many balls U;“ which intersect A; nontrivially, we know that
p(V) > r; > 0, where r; depends only on j; moreover, by construction the sub-index k of
these Uy ; can only be j—1,, or j+1. Then by (4.2) and (4.3), we have for any W € U, (V)
that

1

SNV = ¢ [ 1XOV)dr < =57 min{esoa, 1.

Therefore we can find two continuous functions g : R™ — R* and p : RT — R, such that

p(0) = 0 and

SWEEW) ~ e [IXW)lduy < ~g((V,AL)),  HEF(V.V) < p(B(V. AZ))
In particular, by (1.2),
(4.4) JA (X (V)) < —g(F(V, Ago)), if Qe C(M),F(]oQ],V) < p(F(V, Ago))

Next, we will construct a continuous time function 7" : [0, 00) — [0, 00), such that
() limyo T'(t) = 0, and T'(t) > 0 if ¢t # 0;
(ii) For any V € AL denote v = F(V, A%.); then V; = (CIJV(t))#V € Uy,)(V) for all
0<t<T(v).
In fact, given V € A4;, and p = p(F(V, AS)) > 0, there exists Ty > 0, such that V, € U,(V)
for all 0 < ¢ <Ty. Moreover, by the compactness of A; and the continuity of @y (¢)xV in V
and t, we may choose Ty such that Ty, > T} > 0 for all V' € A;, where T} depends only on

J. Interpolating between the Tj yields the desired continuous function 7" depending only on

F(V, A%).
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In summary, given V € A\ AS_, denote v = F(V, A¢.) > 0,
Uy (t,-) =Dy (T(y)t,-), fortel0,1],

and L : Rt — RY, with L(v) = T'(7)g(7); then L(0) = 0 and L(vy) > 0 if v > 0. We can
deform V' through a continuous family {Vt = (\Ilv(t))#V 1t e |0, 1]} C Uy (V), such that
(¢) The map (¢,V) — V; is continuous under the F-metric;
(77) Using (4.4), when V =0Q, Q € C(M), v = F(|022|, AS,) > 0, we have

T(v)
A(Q) — A(Q) < / BAY] (X (10 )t < ~T(1)g(7)
(4.5) 0

(4.6) X(V)=T(y)X(V).

4.4. Deforming sweepouts by the tightening map. Applying our tightening map
constructed above in place of [94, §4.3] to a critical sequence provided by Lemma 3.7, we

can deduce the following result.

PROPOSITION 4.4 (Tightening). Let II € = (C(M,M),{0}), and assume L°(Il) > 0.
For any critical sequence S* for 11, there exists another critical sequence S for Il such that

C(S) C C(S*) and each V € C(S) has c-bounded first variation.

PROOF. Take S* = {¢}}, where ¢} : I(1,k;)o — (C(M),{0}), and ¢} is 1-homotopic to
¢7,1 in (C(M),{0}) with fineness 6; \, 0. Let Z; : I(1,k;)o % [0, 1] = C(M) be defined as

Ei(x,t) = \Ij|8¢;(x)\(t)(¢;<(x))'

Denote ¢t(+) = Z;(+, t). Heuristically, one would like to set ¢; = ¢; as the desired sequence,
but since the isotopies Wg4:(,) depend on z, the fineness of {¢}} could be large even if (¢})

is small. Thus we need to interpolate ¢; to get the desired ¢;, but we need to make sure
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the values of ¢; after interpolation are F-close to those of ¢}. Similar difficulties appeared in
the same way in [86, §15]. The authors in [86] used a discrete-to-continuous interpolation
argument. Unfortunately we cannot adapt their argument, since their constructions involve
currents which may not be boundaries of Caccioppoli sets. Instead, we develop another

interpolation method in Claim 2. Before that, we pause to prove:

Claim 1: if lim;_,o A%(¢} (z;)) = Le(I), then (up to relabelling) there is a subsequence

{o}(z;)} converging (as varifolds) to a varifold in C(S*) of c-bounded first variation.

Proof of Claim 1: By (4.5),
(4.7) A6} (@) — A} () = —L(),
where v; = F(|06! ()|, A%,). Therefore,
LA(I1) = lim A°(6}(2)) = lim A%(6 (2,)) — L(lim ;) < L(ID) — L{limy,),

so actually we must have lim~v; = 0 and this implies that lim |0¢f(x;)| € AS,. Moreover,
by our construction of the tightening map, each |0¢}(xz;)| had to be p(v;)-close to |0 (z;)|

under the F-metric, therefore
lim [0¢; (x;)| = lim |0¢; (x;)] € AS. N C(S¥),

and this finishes the proof of the claim.

Claim 2: there exist integers l; > k; and maps ¢; : I(1,1;)o0 — (C(M),{0}) for each i,
such that S = {¢;} is homotopic to S*, and

(a) ¢f = ¢;on(ly, k;) on I(1,k;)o;

(b) (¢;) = 0, as i — ooy

(c) A(¢ps(x)) — max{A(}; (y)) : a € [(1, k)1, z,y € a} — 0, uniformly in x € 1(1,1;)o
as v — 00.

(d) max{F(9¢;(x), 0} (y)) : a € I(1,k;)1, 7,y € a} — 0, as i — oo.
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Proof of Claim 2: The idea is to extend ¢} to a piecewise continuous (with respect to
the F-metric) map on I and then apply the discretisation result in [125, Theorem 5.1]. The
technical details may be found in [126, Appendix B]. O

In particular, S is a valid sequence in II, and we now check that it satisfies the require-
ments of the proposition. First, property (c) and the fact that S* is a critical sequence directly
imply that S is also a critical sequence. It remains to show that every element in C'(S) must
lie in C'(S*) and have c-bounded first variation. Given V € C(S), one can find a subse-
quence (without relabelling) {¢;(7;) : T; € I(1,1;)0} C C(M), such that V = lim|0¢;(T;)| as
varifolds, and

lim A%(¢:(7;)) = L°(10).

We will need to first consider ¢;(z;) = ¢; (z;), where z; is the nearest point to Z; in I(1, k;)o.

By (c¢) and (d), we have lim A%(¢}(z;)) = L°(II) and also lim |0¢;(Z;)| = lim |0¢; (x;)| as
varifolds. Then by Claim 1, we conclude that V' € A5 NC(S*). This completes the proof. [

5. c-Almost minimising

In this section, we introduce the notion of c-almost minimising varifolds, and prove the
existence of such a varifold from min-max construction. We prove the existence of a c-
replacement for any c-almost minimising varifold. Using this property, we show that every
blowup of such varifold is regular. As an easy consequence, the tangent cones of such varifolds

are always integer multiples of planes.

DEFINITION 5.1 (c-almost minimising varifolds). Let v be the F, M-norms or the F-
metric. For any given ¢, > 0 and an open subset U C M, we define 2Z°(Uj; €, ;) to be the
set of all Q € C(M) such that if Q = Qq,Qy,Q, -+ ,Q,, € C(M) is a sequence with:

(i) spt(€h — Q) C U;

(i) AS(Q) < A(Q) + 6, fori=1,--- ,m,
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then A°(Q,,) > A%(Q) —e.
We say that a varifold V' € V,(M) is c-almost minimising in U if there exist sequences

€ — 0,0, = 0, and Q; € Z(U;¢;,0;; F), such that F(|0Q],V) < ¢;.

The following simple fact says that c-almost minimising implies c-bounded first variation.

LEMMA 5.2. Let V € V,(M) be c-almost minimising in U, then V has c-bounded first

variation in U.

PROOF. Suppose by contradiction that V' does not have c-bounded first variation, then

there exist ¢y > 0 and a smooth vector field X € X(U) compactly supported in U, such that

/ ding(x)dV(as,S)’ > (c+ eo)/ | X |dpy > 0.
Gn(M) M

By changing the sign of X if necessary, we have

/ divg X (z)dV (z,5) < —(c+ eo)/ | X |dpy .
Grn(M) M

By continuity, we can find ¢; > 0 small enough depending only on €y, V, X, such that if
Qe C(M) with F(|092|,V) < 2¢;, then

o0 29 2 Ju

If F(|0Q|,V) < €, then by deforming € along the 1-parameter flow {®X(¢) : ¢t € [0,7)}
of X for a uniform short time 7 > 0, we can obtain a l-parameter family {2, € C(M) :
t € [0,7)}, such that ¢ — 02 is continuous under the F-topology, with spt(£2; — Q) C U,
F(|ou], V) < 2¢; and A°(€) < A°(Q) = A%Q) for all ¢ € [0,7), but with A°(Q2,) <
A°(2) — € for some €3 > 0 depending only on €, €, V, X.

Summarising the above, given any € < min{ej, e} and 6 > 0, if Q@ € C(M) and
F(]0Q, V) < ¢, then Q ¢ 7¢(U;e,6;F); this contradicts the c-almost minimising prop-

erty of V. 0
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We will need the following equivalence result among several almost minimising concepts
using the three different topology. In particular, we can actually use the M-norm instead at

the expense of shrinking the open subset U C M.

PROPOSITION 5.3. Given V' € V,(M), then the following statements satisfy (a) =

(b) = (¢) = (d):

REMARK 5.4. The proof was originally due to Pitts [94, Theorem 3.9]. In our context,
we work with boundaries instead of general integral currents. Furthermore, in Definition

5.1(iii), we use the A® functional instead of the mass M.

PROOF. It is easy to see (a) = (b) = (c¢). The last implication (¢) = (d) is an
interpolation process which was originally established in Pitts [94, Proposition 3.8] using
integral cycles. The corresponding interpolation process using boundaries of Caccioppoli
sets was obtained by the first author in [125, Proposition 5.3]. The detailed description of

this process may be found in [126, Appendix A]. d

DEFINITION 5.5. A varifold V' € V,,(M) is said to be c-almost minimising in small annuli
if for each p € M, there exists 74, (p) > 0 such that V' is c-almost minimising in A, (p) " M
for all 0 < s < r < rgm(p), where A ,.(p) = B, (p)\Bs(p).

THEOREM 5.6 (Existence of c-almost minimising varifold). Let II € 7* (C(M,M),{0}),
and assume that L¢(I1) > 0. There exists a nontrivial V € V,(M), such that
(i) V € C(S) for some critical sequence S of I1;
(ii) V' has c-bounded first variation;

(iii) V is c-almost minimising in small annuli.
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PROOF. First we can pick a critical sequence S of II which has been pulled-tight by
Proposition 4.4, so that every V € C(S) has c-bounded first variation. Suppose for the sake
of contradiction that for each V' € C(S), there exists a p € M, such that there are arbitrarily
small annuli centred at p on which V' is not c-almost minimising. Then by Proposition 5.3, V'
is also not c-almost minimising with respect to the mass norm on these annuli (i.e. v = M).

Specifically, for any 7 > 0, there exists r,s > 0 with 7 > r +2s > r —2s > 0, and € > 0,
such that for any § > 0, and Q € C(M) with F(|0Q2],V) < ¢, then Q ¢ Z¢(A,_as,42s(p) N
M:;e,6; M). Now using the same argument as in [94, 4.10] by changing the mass functional
M to the A°-functional, one can construct a new 1-homotopic sequence S which is homotopic

to S, and L¢(S) < L¢(S); but this contradicts the criticality of S. O

Now we formulate and solve a natural constrained minimisation problem which will be

used in the construction of c-replacements.

LEMMA 5.7 (A constrained minimisation problem). Given ¢,6 > 0, U C M and any
Qe g (U;e 0, F), fir a compact subset K C U. Let Cq be the set of all A € C(M) such that
there exists a sequence @ = Qg, Qq, -+, QL = A in C(M) satisfying:

(a) spt(€; — Q) C K;
(b) F(0; — 0441) < 6
(c) A°(%) < A(QY) +6, fori=1,--- ,m.
Then there exists Q* € C(M) such that:
(i) Q* € Cq, and
AS(Q) = inf{A°(A) : A € Cq},

(i) Q* is locally A°-minimising in int(K),
(iii) Q* € Z(Use, 8; F).

PROOF. Proof of (i): Take any minimising sequence {A;} C Cq, i.e.

lim A°(A;) = inf{A°(A) : A € Cq}.

Jj—00
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Notice that spt(A; — Q) C K and A°(A;) < A°(Q) + 6 for all j. By standard compactness
[105, Theorem 6.3], after passing to a subsequence, OA; converges weakly to some 0Q* with
0 € C(M) and spt(Q* — Q) € K. We will show that Q* is our desired minimiser. Since
OA; converges weakly to 9Q*, we have that H"(0Q*) < lim;_o H"(9A;) and H" T (Q*) =

limj_yo H"(A;). Therefore,
(5.1) AS(QF) <inf{A°(A): A € Cq}.

It remains to show that Q* € Cq. For j sufficiently large, we have F(OA; — 0Q*) < §. Since
A; € Cq, there exists a sequence Q@ = €, Qy,---,Q,, = A; in C(M) satistying conditions
(a-c) above. Consider now the sequence Q2 = Qg,Qy, -+ ,Qp = A}, Q= QF in C(M); it

trivially satisfies conditions (a) and (b). Moreover, using (5.1), we also have
A7) < A°(A;) < A%(Q) + 0.

Therefore, Q* € C, and hence (i) has been proved.
Proof of (ii): For p € int(K), we claim that there exists a small B,(p) C int(K) such

that
(5.2) A7) < A%(A),

for any A € C(M) with spt(A — Q%) C B,(p). To establish (5.2), first choose > 0 small so
that ¢- Vol(B,(p)) < 6/4 and M(8Q*L_B,(p)) < §/4 (this is possible since 0 is rectifiable).
Suppose (5.2) were false, then there exists @' € C(M) with spt(Q — Q%) C B,(p) such that
Ac(Q) < A°(2*). We will show that ' € Cq, which contradicts that 2* is a minimiser from
part (i).

To see that Q' € Cq, take a sequence Q = Qg, Qq, -+, Q,, = Q" in C(M) satisfying (a-c)
above, and append €, 11 = Q' to the sequence. Since spt(2*—Q) C K and spt(QY —Q*) C K,
we have spt(€ — ) C K. By the facts that spt(Q' — Q%) C B.(p) and A%(Y) < A%(Q*), we
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have
M(0Q'LB,(p)) < M(3Q*LB,(p)) + c[H" (" N B,(p)) + H" (' N B.(p))]
< M(OQU'LB,(p)) + 2¢ Vol(B,(p));

hence

M(OQ — 00) < M(8YLB,(p)) + M(0Q'LB,(p)) < 6.

So F(0QY —0Q*) < M(0QY —0Q*) < 4. Finally note A°(Q) < A°(Q*) < A°(Q)+9. Therefore
) € Cq, and this proves part (ii).
Proof of (iii): Suppose that the claim is false. Then by Definition 5.1 there exists a
sequence 2* = QF Q-+ Q) in C(M) satisfying
o spt(QF — Q%) C U,
o F(OQh — 00, ) < 0;
o A°(Q) < A(QY)+ 4, fori=1,--- ¢,
but A°(2)) < A°(Q*) —e.

Since Q* € Cq by part (i), there exists a sequence Q = Qg, Qq, -+, ,, = Q* satisfying
conditions (a-c) above. Then the sequence Q = Qg,Qy, -+, Qyy,, Q.-+, in C(M) still
satisfies those conditions (a-c), since A°(Q*) < A°(§2) implies that A°(2) < A%(Q) + 4.
Therefore 2 € &/(Use€,d; F) implies that A°(2)) > A°(Q) —e > A°(QY*) — ¢, which is a

contradiction. This proves part (iii). O

PROPOSITION 5.8 (Existence and properties of replacements). Let V € V, (M) be c-
almost minimaising in an open set U C M and K C U be a compact subset, then there exists
V* e V,(M), called a c-replacement of V in K such that

(i) VL(M\K) = V*L(M\K);,
(it) —eVol(K) < [[V[[(M) = [[V*[[(M) < ¢ Vol(K);
(111) V* is c-almost minimising in U;
(iv) moreover, V* = lim; , |02| as varifolds for some Qf € C(M) such that Qf €

A(U; €, 045 F) with €;,0; — 0; furthermore QF locally minimises A° in int(K);
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(v) if V has c-bounded first variation in M, then so does V*.

PROOF. Let V' € V,(M) be c-almost minimising in U. By definition there exists a
sequence §); € A (U;€;,d;; F) with €;,0; — 0 such that V' is the varifold limit of |0€);|. By
Lemma 5.7 we can construct a c-minimiser Qf € Cq, for each . Since M(097) is uniformly
bounded, by compactness there exists a subsequence |0€2f| converging as varifolds to some
V* € V,(M). We claim that V* satisfies items (i)-(v) in Proposition 5.8 and thus is our

desired c-replacement.

e First, by part (i) of Lemma 5.7, we have Qf € Cq, and thus spt(Q2f — ;) C K.
Hence the varifold limits satisfy V*LL(M\K) = VL (M\K).
e Second, as Q; € (U, €;,0;; F) and §f € Cq,, we have

A() — & < A7) < A°();
thus by (1.1),
M(09;) — cH™ 1) — 6 < M(O) — cH™ Q) < M(0;) — cH™ 1 (€).

Note that [H"1(Q;) — H™ ()] < Vol(K); taking ¢ — oo, we have —c Vol(K) <
VM) = [[V=[[(M) < cvol (k).

e Since each Qf € Z¢(U;¢;,6;; F) by Lemma 5.7(iii), by definition V* is c-almost
minimising in U.

e (iv) follows from Lemma 5.7(ii).

e Finally by (iii) and Lemma 5.2, V* has c-bounded first variation in U. By (i) and a
standard cutoff trick it is easy to show that V* has c-bounded first variation in M

whenever V' does.

[l

LEMMA 5.9 (Regularity of c-replacement). Let 2 < n < 6. Under the same hypotheses

as Proposition 5.8, if X = spt ||V*|| Nint(K), then
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(1) ¥ is a smooth, almost embedded, stable c-boundary;
(2) the density of V* is 1 along R(X) and 2 along S(3);

(3) the restriction of the c-replacement V*_ int(K) = 3.

PROOF. By the regularity for local minimisers of the A¢ functional (Theorem 2.14), we
know that each 02 is a smooth, embedded, stable c-boundary in int(K’) by Proposition

5.8(iv). The lemma then follows from the compactness Theorem 2.11. 0

Using Proposition 5.8, we can obtain the following preliminary lemma. It will be essential
for proving that various blowups of the c-min-max varifold are planar, particularly in the

proposition to follow, and in section 6. Given p € M,r > 0, let ,, : R* — R” be the

z—p
s

dilation defined by n,,.(7) =

LEMMA 5.10. Let 2 < n < 6, and V € V,(M) be a c-almost minimising varifold in
U. Giwen a sequence p; € U with p; — p € U and, a sequence r; > 0 with r; — 0, let
V= lim(n,, ., )#V be the varifold limit. Then V is an integer multiple of some complete

embedded minimal hypersurface ¥ in T, M, and moreover, ¥ is proper.

PROOF. By Lemma 5.2, V has c-bounded first variation in U, so the blowup V is sta-
tionary in T,M. We will show that V satisfies the good replacement property (Definition
2.17) in any open subset W C T, M, which will imply that V is regular by Proposition 2.18.
The properness follows from the Euclidean volume growth of V', which is a direct corollary
of the monotonicity formula.

Now fix a bounded open subset W C T,M and an arbitrary x € W. Consider an
arbitrary annulus An = A, ;(z) C W of outer radius ¢ < 1. We will show that V has a good
replacement in An in the sense of Definition 2.16. Since n,, ,.(M) — T, M locally uniformly,
we can identify n,, .. (M) with T, M on compact subsets for i large. Denote An; = n,", (An),
then An; C U for i large. For each i large, we may apply Proposition 5.8 to obtain a c-

replacement V* of V in An;. Denote V; = (M, )2 Vi's Vi = (m,,,,)4+V, then up to taking
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subsequences we have

V' = lim V:, for some varifold V' in T,M.

1—+00
Moreover, we can deduce the following for V'

e Proposition 5.8(i) = V; L (W\An) = V,;L(W\An), hence
V'L(W\An) = VL (W\An):;

e Proposition 5.8(ii) = —cVol(An;) < HV?H(W) - HV,H(W) < ¢ Vol(An;) "

Since the outer radius of An, is at most r;, for large i there exists some Cy > 0

depending only on M such that Vol(An;) < Cor™'. This implies that
_/ —_—
VW) = [[VI(W);

e Proposition 5.8(iii) == V;* has ¢-bounded first variation in U, hence V' is stationary
in W,

e By Lemma 5.9, the restriction V;*LLAn; is a smooth, almost embedded, stable c-
boundary Yf. Consider the rescalings: %; = M,.,(57) C An. By Proposition
5.8(ii) and the monotonicity formula [105, 40.2], ¥; have uniformly bounded mass.
This together with the compactness Theorem 2.11(iii) implies that V'L An is an

embedded stable minimal hypersurface.

Therefore, Vs a good replacement of V in An. By Proposition 5.8(iii), each V;* is still
c-almost minimising in U. Hence for any other annulus An’ C W of outer radius < 1, we
can repeat the above process and produce a good replacement V"' of V' in An’. In fact,
we may repeat this process any finite number of times. In particular, V satisfies the good

replacement property (Definition 2.17) in W, and this completes the proof. O

PROPOSITION 5.11 (Tangent cones are planes). Let 2 < n < 6. Suppose V € V,(M)

has c-bounded first variation in M and is c-almost minimising in small annuli. Then V is
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integer rectifiable. Moreover, for any C' € VarTan(V, p) with p € spt ||V,
(5.3) C =0"(||VI,p)|S| for some n-plane S C T,M where ©"(||V||,p) € N.
PROOF. Let r; — 0 be a sequence such that C' is the varifold limit:

C = llm (np,n)#‘/‘

i—00
First we know C' is stationary in T,M. Since V' is c-almost minimising in small annuli
centred at p, by the same argument as in Lemma 5.10, we can show that C' satisfies the good
replacement property (Definition 2.17) in T, M. (Note that Definition 2.17 only requires the
existence of good replacements in small annuli.) Therefore, by Proposition 2.18, C' is an
integer multiple of some embedded minimal hypersurface of 7}, M, and moreover, it is a cone
by [105, 19.3]. In particular C' is smooth and hence spt ||C|| must be a plane. This finishes
the proof. 0

6. Regularity for c-min-max varifold

In this section, we prove the regularity of our min-max varifolds. In particular we prove
that every varifold which has c-bounded variation and is c-almost minimising in small annuli

is a smooth, closed, almost embeded, CMC hypersurface with multiplicity one.

THEOREM 6.1 (Main regularity). Let 2 < n <6, and (M™, g) be an (n+1)-dimensional

smooth, closed Riemannian manifold. Suppose V- € V,(M) is a varifold which

(1) has c-bounded first variation in M and

(2) is c-almost minimising in small annuli,
then V is induced by ., where

(i) X is a closed, almost embedded c-hypersurface (possibly disconnected);

(ii) the density of V' is exactly 1 at the reqular set R(X) and 2 at the touching set S(X).
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PROOF. The conclusion is purely local, so we only need to prove the regularity of V near
an arbitrary point p € spt ||[V||. Fix a p € spt||V]|, then there exists 0 < 79 < 74 (p) such
that for any r < rp, the mean curvature H of dB,.(p) N M in M is greater than c¢. Here
Tam(p) is as in Definition 5.5.

In particular, if r < ro and W € V,,(M) has c-bounded first variation in B,(p) N M and

W # 0 in B,(p), then by the maximum principle (Proposition 2.13)
(6.1) 0 # spt ||W|| N 0B,(p) = Clos (spt ||W]| \ Clos(B,(p))) N IB,(p).

Note that in the second equality we need a localised version of Proposition 2.13 which holds
true by the remark after [119, Theorem 2].

We will show that VLB,,(p) is an almost embedded hypersurface of constant mean
curvature ¢ with density equal to 2 along its touching set. The argument consists of five

steps:

Step 1: Constructing successive c-replacements V* and V** on two overlapping concentric
annuli.

Step 2: Gluing the c-replacements smoothly (as immersed hypersurfaces) on the overlap.
Step 3: Extending the c-replacements down to the point p to get a c-‘replacement’ V on the
punctured ball.

Step 4: Showing that the singularity of V at p is removable, so that V is regular.

Step 5: V coincides with the almost embedded hypersurface V on a small neighbourhood of

p.

We now proceed to the proof.

Step 1. We first describe the construction of c-replacements on overlapping annuli; a

key property will be that the replacements are also boundaries in the chosen annulus (see

Claim 1).
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Fix 0 < s <t < ryg. By the choice of ry, we can apply Proposition 5.8 to V' to obtain a

c-replacement V* in K = Clos(A;:(p) N M). By (6.1) and Lemma 5.9, the restriction
21 = V*L(As’t(p) N M)

is a nontrivial, smooth, almost embedded, stable c-boundary with outer unit normal v;.

By Proposition 2.9, the touching set S(X;) is contained in a countable union of (n — 1)-
dimensional connected submanifolds | J SYC). Since a countable union of sets of measure zero
still has measure zero, it follows from Sard’s theorem that we may choose sy € (s,t) such
that O(Bs,(p) N M) intersects X1 and all the S transversally.

Given any s; € (0, s), by Proposition 5.8(iii), we can apply Proposition 5.8 again to get
a c-replacement V** of V* in K = Clos(Ay, s,(p) N M). By (6.1) and Lemma 5.9 again, the
restriction

E2 == V**L(Asl,sz (p) N M)

is also a nontrivial, smooth, almost embedded, stable c-boundary with outer unit normal v5.
Note that by Proposition 5.8(v), both V* and V** have ¢-bounded first variation.

We can choose the second c-replacement V** so that it satisfies:

Claim 1: there exists a set ¥* € C(M), such that

a) X1 N As,(p) and Xy are the boundaries of ™ in As, +(p) and As, s,(p) respectively;
b) vy, v coincide with the outer unit normal of Q** in Ag, +(p) and A, s, (p) respectively;

c) if [[V*)(0Bs,(p)) =0, then V** is identical to |0X**| in As, +(p) N M.

Proof of Claim 1: Fix 0 < 7 < s, then by Proposition 5.8(iv), V* = lim;_,, |0} as
varifolds for some Qf € C(M), where Qf € (A, ,,(p) N M;e;, ;3 F) with €;,6; — 0. The
regularity of the 0€2; as in the proof of Lemma 5.9, together with the compactness Theorem
2.11 imply that 0QfLAs+(p) converges locally smoothly to ¥, in A, ,(p) N M.

Applying Lemma 5.7 for each Qf in K = Clos(4s, s,(p) N M), we can construct new

c-minimisers (2}, such that
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o spt(QF — Q) C K = Clos(As, s, (p) N M);

e O is locally A°minimising in Ay, ,(p) N M;

o V** =lim |02 *| as varifolds;

o 0L A, s, (p) converges locally smoothly to ¥y (again as in the proof of Lemma
5.9).

By the weak compactness [105, Theorem 6.3], up to a subsequence, 9§2:* converges weakly as
currents to some 0Q** with Q** € C(M). Claims (a) and (b) follow from the locally smooth
convergence. The weak convergence implies that || 0Q*||(As, +(p)) < [[V**||(As,.:(p))-

If [|[V*]|(0Bs,(p)) = 0, then together with the locally smooth convergence, we have
10€2[(Asy £(p)) = IV [[(Asy.1(p)); moreover, V'L (A, 1(p) N M) = [0927[L(As, 1(p) N M)
by [94, 2.1(18)(f)]. This confirms (c). O

Step 2. We now show that ¥; and ¥, glue smoothly (as immersed hypersurfaces) across

O(Bs,(p) N M). Indeed, define the intersection set
(6.2) ['=%,N0(Bs,(p)NM), ST)=I'nNSE).

Then by transversality, I" is an almost embedded hypersurface in 0(Bs,(p) N M), and S(I)

is its touching set. Notice that
(6.3) S(I) is closed, and R(I") = I'\S(I') is open in I'.
It follows from the maximum principle that

Clos(X2) NO(Bs,(p) N M) C T.

Indeed, (6.1) implies that any y € Clos(¥2) NO(Bs,(p) N M) is also a limit point of spt || V**||
from the outer side of 0B;,(p), on which V** coincides with ;. In fact, with a little more

work we have
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Claim 2: Clos(X2) NO(Bs,(p) N M) =T, and then ¥y glues together continuously with
Y.
Proof of Claim 2: By Proposition 5.8(i), we have

(6.4) Vi i=V"=5%,, inA,.(p)NM.

Given any x € I', using (6.4), Proposition 5.11 and the fact that ¥; meets 0(Bs,(p) N M)

transversally, we have
(6.5) VarTan(V**, x) = {©"(||[V*]|, x) |T:21]}

This implies that  is a limit point of spt ||V**|| from inside of 0B, (p), and thus completes

the proof of the claim. 0

As a direct corollary of (6.5), [105, Theorem 3.2(2)] and Claim 1(c), we have

(6.6) |V**||(0Bs,(p)) = 0, and hence V** = |0Q™*| in Ag, +(p) N M.

Furthermore, we will show that ¥; glues with X5 in C, i.e. the tangent spaces of 3; and
Yo agree along I', with matching normals. Take an arbitrary ¢ € I'. We will need to divide

to two sub-cases:
Sub-case (A): ¢ is a regular point of ¥4, i.e. ¢ € R(I).
First we have the following.

Claim 3(A): Fiz x € R(T), for any sequence of x; — x with x; € R(T) and r; — 0, we
have

lim (n,, . )4V =1T,X; as varifolds.

1—>00
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Proof of Claim 3(A): By the weak compactness of Radon measures, after passing to a

subsequence,

(6.7) lim (1, );V** = C € Va(TuM).

1—00

By Lemma 5.10, C' is a regular, proper, complete minimal hypersurface in 7,M. By (6.4),
C' coincides with T3, on a half space of T, M. The classical maximum principle implies
that C' D T, %;. It then follows from the half space theorem for minimal hypersurfaces [64,
Theorem 3] that there are no other connected components of C. Thus C' = T,%; and the

proof is complete. O

Since {(n,, ,,)sV™* : i € N} have uniformly bounded first variation, a standard argument

using the monotonicity formula implies that
(6.8) spt |[(n,,,,):V™ || = TpX1 in the Hausdorff topology.

To show that ¥; and X, glue together along I' in C! near q. We need to show that:

Claim 4(A): For each x € R(I"), we have

z—>1;rl,zné22 (z) = 11 (x).

Moreover, the convergence is uniform in x on compact subsets of I' near q.

Proof of Claim 4(A): The uniformity follows from the fact that v is continuous on I, so
we only need to establish the convergence to v;.

So consider a sequence z; € Y converging to some x € R(I'). Since x is a regular point
of ¥, by Claim 3(A) and the upper semi-continuity of density function for varifolds with
bounded first variation [105, 17.8], we know that z; is also a regular point of ¥, for ¢ large
enough.

Take x; € T to be the nearest point projection (in RY) of z; to ' and r; = |2z; — 4.

Note that z; — x € R(I') and r; — 0, so we are in the situation of Claim 3(A). Note that
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2N By, /2(%) is an embedded, stable c-hypersurface in M, so by Theorem 2.11 a subsequence
of the blow-ups n,.,.(32 N B,,/2(2;)) converges smoothly to a smooth, embedded, stable,
minimal hypersurface ¥, contained in a half-space of T, M.

On the other hand, Claim 3(A) and (6.8) imply that 7, ,. (32 N B,,/2(z;)) converges in
the Hausdorff topology to a domain in 7,3;. Therefore, we have ¥, C T,>;. The smooth
convergence then implies that v5(z;) converges to one of the unit normals v (z) of T,%;.
By Claim 1 and (6.6), we know that V** = |0Q**| in A, +(p) N M and ||0Q**||(0Bs,(p)) = 0,

therefore the limit of the 15(z;) must be v4(x), so Claim 4(A) is proved. O

Thus we have proven that near any regular point ¢ € R(I'), ¥; and ¥, glue together
along I' as a C! hypersurface with matching outer unit normals v, 1. The higher regularity
follows from a standard elliptic PDE argument. More precisely, ¥; and Y5 can be written
as graphs of some functions uy, up over T,3; respectively. Since the mean curvatures of both
Y1 and X, are identical to ¢ > 0 with respect to some unit normals pointing to the same
side of 7,3, they satisfy the same mean curvature type elliptic PDE with in-homogenous
term equal to c. The higher regularity follows from the elliptic regularity of this PDE. This
finishes Sub-case (A).

At this point we have proven that ¥, glues smoothly with ¥, N A, :(p) along R(T').
Moreover, by the unique continuation for elliptic PDE, we know that Y5 is identical to ¥
in a neighbourhood of R(I') in A, (p) N M. We will need to show that the smooth gluing

extends to the touching set S(I').
Sub-case (B): ¢ is a touching point of ¥y, i.e. ¢ € S(I') C S(%y).

By Lemma 5.9, in some small neighbourhood U C M of ¢, ¥; N U is the union of two
connected, embedded c-hypersurfaces ¥, ; U X; o with unit normals 14 ; and 14 2, such that
Y1 2 lies on one side of ¥ ; and they touch tangentially at S(X,)NU = ¥, 1NE; 5. By Lemma

2.7, 111 = —v1 9 along the touching set S(X;) NU. Denote I'N¥;; =T and I'NXy 0 =Ty,
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then as embedded submanifolds of 9(Bs,(p) N U), I'y lies on one-side of I'; and they touch

tangentially along S(I') N U.

Claim 3(B): Fiz x € S(I') and denote P, = T, X1 1 = 1,21 2. For any sequence of x; — x

with x; € I' and r; — 0, up to a subsequence we have

. P, +T1,P, for Type I convergence
lim (n,, ,,);V™" = ,
e 2P, for Type II convergence

where T,, denotes translation by a vector w, and v € (P,)*

is a vector in T, M orthogonal to
P, (v may be oo, in which case 7, P is understood to be the empty set). The two convergence

scenarios are:

e Type I: liminf; . distgz (z;, S(I"))/r; = o0,

e Type II: liminf; , distge(z;, S(T'))/r; < 0.

Proof of Claim 3(B): First we determine the blowup limit C" = lim;_,(n,, ,,) (X1)-

In Type I convergence, for any R > 0, I' N B, g(z;) C R(I') for ¢ large enough. Up to
a subsequence, we can assume that all z; belong to I'y, then (n,. ,.)(X11) converges locally
smoothly to P,. Let z; be the nearest point projection of z; to ¥ 9, and let v = lim;_,, w/%
(up to taking a subsequence), which maybe oo. If v is finite, then (n,, . )(X12) converges
locally smoothly to P, + v; if v is infinite, then (n,, . )(¥12) disappears in the limit. So in
this case C' = P, + 1,P,. In the Type II scenario, the touching set does not disappear in
the limit and we have C" = lim(n,, .. )(X1) = 2P,.

Now let C' = lim; o0 (n,, )3V be the varifold limit as in (6.7). By Lemma 5.10, C
is a regular, proper, complete minimal hypersurface in T, M. Again C' must coincide with
C" = lim; (N, ) (1) on a halfspace of T, M. Since C consists of one or two parallel
planes, the classical maximum principle implies that C' contains these planes, and again the

halfspace theorem [64, Theorem 3] rules out any other components of C. Thus C is identical

to C', which completes the proof. O
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By Claim 3(B) and the same argument in Claim 4(A), we know that

(6.9) lim  [T.%] = [T,%4],

2—T,2E30

where [1,%,] and [T},3;] denote the un-oriented tangent planes of 33 and ¥; (without count-
ing multiplicity) respectively. Moreover, the convergence is uniform in z on compact subsets
of §(T") near ¢q. Therefore using the regularity of ¥, in Lemma 5.9, near ¢ the hypersurface
¥, can be written as a set of graphs {¥5; : ¢ = 1---1} over the half space [T,(X1 N Bs,(p))].

Indeed, take p small so that B,(q) N M may be identified with the tangent space T, M,
and for z € 33 N B,(q) let C.(z) denote (the image of) the cylinder in T,M with axis
perpendicular to 7,2, and radius e. For small enough p, €, by almost-embeddedness and the
uniform convergence of tangent planes, ¥ N Cc(z) N B,(q) decomposes as a finite number
of ordered graphs over 7,31 N C(z), which have uniformly bounded gradient § < 1. The
uniform gradient bound, together with unique continuation for CMC hypersurfaces imply
that this graphical decomposition may be extended all the way to the boundary I', preserving
the ordering and the gradient bound.

Now since Y5 glues smoothly with 3; along R(I"), and since R(I") is an open and dense
subset of I', we know that the set {¥5; : ¢ =1---1} consists of exactly two elements: one of
them, denoted by ¥s;, glues smoothly with ¥, ; along I'1\S(I'); the other one, denoted by
Y9, glues smoothly with 3 5 along I';\S(I'). Now (6.9) implies that the pairs (3, X21)
and (319, Xa2) glue together in C! near ¢ respectively. Again higher regularity follows from
the elliptic PDE argument as in Sub-case (A). This finishes Sub-case (B).

Step 3. We now wish to extend the replacements, via unique continuation, all the way
to the centre p.

Henceforth we denote V** by V** and X, by ¥, to indicate the dependence on s;. By
varying s; € (0,s), we obtain a family of nontrivial, smooth, almost embedded, stable c-
boundaries {¥;, C Aj s, (p) N M}. Since unique continuation holds for immersed CMC

hypersurfaces, by Step 2 we have 3, = ¥ in A, (p), and moreover, for any s] < s1 < s,
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we have Yy = X, in A, ,(p). Hence
U =.
0<s1<s

is a nontrivial, smooth, almost embedded, stable c-hypersurface in (Bs,(p)\{p}) N M. Also

‘/St* = 2’ in A31752( ) V** V* in As,sz(p>7

» Vs

and for any s| < s; < s, Vit =V in Ay, (D).

By Proposition 5.8, V** has c-bounded first variation and uniformly bounded mass for all
0 < s; < s, so the monotonicity formula [105, 40.2] implies that [|[V;*||(B.(p)) < Cr"
for some uniform C' > 0. Therefore as s; — 0, the family V}'* will converge to a varifold
V e V(M) ie.

V = lim V**, such that

S1 ?
s1—0 1

Y in (B, (p)\{p}) N
Ve in M\B(p)

<
I

(6.10) , and |V]|({p}) = 0.

Since p € spt ||V;**]|, by the upper semi-continuity of density function for varifolds with
bounded first variation [105, 17.8], we know that p € spt ||V].

Step 4. We now determine the regularity of V at p.

First, since V is the varifold limit of a sequence V;* which all have c-bounded first
variation, we know that V also has e-bounded first variation. Second, V, when restricted
to any small annulus A,o.(p) N M, already coincides with a smooth, almost embedded,
stable c-boundary Y. Using these two ingredients, we can use a blowup argument as in the
proofs of Lemma 5.10 and Proposition 5.11 (without the need for replacements) to show

that every tangent varifold of V at p is an integer multiple of some n-plane, i.e. for any
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C € VarTan(V, p),
C = 0"(||[V|,p)|S| for some n-plane S C T, M where ©"(||V||,p) € N.

Now the removability of the singularity of V at p (as an almost embedded hypersurface)
follows similarly to [94, Theorem 7.12]. We include the details for completeness. We can
assume that

" (|[V[l,p) =m

for some m € N. Since X is stable in a punctured ball of p, by Theorem 2.11, for any
sequence r; — 0,

np’ri(E) —m-S

locally smoothly in R\ {0} for some n-plane S C T,M. However, S may depend on the
sequence r;. By the convergence and the regularity of 3, there exists oq > 0 small enough,
such that for any 0 < o < ¢, ¥ has an m-sheeted, ordered (in the sense of Definition 2.2),
graphical decomposition in A,/ (p):

m

(6.11) VL Agpo(p) = [Zi(0)].

i=1
Here 3;(0) is a graph over A, /s ,(p) NS for some n-plane S C T,M.

Since (6.11) holds for all o, by continuity of ¥ we can continue each ¥;(cg) to (By,(p) \
{p}) N M, and we denote the continuation by ¥;. Since each piece ¥; has constant mean
curvature ¢, by a standard extension argument (c.f. the proof in [62, Theorem 4.1]), each
¥; can be extended as a varifold with c-bounded first variation in B,,(p) N M. Given

C; € VarTan(X;, p), to see that C; has multiplicity one, first notice that
(6.12) o"(Cill,p) > 1,

since each Y; is c-stable and thus its re-scalings converge with multiplicity to a smooth,

embedded, stable, minimal hypersurface by Theorem 2.11. If equality does not hold for
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some ¢ in (6.12), this will derive a contradiction since
VL Boy(p) = ) |5,
i=1

Therefore, each ¥; has c-bounded first variation in B,,(p) N M and ©"(|||%:]|l,p) = 1; by
the Allard regularity theorem [105, Theorem 24.2] and elliptic regularity, %; extends as a
smooth, embedded c-hypersurface across p. Finally, by the maximum principle (Lemma
2.7), we have m = 1 or m = 2 and this shows that V extends as an almost embedded

c-hypersurface across p.

Step 5. Finally, to complete the proof we show that V' coincides with V on a small ball
about p.

We will need the following simple corollary of the first variation formula.

LEMMA 6.2. For small enough r the set

VarTan(V, y) consists of an integer multiple of an
Try =y €spt [VIIN (B,(p)\{p}) :
n-plane transverse to O(Baist(y,p)(p) N M)

is a dense subset of spt||V|| N B,(p).

PROOF. Assume to the contrary that there exists y € spt ||V N (B.(p)\{p}), and some
some neighbourhood U of p in B,.(p) N M such that the tangent plane S, of V' at each point
z € UnNspt ||V is tangential to O(Bgist(zp)(p) N M). Since M is embedded in R”, the family
{0(B,(p) N M) : 0 < p < r} forms a smooth foliation of (B,(p) N M)\{p} for small enough
r. Let v be the outer unit normal of this smooth foliation. By our choice of ry, the mean

curvature on the foliation is

ALVT, (O(Bgiss gy ()NM)V > C.
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Consider the vector field X = ¢ - v, where ¢ > 0 is a smooth cutoff function supported in

U. Plugging X into the first variation formula, we get
V(X) = /divsz(w)dHVH(Z) = /80 -divs_ (v)d||V||(2)
> e [edlVie) = e [ Vi),

In the second equality we have used the fact that S, is tangential to the foliation and hence
perpendicular to v. This contradicts that V' has c-bounded first variation and thus finishes

the proof. [l

Claim 5: For small enough r, spt||V|| = X in the punctured ball (B,.(p)\{p}) N M.

Proof of Claim 5: We first prove that Tr;/ C %, which combined with Lemma 6.2 will
imply that spt ||V N (B,(p)\{p}) C E. Fix y € Tr; N (B,(p)\{p}), and let p = dist(y, p).
Consider V. By transversality we have y € Clos(spt |[V|| N B,(p)). On the other hand,
Vy*=V* =V inside B,(p), so by (6.1) we have

Clos(spt [ V| N1 B,(p)) NOB,(p) = Clos(spt V" N B,(p)) N OB, (p)

C  Clos (spt |V, \ Clos(B,(p))) N 9B,(p).

Since spt ||V,*|| = X on A, ,,(p), we therefore have y € 3.

Next we show the reverse inclusion ¥ C spt||V||. Since ¥ extends across p as an al-
most embedded hypersurface, we know that 7,3 is transverse to O(Baist(y,p)(p) N M) for
all y € ¥ N B,(p) for small enough r. Let p and V;* be as above, then y € spt ||V .
By Proposition 5.11, VarTan(V;*,y) = {©"(||[V;*[|,y)|T,%]}. By the transversality, we
then have y € Clos(spt ||V, N B,(p)), so since V;* = V inside B,(p) we conclude that

y € Clos(spt ||V || N B,(p)) C spt||V] as desired. O

Note that we do not have the Constancy Theorem (c.f. [105, 41.1]) for varifolds with
bounded first variation. In order to show that V' coincides with > near p, our strategy is to

show that V = V as varifolds in a neighbourhood of p. By the transversality argument as
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above, we can first show that the densities of V and V are identical along ¥ N (B,(p)\{p},

where 7 is chosen as in Claim 5.
Claim 6: ©"(|V[|,-) = ©"(|Vl,-) on XN B,(p)\{p}.

Proof of Claim 6: Let y € ¥ and p = dist(y,p) < r be as above. Then since V;* =V
inside B,(p), by transversality and Proposition 5.11 we have VarTan(V,y) = VarTan(V,™, y).
But V>* = V on A, (p), so we must have VarTan(V;*,y) = {©"(||V|,9)|T,%|}. Thus
o"([VIl,y) =" (IV],y). [

Combining Claims 5 and 6 yields that V = V on B,.(p) " M. This finishes the proof of

Step 5, and hence also completes the proof of the main Theorem 6.1. U
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