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Epistemic Limits of Trustworthy Machine Learning

Abstract

Theoretical understanding of a system’s limits has long driven technological breakthroughs.

Carnot delineated the fundamental limits of heat engine efficiency, paving the way for

the design of modern state-of-the-art engines. More than a century later, Claude Shannon

unraveled the fundamental limit of communication, known as channel capacity. This insight

revolutionized communication systems, enabling continual improvements that ultimately

led to wireless communication as we know it today.

This thesis discusses the epistemic limits of machine learning (ML) and leverages them

to improve the trustworthiness of ML systems. ML models have an epistemic limit when

proving one of their properties is impossible. Epistemic refers to the impossibility of

providing theoretical guarantees (knowledge) about a model’s property. Epistemic limits are

information-theoretic converse results on the hypothesis test that checks a model’s property.

First, we prove a limit on how much information personalized models can use while

ensuring reliable test for performance gains across all users – epistemic limits of personalization.

We leverage this limit to develop a tool to help with feature selection. Second, we show a

limit for reliably testing if model performance is equitable across multiple demographic

groups –epistemic limit of fairness testing. We exploit this limit to design a metric for efficient

algorithmic bias detection. Third, we prove a limit for testing if one model outperforms

another on average –epistemic limit of model selection. We use this result to delineate the set of

indistinguishably good models –Rashomon set. Finally, we argue that the epistemic limits in

model selection imply that explaining the predictions of ML models is necessary. Then, we

develop efficient methods for explaining the content produced by large language models.
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Chapter 1

Introduction

Throughout the centuries, the theoretical understanding of the limits of systems has con-

tinuously fueled engineering innovations. In turn, those innovations have inspired the

creation of new theoretical results. This reciprocal relationship between theory and practice

has been a driving force of technological development, leading to efficient heat engines,

communication systems, and solar cells.

Heat Engines. In 1824, Nicolas Léonard Sadi Carnot published his first (and only) work

laying the foundation of modern thermodynamic “Reflections on the Motive Power of

Fire” [32]. Beyond other theoretical contributions, Carnot deduced the fundamental limits of

the efficiency of heat engines by proving what is currently called Carnot’s theorem. Carnot’s

theorem established that the maximum efficiency of an ideal heat engine operating between

hot and cold reservoirs is given by the ratio between the difference of temperatures in the

reservoirs and the temperature in the hot reservoir.

Since the Carnot limit was established, researchers have developed engines aiming to

approximate the limit. These research contributions lead to an advance in efficiency from

about 2% in steam engines from Carnot’s time [164] to more than 40% in modern gas-fired

turbine steam generators approximating their Carnot limit of around 50% [34]1. More than

1The efficiency values presented here are not exact as they depend on the heat differences in the specific
plants.
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200 years after Carnot, the ideal efficiency limit has still not been closely approximated, and

researchers are still trying to develop more efficient power plants while also considering

carbon emission, leading, for example, to the development of Thermophotovoltaic cells [150].

One hundred years after Carnot, the development of efficient communication systems

emerged from similar innovation patterns starting from the theoretical limits introduced by

Claude Shannon.

Communication systems. In 1948, Claude Shannon published his paper "A Mathematical

Theory of Communication" [230], which established the foundation of information theory

that led to the development of digital communication systems. In his work, Shannon

introduced concepts like entropy (the amount of information in a random variable) and also

found the fundamental limits of reliable data transmission by proving the Shannon-Hartley

theorem. The theorem established the channel capacity, i.e., the maximum rate at which

information can be transmitted without error, over a channel with additive Gaussian noise.

Moreover, the theorem shows that the channel capacity depends only on the channel’s

bandwidth and signal-to-noise ratio.

Since the Shannon limit was established, researchers have developed communication

systems aiming to approximate the theoretical capacity. These research contributions led

to the improvement of communication systems from early mobile networks with analogue

technology [61] to digital communication systems in the 2G networks [219] that leverage the

idea from Shannon that information could be transmitted using bits. Current communication

schemes like 5G networks [245] leverage Shannon’s result to improve channel capacity by

increasing the bandwidth and developing noise-canceling strategies to increase the signal-

to-noise ratio.

Modern Machine Learning. The relationship between theory and practice in modern

machine learning differs from the historical interplay seen above. In ML, progress often

begins with heuristic-driven innovations made with limited theoretical foundations. Only

after these methods show promise in practice theoreticians attempt to formalize and justify
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them. This one-directional flow means that theory often lags behind, rather than fueling

innovation. For instance, an influential paper on ML in medicine [205], published in the

New England Journal of Medicine, advocated for highly personalized diagnostic models

using comprehensive patient data – an idea grounded in practical intuition rather than

theoretical guarantees.

The call for increasing personalization was proposed under the assumption that more

data about the patient would always lead to better performance, but this assumption is

incorrect. While it is true that the average accuracy of the model will increase when provided

with more data about patients, this is not true for all patients, i.e., some users may receive

less accurate predictions when sharing their personal information [256, 239, 182].

Even more concerning is the fundamental limit of testing for accuracy gain after per-

sonalization. When not enough data is available, it is impossible to guarantee that the

patients will have a tailored gain in accuracy by sharing their personal information – this

result is discussed in Chapter 2. Therefore, some of the algorithms developed under the

call for personalization may be harming some of their users, and we cannot reliably test for

it, showing the potential negative impact of technological advances without theoretically

understanding the system’s limitations.

This dissertation aims to study the fundamental limits of machine learning and propose

methods to better operate under these limits. Specifically, we will focus on finding the

“epistemic limits” of trustworthy machine learning methods.

Epistemic Limits. Intuitively, we say that machine learning models have an epistemic limit

when it is impossible to verify one of its properties. Epistemic refers to the impossibility of

providing theoretical guarantees (knowledge) about a model’s property. Formally, epistemic

limits are information-theoretic converse results on the performance of hypothesis tests to

verify a model’s property. In this thesis, we analyze and unravel the epistemic limits of

(i) model personalization, (ii) algorithmic fairness, and (iii) model selection. We formally

define and contextualize epistemic limits in the next section.
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1.1 Epistemic Limits of Machine Learning

Epistemology is one of the main branches of philosophy, alongside metaphysics, ethics,

logic, and aesthetics. The word “Epistemology” comes from the Greek words “episteme”

(knowledge or understanding) and “logos” (argument or reason). Epistemology studies the

nature, types, and sources of knowledge. For this reason, it is also known as the theory of

knowledge.

Although epistemology is as old as philosophy, the term “epistemology” was first

introduced in the 18th century [264]. The central questions in the field have been studied long

before the 18th century. Indeed, epistemological questions were posed and discussed during

the pre-Socratic era. Specifically, Xenophanes of Colophon proposed a distinction between

knowledge and belief that is currently considered an earlier instance of epistemology [155].

Two of the main questions in epistemology are: What is knowledge? What are the limits

of knowledge? These questions are related to the theme of this thesis, the epistemic limits of

trustworthy machine learning.

Intuitively, ML models have an epistemic limit when, under constraints, it is impossible

to justify a belief about the model’s properties. Epistemic refers to the impossibility of

providing knowledge (e.g., ensure high performance) about the model’s properties.

Next, we discuss the definition and limits of knowledge, formally define epistemic limits,

and discuss their connections to epistemology.

What is knowledge?

As defined by Plato, knowledge is defined as Justified True Belief (JTB) [35]. Specifically, for a

proposition to be known, it needs to be believed, the belief needs to be in accordance with

reality (true), and there must be a justification for its truthiness state. For example, we know

the proposition 1 + 1 + 1 = 3 because we believe in it; from our experiences with reality,

we find that the proposition is true, and we can mathematically justify that 1 + 1 + 1 = 3

using the Peano axioms. Therefore, 1 + 1 + 1 = 3 is an example of justified true belief, i.e.,

knowledge.
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To better understand the definition of knowledge, we need first to understand the three

necessary conditions for a proposition to be known: (i) being a belief, (ii) being true, and

(iii) being justified.

What is a belief? “Belief” refers to our mental state or attitude whenever we regard a

proposition as true [223]. For example, we believe that 1 + 1 + 1 = 3, the sun will rise

tomorrow, and our key will work when we try opening the door. A belief does not require

certainty or proof; indeed, a belief may be false. For example, if one regards the proposition

“The Earth is flat” as true, then one believes that the Earth is flat, but the proposition is,

regardless, false. Belief acts as a bridge between the mind of an individual and the real

world, they may shape how people interpret reality and make sense of their experiences

[236].

When is a belief true? Truthiness is a property that a belief may or not follow. The

correspondence theory of truth defines that a belief is true if and only if it accurately reflects

or corresponds to reality, or a fact, as it exists [57]. For example, the proposition “The sun

will rise tomorrow” is true. In fact, the sun will rise tomorrow; hence, the proposition

accurately reflects reality.

On accidentally true beliefs and the need for justification. In the platonic dialogue

“Theaetetus” [35], Plato discuss the definition of knowledge. The dialogue happens between

Socrates, the philosopher, and Theaetetus, a mathematician who may have written the first

known proof that the Platonic solids are the only convex regular polyhedra [5].

Theaetetus argues that knowledge is the same as true beliefs during the dialogue.

However, Socrates dismisses the proposition by arguing that accidental true beliefs should not

be considered knowledge. For example, one could say 1 + 1 + 1 = 3 because a magical blue

bird told them the proposition was true. The proposition is true; however, the justification

is nonsensical. Therefore, one did not know that 1 + 1 + 1 = 3 because their belief was

accidentally true.
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Aiming to fix his definition of knowledge, Theaetetus added one more restriction to

the definition. Knowledge should be true beliefs with an account, i.e., justification. When

justified, a true belief becomes knowledge. For example, the Poincaré conjecture was a true

belief until 2003, when Grigori Perelman provided a demonstration (justification) for the

conjecture, turning it into knowledge.

What is Justification? The definition (and even the possibility) of justification has been

debated since Plato’s time. Skepticism argued in favor of the impossibility of verifying

justifications and, therefore, the impossibility of knowing [45]. Foundationalism argued

that justification could be derived from reason using a basic set of beliefs that are self-

justified (like axioms), serving as the foundation for other beliefs [100]. Empiricism argued

that justification comes primarily from sensory experience and empirical evidence [169].

There are other approaches to justification like Coherentism [194], Reliabilism [90], and

Infinitism [30].2

In this thesis, we consider a belief justified when either empirical evidence shows it (Em-

piricism) or we can derive the belief from a set of widely accepted axioms (Foundationalism).

Next, we discuss the limits of when we can know propositions.

The Limits of Knowledge

Let’s start this section by asking ourselves “How do we know what we know?” The

discussion in the previous section implies the answer: we know every true and justifiable

belief. However, this brings us to the question: “Can every belief, even if true, be known?”

The epistemic limits of ML consider beliefs about properties of ML models that may be

true, but we cannot justify them. The idea that there exist beliefs that cannot be known has

been deeply studied in epistemology, like in philosophical skepticism.

2This is not an exhaustive list of theories for justification.
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Limits of Knowledge via Skepticism [45]. Philosophical Skepticism generally argued

that (i) it was impossible to know anything or (ii) we should suspend the judgment about

the truthiness of a proposition. Specifically, philosophical skepticism can be divided into

Academic skepticism and Pyrrhonian skepticism. Academic skepticism argued that it is

impossible to know anything. Their point was that justification was based on impressions of

reality, however, these impressions could always be deceptive. Since we have no infallible

criterion to distinguish true beliefs from false ones, they claimed that justification was

impossible, and thus knowledge is impossible. However, Academics believed that there are

degrees of plausibility for beliefs which allow one to act.

In contrast, Pyrrhonian skeptics did not argue that knowing was impossible. Instead,

they argued for the suspension judgment on all matters. Pyrrhonism believed that claims

about reality couldn’t be reasonably justified because there existed other similarly valid

justifications for belief and disbelief. Therefore, without a reasonable justification, we didn’t

know how to transform beliefs into knowledge.

Other philosophers also studied the limits of knowledge with stronger assumptions,

specifically by assuming a correct impression of reality. Next, we discuss an example of

justifiable true beliefs that are not considered knowledge.

Limits of knowledge via Gettier Problems. In his 1963 paper titled “Is Justified True

Belief Knowledge?” [86], Edmund Gettier argues that JTB is insufficient for a proposition to

be known. He gives two counter-examples in the paper to show that JTB does not always

entail knowledge. Next, we provide one of his examples.

Example. Smith and Jones applied for the same job. The company’s CEO tells Smith that

Jones will get the job. After that, Smith counts and verifies that Jones has 10 coins in his

pockets. Therefore, Smith has the justified belief that someone with 10 coins in their pocket

will get the job. By the end of the day, Smith hears from the CEO, who tells Smith that he

was the one who got the job (not Jones). Smith also checks his pockets, where he has 10

coins. Therefore, Smith’s justified belief was also true. So, Smith had a justified true belief.
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It is clear that the JTB from Smith is not knowledge because he did not know how

many coins were in Smith’s pocket and based his justification on the content of Jones’

pocket. Similarly to skepticism, the Gettier problems show that justification might be hard

to verify because we need to know beforehand that the justification is, in fact, correct. As

we shall next see, by definition, the justifications for the belief cannot be proven correct in

the epistemic limits of machine learning.

Epistemic Limits of Machine Learning

Epistemic limits of machine learning emerge when we can prove that beliefs about a property

of a ML model or a set of models cannot be justified. We define the epistemic limits of

machine learning as follows.

Definition 1.1 (Epistemic Limits of ML) Let H be a ML model or set of models, P be a property

of H that is quantified by a metric MP. The metric MP can be estimated using a dataset D sampled

from a distribution PD from the set of distributions ∆. We say that the H has an epistemic limit of P

if there exist ϵ0 > ϵ1 > 0 such that we cannot tell which hypothesis in the test (1.1) is correct.
H0 : MP(H,D) ≥ ϵ0

H1 : MP(H,D) ≤ ϵ1

(1.1)

Formally, define ψ : (H, P, MP,D, ϵ0, ϵ1) → {0, 1} to be a decision function that outputs 0 if H0

holds and 1 if H1 holds. We observe an epistemic limit of P if there exists a data distribution that no

decision function can accurately decide which hypothesis holds, i.e., the probability of error in the

hypothesis test is close to a random guess (1.2).

inf
ψ

sup
PD∈∆

Pr
[
ψ = 1 | H0

]
Pr
[
H0
]
+ Pr

[
ψ = 0 | H1

]
Pr
[
H1
]
≈ 1

2
, (1.2)

where the randomness comes from the samples in D. The constants Pr
[
H0
]

and Pr
[
H1
]

are the

underlying probability of occurrence of the hypothesis and are usually assumed to be 1/2. We say

that the probability of error is close to a random guess ≈ 1
2 when it is larger than 0.4.
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Toy Example. John has to use a ML model h : X → Y that outputs predictions for a label

y. John aims to verify if the following property of the model: is accuracy higher than 90% or

smaller than 80%. John will use the model’s accuracy as a metric to quantify this property.

However, he only has access to 5 examples of model outputs and ground truth labels (y)

that the model aims to predict, i.e., a dataset D = {h(xi), yi}5
i=1.

Without additional assumptions on the model prediction distributions, we know that the

smaller probability of error in the hypothesis test is larger than 0.40 – using a likelihood test.

Therefore, any justification for the model’s accuracy will not be valid due to the impossibility

of designing an accurate decision function. Hence, an epistemic limit of accuracy testing

exists in this unrealistically constrained data regime.

The epistemic limits of ML are related to the limits of knowledge we discussed in the

previous section. Next, we discuss the connections between the epistemic limits of ML,

philosophical skepticism, and the Gettier problems.

Epistemic Limits and Impossibility of Justification. Philosophical skepticism argues

that our perception of reality may not be true and, therefore, there is an impossibility of

justification implying a limitation on knowledge. Epistemic limits are a consequence of the

impossibility of justification; however, here, “reality” is the dataset distribution PD , and our

“perception of reality” is all the information contained in the dataset D.

For example, consider that a person has a true belief in one specific hypothesis, say H0.

Aiming to discover and justify the truthiness of the belief, one designs a decision function

ψ with the best of its knowledge using the dataset D. The person believes in empiricism

and, therefore, believes that the observations from the world (experiences) contained in the

dataset D together with their decision function ψ will serve as justification for their true

belief. Now, assume that the decision function outputs that hypothesis H0 holds. Therefore,

the person would have a JTB and would know that hypothesis H0 holds.

However, if we can show using logical arguments (fundamentalism) that the accuracy of

the decision function is exactly 0.5 for some distribution in ∆, then the justification would

not be valid. Since we do not know if the data distribution is the worst in ∆, the justification

9



is equivalent to “I know that H0 holds because I flipped a coin.” Clearly, this is not a valid

justification because there is no causality. Therefore, the person does not know that H0 holds,

implying a limit on the verifiability of the performance of a machine learning task, i.e., an

epistemic limit of ML.

Epistemic Limits and Gettier Problems. Epistemic limits of machine learning are analo-

gous to Gettier problems. On the one hand, as Gettier demonstrated, justified true beliefs

might fail to constitute knowledge due to plausible but inaccurate justifications. On the

other hand, the epistemic limits of machine learning come from the fact that we can have

a JTB about a property of a ML model where justification comes from the output of an

inaccurate decision function.

For example, consider the scenario where a decision function correctly identifies a model

as having high accuracy (a true belief). However, if the decision function’s probability

of error is high, we have a problematic justification. This parallels Smith’s belief about

"someone with 10 coins getting the job"—technically true but lacks the proper causal

connection. The justification process is inaccurate in both cases despite reaching factually

correct conclusions.

Beyond Toy Examples. In this thesis, we prove the epistemic limits of ML personalization,

fairness testing, and model selection. Specifically, our setup for the epistemic limits of

machine learning (Def. 1.1) can be viewed as follows:

Epistemic limits of Personalization are studied in Chapter 2. The main goal is to ensure

that a ML model (H) has the following property (P): the model performance improves

for all demographic groups after personalization. To quantify this gain in performance,

we define a metric (MP) called the Benefit of Personalization (BoP) given in Def. 2.2 that

is positive if all demographic groups have a gain in performance and negative if there is

a group that loose performance after personalization. We prove that, when only a finite

dataset D is available, there is an epistemic limit in testing for gain in performance after

personalization.
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Epistemic limits of Fairness Testing are studied in Chapter 3. The task here is to ensure

that the ML model (H) has the following property (P): the performance of the ML model

is equitable across all predefined demographic groups in the population. To quantify this

gain in performance, we use the metric (MP) that we call Max-gap fairness (Def. 3.2) which

is positive when there exists a demographic group that has smaller performance than the

others and zero if all groups have about the same performance. We prove that when only a

finite dataset D is available, there is an epistemic limit in fairness testing.

Epistemic limits of Model Selection are studied in Chapter 4. This chapter aims to

verify, given two ML models H = {h1, h2}, the following property (P): model h1 has higher

accuracy than h2. To quantify this property, we use the difference in model accuracy as

a metric, i.e., MP = Accuracy(h1)− Accuracy(h2). The difference is positive if h1 has

higher accuracy than h2 and negative otherwise. We prove that when only a finite dataset D

is available, there is an epistemic limit in model selection.

Next, we discuss in greater details each one of the contributions of this thesis.

1.2 Overview and Main Contributions

This section outlines the content and contributions of each chapter of the thesis. Ph.D.

theses can be categorized into two types: those based on unpublished research and those

that compile a series of published works. The latter format is common in disciplines

such as applied mathematics, computer science, and engineering and is usually referred

to as “papers stapled together”. This dissertation adopts the second format, presenting

contributions that have been previously published in peer-reviewed journals and conference

proceedings.

Epistemic Limits of Personalization

Machine learning models are being increasingly personalized, especially in medical applica-

tions [14, 13, 243, 178]. In fact, an influential paper in the topic of ML for medicine argued

that ML models for medical use should be as personalized as possible:
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“Yet, this is the promise of machine learning in medicine: the wisdom contained
in the decisions made by nearly all clinicians and the outcomes of billions
of patients should inform the care of each patient. That is, every diagnosis,
management decision, and therapy should be personalized on the basis of all
known information about a patient, in real time, incorporating lessons from a
collective experience.”

Rajkomar et al. [205]

However, personalization comes with monetary and privacy costs for users. Personaliza-

tion attributes may imply a loss of privacy, for example, they can be protected by law (e.g., sex

and age) or sensitive to be shared (e.g., HIV status and heart attack history). The monetary

costs of personalization may come from the collection of attributes that are costly to acquire

(e.g., the result of a biopsy) – we call this personalization attributes that come with a cost

for the users group attributes. Hence, the gain in performance after personalization needs to

be significant enough to be worthy of the costs paid by the user.

Moreover, it is unclear whether personalization leads to a performance gain for all users.

The call for personalization comes from folklore that more data about the user always leads

to more accurate predictions. However, this is not always the case – at least not for everyone

[256, 239, 182]. For example, a user who shares their sleep data with a health app should

receive a tailored improvement in performance regardless of the data they provide, but this

does not always happen, as we show in Chapter 2. We say that an ML algorithm makes fair

use of group attributes if using group attributes leads to a tailored performance increase.

Therefore, users may be paying the price of personalization by losing their privacy or

paying for expensive data collection, and not having a gain in performance by doing so.

Companies must test if their personalized model performs better than the generic model

(the one that doesn’t use the user’s personalized information) for all possible combinations

of attributes provided by the user. Users should only provide their personal information

when they know it will improve performance. For this reason, in Chapter 2 we aim to

answer the following question:

When and how can we test if personalization leads to a tailored gain in performance for all users?

To audit ML models for fair use, we defined the Benefit of Personalization (BoP), a metric
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that quantifies the gain (or loss) in performance for all combinations of group attributes

when using a personalized model –i.e., a metric that quantifies fair use. The BoP represents

the minimum gain in performance that any group can expect from personalization. We use

the BoP to empirically audit personalized models for fair use of group information and also

to estimate the gain (loss) in performance after personalization.

In Chapter 2, we also analyze the performance of the method we propose to audit

personalized models for fair use of group information and to estimate fair use violations.

We provide lower bounds for the probability of error of auditing for fair use and also a

lower (and upper) bound for the mean square error in the estimation of the BoP. Our lower

bounds suggest that, without further assumptions in the data distribution, auditing and

estimating fair use are infeasible when practitioners collect a large amount of personal

information from the users. Hence, there is an epistemic limit in personalization where it is

impossible to know if personalization benefits all users.

Regarding fair use auditing specifically, there exists an information-theoretical limit

on the number of group attributes one can collect while ensuring that their model can be

audited for fair use. In particular, it is impossible to reliably verify that a personalized model

with more than 19 binary group attributes will benefit every user that provides personal

data using a dataset of 8 × 109 samples – one for each person in the world.

We use epistemic limits to provide rules regarding the sample size and the number of

collected attributes to help practitioners avoid the auditing and estimation impossibility. The

rule-of-thumb we provide guides the design of the data collection, with the aim of producing

personalized ML models that can be tested for fair use with theoretical guarantees.

Chapter 2 is based on the paper Monteiro Paes et al. [182].

• Lucas Monteiro Paes†, Carol Long† Berk Ustun, Flavio P. Calmon. “On the Epistemic

Limits of Personalized Prediction”. Advances in Neural Information Processing

Systems 35 (NeurIPS), 2022.
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Epistemic Limits of Fairness Testing

In the early 90s, Prof. Crenshaw wrote a series of essays arguing about the feminist

experience of black and white women and how these experiences differ [52, 53]. Her essays

introduced the concept of intersectionality, an analytical framework that describes how

privilege and discrimination differ based on social and political identities. Intersectionality

was later used to analyze privilege and discrimination beyond only race and gender,

additionally considering age and socioeconomic status [202], class and sexual orientation

[250], and more recently disability status and age [16].

Intersectionality is a key aspect of fair AI and ML systems, where we measure and

compare model performance in different demographic groups G defined in terms of the

intersection of social identities (e.g., income level, race, and gender). We say that an

ML model is intersectional group fair if an average performance metric is approximately

equal across all possible intersections of predefined identities (e.g., g1 = white women

and g2 = black men; g1, g2 ∈ G). Note that the number of demographic groups |G|

grows exponentially with the number of social identities considered – e.g., two racial and

two gender identities imply four intersectional demographic groups. Intersectionality in

machine learning, also called multi-group fairness, was first introduced by Kearns et al. [127]

in concomitance with Hébert-Johnson et al. [104].

Beyond defining multi-group fairness, Kearns et al. [127] propose an estimator for multi-

group fairness and showed that with O (|G|) samples it was possible to reliably audit ML

models for multi-group fairness. Additionally, they also showed that multi-group fairness

auditing was equivalent to the problem of weak agnostic learn [129]– which is known for

being computationally hard to solve in the worst case.

Hébert-Johnson et al. [104] focused on multicalibration, i.e., the authors aimed to ensure

that the ML model predictions were calibrated [199] across all demographic groups in G.

Towards this goal, the authors proposed algorithms for learning a multicalibrated predictor

and analyzing the computational complexity of this task. Similarly to Kearns et al. [127],

Hébert-Johnson et al. [104] showed that inducing multicalibrated predictions was equivalent
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to weak agnostic learning.

After the work of [127, 104], papers have empirically analyzed multi-group fairness

violation in classification [28, 255, 237], content generation [137], contextualized word

embeddings [240], and image retrieval [193]. Moreover, scholars have also designed methods

to learn multi-group fair models [4, 270, 187, 134]. However, one fundamental question was

still open:

When can we test with confidence that an ML model is multi-group fair?

We answer this question in Chapter 3. To do so, we prove that multi-group fairness

testing is fundamentally hard as currently defined from an information-theoretic point of

view, in contrast to the computational complexity results from [127, 104]. Specifically, we

prove that to reliably test for multi-group fairness, it is necessary to have at least n = Ω(|G|)

i.i.d. samples –providing a converse to the achievability result from Kearns et al. [127]. This

result implied that, if we wanted to test for intersectional fairness considering 20 binary

social and political identities, it is necessary to have a dataset with more than one million

samples.

The impossibility result also sheds light on why multi-group fairness testing is hard:

there could exist a small demographic group that, at the same time, has a small bias.

Intuitively, these small groups with small bias are responsible for dramatically increasing

the number of samples necessary for reliably testing for multi-group fairness.

Leveraging the insights from the impossibility result in multi-group fairness testing, we

propose a relaxed version of multi-group fairness aiming to reduce the necessary number of

samples for reliable testing by decreasing the dependency of the test performance on the

small groups with small bias called CVaR Fairness. We show that it is possible to reliably

test for CVaR fairness using n = O(2
1
2 H2/3(PG)) i.i.d. samples – where H2/3(PG) is the Rényi

entropy of order 2/3 of the probability mass of each group g ∈ G. In the worst case scenario

(when PG(g) = 1/|G| and entropy is maximized), we can test for CVaR Fairness using

n = O(
√
|G|). Hence, with 20 binary social and political identities, it is necessary to have a

dataset with around one thousand samples (instead of one million).
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We go beyond the assumption of i.i.d. testing datasets and show that if it is possible

to control the sampling of point to create the testing dataset we can test for CVaR fairness

using a dataset with a constant number of samples n = O((Test Error)−2). Therefore, CVaR

fairness effectively decreases the hardness of testing for intersectional fairness and makes

this test feasible for many applications (e.g., medicine). Moreover, CVaR fairness decreases

the cost of data collection, allowing companies to verify even in small communities if their

algorithms are still performing well.

Chapter 3 is based on the paper Monteiro Paes et al. [183].

• Lucas Monteiro Paes, Ananda Theertha Suresh, Alex Beutel, Flavio P. Calmon, and

Ahmad Beirami. “Multi-Group Fairness Evaluation via Conditional Value-at-Risk

Testing.” IEEE Journal on Selected Areas in Information Theory (JSAIT), 2024.

Epistemic Limits of Model Selection: Rashomon Effect & Content Moderation

In the paper “Two Cultures” published in 2001, Leo Breiman retrained a neural network

100 times with different parameter initializations, observing 32 distinct local minima with

similar performance, a phenomenon he called the “Rashomon effect” [21]. The Rashomon

effect describes the observation that different models can exhibit near-optimal performance

but different predictions.

Since Breiman’s time, the Rashomon effect has been reported across model classes,

including ridge regression, decision trees, deep neural networks, and large language models

[226, 78, 112, 91, 96]. This effect has also been observed in several machine learning

tasks, including computer vision, medical diagnostics, and natural language processing

[71, 112, 91]. At the heart of the Rashomon effect is the Rashomon set: the set of all models

with average loss below ϵ on a given learning task [78, 226]. We refer to ϵ as the Rashomon

parameter. The Rashomon set is usually treated as the set of all indistinguishably good

models [215, 267, 226].

The Rashomon effect brings positive and negative consequences to the use of ML models.

On one hand, the arbitrary selection of a single model from the Rashomon set challenges
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the credibility of classifiers deployed in practice [71, 51, 91]. Models in the Rashomon set

can produce wildly conflicting predictions on individual samples, a phenomenon known

as predictive multiplicity [173]. On the other hand, the Rashomon effect can be leveraged to

select models that satisfy additional properties without compromising accuracy, such as

fairness [48], interpretability [267], stability [18], and other positive consequences [215].

In the literature studying the positive and negative impacts of the Rashomon effect, this

phenomenon is often treated as if it were always present, and the Rashomon set is treated

as the set of statistically indistinguishable models. However, it was still unknown (beyond

empirical observations) if the Rashomon effect was always present or even if models in the

Rashomon set are, accordingly to some definition, statistically indistinguishable. In fact,

the characterization of the Rashomon set was posed as one of the 10 Grand Challenges in

interpretable ML [214, Challenge 9]. For this reason, in Chapter 4 we aim to answer the

following question:

When is the Rashomon effect inevitable, and how to guarantee that all models in the Rashomon set

are statistically indistinguishable?

In Chapter 4, we prove the inevitability of the Rashomon effect for any machine learning

task when only a finite testing dataset is available. Specifically, with a finite dataset, there

is a limit to verifying whether one model performs better than another on average – the

epistemic limits of model selection. This result implies that the Rashomon effect is inevitable.

Our theoretical result provides guidelines using dataset size and model losses to enable

practitioners to explore the set of indistinguishably optimal models, helping practitioners

search for less discriminatory algorithms [17] with provably indistinguishable performance

instead of arbitrarily choosing a unique model. Our theoretical results indicate that practi-

tioners can choose a Rashomon parameter (ϵ) that is seven times larger than previously used

to explore the Rashomon effect for a dataset with 5k samples. The previous ad hoc choice

of ϵ severely underestimates the size of the Rashomon set and prevents the deployment of

accurate and less discriminatory algorithms.
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Now that we know that the Rashomon effect is inevitable, we need to better understand

the consequences of the existence of multiple equally optimal models. Marx et al. [173]

discusses the potential impacts of the Rashomon effect by introducing predictive multiplicity,

showing that equally good models may offer conflicting predictions. Creel and Hellman

[51] discussed the impact of the Rashomon effect when deploying one model that will make

decisions for the whole population – a phenomenon termed algorithmic monoculture or

algorithmic leviathan. However, none of these works describes a concrete application in

which the Rashomon effect may directly affect users’ rights. Hence, in Chapter 4 we also

aim to answer the following question

What are the consequences of the inevitability of the Rashomon effect for the user?

We analyze the consequences of the Rashomon effect in algorithmic content moderation

and discuss its impact on law and policy. First, we show that arbitrary moderation decisions

are prevalent in state-of-the-art algorithms because of the inevitability of the Rashomon

effect. Arbitrary decisions are model predictions that vary across models in the Rashomon

set, i.e., equally good models. We argue that these arbitrary decisions imply procedure

violation, i.e., the model does not provide decisions based on similar rules for all users, and

some predictions are heavily influenced by seemingly innocuous choices during model

development (e.g., choice of a random seed).

We then show that arbitrary moderation decisions are more frequent in content targeting

specific demographic groups (e.g., anti-LGBTQ posts). Therefore, some users will receive

predictions with inferior quality (more arbitrary) than others. This result implies that some

demographic groups will have their freedom of expression arbitrarily violated more often,

violating the non-discrimination principle [7, Article 2(1) and Article 26].

Finally, we show that models produce arbitrary predictions even in content that multiple

human annotators unanimously classify as (not) needing moderation. These results indicate

that sharing the responsibility of content moderation between human annotators and

algorithms might be useful. However, recent developments in the legislature for content

removal are incentivizing companies to rely on the use of algorithmic content moderation by
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imposing strict timelines for content removal. For example, (i) the Germany’s NetzDG law

mandates rapid content removal with minimal human oversight [26], (ii) the 2022 resolution

passed by Brazil’s Superior Electoral Court (TSE) implemented a stringent 1-hour content

removal window [73], and (iii) in the USA federal laws regarding platforms’ duties on

third-party content are under intense debate [111, 140], with states such as Florida enacting

their own laws on online content governance [227].

Chapter 4 is based on the papers Monteiro Paes et al. [181] and Gomez et al. [91].

• Lucas Monteiro Paes, Rodrigo Cruz, Flavio P. Calmon, and Mario Diaz. “On the

Inevitability of the Rashomon Effect.” IEEE International Symposium on Information

Theory (ISIT), 2023.

• Juan Felipe Gomez†, Caio C. Vieira Machado†, Lucas Monteiro Paes†, and Flavio P.

Calmon. “Algorithmic Arbitrariness in Content Moderation.” ACM Conference on

Fairness, Accountability, and Transparency (FAccT), 2024.

Explaining the Predictions of Large Models

Large language models (LLMs) are being used to extract information from legal documents

[126], answer doctors’ questions [268], perform CV screening [82], and, as discussed in

Chapter 4, perform algorithmic content moderation. In these applications, the LLM is

grounded in context (e.g., legal documents) provided as part of the input.

The models that perform these high-stakes tasks usually perform well on average and

use heuristics that are currently not fully theoretically understood [249]. However, these

modern machine learning models have billions of parameters, making decisions that are

not interpretable by the user. Specifically, given an input, we don’t know why the model

generated a specific output, hindering the user’s trust.

In Chapters 4, we showed that decisions of LLMs for content moderation might heavily

depend on seemingly innocuous choices during model training, like random seed selection.

In this case, the user needs to know which parts of the input were responsible for the
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moderation decision – if any at all. For this reason, in Chapter 5, we aim to answer the

following question

What parts of the input context are responsible for the generated prediction?

Historically, explanation methods have been used to answer the question above. These

methods give attribution scores assigned to parts of the input, quantifying the effect of

each part on the model output. The explanation methods are either: gradient based needing

access to model gradients [235, 238, 233, 8] (not accessible in LLMs with API access only) or

are perturbation-based requiring multiple inferences [209, 163] which is infeasible for large

models.

Perturbation-based explanation methods are widely adopted in part because they work

in the black-box setting with access only to model output (i.e., without gradients). However,

currently, there is no efficient perturbation-based method to explain the predictions of LLMs

because inferences are computationally expensive. Therefore, generating explanations for

LLM predictions is challenging for large contexts (e.g., legal documents). Chapter 5 aims to

overcome this limitation and operationalize explainability for LLMs using long contexts.

In Chapter 5, we introduce the Multi-level Explanations for Generative Language Models

(MExGen), a method specifically designed to generalize perturbation-based explanations

for generative LLMs. MExGen efficiently attributes scores to parts of the input context,

quantifying their influence on model predictions. We show that MExGen can provide

high-quality explanations using fewer inferences than competing methods.

Even though MExGen uses fewer inferences than competing methods while maintaining

explanation quality, it still uses more than one model inference. When multiple users request

explanations simultaneously, MExGen may not be scalable enough to serve them efficiently.

In these cases, we wish to provide explanations with only one model inference for most

users, increasing scalability.

We propose Selective Explanations, an optimized framework that balances explanation

quality and computational cost, significantly reducing resource requirements. Selective

explanations provide explanations with only one inference for most inputs (around 80% of
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points) and use more computationally expensive (MExGen like) explanations for the other

inputs. Together, MExGen and Selective Explanations operationalize explanations for LLMs.

Chapter 5 is based on the papers Monteiro Paes et al. [185] and Monteiro Paes et al. [184].

• Lucas Monteiro Paes†, Dennis Wei†, Hyo Jin Do, Hendrik Strobelt, Ronny Luss,

Amit Dhurandhar, Manish Nagireddy, Karthikeyan Natesan Ramamurthy, Prasanna

Sattigeri, Werner Geyer, and Soumya Ghosh. “Multi-level explanations for generative

language models.” The 63rd Annual Meeting of the Association for Computational

Linguistics (ACL) – Oral Presentation, 2025.

• Lucas Monteiro Paes, Dennis Wei, Flavio P. Calmon. “Selective Explanations”. Ad-

vances in Neural Information Processing Systems 37 (NeurIPS), 2024.

Other Previously Published Work

The author has also explored other research areas. He co-authored papers about language

model alignment from human feedback [27], algorithmic bias detection in text-to-image

models [158], and proportional representation in algorithmic systems that output images

[193]. He also co-authored a policy brief about policy implications of the inevitability of

the Rashomon effect [251]. The contents of these works are not presented in this thesis for

conciseness.

The next chapters prove the epistemic limits of personalization (Chapter 2), fairness

testing (Chapter 3), and model selection (Chapter 4). We also leverage these results to build

tools to improve the trustworthiness of ML models. Additionally, we develop techniques

to answer calls emerging from epistemic limits. For example, in Chapter 5, we develop

explanation methods for large black-box models, answering the call for transparency in

model prediction that emerged from the existence of the epistemic limits of model selection.
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Chapter 2

Epistemic Limits of Personalization

Machine learning models often assign personalized predictions using group attributes

that denote personal characteristics. In medicine, for example, clinical prediction models

account for group attributes that may be protected by law (e.g., sex), sensitive (e.g., HIV

status), or costly to acquire (e.g., presence of a malignant tumor as determined via a biopsy)

[243, 13]. Recently, there has been a growing call to the personalization of ML models used

in medicine relying even more on the use of group attributes [205].

Unlike lending or hiring, models that use personal characteristics in such applications

are not subject to scrutiny due to an assumption that everyone would benefit from a

more accurate model [37, 248]. In an effort to develop models that are as accurate as

possible, practitioners use every piece of information to maximize predictive accuracy over

a heterogeneous population.

The prevalence of ML models that use group attributes reflects a belief that personaliza-

tion will produce a uniform gain in performance across all groups. In effect, individuals

who provide personal data to models expect more accurate predictions in return. In prac-

tice, however, models trained with personal data do not necessarily assign more accurate

predictions to all those who provide it. Standard techniques for empirical risk minimization

The content in this chapter has also appeared in Monteiro Paes et al. [182].
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Training Data Auditing Data

Group n R̂(hp) R̂(h0) R̂(h0)− R̂(hp) n R̂(hp) R̂(h0) R̂(h0)− R̂(hp)

Female, W, NR 4,989 15.6% 15.4% -0.2% 5,072 15.0% 14.7% -0.3%
Female, W, NR 986 10.2% 10.9% 0.6% 945 10.7% 10.3% -0.4%
Male, W, NR 1,331 21.2% 20.2% -1.0% 1,292 20.7% 20.2% -0.5%

Female, W, R 409 16.1% 15.6% -0.5% 399 16.0% 15.3% -0.8%
Female, NW, R 265 21.1% 22.3% 1.1% 248 20.6% 19.4% -1.2%
Male, NW, R 587 25.0% 23.0% -2.0% 667 24.4% 21.6% −2.8%∗

Male, W, NR 15,012 21.7% 22.0% 0.2% 14,939 21.1% 21.5% 0.4%
Male, W, R 1,141 20.9% 23.0% 2.1% 1.158 19.3% 22.1% 2.8%

Total 24,720 20.0% 20.1% 0.1% 24,720 19.3% 19.5% 0.2%

Table 2.1: Difference in error rate between a personalized hp and a generic h0 model. Here, R̂(h) denotes the
error rates of the model h and n the number of samples in each group. Hence, R̂(h0)− R̂(hp) is the reduction
in the error from personalization. Groups that lose accuracy after personalization are highlighted in orange.

use personal characteristics to improve performance at a population level. However, these

gains are not uniformly distributed across the groups who provide the personal data.

Table 2.1 shows that personalization can improve overall performance while reducing

performance some users in both training and testing datasets1. These instances of “worse-

nalization” violate the implicit promise of personalization: each user who provides personal

data will receive a tailored performance improvement in return.

Practitioners must measure the gains of personalization whenever they train a person-

alized model and report it to the user. In practice, estimating the gains in personalization

requires sufficient samples per group. When lacking, the reported gain may be just an

illusion, a justification to collect personal information and use the personalized classifier

that stems from statistical fluctuations due to limited samples per group or, equivalently,

the use of too many features that encode personal characteristics.

As shown in Table 2.1, we need to estimate performance gains relative to a generic model

trained without group attributes, then report these gains for each group who provides

personal data. Even as this audit is easy to carry out, it may not always produce clear

1To compute the results in the table, we fit a personalized logistic regression hp with a one-hot encoding of the
group denoting features Sex× Race× ImmigrationStatus ∈ {Female,Male} × {White,NonWhite} ×
{Resident,NonResident}. We then measure the gains after personalization with respect to a logistic
regression trained on a dataset without group attributes – i.e., the generic model h0. Check [239] for more
examples of personalization harming performance.
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recommendations. The estimated gains of personalization for a specific group can change

drastically if we have few samples for that group. In fact, we show in this chapter that it

is not possible to detect if personalization helps or hurts at the group level – and by how

much – without accounting for uncertainty.

2.1 Overview and Main Contributions

In this chapter, we formalize when we can verify if personalization works as it should – i.e.,

when a model that uses group attributes improves expected performance for every group

who provides personal data.

We introduce a metric – called the benefit of personalization (BoP) – to evaluate the quality

of personalization in a model with group attributes. The BoP represents the minimum gain

in accuracy that any group can expect from personalization. Measuring the BoP can flag

instances where a personalized model aligns with the basic expectations of personalization –

performance improvement. A positive BoP indicates that each group can expect to receive

more accurate predictions in exchange for their personal information. In contrast, a negative

BoP indicates that some groups who provide personal information can expect to receive

worse predictions in return.

We derive information-theoretic bounds to characterize the reliability of testing the

benefit of personalization. First, we design a hypothesis test to audit if a personalized model

has a positive benefit of personalization. We pair our test with an information-theoretic

limit on the error probability that holds for any hypothesis test that verify if the benefit of

personalization is positive. A rule of thumb is that the number of samples per group should

exceed the number of groups for testing error to be small.

We also provide information-theoretic lower bounds that shows the statistical limits on

the Mean Squared Error (MSE) of any estimation of the benefit of personalization. Our

results show that we cannot reliably estimate the benefit of personalization across groups

for models that use more than 25 group attributes without further assumptions on the data

distribution.
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We then use the information-theoretic bounds to identify epistemic limits in personaliza-

tion – i.e., conditions under which all testing and estimation routines are too unreliable to tell

if personalization improves or worsens performance for each group who provides personal

data. In such case, practitioners would be collecting personal information from users –

hindering their privacy – without any guarantee of improved performance. Our results can

serve as rules of thumb to inform a range of stakeholders – be it model developers who

wish to build models that reliably benefits all groups, to auditors who wish to verify that

this is indeed the case, or users that wish to decide whether to share their information.

2.2 Related Work

Algorithmic Fairness & Performance Parity. Existing measures of individual and group

fairness aim to ensure that a certain performance metric is equitable across groups. In-

dividual fairness aims to ensure that similar individuals receive prediction with similar

performance from a ML model [68]. Group fairness aims to ensure that different de-

mographic groups receive predictions with similar performance [98, 69]. We study the

performance of ML models that assign predictions on the basis of personalized characteris-

tics. Our goal is to flag personalized models that assign unnecessarily inaccurate predictions

to groups who provide personal data. This differs from the underlying goal of algorithmic

fairness, i.e., performance parity.

While parity is an appropriate notion of fairness in applications like lending and hiring,

it is less suitable for applications with different ethical principles. For example, in medicine,

the relevant principles are beneficence and non-maleficence [10]. In such settings, imposing

parity may reduce performance for groups for whom the model performs well, rather than

improving performance for groups for whom the model performs poorly [159, 114, 198, 170,

171]. In contrast, measuring and reporting the benefit of personalization can ensure that we

use personal data in ways that improve performance for all groups without inflicting harm on

specific groups.
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Multi-Group Fairness. Our results are related to a growing stream of work on auditing

machine learning models [192, 33, 133, 190, 204, 234]. We consider a setting where we

estimate the performance of a personalized model for a large number of intersectional

groups known a priori [28, 79]. We characterize the reliability of this task when increasing

the degree of personalization in a finite sample regime. Reliable testing becomes increasingly

challenging in this setting. Given that the number of groups grows exponentially with each

additional group attribute, one needs exponentially more samples to reliably estimate the

gains of personalization for each group. This is, of course, expected – and the motivation

behind Hébert-Johnson et al. [104], Kearns et al. [127] who proved that auditing models

with respect to parity across multi-groups is equivalent to weak agnostic learning under a

worst-case distributional assumptions.

In this chapter, we study the gain (loss) in personalization in a setting where the number

of samples is finite – e.g., because we are working with a dataset that is given [141, 117, 6]. In

this way, we can delineate the fundamental limits on how many group attributes can be used

for personalization before testing and estimation become too unreliable. What is surprising

about our results is that, given finite sample, the information-theoretic maximum of group

attributes that can be collected and still used to verify for a gain in personalization is, in fact,

small: with more than 19 binary attributes, it is statistically impossible to test a personalized

model for a gain in accuracy without further assumptions on the data distribution – 25 for

estimation.

2.3 Preliminaries

Notation. We start with an auditing dataset D ≜ {(xi, gi, yi)}n
i=1 of i.i.d. samples from a

data distribution PX,G,Y. Each sample consists of a vector of features xi ∈ X (e.g. height,

weight), a vector of group attributes gi ∈ G (e.g. sex, HIV status), and a class label yi ∈ Y

(e.g. incidence of stroke). Group attributes partition the dataset into groups of individuals

with the same personal characteristics g ∈ G. We use g to denote a group, and use

Pg ≜ PX,Y|G=g ∀g ∈ G to denote its conditional data distribution.
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Assume that we are given a personalized classifier that uses group attributes hp : X ×G →

Y and a generic classifier h0 : X → Y that does not uses group attributes. We assume that

these models are trained on a training dataset that is independent of the auditing dataset

D. The generic classifier h0 ∈ H can be the empirical risk minimizer over a training dataset

Dtrain, i.e.,

h0 ∈ arg min
h∈H ∑

(x,y)∈Dtrain

ℓ(h(x), y),

where H is a family of classification models. Equivalently, hp ∈ H can represent the

personalized model that minimizes empirical risk over a training dataset that includes

group attributes. In this case, the auditing dataset D (independent of Dtrain) can be used to

empirically test whether (h0, hp) guarantees fair use.

The group risk (or loss) of the classifiers for the group g ∈ G with respect to the loss

function ℓ : Y × Y → R is defined as:

R(h, g) ≜


E [ℓ(h(X), Y) | G = g] if h : X → Y ,

E [ℓ(h(X, g), Y) | G = g] if h : X × G → Y ,
(2.1)

The empirical risk R̂(h, g) for each group is defined as:

R̂(h, g) ≜


1

ng
∑i:gi=g ℓ(h(xi), yi) if h : X → Y ,

1
ng

∑i:gi=g ℓ(h(xi, g), yi) if h : X × G → Y .
(2.2)

where ng refers to the number of samples in group g.

Individuals who provide their personal characteristics to a personalized classifier ex-

pect to receive a tailored gain in performance in return. In Definition 2.1, we frame these

expectation in terms of collective preference guarantees that ensure fair use of group at-

tributes [248, 239].

Definition 2.1 (Fair Use of Group Attributes) The personalized classifier hp : X × G → Y
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ensures the fair use of group attributes for group g ∈ G with respect to the loss function ℓ if

R(hp, g) ≤ R(h0, g), (2.3)

E
[
ℓ
(
hp(X, g), Y

)
| G = g

]
≤ E

[
ℓ
(
hp(X, g′), Y

)
| G = g

]
∀g, g′ ∈ G. (2.4)

The conditions in (2.3) and (2.4) reflect the collective preference guarantees of rationality

and envy-freeness, respectively. These conditions capture the minimal expectations from a

personalized model in applications where groups prefer more accurate models.

Rationality implies that the average person in any of the groups g ∈ G would prefer the

predictions from a personalized classifier hp to those of a generic classifier h0 (2.3). Hence,

on average, users will gain more accurate predictions by sharing their group information.

Envy-Freeness implies that the average person in any of the groups g ∈ G would

prefer the predictions personalized for their group over predictions personalized for any

other group g′ ̸= g (2.4). Hence, the users have the incentive to communicate their group

information accurately.

Example. Consider a classification task where the goal is to predict if a patient suffering

from cancer will experience a remission. In this setting, a generic classifier h0 may only use

features that are readily available in a electronic health record. A personalized classifier hp

may use these same features along with the group attributes G = TumorType ∈ {A,B,C}.

Here, a personalized model that violates the rationality condition for a group, e.g. g = (B),

would mean that patients may obtain more accurate predictions without undergoing an

invasive procedure. In this case, patients should be informed of this fact when weighing

the decision to provide more data. Moreover, a doctor may choose to only perform such

invasive procedure when it is expected to produce a more accurate diagnosis regardless of

the result of the biopsy.

This chapter focuses on ensuring the rationality condition as it reflects minimal condi-

tions for personalization in a classification task.
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2.4 The Benefit of Personalization

When rationality is violated, personalization may improve performance average across all

groups, yet reduce performance for specific groups – see Table 2.1. Ideally, personalization

lead to a gain – or at least not a loss – in performance regardless of the value of the group

attribute g. When this is not the case, stakeholders must be informed that providing more

personal information may not necessarily lead to (average) accuracy gains.

To quantify the gain (loss) in performance across all groups, we introduce a mathematical

definition for the benefit of personalization (BoP). This metric is a function of the personalized

classifier hp, the generic classifier h0, and the data distribution. The BoP captures the

minimum change in loss from using a personalized classifier across all groups g ∈ G.

Equivalently, the BoP quantifies the potential violation of the Rationality constraint in

Definition 2.1.

Definition 2.2 (Benefit of Personalization) Given a fixed data distribution PX,G,Y, the benefit

of personalization of a personalized model hp relative to generic model h0 is:

γ(h0, hp) ≜ min
g∈G

R(h0, g)− R(hp, g) (2.5)

We refer to R(h0, g)− R(hp, g) as the the per-group benefit of personalization for group g, and write

γ = γ(h0, hp) when the parameters are clear from context.

When the benefit of personalization is positive but small, individuals may prefer to

receive predictions from a generic model h0 rather than a personalized model hp. This

would reflect settings where the expected gain in personalization would be insufficient to

warrant the cost of collecting or disclosing personal information (e.g., when the information

is costly or sensitive).

Testing for the benefit of personalization (e.g., if γ > ϵ) is, on its own, insufficient:

stakeholders must be made aware of the estimated gain in accuracy from reporting personal

data and only provide their personal data when it leads to a sufficient gain in accuracy [248].

However, calculating the BoP exactly requires knowledge of the data distribution (see Def.
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2.2) – a condition rarely met in practice. Therefore, we need to understand how to estimate

the BoP given an auditing dataset D, as well as when this estimation may be infeasible

given a limited sample size or a large number of group attributes.

Assumptions. In the remainder of this chapter, we restrict our attention to classification

tasks with a binary outcome Y = {0, 1}, and k binary group attributes G ∈ G ≜ {0, 1}k

that specify |G| = 2k groups. We assume that we work with an auditing dataset D that

contains m ≜ ⌊n/|G|⌋ samples per group. This reflects an optimistic assumption in settings

without prior knowledge of the data distribution PX,G,Y. In effect, measuring the benefit of

personalization is more unreliable in tasks with a disparate number of samples per group.

We consider a setting where the benefit of personalization measures the minimum gain

in accuracy between a personalized classifier and its generic counterpart. This corresponds

to selecting the 0-1 loss function ℓ(y, h(x, g)) ≜ 1[y ̸= h(x, g)] in (2.2). The resulting quantity

can be expressed as follows:

γ(h0, hp) = min
g∈G

Pr(Y = hp(X, g) | G = g)− Pr(Y = h0(X) | G = g),

where Pr(Y = hp(X, g) | G = g)− Pr(Y = h0(X) | G = g) is the gain in accuracy for group

g. Our results can be generalized to settings where the BoP measures the minimum gain

using other performance metrics, such as the false positive rate or false negative rate – see

Appendix A.2.

Naturally, one would expect the personalized classifier hp and its generic counterpart h0

to be trained in “good faith,” i.e., they are not designed to underperform on a specific group.

The BoP would not capture, for example, the case where both the personalized classifier and

the generic classifier underperform on a specific group – it only reflects the relative gain in

accuracy for each group by switching to a personalized classifier. In this regard, the BoP

complements existing group fairness metrics.
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2.5 Testing for the Benefit of Personalization

In Definition 2.3, we present a one-sided hypothesis test to verify if a personalized model

improves expected accuracy for every group who provides personal data.

Definition 2.3 (Hypothesis Test for Fair Use) Given a personalized classifier hp, a generic clas-

sifier h0, and auditing dataset D, we verify whether (hp, h0) yields an ϵ > 0 gain in expected

accuracy for every group using the following hypothesis test:

H0 : γ ≤ 0 ⇔ min
g∈G

R(h0, g)− R(hp, g) ≤ 0

H1 : γ ≥ ϵ ⇔ min
g∈G

R(h0, g)− R(hp, g) ≥ ϵ

Here, the null hypothesis H0 holds when a personalized model hp assigns predictions that

are less accurate than those of a generic model h0 for one or more groups. In contrast, the

alternative hypothesis H1 holds when a personalized model hp assigns predictions that

produce an expected gain in accuracy of ϵ for each group.

The value of ϵ could be set as the minimal gain in expected accuracy that every group

should receive from a personalized model. Setting ϵ = 0 would flag a personalized model

that assigns unnecessarily inaccurate predictions to at least one group. However, a gain of

performance of ϵ = 0 for a groups may not be sufficient to justify the potential monetary

and privacy costs from the user when sharing their personal information.

If there exist a group with 0 gain in accuracy after personalization, then the members

of this group would be better off using the generic classifier. Setting ϵ to a positive value

would flag a personalized models where at least one group experiences a gain that is too

low to warrant the cost of providing personal information. Hence, we would be sure that all

groups have a gain of at least ϵ in accuracy.

The hypotheses can be tested using a range of procedures, including a bootstrap test

[95, 166] and a McNemar test [148]. Arguably the simplest procedure is a threshold test,

which would require estimating the BoP as shown in Table 2.1 and reject H0 if γ̂ ≥ ϵ.

In what follows, we derive a bound on the reliability of the hypothesis test in Def. 2.3 that
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holds for all procedures. For clarity of exposition, we represent the inputs and output for

this hypothesis test as a decision function Ψ : (D, hp, h0, ϵ) → {0, 1}, where Ψ(D, hp, h0, ϵ) :=

1[Accept H1]. Even as the setup above assumes that ϵ > 0, our results will apply to settings

where ϵ ≤ 0. When ϵ < 0, our results will characterize the reliability of an inverted setup

with H0 : γ ≥ 0 and H1 : γ ≤ ϵ. The parameter ϵ is set to a value that is arbitrarily close to

0 – but not 0 – since the reliability of the hypothesis test requires separation between the

regions H0 and H1.

2.5.1 Limits of Reliable Testing

We characterize the reliability of hypothesis tests in terms of their probability of error, defined

below.

Definition 2.4 (Probability of Error) Consider auditing a personalized classifier by running the

hypothesis test in Def. 2.3. Given a personalized classifier hp, generic classifier h0, auditing dataset

D, and threshold gain ϵ > 0, the probability of error of a hypothesis test Pe is defined as:

Pe :=
1
2
[Pr
(
Ψ(D, hp, h0, ϵ) = 1 | H0 is True

)︸ ︷︷ ︸
Type-I Error

+Pr
(
Ψ(D, hp, h0, ϵ) = 0 | H1 is True

)︸ ︷︷ ︸
Type-II Error

]

The probability of error captures both the false positive rate and the false negative rate of a

given hypothesis test. If the probability of error of a hypothesis test is near 50%, then this

means that a hypothesis test is as reliable as the outcome of an unbiased coin toss – too

unreliable to allow for verification. The next theorem – and the main result in this section –

states a lower bound on the probability of error when testing if the BoP exceeds ϵ.

Theorem 2.1 (Lower Bound on Probability of Error) Consider auditing a personalized classi-

fier hp in comparison to a generic classifier h0 for the benefit of personalization hypothesis test

(Def. 2.3) with ϵ ∈ (0, 0.5]. Assume access to a dataset D drawn from an (unknown) distri-

bution with |G| groups and m = ⌊n/|G|⌋ samples per group. Then, the decision functions

Ψ : (D, hp, h0, ϵ) → {0, 1} that achieves the smallest probability of error Pe over the worst case
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distribution PX,G,Y is bounded by

min
Ψ

max
PX,G,Y

Pe ≥
1
2
− 1

2
√
|G|

(
1 + 4ϵ2)m/2

. (2.6)

The lower bound on the probability of error in Theorem 2.1 represents the worst-case

performance of any hypothesis test without further assumptions on the data distribution.

Proof Sketch. The proof of Theorem 2.1 uses the Le Cam’s method [152] to lower bound

the minimax probability of error by a function of the total variation of any two distributions

PX,G,Y. Then we bound the total variation distance of two distributions (belonging to

the different hypotheses) that are “difficult” to distinguish. We provide the full proof in

Appendix A.2.1.

Theorem 2.1 characterizes the relationship between probability of error and the number of

group attributes for personalization in settings with a finite number of samples. Intuitively,

as the number of groups becomes larger, we have fewer samples per group, and the

likelihood of erring in the hypothesis test increases.

Using the minimax lower bound in Theorem 2.1, we can delineate a fundamental limit

on the maximum number of group attributes that we can include in a personalized model

while being able to test if every possible combination of attributes leads to an increase

in performance after personalization – without making further assumptions on the data

distribution.

Corollary 2.1 computes the maximum number of group attributes, such that testing is

still reliable, for an idealized scenario where the dataset D contains a sample for each person

on Earth. In Figure 2.1 we highlight the maximum number of binary group attributes (left)

and groups (right) for multiple dataset sizes n and threshold gains (ϵ).

Corollary 2.1 (Epistemic Limit in Number of Group Attributes) Consider auditing a person-

alized classifier hp to test if it provides a gain of at least ϵ = 0.01 to each group on an auditing

dataset D with n = 8 × 109 samples – i.e., one for each person on Earth. If the personalized classifier

uses more than k ≥ 19 binary group attributes, then there exists a dataset distribution PX,G,Y such
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Figure 2.1: Epistemic limits of personalization for binary classification tasks. We identify limits on the number
of group attributes (left) and number of groups (right) to reliably test if a personalized classifier provides an
expected gain of accuracy greater than ϵ for every group using a dataset with n points. The limits correspond
to largest values needed to ensure that min max Pe ≤ 0.45 under Theorem 2.1, and are computed using the
same technique as Corollary 2.1.

that no decision function can solve the hypothesis test with less than 45% probability of error, i.e.,

k ≥ 19 =⇒ min
Ψ

max
PX,G,Y

Pe ≥ 0.45.

The proof of Corollary 2.1 is a direct application of Theorem 2.1, check Appendix A.2.2

for details.

Rule of Thumb. Theorem 2.1 characterizes the relationship between the minimax proba-

bility of error in testing Pe in terms of the threshold gain ϵ, the number of groups |G|, and

data points per group m. This results indicates that the probability of error approaches 1/2

whenever the number of samples per group exceeds the number of groups (see Figure 2.2).

Moreover, there seems to have an abrupt transition when the number of group attributes

grow. In the auditing setup in Corollary 2.1, the minimax lower bound on Pe jumps from 6%

to 48% as we increase the number of binary group attributes from k = 18 to k = 19. These

phenomena highlight an informative rule of thumb – i.e., testing is fundamentally unreliable

in settings where the number of groups exceeds the number of samples per group.
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Figure 2.2: Minimax lower bound for the probability of error in hypothesis test. Illustration of the minimax
lower bound of the probability of error in Theorem 2.1 (left). For a fixed number of groups |G| = 141 and
ϵ = 0.01, when the number of samples per group decreases, the probability of error in the hypothesis test goes
to 50%. We have, in the y-axis, max(0, lower bound in (2.6)). Illustration of the minimax lower bound of
probability of error in Theorem 2.1 (right). For a fixed sample size n = 8 × 109 (one sample per person in
the world) and varying the number of binary attributes (k), there is a phase transition for the minimax error
probability in a hypothesis test in k = 19 (orange line) as predicted in Corollary 2.1.

Epistemic Limits. In Corollary 2.1 we have shown that for a fixed dataset size
(
n = 8 × 109)

and a threshold gain (ϵ = 0.01) there is a a limit on the number of binary group attributes

to achieve reliable testing. In Figure 2.1 (left), we generalize this result and show how the

maximum number of binary attributes for reliable testing changes with the dataset size and

threshold gain.

Without further assumption on the data distribution, personalized models can only use

3 binary group attributes while ensuring reliable testing for an ϵ = 1% gain in accuracy

using a dataset with 50k samples (usual in domains such as medicine). The limits in Figure

2.1 are violated by many algorithms used in medicine (e.g, [81, 20]). This implies that these

algorithms may be imposing a cost of personalization on the patients without guarantees of

performance improvement.

We reiterate that the error bounds in Theorem 2.1 and Corollary 2.1 hold in the min-

imax sense. These bounds are conservative estimates that may be relaxed given further

assumptions on the data distribution PX,G,Y.

In Figure 2.1 (right) we drop the assumption of binary group attributes and show the

maximum number of groups to ensure reliable testing. Note that, in general, the number
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of groups when we drop the binary attributes assumption is bigger than the number of

groups generated by the binary group attributes. This is an effect from rounding – i.e.,

when 2kmax+1 > dmax but 2kmax < dmax, where kmax is the maximum number binary group

attributes and dmax is the maximum number of groups |G| to ensure reliable testing.

Moreover, the test in Def. 2.3 considers only two hypotheses for a pre-specified ϵ. Hence,

this testing procedure assumes a priori that the true BoP γ cannot satisfy 0 < γ < ϵ.

In practice, such prior information about the BoP may not be known, requiring γ to be

estimated directly from an auditing dataset D. For this reason, in the next section we

analyze the limits of estimating the BoP.

2.6 Estimating the Benefit of Personalization

We consider the problem of designing an estimator γ∗ for the BoP for a dataset D. Our

metric of choice is the mean-square error (MSE) E(γ − γ∗)2. Our goal is to characterize the

minimal MSE (MMSE) across all possible data distributions without further assumptions

on the data distribution. Such bounds allow practitioners to design a dataset collection

that ensures a priori reliable estimation of the BoP. Therefore, we analyze the minimax

estimation error – i.e., the best MMSE achievable across all data distributions, defined as

∆(h0, hp) ≜ inf
γ∗∈σ(D)

sup
PX,G,Y

E(γ − γ∗)2, (2.7)

where γ∗ ∈ σ(D) denotes that γ∗ is measurable with respect to the distribution Pn
X,G,Y of D.

The main result in this section is Theorem 2.2, which provides lower and upper bounds

for the minimax MMSE in (2.7). For a dataset with a fixed amount of samples (n), when

the number of group attributes increases, the number of data points per group decreases.

Intuitively, the estimation variance will be higher on the “more" personalized classifier

because there are fewer samples per group. Theorem 2.2 gives a characterization for the

order of the estimation error for the BoP.

Theorem 2.2 (Minimax bounds for the Estimation MSE) Given a dataset D, containing data
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points that represent the information of member of |G| groups with m ∈ N samples per group –

assume that 4 ≤ |G| ≤ 2m+2. For a generic (h0) and a personalized (hp) classifier, the minimax

estimation error for the benefit of personalization in (2.7) is such that:

log(|G|)
16m

− log(4)
16m

≤ ∆(h0, hp) ≤
log(|G|)

m
+

log(m)

m
+

2 + log(2)
m

, (2.8)

Proof Sketch. The proof of Theorem 2.2 relies on two-point methods for minimax lower

bounds. This result uses a generalized version of Le Cam’s Lemma stated in Appendix

A.2.3 (which is of independent interest) together with standard concentration inequalities.

We provide the detailed proof in the Appendix A.2.4.

On the tightness of the estimation bounds. The lower (converse) bound in (2.8) shows

that, without further assumption on the data distribution, the best MMSE that can be

achieved when estimating the BoP is log(|G|)
16m − log(4)

16m . While the upper (achievability) bound

in (2.8) shows that it is possible to estimate with error smaller than log(|G|)
m + log(m)

m + 2+log(2)
m .

Interestingly, this implies the our lower bound is tight in order since the terms that depend

on 1
m and log(m)

m vanish when m grows.

On the behavior of the estimation bounds. The bounds in Theorem 2.2 are illustrated

in Figure 2.3 in log scale. We estimate the MSE for the BoP of personalized classifiers on a

semi-synthetic dataset built from the UCI Adult dataset [141] while increasing the number

of samples per group by sampling with replacement. We also show the minimax upper

and lower bounds from Theorem 2.2 in log-scale. The empirical estimator for the BoP

is computed using 100 Monte Carlo iterations, and we provide 95% confidence intervals

estimated via bootstrap.

Figure 2.3 suggests that even though the bounds in Theorem 2.2 are in the minimax

sense, they are close to the estimated MSE, especially the lower bound.

Remark. Figure 2.3 has the minimax lower bound that is not a lower bound for the MSE

of the BoP estimator. This phenomenon is expected and is a consequence of the generality
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Figure 2.3: Bounds and estimatimavive for the MSE of the BoP of a personalized classifiers trained on a
semi-synthetic dataset built from the UCI Adult dataset [141]. The x-axis shows the number of data points
per group by sampling with replacement. The y-axis shows the MSE of the empirical estimation of the BoP
(blue), lower (green) and upper (orange) bounds from Theorem 2.2. Confidence intervals are computed using
bootstrap and have 95% confidence.

o the minimax bounds that hold for all decision functions and estimators and inherently

consider the worst-case distribution for each case. Additional knowledge of the underlying

data distribution may result in a more favorable trade-off between sample size, estimation

error, and the number of group attributes.

2.6.1 Limits of Reliable Estimation

Theorem 2.2 delineates a fundamental limit on the number of group attributes to estimate

the BoP reliably. The lower (converse) bound in (2.8) captures the trade-off between the

minimax MSE of an estimator, the number of group attributes, and the size of the dataset.

In Corollary 2.2, we express this trade-off by identifying an upper bound for the number of

group attributes required to achieve a precise (in the minimax MSE sense) BoP estimate for

a fixed sample size.

Corollary 2.2 (Limits of Reliable Estimation) Given a dataset D with n samples, |G| ≥ 4

groups, m = n/|G| samples per group, 0 < δ < 1/16, and a generic and a personalized classifier. If

|G| ≤ 2m+2, and ∆(h0, hp) ≤ δ, the number of binary group attributes (k) satisfies,

(k − 2)2k ≤ 16
ln 2

nδ. (2.9)
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Remark. For n = 8 × 109 (i.e., the approximate number of people on earth) and δ = 0.052 (i.e., at

most 5% MSE), then one can only reliably estimate the BoP for a personalized model with at most

k ≤ 25 binary group attributes.

The proof of Corollary 2.2 is a direct application of the Theorem 2.2. Setting δ = 0.052

caps the square root of the MSE to 5%. In settings where the estimator γ∗ is unbiased, the

result in Corollary 2.2 caps the variance of the estimator to at most 5%.

Corollary 2.2 gives a limit in the number of binary group attributes in order to ensure

a δ-precision for the error in BoP estimation – i.e., to guarantee that ∆(h0, hp) ≤ δ. Eq. 2.9

can help practitioners decide the number of group attributes used by hp by (i) first setting

a target estimation precision δ for the BoP, where 0 < δ < 1/16, then (ii) determining the

maximum number of group attributes by computing kmax = max{k ∈ N; (k − 2)2k ≤ 16
ln 2 nδ}.

Note that, since our bounds are minimax, this renders a conservative estimate on the number

of attributes used for personalization.

2.7 Conclusion & Open Problems

Personalized models should improve performance for all individuals who provide personal

data. In this chapter, we introduced a measure called the benefit of personalization (BoP)

to verify this basic principle for classification models that are personalized using group

attributes like the result of physical exams, the user race, and income level.

Using the BoP, we characterized the reliability of testing and estimation procedures to

verify if personalization leads to a gain in performance for all users. We then determined

conditions under which testing and estimation were too unreliable to guarantee gains across

groups. Our results highlight fundamental limits in the ability to tell if personalization leads

to gains in finite-sample settings.

Particularly, we show that there is no way to reliably determine if a personalized model

with k ≥ 19 binary attributes benefits all users who provide personal data on a dataset with

n = 8 × 109 samples (i.e., one per person in the world) without making further assumptions
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on the data distribution. These limits can guide how to define and select group attributes to

ensure reliable testing and estimation, allowing practitioners to make informed decisions

when personalizing models with characteristics that are protected, sensitive, or costly to

acquire.

Open Problems

Ensure Fair Use. We have only considered auditing ML models for fair use and have not yet

developed techniques to ensure that all demographic groups experience performance gains.

Follow-up work has established methods to provide tailored performance improvements

through participatory systems for personalized classification [119]. However, this approach

requires training and deploying a different model for each demographic group, making it

infeasible when considering exponentially many groups.

A future research direction is to develop methods that ensure machine learning models

make fair use of personalized information without the computational and practical burden

of deploying and training multiple models. One potential approach is to add restrictions on

the minimum gain in performance across all groups during model training like it is done

with fairness metrics [1].

How Much Gain is Sufficient Gain? We model the problem of testing for fair use as

testing if there is an ϵ > 0 average performance gain per demographic group (Def. 2.3).

However, we do not specify how large ϵ needs to be. The expected magnitude of ϵ may vary

depending on the type of attributes being collected. For example, consider an ML model

for malignant tumor detection. If the group attribute collected from the user is the result

of an invasive medical exam (e.g., biopsy), users would reasonably expect a substantial

improvement in tumor detection accuracy (ϵ should be large). Conversely, if the group

attribute is simply patient age, users might accept a smaller accuracy gain after sharing

this information (ϵ can be small). Therefore, an important direction for future work is to

conduct task-dependent analyses that determine the minimum performance gain (ϵ) users
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should expect based on the risks associated with sharing their personal information.

On Technicalities. One of the main assumptions in this chapter is that all demographic

groups have about the same number of samples. However, in practice, datasets are not

balanced. A future direction of research is extending our theoretical results for the case that

groups don’t have the same sample size. Another important aspect of our theoretical results

is that the bounds are worst-case, i.e., they hold for any data distribution. However, in some

cases we might have a data distribution that makes estimation easier. A future direction of

investigation would be computing bounds for testing and estimating fair use that depend

on the complexity of the data distribution.

2.8 Looking Ahead

This chapter examines a central challenge in personalization: assessing performance gains

across combination of attributes leads to a combinatorial explosion in the sample complexity

required for reliable testing. In personalized models, each individual sample contributes

data to only one group given by the combination of their personalized information. Hence,

as the number of personalized group attributes grows, the number of samples available per

group decreases exponentially.

The decrease creates an “epistemic limit” where it is impossible to verify if all users that

provide their group information have a tailored gain in performance. This is a consequence

of the fact that the increase in the number of groups attributes used by the personalized

classifier demand exponentially more data to confidently verify that the personalization is

beneficial across all groups – a phenomenon captured in Theorems 2.1 and 2.2.

A similar issue arises in the pursuit of multi-group fairness [104, 127, 193], where the

goal is to ensure that model performance is balanced across diverse demographic groups

such the ones given by the combination of age, gender, and race. Here, testing for fairness

suffers from the same statistical constraints: as the number of demographic groups grow,

the representation of each group in the data is diminished, making it difficult to reliably
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test for multi-group fairness with a finite dataset.

In the next chapter we prove the existence of a fundamental limit in multi-group fairness

testing. We leverage this result to provide a relaxation on the requirements for an ML model

to be considered “multi-group fair” – the requirements can be tuned to be more (less) strict

needing more (less) data for reliable testing.
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Chapter 3

Epistemic Limits of Fairness Testing

Machine learning algorithms are increasingly used in domains of consequence such as

hiring [213], lending [277, 23], policing [257], and healthcare [54, 64]. These algorithms may

display performance disparities across groups determined by legally protected attributes

[247, 161] (e.g., sex and race). Discovering and reducing performance disparities across

population groups is a recognized desideratum in ML. Over the past decade, hundreds of

fairness interventions have been proposed to close performance gaps in a range of prediction

and classification tasks while preserving overall accuracy [109, 162, 4, 9, 98, 1, 29, 274].

While there are many notions of fairness in ML [176], we focus on group fairness [125,

68, 274, 98]. Group fairness is usually concerned with a small number (often two) of

pre-determined demographic groups G and requires a certain performance metric to be

approximately equal across the groups in G — different choices of performance metric lead

to different notions of fairness. For example, equal opportunity [98], a popular variation of

group fairness, requires that false positive rates (FPR) be approximately equal across groups

in G. A widely accepted mathematical formalization of group fairness violation is the largest

gap between a model’s performance for a group in G and its average performance across

the entire population. We refer to such worst-case group fairness metrics as max-gap fairness

The content in this chapter has also appeared in Monteiro Paes et al. [183].
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metrics.

Multi-group fairness notions aim to increase the granularity of groups in G for which

model performance is measured and compared [127, 104, 255, 80, 143]. Multi-group fairness

metrics answer recent calls for testing for performance disparities across groups determined

by intersectional demographic attributes [255, 80, 143] (e.g., groups determined by sex

and race instead of separate evaluation for each attribute). A fine-grained characterization

of groups is critical for discovering performance disparities that may lead to systematic

disadvantages across intersecting dimensions [80].

Though socially critical, the need for multi-group fairness and the discovery of max-

gap fairness violations pose competing statistical objectives. Intuitively, as the number of

groups increases (i.e., |G| becomes large), so does the sample complexity of evaluating

max-gap fairness metrics. In such cases, even testing for multi-group fairness is challenging

[182, 104, 127]. For instance, Kearns et al. [127] show that a model can be reliably tested for

multi-group fairness with a test dataset of size O(|G|). Testing for multi-group fairness may

be infeasible when |G| is large, such as when G is a product set of several group-denoting

attributes, such as sex, age, and race.

3.1 Overview and Main Contributions

In this chapter, we derive fundamental performance limits for testing for multi-group

fairness and propose a notion of multi-group fairness based on conditional value-at-risk

(CVaR) [211] that allows practitioners to relax fairness guarantees to decrease the sample

complexity for reliably testing for multi-group fairness — we call it CVaR fairness. CVaR is

a popular metric that is a convex relaxation of the maximum, making it a suitable objective

for optimization as well.

As we will see, CVaR fairness also leads to a much improved sample complexity as

compared to the max-gap fairness allowing us to scale the number of groups in a tractable

manner. We also propose algorithms for reliably testing CVaR fairness violations using

both i.i.d. and non-i.i.d datasets. We also provide sample complexity bounds for the testing
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algorithms we propose.

We consider that each individual has sensitive attributes denoted by (s1, ..., sk) for

some k ∈ N, each attribute si ∈ S i. The combination of the sensitive attributes defines

protected groups that we denote by g, i.e., g = (s1, ..., sk). Intersectionality argues that all

the population groups defined by the combinations (s1, ..., sk) ∈ S1 × ... × Sk have unique

sources of discrimination and privilege [52, 53]. Therefore, it is important to discover and

treat disparities in performance across groups g ∈ G = S1 × ... × S k [80, 128, 255, 156]. As

we also saw in Chapter 2, the number of groups that we aim to ensure that the ML algorithm

treats similarly is |G| = |S1| · |S2|... · |S k|. When each S i is at least binary for all i ∈ [k], G

has an exponential number of groups |G| ≥ 2k.

First, we provide an impossibility result, showing that any hypothesis test that uses i.i.d.

samples from the data distribution needs at least n = Ω(|G|) points to reliably test if

max-gap fairness metrics are greater than a fixed threshold — Proposition 3.1. Our result

complements the achievability bound in [127], where it was shown that multi-group fairness

can be tested with n = O(|G|) samples.

Our first result shows that there exists an epistemic limit when testing for multi-group

fairness using max-gap fairness definitions. Therefore, scaling G to intersectional groups

determined by a combination of features can be infeasible due to the cost of acquiring an

exponential number of samples.

Motivated by the first epistemic limit result, we propose a multi-group fairness metric

that is a relaxation for max-gap fairness based on conditional value-at-risk (CVaR) — namely

CVaR fairness in Definition 3.3. We show that it is possible to recover max-gap fairness

metrics from CVaR fairness (Proposition 3.2) and that CVaR fairness lower bounds max-gap

fairness metrics (Proposition 3.3).

We propose an algorithm to test if the CVaR fairness metric is greater than a fixed

threshold ϵ (Algorithm 1). The algorithm uses an empirical estimator for CVaR fairness

and perform a threshold test that outputs if the CVaR fairness metric is bigger than the

fixed threshold (ϵ). We propose two sampling techniques for the collection of data used to
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compute the estimator: weighted sampling and attribute specific sampling, this gives flexibility

on the data collection tailored for CVaR Fairness testing.

Let w = (w1, ..., w|G|) be a stochastic vector that defines a distribution over groups.

Broadly speaking, we can think of w as a vector of fairness aware importance scores for

every group g ∈ G; for example, w can be given by the percentage of each group in the

population.The theoretical contribution of this work (Theorem 3.1) makes a connection

between the sample complexity for testing multi-group fairness and the Rényi entropy of

order 2/3, which is defined by H2/3(w) ≜ 3 log2 ∑g w2/3
g .

In Theorem 3.1 we prove that the proposed Algorithm 1, with weighted sampling, can

reliably test for CVaR fairness using n = O
(

2
1
2 H2/3(w)

)
samples, where H2/3(·) is the Rényi

entropy of order 2
3 . Our achievability result shows that using Algorithm 1 for the CVaR

fairness metric allows us to decrease the sample complexity of testing achieving

2
1
2 H2/3(w) ≤

√
|G| < |G|.

Additionally, we show a converse result for the sample complexity for testing CVaR

fairness under weighted sampling when w is a uniform distribution over all groups. We

prove that when w is a uniform distribution over all groups we need n = Ω
(√

|G|
)

samples

to reliably test for CVaR fairness (Theorem 3.3). When w is the uniform distribution, the

converse and achievability bounds match.

Finally, we prove that if we have access to 2 samples of any group g ∈ G (we will not

necessarily collect them), it is possible to use Algorithm 1 with attribute specific sampling to

reliably test for CVaR fairness utilizing a number of samples (n) that is independent of the

number of groups |G|. Specifically, when testing if the CVaR fairness metric is bigger than a

threshold ϵ, we only need O
( 1

ϵ4

)
samples to test reliably, making the number of samples to

test for multi-group fairness independent of the number of groups.
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3.2 Preliminaries

Notation. Each individual sample is a tuple (x, g, y) where x ∈ X is the attribute vector,

g ∈ G is the protected group variable (e.g., (sex, race, age) = (male, asian, 20-30)),

and y ∈ {0, 1} is a binary label to be predicted — note that x ∈ X may contain g ∈ G.

Let ŷ = hθ(x) ∈ {0, 1} denote a model that aims to predict y and where the model is

parameterized by θ, e.g., weights of a neural network. We denote the data of each individual

by z = (x, g, y, ŷ) ∈ Z , when using a random variable instead of the data samples, we write

Z = (X, G, Y, Ŷ), and assume that the data is drawn from an unknown distribution P̃Z. We

sample from P̃Z to create a model auditing dataset with n ∈ N samples Daudit = {zi}n
i=1 —

the data points are not necessarily i.i.d. sampled. Note that the samples z = (x, g, y, ŷ) are

realizations of the random variable Z = (X, G, Y, Ŷ).

We also define w ≜ (w1, ..., w|G|) ∈ ∆|G| to be a prior distribution on the groups of the

audit dataset — the model auditor has full control over w. For example, when testing for

fairness, the model auditor may choose w to be given by a uniform prior, i.e., wg = 1
|G| .

This way, all groups would be equally represented in the audit dataset and would receive

equal fairness guarantees. The model auditor may choose w to increase the weight of some

groups, reflecting a desired policy.

Fairness Violations as Hypothesis Testing. Group fairness notions such as equal op-

portunity [98], equal odds [98], and representation disparity [101] are widely used in

practice. These notions quantify fairness in terms of differences (or lack thereof) of a given

performance metric (e.g., FPR) across population groups.

In general, group fairness notions can be represented in terms of a fairness violation

metric, which will be zero if there is no performance disparity across groups, and positive if

some performance disparity exists (e.g., one group has a higher FPR than the rest). We use

fairness violation metrics to test if a given machine learning model follows a specific fairness

notion. Denote by F a fairness violation metric that takes the test dataset distribution P̃Z as

input and outputs a real number – F also depend on the group distribution vector w.
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We are interested in testing if most groups g ∈ G are treated similarly accordingly to the

metric (i.e., F(P̃Z) = 0) or if there exists a group that is being treated differently than the

others (i.e., F(P̃Z) ≥ ϵ). Hence, we use a hypothesis testing to verify if multi-group fairness

metrics are bigger than a fixed threshold given in Definition 3.1.

Definition 3.1 (ϵ-Test) Given a fairness violation metric F for the dataset distribution P̃Z over Z ,

we call the following hypothesis test an ϵ-test.
H0 : F(P̃Z) = 0

H1 : F(P̃Z) ≥ ϵ.
(3.1)

We denote by ψϵ : Zn → {0, 1} the decision function that takes the dataset Daudit = {zi}0≤i≤n such

that zi ∈ Z and predicts

ψϵ (Daudit) =


0 if H0 is true

1 if H1 is true.
(3.2)

The decision function in Definition 3.1 aims to differentiate between distributions from

two separate decision regions (P0 and P1(ϵ)) in the set of all distributions in Z . Specifically,

the decision regions P0 and P1(ϵ) are given respectively by (3.3) and (3.4).

P0 =
{

P̃Z ∼ Z
∣∣∣ F(P̃Z) = 0

}
(3.3)

P1(ϵ) =
{

P̃Z ∼ Z
∣∣∣ F(P̃Z) ≥ ϵ

}
(3.4)

where P̃Z ∼ Z denotes that P̃Z is the dataset distribution with support on Z . Assuming a

uniform prior on the hypothesis H0 and H1, the decision function has a probability of error

equal to:

Perror =
Pr(ψϵ = 1|H0) + Pr(ψϵ = 0|H1)

2
. (3.5)

Since we are distinguishing a single distribution from a set of distributions, the abovemen-

tioned test is a composite hypothesis test. Composite hypothesis tests have been recently

popularized under distribution property testing, see [31] for a detailed survey on the topic.
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In this section, we defined fairness violation metrics (F) and how to use them to audit a

model for multi-group fairness. In the next section, we study a particular case of fairness

violation metrics that we call max-gap fairness (Definition 3.2) and show that performing a

reliable ϵ-test for max-gap fairness require at least O(|G|/ϵ2) samples.

3.3 Fairness as Max-Gap Performance Violation

Several fairness violation metrics F measure the maximum magnitude of the difference

between model performance for a group and the average performance across all the groups

[104, 127, 98, 127, 182]. We call these metrics the max-gap fairness and denote it by

F_MaxGap.

In this chapter, we call the function that measures the performance across different

demographic groups the quality of service function and the average performance across all

groups the average quality of service. We give examples of the average quality of service

function for equal opportunity in Example 3.1 and statistical parity in Example 3.2. We use

the quality of service function to formally define the max-gap fairness metrics as follows.

Definition 3.2 (Max-Gap Fairness) Let L : Z → {0, 1} be the quality of service function, w ∈

∆|G| be the group weight vector, P be a distribution in Z that measures the average quality of service,

and define the average quality of service to be given by

L(w) ≜ ∑
g∈G

wgEP[L(Z)|G = g]. (3.6)

The fairness gap per group is denoted as ∆(g; P, L) and given by

∆(g; P, L, w) ≜
∣∣EP[L(Z)|G = g]− L(w)

∣∣ . (3.7)

The max-gap fairness metric F_MaxGap is the maximum fairness gap per group ∆(g; P, L, w)

for g ∈ G, i.e.,

F_MaxGap(P, L, w) ≜ max
g∈G

∆(g; P, L, w). (3.8)
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Note that when L, P, and w are clear from the context we drop them and just write

F_MaxGap ≜ F_MaxGap(P, L, w).

We demonstrate next how group fairness metrics such as Equal Opportunity (EO) and

Statistical Parity (SP) can be expressed in terms of the above max-gap fairness definition.

Example 3.1 (Equal Opportunity) Recall that the equal opportunity violation metric is given by

FEO = max
g∈G

|Pr(ŷ = 1|Y = 0, G = g)− Pr(ŷ = 1|Y = 0)| (3.9)

= max
g∈G

∣∣∣∣∣Pr(ŷ = 1|Y = 0, G = g)− ∑
g∈G

wg Pr(ŷ = 1|Y = 0, G = g))

∣∣∣∣∣ . (3.10)

Note that we can recover FEO from the max-gap fairness definition by taking

LEO(z) = Iŷ=1(z), (3.11)

PEO(z) = P̃Z(z|Y = 0). (3.12)

We have that the fairness gap per group is

∆(g; PEO, LEO, w) =

∣∣∣∣∣Pr(ŷ = 1|Y = 0, G = g)− ∑
g∈G

wg Pr(ŷ = 1|Y = 0, G = g)

∣∣∣∣∣ . (3.13)

Hence, we recover the equal opportunity violation metric

FEO = max
g∈G

∣∣∣∣∣Pr(ŷ = 1|Y = 0, G = g)− ∑
g∈G

wg Pr(ŷ = 1|Y = 0, G = g))

∣∣∣∣∣ (3.14)

= max
g∈G

∆(g; PEO, LEO, w) = F_MaxGap(PEO, LEO, w). (3.15)

Example 3.2 (Statistical Parity) Recall that the statistical parity violation metric is given by

FSP = max
g∈G

|Pr(ŷ = 1|G = g)− Pr(ŷ = 1)| (3.16)

= max
g∈G

∣∣∣∣∣Pr(ŷ = 1|G = g)− ∑
g∈G

wg Pr(ŷ = 1|G = g))

∣∣∣∣∣ . (3.17)
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Note that we can recover FSP from the max-gap fairness definition by taking

LSP(z) = Iŷ=1(z), (3.18)

PSP(z) = P̃Z(z). (3.19)

We have that the fairness gap per group is given by

∆(g; PSP(z), LSP, w) =

∣∣∣∣∣Pr(ŷ = 1|G = g)− ∑
g∈G

wg Pr(ŷ = 1|G = g))

∣∣∣∣∣ . (3.20)

Hence, we recover the statistical parity violation metric

FSP = max
g∈G

∣∣∣∣∣Pr(ŷ = 1|G = g)− ∑
g∈G

wg Pr(ŷ = 1|G = g))

∣∣∣∣∣ (3.21)

= max
g∈G

∆(g; PSP(z), LSP, w) = F_MaxGap(PSP(z), LSP, w). (3.22)

Using a similar process, we can recover other fairness metrics like multi-calibration [199, 104].

Since max-gap fairness measures the violation in fairness metrics, we aim to ensure

that the gap F_MaxGap(P, L, w) ≈ 0. Achieving this condition implies that the model

hθ is treating all groups G in the population similarly per the chosen performance notion.

However, in general, we don’t have access to the distribution P; therefore, it is not possible

to compute EP[L(Z)|G = g] for all g ∈ G exactly. Hence, we can’t exactly compute

F_MaxGap(P, L, w) the fairness metric we are interested in. Regardless, we can estimate

F_MaxGap(P, L, w) using n i.i.d. samples from P.

If we were interested in ensuring that the model is treating only two groups similarly,

i.e., when G = {g1, g2}, then we can estimate F_MaxGap(P, L, w) using n = O(1/ϵ2)

i.i.d. samples from P and then reliably test if F_MaxGap(P, L, w) ≈ 0 — this result is an

immediate application of Chebyshev inequality [244]. Similarly, in [127, Theorem 2.11], it

was shown that using the same procedure we can estimate F_MaxGap(P, L, w) for multi-

group fairness using n = O(|G|/ϵ2) i.i.d. samples from P.

We are interested in the case where |G| is large, i.e., intersectionality is considered.

The fairness definitions of interest is the maximum gap fairness as in (3.8), but |G| grows
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exponentially. In this regime, estimating the fairness metrics as in (3.8) is challenging. It

is necessary to estimate EP[L(Z)|G = g] for all g ∈ G; hence, if |G| is large, performing all

estimations is impractical [127, 182, 104]. In fact, in this chapter, we prove that even testing

if F_MaxGap is above a given threshold is challenging.

Specifically, we show that the max-gap fairness metrics discussed in Definition 3.2 require

at least Ω(|G|/ϵ2) samples for the ϵ-test to have a small probability of error by proving that

the probability of error of the ϵ-test is bounded away from 0.

Proposition 3.1 (Converse for Max-Gap Fairness) For max-gap fairness metrics F_MaxGap

(e.g., equal opportunity in Example 3.1 and statistical parity in Example 3.2) with quality of

service function L and measuring the average quality of service using the distribution P such that

(L, P) ∈ {(LEO, PEO), (LSP, PSP)}. If ϵ ∈ [0, 0.5] and wg = P(G = g) = 1
|G| for all g ∈ G, using

n i.i.d. samples from P the minimum probability of error of performing an ϵ-test for F_MaxGap in

Definition 3.1 is lower bounded by

2 inf
ψϵ

Perror ≥ 1 −
[

2

(
1 −

(
1 − 2ϵ2

|G|

)n)]1/2

. (3.23)

Furthermore, it is necessary to have access to n given in (3.24) i.i.d. samples from P to test if

F_MaxGap = 0 or F_MaxGap ≥ ϵ correctly with probability 0.99.

n = Ω
(
|G|
ϵ2

)
. (3.24)

Proof Sketch. We prove that there exist two distributions P0 ∈ P0 and P1 ∈ P1(ϵ) that

are close in the space of distributions in terms of Hellinger distance [106]. Intuitively, the

fact that the hypothesis regions are close indicates that it is difficult to distinguish between

certain distributions in them. We provide the proof for this result in Appendix B.2.1.

In Proposition 3.1, we have shown that the probability of error in the hypothesis test

is lower bounded by a function of n the number of samples from P|Y=0, |G| the number of

groups, and ϵ and it is necessary to have at least n = Ω
(
|G|/ϵ2) samples to audit a model
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for max-gap fairness. Thus, the achievability result in [127] is sharp on the minimax sense.

Next, we define a fairness metric based on the conditional value-at-risk, aiming to decrease

the sample complexity of testing for multi-group fairness, albeit with a weaker notion of

fairness violation guarantee.

3.4 CVaR Multi-Group Fairness Metrics

In this section, we define the conditional value-at-risk (CVaR) fairness and prove the

properties of this multi-group fairness metric.

Fairness and CVaR. We adopt a definition of CVaR fairness that is inspired by the work

from Williamson and Menon [263], which is motivated by conditional value-at-risk [211].

Similarly to Williamson and Menon [263], we are concerned with applying CVaR to the

fairness gap ∆(g). Differently from [263], our main contribution is the definition of CVaR

fairness as a relaxation of the max-gap fairness metrics and applying CVaR to quantities

beyond the model loss. Additionally, we provide a sample-efficient test for CVaR, which is

the main algorithmic contribution of this paper.

The definition of CVaR for a random variable W starts by computing qα(W) the α-

quantile of W for α ∈ [0, 1). The α-quantile of a random variable W is defined to be a

number qα(W) such that

Pr[W ≥ qα(W)] ≥ 1 − α (3.25)

Pr[W < qα(W)] ≥ α. (3.26)

Then, the conditional value-at-risk at level α is denoted by CVaRα(W) and given by (3.27) –

CVaR was proposed by [211]:

CVaRα(W) ≜ E[W|W ≥ qα(W)]. (3.27)

Intuitively, CVaRα(W) measures the tail behavior of W. For example, when α = 1 the

conditional value-at-risk becomes the maximum over all possible values of W an event that
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may have vanishing probability. The case of interest in multi-group fairness (when testing is

hard) is when only a small group is treated differently from all others, i.e., when g ∈ G is

small (wg is small) but ∆(g) ≥ ϵ. Hence, we are interested in the tail behavior of ∆(g). For

this reason, we next define CVaR fairness to capture the desired tail behavior.

Definition 3.3 (CVaR Fairness) Let L : Z → {0, 1} be the quality of service function, w be the

group importance weight vector defined by the auditor, and P be the distribution that measures the

average quality of service L(w). Recall that

∆(g) =
∣∣EP[L(Z)|G = g]− L(w)

∣∣ .

For all α ∈ [0, 1), we denote CVaR fairness as F_CVaRα(w; P, L, L(w)) and define it by

Qα ≜ arg max
∑g∈Q wg≤1−α

Q⊂G

∑
g∈Q

wg∆(g) (3.28)

F_CVaRα(w; P, L, L(w)) ≜
1

1 − α ∑
g∈Qα

wg∆(g). (3.29)

We can also write F_CVaRα(w; P, L, L(w)) as

F_CVaRα(w; P, L, L(w)) =
1

1 − α
max

∑g∈Q wg≤1−α

Q⊂G

∑
g∈Q

wg∆(g).

When P, L, L(w) are clear from the context we denote F_CVaRα(w; P, L, L(w)) by

F_CVaRα(w). Note that when the group importance weights w are uniform, then the

set Qα contains (1 − α)|G| groups; hence, the number of groups decreases linearly with

alpha, and for α = (1 − 1
|G| ), the set only contains one of the groups with the highest ∆(g),

thus CVaR recovers max-gap fairness in this case.

Connecting CVaR fairness back to the classical definition of CVaR [211], it can be

considered as an application of the classical CVaR for ∆(g). We claim that, under mild
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assumptions1,

F_CVaRα(w) = E[∆(g)|∆(g) ≥ min
g∈Qα

∆(g)] = E[∆(g)|∆(g) ≥ qα(∆(g))] = CVaRα(∆(g)),

CVaR fairness captures the behavior of ∆(g) while accounting for the influence of the group

weight on the tail.

The CVaR fairness is a more lenient extension of the usual definition of fairness given in

Definition 3.2, i.e., it is possible to recover Definition 3.2 from the CVaR fairness in Definition

3.3. Particularly, CVaR fairness gives stronger fairness guarantees when α is close to 1 and

milder guarantees when α < 1, giving practitioners the flexibility of allowing α to be smaller

and make F_CVaRα(w) easier to estimate –i.e., decrease the sample complexity to perform

an ϵ-test for F_CVaRα(w).

CVaR Fairness with α = 0. In this case, F_CVaR0(w) corresponds to the average fairness

gap of all groups. Therefore, we can estimate F_CVaR0(w) with precision ϵ using n = O
( 1

ϵ2

)
samples from P. Thus, it is possible to perform the ϵ-test reliably using O

( 1
ϵ2

)
samples from

P – we conclude that by a simple application of Chebyshev’s inequality [244].

Therefore, α should be chosen to be a fixed constant (i.e., independent of G and w) that

can be used to control the sample complexity of an ϵ-test. Next, we exemplify the impact of

α in the sample complexity of fairness auditing and in Section 3.5.3 we prove that, tuning α,

it is possible to get a more favorable sample complexity for reliable fairness auditing (ϵ-test

for CVaR fairness).

As a middle ground example between easy testing (α = 0) and the max-gap fairness in

Definition 3.2, consider the following example where the parameter α in CVaR fairness allows

trading stronger fairness guarantees (e.g., all groups, including the ones with almost zero

probability of occurrence are equally treated) for better sample complexity by increasing

the probability mass of the statistics being estimated — i.e., maxg ∆(g) may occur in a

demographic group with vanishing probability while Example 3.3 illustrate how CVaR is

1The mild assumptions are (1) ∑g∈Qα
wg = 1 − α and (2) if g ̸= g′ then ∆(g) ̸= ∆(g′). Proposition B.1 in

Appendix B.3 shows this result.
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estimated over a set of mass (1 − α).

Example 3.3 (CVaR Equal Opportunity) Let α = 0.75, the quality of service function be LEO,

and PEO be given by the equal opportunity fairness metric in Example 3.1. The fairness gap per

group is given by

∆(g) =

∣∣∣∣∣Pr(Ŷ = 1|Y = 0, G = g)− ∑
g∈G

wg Pr(ŷ = 1|Y = 0, G = g))

∣∣∣∣∣ . (3.30)

Therefore, the CVaR Equal Opportunity is given by

F_CVaR0.75(w) =
1

0.25
max

∑g∈Q wg≤0.25
Q⊂G

∑
g∈Q

wg∆(g). (3.31)

We only need to estimate a quantity with probability mass 0.25, in contrast with Example 3.1, where

estimating a quantity with potentially vanishing probability was necessary. This example highlights

the advantage of CVaR fairness in comparison with max-gap fairness, CVaR fairness gives flexibility

for the model auditor to select the minimum probability mass (1 − α) they can reliably estimate using

their limited number of samples.

In Proposition 3.2, we show that we can recover max-gap fairness (Definition 3.2) by

choosing an appropriate value for α — max-gap fairness is hard to estimate and may

demand O (|G|) samples from P to perform an ϵ-test reliably as saw in Proposition 3.1.

Proposition 3.2 (F_CVaRα recovers F_MaxGap) . For all w ∈ ∆|G|, L : Z → {0, 1}, and any

distribution P with support on Z , there exists α∗ ∈ [0, 1) such that

F_MaxGap(P, L, L(w)) = F_CVaRα∗(w; P, L, L(w)). (3.32)

When w =
(

1
|G| , ..., 1

|G|

)
we have that α∗ = 1 − 1

|G| .

We show this result in Appendix B.2.2.

Proposition 3.2 indicates that by choosing a suitable α ∈ [0, 1) we can obtain a reasonable

trade-off between sample complexity and fairness guarantees. In Section 3.5.3, we show

how to leverage the flexibility provided by α to efficiently test for multi-group fairness.
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For all choices of α ∈ [0, 1) we prove that F_MaxGap(P, L, L(w)) is lower bounded by

F_CVaRα(w). This shows why CVaR fairness is a lenient version of the standard multi-

group fairness in Definition 3.2. In Proposition 3.3, we show that F_CVaRα(w) lower bounds

F_MaxGap(P, L, L(w)).

Proposition 3.3 (F_CVaRα is a lower bound for F_MaxGap) . For all L : Z → {0, 1}, distri-

bution P with support on Z and distribution P with support on Z , w ∈ ∆|G|, and α ∈ [0, 1) we

have that

0 ≤ F_CVaRα(w; P, L, L(w)) ≤ F_MaxGap(P, L, L(w)) ≤ 1. (3.33)

We provide a proof for this result in Appendix B.2.3.

Proposition 3.3 shows that F_MaxGap(P, L, L(w)) ≥ ϵ does not necessarily imply that

F_CVaRα(w) ≥ ϵ. For this reason, performing an ϵ-test using F_CVaRα(w) is more lenient

than performing the same test for F_MaxGap(L, L(w)). However, Proposition 3.3 ensures

that if F_CVaRα(w) ≥ ϵ then F_MaxGap(L, L(w)) ≥ ϵ which is what we test in Section 3.5.3.

In this section, we have defined the CVaR fairness and showed that (i) it is an extension

of the standard multi-group fairness metrics given in Definition 3.2 (Proposition 3.2), (ii)

CVaR fairness is a more lenient metric than the max-gap fairness metrics in Definition 3.2,

and (iii) CVaR fairness is a value in the square [0, 1] as max-gap fairness (Proposition 3.3).

Moreover, we exemplified that by carefully choosing α we can leverage the trade-off between

sample complexity to perform a ϵ-testing and fairness – Example 3.3 and Proposition 3.3.

In the next section, we propose a testing algorithm that leverages the trade-off between

sample complexity and fairness guarantees from CVaR fairness to efficiently perform an

ϵ-test.
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3.5 Testing for CVaR Fairness

3.5.1 Data Collection Process

In order to test for F_CVaRα(w), we need to collect an audit dataset Daudit. We propose two

ways of collecting this dataset — weighted sampling (Definition 3.5) and attribute specific

sampling (Definition 3.6). We denote Mg as the number of samples from group g in the

audit dataset. In general, Mg can be a random variable.

Due to the cost of acquiring new samples, there is a limit on the dataset size one can

collect. For this reason, we define the notion of a data budget that a practitioner may have

when testing for CVaR fairness.

Definition 3.4 (Data Budget) A model is audited with a data budget equal to n ∈ N when the

expected number of samples used to audit the model is equal to n — i.e., (3.34) holds.

n ≜ ∑
g∈G

E[Mg]. (3.34)

We now propose two ways of collecting data. We start with the weighted sampling,

when the audit dataset Daudit is constructed using i.i.d. samples.

Definition 3.5 (Weighted Sampling) Let Mg be the number of samples from group g ∈ G. Under

a data budget n, we define the number of samples per group as

Mg ≜ Bin(n, vg) ∀g ∈ G,

where Bin(n, vg) represents the Binomial distribution with parameters n ∈ N. Moreover, v =

(v1, ..., v|G|) ∈ ∆|G| is the group marginal distribution from the audit dataset Daudit, i.e., vg =

PZ(G = g), and ∑g∈G E[Mg] = n.

Note that the group marginal vg may be different from w (the underlying or prior group
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distribution). To provide additional flexibility for model auditor, we set

vg =
wη

g

∑g′ wη
g′

, (3.35)

where η ∈ [0, ∞). There are three special cases for choose η: (i) η = 0 (uniform distribution),

(ii) η = 1 (when vg = wg), and (iii) η = 2/3 that we prove in Cor. 3.1 to improve sample

complexity. In practice, the model auditor selecting the group marginals v means that they

can control the frequency at which a sample from a group is acquired.

The model auditor may also decide to collect the data without ensuring that samples

are i.i.d. from some distribution to optimize the sample complexity of performing an ϵ-test.

Next, we define attribute specific sampling, a non-i.i.d. sampling strategy that will allow the

model auditor to achieve a sample complexity that is independent of the number of groups

|G| — Corollary 3.2.

Definition 3.6 (Attribute Specific Sampling) Let Mg be the number of samples from group

g ∈ G, and w = (w1, ..., w|G|) be the group weight vector. Under a data budget n, we define the

number of samples per group as

Mg ≜ Ber(min{γwg, 1})n
γ

∀g ∈ G.

Where Ber(min{γwg, 1}) represents the Bernoulli distribution with parameter min{γwg, 1}, γ ∈

[0,+∞), and ∑g∈G E[Mg] = n.

In the next section we propose an estimator F̂(w) that we will use to audit the model

for CVaR fairness by performing an ϵ-test.

3.5.2 Proposed Estimator

Estimating the value of the CVaR fairness metric (F_CVaRα) may still be difficult and require

a high sample complexity. However, in this work, we are only interested in performing an

ϵ-test, i.e., testing if the CVaR fairness metric is bigger than ϵ or equal to zero.

Hence, instead of defining an estimator that tries to approximate F_CVaRα, we define it

with the sole objective of testing if F_CVaRα > ϵ. To do so, we introduce the quantities F̂1
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and F̂2 in Definition 3.7 that we show are unbiased estimators for ∑g∈G wgE[L(Z)|G = g]2

and L(w) respectively in Lemma B.4 and Lemma B.6. Then, we use these estimators to

approximate an upper bound for the CVaR fairness that we show in Lemma B.8, as follows

F̂ ≈ ∑
g∈G

wgE[L(Z)|G = g]2 − L(w)2 ≥ (1 − α)(F_CVaRα(w))2.

Definition 3.7 formalizes the definition of the estimator for testing F_CVaRα.

Definition 3.7 (Estimator for testing F_CVaRα) Let F_CVaRα be the CVaR fairness metric that

uses the quality of service function L : Z → {0, 1}, the average quality of service L(w), and uses

the distribution P for Z . Define Mg to be a random variable in N, and assume we have access to

Mg samples from P(Z|G = g) for each group g ∈ G — note that some Mg may be equal to 0. If

Mg = 0, we define:

∑
Mg
j=1 L(zj)

Mg
≜ 0,

and if Mg ∈ {0, 1} we define

∑
Mg
i=1 L(zi)

Mg

(∑
Mg
i=1 L(zi)− 1)

Mg − 1
≜ 0.

Then, define the estimators F̂1 and F̂2 to be

F̂1(w) ≜ ∑
g∈G

wg

P
[
Mg ≥ 2

] ∑
Mg
i=1 L(zi)

Mg

(∑
Mg
i=1 L(zi)− 1)

Mg − 1
,

F̂2(w) ≜ ∑
g∈G

wg

P
[
Mg ≥ 1

] ∑
Mg
j=1 L(zj)

Mg
.

Finally, our CVaR estimator for F_CVaRα is defined as:

F̂(w) ≜ F̂1(w)−
(

F̂2(w)
)2

. (3.36)

We derive the mean and the variance of the proposed estimator F̂(w) in Appendix B.2.4.

The estimator in Definition 3.7 gives practitioners flexibility by allowing them to sample

the number of data points Mg they will use from each group g ∈ G. Moreover, allowing the

number of samples for a group to be zero (Mg = 0) may lead to a better sample complexity
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than O(|G|) — which is why we use this strategy.

In the next section, we propose a specific decision function ψϵ (Algorithm 1) that uses

the auditing dataset Daudit to compute the estimator in Definition 3.7 and output if the

model is CVaR multi-group fair. We also provide theoretical guarantees for the performance

of this decision function depending on the sample strategy and data budget.

3.5.3 An Efficient Test For Multi-Group Fairness

In this section, we provide an algorithm to perform the ϵ-test for the CVaR fairness metric.

We show that our algorithm can perform ϵ-test reliably with at most n = O
(

2
1
2 H2/3(w)

ϵ2(1−α)
+ 2

1
3 H2/3(w)

ϵ4(1−α)2

)
samples when using weight sampling — where H2/3 denotes the Rényi entropy of order

2/3. Additionally, we show that when using attribute specific sampling, we can perform

ϵ-test for CVaR fairness reliably with at most n = O
(

1
ϵ4(1−α)2

)
.

We propose Algorithm 1 to perform an ϵ-test by using the estimator for the CVaR

fairness metric proposed in Section 3.5.2. The algorithm takes the group importance weights

w, the group sampling distributions {Qg}g∈G (e.g., attribute specific sampling or weighted

sampling), and returns which hypothesis is true (i.e., H0 is true or H1 is true).

The proposed algorithm starts by defining the number of samples per group Mg using

attribute specific or weighted sampling. When the dataset is fixed, Mg is a prefixed

constant. However, if the model auditor has control of the dataset construction, they

can use weighted sampling (Definition 3.5) or attribute specific sampling (Definition 3.6)

to define Mg. Next, it computes the CVaR fairness metric estimator F̂(w) in Definition

3.7. Finally, it performs a threshold test comparing F̂(w) with (1−α)ϵ2

2 . We compare F̂(w)

with the threshold (1−α)ϵ2

2 because in Lemma B.8 we show that F̂ ≈ ∑g∈G wgE[L(Z)|G =

g]2 − L(w)2 ≥ (1 − α)(F_CVaRα(w))2. We formalize this process in Algorithm 1.

We show that the sample complexity for an ϵ-test to differentiate between F_CVaRα(w) =

0 and F_CVaRα(w) ≥ ϵ using Algorithm 1 is more favorable than O(|G|/ϵ2) — differently

than the standard multi-group fairness metrics in Definition 3.2 which needs at least

Ω(|G|/ϵ2) samples to perform a reliable ϵ-test.
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Algorithm 1 CVaR Test

Input: w ∈ ∆|G|, {Qg}g∈G
Mg ∼ Qg ▷ Sample Mg s.t. Pr(Mg = k) = Qg(k) as in Def. 3.5, Def. 3.6, and Thm. 3.1.
Sample Mg i.i.d. points from P(x,y)|G=g ∀g ∈ G ▷ Sample Mg from P(x,y)|G=g for each
group.
Compute F̂(w) as in Def. 3.7 ▷ Compute using the samples generated in previous step
if F̂(w) ≥ (1−α)ϵ2

2 then
return F_CVaRα(w) ≥ ϵ

else if F̂(w) < (1−α)ϵ2

2 then
return F_CVaRα(w) = 0

end if

We first prove that the probability of error in (3.5) is bounded when using Algorithm 1

as the decision function. Theorem 3.1 shows that the probability of error is bounded when

using weighted sampling, and it depends on the test data group distribution v = (v1, ..., v|G|).

Theorem 3.1 (Achievability with weighted sampling) . Let w ∈ ∆|G| be the group weight

vector such that maxg wg ≤ 1 − α , L : Z → {0, 1} be the quality of service function, and L(w)

is the average quality of service. Suppose we have access to n i.i.d. samples, i.e., we used weighted

sampling in Algorithm 1. Specifically,

Qg(k) = Pr(Bin(n, vg) = k),

where v = (v1, ..., v|G|) is the group marginal from PZ that we sampled i.i.d. to generate Daudit.

The probability of error (Perror in (3.5)) for Algorithm 1 to differentiate F_CVaRα(w) = 0 from

F_CVaRα(w) > ϵ is such that

Perror = O

(
1

(1 − α)2ϵ4n2 ∑
g

w2
g

v2
g
+

1
n(1 − α)2ϵ4 ∑

g

w2
g

vg

)
. (3.37)

We show this result in Appendix B.2.4. Next, we show how large n needs to be to ensure

that the upper bound in Theorem 3.1 is smaller than a fixed δ > 0. This result gives an

upper bound for the sample complexity of testing for CVaR fairness using Algorithm 1.
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Recall that the Rényi entropy of order ρ for ρ ≥ −1 is defined as

Hρ(w) :=
1

1 − ρ
log2 ∑

s∈S
(ws)

ρ. (3.38)

Notice that H1(w) = −∑g∈G wg log wg is the Shannon entropy that we acquire via a

continuous extension of (3.38). Moreover, H0(w) = |G| is the max-entropy.

Corollary 3.1 gives the upper bound for the sample complexity for an ϵ-test in terms of

the Rényi entropy of order 2/3 of the group distribution w.

Corollary 3.1 (Sample complexity of Algorithm 1) . Under the same assumption of Theorem

3.1 (using weighted sampling). With probability at least 0.992, comparing F̂(w) to (1 − α)ϵ2/2,

one can differentiate between F_CVaRα(w) = 0 and F_CVaRα(w) > ϵ using at most the following

number of samples

n = O


(

∑g∈G
w2

g

v2
g

)1/2

ϵ2(1 − α)
+

∑g
w2

g
vg

ϵ4(1 − α)2

 . (3.39)

Moreover, when the model auditor can control the choice of group marginal in the test dataset

and set vg =
w2/3

g

∑g∗ w2/3
g∗

, it is only necessary to have access to n samples such that

n = O

(
2

1
2 H2/3(w)

ϵ2(1 − α)
+

2
1
3 H2/3(w)

ϵ4(1 − α)2

)
. (3.40)

We show this result in Appendix B.2.5. Note that we prove the result for an arbitrary error

probability δ ∈ [0, 1], but only display the result for δ = 0.01 as the specific probability

of error is not key to our analysis. However, we highlight that the dependence on the

probability of error δ is not optimal in our bounds and can be automatically improved by

using the median of the means technique, improving the dependence to log(1/δ) instead of

1/δ, as in [75, Page 8].

2Because the probability of success in the hypothesis test is not the main focus of our theoretical analysis,
we leave the dependence on it to the appendix and only show the results in the main paper for a probability of
error of 0.01.
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The sample complexity for the hypothesis test using CVaR fairness in (3.40) depends

on (1 − α) and ϵ. When α is close to one, i.e., max-gap fairness is recovered, the sample

complexity in (3.40) might be worse than the sample complexity for the hypothesis-test

using max-gap fairness (n = O(|G|/ϵ2)) as shown in [127]. This is a consequence of us

treating α as a fixed constant bounded away from zero, which allows us to trade off fairness

guarantees for a more feasible sample complexity. However, Proposition 3.2 shows that the

sample complexity of CVaR fairness is, at most, the sample complexity of max-gap fairness

since for the most strict choice of α, we recover max-gap fairness.

When ϵ and (1 − α) are constants and bounded away from zero, the dominant term

in the sample complexity is the first term O
(

2
1
2 H2/3(w)

ϵ2(1−α)

)
. Corollary 3.1 shows that the

sample complexity of performing an ϵ-test CVaR fairness using Algorithm 1 with weighted

sampling (vg ∝ w2/3
g ) has a smaller exponent than testing for standard multi-group fairness

metrics as shown in Proposition 3.1 (testing for standard multi-group fairness has sample

complexity O (|G|)), because

2
1
2 H2/3(w) ≤ 2

1
2 log(|G|) = |G| 1

2 ≤ |G|. (3.41)

In the worst-case-scenario, when w maximizes the Rényi entropy, the sample complexity is

upper bounded by O
(
|G| 1

2
/
((1 − α)ϵ2)

)
providing a smaller sample complexity than i.i.d.

testing using standard multi-group fairness metrics as shown in Proposition 3.1 — Rényi

entropy is maximized for wg = 1
|G| for all g ∈ G.

In contrast, when ϵ is sufficiently small, the term O
(

2
1
3 H2/3(w)

ϵ4

)
may be dominant.

However, this term is still preferable over the original complexity of the problem O
(
|G|
ϵ2

)
when ϵ > 1

|G|1/3 . Recall that the case of interest in this paper is when G contains a large

number of groups (e.g., millions of groups) defined by the combination of sensitive attributes,

hence the case where ϵ > 1
|G|1/3 is of major interest — here we are not considering constants

in the sample complexity.

Moreover, when the model auditor can control the data collection process, they can

choose to sample according to Algorithm 1 to decrease the sample complexity further. For
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example, when the model auditor has access to at least 2 samples of any given group

g ∈ G in the population and can perform non-i.i.d. sampling, they can use attribute specific

sampling. Next, we show that by choosing Mg using attribute specific sampling (Definition

3.6), we can get a bound on the probability of error for the ϵ-test that is independent of w.

We show this result in Theorem 3.2.

Theorem 3.2 (Achievability with attribute specific sampling) . Let w be such that maxg wg ≤

c · ϵ4 for a sufficiently small constant c and maxg wg ≤ 1− α , L : Z → {0, 1} the quality of service

function, and L(w) the average quality of service. Using attribute specific sampling in Algorithm 1,

i.e.

Qg(k) = Pr
(

Ber(min(1, γwg))
n
γ
= k

)
,

where γ = n
2 .

The probability of error (Perror in (3.5)) for Algorithm 1 to differentiate F_CVaRα(w) = 0 from

F_CVaRα(w) > ϵ is bounded by:

Perror = O
(

1
ϵ4(1 − α)2n

)
. (3.42)

We show this result in Appendix B.2.6. As an immediate consequence of Theorem 3.2,

we can compute the sample complexity of testing using Algorithm 1 with attribute specific

sampling. In Corollary 3.2, we show that using attribute specific sampling allows us to

confidently perform an ϵ-test using a number of data points that do not depend on the

number of group |G|.

Corollary 3.2 (Sample complexity of Algorithm 1 using attribute specific sampling) . Let

w be such that maxg wg ≤ c · ϵ4 for a sufficiently small constant c and maxg wg ≤ 1 − α.

With probability at least 0.99, comparing F̂(w) to (1 − α)ϵ2/2, one can differentiate between

F_CVaRα(w) = 0 and F_CVaRα(w) > ϵ using at most the following number of samples n:

n = O
(

1
ϵ4(1 − α)2

)
.
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We provide the proof for this result in Appendix B.2.7 – again, we don’t show the dependency

on the error probability δ, but we prove it in the appendix and provide the bound for

δ = 0.01.

In this section, we have shown that it is possible to perform an ϵ-test for CVaR fair-

ness reliably using O
(

2
1
2 H2/3(w)

ϵ2(1−α)
+ 2

1
3 H2/3(w)

ϵ4(1−α)2

)
samples from P when using Algorithm 1 with

weighted sampling — which is i.i.d. We also showed that, by using Algorithm 1 with

attribute specific sampling (which is non-i.i.d.), we can reliably test for CVaR fairness with

n = O
(

1
ϵ4(1−α)2

)
samples from P.

Intuitively, our theoretical results are a consequence of the fact that when the model

auditor can control the sampling frequency in specific groups, then they can decide to

sample more uniformly from all groups.

For example, when using weighted sampling with v ∝ w2/3, the groups with higher

wg receive a smaller vg while the groups with smaller wg receive a higher vg. Then, if

smaller groups receive higher values of ∆(g), our proposed sampling methods will capture

this disparity. On the other hand, the model auditor can decide to use attribute specific

sampling, which intuitively first computes ∆(g) for the groups with higher weights wg

which is a non-i.i.d. sampling strategy wich a sample complexity independent of |G|.

In the next section, we show that by using weighted sampling with w uniform, it is

actually necessary to use O
(

2
1
2 H2/3(w)

(1−α)
1
2 ϵ2

)
= O

(
|G|

1
2

(1−α)
1
2 ϵ2

)
samples from P for performing an

ϵ-test reliably. Indicating that Algorithm 1 has optimal dependency on w and |G|.

3.6 Converse Result for CVaR Fairness Testing

We present next a converse result for the sample complexity of the ϵ-test for CVaR fairness

under weighted sampling. Our result ensures that the performance of Algorithm 1 has

optimal order when w is a uniform distribution over all groups. We prove this optimality

by showing that no test can differentiate between F_CVaRα(w) = 0 and F_CVaRα(w) ≥ ϵ

using less than Ω
(√

|G|
ϵ2

)
i.i.d. samples — Theorem 3.3. As a consequence of this result, we

provide an operational meaning for the Rényi entropy of order 2/3 as the log of the number
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of samples that is necessary to perform an ϵ-test for CVaR reliably.

We proved a similar converse result for the max-gap fairness metrics in Proposition

3.1. For max-gap fairness we were able to design two distributions P0 and P1 that are close

together in the space of all distributions in Z according to the Hellinger divergence but at

the same time F_MaxGapα(w; P0) = 0 and F_MaxGapα(w; P1) ≥ ϵ — Proposition 3.1. Using

these distributions, we leveraged the Le Cam Lemma [152] from the binary hypothesis test

literature and showed that it is necessary to have n = Ω(|G|) samples to perform an ϵ-test

for max-gap fairness reliably — Proposition 3.1.

Alas, the proof strategy for deriving a converse result for max-gap fairness testing does

not directly apply to CVaR testing. The reason is that it is not possible to design distributions

P0 and P1 as before. In fact, we can show that if two distributions have CVaR fairness far

apart, then the total variation distance between them is also far apart. Specifically, if we

design F_CVaRα(w; P0) = 0 and F_CVaRα(w; P1) ≥ ϵ we cannot guarantee that TV(P0||P1)

is sufficiently small to match our achievable sample complexity bound. Hence, the approach

from Proposition 3.1 fails.

As an alternative to the approach in Proposition 3.1, we take a different route and use

the Generalized Le Cam Lemma for a mixture of distributions [201]. Instead of showing that

there exist distributions P0 and P1 with distant CVaR fairness metric but close distance in

the space of distributions, we design a sequence of distributions {Pu}U indexed by U such

that F_CVaRα(w; Pu) ≥ ϵ for all u ∈ U , and also P0 such that F_CVaRα(w; P0) = 0. We then

show that the mixture of distributions {Pu}U is close to P0 according to the χ2 divergence —

Lemma 3.1.

Recall that the χ2 divergence between P ≪ Q (i.e., P is absolutely continuous with

respect to Q) is given by

χ2(P||Q) ≜ EQ

[(
P(Z)
Q(Z)

− 1
)2
]

. (3.43)

In Lemma 3.1, we design the mixture distribution Pu ∈ P1(ϵ) and show that the mixture

is close to a distribution P0 ∈ P0 according to the χ2 divergence.
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Lemma 3.1 (Close Mixture of Distributions) For CVaR fairness metrics F_CVaRα(w) with

quality of service function L and measuring the average quality of service using the distribution P

such that (L, P) ∈ {(LEO, PEO), (LSP, PSP)}. Consider the hypothesis regions P0 (3.3) and P1(ϵ)

(3.4). Assume that w is a uniform distribution over all groups, i.e., w =
(

1
|G| , ..., 1

|G|

)
, For all

α ∈ [0, 1) and α|G|1/3

4 ≥ ϵ > 0 there exist a sequence of distributions P0 ∈ P0 and {Pu}u∈U ⊂ P1(ϵ)

indexed by elements of the set U such that if u ∼ π we have that

χ2
(

Eu [Pn
u ]

∣∣∣∣∣∣∣∣Pn
0

)
≤ e

128(1−α)n2ϵ4

α4 |G| − 1. (3.44)

We prove this result in Appendix B.2.8. In Lemma 3.1, we showed that there exists a mixture

of distributions with CVaR fairness greater than ϵ that is close to a distribution P0 with

CVaR fairness equal to 0. Hence, we can use the generalized Le Cam Lemma to compute

the minimum number of samples that is necessary to perform an ϵ-test reliably. In Theorem

3.3 we show that it is necessary to have n = Ω
( √

|G|
(1−α)1/2ϵ2

)
samples to perform an ϵ-test

reliably.

Theorem 3.3 (Minimum Sample Complexity) For CVaR fairness metrics F_CVaRα(w) with

quality of service function L and measuring the average quality of service using the distribution P

such that (L, P) ∈ {(LEO, PEO), (LSP, PSP)}. Consider the hypothesis regions P0 (3.3) and P1(ϵ)

(3.4). Assume that w is a uniform distribution over all groups, i.e., w =
(

1
|G| , ..., 1

|G|

)
. For all

α ∈ [0, 1), α|G|1/3

4 ≥ ϵ > 0 , the minimum probability of error in the ϵ-test using n i.i.d. samples

from P to distinguish between F_CVaRα(w) = 0 and F_CVaRα(w) ≥ ϵ is lower bounded by

2 inf
ψ

Perror ≥ 1 − 1
2

√
e

1024(1−α)n2ϵ4

α4 |G| − 1, (3.45)

then n samples are needed to perform an ϵ-test with with probability of error smaller than 0.01 where

n is such that

n = Ω

(
α2
√
|G|

(1 − α)1/2ϵ2

)
. (3.46)
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We prove this result in Appendix B.2.9 – one more time, we provide the dependence on the

error probability δ in the appendix, and the result is shown for δ = 0.01. In Theorem 3.3,

we showed that the order of the sample complexity of the Algorithm 1 is optimal when

using weighted sampling and w is uniform. The results in Lemma 3.1 and Theorem 3.3

were given in terms of the equal opportunity fairness metric. However, our result can be

trivially extended to several fairness metrics, such as statistical parity and equalized odds.

We highlight that the result in Theorem 3.3 together with Corollary 3.1 give an opera-

tional meaning for the Rényi entropy of order 2/3 as the log of the number of samples that

is necessary to perform an ϵ-test for CVaR reliably.

3.7 Numerical Experiments

In this section, we empirically evaluate the performance of the proposed hypothesis test

methods within a Bernoulli model. This model allows us to examine test performance by

varying three key parameters: (i) the parameter α in Definition 3.3 (Figure 3.1), (ii) the

entropy of the group distribution w (Figure 3.2), and (iii) the number of samples in the

hypothesis test (Figure 3.3).

Additionally, we determine the maximum number of groups for which we can conduct

an ϵ-test for both max-gap fairness and CVaR fairness with a probability of error smaller

than 45% and a fixed data budget. The maximum number of groups can be derived via the

lower bound provided in Proposition 3.1 and Theorem 3.3 (Figure 3.4). For practitioners, this

result aids in deciding the number of sensitive attributes (generating groups g ∈ G) required

to ensure reliable auditing for max-gap or CVaR fairness within a fixed data budget.

In this section, we take a conservative approach and assume that Reliable auditing refers

to performing an ϵ-test with a probability of error smaller than 45%; essentially, the test

needs to perform slightly better than a random guess to be considered reliable. Our results

can also be applied for a smaller probability of error, say δ instead of 0.45, as we show

in Appendix B.2.4. This impacts our results by a factor of 1
δ instead of 1

0.45 , decreasing

the number of possible groups for reliable testing — this dependence can be improved to
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log
( 1

δ

)
by using the median of the means technique from [75, Page 8].

3.7.1 Experimental Setup

First, we define the dataset distribution (P̃Z) and the quality of service we aim to ensure

equality across different groups in the population. Our experiment aims to ensure statistical

parity across groups (Example 3.2) using max-gap and CVaR fairness.

We start this section by defining the protected groups G.

The Demographic Groups. We use k ∈ N binary sensitive attributes — in this experiment,

we don’t specify such groups; however, they can encode information about sex, HIV

status, or even the occurrence of stroke. Hence, each demographic group is given by

a binary sequence of length k; particularly, we define the set of all protected groups

as all elements of G = {0, 1}k — e.g., when k = 2 the protected groups are given by

G = {(0, 0); (1, 0); (0, 1); (1, 1)}. We denote the groups by g ∈ G = {0, 1}d and gi indicates

the i-th entry of the group denoting vector in G.

We define the probability of occurrence of each group g ∈ G as the probability of the

product of k Bernoulli distributions with parameter p ∈ [0, 1] to be equal to the group

sensitive attributes. Rigorously, we define w = (w1, w2, ..., w2k) as:

wg ≜
k

∏
i=1

Pr (Ber(p) = gi) . (3.47)

We define the group weights as in (3.47) for the entropy of w to be equal to k times

the entropy of the Bernoulli random variable, specifically H2/3(w) = kH2/3((p, 1 − p)). In

Figures 3.2 and 3.3, we vary the parameter p to analyze the impact of the entropy of the

group weight vector w on the hypothesis test performance.

Now that we have defined the groups considered in our numerical analysis, we introduce

the prediction dataset distribution, i.e., the distribution for z = (g, ŷ)

Data Distribution. Each individual sample is represented by a vector z = (g, ŷ) where g

is its group membership and ŷ ∈ {0, 1} is the outcome we aim to ensure statistical parity.
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The outcome distribution is given by

Pr (ŷ = 1|G = g) ≜ qg, (3.48)

where qg ∈ [0, 1] is the per group quality of service parameter and ŷ|G=g is a Bernoulli

random variable with parameter qg.

Hence, the dataset distribution of each data point is given by

P̃Z ((G, ŷ) = (g, ŷ)) = wgqg. (3.49)

Now that we have defined the groups, we aim to ensure equal treatment across all

elements of G. We recall the quality service function and distribution, respectively, LSP(z)

and PSP(z), used for measuring the quality of the service in each group and compute the

Max-Gap and CVaR fairness for the model.

Max-Gap and CVaR Fairness The quality of service function and the measure for the

quality of service of interest are, respectively, LSP and PSO given by

LSP(g, ŷ) = Iŷ=1(g, ŷ) (3.50)

PSP(g, ŷ) = P̃Z(g, ŷ). (3.51)

Therefore, the fairness gap per group g ∈ G is given by ∆(g) as follows

∆(g) =

∣∣∣∣∣qg − ∑
g∈G

qgwg

∣∣∣∣∣ , (3.52)

which implies that the Max-Gap and CVaR fairness are given by

F_MaxGap = max
g∈G

∆(g), (3.53)

F_CVaRα(w) =
1

1 − α
max

∑g∈Q wg≤1−α

Q⊂G

∑
g∈Q

wg∆(g). (3.54)

Hypothesis Testing. We aim to test if all groups are treated similarly (F_MaxGap = 0

or F_CVaRα(w) = 0) or if there is a group that is unfairly treated (F_MaxGap ≥ ϵ or
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F_CVaRα(w) ≥ ϵ), i.e., we aim to perform an ϵ-test. However, we assume we don’t have

access to the data distribution; hence, to simulate this scenario, we perform the ϵ-test using

samples using (i) weighted sampling and (ii) attribute specific sampling.

We perform the hypothesis test for CVaR fairness using the Algorithm 1 that we propose.

We use weighted sampling (Definition 3.5) with v = w and v = w2/3, and attribute specific

sampling. We adopt a baseline testing for max-gap fairness that compares the empirical

average performance with the empirical average per group. Specifically, when n samples

are available {zi}n
i=1 each group has Mg samples such that ∑g Mg = n, the baseline method

outputs that F_MaxGap ≥ ϵ when

max
g∈G

Mg>0

∣∣∣∣∣∣∑
Mg
i=1 LSP(zi)

Mg
−

∑g∈G ∑
Mg
i=1 LSP(zi)

n

∣∣∣∣∣∣ ≥ ϵ, (3.55)

and outputs that F_MaxGap = 0 otherwise. When performing the baseline test for max-gap

fairness, we sample i.i.d. from the data distribution that is equivalent to weighted sampling

with v = w.

Disparate Quality of Service. To generate disparate quality of service across groups, i.e.,

∆(g) > 0 for some g ∈ G we take the following approach.

Approach 3.1 We set the group quality parameter qg = 0.05 for 20% of groups that we choose

uniformly at random and qg = 0.5 for the other groups. Specifically, we sample ⌊0.2|G|⌋ groups

{g1, ..., g⌊0.2|G|⌋} and define qg = 0.05 for g ∈ {g1, ..., g⌊0.2|G|⌋} and qg = 0.5 for all other groups.

Now that we have laid the background for our experiments, we show our numerical

results in the next section.

3.7.2 Experimental Results

On the dependence on α. Figure 3.1 shows how the probability of error in the ϵ-test for

CVaR fairness (in terms if error probability (3.5)) using Algorithm 1 depends on the choice

of the α parameter in CVaR fairness Definition 3.3. The per group quality of service was
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(c) Attribute Specific

Figure 3.1: Probability of error in ϵ-test vs. α for different number of sample sizes. We use ϵ =
0.4×F_CVaRα(w) in Algorithm 1 — we exactly compute CVaR fairness to evaluate the probability of
error. We use k = 9 sensitive attributes leading to 512 groups, and the group distribution parameter is taken
to be p = 0.2. The probability of error was computed using 1000 realizations with the Monte Carlo method,
and confidence intervals are plotted using Bootstrap from Seaborn [258] with 95% confidence.

defined using Approach 3.1, i.e., we set 20% of all groups chosen uniformly at random to

received a quality of service equals to qg = 0.05 while the other groups received qg = 0.5.

Figure 3.1 indicates that when α increases, the probability of error when performing an

ϵ-test also increases. However, in the low data regime, this behavior changes. In this case,

the errors that stem from the limited sample size dominate the probability of error, as we

can conclude from the unchanged probability of error when n = 256 across both weighted

sampling strategies and also attribute specific sampling Figures 3.1 (a), (b), and (c). The

error dominance from the small sample size n = 256 is even higher in attribute specific

sampling (Figures 3.1 (c)).

Additionally, we also observe that the dependency on α is more severe in attribute-

specific sampling in comparison with weighted sampling using v ∝ w2/3 or v = w — which

was expected from our error probability bound. Corollary 3.1 shows that the number of

samples necessary to reliably perform an ϵ-test for CVaR fairness using weighted sampling

depended on 1
(1−α)

, while Corollary 3.2 shows that the number of samples depends on

1
(1−α)2 when using attribute specific sampling, implying that α has a more severe impact on

the error probability of attribute specific sampling when compared with weighted sampling.
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False positive vs. false negative rate for different values of entropy. Figure 3.2 shows

how the false positive rate depends on the false negative rate for different entropy values

achieved by varying the group distribution parameter p ∈ {0.05, 0.1, 0.5}). To compute the

false positive rate at a given false negative rate, we tune ϵ in Algorithm 1 such that the false

negative rate is given by the x-axis and use this ϵ to test if F_CVaRα(w) ≥ ϵ. We select the

threshold in the baseline test for max-gap (3.55) similarly to test if F_MaxGap ≥ ϵ.

Figure 3.2 indicates that weighted sampling for CVaR testing has a more favorable trade-

off between false negatives and positives when compared with max-gap fairness testing,

specifically for lower entropy values. Notably, the attribute specific sampling method (Figure

3.2 (d)) exhibits inferior or comparable performance compared to weighted sampling with

group weights v = w (Figure 3.2 (b)) or v ∝ w2/3 (Figure 3.2 (c)) across most entropy

values obtained by varying the parameter p. However, under the condition of uniformly

distributed group weights (i.e., p = 0.5), where entropy is maximized, attribute specific

sampling yields the best trade-off between false negative and positive rates, indicating that

attribute specific sampling has a better performance when the entropy w is higher — this

result is also supported by Figure 3.3.

Weighted sampling with v ∝ w2/3 (Figure 3.2 (c)) has the most favorable trade-off

between false negative and positive rates for smaller entropies of w — as is suggested by

the direct dependence of its sample complexity on the H2/3(w) as we shown in Corollary

3.1. At maximum entropy (p = 0.5), weighted sampling and the baseline test for max-gap

fairness exhibit similar performance, but attribute specific sampling clearly outperforms

both weighted sampling and the baseline test for max-gap fairness.

Remarkably, weighted sampling with v ∝ w2/3 achieves false positive rates smaller than

10% at all false negative rates larger than 20% when p = 0.05. Therefore, we conclude that

weighted sampling and attribute specific sampling, when used for CVaR fairness testing,

exhibit a better or comparable false negative vs. positive trade-off than the baseline method

for max-gap fairness testing (3.55) across all tested values for the parameter p that controls

the group weights w entropy. Moreover, we observe that weighted sampling with v ∝ w2/3
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(d) Attribute Specific

Figure 3.2: False positive rate at a given false negative rate for the hypothesis tests described in the paper.
We use k = 10 sensitive groups, generating 1024 groups and under a data budget of n = 512 Bernoulli
realizations. We use Approach 3.1 to distribute the per group quality of services. The false positive rate was
computed using 1000 realizations in the Monte Carlo method, and confidence intervals are plotted using
Bootstrap from Seaborn [258] with 95% confidence.

is more flexible, achieving reasonable performance for different w entropy values; however,

its performance is degraded when entropy is maximized. Attribute specific sampling

complements weighted sampling by achieving a more favorable when the entropy of w is

maximized.

The dependence on number of samples. Figure 3.3 shows how the area under the false

negative versus positive curve (AUC) changes as the number of samples increases for the

ϵ-test in two scenarios with varying entropy for w. First, Figure 3.3 shows the AUC for
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the baseline method (3.55) when performing an ϵ-test for max-gap fairness (Figure 3.3 (a)).

Second, it shows the AUC when performing an ϵ-test for CVaR fairness using Algorithm

1 with weighted sampling with v = w (Figure 3.3 (b)), weighted sampling with v ∝ w2/3

(Figure 3.3 (c)), and attribute-specific sampling (Figure 3.3 (d)). The per group quality of

service is distributed using Approach 3.1.

First, we note that Figure 3.3 shows that the performance of the baseline method for

max-gap testing doesn’t achieve reasonable performance across all entropy values and data

budgets tested, i.e., AUC is always larger than 0.3 for max-gap testing. Meanwhile, when

using Algorithm 1 with any of the proposed sampling methods for CVaR testing, we observe

that their AUC is smaller than 0.2 with just n = 300 samples, indicating the clear advantage

of CVaR fairness testing in comparison with max-gap fairness.

Additionally, Figure 3.3 shows that AUC decreases faster for CVaR fairness testing when

using weighted sampling in comparison with the attribute specific sampling or the baseline

method for max-gap fairness testing in most of the tested scenarios. As we also observed in

Figure 3.1, weighted sampling with v ∝ w2/3 has a flexible performance, i.e., it performs

well under differentvalues of the entropy of w and data budgets (n).

Figure 3.3 also shows that using Algorithm 1 with attribute specific sampling has almost

perfect performance (AUC ≈ 0) when the groups are uniformly distributed, i.e., p = 0.5,

even with n = 100 samples while testing for CVaR fairness across 1024 groups. When

the groups are uniformly distributed, no other tested method achieves such AUC value

even with n = 1500 samples. As we also observed from Figure 3.1, these results indicates

that when w is close to uniform CVaR testing using attribute specific sampling offers the

best performance across all tested groups while weighted sampling with v ∝ w2/3 is the

best-performing sampling method when the entropy of w is small. In all cases, the baseline

method (3.55) for max-gap fairness testing doesn’t achieve reasonable performance.

Maximum |G| for Reliably Auditing. Figure 3.4 uses the lower bound on the error

probability from Proposition 3.1 and Theorem 3.3. In both cases, we first showed a lower

bound for the minimum probability of error in a ϵ-test that uses i.i.d. samples from the
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Figure 3.3: Area under the false negative vs. false positive curve (AUC) versus the number of samples used to
perform the ϵ-test. We vary the entropy by changing the group distribution Bernoulli parameter p with a fixed
number of sensitive attributes k = 10, generating 1024 groups and data budget in x-axis. We use 100 samples
in the Monte Carlo method and repeat this process 20 times to estimate AUC and plot confidence intervals
using Bootstrap from Seaborn [258] with 95% confidence.

data distribution; then we computed the maximum number of samples to make the lower

bound smaller than a fixed error probability. Here, we take a different approach, fixed an ϵ

threshold and the number of samples used to perform the ϵ-test; we found the maximum

number of groups that can be used while ensuring that there exists a decision function that

achieves at least an error probability of 45% (almost a random guess). Specifically, we denote

the maximum number of groups that can be used for reliably (error probability smaller than

45%) test for max-gap fairness as Gmax-gap(n, ϵ) and for CVaR fairness as GCVaR(n, ϵ, α) and

define then next.
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In Proposition 3.1, we showed that the minimum probability of error is lower bounded

by (3.56), and if we take it to be 0.45 we have that the number of groups |G| is such that

2 inf
ψϵ

Perror = 0.9 ≥ 1 −
[

2

(
1 −

(
1 − 2ϵ2

|G|

)n)]1/2

. (3.56)

Then, the maximum number of groups we can have while ensuring that the probability of

error in testing for max-gap fairness is at most 45% is given by

Gmax-gap(n, ϵ) ≜ arg max
|G|

|G| ∈ N

∣∣∣0.9 ≥ 1 −
[

2

(
1 −

(
1 − 2ϵ2

|G|

)n)]1/2
 . (3.57)

Similarly, using the lower bound for the probability of error when performing an ϵ-test

for CVaR fairness proved in Theorem 3.3, the maximum number of groups to ensure that

the probability of error is at most 45% is given by

GCVaR(n, ϵ, α) ≜ arg max
|G|

|G| ∈ N

∣∣∣0.9 ≥ 1 − 1
2

√
e

1024(1−α)n2ϵ4

α4 |G| − 1

 . (3.58)

We show Gmax-gap(n, ϵ) and GCVaR(n, ϵ, α) in Figure 3.4.

Remarkably, when 50k samples are available, the maximum number of groups a model

can have while it is still possible to perform an 0.1-test using max-gap fairness with a

probability of error of at most 45% (almost a random guess) is ⌊217.6⌋ (Figure 3.4 (a)) while,

under the same scenario, it is possible to perform an 0.1-test using CVaR fairness with

⌊225.2⌋ using α = 0.9 (Figure 3.4 (b)). In practice, this result implies that it is impossible

(without further assumption on the dataset distribution) to determine if a machine learning

model that was deployed using 18 binary sensitive attributes has a max-gap fairness bigger

than 0.1. On the other hand, using CVaR fairness testing, it is possible to reliably test if a

machine-learning model that was deployed using 25 binary sensitive attributes has CVaR

fairness bigger than 0.1 when we set α = 0.9 (the number of sensitive attributes grows

with α). Therefore, our bounds indicate that CVaR fairness allows practitioners to deploy

machine learning models with more sensitive attributes while reliably ensuring that the

model is fair according to CVaR fairness.
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(b) CVaR (α = 0.9)

Figure 3.4: The maximum number of groups G (z-axis) for each choice of threshold ϵ (x-axis) and sample size
(y-axis) to ensure that the probability of error in the hypothesis test from Definition 3.1 is smaller than 45%.
Figure (a) shows the maximum number of groups when testing if max-gap fairness is bigger than ϵ. Figures
(b) the maximum number of groups when testing if CVaR fairness is bigger than ϵ using an α value of 0.9.
The maximum number of groups was computed using (3.57) for max-gap and (3.58) for CVaR fairness.

Concluding remarks from experiments. The experiments indicate that testing for CVaR

fairness has a more favorable trade-off between sample complexity and the number of demo-

graphic groups in comparison with max-gap fairness, as our theoretical results demonstrate.

Therefore, when the data budget to audit a model for fairness is not large enough (smaller

than the number of groups) for max-gap fairness testing, we advocate for practitioners to

use CVaR fairness with the largest possible α that still maintains the sample complexity

under their data budget — result showed in Figure 3.4. Moreover, when the group weight

vector w has high Rényi entropy, our results indicate that attribute specific sampling is

more efficient in testing for CVaR fairness — as our theoretical results show given that the

sample complexity of attribute specific does not increase with the entropy of w. When the

entropy of w is not too large, using weighted sampling with v ∝ w2/3 yields an accurate

ϵ-test even under a small data budget as shown in Figure 3.3 — this is also expected from

our theoretical results in Theorem 3.1. Finally, when only i.i.d. sampling from the data

distribution is available, i.e., weighted sampling with v = w, our numerical results also

indicate that CVaR fairness testing has a more favorable sample complexity than the baseline

max-gap fairness testing.
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3.8 Conclusion & Open Problems

We propose a multi-group fairness metric called conditional value-at-risk Fairness (CVaR

fairness) inspired by conditional value-at-risk [211]. In fair machine learning, we are

interested in testing if a given fairness metric is greater than a fixed threshold or equal to

zero. We show that the usual multi-group fairness metrics (we call it max-gap fairness) have

a high sample complexity, making testing for multi-group fairness infeasible. This motivates

CVaR fairness, a metric that allows practitioners to relax fairness guarantees to decrease the

sample complexity for reliably testing for multi-group fairness.

We prove that it is possible to recover max-gap fairness from CVaR fairness by controlling

one parameter in CVaR fairness. Next, we propose algorithms that test if the CVaR fairness

is bigger than a threshold or equal to zero. We show that the proposed algorithms can

reliably perform the hypothesis test with a more favorable sample complexity using an i.i.d.

sample strategy (weighted sampling), improving the previous sample complexity in at least

a square root factor. Moreover, we provided a non-i.i.d. sampling strategy (attribute specific

sampling) that, paired with our proposed algorithm, can test for CVaR fairness with a test

dataset size independent of the number of groups.

Finally, we also provided a converse result on testing for CVaR fairness using weighted

sampling, showing that the order of the sample complexity of the proposed algorithm

is optimal under some assumptions. Our results show that by using CVaR fairness and

the proposed algorithms, ML practitioners can reliably test for multi-group fairness by

trading off fairness guarantees for a more favorable sample complexity. Ultimately, we have

characterized the epistemic limits of multi-group fairness using usuam fairness metrics and

also our proposed CVaR fairness metric.

Open Problems

Operationalizing CVaR Fairness. In this chapter, we focus on the theoretical properties of

CVaR Fairness. However, we do not investigate testing CVaR fairness in machine learning

models – which is the our ultimate goal. A direction of future work explores the empirical
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implications of our testing proposal to demonstrate the trade-off between sample complexity

and fairness guarantees from CVaR fairness.

On the (un)Fairness of CVaR Fairness. By shifting from max-gap fairness to CVaR fairness,

we are able to gradually improve sample complexity for fairness testing but this could come

at the cost of possibly overlooking performance gaps for uniquely rare and unsampled

groups. While we believe this should be rare in practice and our framework is tunable, it

would be valuable for future work to empirically examine this on multiple real-world use

cases.

On Technicalities. The proof of our theoretical results only hold for binary group-specific

losses, i.e., L ∈ {0, 1}. Hence, developing theoretical guarantees for multi-group fairness

notions with non-binary L, such as multicalibration is another direction for future investiga-

tion. We also point out that our results only hold for a finite (although as large as desired)

number of groups. However, providing theoretical guarantees for testing for multi-group

fairness in the presence of uncountable continuous groups (e.g., human height) is also of

interest in the community [104, 127]. We highlight that CVaR fairness (Definition 3.3) can be

straightforwardly generalized for continuous groups. However, the theoretical guarantees

we provide do not automatically extend to handle such a definition.

3.9 Looking Ahead

In this chapter, we proved the existence of epistemic limits when testing a model for multi-

group fairness. Specifically, we proved that if we want to guarantee that a model has about

the same performance in many demographic groups, we need many data points in the test

dataset. Therefore, if we do not have enough data points it is impossible for us to know if

the model is multi-group fair, i.e., we can not provide theoretical guarantees for its fairness

performance. This result is another instance of an epistemic limits because we do not have

access to the knowledge about the fairness performance of the model.
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In both Chapter 2 and Chapter 3, the epistemic limit came as a consequence of the

dimensionality of the attribute space, i.e., the number of groups we denoted by G. One could

then think epistemic limits are a consequence of the known curse of dimensionality [12].

However, epistemic limits result from the difficulty of performing tests and estimations.

Sometimes estimates or hypothesis tests are hard to perform with insufficient data and

theoretically guaranteed performance – independently of the input space dimensionality.

The next chapter gives an instance where testing is hard independently of the dimensionality

of the input space.

In Chapter 4 we prove the existence of an epistemic limit in model selection. Specifically,

we show that without enough data, it is impossible to compare two different models with

similar empirical performance and know that one is better than the other by only looking

at their accuracy. This observation has consequences on a phenomenon known as the

Rashomon effect that describes the existence of different models with about the same average

performance.

Previously, the Rashomon effect was empirically observed in a variety of model ar-

chitectures like decision trees [267, 226], linear models [78, 173, 225], and deep neural

networks [112, 91]. Our result on the epistemic limits of model selection shows that the

Rashomon effect is inevitable, i.e., it will always be present independently of the model

architecture. This result is concerning since the Rashomon effect may harm the users of the

ML model [173, 91].

Beyond proving the inevitability of the Rashomon effect, in Chapter 4, we do a case study

of the consequences of the Rashomon effect (which is inevitable) in algorithmic content

moderation (e.g., algorithms that decide to take down a post from a social network). Our

results suggest that the Rashomon effect leads to arbitrary content moderation decisions

that, in turn, lead to a failure in procedural fairness. Moreover, our results indicate that

arbitrary decisions are more prevalent in minority groups, implying that some users are

more affected by the inevitability of the Rashomon effect.
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Chapter 4

Epistemic Limits of Model Selection:

Rashomon Effect & Content

Moderation

The Rashomon effect describes the phenomenon where multiple ML models achieve

similar performance on a given prediction task. This effect was first reported two decades

ago by Breiman [21]. In a foresighted experiment, Breiman retrained a neural network one

hundred times on three-dimensional data with a different parameter initialization for each

run and observed 32 distinct local minima [21].

Since Breiman’s time, the Rashomon effect has been reported across model classes,

including ridge regression, decision trees, and deep neural networks [226, 78], and in

several learning tasks, including computer vision, medical diagnostics, and natural language

processing [71, 112]. At the heart of the Rashomon effect is the Rashomon set: the set of all

models with average loss below ϵ on a given learning task [78, 226] (see Def. 4.1). We refer

to ϵ as the Rashomon parameter.

The content in this chapter has also appeared in Monteiro Paes et al. [181] and Gomez et al. [91].
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The existence of non-trivial Rashomon sets poses both risks and opportunities. On

one hand, the arbitrary selection of a single model from the Rashomon set challenges the

credibility of classifiers deployed in practice [71]. Models in the Rashomon set can produce

wildly conflicting predictions on individual samples, a phenomenon known as predictive

multiplicity [173]. On the other hand, the Rashomon effect can be leveraged to select models

that satisfy additional properties without compromising accuracy, such as fairness [48],

interpretability [267], and stability [18].

Even though the Rashomon set is often treated as the set of all statistically indistinguish-

able “good” models [267, 48, 78], there are currently no established theoretical methods for

delineating this set and proving its existence in all machine learning tasks. Such characteri-

zation was recently posed as one of the 10 Grand Challenges in interpretable ML [214]. In

this Chapter, we prove the inevitability of the Rashomon effect by revealing an epistemic

limit in model selection.

The harms of the Rashomon effect in real-world applications has been overlooked until

now. Marx et al. [173] discuss the potential impacts of the Rashomon effect regarding

predictive multiplicity. Creel and Hellman [51] discussed the impact of the Rashomon

effect when deploying one model that will make decisions for the whole population –

phenomenon termed algorithmic monoculture of leviathan. However, none of these works

describe a concrete application where the Rashomon effect may directly affect users’ rights.

In this Chapter, we analyze the consequences of the Rashomon effect in algorithmic content

moderation, showing that it can lead to discriminatory predictions. Moreover, we describe

the implications of the Rashomon effect on freedom of expression and procedural fairness.

We also define societal and individual-level harms caused by the Rashomon effect.

4.1 Overview and Main Results

This chapter is divided in two parts, first we prove an epistemic limit in model selection

implying that the Rashomon Effect is inevitable. Then, we analyze the impact of the

Rashomon effect in algorithmic content moderation, showing that it leads to arbitrary and
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discriminatory predictions.

Inevitability of the Rashomon Effect. We start by studying pairwise comparisons between

the losses of two distinct models. We use these comparisons to rigorously define the loosely

used term “indistinguishable models" via a hypothesis testing framework (Section 4.4). The

hypothesis test is then evaluated over a test set with finite samples, as common in practice.

We provide bounds for the probability of error in the hypothesis test framework. We

show that it is necessary to have at least O
(
[ϵ log(ϵ/(1 − ϵ))]−1) data points in the test set

in order to distinguish two models in the Rashomon set with size ϵ, making the Rashomon

effect unavoidable (Theorem 4.1).

We cast the problem of selecting the Rashomon parameter as determining the minimum

ϵ for which the hypothesis test fails with high probability for any pair of models in the

Rashomon set, i.e., the empirical loss of any two models in this set are provably statistically

indistinguishable. We show that the bounds in the probability of error of the hypothesis test

give a rule of thumb to select the Rashomon parameter. We also propose a more practical

approach to select the Rashomon parameter based on confidence intervals (Section 4.5).

Algorithmic Arbitrariness in Content Moderation. We explore the impact of the Rashomon

effect (which is inevitable) in algorithmic content moderation by answering the following

research questions.

RQ1 - Model Disagreement: What is the extent of disagreement in state-of-the-art ML models

fine-tuned to classify toxic content? We analyze how different models classify and conflict on

the same content, highlighting inconsistencies and potential biases in model predictions.

RQ2 - Impact of Arbitrariness: What are the varying impacts of arbitrariness across toxicity

detection models on content targeting different social groups? We investigate whether the arbitrary

elements in ML model development result in disparate impacts on textual content related to

different demographics, leading to biases against certain groups.

RQ3 - Forms of Harm: What forms of harm stem from the results of RQ1 and RQ2? We

assess the broader implications of model disagreements and arbitrariness, their impact on
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freedom of expression, and describe ensuing societal and individual-level harms.

We address the above research questions by analyzing state-of-the-art models for toxic

(textual) content classification. Our research results are based on large language models

(LLMs) fine-tuned for toxicity detection, specifically, the ToxDectRoberta [278] model fine-

tuned on the Toxigen [99] dataset and the RoBERTa base [160] model fine-tuned on the

Jigsaw [43, 42, 138] dataset.

We find that arbitrary decisions are rampant in LLMs fine-tuned for content moderation.

In our experiments, approximately 30% of samples receive moderation decisions that can

change by varying the random seed used to initialize training (i.e., LLM fine-tuning).

Our results illustrate how arbitrary decisions in model development influence prediction

outcomes in content moderation (Table 4.2).

We argue that predictive multiplicity poses a selective break from a rule-based approach

to content moderation — which should be based on the Law and content moderation policies

— and infringes upon procedural fairness. Multiplicity in algorithmic content moderation

can unduly restrict individual and collective rights to freedom of expression via a random

or unjustified model selection procedure.

We show how predictive multiplicity and, consequently, arbitrary content moderation

decisions are unequally distributed across different demographic groups targeted by the

text being moderated. The incidence of arbitrary decisions can be discriminatory (Figure

4.4). In our experiments, fine-tuned LLMs assign a higher rate of arbitrary predictions to

textual content that mentions LGBTQ-related topics relative to textual content tagged as

misogynistic or misandrist.

Finally, aiming to understand the source of predictive multiplicity, we compare the

arbitrariness in fine-tuned LLMs to human annotators. We show that models can often

disagree in examples where human annotators unanimously agree should (or should not)

be moderated (Figure 4.5). This result demonstrates that i) there are content moderation

decisions obvious to humans where ML models disagree, and ii) ML models can introduce

additional arbitrariness to content moderation.
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4.2 Preliminaries

Notation. We focus on the task of binary classification, for example, toxic speech detection.

We start by defining X ∈ X the attributes used as input for a ML model and Y ∈ Y the

target output to be predicted. These random variables have the joint distribution PX,Y. We

assume access to a testing dataset Dtest ≜ {(xi, yi)}n
i=1 with n independent and identically

distributed observations of (X, Y), for example, xi could be a sentence (e.g., I “love you”

and “I hate you”) and yi ∈ {0, 1} is a binary label that could be 1 when the sentence is

“Toxic” and 0 when it is “Not Toxic”. We also have access to two datasets with realizations

from (X, Y) that we denote by Dtrain and Dval. We denote the model hypothesis class by

H ⊂ {h | h : X → Y} (e.g., logistic regression or transformers).

We denote the population loss of an element h ∈ H by L(h) = E[ℓ(h(X), Y)], and its

empirical loss by L̂D(h) = 1
n ∑n

i=1 ℓ(h(xi, yi)). When D is clear from the context we denote

L̂D(h) ≜ L̂(h). Throughout this paper, we mainly focus on classification and then consider

the 0-1 loss; i.e., the error rate given by

ErrS (h) =
1
|S| ∑

x,y∈S
1 [h(x) ̸= y] , (4.1)

where 1 [condition] is the indicator function that outputs 1 if condition is true and 0 otherwise.

The training error, i.e., the error over Dtrain, is defined as Errtrain(h), and similarly for

testing error.

We refer to a binomial random variable with n trials and probability of success p as

Bin(n, p). A beta random variable has a continuous probability distribution defined on [0, 1],

we denote its cumulative distribution function by:

Ix(a, b) =
1

B(a, b)

∫ x

0
ua−1(1 − u)b−1 du, (4.2)

where a, b > 0 and B(a, b) = Γ(a)Γ(b)
Γ(a+b) . We denote its quantile function as qBeta( · ; a, b).

The Rashomon set is defined as the set of all models whose performance surpasses a

certain threshold. Next, we define the Rashomon set and its empirical version.
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Definition 4.1 (Rashomon Set, [78, 226]) Given a performance metric L, the Rashomon set and

the empirical Rashomon set are defined, respectively, as:

R(ϵ) ≜ {h ∈ H : L(h) ≤ ϵ} , (4.3)

R̂(ϵ,D) ≜
{

h ∈ H : L̂(h) ≤ ϵ
}

. (4.4)

When parameters are clear from the context, we denote the Rashomon set by R(ϵ) and its empirical

version by R̂(ϵ).

4.3 Related work

Causes of Rashomon Effect. There are several potential causes for the Rashomon effect,

including model underspecification [71], the use of training algorithms that converge to

local minima and rely on randomization (e.g., stochastic gradient descent) [18], and the

computational hardness of identifying a global minimum in certain learning tasks [21]. Our

theoretical result focus on the inevitability of the Rashomon effect when only a finite amount

of data is available to evaluate and compare ML models.

Predictive Multiplicity. Marx et al. [173] showed the prevalence of arbitrary decisions

in classification problems using tabular data and argued that it should be measured and

reported as we measure and report test error. Follow-up work has analyzed the source

of such phenomenon [147, 225, 105], and its inevitability [181]. Creel and Hellman [51]

discussed the harms of predictive multiplicity and arbitrary decisions, leading to the

definition of algorithmic leviathan, initially introduced by König [144].

The work that is closest to what is presented in this chapter is [51], which defines

algorithmic arbitrariness and argues about its harms. Differently than [51] we (i) focus

on specific harms of arbitrary decisions in content moderation and (ii) experimentally

discover and analyze the harms of disparate arbitrary decisions across content targeting

different demographic groups. Black et al. [17] discuss how predictive multiplicity can have

discriminatory legal outcomes and the need to compare models to reach less discriminatory
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outcomes.

Legal and policy aspects of content moderation. The law and policy literature on algo-

rithmic content moderation has focused on procedural fairness, inconsistent restrictions of

human rights, and discrimination. Examples include the works of scholars such as Gorwa

et al. [93], Gillespie [89, 88], Douek [62]. We summarize the main risks below.

Inconsistency in Moderation. Different algorithms might produce divergent classifications

for the same piece of content. Effectively, this means that either legal speech is being taken

down or harmful speech is tolerated. This can happen with regard to individual expressions

or groups and their specific dialects. Keller [131] listed a number of studies and resources

that indicate the systematic over-removal of content for various reasons, including copyright

infringement and toxic speech content moderation. Douek [62] explains that the process

for how platforms’ enforce their rules has shifted from a rule and proportionality-based

approach to an algorithmic probability-based evaluation. The policy report produced by

Duarte and Llansó [65] offers a useful summary of the policy challenges in the field. In

particular, the concern that algorithms have very limited capability of parsing meaning from

text to make content moderation decisions.

Bias Amplification. Content moderation risks having disparate impacts across social

groups. Expanding on the inconsistencies listed above, biased and discriminatory moder-

ation may occur if algorithms used to moderate speech are inconsistent across different

groups. For example, Dias Oliva et al. [60], Gonçalves et al. [92] describe how certain social

groups have been targeted by overmoderation due to the dialects they use. Our work

demonstrates that inconsistency and arbitrariness in algorithmic content removal can vary

with social-demographic factors.

Opacity of Policy Enforcement. Predictive multiplicity makes enforcing a consistent

content policy difficult. We can only review and repair harmful moderation outcomes if
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we have a clear understanding of how these models are classifying statements [88]. In this

scenario, understanding which decisions align with the platform’s terms of service and the

law becomes challenging. The difficulty in discerning between correct decisions, errors, and

arbitrary decisions can make it difficult to determine whether content was overly restricted

or not. Since restrictions to Freedom of Expression need to be justified, the opacity of

arbitrary decisions poses a threat to fundamental liberties[59].

Conflicting Jurisdictions. Each country has different laws regarding social media plat-

forms. We list as examples the different approaches to intermediary liability pointed out

by Machado and Aguiar [165], Keller [130], and the different legislative approaches to

algorithmic discrimination outlined by Wachter et al. [254], Binns et al. [15] when arguing

for EU or UK legal frameworks. These laws all require specific enforcement requirements

for content moderation that arbitrariness may violate.

Based on the concerns above, in Section 4.9 we conceptualize the harms of arbitrariness

in terms of the human rights principles of freedom of expression, non-discrimination, and

procedural fairness to based on specific articles of the ICCPR. Then, in Sections 4.11 and

4.12, we experimentally investigate arbitrariness in models for content moderation.

4.4 Model Indistinguishability via Hypothesis Testing

In this section we use a hypothesis-testing approach to compare the performance of two

classifiers accordingly to their loss. This allow us to formalize the loosely used notion of

statistically indistinguishable models in the Rashomon set.

Recall that the Rashomon effect happens when at least a pair of different models achieve

similar average performance, yet one cannot determine which classifier has a better (smaller)

expected loss. The following hypothesis test establishes this decision problem.

Definition 4.2 (Hypothesis test for comparing empirical losses) Given two models h1, h2 ∈
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H, hypothesis H0 and H1 are defined as

H0 : L(h1) ≤ L(h2) vs H1 : L(h1) > L(h2).

The probability of error of a decision function ψ : (h1, h2,Dtest) 7→ {0, 1} that accepts/rejects

H0 is given by

Perror(ψ) ≜
1
2
[Pr(ψ(h1, h2,Dtest) = 0 | H1) + Pr(ψ(h1, h2,Dtest) = 1 | H0)].

We study the probability of error associated with this hypothesis test, i.e., minψ Perror(ψ),

to understand the fundamental limitations of model selection. This quantity essentially sum-

marizes the distinguishability between the two models. Intuitively, if the error probability

is close to 50%, any strategy is almost equivalent to a random guess – i.e., the models are

statistically indistinguishable. On the other hand, if minψ Perror(ψ) is small, then there is a

way to ascertain the best model. Definition 4.3 makes this intuition precise.

Definition 4.3 (α-testing indistinguishable) Two models h1 and h2 are α-testing indistinguish-

able for α ∈ [0, 0.5] if Perror(ψ) ≥ α for every possible test ψ, i.e.:

min
ψ

Perror ≥ α. (4.5)

Conversely, h1 and h2 are α-testing distinguishable if Perror(ψ) ≤ α for some test ψ.

If L(h1) and L(h2) are close enough, it is challenging to choose the best model regardless

of the decision function ψ, i.e., if |L(h1)− L(h2)| is sufficiently small, we expect Perror to be

large across all possible tests. Conversely, if |L(h1)− L(h2)| is sufficiently large, we expect

the optimal test to achieve a small Perror. The following result reflects this intuition.

Proposition 4.1 (Bounds for Perror) If ℓ is the 0-1 loss and h1, h2 ∈ H are such that 0 < ϵ0 ≤
L(h1), L(h2) ≤ ϵ, then:

inf
ψ

Perror(ψ) ≥
1
2

[
1 −

√
1 − exp

(
−n(ϵ − ϵ0) log

(
ϵ(1 − ϵ0)

ϵ0(1 − ϵ)

))]

inf
ψ

Perror(ψ) ≤
1
2

(
1 − |L(h1)− L(h2)|2

8(1 − ϵ0)ϵ

)n

.
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Remark. Proposition 4.1 depends on the existence of a lower bound for all losses (ϵ0). This

dependence arises from approximating the Total Variation distance by the KL-divergence,

which “explodes” for L(h) = 0 – for more details, see the Appendix. Using the Hellinger

distance bound on Total Variation [200] it is possible to remove the side effect of KL-

divergence at the cost of a looser bound when ϵ0 exists.

The upper bound in Proposition 4.1 depends on the true losses of h1 and h2, hence it is

not computable in practice. However, this result is sufficient to prove that models in the

Rashomon set are indistinguishable. To do so, we analyze an optimized version of the upper

bound that does not depend on the losses – see Theorem 4.1.

The assumption that there exists a universal lower bound ϵ0 > 0 for the model loss

is reasonable since we do not expect the loss to be zero except in certain deterministic

classification tasks [229]. For instance, ϵ0 > 0 will hold if the model class H does not contain

the model that generated the map X → Y, or when even the maximum a posterior estimator

does not achieve 0 loss (i.e., there is inherent uncertainty on Y given X).

Nevertheless, computing the bound in Proposition 4.1 in practice does require knowledge

of a lower bound ϵ0 for the true loss of all models in the model class. Alas, this lower

bound might be hard to find in many applications. For this reason, we introduce the

confidence-interval approach for model distinguishability in the next section. Intuitively,

two models are indistinguishable when the confidence intervals for their expected losses

overlap. This approach is computationally straightforward and can be used to explicitly

calculate the Rashomon parameter.

4.5 Model Indistinguishability via Confidence Intervals

We present a decision function for performing the hypothesis test in 4.2 based on comparing

confidence intervals (CIs). Although comparing overlapping CIs may not be a mathemat-

ically rigorous test of equality of means [220], the simple and graphical nature of this

approach makes it more likely to be used by practitioners – this confidence approach is

informally used in the Rashomon effect literature [173].
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Given that this method usually depends on the sample means, we analyze how close the

empirical losses of two classifiers need to be to consider them indistinguishable from this

practical perspective. In Section 4.7, we will use the results from this section to calculate

the maximum Rashomon parameter (ϵ) such that all models in the empirical Rashomon set

R̂(ϵ) are δ-confidence indistinguishable.

In contrast to Section 4.4, we assume that all predictors are tested against the same

unique dataset Dtest = {(xi, yi)}n
i=1 and analyze when methods to compute Confidence

Intervals (CIs) prove futile to discern between elements of R̂(ϵ).

If the CIs for two unknown means do not overlap, these parameters are considered

significantly different. However, if the CIs overlap, one cannot conclude that they are

significantly similar (see, e.g., [139]). Nevertheless, given that the latter situation leads to

difficulties in decision making, we deem two predictors as indistinguishable from a CIs

perspective if these two sets overlap.

Definition 4.4 (δ-confidence indistinguishable) Given a threshold δ ∈ (0, 1), two models h1

and h2 with empirical losses L̂(h1) and L̂(h2), define confidence intervals Iδ(h1) and Iδ(h2) for the

losses with confidence 1 − δ. We say that h1 and h2 are δ-confidence indistinguishable if:

Iδ(h1) ∩ Iδ(h2) ̸= ∅. (4.6)

Conversely, h1 and h2 are δ-confidence distinguishable if Iδ(h1) ∩ Iδ(h2) = ∅.

Remark. There exists multiple 1 − δ CIs, and Definition 4.4 is agnostic to any specific inter-

val construction. We outline two procedures for constructing CIs: a measure concentration

approach – which has optimal order – and the Clopper-Pearson method – which provides

an exact confidence interval for the 0-1 loss.

To obtain a confidence interval for any bounded loss function with confidence at least

1 − δ, we use Hoeffding’s Inequality [174, Prop. 2.7]. Via this method, we obtain an interval
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Iδ(h) for L(h). Specifically, this set is given by:

Iδ(h) =

[
L̂(h)−

√
log(2/δ)

2n
, L̂(h) +

√
log(2/δ)

2n

]
.

Henceforth, we refer to this CI construction procedure as the Hoeffding’s Inequality method. A

consequence of the explicit nature of this approach is the following.

Proposition 4.2 For any given loss function ℓ bounded by 1, under the Hoeffding’s Inequality

method, two models h1, h2 ∈ H are δ-confidence indistinguishable if and only if

|L̂(h1)− L̂(h2)| ≤ 2

√
log(2/δ)

2n
.

The Hoeffding’s Inequality method and Proposition 4.2 hold for every bounded loss

function. However, for the case where the loss of interest is the 0-1 loss, an optimal approach

exists to create confidence intervals: the Clopper-Pearson (CP) interval [44]. This exact

method is described in [24, Sec. 4.2.1] as follows: let B be a Bin(n, p) random variable where

p is unknown. If b is observed, then the CP interval with confidence level 1 − δ is

Iδ = [lowerδ(b), upperδ(b)],

where lowerδ(x) and upperδ(x) are the solutions in θ to equations:

Pr(Bin(n, θ) ≥ x) =
δ

2
and Pr(Bin(n, θ) ≤ x) =

δ

2
.

Next, we specify when two hypotheses are δ-confidence indistinguishable under the CP

method.

Proposition 4.3 Under the CP method, the hypotheses h1 and h2 are δ-confidence indistinguishable

if and only if

qBeta(δ/2; n max L̂(hi), n − n max L̂(hi) + 1)

≤qBeta(1 − δ/2; n min L̂(hi) + 1, n − n min L̂(hi)),

where the maximum and minimum are taken over i ∈ {1, 2}.
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Proposition 4.2 and Proposition 4.3 reveal when two models are δ-confidence indis-

tinguishable. In the next section, we use these results, together with the results from

Section 4.4, to show that the Rashomon effect is inevitable, i.e., we show that there always

exists a Rashomon parameter such that all models in the associated Rashomon set are (i)

δ-confidence indistinguishable, or (ii) α-testing indistinguishable.

4.6 The Inevitability of the Rashomon Effect

In this section, we show that the Rashomon effect is inevitable using the hypothesis test

framework introduced in Section 4.4: given finite samples for evaluating empirical loss, a

true Rashomon set exists such that any two models in this set are α-testing indistinguishable.

Then, we prove an analogous result using the CI approach: an empirical Rashomon set exists

such that any two models in it are δ-confidence indistinguishable. Therefore, the Rashomon

effect is inevitable using both definitions of indistinguishability.

Testing approach. Our goal is to bound the minimum probability of error in the Rashomon

set, i.e.,

inf
h1,h2∈R(ϵ)

inf
ψ

Perror(ψ).

Theorem 4.1 shows that, when the Rashomon parameter ϵ is sufficiently small or the

number of samples (n) in the test dataset is not large enough, the Rashomon effect is

inevitable and, conversely, when the Rashomon parameter is large enough or the test dataset

size is large, there are distinguishable models in the Rashomon set.

Theorem 4.1 (Rashomon Effect Inevitability by Testing) If there exist ϵ0 > 0 that is a lower

bound for the 0-1 loss of all models, i.e., L(h) ≥ ϵ0 ∀h ∈ H then for all reference models hre f and

all α ∈ (0, 0.5) we have that:

1. Any two models in the Rashomon set R(ϵ) are α-testing indistinguishable if Rashomon

parameter ϵ is such that

(ϵ − ϵ0) log
(

ϵ(1 − ϵ0)

ϵ0(1 − ϵ)

)
≤ 1

n
log
(

1
1 − (1 − 2α)2

)
(4.7)
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Figure 4.1: Indistinguishable vs. distinguishable regions using the hypothesis test approach. The red
region refers to the setup where models are indistinguishable, the blue region to the setup where models are
distinguishable, and the gray refers to the region where model distinguishability is unknown. In this test we
take ϵ0 = 0.01, ϵ = (1 + y-axis)ϵ0, and n was calculated using Theorem 4.1.

2. There exist two models in the Rashomon set R(ϵ) that are α-testing distinguishable if Rashomon

parameter ϵ is such that
(ϵ − ϵ0)2

(1 − ϵ0)ϵ
≥ 8

(
1 − [2α]1/n

)
(4.8)

In Figure 4.1, we show the distinguishability regions from Theorem 4.1 that are func-

tions of the dataset size and the Rashomon parameter. In the red region, all models

in the Rashomon set are indistinguishable. In the blue area, there are models in the

Rashomon set that are distinguishable. Finally, in the gray region, our bounds do not

capture (in)distinguishability.

Confidence approach. We show that there exists an empirical Rashomon set such that any

two models in it are δ-confidence indistinguishable. Unlike Theorem 4.1, the confidence

approach can be used in practice to find the largest ϵ such that all models in the empirical

Rashomon set are indistinguishable (i.e., no “gray region” as in Fig. 4.1).

Theorem 4.2 For any loss function ℓ bounded by 1, under Hoeffding’s Inequality method, any two
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hypotheses in the empirical Rashomon Set R̂(ϵ) are δ-confidence indistinguishable if and only if ϵ

satisfies the following inequality with ϵ0 = minh∈H L̂(h):

ϵ − ϵ0 ≤ 2

√
log(2/δ)

2n
.

Using Proposition 4.3, it is possible to decide if the CP intervals overlap, i.e., if models

are δ-confidence indistinguishable using the CP interval. Theorem 4.3 shows that all models

in R̂(ϵ) are δ-confidence indistinguishable for sufficiently small ϵ.

Theorem 4.3 For the 0-1 loss, under the CP method, any two hypotheses in the empirical Rashomon

Set are δ-confidence indistinguishable if and only if ϵ satisfies the following inequality with ϵ0 =

minh∈H L̂(h):

qBeta(δ/2; nϵ, n − nϵ + 1) ≤ qBeta(1 − δ/2; nϵ0 + 1, n − nϵ0).

4.7 Rashomon Parameter Selection with Theoretical Guarantees

Theorems 4.1, 4.2, and 4.3 reveal that the Rashomon effect is inevitable when models are

compared using a finite dataset to evaluate their loss. In this section, we illustrate how these

results can be applied to select a Rashomon parameter ϵ in order to ensure that all models

in the Rashomon set are, in fact, statistically indistinguishable.

Hypothesis test framework. Let xi ∈ Rd and yi = BSCp
(
(sgn

(
θTxi

)
)
)

where BSC is a

binary symmetric channel with parameter p = 0.01, and sgn is the sign function. Suppose

we are fitting a model of the form Ŷ = sgn(θ̂TX) to our data. The best we can do is take

θ̂ = θ. Therefore, the smallest population 0-1 loss possible is p = 0.01.

In Figure 4.2, we vary the dataset size n and the lower bound for the probability of error

α to find values the maximum Rashomon parameter ϵ – reached by our bounds – such that

any two models in the Rashomon set are indistinguishable. Accordingly to Theorem 4.1

(4.7) with ϵ0 = p = 0.01, finding such ϵ is equivalent to solve the following optimization

problem:

ϵ = sup
{

ϵ < 0.5 | (ϵ − ϵ0) log
(

ϵ(1 − ϵ0)

ϵ0(1 − ϵ)

)
≤ 2(1 − 2α)2

n

}
.
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Confidence interval approach. Given a test set and the corresponding empirical risk

minimizer, we find the maximum Rashomon parameter ϵ that makes any two models in

R̂(ϵ) indistinguishable under the procedures described in Section 4.5.

For the Hoeffding’s inequality method, the maximum is given by:

ϵ = ϵ0 + 2

√
log(2/δ)

2n
.

For the CP approach, accordingly to Theorem 4.3, if ω ∈ R is the solution to:

qBeta(δ/2; ω, n − ω + 1) = qBeta(1 − δ/2; nϵ0 + 1, n − nϵ0),

then the maximum Rashomon parameter for which any two models in R̂(ϵ) are indistin-

guishable under the CP method is

ϵ =
⌈ω⌉

n
.

Figure 4.3 shows the values for the maximum Rashomon parameter that makes any two

models in the empirical Rashomon set δ-confidence indistinguishable for different values of

confidence (δ) and dataset size (n).

Our results suggest that, for datasets of size close to n = 5k (e.g., COMPAS [6]), if the
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Figure 4.2: Dataset size vs. lower bound trade-off for ϵ selection using the test approach. For each dataset size
n (x-axis) and lower bound α (y-axis), the maximum Rashomon parameter ϵ = (1 + γ)ϵ0 with γ displayed in
the z-axis.
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Rashomon parameter is smaller than 107.4% of ϵ0, the Hoeffding’s inequality method will

deem every predictor in empirical Rashomon set δ-confidence indistinguishable even for

small confidences δ ≤ 0.5. On the other hand, under the CP method, only if ϵ is smaller

than 102.8% the elements of R̂(ϵ) would be δ-confidence indistinguishable. However, it is

common in the literature to only treat 1% loss tolerance as indistinguishable models (see

[48] and [112]). This ad hoc choice of ϵ is likely severely underestimating the size of the

Rashomon set.

4.8 Algorithmic Arbitrariness in Content Moderation

Algorithmic Content Moderation is at the crossroads of two major challenges. First, there are

growing legal, economic, and social pressures on companies to employ automated solutions

for managing the vast quantities of undesirable online speech. Automated moderation tools

pose new risks to individuals’ ability to express themselves and to seek out information.

Second, the increasing reliance on ML models to flag undesirable speech can inadvertently

lead to harmful outcomes stemming from the inherent technical limitations of ML.
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Figure 4.3: Dataset size vs. Confidence trade-off for ϵ selection using the confidence approach. For each
dataset size n x-axis and lower bound δ y-axis, we find the maximum Rashomon parameter ϵ = (1 + γ)ϵ0
with two values for γ in the z-axis: top of the cell for the Hoeffding’s inequality and bottom of the cell for CP.
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A key concern is predictive multiplicity [173]: competing models with similar average

performance can produce conflicting individual predictions. Predictive multiplicity captures

arbitrariness in ML model development, where seemingly innocuous choices made during

training, such as the random seed used for parameter initialization, can affect individual

prediction outcomes. Predictive multiplicity has been recently documented in a range

of classification and prediction tasks [112, 259] and can lead to disparate treatment of

individual data points [51, 19, 173].

Next, we delve into the impact of predictive multiplicity and ensuing arbitrariness in

content moderation, focusing on its potentially harmful impacts on freedom of expression,

discrimination, and procedural fairness.

Context, relevance, and objectives. The delegation of resource access and rights manage-

ment to algorithms is a growing concern in the law and policy literature [207, 180, 253].

This issue is particularly problematic in scenarios described as “algorithmic leviathans,” a

term introduced by König [144] and adopted by Creel and Hellman [51], where algorithms

excessively control the exercise of freedoms and access to resources.

We specifically examine ML in content moderation, a critical instance of this potential

“algorithmic leviathan,” where models are tasked with moderating content generated by bil-

lions of users worldwide. ML-based content moderation occurs with limited accountability,

with platforms’ moderation policies often applied indiscriminately across jurisdictions. For

instance companies’ policies and their applications are inconsistent regarding definitions,

tools, and policies [93, 271].

Algorithmic content moderation is the application of algorithmic systems to classify user-

generated content, leading to governance decisions such as content removal, geoblocking,

or account takedowns [93]. While content moderation has traditionally been an indus-

trial practice, algorithm-driven approaches adopted by social media platforms have come

under increased scrutiny due to economic, social, and legal factors, such as COVID-19

disinformation and online extremism. These societal dynamics have prompted substantial
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legislative changes globally, ushering in regulatory frameworks for online and third-party

content [165, 186].

Though algorithmic content moderation is not always directly regulated, regulatory

changes have increased pressure on companies to expedite content moderation through AI

models. Examples of legislative shifts include the European Digital Services Act (DSA) [246],

which adopts a risk-based approach for Very Large Online Platforms [25], and Germany’s

NetzDG law [26], which mandates rapid content removal with minimal human oversight.

Another remarkable example is the 2022 resolution passed by Brazil’s Superior Electoral

Court (TSE) which implemented a stringent 1-hour content removal window during the

second round of the Brazilian Presidential elections, significantly increasing pressure for

up-scaling algorithmic moderation [73].

Content removal is also an ongoing debate in the United States. Federal laws regarding

platforms’ duties on third-party content are under intense debate [111, 140], with states

such as Florida enacting their own laws on online content governance [227]. Though

algorithmic content moderation may not be a direct target of these legislative efforts, they

are nevertheless impacted by such policy changes.

Content governance on social media platforms can inherit limitations intrinsic to ML

models. We focus on one critical limitation: predictive multiplicity and the ensuing arbitrari-

ness in models that classify toxic content. We demonstrate that predictive multiplicity is

rampant in state-of-the-art language models used for toxic text classification: multiple mod-

els can achieve similar average accuracy yet conflict in classifying individual text samples as

toxic.

This algorithmic arbitrariness results from seemingly innocuous but impactful choices

made during the development process, such as the choice of a random seed for initializ-

ing a model and parameters of differentially private training [225, 147]. These technical

choices lead to outcomes that lack consistency, predictability, and adherence to established

principles or logic [51]. Note that we will use the term arbitrariness here in this sense

(i.e., how unjustified choices in model development may lead to conflicting individual-level
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predictions), which might not fully correspond to other notions of arbitrariness in the ethical

or legal field.

4.9 Judges Flipping Coins: Conceptualizing Harms of Arbitrari-

ness in Content Moderation

Algorithmic arbitrariness in content moderation is a complex issue that traverses the fields

of ML development, algorithmic fairness, tech policy, and human rights law. To connect the

concerns identified by this literature, we define harm associated to multiplicity as an infringement of

legal principles. We identify legal principles as standards that should be observed because they

attend to notions of justice and morality [70], and use these principles to establish a common

concept of harm for the purposes of this research. To this end, we use the International

Covenant on Civil and Political Rights (ICCPR) — a widely ratified international treaty to

which 173 countries are parties — as our core legal reference [7]. Our analysis on the impact

of arbitrariness on freedom of expression, non-discrimination, and procedural justice.

We chose to use International Human Rights Law because it gives us overarching

global rules and common concepts to discuss the issues related to fundamental rights in

content moderation [63]. Altough the field has limitations in terms of direct applicability to

national jurisdictions, International Human Rights Laws allows us to make claims related to

multiplicity for content moderation that are transferable across legal systems and can further

be explored through the lens of local jurisprudence and statutes.

For example, arbitrariness may cause inconsistent removal of transgender community

dialects in Brazil or may cause the illegal censoring of nude art as pornography in France,

which are locally forms of protected speech. These countries can use our findings to

discuss causes of discriminatory moderation caused by predictive multiplicity and develop

safeguards for these issues considering local realities and rules.

Building on the related work, we define harm due to algorithmic arbitrariness as

an infringement of three human rights and principles: Freedom of Expression, Non-
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Discrimination, and Procedure (including Procedural Justice). In essence, this work is

not primarily focused on the errors of these content moderation algorithms but instead

identifying when and how these decision-making models produce arbitrary outcomes.

To illustrate the harms we use an analogy, comparing a model’s decision to that of a judge

flipping coins to decide the outcome of a case. Though imperfect, we find this comparison

makes the harms due to multiplicity more palpable, since the analogy emphasizes that the

source of harm is the randomness inherit to ML models. Next, we establish our working

definition and reference for each principle.

Freedom of Expression. Freedom of Expression (FoE) is defined in Article 19 of the ICCPR

as:

1. Everyone shall have the right to hold opinions without interference.

2. Everyone shall have the right to freedom of expression; this right shall include
freedom to seek, receive and impart information and ideas of all kinds, regardless
of frontiers, either orally, in writing or in print, in the form of art, or through
any other media of his choice.

3. The exercise of the rights provided for in paragraph 2 of this article carries
with it special duties and responsibilities. It may therefore be subject to certain
restrictions, but these shall only be such as are provided by law and are necessary.
(a) For respect of the rights or reputations of others; (b) For the protection of
national security or of public order (ordre public), or of public health or morals.

We interpret this rule in light of UN General Comment 34 [46], which emphasizes that

freedom of expression is a broad and fundamental human right for realizing other human

rights. It encompasses all forms of expression, including political discourse, journalism,

artistic works, and religious dialogue, across various mediums like broadcasting, the internet,

and public protest. The comment underscores the right to access information and recognizes

the critical role of the internet and digital media in enabling and enhancing the exercise of

freedom of expression, advocating for universal access to these platforms.

This right is expansive but not absolute and, therefore, can be subject to certain restric-

tions. However, these restrictions must be clearly defined by law, serve a legitimate aim

(such as protecting national security, public order, or the rights of others), and be necessary,
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proportionate, and pursue a legitimate aim. General Comment 34 [46] explicitly denounces

certain prohibitions, such as blasphemy laws and unreasonable restrictions on media, as

incompatible with the ICCPR.

In content moderation, predictive multiplicity calls into question the model ability to

attend all requisites for a lawful restriction of freedom of expression. As an example, a

ML model trained with random seed 1 could misapply a restriction to protected speech

(e.g. journalistic speech), whereas the same model trained with random seed 42 would have

correctly tolerated the statement. Such an event would be equivalent to a judge flipping a coin

to decide whether the speech should be protected or taken down. This is not a contrived example:

in Section 4.12 we observe that varying the random seed causes fine-tuned LLMs to assign

conflicting toxic speech predictions to 34% of statements from a large scale dataset.

Non-Discrimination. We adopt Article 2(1) and Article 26 of the ICCPR as our definition

of discrimination. They state:

Article 2 (1) Each State Party to the present Covenant undertakes to respect and
to ensure to all individuals within its territory and subject to its jurisdiction the
rights recognized in the present Covenant, without distinction of any kind, such
as race, colour, sex, language, religion, political or other opinion, national or
social origin, property, birth or other status.

Article 26 All persons are equal before the law and are entitled without any
discrimination to the equal protection of the law. In this respect, the law shall
prohibit any discrimination and guarantee to all persons equal and effective pro-
tection against discrimination on any ground such as race, colour, sex, language,
religion, political or other opinion, national or social origin, property, birth or
other status.

These articles are intended to protect individuals from discrimination. We argue that

ML algorithms can discriminate against specific individuals or groups for two reasons. First,

these toxic statements target specific societal groups, therefore a biased under-moderation

means these groups have an inferior protection from toxic speech. Second, language that

is discriminatory in a broader context can be part of the dialect of a community and not
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offensive in that space. If this language is censored within this space, that social group is

suffering over-moderation and is less able to exercise free speech. For example, this was

the case identified by Dias Oliva et al. [60] with content moderation in LGBTQ discussion

spaces. Based on these two observations, our experiments are able to infer the presence of

discrimination by analyzing the targeted group of the statements.

Based on the discussion above, we claim that any algorithm that causes a particular

individual or group to receive more or less restrictions on their speech compared to others

is a discriminatory algorithm. In particular, if the magnitude of predictive multiplicity in

ML algorithms is different across groups, then such an ML algorithm is discriminatory.

In Section 4.12 we experimentally observe exactly this phenomena: varying the random

seed causes fine-tuned large language models to assign conflicting toxic speech predictions

to 38% of racial-based statements from a large scale dataset compared compared to 20% of

misogynistic/misandrist statements. Such an algorithm is blatantly discriminatory, and the

discrimination stems from the unequal protection of groups that are entitled to the same

rights.

Procedural Justice. The UN Guiding Principles on Business and Human Rights [210]

emphasize that businesses should identify, prevent, and mitigate human rights abuses. The

human right to due process is established by Article 14(1) of the ICCPR, which states:

Article 14

(1) All persons shall be equal before the courts and tribunals. In the determination
of any criminal charge against him, or of his rights and obligations in a suit
at law, everyone shall be entitled to a fair and public hearing by a competent,
independent and impartial tribunal established by law. The press and the public
may be excluded from all or part of a trial for reasons of morals, public order
(ordre public) or national security in a democratic society, or when the interest of
the private lives of the parties so requires, or to the extent strictly necessary in the
opinion of the court in special circumstances where publicity would prejudice the
interests of justice; but any judgement rendered in a criminal case or in a suit at
law shall be made public except where the interest of juvenile persons otherwise
requires or the proceedings concern matrimonial disputes or the guardianship
of children.
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We interpret Articles 14 and 19 (mentioned above) as jointly demanding that a restriction

of a fundamental right be impartial, fair, and prescribed by law. This means providing

remedies through operational grievance mechanisms when harm occurs, ensuring processes

are transparent and accountable.

When translating this for algorithmic content moderation, moderation needs to be

explainable, accountable1, and have a rule-based approach for limiting free speech. In this

regard, the outcomes of ML models must attend converge to these legal requirements. This

interpretation includes, for example, respecting the requirements from General Comment

34 [46](i.e. legality, necessity, proportionality, and pursuit of a legitimate aim) for restricting

speech. This joint interpretation establishes the obligation of common procedural guidelines

for removing speech.

The existence of predictive multiplicity in ML algorithms calls into question their

ability to satisfy values of procedural justice. The “decision-making process” used by

ML algorithms is fundamentally probabilistic and often random. As evidenced by the

experimental observation in Section 4.12, varying the random seed can dramatically alter

the predictions made by fine-tuned large language models. This observation is equivalent

to a judge sometimes flipping coins to determine whether to restrict or order the removal of

speech.

Continuing the judge analogy, the act of flipping coins to determine when to restrict

speech violates procedural justice for a few reasons. First, it does not respect a rule-based

approach to restricting speech, as it is fundamentally random. Second, it is not impartial,

as it is disparate across groups. Third, it is not accountable because this decision-making

process is concealed. By “concealed”, we mean we cannot know if a given prediction is

an instance of predictive multiplicity. In fact, this information is impossible to obtain even

if we analyze the model alone, as multiplicity can only be identified when we compare

predictions from multiple models. It follows that both the judge who flips coins and the

1We define an accountable model as a model that can be understood, challenged, scrutinized, and revised.
Explainability is a necessary but not sufficient condition for a model to be accountable.
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ML algorithm violate procedural justice and fairness. Since the source of the violation is

randomness, this violation is independent of the final outcome being legally correct.

Experimentally Measuring Harm. To study multiplicity using the framework of legal

harms we outlined above, we run multiple experiments to fine-tune various state-of-the-art

models for toxic speech detection, test them across different datasets of toxic and non-toxic

statements, and observe the incidence of predictive multiplicity across models, targeted

groups of toxic speech, and even compare disagreement in models to disagreement in

human annotation. These experiments are designed to allow us to quantitatively measure

multiplicity and its potential harms, e.g. violations of FoE and procedural justice.

In our experimental development, we first acquire competing models by fine-tuning

multiple times the RoBERTa base [160] and the ToxDectRoBERTa [278] models for toxicity

detection on large-scale datasets (with computational costs of hundreds of GPU hours) —

we use these model architectures and datasets with the goal of simulating how a company

would approach content moderation. To quantify the extent of predictive multiplicity,

hence answering RQ1, we compute arbitrariness (Definition 4.5) and pairwise disagreement

(Definition 4.6) on our competing fine-tuned models and show the prevalence of arbitrary

decisions in SOTA toxicity detectors (Table 4.2). Aiming to assess how arbitrary decisions

are spread across demographic groups, answering RQ2, we compute arbitrariness and

pairwise disagreement in sentences targeting specific social groups (Figure 4.4).

Next, we provide the necessary background on measuring predictive multiplicity (Section

4.10) and define the setup for the described experiments (Section 4.11). Finally, in Section

4.12, we display and analyze our experimental results.

4.10 Measuring Arbitrariness

Rashomon Set for Content Moderation LLMs. For the LLMs used for content moderation,

the Rashomon set is theoretically and computationally challenging to characterize. We resort

to empirically estimating the Rashomon set via re-running the same fine-tuning pipeline
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with different random seeds. In practice, to explore the Rashomon set, we fix a dataset Dtrain

and model architecture H, and fine-tune as many models on Dtrain as our computational

resources allow, each time varying the random seed. We discard any models that are not

within ϵ of href and chose href to be a language model freely available on HuggingFace.

Specifically, given a reference model hre f we define the maximum performance in the

Rashomon set to be (1 + ϵ)L̂(hre f ). We select the Rashomon parameter (ϵ) using the result

in Theorem 4.3 that provides a principled manner of choosing the Rashomon parameter

based on Clopper-Pearson confidence intervals. This approach – which we refered to

as the CP method – selects ϵ based on a confidence parameter, dataset size, and the

error of the reference model. We use a confidence parameter of 95% for a conservative

analysis. We also explore different confidence values in Appendix C.4. Most papers on

predictive multiplicity resort to showing how results vary when the Rashomon parameter is

changed [173, 112, 18, 225, 147].

Measures for Multiplicity. A classification problem exhibits predictive multiplicity when

models in the Rashomon set assign conflicting predictions to the same data point, formally

defined in Marx et al. [173, Definition 2]. To measure predictive multiplicity, we use the

following two metrics: arbitrariness, which is a generalization of ambiguity Marx et al. [173],

and pairwise disagreement [19, 56].

While ambiguity computes the fraction of points that at least one model in the Rashomon

set disagrees with the reference model (href), arbitrariness measures the percentage of points

in the dataset that receive conflicting predictions from any two models in the Rashomon set

(competing models) and it is formally defined next.

Definition 4.5 (Arbitrariness) The arbitrariness on a set of inputs S = {x1, ..., xn} ⊆ D over

the Rashomon set model samples R̂
(
(1 + ϵ)L̂(hre f )

)
is the proportion of inputs in the set S that

receive conflicting predictions from any two models in the Rashomon set model samples:

Â(ϵ) ≜
1
n

n

∑
i=1

1
[
∃h1, h2 ∈ R̂

(
(1 + ϵ)L̂(hre f )

)
|h1(xi) ̸= h2(xi)

]
. (4.9)

108



Pairwise disagreement is a per-sample measure that approximates the fraction of models

in the Rashomon set that disagree on a particular prediction. Formally, pairwise disagree-

ment is defined as follows.

Definition 4.6 (Pairwise Disagreement [19, 56]) The pairwise disagreement for a given input

x ∈ D over the Rashomon set model samples R̂
(
(1 + ϵ)L̂(hre f )

)
is the proportion of pairs of models

that disagree on the given input:

P̂Dϵ(x) ≜
1

M(M − 1) ∑
hi ,hj∈R̂((1+ϵ)L̂(hre f ))

1[hi(x) ̸= hj(x)], (4.10)

where M =
∣∣∣R̂ ((1 + ϵ)L̂(hre f )

)∣∣∣, i.e., M is the number of models we sample from the Rashomon

set via retraining. Throughout this paper, we will report the average pairwise disagreement, given by

averaging the empirical pairwise disagreement across all points in a dataset. Formally, given a set of

inputs S = {x1, ..., xn} ⊆ D the average pairwise disagreement is given by:

PD(ϵ) ≜
1
n

n

∑
i=1

P̂Dϵ(xi). (4.11)

Arbitrariness and pairwise disagreement are both defined as a point-wise estimate over

the Rashomon set samples. To account for the error due to sampling in a finite dataset

instead of using the true data distribution, we also report 95% confidence intervals to their

estimates using the bootstrap method from Seaborn [258] across the available dataset — see

Figures 4.4 and 4.5 for an example.

We select the above metrics because they quantify two important aspects of predictive

multiplicity: (i) the fraction of samples in a dataset for which predictions are arbitrary

(Definition 4.5), in that a competing model would have assigned a different prediction, and

(ii) the extent to which models disagree on individual (Definition 4.6).

Given a set of models sampled from the Rashomon Set (e.g., by varying random seeds),

we quantify predictive multiplicity in two steps.:
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First: We measure the number of arbitrary decisions (arbitrariness) made by competing

models. Here, arbitrariness captures how many moderation decisions were not rule-based but just

a consequence of random seed selection. As discussed in Section 4.9, such random decisions go

against procedural fairness because they violate due process, are not accountable, and, if the

magnitude of arbitrariness is different across groups, then the impact of randomness is also

disparate.

Second: We compute pairwise disagreement to estimate the number of models that

disagree on their predictions. If the number of conflicting predictions was, on average,

negligible, one might argue that ignoring this conflicting minority is acceptable [18]. How-

ever, our experimental results show that such disagreement is high (Table 4.2), especially in

specific targeted demographic groups (Figure 4.4).

In the next section, we apply this measurements to the pipeline to fine-tune state-of-the-

art toxic text detectors.

4.11 Experimental Setup

This section outlines the datasets, ML models, and methodology used for evaluating predic-

tive multiplicity in content moderation. Our goal is to describe our overall experimental

approach and provide a rationale for the choice of datasets and base LLM models.

Our experiments involve fine-tuning state-of-the-art language models on large-scale

datasets. Fine-tuning refers to the act of taking a general-purpose LLM trained on a large

corpus of text, e.g. RoBERTa [160], and further training it on a specific objective, such as

toxicity classification. Typically, this training is shorter (fewer epochs) and less intense

(smaller learning rate, less updated layers) than the original training (commonly called

pre-training) — which is what motivates the term fine-tuning. All language models referred

to in this section have been fine-tuned for toxicity classification, meaning they take as input

a piece of text and output either 0, denoting a non-toxic rating, or a 1, denoting a toxic

rating.
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On state-of-the-art model selection. Our first goal is to identify the state-of-the-art open-

source language models that have been fine-tuned for toxicity detection. We begin by

evaluating the performance of all Hugging Face [265] toxicity-detection language models

with more than 3000 downloads. As of January 1st, 2024, this results in 8 models (see

Appendix C.3.3). The best-performing model (see Table 4.1) was tomh TR[99], which we

will refer to as ToxiGen-RoBERTa. This model is the ToxDectRoBERTa [278] model fine-tuned

on the ToxiGen dataset [99]. We fix ToxiGen-RoBERTa as our reference model.

Our second goal is to create competing models to ToxiGen-RoBERTa, which we did by

taking the base model architecture (ToxDectRoBERTa) and fine-tuning the model 40 times on

the ToxiGen dataset while only varying the random seed between each run.2 See Appendix

C.3.4 for details on the fine-tuning procedure. We then discard the models that are worse

than the reference model using the CP method from Theorem 4.3 with a confidence of 95%.

This choice enables a conservative estimate of the size of the Rashomon set and, therefore,

of multiplicity across datasets. This results in a Rashomon parameter of ϵ = 0.016, and us

keeping 35 of the 40 models as Rashomon set samples in R̂
(
(1 + ϵ)L̂(hre f )

)
.

On dataset selection. Next, we used these 35 models to quantitatively measure predictive

multiplicity across datasets and social groups. We use the publicly available datasets:

ToxiGen [99], DynaHate [252], SBF (Social Bias Frames) [218], HateExplain [175], MHS

(Measuring Hate Speech) [132], and WikiDetox [266]. These datasets were chosen for two

main reasons. These datasets were purposefully designed to challenge ML-based toxic

text classification. ToxiGen and SocialBiasFrames (SBF) contain mostly “implicit” toxic

speech [99, 218]. DynaHate uses a human-and-model-in-the-loop process to generate a

dataset designed to challenge ML models.

Second, these datasets have labels for demographic groups targeted by the text. We use

this information to quantify and compare Arbitrariness and Pairwise Disagreement across

different targeted groups (Figure 4.4). We also use the Measuring Hate speech (MHS) [132]

2The random seed determines the weight initialization of the classification head of the language model and
the shuffling of the training data, both of which lead to a different model after fine-tuning.
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Table 4.1: Test accuracy for all Hugging Face toxicity detection models with more than 3k downloads and
ToxiGen across different datasets. The best-performing model accuracy is shown in green and the second best
in blue.

Models Toxigen DynaHate SBF HateExplain

martin-ha TCM [196] 56.2% ± 3.5% 52.9% ± 1.6% 56.5% ± 1.4% 55.5 ± 2.2%
unitary TB [97] 62.5% ± 3.4% 55.2% ± 1.6% 58.2% ± 1.4% 64.1 ± 2.2%
s-nlp RTC [55] 66.9% ± 3.3% 56.9% ± 1.6% 62.4% ± 1.3% 65.9 ± 2.1%
mohsenfayyaz TC [76] 63.2% ± 3.4% 56.1% ± 1.6% 68.5% ± 1.3% 63.8 ± 2.1%
unitary UTR [97] 64.5% ± 3.3% 54.6% ± 1.6% 58.4% ± 1.4% 65.8 ± 2.1%
nicholasKluge TM [47] 58.5% ± 3.5% 55.2% ± 1.6% 56.3% ± 2.2% 62.4 ± 2.1%
unitary MTXR [97] 63.1% ± 3.3% 54.6% ± 1.6% 60.1% ± 1.4% 64.3 ± 2.1%
tomh TR [99] 83.4% ± 2.6% 58.1% ± 1.6% 64.1% ± 1.3% 67.8 ± 2.0%

and the WikiDetox [266] datasets. We chose these datasets because they add one additional

dimension to our analysis: the labels of multiple human annotators who detected toxicity

for the sentences in the dataset. This information enables us to compare human annotators’

disagreement with model disagreement (Figure 4.5). See Appendix C.3.2 for further details

on these datasets.

Further model selection. Moreover, we repeat the multiplicity experiment outlined above

with the second-best-performing model from HuggingFace to guarantee that our experi-

mental results are not a mere artifact of model architecture or training data selection. This

model is s-nlp RTC [55], which we will refer to as RoBERTa-Toxicity-Classifier from here

on. This model is a base RoBERTa model [160] fine-tuned on the Jigsaw dataset [43, 42, 138].

Due to computational limitations, we fine-tune this model 20 times and use the same CP

method outlined above to discard the worst-performing models with a confidence of 95%.

This results in a Rashomon parameter of ϵ = 0.002, and us keeping 16 of the 20 models

fine-tuned models.

Having fine-tuned our models, in the next section, we will present how these models

exhibit predictive multiplicity in accordance with the mathematical formulation in Sec-

tion 4.10. For each of our findings, we also draw connections between our experimental

results and their impact on principles of procedural justice, freedom of expression, and
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non-discrimination, based on the legal framework outlined in Section 4.9.

4.12 Data Analysis

In this section, we present our experimental results and discuss their meaning in terms of

the principles defined in Section 4.9. As we did in Section 4.9, we will often refer to the

illustration of a judge flipping a coin to discuss the harms identified.

4.12.1 Procedural Justice, Freedom of Expression, and Judges Flipping Coins

Technical Analysis. Our first experimental result regards the extent of arbitrariness and

disagreement in our fine-tuned state-of-the-art toxicity detectors. Table 4.2 shows the

prevalence of arbitrariness for the fine-tuned Toxigen and Jigsaw models across all tested

datasets. We also observe that for the fine-tuned Toxigen, more than 34% of all decisions

made by the models at the test time are arbitrary, i.e., there exists another competing model

with a conflicting prediction. For the fine-tuned Jigsaw models, this number decreases to

closer to 23%. Moreover, both the fine-tuned Toxigen and Jigsaw models achieved a high

number of conflicting predictions in the SBF dataset that contains implicit toxic content —

which may indicate that when the toxicity is implicit, arbitrary decisions are more common.

Table 4.2 also shows a high percentage of pairwise disagreement for the fine-tuned

Toxigen and Jigsaw models across all tested datasets. Our experiments show that using

Table 4.2: Average pairwise disagreement and arbitrariness in testing time for the Toxigen fine-tuned and
Jigsaw fine-tuned models in different datasets. The confidence in the CP methods was chosen to be 95% for a
more conservative analysis. 95% confidence intervals are shown using the standard error from the mean.

Toxigen Fine-Tuned Jigsaw Fine-Tuned
Dataset Pairwise Disagreement Arbitrariness Pairwise Disagreement Arbitrariness

Toxigen 6.8% ± 0.9% 28.6% ± 3.2% 4.3% ± 0.8% 15.4% ± 2.5%
DynaHate 8.4% ± 0.6% 34.1% ± 1.6% 6.0% ± 0.4% 21.8% ± 1.4%

SBF 8.7% ± 0.3% 34.4% ± 1.1% 7.2% ± 0.3% 24.4% ± 1.0%
HateExplain 8.4% ± 0.6% 31.9% ± 2.0% 8.5% ± 0.6% 26.6% ± 2.0%

Total 8.3% ± 0.2% 34.2% ± 0.8% 6.9% ± 0.2% 23.9% ± 0.7%
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the fine-tuned Toxigen models, on average, 8.3% of the pair of models disagree in their

prediction — i.e., 8.3% of total pairwise disagreement. While 6.9% of the pair of models

disagree for the fine-tuned Jigsaw models. This implies that, on average, for each point that

models disagree, 14% of the fine-tuned Toxigen models made a prediction about sentence

toxicity, and 86% of the models predicted the opposite. This high pairwise disagreement is

especially relevant for methods that aim to decrease arbitrary decisions by taking a majority

vote across fine-tuned competing models such as [18].

A Violation of Procedure and Freedom of Expression. We picture that each of our models

is a judge, and each statement in the training dataset is a court case on toxic online content

that they must make a ruling on. The judge’s decision is binary: either take down the online

post or not. Recall that the models we developed and tested are part of a Rashomon set,

meaning they all have very similar accuracy and are, therefore, equally good. On average,

all judges make the same number of correct rulings. However, in 34% of court cases, at least

two judges disagree on the ruling (arbitrariness).

These conflicting rulings are not a result of judges having different interpretations of the

law or or having different ideologies (e.g., more or less punitive). These conflicts stem from

purely random events, e.g., in 34% of court cases the judge flips a coin to decide whether

to take down the online post or not. Per Section 4.9, such decisions are entirely detached

from notions of due process, legality, and impartiality, and hence constitute a violation of

procedure and freedom of expression.

Bringing the discussion back to ML models, the fact that we measure a 34% arbitrariness

value due solely to random events means these ML models, if deployed in the real world,

would blatantly violate procedure and FoE (as defined in Section 4.9). We emphasize

that if the 34% arbitrariness value could be attributed to clear and explainable differences

in decision-making, then this value would not be a violation of procedure and FoE. The

randomness is the source of the violation, not the magnitude of the value.
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(a) Toxigen Fine-Tuned
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(b) Jigsaw Fine-Tuned

Figure 4.4: Average pairwise disagreement and arbitrariness in different target groups for the fine-tuned
Toxigen and Jigsaw models. The results show the pairwise disagreement in percentage (x-axis) for the union of
four different datasets: DynaHate, SBF, Toxigen, and HateExplain. The results are shown for training and test
partitions of each dataset. The confidence in the CP methods was chosen to be 95%.

4.12.2 Disparate Arbitrariness: Different Content Gets Different Coin Flips

Technical Analysis. Figure 4.4 indicates that the incidence of arbitrariness is not the

same across all targeted groups. We observe that anti-LGBTQ speech consistently receives

more arbitrary decisions relative to misogynist /misandrist speech for both Toxigen and

Jigsaw fine-tuned models. Across the Toxigen fine-tuned models, anti-LGBTQ speech re-

ceives arbitrary decisions 35% of the time, while misogynist/misandrist speech receives

arbitrary decisions around 30% of the time. These differences are even greater on Jig-

saw fine-tuned models. Moreover, racist speech has more than twice the arbitrariness of

misogynist/misandrist speech on Jigsaw fine-tuned models.

A Violation of Non-discrimination. Returning to the judge analogy, our experimental

results indicate that decisions based on coin flips occur more frequently in certain marginal-

ized groups than in others. An example would be that in 35% of court cases concerning

LGBTQ content, the judge flips a coin to decide the outcome, whereas the judge does this

only 30% of the time for misogynist and misandrist content. This unequal application
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of the arbitrariness based on social-demographic characteristics is a blatant violation of

non-discrimination as defined in Section 4.9.

Bringing the discussion back to ML models, the fact that we measure a difference in

arbitrariness values across different groups due solely to random events means these ML

models, if deployed in the real world, would violate non-discrimination. Unlike Section

4.12.1, even if this effect could be attributed to clear and explainable differences in model

decision-making, it would still constitute a violation of the principle of non-discrimination.

People are entitled to a rule-based evaluation on whether their speech should be restricted.

The uneven application of different approaches is therefore, in itself, a violation of the

principle of non-discrimination. Moreover, we expand on the problems of abandoning the

rule-based approach in the next sub-section.

4.12.3 Human and Machine Arbitrariness: Who is Flipping Coins?

Finally, we compare the arbitrariness across competing ML models in the Rashomon set

and across human annotators. Our goal is to verify if disagreements in predictions between

fine-tuned LLMs match the disagreement observed in human annotators, in which case ML

models would be replicating disagreement already present in the training data. As we see

next, that is not the case.

Technical Analysis. From Figure 4.5, we observe two results. First, model disagreement

tends to be higher in sentences where humans do not agree (i.e., unclear statements). This is

an interesting finding because the models were blind to the divergence between annotators.

Effectively, this implies that models, as humans, struggle with classifying certain statements.

Our second finding is that models in the Rashomon set can display a high level of

disagreement and, hence, arbitrariness in sentences in which humans unanimously agreed on

the toxicity (i.e., clear statements). In these cases, models ouput conflicting predictions when

faced with evaluations that would be obvious to human annotators. Note that WikiDetox is
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(b) Fine-Tuned Models Jigsaw

Figure 4.5: Average pairwise disagreement and arbitrariness for Clear and Unclear sentences using the
Toxigen fine-tuned and Jigsaw fine-tuned models. The figure shows the pairwise disagreement estimated values
along with the 95% confidence intervals using the standard error from the mean. We consider a sentence
Unclear when at least one annotator labeled the sentence differently than others and Clear otherwise. The
confidence in the CP methods was chosen to be 95%.

part of the training data for the fine-tuned Jigsaw models, which is why the arbitrariness

and disagreement values are noticeably small. Even in this extreme, our first observation

holds. This is further evidence that there are certain statements in these datasets that both

humans and models struggle to correctly classify.

A violation of rule-based approach. This point is where our analogy (un)fortunately

reaches a limitation. In real life, judges will make similar decisions on most easy cases, such

as an appeal for a parking ticket or the lawfulness of the social media post stating “Hello
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world.” However, our findings indicate that ML models struggle over certain statements

that would be obvious to any human judge, who are meant to deliver rule-based decisions.

Therefore, this means that models are struggling with unambiguous statements, which

raises concerns of the models’ capacities to deliver good outcomes even in situations that

are obvious for humans.

4.13 The Consequences of Arbitrariness in Content Moderation

In this section, we illustrate how selecting and deploying content moderation models

at large scale, under predictive multiplicity, resembles the moral dilemma of the trolley

problem. We make this comparison to discuss the relevance of our work for law and policy

decision-makers and scholars. Finally, offer insights for the path forward.

The inscrutable trolley problem. The harms of arbitrariness reflect a fundamental problem

for the use of ML in content moderation. ML models make statistical predictions and not

interpretations of rules — unlike human decision-makers. However, the purpose of these

proxy adjudicators is to replicate the criteria of a rule-based decision-making process, and not

a probable outcome. Replacing human interpretation with statistical models to control the

exercise of a right is only tolerable if they delivered similar expected outcomes, operating

on the same criteria and offering procedural guarantees. We have empirically shown that is

not the case. The criteria used by statistical models are often random, and oftentimes these

stochastic elements are concealed from the end user.

Our work also identifies the harms stemming from arbitrary model selection (e.g., which

model of the Rashomon set is chosen and deployed). When there is no clear reason for

choosing one model over the other, an artificial “lottery” is created on which data points will

draw the fate of being subjected to random treatment. Our results indicate that this “lottery”

is not fair: different population groups targeted by the text have different likelihoods of

arbitrary treatment.

If we can draw a final analogy, this creates a troubling scenario where choosing ML mod-
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els is an inscrutable trolley problem. The trolley problem is a famous thought experiment in

ethics and psychology involving a moral dilemma where a person must choose between

actively diverting a runaway trolley to harm one person or passively allowing it to continue

on its path and harm five people. Here, we do not know why and how companies choose

between equally good models, but each one of them will cause the undue moderation of

different individuals.

In the context of content moderation, from the point of view of the individuals affected by

the arbitrary predictions, we effectively have a misapplication of freedom of expression rules.

In other words, if arbitrariness creates harm, this is no less severe if the same prediction

undid an error elsewhere. The fact that an individual suffered undue harm is a violation on

its own. The fact that there was an equally possible and justifiable scenario where a different

algorithm could have been deployed and preserved their rights raises questions of moral

and legal responsibility. Exploring such questions in the context of specific jurisdictions is

an interesting future research direction.

Impact on ongoing law and policy debates on content moderation. One important debate

in the platform regulation field is directly affected by these findings. It is the ongoing

discussion of laws affecting content moderation, such as platform liability rules [165, 25].

Legal responsibilities imposed on service providers push companies to perform more

content moderation focused on particular types of expression. Striking the right balance

between free speech and expedite response, considering the volume and plurality of online

communication, is a hard legal and technical task. Adding to these challenges, scientific

disinformation, electoral integrity, and online extremism are all topics that have fuelled

heated discussions on the need to prevent online harms while balancing international

human rights - or even questioning if international human rights are sufficient to tackle this

issue [63].

Our findings on predictive multiplicity increase the complexity of these tasks. Arbitrari-

ness in algorithmic content moderation models are intrinsic characteristics of ML models

with non-negligible potential for harmful outcomes, increasing the obligations companies
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should have in terms of accountability, transparency, and mechanisms of revision. Moreover,

as companies are assigned with increasingly complex content moderation tasks, and there-

fore more complex models are employed, we do not know how arbitrariness might affect

outcomes. For instance, in 2022 the Brazilian Electoral Courts [73] ordered the removal of

content that was “similar” to content that had a previously been appreciated with a removal

order. The time-frame for companies to respond, in the election periods, varied between 3

hours and 1 hour, after which the companies were subject to heavy fines. To attend these

legal requirements, companies might rely on other ML models to appreciate “similarity” at

scale (whatever that might mean).

This context of heightened reliance on models to perform highly subjective and interpre-

tative legal tasks raises the question of what might be the outcomes of content moderation

when arbitrariness across multiple models are put together. We must consider as well that

these various models are employed to analyze increasingly complex media (e.g. voice, im-

ages, and video). These concerns about arbitrariness in legally mandated content moderation

can be extended to other statutes such as the UK Online Safety Act [136] .

In sum, a number of laws around the world are pressuring industry to expand content-

moderation tools for various legal reasons, ranging from copyright, to public health, to

national security. The consequence of these legislative and regulatory changes might be the

intensified used of complex models of content moderation which are part the infrastructure

governing online speech [89]. Our findings shed light on intrinsic legal complexities of these

models.

4.14 Conclusion & Open Problems

When machine learning models are used in applications of individual consequences, such as

content moderation, the Rashomon effect can have both negative and positive consequences.

The existence of multiple competing models for a given learning task may challenge the

credibility of data-driven decisions supported by the output of a single model selected based

on empirical (average) performance (e.g., as in predictive multiplicity [173]). Alternatively,
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the existence of a large number of models in the Rashomon set creates opportunities for

model selection in terms of criteria beyond accuracy, such as fairness and interpretability [78].

We propose an information-theoretic approach to pairwise model comparison. We

proved that, given a finite dataset, there is an epistemic limit in model selection. We leverage

this result to show that the Rashomon effect is inevitable – i.e., there exist a Rashomon

parameter models such that all models in the Rashomon set are indistinguishable. We also

introduce a more practical model comparison approach by using confidence intervals. With

this, we show that models in an empirical Rashomon set are indistinguishable. Finally, we

leverage our results to design methods to select the Rashomon parameter, allowing data

scientists to explore the Rashomon set with theoretical guarantees that it is composed only

of indistinguishable models.

Because we found that the Rashomon effect is inevitable, we analyze the consequences of

this phenomenon in algorithmic content moderation. We also leverage our theoretical results

that provide a methodology to select the Rashomon parameter to delineate, in practice,

the Rashomon set of large language models fine-tuned for toxicity detection. Our results

show that the Rashomon effect, as expected, is present in state-of-the-art content moderation

models leading to arbitrary moderation decisions.

We explore the impact of this finding on principles of freedom of expression, non-

discrimination, and procedural justice. Then, we show that arbitrary decisions are not

uniformly spread across all contents and that it is more common in inputs that are harmful

to specific demographic groups (e.g., anti-LGTBQ posts) and discuss the implications of

this finding in terms of the principle of non-discrimination. Finally, we check if arbitrary

decisions from content moderation models align with the conflicting moderation from

humans and find that the arbitrary decisions of models are also present in contents in which

human annotators unanimously moderate.
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Open Problems

Beyond Binary Moderation. We measured arbitrariness across binary toxicity detection.

However, models that predict beyond binary toxicity (e.g., models that predict the level

of toxicity) or multiple moderation decisions could display different levels of arbitrariness

than reported here. A future direction of work is empirically analyze arbitrary decision in

models used for content moderation with multi-class predictions.

What if we Can’t Retrain? There is an emerging application of generative language models

to produce moderation decisions [195]. However, this approach relies on GPT-4, for which

we have no access to the model architecture, weights, or training data, making it impossible

to find equally effective models within the same hypothesis class. An important research

direction would be to develop methods for estimating arbitrariness without retraining the

model. Recent work has addressed this problem [113, 96], but these approaches assume

access to intermediary model computations, such as the ability to perform dropout or access

internal representations of the input. With API only models, users typically only access

the model’s output. In this constrained scenario, estimating arbitrariness remains an open

problem.

On Technicalities. Our bounds proving the epistemic limits of model selection require

the existence of an ϵ0 > 0 that lower-bounds the loss of all models in the Rashomon set.

This assumption is, in part, a result of using KL-divergence to bound total variation in

the derivation of our results. However, as discussed earlier, the existence of such ϵ0 is not

unreasonable: If the model class H (that only contains deterministic maps) does not include

the model that generated the map X → Y (this map may be random), then such ϵ0 exists.

Future work could prove that our bounds could be tighter by avoiding the dependency in

ϵ0. This would also imply that the Rashomon set is larger than it is predicted by our results.

Additionally, we only show that the Rashomon set is information-theoretically inevitable

when the loss being used is the 0-1 loss (Theorem 4.1). An interesting direction of future
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work is to generalize this result for all loss functions.

4.15 Looking Ahead

We conclude that ML models are not perfect proxies for humans when evaluating free

speech. With this conclusion, we do not claim that algorithmic content moderation should

not be used. Instead, we argue that this deployment needs to be much more nuanced and

accountable. First, we need to understand how arbitrariness disparately affects subsets of

the population and develop techniques to mitigate this impact.

Second, we need to have explainability and transparency over arbitrary decisions in

the development and deployment process and analyze if the criteria used to produce the

moderation decision respect the criteria we expect in terms of company policies and legal

rules. However, the existing methods to explain the predictions of ML models are too

expensive to run, especially for generative LLMs used for content moderation. Specifically,

acquiring explanations for model predictions requires a large number of inferences from the

same model, making explanations impractical.

In the next chapter, we propose a method to explain the predictions of generative lan-

guage models called MExGen. We then show that MExGen gives more reliable explanations

with fewer model inferences, allowing model providers to explain their predictions – e.g.,

explain why a post was taken down. However, MExGen cannot be scaled to content mod-

eration applications in large social networks as its explanations still need more than one

model inference for all input contents. For this reason, we propose Selective Explanations to

accelerate the computation of explanations for large models using an optimized combination

of cheap and accurate explanations. Selective explanations provide explanations with only

one inference for most input contents. Therefore, making accurate prediction explanations

scalable.
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Chapter 5

Explaining the Predictions of Large

Models

Large language models (LLMs) are being deployed to generate text used for decision-

making, e.g., summarizing meetings [151], extracting key points from legal documents

[126], and answering doctors’ questions [268]. These models are also used to perform

decisions of consequence like content moderation (Chapter 4) and CV screening [82]. In

these applications, the LLM is grounded in context (e.g., legal documents) provided as part

of the input.

Given an LLM response, users may wish to know which parts of the context were

responsible for the response, or whether the response is grounded at all [115]. We propose

Multi-level Explanations for Generative Language Models (MExGen) to fulfill this user

necessity by providing explanations for context-grounded text generation.

MExGen computes explanations by comparing multiple model predictions given per-

turbed versions of the input context. The explanations take the form of attribution scores

assigned to parts of the input, quantifying the effect of each part on the model output.

Accordingly, we also refer to this type of explanation as input attribution. MExGen generalizes

popular perturbation-based explanation methods such as LIME [209] and SHAP [163] to

The content in this chapter has also appeared in Monteiro Paes et al. [185] and Monteiro Paes et al. [184].
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generative LLMs. Such methods are widely used for text classification [36, 135, 189, 123],

but their application to generative LLMs is still limited, as we discuss in Section 5.2.

Perturbation-based explanation methods are widely adopted in part because they work

in the black-box setting with access only to model output (i.e., without gradients). However,

like MExGen (Section 5.4), perturbation-based explanation methods may not be scalable to

online applications for the large models used in the current machine learning landscape

(e.g., language models with billions of parameters) since they require a number of inferences

for each individual explanation.

Recent literature has introduced two main approximation strategies to speed up existing

perturbation-based explanation methods for large models: (i) employing Monte Carlo

methods to approximate explanations with fewer computations [163, 209, 50, 179], and (ii)

adopting an amortized approach, training a separate model to “mimic” the outputs of a

reference explanation method [120, 49, 269, 221, 40, 222].

Monte Carlo approximations can yield accurate approximations for attributions but may

converge slowly, limiting their practicality for online applications. In contrast, amortized

explainers require only one inference per explanation, making them efficient for large

black-box models and online explanations. However, as shown in Figure 5.1, amortized

explainers can produce highly diverging explanations from their reference due to lack of

precision in approximations. Aiming to benefit from Monte Carlo and amortized explainers,

we propose selective explanations to answer the questions:

(Q1) When are amortized explanations inaccurate ?

(Q2) How can we improve inaccurate explanations using additional computations?

Next, we discuss our main contributions in this chapter, i.e., introducing MExGen

accelerating them using selective explanations.
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5.1 Overview and Main Results

In this chapter, we first propose MExGen, an efficient method to explain the predictions

of generative models. MExGen is an perturbation-based methods that sample multiple

answers from the model to generate an explanation. Therefore, its application may not be

suitable to online applications, i.e., when users ask for explanations for the LLM prediction

in real time. Then, we propose Selective explanations, a method to accelerate perturbation-

based explanation methods while maintaining explanation quality. At deployment time,

selective explanation only need one answer from the model for most questions from the

user. However, when computing the explanation is “hard” Selective explanation adapts to

use more model inferences to improve explanation quality.

Multi-Level Explanations for Generative Language Models

Perturbation-based input attribution for generative LLMs presents challenges related to

having (1) text outputs, (2) high inference cost, and (3) long text inputs. MExGen provides a

framework to address these challenges. The framework can be instantiated with different

attribution algorithms, and we do so using LIME- and SHAP-like algorithms.

Challenge of output text. The first challenge is that LMs output text rather than a real

number (e.g., the predicted log probability of a class). Attribution algorithms require a

real-valued function to quantify that function’s sensitivity to different inputs. We address

this through the concept of scalarizers, functions that map output text to real numbers. We

investigate and compare multiple scalarizers to provide guidance on this choice.

Importantly, most scalarizers that we consider address the truly “black-box” setting in

which we receive only text as output from the model. This is common with large language

models (LLMs) that only provide API access or are proprietary.

Challenge of input length and LLM inference. The input text can be long for context-

grounded generative tasks, e.g., whole papers or news articles. Generating explanations for
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long inputs requires more model inferences, imposing higher computational and financial

costs. Long inputs also pose interpretation issues, since attributions that are too fine-grained

may be less interpretable to a user.

We address this challenge in three ways: (1) Linguistic segmentation: We segment the

input text into linguistic units at multiple levels, for example sentences, phrases, and words.

(2) Multi-level attribution: We use a refinement strategy that proceeds from attributing at a

coarser level like paragraphs to a finer level like words, only refining the most important

parts of the context. This controls the number of model inferences and resembles a binary

search. (3) Linear-complexity algorithms: We instantiate our framework with attribution

algorithms whose numbers of model inferences scale linearly with the number of units (e.g.,

number of sentences).

We propose the MExGen framework to extend perturbation-based input attribution to

generative language models, with a multi-level strategy to combat the challenges of long

inputs. To instantiate MExGen we propose a linear-complexity variant of LIME called C-

LIME that limits the number of units perturbed at one time. We compare several scalarizers

for mapping output text to real numbers, notably handling the case of text-only output

from the model. Finally, we conduct a systematic evaluation, both automated and human,

of input attribution methods for summarization and QA, showing that MExGen can provide

more faithful explanations of generated output than the available alternatives.

Our results show that MExGen provides more locally faithful explanations compared

to baselines, assigning higher importance to input parts that have the greatest effect on

the model output. We also find that certain scalarizers yield similar explanations to

each other. Interestingly, some scalarizers which use only text from the model generate

explanations close to those that depend on log probabilities from the model. Human

evaluation corroborates the automated evaluation findings and also indicates that certain

scalarizers and attribution methods, previously considered similar to others in the automated

evaluation, were perceived as more faithful by users.

127



(a) Amortized (MSE = 0.31) (b) Target Explanation (MSE = 0.00) (c) Selective (MSE = 0.07)

Figure 5.1: Amortized explainer (a) compared with a target explainer (SHAP [163]) (b) and our selective
explanation method (c). All methods flag input parts that contribute to the YelpLLM predicting the given
example is a Negative Review. We observe that both target and selective explanations attribute "not
amazing" for the negative review (blue), while the amortized explainer misses this term.

Selective Explanations

The main goal of selective explanations is to provide explanations with only one inference for

most outputs from the model and, when explanations are “hard” to acquire, use additional

inferences to improve explanation quality. To perform explanations with only one model

inference we will use emortized explanations, where a machine learning model is trained to

learn how to attribute explanations from the user’s input and the model output. However,

sometimes, amortized explanations are not accurate as shown in Figure 5.1. Therefore, we

will need to improve these explanations using extra model inferences. Therefore, we answer

the following questions to create selective explanations:

(Q1) When are amortized explanations inaccurate ?

(Q2) How can we improve inaccurate amortized explanations using additional computa-

tions?

To answer (Q1) and (Q2), we propose selective explanations, a method that bridges Monte

Carlo and amortized explanations. The selective explainer first trains a model that “learns to

select” which data points will receive inaccurate amortized explanations, and then performs

additional computations to further approximate target explanations. The key idea behind

the selective explanation method is to use Monte Carlo explanations only for points that
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would receive inaccurate amortized explanations; see Figure 5.6 for the workflow of selective

explanations.

The ideas of predicting selectively and providing recourse with a more accurate but

expensive method (usually human feedback) have been explored in classification and

regression [203, 84, 72, 83, 85]. To our knowledge, however, these ideas have not been

applied to feature attribution methods. We make two contributions in this regard that

are relevant for selective prediction more generally. (1) Selective prediction uses quality

metrics to identify input points for which the predictor (the amortized explainer in our case)

would produce inaccurate outputs and recourse is needed. The high-dimensional nature

of explanations requires us to develop new quality metrics (Section 5.7) suitable for this

setting. (2) Instead of providing recourse with a Monte Carlo explanation alone, we use an

optimized method called explanations with initial guess (Section 5.8) that combines amortized

and Monte Carlo explanations in a optimized manner, improving the approximation to the

target explanation beyond that of either method individually.

Our overall contribution in selective explanations (3) is to combine (1) and (2) in the

form of selective explanations, providing explanations with initial guess to improve inaccurate

amortized explanations. We validate our selective explanations approach on two language

models as well as tabular datasets demonstrating its ability to (i) detect inaccurate expla-

nations from the amortized explainer, (ii) enhancing amortized explanations even when

Monte Carlo explanations are inaccurate, and (iii) improving the worst explanations from

the amortized model.

5.2 Related Work

Post Hoc Explanations for LLMs. Explaining predictions of black-box machine learning

models has become increasingly relevant due to their employment in high-stake decision-

making tasks . Post hoc explanations aim to attribute the importance of each input feature

to the model prediction by assigning then a relevance score. These methods can be broadly

divided in two categories (i) gradient-based methods and (ii) perturbation-based. Gradient-
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based method leverage model gradients with respect to the model input to estimate the

importance of each input feature. However, models that only offer API access to the users

don’t generally provide access to their gradients. Therefore, gradient-based methods are not

applicable in these cases. For this reason, we focus on Perturbation-based methods.

Perturbation-based methods modify the model input by perturbing different features and

their combinations and using the model predictions for the different perturbed inputs to

estimate the relevance of each input feature — examples of this method are SHAP [163],

LIME [209], and Leave-One-Out. Hence, these methods may be impractical in online setting

when explanations should be quickly provided but inference cost is high, for example in

LLMs. Selective Explanations aim to alleviate this cost while maintaining the method’s

performance.

Explaining Generative Language Models. The literature on such methods is limited, as

corroborated by the survey of Mosca et al. [189]. PartitionSHAP, the algorithm for text

in the SHAP library, handles long inputs by partitioning them into spans of tokens and

attributing the same score to tokens within each span. We have not found a paper describing

PartitionSHAP. The description of the SHAP library’s text examples [231] is also cursory.

Nonetheless, it is clear that PartitionSHAP produces one set of attributions for each token

in the output. This approach is less interpretable because it requires the selection of an

output token and assigns multiple attribution scores to each input span. PartitionSHAP

can work with API-only access [232], but understanding how it does so required significant

investigation on our part (see Appendix D.2.1).

CaptumLIME is our name for a modification of LIME [209] tailored for text generation

tasks using new features in the Captum library [177].1 CaptumLIME allows the user to

manually define units for attribution within the input. It handles sequence outputs by

computing log probabilities for tokens in a given output and then summing. This does

however require access to output probabilities, so CaptumLIME is not suitable for the

1Captum also has variants of SHAP but we found them slow to run and obviated by PartitionSHAP.
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text-only setting.

TextGenSHAP [74] offers a more efficient sampling strategy for Shapley value estimation

based on speculative decoding [157]. As with CaptumLIME, such computations also require

access to output probabilities. Also, TextGenSHAP is tailored to SHAP.

Table 5.1 shows that PartitionSHAP, CaptumLIME, and TextGenSHAP each lack

capabilities compared to MExGen.

5.3 Preliminaries

Notation. We start with a textual input x ∈ V from the user that that is contained in the

set of all potential texts denoted as V . We aim to give to each part of the input, denoted by

xs where s = 1, . . . , d, an attribution score ξs (represented by color on the right of Figure 5.2)

quantifying the importance of xs in a model’s output, in the sense that if important parts xs

are removed, then the output will change significantly.

Masking. We call masking the procedure of replacing a token or set of tokens for a

pre-fixed token ([MASK]) that could be, for example, the empty token “”, “<PAD>”, or

“[MASK].” If x = x1...xd we mask a subset of tokens S = {i1, ..., i|S|} ⊂ [d] by defining

xS ≜ [MASK][MASK]...[MASK]xi1[MASK]...[MASK]xi|S|[MASK]...[MASK]

Bellow we introduce the notation for the generative and numerical output models that

Method Long Text Output Long Text Input API Access
LIME ✗ ✗ ✗

SHAP ✗ ✗ ✗

HEDGE ✗ ✓ ✗

P-SHAP ● ✓ ✓

TextGenSHAP ✗ ✓ ✗

Captum ✓ ✗ ✗

MExGen ✓ ✓ ✓

Table 5.1: Comparing the features of our MExGen framework with existing methods.
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we explain in this chapter.

Generative Language Model. A language model may be generative, i.e., output an textual

content given the user’s input x. We denote generative language models by f : V → V

that take a user input x and output a text that we denote by yo = f (x) and call by target

output. Our goal in MExGen is to explain why the model outputted f (x) (the target output) by

attributing to parts of the input x. As the second through fourth paths in Figure 5.2 indicate,

the model f can only be queried on perturbations x̃ of x, with no further access.

Language Model Classifiers & Regressors. A language model may also output a numerical

value (e.g., the toxicity class of a textual input), i.e., output a number R given the user’s

input x. We denote language model classifiers and regressors by h : V → R that take a user

input x and output a numerical value by yo = h(x) also called target output.

Language model classifiers and regressors are usually trained (fine-tuned) using a

dataset D = {(xi, yi)}n
i=1 with n samples. We assume access to three variations of such

dataset called Dtrain for training h and the amortized explainers, Dcal for calibration and

validation, and Dtest for testing.

5.4 Multi-Level Explanations for Generative Language Model

Generative language tasks pose two main challenges: having text as output, and potentially

long text as input. The following two subsections discuss our solutions to these challenges.

5.4.1 Handling Text Outputs

Input attribution algorithms require a numerical function as the object to explain. In the

case of language model classifiers and regressors, the model output is already numerical.

However, for generative language models the output is textual. Moreover, the LM f may

only output text and provide no access to logits.
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We introduce scalarizers, which are functions S that map output text to real numbers

(shown as blue boxes in Figure 5.2). We consider two types of access to f : (a) full logit access,

where f can provide predicted logits for all tokens in its vocabulary, at each position in the

output sequence; (b) text-only access, where we are limited to text outputs.

Full logit access. When all logits are available, we use the probability of generating the

target output yo as the function to explain. We refer to this as the Log Prob scalarizer. Given

output sequence yo of length d and an arbitrary input sequence x, we compute the model’s

log probability of generating each target output token yo
t conditioned on x and previous

output tokens yo
<t. We then average over output tokens to obtain the scalarized output for x,

S(x; yo, f ) =
1
d

d

∑
t=1

log p (yo
t | yo

<t, x; f ) . (5.1)

Here the scalarizer S is parameterized by yo and f since the latter is providing predicted

probabilities.

The Log Prob scalarizer generalizes the log probability used in explaining text classifica-

tion. This is seen from (5.1) by setting d = 1 (single prediction) and identifying yo
1 with the

predicted class.

Text-only access. Given only the output text y = f (x) generated from the perturbed input

x, we consider similarity measures S(y; yo) between y and the target output yo as scalarizers.

“Beyoncé Knowles-
Carter is an American singer, 
songwriter, and actress. Born and 
raised in Houston she rose to fame 
in the late 1990s”

Text Input

[Beyoncé Knowles-
Carter is an American 
singer, songwriter, and 
actress.]
         [Born]
         [and ]
         [raised] 
         [in Houston] 
         [she rose to fame in 
the late 1990s]

“Beyoncé Knowles-
Carter is an American singer, 
songwriter, and actress.”

“Beyoncé Knowles-
Carter is an American singer, 
songwriter, and actress. Born 
and raised in Houston”

“Beyoncé Knowles-
Carter is an American singer, 
songwriter, and actress. Born in 
Houston”
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Figure 5.2: Diagram showing the workflow of MExGen.
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These now depend on f only via composition, i.e., S( f (x); yo), and are not parameterized

by f as in (5.1). Appendix D.2.1 has further details on these scalarizers.

• Sim: Computes the cosine similarity between embedding vectors for y and yo.

• BERT: Computes the BERTScore [275] between y and yo.

• BART: Computes the “faithfulness” version of the BARTScore between y and yo [272].

The formula for BARTScore is the same as (5.1) except with y in place of x and an

auxiliary model fBART in place of the model f being explained. It thus measures the

probability of fBART generating yo when given y as input.

• SUMM: This scalarizer represents our understanding of how the summarization

example [232] in the SHAP library handles the API case. As our experiments show, it

is very similar to the BART scalarizer with a summarization model as fBART.

• Log NLI: Uses a natural language inference (NLI) model to predict the log-odds of

entailment given yo as premise and y as hypothesis, and optionally in the other

direction as well.

5.4.2 Handling Long Text Inputs

Some generative language tasks require long input texts, such as in summarization, context-

grounded QA, and content moderation for large contents. We address this challenge through

a combination of three techniques: segmenting the input into linguistic units at multiple

levels, using attribution algorithms with linear complexity in the number of input units, and

obtaining attributions in a coarse-to-fine manner.

Linguistic segmentation. We segment the input into linguistic units at multiple granu-

larities: paragraphs, sentences, phrases, and words (“Select Units” box in Figure 5.2). This

approach takes advantage of linguistic and other structure present in the input. For example,

the input may already be broken into paragraphs or contain multiple distinct retrieved
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documents, in which case these paragraphs or documents can form the units at the highest

level. In contrast, existing methods rely on the model’s tokenizer, which can yield units

(tokens) that are too fine, or treat the text as a flat sequence of tokens and let the algorithm

decide how to segment it [36, 231].

We use tokenization and dependency parsing from spaCy v3.6 [108] to segment para-

graphs into sentences and words. To segment sentences into phrases, we propose an

algorithm that uses the dependency parse tree from spaCy. In the first pass, the algorithm

recursively segments the tree and its subtrees into phrases that are no longer than a maxi-

mum phrase length. In the second pass, some short phrases are re-merged. More details are

in Appendix D.2.2.

Our framework allows for units at any level to be marked as not of interest for attribution.

For example, punctuation and stop words may be ignored. Prompts for LLMs often follow

a template, for example with start- and end-of-message tokens in a chat, or prefacing a

context document with “Context: ”. Such template elements are usually not of interest for

attribution.

Linear-complexity algorithms. Given a segmented input (which may have mixed units

as in Figure 5.2), we have the actual task of attributing to units x1, . . . , xd (the “Post Hoc

Explainer” block in Figure 5.2). For this we consider only attribution algorithms that scale

linearly with the number of units d in terms of model queries, to control this cost. We

instantiate MExGen with three such algorithms: leave-one-out (LOO), a LIME-like algorithm

with further constraints (C-LIME), and Local Shapley (L-SHAP).

LOO: This is the simplest algorithm, where units x1, . . . , xd are perturbed one at a time,

yielding corresponding perturbed inputs x(1), . . . , x(d). In this work, perturbing a unit means

simply dropping, i.e., replace it by the empty token. The attribution score for xs is the

decrease in scalarizer score due to leaving xs out: ξs = S(xo; yo, f )− S(x(s); yo, f ).

C-LIME: Similar to LIME, we use a linear model that operates on interpretable features

z and approximates the model f in the vicinity of original input xo. In our case, the

interpretable features z ∈ {0, 1}d correspond to units x1, . . . , xd, with zs = 0 if unit s is
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perturbed and zs = 1 otherwise. The linear model is fit using n perturbations x(1), . . . , x(m)

of xo, with corresponding interpretable representations z(1), . . . , z(m), and scalarized model

outputs S(x(1); yo, f ), . . . , S(x(m); yo, f ):

ξ = arg min
w

m

∑
i=1

π
(
z(i)
)(

wTz(i) − S(x(i); yo, f )
)2
+λR(w), (5.2)

where π(z) is a sample weighting function and R is a regularizer. The best-fit linear model

coefficients yield the attribution scores ξ.

We make two main departures from LIME, in addition to the use of a general scalarizer S

as seen in (5.2). Firstly, we limit the number of perturbations m to a multiple of the number

of units d. Since m is the number of samples in the linear regression problem (5.2) while d

is the number of parameters to fit, a ratio m/d of 5 or 10 can yield good results. In contrast,

LIME by default sets m to be in the thousands independently of d, which can be prohibitive

for LLMs. Secondly, we limit the number of units K that can be perturbed simultaneously

to a small integer. This concentrates the smaller number of perturbations on inputs that

are closer to xo, which aligns with work showing that doing so improves the fidelity of

attributions [241]. LIME by contrast samples the number of units to perturb uniformly from

{1, . . . , d} [168].

L-SHAP: This variation of SHAP proposed by Chen et al. [38] limits perturbed units to

those within a constant-size neighborhood of a unit of interest. We defer description of how

we adapt L-SHAP to Appendix D.2.3.

Multi-level explanations. Once we have computed attribution scores at a given level, we

may choose to refine the input units and repeat the process (feedback path at the bottom of

Figure 5.2). For example, given sentence-level attributions for a long input, we may wish to

obtain phrase- or word-level attributions for a few sentences and keep attributions at the

sentence level for the remainder to not introduce too many new units. The few sentences

can be selected by automatic criteria (e.g., refining the sentences with higher score) or by

the user. See Appendix D.3.3 for the sentence selection criteria used in our experiments.

The multi-level approach is essential for obtaining fine-grained attributions to the most
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important units in the context without drastic increase in the computational cost. Our

multi-level approach decreases cost by avoiding attributing scores to less relevant finer units

in the context.

5.5 Automated Evaluation for MExGen

We evaluate MExGen on two text generation tasks, summarization and context-grounded

QA. Section 5.5.2 compares the scalarizers that we have considered and provides guidance

on the choice of scalarizer. Section 5.5.3 compares MExGen to other attribution methods

and shows that MExGen has higher fidelity in terms of identifying input units that are most

important to the explained model.

5.5.1 Setup

Datasets and LMs. For summarization, we use the Extreme Summarization (XSUM) [191]

and CNN/Daily Mail (CNN/DM) [224, 107] datasets, and three LMs: a 306M-parameter

DistilBART model2, and the larger Flan-UL2 (20B parameters) [242] and Llama-3-8B-Instruct

(“Llama-3”) [66] models. We treat the DistilBART model as one with full logit access, thus

enabling use of the Log Prob scalarizer. We call Flan-UL2 and Llama-3 through an API3 that

only returns text, thus representing the text-only setting precluding the use of Log Prob. We

evaluate on the first 1000 test set examples of each dataset for DistilBART and the first 500

for Flan-UL2 and Llama-3.

For QA, we use the Stanford Question Answering Dataset (SQuAD) [206] (1000 validation

set examples, see Appendix D.3.1 for the indices). We consider two LMs, Llama-3 through

the above API, and the 770M-parameter Flan-T5-Large model4 [41], which we treat as

providing output logits.

2https://huggingface.co/sshleifer/distilbart-xsum-12-6

3API service not disclosed to preserve anonymity

4https://huggingface.co/google/flan-t5-large

137

https://huggingface.co/sshleifer/distilbart-xsum-12-6
https://huggingface.co/google/flan-t5-large


Attribution algorithms. We instantiate MExGen with the attribution algorithms discussed

in Section 5.4.2: LOO, C-LIME, and L-SHAP. For summarization, we obtain mixed sentence-

and phrase-level attributions while for QA, we obtain mixed sentence and word attributions,

which are appropriate for SQuAD’s shorter, paragraph-long contexts. Choices for scalarizers,

segmentation, and algorithm parameters are described in Appendix D.3.3.

We compare against PartitionSHAP (P-SHAP) [231] and CaptumLIME [177]. When us-

ing PartitionSHAP, it requires the selection of an output token to explain, whereas we are

interested in the output sequence as a whole. For this reason, we modify PartitionSHAP

by summing across all attribution scores, corresponding to different output tokens, that it

gives to each input span. This is equivalent to explaining the sum of the log probabilities of

output tokens because of the linearity of Shapley values, and it corresponds to our Log Prob

scalarizer.

For CaptumLIME, since it accepts user-defined units for attribution, we provide it with

the same units used by MExGen. Thus we can directly compare Captum’s attribution

algorithm (i.e., LIME) with ours, controlling for input segmentation. Captum’s default

for the target function to explain also corresponds to the Log Prob scalarizer. Additionally,

PartitionSHAP and CaptumLIME take the number of model queries as an input; for a

fair comparison, we allow them the greater of the numbers of model calls used by MExGen

L-SHAP and C-LIME.

Metrics. To measure local fidelity of explanations, we use perturbation curves as in Chen

et al. [36], Ju et al. [123]. Given a set of attribution scores, perturbation curves rank input

units in decreasing importance according to their scores, perturb the top k units with k

increasing, and plot the resulting change in some output scalarization measuring how much

the perturbed output deviates from the target output.

For the output scalarization, we select an evaluation scalarizer from those in Section 5.4.1.

To accommodate PartitionSHAP and CaptumLIME (and slightly favor them), we choose

an evaluation scalarizer corresponding to the target function that they use for explanation.

For DistilBART and Flan-T5-Large, this means the Log Prob scalarizer, while for Flan-UL2 and
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Figure 5.3: Spearman’s rank correlation between attribution scores using different scalarizers.Attributions
were computed using multi-level (a) MExGen C-LIME for the DistilBART model on the XSUM dataset and
(b) MExGen L-SHAP for Flan-T5-Large on SQuAD.

Llama-3, we choose SUMM in keeping with PartitionSHAP. Please see Appendix D.3.5

for further details.

5.5.2 Scalarizer Evaluation

Ranking Similarity Across Scalarizers. We first compare scalarizers by measuring the

Spearman rank correlation between attribution score vectors ξS and ξS′ at the same granu-

larity for all scalarizer pairs S, S′. Results with cosine similarity and a second model-dataset

pair are in Appendix D.4.1.

Figure 5.3 shows Spearman correlation matrices, averaged across examples from the

respective dataset. Certain scalarizer pairs are highly similar, for example BART and SUMM

as mentioned in Section 5.4.1, as well as Sim and BERT. Thus, it may suffice to consider

only one from each pair. Log Prob, the only one that uses logits from the model being

explained, clearly differs from the others. There are also noticeable differences between

Figures 5.3a and 5.3b, which feature different tasks, datasets, and models. For example,

Spearman correlation between BERT and SUMM is 0.75 in (a) and 0.83 in (b). This suggests

the necessity of exploring different scalarizers for different tasks.
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Figure 5.4: Perturbation curves (higher is better) for MExGen C-LIME with different scalarizers, used to
explain the DistilBART model on the XSUM dataset. The curves show the decrease in (a) log probability, (b)
BERTScore, (c) SUMM score when removing the most important p% of tokens according to each explanation
scalarizer. Shading shows standard error in the mean.

Perturbation Curves Across Scalarizers. Figures 5.4a–5.4c show perturbation curves with

different evaluation scalarizers, using MExGen C-LIME with all proposed scalarizers (i.e., a

cross-evaluation of scalarizers). The curves are averaged over 1000 samples from XSUM (see

Appendix D.3.5 for how) and the shading shows one standard error above and below. The

case where the attribution scalarizer is matched with the evaluation scalarizer is generally

the best. The Log Prob scalarizer performs well across evaluation scalarizers, implying that it

gives a more universal explanation (least dependent on the evaluation scalarizer). Hence,

when log probabilities are available, we suggest using them.

In the case where model logits are not available, the choice of scalarizer is not as clear.

However, if (hypothetically) one were to use Log Prob as the evaluation scalarizer, Figures

5.3 and 5.4a indicate that the BERT scalarizer best approximates the Log Prob scalarizer (Sim

is similar while SUMM, the scalarizer used by P-SHAP, performs worse in this regard). We

include results for MExGen L-SHAP and a second model-dataset pair in Appendix D.4.1.

5.5.3 Comparison Between Explainers

Perturbation Curves. Figure 5.5 compares the perturbation curves of MExGen instantia-

tions with P-SHAP and CaptumLIME. Mean curves and standard errors are again computed
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Figure 5.5: Perturbation curves (higher is better) for different explanation methods, using the same scalarizer
as the evaluation scalarizer indicated on the y-axis. Models and datasets: (a) DistilBART on XSUM, (b)
Llama-3 on CNN/DM, and (c) Flan-T5-Large on SQuAD. The legend in (c) applies to all panels, but we
could run CaptumLIME only for (a). The dotted black curves are for MExGen C-LIME using mismatched
scalarizers: BERTScore (a)(c) and BARTScore (b). Shading shows standard error in the mean.

over the number of examples taken from each dataset (see Section 5.5.1).

Regarding CaptumLIME, we were only able to obtain results for it in Figure 5.5a be-

cause (i) we had API access to Llama-3 and CaptumLIME needs output logits, and (ii)

CaptumLIME does not support Flan-T5-Large. Figure 5.5a is a direct comparison between

LIME (represented by CaptumLIME) and our modification C-LIME, using the same number

of model queries and input segmentation as mentioned earlier. C-LIME is clearly more

effective.

In comparison with P-SHAP, Figure 5.5 shows that the perturbation curves for MExGen

rise more quickly from zero and are higher for the top x% of tokens, where x > 20%

in Figures 5.5a and 5.5b, and x varies between 8% and 13% in Figure 5.5c. This pattern

indicates that MExGen is better able to identify units that are most important to the model,

as measured by the change in the evaluation scalarizer in the leftmost region of each plot.

Appendix D.4.2 has results on additional model-dataset pairs. Across the tested models

and datasets, MExGen C-LIME and L-SHAP are the top performers, while MExGen LOO, the

simplest attribution algorithm, is close behind.

We also show in Figure 5.5 perturbation curves for MExGen C-LIME using different
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Datasets Models MExGen C-LIME MExGen L-SHAP MExGen LOO P-SHAP
XSUM DistilBART 13.6 13.8 13.1 9.4

Flan-UL2 17.2 17.4 16.7 13.7
Llama-3-8B-Instruct 22.4 22.2 22.1 20.2

CNN/DM DistilBART 13.5 14.7 13.2 9.7
Flan-UL2 32.1 32.0 32.1 33.2

Llama-3-8B-Instruct 26.4 26.3 26.1 22.1
SQuAD Flan-T5-Large 62.7 61.1 60.2 58.8

Llama-3-8B-Instruct 56.4 57.0 54.9 38.5

Table 5.2: Areas under the perturbation curve (AUPC) up to 20% of tokens. For DistilBART and Flan-
T5-Large, log probability is used as both the explanation and evaluation scalarizer. For Flan-UL2 and
Llama-3-8B-Instruct, which do not provide access to log probabilites, SUMM is used as the explanation and
evaluation scalarizer.

scalarizers than used for evaluation. Surprisingly, we find that even when using a mis-

matched scalarizer (notably BERT in Figures 5.5a, 5.5c, which does not even use logits),

MExGen C-LIME can outperform P-SHAP in fidelity.

Area Under the Perturbation Curve. Table 5.2 shows the area under the perturbation curve

(AUPC) to summarize performance over all dataset-model pairs that we tested, including

the ones in Appendix D.4.2. We evaluate AUPC up to 20% of tokens as done in [36]. Across

all dataset-model pairs, MExGen instantiations (including LOO) performed better (i.e., higher

AUPC) than P-SHAP. The one exception is the (CNN/DM, Flan-UL2) pair, but even in this

case, Figure D.2b in Appendix D.4.2 shows that the MExGen curves are higher for the top

5% of tokens. The second highest AUPC is always from MExGen C-LIME or L-SHAP.

Our results suggests that MExGen provide explanations with more fidelity than P-SHAP

and CaptumLIME with fewer computations. However, MExGen (a perturbation-based

attribution method) still needs to perform a large number of inferences per explanation. For

this reason, MExGen might still not be scalable enough to ensure online deployment. Next,

we define selective explanations to accelerate the explanations from perturbation-based

attribution methods.
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5.6 Selective Explanations

Feature Attribution Methods, also called explainers, are functions Rd ×Y → Rd that assess

the importance of each feature for the model’s (h) prediction to be y for a given input vector

x. We consider three types of explainers:

1. Target explainers that use a large number of computations to provide explanations

(e.g., SHAP with 2d inferences from model h) [163, 209], denoted by Target(x, y);

2. Monte Carlo explainers that approximate fixed target explainers using m inferences

from model h per explanation [163, 179], denoted by MCm(x, y);

3. Amortized explainers are trained to approximate the target explanations using only

one inference [49, 269], denoted by Amor(x, y).

Remark 5.1 Monte Carlo and amortized explainers aim to approximate the target explanation and

are benchmarked on this approximation. We evaluate the performance of Monte Carlo and amortized

explainers by computing their distance and correlation to Target(x, y). The usefulness of target

explanations (e.g.: SHAP and Lime) has been validated by user studies and automated metrics

in [163, 209, 87, 260, 212, 217]. Therefore, we call higher-quality the explanations that closely

approximate the computationally expensive target and lower-quality the one that diverge from the

target.

Inputs to be 
Explained

𝒙𝟏

𝝉𝟖𝟎 𝒙𝟏 =	Lower-Quality 
Explanation

Pass Inputs through amortized explainer and 
Selection Function 

Monte Carlo
Explainer

×	(𝟏	 − 	𝝀 𝒙𝟏 )

×	𝝀(𝒙𝟏)

The combination function 𝝀: 𝒙 → 𝝀(𝒙) 
is optimized to minimize the MSE 
between selective and target 
explanations.

Compute Monte Carlo explanations  when 
amortized explanations are  Low-Quality

Use Explanations with Initial Guess 
to improve explanation quality

𝒙𝟏 Higher-Quality 
Explanation

𝝉𝟖𝟎 𝒙𝟐 =	Higher-Quality 
Explanation 80% of inputs

Use higher-quality 
Amortized explanations 
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Use Explanations with 
Initial Guess to improve 

quality for the worst
20% of inputs

Amortized 
Explainer

Selection 
Function

𝒙𝟐

Figure 5.6: Workflow of selective explanations.
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In practice, we measure the quality of a given explanation that aims to approximate the

target explanation using a loss (or distortion) function ℓ : Rd × Rd → R, e.g., mean square

error (MSE) and Spearman’s correlation. The goal of selective and Monte Carlo explanations

is to approximate the target explanations while decreasing the number of computations, i.e.,

to minimize ℓ(SE(x, y), Target(x, y)) with few model inferences.

We define selective explainers to provide better approximations to target explanations

bridging the gap between Monte Carlo and amortized explainers.

Definition 5.1 (Selective Explainer) For a given model h, an amortized explainer Amor, a Monte

Carlo explainer MCm, a combination function λh : Rd → R, and a selection function τα : Rd →

{0, 1} (parametrized by α), we define the selective explainer SE(x, y) as

SE(x, y) ≜


Amor(x, y) , if τα(x) = 1,

λh(x)Amor(x, y) + (1 − λh(x))MCm(x, y) , if τα(x) = 0.
(5.3)

When τα = 0, selective explanations output explanations with initial guess (Definition 5.2).

Explanations with initial guess linearly combine amortized and Monte Carlo explanations

to leverage information from both and provide higher-quality explanations than either

explainer alone. Selective explanations heavily depend on three objects that we define in

this work and that are covered in the rest of the paper: (i) an uncertainty metric (Section

5.7), (ii) a selection function (Section 5.7), and (iii) a combination function (Section 5.8).

• Uncertainty metrics (sh) output the likelihood of the amortized explainer producing

a low-quality explanation for an input. Lower sh(x) indicates a higher-quality expla-

nation for x. We propose two uncertainty metrics: Deep and Learned Uncertainty

(Section 5.7).

• Selection function (τα) is a binary rule that outputs 1 for higher-quality amortized

explanations and 0 for lower-quality ones based on the uncertainty metric. We define

τα to ensure a fraction α of inputs receive amortized explanations. Smaller α implies

higher-quality selective explanations but also more computations (Section 5.7).
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Algorithm 2 Building a Selective Explainer

Require: Datasets: Dtrain, Dcal. Explainers: Amor, MCm, MCm′
. Coverage: α.

Ensure: Selection function: τα. Combination function: λh.
1: Fit the uncertainty metric sh using Dtrain, Amor, and MCm (using (5.7) or (5.8))
2: Compute tα using Dcal (5.10)
3: Define the selection function τα using sh and tα (5.9)
4: Define bins Qi = [tαi , tαi+1) for partition αi =

i−1
k for i ∈ [k + 1] (5.12)

5: For i ∈ [k + 1] Compute λi as in (5.15) using Dcal, Amor, MCm, and MCm′
.

6: Define λh(x) = ∑k+1
i=1 λi1[sh(x) ∈ Qi] as in (5.12)

return τα, λh(x)

• Combination function (λh) optimally linearly combines amortized and Monte Carlo

explanations to minimize MSE from target explanations (Theorem 5.1). We propose

explanations with initial guess and fit λh to optimize explanation quality (Section 5.8).

Algorithm 2 describes the procedure to compute the uncertainty metric, selection func-

tion, and combination function using the results we describe in Section 5.7 and 5.8. Although

selective explanations can be applied to any feature attribution method, we focus on Shapley

values since they are widely used and most amortized explainers are tailored for them

[120, 269, 49]. Next, we describe specific feature attribution methods that we use as building

blocks for selective explainers of the form (5.3).

Shapley Values (SHAP) [163] is a target explainer that attributes a value ϕi for each

feature xi in x = x1...xd which is the marginal contribution of feature xi if the model was to

predict y

ϕi(x, y) =
1
d ∑

S⊂[d]/{i}

(
d − 1
|S|

)−1 (
hy(xS∪{i})− hy(xS)

)
. (5.4)

SHAP has several desirable properties and is widely used. If the output of the model is a

text instead of a numerical value, we use the scalarization of the output instead of hy(xS)

and hy(xS∪{i}).

As (5.4) indicates, computing Shapley values and the attribution vector Target(x, y) =

(ϕ1(x, y), ..., ϕd(x, y)) requires 2d inferences from h, making SHAP impractical for large

models where inference is costly. This has motivated several approximation methods for

SHAP, discussed next.
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Shapley Value Sampling (SVS) [179] is a Monte Carlo explainer that approximates

SHAP by restricting the sum in (5.4) to k uniformly sampled permutations of features

performing m = kd + 1 inferences. We denote SVS by SVS-k.

Kernel Shap (KS) [163] is a Monte Carlo explainer that approximates Shapley values

using the fact that SHAP can be computed by solving a weighted linear regression problem

using m input perturbations resulting in m inferences. Kernel Shap samples m > 0 feature

combinations S1, ..., Sn and define the feature attributions to be given by the coefficients a, ϕ

in (5.5) with π(S) = ( d
|S|)

−1|S|(d − |S|).

(ϕ, a) = arg min
ϕ∈Rd,a∈R

m

∑
i=1

π(Si)

(
h(xSi)− a0 − ∑

j∈Si

ϕj

)
. (5.5)

We refer to Kernel Shap using m inferences as KS-m.

Stochastic Amortization [49] is an amortized explainer that uses noisy Monte Carlo

explanations to learn target explanations. Covert et al. [49] trained an amortized explainer in

a model class F (multilayer perceptrons) Amor ∈ F to take (x, y) and predicts an explanation

Amor(x, y) ≈ Target(x, y) by minimizing the L2 norm from Monte Carlo explanations

MCm(x, y). Specifically, the amortized explainer is given by

Amor ∈ arg min
f∈F

∑
(x,y)∈Dtrain

∥ f (x, y)−MCm(x, y)∥2
2. (5.6)

Amortized Shap for LLMs [269] is a amortized explainer similar to stochastic amortiza-

tion but tailored for LLMs. Yang et al. [269] train a linear regression on the LLM embeddings

[e1(x), ..., e|x|(x)] to minimize the L2 norm from Monte Carlo explanations MCm(x, y) and

define the amortized explainer as Amor(x, y) = (Wye1(x) + by, ..., Wye|x|(x) + by), where Wy

is a matrix and by ∈ R.

We use stochastic amortization to produce amortized explainers for tabular datasets and

amortized Shap for LLMs to produce explainers for LLM predictions. Both explainers are

trained using SVS-12 as MCm. High-quality and Monte Carlo explanations are computed

using the Captum library [142].
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5.7 How to Select Explanations?

This section defines key concepts for selective explainers: (i) uncertainty metrics sh for amor-

tized explanations and (ii) selection functions (τα) to predict when amortized explanations

closely approximate target explanations based on the uncertainty metrics.

Uncertainty Metrics for High-Dimensional Regression: An uncertainty metric is a func-

tion tailored for the model h that takes x and outputs a real number sh(x) that encodes

information about the uncertainty of the model h in the prediction for x. Generally, if

sh(x) < sh(x′) then the model is more confident about the prediction h(x) than h(x′)

[84, 203]. Existing uncertainty metrics cater to (i) classification [203, 84, 72, 83, 85] and (ii) one-

dimensional regression [273, 228, 85, 121], but none specifically address high-dimensional

regression – which is our case of interest (d-dimensional explanations). Next, we propose

two uncertainty metrics tailored to high-dimensional outputs: (i) Deep uncertainty and (ii)

Learned uncertainty.

Deep Uncertainty is inspired by deep ensembles [149], a method that uses an ensemble

of models to provide confidence intervals for the predictions of one model. We run the

training pipeline for the amortized explainer described in (5.6) k times, each with a different

random seed, resulting in k different amortized explainers Amor1, ..., Amork. We define the

deep uncertainty as

sDeeph (x) ≜
1
dk

d

∑
i=1

Var
(
Amor1(x)i, ..., Amork(x)i

)
. (5.7)

Here, Var (a1, ..., ak) is the variance of the sample {a1, ..., ak} and Amorj(x)i indicates the i-th

entry of the feature attribution vector Amorj(x). Hence, deep uncertainty is the average

(across entries) of the variance (across all trained amortized explainers) for the predicted

attributions.

If the deep uncertainty for a point x is zero, then the amortized explainers produce

the same feature attribution. On the other hand, if the deep uncertainty is high, then the

feature attributions vary widely across the amortized explainers. Intuitively, the points
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with a higher deep uncertainty are more affected by a random seed change, implying more

uncertainty in the explanation.

While the Deep Uncertainty approach offers a principled method for estimating the

uncertainty of the amortized explainer by leveraging an ensemble of k models, it is computa-

tionally expensive due to the need for training, serving, and running multiple models. This

overhead can be prohibitive in practice, especially for large-scale applications. To mitigate

this issue, we propose Learned Uncertainty, which, although less grounded, requires training

and serving only a single model.

Learned Uncertainty uses data to predict the amortized explainer uncertainty at an input

point x. We choose ℓ (the loss function) between two explanations to be MSE. The learned

uncertainty metric is a function in the class F (multilayer perceptron in our experiments)

such that

sLearnh ∈ arg min
s∈F

∑
(x,y)∈Dtrain

|s(x)− ℓ (Amor(x; y), MCm(x; y))|2 . (5.8)

Ideally, instead of using the Monte Carlo explanation MCm as the reference in (5.8), we

would like to use target explanations, i.e., ℓ (Amor(x; y), Target(x; y)). However, these

computationally expensive explanations are usually not available. Thus, we resort to using

Monte Carlo explanations.

For large language models, the textual input x is encoded in a sequence of token

embedding [e1(x), ..., e|x|(x)] such that ei(x) ∈ Rd for i ∈ [|x|]. In this case, we use the

mean (i.e., “mean-pooling”) of the token embeddings to train the learned uncertainty metric

instead of x.

We analyze the performance of the proposed uncertainty metrics in Section 5.9.1, showing

that it can be used to detect inaccurate explanations from the amortized explainer. Our

results indicate that the proposed uncertainty metrics are (i) strongly correlated with

how accurate amortized explanations are and (ii) closely approximate the best possible

uncertainty measure – the Oracle with knowledge of the approximation quality (Figure 5.7).

Next, we define the selection function that allows practitioners to set a coverage (percentage

of points) α that will receive amortized explanations.
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Selection functions: a selection function is the binary qualifier (τα) that thresholds the

uncertainty metric by tα ∈ R given by

τα(x) ≜


1 if sh(x) ≤ tα (high-quality approximations)

0 if sh(x) > tα (low-quality approximations)

. (5.9)

Intuitively, tα is the maximum uncertainty level tolerated by the user. In practice, if the

output of the selection function is 1 (high-quality approximations), we use the explanations

from the amortized model because it is probably close to the target; if the output of the

selection function is 0 (low-quality approximations), we use explanations with initial guess

(see Definition 5.2 bellow) to improve the explanation provided to the user. The threshold tα

is chosen to be the α-quantile of the uncertainty metric to ensure that at least a fraction α of

points receive a computationally cheap explanation – α is the coverage. Specifically, given α,

we calibrate tα in the calibration dataset Dcal and compute it as

tα ≜ min
t∈R

t, such that Pr
cal

[sh(x) ≤ t] ≥ α, (5.10)

where Prcal is the empirical distribution of the calibration dataset. For discussions on

selecting coverage with guarantees on the number of inferences for selective explanations,

see Appendix D.5.1.

Remark 5.2 A property of selective predictions [84], which is transferred to selective explanations,

is that it is possible to control the explainer’s performance via the threshold tα with guaranteed

performance without providing predictions for all points. This result is displayed in Figure 5.7.

5.8 Explanations with Initial Guess

We have introduced methods to detect points likely to receive amortized explanations that

poorly approximate the target. This raises the question: How can we improve the explanations

for these points? One approach is to simply use Monte Carlo (MC) explanations instead of

amortized ones. However, this ignores potentially valuable information already computed
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by the amortized explainer. In this section, we propose a more effective solution called

explanations with initial guess, which combines amortized and Monte Carlo explanations to

improve quality.

Explanation with Initial Guess uses an optimized linear combination of the amortized

explanation with a more computationally expensive method – the Monte Carlo explainer –

to improve the quality of the explanation. We formally define explanations with initial guess

next.

Definition 5.2 (Explanation with Initial Guess) Given a Monte Carlo explainer MCm(x, y),

and a combination function λh : Rd → R that reflects the quality of the amortized explanation Amor,

we define the explanation with initial guess as

IG(x, y) ≜ λh(x)Amor(x, y) + (1 − λh(x))MCm(x, y). (5.11)

Recall that when τα(x) = 0, selective explanations use the explanation with initial guess

(5.3) to improve low-quality amortized explanations, i.e., SE(x, y) = IG(x, y).

Defining explanations with initial guess as the linear combination between the amortized

and the Monte Carlo explanations is inspired by the literature on shrinkage estimators

[153, 154] that use an initial guess (Amor(x, y) in our case) to improve the estimation MSE

in comparison to only using the empirical average (a role played by MCm(x, y) in our case).

Next, we tune λh to minimize the MSE from target explanations.

Optimizing the Explanation Quality: Our goal is for explanations with initial guess to

approximate the target explanations, i.e., ||IG(x, y)− Target(x, y)||. To achieve this goal, we

optimize the function λh as follows.

First, since Target is unavailable, we use another Monte Carlo explanation MCm′
to

approximate Target. MCm′
is different from MCm and potentially more computationally ex-

pensive but not necessarily. Importantly, MCm′
is only needed beforehand when computing

λh, not at prediction time. In our experiments, we use SVS-12 for MCm′
.

Second, we quantize the range of the uncertainty metric sh into bins to aggregate points
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with similar uncertainty and define the bins Qi by a partition 0 = α1 < α2 < ... < αm = 1 of

[0, 1]:

Qi ≜ [tαi , tαi+1), ∀i ∈ [m − 1] (5.12)

where tαi is defined as in (5.10). We then define the combination function to be

λh(x) = λi if sh(x) ∈ Qi, (5.13)

λh is chosen to optimize the explanation-quality for points with similar uncertainty, λi is

given by:

λi ≜ arg min
λ∈R

∑
(x,y)∈Dcal

sh(x)∈Qi

∣∣∣∣∣∣IG(x, y)−MCm′
(x, y)

∣∣∣∣∣∣2
2

. (5.14)

The constant λi is only computed once per bin and stored. At explanation time, when

we provide explanations with initial guess (i.e., when τα(x) = 0) (5.11), we lookup the bin

for the point being explained and use the associated λi.

Theorem 5.1 provides a closed-form solution for λi.

Theorem 5.1 (Optimal λh) Let 0 = α1 < α2 < ... < αm = 1 and define Qi as in (5.12). Then the

solution to the optimization problem in (5.14) is given by

λi =

∑(x,y)∈Dcal

sh(x)∈Qi

⟨MCm(x, y)−MCm′
(x, y), MCm(x, y)− Amor(x, y)⟩

∑(x,y)∈Dcal

sh(x)∈Qi

||Amor(x, y)−MCm(x, y)||22
. (5.15)

The range of uncertainty functions is quantized for two main reasons. First, the

uncertainty metric sh encodes the amortized explainer’s uncertainty for each point x. This

uncertainty quantification should be reflected in the choice of λh. Quantizing the range of

sh allows us to group points with similar uncertainty levels and optimize λh for each group

separately. Second, quantizing the range of sh enables us to have multiple point per bin Qi

allowing us to compute λi to minimize the MSE in each bin.

We use the Monte Carlo explainer MCm′
because: (i) as mentioned above, we assume

we don’t have access to target explanations due to computational cost and (ii) even when

using this Monte Carlo explainer, we show that in all bins, λi approximates well the optimal
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combination function computed assuming access to target explanations from Target defined

as

λopt
i = arg min

λ∈[0,1]
∑

(x,y)∈Dcal

sh(x)∈Qi

||IG(x, y)− Target(x, y)||22 .

Specifically, Theorem 5.2 shows that λi ≈ λopt
i with high probability. Appendix D.1 shows

the formal version of the Theorem along with the proofs for all results in this section.

Theorem 5.2 (Informal λi ≈ λopt
i ) If (i) MCm is sufficiently different from the amortized ex-

plainer Amor and (ii) MCm′
approximates the target explanations Target then λi and λopt

i are close

with high-probability for all bins Qi, i.e.,

|λi − λopt
i | ≤ ϵ with probability at least 1 − e−C|Qi |.

for a C > 0 and |Qi| is the number of points in the validation dataset Dcal that are in bin Qi.

5.9 Evaluating Selective Explanations

This section analyzes the performance of selective explanations and its different components

(i) uncertainty measures and (ii) explanations with initial guess. All results are showed

in terms of MSE from target explanations, check Appendix D.6 for the same results using

Spearman’s Rank Correlation.

Experimental Setup: We generate selective explanations and evaluate their MSE and

Spearman’s correlation compared to the target explanation computed using a large number

of inferences5. Although our results hold for any feature and data attribution method,

in this section, we focus on Shapley values due to its frequent use and prevalence in the

literature on amortized explainers [120, 49, 269]. Seaborn [258] is used to compute 95%

confidence intervals using the bootstrap method.

5We provide details on how target explanations were computed in Appendix D.6.1.
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Datasets & Tasks: We use four datasets: two tabular datasets UCI-Adult [11] and UCI-

News [77], and two text classification datasets Yelp Review [276] and Toxigen [99]. We

use 4000 samples from each dataset due to the cost of computing target explanations for

evaluation. Models: For the tabular datasets, we train a multilayer perceptron [102] to learn

the desired task. We use the LM textattack/bert-base-uncased-yelp-polarity

[188] a Bert-based model from hugging face for the Yelp dataset and the Roberta-based

model tomh/toxigen_roberta [99] for the Toxigen.6 Uncertainty metrics: we train

k = 20 amortized explainers per task to compute the deep uncertainty.

5.9.1 Uncertainty Measures & Explanations with Initial Guess

Correlation Between MSE and Uncertainty Metrics: Table 5.3 presents Pearson’s and

Spearman’s correlation between the uncertainty metrics (Deep and Learned Uncertainty)

and the MSE from amortized and target explanations. The table shows that the proposed

uncertainty metrics positively correlate with the MSE, i.e., low uncertainty implies low

MSE. Additionally, Spearman’s correlation is specially high in the language models used

in the Toxigen and Yelp datasets, our main object of interest. This finding indicates that

the uncertainty metrics might perform especially well when detecting inaccurate amortized

explanations attributed to the predictions of language models.

6For more details on implementation, please see Appendix D.6.1.

Table 5.3: Pearson’s and Spearman’s correlation between the proposed uncertainty measures and the MSE of
amortized explanations from target SHAP explanations. Standard deviation in parenthesis.

Datasets

Correlation Uncertainty Metric UCI-Adult UCI-News Toxigen Yelp

Pearson’s
Deep 0.37 (0.03) 0.40 (0.03) 0.54 (0.04) 0.52 (0.04)
Learned 0.36 (0.03) 0.18 (0.03) 0.89 (0.02) 0.72 (0.03)

Spearman’s
Deep 0.50 (0.03) 0.43 (0.03) 0.69 (0.03) 0.55 (0.04)
Learned 0.69 (0.02) 0.23 (0.03) 0.93 (0.02) 0.77 (0.03)
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Figure 5.7: Coverage (α) vs. MSE of covered points. A point x is covered when its amortized explanation is
predicted to be higher-quality, i.e., τα(x) = 1. When α = 100% then all points are covered and the MSE of
covered points is the average MSE for the amortized explainer.

Detecting High-MSE Explanations using Uncertainty: Figure 5.7 presents the MSE of

amortized explanations (y-axis) which are predicted to be higher-quality at a coverage level

α (x-axis), i.e., MSE of points such that τα(x) = 1. The Oracle7 is computed by sorting

examples from smallest to highest MSE – the optimal selection. The random selector

chooses covered points uniformly at random. Figure 5.7 shows that both deep and learned

uncertainty metrics successfully identify examples that receive lower and higher-accuracy

amortized explanations, as also suggested by Table 5.3. Surprisingly, learned uncertainty can

identify points that will receive low-accuracy amortized explanations almost as accurately

as the optimal Oracle for the language models ((c) and (d)).

Explanations with Initial Guess vs. Monte Carlo: In Figure 5.8 we compare selective

explanations improving quality of non-covered points using (i) explanations with initial

guess and (ii) Monte Carlo explanations, when amortized explanations are inaccurate

(λh = 0). Case 1: When the MSE from the Monte Carlo is smaller than from the amortized

explainer ((a) and (c)), explanations with initial guess results in a smaller MSE compared to

only using Monte Carlo. Case 2: When the MSE in Monte Carlo is larger than the amortized

explanation MSE ((b) and (d)), only using Monte Carlo increase the MSE while explanations

7The oracle is computationally expensive because it requires access to target explanations.
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Figure 5.8: Fraction (1 − α) of points which explanations receive additional computations (x-axis) vs. MSE
of selective explanations w.r.t. target explanations (y-axis) with coverage α. Naive uses λh = 0 while Initial
guess uses λh in (5.15). MSE is computed across all points in the test dataset. Yelp Review and Toxigen use
SVS (12) as Monte Carlo explanations while UCI-Adult and UCI-News use KS (32).
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Figure 5.9: MSE for the 5% of explanations with the highest MSE in the test dataset (y-axis) for selective
explanations with varying fraction of points with extra computations (x-axis). Selective explanations are
shown in (i) black solid bar using the Learned uncertainty and (ii) striped black bar using Deep uncertainty.
Dashed red line shows the MSE of amortized explanations in worst 5% explanations.

with initial guess reduces the MSE. Together, Cases 1 and 2 suggest that even when lower

quality, explanations contain valuable information that can be leveraged by explanations

with initial guess to improve explanation quality.

5.9.2 Efficacy of Selective Explanations

Worst Case Performance Improvement: Figure 5.9 shows the MSE of selective explanations

for the points receiving the highest MSEs. The figure suggests that selective explanations

significantly decrease the worst-case MSE of amortized explanations. With just 20% coverage
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Figure 5.10: Number of inferences (x-axis) vs. MSE (y-axis). Black curve shows the performance of selective
explanations using Learned uncertainty. Purple curve connects Shapley Value Sampling (SVS) with parameters
12, 25, and 50 sequentially until all samples receive SVS-50 explanations and amortized explanations. The red
curve is a the Oracle that optimally trades off MSE and inferences.

the MSE decreases consistently across datasets. Remarkably, when providing explanations

with initial guess for 20% of the samples in the Yelp dataset (Figure 5.9 (c)), selective

explanations result in MSE for the worst 5% of points that is about 30% smaller than the

original amortized explanations – this is even more pronounced in the UCI datasets.

Improved Inferences vs. Quality Trade-off: Figure 5.10 presents the trade-off between

number of inferences per explanation and MSE from target explanations using selective and

Monte Carlo explanations. The MSE decreases with the number of inferences and selective

explanations Pareto dominates Monte Carlo explanations. We also show an "Oracle" that

knows a priori how to optimally route samples in terms of MSE and inferences. We simulate

this oracle by pre-computing SVS explanations with parameters 12, 25, and 50, and selecting

the one with the smallest MSE from the target SHAP explanation while manteining the

average number inferences shown in x-axis.

Remarkably, Figure 5.10 shows that selective explanations closely approximate the Oracle

curve, indicating that, on these benchmarks, our method has a near-oracle trade-off between

the number of inferences and MSE.

Improved Local Fidelity: Figure 5.11 shows that selective explanations increase the local

fidelity of the amortized explainer and that local fidelity increases with the fraction of points
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Figure 5.11: Model accuracy (y-axis) when removing the tokens with the highest attribution scores according
to the amortized explainer (black), selective explanations with varying coverage and target explanations (red).

that receive additional computations (recourse). Both Yelp and Toxigen models receive

explanations with initial guess using SVS-12.

5.10 Conclusion & Open Problems

In this section we propose MExGen to explain the predictions of generative language models

and then propose selective explanations to accelerate the computation of perturbation-based

explanation methods while keeping explanation quality.

Specifically, we introduced MExGen a framework to provide perturbation-based expla-

nations for LLMs used in context-grounded tasks like summarization, question answering,

and RAG. MExGen uses a multi-level strategy to efficiently explain model predictions in the

case of long inputs.

MExGen can produce explanations even when only text outputs are available (API

access), thanks to scalarizers that map text to numerical values. Our experiments offer

guidance on the choice of scalarizer and show that instances of MExGen provide more

faithful explanations, outperforming the baselines PartitionSHAP and CaptumLIME. Our

results also imply that, in some cases, there may be no loss in having text-only access

compared to full logit access.

To accelerate the computation of explanations, enabling online explainability, we propose
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selective explanations that first identify which inputs would receive a low-quality but com-

putationally cheap explanation (amortized) and then perform additional model inferences

to improve the quality of these explanations. We propose explanations with initial guess

to improve the quality of explanations by combining amortized explanations with more

expensive explanations Monte Carlo using an optimized combination function, improving

the explanation performance.

Selective explanations provide a new framework for approximating expensive feature

attribution methods. Our experiments indicate that selective explanations (i) efficiently

identify points that the amortized explainer would produce low-quality explanations, (ii)

improves the quality of the worst-quality amortized explanations, (iii) improves the trade-off

between computational cost and explanation quality, and (iv) improves the local fidelity of

amortized explanations.

Open Problems

From Attribution to Natural Language. Our explanation methods give numerical scores

representing the influence of parts of the input to the model prediction. Although numerical

explanations can help users interpret the model prediction [209, 163, 185], explanations in

natural language may be more helpful to users. Scholars have proposed using LLMs to

explain their predictions by prompting them to do so [145, 116, 124]. However, recent work

has shown that the outputs of the LLMs may not reflect their internal reasoning, i.e., self

explanations are not faithful to what helps the model generate a given output [39, 167, 2, 116].

An open problem is to bridge both our numerical and theoretically guaranteed explanation

method and the natural language explanation approaches. Future research can fine-tune

LLMs to ensure that the model natural language explanation aligns with the numerical

explanations developed in this work.

Optimally Combining Monte Carlo and Amortized Explanations. When computing

explanations with initial guess for selective explanations (Def. 5.1), we decide to linearly
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combine the amortized and the Monte Carlo explanations and optimize the linear parameter.

However, this might not be the optimal method to combine these explanations. Future

work could aim to define other combination strategies for the explanations and verify their

performance. This contribution would improve the performance of selective explanations

while maintaining the computational cost.
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J. Woleński (eds.), Handbook of Epistemology, Kluwer Academic, pp. 3–54.

[265] Wolf, T., Debut, L., Sanh, V., Chaumond, J., Delangue, C., Moi, A., Cistac, P., Rault,
T., Louf, R., Funtowicz, M. et al. (2019). Huggingface’s transformers: State-of-the-art
natural language processing. arXiv preprint arXiv:1910.03771.

[266] Wulczyn, E., Thain, N. and Dixon, L. (2017). Ex machina: Personal attacks seen at
scale. In Proceedings of the 26th International Conference on World Wide Web, WWW ’17,
Republic and Canton of Geneva, CHE: International World Wide Web Conferences
Steering Committee, p. 1391–1399.

[267] Xin, R., Zhong, C., Chen, Z., Takagi, T., Seltzer, M. and Rudin, C. (2022). Exploring
the whole rashomon set of sparse decision trees. In Advances in Neural Information
Processing Systems.

[268] Xiong, G., Jin, Q., Lu, Z. and Zhang, A. (2024). Benchmarking retrieval-augmented
generation for medicine. In L.-W. Ku, A. Martins and V. Srikumar (eds.), Findings of

179



the Association for Computational Linguistics ACL 2024, Bangkok, Thailand and virtual
meeting: Association for Computational Linguistics, pp. 6233–6251.

[269] Yang, C., Yin, F., He, H., Chang, K.-W., Ma, X. and Xiang, B. (2023). Efficient shapley
values estimation by amortization for text classification. In Annual Meeting of the
Association for Computational Linguistics.

[270] Yang, F., Cisse, M. and Koyejo, S. (2020). Fairness with overlapping groups. In
Proceedings of the 34th International Conference on Neural Information Processing Systems,
NIPS ’20, Red Hook, NY, USA: Curran Associates Inc.

[271] York, J. and McSherry, C. (2019). Content moderation is broken. let us count the
ways.

[272] Yuan, W., Neubig, G. and Liu, P. (2021). BARTScore: Evaluating generated text as
text generation. In A. Beygelzimer, Y. Dauphin, P. Liang and J. W. Vaughan (eds.),
Advances in Neural Information Processing Systems.

[273] Zaoui, A., Denis, C. and Hebiri, M. (2020). Regression with reject option and applica-
tion to knn. Advances in Neural Information Processing Systems, 33, 20073–20082.

[274] Zemel, R., Wu, Y., Swersky, K., Pitassi, T. and Dwork, C. (2013). Learning fair
representations. In S. Dasgupta and D. McAllester (eds.), Proceedings of the 30th
International Conference on Machine Learning, Atlanta, Georgia, USA: PMLR, Proceedings
of Machine Learning Research, vol. 28, pp. 325–333.

[275] Zhang, T., Kishore, V., Wu, F., Weinberger, K. Q. and Artzi, Y. (2020). BERTScore:
Evaluating text generation with BERT. In International Conference on Learning Represen-
tations.

[276] Zhang, X., Zhao, J. and LeCun, Y. (2015). Character-level convolutional networks for
text classification. In C. Cortes, N. Lawrence, D. Lee, M. Sugiyama and R. Garnett
(eds.), Advances in Neural Information Processing Systems, Curran Associates, Inc., vol. 28.

[277] Zhou, J., Li, W., Wang, J., Ding, S. and Xia, C. (2019). Default prediction in p2p
lending from high-dimensional data based on machine learning. Physica A: Statistical
Mechanics and its Applications, 534.

[278] Zhou, X., Sap, M., Swayamdipta, S., Choi, Y. and Smith, N. A. (2021). Challenges in
automated debiasing for toxic language detection. In EACL.

180



Appendix A

Appendix to Chapter 2

A.1 Preliminaries and Notation

Preliminaries. In this chapter of the supplementary material we provide the following

information.

• Appendix A.2 provides the proofs of the theorems, corollaries, and lemmas in the

main paper,

• Appendix A.3 gives more details for the experiments in the main paper and provides

additional numerical on two datasets (HSLS [117] and COMPAS [6]).

Notation Table.

Code. For the code used in all experiments of this paper visit the link: github.com/

LucasMonteiroPaes/On-the-Epistemic-Limits-of-Personalized-Prediction.

A.2 Proofs

In this section we provide proofs for all the theorems and corollaries in the main paper.

For clarity of exposition, we re-state the result before each proof. Note that the proofs use

assumptions stated in the main text.
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Symbol Meaning

D dataset
PD distribution of the dataset
X non-group features space
G group features space
h0 generic classifier
hp personalized classifier
γ benefit of personalization (BoP)
γ∗ estimator of BoP
n total number of samples
d number of groups
m samples per group
k number of group attributes
Pe probability of error of a hypothesis test
Ψ decision function
ϵ threshold in hypothesis test

Table A.1: Notation

A.2.1 Proof of Theorem 2.1

Proof: First of all, notice that the BoP per group EPX,G,Y [hp(x, g) = y|G = g]− E[h0(x) =

y|G = g] can be written as:

γ(h0, hp, g) = EPX,G,Y [hp(x, g) = y|G = g]− E[h0(x) = y|G = g] (A.1)

= EPX,G,Y [(hp(x, g) = y)− (h0(x) = y)|G = g] (A.2)

= EPX,G,Y [Z(X, G, Y)|G = g], (A.3)

where Z(X, G, Y) ∈ {−1, 0,+1}. Hence, the hypothesis test in Definition 2.3 is equivalent to

test if the expectation of Z(X, G, Y) ∈ {−1, 0,+1} sampled from a distribution parametrized

by X and Y is bigger than ϵ or smaller than 0. From which follows that

min
Ψ

max
PX,G,Y∈P(Y)

Pe = min
Ψ

max
PX,G,Z∈P(Z)

Pe. (A.4)

By the Le Cam’s lower bound [152], for all dataset distributions P, Q ∈ P the minimax
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probability of error in the hypothesis test can be lower bounded by:

min
Ψ

max
PX,G,Z∈P(Z)

Pe ≥
1
2
− 1

2
TV(P||Q). (A.5)

Therefore, we just need to construct two probability distributions that makes the total

variation term in (A.5) large by controlling the group distribution of Z.

Let ζ j = (ζ1
j , ..., ζm

j ) ∈ {−1,+1}m, and define P and Q as

P(ζ1, ..., ζd) ≜
1
d

d

∑
i=1

P∗
i (ζi)∏

j ̸=i
Pj(ζ j), (A.6)

Q(ζ1, ..., ζd) ≜
d

∏
k=1

Pj(ζ j), (A.7)

where

Pi(ζi) ≜
m

∏
k=1

Pr(Cat 1
2 ,0, 1

2
= ζk

i ),

P∗
i (ζi) ≜

m

∏
k=1

Pr(Cat 1
2−ϵ,0, 1

2+ϵ = ζk
i ).

Where Catp1,1−p1−p2,p2 is the ternary categorical distribution, i.e., Catp1,1−p1−p2,p2 = −1

with probability p1, Catp1,1−p1−p2,p2 = 1 with probability p2, and Catp1,1−p1−p2,p2 = 0 with

probability 1 − p1 − p2.

Given P and Q we can find an upper bound for the total variation is given by:

TV (P||Q) =
1
2 ∑

ζ1,...,ζd

|P(ζ1, ..., ζd)− Q(ζ1, ..., ζd)| (A.8)

=
1
2 ∑

ζ1,...,ζd

∣∣∣∣∣1d d

∑
i=1

P∗
i (ζi)∏

j ̸=i
Pj(ζ j)−

d

∏
k=1

Pj(ζ j)

∣∣∣∣∣ (A.9)

=
1
2 ∑

ζ1,...,ζd

∣∣∣∣∣1d d

∑
i=1

P∗
i (ζi)

Pi(ζi)

d

∏
k=1

Pj(ζ j)−
d

∏
k=1

Pj(ζ j)

∣∣∣∣∣ (A.10)

=
1
2

E

[∣∣∣∣∣1d d

∑
i=1

P∗
i (ζi)

Pi(ζi)
− 1

∣∣∣∣∣
]

(A.11)

=
1
2

E

[∣∣∣∣∣1d d

∑
i=1

m

∏
k=1

(1 + 2ϵ)
1+ζk

i
2 (1 − 2ϵ)

1−ζk
i

2 − 1

∣∣∣∣∣
]

(A.12)

Define ζ̂i ≜ (1 + ζi)/2 (element wise). Hence, each entry of ζ̂i is distributed as a
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Bernoulli distribution with parameter 1/2.

TV (P||Q) =
1
2

E

[∣∣∣∣∣1d d

∑
i=1

m

∏
k=1

(1 + 2ϵ)
1+ζk

i
2 (1 − 2ϵ)

1−ζk
i

2 − 1

∣∣∣∣∣
]

=
1
2

E

[∣∣∣∣∣1d d

∑
i=1

m

∏
k=1

(1 + 2ϵ)ζ̂k
(1 − 2ϵ)1−ζ̂k − 1

∣∣∣∣∣
]

=
1
2

E

[∣∣∣∣∣1d d

∑
i=1

(1 + 2ϵ)∑m
k=1 ζ̂k

(1 − 2ϵ)m−∑m
k=1 ζ̂k − 1

∣∣∣∣∣
]

Define zi ≜ ∑m
k=1 ζ̂k

i . Then, zi is distributed as a Binomial distribution with parameter 1/2.
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TV (P||Q) =
1
2

E

[∣∣∣∣∣1d d

∑
i=1

(1 + 2ϵ)∑m
k=1 ζ̂k

(1 − 2ϵ)m−∑m
k=1 ζ̂k − 1

∣∣∣∣∣
]

=
1
2

E

[∣∣∣∣∣1d d

∑
i=1

(1 + 2ϵ)zi(1 − 2ϵ)m−zi − 1

∣∣∣∣∣
]

≤ 1
2

E

∣∣∣∣∣1d d

∑
i=1

(1 + 2ϵ)zi(1 − 2ϵ)m−zi − 1

∣∣∣∣∣
2
1/2

, (by Cauchy-Schwarz)

=
1
2

E

(1
d

d

∑
i=1

(1 + 2ϵ)zi(1 − 2ϵ)m−zi

)2

− 1

1/2

=
1
2

E

[(
1
d2

d

∑
i,j=1

(1 + 2ϵ)zi(1 − 2ϵ)m−zi(1 + 2ϵ)zj(1 − 2ϵ)m−zj

)
− 1

]1/2

=
1
2

E

[
1
d2

d

∑
i=1

(
(1 + 2ϵ)zi(1 − 2ϵ)m−zi

)2
+

+

 1
d2

d

∑
i,j=1
i ̸=j

(1 + 2ϵ)zi(1 − 2ϵ)m−zi(1 + 2ϵ)zj(1 − 2ϵ)m−zj

− 1

]1/2

=
1
2

E

[
1
d2

d

∑
i=1

(
(1 + 2ϵ)zi(1 − 2ϵ)m−zi

)2
+

d(d − 1)
d2 − 1

]1/2

≤ 1√
d

E
[
|(1 + 2ϵ)z1(1 − 2ϵ)m−z1 |2

]1/2

=
1√
d
(1 − 2ϵ)mE

[
|(1 + 2ϵ)z1(1 − 2ϵ)−z1 |2

]1/2

=
1√
d
(1 − 2ϵ)m

(
MBin(1/2,m)

(
2 log

(
1 + 2ϵ

1 − 2ϵ

)))1/2

=
1√
d
(1 + 4ϵ2)m/2 (A.13)
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Consequently, combining (A.5) and (A.13)

min
Ψ

max
PX,G,Y∈P(Y)

Pe = min
Ψ

max
PX,G,Z

Pe

≥ 1
2
− 1

2
TV(P||Q)

≥ 1
2
− 1

2
√

d
(1 + 4ϵ2)m/2.

□

Direct Extension to False Positive Rate/False Negative Rate. We can replace the accuracy

metric in BoP with FPR or FNR, and the proof still holds. Our proof relies on the observation

that the accuracy (of a model on a data point) can be written as a Bernoulli random variable

where 1 denotes an accurate prediction and 0 otherwise. BoP is the min difference in

accuracy of the two models over all groups, which can be modelled using the difference of

two bernoullis. Then, we can characterize the two hypotheses by the means of the resulting

Categorical distributions.

Analogously, FP and FN of a model on data points can also be represented by a

Bernoulli where 1 denotes an FP/FN and 0 denotes a TP/TN. The parameters would refect

the different definition, but the proof then carries out directly.

A.2.2 Proof of Corollary 2.1

Proof: If minΨ maxPX,G,Y Pe ≤ 0.45 then:

1 − 1

2
√

d
(1 + 4ϵ2)m/2 ≤ min

Ψ
max
PX,G,Y

Pe ≤ 0.45.

Given d = 2k, m = n/d, n = 8 × 109, and ϵ = 0.01, then

ϕ(k) =
1
2
− 1

2(k+1)/2
(1 + 0.0004)

8×109

2k+1 ≤ 0.45.

Then ϕ is a increasing function in k, and ϕ(18) ≈ 0.06 < 0.45, ϕ(19) ≈ 0.48 > 0.45.

Hence, there exists a phase transition in the minimax error probability between k = 18 and
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k = 19, i.e., for k ≤ 18 minΨ max Pe ≤ 0.45.

□

A.2.3 Proof of Randomized Le Cam Inequality

The original Le Cam Lemma [152] states that (A.14) holds when θ1, θ2 are elements of Θ.

We generalize this lemma for the case where θ1, θ2 are elements of Θ chosen at random.

Lemma A.1 (Randomized Le Cam Inequality) Let {Λ, d} be a metric space, and D be a dataset.

Let P be a family of probability distributions with parameter θ ∈ Θ. Suppose that f is a statistics

with image in Λ ( f (θ) for θ ∈ Θ means the statistics calculated for Pθ), and that there exists Λ1,

Λ2 subsets of Λ that are 2δ-separated. Also, suppose that Θ1 and Θ2 are subsets of Θ such that

f (θ) ∈ Λ1 for all θ ∈ Θ1 and f (θ) ∈ Λ2 for all θ ∈ Λ2. Then we have that:

min
f ∗∈σ(D)

max
θ∈Θ

E[d( f (θ), f ∗)] ≥ δ(1 − TV(Pθ1 ||Pθ2)), (A.14)

where θi ∈ σ(Λ) with image in Θi, and Pθi indicates a probability distribution in P with parameter

θi for i ∈ [2].

Proof: First, we write the minimax error in the set Θ as a minimax in the σ-algebra

generated by Θ (σ(Θ)). To do that, take π ∈ σ(Θ) and θ ∼ π. The mean is smaller or equal

to the maximum, if f ∗ ∈ σ(Θ) then the following inequality holds:

max
θ∈Θ

E[d( f (θ), f ∗)] = max
Pθ∈P

E[d( f (θ), f ∗)] ≥ EPθ ; θ∼π [d( f (θ), f ∗)] . (A.15)

Eq. (A.15) holds for all π ∈ σ(Θ), then:

max
θ∈Θ

E[d( f (θ), θ∗)] ≥ max
π∈σ(Θ)

EPθ
[d( f (θ), f ∗)] = max

Pθ ;θ∈σ(Θ),P∈P
EPθ ; θ∼π [d( f (θ), f ∗)] (A.16)

By using the Le Cam Lemma in Le Cam [152] with the statistic being f , θi ∈ σ(Θ) with

image in Θi, the metric space being {Λ, d}, and the 2δ-separated sets being Λ1, Λ2 where
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f (Pi
θ) ∈ Λi for all i ∈ [2], we conclude that:.

max
θ∈Θ

E[d( f (θ), θ∗)] ≥ max
Pθ ;θ∈σ(Θ),P∈P

EPθ ; θ∼π [d( f (θ), f ∗)] ≥ δ(1 − TV(Pθ1 ||Pθ2)) (A.17)

Hence, combining (A.15), (A.16), and (A.17) together, then

min
θ∗∈σ(D)

max
θ∈Θ

E[d( f (θ), θ∗)] ≥ min
θ∗∈σ(D)

max
π∈σ(Θ)

Eθ∼π [d( f (θ), θ∗)] ≥ δ(1 − TV(Pθ1 ||Pθ2)) (A.18)

□

A.2.4 Proof of Theorem 2.2

Proof: Lower Bound. From Definition 2 the BoP is given by:

γ(h0, hp) = min
g∈G

Pg(Y = hp(X, G))− Pg (Y = h0(X))

= min
g∈G

Pr(Y = hp(X, G) | G = g)− Pr (Y = h0(X) | G = g) .

Define θ
p
g ≜ Pr(Y = hp(X, G) | G = g) and θ0

g ≜ Pr (Y = h0(X) | G = g). Let Θ ≜

(Θp, Θ0) ≜ (θ
p
1 , ..., θ

p
d , θ0

1 , ..., θ0
d), and define γ(Θ) ≜ ming∈G Pr(Ber(θp

g) = 1)−Pr
(
Ber(θ0

g) = 1
)

.

Then γ(h0, hp, PD) = γ(Θ).

Hence:

inf
γ∗∈σ(D)

sup
PX,G,Y

E(γ − γ∗)2 = inf
γ∗∈σ(D)

sup
Θg∈[0,1]d

Θ0∈[0,1]d

E(γ(Θ)− γ∗)2

By the Randomized version of Le Cam we can lower bound the minimax of the MSE by:

inf
γ∗∈σ(D)

sup
Θg∈[0,1]d

Θ0∈[0,1]d

E(γ(Θ)− γ∗)2 ≥ ||γ(θ1)− γ(θ2)||22
2

(1 − TV(Pγ(θ1)||Pγ(θ2)))

≥ ||γ(θ1)− γ(θ2)||22
2

(1 − TV(Pθ1 ||Pθ2).

Where the last inequality comes from the data processing inequality.
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Note that, as in Theorem 2.1, we can take a categorical distribution mixture. This follows

from the fact that given Cp ∼ Ber(θg
j ), C0 ∼ Ber(θ0

j ), and Cj = Cp − C0 ∼ Cat(θ−1,j, θ1,j) then

θ
g
j − θ0

j = θ1,j − θ−1,j. Hence, the BoP can be rewritten as minj θ1,j − θ−1,j.

By the proof of Theorem 1, and the above observation, we can choose Pθ1 and Pθ2 as in

(A.6) and (A.7), respectively. Hence, we have that:

• ||γ(θ1)− γ(θ2)||22 = ϵ2

• (1 − TV(Pθ1 ||Pθ2) ≥ 1 − 1√
d
(1 + 4ϵ2)m/2

Then:

inf
γ∗∈σ(D)

sup
PX,G,Y

E(γ − γ∗)2 ≥ ϵ2

2
(1 − 1√

d
(1 + 4ϵ2)m/2). (A.19)

Take ϵ2 =
(
(d/4)1/m − 1

)
/4. Note that, once 4 < d < 2m+2 then 0 < ϵ2 < 1/4 and ϵ < 1/2.

Hence, by plugging in ϵ2:

inf
γ∗∈σ(D)

sup
PX,G,Y

E(γ − γ∗)2 ≥

(
(d/4)1/m − 1

)
16

≥
log
(
(d/4)1/m

)
16

=
log(d)
16m

− log(4)
16m

Similar to Theorem 2.1, the proof of the lower bound using FPR and FNR as benchmark

metrics follows directly.

Upper Bound. Let the empirical estimator be γ̂ to be the minj θ
∗(g)
j − θ

∗(0)
j where:

θ
∗(g)
G =

∑m
i=1 1hp(xi ,gi)=yi |gi=g

m

θ
∗(0)
g =

∑m
i=1 1h0(xi)=yi |gi=g

m
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Then:

inf
γ∗

sup
Θ∈[0,1]2d

E[(γ(Θ)− γ∗)2] ≤ sup
Θ∈[0,1]2d

E[(γ(Θ)− γ̂)2]

= sup
Θ∈[0,1]2d

E

[(
min
g∈G

(Θ(p)
g − Θ(0)

g )− min
g∈G

(θ
∗(p)
g − θ

∗(0)
g )

)2
]

(A.20)

From the fact the if aj, bj ∈ R then |minj aj − minj bj| ≤ maxj |aj − bj|, the term in (A.20)

is upper bounded by

≤ sup
Θ∈[0,1]2d

E

[(
max
g∈G

|Θ(p)
g − Θ(0)

g − θ
∗(p)
g + θ

∗(0)
g |

)2
]

= sup
Θ∈[0,1]2d

E

[
max
g∈G

(|Θ(p)
g − Θ(0)

g − θ
∗(p)
g + θ

∗(0)
g |)2

]
≤ sup

Θ∈[0,1]2d
2E

[
max
g∈G

|Θ(p)
g − θ

∗(p)
g |2

]
+ 2E

[
max
g∈G

|Θ(0)
g − θ

∗(0)
g |2

]
Then the minimax estimation error for the benefit of personalization is upper bounded

by:

inf
γ∗

sup
Θ∈[0,1]2d

E
[
(γ(Θ)− γ∗)2] ≤ sup

Θ∈[0,1]2d
2E

[
max
g∈G

|Θ(p)
g − θ

∗(p)
g |2

]
+ 2E

[
max
g∈G

|Θ(g)
g − θ

∗(g)
g |2

]
≤ 4 sup

Θ∈[0,1]d
E

[
max
g∈G

|Θg − θ
∗(g)
g |2

]
(A.21)

It is necessary to upper bound E
[
maxg∈G |Θj − θ∗j |2

]
. This can be done by using

conditioning and a concentration result:

E

[
max
g∈G

|Θg − θ∗g|2
]
= E

[
max
g∈G

|Θg − θ∗g|2 | max
g∈G

|Θg − θ∗g|2 ≥ ϵ

]
Pr
(

max
g∈G

|Θg − θ∗g|2 ≥ ϵ

)
+ E

[
max
g∈G

|Θg − θ∗g|2 | max
g∈G

|Θg − θ∗g|2 < ϵ

]
Pr
(

max
g∈G

|Θg − θ∗g|2 < ϵ

)
Since maxg∈G |Θg − θ∗g|2 ≤ 1, then
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E

[
max
g∈G

|Θg − θ∗g|2
]
≤ Pr

(
max
g∈G

|Θg − θ∗g|2 ≥ ϵ

)
+ ϵ

≤ ϵ + 1 − Pr
(

max
g∈G

|Θg − θ∗g|2 < ϵ

)
≤ ϵ + 1 −

d

∏
g=1

Pr
(
|Θg − θ∗g|2 < ϵ

)
≤ ϵ + 1 −

d

∏
g=1

(1 − Pr
(
|Θg − θ∗g|2 ≥ ϵ

)
)

≤ ϵ + 1 − (1 − 2e−2mϵ)d (A.22)

Hence, combining (A.21) and (A.22)

inf
γ∗∈σ(D)

sup
PX,G,Y

E(γ − γ∗)2 ≤ 4
(

ϵ + 1 − (1 − 2e−2mϵ)d
)

.

Take ϵ = c log(d)
2m and c = 1 + logd(2m), then we conclude that:

inf
γ∗∈σ(D)

sup
PX,G,Y

E(γ − γ∗)2 ≤ log(d)
m

+
log(m)

m
+

2 + log(2)
m

□

A.2.5 Proof of Corollary 2.2

Proof: Rule of thumb. If infγ∗∈σ(D) supPX,G,Y
E(γ − γ∗)2 ≤ δ then:

log(d)
16m

− log(4)
16m

≤ δ

For k binary attributes and d = 2k, m = n/d. Hence,

log(d) ≤ log(4) + δ16m

⇒ k log(2) ≤ 2 log(2) + δ16
n
2k

⇒ 2kk log(2) ≤ 2k+1 log(2) + δ16n
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Then

(k − 2)2k ≤ 16n
log(2)

δ. (A.23)

Infeasibility result. Selecting n = 8 × 109, and δ = 1/400 in (A.23).

(k − 2)2k ≤ 128 × 109

400 log(2)

Note that (k − 2)2k is an increasing function of k when k ≥ 2. Moreover, (25 − 2)225 >

128×109

400 log(2) . Hence, k ≤ 25. □

A.3 Additional Experiments & Discussions

This section provides details on the experiments, explains how to reproduce the plots, and

discusses how the plots illustrate our theoretical results. We conduct experiments to test and

estimate the Benefit of Personalization (BoP) on three datasets: Adult (in the main paper),

High School Longitudinal Study of 2009 (HSLS), and COMPAS. Our implementation serve

as an example of how to test and estimate BoP in practice.

A.3.1 Dataset

We use three datasets (Adult, HSLS, and COMPAS) for all the experiments in this paper.

For each dataset, we separate the features into two classes, group features and non-group

features. We also define for each dataset the label to be predicted. This information is

summarized in Table A.2.

Because the number of data points per group varies with the group, to approximate the

actual dataset distribution, we sample with replacement from it to create new datasets with

an equal number of data points per group. We call this new data set a Semi-Synthetic dataset.

Next, we discuss in more detail how the semi-synthetic data was generated.

Semi-Synthetic data. For each dataset, we select all intersectional groups (e.g., single

women from South America working in a c-level job) with more than a certain number of
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Table A.2: Datasets, group features, and prediction task.

Dataset Group Features Prediction Task

Adult
working class, education, marital status, occupation,

relationship, race, sex, and country.
Is income higher

than $50k

HSLS
sex, race, parent’s current employment status,

and family income (in categories).
Is math grade higher

than the median

COMPAS race and gender.
Recidivism
in two years

data points – we call that significant groups. After that, we choose m, the number of data

points per group. Then, we sample m data points with replacement for each significant

group. Finally, we define the semi-synthetic dataset as the dataset generated by the collection

of all m data points for all significant groups.

More specifically, for HSLS, significant groups have more than 50 data points, generating

d = 87 significant groups. For COMPAS, significant groups have more than 20 data points,

generating d = 9 significant groups. We only use the semi-synthetic dataset for testing; we

train models in the original train dataset.

A.3.2 Classifiers

For all three datasets, we train personalized and group blind classifiers. We use the same

model for the group blind and personalized; the only difference is that the personalized

classifier uses the group attributes described in Table A.2, while the group bling does not.

For the COMPAS datasets, we train classifiers using logistic regression. For HSLS, we

train classifiers using random forest. For all classifiers, we use the default hyperparameters

from Scikitlearn v1.0.2 Pedregosa et al. [197]. Also, for training the classifiers, we split the

dataset into 50% for training and 50% for the test. Finally, we use the test dataset to produce

semi-synthetic datasets and calculate the probability of error and the MSE.
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Table A.3: Estimation of the BoP and the corresponding subgroup that produces the BoP using semi-synthetic
dataset.

Dataset Benefit of Personalization Group Most Harmed

Adult -10%

(’Private’, ’HS-grad’,
’Married-civ-spouse’, ’Tech-support’,

’Husband’, ’White’,
’Male’, ’United-States’)

HSLS -11%
(’X1SEX’:’1.0’, ’X1RACE’:’2.0’,

’P1JOBNOW1’:’1.0’, ’X1FAMINCOME’:’3.0’)

COMPAS -9% (’Asian’, ’Male’)

A.3.3 Estimation and Test

Benefit of Personalization. Since we do not have access to the dataset distribution, we

define the ground truth BoP as the BoP given by the semi-synthetic testing dataset with

1000 samples per group. The values of BoP for all models are given in Table A.3. For all

models, the BoP is negative, so there exists a group being harmed. Indeed, for the HSLS

dataset, this harm is 11%, i.e., there exists a group where the group blind classifier performs

way better (11%) than the personalized one.

Testing. For the hypothesis test, we use a threshold test. In Figures A.2, and A.3 Left we

show the probability of error in a hypothesis test (threshold test). For the HSLS, we detect a

phase transition on the error probability when the number of data points per group is equal

to the number of groups. For COMPAS, the phase transition happens when the number

of data points per group equals 20. When the number of data points per group is equal

to the number of groups, the probability of error is close to 50%. Then, in both cases, the

practitioner should, at the very minimum, ensure that the number of points per group is

bigger than the number of groups.

Phase transition. In Figure A.1, we plot the minimax error probability in Theorem 2.1 for

HSLS Left and COMPAS Right. Note that the minimax probability of error shows when the

probability of error is close to 50%. Figure A.1 Left shows that for the HSLS dataset when
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Figure A.1: Maximum of 0 and lower bound in (2.6) for ϵ = 0.1 is in the y-axis, and the number of data
points per group m is in the x-axis. The orange line represents when the number of data points per group is
equal to the number of groups. Left: shows the minimax probability of error for the parameters of the HSLS
dataset, i.e., (d = 87). Right: shows the minimax probability of error for the parameters of the Compas
dataset, i.e., (d = 9).

the number of data points per group is smaller than 87 the probability of error is bigger

than 20% that agrees with the numerical experiment in Figure A.2 Left. Figure A.1 Right

shows that for the COMPAS dataset when the number of data points per group is smaller

than 9 the probability of error is close to 50% and agrees with the numerical experiment in

Figure A.3 Left.

We also show in Figures A.2, and A.3 Right a heat map showing how the probability of

error in hypothesis test behaves for different values of threshold and data points per group.

From those figures, we conclude that when the threshold is way bigger than the true BoP

value, the probability of error decreases, adding more "tolerance" to the test.

Estimation. Throughout the chapter, we use the empirical estimator for the BoP, i.e., for

each group g ∈ G we calculate the empirical probability of hp(X, G) = Y and h0(X) = Y.

We define the BoP as the minimum difference of those estimated values.

The behavior of our bounds for the minimax MSE is illustrated in Fig. A.4, and A.5.

Again, as seen in the experiments using the Adult dataset, even knowing that our bounds

are minimax, for a given distribution – HSLS and COMPAS dataset distribution – they are

also sharp. Hence, they can – and should – be used to guide a practitioner on how many

groups features to collect.
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Figure A.2: Plots generated using the semi-synthetic data generated using HSLS dataset Ingels et al. [117].
We sample m (x-axis) data points per group with replacement to create a semi-synthetic dataset. We run 100
Monte Carlo simulations to estimate the BoP using the empirical estimator and then run the threshold test.
The 95% confidence intervals were calculated via bootstrap using Seaborn v0.11.2 Waskom [258] and the
empirical probabilities of error. The group attributes are given in Table A.2. Left: Error probability, with 95%
confidence interval bars, for a hypothesis test using the threshold test with ϵ = 0.15. Right: Heat map of the
probability of error in hypothesis test using the threshold test with ϵ given on the x-axis and with the number
of data points per group given on the y-axis.

Figure A.3: Plots generated using the semi-synthetic data generated using COMPAS dataset Angwin et al.
[6]. The plots were generated using the same method described in Figure A.2. The group attributes are given in
Table A.2. Left: Error probability, with 95% confidence interval bars, for a hypothesis test using the threshold
test with ϵ = 0.15. Right: Heat map of the probability of error in hypothesis test using the threshold test with
ϵ given on the x-axis and with the number of data points per group given on the y-axis.
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Figure A.4: Plots generated using the semi-synthetic data generated using HSLS dataset. For each value m of
data points per group in the x-axis, we create a semi-synthetic dataset with m data points per group. Then, we
run 100 Monte Carlo simulations to estimate the BoP using the empirical estimator and then calculate the
MSE. The 95% confidence intervals were calculated via bootstrap using Seaborn v0.11.2 and the empirical
MSE. The group attributes are given in Table A.2. Left: MSE of the BoP estimation for different values of
samples per group in log scale. Right: Also in log scale, MSE of the BoP estimation, but additionally, it shows
the lower and upper bound in Theorem 2
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Figure A.5: Plots were generated using the same semi-synthetic data generated using COMPAS dataset and
the same technique as in Figure A.4. Left: MSE of the BoP estimation for different values of samples per group
in log scale. Right: Also in log scale, MSE of the BoP estimation, but additionally, it shows the lower and
upper bound in Theorem 2
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Appendix B

Appendix to Chapter 3

B.1 Table of Notation

Symbol Meaning
∆d d-dimensional simplex
x feature vector
y true label
ŷ predicted label
G set of all protected groups
g specific protected group
z tuple z = (x, g, y, ŷ)

P̃Z distribution of samples z
n data budget

Daudit audit data Daudit = {zi}n
i=0

w = (w1, ..., w|G|) stochastic vector of group distribution (also called group weight vector)
v = (v1, ..., v|G|) stochastic vector that represents group marginal from the audit dataset

ϵ hypothesis test threshold
Perror probability of error in the hypothesis test

L quality of service function
L(w) average quality of service

∆(g; P, L, w) per group fairness gap
F_MaxGap max-gap fairness

α group percentile threshold
F_CVaRα CVaR fairness

F̂(w) CVaR fairness estimator

Table B.1: Notation.
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B.2 Proofs

This section shows the proofs of the results in Chapter 3.

Recall that the Hellinger divergence between two distributions P, Q on Z is given by

H2(P||Q) = ∑
z∈Z

(√
p(z)−

√
q(z)

)2

.

The total variation divergence TV(.||.) takes a pair of distributions P and Q and returns

TV(P||Q) ≜
1
2 ∑

z∈Z
|P(z)− Q(z)| . (B.1)

B.2.1 Proof of Proposition 3.1

Proof: We will prove the desired result for equal opportunity described in Example 3.1.

The result for other fairness metrics, such as statistical parity in Example 3.2, and equal

odds [98], is analogous.

We start with n samples from two distributions P0 ∈ P0 and P1 ∈ P1(ϵ). Recall that the

probability of error is given by

Perror(ψ) =
1
2
(P0(ψ = 1) + P1(ψ = 0)). (B.2)

Therefore, by choosing the best decision function ψ, by the Le Cam lemma [152], and

the fact that for all distributions P and Q

TV(P||Q) ≤ H(P||Q),

we conclude that

inf
ψ

2Perror(ψ) = 1 − TV(Pn
0 ||Pn

1 )

≥ 1 −
√

H2(Pn
0 ||Pn

1 )

≥ 1 −
(

2
(

1 −
(

1 − 1
2

H2(P0||P1)

)n))1/2
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From Lemma B.1 we have that there exists P0 ∈ P0 and P1 ∈ P1(ϵ) such that

H2(P0||P1) ≤ 2 − 2
(

1 − 2ϵ2

|G|

)
, (B.3)

and w uniform.

Taking the P0 ∈ P0 and P1 ∈ P1(ϵ) from Lemma B.1, we have that

inf
ψ

2Perror(ψ) ≥ 1 −
(

2
(

1 −
(

1 − 1
2

H2(P0||P1)

)n))1/2

≥ 1 −
(

2

(
1 −

(
1 − 2ϵ2

|G|

)n))1/2

(B.4)

We now provide the lower bound on sample complexity. We start to differentiating

between the distributions P0 ∈ P0 and P1 ∈ P1(ϵ) from Lemma B.1. We want to ensure that

δ ≥ inf
ψ

Pe(ψ). (B.5)

Next, we compute how large n needs to be to ensure that (B.4) holds.

2δ ≥ 1 −
(

2

(
1 −

(
1 − 2ϵ2

|G|

)n))1/2

(B.6)

⇒ 1 − (1 − 2δ)2

2
≥
(

1 − 2ϵ2

|G|

)n

(B.7)

⇒ ln
(

1 − (1 − 2δ)2

2

)
≥ n ln

(
1 − 2ϵ2

|G|

)
(B.8)

⇒ ln
(

1 − (1 − 2δ)2

2

)
≥ n

−2ϵ2

−2ϵ2 + |G| (B.9)

⇒ n ≥ ln
(

1 − (1 − 2δ)2

2

)
−2ϵ2 + |G|

−2ϵ2 (B.10)

⇒ n = Ω
(
|G|
ϵ2

)
(B.11)

Hence, we have the desired result. □

Proof of Lemmas for Proposition 3.1

Lemma B.1 (Close Distributions) For max-gap fairness metrics F_MaxGap (e.g., equal oppor-

tunity in Example 3.1 and statistical parity in Example 3.2) with quality of service function
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L and measuring the average quality of service using the distribution P such that (L, P) ∈

{(LEO, PEO), (LSP, PSP)}. If ϵ ≤ 0.5 there exists a distribution P0 ∈ P0 and P1 ∈ P1(ϵ) such that:

H2(P0||P1) ≤ 2 − 2
(

1 − 2ϵ2

|G|

)
. (B.12)

Proof: We will prove the desired result for equal opportunity described in Example 3.1.

The result for other fairness metrics, such as statistical parity in Example 3.2, and equal

odds [98], is analogous. We start by assuming that

P0(Z|(Ŷ, Y, G)) = P0(X|(Ŷ, Y, G)) = P1(Z|(Ŷ, Y, G)) = P1(X|(Ŷ, Y, G)),

i.e., the conditional distribution of X from P0 and P1 are equal

P0(X|(Ŷ, Y, G)) = P1(X|(Ŷ, Y, G)). (B.13)

Now, from (B.13), we conclude that it is only necessary to bound the Hellinger divergence

for the marginal distributions of (Ŷ, Y, G), because

H2(P0||P1) = EQ

(√P1(Z)
P0(Z)

− 1

)2 = E

(√P1(Ŷ, Y, G)

P0(Ŷ, Y, G)
− 1

)2 .
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Next, we compute the divergence of the marginals.

H2(P0||P1) (B.14)

= ∑
g∈G

y∈{0,1}
ŷ∈{0,1}

(√
P0(Ŷ = ŷ, Y = y, G = g)−

√
P1(Ŷ = ŷ, Y = y, G = g)

)2

(B.15)

= ∑
g∈G

y∈{0,1}
ŷ∈{0,1}

(√
P0(Ŷ = ŷ | Y = y, G = g)P0(Y = y | G = g)P0(G = g)

−
√

P1(Ŷ = ŷ | Y = y, G = g)P1(Y = y | G = g)P1(G = g)
)2

(B.16)

= ∑
g∈G

ŷ∈{0,1}

(√
P0(Ŷ = ŷ | Y = 1, G = g)P0(G = g)

−
√

P1(Ŷ = ŷ | Y = 1, G = g)P1(G = g)
)2

(B.17)

= ∑
g∈G

ŷ∈{0,1}

P0(Ŷ = ŷ | Y = 1, G = g)wg + P1(Ŷ = ŷ | Y = 1, G = g)wg

− 2wg

√
P1(Ŷ = ŷ | Y = 1, G = g)P0(Ŷ = ŷ | Y = 1, G = g) (B.18)

= 2 − 2 ∑
g∈G

wg

(√
P1(Ŷ = 1 | Y = 1, G = g)P0(Ŷ = 1 | Y = 1, G = g)

+
√

P1(Ŷ = 0 | Y = 1, G = g)P0(Ŷ = 0 | Y = 1, G = g)
)

(B.19)

Now, take wg = 1
|G| . Also, let P0 and P1 be :

P0(Ŷ = ŷ | Y = 1, G = g) =
1
2

∀g ∈ G. (B.20)

P1(Ŷ = ŷ | Y = 1, G = g) =
1
2

∀g ∈ G \ {g1}. (B.21)

P1(Ŷ = ŷ | Y = 1, G = g1) =
1
2
+ ϵ

|G|
|G| − 1

. (B.22)

Note that P0 ∈ P0 and P1 ∈ P1(ϵ).

Therefore, by plug in the distributions in (B.20) and (B.22) in the equality from (B.19),
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we have that

H2(P0||P1) = 2 − 2
(

1 +
1
|G|

(√
1
2

(
1
2
+

|G|
|G| − 1

ϵ

)
+

√
1
2

(
1
2
− |G|

|G| − 1
ϵ

)
− 1
))

≤ 2 − 2
(

1 +
1
|G|

(√
1
2

(
1
2
+ ϵ

)
+

√
1
2

(
1
2
− ϵ

)
− 1
))

≤ 2 − 2
(

1 − 2ϵ2

|G|

)
,

which completes the proof. □

B.2.2 Proof of Proposition 3.2

Proof: From proposition 3.3, we already know that

F_CVaRα(w) ≤ F_MaxGap(L, L(w)).

However, by taking α = 1 − wg∗ , the set Q = {wg∗} for some g∗ ∈ arg maxg ∆(g) achieves

the maximum

1
(1 − α) ∑

g∈Q
wg∆(g) =

1
wg∗

wg∗∆(g∗)

= ∆(g∗)

= F_MaxGap(L, L(w)).

Moreover, ∑g∈Q⊂G wg = wg∗ ≤ wg∗ = 1 − α. Hence, the desired result follows from the fact

that Q achieves the maximum because

F_MaxGap(L, L(w)) =
1

(1 − α) ∑
g∈Q

wg∆(g) (B.23)

≤ 1
(1 − α)

max
∑g∈Q⊂G wg≤(1−α)

∑
g∈Q

wg∆(g) (B.24)

= F_CVaRα(w) ≤ F_MaxGap(L, L(w)). (B.25)

Note that if w =
(

1
|G| , ..., 1

|G|

)
, then α = 1 − wg∗ = 1 − 1

|G| .

□
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B.2.3 Proof of Proposition 3.3

Proof: From the definition of CVaR fairness we know that:

F_CVaRα(w) =
1

(1 − α)
max

∑g∈Q⊂G wg≤(1−α)
∑

g∈Q
wg∆(g) ≥ 0

because from the definition of ∆(g), ∆(g) ≥ 0 for all g ∈ G and wg ≥ 0 for all g ∈ G.

Moreover, we have that:

0 ≤ F_CVaRα(w) =
1

(1 − α)
max

∑g∈Q⊂G wg≤(1−α)
∑

g∈Q
wg∆(g)

≤ 1
(1 − α)

max
∑g∈Q⊂G wg≤(1−α)

∑
g∈Q

wg max
g∈G

∆(g)

= max
g∈G

∆(g) max
∑g∈Q⊂G wg≤(1−α)

1
(1 − α) ∑

g∈Q
wg

≤ max
g∈G

∆(g)

= F_MaxGap(P, L, L(w)) ≤ 1.

From Lemma B.2 we already know that F_MaxGap(P, L, L(w)) ≤ 1, concluding our

proof.

□

Proof of Lemmas for Proposition 3.3

Lemma B.2 (F_MaxGap is bounded) For all distributions P with support on Z , if L : Z →

{0, 1} then

0 ≤ F_MaxGap(P, L, L(w)) ≤ 1. (B.26)
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Proof: Recall that

∆(g) =
∣∣EP[L(Z)|G = g]− L(w)

∣∣ (B.27)

=

∣∣∣∣∣EP[L(Z)|G = g]− ∑
g∈G

wgEP[L(Z)|G = g]

∣∣∣∣∣ . (B.28)

Where L(w) ∈ [0, 1] and EP[L(Z)|G = g] ∈ [0, 1]. Therefore,

∆(g) ≤ 1 ⇒ F_MaxGap = max
g

∆(g) ≤ 1. (B.29)

□

B.2.4 Proof of Theorem 3.1

Proof: Using Algorithm 1, we have that:

Perror = Pr
(

F̂ ≥ αϵ2

2

∣∣∣∣F_CVaRα(w) = 0
)

Pr (F_CVaRα(w) = 0) (B.30)

+ Pr
(

F̂ <
αϵ2

2

∣∣∣∣F_CVaRα(w) ≥ ϵ

)
Pr (F_CVaRα(w) ≥ ϵ) (B.31)

then, by Lemma B.9, we can bound the RHS (B.31) and conclude that

Perror ≤ ∑
g

32w2
g

(1 − α)2ϵ4P
[
Mg ≥ 2

] + 128
(1 − α)2ϵ4 ∑

g

w2
g

P
[
Mg ≥ 1

] (B.32)

By using weighted sampling we can lower bound the probabilities P
[
Mg ≥ 2

]
and

P
[
Mg ≥ 1

]
as in Lemma B.3. Using this lower bound, we can upper bound the RHS of

(B.32) and conclude that

Perror ≤ ∑
g

128ew2
g

(1 − α)2ϵ4n2(vg)2 +
128e

(1 − α)2ϵ4 ∑
g

w2
g

nvg
(B.33)

Hence, we have the desired result

Perror = O

(
∑
g

w2
g

(1 − α)2ϵ4n2(vg)2 +
1

(1 − α)2ϵ4 ∑
g

w2
g

nvg

)
. (B.34)

□
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Proofs of Lemmas for Theorem 3.1

Lemma B.3 Under weighted sampling, if nvg ≤ 1 and n ≥ 2,

Pr(Mg ≥ 1) ≥ nvg/e,

and

Pr(Mg ≥ 2) ≥ n2v2
g/4e.

Proof: Since nvg ≤ 1,

Pr(Ms ≥ 1) ≥ Pr(Ms = 1) = nvg(1 − vg)
n−1 ≥ nvg/e,

Similarly nvg ≤ 1,

Pr(Ms ≥ 2) ≥ Pr(Ms = 2) = n(n − 1)/2(vg)
2(1 − vg)

n−2 ≥ n2v2
s /4e,

where the last inequality follows from n ≥ 2. □

Lemma B.4 (Computing Average of First Order Estimation) Define ∑
Mg
i=1 L(zi)

Mg
= 0 if Mg = 0

and recall that z = (x, g, y). If L : Z → {0, 1}, then

E

[
∑

Mg
i=1 L(zi)

Mg

]
= E[L(z) | G = g]Pr(Mg ≥ 1) (B.35)

Proof: By the conditional law of expectation,

E

[
∑

Mg
i=1 L(zi)

Mg

]
= E

[
E

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg = mg

]]
.

If mg = 0, by definition,

E

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg = mg

]
= 0. (B.36)
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If mg ≥ 1, then

E

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg = mg

]
=

mg

∑
i=1

E
[

L(zi)| Mg = mg
]

mg
(B.37)

=
mg

∑
i=1

E [L(z)| G = g]
mg

(B.38)

=E [L(z)| G = g] (B.39)

Combining the above two equations yields

E

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg = mg

]
= E [L(z)| G = g] I[Mg ≥ 1].

Taking the expectation on both sides w.r.t. Mg yields the lemma. □

Lemma B.5 (Computing Variance of First Order Estimation) Define ∑
Mg
i=1 L(zi)

Mg
= 0 for Mg =

0 and recall that z = (x, g, y). If L : Z → {0, 1}, then

Var

[
∑

Mg
i=1 L(zi)

Mg

]
≤ 2 Pr(Mg ≥ 1)

Proof: By the law of total variance,

Var

[
∑

Mg
i=1 L(zi)

Mg

]
= E

[
Var

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg

]]
+ Var

[
E

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg

]]
. (B.40)

We first compute the second term in the RHS of the above equation (B.40). By Lemma

B.4 we have that:

Var

[
E

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg

]]
= Var

[
E [L(z)| G = g] I[Mg ≥ 1]

]
(B.41)

= E [L(z)| G = g]2 Var
[
I[Mg ≥ 1]

]
(B.42)

≤ E [L(z)| G = g]2 Pr
(

Mg ≥ 1
)

(B.43)

≤ Pr
(

Mg ≥ 1
)

(B.44)

Now, let’s bound the first term in the first term in the RHS of (B.40). Let’s start by

bounding Var
[

∑
Mg
i=1 L(zi)

Mg

∣∣∣∣Mg = mg

]
.
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If mg = 0 then:

Var

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg

]
= 0

If mg ≥ 1, then by Popoviciu’s inequality on variances:

Var

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg

]
≤ 1

4

(
max

zi

(
∑

Mg
i=1 L(zi)

Mg

)
− min

zi

(
∑

Mg
i=1 L(zi)

Mg

))2

≤ 1
4
(0 − (−1)1)2 =

1
4

,

where the maximum is achieved when all zi are such that L(zi) = 1 and the minimum is

achieved when L(zi) = 0 — note that the bound holds when Mg ̸= 0.

By the two last equations, we conclude that:

Var

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg = mg

]
≤ 1

4
I[mg ≥ 1] (B.45)

and by taking expectations on both sides:

E

[
Var

[
∑

Mg
i=1 L(zi)

Mg

∣∣∣∣∣Mg = mg

]]
≤ 1

4
Pr(mg ≥ 1) (B.46)

Combining equation B.40, B.44, and B.46 we conclude that:

Var

[
∑

Mg
i=1 L(zi)

Mg

]
≤
(

1 +
1
4

)
Pr(mg ≥ 1) ≤ 2 Pr(mg ≥ 1) (B.47)

□

Lemma B.6 (Computing Average of Second Order Estimation) Define ∑
Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)−1

Mg−1 =

0 if Mg = 0, 1, and recall that z = (x, g, y). If L : Z → {0, 1}, then

E

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

]
=E[L(z) | G = g]2 Pr(Mg ≥ 2)
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Proof: By the conditional law of expectation,

E

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

]
=E

[
E

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg = mg

]]
(B.48)

(B.49)

If mg ∈ {0, 1} then:

E

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg = mg

]
= 0 (B.50)

If mg ≥ 2 then:

E

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg = mg

]
(B.51)

=E

[
∑

mg
i=1 L(zi)

mg

∑
mg
i=1 L(zi)− 1

mg − 1

∣∣∣∣∣Mg = mg

]
(B.52)

=E


(

∑
mg
i=1 L(zi)

)2
− ∑

mg
i=1 L(zi)

mg(mg − 1)

∣∣∣∣∣∣∣Mg = mg

 (B.53)

=E

[
∑

mg
i=1 L(zi)

2 + ∑i ̸=j L(zi)L(zj)− ∑
mg
i=1 L(zi)

mg(mg − 1)

∣∣∣∣∣Mg = mg

]
(B.54)

=
mgE

[
L(z)2 − L(z)|G = g

]
+ mg(mg − 1)E [L(z)|G = g]2

mg(mg − 1)
(B.55)

=E [L(z)|G = g]2 , (B.56)

where the last inequality comes from the fact that E
[
L(z)2 − L(z)|G = g

]
= 0 because

L(z) ∈ {0, 1} therefore L(z)2 − L(z) = 0 for all z.

Combining (B.50) and (B.56) yields

E

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg = mg

]
=E [L(z)|G = g]2 I[Mg ≥ 2]. (B.57)

Taking the expectation on both sides w.r.t. Mg give us the lemma. □

Lemma B.7 (Computing Variance of Second Order Estimation) Define ∑
Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)−1

Mg−1 =
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0 if Mg = 0, 1, and recall that z = (x, g, y). If L : Z → {0, 1}, then

Var

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

]
≤2 Pr(Mg ≥ 2)

Proof: By the law of total variance,

Var

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

]
= E

[
Var

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg

]]

+ Var

[
E

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg

]]
. (B.58)

We first compute the second term in the RHS of the above equation (B.58). By Lemma

B.6 we have that:

Var

[
E

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg

]]

= Var

[(
E
[
L(z)2 − L(z)|G = g

]
(mg − 1)

+ E [L(z)|G = g]2
)

I[mg ≥ 2]

]
(B.59)

Note that E
[
L(z)2 − L(z)|G = g

]
= 0.

Now, we can bound Eq. B.59 by

= Var

[(
E
[
L(z)2 − L(z)|G = g

]
(mg − 1)

+ E [L(z)|G = g]2
)

I[mg ≥ 2]

]

= Var
[(

E [L(z)|G = g]2
)

I[mg ≥ 2]
]

(B.60)

= E

[(
E [L(z)|G = g]2

)2
I[mg ≥ 2]

]
− E

[(
E [L(z)|G = g]2

)
I[mg ≥ 2]

]2
(B.61)

≤ E

[(
E [L(z)|G = g]2

)2
I[mg ≥ 2]

]
(B.62)

≤
∣∣∣∣∣∣∣∣(E [L(z)|G = g]2

)2
∣∣∣∣∣∣∣∣

∞
E
[
I[mg ≥ 2]

]
≤ Pr(mg ≥ 2) (B.63)

Where the last inequality comes from the fact that L ∈ {0, 1}.

Now, let’s bound the first term in the first term in the RHS of (B.58). Let’s start by
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bounding Var
[

∑
Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)−1

Mg−1

∣∣∣∣Mg = mg

]
.

If mg ∈ {0, 1} then:

Var

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg = mg

]
= 0

If mg ≥ 2 then, by Popoviciu’s inequality on variances:

Var

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg = mg

]
≤ 1

4

(
max

zi

(
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

)

− min
zi

(
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

))2

≤ 1
4
(1 − 0)2 =

1
4

By the two last equations, we conclude that:

Var

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg = mg

]
≤ 1

4
I[mg ≥ 2] (B.64)

By taking averages on both sides, we get:

E

[
Var

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

∣∣∣∣∣Mg

]]
≤ 1

4
Pr(Mg ≥ 2). (B.65)

Bounding the RHS of (B.58) by using the result in (B.63) and (B.65) we conclude that

Var

[
∑

Mg
i=1 L(zi)

Mg

∑
Mg
i=1 L(zi)− 1

Mg − 1

]
≤ 5

4
Pr(Mg ≥ 2) (B.66)

≤ 2 Pr(Mg ≥ 2). (B.67)

□

Lemma B.8 Denote Eg = E [L(z)|G = g], if L : Z → {0, 1}, then

∑
g∈G

wgE2
g − L(w)2 ≥ (1 − α)(F_CVaRα(w))2. (B.68)
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Proof: The proof follows from algebraic manipulation as follows.

(1 − α) (F_CVaRα(w))2 + L(w)2 =(1 − α)

(
max

∑ wg≤1−α
∑

wg

(1 − α)
∆(g)

)2

+ L(w)2 (B.69)

≤(1 − α)

(
∑

g∈Qα

√wg√
(1 − α)

√wg∆(g)√
(1 − α)

)2

+ L(w)2

≤(1 − α)

(
∑

g∈Qα

wg

(1 − α)

)(
∑

g∈Qα

wg∆(g)2

(1 − α)

)
+ L(w)2

(B.70)

≤ ∑
g∈Qα

wg∆(g)2 + L(w)2

= ∑
g∈Qα

wg(Eg − L(w))2 + L(w)2

≤ ∑
g∈G

wg(Eg − L(w))2 + L(w)2

= ∑
g∈G

wgE2
g − 2L(w)

(
∑
g∈G

wgEg − L(w)

)

= ∑
g∈G

wgE2
g,

where the inequality in B.70 follows by invoking Cauchy-Schwartz inequality. □

Lemma B.9 If L : Z → {0, 1} is the quality of service function and L(w) be the average quality of

service and wg ≤ 1 − α for all g ∈ G, then

(a) If F_CVaRα(w) = 0, then

Pr
(

F̂ > (1 − α)ϵ2/2
)
≤ ∑

g

64w2
g

(1 − α)2ϵ4P
[
Mg ≥ 2

] + 128
(1 − α)2ϵ4 ∑

g

w2
g

P
[
Mg ≥ 1

] .

Similarly,

(b) if F_CVaRα(w) ≥ ϵ, then

Pr
(

F̂ < (1 − α)ϵ2/2
)
≤ ∑

g

64w2
g

(1 − α)2ϵ4P
[
Mg ≥ 2

] + 128
(1 − α)2ϵ4 ∑

g

w2
g

P
[
Mg ≥ 1

] .

Proof: Denote Eg = E [L(z)|G = g].
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Recall that the estimator is given by

F̂ = ∑
g∈G

wg

P [Ms ≥ 2]
∑

Mg
i=1 L(zi)

Mg

(∑
Mg
i=1 L(zi)− 1)

Mg − 1
−

∑
g∈G

wg

P [Ms ≥ 1]

∑
Mg
j=1 L(zj)

Mg

2

(B.71)

We first show the result under the null hypothesis, i.e., when F_CVaRα(w) = 0. Note

that this condition implies that
(

∑g∈G wgE2
g − L(w)2

)
= 0, because as all wg ≤ 1 − α we

have that if Eg ̸= L(w) for some g ∈ G, then ∆(g) > 0 and F_CVaRα(w) ≥ wg∆(g)
1−α > 0.

Pr(F̂ > (1 − α)ϵ2/2) (B.72)

= Pr

(
F̂ −

(
∑
g∈G

wgE2
g − L(w)2

)
> (1 − α)ϵ2/2

)
(B.73)

≤ Pr

(
∑
g∈G

wg ∑
Mg
i=1 L(zi)(∑

Mg
i=1 L(zi)− 1)

P [Ms ≥ 2] Mg(Mg − 1)
− ∑

g∈G
wgE2

g >
(1 − α)ϵ2

4

)

+ Pr

L(w)2 −

∑
g∈G

wg

P [Ms ≥ 1]

∑
Mg
j=1 L(zj)

Mg

2

>
(1 − α)ϵ2

4

 (B.74)

≤ Pr

(
∑
g∈G

wg ∑
Mg
i=1 L(zi)(∑

Mg
i=1 L(zi)− 1)

P [Ms ≥ 2] Mg(Mg − 1)
− ∑

g∈G
wgE2

g >
(1 − α)ϵ2

4

)

+ Pr

∑
g∈G

wg

P [Ms ≥ 1]

∑
Mg
j=1 L(zj)

Mg

 < L(w)− (1 − α)ϵ2

8

 , (B.75)

where the last inequality follows by observing that a2 − b2 > c implies that a2 − c > b2

which implies that
√

a2 − c > b because b is positive. Then, we conclude by showing that

√
a2 − c ≤ a − c

2
(B.76)

⇐⇒ a2 − c ≤
(

a − c
2

)2
(B.77)

⇐⇒ a2 − c ≤ a2 − ac +
c4

4
(B.78)

⇐⇒ − c ≤ −ac +
c4

4
(B.79)

⇐⇒ c(a − 1) ≤ c4

4
, (B.80)

the last inequality holds because a ≤ 1 and c > 0.
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Next, we bound each of the terms on the right-hand side of the above equation using

Chebyshev’s inequality.

First, define Ê1 such that:

Ê1 = ∑
g∈G

wg ∑
Mg
i=1 L(zi)(∑

Mg
i=1 L(zi)− 1)

P
[
Mg ≥ 2

]
Mg(Mg − 1)

− ∑
g∈G

wgE2
g (B.81)

By Lemma B.6,

E[Ê1] = 0,

and by Lemma B.7

Var(Ê1) ≤ ∑
g

2w2
g

P
[
Mg ≥ 2

] .

Hence by Chebyshev’s inequality,

Pr
(

Ê1 > (1 − α)ϵ2/4
)
≤ Pr

(
Ê1 − E[Ê1] > (1 − α)ϵ2/4

)
(B.82)

≤ Pr
(∣∣∣Ê1 − E[Ê1]

∣∣∣ > (1 − α)ϵ2/4
)

(B.83)

≤ ∑
g

32w2
g

(1 − α)2ϵ4P
[
Mg ≥ 2

] (B.84)

Additionally, denote Ê2 by:

Ê2 = ∑
g∈G

wg

P
[
Mg ≥ 1

] ∑
Mg
j=1 L(zj)

Mg
− L(w) (B.85)

Similar to the previous argument, we conclude that:

E[Ê2] = 0,

and by Lemma B.5

Var(Ê1) ≤ ∑
g

2w2
g

P
[
Mg ≥ 1

] .
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Hence, by applying Chebyshev’s inequality,

Pr
(

Ê2 < −(1 − α)ϵ2/8
)
=Pr

(
E[Ê2]− Ê2 > (1 − α)ϵ2/8

)
≤Pr

(∣∣∣E[Ê2]− Ê2

∣∣∣ > (1 − α)ϵ2/8
)

≤ 128
(1 − α)2ϵ4 ∑

g

w2
g

P
[
Mg ≥ 1

]
Hence,

Pr(F̂ > (1 − α)ϵ2/2) ≤ ∑
g

32w2
g

(1 − α)2ϵ4P
[
Mg ≥ 2

] + 128
(1 − α)2ϵ4 ∑

g

w2
g

P
[
Mg ≥ 1

] ,

completing the proof.

Next, we show the result under the hypothesis H1, i.e., when F_CVaRα ≥ ϵ. We are

interested in bounding:

Pr(F̂ < (1 − α)ϵ2/2) (B.86)

From Lemma B.8, we have that

Pr(F̂ < (1 − α)ϵ2/2) ≤ Pr

(
F̂ −

(
∑
g∈G

wgE2
g − L(w)2

)
< −(1 − α)ϵ2 + (1 − α)ϵ2/2

)

≤ Pr

(
F̂ −

(
∑
g∈G

wgE2
g − L(w)2

)
< −(1 − α)ϵ2/2

)

≤ Pr

(
−F̂ +

(
∑
g∈G

wgE2
g − L(w)2

)
> (1 − α)ϵ2/2

)
(B.87)

Using the bound in (B.87), and the same procedure we used in for bounding the

probability of error when F_CVaRα = 0, we can show that under F_CVaRα ≥ ϵ

Pr(F̂ > (1 − α)ϵ2/2) ≤ ∑
g

32w2
g

(1 − α)2ϵ4P
[
Mg ≥ 2

] + 128
(1 − α)2ϵ4 ∑

g

w2
g

P
[
Mg ≥ 1

] ,

□
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B.2.5 Proof of Corollary 3.1

Proof: The bound on n for general v and w follows from the error probability in Theo-

rem 3.1. We now prove the result when vg ∝ w2/3
g . From Theorem 3.1 we have that

Perror ≤ ∑
g

128ew2
g

(1 − α)2ϵ4n2(vg)2 +
128e

(1 − α)2ϵ4 ∑
g

w2
g

nvg
(B.88)

= 128e

(
∑g w2/3

g

)3

(1 − α)2ϵ4n2 +
128e

(1 − α)2ϵ4

(∑g w2/3
g )∑g w4/3

g

n
(B.89)

≤ 128e

(
∑g w2/3

g

)3

(1 − α)2ϵ4n2 +
128e

(1 − α)2ϵ4

(∑g w2/3
g )

n
(B.90)

only need to ensure that

δ ≥ 128e

(
∑g w2/3

g

)3

(1 − α)2ϵ4n2 +
128e

(1 − α)2ϵ4

(∑g w2/3
g )

n
(B.91)

Therefore, it is only necessary to use n samples to test for CvaR fairness reliably, where

n is such that

n = O


(

∑g w2/3
g

)3/2

δϵ2(1 − α)
+

(
∑g w2/3

g

)
δϵ4(1 − α)2

 (B.92)

⇐⇒ n = O

(
2

3
2 log(∑g w2/3

g )

δϵ2(1 − α)
+

2log(∑g w2/3
g )

δϵ4(1 − α)2

)
(B.93)

⇐⇒ n = O

(
2

1
2 H2/3(w)

δϵ2(1 − α)
+

2
1
3 H2/3(w)

δϵ4(1 − α)2

)
(B.94)

Setting δ = 0.01 yields the result.

□

B.2.6 Proof of Theorem 3.2

Proof: Let δ = 0.01. As in the proof of Theorem 3.1, we have that

Perror ≤ ∑
g

128w2
g

(1 − α)2ϵ4P
[
Mg ≥ 2

] + 128
(1 − α)2ϵ4 ∑

g

w2
g

P
[
Mg ≥ 1

] (B.95)
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Using attribute specific sampling with γ = n
2 we conclude that P

[
Mg ≥ 1

]
= P

[
Mg ≥ 2

]
=

min(1, γwg). Therefore, we can bound the probability of error in (B.95) as:

Perror ≤ ∑
g

128w2
g

(1 − α)2ϵ4 min(1, γwg)
+

128
(1 − α)2ϵ4 ∑

g

w2
g

min(1, γwg)
(B.96)

= ∑
g

256wg

(1 − α)2ϵ4n
+

256
(1 − α)2ϵ4 ∑

g

wg

n
(B.97)

≤ 256
(1 − α)2ϵ4n

(B.98)

Therefore, we conclude that

Perror = O
(

1
ϵ4(1 − α)2n

)
. (B.99)

□

B.2.7 Proof of Corollary 3.2

Proof: Let δ = 0.01. From Theorem 3.2, we just need to ensure that:

Perror ≤
256

(1 − α)2ϵ4n
≤ δ (B.100)

Therefore,
256

(1 − α)2ϵ4δ
≤ n (B.101)

Concluding the proof. □

B.2.8 Proof of Lemma 3.1

Proof: We will prove the desired result for equal opportunity described in Example 3.1.

The result for other fairness metrics, such as statistical parity in Example 3.2, and equal

odds [98], is analogous.

Let w be the uniform distribution over all groups. Note that under this definition v = w

217



for any η. Let Q ⊂ G be such that |Q| = ⌊(1 − α)|G|⌋. We define the set U (Q) to be

U (Q) ≜ {−1, 1}|Q|. (B.102)

U (Q) is the set of vector with entries equal to +1 or −1. We will use U (Q) to perturb the

distributions of groups g ∈ Q. Denote the group distribution vector w = (w1, ..., w|G|). And

define

P0(G = g) = wg, (B.103)

Pu(G = g) = wg ∀u ∈ U (Q). (B.104)

Hence, we define the conditional distribution of Ŷ given G accordingly with P0 and Pu

to be

P0(Ŷ = 1|G = g, Y = 0) =
1
2

∀g ∈ G (B.105)

Pu(Ŷ = 1|G = g, Y = 0) =
1
2

∀g /∈ Q (B.106)

Pu(Ŷ = 1|G = g, Y = 0) =
1
2
+

τϵgug

wg
∀g ∈ Q. (B.107)

Where u = (u1, ..., u|Q|), ϵg is such that

ϵg ≜
ϵw2/3

g(
∑g∈Q w2/3

g

) , (B.108)

and τ is given by

τ ≜
1 − α

α
. (B.109)

Notice that we need to show that the probability distributions are well defined. To do so, it

is only necessary to ensure that τϵg
wg

≤ 1
2 .

τ
ϵg

wg
= τ

ϵw−1/3
g(

∑g′∈Q w2/3
g′

) = τ
ϵ|G|1/3

⌊(1 − α)|G|⌋ 1
|G|1/3

≤ τ
2ϵ

(1 − α)|G|1/3 ≤ 2ϵ

α|G|1/3 ≤ 1
2

. (B.110)

Once we have shown that P0 and Pu are probability distributions for all u ∈ U (Q), let’s

prove that
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1. F_CVaRα(P0, w) = 0

2. F_CVaRα(Pu, w) ≥ ϵ for all u ∈ U (Q).

Recall that CVaR fairness is given by

F_CVaRα(P, w) =
1

1 − α
max

∑g∈A⊂G wg≤1−α
∑

g∈A
wg∆(P, g), (B.111)

where ∆(g, P) is such that

∆(P, g) =
∣∣P(Ŷ = 1|G = g, Y = 0)− P(Ŷ = 1|Y = 0)

∣∣ . (B.112)

Item 1): Let’s show that F_CVaRα(P0, w) = 0. Note that for all g ∈ G

P0(Ŷ = 1|Y = 0) = ∑
g∈G

wgP0(Ŷ = 1|G = g, Y = 0) =
1
2
= P0(Ŷ = 1|G = g, Y = 0), (B.113)

therefore,

∆(P0, g) = 0 ∀g ∈ G, (B.114)

concluding that

F_CVaRα(P0, w) =
1

1 − α
max

∑g∈A⊂G wg≤1−α
∑

g∈A
wg∆(P0, g) = 0. (B.115)

Item 2): Let’s show that F_CVaRα(Pu, w) ≥ ϵ for all u ∈ U (Q).

Note that

Pu(Ŷ = 1|Y = 0) = ∑
g∈G

wgPu(Ŷ = 1|G = g, Y = 0) =
1
2
+ ∑

g∈Q
τϵgug. (B.116)

Hence, we show that ∆(Pu, g′) for g′ ∈ Q is

∆(Pu, g′) = τ

∣∣∣∣∣ϵg′ug′

wg′
− ∑

g∈Q
ϵgug

∣∣∣∣∣ . (B.117)

Hence we can lower bound the CVaR fairness gap using (B.117).
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F_CVaRα(Pu, w) =
1

1 − α
max

∑g∈A⊂G wg≤1−α
∑

g′∈A
wg′∆(Pu, g′) (B.118)

≥ 1
1 − α ∑

g∈Q
wg∆(g) (B.119)

=
1

1 − α ∑
g′∈Q

wg′

∣∣∣∣∣ϵg′τug′

wg′
− ∑

g∈Q
ϵgτug

∣∣∣∣∣ (B.120)

=
τ

1 − α ∑
g′∈Q

∣∣∣∣∣ϵg′ug′ − wg′ ∑
g∈Q

ϵgug

∣∣∣∣∣ (B.121)

≥ τ

1 − α ∑
g′∈Q

|ϵg′ug′ | − wg′

∣∣∣∣∣∑g∈Q
ϵgug

∣∣∣∣∣ (B.122)

≥ τ

1 − α ∑
g′∈Q

ϵg′ − wg′ ∑
g∈Q

ϵg|ug| (B.123)

=
τ

1 − α ∑
g′∈Q

ϵg′ − wg′ ∑
g∈Q

ϵg (B.124)

=
τ

1 − α ∑
g′∈Q

ϵg′ − wg′ϵ (B.125)

=
τ

1 − α
ϵ

(
1 − ∑

g′∈Q
wg′

)
(B.126)

≥ τ

1 − α
ϵα = ϵ. (B.127)

We then conclude that F_CVaRα(Pu, w) ≥ ϵ for all u ∈ U (Q) and from item 1 we had

that F_CVaRα(P0, w) = 0.

Now, let’s show that, using these distributions, we can make the χ2 distribution be

small considering the mixture of distributions. Our main objective is to upper bound

χ2
(

Eu [Pn
u ]

∣∣∣∣∣∣∣∣Pn
0

)
by a quantity that (i) goes to zero when the number of samples n increase,

and (ii) increases when the number of groups |G| increases.

To bound χ2 of a mixture, we will use the Ingster–Suslina method [118]. Hence, we

assume that each u is chosen at random from a distribution π. The method ensures that

χ2
(

Eu [Pn
u ]

∣∣∣∣∣∣∣∣Pn
0

)
= Eu,u′∼π

[
n

∏
i=1

∑
zi∈Z

Pu(zi)Pu′(zi)

P0(zi)

]
− 1. (B.128)
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Hence, we just need to compute ∑zi∈Z
Pv(zi)Pv′ (zi)

P0(zi)
.

∑
zi∈Z

Pu(zi)Pu′(zi)

P0(zi)
(B.129)

= ∑̂
y,g

Pu(Ŷ = ŷ, G = g|Y = 0)Pu′(Ŷ = ŷ, G = g|Y = 0)
P0(Ŷ = ŷ, G = g|Y = 0)

(B.130)

= ∑
ŷ,g∈Q

Pu(Ŷ = ŷ, G = g|Y = 1)Pu′(Ŷ = ŷ, G = g|Y = 0)
P0(Ŷ = ŷ, G = g|Y = 0)

(B.131)

+ ∑
ŷ,g/∈Q

Pu(Ŷ = ŷ, G = g|Y = 0)Pu′(Ŷ = ŷ, G = g|Y = 0)
P0(Ŷ = ŷ, G = g|Y = 0)

(B.132)

= ∑
g∈Q

(
wg
2 + τugϵg

) (
wg
2 + τu

′
gϵg

)
+
(

wg
2 − τugϵg

) (
wg
2 − τu

′
gϵg

)
wg
2

+ ∑
g/∈Q

2 wg
2

wg
2

wg
2

(B.133)

= ∑
g∈Q

(
w2

g
2 + 2τ2ϵ2

gugu
′
g

)
wg
2

+ ∑
g/∈Q

2 wg
2

wg
2

wg
2

(B.134)

= ∑
g∈Q

4τ2ϵ2
gugu

′
g

wg
+ ∑

g∈Q
wg + ∑

g/∈Q
wg (B.135)

= ∑
g∈Q

4τ2ϵ2
gugu

′
g

wg
+ 1. (B.136)

Now, using Ingster–Suslina inequality (B.128) and the bound in (B.135), we have

χ2
(

Eu [Pn
u ]

∣∣∣∣∣∣∣∣Pn
0

)
= Eu,u′∼π

[
n

∏
i=1

∑
zi∈Z

Pu(zi)Pu′(zi)

P0(zi)

]
− 1 (B.137)

= Eu,u′∼π

[(
∑

g∈Q

4τ2ϵ2
gugu

′
g

wg
+ 1

)n]
− 1 (B.138)

≤ Eu,u′∼π

[
en ∑g∈Q

4τ2ϵ2
gugu

′
g

wg

]
− 1 (B.139)

≤ Eu∼πEu′∼π

[
en ∑g∈Q

4τ2ϵ2
gugu

′
g

wg

]
− 1. (B.140)
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We note that u and u′ are 1-subgasian, hence, we can bound (B.140) by

Eu∼πEu′∼π

[
en ∑g∈Q

4τ2ϵ2
gugu

′
g

wg

]
− 1 = Eu∼πEu′∼π

[
∏
g∈Q

en
4τ2ϵ2

gugu
′
g

wg

]
− 1 (B.141)

≤ Eu∼π

e
n2 ∑g∈Q

16τ4ϵ4
gu2

g
w2

g

− 1 (B.142)

≤ e
n2 ∑g∈Q

16τ4ϵ4
g

w2
g − 1, (B.143)

where (B.141) comes from (B.140), (B.142) comes from the fact that u′ is 1-subgausian, and

(B.142) comes from the fact that |ug| = 1.

Now, by plugging in ϵg (B.108) in (B.143) we conclude that

Eu∼πEu′∼π

[
en ∑g∈Q

4τ2ϵ2
gugu

′
g

wg

]
− 1 ≤ e

n2 ∑g∈Q
16τ4ϵ4

g
w2

g − 1 ≤ e
16τ4n2ϵ4

(∑g∈Q w2/3
g )

3

− 1 (B.144)

But, from the definition of Q, i.e., ∑g∈Q w2/3
g = ⌊(1 − α)|G|⌋ 1

|G|1/3 ≥ 3(1−α)
8 ∑g∈G w2/3

g .

Hence, plugging (B.144) in (B.144) we have that

Eu∼πEu′∼π

[
en ∑g∈Q

4τ2ϵ2
gugu

′
g

wg

]
− 1 ≤ e

n2 ∑g∈Q
16τ4ϵ4

g
w2

g − 1 ≤ e
1024τ4n2ϵ4

((1−α)∑g∈G w2/3
g )

3

− 1. (B.145)

Concluding the proof of the lemma by combining the inequality in (B.140) with (B.145)

and getting

χ2
(

Eu [Pn
u ]

∣∣∣∣∣∣∣∣Pn
0

)
≤ e

1024τ4n2ϵ4

((1−α)∑g∈G w2/3
g )

3

− 1 (B.146)

≤ e
1024(1−α)n2ϵ4

α4(∑g∈G w2/3
g )

3

− 1. (B.147)

□
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B.2.9 Proof of Theorem 3.3

Proof: From Lemma 3.1 we know that there exist a sequence of distributions P0 ∈ P0(ϵ)

and {Pu}u∈U ∈ P1(ϵ) indexed by elements of a set U such that if u ∈ U we have that

χ2
(

Eu [Pn
u ]

∣∣∣∣∣∣∣∣Pn
0

)
≤ e

1024(1−α)n2ϵ4

α4 |G| − 1. (B.148)

On the other hand, by the generalized Le Cam lemma [201], we have that

2 inf
ψ

Perror ≥ 1 − TV
(

Eu [Pn
u ]

∣∣∣∣∣∣∣∣Pn
0

)
(B.149)

≥ 1 − 1
2

√
χ2

(
Eu [Pn

u ]

∣∣∣∣∣∣∣∣Pn
0

)
(B.150)

Plugging (B.148) in (B.150), we have that:

2 inf
ψ

Perror ≥ 1 − 1
2

√
e

1024(1−α)n2ϵ4

α4 |G| − 1. (B.151)

Therefore, if the probability of error is smaller than 0.01 we need to ensure that:

0.02 ≥ 1 − 1
2

√
e

1024(1−α)n2ϵ4

α4 |G| − 1. (B.152)

From where we conclude that

n = Ω

(
α2
√
|G|

(1 − α)1/2ϵ2

)
, (B.153)

which is the desired result. □

B.3 On the Relation of CVaR and CVaR Fairness

In this section we prove that F_CVaRα is equivalent to applying CVaR in the group-wise

fairness violations ∆(g) under mild assumption.

Proposition B.1 (F_CVaRα vs. CVaRβ) Let ∑g∈Qα
wg = 1 − α, and any two groups g ̸= g′ are
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such that ∆(g) ̸= ∆(g′). Then, we can define β = 1 − α and conclude that

CVaRβ(∆(g)) = F_CVaRα(w; P, L, L(w)) (B.154)

Proof: First, notice that g ∈ Qα if and only if ∆(g) ≥ q Hence, taking β = 1 − α we

conclude that qβ = ming∈Qα
∆(g), then

CVaRβ(∆(g)) = E[∆(g)|∆(g) ≥ qβ] (B.155)

=
∑g;∆(g)≥β wg∆(g)

∑g;∆(g)≥β wg
(B.156)

=
∑g∈Qα

wg∆(g)

∑g∈Qα
wg

(B.157)

=
∑g∈Qα

wg∆(g)
1 − α

(B.158)

= F_CVaRα(w; P, L, L(w)). (B.159)

□
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Appendix C

Appendix to Chapter 4

In this chapter, we provide the following information:

• Section C.1 shows the theoretical results from Chapter 4.

• Section C.2 contains Figure C.1, which summarizes the main technical arguments

presented in the paper along with the policy implications.

• Section C.3 provides further details on the datasets, Hugging Face models evaluation,

fine-tuning procedures, and fine-tuned model performance.

• Section C.4 provides a further exploration of our experiment. Particularly, it shows

(i) multiplicity metrics across different dataset partitions, (ii) pairwise disagreement

and arbitrariness values across different datasets, and (iii) multiplicity metrics across

demographics for different confidence values from the CP method.

C.1 Proofs

C.1.1 Proof of Proposition 4.1

Proof: From [67, Prop. 2.17], we have
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inf
ψ

Perror(ψ) =
1
2

inf
ψ

Pr(ψ(h1, h2,D) = 0)|H1) + Pr(ψ(h1, h2,D) = 1)|H0) (C.1)

=
1
2
(1 − TV (Pr(· | H0)||Pr(· | H1))) . (C.2)

Recall that we are using the 0-1 loss. Therefore we have samples of the form {(1[h1(x) =

y], 1[h2(x) = y])}(x,y)∈D that have distribution

{(1[h1(x) = y], 1[h2(x) = y])}(x,y)∈D ∼
n⊗

i=1

[Bern(L(h1))⊗ Bern(L(h2))] . (C.3)

By letting p ≜ min{L(h1), L(h2)} and q ≜ max{L(h1), L(h2)}, we have that

Pr(· | H0) =
n⊗

i=1

[Bern(p)⊗ Bern(q)] ,

Pr(· | H1) =
n⊗

i=1

[Bern(q)⊗ Bern(p)] .

Recall that 1
2 H2(P, Q) ≤ TV(P, Q) [200, Eq. 6.9] and also that TV(P, Q) ≤

√
1 − e−DKL (P∥Q)

[22]. The proposition follows from these inequalities and the tensorization properties of the

KL-divergence and the Hellinger distance [200, Ch. 2 & 6] together with Lemmas C.1-C.2.

□

Proof of Lemmas for Proposition 4.1

Lemma C.1 Assume that 0 < ϵ0 < ϵ < 1 are given. If p, q ∈ [0, 1] are such that ϵ0 ≤ p ≤ q ≤ ϵ,

then,

KL(Ber(p)⊗ Ber(q)∥Ber(q)⊗ Ber(p)) ≤ (ϵ − ϵ0) log
(

1 +
ϵ − ϵ0

ϵ0(1 − ϵ)

)
. (C.4)

Proof: For ease of notation, let D denote the divergence on the LHS of (C.4). It could be

verified that

D = (q − p) log
(

1 +
q − p

pq̄

)
.
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From this equality and the assumption ϵ0 ≤ p ≤ q ≤ ϵ, we can verify that

D ≤ (ϵ − ϵ0) log
(

1 +
ϵ − ϵ0

ϵ0(1 − ϵ)

)
,

as required. □

Lemma C.2 Assume that 0 < ϵ0 < ϵ < 1 are given. If p, q ∈ [0, 1] are such that ϵ0 ≤ p ≤ q ≤ ϵ,

then,

H2(Ber(p)⊗ Ber(q)∥Ber(q)⊗ Ber(p)) ≥ (p − q)2

4ϵ(1 − ϵ0)
. (C.5)

Proof: From the definition of the Hellinger Distance, it follows immediately that

H2(Ber(p)⊗ Ber(q)∥Ber(q)⊗ Ber(p)) =
(√

pq̄ −
√

p̄q
)2

=
(p − q)2

(
√

pq̄ +
√

p̄q)2 .

Invoking that ϵ0 ≤ p ≤ q ≤ ϵ completes the proof. □

C.1.2 Proof of Theorem 4.1

Proof: Define ϵ0 ≜ minh∈H L(h). If h1, h2 ∈ R(ϵ), then h1, h2 ∈ [ϵ0, ϵ]. If (ϵ− ϵ0) log
(

1 + ϵ−ϵ0
ϵ0(1−ϵ)

)
≤

1
n log

(
1

1−(1−2α)2

)
, because of Proposition 4.1, infψ Perror(ψ) ≥ α. On the other hand, let

h∗, h ∈ R(ϵ) be classifiers such that L(h∗) = ϵ0 and L(h∗) = ϵ. If (ϵ−ϵ0)
2

(1−ϵ0)ϵ
≥ 8

(
1 − [2β]1/n

)
,

then h∗ and h∗ are β-testing distinguishable due to Proposition 4.1. □

C.1.3 Proof of Proposition 4.2

Let h1, h2 ∈ H. Recall that Hoeffding’s Inequality [174, Prop. 2.7] ensures that, for every

i ∈ {1, 2},

Pr

(
|L(hi)− L̂(hi)| ≤

√
log 2/α

2n

)
≥ 1 − α. (C.6)
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Therefore, Ii =

{
x : |x − L̂(hi)| ≤

√
log 2/α

2n

}
is the interval of confidence level at least 1 − α

that the Hoeffding Inequality method creates for L(hi). If |L̂(h1)− L̂(h2)| ≤ 2
√

log(2/α)
2n , then

min
i∈{1,2}

L̂(hi) +

√
log 2/α

2n
≥ max

i∈{1,2}
L̂(hi)−

√
log 2/α

2n
. (C.7)

Thus, I1 ∩ I2 ̸= ∅. On the other hand, if |L̂(h1) − L̂(h2)| > 2
√

log(2/α)
2n , the opposite of

equation C.7 holds; i.e. I1 ∩ I2 = ∅.

C.1.4 Proof of Proposition 4.3

Suppose that h1 and h2 are δ-testing indistinguishable. Then Iδ(L̂(h1)) ∩ Iδ(L̂(h2)) ̸= ∅. In

light of Lemma C.3, this means that

Lδ(n max{L̂(h1), L̂(h2)}) ≤ Uδ(n min{L̂(h1), L̂(h2)}).

Thus,

qBeta(δ/2; n max L̂(hi), n − n max L̂(hi) + 1)

≤qBeta(1 − δ/2; n min L̂(hi) + 1, n − n min L̂(hi)).

On the other hand, if

qBeta(δ/2; n max L̂(hi), n − n max L̂(hi) + 1)

>qBeta(1 − δ/2; n min L̂(hi) + 1, n − n min L̂(hi)),

then

Lδ(n max{L̂(h1), L̂(h2)}) > Uδ(n min{L̂(h1), L̂(h2)}).

As a consequence,

Iδ(L̂(h1)) ∩ Iδ(L̂(h2)) = ∅.

228



Proof of Lemmas for Proposition 4.3

Lemma C.3 The functions Uδ(x) and Lδ(x) are increasing in x ∈ Z+ for every δ ∈ (0, 1).

Proof: Due to the Binomial-Beta relation [122, Eq. 3.18]:

P(Bin(n, p) ≥ k) = Ip(k, n − k + 1), (C.8)

Lδ(x) = qBeta(δ/2; x, n − x + 1) and Uδ(x) = qBeta(1 − δ/2; x + 1, n − x). Let δ ∈ (0, 1) and

x1 < x2 be positive integers. Define q1 ≜ qBeta(δ/2; x1, n− x1 + 1) and q2 ≜ qBeta(δ/2; x2, n−

x2 + 1). Suppose that q1 ≥ q2, since the regularized beta function is increasing,

Iq1(x1, n − x1 + 1) ≥ Iq2(x1, n − x1 + 1). (C.9)

Additionally, given that x1 < x2,

P(Bin(n, q2) ≥ x1) > P(Bin(n, q2) ≥ x2). (C.10)

From (C.9)-(C.10), the Beta-Binomial relation (C.8) and the definition of q1, q2 it follows that

δ/2 = Iq1(x1, n − x1 + 1) > Iq2(x2, n − x2 + 1) = δ/2

which is clearly absurd. Therefore, q1 < q2. Under similar arguments, Uδ(x) is increasing in

x ∈ Z+. □

C.1.5 Proof of Theorem 4.2

Let h1, h2 ∈ R̂(ϵ). Notice that

|L̂(h1)− L̂(h2)| ≤ ϵ − ϵ0.

If ϵ ≤ 2
√

log(2/α)
2n , then, from Proposition 4.2, it follows that h1 and h2 are α-indistinguishable

under the Hoeffding Inequality method. Now, assume that ϵ − ϵ0 > 2
√

log(2/α)
2n . The

hypotheses that achieve empirical risk ϵ and ϵ0 respectively are not α-indistinguishable.
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C.1.6 Proof of Theorem 4.3

Assume that Lα(nϵ) ≤ Uα(nϵ0). For any h1, h2 ∈ R̂(ϵ), it follows that

Lα(n max L̂(hi)) ≤ Lα(nϵ), (C.11)

Uα(nL̂(h∗)) ≤ Uα(n min L̂(hi)). (C.12)

Therefore, Lα(n max L̂(hi)) ≤ Uα(n min L̂(hi)); i.e. h1 and h2 are α-indistinguishable under

the CP method. On the other hand, suppose Lα(nϵ) > Uα(nϵ0). Note that the hypotheses

that achieve empirical risk ϵ and ϵ0 respectively are not α-indistinguishable.

C.2 Summary of Key Arguments

The connection between the technical aspects of ML and law, along with the associated

policy implications is illustrated in Figure C.1.

Examples of legal provisions on 
algorithmic content moderation

Mitigating systems risks 
through algorithmic 
systems and content 
moderation 
(DSA, Section 35, c and 
d) 
Duty of care of 
moderating, preventing, 
and minimizing exposure 
of illegal content through 
content moderation (UK 
Online Safety Act, 
Section 10, (2)(3)(4))
Immediately removing 
contents with AI-
manipulated 
disinformation during 
elections 
(Res. 23.732/2024, TSE– 
Brasil) 

Regulation

Effects of arbitrariness in 
ML models used for content 

moderation models

Predictive 
multiplicity: 
conflicting 
predictions across 
equally good models

Departure from 
rule-based 
decisions: 
predictive outcomes 
are arbitrary or 
random

Disparate Impact: 
The incidence of 
arbitrary decisions 
varies across 
different social 
groups.

Impacts of arbitrariness in 
terms of Human Rights

Freedom of 
Expression: content 
can be unduly 
removed or upheld 
depending on 
unjustified model 
selection

Procedure: content 
moderation decisions 
introduce 
randomness in the 
application process.

Discrimination: 
different social 
groups are subject to 
different degrees of 
arbitrary decisions

Implications for Platform 
Regulation laws, policy 

debate, and path forward

Technical community 
should develop forms 
of measuring and 
mitigating 
arbitrariness (e.g. 
majority vote, model 
ensembles)

Auditing and 
reporting should go 
beyond accuracy and 
include the effects of 
arbitrariness

Platform regulation 
should consider legal 
effects of arbitrary 
decision made 
during pre-
deployment stages

Measured Phenomena Legal Effects Implications

Implications of Algorithmic Arbitrariness in Content Moderation on Platform 
Regulation

Figure C.1: Summary of the key arguments presented in this work.
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C.3 Experiment Design Details

In this section, we provide more details on i) why we explore toxicity detection, ii) the

datasets used, iii) the search for state-of-the-art models, iv) the used hyperparameter tuning

procedure, and v) the fine-tuned models.

C.3.1 Toxicity Detection as a Proxy for Content Moderation

The object of analysis of this paper is centered around the effects stemming from ML models

used for classification. The definition of what speech should be taken down is dependent

on jurisdiction and policy. We acknowledge that “toxic” does not correspond perfectly to

legal notions of illegal speech, such as hate speech. However, we interpret our experimental

results in Section 4.12 as evidence that models deployed to classify illegal speech (e.g. spam,

hate, copyright) will exhibit multiplicity. We do not expect our datasets to be perfectly

translatable from Toxic to Illegal Speech classification based on the definitions of the dataset.

Similarly, we do not make claims to other languages since our study was conducted using

the English language.

Moreover, many of our experimental results (e.g. Table 4.2) are based on training an ML

model to detect toxic speech as defined by either Toxigen [99] or Jigsaw [138], then using

this model to detect toxic speech in other datasets, which use different definitions of toxic.

We observed higher values of arbitrariness and pairwise-disagreement when this was done.

This is evidence that we should not expect models trained to enforce specific policies and

jurisdictions to translate perfectly to other jurisdictions. As such, this secondary deployment

offers a risk to Human Rights, since it will not be correctly applying local rules.

C.3.2 Further Dataset Information

We analyze the performance of text classification models across four datasets: ToxiGen

[99], DynaHate [252], SocialBiasFrames [218], and HateExplain [175]. These datasets were

chosen for several reasons. First, these are datasets purposefully designed to challenge

ML-based toxic text classification. For example, ToxiGen and SocialBiasFrames contain
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mostly “implicit” toxic speech devoid of explicit profanity, slurs, or swearwords which

could be easily flagged [99, 218]. DynaHate uses a human-and-model-in-the-loop process

to generate a dataset designed to fool ML models. Second, these datasets have labels for

demographic groups targeted by the text. This information enables us to quantify and

compare Arbitrariness and Pairwise Disagreement across different target groups and report

disparities in Section 4.12. In addition to these datasets, we also use the Measuring Hate

speech (MHS) [132] and the WikiDetox [266] datasets. We chose these datasets because they

add an additional dimension to our analysis: the labels of multiple human annotators who

detected toxicity in each statement in the dataset. This information enables us to compare

human annotators’ disagreement with model disagreement in Section 4.12.3.

See Table C.1 for a summary of all datasets used in this work. Here, the “Unique

Samples” column refers to the number of unique sentences that appear in the corresponding

datasets across train, test, and validation. The “Human Annotators per Sample” column

refers to the number of independent human annotators that saw each sample. For example,

an entry such as “1-5” means between 1 and 5 human annotators saw every sample in

the dataset. We made a modest attempt at (i) removing non-English sentences from each

dataset, (ii) removing repeated sentences and (iii) asserting that sentences in the training set

were not in the test or validation set. As such, the numbers reported in Table C.1 will not

reflect the numbers reported in each dataset’s respective paper.

We summarize the different definitions of toxicity used by these datasets. For Toxigen

[99], the definition of toxicity is not explicitly defined, instead they asked the human

annotators “whether the statement would be harmful to anyone if an AI system wrote it

(HARMFULIFAI), as well as if a human wrote it (HARMFULIFHUMAN)”. The annotators

were asked to rate each sentence between 1-5, with 1 meaning “not at all” harmful, 3

meaning ambiguous, and 5 meaning “very much so”. The toxic label for this dataset was

generated by taking the max of HARMFULIFAI and HARMFULIFHUMAN and mapping

the scores into three class: non-toxic if < 3, ambiguous if 3, and toxic if > 3. Finally,

the majority vote was taken across the three human reviewers. Note that, according to
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the Toxgien paper [99], there is no significant difference in toxicity when using either

HARMFULIFAI or HARMFULIFHUMAN. For our work, we map any score less than or

equal to 3 to non-toxic and any score above 3 to toxic.

In DynaHate [252], the definition of toxicity (which they refer to as hate) is defined as

“abusive speech targeting specific group characteristics, such as ethnic origin, religion,

gender, or sexual orientation”. This dataset already has binary labels for toxicity, so the

only post processing we do is remove the sentences whose target label was one of ’notgiven’,

’notargetrecorded’, ’wc’, or ’NA’.

In SocialBiasFrames, [218], toxicity (which they refer to as “offensiveness”) is not ex-

plicitly defined. Human annotators were ask “Could this post be considered offensive,

disrespectful, or toxic to anyone/someone?”. The answer options were “Yes, this could

be offensive”, “Maybe, I’m not sure”, “No, this is harmless”, and “I don’t understand the

post”. We drop any sentences where any annotator answered “I don’t understand the post”.

Any sentence where the majority of annotators answered “Yes” was labelled toxic, else

the sentence was labelled non-toxic. In particular, we assigned the values 1, 0.5, and 0 to

“Yes”, “Maybe”, and “No”, respectively. For each sentence, the toxic label was generated by

averaging the scores across humans, and checking if the value was above 0.5.

In HateExplain [175], they cite [58] for their definition of toxic speech (which they call

hate speech). Davidson defines hate speech as: “language that is used to expresses hatred

towards a targeted group or is intended to be derogatory, to humiliate, or to insult the

members of the group”. This paper distinguishes between hate speech and offensive speech,

and each sentence in this dataset is labelled as either HATEFUL (which is assigned the

value 0), NORMAL (assigned the value 1), or OFFENSIVE (assigned the value 2). For the

purposes of this work, we label both hateful and offensive speech as toxic, and normal

speech as non-toxic, and take the majority vote across annotators to get the toxic label.

In Measuring Hate speech (MHS) [132, 216], toxic/hate speech is modelled as a spectrum,

and faceted Rasch measurement theory (RMT) was used to map human responses into a

continuous score that ranges between 0 and 1. For the purposes of this work, we use this
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continuous score, and sentences with a hate speech score > 0.5 was labelled as toxic, and

anything else was labelled non-toxic. We then take the majority vote across annotators to

get the toxiicity label for a given sentence. The authors of MHS have eight different forms of

hate speech, where each definition denotes hate speech of increasing severity. We list each

definition, with the understanding that all of these definitions together form the definition

of toxicity used in our experiments:

• Genocide: Support for or intention of systematically killing all or a large number of

a protected identity group

• Violence: Threat or support of physical force or emotional abuse intended to hurt or

kill members of a protected identity group

• Dehumanization: Depriving a protected group of human-like qualities, such as

comparison to an animal, insect, or disease

• Hostility: Unfriendliness or opposition to a protected identity group, such as through

slurs, profantiy, or insults

WikiDetox [266] contains three different datasets for personal attacks, aggression, and

toxicity. “Personal attacks” are defined as in the Wikipedia guidelines [261], and broadly

include abuse based on protected classes, ad hominem attacks on affiliations, harassment,

threats of legal action, etc. “Toxicity” in WikiDetox is defined as in the Wikipedia Online

Harassment Guide [262], which points to various U.S. centered studies and legal documents.

The most relevant is [172], which defines hate speech in Section V as “speech that carries

no meaning other than hatred towards a particular minority, typically a historically

disadvantaged minority”. “Aggression”, as far as we can tell, is not defined in WikiDetox,

however, we found that all aggressive sentences were also either in the attack or toxicity

dataset, so we chose to ignore the aggressive dataset all together, which did not cost us any

data. In this work, we combine all the toxicity and attack datasets into one large dataset. We

note that the toxicity and attack datasets have overlapping sentences but are not identical.

Any sentence that was considered either as an “attack” or as “toxicity” were labelled as
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Table C.1: Summary of all datasets used.

Dataset % Toxic Unique Samples # human annotators per sample

ToxiGen 42.5 6,514 3
Jigsaw 8.1 2,223,061 (130,320 used) 1-3,563

DynaHate 43.7 33,677 1-5
SocialBiasFrames 46.8 45,223 1-20

HateExplain 59.4 19,229 3
MeasuringHateSpeech 20.5 39,555 1-815

WikiDetox 7.7 197,578 8-46

toxic, else it was labelled not toxic. The majority vote was then taken over human annotators

to get the toxic label for each sentence. All special newline and tab tokens were removed to

avoid confusing our ML models.

Finally, we discuss the Jigsaw dataset, which is a concatenation from the Jigsaw 2018

competition [43] and Jigsaw 2019 competition [42] training datasets. Note that there was

a Jigsaw 2020 competition [138], but this competition had the same training data as in

previous competitions, though the goal was different. Toxicity in the Jigsaw datasets is

defined as “rude, disrespectful or otherwise likely to make someone leave a discussion”.

Since this dataset is already heavily curated, no other post processed was needed. We note

here that WikiDetox is a subset of the Jigsaw dataset.

C.3.3 Model Search On HuggingFace

Models Considered in Study We include a screen shot (Figure C.2) of the HuggingFace

platform listing the most downloaded language models for toxicity detection as of January

1st, 2024. The purpose of this screenshot is to keep historical proof that we tested all models

with more than 3000 downloads as of the time of writing.

The following models were not considered because they are Russian language models

and hence outside the scope of this paper: s-nlp/russian_toxicity_classifier and cointegrated/rubert-

tiny-toxicity. For the same reason, naot97/vietnamese-toxicity-detection_1, a Vietnamese lan-

guage model, was not considered. Moreover, rungalileo/toxic-bert-quantized-traced is a distilled
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Figure C.2: Screenshot of the HuggingFace platform’s most popular toxic detection models as of the writing of
this paper

/ quantized version of unitary/toxic-bert, hence we opted to use only unitary/toxic-bert. See

Table C.3 for the full list of selected models along with their reference.

On state-of-the-art model selection Our first goal is to identify the state-of-the-art open-

source language models that have been fine-tuned for toxicity detection. We begin by

evaluating the performance of all Hugging Face [265] toxicity-detection language models

with more than 3000 downloads. As of January 1st, 2024, this results in 8 models (see

Appendix C.3.3). The best-performing model (see Table C.2) was tomh TR[99], which

we will refer to as ToxiGen-RoBERTa. This model is the ToxDectRoBERTa [278] model

fine-tuned on the ToxiGen dataset [99]. We fix ToxiGen-RoBERTa as our reference model.

Our second goal is to create competing models to ToxiGen-RoBERTa, which we did by

taking the base model architecture (ToxDectRoBERTa) and fine-tuning the model 40 times on
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Table C.2: Test accuracy for all Hugging Face toxicity detection models with more than 3k downloads and
ToxiGen across different datasets. The best-performing model accuracy is shown in green and the second best
in blue. See Table C.3 for the full list of selected models along with their references.

Models Toxigen DynaHate SBF HateExplain

martin-ha TCM [196] 56.2% ± 3.5% 52.9% ± 1.6% 56.5% ± 1.4% 55.5 ± 2.2%
unitary TB [97] 62.5% ± 3.4% 55.2% ± 1.6% 58.2% ± 1.4% 64.1 ± 2.2%
s-nlp RTC [55] 66.9% ± 3.3% 56.9% ± 1.6% 62.4% ± 1.3% 65.9 ± 2.1%
mohsenfayyaz TC [76] 63.2% ± 3.4% 56.1% ± 1.6% 68.5% ± 1.3% 63.8 ± 2.1%
unitary UTR [97] 64.5% ± 3.3% 54.6% ± 1.6% 58.4% ± 1.4% 65.8 ± 2.1%
nicholasKluge TM [47] 58.5% ± 3.5% 55.2% ± 1.6% 56.3% ± 2.2% 62.4 ± 2.1%
unitary MTXR [97] 63.1% ± 3.3% 54.6% ± 1.6% 60.1% ± 1.4% 64.3 ± 2.1%
tomh TR [99] 83.4% ± 2.6% 58.1% ± 1.6% 64.1% ± 1.3% 67.8 ± 2.0%

the ToxiGen dataset while only varying the random seed between each run.1 See Appendix

C.3.4 for details on the fine-tuning procedure. We then discard the models that are worse

than the reference model using the CP method outlined in Section 4.7, using a confidence

of 95%. This choice enables a conservative estimate of the size of the Rashomon set and,

therefore, of multiplicity across datasets. This results in a Rashomon parameter of ϵ = 0.016,

and us keeping 35 of the 40 models as Rashomon set samples (R̂(ϵ)). 2

C.3.4 Hyperparameters

The accuracy of fine-tuned language models depends heavily on a multitude of hyper-

parameters. In the main body, we retrain two different model types multiple times: the

ToxiGen-RoBERTa [99] and the RoBERTa-Toxicity-Classifier [55]. In this section, we detail

the hyperparameters used in the main body.

ToxiGen-RoBERTa: Retraining the ToxiGen-RoBERTa model was done by fine-tuning

the ToxDectRoBERTa model [278] (∼ 355 million trainable parameters) on 4,601 training

1The random seed determines the weight initialization of the classification head of the language model and
the shuffling of the training data, both of which lead to a different model after fine-tuning.

2We repeat this experiment with the second-best-performing model from HuggingFace to guarantee that
our experimental results are not a mere artifact of model architecture or training data selection. This model is
s-nlp RTC[55], which we will refer to as RoBERTa-Toxicity-Classifier from here on.
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examples from the human annotated subset of the ToxiGen dataset [99]. In particular, we

trained on a subset of the ToxiGen data used by [110] that removed prompts for which

3 annotators disagreed on the target group. Moreover, no quantization was done on the

ToxDectRoBERTa model, and all training runs were performed on a 80Gb A100 GPU. We

fixed the number of epochs to 10 and performed an extensive hyper-parameter sweep over:

• learning rate: Logarithmically spaced values from 10−6 and 10−4.

• batchsize: Three values ∈ {8, 16, 32}.

• Weight decay: Linearly spaced values from 0 and 0.1 with a 0.01 spacing.

• Warmup Steps: Linearly spaced values from 0 to 30% of an epoch with a 5% spacing.

All other hyperparameters were set to the default that Huggingface’s sequence classification

routine uses. In particular, this means a Linear learning rate schedule with the AdamW

optimzer. The sweep was done via the Trainer API from HuggingFace Transformers with

the Optuna [3] backend, which used evaluation accuracy to prune unpromising trails early

in training. In total, Optuna made 60 complete training runs (the average run took an hour

and 20 minutes on an A100 GPU 80Gb). The optimal parameters were found to be: learning

rate: 1e-5, batch size: 32, weight decay: 0.09, and warmup ratio: 0.1. The random seed used

for the best run was 6. All ToxiGen fine tuned models (i.e., those used in the multiplicity

experiments) used these hyperparameters, except for random seed. The seeds used for the

ToxiGen fine tuned models were randomly generated 3 and 4 digit integers sampled using

[94]. See Figure C.3 for a plot of the training trajectories of 10 of the random seeds.

RoBERTa-Toxicity-Classifier: Retraining the RoBERTa-Toxicity-Classifier was done by

fine-tuning the base RoBERTa model [160] (∼ 124 million trainable parameters) on 100,000

training examples sampled uniformly from the concatenated Jigsaw dataset [43, 42]. More-

over, no quantization was done on the RoBERTa model, and all training runs were performed

on a 80Gb A100 GPU. In practice, the significantly larger dataset size meant that fine-tuning

this RoBERTa model was approximately 3 times slower than fine-tuning the Toxigen models.
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(a) Toxigen Fine-Tuned (b) Jigsaw Fine-Tuned

Figure C.3: Training trajectories for the fine-tuned ToxiGen and Jigsaw models over 10 randomly chosen
seeds.

Due to the increased computational cost of training these models compared to the ToxiGen

models, we did not as extensive of a hyperparameter sweep. We set the batch size to

8 (for faster training time), and did a grid search for 4 epochs over four learning rates

{10−6, 10−5, 2 × 10−5, 10−4}. The best was found to be 2 × 10−5. Then, we increased the

batch size to as large as our memory allowed (32), and kept all other hyperparameters set to

the default in Huggingface’s sequence classification routine (notably: weight decay:0 and

no warmup steps). All Jigsaw fine tuned models used these hyperparameters. The seeds

used for the Jigsaw models were randomly generated 3 and 4 digit integers sampled using

[94]. The average Jigsaw model took approximately 3 hours and 15 minutes to fine tune.

See Figure C.3 for a plot of the training trajectories of 10 of the random seeds.

Table C.3: All considered Hugging face models.

Model Name and Link Reference

martin-ha/toxic-comment-model Pan [196]
unitary/toxic-bert Hanu and Unitary team [97]

s-nlp/roberta_toxicity_classifier Dale et al. [55]
mohsenfayyaz/toxicity-classifier Fayyaz [76]
unitary/unbiased-toxic-roberta Hanu and Unitary team [97]
nicholasKluge/ToxicityModel Corrêa [47]

unitary/multilingual-toxic-xlm-roberta Hanu and Unitary team [97]
tomh/toxigen_roberta Hartvigsen et al. [99]
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C.3.5 Fine-Tuned Models Performance

In Table C.3.5, we show the performance of the models we fine-tuned and compare it

against the reference models. The line Reference in Table C.3.5 shows the accuracy of the

reference ToxiGen-RoBERTa model [99] and RoBERTa-Toxicity-Classifier [55] train and test

accuracies. The lines Minimum, Mean, and Maximum show the minimum, average, and

maximum accuracies across all our fine-tuned models. We observe that both the train and

test performance of our models approximates the reference models deployed in Hugging-

Face. Surprisingly, the fine-tuned Jigsaw models perform as well as its reference model that

was trained in 10 times more data from the same dataset.

Table C.4: Accuracy of the reference models from Hugging Face and our Fine-tuned models. The column
Toxigen represents the accuracy of the models fine-tuned in the Toxigen dataset. The column Jigsaw represents
the accuracy of the models fine-tuned in the Jigsaw dataset. The reference line shows the accuracy from the
models deployed in Hugging Face. The lines Minimum, Mean, and Maximum show the minimum, average,
and maximum accuracies across all our fine-tuned models.

Accuracy Data Split Toxigen Jigsaw

Reference
Train 96.0% 95.7%
Test 83.4% 95.3%

Minimum
Train 94.6% 93.6%
Test 83.4% 92.8%

Mean
Train 98.2% 96.6%
Test 85.0% 94.1%

Maximum
Train 99.8% 100%
Test 86.8% 100%

C.4 Further Experimental Results

In this section, we show the main results in the paper for difference values for the Rashomon

parameter given by the selection of confidence values for the CP method in Section 4.7.

Additionally, we also show arbitrariness and pairwise disagreement across demographics

for datasets.
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C.4.1 Arbitrariness with Different Confidences

We start by showing the pairwise disagreement and arbitrariness values for the testing

partition of Toxigen, DynaHate, SBF, and HateExplain. We show these results for two

different confidence levels in the CP method: 50% and 1%. When confidence is smaller,

more models are considered to be in the Rahsomon set but with a higher probability of

wrong model inclusion in the set.

Table C.5 shows pairwise disagreement and arbitrariness for a confidence level in the

CP method equal to 50% and Table C.6 shows results with confidence 1%. We observe that,

compared with Table 4.2, the disagreement and arbitrariness values of Tables C.5 and C.6

are higher as a consequence of models with higher error being included as samples of the

Rashomon set.

Table C.5: Average pairwise disagreement and arbitrariness in testing time for the Toxigen fine-tuned and
Jigsaw fine-tuned models in different datasets. The confidence in the CP methods was chosen to be 50% for a
more conservative analysis. 95% confidence intervals are shown using the standard error from the mean.

Toxigen Fine-Tuned Jigsaw Fine-Tuned
Dataset Pairwise Disagreement Arbitrariness Pairwise Disagreement Arbitrariness

Toxigen 6.8% ± 0.9% 28.8% ± 3.2% 4.5% ± 0.8% 16.2% ± 2.6%
DynaHate 8.4% ± 0.5% 34.3% ± 1.6% 6.1% ± 0.4% 22.7% ± 1.4%

SBF 8.6% ± 0.4% 35.4% ± 1.3% 7.3% ± 0.3% 25.1% ± 1.0%
HateExplain 8.0% ± 0.6% 32.3% ± 2.0% 8.8% ± 0.2% 30.7% ± 2.0%

Total 8.3% ± 0.2% 34.0% ± 0.8% 7.1% ± 0.2% 24.8% ± 0.7%

Table C.6: Average pairwise disagreement and arbitrariness for the Toxigen fine-tuned and Jigsaw fine-tuned
models in different datasets. The confidence in the CP methods was chosen to be 1%, including all fine-tuned
models.

Dataset Toxigen Fine-Tuned Jigsaw Fine-Tuned
Pairwise Disagreement Arbitrariness Pairwise Disagreement Arbitrariness

Toxigen 6.9% ± 0.9% 29.6% ± 3.2% 4.7% ± 0.8% 16.7% ± 2.6%
DynaHate 8.6% ± 0.5% 35.1% ± 1.6% 6.3% ± 0.4% 23.6% ± 1.4%

SBF 8.7% ± 0.4% 35.9% ± 1.3% 7.5% ± 0.3% 25.6% ± 1.0%
HateExplain 8.1% ± 0.6% 32.8% ± 2.0% 9.0% ± 0.6% 31.6% ± 2.0%
WikiDetox 6.3% ± 0.1% 26.5% ± 0.4% 1.3% ± 0.1% 4.7% ± 0.2%

Total 7.2% ± 0.2% 25.4% ± 0.7% 8.4% ± 0.2% 34.6% ± 0.3%
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C.4.2 Multiplicity Across Demographics

Here, we also show how arbitrariness and pairwise disagreement vary across different tar-

geted demographic groups. Figures C.4 and C.5 indicate that even under higher confidence

values, arbitrariness and disagreement are still non-uniformly distributed as showed in

Figure 4.4, leading to disparate algorithmic treatment.
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Figure C.4: Average pairwise disagreement and arbitrariness in different target groups for the fine-tuned
Toxigen and Jigsaw models. The results show the pairwise disagreement in percentage (x-axis) for the union of
four different datasets: DynaHate, SBF, Toxigen, and HateExplain. The results are shown for training and test
partitions of each dataset. The confidence in the CP methods was chosen to be 50% containing all fine-tuned
models, leading to the selection of 38 out of 40 Roberta models in the Rashomon set fine-tuned in the Toxigen
dataset and 17 out of 20 Jigsaw fine-tuned models.

C.4.3 Human vs. Model Arbitrariness

We also display the arbitrariness and pairwise disagreement values across unambiguous and

ambiguous toxic content. Recall that we consider unambiguous sentences the ones that all

human annotators agreed upon its toxicity and ambiguous when not all annotators classified

the sentence toxicity equally.

Figures C.6 and C.7 present the same pattern of higher arbitrariness and pairwise

disagreement in ambiguous sentences while also having a high arbitrariness and pairwise

disagreement in unambiguous sentences — and we discuss in Section 4.12.
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Figure C.5: Average pairwise disagreement and arbitrariness in different target groups for the fine-tuned
Toxigen and Jigsaw models. The results show the pairwise disagreement in percentage (x-axis) for the union of
four different datasets: DynaHate, SBF, Toxigen, and HateExplain. The results are shown for training and test
partitions of each dataset. The confidence in the CP methods was chosen to be 1% containing all fine-tuned
models, leading to the selection of 40 out of 40 Roberta models in the Rashomon set fine-tuned in the Toxigen
dataset and 20 out of 20 Jigsaw fine-tuned models.
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Figure C.6: Average pairwise disagreement and arbitrariness for Unambiguous and Ambiguous sentences
using the Toxigen fine-tuned and Jigsaw fine-tuned models. The table shows the pairwise disagreement
estimated values along with the 95% confidence intervals using the standard error from the mean. We
consider a sentence Ambiguous when at least one annotator labeled the sentence differently than others and
Unambiguous otherwise. The confidence in the CP methods was chosen to be 1%, including all fine-tuned
models in the above analysis.
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Figure C.7: Average pairwise disagreement and arbitrariness for Unambiguous and Ambiguous sentences
using the Toxigen fine-tuned and Jigsaw fine-tuned models. The table shows the pairwise disagreement
estimated values along with the 95% confidence intervals using the standard error from the mean. We
consider a sentence Ambiguous when at least one annotator labeled the sentence differently than others and
Unambiguous otherwise. The confidence in the CP methods was chosen to be 50%, including all fine-tuned
models in the above analysis.
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Appendix D

Appendix to Chapter 5

D.1 Proofs

D.1.1 Proof of Theorem 5.1

Proof: First, recall that

λi ≜ arg min
λ∈R

∑
(x,y)∈Dval

sh(x)∈Qi

∣∣∣∣∣∣SE(x, y)−MCm′
(x, y)

∣∣∣∣∣∣2
2

(D.1)

= arg min
λ∈R

∑
(x,y)∈Dval

sh(x)∈Qi

∣∣∣∣∣∣λAmor(x, y) + (1 − λ)MCm(x, y)−MCm′
(x, y)

∣∣∣∣∣∣2
2

. (D.2)

Note that the function in (D.2) is convex in λ; therefore, if the derivative of it with respect

to λ is zero, then the lambda that achieves the zero gradient is the minima. So, let’s derivate

(D.2) to find λi.
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0 =
d

dλ ∑
(x,y)∈Dval

sh(x)∈Qi

∣∣∣∣∣∣λAmor(x, y) + (1 − λ)MCm(x, y)−MCm′
(x, y)

∣∣∣∣∣∣2
2

(D.3)

= 2 ∑
(x,y)∈Dval

sh(x)∈Qi

λ||MCm(x, y)− Amor(x, y)||2 (D.4)

− 2 ∑
(x,y)∈Dval

sh(x)∈Qi

⟨MCm(x, y)−MCm′
(x, y), MCm(x, y)− Amor(x, y)⟩ (D.5)

From (D.5) we conclude the proof by showing that

λi = λ =

∑(x,y)∈Dval

sh(x)∈Qi

⟨MCm(x, y)−MCm′
(x, y), MCm(x, y)− Amor(x, y)⟩

∑(x,y)∈Dval

sh(x)∈Qi

||MCm(x, y)− Amor(x, y)||2 . (D.6)

□

D.1.2 Proof of Theorem 5.2

We start by stating the formal version of the informal statement presented in Theorem 5.2.

Theorem D.1 (λi ≈ λopt
i ) Let the Monte Carlo explanation used to provide recourse MCm to be

different enough from the amortized explainer, i.e., E||MCm(X, Y)− Amor(X, Y)||2 = µ > 0. Also,

assume that MCm′
is a good Monte Carlo approximation for the high-quality explainer Target, i.e.,

E||MCm′
(X, Y)− Target(X, Y)||2 = µ∗ for ϵ >

√
5µ∗

µ . Recall that x ∈ Rd. If the explanations are

bounded, i.e., ||MCm(x, y)||, ||Amor(x, y)||, ||Target(x, y)| < Cd for some C > 0 then

Pr[|λi − λopt
i | > ϵ] ≤ e

−µ2 |Qi |
4Cd + e

−µ4ϵ4 |Qi |
400Cd , (D.7)

where |Qi| is the number of points x in the validation dataset Dval that are in the bin Qi.

Proof: Denote |Qi| = |{(x, y) ∈ Dval, s.t. sh(x) ∈ Qi}|.
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We start by showing that if E||MCm(X, Y)− Amor(X, Y)||2 = µ then

Pr

 1
|Qi| ∑

(x,y)∈Dval

sh(x)∈Qi

||MCm(x, y)− Amor(x, y)||2 ≤ µ

2

 (D.8)

=Pr

µ − 1
|Qi| ∑

(x,y)∈Dval

sh(x)∈Qi

||MCm(x, y)− Amor(x, y)||2 ≥ µ

2

 (D.9)

≤e
−µ2 |Qi |

4Cd . (D.10)

Where the inequality in (D.10) follows from Hoeffding’s inequality and the fact that:

||MCm(x, y)− Amor(x, y)||2 ≤ ||MCm(x, y)||+ ||Amor(x, y)|| ≤ 2Cd. (D.11)

Second, we recall that E||MCm′
(X, Y)− Target(X, Y)||2 = µ∗ ≤ µ2ϵ2

5 . Then, we have that

Pr

 1
|Qi| ∑

(x,y)∈Dval

sh(x)∈Qi

||Target(x, y)− Amor(x, y)||2 ≥ ϵ2 µ2

4

 (D.12)

=Pr

 1
|Qi| ∑

(x,y)∈Dval

sh(x)∈Qi

||Target(x, y)− Amor(x, y)||2 − µ∗ ≥ ϵ2 µ2

4
− µ∗

 (D.13)

≤Pr

 1
|Qi| ∑

(x,y)∈Dval

sh(x)∈Qi

||Target(x, y)− Amor(x, y)||2 − µ∗ ≥ ϵ2 µ2

20

 (D.14)

≤e
−µ4ϵ4 |Qi |

400Cd . (D.15)

Where the inequality in (D.15) follows from Hoeffding’s inequality and the fact that:

||Target(x, y)− Amor(x, y)||2 ≤ ||Target(x, y)||+ ||Amor(x, y)|| ≤ 2Cd. (D.16)

Third, notice by directly applying Theorem 5.1 and replacing the Monte Carlo explana-
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tion by the high-quality explanation, we have that

λopt
i =

∑(x,y)∈Dval

sh(x)∈Qi

⟨MCm(x, y)− Target(x, y), MCm(x, y)− Amor(x, y)⟩

∑(x,y)∈Dval

sh(x)∈Qi

||MCm(x, y)− Amor(x, y)||2 . (D.17)

Hence, we can write λopt
i − λi as

|λopt
i − λi| (D.18)

=

∣∣∣∣∣∣∣∣
∑(x,y)∈Dval

sh(x)∈Qi

⟨MCm′
(x, y)− Target(x, y), MCm(x, y)− Amor(x, y)⟩

∑(x,y)∈Dval

sh(x)∈Qi

||MCm(x, y)− Amor(x, y)||2

∣∣∣∣∣∣∣∣ (D.19)

≤

(
∑(x,y)∈Dval

sh(x)∈Qi

||MCm′
(x, y)− Target(x, y)||22||MCm(x, y)− Amor(x, y)||22

)1/2

∑(x,y)∈Dval

sh(x)∈Qi

||MCm(x, y)− Amor(x, y)||2 , (D.20)

where the last inequality (D.20) comes from the Cauchy–Schwarz inequality. Denote the

denominator in (D.20) by ∆, i.e.,

∑
(x,y)∈Dval

sh(x)∈Qi

||MCm(x, y)− Amor(x, y)||2 = ∆.

Lastly, notice that MCm′
(x, y) is sampled independently of MCm(x, y) and that Target(x, y)
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is deterministic. Therefore:

Pr[|λopt
i − λi| ≥ ϵ] (D.21)

≤Pr


(

∑(x,y)∈Dval

sh(x)∈Qi

||MCm′
(x, y)− Target(x, y)||22||MCm(x, y)− Amor(x, y)||22

)1/2

∑(x,y)∈Dval

sh(x)∈Qi

||MCm(x, y)− Amor(x, y)||2 ≥ ϵ


(D.22)

≤Pr


∑(x,y)∈Dval

sh(x)∈Qi

||MCm′
(x, y)− Target(x, y)||22||MCm(x, y)− Amor(x, y)||22

∆2 ≥ ϵ2

 (D.23)

≤Pr


∑(x,y)∈Dval

sh(x)∈Qi

||MCm′
(x, y)− Target(x, y)||22||MCm(x, y)− Amor(x, y)||22

∆2 ≥ ϵ2

∣∣∣∣∣∣∣∣∆ ≤ µ

2


× Pr

[
∆ ≤ µ

2

]

+Pr


∑(x,y)∈Dval

sh(x)∈Qi

||MCm′
(x, y)− Target(x, y)||22||MCm(x, y)− Amor(x, y)||22

∆2 ≥ ϵ2

∣∣∣∣∣∣∣∣∆ >
µ

2


× Pr

[
∆ >

µ

2

]
(D.24)

≤Pr

 ∑
(x,y)∈Dval

sh(x)∈Qi

||MCm′
(x, y)− Target(x, y)||22||MCm(x, y)− Amor(x, y)||22 ≥ ϵ2 µ2

4


+ Pr

[
∆ ≤ µ

2

]
(D.25)

≤e
−µ2 |Qi |

4Cd + e
−µ4ϵ4 |Qi |

400Cd . (D.26)

Where the inequality in (D.22) is a direct application of D.20, the inequality in (D.24) comes

from simply conditioning, the inequality in (D.25) comes from the fact that probabilities

are bounded by one getting rid of the first term in (D.25) (first out of lines) and the fourth

term in (D.25) (forth out of lines) and the fact that MCm′
(x, y) is sampled independently of

MCm(x, y) and that Target(x, y) is deterministic. Finally, the last inequality in (D.26) comes
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from applying (D.10) and (D.15).

Hence, from (D.26), we conclude that

Pr[|λopt
i − λi| ≥ ϵ] ≤ e

−µ2 |Qi |
4Cd + e

−µ4ϵ4 |Qi |
400Cd . (D.27)

□

D.2 Further Details on MExGen

This appendix provides more details on the MExGen framework that are of a more general

nature. For parameter settings and other details specific to our experiments, please refer to

Appendix D.3.

D.2.1 Scalarizers

Vocabulary-wide logits The inputs x in our case are perturbed versions of the original

input xo. Some of these perturbations however may be significantly different semantically

and cause the probability of generating the target output yo to decrease dramatically. For

this reason, the Log Prob scalarizer may require access to logits for improbable tokens

conditioned on x, which can be ensured if logits are available for the entire vocabulary, but

not if only the top k logits are provided.

Aggregation for Log Prob scalarizer As alternatives to the average over the output se-

quence in (5.1), other ways of aggregating include using the sum or taking the product

or geometric mean of the probabilities. We choose the average to normalize for sequence

length and because log probabilities tend to be a more “linear” function of inputs than

probabilities.

BERTScore BERTScore uses an LM to obtain contextual embeddings for the tokens in y

and yo, matches the two sets of embeddings based on cosine similarity, and computes a

score to quantify the degree of match.
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SUMM scalarizer We investigated the code behind the abstractive summarization example

[232] in the SHAP library, and specifically the TeacherForcing class that it uses in the

text-only API setting. Our understanding of the code is that it obtains proxy log-odds for

tokens in the target output yo by taking log-odds from an auxiliary summarization model

fSUMM, with input y and output set to yo. If we then average the log-odds over the tokens in

yo (similar to (5.1)), the result is similar to the BART scalarizer with fBART = fSUMM (with

a possible discrepancy between log-odds versus log probabilities). Our experiments show

that the BART and SUMM scalarizers are indeed very similar.

Log NLI scalarizer This scalarizer is based on the intuition that Log NLI entailment is a

kind of similarity. We use the NLI model to predict the log-odds of entailment given yo as

premise and y as hypothesis, and optionally in the other direction as well. If both directions

are used, we take the geometric mean of the two entailment probabilities and then convert

back to log-odds. We note that bi-directional entailment has been used to approximate

semantic equivalence, for example in Kuhn et al. [146], but here we use the log-odds scores

and not just the predicted labels.

D.2.2 Phrase Segmentation

Here we describe the phrase segmentation algorithm mentioned in Section 5.4.2. The

algorithm starts with the root token of the tree and checks whether each child subtree of the

root is shorter (in terms of tokens) than a maximum phrase length parameter. If it is shorter,

then the subtree constitutes a phrase, and if it is not, the algorithm is recursively applied

to the subtree. The root of each (sub)tree is also taken to be a phrase. Once the sentence

has been recursively segmented into phrases in this manner, a second pass is performed

to re-merge some phrases that have become too fragmented, thus controlling the number

of phrases which is desirable for computation and interpretation. Specifically, phrases

that constitute noun chunks (as identified by spaCy) are merged, and certain single-token

phrases are merged with their neighbors. Further notes:
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• Subtrees of the dependency parse tree are usually contiguous spans of text (in English),

but sometimes they correspond to multiple spans. In this case, we treat each span as

its own subtree since we wish to have contiguous phrases.

• In measuring the token length of a span, we do not count punctuation or spaces.

• In merging phrases that fall within a noun chunk, we check conditions that are

consistent with noun chunks, for example that there is a root phrase that is a single

token (the noun), and that the other phrases are children of the root phrase.

• For merging single-token phrases with their neighbors, we use the following criteria:

– The single-token phrase (singleton) is a non-leaf phrase (is the parent of other

phrases) or a coordinating conjunction.

– If the singleton is a coordinating conjunction (e.g. “and”), the neighbor is a

corresponding conjunct (e.g. “Bob” in “Alice and Bob”).

– If the singleton is a preposition (e.g. “to”), the neighbor is a child of the preposi-

tion (e.g. “the store” in “to the store”).

– If the singleton is of some other type, the neighbor is a leaf phrase and is either

adjacent to the singleton or a singleton itself.

– The merged phrases do not exceed the maximum phrase length parameter.

D.2.3 L-SHAP

This local variation of SHAP was proposed by Chen et al. [38] to decrease the number of

model inferences relative to SHAP, which requires exponentially many inferences. In our

context, L-SHAP does so by only perturbing units that are within a constant-size neighbor-

hood of the current unit being attributed to. This makes the number of inferences scale

linearly with the number of units. More precisely, for unit of interest s ∈ [d], we consider

only the radius-M neighborhood N M
s = {s − M, . . . , s − 1, s + 1, . . . , s + M} (truncated to
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1, . . . , d if necessary) and subsets of N M
s with cardinality up to K. Then the attribution score

ξs for unit s is given by

ξs =
1

K + 1 ∑
A⊆N M

s :|A|≤K

(
|N M

s |
|A|

)−1 (
S(x(A); yo, f )− S(x(A∪{s}); yo, f )

)
, (D.28)

where x(A) is a perturbation of xo in which units j ∈ A are perturbed (just dropped in

our work).

D.3 MExGen Evaluation Details

This appendix documents choices and parameter settings used in the experiments in Sec-

tion 5.5. We follow the order of presentation in Section 5.5.1: datasets and LM inference,

choices for the MExGen framework (Appendix D.3.3), baseline attribution methods (Ap-

pendix D.3.4), perturbation curve details, and computing environment.

D.3.1 Datasets

The GitHub repository1 that enables the XSUM dataset [191] to be rebuilt is made available

under the MIT license. The CNN/DM dataset [224] is made available by HuggingFace2

under the Apache-2.0 license. Both datasets are intended for abstractive summarization,

which is how we use them. Both datasets consist of news articles and thus contain the

names of individuals. Since these names were reported by the media in the original articles,

they are already in the public domain and there is no further issue.

SQuAD is distributed under the CC BY-SA 4.0 license. The dataset is intended for

evaluating reading comprehension by answering questions on the contexts in the dataset,

which is how we use it as well. Since the contexts are taken from Wikipedia articles, some

of them name individuals, but again these articles are already in the public domain. We

1https://github.com/EdinburghNLP/XSum

2https://huggingface.co/datasets/abisee/cnn_dailymail
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selected 1000 validation set examples at random from SQuAD because selecting the first

1000 examples yielded insufficient diversity. Please see the supplemental JSON file that lists

the example indices.

D.3.2 Language model inference

DistilBART and Flan-T5-Large The two models that we treated as providing full logit

access, DistilBART and Flan-T5-Large, were downloaded from HuggingFace under the

Apache-2.0 license. The DistilBART model was trained on the summarization datasets

XSUM and CNN/DM, and we use it for summarization. Flan-T5-Large is a general-purpose

LM intended for research on LMs, consistent with our use.

The models were called through their .generate method. For generating the original

(target) output (corresponding to the original input), max_new_tokens was set to None (i.e.,

the default). When using the text-only scalarizers, perturbed output texts (corresponding

to perturbed inputs) are also generated, and for these, max_new_tokens was set to 1.5

times the number of tokens in the target output. The Log Prob scalarizer computes the log

probability of generating the target output, so max_new_tokens is not needed in this case.

All other hyperparameters were left at default settings (for example greedy decoding was

used).

Flan-UL2 and Llama-3 Flan-UL2 and Llama-3-8B-Instruct are general-purpose LMs. Flan-

UL2 is distributed by HuggingFace under the Apache-2.0 license while Llama-3 is dis-

tributed under its own Meta Llama 3 Community License.3 We however accessed Flan-UL2

and Llama-3 using an API service, whose name and other details we will disclose upon

acceptance and de-anonymization of this paper. For these API calls to Flan-UL2 and

Llama-3-8B-Instruct, we used greedy decoding and max_new_tokens = 100.

3https://www.llama.com/llama3/license/
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D.3.3 MExGen

Scalarizer models The text-only scalarizers presented in Section 5.4.1 can be instantiated

with different models. The ones used in our experiments are as follows:

• “Sim”: We use the all-MiniLM-L6-v2 embedding model from the SentenceTransformers

package [208].4

• “BERT”: We use the model deberta-v2-xxlarge-mnli5 [103] to compute BERTScore [275]

(MIT license). This is the same model that we use for the Log NLI scalarizer. Our initial

reason for doing so was to see whether the two scalarizers would be very similar

because of this choice (they are not as they operate on different principles). We take

the F1-score output as the BERTScore.

• “BART” and “SUMM”: For “SUMM”, we follow SHAP [232] in using the same

distilbart-xsum-12-6 model as both the scalarizing summarization model as well

as the primary summarization model to explain. For “BART”, i.e., BARTScore [272],

we use the code6 from the authors and also instantiate it with the distilbart-xsum-12-6

model. The purpose was to determine whether the “BART” and “SUMM” scalarizers

are very similar when instantiated with the same model, which is indeed the case.

• “Log NLI”: As mentioned above, we use deberta-v2-xxlarge-mnli as the Log NLI model.

We also choose to compute the Log NLI entailment probability in both directions and

take the geometric mean of the two before taking the logit.

All other parameters of these scalarizers are kept at default values.

Linguistic segmentation As mentioned in Section 5.4.2, we use spaCy v3.6 [108] (dis-

tributed under the MIT license) for sentence and word segmentation. Our custom phrase

4This model can be found at https://huggingface.co/sentence-transformers/
all-MiniLM-L6-v2 and is distributed under the Apache-2.0 license.

5This model can be found at https://huggingface.co/microsoft/deberta-v2-xxlarge-mnli
under the MIT license.

6https://github.com/neulab/BARTScore, Apache-2.0 license
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segmentation algorithm has one main parameter, the maximum phrase length, which we set

to 10 spaCy tokens (not counting spaces and punctuation). We exclude non-alphanumeric

units (generally punctuation) and prompt template elements (for example start-of-message

and end-of-message tokens) from attribution. For QA, we allow only the context to be

attributed to.

Multi-level explanations The decision here is how many top sentences are refined into

phrases in the summarization experiments and into words in the QA experiments. For

summarization with the DistilBART model, this is determined by first normalizing the

sentence-level attribution scores to the range [−1, 1] and then choosing sentences with

absolute attribution scores above a threshold. The threshold is 1/3 for C-LIME and LOO

and 0.3 for L-SHAP. If more than three sentences have scores above the threshold, we take

only the top three. For summarization with Flan-UL2 and Llama-3, we take the top 25% of

sentences with highest attribution scores, rounding the number of sentences to the nearest

integer and ensuring at least one sentence. For QA, we simply take the top 1 sentence as

the context paragraphs in SQuAD tend to have only a handful of sentences.

C-LIME For C-LIME, the parameters controlling the perturbations are the constant of

proportionality between the number of perturbations n and number of units d, and the

maximum number of units K perturbed at one time. For the smaller DistilBART and

Flan-T5-Large models, n/d is set to 10 and K to 3, except for sentence-level attributions on

SQuAD where K = 2. For Flan-UL2 and Llama-3-8B-Instruct, since inference is more costly,

we use K = 2 and n equal to the number of phrases for the summarization datasets and n

equal to the number of words for SQuAD. This corresponds to a ratio n/d ≈ 5.

C-LIME has two additional aspects to consider:

Sample weighting: (π(z) in (5.2)) Since we limit the number of units K that are simul-

taneously perturbed to a small integer, we also no longer use LIME’s sample weighting

scheme. Instead, we give each subset cardinality k = 0, . . . , K the same total weight (say 1

without loss of generality), and then distribute this weight uniformly over the subsets of
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that cardinality.

Regularization: Different regularizers R(w) can be used in (5.2), e.g. ℓ2 or ℓ1. In our

experiments however, we do not regularize (i.e., R(w) ≡ 0) and compute a fully dense

solution. This allows all units to be ranked to facilitate evaluation of perturbation curves.

L-SHAP For L-SHAP, the two main parameters are the local neighborhood radius M

and the maximum number of units K perturbed at one time. For the DistilBART and

Flan-T5-Large models, we take M = 2, and for Flan-UL2 and Llama-3, M = 1. K is set to

2 throughout. Note that the latter does not include the unit of interest, so altogether the

maximum is 3.

D.3.4 Baseline attribution methods

PartitionSHAP We set the number of model queries (parameter max_evals) to be

approximately equal to the number used by our L-SHAP and C-LIME algorithms. More

specifically, since obtaining mixed-level attributions with MExGen requires first performing

sentence-level attribution, we add the numbers of queries used during sentence-level and

mixed-level attribution. We then take the larger of these two sums for L-SHAP and C-LIME

as the number of queries allowed for PartitionSHAP. All other parameters were kept at their

default values in the SHAP library.7

CaptumLIME The number of model queries was also set as described above for PartitionSHAP.

As discussed in Section 5.5.1, the units for attribution are the same as used by MExGen

C-LIME. All other parameters were kept at their default values in the Captum library.8

7https://github.com/shap/shap, made available under the MIT license

8https://github.com/pytorch/captum, distributed under the BSD 3-Clause license
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D.3.5 Perturbation curves

MExGen can attribute to mixed units of different lengths in terms of the number of tokens,

and these units also differ from those produced by P-SHAP. To account for these differences

in computing perturbation curves, we consider both the attribution score and the number of

tokens for each unit. We rank units in decreasing order of the attribution score divided by

the number of tokens (since we plot perturbation curves as functions of tokens perturbed,

this ratio can be seen as the slope in the score-tokens plane). Thus, a shorter unit is ranked

higher than a longer unit if both have the same attribution score. We then perturb (more

precisely remove) the top k units, compute the output score given by the evaluation scalarizer,

and increase k until at least 20% of the tokens have been removed.

To average perturbation curves over examples, which have different numbers of tokens,

we divide the numbers of tokens perturbed by the total number for each example to obtain

percentages of tokens. We then linearly interpolate onto a common grid of percentages

before averaging and computing standard errors.

D.3.6 Computing environment

Experiments were run on a computing cluster providing nodes with 32 GB of CPU memory,

V100 GPUs with 32 GB of GPU memory, and occasionally A100 GPUs with 40 or 80 GB of

GPU memory. One CPU and one GPU were used at a time. The total computation time is

estimated to be 300 hours.

D.4 Additional Experimental Results for MExGen

D.4.1 Scalarizer Evaluation

On the Cosine Similarity of Explanations Figure D.1 shows the cosine similarity be-

tween all the pairs of scalarizers we use. We show the cosine similarity between the

explanations of each method to analyze how aligned the explanations are from differ-

ent scalarizers. Each text input x = x1, ..., xd receives a multi-level explanation given by
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Figure D.1: Spearman’s rank correlation and cosine similarity for different explanation methods in varying
datasets.

ξS(x) = (ξS(x)1, ..., ξS(x)d) ∈ Rd where each ξS(x)i represents the contribution of unit i to

the model prediction scalarization computed using the scalarizer S. We define the cosine

similarity between scalarizers S and S′ as the average of the cosine similarities between the

explanations for all available input texts, i.e.,

CosSim(S, S′) ≜
1
|X| ∑

x∈X

⟨ξS(x), ξS′(x)⟩
||ξS(x)||||ξS′(x)|| .

Figure D.1 (a) shows the cosine similarities for the scalarizers used by MExGen C-Lime

to explain the predictions of the DistilBert model in the XSUM dataset. Figure D.1 (b) shows

the cosine similarities for the scalarizers used by MExGen L-SHAP to explain the predictions

of the Flan-T5-Large model on the SQUaD dataset.

Similarity Across Scalarizers. Figure D.1 indicates that, although some scalarizers lead to

similar model explanations, there are occasions where scalarizers are more dissimilar. More-

over, the similarities between scalarizers not only depend on the scalarizer itself but also on

the model and dataset being explained. For example, Figure D.1 (b) shows that when using

MExGen L-SHAP to provide explanations for the predictions in the XSUM dataset using Dis-

tilBrat, the scalarizers BERT and SUMM are fairly similar (CosSim(SBERT, SSUMM) = 0.96).

On the other hand, looking at the same pair of scalarizers but for MExGen LIME to provide
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explanations to the predictions in the SQUaD dataset using Flan-T5-Large, BERT and SUMM

are more dissimilar (CosSim(SBERT, SSUMM) = 0.82). This result highlights the necessity of

exploring different scalarizers to explain natural language generation, taking into account

the task being performed and the main objective of the explanation, i.e., target scalarization.

Similarity to Logits. In the SHAP library, SUMM is proposed to provide explanations to

LLMs that do not provide access to the logits — hence, the main objective of SUMM is to

approximate the explanations for the logit when it is not available. However, Figure D.1

shows that SUMM is not always the best scalarizer for approximating the explanations that

would be given if logits were available. For example, Figure D.1 (a) shows that the similarity

between SUMM and logit is near 0.61. In contrast, Figure D.1 (b) shows that the similarity

between the explanations generated using SUMM as scalarizer has a similarity of 0.78 with

the onex generated using logits.

We are also aware that only comparing the similarities between explanations might not

be enough; once, many researchers use the scores to compute the ranking of the importance

across all input features (input text units here). For this reason, next, we compare Spearman’s

rank correlation to measure the rank stability across different scalarizers.

Similarity to Log Probability Scalarizer. In the SHAP library, SUMM is proposed to provide

explanations when access to logits is not available. However, Figure 5.3 shows that SUMM

is not always the best scalarizer for approximating the explanations that would be given if

logits were available. For example, Figure 5.3 (a) shows the ranking correlation between the

scalarizer and the Log Prob scalarizer is higher for BERT score. Figure 5.3 (b) shows that the

rank generated by both the explanations generated using SUMM and BERT scalarizer are

equally similar to the rank of explanations using the Log Prob scalarizer.

Perturbation curves for different combinations of scalarizers Figures D.3, D.4, D.5 show

the perturbation curve for different scalarizations.
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(b) Flan-UL2 on CNN/DM
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(c) Llama-3 on XSUM
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Figure D.2: Perturbation curves (higher is better) from different explanation methods for additional models
and datasets: (a) Flan-UL2 on XSUM, (b) Flan-UL2 on CNN/DM, (c) Llama-3-8B-Instruct on XSUM, (d)
Llama-3-8B-Instruct on SQuAD. Shading shows standard error in the mean.

D.4.2 Comparison Between Explainers

Figure D.2 compares the perturbation curves from MExGen instantiations and P-SHAP for

additional model-dataset pairs. The patterns are similar to those in Figure 5.5. The one

exception is in Figure D.2b where P-SHAP attains a larger SUMM decrease as more tokens

are perturbed, but the MExGen curves are still higher for the top 5% of tokens.
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(c) SUMM Score as Evaluation

Figure D.3: Perturbation curves for MExGen L-SHAP with different scalarizers, used to explain the
DistilBART model on the XSUM dataset. The curves show the decrease in (a) log probability, (b) BERTScore,
and (c) SUMM score when removing the most important p% of tokens according to each explanation scalarizer.
Shading shows standard error.
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(c) SUMM Score as Evaluation

Figure D.4: Perturbation curves for MExGen C-LIME with different scalarizers, used to explain the Flan-
T5-Large model on the SQuAD dataset. The curves show the decrease in (a) log probability, (b) BERTScore,
and (c) SUMM score when removing the most important p% of tokens according to each explanation scalarizer.
Shading shows standard error.

D.5 Further Details on Selective Explanations

D.5.1 Selecting Coverage for a Given Inference Budget

Determining Coverage from Inference Budget: Providing explanations with initial guess

increases the number of model inferences from 1 when using solely the amortized explainer

to n + 1. However, a practitioner may have a budget of inferences, i.e., a maximum average

number of inferences they are willing to perform to provide an explanation. We formalize
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(c) SUMM Score as Evaluation

Figure D.5: Perturbation curves for MExGen L-SHAP with different scalarizers, used to explain the Flan-
T5-Large model on the SQuAD dataset. The curves show the decrease in (a) log probability, (b) BERTScore,
and (c) SUMM score when removing the most important p% of tokens according to each explanation scalarizer.
Shading shows standard error.

the notion of inference budget in Definition D.1.

Definition D.1 (Inference Budget) Denote by N(SE(x, y)) the number of model inferences to

produce the explanation SE(x, y). The inference budget Nbudget ∈ N is the maximum average

number of inferences a practitioner is willing to perform per explanation, i.e., it is such that

Nbudget ≥ EN(SE(x, y)). (D.29)

Once an inference budget Nbudget is defined, the coverage α should be set to follow it.

In Proposition D.1, we show the minimum coverage for the selective explanations to follow

the inference budget.

Proposition D.1 (Coverage for Inference Budget) Let Nbudget ≥ 1 be the inference budget,

and assume that the Monte Carlo method MCn(x, y) uses n model inferences. Then, the coverage

level α should be chosen such that

n + 1 − Nbudget

n
= min

α∈[0,1]
α, such that EN(SE(x, y)) ≤ Nbudget. (D.30)

Recall that SVS-m performs n = 1 + dm inferences (x ∈ Rd), and KS-m performs n = m inferences.
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D.6 Additional Experimental Results for Selective Explanations

In this section, we (i) give further implementation details and (ii) discuss further empirical

results.

D.6.1 Experimental Setup

High-Quality Explanations: We define the high-quality explanations for the tabular

datasets to be given by Kernel Shap with as many inferences as needed for convergence,

using the Shapley Regression library [50]. For the textual dataset, following [269], we define

the high-quality explanations to be given by Kernel Shap using 8912 model inferences per

explanation.

Amortized Explainers: For the tabular datasets, we use the amortized explainer from [49].

Specifically, we use a multilayer perceptrom model architecture to learn the shapley values

for the tabular datasets. For the textual datasets, we use the linear regression on token-level

textual embeddings to learn the shapley values. Both amortized models learn from the

training dataset of explanations generated using Shapley Value Sampling from the Captum

library [142] with parameter 12, i.e., SVS-12.

Uncertainty Metrics: We test the two proposed uncertainty metrics in Section 5.7, namely,

deep uncertainty and uncertainty learn. For deep uncertainty, we run the training pipeline

for the amortized explainers 20 times for each dataset we perform experiments on, resulting

in 20 different amortized explainer that we use to compute (5.7). For uncertainty learn,

we use the multilayer perceptrom as the hypothesis class with only one hidden layer. The

hidden layer was composed of κ = 3d neurons where d is the dimension of the input vector

x ∈ Rd. The uncertainty learn metric was trained on Dtrain, the same training dataset as

the amortized explainers.
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Dataset sizes: We use 4000 samples from each dataset due to computational limitations on

the computation of high-quality explanations used to evaluate selective explanations. All

explanations were computed using the Captum library [142]. The dataset D with N = 4000

samples was partitioned in three parts, Dtrain with 50% of points, Dcal with 25% of points,

and Dtest with the other 25% of points.

Computational Resources: All experiments were run in a A100 40 GB GPU. For each

dataset, we compute different Monte Carlo explanations. For the UCI-News dataset, the high

quality explanations took 4:30 hours to be generate until convergence while for UCI-Adult

it took 3:46 hours. For the tabular datasets, all other Monte Carlo explainers were generated

in less than 1 hour. For the language models, the high-quality explanations with 8192 model

inferences, took 18:51 hours for the Toxigen dataset and 20:00 hours for the Yelp Review

datasets. The other used Monte Carlo explanations took proportional (to the number of

inferences) time to be generated.

D.6.2 Uncertainty Measures Impact on Spearman’s Correlation

Figure D.6 shows in the x-axis the coverage (α) and in the y-axis the average Spearman’s

correlation of the selected amortized explanations from high-quality explanations using deep

uncertainty (with 20 models) and the uncertainty learn to select low-quality explanations.

The Oracle9 is computed by sorting examples by the smallest to higher MSE and computing

the average Spearman’s correlation in the bottom x-axis points accordingly to the MSE and

is the best that can be done in terms of MSE.

Figure D.6 shows that the Oracle and proposed uncertainty metrics don’t always select

the points with the smallest Spearman’s correlation first. This implies that MSE and

Spearman’s correlation don’t always align, i.e., there are points with high MSE and high

Spearman’s correlation at the same time. However, we note that the uncertainty learns

selector can be applied to any metric ℓ as we define in (5.8) including Spearman’s correlation

9The oracle is computationally expensive because it requires access to high-quality explanations.
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Figure D.6: Coverage vs. Spearman’s correlation from the high-quality explanation. Coverage is the percentage
of the points that the selection function predicts that will receive a higher-quality explanation, i.e., τt(x) = 1.
When coverage is 100% Spearman’s correlation is the average performance for the amortized explainer.

and any combination of Spearman’s correlation and MSE aiming to approximate both

metrics. Moreover, when the smallest MSE aligns with the highest Spearman’s correlation,

i.e., the oracle is decreasing in Spearman’s correlation when the coverage increases (Figure

D.6 (a) and (c)), the proposed uncertainty metrics also accurately detect the low-quality

explanations in term of Spearman’s correlation.

D.6.3 The Effect of Explanations with Initial Guess

In Figure D.7 we compare explanations with initial guess (Definition 5.2) to only using the

Monte Carlo to provide recourse to the low-quality explanaitons, i.e., λh = 0 we call it Naive.

In all tested cases, Spearman’s correlation of the Monte Carlo method is comparable to or

larger than the amortized explainer. Although selective explanations optimized for MSE

by using explanations with initial guess (Definition 5.2), we observe that the Spearman’s

correlation of selective explanations is close to or larger than the naive method, once again,

demonstrating the efficacy of selective explanations.

D.6.4 Performance of Explanation with initial guess in the worst explanations

Figure D.8 shows the Spearman’s rank correlation of selective explanations for the points

receiving explanations with the smallest correlation. The figure shows that selective ex-
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Figure D.7: Fraction of the population that receive explanations with initial guess (x-axis) vs. their Spearman’s
correlation from the high-quality explanations (y-axis). Naive uses λh = 0 while initial guess uses explanations
with initial guess, i.e., when λh is given in (5.15).
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Figure D.8: Spearman’s correlation for the 5% of explanations with the smallest correlation in the test dataset
(y-axis) for selective explanations with varying fraction of points with extra computations (x-axis). Selective
explanations are shown in (i) black solid bar using the Learned uncertainty and (ii) striped black bar using
Deep uncertainty. Dashed red line shows the MSE of amortized explanations in worst 5% explanations.

planations significantly decrease the worst-case Spearman’s rank correlation of amortized

explanations. With just 20% coverage the Spearman’s rank correlation increases consistently

across datasets. Remarkably, when providing explanations with initial guess for 50% of the

samples in the Yelp dataset (Figure D.8 (c)), selective explanations result in explanations

with positive correlation with target explanations in the worst 5%. At the same worst 5% of

points, amortized explanations are negatively correlated with target explanations.

D.6.5 Performance for Different Monte-Carlo Explainers

Figure D.9 shows how the MSE and Spearman’s correlation behave accordingly with the

quality of the Monte Carlo explainer. We compare Kernel Shap and Shapley Value Sampling
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Figure D.9: MSE (top) and Spearman’s correlation (bottom) for selective explanations using different Monte
Carlo explainers.

in all experiments. We observe that when the quality of the Monte Carlo explainer increases,

the quality of the Selective explanation also increases, i.e., the MSE decreases and the

Spearman’s correlation increases. Moreover, we also observe diminishing returns, i.e., after

a certain point, increasing the quality of the Monte Carlo explanations doesn’t lead to a

tailored increase in performance. For example, observe the SVS method in the tabular

datasets Figure D.9 (a) and (b). We also observe that providing explanations with initial

guess has a high impact on both Spearman’s correlation and MSE when only providing

recourse toa small fraction of the population. For example, when providing explanations

with initial guess for 20% of the population using SVS-12 in the Yelp Review dataset, Figure

D.9 (c), increases the Spearman’s correlation in more than 50% (from 0.2 to more than 0.3).

D.6.6 Time Sharing Using Selective Explanations

Figure 5.10 presents the trade-off between number of inferences per explanation and MSE

from target explanations using selective and Monte Carlo explanations.The MSE decreases
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with the number of inferences and selective explanations Pareto dominates Monte Carlo

explanations. We also show an "Oracle" that knows a priori how to optimally route samples

in terms of MSE and inferences. We simulate this oracle by pre-computing SVS explanations

with parameters 12, 25, and 50, and selecting the one with the smallest MSE from the

target SHAP explanation while maintaining the average number inferences shown in x-axis.

Remarkably, Fig. 5.10 shows that selective explanations closely approximate the Oracle

curve, indicating that, on these benchmarks, our method has a near-oracle trade-off between

the number of inferences and MSE.
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Figure D.10: Number of inferences (x-axis) vs. MSE (y-axis). Black curve shows the performance of
selective explanations using Learned uncertainty. Purple curve connects Shapley Value Sampling (SVS)
with parameters 12, 25, and 50 sequentially until all samples receive SVS-50 explanations and amortized
explanations. The red curve is a the Oracle that optimally trades off MSE and inferences
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