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The stabilization of the Frobenius-Hecke traces on the intersection cohomology

of orthogonal Shimura varieties

Abstract

The orthogonal Shimura varieties are associated to special orthogonal groups over Q
of signature (n,2) at infinity. In this work we prove a version of Morel’s formula for the
Frobenius-Hecke traces on the intersection cohomology of their Baily-Borel compactifications.
We then stabilize the formula, in terms of Kottwitz’s simplified expression for the geometric

side of the Arthur-Selberg trace formula for test functions that are stable cuspidal at infinity.
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Introduction

0.1 Motivation

Initiated by the work of Eichler, Shimura, Kuga, Sato, and Thara, among others, the problem
of determining the Hasse-Weil zeta functions of Shimura varieties in terms of automorphic
L-functions has received continual study, and it has been one of the central problems in the
Langlands program. The so-called Langlands-Kottwitz method to tackle this problem seeks
to express Frobenius-Hecke traces on the cohomology of Shimura varieties in terms of the
stable Arthur-Selberg trace formula. Kottwitz [40] formulates this conjectural expression
precisely, and it is this conjecture that we confirm for orthogonal Shimura varieties in this
work.

Before the more precise discussion, we mention that there are at least two main motiva-
tions for studying the Hasse-Weil zeta functions of Shimura varieties. Firstly, the structures
of these functions, or more generally the structures of the étale cohomology of Shimura vari-
eties, reflect the reciprocity between automorphic representations and Galois representations
(or more generally motives) predicted by Langlands. Understanding of such structures would
serve as a key step in establishing cases of global Langlands correspondences. Secondly, it
is conjectured in general that Hasse-Weil zeta functions of algebraic varieties over number
fields should satisfy good analytic properties, such as meromorphic extension and functional
equation. The only known way to prove this conjecture is to relate the zeta function in
question to automorphic L-functions. Apart from essentially zero dimensional examples, the
only known cases fall into the categories of either abelian varieties or Shimura varieties.

To calculate the Hasse-Weil zeta functions of general Shimura varieties, the original
method used by Eichler and Shimura in the one dimensional case, that of congruence re-
lations, turns out to be insufficient for generalization. Langlands [49][50][51] and Kottwitz

[40][41] have developed the strategy of comparing the Grothendieck-Lefschetz trace formula



for Shimura varieties and the stable Arthur-Selberg trace formula. In the following we recall

the precise conjectures of Kottwitz [40].

0.2 Precise conjectures

Let (G,X) be a Shimura datum of reflex field E. For a neat open compact subgroup

K C G(Ay), we obtain the canonical model

which is a smooth quasi-projective algebraic variety over E. Consider the Baily-Borel com-

pactification (also known as minimal compactification)

Shy = Shy (G, X)

of Shi (G, X). This is a normal projective variety over F containing Shx as an open subva-
riety. Let
IH* = TH"(Shg)

be (the formal alternating direct sum of) the (étale) intersection cohomology of Shy x Spec E

with coefficients in an automorphic A-adic sheaf. More precisely,

IH" = H, (Shx x Spec E, (ju(FX V[n]))[-n]),

where j : Shx < Shy is the open embedding and FEV is the A-adic automorphic sheaf on
Shg associated to an algebraic representation V of Gg. In this introduction we may assume
for simplicity that V is trivial and A = [ is a rational prime, so that F{V = Q. Let p # [ be

a hyperspecial prime for K, in the sense that K = K,K? with K, C G(Q,) a hyperspecial



subgroup and K? C G(A?) a compact open subgroup. There are commuting actions of the
prime-to p Hecke algebra H(G/(A%)//K?) and Gal(E/E) on TH". Fix f»>~ € H(G(A})//KP),

and let ® = ®, be the geometric Frobenius of a place p of F lying above p. Let j € N.

Conjecture 1 (Kottwitz, cf. [40] §10). The action of Gal(E/E) on TH* is unramified at p,

and under simplifying assumptions we have

(0.2.1) Te(f7> x ®|TH) = Y " o(G, H)ST" ().

H

In the summation H runs through the elliptic endoscopic data of G. For each H the test
function f7 € C*(H(A),C) is explicitly chosen in terms of its stable orbital integrals, and

STH is the geometric side of the stable trace formula.
In fact, Kottwitz also formulates the following conjecture:

Conjecture 2 (Kottwitz, cf. [40] §7). Let H} be the compact support étale cohomology of
Shx x Spec E. The action of Gal(E/E) on HY is unramified at p, and under simplifying

assumptions we have

(0.2.2) Te(f7> x &7\ Hy) = > o(G, H)ST (7).
H

Here H and f¥ are the same as in Conjecture 1, and ST is the elliptic part of STH.

Compared to (0.2.1), both sides of (0.2.2) in Conjecture 2 are easier to compute, at least
from a group theoretical point of view. In fact, Kottwitz ([40][41]) uses the Grothendieck-
Lefschetz trace formula to compute the LHS of (0.2.2) for certain PEL Shimura varieties,
by counting (virtual) abelian varieties with additional structures over finite fields. For these

Shimura varieties Kottwitz proves that the LHS of (0.2.2) is equal to a group theoretical



expression of the form

(0.2.3) > e(70:7, )05 (f7°°)T05(¢) Tr(70, V)

(70,7,6)

involving orbital integrals and twisted orbital integrals on GG. He conjectures that the LHS
of (0.2.2) is equal to (0.2.3) in general (under group theoretical simplifying assumptions).
He then stabilizes (0.2.3) in [40], in the sense that he finds out the definitions of the test
functions f¥ and proves that (0.2.3) is equal to the RHS of (0.2.2). ' Here the RHS of
(0.2.2) has a relatively simple definition in terms of stable orbital integrals.

The motivation for formulating Conjecture 1 in addition to Conjecture 2 is mainly due
to the fact that in general it is difficult to extract spectral information from STH. Thus
it is natural to replace STH by STH  of which ST can be viewed as the leading term in
a suitable expansion. On the LHS of (0.2.1), the motivation for introducing IH" is from
Arthur’s work on L2-cohomology and Zucker’s conjecture. Recall that Zucker’s conjecture
(proved by Looijenga and Saper-Stern) states that TH" is isomorphic to the L2-cohomology
of Shi(C) as Hecke modules. Arthur [1] shows that the trace of a Hecke operator on the
L2-cohomology of an arbitrary locally symmetric space can be expressed in terms of his
wnwvariant trace formula, and an analogue of Conjecture 1 without the Frobenius follows from
Arthur’s stabilization of the invariant trace formula ( [3]|2][4]). We mention that Goresky-
Kottwitz-MacPherson [18] prove the same formula as [1] for the trace of a Hecke operator on
the intersection cohomology. Thus Conjecture 1 can be regarded as a refinement of the work
of Arthur and Goresky-Kottwitz-MacPherson on the trace of a Hecke operator mentioned
above, with extra information on the Galois action.

Conjecture 1 had been regarded as much more difficult than Conjecture 2, due to the

lack of effective methods of computing TH*. This difficulty was overcome by the work of

IThe definition of 77> involves the Langlands-Shelstad transfer and the fundamental lemma, so any
proof of the identities (0.2.1) or (0.2.2) prior to the establishment of those is conditional.



Morel [56](57] (also cf. [58]). Morel is able to prove Conjecture 1 for Siegel modular spaces
([60]) and GU(p, ¢)-Shimura varieties ([59]).

0.3 The main result

The aim of this work is to prove Conjecture 1 for orthogonal Shimura varieties for almost
all primes. These are Shimura varieties associated to the Shimura datum (G, X), where
G = SO(V) is the special orthogonal group of a quadratic space V over Q of signature (n,2),
and X is the set of oriented negative definite planes in V. We assume n > 5. The reflex field
is Q and the Shimura varieties are of dimension n. These Shimura varieties are non-compact
and not of PEL type. They are typical examples of abelian type Shimura varieties of types
B and D. More precisely, recall from [15] that for type B there is essentially a unique family
of Shimura data, and for type D there are two. The orthogonal Shimura data represent the
type B family and one of the two type D families. We remark that the Shimura data treated
by Kottwitz and Morel are of types A and C.

Throughout this work we make the distinction of odd and even cases, according to the

parity of n.

Theorem 1 (Corollary 6.17.4). Conjecture 1 is true for the orthogonal Shimura varieties,

for almost all primes p and for divisible enough 7.

Remark 1. As mentioned in §0.2, in this work we allow a non-trivial automorphic sheaf as
the coefficient system of the cohomology. In the even case a technical assumption on the

sheaf is needed. cf. the statement of Corollary 6.17.4.

Remark 2. We have stated Theorem 1 for almost all primes p, rather than for all hyperspecial
p. This is due to the lack of the proof, at least in the written literature, of the existence of

good integral models at hyperspecial primes of the minimal and toroidal compactifications



of the orthogonal Shimura varieties. This issue should be resolved by the ongoing work of

Madapusi Pera.

Remark 3. When proving Theorem 1, we assume Conjecture 2 for the orthogonal Shimura
varieties. In fact, Conjecture 2 for more general Shimura varieties is proved in a joint work

with Kisin and Shin [32]. See the discussion in §0.4.2.

Remark 4. In stating Conjectures 1 and 2 in the forms above, we have made several simpli-
fying technical assumptions, about the possibility of embedding “H into “G and about the
shape of Z5. The general forms of the conjectures are not difficult to formulate, by consid-
ering z-extensions and central data. cf. [32]. These simplifying assumptions are satisfied by

the orthogonal Shimura data.

Remark 5. Kottwitz indicates ([40] Part II) how Conjecture 1 together with Arthur’s multi-
plicity conjecture implies a full description of IH* as a module over Gal(E/E)xH(G(A;)//K)
in terms of global Arthur parameters. See also [25]. Note that Arthur’s multiplicity conjec-
ture has recently been established in some cases, with substitutes of Arthur parameters. See

for instance [5] and [28].

Remark 6. For n = 3,5 mod 8, there is a unique quadratic space V over Q of signature
(n,2) and split at all finite places. Taibi’s results [73] on Arthur’s multiplicity conjecture
apply to G = SO(V). In this case one expects to obtain a full description of IH* from

Theorem 1. We hope to pursue this in a future work.

0.4 Idea of the proof: reduction to the boundary comparison

We will use the following two inputs to reduce the proof of Theorem 1 to a boundary

comparison.

1. Morel’s formula for Tr(f?> x ®/|IH*). See Theorem 2 below.



2. The proof of Conjecture 2 in cases including the orthogonal Shimura varieties, from

[32]. See identity (0.4.2) below.

0.4.1 Input (1)

We fix the choice of a minimal parabolic P; of G and a Levi subgroup My C Pj5. The
group G has three standard parabolic subgroups P, P», Pl = P, N P,. For P a standard

parabolic subgroup, we write Mp for the corresponding standard Levi subgroup. We have
MPLR = GL2 X SO(TL — 2, O)

MPQR = Gm X SO(TL — 17 1)
Mp, g = G2, x SO(n — 2,0).
Morel’s work ([56][57][59]) implies an expansion of Tr( P> x ®J| TH*) of the following form.

Theorem 2 (Theorem 1.7.2).
(0.4.1) Tr(f7 x ®|TH") = Trg + Trag,, + Trar,, + Tray, -

For the precise definitions of the terms see §2.

In the above expansion (0.4.1),

Trg = Tr(f7> x | HY, (Shkg)),

ét,c

and it is known to be given by Kottwitz’s fixed point formula (0.2.3) and can be stabilized
as in [40]. We will come back to this point in §0.4.2 below. For P € {P;, P, P12}, the term

Trys, is more complicated in its structure. It is a mixture of the following:



e Kottwitz’s fixed point formula (0.2.3) for a boundary stratum in Shy, which is roughly

speaking a smaller Shimura variety itself.

e The (topological) fixed point formula of Goresky-Kottwitz-MacPherson [18|, for the
trace of a Hecke operator on the compact support cohomology of a locally symmetric

space.

e Kostant-Weyl traces. By this we mean Weyl character formulas for certain algebraic

sub-representations of Mp of

H*(Lie Np, V),

where P is a standard parabolic subgroup of G containing P, and N p 1s its unipotent
radical. Here V is the algebraic representation of Gig used to define the automorphic
A-adic sheaf in §0.2. These sub-representations of H*(Lie Np, V) are cut out by the

weights of certain central cocharacters of M.

Roughly speaking, the terms Tr)y, arise because Morel’s work reduces computing Tr(ITH™)
to computing traces on the compact support cohomology of each stratum in the Baily-Borel
compactification. These compact support cohomology groups are taken with non-trivial

coefficient systems. The definition of these coefficient systems involve

e cohomology of certain arithmetic groups, which are computed by the fixed point for-

mula of Goresky-Kottwitz-MacPherson

e (weight truncations of) cohomology of Lie N, which give rise to the Kostant-Weyl

traces.

Once the coefficient system is known, the compact support cohomology of a stratum in this
coefficient system is computed by Kottwitz’s fixed point formula.
Because of group theoretical differences, the terms in (0.4.1) are defined slightly differently

than those in Morel’s original formula in [59] [60]. For more details see §2.

8



0.4.2 Input (2)

In a collaborated work with Kisin and Shin [32], we stabilize the term Tr¢ for quite general
Hodge type and some abelian type Shimura varieties, including the orthogonal Shimura
varieties considered in this work, building on Kisin’s work [29] and [30]. Namely, we prove
Conjecture 2 in those cases (by proving that the LHS of (0.2.2) is equal to the generalization
of (0.2.3) and by stabilizing the latter in a way similar to Kottwitz’s stabilization in [40]).

Thus we have the identity

(0.4.2) Tre = Y (G, H)ST! (f).

H

In view of (0.4.1) and (0.4.2), we see that in order to prove Theorem 1 we need only

compare the boundary terms. Namely, it suffices to prove the following theorem.

Theorem 3 (Theorem 6.17.1).

(0.4.3) Trasy, + Toar, + Trars, = Y (G H)ST (f) = ST (f7)].
H

Remark 0.4.3. The logical dependence of this work on [32] is only formal. In fact, only the

very last statement Corollary 6.17.4 in this work depends on the main result of loc. cit.

0.5 Idea of the proof: the boundary comparison

We now present some ingredients in the proof of Theorem 3.

To calculate the RHS of (0.4.3), we use the formulas of Kottwitz in his unpublished notes,
which are valid because of the specific form of f. A comparison of these formulas with
Arthur’s stabilization has not appeared in the literature, and we hope to pursue this in future
work. From the point of view taken in this work, we take Kottwitz’s formulas, recalled in

§6.3, as the definitions of ST (f#).



According to Kottwitz’s formulas, we have an expansion of the form

STH(F1) = ST (1) = Y ST,
M'#H
where M’ runs through proper Levi subgroups of H, and each term ST}, (-) has a relatively
simple formula.
Roughly speaking, we classify the pairs (H, M’) appearing in the above summation into
four different classes, labeled by the standard Levi subgroups M of G and the symbol (). We

write (H, M') ~ M, or (H,M’) ~ (). In order to prove Theorem 3, we only need to show

(0.5.1) Try = Y ST{L(f™), for M € {Mp,, Mp,, Mp,,}
(H,M")~M
and
(0.5.2) 0= > STLUM).
(H,M")~0

In the proof of (0.5.1) and (0.5.2), key ingredients include the following:

Archimedean comparison.

We need to compare archimedean contributions to both sides of (0.5.1), and compute the
archimedean contributions to the RHS of (0.5.2).

For the RHS of (0.5.1) (0.5.2), the archimedean contributions consist of values of (stable)
discrete series characters on non-elliptic maximal tori. We will carry out explicit computation
of these using formulas due to Harish Chandra [22] and Herb [23].

For the LHS of (0.5.1), the archimedean contributions are understood to be the Kostant-
Weyl traces discussed below Theorem 2. The main tool we use to compute these is Kostant’s

Theorem [33].
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A key ingredient in the proof of (0.5.1) is an identity between the archimedean contri-
butions to both sides. We remark that as for now the desired archimedean comparison does
not have a general conjectural form, and they are established case by case for Gsp (|60]),
GU(p, q) (|59]), and for SO(V) in this work. It would be interesting to find a more conceptual
framework predicting such a comparison.

Computation at p.

We need to compute the contributions from the place p to both sides of (0.5.1) and the
RHS of (0.5.2). Roughly speaking, the boundary of Shg is stratified into modular curves
and zero-dimensional Shimura varieties, and the contributions from p to the LHS of (0.5.1)
count mod p points on modular curves and zero dimensional Shimura varieties. On the RHS
of (0.5.1), the contributions from p fall into two kinds. One "good kind" that resemble the
contributions from p to the LHS, and one "bad kind" that does not have a clear geometric
interpretation. We will need to prove, among other things, that the terms on the RHS of
(0.5.1) having a bad factor at p should eventually cancel each other.

Comparing transfer factors.

Because we aim to prove non-trivial cancellations among terms on the RHS of (0.5.1) and
aim to prove the vanishing of (0.5.2), signs are important. One important non-trivial source
of signs come from comparing different normalizations of transfer factors at infinity. The
necessity of this step is overlooked in [59] and [60]. For the orthogonal groups of interest in
this work, it turns out that a non-trivial pattern of signs arises from such comparisons, which
is essential in the proof of (0.5.1) and (0.5.2). The comparison in question is between the
normalization A; p introduced in [40] §7, and the Whittaker normalization, for the groups of
interest. We always explicitly fix G (and also its standard Levi subgroups) as a pure inner
form of its quasi-split inner form, so the Whittaker normalization for the transfer factors
between GG and an endoscopic group can be defined, once an equivalence class of Whittaker

data has been chosen for G*. (Similarly for a standard Levi subgroup of G and its endoscopic

11



groups). In the odd case, there is only one equivalence class of Whittaker data, since G*
is adjoint. When d = dimV is even and d/2 is odd, there is also a unique equivalence
class of Whittaker data. The most difficult case is when d is divisible by 4, when there
are two equivalence classes of Whittaker data for G*, and we need to figure out how the
two corresponding Whittaker normalizations behave when we pass to Levi subgroups. This
we achieve in turn by comparing the Whittaker normalizations with A; p, and comparing
the explicit formula for A; 5 with the explicit formula given by Waldspurger [81]. In this

direction we prove Theorem 4.7.15, which could be of independent interest.

0.6 Organization of the paper

In §1, we recall the global settings of orthogonal Shimura varieties and state Morel’s formula
(0.4.1) in this case in Theorem 1.7.2. Its proof is postponed to §2.

In §2, we define all the terms in Theorem 1.7.2 and prove it.

In §3, we first review some generalities on quasi-split quadratic spaces. These will be
used when we define endoscopic groups.

84 consists of the archimedean calculation in this work. There are two different parts
of the calculation: the part on endoscopy and especially the comparison between different
normalizations of the transfer factors, and the part on the archimedean comparison between
the Kostant-Weyl traces and the stable discrete series characters. We carry out the first part
in §4.3-84.8, and the second part in §4.9-§4.11.

In §5, we first review the endoscopic data in the global and local non-archimedean cases
in §5.1, and then in §5.2-8§5.4 we carry out some Satake transform calculations at p that will
be needed later in the stabilization.

In §6, we first review some standard facts on Langlands-Shelstad transfer in §6.1. We
then recall the definition (according to Kottwitz) of STH(f#) in §6.2 and §6.3, and recall

the definition of f# in §6.4. After that we prove what amounts to (0.5.1) in §6.5-§6.14, and
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we prove what amounts to (0.5.2) in §6.15 and §6.16. We deduce the main result of this
work in Corollary 6.17.4.

On first reading, the reader is advised to only focus on the odd case for simplicity.

0.7 Some conventions

e All reductive groups are assumed to be connected.

e For x € R, we denote by |x| the largest integer < x and denote by [z] the smallest

integer > .
e We denote by ]0, 1] the interval {x € R|0 < z < 1}.

e We use the letter a, as opposed to the usage of the letter j in many references, to

denote the integer exponent of the Frobenius under consideration.

e Let (V1,q1) be a finite dimensional quadratic space over a field F' of characteristic zero.
Its determinant det ¢, is defined as an element of F*/F 2 given by the determinant of
the Gram matrix of a basis of V;. We define the discriminant, an element of F*/F*?2]

as

det q;, dimV odd.
0=

(—1)4m™V/2det ¢, dimV even.

The convention in the even case is simply to make any orthogonal direct sum of hy-

perbolic planes have discriminant 1 € F* /F*?2.

e Whenever a quadratic form is fixed from the context, we shall use the notation [-, -] to

denote its associated bilinear form.

e The letter m and its derived notations, such as m;, m*, are usually used to denote the

absolute rank of a special orthogonal group.
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For a € N and p a prime number, we denote by Q,. the degree a unramified extension
of Q,, and we denote by Z,. the valuation ring of Q,.. We denote by o the p-Frobenius

acting on Qpe.

If G, is a reductive group over Q, we denote by ker' (Q, G1) the kernel set

ker(H(Q,G,) — H' (A, GY)).

We will sometimes use the following abbreviations:
[ =Ty =Gal(@/Q), T,=Gal(@,/Q,), T =Ty = Gal(C/R).
By the standard type B root datum of rank m we mean the root datum
(Z™ = spang {e1, -+ ,€m}, R, Z" = spany (€], -+ ,€’), RY)

’ m

with the standard pairing Z™ x Z™ — 7Z (under which the natural bases {¢;} and {¢;}

are dual to each other), such that the roots are given by
R ={%e £, £6]1 <i,7 <m,i#j}
and the coroots are given by
RY ={%€ £/, 221 <i,j <m,i#j}.
The natural order is the following choice of simple roots:

€1 — €2, ,€m—1 — €m, Em.
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Note that the Weyl group of this root datum is equal to {£1}" x &,,. Here {£+1}"
acts on Z™ by the product action of the action of {£1} on Z given by multiplication.
The symmetric group in m letters G,,, acts on Z™ by permuting the coordinates, and

also on {+1}" by permuting the coordinates.

We shall also call (Z™, R,Z™, R") as above together with the natural order the standard

type B based root datum.

Similarly, by the standard type D root datum of rank m we mean the root datum
(Z™ R, 7™, RY)
such that the roots are given by
R={te el <i,j<m,i#j)
and the coroots are given by
RV ={te/ £e|1<i,j<m,i#j}.
The natural order is the following choice of simple roots:

€1 — €2, ,€m—1 — €m, Em—1 + €m-

Note that the Weyl group of this root datum is equal to ({£1}") x&,,,, where ({£1}™)’
is the subgroup of {£1}" consisting of elements with the property that an even number

of the coordinates are equal to —1.

We shall also call (Z™, R,Z™, R") as above together with the natural order the standard

type D based root datum.
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e In this work we use the language of abelian Galois cohomology as developed in [43].
We follow the notation there. We also use Kottwitz’s language of the same theory
(which is the original form of the theory) involving centers of Langlands dual groups,

as in [38].

e When normalizing transfer factors, we use the classical normalization of local class
field theory as opposed to Deligne’s normalization. This means in particular that in
the non-archimedean case the uniformizers correspond to the arithmetic Frobenius. cf.

35, §4.1, §4.2].

e When considering Whittaker data over R, we always use the following additive char-

acter:

’I/J]R R — C~
271'1‘:):'

T +—e

When defining the epsilon factors over R we always use the above additive character

1r and the usual Lebesgue measure on R, the latter being self-dual with respect to ¥g.

e When considering perverse sheaves, we exclusively consider the middle perversity.

1 Geometric setting

1.1 Groups

Fix V to be a quadratic space over Q, of signature (n,2). We will denote the quadratic form
by ¢ and the associated bilinear form by [-,:]. Let d = dimV = n + 2. Let G = SO(V).

Suppose n > 5, so that among the maximal isotropic subspaces of Vg, of dimension two,
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there is one defined over Q. We fix a flag

(1.1.1) ocvicWcVicvi-cy,

where V; is an i-dimensional totally isotropic Q-subspace of V. Define

Py = Stabg(Va) C G

P2 = St&bg(‘/l) cG
P12::P10P2CG.

Then P is a minimal Q-parabolic subgroup of G, and P;, P, are the standard Q-parabolic
subgroups of G with respect to Pj5. The parabolic subgroups P;, P, are maximal.

If S is a non-empty subset of {1,2}, we write Ps for the one of Py, P, Pjs, corresponding
to S.

We fix once and for all a splitting of the flag (1.1.1). Then we get Levi subgroups Mg of

Pgs, which are standard with respect to the minimal Levi subgroup Mjs. We have

M, = GL(V2) x SO(V5' /Va),

M, = GL(V1) x SO(Vi+ /W),
My = GL(V1) x GL(V/V1) x SO(Vy"/Va).

In the sequel we will only consider the standard parabolic subgroups and the standard
Levi subgroups with respect to (Pja, Mi2). If P = Ps is a standard parabolic subgroup,
we write Mp := Mg for its standard Levi subgroup. We write Np = Ng for the unipotent
radical of P.
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We fix a basis e; of V; and a basis ey of V5/Vj. Using the chosen splitting of (1.1.1),
we can think of e, as a vector in V. Let €} € V/Vit and e, € V5/Vst be determined by
the conditions [e;, e}] = 1,7 = 1,2. We can think of €] as vectors of V, as well. Under these

choices we have identifications
GL(V;) 2 GL;, i =1,2.

Definition 1.1.1. We write W; := V1 /V; for i = 1, 2.

Definition 1.1.2.

(

GL(V,), M = M,
M = S aL(wn), M= M,

GL(V1) x GL(V2/V1), M = M,

\

/

SO(WQ), M == M1

M0 = $SOW,), M= M,

SO(WQ), M == M12

\

Hence we have M = MY x M5O for M € {M,, My, My5}.

1.2 Shimura datum

We recall the orthogonal Shimura datum.
Consider the space X of oriented, negative definite, two dimensional subspaces h C V;.

The real manifold X can be identified with the set

X' = {z € Ve — {0} |q(z) = 0,2, 2] < 0} /C
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in the following way. Given h € X, take an oriented R-basis x,y of h, such that

[2,y] =0, q(x) = q(y).

We send h to z := x + iy € D'. Conversely, starting with z € X', we write z = x + iy with

x,y € Vg. The conditions satisfied by z imply that

q(z) =q(y) <0, [z,y] =0.

We send z to h := Rz + Ry, with orientation given by (z,y).

Under the identification X = X', the space X is equipped with the structure of a complex
manifold, and in fact a Hermitian symmetric space.

The space X = X’ has two connected components, and the natural action of G(R) =
SO(V)(R) on X induces the non-trivial action of my(G(R)) = Z/27Z on my(X).

Given a point h € X, choose z,y to be an oriented basis of h satisfying [z,y] = 0 and
q(z) = q(y) = —1. For a +bi € C*, a,b € R, define an(a + bi) € G(R) as the action
(a+bxy)(-)(a+bry)~" on Vg = h+ht. Then ay(re?) acts on Vg by rotation on h of angle
—26 and identity on ht.

The map ayp, : C* — G(R) comes from a homomorphism between R-algebraic groups

OéhIS—>GR.

Also the association h +— a3, is G(R)-equivariant and identifies X as a G(R)-conjugacy
class of homomorphisms S — Gg . Under this construction the pair (G, X) is a Shimura
datum. We denote the Shimura datum (G, X) by O(V). It has reflex field Q, and the
associated Shimura varieties have dimension n = d — 2.

The Hodge cocharacter i : G, — G (up to G(Q)-conjugacy) of O(V) is given as follows.
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Choose a decomposition of V' into an orthogonal direct sum of m = |d/2] hyperbolic planes
(plus a line in the odd case) over Q. For the i-th hyperbolic plane, choose a basis z;, y; such

that

q(z;) = q(y;) =0, [z5,y] = 1.

Then we obtain a maximal torus

G, — Gy,

such that the i-th G,, acts with weight 1 on x; and weight —1 on y; and acts trivially on all
the other hyperbolic planes (and the line in the odd case). Let €},--- €’ be the standard
basis of X,(G?). Then 1 is conjugate to €. Note that in Gg, all €,--- €}, are conjugate

to each other, and € is conjugate to —e). In particular yu is conjugate to p~?'.

Moreover,
it is possible to find a representative u : G,, — G of the Hodge cocharacter defined over Q.
In fact, we may assume that the aforementioned decomposition of Vg into hyperbolic planes
(and a line in the odd case) involves the hyperbolic plane span {ey, €|} as the first member.
Then the cocharacter €/ is defined over Q.

The Shimura datum O(V) is of abelian type. It is the quotient by G,, of the Gspin

Shimura datum, which is of Hodge type. For more details see for example [55].

1.3 Boundary components

We describe the pure Shimura data associated to the boundary components of O(V') in the
sense of Pink ([62]). It suffices to discuss the maximal standard parabolic subgroups P, and
Ps.

For P, consider its Levi subgroup M; = GL(V3) x SO(Vst/V,). The factor GL(V3)
is the image of Pink’s canonical subgroup of P;. The resulting pure Shimura datum for
GL(V,) = GLs is the Siegel Shimura datum Hj.

For P, consider its Levi subgroup M; = GL(V;) x SO(Vit/Vy). The factor GL(V})
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is the image of Pink’s canonical subgroup of P,. The resulting pure Shimura datum for
GL(W)) 2 G,, is the Siegel Shimura datum Hy.

For a proof of these facts see |24, Proposition 2.4.5|.

1.4 Shimura varieties

For any neat compact open subgroup K of G(Ay) , we have the canonical model Shy (G, X) =
Shg for Shi(C) = G(C)\X x G(Ay)/K , which is a smooth quasi-projective variety of di-
mension n = d—2 over Q. Since the Shimura data O(V) is of abelian type, the construction
of the canonical models is given by Deligne (|13] and [15]).

Let K7, Ky be neat compact open subgroups of G(Af) and let ¢ € G(Ay). Suppose

K C gKyg~'. Denote by [-g]xk, x, the map

Shi, (C) = GQNX x G(Ay) /Ky = GIQN\X x G(Ay) /K

[(z, k)] = [(2, kg)].

This map descends to a finite étale Q-variety morphism Shy, — Shy,, which we also denote
by [-9]k,.x,- When the context is clear we will simply write [-g]. We call [-g] a Hecke

operator.

1.5 The Baily-Borel compactification

For any neat compact open subgroup K C G(Ay), the Shimura variety Shx has a canonical
Baily-Borel compactification

j: Shyg — Sh[(,

where Shg is a normal projective variety over Q and j is a dense open embedding defined

over Q. The Hecke operators [-g] have canonical extensions to finite morphisms between the
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Baily-Borel compactifications, defined over @QQ. Denote the extension by m These facts

are proved in Pink’s thesis [62, 12.3]

1.6 Automorphic A-adic sheaves

Let V be a finite dimensional vector space over a number field L with an algebraic represen-
tation of G. Let A be a place of L. Then it is well known (cf. [63, §5.1]) that for any neat
compact open subgroup K; C G(Ay), there is an associated A-adic sheaf on Shy,, denoted
by ]-"flv Moreover, for a Hecke operator [-g]k, r, : Shx, — Shg,, there is a canonical

isomorphism
(1.6.1) Figlrny P oV "5 ([glkn) FAEV.

We denote the system (FEV, Fiq)) simply by F,V, and call it the system of automorphic
A-adic sheaves associated to V on Sh(O(V)).

Remark 1.6.1. For a general Shimura datum (G, X), the construction of the automorphic
sheaves either depends on the assumption that Z; has equal Q-split rank and R-split rank
or depends on extra hypotheses on the central character of the representation V. In our case

this is not an issue, because the group SO(V') is semi-simple.

Definition 1.6.2. Let K be a neat compact open subgroup of G(Ay). Define the intersection

complex

ICY V= (ju(FA VIn]))[-nl.
Here j is the open embedding Shy < Shy, and recall that n = dim Shy.

In the following discussion we sometimes omit the subscript A from the notation. Now

we recall the intersection complex analogues of the canonical isomorphisms (1.6.1).
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Consider a Hecke operator

[g] : ShK1 — ShK2,

with its canonical extension

m : ShK1 — ShK2

To ease notation we denote g := [-g] and § := [g]. Denote by j; the open embedding
ShKi — ShK17 1= 1, 2.

Since both ¢ and g are proper, we have base change morphisms
g*RjZ* - le,*g*

G Rjsy — Rj119"

filling into the commutative diagram

g Rj2) — Rj1.19"

L

Q*R]é,* — le,*g*

where the vertical maps are induced by the natural maps Rj;1 — Rj;«, ¢ = 1,2. Since g
is finite (cf. §1.5), it is exact with respect to the perverse t-structure and commutes with

PHO (the zeroth perverse cohomology). Therefore the above commutative diagram induces

a natural transformation

(1.6.2) G J2 = J1sg"
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Plugging in F52V[n] we get
g*j27!*(./—'.K2V[TL]) — jl,!*g*(flﬁv[n]))
which we further compose as follows:

. o J(F)
T o (FX2Vn]) = jring’ (FF2Vn]) =1

g1+ (F1V[n]).
Shifting by [—n]| we obtain a map
(1.6.3) g ICK2 v 5 1¢K Y.

Similarly, using the base change morphisms

Rji1g' —  Rijay

le,*g! — f_]!RjQ,*?

we obtain the following analogue of (1.6.2):

(1.6.4) g = Gjas

Note that ¢' = g* because g is finite étale (cf. §1.4). Again, plugging FX2V[n] into (1.6.4),

precomposing with ji 1.(F.¢)) and shifting by [—n] we obtain a map

(1.6.5) ICHV - g1k v,

We summarize the above construction of the two maps (1.6.3) (1.6.5) in the following
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statement: For Hecke operators [-¢1]x i, and [-g2]k k,, we have a canonical cohomological

correspondence

PR

(1.6.6) Ay Tl ICV = Tl e, 1C%2 V.

K/ Ky ['92]K’,K2 :

1.7 Intersection cohomology and Morel’s formula

Let K be a neat compact open subgroup of G(Ay). The A-adic intersection cohomology of

Shy with coefficients in V is by definition:

TH*(Shg, V), := H (Shg xo Q, ICYV).

By abuse of notation we also denote by IH*(Shg, V), the formal alternating direct sum

P (—1)' TH' (Shy, V),

i
We have an action of

Gal(Q/Q) x Hy, (G(Ay)//K)

on TH*(Shy, V), where Hy, (G(A;)//K) is the Hecke algebra consisting of the Ly-valued
functions in C°(G(Ay), L) that are bi-invariant under K, and it acts via the cohomologi-
cal correspondences (1.6.6). After choosing an isomorphism Ly = C, we get an action of
H(G(Ag)//K) = He(G(Ap)//K) on TH' (S, V), &1, C.

More precisely, to normalize the action of Hp, (G(A;)//K) on TH*(Shg, V), we need to
fix the choice of a Haar measure dg on G(Ay) that takes rational values on compact open
subgroups. We take the convention that for any g € G(Ay), the function 1,5,-1/ volyy(K)

acts by the endomorphism on IH*(Shg, V), induced by the cohomological correspondence
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(1.6.6) with
h=g ¢p=1 K=K =K, K =g9gK¢'nK.

We follow the convention of [59, Remark 1.6.7] on how a cohomological correspondence such
as (1.6.6) induces an endomorphism on cohomology. This is different from the convention in
[18].

In the following, for f € H(G(Ay)//K), we will talk about the action of fdg on

IH*(%, V))\ QL C,

rather than the action of f, in order to emphasize the choice of dg. This notation is com-
patible with the fact that the action of f(Cdg) is equal to the action of (C'f)dg, for any
CeC”.

We also denote by H(Shg, V), (the formal alternating direct sum of) the compact

support étale cohomology
H(Shy, V), := Hj, (Shg xoQ, FA V).

Similarly we have an action of H(G(Ay)//K) on H}(Shk, V), ®p, C after the choice of a

Haar measure.

Definition 1.7.1. Let K be an open compact subgroup of G(A) and let p € Z be a prime.
We say that p is a hyperspecial prime for K, it K = K,K? with K, a hyperspecial subgroup
of G(Qp) and K? C G(A%).

Theorem 1.7.2 (Morel’s formula). Fiz V and X as before. Let { € Z be the prime number
beneath A. Fiz a neat compact open subgroup K of G(Ayf). Let Xy be the finite set consisting
of 2,0, and the prime numbers that are not hyperspecial for K. There exists a finite set ¥ =

YX(O(V),V, A\ K) of prime numbers, containing Xo, such that for all prime numbers p ¢ %
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the following is true. Let Frob, € Gal(Q/Q) be a representative of the geometric Frobenius at
p. Let fP>° € H(G(AY), KP) be arbitrary. Let a € N be a sufficiently divisible (depending on
V, A\ K, p, and fP>°) but otherwise arbitrary number. Let dg? be a Haar measure on G(A’;)
and let dg, be the Haar measure on G(Q,) giving volume 1 to K,. Write dg := dgPdg, for
the product Haar measure on G(Ay). The actions of Gal(Q/Q) on IH*(Shg,V)y and on

H(Shg, V), are both unramified at p, and we have

(1.7.1)
Tr(Froby x f7*1g,dg, IH*(Shg, V), ® C) = Tr(Frobf x f»*1x,dg, H:(Shgk, V), ® C)+

+ Tear, (fPdgP, a) + Trag, (f7%dgP, a) + Tear, (f7*dg”, a),

where the definitions of the terms
Ter (fp,OOdgp’ CL), TrMQ (fp,oodgp’ CL)7 TerQ (fp,oodgp’ a’)

are given in §2.

We will prove Theorem 1.7.2 in §2.7. Here we remark that the above theorem is essentially

proved by Morel [59], but some modifications to her proof are needed in our situation.

Remark 1.7.3. Once we have a good theory of integral models for the Baily-Borel as well as
the toroidal compactifications of Shy at all odd hyperspecial primes, the above Theorem 1.7.2
could be improved to be valid for ¥ = ;. Note that such a theory for Hodge type Shimura
varieties has already been established by Madapusi Pera [54]. We have been informed that
the extension of the results in loc. cit. to the case of abelian type including the orthogonal

Shimura varieties is expected to be worked out by Madapusi Pera in the near future.
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2 Morel’s formula

In this section we define the terms in Theorem 1.7.2 and prove Theorem 1.7.2. We will define
the terms Tr); in Definition 2.6.1. The definition also involves Kostant- Weyl terms Ly to

be defined below and notions from Kottwitz’s fixed point formula to be recalled below.

2.1 A decomposition of the Levi subgroups

e For

My = GL(1}) x GL(Va/V1) x SO(V5H/Va) = Gy X Gy, x SO(V5H/V3),

we call GL(V}) the first G, and GL(V2/V}) the second G,,. Define

MlZ,h = GL(‘/&)

and
Mgy := GL(Vy/V1) x SO(V5-/V4).
e For
My = GL(V2) x SO(V5+/Va),
define
M p, = GL(V%)
and

My = SO(V5-/V3).
As above we refer to GL(V;) and GL(V2/V}) as the first and second G,, respectively.

e For

M, = GL(V1) x SO(Vi-/V1),
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define
My, = GL(W)

and

My := SO(V /).

If M € {M, My, M5} is a standard Levi subgroup of G, then with the above definition we

have M = M, x M;.

Remark 2.1.1. The decomposition M = M, x M, is different from the decomposition M =

MET x M50 in Definition 1.1.2 when M = Ms.

2.2 Definition of some truncations

Definition 2.2.1. We define the following objects.
e Let oy be the standard central cocharacter of GL(V5) = GLs.
e Let wy be the square of the identity cocharacter of GL(V) = G,,.
e Definet; :=1—(d—2)=3—-dandty:=0—(d—2)=2—d.

Remark 2.2.2. For i = 1,2 we know that w; is a cocharacter of A, the maximal Q-split
torus of the center of M;. Moreover, t; (resp. ws) is the weight cocharacter of the Siegel
Shimura datum (M, Hy) = (GLy, Hy) (resp. (Map,Hy) = (G, Hy)), and ¢, (resp. ts)
is equal to the (complex) dimension of the Shimura varieties associated to (M, Hy) (resp.

(M, Hp)) minus that of the orthogonal Shimura variety Shy (G, X).

Definition 2.2.3. In this definition all the algebraic groups involved are understood to have
been base changed to C. We also base change V to C and still use V to denote it. For a
standard parabolic subgroup P of G, define a virtual Mp-representation RI'(Lie Np,V)<;,

as follows (where ¢p is just a symbol):
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e For P = Py, it is the sub-object of the virtual M;,-representation
RT(Lie Np, V) := @(~1)' H'(Lie Np, V),
on which w; has weights > t; and ws has weights > ts.

e For P = P, (resp. P,), it is the sub-object of the virtual M;j-representation (resp.
Ms-representation) RI'(Lie Np,V), on which w; (resp. ws2) has weights > ¢; (resp.

> o).

When P = Pjy, we also write RI'(Lie Np, V), for RT'(Lie Np,V)<y,.

2.3 Definition of the Kostant-Weyl term L,/
Let M = Mlg.

Definition 2.3.1. Let P(M) be the set of pairs (P, g), where P is a standard parabolic of
G (i.e. Pe{P, P, Pa}), and g € G(Q), satisfying

e the composition M, M P — Mp maps M}, into Mp,, and the map differs from the

inclusion M}, — Mp), by an inner automorphism of Mp.

In
e the composition M, ﬂ P — Mp embeds M; into Mp; as a Levi subgroup.

For (P, g),(P',¢') € P(M), we define them to be equivalent if and only if P = P" and there
exist hy € Mp(Q) and hy € M(Q) such that ¢ = high,. Here Mp is the standard Levi
subgroup of P. Denote this equivalence relation on P(M) by ~. For P a standard parabolic
subgroup, denote by N(P) the cardinality of the subset of P(M)/ ~ consisting of elements

whose first coordinate is P.
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Definition 2.3.2. Define an element n5 € G(Q) in the odd case (resp. ni2 € O(V, ¢)(Q) in

the even case) as follows:

nig(er) = e1, nig(e}) =€)
n12(€2) = 6’2: n12(e'2) = €2
n12|V2L/V2 =1L

Lemma 2.3.3. We have

PM)/ ~ ={(Pug)}/~ || {(P2g)}/~.

The quotient {(Py,q)}/ ~ is a singleton and can be represented by (P2, 1). The quotient
{(P12,9)} /] ~ has two elements, represented by (Pi2,1) and (Pia,n12). The map Int(nis)
sends My, into itself as the identity, and sends M, = GL(V,/V1) x SO(V5-/Va) into itself, not
as the identity, but being the inversion on the GL(V3/Vi) = G,, factor and the identity on

the SO(V5-/Vs) factor. Moreover, N(Py3) =2 and N(Py) = 1.
Proof. This follows directly from the definitions. m
Remark 2.3.4. In the even case, Int n15 on G is a non-inner automorphism.

Definition 2.3.5. For v € M(R), define the Kostant-Weyl term

Lu(y) =2 Y N(P)(=1)m A /Aue

(P.g)eP(M)/~
1/2 .
(nir )7 DM (9997 0k (9v97!) Tr(gyg ™, RT(Lie Np, V)si,),




Norys, (gMg™") is the normalizer of gMg~! in Mp.

App (resp. Agnrg-1) is the maximal Q-split torus in the center of Mp (resp. gMg™1).
Note that the base change to R of Ay, (resp. Agarg-1) is the maximal R-split torus in

the center of Mpg (resp. (gMg~')g).?

o DM (gvg™) =det (1 —ad(gyg™!), Lie(Mp)r/Lie(¢gMg 1 )r) € R.

gMg—1

e the absolute value ‘D%}’g_l is the real absolute value.
e Spw)(9797t) = |det (ad(gvg_l), Lie(Np)R) ‘ (Real absolute value.)

Remark 2.3.6. The factor 2 in the definition of Lj,(7) is denoted by mq in [60, §1.2|. It
accounts for the fact that for the zero dimensional Siegel Shimura datum (G,,, Hy), the set

H, is a two-fold cover of a G,,(R)-conjugacy class of homomorphisms
h:S = Resc/r Gomc — Grr.
Its role is discussed in the proof of Theorem 1.7.2 in §2.7.

2.4 Definition of the Kostant-Weyl terms L;; and L,y

Definition 2.4.1. For v € M;(R), define

LMI (’7) = 5P1 (R) (7)1/2 Tr<77 RF<L1e(N1)7 V)>t1>7

where dp, () is defined in Definition 2.3.5.

2In general one should use the dimensions of the maximal R-split tori in the centers for the definition of
L.
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Definition 2.4.2. For v € M5(R), define

LM2 (’7) = 25P2(R) (7)1/2 TI“(’)/, RF(Lie(NQ)’ V)>t2)7

where dp,(r) is defined in Definition 2.3.5.

Remark 2.4.3. The factor 2 in the above definition is the same as in Remark 2.3.6.

2.5 Definition of some terms in Kottwitz’s fixed point formula

Let M, be the reductive group GL; over Q, where i = 1 or 2. We equip M, with the Siegel
Shimura datum Hy with g = ¢ — 1. We recall some group theoretical definitions that appear
in Kottwitz’s fixed point formula for the Shimura varieties associated to (Mj, H,). The main
reference is [40]. See also [59, §1.6]. We note that these notions have been extended to more
general situations (e.g. when M is not necessarily simply connected) in [32]. Here we only
need very degenerated forms of the notions since GL; and GL, are very simple.
Throughout §2.5 we fix a prime p, an integer a € N, and a compact open subgroup K- ]@h

Definition 2.5.1. Define a cocharacter p of M, as follows. When M, = G,,, define i to be

the identity cocharacter. When M} = GLs, define i1 to be the cocharacter

Z =

Remark 2.5.2. 1 is a representative of the Hodge cocharacter for the Shimura datum H,,.

Definition 2.5.3 (cf. [40] or [32]). A Kottwitz triple (of level p*) in M), (for the Shimura
datum H,) is a triple (70,7, 6), with 79 € M,(Q), v € My(AY), § € Mp(Qpe), satisfying the

following conditions:
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® 7 is semi-simple and R-elliptic.

e 7 is conjugate to o in M, (A%).

The element N§ := 5 (8) - 0% (8) € My,(Qpa) is conjugate to yo in M (Qpe).

the image of [§] € B(Mygq,) in m(Mp)r, under the Kottwitz map B(Mygq,) —

71 (Mp)r, is equal to that of —pu.

Two Kottwitz triples (79,7, ) and (7,7, 0") are said to be equivalent, if -y, is conjugate to

7, and § is o-conjugate to ¢’ inside Mj,(Qpa).

Remark 2.5.4. In the above definition we have taken advantage of the fact that inside M,
stable conjugacy is the same as conjugacy. As a consequence the coordinate v plays no role
at all. For more general definitions see the references given above.

Remark 2.5.5. Note that '), acts trivially on 7 (M},), and there is an isomorphism 7y (Mj,)

Z, such that the image of pis 1 € Z.

Let (70,7,6) be a Kottwitz triple. Let Iy = (M}),, be the (connected) centralizer of
Yo in Mj,. Define K(1;,/Q) to be the finite abelian group consisting of those elements of
WO([Z(E))/Z(]\ZL)]F) whose images in Hl(F,Z(]\//[\h)) are locally trivial. (cf. [38].) In [40]
Kottwitz defines an invariant (7, ~,d) in the group £(fy/Q)? which is the dual group of
R(1o/Q).

Lemma 2.5.6. For M;, = GL; or GLy, we always have K(1o/Q) = 1.

Proof. 1t Iy = M), then obviously £([p/Q) = 1. Thus we may assume that M, = GL;
and 7y in non-central. Then I is a maximal torus T of GLy defined over Q. In this case
Z(Iy) = Iy = T Since the Galois action on Z (G/‘rfg) is trivial, by Chebotarev density theorem
the only locally trivial element of H' (T, Z (@)) is the trivial element. In view of the exact

sequence

70(Z(GLa)") — mo(TY) — mo([T/Z(GLy)]T) — HY(T, Z(GLy)),
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we see that it suffices to show that
T" ¢ Z(GLy).

Since Tg is an elliptic maximal torus of GLgR, there exists an identification T =~ C* x CX
such that the non-trivial element in Gal(C/R) acts on T by switching the two coordinates.

It follows that 70> C Z(@), and a fortiori 7' C Z(é\Lg) O

Let (70,7, 0) be a Kottwitz triple. By Lemma 2.5.6, its invariant a(~g, v, 0) automatically

vanishes. Hence as in [40, §3|, there is an inner form I of Iy over Q, such that
e [ is anisotropic mod center.
e For v ¢ {00, p}, Iy, is the trivial inner form of 1.

e Ig, is isomorphic to the twisted-centralizer (M})§ of § in M), (denoted by I(p) in loc.

cit.) as inner forms of .

See loc. cit. for more general and more precise statements.
Fix Haar measures on /(Q,), I(A%), I(R) such that the product Haar measure on /(4) is
the Tamagawa measure. Fix a Haar measure on M}, (Qpe) such that M}, (Z,.) has volume 1.

Fix Haar measures on My,(R), M, (A%) arbitrarily.

Definition 2.5.7. Define c(7o,7,d) = c1(70,7, d)c2(70,7, ), where
c1(0,7, ) = vol(T(Q)\I(A)) = 7(I) vol(Ang, (R)*\I (R))~".

02(’}/07 s 5) = ‘ker<ker1 (@7 [U) - kerl (@7 Mh))| :

Definition 2.5.8. For f? € H(M,(A%})//K},, ), the orbital integral O,(f?) is defined using

the fixed Haar measure on My (A%) and the Haar measure on (My),(A%) transferred from
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I(A%). For
fo € H(Mp(Qpe)/ [ Mp(Zye)),

the twisted orbital integral T'Os( f,,) is defined using the fixed Haar measure on M}, (Qp.) and

the Haar measure on (M},)§(Q,) transferred from 1(Q,). For more details see [40, §3]

Definition 2.5.9. Define ¢+ € H(M,(Qpa)/ /My (Zye)) to be the characteristic function of
My(Zye ) ()~ My (2
inside M}, (Qpa), where w is any uniformizer of Q. (e.g. @ = p).

2.6 Definition of Tr,,

Definition 2.6.1. Let P € {P, P», Pi»} be a standard parabolic subgroup of G and let
M = Mp. Let dg” be a Haar measure on G/(A%). Define

Tra(f7°dg?,a) ==Y M () "X (M)S,) D7 cl10,7, 05, (170):
L (70,7,9)

YO~RYL

:Ony oy (f37) 05, (Lagyz,))TOs(65™ ) Lt (v2.%0),

where 7y runs through the semi-simple conjugacy classes in M;(Q) that are R-elliptic, and
(70,71,0) runs through the equivalence classes of Kottwitz triples in M; as in Definition
2.5.3, (whose invariants are automatically trivial by Lemma 2.5.6), and satisfying the extra

condition g ~r vz, with the following meaning:
Yo € Mh(R)O <~ YL € Ml(R)O

Moreover,
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° LML<’7L) = ‘Ml,«yL(Q)/(Ml>gL(Q)

 dp@,)(vL70) == |det (ad(y170), Lie Np)|@p,

e Xx((M;)3,) is the Euler characteristic of the reductive group (M;)3, over Q as defined
in [18, §7.10],

o [ is the constant term of fP*° as defined in [18, §7.13]. This function depends on
auxiliary choices, but its orbital integrals are well defined once all the relevant Haar

measures are fixed.

e M;(Z,) is the hyperspecial subgroup of M;(Q,) given by

(K O (Mi(Q,) Np(Q@p))]/ (K 0 Np(Qp))-

Equivalently, M;(Z,) as a subgroup of M;(Q,) is the image of K, N P(Q,) under the
projection

P%P/Nng:MhXMl—)MZ.

The terms x((M:)3, ), Oy7(f317), Oy, (1a1,(z,)) all depend on extra choices of Haar measures.

We choose arbitrary Haar measures on M;(A%), and on (M;),, (A%}) and (M;),, (Q,) for each

YL

e Define the Haar measure on M(A%) = M,(A%) x M;(A}) by the Haar measure on

M;(A%;) chosen above and the Haar measure on M (A%) chosen in §2.5.
e Use the Haar measure on M (A%) and dg? to define the constant term f7,>.

e Use the Haar measure on M(A%) and the Haar measure on (1M;),, (A%) chosen above,

and the Haar measure on (My,),(A%) chosen in loc. cit. to define the orbital integral

@)

YLY*
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e Use the Haar measure on M;(Q,) giving volume 1 to M;(Z,), and the Haar measure

on (M;),,(Q,) chosen above, to define O, (1py(z,))-

o Use the Haar measures on (M;),,(A}) and (M;),,(Q?) chosen above to define the
product measure on (M;)9 (Ay), and use the latter to define x((M;)3,). (cf. [18,

§7.10]).

Remark 2.6.2. When P = P; or Pjs, every element in M;(Q) is automatically semi-simple
R-elliptic, because M;(R) = SO(n —2,0)(R) is compact. When P = P, and n is even, (M)
does not have elliptic maximal tori (cf. §4.1), so there are no R-elliptic elements of M;(Q).

In this case Trp(f7>,a) = 0.

Remark 2.6.3. When P = P; the condition 7y ~g 7 is automatic. In fact, in this case we
have Mp,(R) = GLy(R) and M;(R) = SO(n — 2,0)(R), both connected. When P = Pj5 or
Py, we have mo(M(R)) = {£1} and mo(M;(R)) = {£1}.

Remark 2.6.4. The factor Mi(y;) is omitted in [60] but recorded in [59]. It occurs when

deducing Theorem 1.6.6 of loc. cit. from [18].

2.7 Proof of Theorem 1.7.2

2.7.1 Background discussion

Our formula is almost the same as |60, Théoréme 1.2.1], and it essentially follows from
Morel’s computation in [59, Chapter 1], which takes an axiomatic approach, building on her
earlier work [56]|57] and the work of Pink [63].

The arguments in [59, Chapter 1] also take as inputs Deligne’s conjecture, proved at
different levels of generality by Pink 64|, Fujiwara [16] and Varshavsky [76], and the fixed
point formula of Goresky-Kottwitz-MacPherson [18] and the fixed point formula of Kottwitz

[41]. In our case, the fixed point formula of Kottwitz is to be applied to the non-open
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boundary pure Shimura data, namely the Siegel data Hy and H;. For Hy, everything can
be directly verified, but finding the precise statement (Proposition 2.8.1) that we need is
more subtle. See the explanations about issue (2) below. For Hj, it is of PEL type and
hence the fixed point formula of Kottwitz is valid. The reason that in this current proof we
do not need the analogue of the fixed point formula of Kottwitz for the boundary datum
O(V) of O(V) itself (which is of abelian type and not of PEL type, cf. §1.2), is because the
term corresponding to that datum enters the right hand side of (1.7.1) only abstractly as the
contribution H’(Shg, V),. However, such an analogous formula is proved in the recent work
[32] (building on [29] and [30]), and is eventually needed in Theorem 6.17.3 and Corollary
6.17.4.

There are three important differences between our case and the axiomatic approach of
[59].

(1)

For M = Ms, our definition of L, is slightly different from [60]. The definition of the
set P(M)/ ~ in [60, §1.2] allows g € G(Q) such that the map Int(g) : M}, — Mp,? is not
the identity (even up to an inner automorphism of the target) a priori.

(2)

For P = P, the boundary datum corresponding to P does not satisfy the axioms on p.
2 of [59]. Recall that the axioms state that the Levi quotient M of P should be a direct
product of two reductive groups Gp and Lp, such that among other things, Gp(R) acts
transitively on the boundary Shimura datum and Lp(R) acts trivially. In our case this is not
true. We would like to take Gp to be GL(V;) = G,,, C M, and take Lp to be SO(V;:/V;) with

Lpgr = SO(d —3,1). Now the boundary (pure) Shimura datum Hj for P is the two-pointed

3Morel uses the letter Q for our P.
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set, with the action of M(R) on it given by the map
M(R) = mo(M(R)) = mo(G(R)) = {1}
and the non-trivial action of {+1} on the two-pointed set. We have
mo(M(R)) = mo(Gm(R)) x mo(SO(d = 3, 1)(R)) = {£1} x {£1},
and the map my(M(R)) — 7mo(G(R)) is the multiplication map
{£1} x {£1} — {x1}.

Thus Lp(R) does not act trivially on the boundary Shimura datum in question.

(3) Our Shimura datum O(V') is only of abelian type, and the construction of the integral
model of the Baily-Borel compactification is more subtle.

To resolve (1), note that in the case considered in [60], the subgroups M} and Mp), of
G are equal and isomorphic to a certain Gsp,,. The only non-trivial outer automorphism of
Gsp,; is represented by the automorphism sending g to ¢(g)~'g, where ¢(g) is the symplectic
similitude. This outer automorphism could not possibly be induced on M}, by Int(g) for any
g € G(Q). Thusin [60], every element of P(M) according to Morel’s a priori weaker definition
indeed satisfies our Definition 2.3.1. In our case, there does exist g € G(Q) satisfying the
definition of [60] that induces a non-trivial outer automorphism on M; = G,,.* We have
ruled out this possibility in Definition 2.3.1. Correspondingly, we have defined N (P, g) as in
Definition 2.3.1, as opposed to |[Nor,(M)/ (Nork, (M) N g~ Mpg)] (Q)|~" as in [60].

To resolve (2), we need to systematically modify the discussion in [59, Chapter 1] for

4For example, consider g € G(Q) that switches e; and e, and switches ey and e}, and acts as identity
on V5t /Vs. Then Int g on M; is the same as Intnis, but on M, = GL(V;) = G,, it is the non-trivial
2
automorphism.
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zero dimensional boundary data. Before that, let us identify the geometric issue underlying
(2). Recall that in general, the boundary strata of the Baily-Borel compactification are
mostly naturally isomorphic to finite quotients of Shimura varieties at certain natural levels.
Sometimes they are "accidentally" isomorphic to Shimura varieties at some other levels.
When this does not happen, we say that they are geunine quotients. The axioms of loc. cit.
imply that there are no genuine quotients, namely all boundary strata are Shimura varieties.
Then the fixed point formula obtained loc. cit. is a mixture of two formulas: Kottwitz’s
fixed point formula on these boundary Shimura varieties associated to the Hermitian part
of the Levi subgroup, and the fixed point formula of Goresky-Kottwitz-MacPherson on the
locally symmetric spaces associated to the linear part of the Levi subgroup. In our case, the
zero dimensional boundary strata corresponding to P, are genuine quotients. We need to
replace the Shimura variety of the Hermitian part by a finite quotient of it, and meanwhile
replace the locally symmetric space of the linear part by a finite covering of it.

As for (3), in [59, §1.3] Morel provides two approaches to the construction of the integral
model of the Baily-Borel compactification, for which Pink’s formula (cf. [59, Theorem 1.2.3|
and |59, p.8 item (6)]) holds, among other things. The first approach, [59, Proposition 1.3.1],
cites Lan’s work [46] to construct the integral model away from a controlled finite set of bad
primes, which is valid in the PEL type case. The second approach, |59, Proposition 1.3.4],
works in much more general situations but only constructs the integral model away from an
uncontrolled finite set of primes. It depends crucially on the generic base change theorem of
Deligne [14, Th. finitude Théoréme 1.9] in order to verify Pink’s formula. Although Lan’s
work has been generalized by Madapusi Pera [54] to the Hodge type case, unfortunately our
Shimura datum O(V') is only of abelian type (cf. §1.2), and the relevant treatment has not

appeared in the literature. 5 As a result we could only use the second approach to construct

5Note that in this first approach, good integral models of toroidal compactifications are also implicitly
needed in order to verify Pink’s formula. Thus the "crude" construction in the abelian type case in [47] of
the integral model of the Baily-Borel compactification alone is not sufficient.
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the integral model away from an uncontrolled set of primes. Thus we would like to apply the
abelian type case of [59, Proposition 1.3.4] to construct the integral model. Note that when
stating conditions (1)-(7) on p. 8 of [59], Morel adopts notations that already assume that
no genuine quotients happen on the boundary. However this is only a matter of notation,
because the results from [63] and [82] used in the proof of [59, Proposition 1.3.4] do not need
such an assumption. In the following we will talk about these conditions (1)-(7) with the
understanding that their formulation have already been modified in the obvious way to suit
the general possibility of genuine quotients. Thus [59, Proposition 1.3.4] is still valid in our
case, and we could use it to construct the integral models of the Baily-Borel compactification
as well as all of its strata over SpecZ[1/¥], for a large enough finite set of primes ¥ D ¥,
such that these integral models satisfy the conditions (1)-(7) on p. 8 of [59]. However, in the
actual proof we proceed in a slightly different way and only construct these models over a
finite étale Galois extension R of SpecZ[1/3], with the reward of gaining more information

about them.

2.7.2

Proof of Theorem 1.7.2. We now start to carry out the aforementioned modifications to [59,
Chapter 1.

In the axioms on p. 2 of [59], we make the following modifications in case the boundary
(pure) Shimura datum Xp corresponding to the admissible parabolic P is zero-dimensional.
We weaken the axiom that Lp(R) should act trivially on Xp to only requiring that Lp(R)°
should act trivially. Let Lp(Q)" := Lp(Q) N Lp(R)°. For simplicity, we make the following

assumptions:
o [X|=[Lp(Q): Lp(Q)T]=2.

e Lp(Q)/Lp(Q)" acts non-trivially on X.
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e For any Q-Levi subgroup L of Lp, we have [L(Q) : L(Q)"] = 2, where L(Q)" :=
L(Q) N L(R)°.

In particular, L(Q)" = L(Q) N Lp(Q)" and L(Q) — L(Q)" = L(Q) - Lp(Q)*.
In the following, if P is an admissible (standard) parabolic subgroup of G corresponding to

zero dimensional boundary data, we need to always modify the definition of H;, by replacing

L(Q) with L(Q)™, i.e. we define
HL = gKgil N Lp(@)Jer(Af)

As on p. 2 of [59], the boundary strata in the Baily-Borel compactification corresponding to

P are of the form
(2.7.1) MXe/EN(Gp, Xp)/Hp.

The action of Hp on MXe/KN(Gp Xp) (Morel’s notation for Shg,/ky(Gp, Xp)) factors
through the finite quotient Hp/H K, now with the new definition of H. (We still define
Hp :=gKg~' N P(Q)Qr(Af).)

For boundary data of positive dimension, we keep the axioms and all the definitions
unchanged.

With this new definition of Hj, the results of [59, §1.2] are still true. Here we still define
H:=KyNLQ)G(Ay) = Ky N M(Q)G(Ay), not using L(Q)TG(Ay).

We now come to construct the integral models of the Baily-Borel compactification Shy
and its strata. As alluded to above in §2.7.1, our goal is to construct a finite set ¥ D X
of primes, a finite étale Galois ring extension R of Z[1/Y], and an integral model (Shg)g
(together with its strata) of Shy over R, in the sense that (Shx)p ®g R, is isomorphic to

Shig ®qR, as R,-schemes, where R, = R ®z Q. For p a prime number not in ¥ we denote
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Rpy = R ® Zgy. Also denote R, := R ®z Q. We require that (Shx)r and its strata
satisfy (the modified versions of) conditions (1)-(7) on p. 8 of [59], and that they satisfy the

following conditions (a) and (b):

(a) For all p ¢ ¥, the base change to R, of any stratum in (Shg)g is isomorphic to the
base change to R, of the expected finite quotient of the hyperspecial canonical integral
model of abelian type (cf. [29].) We also require that for all zero dimensional boundary

strata, the finite set of bad primes as in Proposition 2.8.1 is contained in 3.

(b) Forall p ¢ X, the model (Shx)r® Ry) is the same as that constructed in [47, Proposition

2.4] (with a certain choice of an auxiliary Hodge type Shimura datum).

We construct (Shg)g and its strata in Lemma 2.7.3 below. Now we admit this. Let ag be
the degree of R over Z[1/X].

We continue to modify [59, Chapter 1]. Let p be an arbitrary prime not in ¥. Following
Morel, we use notations M% (G, X) etc. to denote the reduction modulo p of the integral
models over R constructed above. Here we view all of these reductions as varieties over Fao.

With the new definition of Hy, the results of [59, §1.4, §1.5] all carry over. (In [59, Propo-
sition 1.4.5|, we replace L, (Q) with L, (Q)" when defining Hy, in case n, corresponds to
zero dimensional data.) Note that in these sections Morel always uses notations that explic-
itly record the fact that the boundary strata are quotients of Shimura varieties. However,
the comment on the top of p. 5 of [59], that M¥ (G, X)/H is equal to MA/HL(G X) and
that H/H|, is a subgroup of G(A;),° is no longer true in our case.

Also note that the change of the definition of H;, causes changes to some of the definitions
before [59, Corollary 1.4.6] on p. 12 of [59]|. The definition of X need not be modified. The
definition of I'; is changed after the modification, involving the new definition of Hy. The

new 'y, is a subgroup of the old I';,. Thus the definitions of R['(I'y, W) and RI'.(I'z, W) loc.

6This comment says precisely that the axioms of [59] imply that none of the boundary strata are genuine
quotients.
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cit. are both changed, involving the new definition of I';\ X ;. We call this new version of
L' \X 1 shallower locally symmetric spaces.
We modify [59, Proposition 1.7.2] as follows. In the definitions of L, L;, M, M;, we modify

the definitions of
RU(KL,V),RU(H;,V),RU.(K,V),RU.(H; 1, V)

all using the corresponding shallower locally symmetric spaces (and also with the new def-
inition H; N LT(Q) for H; ). Here for RT'(K,V) and RI'.(K, V), the shallower locally

symmetric space in question is

L(Q)"™\Xp, x L(Ay)/ K7,

where X1 = L(R)/Ky . AL(R)? as on p. 12 of [59]. In the following we write RT*M!( K, V),
RIsMll(K7 V) ete. to emphasize that we are using shallower locally symmetric spaces. In
the conclusions (1) (2) of [59, Proposition 1.7.2], the Shimura varieties M*¢ and M* need
to be replaced respectively by the finite quotients MmiKMmiilmG(Af)/Hi and MEmOGA) /[
where H = K3, N L(Q)G(Ay). (We are just undoing the application of the comment on p.
5 of [59] mentioned above.) Similar changes need to be made to [59, Lemma 1.7.3|. We still
let (m;)ier be a system of representatives for the double quotient L(Q)G(Af)\M(Ay)/K),
such that em Ky = ¢Kj;. Namely, we do not replace L(Q) by L*(Q) here.

We can then modify the arguments on p. 25 of [59] by applying the modified [59, Proposi-
tion 1.7.2]. Of course modifications are only needed when the boundary datum corresponding
to n, is zero dimensional. Suppose this is the case. The definition of v, needs to be changed.
Again we simply undo the application of the comment on p. 5 of [59] mentioned before.

Thus we replace the symbol FXMm#/KLr in Line 2 on p. 25 of [59] with FHr/Hen  Also we
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change RT.(Kp p,-) to RUS(K 5, +), defined using the shallower locally symmetric space

Lp(Q)"\X1, x Lp(Ag)/Kpn.

To calculate Tr(vy,), we need a modified version of Kottwitz’s fixed point formula for zero-
dimensional Shimura varieties (|59, Remark 1.6.5]), now for finite quotients of them, and we
need a modified version of the fixed point formula of Goresky-Kottwitz-MacPherson for
locally symmetric spaces (|59, Theorem 1.6.6]), now for shallower locally symmetric spaces.

In the next two subsections §2.8 §2.9 of this work, we formulate and prove these two
analogues under simplifying assumptions that are satisfied by the boundary datum associated
to P,. Note that the factor 2 in Definition 2.3.5 and Definition 2.4.2 in this work corresponds
to the factor 2 in Proposition 2.9.1 in this work, which is an analogue of [59, Theorem 1.6.6].
This factor 2 does not appear in Proposition 2.8.1 in this work, which is an analogue of [59,
Remark 1.6.5]. In contrast, in Morel’s case the extra factor 2 in Ly, comes from [59, Remark
1.6.5).

After calculating Tr(vy,), the same arguments as on pp. 26-27 of [59] imply the modified
version of [59, Theorem 1.7.1], where for P = P, N---N P, with P, corresponding to the

zero dimensional boundary data, we modify the definition of Tp (|59, p. 23]) as follows:

o Instead of letting (70,7, d) run through the set Cg; . defined in [59, Remark 1.6.5], we
let it run through Cg, ;, but we add the compatibility condition between vy and v;:

We require that 7 € Cent(X) if and only if v, € L(Q)™.

From this modified version of [59, Theorem 1.7.1], we easily deduce the special fiber
version of (1.7.1) in this work. Namely we have proved the identity (1.7.1) for a sufficiently
divisible, but with Shx and Shg replaced by the mod p reductions of the integral models.
Recall that these reductions are defined over Fj., and not necessarily defined over F,, but

the action of Frob) makes sense as long as a is divisible by ag. To prove the identity (1.7.1)

46



as well as the asserted unramifiedness in the theorem, we apply [47, Theorem 4.18], which

is valid because of the assumptions (a), (b) above on the integral models. 7

[]

The following lemma constructs the integral models needed in the above proof of Theorem

1.7.2.

Lemma 2.7.3. There exists a finite set of primes X D Yy and a finite étale Galois ring

extension R of Z[1/X] such that there exists a model (Shi)r of Shx over R, together with
the models of the strata, satisfying the conditions modified from (1)-(7) on p. 8 of [59], and

satisfying conditions (a), (b) in the above proof.

Proof. We take an auxiliary Hodge type Shimura datum D for the abelian type Shimura
datum O(V') as in [29], [31], and for simplicity of notation we assume the reflex field of
D is Q. For instance we may take D to be the Gspin Shimura datum (cf. [55, §3]). We
use K to denote a neat level for D and denote the associated Shimura variety (over Q) by
Shy := Shz (D). In [54], integral models over Z, of the toroidal compactifications of Shy
are constructed via taking normalizations of the closures of Shy inside the integral models
over Z) of suitable toroidal compactifications of Siegel moduli spaces. Integral models over
Zp) of the Baily-Borel compactification %, which we denote by (ﬁ)p, are constructed via
the Proj construction applied to the Hodge bundle on the above-mentioned integral model
of a toroidal compactification. For different p, the Hodge bundles are integral models of
the same vector bundle on the generic fiber of the toroidal compactification. It follows that
these integral models (Shg), glue together to a model (Shg )z x,) over Z[1/%4], for a large
enough finite set of primes ;. We may and will assume Y, D X.

We may find a suitable K, enlarge ¥, and find a finite étale Galois ring extension

In [47, §3] a special hypothesis is made on the relation between K and ¢, but this can be easily removed
by for instance considering the system of levels in [63, §4.9] instead of the system H(¢"),r > 0 in the notation
of [47, §3].
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Z[1/%1] — Ry, with Ry, a number field, such that over R; the analogue of statement (1) of
[47, Proposition 2.4] is true. More precisely, all the connected components of Shy ®R; ,, and
of Sh; ®R,, are geometrically connected, and each connected component of Shx @R, ,, is
the quotient by the free action of a finite group of some connected component of Shiz ®R, ,,
such that all these finite group actions extend to free actions on the connected components
of (Shz)r, := (Shg)z s, ® Ry that contain the connected components of Shiz @Ry, in
question. We then define (Shx)g, to be the union of the quotients of the aforementioned
extended actions. It is a model of Shx over R;.

Having constructed the pair ((Shy)g,, (Shk)g, ), we can now argue analogously as in the

proof of [47, Proposition 2.4] to obtain a model (Shk)g, of Shx over Ry, as well as models
of its strata, on possibly enlarging 3, and replacing R; by its corresponding localization. In
fact, the crucial point used in that proof is the existence of a positive integer n such that
the n-th power of the canonical line bundle on Sh; extends to an ample line bundle on the
canonical integral model of Shz over Z,), at a hyperspecial prime p. This integer n is given
in the proof of [31, Proposition 4.6.28|, and is clearly independent of p.

Since it is shown in [54] that for a hyperspecial prime p (for K) all the strata in (Shz),
are finite quotients of hyperspecial canonical integral models, we know that every stratum in
(Shx)r, when localized at any Ry () for p ¢ 3 gives the base change of the expected finite
quotient of the hyperspecial canonical integral model.

With the above construction of (Shg)g,, conditions (a) and (b) are satisfied (on possibly
enlarging >; and localizing R;). We then apply the argument in |59, Proposition 1.3.4] to
further enlarge ¥J; to get the set X, meanwhile replacing R; by its corresponding localization

R, and obtain the desired model (Shg)g over R. ]

In the following §2.8 and §2.9 we prove two results needed in the proof of Theorem 1.7.2.
The notations and conventions in these two subsections only assume local validity and are

different from the rest of this work.
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2.8 An analogue of [59, Remark 1.6.5]

Let M = G x L be a product of two reductive groups over Q. Assume G is a split torus and
X is a Shimura datum for G (in the sense of Pink [62], so that X" is a finite set) with reflex
field Q. Denote .2 := L(Q)/L(Q)*. Assume |X| = |.Z| = 2. Define an action of L(Q) on
X by letting L(Q)* act trivially and letting . act non-trivially. Let Kj; be a neat compact

open subgroup of M(Ay). Let
H = Ky 0 (GOA)L(Q)) = K 1 (G(A)M(Q)).
Assume that there exist g; € G(Af) and | € L(Q) — L(Q)™ such that ¢,l € H. Let
K = Ky NG(Ay).
Let Repgy & be the category of algebraic representations of G x £ (necessarily all defined

over Q), where .Z is viewed as the constant group scheme Z/27Z.

Proposition 2.8.1. Let ¢ be an arbitrary prime. Consider the Shimura variety Shig (G, X)
and its finite quotient Shy (G, X)/H. For almost all primes p # {, they have integral models
over Ly for which the following is true. The natural functor that goes from Repg, o to the
category of Qq-sheaves on Shx (G, X)/H extends to a functor Fi that goes from Repgy o to
the category of lisse Qp-sheaves on the integral model of Shi (G, X)/H. Keep the notations

as in Theorem 1.6.1 of [59] with the following modifications:
e Consider ¥ € ObRepgx.g instead of ¥ € ObRepg.
e Replace M*' (G, X) by the integral model of Shy (G, X)/H.

e Replace FX by Fin.
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We have

(2.8.1) TG.g)= Y. c0,78)0,(f)TOs(65)Tx(v0, 7).

(’YO 7776)€CG,]

Here the function f? is defined using the compact open subgroup Ky /Ky of G(Ay), where
KL = KM M L(Af), and

N Tr(v0, ), Yo € Centg(g)(X)
Tr(v, ¥) =

Tr(vo X lo, ), 7o ¢ Centgg)(X),

where ly denotes the non-trivial element of £ .

Proof. The existence of Fiy for sufficiently large p follows from [82, Proposition 3.6] and
the general construction of automorphic Q,-sheaves as recalled in [47, §3]. The rest of the
proposition is an easy consequence of the description of the canonical integral models of zero

dimensional Shimura varieties. cf. [63, §5.5]. O

2.9 An analogue of [59, Theorem 1.6.6]

In the following we state and prove an analogue of [59, Theorem 1.6.6], the latter being a
special case of [18, 7.14 B.

Let L be a reductive group over Q. Let K, K’ C L(Ay) be neat open compact subgroups
and fix g € L(A;) such that K’ € K NgKg~'. Let X, be the homogeneous space for L(R)

as in [18, §7]. We call the double quotients
Mo = L(Q)"\Xp, x L(Af)/ K
Man = L(Q"\Xp x L(As) /K’
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shallower locally symmetric spaces. Analogous to [59, p. 22|, we have finite étale Hecke
operators

K K
11, Ty : Mgy — Mgpan-

Let V be an algebraic representations of L over C. Denote by FX V' the associated sheaf

on MZE ,,, namely the sheaf of local sections of
LQ)"\(Xp x L(Ag) x V/K) = M.

cf. [59, p. 6].) The natural cohomological correspondence T*FXV — T! FKV gives rise to
( p g p 0T Fe Vg
an endomorphism u, on the compact support cohomology

RUP™(K,V) = RT (M, FibanV)

S

analogously as in [59, Theorem 1.6.6]. Note that [59, Theorem 1.6.6] and [18] take different
conventions on the definition of u,. See [59, Remark 1.6.7] for more details on this. We
follow the convention in [59] here.

We assume |L(Q)/L(Q)"| = 2 and let ly denote the nontrivial element in L(Q)/L(Q)*.
We have a natural action of Iy on MZE,, by the diagonal action on Xy x L(A;). The
sheaf FX .,V has a natural lp-equivariant structure, and so [y induces an endomorphism of

RUshl (K V), which we still denote by ly. It commutes with w,.
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Proposition 2.9.1. We have

(2.9.1) Tr(ug, RUM(K, V) =2 " (—1)8mAw/An) ()=

L/

S )T L)OL () [DE )] Te(y, V).

(2.9.2) Tr(uglo, RS (K, V) = 2) (=1)mAw/An) ()~
S )TN0 () [DE )] Ty, V).

Here the notations are the same as in [59, Theorem 1.6.6], except for the following:
e The symbols G and M in loc. cit. are replaced by L and L' here, respectively.

e In (2.9.1) (resp. (2.9.2)), the inner summation is over L'(Q)-conjugacy classes in
L'(Q)NL(Q)*" (resp. L'(Q) — L(Q)") that are R-elliptic in L'(R), instead of L'(Q)-

conjugacy classes in L'(Q) that are R-elliptic.

Proof. (2.9.1) follows from similar arguments as [18, §7]. In fact, the reductive Borel-Serre
compactification and the weighted complexes on it are studied in [17] in the non-adelic set-
ting, where one is allowed to pass to an arbitrary finite index subgroup of a chosen arithmetic
subgroup. Hence by de-adelizing we can consider the reductive Borel-Serre compactification
of MX , and weighted complexes on it. Similarly to [18, §7.5], the reductive Borel-Serre
compactification still has a stratification parametrized by the standard parabolic subgroups

P, and the stratum parametrized by P is of the form

(2.9.3) (L(Q) N LIQ NN (A\L(Af)/K) x X1,

where L’ is the standard Levi subgroup of P, N is the unipotent radical of P, and X7, is

as in [18, §7.5]. The arguments in [18, §7] carry over, with the modified forms of the strata
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given by (2.9.3).

We explain some more details. We follow the notation of [18, §7], only replacing the
symbols G and M with the symbols L and L’. In loc. cit., the fixed point counting first
considers the spaces Fix(P,zg,7), where P = L’N runs through the standard parabolic
subgroups of L, x, runs through representatives of the double cosets P(A;)\L(Ay)/K’, and

~ runs through conjugacy classes in L'(Q). Each space Fix(P, xq, ) is given by

LL@QN\(Y™ x Yo).

We refer the reader to [18, p. 523| for the definition of Y* and Y.

For us, recall that each stratum of the reductive Borel-Serre compactification is of the form
(2.9.3), rather than L'(Q)\[(N(Af)\L(Af)/K) x X)]. Hence the same fixed point counting
leads to consideration of spaces Fix'(P, zg,~), where P and x run through the same sets as
in the previous paragraph, but v runs through conjugacy classes in L'(Q) N L(Q)". Each

space Fix'(P, xg,~) is of the form

Fix/' (P, 20,7) == (L'(Q) N LT (Q)),\ (Y™ x Yao).

Let us call 7y of first kind if L. (Q) C L™(Q). Otherwise we call v of second kind. When
~ is of first kind, there are precisely two L'(Q)-conjugacy classes in the (L'(Q) N L(Q)T)-
conjugacy class of v, and we have Fix'(P, xq,7) = Fix(P, x9,7). When ~ is of second kind,
the L'(Q)-conjugacy class of ~ is the same as the (L'(Q) N L(Q)™)-conjugacy class of v, and
Fix'(P, xg,) is a two-fold covering of Fix(P, zg,~). In conclusion, the fixed point counting is

equivalent to considering Fix" (P, x¢, ), where P and x, run through the same sets as above,
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and « runs through L'(Q)-conjugacy classes in L'(Q) N L(Q)™, with

disjoint union of two copies of Fix(P, zg,7), ~ of first kind
Fix"(P, zg,7) :=

Fix'(P, xo,7), ~ of second kind.

From the above definition, the space Fix”(P, zo,7) has its compact support Euler character-
istic (cf. [18, §7.10, 7.11]) equal to twice of that of Fix(P, x¢, ).

In the qualitative discussion in [18, §7.12], the contribution from Fix(P,z¢,7y) to the
Lefschetz formula is a product of three factors (1) (2) (3), where factor (1) is the com-
pact support Euler characteristic of Fix(P, zo, 7). Analogously, for us the contribution from
Fix"(P, zg,7) is also a product of the three analogous factors, where our factor (2) and (3)
are identical to those in loc. cit., and our factor (1) is twice of the factor (1) in loc. cit., as we
have already seen. Therefore, analogously to [18, (7.12.1)], we have the following expression

for the Lefschetz formula

L(Q)/1Q)| ™ x(I)Lp(7)0,(fr)

(294) ZZQ(_l)dimAI/dimAL,
Py

where the notation is the same as loc. cit. except that M is replaced by L’ and that the
summation of v is over L'(Q)-conjugacy classes in L'(Q) N L(Q)" rather than conjugacy
classes in L'(Q).

Now the rest of the arguments in [18| deducing [18, Theorem 7.14 B| from [18, (7.12.1)]
carry over to the analogue (2.9.4) of [18, (7.12.1)]. Also the elementary transformation from
[18, Theorem 7.14 B| (applied to very positive weight profile, cf. [18, §7.17]) to the formula

of [59, Theorem 1.6.6] carry over to imply (2.9.1).
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We now prove (2.9.2). We claim that
(2.9.5) Tr(ug, RUSM™M (K, V) + Tr(ugly, RTS"™ (K, V) = 2 Tr(uy, RT.(K,V)).

Here we have abusively used the notation u, to also denote the endomorphism of RI' (K, V)
induced by g. Once (2.9.5) is proved, the desired identity (2.9.2) follows from (2.9.1), (2.9.5),
and the formula for Tr(u,, RT'.(K,V)) given by [59, Theorem 1.6.6].

We now prove (2.9.5). Denote
M" = L(Q)\ X, x L(A;)/K.

Let m denote the double covering 7 : MX ,, — MX. Let FXV be the sheaf of local sections
of
LQ\(X, x L(Af) x V/K) — M*

(cf. [59, p. 6]). Because F5 |V = 7*FXV, we have
(2.9.6) RFC(Ms[}falbfs[ﬁallv) = RFC(M£a117 7T*J:KV)-
Since 7 is a finite covering, we have

(2.9.7) RU(ME 7 FXV) = RU(M* 7, 7* FEV).

For each character y of the deck group A = Z/27Z of 7, we let F, be the local system given

by the covering 7 and the character x. Combining (2.9.6) (2.9.7) with the projection formula

nr FV2Fve @ F.

x:A—CX*
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we obtain a decomposition

RT (Mg, FhnV) = @ RU(M", FEV @ Fy).

X

This decomposition is equivariant with respect to u,, and the summand RT.(M¥X, FEV&F,)
corresponds to the x-eigenspace of A acting on RT.(ME,,, FX V). Identity (2.9.5) follows.
O

3 Global and local quasi-split quadratic spaces, some gen-
eralities

In this section we review some generalities about quasi-split quadratic spaces over Q or Q,,

where v is a place of Q.

3.1 The odd case

Definition 3.1.1. Let F' = Q or Q,, v a place of Q. We say a dimension d = 2m + 1
quadratic space (V7,q;) over F' is quasi-split (or split, which is the same), if it is isomorphic

to an orthogonal sum of m hyperbolic planes and a line.

In the local non-archimedean case, such spaces are characterized by the following relation

between their Hasse invariant € and discriminant 9:

(—1,0)m, v#2

(=1)mm=D72(_1 5™ v =2,

€= (_]-7 _1):}71(771_1)/2(_17 5)Um -

In the local archimedean case, such spaces are characterized by the condition that their

o6



signature is determined by the discriminant ¢ in the following way:

signature = (m+ 1,m), ifdé=(—-1)™

signature = (m,m+1), ifd=(-1)""".

In the global case, such spaces are characterized by their localizations being quasi-split,
at every place v. In both the local and the global cases, the isomorphism class of a quasi-split
quadratic space of dimension d is determined by its discriminant, which can be an arbitrarily

prescribed element of F*/F*?2.

Example 3.1.2. For a given dimension d = 2m + 1 and discriminant § € Q*/Q**2, up to
isomorphism there exists at most one quadratic space over Q that is split over every non-
archimedean place and has signature (d — 2,2). When does such a space exist? By the
product formula of the Hasse invariants we have ey, = (—1,0)7(—=1)™(m=1/2 On the other
hand we have § > 0 and e,, = (—1)2@Y/2 = —1 by the signature condition. Therefore such

a space exists if and only if (—1)™m~Y/2 = —1 if and only if m = 2,3 mod 4.

Remark 3.1.3. Let (V1,q1) be an arbitrary quadratic space over Q of dimension d. Then a
sufficient condition for it to be quasi-split at a finite place v # 2 is that ¢; can be written in

a diagonal form all of whose coefficients are v-units.

Proposition 3.1.4. Let (Vi,q1) be a quadratic space of dimension d > 3 odd over F = Q
or Q,. Let G1:=SO(Vi,q1). Then (Vi,q1) is split if and only if Gy is split.

Proof. This follows from [65, Proposition 2.14]. O

3.2 The even case

We remind the reader that we use the convention about the discriminant of an even dimen-

sional quadratic space recalled in §0.7.
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Definition 3.2.1. Let F = Q or Q,. Let § € F*/F*? be arbitrary. We say a dimension
d = 2m quadratic space (Vi,q1) over F' is quasi-split of discriminant § € F*/F>*? if it is
isomorphic to an orthogonal sum of m —1 hyperbolic planes and a two dimensional quadratic
space of the form (F = F(V§),Ng/r). (In case § € F*?, this last space is understood to be

the vector space F @ FV/§, with quadratic form a & bvV/6 — a® — §b%.)

In the local non-archimedean case, such spaces are characterized by the following local
invariants:

discriminant = §

Hasse invariant = (—1, _1)1(}m—1)(m—2)/2(_1’ _5)Um_1 =

(—1,6)m1, v#2
O

In the local archimedean case, such spaces are characterized by their signature being

signature = (m+1,m—1), ifd<0

signature = (m, m), if 6 > 0.

In the global case, such spaces are characterized by their localizations. In both the local
and the global cases, the isomorphism class of a quasi-split quadratic space of dimension d is
determined by its discriminant, which can be an arbitrarily prescribed element of F*/F*2,

Such a space is split, i.e. isomorphic to an orthogonal sum of m hyperbolic planes, if and

only if § € F*2.

Remark 3.2.2. The orthogonal direct sum of m — 1 hyperbolic planes and the plane
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also has discriminant ¢, and its special orthogonal group is isomorphic to that of a quasi-split
quadratic space of discriminant 0 in the sense of Definition 3.2.1. Our preference towards
one space over the other is nothing more than a convention. This convention is the same
as Taibi’s convention in |73, §2.1|. Note that in the local non-archimedean case the Hasse
invariant of the above space differs from the quasi-split one in the sense of Definition 3.2.1

by a factor of (—1,9),. Hence if § is a v-unit the two quadratic spaces are isomorphic.

Definition 3.2.3. Let (V4,q;) be a quadratic space over Q, of dimension d even, where
v is an odd finite prime. Let § € QX/Qx?. We say that (Vi,q.) is perfect quasi-split of

discriminant 0, if it is quasi-split of discriminant ¢ and ¢ has even valuation.

Remark 3.2.4. Let (V1,q1) be an arbitrary quadratic space over Q of dimension d even and
discriminant 6. Then a sufficient condition for it to be perfect quasi-split at a finite place v

is that ¢; can be written in a diagonal form all of whose coefficients are v-units.

Proposition 3.2.5. Let (Vi,q1) be a quadratic space of even dimension d > 4 over Q,,
where v is an odd prime. Let Gh = SO(Vi,q1). Then (Vi,q1) is perfect quasi-split if and only

if Gy 1s unramified.

Proof. Suppose (V1, q1) is perfect quasi-split. If (V7, ¢p) is split, i.e. an orthogonal direct sum
of hyperbolic planes, then a hyperbolic basis spans a unimodular lattice. Assume (V7,q) is
quasi-split and non-split. Let § € Z)* be a representative of the discriminant. By definition,

we can find a Q,-basis

/ /
€1, " ,6m—1,€1," 7€m717f17f2
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of V1, such that

(3.2.1) lei, 5] = [e}, €5 = [es, fi] = leg, fi] = 0
lei, €] = 0y

J

[flvfl] =1, [f27f2] = —0, [f1,f2] =0.

They span a unimodular Z,-lattice, because ¢ € Z). We see that in all cases V; contains
a unimodular Z,-lattice. The special orthogonal group of that lattice is a reductive model
over Z, for G;. Hence GG is unramified.

Conversely, assume G is unramified. Then G, is quasi-split over @, and split over an
unramified extension of Q,. If G is split, then [65, Proposition 2.14| implies that (Vi,q) is
split, and a fortiori perfect quasi-split.

Assume (G is non-split. Then by the abstract classification of quasi-split reductive groups
we know that G is split over a unique (up to Q,-algebra isomorphisms) quadratic extension
FE of Q,. Since GGy is unramified, F is unramified over Q,. By loc. cit., V; ® E as a quadratic
space over E is split. In particular, § € £*2. We conclude that § has even v-adic valuation.

By the abstract classification we know that the Q,-split rank of G is d/2 — 1. Hence by
loc. cit. we know that V; is an orthogonal direct sum of d/2 — 1 hyperbolic planes and a
two dimensional quadratic space P. The discriminant of P is 0 and P is not split. It follows

that P has to be isomorphic to (Q,(v/9), No,(v3)/0,)- O

4 Calculation at infinity

4.1 Levi subgroups and elliptic tori

Definition 4.1.1. We say a reductive group over R is cuspidal if it contains an elliptic

maximal torus. We say a reductive group over Q is cuspidal if its base change to R is
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cuspidal.

Remark 4.1.2. Our definition of cuspidality for a reductive group over Q appears to be non-
standard. The standard definition for a reductive group G; over QQ to be cuspidal seems
to be that (G1/Aq, )r has an anisotropic maximal torus over R, where Ag, is the maximal
Q-split subtorus of Zg,. Since (Ag, )r could be smaller than Ag, ,, G1 might not be cuspidal
in this sense even if G g contains a maximal elliptic torus. Such phenomena do not happen
to groups considered in this work, since they will all be a product of a semi-simple group

and a GL;.

We pass to a local setting over R. The symbols V, V;, G, Ps, Mg will now denote the base
change over R of the corresponding objects considered in 1.1. We keep the choice of the
flag (1.1.1) (now considered as over R) and a splitting of it as in 1.1. Moreover we choose

ei €1 =1,2, as in 1.1. With these choices, we identify

(4.1.1)
M, = GLy x SO(V5H/Va), My = G,, x SO(ViH/V1), My = G2 x SO(Vi-/Va),

as algebraic groups over R. We will write points of Mg as (g, h) or (g1, g2, h) according to
the above decomposition.

Note that Vi /V, and Vi-/V; are quadratic spaces over R of signatures (n — 2,0) and
(n — 1,1), respectively. Among the three groups (4.1.1), M; and M, are always cuspidal,
whereas M> is cuspidal if and only if d is odd.

Recall from Definition 1.1.1 that we denote Wy := V- /V,. We fix an (R-)elliptic maximal
torus Ty, of the anisotropic group SO(Ws) = SO(n — 2). Explicitly, we may choose a
decomposition of Wy, which is of signature (n — 2,0), into an orthogonal direct sum of

positive definite planes (plus a positive definite line in the odd case), and take Ty, to be the

embedded product of copies of U(1) = SO(2,0) = SO(0, 2) according to this decomposition.
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We then obtain an elliptic maximal torus Ts of Mg for S = {1} or {1,2} as follows:
T1 = TCS;SQ X TWQ, T12 = G?n X TYI/V27

where Tgil € GL; is defined by
d b 2 12
TeE,(R) = la,be R,a” +b"#0

for any R-algebra R.
In the odd case we also choose an elliptic maximal torus 75 of M, of the form T3 =

G, X Tw,, where Ty, is an elliptic maximal torus of SO(W;) = SO(V{:/V}).

4.2 Root data

We define a split maximal torus T” of G¢ as follows. We choose a maximal isotropic subspace

Vinax of Vi containing Vo c. Let

d

m = dim Vipax = |

|.

O |

Fix a splitting of the flag

(4.2.1) 0C Vic C Vae C Vinax C Vi

max

C Ve CVig CVe
that is compatible with the chosen splitting of (1.1.1). Fix a C-basis

€3,€4," " ,Em
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of Vinax/Vac. Using the splitting of 4.2.1, we think of them as vectors of Vi,.x. Then
e1, €, -, en form a basis of Vi.. The bilinear pairing on V¢ identifies Ve /V.5  with the
C-linear dual of Vj,.x, and we let e}, -+ , e/ be the dual basis of V¢ /V.% | which would start

with ¢} and ¢}, considered in §1.1. Via the chosen splitting of (4.2.1) we regard ¢} as vectors

of Ve. If VE

'/ Vimax # 0 (that is, in the odd case), it is one dimensional and we choose a basis

eo for it such that g(eg) = 1, again regarded as a vector in V. Define 7" to be the image of

the following embedding:

G c — G,
€e; — C;€;
(ci,osem) = | e ctel
(60 — 60)
We identify T" with G}, - using the above map and write points of T" as (c1,- -+, cm).

By construction, 77 C M¢ for any standard M € {M;, My, Mi5}. Moreover, the factor
G2, ¢ of Thac is contained inside 7" as the first two factors of 7" = G .. We fix an element
gw, € SO(Ws) such that Int gy, maps the torus Ty, c C SO(Ws)c C G chosen before into

T’. Then we have isomorphisms:

(4.2.2) nz = nt(1, gws) : Thoe — T’

1 —1
11 = Int( cgw,) s The — T,

a —b
In particular the second map sends ( 1) to (a+bi,a—bi,1,---,1).
b a

Denote the standard characters of G, - = T" by €y, - - - , €, and the standard cocharacters

by €, -+ ,€%. We transport them to Tsc using g, for S = {1,2} or {1}, and retain the

y m:*

same notation.
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The odd case.

The roots of (G¢,T") are given by

+e; £ €5, e, 1 F

and the coroots are given by

+e) + 6;-/, +2€¢) 1 # .

Among the roots, resp. coroots, the ones that are real with respect to T} are £(e; + €3),

resp. £(e] + €5). We will denote the resulting root datum by

D, = (Z(ey + €2), Z(€e] +€3), Ry, R)) C ®(Ge, T").

Among the roots, resp. coroots, the ones that are real with respect to T, are

:l:El, :l:EQ, :l:El + €9,

resp.

+2¢), +26), Fe) L€y,

We will denote the resulting root datum by

@12 = (Zﬁl @ ZEQ, Zﬁ\l/ @ ZG\Q/, ng, RYZ) C (b(G(Ca T,)

The even case.

The roots of (G¢,T”) are given by

:tEZ‘jZEj,i %]7
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and the coroots are given by

+e £e) i #

Among the roots, resp. coroots, the ones that are real with respect to T} are +(e; + €3),

resp. +(ef + €5). We will denote the resulting root datum by

D) = (Z(ey + €2),Z(€e] +€3), Ry, R]) C ®(Ge, T").

Among the roots, resp. coroots, the ones that are real with respect to 11, are

:l:€1 + €9,

resp.

v v
+e) L ey.

We will denote the resulting root datum by

q)12 = (ZEI EB Z627 ZGY @ Z€\2/7 R127 YQ) - @(G(C,T/).

In the odd case, the root systems in ®(Gc,Tc), P1, 1o are of type B,,, Aj, By respec-
tively. In the even case, the root systems in ®(Gc, 1), P1, P12 are of type D,,, A1, Ap x Ay

respectively.

4.3 Elliptic endoscopic data for G

The discussion in this subsection is valid for a general quadratic space (V, q) over R, with no
assumption on the signature. In fact we will need such generality too. We thus temporarily
drop the assumption that the signature of (V, q) is (d—2,2) and consider a general quadratic

space (V,q) over R, with discriminant § € R*/R*? = {+1} and of dimension d. Let
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G =S0O(V, q) as an algebraic group over R. Let m = |d/2] be the absolute rank of G.

The goal of this subsection is to recall the classification of elliptic endoscopic data of G in
terms of smaller special orthogonal groups. For each elliptic endoscopic datum (H,H, s,n),
we also fix an explicit isomorphism H = “H. In the following we shall exhibit the well
known way of doing this explicitly, for G a special orthogonal group. Thus we do not have
to consider z-extensions for the theory of endoscopy (which is necessary in general) even

though G is not simply connected in our case.

Remark 4.3.1. In this work, we will always consider endoscopic data in terms of explicitly
chosen representatives in the isomorphism classes. For each such representative (H,H,s,n),
we always explicitly choose an isomorphism # = “H. Thus in the terminology of [26], we

upgrade each endoscopic datum to an extended endoscopic datum.

In the following we follow the notation and conventions of [81].

4.3.2 Fixing the quasi-split inner form

Fix a quadratic space (V,q) over R that is quasi-split and has the same dimension and
discriminant as (V,q) (cf. Definition 3.1.1 and Definition 3.2.1). Recall from §3 that the
isomorphism class of (V, q) is uniquely determined. Also recall from Remark 3.2.2 that in
the even case we do not consider the quadratic space of signature (d/2 — 1,d/2 + 1) as

quasi-split.
Definition 4.3.3. In the even case, we fix an orientation oy on V once and for all.

Definition 4.3.4. We fix an isomorphism of quadratic spaces over C

¢: (V) @C— (V,¢9)®C,

such that the following is true: There exists an orthogonal basis vy, -+ ,vs of V, and an
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orthogonal basis vy, -+ ,v, for V, such that for each 1 < i < d, we have q(v;), q(v,) € {1},

and ¢(v;) = v, for some ¢; € {1,v/—1}.

Define G* := SO(V, q). Using ¢ we get an isomorphism

Y =1y:Gc —— G, g dgod .

Define a function

u: Gal(C/R) = GL(V.®C) prs Ppp .

Then w lands in O(V)(C). Moreover, since V' and V have the same discriminant, in fact u
lands in G*(C).
Note that we have

Py = Int(u(p)) : G — G

It follows that 1 is an inner twisting.

Remark 4.3.5. Abstractly speaking, fixing ¢ and getting the pair (¢, u) as above means that
we have realized G as a pure inner form of G* in the sense of Vogan [78]. This is essential
in the discussion of transfer factors in §4.5, §4.6, §4.7 below. See the introduction of [27]
for more historical remarks on this notion and other related notions, which have all been

generalized to the notion of rigid inner forms by Kaletha loc. cit..

Definition 4.3.6. In the even case, define the orientation oy on V' by the orientation oy on

V and the R-linear isomorphism®

A NV 5 AV

8Here A% is defined over R because V and V have the same discriminant.
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4.3.7 Fixing the L-group

First we define some algebraic groups over C. These groups shall be identified with their
C-points. Let N € Zsy. Let (éx)i1<k<n be the standard basis of CV. Define Iy to be the

N x N matrix whose (i, j)-th entry is

(=1)', i+j=N+1

0, otherwise.

When N is odd, define Iy, := Iy. When N is even, define I3 to be the N x N matrix whose
(7,7)-th entry is
(—1),  i4j=N+1,i<N/2

(In)ij = (=1)"*!, i+j=N+1,i>N/2

0, otherwise.
(

Thus I} defines a symmetric bilinear form on CV, and when N is even I, defines a symplectic
from on CV. We use them to form the groups SOy (C), and, when N even, Spy(C). By
convention, SO(C) = Spy(C) = GLy(C) = {1}.

Definition 4.3.8. In the matrix group Sp,_;(C) (resp. SO4(C)), we fix once and for all a
Borel pair (T, B), together with a trivialization 7 — G™, as follows. Let N = d — 1 (resp.
N =d) and let m = |d/2]. Consider the embedding G < Spy(C) (resp. GI' — SOx(C))
such that the i-th G,, acts by weight 1 on ¢; and weight —1 on éy41-; and weight zero on é;
for je{1,2,--- ,N} —{i, N + 1 —i}. Define T to be the image of this embedding. In other
words, 7 is the diagonal torus. The resulting root datum on (X*(G}), X.(G})) = (Z™,Z™)
is dual to the standard type B (resp. D) rood datum. Define B corresponding to the natural

order. In the following we also call (7, B) the natural Borel pair.

We now define the L-group of G. In the odd case we take “G = Sp,_,(C) x Wg. If d is
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even and § > 0, we take “G = SO4(C) x Wkg.

In the remaining case, namely when d is even and 6 < 0, we take “G = SO4(C) x Wg
with a non-trivial action as follows. The subgroup W = C* of Wg acts trivially. For
p € Wr — We, it acts on SO4(C) by conjugation by the permutation matrix on C¢ that
switches €4/2 and €4/941 and fixes all the other é;’s. We remark that this automorphism of
SO4(C) is non-inner, and also in this case the map Gal(C/R) — Out(G¢) = Z/27Z that
determines GG as an outer form of the split special orthogonal group is non-trivial. This case
is the only case where the quasi-split inner form G* is not split.

As usual, we set G to be the identity component of YG. Thus G' = Sp,_,(C) or SO4(C)
according to whether d is odd or even. We think of G as being equipped with the L-action
mentioned above that was used to form “G.

Strictly speaking, to regard G as the dual group to G*?, we need to specify a Gal(C/R)-
equivariant isomorphism between the canonical based root datum of G with the dual of the
canonical based root datum of G*. What amounts to the same is that, for one Borel pair
(T,B) in G and one Borel pair (T, B) in G*, we need to specify a suitable isomorphism
T =5 T. Recall from Definition 4.3.8 that we have already fixed a Borel pair (T,B) in G,

together with a trivialization T — G™.

Definition 4.3.9. A hyperbolic decomposition (h.d.) of V is an (ordered) m-tuple of oriented
hyperbolic planes Vi,---,V,, in V| plus a line in V in the odd case, such that V is the
orthogonal direct sum of them. A near-hyperbolic decomposition (n.h.d.) of V is an (ordered)
(m — 1)-tuple of oriented hyperbolic planes Vj,--- V1 in V, together with an oriented

definite plane V,,, in V, such that V' is the orthogonal direct sum of them.

Definition 4.3.10. A parametrized split maximal torus of G* is a split maximal torus 7" of
G* together with an isomorphism G™ — T. A parametrized near-split mazimal torus of

G* is a maximal torus T of G*, together with an isomorphism G~ x U(1) — T.

9namely to upgrade G to a "dual group datum".
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Recall that we need to specify an identification T =5 T for a given Borel pair (7, B) in
G*.

We first treat the odd case. In this case V is split, and we can choose an h.d. of V. This
gives rise to an embedding G — G*, whose G*(R)-conjugacy class is independent of the
choice of the h.d.. The embedding is given as follows. The i-th copy of G,, acts trivially on
all the hyperbolic planes and the line except the i-th hyperbolic plane, where it acts with
weight 1 on v and weight —1 on w, where (v, w) is an oriented basis of the i-th plane such
that ¢(v) = ¢(w) = 0, [v,w], = 1. We thus get a parametrized split maximal torus 7" of G*.
The resulting root datum on (X*(G), X.(G")) = (Z™,Z™) is the standard type B root
datum. We choose B corresponding to the natural order. We have now specified (B,T') and
(B,T), and we ought to specify an isomorphism T =5 T. We have already identified both
T and T with G, and we now choose the isomorphism T =5 T to be the resulting one.

Now we treat the even case with V split. Again we choose an h.d. of V and from
that get a parametrized split maximal torus of G*. The difference with the odd case is
that, such constructions give rise to two G*(R)-conjugacy classes of embeddings GH? G*,
corresponding to the two resulting orientations on V. The orientation oy fixed in Definition
4.3.3 allows us single out one from the two G*(R)-conjugacy classes that is compatible with
oy. Now we proceed similarly as the odd case. We get a parametrized split maximal torus
T, and the resulting root datum on (Z™,7Z™) is the standard type D root datum. We choose
B corresponding to the natural order. We now choose the isomorphism T =5 T to be the
one that results from having identified both 7" and 7 with GJ.

Finally we treat the even case with V non-split. In this case we choose an n.h.d. of
V and get a parametrized near-split maximal torus G”' x U(1) — T C G*, such that
G™ ! acts on the oriented hyperbolic planes as before, and U(1) acts on the oriented definite

plane by rotation. Again, the orientation oy on V fixed in Definition 4.3.3 singles out one

G*(R)-conjugacy class of such embeddings. We identify X*(U(1)) with Z, on which complex
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conjugation acts as multiplication by —1. We can now proceed in the same way as the even
split case. We note that according to the same construction as in the even split case, the
factor U(1) of T' is paired with the last G,,-factor of T = G¥?, namely the factor that acts

with weight 1 on é4/5.

4.3.11 The elliptic endoscopic data

We choose representatives of isomorphism classes of elliptic endoscopic data for G as follows.

Such a datum will be of the form
(H7 8? 77) = (H7 H? 8? 77)7

where

e H is a quasi-split reductive group over R,
e H ="H is the L-group of H (cf. Remark 4.3.1),

e s is a semi-simple element of @,
e 7 is an L-embedding n : “H — G.

In fact, H will be a product H = H x H~ of groups H* of the form SO(V*, ¢*) for
certain quasi-split quadratic spaces (V*, ¢*) over R. We represent the L-groups LH* of H*
in the same way as the L-group of G described above (where we choose the identity H* — H*
as the inner twisting to the quasi-split inner form, and in case V* is even dimensional we
fix an orientation on V* and use that to identify the explicitly defined group “H= as the
L-group of H*), and we take the L-group “H of H to be the fiber product of “H* and “H~

over Wg. In particular “H is a certain semi-product

LH: (I’AI+ X f{7> X WR.
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For w € Wg, we write

n(w) = (p(w),w) € "G = G x Wk,

where p is a certain map Wr — G. To specify the map 7 it suffices to specify 7|z and p.
The element s € G will always be a diagonal matrix, with only £1’s on the diagonal. We
write s = diag(sy,- - ,S4-1) or diag(sy, -+, Sq), when d is odd or even respectively.

The odd case.

Consider d*,d~ € Zs( both odd and such that d* +d~ = d + 1. Denote m* := [d*/2].
Take (V*,¢%) to be quasi-split (i.e. split) quadratic spaces of dimension d* and trivial

discriminant (cf. Definition 3.1.1). Define s by

1, m- +1<k<d—m —1

—1,  otherwise.

We have “H = (H* x H~) x Wg. Define ) : “H — G to be the map glued from the identity

on Wg and the following map on H=H"xH:
e BT X H™ = Spge 4 (C) % Spg-_1(C) = G = Spy_4(C)

given by the identification

72



The above construction gives rise to an (extended) elliptic endoscopic datum
Cgt,a— = (H+ X H_, 8,77)

for GG, which is well defined up to isomorphism. Every elliptic endoscopic datum for G, up to
isomorphism, arises in this way, and two pairs (d*,d~) and (df,d;) give rise to isomorphic
data if and only if they are equal modulo swapping. The outer automorphism group of ¢4+ 4-
is trivial unless d* = d~ = (d+1)/2, in which case there is a nontrivial outer automorphism
swapping H* and H~.

These facts are well known (cf. [81, §1.8] or |73, §2.3]) and can be checked similarly as
in the proof of |60, Proposition 2.1.1].

The even case.

Consider d*,d~ € Zs( both even and such that d* + d~ = d. We allow one of them
to be zero. Denote m* := d*/2. Moreover consider §+,§~ € R*/R*? = {£1}, such
that 670~ = ¢, the discriminant of (V,q). We assume none of (d*, %) is (2,1) or (0, —1).
Take (V*,¢%) to be quasi-split quadratic spaces of dimension d* and discriminant 6% (cf.
Definition 3.2.1). Note that we have (V*,¢") @ (V~,¢7) = (V, ¢). Recall that all the three
spaces V., VT, V= have been oriented.

Define s by

1, m-+1<k<d—m~
—1, otherwise.

On H* x H—, the map

Migeng : HY x H- =804 (C) x S04 (C) — G = SO4(C)
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is given by the following map:

Ccé x ct
(ék’ 0) — éker*

ék, k<m~
(O,ék) —

bryagr_1, m™ +1<k<d

We have already specified 7|z. To specify n, it remains to define a map p: Wg — G.

If dt # 0, we take S € GL4(C) to be the permutation matrix that switches é,,- and
€4—m-+1, and switches é,, and é,,,1, and leaves all the other é;’s fixed. (If d= = 0, we will
not need S anyway.) When d™ = 0 take S = id.

When 6~ = 1, we take p to be trivial. Otherwise, we take p(w) = 1 for w € W¢ and
p(w) =8 for w € Wg — We.

Given a quadruple (d*,0%,d=,d7) as above (disallowing (2,1) and (0,—1)), we have

constructed an (extended) elliptic endoscopic datum

eat s+a-o- = (H" x H ,s,1m)

for G, well defined up to isomorphism. Every elliptic endoscopic datum of G, up to isomor-
phism, arises in this way, and two unequal quadruples (d*,67,d~,67) and (df, o7, d;,d;y)
give rise to isomorphic data if and only if (d*,6%) = (d;,d;) and (d=,67) = (df,d]) (i.e.
the two quadruples are equal up to swapping.) The outer automorphism group of e+ s+ 4- 5-
is trivial when d*d~ = 0. When d* = d~ = d/2 and ¢ = 1, the outer automorphism group
is Z/27 x 7.)27., where the first Z /27 acts by the simultaneous nontrivial outer automor-
phisms on H™ and H~, and the second Z/27Z acts by swapping H" and H~. In the rest
case the outer automorphism group is Z/27Z, acting by the simultaneous nontrivial outer

automorphisms on H™ and H™.
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As in the odd case, these facts are well known. See the references given at the end of the

discussion of the odd case.

Remark 4.3.12. We remark that for all the endoscopic data discussed above (in both the odd
and the even case), the group Z discussed on p. 19 of [42] is trivial, as Z(G) = {+1} c H.
Hence the outer automorphism group of the datum is isomorphic to the automorphism group

modulo H. (cf. loc. cit.)

Remark 4.3.13. In the literature there are two different conventions of transfer factors (for
a fixed convention of local class field theory, which we always choose to be the classical
convention, cf. §0.7), which are related by s — s. See |40, p. 184] and [35, §5.1] for more

details. In our situation, s always satisfies s> = 1, so the two conventions are the same.

4.4 Cuspidality and transfer of elliptic tori

We keep the notation used in the previous subsection. Thus we have a quadratic space V'
over R of dimension d and discriminant ¢, of arbitrary signature (p, q). Let m := [d/2]. Let
G :=S0(V).

In the following we discuss a general way to obtain a pair (T, B), where T is an elliptic
maximal torus of G (over R) and B is a Borel subgroup of G¢ containing T ¢. This already
appeared in our discussion in §4.1. Of course for Ty to exist GG has to be cuspidal. When
d is odd, G is cuspidal. When d is even, G is cuspidal if and only if 6 = (—1)%2. We see
that the cuspidality condition is excluding exactly the case where p, ¢ are both odd. In the

following assume that at most one of p, q is odd.

Definition 4.4.1. An elliptic decomposition (e.d.) of V is an (ordered) m-tuple of oriented
definite planes Vi,--- V,, in V, plus a line in the odd case, such that V is the orthogonal

direct sum of them.
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Definition 4.4.2. A parametrized elliptic mazimal torus of GG is an elliptic maximal torus

Te of G together with an isomorphism U(1)™ — Tg.

Definition 4.4.3. A fundamental pair in G is a Borel pair (T, B) in G¢ with T defined over

R and elliptic over R.

Remark 4.4.4. Since any two elliptic maximal tori of G are conjugate under G(R). the num-
ber of G(R)-orbits of fundamental pairs in G is equal to the cardinality of Qc(G, T)/Qr(G,T),
where T' is an elliptic maximal torus of G. Namely, it is equal to the cardinality of a discrete

series packet for G(R).

Given an e.d. of V', we obtain a parametrized elliptic maximal torus by considering the
embedding U(1)™ < G, where the i-th copy of U(1) acts by rotation on the oriented definite
plane V;. Now a parametrized elliptic maximal torus U(1)™ — Tg gives rise to a Borel
subgroup B of G¢ containing T c. Namely, we let B correspond to the standard order on
the root datum on (X*(U(1)™), X.(U(1)™) = (Z™,Z™), which is the standard root datum

of type B or D. The composition of the above two constructions gives a map
(4.4.1) {e.d. of V} — {fundamental pairs in G} .

Now G(R) naturally acts on both of the sets above, and the above map is equivariant.
In the odd case, two e.d.’s

‘/17"'7Vm7l7 V/7”' V/ l/
1

Y m?

are in the same G(R)-orbit if and only if V; has the same definiteness as V; for each i. We
see that the number of G(R)-orbits on both sides of (4.4.1) are equal to (i) (which is equal
to the size of a discrete series packet for G(R)).

In the even case, an e.d. gives rise to an orientation on V. Thus the set of e.d.’s
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is partitioned into two subsets according to the orientations on V. We call the subset
corresponding to the orientation oy in Definition 4.3.6 the set of oy -compatible e.d.’s. Then
two oy-compatible e.d.’s

(‘/17”'7‘/777,)7 (‘/1/77‘/7),1)

are in the same G(R)-orbit if and only if V; has the same definiteness as V; for each i. We
see that the number of G(R)-orbits in the set of oy-compatible e.d.’s is (i) (which is equal

to the size of a discrete series packet for G(R)).

Lemma 4.4.5. The map (4.4.1) is surjective. In the even case, it restricted to the set of

oy -compatible e.d.’s is also surjective.

Proof. Let (T, B) be a fundamental pair in the image of (4.4.1). Let (Vi,---,V,,, 1) (resp.
(Vi,--+,Vin)) be a preimage in the odd (resp. even) case. In the even case assume the e.d.
(Vi,-+-,Vp) is oy-compatible. It suffices to prove that for any element w in the complex
Weyl group of (T, G), there exists an e.d. D, which is oy-compatible in the even case, such
that the image of it under (4.4.1) is (T,wB). In the odd case, the Weyl group is {£1}" % &,,.
Write w = ((ay, - ,ap),0), with a; = 1 and 0 € &,,,. We define D,, by first permuting
the order of V4, --- ,V,, according to o and then changing the orientations on those V;’s such
that a; = —1. In the even case, we follow the same construction, only noting that D, is still
oy-compatible because (ay,- - , a,,) lies in the subgroup ({£1}"™)" of {#1}" defined by the

condition that an even number of a;’s are —1. O

Corollary 4.4.6. In the odd case the map (4.4.1) induces a bijection between G(R)-orbits. In
the even case the map (4.4.1) restricted to the set of oy -compatible e.d.’s induces a bijection

between G(R)-orbits.

Proof. This follows from Lemma 4.4.5 and cardinality counting in Remark 4.4.4 and above

Lemma 4.4.5. O

7



Now recall from §4.3.2 that we have fixed an inner form of G, of the form G* = SO(V),
where V is a quasi-split quadratic space over R of the same dimension and discriminant as

V. We have also chosen an isomorphism
p:VC-—=V®C

and denoted the induced inner twisting G — G* by 1. We have fixed a Borel pair (B, 7T)
in G and have identified 7~ with GJ" in Definition 4.3.8. We have already assumed that G is
cuspidal, so automatically G* is also cuspidal. The above discussion of e.d. and parametrized
elliptic maximal tori in G applies equally to V and G*. Recall from Definition 4.3.3 and

Definition 4.3.6 that in the even case we have fixed orientations oy, oy on V.,V respectively.

Lemma 4.4.7. Choose an e.d. of V. In the even case assume it is oy-compatible. Let
U™ ER T« C G* be the resulting parametrized elliptic maximal torus of G*, and let

(T+, B*) be the resulting Borel pair in G§. Then the following diagram commutes:

—m f

U(l) <—Te-

lcan. LB*,B

Gn(C)=——T

Here the right vertical map is determined by (B*,B) and the left vertical map is the canonical

identification.

Proof. Observe that in the odd and the even split case, we have the following commutative

diagram
(4.4.2) u()E T c
,L f1 l

!
mc 1 c

78



where the left vertical arrow is the canonical isomorphism, the right vertical arrow is induced
by Int(g) for some g € G(C), and the bottom horizontal arrow is the base change to C of a
parametrized split maximal torus f; : G]! < G* considered in §4.3.7, associated to a chosen
h.d. of V, which is assumed to induce the fixed orientation on V in the even case. Thus it

suffices to prove the commutativity of the following diagram:

~

f1 P
Gm 1T

lcan. jlnt(g)(B*),B
GMC)=——T

By the discussion in §4.3.7, the above diagram commutes if and only if the based root datum
given by (T4.,Int(g)(B*)) is mapped under f;* to the standard based root datum of type
B on (X*(G}), X.(G)) = (Z™,Z'™). By the commutativity of (4.4.2), the last condition is
equivalent to the condition that the based root datum given by (T¢«, B*) is mapped under
f~! to the standard based root datum of type B on (X*(U(1)™), X,.(U(1)™)) = (Z™,Z™),
but this is true by the definition of B*.

In the even non-split case we need to replace "h.d." and "parametrized split maximal
torus" by "n.h.d." and "parametrized near-split maximal torus", and the rest of the argument

is the same. n

Consider an elliptic endoscopic datum eg+ 4~ (resp. eg+ 5+ 4- s-) in the odd case (resp.
even case). Recall that the endoscopic group in it is of the form H = SO(V*) x SO(V ™),
where V* are quasi-split quadratic spaces over R.

We assume that H is cuspidal, or equivalently, that both SO(V*) and SO(V ™) are

cuspidal. Denote m* := [d*/2]. Choose an e.d. of V* and and e.d. of V~, and we get a

79



parametrized elliptic maximal torus

(4.4.3) Fr s UM)™ x U™ =5 Ty- x Ty+ € SO(V7) x SO(VH).

To fix notation let us agree that whenever we identify U(1)™ x U(1)™" with U(1)™, it
is the first m~ factors of U(1)™ that we identify with U(1)™ .

Now we choose an e.d. of V and of V' respectively, to get parametrized elliptic maximal

tori
(4.4.4) U™ = Tg- C G*
(4.4.5) f:U()" =15 CG.

The isomorphisms fg, f*, f in (4.4.3) (4.4.4) (4.4.5) with the common domain U(1)™ induce
the following isomorphisms over R:

Tv— X Tv+ —:> Tg* —:) TG'

Lemma 4.4.8. Assume either d is odd or d is even and the chosen e.d.’s of V. and V*
induce the fized orientations on V. and VE. Then the isomorphism t : Ty— x Ty+ — Tee

1s admissible, in the context of endoscopy.

Proof. As in Definition 4.3.8 let 7 = G be the diagonal maximal torus in the matrix group
G. Analogously let T+ = G™* be the diagonal maximal torus inside SO/(V\i) In view of
Lemma 4.4.7 (applied to V and V*, and for V* we consider the natural choice of Borel By +

—

in SO(V*) containing 7y +), we need only check that the map

—

n:SO(V-) x SO(VF) — SO(V)
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in the endoscopic datum induces the map 7y - X T+ — T+ which corresponds to the natural
map GV x G%+ — G on naturally identifying each of Ty -, Ty+, Tg+ as a product of G,,’s.

But the last statement follows from definition. ]

Remark 4.4.9. The above proof in fact shows that the map { is associated to the following

four Borel pairs:
e The Borel pair in H associated to the chosen e.d.’s of V" and V'~ via (4.4.1),

e The natural Borel pair (T4, B5) = (Tv- X Ty+, By- X By+) in H.

A

e The natural Borel pair (7, B) in G.
e The Borel pair in G* associated to the chosen e.d. of V via (4.4.1).

Lemma 4.4.10. Assume either d is odd or d is even and the chosen e.d.’s of V and V are
oy -compatible and oy -compatible. Then I : Tgw — Tg is admissible, in the sense that it is

equal to Int(g) o™, for some g € G(C).

Proof. In this case the two ways of decomposing V' ® C into an orthogonal direct sum of
oriented planes (and perhaps a line), one induced by the chosen e.d. of V' and the other
induced by pulling back along ¢ of the chosen e.d. of V, are related by an element of G(C).
Therefore there exists g € G(C) such that go¢™ : V. ® C — V ® C sends the chosen e.d.
of V to the chosen e.d. of V. But this shows that the embeddings (4.4.4) U(1)™ — G* and
(4.4.5) U(1)™ < G are related by Int(g) o ¢ 1. O

4.5 Transfer factors, the odd case

We follow the notation and setting of the previous subsection. We restrict to the odd

case. Then G* is adjoint and up to G*(R)-conjugacy there is a unique equivalence class of
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Whittaker data for G*. Fix an elliptic endoscopic datum (H = SO(V ™) x SO(V*),s,n) of
G considered in §4.3.11.

The Whittaker normalization of the absolute geometric transfer factor between H and
G* was defined in [42, §5.3] (which can be specialized to the ordinary, i.e. untwisted, case),
and the definition was later corrected in [35]. Note that by our convention on the local class
field theory in §0.7, among the four transfer factors A, A, Ap, A’, at the end of 35, §5.1], we
only consider A and A’. Moreover by Remark 4.3.13, we have A = A’. Thus according to
our convention the Whittaker normalized transfer factor means the transfer factor A} given
in [35, (5.5.2)], and the discussion at the end of [35, §5.5] implies that A} = e, (V,¥)A},
with Aj = Ay (by Remark 4.3.13) where A, is defined on p. 248 of [53].

In the following we denote the Whittaker-normalized absolute geometric transfer factor
between H and G* by Ajy,. Also, having fixed ¢ : G — G* and u(p) € G*(C) as in §4.3.2, ,
we can define the Whittaker normalization of the absolute geometric transfer factor between
H and G as in [26]. We will recall this construction below.

We also consider the normalization A; g between H and G. See [40] for its definition.
The goal of this subsection is to compare these two normalizations Awy, and Aj g, under
suitable simplifying assumptions.

For our application we are only interested in the case where V' is of signature (p, ¢) with

p > q. In the following we assume this.

4.5.1 Transfer factors between H and G*

Definition 4.5.2. Let (V4,---,V,,,1) be an e.d. of V, where V;’s are oriented definite planes
and [ is a line. We say that it is Whittaker, if V; is (—1)™ "1 sgn(§)-definite. Here ¢ is the

discriminant of V.

Remark 4.5.3. Let (V4,---, Vi, 1) be an arbitrary e.d. of V. The line [ is necessarily sgn(d)-

definite. Thus there are precisely |m/2| positive (resp. negative) definite planes among the
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Vi’s when ¢ > 0 (resp. 0 < 0). Thus we can get a Whittaker e.d. by suitably re-ordering the
Vi’s.

Lemma 4.5.4. Given a Whittaker e.d. (Vi,---, Vi, 1) of V., the resulting Borel pair in G§
via (4.4.1) has the property that every simple root is (imaginary) non-compact. In other

words, in the terminology of [70], this Borel pair is a fundamental pair of Whittaker type.

Proof. This follows easily from the definitions. Also see [72, §4.2.1]. We illustrate the
argument with a special case, which actually contains all the computation needed in general.
Suppose m = 2. Assume 6 > 0. The case < 0 can be treated similarly. Then V; and [
are positive definite and V5 is negative definite. Let fi, f{ be an orthonormal basis of V; and

fa, f5 be a negative-orthonormal basis!® of V5. Denote the complex conjugation by 7. Let

er = f1+v-1f]

e ! e
=T
1 2 1
e = fo+V—1f;
, 1
¢y 1= —5Tes.

We also fix an orthonormal basis of [ and still denote it by [. Let ¢,€e5 be the standard
characters on U(1) x U(1) embedded in G* via the e.d.. Then ¢ acts by weight 1 on e; and
weight —1 on e}. The simple roots are @ = €; — €2 and = €. It suffices to check that for

any root vector E, of a and Ejg of 3, we have

|[Ew,TE,] = CH, € LieG*

[Es, TEg| = DHg € Lie G*
Yie. q(f2) = q(f3) = -1, [fo, f3] = 0.
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for some C, D € R
for Hp.
We take

Then we have

We compute

. Here H, is the coroot a¥ viewed as an element of Lie G*, and similarly

E,: ' VoC—-V&C
e1 — 0
e > €1
e — —e
eq — 0

[ — 0.

TE, . VC—-V®C
ey — —€}
el — 0
€1+ eg
es — 0

[ — 0.

B, 7Es] : V@ C 5V ®C
el — e

€9 > —€9

84



/
[—0,

which is equal to H,, as desired.
We take
Eg: VoC—-V®C

l'—)eg
b —l
€9

€1, ea, €5 > 0.

Then we have

TE; : VRC—-V®C
[ — —2e,
ey — 21
ey, e, ey 0.

We compute

[Eﬁ,TEB] K@C%K@C
€9 > 2€9
ey — —2€,

e, ey, 10,
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which is equal to 2H3, as desired. O

As before (Definition 4.3.8) we fix the natural Borel pair (T, B) in G. We extend it to
a pinning spls, which is automatically a Gal(C/R)-pinning since the L-action of Gal(C/R)
on G is trivial. Also we fix the natural Borel pair (Ty— x Ty, By— x By+) = (Tz,By) in
H= S/(V\—) X SO/(W) Now (7Tz,By;) is aligned with (7, B) in the sense that under the
map

n:H="H=Hx Gal(C/R) = “G = G x Gal(C/R),

T4 is identified with 7 and By is equal to the pull-back of B. We extend (T4,B5) to a
pinning splj.

Here is the effect of having chosen spls and sply (cf. [69, §7.3, §8.1] , [68, §7] ):

e Inside each equivalence class ¢ of elliptic Langlands parameters of G* we can pick out
a canonical T-conjugacy class of parameters . We call elements ¢ in this 7T-conjugacy

class almost-canonical representatives.

e For each equivalence class ¢ of elliptic Langlands parameters of G*, there is a canonical
equivalence class g of elliptic Langlands parameters of H, called well-positioned, that

induce ¢ vian: "H — LG,

e g is characterized by ¢ as follows: One (hence any) almost-canonical representative

@p for g composed with 1 : “H — “G should be an almost-canonical representative

@ for ¢.

We now choose an arbitrary ¢ and get ¢ g as above. Choose an almost-canonical repre-
sentative g for ¢y and define ¢ to be the composition of pg and n : “H — *G. Then ¢
is an almost-canonical representative for ¢o. Thus the Borel pair in G (resp. H ) determined

by ¢ (resp. ¢p) as on p. 182 of [40] is (7, B) (resp. (T, Bg))-
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Let my be the unique generic member of II, ([34], [77]). As in Shelstad [66] (cf. also |67,

Theorem 3.6|), we have
(4.5.1) AL (g, mo) = 1.

Here A@{,Shpec is the absolute spectral transfer factor between H and G*, under the Whittaker
normalization.

We now choose a Whittaker e.d. D* of V. Denote the resulting parametrized elliptic
maximal torus by

U S T @

and denote the resulting Borel pair by (7%, B*). Recall that these constructions are given in
§4.4.

Choose an arbitrary e.d. Dy = (Dy+, Dy-) of V=@V, Denote the resulting parametrized
elliptic maximal torus by

U(l)m — Ty CH
fu

and denote the resulting Borel pair by (T4, By). We also write H*, T+, By+, and fg+,
for the two components in each case.

When we want to emphasize the dependence of the objects defined above on Dy and D*,
we will write T = Tp«, f* = fp«, Ty = Tp,,, etc.

Define

It is an isomorphism over R. By Lemma 4.4.8 and Remark 4.4.9, the map j* is admissible
and (j*, By, B*) is aligned with g in the sense of [40, p. 184].

If we write AJS-EZS* for the absolute spectral transfer factor normalized compatibly with
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the absolute geometric transfer factor A« g« between H and G*, then we have (|40, p. 185])
A5 (pr,m(p, 0™ BY)) = (aw, ),
for w € Q¢c(G*, T*). Here a,, is defined in [40, §5]. For us it suffices to recall that
(a1, s) = 1.

Now by Vogan’s classification theorem for generic representations |77, Theorem 6.2] and by

Lemma 4.5.4, we know that my = m(¢, B*) and so it corresponds to w =1 . Hence
(4.5.2) AP (r,m) = 1.
Shelstad proves that the geometric and the spectral Whittaker normalizations are compatible

(|68, Lemma 12.3]), so comparing 4.5.1 and 4.5.2 we get the following

Lemma 4.5.5. Let D* be a Whittaker e.d. of V. and let Dy = (Dy+,Dy-) be an arbitrary

e.d. for V= and V. Let j* = jp, p- and let B* = Bp«. Then

A:}Vh - Aj*zB*‘

4.5.6 Transfer factors between H and GG

We keep the assumption that V' is of signature (p, ¢) with p > ¢. Recall from Definition 4.3.4
that we have fixed ¢ : V@ C — V ® C.

Definition 4.5.7. Let D* = (V4,--- ,V,,,1) be an e.d. of V. We say that D* is suitable for

¢, if the following conditions hold:
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1. For each i either ¢~ (V;) CV oor o7 (V;) CV @ V/—
2. o7y cv, 1!

3. There exists ig such that ¢=1(V;) C V ® +/—1 happens if and only if V; is negative

definite and 7 < 4.

In this case, D* determines a unique e.d. of V, of the form D = (V{,--- , V! '), such that

Y m?

V! = ¢ HV;) or v/=1¢71(V;), and I" = ¢~'(I), and the orientation on V; is such that the

2

map ¢~ or /—1¢~! from V; to V/ preserves orientation. We write D = ¢~'D*.

As a consequence of the condition on ¢ assumed in Definition 4.3.4, there exists an e.d.
of V that is suitable for ¢. By re-ordering we can arrange it to be Whittaker.
Take a Whittaker e.d. D* = (Vi,---, V,,, 1) of V suitable for ¢, and let
D= (‘/1/7 o 7Vn/wl ) Qﬁil’D*
as in the above definition. Let f*: U(1)™ — T* C G* and f : U(1)™ — T C G be the
parametrized elliptic maximal tori associated to D* and D respectively. Then the following

diagram commutes:

Ulm—>G

g b

m I o
namely, ¢ sends the parametrized elliptic maximal torus (7, f) in G to (T, f*) in G*.
In particular, u(p) defined in §4.3.2 lies in 7*(C). More precisely, for p = 7 the complex

conjugation, u(7) acts as —1 on those V; such that ¢~'V; C V ® v/—1, and acts as 1 on [

and on those V; such that ¢~'V; C V. This implies that in fact u(p) € T*(R).

" Given condition (1), it is a priori impossible to have ¢~1(I) C V ® /—1, since V and V have the same
discriminant.
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Take any Dy and j* : Ty — T™ as in Lemma 4.5.5 and let B* := Bp«, By := Bp,,. Take
a test element §* € T*(R) that is strongly regular in G*, and define v := (5*)7'(6*) € Ty (R)
and 0 :=¢~1(0*) € T(R).

Kaletha [26, §2.2] proves that there is a normalization Awy, of the absolute geometric

transfer factor between H and G characterized by the following formula:
(453> AWh(V? 5) = A%Vh(’% (5*)<1HV(5, 5*>7 5%5*>71

where:
o Ajy, is the Whittaker normalization of the transfer factor between H and G*.

e inv(d,0%) is the image of the cocycle (p — u(p)) under the Tate-Nakayama isomorphism
H' (R, T*) — H ' (To, X.(T*)) = X.(T*)r,,. (Since T* is a product of U(1), the
norm map on X, (7™) is zero.)

~

e s, 4 is the image of s € Z(H) in the endoscopic datum under the maps
Z(H) < Ty & T+ = (T")"™,

where the first map is given by any admissible isomorphism between 7/}\{ and T;. '

Definition 4.5.8. We call Awy, the Whittaker normalization of the absolute geometric trans-

fer factor between H and G.

Lemma 4.5.9. Keep the notation as in (4.5.3). We have

(inv(6,0%), 84.5-) = (—1)*P7),

2Any two such isomorphisms differ by an element in Q(7}, H), so they restrict to the same map on
Z(H) C Ty
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where

kD) =#{1<i<m |¢"'ViCcVeV-1}.

Proof. By [26, Lemma 2.3.3], the element inv(d,0%) € X,.(T*)r, is equal to image of any
element A € X, (7T™) such that \(—1) = wu(7), where 7 is the complex conjugation. The

lemma then follows easily from the description of u(7) above (4.5.3). O

Define j : Ty — T to be the composition 1! oj*. Then j is an admissible isomorphism.
We have the Borel subgroup Bp of G¢ containing T¢ determined by D via (4.4.1). Our goal

is to compare A, g, and Awy as transfer factors between H and G.

Lemma 4.5.10. Suppose the signature of V' is (p,q) with p > q.*> Then
Djepe(7,8%) = (1) PHEDRN; B (,6).
Proof. By the formula for A; g on p. 184 of [40], we have
Ajep(7,6%) = (1)1 Dy (5 Ape((67) ) Ap, (™)

Njpp (1,0) = (=) "My 1 (8) App (67 Apy ()
We have ¢(SO(a,b)) = ab/2, so

(m+1)m p@2m+1-—p) (m—p)(m#—l—p).

o(G7) - al(G) = B :

It follows from the fact that ¢ sends the Borel pair (T, Bp) to (T, B*) that

Ap((6)7) = Apy(67).

13For this lemma it is not necessary to assume p > q.
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It remains to show that

Xe+u(6") = xa,u(0).

By definition it suffices to check that the following diagram commutes up to G’—conjugation:

nB
LT D LG

|

L(T*) "1B* LG

where the left vertical arrow is induced by 1 : T — T* (R-isomorphism). But this is true
by the characterization (a)(b) on p. 183 of [40], in view of the fact, again, that ¢ sends
(T, Bp) to (T*, B*). O

For our application it suffices to make the simplifying assumption in the following propo-

sition.

Proposition 4.5.11. Assume that the signature (p,q) of V' satisfies that p > q, (p+q odd),

and assume

q even q odd
or

q/2 < [m7/2] (¢=1)/2 < [m7/2]

Then

(—1)IF ST A, 6> 0
Ajp, =

(—1)UEHE A 6 < 0.

In particular, we have
.

(D)5 A, g =2
mt
Ajpp = (—1)[T1AWh7 q=0

\

92



Proof. Let v,9,0* be as above. By Lemma 4.5.5, (4.5.3), Lemma 4.5.9, Lemma 4.5.10, we

have

Ay (7,6) = (—DREIH-Dm D)2 (0 5).

Now note that among the m* planes V,,— 1, Vy- 1o, -+, Vi, there are precisely [m™*/2]
(resp. |m™/2]) that are negative definite when § > 0 (resp. § < 0). Under our assumption

on (p,q), there does not exist @ < m~ such that V; is negative definite and ¢~1(V;) C V,

1

because otherwise ¢~ would send this V;, together with all the negative definite planes

among V,,— 41+, Vi, to negative definite planes in V', and we would have |q/2] strictly
larger than the number of negative definite planes among V,,-,1 -+, V,,, a contradiction.
Hence

kD) =#{1<i<m7|¢p"'ViCV®V-1}
= # {1 <1 < m™|V; is negative deﬁnite} )

When § > 0,

[m~/2], m odd
k(D*) = = [m/2] + [m*/2] mod 2.

|m~ /2], m even

When 6 < 0,

[m~ /2], m even
k(D*) = = |m/2] + |m*/2] mod 2.

lm~/2], m odd
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We check for each parity of m that

(m—p)(m+1-p) mop

1 mod 2
2 2

O

Definition 4.5.12. Let Dy = (V/",--- , V" I") be an arbitrary e.d. of V. We say that D is

) m?

convenient, if there exists i such that
{i|V/" negative definite} = {i[i > iy and (—1)""™ =sgnd}.

In particular when ¢ = 2, D; is convenient if V! is negative definite. When ¢ = 1 or 0, any

e.d. of V is convenient.

Remark 4.5.13. D; is convenient if and only if it is in the G(R)-orbit of D = ¢~ !(D¥)

considered above.

Corollary 4.5.14. Keep the assumption on (p,q) as in Proposition 4.5.11. Let D; be an
arbitrary convenient e.d. of V. Let fi : U(1)™ = T} C G be the associated parametrized
elliptic mazimal torus and let (11, By) be the associated fundamental pair. Let Dy be an
arbitrary e.d. of V= ® V™' and let fy : U(1)™ — Ty C H be the associated parametrized

elliptic maximal torus. Let j, := f1 o fgl : Ty — T\. Then j; is admissible and we have

(—1) FHEH A 6> 0
Aj1,B1 =

(—)UE S T A, 6 < 0
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as absolute geometric transfer factors between H and G. In particular, we have

(

mt
(=D 1Ay, ¢ =2

mTt
AJ'1,B1 = (—1){T-|AWh, qg=20

(—1)!% Aw, =1

\

Proof. By Remark 4.5.13, we know that A; p, is equal to A, p,, considered in Proposition

4.5.11. [l

4.6 Transfer factors, the even case with d/2 odd

We follow the notation and setting of §4.4. We assume d is even and m = d/2 is odd. Recall
that we have assumed the cuspidality condition, namely § = (—1)¥? = —1. In particular
G* is not split. In this case G* has a unique equivalence of Whittaker data, because the
map G*(R) — (G*)*4(R) is surjective, which can be seen by noting that ker H'(R, Zg-) —
H'(R, G*) is trivial. Moreover, as we have been doing in the above, we do not just view G
as an abstract algebraic group, but we realizes G as a pure inner form of G* = SO(V), via
the maps

p:(V,q)9C — (V,q)®C

and

'(ﬁG(c;)GZE

discussed in §4.3.2.

All the discussions in §4.5 carry over analogously, as follows.
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4.6.1 Transfer factors between H and G*

Definition 4.6.2. Let (Vi,---,V,,) be an oy-compatible e.d. of V. We say that it is

Whittaker if V; is (—1)""!-definite.

Remark 4.6.3. Let (V4,---,V,,) be an arbitrary e.d. of V. Then there are precisely [m/2]
positive definite planes among the V;’s. Thus we can get a Whittaker e.d. by suitably

re-ordering the V;’s and changing the orientations on some of the V;’s.

Lemma 4.6.4. Given a Whittaker e.d. (Vi,---, V1) of V., the resulting Borel pair in G§

via (4.4.1) has the property that every simple root is (imaginary) non-compact.
Proof. This can be checked by easy computation as Lemma 4.5.4. See 72, §4.2.1]. O]

Fix an elliptic endoscopic datum eg+ s+ 4-5- = (H = SO(V™) x SO(V*),s,n) of G
considered in 4.3.11. Suppose H is cuspidal. Thus 6+ = (—1)4"/2.

Choose a Whittaker e.d. D* of V, and an arbitrary e.d. Dy = (Dy+,Dg-) of V~ and
VT, such that they induce the given orientations on V'~ and V*. By Lemma 4.4.8, we get
an admissible isomorphism jp, p+ : Tp, —~% Tp+. Let Bp- be the Borel containing Tp- ¢

determined by D* via (4.4.1).

Lemma 4.6.5. Ajy,, = A, where AYy, s the Whittaker normalized absolute ge-

Dy, D% Bp* s

ometric transfer factor (with respect to the unique equivalence class of Whittaker data for

G*), for which we follow the convention discussed in the beginning of §4.5.

Proof. The proof is the same as Lemma 4.5.5. O

4.6.6 Transfer factors between H and G.

Assume the signature of V' is (p, q) with p > ¢. The cuspidality condition forces p and ¢ to
be even. Recall from Definition 4.3.4 that we have fixed ¢ : V @ C — V ® C.
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Definition 4.6.7. Let D* = (V4,---,V,,) be an oy-compatible e.d. of V. We say that D*

is suitable for ¢, if the following conditions hold:
1. For each i either ¢~'(V;) C V or ¢~ 1(V;) C V @ /—1.

2. There exists i such that ¢=*(V;) C V ® v/—1 happens if and only if V; is negative

definite and 7 < ig.

In this case D* determines an e.d. of V analogously as Definition 4.5.7, denoted by ¢~1D*.

We note that ¢~1D* is oy -compatible.

Definition 4.6.8. As in the odd case (cf. (4.5.3) and Definition 4.5.8), having fixed ¢ we
obtain the notion of the Whittaker normalization of the absolute geometric transfer factor

between H and G. We denote this by Awy.

As a consequence of the condition on ¢ assumed in Definition 4.3.4, there exists an e.d.
of V that is suitable for ¢. By re-ordering we can arrange it to be Whittaker. We thus let
D* be a Whittaker e.d. of V that is suitable for ¢. Let D := ¢~ 'D*. Take an arbitrary e.d.
Dy for VT x V= giving rise to the chosen orientations on V*. Define j = ¢~'jp, p-. By

using analogous statements as Lemma 4.5.9 and Lemma 4.5.10, we get

Lemma 4.6.9. A, = (—1)1@+dE)HPIAy = (=1 P) Ay, (noting that ¢(G) and

q(G*) are even), where
kD) =#{1<i<m |¢7'V,CVeV-1}.

O

Proposition 4.6.10. When q/2 < |m* /2], we have A, p, = (=1)"™ /21 Ay, When m* =

1 and ¢ =2, we have Aj g, = (—=1)" L Awn.
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Proof. Among the m™ planes V,,,— 1, -, V,, precisely |m™ /2| are negative definite. Hence
in the first cases there does not exist ¢ < m~ such that V; is negative definite and ¢=*(V;) C V.
Thus

k(D*) = # {1 <i < m~|V; is negative definite} = [m~/2].

Now assume m*™ = 1,¢ = 2. Then

k(D*) = # {1 <i <m™|V; is negative definite} — 1 = [m™ /2] — 1 = % -1

The proposition now follows from Lemma 4.6.9. ]

Definition 4.6.11. Let Dy = (V/,--- , V") be an arbitrary e.d. of V. We say that D; is

convenient, if it is oy-compatible, and such that there exists iy satisfying
{i|V/" negative definite} = {i|i > iy and i =0 mod 2} .

Remark 4.6.12. Dy is convenient if and only if it is in the G(R)-orbit of D = ¢~ 1(D*)

considered above.

Corollary 4.6.13. Let Dy be an arbitrary convenient e.d. of V. Let fi : U(1)™ — T} C
G be the associated parametrized elliptic maximal torus and let (11, By) be the associated
fundamental pair. Let Dy be an arbitrary e.d. of V=&V giving rise to the fized orientations
on VE and let fr : U(1)™ — Ty C H be the associated parametrized elliptic mazimal torus.

Let j, == fio fi' : Ty — T1. Then j, is admissible and we have

(

(—1)lm /21, g=0
Aj B Ay, = (—1)lm /2], g=2, mt>2

(—=nlm72F g =2 mt =1.

\
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4.7 Transfer factors, the even case with m/2 even

We follow the notation and setting of §4.4. We assume d is even and m = d/2 is even. By

4/2 — 1. In particular G* is split. We would like

the cuspidality condition we have § = (—1)
to establish results analogous to those in §4.5 and §4.6. The new feature and difficulty in
the current case is that there are in total two equivalent classes of Whittaker data of G*. To
ease the language, in the following we will use the phrase "Whittaker datum" to mean an
equivalence class of Whittaker data. Having realized G* as SO(V, ¢) (namely remembering
(V, q) as part of the data), we are able to distinguish (in a somewhat abstract way) the two
Whittaker data and call them type I and type II. Roughly speaking, the reason that there
are two Whittaker data is because (V,¢) is in isometry with (/, —¢). We shall establish
results analogous to §4.5 and §4.6 only for the type I Whittaker datum. One extra task we
need to take for the application is to study how the notion of being type I passes to cuspidal

Levi subgroups. This we shall carry out in the end of this subsection. In the following many

remarks and arguments in §4.6 carry over, and we do not repeat them.

4.7.1 Transfer factors between H and G*

Definition 4.7.2. Let (V4,---,V},) be an oy-compatible e.d. of V. We say that it is type [

Whittaker if V; is (—1)""!-definite. We say that it is type II Whittaker if V; is (—1)’-definite.

Let (Ty, By) (rvesp. (Tir, Byr)) be the fundamental pair associated to a type I (resp. type
IT) Whittaker e.d.. Then they both satisfy the condition that every simple root is non-
compact. As in (72, §4.2.1|, (T}, By) and (17, Brr) correspond to two Whittaker data o,
and 1y of G* respectively, characterized by the condition that in any discrete series packet
for G*(R) the element corresponding to (17, Br) (resp. (77, Brr)) is generic with respect to
t; (resp. toy7). The Whittaker data w; and to;; are inequivalent and hence exhaust the

equivalent classes of Whittaker data for G*. See loc. cit. for more details.
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Fix an elliptic endoscopic datum eg+ s+ 4-5- = (H = SO(V™) x SO(V*),s,n) of G

considered in 4.3.11. Suppose H is cuspidal. As usual let m* be the absolute ranks of H*.

+

Thus 6 = (—=1)™".

Definition 4.7.3. We denote by Ajy,, the Whittaker normalized absolute geometric transfer
factor between H and G* with respect to to;. Denote by A;*Nh the analogous object with

respect to toy;.

Choose a type I Whittaker e.d. D* of V, and an arbitrary e.d. Dy = (Dy+,Dy-) of V'~
and VT, such that they induce the given orientations on V=~ and V. By Lemma 4.4.8, we
get an admissible isomorphism jp,, p+ : Tp, % Tp-. Let Bp- be the Borel containing Tp ¢
determined by D* via (4.4.1).

Lemma 4.7.4. We have
i A>\kIVh - AjD

7, D* Bp -

° A;"Nh = (-1 AjDH,D* Bp.- Here as usual we denote by m* the absolute ranks of H*.

In particular Ak, = ALy, .

Proof. The proof of the first statement is the same as Lemma 4.5.5. For the second statement,

we also use similar arguments as those for Lemma 4.5.5, and we are reduced to checking that

(ag, s) = (=1)"™"",

where w is the element of the complex Weyl group of Tp- relating the two Borels correspond-

ing to a type I and a type II Whittaker e.d.. We easily see that

w=(12)(34)---(m—1,m) € &, C Qc(G*,Tp+)
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and the class a,, € H' (R, Tp-) is represented by the cocycle sending the complex conjugation
7 to —1 € Tp«(R). It easily follows that (a,,s) = (—1)" .

Alternatively, the second statement also follows from the observation that if one changes
the sign of n € R*/R*? in Waldspurger’s explicit formula in [81, §1.10] specialized to G*
and H, the resulting sign change is (—1)™ (cf. (4.7.9) below ). This proves our statement
because Waldspurger’s formula is for the Langlands-Shelstad normalization A, (for a quasi-

14 and changing the pinning of G* has

split group with a fixed Galois invariant pinning),
the same effect on the Langlands-Shelstad normalization A as the effect of changing the

Whittaker datum on the Whittaker normalization. O

4.7.5 Transfer factors between H and G.

Assume the signature of V' is (p, q) with p > ¢. The cuspidality condition forces p and ¢ to
be even. Recall from Definition 4.3.4 that we have fixed ¢ : V@ C — V @ C.

Definition 4.7.6. Let D* = (V4,---,V,,) be an oy-compatible e.d. of V. We define the
notion that D* is suitable for ¢, and define ¢~!D* for such D*, in exactly the same way as

Definition 4.6.7.

Definition 4.7.7. As in the odd case (cf. (4.5.3) and Definition 4.5.8), having fixed ¢ and
with the choice to; of the Whittaker datum, we obtain the notion of the type I Whittaker

normalization of the absolute geometric transfer factor between H and GG. We denote this by

Awp.
Remark 4.7.8. Analogously we also have the type IT Whittaker normalization between H and
G. By definition and by the second statement in Lemma 4.7.4, it is equal to (—1)™ Awy,.

Similarly as in §4.6, we let D* be a type I Whittaker e.d. of V that is suitable for ¢. Let

D := ¢~ 'D*. Take an arbitrary e.d. Dy for V* x V= giving rise to the chosen orientations

14Waldspurger omits the factor Ay, which is a positive real number and hence harmless for this discussion.
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on VE. Define j = ¢~ 'jp, p-. By totally similar arguments as loc. cit. we have
Proposition 4.7.9. Assume q/2 < [m*/2]. Then Ajp, = (—1)I"™ /2 Ayy,. O

Definition 4.7.10. Let Dy = (V/,--- , V") be an arbitrary e.d. of V. We say that D; is
type I convenient, or simply convenient, if it is oy-compatible, and such that there exists i
satisfying

{i|V/" negative definite} = {i|i > iy and i =0 mod 2} .

Remark 4.7.11. Dy is convenient if and only if it is in the G(R)-orbit of D = ¢~1(D*)

considered above.

Corollary 4.7.12. Let Dy be an arbitrary convenient e.d. of V. Let fi : U(1)™ = T} C
G be the associated parametrized elliptic maximal torus and let (11, By) be the associated
fundamental pair. Let Dy be an arbitrary e.d. of V- @&V giving rise to the fized orientations
on V* and let frr : U(1)™ — Ty C H be the associated parametrized elliptic mazimal torus.

Let ji := fio fi' : Ty — Ty. Then j, is admissible and we have

e =0
AJ'1731AWh =

(_1)LW"F/2J7 q=2.
Proof. This is a consequence of Proposition 4.7.9 and Remark 4.7.11. O

4.7.13 Relation with cuspidal Levi subgroups

Consider an arbitrary oy-compatible e.d.

(‘/17 JVm)
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of V. Let 2 < n < m be an even integer such that among Vi, --- ,V,, exactly half of them
are positive definite. Let

w::Vnﬁ—l@Vn-{—Q@"'@vm

equipped with the inherited quadratic form and orientation. Then SO(W) embeds into G*,
as a part of a Levi subgroup M* C G* of the form SO (W) times a product of G,,’s and
GLy’s. Since for G, or GLj there is a unique Whittaker datum (up to equivalence), SO(W)

inherits a unique Whittaker datum from to; for G*.

Proposition 4.7.14. The Whittaker datum for SO(W) inherited from v for G* is the type
I Whittaker datum for SO(W).

Proof. We pick R-pinnings sply, for SO(W) and spl for G*, such that spl restricts to sply
in the sense that SO(W) multiplied with a product of G,,’s and GLy’s is a Levi subgroup
of G*. In [81, §1.6], an invariant n € R*/R*? = {£1} is associated to spl, which can be
thought of as measuring the difference between spl and a standardly chosen pinning for the
group SO(W). Similarly we get my € {£1} associated to sply,. It is obvious from the
definition that n = nw. Hence the proposition follows from the following theorem, applied

to both G* = SO(V) and SO(WW). O
The following result could be of independent interest.

Theorem 4.7.15. The type I Whittaker datum vo; for G* = SO(V) is obtained from the one
of the two G*(R)-conjugacy class of R-pinnings spl; of G* corresponding ton = —1 € {£1}
as in [81, §1.6].

Proof. Consider the elliptic endoscopic datum eg+ 5+ 4- 5~ = (H, s, ) satisfying the cuspidal-
ity condition 6* = (—1)/2. Let m* := d*/2. Let Al and A%, be the transfer factors

between H and G* as in Definition 4.7.3. By the second statement in Lemma 4.7.4 we know

103



that
Aikzvh = (_1>m_ A>\kzvh~

Hence it suffices to show that Afy, is equal to the Whittaker normalization Ay, defined
by the Whittaker datum togp;, defined by spl;, for one choice of (d*,d™) with m~ = d~/2
odd. In the following we show that Ajy), = Ay_, without assuming m™ odd.

As in the setting of Lemma 4.7.4, we fix a type I Whittaker e.d. D* of V and an arbitrary
e.d. Dy = (Dy+,Dg-) of V7 and VT induce the given orientations on V'~ and V. Then
we get an admissible isomorphism jp,, p+ : Tp, — Tp- as in the setting of that lemma. Let
Bp- be the Borel containing Tp- ¢ determined by D* via (4.4.1). By Lemma 4.7.4, we have

(4.7.1) Aby = A

JD gy, D*Bp* -

To simplify notation we denote j := jp, p+, B := Bp+, T := Tp+, Ty := Tp,,. We also let
T* := Ty N H*, and let By be the Borel of H¢ containing Ty ¢ determined by (j, B). We
now recall the explicit formula for A; 5 given in [40, §7| and recalled in [60, §3.2].1° Let A

be the set of B-positive roots for (G¢, T¢) not coming from H through j. Namely,
A= {ei—i—ek,ei—ek\lgigm’, m’—f—lgkgm}.

Fix an element v € T(R) and let v := j7(y) € Ty (R). For simplicity assume 7 is strongly

regular in G*. Then we have

(4.7.2) Njp(ym, ) = (=) () [T = a() = xs(3) [ (1 = a(v)),

acl aEA

where xp is a quasi-character on T'(R) whose definition is recalled in [60, Définition 3.2.1].

15Note that there is a typo in [60, §3.2]. (1 — a(y~!)) there should be 1 — a(7).
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In [60, Exemple 3.2.4] Morel proves in a special case the following formula:

(4.7.3) X5 = (pBy 5 )5

where pp and pp,,, defined to be the half sum of the B-positive roots and the By-positive
roots, are actual quasi-characters. In our case, pp and pp,, are also actual quasi-characters.
We claim that (4.7.3) also holds in our case. In fact, when Morel proves (4.7.3), the only
special property she uses is that the cocycle a € Z 1(WR,T ) used to define xp could be
arranged to satisfy the condition that it sends the element 7 € C* LU C*r = Wg to 1 € T.
This is not needed!® in our case, because T is a product of U(1), and the image of a in
Hl(WR, T), which determines y g via the local Langlands correspondence for T" over R, only
depends on the homomorphism aly,. : We — T. The claim is proved.

By (4.7.3), we have
(4.7.4) xg=-me —mte——mte,-.
Having identified both 7" and T with U(1)™, we write

YH =7 = (y17y27"' 7ym)

with each y; € U(1)(R) € C*. In conclusion, by (4.7.1) (4.7.2) (4.7.4), we have

(4.7.5) Awn(va,7) = H yi (1= yiy (1 = yayr) = H 2(Ry; — Ryi).-
1<i<m~ 1<i<m™
m~+1<k<m m~+1<k<m

We now compute Ay, . In [81] Waldspurger gives an explicit formula for the normaliza-

tion Ay (due to Langlands-Shelstad) without the factor Ap,. Let us denote Waldspurger’s

6hut could also be arranged.
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formula by Awa.. Hence we have (cf. [42, §5.3|, |35, §5.5])

(4.7.6) Ay, = €LV, Ur)A¢ = e (V, ¢Yr) AwalAry,

where V' is the virtual I's-representation X*(7y) ® C — X*(Th,) ® C, with Tj inside spl;
and Ty inside any R-pinning of H. Since G* is split, Tj is necessarily split, so X*(7p) is a
direct sum of trivial representations of I'.. When m™ is even, X*(Th ) is a direct sum of
trivial representations, and when m™ is odd, it is a direct sum of trivial representations and

two copies of X*(U(1)). Therefore, by 74, (3.2.2), (3.6.1)] we have

1, m~ even -
(4.7.7) er(Viug) = = (=)™ .
—1, m~ odd
By definition
(4.7.8) Av(ymy) = [Jle@I™ 1 —am) = ] 2Ry — Ryl
a€A 1<i<m™
m~+1<k<m

Waldspurger’s explicit formula reads (|81, §1.10])

(4.7.9) Awa(y,7) = [ [ sen (ncz-(l +Ry) [ (Ryi— %yk))
=1 lgkl;gm

where ¢; € {#1} is the definiteness of V;, namely ¢; = (—1)""'. Note that 1+ Ry, > 0, and

H sgn(Ry; — Ryp) = (—1)™ (7 —0/2 = (—1)lm~ /2]
1<i,k<m~
i#k
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m m

T I

=1 i=1

so from (4.7.9) we have

(4.7.10) Awal(Va,v) = sgn(n)™ H sgn(Ry; — Ryx.).

1<i<m~™
m~+1<k<m

Combining (4.7.5) (4.7.6) (4.7.7) (4.7.8) (4.7.10) we have

m—

Ay, = (—sgn(n)™ Ay, (var,7)-

By assumption n = —1 for spl;, so the proof is completed. O

4.8 (G-endoscopic data for Levi subgroups

In this subsection we specialize to the case where (V,q) is a quadratic space over R of
signature (d — 2,2) = (n,2) as considered in §4.1. We will continue using the notations
established there.

Denote W; := Vit /V; i = 1,2, considered as a quadratic space over R. Recall that the
signature of W; is (n — 1,2 — ). We proceed similarly as before to determine the quasi-split
inner form, L-group, and elliptic endoscopic data for SO(W;). To fix notation we briefly go
over the construction once more. Firstly define a quasi-split quadratic space W; of the same

dimension and discriminant as W;. Then we fix an isomorphism

preserving the quadratic forms and satisfying the assumption in Definition 4.3.4, and use it
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to get an isomorphism

¥; : SO(W;)e — SO(Wj)c

g ¢igd; .

Define the function

u; : Gal(C/R) — SO(W;)(C)
p = P

We make two important compatibility assumptions. First note that it is always possible
to embed W, isometrically into V, such that its orthogonal complement is a split quadratic
space. We fix such an embedding. We also choose an embedding of MY into SO of the
orthogonal complement of W, in V as a Levi subgroup. Then we have an embedding ML x

SO(W,) < G* as a Levi subgroup. We assume the following two conditions:

1. The following diagram commutes:

(4.8.1) Mc G

LT

MEE x SO(W,)— SO(V)

2. The function u : Gal(C/R) — G*(C) is equal to the composition of u; and the embed-
ding SO(W,)(C) — &*(C).
The fact that the two assumptions (together with the assumption in Definition 4.3.4 for
both ¢ and ¢;) can be arranged can be easily seen by choosing suitable bases of W;, VW,V
and define the maps ¢, ¢; on these bases.

Define the L-group *SO(W;) of SO(W;) as in §4.3.7. If d is odd, we have

ESO(W;) = Spy_g;—1(C) x Wa.
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If d is even, we have

L SO(WZ) = SOd,2i<(C> X WR,

where the action of Wg is trivial or non-trivial according to whether the discriminant §; of
W;is 1 or —1. Note that for d even we have § = §; = d5. Recall again that when d is even
we need to fix an orientation on W;.

In general, we classify the elliptic endoscopic data for SO(W;) as before, using pairs
(d*,d™) or quadruples (d,6",d™,67), and for each such index we fix an explicit represen-
tative analogously as before. To specify that these data are for the group SO(W;), we will
use notations eg+ 4 (W) or e+ s+ 4- 56— (W3).

In the following we will work with the standard Levi subgroups My, My, My5. We let S
be a non-empty subset of {1,2}, and use the notation Mg. We denote the decomposition
(4.1.1) by

Mg = MS" x M3°,

where MS© is SO(W;) or SO(W5). As we have already fixed the inner twisting to the quasi-
split inner form of M5°, we get an inner twisting to the quasi-split inner form of Mg by
forming the direct product with M§T. Moreover we form the L-group EMg as

Mg = MG x (“MEP)

Y

where M is given by

GL;” = GL4(C)™, Vk,j € N.
Given an endoscopic datum for M5, we can extend it "trivially along MS'" to get an
endoscopic datum for Mg. Namely, we multiply the endoscopic group by M§T and extend

the other parts of the datum trivially. This induces a bijection from the isomorphism classes

of elliptic endoscopic data for M5° to those for Mg. Moreover the outer automorphism groups
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of the endoscopic data are preserved under this bijection. We will use notations eg+ 4-(Mg)
or eg+ s+ 4- - (Ms) to denote the elliptic endoscopic data for Mg obtained by extending the
explicit representatives of the corresponding data for M5° trivially along M$t.

The concepts of endoscopic G-data for a Levi subgroup M of G, isomorphisms between
them, and ellipticity, etc. are invented by Kottwitz in his unpublished notes and recalled
in [59]. We use notations &(G), & (M), Eq(M) to denote the set of the elliptic endoscopic
data for G' up to isomorphism, the elliptic endoscopic data for M up to isomorphism, and
the bi-elliptic G-endoscopic data for M up to isomorphism. Here bi-elliptic means that the
underlying endoscopic datum for M and the induced endoscopic datum for GG should both
be elliptic.

In the following we construct representatives of the G-endoscopic data for Mg which
exhaust all the isomorphism classes that are bi-elliptic. For S = {1} or {1, 2} let I := {1, 2}.

For S = {2} let I := {1}. Let ig = max Is € {1,2}. Then we have
Mg5® = SO(Wi,) = SO(V;; [ Vi)
We will consider a subset Pg of the power set Z(Ig). For S = {1,2} or {2}, let
Pg = P(Ig).

For S = {1}, let
Ps:={{1,2},0}.

We call the involution on g sending A € P to its complement A° € Pg swapping. In the
following we will fix S and omit it from all the subscripts.
The odd case.

Consider the set {(d*,d™)|d*,d™ both odd, d* + d~ = d + 1 — 2i} parametrizing the el-
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liptic endoscopic data for M (or, what amounts to the same, for M5°). We will abbreviate

this set simply as {(d*,d)}. Form the direct product
P x{(d",d)}.

For each element (A, d", d~) of this set, we construct a G-endoscopic datum for M as follows.

From the pair (d*,d™) we build an (extended) endoscopic datum
(M')59, $50 180 - L(Af7)30 _s L750)

for M5O = SO(W;) as before. We then define (M’, sy, mar : “M’ — “M), an endoscopic
datum for M, as follows. Let M’ := MY x (M’)5° as an algebraic group over R. Let sy, be

—_—
the element of “M = MGL x L'M59 whose component in ZMS5° is s5¢ and whose component

—

in MG is
e the identity matrix of size |A| =i if A° = (),
e —1 times the identity matrix of size |A°| =i if A =0,
o diag(1l,—1)if A= {1}, A= {2},
e diag(—1,1)if A= {2},A° = {1}.

Thus A (resp. A°) is the subset of I recording the positions of 1’s (resp. —1’s) in the
coordinates of the component of s;; in MGL.

We form the L-group “M’ of M’ as “M' = MEL x L(M")3O. The map
Mar MM = MOT x H(M')30 — LM = MOT x L p%0

is given by trivially extending 75°. Thus we have defined an endoscopic datum (M, sy, 7as)

for Mg. It turns out to be a G-endoscopic datum for M and is well defined up to isomorphisms
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between G-endoscopic data for M. It also turns out to be bi-elliptic. In the future, we will
use the notation eg ge g+ a- (M, G) = €44+ 4- to denote the particular representative of the
G-endoscopic datum for M as constructed above, rather than just its isomorphism class.

In this way the set & x {(d*,d”)} parametrizes all the bi-elliptic G-endoscopic data
for M up to isomorphism. Two unequal elements (A,d",d~) and (Ay,d;,d;) parametrize
isomorphic G-endoscopic data for M if and only if A; = A° and d* = d]. In other words,

we have a bijection

(4.8.2) P x {(d,d")} /simultaneous swapping — &g (M).

The maps &(M) — &(G) and &g(M) — &(M) now can be described in terms of the

relevant parameters. The first map is

eA,dtd—(M, G) Ca++2|A|,d—+2|A°|

and the second map is

eaatda (M, G) = eqr g (M).

We provide one more piece of information about the map &z (M) — &(G). Consider the

G-endoscopic datum

eA’d+’d7 (M’ G) = (M,7 SMy MM - LM, — LM)

for M. We have seen that up to isomorphism, it determines the endoscopic datum

. L L
Cd+42|Al,d—+2|Ac| = (H73777 :"H — G)

for G. Recall that H = SO(V*) x SO(V™), where VT (resp. V™) is a split quadratic space
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of dimension d* + 2 |A| (resp. d~ + 2|A¢|). Also

M' = MC®" x SOW™) x SO(W™),

where W* is a split quadratic space of dimension d*. Now there is a canonical way of
viewing M’ as a Levi subgroup of H, up to H(R)-conjugacy. We describe it now. Firstly we
choose isometric embeddings of W* into V*. For simplicity we now assume |A| > |A¢|. The
other cases are symmetric to these cases.

Suppose A = {1,2} and A¢ = (). We have M“L = GL, or G2,. First suppose M = GLo.
We choose a decomposition

Vt=Wtraepayp’,

where p is an isotropic subspace of dimension ¢ and W is orthogonal to p & p¥. We embed
MY x SO(WT) into SO(V*) as the stabilizer of this decomposition of V. The chosen
embedding W~ < V'~ is an isomorphism, so we have an isomorphism SO(W~) — SO(V ™).
Together we get an embedding M’ — H. Now we treat the case MS* = G2 . This time we
choose a decomposition

Vt=Wwtreholl oLl

where [; and Iy are isotropic lines and all three of W+ (I3 @ ), (lo @ l3y) are mutually
orthogonal. We embed ML x SO(W™) into SO(V) as the stabilizer of this decomposition of
V*. Again the chosen embedding W~ < V'~ is an isomorphism, so we have an isomorphism
SO(W~) — SO(V ™). Together we get an embedding M’ — H

Suppose A = {1} and A° = (). In this case M = G,,. We choose a decomposition

Vt=Wtraelael’

where [ is an isotropic line and W7 is orthogonal to [ &Y. We embed ML x SO(WT) into
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SO(V) as the stabilizer of this decomposition of V*. The chosen embedding W~ «— V~
is an isomorphism, so we have an isomorphism SO(W~) — SO(V ™). Together we get an
embedding M' — H.

Suppose A = {k*} and A° = {k}, with {kT,k~} = {1,2}. For V* and V~, we choose
a decomposition

V:I: — Wi@li@li’v

where [* is an isotropic line and W is orthogonal to [* @ [*V. The stabilizers of these

decompositions define Levi subgroups of SO(V*) of the form
M* = G,, x SO(W*).
The desired map
MC" x SO(W™T) x SO(W™) = G2, x SO(W™) x SO(W™) = SO(VT) x SO(V™)

is given by grouping the k*-th factor of G2, with SO(W%) and then mapping it into SO(V*)
as the above-mentioned Levi subgroup.

Finally we determine the G-outer automorphism groups of elements in & (M ). We use the
notation Outg(-). Let e = e4 4+ 4- (M, G). Note that by definition, Outg(e) is a subgroup of
Out(eg+ 4~ (M)). The latter group, equal to Out(eg+ 4- (W;)) (where we recall that eg+ 4 (W;)
is is an endoscopic datum for SO(WV;)), is nontrivial only for d* = d~, in which case it contains
one non-trivial element, which switches the two factors of the endoscopic group. This extra
outer automorphism sends the element s, = (ss59) in ¢ to (s®L, —s59). The two elements
(s, £559) are equal modulo Z(]\//T) = Z(]\//Ia) X Z(W), but they are not equal modulo
Z(@) (after being mapped into G under an admissible embedding “M — “G.) Therefore

this outer automorphism is not a G-outer automorphism. We conclude that Outg(e) = 1 for
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any e € g(M).
The even case. In the even case, we first need to construct

Consider the set

{(d*,6",d",67)|d",d" both even, d* +d~ =d —2i, 676~ = ¢} minus

{(O’ _1)7 (2’ 1)} X {(Oa _1)a (27 1)}

parametrizing the elliptic endoscopic data for Mg. (Recall that in the even case both W; and
W5 have discriminant 0.) We will abbreviate this set simply as {(d",d",d,67)}. Similarly
as before we get a parametrization of all the bi-elliptic G-endoscopic data for M up to

isomorphism, by the set

P x"{(d*, 6", d",07)},

defined to be the subset of the Cartesian product consisting of tuples (A4, d*,0%,d~, ) such

that none of the following pairs is equal to (0, —1) or (2,1):

(d*,67), (d=,87), (dt+2]|A],8"), (d~ +2]A9,6).

We will use the notation e g+ 5+ 4- s- (M, G) to to denote the corresponding G-endoscopic
datum for Mg. As in the odd case, we understand that this notation means the explicit
representative constructed analogously as in the odd case, rather than just its isomorphisms

class. We have an induced bijection

(4.8.3) P x"{(d*,6",d",67)} /simultaneous swapping — &x(M).
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The map (M) — & (M) is given by

eaatotdo- (M, G) = eqr 5+ - 5- (M).

The map &(M) — &(G) is given by

eadtst.a - (M, G) = eqrioalot.dt21ac)6--

As before, the endoscopic group M’ in the datum e g+ 5+ 4- 5- (M, G) can be viewed as a
Levi subgroup of the endoscopic group H in the datum eg+49)4)5+ d-42/4¢,5-, IN @ way that is
canonical up to conjugation by H(R). The description of this is the same as in the odd case.
The only new feature is that, with the same notation as in the corresponding discussion in
the odd case, because V* has the same discriminant as W=, it is possible to isometrically
embed W into VT in such a way that its orthogonal complement is a split quadratic space.

We now determine the G-outer automorphism groups of elements in & (M ). Recall from
§4.3.11 that there are two kinds of possible nontrivial outer automorphisms of the endoscopic
datum for M underlying e4 4+ s+ 4- 5~ (M, G). One is swapping the two factors and the other
is simultaneous nontrivial outer automorphisms on the two factors of the endoscopic group.
The former is never a G-outer automorphism, by an argument similar to the odd case. The

latter, when present, is a G-outer automorphism. We conclude that

1. dtd— =0
Outg(ead+ 5+.d-0-) =
Z/27, otherwise.

4.9 Kostant-Weyl traces and discrete series characters, case M,

We keep the setting in §4.1. Fix an irreducible algebraic representation V of G¢. This gives

rise to an L-packet II(V) of discrete series representations of G(R). Let © be the stable
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character associated to II(V). i.e. © is the sum of the characters of members of II(V). Note
that we follow [60] in this convention, whereas in [18] a factor (—1)%% is included in the

definition of ©. Consider M := M, isomorphic to
GLy x SO(V5/Va) = GLy x SO(d — 4,0).

The normalized stable discrete series character ®§;(v, ©) for v € M(R) is studied in [1]
and [18]. See also [59, §3.2].

For our purpose it suffices to only consider regular elements v € T1(R), where T} is the
elliptic maximal torus of M fixed in §4.1. Here regularity is understood with respect to the

root system of (G¢,T1) (not (Mc,T1)). Recall that T} is of the form
Tl = Tcs;tﬁda X TVZJ_ /V2

We have also fixed in §4.1 a parametrized maximal split torus 77 = G]! of M¢ (where
m = |d/2]), and an inner automorphism ¢; of M¢ that maps 77 to T’. We have denoted
the standard characters of 7" by €1, --- , €, and used the same symbols to denote the corre-
sponding characters of 7} ¢, identifying X*(77) with X*(7”) using ¢;. Recall from §4.1 that
the real roots are R = {£(€; + €3)} in both the odd and the even case.

We write

a b
7= vt ve) € Ti(R) = T, (R) x Ty v, (R),
—-b a

with a,b € R and a? + b* # 0. Note that the value (¢; + €)(7) is just the determinant on
the GL, factor, namely a? + b?.

We fix the positive system in the (complex) root datum ®(Gc,T") = ®(Gc,Ty) cor-
responding to the natural order. Denote by B the corresponding Borel subgroup of G¢

containing 77. This choice also endows the root datum ®(M; ¢, T7) with a positive system.
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Denote:

¢+ := positive roots in ®(Gc, T1).

®7, := positive roots in ®(Mc, Ty).

p € X*(T1) ® Q the half sum of the positive roots in ®(Ge, T1).

A € X*(T) the highest weight of V.

N := the unipotent radical of P;.

o wy:=¢/ +e € X,(T1),and t; =1 — (d — 2) = 3 — d, as in Definition 2.2.1.

Q) := the complex Weyl group for (G¢,T}).
Recall that Lj; is defined in Definition 2.4.1.

Proposition 4.9.1. Suppose a® + b* < 1. Then we have
(19.1) 85, (7,0) = 2~ 1)1 Ly (1),

Proof. We first compute the LHS. We follow the notations of [60]. By [60, Fait 3.1.6], which

follows [18, §4], it is equal to

(4.9.2) (=) Der(1)dp (1) An (1)) e(w)n(y,wB)wM) () ] o™'().

weN a€d(w)

In our case, Tj is isomorphic to Resc/r(G,,) x U(1)™2, so T1(R) is connected. Let A; be
the maximal split sub-torus of T;. Then A; = G,,, diagonally embedded inside Resc/r(Gy).
The maximal compact subgroup T1(R); of T1(R) is U(1)(R) x U(1)(R)™ 2, where the first
U(1)(R) lies inside Resc/r(Gp)(R) = C*. We have the decomposition

T1(R) = A;(R)° x Ty (R)y,
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under which the projection of v to A;(R)? equals to exp(z) = v/a2 + b2, where
z =log Va2 + b € R = Lie(4;) = X, (A))z.
Let’s explain some notations.
Opr)(7) := [det(ad(y), Lie(N1)) [

Au(y) = 1] @ =a™'().

ae@&
Also we have

R, :={a € Rla(y) > 0} = R.

Let RT = {a € R|a(y) > 1}. Namely, we have R} = {—€; — e2}. Define

en(y) = (~1)I*TCRD]

In other words, eg(7y) is —1 to the number of positive roots in R that send ~ into |0, 1[. We

have

For w € , define

o P(w) =" N(—wd™),

Now we recall the definition of n(y,wB). Since Ti(R) is connected, we have v € G(R)?,

and n(y,wB) can be computed using the discrete series constants. (If v were not in
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Za(R)G(R)? = Zg(R)im(G5“(R)), we would have n(y,wB) = 0.) As the root system
R = R, in X*(A;)r has its Weyl group {£1} containing —1, we have the "discrete series
constant" function:

C=CR: X*(Al)R X X*<A1)R — 7.

For the general definition of the discrete series constants cf. [18, §3]. We have

n(vy,wB) = ¢(x, p(wA + wp)).

In our case, we have assumed a? + b* < 1, so

r=logva?+b? € R XRop(—€ —¢€3).

Hence

2,  pwA+p) €Ropler +€2)

n(y,wB) =
0, PwA+p)) € Rog(—€1 — €2).
We conclude that
(4.9.3)
Sy (7,0) = 2(= 1), 3y (1) 2 A s (7)™ > @) @A) I o
we aced(w)
p(w(Ap))ER>0(e1+€2)

Now we compute the RHS of (4.9.1). Let €, be the Weyl group of (Mc,T}). It is naturally

a subgroup of 2. Consider

Q) ={w e Q®(w) C O(T1, N1)} C Q.

It is a set of representatives of 2;\Q. We now apply Kostant’s Theorem ([33]), in the form
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as on p. 1700 of [60]. This states that as an algebraic representation of M, we have

H*(Lie(N1),V) 2 P Vorrep)—p-
w'eN)
l(w=k

Here Vs (x4p)—, denotes the irreducible algebraic representation of Mc¢ whose highest weight

with respect to the fixed positive system in ®(M; ¢, T1) is w'(A + p) — p. Consequently,

!/

H'Lie(M), V), = @ Vaooarg
w'eN)
l(w)=k
(W' (A+p)—p,m1)>11

As we have

(4.9.4) ty = (—p, 1)

by a simple computation, the condition that (W'(A 4 p) — p, 1) > t; is equivalent to
(W (A+p), @) > 0.

According to Weyl’s character formula (cf. [60, Fait 3.1.6 |), we have

Tr(y, Vi) = Au (7)™ ) ew)@N)() [ o7 '),

w1 EN OéEq:']\/I(Wl)
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where ®)/(w) := @}, N (—w;®},) is defined analogously as ®(w). Therefore we have

TI‘(’Y, RF(Lie(Nl)aV)>t1) = Z <_1)l(w,) Tr(’}/va/()\ﬁ-P)_P)
w'e)
(W' (A+p),@1)>0

= Y AT Y ew)@ N +p) =) [ o).

w'e) w1 € a€Ppr(wr)
(! (\tp),1)>0

Since to; are invariant under 27, and multiplication induces a bijection €; x Q) — €, the

last formula is equal to

Y AT NN wp = mw)p) [ (),

(WO n) >0 eetume)

where for w € 2 we have denoted by p;(w) the unique element in €y such that w = p; (w)w’
for some w’ € Q). Now for any three elements w; € Qy,w € ), w € Q satisfying w = w1/,

we have the relation

wip)—wilp)— DY a== Y a

a€®pr(wr) aed(w)

We conclude that

Tr(y, RU(Lie(N,), V)sy,) = > e(w) A (7) M I (),

weN (w(A+p),ww1)>0 ocefb(w)

so by Definition 2.4.1,

(4.9.5) Las(y) = 01 e, > (W) AN wN () J] o

weN (w(A+p),@1)>0 an@(w

Comparing (4.9.3) and (4.9.5), we see that the proof is complete once we check that for
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w € €,

(WA +p);@1) > 0 <= p(w(X +p)) € Roger + €2).

Since either p(w(A+p)) € Rog(er+€2) or p(w(A+p)) € Rug(—€1 —€2), the above equivalence

is true. O

4.10 Kostant-Weyl traces and discrete series characters, odd case

M

In the even case the following discussion on M is not needed since Try;, = 0 (cf. Remark
2.6.2). We thus assume that d is odd.
Let M := M, isomorphic to
G x SO(Vi+/VA).

Let T be as in §4.1. Let © be as in §4.9. We will consider the values ®%;(v, ©), for regular
v € TH(R). Recall from §4.1 that

T2 - Gm X TVIL/VI.
Accordingly we write

Y= (a, 'y‘/lj_/vi), a € RX

Recall from §4.1 that the real roots of (G, Tz) are R = {+£e;}.
Denote

Wy = 26\1/ € X*(Tlg)
tyi=0—(d—2)=2—d

as in Definition 2.2.1.
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Recall that Ly (7) is defined in Definition 2.4.2.

Proposition 4.10.1. When a < 0, we have ®;(v,0) =0. When 0 < a < 1, we have
05 (7:0) = (=) Ly (7).
Proof. As in the proof of Proposition 4.9.1, we have the following formula for ®¢;(v, ©):

q’%(%@):(—1)q(G)€R(’Y)5P1(R)(’7)1/2AM(’Y)_1Z e(w)n(vy,wB)(wA)( H a”

we a€d(w

Now T is isomorphic to G, x U(1)™"!. Let A, be the maximal split sub-torus of 7.
Then A; = G,,. The maximal compact subgroup T5(R); of T5(R) is {£1} x U(1)(R)™ L.
We have the decomposition

T5(R) = A3(R)° x Ty(R);,

under which the projection of v to Ay(R)° equals to exp(z) = |a|, where
xr =logla] € R = Lie(As) = X.(A2)r.

When a < 0, we have R, = ), so its Weyl group in X, (As) does not contain —1. Then as
argued in [18, §4], v cannot lie inside Zg(R)im(G5C(R)) = G(R)® (which can also be seen
directly), and hence all n(y,wB) = 0.

Assume 0 < a < 1. Then v € G(R)°. Thus the numbers n(y,wB) are computed using
the root system R, = R = {£e} in X*(A)r =R

We have

er(y) = —1.
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) 2, pwA+p) € Rupey
n(y,wB) = &z, p(wA + wp)) =
0, pwA+p)€Ruo(—er).

Note that analogously to (4.9.4), we have
Using this, a similar computation as (4.9.5) yields

Tr(y, RT(Lie(N2), V)op) = D e(w)Au(7)wN)(y) ] o',

weN acd(w)
(w(A+p),2)>0

where () is the complex Weyl group for (G¢, T»). Regarding Definition 2.4.2, we are reduced

to checking that for w € €0,

(WA +p), @) >0 = p(w(A+p)) € Roge,

which is obvious.

4.11 Kostant-Weyl traces and discrete series characters, case M,

In this subsection we drop the assumption that d is odd made in §4.10. Let M := M,

isomorphic to

Gm X G, x SO(V5/V3).

Let T15 be as in §4.1. Let © be the same as in §4.9 and §4.10. We will consider the values

®§,(v,0), for regular v € T15(R). In fact, we will also consider a variant of it, denoted by

(I)%’/[(’}/, @)endosc'
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Recall from §4.1 that

TQ == Gm X Gm X TV;‘/VQ'

Accordingly we write

v = (a,b,"}/vlj_/vl), a,bERX.

Recall from §4.1 that the real roots of (G¢,T12) are

R = {4e€, L€, +61 £ 62}, odd case

R = {+e Lt e}, even case.

As in §4.9, we fix the positive system in ®(G¢,T") = &(Gc, Tia) corresponding to the
natural order. Denote by B the corresponding Borel subgroup of G¢ containing T},. This
choice also endows the root datum ®(Mjs ¢, T12) with a positive system.

Denote:
e O := positive roots in ®(Gc, T2).
e &} := positive roots in ®(Mc, T12).

e O, := positive roots in ®(Myc,Ts). (This can be viewed also as a subset of X*(T1,),

as we have fixed isomorphisms Ty — T" — T5 over C.)
e p € X*(T12) ® Q the half sum of the positive roots in (G, T12).
e )\ € X*(Ty2) the highest weight of V.
® i, wWoy, 11,1y as in §4.9 and §4.10, or Definition 2.2.1.
e () := the complex Weyl group for (Gc, T12).

Recall that Lys(7) is defined in Definition 2.3.5.
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Lemma 4.11.1. We have

(4.11.1) Ly(y) = 62 ,(¥) Te(v, RT(Lie Np,,, V) i,,)

Pi2(R)
+ 5P12(R) (n127n1_21) Tr(n12'7n1_217 RP(Lie NP12 ) V) >t12)

1/2
— DA (] ey (7) Tr(y, BT (Lie Np,, V)s,).
Proof. From Definition 2.3.5 and Lemma 2.3.3, it suffices to compute the two quantities
(_1)dimAgZWg71/AJWP
(nr )7t = [Norar, (9Mg~)(Q)/(gMg™)(@Q)| ™
for (P, g) = (Pia,1) or (Pi2,n12) or (Py,1). For (P,g) = (Pi2,1) or (P, n12),

(—1>dimA91\4g_l/A]\/[P frd (—1)0 — 1

For (P, g) = (P, 1)

(_1)dimAgMg—1/AMp — (_1)1 = —1]

Here the non-trivial element in Nory,, (Mg~ )(Q)/(gMg~')(Q) is represented by ny, in the

odd case, and by ni, times an element of O(V;"/V5) of determinant —1 in the even case. [J

We next compute the Tr terms in (4.11.1). Note that the case S = {2} in the following

lemma was already used in the proof of Proposition 4.10.1.
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Lemma 4.11.2. For S = {12} or {2}, we have

(4.11.2) Tr(y, RT(Lie(Ng), V)sr.) = 3 (W) Ay (NN ] ')

wel acd(w)
(WA +p),w3)>0, ViesS

Proof. The lemma follows from Kostant’s Theorem similarly as (4.9.5).

We now break our discussion into the odd case and the even case.

4.11.3 The odd case

Definition 4.11.4. Define

1—at
m() = ]I —‘1—0418;|'

+ +
aECDMQ—@M

For w € , define

L, (w\+p),wm) >0, i=1,2
Nl(LU) =

0, else

I, (wA+p),wemw) >0, 1=1,2
Na(w) =

0, else

L (WAt p),mm) > 0
N3(w) =

Lemma 4.11.5. Assume d is odd.
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1. When 0 <b< 1,

La(7) - (Opm ()2 An(7) ™)t =

— Z [N1(w) — Na(w) + N3(w)]

weN

2. When b > 1,

Lyr(7) - Bpam (M) ?Au(7) )7 =

= 3" [Mi(w) — Now) — Ny(w)] [e<w><m><w> I1 aw] -

weN

3. When b <0,

Lat(7) - Bram ()2 Au (7)) " =

= [Ni(w) + Ny(w) — N3(w)] [E(W)(wk)(v) 11 Oél('y)] :

weN

Proof. Arguing as [60, p. 1701], we have

(4.11.3) DY) 6,y (1) 220 (1)1 = 11 (1) 2 As (7).

We have &, — &}, = {€3,€2 - ¢;,j > 3}. Note that e, + ¢; is the complex conjugate to

€2 — €5, for j > 3, with respect to the real structure on Ti,. Hence

_ ’1_62*1<7)| 1, e(y) <0or >1

72(7) 1 _ 62_1 )

-1, 0<e(y) <1
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To proceed, we argue as [60, p. 1702].
Denote ~' := nlﬂnl}l. The action Int(ni2) on Ty is induced by the element wy = s,

(i.e. reflection along €3) in the Weyl group Q. For w € Q, we have:

5w 11 o0 = T o)™ IT leG)1™”  II o)

acd(w) acdt aeqﬁ[ aedtN(—wdT)

_ )|! /2 ~1/2 —1

= 11 le@I"* I o] II o™
a€wodt ae@j[{ a€wo @t N(—wowd™)

Also by definition

S [1 o= T e I ol I et

a€P(wow) aedt acd}, a€PTN(—wowd™)

Since (v )_1 € Tyy is in the image of €, which is a central cocharacter of M = My, we

know that a(y) = a(y’) for each ao € ®;;. Hence

1/2 - 1/2
(4.11.4) 500 acow @ (7) Hacwpar 100 Tacumtrnwmwes) @)~
o 1/2 — - 172
5P<2(R) (’7> Haeé(wow) « 1(’7) Hae<1>+ ’a(7>| / Ha€¢’+ﬂ( —wowdt) OK(/}/) !

= I le(I M am).

a€PtN(—wedT)

We have Ay () = Ap(7'), because v(7/) 7! € Zy,.

Now for w € €,

(WA)(Y) = (wowA)(7),
e(w) = e(wp) te(wow) = —€e(wow),

(WA + p), ;) = (wow (A + p), wot;).
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Hence by (4.11.2),

(4.11.5)

Tr(y', RE(Lie(N12), V)>t,) = > —e@Au() T @NG) JT a6

UJEQ,<W()\+/)),L«J0LT}7;>>O aefb(wow)

Combining (4.11.1)(4.11.2) (4.11.3) (4.11.4) (4.11.5), we have

(4.11.6) La(9)-(Opnm () ?Au() ™) =

— Z e(w)(wA)(7) H a'(v)

weN
(W(A+p),;)>0, i=1,2

— II leI™a) > ew)(wN() [ o7&

a€P(wo) we aced(w)
(w(Ap),wot;) >0, i=1,2

—(v) Y W@ I o7t

weN acd(w)
(w(A+p),m02)>0

weN acd(w)

which implies lemma. Here the equality  follows from the following observation: We have
®(wo) = {e2,€2 £ ¢;, j > 3}, which appeared before as ®F, — ®7,. We already observed that

€2 + €; is complex conjugate to €; — ¢;, for j > 3. Hence we have

I le) ™" aly) = leM)] " e().

acd(w)
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Next we study ®¢; and a variant of it, denoted by Cbﬁ’endosc. As usual we have

(4.11.7)
51 (7,0) = (=) Der(1)dp @ (M) *Au ()Y ewin(r,wB)wN)(y) [ o ().

weN aed(w)

Definition 4.11.6. When a,b > 0, consider Renqosc := {%€1, 2€2}. This root system in
X*(Aj2)r also has —1 in its Weyl group. We use this to define nepgosc(, w). When it is not

the case that a,b > 0, we define nengose = 0.

Definition 4.11.7.
(I)]\G/[(% @)endosc = (_1)q(G)€R<7)6P12(R) (7)1/2AM(7)71 X

XZ W) Nendose (7, WB) (W) ( H o

weN aed(w
Here, as always, eg(7y) is —1 to the number of positive roots in R that send 7 into |0, 1[. We

deliberately use € instead of e

endosc *

Proposition 4.11.8. When ab < 0, we have ®§,(7, ©) = ®§,(7, O)endose = 0. When ab > 0,

we have
4(_1)q(G)LM(’Y) = (I)%(/% @) + CI)]\G/[(r)/a @)endosca fOT r < — |ZE2| y L2 7£ Oa

where we have written © = (log |a|,log [b]) = (21, x2).

Proof. We have T15 =2 G,, x G,, x T} Vi Ve Its maximal split sub-torus is Ax = G,, X G,,.
The maximal compact subgroup Ti2(R); of Tio(R) is {£1} x {£1} X Ty,1 1, (R). Under the
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decomposition

le(R) = A12(R>0 X T12(R)17

the coordinate of v in A15(R)% is (|a| , |b]) = exp(x), where we view z = (z1, x3) as an element
of R? = Lie(Aj2) = X.(Ap2)r.

We first treat the case ab < 0. Then ®§,(7,0)endosc = 0 by definition. To show
G, (7,0) = 0, note that R, = {#e,} or {&e}. Thus as a root system in X*(A;)r = R?,
R, does not have —1 in its Weyl group. Then as argued in [18, §4]|, v cannot lie inside
Zo(R)im(G5C(R)) = G(R)° (which can also be seen directly), and hence all n(y,wB) = 0,
and ®F,(v,©) = 0 as desired.

We now assume ab > 0. We first assume a,b > 0. In the range x; < — |xo|, there are

three cases to consider, namely 0 <a <b<1lor 0 <ab<1<b We have

1, O<a<b<l1
er(y) =
-1, 0<ab<1<b.

Comparing Lemma 4.11.5 and the formulas (cf. (4.11.7) and Definition 4.11.7) for ®%,(~, ©)

and ®5; (7, ©)endosc, it suffices to prove that, for any w € €

e When 0 <a<b<1,

3(77’(77“)3) + nendosc(7>WB)) = N1(CU) — Ng(w) + Ng(w).

e When 0 < ab< 1< b,

i(n(%wB) + Nendose (7, wB)) = —=Ni(w) + No(w) + N3(w).

We call the two sides of the above two desired relations LHS and RHS.
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Since obviously 7 € T12(R)? € G(R)?, the numbers n(y,wB) are computed using the
root system R, in X*(Aj2)g. We also have R, = R. In R? = {(z1,22)}, the two coordinate
axes and the two diagonals x; = 25 divide R? into eight zones. Call the zone 0 < x5 < 73
zone (I), and number the other zones counterclockwise, with (1), (III),---, (VIII). We
also use the name of the zone to denote its characteristic function.

The functions w — n(vy,wB),w > Nendose(V, wB),w — N;(w), which are functions in w,
only depend on p(w(X + p)) € X*(A12)r = R% We now view them as functions on R

When 0 <a<b< 1,

47 n(y,) = (I1) + (VIII)
4_1nendosc(7a ) = (I) + (II)

so LHS = (1) +2(II) + (VIII).

Ny = (I) + (IT) + (VIII),

Ny = (I)+ (VII)+ (VIII),
Ny =(I)+ (II) + (VII) + (VIII)

so RHS = (I) 4+ 2(/I) + (VIII). We have LHS = RHS as desired.
When 0 <ab<1<b,
gy, ) = (1) + (VID)

A Mendose(7, ) = (VII) + (VIII)

so LHS = (I) + 2(VII) + (VIII). The computations for Nj, No, N3 remain the same, so
RHS = (I) +2(VII)+ (VIII). We have LHS = RHS as desired.

We now treat the case a,b < 0. In this case @f/[('y, O)endosc = 0 by definition. We have
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er(y) = 1. Comparing Lemma 4.11.5 and (4.11.7), it suffices to prove that, for any w € :
1
Z”(%WB) = Ni(w) + Na(w) — N3(w).

We claim that v € G(R)?. In fact, since Ty,1 y2(R) is connected (being a product of

copies of the circle group), it suffices to prove that
7= (=1,-1,1) € G(R) x G,,,(R) x TV2J_/V2(R)

is in G(R)°. But v, acts as —1 on RX; + RX, and on RY; + RY;, where X; = ¢; + €} and
Y, = e; —e). Now RX; +RXj5 is a positive definite plane and RY; +RYj is a negative definite
plane, and 7; acts on both of them with determinant 1. It follows that v,v, € G(R)°.

By the claim, the numbers n(v, wB) are computed using the root system R, in X*(A2)r =
R?. We have R, = {£€; £ &2}.

Since 71 < — |z,

47 (v, ) = (1) + (VIII)

Now

Ny = (1) + (II) + (VIII),
Ny = (I)+ (VII)+ (VIII),
Ny =(I)+ (II)+ (VII)+ (VIII),

s0 Ny + Ny — N3 = (I) + (VIII) = 47 'n(y,), as desired.

The following two propositions will also be needed later.

Proposition 4.11.9. Assume d is odd. Let v = (a,b, vy 1,) € T12(R)°, with ab > 0,a # b.
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Let ' € T15(R)° be the element obtained from ~ by switching a and b. Then
o5 (7,0) = ¢ (7', ©)

and

6}z(f}/) 6Rendosc (7)@%(/}/7 @)endosc = _ER(f}//)ERendosc (7/)®% (7/7 @)endosc~
Here €g_ .. (7) is —1 to the number of positive Toots in Rengosc that send ~y into ]0,1].

Proof. The first equality is true because 7 + +' is induced by an element of (Norg Mis)(R),
and ®F,(-,0) is invariant under the latter group. In the following we prove the second

equality. The functions eg and Ay, are invariant under v — 4'; so we need to check

endosc

5P12(R)(7)1/22 (w)nendosc(’y,WB W)\ H o

w a€d(w

= —0p,(r) 1/22 W) Nendose (Vs wB) (W) ( H a ' ().
aed(w)
Let s := Se—, € 2, so that v/ = sy. For any w € €, we have nepdosc(7, swB) =

Nendose (Y, wB). (Both are zero in case a,b < 0.) Arguing in the same way as the discussion

around (4.11.4) (4.11.5), we reduce to checking the following:

—1== ] lel e

a€PtN(—sdt)

This is true because @+ N (—s®1) = {e; — e}

[]

Proposition 4.11.10. Assume d is odd. Lety = (a,b, vy v,) € T12(R)°, with ab > 0,a # b.
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Let ' € T15(R)° be the element obtained from ~ by switching replacing a with a=*. Then
(I)AG4(77 @) = (I)J\G/[(7/’ @)7

and

ER (V)ERendosc (/7) ®% (rY? @)endosc = 6}z<ry/)€}2endosc (7/>®%(7/7 ®)endosc-

Proof. As in the proof of Proposition 4.11.9, the first equality is true because v — ~' is
induced by an element of (Norg Mi3)(R). To prove the second equality, let s := s, € €2, so
that 4 = sv. Arguing similarly as in the proof of Proposition 4.11.9, we need only check
that

L €Ruone (57)€Renaonc (V) = —1

II le0)tam) = ,

aedtN(—sdt) - 17 € Rendosc (Sv)eRendosc (,Y) =1

or equivalently,

(4.11.8) I[I e al) = sen(a).

acedtN(—sdt)

Now to compute the LHS of (4.11.8), we may restrict the product to only those « that are
real, because ®* N (—s®™) is stable under complex conjugation and the product over all the
non-real roots in it is obviously 1. The real roots in ®* N (—s®™) are €1, €, + €2,€1 — €.

Hence the LHS of (4.11.8) is equal to sgn(a)® = sgn(a), as desired. O

4.11.11 The even case

Definition 4.11.12. Denote by

a:G—G
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the (non-inner) automorphism Intnis of G, where nj; € O(V)(Q) is defined in Definition
2.3.2. Let *V be the representation of G¢ obtained from V composed with a. Define *Lj;(7)

in the same way as Lj/(y), but with *V in place of V. Define A € X*(715) to be the highest

weight of *V.

Definition 4.11.13. Define

+
az€'<I>M2 o

For w € , define
1, (WA +p), @) >0, i=1,2

N (w) =
0, else
I, (wA+p),aw;)>0,1=1,2
No(w) =
0, else
L, (wA+p),w2) >0
N3(w) =
0, else

I, (wN+p),w) >0 i=1,2

Ni(w) =
0, else

/ 1, (wN+p)aw) >0, i=1,2
Ny(w) =
0, else

(WX + p),2) >0

0, else.
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Lemma 4.11.14. Assume d is even. We have
Ly(y) +*Ly(y) = (&) + (%),
where

() = 0pam ()2 A0 ()71 ) [Ni(w) + Na(w) = Na()] (@) (@) (7) [] o'(3)

weN aed(w)

(8) = Sra ()22 () 3 IV (@) + Ny(w) = Ny(@)] elw)@X)() T o~

weN aed(w)

Proof. As in the odd case, we have

1/2 _ _
(4.11.9) | D7 ()] / Spy ) (1) 2 A0, (V)7 = 12 (1) S Py ()2 AN (1)

We have @]T/[Q — @}, ={ex £t ¢, > 3}. Note that €3 +¢; is the complex conjugate to €3 — €5,

for j > 3, with respect to the real structure on 7T75. Hence

n2(y) = 1.

139



Write 7' := a(y). Combining (4.11.1)(4.11.2) (4.11.9), we have

(4.11.10)  Ly(y) =

S (7) 2 Anr (7)™ > W@ [ o7'()

WEQ(w(A+p),;)>0,i=1,2 a€d(w)

+0pm) (V)2 A (7)) > W) (wN) T o'

WER, (W(A+p),wi) >0,i=1,2 acd(w)

— Spiom) (1) Anr(y) ! > ew)wN)() [T o't

weQ, (w(A+p),w2)>0 aed(w)

The automorphism a preserves Tio, and acts on X*(712) as s.,, i.e. the reflection along
€. Of course this operator is not an element of €). Let wy be an inner automorphism of G¢
which normalizes T and maps the positive system ®* to the positive system corresponding

to the following root basis:
{Em — €m—1,€m—1 — €m—2," " , €5 — €4,€4 — €3,€3 — €1,€] — €2,€1 + 62} .

Now a preserves wo®". The highest weight of V with respect to wo®™ is wyA. Hence the
highest weight A" of *V with respect to wo®™ is awgA. Consequently, X', the highest weight

of *V with respect to ®*, is given by

where

a' 1= wy tawp.
Note that a’ is an involution of G preserving ®*. Moreover, the map

Aut(X*(T)) — Aut(X*(T12))
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WrHaowoa

preserves the subset ) C Aut(X*(712)). Since wy is inner, it follows that the following map

also preserves (2

AUt(X*(Tlg)) — Aut(X*(Tlg))
wWwrHraowao a/.

Applying (4.11.10) to *V and adding the resulting equation to the original one, we get

(4.11.11) Ly (y) +*Lu(y) = (A) + (B) + (C),

where

(4) =

) (1) Ap(7) ! > ew)(wN)@) J[ atn™
<w(/\+p),;f>ﬂ>0, i=1,2

+0p@ (V)2 An () > (W @M@ ] o)™

, wEQ - aEed(w)
(WX +p),w3)>0, i=1,2

(B) =

P (V)P An(y) > W) (wM\)@) I e

weN acd(w)
(w(A+p),w3)>0, i=1,2

+ 6p) (1) P Au () > W) (wMN)@) ] eq™

, wgﬂ - aced(w)
(WX +p),w;)>0, i=1,2
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(€)=

—Opum () PAu()T Y W) wN))() [T et

we acd(w)
(W(A+p),@2)>0
—Opuw() A Y W@\ J] e
weN acd(w
<w()\/+p€),w2>>0 o)

We first compute (A). We have

(wM) () = ((awa’)A)(7),

where as we have observed, awa’ € .

We would like to make the change of variable w — awa’ in the second summation in the

definition of (A). We have

(awa/(a'\ + p), ;) = (aw (X + p), @) = (WX + p), aw;)

e(awa’) = e(w).

Hence
> (W@ I an™ =
weQ (w(N +p),w;)>0,i=1,2 a€d(w)
= > W& I et ™
weN (w(A+p),aww;)>0,i=1,2 aed(awa’)
Now

I «n'= I e I e'= JI e
aed(awa’)

acadtN(—wa’'dTt) aca®tN(—wdTt)
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where the last equality is because a’®™ = ®*. Therefore,

« awa’ o 7/ - aca —w aly -
(4.11.12) Haco ) ¢07) :H €adtn(-wd*) ()1 - I e

Haeé(w) O[(/Y - Ha€¢+ﬁ(_w¢’+) CY(’}/) aedtn(—adt)

On the other hand,

1/2 1/2
e ="T1I leMI"?,
SO

1/2 m
(4 11 13) 5P12(R)(7/> _ ‘62(7,)

=leM"=] ] o

1/2 - m—2
5P{2(R) () le2(7)] agd+n(—ad+)

Now we have

q)+ N (—a<ID+) = {62 + €5 ] Z 3}

and

(I)+ —(I)X/[ = {61:|:62,61 :]:Ej,GQjZGj, j Z 3}
Therefore combining (4.11.12) and (4.11.13) we have

1/2 B
5P12(]R) (7/> Haefb(awa’) 04(7/) !

e = I W@ =1,
5P12(R)(’y) Hoaefb(w) Oé(’Y) ac{eate;, j>3}

where the last equality follows from the observation that e; 4 €; is complex conjugate to
€2 — €5, fOI'j > 3.
Finally, Ap () = Ap(7'), by definition of Ay.

We conclude that

(41114)  (A) = pum (M) 2Au() 7" D INM(W) + Nao(@)] e@)@N) () ] a7t

weN a€d(w)
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Observe that (B) is obtained from (A) by interchanging the roles of A and X. Thus we

get

(4.11.15)  (B) = dpue (1) ?Au (1) Y IN{ (@) + Ny(@)] e@)@X)() T[] a7t

weN aed(w)
Finally, by definition
GILI) (€)= ~dma() 2 Au() ™ D Na(e@)@(m) [ o't
weN aed(w)
~0pu® (N2 An (1)1 Y Ni(@)e@)wN)() J] o7t ()
weQ acd(w)
The lemma follows from (4.11.11) (4.11.14) (4.11.15) (4.11.16). O

Proposition 4.11.15. Assume d is even. Let ©" be the analogue of ©, obtained by replacing
V with *V. When ab < 0, we have

(7, 0) = ¢f;(7,0") = 0.
When ab > 0, we have
(=1L (7) + "L (7)) = G (7, 0) + G (7,0), for a1 < —|a 5 # 0,

where we have written x = (log |a| ,log [b]) = (x1, z2).

Proof. As in the odd case, we have

G (7,0) = (—1)*Der(1)6p,m) (1) * A (7)) elwn(y,wB)wA)(y) [] (),

weQ aEd(w)
where €g(7) is —1 to the number of positive roots in R that send ~ into |0, 1].
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Now if ab < 0, then R, = (). Thus as a root system in X*(A9)r = R? R, does not have
—1 in its Weyl group. Then as argued in [18, §4] , v cannot lie inside Zg(R)im(G5°(R)) =
G(R)°, and hence all n(y,wB) = 0. Therefore ®%,(v,0) = 0, and for the same reason
o (v,0") = 0.

Suppose ab > 0. Firstly note that in the range z; < — |x3|, we have eg(y) = 1. In view

of Lemma 4.11.14, it suffices to prove that, for any w € €:
e 47 'n(y,wB) = Ny (w) + Na(w) — N3(w).
o 470/ (y,wB) = Ni(w) + Nj(w) — Ny(w),

The proofs of the two statements are of course the same. We prove the first statement in
the following.

Arguing as in the odd case, we know that v € G(R)", so the numbers n(y,wB) are
computed using the root system R, in X*(A2)r. We have R, = R = {£e; £ e},

Since x1 < — |29,

47 (v, ) = (1) + (VIII)

Now
Ny = (I) + (IT) + (VIII),
Ny = (I) + (VII) + (VIII),
N3 = (I)+ (II)+ (VII)+ (VIII).
Hence Ny + Ny — Ny = (I) + (VIII) = 47 'n(y, ), as desired. O
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5 Global and v-adic endoscopy

5.1 Global and v-adic endoscopic data

We can fix representatives for the elliptic endoscopic data for G or Gg,, v a finite place, just
as for Gg. More precisely, we will always use the quasi-split quadratic space with the same
dimension and discriminant as (V, q) (over Q or Q,) to represent the quasi-split inner twisting
of (G; and we will use quasi-split quadratic spaces with trivial discriminant to represent the
endoscopic groups in the odd case, and use quasi-split quadratic spaces, whose discriminants
multiply to the discriminant of (V,q), to represent the endoscopic groups in the even case.
Here, quasi-split quadratic spaces with given discriminants are defined in Definition 3.1.1 and
Definition 3.2.1. Moreover, in the even case, zero-dimensional quadratic spaces with non-
trivial discriminants and two-dimensional quadratic spaces with trivial discriminants will not
appear in the endoscopic groups. As in the case over R, for all the elliptic endoscopic data
over Q or Q, we can and do choose a fixed L. embedding from the L-group of the endoscopic
group to *G. In the odd case this is trivial, since all the endoscopic groups are split. In the
even case this is to be specified below.

Thus we may use pairs (d7,d™) (resp. quadruples (d,d%,d~,07)) to index elliptic endo-
scopic data in the odd (resp. even) case, just as over R. Of course now in the even case, 6=
lies in Q*/Q*? or QX/Q*?, rather than R* /R*? = {£1}. Also, for M € {M;, My, M15} a
standard Levi subgroup of G, the (bi-elliptic) G-endoscopic data for M will be represented
similarly as over R. They are parametrized by the parameters (A,d",d”) in the odd case
and (A,d",d",d",07) in the even case in exactly the same way as over R, the only difference
being that now in the even case T and §~ range over Q% /Q*? or QX /QX2.

We use notations £(Gr),E(Mr), Eq.(Mr) analogously to the case over R, where F' = Q
or Q,. When the context is clear, we omit the subscript F.

We make explicit some details in the even case. Let F' = Q or Q, where v is an odd
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prime.

5.1.1 Even case with § ¢ F*?2.

In this case G* is quasi-split but not split. Denote Fj := F (\/c_S) We represent “G as
G x Gal(F5/F). Here G = SO4(C) as in the real case, and the non-trivial element in
Gal(F5/F) acts on G by conjugation by the permutation matrix on C¢ that switches €d/2
and €4/241.

Consider an endoscopic group H = SO(d*,0%) x SO(d~,07). Here d* + d~ = d and
6t~ = 6. Denote Fy= := F(v/0%), and Fy := F(V/0F,V/057).

When F' = Q, we know that either Fy is a Z/2 x Z/2 extension of F', in which case
Fs+, Fs—, Fs are the three quadratic fields inside it, or Fy = Fjy, in which case exactly one of
6F is in F2,

When F = Q, (v > 2) and when H is unramified over F', we know that up to F**? all of
6%,67,0 lie in Z /Z;’2 = 7./27.. Thus exactly one of 6% is in £, and we may assume that
the other is equal to §. In this case we have Fiy = Fs. Note that the non-trivial element in
Gal(Fy/F) is the Frobenius.

In the situations of the above two paragraphs, we represent “H as Hx Gal(Fy/F), where
we let Gal(Fy/F) act on the two factors H* and H- through its quotients Gal(Fy/Fs-)
and Gal(Fy/Fs+) respectively.

We fix the embedding

n:YH=H % Gal(Fy/F) = LG = G x Gal(Fs/F)

similarly to the real case. Here the map CGal(Fy/F) — G x Gal(F3/F) takes 7 to (p(7), 7g,),
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where p(7) € G is defined to be

1, T|F57 = ld,
p(7) =
S, otherwise

Here

id, dt =0
(5.1.1) S=

the permutation matrix é,,- <> é4_,,— 11 and é,, <> €11, d- # 0.

similarly to the real case.

Note that when F' = Q, with v > 2 a finite prime, and when H is unramified, we know
that p takes the Frobenius to the non-trivial element S if and only if 6T € @;’2, d-=40¢
Q;’Q. We find that in this case, for ty; = (t1,- -+ , tp+, S1, -+, Sm—) € Tp in the diagonal torus
of ]:I, the embedding 7 takes ¢4 % o not into 7 x o, where 7T is the diagonal torus of C?, but
to an element in “G that is conjugate in “G (for instance, by the permutation matrix that
switches é,,- and é,,, and switches é4_,,,- +1 and (—1)" *T™é,,+.1) to the following element
in7 xo:

(817”' 7Sm_—l7tm+7t17”' 7tm+—17$m—) X 0.

5.1.2 Even case with § € F*?

In this case G* is split, and we represent “G as G. Take an endoscopic group H =
SO(d*,6T) x SO(d™,67). We have 67 = 6~ mod F*2. When 67,06~ € F*? we know that
H is split, and we represent “H as H. We choose the embedding H — G as in the real case.

When 6,6~ ¢ F*2, we represent “H as H x Gal(Fy/F), where Fy = F(V/0+) =
F(V6-). We fix “"H — “G by sending the non-trivial element 7 € Gal(Fy.F) to (S,1),
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where S is as in (5.1.1). Note that d* = 0 cannot happen, as we do not allow d* = 0 and
0" # 1. We find that in this case, for t5 = (t1, -+ ,ty+, 51, -+, Sm-) € T in the diagonal
torus of H, the embedding 7 takes t; x ¢ not into 7 x o, but to an element in L@ that is

conjugate in “G to the following element in 7 x o

(817'.' 78m7*17tm+7t17." )tm+7178m7) X 0.

5.2 Recall of the Satake isomorphism

We recall the Satake isomorphism, following [9], [7], [19], [71]. Let Gy be an unramified
reductive group over a finite extension I’ of Q,. Let ¢ be the residue cardinality of F' and
let wr be a uniformizer of F'. Let K; be a hyperspecial subgroup of G;(F) determined by
a hyperspecial vertex vy in the building of GG;. Let S be a maximal split torus of G; whose
apartment contains vy, and let 7" be the centralizer of S. Then T is a maximal torus and
minimal Levi of G;. Let Q(F) (resp. ) be the relative (resp. absolute) Weyl group of S
(resp. T) in G. Then there is a Gal(F/F) action on €2 such that the subgroup of fixed points
is naturally identified with Q(F"). For any choice of Borel subgroup B of GG; containing T,
the Satake isomorphism can be viewed as the following algebra isomorphism, which depends

only on S (or T') and not on B:
(5.2.1) St H(GL(F)//Ky) = H(T(F)/T(F) N K25

e fro fr(t) = 0p00() / f(nt)dn, t € T(F),

Np(F)
where Np is the unipotent radical of B, and we normalize the Haar measure dn on Ng(F')
such that Ng(F) N K; has volume 1.
Note that since T'(F)N K is the maximal compact open subgroup of T'(F'), so the algebra
H(T(F)/T(F)N K;) is independent of the choice of K7, (as long as K is determined by a
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hyperspecial vertex in the apartment of S). In fact, we have canonical isomorphisms

H(T(F)/T(F) N K1) = H(S(F)/S(F) N Ky) = CIX.(5)].

Thus we will also view the Satake isomorphism (5.2.1) as an isomorphism

(5.2.2) S H(GL(F)/ /K1) — CIX,(S)]25).

Moreover, note that for any two different maximal split tori S,S’ in GGy, there is a canonical

isomorphism

induced by conjugation by any element of G(F') that sends S to S’

Definition 5.2.1. Define @, to be the inverse limit of the algebras C[X,(S9)]*r, for S
running through the maximal split tori of G, with respect to the canonical isomorphisms

between them as transition maps.

The Satake isomorphisms (5.2.2) for various S (whose apartments contain vy) lift to an
isomorphism
(5.2.3) S H(GLU(F) Ky = g,
which depends only on K and no other choices. From (5.2.3) we get a canonical isomorphism
between H(G1(F')//K;) and H(G1(F)//K,) for any two hyperspecial subgroups K, Ks.

Definition 5.2.2. Denote by H" (G (F')) the inverse limit of H(G1(F)//K;) over all hyper-
special subgroups K; with respect to the canonical isomorphisms between them as transition

maps. We call H™(G1(F)) the canonical unramified Hecke algebra.

150



Hence the Satake isomorphism may be viewed as a canonical isomorphism
(524) SGl : Hur(Gl(F)) L> %Gl.

By [7, Chapter II|, the algebra <, is canonically identified with an algebra defined in
terms of representations of “G;. Fix a finite unramified extension F’/F splitting G, and let
o be the ¢-Frobenius generator in Gal(F'/F). Since F' splits G, we may form “G; using

Gal(F’/F). We introduce the notation “G}* to emphasize this.
Laur .= Gy % Gal(F'/F).

Following the notation of [71, §2], we define ch(*GY*) to be the algebra consisting of restric-
tions of characters of finite dimensional representations of “GY* to the set of semi-simple
él—conjugacy classes in Gy X o (i.e. o-conjugacy classes in Gl) Then there is a canoni-

cal isomorphism @7, = ch(*G}*). Hence we may also view the Satake isomorphism as a

canonical isomorphism
(5.2.5) S HY(GL(F)) = ch(*GW).

Definition 5.2.3. In the following we will call (5.2.3) or (5.2.4) or (5.2.5) the canonical

Satake isomorphism.
Next we recall the main result of [36, §2|:

Theorem 5.2.4 (Kottwitz). Let puy be a cocharacter of Gy defined over F. Assume py is
minuscule in the sense that the representation Ad o uy of G, on LieGy g has no weights
other than —1,0, 1. For any hyperspecial subgroup Ky of G1(F), let f., k, € H(G1(F)// K1)
be the characteristic function of Ky (wr)Ky inside G1(F). Then the family (fu, r,)x, s

compatible in the sense that it defines an element f,, in H"(G1(F)). Moreover, for any
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mazximal split torus S inside Gy, we have

8§ (fu) = & raem) N7 € CIXL(S)]2P,

HQEQ(F).“Ldom

where T is the centralizer of S in Gy, ¢ is the half sum of the positive roots of T with respect
to a fived order, and pyaom 1S a cocharacter in X.(S) that is Gi(F)-conjugate to py and

dominant with respect to the positive roots of T

Next we discuss the compatibility between the Satake isomorphism and constant terms.
Let S be a maximal split torus in G; and K; a hyperspecial subgroup determined by a
hyperspecial vertex in the apartment of S. Let T be the centralizer of S. Let M be a Levi
subgroup of a parabolic subgroup P of G. Assume M D T. Let N be the unipotent radical
of P. Then M(F) N K; is a hyperspecial subgroup of M (F'). We define the constant term

map

(5.2.6) (ar s H(GL(F) /[ Ky) = H(M(F)//M(F) 0 Ky)

f e far, fa(m) = 0505 (m) . f(nm)dn, m € M(F),

where the Haar measure dn on N(F') is normalized by the condition that N(F) N K has

volume 1.

Remark 5.2.5. The above definition is a special case of the general definition of the constant
term map, recalled for instance in [18, §7.13|, [71, §6.1]. For M =T, (5.2.6) is by definition

the same as S§. In |71] (5.2.6) is called a partial Satake transform.
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Lemma 5.2.6. We have a commutative diagram:

Gy
SS

H(GL(F)/ /) CLX.(9)1%)

| ]

H(M(F)//M(F) N Ky) 2 CX, ()] )

where Qp(F) is the relative Weyl group of S in M, the horizontal arrows are the Satake
transforms for G1 and M respectively, and the right vertical arrow is the natural inclusion

in view of the fact that Qp(F) is a subgroup of Q(F).

Proof. This is well known and follows from the formulas (5.2.1) (5.2.6). See also [19, §12.3]
or [71, §2, §6]. O

Corollary 5.2.7. The constant term maps (5.2.6) lift to a canonical map that only depends
on M C Gy:
(Dar = H (G (F)) = HY(M(F)).

Remark 5.2.8. Under the canonical Satake isomorphisms, the map

(ar s HH(GL(F)) = H"(M(F))

becomes the map #%;, — @/ or the map ch(*G*) — ch(*M"™) induced by the embedding

LM < @ which is canonical up to é—conjugation.

5.3 Twisted transfer map

We recall the formalism of the twisted transfer map. Let (7 be an unramified reductive
group over Q,. Let a € Z>; and let F' = Q,« be the degree a unramified extension of @Q,.
Let o be the p-Frobenius. Consider an elliptic endoscopic datum (H,#H,s,n) of H. For

simplicity, assume that H = “H, and also that s € Z (ﬁ )t». We also assume that the datum
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(H,s,n) is unramified. Namely, H is unramified, and 7 is an L-embedding Lgw — Lgur,
Here we have denoted by “H™ and “G"™ the L-groups formed by Gal(Q)7/Q,) or a large
enough finite quotient of it.

Let R := Resp/g, G1. Then R= I, G1, and o acts on R by the formula

o(xy,-++ ,x4) = (022,023, ,024_1,027).

Define
T~] . LHur N LRur
by
H>z— (n(z), - ,n(x) %1
(5.3.1) o= (sT'p(o)ot m(e)o™ - m(o)o ) X o

Definition 5.3.1. The twisted transfer map H"™(G1(F)) = H™(R(Q,)) — H™(H(Q,)) is

the map which under the canonical Satake isomorphisms corresponds to
(7)* : ch(*R™) — ch(*H™).

Remark 5.3.2. 7 is obtained by twisting the composition “H™ 2 Lay 2, LR by the 1-
cocycle o+ (s,1,--+,1) of Gal(Q}7/Q,) in R. Here A sends z € Gy to (x,--- ,z) € R and

sends o to o.
Remark 5.3.3. For the definition in more general situations, cf. [40, §7] or [32].

Remark 5.3.4. The formula (5.3.1) can be replaced by

o= (tin(o)o " tan(o)a ™ - tan(o)o )

154



for any choice of t1,--- ,t, € Z(]:I)FP such that tity---t, = s~!. We have chosen t; =

sl ty=t3="---=t, =1 for definiteness.

Next we would like to explicate the map (77)* in view of the canonical isomorphisms
ch("R"™) & oy = o, , and ch(*G}") = o;,. Thus we fix a maximal Q,-split torus Sy in
H and let Ty be its centralizer in H. Since G is quasi-split, we know that Ty transfers to

a maximal torus 7' in (G;. In particular, there is a Galois equivariant isomorphism
(5.3.2) L X (Ty) — X.(T)

canonical up to the action of Qg (Q,) on the left hand side and the action of (Q,) on the
right hand side. Here Qg (Q,) (resp. ©(Q,)) is the Galois fixed subgroup of the absolute
Weyl group of Ty in H (resp. T in Gy), which is the same as the relative Weyl group of
the maximal split subtorus of T (resp. T'). Such an ¢ is called an admissible isomorphism
from Ty to T. Moreover, whenever an admissible ¢ is chosen, there is a resulting embedding
Lt Qp(Q,) — Q2(Q,) such that ¢ is equivariant with respect to it.

Let Sy (resp. S) be the maximal split subtorus of Ty (resp. T'). Then Sy (resp. S) is a
maximal split torus in H (resp. G1). Let S’ be the maximal F-split subtorus of S. Then S’
is a maximal F-split torus in G . We view both X, (5") and X.(S) naturally as subgroups
of X,(T'). Note that they are respectively the fixed point of ¢* and of ¢ acting on X, (7).
The element s € Z(H)"™ defines a canonical homomorphism (-, s) : X, (T) — C* that is

Qy(Qp)-equivariant. Fix a choice of ¢, and consider the map
fu: CIXL(S)]M) — CIX.(Tw)]

Z e x] — Z e (IS (o 4+ 0]
XEX(5) XEX+(S')

Lemma 5.3.5. f, is independent of the choice of © among admuissible isomorphisms. More-
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over, f, has its image in C[X,(S)]%# (@),

Proof. Let ' be another admissible isomorphism as in (5.3.2). Then there exist wy € Q(Q,)
and wy € Qp(Q,) such that // = wy ot owy. Note that for wy := . (wy) € Q(Q,), we
have t/ = wy o wy 0 ¢t. Thus we may simplify notation and assume (' = wq o ¢ for some
wo € (Qp). Take an arbitrary element x = >_ v g cy[x] € C[X L(SN]HF) . Then we have

Coxy = Cy, VX € X.(5'),Vw € Q(F). For x € X,(5'), write Nx :=x+ox+---+0* 'x. We

compute
Zcx fwg X, s Twy TN K] = Zcx 'wg "X, ) [ N(wy )]
Cwgx=Cx DECAUSE woeN(Q,)CQ(F) _ B
= Cun TNy == —— D e T )TN = fi(x).
X X

Now let wy € Qy(Q,) be arbitrary and let wy 1= 1. (w1) € Q(Q,). We compute

wi(f(x)) = ZCX<L_1X, [wit ' Ny = ZCX X, 8t twa N x] =

X X

- Zcx X WZX chzx wlL X7 >[ 71NX]7

which is equal to f,(z) because ¢, = ¢, and (w1t 'x,s) = (t7'x,s) by the Qu(Q,)-
equivariance of the map (-, s). Finally, note that for each x € X,.(5") C X.(T'), we know that
X is fixed by 0%, and so N y is fixed by o, i.e. Ny € X,(S). It follows that . 7! Ny € X,(Sy),

and so f, has its image in C[X,(Sg)]%# (@), O

Lemma 5.3.6. Under the canonical isomorphisms

ch(“R™) 2 ch(“Gy'y) = CLX. (5]
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and

ch(PH™) = C[X,(Sy)]# (@),

the map
(7)* : ch(*R"™) — ch("H"™)

corresponds to the map

fo: CIXL (S = C[X,(Sy)] (@),

Proof. This follows from the definition of 7 and the various definitions in |7, §6]. O

5.4 Computation of twisted transfers

Recall the flag (1.1.1) inside V. Recall that we have fixed a splitting of it and denoted by
W; the quadratic space Vi /V;, for i = 1,2. Also recall the fixed vectors ey, ey, €}, e, in §1.1.

Fix an odd prime p at which G = SO(V') is unramified. In the even case note that the
discriminant 6 of V' has even p-adic valuation, by Proposition 3.2.5. Then all the standard
Levi subgroups M, My, M5 are unramified too. Let M be one of them. We have a de-
composition M = ML x M5° where MY = GL, or G,, or G2, and M5° = SO(W}) or
SO(Ws).

Consider an elliptic G-endoscopic datum for M of the form ey 4+ 4- (M, G) (resp. of the
form e g+ s+ a- 5~ (M, G)) in the odd case (resp. the even case.) To ease notation we always
write e g+ 5+ 4- o-, omitting (M, G) from the notation and understanding that in the odd
case 07 = 0~ = 1. The associated endoscopic datum for G is e+ o4 5+ d-+2/4c|,5- and the
underlying endoscopic datum for M is e+ s+ 4- 5- (M), which we abbreviate as eg+ s+ g- 5--
Note that e+ oja)5+,a-+2/4c,6- is unramified if and only if e4+ 5+ 4- 5- is unramified if and

only if both 67 and 6~ have even p-adic valuation. (Note that the in the odd case both the
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data eg+oa|,d-+2/ac| and eq+ - are automatically unramified.)

Write

!
eadtsta-o- = (M, Sar,mur)
! /
Ca+,6t,d—,6— = (MasManM>
Cat42)Alot,d-+2laclo- = (H,s,1m).

Recall that s, is of the form
sy = (591, 659) € MGL x MSO,

and s, is of the form

sy = (1,5°9) ¢ MGL x M5O,

Recall that the component s&* € MSL is determined by the parameter A, in the way which

GL and in the

can be roughly summarized as saying that A records the positions of 1’s in s
rest positions there are —1’s.
Since M’ is naturally a Levi subgroup of H, we have the canonical constant term map

(cf. §5.2):
(arr s H(H(Qy)) — H™(M'(Qp))-

Fix a € Z>,. We have the twisted transfer map induced by the unramified endoscopic datum
(H,n,s) for G (cf. §5.3):
b H"(G(Qpe)) = HY(H(Qp)).

Let u be the identity cocharacter for the first G,, (i.e. GL(V2/V1)) in My = G,,, X G, X
SO(W3). This is a minuscule cocharacter of G defined over Q,. In fact, p is a Hodge

cocharacter of the Shimura datum O(V') (§1.2).

158



Definition 5.4.1. Define f_, € H"(G(Qp)) as in Theorem 5.2.4. Define f7 :=b(f_,) €
H™(H(Qy))-

Lemma 5.4.2. Extend MY = G2, to a mazimal torus T in G (defined over Q,), of the
form T = G2, x Ty, where Ty, is a mazimal torus in MY = SO(Wsy). Let Q be the absolute
Weyl group of T in G and let Q(Q,) be the relative Weyl group of the maximal split subtorus

of T' (for the ground field Q). Let O (resp. Oy) be the Q-orbit (resp. Q(Q,)-orbit) of the

cocharacter —p of T'. Then
O = (0N X.(G2)) U (0N X.(Tw,))
and
OO N X*(Gzn> = {6\1/7 _6\1/7 6\2/7 _6\2/} :

Proof. Let m = |d/2]. As usual we let €/, ey be the standard basis of X,(G?,), and find a

basis €y, - - - , €, for X.(Tw,), such that the coroots in
X(T) = X.(Gy,) & X.(Tiw,)
are given by
te ke i F# g, +2€¢

in the odd case, and

e el it

in the even case. Using the basis €/, --- ¢y, to identify X,.(7") with Z™, the action of Q

becomes the natural action of {+1}" x &, (resp. ({£1}™) x &,,) on Z™ in the odd case

(resp. even case). Here ({£1}"™)" denotes the subgroup of {#1}" consisting of elements with
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an even number of —1’s in the coordinates. We have —u = —¢;. Hence it is clear that
0 = (0N X.(G)) U (0N X.(Tiw))
and that
on X*(G72n> = {6\1/7 _€Y7 6\2/7 _6;/} :

It suffices to show that the above set can be obtained by translating —e; under y. But
clearly the above set is equal to the orbit of —e} under the group generated by the reflections
sev—ey and scvicy. Note that the two coroots €f + ey and €] — e are both defined over Q,,

so their associated reflections are in Q(Q,). ]

Since ML is G,, or GLy or G2, its Satake isomorphism (over Q,) is from H"(MS%(Q,))
to C[X;] or C[X1, X5]®? or C[X1, X,] respectively. To ease notation we will identify an
element of the latter algebras C[X;] etc. with an element of H"(MS*(Q,)). Recall that

M’ = MCt x (M")5° and therefore we have

HY(M'(Q,) = HY(MH(Qy)) @c H™((M)°°(Qy))-

Proposition 5.4.3. The function p®@=D/2(fH),, € H™(M'(Q,)) is equal to a sum

KA @1+1®h,

with k(A) € H"(M(Q,)) and h € HY((M")3°(Q,)). The element h depends only on the

parameters d*, 67, d™, 07, and not on the parameter A. The element k(A) is given as follows:

1. When M = My, so that MY = G2, and A € {0,{1},{2},{1,2}},

k(A) = er(A)(XT + X17%) + eo(A) (X3 + X5),
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where €;(A) € £1 and €;,(A) =1 if and only ifi € A, fori=1,2.

2. When M = M, so that MS" = GLy and A € {0, {1,2}},

X¢+ X"+ Xg+ X% A={1,2}
k(A) =

Xp - X7 - X - X5, A=0

3. When M = My, so that MY = G,, and A € {0,{1}}, we have

Xi+X A={1}
k(A) =

X0 - X% A=10

Proof. This follows directly from Theorem 5.2.4, Lemma 5.2.6, Lemma 5.3.6, Lemma 5.4.2.
m

6 Stabilization

6.1 Standard definitions and facts in Langlands-Shelstad transfer

Let F' = Q, where v is a finite place of Q. Let G; be a reductive group over F'. Fix an inner
twisting ¢ : G; — G7 to the quasi-split inner form and fix an L-group datum for G, as
in [53]. Let (H,H,s,n) be an endoscopic datum for G;. Assume that H = “H. This last
assumption is satisfied for the applications in this work, and simplifies many aspects of the
theory. Most significantly, we do not need to take z-extensions of (G; and H in the statement
of transfer of orbital integrals.

We first recall the definition of k-orbital integrals in the fashion of [43, §2.7].

161



Let v € G1(F) be semi-simple. Denote I, = (G1)3. Define
D(L,,Gy; F) :=ker(H'(F, L,) — H'(F,G,)).

Recall (cf. [43] for instance) that there is a finite-to-one surjective map from D(Z,, Gy; F) to
the set of conjugacy classes in the stable conjugacy class of v. When I, = (Gy),, this last
map is a bijection, but we will not assume that. We have a short exact sequence of pointed

sets:
(6.1.1) 1 — L(F)\G\(F) = H(F,I,\Gy) = ®(L,,Gy; F) — 1.
Also we have a natural map (cf. loc. cit.)

H'(F, L,\G1) — Hy,(F. L,\G1),

where HY, (F, I,\G1) is a locally compact topological abelian group. Denote by &(I,, G; F)
the Pontryagin dual of HY, (F, I,\G1) 7

We fix a measure dz on H°(F, I,\G;) by choosing Haar measures on I,(F) and G,(F)
and choosing the counting measure on ®(1,, Gy; F') and require compatibility of the sequence
(6.1.1). For more details see [43, §2.7].

For any f € C°(G1(F)), any k € K(I,, G1; F), define the k-orbital integral

o5 = [ ((Gr)2r, () ()
$€HO(AfJW\Gl)

1"We have assumed that F is non-archimedean. The group £(I,,, G; F) is isomorphic to Kottwitz’s &(1, /F)
in [38, §4.6]. In the archimedean case we may still define &(Z,, G; F') in the same way, but it will differ from
the definition loc. cit.
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Define
SO, (f) = O5(f).

More concretely, for any [z] € D(I,,Gy; F), fix an element € G,(F) mapping to [z]

under the composition
G1(F) — HY(F, L\G,) — D(I,,Gy; F).

Then v, := 2 'yz is in G1(F) and Int(z) induces an inner twisting I, — I,. In particular,

a Haar measure on I, (F) is fixed from that on I,(F'), and we define

0.,.(f) == /I Fy ey dy,

vz (F)\G1(F)

where dy is determined by the fixed Haar measure on G1(F") and the Haar measure on I, (F)

mentioned above. Then we have

O5(f)= > elly,)r()0,,(f).

[I]GQ(I’WGUF)

Recall that the notion of when a semi-simple element vy € H(F') (not necessarily G-
regular) is an image of a semi-simple element v € G(F) is defined in [48, §1.2]. For
(G1, H)-regular elements, Langlands-Shelstad [53] [48]| define transfer factors. Thus after

choosing a common normalization we have numbers

A(’YHa ’Y) S (Ca

where vy is a semi-simple (G, H)-regular element in H(F), up to stable conjugacy, and -y

is a semi-simple element in G1(F'), up to conjugacy, and A(ygy,y) = 0 unless vy is an image
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of .18

The Langlands-Shelstad Transfer Conjecture and the Fundamental Lemma are now proved
theorems thanks to the work of Ngo [61], Waldspurger [79] [80], Cluckers-Loeser [12], and
Hales|21]. Combined with the extension to (G, H)-regular elements in [48, §2.4], we state

them in the following form:
Proposition 6.1.1. The following statements are true.

1. Fiz a normalization of the transfer factors. Fix Haar measures on G1(F) and H(F).
For any f € C®(G,(F)), there exists f% € C®(H(F)) (depending on the Haar mea-
sures on G1(F') and H(F)), called the Langlands-Shelstad transfer of f, with the fol-

lowing properties: For any semi-simple (G, H)-reqular element vy in H(F'), we have

0, v s not an image from G,

612) SO, (/") =
Ay, 7)O3(f),  vu is an image of v € G1(F)s.

where in the second situation,

e s defines an element in K(I,,G1; F), also denoted by s.

e Both SO, (f") and O3(f) are computed using the fired Haar measures on G1(F)
and H(F) and compatible Haar measures on (G1)3(F) and HY, (F), where com-

patible means with respect to the natural inner twisting between (Gl)g and H,(Y)H (F).

18Strictly speaking, Langlands-Shelstad only define transfer factors in the generality of (G, H)-regular
elements under the assumption that G{°* is simply connected ([48, §2.4]). However under our assumption
that H = L H, we easily get the definition of A(vH,7) by considering suitable z-extensions H and Gy of H
and G by a common kernel Z and defining A(yg,~) to be A(7g,7) where g (resp. 7) is a preimage of vy
(resp. ) in H(F) (resp. G1(F)). To show that this definition is independent of the choices of the preimages,
it suffices to check that the transfer factor A(yg,4) depends only on 4y modulo Z(F') and 4 modulo Z(F).
For this it suffices to treat the case where 4y is strongly G’l—regular. Then the desired statement is proved in
[48, p. 55] (with A =1). See also Remark 6.1.3 below. It can also be shown that the definition of A(yg,~)
is independent of the choices H and Gj.
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2. Suppose Gy and (H,"H, s,n) are unramified. Normalize the Haar measures on G1(F)
and H(F) such that all the hyperspecial subgroups have volume 1. Let Ky (resp. Ky ) be
an arbitrary hyperspecial subgroup of G1(F') (resp. H(F')). Then lg,, is a Langlands-
Shelstad transfer of 1k, as in part (1), for the canonical unramified normalization of

transfer factors defined in [20)].

3. Suppose Gy is defined over Q and let (H,"H,s,n) be a global endoscopic datum. Sup-
pose for almost all places at which G1 and (H,LH,s,n) are unramified the transfer
factor is normalized under the canonical unramified normalization. Let S be a fi-
nite set of places including oo and let A® denote the adeles aways from S. For any
f € C2(G(AY)), there exists f1 € C(H(A®)) such that the A%-analogue of (6.1.2)
holds. Here the meaning of an adelic (G1, H)-regular element is as in [40, §7, pp. 178-

179/, and all the orbital integrals are computed with respect to adelic Haar measures.

Remark 6.1.2. In Proposition 6.1.1 part (3) is a consequence of parts (1) and (2)

Remark 6.1.3. We have stated the Langlands-Shelstad Transfer Conjecture in a seemingly
stronger form than the original form in two ways. Firstly, the original conjecture allows for
a suitable z-extension of H when G{° is not simply connected, in order to take care of the

failure of # = “H. Let us recall the setting. One considers z-extensions

1> Z—H-—H-—1

152G — G —1,

sharing the same central kernel Z, such that Z is a product of induced tori, and H and G4
have simply connected derived subgroups. One then asks to transfer functions in C°(G1(F))
to functions in C°(H, \), where X is a certain character on Z(F). In our case, since we have

assumed H = “H, it turns out that one may easily arrange A = 1. Hence there is a canonical
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bijection C°(H,1) — C°(H), such that a Langlands-Shelstad transfer of f in C°(H, 1)
corresponds to a Langlands-Shelstad transfer of f in C’;’O(ﬁ ,1) in the sense of Proposition
6.1.1.

Secondly, the original conjecture is only about Gi-regular elements. Namely, (6.1.2) is
only required to hold for all G;-regular elements. Let us call f satisfying (6.1.2) only for
Gi-regular elements a weaker transfer of f. In [48, §2.4|, Langlands-Shelstad proves that
a weaker transfer in fact satisfies (6.1.2) for all (G, H)-regular elements, but under the
assumption that G$¢* is simply connected. We do not assume G$° is simply connected, but
we assume H = “H, and it is quite easy to reduce to the result of Langlands-Shelstad. In
fact, keeping the notation in the previous paragraph, for any f € C*(G1(F)) we define
f € C®(G,(F)) to be the pull back of f. Let f7 C®(H(F),1) be a weak transfer of f.
Again define f# € C>°(H(F)) to be the function canonically induced by fA. One easily
checks that f H i5 a weak transfer of f, in the sense that there is a natural way of enhancing H
to an endoscopic datum of Gy. By [48, §2.4], f# and f satisfy (6.1.2) for all (Gy, H)-regular
elements. From there it is easy to deduce that f# and f satisfy (6.1.2) for all (G, H)-regular
elements. Among the key points is the observation that we have surjections H(F) — H(F)

and G (F) — G1(F), and natural bijections

D(I;,Gy; F) = D(I,,Gy; F)

~ ~

HF) =5 9D(1I

YH

(I

Ya?’

H; F),

when we have semi-simple elements 4 € G4 (F) mapping to v € G1(F) and v5 € H(F)
mapping to vy € H(F').

Similar remarks apply to part (2) of Proposition 6.1.1.
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6.2 Calculation of 7 and k

Let GGy be the special orthogonal group of an arbitrary quadratic space over Q. Let m; be

the Q-rank of Gj.
Proposition 6.2.1. 7(G;) = 2.

Proof. By [37] and [39], 7(G;) = ‘WO(Z(G1>F>

/‘kerl((@, Z(G4))|. Now G} is a symplectic
group or an even orthogonal group, so Z (Gl) 2 1i5. Thus any group action on Z (él) must be
trivial. In particular, ker'(Q, Z(G4)) = 0 by Chebotarev density. Also mo(Z(G1)') = Z(G1)

has cardinality 2. ]

Definition 6.2.2. Suppose G g has elliptic maximal tori. Let T, be one such. Define
K(Gy) = [H'(R,T.)[,

k(Gy) = [im(H'(R,T. N GI°) — H' (R, T.))|.
Proposition 6.2.3. Suppose G1r has elliptic mazimal tori. ¥'(G;) = 2™, k(G;) = 2™~ L

Proof. By Tate-Nakayama duality,

I

K () = ‘WO(TG )‘ _ ‘ﬁ‘l(rm,x*(n))).

As argued in the proofs of [59, Lemma 5.4.2] Lemma 5.4.2 and |60, Lemme 5.2.2|, we have!?
A Too A
K(G1) = |ro(T. )]/ [mol(Z(G))]

We have seen in the proof of the previous Proposition that = 2.

mo(Z(G)")| = | 2(Gy)
We know that T, = U(1)"™, and X, (U(1)) = Z on which the non-trivial element in Gal(C/R)

YIn loc. cit. k(-) is defined using G4 instead of GSC, but G4 = G5 in that case, and this formula for
k(-) generalizes to our definition of k(-) here.
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acts as multiplication by —1. Hence
P
H (T, Xu(T2))| = Xu(T2)"/ Augr (X(T2)) = Xu(T2)/2X.(T2) = (Z/2Z)™.

O

Proposition 6.2.4. For any j > 1, 7(GL;) = 1. For j = 1,2, k(GL;) = 1. (GL;gr has

elliptic mazimal tori precisely when j =1,2.)
Proof. For 7 > 1, Z(éij) = C*, on which I' acts trivially. Hence
m0(Z(GL))") = m(C*) = 1,
and
ker' (Q, Z(GL;)) = 1

by Chebotarev density theorem. Thus 7(GL;) = 1. Also
mo(Z(GL;)™) = 1.

For j =1, GL]SAC =1, s0 k(GL;) = 1. (Alternatively, T, & G,,, so by Hilbert 90, H' (R, T,) =
1.) For j =2, T, = Resc/r G, and H'(R,T,) = 1 by Shapiro’s Lemma. ]

Corollary 6.2.5. Let M be a Levi subgroup of G defined over Q. Let M' be the first entry
of a G-endoscopic datum for M. Let H' be the first entry of the induced endoscopic datum

for G. Then we have
T(G) 7(M') _ K(H) k(M)
T(H) 7(M)  k(G) k(M)

168



Proof. First suppose M’ = M*. Then we need to prove that

If H = G*, then both sides are equal to 1. Otherwise, both sides are equal to 1/2.
Suppose M’ 2% M*. Then H % G*. Hence 7(G) = 2,7(H) = 4,7(M') = 4,7(M) = 2,
and k(H)/k(G) = k(M')/k(M) = 1/2. The claim follows. O

6.3 The simplified geometric side of the stable trace formula

We recall the definition, due to Kottwitz in his unpublished notes, of the simplified geometric
side of the stable trace formula, applicable to the situation where the test function at infinity
is stable cuspidal. We follow [59, §5.4]. In this work we do not prove the relation between

this definition and Arthur’s stabilization.

Definition 6.3.1. Let M be a cuspidal reductive group over R. Fix a Haar measure on
M(R). Let M be the compact-mod-center inner form of M. Then there is an induced Haar

measure on M (R). Define

0(M) := e(M)vol(M(R)/Ay (R)").

Definition 6.3.2. Let G be a reductive group over R. Let v : Ag, (R)° — C* be a quasi-
character. Let M be a cuspidal Levi subgroup of Gy , and f € C(G1(R),v™!) be stable
cuspidal (|1, §4], [59, 5.4]). For v € M(R) semi-simple elliptic, define

S5 (7, f)

(—1)dm A k(M) k(G Z Oy (v, On) Te(f,10),

where II runs through the discrete series L-packets belonging to v. This definition depends

on the choice of a Haar measure on MY(R) (to define 7(MY)) and a Haar measure on G4 (R)
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(to define Tr(f,1I)). For a non-cuspidal Levi subgroup M of Gy, define S®$} = 0.

Definition 6.3.3. Let G; be a reductive group over Q. To avoid the issue discussed in
Remark 4.1.2, assume that all the Levi subgroups M of G defined over Q (including G,
itself) satisfy the condition that Ay, = (Apm)r. Assume that G is cuspidal. For f =
[®fe € C®(G1(A)) with foo € C®(G1(R), v 1) stable cuspidal, and M C G; a Q-Levi

subgroup, define

STy (f) = 7(M) Y ™(3) 7' SOL (7S5} (7 o),

o

where v runs through a set of representatives of the stable conjugacy classes of the R-elliptic

semi-simple elements of M (Q), and

M (y) = (ML /M)(@Q)]-

Here each SO, (f37) is defined using fixed Haar measures on M?(As) and on M(Ay), and
S®G (7, f») is defined using fixed Haar measures on MJ(R) and on G(R). We assume that
the product measure on Mg (A) is the Tamagawa measure. Also, the constant term f§9 is
defined using the fixed Haar measure on M (A) mentioned above, and a fixed Haar measure
on G1(Ay). We assume that the product measure on G(A) is the Tamagawa measure. Then

STE(f) is independent of the choices of Haar measures.

Definition 6.3.4. Let (G; be as in Definition 6.3.3. Define

STO(f) = 3§ ST (1),

M

where M runs through the Levi subgroups of G; defined over Q, up to G1(Q)-conjugacy,
and as before n§} := |[Norg, (M)/M](Q)].
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6.4 Test functions on endoscopic groups

As in Theorem 1.7.2, we fix an integer a > 1, an irreducible algebraic representation V of
Gc, an odd prime p, and a hyperspecial subgroup K, C G(Q,). Also fix a test function
free € CF(G(AY)), and fix a Haar measure dg? on G(A%).

Let (H,"H, s,n) be an elliptic endoscopic datum for G, presented in the explicit form as
in §5.1. In the following we will avoid using the representative of the endoscopic data with
s = —1. Namely, we will only use the trivial representative for the trivial endoscopic datum
H = G*. Later when we want to recall this assumption we simply say s # —1.

We follow Kottwitz [40] to define a test function f € C*°(H(A)). By definition f is of
the form f7 = fIZfI free with fI e C2°(H(R)) stable cuspidal. (As H is semi-simple we
do not need central characters.) By definition, f# = 0 unless H is cuspidal (at infinity) and
unramified at p. Note that by our explicit presentation of (H, LH, s, n) in §5.1, the algebraic
group H is unramified at p if and only if the endoscopic datum (H,”H, s, n) is unramified
at p. In the following we assume that H is cuspidal and unramified at p.

We fix a Haar measure on H(A%) arbitrarily, and fix the Haar measure on H(Q,) such
that hyperspecial subgroups have volume 1. Then there is a unique Haar measure on H(R)
such that the product measure on H(A) is the Tamagawa measure.

We first recall the definition of fZ. The definition of fZ depends on the choice of
(4, Bg,m). Here j : Ty — T is an admissible isomorphism between two fixed elliptic max-
imal tori Ty and Ty of Hr and Gy respectively, i.e. j is the composition of an admissible
embedding Ty — G* (which is defined over R) and the fixed inner twisting G* — G and a
certain inner automorphism of G, such that j : Ty — T is defined over R. The choices of

such j form a torsor under Q = Q(Gc, Tg,c)*. Moreover, Bg  is a Borel of G¢ containing

TG,(C-

20Note that any algebraic group automorphism of Tg ¢ is necessarily defined over R because T is a
product of U(1).
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6.4.1 Fixing the choice of (Ty, 1, j, B¢ n) once and for all

Choose (T¢, Bg.xr) to arise from an elliptic decomposition (Definition 4.4.1 ) D of Vg which

involves the following two planes:
R(e; + €}) + R(ex + €3), a positive definite plane

R(e; —€}) + R(eg — €3), a negative definite plane.

We also assume in the even case that DY gives rise to the fixed orientation on V. As the
notation suggests, we do not assume that D is independent of H. Recall that H is of the
form H=H" x H- =SO(V*) x SO(V~). We define j by choosing elliptic decompositions
Dy of VE, which are assumed to be compatible with the given orientations in the even case.
Then we define j using the trivializations of Tpr — U(1)™ and Tp,, — U(1)™ x U(1)™"

and the isomorphism

U™ x U™ = u@)m
((Zla"' 7Zm_)7(w17"' 7wm+)) = (Z17"' y Am—, W1, 7wm+)'

In the odd case, we assume that D is convenient, in the sense of Definition 4.5.12. This
means that the negative definite plane R(e; — ¢}) + R(ez — €}) is the last member of D¥.
In particular, the factor U(1) of Tphu corresponding to this plane is sent under j—! into
SO(V*t) C H.

In the even case, unless m = d/2 is odd and m*™ = 1, we assume that D is convenient
in the sense of Definition 4.6.11 and Definition 4.7.10. Then the aforementioned factor U(1)
of Tpu is sent under j~1 into SO(V') C H.

In the even case with m odd and m™ = 1, we assume that the negative definite plane

R(e; — €}) + R(ey — €)) is the last member of D#. Then the corresponding factor U(1)

of Tpu is again sent under j~! into SO(V') C H. In this case D¥ is not convenient in
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the sense of Definition 4.6.11, but differs from a convenient e.d. by applying the element
(m—1,m) € &,,.
6.4.2 Definition of f

The fixed choice of (j, B i) determines a Borel By of H¢ containing Ty, a subgroup Q. of
Q= Q(Ge,Te ), and a bijection
Qg x Q, — Q,

where Qp := Q(He, Thc)-

Let V* be the contragredient representation of V. Let ¢y« be the elliptic Langlands
parameter of Gg corresponding to V* (whose L-packet is the packet of discrete series repre-
sentations of G(R) corresponding to V*.) Let ®g(¢y+) be the set of equivalence classes of

elliptic Langlands parameters of Hg that induces ¢y- via n: “H — “G. We have a map

SOH = w*(SOH)J

characterized by the condition that ¢y is aligned with (w.(¢n) ™' o, B, Bu).

For any ¢y € @y (py+), define

f‘PH ::d(H>71 Z f7r7

m€ll(pm)

where

e the summation is over the discrete series representations 7 of H(R) inside the L-packet

(ppy) of pp.
e For each 7, the function f, € C°(H(R)) is a pseudo-coefficient for 7. (cf. [11]). Note
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that this notion depends on the choice of a Haar measure on H(R). We use the one

fixed at the beginning of §6.4.

e d(H) = |II(¢g)|- Note that this number is an invariant of Hg, equal to the cardinality
of the absolute Weyl group divided by the cardinality of the relative Weyl group of an

elliptic maximal torus (over R).

Definition 6.4.3.
fOI—(I) = (_].)q(GR)</J/TG7$>j Z det(w*(¢H>)fWH
e €PH (py*)

Here pig,, is the Hodge cocharacter of any A in the Shimura datum X that factors through
Te, and s is in the endoscopic datum. The pairing (pr,, s); is defined as follows: First we

use j to view pr, as a cocharacter of Tp. Then pr, can be paired with s, which is viewed

~

as an element of Z(H), via the canonical pairing

~ A ~ ~

X.(Tw) % Z(H) — m(H) x Z(H) = X*(Z(H)) x Z(H) = C*.

Remark 6.4.4. From how we have chosen j, and the assumption that s # —1 (i.e. the trivial

endoscopic datum is represented by the trivial representative), we have

</“LTG7 S>j = 1.

Remark 6.4.5. By construction f is stable cuspidal.
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6.4.6 Normalizing the transfer factors

We normalize the transfer factors between

<H7 LH? S? 77)

and G at various places as follows:

We use the canonical unramified normalization for the transfer factor at p (cf. [20]) and
use Aj g , for the transfer factor at oo, and normalize the transfer factors away from p and
oo such that at almost all unramified places we have the canonical unramified normalization
and such that the global product formula is satisfied (|53, §6]).

Suppose M is a standard Levi subgroup of G and (M’ sy, ny) € (M) inducing
(H,s,n) € &G) and (M', sy, nm) € &(M). Again we assume H is cuspidal and unramified
at p. It follows that M’ is unramified at p, and the endoscopic datum (M, s, nar) for M
is unramified at p. We normalize the transfer factors between (M’,“M, s, ny) and M as
follows:

Away from p and oo, we normalize the transfer factors by inheriting the transfer factors
between G and H chosen above, in view of the natural identification of M’ with a Levi
subgroup of H. cf. Remark 6.4.7 below. At p, we use the canonical unramified normalization,
which is also the same as that inherited from the canonical unramified normalization between
H and G. At oo, we do not fix an a priori normalization. In fact, a comparison between

different normalizations in this case is key to the computation.

Remark 6.4.7. At any place of QQ, there is the notion of the normalization of the transfer
factor between (M’, s’,,my) and M inherited from the normalization of the transfer factor
between H and G. It is described using a simple formula as in [59, §5.2| or [60, §5.1]. Roughly
speaking, this means that apart from the difference in Ay, the transfer factor between M’

and M is equal to the transfer factor between H and G. Obviously, this notion depends
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not just on (M’,sh,,ny) € &(G), but in fact on (M’ sy, my) € (M), because at least
(H,s,n) € &(G) already depends on the latter. The most important property of this notion
is that if the normalizations between H and G at all the places satisfy the global product
formula, then so do the inherited normalizations between M’ and M at all the places. The
validity of this notion is claimed in Kottwitz’s unpublished notes but unfortunately it seems
that there is no proof in the published literature. As indicated by Kottwitz, this is an
easy consequence of the definition in [53]. It can be proved similarly as |20, Lemma 9.2|.
Alternatively, in our specific situation, a proof also easily follows from the explicit formulas

for the transfer factors in [81].

6.4.8 Definition of f' and f7>

Definition 6.4.9. Define f»° to be a Langlands-Shelstad transfer of f7°° as in Proposition
6.1.1 with respect to the fixed Haar measures on G(A%) and H(A%). Define f)" € H"™(H(Q,))

to be the object denoted by f¥ in Definition 5.4.1.

Remark 6.4.10. Once an element ff € H™(H(Q,)) is specified, it still corresponds ambigu-
ously to different functions on H(Q,). Namely, for each choice of a hyperspecial subgroup
Ky, of H(Q,) there is a resulting Ky p-bi-invariant function. These functions potentially
have different orbital integrals, but they have the same stable orbital integrals, as notes in
[40, §7]. The same remark applies to the various canonical constant terms (cf. Corollary
5.2.7) (fI € H™(M'(Qy)) for Levi subgroups M’ of H defined over @,. In particular,
the value of the simplified geometric side of the stable trace formula ST#, defined in §6.3,

is well defined when evaluated at the test function f = fI f17 frpoe.

Remark 6.4.11. The definition of fZ depends on the choice of a Haar measure on H(R).
The definition of 7 depends on Haar measures on H(A%) and G(A%}). The product

function f# depends only on the Haar measure on G (A’}), since we assume that the product
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Haar measure on H(A) (with the factor at p determined by the condition that hyperspecial

subgroups have measure 1) is the Tamagawa measure.

Proposition 6.4.12. Let M be a standard Levi subgroup of G, and let (M’ sy, ny) €
Ec(M). Let (H,s,n) € &(G) be the induced endoscopic datum for G, and let (M', s, ) €
& (M) be the underlying endoscopic datum for M. Then M' is naturally identified with a Levi
subgroup of H, so we may take constant terms of functions on H along M. The function
(o) € C2(M'(AY)) is a Langlands-Shelstad transfer of (f>>)y € C(M(AY)) in
the sense of Proposition 6.1.1, with respect to the normalization of the transfer factors away

from p and oo between (M',s'y;,na) and M as fized in §6.4.6.

Proof. This can be proved similarly as [59, Lemma 6.3.4], which follows Kottwitz’s unpub-

lished notes. The only modifications needed are:
e We replace G, and M, in the argument by G and M.

e When citing [48] to deduce that a weak transfer in the sense of Remark 6.1.3 is a
transfer in the sense of Proposition 6.1.1, we use the arguments in Remark 6.1.3 to

reduce to the case where the result of [48] applies.

6.5 Statement of the main computation

We fix the following data:
e a Haar measure dg” on G(A%).
e an integer a > 1.

e an irreducible algebraic representation V of GG defined over a number field L, as in §1.6.

We will freely view V also as a representation of G¢.
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e a prime number p > 2 at which G is unramified.
e a hyperspecial subgroup K, of G(Q,).
e a function [P € C(G(AY)).

Then as in §6.4, for any elliptic endoscopic datum (H,*H,s,n) € &(G) (with s # —1)
we obtain a function f# = fng’p’ooff on H(A). On the other hand, for any standard Levi
subgroup M of G, we obtain Tr,(f?"*°dg?, a) as in Definition 2.6.1. We shall abbreviate the

last object as Try, (V).

Definition 6.5.1. Let M be a standard Levi subgroup of GG. Define

ey (V) = (n§y) ™" > |Oute(M’, sar,ma)|~ 7(G)7(H) T ST (1),
(M’,SAI,HM)Ggg(M)
where for each (M’, sy, my) € (M), we write H for the induced endoscopic datum for
G. Here we also avoid the representative (M’, sy, myr) with spy = —1, and as a consequence

(the explicit representative of) the induced endoscopic datum H for G satisfies s # —1.

Recall from Definition 4.11.12 that we define *V to be the representation obtained by
precomposing the representation V by the automorphism Int ni5 of GG, where nq5 is defined
in Definition 2.3.2. In the even case njy € O(V) — SO(V) and Intn;y is not an inner

automorphism of G. We now state the main computation as follows:

Theorem 6.5.2. In the odd case, Try (V) = T, (V) for a large enough. In the even case,
Trp (V) + Trpy (PV) = T, (V) + TY), (BV) for a large enough.

In order to simplify notation, it is convenient to allow V to be a direct sum, or more

21

generally a formal sum “ of irreducible representations. Thus in the odd case we still

2lsince both Try; and Tr, only depend on the image of V in the Grothendieck group.
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assume that it is irreducible, but in the even case we assume that it is a formal sum of the

form V; + 2V, for an irreducible representation V;. In the even case, we define

Tr)y, (V) := Trhy, (V) + Tr, (*Vy),

and

TI"M(V) = TI'M(Vl) + TrM(aVl).

Note that Tr,(V) can be directly defined similarly as before, with the only modification being
that now each function f is a sum of two functions, defined using V; and 2V, respectively.
Also Try (V) can be directly defined similarly as before, with the only modification that now
each Kostant-Weyl term Ly () is a sum of two Kostant-Weyl terms, one for V; and one for
V.

Thus we may rewrite Theorem 6.5.2 as follows.

Theorem 6.5.3. Keep the above assumptions on V. Let M be a standard Levi subgroup of
G. We have Try (V) = Tv), (V) for a large enough.

In the following we further abbreviate Try; := Trp (V) and Tv}, := Tr),(V), where V is

as in Theorem 6.5.3. We prove Theorem 6.5.3 in the following, from §6.6 until §6.14.

6.6 First simplifications

Definition 6.6.1. Denote by & (M) (resp. &(G)°) the subset of &(M) (resp. &(G)°)
consisting of endoscopic data whose groups are cuspidal and unramified at p. Denote by
Ec(M)° the subset of &(M) consisting of elements such that their images in &(G) are in

&(G)° and their images in &(M) are in &(M)°.

Remark 6.6.2. In the odd case, &(M) = &(M)°, E(G) = E(G)°, (M) = (M )°.
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6.6.3

In Definition 6.5.1, we may restrict the range of the summation to
(Mla SMJ?M) € gG(M)C7

because all the other terms are by definition automatically zero. Also note that in the even
case and M = Mos, both sides of Theorem 6.5.3 are automatically zero because Ms is not

cuspidal. (cf. Remark 2.6.2.)
Lemma 6.6.4. n§; =38, n§, =nf§, =2.
Proof. Direct computation. O

Lemma 6.6.5.

nG Ty = > [Outy (M) 7(G)yr(H) ' ST (f7).

M/e&(M)e
Here the summation over A is for A running through the following sets:
e In the odd case for M = My, A € 2({1,2}).
o In the even case for M = My, A € {0,{1,2}}.
o For M = My, A€ {0,{1,2}}.
e In the odd case for M = My, A € {0,{1}}.

In the above summation, whenever M' € &(M) and A are fived, we use them to get
an element in Eg(M), from which we define H € &(G). (Recall that the set &q(M) is
parametrized by suitable combinations of a choice of A and a choice of a parameter (d*,d™) or

(d,6%,d=,67) for the set &(M).) We also assume that the summation over M' € &(M)¢ is
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over the explicitly chosen representatives and the representative (M, s, nar) with sy, = —1

18 not used.

Proof. To unify notation, in the odd case we shall sometimes write ¢4 g+ 5+ 4- 5~ (G, M) for
elements in &g(M) and write eg+ s+ g- 5~ (M) for elements in & (M), understanding that
6F = 1. We also write (A,d",6%7,d",07) := eag+s+.q-5- (G, M) and (d¥,6+,d",07) =
eqt ord-o- (M).

We turn the summation in Definition 6.5.1 over (M) (cf. §6.6.3) into a double summa-
tion: the summation over & (M) of the summations over the fibers of the natural forgetful

map

(6.6.1) Ea(M)° — (M)

(A,d",6",d",67) up to simultaneous swapping — (d*,6%,d,d~) up to swapping.

Odd case Mj,:

When dt # d~, the fiber of (6.6.1) over (d*,d™) is equal to ({1, 2}) and has 4 elements.
When d* = d~, the fiber over (d*,d™) is equal to Z({1,2})/(A ~ A°), and has 2 elements.
In this case we will still sum over #({1,2}), and introduce a factor 1/2 in the summation.
Note that Outg (e g+ q-) is trivial and Outp(eq+ 4~ (M)) is trivial unless d* = d~, in which
case it has order 2. The lemma follows.

Even case Mjs:

When (d*,07) # (d=,d7), the fiber over (d*,0%,d™,07) of (6.6.1) is equal to {0, {1,2}},
because the choices A = {1} or {2} violate the cuspidality condition. When (d*,d") =
(d=,67), the fiber over (d,0",d,07) is a singleton. In this case we will still sum over
{{1,2},0}, and introduce a factor 1/2 in the summation.

Note that |Oute(M’, sy, ma)| = 2 for all (M’ sy, mu) € (M) such that M # M*,
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and in the rest cases |Outg(M’, sy, mar)| = 1. Therefore, when A € {0, {1,2}}, we have

1, (d*,6%)#(d",67)
|Outpy(d*,6%,d,67)| /[Outg(A,d*,6%,d,67)| =

2, (dt,0%)=(d",d)

The lemma follows.

Case M;j:

When (d*,07) # (d=,d7), the fiber of (6.6.1) over (d*,d",d™,d7) is equal to {0, {1,2}}.
Other wise the fiber is a singleton. In this case we will still sum over {{1,2},0}, and
introduce a factor 1/2.

Note that we have

L (d%,67) #(d",07)

|Outpy(d*,6%,d,67)| / [Outg(A,d*,6%,d,67)| =
2, (d*,07)=(d",6)

The lemma follows.

Odd case M,:

When dt # d~, the fiber of (6.6.1) over (d*,d”) is equal to Z({1}) = {0,{1}}. When
dt = d, the fiber over (d*,d”) is a singleton. In this case we will still sum over Z({1}),
and introduce a factor 1/2.

Note that Outg(es g+ q-) is trivial and Outyy(eq+ 4~ (M)) is trivial unless d¥ = d, in

which case it has order 2. The lemma follows.

6.7 Computation of ST, (fH)

We study the terms ST, (f#) in Lemma 6.6.5.
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Definition 6.7.1. Let 3X(M’) be a set of representatives in M'(Q) of the stable conjugacy
classes in M’(Q) that are R-ellipticc. When M = M, so that ML = (M")St = GL,
we assume that each element +' € Y(M’) satisfies the condition that its component in
(ML (Q) = GLy(Q), which by assumption lies in an elliptic maximal torus of GLgg, lies

in the standard elliptic maximal torus

std
TGL2 -
b a

By definition, each term ST, (f*) in Lemma 6.6.5 has an expansion:
671) ST =) Y () SO () SOl (1, £5).
VES(M)
Lemma 6.7.2. In (6.7.1), only those 7' that are (M, M')-regular contribute non-trivially.

Proof. If XY are two quantities we write X ~ Y to mean that "Y' =0 = X =0". Let v/

be any semi-simple elliptic element of M'(R). We have

SOy )y~ Y (v On) T (£ 1) ~
i for H

-1
~ Z det(w* (QOH))CI)J\HW (7/ ’ @<PH)7
erEDH (py+)
where the summation ), ¢, [ is over the discrete series L-packets for Hg. By [60, Propo-
sition 3.2.5, Remarque 3.2.6|, the last quantity above is zero provided that 7 is not (M, M’)-

regular. [

Remark 6.7.3. In the later stage of the proof of Theorem 6.5.3 we will use the quantitative

statement in [60, Proposition 3.2.5].
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We continue the study of (6.7.1). By Lemma 6.7.2, we only need to sum over those
v € X(M') that are (M, M')-regular. By Proposition 6.4.12, we may further restrict to
those 7 that is an image of a semi-simple element vy, € M (A%) (in the adelic sense), and in

this case we have
(6.7.2) SO (frr7™) = (AME= (Y, van) O (F57°),

where s}, is as in the endoscopic datum (M, s, ny) € &(M). We remind the reader that
it is different from sy, as in (M, spr,mar) € (M) as the latter depends on A. The transfer
factor (AY,)5> is the one inherited from A% (cf. Remark 6.4.7), which indeed depends on

(M, sp,mar) € (M) (ie. it depends on A).

Definition 6.7.4. Let ¢#>°(A) € C* be the constant such that
(AR = = (A) (AN )y™.

Definition 6.7.5. Define %(M’); to be the subset of X(M’) consisting of elements ' such

that 7" is (M, M')-regular and is an image of a semi-simple element in M (A%).

Definition 6.7.6. For a fixed ¢ = (M',sy,ny) € (M), and a fixed v € X(M')y, let

Y € M(A%) be a semi-simple element of whom 4" is an image, and define

I(e,y') =2 (+) AT (V1) O (f3777) %

X D @A) (G)r(H) r(M)SO (£) SO+, F2)

where ) , is the same as Lemma 6.6.5. By (6.7.2) this definition is independent of the choice

of YM -
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Lemma 6.7.7. We have

nG T = Y [Outy(e)™h Y I(e,”).

€& (M)e Y en(M)1
Proof. Direct consequence of Lemma 6.6.5 and the above discussion. [

Definition 6.7.8. For ¢ and +/ as in Definition 6.7.6, and A as in Lemma 6.6.5, we define

K(e,y/,A) = (1)1 3" det(w.(on)) 47 (7, Opy).

€@ (py*)

Lemma 6.7.9. For ¢ and ~' as in Definition 6.7.6, we have
I(e,7") = 2 () AN (s 1) O (F37°)r (M) k(M) k(G) ™ (= 1) B A p(M13,) "

x Y (A) SOy (far) K (6,7, A).
A
Here ) , is the same as in Lemma 6.6.5.

Proof. Direct consequence of (6.7.6), Definition 6.4.3, Remark 6.4.4, Corollary 6.2.5. ]

6.8 Computation of K

We use the notation of Lemma 6.7.9 and focus our attention to one term

K(e,y/,A) = (1)1 3" det(w.(on)) 47 (77, Opp).

e €PH(py*)

We would like to apply [60, Proposition 3.2.5| to compute the above summation. First

we need some preparations.
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Fix an elliptic maximal torus Ty of My, such that 4/ € Typ(R). Then Ty is of the form
Ty = T(M/)GL X T(M/)So,f X T(M/)SO,Jr

where T{pmer (resp. Tiymyso.-, resp. Tymso+) is an elliptic maximal torus of (M')g" (resp.
(M0, resp. (M')32"). When M = M, or when in the odd case M = M,, we have
necessarily T(yner = (M), When M = M, by our assumption on 7 in Definition 6.7.1,
we know that we may assume T\ ycn = T(S;tfz. We assume this, which shall have important
consequences in §6.10.

We then fix an elliptic maximal torus T}, of Mg, and an admissible isomorphism
gar s Tap — Ty
We may and will assume that T}, is of the form
T = Tiaryor X Thyso,

where Thyor = T{per, and Thyso is an elliptic maximal torus of M SO We also assume that

Ju is the product of the identity on T{y;cr and an admissible isomorphism
T(M/)so,f X T(M/)so,+ - TMSO,

in the sense that (M’)5° (and the additional datum induced by ¢ = (M, s, 7a7)) is naturally
an endoscopic datum for M5©.

For any choice of a Borel B of G¢ containing T/ c, we get a unique isomorphism

TBO . TM7@ — G%,
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characterized by the condition that under Y g,, the based root system on X*(7);) determined
by By is transported to the standard based root system on X*(G") of type B or D. Under
ng, the m copies of G,,, define an ordered m-tuple of trivialized (i.e. with an isomorphism

to G,,,) subgroups of Ty c. We name them by
7—0177-0277-177—27 oy Tm—2 lf M = M12 or M17

and by
T0sT1, -+ Tm—1 if M = Ms (odd case).

Thus for example when M = My, T g, maps 7y, to the subgroup {(1,z,1,--- ,1)|z € G,,} of

G". We fix a choice of By, depending on the choice of j),, satisfying the following conditions.

1. When M = M5, we require that 7y, and 7y, are respectively the first G, (i.e. GL(V}))
and the second G,, (i.e. GL(Vy/V})) of TE = ML, When M = M, we require
that 79, X 7, is equal to TheLc. When M = M,, we require that 7y is equal to

Ty = Mar, = GL(VY).
2. j]?/[1<7—1 X Tog X =+ X Tm—) = T(M/)SO,—7c.

Remark 6.8.1. We emphasize that we choose (Tys, Thr, jar) only depending on (e,v), and

independently of A.

Up to now the discussion has not involved A. We now take A into account, so we have
an endoscopic datum (H,s,n) for G induced by (e, A). Recall from §6.4.1 that we have
fixed (Tw,T¢, j, Ba.g). Similarly as above, the pair (T, Bg ) defines an ordered m-tuple

of trivialized subgroups of Tz c. We name them respectively by

P15,P2," 5 Pm-
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By the construction in §6.4.1, we know that

G X pa X X P ) CH 57 (g1 X g2 X -+ X pp) C HT

Definition 6.8.2. Define an isomorphism ig(A) : Tarc — Te.c as follows. When M = M,

or My, let ig(A) map 7o,, To,, T1, " - * » Tm—2 Tespectively to
P1, P25 5 Pms A=10
Pm—+15P15,P2, " 5 Pm— Pm—+25" " 3 Pm, A:{l}
P1y Pm—+15P2" " 5 Pm— Pm—+25" " 3 Pm; A= {2}
\pm*—i—hpm*—l—%pla'” y Pm=s Pm—435" " s Pm, A:{172}

(When M = M, or in the even case when M = M, the parameter A can only assume {1, 2}
and (), but we still use the above formula).

When M = M, (in the odd case), let ig(A) map 79,71, - , Tim—1 respectively to
P15 Pm, AZ@
Pm=+1: P15 5 Pm=s Pm=+2," " 5 Pm; A:{l}

Definition 6.8.3. Define iz (A) to be the unique isomorphism Ty ¢ — Ty c that fits into

the following commutative diagram:

Tye—1=Tac
i (A) ig(A)

Jm
Tvrc—Tuc

Lemma 6.8.4. ig(A) (resp. ig(A)) is induced by an inner automorphism of G¢ (resp. Hc).
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Proof. Obvious from the definition. O]
Definition 6.8.5. Define the four Borel subgroups:
e D), the Borel of M¢ containing Ty ¢, defined to be By N M.

e B¢, the Borel of G¢ containing T ¢, defined to be ig(A).By. This can be different
from B¢ g fixed in §6.4.1.

e By, the Borel of M{. containing T ¢, defined to be the one induced by (B, ja)-

e B!, the Borel of H¢ containing Ty ¢, defined to be i (A).(Bar), or equivalently defined
from (Bg, 7). This can be different from By fixed in §6.4.1.

We recall [60, Proposition 3.2.5] in our notation.

Proposition 6.8.6.

(681) ER(jM(’y/_l))ERH(’Y/_l)AﬁVbBM('VlajM(’yl))q)J\G/[(jM(’y,)_lv G)gv*) =
= Y det(ellen) @i/ 0,,)
e EPH (Py*)

where eg is defined using By (i.e. it is —1 to the number of Bys-positive roots for (Ge, T c)
that are real and map jp(y'™1) to ]0,1]), and €g, is defined similarly using Byy. The
elements W', (pg) € Q. are determined using (j, Bg) in the way similar to that described in

§6.4.2 (which used (j, Bg.y) instead). The transfer factor A% is defined as %

Jim By

A = (—1)2(Cr)+alHr)+a(Mr)+a(Mg) A

jm-Byv T JnmsBare

2In loc. cit. AfM’ B,, is denoted simply by Aj, 5, but its definition indeed involves the sign
(_:I_)Q(GR)‘l"Z(I_IIK)7 instead Of (_1)q(MK)+q(MJl/§).

189



The term @5, (-, @fv*) is given as follows. When M = My in the odd case,

o 0p, e { O R AZ T ol

Py

(I)f/I(W@V*)endosc» A= {1} or {2}

In all the other cases,

(I)%(.’@H ) = (bAGJ('?@V*)'

Pv*

(In the even case the above is understood to be the sum G (-, Oy:) + PG (-, Oayr)) O

For a fixed pp, we investigate the relation between w,(pg) and wl(¢p). Write w, =
wy(pr) and W, := W.(¢p) in short. By definition, ¢ is aligned with (w; ! oj, Bg.x, By) and
also aligned with ((w.)™! o j, Bg, By;). Suppose wy € Q(Gc, T c) measures the difference
between Bg and Bg py in the sense that the map T, c — G determined by Bg and @y+,
is equal to the map Tz — G determined by Bg.mn and @y-, precomposed with wy. Write
Wy = wo,pwo « according to the decomposition of Q(Gc, T c) determined by (j, B g). Then
we have

/ -1
W, = Wy WxWo H-

In particular,

det(w,) = det(w,) det(wg ).

Understanding that A only assumes the ranges in Lemma 6.6.5, we compute:

(

1, A=0
(=™, A=A{1}

(=)™, A={2}

(6.8.2) det(wo ) =

1, A={1,2}
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Corollary 6.8.7. We have
K(e,7', A) = (-1)7® det(wo)er(ar (Y ™))er, (V1) %

<A, 5y, (Vi () @5 (e (V)71 OL,),
where det(w,..) is given in (6.8.2).

Proof. Consequence of Proposition 6.8.6. n

6.9 Computation of some signs

We continue computing I(e,~’) from Lemma 6.7.9 and Corollary 6.8.7.

Definition 6.9.1. Let 73(A) € C*, be the constant such that

(A)E™, (A3)p, B(A)AS

Jjnm By

satisfy the global product formula. Equivalently, J3(A)A4 is inherited from A cf.

B 3,BG,H*

§6.4.6 and Remark 6.4.7.

Remark 6.9.2. We have

AL o @A) =AY L B(A)R0)

MBm im By

Proposition 6.9.3. For all M, understanding that A only assumes the ranges in Lemma
6.6.5, we have
D) = —-1.
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;

1, A=10

2AA) N0 =4 -1 A=1{1,2)

(=)™ A=A{1} or {2}

\

Proof. The sign J3(A) is determined by the condition that J](A)Agg? B,, is inherited from
Aj ey In the rest part of the proof we pass to the local notation over R. We use the
phrase "Whittaker normalization" or "Whittaker normalized" to mean the notions defined
in Definition 4.5.8 and Definition 4.6.8, and the type I Whittaker normalization defined in
Definition 4.7.7.

We claim that the Whittaker normalized transfer factor between M’ and M and the
Whittaker normalized transfer factor between H and G satisfy the condition that the former
is inherited from the latter as in Remark 6.4.7. In fact, when d is not divisible by 4 the
claim follows from the uniqueness of Whittaker datum for G* and M* and the compatibility
assumptions (1)(2) in the beginning of §4.8 (around (4.8.1)). When d is divisible by 4,
the claim follows from the compatibility assumptions (1)(2) just mentioned and Proposition

4.7.14.

It follows from the above claim that J3(A) is the product of the following three signs:

1. the sign between AW and A

jar,B namely (—1)9(@)+a(H)+a(M)+q(M)
MDD M

Ja>Bao

2. the sign between A and the Whittaker normalization.

vy Bum
3. the sign between A; g, , and the Whittaker normalization.

Denote by m* (resp. n*) the absolute ranks of (M’)5* (resp. H*). Denote by m the
absolute rank of G.

Odd case Mi,:

We have

(2m —1)2
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q(H) = :

2
q(M) =0,
ntTnt+1)+n"(n” +1
When A = () or {1,2}, we have
mt =nt mt=nt+2
or
m-=n"+2 m- =n"

respectively. First assume the first case. Then

2mT(mT + 1) +m - (m~+ 1)+ (m™ —2)(m™ —1)
2

q(G)+q(H)+q(M)+q(M') = 2m—1+

2(m~)* =2m~ +2 _

=1l+mt(mT+1)+ 5

=l4+mtmT+1)+m (m —1)+1=0 mod 2.

Observing symmetry we get the same result for the second case. We conclude that when
A =0 or {1,2}, the sign (—1)9(&)+a(H)+a(M)+q(M’) jq 1

Now assume A = {1} or {2}. Then m™ =nt +1,m~ =n~ + 1. We have

¢(G) +q(H) +q(M) +q(M') =

mt(mt+1)+mT(m™—1)+m (m™+1)+m (m —1)
2

=2m -1+

2(m™)% +2(m™)?

5 =14+mT+m =m+1 mod 2.

=1+
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We conclude that

1, A=1{1.2
(_1)q(G)+q(H)+q(M)+q(M/) _ ) { ) } or ()

(=)™, A={1} or {2}

We now compute the sign between A; and the Whittaker normalization. Applying

MBu

the ¢ = 0 case of Corollary 4.5.14, this sign is

(_1)(71*/2]

Also applying the ¢ = 2 case of Corollary 4.5.14, we see that the sign between A; g, ,, and

the Whittaker normalization is

(_1)(m+/2]+1.

Thus

N(A) = (_1)q(G)+q(H)+q(M)+q(M’)+fn+/21+[m+/21+1'

We have
ﬂ(@) _ (_1)[n+/2}+[m+/2]+1 _ (_1)[m+/21+(m+/2]+1 - 1

D({1,2}) _ (_1>[n+/21+[m+/2]+1 _ (_1>[(m+72)/21+[m+/21+1 -1

A({1}) = (1)U +aE)+a(M)+a(MO)+ [T /214 [m*/2]+1

_ (_1>m+1+((m*—l)/Q}—f—]’m*/Q]—&—l _ (_1>m—|—m+ _ (_1>m

a({2)) = (_1)q(G)+q(H)+q(M)+q(M’)+[n+/2WHm*/?Hl —

_ (_1)m+1+]—(m+71)/2‘\+(m+/2]+1 _ (_1)m+m+ _ (_1)m

This finishes the proof in this case.
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Even case Mi,:

Note that ¢(G),q(H),q(M),q(M’) are all even, since all the four real groups are of the
form of a torus times a cuspidal even orthogonal group, namely some SO(a, b) with a, b even,
and we have ¢(SO(a, b)) = ab/2.

When A = () or {1,2}, we have

or

respectively.
We now compute the sign between Aj,, p,, and the Whittaker normalization. Applying

the ¢ = 0 case of Corollary 4.6.13 and Corollary 4.7.12, this sign is

(—1)lv 72,

Assume it is not the case that m is odd and m* = 1. Then D which was used to
define (j, Bg.m) in §6.4.1 is convenient in the sense of Definition 4.6.11 and Definition 4.7.10.
Applying the ¢ = 2 case of Corollary 4.6.13 and Corollary 4.7.12, we see that the sign between

Aj Be. and the Whittaker normalization is

(_1)Lm‘/2J‘
Now assume m is odd and m™ = 1. In this case D¥ used to define (j, Bg ) differs from

a convenient e.d. by the transposition (m — 1,m) € &,,. Let Bg g be the image of Bg g

under (m — 1,m), viewed as an element in the complex Weyl group. Similarly as the proof
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of the second statement of Lemma 4.7.4, it is easy to show that

AjBoy = (am-1,m), $)DjBy, , = —DjBL -

Hence the sign between A;p,, and the Whittaker normalization is —1 times the sign

(—1)m /21+1 in Corollary 4.6.13. Namely, it is again

(_1)Lm‘/2J'
Thus
2(A) = (_1)Ln*/2J+Lm*/2J'

We have
3(0) = (_1)L(m’—2)/2J+Lm’/2J - 1

B({1,2)) = (~L)lm 2l

This finishes the proof in this case.

Odd case M;:
We have
q(G) —M—Qm—l,
gz = A D Em 2D,
_nt(nT+1)+n(n” +1)

+ 1.

196



When A = ) or {1,2}, we have
or
m-=n_ +2 m- =n
respectively. First assume the first case. Then

2mT(mt 4+ 1) +m (m™ + 1)+ (m™ —2)(m™ —1)
2

9(G)+q(H)+q(M)+q(M') = 2m+1+

2(m™)* —2m~ +2

=mt(mT+1)+ 5

+1=

=m (mT+1)+m (m” —1)=0 mod 2.

Observing symmetry we get the same result for the second case. We conclude that

(_1)q(G)+q(H)+Q(M)+q(M/) =1, A=0 or {1,2}.

We now compute the sign between A;,, p,, and the Whittaker normalization. Applying

the ¢ = 0 case of Corollary 4.5.14, this sign is

(_1)M+/2]

Also applying the ¢ = 2 case of Corollary 4.5.14, we see that the sign between A; g, ,, and

the Whittaker normalization is

(_1>]—m+/2-|+1.

Thus

J(A) = (_1)q(G)+q(H)+q(M)+q(M’)+fn+/21+[m+/2W+1_

197



We have
J]((Z)) _ (_1)[n+/2}+[m+/2]+1 _ (_1>[m+/2l+(m+/2]+1 - 1

A{1,2}) = (_1)[n+/21+[m+/21+1 _ (_1>|'(m+_2)/2‘|+|'m+/2“+1 _ 1

This finishes the proof in this case.
Even case M;:
Now ¢(G),q(H) are even, and q(M), q(M') are odd.
When A = ) or {1,2}, we have

mt =nt mt =nt +2
or

m-=n"+2 m

I
3

respectively.

Similarly as in the even case My treated before, the sign between A and the

Jjn By
Whittaker normalization is

()b,
and the sign between A; g ,, and the Whittaker normalization is

(_1)Lm*/2J_
Thus
J(A) = (_1)Ln‘/2J+Lm‘/2J'

We have
2(0) = (_1)L(m‘—2)/2J+Lm‘/2J - 1.

2({1,2}) = (-l A =
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This finishes the proof in this case.

Odd case Ms:
Now
2m —1)2
q(G)—(m2 2 _om-1,
mt(mt+1)+m (m™ +1
gy = " LD 4 D),
q(M)=E=m—1,
2
q(M,)_nJr(n*—kl)an*(n*—l—l)'
2
When A = () or {1}, we have
mt =nt mt=nt+1
or
m- =n" +1 m- =n"

respectively. Assume A = (), then

q(G) + q(H) + q(M) + ¢(M') = 3m — 2 + 2m(m* + 1) +m - (m”+ 1)+ (m” —1m~ _

2
2 —\2
=m+mT(mT+1)+ (Tr;) =
=m+mT(m +1)+m )P =m+m =m" mod 2.

Similarly, for A = {1}, we have

q(G) +q(H) + q(M) + q(M')=m~ mod 2.

We now compute the sign between A;,, p,, and the Whittaker normalization. Applying
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the ¢ = 1 case of Corollary 4.5.14, this sign is

(=)l 72,

Also applying the ¢ = 2 case of Corollary 4.5.14, we see that the sign between A; g, and

the Whittaker normalization is

(_1)(m+/2]+1‘

Thus

N(A) = (_1)q(G)+q(H)+q(M)+q(M’)+Ln+/2J+[m+/2W+1‘

We have

D(@) — (_1>m++Ln+/2j+(m+/2]+l — (_1>m++tm+/2j+(m+/2]+1 — (_1)m++m++l - 1.

-D({l}) _ (_1)m*+Ln+/2j+(m+/2]+l _ (_Dm*—‘rL(m*—l)/?j—i—(m*/ﬂ-&-l _ (_1)m*‘

This finishes the proof of in this case.

Definition 6.9.4. Define

() im 1, A=0or {2}

-1, A={1} or {1,2}

Definition 6.9.5. Let ¢, be as in Definition 6.7.6. Suppose for each A as in Lemma 6.6.5,
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we have an element g(A) € H"(M'(Q,)). Define
J(e,7, A g(A) =Y #(A)SO(g(A)erlin (Y™ ))ery (V)5 Gn (7)) L),

where ) , is the same as in Lemma 6.6.5.

Definition 6.9.6. Let ¢,7', vy be as in Definition 6.7.6. Define
Qe ) = P () T A (7 1) O (FR ) (M)R(M)k(G) ™ (= 1) Aar 5 (M75,) ™

X (=1)"DAL o (i),

Here, as in Definition 6.7.6, the choice of vy, € M (Aiﬁ), of which 4/ is an image, does not

affect the definition.

Corollary 6.9.7. With J defined in Definition 6.9.5 and Q) defined in 6.9.6, we have

I(e,7) = Q(e,7)J (e, 7, A fI0).

Proof. By (6.8.2) and Proposition 6.9.3, we have %t(A) = 73(A) 73(0)~" det(wp +). The corol-
lary follows from Lemma 6.7.9, Corollary 6.8.7, Remark 6.9.2. O]

6.10 Symmetry of order n%

Definition 6.10.1. Define a subgroup 20 C Aut((M’')%Y) = Aut(M°L) as follows: When
M = My, so that MSt = (M')Ct = G2,, we define

W= {+1}° x &,
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where each factor {£1} acts on each G,, non-trivially and &, acts by swapping the two

factors of G,,. When M = M, so that M = (M')Ct = GL,, we define

W :=7/27

where the non-trivial element acts on GLsy by transpose inverse. When M = M, in the odd

case, so that MY = (M')St ) we define

W = 7/27.
When the context is clear we also view 20 as a subgroup of Aut(M) or Aut(M’), by extending
its action trivially to M5© or (M’)3C.

Remark 6.10.2. As a subgroup of Aut(M), 20 consists of automorphisms defined over Q and

is contained in the image of the natural map

(Norg M)(Q) — Aut(M).

Lemma 6.10.3. |25| = n§,.

Proof. This follows from Lemma 6.6.4. O]

6.10.4

The group 20 acts on the set of stable conjugacy classes in M’(Q) preserving the following

conditions
e being R-elliptic.

e being (M, M’)-regular.
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e being an image of a semi-simple element in M (A%).

Therefore we may and will assume that the sets £(M’) and X(M’); chosen in Definition
6.7.1 and Definition 6.7.5 are stable under 20.

Lemma 6.10.5. Consider the term Q(e,7’) in Definition 6.9.6. It is invariant under the

action of 20 on the variable +'.

Proof. By (6.7.2), we have

Qe,7) = C x SO, (frp0")AY 5 (V. (),

where C' is an expression that is obviously invariant 20, and H () is the endoscopic datum
for G induced by the G-endoscopic datum for M that is parametrized by ¢ € & (M) and

A = (). Note that the subgroup 20 C Aut(M’) is contained in the image of*
(Norggy M')(Q) — Aut(M').

We first check that v/ — SOW/(fﬁ,(@)’p’oo) is invariant under 20. Denote ¢ := fH(»o,
Let w € 20 be an arbitrary element. It suffices to check that ¢y and (¢p)" have the
same orbital integrals, where (¢ar)"(g) := ¢ar(w(g)). By the density of regular semi-simple
orbital integrals, it suffices to check that for all (H(0)), M')-regular elements g € M'(A%), we

have

Og(Prr) = Ou(g)(Pnr7)-

Without loss of generality we may replace A’} by a local field F' = Q,,v # p,00. By |71,

Lemma 6.1] (which follows [75]), we know that

H(®
Oy(éar) = Dy (9)'/204(9)
2 This is not true if H(()) is replaced by H({1}) for instance when M = M.
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and

Ou(e)(0a0r) = D (w(9)) 200 (9).

Here DIV (g) = I, 11— a(g)|A;;, where the product is over the roots a of H()z with
respect to an arbitrary maximal torus of H())z containing g, such that « is not a root of
M and a(g) # 1.

Now because w is induced by an element in (Norg@g M’)(Q), we know that Dﬁ@) (9) =
Dﬁ(,w)(w(g)) and Og(¢) = Ouy(g)(¢). Thus Oy(drr) = Ow(g)(dmr) as desired, and we have
proved that 7" +— SO.( ﬁ,(@)’p ) is invariant under w.

We are left to check that for all w € 20, we have

A e (Vi () = AL (W), ju(w(7)),

or equivalently

(6101) AjMaB]VI (7/7].1\4(7/)) = AjMaBM (w('y/)7jM(w(7,)))

By the assumption on 4 in Definition 6.7.1 and the assumption on Tj; in the beginning of
§6.8, we know that both 4/ and w(y’) lie in Ty Also both +" and wy" are (M, M')-regular.

Recall the formula for A; from [40, p. 184], which is valid for any (M, M’)-regular

MBm

element t € Ty (R):
AjM7BM (tva(t>> = (_1)q(Mﬂl§)+q(MR)XM,M’ (]M(t)) H(l - a(]M(t))>v

where o runs through the Bj-positive roots of Ths ¢ in Mc that do not come from M’ via
Jar- The quasi-character x s on Ty (R), whose construction is given in loc. cit. (with the

notation x¢ ), obviously restricts to the trivial character on Tyscr. Thus we only need to
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check that the term

T(t) = [ [(1 = alim (1))

is the same for t = 7/ and ¢t = w(y'). Since M is a direct product M = MY x M5 and
since all the roots of MSL, if any, come from M’, we see that the value of T(t) does not
depend on the component of ¢ in (M’)%%. This finishes the proof.

O

Corollary 6.10.6. For each ¢ = (M', s;,nm) € (M), choose a set ¥(M'); as in Definition
6.7.5 and §6.10.4. Let X(M")s be an arbitrary set of representatives of the 20-orbits in
Y(M");. We have

nS, Tt = 3 Outar ()™ Y Q&) Y J(e,w(y), A fily).

Q:(M’,SIJW,'I]]M)Eg(M)C 'Y/GE(MI)Q weW

Proof. This is a consequence of Lemma 6.7.7, Corollary 6.9.7, Lemma 6.10.5. n

6.11 Computation of J

We compute J(e,7', A +— f]fM,) in Definition 6.9.5 using results from 5.4.

Lemma 6.11.1. When M = M5 in the odd case, we have
GR(jM(’y/_l)) = ERH(’Y,_I)v A= {17 2} or ()

er(in (Y Nlaciy = erlin (V™)) a=q2)
Ry (V) azpy = €ry (V)] a=q2y-

In all the other cases, we have



Proof. Easy consequences of the definition. O]

Definition 6.11.2. Write p* := p®@=2/2_ Write

fate = 0" k(A) + p*h,
as in Proposition 5.4.3. When M = M5, further write

B(A) = ki (A) + ka(A),
where k;(A) has Satake transform €;(A)(X? + X; ), as in Proposition 5.4.3. Thus we have

J(e,7" A flvy) =" T (e, 7 k) +p"(e,7 h),
and when M = M, we further have
J(e, v, A fR) = d(e, ki) +p* I (e,7, ko) + p"J (0,7, h).
Here we have abbreviated
J(e,7 k) = J(e,7, A — k(A)),

ete.

6.11.3 Some abbreviations

Write

OF; == 5 (i ()", Ov-).
(I)%/[,endosc = (I)%(.]M (7/>717 @V*)endoso
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erery = er(iu (Y ™"))er, (V7).

6.11.4 Odd case M,

With the above abbreviations, it follows from Lemma 6.11.1 that we have

A%

J(e,7' h) = SO, (h) > 3#(A)eper, (08 ) =

= SO’Y'(h> |:(I)%;/l - (I)]?/[ - (GRERH)|A:{1}(I)]?/[,endOSC + (GRGRH)‘AZ{Z}(D]\G/[,endOSC:| =0.

Similarly

J(Q, 7/7 kl) = SOV'Ufl(@)) [@% + (I)% + <€R€RH>|A:{1}®§4,endosc + (eReRH)|A{2}(I)%‘/[,endosc:| =

- 250’7/ (kl (Q))) |:(I)?/I + (ERERH) |A{1}q)]\G/[,endosc:|

and

J(e k) = 250, (ka(0)) [@% - <eReRH>|A{1}<bﬁ,endosc}

6.11.5 Even case Mo

With similar computations as above, we get
J(e,',h) =0

J(e, ’}//, :Iﬁ) = QSOV/(kl(Q)))CI)AG/[

J(e, ’)/, ]{?2) = QSO’Y/(kQ(@))¢%
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6.11.6 Case M; and odd case M,

Similar computations give

6.12 Breaking symmetry, case M,

We keep the notation in Corollary 6.10.6 and §6.11.

Definition 6.12.1. We say that an element in M'(R) is good at oo its component in
(M)SL(R) = R* x R* has two equal signs. We say that an element in M'(Q,) is good
at p if its component in (M')%"(Q,) = Q¥ x Q) has p-adic valuations (—a,0). Here the first

G-factor is GL(V}) and the second is GL(V2/V).

Corollary 6.12.2. Let M = My5. We have

n§; Tty = > Outys ()] ™ Qe y)4p™ I (e, k),
,Y/

e=(M',s); ,ma)EE(M)e
where 7' runs through the elements in X(M'); that are good at 0o and good at p.

Proof. We start with the formula for the LHS in Corollary 6.10.6. Fix a pair (¢,7’) in that
formula.

We first treat the odd case. Let wy := (—1,1) € {1} x {1} C W = {£1}* x &,. Let
wyz be the non-trivial element in &y C . Namely, w; inverts the first coordinate of G2,
and wis swaps the two coordinates. Using the computations of J(e,~', k1) and J(e, ', ko) in

§6.11, it follows from the vanishing statement in Proposition 4.11.8 that

J(Q,’Yl,k’l) = J(e,’)//,kl) =0
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unless 7/ is good at co. Suppose 7' is good at co. Then by Proposition 4.11.9, Proposition

4.11.10, and the computation in §6.11, we have

(6121) J(e,’}/,kl) = J(e,wlg(’y'),kg)

(6.12.2) J(e, 7', k1) = J(e,w1(v'), k1)

because the functions k;(0)) and ks () are pull-backs of each other under w;s, and the function

k1(0) is invariant under w;. From §6.11 we have
J(e,y, A fIL) = J(e, 7 k) + 0" T (0,7, ka).

Therefore, if
> J(ew(y), A £ #0,

then 7' is good at oo, and moreover from (6.12.1) we know that there exists w € 20 such

that

J(e, w('yl): kl) 7£ 0.

By §6.11, the last condition implies that SO, (k1(0)) # 0, and it follows easily that either
w(v') or wy(w(v')) is good at p. Note that in the orbit 20+ there is at most one element

that is good at p. Without loss of generality assume +' is that element. Then we have

o Z J(e,w(v), A flip) Z J(e,w(v'), k1) + J(e,w(v'), ko) =

weW weW

(6.12.2)

(6.12.1) ZQJQ w(y), k1) =2J (e, k1) + 2J (e, w1 (v'), k1)
weW

4J(e, "}/, k’l)
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The corollary in the odd case follows.

The even case is treated with almost identical arguments. The only differences are in
that we now use the vanishing statement in Proposition 4.11.15 rather than Proposition
4.11.8, and in that we simply use the invariance of ®; (-, ©y~) under (Norg M)(R) to deduce

(6.12.1) and (6.12.2) . O

6.13 Breaking symmetry, case M; and odd case M,

We keep the notation in Corollary 6.10.6 and §6.11.

Definition 6.13.1. Suppose M = M;. We say that an element in M'(Q,) is good at p if
its component in (M')%%(Q,) = GL2(Q,) has determinant of p-adic valuations —a. We say
that any element in M’'(R) is good at oc.

Suppose M = M, in the odd case. We say that an element in M'(Q,) is good at p if its
component in (M')"(Q,) = Q; has valuation —a. We say that an element in M’(R) is good

at oo if its component in (M')SF(R) = R* is positive.

Corollary 6.13.2. Suppose M = M, or M = M, in the odd case. We have

nG Ty = S [Outar(e)| ™" D Qe,7)20" I (e, k),
,Y/

EZ(M’,S/JM,T]]\/[)Eé"(M)C
where 7' runs through the elements in 3(M'); that are good oo and good at p.

Proof. We start with the formula for the LHS in Corollary 6.10.6. Fix a pair (e,7') in
that formula. Let wg € 20 be the non-trivial element. Using the computation of J(e, 7, k)
in §6.11, we see that if it is non-zero, then ®¢;(jy (7)1, Oy+) # 0, and by the vanishing
statement in Proposition 4.10.1 this implies that + is good at oo when M = M,. Moreover,

it follows from the invariance of k(()) under wy and the invariance of ®¢;(-,©y-) under
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(Norg M)(R) that we have
(6.13.1) T/ k) = (e, wo(7), k).

From §6.11 we have

J(e,v A fI) =p"J(e, 7 k).

Therefore by (6.13.1) we have

> J(ew(y), A f) = 2p" I (e, 7 k).

weW

If this is non-zero, then SO.,(k(D)) # 0, and it follows easily that either 4" or wyy is good

at p. Note that at most one of them can be good at p. The corollary follows. O

6.14 Main computation

Proposition 6.14.1. Let M be a standard Levi subgroup of G. When a € Z~q is large

enough (for a fixed fP>), we have
(6.14.1) T, = 4p* > (—1)dim Anr+a(CG=) ) Oug ()|
e=(M',s; nn) €S (M)©

> Q(e.7) SO (ky(0)) Laa (jar (7))

where ' runs through the elements in 3(M'); that are good at oo and good at p. Here we

understand that ki(0) := k(D) when M = My or M.
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Proof. Note that (—1)%™m 4y only depends on M. In fact,

. ]-7 M = M12
(_1)d1mAM/ — )

—1, otherwise

This dichotomy is to be compared with the dichotomy of signs in Propositions 4.11.8, 4.11.15
for Mis, against Propositions 4.9.1, 4.10.1 for M; and Ms. We first treat the odd case M.

By Lemma 6.6.4, Corollary 6.12.2, and §6.11, we have

8Tr)y, = > [Outar(e)| ™Y Q(e,7)4p" I (e, k) =
,Y/

e:(Mlvsswznl\/I)eg(M)

- 3 [Outar(e)| ™) Qe,7)8p" SOy (k1 (1)) X

e=(M",sh ;i )EE(M)
CDG . N—1 [e) . /—1 1—1 (I)G . 1—1 (o)
x| Py (V) Ove) + er(ine (Y ))ery (V) 4=y Par (Gar (V) O+ )endose | »

where 4’ runs through the elements in 3(M’); that are good at co and good at p. Suppose
that 7/ contributes non-trivially to the above sum. Then Q(¢,~’) # 0. From Definition 6.9.6,

we have

O (f377) #0.

Therefore the component of vy in MEU(A) = (M')S%(A%) lies in a compact subset that
only depends on fP*° and not on a. Note that because +' is an image of -7, the component
of 4/ in (M")9(Q) is equal to the component of vy in M“(A%). When a is large enough, we
deduce from this observation and the assumption that 4’ is good at p that the real absolute
value of the component of 4/ in the first G,, is strictly smaller than the 4-1-st power of that

of the second. In other words, jp/(7) is in the range x; < — |x3| considered in Proposition
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4.11.8 and Proposition 4.11.15. Observe
(I)]\G/[(jM(/)/)_lv @V*) = (I)%(jM(’Yl)v G)V)

(I)?i(jM (’}/)_17 @V*)endosc = (I)% (]M (7,)7 G)V)endosc

and

er(far(Y " 1))er, (/1) =1 for ja (/') in the range mentioned above.

The proposition now follows from Proposition 4.11.8.

The even case M, odd and even case M7, and odd case Ms, are proved in exactly the
same way, by applying Lemma 6.6.4, the corresponding computation in §6.11, Corollary
6.13.2, Proposition 4.11.15, Proposition 4.9.1, and Proposition 4.10.1. When M = M, we
only know that the component of 4" in ML (Q) = GL,(Q) is (stably) conjugate to the
component of vy, in (M’ )GL(A?) = GLy(A%) (as opposed to that they are equal), but that
already implies that they have equal determinant. Again from the assumption that a is
large and 7/ is good at p, we deduce that jp/(7') is in the range a® + b* < 1 considered in
Proposition 4.9.1.2 When M = M, in the odd case, we deduce that jp;(7') is in the range

0 < a < 1 considered in Proposition 4.10.1 in the same way as when M = M. O

We now plug the definition of Q(e,~’) in Definition 6.9.6 into the formula (6.14.1):

(6.14.2)
Y, = dp*r (M)k(M)k(G) ™! 3 |Out(e) ZSO (k1 (0) Las G (7))

e:(M’,S’JW,nAI)E(f(M)
_Aqt _ %) 00\ — 0 .
() AME ()OS (S o (M) AL (7 ()

24Note that the two symbols a in this sentence have different meanings.
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Observe that when 7/ is good at p, we have:
(6.14.3) SO, (k1 (0) = SOy(kqy @ Lipgnso),

where (using the notation of Proposition 5.4.3)
(6.14.4)

— X% M = M, or My (so that (M'")* = G2, or G,, resp.)
H(M)H(Qy)) 3 ke =
X% — X, M = M, (so that (M")% = GL,)

and 1(ypyso denotes the unit in H™((M’)3°(Q,)). Let v, (resp. v4o) be the component of

v in (M")CL (resp. (M')5°). Then we can rewrite (6.14.3) as
(6.14.5) SO, (k1(0)) = SO, (ka)SO. (1(amyso).
Consider the natural bijection
E(M)* = &(MB5O)°
(M, s = (1,5%),mar = 1 x %) = (M), 5%9,°C).

Note that 41 vs0 is (M, M')-regular if and only if 74q is (M59, (M')59)-regular. We have
assumed ' € X(M'), so this is the case. By the Fundamental Lemma (Proposition 6.1.1 (2)),
we know that SO, (1) # 0 only if 7, is an image of a semi-simple element v, 50 € M S0(Q,),

and in this case we have
SO SSO
(6.14.6) SO, (L) = (Alis0)p(¥0, 1.50) O (1yys0),

where (Aé‘]{;,(;so)p is the canonical unramified normalization of transfer factors and 1,sso

denotes the unit in H™(M5°(Q,)).
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Note that when 74, is an image of 7,50 € M5°(Q,) as above, 7' = 74170 is an image
of Y p.s0 € M(Q,), and for the canonical unramified normalizations of transfer factors we

have

SO

(6.14.7) (Afms0)p(0: T:50) = (A31)p(Vs V61 m50)-

From (6.14.2) (6.14.5) (6.14.6) (6.14.7), we obtain

(6.14.8) Tr), = 4p* 7 (M) k(M)k(G)™* > |Out s (e)] ™
e=(M',shymm)€E(M)°
Z ™M ()T oM7) T SO, (k) Loa G (V) (AN S (Y 30 AL s, (s G (7))

(Aﬂj\g’)p(Vla 7&}L’YP7SO)O’YM (f¥ OO)O% so (1as80),

where 7/ runs through a set of representatives of the stable conjugacy classes in M’(Q) that
are R-elliptic and good at oo, such that 7/ is an image from G(Ay). For each v/, we choose

i € M(Q,) and 7,50 € M3°(Q,) such that 7' is an image of 7y, over A and an image of

!
YaLYp.so over Q.

Lemma 6.14.2. If v € M'(Q) is R-elliptic and is an image of from M(Ay), then it is an
image from M(Q). Moreover, if o € M(R) is a prescribe elliptic element of which " is an

image, then ~' is an image of some v € M(Q) such that v is conjugate to v in M(R).

Proof. We recall a construction from [43| in our setting. Let v* € M*(Q) such that 4/ is an
image of it. Note that 4/ is also an image from M (R) since it is R-elliptic. Let vy € M(A)
such that 4’ is an image of it. When 7., is prescribed as in the statement of the lemma, we

take v, such that its archimedean component is ... From ~+* and 7, Labesse (|43, §2.6],
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with L = M, H = M*) constructs an element
obs € €(I*, M*; A/Q) = HY, (A/Q, "\M*)/ HS, (A, M),

generalizing the construction of Kottwitz in [38]. By [43, Théoréme 2.6.3], it suffices to prove
that we may modify v, by replacing (v4), with another element stably conjugate to it over
Q,, for some finite place v, to achieve obs = 1. This follows from exactly the same argument
as the second paragraph of [40, p. 188|, noting that &(I*, M*; Q) is isomorphic to the dual
group of the finite abelian group K(I*/Q) (for I* C M*) from [38, §4.6], and that for any
finite place v we have &(I*/Q,)P = ¢(I*, M*;Q,) = D(I*, M*;Q,) = ker(H'(Q,,I*) —
H'(Q,, M*)) so that given any element of it we may use it to modify (74), to obtain an

element stably conjugate to it over Q,. For more details also see [32]. O

By the above lemma, we may assume that each 4 in (6.14.8) is an image of an element
v € M(Q), and that 7 is conjugate to jy(7') in M(R). Note that we have Ly (jum (7)) =
Ly(y). (In fact Ly(-) only depends on C-conjugacy classes). Of course we may assume
that the MS*-component of v is equal to 7g;. Thus we may take vy, and 4 Yps0 to be
localizations of v in M(A%) and M(Q,) respectively.

Recall from Definition 6.9.1 that we have assumed that the transfer factors

(A%I)ZSOO’ A%’,P’ A?M,BM

satisfy the global product formula up to the constant #3(()). We have seen f3()) = —1 in
Proposition 6.9.3. Therefore

(AMp=AY AL | (9) = 1.

M’ ,p=jn,Bum

We summarize the above discussion in the following proposition.
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Proposition 6.14.3. Let M be a standard Levi subgroup of G. When a € Z~ is large
enough (for a fized fP>°), we have

(6.14.9) Trh, = —4p* 1 (M)k(M)k(G)™ > Outp(e)| > (7))

e=(M',s ) EE(M)e 4
where v' runs through the stable conjugacy classes in M'(Q) such that it is (M, M')-regular
and is an image from M(Q), and such that its (M')S"-component g, is good at oo. For

each 7', there is an element v of M(Q) of which ' is an image, and we have

(¢]

(6.14.10) () = P (37)B(ME) " SOs (a) Lar (V)OI (F3°) 0250 (Lygs0) x

xAY o (i (YNAY s ()

]

Definition 6.14.4. For a connected reductive group I over R that is cuspidal, define Z(1)
to be the cardinality of ker(H'(R,7) — H'(R, 1)), where T is any elliptic maximal torus
of I. This is also equal to the cardinality of each discrete series L-packet, and equal to the
cardinality of the complex Weyl group divided by the cardinality of the real Weyl group for
T.

Lemma 6.14.5. If M = M or M,s, then Mg has no endoscopy, in the sense that 2 (M) = 1.
In particular, any R-elliptic elements that are stably conjugate to each other are conjugate
over R. If M = My in the odd case, then (M) = 2. In particular, any R-elliptic element
v € M(R) satisfies 2(M?)|D(MY, M;R)| = 2.

Proof. Suppose M = Mj or Mps. Then My is a product of GLy or G,, and a compact
group, so ®(M) = 1. For the second statement it suffices to prove that (I, M;R) is
trivial for any reductive subgroup I of My that contains an elliptic maximal torus 7" of M.

By [38, Lemma 10.2] we know that H'(R,T) surjects onto both H'(R,I) and H (R, G),

217



so O(T,G; R) surjects onto D (I, G;R), implying that ©(I, M;R) is trivial. Now suppose
M = M in the odd case. We have Mg = G,, x SO(n — 1,1), so Z(M) = 2(SO(n —
1,1)) = 2.% Let v € M(R) be an elliptic semi-simple element. Then [ := MS contains
an elliptic maximal torus 7' of Mg. As in the first part of the proof ® (T, M;R) sur